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Preface

Advancements in nuclear technology are inherently linked to advancements in 
related materials development, manufacturing, and availability. This book offers 
readers the opportunity to explore contemporary and emerging frontiers in nuclear 
materials, showcasing technologies and presenting reasons behind engineering 
solutions.

This book is not meant to be a comprehensive resource on the subject but a collec-
tion of select contributions on topics of interest within the nuclear engineering 
community. The spectrum of covered topics ranges from fundamentals to such 
applied topics as accident-tolerant nuclear fuels and materials performance in 
 various radiation environments to nuclear materials management.

Articles on materials compatibility, corrosion, and radiation damage survey 
developments of paramount importance for current and novel nuclear systems 
and applications. Manufacturing options and performance evaluation metrics 
and methods are included.

Readers are expected to gain insights into the status of nuclear materials, underlying 
challenges, paradigm-shifting breakthroughs, and trailblazers. The discussion of 
nuclear materials goes beyond nuclear energy to everyday nuclear material uses.

Let’s look into the art of nuclear materials, fundamentals, and applications to create 
and design new nuclear energy systems and enhance contemporary technologies!

Pavel V. Tsvetkov
Department of Nuclear Engineering,

Texas A&M University,
College Station, Texas, USA
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Chapter 1

Introductory Chapter: The Key 
Role of Materials in Nuclear 
Technology Options and Pathways
Pavel V. Tsvetkov

1. Introduction

In this book we are focusing on a broad range of nuclear technologies. In particular, 
we would like to give special attention to energy systems. The feasible way to utilize 
nuclear energy today is via deployment of fission reactors. While fusion reactors are 
technically possible and their physics has been demonstrated, it will take a much lon-
ger time to bring fusion systems into the feasible and competitive energy engineering 
domain of commercially viable systems. However, material developments targeting 
performance under extreme conditions is relevant to both pathways enabling options 
for fission and fusion technologies. As such, this book discusses developments broadly 
relevant to nuclear energy systems, fission and fusion.

Materials play the key role in the nuclear energy system feasibility. So much so, 
they are among the key classification factors and metrics for nuclear systems:

Nuclear system type (fission or fusion)

• Purpose and functionality,

• Moderator type,

• Coolant type,

• Fuel type,

• Structural materials options,

• Neutron-energy classification,

• Core design options (homogeneous or heterogeneous, and etc.),

• Energy conversion process type and implementation options,

• Environmental interfaces.

Focusing on nuclear fission systems as the near term and already available 
commercial option, there are a few well-explored directions as well as emerging 
new technologies. Materials play the enabling role for contemporary nuclear 
reactors creating possibilities for extending their lifetimes. Materials are also the 
key factor making emerging new technologies viable. As notable examples, there 
are developments of paramount significance offering accident tolerant fuels and 
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robust structural materials performing under extreme conditions due to high 
temperatures and high energy radiation effects.

2. Performance conditions and materials options

There are many options for material selections. The contemporary nuclear 
reactors utilize mostly light water (light water reactors) that is prevented from 
boiling (in pressurized water reactors) or allowed to boil (in boiling water reactors). 
All nuclear reactors utilizing water pressurize their primary system to achieve 
needed performance characteristics. The pressure levels range from about 6 MPa 
in boiling water reactors to 15 MPa in pressurized water reactors. A number of 
contemporary commercial nuclear reactors utilize heavy water (CANDU reactors).

The alternative options for primary coolant choices are liquid metals, such 
as molten sodium, and gasses, such as helium. Respectively, the reactor types 
are called liquid-metal-cooled reactors and gas-cooled reactors. Depending on 
the choice of a liquid metal, an expensive intermediate loop might be needed to 
isolate the working-fluid energy conversion loop from high radioactivity levels 
induced in the primary loop. The dramatically different option is offered by liquid 
salt configurations found in molten salt reactors. In all of these advanced reactor 
options, material interactions, compatibility, and performance in their ability to 
support and withstand internal conditions while offering needed characteristics are 
vital for successful developments towards increasing commercial feasibility levels in 
competition with contemporary options.

Moderators and structural materials include both solid and liquid options. 
Graphite, beryllium, steels, and composites are among solid form options. 
Light and heavy water and liquid salts are among solid form options. The choice 
of moderators and structural materials is driven by internal conditions and 
performance characteristics. Most of the time, materials are expected to remain 
compatible and perform under extreme conditions over prolonged periods of time.

Some material choices offer unique traits and opportunities not found in others. 
For example, due to characteristics of liquid metals such as high boiling points and 
very low vapor pressures, the pressurization is not required or very low. This is an 
important distinction and advantage compare to light water and gasses which do 
require pressurization to achieve needed performance characteristics in a system. 
As noted above, typical pressures in light water systems are between 6 and 15 MPa. 
Typical pressures in gas systems are between 4 and 7 MPa. The need to support 
these pressure levels poses requirements on structural materials for primary systems 
including vessels for components and connecting piping. Absence of the need for 
pressurization is a significant relaxation of the demand on materials.

Notably, liquid salts take advanced nuclear systems even further by eliminating 
requirements for solid structural materials to withstand prolonged direct proximity 
to nuclear fuel. This offers significant advantages from the system longevity point 
as well as from the system safety point. Molten salt reactors do require unique 
technologies in support of salt environments that would not be found in other 
nuclear reactor configurations.

3. Materials selection and the system design

The choice of materials in nuclear energy systems determines attainable 
neutron energies within their reactor cores. Consequently, it defines these systems 
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as either thermal or fast nuclear reactors or systems. The contemporary nuclear 
fleet is predominantly composed of thermal reactors although a number of fast 
reactors have been built and operated over the years, several fast reactors are in 
operation today. Thermal reactors use water, heavy water, helium, carbon dioxide, 
and graphite as material options. Fast reactors use sodium, lead, and steels.

Considering the importance of fast reactors for sustainable nuclear energy 
future pathways, let us summarize advantages of liquid metals over other in-core 
material choices accounting for their heat removal capabilities:

• Liquid metals have excellent heat-transfer characteristics.

• Liquid metals are characterized by wide ranges of temperatures in which 
they remain in the liquid state and can offer high temperature performance 
matching characteristics of gas-cooled reactors.

• Liquid metals, helium, and heavy salts are the coolant types for fast reactors.

• Liquid metals have excellent resistance to nuclear radiation damage.

• Liquid metals have high thermal conductivities and low specific heats due to 
the temperature gradients in the coolant system to be low. Coupled with high 
boiling temperatures, local hot spots are inherently minimized in fast reactor 
configurations.

From the challenges side, liquid metals are chemically active and corrosive, 
requiring the use of special, and often costly, structural materials and handling 
technologies. Oxygen, present even in small quantities, oxidizes sodium to Na2O, 
which is highly soluble in Na. It later precipitates on cold walls and causes clogging 
problems. The relatively high freezing point of sodium necessitates the use of 
electric or other heaters to keep the coolant from freezing during low-power 
operation or extended shutdown. In addition, liquid metals are not universally 
available and are costly. All of these challenges are engineering challenges. They 
have been overcome and resolved through the use of advanced materials designed to 
perform in liquid metal environment.

Gas coolants is another option for advanced nuclear reactors. Because they have 
very small moderation capabilities at reactor pressures, separate moderators, such 
as graphite or heavy water, are needed in thermal reactors. Although there have 
never been a gas-cooled fast reactor in operation, there are significant interests in 
industry to develop and deploy a number of gas-cooled fast reactor technologies. 
Gaseous coolants are generally available, cheap, safe, and manageable. They 
allow operation modes with high reactor outlet temperatures, resulting in high 
plant thermal efficiencies. Furthermore, gas coolants allow high-efficiency 
direct thermodynamic cycles. When purified, they do not present a serious 
activation problem. Gases, however, have poor heat-transfer characteristics and 
low volumetric heat capacities, and they require greater pumping powers and 
larger ducts than do liquid coolants. Pressurizing is necessary to reduce pumping 
requirements. Leak-proof systems are needed, especially for low-molecular-mass 
gases such as He. Because of the poor heat transfer, high fuel temperatures are 
required if high heat-removal rates from the reactor are to be achieved. Similar to 
liquid metal configurations, these challenges are engineering challenges. They have 
also been resolved by development and deployment of advanced materials that are 
suitable for gas environments.
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Thus, it can be asserted that the very selection of materials and materials 
availability are the key factors determining nuclear reactor feasibility, both from 
technology side and from commercial deployment side. Fortunately, advances in 
materials make a wide range of nuclear reactors possible today. This book describes 
many key contemporary developments in nuclear materials targeting contemporary 
and advanced nuclear energy systems as well as outlines the enabling technologies 
and approaches for the future.

© 2021 The Author(s). Licensee IntechOpen. This chapter is distributed under the terms 
of the Creative Commons Attribution License (http://creativecommons.org/licenses/
by/3.0), which permits unrestricted use, distribution, and reproduction in any medium, 
provided the original work is properly cited. 
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Chapter 2

Uranium Dioxide
Nanoparticulated Materials
Analía Leticia Soldati, Diana Carolina Lago
and Miguel Oscar Prado

Abstract

Nanostructured actinide materials have gained the attention of the nuclear
community after the discovery of enhanced properties in fuels that undergo high
burn up. On these conditions, the UO2 grains experimented recrystallization and
formed a new rim of UO2 nanoparticles, called high burn up structures (HBS).
The pellets with HBS showed closed porosity with better fission gas retention and
radiation tolerance, ameliorated mechanical properties, and less detriment of the
thermal conductivity upon use. In this chapter, we will review different ways to
obtain uranium nanoparticles, with emphasis on their synthesis and characteriza-
tion. On the one hand, we will comment on radiation chemical syntheses, organic
precursor-assisted syntheses, denitration processes, and biologically mediated syn-
theses. On the other hand, we will include for each of them a reference to the
appropriate tools of the materials science that are used to fully characterize physical
and chemical properties of these actinide nanoparticles.

Keywords: UO2, nanoparticles, grain sizes, synthesis, characterization

1. Introduction

Nanomaterials, which are present naturally in the environment and also as a
result of anthropogenic activities (incidental or engineered), gain the attention of
scientist and technologists due to their promising applications. The surface-to-
volume ratio, grain size, morphology, composition and elemental distribution affect
nanoparticle’s physicochemical and electrical properties, surface reactivity, material
growth, or dissolution rates [1]. These characteristics can be thus engineered to take
advantage of the nanoparticles over their macroscopic equivalents, for example, to
favor faster catalysis of reactions, high loading of medicines or absorption of toxins
from polluted zones.

In the nuclear material’s field, actinide oxides nanoparticles became under
systematic study after the detection of two main issues:

First, the discovery of a rim structure in UO2 pellets that had have a burn up of
40–67 GWd/tM (also called high burn up structures or HBS [2]). The pellet, initially
formed by micrometer-sized grains recrystallized in a ring of nanoparticles at the
rim. The pellets with HBS presented better fission gas retention, ameliorated radia-
tion tolerance and mechanical properties as the plasticity [3]. The direct conse-
quence of this observation was an increment in the number of publications dealing
with different synthesis of UO2 nanoparticles to form pellets mimicking from the
beginning the HBS structure [3–7].

9



Second, the fact that actinides tend to form colloids of aggregated nanoparticles
[8, 9]. Indeed, in contact with water, metallic U corrosion is known to form fine
UO2 particulates [10, 11]. This material has different properties than micrometer
particulated material, affecting, for example, the expected behavior in spent
nuclear fuels, radioactive wastes, and contaminated places, due to their differences
in mobility, solubility, surface reactivity, complexation, speciation, weathering,
eco-toxicity, and biological uptake. In particular, because their small size,
nanoparticles may have a toxic effect on living organisms that is not present with
micrometer-sized particles. Thus, there is a need for expanding the actual knowl-
edge on actinide nanoparticles with emphasis in their physicochemical properties,
grain sizes, crystal phases, elemental distribution and reactivity, for predicting and
controlling their behavior under different conditions. This knowledge will also
serve to redesigning long-term nuclear waste disposals and mobility barriers.

Both former topics request well-characterized actinide nanoparticles, especially
those composed of UO2. That, added to the scientific motivation per se, is
represented in the increased number of publications in the past 25 years dealing
with different synthesis and characterization of UO2 nanoparticles. In the next
sections we resume and discuss different methods to obtain particles of uranium
dioxide with grain sizes in the sub-micrometer range. We divided the methods by
the type of synthesis. On one side, there are those which follow a wet chemical
route, subdivided in processes that use a wet denitration step and processes which
need an organic precursor, such as variation of sol-gel or Pechini syntheses. On the
other side, we explain those methods which use irradiation with particles or pho-
tons to induce UO2 particle formation. In addition, we describe biologically assisted
syntheses, which make use of cells and bacteria to precipitate UO2 nanoparticles.

It is worth to mention at this point that many of the published syntheses in
articles or patents were focused to the production of UO2 for its use in nuclear
reactors. This application requires a powder with good fluency and compressibility
to further handling for pellet fabrication. Thus, fractions of particles with sub-
micrometer diameter, which sometimes are referred as “very fine powder,” were
separated from the bulk and discarded. In addition, very often nanoparticles aggre-
gate in micrometer-sized particles. Only with high-resolution microscopy tech-
niques, or indirectly through BET surface area measurements, for example, it is
possible to detect the nanometric structure of the material. Therefore, in more than
one publication, nanoparticles are wrongly classified as micrometer-sized particles.
Here we attract the attention on this fact in some of the reported works.

2. Chemical and electrochemical routes

2.1 Syntheses from inorganic uranyl salts

In the group of the wet chemical syntheses, one of the most common practices to
obtain UO2 to manufacture nuclear fuel pellets is the physicochemical precipitation,
followed by calcination and reduction [12]. The ammonium di-uranate (ADU) and
the ammonium uranyl carbonate (AUC) routes are two well-known examples. Both
start from an inorganic uranium salt such as the uranyl nitrate hexahydrate (UNH),
involve thermal treatments in different atmospheres and, at intermediate to high
temperatures, obtain the fluorite fcc UO2 phase.

Although the ADU synthesis originally was not tuned to produce nanoparticles,
first studies describe that depending on pH and synthesis conditions, a fine powder
with sub-micrometer structure and a grain size of 370 nm was observed [13]. Some
years ago, Soldati et al. took advantage of characterization methods from the

10
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nanoscience and demonstrated that the UO2 particles obtained by the ADU route in
the standard conditions described elsewhere (i.e., pH 9 and 60°C thermal bath)
were indeed agglomerates of rounded, but irregular, nanoparticles of homogeneous
composition, fcc Fm-3 m crystal phase, and 80–120 nm crystal sizes [4]. In that
experience, to obtain about 100 g UO2 nanoparticles with those characteristics by
the ADU method requires a filtrating step, produces about 2 L ammonia water
waste, needs 12–16 hours thermal treatments at intermediate to high temperatures,
and consumes air and a reducing atmosphere such as H2:Ar (10:90) [4, 13].

In these syntheses, UO2, and some mixed oxides with Gd or Pu, can be obtained
from a solution of the actinides (as nitrates or oxides) in 1 M HNO3, concentrations
of 50–400 g/L, 60°C, and pH between 4 and 9 [4, 13–16]. The precipitation of ADU
is favored by mixing the mother solution with a basic 13 M (NH4OH) solution
[14, 15, 17] or bubbling NH3 gas [4, 13] (Eqs. (1)–(3)).

For example, for the case of ADU, the involved reactions are:

NH3
g þH2O! NHþ4 þOH� (1)

2UOþ22 þ 6OH� ! U2O�27 þ 3H2O (2)

U2O�27 þ 2NHþ4 ! U2O7 NH4ð Þ2↓ ADUð Þ (3)

Once that the precipitated phase is completely formed, the solution is stirred for
1 hour and vacuum filtrated, washed with milliQ water, and dried between 80 and
120°C for 24 hours. After that, the ADU is converted to U3O8 by calcination at 800°C
in air for 6–8 hours (Eqs. (4) and (5)).

U2O7 NH4ð Þ2 �����!400°C, air
2UO3 þ 2NH3↑þH2O↑ (4)

3UO3 ����������!400°C to 800°C, air
U3O8 þ 1=2O2 (5)

Finally, the U3O8 is reduced to UO2 by thermal treatment between 650 and 700°C
for 7 hours in pure H2 or mixtures of H2 and Ar or N2 in proportions of 8–10%
(Eq. (6)).

U3O8 þ 2H2 ������������!650°C, 10:90ð Þ H2:Ar 3UO2 þ 2H2O↑ (6)

On the other side, the AUC, for example, is precipitated from the UNH-HNO3

solution with (NH4)2CO3 [14] and converted to UO2 at 650°C in a water vapor/
hydrogen atmosphere. However, to the best of our knowledge, only micrometric
particle sizes were reported by AUC syntheses.

2.2 Syntheses from organic uranyl salts

An alternative way for precipitating UO2 nanoparticles from the inorganic salt
uranyl nitrate are the synthesis from the organic salts uranyl acetylacetonate (UAA)
or acetate (UA), mediated by organic solvents and temperature. Wu et al., for
example, obtained 3–8-nm-large cubic UO2 nanocrystals by decomposition at
295°C, under Ar, of UAA in a mixture of oleic acid (OA), oleylamine (OAm), and
octadecene (ODE) [18]. Non-agglomerated and highly crystalline UO2 particles
were obtained in a similar synthesis by Hudry et al. at temperatures of 280°C [19].
These nanoparticles were isotropic faceted nanodots of 3.6 � 0.4 nm diameter.
Moreover, Hu et al. used UA dissolved in oleylamine (OAm) and oleic acid (OA)
which after heating in an oil bath, centrifuging, washing with ethanol, and
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dispersing in cyclohexane resulted in two-dimensional nanoribbons of U3O8 with
dimensions of about 4 � 100 nm. Higher autogenous pressure, in an autoclave, was
useful for obtaining wider nanoribbons. With the addition of octadecene (ODE) or
toluene, U3O7 nanowires were obtained whose width is about 1 nm and length
varied in the range of 50–500 nm depending on the temperature-time conditions of
the process [20]. In addition, sphere-shaped UO2 nanoparticles with an average
diameter of 100 nm, which consisted in 15 nm nanocrystal subunits, were obtained
by Wang et al. from a 0.5 mM UA aqueous solution mixed with ethylenediamine,
autoclaved, and heated at 160°C for 48 h [21]. On the other hand, Tyrpekl et al.
obtained 5–11 nm UO2 nanoparticles by annealing a dry precipitate of
(N2H5)2U2(C2O4)5 � nH2O at 600°C in Ar [22].

2.3 Sol-gel syntheses

A colloid is a suspension in which the dispersed phase particle’s size is so small
(�1–1000 nm) that gravitational forces are negligible and interactions are domi-
nated by short-range forces, such as van der Waals attraction and surface charges.
In the context of the sol-gel synthesis, the “sol” is formed by a colloidal suspension
of solid particles in a liquid, while the “gel” is a suspension of a liquid phase in a
continuous solid phase [23]. Basically, two sol-gel routes are used: the polymeric
route using alkoxides and the colloidal route using metal salts.

In a typical polymeric sol-gel process, as the one used for low-temperature
preparation of SiO2 monoliths from a tetraethoxisilane (TEOS) solution, a poly-
merized structure is formed by the condensation of alcohols proceeding from the
TEOS hydrolysis. Another widely used sol-gel synthesis is the complexation by
amines, known as internal gelation [24–27]. This synthesis is common to find in the
nuclear field associated to the fabrication of UO2 microspheres formed by agglom-
erated nanoparticles as in the work of Daniels et al. [25]. In this case, an uranyl
nitrate solution is mixed with urea (CO(NH2)2) and hexamethylenetetramine
(HMTA) solution. Then, the HMTA is decomposed at low temperature (90°C)
causing an increase in pH and hydrolysis of uranium (Eqs. (7) and (8)), resulting in
a solution gelation:

Hydrolysis : UOþ22 þ 2H2O$ UO2 OHð Þ2 þ 2Hþ (7)

Condensation : UO2 OHð Þ2 þH2O! UO3 ∙ 2H2O↓ (8)

This gel is washed with NH4OH and dried to obtain dry UO3. Later, thermal
treatments at 800°C in air allow obtaining U3O8 powders that are further reduced to
UO2 particles. With this method, UO2 millimeter-sized spheres with a nanometric
substructure were obtained by different authors [25, 26]. The powder morphologies
and particle sizes depend on the temperature and the calcination atmospheres used.
The average particle size varies between 100 and 4000 nm. The samples obtained
through the oxalic route and a single calcination (in neutral or reductive atmo-
sphere) showed similar lattice parameters, close to the value of UO2 [24].

Recently Leblanc et al. presented another method that they called “advanced
thermal denitration in presence of organic additives” that includes a gelation step of
the uranyl nitrate solution [28]. In this process, an acidic uranyl nitrate solution is
prepared, and urea is added to avoid uranium precipitation. Oxide synthesis was
performed by adding two monomer types: acrylic acid (AA) and N,N0-methylene
bis acrylamide (MBAM) in a molar ratio of 20:1 (AA:MBAM). A fully homogeneous
solution was obtained, which when heated up to 100°C and after the addition of
25 mL of hydrogen peroxide (30 wt%) as initiator completely polymerized into a

12
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gel. The entire solution is incorporated into the polymer network, ensuring that all
the cations of the system are stripped into the obtained gel. Drying at 150°C,
following an oxidative calcination of the organic part at 800°C, and finally reducing
it in Ar:5%H2 at 800°C resulted in a nanostructured material with crystallite size
below 100 nm, as determined by XRD diffraction.

2.4 Electrochemically assisted syntheses

Recently, Rousseau et al. presented a wet chemical novel method to synthesize
UO2 (and also UO2 doped with tetra- or trivalent elements), based on the electro-
chemical reduction of U6+ to U4+, followed by a precipitation in a reducing and
anoxic condition, at constant pH [29]. The mother U4+ solution was made dissolving
UNH in 1 M NaCl. The authors studied two methods for precipitating stable UO2+x

nanoparticles of different sizes. In the pH range 2.5–4, the starting U6+ solution was
added to the NaCl solution under reducing conditions, and U6+ cations were
reduced electrochemically to U4+. The increment in pH was compensated with
0.1 M HCl. In the pH range 4–8, the mother U6+ solution was added drop by drop
directly to the 1 M NaCl solution, balancing the pH change with 0.1 M NaOH. A
redox potential of �300 mV/NHE was applied using Pt electrodes. The obtained
products were filtered with a 0.22 μm filter, and the precipitates were washed two
times with ultrapure water. The nanoparticles produced correspond to a single
fluorite UO2.19 � 0.01 phase and average TEM coherent domain size of (12 � 2) nm
for pH < 4 and UO2.11 � 0.02 of 4–6 nm for pH 6.5. The BET surface area for this
nanomaterial was 10.3 � 0.1 m2/g, which the authors associated to a grain size of
53 nm, indicating a moderate agglomeration of the nanoparticles. XPS, in good
agreement with the other analytical techniques, resulted in a U6+/U4+ ratio close
to 0.1.

Moreover, an electrolytically reduced aqueous solution of 0.5 M uranyl nitrate
was used as precursor, together with NaOH solution as alkalinization agent, to
trigger the precipitation of UO2 nanoparticles near the U

4+ solubility line. XRD and
HR-TEM analyses showed that the nanoparticles obtained exhibit the typical
slightly oxidized UO2+x fcc fluorite structure, with an average crystal size of 3.9 nm
and a narrow size distribution [6].

In these cases, the reduction is mediated by the reactions occurring in the
cathode (Eq. (9)) and in the anode (Eq. (10)), respectively [6]:

UO2þ
2 þ 4Hþ þ 2e� $ U4þ þ 2H2O (9)

2H2O$ 4Hþ þ 4e� þ O2 (10)

To maintain the reducing environment, the oxygen must be eliminated with an
oxygen-free gas such as pure Ar. In the work of Jovani-Abril et al. [6], for example,
the starting pH was 0.5, and the solution was slowly alkalinized to allow the pre-
cipitation of the UO2 nanoparticles, following the equation:

U4þ þ 4OH� $ UO2↓þ 2H2O (11)

2.5 Fluidized bed syntheses

Thermal denitration in a fluidized bed is another way to indirectly obtain UO2

micro (and nano) particles. It involves spraying a concentrated solution of UNH on
a bed of UO3 at moderated temperatures (240–450°C) and fluidizing it with air or
steam. The UO3 produced nucleates on the existing UO3 particles of the bed,
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enlarging their volume, or forming new particles. Afterward, thermal treatments
can be used to convert the UO3 to U3O8 and UO2. This method uses less chemicals
than the precipitation type of syntheses and allows the recuperation of the solvents
but reported grain sizes are in the 100–500 μm [30], i.e., three orders of magnitude
larger than the nanoparticles. However, it should be noted here that the equipment
reviewed in most of the publications regarding fluidized beds are tuned to fabricate
nuclear fuels. Under certain conditions of bed lengths, temperature, and solution
feed speed, the authors reported the formation of “a very fine powder, not well
suited to the subsequent powder handling” that is elutriated in the process [31].
This means that those grains smaller than some microns were separated by their
different density, grain size and morphology in the vapor/gas stream, losing all
information about the possible existence of nanoparticles. Thus, it is possible that
nanoparticles would be obtained in fluidized bed denitration by tuning appropriate
operative characteristic.

3. Radiation-assisted syntheses

This type of UO2 nanoparticles syntheses focus on the reduction of U6+ to U4+ by
some kind of radiation. The process is induced exposing an aqueous solution of U6+

and an organic precursor to beta particles or photons including gamma and X-rays.
When particles are used, they are typically 4.5–7 MeV electrons from particle

accelerators [32–35]. For example, Roth et al. used a pulsed beam with a frequency
of 12.5 Hz and 4 μs pulse duration with an average dose rate of 24 Gy/s. To get a
dose of 15 kGy, 625 s of effective irradiation must be accumulated. Conversion
efficiency of U6+ to U4+ was 95% after 15 kGy delivered dose. However, Pavelková
et al. used doses up to 100 kGy of 4.5 MeV electrons. In the first case, the authors
obtained a narrow size distribution of 22–35 nm nanoparticles and a BET surface
area of 60–70 m2/g [35]. In the second case, heat treatments were necessary to
obtain well-developed nanocrystals with linear crystallite size 13–27 nm and specific
surface area 10–46 m2/g [32].

On the other hand, gamma-ray photons consist mainly in those from 60Co radia-
tion sources (two emissions of 1.17 and 1.33 MeV). Dose rates in the order of
198 Gy/h are delivered, and after 70 h of irradiation, 65% of conversion efficiency
was obtained in the work of Roth et al. [35]. Nenoff et al. used also a 198 Gy/h setup,
but irradiation times from 7 to 10 days. In these conditions, nanoparticles readily
form in the solution [36]. After 7 days of irradiation time, Roth et al. obtained
nanoparticles of around 80 nm [35], and Nenoff et al. found in fresh prepared
solution 6 nm particles, while aging resulted in their agglomeration. In that work, the
crystal phase was studied from the TEM diffraction pattern resulting in alpha (α)-U
or orthorhombic U metal phase (space group Cmcm). These particles converted
naturally to the fcc UO2 crystal phase, when allowed to rest in air by some days [36].

Moreover, X-rays can be used also to generate nanoparticle precursors in the
bulk of an uranyl nitrate solution, which after a thermal treatment below 600°C,
transform to UO2 nanoparticles. X-rays from medium pressure 140 W mercury
lamps have been used for this purpose [32, 37, 38]. In medium-pressure mercury-
vapor lamps, the lines from 200 to 600 nm are present, namely 253.7, 365.4, 404.7,
435.8, 546.1, and 578.2 nm. However in this case, the 253.7 nm line is the one of
interest. Illumination times between 60 and 180 minutes were used to obtain the
nanoparticle precursors. After that, a heat treatment under Ar:H2 atmosphere at
550°C was done in order to form the UO2 nanoparticles. A yield of 70% was
obtained with this method. Nanoparticles obtained were monocrystals of 14.9 nm
as determined by XRD spectra in accordance with TEM images and presented a
specific surface area of 10.4 m2/g.
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3.1 Precursor formation: U6+ to U4+ reduction and polymerization

Regardless of the type of radiation used, U6+ is in the form of an uranyl nitrate
UO2(NO3)2 acidic aqueous solution and the uranyl concentrations used range from
10 to 50 mM. The chemical reduction reactions, which were presented by Rath
et al., are described next [34]. The irradiation with electrons or photons produces
water photolysis:

H2O ���!e�, hv
H•, OH•, OH2•, H2O2,H3Oþ (12)

e�aq þH! H• (13)

where H• is a reducing agent and OH• is an oxidizing radical. By adding an
organic species, which commonly is a secondary alcohol, these species are scav-
enged, and a strongly reducing agent is produced (reactions Eqs. (14) and (15)).
Propan-2-ol, for example, reacts with both H• and OH• forming a strongly reducing
1-hydroxy 2-propyl radical H3C▬C•OH CH3:

H3C� CHOH� CH3 þH•! H3C� C•OH� CH3 þH2 (14)

H3C� CHOH� CH3 þOH•! H3C� C•OH CH3þH2O (15)

Thus, in that milieu, the following reducing and polymerization reactions are
possible:

UO2þ
2 þ e�aq ! UO1þ

2 (16)

UO2þ
2 þH3C� C•OH� CH3 ! UOþ2 þH3C� CHOH� CH3 þHþ (17)

UO1þ
2 þH3C� C•OH� CH3 ! UO2 þH3C� CO� CH3 þHþ (18)

UOþ2 þ nUO2 ! UO2ð Þ nanoparticle (19)

The following reaction (Eq. (20)) is also possible, which retires hydrated
electrons from the solution, though NO3

�2 anions finally convert to NO�3 :

NO�3 þ e�aq ! NO�23 (20)

During irradiation, there is UO2
2+ consumption to form the UO2° nanoparticles.

The UV-visible absorption spectra of uranyl nitrate exhibit maxima at 427, 477, and
495 nm; the maxima gradually disappear during irradiation, due to the precipitation
of the precursor. This is a usual way to follow the nanoparticle precursor formation
kinetics during irradiation.

According to Rath et al., an induction time of 135 min after irradiation was
necessary for the nanoparticles to form in the presence of 1% volume fraction of
propan-2-ol and 50 kGy of absorbed dose [34]. The same work shows that this value
depends on the scavenger concentration and the viscosity of the uranyl solution.
Induction time also increased with the ethylene glycol concentration, which was
used to obtain higher viscosity values.

4. Biologically assisted synthesis

Nanoparticles UO2 can be obtained also by mediation of living organisms.
Shewanella genus, for example, belongs to a well-known group of U6+ reducing
bacteria. Within this group, anaerobic Shewanella oneidensis MR-1 and Shewanella
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putrefaciens CN32 species have been widely used by several authors to produce
biogenic uraninite nanoparticles [39–42]. Other species studied were: Desulfovibrio
vulgaris [43, 44], Geobacter sulfurreducens [45, 46], and Anaeromyxobacter
dehalogenans 2CP-C [47].

One of the main interests related to this topic is the possible use of bacteria in
reducing the environmental mobility of the U6+ ions by transforming them into U4+

species. Thus, there is a big effort in determining the factors that affect the physio-
logical state of the microorganisms, which mediate the U6+ reduction, as well as in
determining which geochemical and environmental conditions modify the
nanobiogenic UO2 surface reactivity [40] and redox potentials [42].

These experiments are conducted in a series of stages: the preparation of a
background electrolyte, where the bacteria is allowed to live and growth, the cell
cultivation, the U6+ bioreduction experiments and, finally, the determination of U4+

re-oxidation rates under different conditions. In natural environments, uranium
might be present in different sites due to the geology of the area but also as a
contaminant in soils, sediments, and groundwater [40]. So, on the one hand, the
background electrolyte implies the preparation of buffered (6.8–8 pH range) artifi-
cial groundwater made of uranyl acetate in 1.2–4 mM concentrations and some
organic additives as lactic acid and macronutrients for bacterial growth. On the
other hand, cell suspensions are cultured aerobically at 30°C for 24 h; centrifuged,
washed with an anaerobic buffer, and resuspended in an anaerobic solution. From
this suspension, a portion is inoculated into the buffered, anaerobic uranyl-bearing
solution to initiate uranium reduction. After a bioreduction essays, cell-uranium
precipitates are pasteurized at 70°C to deactivate biological activity [40–42]. Burgos
et al., for example, reported that it was challenging to determine what constitutes a
single discrete particle in samples with thick uraninite coatings or large extracellular
deposits but regardless of the bioreduction rate or the electrolyte used, identified a
mean particle size structure of around 3 nm in TEM micrographs as well as with
X-ray absorption fine structure spectroscopy (EXAFS) [39], while Singer et al.
found stoichiometric uraninite with particle diameters of 5–10 nm by DRX [40].

Probably one of the most interesting results obtained by these authors was that
the bioreduction rate is not the unique factor which controls the particle size of
biogenic uraninite. Within the parameters that influence the obtaining of certain
particle size, it can be include cell cultivation methods, metabolic state of cells,
molecular-scale mechanisms of U6+ reduction, U4+ nucleation site, and cellular
location of uraninite precipitates [39].

5. Conclusions

With the recent knowledge gained on nanoscience and nanomaterials, and the
complex interaction that nanoparticles have in the environment, there is a new
insight toward nanoparticles generated from the nuclear technology. It is a fact that
long-term nuclear waste disposals and nuclear reactors are sources of UO2 and
actinide- and lanthanide-doped UO2 nanoparticles. Therefore there is an effort to
produce nanoparticles of these compositions to study not only their behavior in
special physicochemical conditions but also their advantageous properties in the
design of new fuel elements and processes.

There exist many ways to obtain nanoparticles of UO2, but until now all of them
start from a solution of U6+ and reduces it to U4+. The way in which the nanoparticle
is formed or the reduction is done differentiates one of the other processes. In the
precipitation routes, the pH generates nanoparticles of U6+ salts that after interme-
diate- to high-temperature thermal treatments in reducing conditions convert to
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micrometer agglomerates of UO2 nanoparticles of 80–120 nm and fcc crystal phase.
Other chemical routes use U6+ organic salts in an organic solvent as dibenzyl ether,
with amines and organic acids as stabilization agents, to induce the precipitation of
non-agglomerated and highly crystalline UO2 nanoparticles of less than 5 nm during
a low-temperature thermal treatment. In the sol-gel type syntheses, nanoparticles
with U6+ are generated in the continuous solid phase, sometimes mediated by the
addition of organic molecules. The gel is dried after and reduced to obtain
micrometer-sized agglomerates of UO2 nanoparticles of around 90 nm crystallite
size. In the electrochemical-assisted syntheses, electrons are directly supplied at the
cathode to the uranyl solution to reduce the uranium ions to U4+, which precipitates
as moderately agglomerated powders of 53 nm formed by 4–14 nm crystal size UO2

nanoparticles. The processes assisted by radiation consist in generating strongly
reducing organic agents by irradiating a secondary alcohol with electrons or pho-
tons. These species reduce the U6+ to U4+ in the solution forming UO2, which
aggregates in crystalline nanoparticles. In case of electron irradiation, small particles
with a narrow size distribution (22–35 nm) were obtained, while for gamma
irradiation 3.5–5 nm particles were formed. In case of X-rays photons, the product
obtained are precursors of nanoparticles and need a subsequent intermediate-
temperature thermal treatment to definitely form the UO2 nanoparticles with
3–15 nm and fcc crystal phase.
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Chapter 3

Exergy: Mechanical Nuclear
Physics Measures Pressure,
Viscosity and X-Ray Resonance in
K-Shell in a Classical Way
Edward Henry Jimenez

Abstract

First, the liquid drop model assumes a priori; to the atomic nucleus composed of
protons and neutrons, as an incompressible nuclear fluid that should comply with
the Navier–Stokes 3D equations (N-S3D). Conjecture, not yet proven, however, this
model has successfully predicted the binding energy of the nuclei. Second, the
calculation of nuclear pressure p0 ∈ 1:42, 1:94�1032Pa

� �
and average viscosity

η ¼ 1:71� 1024 fm2=s
� �� �

, as a function of the nuclear decay constant k ¼ p0
2η ¼ 1

T1=2
,

not only complements the information from the National Nuclear Data Center, but
also presents an analytical solution of (N- S3D). Third, the solution of (N-S3D) is a
Fermi Dirac generalized probability function P x, y, z, tð Þ ¼ 1

1þe
p0
2η t�μ x2þy2þz2ð Þ1=2 , Fourth,

the parameter μ has a correspondence with the Yukawa potential coefficient μ ¼
αm ¼ 1=r, Fifth, using low energy X-rays we visualize and measure parameters of
the nuclear surface (proton radio) giving rise to the femtoscope. Finally, we obtain
that the pressure of the proton is 8.14 times greater than the pressure of the
neutron, and 1000 times greater than the pressure of the atomic nucleus. Analyzed
data were isotopes: 9≤Z ≤ 92 and 9≤N ≤ 200:

Keywords: femtoscope, Navier Stokes 3D, nuclear viscosity, minimum entropy

1. Introduction

Neutron stars are among the densest known objects in the universe, withstand-
ing pressures of the order of 1034Pa: However, it turns out that protons [1], the
fundamental particles that make up most of the visible matter in the universe,
contain pressures 10 times greater, [2, 3] 1035Pa: This has been verified from two
perspectives at the Jefferson Laboratory, MIT [1–5]. High-energy physics continue
to guide the study of the mechanical properties of the subatomic world.

Viscosity is a characteristic physical property of all fluids, which emerges from
collisions between fluid particles moving at different speeds, causing resistance to
their movement (Figure 1). When a fluid is forced to move by a closed surface,
similar to the atomic nucleus, the particles that make up the fluid move slower in
the center and faster on the walls of the sphere. Therefore, a shear stress (such as a
pressure difference) is necessary to overcome the friction resistance between the
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layers of the nuclear fluid. For the same radial velocity profile, the required tension
is proportional to the viscosity of the nuclear fluid or its composition given by
Z,Nð Þ [6–8].

Radioactive decay is a stochastic process, at the level of individual atoms.
According to quantum theory, it is impossible to predict when a particular atom will
decay, regardless of how long the atom has existed. However, for a collection of
atoms of the same type [8], the expected decay rate is characterized in terms of its
decay constant k ¼ 1

T1=2
. The half-lives of radioactive atoms do not have a known

upper limit, since it covers a time range of more than 55 orders of magnitude, from
almost instantaneous to much longer than the age of the universe [8, 9].

Other characteristics of the proton such as its size have been studied in many
institutes such as Max Plank, where it has been measured with high precision ranges
rp ¼ 0:84184 67ð Þ fm� �

, providing new research methods [10, 11].
The atomic nucleus is an incompressible fluid, justified by the formula of the

nuclear radius, R ¼ 1:2A
1
3, where it is evident that the volume of the atomic nucleus

changes linearly with A ¼ Z þN, giving a density constant [11]. All incompressible
fluid and especially the atomic nucleus comply with the Navier Stokes equations.
We present a rigorous demonstration on the incomprehensibility of the atomic

nucleus, which allows to write explicitly the form of the nuclear force FN ¼
� gμ2

8π A� 1ð ÞP 1� Pð Þ∇r, which facilitates the understanding of nuclear decay.
The Navier Stokes equations are a problem of the millennium [12, 13], that has

not been resolved yet in a generalized manner. We present a solution that logically
meets all the requirements established by the Clay Foundation [14, 15]. This solu-
tion coherently explains the incompressible nuclear fluid and allows calculations of
the nuclear viscosity and nuclear pressure [1, 2].

The alpha particle is one of the most stable. Therefore it is believed that it can
exist as such in the heavy core structure. The kinetic energy typical of the alpha
particles resulting from the decay is in the order of 5 MeV.

For our demonstrations, we will use strictly the scheme presented by Fefferman
in http://www.claymath.org/millennium-problems [13, 14], where six demonstrations

Figure 1.
Obtaining nuclear viscosity and nuclear pressure from the speed of the neutron particles in the disintegration of
chemical element. Figure 1a. indicates that the BE=A ratio is proportional to the nuclear pressure, p0
represented in Figure 1b. Figure 1c is the graph of the viscosity in equilibrium and out of equilibrium, the
viscosity in equilibrium is greater than the viscosity at the moment of nuclear decay. Figure 1d is the average
half-time of each isotope, 9≤Z ≤92 and 9≤N ≤ 200:
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are required to accept as valid a solution to the Navier–Stokes 3D Equation [16–18].
An understanding of the mechanics of the atomic nucleus cannot do without fluid
equations.

2. Model

The velocity defined as u ¼ �2ν ∇P
P , with a radius noted as r ¼ x2 þ y2 þ z2ð Þ1=2

where P x, y, z, tð Þ is the logistic probability function P x, y, z, tð Þ ¼ 1
1þekt�μr , and the

expected value E rjr≥0ð Þ<C exist. The term P is defined in x, y, zð Þ∈3, t≥0
� �

,
where constants k>0, μ>0 and P x, y, x, tð Þ is the general solution of the Navier–
Stokes 3D equation, which has to satisfy the conditions (1) and (2), allowing us to
analyze the dynamics of an incompressible fluid [12–14].

∂u
∂t
þ u:∇ð Þu ¼ ν∇2u� ∇p

ρ0
x, y, zð Þ∈3, t≥0

� �
(1)

With, u∈3 an known velocity vector, ρ0 constant density of fluid, η dynamic
viscosity, ν cinematic viscosity, and pressure p ¼ p0P in x, y, zð Þ∈3, t≥0

� �
.

Where velocity and pressure are depending of r and t. We will write the
condition of incompressibility.

∇:u ¼ 0 x, y, zð Þ∈3, t≥0
� �

(2)

The initial conditions of fluid movement u0 x, y, zð Þ, are determined for t ¼ 0.
Where speed u0 must be C∞ divergence-free vector.

u x, y, z, 0ð Þ ¼ u0 x, y, zð Þ x, y, zð Þ∈3� �
(3)

For physically reasonable solutions, we make sure u x, y, z, tð Þ does not grow large
as r! ∞: We will restrict attention to initial conditions u0 that satisfy.

∂
α
xu

0
�� ��≤CαK 1þ rð Þ�K on 3 foranyαandK (4)

The Clay Institute accepts a physically reasonable solution of (1), (2) and (3),
only if it satisfies:

p,u∈C∞ 3 � 0,∞
� �Þ (5)

and the finite energy condition [14–16].

ð

3
u x, y, z, tð Þj j2dxdydz≤C forall t≥0 bounded energy� �

: (6)

The problems of Mathematical Physics are solved by the Nature, guiding the
understanding, the scope, the limitations and the complementary theories. These
guidelines of this research were: the probabilistic elements of Quantum Mechanics,
the De Broglie equation and the Heisenberg Uncertainty principle.

2.1 Definitions

Nuclear reaction velocity coefficient.
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We will use an equation analogous to concentration equation of Physical
Chemistry C ¼ C0ekt, where k ¼ p0

2η , is velocity coefficient, p0 is the initial pressure
of our fluid, η the dynamic viscosity and C0 the initial concentration of energetic
fluid molecules.

It is evident that, in equilibrium state we can write μr ¼ kt, however, the
Navier–Stokes equation precisely measures the behavior of the fluids out of
equilibrium, so that: μr 6¼ kt.

Fortunately, there is a single solution for out-of-equilibrium fluids, using the
fixed-point theorem for implicit functions, 1

1þekt�μr ¼ 2
μr , the proof is proved in

Theorem 1.
Attenuation coefficient.
We will use the known attenuation formula of an incident flux I0, for which

I ¼ I0e�μr. Where, I0 initial flux and μ attenuation coefficient of energetic molecules
that enter into interaction and/or resonance with the target molecules, transmitting
or capturing the maximum amount of energy [5].

Dimensional analysis and fluid elements.
We will define the respective dimensional units of each one of variables and

physical constants that appear in the solution of the Navier–Stokes 3D equation
[12–14, 16].

Nuclear decay N tð Þ ¼ N0e�kt: Where k ¼ 1
T1=2

[1/s], the velocity coefficient, and

T1=2 ground state half-life.

Kinematic viscosity ν ¼ η
ρ0
, m2

s

h i
.

Dynamic viscosity η, [pa.s], where pa represents pascal pressure unit.
Initial Pressure of out of equilibrium. p0, [pa].

Fluid density ρ0,
kg
m3

h i
, where kg is kilogram and m3 cubic meters.

Logistic probability function, P x, y, z, tð Þ ¼ 1
1þekt�μr , it is a real number 0≤P≤ 1:

Equilibrium condition, r ¼ k
μ t ¼

p0
2ρ0νμ

t ¼ uej jt, [m].
Fluid velocity in equilibrium, uej j, m=s½ �: Protons, neutrons and alpha particles

are the elements of the fluid.
Fluid field velocity out of equilibrium, u ¼ �2νμ 1� Pð Þ∇r: [m/s]. All nuclear

decay is a process out of nuclear equilibrium.

Position, r ¼ x2 þ y2 þ z2ð Þ1=2, [m].
Attenuation coefficient, μ, [1/m].
Growth coefficient, k ¼ p0

2ρ0ν
¼ p0

2η , [1/s].

Concentration C ¼ C0
1�P
P :

Theorem 1 The velocity of the fluid is given by u ¼ �2ν ∇P
P , where P x, y, z, tð Þ

is the logistic probability function P x, y, x, tð Þ ¼ 1
1þekt�μr , and p pressure such that

p ¼ p0P, both defined on x, y, zð Þ∈3, t≥0
� �

: The function P is the general solution of
the Navier Stokes equations, which satisfies conditions (1) and (2).

Proof. To verify condition (2), ∇:u ¼ 0, we must calculate the gradients

and laplacians of the radius. ∇r ¼ x
r ,

y
r ,

z
r

� �
, and ∇2r ¼ ∇:∇r ¼

y2þz2ð Þþ x2þz2ð Þþ x2þy2ð Þ
x2þy2þz2ð Þ3=2 ¼ 2

r :

∇:u ¼ �2ν∇:∇P
P
¼ �2νμ∇ 1� Pð Þ∇rð Þ (7)

Replacing the respective values for the terms: ∇2r and ∇rj j2 in the Eq. (7).
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∇:u ¼ �2νμ∇ 1� Pð Þ∇rð Þ
¼ �2νμ∇ 1� Pð Þ∇rð Þ

¼ �2νμ �μ P� P2� �
∇rj j2 þ 1� Pð Þ∇2r

h i (8)

Where the gradient modulus of ∇P ¼ μ P� P2� �
∇r, has the form ∇Pj j2 ¼

μ2 P� P2� �2 ∇rj j2 ¼ μ2 P� P2� �2
.

∇:u ¼ �2νμ 1� Pð Þ �μPþ 2
r

� �
¼ 0 (9)

Simplifying for 1� Pð Þ 6¼ 0, we obtain the main result of this paper, which
represents a fixed point of an implicit function f t, rð Þ where f t, rð Þ ¼ P� 2

μr ¼ 0. In

Nuclear Physics, r0 < r< 1:2A1=3:

P ¼ 1

1þ ekt�μ x2þy2þz2ð Þ1=2
¼ 2

μ x2 þ y2 þ z2ð Þ1=2
x, y, zð Þ∈3, t≥0

� �
(10)

Eq. (10) has a solution according to the fixed-point theorem of an implicit
function, and it is a solution to the Navier Stokes stationary equations, which are
summarized in: ∇2P ¼ 2

μ∇
2 1

r

� � ¼ 0: Furthermore, it is the typical solution of the

Laplace equation for the pressure of the fluid ∇2p ¼ p0∇
2P ¼ 0. Kerson Huang

(1987).
To this point, we need to verify that Eq. (10) is also a solution of requirement

(1), ∂u
∂t þ u:∇ð Þu ¼ ν∇2u� ∇p

ρ0
. We will do the equivalence u ¼ ∇θ after we replace

in Eq. (1). Taking into account that θ ¼ �2ν ln Pð Þ, and that ∇θ is irrotational,
∇� ∇θ ¼ 0, we have: u:∇ð Þu ¼ ∇θ:∇ð Þ∇θ ¼ 1

2∇ ∇θ:∇θð Þ � ∇θ � ∇� ∇θð Þ ¼
1
2∇ ∇θ:∇θð Þ, and ∇2u ¼ ∇ ∇:uð Þ � ∇� ∇� uð Þ ¼ ∇ ∇:∇θð Þ � ∇� ∇� ∇θð Þ ¼
∇ ∇2θ
� �

: Simplifying terms in order to replace these results in Eq. (1) we obtain

u:∇ð Þu ¼ 1
2
∇ ∇θ:∇θð Þ ¼ 2ν2∇

∇Pj j2
P2

 !

∇2u ¼ ∇ ∇:uð Þ ¼ ∇ ∇2θ
� � ¼ 0

¼ �2ν∇ ∇Pj j2
P2 �

∇2P
P

 !
¼ 0

The explicit form of velocity is u ¼ �2μν 1� Pð Þ∇r: Next, we need the partial
derivative ∂u

∂t

∂u
∂t
¼ �2μνkP 1� Pð Þ∇r,

�∇p
ρ0
¼ � μp0

ρ0
P 1� Pð Þ∇r:

After replacing the last four results u:∇ð Þu, ∇2u,∂u
∂t and � ∇p

ρ0
in Eq. (1) we

obtain (11).
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�2μνkP 1� Pð Þ∇r ¼ 2ν2∇
∇Pj j2
P2

 !
� μp0

ρ0
P 1� Pð Þ∇r: (11)

The Eq. (11) is equivalent to Eq. (1). After obtaining the term ∇Pj j2
P2 from the

incompressibility equation ∇ ∇2θ
� � ¼ �2ν∇ � ∇Pj j2

P2 þ ∇2P
P

� �
¼ 0 and replacing in

Eq. (11).

�2μνkP 1� Pð Þ∇r ¼ 2ν2∇
∇2P
P

� �
� μp0

ρ0
P 1� Pð Þ∇r: (12)

Eq. (10) simultaneously fulfills requirements (1) expressed by Eq. (12) and
requirement (2) expressed by Eq. (7), for a constant k ¼ p0

2ρ0ν
¼ p0

2η : Moreover,

according to Eq. (10), the probability P ¼ 2
μrwhich allows the Laplace equation to be

satisfied: ∇2P ¼ 2
μ∇

2 1
r

� � ¼ 0: In other words, the Navier–Stokes 3D equation system
is solved. ▪

Implicit Function.
An implicit function defined as (10), f t, rð Þ ¼ 1

1þekt�μr � 2
μr ¼ 0 has a fixed point t, rð Þ

ofR ¼ t, rð Þj0< a≤ t≤ b, 0< r< þ∞f g, wherem andM are constants, such as:m≤M:

Knowing that the partial derivative exists: ∂rf t, rð Þ ¼ νP 1� Pð Þ þ 2
μr2 we can assume

that: 0<m≤ ∂rf t, rð Þ≤M: If, in addition, for each continuous function φ in a, b½ � the
composite function g tð Þ ¼ f t,φ tð Þð Þ is continuous in a, b½ �, then there is one and only
one function: r ¼ φ tð Þ continuous in a, b½ �, such that f t,φ tð Þ½ � ¼ 0 for all t in a, b½ �.

Theorem 2 An implicit function defined as (10) f t, rð Þ ¼ 1
1þekt�μr � 2

μr ¼ 0 has a fixed
point t, rð Þ of R ¼ t, rð Þj0< a≤ t≤ b, 0< r< þ∞f g. In this way, the requirements (1)
and (2) are fulfilled.

Proof. Let C be the linear space of continuous functions in a, b½ �, and define an
operator T : C! C by the equation:

Tφ tð Þ ¼ φ tð Þ � 1
M

f t,φ tð Þ½ �:

Then we prove that T is a contraction operator, so it has a unique fixed point
r ¼ φ tð Þ in C. Let us construct the following distance.

Tφ tð Þ � Tψ tð Þ ¼ φ tð Þ � ψ tð Þ � f t,φ tð Þ½ � � f t,ψ tð Þ½ �
M

:

Using the mean value theorem for derivation, we have

f t,φ tð Þ½ � � f t,ψ tð Þ½ � ¼ ∂ϕf t, z tð Þð Þ φ tð Þ � ψ tð Þ½ �:

Where ϕ tð Þ is situated between φ tð Þ and ψ tð Þ. Therefore, the distance equation
can be written as:

Tφ tð Þ � Tψ tð Þ ¼ φ tð Þ � ψ tð Þ½ � 1� ∂ϕf t, z tð Þð Þ
M

� �

Using the hypothesis 0<m≤ ∂rf t, rð Þ≤M we arrive at the following result:

0≤ 1� ∂ϕf t,ϕ tð Þð Þ
M

≤ 1� m
M

,
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with which we can write the following inequality:

Tφ tð Þ � Tψ tð Þj j ¼ φ tð Þ � ψ tð Þj j 1� m
M

� �
≤ α φ� ψk k: (13)

Where α ¼ 1� m
M

� �
. Since 0<m≤M, we have 0≤ α< 1. The above inequality

is valid for all t of a, b½ �. Where T is a contraction operator and the proof is
complete, since for every contraction operator T : C! C there exists one and only
one continuous function φ in C, such that T φð Þ ¼ φ. Using Eq. (10), which
represents the fundamental solution of the Navier–Stokes 3D equation, we verify
Eq. (2), which represents the second of the six requirements of an acceptable
solution. ▪

Proposition 3 Requirement (3). The initial velocity can be obtained from:
u x, y, z, 0ð Þ ¼ �2ν ∇P

P , where each of the components ux, uy and uz are infinitely
derivable.

u x, y, z, 0ð Þ ¼ u0 x, y, zð Þ ¼ �2νμ 1� P0ð Þ x
r
,
y
r
,
z
r

� �
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Recalling the derivatives of special functions (Legendre), it is verified that there
exists the derivative C∞.
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(16)

▪
Physically, this solution is valid for the initial velocity, indicated by Eq. (4),

where the components of the initial velocity are infinitely differentiable, and make
it possible to guarantee that the velocity of the fluid is zero when r! ∞ [6–9].

Proposition 4 Requirement (4). Using the initial velocity of a moving fluid given by
u x, y, z, 0ð Þ ¼ u0 x, y, zð Þ ¼ �2νμ 1� P0ð Þ x

r ,
y
r ,

z
r

� �
, it is evident that

∂
α
xu

0
�� ��≤CαK 1þ rð Þ�K on 3 foranyα andK
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2ρ0ν
¼ p0

2η : Moreover,
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Where ϕ tð Þ is situated between φ tð Þ and ψ tð Þ. Therefore, the distance equation
can be written as:

Tφ tð Þ � Tψ tð Þ ¼ φ tð Þ � ψ tð Þ½ � 1� ∂ϕf t, z tð Þð Þ
M
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Using the hypothesis 0<m≤ ∂rf t, rð Þ≤M we arrive at the following result:

0≤ 1� ∂ϕf t,ϕ tð Þð Þ
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≤ 1� m
M

,

28

Nuclear Materials

with which we can write the following inequality:

Tφ tð Þ � Tψ tð Þj j ¼ φ tð Þ � ψ tð Þj j 1� m
M

� �
≤ α φ� ψk k: (13)

Where α ¼ 1� m
M

� �
. Since 0<m≤M, we have 0≤ α< 1. The above inequality

is valid for all t of a, b½ �. Where T is a contraction operator and the proof is
complete, since for every contraction operator T : C! C there exists one and only
one continuous function φ in C, such that T φð Þ ¼ φ. Using Eq. (10), which
represents the fundamental solution of the Navier–Stokes 3D equation, we verify
Eq. (2), which represents the second of the six requirements of an acceptable
solution. ▪

Proposition 3 Requirement (3). The initial velocity can be obtained from:
u x, y, z, 0ð Þ ¼ �2ν ∇P

P , where each of the components ux, uy and uz are infinitely
derivable.

u x, y, z, 0ð Þ ¼ u0 x, y, zð Þ ¼ �2νμ 1� P0ð Þ x
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,
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Recalling the derivatives of special functions (Legendre), it is verified that there
exists the derivative C∞.
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▪
Physically, this solution is valid for the initial velocity, indicated by Eq. (4),

where the components of the initial velocity are infinitely differentiable, and make
it possible to guarantee that the velocity of the fluid is zero when r! ∞ [6–9].

Proposition 4 Requirement (4). Using the initial velocity of a moving fluid given by
u x, y, z, 0ð Þ ¼ u0 x, y, zð Þ ¼ �2νμ 1� P0ð Þ x
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Proof. Using the initial velocity of a moving fluid given by u0 x, y, zð Þ ¼
�2νμ 1� P0ð Þ x

r ,
y
r ,

z
r

� �
, we can find each of the components: ∂αxu

0
x , ∂

α
yu

0
y and ∂

α
zu

0
z :

∂
α
x
x
r

� �2
¼ α∂α�1x

1
r

� �
þ x∂αx

1
r

� �� �
α∂α�1x

1
r

� �
þ x∂αx

1
r
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For the three components x, y, z the results of the partial derivatives are as
follows:

∂
α
x
x
r

� �2
¼ α2 ∂

α�1
x

1
r

� �2

þ 2αx∂α�1x
1
r
∂
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x
1
r
þ x2 ∂

α
x
1
r

� �2

∂
α
y
y
r

� �2
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y

1
r

� �2

þ 2αy∂α�1y
1
r
∂
α
y
1
r
þ y2 ∂

α
y
1
r

� �2

∂
α
z
z
r

� �2
¼ α2 ∂

α�1
z

1
r

� �2

þ 2αz∂α�1z
1
r
∂
α
z
1
r
þ z2 ∂

α
z
1
r

� �2

(17)

Replacing Eq. (17) with the explanatory form of the Legendre polynomials, for
the following terms ∂α�1x

1
r and ∂

α
x
1
r :

∂
α
x
1
r
¼ �1ð Þαα! x2 þ y2 þ z2

� �� αþ1ð Þ
2 Pα

x

x2 þ y2 þ z2ð Þ1=2
 !

∂
α�1
x

1
r
¼ �1ð Þα�1 α� 1ð Þ! x2 þ y2 þ z2

� ��α
2Pα�1

x

x2 þ y2 þ z2ð Þ1=2
 ! (18)

Also, knowing that for each α≥0, the maximum value of Pα 1ð Þ ¼ 1: We can
write the following inequality

x2 ∂
α
x

1
r

� �� �2

≤ x2 α!ð Þ2r�2 αþ1ð Þ

2αx∂α�1x
1
r
∂
α
x
1
r
≤ 2xα α!ð Þ α� 1ð Þ! �1ð Þ2α�1r�2α�1

α2 ∂
α�1
x

1
r

� �� �2

≤ α2 α� 1ð Þ!ð Þ2r�2α

(19)

Grouping terms for ∂
α
x
x
r

� �2, ∂
α
y
y
r

� �2
and ∂

α
z
z
r

� �2 we have the next expressions.

∂
α
x
x
r

� �2
≤ r�2α

x2 α!ð Þ2
r2

� 2x α!ð Þ2
r
þ α2 α� 1ð Þ!ð Þ2

" #

∂
α
y
y
r

� �2
≤ r�2α

y2 α!ð Þ2
r2

� 2y α!ð Þ2
r
þ α2 α� 1ð Þ!ð Þ2

" #

∂
α
z
z
r

� �2
≤ r�2α

z2 α!ð Þ2
r2

� 2z α!ð Þ2
r
þ α2 α� 1ð Þ!ð Þ2

" #

(20)
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The module of ∂
α
xu

0
�� �� is given by ∂

α
xu

0
�� �� ¼ ∂

α
x
x
r

� �2 þ ∂
α
y
y
r

� �2
þ ∂

α
z
z
r

� �2� �1=2

:

Simplifying and placing the terms of Eq. (20) we have

∂
α
xu

0
�� ��≤ r�2α 3 α!ð Þ2 þ α2 α� 1ð Þ!ð Þ2 � 2 xþ yþ zð Þ α!ð Þ2

r

" #

Taking into consideration that x
r

�� ��≤ 1, y
r

�� ��≤ 1, z
r

�� ��≤ 1 the last term ∂
α
xu

0
�� �� can be

easily written that.

∂
α
xu

0
�� ��≤ 2 α!ð Þ2

r2α
2þ x

r

���
���þ y

r

���
���þ z

r

���
���

h i

∂
α
xu

0
�� ��≤ 10 α!ð Þ2

r2α

It is verified that there exists Cα ¼ 10 α!ð Þ2 such that if r! 0, then ∂
α
xu

0
�� ��! 0:

Thus, we proved requirement (4). ▪
According to Mathematics, and giving an integral physical structure to the

study, we need to prove that there are the spatial and temporal derivatives of the
velocity and pressure components, satisfying the requirement (5).

Proposition 5 Requirement (5). The velocity can be obtained from: u x, y, z, tð Þ ¼
�2ν ∇P

P and each of the components ux, uy and uz are infinitely derivable.

u x, y, z, tð Þ ¼ 2ν2
x
r2
,
y
r2
,
z
r2

� �
x, y, zð Þ∈3� �

P x, y, z, tð Þ ¼ 1

1þ e
p0
2η t�μr

¼ 2
μr

(21)

Proof. Taking partial derivatives for ∂nx
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� �

, ∂ny
x
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� �

and ∂
n
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x
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� �

.
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(22)

Recalling the derivatives of special functions, it is verified that the derivative C∞

exists. These derivatives appear as a function of the Legendre polynomials Pn :ð Þ.

∂
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1
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� �
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� �� nþ1ð Þ
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z
x2 þ y2 þ z2ð Þ
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(23)

There are the spatial derivatives n and the time derivative which is similar to
Eq. (25). ▪
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Proof. Using the initial velocity of a moving fluid given by u0 x, y, zð Þ ¼
�2νμ 1� P0ð Þ x

r ,
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r ,
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, we can find each of the components: ∂αxu
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For the three components x, y, z the results of the partial derivatives are as
follows:
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Replacing Eq. (17) with the explanatory form of the Legendre polynomials, for
the following terms ∂α�1x

1
r and ∂

α
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r :
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Also, knowing that for each α≥0, the maximum value of Pα 1ð Þ ¼ 1: We can
write the following inequality
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Grouping terms for ∂
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Simplifying and placing the terms of Eq. (20) we have

∂
α
xu

0
�� ��≤ r�2α 3 α!ð Þ2 þ α2 α� 1ð Þ!ð Þ2 � 2 xþ yþ zð Þ α!ð Þ2

r

" #
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It is verified that there exists Cα ¼ 10 α!ð Þ2 such that if r! 0, then ∂
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0
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Thus, we proved requirement (4). ▪
According to Mathematics, and giving an integral physical structure to the

study, we need to prove that there are the spatial and temporal derivatives of the
velocity and pressure components, satisfying the requirement (5).

Proposition 5 Requirement (5). The velocity can be obtained from: u x, y, z, tð Þ ¼
�2ν ∇P

P and each of the components ux, uy and uz are infinitely derivable.

u x, y, z, tð Þ ¼ 2ν2
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Proof. Taking partial derivatives for ∂nx
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Recalling the derivatives of special functions, it is verified that the derivative C∞

exists. These derivatives appear as a function of the Legendre polynomials Pn :ð Þ.
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There are the spatial derivatives n and the time derivative which is similar to
Eq. (25). ▪
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Proposition 6 Requirement (5). The pressure is totally defined by the equivalence
p x, y, z, tð Þ ¼ p0P x, y, z, tð Þ and is infinitely differentiable in each of its components.

p x, y, z, tð Þ ¼ p0P x, y, z, tð Þ x, y, zð Þ∈3� �
(24)

Proof. Taking partial derivatives for ∂nx
1
r

� �
, ∂ny

1
r

� �
and ∂

n
z

1
r

� �
, recalling the deriva-

tives of special functions of Eq. (16), it is shown that the derivative C∞. We only
have to find the time derivatives: ∂nt p0P

� � ¼ p0∂
n
t Pð Þ. Using Eq. (21) for P, we have.

∂tP ¼ �kð ÞP 1� Pð Þ
∂
2
t P ¼ �kð Þ2 1� 2Pð ÞP 1� Pð Þ
∂
3
t P ¼ �kð Þ3 1� 6Pþ 6P2� �

P 1� Pð Þ
∂
4
t P ¼ �kð Þ4 1� 14Pþ 36P2 � 24P3� �

P 1� Pð Þ
∂
5
t P ¼ �kð Þ5 1� 30Pþ 150P2 � 240P3 þ 120P4� �

P 1� Pð Þ
∂
n
t Pð Þ ¼ ∂t ∂

n�1
t Pð Þ� �

(25)

It is always possible to find the derivative ∂nt Pð Þ as a function of the previous
derivative, since the resulting polynomial of each derivative n� 1 is of degree n. ▪

Proposition 7 Requirement (6). The energy must be limited in a defined volume and
fundamentally it must converge at any time, such that t≥0.

ð

3
u x, y, z, tð Þj j2dxdydz≤C forall t≥0 bounded energyð Þ:

Proof. We will use the explicit form of velocity given in Eq. (21) u x, y, z, tð Þ ¼
2νμ 1� Pð Þ∇r, to obtain the vector module: uj j2 ¼ 4ν2μ2 1� Pð Þ2. Rewriting Eq. (21),
and applying a change of variable in: dxdydx ¼ 4πr2dr.

ð

3
u x, y, z, tð Þj j2dxdydz ¼ 16πν2μ2

ð∞
r0
r2 1� Pð Þ2dr (26)

Making another change of variable dP ¼ μP 1� Pð Þdr. Using (10), replacing

r2 ¼ 2
μP

� �2
we have

ð

3
u x, y, z, tð Þj j2dxdydz ¼ 16πν2μ2

ðP∞
P0

2
μP

� �2

1� Pð Þ2 dP
μP 1� Pð Þ

¼ 64πν2

μ

ðP∞
P0

1� P
P3 dP

(27)

Where radius r! ∞, when t≥0, we have lim r!∞P ¼ lim r!∞
1

1þ exp ktð Þ
exp μrð Þ
¼ P∞ ¼ 1:

Moreover, physically if r! r0 ≈0 then t! 0 we have lim r!0P ¼ lim r!0
1

1þ exp ktð Þ
exp μrð Þ
¼

P0 ¼ 1
2 : Here, a probability 1

2 represents maximum entropy.

ð

3
u x, y, z, tð Þj j2dxdydz ¼ 64πν2

μ

ð1
1=2

1� P
P3 dP ¼ 64πν2

μ

2P� 1
2P2

� �1
1=2

ð

3
uj j2dxdydz≤ 32πν2

μ
forall t≥0

(28)
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In this way the value of the constant C is C ¼ 32πν2
μ : Verifying the proposition (6)

completely. In general, Eq. (10) can be written f t, rþ r0ð Þ ¼ 1
1þekt�μ rþr0ð Þ � 2

μμ rþr0ð Þ ¼ 0

and in this way discontinuities are avoided when r! 0, but this problem does not
occur since in the atomic nucleus r0 < r< 1:2A1=3 is satisfied. ▪

Lemma 8 The irrotational field represented by the logistic probability function
P x, y, z, tð Þ associated with the velocity u ¼ �2ν ∇P

P , can produce vortices, due to the
stochastic behavior of the physical variables p0, η, μ: These stochastic variations are in
orders lower than the minimum experimental value.

Proof. The implicit function representing the solution of the Navier–Stokes 3D
equation, 1

1þe�μ r�kμtð Þ ¼
2
μr depends on the values of initial pressure p0, viscosity ν and

attenuation coefficient μ. Due to Heisenberg uncertainty principle, these parame-
ters have a variation when we measure and use them, as is the case of the estimate
of ξ ¼ r� ϕ t, k, μð Þ. The function ϕ t, k, μð Þ ¼ k

μ t, expressly incorporates these
results, when �∞< ξ< þ∞. The physical and mathematical realities are mutually
conditioned and allow for these surprising results. For a definite t there exist

infinities x, y, zð Þ that hold the relationship r ¼ x2 þ y2 þ z2ð Þ1=2. Moreover, for a
definite r there are infinities t that respect the fixed-point theorem and create
spherical trajectories. When the physical variables k, μ vary, even at levels of 1/100 or
1/1000, they remain below the minimum variation of the experimental value. We
could try to avoid the existence of trajectories on the spherical surface, for which we
must assume that the fluid is at rest or it is stationary, which contradicts the Navier–
Stokes 3D equation, where all fluid is in accelerated motion ∂u

∂t 6¼ 0. In short, if there
are trajectories in the sphere as long as it is probabilistically possible, this is reduced to
showing that the expected value of the radius E rjr≥0½ � exists and it is finite.

Derivation of E rjr≥0ð Þ:
The logistic density function for ξ when E ξð Þ ¼ 0 and Var ξð Þ ¼ σ2 is defined by.
h ξð Þ ¼ μ exp �ξð Þ

1þ exp �ξð Þ½ �2 , where 1
μ ¼ σ

ffiffiffi
3
p

=π is a scale parameter. Given that r ¼
ϕ t, p0, η, μ
� �þ ξ function for r is then f rð Þ ¼ exp �r�ϕ •ð Þ=τ½ �

τ 1þ exp � r�ϕ •ð Þð Þ=τð �2,½ to facilitate the

calculations we put ϕ •ð Þ ¼ ϕ t, k, μð Þ ¼ k
μ t. By definition, the truncated density for r

when r≥0 is given by f rjr≥0ð Þ ¼ f rð Þ
P r≥0ð Þ for r≥0: Given that the cumulative

distribution function for r is given by F rð Þ ¼ 1
1þ exp kt�μrð Þ , it follows that P r≥0ð Þ ¼

1� F 0ð Þ ¼ exp ϕ •ð Þð ÞÞ
1þ exp ϕ •ð Þð ÞÞ ¼ 1

1þ exp �ϕ •ð Þð ÞÞ. The derivation of E rjr≥0ð Þ then proceeds as
follows:

E rjr≥0ð Þ ¼
ð∞
0
μrf rjr≥0ð Þdr ¼ 1

P r≥0ð Þ
ð∞
0
μr

exp kt� μr½ �
1þ exp kt� μr½ �f g2 dr

E rjr≥0ð Þ ¼ 1
P r≥0ð Þ

ð1
1=2

2
μP

μP 1� Pð Þð Þ dP
P 1� Pð Þ

(29)

We replaced in Eq. (29) dP ¼ μP 1� Pð Þdr and r2 ¼ 2
μP

� �2
of this manner we obtain

E rjr≥0ð Þ ¼ 1
P r≥0ð Þ

ð1
1=2

2
μP

μP 1� Pð Þð Þ dP
P 1� Pð Þ ¼

1
P r≥0ð Þ

2
μ
log 2ð Þ (30)

where we have used the fact that
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Proposition 6 Requirement (5). The pressure is totally defined by the equivalence
p x, y, z, tð Þ ¼ p0P x, y, z, tð Þ and is infinitely differentiable in each of its components.

p x, y, z, tð Þ ¼ p0P x, y, z, tð Þ x, y, zð Þ∈3� �
(24)

Proof. Taking partial derivatives for ∂nx
1
r

� �
, ∂ny

1
r

� �
and ∂

n
z

1
r

� �
, recalling the deriva-

tives of special functions of Eq. (16), it is shown that the derivative C∞. We only
have to find the time derivatives: ∂nt p0P

� � ¼ p0∂
n
t Pð Þ. Using Eq. (21) for P, we have.

∂tP ¼ �kð ÞP 1� Pð Þ
∂
2
t P ¼ �kð Þ2 1� 2Pð ÞP 1� Pð Þ
∂
3
t P ¼ �kð Þ3 1� 6Pþ 6P2� �

P 1� Pð Þ
∂
4
t P ¼ �kð Þ4 1� 14Pþ 36P2 � 24P3� �

P 1� Pð Þ
∂
5
t P ¼ �kð Þ5 1� 30Pþ 150P2 � 240P3 þ 120P4� �

P 1� Pð Þ
∂
n
t Pð Þ ¼ ∂t ∂

n�1
t Pð Þ� �

(25)

It is always possible to find the derivative ∂nt Pð Þ as a function of the previous
derivative, since the resulting polynomial of each derivative n� 1 is of degree n. ▪

Proposition 7 Requirement (6). The energy must be limited in a defined volume and
fundamentally it must converge at any time, such that t≥0.

ð

3
u x, y, z, tð Þj j2dxdydz≤C forall t≥0 bounded energyð Þ:

Proof. We will use the explicit form of velocity given in Eq. (21) u x, y, z, tð Þ ¼
2νμ 1� Pð Þ∇r, to obtain the vector module: uj j2 ¼ 4ν2μ2 1� Pð Þ2. Rewriting Eq. (21),
and applying a change of variable in: dxdydx ¼ 4πr2dr.

ð

3
u x, y, z, tð Þj j2dxdydz ¼ 16πν2μ2

ð∞
r0
r2 1� Pð Þ2dr (26)

Making another change of variable dP ¼ μP 1� Pð Þdr. Using (10), replacing

r2 ¼ 2
μP

� �2
we have

ð

3
u x, y, z, tð Þj j2dxdydz ¼ 16πν2μ2

ðP∞
P0

2
μP

� �2

1� Pð Þ2 dP
μP 1� Pð Þ

¼ 64πν2

μ

ðP∞
P0

1� P
P3 dP

(27)

Where radius r! ∞, when t≥0, we have lim r!∞P ¼ lim r!∞
1

1þ exp ktð Þ
exp μrð Þ
¼ P∞ ¼ 1:

Moreover, physically if r! r0 ≈0 then t! 0 we have lim r!0P ¼ lim r!0
1

1þ exp ktð Þ
exp μrð Þ
¼

P0 ¼ 1
2 : Here, a probability 1

2 represents maximum entropy.

ð

3
u x, y, z, tð Þj j2dxdydz ¼ 64πν2

μ

ð1
1=2

1� P
P3 dP ¼ 64πν2

μ

2P� 1
2P2

� �1
1=2

ð

3
uj j2dxdydz≤ 32πν2

μ
forall t≥0

(28)

32

Nuclear Materials

In this way the value of the constant C is C ¼ 32πν2
μ : Verifying the proposition (6)

completely. In general, Eq. (10) can be written f t, rþ r0ð Þ ¼ 1
1þekt�μ rþr0ð Þ � 2

μμ rþr0ð Þ ¼ 0

and in this way discontinuities are avoided when r! 0, but this problem does not
occur since in the atomic nucleus r0 < r< 1:2A1=3 is satisfied. ▪

Lemma 8 The irrotational field represented by the logistic probability function
P x, y, z, tð Þ associated with the velocity u ¼ �2ν ∇P

P , can produce vortices, due to the
stochastic behavior of the physical variables p0, η, μ: These stochastic variations are in
orders lower than the minimum experimental value.

Proof. The implicit function representing the solution of the Navier–Stokes 3D
equation, 1

1þe�μ r�kμtð Þ ¼
2
μr depends on the values of initial pressure p0, viscosity ν and

attenuation coefficient μ. Due to Heisenberg uncertainty principle, these parame-
ters have a variation when we measure and use them, as is the case of the estimate
of ξ ¼ r� ϕ t, k, μð Þ. The function ϕ t, k, μð Þ ¼ k

μ t, expressly incorporates these
results, when �∞< ξ< þ∞. The physical and mathematical realities are mutually
conditioned and allow for these surprising results. For a definite t there exist

infinities x, y, zð Þ that hold the relationship r ¼ x2 þ y2 þ z2ð Þ1=2. Moreover, for a
definite r there are infinities t that respect the fixed-point theorem and create
spherical trajectories. When the physical variables k, μ vary, even at levels of 1/100 or
1/1000, they remain below the minimum variation of the experimental value. We
could try to avoid the existence of trajectories on the spherical surface, for which we
must assume that the fluid is at rest or it is stationary, which contradicts the Navier–
Stokes 3D equation, where all fluid is in accelerated motion ∂u

∂t 6¼ 0. In short, if there
are trajectories in the sphere as long as it is probabilistically possible, this is reduced to
showing that the expected value of the radius E rjr≥0½ � exists and it is finite.

Derivation of E rjr≥0ð Þ:
The logistic density function for ξ when E ξð Þ ¼ 0 and Var ξð Þ ¼ σ2 is defined by.
h ξð Þ ¼ μ exp �ξð Þ

1þ exp �ξð Þ½ �2 , where 1
μ ¼ σ

ffiffiffi
3
p

=π is a scale parameter. Given that r ¼
ϕ t, p0, η, μ
� �þ ξ function for r is then f rð Þ ¼ exp �r�ϕ •ð Þ=τ½ �

τ 1þ exp � r�ϕ •ð Þð Þ=τð �2,½ to facilitate the

calculations we put ϕ •ð Þ ¼ ϕ t, k, μð Þ ¼ k
μ t. By definition, the truncated density for r

when r≥0 is given by f rjr≥0ð Þ ¼ f rð Þ
P r≥0ð Þ for r≥0: Given that the cumulative

distribution function for r is given by F rð Þ ¼ 1
1þ exp kt�μrð Þ , it follows that P r≥0ð Þ ¼

1� F 0ð Þ ¼ exp ϕ •ð Þð ÞÞ
1þ exp ϕ •ð Þð ÞÞ ¼ 1

1þ exp �ϕ •ð Þð ÞÞ. The derivation of E rjr≥0ð Þ then proceeds as
follows:

E rjr≥0ð Þ ¼
ð∞
0
μrf rjr≥0ð Þdr ¼ 1

P r≥0ð Þ
ð∞
0
μr

exp kt� μr½ �
1þ exp kt� μr½ �f g2 dr

E rjr≥0ð Þ ¼ 1
P r≥0ð Þ

ð1
1=2

2
μP

μP 1� Pð Þð Þ dP
P 1� Pð Þ

(29)

We replaced in Eq. (29) dP ¼ μP 1� Pð Þdr and r2 ¼ 2
μP

� �2
of this manner we obtain

E rjr≥0ð Þ ¼ 1
P r≥0ð Þ

ð1
1=2

2
μP

μP 1� Pð Þð Þ dP
P 1� Pð Þ ¼

1
P r≥0ð Þ

2
μ
log 2ð Þ (30)

where we have used the fact that
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P r≥0ð Þ ¼ exp kt
1þ exp kt

E rjr≥0ð Þ ¼ 1
P r≥0ð Þ

2
μ
log 2ð Þ≤ 2

μ
log 2ð Þ for all t≥0 (31)

where the last equality follows from an application of the L’Hopital’s rule
P r≥0ð Þ ¼ lim t!∞

exp kt
1þ exp kt ¼ 1. ▪

3. Results

The main results of applying the Navier Stokes equation to the atomic nucleus,
which behaves like an incompressible nuclear fluid, are:

• The nuclear force and the Navier Stokes force are related.

• The Cross Sections in Low energy X ray can explain the Golden Ratio σ1
σ2

� �
that

appears in the femtoscope.

• Navier Stokes Equation and Cross Section in Nuclear Physics.

• The principle of the femtoscope explains that low energy X-rays produce
resonance in layer K.

3.1 The nuclear force and the Navier Stokes force are related

Firstly, we will use the concepts of Classic Mechanics and the formulation of the
Yukawa potential, Φ rð Þ ¼ g

4πr A� 1ð Þe�μr to find the nuclear force exerted on each
nucleon at interior of the atomic core FN ¼ �∇Φ rð Þ. Also, replace the terms of the
potential e�μr ¼ 1�P

P and 1
r ¼ μ

2 P by the respective terms already obtained in Eq. (10).

Φ rð Þ ¼ g A� 1ð Þ
4πr

e�μr ¼ gμ A� 1ð Þ
8π

1� Pð Þ (32)

The general form of the Eq. (32), is a function of x, y, z, tð Þ.

Φ r, tð Þ ¼ g A� 1ð Þ
4πr

ekt�μr ¼ gμ A� 1ð Þ
8π

1� P r, tð Þð Þ (33)

Secondly, we will obtain the Navier Stokes force equation given by:

du
dt
¼ ∂u

∂t
þ u:∇ð Þu ¼ ∂u

∂t
þ 2ν2∇

∇Pj j2
P2

 !
¼ �2μνkP 1� Pð Þ∇r (34)

Theorem 9 The Nuclear Force and Navier Stokes Force are proportional inside the
atomic nucleus FN ¼ CFNS.

Proof. Eq. (34) rigorously demonstrated by theorems and propositions 1
through 8, represent the acceleration of a particle within the atomic nucleus.
According to Classical Mechanics the force of Navier Stokes applied to a particle of
mass m, would have the form:
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FNS ¼ m
du
dt
¼ �2mμνkP 1� Pð Þ∇r: (35)

▪
Proof. The nuclear force on its part would be calculated as follows FN ¼ �∇Φ rð Þ:

FN ¼ �∇Φ rð Þ ¼ � gμ
8π

A� 1ð Þ∇P: (36)

Replacing the term ∇P ¼ μ P� P2� �
∇r of Eq. (7), we obtain

FN ¼ �∇Φ rð Þ ¼ � gμ2

8π
A� 1ð ÞP 1� Pð Þ∇r: (37)

It is possible to write nuclear force as a function of speed.

FN ¼ �∇Φ rð Þ ¼ � gμ2

8π
A� 1ð ÞP 1� Pð Þ∇r:

Finally, we can show that the nuclear force and force of Navier Stokes differ at
most in a constant C. Equating (35) and (37), we find the value g as a function of the
parameters nuclear viscosity ν, attenuation μ and growth coefficient of the nuclear
reaction k, nucleon mass m and C 6¼ 1.

g ¼ 16mπνk
μ A� 1ð ÞC (38)

▪

3.2 Cross section and Golden ratio σ1
σ2

� �
are important elements of the

femtoscope

According to NIST and GEANT4 [17], current tabulations of μ
ρ rely heavily on

theoretical values for the total cross section per atom, σtot, which is related to μ
ρ by

the following equation:

μ

ρ
¼ σtot

uA
(39)

In (Eq. 39), u ¼ 1:6605402� 10�24gr
� �

is the atomic mass unit (1/12 of the mass
of an atom of the nuclide 12C)4.

The attenuation coefficient, photon interaction cross sections and related quan-
tities are functions of the photon energy. The total cross section can be written as
the sum over contributions from the principal photon interactions

σtot ¼ σpe þ σcoh þ σincoh þ σtrip þ σph:n (40)

Where σpe is the atomic photo effect cross section, σcoh and σincoh are the coherent
(Rayleigh) and the incoherent (Compton) scattering cross sections, respectively,
σpair and σtrip are the cross sections for electron-positron production in the fields of
the nucleus and of the atomic electrons, respectively, and σph:n. is the photonuclear
cross section 3,4.
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P r≥0ð Þ ¼ exp kt
1þ exp kt

E rjr≥0ð Þ ¼ 1
P r≥0ð Þ

2
μ
log 2ð Þ≤ 2

μ
log 2ð Þ for all t≥0 (31)

where the last equality follows from an application of the L’Hopital’s rule
P r≥0ð Þ ¼ lim t!∞
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1þ exp kt ¼ 1. ▪
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The main results of applying the Navier Stokes equation to the atomic nucleus,
which behaves like an incompressible nuclear fluid, are:

• The nuclear force and the Navier Stokes force are related.

• The Cross Sections in Low energy X ray can explain the Golden Ratio σ1
σ2
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that

appears in the femtoscope.

• Navier Stokes Equation and Cross Section in Nuclear Physics.

• The principle of the femtoscope explains that low energy X-rays produce
resonance in layer K.

3.1 The nuclear force and the Navier Stokes force are related

Firstly, we will use the concepts of Classic Mechanics and the formulation of the
Yukawa potential, Φ rð Þ ¼ g

4πr A� 1ð Þe�μr to find the nuclear force exerted on each
nucleon at interior of the atomic core FN ¼ �∇Φ rð Þ. Also, replace the terms of the
potential e�μr ¼ 1�P

P and 1
r ¼ μ

2 P by the respective terms already obtained in Eq. (10).

Φ rð Þ ¼ g A� 1ð Þ
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e�μr ¼ gμ A� 1ð Þ
8π
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The general form of the Eq. (32), is a function of x, y, z, tð Þ.

Φ r, tð Þ ¼ g A� 1ð Þ
4πr

ekt�μr ¼ gμ A� 1ð Þ
8π

1� P r, tð Þð Þ (33)

Secondly, we will obtain the Navier Stokes force equation given by:

du
dt
¼ ∂u

∂t
þ u:∇ð Þu ¼ ∂u

∂t
þ 2ν2∇

∇Pj j2
P2

 !
¼ �2μνkP 1� Pð Þ∇r (34)

Theorem 9 The Nuclear Force and Navier Stokes Force are proportional inside the
atomic nucleus FN ¼ CFNS.

Proof. Eq. (34) rigorously demonstrated by theorems and propositions 1
through 8, represent the acceleration of a particle within the atomic nucleus.
According to Classical Mechanics the force of Navier Stokes applied to a particle of
mass m, would have the form:
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FNS ¼ m
du
dt
¼ �2mμνkP 1� Pð Þ∇r: (35)

▪
Proof. The nuclear force on its part would be calculated as follows FN ¼ �∇Φ rð Þ:

FN ¼ �∇Φ rð Þ ¼ � gμ
8π

A� 1ð Þ∇P: (36)

Replacing the term ∇P ¼ μ P� P2� �
∇r of Eq. (7), we obtain
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It is possible to write nuclear force as a function of speed.

FN ¼ �∇Φ rð Þ ¼ � gμ2

8π
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Finally, we can show that the nuclear force and force of Navier Stokes differ at
most in a constant C. Equating (35) and (37), we find the value g as a function of the
parameters nuclear viscosity ν, attenuation μ and growth coefficient of the nuclear
reaction k, nucleon mass m and C 6¼ 1.

g ¼ 16mπνk
μ A� 1ð ÞC (38)

▪

3.2 Cross section and Golden ratio σ1
σ2
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are important elements of the

femtoscope

According to NIST and GEANT4 [17], current tabulations of μ
ρ rely heavily on

theoretical values for the total cross section per atom, σtot, which is related to μ
ρ by

the following equation:

μ

ρ
¼ σtot

uA
(39)

In (Eq. 39), u ¼ 1:6605402� 10�24gr
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is the atomic mass unit (1/12 of the mass
of an atom of the nuclide 12C)4.

The attenuation coefficient, photon interaction cross sections and related quan-
tities are functions of the photon energy. The total cross section can be written as
the sum over contributions from the principal photon interactions

σtot ¼ σpe þ σcoh þ σincoh þ σtrip þ σph:n (40)

Where σpe is the atomic photo effect cross section, σcoh and σincoh are the coherent
(Rayleigh) and the incoherent (Compton) scattering cross sections, respectively,
σpair and σtrip are the cross sections for electron-positron production in the fields of
the nucleus and of the atomic electrons, respectively, and σph:n. is the photonuclear
cross section 3,4.
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We use data of NIST and simulations with GEANT4 for elements Z ¼ 11 to
Z ¼ 92 and photon energies 1:0721� 10�3 MeV to 1:16� 10�1 MeV, and have been
calculated according to:

μ

ρ
¼ σpe þ σcoh þ σincoh þ σtrip þ σph:n
� �

=μA (41)

The attenuation coefficient μ of a low energy electron beam 10, 100½ �eV will
essentially have the elastic and inelastic components. It despises Bremsstrahlung
emission and Positron annihilation.

σtot ¼ σcoh þ σincoh (42)

3.3 The principle of the femtoscope explains that low energy X-rays produce
resonance in K-shell

A resonance region is created in a natural way at the K-shell between the nucleus
and the electrons at S-level. The condition for the photons to enter in the resonance
region is given by ra ≥ rn þ λ. This resonance region gives us a new way to understand
the photoelectric effect. There is experimental evidence of the existence of resonance
at K-level due to photoelectric effect, represented by the resonance cross section
provided by NIST and calculated with GEANT4 for each atom. In the present work
we focus on the resonance effects but not on the origin of resonance region.

The resonance cross section is responsible for large and/or abnormal variations
in the absorbed radiation I2 � I1ð Þ:

I2 � I1
IþI1
2

¼ � ρr
μA

σ2 � σ1ð Þ (43)

Theorem 10 Resonance region. The resonance cross section is produced by interference
between the atomic nucleus and the incoming X-rays inside the resonance region, where
the boundaries are the surface of the atomic nucleus and K-shell.

The cross section of the atomic nucleus is given by:

σrn ¼ 4πr2n ¼ 4πA2=3r2n (44)

The photon cross section at K-shell depends on the wave length and the shape of
the atomic nucleus:

σrnþλ ¼ 4π rn þ λð Þ2 (45)

Subtracting the cross sections (13) and (14) we have:

σλ ¼ σrnþλ � σrn ¼ 4π 2rnλþ λ2
� � ¼ 4π 2rpλþ 2 rn � rp

� �
λþ λ2

� �
(46)

The resonance is produced by interactions between the X-rays, the K-shell
electrons and the atomic nucleus. The cross sections corresponding to the nucleus is
weighted by probability pn and should have a simple dependence of an interference
term. This last depends on the proton radius rp or the difference between the
nucleus and proton radius (rn � rp) according to the following relation

Max σ2 � σ1ð Þ ¼ σ1
σ2

� ��b
σ2 � σ1ð Þ ¼ 4π 2rpλ

� �
(47)
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We note that left hand side of Eqs. (46) and (47) should have a factor larger than

one due to resonance. The unique factor that holds this requirement is σ1
σ2

� �b
Where

a, b constants.

8πrλ
σ2 � σ1ð Þ ¼ a

σ1
σ2

� �b

(48)

After performing some simulations it is shown that the thermal a represents the
dimensionless Rydberg constant a ¼ R∞ ¼ 1:0973731568539 ∗ 107.

8000πrλ
σ2 � σ1ð Þ ¼ R∞

σ1
σ2

� �2:5031

(49)

We use σ1 Zð Þ, σ2 Zð Þ for represent cross section in resonance, R∞ is the general-
ized Rydberg constant for all elements of periodic table, and Z atomic number.

Last equation with a R2 ¼ 0:9935 was demonstrated and constructed using the
elements of the solution of the Navier Stokes equations.

σ1
σ2

� �
¼ 0:0021Z þ 0:0696

This equation was obtained with a R2 ¼ 0:9939, and indicates that the ratio of
the effective sections fully explain each element of the periodic table.

E ∗ ¼ 2 ∗ 10�5Z2 � 0:0003Z þ 0:004

This equation obtained for a R2 ¼ 0:9996, complements the system of equations
that allow to know the simulation values as a function of Z for σ1 Zð Þ, σ2 Zð Þ and
E ∗ Zð Þ, where σ1 Zð Þ< σ2 Zð Þ: The Femtoscope equations further demonstrate that
energy E ∗ ¼ minEð Þ is minimum and Shannon entropy S ∗ ¼ max Sð Þ is maximum
in resonance, because in equilibrium σ1 Zið Þ ¼ σ2 Zið Þ.

The radius of the neutron can be obtained using Eq. (49) in the following way.

r ¼ R∞

8000πa

rN ¼ A
N
rþ Z

N
rp

3.4 Navier Stokes equation and cross section in nuclear physics

The speed needs to be defined as u ¼ �2ν ∇P
P , where P x, y, z, tð Þ is the logistic

probability function P x, y, x, tð Þ ¼ 1
1þekt�μr , r ¼ x2 þ y2 þ z2ð Þ1=2 defined in

x, y, zð Þ∈3, t≥0
� �

This P is the general solution of the Navier Stokes 3D equations,
which satisfies the conditions (50) and (51), allowing to analyze the dynamics of an
incompressible fluid.

∂u
∂t
þ u:∇ð Þu ¼ �∇p

ρ0
x, y, zð Þ∈3, t≥0

� �
(50)

Where, u∈3 an known velocity vector, ρ0 constant density of fluid and
pressure p ¼ p0P∈.
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We use data of NIST and simulations with GEANT4 for elements Z ¼ 11 to
Z ¼ 92 and photon energies 1:0721� 10�3 MeV to 1:16� 10�1 MeV, and have been
calculated according to:

μ

ρ
¼ σpe þ σcoh þ σincoh þ σtrip þ σph:n
� �

=μA (41)
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essentially have the elastic and inelastic components. It despises Bremsstrahlung
emission and Positron annihilation.

σtot ¼ σcoh þ σincoh (42)

3.3 The principle of the femtoscope explains that low energy X-rays produce
resonance in K-shell

A resonance region is created in a natural way at the K-shell between the nucleus
and the electrons at S-level. The condition for the photons to enter in the resonance
region is given by ra ≥ rn þ λ. This resonance region gives us a new way to understand
the photoelectric effect. There is experimental evidence of the existence of resonance
at K-level due to photoelectric effect, represented by the resonance cross section
provided by NIST and calculated with GEANT4 for each atom. In the present work
we focus on the resonance effects but not on the origin of resonance region.

The resonance cross section is responsible for large and/or abnormal variations
in the absorbed radiation I2 � I1ð Þ:

I2 � I1
IþI1
2

¼ � ρr
μA

σ2 � σ1ð Þ (43)

Theorem 10 Resonance region. The resonance cross section is produced by interference
between the atomic nucleus and the incoming X-rays inside the resonance region, where
the boundaries are the surface of the atomic nucleus and K-shell.

The cross section of the atomic nucleus is given by:

σrn ¼ 4πr2n ¼ 4πA2=3r2n (44)

The photon cross section at K-shell depends on the wave length and the shape of
the atomic nucleus:

σrnþλ ¼ 4π rn þ λð Þ2 (45)

Subtracting the cross sections (13) and (14) we have:

σλ ¼ σrnþλ � σrn ¼ 4π 2rnλþ λ2
� � ¼ 4π 2rpλþ 2 rn � rp

� �
λþ λ2

� �
(46)

The resonance is produced by interactions between the X-rays, the K-shell
electrons and the atomic nucleus. The cross sections corresponding to the nucleus is
weighted by probability pn and should have a simple dependence of an interference
term. This last depends on the proton radius rp or the difference between the
nucleus and proton radius (rn � rp) according to the following relation

Max σ2 � σ1ð Þ ¼ σ1
σ2

� ��b
σ2 � σ1ð Þ ¼ 4π 2rpλ

� �
(47)
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We note that left hand side of Eqs. (46) and (47) should have a factor larger than

one due to resonance. The unique factor that holds this requirement is σ1
σ2

� �b
Where

a, b constants.

8πrλ
σ2 � σ1ð Þ ¼ a

σ1
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(48)

After performing some simulations it is shown that the thermal a represents the
dimensionless Rydberg constant a ¼ R∞ ¼ 1:0973731568539 ∗ 107.

8000πrλ
σ2 � σ1ð Þ ¼ R∞

σ1
σ2

� �2:5031

(49)

We use σ1 Zð Þ, σ2 Zð Þ for represent cross section in resonance, R∞ is the general-
ized Rydberg constant for all elements of periodic table, and Z atomic number.

Last equation with a R2 ¼ 0:9935 was demonstrated and constructed using the
elements of the solution of the Navier Stokes equations.

σ1
σ2

� �
¼ 0:0021Z þ 0:0696

This equation was obtained with a R2 ¼ 0:9939, and indicates that the ratio of
the effective sections fully explain each element of the periodic table.

E ∗ ¼ 2 ∗ 10�5Z2 � 0:0003Z þ 0:004

This equation obtained for a R2 ¼ 0:9996, complements the system of equations
that allow to know the simulation values as a function of Z for σ1 Zð Þ, σ2 Zð Þ and
E ∗ Zð Þ, where σ1 Zð Þ< σ2 Zð Þ: The Femtoscope equations further demonstrate that
energy E ∗ ¼ minEð Þ is minimum and Shannon entropy S ∗ ¼ max Sð Þ is maximum
in resonance, because in equilibrium σ1 Zið Þ ¼ σ2 Zið Þ.

The radius of the neutron can be obtained using Eq. (49) in the following way.

r ¼ R∞

8000πa

rN ¼ A
N
rþ Z

N
rp

3.4 Navier Stokes equation and cross section in nuclear physics

The speed needs to be defined as u ¼ �2ν ∇P
P , where P x, y, z, tð Þ is the logistic

probability function P x, y, x, tð Þ ¼ 1
1þekt�μr , r ¼ x2 þ y2 þ z2ð Þ1=2 defined in

x, y, zð Þ∈3, t≥0
� �

This P is the general solution of the Navier Stokes 3D equations,
which satisfies the conditions (50) and (51), allowing to analyze the dynamics of an
incompressible fluid.

∂u
∂t
þ u:∇ð Þu ¼ �∇p

ρ0
x, y, zð Þ∈3, t≥0

� �
(50)

Where, u∈3 an known velocity vector, ρ0 constant density of fluid and
pressure p ¼ p0P∈.
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With speed and pressure dependent on r and t: We will write the condition of
incompressibility as follows.

∇:u ¼ 0 x, y, zð Þ∈3, t≥0
� �

(51)

Theorem 11 The velocity of the fluid given by: u ¼ �2ν ∇P
P , where P x, y, z, tð Þ

is6the logistic probability function P x, y, x, tð Þ ¼ 1

1þekt�μ x2þy2þz2ð Þ1=2 , defined in

x, y, zð Þ∈3, t≥0
� �

is the general solution of the Navier Stokes equations, which satisfies
conditions (50) and (51).

Proof. Firstly, we will make the equivalence u ¼ ∇θ and replace it in Eq. (50).
Taking into account that ∇θ is irrotational, ∇� ∇θ ¼ 0, we have.

u:∇ð Þu ¼ ∇θ:∇ð Þ∇θ ¼ 1
2
∇ ∇θ:∇θð Þ � ∇θ � ∇� ∇θð Þ ¼ 1

2
∇ ∇θ:∇θð Þ,

We can write,

∇
∂θ

∂t
þ 1
2

∇θ:∇θð Þ
� �

¼ ∇ �pð Þ

It is equivalent to,

∂θ

∂t
þ 1
2

∇θ:∇θð Þ ¼ �Δp
ρ0

where Δp is the difference between the actual pressure p and certain reference
pressure p0: Now, replacing θ ¼ �2ν ln Pð Þ, Navier Stokes equation becomes.

∂P
∂t
¼ Δp

ρ0
P (52)

The external force is zero, so that there is only a constant force F due to the
variation of the pressure on a cross section σ. Where σ is the total cross section of all
events that occurs in the nuclear surface including: scattering, absorption, or
transformation to another species.

F ¼ pσ2 ¼ p0σ1

Δp ¼ p� p0 ¼
σ1
σ2
� 1

� �
p0 ¼ � 1� Pð Þp0

(53)

putting (52) in (53) we have

∂P
∂t
¼ �μk 1� Pð ÞP (54)

In order to verify Eq. (51), ∇:u ¼ 0, we need to obtain ∇r ¼ x
r ,

y
r ,

z
r

� �
, ∇2r ¼

∇:∇r ¼ y2þz2ð Þþ x2þz2ð Þþ x2þy2ð Þ
x2þy2þz2ð Þ3=2 ¼ 2

r :

∇:u ¼ �2ν∇:∇P
P
¼ �2νμ∇ 1� Pð Þ∇rð Þ (55)
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Replacing the respective values for the terms: ∇2P and ∇Pj j2 of Eq. (55). The
Laplacian of P can be written as follows.

∇2P ¼ μ 1� 2Pð Þ∇P:∇rþ μ P� P2� �
∇2r

¼ μ2 1� 2Pð Þ P� P2� �
∇rj j2 þ μ P� P2� �

∇2r

¼ μ2 1� 2Pð Þ P� P2� �þ μ P� P2� � 2
r

(56)

Using gradient ∇P ¼ μ P� P2� �
∇r, modulus ∇Pj j2 ¼ μ2 P� P2� �2 ∇rj j2 and ∇2P

in (56).

∇2P
P
� ∇Pj j2

P2

" #
¼ 0 (57)

Replacing Eqs. (55) and (56) in (57) we obtain the main result of the Navier
Stokes equations, the solution represents a fixed point of an implicit function f t, rð Þ
where f t, rð Þ ¼ P� 2

μr ¼ 0.

P ¼ 1

1þ ekt�μ x2þy2þz2ð Þ1=2 ¼
2

μ x2 þ y2 þ z2ð Þ1=2
x, y, zð Þ∈3, t≥0

� �
(58)

▪
An important result of theNavier Stokes 3D equation, applied to the nuclear fluid of

an atom, allows us to advance our understanding of nuclear dynamics and nuclear force.
Corollary 12 The nuclear decay constant k is determined by the nuclear pressure p0,

and the dynamic nuclear viscosity η, as follows: k ¼ p0
2η :

Proof. A nuclear decay is a reaction of degree 1, which is explained by the
exponential law N tð Þ ¼ N0e�kt: Rewriting Eq. (58) as a function of the initial
nuclear pressure p0 and the nuclear viscosity η we can prove that they are related to
the nuclear decay constant, in an intrinsic way and allow to explain dynamic
nuclear phenomena.

P x, y, z, tð Þ ¼ 1

1þ e
p0
2η t�μ x2þy2þz2ð Þ1=2 ¼

2

μ x2 þ y2 þ z2ð Þ1=2
x, y, zð Þ∈3, t≥0

� �

(59)

▪

3.5 Model of nuclear pressure

The work in the nuclear fluid is given by the variation of the energy necessary to
form that atomic nucleus, that is, by the excess mass required in the process. Using
Eq. (59) we can find the explicit form of nuclear pressure p ¼ p0P ¼ p0

2
μr :

W ¼ ΔEmass�excess Z,Að Þ ¼
ðr0
0

ðπ
0

ð2π
0
pdV ¼

ðr0
0

ðπ
0

ð2π
0
p0

2
μr

r2 cos θdrdθdϕ
� �

W ¼ ΔEmass�excess Z,Að Þ ¼ p0
2
μ

ðr0
0
rdr
ðπ
0
sin θdθ

ð2π
0
dϕ ¼ 4πp0

r20
μ

(60)
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With speed and pressure dependent on r and t: We will write the condition of
incompressibility as follows.

∇:u ¼ 0 x, y, zð Þ∈3, t≥0
� �

(51)

Theorem 11 The velocity of the fluid given by: u ¼ �2ν ∇P
P , where P x, y, z, tð Þ

is6the logistic probability function P x, y, x, tð Þ ¼ 1

1þekt�μ x2þy2þz2ð Þ1=2 , defined in

x, y, zð Þ∈3, t≥0
� �

is the general solution of the Navier Stokes equations, which satisfies
conditions (50) and (51).

Proof. Firstly, we will make the equivalence u ¼ ∇θ and replace it in Eq. (50).
Taking into account that ∇θ is irrotational, ∇� ∇θ ¼ 0, we have.

u:∇ð Þu ¼ ∇θ:∇ð Þ∇θ ¼ 1
2
∇ ∇θ:∇θð Þ � ∇θ � ∇� ∇θð Þ ¼ 1

2
∇ ∇θ:∇θð Þ,

We can write,

∇
∂θ

∂t
þ 1
2

∇θ:∇θð Þ
� �

¼ ∇ �pð Þ

It is equivalent to,

∂θ

∂t
þ 1
2

∇θ:∇θð Þ ¼ �Δp
ρ0

where Δp is the difference between the actual pressure p and certain reference
pressure p0: Now, replacing θ ¼ �2ν ln Pð Þ, Navier Stokes equation becomes.

∂P
∂t
¼ Δp

ρ0
P (52)

The external force is zero, so that there is only a constant force F due to the
variation of the pressure on a cross section σ. Where σ is the total cross section of all
events that occurs in the nuclear surface including: scattering, absorption, or
transformation to another species.

F ¼ pσ2 ¼ p0σ1

Δp ¼ p� p0 ¼
σ1
σ2
� 1

� �
p0 ¼ � 1� Pð Þp0

(53)

putting (52) in (53) we have

∂P
∂t
¼ �μk 1� Pð ÞP (54)

In order to verify Eq. (51), ∇:u ¼ 0, we need to obtain ∇r ¼ x
r ,

y
r ,

z
r

� �
, ∇2r ¼

∇:∇r ¼ y2þz2ð Þþ x2þz2ð Þþ x2þy2ð Þ
x2þy2þz2ð Þ3=2 ¼ 2

r :

∇:u ¼ �2ν∇:∇P
P
¼ �2νμ∇ 1� Pð Þ∇rð Þ (55)
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Replacing the respective values for the terms: ∇2P and ∇Pj j2 of Eq. (55). The
Laplacian of P can be written as follows.

∇2P ¼ μ 1� 2Pð Þ∇P:∇rþ μ P� P2� �
∇2r

¼ μ2 1� 2Pð Þ P� P2� �
∇rj j2 þ μ P� P2� �

∇2r

¼ μ2 1� 2Pð Þ P� P2� �þ μ P� P2� � 2
r

(56)

Using gradient ∇P ¼ μ P� P2� �
∇r, modulus ∇Pj j2 ¼ μ2 P� P2� �2 ∇rj j2 and ∇2P

in (56).

∇2P
P
� ∇Pj j2

P2

" #
¼ 0 (57)

Replacing Eqs. (55) and (56) in (57) we obtain the main result of the Navier
Stokes equations, the solution represents a fixed point of an implicit function f t, rð Þ
where f t, rð Þ ¼ P� 2

μr ¼ 0.

P ¼ 1

1þ ekt�μ x2þy2þz2ð Þ1=2 ¼
2

μ x2 þ y2 þ z2ð Þ1=2
x, y, zð Þ∈3, t≥0

� �
(58)

▪
An important result of theNavier Stokes 3D equation, applied to the nuclear fluid of

an atom, allows us to advance our understanding of nuclear dynamics and nuclear force.
Corollary 12 The nuclear decay constant k is determined by the nuclear pressure p0,

and the dynamic nuclear viscosity η, as follows: k ¼ p0
2η :

Proof. A nuclear decay is a reaction of degree 1, which is explained by the
exponential law N tð Þ ¼ N0e�kt: Rewriting Eq. (58) as a function of the initial
nuclear pressure p0 and the nuclear viscosity η we can prove that they are related to
the nuclear decay constant, in an intrinsic way and allow to explain dynamic
nuclear phenomena.

P x, y, z, tð Þ ¼ 1

1þ e
p0
2η t�μ x2þy2þz2ð Þ1=2 ¼

2

μ x2 þ y2 þ z2ð Þ1=2
x, y, zð Þ∈3, t≥0

� �

(59)

▪

3.5 Model of nuclear pressure

The work in the nuclear fluid is given by the variation of the energy necessary to
form that atomic nucleus, that is, by the excess mass required in the process. Using
Eq. (59) we can find the explicit form of nuclear pressure p ¼ p0P ¼ p0

2
μr :

W ¼ ΔEmass�excess Z,Að Þ ¼
ðr0
0

ðπ
0

ð2π
0
pdV ¼

ðr0
0

ðπ
0

ð2π
0
p0

2
μr

r2 cos θdrdθdϕ
� �

W ¼ ΔEmass�excess Z,Að Þ ¼ p0
2
μ

ðr0
0
rdr
ðπ
0
sin θdθ

ð2π
0
dϕ ¼ 4πp0

r20
μ

(60)
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Applying the mean value theorem of integrals, we know that there is a mean value
of the nuclear pressure p and the volume of the atomic nucleus V of the integral (60)

W ¼ ΔEmass�excess Z,Að Þ ¼
ðr0
0

ðπ
0

ð2π
0
pdV ¼ p ζð ÞV r0ð Þ (61)

that according to Quantum Mechanics, p ζð Þ,V r0ð Þ are the observable values. By
this restriction we can equalize Eq. (60), (61) and find the value of the initial
nuclear pressure as a function of the experimentally measured nuclear pressure:

p ζð Þ 4π3 r30 ¼ 4πp0
r20
μ with r0 ¼ 1:2A1=2fm, from where:

p ζð Þ ¼ ΔEmass�excess Z,Að Þ
4
3 πr

3
0

¼ 3p0
μr0

: (62)

For Yukawa’s potential, it is often assumed μ≈ 1
r0
:

3.6 Model of nuclear viscosity

Using the fundamental expression k ¼ p0
2η ¼ 1

T1=2
obtained from the resolution of

the Navier Stokes 3D equations, Eqs. (58) and (59), it is possible to find the average
or most probable values of the variables involved pressure, nuclear viscosity and
nuclear decay constant as follows: k ¼ p

2η :

Explicitly we find the nuclear viscosity as a function of the nuclear decay
constant k ¼ k

� �
and the average value of the nuclear pressure p as follows:

η ¼ p
2k

(63)

There is another experimental way of determining nuclear viscosity, through the
fuzziness of alpha particles, protons or neutrons ejected in a nuclear decay using the
fluid velocity equation u ¼ �2νμ 1� Pð Þ∇r, in which modulo u ¼ �2νμ 1� Pð Þ∇r,
replacing the dynamic viscosity ν ¼ η

ρ0
m2

s

h i
, we obtain: uj j ¼ 2 η

ρ0

� �
μ 1� Pð Þ:

So the second way to find the nuclear viscosity has the form:

η ¼ uj jρ0
2μ 1� Pð Þ ¼

uj jρ0rP
4 1� Pð Þ (64)

Eq. (64) has a more complicated form and depends on the speed of the fluid
particles and the radius from which these particles leave.

3.7 Calculation of nuclear pressure and viscosity

The nuclear decay constant k is determined by the nuclear pressure p0, and the
dynamic nuclear viscosity η, as follows: k ¼ p0

2η :

4. Discussion of results

4.1 Calculation of the pressure relation of proton and neutron

The fine-structure constant, α, has several physical interpretations, we use the
most known.
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The fine-structure constant, α ¼ 1
137:035999174 35ð Þ is the ratio of two energies: the

energy needed to overcome the electrostatic repulsion between two protons a dis-
tance of 2r apart, and (ii) the energy of a single photon of wavelength λ ¼ 2πr (or of
angular wavelength r; according to Planck relation).

α0 ¼ e2

4πε0 2rð Þ =
hc
λ
¼ e2

4πε0 2rð Þ
2πr
hc
¼ e2

4πε0 2rð Þ
r
ℏc
¼ 1

2
e2

4πε0ℏc
¼ 1

2
α (65)

We can find the relationship of energies between the proton and the atomic
nucleus. Knowing that the two occupy the same nuclear volume V: This relationship
is identical to 1

α0 , since the atomic nucleus interacts with the proton through the
electromagnetic field and the nuclear force.

pp
pN
¼

ppV

pNV
¼ 2

α
¼ 274:07 (66)

Thus, we already know the pressure relation between the proton and the atomic
nucleus

pp
pN
¼ 2

α :

Now we find the relation of pressures between the neutron and the atomic
nucleus, which are under the action of the same nuclear force, F.

pn
pN
¼ F=π 0:84184ð Þ2

F=π 1:2A1=3
� �2 ¼

1:2A1=3
� �2

0:84184ð Þ2 (67)

For the chemical element with maximum nuclear pressure, 6228Ni we have pn
pN
¼

1:2 62ð Þ1=3ð Þ2
0:84184ð Þ2 ¼ 31:830:

If we divide Eq. (67) for Eq. (66) we have.

pp
pn
¼

pp
pN

=
pn
pN
¼ 274:07=31:830 ¼ 8:6104

4.2 An action on the nuclear surface produces a reaction in the nuclear volume
and vice versa

It is created by the friction between the layers of nucleons.
Theorem 13 An action on the nuclear surface produces a reaction in the nuclear

volume and vice versa.
Proof. The volume and the nuclear surface are connected through the Gaussian

divergence theorem and the Navier Stokes equations.

For an incompressible fluid, whose velocity field u x, y, zð Þ is given, ∇ :u ¼ 0 is
fulfilled.

Logically, the integral of this term remains zero, that is:

ð ð ð
∇
 
:u dxdydz ¼ 0

Writing the Divergence theorem.
Ð Ð

u :n dS ¼ Ð Ð Ð ∇ :u dxdydz ¼ 0, the first
term must be equal to zero, that is:
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Applying the mean value theorem of integrals, we know that there is a mean value
of the nuclear pressure p and the volume of the atomic nucleus V of the integral (60)

W ¼ ΔEmass�excess Z,Að Þ ¼
ðr0
0

ðπ
0

ð2π
0
pdV ¼ p ζð ÞV r0ð Þ (61)

that according to Quantum Mechanics, p ζð Þ,V r0ð Þ are the observable values. By
this restriction we can equalize Eq. (60), (61) and find the value of the initial
nuclear pressure as a function of the experimentally measured nuclear pressure:

p ζð Þ 4π3 r30 ¼ 4πp0
r20
μ with r0 ¼ 1:2A1=2fm, from where:

p ζð Þ ¼ ΔEmass�excess Z,Að Þ
4
3 πr

3
0

¼ 3p0
μr0

: (62)

For Yukawa’s potential, it is often assumed μ≈ 1
r0
:

3.6 Model of nuclear viscosity

Using the fundamental expression k ¼ p0
2η ¼ 1

T1=2
obtained from the resolution of

the Navier Stokes 3D equations, Eqs. (58) and (59), it is possible to find the average
or most probable values of the variables involved pressure, nuclear viscosity and
nuclear decay constant as follows: k ¼ p

2η :

Explicitly we find the nuclear viscosity as a function of the nuclear decay
constant k ¼ k

� �
and the average value of the nuclear pressure p as follows:

η ¼ p
2k

(63)

There is another experimental way of determining nuclear viscosity, through the
fuzziness of alpha particles, protons or neutrons ejected in a nuclear decay using the
fluid velocity equation u ¼ �2νμ 1� Pð Þ∇r, in which modulo u ¼ �2νμ 1� Pð Þ∇r,
replacing the dynamic viscosity ν ¼ η

ρ0
m2

s

h i
, we obtain: uj j ¼ 2 η

ρ0

� �
μ 1� Pð Þ:

So the second way to find the nuclear viscosity has the form:

η ¼ uj jρ0
2μ 1� Pð Þ ¼

uj jρ0rP
4 1� Pð Þ (64)

Eq. (64) has a more complicated form and depends on the speed of the fluid
particles and the radius from which these particles leave.

3.7 Calculation of nuclear pressure and viscosity

The nuclear decay constant k is determined by the nuclear pressure p0, and the
dynamic nuclear viscosity η, as follows: k ¼ p0

2η :

4. Discussion of results

4.1 Calculation of the pressure relation of proton and neutron

The fine-structure constant, α, has several physical interpretations, we use the
most known.

40

Nuclear Materials

The fine-structure constant, α ¼ 1
137:035999174 35ð Þ is the ratio of two energies: the

energy needed to overcome the electrostatic repulsion between two protons a dis-
tance of 2r apart, and (ii) the energy of a single photon of wavelength λ ¼ 2πr (or of
angular wavelength r; according to Planck relation).

α0 ¼ e2

4πε0 2rð Þ =
hc
λ
¼ e2

4πε0 2rð Þ
2πr
hc
¼ e2

4πε0 2rð Þ
r
ℏc
¼ 1

2
e2

4πε0ℏc
¼ 1

2
α (65)

We can find the relationship of energies between the proton and the atomic
nucleus. Knowing that the two occupy the same nuclear volume V: This relationship
is identical to 1

α0 , since the atomic nucleus interacts with the proton through the
electromagnetic field and the nuclear force.

pp
pN
¼

ppV

pNV
¼ 2

α
¼ 274:07 (66)

Thus, we already know the pressure relation between the proton and the atomic
nucleus

pp
pN
¼ 2

α :

Now we find the relation of pressures between the neutron and the atomic
nucleus, which are under the action of the same nuclear force, F.

pn
pN
¼ F=π 0:84184ð Þ2

F=π 1:2A1=3
� �2 ¼

1:2A1=3
� �2

0:84184ð Þ2 (67)

For the chemical element with maximum nuclear pressure, 6228Ni we have pn
pN
¼

1:2 62ð Þ1=3ð Þ2
0:84184ð Þ2 ¼ 31:830:

If we divide Eq. (67) for Eq. (66) we have.

pp
pn
¼

pp
pN

=
pn
pN
¼ 274:07=31:830 ¼ 8:6104

4.2 An action on the nuclear surface produces a reaction in the nuclear volume
and vice versa

It is created by the friction between the layers of nucleons.
Theorem 13 An action on the nuclear surface produces a reaction in the nuclear

volume and vice versa.
Proof. The volume and the nuclear surface are connected through the Gaussian

divergence theorem and the Navier Stokes equations.

For an incompressible fluid, whose velocity field u x, y, zð Þ is given, ∇ :u ¼ 0 is
fulfilled.

Logically, the integral of this term remains zero, that is:

ð ð ð
∇
 
:u dxdydz ¼ 0

Writing the Divergence theorem.
Ð Ð

u :n dS ¼ Ð Ð Ð ∇ :u dxdydz ¼ 0, the first
term must be equal to zero, that is:
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ð ð
u :n dS ¼

ð ð
u 
���
��� n 
���
��� cos αð ÞdS ¼ 0! α ¼ π

2

The only possible trajectory is circular, because in this case the vector n is
perpendicular to the surface of the sphere. In this way the equation of the outer
sphere corresponding to the surface is: x2 þ y2 þ z2 ¼ 1:2A1=3.

Within the nuclear fluid there are layers of nucleons that move in spherical
trajectories. ▪

5. Conclusions

High energy physics is the guide to low energy physics, because, in certain
processes such as in the measurement of the internal pressure of protons and
neutrons. However, we demonstrate that there is a trend compatibility of the two in
the characterization of the atomic nucleus.

The Femtomathematics corresponds to the tools and the logic that allows to
calculate the parameters of the order of 10�15m: In an indirect way, it is in full
correspondence with Femtophysics.

The nuclear viscosity at equilibrium is much larger than the nuclear viscosity at
the moment of nuclear decay, which is totally logical, because at equilibrium the
atomic nucleus is totally compact in pressure and density, while at the moment
protons, neutrons, alpha particles come out of the atomic nucleus from a nuclear
decay, indicating that the nuclear viscosity decreased.
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Chapter 4

Accident Tolerant Materials for 
LMFR
Viacheslav Sergeevich Okunev

Abstract

Several concepts of fast reactors with liquid metal coolant (LMFR) are being 
 developed in the world. Lead-cooled reactors are most preferred for the safe nuclear 
power of the future. Projects of such reactors are being developed in Russia (BREST), 
the European Union (the latest development is ALFRED), and the USA (a series of 
STAR low-power reactor designs). The potential capabilities of fuel, coolant, and struc-
tural materials considered for use in the core to increase safety have not been exhausted. 
There are still unused reserves that can significantly increase the self-protection of 
the reactor. This chapter presents the results of the analysis of the use of new types of 
nuclear fuel: based on ceramics and beryllium and ceramics and uranium nanopowder. 
Studies are being conducted on the possibility of optimizing the composition of lead 
coolant without isotope separation. The possibilities of improving the safety of LMFR 
with a coolant based on lead extracted from thorium ores are being investigated. The 
possibility of using tungsten coatings of the cladding of fuel pins deposited using low-
temperature plasma spraying is analyzed. The composition of materials was optimized 
in terms of improving reactor safety. The proposed innovations will significantly 
increase the self-protection of the reactor from the totality of severe accidents.

Keywords: liquid metal-cooled fast reactor, mixed oxide fuel, mixed nitride fuel, 
uranium nanopowder, self-protection, anticipated transients without scram,  
void reactivity effect

1. Introduction

Currently, the world is considering two basic concepts of medium- and high-
power liquid metal-cooled fast reactor (LMFR): sodium cooled and lead cooled. 
Solving the problem of core optimization with restrictions characterizing the 
safe completion of emergency conditions accompanied by a failure of emergency 
protection, formally it is possible to eliminate severe accidents in a reactor with 
lead coolant and mononitride fuel. (The author used the DRAGON-M code [1], 
which makes it possible to optimize the geometric characteristics of the LMFR for 
given materials.) For the sodium-cooled LMFR, it is impossible to exclude severe 
 accidents with core destruction.

It is time to optimize core materials. First of all, within the framework of the 
systematic approach, the multicriteria problem of choosing the optimal coolant 
for a power LMFR and ranking coolants according to the degree of preference was 
solved [2, 3]. Then, the properties of core materials (density, thermal conductivity, 
etc.) were included in the control parameters of the DRAGON-M. Then it remains 
only to select materials in a given range of properties.
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2. Background

2.1 Background of the development of new technologies

The recent decades have radically changed the opinion of scientists about laws 
linking the probability of an accident and its consequences and about ways to pre-
vent technological disasters and, in particular, ways to ensure the safety of nuclear 
power facilities. This is based on the following objective factors:

1. As industrial society and nuclear power developed in the early 1980s, it was 
revealed that the dependence of the probability of accidents (including at 
 nuclear reactors and facilities) on damage or consequences (human  casualties 
or the costs of measures to prevent them) is close to the distribution Gauss. 
The most probable accidents are characterized by small damage and the 
unlikely ones—by large damage, that is, technological disasters should occur 
extremely rarely, and nonserious accidents—often. Accumulated by the end 
of the twentieth century, catastrophe statistics on industrial facilities and 
transport have somewhat changed the usual idea: the probability of accidents 
depends weakly on damage; in any case, this dependence is closer to the 
exponential distribution. There is reason to believe that in the near future, 
the exponential distribution will be replaced by a uniform distribution: severe 
accidents and minor emergency situations will be equally probable.

2. Prior to the first serious accidents at nuclear power plants (NPPs), there 
was confidence that all emergency situations with unacceptable releases of 
radioactive substances into the environment could be prevented by using 
technical (engineering) safety systems. After serious accidents at NPP, safety 
criteria came to the fore. The “engineering” philosophy has been replaced by 
the philosophy of “inherent safety.”

3. An increase in the number of potentially dangerous objects will increase the 
likelihood of accidents. By the middle of the twenty-first century, Russia is 
planning a transition to large-scale nuclear energy. If, for example, the number 
of power units increases by 10 times, then the probability of an accident (in a 
first approximation) will increase by 10 times. For this reason, when designing 
new-generation reactors and NPPs, a deterministic approach is preferred [4].

4. Nuclear energy is relatively young; emergency statistics are unrepresentative, 
which casts doubt on the appropriateness of using probabilistic analysis to 
justify the safety of reactors and opens up wide possibilities for using deter-
ministic and (or) phenomenological approaches.

2.2 The history of the issue

After the Three Mile Island accident (1979), the work to eliminate severe 
accidents at NPPs was intensified in the USA and Europe. By the mid-1980s, 
concepts were proposed for the PIUS light-water reactor (ASEA-Atom, Sweden), 
high-temperature reactors KWU/Interction (Germany), GCRA (USA), DYONISOS 
(Switzerland), and MSGR liquid-salt reactor (China). The aim of the development 
was to eliminate the destruction of the core in severe accidents.

Among the technologically developed reactors, liquid metal-cooled fast reactors 
proved to be the most attractive, as far as possible to avoid severe accidents. In the 
early 1980s, in the USA research began on theoretical and experimental modeling of 
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accident transients without scram (ATWS). By early April 1986 (a few days before 
the accident at Chernobyl NPP in the USSR), the work on experimental modeling of 
ATWS regimes at the EBR-II reactor (Argonne National Laboratory, Idaho, USA) was 
largely completed, demonstrating high capabilities in ensuring self-protection of low-
power reactors with sodium cooling. The results of these unique studies are published 
in [5–10]. Zirconium-doped metal fuel has been proposed as a possible accident-
tolerant fuel for fast sodium reactors in the USA [11]. It is a high-density and heat-
conducting fuel. By the early 1990s, projects of modular sodium-cooled fast reactors 
PRISM and SAFR with such fuel were considered as promising in the USA [11, 12].

After the accident at the Chernobyl NPP (1986), Soviet scientists began to solve 
the problem of excluding severe accidents at reactors. It was clear that experimental 
modeling was limited in relation to the problem of safe reactors. First of all, this 
applies to the full-scale modeling of the ATWS. Such experiments are expensive 
and difficult to perform. They pose a potential danger to the public and the 
environment.

Sodium is characterized by high chemical activity. Its use requires an intermedi-
ate circulation circuit. Reactor used a three-circuit cooling systems. The melting 
point of metal fuel doped with zirconium is relatively low. Russia went on the way 
of the development of the heavy coolant (lead), much less active chemically, and 
more heat-resistant mixed mononitride fuel (MN). MN fuel is a reasonable com-
promise between heat-resistant mixed oxide (MOX) and high-density and heat-
conducting metal fuel (including zirconium doped).

By 1989, the Soviet Union had developed a conceptual design of the lead-
cooled BRS-1000 power fast reactor fueled by MN. By 1993, another conceptual 
design of the BRS-300 pilot reactor was proposed. It was the predecessor of the 
BREST-OD-300 project (JCS “NIKIET,” Moscow, Russia), which has been develop-
ing to date [13–15]. The BREST uses a two-circuit cooling systems.

2.3 Specific hazards of fast reactors

In addition to the general hazard factors, fast reactors are organically character-
ized by reactivity accidents (the reactor is prompt supercritical) and the possibility of 
implementing a positive void reactivity effect (VRE) when using a liquid metal cool-
ant. VRE is realized when the core or part of it is drained. Consider these two factors.

2.3.1 Risk of reactivity accidents

When entering reactivity ρ > β (β is the effective delayed neutron fraction), the 
reactor is prompt supercritical. The change in reactor power or neutron density n 
over time t can be estimated using the point kinetics equation:

    dn _ dt   ≈    (ρ − β) nk _ l  ,  (1)

where k is the effective multiplication factor, l is the average lifetime of prompt 
neutrons, l = l∞P, l∞ is the average lifetime of prompt neutrons in an infinite 
medium, and P is the non- leakage probability.

Average lifetime of prompt neutrons in an infinite medium

   l  ∞   =    Λ  a   _ v   =   1 _ v  Σ  a    ,  (2)

where   Λ  a    is the average path length of a neutron until absorption.
In a fast reactor, the average neutron velocity v is several orders of magnitude 

higher than in a thermal reactors, although the macroscopic absorption cross section 
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Σa is two orders of magnitude lower. As a result, in fast reactors l ~ 10−7–10−5 s, in 
thermal reactors l ~ 10−3 s, other things being equal (ρ, β), the dn/dt in fast neutron 
reactors is higher, i.e., the power or density of neutrons increases faster. Obviously, 
the use of a coolant with a small absorption cross section also contributes to the 
self-protection of a fast reactor from reactivity accidents. In this case, the advantages 
of thorium lead (208Pb) are obvious.

Another feature of fast reactors is the presence of 239Pu in the fuel as the main 
fissile nuclide. The effective delayed neutron fraction for 235U is equal 0.68%. The 
effective delayed neutron fraction for 239Pu is equal 0.217%. As a result, when the 
same reactivity is introduced, the difference (ρ – β) is greater in a reactor using 
239Pu as a fissile nuclide (compared to 235U). In fast reactors, the fission of fertile 
nuclides (heavy nuclei with an even number of neutrons) plays an important role. 
Depending on the fission cross section of such nuclei (238U, 232Th) on the kinetic 
energy of the neutron that caused the fission, there is a threshold at E ≈ 1.4 MeV. In 
the spectrum of the thermal reactors, the contribution of the fission of fertile 
nuclides to the effective neutron multiplication coefficient is small: 5–7%. In fast 
reactors, 1/4–1/3 of the fertile nuclides are fissioned. The value of β for 238U is 
1.61%, for 232Th is 2.28%. When used in a fast reactor mixed U-Pu-fuel containing 
dump uranium and plutonium with a high concentration of 239Pu, the effective 
fraction of delayed neutrons will be significantly higher than when fission isotope-
pure 239Pu: about 0.36–0.38%, and when using 232Th—even higher.

A certain role is played by fast neutron fission of some nuclei from among the 
minor actinides, for example, long-lived radioactive waste with an even number of 
neutrons: 237Np and 241Am, contained in small quantities (up to 5%) in the fuel of 
new-generation fast reactors to recycle this waste and protect the fuel cycle from 
proliferation. The value of β for 241Am is 0.16%. The fission threshold of these nuclei 
is slightly more than 1 MeV. In the fast reactor spectrum, up to 1/3 americium nuclei 
can fission, which leads to a decrease in the average value of β and an increase in the 
potential danger of reactivity accidents. From the standpoint of the deterministic 
approach to exclude this assident, it is necessary to prevent the input of reactivity 
(ρ > β). To do this, it is necessary to limit (minimize) the reactivity reserves and, 
first of all, the fuel burnup reactivity reserve (Δρb). For a homogeneous core, the 
conditions breeding ratio in core BRC = 1 and Δρb = 0 are equivalent. In practical 
cases, the total reactivity margin can be limited to β.

2.3.2 The problem of positive void reactivity effect

The VRE is characterized by a strong spatial dependence. The most dangerous is 
the drainage of the central part of the core [4, 16]. In this case, the neutron leakage 
from the core is small, and, as a rule, the VRE is maximum. Draining the reflector 
leads to an increase in neutron leakage from the core, with the VRE < 0. During the 
transition to high-power reactors, the volume of the core increases, and the leakage 
of neutrons from it decreases, which leads to an increase in VRE. In high-power 
reactors with a traditional core layout, the local VRE, which is realized when its cen-
tral part is drained, is positive and, as a rule, several times higher than the effective 
fraction of delayed neutrons.

There are several components of VRE associated with spectrum changes and 
neutron leakage, reduction of parasitic absorption, and changes in self-shielding 
factors [4]. The spectral component of the VRE and the leakage component are 
maximal in absolute value and opposite in sign. They are mainly and determine 
the VRE. From the point of view of VRE minimization, a coolant based on double-
magic nuclei (e.g., lead-208), fuel and structural materials with a high neutron 
capture cross section are of interest.
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2.4 Problems of oxide fuel use

1. When using dioxide fuel in fast reactors of medium and high power, there are 
some problems associated with the opposite role of the Doppler coefficient of 
reactivity in emergency situations of different types and, as a consequence, the 
contradictory requirements for the Doppler coefficient in the design of self-
protected reactors [16–18].

2. When using dioxide fuel (including with a reduced proportion of oxygen), 
traditional fuel assemblies, and fuel pin grids, the maximum value of BRC < 1 
and does not exceed 0.86. This is due to the elastic scattering of neutrons on 
oxygen nuclei and, as a consequence, a decrease in the energy of neutrons and 
a decrease in the average number of neutrons produced per fission. The low 
thermal conductivity and density of the dioxide fuel reduce the self-protection 
of the reactor. Low BRC requires significant (several times greater than β)  
reserves of reactivity burnup, which does not allow deterministically to exclude 
reactivity accidents (with the reactor is prompt supercritical). Monoxides 
do not have the necessary temperature resistance and are not used as fuel for 
nuclear reactors.

3. At operating temperatures, oxygen is released from plutonium oxide and 
migrates to the cladding of fuel pin [18]. In the presence of free oxygen, the 
chemical interaction of nuclear fuel, fission products (cesium, iodine, tellu-
rium, bromine, selenium, antimony), and technological impurities (chlorine, 
fluorine, carbon dioxide) with the cladding of fuel pin reduces the strength 
and plasticity of the cladding, increases the rate of corrosion of the inner 
surface of the cladding. Developers of oxide fuel for LMFRs in the USSR, USA, 
and Great Britain faced the problem of oxygen yield at the dawn of the devel-
opment of fast reactors. To “bind” free oxygen, a getter is needed. In Russia, 
the first experiments on the use of vibrocompacted MOX fuel with uranium 
getter (3–10% by weight) for LMFRs were started at JSC “VNIINM” (Moscow), 
then continued at JSC “SSC NIIAR” (Dimitrovgrad) [19, 20]. Research was 
carried out at the BOR-60 reactor since 1981, BN-350 since 1982, and BN-600 
since 1987. The transition to such fuel in BN-600 did not solve the problem of 
corrosion of the inner surface of the cladding.

2.5 Modern directions of development of power LMFRs

As noted, the world is considering two main concepts of medium-power and 
high-power LMFRs: with sodium and lead coolant. As a possible heat carrier for 
use in low-power reactors, the eutectic alloy Pb-Bi [15, 21, 22] is considered. In 
the 1990s, South Korea, China, Japan, and other countries showed interest in fast 
lead-bismuth reactors. In Russia, projects of such low-capacity reactors are being 
developed [15, 22]. Bismuth is significantly more expensive than lead. The use of 
bismuth leads to the working time of the short-lived highly active isotope polo-
nium-210 in the heat carrier. In the 1990s, systems for purifying heat carrier from 
polonium were actively developed during reactor operation [23].

Sodium coolant is technologically developed. In many countries, it is preferred 
in the development of LMFRs [15]. In Russia in 2016, the power unit of the BN-800 
was put into power operation; the project of the BN-1200 power reactor is being 
developed [24, 25].

Lead has not yet been used as a coolant. According to the developers of BREST 
projects, their implementation is possible within the framework of existing Russian 
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technologies [14]. The key works that initiated the development of the BREST 
direction can be considered articles [13, 26–28].

Works on the development of lead-cooled fast reactors are actively carried out 
in Russia (technical design and planned construction of BREST-OD-300, work 
on the concept design of MN fuel BREST-1200 is underway [27, 29]), European 
Union countries (concept projects ELFR, ELSY, LEADER, ALFRED with MOX fuel 
have been developed since 2006 [30]), and the USA by 2005–2007, and conceptual 
projects of STAR series of reactors of different target purpose with UN-fuel have 
been proposed [22, 30].

2.6 Problems of BREST concept during transition to high-power reactors

In terms of the possibility of avoiding severe accidents among fast reactors, 
the BREST-OD-300 project is most attractive [14]. It’s a low-power reactor. It is 
well-known that it is much easier to ensure the safety of a low-power reactor. At 
reactor power increase (BREST-1200), there are problems with inherent safety 
provision. For example, the VRE is several times greater than β. The achievement of 
high economic efficiency of the NPP with BREST reactor may be hampered by the 
relatively high rate of corrosion-erosion of liquid lead on structural materials. If in 
BREST-OD-300 it is estimated at 39 kg of steel (for core only) per year [14, 31], for 
BREST-1200 it can be 39 · 4 = 156 kg/year. At the same time, economic estimates 
should correspond not to the cost of steel but to the cost of fuel assemblies, in which 
fuel elements will be depressurized.

The use of MN fuel will be accompanied by the release of nitrogen (from 
the PuN) and its migration to the cladding of fuel pin. In the presence of free 
nitrogen, the corrosion rate of the inner surface of the claddings increases. (The 
process is similar to the release of free oxygen from MOX fuel. The only dif-
ference is that the corrosion rate in the presence of nitrogen is less than in the 
presence of oxygen).

The absence of zirconium in reactor core allows deterministic elimination of 
steam-zirconium chemical reaction. However, hydrogen release is possible in other 
metal-based chemical reactions implemented at high temperatures. Chromium 
reacts with steam (water) in the absence of oxide film on the fuel element surface: 
2Cr + 3H2O ↔ Cr2O3 + 3H2. In this reaction, heat and free hydrogen are released. 
The surface of cladding must be carefully protected from possible contact with the 
steam involved in the core. (Chromium is present as part of the structural steel of 
fast reactors. The BREST uses a two-circuit cooling systems. Lead is primary circuit, 
steam is secondary circuit).

According to journalists, the interaction of nitrogen with lead (if there is a lead layer 
between the fuel and the cladding) can cause the formation of explosive lead azide. 
Lead does not react with nitrogen and such an event is highly unlikely. Lead azide 
production requires special conditions and reagents not present in BREST.

2.7 The considered emergency operation

As part of the deterministic approach to safety analysis [4], ATWS requires 
priority consideration. In fast reactors with liquid metal cooling, the whole set of 
emergency situations, including ATWS, is described (simulated) by perturbations 
of reactivity δp, coolant flow rate δG, and coolant temperature at the core inlet 
δTin. When designing LMFRs, the following emergency situations (commonly 
used abbreviations are specified) and their combinations correspond to various 
disturbances:
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• δρ > 0—TOP WS (transient overpower without scram).

• δG < 0—LOF WS (loss of flow without scram).

• δG > 0, δTвх < 0—OVC WS (overcooling accident without scram).

• δTвх > 0—LOHS WS (loss of heat sink without scram).

• Separately consider the loss of coolant accident without scram (LOCA WS).

Simulation of emergency modes LOF WS, TOP WS, LOHS WS, and OVC 
WS was performed using a code version of FRISS-2D and DRAGON-M [1]. 
DRAGON-M and MCU codes [32] are used to analyze LOCA WS.

2.8 Problem definition

Modern projects of fast reactors with sodium and lead coolant have some 
disadvantages and, therefore, not yet used reserves in terms of increased safety. 
This is particularly evident in the transition to high-capacity power reactors (e.g., 
BN-1200, BREST-1200). There are opportunities to improve the fuel, coolant, and 
structural materials used. The greatest effect in improving the safety of the next-
generation reactors should be expected with the complex (simultaneous) use of 
improved core materials.

This chapter offers some ideas for improving fuel, coolant, and structural 
materials to improve reactor self-protection.

3. Lead-208-based coolant

Among the realistic liquid metal coolants of fast reactors are sodium, lead, and 
eutectic alloy of lead and bismuth. Table 1 shows data on the prevalence of lead, bis-
muth, and sodium, their world production, and world reserves (according to data [33]).

Natural lead is intended to be used in lead-cooled reactors. The isotopic compo-
sition of such lead (natPb: 1.4% 204Pb − 23.6% 206Pb − 22.6% 207Pb − 52.4% 208Pb) is 
obtained by averaging all known deposits (about 1500). The isotopic composition 
of lead in different fields can vary significantly (see Table 2).

The large differences in the isotopic composition of lead from different deposits 
open up great opportunities for optimizing the composition of lead coolant without 
the use of expensive isotope separation technology. By mixing lead from differ-
ent deposits, it’s possible to obtain a coolant with a given concentration of stable 

Element Prevalence World production, tons/year World reserves, tons

104% Place

Na 23,000 6 2 × 105 (metal),
2.9 × 107 (carbonate),

1.68 × 108 (salts)

Are almost not limited

Pb 14 37 4.1 × 106 8.5 × 107

Bi 0.048 70 3 × 103 (associated with lead and copper) There are no data

Table 1. 
World production, reserves, and prevalence of certain elements in the Earth’s crust.



Nuclear Materials

54

Figure 1. 
The concentration of lead isotopes in different samples of monazite.

isotopes, i.e., with given nuclear-physical properties. If it’s necessary to minimize 
VRE, thorium lead with a high concentration of 208Pb (decay product of 232Th) is 
preferable, and if it is necessary to minimize the production of 210Po, uranium lead 
with a high concentration of 206Pb (decay product of 238U), and small impurities of 
207Pb (decay product of 235U), as well as non-radiogenic lead 204Pb are required. The 
use of uranium and non-radiogenic lead leads to an increase in VRE.

Figures 1 and 2 present statistics on the isotopic composition of lead in the 
monocytes of the Ukrainian shield. The age of the breed is about 2 billion years. An 
analysis of 49 samples was carried out: along the abscissa axis is the sample number 
according to [34].

Figure 3 presents the results of the MCU calculation of the void and density 
effects of reactivity (Δρ) in a high-power BREST reactor. In Figure 3(a), the depen-
dence of VRE on the content of 208Pb in the coolant is given. Figure 3(b) shows the 
dependence of the effects of reactivity on the density of a coolant based on lead of 
polymetallic ores. Various drainage scenarios are considered: (1) the entire reactor 
(when calculating the density effect—the change in the density of the coolant in 
the entire reactor); (2) the core and the lower reflector (or a change in the density 
of lead); and (3) drainage of the core. The implementation of VRE involves the 
complete loss of coolant (drainage of the reactor, core or part thereof), the imple-
mentation of the density effect involves a change in the density of the coolant.

Ore 204Pb 206Pb 207Pb 208Pb

Monocyte of pegmatites of granite thorium 
ores

0.01–
0.076

0.89–26.43 0.35–4.11 69.15–97.74

Uranitol of granite of uranium ore gneiss 0.12–0.15 85.53–
85.81

10.49–
10.54

3.58–3.69

Zircon of a pegmatite pink, granites, 
monocyte, magmatite

0.101–
0.320

46.71–
75.58

7.74–12.93 12.48–45.40

Lead and polymetallic ore galenite 1.09–1.61 18.64–
25.17

21.36–
30.80

49.30–52.49

Deep sea and Pacific Ocean 1.34 25.43 21.11 52.12

Natural lead (natPb) 1.4 23.6 22.6 52.4

Table 2. 
Isotopic composition of lead of different deposits, % (wt) [16].



55

Accident Tolerant Materials for LMFR
DOI: http://dx.doi.org/10.5772/intechopen.90703

Table 3 shows the VRE values (calculations according to the MCU code) for 
various scenarios of drainage of the BREST reactor. For comparison, the last line 
shows the VER values for the sodium-cooled reactor. The numbers indicate drainage 
scenarios (see Figure 3).

Figure 2. 
The dependence of the content of the isotope 208Pb in lead (C208) on the lead content in monazite (CPb).

Figure 3. 
Studies of the void and density effects of reactivity in a high power BREST reactor, (a) the dependence of VRE 
on the content of 208Pb in the coolant is given, (b) the dependence of the effects of reactivity on the density of a 
coolant based on lead of polymetallic ores.

Mineral, 
ore, 
isotope

The isotopic composition of coolant, % (wt) VRE (scenarios), $
204Pb 206Pb 207Pb 208Pb 1 2 3

Monazite 0.013 0.89 0.35 97.74 −31.7520 −15.1263 11.6096

Zircon 0.226 75.58 11.54 12.48 −14.2736 0.4048 22.6550

Uraninite 0.150 85.53 10.64 3.69 −12.8460 1.6599 25.0906
natPb 1.4 23.6 22.6 52.4 −20.5426 −4.2157 −4.2151
204Pb 0 0 0 100 −32.4267 −15.16023 11.2648
natNa 23Na (100%) −4.3644 2.5481 19.3386

Table 3. 
VRE values for various drainage scenarios (LOCA WS).
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Figure 4. 
Change in the reactivity effect Δρ depending on the density of the coolant in the core and the lower reflector 
during drainage of the BREST high-power reactor from the bottom up (involvement of bubbles in the core), (1) 
eutectic 7Li-208Pb; (2) natPb; (3) eutectic natK-208Pb; (4) 208Pb.

When using lead with a high concentration of 208Pb as a coolant, the potential 
risk of reactivity accidents is reduced. The neutron absorption cross section of 208Pb 
in the spectrum of the BREST reactor is 10−3 b (1 b = 10−28 m3), that is, approxi-
mately three times lower than natPb. The core of such a reactor is characterized by a 
large volume fraction of lead and a small fraction of fuel, which increases the role 
of the coolant in changing the neutron macroscopic absorption cross section Σa by 
core materials. When switching to thorium lead, the Σa decreases, which leads to 
an increase in the lifetime of prompt neutrons and limits the prompt supercritical 
when reactivity is introduced that is greater than β. When switching to uranium 
lead (206Pb), the Σa increases (the neutron absorption cross section of 206Pb is more 
than three times higher than natPb); as a result, the potential danger of reactivity 
accidents (the reactor is prompt supercritical) increases.

One of the ways to increase the corrosion resistance of structural materials is the 
use of technological additives (inhibitors and deoxidants) to the coolant. The pos-
sible inhibitors are characterized by a high absorption cross section and quickly burn 
out in a neutron field, forming slags in the coolant. All metallic impurities contained 
in liquid lead (except bismuth), and all metallic components that may be present in 
lead as a result of corrosion and erosion of structural materials, have a lower elec-
trode potential than lead, i.e., these impurities play the role of deoxidizing agents. 
The deoxidizing agent may also be an alkali metal. Small additives of lithium or 
potassium form a eutectic with lead, reducing the freezing point of the coolant. Small 
sodium additives play the role of an alloying additive to lead, increasing the freezing 
point of the coolant. Lithium is the strongest reducing agent—the best getter of free 
oxygen. Experiments conducted at the JSC “SSC RF-IPPE” (Obninsk, Russia) show 
that the cardinal way of changing the initial oxidizing properties of heavy coolants is 
the use of additives of metal deoxidizing agents that can reduce the level of oxidative 
potential of the melt. Thus, a technological additive of 1.8% (wt.) potassium to lead 
allows the formation of a eutectic alloy with oxygen activity five orders of magnitude 
lower than that of a pure lead melt at temperatures of 500–550°C.

With a decrease in the mass number of nuclei, the role of elastic moderation 
increases, and the void and density effects of reactivity increase. The relatively 
high VRE with the use of a coolant based on the eutectic Pb-7Li alloy can be 
reduced by switching from natural lead to 208Pb in the composition of this alloy 
(see Figure 4). However, in this case, VRE is significantly higher than when using 
lead polymetallic ores.
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More detailed results of studies on the use of a coolant based on lead extracted 
from thorium ores are presented in [16, 35–38]. To ensure acceptable VRE in high-
power reactors, it is not necessary to use isotopically pure lead-208. It is enough that 
the content of 208Pb in the lead coolant is at least 75–80%. This makes it possible to 
use almost any thorium deposit for lead mining.

4. Construction materials

The greatest successes have been achieved in the field of creating new structural 
materials. For fast sodium reactors, specialists from Russia, the USA, Japan, China, 
France, and Ukraine consider radiation-resistant heat-resistant materials based 
on dispersion—hardened by thermally stable nanooxides Y2O3, Y2O3-TiO2 or Al2O3 
(3–5 nm) ferritic-martensitic steels with good strength and mechanical proper-
ties capable of working at neutron fluences (with kinetic energies of more than 
0.1 MeV) up to 2 × 1016 cm−2 s−1 to damaging doses of 160–180 sleep at tempera-
tures of 370–710°С (see [39–41] and links to these works).

While ensuring a good neutron balance in the core due to the use of innovative 
fuels, coolant, and structural materials, two advantages of additional absorbers in 
structural materials can be distinguished.

Firstly, the fast neutron absorption cross section of structural materials that 
cannot leave the core when it is drained favorably affects the development of the 
LOCA emergency: they contribute to the reduction of VRE. In the manufacture of 
structural materials, the content of alloying additives is regulated by regulatory 
documents. The content of alloying additives can vary in a given range. A negative 
factor may consist in a change in the sign of VRE depending on the content of alloy-
ing additives in the composition of structural steel (see Figure 5).

Secondly, the removal from the core of erosion and corrosion products (of 
structural materials) that strongly absorb neutrons helps to prolong the campaign 
of the reactor, increasing reactivity, similar to the action of burnable absorbers in 
thermal reactors (see Figure 6). The negative factor is a decrease in the thickness 
of the cladding of the fuel rods and slagging of the contour (increase in erosion 
rate) by corrosion and erosion products that have not settled on the “cold” section 
of the coolant circulation path. As a result, the processes of corrosion and erosion 
of structural steels contribute to solving the problem of minimizing the reactivity 

Figure 5. 
VRE in a BREST reactor of high power under conditions of uncertainty in the concentration of alloying 
additives in structural steel within the permissible (MCU). H—The boundary of the medium “lead-vacuum.” 
conservative assessment: Horizontal neutron leakage is equal to zero; 100% replacement of lead by vacuum 
are not taken into account, (a) the drainage boundary moves from top to bottom (lead discharge, in BREST 
the event is ruled out deterministically), (b) the drainage boundary moves from bottom to top (involvement of 
bubbles in the core during depressurization of the lead-water heat exchanger tubes).
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margin for fuel burnup. In BREST projects it is proposed to use steel without nickel 
but with increased silicon content [14]. Silicon promotes the formation of protective 
oxide films on the outer surfaces of cladding of fuel element.

The calculated analysis made it possible to conclude on the possibility of using 
tungsten coatings of fuel element cladding from the outside and inside. This will 
lead to the improvement of reliability and safety of BREST reactors without dete-
rioration (and possibly with improvement) of economic characteristics of NPPs 
with such reactors [16, 42, 43]. The application of tungsten coverings will allow to 
reduce the corrosion rate and erosion in liquid lead and will lead to the deterioration 
in neutron balance (and perhaps, reactor costs); minimization will be promoted by 
the VRE (large absorption cross section of fast neutrons) and will open possibilities 
of use of the lead more polluted by impurity.

Tungsten does not react with nitride fuel at temperatures below 1485°C. This 
temperature is not achieved even in ATWS [14, 16]. Tungsten interacts weakly with 
lead. Conditions for the formation of lead (PbWO4) tungsten in the reactor core are 
poor: insufficient oxygen, high-energy neutrons break chemical bonds.

Tungsten in combination with chromium improves mechanical properties of 
steel [44]. Due to the small (compared to iron) values of the cross section of neu-
tron interaction with tungsten nuclei, accompanied by the yield of gaseous products 
(less than 10−2 b), and the high threshold of such reactions (10 MeV), tungsten does 
not swell and does not become brittle at high fluxes of fast neutrons.

Tungsten coatings produced by plasma spraying have a layered structure, do 
not crack, or peel even when bent [45]. Tungsten plasma spraying technology is 
well developed. The dense (nonporous) tungsten film completely covers the steel 
surface. Corrosion and erosion resistant coatings in a wide range of temperatures 
(higher than ATWS temperatures) in liquid metal melts, including under condi-
tions of additional abrasive wear (practically excluded by tungsten coatings).

Like silicon, tungsten contributes to the formation of a protective oxide film on 
the surface of the shell (to a lesser extent because it holds oxygen slightly worse: 
bond energy SiO = Si + O is 8.24 ± 0.10 eV, WO = W + O is 6.94 ± 0.43 eV [46]). 
Due to the leakage of the circuit, oxygen will always be present in the lead. The 
oxide film (WO2, W4O11, WO3) holds well (up to 923°C) and serves as an additional 
naturally formed protective coating.

The tungsten content of the sprayed layer is about 1%. As a result, the increase 
in the cost of the structural material may not be essential. Among the neutron-
physical aspects of the use of tungsten-sprayed cladding, the following are noted. 
The deterioration of the neutron balance may not be essential when thin coatings 
are used. (At that, it is possible to reduce thickness of cladding).

The MCU code calculations showed that an increase in the proportion of tung-
sten in the structural material from 0 to 100% leads to a marked decrease in VRE: 
by 1.76 $ with hypothetical drainage of the core and the lower end reflector and 

Figure 6. 
Change in the reactivity Δρc for microcampaign T as a result of corrosion of the structural steels and the fuel 
burnup.
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when 98% 208Pb in the lead coolant. The most realistic and most dangerous scenario 
of such an emergency situation is not related to the complete drainage of the reactor 
but to the involvement of bubbles in the core during depressurization of the pipes 
of the “lead-steam (water)” heat exchanger. At that, reactivity effect is maximum at 
the reduction of lead density in the core and lower end reflector from 10.5 to 7.0 g/cm3  
[35]. In such a scenario, the density effect of reactivity is $0.06 when used as a 
structural material of corrosion-resistant steel and minus $ 0.86 when switching 
to tungsten cladding. To obtain a conservative estimate, an infinite array of fuel 
elements is chosen, formally corresponding to the reactor of infinite power.

Figure 7 shows the dependence of the infinity multiplication factor kin on the 
mass content of tungsten CW in the structural steel of the BREST-OD-300 core. It is 
possible to fully compensate for neutron losses due to their absorption by tungsten 
nuclei by increasing the proportion of 208Pb in the heat carrier even when using 
shells made entirely of tungsten.

The other way is connected with self-organizing coatings of internal surface of 
fuel element cladding. It is proposed to place liquid lead saturated with zirconium 
or liquid eutectic alloy 97.53% (wt.) Pb, 2.25% Mg, and 0.2% Zr [47]. When the 
reactor is operating, a protective coating based on zirconium nitride is spontane-
ously formed on the inner surface of the cladding. Self-healing of accidental dam-
ages of coating is provided.

5. Accident-tolerant fuel

5.1 General provisions

Fast reactors of the new generation are focused on the use of ceramic mixed 
uranium-plutonium fuel. The immediate prospects are associated with the use of 
mixed oxide (MOX). A more promising in terms of possible exceptions of severe 
accidents in NPP can be considered mixed mononitride uranium-plutonium fuel 
(MN fuel, mixed nitride). It is proposed to use in BREST reactors with lead cooled 
and, in the future, perhaps in power sodium-cooled reactors.

Nanotechnology, in relation to the creation of new materials for nuclear technol-
ogy, is widely used since the early 1960s.

Thanks to the introduction of nanotechnology the unique fuel materials, char-
acterized by high density and thermal conductivity, can be obtained. The task of 
creating high-performance nuclear fuel (mostly fast reactors), which is achievable 
for the high burnup, isolated two problems [39]:

Figure 7. 
The dependence of kin on CW .
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• Creating a coarse structure with a given porosity (MOX with nanoadditives 
for BN-type reactors [40]), capable of holding gaseous and volatile corrosive 
fission products, preventing their migration along the grain boundaries 
to the cladding in order to slow down corrosion of the inner surface of the 
cladding.

• The activation process of sintering fuel pellets due to the nanoadditives [40].

The porosity of the ceramic nuclear fuel consisting of micrograins is approxi-
mately 25%. When making fuel from nanopowder, it is possible to significantly 
reduce porosity (up to 5–10%). For example, in order to increase the density of MN 
fuel to 95% of the theoretical density by reducing porosity, the inventors [48, 49] 
propose a fuel based on MN nanopowder. In terms of increasing reactor power, 
reducing porosity is equivalent to increasing the volume of fuel in the core or 
increasing the volume of the core.

It is known that, compared to ceramic fuel (MOX, MN, etc.), cermet fuel has 
some advantages. It is more attractive due to increased thermal conductivity and 
density, increased BRC (up to 1). The main disadvantage preventing the use of such 
a fuel is the reduction of the melting point. The use of a nanopowder of metallic 
uranium in conjunction with ceramic fuel micrograins will provide the same advan-
tages, eliminating the disadvantage. Ideally, the pores between the micrograins can 
be filled with nanopowder. In this case, the melting point of the fuel will be deter-
mined by the melting point of the ceramic (MOX, MN, etc.). The nanopowder in 
the fuel composition can melt in emergency modes; there will be droplets of molten 
metal between the ceramic microloans, which will have practically no impact on the 
reactor safety. As a result, it is possible to obtain fuel having high thermal conduc-
tivity and density, which contributes to self-protection of the reactor. When using 
such fuel, the condition BRC = 1 is easily achievable.

At the beginning of the twenty-first century, in Russia fast reactors with sodium 
cooling was considered vibrocompacted MOX-fuel with uranium (up to 10% by 
weight) getter of free oxygen [19, 20]. Since it is difficult to control the uniformity 
of mixing MOX and uranium metal powders in a relatively large volume of fuel ele-
ment (in case of vibration compaction), it makes sense to switch to small volumes 
(pellet fuel) [50, 51].

The finer the uranium powder particles, the better it exhibits getter properties. 
Nanodisperse powder is one of the best free oxygen getter. The ideal getter is a pow-
der ground to size when any atom in the nanoparticles can be considered surface. 
(The best getter is thorium [46]. However, its use will require a reorientation of 
Russian nuclear fuel cycle enterprises, which is not economically feasible).

5.2 ATF based on ceramics and beryllium (a new look at the old concept)

The free oxygen getter may be a material having a high chemical affinity for 
oxygen (see Table 4). The first steps towards solving the problem of free oxygen 
binding were taken in the late 1950s and early 1960s [52]. Beryllium (and Be2O) can 
also serve as a getter. The possibility of using oxide fuel with beryllium additives 
was considered at the dawn of the development of fast reactor technologies [4]. This 
was abandoned due to the decrease in BR.

Homogeneous placement of metal beryllium in MOX or MN fuel helps to solve 
the problem of corrosion of the inner surface of cladding and increase self-protection 
[51]. The spectral component of the VRE for an endless reactor with MN fuel and 
MN-5%Be fuel is $23.6 and 12.7, respectively [51]. The Doppler reactivity coefficient 
for infinite array of fuel elements is −7.99 × 10−6 and −2.06 × 10−5 К−1, respectively. 
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The increase in the thermal conductivity of the fuel (due to beryllium) leads to a 
decrease in the temperature of the fuel. As a result, the nature of the change in maxi-
mum fuel temperatures in medium or high power reactors (BN-800, 1200, 1800) in 
LOF WS and TOP WS is same. To increase self-protection against these accidents, a 
large absolute negative Doppler reactivity coefficient is required.

Additives of beryllium to MOX fuel contribute to the minimization of corrosion 
rate of fuel element shells from inside, the reduction of VRE, the elimination of 
known contradiction in requirement for Doppler reactivity coefficient in emer-
gency modes LOF WS and TOP WS in high-power reactors, and the improvement 
of reactor self-protection. At the same time, beryllium supplements reduce BRC and 
BR. It’s a major flaw.

5.3 ATF based on MOX and uranium nanopowder

For MOX-fueled reactors, it is possible to offer pellet fuel based on fine-grained 
MOX and nanopowder U. Fuel density (at 18% U) under normal conditions of about 
12 g/cm3, thermal conductivity—12 W m−1 К−1. Increasing the density and thermal 
conductivity of MOX-U fuel with increasing U fraction leads to changing the role 
of Doppler reactivity coefficient in providing self-protection against accidents of 
LOF WS type. As a result, the role of Doppler reactivity coefficient in providing 
self-protection against accidents of type TOP WS and LOF WS becomes the same (or 
almost the same), which helps to resolve the conflict situation when optimizing the 
core layout. This makes it possible to significantly increase reactor safety.

Figure 8 shows the results of modeling LOF WS mode (FRISS-2D code) in 
LMFR using different fuels. The relationship between maximum temperature of 
fuel and heat carrier is presented when using pellet MOX fuel in BN-800 (a), MN 
fuel in reactor of type BREST-OD-300 [14] (b), and BN-800 (c). The thin line 
corresponds to the conservative approximation: constant coolant temperature at 
the core inlet in emergency mode. Figure 8(d) shows the time dependence of the 
maximum temperature of the MOX-based pellet fuel and uranium nanopowder in 
the TOP WS and LOF WS modes and when they are superimposed (dotted line in 
Figure 8(d)). For correct comparison of variants at use of different fuel, the same 
fuel assemblies and grids of the core BN-800 [53] are accepted.

LOF WS is initiated by de-energizing of all main circulation pumps of the 
primary circuit at coastdown time 30 s (for BN-800) or by reduction of flow rate in 
20 s (for BREST-300). TOP WS is initiated by reactivity input $0.3 for 10 s.

In order to increase the self-protection of reactors against the TOP WS acci-
dent, it is necessary to increase the negative Doppler reactivity coefficient by 
absolute value. In LOF WS mode, when MOX fuel is used, the maximum fuel 

Getter (bold type) Е, eV Getter (bold type) Е, eV

ThO = Th + O 8.59 ± 0.22 TiO = Ti + O 6.85 ± 0.09

TaO = Ta + O 8.37 ± 0.43 ZrO2 = ZrO+ O 6.68 ± 0.48

ThO2 = ThO + O 7.89 ± 0.30 VO2 = VO + O 6.51 ± 0.30

UO = U + O 7.81 ± 0.17 UO3 = UO2 + O 6.46 ± 0.30

ZrO = Zr + O 7.81 ± 0.43 VO = V + O 6.29 ± 0.43

YO = Y + O 7.37 ± 0.13 Be2O2 = Be2O + O 5.94 ± 0.65

UO2 = UO + O 7.37 ± 0.30 BeO = Ве + О 4.60 ± 0.13

Table 4. 
Chemical bond energy E for some getter and oxides formed (as reported by [46]).
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temperature decreases with time. At the same time, it is possible to start boiling 
sodium. In order to increase self-protection, it is necessary to modulo reduce the 
negative Doppler reactivity coefficient. The use of vibration-compressed MOX 
fuel with uranium getter [19, 20] does not significantly change these dependen-
cies, and the role of Doppler reactivity coefficient in TOP WS and LOF WS modes 
remains the opposite.

When using MN fuel in LOF WS mode, an intermediate scenario between 
metal and oxide fuel is implemented. To minimize maximum temperatures, the 
negative Doppler reactivity coefficient must be increased modularly, as well as to 
ensure self-protection against TOP WS accidents. If the maximum fuel tempera-
ture is reduced to less than the nominal value, it is necessary to modulo reduce the 
negative Doppler coefficient, but due to significant temperature reserves in this 
case, the role of Doppler coefficient has no determining value. This is the pattern 
(Figure 1(d)) observed in the emergency mode LOF WS when using a tablet fuel 
based on fine-grained MOX and nanopowder U (18% wt.). At its low U content, 
the scenario of emergency mode development is the same as when using tablet or 
vibrocompressed MOX fuel with finely dispersed (100 μm) U-getter. At high U 
content (up to 50% by weight), the nature of the change in maximum fuel tem-
perature over time in the LOF WS mode is similar to that shown in Figure 1(b). 
At mass content of uranium nanopowder, 18% fuel is slightly lower than the tablet 
MN in density and 1.5 times in thermal conductivity. As a result, when switching 
to MOX-U, the maximum fuel temperature is significantly lower than when using 
a tablet MOX fuel and approximately the same as the MN fuel (with larger fuel 
pellet diameter). The nature of the change of maximum temperatures in emer-
gency modes TOP WS and LOF WS in fast reactors of medium and high power 
with MN fuel and fuel based on fine-grained MOX and nanopowder U are the 
same. In both cases BRC = 1.

The LOHS WS and OVC WS are not dangerous.

Figure 8. 
Time dependence of pellet fuel temperature in LOF WS mode for BN-800 reactors with MOX fuel  
(a), БРЕСТ-300 (b), and БН-800 (c) with MN fuel, BN-800 with MOX-U fuel (d).



63

Accident Tolerant Materials for LMFR
DOI: http://dx.doi.org/10.5772/intechopen.90703

The temperature of MOX-U fuel even in ATWS is lower than the oxide when the 
reactor operates at rated power. This helps to reduce oxygen release from the Pu4O7 
in nominal and emergency modes of reactor operation.

When the temperature increases (in emergency modes), the MOX-U fuel can 
contain nanodroplets of liquid metal between MOX grains. By neutron balance this 
fuel is closer to the pellet monoxide or MN, by the melting point—closer to UO2-
Pu4O7. So, when using nanotechnologies in the manufacture, MOX-U-fuel opens up 
large “reserves,” approaching it in properties to MN.

5.4 ATF based on MN and uranium nanopowder

Further the improvement of fuel characteristics while maintaining high 
melting temperature is possible at transition to fuel based on MN nanopowder 
(100–500 nm). To achieve a density of 85–95% theoretical, the required sintering 
temperature 1800–1900°C and a 10 time of 10–30 hours. At the same time, up to 
15% plutonium is evaporated from the fuel [48, 49]. When using such fuel, the 
nature of time dependence of the maximum temperatures in emergency modes 
does not change qualitatively.

The best and cheaper alternative is fuel based on micrograins MN and nanopowder 
U. The beginning of MN decomposition by 450–500°C exceeds the sintering tempera-
ture of fuel tablets during their manufacture. Significant improvement in reactor per-
formance and safety can be expected with MN-U fuel due to high density and thermal 
conductivity, equal role of Doppler reactivity coefficient in TOP WS and LOF WS, and 
neutron balance improvement (BRC = 1). By neutron balance and nature of emergency 
modes, MN-U fuel is close to U-Zr and U-Pu-Zr [11] but much higher temperature.

The most relevant is the possibility of using fuel based on fine-grained MN and 
nanopowder U in lead-cooled reactors with a lead layer between the fuel and the clad-
ding. The chemical bond energy in UN and PuN is markedly lower than in oxides (for 
UN, 5.464 ± 0.217 eV; PuN − 4.857 ± 0.651 eV; UO − 7.805 ± 0.174 eV; UO2 = UO O − 
7372 ± 0.304 eV; PuO − 7.459 ± 0.217 eV [46]). Although the operating temperature of 
MN fuel is much lower than MOX, nitrogen can exit MN. The absorption of nitrogen 
from MN fuel by metal uranium can slow corrosion of internal surface of cladding.

6. Conclusions

There is potential to further improve LMFR reliability and safety within the 
existing technologies.

In order to ensure acceptable VRE in lead-cooled LMFR of high power, the 
minimum content of isotope 208Pb in the lead heat carrier should be about 75–80%. 
This is typical of thorium ores.

The use of tungsten coatings of fuel element cladding helps to reduce VRE, 
eliminate reaction of chromium with steam in emergency situations, and exclude 
hypothetical possibility of lead azide formation. With the simultaneous use of 
tungsten coatings and heat carrier based on lead extracted from thorium ores, it is 
possible to ensure a good balance of neutrons in the core.

The potential and reserves of MOX fuel in ensuring the safety of large LMFR 
with sodium or lead coolant have not yet been exhausted. Pellet fuel based on fine-
grained MOX and nanoscale U has no advantage over pellet MN fuel.

The prospects for LMFR development may be related to the use of fuel based on 
fine-grained MN and nano-sized metal uranium powder.

Uranium nanopowder additives will not only increase the density and thermal 
conductivity of nuclear fuel, which is important in the problem of reactor safety, 
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but also significantly improve the neutron balance (by directing “excess” neutrons 
to ensure safety: achievement of condition BRC = 1 even on oxide fuel), almost com-
pletely eliminate the conflict character in the requirement for Doppler reactivity 
coefficient in terms of self-protection against ATWS in large LMFR, which opens up 
wide possibilities for the optimization of core layout without deterioration of safety.

The complex use of the proposed innovations allows to ensure the safety of large 
LMFR. So, pellet MN fuel with nanopowder of metallic uranium, a coolant based 
on lead extracted from thorium ores, and steel claddings of fuel elements with a 
tungsten coating together can significantly increase the safety of the reactor. This is 
accident-tolerant materials for LMFR.

The results presented can be easily summarized into other types of reactors. 
The research can be useful in the development of new-generation reactors and the 
improvement of technical solutions to existing nuclear reactors.
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Chapter 5

Theoretical and Experimental 
Analysis of Structural Properties 
of Load-Bearing Components 
of Thermonuclear Tokamak 
Installations
Nikolay A. Makhutov, Mikhail M. Gadenin, Sergey V. Maslov, 
Igor A. Razumovsky and Dmitry O. Reznikov

Abstract

The chapter presents the results of research carried out in Mechanical 
Engineering Research Institute of the Russian Academy of Sciences that were 
focused on validation and application of design diagrams, methods and sys-
tems for measuring stresses under the modes of Tokamak instillation cooling 
and management of electromagnetic fields during startups. The examples of 
tensometric systems and results of measurements of stresses under cryogenic 
temperatures and strong magnetic fields as well as results of analysis of the states 
of stresses and strains of structurally heterogeneous components of load-bearing 
and conductive structures are presented. Operation conditions and limit states 
of Tokamak components are considered. Results of research summarized in the 
chapter demonstrate the correctness of the adopted design solutions, which result 
in a relatively low level of local stresses in the load-bearing components of the 
thermonuclear installations.

Keywords: thermonuclear installation, strength, service life, local stresses and 
strains, limit states

1.  Statement of problems related to structural integrity and service life 
of thermonuclear installations

In the modern age, the day-to-day activities of individuals, states and the inter-
national community are all closely dependent on the existence of a reliable power 
supply. The main components of the power industry include energy resources, 
power installations and power supply systems [1, 2]. Both the global and domestic 
energy mixes include:

• traditional power sources which have been used for a century or more  
(thermal - coal, oil, gas, hydraulic, wind, solar);
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• new types of energy, which have been used for several decades (nuclear, 
geothermal, tidal, solar battery, hydrogen, bioenergy);

• promising future energy technologies (thermonuclear, space).

The changes in the respective importance of these types of energy E  and the 
relative growth of global energy production E  in the 21st century are shown in 
Figure 1.

In 2020, Russia adopted a new energy strategy for the period until 2035 [1]. It 
focuses on the development of new and promising types of energy, with a gradual 
reduction in dependence on traditional types which is driven by scientific and 
technological advances and economic efficiency and environmental considerations.

The analysis [1–3] of the prospects for the development of energy until 2030, 
2050 and 2100, the focus will be primarily on problems of a scientific, design, 
technological and operational nature, aimed at ensuring the safety, structural 
integrity and service life of power facilities [4–8]. This focus is due to the fact that 
trends in the extraction, production and use of energy have been significantly 
impacted by major accidents and disasters in the late 20th and early 21st centuries 
in the USSR, Russia, the USA, Norway, Mexico and China, due to technical failures 
in unique thermal, hydraulic and nuclear power installations, offshore oil and gas 
production platforms, and tankers used for the transportation of oil and liquefied 
natural gas. These accidents and catastrophes were caused by failures to comply 
with structural integrity requirements and the consequent collapse of load-bearing 
structures including buildings, vessels, pipelines, electric generators, turbines, and 
platform structures. Such accidents have resulted in tens or in some cases hundreds 
of deaths, as well the destruction of technical facilities and chemical pollution and 
radioactive contamination in surrounding areas. The resulting economic losses are 
estimated in 109–1011 US dollars. In this regard, since the 1960s, scientists, engi-
neers and specialists from around the world have begun to pay special attention to 
ensuring structural integrity and preventing accidents and disasters resulting from 
technical failures in power facilities of all types. Moreover, fundamentally new 
tasks have arisen in relation to both existing nuclear energy and promising thermo-
nuclear energy technologies. These types of energy offer new solutions to problems 
relating to the production, processing and use of energy resources, by virtue of the 
far smaller volume and mass of fuel required- 1 g of deuterium used in a thermo-
nuclear unit produces the same amount of energy as a whole column of oil tanker 
wagons. Thermonuclear power, in contrast to nuclear power using thermal and fast 

Figure 1. 
Structure and development potential of the energy mix.
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neutrons, can fundamentally transform the risk of ionizing and radiation damage 
during the decay and fission of heavy uranium and plutonium nuclei.

The controlled thermonuclear fusion of deuterium-tritium and deuterium-
deuterium, which was first proposed in the USSR by academicians A.D. Sakharov, I.E. 
Tomm and L.A. Artsimovich. This fusion results in the synthesis of heavier helium, 
accompanied by a release of a huge amount of energy. The thermonuclear fusion 
processes carried out in thermonuclear power installations on Earth are essentially the 
same as the processes that take place on the surface of and inside the Sun.

The subsequent theoretical research on, and practical development [2] of ther-
monuclear fusion in Russia was led by Academicians E.P. Velikhov, V.A. Glukhikh, 
and B.B. Kadomtsev, who worked on the physics of thermonuclear installations, 
and Academician K.V. Frolov [2]., who worked on issues relating to mechanics and 
the structural integrity and service life of facilities. The initial reactors developed 
for use in thermonuclear installations were of two types:

• pulsed reactors in which small targets with a deuterium-tritium (D-Т 2Н,3Н) 
mixture are heated within short-term cycles (τ = 10−8 sec) by a dynamic 
powerful electron and laser beams so as to trigger a micro-nuclear explosion at 
ultrahigh pressures;

• quasi-stationary systems (Tokamaks), in which such mixtures are heated to 
a plasma state and held for periods τ <1 sec by strong magnetic fields at low 
pressure and ultrahigh temperature t > 108÷109°C.

The resolution of the problems relating to thermonuclear power installations can 
be (Figure 1) divided into three main stages:

• the creation and use of research reactors (1960–2000);

• the creation of demonstration reactors with a positive energy yield 
(2000–2030);

• the anticipated creation of industrial reactors producing energy on an indus-
trial scale in thermonuclear power plants (2050–2100).

In Russia, the first stage included a pulsed thermonuclear installation of the 
first type, Angara-5 (Figure 2) in which a micro-fusion explosion was triggered 
by a stream of electrons emitted from a system of super-powerful condensers, and 
a series of fusion reactor installations of the second, or tokamak type (T-7, T-10, 
T-15, T-20).

The emergence and behavior of thermonuclear fusion of a deuterium-tritium 
mixture with the formation of helium occurs in Tokomak installations, with the 
release of high energy. Maintaining this reaction in the toroidal chamber is carried 
out by a powerful alternating magnetic field generated by the network of coils. 
The thermonuclear fusion reaction is carried out in the plasma inside the cham-
ber, heated to a temperature of over 100 million degrees. Huge mechanical and 
thermal forces arise in electromagnetic coils with a superconductor at cryogenic 
temperatures. These forces generate high stresses and strains in Tokamak structures 
(Figure 3).

Drawing on research into all types of reactors [4–10] on the basis of the above devel-
opments of experimental thermonuclear installations, in 1995 an international work 
(USA, USSR-Russia, Japan, India, France, South Korea and others) began on the devel-
opment [3, 11, 12] of the world’s largest international demonstration thermonuclear 
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Figure 3. 
Tokamak Т-7.

Figure 2. 
Angara-5.
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reactor, or ITER (Figure 4) with a chamber volume of 830 m3 and a plasma tempera-
ture of 100–500 million 0С (Figure 4), to be completed by 2025 (Figure 5).

2. Analysis of special operating conditions and limit states

Experimental thermonuclear reactors of the tokamak type are fundamentally 
different from the nuclear power plants (NPPs) using tested thermal and fast 
neutron [4] technology that is currently in operation. These specific features of the 
experimental reactors include:

• a wide range of low operating temperatures, t, from room temperature of t = + 200С 
to cryogenic temperature of −2690С (liquid helium temperature) in superconduct-
ing systems of electromagnetic coils for the creation of magnetic fields;

Figure 4. 
International thermonuclear experimental reactor ITER (ITER).

Figure 5. 
Schematic diagram of the international thermonuclear experimental reactor ITER.



Nuclear Materials

74

• high temperatures (up to +800÷10000С) on the working walls of the chamber 
and ultra-high temperatures (up to +1000000000С) in the plasma;

• ultra-high magnetic fields M for holding and controlling plasma from 3 to 20 
Tesla (T);

• controlled electromagnetic fields of unstable duration τ, with a frequency of 
change f of up to 1000 Hz;

• extremely high mechanical QM(τ), thermal Qt(τ) and Qem(τ), electromagnetic 
forces Qem(τ) reaching 100 ÷ 1000 MN;

• ultra-high density, i,of the electric current in the coil superconductors;

• widely varying mechanical and physical properties (coefficient of thermal 
expansion α), elasticity modules E, yield stress σy, and ultimate strength σu 
of the conjugated structural composite materials (superconducting wires, 
conductors, coils, support structures, multilayer chamber walls);

The design features and loading conditions, listed by the parameters: τ, QM, Qt, 
Qem(τ) t, E, σy, σu uσ , α are combined with standard and emergency situations (for 
example, loss of superconductivity and contact of plasma with the chamber wall).

When justifying the strength of load-bearing structures, the two most impor-
tant tasks are:

• to determine the stress-strain states in hazardous areas during normal and 
emergency situations;

• to determine the limit states resulting in high levels of plastic deformation and 
fracture.

The limit states in the load-bearing structures of the tokamak will be related to:

• the achievement of critical fracture stresses σc and strains ec under extreme 
loads Qmax(τ);

• the achievement of maximum permissible strains, ek, in superconductors at the 
stage of loss of superconductivity when the reactor is cooled down to criti-
cal helium temperatures and when the maximum electric current Imax with a 
density imax is introduced into the superconducting coils;

• the occurrence of critical damage as a result of exposure to a combination of 
variable mechanical Qm(τ), electromagnetic Qem(τ), thermal Qt(τ) and contact 
Qk(τ) forces.

The above are the basic parameters for determining the local stresses, σ, the 
strains e, strength and service life of a thermonuclear installation [6].

 { } ( ){ }, , , , , , e F Q E t Sσ τ µ τ=  (1)

 max ,y u

y un n
σ σ

σ
  ≤  
  

 (2)
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where Fσ is functional, S is the characteristic of the dangerous section, σmax is 
the maximum stress at the critical point of the dangerous section, ny, nu are safety 
factors for yield stress and ultimate strength, τс, Nс is the critical time until fracture 
(service life) and nτ, nN safety factors for service life.

For thermonuclear installations ny < nu < nτ ≈ nN.
The creation of energy-efficient and safe thermonuclear tokamak installations 

is largely dependent on the successful solution of the problems of deformation and 
fracture mechanics.

A characteristic feature of large tokamaks as mechanical systems is the presence 
of significant ponderomotive loads ( )emQ τ , which act in combination with the 
special operating conditions in the main systems of the installation - the electro-
magnetic system (EMS) for plasma confinement and the discharge chamber.

The electromagnetic systems used in tokamaks give rise to high and ultrahigh 
forces Q(τ), which results in high mechanical stress on the structural elements. 
Moreover, in superconducting EMS, structural, current-carrying and insulating 
materials operate at cryogenic temperatures (down to 4.2 K), which affect the 
physical and mechanical properties of these materials. The discharge chambers of 
tokamaks are exposed to complex mechanical, thermal, and radiation loads.

One specific feature of tokamaks is that they operate in an alternating pro-
grammed stable and unstable mode, and so their power elements are subject to 
cyclic loads. The calculation and design of such elements needs to be carried out 
based on their actual operational characteristics, using an apparatus with static, 
dynamic and cyclic strength and taking into account plastic deformation of the 
materials.

The program of research into controlled thermonuclear fusion technology 
provides for an increase in the size and intensity of magnetic fields and more 
complex operating conditions of tokamak coils. Moreover, the standards in relation 
to the durability, rigidity, and reliability of load-bearing elements are also increas-
ing, which will ensure that the required physical parameters are complied with in 
respect of the facilities. There is therefore a pressing need to consolidate the exper-
tise in solving problems related to mechanics, durability, service life and safety 
issues which has been accumulated during the development of the tokamaks used in 
the largest thermonuclear installations. In Russia, these were the T-15 tokamak and 
the Strong Field Tokamak (SFT) installations.

3. Experimental study of stress-strain states

Computational and experimental studies of the deformation fields of a structure 
make it possible to determine the relationship between the levels of stress-strain fields 
in hazardous zones of the structure which are inaccessible for direct experimental 
research, and in areas which are accessible for the purpose of continuous observation. 
The determination of these functional dependencies forms the experimental and 
theoretical basis for monitoring the operational performance of the installations.

The main stages of research into the stresses to which the critical elements of 
power installations are exposed include:

• an analysis of the initial data on -magnetic fields, ponderomotive loads and 
boundary conditions which is necessary for research using models, full-scale 
elements and mathematical calculations;
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• the development of algorithms and programs to perform mathematical  
calculations and process of experimental results;

• the theoretical optimization of the design parameters;

• the development of methods and instruments to measure deformations in 
cryogenic conditions and strong magnetic fields;

• the development of systems for full-scale measurement of strain at the main 
nodes of the installations;

• testing of materials to determine basic design characteristics;

• research on various types of model - photo-elastic, low-modulus, and models 
using strain-sensitive coatings;

• full-scale inspection of the main components of installations in operational 
conditions and near-operational conditions, for strain measurement purposes;

• analysis of the results in order to assess strength and service life of the 
structure.

Below are some of the main results of the research on the T-15 installations.
The T-15 installation is designed to create and study plasma with parameters that 

are close to the thermonuclear level and are sufficient for a reliable transition to the 
plasma state. One of the main technical features of the T-15 installation is the use of 
superconducting toroidal field coil (STFC).

Each coil unit contains coils of a superconducting current-carrying components, 
enclosed in a rigid steel case. The coil is a transversally isotropic ring made of a 
complex composite material consisting of a niobium-tin superconductor in a copper 
matrix, insulating materials and channels for a coolant (helium).

The T-15 unit contains 24 STFC units located around the central support cylin-
der along the torus-shaped vacuum chamber. A structural diagram of the SCTF unit 
is shown in Figure 6.

It has been established that as a result of the interaction of the STFC currents 
with the toroidal and poloidal magnetic fields in the STFC units, two types of 
volumetric ponderomotive loads arise:

• toroidal static forces acting in the plane of the STFC unit. The resultant force 
of this load is directed towards the center of the installation;

• poloidal impulse forces acting on the coil perpendicular to the its plane. These 
lateral forces create a tilting moment relative to horizontal diameter of the 
coil.

For the purposes of the operation of the T-15 unit, provision is made for nominal 
and forced modes with and without disruption by plasma current. The values of the 
loads acting on one unit are shown in Table 1.

The maximum strain of a superconductor in any mode may not exceed 0.2%, 
since the current-carrying capacity of superconducting systems (SCS) drops 
sharply at strains of more than 0.5%.

Due to the symmetry of structure and loads, all STFC units are subject to 
the same conditions. Therefore the calculation and experimental study of their 
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stress-strain state (SSS) is carried out taking into account the corresponding sym-
metry and support cylinder conditions.

To study the effects ( )Q τ  of stresses ( )σ τ and strains ( )e τ  associated with the 
action of magnetic and thermal fields, foil strain gauges with sensitive elements 
made of constantan and wire (wire diameter 30 μm) and high-temperature tensore-
sistors made of a nickel-molybdenum and iron-chromoaluminum alloy were used. 
The tensoresistors were installed on samples consisting of three materials, simulat-
ing the main structural materials of the tokamak: stainless steel, copper alloy and a 
composite material. As a result of the first series of experiments, it was found that 
in magnetic fields of 1–3 T the response of the output signals from the strain gauges 
was 20x10–6, with standard deviations of about S = 1.5 × 10–6,.

To develop tensoresistors with optimal characteristics at cryogenic tempera-
tures, nickel-molybdenum tensoresistor alloys with a low electrical resistance coef-
ficient in the temperature range of -269 to = 200С (4–300 K) were created. Under 

Т-15 operation 
mode

Central force, 
MN

Overturning moment,  
MN · m

Number of loading 
cycles

Nominal:
without disruption
with disruption

6.07
6.07

1.45
2.4

80,000
400

Forced:
without disruption
with disruption

12.4
12.4

2.17
3.6

20,000
100

Table 1. 
Loads acting on the unit.

Figure 6. 
Structural diagram of the STFC unit.
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appropriate heat treatment modes (Figure 7) these alloys have a high residual 
electrical resistance Kt at ultralow temperatures down to 0.5 × 10−6 K−1.

Figure 8 shows the layout of the primary converters and the results of the study 
of stresses during cool-down and the injection of current into the system consist-
ing of two experimental STFC units located side by side and not aligned. With 
the units arranged in this way, the interaction of their fields creates a load that 
approximately corresponds to the load on the units in the operating mode. It has 
been established by measurement that at a cooling rate of up to 3 K/h, the maxi-
mum stresses arise at temperatures up to 60 K and do not exceed the yield stress 
σy. With a further decrease in temperature, the level of the stresses decreases, and 

Figure 7. 
Temperature correlation between electrical resistance after quenching and various stabilizing annealing 
modes (1 - quenching, 2 - quenching and annealing for 30 minutes at a temperature of 470°C, 3 - annealing for 
2 hours, 4 - annealing for 5 hours).

Figure 8. 
Arrangement of tensoresistors on the strain gauge model of the case of the STFC unit in the T-15 installation 
(the figures refer to the - numbers of the tensoresistors located along the diameter, across and at an angle of 45°).
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the temperature field becomes more uniform. The measurement of displacements 
of the SCS relative to the body during the initiation of the current revealed shifts 
of up to 15 mm, which could lead to the delamination of the SCS from the walls of 
the body. On the basis of these measurements, measures were taken to increase the 
stiffness of the sealing of the coils in the body of the standard STFC units to ensure 
their operational fitness.

The results of the temperature t(τ) and stress measurements σ(τ) during cooling 
are shown in Figure 9. The layout of the resistance thermometers, RT, and tensore-
sistors, T, is shown under the curves.

The numbers of the curves correspond to the numbers of resistance thermom-
eters RT.

Measurement of the changes in stresses when current - from 0 to 15 kA - was 
introduced into the superconducting systems showed that in the support cylinder 
the stress reached 110 MPa, and 40 MPa when the discharge chamber was heated.

4. Calculations and physical modeling

The initial computational study of the stress-strain state of the STFC unit as a result 
of the action of toroidal forces in a complete setting provides a solution to the spatial 
problem. By using equivalent elasticity modules and taking into account the nature of 
the load, this problem can restated more simply, in two dimensions. The nature of the 
SSS in radial sections of the STFC, which are remote from the support column, can be 
investigated in an axisymmetric setting. The SCS coil housed in the steel power case of 
the STFC is anisotropic in the circumferential and radial directions. These problems 
can be solved using the finite element method.

At the initial design stage, calculations were carried out in order to select the 
best design option. Then, for the selected design option, a study of the stress-strain 
state of the STFC unit was carried out in relation to the refined design schemes 
using the finite element method and physical modeling, which allows specific 
features of the design to be taken more fully into account.

The influence of the following factors was studied:

• the bending stiffness of the support cylinder;

• the radial technological gap between the STFC units and the support cylinder;

Figure 9. 
Temperature and stresses in the housing of the STFC unit during cool-down.
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• the volumetric nature of the application of loads and the force interaction 
between the case and the SCS coil;

• the anisotropy of the coil properties.

The superconducting toroidal field coil (STFC) has a strong anisotropy in 
respect of its mechanical and thermophysical properties. On the planes adjacent to 
the strips separating the half-shells, contact friction arises during each pulse, which 
in cryogenic conditions is undesirable from the point of view of heat release and 
insulation integrity. The ponderomotive forces which compressing the STFC in the 
radial direction and stretching it in the circumferential direction during each pulse 
cause gaps to appear between it and the body bandaging it. The significant lack of 
uniformity in the mechanical and thermophysical properties of the SCS causes a 
significant lack of uniformity in the stresses to which it is subject, which can lead 
to appearance of plastic deformations and accumulation of residual stresses in 
the SCS.

The modeling of strains and stresses in the SCS was carried out using polariza-
tion and optical methods.

The calculations of the SSS of the STFC unit, taking into account all the above 
factors, are shown in Figure 10.

In order to ensure that the electrical insulation is reliable, the contact interaction 
at the node where the support column is connected with a pin to the metal-polymer 
coils of the STFC (see Figure 6) needs to be calculated and assessed. The stress state 
of the node is almost flat and skew-symmetric. The initial contact takes place near 
the corner point (Figure 11a). At this point of contact, the stresses are very high, 
which may lead to destruction of the polymer coating. The simplest stress-limiting 
change in a contact surface is the - rounding of a sharp edge. However, the stress 
distribution remains significantly uneven (Figure 11c), with a sharp increase in 
stresses near the rounded edge at point A. Analysis of similar options for the contact 
interaction between a rigid punch and an elastic layer shows that a more favorable 
pressure distribution takes place when the punch is convex in shape, in which case 
the curve on the diagram is close to parabolic, with zero pressures at the boundary 
of the contact area (Figure 11c).

The determination of the SSS of the STFC unit resulting from the action of 
poloidal forces, Q ,- is a complex spatial problem involving the mechanics of a 

Figure 10. 
Circumferential stresses in the unit body when it is supported by the column along the AB line; solid lines (-) − 
values reached by experiment; dotted lines (--) − calculated values.
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deformable solid body. This task was solved using a pivotal approach. To determine 
the SSS, the rod theory is used: this theory takes into account the potential energy 
of bending, torsion and antiplane shear deformations. A rod is viewed as an elastic 

Figure 11. 
Distributions of contact pressures on a metal-polymer pin with various hole shapes and a split support column 
with a sharp (a) and rounded (b) edge and (c) with a displacement of the point of initial contact A.

Figure 12. 
Distributions of bending and torque moments and shearing forces arising in the forced mode when the plasma 
current is disrupted.
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curve with bending, torsional and shear stiffness. Since the stiffness of an SCS coil 
with such indicated deformations is low, compared to the stiffness of the unit body, 
the former can be ignored, thus increasing the design safety margin. The calculation 
is performed using the force method. The calculation results for the forced mode, in 
the form of distributions of bending and torque moments and shearing forces, with 
a disruption of the plasma current when these loads are at a maximum, are shown in 
Figure 12.

5. Design analysis of local stresses in composite structures of the reactor

The intra-chamber components of thermonuclear reactors, including ITER 
[3, 6, 11, 12], are subject to high stress levels, and are the most critical elements 
as they are in direct contact with the plasma. Taking into account p. 2, they are 
designed to withstand cyclic loads resulting from intense heat flows and volume 
forces, thermal shocks and dynamic effects during plasma disruptions and abrupt 
displacements of magnetic axes. The operating conditions to which the materials 
used are subjected are complicated by exposure to radiation.

When designing intra-chamber components, it is very difficult to find a struc-
tural material that is sufficiently resistant to all the above factors simultaneously 
and can provide the structure with the required operability and service life. The 
intra-chamber components were therefore constructed using layers of materials 
with different qualities: beryllium, copper, stainless and austenitic steel.

In view of the high stresses to which the individual layers whose surface is 
directly in contact with the plasma, are exposed, and their increased brittleness, it 
is of great importance to apply fracture mechanics methods in order to confirm and 
ensure their integrity.

The main load factor to which the multilayer elements of the first wall are 
exposed is the effect of plasma in the form of cyclically repeating high power heat 
flows and changing electromagnetic loads during plasma disruptions. Design 
strength analysis needs to be conducted in respect of such elements, taking into 
account possible changes in their properties during heating and increased brittle-
ness due to radiation [4–8, 11, 13].

In addition to thermal loads caused by varying temperature fields, areas adjacent 
to the boundaries of the composite layers experience additional loads due to the dif-
ference in the thermal expansion coefficients of the dissimilar materials. Moreover, 
residual stresses caused by the manufacturing process are localized in this area. Due 
to differences in the materials’ physical and mechanical properties, these residual 
stresses are not relieved during subsequent operational heating.

In effect, the boundary between the layers can be considered as another mate-
rial, with own initial level of damage and defects, and a specific fracture resistance. 
For example, one of the problems with obtaining efficient Be/Cu compounds was 
that combining beryllium with almost any other material results in the formation of 
brittle intermetallic phases [5, 14, 15].

The operating conditions to which the dissimilar materials used for the structure 
are subjected are complicated by exposure to radiation, which increases the likeli-
hood of fracture due to brittleness. The fracture resistances of the materials used 
(beryllium, copper and stainless steel), taking into account increased brittleness 
due to radiation, are set out in the report [16].

To maintain the proper operational condition of the multilayer element which 
is in contact with the plasma, it is necessary to ensure both the integrity of the 
reinforcing material (beryllium) and the proper operational condition of the 
beryllium-copper joint. Possible damage (failure) scenarios during operation 
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include the initiation of a brittle fracture in the beryllium layer, and delamination at 
the beryllium-copper boundary.

For the purpose of assessing the damage resistance of a heterogeneous structure, 
it can be divided into three separate zones: areas remote from the boundary between 
layers of dissimilar materials; areas near the boundary; and the boundary itself.

To assess the fracture resistance of layers remote from the boundary, fracture 
mechanics appropriate to a homogeneous material can be applied. The appli-
cable theoretical and practical foundations applicable to this case have been 
developed [17, 18].

To analyze the resistance to brittle fracture of the materials in the layers located 
near the boundaries, the methodology appropriate for a homogeneous material 
is applied, but the corresponding analytical formulae for calculating the criterion 
parameters need to be adjusted [19]. This applies to the boundary zone where 
dissimilar materials are joined together, which is, at present, the area in respect of 
which least research has been done.

The main factors to be considered are as follows.

• The boundary between dissimilar materials forming a junction are sources 
of stress and strain singularities. This applies both to cracks occurring at the 
boundaries between dissimilar materials (delamination cracks), and to the 
points where the boundaries between materials exit to a free surface.

• In order to calculate the stress-strain state (SSS) in such singular zones using 
modern mathematical methods, special finite elements need to be developed 
whose shape functions allow the features of the SSS in the zones of crack 
tips or corner points, as well as in their immediate vicinity, to be taken into 
account [20, 21].

• The materials used in multilayer elements do not have levels of fracture 
resistance: rates: copper is prone to radiation embrittlement and beryllium 
is a fragile material. The durability and fracture resistance characteristics 
of laminated structures largely depend on the technology used in their 
manufacture.

In view of the above, in accordance with currently accepted design practice the 
calculation of the durability of multilayer elements in reactors needs to be carried 
out in two stages.

1. The first stage is the assessment of strength of multilayer elements without 
taking into account the singular zones and possible fractures, which can be per-
formed on the basis of classic criterion-based approaches, taking into account 
the known characteristics of the materials used in a multilayer composition. 
In doing this, modern methods of mathematical modeling need to be used to 
analyze the SSS under power and temperature loads.

2. The second stage is the calculation of structural elements using fracture 
 mechanics methods, taking into account the special characteristics of the 
SSS in singular zones (strains) and postulated crack-like defects, in order to 
assess safety coefficients while taking brittle fracture into account.

In the case (Figure 13) of a homogeneous plate with a fracture l under nominal 
loads σ [5–8, 17–20, 22] the distribution of local stresses σr at a distance r from the 
crack tip is described by a singular equation:
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where KI is stress intensity factor of at the crack tip ( IK lπ= ), fк is a dimen-
sionless function, which depends on the dimensions of the plate and crack, and λ is 
the singularity index (γ = −0.5).

In accordance with the strength conditions (1) and (2) for a plate without a 
fracture (l = 0) and where a fracture is present as shown in Figure 12, the fracture 
resistance condition is written in the form

 Ic
I

KK
nκ

≤  (5)

where KIс is the critical stress intensity factor and nк is safety factor for fracture 
resistance (nк ≤ nu).

During the analysis of the design features of the multilayer elements of the first 
wall of the thermonuclear reactor [14, 23, 24] several main types of singularity 
sources were identified (Figure 14):

• singularities resulting from including in the calculation postulated defects 
(fractures) located in a homogeneous layer of a multilayer composition 
(Figure 14a);

• a delamination fracture located at the boundary between dissimilar materials 
(Figure 14b);

• a fracture adjacent to the joint boundary (Figure 14c);

• joints of dissimilar materials: beryllium-bronze 90° -90° and 90°-180°  
(Figure 14d, e).

In a situation as per scheme 14а, in which a fracture (discontinuity) is com-
pletely located in one of the homogeneous materials of a multilayer element, 

Figure 13. 
Calculation method for analyzing the distribution of stresses σr in the crack zone in conditions of plate tension.
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the procedures for calculating the SSS and durability are well developed ([17, 18, 22]). 
The level of stress singularity indicator in this case is λ = − 0.5.

For delamination fractures (Figure 14b), subject to loads by the mechanisms of 
normal separation and transverse shear, the characteristic Eq. (4), corresponding 
to the solution of the characteristic equation that determines the degree of stress 
singularity - λ has a complex root [17, 19, 25].

 1 2 1

2 1 2

11 / 2 ; ln
2

µ µ κ
λ β β

π µ µ κ
 +

= − ± =  + 
 (6)

where μ is the shear modulus of the materials, κ = 3-4 ν (for plane deformation), 
ν is Poisson’s ratio and the indices 1 and 2 indicate whether the material is the 1st or 
2nd in the compound of dissimilar materials.

• deffects (cracks), located in homogeneous material (Figure 14a);

• delamination crack, located at the boundary of heterogeneous materials 
(Figure 14b);

• crack, abutting on the boundary of a joint (Figure 14c);

• joints of heterogeneous materials Beryllium- Copper 900–900 и 900–1800 
(Figure 14c, d).

From (4)–(6) it follows that the asymptotic distribution of stresses at the 
fracture tip at r → 0, β ≠ 0 is singular, with a different λ singularity. In a bulk 
(three-component) stress state, three models of fracture mechanics (I, II, III) are 
introduced into the calculation [18–20], and then, based on (4)

Figure 14. 
Basic types of sources of stress singularities in multi-layer elements of the first wall of reactor. (a) defects 
(cracks), located in homogeneous material; (b) delamination crack, located at the boundary of heterogeneous 
materials; (c) crack, abutting on the boundary of a joint; (d) joints of heterogeneous materials Beryllium- 
Copper 900–900; (e) joints of heterogeneous materials Beryllium- Copper 900–1800.
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The proposed approach to assessing strength of adapters will require additional 
study of residual technological stresses, which, due to the difference between the 
physical and mechanical properties of adapter materials, always reach significant 
magnitudes.

6. Strength and durability analysis

Measurement of the changes in stresses Δσ when electric current - from 0 to 15 
kA - was introduced into the superconducting systems showed that in the support 
cylinder the stress reached 110 MPa, and 40 MPa when the discharge chamber 
was heated. During the experimental testing and operation, the elements of the 
discharge chambers of tokamaks are exposed to mechanical Qm(τ), temperature 
Qt(τ) and electromechanical Qem(τ) loads, some of which cause the presence of 
repeated elastoplastic deformations in the areas of stress concentration. As a result, 
it was necessary to study and substantiate the static and cyclic strength, for which 
a series of experimental studies was carried out involving the single-frequency 
and dual-frequency loading of austenitic chromium-nickel stainless steel at a wide 
temperature range t from −196°C up to 400°С. The resulting characteristics of the 
material’s resistance to static and cyclic deformation and destruction are an integral 
part of the general design justification in relation to the strength and durability of 
the N elements of the discharge chamber.

The calculations and tests were carried out in relation to the tokamak installation 
in the presence of a strong magnetic field, the purpose of which was to conduct 
a physical experiment to study the behavior of plasma under conditions close to 
those of thermonuclear ignition at minimal technical and economic costs. The use 
of strong magnetic fields to confine plasma makes it possible to significantly reduce 
the size of the electromagnetic system of the tokamak and the amount of energy 
stored in it, and the use of combined adiabatic compression - significantly increases 
the potential of the experiment. However, in order to increase the magnetic field, a 
number of complex engineering problems need to be solved.

Structurally, the SFT consists of a discharge chamber in the form of a closed 
torus of noncircular cross-section, along which 32 sections of the toroidal field coil 
(TFC) are located. The poloidal field coils (PFC) are located outside the TFC. A 
structural diagram of the electromagnetic system (EMS) is shown in Figure 15.

The interaction of TFC currents with toroidal and poloidal fields leads (by 
analogy with Figure 12) to the occurrence of significant ponderomotive forces 
acting in the TFC plane and overturning moments tending to rotate the TFC 
section planes around their horizontal axes. The total vertical force, Q , disrupting 
the TFC, is equal to 128 MN, the resulting centripetal force is 108 MN, and the 
magnitude of torque relative to the vertical axis of the installation is 30 MN·m. In 
addition to the forces caused by the interaction of magnetic fields and currents, 
significant forces arise in the TFC, which are a consequence of heating of the 
conductor.

Ensuring strength of the TFC under the influence of these forces is one of the 
most difficult tasks involved in developing an EMF. Each section of the TFC is made 
in the form of a single-turn conductor (bus) made of zirconium bronze, placed in 
a band made of high-strength non-magnetic steel. The TFC sections are intercon-
nected in such a way that, as a result, a closed thick-walled toroidal shell is formed. 
This structure is capable of handling both azimuthal and centripetal loads.
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It has been established by analysis that it is not possible to solve the problem 
of ensuring EMS strength by means of traditional safety factors and acceptable 
stresses. The development of the structure was therefore carried on the basis of 
the maximum strength characteristics of the material. This approach is acceptable, 
since the unit is designed for a limited number of impulses.

The selection of the structure of the section, bandage and other load-bearing 
elements was made by considering the stress-strain state of a number of design 
options, taking into account the elastoplastic behavior of materials under the action 
of ponderomotive forces and thermal stresses. The problem of studying the stress-
strain state of a structure while a conductor is undergoing elastoplastic deformation 
can be solved using the finite element method, by applying the theory of plastic 
flow. Analysis of the stress state has shown that the effect of overturning moments 
on maximum stresses and strains is insignificant. Figure 16 shows the distribution 
of maximum stresses in the TFC unit resulting from the action of ponderomotive 
forces on the coil in the unit plane, taking into account the heating of the conductor. 
An assessment of the service life of the EMS has shown that it is able to withstand a 
given number (1000) of full-scale operating cycles.

The determination of pulse loads on the inner surface of the magnet coil based 
on the measurements of stresses arising from such loads in individual zones of the 
structure is an inverse problem of experimental mechanics.

The resolving equation connecting the stresses determined from measurements 
in a certain zone (Figure 17a) with the required load vector on a part of the surface 
is expressed in the form of a system of Fredholm integral equations of the first kind. 
It is pointless to attempt to resolve this system - this would be an incorrectly posed 
problem, −as small perturbations of the initial data can result in arbitrarily large 
perturbations of the solution. A regularizing algorithm is therefore chosen. The 

Figure 15. 
Structural diagram of the SFT electromagnetic system. 1 - bandage; 2 - bus; 3 - poloidal field coil.
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restoration of the magnetic pressure in the model was carried out using measure-
ments of strains which were made in a narrow section of the bandage. The measure-
ments of the strains were used to determine the axial stresses in the connector of the 
toroidal chamber subject to the force of a magnetic field. Figure 17a illustrates the 
axial stresses in the section of the bandage: «these define the error margin (curves 
1–3) and are constructed on the basis of experimental data. The corresponding 
distribution of the magnetic field pressure on the inner contour of the bus is shown 
in Figure 17b, curves 1–3. These results are characterized by a satisfactory level 
of reconstruction and are consistent with the a priori ideas on the distribution of 
magnetic pressure.

It is proposed that zirconium bronze be used for the current-carrying elements 
that are subject to cyclic heating during the operation of the installation. In order to 

Figure 16. 
Isolines of equivalent stresses acting in the bandage (1) and the bus (2). The asterisks mark the points of local 
maxima.

Figure 17. 
The principle stresses in a narrow section of the TFC bandage (a) and the pressure distribution on the wall of 
the toroidal chamber (b) S - measurement area; L - load area.
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determine its performance, its resistance to low-cycle deformation and fracture at 
elevated temperatures was studied.

The calculated low-cycle fatigue curves for zirconium bronze under rigid 
isothermal cyclic loading are shown in Figure 18, in which curve 3 represents the 
normative equation and characterizes the lower, conservative limit for low-cycle 
durability, with safety factors for strains ne = 2 and for durability nN = 10 [9, 10].

As part of the commissioning work on the creation of SFT, significant emphasis 
is given to experimental studies of the stress-strain state of the elements of the 
installation. One specific feature affecting the measurement of strain in the SFT 
unit is the presence of pulsed magnetic fields of up to 20 T, together with a change 
in the temperature of the current-carrying elements of up to 250°C and a high level 
of measured strains (up to 1.2%).

In connection with the impulsive growth of strains and the possibility of 
the transition of the elements of the wedge part of the bandage and the bus to a 
plastic state (see Figures 15 and 16), it seems possible to use the brittle strain-
sensitive coatings method for the purpose of studying the stress fields. Estimates 
of mechanical stresses in the steel bandage of the model were carried out using the 
brittle strain-sensitive coatings method at magnetic fields reaching 14 T, with a 
yield point - of about 12 T.

The analysis and modeling of deformation processes of the elements of a 
thermonuclear installation in operating mode showed that fretting fatigue arises on 
the contact surface between the bandage and the bus as a result of the difference in 
displacements and the presence of contact interactions. This requires special study, 
since according to [7, 8] it has a significant impact on the installation’s integral 
strength and service life parameters.

As noted above, the characteristics of the mechanical properties of bronze were 
determined by experiment, using specimens from supplied semi-circular forgings 
with an average radius of 270 mm and a cross-section of 110 × 140 mm. In order to 
carry out cyclic tests under conditions that simulate the operation of the busses in 
contact with the bandage at room temperature, a special loading device was developed 
that creates a transverse load on the specimen.

When quantifying parameters through the characteristics of the mechanical 
properties of the studied zirconium bronzes which are included in the Eqs. (1)–(3), 
this equation takes the form [2–4, 9].

Figure 18. 
Calculated low-cycle fatigue curves and experimental data for zirconium bronze at temperatures of 200  
and 245°С.
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where ек is the fracture strain under a monotonic loading, mp = 0.65, me = 0.06 
are the characteristics of the material.
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where ψc is the relative narrowing of the specimen in the neck, ψc = 0.7÷0.75.
Tear fracture resistance at the specimen neck

 ( )1 1,4 ,c u cS σ ψ= +  (10)

where σu is the ultimate strength (σu = 310–330 MPa),
Е is the elasticity modulus (Е = (1.3 ÷ 1.5) ⋅ 105 MPa.
From the data obtained from service life assessments, taking into account the 

fretting effect, the amplitude of the fracture strains еа in the Eq. (8) needs to be 
reduced by the reduction factor Kk. This factor reaches values of 2–2.25.

 /ak ae e Kκ=  (11)

which is comparable with the safety factor for durability ne = 2, applied in the 
norms for nuclear reactor calculations [9, 10].

7. Conclusions

A combination of various experimental and theoretical studies to determine the 
load exposure and strength of tokamak installations is an essential foundation for 
the design of thermonuclear installations, for both demonstration and industrial 
purposes, and underlies the system of calculations and experiments required in 
order to actively monitor the stress-strain and limiting states of all load-bearing 
elements, taking into account the entire range of effects resulting from design, tech-
nological and operational factors. The resulting calculations and experimental data 
on temperature, stress, strain and displacement fields need to be included as initial 
components in assessments of the strength, service life and survivability of the 
load-bearing structures of new thermonuclear installations. In general, the research 
results summarized above demonstrate the correctness of the adopted design solu-
tions, which - in the modes considered during the research - result in a relatively 
low level of local stresses in the load-bearing elements of the installations. This will 
contribute [1–3, 6, 23, 24, 26] to improvements in social and economic efficiency and 
overall safety during the transition from demonstration thermonuclear installations 
to industrial production, which is anticipated in the second half of the 21st century.
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Chapter 6

Nuclear Thermal Propulsion
Reactor Materials
Douglas Burns and Stephen Johnson

Abstract

Nuclear thermal propulsion (NTP) systems have been studied in both the USA
and the former Soviet Union since the 1950s for use in space science and exploration
missions. NTP uses nuclear fission to heat hydrogen to very high temperatures in a
short amount of time so that the hydrogen can provide thrust as it accelerates
through an engine nozzle. Benefits of NTP systems compared to conventional
chemical and solar electric powered propulsion systems include higher fuel effi-
ciency, greater mission range, shorter transit times, and a greater ability to abort
missions and return to Earth in the event of system failure. As a result of these
benefits, the US National Aeronautics and Space Administration (NASA) is evalu-
ating NTP for use in crewed missions to Mars, and plans for a possible mid-2020s
flight demonstration of a NTP engine are under development. The extremely harsh
conditions that NTP systems must operate in present a number of significant engine
design and operational challenges. The objective of this chapter will be to describe
the history of NTP material development, describe current NTP material fabrica-
tion and design practices, and discuss possible future advances in space propulsion
material technologies.

Keywords: space, nuclear power, nuclear fuel, high-temperature materials

1. Introduction

The dream of one day expanding humanity’s presence into the solar system will
require advanced propulsion systems that provide high levels of thrust and efficient
use of fuels. Thrust will be needed to leave Earth’s gravitation field and to establish
stable orbits when approaching other planets and returning home. Many of the
missions that will one day be of interest to human explorers will require travel to
locations that are far away from the sun, so dependence on solar power will not be
an option, and prepositioning enough chemical propellant to allow freedom of
movement and the ability to return to Earth will be too expensive.

A wide range of studies, including the National Aeronautics and Space Admin-
istration’s (NASA) recent Design Reference Architecture (DRA) 5.0 Study [1], have
shown that nuclear power can enable exploration of the solar system. Nuclear
thermal propulsion (NTP) and nuclear electric propulsion (NEP) are technologies
that can provide the necessary thrust and power densities to enter and leave gravity
wells of planets, moons, and large asteroids, and they do not need external sources
of power to generate propulsion. Heat produced through fission is all that is needed
to add energy to a propellant and produce thrust.
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Space nuclear reactors rely on nuclear fuels that include a range of fissionable
compounds. Uranium oxide (UO2), uranium nitride (UN), uranium carbide (UC
and UC2), and uranium oxycarbide (UCO) are ceramic materials that have been
studied by various space reactor technology development activities. Each of these
materials has advantages and disadvantages related to use in space reactors, but they
are all capable of achieving the extremely high temperatures that will be needed to
move humans and equipment from Earth to other parts of the solar system.

1.1 Fundamentals of rocket propulsion

The function of a rocket engine is to provide a force F
!
over a time t to a body of

mass m in order to change velocity v! of the body by an amount Δv�!
. The rocket

expends a mass Δm of fuel in order to complete a velocity change maneuver. The
force on the engine is produced by heating a propellant and expelling it through an
expansion nozzle at a velocity ve with respect to the engine. The force produced is
given by F ¼ dm

dt ve, where dm
dt is the propellant mass flow rate.

The efficiency of an engine is determined by the force produced by a unit ofmass
flow rate, which is frequently defined in terms of “specific impulse.” Specific impulse is
given by Isp ¼ ve

g , where g is the acceleration of gravity (note that Isp has units given by
velocity ÷ acceleration ¼ seconds). During amaneuver, the initial mass of the enginemo

changes to a final value ofm in order to produce a change in velocity Δv�!
, so that themass

ratio m
mo

is ameasure ofmaneuver efficiency. In free space, with no other forces acting on
the engine, conservation ofmomentum leads to the “rocket equation” given by:

m
m0
¼ e�

Δv
ve ¼ e�

Δv
gIsp (1)

This equation illustrates how Isp is tied to engine efficiency.
Another important aspect of rocket engine operations is that propellant exhaust

velocity ve is given by:

ve2 ¼
k R
MTc 1� pe

pc

� � k�1
kð Þ� �

k� 1ð Þ (2)

where k is a constant given by the ratio of propellant liquid and vapor phase
specific heats, R is the universal gas constant, M is the propellant molecular weight,
Tc is the combustion chamber temperature, pe is the nozzle exit pressure; and pc is
the combustion chamber pressure.

As a result, ve2 ∝  Tc
M, and therefore Isp ∝ 

ffiffiffiffi
Tc
M

q
, so that engine efficiency increases

in systems that produce high temperatures and use low molecular weight propel-
lants. In chemical rockets, the highest available Isp is produced by burning H2 and
O2 to produce H2O with a molecular weight of approximately 18 g/mol. Nuclear
rockets, on the other hand, use H2 as a propellant, so they produce specific impulses

that are approximately
ffiffiffiffi
18
2

q
¼ 3 times higher than the impulses produced by chem-

ical rockets, for a given chamber temperature. Figure 1 shows a comparison of
theoretical specific impulses and mass ratios (i.e., ratio of take-off mass to final
mass for Earth escape) for various propulsion systems [2].
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Nuclear thermal propulsion systems can use a range of fluids for thrust and
reactor cooling. Examples include hydrogen, ammonia, methane, octane, carbon
dioxide, water, and nitrogen [3]. Specific impulse is lower for higher molecular
weight fluids, but the heavier fluids require less storage capacity, and they could be
mined, or synthesized, on interplanetary trips.

Nuclear engine design requires iterative consideration of reactor neutronic ther-
mal hydraulic and structural characteristics combined with engine system-level
performance analysis [4]. Effective design and analysis sequences involve
establishing a preliminary core design that meets the fundamental neutronic per-
formance requirements of start-up criticality and reactor control. Fuel element
designs using fixed fuel compositions and uranium enrichments are developed early
in the design process, and then the preliminary design is used to determine neutron
and gamma energy deposition characteristics that feed an integrated thermal
hydraulic/structural analysis of the core’s internal components. Once acceptable
neutronic and thermal/structural performance is achieved, overall engine perfor-
mance is evaluated to determine how well the design satisfies mission requirements.
The analysis sequence is then revised as necessary to optimize engine performance
characteristics to support specific mission profiles.

Engine performance can be improved by various methods of controlling propel-
lant flow through the reactor core and varying fuel compositions. For example,
enrichment zoning within the fuel elements, with lower enrichments in high-power
regions of the core, can be effective at flattening reactor power profiles and pro-
ducing more uniform propellant exit temperatures. The cost of these design com-
plications is often slightly reduced core reactivity that can have an impact on engine
performance (i.e., specific impulse), but compensation for the reactivity loss is

Figure 1.
Comparison of rocket propulsion system characteristics.
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often possible through careful consideration of performance enhancements outside
of the reactor fuel (e.g., propellant orificing, reductions in reactor mass, and the use
of materials with low neutron absorption characteristics).

A wide variety of fast spectrum and thermal spectrum reactor designs have been
developed for use in space propulsion systems. Fast spectrum reactors rely on high-
energy (i.e., “fast”) neutrons having average energies greater than 0.5 MeV to
produce heat using materials that can fission after fast neutron absorption, while
thermal spectrum reactors require the use of moderator materials to slow neutrons
down to lower energies that are more readily absorbed. Fast reactors require fuel
that is relatively rich in fissile material, while thermal reactors can operate with
low-enriched uranium fuels.

Both fast and thermal spectrum reactors are typically designed with reflectors
made from materials such as beryllium that prevent neutron leakage from the
reactor core without producing a significant amount of neutron absorption. In space
reactors, axial reflectors are often placed above and below the reactor core and
radial reflectors are often placed around the core to reflect neutrons that would
otherwise escape from the core back into the reactor’s fuel. Control drums that are
rotated to add enough reactivity to start up the reactor and make minor adjustments
to its power profile are typically placed inside the radial reflector. A material with a
high neutron absorption cross section (e.g., boron carbide, B4C) is placed on one
side of the control drums to remove neutrons while the reactor is shut down. The
drums are rotated to move the neutron absorption material farther away from the
core in order to start up the reactor.

Fuel depletion and fission product buildup during reactor operation are typically
areas of concern for reactor design, but space reactor operating times are typically
very short, so fuel burnup and fission product buildup are usually of little impor-
tance to NTP reactor designs.

2. Space reactor research and development programs

2.1 Rover/NERVA

Nuclear thermal propulsion systems were studied extensively during the 1950s
and 1960s, but they were considered to be too heavy and expensive for deploy-
ment. At the time, chemical rockets and solar power were more economical for
near-Earth operations that were the focus of the world’s space agencies. However,
recent interest in deep space exploration, and especially interest in sending astro-
nauts to Mars, has reinvigorated NTP research for several reasons. First, the longer
thrust duration than chemical rockets that can be produced with an NTP system
could cut the travel time to Mars by 20–25%. The reduced travel time is important
because it would reduce the amount of dose that astronauts would receive from
cosmic radiation during the voyage. Second, the higher thrust would extend the
available launch window for missions to Mars. Conventional chemical rocket
engines can only be used to reach Mars during a 30-day window that opens every
26 months due to the relative positions of the planets, while nuclear propulsion
systems can provide enough thrust to leave Earth’s orbit and reach Mars during
more points during the orbital profiles of the two planets. Finally, NTP systems
could extend the amount of time during which a mission to Mars could be aborted
and still allow astronauts to safely return to Earth. Chemical rocket fuel needed
for the return trip from Mars to Earth would likely need to be sent to Mars in
advance of a crewed mission, so astronauts would have to reach Mars in order to
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return to Earth after their initial supply of fuel is consumed, if chemical rockets
were used for the mission. An NTP system, on the other hand, would be able
to turn around and return to Earth before reaching Mars, if the mission had to
be aborted.

Several successful research and development programs focused on space reactor
fission power technologies have been established over the past 60 years. The
earliest, and most extensive of these efforts, were the Rover and Nuclear Engine for
Rocket Vehicle Application (NERVA) programs that were sponsored by the US
Atomic Energy Commission (AEC) between 1958 and 1971 [5]. A total of 13
research reactors and 6 nuclear engines were built and tested under the Rover/
NERVA programs at the AEC’s Nevada Test Site (NTS) Nuclear Rocket Develop-
ment Station (NRDS) and other facilities located across the country [6]. The Rover
reactor development and testing efforts were led by the Los Alamos Scientific
Laboratory (LASL), and the NERVA reactors were designed and built by Westing-
house Electric Corporation (Astronuclear) and Aerojet-General Corporation fol-
lowing a 1961 design competition. The Kiwi (1955–1964), Phoebus (1964–1969),
and Peewee (1969–1972) series of reactors were developed and tested under Rover
to demonstrate the basics of nuclear rocket technology and to study characteristics
of high-temperature nuclear fuels and long-life fuel elements. The NERVA NRX
and XE engines were also built between 1964 and 1969 and tested at NRDS to study
the complexities of nuclear engine start-up, full-power operation, and shutdown. A
list of the best performance parameters achieved during the Rover/NERVA pro-
grams is presented in Table 1 [7].

Early work in the Rover/NERVA program was performed with uranium carbide
(UC or UC2) and uranium dioxide (UO2) fuel particles embedded into graphite.
The effects of fission product interaction with the graphite matrix quickly led to
the use of pyrolytic graphite-coated UO2 particles in the Rover/NERVA fuel
designs. The pyrolytic carbon contained fission products produced during reactor
operations before the fission products could cause dislocations in the graphite
structural materials. The pyrolytic carbon layer also protected the UO2 particles
from oxidation during fabrication and handling of the fuel.

A major drawback associated with using graphite in space reactors is that
graphite converts to methane (CH4) under hydrogen exposure, and the conversion
causes the graphite to corrode. During the Rover/NERVA programs, the graphite
matrix used in the reactor fuel was protected from corrosion through application of
a high-temperature niobium carbide (NbC) coating. However, the use of the NbC
coating leads to issues associated with “mid-band corrosion,” which was higher
corrosion rates in the center third of the reactor fuel elements where power density

Parameter Reactor (test date) Peak performance achieved

Power PHOEBUS 2A (July 1968) 4100 MWt

Peak fuel temperature PEEWEE (November 1968) 2750 K

Specific impulse PEEWEE (November 1968) 848 s

Maximum restarts XE’ (June 1969) 28

Accumulated time at full power NF-1 (June–July 1972) 109 min

Continuous operation NRX-A6 (December 1967) 62 min

Table 1.
Maximum performance results achieved during the Rover/NERVA programs.
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was high. The corrosion was found to be caused by cracking of the NbC coatings
used in the fuel’s hydrogen coolant channels due to a mismatch between the thermal
expansion coefficient of the NbC coating and the thermal expansion coefficient of
the fuel matrix. The NbC coatings were eventually replaced with zirconium carbide
(ZrC) coatings because of zirconium carbide’s superior resistance to fission product
diffusion at high temperatures.

The search for solutions to the corrosion problem also led to the development
of {(U, Zr) C, graphite} composite fuel. The coefficient of thermal expansion for the
composite fuel was 6–6.5 μm/mK (versus 3 μm/mK for fuel made from UO2

dispersed in graphite), which matched the NbC coefficient of 7.1 μm/mK fairly
well [7].

Carbide material systems have several favorable features applicable to NTP
reactors including:

• Relatively small neutron absorption cross sections

• High melting points

• Thermal stability

• Low volatility

• High fuel densities

• High moderation ratios

• Low material densities (<10 g/cm3)

However, the complex fuel designs used in the early Rover/NERVA tests were
challenged by the mechanical loads, thermal stresses, and high radiation fields
found in NTP reactors. The intense operational conditions contributed to the for-
mation of stress fractures in the fuel coatings and surfaces and the cracking
encouraged increased hydrogen penetration into the fuel that produced fuel degra-
dation.

The Small Nuclear Rocket Engine (SNRE) was the last engine design studied by
Los Alamos National Laboratory (LANL) under the Rover/NERVA program. The
SNRE was a nominal 16,000 lbf thrust engine that was originally intended for short
run-time, unmanned missions, and the SNRE stage design was constrained to fit
within the payload volume of the planned space shuttle. The reactor’s core design
used hexagonal fuel elements and hexagonal structural support elements (i.e., tie
tubes), and the number of elements could be varied to support different thrust
requirements. Higher thrust designs for SNRE meet or exceed performance charac-
teristics identified in the DRA 5.0 study, so SNRE would be suitable for use in
human missions to Mars.

2.2 GE-710 high-temperature gas reactor research and development program

The GE-710 [8] high-temperature gas reactor (HTGR) and the Argonne
National Laboratory (ANL) nuclear rocket engine programs [9] focused on devel-
opment of ceramic-metal (cermet) fuels consisting of uranium ceramic material
(e.g., uranium dioxide [UO2] or uranium nitride [UN]) embedded in a refractory
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metal matrix (e.g., tungsten). To ensure good bonding between the kernels and the
matrix, the kernels were coated with a thin layer of the matrix metal (i.e., tungsten
[W] or molybdenum [Mo]). In addition, the coolant flow channels of the cermet
fuel were coated with either tungsten or niobium.

The GE-710 program ran from 1962 to 1968 with the objective of performing
reactor tests of a closed-loop system (i.e., an engine system that recycled engine
propellant) that used neon as a coolant, and an open-loop system (i.e., an engine
system that expelled the reactor coolant to produce thrust) that used hydrogen as
the reactor coolant. Final program goals focused on longer-term operation
(approximately 10,000 h) at fuel temperatures in the 2000–2250 K range. Major
achievements during the GE 710 program included down selection to either W-UO2

or Mo-UO2 cermet fuels, significant development of fabrication and brazing tech-
niques for cermet fuel elements, development of sintering methods for fabrication
of high-density fueled cermets, and initiation of in-pile testing. Molybdenum was
also investigated as a substitute for the tungsten matrix, but the lower strength of
Mo caused increased fuel swelling at high burnups due to fission gas buildup. The
loss of Mo due to vaporization at high temperatures during electron beam welding
and during thermal cycling was also undesirable.

The W-UO2 cermets tested under the GE-710 HTGR program were cold pressed
and sintered into segments of approximately 12.7 mm lengths. Tungsten powder
composed of 1–2 μm diameter particles with a uniform spherical shape was used in
the sintering process. These particles produced increased sintered densities (e.g.,
95% of theoretical density) compared to coarser particles with predominantly
angular or planar shapes. Microspheres are a desirable particle shape because they
have good heat transfer characteristics, they have consistent grain sizes, they are
non-abrading (and therefore dust free), they are free-flowing, and they can be
engineered to be either soft or hard. Conversely, powders with varying grain sizes
are undesirable because they tend to agglomerate, they can be abrasive, and they
have low reproducibility.

After sintering, the GE-710 fuel segments were machined into a hexagonal
shape. Coolant channels with 0.914 mm (0.036 in) diameters were drilled into the
segments, and then 0.203 mm (0.008 in) wall thickness coolant tubes were sealed
into place on one end of the segments by tungsten inert gas (TIG) welding.
A header was brazed to the other end prior to complete element assembly, and a
tantalum (Ta) spacer plate was used adjacent to the header to protect the fuel from
the braze material. The segments were placed into a 0.381 mm (0.015 in) wall
thickness cladding, and the fuel was bonded to the cladding using a high-
temperature, high-pressure autoclaving process. Autoclaving was typically carried
out at a pressure of 10.3 megapascals (MPa) (1494 pounds per square inch [psi])
and 1922 K for 1 h, although an alternate hot-gas pressure process was also used at
68.9 MPa (9993 psi) and 2022 K for 2–3 h.

Dissociation of UO2 into free uranium and hyperstoichiometric UO2 or oxygen
during the sintering process had a detrimental effect on fuel fabrication. Fuel
performance issues arose from UO2 dissociation because an increase in excess oxy-
gen within the fuel led to an increase in fuel swelling, and the excess oxygen could
react with the Wmatrix to formWO2 stringers in the matrix grain boundaries. Free
uranium was also detrimental to fuel dimensional stability and caused negative
reactions with the cladding materials that were used. There was little to no mobility
of free uranium below the fuel particle melting temperature range (1422–1644 K),
but uranium formed a two-phase mixture that produced fuel swelling above the
melting temperature range.
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Challenges associated with dissociation of UO2 were first addressed by the addi-
tion of thorium oxide (ThO2) as a stabilizing compound, but testing showed that
ThO2 only delayed free uranium migration. A more suitable solution to UO2 disso-
ciation was found to be the addition of substoichiometric UO2 combined with the
ThO2 stabilizer since substoichiometric UO2 retained a single phase as temperatures
increased. Dissociation and free uranium migration became an issue only during
thermal cycling, and oxygen to uranium ratios of 1.984–1.988 were found to have
the best performance during thermal cycling tests [10].

Differences in the coefficient of thermal expansion between the fuel, matrix,
and cladding also presented themselves during the development program. During
bonding of the cladding to the fuel, the cladding material expanded two times more
than the matrix material, resulting in compression at the interface when the fuel
was cooled. Alloying with 3 wt% rhenium (Re) in the tungsten matrix increased the
low-temperature ductility of the matrix.

The most promising clad materials used in the GE-710 program were elemental
tantalum, tantalum alloys (T-111 and tantalum-10 weight percent tungsten [Ta-
10W]), and a tungsten-30 weight percent rhenium-30 weight percent molybdenum
(W-30Re-30Mo) alloy. Tantalum was selected as the initial cladding material
because the material was readily available, and it had sufficient compatibility with
the W-UO2 cermet fuel. However, tantalum clad performance was limited by free
uranium that formed reaction voids in the cladding. The voids formed because
repeated cycling of the fuel allowed uranium metal to precipitate out of single-
phase UO2�x. The uranium migrated through the W matrix grain boundaries and
into the Ta cladding, and leak paths developed as the uranium metal re-oxidized to
form UO2. The T-111 cladding material was attractive because the alloy maintains a
fine-grained structure that limits uranium movement until grain growth occurs
above 1922 K. However, the alloy has a high oxygen permeability that results in
reaction void formation. The W-30Re-30Mo alloy used in the later stages of the GE-
710 program was found to have low oxygen permeability, low sensitivity to gas
impurity absorption, high strength, high melting point, and good ductility. Unfor-
tunately, high bond stresses caused by thermal expansion mismatch between the
W-30Re-30Mo clad and the fuel matrix occurred during thermal cycling. An anneal
heat treatment was used to overcome the bond stresses, but the treatment caused
re-precipitation of the sigma phase at grain boundaries which led to clad weakness.
Volatilization of Mo at high temperatures also increased sigma phase formation and
reduced clad strength.

Irradiation tests performed under the GE-710 program included tests of UO2 and
ThO2-stabilized UO2 fuel samples in the Idaho National Laboratory’s (INL) Engi-
neering Test Reactor (ETR). Matrix materials used in the samples included W, W-
Re, and Mo with Ta-10W, W-30Re-30Mo, and niobium (Nb) cladding. Approxi-
mately half of the samples evaluated in the ETR testing campaign developed fission
gas leakage. Further testing was performed in the Low-Intensity Test Reactor
(LITR) at the Oak Ridge National Laboratory (ORNL) using W and W-Re matrix
material with W-30Re-30Mo and W-25Re-3Mo cladding. The results of the test
were similar to the ETR results. However, a third series of tests in the Oak Ridge
Research (ORR) reactor with basically the same matrix-cladding combinations
showed significant improvements that were achieved by reducing the density of
UO2 in the fuel to provide void space for fission product gas accumulation.

Fuel failure modes observed during the GE-710 testing included [7]:

• Loss of oxygen from UO2 at high temperatures followed by the formation of
substoichiometric UO2, free uranium, and uranium penetration of the cladding
wall during thermal cycling.
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• Volume expansion, and eventual cracking of the W-UO2 fuel matrix, during
very high-temperature operation after significant thermal cycling.

• Void formation between the cermet fuel and the fuel cladding during
fabrication and early operation.

• Fission product damage/release after 4000–7500 h of operation at 1870–2270 K
in fuel specimens sintered to 95% or greater theoretical densities.

• Preferential vaporization of Mo and other lower melt point materials out of the
clad at temperatures above 2470 K. Molybdenum was found to be a poor
candidate for alloying because Mo vapor pressure becomes significant at
temperatures above 2470 K.

Physical mechanisms determined to have caused the failure mechanisms
included:

• Transparency of Ta and Ta alloy materials to oxygen at intermediate and high
temperatures.

• Volume expansion and cracking caused by incompatibility of coefficients of
thermal expansion between tungsten and UO2 in the fuel matrix. The
incompatibility caused fuel particles to pull apart from the tungsten matrix at
high temperatures and after multiple thermal cycles.

• Void formations caused by difficulties with achieving good seals between
metal alloy cladding, internal metal alloy coolant tubes, and the cermet fuel
material.

• Insufficient permeation of alloy-clad material into the cermet during
autoclaving, leaving weaknesses that developed into voids.

• Fission product damage to the cermet, and eventually the cladding material,
caused by accumulated buildup of pressure, lattice stresses, and dislocation
weaknesses under irradiation.

Sintering to lower theoretical densities of 84–90% created a significant
improvement in sample performance. An increase in burnup capability (i.e.,
fissions/cm3) by almost a factor of 10 was achieved by simply giving the fission
products additional room for expansion without exerting stresses in excess of the
tungsten matrix capability at elevated temperatures.

2.3 Argonne national laboratory nuclear rocket engine research and
development program

The ANL nuclear rocket program focused on developing two reference reactor
designs; the ANL200 and ANL2000 reactors were 200 MWt and 2000 MWt fast
spectrum thermal propulsion systems that were designed to produce 44.5 kN
(10,000 lbf) and 445 kN (100,000 lbf) of thrust.

Most of the ANL program’s work was focused on design and testing of the
ANL2000 system. The reactor consisted of an array of 163 hexagonal fuel elements
that were assembled into an approximately cylindrical core with a diameter of 66
cm (26 in). The fuel elements were made from a 93% enriched tungsten-urania
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cermet fuel that was clad with 0.76 mm (0.03 in) of a tungsten-rhenium (W-25Re)
alloy. The elements had a total length of 130 cm (51.56 in) and a fueled length of 87
cm (34.25 in). The core was supported from an Inconel Inco-718 grid plate that was
bolted to the reactor vessel at the cold end of the core, and a cylindrical beryllium-
oxide axial reflector containing 12 control drums was mounted at the inlet end of
the core. A preheater consisting of stainless steel-UO2 fuel elements at the inlet side
of the reactor was also included in the reactor design.

The ANL2000 development program’s performance goals were to reach a fuel
temperature of at least 2770 K in order to produce an Isp of 821–832 s, achieve 10
hours of operation with at least 25 thermal cycles, and limit fuel loss to less than 1%.
All of the program’s goals were achieved before the program was terminated;
however, neither of the ANL program’s reference reactor designs were built or
tested before the program was cancelled.

The primary fuel evaluated under the ANL program was UO2 embedded in a
tungsten matrix. The fuel choice was similar to the GE-710 program, but gadolinia
was used to stabilize the ANL fuel, in contrast to the ThO2 that was used in the GE-
710 program. Three fuel fabrication methods were investigated under the program:
cold pressing and sintering of W-UO2 wafers, isostatic sintering of long fuel ele-
ments, and hot pneumatic compaction.

The cold pressing and sintering technique led to fabrication of approximately 6.3
mm (0.02 in) thick W-UO2 wafers that were stacked to form a fuel column. Fuel
grading was used in the stacks to optimize physics and thermodynamics of the core.
The fuel fabrication method required a high strength cladding since the cladding
provided structural support. The isostatic sintering method allowed for single-step
fabrication of fuel elements that were approximately 45.7 cm (18 in) long. The
process minimized concerns over coolant channel alignment tolerances because
individual fuel wafers did not have to be stacked to form an element. Finally, the
hot pneumatic pressing method was used to demonstrate the fabrication of fuel
formed from UO2 fuel kernels that were CVD coated with tungsten. A fuel loading
of 60 vol% of 93% enriched UO2 inside a W or W-Re matrix was used for all of the
program’s fuel samples.

Similar to the GE-710 program, stabilizers were added to the ANL program fuels
to inhibit UO2 dissociation, but the stabilizers investigated under the ANL program
included gadolinium (GdO1.5), dysprosium (DyO1.5), yttrium (YO1.5), and MoO3.
Ten mole percent of stabilizer was added to the UO2 for all investigations.

The fuel fabrication process that gave the best results was a powder metallurgi-
cal process that produced near net shape fuels with cold isostatic pressures,
followed by sintering at approximately 1500 K and chemical vapor deposition
(CVD) of cladding on the coolant channels, even though deposition of uniform
CVD coatings was difficult in the 1960s. The gadolinia stabilized fuel showed
excellent retentivity at 2770 K for up to 45 hours and 180 cycles in non-nuclear tests
performed in two hydrogen loops. Other tests showed that flowing hydrogen at
temperatures exceeding 2700 K had essentially no impact on fuel loss rates.

Induction brazing was investigated by the ANL program as a means for joining
fuel sections. A Zr-Mo braze with a melt temperature above 1973 K was the most
successful; however gas generated during brazing made it almost impossible to
fabricate a leak-free joint. The problem was overcome by immersing fuel sections in
liquid nitrogen with the section to be brazed left above the liquid pool. Brazing was
carried out in five sections to avoid allowing the fuel section to reach a temperature
where volatilization of impurities could occur.

High-temperature refractory brazing techniques were also developed under the
ANL program. Solid-state diffusion bonding of W-25Re alloys using nickel as an
interleaf material that forms an Ni-W-Re ternary has been demonstrated at
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temperatures as low as 1173 K (although a temperature of 1773 K is required to
produce sufficiently strong bonding). Brazing of refractory metals is generally
undesirable due to recrystallization of microstructures produced in the joint, but
solid-state diffusion bonding avoids recrystallization through the use of low tem-
peratures. Nickel may be an undesirable interleaf material for high-temperature
NTP materials, but other interleaf materials may be identified with further investi-
gation [11].

Nuclear tests on the ANL cermet samples were performed in the Transient
Reactor Test (TREAT) facility at INL. Eight cermet specimens, each with seven
coolant channels and vapor-deposited tungsten cladding, were tested in the TREAT
experiments. The test durations were typically 200–430 ms, although two samples
were subjected to flat-top transients lasting 2–3 s. One of the tests failed, as fuel
material was ejected from the sample, and the failure was attributed to fabrication
issues, particularly tungsten coating thickness irregularities. The last two samples
evaluated in the campaign were subjected to multiple transients at heating rates up
to 16,000°C/s, a maximum temperature of 2870 K, and a power density of 30 MW/l.
These samples showed no evidence of damage [7].

2.4 Space Nuclear Thermal Propulsion research and development program

The goal of fuel development under the Space Nuclear Thermal Propulsion
(SNTP) Program was to develop a coated nuclear fuel particle with a diameter of
approximately 500 μm that would support a mixed mean hydrogen exhaust tem-
perature of 3000 K when incorporated into a particle bed reactor (PBR) [12]. The
requirement gave a maximum fuel temperature target of 3100–3500 K based on a
power density of 40 MW/l, whereas the maximum fuel temperature demonstrated
during the Rover/NERVA program was in the range of 2400–2600 K.

The particle bed reactor concept developed by Dr. James Powell and his team at
Brookhaven National Laboratory (BNL) caught the attention of SDI program man-
agers as a possible power source for a rapid intercept vehicle that could destroy
ballistic missiles, because it had the potential to overcome limitations associated
with high-power production. Interest in the PBR technology led to the creation of
the Timberwind program in 1987 and creation of the SNTP program in 1991, after
Timberwind was declassified and transferred to the US Air Force.

The PBR fuel element designed for the SNTP program consisted of a large
number of UC2 fuel particles packed between two porous cylinders called frits. The
fuel elements were housed inside cylindrical moderator blocks made of beryllium or
lithium hydride that slowed the reactor’s neutrons down to thermal energies that
could sustain a fission chain reaction. Hydrogen served as both a coolant and
propellant for the SNTP engine as it moved through the cold frit located on the
outside of the fuel elements, flowed through the element particle beds to remove
heat produced by the fission reaction, and then exited the fuel through the inner hot
frit. The hydrogen then flowed axially down an annular channel located at the
center of each of the core’s fuel elements and exited the core before expanding
through the engine nozzle to produce thrust.

The PBR concept promised significant reductions in system mass over solid core
reactors due to the 20-fold increase in heat transfer surface area of the particle fuel
elements compared to the prismatic fuel used in the Rover/NERVA program. PBRs
also had a lower core pressure drop due to the shorter flow paths through the pebble
beds. The small size of the particles helped to prevent cracking, because thermal
gradients across the particles are relatively low, but the coatings used on the parti-
cles were found to be prone to high-temperature vaporization that was made worse
by the high surface area to volume ratio of the particles.
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The SNTP program began working on the development of coated fuel particles
based on the HTGR Program fuel design. These particles were known as the pro-
gram’s baseline fuel. The baseline fuel development included the production of
uranium-bearing fuel kernels using the internal gelation process. The fuel kernels
were covered by pyrolytic carbon using chemical vapor deposition in a fluidized bed.

Babcock and Wilcox Inc. (B&W) developed the ability to produce ZrC outer
coatings on microparticles with the assistance of LANL and General Atomics. B&W
produced fuel particles consisting of UC2�x kernels coated with two layers of
pyrocarbon and an outer layer of ZrC that supported the Particle bed reactor Integral
Performance Element (PIPE) experiments that were performed in 1988 and 1989.
The first pyrocarbon layer in the fuel particles was a porous layer that accommodated
the mismatch in thermal coefficient of expansion between the fuel kernel and the
outer ZrC layer. The second layer was dense pyrocarbon that protected the fuel
kernel from attack by the halides used in the CVD process. The outer ZrC layer was
used to delay corrosion of the fuel kernel after it was exposed to hydrogen propellant.

More than 200,000 particles were tested in Sandia National Laboratory (SNL)
Annular Core Research Reactor (ACRR) in four particle nuclear tests (PNT) [12].
Fuel temperatures achieved during the tests ranged from 1800 to 3000 K, and
testing times ranged from 100 to 600 s. Baseline UC2�x fuel kernel performance is
limited by its melting temperature of 2700–2800 K, but the PNT tests showed that
the melting temperature of fabricated UC2�x kernels was actually closer to 2500 K.
Molten UC2�x dissolved the particle carbon layers and attacked the ZrC outer layer
during the tests, and a complete particle failure occurred about 5 min after kernel
melting. It is possible that increasing the graphite layer thickness would delay the
time to failure, but the increased particle size might weaken any fuel matrix that
was used to contain the particles, so testing of increased graphite layer thicknesses
was not performed by the SNTP program.

The program pursued a dual fuel development path once it became clear that
coated UC2-x kernels would not meet the program’s temperature requirements. Under
the dual-path effort, BNL investigated the development of an infiltrated kernel (IK)
fuel, and B&W investigated mixed-carbide fuel particles. BNL postulated that IK fuel
could be formed when molten UC2�x distributes uniformly through a porous graphite
matrix. The laboratory’s scientists reasoned that the molten uranium ceramic could be
held within the graphite’s pores and protected from hydrogen corrosion by an appro-
priate high-temperature outer layer, since UC2�x is thermodynamically stable with
respect to graphite and does not react with it even after melting. BNL demonstrated
in 1992 at laboratory scale that molten UC2 could be infiltrated into porous graphite
coupons to the desired uranium density and that spherical IK particles could be
fabricated. The demonstration also showed that pyrolytic layers used in the baseline
fuel design are unnecessary in the BNL IK fuel, so IK fuel has a higher uranium
density and smaller particle size than the baseline SNTP fuel.

The B&W mixed-carbide fuel design developed under SNTP was based on
investigations that were performed at the end of the Rover/NERVA program. The
fuel was formed as a mixture of refractory carbides such as ZrC, NbC, TaC, HfC,
and UC. Uranium carbide has a theoretical melting temperature of 2798 K, but the
refractory metal carbides have melting temperatures ranging from approximately
3700 K for ZrC to greater than 4200 K for TaC and HfC. Tantalum and Hf have
relatively high neutron absorption cross sections, so only ternary mixtures of
U-Zr-C and U-Nb-C were considered by the B&W fuel development program.

The diagram shown in Figure 2 is an example of phase relationships for a
mixed carbon fuel [13]. As illustrated in the figure, the melting temperature of mixed-
carbide fuels decreases with increasing uranium content. The necessary uranium con-
tent for SNTP fuelwas determined by fuel criticality conditions, and the B&Wresearch
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identified a minimum required uraniummole fraction of 0.15, which equated to a
melting temperature of approximately 3200 K. By the end of 1992, B&Wmeasured the
melting temperature of U-Zr-C as a function of uranium content; measured the plas-
ticity of ZrC, NbC, andU-Zr-C at 3200K; and produced a small amount of NbC-coated
U-Zr-C kernels using an internal gelation manufacturing process and CVD coating.

Overall accomplishments of the SNTP program included:

• Acquisition of technology and equipment that allowed production of nuclear
fuel microparticles using the internal gelation process and coating of the
particles with pyrolytic carbon and refractory metal layers using CVD

• Production of baseline fuel particles that supported radiation and non-
radiation testing

• Development of a laboratory process for infiltrating porous graphite with
uranium to produce infiltrated kernel particles

• Modification of the internal gelation process that allowed for production of
U-Zr-C particles

2.5 Russian space nuclear engine research and development

The Union of Soviet Socialist Republics (USSR) performed a significant amount
of research and development on nuclear thermal propulsion fuels from the 1960s
to the late 1980s. Reported work included:

Figure 2.
Uranium-carbon phase diagram [13].
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• Fabrication of a large number of samples

• Non-nuclear hot hydrogen flow tests

• Individual fuel element tests under rapid transient conditions in the Impulse
Graphite Reactor (IGR)

• Prototypic NTR operating condition testing in the IVG-1 and RA reactor

The USSR followed the NERVA program quite closely and chose to follow the
mixed-carbide fuel path early in its fuel development program. (U, Zr) C fuel was
used for the low-temperature portion of the USSR reactor design (i.e., propellant
exit gas temperature ≤ 2500 K), and (U, Zr, Nb) C was used for the high-
temperature portion of the reactor core (i.e., propellant exit gas temperatures up to
3100 K). Some work using Ta and Hf in place of Nb was also reported. There were
claims that Ta and Hf could produce 200 K higher fuel temperatures, but there was
concern over the higher neutron capture cross sections of these elements compared
to Nb. Finally, carbon nitride fuels were developed under the USSR program,
primarily for use with ammonia propellants.

The USSR research program fabricated carbide fuels in a wide range of shapes,
but the twisted ribbon geometry was the preferred fuel design. This geometry
included long rods of fuel with many different cross-sectional shapes. The rods
were twisted along their long axis and bundled together using wire wraps, or
insertion into long canisters, to form fuel elements [14]. During the operation of the
reactor, the propellant was directed through the bundles to transfer heat from the
fuel. The twisted ribbon geometry provided a large surface area for heat transfer,
and it could be fabricated in large volumes, although researchers from outside the
USSR program were not allowed to observe the fabrication process.

Tests were performed on the USSR nuclear thermal rocket fuel design over a
period of 19 years on approximately 1550 fuel assemblies. The testing program
included seven full-core tests and approximately 160 transient tests that were
performed at the IGR between 1962 and 1978 [7]. The highest reported hydrogen
exit gas temperatures from testing performed during that period ranged from 2800
to 3300 K. Reported power densities were as high as 20 MW/l, and uranium loss
estimates were as low as 0.5–1.0% based on reactivity loss measurements [15]. Very
little postirradiation examination data on the fuel samples has been reported.

3. Carbon-based fuels and materials

The GE-710 and ANL programs were established as backups to the Rover/NERVA
program. The choice of evaluating refractory metal-based fuels as a secondary fuel
type to the Rover/NERVA graphite fuel research resulted from the greater experience
base associated with graphite fuel, graphite’s low thermal neutron absorption cross
section, and the greater fabricability associated with graphite fuels.

Graphite was first used in nuclear reactors as a moderator, and large bars of
polycrystalline graphite were used in many early reactors. A halogen purification
process was developed to produce the high-purity graphite needed for natural
uranium-plutonium production piles. More recently, graphite has been used as
a fuel particle coating and as a matrix for fuel particles in high-temperature
reactors [16].

The term “graphite” refers to a wide range of materials made from carbon that
have a variety of properties. For example, graphite can be used as both a thermal
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conductor and a thermal insulator, it can be made in very dense and very light
forms, and it can be highly anisotropic or isotropic. Graphite also has a wide variety
of uses in nuclear reactor applications. It can serve as a high-purity neutron moder-
ator, and it can be used in control rods and shielding with the addition of boron.

The variety of properties associated with nuclear grade graphite means that it
can be difficult to obtain graphite that has specific properties within narrow limits
that are consistent from batch to batch. New sources of graphite often have
unknown property variations.

Graphite production processes are often proprietary, but the general method of
manufacturing crystalline graphite includes [17]:

• Raw petroleum coke is calcined at 1300°C, milled, sized, and mixed at about
165°C with a coal-tar pitch.

• The mixture is cooled to 110°C and extruded.

• The extrusion is cooled to room temperature to form a “green body” and
placed in a baking furnace supported by a permeable pack of sand and carbon.

• A large volume of gas evolves from pyrolysis of the pitch during baking to 800°
C and the carbon body shrinks about 5 vol%.

• The material is then graphitized in an electric furnace at 2500–3000°C. Some
further gas is vaporized during graphitization, but the principle physical change
involves transformation from amorphous carbon into crystalline graphite.

There are many variations that can affect final material properties. For example,
the baked carbon can be impregnated with pitch to increase density and strength,
carbon black can be added to improve density and strength, and the graphitized
body can be heated in a halogen-containing environment to remove trace
impurities.

Pyrolitic carbon is made from decomposition of hydrocarbon gasses. For free-
standing bodies, the carbon is usually deposited on a graphite substrate at temper-
atures from 1400°C to 2400°C. Material orientation, density, and other properties
can be varied by changes in gas pressure, temperature, and other conditions. Sub-
sequent heat treatment at higher temperatures can improve crystallinity, and small
samples heat treated to 3000–3600°C (3273–3873 K) have shown electrical proper-
ties that are close to the properties of single crystals. Larger samples with near-
single-crystal properties can be made by heating pyrolytic graphite above 2500°C
(2773 K) under a compressive stress. Fuel particles are typically coated with pyro-
lytic carbon in a fluidized bed with the carbon coatings being applied to thicknesses
of up to about 100 μm.

Carbon is a relatively light atom, so graphite is an efficient moderator. Slowing
down power is the logarithmic energy change of a neutron when it collides with a
moderator, and a nuclear graphite with a density of 1.65 g/cm3 has a slowing down
power of 0.063 cm�1. Light water has the highest slowing down power of 1.5 cm�1,
and only several other materials such as beryllium (Be), beryllium oxide (BeO), and
deuterium oxide used in heavy water reactors (D2O) have higher slowing down
power than graphite. Graphite also absorbs fewer thermal neutrons than any other
material except D2O.

Graphite is relatively weak at low temperatures, with a compressive strength of
only a few thousand psi. However, its high-temperature strength is very good
compared to other materials. Graphite’s strength increases with temperature and
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reaches a maximum at about 2500°C (2773 K). A typical polycrystalline nuclear
graphite with a tensile strength of 2000 psi at room temperature has a strength of
about 4000 psi at 2500°C (2773 K). Graphite’s high-temperature strength, good
nuclear properties, and low cost are the primary reasons for its extensive use in
high-temperature gas-cooled and nuclear propulsion reactors.

Carbide fuels such as UC and UC2 have advantages over more widely studied
oxide fuels. The most important advantage is their higher thermal conductivity,
which approaches the value found in metallic uranium. Higher thermal conductiv-
ity lowers peak centerline fuel temperatures, which in turn allows for higher linear
heat generation and larger diameter fuel rods. Carbide fuels also have higher ura-
nium densities than UO2, which allows for design of more compact reactors [15].

Mixed carbides such as uranium-zirconium carbide solid solution ([U, Zr] C)
fuels have higher melting temperatures than UC. Research into mixed-carbide fuel
fabrication has taken place in the USA and former Soviet Union to support space
nuclear power applications. Three major carbide fuel designs were investigated
under Rover/NERVA:

• UC2 particles with pyrolytic carbide coatings and dispersion in graphite

• Composites of (U, Zr) C and graphite with the carbide forming a continuous
web structure within the fuel

• Solid solution (U, Zr) C

All of the fuel designs, except the solid solution design, used protective ZrC
coatings. Only 28 solid solution fuel elements were tested under Rover/NERVA, so
effectiveness of the fuel design was not fully evaluated.

A solid solution is formed when two metals are completely soluble in their liquid
and solid states. Complete solubility means homogeneous mixtures of two or more
kinds of atoms are formed in the solid state. The more abundant atomic form is
referred to as the solvent, and the less abundant atomic form is referred to as the
solute. For example, brass is a solid solution of copper (64%) and zinc (36%) so that
copper is the solvent and zinc is the solute.

There are two types of solid solutions: substitutional solid solutions and interstitial
solid solutions. Substitutional solid solutions, which can be either ordered or disor-
dered, are formed when solvent atoms in the parent metal’s crystal structure are
replaced by solute atoms. For example, copper atoms may substitute for zinc atoms
without disturbing zinc metal’s face-centered cubic (FCC) crystal structure. For
complete solid solubility, the two elements should have the same type of crystal
structure, and for extensive solid solubility, the difference in atomic radii between the
two elements should be less than 15% [18]. Solid solubility is favored when the two
elements have lesser chemical affinity, since compounds form when chemical affinity
is high. Generally, compounds that are separated in the periodic table have higher
chemical affinity, so elements that are close together tend to form solid solutions.

In interstitial solid solutions, solute atoms enter holes in the solvent atom crystal
structure in interstitial solid solutions. Atoms that have atomic radii less than 1 Å
tend to form interstitial solid solutions. Carbon, nitrogen, oxygen, and hydrogen are
example interstitial solid solution solutes. Intermetallic compounds are formed
when one metal (e.g., magnesium) has chemical properties that are strongly metal-
lic and another metal (e.g., antimony, tin, or bismuth) has chemical properties that
are only weakly metallic. Intermetallic compounds have higher melting tempera-
tures than either of their parent metals. The higher melting point indicates a strong
chemical bond in the intermetallic compound.
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Table 2 lists melting points and carbon to metal ratios (C/M) for several
monocarbides that have been investigated for use in space reactors [19]. Solid
solution carbides are expected to be able to operate for short periods of time at
propellant exit temperatures as high as 3200 K and for many hours at exit temper-
atures of 2600–3000 K. The life-limiting phenomenon for the solid solutions
appears to be vaporization at surface temperatures greater than 2900 K.

The highest melting temperatures for most monocarbides occur at C/M ratios that
are less than one, and pseudo-binary and pseudo-ternary carbides have their highest
melting temperatures for single-phase solid solutions. The melting point for single-
phase solid solution carbides has been shown to be 100–700 K higher than the
melting temperature for carbides that have formed a separate carbon phase (e.g., [U,
Zr] Cx + C) [20, 21]. Figure 3 shows the solidus curves for ternary mixed carbides of
(U, Zr, Nb) C from [20]. This study showed higher melting temperatures for ternary
mixtures than for binary carbides of ZrC or NbC with an equal amount of UC.

Carbon to metal ratios were carefully controlled in the Rover/NERVA Nuclear
Furnace (NF-1) tests to prevent formation of second phases that significantly
reduced melting temperatures of the carbide fuels. A C/M ratio of 0.88–0.95 was
targeted for NF-1, (U, Zr) C fuel elements for a proposed maximum operating
temperature of 3200 K [22].

Binary alloy Melting temperature (K) Carbon to metal ratios

NbC 3873 � 25 K 0.79

TaC 4258 K 0.89

UC 2803 K 1.00

ZrC 3813 K 0.87

Table 2.
Melting temperatures and carbon to metal ratios of various monocarbides [19].

Figure 3.
Solidus curves for ternary mixed carbides of (U, Zr, Nb) C [20].
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Fabrication of carbide fuel elements was completed in several steps under Rover/
NERVA. First, a mixture of ZrC, UO2, ZrO2, graphite flour, and binder was prepared
and extruded. Free carbon was removed from the extrusion by leaching with hot
flowing hydrogen. The fuel elements were then impregnated with zirconium to
varying degrees using a CVD process to produce a single-phase solid solution carbide
element that was substoichiometric in carbon. Extrusion of these elements produced
severe die wear because of the carbide content, so 19 mm (0.75 in) wide hexagonal
elements containing 19 coolant channels could not be directly fabricated through
extrusion. Instead, the hexagonal elements were manufactured by first extruding
cylindrical fuel forms and machining them to a hexagonal geometry.

All three of the carbide fuel constituents can be mixed, cold pressed, and
sintered to fabricate a fuel pin, but mixing all of the components at once makes it
difficult to control C/M ratio and prevent the formation of a second carbon phase.
Carbide particles also tend to be coarse and require long sintering times at high
temperatures in order to produce a homogeneous material.

The major problem with the use of graphite and other carbon-based fuels (e.g.,
UC, UC2, [U, Zr] C) in high-temperature space reactor applications is mass loss
produced by a number of interrelated and competing physical processes [23]. These
processes include the formation of carbon liquids, loss by vaporization, extensive
creep, and corrosion during hydrogen exposure. Maximum mass losses typically
occurred in moderate-temperature regions of the core (<2000 K). The amount of
hydrogen corrosion that occurs is dependent on:

• Reactor operational duration

• Number of fuel duty cycles

• Local material temperatures

• Local hydrogen gas flow conditions

• Fuel location in the reactor

• Reactor power density

• Compatibility of the fuel and coatings

There are four major coupled reactions and/or healing processes associated with
hydrogen corrosion:

• Exposure to hydrogen gas

• Nonuniform loading and/or cycling of the fuel

• Radiation exposure

• Creep

The first process is directly associated with chemical corrosion, while the
remaining processes affect the amount of cracking that occurs in the fuel, which
affects the fuel surface area that is exposed to hydrogen.

Carbon-based fuel materials can experience mass loss by two mechanisms when
exposed to hot hydrogen: vaporization (or sublimation) of material constituents at
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temperatures above carbide vaporization temperatures, and chemical reaction of
carbon constituents with hydrogen to form hydrocarbon gas species such as meth-
ane (CH4) and acetylene (C2H2). Vaporization occurs at varying rates in the mod-
erate- to high-temperature regions of U-Zr-C fuel, but it is the predominant mass
loss mechanism at temperatures greater than 2900 K. Little chemical reaction
between hydrogen and carbide materials takes place at temperatures below
approximately 1500 K, but chemical reaction losses predominate below the vapori-
zation temperature of carbide materials (i.e., temperatures between 1500 K and
2900 K). The formation of CH4 becomes increasingly unstable at low to moderate
hydrogen pressures and temperatures greater than 1500 K, since C2H2 is the more
stable compound under these conditions, but the opposite relationship is true for
higher pressures [24].

Figure 4 shows the recession rate of U0.1 Zr0.9 C compared to other compounds
as a function of temperature and illustrates the fact that the diffusion rates of
carbon and uranium can be substantial at high temperatures. Changes in surface
chemical conditions in U-Zr-C materials likely encourage the release of free carbon,
since surface composition changes tend to enhance the diffusion of carbon and
uranium to the fuel surface because of shifts in the U/Zr/C ratio. These changes
were noted during start-up of the Rover/NERVA reactors and were determined to
be a predominant contributor to corrosion mass loss. Corrosion mass loss may also
degrade fuel surface properties so that particles, such as fuel grains and grain
agglomerations, become loosened and erode into the hydrogen gas stream.

The presence of hydrocarbons in the propellant stream tends to decrease the
release rate of carbon from downstream fuel surfaces [26]. This effect may be a
partial explanation for the lower corrosion rates that were observed in higher-
temperature regions of the Rover/NERVA fuel elements. Another partial explana-
tion for the lower corrosion rates may be the healing of surface defects due to
material creep at high temperatures. This healing process may reduce hydrogen
intrusion into the high temperature fuel regions, but the healing effect may be
reduced by radiation damage. Radiation damage can also reduce the thermal con-
ductivity of the fuel, which can produce locally high thermal stresses and

Figure 4.
Recession rate of U0.1 Zr0.9 C compared to other uranium compounds and refractory carbide materials [25].
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corresponding mismatches between stresses in fuel coatings and the fuel substrates.
These mismatches in turn encourage the formation of surface coating cracks that
enhance hydrogen penetration into the fuel and offset any beneficial effect pro-
duced by creep healing.

Another major hydrogen corrosion initiator is nonuniform loading and thermal
cycling of the fuel. Nonuniform loadings and material expansion effects were
considered to be a major cause of reduced corrosion in higher-temperature fuel
regions due to closing of surface cracks [24]. Nonuniform mechanical loading can
be produced by:

• The presence of preload stresses during fuel fabrication and application of
material coatings. The Rover/NERVA reactors were often designed with tie
tubes that had substantial preloads that offset the axial loads produced by high
hydrogen pressure differences.

• The presence of nonuniform or unsteady pressures and nonuniform axial
temperature distributions. Varying pressure profiles are always present during
NTP transient operations, such as during reactor start-up and shutdown.

• Residual stresses produced by fuel cycling. For example, fuel can undergo
creep at high temperatures, which may lead to high induced tensile and
compressive stresses during fuel cooldown.

It was initially believed during the Rover/NERVA program that radiation effects
would be minimal in carbon-based fuels because of carbon’s resistance to radiation
and the low operation time for NTP systems. This belief turned out to be unfounded
because of the high-power densities that are required in NTP reactors. Post-test
examinations of the Rover/NERVA reactors showed that radiation damage caused
reductions in thermal conductivity and ductility, and these reductions caused
cracking that allowed hydrogen to enter the fuel [22].

4. Future work

NASA is once again exploring the feasibility of building and operating nuclear
fission systems for use in deep space science and exploration missions. The primary
objective for the feasibility studies is to identify systems that can be used to support
human missions to Mars, but missions to the outer solar system and beyond are also
under consideration. The major barrier to demonstrating a high-performance
nuclear propulsion system is developing a fuel that can survive the extreme operat-
ing conditions that will be required during space flight missions. The fuel opera-
tional characteristics that will need to be satisfied during reactor operations include:

• Minimizing high-temperature hydrogen corrosion

• Minimizing brittle fracture behavior at low temperatures

• Minimizing fuel creep and vaporization at high temperatures

• Minimizing radiation damage that impairs fuel performance

• Managing high transient thermal and mechanical stresses on the fuel during
reactor start-up
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• Rapid heat transfer from the fuel to the propellant

• Matching coefficients of thermal expansion for different materials used in the
fuel to avoid fuel constituent separation during reactor operation

• High uranium loading to allow for use of low-enriched uranium fuel

• Low fuel and reactor system mass to minimize launch costs

• Limiting fuel dissociation and constituent migration during reactor operation

• Limiting cracking of fuel and coatings to minimize hydrogen ingress into the
fuel during reactor operations.

As a result of these restrictive requirements, it is likely that whatever fuel is
selected will have to operate close to its thermal and mechanical failure limits. There
will be little margin for error in system operation, so a significant amount of
research and testing will be needed before a safe and reliable system can be built
and operated. The majority of future work associated with developing space reactor
propulsion and power generation reactors will be associated with designing, build-
ing, and operating the equipment and experiments that will build on past testing
programs and lead to fuel and reactor qualification and public acceptance.
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Chapter 7

Parallel Algorithm Analysis in
Reactor Core Calculation
Pingzhou Ming

Abstract

The reactor core system consists of many materials, involving multi-physics
processes, and can be analyzed and simulated at multi-scales. With the evolution of
cluster computer, traditional programs and models could be translated into new
program structure and modified in detail, so that more complex problems can be
solved. Based on existing theory, programs of sub-channels analysis, two-dimensional
(2D) method of characteristic (MOC), fuel temperature approximation, and three-
dimensional (3D) discrete ordinate method (SN) are developed and analyzed. The
different approach is that the reusable software structure of core calculation is
established, with more well-defined storage of nuclear data, control layers, and more
effective parallel algorithm for computation. The features of parallel algorithm for
these programs are listed succinctly in the discussion. Additionally, the corresponding
testing on parallel algorithm and computing results are given.

Keywords: reactor core, modeling and simulation, nuclear data, software structure,
parallelism

1. Introduction

There are various heterogeneous phenomena in reactor core, which are related
to multi-physics and multi-scales modeling and simulation [1]. The core program or
software is the important approximation for the reactor core; therefore, mathematics
models, numerical algorithms, preprocessing, post-processing, and visualization are
sometimes managed in the similar software structure [2]. Based on the existing
conditions of calculation, high-performance-computing technology is an important
mean to accomplish the simulation of core programs by the cluster computer. For
instance, there are several supercomputers (cluster) in ANL and ORNL that provide
high-capacity resources for reactor engineering calculation and nuclear-related simu-
lation [3]. Once the numerical algorithm is fixed, the time-to-solution becomes the
necessary consideration during the research, and the approach pattern can be
summed up in three steps [4] in this field:

1.Develop the single discipline program or multidisciplinary coupling code for
the reactor core, which enable higher accuracy.

2.Propose and implement parallel algorithm for the program.

3.Use parallel hardware to run and carry out numerical experiments within
acceptable requirements, and then match the reference solution or
experimental data.
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According to the modeling and simulation for reactor and the features of multi-
physics and multi-scale models, the reactor calculation is classified into core
calculation and out-core calculation [5]. The core calculation covers considerable
subjects, for instance, reactor physics, thermal-hydraulics, dynamics, and fuel per-
formance, for example. For the purpose of research and engineering, different
discrete systems and solvers are implemented so as to reveal different phenomena
in the core [6–8]. As an example, the DENOVO transport software of ORNL utilizes
160,000 processors to run the benchmark core example in Jaguar supercomputer;
up to now the computer has been upgraded to TITAN [9].

On the one hand, the simulation could be accelerated through effective
parallelization in different models [10]. On the other hand, the parallel computing
makes researchers focus on more research fields except mathematics and physics
[11], which constructs one view from nuclear data to top-level application. With the
attempt of the M&S content, the core software could be ascribed as the expression
and translation of the set of state variables and data structure [12]. Thus, the
conjunction of the core problem and parallel computing is from the new require-
ments of application; furthermore it is driven by the underlying hardware innova-
tion. The Berkeley Parallel Computing Laboratory reviews parallel computing and
points out that the parallel elements of different algorithms are the methodology of
application driven and reuse. Since various features exist in different layers of
software, the parallel algorithm should be designed specifically so as to adapt the
parallel hardware [13]. The chapter describes and explains the software structure,
underlying nuclear data, and parallel algorithm from a systematic view in the
domain of reactor core calculation. Section 2 abstracts the software structure for
core calculation. Then, Section 3 explains the basic elements of nuclear data and its
association according to the software structure. After that, Section 4 lists the con-
cept and steps of parallel algorithm analysis for core problem in practice. Sample
programs are analyzed and discussed concisely in Section 4, and conclusions are
given in Section 5.

2. Software structure

As the complex system, the reactor core could be understood by various parts,
such as concept models, numerical methods, model uncertainty, and model reuse.
Algorithms and software are the center of digital simulation so that the calculation
rule is regulated by the program technologies. Sometimes the fixed software struc-
ture could be abstracted, and common algorithms could be extracted to be close to
the trend of reactor core simulation, which forms one united manner (also known
as framework method [14]).

According to the description [12], one general software structure could be
divided into seven layers, which covers all aspects from the application to the
computer operating system by Table 1.

Then, the numerical calculation system is abstracted into multiple layers, which
are implemented through controls, modularity, and dynamic interaction. So partic-
ipants from different professional backgrounds pay more attention to their own
business [15]. The core calculation learns from the above contents, and the software
structure could be simplified in Table 2.

It is effective to develop numerical software based on reusable components or
framework, so the discrete model could be modeled through fixed process. On the
one hand, the usage leads to reuse. On the other hand, new programming pattern
could be merged. For instance, with the help of the underlying framework, MC
neutron transport combines the discrete model and algorithm analysis process and
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then uses numerical components and structure to accomplish the transport task
easily in the reactor core [16]. Since this integrated software structure method
restricts the programming manner of the core calculation and provides reuse
mechanism, then in practical, the prototype software NAC4R is designed and
constructed that contains basic data operation, basic algebra operation and linear
system solver, and so on. As an example of the above data, NAC4R can be used for
the parallel analysis process of sample programs that explains the effectiveness and
efficiency of the corresponding software structure.

3. Nuclear data process

The underlying nuclear data is the basis of core calculation and also the funda-
mental elements in the proposed software structure. The reactor physics data is
divided into four categories by A. Trkov, namely, (1) basic nuclear data, (2) evalu-
ated nuclear data files, (3) processed nuclear data, and (4) averaged nuclear data
[17]. They are the similar data in the thermal-hydraulics analysis, which correspond
to the physical property information of the fluid, such as the light water property
data in the core calculation [18]. These different types of data involve representa-
tion, storage, and computer algorithms. For example, the cross-sectional library of
deterministic reactor physics calculation needs group-wise data, such as few-group

Abstraction layer Function

Model layer The model code

Model framework layer Collection of models for a single application area

Simulator layer Provides the paradigm for simulation and synchronization usage

Component federation layer Provides interface code to create one model with multiple sub-
models

Load management layer Within one parallel model execution, collects run information

Ensemble layer Runs instances in a job and handles scheduling

Operating system/job scheduler
layer

Runs independent jobs in parallel

Table 1.
General software structure.

Abstraction
layer

Function Examples

Numerical
framework

Provides basic arithmetic function and express data PETSc, Trilinos, HDF5
NetCDF, BLAS, MPI

Discrete model The single component with the properties of time,
spacing, parallelism, and synchronization

Structured grid
Unstructured grid
Discrete timeline

Component
combination

Provides interface code to create model of multiple
components

Geometry control
Cross-sectional database
Neutron transport solver

Algorithm
analysis

Schedule the model in parallel, and process the run data
and obtain running information

TAU
VTK

Table 2.
Software structure for core calculation.
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homogenized cross section in diffusion calculation, with the affection of multiple
state variables that include temperature, density, and so on [19]. The class of used
nuclear data can be directly computed in the core calculation or be generated in
advance. The pre-generated nuclear data (database) is commonly used in a two-step
method of core calculation, one is multidimensional interpolation table, the other is
parameterized library, and they have different effects on computation and parallel
algorithm [20].

3.1 Multidimensional interpolation table

The table is the indirect format of cross-sectional parameters, with the grids
inside the value range for each state variable. The core calculation uses interpolation
algorithm to obtain the nuclear data.

Assume there is only one state variable ρ (such as coolant density), and its value
range is a, b½ �, then the grid of a single state variable is divided as in Eq. (1):

ρif gNþ1i¼1 , ρi ∈ a, b½ � (1)

where ρi is not necessarily uniform distribution. The corresponding parameters
at each discrete grid can be obtained by the lattice program as follows in Eq. (2):

X
i

( )Nþ1

i¼1
,
X
i

≔
X

ρið Þ (2)

In this way, the continuous parameter values can be calculated by polynomial
interpolation method in the range of state variable. The coefficients of interpolation
polynomials are stored in the table:

~X ρð Þ ¼ P ρð Þ ¼
XNþ1
i¼0

aiρi�1 (3)

3.2 Parameterized library

The library method is the complex function model of nuclear data that is related
to various state variables. To build an accurate model, many factors need to be
considered, and the range of each state variable is also defined separately:

σ ¼ f ρ,T,P, …ð Þ (4)

Generally, the tabulation method uses space for time, and the method is rela-
tively simple, but the storage mode of nuclear data has a greater impact on the
parallel algorithm of the core calculation. The method consumes more computing
time, but the data storage is smaller, and it is easy to improve and modify the model
so that there is less impact on the parallel algorithm.

The software implementation of the nuclear data corresponds to the model layer
and model framework layer mentioned in Section 2. Figure 1 shows two abstract
forms of the nuclear data. The left side that represents the processing of each kind
of nuclear data is independent, and the right side explains the design of consistent
data attributes, and formats are independent underneath and dependent on top in
the fixed software structure so that each type of nuclear data only needs format
conversion and minor programming. This understanding of the underlying nuclear
database focuses on software reuse and performance, which can fully reuse various
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known nuclear data that have fine readability and correctness. This association also
enables independent design and programming of core calculation at all levels, which
makes the following parallel algorithm analysis match it.

4. Parallel algorithm analysis

Amdahl law stipulates the speedup ratio limit for parallelism, and Gustafson law
quantifies the acceleration effect [21]. To be equivalent to Amdahl and Gustafson,
measurability of calculation models the performance. Assume that the running time
of one computing problem is T N, xð Þ, which represents the running time for the
scale of problem x. Then the running efficiency could be utilized to prove the
effectiveness of parallel core program from two categories.

4.1 Strong measurability

The change of computing time varies with the increase of processor cores, also is
known as speedup ratio:

Sstrong ¼ T 1, xð Þ
T N, xð Þ (5)

4.2 Weak measurability

The problem size of each processor or process is fixed, and then the statistic of
the running time varies as the processors change:

Sweak ¼ T 1, xð Þ
T N, x �Nð Þ (6)

The deterministic calculation of the reactor core mainly makes the Sstrong,N as the
variation of processor cores. In practical deterministic core, computation has fea-
tures that the problem scale is related to the physical form. For instance, when the
characteristic rays are fixed on every processor, the MOC transport would increase
new characteristic rays and achieve new arrangement if the processors are added.
The data expression and computational content may change with different program
patterns. On the contrary, nondeterministic calculation of reactor core, such as the
MC method, the computational features would remain unchanged so that the prob-
lem takes more emphasis on the statistics of weak measurability.

The steps proposed by Ian Foster is the most typical method for the parallel
algorithm design and programming [22] (also known as PCAM method).

Figure 1.
The association between underlying nuclear data and software structure.
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1.Partition identifies computing content that can be executed in parallel.

2.Communication determines the communication data of each parallel task.

3.Aggregation merges and adjusts parallel tasks and communication.

4.Mapping assigns the aggregated task to entities on which actual parallel
programming techniques depend (process or thread).

At present, the cluster computers are often in heterogeneous development envi-
ronment, and parallel algorithms are divided into many kinds such as pipeline
parallelism, mater-slave parallelism, and so on. To facilitate engineering specifica-
tions, the usually analysis steps of parallel algorithm are divided into two cases in
Table 3.

It can be concluded that the parallel analysis includes interpretation, design, and
performance verification. The parallel analysis in reactor core calculation summa-
rized here emphasizes to meet the application requirements, and then the common
features of the algorithm are usually abstracted and recorded concisely, so that the
analysis can be understood clearly and simply.

5. Samples research

Interconnections exist in the multi-physics process and software structure in
reactor core. For solving according to physics-mathematics model, various core
software has been developed. There are two main ideas for developing these pro-
cedures. One is to make full use of the existing programs in the world. The other is
to redesign and program the program structure and function. The key parallel
algorithms of single discipline sample program CORTH, KYLIN2, K-MOD, and
Hydra are identified and programmed, which come from the typical examples of
the reactor core system, computing work through the research career of the author.

Designed and implemented
algorithm

Algorithm is not designed and implemented

Working
step

S1: executes and obtains the
statistical parameters of
parallel performance on a
fixed running platform
S2: judges whether the
requirements are met. If not,
go to step 3. Otherwise, ends
the analysis
S3: designs or improves the
existing parallel algorithm and
then goes to step 1

S1: executes and obtains the statistical parameters of
parallel performance on a fixed running platform
S2: identifies the parallel features of the algorithm
S3: determines whether the features have reusable patterns
in the software structure (here refers to NAC4R). If so,
reuses them directly, turns to step 5, if not, turns to step 4
S4: the new parallel algorithm is designed and
programmed
S5: runs on the fixed platform and obtains the statistical
parameters
S6: judges whether the requirements are met. If not, goes
to step 3. Otherwise, ends the analysis and merges the new
parallel algorithm into NAC4R as a reusable pattern

Key
issues

1.The performance is closely related to the problem
2.The features depend on the abstraction of actual core numerical calculation that is often
distinguished by the knowledge and experience of developers

Table 3.
Two different analysis steps.
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5.1 Sub-channels analysis

The CORTH program utilizes the uniform flow model of four equations to
process two-phase flow in the reactor core. The energy conservative equation could
be abbreviated as the manner of structured grids, which is easy to use in finite
difference and form the linear system. For the description, CORTH could be
divided as components in Table 4.

The features of the parallel algorithm are listed summarily to make the program
refinement practical.

1.The reactor core is divided along the radial direction so that each process stores
the data of some sub-channels. The overlap method could also be used to
reduce data communication.

2.The solution of linear system solving can be quick in the model. The coefficient
matrix of the conservative system is symmetric, and it can be constructed
simultaneously together with the right-hand vector of the system.

3.The PETSc and Aztec parallel solver can be ported and optimized inside NAC4R
so that solvers could be used and hybrid programmed directly and easily.

The bottleneck of the parallel algorithm design is related to the components of
the coefficient update, linear system solve, and mesh matching. Parallel scheme was
realized in NAC4R with the features mentioned above. The ACP1000 model (177
fuel assemblies, there are 264 fuels and 25 guide tubes in each assembly, axial
segments are 54, and there are 50868 sub-channels in radial direction) is used for
performance validation. Cluster processors are chosen as 4, 6, 18, 27, 36, 54, and
108, which is the divisor of 50868 as the Aztec solver needs that the number of
processes matches the tasks. The expected performance of strong measurability is
improved by more than five times.

Performance conclusion: The trend of processor change shows that using about
30 processors, it has met the expectation in Figure 2, with the speedup ration about
eight times. Not only the conservation system can be constructed in parallel, but the
Aztec solver can also solve the matrix with the size of 50868 efficiently.

5.2 2D MOC

The KYLIN2 program carries out the 2D neutron transport calculation by MOC
over the assembly region. In the condition of steady situation, multigroup neutron

Components Model equation Function

Preprocessing Reads external input and translates into data
structure in memory

Pre-computation Calculates some parameters and provides initial
values for iteration

Iterative control Controls and manages cyclic calculation

Coefficient update f G,H, …ð Þ Updates parameters of thermal-hydraulics

Linear system solve x ¼ A�1b Defines linear system and its computation

Mesh matching mi,j,k ¼ mi1,j1,k1∪…∪miN,jN,kN Maps the sub-channel, meshes, and processes

Table 4.
Abstract components in CORTH.
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transport equation could be expressed by the ODE along the characteristic ray. We
can obtain the direct analytical solution of the ODE as in Eq. (7):

ψ out,m,i,k ¼ ψ in,m,i,ke
�
P

i
Sm,i,k þ QiP

i
1� e�

P
i
Sm,i,k

� �
(7)

where
P

i and Qi denote the macro-transport cross section and the neutron
source, respectively. The length Sm,i,k is the segment that is truncated with the
position m-th azimuth angle, k-th characteristic ray, and the i-th mesh. When
source iterative method is used, the iterative procedure will repeat the above calcu-
lation process after assigning initial guess values to the flux. As shown in Table 5,
sample program KYLIN2 could be abstracted into different parts.

Sweep computation follows the loop structure, with each characteristic ray,
neutron groups, azimuth angles, and polar angles. Moreover, the intermediate
solution of KYLIN2 is related to the angular direction so that the structure can be
described as follows.

set current 0
set mesh_angular_flux 0
for (g, ray, p) in (Groups, Rays, Polars):

current computeForwardCurrent(g, ray, p)
mesh_angular_flux sweepForward(g, ray, p, current)
current computeBackwardCurrent(g, ray, p)
mesh_angular_flux sweepBackward(g, ray, p, current)

end for

Figure 2.
Time statistics of model ACP1000 for CORTH.

Components Model equation Function

Geometry description Discrete result of 2D geometry

Nuclear data
P

i

� �
Stores cross-sectional data with meshes

Characteristic rays Sm,i,kð Þ Generates and manages rays

Sweep computation ψm,i,k  f α, eβ
� �

Traverses rays and solves angular neutron flux

Source update Qi  f
P

i,ψm,i,k,ω
� �

Updates the transport source

Task schedule Controls the computational flow, such as BSP
parallel model

Table 5.
Abstract components in KYLIN2.
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The above components are redeveloped in NAC4R, and the features of the
algorithm are listed here:

1. Iterate that each ray could be in parallel if some critical operations are added,
so both MPI and OpenMP can be used for the sweep process.

2. If rays are non-modular arranged, the differences of working load of each ray
are not obvious. Since the assembly problem sometimes uses the nuclear data
with some energy groups, parallelism on neutron groups could be a better
choice, and OpenMP can avoid data communication during the sweep
procedure.

3.The callings of exponential function will affect the efficiency.

4.In order to adapt coarse mesh acceleration, reserved interfaces should be kept
inside NAC4R so that parallel linear system solvers are used.

Here OpenMP guide sentences are utilized to implement parallelism based on
loop structure. The critical operation exists in the cumulative sum of forward and
backward sweep when each ray is accessed. C5G7-MOX assembly and ACP1000-
UO2 assembly examples are used to test, and more than five times better perfor-
mance are expected. The statistical calculation time is shown in Table 6.

Performance conclusion: OpenMP parallelism (multi-threads) can achieve the
rational accelerated effect and meet the expectation. There are more speedup ratios
for the ACP1000-UO2 as the neutron group parallelism strategy is used, and some
fluctuation exists in the performance gain of shared memory parallelism since there
are some management overheads by multi-threads.

5.3 Fuel temperature approximation

The calculation of the fuel temperature usually involves the temperature of the
outer surface and the center, and then the effective temperature of the fuel could be
obtained for rod-like geometry. The geometry is divided into different sections to
solve the heat conduction equation in radial direction, with different approxima-
tions are taken account. The fuel rod of PWR is usually delimited as three sections
in some programs, and the 1D conduction equation is constructed at each area.
After knowing the boundary temperature, the Rowland’s equation could be used to
compute the effective temperature.

Fuel temperature approximation is necessary for the reactor core coupling cal-
culation, but reasonable boundaries come from other discipline procedure. K-MOD
coupling program has been realized, and according to the above description, fuel
temperature approximation could be abstracted in Table 7.

Thermal feedback controller carries out the function of management and as an
external module that will be called repeatedly in K-MOD. The features of the
parallel algorithm are less obvious and can be listed in two points: (1) the computing

Example One core Four cores Eight cores Speedup ratio

C5G7-MOX 1655.28 s 562.20 s 295.01 s 5.61

ACP1000-UO2 19515.38 s 5091.92 s 2581.34 s 7.56

Table 6.
Parameters and time results of two assembly examples.
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granularity is small and the single cyclic time is short and (2) the computing pattern
could be abstracted and reused if lower level parallel method is researched; thus,
SIMD technology is suitable for programming.

In the sample program K-MOD, fuel temperature calculation could be abstracted
into three classes, such as op_basic represents the basic arithmetic, but op_math
stands for the compound operation, such as square, logarithm, and so forth.

vector<int> a;
vector<int> b;
c op a, bð Þ

vector<float> a;
vector<float> b;
c op_basic a, bð Þ

vector<float> a;
vector<float> b;
c op_math a, bð Þ

compile option icpc -O0 -march = native -mno-sse

compile option with SIMD icpc -O0 -xsse2

The former deals with integer data, while the latter two deal with floating-point
operations. The problem of rod inserting and lifting in real PWR core is tested and
compared. The similar imitated structure solves 50,000 times the same as the K-
MOD program, with the SIMD hand optimization, which is based on data structure
named __m128i and __m128. The time results are shown in Table 8.

Performance conclusion: The statistical results of multiple runs show that SIMD
scheme has performance bonus for the third class of calculation content; however,
other classes get no gain. Looking up Intel-related documents, it is found that SIMD
programming depends on the specific hardware and instruction set usage and
depends on the compiler behavior, which is not suitable for manual SIMD rewriting
with care in practice.

5.4 3D SN

The sweep operation of discrete ordinate method iterates every angle direction
in each octant, which has famous KBA parallel sweep algorithm for structured grids.
3D SN method translates Boltzmann transport equation into the matrix system of
flux moment as in Eqs. (8) and (9) in the sample program Hydra:

Components Model equation Function

Thermal feedback
controller

f Tcoolant,Tfuel,ϕ
� �

Main control component that processes computation
in each discrete time step

Fuel temperature
calculation

Tfuel  f Tcoolant,P,G, tð Þ Solves the conduction equation by iterative method
and obtains the temperature

Cross-sectional
update interface

Σ f Tfuel,Tcoolant,ϕ
� �

Data exchange interface for the temperature and
cross section

Table 7.
Abstract components in K-MOD.

First class Second class Third class

Serial 93 ms 89 ms 367 ms

SIMD parallelism 112 ms 135 ms 152 ms

Table 8.
Time results of three classes on parallel contents.
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Lψ ¼MSϕþQ (8)

ϕ ¼ Dψ (9)

where Q and L denote the source term and the difference operator, respectively.
Discrete operator of flux moment matrix M need to multiply the cross-sectional
data, such as the scattering matrix S. The total meshes are I, J,Kð Þ in each angle
direction, and then every section Ia, Jb,Kð Þ that are divided could be mapped into
corresponding processes in parallel. According to the above description, SN trans-
port calculation could be abstracted as in Table 9.

There are multiple sweeping levels in the SN method, and the section Ia, Jb,Kð Þ
could be represented by the loop structure in every octant, and the sweeping
procedure can be described as follows:

I,J,K 0,1,2
for k in K:

ϕup,j  ϕin

for (i, j) in (Ia, Jb):
ϕpsi  ϕup

call T i, j, k,ϕpsi

� �

ϕup  ϕpsi

end for
ϕout  ϕup,j

end for

Since there is a lack of parallel programming for this loop structure in Hydra, the
features of the algorithm are listed.

1.The extrapolation model, such as the diamond weight difference model, has an
independent subroutine T, which is only related to mesh i, j, kð Þ. Flux moment
variables ϕup and ϕpsi depend on the calculation order, so the sweep is one
pipeline structure on the Ia, Jbð Þ.

2.When the scale of loop structure is small, shared memory parallelism is fit for
pipeline structure to improve efficiency, which has theoretical gain ij

iþj�1.

According to the identified features, OpenMP guide sentences are utilized, and
lock array done [I][J] is used to ensure data consistency.

Components Model equation Function

Geometry storage Manages structured meshes in XYZ coordinate system

Nuclear data
P

i

� �
Records cross-sectional information

Operator process H,Γð Þ Constructs mapping between the operator and other
parameters

Sweep computation ϕ H�1Q Matrix operation by loop structures

Source update Q , S Γϕ Updates the transport source

Table 9.
Abstract components in Hydra.

133

Parallel Algorithm Analysis in Reactor Core Calculation
DOI: http://dx.doi.org/10.5772/intechopen.92759



#pragma omp parallel for
for j in d_begin[J]:d_end[J]

for i in d_begin[I]:d_end[I]
wait(done[j][i])

ϕpsi  ϕup

call T i, j, k,ϕpsi

� �

done[next(j)][i] = 1
end for

end for

Table 10 collects the running time of two benchmark example, which utilizes the
optimization level -O0, and only one MPI process is fixed during the experiment.

Performance conclusion: The speedup ratio is almost 1.8 and 1.6, which illumi-
nates that the pipeline structure can gain performance bonus with small scale Ia, Jbð Þ
for the SN method, such as the sample program Hydra. It can be further expanded
to the parallel strategy of MPI + OpenMP.

6. Conclusion

Digital computers are used to simulate and analyze reactor core. For introducing
parallel computing and promoting the efficiency, the core calculation with the
integrated software structure is explored, which can provide the methodology of
nuclear data, control layers, and parallel algorithms. The main software structure is
discussed, and multiple parallel algorithms are analyzed concisely for sample core
programs, with the corresponding conclusions as follows:

1.Integrated software structure (framework method) is benefited for the
development of core software, and the similarity achieves the goal of reuse.
For example, the underlying nuclear data could be managed as the effective
manner and mapped to application. With the development of prototype
software NAC4R, the research could be carried out in different control layers
and demonstrate validity.

2.Parallel algorithms are refined as well as identify the parallel features that exist
in the core model based on the existing theory. The features of four sample
programs are described succinctly, which work well with the software structure.
Parallel programming enables the expected efficiency improvement if some
rules are obeyed, and the relevant performance results are given summarily.

It is necessary to establish systematic knowledge and suggestions for software
approach and parallel algorithm development in reactor core calculation. On the
one hand, it can integrate reusable patterns into computation, such as the instance
of prototype software NAC4R. On the other hand, it can explore and record more
specific parallel algorithms in this field.

Benchmark NAC4R (one thread) NAC4R (eight threads)

KUCA reactor 3421.7 s 1935.8 s

IAEA pool reactor 5824.9 s 3551.3 s

Table 10.
Time results by the compile level -O0.
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Nomenclature

A coefficient matrix
x length or position, m
k effective multiplication factor
t time, s
L the matrix of Laplace operator
M the matrix of flux moment
N number of processors
Q neutron source, 1/m3s
s segment length of the characteristic ray, m
S speedup ratio

Greek letters

Δ difference
ρ density, kg/m3

ϕ neutron flux density, 1/m2s
ψ angular neutron flux density, 1/m2sP

neutron macroscopic cross section, 1/m
ω weight factor
ε error threshold
Γ operator

Subscripts/superscripts

s serial
g neutron energy group
p parallel
i, j, k, z mesh position
m azimuth angle
v volume
f fission cross section
psi temporary data
up upstream data

Abbreviations

2D two dimensional
3D three dimensional
ACP1000 Advanced China Power 1000 MW
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BLAS Basic Linear Algebra Subprograms
CASL Consortium for Advanced Simulation of Light water reactors
CORTH CORE thermal-hydraulics
DENOVO new three-dimensional parallel discrete ordinates code in SCALE
HDF Hierarchical Data Format
IAEA International Atomic Energy Agency
KBA Koch-Baker-Alcouffe parallel algorithm
KYLIN2 advanced neutronics lattice code of NPIC
K-MOD Kinetic Method of Demo
MOC method of characteristics
MPI message passing interface
NAC4R New Architecture Computing for Reactor Core
NetCDF scientific data NETwork Common Data Format
OpenMP Open Multi-Processing
PETSc Extensible Toolkit for Scientific Computation
PWR Pressurized Water Reactor
SN Discrete Ordinate method
SIMD Single Instruction Multiple Data
TAU Tuning and Analysis Utilities
VTK Visualization ToolKit
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