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Preface

Trusses and frames have always been the main components of load carrying 
structures. Even though technological improvements have replaced many standard 
elements over the time, trusses and frames have held their position as indispensable
elements. Today, application areas of these elements have changed from nano to
mega structures and many researchers have studied them using several methods
(numerical, analytical, and experimental).

This book attempts to explain some recent studies. It is written for academic
researchers with an interest in analyzing truss and frame structures. It contains two
sections and six chapters. In the first section, different numerical approaches are
given. The first chapter presents an approach to assessing the dynamic stability of a
structure. As a case study, the two link mechanism is selected. The second chapter
shows an application of the finite element method in analysis of catenary-like
structures. Results are compared with real data. The third and last chapter of this
section presents the use of the differential evolution algorithm to optimize the truss
systems considering natural frequencies of vibrations. The second section presents
three different studies on obtaining lightweight structures. The fourth chapter
reviews studies using topology optimization methods to find suitable geometry to
obtain lightweight structures. The fifth chapter presents several design solutions to
light combined structures. The sixth chapter focuses on finding suitable material 
properties for the sandwich core model used in analysis of parts built by direct
metal sintering method. We hope that the book is helpful to researchers in the field 
of analysis of truss-frame structures and related areas.

Dr Aykut Kentli
Professor,

Marmara University,
Engineering Faculty,

Mechanical Engineering Department,
Istanbul, Turkey
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Chapter 1

Dynamic Stability of
Open Two-Link Mechanical
Structures
Leonid Kondratenko and Lubov Mironova

Abstract

The chapter deals with the assessment of the dynamic stability of elements
selected from the truss or frame construction, which contains input and output
parts (links) connected by a force line. From the aggregate of all factors, the
resulting force factors and reactions are considered. Instead of the commonly used
study of the moving of parts, a new method has been applied, consisting in the
study of fluctuations in the speeds of movement and stresses. For this purpose, two
partial differential equations are derived that relate the acceleration and the rate of
voltage change to the gradients of these variables along the line of force. Using the
Laplace transform obtained, the general equations of motion of the slave link.
A technique for assessing the degree of distribution of force line parameters is
derived, and the conditions for the loss of dynamic stability are identified. It is
shown that in this mode, the destruction element of the truss or the frame is
possible.

Keywords: frame, truss, two-link element, force line, speed, stress,
partial derivative, differential equation, dynamic stability

1. Introduction

In various designs, parts that transmit any motion are often used. Any such
design often consists of an input and an output link connected by a force line. With
the perception of the load, either compression (stretching) or twisting takes place
here. Usually, such elements are checked for longitudinal stability, according to
Euler’s criterion [1], or for the ultimate twisting. However, such devices often
perceive variable loads, for example, wind, shock, etc., at which various vibrations
occur. In this regard, it is advisable to evaluate the dynamic stability, which can
manifest itself in the form of self-oscillatory regimes, both for the whole truss
structure and for its elements, or in the form of sudden destruction. The proposed
work is devoted to the study of the loss of dynamic stability of the elements of
a truss or frame.

The stability problem of the movement of mathematics and mechanics has
been studied since the nineteenth century. To solve such problems, the criteria
and theories of Routh E., Gurwitz A., Lyapunov A., Chetayev N., Mikhailov A.,
Nyquist H., Bolotin V., Popov E. [2–8], etc. are used.
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In the last years, many developments have been made, both in the theory and
applications of the subject. However, accurate analytical solutions in the calcula-
tions of vibrations of a structural element were obtained in rare cases. Typically,
calculations are performed approximately. Simplifications are made when choosing
a design scheme for the mechanism. In such cases, negligible features of the
system are neglected, and the main parameters that determine the nature of the
phenomenon are distinguished.

In most cases, a method is specified in which parts of complex geometric shape
(springs, crankshafts, etc.) are considered as equivalent straight bar or nonlinear
elastic elements are replaced by linear elements. This approach allows replacing
a mechanical system with concentrated masses with a system with distributed
parameters [9]. Thus, simplifications are allowed that lead to the loss of
objective data.

Some publications [10, 11] provide solutions to such problems by an
approximate method with the replacement of the corresponding functional equa-
tions by suitable finite-dimensional difference schemes. As a result, the authors
come to the problem of optimal control of the approximating system, which is
described by equations in finite differences or the system of ordinary differential
equations [9]. Then there is a need to consider the maximum principle and evaluate
approximation methods. Such questions have not enough yet been investigated.

Some specialists of mechanical, for example, the authors of the Encyclopedia of
Engineering Industry, Fedosov E., Krasovsky A., Popov E., propose to evaluate the
stability of mechanical systems with distributed parameters by dispersion relations,
i.e., according to the internal properties of the physical process. Here we use
differential equations with variable coefficients that characterize the process under
consideration. In this case, the solution of differential equations should be sought
by numerical methods [12].

The condition for the stable operation of a system with distributed parameters
was formulated in [13, 14]. The mathematical essence of the stability condition
is formulated as follows:

If in the subspace Wφ = 0 the process φ � 0 is stable under integrally small
perturbations with respect to the measure ||ρ||, and in the subspace Wφ < 0 –

asymptotically stable under integrally small perturbations with measure ||ρ||, then
in a neighborhood ZR for any δ (ε, t0) > 0, there exists a number such that for t ≥ T
it is true ρ [φ (�, t)] < 2δ, if ρ [φ (�, t0)] < δ and ρ [h (x)] < δ. Here, φ are the
parameters of the process; h (x) is a vector function of admissible solutions.

At present, it has not been possible to find scientific publications in which
stability criteria are sufficiently clearly formulated in the study of open two-link
mechanical systems with distributed parameters in the presence of significant
nonlinearities.

These mechanisms are widely used by technicians. Therefore, it is very impor-
tant to develop such methods that would make it possible to more accurately
mathematically formalize the functioning processes and determine the zones of
stable and unstable operation of these mechanisms.

In this regard, the proposed work attempts to consider in more detail the
stability issues of these mechanical systems.

2. Statement of the problem

The reliability of the functioning of the noted mechanisms under external
variable loads is largely determined by the speeds of the links and the stresses
in the force lines. Therefore, there is a need to study the Equations [15]
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dΩj

dt
¼

Xn
i¼1

∂Ωj

∂ξi
f i, (1)

where ξi are the coordinates of the system, fi = d ξi/dt, t is the time, and Ωj is the
speed of the technological object.

Then the investigation reduces to solving equations

dξi
dt
¼ f i t, ξ1, ξ2, … , ξnð Þ: (2)

If such a path seems natural for specialists in control systems, then for the
specialists-mechanics, it may seem unusual, since they often solve the problem of
determining the change of coordinates and the shape of oscillations [16–21]. Such
processes are usually investigated by methods of the theory of elasticity, for exam-
ple, using the equation [22, 23]

v
∂
2u
∂t2
� ∂

∂x
Ef

∂u
∂x

� �
¼ Q x, tð Þ, (3)

whose solution is sought in the form

u x, tð Þ ¼
X∞
i¼1

Hiθ xð Þ sin pitþ αi
� �

: (4)

where ν and E are mass and elastic characteristics of the mechanical highway, f is
cross-sectional area, Q is intensity of external load, andHi, θ, pi, and αi are constants
determined from the initial conditions.

In the case of using the Lagrange equation of the second kind, the oscillations of
the kinetic (T) and potential energy (U) are considered. The Lagrange equation of
the second kind has the form

d
dt

∂T
∂ _q

� �
� ∂T

∂q
¼ Q : (5)

Here

Q ¼ � ∂U
∂q

: (6)

The parameters of the movement of the mechanism are determined from Eq. (5)
after some transformations.

These Eqs. (5, 6) which are the basis of many papers on the dynamics of
machines, for example, [21, 24, 25], etc., allow, under given boundary conditions,
to estimate the change in the displacements of rod section, pipe string, etc. in time
and space.

On the one hand, such information is redundant if it is necessary to take into
account the interconnection of a large number of factors. For example, to assess the
performance of the system, it is enough to know under what conditions self-
oscillations occur (i.e., stability is lost), and at what not.

On the other hand, due to the lack of explicit information about the stresses
developed in the dynamic process, it is difficult to estimate the probability of part
failure.
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In the above approaches, such methods of solving problems are specified in
which a linear relationship between stresses and displacements of points of a solid
body is adopted. According to the accepted linear dependence, these quantities are
recalculated. These approaches may not always be applicable, since it is known from
rheology that the elastic modulus can depend on the vibration frequency [26, 27].

In addition, depending on the stresses, the rod can be bent and thereby change
the peculiarities of the formation of force factors at the links of the mechanism. At
the same time, various nonlinear effects, including the essential ones, such as
backlash, have a significant impact on the functioning. In this regard, there is a need
to develop a method where the oscillations are clearly taken into account speeds
and voltages, as well of various nonlinearities.

3. Basic equations

To solve this problem, it is assumed that in dynamics the elements of a truss or
frame can be represented as models in Figure 1.

In accordance with the theory of strength of materials [1], part of the links of a
mechanical system can be represented as a separate element, on which, in addition
to external forces, bond reactions act. Therefore, during vibrations, the ends of
such an element move with certain speeds, and force factors (Fc, Mr) are the
corresponding resulting factors. To this we add viscous resistance (h), which we
will consider as resistance to the movement of a particular unit from the side of the
entire or adjacent part of the structure to this element (Figure 1).

When considering longitudinal vibrations in a straight solid rod, we use the
equation quantity of motion in differential form for the case of the absence of mass
forces [28]

ρ
∂υ

∂t
¼ ∂σ

∂x
(7)

and the equation of longitudinal oscillations [27]

∂
2u
∂t2
¼ E

ρ
∂
2u
∂x2

: (8)

where υ is a speed of longitudinal displacement (υ = ∂u/∂t), u is the displacement
along the x-axis, σ are longitudinal (normal) stresses, ρ is density of the material,
and E is modulus of elasticity.

Let us assume at this stage that E = const and ρ = const. We determine the
derivative ∂υ/∂t from Eq. (7) and substitute it in the left side of Eq. (8). We
therefore have

Figure 1.
Models of a rod with a mass: (a) with longitudinal vibrations; (b) with torsional vibrations.
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1
ρ
∂σ
∂x
¼ E

ρ
∂
2u
∂x2

: (9)

We integrate the Eq. (9) by x, assuming that for х = 0, σ = const:

1
E

ðx

0

∂σ
∂x

dx ¼
ðx

0

∂
2u
∂x2

dx: (10)

We finally obtain

1
E

σx � σ0ð Þ ¼ ∂u
∂x

����
x
� ∂u
∂x

����
x¼0

: (11)

Denote the current value of the stress σx by σ. Given that the surface forces
acting on each point of the cross section of the elementary volume are directed in
the opposite direction from the direction of the speed of movement, we rewrite the
resulting equation in the form

ρ
∂υ

∂t
¼ � ∂σ

∂x
: (12)

We therefore have

1
E
∂σ
∂t
¼ � ∂υ

∂x
: (13)

When considering torsional vibrations, we assume that the movement of the
sections is absent and the elastic vibrations are described by the equation

∂
2φ
∂t2
¼ G

ρ
∂
2φ
∂x2

: (14)

where φ and x are the angle of rotation of the section of the rod and the
coordinate (Figure 1b) and G is the shear modulus of the material.

In addition, we use the equation quantity of motion in differential form for an
elementary section of a rod with an outer radius r at ρ = const [28, 29]

ρr
∂Ω
∂t
¼ � ∂τ

∂x
, (15)

where Ω is the speed of rod cross section (Ω = ∂φ/∂t) and τ is maximum shear
stresses of rod cross section.

From comparison Eqs. (14) and (15), we arrive at the equation

G
∂
2φ
∂x2
¼ � 1

r
∂τ

∂x
: (16)

We integrate this equation over coordinate x. We finally obtain

rG
∂φ
∂x
¼ rG

∂φ
∂x

����
0
� τx � τ0ð Þ ¼ �τ þ Bτ: (17)
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ρ
∂υ

∂t
¼ ∂σ

∂x
(7)

and the equation of longitudinal oscillations [27]

∂
2u
∂t2
¼ E

ρ
∂
2u
∂x2

: (8)

where υ is a speed of longitudinal displacement (υ = ∂u/∂t), u is the displacement
along the x-axis, σ are longitudinal (normal) stresses, ρ is density of the material,
and E is modulus of elasticity.

Let us assume at this stage that E = const and ρ = const. We determine the
derivative ∂υ/∂t from Eq. (7) and substitute it in the left side of Eq. (8). We
therefore have

Figure 1.
Models of a rod with a mass: (a) with longitudinal vibrations; (b) with torsional vibrations.
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1
ρ
∂σ
∂x
¼ E

ρ
∂
2u
∂x2

: (9)

We integrate the Eq. (9) by x, assuming that for х = 0, σ = const:

1
E

ðx

0

∂σ
∂x

dx ¼
ðx

0

∂
2u
∂x2

dx: (10)

We finally obtain

1
E

σx � σ0ð Þ ¼ ∂u
∂x

����
x
� ∂u
∂x

����
x¼0

: (11)

Denote the current value of the stress σx by σ. Given that the surface forces
acting on each point of the cross section of the elementary volume are directed in
the opposite direction from the direction of the speed of movement, we rewrite the
resulting equation in the form

ρ
∂υ

∂t
¼ � ∂σ

∂x
: (12)

We therefore have

1
E
∂σ
∂t
¼ � ∂υ

∂x
: (13)

When considering torsional vibrations, we assume that the movement of the
sections is absent and the elastic vibrations are described by the equation

∂
2φ
∂t2
¼ G

ρ
∂
2φ
∂x2

: (14)

where φ and x are the angle of rotation of the section of the rod and the
coordinate (Figure 1b) and G is the shear modulus of the material.

In addition, we use the equation quantity of motion in differential form for an
elementary section of a rod with an outer radius r at ρ = const [28, 29]

ρr
∂Ω
∂t
¼ � ∂τ

∂x
, (15)

where Ω is the speed of rod cross section (Ω = ∂φ/∂t) and τ is maximum shear
stresses of rod cross section.

From comparison Eqs. (14) and (15), we arrive at the equation

G
∂
2φ
∂x2
¼ � 1

r
∂τ

∂x
: (16)

We integrate this equation over coordinate x. We finally obtain

rG
∂φ
∂x
¼ rG

∂φ
∂x

����
0
� τx � τ0ð Þ ¼ �τ þ Bτ: (17)
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Here Bτ is constant characterizing the stress at the initial conditions
x = x0 and t = t0.

We differentiate the derived Eq. (17) over t. We have

rG
∂Ω
∂x
¼ � ∂τ

∂t
: (18)

The system of Eqs. (12), (13), (15), and (18), first published in manuscript [29],
makes it possible to describe changes in stresses in the elementary volume and
velocity of movement of the elementary sections of solid-state lines. These are also
applicable of the elementary sections of the solid (of the frames and of the trusses).

It should be noted that the process of motion transmission in systems with
hydraulic lines is characterized by the equations [30].

∂υ

∂t
¼ � 1

ρ0
∂P
∂x
� 2τ0ρ0r0;

∂P
∂t
¼ �κ ∂υ

∂x
, (19)

where ρ0 is the initial density of the medium, P is line pressure, κ is reduced
modulus of elasticity of the line, τ0 is shear stress on the pipe wall, and r0 is the
radius of the pipe section.

Thus, the transfer of motion in solid and liquid media can be described by
similar equations. This is shown in the analysis of the hydraulic drive operation [29].

4. Analysis of the Zener model

The equations of motion for the elementary volume of a substance with
relatively low speeds of displacement are obtained above. However, in the event
of any abrupt changes caused by either external influences or rapidly occurring
vibration phenomena, there is a need for a deeper study of the process of motion
transmission in mechanical systems [31].

A number of Maxwell, Voigt, and Zener phenomenological models have
been developed for this problem. We consider the more general Zener model
[26, 27] (Figure 2).

Figure 2.
Zener rheological model: θ is deformation; η is viscosity; σ is normal stress; t is time.
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Here it is believed that there is a body that, under the action of stress, is
elastically deformed and at the same time can flow. When stress is applied when
t = t1, the springs are instantly deformed by magnitudes σ/Е1 and σ/Е2, and the
piston starts to move evenly with speed (dσ/dt)/η.

The differential equation is written in the form

σþ η

E2

dσ
dt
¼ E1θþ η

dθ
dt

: (20)

Here, E1 and E2 are the isothermal and adiabatic modulus of elasticity,
respectively.

We transform Eq. (20) into an operator form

Dσ ¼ E2Dθ� σ� E1θ
τε

: (21)

where

D � d
dt

; τε ¼ η

E2
: (22)

Here τε is the relaxation time under the condition of constant deformation.
We perform another transformation

σ Dþ 1
τε

� �
¼ θE2 Dþ 1

keτε

� �
: (23)

Here ke = Е2/Е1.
Passing under zero initial conditions to Laplace transformations [29], we rewrite

the Eq. (23) in the form

σ sð Þ sþ 1
τε

� �
¼ θ sð ÞE2 sþ 1

keτε

� �
: (24)

Here, we replaced the operator D with a complex variable with (D = s), and
s = u + jv; j = (�1)1/2.

The Laplace image of the stress change from (18), taking into account the jump-
like deformation θ (t) = θ0 1(t), is written in the form [32]

σ sð Þ ¼ θ0E2
sþ 1=keτε
s sþ 1=τεð Þ : (25)

We define the original by means of residues relative to the poles. We then have

σ tð Þ ¼ θ0E2
1
ke
þ 1� 1

ke

� �
exp � t

τε

� �� �
¼ θ0E1 1þ E2

E1
� 1

� �
exp � t

τε

� �� �
:

(26)

From this expression, it follows that when t1 = 0, i.e., at the time of a jump-like
change in the relative deformation of the rod, the stress is σ(0) = σ0 Е2, but then
with time the stress decreases, relaxes, at t2 > τε to the value σ(t2) = θ0 Е1. This
conclusion is mathematically obtained in [29], and the process is illustrated by the
graph in Figure 2.
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Here it is believed that there is a body that, under the action of stress, is
elastically deformed and at the same time can flow. When stress is applied when
t = t1, the springs are instantly deformed by magnitudes σ/Е1 and σ/Е2, and the
piston starts to move evenly with speed (dσ/dt)/η.

The differential equation is written in the form

σþ η

E2

dσ
dt
¼ E1θþ η

dθ
dt

: (20)

Here, E1 and E2 are the isothermal and adiabatic modulus of elasticity,
respectively.

We transform Eq. (20) into an operator form

Dσ ¼ E2Dθ� σ� E1θ
τε

: (21)

where

D � d
dt

; τε ¼ η

E2
: (22)

Here τε is the relaxation time under the condition of constant deformation.
We perform another transformation

σ Dþ 1
τε
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¼ θE2 Dþ 1

keτε

� �
: (23)

Here ke = Е2/Е1.
Passing under zero initial conditions to Laplace transformations [29], we rewrite

the Eq. (23) in the form

σ sð Þ sþ 1
τε
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¼ θ sð ÞE2 sþ 1

keτε

� �
: (24)

Here, we replaced the operator D with a complex variable with (D = s), and
s = u + jv; j = (�1)1/2.

The Laplace image of the stress change from (18), taking into account the jump-
like deformation θ (t) = θ0 1(t), is written in the form [32]

σ sð Þ ¼ θ0E2
sþ 1=keτε
s sþ 1=τεð Þ : (25)

We define the original by means of residues relative to the poles. We then have
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From this expression, it follows that when t1 = 0, i.e., at the time of a jump-like
change in the relative deformation of the rod, the stress is σ(0) = σ0 Е2, but then
with time the stress decreases, relaxes, at t2 > τε to the value σ(t2) = θ0 Е1. This
conclusion is mathematically obtained in [29], and the process is illustrated by the
graph in Figure 2.
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Obviously, the elastic modulus Е2 corresponds to the adiabatic deformation
process, and Е1 corresponds to the isothermal process.

Physically, this can be represented as follows. Initially, an adiabatic, without
heat transfer, convergence of atoms in metal crystals takes place, but at the same
time the entire atomic system becomes unbalanced—non-equilibrium. In order for
the system to reach an equilibrium state, a relaxation time τε = η/Е2 is necessary,
when the atoms, having received their share of thermal energy, occupy a new
position.

Note. In physics [33], elastic oscillations in some cases are interpreted as the
motion of a phonon gas. In this case, the relaxation of the internal energy in the
crystal lattice is described by the kinematic equation for phonons. Acoustic relaxa-
tion is always accompanied by sound absorption, its dispersion, and the dependence
of the speed of sound on frequency. The physical encyclopedia for solid dielectrics
suggests estimating the relaxation constant from the phonon lifetime

τε ffi τf ¼ 3λ= Cc2av
� �

, (27)

where C is the lattice heat capacity, λ is thermal conductivity coefficient, and cav
is the average value of the speed of sound.

If the deformation will change according to the harmonic law, then the stress
will also change according to the harmonic law, but with a slightly different ampli-
tude and phase advance, depending on frequency.

The ratio modulus σ(ω)/θ(ω) and phase shift φ are calculated from (23) using
expressions [29].

σ ωð Þ
θ ωð Þ
����

���� ¼ E1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ keτεωð Þ2

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ τεωð Þ2

q ; (28)

ϕ ¼ arctg keτεωð Þ � arctg τεωð Þ: (29)

where ω is the circular oscillation frequency.
The peculiarity of the passage of a harmonic signal through a metal is illustrated

in Figure 3.
Here are graphs of the functions E = E(ω) and φ = φ(ω). And here is τ0ε = ke τε.
The physical meaning of the function E(ω) is illustrated by two cases.
The first case: when ω < 1/τ0ε, we have

E ωð Þj j ¼ E1: (30)

Figure 3.
Passage of a harmonic signal through a metal.
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The modulus function E(ω) is equal to the isothermal modulus of elasticity.
The second case: when ω > 1/τε, we have

E ωð Þj j ¼ E2: (31)

The modulus function E(ω) is equal to the adiabatic modulus of elasticity.
From Eq. (23), it follows that the ratio σ(ω)/θ(ω) describes some complex

function, which can be called the function of the generalized elastic modulus Eω(s),
i.e., we have

Eω sð Þ ¼ E2
sþ keτεð Þ�1
sþ τεð Þ�1

¼ Eu ωð Þ þ jEυ ωð Þ, (32)

where Eu(ω) and Eυ(ω) are, respectively, the values of the function Eω(ω) along
the real and imaginary axes of the complex plane (U, jV).

It follows from the above that the value of the elastic modulus strongly depends
on the experimental conditions, in particular, on the oscillation frequency, and on
the relaxation spectrum. So, for casting steel 1Х15Н15М2К3ВТ, the static modulus
of elasticity is Est = 1.617 * 105 MPa, and dynamic is Еω = 2.058 * 105 MPa.

If the frequency value is equal to ω = (τε)�1, then this may have a certain impact
on the properties of the mechanical system.

Since alloys, such as steel, contain different phases, it is likely that each of them
will have its own combination of Е2, Е1, and τε. In this case, you may have to take
into account the average relaxation time, the width relaxation of spectrum, etc.

5. Derivation of the initial equations

Let us turn further to the longitudinal oscillations.
The interaction of the elastic wave is largely with the interface of the media due

to the wave impedance, which is determined by the relation [34]. It follows that

� σ
υ
¼ ρa1, (33)

where a1 is the velocity of propagation of longitudinal oscillations in the
medium.

When considering harmonic oscillations propagating along a line, we usually
study the wave resistance in operator form or mechanical impedance

Zb jωð Þ ¼ σ jωð Þ
υ jωð Þ : (34)

Referring to Formula (34) and taking into account that

a1 ¼ Θ

ffiffiffi
E
ρ

s
, (35)

where [34]

Θ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� μ

1þ μð Þ 1� 2μð Þ

s
, (36)
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The modulus function E(ω) is equal to the isothermal modulus of elasticity.
The second case: when ω > 1/τε, we have

E ωð Þj j ¼ E2: (31)

The modulus function E(ω) is equal to the adiabatic modulus of elasticity.
From Eq. (23), it follows that the ratio σ(ω)/θ(ω) describes some complex

function, which can be called the function of the generalized elastic modulus Eω(s),
i.e., we have

Eω sð Þ ¼ E2
sþ keτεð Þ�1
sþ τεð Þ�1

¼ Eu ωð Þ þ jEυ ωð Þ, (32)

where Eu(ω) and Eυ(ω) are, respectively, the values of the function Eω(ω) along
the real and imaginary axes of the complex plane (U, jV).

It follows from the above that the value of the elastic modulus strongly depends
on the experimental conditions, in particular, on the oscillation frequency, and on
the relaxation spectrum. So, for casting steel 1Х15Н15М2К3ВТ, the static modulus
of elasticity is Est = 1.617 * 105 MPa, and dynamic is Еω = 2.058 * 105 MPa.

If the frequency value is equal to ω = (τε)�1, then this may have a certain impact
on the properties of the mechanical system.

Since alloys, such as steel, contain different phases, it is likely that each of them
will have its own combination of Е2, Е1, and τε. In this case, you may have to take
into account the average relaxation time, the width relaxation of spectrum, etc.

5. Derivation of the initial equations

Let us turn further to the longitudinal oscillations.
The interaction of the elastic wave is largely with the interface of the media due

to the wave impedance, which is determined by the relation [34]. It follows that

� σ
υ
¼ ρa1, (33)

where a1 is the velocity of propagation of longitudinal oscillations in the
medium.

When considering harmonic oscillations propagating along a line, we usually
study the wave resistance in operator form or mechanical impedance

Zb jωð Þ ¼ σ jωð Þ
υ jωð Þ : (34)

Referring to Formula (34) and taking into account that

a1 ¼ Θ

ffiffiffi
E
ρ

s
, (35)

where [34]

Θ ¼
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s
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we write

Zb jωð Þ ¼ ρ ωð ÞΘ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eω jωð Þ
ρ jωð Þ

s
¼ Θ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eω jωð Þρ jωð Þ

q
: (37)

Note that the ratio Eυ/Eu = tg ξ characterizes the magnitude of internal friction
and ξ determines the phase on which the change of stress is ahead of the change in
deformation.

Then Eq. (37) becomes

Zb jωð Þ ¼ σ jωð Þ
υ jωð Þ ¼ Θ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eu ωð Þρ ωð Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ j

Eυ ωð Þ
Eu ωð Þ

s
: (38)

If ρ = const and Θ = 1, then the last equation may be written in the form

Zb jωð Þ ¼ jωEu ωð Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ=Eu ωð Þp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEυ ωð Þ=Eu ωð Þp
jω

¼ Eu ωð Þθ jωð Þ
jω

: (39)

Here

θ jωð Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j

ω

Eu ωð Þ ρjωþ ψ ωð Þ½ �
r

; ψ ωð Þ ¼ � ρωEυ ωð Þ
Eu ωð Þ : (40)

Internal friction in solids ψ can play a significant role. For example, it is known
that magnesium alloys and a number of other materials have very good vibration-
insulating properties, largely due to internal friction. At the same time, for steels
this value is small and it is often neglected.

The dynamic features of lines with parameters distributed over length (in
principle, parameters are distributed in any line) are characterized by the operator
coefficient of wave propagation, which, in Laplace images, can be written in the
form [29, 31]

θ sð Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s
Eu ωð Þ ρsþ ψ ωð Þ½ �

r
: (41)

Then, when Eυ = 0, ρ = const, and Eu = E, the wave resistance will be

Zb sð Þ ¼ σ sð Þ
υ sð Þ ¼

θ sð ÞE
s

: (42)

From where it also follows

θ sð Þ ¼ sZb sð Þ
E

: (43)

Conducting a one-dimensional Laplace transform [30] of Eqs. (13) and (14) for
longitudinal oscillations with zero initial conditions and taking into account that
with the accepted assumptions

θ sð Þ ¼ �s
ffiffiffi
ρ
E

r
, (44)
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we obtain

ρsυ sð Þ ¼ � dσ sð Þ
dx

; (45)

E
dυ sð Þ
dx
¼ �sσ sð Þ: (46)

The solution of the system of Eqs. (45) and (46) allows to find for the selected
section the instantaneous deviations from the steady-state values of stress and speed
of movement sections of rod. Each of these quantities will be the sum of the
quantities of the same name, determined in the front of the perturbation propagat-
ing in the forward and reverse directions. The instantaneous deviations of the
marked variables, as well as the peculiarities of the disturbance propagation along
the line, depend on the physical and geometric properties of the line.

Differentiating Eq. (23) with respect to x, then eliminating the derivative
dυ(s)/dx using Eq. (24), and applying relation (20), we obtain

∂
2σ sð Þ
∂x2

� θ2 sð Þσ sð Þ ¼ 0: (47)

This equation is a second-order differential equation with constant coefficients.
The solution is

σ sð Þ ¼ C1 exp θ sð Þx½ � þ C2 exp �θ sð Þ½ �: (48)

The integration constants C1 and C2 are determined by the boundary conditions.
Let at x = 0

σ s, xð Þ ¼ σ1 s, 0ð Þ; ∂σ s, xð Þ
∂x

¼ �E
s
θ2 sð Þυ1 s, 0ð Þ: (49)

The last condition from (49) is obtained from (45) by replacing ρs = θ2(s)Е/s.
Then, taking into account (49), we get

C1 ¼ σ1 s, 0ð Þ � s�1θ sð ÞEυ1 s, 0ð Þ
2

; С2 ¼ σ1 s, 0ð Þ þ s�1θ sð ÞEυ1 s, 0ð Þ
2

: (50)

After substituting these dependencies, the solution will be

σ s, xð Þ ¼ σ1 s, 0ð Þ exp θ sð Þx½ � þ exp �θ sð Þx½ �f g
2

� s�1θ sð ÞEσ1 s, 0ð Þ exp θ sð Þx½ � � exp �θ sð Þx½ �f g
2

: (51)

When we introduce hyperbolic functions, then we get

σ s, xð Þ ¼ σ1 s, 0ð Þch θ sð Þx½ � � θ sð Þs�1Eυ1 s, 0ð Þsh θ sð Þx½ �: (52)

Having solved the system of Eqs. (47) and (48) with respect to υ(s, x) in the
manner described, we obtain

∂
2υ sð Þ
∂x2

� θ2 sð Þυ sð Þ ¼ 0: (53)
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eω jωð Þ
ρ jωð Þ

s
¼ Θ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eω jωð Þρ jωð Þ

q
: (37)
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eu ωð Þρ ωð Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ j

Eυ ωð Þ
Eu ωð Þ

s
: (38)

If ρ = const and Θ = 1, then the last equation may be written in the form
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ρ=Eu ωð Þp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEυ ωð Þ=Eu ωð Þp
jω

¼ Eu ωð Þθ jωð Þ
jω

: (39)

Here

θ jωð Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j

ω

Eu ωð Þ ρjωþ ψ ωð Þ½ �
r

; ψ ωð Þ ¼ � ρωEυ ωð Þ
Eu ωð Þ : (40)
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θ sð Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s
Eu ωð Þ ρsþ ψ ωð Þ½ �

r
: (41)
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υ sð Þ ¼

θ sð ÞE
s

: (42)
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E

: (43)
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θ sð Þ ¼ �s
ffiffiffi
ρ
E

r
, (44)
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we obtain

ρsυ sð Þ ¼ � dσ sð Þ
dx

; (45)

E
dυ sð Þ
dx
¼ �sσ sð Þ: (46)
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section the instantaneous deviations from the steady-state values of stress and speed
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∂
2σ sð Þ
∂x2

� θ2 sð Þσ sð Þ ¼ 0: (47)
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¼ �E
s
θ2 sð Þυ1 s, 0ð Þ: (49)
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2
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2

: (50)
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2

� s�1θ sð ÞEσ1 s, 0ð Þ exp θ sð Þx½ � � exp �θ sð Þx½ �f g
2

: (51)
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Having solved the system of Eqs. (47) and (48) with respect to υ(s, x) in the
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� θ2 sð Þυ sð Þ ¼ 0: (53)
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For boundary conditions with x = 0

υ s, xð Þ ¼ υ1 s, 0ð Þ; ∂υ s, xð Þ
∂x

¼ � sσ s, 0ð Þ
E

, (54)

We finally obtain

υ s, xð Þ ¼ υ1 s, 0ð Þch θ sð Þx½ � � sσ1 s, 0ð Þsh θ sð Þx½ �
θ sð ÞE : (55)

Movement in two-link elements that occurs within elastic limits can be viewed as
the movement of the driven point (link) from the movement of the leading point
(link), which is affected by the previous links of the truss, for example, which perceive
wind load. If, in the process of oscillation, the output link does not allow the input
impulse to pass, then waves of disturbance are reflected from the end of the lines.

Consider the case of a matched load when there are no reflected waves in the
system and oscillations in the system do not affect the movement of the driven link
due to the attached large mass. In this case, the boundary conditions are the fol-
lowing relations:

υ s, lð Þ ¼ υ2 sð Þ; υ s, 0ð Þ ¼ υ1 sð Þ; σ s, lð Þ ¼ σ2 sð Þ; σ s, 0ð Þ ¼ σ1 sð Þ;

σ2 sð Þ ¼ Fc sð Þ þ hnυ2 sð Þ þmsυ2 sð Þ
f 2

:
(56)

Here f2 is the sectional area of the line in front of the slave link of mass m;
hn and Fс are coefficient of friction loss, proportional to the speed of movement, as
well as the resistance force acting on the slave link; l is the length of the line.

Together we solve (52)–(56) by performing the following transformations

σ1 sð Þ ¼ 1
chA

σ2 sð Þ þ 1
s
Eυ1 sð Þθ sð ÞshA

� �
;

υ2 sð Þ ¼ υ1 sð ÞchA� s
Eθ sð Þ shA

1
chA

σ2 sð Þ þ 1
s
Eυ1 sð Þθ sð ÞshA

� �� �
;

υ2 sð Þ ¼ υ1 sð Þ
chA
� s
Eθ sð Þ σ2 sð ÞthA;

υ1 sð Þ
chA
� υ2 sð Þ

� �
E
s
θ sð Þ
thA
¼ 1

f 2
F sð Þ þ hnυ2 sð Þ þmsυ2 sð Þ½ �:

(57)

After bringing similar members, we obtain the equation of motion of the
driven link of the mechanical system in the form

υ2 sð Þ 1þ hnϑn sð Þsþmϑn sð Þs2� � ¼ υ1 sð Þ
ch θ sð Þl½ � � Fc sð Þϑn sð Þs: (58)

Here

ϑn sð Þ ¼ ϑn0Zn sð Þ;ϑn0 ¼ l
Ef 2

;Zn sð Þ ¼ thA
A

;A ¼ θ sð Þl: (59)

Substituting (58) into the last equation of system (57), we obtain an equation
describing the stresses fluctuations in the force line in the vicinity of the slave link
in form
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σ2 sð Þ ¼ Fc sð Þ þ υ1 sð Þ hn þmsð Þ=chA
f 2 1þ hnϑn sð Þsþmϑn sð Þs2½ � : (60)

Performing such transformations in relation to torsional vibrations, we obtain

Ω2 sð Þ 1þ hkϑk sð Þsþ Jϑk sð Þs2� � ¼ Ω1 sð Þ
chAk

�Mr sð Þϑn sð Þs: (61)

Here

ϑk sð Þ ¼ ϑk0Zk sð Þ; ϑk0 ¼ l
GrWp2

;Zk sð Þ ¼ thAk

Ak
;Ak ¼ θk sð Þl; θk sð Þ ¼ �

ffiffiffiffi
ρ
G

r
: (62)

Comparing (15), (18), and (19), we can see that the processes of motion transfer
in solid and liquid media can be described by similar equations. This is shown when
analyzing the operation of the hydraulic drive [9, 35–37].

6. Lemma on the degree of distribution of force line parameters

Eqs. (47) and (48) make it possible to calculate the frequency characteristics of
the system, i.e., determine the response of the model to the harmonic change in the
speed of the lead link or the resistance force acting on the driven link.

For example, for υ1 � 0 and s = jω, we obtain the characteristic WF (jω),
illustrating the influence of F on υ2, and the characteristic WFσ (jω), illustrating the
influence of F on σ:

WF jωð Þ ¼ υ2 jωð Þ
Fc jωð Þ ¼ �

ϑn jωð Þjω
1þ hnϑn jωð Þjωþmϑn jωð Þ jωð Þ2 ; (63)

WFσ jωð Þ ¼ σ2 jωð Þ
Fc jωð Þ ¼

1

f 2 1þ hnϑn jωð Þjωþmϑn jωð Þ jωð Þ2
h i : (64)

For F� 0, we obtain the frequency characteristicsWυ (jω), illustrating the effect
of υ1 on υ2, and WFσ (jω), illustrating the influence of υ1 on σ2. So we have

Wυ jωð Þ ¼ υ2 jωð Þ
υ1 jωð Þ ¼ �

сh�1 θ jωð Þl½ �
1þ hnϑn jωð Þjωþmϑn jωð Þ jωð Þ2 , (65)

WFσ jωð Þ ¼ σ2 jωð Þ
υ1 jωð Þ ¼

hn þmjω

f 2ch θ jωð Þl½ � 1þ hnϑn jωð Þjωþmϑn jωð Þ jωð Þ2
h i : (66)

From (63) to (66), it can be seen that changes in the voltage and speed of
movement of the output link are lagging behind changes in input impacts.

We introduce the notation α = l ω (ρ/E)1/2.
Insofar as

Zn jωð Þ ¼ th θ jωð Þl½ �
θ jωð Þl ¼

jtgα
jα
¼ tgα

α
; ch jαð Þ ¼ cos α, (67)

then
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G

r
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Insofar as
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ϑn jωð Þ ¼ ϑn αð Þ ¼ ϑn0Zn αð Þ (68)

and cosα are not complex functions.
The graph of the function Zп(α) is shown in Figure 4.
On the whole we conclude that at k = 1 α! 0, Zп! 1; at π/2 + kπ > α > π + kπ,

Zп < 0. Here k = 0, 1, 2....n.
Eq. (58), given this, can be rewritten in the form

υ2 sð Þ 1þ hnϑn αð Þsþmϑn αð Þs2� � ¼ υ1 sð Þ cos �1 αð Þ � Fc sð Þsϑn αð Þ: (69)

If α! 0, then Eq. (69) is reduced to the well-known equation describing
dynamic processes in the mechanism with short lines of force:

υ2 sð Þ 1þ hnϑn0sþmϑn0s2
� � ¼ υ1 sð Þ � Fc sð Þsϑn0: (70)

The breaks shown in Figure 4 are mathematically related to the function of
tangent. For a real mechanism, this means that motion parameters are rebuilt.
Apparently, in this instant, the form of oscillations changes abruptly. Below this
feature is discussed in more detail.

The appearance of resonance is described by another expression that defines the
conditions for the formation of the maximum amplitude of oscillations.

AF ωð Þ ¼ ϑn αð Þωffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�mϑn αð Þω2½ �2 þ hnϑn αð Þω½ �2

q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�mϑn αð Þω2½ �2

ϑn αð Þω2½ � þ h2n

s0
@

1
A
�1

: (71)

Thus AF achieves its maximum when the condition

1�mϑn αð Þω2

ϑn αð Þω ¼ 0: (72)

We show that this condition is similar to the rule for determining natural fre-
quencies. This rule was formulated by Babakov [22].

Consider the following problem. Let the rod hang vertically. At the end of the
rod, a load is fixed. The load is assumed to be point (Figure 5).

Figure 4.
Change of function Zn of dimensionless parameter α: I is the range of admissible function values for systems with
lumped parameters; II is the range of admissible values of the function for systems with distributed parameters.
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Let the mass of the load be m and the ratio of the mass of the rod with the
cross-sectional area f to the mass of the load be a = lμ/m. Here μ is the linear mass
of the rod.

It is believed that the longitudinal tension of the rod during oscillations is
balanced by the force of inertia of the load. This leads to the following condition at
the lower end of the rod:

Ef
∂y
∂x

� �

x¼l
¼ �m ∂

2y
∂t2

� �

x¼l
: (73)

At the top end, which is fixed we have y(0, t) = 0. At the initial time, the rod is
stretched by the force F applied to the lower end and then without the initial speed
is left to itself, so that

y x:0ð Þ ¼ Fx
Ef

;
dy x, 0ð Þ

dt
¼ 0: (74)

The solution of the problem is reduced to the calculation of the constant B, D,
and parameter b values in the equation of the vibration modes

φ xð Þ ¼ B cos bxð Þ þD sin bxð Þ, (75)

and, moreover, to the calculation of the constants Ai and Bi of the general
solution

u x, tð Þ ¼
X∞
i�1

Ai cos pit
� �þ Bi sin pit

� �� �
φ xð Þ (76)

in accordance with the initial conditions (74).
From the first boundary condition (41), it follows that B = 0.
After that, from the second condition is the equation of frequencies

βtgβ ¼ a, (77)

Figure 5.
Cargo suspended on a rod.
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Let the mass of the load be m and the ratio of the mass of the rod with the
cross-sectional area f to the mass of the load be a = lμ/m. Here μ is the linear mass
of the rod.

It is believed that the longitudinal tension of the rod during oscillations is
balanced by the force of inertia of the load. This leads to the following condition at
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At the top end, which is fixed we have y(0, t) = 0. At the initial time, the rod is
stretched by the force F applied to the lower end and then without the initial speed
is left to itself, so that

y x:0ð Þ ¼ Fx
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where β = al.
Thus, the equation of the own modes of oscillations of the rod has the form

φk xð Þ ¼ Dk sin
βkx
l

� �

,  k¼1,2,3,…ð Þ:
(78)

Here βk is the roots of Eq. (77).
The solution of Eq. (78) can be carried out graphically [21].
The lowest natural frequencies corresponding to these values are calculated by

the formula

ω ¼ p1 ¼
β1
l

ffiffiffiffiffiffi
Ef
μ

s
: (79)

Note that the linear mass of the rod μ = ρf. Expanding the coefficients, we obtain
the original equation

βtgβ ¼ lfρ
m

: (80)

We now turn to Eq. (79) and divide the numerator of the right side by the
denominator

Ef

ffiffiffiffiffiffiffiffi
ρ=E

p
tgα

¼ mω: (81)

We will still carry out a number of transformations. We have

Efl

ffiffiffiffiffiffiffiffi
ρ=E

p
m
¼ lωtgα;

fl
m
¼ lωtgαffiffiffiffiffiffi

Eρ
p : (82)

After multiplying both sides of the last equation by ρ and after performing the
corresponding transformations, we get

ρfl
m
¼ αtgα: (83)

Since here the parameters α and β are equivalent, it can be argued that the roots
of Eqs. (72) and (80) are the same. This is confirmed by the results of calculations.

The results obtained make it possible to formulate a lemma on the degree
of distribution of the parameters of power lines. But for this, we introduce the
notation

α ¼ lω
ffiffiffiffiffiffiffiffi
ρ=χ

p
, (84)

where χ is the elastic modulus of the material of the force line.
We state the lemma as follows. If the parameters of the mechanical two-link system,

characterized by the oscillation frequency ω, length l, density ρ, and the elastic modulus of
the material of the force line χ connecting these links, are such that magnitude of the
dimensionless coefficient α lies in the interval 0 ≤ α ≤ 1, then the wave processes in the
lines of force can be neglected.

This lemma is also valid for systems where torsional vibrations of rods and
vibrations in hydraulic systems take place. The criterion on the degree of distribu-
tion of the system parameters was first described in the book [29].
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7. Dynamic stability of rod systems

Wave phenomena take place in hydraulic, mechanical, electrical environments
[4]. As shown above, wave processes take place in systems with lines of any length,
but depending on the conditions, they can either be neglected or not ignored. If at
the same time there is a transfer of energy to perform any effective work, then the
problem of ensuring sustainable functioning inevitably arises.

Publications devoted to the study of the stability of open-loop systems
with distributed parameters in the presence of significant nonlinearities, where
sufficiently precise criteria are stated, could not be found. Therefore, here
outlines the main points of this issue, which were developed in more detail
in [9, 29, 35–37].

We algebraically decompose Eq. (58) into two. We have

υ1
cos α

¼ υ2 sð Þ þ ϑn αð Þ f 2sσ sð Þ; (85)

σ sð Þ f 2 ¼ Fc sð Þ þ hnυ2 sð Þ þmsυ2 sð Þ: (86)

Here α corresponds to the expression (84).
The accuracy of the decomposition is easily verified by the inverse solution.
Moving on to the originals of Eq. (58), we do the inverse transform Laplace of

functions

F1 sð Þ ¼ ϑn αð Þ f 2sσ sð Þ and F2 sð Þ ¼ υ1 sð Þ= cos α: (87)

We have then

L�1 F1 sð Þj j ¼ 1
2πj

ðcþj∞

c�j∞
ϑn αð Þ f 2σ sð Þestds ¼ ϑn αð Þ f 2

1
2πj

ðcþj∞

c�j∞
sσ sð Þestds ¼ ϑn αð Þ f 2

dσ
dt

:

(88)

L�1 F2 sð Þj j ¼ υ1 tð Þ= cos α: (89)

Then the originals (31) can be written in the form

υ1 tð Þ= cos α ¼ υ2 tð Þ þ ϑn αð Þ f 2
dσ
dt

; (90)

σ tð Þ f 2 ¼ Fc tð Þ þ hnυ2 tð Þ þm
dυ2
dt

: (91)

The system of Eqs. (90, 91) may contain various nonlinearities (yield zone in the
stress diagram, nonlinear friction, etc.) and is solved by the updated Runge-Kutta
method [9, 38]. The admissibility of such a technique was checked by comparing
the frequency characteristics constructed by formulas (63) to (66) and using the
above method when introducing harmonic oscillations with different frequencies
[29, 35].

In addition, given that the fluctuations of the speeds of movement and stresses
(pressure) in mechanical and hydraulic systems can be described by similar equa-
tions, we checked the adequacy of the proposed method by means of full-scale and
numerical experiments in an electric drive. The results had good convergence
[9, 29, 31, 35–37].

In the process of modeling, it turned out that when Z < 0 (Figure 4), the
solution becomes unstable. Figure 6 shows an example of the process of loss of
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dynamic stability in a mechanical element with longitudinal vibrations. For a truss,
this means breaking one of the rods.

The areas of dynamic stability for mechanical elements with longitudinal vibra-
tions are shown in Figure 7.

8. Conclusions

In trusses under the influence of variable loads, vibrations occur periodically in
different elements, characterized by fluctuations in speed and stress. Under
certain conditions, due to wave motions in the rods, the shape of the oscillations
may change, i.e., lost stability of motion. At this instant, the destruction of the
carrier element will occur. The proposed chapter considers the conditions for the
occurrence of such an event.

Figure 6.
Loss of stable operation in the mechanical element during longitudinal movement.

Figure 7.
Zones of steady (shaded) and unstable operation of the mechanical system of longitudinal movement.
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Chapter 2

Nonlinear Truss-Based Finite
Element Methods for
Catenary-Like Structures
Jose Rodolfo Chreim and Joao Lucas Dozzi Dantas

Abstract

This chapter is devoted to an application of a finite element method formulation
to forecast the static and mechanical behavior of catenary-like structures subject to
general force distributions, whose development was motivated by the need of
installing assemblies of containment structures, called log boom lines, upstream a
hydroelectric power plant to protect its integrity from the threats that logs carried
through the river pose on it. Each log boom is modeled by a tridimensional truss
element and the entire lines by assemblages of trusses. While the external forces,
modeled with the aid of both simulations from computational fluid dynamics and
experiments from a towing tank, originate from both the river stream and the logs
that accumulate through the extension of the lines, the internal forces are calculated
from classic expressions of solid mechanics; hence, the numerical method imposes
equilibrium between them, which ultimately defines the geometry assembly. Veri-
fication and validation were performed at both model and prototype scales, and the
results corroborated the accuracy of the tool for a series of flow conditions.

Keywords: finite element method, fluid-structure interaction, containment grids,
catenary-like, numerical simulation

1. Introduction

The operation of a hydroelectric power plant at the Madeira River is
compromised due to the presence of many logs carried through the water stream
that can damage the power plant machinery and reduce its production efficiency.
To prevent such damage, nine assemblies of containment structures, called log
booms (Figures 1 and 2), were installed near the power plant and across the river to
retain and deflect these logs. Nevertheless, as the influence of logs and stream can
exert large loads over the assemblies, they are under the risk of structural failure; so
a numerical tool based on the finite element method (FEM) was developed to
predict the distributions of loads and equilibrium configurations of the lines, there-
fore assisting their surveillance and maintenance. The numerical tool was part of a
research and development (R&D) project developed by the Institute for Techno-
logical Research (IPT), and it can be extended to similar problems in which the
structures behave likewise, as is the case of fishing nets and cleaning structures [1].
Moreover, while commercial software could be used for the same purpose, the
intrinsic drawbacks of large computation time, automation, and customization
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fication and validation were performed at both model and prototype scales, and the
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1. Introduction

The operation of a hydroelectric power plant at the Madeira River is
compromised due to the presence of many logs carried through the water stream
that can damage the power plant machinery and reduce its production efficiency.
To prevent such damage, nine assemblies of containment structures, called log
booms (Figures 1 and 2), were installed near the power plant and across the river to
retain and deflect these logs. Nevertheless, as the influence of logs and stream can
exert large loads over the assemblies, they are under the risk of structural failure; so
a numerical tool based on the finite element method (FEM) was developed to
predict the distributions of loads and equilibrium configurations of the lines, there-
fore assisting their surveillance and maintenance. The numerical tool was part of a
research and development (R&D) project developed by the Institute for Techno-
logical Research (IPT), and it can be extended to similar problems in which the
structures behave likewise, as is the case of fishing nets and cleaning structures [1].
Moreover, while commercial software could be used for the same purpose, the
intrinsic drawbacks of large computation time, automation, and customization
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difficulties were generally not justified by the potential increase in accuracy, as the
tool would eventually be integrated in a larger numerical simulator.

2. Numerical model

The mathematical model used in the present formulation is based on the works
of Felippa and Gavin [2–4], whereas the numerical implementation was developed
within the Matrix Laboratory (MATLAB) environment [5]. The material deforma-
tions are assumed elastic only (i.e., no plasticity or yielding) as each log boom is

Figure 1.
Log boom unit schematics and its truss element representation with six DoF. The local reference frame is in blue,
while the global in red.

Figure 2.
Log boom lines and example of assembly of trusses used to model them.
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mainly composed of steel, making the unit respond linearly until approximately
80% of the yield stress [6], but the displacements are geometrically nonlinear, as
the forces, the geometric stiffness, and the assembly equilibrium configuration
depend on one another.

2.1 Mathematical model

Consider the three-dimensional truss element composed by six degrees of free-
dom (DoF) that represent all the possible translation directions its nodes have. Such
element is used to model the structural behavior of each log boom (Figure 1).

With this numbering, the element constitutive stiffness matrix KEe is

KEe ¼ EeAϕ

L0

1 0 0

0 0 0

0 0 0

�1 0 0

0 0 0

0 0 0
�1 0 0

0 0 0

0 0 0

1 0 0

0 0 0

0 0 0

2
66666666664

3
77777777775

(1)

while its geometric stiffness matrix KGe is

KGe ¼
T
L0

0 0 0

0 1 0

0 0 1

0 0 0

0 �1 0

0 0 �1
0 0 0

0 �1 0

0 0 �1

0 0 0

0 1 0

0 0 1

2
66666666664

3
77777777775

(2)

These matrices represent the stiffness of the truss due to its constitutiveness (as
KEe depends on the stiffness module Ee, on the cross-sectional area Aϕ, and on the
undeformed length L0) and existence of external influence (counterbalanced by the
tension T). Consequently, the tangential element matrix KTe, defined as the overall
stiffness, is simply their sum:

KTe ¼ KEe þ KGe (3)

An assembly is then modeled by the joint of N trusses, representing its N log
booms, as in Figure 2; thus, to account for the assembly overall stiffness KT, each
KTe is linearly transformed from the truss local coordinate systems to the global
assembly counterpart, and they are later superimposed.

Now, considering a function g uð Þ that represents the unbalance between inter-
nal and external forces (F and R, respectively), for a given geometric configuration
u, there is a relation between g uð Þ and KT:

g uð Þ � R� F ¼ KTΔu (4)

The equilibrium configuration u∗ is achieved when g uð Þ¼0, and in order to
find it, g u∗ð Þ can be expanded into a Taylor series about an arbitrary initial
configuration uj:
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g u ∗ð Þ ¼ g uj� �þ dg uð Þ
du u ¼ uj u ∗ � uj� �þ 1

2
d2 g uð Þ
du2 u ¼ uj u ∗ � uj� �2 þO u3� � ¼ 0

���
����

(5)

Truncating Eq. (5) to the first order, u∗ can be approximated by the unbalance
and its first derivative:

u ∗ ≈ uj � d g uð Þ
du u ¼ uj

���
��1

g uj� ��
(6)

which, however, is a linear approximation of this nonlinear formulation. Given
such nonlinearity, the problem must be solved numerically, and all the equations
presented insofar are part of an iterative scheme, in which j (j¼0, 1,…) is the jth

iteration. Therefore, numerically speaking, successive expansions must be taken
about the consecutive values of u until a satisfactory equilibrium u∗Num is achieved
within a specified tolerance. So, from Eq. (6), at each iteration an improved equi-
librium configuration ujþ1 is obtained. Also, rearranging Eq. (4) in terms of the
same improved equilibrium configuration, one obtains:

ujþ1 ¼ uj � Kj
T

h i�1
Rj � Fj� �

(7)

As expected, by similarity, Kj
T¼ d g uð Þ

du u¼uj

�� , i.e., the tangential matrix is a func-
tion of uj. So, the numerical method consists of starting from an initial geometry,
calculating the external and internal forces, calculating the assembly tangential
matrix, and updating the geometric configuration. This process is repeated until the
internal and external forces are sufficiently close.

2.2 Force calculations

The loads acting on the assembly originate from the hydrodynamic interaction
and from the log accumulation and must be counterbalanced by the internal forces,
which are a function of the mechanical properties of the material. Although the
formulation is tridimensional, for the purposes by which the model was made, it is
sufficient to obtain the equilibrium configuration on the XZ plane. Hence, the
calculations presented next will only be on this plane.

2.2.1 External loads

To estimate the external forces, a database was created with the aid of compu-
tational fluid dynamics (CFD) (Figure 3). The software Siemens Star-CCM+,
version 12.02.011, was used for these numerical simulations: both water and air
were admitted incompressible, and the flow field was modeled using the unsteady
Reynolds-averaged Navier-Stokes equations implicitly (at the first iterations, the
movements were frozen to ensure fluid stabilization and then gradually released,
still seeking stabilization); the interaction between the fluids was represented by the
volume of fluid Eulerian multiphase model, and the multiphase conditions were
defined by the flat wave model with a numerical damping, added in the momentum
equation on the vertical direction, on both the inlet and outlet boundary conditions
to minimize the effects of reflection and ensure better convergence; finally, the k-ω
SST model was adopted.
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A series of velocity magnitudes V and incidence angles β were simulated such
that normal and tangential coefficients (Cz and Cx, respectively) were calculated
[7–9]. From them, fitting curves in the form of Eq. (8) were adjusted, whose values
of K depend on V (Figure 4):

Cx ¼ K1x cos K2xβð ÞK3x

Cz ¼ K1zsen K2zβð ÞK3z (8)

Each part of the log boom that is free to rotate was assigned with a pair of
coefficients (i.e., the grids and the chassis) such that the total hydrodynamic
force acting on the trusses is retrieved based on them. So, for the ith log boom
(i ¼ 1,…, NÞ,

Rxi Vi; βið Þ ¼ 1
2
ρV2

i CcxiACN þ CGxiAGNð Þ

Rzi Vi; βið Þ ¼ 1
2
ρV2

i CcziACN þ CGziAGNð Þ (9)

Figure 3.
CFD domain used to obtain the external force database.

Figure 4.
Example of Cx and Cz coefficients as functions of the velocity magnitude and incidence angle.
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ACN and AGN are the chassis and grid front areas, and ρ is the water density. The
V and β combinations used in the simulations were arithmetically averaged from
velocimetry data measured in situ along a line s that connects the assemblies’
mooring points (Figure 5).

Once the hydrodynamic coefficients were obtained, the contribution from the
logs that accumulate along the lines was assumed to be increments on the normal
coefficients [10] and estimated with the aid of data from experiments at the towing
tank of the IPT (Figure 6). Thus, considering already such increments, Eq. (9)
accounts for the total external forces acting on the center of the element, which are
equally distributed to its nodes and further transformed from local to global
coordinates as well, according to the angle θi between the two reference frames:

RXi ¼ �Rzi sin θið Þ þ Rxi cos θið Þ
RZi ¼ Rzi cos θið Þ þ Rxi sin θið Þ

(10)

So, RXi=2 and RZi=2 act on the X and Z directions of each node element.

2.2.2 Internal loads

The tension distribution throughout the trusses is calculated based on classic
linear relations of solid mechanics, and it acts on the axial direction of the element.

Figure 5.
Example of the variation of the velocity magnitude and incidence angle along a projected line that connects the
mooring points. The angles are measured taking the north coordinate of reference; thus, it is not β itself, but a
function of it.

Figure 6.
Example of experiment to measure the influence of the logs on the assembly.
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Therefore, for the same ith log boom, stretched to a new length Li (thus having new
coordinates ui), the internal tension acting upon it is calculated as in Eq. (11):

Ti ¼ EAϕ
Li � L0

L0

� �
(11)

This tension must be transformed to internal forces Fi that act on the nodes and
are represented on the global coordinate system. Considering the same angle θi, the
internal forces are obtained through a similar transformation:

FXi ¼ Ti cos θið Þ
FZi ¼ Ti sin θið Þ

(12)

2.3 Initial condition

Originally, the solution strategy was to adopt the line completely stretched along
the X direction and then gradually move the leftmost mooring point by small

increments Δ
!

j toward its final location, while the rightmost mooring point would

start at its correct location. Then, at each Δ
!

j the iterative scheme was run until
convergence (Figure 7).

However, such quasi-static approach is computationally expensive because of

the repetitiveness of the iterative procedure. Additionally, Δ
!

j has to be carefully
chosen to avoid numerical divergence. Thus, an improved initial condition was
proposed in which the assembly was initially approximated by a catenary whose
“weight vector” was obtained from the average of the hydrodynamic forces along s
(Figure 8). Then, with the initial geometry determined, the external and internal
forces could be calculated based on node equilibrium (Figure 9), as in Eq. (13):

T
!
i�1 þ T

!
i þ R

!
i�1 þ R

!
i

2
¼0! (13)

in which Ri
!¼ RiXX̂ þ RiZẐ and T

!
i�1 and Ti

!
are not known a priori (note that

there is no “element 0,” but T
!
0 ¼ T

!
1); thus, a recursive scheme starting from one of

Figure 7.
Example of initial condition and its evolution until final convergence.

31

Nonlinear Truss-Based Finite Element Methods for Catenary-Like Structures
DOI: http://dx.doi.org/10.5772/intechopen.87034



ACN and AGN are the chassis and grid front areas, and ρ is the water density. The
V and β combinations used in the simulations were arithmetically averaged from
velocimetry data measured in situ along a line s that connects the assemblies’
mooring points (Figure 5).

Once the hydrodynamic coefficients were obtained, the contribution from the
logs that accumulate along the lines was assumed to be increments on the normal
coefficients [10] and estimated with the aid of data from experiments at the towing
tank of the IPT (Figure 6). Thus, considering already such increments, Eq. (9)
accounts for the total external forces acting on the center of the element, which are
equally distributed to its nodes and further transformed from local to global
coordinates as well, according to the angle θi between the two reference frames:

RXi ¼ �Rzi sin θið Þ þ Rxi cos θið Þ
RZi ¼ Rzi cos θið Þ þ Rxi sin θið Þ

(10)

So, RXi=2 and RZi=2 act on the X and Z directions of each node element.

2.2.2 Internal loads

The tension distribution throughout the trusses is calculated based on classic
linear relations of solid mechanics, and it acts on the axial direction of the element.

Figure 5.
Example of the variation of the velocity magnitude and incidence angle along a projected line that connects the
mooring points. The angles are measured taking the north coordinate of reference; thus, it is not β itself, but a
function of it.

Figure 6.
Example of experiment to measure the influence of the logs on the assembly.

30

Truss and Frames - Recent Advances and New Perspectives

Therefore, for the same ith log boom, stretched to a new length Li (thus having new
coordinates ui), the internal tension acting upon it is calculated as in Eq. (11):

Ti ¼ EAϕ
Li � L0

L0

� �
(11)

This tension must be transformed to internal forces Fi that act on the nodes and
are represented on the global coordinate system. Considering the same angle θi, the
internal forces are obtained through a similar transformation:

FXi ¼ Ti cos θið Þ
FZi ¼ Ti sin θið Þ

(12)

2.3 Initial condition

Originally, the solution strategy was to adopt the line completely stretched along
the X direction and then gradually move the leftmost mooring point by small

increments Δ
!

j toward its final location, while the rightmost mooring point would

start at its correct location. Then, at each Δ
!

j the iterative scheme was run until
convergence (Figure 7).

However, such quasi-static approach is computationally expensive because of

the repetitiveness of the iterative procedure. Additionally, Δ
!

j has to be carefully
chosen to avoid numerical divergence. Thus, an improved initial condition was
proposed in which the assembly was initially approximated by a catenary whose
“weight vector” was obtained from the average of the hydrodynamic forces along s
(Figure 8). Then, with the initial geometry determined, the external and internal
forces could be calculated based on node equilibrium (Figure 9), as in Eq. (13):

T
!
i�1 þ T

!
i þ R

!
i�1 þ R

!
i

2
¼0! (13)

in which Ri
!¼ RiXX̂ þ RiZẐ and T

!
i�1 and Ti

!
are not known a priori (note that

there is no “element 0,” but T
!
0 ¼ T

!
1); thus, a recursive scheme starting from one of

Figure 7.
Example of initial condition and its evolution until final convergence.

31

Nonlinear Truss-Based Finite Element Methods for Catenary-Like Structures
DOI: http://dx.doi.org/10.5772/intechopen.87034



the mooring points is performed, as (13) has only one unknown at any of these
locations. The internal forces are then calculated using Eq. (12), and the iterative

scheme starts by either stretching the geometry by a small amount δ
!
from the

catenary geometry or, equivalently, by creating a small unbalance g.

2.4 Static condensation

An intrinsic characteristic of structural problems is the presence of fixed degrees
of freedom (F) in addition to the free ones (L). Thus, a common practice in FEM,
known as static condensation, is to renumber the DoF seeking to reorder and
split the linear system into two sub-systems. So, the displacement array can be
written as:

Δu ¼ ΔuL

ΔuF

� �
(14)

and the unbalance array can be similarly split:

g uð Þ ¼ g uLð Þ
g uFð Þ

� �
(15)

Figure 9.
Example of improved initial condition (catenary shape).

Figure 8.
Schematics of the new initial condition to obtain the tension distribution throughout the elements.
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For the log boom assembly, the fixed DoF are related to the mooring points, so
ΔuF are their known displacements, and g uFð Þ are the unknown reaction forces,
whereas the free DoF are related to the unknown displacement of the rest of the
line; ΔuL and g uLð Þ are the known difference between the external hydrodynamic
and internal loads. Thus, the linear system (Eq. (4)) can be rewritten as:

ΔuL

ΔuF

� �j

¼ � Kj
T

h i�1 g uLð Þ
g uFð Þ

� �j

(16)

Additionally, the matrix KT can be interpreted as follows:

KT ¼
KLL KLF

KFL KFF

" #
(17)

Thus, from Eq. (4),

Kj
LLΔu

j
L þ KLFΔu

j
F ¼ g uj� �

L

Kj
FLΔu

j
L þ Kj

FFΔu
j
F ¼ g uj� �

F

8><
>:

(18)

These sub-systems are solved recursively: the first of Eq. (18) is solved for Δuj
L

and, sequentially, the reaction forces as calculated from the second one. Moreover,
static condensation is needed regardless of the initial condition used.

2.5 Sub-relaxation

Several times, the initial condition itself is not sufficient to ensure convergence
because the average velocity used to calculate the catenary “weight” might not
create a representative starting geometry. So, whenever the direct method fails, a
sub-relaxation parameter is applied to the force unbalance as a way to prevent large
deflections through the line, which is especially interesting during the first itera-
tions; the restrained deflections are generally sufficient to adequately converge the
simulation. The sub-relaxation Ω, 0 <Ω≤ 1 is applied in the updating process of
g uð Þ such that

g uj� � ¼ g uj�1� �þ Ωj Rj � Fj� �
(19)

Ω is usually a function of the iteration, but it must necessarily achieve unity
prior to final convergence. An example of how this parameter varies with the
iteration is shown in Figure 10.

2.6 Post-processing

After numerical convergence, a series of variables can be outputted, such as the
final geometry, the velocity magnitude and incidence angle acting over each log
boom, the reaction forces, and the tension distribution along the length of the line
LA. These variables, especially the last one, are of great importance, once they help
predict whether or not the simulated condition threatens the integrity of the line.
Examples of converged line and tension distribution are presented on Figures 11
and 12.
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prior to final convergence. An example of how this parameter varies with the
iteration is shown in Figure 10.

2.6 Post-processing

After numerical convergence, a series of variables can be outputted, such as the
final geometry, the velocity magnitude and incidence angle acting over each log
boom, the reaction forces, and the tension distribution along the length of the line
LA. These variables, especially the last one, are of great importance, once they help
predict whether or not the simulated condition threatens the integrity of the line.
Examples of converged line and tension distribution are presented on Figures 11
and 12.
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Figure 11.
Example of configuration after convergence, evidencing the final geometry, the velocity profile, and the reaction
forces.

Figure 10.
Example of Ω behavior as a function of the iteration.

Figure 12.
Example of tension distribution along the assembly length LA.
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3. Results

In order to verify and validate the tool, thus assessing the numerical method
developed, many simulations were compared to theoretical, experimental, and
numerical data. As the ASME Verification & Validation Committee defines [11],
validation determines the degree of accuracy that a numerical model has in
representing the real world from its perspective, whereas verification evaluates its
intrinsic errors and uncertainties. So, the committee states that verification pre-
cedes validation, as they must be performed to ensure the numerical reliability of
the solution. In this work code and solution verifications were done by systemati-
cally refining the discretization and comparing the outputs with theoretical data
from the problem of a catenary [12]. Following, the validation was done for two
major cases: by comparing the solution with experimental results from a 1:10 scale
model tested in the towing tank at the Naval and Ocean Engineering Laboratory of
the IPT [13] and by comparing the solution with numerical simulations from
SIMPACK® Multi-Body Simulation software in prototype scale [12, 14]; the later
comparison had to be done against numerical data because it was unfeasible to
instrument the in situ assemblies. Additionally, only hydrodynamic cases (i.e.,
without logs) were compared.

3.1 Verification from a theoretical catenary model

While evaluation of the error was performed through comparison with the
catenary model, estimation of the error was done through classical Richardson
extrapolation [12]. Code and solution verifications were performed by systematic
grid refinement, with the coarsest mesh having 100 elements, the finest 800, and in
between these two, successive meshes were created such that the number of trusses
was consecutively increased by a value of approximately

ffiffiffi
2
p

, as recommended by
the committee [11]. For the analysis, a refinement ratio r that is a dimensionless
form of representing the number of elements was defined:

r ¼ hN

hNMax

(20)

hN is a representative grid size that, for the present formulation, assumes the
form of Eq. (21):

hN ¼
PN

i¼1 L0

N
¼ L0 (21)

Thus, according to Eq. (20), r¼1 represents the finest grid and r¼0 an
extrapolation in which the number of elements would hypothetically tend to infin-
ity, as their length would decrease accordingly. In the convergence region, the
behavior of the solution takes the form of Eq. (23), in which fext is the extrapolated
value, p the order of convergence, and C a constant to be determined. From this
expression, a fitting curve is plotted against r for the assessment of the convergence
behavior:

f hNð Þ ¼ fext þ Chp
N (22)

The relative error is simply evaluated by calculating the difference between the
theoretical and numerical values:
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Er ¼ fext � f hNð Þj j
fextj j (23)

and the uncertainty σ estimated through a grid convergence index (GCI):

GCI ¼ FS f hNMaxð Þ � fðh NMax�1ð Þ
�� ��

hNMax
h NMax�1ð Þ

� �p
� 1

(24)

σ ¼ GCI
ψ� fext

(25)

FS and ψ are assigned, 1.25 and 1.1, respectively, so a safe value for σ is esti-
mated. The catenary used for verification has a total length of LC ¼ 200 m, and the
mooring points are at 0; 200ð Þ and 10; 20ð Þ. A vertical force per unit length
F0 ¼ 617:32 N=m acts throughout, and the minimum and maximum forces over the
catenary are used as variables of verification, f hNð Þ; they are both functions of the
curve parameter a, which in turn is obtained by solving a transcendental equation
that depends on the geometric parameters and on the force distribution:

Fmin ¼ a� F0 (26)

Fmax ¼ max
l� F0

sin tan �1 l
a

� �� �
( )

(27)

l is the length of a segment measured from one of the catenary vertices.
Figure 13 shows the trends of the numerical forces as a function of the refinement
ratio along with the theoretical values, which are Fmin ≈ 110:793 kN and
Fmin ≈ 133:492 kN. On both cases p is close to 1, i.e., a convergence accuracy of first
order. Furthermore, the extrapolated values differ from the theoretical ones by no
more than 0:2%, and for the finest grid, the error is within the numerical uncer-
tainty. Finally, all the values are close to the fitting curve, indicating that even for
the poorest grids they seem to be within the convergence region: in fact, if the
uncertainties remain of the same order regardless of the level of discretization, the
disparity between the poorest grid and theoretical value is acceptable [12].

Finally, Figure 14 shows a comparison between numerical and theoretical
geometries; as they practically overlap, the verification corroborates the precision
of the proposed model. As a note, in order not to be much close to the correct

Figure 13.
Convergence of the numerical catenary maximum and minimum forces versus refinement ratio. Values are
normalized by the theoretical ones.
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catenary geometry, the verification was conducted with the line completely
stretched along the X direction.

3.2 Model scale validation

Reduced model experiments were conducted at the facilities of the IPT in a 1:10
scale with the purpose of studying the hydrodynamic behavior of such structures
[13]. To do so, the model, developed mainly in polycarbonate and polymer, was
constructed with the aid of a laser cutting machine and a 3D printer; the assembly
was ballasted by adding lead stripes along the structure but without changing its
front area as to minimize drag interference; to test both symmetric and asymmetric
setups, log booms were added from a five-unit symmetric configuration, while the
left mooring point was offset by distances ΔZ along the flow direction, since the
model width was limited by the basin; flat plates were attached on both extremities
to reduce the interference of the structures and to better control the flow incidence.

Four S-Type S9M uniaxial load cells, produced by HBM, were used at each
extremity, each of which with a nominal measure limit of 500 N, so the tensile
forces acting on the leftmost and rightmost log booms could be acquired. Addition-
ally, to understand how the stain behaves on each log boom and also how it is
transferred throughout the structure, water strain gages, manufactured by Kyowa
Electronic Instruments, were placed on one of the modules, as shown schematically
in Figure 15. These locations were appropriately chosen with the aid of numerical
simulations from finite element method: the criterion was to locate the stress con-
centration area that increased the measurement sensitivity while avoided the high
strain gradients, since the latter can contribute to unreliable measurements.

Figures 16–18 compare experimental and numerical results for three different
configurations as the function of the velocity. “LE” indicates “left extremity” and
“RE” “right extremity,” while “Exp” and “Num” refer to experimental and numer-
ical values. No numerical uncertainty was provided since the number of trusses was
maintained equal the number of log booms.

The results agree satisfactorily: the differences are more evident as the free
stream velocity increases; the numerical method reproduces the experimental
observation that the tensile force is larger at the leftmost log boom, an expected
trend since tensile loads are higher for elements that are parallel to the stream; the

Figure 14.
Geometry comparison for the theoretical formulation and numerical method.
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number of log booms seems not to affect the accuracy of the results, as the error
remains practically the same regardless of the configuration; the larger differences
are within 6:0% and are possibly due to reasons such as the model material proper-
ties, the modeling of the external forces, and the few number of elements. For the

Figure 15.
Schematics of the experimental setup.

Figure 16.
Force comparison as a function of free stream velocity. Six log boom lines.

Figure 17.
Force comparison as a function of free stream velocity. Seven log boom lines.
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later reason, better agreement could result from finer grids, although the one-to-
one representation would be lost.

3.3 Prototype-scale validation

A prototype-scale validation is presented, and the results were compared to
simulations from SIMPACK® Multi-Body Simulation software. The variables of
comparison are again the reaction forces at the leftmost and rightmost anchor
points, and the relative differences uLE and uRE use the values of SIMPACK® for
normalization. In the following tables, SP refers to the results from SIMPACK®,
while FEM to the results from the current method. Three validation cases were
performed: line 02, line 12, and the set of line 13.

3.3.1 Line 02

The first prototype validation was performed for line 02 with a variable velocity
profile, similar to the one presented in Figure 5. An example of converged solution
for line 02 is presented in Figure 19, in which the equilibrium configuration,
projected line, and velocity distribution are depicted.

The results from SIMPACK® and the current method are presented in [14]: the
first simulation considers a 20% increase in the normal external force (Cz), while
the second a 50% increase.

Table 1 shows that the maximum relative difference for the simulations that
happen at the RE (approximately 7.6%), while for the LE the maximum difference
is about 5.3%. Such values are satisfactory given the simplicity of the tool, in
comparison to SIMPACK®.

SP (kN) FEM (kN) u (%)

LE RE LE RE LE RE

1025 814 1076 876 5.0 7.6

1239 1029 1305 1104 5.3 7.3

Table 1.
Comparison of results between SIMPACK® and the current method—Line 02.

Figure 18.
Force comparison as a function of free stream velocity. Eight log boom lines.
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3.3.2 Line 12

The second validation was performed for line 12 with several velocity profiles,
also similar to the one presented in Figure 5. Analogously, Figures 19 and 20 depict
an example of a converged solution.

Table 2 presents the comparison between SIMPACK® and the developed for-
mulation. For this set of simulations, the maximum percentage difference happens
at the LE, and its value is approximately 6.6%, while at the RE this difference is
about 5.2%; the values are comparable to those for line 02, except that the extrem-
ities at which the maximum occurs are swapped.

3.3.3 Lines 13

The last validation was conducted for the group of lines 13, i.e., for lines 13A, 13B,
13C, and 13D. Figure 21 is an example of a converged simulation for line 13C/13D.

Figure 20.
Example of converged solution for line 12.

Figure 19.
Example of converged simulation for line 02.
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Particularly for line 13, the magnitude and incidence angle remained constant
throughout them, varying from simulation to simulation. In Table 3 these parame-
ters are summarized: the first columns indicate the velocity range (VR) used in each
simulation for the choice of the coefficients of Eq. (8), even though the actual
velocity magnitude was sometimes not within that range.

Table 4 presents the comparison between SIMPACK® and the developed
formulation.

The maximum percentage difference of the simulations happens again at the LE
and is approximately 7.0% for line 13A/13B and 7.1% for line 13C/13D. At the RE,
the difference is about 5.5% for line 13A/13B and 6.3% for line 13C/13D.

Figure 21.
Example of converged solution for line 13C/13D.

SP (kN) FEM (kN) u (%)

LE RE LE RE LE RE

1566 1234 1666 1295 6.4 4.9

1540 1204 1641 1267 6.6 5.2

1866 1479 1983 1543 6.3 4.3

2028 1578 2158 1659 6.4 5.2

1463 1124 1559 1181 6.6 5.1

1793 1387 1910 1459 6.5 5.2

1946 1487 2071 1564 6.4 5.2

1789 1382 1905 1454 6.5 5.2

1767 1359 1877 1424 6.2 4.8

1710 1306 1821 1374 6.5 5.2

2255 1748 2405 1840 6.6 5.3

1701 1314 1811 1381 6.4 5.1

1820 1414 1888 1425 3.7 0.8

Table 2.
Comparison of results between SIMPACK® and the current method—Line 12.
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4. Conclusions

A simple truss-based finite element method was proposed to simulate the load
distributions and geometric configurations of assemblies that behave in a catenary-
like manner, subject to external, variable loads. The formulation was tailored to the
particular problem of log booms (structures that retain logs from reaching the
machinery of hydropower plants) under the influence of river streams and the logs
they convey. The nonlinear formulation imposes equilibrium between internal and
external forces so that an iterative scheme must be numerically solved. The method
was verified by comparison against analytical results from a theoretical catenary
model: the relative error and uncertainty for the maximum and minimum forces
were within 0.2%, while the mesh refinement order of convergence was close to 1.
The tool was later validated against experimental model-scale data from the towing
tank at the Institute for Technological Research [12] and prototype-scale numerical
data from commercial software SIMPACK®, and all the results agree adequately
[14]: for the experimental data validation, the numerical method was capable of
reproducing the observations of the experiments, and the maximum relative dis-
crepancy observed was about 6%. The differences are invariant to the increase in
the assembly length, but they seem sensible to variations of the free stream. Like-
wise, the prototype-scale validations all show adequate agreement, regardless of the
line configurations, and a maximum relative error, considering SIMPACK® as the
reference, of less than 8%. These percentages corroborate the adequacy of the
method for the purpose by which it was developed: to a have a fast, yet reliable,

Line 13A/13B Line 13C/13D

SP (kN) FEM (kN) u (%) SP (kN) FEM (kN) u (%)

LE RE LE RE uLE uRE LE RE LE RE uLE uRE

1550 1263 1655 1329 6.8 5.2 822 647 876 679 6.6 5.0

934 759 1000 801 7.0 5.5 1501 1318 1607 1401 7.1 6.3

745 618 793 650 6.5 5.2 537 436 572 458 6.5 5.1

577 486 615 512 6.7 5.5 600 525 639 556 6.6 5.9

429 358 455 376 6.0 5.2 209 165 221 173 5.8 4.7

280 234 297 247 6.2 5.4 341 301 361 318 6.0 5.5

Table 4.
Comparison of results between SIMPACK® and the current method—Lines 13.

Line 13A/13B Line 13C/13D

VR (m/s) V (m/s) Angle (°) V (m/s) Angle (°)

2.5 < V < 3.5 3.18 54.44 2.11 59.60

2.5 < V < 3.5 2.49 54.81 2.04 42.00

1.0 < V < 3.5 2.14 52.11 1.60 56.26

1.0 < V < 3.5 1.80 49.56 1.33 42.48

1.0 < V < 2.0 1.69 53.06 1.13 61.03

1.0 < V < 2.0 1.36 52.80 1.05 43.53

Table 3.
Parameters for simulations of lines 13.

42

Truss and Frames - Recent Advances and New Perspectives

tool, to forecast the tension distributions throughout the lines such that it can be
used as a simulator for the assessment of the structural safety of log boom
assemblies.
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like manner, subject to external, variable loads. The formulation was tailored to the
particular problem of log booms (structures that retain logs from reaching the
machinery of hydropower plants) under the influence of river streams and the logs
they convey. The nonlinear formulation imposes equilibrium between internal and
external forces so that an iterative scheme must be numerically solved. The method
was verified by comparison against analytical results from a theoretical catenary
model: the relative error and uncertainty for the maximum and minimum forces
were within 0.2%, while the mesh refinement order of convergence was close to 1.
The tool was later validated against experimental model-scale data from the towing
tank at the Institute for Technological Research [12] and prototype-scale numerical
data from commercial software SIMPACK®, and all the results agree adequately
[14]: for the experimental data validation, the numerical method was capable of
reproducing the observations of the experiments, and the maximum relative dis-
crepancy observed was about 6%. The differences are invariant to the increase in
the assembly length, but they seem sensible to variations of the free stream. Like-
wise, the prototype-scale validations all show adequate agreement, regardless of the
line configurations, and a maximum relative error, considering SIMPACK® as the
reference, of less than 8%. These percentages corroborate the adequacy of the
method for the purpose by which it was developed: to a have a fast, yet reliable,

Line 13A/13B Line 13C/13D

SP (kN) FEM (kN) u (%) SP (kN) FEM (kN) u (%)

LE RE LE RE uLE uRE LE RE LE RE uLE uRE

1550 1263 1655 1329 6.8 5.2 822 647 876 679 6.6 5.0

934 759 1000 801 7.0 5.5 1501 1318 1607 1401 7.1 6.3

745 618 793 650 6.5 5.2 537 436 572 458 6.5 5.1

577 486 615 512 6.7 5.5 600 525 639 556 6.6 5.9

429 358 455 376 6.0 5.2 209 165 221 173 5.8 4.7

280 234 297 247 6.2 5.4 341 301 361 318 6.0 5.5

Table 4.
Comparison of results between SIMPACK® and the current method—Lines 13.

Line 13A/13B Line 13C/13D

VR (m/s) V (m/s) Angle (°) V (m/s) Angle (°)

2.5 < V < 3.5 3.18 54.44 2.11 59.60

2.5 < V < 3.5 2.49 54.81 2.04 42.00

1.0 < V < 3.5 2.14 52.11 1.60 56.26

1.0 < V < 3.5 1.80 49.56 1.33 42.48

1.0 < V < 2.0 1.69 53.06 1.13 61.03

1.0 < V < 2.0 1.36 52.80 1.05 43.53

Table 3.
Parameters for simulations of lines 13.
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tool, to forecast the tension distributions throughout the lines such that it can be
used as a simulator for the assessment of the structural safety of log boom
assemblies.
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Design Optimization of 3D Steel
Frameworks Under Constraints of
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Abstract

Steel multistorey 3D frames are commonly used in business and residential
buildings, industrial sheds, warehouses, etc. The design optimization of tall steel
buildings is usually governed by horizontal loadings, such as, wind load, as well as
its dynamic behavior, for which the structure must have the stiffness and stability
in accordance with the safety criteria established by codes. This chapter deals with
sizing structural optimization problems, concerning weight minimization of 3D
steel frames, considering natural frequencies of vibration as well as allowable
displacements as the constraints of the optimization problem. The discrete design
variables are to be chosen from commercial profiles tables. A differential evolution
(DE) is the search algorithm adopted coupled to an adaptive penalty method
(APM) to handle the constraints. Three different 3D frames are optimized,
presenting very interesting results.

Keywords: steel frame optimization, differential evolution, natural frequencies of
vibration, wind load, adaptive penalty method

1. Introduction

Steel multistorey 3D frames are commonly used in business and residential
buildings, industrial sheds, warehouses, etc. The design optimization of tall steel
buildings is usually governed by horizontal loadings, such as, wind load, as well
as its dynamic behavior, for which the structure must have the stiffness and
stability following the safety criteria established by codes. The task of finding the
most economical structures, that is, with the minimum weight and satisfying the
constraints imposed by the codes, such as, ASD-AISC [1], NBR 6123 [2], and NBR
8800 [3], is not trivial. This may require an interactive process (trial and error) that
may require very expensive or even impossible computational time. The behavior
constraints include, for instance, combined bending and axial stress, shear stress,
compression buckling, tension slenderness, drift ratio, multiple natural frequencies
of vibration, elastic critical loads, etc.

This chapter is not an attempt to provide a survey of publications on structural
optimization problems of multistorey 3D frames concerning many types of con-
straints. However, one can cite some papers where readers can find reviews
regarding this issue.
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Abstract

Steel multistorey 3D frames are commonly used in business and residential
buildings, industrial sheds, warehouses, etc. The design optimization of tall steel
buildings is usually governed by horizontal loadings, such as, wind load, as well as
its dynamic behavior, for which the structure must have the stiffness and stability
in accordance with the safety criteria established by codes. This chapter deals with
sizing structural optimization problems, concerning weight minimization of 3D
steel frames, considering natural frequencies of vibration as well as allowable
displacements as the constraints of the optimization problem. The discrete design
variables are to be chosen from commercial profiles tables. A differential evolution
(DE) is the search algorithm adopted coupled to an adaptive penalty method
(APM) to handle the constraints. Three different 3D frames are optimized,
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1. Introduction

Steel multistorey 3D frames are commonly used in business and residential
buildings, industrial sheds, warehouses, etc. The design optimization of tall steel
buildings is usually governed by horizontal loadings, such as, wind load, as well
as its dynamic behavior, for which the structure must have the stiffness and
stability following the safety criteria established by codes. The task of finding the
most economical structures, that is, with the minimum weight and satisfying the
constraints imposed by the codes, such as, ASD-AISC [1], NBR 6123 [2], and NBR
8800 [3], is not trivial. This may require an interactive process (trial and error) that
may require very expensive or even impossible computational time. The behavior
constraints include, for instance, combined bending and axial stress, shear stress,
compression buckling, tension slenderness, drift ratio, multiple natural frequencies
of vibration, elastic critical loads, etc.

This chapter is not an attempt to provide a survey of publications on structural
optimization problems of multistorey 3D frames concerning many types of con-
straints. However, one can cite some papers where readers can find reviews
regarding this issue.
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An optimization process via genetic algorithms using MATLAB-SAP2000 Open
Application Programming Interface (OAPI) is presented for optimum design of
space frames with semirigid connections in Artar and Daloğlu [4].

An enhanced imperialist competitive algorithm for optimum design of skeletal
structures is proposed by Maheri and Talezadeh [5]. In Aydoğdu et al. [6], an
enhanced artificial bee colony algorithm is adopted to find the optimum design
problem of steel space frames formulated according to the provisions of LRFD-
AISC. Talatahari et al. [7] proposed the combination of an eagle strategy algorithm
with the differential evolution (DE) which is implemented by interfacing SAP2000
structural analysis code and MATLAB mathematical software to find the optimum
design of framed structures. Maheri et al. [8] proposed an enhanced honey bee
mating optimization algorithm for the design of side sway steel frames. The robust-
ness of the algorithm in terms of both solution quality and computational cost is
proven by solving four design optimization problems of side sway steel frames.
Optimal seismic design of three-dimensional steel frames is carried out in Kaveh
and BolandGerami [9] with the structures subjected to gravity and earthquake
loadings and designed according to the LRFD-AISC design criteria.

The harmony search metaheuristic is used as the search engine. Kaveh and
BolandGerami [9] used a cascade-enhanced colliding body optimization to find the
optimum design of large-scale space steel frames according to ASD-AISC. Jalili et al.
[10] presented a modified biogeography-based optimization (MBBO) algorithm for
the optimum design of skeletal structures with discrete variables. Gholizadeh and
Poorhoseini [11] proposed a modified dolphin echolocation (MDE) algorithm pro-
posed for the optimization of steel frame structures. Gholizadeh and Milany [12]
used an improved fireworks algorithm (IFWA) to deal with the discrete structural
optimization problems of steel trusses and frames.

Since the tall buildings present the need for in-depth analyses regarding their
lateral stability, several studies are found in the literature on this subject. Cost
efficiencies of various steel frameworks are investigated for the economical design
of multistorey buildings by Hasançebi [13]. Braced and unbraced steel frames
subjected to gravity and lateral seismic loads were studied by Memari and Madhkan
[14]. Kameshki and Saka [15] compared pin-jointed frames considering several
types of bracings with rigidly connected frames without bracings. Liang et al. [16]
applied a performance-based design optimization method to discover optimum
topologies of bracings for steel frames. In his paper Hasançebi [13] highlights
important aspects regarding restrictions on the fabrication of structural elements. In
this sense, it is essential. In this sense, it is imperative that construction costs of the
resulting structures, rather than design weights only, must be evaluated. Studies on
this subject were conducted by Pavlovčič et al. [17].

This chapter deals with sizing structural optimization problems, concerning
weight minimization of 3D steel frames, considering natural frequencies of vibra-
tion as well as allowable displacements as the constraints of the optimization prob-
lem. The discrete design variables are to be chosen from commercial profile tables.
A DE [18] is the search algorithm adopted coupled with an adaptive penalty method
(APM) to handle the constraints [19]. An essential aspect of this chapter is the
importance that must be given concerning the constraints regarding the first natural
frequency of vibration of the frames. Often, they are neglected in the formulations
of these structural optimization problems. A brief review of optimization problems
considering natural frequencies of vibration as constraints is provided by Carvalho
et al. in [20].

This chapter is as organized as follows: Section 2 presents the formulation of the
optimization problem. Section 3 presents the basics concepts on differential evolu-
tion algorithm and the strategy to handle the constraints. Numerical experiments
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and analysis of results are described in Sections 4 and 5, respectively. Finally, the
conclusions and extensions of this chapter are described in Section 6.

2. Formulation of the optimization problem

The optimization problem deals with the weight minimization of 3D steel frames
consisting of N members, under constraint of natural frequencies of vibration and
allowable displacements due to design loads.

The objective is to find an integer index vector x (Eq. (1)) which points to
commercial steel profile where each index i points to a cross-sectional area (Ai), the
inertias about the main axes (Ixi, Iyi) and the torsional constant (Iti). These proper-
ties are used to define a candidate solution in the evolutionary process. Two differ-
ent search spaces are adopted for columns and beams, containing 29 and 56
available profiles, respectively, provided in Table 1.

x ¼ I1; I2;…; Iif g (1)

The objective function w(x) (Eq. (2)) is the weight of the structure, in which Li
is the length, Ai is the cross-sectional area, and ρi is the specific mass of the ith
member. 7850 kg/m3 is the specific mass of the steel used in the numerical experi-
ments presented in this chapter.

w xð Þ ¼ ∑
N

i¼1
ρiAiLi (2)

The maximum horizontal displacement and the first natural frequency of vibra-
tion are the constraints written as

Case 1 Case 2

dv [19] [21] TS [22] [20] TS

A1 29.2257 30.520 30.268 5.5713 5.4870 5.6593

A2 0.1000 0.100 0.1018 2.4072 2.2475 2.2830

A3 24.1821 23.200 23.1493 5.4692 5.5000 5.3987

A4 14.9471 15.220 15.2456 2.3847 2.2320 2.3229

A5 0.1000 0.100 0.1001 0.1004 0.1000 0.1000

A6 0.3946 0.551 0.5546 0.7104 0.7285 0.7159

A7 7.4958 7.457 7.4902 3.6596 3.7976 3.6969

A8 21.9249 21.040 21.3433 3.6579 3.7820 3.7667

A9 21.2909 21.530 21.3958 2.0703 1.9840 1.9386

A10 0.1000 0.100 0.1001 1.9153 1.9065 1.9351

W 5069.09 5060.80 5061.45 532.390 532.124 532.03

nfe 28,0000 — 10,000 21,000 21,000 10,000

Table 1.
Comparison of results of the 10-bar truss.
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and analysis of results are described in Sections 4 and 5, respectively. Finally, the
conclusions and extensions of this chapter are described in Section 6.

2. Formulation of the optimization problem

The optimization problem deals with the weight minimization of 3D steel frames
consisting of N members, under constraint of natural frequencies of vibration and
allowable displacements due to design loads.

The objective is to find an integer index vector x (Eq. (1)) which points to
commercial steel profile where each index i points to a cross-sectional area (Ai), the
inertias about the main axes (Ixi, Iyi) and the torsional constant (Iti). These proper-
ties are used to define a candidate solution in the evolutionary process. Two differ-
ent search spaces are adopted for columns and beams, containing 29 and 56
available profiles, respectively, provided in Table 1.
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The objective function w(x) (Eq. (2)) is the weight of the structure, in which Li
is the length, Ai is the cross-sectional area, and ρi is the specific mass of the ith
member. 7850 kg/m3 is the specific mass of the steel used in the numerical experi-
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δmax xð Þ
δ

� 1≤0

1� f 1 xð Þ
f 1

≤0
(3)

where δmax is the maximum displacement at the top of the structure, δ is the
maximum allowable displacement, f 1 is the first natural frequency of vibration, and
f 1 is the minimum allowed frequency by the standard codes.

3. Differential evolution algorithm and the adaptive penalty scheme

The algorithm used in this study is the traditional DE algorithm, which was
introduced in 1995 by Storn and Price [18]. It is based on evolution of population of
vectors in the search space. This algorithm has been showing robustness in solving
structural mono- and multi-objective optimization problems.

The first step of the algorithm consists of generating a pseudorandom population
in the search space. Then, the evolution of the vectors is governed by Eq. (4):

xj, i,G  xj,r1,G þ F xj,r2,G � xj,r3,G
� �

(4)

where xj, i,G represents the new individual of the new generation; xj,r1,G, xj,r2,G,
and xj,r3,G represent, respectively, the base vector and two other vectors from the
previous generation (both three vectors are randomly selected and different among
them); and F represents the scale factor of the difference between vectors. This
expression (Eq. 4) is illustrated in Figure 1.

Mutation and crossover operators are considered in the differential evolution,
and there is a predetermined probability of crossover (Pcr) as well as a probability
of mutation between the new and the old individual.

Figure 1.
Visual representation of DE scheme.
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The following flowchart represents the scheme of DE:

Initialize pseudorandom population
For i = 1: NPOP

Select randomly J ∈ {1,…, NPOP}
For j = 1: NPOP

Select randomly rand ∈ [0, 1]
If rand < Pcr or j = J

xj, i,G  xj,r1,G þ F xj,r2,G � xj,r3,G
� �

Else
xj, i,G  xj,r1,G

end if
end For

end For

where NPOP represents the number of population.
To handle the constraints, the APM is adopted, proposed by Lemonge and

Barbosa [19].
The fitness function W(x) is defined by Eq. (5).

W xð Þ ¼
w xð Þ, if x is feasible

w xð Þ þ ∑
nc

jj¼1
kjjvjj xð Þ, otherwise

8><
>:

(5)

where w xð Þ is the objective function of the candidate solution without penaliza-
tion Eq.(6)

w xð Þ ¼ w xð Þ, if w xð Þ> w xð Þh i
w xð Þh i, if w xð Þ≤ w xð Þh i

�
(6)

where w xð Þh i is the average value of the objective function of the solutions of the
current population. The penalty parameter kjj is defined in Eq.(7):

kjj ¼ w xð Þh ij j vjj xð Þ
� �

∑nc
ll¼1 vll xð Þ½ �2, (7)

where vjj xð Þ
� �

means the violation of the jj-th constraint averaged over the
current population considering only infeasible individuals. The complete formula-
tion of the APM can be found in [19].

4. Numerical examples

4.1 Preliminary experiment

To validate the proposed search mechanism, a well-known benchmark 10-bar
truss, shown in Figure 2, is considered. Two cases are analyzed: in the first one, the
problem consists of weight minimization considering displacements and stresses as
constraints and, in the second case, minimization of its weight considering natural
frequencies as constraints; for both cases the design variables are the cross-sectional
areas of the bars (totalizing 10 variables). The truss has Young’s modulus equal to
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δ
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1� f 1 xð Þ
f 1

≤0
(3)
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Figure 1.
Visual representation of DE scheme.
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104 ksi (68.95 GPa) and material density equal to 0.1 lb=in³ (2770 kg=m³). For case
1, the upper and lower bounds are equal to 0.1 and 33.50 in2, and two loads of
100 kips (444.82 kN) each are applied at nodes 2 and 4; for case 2, the bounds are
equal to 0.1 and 7.75 in2, and an additional mass of 1000 lbs. (454.54 kg) is attached
to free nodes (1–4). Constraints are set to �25 ksi (for both compression and
tension) and 2 inches for case 1, and also f 1 ≥ 7 Hz, f 2 ≥ 15 Hz, and f 3 ≥ 20 Hz for
case 2.

Table 2 shows the design variables (dv) (in2 for case 1 and cm2 for case 2), the
optimum weights (W) (lb for case 1 and kg for case 2) obtained for both cases, as
well as a comparison with some results found in the literature where TS means the
results obtained with this study. For both cases, 50 independent runs were
performed; the population size is 50 which evolved in 200 generations leading to
10,000 function evaluations (nfe).

4.2 Design loads

The first mutlistorey 3D steel frame is a simple three-storey steel frame, with
3 m of width, 6 m of length, and 9 m of height equally spaced. This 3D frame is
subjected to lateral wind and gravity loads. The gravity and wind loads are defined
based on the Brazilian technical codes NBR 6123 [2], detailed on the next subsec-
tions. The model in finite elements for the first 3D frame consists in 39 members
and 24 joints depicted in Figure 3.

4.2.1 Wind loads

To define the forces due to the wind on the columns, it demands to determine
the dynamic pressure (q) acting on the area of the larger façade. For this purpose,
two parameters, the wind basic velocity (V0) and the wind characteristic velocity
(Vk), are necessary. The basic velocity V0 is inherent of the region and assumed as
the velocity of 3 s gust, exceeded in mean once in 50 years, 10 m above the ground
on an open and plain field. For the city of Juiz de Fora, Minas Gerais State, Brazil,
the basic velocity is equal to V0 = 35 m/s. The characteristic velocity is defined by
Eq. (8), where S1 (topographic factor), S2(terrain roughness factor), and S3(statistic
factor) are weighting coefficients resulting in 25.9 m/s as written in Eq. (9) ([2]).

Figure 2.
The 10-bar truss.
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Vk ¼ V0S1S2S3 (8)

Vk ¼ 35� 1:0� 0:74� 1:0 ¼ 25:9 m=s (9)

With the characteristic velocity, it is possible to determine the dynamic pressure
on the larger facade of the frame through Eq. (10).

q ¼ 0:613V2
k ¼ 0:613� 25:92 ¼ 411:21 N=m² (10)

The dynamic pressure acting on the frame’s larger facade, q = 0.411 kN/m2, must
be transferred as a uniform load applied to the columns; to transfer the area loading
to columns, the influence area of corner columns (CC) (red area = 13.5 m2) and
middle columns (MC) (blue area 27 m2) are used; the steps are detailed in Eqs.(11)
and (12) and Figure 4, where Pc and PM are the uniform wind load on the corner
columns and middle columns, respectively.

PC ¼ 0:411
kN
m²
� 13:5 m²

9 m
¼ 0:62 kN=m (11)

PM ¼ 0:411
kN
m²
� 27 m²

9 m
¼ 1:23 kN=m (12)

4.2.2 Gravity loads

Two different types of gravity loads are considered: dead loads and live loads.
The first one refers to self-weight of the structural elements, such as, the concrete
slabs, which was adopted with a thickness equal to 10 cm, and the second one
corresponds to the occupation. The dead load acting on the floor is 3 kN/m2, and the
live is 2 kN/m2. The inner beams (IB) would be more loaded (the largest influence
area) than the outer beams (OB), as can be observed in Figure 5. The blue area
(4.5 m2) transfers its weight to the inner beams, and the red area (2.25 m2) transfers

Figure 3.
The 39 members frame—joints and elements mapping.
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its weight to the outer beams. The design factor used for dead loads was 1.4 and for
the live loads 1.5, according to the Brazilian Technical Standard code [2]. Eqs. (13)
and (14) summarize the calculus of the design loads adopted in the experiments,
according to the Brazilian Technical Standard code, where Pi and Po are the uniform
loading on inner beams and outer beams, respectively [3].

Pi ¼ 1:4� 3
kN
m²
þ 1:5� 2

kN
m²

� �
� 4:5 m²

3 m
¼ 10:8 kN=m (13)

Figure 4.
Wind loads on columns.

Figure 5.
Influence area for beams—design loads.
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Po ¼ 1:4� 3
kN
m²
þ 1:5� 2

kN
m²

� �
� 2:25 m²

3 m
¼ 5:4 kN=m (14)

4.3 Experiment 1

The first experiment consists of the three-storey steel frame to minimize the
weight as depicted in Figure 3, considering the loads discussed in the previous
subsection subjected to the maximum horizontal displacements as the constraint
that occur on the top of the frame. The frame has 9 m of height leading to an
allowable displacement at the top equal to 22.5 mm as Eq. (15) shows:

δ ¼ H
400

¼ 9000
400

¼ 22:5 mm (15)

Five independent runs and 100 generations with a population of 50 individuals
are the parameters set for DE. The best solution found is detailed in Figure 5. It is
possible to note that the algorithm reached both the lightest profile for beams and
columns, which are W 150 � 13 (red) and W 150 � 22.5 (blue), respectively,
leading to a final weight of 2050 kg. For the best solution found, rigorously feasible
in the evolutionary process, the maximum displacement is 19.6 mm as can be
observed in the scale of Figure 6.

4.4 Experiment 2

The second experiment has the same characteristics as the first one. However, a
constraint concerning the first natural frequency of vibration is added (Eq. (16))
that must be at least 4 Hz, according to the dynamic comfort values prescribed by
NBR 8800 [3]. The natural frequencies are obtained calculating the eigenvalues of
the matrix [(f 2nf x M + K)] [23], where M and K are the mass and stiffness matrices,

Profiles for columns Profiles for beams

W 150 � 22.5 W 250 � 89 W 150 � 13 W 310 � 21 W 410 � 38.8 W 530 � 66

W 150 � 29.8 W 250 � 101 W 150 � 18 W 310 � 23.8 W 410 � 46.1 W 530 � 72

W 150 � 37.1 W 250 � 115 W 150 � 24 W 310 � 28.3 W 410 � 53 W 530 � 74

W 200 � 35.9 W 310 � 79 W 200 � 15 W 310 � 32.7 W 410 � 60 W 530 � 82

W 200 � 41.7 W 310 � 93 W 200 � 19.3 W 310 � 38.7 W 410 � 67 W 530 � 85

W 200 � 46.1 W 310 � 97 W 200 � 22.5 W 310 � 44.5 W 410 � 75 W 530 � 92

W 200 � 52 W 310 � 107 W 200 � 26.6 W 310 � 52 W 410 � 85 W 530 � 101

W 200 � 53 W 310 � 110 W 200 � 31.3 W 360 � 32.9 W 460 � 52 W 530 � 109

W 200 � 59 W 310 � 117 W 250 � 17.9 W 360 � 39 W 460 � 60 W 610 � 101

W 200 � 71 W 310 � 125 W 250 � 22.3 W 360 � 44 W 460 � 68 W 610 � 113

W 200 � 86 W 360 � 91 W 250 � 25.3 W 360 � 51 W 460 � 74 W 610 � 125

W 250 � 62 W 360 � 101 W 250 � 28.4 W 360 � 57.8 W 460 � 82 —

W 250 � 73 W 360 � 110 W 250 � 32.7 W 360 � 64 W 460 � 89 —

W 250 � 80 W 360 � 122 W 250 � 38.5 W 360 � 72 W 460 � 97 —

W 250 � 85 — W 250 � 44.8 W 360 � 79 W 460 � 106 —

Table 2.
Discrete search spaces for columns and beams.
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respectively, and fnf is the equivalent eigenvectors concerning the nf natural fre-
quencies of vibration of the structure. Also a member grouping is adopted, consid-
ering the symmetry of structure. In optimized structures, it can be attractive to use a
reduced number of distinct cross-sectional areas to minimize the costs of fabrication,
transportation, storing, checking, and welding, thereby providing labor savings.

Thus, the member grouping is conducted such as corner columns, middle col-
umns, outer beams, and inner beams (IB) form four different groups which each
group will have the same profile as defined in Figure 7 and Table 3.

δmax xð Þ
22:5

� 1≤0

1� f 1 xð Þ
4

≤0
(16)

Figure 6.
The best solution and the displacement field for the Experiment 1.

Figure 7.
Member grouping for the Experiment 2.
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The DE parameters are the same in Experiment 1. The best solution found
presented a final weight of 2587 kg, the maximum displacement of 12.9 mm, and the
first natural frequency of vibration equal to 4.14 Hz corresponding, as expected, to
a feasible solution. It is interesting to note that the algorithm distributed masses
along the structure in a better way in order to satisfy the frequency constraint, in
this case, decreasing the maximum displacement. Figure 8 and Table 4 show the
detailed results.

4.5 Experiment 3

This numerical experiment consists in to minimize the weight of a 3D steel
frame with six-storeys and 78 members, as illustrated in Figure 9, and it is subjected
to wind load and a constraint concerning the maximum horizontal displacement at
the top of the frame. In this experiment, distinct member groupings are adopted to
show how the final weights decrease as more different profiles are used. In this
sense, the members are grouped in two, four, and eight groups independently.

The wind and gravity loads are defined in the same way as the previous exper-
iment, and the displacement constraint is written as (Eq. (17)):

δ ¼ H
400

¼ 18000
400

¼ 45 mm (17)

Group Characteristics Color

1 Corner columns Red

2 Middle columns Blue

3 Inner beams Green

4 Outer beams Black

Table 3.
Member grouping for the Experiment 2.

Figure 8.
The best solution and the displacement field for the Experiment 2.
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The DE parameters are the same in Experiment 1. The best solution found
presented a final weight of 2587 kg, the maximum displacement of 12.9 mm, and the
first natural frequency of vibration equal to 4.14 Hz corresponding, as expected, to
a feasible solution. It is interesting to note that the algorithm distributed masses
along the structure in a better way in order to satisfy the frequency constraint, in
this case, decreasing the maximum displacement. Figure 8 and Table 4 show the
detailed results.
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4.5.1 Members linked in two groups

Firstly, the problem considers the possibility of using only two distinct profiles,
one for the columns and other for the beams. The member grouping adopted is
described in the Table 5 and in Figure 10.

The DE parameters are the same as Experiment 2, and best solution found is
detailed in Table 6 and in Figure 11.

Group Characteristics Color Cross section

1 Corner columns Red W 150 � 22.5

2 Middle columns Blue W 200 � 46.1

3 Inner beams Green W 150 � 13

4 Outer beams Black W 200 � 15

Maximum displacement — 12.9 mm

First natural frequency — 4.14 Hz

Total weight — 2587 kg

Table 4.
Optimum solution found for the Experiment 2.

Figure 9.
The 78 members frame joints and elements mapping.
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4.5.2 Members linked in four groups

In the second analysis of Experiment 3, the members are linked in four distinct
groups as described in Table 7 and Figure 12, and the best result found is detailed in
Figure 13 and Table 8.

4.5.3 Members linked in eight groups

Finally, the same problem is optimized with the members linked in eight groups
as shown in Table 9 and Figure 14. Table 10 and Figure 15 show the best solution
found for Experiment 3.3.

Figure 10.
Experiment 3.1—members linked in two groups according to Table 5.

Group Characteristics Color Cross section

1 Columns Red W 150 � 29.8

2 Beams Blue W 360 � 44

Maximum displacement 22.6 mm

Total weight 8971 kg

Table 6.
The best solution of Experiment 3.1.

Group Characteristics Color

1 Columns Red

2 Beams Blue

Table 5.
Experiment 3.1—members linked in two groups.
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4.5.1 Members linked in two groups

Firstly, the problem considers the possibility of using only two distinct profiles,
one for the columns and other for the beams. The member grouping adopted is
described in the Table 5 and in Figure 10.

The DE parameters are the same as Experiment 2, and best solution found is
detailed in Table 6 and in Figure 11.

Group Characteristics Color Cross section

1 Corner columns Red W 150 � 22.5

2 Middle columns Blue W 200 � 46.1

3 Inner beams Green W 150 � 13

4 Outer beams Black W 200 � 15

Maximum displacement — 12.9 mm

First natural frequency — 4.14 Hz

Total weight — 2587 kg

Table 4.
Optimum solution found for the Experiment 2.

Figure 9.
The 78 members frame joints and elements mapping.
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4.5.2 Members linked in four groups

In the second analysis of Experiment 3, the members are linked in four distinct
groups as described in Table 7 and Figure 12, and the best result found is detailed in
Figure 13 and Table 8.

4.5.3 Members linked in eight groups

Finally, the same problem is optimized with the members linked in eight groups
as shown in Table 9 and Figure 14. Table 10 and Figure 15 show the best solution
found for Experiment 3.3.

Figure 10.
Experiment 3.1—members linked in two groups according to Table 5.

Group Characteristics Color Cross section

1 Columns Red W 150 � 29.8

2 Beams Blue W 360 � 44

Maximum displacement 22.6 mm

Total weight 8971 kg

Table 6.
The best solution of Experiment 3.1.

Group Characteristics Color

1 Columns Red

2 Beams Blue

Table 5.
Experiment 3.1—members linked in two groups.
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Figure 11.
The best solution and displacement field of Experiment 3.1.

Group Characteristics Color

1 Corner columns Red

2 Middle columns Black

3 Inner beams Green

4 Outer beams Blue

Table 7.
Experiment 3.2—members linked in four groups.

Figure 12.
Experiment 3.2–members linked in four groups according to Table 7.
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Figure 13.
The best solution and displacement field of Experiment 3.2.

Group Characteristics Color Cross section

1 Corner columns Blue W 200 � 35.9

2 Middle columns Red W 150 � 22.5

3 Inner beams Black W 150 � 13

4 Outer beams Green W 310 � 38.7

Maximum displacement 23 mm

Total weight 7851 kg

Table 8.
The best solution of Experiment 3.2.

Group Characteristics Color

1 Corner columns—floors 1, 2, and 3 Blue

2 Middle columns—floors 1, 2, and 3 Red

3 Inner beams—floors 1, 2, and 3 Green

4 Outer beams—floors 1, 2, and 3 Black

5 Corner columns—floors 4, 5, and 6 Cyan

6 Middle columns—floors 4, 5, and 6 Magenta

7 Inner beams—floors 4, 5, and 6 Yellow

8 Outer beams—floors 4, 5, and 6 Gray

Table 9.
Experiment 3.3—members linked in eight groups.
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Table 7.
Experiment 3.2—members linked in four groups.

Figure 12.
Experiment 3.2–members linked in four groups according to Table 7.
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4.6 Experiment 4

This experiment considers the first natural frequency of vibration as an addi-
tional constraint (Eq. (18)) to the six-storey 3D frame. However, the DE did not
find any feasible solution. Thus, a new frame presenting 114 members (Figure 16)
with bracings is proposed to stiffen the candidate solutions, rising the chances of
reaching feasible solutions.

Figure 14.
Experiment 3.3—members linked in eight groups according to Table 9.

Group Characteristics Color Cross section

1 Corner columns—floors 1, 2, and 3 Blue W 200 � 46.1

2 Middle columns—floors 1, 2, and 3 Cyan W 150 � 22.5

3 Inner beams—floors 1, 2, and 3 Red W 150 � 13

4 Outer beams—floors 1, 2, and 3 Black W 310 � 38.7

5 Corner columns—floors 4, 5, and 6 Cyan W 150 � 22.5

6 Middle columns—floors 4, 5, and 6 Cyan W 150 � 22.5

7 Inner beams—floors 4, 5, and 6 Red W 150 � 13

8 Outer beams—floors 4, 5, and 6 Gray W 250 � 32.7

Maximum displacement 26 mm

Total weight 7421 kg

Table 10.
The best solution of Experiment 3.3.
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δmax xð Þ
45

� 1≤0

1� f 1 xð Þ
4

≤0
(18)

For this improved structure, the members are linked in five different groups
described in Table 11 and in Figure 17.

Figure 15.
The best solution and displacement field of Experiment 3.3.

Figure 16.
One hundred fourteen members 3D frame—long and short façade.
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Figure 17.
Experiment 4—members linked in five groups according to Table 11.

Figure 18.
The best solution and displacement field of Experiment 4.

Group Characteristics Color

1 Corner columns Red

2 Middle columns Gray

3 Inner beams Black

4 Outer beams Blue

5 Bracers Cyan

Table 11.
Experiment 4—members linked in five groups.
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The best result found presented the lightest structure of this set of experiments,
even though presenting a greater number of members than the previous structural
configuration. The maximum displacement at the top of the frame is 19 mm, and
the first natural frequency of vibration is 4.38 Hz, leading to a feasible solution.
Figure 18 and Table 12 detail the best solution for this experiment.

5. Analysis of results

Two numerical experiments discussed concerning a three-storey 3D frame, in
which it was possible to observe the importance of the natural frequency of vibra-
tion considered as a constraint. In general, it is neglected in the great majority of the
structural optimization problems. The best solution found for Experiment 2 was
heavier than the best solution found in Experiment 1. It can be justified since the
first natural frequency of vibration was included in the problem formulation
resulting in a heavier optimized structure.

A set of three experiments concerning a six-storey 3D frame were conducted
with the members linked in three different groups. The constraints for these exper-
iments are the maximum displacement at the top of the frame. The members were
linked in two, four, and eight groups, and, as expected, the weights decrease as the
number of linked bars increases. It is important to note from the results of the case
where the members were linked in eight groups (Experiment 3.3) that the algo-
rithm found only five distinct profiles.

Table 13 summarizes the results of Experiment 3, and the graphic in Figure 19 is
a curve of the tradeoff presenting a comparison of each one of the best solutions and
their corresponding number of distinct profiles used.

Another important point was the fact that no feasible solutions were found for
the six-storey frame with no bracings, considering the constraint concerning the
first natural frequency of vibration. This fact indicated the conception of a new
model increasing the stiffness of the structure to make possible a feasible optimized
solution. Thus, bracings were considered in the new model increasing the total
number of members. The result of Experiment 4 was very interesting leading to a
lighter structure than the three other experiments (3.1, 3.2, and 3.3), even if
presenting a more complex geometry with more members after the inclusion of the
bracings in the model. The importance of the bracings in 3D steel frames was shown
not only concerning their stability and stiffness but also improving its dynamic
behavior.

Group Characteristics Color Cross section

1 Corner columns Blue W 150 � 22.5

2 Middle columns Blue W 150 � 22.5

3 Inner beams Cyan W 150 � 13

4 Outer beams Cyan W 150 � 13

5 Bracers Cyan W 150 � 13

Maximum displacement — 19 mm

First natural frequency — 4.38 Hz

Total weight — 6091 kg

Table 12.
The best solution of Experiment 4.
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Figure 17.
Experiment 4—members linked in five groups according to Table 11.

Figure 18.
The best solution and displacement field of Experiment 4.
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the six-storey frame with no bracings, considering the constraint concerning the
first natural frequency of vibration. This fact indicated the conception of a new
model increasing the stiffness of the structure to make possible a feasible optimized
solution. Thus, bracings were considered in the new model increasing the total
number of members. The result of Experiment 4 was very interesting leading to a
lighter structure than the three other experiments (3.1, 3.2, and 3.3), even if
presenting a more complex geometry with more members after the inclusion of the
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6. Conclusions and extensions

The study conducted in this chapter focused on the minimization of the weight
of 3D steel frames, subjected to constraints concerning horizontal displacements
and natural frequencies of vibration. It is interesting to note the importance of a
structural optimization study before the design is conceived, which leads to more
competitive and sometimes counterintuitive.

In the experiments addressed in this chapter, it is easy to conclude that the
natural frequency of vibration is an essential characteristic to be considered in the
formulation of the structural optimization problems.

As future works the approaches will extend to multi-objective optimization
problems with more constraints, such as, stress, stability, geometry, and inter-
storey drifts, introducing more real aspects to the optimization problems in engi-
neering. Strategies should be considered for automatic grouping of members with-
out the need for preliminary analysis by the designer. For this, special encodings
will be used via cardinality constraints as can be seen in the structural optimization
problems discussed in the references [20, 24, 25].

7. Remark

The codes used to solve the optimization problems presented in this chapter are
written in Matlab® language, and the final results, as well as the figures, are
checked by the SAP 2000®.

Number of groups Maximum displacement (mm) Weight (kg)

2 22.6 8971

4 23 7851

8 26 7421

Table 13.
Analysis of results of Experiment 3.

Figure 19.
Tradeoff curve of Experiment 3.
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Chapter 4

Topology Optimization 
Applications on Engineering 
Structures
Aykut Kentli

Abstract

Over the years, several optimization techniques were widely used to find the 
optimum shape and size of engineering structures (trusses, frames, etc.) under 
different constraints (stress, displacement, buckling instability, kinematic stability, 
and natural frequency). But, most of them require continuous data set where, on 
the other hand, topology optimization (TO) can handle also discrete ones. Topology 
optimization has also allowed radical changes in geometry which concludes better 
designs. So, many researchers have studied on topology optimization by develop-
ing/using different methodologies. This study aims to classify these studies consid-
ering used methods and present new emerging application areas. It is believed that 
researchers will easily find the related studies with their work.

Keywords: topology optimization, finite element method

1. Introduction

Topology optimization (TO) is carried out to obtain an optimal structural 
layout [1]. It is one of the branches of optimization methods differing from size 
and shape optimization. As expected, as a type of optimization method, it has 
constant parameters, like applied loads, material type, etc., objective function 
and constraints which change for every problem, and lastly variable which are the 
parameters of the material layout. In shape optimization, it aimed to find the posi-
tion of the member of the structure, while in size optimization, only finding the 
size of the members is enough. In both cases, there will be no change in the number 
of members. On the other hand, in topology optimization some part or member of 
the structure will be deleted and a new layout will be prepared [2]. It is generally 
preferred to use finite element method (FEM) as meshing eases to find the places 
to be deleted. But as an optimization algorithm, several kinds are used including 
both gradient-based such as optimality criteria methods and non-gradient-based 
algorithms such as genetic algorithm [3].

The topology optimization of structures has proven to be a valuable tool for the 
identification of the best concepts in early phases of the design process. It is widely 
used in lightweight design of structures in automotive and aerospace industry, as 
well as in civil engineering, material science, and biomechanics [1, 4, 5].

This chapter will give brief introduction on topology optimization and later give 
related studies under several classifications. There are several well-prepared and 
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intensely examined review studies in literature, but some of them are on specific 
application area (vibration problems [6], continuum structures [7]) or are on a 
specific methodology (evolutionary algorithms [8, 9], level-set methods [10]), or 
recent studies are not included [11, 12]. This study mostly aims to present recent 
studies while giving brief description on previous ones.

2. Topology optimization

During the twentieth century, architects and engineers have used innovative and 
novel methods to develop optimum forms of structures and sculptures. While the 
techniques employed by these innovators generated efficient and aesthetic forms, 
they shared a common limitation: reaching optimum structure. Although the 
purpose of applying topology optimization has never been a standard procedure, 
developments in finding optimum structure form let the researchers and designers 
be free to constructing better designs [13, 14].

Topology optimization offers conceptual design for lighter and stiffer structures. 
It helps to reach to efficient and aesthetic designs within a small time interval 
(Figure 1). The benefits are:

• Building weight-saving and complete designs.

• Decrease needed time to present and test product.

• By the help of FEM software, you are able to check your design from the 
perspective of:

 ○ Determining feasible design range.

 ○ Accurate checking for different loads and conditions.

 ○ Considering design and manufacturing constraints [15].

By the time, TO has shown its power and efficiency in the design of struc-
tures by the increase in advances on computational speed and power. Changes in 
computer hardware and software technology have also changed the approach to 
topology formation of structures. Nowadays, you could use a drawing software in 
forming different topologies as if it is a standard task, and so, you are able to alter 

Figure 1. 
Optimized unit by using topology optimization approach (Dassault) [15].

73

Topology Optimization Applications on Engineering Structures
DOI: http://dx.doi.org/10.5772/intechopen.90474

old designs and produce new alternative designs in virtual environment. Designers 
and engineers are pleased to have such a powerful tool in their work [16].

2.1 General form

A topology optimization problem can be written in the general form of an 
optimization problem as [3, 17]:

   
 minimize  ρ   F = F (u (ρ) , ρ)  =  ∫ Ω     f (u (ρ) , ρ) dV

    subject to  G  0   (ρ)  =  ∫ Ω     𝜌𝜌dV −  V  0      
 G  j   (u (ρ) , ρ)  ≤ 0 with j = 1, … ., m

    (1)

The problem statement includes the following:

• An objective function  F (u (𝝆𝝆𝝆 , 𝝆𝝆𝝆  . Even though each problem could have 
 different objective functions, generally the most used one is minimizing 
compliance, or in another word, maximizing the stiffness of the structure.

• Main design variable: material distribution. Here material density at each point 
of the members  𝝆𝝆 (u)   could be this variable. 1 represents the places where den-
sity is described, and 0 is for the places where the material is deleted or there is 
none. On the other hand,  u  defines if the state is linear or nonlinear [11].

• The design space  u (𝝆𝝆𝝆  . This points out how much volume exists in design. 
There are many design factors such as manufacturing and handling that should 
be taken into account in determination of this value. Once this value is deter-
mined, then no need to change these places in the optimization stage.

• m constraints is a characteristic that the solution must satisfy   G  j   (u (𝝆𝝆𝝆 , 𝝆𝝆𝝆  ≤ 0 . 
The examples are the maximum amount of material to be distributed (volume 
constraint) or maximum stress values.

• Evaluating  u (𝝆𝝆𝝆   often includes solving a differential equation. This is most 
commonly done using the finite element method since these equations do not 
have a known analytical solution [3].

2.2 Structural topology optimization

The topology of a structure is defined as a spatial arrangement of structural 
members and joints or internal boundaries. For both discrete and continuum 
structures, topology optimization helps to arrange association form of members as 
can be realized in Figure 2 [18].

The conceptual process is shown in Figure 3.
Structural optimization is concerned with maximizing the utility of a fixed 

quantity of resources to fulfill a given objective. In structural optimization the 
best “structural” design is selected regarding three categories: size optimization, 
shape optimization, and topology optimization [19]. The application of topol-
ogy optimization to structures to reveal the best position and size of the parts in 
a continuum is the most favorite one. Michell presented the first solutions as seen 
in Figure 4. Today much more advanced techniques are used, and by the help of 
finite element method, it could be applied to complex problems. Weight savings are 
managed by engineers in several structures as a consequence of utilization of these 
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methods. There are many examples in literature on the application of these methods 
[13, 20, 21]. Today, many commercial finite element software has an optimization 
module (Altair OptiStruct, Simulia Tosca, OPTISHAPE-TS, etc.) to obtain lighter 

Figure 2. 
Variation of topology [18].

Figure 3. 
Conceptual process [18].
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structure, but several researchers have generated their codes [22, 23] or developed 
scripts [24] using these software’s programming languages.

Structural optimization concerns on getting the required task of the mechanical 
system and maximizing its efficiency by an ordered procedure. At the beginning the 
design variables should be selected carefully. Then, limitations of these variables 
and system performance factors will be defined. By changing variable values, it 
is possible to see the change in these factors so we are able to determine the best 
combination among the design space. As design variables, the size of the members 
or mechanical properties of materials could be selected similar to size optimization, 
and the configuration of members is also another possible parameter as in shape 
optimization. Material distribution and layout are the parameter that is concerned 
in topology optimization. As the objective function, the most used one is cost func-
tion (related to total weight) to be minimized. Stress and buckling conditions are 
mostly used constraints in literature [18]. The aim is to optimize parts or units for 
specific load cases and extreme situations.

Figure 5 shows a sample application of topology optimization in finding the best 
material distribution. Minimizing objective function is acquired by checking dif-
ferent structure forms step by step. Each time design is narrowed down by selecting 
the best form among feasible sets.

Figure 4. 
One of the first proposed solutions to a structural topology optimization problem [13].

Figure 5. 
Initial and optimized unit structure of a short cantilever.
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3. Classification of methodologies

Topology optimization methods are mathematical techniques/approaches, 
and they can be programmed using different algorithms. These algorithms could 
be classified as follows: the criterion algorithm, the mathematical programming 
algorithm, and the intelligent algorithm.

The criterion algorithm obtains the optimality condition by the perceptual 
knowledge or the rational derivation. Result geometry will be gained by checking 
constraint violations and objective function value in an iterative way.

The perceptual criterion is usually the extension of the optimality condition of 
the full stress criterion of the size optimization. The rational criterion is derived 
usually by the Lagrange multiplier method of equality constraint. The ESO method 
is the typical criterion method.

Common mathematical programming algorithms like linear programming (LP) 
and nonlinear programming methods are also used in topology optimization of 
structures. The first attempts begin with using LP and successive LP methods later 
continued with sequential quadratic programming methods. Similar too criterion 
algorithm, mathematical programming algorithms are solved iteratively. Both 
stability and sensitivity of the structure are checked in each iteration. Of course 
it means that more calculation should be done for large-scale systems, and conse-
quently low performance is observed for these cases. Fleury discussed the relation-
ship between the criteria method and the mathematical programming method of 
size optimization. Fleury found that they both have given approximate results. This 
study refers still to the basics of the topology optimization [25, 26].

Genetic algorithm, simulated annealing algorithms, and particle swarm are the 
frequently used algorithms for topology optimization as the intelligent algorithm. 
The advantage of these algorithms is to keep it from too much calculations. The 
main idea is to search the optimum topology by checking only the objective func-
tion and constraints without calculating any gradients. On the contrary, solution 
speed can be slow, especially for large-scale system; finding optimum could take 
longer times [27, 28]. Several algorithms are also developed to combine topology 
optimization with additive manufacturing [29].

Two classes of approaches, the so-called material or micro-approaches and 
the geometrical or macro-approaches, are available [30, 31]. For the areas such as 
MEMS or biomaterial applications, classical continuum mechanics theories some-
times could not give accurate results. So, there are essential conceptual differences 
between these two types of approaches because of size effect.

Furthermore, another most commonly used classification merit of methodolo-
gies is if its discrete elements are used or not. The mainly used methods using 
discrete elements can be regarded, such as [18] ground structure approach (GSA) 
[21, 32], solid isotropic material with penalization (SIMP) method [33], homogeni-
zation method (HM) [34], evolutionary structural optimization (ESO) [35], and 
level-set method (LSM) [35]. On the other hand, the mainly used meshless methods 
are element-free Galerkin (EFG) [36], moving particle [37], and peridynamics [38]. 
Here, some of the studies post 2010 using these methodologies and their hybrids 
will be given under different headings.

3.1 Ground structure approach

Sokol and Rozvany [39] applied a hybrid method of linear programming and 
GSA to multi-load truss systems. Zhang et al. [40] combined GSA with simulated 
annealing to apply truss systems. Xu et al. [41] combined GSA with mixed integer 
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linear programming for topology optimization of tensegrity structures. Zhang et al. 
[42] compared two different ground structure approach (macroelement and mac-
ropatch) on a skyscraper and arch bridge. Chun et al. [43] used a discrete filtering 
scheme in which thin bars are eliminated during reliability-based topology optimi-
zation. Gao et al. [44] considered principal stress trajectories to find the suitable 
nodal points to decrease the computational cost in building ground structure. Ha 
and Guest [45] applied the method to find the optimum 3D woven material struc-
ture and, in a later study, with their colleagues tested this structure [46]. Kosaka 
et al. [47] applied hybrid method of GSA and ESO to frame structures. Ramos and 
Paulino [48] considered the materials’ nonlinear behavior to solve several topology 
optimization benchmarking problems. Shakya et al. [49] combined particle swarm 
optimization (PSO) algorithm with GSA in order to detect and remove useless 
elements of truss systems. Sokol [50] used GSA in the optimization of large-scale 
pin-jointed frames considering a new member adding strategy. Wang and Zhang 
[51] proposed a new approach, parallel optimization tactic, in topology optimiza-
tion of multi-material compliant mechanism. Zegard and Paulino provided a code 
for 2D [52] and 3D [53] domains to prevent creating members not intersecting with 
others. Zhang et al. [54] worked on arranging optimum structure of multi-material 
composite material using Zhang-Paulino-Ramos design variable update scheme 
with Karush-Kuhn-Tucker conditions. Zhang et al. [21] used a different filtering 
scheme for the optimization of multi-materials (hyperelastic Ogden-based and 
bilinear materials).

3.2 Solid isotropic material with penalization method

Shao [55] has combined BESO with SIMP considering 3D printing applications. 
Lógó [56] has solved a continuum-type topology optimization problem considering 
uncertainties in load positions. Garcia-Lopez et al. [57] combined simulated anneal-
ing with SIMP to eliminate gray areas resulted by SIMP. Gebremedhen et al. [58] 
used SIMP to solve 3D stress-constrained topology optimization problems. Jantos 
et al. [59] used a new approach based on thermodynamics material modeling and not 
containing any filter and compared the results with SIMPs’. Jiao et al. [60] combined 
ESO with SIMP and used strain energy in their filtering function as sensitivity 
number. Kandemir et al. [61] proposed a new approach to define intermediate densi-
ties (gray areas) with new penalization factor. Marck et al. [62] applied SIMP to solve 
a multiobjective conductivity problem while using finite volume method (FVM) to 
solve the energy equation. Ospald and Herzog [63] used projected gradient method 
with SIMP to solve the structure problem of mold where short-fiber-reinforced poly-
mer material is used in injection molding. Qiao et al. [64] applied the hybrid method 
of SIMP and BESO to a MBB beam and a cantilever beam and compared the results 
with literature. Schlinquer et al. [65] applied SIMP to design a mechanism used to 
amplify the displacement of a piezoelectric actuators. Tsai and Cheng [66] employed 
SIMP to design flywheel rotor having maximum stiffness. Wang et al. [67] combined 
topology and size optimization for a folding wing structural design. Yang et al. 
[68] accomplished topology optimization of an electric vehicle body by SIMP. Yang 
et al. [69] used SIMP for topology optimization of a hard disk drive. Yunfei et al. 
[70] applied SIMP to design a robot’s upper arm. Zhang and Ren [71] proposed a 
new optimality criterion method concerning minimum compliance. Zhang et al. 
[72] presented a new approach to control the length scale of structural members. 
Zhang et al. [73] presented a method for cellular structures with multiple types of 
microstructures. Zuo and Saitou [74] introduced power functions with scaling and 
translation coefficients and the cost properties for multiple materials.



Truss and Frames - Recent Advances and New Perspectives

76

3. Classification of methodologies

Topology optimization methods are mathematical techniques/approaches, 
and they can be programmed using different algorithms. These algorithms could 
be classified as follows: the criterion algorithm, the mathematical programming 
algorithm, and the intelligent algorithm.

The criterion algorithm obtains the optimality condition by the perceptual 
knowledge or the rational derivation. Result geometry will be gained by checking 
constraint violations and objective function value in an iterative way.

The perceptual criterion is usually the extension of the optimality condition of 
the full stress criterion of the size optimization. The rational criterion is derived 
usually by the Lagrange multiplier method of equality constraint. The ESO method 
is the typical criterion method.

Common mathematical programming algorithms like linear programming (LP) 
and nonlinear programming methods are also used in topology optimization of 
structures. The first attempts begin with using LP and successive LP methods later 
continued with sequential quadratic programming methods. Similar too criterion 
algorithm, mathematical programming algorithms are solved iteratively. Both 
stability and sensitivity of the structure are checked in each iteration. Of course 
it means that more calculation should be done for large-scale systems, and conse-
quently low performance is observed for these cases. Fleury discussed the relation-
ship between the criteria method and the mathematical programming method of 
size optimization. Fleury found that they both have given approximate results. This 
study refers still to the basics of the topology optimization [25, 26].

Genetic algorithm, simulated annealing algorithms, and particle swarm are the 
frequently used algorithms for topology optimization as the intelligent algorithm. 
The advantage of these algorithms is to keep it from too much calculations. The 
main idea is to search the optimum topology by checking only the objective func-
tion and constraints without calculating any gradients. On the contrary, solution 
speed can be slow, especially for large-scale system; finding optimum could take 
longer times [27, 28]. Several algorithms are also developed to combine topology 
optimization with additive manufacturing [29].

Two classes of approaches, the so-called material or micro-approaches and 
the geometrical or macro-approaches, are available [30, 31]. For the areas such as 
MEMS or biomaterial applications, classical continuum mechanics theories some-
times could not give accurate results. So, there are essential conceptual differences 
between these two types of approaches because of size effect.

Furthermore, another most commonly used classification merit of methodolo-
gies is if its discrete elements are used or not. The mainly used methods using 
discrete elements can be regarded, such as [18] ground structure approach (GSA) 
[21, 32], solid isotropic material with penalization (SIMP) method [33], homogeni-
zation method (HM) [34], evolutionary structural optimization (ESO) [35], and 
level-set method (LSM) [35]. On the other hand, the mainly used meshless methods 
are element-free Galerkin (EFG) [36], moving particle [37], and peridynamics [38]. 
Here, some of the studies post 2010 using these methodologies and their hybrids 
will be given under different headings.

3.1 Ground structure approach

Sokol and Rozvany [39] applied a hybrid method of linear programming and 
GSA to multi-load truss systems. Zhang et al. [40] combined GSA with simulated 
annealing to apply truss systems. Xu et al. [41] combined GSA with mixed integer 

77

Topology Optimization Applications on Engineering Structures
DOI: http://dx.doi.org/10.5772/intechopen.90474

linear programming for topology optimization of tensegrity structures. Zhang et al. 
[42] compared two different ground structure approach (macroelement and mac-
ropatch) on a skyscraper and arch bridge. Chun et al. [43] used a discrete filtering 
scheme in which thin bars are eliminated during reliability-based topology optimi-
zation. Gao et al. [44] considered principal stress trajectories to find the suitable 
nodal points to decrease the computational cost in building ground structure. Ha 
and Guest [45] applied the method to find the optimum 3D woven material struc-
ture and, in a later study, with their colleagues tested this structure [46]. Kosaka 
et al. [47] applied hybrid method of GSA and ESO to frame structures. Ramos and 
Paulino [48] considered the materials’ nonlinear behavior to solve several topology 
optimization benchmarking problems. Shakya et al. [49] combined particle swarm 
optimization (PSO) algorithm with GSA in order to detect and remove useless 
elements of truss systems. Sokol [50] used GSA in the optimization of large-scale 
pin-jointed frames considering a new member adding strategy. Wang and Zhang 
[51] proposed a new approach, parallel optimization tactic, in topology optimiza-
tion of multi-material compliant mechanism. Zegard and Paulino provided a code 
for 2D [52] and 3D [53] domains to prevent creating members not intersecting with 
others. Zhang et al. [54] worked on arranging optimum structure of multi-material 
composite material using Zhang-Paulino-Ramos design variable update scheme 
with Karush-Kuhn-Tucker conditions. Zhang et al. [21] used a different filtering 
scheme for the optimization of multi-materials (hyperelastic Ogden-based and 
bilinear materials).

3.2 Solid isotropic material with penalization method

Shao [55] has combined BESO with SIMP considering 3D printing applications. 
Lógó [56] has solved a continuum-type topology optimization problem considering 
uncertainties in load positions. Garcia-Lopez et al. [57] combined simulated anneal-
ing with SIMP to eliminate gray areas resulted by SIMP. Gebremedhen et al. [58] 
used SIMP to solve 3D stress-constrained topology optimization problems. Jantos 
et al. [59] used a new approach based on thermodynamics material modeling and not 
containing any filter and compared the results with SIMPs’. Jiao et al. [60] combined 
ESO with SIMP and used strain energy in their filtering function as sensitivity 
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ties (gray areas) with new penalization factor. Marck et al. [62] applied SIMP to solve 
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mer material is used in injection molding. Qiao et al. [64] applied the hybrid method 
of SIMP and BESO to a MBB beam and a cantilever beam and compared the results 
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3.3 Homogenization method

Allaire et al. applied HM to structures made of periodically perforated mate-
rial in 2D [75] and 3D [76]. Zhang and Khandelwal [77] presented a nonlinear 
homogenization method to be able to design metamaterials. Lee et al. [78] proposed 
asymptotic homogenization method to solve topology optimization problem of 
magnetic composite materials. El-Kahlout and Kiziltas [79] used together MATLAB 
code to integrate material model derived using homogenization theory with 
COMSOL and solved several design problems where periodic dielectric materials 
with desired properties are aimed. Noguchi et al. [80] proposed a level-set-based 
topology optimization method for the design of hyperbolic acoustic metamateri-
als using a high-frequency homogenization method. Larsen et al. [81] proposed 
a new approach based on HM extracting discrete structure from the continuum 
model. Milani and Bruggi [82] used an adaptive meshing algorithm with HM to 
optimize multistory masonry wall loaded up to failure. Groen and Sigmund [83] 
presented a projection method to get better meshes during topology optimization. 
Xia and Breitkopf [84] implemented a MATLAB code which uses energy-based 
homogenization approach rather than the asymptotic approach. Bruggi and Milani 
[85] arranged strut-and-tie models in reinforced concrete structures. Kaminakis 
et al. [86] used hybrid algorithm based on evolutionary algorithms in the design of 
microstructures having auxetic behavior.

3.4 Evolutionary structural optimization

Martínez-Frutos and Herrero-Pérez [87] used evolutionary algorithm to increase 
the efficiency of GPU and enable to solve with smaller amount of device memory. 
Daróczy and Jármai [88] proposed a new bidirectional evolutionary structural 
optimization (BESO) algorithm based on fluid dynamics analogy. Tomšič and 
Duhovnik [89] discussed simultaneous topology and size optimization of trusses. 
Abdi et al. [90] used a combination of ESO with XFEM which uses isoline design 
approach. Ansola et al. [91] used ESO to optimize compliant mechanism under 
concentrated and thermal loads. Aulig and Olhofer [92] combined a neuro-
evolution algorithm with a gradient-based optimizer and later proposed another 
algorithm considering state-based representation [93]. Azamirad and Arezoo [94] 
combined programming environment with Abaqus FEM software to optimize die 
components. Bureerat and Sriworamas [95] proposed multiobjective real-code 
population-based incremental learning (RPBIL) and a hybrid algorithm of RPBIL 
with differential evolution (DE) (termed RPBIL-DE) to solve water distribution 
network. Chen et al. [96] used ESO to optimize the rotary lobe of root vacuum 
pumps. Chen [97] used modified ESO algorithm for the optimization of plate 
structure under harmonic loading. Cho et al. [98] obtained optimum topology 
for the inner reinforcement of a vehicle’s hood having uncertainties in variables. 
Finotto et al. [99] used an algorithm combination of ground structure approach, 
nonlinear finite element analysis, and quantum-inspired evolutionary algorithms. 
Garcia-Lopez et al. [100] used multiobjective evolutionary algorithm handling 
uncertainties and also giving the Pareto frontier solutions to let user select the best 
solution. Greiner and Hajela [101] used multiobjective evolutionary algorithm 
using reunification criterion to increase search efficiency. Huang and Xie [102] used 
BESO utilizing an alternative material interpolation scheme. Huang et al. [103] used 
BESO to optimize the topology of PBC made of two-phase composites. Zuo and Xie 
[104] used ESO letting limiting displacement. Jantos et al. [105] added a control 
mechanism for growth factor where at each step Lagrange multiplier is used to 
find optimum. Jia et al. [106] used hybrid of ESO with LSM. Kaminakis et al. [107] 
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proposed hybrid method of Particle Swarm Optimization and differential evolution 
in the design of microstructures. Kunakote and Bureerat [108] compared Pareto 
archive evolution strategy (PAES), population-based incremental learning (PBIL), 
non-dominated sorting genetic algorithm (NSGA), strength Pareto evolutionary 
algorithm (SPEA), and multiobjective particle swarm optimization (MPSO). Li 
et al. [109] used a combination of SIMP and ESO. Li et al. [110] used BESO method 
in the design of hinge-free compliant mechanisms. Maleki Jebeli and Shariat Panahi 
[111] used GA as evolutionary algorithm to optimize the material property distribu-
tion in FG structures. Okamoto et al. [112] enhanced genetic algorithm, immune 
algorithm, additional search in the restricted design space with enabling island, and 
void distribution during FEM analysis to solve a typical magnetic circuit problem. 
Picelli et al. [113] used BESO to free vibration problems of acoustic-structure sys-
tems. Riehl and Steinmann [114] employed the traction method to define descent 
directions for shape variation. Shi et al. [115] used APDL and UIDL to implement 
BESO in ANSYS to improve results. Sun et al. [116] applied BESO a cantilever 
composite laminate under uniform in-plane pressure. Tominaga et al. [117] used 
GA algorithms for magnetostatic shielding to minimize the magnetic flux intensity 
in a specified region. Wang et al. [118] used to optimize constrained damping layer 
structure. Fritzen et al. [119] taken nonlinear elastoviscoplastic microscopic RVE 
into account at all points of the macroscopic design domain by using BESO. Later, 
Xia et al. [120] introduced a damping scheme on sensitivity numbers to the same 
approach. Zhu et al. [121] used bidirectional evolutionary level-set method allow-
ing automatic hole generation. Zuo et al. [27] enhanced the BESO method to 
multiple constraints of displacement and frequency in addition to the amount of 
material usage.

3.5 Level-set method (LSM)

Allaire et al. [122] applied LSM with enabling local mesh modifications. Chen 
and Chen [123] considered geometric uncertainty and related problems. Van 
Dijk et al. [124] used uses a direct steepest-descent update of the design variables 
in a LSM. Dunning and Alicia Kim [125] developed a third dimension for 2D 
problems to adjust new hole positions and to prevent violations with boundaries. 
Emmendoerfer and Fancello [126] minimized mass under stress constraints using 
an augmented Lagrangian approach. Gomes et al. [127] interested in the reduction 
of the design space dimension by the help of a GUI. Guo et al. [128] used LSM in 
stress-related topology optimization problems. Otomori et al. applied LSM to the 
design of electromagnetic cloaks using a ferrite material [129] and a light-scattering 
layer for solar cell applications [130]. Guo et al. [131] developed a local and explicit 
feature control scheme. James et al. [132] used isoparametric finite element, and 
James and Martins [133] used a body-fitted, nonuniform finite element mesh to 
overcome irregular shape problems. Jang et al. [134] considered geometric uncer-
tainties in the production of microsystems. Lim et al. [135] applied to magnetic 
actuator design problems. Liu et al. [136] adopted extended finite element method 
(XFEM) with unified structural optimization model help to cover the topology, 
shape, and sizing optimization at the same time. Luo et al. [137] combined mesh-
less Galerkin method with LSM. Makhija and Maute [138] applied a generalized 
Heaviside enrichment strategy with XFEM formulation. Mohamadian and Shojaee 
[139] combined binary level-set method and Merriman-Bence-Osher scheme. 
Otomori et al. [140] used LSM in the design of negative permeability dielectric 
metamaterials. Shojaee and Mohammadian [141] combined piecewise constant 
level-set (PCLS) method with a MBO scheme. Shu et al. [142] used LSM to mini-
mize frequency response which results in the reduction in the vibration of structure. 
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Shu et al. [143] used LSM in the design of coupled structural-acoustic system with 
a focus on interior noise reduction. Suresh and Takalloozadeh [144] used LSM 
considering stress constraints. Xia et al. [145] used LSM to maximize the simple or 
repeated first eigenvalue of structure vibration. Xia et al. [146] built a strict 0–1 
model considering stress to be minimized. Xia et al. [147] optimized both structure 
and support using traction free and Dirichlet boundaries separately. Yamasaki et al. 
[148] proposed a method combined application of boundary element mesh with 
LSM. Zhu and Zhang [149] used LSM without re-initialization for the optimization 
of compliant mechanisms. Zhu et al. [150] combined projection Lagrangian method 
with piecewise constant level-set functions to manage the optimization for elliptic 
boundary value problems. Zhu et al. [151] used LSM to optimize hinge-free compli-
ant mechanisms with multiple outputs. Zhu and Zhang [152] developed an acceler-
ated level-set evolution algorithm by adding an extra energy function to be able to 
optimize the distributed compliant mechanisms. Zhu et al. [153] developed a new 
LSM to manage multiobjective optimization of hinge-free compliant mechanisms.

3.6 Meshless methods

Lin et al. [154] generated a method mimicking leaf venation and using 
 element-free Galerkin method to design heat conduction channels. Wang and Luo 
[155] proposed a meshless Galerkin level-set method using compactly supported 
radial basis functions to construct the meshless shape functions. Cui et al. [156] 
proposed a new method based on SIMP and using EFG method for multi-material 
optimization problems. Zhao [157] developed a new approach based on Pareto 
frontier solutions using EFG method. He et al. [158] combined density variable 
approach with EFG to optimize geometrically nonlinear structures. Evgrafov [159] 
proposed a method based on SIMP combined with Petrov-Galerkin methods based 
on minimizing the squared residual. Khan et al. [160] used EFG with LSM and 
also implemented sensitivity analysis. Gong et al. [161] developed a new method, 
particle moving, based on EFG considering density gradient and combined it with 
SIMP. Hur et al. [162] used a Spline-based meshfree method where nonuniform 
rational B-spline functions are used to smooth trimmed boundaries. Ren et al. 
[163] used a method combination of EFG and SIMP to design a two-material 
micro- compliant mechanism under stress constraints. Zhang et al. [164] applied 
a combined method of SIMP and direct coupling method of FE and EFG methods 
to decrease computational cost of meshless methods. Ai and Gao [165] integrated a 
parametric level-set method with a meshless method based on compactly supported 
radial basis functions. Wang et al. [166] applied EFG to the design of large displace-
ment compliant mechanisms having geometrical nonlinearity. Yang et al. [167] 
applied EFG to the design of continuum structures under displacement constraints. 
Kefal et al. [38] combined BESO with a new meshless method peridynamics. Zheng 
et al. [168] used a combination of SIMP and EFG to optimize free vibrating contin-
uum structures. Zhang et al. [169] used a directly coupled FE and EFG to optimize 
nonlinear hyperelastic structures. Luo et al. [36] used dual-level point-wise density 
approximation with EFG. Wu et al. [170] improved EFG by adding moving least 
squares approximation. Zheng et al. [171] used EFG to optimize geometrically 
nonlinear continuum structures. Zhao [172] combined BESO with EFG.

4. Emerging areas and recommendations

Sigmund and Maute [11] drawn a good framework on the classification of meth-
odologies, and they pointed an important spot that differences between topology 
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optimization approaches become small and an approach evolves into the other 
by the time such as evolutionary methods are converging towards discrete SIMP 
schemes. However, this trend has gone forward using hybrid approaches rather than 
becoming similar techniques to keep all the approaches having their advantages and 
limitations. There are many studies using hybrid methodologies given before under 
different headings, but there is still room for new applications. Especially from 
evolutionary algorithms perspective, using new optimization algorithms will enable 
to improve methodologies advanced up to now.

Another important area to work on is how uncertainties are handled. Topology 
optimization of small sized systems brings researchers to the position where small 
changes should be taken into account as todays’ technology is covering nano-sized 
systems beyond MEMS. In any case when changes are formed either because of 
manufacturing errors or that applied loads has caused comparatively large defor-
mations on members, it will not be possible to use precise geometry and crisp size 
values in the optimization stage. So, handling uncertainties such as using fuzzy 
systems is still an open field to study.

Lastly, another rapidly growing area at the last decade is rapid prototyping. Even 
though there are abundant studies in literature (over a hundred studies could be 
easily found [173]), new algorithms on the application of BESO, handling com-
posite/functionally graded materials, and considering support and structure in the 
meantime are the promising areas to study.

In addition to the aforementioned emerging areas, researchers are encouraged 
to study (1) to develop the efficiency of standard methods; (2) to construct new 
benchmarking problems; (3) to consider several constraints rather than buckling, 
stress, or displacement of such natural frequency; (4) to adapt meshes to nonlinear 
geometries with a more accurate way; (5) to develop GUIs to help researcher to 
observe/interfere the optimization stage; and (6) to implement new meshless 
methods rather than EFG such as peridynamics.

© 2019 The Author(s). Licensee IntechOpen. This chapter is distributed under the terms 
of the Creative Commons Attribution License (http://creativecommons.org/licenses/
by/3.0), which permits unrestricted use, distribution, and reproduction in any medium, 
provided the original work is properly cited. 
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Chapter 5

Light-Weight Structures: Proposals 
of Resource-Saving Supporting 
Structures
Chichulina Kseniia and Chichulin Viktor

Abstract

The article will present resource-saving constructions and nodes of steel beams 
with a double profiled trapezoidal wall with intermittent weld seams, welded 
t-zones, t-zones from rolling, roll-formed channels, filling between the walls with 
polystyrene foam with diagonal and cross-lattice, a lattice in the form arched ele-
ments and single arched element; steel beams with a single transversally profiled 
wall of sinusoidal and trapezoidal outline with channel belts; resource-saving 
combined steel structures of frames and arches; assembly units of steel frames 
with spatial elements of square and round pipes. It is determined that the corruga-
tion provides a reduction in material consumption, and the use of profiled sheets 
allows you to vary the size of corrugations, leads to a significant loss of weight of 
the structure under the condition of strength and stability. The advantages of the 
proposed resource-saving combined structures, namely: saving construction height 
(at the same time performs the function of the enclosing structure), transport and 
installation costs, there is no need to install transverse ribs (except in support areas 
and areas of concentration of significant loads), the emergence of opportunities for 
the use of modern technological equipment, a wide variety of applications, esthet-
ics and many other advantages.

Keywords: beams, profiled trapezoidal wall, truss, arch, closed profiles, 
light steel structures, composite structures

1. Introduction

In the conditions of modern construction, the reduction of material consumption 
with simultaneous increase in reliability and ensuring favorable indicators of eco-
nomic efficiency is one of the priorities of designers. The main of the many ways to 
improve the efficiency of construction is the development and improvement of new 
progressive lightweight structural forms, which significantly improve the technical 
and economic performance. Recently, a large popularization received various com-
bined systems, which include elements of different stress-strain state. Research of 
new constructive forms with application of progressive technologies and materials, 
new algorithms of calculation by numerical methods opened ways of wide distribu-
tion of the combined systems abroad. Robot welding line gave the possibility of 
making resource-saving structures with corrugated walls (beams, columns, arches) 
and complex light metal structures made of profile pipes an alternative to traditional 
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constructive solution. A comprehensive solution to this problem requires the devel-
opment of new resource-efficient designs. With the aim of developing constructive 
solutions resource consuming structures presents a series resource consuming 
constructive solutions. The use of such solutions leads to a significant reduction in 
material consumption with sufficient performance indicators. The light beams can be 
used in truss structures of beam cages and other beam structures in the construction 
of residential and public buildings, attics, superstructures, hangars and extensions.

Theoretical and experimental studies of steel beams with corrugated walls are 
presented in scientific papers [1–3]. In [1] it is noted that in recent years light pro-
filed steel beams (CWSBs) are gaining increasing popularity. The bearing capacity 
of such structures is lower than the beams with a flat wall and trusses. The existence 
of three types of failures, namely local, General and mixed, is determined on the 
basis of experimental studies. Let us consider in detail the results of nonlinear finite 
element analysis. It is revealed that the shear stress is at the maximum and the same 
throughout the wall until swelling. Also experimental beams had a margin of carry-
ing capacity, about half of the limit. In the course of the analysis it is proved that the 
shear stress is the same throughout the low-profile wall and has a maximum value. 
The authors confirmed the feasibility of using 1993-1-5 for beams with corrugated 
wall. In [2] the authors consider the theory of stocky beams and propose a new 
method of nodal lines. This method applies to thin-walled or thick-walled stocky 
beams. The paper presents the results of solving the problem of delay shift box 
girder of different thickness. Also, the values of the normal stress of the box beam 
due to the restrained torsion are obtained. As a result of the research, the authors 
obtained the values of shear stresses of the box beam due to shear forces. The results 
of mathematical modeling of transverse shear effect for sandwich beams with sinu-
soidal corrugated cores are presented in [3]. The authors studied the bending and 
bending of two sandwich beams, identified trends and the main problem points, 
presented theoretical models. The possibilities of influence of transverse shear 
effect on deflections and critical loads of such structures are shown. The results 
were confirmed by numerical analysis. The main advantages of truss structures are 
presented. The author’s approaches to the variability of use and layout of farms are 
presented in [4]. In [5] the authors investigate tabular structures. The article cal-
culates the optimal size of the welded tubular truss, analyzes the structural con-
straints, especially on the strength, stress elements, and geometric parameters of the 
nodes of the trusses. This optimization makes it possible to notice that the optimal 
height is determined by a geometric restriction that prescribes the minimum angle 
of inclination of the diagonals. The authors have calculated the cost parameters of 
such structures. After comparing the costs of a reinforced pipe and a larger pipe, it 
was found that the cost of the first is much lower. In work [6] it is noted that in the 
conditions of modern construction the metal frame becomes gaining popularity 
and has an esthetic appearance, safe connections, an opportunity to reduce sections 
of elements, belongs to fast-built designs. The authors highlighted the advantages 
and disadvantages of aluminum and steel, the analysis of the cost of these materi-
als. Patent developments closest on design features are presented in [7–9]. In [7] 
represented Beam I-section with a corrugated wall comprising a shelf and welded to 
them a wall of corrugated metal sheet with a transverse arrangement of corrugations 
of arbitrary shape, characterized in that the wall consists of two or more parallel 
connected corrugated sheets, and the shelves are made of steel-concrete, consisting 
of rigid reinforcement in the form of corrugated sheet metal and reinforcement 
cage, including longitudinal reinforcement and transverse reinforcement, which 
embraces the longitudinal reinforcement, connected to it, its ends with a bend inside 
are welded to a corrugated sheet of metal with a space from the beam wall. In [8] the 
authors developed a metal beam with a corrugated wall comprising a belt connected 
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to each other by a corrugated wall with a transverse arrangement of the corrugations 
by welding, characterized in that it is provided with angles arranged in pairs in the 
center of the belts parallel to their longitudinal axes, with the outer surfaces of the 
shelves of the corners are rotated to each other and welded straight weld with a gap 
between the shelves sufficient to install the corrugated wall, which is fixed by means 
of an adhesive composition. The beam with a corrugated asymmetric profile wall [9] 
contains a compressed and stretched belt and wall. The wall, at least in some areas, 
is traditionally or variably corrugated with transverse corrugations. The profile of 
the corrugations is asymmetric with respect to the plane passing through the top of 
the corrugation and normal to the longitudinal axis.

2. Proposals of resource-efficient beam structures of buildings

In General, this section is aimed at presenting improved structural forms of 
resource—economic beams, arches, trusses, the introduction of which will give a 
significant economic effect, high characteristics of bearing capacity and architec-
tural expressiveness, minimize material and labor costs and provide the possibility 
of using modern technological equipment of the European level, a wide range of 
applications in construction, esthetics and many other advantages.

The proposed beams with cross-profiled wall of trapezoidal (sinusoidal) shape 
with belts of channels on self-tapping screws are shown in Figure 1. The structure 
of such structures includes a single profiled wall (1), trapezoidal (sinusoidal) shape, 
which is fixed by screws (4) belt (2) (bent or rolled channels). With the help of 
welding (3) support ribs (5) (welded brands) are adjacent to the belts, and the wall 
is attached by means of a lamella screws (4). The proposed design of a steel beam 
with a cross-profiled box-section wall with uneven pitch of corrugations is shown in 
Figure 2. The profiled wall (2) of the beam has a trapezoidal shape, consists of long 
(4) and short (3) horizontal sections of the profiled sheet, as well as an inclined 
section of the corrugation (5). The corrugations of the presented beam have uneven 
steps that can be adjusted, which is not possible for wavy walls.

The wall of the beam is two cold-formed profiled sheets (2), fixed to the belts 
and ribs (6) around the perimeter, or in this case using lamellas (8), by welding (7). 
The beam ends have support ribs (6) and the I-beam shelves (1) are made of sheets. 
The main feature of the work is that the action of the bending moment is perceived 
by the shelves, and the transverse force is the wall of the beam.

Represented a modified form suggested above I-beam, steel beam from a 
transversely profiled wall of the box section with unevenly-spaced corrugations and 
intermittent welds (Figure 3). The structure of such a beam includes a trapezoidal 
profiled wall (2), which is welded on both sides intermittently (6) only on horizon-
tal sections (3, 4) parallel to the longitudinal axis of the beam. The wall of the beam 
consists of two profiled sheets, which are attached to the edges (5) by continuous 
welding, and to the belts (1) by means of broken welds, which distinguishes it from 
the previous one, while providing savings in weld metal. The peculiarity of the 
beam is that the sections of corrugations are not transmitted longitudinal deforma-
tion, which provides a more uniform loading of the beam wall from the shelves.

Intermittent welds provide a uniform redistribution of forces in the shelves on 
the wall of the beam, as in the continuous seams forces quickly fall to a minimum. 
This occurs without action in the operation of most of the wall. In this case, inter-
mittent welds (length of individual sections from 50 to 150 mm, and the distance 
between the sections, usually 1.5–2.5 times the length of the site) give some savings 
in production costs and provide sufficient stability of the wall, which does not 
perceive the efforts of the beam plane.
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between the shelves sufficient to install the corrugated wall, which is fixed by means 
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the corrugations is asymmetric with respect to the plane passing through the top of 
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tural expressiveness, minimize material and labor costs and provide the possibility 
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with belts of channels on self-tapping screws are shown in Figure 1. The structure 
of such structures includes a single profiled wall (1), trapezoidal (sinusoidal) shape, 
which is fixed by screws (4) belt (2) (bent or rolled channels). With the help of 
welding (3) support ribs (5) (welded brands) are adjacent to the belts, and the wall 
is attached by means of a lamella screws (4). The proposed design of a steel beam 
with a cross-profiled box-section wall with uneven pitch of corrugations is shown in 
Figure 2. The profiled wall (2) of the beam has a trapezoidal shape, consists of long 
(4) and short (3) horizontal sections of the profiled sheet, as well as an inclined 
section of the corrugation (5). The corrugations of the presented beam have uneven 
steps that can be adjusted, which is not possible for wavy walls.

The wall of the beam is two cold-formed profiled sheets (2), fixed to the belts 
and ribs (6) around the perimeter, or in this case using lamellas (8), by welding (7). 
The beam ends have support ribs (6) and the I-beam shelves (1) are made of sheets. 
The main feature of the work is that the action of the bending moment is perceived 
by the shelves, and the transverse force is the wall of the beam.

Represented a modified form suggested above I-beam, steel beam from a 
transversely profiled wall of the box section with unevenly-spaced corrugations and 
intermittent welds (Figure 3). The structure of such a beam includes a trapezoidal 
profiled wall (2), which is welded on both sides intermittently (6) only on horizon-
tal sections (3, 4) parallel to the longitudinal axis of the beam. The wall of the beam 
consists of two profiled sheets, which are attached to the edges (5) by continuous 
welding, and to the belts (1) by means of broken welds, which distinguishes it from 
the previous one, while providing savings in weld metal. The peculiarity of the 
beam is that the sections of corrugations are not transmitted longitudinal deforma-
tion, which provides a more uniform loading of the beam wall from the shelves.

Intermittent welds provide a uniform redistribution of forces in the shelves on 
the wall of the beam, as in the continuous seams forces quickly fall to a minimum. 
This occurs without action in the operation of most of the wall. In this case, inter-
mittent welds (length of individual sections from 50 to 150 mm, and the distance 
between the sections, usually 1.5–2.5 times the length of the site) give some savings 
in production costs and provide sufficient stability of the wall, which does not 
perceive the efforts of the beam plane.
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New designs of steel beams with cross-profiled box-section wall with welded-
brand belts are proposed (Figure 4) and with the t-belt from rolling- (Figure 5). 
The profiled wall (2) of the beam has a trapezoidal shape, which is formed from the 

Figure 1. 
Beam with cross-profiled wall with belts of channels on self-tapping screws: (a) trapezoidal wall [10];  
(b) sinusoidal wall [11].
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inclined section of the corrugation (7), long (4) and short (3) horizontal sections 
of the profiled sheet. The wall of the beam consists of two profiled sheets (2), fixed 
by spot welding (6) belt (1), which consist of welded or rolled brands parallel to the 
axis of the beam. The wall in the support ribs (5) is attached by continuous welding 
(8). In this case, spot welds are used to attach the t-belts and the wall, which leads to 
the elimination of complex stress state. Attachment of the wall sections, which are 
close to the belt by spot welding, gives some flexibility to the wall along the beam 
and provides rigidity of the beam as a whole, as well as reversible perception of local 
stresses in the beam wall.

The wall does not reach the shelf and does not perceive normal forces, but only 
transverse force (shear stresses). The normal stresses are perceived only t-belts, 
as in an ideal I-beam. On the support parts of the beam, composite welded t-bar 

Figure 2. 
Beam with a cross-profiled box-section wall with uneven pitch of corrugations [12].

Figure 3. 
Beam with cross-profiled box-section wall with intermittent welds [13].
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support ribs are used, which provide stability. The main advantage of such struc-
tures is that the belts from the brands perceive the action of the bending moment 
in the beam and work on tension and compression as an ideal I-beam, and the wall 
perceives the transverse force. In the areas of connection of the wall and shelves in 
the form of brands there is no zonal normal stresses in the upper and lower parts of 
the wall. In addition, the installation of t-bearing ribs provides stability and elimi-
nation of wall buckling in the area of the support unit. The wall of the rolling brand 
has a significant height, which ensures the strength of the belt and the upper part 
of the beam wall at normal stresses. The change in normal stresses is indicated by 
a hyperbolic dependence, which has maximum values at the top of the wall. Small 
local loads on the upper beam belt are more evenly distributed on the beam wall due 
to the t-belt.

A steel beam with profiled box-section wall with polystyrene foam is shown in 
Figure 6.

This construction (Figure 6) consists of profiled sheets (walls)(7) and support 
ribs (3). The space between them is filled with polystyrene foam (5). Belts (1) and 
guides (4) are made of square tubes, which are attached by solid welding. The wall 
is attached to the guides with self-tapping screws (2). The production of the beam 
begins with welding the initial billet. The wall of the beam is performed first by 
installing the profile on one side of the beam. In the future, the beam is in a hori-
zontal position, where the polystyrene is applied in layers with subsequent installa-
tion of the upper profiled sheets.

The attachment of the profiled sheets is performed by self-tapping screws and 
installation through the mounting guides to prevent wall buckling. This course 
provides the opportunity to use a profiled wall of a smaller thickness (galvanized 

Figure 4. 
Beam with cross-profiled box-section wall with welded-brand belts [14].
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sheets), which is impossible or very difficult to weld. The sheets are joined together 
and fixed with screws. The use of polystyrene filling allows the use of this design 
with high thermal protection and sound insulation characteristics.

A new form is a beam with cross-profiled box-section wall and with belts of bent 
channels (fastening on screws) (Figure 7). This design allows the use of thin belts 
profiled sheets from 1 to 2 mm (welding is difficult). The structure of this design 
includes a profiled wall (1), which has a trapezoidal shape and consists of two 
profiled sheets, which are fixed to the belts (2) in the form of bent or rolled chan-
nels with screws (4). Profiles can be fastened together with self-tapping screws. 
The support ribs (5) are welded marks that are attached to the belts by welding 
(3) and to the wall by screws (4). The wall of this design can be single and have a 
wavy outline.

Below are steel beams with transversely profiled box-section wall, unfastened by 
diagonal lattice (Figure 8) and cross lattice (Figure 9), lattice in the form of arch 
elements (Figure 10).

In these structures, the profiled wall (7) of the beams is trapezoidal and con-
sists of two profiled sheets, which are fixed in the guides (4) in the form of square 
pipes with self-tapping screws (2). The guides are attached to the belts (1), which 
consist of square tubes, by means of continuous welding (6). The support ribs (8) 
are made of sheets taking into account the work of crushing and cutting. The grate 
(3) is attached to the profiled sheets by self-tapping screws (2). Holes can be made 
to attach beams to a possible column (5).

Initial blanks for this type of structures, as well as for the following are per-
formed at the beginning of the manufacture of beams. The location of the diagonal 
of the lattice must match the local load on the top chord of the beam. If you are 

Figure 5. 
Beam with cross-profiled box-section wall with the t-belt from rolling [15].
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sheets), which is impossible or very difficult to weld. The sheets are joined together 
and fixed with screws. The use of polystyrene filling allows the use of this design 
with high thermal protection and sound insulation characteristics.
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The support ribs (5) are welded marks that are attached to the belts by welding 
(3) and to the wall by screws (4). The wall of this design can be single and have a 
wavy outline.

Below are steel beams with transversely profiled box-section wall, unfastened by 
diagonal lattice (Figure 8) and cross lattice (Figure 9), lattice in the form of arch 
elements (Figure 10).

In these structures, the profiled wall (7) of the beams is trapezoidal and con-
sists of two profiled sheets, which are fixed in the guides (4) in the form of square 
pipes with self-tapping screws (2). The guides are attached to the belts (1), which 
consist of square tubes, by means of continuous welding (6). The support ribs (8) 
are made of sheets taking into account the work of crushing and cutting. The grate 
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to attach beams to a possible column (5).

Initial blanks for this type of structures, as well as for the following are per-
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Figure 5. 
Beam with cross-profiled box-section wall with the t-belt from rolling [15].
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installing a diagonal lattice, you can avoid using stiffeners under local load. Another 
feature of this type of construction is that the elements of the lattice in combina-
tion with the profiled wall provide greater stability than the individual struts of the 
lattice and the wall. Considering the cross lattice (Figure 9), it is possible to note 
its superiority in rigidity of a wall and ensuring stability of a wall on all height of a 
beam. Cross grid distributes the action of bending moment along the length of the 
span and unfastened profiled sheet to ensure sustainability.

Lattice of arched elements (Figure 10) and their shape reproduce the plot points 
and take some of the action. In areas close to the supports, the arches intersect and 
perceive additional forces in the zone of inclined cross-sections of the beam. In 
the span, the cross-section of the I-beam is close to the “ideal I-beam”, which is the 
optimal cross-section for the perception of bending moment. In order to obtain less 
metal-nitrate structures, it is rational to use an arched lattice, which can be both 
double and single.

The calculation of combined beams from sheet or tubular belts is performed on 
a PC using a full-dimensional continuous description in the calculation complexes 
or on models with a breakdown into separate systems taking into account the physi-
cal and geometric nonlinearity. The use of the presented structures is not limited 
to truss structures, but extends to floor beams, crossbars of single—and multistory 

Figure 6. 
Beam with profiled box-section wall with polystyrene foam [16]: (a) initial blank; (b) ready compartment.
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buildings, arches, galleries, technological platforms, span structures of bridges 
and the like. There is a possibility of application of the presented designs in beam 
systems with static loading.

The use of this type of beams provides a number of advantages in comparison 
with conventional ones, namely esthetic appearance, strength and reliability, 
durability of structures, low operating costs, but their main advantage is ease and 
stability.

One of the ways to improve light load-bearing structures, in our opinion, is the 
use of structural elements of closed profiles, which can have different sections, in 
particular square, rectangular and oval. Considering the technological features of 
manufacturing, we note that the pipe section is primarily round, and eventually 
deformed by various methods (hot and cold), acquiring different shapes.

New design solutions of combined resource-efficient metal structures of trusses 
and arches are proposed (Figures 11–14). In particular, Figure 11 shows the com-
bined metal structure of the truss with belts in the form of rectangular pipes, the 
lower belt in the form of a curved down arch that works on tension. This lower belt 
design is more economical than compressed belt. The upper belt in the form of two 
compressed rectangular pipes and unfastened by Breweries works as a whole system 
and can perform additional functions of fencing. This design feature provides an 
opportunity to reduce the material consumption and generally improve the effi-
ciency of the whole structure.

So, the composition of the proposed combined metal truss structure include 
(Figure 11): (1, 3) to the upper belt in the form of two rectangular pipes (section pipe 
size from 120 to 200 mm); (2) the lower zone of the rectangular pipes in the form 
of an arched element (section pipe size from 120 to 200 mm); (4, 5) bearing edges 
of the continuous sheet (thickness from 6 to 10 mm); (6) reference sheet (thickness 
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tion pipe size from 80 to 100 mm); (9) element of the lattice of the upper belt and at 
the same time enclosing structure (half arches, section pipe size from 40 to 60 mm).

The combined metal structure of the truss is proposed due to the paired upper 
arched belt and the lower belt, which works on tension, provides multivariance of 
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Figure 6. 
Beam with profiled box-section wall with polystyrene foam [16]: (a) initial blank; (b) ready compartment.
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form of transverse beams (beam cage) is transmitted to the lower part of the upper 
belt, which is unfastened from the plane of the farm and works with the flooring as a 
spatial system. The upper part of the upper belt, if necessary, can be unfastened from 
the plane by triangular dual-purpose supports for communications (pipelines, etc.). 
The rational use of the proposed structures for spans of 24–36 m is recommended.

The development of combined structures in the form of trusses can occur 
through the use of spatial triangular rod elements for the upper belt, which will 
increase the stability of the truss plane and reduce the cost of the structure by 
weight compared to solid sections. Note that the complexity of such structures is 
growing, so you need to evaluate these projects at the given cost.

Considering the traditional forms of arched structures, we note that their solid 
elements work as compressed curved and additionally perceive transverse forces. 
For this type of compressed curved arches optimal design solution is considered 
to be I-section with a solid wall. In our opinion, the use of corrugated walls in the 
arches of the composite I-section is quite controversial, since the corrugated wall 

Figure 8. 
Beam with transversely profiled box-section wall, unfastened by diagonal lattice [18]: (a) initial blank;  
(b) ready compartment.
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perceives the transverse force, and for the perception of the longitudinal force there 
is a constructive need for the use of additional elements, for example, cross lattice. 
Such a constructive move increases the cost of arches, increases the metal consump-
tion and the complexity of manufacturing such types of structures. Consequently, 
the use of continuous wall corrugation, both in arches and columns will not provide 
the necessary technical and economic effect and as a result, is not very rational.

If we consider the design of the truss, the lower belt which works as a stretched 
curved element, and the upper belt works on compression (for the case without a 
wall—Central compression, and in General, off-center compression), it is possible to 
use in these structures corrugated wall, which would perceive the transverse load. For 
this type of construction, the stiffness of the corrugated wall in the longitudinal direc-
tion will be minimal, however, these efforts will only perceive the belt, and a signifi-
cant proportion of the transverse forces will be perceived corrugated wall compatible 
with the belts. Corrugated wall also loosens the belt in the plane of the structure.

The combined structure with the upper and lower belts in the form of square 
pipes is presented. The latter works as an arched element (Figure 12): (1) the upper 
belt of rectangular pipes (section pipe size from 120 to 200 mm); (2) the lower belt 
of rectangular pipes in the form of an arched element; (3) ribs (thickness from 6 
to 8 mm); (4) the wall of a single sheet (thickness from 6 to 8 mm); (5) corrugated 
wall wavy shape (possible thickness from 2 to 3 mm); (6) support sheet (thickness 

Figure 9. 
Beam with transversely profiled box-section wall, unfastened by cross lattice [19]: (a) initial blank; (b) ready 
compartment.
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from 8 to 10 mm); (7) support edge (thickness from 10 to 12 mm); (8) angular 
welding (thickness from 4 to 6 mm).

There is a possibility of performing the supporting sections of such structural 
solutions with the use of steel sheets, which will provide greater bearing capacity 
under the action of transverse forces. In turn, the corrugation must be performed 
in the span areas. It should be noted that under the condition of perception of 
local concentrated loads by the design, there is a need to install stiffeners both 
in traditional composite beams and in the above structures, since they perform 
the functions of ensuring the stability of the wall. The combined design is shown 

Figure 10. 
Beam with transversely profiled box-section wall, unfastened by lattice in the form of arch elements: (a) initial 
blank with double arched elements; (b) ready compartment with double arched elements [20]; (c) ready 
compartment with one arched element [21].
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Figure 11. 
Truss combined metal structure [22].

Figure 12. 
Resource-saving combined metal structure (length from 8 to 30 m) [23].

Figure 13. 
Combined structure of a metal arch with racks [24].
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Figure 11. 
Truss combined metal structure [22].

Figure 12. 
Resource-saving combined metal structure (length from 8 to 30 m) [23].

Figure 13. 
Combined structure of a metal arch with racks [24].
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(Figure 12) are an alternative to conventional beams and trusses, which provides a 
reduction in the construction height (can simultaneously perform the function of 
the enclosing structure), transport and installation costs.

The combined structure of metal trusses with upper spatial zone is presented 
(Figure 13). This design solution can be used as a single-arched system, reinforced 
with a system of racks with optimal performance, in particular, with an optimal 
ratio of height and span of the supporting structure. The design feature of this type 
of structures is the use of elements in the form of rectangular pipes and cantilever 
arch support system.

The main elements of the presented design are: (1) the main element of the arch-
a rectangular pipe (section pipe size from 120 to 200 mm); (2) the upper belt of a 
rectangular pipe (section pipe size from 120 to 200 mm); (3) the lower belt of a rect-
angular pipe (section pipe size from 80 to 100 mm); (4, 5, 6) racks (section pipe size 
from 80 to 100 mm); (7) the base plate of the sheet (thickness from 6 to 10 mm); 
(8) the support edge of the sheet (thickness from 10 to 20 mm). Considering the 
technological advantages of such a structural form, we note that it is possible to use 
reduced corrosion-resistant sections of the optimal shape (rectangular pipes) to 
obtain resource-economic structures with a minimum weight. Outlining the stages 
of manufacturing this welded arch with racks, a necessary step is to secure the 
installation with bolts of high strength. The authors recommended the rational use 
of combined structures of metal arches with racks for spans 12–36 m.

With the aim of obtaining optimal performance constructive solutions 
have been proposed combined structure metal truss with upper spatial zone 
(Figure 14): (1) runs; (2) ties; (3) longitudinal edge of a solid sheet (thickness from 
8 to 12 mm); (7, 10) branches of the upper belt in the form of three round (rectan-
gular) pipes (section pipe size from 80 to 100 mm); (4, 11) transverse support ribs 
of a solid sheet (thickness from 6 to 10 mm); (5) support sheet (thickness from 

Figure 14. 
Combined structure of metal trusses with upper spatial zone [25].
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10 to 20 mm); (6) lattice element; (9) struts of the through belt of the truss (section 
pipe size from 80 to 100 mm); (8) element of the truss lattice (section pipe size 
from 100 to 160 mm).

This design form can be used in light load-bearing coating structures with 
profiled steel flooring. For this type of structures span can vary from small (24 m) 
to significantly large (more than 36 m). The recommended slope designs may be 
a standard 1.5%, and a large (as per design assignment). It is possible to use the 
arched shape of the truss for the corresponding spans. For this type of structures, 
the height of the truss is determined by the stiffness and depends on the span. 
Considering the design features of the combined structure of the truss with a spatial 
upper belt, it should be noted that the installation parts of the farms are performed 
according to the standards for the transportation of goods. It is recommended 
to connect the mounting elements of the trusses with flanges on bolts, as well as 
by welding, using pipes of larger diameter, which significantly reduces the metal 
content of the connections. Runs between truss are made of rolling profiles and 
fixed according to the continuous scheme, due to the wide upper belt of the farm. 
It should be noted that the use of this type of structures is due to economic calcula-
tions according to the above costs compared to standard coating structures.

3. Conclusion

The increase in the complexity of the manufacture of spatial structures is 
overlapped by a decrease in the material intensity of structures, which makes 
it possible to obtain more economical designs. The proposed new constructive 
solutions of steel space trusses, arches and frames which have the characteristics of 
high bearing capacity and the architectural expression, to minimize the indicators 
of material and labor costs. Structures of this type have increased characteristics of 
the overall stability of the individual elements and the system as a whole both in the 
plane and from the plane. As a result of the study, a number of design solutions of 
light combined structures are presented, which have a wide range of applications in 
construction. The advantages of the proposed solutions are ease, industry and great 
rigidity. Numerical calculations of frame structures allowed to bring the efficiency 
of these design solutions and track a significant reduction in effort in the racks.

© 2019 The Author(s). Licensee IntechOpen. This chapter is distributed under the terms 
of the Creative Commons Attribution License (http://creativecommons.org/licenses/
by/3.0), which permits unrestricted use, distribution, and reproduction in any medium, 
provided the original work is properly cited. 
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Chapter 6

Research of Lightweight 
Structures for Sandwich Core 
Model
Jeongho Choi

Abstract

The objective of this chapter is to focus on finding mechanical properties for two 
models defined as core-filled model (Type 1) and core-spaced model (Type 2) cre-
ated by direct metal laser sintering (DMLS). Applied material is aluminum alloy 
AlSi10Mg powder and each model is created as a vertical additive manufacturing with 
DMLS. After quasi-static compression, Type 1 showed 19% higher elastic modulus, 
12% higher compressive yield strength, and 51.6% higher elongation than Type 2. By 
uniaxial compressive test, there found two issues that can be the reasons to make weaker 
models by 3D printing were found: melted metals by DMLS are not connected with each 
other preciously and a space in additive layer when additive manufacturing makes a 
shape of specimen. In addition, anisotropy is the significant factor to decide stiffness or 
strength. In nearby future, various kinds of unit models such as core-filled or core-
spaced model hope to be made a sandwich core structure and to be investigating more 
deeply about bending or shear properties continuously. In the near future, it is hoped 
that we see more upgraded 3D printing techniques for making aerospace materials.

Keywords: cellular solids, open cell unit model, closed cell unit model, honeycomb, 
stiffness, strength

1. Introduction

Generally, solid is composed of stereoscopic structure. The stereoscopic struc-
ture is a model based on two-dimension, three-dimension, and four-dimension in a 
space. The two-dimension is two axis like horizontal direction and vertical direc-
tion in a plane. The three-dimensional structure has three axes such as x, y, and z 
coordination, for instance, a vector. The four-dimensional structure has four axes 
such as optical illusion, for example, a cubic box. If the box is torn at every corner, 
then it can make a two-dimensional plane. If it is folded up, it can make a cubic box. 
This is called as tesseract, hypercube, or 8-cell regular octachoron. These are based 
on a geometrical concept in mathematics. It is the four-dimensional object called as 
hypercube or tesseract shown in Figure 1.

Applications of the hypercube were shape or size optimization for non-probabilistic 
description of uncertainty as computer aided optimum design of structure [1], opti-
mal communication algorithms for hypercubes [2], parallel computing on a hypercube 
[3], structure connectivity [4], and so on.

It is interested in to create a unit cell model like honeycomb or open-cell in a 
sandwich core structure.
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Hypercube originates from a point, which is a hypercube of dimension zero [5, 6].  
If the point moves to another point, it makes a line, which is a unit hypercube of dimen-
sion one. If the line moves out in a perpendicular direction, it makes a square, which is 
a unit hypercube of dimension two. If the square moves to a perpendicular direction, it 
makes a cube, which is a unit hypercube of dimension three. And if the cube moves to 
the fourth dimension, it is called a four-dimensional hypercube as a unit tesseract.

In the engineering material field, one of the simplest lightweight truss model is 
truss cubic, which is defined by Gibson and Ashby [7]; it is a model of hexagonal 
truss to define an ideal solution for honeycomb, open cell, or closed cell model. 
This is based on the three-dimensional stereoscopic structure. It can create a model 
which is hypercube truss model composed of a hexagonal truss inside and a hexago-
nal truss inside. Thus, this paper is focused on studying the hypercube concept to 
make a unit model to apply for a sandwich core structure.

If tesseract is composed of two regular hexahedrons, i.e., one is for outer struc-
ture and the other is for inner structure, with or without diagonal truss, then two 
types of model can be defined such as the core-filled or the core-spaced shape. That 
is, it depends with or without a truss in a diagonal direction. Therefore, this paper is 
focused on studying two models defined as Type 1 and Type 2.

According to the reported papers on the mechanical properties of structures that 
are 3D printed with powders recently, there are advantages and disadvantages.

The merits are to make a shape easily, to save time, to create a complex shape 
without any limited shape, and to make a high-quality part for the application in 
the aerospace or biomedical industry. Demerits are a high cost to create a product, 
a limited space to make a product, a limited materials such as metal powders, a 
required high quality equipment to produce high quality product, a need to hire a 
professional engineers to take control the equipment, etc.

Three-dimensional printing skill is not a magic to create anything; it requires tech-
niques to be used with materials. The most important is what the application is. Thus, 
depending on the skills of the materials, the quality of a product is decided. Recently, 
3D printing skill is announced as a revolution in manufacturing technique and it has 
been developed more and more. From the beginning of the skill, it is defined various 
techniques like fused deposition modeling (FDM) [8, 10], selective laser sintering (SLS) 
[9], direct light processing (DLP) [7, 8, 12], stereolithography (SLA) [11, 13], laminated 
object manufacturing (LOM) [11, 14], stereolithography (SL) [14], mask projec-
tion stereolithography (MPSL) [14], three-dimensional printing (3DP) [14], droplet 

Figure 1. 
Schematic of a hypercube.
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deposition manufacturing (DDM) [14], and fused filament fabrication (FFF) [15, 16]. 
Based on these techniques, new skills are currently being developed and announced.

Nowadays, a common skill of the 3D printing is direct metal laser sintering (DMLS) 
[17, 18]. It uses laser with metal powders, which is Laser beam melt metal powders to be 
droplet as liquid status. The drip metal is added layer by layer to make a shape.

To validate mechanical properties, tension and compression with a specimen 
made by ASTM standard are required. Many researchers found a specimen made by 
3D printing have anisotropy and they shows mechanical properties are not shown in 
constant. They carried out experiments with different materials and with 3D print-
ing. However, they show different properties depending on the 3D skill, equipment, 
applying material, additive manufacturing speeding, and so on. There are many 
kinds of effective variables [19–24].

This chapter concentrated on the investigation of stiffness or strength for unit 
cell models made by DMLS 3D printing. And it is hope to find mechanical proper-
ties of various unit models to make a sandwich core structure.

2. Hypercube models

For designed models, it is defined as an ideal mathematical solution. Based on the 
previous researchers, lattice or truss model defined as open cell model may have a cor-
relation between relative elastic modulus as a function of relative density or between 
relative compressive yield strength as a function of relative density. Thus, Figure 2 
shows Type 1 and Type 2 shape. The next section shows details on stiffness or strength 
for both the models. Type 1 is core-filled model and Type 2 is a core-spaced model. 
Each model is created by the DMLS technique. And then both models are tested by 
compression. Before experimental testing for Type 1 and Type 2, they are checked for 
material properties of a specimen based on ASTM E8/E8M [25]. The specimen is made 
by DMLS and then tested by tension and compression to check the material properties.

3. 3D printing equipment (DMLS)

It used 3D printing machine which is defined as EOS M290. This is the DMLS 
(Direct Metal Laser Sintering) skill to make a specimen. It has a property sum-
marized in Table 1. It shows more detailed information for the equipment. Among 

Figure 2. 
Samples made by the 3D printing DMLS skill: (1) is Type 1 and (2) is Type 2.
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these, one of the most important factors is building volume and power supply for the 
laser. Maximum size of volume to make a model is 250 mm × 250 mm × 325 mm. To 
make a good quality model, volume size must be 200 mm × 200 mm × 300 mm at 
least. And laser type is Yb fiber laser with 40 Watt, scanning speed is up to 7.0 m/s, 
and power supply is 32 ampere with 400 Volt. In addition, more information for 
the equipment such as dimensions, weight, software, applying materials, etc., is 
described in the table, especially, materials that have been developing continuously. 
Now they can obtain materials like aluminum alloy, cobalt chrome, nickel alloy, stain-
less steel, and titanium alloy. These are based on powder type.

Technical data for aluminum alloy is shown in Table 1 and 3D printing machine, 
EOS M290, based on DMLS skill.

4. Material properties (powder)

Applied material properties in this paper is aluminum alloy, which is AlSi10Mg. 
Based on ASTM E8M, specimens for compression and tension are made by the 
DMLS (direct metal laser sintering) 3D printing technique. Figure 3 shows speci-
mens after tensile test.

Technical data EOS M290

Building volume 
(mm)

250 × 250 × 325

Laser type (W) Yb fiber laser; 40

Precision optics F-theta lens; high-speed scanner

Scanning speed 
(m/s)

Up to 7.0

Focus diameter (μm) 100

Power supply (A/V) 32/400

Power consumption 
(kW)

Max. 8.5/average 2.4/with platform heating up to 3.2

Inert gas supply 
(hPa)

7000

Dimensions W × D × H

System (mm) 2500 × 1300 × 2190

Recommended 
installation space 
(mm)

Min 4800 × 3600 × 2900

Weight(kg) In approx. 1250

Software EOSTATE Everywhere, EOSPRINT incl. EOS PArameterEditor

Materials EOS Aluminum AlSi10Mg, EOS CobaltChrome MP1, EOS Maraging Steel MS1, 
EOS NickelAlloy HX, EOS NickelAlloy IN625, EOS NickelAlloy IN718, EOS 
StainlessSteel CX, EOS StainlessSteel PH1, EOS StainlessSteel 17-4PH, EOS 
StainlessSteel 316 L, EOS Titanium Ti64, EOS Titanium Ti64ELI, EOS Titanium 
TiCP Grade2

Optional accessories EOSTATE Monitoring Suite (EOSTATE Laser, EOSTATE PowerBed, EOSTATE 
MeltPool, EOSTATE Exposure OT). Comfort Power Module, IPCM-M extra, 
IPCM-M pro, wet separator blasting cabinet

Table 1. 
Technical data of DMLS equipment.
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AlSi10Mg is a casting alloy and powder type. It can be used in the field for the 
combination of good thermal properties and low weight. Table 2 contains technical 
data for AlSi10Mg powder. It shows general process, geometrical data, physical and 
chemical properties of the parts, mechanical properties of the parts, and thermal 
properties of parts.

Figure 3. 
Specimens made by aluminum alloy (AlSi10Mg) after tension test.

Typical achievable part accuracy (μm) ±100

Smallest wall thickness (mm) Approx. 0.3–0.4

Surface roughness, as built, cleaned (μm) Ra 6–10, Rz 30–40

-after micro shot-peening (μm) Ra 7–10, Rz 50–60

Volume rate (mm3/s) 7.4

Physical and chemical properties of the parts

Material composition (wt%) Al (balance), Si (9.0–11.0),  
Fe(≤0.55), Cu(≤0.05), Mn(≤0.45), 

Mg(0.2–0.45), Ni(≤0.05),  
Zn(≤0.10), Pb(≤0.05), Sn(≤0.05), 

Ti(≤0.15)

Relative density (%) Approx. 99.85

Density (g/cm3) 2.67

Mechanical properties of the parts

As built Heat treated

Tensile strength (MPa) In horizontal direction (XY) 460 ± 20 345 ± 10

In vertical direction (Z) 460 ± 20 350 ± 10

Yield strength, 
Rp0.2%(MPa)

In horizontal direction (XY) 270 ± 20 230 ± 20

In vertical direction (Z) 240 ± 20 230 ± 20

Modulus of elasticity 
(GPa)

In horizontal direction (XY) 75 ± 10 70 ± 10

In vertical direction (Z) 70 ± 10 60 ± 10

Elongation at break (%) In horizontal direction (XY) 9 ± 2 12 ± 2

In vertical direction (Z) 6 ± 2 11 ± 2

Hardness (HBW) Approx. 119 ± 5 —

Fatigue strength (MPa) In vertical direction (Z) Approx. 97 ± 7 —

Table 2. 
Technical data for aluminum alloy AlSi10Mg powder (wt = weight, approx. = approximately).
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250 × 250 × 325

Laser type (W) Yb fiber laser; 40

Precision optics F-theta lens; high-speed scanner

Scanning speed 
(m/s)

Up to 7.0

Focus diameter (μm) 100

Power supply (A/V) 32/400

Power consumption 
(kW)

Max. 8.5/average 2.4/with platform heating up to 3.2

Inert gas supply 
(hPa)

7000

Dimensions W × D × H

System (mm) 2500 × 1300 × 2190

Recommended 
installation space 
(mm)

Min 4800 × 3600 × 2900

Weight(kg) In approx. 1250

Software EOSTATE Everywhere, EOSPRINT incl. EOS PArameterEditor

Materials EOS Aluminum AlSi10Mg, EOS CobaltChrome MP1, EOS Maraging Steel MS1, 
EOS NickelAlloy HX, EOS NickelAlloy IN625, EOS NickelAlloy IN718, EOS 
StainlessSteel CX, EOS StainlessSteel PH1, EOS StainlessSteel 17-4PH, EOS 
StainlessSteel 316 L, EOS Titanium Ti64, EOS Titanium Ti64ELI, EOS Titanium 
TiCP Grade2

Optional accessories EOSTATE Monitoring Suite (EOSTATE Laser, EOSTATE PowerBed, EOSTATE 
MeltPool, EOSTATE Exposure OT). Comfort Power Module, IPCM-M extra, 
IPCM-M pro, wet separator blasting cabinet

Table 1. 
Technical data of DMLS equipment.
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AlSi10Mg is a casting alloy and powder type. It can be used in the field for the 
combination of good thermal properties and low weight. Table 2 contains technical 
data for AlSi10Mg powder. It shows general process, geometrical data, physical and 
chemical properties of the parts, mechanical properties of the parts, and thermal 
properties of parts.

Figure 3. 
Specimens made by aluminum alloy (AlSi10Mg) after tension test.

Typical achievable part accuracy (μm) ±100

Smallest wall thickness (mm) Approx. 0.3–0.4

Surface roughness, as built, cleaned (μm) Ra 6–10, Rz 30–40

-after micro shot-peening (μm) Ra 7–10, Rz 50–60

Volume rate (mm3/s) 7.4

Physical and chemical properties of the parts

Material composition (wt%) Al (balance), Si (9.0–11.0),  
Fe(≤0.55), Cu(≤0.05), Mn(≤0.45), 

Mg(0.2–0.45), Ni(≤0.05),  
Zn(≤0.10), Pb(≤0.05), Sn(≤0.05), 

Ti(≤0.15)

Relative density (%) Approx. 99.85

Density (g/cm3) 2.67

Mechanical properties of the parts

As built Heat treated

Tensile strength (MPa) In horizontal direction (XY) 460 ± 20 345 ± 10

In vertical direction (Z) 460 ± 20 350 ± 10

Yield strength, 
Rp0.2%(MPa)

In horizontal direction (XY) 270 ± 20 230 ± 20

In vertical direction (Z) 240 ± 20 230 ± 20

Modulus of elasticity 
(GPa)

In horizontal direction (XY) 75 ± 10 70 ± 10

In vertical direction (Z) 70 ± 10 60 ± 10

Elongation at break (%) In horizontal direction (XY) 9 ± 2 12 ± 2

In vertical direction (Z) 6 ± 2 11 ± 2

Hardness (HBW) Approx. 119 ± 5 —

Fatigue strength (MPa) In vertical direction (Z) Approx. 97 ± 7 —

Table 2. 
Technical data for aluminum alloy AlSi10Mg powder (wt = weight, approx. = approximately).
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5. Experimental setup

A mechanical type-universal test machine (UTM) is obtained for the tension 
or compression test. UTM is DTU-900MHA and a mechanical type with a digital 
signal processor (DSP) system as shown in Figure 4. For the tension test, Figure 5 
shows experimental setup in the UTM. It shows uniaxial tensile test with speci-
men made by aluminum ally, AlSi10Mg. Figure 5(1) is a specimen before tensile 
test and Figure 5(2) shows a specimen after the tensile test. Figure 5(2) shows 
a circle which means zoom-out as the right figure. The right figure shows a good 
tested result in the specimen, because it is broken in middle area in the specimen 

Figure 4. 
Universal test machine (UTM) with data collector system.

Figure 5. 
Uniaxial tensile test with specimen made by aluminum alloy AlSi10Mg. Test speeding is set up as 1 mm/min: 
(1) shows a specimen before testing; (2) shows a specimen after testing.
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as setup with mechanical extensometer. Test speeding in the UTM is setup as 
1 mm per a minute.

6. Tension

Making a tensile specimen is based on ASTM E8M standard. The specimens were 
obtained by AlSi10Mg power with the DMSL technique. Each section defined as a let-
ter which shows dimensions on Table 3. Table 3 shows rectangular shape of tension 
test specimens with detail dimensions like the gauge length, width, thickness, radius 
of fillet, overall length, length of reduced section, a length of grip section, and an 
approximate width of grip section. Thus, DMLS made specimens for the tension test.

Totally, three samples made by aluminum alloy (AlSi10Mg) marked as 2–1, 2–2, 
2–3 were ready for the tension test, and they were tested by uniaxial tensile testing.

Figure 6 shows specimens after tensile test and results with (a) engineering 
stress-engineering strain for all specimens and (b) stress-strain for 2-2 specimen. 
As you can see, 2–2 specimen shows clearly that the middle point was broken. 
Others were broken in an area of top point or bottom point. Thus, tested data were 
selected for 2–2 specimen because it shows a good fracture.

From the tension test, engineering stress-strain and true stress-strain can be 
defined as shown in Figure 6. Figure 6 shows a comparison between engineering 
stress-strain and true stress-strain for aluminum alloy AlSi10Mg.

Dimensions of standard specimens, sheet-type [mm]

Gauge length 50.0 ± 0.10

Thickness 3.0

Radius of fillet, min 12.5

Overall length, min 200

Length of reduced section, min 57

Length of grip section, min 50

Width of grip section, approximate 20

Table 3. 
Rectangular tension test specimens based on ASTM E8M.

Figure 6. 
Stress as a function of Stain for Aluminum alloy specimen after tensile test; (a) Engineering stress - Engineering 
strain for all specimens, and (b) Stress-strain for 2-2 specimen.
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In order to do the tension test for AlSi10Mg, it is defined material properties are as 
follows: Young’s modulus is 71.81GPa, yield strength is 155.52 MPa, and ultimate tensile 
strength is 348.32 MPa approximately. These are summarized in Table 4. When the 
Young’s modulus value is compared in Table 2, they almost matched in vertical direc-
tion. That is, it is proved that tensile specimen is created in vertical direction by DMLS.

7. Compression

Specimens for uniaxial compression test are made by the 3D printing DMLS 
technique as shown in Figure 7. It was made by the same equipment as EOS M290 
and the same material as aluminum alloy, AlSi10Mg. The sample size is designed as 
diameter is 10 mm and height is 15 mm as shown in Figure 7. The figure also shows 
real specimens made by aluminum alloy. For the compression test, three specimens 
are ready.

Two specimens are used for the compression test because both samples are 
almost matched in the stress-strain plot shown in Figure 8. Thus, material prop-
erties for the compression test with Al alloy, AlSi10Mg, are defined as follows: 
Young’s modulus is 0.316GPa, yield compressive yield strength is 6.35 MPa, and 
ultimate compressive strength is 179.72 MPa. Figure 8 shows the crushing 6 steps 
within a range of 0–0.6, strains and each step is defined as: ① is elastic range, 

Material Properties Value

AlSi10Mg Young’s modulus (GPa) 71.8

Yield strength (MPa) 155.5

Ultimate tensile strength (MPa) 348.3

Elongation (%) 8.0

Table 4. 
Mechanical properties of AlSi10Mg by tension.

Figure 7. 
Designation and AlSi10Mg specimens for compression test.
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② linear, ③ the 1st plateau, ④ valley, ⑤ the 2nd plateau, and ⑥ densification. Thus, 
Young’s modulus is checked in elastic range ①. Linear ② shows increasing loads. 
Then, 1st plateau shows in ③. In here, loading slowly increase. Valley ④ shows as 
being abruptly dropped, because belly phenomenon happened in the middle of 
15 mm height specimen. It means endurance of applied loading in specimen is 
over. Then, it shows the 2nd plateau as ⑤ where applied loads slowly decreased. 
This means applied stress is distributed in specimen. At the end, densification ⑥ 
is shown.

8. 4D cube mechanical test

There are two types of model for mechanical testing. The two models are core-
spaced model defined as Type 1 and core-filled model defined as Type 2. Figure 2 
shows two samples that are made by the 3D printing DMLS skill. Each sample is 

Figure 8. 
Crushing steps such as ① elastic range, ② linear, ③ 1st plateau, ④ valley, ⑤ 2nd plateau, and ⑥ densification.

Applied 
material

Sample 
type

Sample 
number

Width 
(mm)

Length 
(mm)

Height 
(mm)

Truss 
diameter (mm)

Weight 
(grams)

Outer Inner

AlSi10Mg Type 1 1 20 20 20 1.5 3 5.91

2 20 20 20 1.5 3 5.91

Average 20 20 20 1.5 3 5.91

Type 2 1 20 20 20 1.5 3 5.29

2 20 20 20 1.5 3 5.29

Average 20 20 20 1.5 3 5.29

Difference 11.72%

Table 5. 
Measured weights for Type 1 and Type 2 model made by AlSi10Mg alloy.
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8. 4D cube mechanical test
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shows two samples that are made by the 3D printing DMLS skill. Each sample is 
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designed as width 20 mm, length 20 mm, height 20 mm, inner truss diameter 
3 mm, and outer truss radius 1.5 mm. Type 1 is core-spaced model shown in 
Figure 2(1) and Type 2 is core-filled model shown in Figure 2(2).

Before the uniaxial compression test, measured weight for Type 1 is 5.91 grams 
and Type 2 is 5.29 grams. Difference between Type 1 and Type 2 is about 11.72% in 
weights. Details are summarized in Table 5.

Applied material is Al alloy and powder type shown in Table 2. Applied speed-
ing in the UTM machine is defined as 2 mm per minute. Type 1 is core-filled model 

Figure 9. 
Engineering stress as a function of engineering strain from uniaxial compression.

Figure 10. 
Uniaxial compression test in UTM for (1) Type 1 and (2) Type 2.
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of test 3 and test 4. Type 2 is core-spaced model of test 1 and test 2. Thus, tested 
result shows engineering stress as a function of engineering strain in Figure 9. 
Based on the compression test, Figure 9 shows material properties for elastic modu-
lus, compressive yield strength, ultimate compressive strength, compressibility, and 
so on. Figure 10 shows setup for uni-axial compression test in UTM for (1) Type 1 
and (2) Type 2 model.

For Type 1, the average values of material properties are elastic modulus is 
0.82GPa, compressive yield strength is 2.57 MPa, ultimate compressive strength 
is 12.44 MPa, and percent compressibility is 69%, approximately. For Type 2, the 
average values of material properties are elastic modulus is 0.69GPa, compressive 
yield strength is 2.29 MPa, ultimate compressive strength is 3.15 MPa, and com-
pressibility is 46%, approximately. Table 5 summarizes the material properties of 
core-filled or core-spaced model. It shows differences between Type 1 for core-filled 
model and Type 2 for core-spaced model about material properties. For Young’s 
modulus, core-filled model is higher 19.7%, compressive yield strength 12.2%, 
ultimate compressive strength 294.8%, and compressibility 51.6% than core-spaced 
model as summarized in Table 6.

9. Results

Material properties between core-filled model and core-spaced model are 
investigated. All models are based on aluminum alloy AlSi10Mg and they are made 
by the 3D printing DMLS technique. Finally, 4D cube models defined as core-
filled as Type 1 and core-spaced as Type 2 are tested by compression. Thus, Type 1 
shows a higher Young’s modulus, compressive yield strength, compressive ultimate 
compressive strength, and compressibility. The reason is that Type 1 can endure 
outer loads with a diagonal truss connected with inside hexagonal truss structure. 
However, Type 2 can be broken easily because they do not have a diagonal truss 
supporting. It is simply connected with outer or inner hexagonal structure with-
out a cross truss. Thus, Type 1 shows a general shape of compressive tested line on 
Figure 9.

However, Type 2 shows an elastic line, yield, plateau, and up down line in 
Figure 9 as in test 3 and test 4. Here, the interest is in the up down line. When it is 
tracked by broken specimens, it is identified as a reason; that is, when specimens are 
made by the 3D printing DMLS skill, laser melt metal powder at first and then the 

Type Sample 
number

Material properties

Young’s 
modulus 

(GPa)

Compressive 
yield strength 

(MPa)

Ultimate 
compressive 

strength (MPa)

Compressibility 
(%)

1 Test 3 0.92 2.60 13.40 70

Test 4 0.72 2.54 11.47 68

Average 0.82 2.57 12.44 69

2 Test 1 0.71 2.29 3.22 42

Test 2 0.66 2.29 3.08 49

Average 0.69 2.29 3.15 46

Difference 19.7% 12.2% 294.8% 51.6%

Table 6. 
Material properties of Type 1, core-filled model, and Type 2, core-spaced model.
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investigated. All models are based on aluminum alloy AlSi10Mg and they are made 
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outer loads with a diagonal truss connected with inside hexagonal truss structure. 
However, Type 2 can be broken easily because they do not have a diagonal truss 
supporting. It is simply connected with outer or inner hexagonal structure with-
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made by the 3D printing DMLS skill, laser melt metal powder at first and then the 

Type Sample 
number

Material properties

Young’s 
modulus 

(GPa)

Compressive 
yield strength 

(MPa)

Ultimate 
compressive 

strength (MPa)

Compressibility 
(%)

1 Test 3 0.92 2.60 13.40 70

Test 4 0.72 2.54 11.47 68

Average 0.82 2.57 12.44 69

2 Test 1 0.71 2.29 3.22 42

Test 2 0.66 2.29 3.08 49

Average 0.69 2.29 3.15 46

Difference 19.7% 12.2% 294.8% 51.6%

Table 6. 
Material properties of Type 1, core-filled model, and Type 2, core-spaced model.



Truss and Frames - Recent Advances and New Perspectives

124

melted metal is added on each side of the truss clot by clot. Thus, each clot does not 
create perfect solid shape and it is not precisely connected with each truss. These 
are shown in Figure 9. Therefore, due to these reasons, material properties for 4D 
cube models made by the 3D printing DMLS skill show lower than solid material 
properties. Based on broken section in the sample (1) or (2) shown in Figure 11, 
there shows two issues. One is that melted metals are not connected with each 
other like a solid precisely. Due to this reason, connected sections in each model as 
Type 1 or Type 2 are easily broken after outer loading. These are shown as arrows 
in Figure 11(1) and (2). The other one is there shows a space in additive layer when 
additive manufacturing makes a shape of specimen. Because of the space in the 
additive layer, each truss created by melted metals does not have enough to support 
outer loadings.

10. Conclusion

This chapter focused on finding material properties for two models defined 
as core-filled model, Type 1, and core-spaced model, Type 2, created by the 3D 
printing direct metal laser sintering (DMLS) technique. The models use alumi-
num alloy AlSi10Mg powder with a skill of direct laser sintering. After the uniaxial 
compressive test, it is proved that core-filled model has an elastic modulus of 
19.7%, compressive yield strength of 12.2%, ultimate strength of 294.8%, and 
percentage of elongation of 11% higher than core-spaced model. It also shows 
core-filled model have a higher strength but core-spaced model shows a lower 
strength after compression. There shows two issues that melted metals by DMLS 
skill are not connected with each other like a solid precisely and there shows a 
space in additive layer when additive manufacturing makes a shape of specimen. 
These issues are the main reasons for weaker strength or lower elastic modulus in 
the models. It is hoped that the two models be made sandwich core structure and 
then the structure be investigated more deeply. In nearby future, it is hope that 3D 
printing techniques such as FDM [8, 10], SLS [9], DLP [7, 8], SLA [11, 13], LOM 
[11, 14], SL [14], MPSL [14], 3DP [14], FFF [15, 16], or DMLS [17, 18] are applied 
into making hypercube models and then it is to do the testing to check what is the 
differences of mechanical properties are. In addition, it is expected that hypercube 
models are applied into make a sandwich panel and then they are to be obtained 
to find mechanical properties. Finally, it is hope that the sandwich panels will be 
approved to be selected as one of aerospace materials.

Figure 11. 
Crushed samples shown as arrows: (1) core-filled model. (2) core-spaced model.
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Type 1 or Type 2 are easily broken after outer loading. These are shown as arrows 
in Figure 11(1) and (2). The other one is there shows a space in additive layer when 
additive manufacturing makes a shape of specimen. Because of the space in the 
additive layer, each truss created by melted metals does not have enough to support 
outer loadings.

10. Conclusion

This chapter focused on finding material properties for two models defined 
as core-filled model, Type 1, and core-spaced model, Type 2, created by the 3D 
printing direct metal laser sintering (DMLS) technique. The models use alumi-
num alloy AlSi10Mg powder with a skill of direct laser sintering. After the uniaxial 
compressive test, it is proved that core-filled model has an elastic modulus of 
19.7%, compressive yield strength of 12.2%, ultimate strength of 294.8%, and 
percentage of elongation of 11% higher than core-spaced model. It also shows 
core-filled model have a higher strength but core-spaced model shows a lower 
strength after compression. There shows two issues that melted metals by DMLS 
skill are not connected with each other like a solid precisely and there shows a 
space in additive layer when additive manufacturing makes a shape of specimen. 
These issues are the main reasons for weaker strength or lower elastic modulus in 
the models. It is hoped that the two models be made sandwich core structure and 
then the structure be investigated more deeply. In nearby future, it is hope that 3D 
printing techniques such as FDM [8, 10], SLS [9], DLP [7, 8], SLA [11, 13], LOM 
[11, 14], SL [14], MPSL [14], 3DP [14], FFF [15, 16], or DMLS [17, 18] are applied 
into making hypercube models and then it is to do the testing to check what is the 
differences of mechanical properties are. In addition, it is expected that hypercube 
models are applied into make a sandwich panel and then they are to be obtained 
to find mechanical properties. Finally, it is hope that the sandwich panels will be 
approved to be selected as one of aerospace materials.

Figure 11. 
Crushed samples shown as arrows: (1) core-filled model. (2) core-spaced model.
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