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Preface

The subject of optimum composite structures is a rapidly evolving field and intensive research
and development has taken place in the last few decades. Therefore, this book aims to provide
an up-to-date comprehensive overview of the current status in this field to the research com‐
munity. The contributing authors combine structural analysis, design and optimization basis
of composites with descriptions of the implemented mathematical approaches. Within this
framework, each author has dealt with the individual subject as he/she thought appropriate.
Each chapter offers detailed information on the related subject of its research with the main
objectives of the works carried out as well as providing a comprehensive list of references that
should provide a rich platform of research to the field of optimum composite structures.

Chapter 1 is an introductory chapter that provides a brief review of the optimum design of
composite structures as well as the relevant optimization models and techniques that are
commonly implemented. As a practical application, the optimization of a composite cylin‐
drical shell has been analyzed and solved in detail.

Chapter 2 focuses on the optimization of composite structures with nonlinear material prop‐
erties. Mathematical models for flexural deformation of carbon fiber reinforced plastics and
polymer matrices have been built. An application considering optimization of a multilayer
composite pressure vessel is presented and discussed, where the objective function is meas‐
ured by weight minimization subject to deformation and strength constraints. It is shown
that the use of simplified mathematical models based on the Kirchhoff-Love and Timoshen‐
ko shell theories can be appropriate for solving the associated optimization problems.

Chapter 3 presents a model for lay-up optimization of a cantilevered composite slender,
tubular beam with varied cross-section that is manufactured by winding glass fiber unidir‐
ectional tape. The multilayered composite material is assumed and modeled as a single
phase anisotropic elastic homogeneous continuum. For each accepted lay-up scheme and
unidirectional prepreg orientation of the symmetric balanced laminate formation, the elastic
moduli were determined independently by two methods, namely; the finite element method
and the classical lamination theory. The first stage is based on the analysis of the angular
distribution of all engineering constants of laminates. This analysis allows the choice of a
small set of "candidate" lay-ups, which are used at the modeling of the mechanical response
of the beam structure at three different load scenarios. The higher level "candidates" were
appointed for the final dynamic test, which includes applying full load to the selected struc‐
tures and allows for the possibility to make the expert decision about final choice of quasi-
optimal structure. The short discussion of the obtained results confirms the necessity of
multi-objective optimization, considering many requirements and constraints that help in
making the final choice of the optimal lay-up parameters.
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As an important structural element in several aerospace applications, Chapter 4 treats de‐
sign sensitivity of stiffened composite panels using finite element analysis (FEA) and analyt‐
ical solution models. Manufacturing and experimental measurements of a hat-stiffened
composite structure is performed to validate the FEA and idealized analytical solutions.
This is an attempt to initiate a structural architecture methodology to speed up the develop‐
ment and qualification of composite aircraft structures that will reduce design cost, increase
the possibility of content reuse, and improve time-to-market. In particular, FEA results were
compared with analytical solutions to develop a design methodology that will allow exten‐
sive reuse of parametric hat-stiffened panels in the design of composite structural compo‐
nents. This methodology is now widely utilized in developing a library of commonly used,
built-in, composite structural elements in the design of modern aircrafts. The main goal of
the authors is to provide the aviation industry with the most up-to-date databases for the
application of advanced composite materials incorporated into parametric models to elimi‐
nate redundancies in the current process. The results include a correlated material database,
an optimized model component library and a standardized way to design future complex
composites structures, e.g. hat-stiffened composites panels, with reliable and predictable
quality and material weight/cost.

A new hybrid material made of fiber metal laminate (FML), which has been successfully ap‐
plied to commercial aircraft structures, is introduced in Chapter 5. A common type is made
of Glass Reinforced Aluminum Laminate “GLARE”, which combines thin aluminum sheets
with unidirectional glass fiber reinforced epoxy layers. Such advanced composite material
can offer weight savings of 10% compared with conventional aluminum and its alloys, to‐
gether with benefits that include high tensile strength, better fatigue and damage tolerance
characteristics and high level of fiber safety. A large number of practical applications dem‐
onstrate that the material properties of FMLs and their additional interlinked advantages
make them the ideal option for thin-walled fuselage shells of next single aisle aircrafts. In
addition, two methods have been introduced to predict the corresponding static properties
with respect to the different lay-up patterns. Recently, the FML manufacturers have contin‐
ued to make a substantial progress in production technology, which allows for enabling
FMLs in high-volume production rates and increasing affordability for aerospace industry.
In addition to the consideration of each constituent material’s properties, a strong interfacial
bonding between metal sheets and composite layers is one of the key factors for the im‐
provement in joint strength and long-term durability of FML structures. Therefore, a proper
surface treatment on the metallic substrate is a prerequisite for achieving long-term service
capability through more efficient processing in production. Another work on FMLs is pro‐
vided in Chapter 6. The main goal of the study is to assess the application of metal pins
deposited by CMT (Cold Metal Transfer) PIN on metal surfaces used as layers of FMLPs, yet
controlling the thickness and the number of prepreg layers. The methodological approach
includes comparing small-sized FMLPs with different pin deposition patterns and spans to
a reference (without pins) FMLP, in terms of energy dissipation during drop-weight testing,
impact damage characterization and buckling test after impact. Iosipescu shear test, modal
analysis and cosmetic characterization are also carried out.

Chapter 7 presents a method for minimizing the cost and weight of reinforced ordinary and
High Strength Concrete (HSC) T-beams at limit state according to Eurocode2 (EC-2). The first
objective function includes the costs of concrete, steel and formwork, whereas the second ob‐
jective function represents the weight of the T-beam. All the constraint functions are set to meet
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the ultimate strength and serviceability requirements of Eurocode2 and current practices rules.
The optimization process is developed through the use of the Generalized Reduced Gradient
algorithm. Two example problems are considered in order to illustrate the applicability of the
proposed design model and solution methodology. It is concluded that this approach is eco‐
nomically more effective compared to conventional design methods applied by structural en‐
gineers and can be extended to deal with other sections without major alterations.

Considering the next optimization of nano-composites, Chapter 8 investigates the effect of
interface on the performance of epoxy-nano clay nano-composites. The nano-clay (oMMT)
filler and polymer matrix (epoxy) of the polymer nano-composites play a very important
role in improving the electrical, thermal and mechanical properties. Detailed studies on the
interfacial effects of filler-matrix on several properties are investigated. The chemical bond‐
ing established between epoxy and oMMT nano-filler has been investigated using Fourier
Transform Infrared Spectroscopy (FTIR). The cross linking between the polymer and nano-
filler was measured to determine the glassy state of the nano-composite called glass transi‐
tion temperature by using Differential Scanning Calorimeter (DSC). Further, the Positron
Annihilation Spectroscopy (PALS) was utilized to determine free volume as outlined in a
multi-core model. In this study, a brief explanation of nano-composite interface dynamics,
free volume estimation and the effect of intermolecular interactions and hydrogen bonding
are included. The effect of these results on electrical property such as dielectric strength
(DES) at room temperature has been thoroughly investigated.

Chapter 9 presents a variety of optimized FGM structures along with detailed structural
analysis and design. The mathematical formulation is based on dimensionless quantities;
therefore, the analysis is valid for different configurations and sizes. Such normalization has
led to naturally scaled optimization models, which is favorable for most optimization tech‐
niques. Case studies include structural dynamic optimization of thin-walled beams in bend‐
ing motion, optimization of drive shafts against torsional buckling and whirling, and
aeroelastic optimization of subsonic aircraft wings. Other stability problems concerning flu‐
id-structure interaction have also been addressed. Several design charts that are useful for
direct determination of the optimal values of the design variables are introduced.

It is hoped that this book will prove of particular value to structural engineers and research‐
ers working in the field. It should also prove useful to postgraduates wishing to gain special
knowledge on design optimization of composite structures. Finally, I am glad to have had
the opportunity of acknowledging all the contributing authors and express my gratitude for
the help and support of INTECH staff particularly the Author Service Manager Ms. Marija‐
na Francetic.

Karam Y. Maalawi
Professor of Aeronautics & Mechanics

National Research Centre
Cairo, Egypt
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1. Introduction

Structural applications of composite materials are increasing in several engineering areas
where high stiffness and strength-to-weight ratios, long fatigue life, superior thermal proper-
ties, and corrosive resistance are most beneficial [1–4]. Common types include laminated
composites [5], functionally graded material (FGM) structures, and nanocomposites as well as
smart composite structures [6]. In fact composite structures are usually tailored, depending
upon the specific objectives, by choosing the individual constituent materials and their volume
fractions, fiber orientation angles, and laminas thickness and number, as well as the fabrication
procedure. To attain the best results, adequate optimization models have to be implemented to
find practical optimal solutions satisfying a given set of design constraints.

This introductory chapter provides a brief review on the optimum design of composite struc-
tures and the relevant optimization techniques that are capable of finding the needed optimal
solutions. Several problems can be addressed, including the structural design for maximum
stability, maximum natural frequencies, and minimum mass or maximum stiffness subject to
limits on strength, deflections, and side constraints. The relevant design variables include
geometrical dimensions and material properties as well. A numerical example is given at the
end of this chapter to demonstrate a real and practical application of the optimum composite
structures.

2. The optimal design problem

Several research papers and text books exist in the field of optimal design of composite
structures with a variety of valuable applications in civil, mechanical, ocean, and aerospace
engineering. An important stage has now been reached at which an investigation of such
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developments and their practical possibilities should be made and presented. Two distinct
review papers have been published covering the development of the optimum design of
composites over more than 40 years. The first paper by Sonmez [7] presented a comprehensive
survey for more than 1000 journal papers, conference papers, textbooks, and web links from
the year 1969 to 2009. Sonmez classified the papers according to the type of the composite
structure, loading conditions, optimization model, failure criteria, and the utilized search
algorithm. The second paper by Ganguli [8] covered a historical review from 1973 to 2013. It
provides the growth of the field by including more than 90 references dealing with a variety of
optimization methods utilized for tailoring composites to achieve certain design objectives.
Applications of several optimization techniques were presented, including feasible direction
methods, sequential quadratic programming, and stochastic optimization such as particle
swarm and ant colony algorithms. Ganguli classified the published work into five categories
named pioneering research for the work published in the 1970s, early research in the 1980s,
moving toward design in the 1990s, the new century in the 2010s, and the current research for
papers published after 2010.

In general, design optimization seeks the best values of design variables, Xnx1, to achieve,
within certain constraints, Gmx1(X) placed on the system behavior, allowable stresses, geome-
try, or other factors; its goal of optimality is defined by the a vector of objective functions,
Fkx1(X), for specified environmental conditions. Mathematically, design optimization may be
cast in the following standard form [9]:

Find the set of design variables Xnx1 that will

minimize F Xð Þ ¼
Xk

i¼1

wfiFi Xð Þ (1)

subject to Gj Xð Þ ≤ 0, j ¼ 1, 2,…I (2)

Gj Xð Þ ¼ 0, j ¼ I þ 1, I þ 2,…m (3)

where wfi is the weighting factors measuring the relative importance of Fi(x) with respect to
the overall design goal:

0 ≤wfi ≤ 1

Xk

i¼1

wfi ¼ 1
(4)

Figure 1 shows the overall structure of an optimization approach to design. Major objectives in
mechanical and structural engineering involve minimum fabrication cost, maximum product
reliability, maximum stiffness/weight ratio, minimum aerodynamic drag, maximum natural
frequencies, maximum critical shaft speeds, etc. Design variables describe configuration,
dimensions and sizes of elements, and material properties as well. In the design of structural
components, such as those of an automobile structure, the main design variables represent the
thickness of the covering skin panels and the spacing, size, and shape of the transverse and
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longitudinal stiffeners. The sizes of the constituent elements of the system are measured by
such properties as the cross-sectional dimensions, section areas, area moments of inertia,
torsional constants, plate’s thicknesses, etc. If the skin and/or stiffeners are made of layered
composites, the orientation of the fibers and their proportion can become additional variables.
If one optimizes for configuration, the design variables will include spatial coordinates. Also,
in dynamic problems, the location of nonstructural masses and their magnitudes can be
additional design variables.

3. Optimization techniques

The class of optimization problems described by Eqs. (1)–(3) may be thought of as a search in
an n-dimensional space for a point corresponding to the minimum value of the overall objec-
tive function and such that it lies within the region bounded by the subspaces representing the
constraint functions. Iterative techniques are usually used for solving such optimization prob-
lems in which a series of directed design changes (moves) are made between successive points
in the design space. Several optimization techniques are classified according to the way of

Figure 1. Design optimization process.
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selecting the search direction [9]. The most commonly used approaches are the random search,
conjugate directions, and conjugate gradients methods. Other algorithms for solving global
optimization problems may be classified into heuristic methods that find the global optimum
only with high probability and methods that guarantee to find a global optimum with some
accuracy. The simulated annealing technique and the genetic algorithms (GAs) belong to the
former type, where analogies to physics and biology to approach the global optimum are
utilized. The simulated annealing technique is an iterative search method based on the simu-
lation of thermal annealing of critically heated solids. Hasancebi et al. [10] applied it to find the
optimum design of fiber composite structures as an efficient method to solve multi-objective
optimization models. On the other hand, the GAs [11, 12] are based on the principles of natural
genetics and natural selection. GAs do not utilize any gradient information during the
searching process. Narayana Naik et al. [12] used GA and various failure mechanisms based
on different failure criteria to reach an optimal composite structure. Another robust algorithm
in solving complex problems of optimal structural design is named particle swarm optimiza-
tion algorithm (PSOA). This algorithm is based on the behavior of a colony of living things,
such as a swarm of insects like ants, bees, and wasps, a folk of birds, or a school of fish. Omkar
et al. [13] applied PSOA to achieve a specified strength with minimizing weight and total cost
of a composite structure under different failure criteria. To the author’s knowledge, GA has
been the most efficient stochastic method for obtaining the global optimum design of compos-
ite structures.

4. Application: buckling optimization of anisotropic cylindrical shells

Structural buckling failure due to high external hydrostatic pressure is a major consideration in
designing cylindrical shell-type structures. This section presents a direct approach for enhanc-
ing buckling stability limits of thin-walled long cylinders that are fabricated from multi-angle
fibrous laminated composite lay-ups. The mathematical formulation employs the classical
lamination theory for calculating the critical buckling pressure, where an analytical solution
that accounts for the effective axial and flexural stiffness separately as well as the inclusion of
the coupling stiffness terms is presented. The associated design optimization problem of
maximizing the critical buckling pressure has been formulated in a standard nonlinear math-
ematical programming problem with the design variables encompassing the fiber orientation
angles and the ply thicknesses as well. The physical and mechanical properties of the compos-
ite material are taken as preassigned parameters. The proposed model deals with dimension-
less quantities in order to be valid for thin shells having different thickness-to-radius ratios.
Results have been obtained for cases of filament wound cylinders fabricated from different
types of composite materials.

The basic analysis and analytical formulation presented in this chapter are based on the work
given by Maalawi [14], which provides good sensitivity to lamination parameters and allows
the search for the needed optimal stacking sequences in a reasonable computational time.
Referring to the structural model depicted in Figure 2, the significant strain components are

Optimum Composite Structures4

the hoop strain (ε0ss) and the circumferential curvature (Kss) of the mid-surface. The reduced
form of the stress-strain relationships in matrix form is

Nss

Mss

� �
¼ A22 B22

B22 D22

� �
εoss
κss

� �
(5)

where Nss and Mss are the resultant distributed force and moment and (Aij, Bij, Dij) are the
extensional, coupling, and bending stiffness coefficients, respectively [1].

4.1. Analytical buckling model

The governing differential equations of anisotropic long cylinders subjected to external pres-
sure are cast in the following:

M0
ss þ R N0

ss � βNss
� � ¼ β pR2 (6.1)

M00
ss � R Nss þ βNss

� �0 þ p wo þ v0o
� �h i

¼ pR2 (6.2)

where uo, vo, and wo are the displacements of a generic point (x, s) on the shell middle surface
(z = 0) in x, s, and z directions, respectively. The prime denotes differentiation with respect to the
angular position φ and β ¼ vo � w0

o

� �
=R: For the case of thin cylinders with thickness-to-radius

ratio (h/R) ≤ 0.1, the critical buckling pressure can be determined using the mathematical expres-
sion [14]:

Figure 2. Laminated composite cylindrical shell under external pressure (u displacement in the axial direction x, v in the
tangential direction s, w in the radial direction z).
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pcr ¼ 3
D22

R3

� �
1� ψ2=α

� �
1þ αþ 2ψ

" #
(7.1)

ψ ¼ 1
R

� �
B22

A22

� �
(7.2)

α ¼ 1
R2

� �
D22

A22

� �
(7.3)

4.2. Definition of the baseline design

It is convenient first to normalize all variables and parameters with respect to a baseline design,
which has been selected to be a unidirectional orthotropic laminated cylinder with the fibers
parallel to the shell axis x. Optimized designs shall have the same material properties, mean
radius R, and total shell thickness h of the baseline design. Expressions for calculating the critical
buckling pressure (Pcro) of the baseline design are defined in Table 1, which depend upon the
type of composite material utilized and the shell thickness-to-radius ratio (h/R) as well.

4.3. Optimization model

The search for the optimized lamination can be performed by coupling the analytical buckling
shell model to a standard nonlinear mathematical programming procedure. The resulting
optimization problem may be cast in the following standard form to

minimize — p̂cr (8.1)

subject to hL ≤ ĥk ≤ hU, (8.2)

θL ≤θk ≤θU k ¼ 1, 2,…:n (8.3)

Xn

k¼1

ĥk ¼ 1 (8.4)

where p̂cr ¼ pcr=pcro is the dimensionless critical buckling pressure, and (hL, hU) are the lower

and upper bounds imposed on the individual dimensionless ply thicknesses ĥk ¼ hk=h.

Material type Orthotropic mechanical properties* (GPa) Pcro � (h/R)3 (GPa)

E11 E22 G12 ν12

E-Glass/vinyl ester 41.06 6.73 2.5 0.299 1.708

Graphite/epoxy 130.0 7.0 6.0 0.28 1.757

S-Glass/epoxy 57.0 14.0 5.7 0.277 3.567

*E11 = longitudinal modulus, E22 = hoop modulus, ν12 = Poisson’s ratio for axial load, ν21 = ν12E22/E11.

Table 1. Material properties and critical buckling pressure of the baseline design (Pcro).
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According to the filament-winding manufacturing process, each ply is characterized by its
angle θk with respect to the cylinder axis x. The stacking sequence is denoted by [θ1/θ2/…/θn],
where the angles are given in degrees, starting from the outer surface of the shell. In addition,
in a real-world manufacturing process, the filament-winding angles θk must be chosen from a
limited range of allowable lower (θL) and upper (θU) values according to technology refer-
ences. It is important to mention here that the volume fractions of the constituent materials of
the composite structure is assumed to not significantly change during optimization, so that the
total structural mass remains constant at its reference value of the baseline design.

4.4. Optimal solutions

The functional behavior of the candidate objective function, as represented by maximization of
the dimensionless buckling pressure p̂cr, is thoroughly investigated in order to see how it is
changed with the optimization variables in the selected design space. The final optimum
designs recommended by the model will directly depend on the mathematical form and
behavior of the objective function.

4.4.1. Two-layer anisotropic long cylinder

The first case study to be considered herein is a long thin-walled cylindrical shell fabricated
from E-glass/vinyl ester composites with the lay-up composed of only two plies (n = 2) having

equal thicknesses ( ĥ1 ¼ ĥ2 ¼ 0:5) and different fiber orientation angles. Considering the case
of �63� angle ply, the present model gives p̂cr= 4.23, i.e., Pcr = 4.23 � 1.708 � (h/R)3 GPa,
depending on the shell thickness-to-radius ratio. The actual dimensional values of the critical
buckling pressure for the different thickness ratios are given in Table 2 for the cases of baseline
design [0�], helically wound [�63�], and [�90�] hoop layers. The unconstrained maximum
value of p̂cr = 6.1 occurs at the design points [θ1/θ2] = [�90, �90].

For a two-ply long cylinder fabricated from graphite/epoxy composites, Figure 3 shows the
developed level curves of the dimensionless buckling pressure, p̂cr (also named isomerits or
isobars) in the (θ1 � θ2) design space. As seen in the figure, the maximum value of p̂cr reaches a
value of 18.57 for a hoopwound construction.Table 3 presents the solutions for the [�45�] angle-
ply and the [90�] cross-ply constructions for different thickness-to-radius ratios. These solutions

Baseline [0�] Helically wound [�63�] Hoop plies [�90�]

p̂cr = 1.00 4.23 6.10

(h/R)

(1/15) 506.07 2140.69 3087.05

(1/20) 213.50 903.11 1302.35

(1/25) 109.31 462.39 666.80

(1/50) 13.66 57.80 83.35

[Pcr = p̂cr � 1.708 � 106 (h/R)3 KPa].

Table 2. Critical buckling pressure for E-glass/vinyl ester cylinder with different lay-ups.
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are also valid for lay-ups [03�]s, [903�]s, [452�/�452�]s, and [45�/�45�/45�/�45�]s. The case of a

helically wound lay-up construction [+θ/�θ] with unequal play thicknesses ĥ1 and ĥ2, such that
their sum is held fixed at a value of unity, has also been investigated. Computer solutions have
shown that no significant change in the resulting values of the critical buckling pressure can be
remarked in spite of the wide change in the ply thicknesses. This is a natural expected result
since the stiffness coefficients A22, B22, and D22 remain unchanged for such lay-up construction.

Figure 3. p̂cr-isomerits for a graphite/epoxy, two-layer cylinder in [θ1 /θ2] design space (ĥ1 ¼ ĥ2 ¼ 0:5).

Baseline [0�] Helically wound [�45�] Hoop plies [�90�]

p̂cr = 1.00 5.9 18.57

(h/R)

(1/15) 520.59 3071.50 9667.40

(1/50) 14.06 82.93 261.02

(1/120) 1.02 5.99 18.88

[Pcr = p̂cr � 1.757 � 106 (h/R)3 KPa].

Table 3. Critical buckling pressure, Pcr for graphite/epoxy cylinder with different lay-ups.

Optimum Composite Structures8

4.4.2. Three-layer anisotropic long cylinder

Results for a cylinder constructed from three, equal-thickness layers with stacking sequence
denoted by [θ1/θ2/θ1] are given in Table 4. The same behavior can be observed as before but
with slight change in the attained values. It was found that for the range �30� > θ1 > 30� the
critical buckling pressure is not much affected by variation in the ply angle θ2. A substantial
increase in the critical buckling pressure by changing the ply angles can be observed. Similar
solutions were obtained for the stacking sequences [0�2/90�]s and [90�2/0�]s.

4.4.3. Four-layer sandwiched anisotropic cylinder

The same graphite/epoxy cylinder is reconsidered here with changing the stacking sequence to
become �20� equal-thickness layers sandwiched in between outer and inner 90� hoop layers

with unequal thicknesses, i.e., ( ĥ2 ¼ ĥ3) and ( ĥ1 6¼ ĥ4), such that the thickness equality

constraint
P4

k¼1 ĥk¼1 is always satisfied. Figure 4 shows the developed p̂cr -isomerits in the

( ĥ1, ĥ2) design space. The contours inside the feasible domain, which is bounded by the three

lines ĥ1 ¼ 0 and ĥ2 ¼ 0 and ĥ1 þ 2 ĥ2 ¼ 1 (i.e., ĥ4 ¼ 0), are obliged to turn sharply to be

asymptotes to the line ĥ4 ¼ 0, in order not to violate the thickness equality constraint. This is

why they appear in the figure as zigzagged lines. At the design point ( ĥ1, ĥ2) = (0.25, 0.25), the
dimensionless buckling pressure p̂cr = 16.43 (see Figure 4 and Table 5). As a general observa-
tion, as the thickness of the hoop layers increases, a substantial increase in the critical buckling

pressure will be achieved, e.g., at ( ĥ1, ĥ2) = (0.33, 0.17), p̂cr= 17.92 representing a percentage
increase of (17.92 � 16.43)/16.43 = 9.1%.

Finally, the obtained results have indicated that the optimized laminations induce significant
increases, always exceeding several tens of percent, of the buckling pressures with respect to
the reference or baseline design. It is assumed that the volume fractions of the composite
material constituents do not significantly change during optimization, so that the total struc-
tural mass remains constant. It has been shown that the overall stability level of the laminated
composite shell structures under considerations can be substantially improved by finding the
optimal stacking sequence without violating any imposed side constraints. The stability limits

Baseline [0�3] [0�/90�/0�] [90�/0�/90�]

p̂cr = 1.00 1.651 17.92

(h/R)

(1/15) 520.59 859.57 9331.19

(1/50) 14.06 23.21 251.94

(1/120) 1.02 1.68 18.23

[Pcr = p̂cr � 1.757 � 106 (h/R)3 KPa].

Table 4. Critical buckling pressure, Pcr for graphite/epoxy cylinder [θ1/θ2/θ1].
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4.4.2. Three-layer anisotropic long cylinder

Results for a cylinder constructed from three, equal-thickness layers with stacking sequence
denoted by [θ1/θ2/θ1] are given in Table 4. The same behavior can be observed as before but
with slight change in the attained values. It was found that for the range �30� > θ1 > 30� the
critical buckling pressure is not much affected by variation in the ply angle θ2. A substantial
increase in the critical buckling pressure by changing the ply angles can be observed. Similar
solutions were obtained for the stacking sequences [0�2/90�]s and [90�2/0�]s.

4.4.3. Four-layer sandwiched anisotropic cylinder

The same graphite/epoxy cylinder is reconsidered here with changing the stacking sequence to
become �20� equal-thickness layers sandwiched in between outer and inner 90� hoop layers

with unequal thicknesses, i.e., ( ĥ2 ¼ ĥ3) and ( ĥ1 6¼ ĥ4), such that the thickness equality

constraint
P4

k¼1 ĥk¼1 is always satisfied. Figure 4 shows the developed p̂cr -isomerits in the

( ĥ1, ĥ2) design space. The contours inside the feasible domain, which is bounded by the three

lines ĥ1 ¼ 0 and ĥ2 ¼ 0 and ĥ1 þ 2 ĥ2 ¼ 1 (i.e., ĥ4 ¼ 0), are obliged to turn sharply to be

asymptotes to the line ĥ4 ¼ 0, in order not to violate the thickness equality constraint. This is

why they appear in the figure as zigzagged lines. At the design point ( ĥ1, ĥ2) = (0.25, 0.25), the
dimensionless buckling pressure p̂cr = 16.43 (see Figure 4 and Table 5). As a general observa-
tion, as the thickness of the hoop layers increases, a substantial increase in the critical buckling

pressure will be achieved, e.g., at ( ĥ1, ĥ2) = (0.33, 0.17), p̂cr= 17.92 representing a percentage
increase of (17.92 � 16.43)/16.43 = 9.1%.

Finally, the obtained results have indicated that the optimized laminations induce significant
increases, always exceeding several tens of percent, of the buckling pressures with respect to
the reference or baseline design. It is assumed that the volume fractions of the composite
material constituents do not significantly change during optimization, so that the total struc-
tural mass remains constant. It has been shown that the overall stability level of the laminated
composite shell structures under considerations can be substantially improved by finding the
optimal stacking sequence without violating any imposed side constraints. The stability limits

Baseline [0�3] [0�/90�/0�] [90�/0�/90�]

p̂cr = 1.00 1.651 17.92

(h/R)

(1/15) 520.59 859.57 9331.19

(1/50) 14.06 23.21 251.94

(1/120) 1.02 1.68 18.23

[Pcr = p̂cr � 1.757 � 106 (h/R)3 KPa].

Table 4. Critical buckling pressure, Pcr for graphite/epoxy cylinder [θ1/θ2/θ1].
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of the optimized shells have been substantially enhanced as compared with those of the
reference or baseline designs.
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Figure 4. Design space for a sandwich lay-up graphite/epoxy cylinder [90/�20/90].
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Abstract

This chapter is devoted to modeling the properties of composite materials and structures.
Mathematical relations describing the nonlinear elastic three-point bending of isotropic
and reinforced beams with account of different strength and stiffness behavior in tension
and compression are obtained. An algorithm for numerical solution of corresponding
boundary-value problems is proposed and implemented. Results of numerical modeling
were compared to acquired data for polymer matrix and structural carbon fiber reinforced
plastics. A computational technology for analysis and optimization of composite pressure
vessels was developed and presented.

Keywords: composite, polymer matrix, CFRP, bending, nonlinear deformation,
mathematical modeling, pressure vessel, COPV, shell theory, optimization

1. Introduction

Carbon fiber reinforced plastics (CFRP) are the most promising modern composite materials.
High-duty structures used in aviation and space industry, car manufacturing and building
sector require new CFRPs as well as ways to improve their characteristics. Applying computer
modeling techniques significantly reduces both the time and cost of investigations aimed at
searching optimal parameters of CFRP structures [1]. Mathematical modeling provides an
opportunity for comprehensive analysis of both CFRPs and CFRP structures. It has become
an effective tool for solving important applied problems.

To build a mathematical model of composite materials, including those made of carbon fibers,
one relies upon the experimental data acquired in mechanical testing. Wide application of
digital testing machines has brought such experiments to higher level of quality. By measuring
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a large number of parameters with a high discretization frequency, modern testing machines
allow for high amount of information on material deformation and failure to be obtained
within a single experiment. Therefore, data processing has become an important step for
mathematical modeling of CFRPs and CFRP structures. This is exceptionally important
because of quite specific behavior of CFRPs and of their components: fibers and matrices.

One of the features of such materials is their different strength and stiffness behavior in tension
and compression combined with nonlinearities of stress-strain curves. Multiple studies for
epoxy matrices showed that their ultimate strains in tension were much lower than in com-
pression: approximately 4 versus 20% and more [2]. Moreover, under tension and compres-
sion, the deformation behavior of epoxy matrices significantly differs. The corresponding
stress-strain curves have different stiffness (secant modulus) at the same values of strain. The
similar difference can be observed for CFRPs. In [3–5], it was shown that in tension tests of
carbon fiber specimens with reinforcement angles less than 20 ∘ the stiffness grows together
with strains (stiffening), whereas for epoxy matrices softening is observed. This phenomenon
was explained by the properties of carbon fibers.

Contrasting behavior in tension and compression, stiffening, softening and other nonlinearities
are forcing researchers to build and use special mathematical models and computing algo-
rithms. Mathematical models taking into account the abovementioned properties of materials
were proposed and studied theoretically by Timoshenko [6] and Ambartsumyan [7, 8] in the
mid-twentieth century. Later, Jones had experimentally, theoretically and numerically studied
the nonlinear behavior of several fiber-reinforced composites. The main focus of the research
was on the difference in stiffness and strength behavior under tension and compression [9].
After Ambartsumyan’s and Jones’ researches, a lot of studies were dedicated to this problem.
Most of them were dealing with linear bi-modulus models of materials or 3D finite elements.
In [10], Ambartsumyan with a coauthor suggested a theoretical approach to modeling of
multimodulus nonlinear elastic beams under bending, but still without calculations.

Another trend is studying the behavior of sandwich panels or beams with a CFRP faces having
differences in tension and compression along with the other mentioned nonlinearities [11–13].
These works concern the problem of flexure of CFRPs and similar materials. They consider
bending of specimens as a reference test. The first paper [11] is devoted to experimental
investigations and shows most of the nonlinearities we supposed such materials should have:
stiffening in tension, softening in compression, different moduli even at the origin of coordi-
nates. Other two works [12, 13] present more complex studies including full cycle of mathe-
matical modeling spanning from the experimental investigations to numerical ones.

A comprehensive approach to modeling and simulation of nonlinear elastic deformation of
polymer matrices and different CFRPs was presented in [14]. This chapter deals with different
strength and stiffness behavior of the materials in tension and compression exemplified by a
case of three-point bending. This approach implements a full cycle of model development and
validation, which comprises the following stages: carrying out tests and acquiring experimen-
tal data, data prepossessing and building stress-strain curves, analytical approximation of
acquired curves, mathematical modeling and numerical simulation of deformation processes,
comparative analysis of results of numerical modeling to acquired data.

Optimum Composite Structures14

2. Structural models of composite materials

For most of the composite materials models, we can write the relations between average
stresses σαβ, τα3 and strains eαβ, γα3 (generalized Hooke’s Law):

σαα ¼ aααeαα þ aαβeββ þ aα3 � 2eαβ � aαΘΘ,
σαβ ¼ aα3eαα þ aβ3eββ þ a33 � 2eαβ � a3ΘΘ,
γα3 ¼ qαατα3 þ qαβτβ3,

(1)

where Θ is the increase of temperature. Relations (Eq. (1)) are called the thermoelasticity
relations, or, when no temperature influence is considered, they are simply elasticity relations.

The structural model of fiber reinforced composite described in [15–18] has become a
foundation for a large number of current researches. Now it is widely used while simu-
lating the behavior of composite structures. The model is based on the following assump-
tions: the stress-strain state into isotropic elastic fibers and into entire volume of isotropic
ideally elastic matrix is homogeneous; fibers and matrix are deformed jointly along the
direction of reinforcement; stresses in fibers and in matrix corresponding to other direc-
tions are equal.

For computing the effective elastic modulus of unidirectional fiber-reinforced composite, the
Reuss-Voigt average was used giving the following formulae

E1 ¼ ωf Ef þ ωmEm, E2 ¼
Ef Em

ωf Em þ ωmEf
,

ν12 ¼ ωf νf þ ωmνm, G ¼ GfGm

ωf Gm þ ωmGf
,

(2)

where all the terms having squared Poisson coefficients are neglected.

Herewith E1, E2 are effective moduli along and across the direction of reinforcement, G is
effective share modulus, ν12 is effective Poisson coefficient in the plain of layer; E, ν, ω with
“f ” and “m” indices are elastic moduli, Poisson coefficients and volume fractions of matrix and
fibers correspondingly, hereby ωm þ ωf ¼ 1.

On the ground of symmetry of compliance tensor, one has

ν21 ¼ ν12E2E�1
1 :

Formulae for effective coefficients of thermal expansion have the following form

α1 ¼ ωfαf þ ωmαm, α2 ¼
ωfαf Ef þ ωmαmEm

ωf Ef þ ωmEm
: (3)

In description of the model, it is noted that among formulae for effective moduli, those
obtained using Reuss averaging (in particular formulae for G) lead to the worst results.
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Estimations for G obtained using variational method are also obtained, and it is shown that
lower boundary

G ¼ 1þ ωf
� �

Gf þ ωmGm

1þ ωf
� �

Gm þ ωmGf
Gm (4)

gives more accurate approximation than (Eq. (2)) does. Hereinafter share moduli of matrix and
fibers are

Gm ¼ Em

2 1þ νmð Þ , Gf ¼
Ef

2 1þ νf
� � :

Components of effective stiffness tensor for unidirectionally reinforced layer in case of state of
plane stress have the following form:

Aαααα ¼ Eα

1� ν12ν21
, A1122 ¼ ν21E1

1� ν12ν21
, A1212 ¼ G: (5)

Unwritten expressions can be obtained using symmetry rule or vanish. Hereinafter, we assume
α, β ¼ 1, 2 and α 6¼ β.

The coefficients in the relations (Eq. (1)) for example are defined by the formulas given in [1, 17, 18].

3. Mathematical model and numerical analysis of reinforced beam
deformation

Three-point bending flexural test has been one of the standard techniques to determine physical
and mechanical characteristics of materials. Figure 1 shows a scheme of physical model of three-
point bending of a beam with the rectangular cross section b� 2h, and the span l between the
supports. The left edge of the beam is hinged, while the right one is supported freely. The force P
is applied to the center of the beam. The model neglects the shape of the supports and assumes
the occurring load P and support reactions RA and RB to be concentrated. In addition, the model
neglects the possible heterogeneity of the deformations in the direction normal both to the
longitudinal direction and to the load direction.

Figure 1. Three-point bending of a rectangular-sectioned beam.
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In this case, the beam’s upper part undergoes compression strain in the longitudinal direction,
bottom part—tension strain. VSE-1212 polymer matrix and VKU-28 (T-800 carbon yarn plus
VSE-1212 epoxy matrix) structured CFRP react differently to tension and compression. VKU-
28 has been one of the most promising types of CFRPs that is going to be used in the latest
generations of aircrafts. The effect of accounting for this factor on the computational results is
essential. Further, these results are compared to acquired ones.

Due to very low deformation rates, the classical theory of beam bending can be regarded as
satisfactory for description of the equilibrium state. To this end, it is convenient to consider the
beam’s median surface as a reference one.

The beam’s stress-strain state is characterized by the following values determined on the refer-
ence surface: the shear force Q xð Þ, the bending moment M xð Þ, the longitudinal force N xð Þ, and
by the longitudinal displacement and bend (u xð Þ, w xð Þ respectively). The corresponding equilib-
rium equations are written as follows:

dN
dx

¼ 0,
dQ
dx

¼ 0,
dM
dx

¼ Q: (6)

The reactions RA and RB can be determined by considering force equilibrium RA ¼ RB ¼ P=2.
The bending moments at the support points are equal to zero: MA ¼ MB ¼ 0. The solution of
the equation system (Eq. (6)) can be expressed as follows:

N ¼ 0, Q xð Þ ¼
P=2, 0 ≤ x ≤ l=2,

�P=2, l=2 ≤ x ≤ l,
M xð Þ ¼

Px=2, 0 ≤ x ≤ l=2,

�P x� lð Þ=2, l=2 ≤ x ≤ l:

((
(7)

Strain distribution for the beam’s thickness can be obtained from the Kirchhoff-Love kinematic
hypotheses:

ε x; zð Þ ¼ e xð Þ þ zκ xð Þ, (8)

e xð Þ ¼ du
dx

, κ xð Þ ¼ � d2w
dx2

, (9)

where ε x; zð Þ is the strain in the beam; e xð Þ is the median surface strain; and κ xð Þ denotes
changes in the median surface curvature. As mentioned earlier, the beam undergoes tension
and compression strain, whose interface will be marked as z1. In this case, for the section area
�h ≤ z ≤ z1, the strain will be negative, and for z1 ≤ z ≤ h positive. At the interface of these two
states, the strains ε vanish, so the interface itself is determined as follows:

z1 ¼ � e
κ
, � h ≤ z1 ≤ h: (10)

The constitutive equation can be expressed as:

σ� x; zð Þ ¼ f�i εð Þ, (11)
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Estimations for G obtained using variational method are also obtained, and it is shown that
lower boundary

G ¼ 1þ ωf
� �

Gf þ ωmGm

1þ ωf
� �

Gm þ ωmGf
Gm (4)

gives more accurate approximation than (Eq. (2)) does. Hereinafter share moduli of matrix and
fibers are

Gm ¼ Em

2 1þ νmð Þ , Gf ¼
Ef

2 1þ νf
� � :

Components of effective stiffness tensor for unidirectionally reinforced layer in case of state of
plane stress have the following form:

Aαααα ¼ Eα

1� ν12ν21
, A1122 ¼ ν21E1

1� ν12ν21
, A1212 ¼ G: (5)

Unwritten expressions can be obtained using symmetry rule or vanish. Hereinafter, we assume
α, β ¼ 1, 2 and α 6¼ β.

The coefficients in the relations (Eq. (1)) for example are defined by the formulas given in [1, 17, 18].

3. Mathematical model and numerical analysis of reinforced beam
deformation

Three-point bending flexural test has been one of the standard techniques to determine physical
and mechanical characteristics of materials. Figure 1 shows a scheme of physical model of three-
point bending of a beam with the rectangular cross section b� 2h, and the span l between the
supports. The left edge of the beam is hinged, while the right one is supported freely. The force P
is applied to the center of the beam. The model neglects the shape of the supports and assumes
the occurring load P and support reactions RA and RB to be concentrated. In addition, the model
neglects the possible heterogeneity of the deformations in the direction normal both to the
longitudinal direction and to the load direction.

Figure 1. Three-point bending of a rectangular-sectioned beam.
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In this case, the beam’s upper part undergoes compression strain in the longitudinal direction,
bottom part—tension strain. VSE-1212 polymer matrix and VKU-28 (T-800 carbon yarn plus
VSE-1212 epoxy matrix) structured CFRP react differently to tension and compression. VKU-
28 has been one of the most promising types of CFRPs that is going to be used in the latest
generations of aircrafts. The effect of accounting for this factor on the computational results is
essential. Further, these results are compared to acquired ones.

Due to very low deformation rates, the classical theory of beam bending can be regarded as
satisfactory for description of the equilibrium state. To this end, it is convenient to consider the
beam’s median surface as a reference one.

The beam’s stress-strain state is characterized by the following values determined on the refer-
ence surface: the shear force Q xð Þ, the bending moment M xð Þ, the longitudinal force N xð Þ, and
by the longitudinal displacement and bend (u xð Þ, w xð Þ respectively). The corresponding equilib-
rium equations are written as follows:

dN
dx

¼ 0,
dQ
dx

¼ 0,
dM
dx

¼ Q: (6)
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M xð Þ ¼

Px=2, 0 ≤ x ≤ l=2,

�P x� lð Þ=2, l=2 ≤ x ≤ l:

((
(7)

Strain distribution for the beam’s thickness can be obtained from the Kirchhoff-Love kinematic
hypotheses:

ε x; zð Þ ¼ e xð Þ þ zκ xð Þ, (8)

e xð Þ ¼ du
dx

, κ xð Þ ¼ � d2w
dx2

, (9)

where ε x; zð Þ is the strain in the beam; e xð Þ is the median surface strain; and κ xð Þ denotes
changes in the median surface curvature. As mentioned earlier, the beam undergoes tension
and compression strain, whose interface will be marked as z1. In this case, for the section area
�h ≤ z ≤ z1, the strain will be negative, and for z1 ≤ z ≤ h positive. At the interface of these two
states, the strains ε vanish, so the interface itself is determined as follows:

z1 ¼ � e
κ
, � h ≤ z1 ≤ h: (10)

The constitutive equation can be expressed as:

σ� x; zð Þ ¼ f�i εð Þ, (11)
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where the superscript “+” refers to the areas with positive strains and “–” – to the area
with negative ones; f εð Þ denotes the approximation selected for the stress-strain curve (a
linear function, a polynomial, or a combination of linear and power-law functions).

The longitudinal force N and the bending momentM in the beam cross section are determined
by the equations:

N ¼ b
ðz1

�h

σ�dzþ
ðh

z1

σþdz

0
@

1
A,

M ¼ b
ðz1

�h

σ�zdzþ
ðh

z1

σþzdz

0
@

1
A:

(12)

Having substituted (Eq. (12)) with the relations (Eq. (8)), (Eq. (10)), (Eq. (11)) into and
integrated it over the beam thickness, one obtains a system of equations to determine κ
and e:

at 0 ≤ x ≤ l=2

N κ; e; xð Þ ¼ 0,
M κ; e; xð Þ ¼ Px=2,

�
(13)

at l=2 < x ≤ l

N κ; e; xð Þ ¼ 0,
M κ; e; xð Þ ¼ �P x� lð Þ=2:

�
(14)

The system of equations (Eq. (13)) and (Eq. (14)) in general case is nonlinear, but in the
case of piecewise linear constitutive equations which take into account different strength
and stiffness behavior in tension and compression expressed as follows:

σ� x; zð Þ ¼ E�ε, (15)

it can be solved analytically. In the nonlinear case, the Newton method is applied to solve the
equations (Eq. (13)) and (Eq. (14)), and then, the linearized system

N ε0; κ0ð Þ þ ∂N ε0;κ0ð Þ
∂ε

ε� ε0ð Þ þ ∂N ε0;κ0ð Þ
∂κ

κ� κ0ð Þ ¼ 0,

M ε0;κ0ð Þ þ ∂M ε0;κ0ð Þ
∂ε

ε� ε0ð Þ þ ∂M ε0;κ0ð Þ
∂κ

κ� κ0ð Þ ¼ M xð Þ

can be solved for unknown values

κ ¼ F ε0;κ0;M xð Þð Þ, ε ¼ G ε0;κ0ð Þ, (16)

where ε0 and κ0 are the initial approximations, and M xð Þ is determined from (Eq. (7)).
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As the initial approximation at small values of the load P, the solutions obtained for the linear
constitutive equations (Eq. (15)) were used. Since the computation is performed with a rela-
tively small increment of P, in case of big values of P, one can use the computation results
acquired at a previous step as the initial approximation for current step.

Having determined the change of median surface curvature from the equations (Eq. (13)) and
(Eq. (14))

κ xð Þ ¼ κ1 xð Þ, at x∈ 0; l=2½ Þ,
κ2 xð Þ, at x∈ l=2; l½ �,

�

one can write down a differential equation to determine the beam bend. For that purpose, the
bend function is expressed as follows:

w xð Þ ¼ w1 xð Þ, at x∈ 0; l=2½ Þ,
w2 xð Þ, at x∈ l=2; l½ �:

�

Using the equation (Eq. (9)) and the beam’s fixing conditions, a system of equations can be
derived:

d2w1

dx2
¼ �κ1,

d2w2

dx2
¼ �κ2,

w1 0ð Þ ¼ w2 lð Þ ¼ 0, w1 l=2ð Þ ¼ w2 l=2ð Þ,
dw1 l=2ð Þ

dx
¼ dw2 l=2ð Þ

dx
:

The solution of these equations can be obtained using the methods of solving boundary-value
problems for systems of ordinary differential equations. For that purpose, the modified collo-
cation and least-residuals method [19–21] were applied.

Numerical analysis of deformation processes in VSE-1212 polymer matrix and VKU-28 struc-
tured carbon fiber is based on approximation of stress-strain curves and the three-point
bending model.

Further, three different specimens with the geometrical sizes l� 2h� b are considered:

1. specimen 1—VSE-1212 polymer matrix, 75� 4:78� 10:05 mm,

2. specimen 2—VKU-28 structured carbon fiber (the specimen was cut out along the rein-
forcement), 90� 3:45� 9:85 mm;

3. specimen 3—VKU-28 structured carbon fiber (the specimen was cut out perpendicular to
the reinforcement), 90� 3:40� 9:95 mm.

In Figure 2, one can see the simulation results for beam three-point bending, obtained through
different approaches to approximation of the constitutive equations, and their comparison
with the experimental data.

Applying the linear dependencies to tension and compression has not resulted in adequate
approximation even for 30% of curve. Using more complex than quadratic approximation laws
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where the superscript “+” refers to the areas with positive strains and “–” – to the area
with negative ones; f εð Þ denotes the approximation selected for the stress-strain curve (a
linear function, a polynomial, or a combination of linear and power-law functions).

The longitudinal force N and the bending momentM in the beam cross section are determined
by the equations:

N ¼ b
ðz1

�h

σ�dzþ
ðh

z1

σþdz

0
@

1
A,

M ¼ b
ðz1

�h

σ�zdzþ
ðh

z1

σþzdz

0
@

1
A:

(12)

Having substituted (Eq. (12)) with the relations (Eq. (8)), (Eq. (10)), (Eq. (11)) into and
integrated it over the beam thickness, one obtains a system of equations to determine κ
and e:

at 0 ≤ x ≤ l=2

N κ; e; xð Þ ¼ 0,
M κ; e; xð Þ ¼ Px=2,

�
(13)

at l=2 < x ≤ l

N κ; e; xð Þ ¼ 0,
M κ; e; xð Þ ¼ �P x� lð Þ=2:

�
(14)

The system of equations (Eq. (13)) and (Eq. (14)) in general case is nonlinear, but in the
case of piecewise linear constitutive equations which take into account different strength
and stiffness behavior in tension and compression expressed as follows:

σ� x; zð Þ ¼ E�ε, (15)

it can be solved analytically. In the nonlinear case, the Newton method is applied to solve the
equations (Eq. (13)) and (Eq. (14)), and then, the linearized system

N ε0; κ0ð Þ þ ∂N ε0;κ0ð Þ
∂ε

ε� ε0ð Þ þ ∂N ε0;κ0ð Þ
∂κ

κ� κ0ð Þ ¼ 0,

M ε0;κ0ð Þ þ ∂M ε0;κ0ð Þ
∂ε

ε� ε0ð Þ þ ∂M ε0;κ0ð Þ
∂κ

κ� κ0ð Þ ¼ M xð Þ

can be solved for unknown values

κ ¼ F ε0;κ0;M xð Þð Þ, ε ¼ G ε0;κ0ð Þ, (16)

where ε0 and κ0 are the initial approximations, and M xð Þ is determined from (Eq. (7)).
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As the initial approximation at small values of the load P, the solutions obtained for the linear
constitutive equations (Eq. (15)) were used. Since the computation is performed with a rela-
tively small increment of P, in case of big values of P, one can use the computation results
acquired at a previous step as the initial approximation for current step.

Having determined the change of median surface curvature from the equations (Eq. (13)) and
(Eq. (14))

κ xð Þ ¼ κ1 xð Þ, at x∈ 0; l=2½ Þ,
κ2 xð Þ, at x∈ l=2; l½ �,

�

one can write down a differential equation to determine the beam bend. For that purpose, the
bend function is expressed as follows:

w xð Þ ¼ w1 xð Þ, at x∈ 0; l=2½ Þ,
w2 xð Þ, at x∈ l=2; l½ �:

�

Using the equation (Eq. (9)) and the beam’s fixing conditions, a system of equations can be
derived:

d2w1

dx2
¼ �κ1,

d2w2

dx2
¼ �κ2,

w1 0ð Þ ¼ w2 lð Þ ¼ 0, w1 l=2ð Þ ¼ w2 l=2ð Þ,
dw1 l=2ð Þ

dx
¼ dw2 l=2ð Þ

dx
:

The solution of these equations can be obtained using the methods of solving boundary-value
problems for systems of ordinary differential equations. For that purpose, the modified collo-
cation and least-residuals method [19–21] were applied.

Numerical analysis of deformation processes in VSE-1212 polymer matrix and VKU-28 struc-
tured carbon fiber is based on approximation of stress-strain curves and the three-point
bending model.

Further, three different specimens with the geometrical sizes l� 2h� b are considered:

1. specimen 1—VSE-1212 polymer matrix, 75� 4:78� 10:05 mm,

2. specimen 2—VKU-28 structured carbon fiber (the specimen was cut out along the rein-
forcement), 90� 3:45� 9:85 mm;

3. specimen 3—VKU-28 structured carbon fiber (the specimen was cut out perpendicular to
the reinforcement), 90� 3:40� 9:95 mm.

In Figure 2, one can see the simulation results for beam three-point bending, obtained through
different approaches to approximation of the constitutive equations, and their comparison
with the experimental data.

Applying the linear dependencies to tension and compression has not resulted in adequate
approximation even for 30% of curve. Using more complex than quadratic approximation laws
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at first led to a significant deviation from the experimental curve and then to divergence of the
Newton method iteration process. This is explained by the fact that in tension tests, due to
specimens’ fragility, the strain range for the polymer matrix specimens was limited to 2%,
while in the bending tests, the strains in tension zone reached 4–5%.

Thus, to solve the bending problem, the tension curve was extrapolated into the domain of
high strains. The extrapolations obtained using a polynomial of the third degree, and by
linear and power-law function reached the maximum too quickly and then started to
decrease, which is against the physics behind the deformation process. A similar effect was
observed when calculating the bending of the carbon-fiber specimens cut out along direction
of reinforcement filler.

The calculations using quadratic approximation and extrapolation of tension curves and approx-
imation of compression curves within a short (up to 6%) segment have turned out to be best for
qualitative and quantitative description of the nonlinear character of VSE-1212 polymer matrix
bending. In the case of the specimen cut out perpendicular to direction of its reinforcement, all

Figure 2. Experimental (solid curves) and dependencies of beam-deflection and load obtained in simulation: linear
approximation (1); quadratic approximation by a polynomial of the second degree (2); cubic approximation (3); linear
and power-law approximation (4); a–c are specimens 1 � 3 respectively; d—the solution to a three-point bending problem
without account for the different strength and stiffness behavior in tension (curve 1) and compression (curve 2). The solid
line shows the results of mechanical tests.
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the approximations have shown the results close to experiment. At the same time for the test
with the maximum load, the best option has still been application of quadratic approximations.

Taking different strength and stiffness behavior in tension and compression into account has
an essential effect. As it was demonstrated earlier, the tension tests of VKU-28 specimens
produced nonlinear stress-strain curves, while the difference of characteristics between tension
and compression reached 5–7% for the longitudinal reinforcements and 12–15%—for the
transverse ones (see Tables 1 and 2).

For the polymer matrix this difference exceeded 15% (see Tables 3 and 4).

Approximation type Approximation coefficients MSD

a1 � 10�9 a2 � 10�9 a3

Tension of VKU-28 CFRP, ε∈ 0; 0:015½ �
A1 160.8 1.4e – 2

A2 144.9 1.44e + 3 5.7e – 4

A3 144.0 1.66e + 3 –1.14e + 13 4.3e – 4

A4 143.0 8.87e + 2 1.87 4.1e – 4

Compression of VKU-28 CFRP, ε∈ 0; 0:0018½ �
A1 155.4 5.8e – 3

A2 160.2 –3.33e + 3 3.4e – 3

A3 155.9 4.31e + 3 �3.00e + 15 2.9e – 3

A4 157.7 �5.81e + 8 3.98 3.0e – 3

Table 1. Approximation coefficients for stress-strain curves of VKU-28 carbon fiber specimens reinforced in longitudinal
direction and mean square deviation (MSD) of f xð Þ.

Approximation type Approximation coefficients MSD

a1 � 10�9 a2 � 10�9 a3

Tension of VKU-28 CFRP, ε∈ 0; 0:0076½ �
A1 7.37 1.1e – 2

A2 7.89 �9.22e + 1 6.4e – 4

A3 7.87 �8.97e + 1 2.54e + 11 4.3e – 4

A4 7.82 �2.23e + 2 2.20 4.8e – 4

Compression of VKU-28 CFRP, ε∈ 0; 0:0034½ �
A1 8.90 6.7e – 3

A2 9.21 �1.20e + 2 4.1e – 3

A3 8.96 1.16e + 2 �5.09e + 13 3.7e – 3

A4 9.04 �5.16e + 6 3.95 3.7e – 3

Table 2. Approximation coefficients for stress-strain curves of carbon fiber specimens reinforced in transverse direction
and mean square deviation (MSD) of f xð Þ.
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at first led to a significant deviation from the experimental curve and then to divergence of the
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linear and power-law function reached the maximum too quickly and then started to
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line shows the results of mechanical tests.
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the approximations have shown the results close to experiment. At the same time for the test
with the maximum load, the best option has still been application of quadratic approximations.

Taking different strength and stiffness behavior in tension and compression into account has
an essential effect. As it was demonstrated earlier, the tension tests of VKU-28 specimens
produced nonlinear stress-strain curves, while the difference of characteristics between tension
and compression reached 5–7% for the longitudinal reinforcements and 12–15%—for the
transverse ones (see Tables 1 and 2).

For the polymer matrix this difference exceeded 15% (see Tables 3 and 4).

Approximation type Approximation coefficients MSD

a1 � 10�9 a2 � 10�9 a3

Tension of VKU-28 CFRP, ε∈ 0; 0:015½ �
A1 160.8 1.4e – 2

A2 144.9 1.44e + 3 5.7e – 4

A3 144.0 1.66e + 3 –1.14e + 13 4.3e – 4

A4 143.0 8.87e + 2 1.87 4.1e – 4

Compression of VKU-28 CFRP, ε∈ 0; 0:0018½ �
A1 155.4 5.8e – 3

A2 160.2 –3.33e + 3 3.4e – 3

A3 155.9 4.31e + 3 �3.00e + 15 2.9e – 3

A4 157.7 �5.81e + 8 3.98 3.0e – 3

Table 1. Approximation coefficients for stress-strain curves of VKU-28 carbon fiber specimens reinforced in longitudinal
direction and mean square deviation (MSD) of f xð Þ.

Approximation type Approximation coefficients MSD

a1 � 10�9 a2 � 10�9 a3

Tension of VKU-28 CFRP, ε∈ 0; 0:0076½ �
A1 7.37 1.1e – 2

A2 7.89 �9.22e + 1 6.4e – 4

A3 7.87 �8.97e + 1 2.54e + 11 4.3e – 4

A4 7.82 �2.23e + 2 2.20 4.8e – 4

Compression of VKU-28 CFRP, ε∈ 0; 0:0034½ �
A1 8.90 6.7e – 3

A2 9.21 �1.20e + 2 4.1e – 3

A3 8.96 1.16e + 2 �5.09e + 13 3.7e – 3

A4 9.04 �5.16e + 6 3.95 3.7e – 3

Table 2. Approximation coefficients for stress-strain curves of carbon fiber specimens reinforced in transverse direction
and mean square deviation (MSD) of f xð Þ.
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Approximation type Approximation coefficients MSD

a1 � 10�9 a2 � 10�9 a3

Strain of VSE-1212 polymer matrix (Constant cross section) ε∈ 0; 0:018½ �
A1 3.30 — — 2.9e � 2

A2 3.90 �4.38e + 1 — 1.5e � 3

A3 3.83 �3.17e + 1 �4.94e + 11 6.7e � 4

A4 3.80 �1.05e + 2 2.25 6.6e � 4

Strain of VSE-1212 polymer matrix (Variable cross section)ε∈ 0; 0:018½ �
A1 3.33 2.7e � 2

A2 3.89 �4.02e + 1 1.8e � 3

A3 3.80 �2.48e + 1 �6.30e + 2 4.0e � 4

A4 3.77 �1.40e + 2 2.35 2.7e � 4

Table 3. Approximation coefficients for tension curves of VSE-1212 polymer matrix, ε∈ 0; 0:018½ � and mean square
deviation (MSD) of f xð Þ.

Approximation type Approximation coefficients MSD

a1 � 10�9 a2 � 10�9 a3

Compression of VSE-1212 polymer matrix (Constant cross section), ε∈ 0; 0:28½ �
A1 0.77 2.3e � 1

A2 1.60 �3.97 8.2e � 2

A3 2.36 �1.29e + 1 2.37e + 10 1.4e � 2

A4 �5.71 5.49 0.90 3.8e � 2

Compression of VSE-1212 polymer matrix (Variable cross section), ε∈ 0; 0:28½ �
A1 0.69 3.5e � 1

A2 1.69 �5.22 1.4e � 1

A3 2.71 �1.84e + 1 3.84e + 1 3.6e � 2

A4 �2.07 1.72 0.72 4.8e � 2

Compression of VSE-1212 polymer matrix ε∈ 0; 0:06½ � (Variable cross section, shortened test area)

A1 2.10 7.2e � 2

A2 3.05 �2.12e + 1 4.2e � 3

A3 3.18 �2.85e + 1 9.13e + 1 1.1e � 3

A4 3.31 �1.24e + 1 1.75 1.9e � 3

Table 4. Approximation coefficients for compression curves of VSE-1212 polymer matrix and mean square deviation
(MSD) of f xð Þ.
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Tables 1–4 show approximation results for the above-presented stress-strain curves by differ-
ent functions at different intervals:

1. by the linear approximation σ ¼ a1ε (A1),

2. by the polynomial of the second degree σ ¼ a1εþ a2ε2 (A2),

3. by the polynomial of the third degree σ ¼ a1εþ a2ε2 þ a3ε3 (A3),

4. by a combination of linear and power-law functions σ ¼ a1εþ a2εa3 (A4).

However, if bending tests have been performed to determine an elasticity module of CFRPs,
different strength and stiffness behavior in tension and compression is compensated and one
obtains some averaged characteristic.

It is useful to consider the effect of the way for determining and setting of the mechanical
characteristics on modeling of three-point bending of the carbon-fiber beam cutout perpendic-
ular to its reinforcements. Figure 2d shows the solutions obtained while using a linear approx-
imation of the constitutive equations with equal elastic moduli for tension and compression:
for curve 1 the modulus was obtained from tension experiments, for curve 2—from compres-
sion ones (see Table 2).

As one can see the calculated linear results without account for the different strength and
stiffness behavior in tension and compression have differed from the results of mechanical
tests (the solid curve) by more than 15%.

Most of the real CFRP structures under day-to-day service conditions bear complex loads that
result in formation of tension, compression and bending zones as well as their combinations in the
structures. Applying the traditional methods for determination of material characteristics in com-
bination with linear deformation models (in particular those that do not account for the different
strength and stiffness behavior in tension and compression) for calculation of such structures, one
risks to distort the deformation and stress pattern significantly, which, in its turn, results in either
underestimation or overestimation of the structure’s strength and rigidity. Keeping in mind that
carbon fibers are used for manufacturing of high-duty structures, their computation demands
different strength and stiffness behavior in tension and compression to be taken into account.

4. Numerical analysis and design of pressure vessels

Composite overwrapped pressure vessels (COPV) are used in the rocket and spacecraft mak-
ing industry due to their high strength and lightweight. Consisting of a thin, nonstructural
liner wrapped with a structural fiber composite COPVare produced to hold the inner pressure
of tens and hundreds atmospheres. COPV have been one of the most actual and perspective
directions of research, supported especially by NASA [22, 23].

Designing of a highly reliable and efficient COPV requires a technology for analysis of its
deformation behavior and strength assessment. This technology should allow one to obtain
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Approximation type Approximation coefficients MSD
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A1 3.30 — — 2.9e � 2

A2 3.90 �4.38e + 1 — 1.5e � 3

A3 3.83 �3.17e + 1 �4.94e + 11 6.7e � 4

A4 3.80 �1.05e + 2 2.25 6.6e � 4

Strain of VSE-1212 polymer matrix (Variable cross section)ε∈ 0; 0:018½ �
A1 3.33 2.7e � 2

A2 3.89 �4.02e + 1 1.8e � 3

A3 3.80 �2.48e + 1 �6.30e + 2 4.0e � 4

A4 3.77 �1.40e + 2 2.35 2.7e � 4

Table 3. Approximation coefficients for tension curves of VSE-1212 polymer matrix, ε∈ 0; 0:018½ � and mean square
deviation (MSD) of f xð Þ.

Approximation type Approximation coefficients MSD

a1 � 10�9 a2 � 10�9 a3

Compression of VSE-1212 polymer matrix (Constant cross section), ε∈ 0; 0:28½ �
A1 0.77 2.3e � 1

A2 1.60 �3.97 8.2e � 2

A3 2.36 �1.29e + 1 2.37e + 10 1.4e � 2

A4 �5.71 5.49 0.90 3.8e � 2

Compression of VSE-1212 polymer matrix (Variable cross section), ε∈ 0; 0:28½ �
A1 0.69 3.5e � 1

A2 1.69 �5.22 1.4e � 1

A3 2.71 �1.84e + 1 3.84e + 1 3.6e � 2

A4 �2.07 1.72 0.72 4.8e � 2

Compression of VSE-1212 polymer matrix ε∈ 0; 0:06½ � (Variable cross section, shortened test area)

A1 2.10 7.2e � 2

A2 3.05 �2.12e + 1 4.2e � 3

A3 3.18 �2.85e + 1 9.13e + 1 1.1e � 3

A4 3.31 �1.24e + 1 1.75 1.9e � 3

Table 4. Approximation coefficients for compression curves of VSE-1212 polymer matrix and mean square deviation
(MSD) of f xð Þ.
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Tables 1–4 show approximation results for the above-presented stress-strain curves by differ-
ent functions at different intervals:

1. by the linear approximation σ ¼ a1ε (A1),

2. by the polynomial of the second degree σ ¼ a1εþ a2ε2 (A2),

3. by the polynomial of the third degree σ ¼ a1εþ a2ε2 þ a3ε3 (A3),

4. by a combination of linear and power-law functions σ ¼ a1εþ a2εa3 (A4).

However, if bending tests have been performed to determine an elasticity module of CFRPs,
different strength and stiffness behavior in tension and compression is compensated and one
obtains some averaged characteristic.

It is useful to consider the effect of the way for determining and setting of the mechanical
characteristics on modeling of three-point bending of the carbon-fiber beam cutout perpendic-
ular to its reinforcements. Figure 2d shows the solutions obtained while using a linear approx-
imation of the constitutive equations with equal elastic moduli for tension and compression:
for curve 1 the modulus was obtained from tension experiments, for curve 2—from compres-
sion ones (see Table 2).

As one can see the calculated linear results without account for the different strength and
stiffness behavior in tension and compression have differed from the results of mechanical
tests (the solid curve) by more than 15%.

Most of the real CFRP structures under day-to-day service conditions bear complex loads that
result in formation of tension, compression and bending zones as well as their combinations in the
structures. Applying the traditional methods for determination of material characteristics in com-
bination with linear deformation models (in particular those that do not account for the different
strength and stiffness behavior in tension and compression) for calculation of such structures, one
risks to distort the deformation and stress pattern significantly, which, in its turn, results in either
underestimation or overestimation of the structure’s strength and rigidity. Keeping in mind that
carbon fibers are used for manufacturing of high-duty structures, their computation demands
different strength and stiffness behavior in tension and compression to be taken into account.

4. Numerical analysis and design of pressure vessels

Composite overwrapped pressure vessels (COPV) are used in the rocket and spacecraft mak-
ing industry due to their high strength and lightweight. Consisting of a thin, nonstructural
liner wrapped with a structural fiber composite COPVare produced to hold the inner pressure
of tens and hundreds atmospheres. COPV have been one of the most actual and perspective
directions of research, supported especially by NASA [22, 23].

Designing of a highly reliable and efficient COPV requires a technology for analysis of its
deformation behavior and strength assessment. This technology should allow one to obtain
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target COPV parameters through changing vessel’s geometry, structural and mechanical mate-
rial parameters while keeping its useful load.

Application of combination mathematical modeling and numerical optimization makes it
possible to reduce the cost and the duration of identifying the best parameters for a COPV.
However, this approach is characterized by a number of hurdles. Overcoming these hurdles
determines the success of an optimum designing of such structures.

So far, there have been two main approaches in optimization of composite structures: analyt-
ical and numerical ones.

In the first approach, the problems are solved basing on their simplified statement, for example
using the momentless (membrane) shell theory and the netting model of composite material
(CM) [24–27]. The obtained results may be far from reality; however, they are of value for
testing of numerical optimization methods.

Application of the numerical approach in designing, on the other hand, produces a number of
challenges that must be overcome, for example, lack of reliable methods for global optimiza-
tion; nonconvexity and nonlinearity of constraint functions; ill-conditioned boundary value
problems; different scaling of optimization criteria represents just some of the obstacles that
prevent from reliable optimization of COPV.

Numerical analysis is usually a computation-intensive process and takes considerable time. One
way to solve this problem is approximation of the objective function using different approaches,
such as response surface method [28] and neural network [29]. Some kinds of numerical analyses
use a small number of design variables, functions and/or corresponding set of their discrete
values (analytical geometry parametrization [30], finite set of feasible winding angles [31]).

Another way is reasonable simplification of the elasticity problem statement, for example by
using the membrane theory or other shell theories [30, 32, 33], that leaves the question of
results validity. This is the approach we have applied in our study. For validation, we have
used the Timoshenko [34] and Andreev-Nemirovskii [35] shell theories, accounting transverse
shears with different degrees of accuracy.

Of course, it should be taken into account that the computed solutions are not optimum in the
strict mathematical sense. However, these solutions could provide the considerable economy of
the weight while keeping the required strength, and, therefore, they have high engineering value.

4.1. The problem statement and the mathematical models

Let us consider a multilayer composite pressure vessel at a state of equilibrium under equidi-
stributed inner pressure. We need to determine the parameters of structure and CM meeting
the following requirements:

V ≥V0, P ≥P0, M ≤M0, (17)

where V is the volume of the vessel, P is inner pressure andM is the vessel’s mass and they are
constrained by some preset values V0, P0,M0.

Optimum Composite Structures24

We define the optimization problems the following way: to find extremum of one functional
from (Eq. (17)) under other constraints.

The structural optimization problem statement includes selection of objective functional, for-
mulation of constitutive equations and constraints on performance and design variables.

The mathematical models describing the vessel’s state are based on the following assumptions:

1. the vessel is a multilayer thin-walled structure;

2. the vessel’s layers can have different mechanical characteristics;

3. the reinforced layer’s material is quasi-homogeneous;

4. the vessel’s main loading is high inner pressure.

These assumptions allow us to reduce dimension of the corresponding mathematical problem
and to build the mathematical vessel’s models based on the different theories of multilayer
nonisotropic shells.

Let us consider the vessel as a shell rigidly compressed on the edge. Taking into account a
symmetry plane in the middle of the vessel, it is enough to calculate and design only its one
half. The type of loading and boundary conditions allows considering the axisymmetric prob-
lem statement.

The shell is set by rotation of the generatrix r ¼ r θð Þ around axis 0y (Figure 3) where r is the
current point of the shell radius, θ is the angle between the normal to the shell surface and the
spin axis changing within θ0;θ1½ �.
The Kirchhoff-Love shell theory [36] (KLST) and the improved Timoshenko [34] (TiST) and
Andreev-Nemirovskii [35] (ANST) theories are used to solve the direct calculation problems of
multilayer composite vessels, to analyze their behavior and to verify optimization problem
solutions. The full systems of equations were described in the paper [17].

Figure 3. Shell of rotation geometry.
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prevent from reliable optimization of COPV.

Numerical analysis is usually a computation-intensive process and takes considerable time. One
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use a small number of design variables, functions and/or corresponding set of their discrete
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using the membrane theory or other shell theories [30, 32, 33], that leaves the question of
results validity. This is the approach we have applied in our study. For validation, we have
used the Timoshenko [34] and Andreev-Nemirovskii [35] shell theories, accounting transverse
shears with different degrees of accuracy.

Of course, it should be taken into account that the computed solutions are not optimum in the
strict mathematical sense. However, these solutions could provide the considerable economy of
the weight while keeping the required strength, and, therefore, they have high engineering value.

4.1. The problem statement and the mathematical models

Let us consider a multilayer composite pressure vessel at a state of equilibrium under equidi-
stributed inner pressure. We need to determine the parameters of structure and CM meeting
the following requirements:

V ≥V0, P ≥P0, M ≤M0, (17)

where V is the volume of the vessel, P is inner pressure andM is the vessel’s mass and they are
constrained by some preset values V0, P0,M0.
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We define the optimization problems the following way: to find extremum of one functional
from (Eq. (17)) under other constraints.

The structural optimization problem statement includes selection of objective functional, for-
mulation of constitutive equations and constraints on performance and design variables.

The mathematical models describing the vessel’s state are based on the following assumptions:

1. the vessel is a multilayer thin-walled structure;

2. the vessel’s layers can have different mechanical characteristics;

3. the reinforced layer’s material is quasi-homogeneous;

4. the vessel’s main loading is high inner pressure.

These assumptions allow us to reduce dimension of the corresponding mathematical problem
and to build the mathematical vessel’s models based on the different theories of multilayer
nonisotropic shells.

Let us consider the vessel as a shell rigidly compressed on the edge. Taking into account a
symmetry plane in the middle of the vessel, it is enough to calculate and design only its one
half. The type of loading and boundary conditions allows considering the axisymmetric prob-
lem statement.

The shell is set by rotation of the generatrix r ¼ r θð Þ around axis 0y (Figure 3) where r is the
current point of the shell radius, θ is the angle between the normal to the shell surface and the
spin axis changing within θ0;θ1½ �.
The Kirchhoff-Love shell theory [36] (KLST) and the improved Timoshenko [34] (TiST) and
Andreev-Nemirovskii [35] (ANST) theories are used to solve the direct calculation problems of
multilayer composite vessels, to analyze their behavior and to verify optimization problem
solutions. The full systems of equations were described in the paper [17].
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Relations between stresses and strains are described by the structural models [18]. The main
idea of these models is that CM parameters are calculated through matrix and fibers mechan-
ical parameters, fibers volume content and winding angles. The stress-strain state of matrix
and fibers is evaluated through stresses and strains of the composite shell. A failure criterion is
applied for every component of CM. Here we use the Mises criterion to determine the first
stage of failure.

The objective function whose minimum is required is the minimum mass:

M ¼ 2π
ðθ1

θ0

rR1hdθ rm 1� ωrð Þ þ rrωr½ � ! min, (18)

where rm, rr are the densities of matrix and reinforcing fibers, ωr is the volume content of
reinforcement.

We chose the following design functions: the curvature radius R1 θð Þ to define the generatrix;
the thickness of the shell h θð Þ; the reinforcement angle ψ θð Þ (Figure 3).

The solution has to satisfy the constraints on the shell’s inner volume:

π
ðθ1

θ0

r2R1 sinθdθ ¼ V0 (19)

and the strength requirement:

max bsr; bsmf g ≤ 1, (20)

where bsr, bsm are the normalized von Mises stresses in the matrix and fibers [1]. Note that the
factor of safety is widely used while solving engineering problems. It can be considered by
correction of the right-hand side of the inequality (Eq.(20)).

We used the following constraints on the design functions:

0 ≤ψ ≤ 90, h∗0 ≤ h ≤ h
∗
1, R∗

0 ≤R1 ≤R∗
1: (21)

The method of the continuous geodesic winding has been widely used in the manufacturing of
composite shells of revolutions. In this case the winding angles are defined by the Clairaut’s
formula:

r sinψ rð Þ ¼ C, (22)

where C—the constant is defined, as a rule, from the condition at the equator of the shell. The
thickness equation is

h rð Þ ¼ hR
R cosψR

r cosψ rð Þ , (23)
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which has the singularity at the edge where the winding angle has to be equal to 90 ∘ . The formula
(Eq. (23)) is applied into practice at r ≥ r0 þ rω, where rω is equal to the width of the reinforcement
tape. As a result, the equation determining the vessel’s thickness takes the form:

h rð Þ ¼
hR

R cosψR

rω cosψ r0 þ rωð Þ , r ≤ r0 þ rω;

hR
R cosψR

r cosψ rð Þ , r ≥ r0 þ rω:

8>><
>>:

(24)

We did not consider the problem of fibers slippage. The main goal of the study was to
demonstrate the potentials of using CM.

4.2. Direct problems: analysis of the shell theories

Estimation of composite vessel stress-strain state using offered models leads to the solution of
boundary value problems for rigid systems of differential equations. These problems are ill-
conditioned, and their solutions have pronounced character of thin boundary layers. Numer-
ical analysis was performed by the spline collocation and discrete orthogonalization methods,
realized in the COLSYS [37] and GMDO [38] software. These computing tools have proved to
be effective in numerical solving of wide range of problems of composite shell mechanics [1].

We investigated the vessel’s deformations by computing its stress-strain state based on the
different shell theories. The vessel’s shape was a part of a toroid: R1 ¼ 2:46m, θ0 ¼ 0:108 ∘ ,
θ1 ¼ 90 ∘ (the computed half), r θ0ð Þ ¼ 0:04 m. The carbon composite parameters were:
Em ¼ 3 � 109 Pa, νm ¼ 0:34, Er ¼ 300 � 109 Pa, νr ¼ 0:3, ωr ¼ 0:55, V0 ¼ 350 liters where Em, Er

are the Young’s modulus of the matrix and fibers, νm, νr—their Poisson’s ratio.

Figure 4 shows the stress-strain state characteristics of the vessel with the thickness h ¼ 0:6cm,
reinforced in the circumferential direction (ψ ¼ 90 ∘ ) under the load of 170 atm. On the left, the

Figure 4. The stress-strain state characteristics of the composite vessel computed using different shell theories. Longitu-
dinal displacement u—dashed curves; deflection w—solid curves. The curves without symbols correspond to KLST
simulations, the curves marked with Δ—to those using TiST, and □—to ANST.
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boundary value problems for rigid systems of differential equations. These problems are ill-
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displacements of the reference surface along the generatrix u1 rð Þ (dashed curves) and the normal
displacement of these surfaces w rð Þ (solid curves) are shown. On the right is the distribution of
normalized von Mises stress (nVMS) along the thickness in the matrix bsm rð Þ. The solid curves
correspond to a slice at the shell edge, the dashed curves— to a slice at θ ¼ 0:1.

It is easy to see that the basic kinematic characteristics coincide both qualitatively and quanti-
tatively. Small differences are observed only for the stresses and deformations near the com-
pressed edge. The maximum results and qualitative difference were obtained for ANST. This is
due to accounting for the transverse shears by nonlinear distribution in a thickness of a shell.
Earlier it was shown [1] that ANST’s-based results were the closest to the ones of 3D elastic
theory in most cases.

The winding angle’s influence on the COPV performance was investigated using parametric
analysis. Dependence of the maximum nVMS in the matrix bsm (dashed curves) and the fibers

bsr (dash-dotted curves), and the maximum size of the displacement vector k v! k (solid curves)
are shown in Figure 5.

The calculated values are very close in the area of their minima (Figure 5 left side). The graphs
of kinematic function kvk coincide qualitatively. Some noticeable quantitative differences are
revealed only for KLST’s results.

The range ψ∈ 42; 45ð Þ corresponds to the zones of minimum values (Figure 5 right side),
which practically coincide (minψbsm ≈ 0:65, minψ bsr ≈ 1:05, minψkvk ≈ 5 � 10�3 m), as well as
the angles, where these values are obtained (ψ ≈ 43:2 ∘ for bsm and bsr, ψ ≈ 43:8 ∘ for kvk).
It was revealed that the winding angles of minimum stresses values were almost insensitive to
the thickness variation. The change of h from 0.6 to 1.6 cm corresponded to the angle’s change
about 0:2 ∘ .

Additionally, we investigated stress–strain state of the vessel (the thickness h ¼ 0:6cm, the
winding angles at ψ ¼ �43:2), when nVMS in the matrix and the fibers were near their
minimum (Figure 6). The adopted notation is the same as in Figure 4.

Figure 5. The winding angle’s influence on the composite vessel stress-strain state. KLST’s results are drawn without
marks, TiST — with symbols Δ, ANST — with □.
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Again the difference is visible only in a very small region near the edge, but now this difference
is small enough to be neglected. Moreover, the displacement values of the reference surface,
the efforts and the moments completely coincide for all the theories.

All the theories (KLST, TiST, ANST) provided similar estimated characteristics of stress-strain
state. This vessel was characterized not only by essential decrease of the maximal nVMS in the
matrix and the fibers, but also by their uniform distribution along the generatrix. At the same
time, the values of bending moments significantly reduced bringing vessel’s stress-strain state
close to momentless.

The performed analysis showed that the optimization problem can be solved using rather
simple shell theories (KLST, TiST). These theories are characterized by lower computational
complexity of corresponding boundary value problem if compared to ANST. It takes from 10
to 20 times less resources.

One can see that the winding angle as a design parameter gives an opportunity to increase the
vessel’s strength significantly. The difference between the “best” and “worst” designs can reach
20–35 times comparing their nVMS in the matrix and fibers. The “worst” designs have the
winding angle close to 90 ∘ . In this case are considerable transverse shears near the compressed
edge, and the loading is redistributed to a rather weak matrix while the fibers remain unloaded.

4.3. Inverse problems: optimization of the vessel

Inverse problems involve not only numerical methods for fast and reliable solving of direct
boundary value problems, but also require numerical optimization methods for finding design
parameters.

Here we considered conditional optimization problem, including direct constraints on design
functions and trajectory constraints on the solution imposed at the end of the interval. The
sequential unconstrained optimization is one of the most widespread approaches to solution of
such problems. The main idea of the method is terminal functional convolution and multiple
solutions of one-criterion problem using different optimization methods [39]. In our study, the
modified Lagrange function was used for the convolution.

Figure 6. The stress-strain state of the vessel (ψ ¼ �43:2), computed using the three shell theories.
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Again the difference is visible only in a very small region near the edge, but now this difference
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the efforts and the moments completely coincide for all the theories.
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matrix and the fibers, but also by their uniform distribution along the generatrix. At the same
time, the values of bending moments significantly reduced bringing vessel’s stress-strain state
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The performed analysis showed that the optimization problem can be solved using rather
simple shell theories (KLST, TiST). These theories are characterized by lower computational
complexity of corresponding boundary value problem if compared to ANST. It takes from 10
to 20 times less resources.

One can see that the winding angle as a design parameter gives an opportunity to increase the
vessel’s strength significantly. The difference between the “best” and “worst” designs can reach
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4.3. Inverse problems: optimization of the vessel
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such problems. The main idea of the method is terminal functional convolution and multiple
solutions of one-criterion problem using different optimization methods [39]. In our study, the
modified Lagrange function was used for the convolution.

Figure 6. The stress-strain state of the vessel (ψ ¼ �43:2), computed using the three shell theories.
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Hence we sought for solution of a nonconvex problem of finite-dimensional optimization [40]
by discretization of design functions. The methods realized in the OPTCON-A software [41]
were used to get the corresponding solution.

The considered design with the continuous geodesic winding has been one of COPV widely
used in practice [42, 43].

Important additional design characteristic is its “adaptability inmanufacturing.” For example, the
5–10 times difference of thickness along the meridian would become a serious obstacle for vessels
manufacturing. Thus, designs of nearlyminimummass possessing good properties and satisfying
to the given technological constraints could be of great value than optimum without them.

According to Amelina et al. [44], the design with the geodesic continuous winding has the
thickness ratio about 10 and large gradient near the edge.

We verified the solutions of optimization problem by substituting the obtained design parame-
ters into the direct problem. In [44] shown that all three theories yielded close results (Figure 7).
The difference is noticeable only for ANST in narrow zones (less than 1% of all area of calcula-
tion) at the edges, where non-linear accounting for transverse shear gives difference of about 5%.
At the same time, the estimated efforts and bending moments are very close for all the theories,
and the bending moments are very small.

Thus, it is possible to use the simplest shell theory to solve such optimization problem and the
estimation of stress-strain state will be close to those obtained using more complex theories.

5. Conclusions

• Mathematical models for nonlinear flexural deformation of CFRPs and polymer matrices
with account for their different strength and stiffness behavior in tension and compression

Figure 7. The stress-strain state characteristics of the vessel with the optimized design functions based on the three shell
theories. Longitudinal force T11—dashed curves; bending moment M11—solid curves.
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have been built. A satisfactory match with the results of mechanical tests has been obtained.
The study has proved that the nonlinear properties of polymer matrices and carbon fibers
should be taken into account when calculating and designing real structures.

• The technology of optimization of COPV has been developed. It makes possible to obtain
high pressure vessel designs that not onlymeet such requirements as minimummass, preset
volume and strength, but also possess a number of additional valuable engineering charac-
teristics including stress-strain state close to momentless and almost equally stressed fibers.

• Nonconstant design parameters, such as thickness, winding angles and curvature radius of
composite shell give the possibility for additional reduction of COPVmass while keeping its
strength. The solutions of the optimization problem have been verified by solving the direct
problems with obtained design parameters using the classical and improved shell theories.

• The study has demonstrated acceptability and convenience of using simple mathematical
models based on Kirchhoff—Love and Timoshenko shell theories for numerical solving
optimization problems.
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Abstract

Many aircraft composite structures experiencing the high operational loads must have 
the specified mechanical stiffness to prevent some structural failure due to the inadmis-
sible deformations. Usually, such parts are manufactured using composites with ortho-
tropic symmetry, which provides the best combination of structural rigidity, strength, 
and weight. In this chapter, we consider a cantilevered long tube-like composite structure 
with varied cross-section that is manufactured by winding of glass fiber unidirectional 
tape. The operational loads include the bending forces and the distributed torques. To 
reduce the total strain energy and peak von Mises stress, the search of the best lay-up 
scheme and its angles is performed. The wall thickness, lay-up scheme, and the total 
number of layers for each modeled design are assumed as unchanged along the tube, 
whereas its mechanical properties are considered as homogenized and dependent on 
the lamina properties and lay-up scheme only. The search of the pseudo-optimal design 
includes the analysis of all moduli angular distributions for each lay-up stacking. The 
better solutions are then studied by using the finite element model of the structure for 
three most critical load scenarios. The choice of the most preferred design is made by 
discarding the solutions with sharply degraded structural rigidity at least at one load 
scenario.
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The glass/carbon fiber composites are widely used in the design of various aircraft and 
rotorcraft components such as stringers, the spars of the rotor blades, the stiffened panels 
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1. Introduction

The glass/carbon fiber composites are widely used in the design of various aircraft and 
rotorcraft components such as stringers, the spars of the rotor blades, the stiffened panels 
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of the wings and stabilizers, which have predominantly a thin-walled geometry and are 
made of composite laminates that most often are adopted as orthotropic. The main require-
ments for these parts are the specified dynamic and endurance properties to provide the 
aerodynamic quality and reliability of the aircraft assembly at the different flight conditions 
with limited part weight [1]. Most of these parts are manufactured by laying-up or wind-
ing of the unidirectional lamina and curing in closed molds or autoclaves where the parts 
are exposed to the controlled pressure and temperature according to the predetermined 
process.

The rapid growth of composite applications in aircraft and rotorcraft industries, the very com-
plex mechanical behavior of anisotropic composite materials require new structural strength, 
rigidity, modeling, optimization and failure prediction methods using virtual testing analysis 
method, which is a concept with several attributes and is to be understood as the simulation 
of aircraft structure [2, 3]. In the survey paper [4] the main milestones of development of the 
optimization and its applications in aircraft systems design, especially in the context of the com-
posite structures, are considered. According to the concept, which is present in the considered 
paper, a full workflow process of the composite structure optimization consists of the following 
three phases:

• Free size or topology optimization

• Detailed design: ply-bundle sizing with ply-based FE (finite element) modeling

• Detailed design: ply stacking sequence optimization

During the second and third phases the composite plies with the different orientation are 
chosen and shuffled to determine the optimal stacking sequence for the given design opti-
mization problem while satisfying some additional manufacturing constraints. As outlined 
in the article [5], such a composite structure optimization involved a large number of both 
the design variables and the objectives. As a result, designers must consider only a restricted 
set of parameters among the most influential. In the paper [5], the author uses the following 
parameters of optimized laminates: mass per unit area of an elementary plate, the compli-
ance of elementary plate and the stiffness of a composite plate experienced by the uniform 
pressure. The stacking sequence, total number of plies and prepreg materials are accepted as 
the design variables, whereas the mass and the total number of layers are constrained. It was 
established that the ply orientation seems to have a significant influence on the most common 
mechanical criteria (mass, rigidity, etc.). Use of a more refined orientation set can improve the 
mechanical performance when accounting for inter-laminar stresses, or for laminates made 
of a few anisotropic plies. In most engineering applications, when there is a large number 
of plies, it is entirely warranted to restrict the layers’ orientations to a limited number of 
predefined values. Similar technologies and appropriate soft tools are being developed and 
improved by leaders of aircraft industry such as Altair Engineering GMBH [6].

Because the dynamic behavior of the aircraft structures at the operating conditions being within 
the structure strength limits is very important, many investigations are limited by the study of 
composites at the elastic conditions. Such elastic phenomena were the main assumptions used 
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at the modeling and were formulated in the early fundamental work [7]. These assumptions 
include: (1) The results obtained assume that the composite material may be modeled as a 
single-phase anisotropic homogeneous continuum. This assumption is adequate for the elas-
tic constants, provided the main consideration is the interface, but is unlikely to apply to the 
strength properties. (2) There is a representative volume element whose mechanical properties 
are equal to the average properties of the particular composite. (3) The constituent materials are 
linearly elastic and homogeneous, but in general anisotropic. (4) Linearity of the stress-strain 
relations is assumed to hold for the composite materials.

Most investigations that have been implemented in this area use the finite element modeling for 
solve the forward structural mechanics problem combined with some optimization algorithms 
based on the soft computing concepts, for example, genetic algorithm [8–10], shuffled Frog-
Leaping (SFL) algorithm [11] for lay-up sequence optimization of laminate composite struc-
tures. However, there are no theorems to prove that a soft algorithm ensures the achievement 
of a unique global optimum. Therefore, some researchers use analytical approaches to optimize 
the simplest composite systems [12] or empirical methods for more complex ones [13, 14].

Some works are devoted to the optimization of composite structures subjected to aeroelastic or 
hydraulic dynamic loading. The common part of such works is the subtask of simulating aero-
elastic actions on a composite structure. In particular, the paper [15] examined phenomenon of 
bending-torsional coupling rigidity for achieving an optimal design of a composite wing with 
a maximum flutter speed. In order to ensure an effective way to achieve an optimal lay-up, two 
optimization approaches have been investigated. In the first approach, the flutter speed was set 
in the objective function directly. In the second approach, optimization was carried out to mini-
mize an objective function containing the torsional and coupling rigidities rather than flutter 
speed. Kalavalapally and co-workers [16] solving a multidisciplinary optimization problem for 
a lightweight torpedo model subjected to underwater explosions observed that the composite 
torpedo model is stronger and lighter than the metallic design when subjected to an underwa-
ter explosions at a given standoff distance. The paper [17] presented the numerical method and 
results of the structural optimization of the mounting zones of wind turbine blades to diminish 
and flatten the stress distribution at the action of the extremely stressed wind load on the blade, 
which had the stiff carbon/epoxy composite skin and less stiff lightweight core body.

When composite structure with complex shape is studied, its CAD model needs to be used for the 
virtual aerodynamic testing by the means of FE tools. The main objective of the paper [18] is the 
optimization of wall thickness and lay-up sequence of shell-like cowling made of the transversely 
isotropic multilayered composite. The used approach assumed: (1) conversion of the CAD model 
of the cowling surface to the FE representation, then (2) wind tunnel testing simulation at the dif-
ferent orientation of airflow to find the most stressed mode of flight that uses at the formulation 
of the loading pressure conditions for the forward problem of structural mechanics. The optimi-
zation problem used the global strain energy calculated within the optimized shell as the objec-
tive, whereas the total weight of the optimized part was considered as the design constraints.

The important conclusion that can be made taking into account the surveyed works is the mul-
tiobjective nature of most composite optimization problems. Such a conclusion can be made 
on the basis of the present chapter, which is broken into several parts. First, we present a brief 
description of the optimized composite structure, which is the tube-like cantilever slender  
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in the article [5], such a composite structure optimization involved a large number of both 
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ter explosions at a given standoff distance. The paper [17] presented the numerical method and 
results of the structural optimization of the mounting zones of wind turbine blades to diminish 
and flatten the stress distribution at the action of the extremely stressed wind load on the blade, 
which had the stiff carbon/epoxy composite skin and less stiff lightweight core body.

When composite structure with complex shape is studied, its CAD model needs to be used for the 
virtual aerodynamic testing by the means of FE tools. The main objective of the paper [18] is the 
optimization of wall thickness and lay-up sequence of shell-like cowling made of the transversely 
isotropic multilayered composite. The used approach assumed: (1) conversion of the CAD model 
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of the loading pressure conditions for the forward problem of structural mechanics. The optimi-
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tive, whereas the total weight of the optimized part was considered as the design constraints.
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beam experiencing distributed bending and torsion forces. Then we determine the elastic 
properties of laminates used in the modeled tube. We start from the mechanical properties 
of reinforcing fibers and epoxy resin, and then we determine the properties of the unidirec-
tional lamina and, finally, the laminate properties. Our optimization approach contains three 
sequential stages. The preliminary stage is based on the consideration of the angular distri-
bution of all engineering constants of laminates. This analysis allows us to choose the small 
enough set of “candidate” lay-ups, which should be used at the modeling of the mechanical 
response of the studied structure at three different load scenarios. The next “candidates”—
higher level “candidates”—are appointed for the final dynamic test, which includes applying 
full load to the preferred structures and gives us the possibility to make the expert decision 
about final choice of quasi-optimal structure. Last, we discuss some considerations influenc-
ing the final choice of the best lay-up parameters that are the design variables.

2. Modeled structure: geometry and operating conditions

The composite beam studied in this research is a slender tubular structure with optimizing pre-
preg lay-up sequence. Its cross-section is comprised of two straight stripes and two half-circles, 
each of them is made of eight laminating layers (see Figure 1), that is similar to those studied in 
[19]. The simulated structure is a greatly simplified design of D-like spar of the helicopter main 
rotor blade. Such spars are typically characterized by thickening of the cross section near the 
root, decreasing thickness of the airfoil and its twist as it approaches the end of the blade, with-
out tapering of airfoil. The CAD model of the structure was built by using NX CAD (Siemens®) 
capabilities and converted into the Structural Mechanics Comsol Multiphysics environment.

In order to define the structural anisotropy of the laminate and the distributed external loads, 
the curvilinear coordinate systems   ( e  

1
  ,  e  

2
  ,  e  

3
  )   have been intended on the external surface of the 

tube. To do this, we used a diffusion method which solves Laplace’s equation  ΔU = 0  and com-
putes the vector field as  − ∇U . The boundary conditions were assigned as follows: on the inter-
nal surface   U  int   = 1 ,   U  out   = 0  on the outer surface, and  − n ⋅ ∇U = 0  on the end faces. The normal to 
the surface is assigned as   e  1   = − ∇U /   | − ∇U |   . The second component is the unit vector parallel to 
the beam longitudinal axis and third one   e  3    is normal to the plane   ( e  1  ,  e  2  )  . The curvilinear coor-
dinates are presented in Figure 2.

The root end face is fixed   (u, v, w)  = 0 , where  u, v, w  are the displacements along the global axes   
(x, y, z)  , respectively. Three different external loads can be applied alternately or together:
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In Eq. (1) the twisting load  H (x, 𝛿𝛿x)   is the smoothed step-function with the coordinate of step  
x  and smoothing width  𝛿𝛿x . The bending force   F  bend    is defined by the components in the global 
coordinate system whose unit vectors are   (𝛏𝛏, 𝛈𝛈, 𝛇𝛇)   and by the parameters  yload, zload , which can 
take alternatively or together, have the values of 0 and (or) one.

Figure 1. Sketch of the beam cross-sections (a), 3D view of the CAD model and magnifying view on the cross-section of 
optimizing structure.
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The FE mesh has been constructed for the given geometry as swept mesh (see Figure 3) con-
sisting of 128,893 domain elements, 37,959 boundary elements and 1350 edge elements. The 
number of degrees of freedom solved for is 625,409.

3. Determination of lamina properties

All numerical and experimental studies have been implemented for glass fiber reinforced 
epoxy based prepreg VPS-7. Initially, the properties of the fibers and resin, which was 
accepted as isotropic, have been studied experimentally using testing machines Galdabini. 
The samples of resin and bundles of the fibers were experienced by tensile forces with strains 

Figure 2. Curvilinear local coordinate systems on the beam surface.

Figure 3. FE mesh used at the mechanics problem.
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monitored by extensometers. During these experiments, the following elastic moduli have 
been obtained (see Table 1).

The properties of unidirectional lamina, which has transversely isotropic symmetry, were 
determined both numerically and experimentally for the samples with volume fraction 
Vf = 0.534. In order to determine the parameters inaccessible through the experimental tests, 
we used the mixing rule and FE modeling in Abaqus environment according to the recom-
mendation of [20, 21]. The values all found properties are shown in Table 2, where bold 
numbers denote the most reliable values, which have been used in the follow-up investiga-
tion. These values have been used for determination of elastic moduli of laminates of chosen 
structures.

4. Determination of elastic moduli for laminates

In order to diminish the formation of the residual stress and strains, which can arise dur-
ing cure we use only 8-layers symmetric balanced laminates in our investigation. All used 
schemes of lamina stacking are shown in Figure 4 with their designations.

For each lay-up scheme the elastic moduli were determined independently by two methods: 
by the finite element method and on the base of the classical laminates theory. The last one 
proposes the following relationships for the elastic moduli of laminate.

Components Young module, GPa Poisson ratio Shear module, GPa

Glass fibers 87.5 (longitudinal)   ν  12   =  ν  13   = 0.255   G  12   =  G  13   = 2.594 

Epoxy resin 2.55 0.364 0.94 (calculated)

Table 1. Mechanical properties of the composite constituents.

Elastic module Determination method

Experiment Mixing rule FE modeling

E1, MPa 49,500 ± 2500 49,000 48,090

E2, MPa 6000 ± 500 5500 8042

ν12 0.315 ± 0.015 0.31 0.299

ν23 NA NA 0.459

G23, MPa 2600 ± 200 2000 2758

G12, MPa NA NA 2847

Remark: Index 1 corresponds to the longitudinal ply orientation (along the fibers), whereas index 2 to the transversal 
ply orientation.

Table 2. Mechanical properties of lamina.
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monitored by extensometers. During these experiments, the following elastic moduli have 
been obtained (see Table 1).
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  .
    (3)

where indices  x, y  correspond to the longitudinal and transversal directions of laminate, 
respectively, and the elements of   {A}   matrix are calculated by the formula [22, 23].

   A  ij   =  ∑ 
k=1

  
N
      Q ¯    ijk   ( z  k   −  z  k−1  )   (4)

Where,    Q ¯    
ijk

    are the  i, j -th elements of the reduced stiffness matrix   Q ¯    for the  k -th layer,   z  
k−1

  ,  z  
k
    are 

the bounds of the  k -th layer and  H  is the laminate thickness.

The FE model for determining of elastic moduli simulated the experimental tests according 
to the standards ASTM D 3039–95 and ASTM D 5379–93 with the numerical methods for the 

Figure 4. Used schemes of lamina stacking.

Figure 5. Geometry (a, c) and postprocessing results (b, d) of models simulating the mechanical tests ASTM D 3039–95 
“Test Method for Tensile Properties of Polymer Matrix Composite Materials” (a, b) and ASTM D 5379–93 “Test Method 
for Shear Properties of Composite Materials by V-Notched Beam Method” (c, d).
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accurate identification of the modules described in [24]. All modules to be determined in the 
numerical experiments are averaged by integration along the lines where the pure tensile or 
shear occurs (see Figure 5).

Geometry of the FE models consists of eight separated layers, each of which is charac-
terized by its orientation of lamina. Numerical calculation of elastic modules has been 
implemented for all lay-ups (see Figure 4) with the step  Δφ =  10   0   of lamina orientation. 

Figure 6. Some examples of longitudinal, transverse elastic moduli and Poisson ratios dependencies on the lay-up angles 
for the laminate stacking I, II, III, IV (see Figure 4).
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  E ¯    x   =   

 A  11    A  22   −  A  12  2  
 _________  A  22   H

   ;
  

  E ¯    y   =   
 A  11    A  22   −  A  12  2  

 _________  A  11   H
   ;

     
  G ¯    xy   =   

 A  66   ___ H   ;
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 A  12   ___  A  22  

  .
    (3)

where indices  x, y  correspond to the longitudinal and transversal directions of laminate, 
respectively, and the elements of   {A}   matrix are calculated by the formula [22, 23].
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k=1

  
N
      Q ¯    ijk   ( z  k   −  z  k−1  )   (4)

Where,    Q ¯    
ijk

    are the  i, j -th elements of the reduced stiffness matrix   Q ¯    for the  k -th layer,   z  
k−1

  ,  z  
k
    are 

the bounds of the  k -th layer and  H  is the laminate thickness.

The FE model for determining of elastic moduli simulated the experimental tests according 
to the standards ASTM D 3039–95 and ASTM D 5379–93 with the numerical methods for the 

Figure 4. Used schemes of lamina stacking.

Figure 5. Geometry (a, c) and postprocessing results (b, d) of models simulating the mechanical tests ASTM D 3039–95 
“Test Method for Tensile Properties of Polymer Matrix Composite Materials” (a, b) and ASTM D 5379–93 “Test Method 
for Shear Properties of Composite Materials by V-Notched Beam Method” (c, d).
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accurate identification of the modules described in [24]. All modules to be determined in the 
numerical experiments are averaged by integration along the lines where the pure tensile or 
shear occurs (see Figure 5).

Geometry of the FE models consists of eight separated layers, each of which is charac-
terized by its orientation of lamina. Numerical calculation of elastic modules has been 
implemented for all lay-ups (see Figure 4) with the step  Δφ =  10   0   of lamina orientation. 

Figure 6. Some examples of longitudinal, transverse elastic moduli and Poisson ratios dependencies on the lay-up angles 
for the laminate stacking I, II, III, IV (see Figure 4).
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Both moduli calculation methods have demonstrated a good correspondence, but FE 
method provides higher accuracy at the calculation of the Poisson ratios and in-plane 
shear module   G  xy   . Some examples of obtained results are shown in Figures 6 and 7. Each 
point on these plots at the chosen angle  φ  (or  φ  and  ψ  for the scheme V) represents the 

Figure 7. The in-plane shear module dependencies on the lay-up angles for the laminate stacking I, II, III, IV and V (see 
Figure 4).
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Figure 8. Angular dependencies of the longitudinal, shear modules and in-plane Poisson ratio for the lay-ups II (left) 
and IV (right) (see Figure 4).
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Figure 8. Angular dependencies of the longitudinal, shear modules and in-plane Poisson ratio for the lay-ups II (left) 
and IV (right) (see Figure 4).
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values of effective elastic moduli for the laminate with given lay-up. Note that accord-
ing to the homogenization hypothesis this laminate is considered as the solid body with 
uniform structure.

In the next stage of investigation, the angular dependencies of the effective moduli were inves-
tigated. In order to avoid the significant reduction of the structural rigidity in some directions, 
these dependencies should not have sharp drops, corresponding to these directions. Some 
examples of such angular dependencies are shown in Figure 8. These dependencies have been 
used for the preliminary selections of the “candidates” lay-ups, which have been further used 
to test them in mechanical testing of the optimized slender structure.

5. Mechanical testing of structure with different laminate lay-ups

The mechanical testing of the structure with different lay-ups and ply stacking angles has 
been implemented using FE model (see Figures 1–3) by using three abovementioned types 
of static bending and torsion loading. These loads were applied separately; for each load 
scenario the total strain energy   E  el  tot  , the maximum and averaged von Mises stress, two end 
deflections  max ( v  b  )  ,  max ( w  b  )   and torsion angles  θ  on the free face of the beam tip were calcu-
lated. At the solving of these subtasks a linear parametric solver was used. Results of these 
testing were used for the refinement of the “candidates,” that is, select lay-ups that provide 
the minimum strain energy, bending and torsion deformations. Our study demonstrated a 
strong coupling of total strain energy of deformed structure with the values of maximum 
beam deflection (bending load cases) and maximum torsion angles (twisting load case). 
Moreover, two very interesting and important facts were established. First, we found that 
sensitivity of both maximum and averaged von Mises stress to the structural symmetry of 
orthotropic material is noticeably less comparing to the total elastic strain energy. Thereby 
we do not give here any von Mises dependencies. Second result is the practically indepen-
dent response of the structure on the twisting load of the lay-ups II, III and IV. The reason 
for this is the practical identity of the shear modulus of these lay-up schemes at the same 
lamina angular orientation (see Figure 7b–d).

The calculated dependencies of maximum deflections and torsion angles of the loaded beams 
on the lay-up parameters are present in Figure 9. These results together with the angular 
dependencies of elastic moduli that are partially presented in Figure 8 allowed to select eight 
“candidates” for further optimization. These candidates had to have acceptable values for the 
total strain energy and rigidity under all loading scenarios.

6. Pseudo-optimal choice of the preferred lay-ups

In the final stage of investigation, the optimizing structure made of the preferred lay-ups 
“candidates” has been loaded simultaneously by the systems of three forces: bending by the 
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distributed forces oriented along y and z axis and twisting torque applied to the external 
surface and given by Eqs. (1) and (2). The studied responses included total strain energy, the 
maximum bending deflections and objective, which was accepted in the normalized dimen-
sionless form.

  Obj = θ / 6 + max ( v  b  )  + max ( w  b  )  / 1.5  (5)

Figure 9. Dependencies of maximum deflections and torsion angles of the loaded beams.
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Figure 10. Evolution of lay-up angle, objective and mechanical properties of structure during optimization for two 
“candidate” lay-ups: (I   φ  in   =  30   0  ) and (V   ψ  in   =  30   0 ;  φ  in   =  15   0  ).
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Where,  θ  is the torsion angle and   v  b  ,  w  b    are the beam tip deflections along the  y  and  z , respec-
tively. Naturally, definition of such objective function and weights for its components has a 
significant element of arbitrariness. Therefore, the total strain energy, the beam deflections 
and torsion angle were also monitored during optimization process along with the objective 
function determined by Eq. (5).

For the definiteness of the optimization problem statement the following constraints were 
imposed.

   
 E  ei  tot  ≤ 160J ;

  
θ ≤  4.5   0  ;

    max ( v  b  )  ≤ 0.46m ;  max ( w  b  )  ≤ 0.86m   (6)

At the optimization workflow, the forward structural mechanics problem has been called 
by the built-in gradient-free Nelder-Mead optimizer. In order to start the iterative optimiza-
tion procedures, we used such “candidates”: (I   φ  

in
   =  30   0  ); (II   φ  

in
   =  30   0  ); (III   φ  

in
   =  30   0  ); (IV   φ  

in
   =  30   0  );  

(V  ψ =  30   0 ;  φ  
in
   =  15   0  ); (V  ψ =  45   0 ;  φ  

in
   =  15   0  ); (V  ψ =  60   0 ;  φ  

in
   =  15   0  ) and (V  ψ =  75   0 ;  φ  

in
   =  30   0  ), which had 

Figure 11. Comparison among the best lay-ups of the optimized structure (stems with the filled symbols correspond to 
the preferred lay-ups).
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better results at the previous stage of the study (see Figure 9), where Roman numeral indi-
cates the type of lay-up (see Figure 4) and the value of angle is its start value.

Figure 10 illustrates two examples of objective and other responses evolution during optimi-
zation process. These plots demonstrate very fast convergence to the quasi-optimal solutions 
for both optimized lay-up stacking. These solutions are not global optimum because they 
characterized by the different values of all responses.

The final features of all optimized “candidate” structures are present in Figure 11. All opti-
mized lay-ups were ranked according to calculated responses. The optimized lay-ups (I   φ  

in
   =  30   0  )  

and (V  ψ =  30   0 ;  φ  
in
   =  15   0  ) provide minimal values of objective, but (II   φ  

in
   =  30   0  ) provides the mini-

mal total strain energy. Lay-up (V  ψ =  45   0 ;  φ  
in
   =  15   0  ) provides the greatest torsional stiffness, but 

its flexural rigidities are downscale. These considerations substantiate obligatoriness of mul-
tiobjective optimization at the design of load-carrying multilayered composite structures with 
orthotropic symmetry of the materials. The final decision can be made taking into account 
some constraints and requirements, for example, complexity of manufacturing, weight of 
ready structure, the natural vibration modes and eigenfrequencies and importance of a par-
ticular rigidity for the operability of the structure. An additional study of the strength of the 
composite layers according to the Tsai-Wu criterion [25] should be carried out at critical loads. 
Meanwhile, the used approach requires many tedious calculations, but allows us to obtain 
the visual substantial representations about chosen composite lay-ups for optimizing struc-
tures, and can be expanded to the composite structures with arbitrary number of arbitrarily 
oriented unidirectional layers.

7. Conclusion

This chapter studies a problem of lay-up optimization for a cantilevered long tube-like com-
posite structure with varied cross-section that is manufactured by winding of glass fiber uni-
directional tape. The optimized composite structure is the tube-like cantilever slender beam 
experiencing distributed bending and torsion forces. The multilayered composite material 
assumed and modeled as a single phase anisotropic elastic homogeneous continuum. We 
determine the elastic properties of laminates, which used in the modeled tube, taking as input 
data the mechanical properties of reinforcing fibers and epoxy resin to determine initially the 
elastic properties of the unidirectional lamina. For each accepted lay-up scheme and unidirec-
tional prepreg orientation of the symmetric balanced laminate formation, the elastic moduli 
were determined independently by two methods: by the finite element method and on the 
base of the classical laminates theory.

The first stage of used optimization approach is based on the analysis of the angular distri-
bution of all engineering constants of laminates. This analysis allows us to choose the small 
enough set of “candidate” lay-ups, which should be used at the modeling of the mechanical 
response of the studied structure at three different load scenarios. The higher level “candi-
dates” were appointed for the final dynamic test, which includes applying full load to the 
selected structures and gives us the possibility to make the expert decision about final choice 
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of quasi-optimal structure. The short discussion of the obtained results confirms necessity 
of multiobjective approach to the studied optimization problem, taking into account many 
requirements and constraints that allows to make the final choice of the best lay-up parameters.
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Abstract

Sizing of hat-stiffened composite panels is challenging because of the broad design hyper-
space in several geometric and material parameters available to the designer. Design tasks
can be simplified if parameter sensitivity analysis is performed a priori and design data is
made available in terms of a few important parameters. In this chapter, design sensitivity
analysis is performed using finite element analysis (FEA) and analytical solution models.
Manufacturing and experimental measurements of a hat-stiffened composite structure is
performed to validate the FEA and idealized analytical solutions. This is an attempt to
initiate a structural architecture methodology to speed the development and qualification
of composite aircraft that will reduce design cost, increase the possibility of content reuse,
and improve time-to-market. In particular, FEA results were compared with analytical
solutions to develop a design methodology that will allow extensive reuse of parametric
hat-stiffened panels in the design of composites structural components. This methodology
is now widely utilized in developing a library of commonly used, built-in, composite
structural elements in design of modern aircrafts. In this chapter, hat stiffened composite
panels’ geometric parameter sensitivity analysis work were parametrically investigated
using finite element analysis (FEA), analytical solution models and experimental testing
on manufactured parts in order to develop structural architectures that speed develop-
ment and qualification of composite aircraft which has broad benefits in reducing cost,
increasing content reuse and improving time-to-market. In particular, FEA results were
compared with analytical solutions and a design methodology was developed to allow
extensive reuse of parametric elements in structural design of composites and to achieve
expedited design, verification, validation, and airworthiness certification and qualifica-
tion. The goal of this work is to provide the aviation industry with the most up-to-date
databases for the application of advanced composite materials incorporated into paramet-
ric models to eliminate redundancies in the current process. The work results include a
correlated material database, an optimized model component library and a standardized
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way to design future complex composites structures, e.g. hat stiffened composites panels,
with reliable and predictable quality and material weight/cost.

Keywords: design optimization, FEA, hat stiffeners, aerospace composite structures

1. Introduction

1.1. Background

In recent years the commercial aircraft industry is increasing their reliance on composite
materials to produce lighter and more durable aircrafts. Figure 1 shows a Boeing 787 aircraft
contains 50% by weight of its materials as composites, which is about 32,000 kg of carbon-
fiber-reinforced polymer (CFRP) [1].

The carbon fiber composites have a higher strength-to-weight ratio than traditional metal
materials thus help making the aircraft lighter and to exceed the fuel efficiency target. Due to
this important feature, the use of fiber reinforced composite laminates as primary structural
components in these important large-scale and weight-critical applications has increased con-
siderably (Table 1). Aircrafts with major composite parts including fuselage, wings, tail sec-
tions, doors and interior are presently being developed and gradually brought into service.

For better efficiency in terms of strength and weight-optimization, aerospace structures are
frequently appended with stiffener components. Figure 2 shows a 787’s disassembled com-
posite fuselage section which is composed of hat-stiffened composite panels that represent the
design methodology of meeting the high stiffness while keeping the minimal weight require-
ments. This laminated composite stiffened panel is a critical component and extensively used
structure in aircrafts, and can operate when subjected to harsh environments such as severe
dynamic loading.

Figure 1. Boeing 787 aircraft contains 50% of composite materials.
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Many work have been done on design and analysis of hat-stiffener structures. Recent advances
in performing global and detailed analyses have made it possible to determine failure modes,
strength, durability, and damage tolerance of composite structures with confidence. Bhar et al.
[2] performed linearly elastic static and natural vibration analysis using an extended HSDT
(higher-order shear deformation theory). Kim et al. [3] manufactured stiffened panels using co-
curing, co-bonding and secondary bonding processes and evaluated them using 3D measure-
ment and ultrasonic tester. Lauterbach et al. [4] built analysis tools including an approach for
predicting interlaminar damage initiation and degradation models for capturing interlaminar
damage growth as well as in plane damage mechanisms. Gangadhara et al. [5] analyzed
stiffened panels using formulation based on the concept of equal displacements at the shell-
stiffener interface. Kumar et al. studied the transient response of laminated stiffened plates
using MSC/Patran and LS-DYNA3D [6] and Kristinsdottir et al. [7] presented an optimization
formulation for the design of large panels when loads vary over the panel. Junhou et al. and
Shenoi et al. [8, 9] examined the key aspects defining the performance characteristics of hat-
stiffener joints in marine structures. Paul et al. [10] performed an integrated step-by-step
design and analysis procedure for the hat-stiffened panels loaded in axial compression using
the computer code BUSTCOP. Xiong and coworkers [11] has tested and analyzed the buckling
and failure loads of hat-stiffened composite panels. Other research work have been focused on
FEA modeling [12–22], manufacturing [23–29], evaluation of microstructures and damage
evolution [30–33], and the enhancement of the mechanical properties [34–37] of composites at
both materials- and structures-level.

Most commercial CAD/FEA software has included some form of parameterization of design
variables. Basic research-level higher order structural elements are also developed. These tools

Figure 2. Disassembled composite fuselage section of the Boeing 787.

Year 1982 1995 2006 2008

Model Boeing 767 Boeing 777 Airbus 380 Boeing 787

Structures Secondary Primary/Secondary Primary/Secondary Primary/Secondary

Amount of CFRP/aircraft 1.5 tons Approx. 10 tons Approx. 35 tons Approx. 35 tons

Amount of CF/aircraft 1 ton Approx. 7 tons Approx. 23 tons Approx. 23 tons.

Table 1. Increase of carbon fiber composites for aircraft application.
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allow quick, easy and accurate topology and geometry model creation with design constraints,
implicit parameterization for easy model variation, integrated Finite Element generator,
models and components storage in library for generation of knowledge database and reusabil-
ity, shape and size optimization in a closed batch loop, on-the-fly definition of design variables
and design space, and integration of specific applications like commercial optimization and
design tools. In this work, we plan to utilize these aspects to create a Higher Order Abstract
Structural Elements, later abbreviated as HOASE.

1.2. Objectives and structure

The goals and key feature of this work include analyzing the geometric parameter sensitivity
of the hat stiffener, and developing and demonstrating a proof-of-concept theoretical model
which is a parametric analytical solution that is theoretically equivalent to hat-stiffener stiff-
ened panels in mechanical response. The analytical solution contains parametric information
incorporating geometric, design allowables, and manufacturing information such as laminate
stacking order. The constructions of these equivalent analytical models will be stored in a
database from which they can be easily retrieved and parametrically modified.

Achieving the above requires specific technical objectives including:

1. Select composite ply materials and corresponding stochastic material properties for track-
ing them to parametric design allowables.

2. Explore the design space and using Finite Element Method (FEM) to analyze the para-
metrical sensitivity of the basic composite structural elements: hat stiffeners.

3. Developan equivalentmodel using analytical solutionand run case studies for various loading
conditions to develop the empirical relationships between design parameters and allowables/
performance. This takes into account the key geometric and material parameters and gives a
higher and lower boundary of the relatively equivalent hat-stiffener stiffened panel.

4. Manufacture hat-stiffened composite panel and perform experimental investigation to
compare its mechanical response with FEA models’ prediction and the mechanical
response bounds resulting from the analytical models. Finally, this work would provide
the aviation industry with a parametric databases of hat stiffener design and analysis.

2. Optimal design procedure

2.1. Basic structural configuration and FEA design parameters

In this work, hat stiffeners and plates were selected as basic elements for parametric analysis
and for constructing an analytical solution. The plate element is an orthotropic laminated
element with material, number of plies, stacking sequence, width, length, and thickness
parameters. The hat stiffener element is also parametrically defined in terms of several geo-
metric parameters as shown in Figure 3.
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FEM was utilized to produce sensitivity of structural behavior (deflection, stresses) to basic
elements’ parameters and for comparing final experimental results with modeling. Laminated
plate, hat-stiffener, hat-stiffener bonded to base plate were modeled in MSC NASTRAN for
this purpose. Laminated plate modeling in FEM is routine and therefore not discussed for the
sake of brevity. The hat stiffener (with and without plate to which it is bonded) are modeled as
follows. Height of the stiffener web (h), width of the stiffener cap (W1), bottom width in
between stiffener flanges (W2), width of the stiffener flange (due to symmetric, the left and
right width are the both L1) are the geometric parameters considered in addition to thickness
of a ply, ply orientation and the stacking sequence. The length of the hat stiffener is fixed at
508 mm (which is 20 inches).

Material properties are taken from Cytec information sheet CYCOM 5320 [12–37]. These
unidirectional fiber tape tensile properties are:

E1 = 1.59E5 MPa;

E2 = 9.3E3 MPa;

Poisson’s Ratio v = 0.336;

Shear modulus G12 = G13 = 5.6E3 MPa.

QUAD4 MSC Nastran element and PCOMP material properties input was used for analysis. A
uniform pressure of 6.89E-2 MPa is applied on each of the two bottom flange surfaces for the
hat-stiffener simulation. For the second set of simulations, same magnitude of pressure, 6.89E-
2 MPa is applied on the plate to which hat-stiffener is bonded. Longitudinal edges are free to
rotate but not translate (Tx = Ty = Tz = 0). The transverse direction edges are free. These
longitudinal edge boundary conditions represent fixed edges rather than simply supported,
because edge cross sections are constrained from rotation. Same boundary conditions for flat
plates will represent simply supported conditions.

Longitudinal edges (the two edges of the skin plate only, not including hat stiffener web and
top cap) are simply supported as Tx = Ty = Tz = 0 for hat stiffener bonded to the plate. The
transverse edges of the plate are subjected to the boundary conditions Tx = Ry = Rz = 0,

Figure 3. Hat stiffener basic element with geometric parameters.
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corresponding to all four edges simply supported. These boundary conditions are chosen to
demonstrate extreme sensitivity of structural response to boundary conditions.

2.2. Parametric sensitivity analysis on hat-stiffener structures

To study the sensitivity of hat-stiffener’s geometric parameters, hat-stiffener models are cre-
ated first. The hat-stiffener element is modeled and analyzed using MSC NASTRAN to con-
struct parametric design space. As presented in the last section, design parameters were
defined for hat-stiffeners. The parametric range and increments we defined here covered most
of the practical design exploration space and are summarized in Table 2.

These parametric variations represent 1680 models and design points. A smaller set of
parameter combinations are analyzed to get the design trends. We explored maximum
specific bending rigidity contribution of hat-stiffeners to membrane skin which is
designed to take torsional shear. Representative 10 psi uniform pressure loading and
simply supported boundary conditions on a 508 mm (20 inches) long hat cross section
beam are analyzed. The cross-sectional area of hat-stiffeners varies with design parame-
ters. A baseline configuration with minimum cross-sectional area is chosen to illustrate
effect of parameters on bending. This configuration represents 12.7 mm (0.5 inch) bottom
flange length, 25.4 mm (1 inch) bottom hat width, 12.7 mm (0.5 inch) top hat width,
12.7 mm (0.5 inch) hat height, 1.016 mm (0.04 inch) thickness and [0/90/45/�45]s stacking
order.

Figure 4 shows the mid-point transverse deflection and maximum flexural stress at mid-point
on the beam as a percent change from the baseline configuration. Stacking sequence and
therefore corresponding laminate thickness is kept constant. The ratio of top and bottom hat
widths is kept constant at 0.5 for all parametric variations. Three curve-sets show variation of
deflection and flexural longitudinal stress with hat height, width and bottom flange length,
respectively. As expected, it is evident that bottom flange length contribution is minimal to the
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flexural behavior of the stiffener. The maximum change in bending rigidity is achieved by
changing hat height up to three times the top flange width.

2.3. Analytical solution of hat stiffener with base plate

A proof-of-concept analytical model consists of a rectangular plate stiffened by several hat
stiffeners was established in MATLAB.

Figure 5 shows steps incorporated in constructing the analytical model. Composite ply prop-
erties, stacking sequence for hat and plate laminates, plate and hat stiffener geometric param-
eters, stiffener spacing, boundary conditions and loading are specified for the analytical model.
Orthotropic plate properties are obtained by scaling, homogenizing and distributing stiffener
properties over the space between the stiffeners.

Let θ be the angle between x-axis (stiffener longitudinal direction) and j is the ply fiber
direction in sections plane, a is the equal distance between stiffeners. The bottom and top
flanges as well as webs are defined as continuous plies of the orthotropic plate as follows:

For bottom flange:

Figure 4. Hat stiffener basic element bending behavior.

Figure 5. Equivalent orthotropic plate for hat-stiffener stiffened skin.
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These equivalent Q
j
11 contributions can be used in traditional ABD matrix construction. Simi-

larly, other Qs, the equivalent reduced stiffness matrix components are also calculated, and
their contributions are used in the traditional A, B and D matrix construction. The analytical
solution of the equivalent panel was input into MATLAB for the center point deflection
prediction. Future work will be focusing on analytically representing the homogenized panel
equivalent to the stiffened panel with multiple hat-stiffeners on it. Also, it should be noted that
for the analytical solution for large panel with a sparse distribution of multiple stiffeners, these
relationships may not be valid but may still give the bounding values of the possible deflection
of points on the plate.

2.4. FEA model for the demonstration part: Panel with multiple hat-stiffeners

To better understand and predict the mechanical behavior of the structure, a demonstration
FEA model of one panel with multiple hat stiffeners bonded onto it was built in MSC Nastran
(Figure 6). A few composite ply material properties were selected from the Cytec Cycom 5320
prepreg data sheet for creating the model and database.

For the geometric configuration of the model: this demonstrator model comprises a base panel
of in-plane dimensions 304.8 mm (which is 12 inches) � 863.6 mm (which is 3 inches) with four
hat stiffeners on it., each separated by approximately 85.725 mm (which is 3.37 inches). The
bottom width of the hat stiffener is approximately 86.36 mm (which is 3.4 inches) with
60.96 mm (which is 2.4 inches) as the distance between the lower two corners of the hat
stiffeners and 12.7 mm (which is 0.5 inch) overhang (i.e., flange) on the either side. The base
panel has 8 plies of laminates with 5320 unidirectional prepreg properties and they are in a
quasi-isotropic layup as follows: [90,�45,+45,0]S. Each of the four hats also consists of eight
unidirectional fiber plies in the same quasi-isotropic layup.
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Simulation of panel-level hat-stiffeners requires understanding of global and local effects of the
parameters. One should consider local maximum deflection occurring in between the stiffeners
on the panel, because that may become a dominant parameter for deformation constraints
satisfaction.

2.5. Manufacturing of the demonstration part

To validate the modeling prediction of the center point deflection of the stiffened panel, a
composite panel bonded with multiple hat-stiffeners was manufactured as a demonstrator
part. During fabrication of the structural element and the final demonstration part, unidirec-
tional Cytec Cycom 5320 prepreg material, out-of-autoclave curing, and secondary bonding
technique were used.

The basic structural elements comprise of flat panels and hat cross section beams. The assem-
bly of these basic structural elements forms the demonstrator part represented by a large panel
stiffened by four equidistant hat beams, as shown in Figure 7. To accurately predict and
compare with the FEA results, the demonstration part has identical set up with the MSC
Nastran FEA model built and explained in the last section.

2.6. Testing and validation of the demonstration part

The demonstration part was tested under near-uniform 1 psi loading and the center point
deflection was recorded so it can be compared with FEA results. Photographs of the testing
setup are shown in Figure 8. The experimental testing of the demonstrator part involves
simply supporting the edges and subjecting it to a uniform pressure loading condition by
placing sandbags at the center. Experimentally measured panel displacements are then com-
pared to predictions from both analytical constructs as well as FEA models.

The demonstration plate midpoint deflections are experimentally obtained for 150, 225, 300,
375 and 400 lb. load are 0.022, 0.032, 0.039, 0.045 and 0.047 in, respectively. The first increment

Figure 6. Midpoint deflection of the demonstration part FEA model.
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Design Optimization and Higher Order FEA of Hat-Stiffened Aerospace Composite Structures
http://dx.doi.org/10.5772/intechopen.79488

63



(150 lb) was using lead balls filled bags providing close to uniform loading. The remaining
increments were obtained using iron discs that did not provide as uniform loading as lead
balls filled bags would have. As the results are shown in Figure 9, the midpoint deflection is
1.52 mm (0.06 in) for 1 psi uniform loading while FEA simulation gave 1.83 mm (0.07 in).

The analytical bounds for stiffened plates were also obtained. The midpoint deflection from
the homogenized orthotropic plate gives the lower bound and simply supported idealized
plate between the stiffeners gives upper bound. The lower bound provides better approxima-
tion for plates with closely spaced stiffeners. The real deformation starts to approach the upper
bound as spacing between stiffeners increases. The lower bound for midpoint deflection under
1 psi is 0.133 mm (0.0052 in) and the upper bound is 2.85 mm (0.11 in).

The work performed establishes the basis for continuing future work to further develop a set of
parametric models. The conceived process of designing advanced composite aircraft structural

Figure 7. Manufacturing and assembly of basic structural elements into a demonstration part.

Figure 8. Simply supported hat-stiffened composite panel under near-uniform pressure loading.
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components from these parametric modeling constructs will be matured, implemented and
validated to demonstrate the benefits of starting the design with validated parametric design
elements.

3. Conclusions

This work has illustrated the process of developing an analytical model and the design and
analysis of the parametric composite hat-stiffened panels. The amount of the work involved in
designing to this level of abstraction is a significant part of the design of an aircraft. This work
is needlessly repeated by designers again and again and can be standardized to abbreviate the
design process, and has successfully shown most of the processes involved in creating para-
metric models with a hat-stiffener stiffened composite laminated plate model development.

Most commercial CAD/FEA software includes some form of parameterization of design vari-
ables. Basic research level higher order structural elements have also been developed. These
tools allow quick, easy and accurate topology and geometry model creation with design
constraints; implicit parameterization for easy model variation; integrated Finite Element
generator; models and components storage in library for generation of knowledge database
and reusability; shape and size optimization in a closed batch loop; on-the-fly definition of
design variables and design space; and integration of specific applications like commercial
optimization and design tools. Our future work includes integrating these models in similar
design tools, such as a combination of MSC Nastran, ABAQUS, MATLAB and C++ platform.
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Abstract

Fiber metal laminate (FML) is a hybrid material system that consists of thin metal sheets
bonded into a laminate with intermediate thin fiber reinforced composite layers. The
aerospace industry has recently increased their use of FMLs due to the considerable
weight reduction and consequent benefits for critical load-carrying locations in commer-
cial aircraft, such as upper fuselage skin panels. All FML materials and their processes
should be qualified through enough tests and fabrication trials to demonstrate reproduc-
ible and reliable design criteria. In particular, proper surface treatment technologies are
prerequisite for achieving long-term service capability through the adhesive bonding
process. This chapter introduces a brief overview of design concept, material properties
and process control methodologies to provide detailed background information with
engineering practices and to help ensure stringent quality controls and substantiation of
structure integrity. The guidelines and information found in this chapter are meant to be a
documentation of current knowledge and an application of sound engineering principles
to the FML part development for aerospace usage.

Keywords: fiber metal laminate (FML), mechanical behaviors, surface treatment, process
control, long-term durability

1. Introduction: choice of materials in aircraft design

The current trends in commercial aircraft operations are showing an increasing demand for
lower operational and maintenance costs. The maintenance costs, directly incurred by the
airlines’ operation, are an important measure of the economic benefits associated with reduc-
ing direct operating cost [1]. Practically, most aircraft structures are being designed for longer
design lifetime with extension of inspection intervals. For this purpose, the fatigue and
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damage tolerance (F&DT) properties have been received considerable attention for further use
of lightweight materials on next generation aircrafts [2]. Therefore, there is a strong need for
the application of more durable and damage tolerant materials to minimize the total mainte-
nance costs of commercial aircraft. Reducing the structural weight can lead to better fuel
efficiency, reduced CO2 emissions and lower maintenance costs. Nowadays, two competing
materials, such as modern aluminum alloys and composites, have the potential to improve the
cost effectiveness, but they still have limitations that restrict their widespread use, for example
corrosion-fatigue resistance for aluminum alloys and blunt notch strength and impact resis-
tance for carbon fiber reinforced plastics (CFRP) [3]. The basic characteristics of materials for
aircraft structures are given in Table 1.

A chronological history of materials for aircraft structures is illustrated in Figure 1. New multi-
layered hybrid materials, FMLs consist of thin metal sheets bonded into a laminate with inter-
mediate thin fiber reinforced composite layers, and combines the benefits of both material classes
[5]. Recently, the use of FMLs leads to subsequent benefits for primary aircraft structures, for
example upper fuselage skin panels as shown in Figure 2 [6–8]. This figure also presents typical
load cases for dimensioning criteria in the design of fuselage structures. To date, the representa-
tive commercially available FML is glass reinforced aluminum laminate (GLARE), which com-
bines thin aluminum sheets with unidirectional glass fiber reinforced epoxy layers [9, 10]. It has
been produced for the upper fuselage skin panels of Airbus A380 (Toulouse, France) at GKN
Aerospace’s Fokker Technologies (Papendrecht, The Netherlands) in collaboration with
AkzoNobel (Amsterdam, The Netherlands) and Alcoa (New York, US) [3, 4, 11]. The FMLs are
also being considered for thin-walled structures for single aisle fuselage shells. In addition, their
superior F&DT properties which are addressed as essential design principles in JAR/FAR
25.571 (Damage-tolerance and fatigue evaluation of structure) make them the ideal candidate
for military aircrafts that such applications are not only subject to high fatigue stresses, but also
high-velocity impact damages (e.g. battle damages) [12]. Concurrently, other types of commer-
cially available FMLs are aramid aluminum laminate (ARALL) based on aramid fibers and
carbon reinforced aluminum laminate (CARALL) based on carbon fibers, respectively [11].

Materials Aluminum alloys Composites (CFRP) FML

Strength • Broad experience
• Repairability
• Static behaviors
• Improvement potential

• Fatigue behaviors
• Low density (1.54 g/cm3)
• No corrosion
• Best suited for smart

structures

• Improved fatigue
• Better tailoring
• Higher fire resistance
• Less corrosion

Weakness • High density (2.78 g/cm3)
• Fatigue behaviors
• Corrosion behaviors
• High costs of new alloys

• Poor impact behaviors
• No plasticity
• Reparability
• Recycling

• Lower stiffness
• Higher density (2.52 g/cm3)
• Less industrialized process

(compared to CFRP)

Table 1. Strength and weakness of materials for aircraft structures [4].
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The first generation FML, the ARALL, was introduced at 1978 in Faculty of Aerospace Engi-
neering at TU Delft (Delft University of Technology, The Netherlands) [14]. The ARALL
consists of alternating thin aluminum alloy layers (0.2–0.4 mm) and uniaxial or biaxial aramid
fibers. The GLARE which is the second generation of FML presents the excellent fatigue
resistance with high blunt notch strength than either 2024-T3 or ARALL. This new hybrid
material also offers the actual weight reduction when it is applied to the fuselage skin panels
[15, 16]. Finally, a much stiffer FML which is made by carbon fiber instead of aramid and glass
fibers, the CARALL, had been also investigated in TU Delft [17]. The use of high modulus of
carbon fiber (in typical, ranging from 230 to 294 GPa) exhibits more efficient crack bridging at
the preliminary stage of fatigue crack propagation within composite layers [18]. However, the
residual strength of notched CARLL is significantly lower than the monolithic aluminum
alloys due to the limited failure strain of carbon fiber (in typical, 2.0%) [11]. Furthermore, it is
more susceptible to galvanic corrosion when aluminum alloys are electrically connected to
carbon fiber reinforced composites [19–21].

Figure 1. Chronological history of materials for aircraft structures (reproduced from Fontain [3]).

Figure 2. GLARE application on Airbus A380 fuselage section-13/18: Total GLARE area is 469 m2, 27 panels (reproduced
from Beumler [4]) and typical load cases on GLARE sections (reproduced from Assler and Telgkamp [13]).

The Guidelines of Material Design and Process Control on Hybrid Fiber Metal Laminate for Aircraft Structures
http://dx.doi.org/10.5772/intechopen.78217

71



damage tolerance (F&DT) properties have been received considerable attention for further use
of lightweight materials on next generation aircrafts [2]. Therefore, there is a strong need for
the application of more durable and damage tolerant materials to minimize the total mainte-
nance costs of commercial aircraft. Reducing the structural weight can lead to better fuel
efficiency, reduced CO2 emissions and lower maintenance costs. Nowadays, two competing
materials, such as modern aluminum alloys and composites, have the potential to improve the
cost effectiveness, but they still have limitations that restrict their widespread use, for example
corrosion-fatigue resistance for aluminum alloys and blunt notch strength and impact resis-
tance for carbon fiber reinforced plastics (CFRP) [3]. The basic characteristics of materials for
aircraft structures are given in Table 1.

A chronological history of materials for aircraft structures is illustrated in Figure 1. New multi-
layered hybrid materials, FMLs consist of thin metal sheets bonded into a laminate with inter-
mediate thin fiber reinforced composite layers, and combines the benefits of both material classes
[5]. Recently, the use of FMLs leads to subsequent benefits for primary aircraft structures, for
example upper fuselage skin panels as shown in Figure 2 [6–8]. This figure also presents typical
load cases for dimensioning criteria in the design of fuselage structures. To date, the representa-
tive commercially available FML is glass reinforced aluminum laminate (GLARE), which com-
bines thin aluminum sheets with unidirectional glass fiber reinforced epoxy layers [9, 10]. It has
been produced for the upper fuselage skin panels of Airbus A380 (Toulouse, France) at GKN
Aerospace’s Fokker Technologies (Papendrecht, The Netherlands) in collaboration with
AkzoNobel (Amsterdam, The Netherlands) and Alcoa (New York, US) [3, 4, 11]. The FMLs are
also being considered for thin-walled structures for single aisle fuselage shells. In addition, their
superior F&DT properties which are addressed as essential design principles in JAR/FAR
25.571 (Damage-tolerance and fatigue evaluation of structure) make them the ideal candidate
for military aircrafts that such applications are not only subject to high fatigue stresses, but also
high-velocity impact damages (e.g. battle damages) [12]. Concurrently, other types of commer-
cially available FMLs are aramid aluminum laminate (ARALL) based on aramid fibers and
carbon reinforced aluminum laminate (CARALL) based on carbon fibers, respectively [11].

Materials Aluminum alloys Composites (CFRP) FML

Strength • Broad experience
• Repairability
• Static behaviors
• Improvement potential

• Fatigue behaviors
• Low density (1.54 g/cm3)
• No corrosion
• Best suited for smart

structures

• Improved fatigue
• Better tailoring
• Higher fire resistance
• Less corrosion

Weakness • High density (2.78 g/cm3)
• Fatigue behaviors
• Corrosion behaviors
• High costs of new alloys

• Poor impact behaviors
• No plasticity
• Reparability
• Recycling

• Lower stiffness
• Higher density (2.52 g/cm3)
• Less industrialized process

(compared to CFRP)

Table 1. Strength and weakness of materials for aircraft structures [4].

Optimum Composite Structures70

The first generation FML, the ARALL, was introduced at 1978 in Faculty of Aerospace Engi-
neering at TU Delft (Delft University of Technology, The Netherlands) [14]. The ARALL
consists of alternating thin aluminum alloy layers (0.2–0.4 mm) and uniaxial or biaxial aramid
fibers. The GLARE which is the second generation of FML presents the excellent fatigue
resistance with high blunt notch strength than either 2024-T3 or ARALL. This new hybrid
material also offers the actual weight reduction when it is applied to the fuselage skin panels
[15, 16]. Finally, a much stiffer FML which is made by carbon fiber instead of aramid and glass
fibers, the CARALL, had been also investigated in TU Delft [17]. The use of high modulus of
carbon fiber (in typical, ranging from 230 to 294 GPa) exhibits more efficient crack bridging at
the preliminary stage of fatigue crack propagation within composite layers [18]. However, the
residual strength of notched CARLL is significantly lower than the monolithic aluminum
alloys due to the limited failure strain of carbon fiber (in typical, 2.0%) [11]. Furthermore, it is
more susceptible to galvanic corrosion when aluminum alloys are electrically connected to
carbon fiber reinforced composites [19–21].

Figure 1. Chronological history of materials for aircraft structures (reproduced from Fontain [3]).

Figure 2. GLARE application on Airbus A380 fuselage section-13/18: Total GLARE area is 469 m2, 27 panels (reproduced
from Beumler [4]) and typical load cases on GLARE sections (reproduced from Assler and Telgkamp [13]).

The Guidelines of Material Design and Process Control on Hybrid Fiber Metal Laminate for Aircraft Structures
http://dx.doi.org/10.5772/intechopen.78217

71



2. Material property behaviors of GLAREs

2.1. Mechanical behaviors of GLAREs for aircraft structures

GLAREs boast a large number of favorable characteristics, such as low density, static strength,
better F&DT properties, high impact and flame resistances, as shown in Figure 3 [22–24]. More
descriptions on advantages of GLAREs are provided as follows:

• Lightweight: High static strength of GLARE2 in 0� fiber direction contributes to weight
saving over the aluminum alloys by roughly 6% in the design based on bending stiffness,
and by 17% in the design based on yield strength, respectively [25]. For example, the use
of GLAREs on A380 fuselage shells achieves a weight saving of up to 794 kg (�10%)
compared with the aluminum alloys [26]. The typical density of standard GLAREs is the
range from 2.38 to 2.52 g/cm3.

• High strength: It is apparent that the GLAREs reinforced with unidirectional glass fiber
have anisotropic properties. This glass fiber contributes to increase in static strength and
elastic modulus in the longitudinal direction along which the glass fiber is oriented. On
the other hands, the aluminum sheets control overall mechanical properties of GLAREs in
the transverse direction. As a result, the unidirectional GLAREs (e.g. GLARE1 and
GLARE2) exhibit the high ultimate tensile strength compared with the aluminum alloys
in the longitudinal direction, and it contributes to weight reduction in the case of tension-
dominated structural components. In contrast, the transverse strength is somewhat lower
than those of aluminum alloys. To overcome this limitation, the cross-ply GLAREs (e.g.
GLARE3 and GLARE5) and angle-ply GLARE (e.g. GLARE6) have been introduced to
provide the balanced mechanical properties in both directions [26].

• High fatigue resistance: The superior fatigue resistance is a result of fiber bridging mecha-
nism whereby the intact fiber layers provide an alternative load path around the cracked
metal layers, eventually reducing local stress in front of crack tip [27]. Vogelesang et al.

Figure 3. GLARE vs. aluminum alloy comparison ratio.
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[28] reported that GLARE3–3/2 exhibit almost constant slow crack-growth when it is
subjected to constant-amplitude fatigue loading as shown in Figure 4. Such low fatigue
crack growth rate can lead to the minimal scheduled inspection downtime of aircraft.

• Blunt notch strength: The notched residual strength is also an important design parameter
since the geometrical notches (e.g. cutouts to serve as doors and windows) are inevitable in
the design of fuselage shells. Although the GLARE presents a relatively high notch sensitiv-
ity compared with ductile aluminum alloys, and the use of high ultimate strength S2-
unidirectional glass fiber (in typical, 4890 MPa) makes it superior to ARALL in notch
strength [26]. Hagenbeek et al. [29] proposed a numerical simulation model for predicting
blunt notch strength by considering the metal volume fraction based on Norris failure
criterion, and they reported that such approach has been shown to be effective for use in
predicting multi-axial blunt notch strengths (i.e. biaxial and shear components) of GLARE.

• High impact resistance: Impact resistance is actually a significant advantage of GLARE,
especially when compared to either aluminum alloys or CFRP [30]; Figure 5 compares
the respective impact energy absorbing capacities based on the through-the-thickness
cracking (i.e. puncture energy). Obviously, GLARE3–3/2 shows higher impact resistance
to cracking than aluminum alloy. This result may be attributed due to the localized fiber
fracture and the extensive shear failure in the outer aluminum sheets [31, 32]. In addition,
a high strain rate strengthening phenomenon which occurs in the glass fibers, combined
with their relatively high failure strain contribute to increase in the impact resistance of
GLARE, rather than other FMLs, such as ARALL and CARALL [33].

• Burn-through capabilities: To meet the airworthiness standard of a max. 90 seconds evacu-
ation time (JAR/FAR 25.803: Emergency evacuation), a structural integrity of fuselage is of
major importance in order to prolong a safe environment of the passengers in the event of
a post-crash fire scenario. Apparently, the GLARE shows high thermal insulation

Figure 4. Fatigue crack growth [14].
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performance, and subsequently contributes to enhancing structural integrity in fuselage
shells as shown in Figure 6. Owing to high melting temperature of S2 glass fiber (in
typical, 1466�C), only the outer aluminum sheet starts to melt and separates from the
other layers. As a result, the unexposed side of GLARE panel would remain relatively
intact where the unexposed side temperature was just below 400�C.

• Long-term hygrothermal behaviors: In general, the significant changes in moisture absorption
are not observed by GLAREs, which confirmed well to the shielding effect of the outer
aluminum sheet in this material [35, 36]. However, in the case of thermal cycling exposure,
the decrease rate of GLAREs is 1–7% higher than those of glass fiber-reinforced compos-
ites. This reduction is attributed to the large coefficient of thermal expansion (CTE)
difference between their constituent materials [35].

Figure 5. Comparison of low-velocity impact performance [15].

Figure 6. GLARE fire resistance comparing to aluminum alloy [34].
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2.2. GLARE grades

Another beneficial feature of GLARE is that the number and orientation of composite layers
can be selected to best suit different applications, and such material features make it attractive
for structural applications [37]. For the certification of GLAREs for aircraft structures, several
lay-up patterns are already defined as a standard grade: the schematic view of GLARE 3/2 is
shown in Figure 7. This approach is useful to define the specific lay-up pattern used in the
structural design [38]. Nowadays, the standard GLAREs are being produced in six different
grades as listed in Table 2 [39]. All grades are classified according to the type of lay-up pattern
where the composite layers consists of unidirectional S2 glass fiber (AGY Holding Corp., USA)

Figure 7. Schematic view of GLARE 3/2.

Grade Metal layers Prepreg layers Typical
density
(g/cm3)

Characteristics

Grade Thickness
(mm)

Orientation Thickness
(mm)

GLARE1 7475-T761 0.3–0.4 0/0 0.25 2.52 • Unidirectional loaded parts with rolling
direction aluminum sheet in loading
direction (stiffeners)GLARE2 2024-T3 0.2–0.5 0/0 0.25

2024-T3 0.2–0.5 90/90 0.25

GLARE3 2024-T3 0.2–0.5 0/90 0.25 2.52 • Bi-axially loaded parts with 1:1 of princi-
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(a) The number of orientations is equal to the number of unidirectional prepreg ply in each composite layer. The thickness
in mm corresponds to the total thickness of composite layers in between two aluminum layers.
(b) The rolling direction (axial) is defined as 0�, and the transverse rolling direction is defined as 90�.

Table 2. Classification of GLARE for aircraft structures [5, 12, 39].
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performance, and subsequently contributes to enhancing structural integrity in fuselage
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Figure 5. Comparison of low-velocity impact performance [15].

Figure 6. GLARE fire resistance comparing to aluminum alloy [34].
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2.2. GLARE grades
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and FM®94 modified epoxy (Cytec-Solvay Group, USA). Nominal fiber volume fraction and
ply thickness of prepreg are 59% and 0.125 mm, respectively [39].

A special coding convention is used to describe the different GLARE grades and specify their
lay-up patterns. Symbolically, a general configuration is represented as follows [5]:

GLARE NG ¼ Nal=Ngl � tal (1)

where;NG is the number indicatingGLAREgrade,Nal is the number of aluminum layers,Ngl is the
number of composite layers (Ngl =Nal – 1) and tal is the thickness of each separate aluminum sheet
(in typical, 0.25–0.5 mm). Each composite layer in turn consists of a certain number of unidirec-
tional prepreg plies in 0�/90�/�45� directions. For example, each composite layer in GLARE4
consists of two unidirectional prepreg plies in oriented at 0 and 90�with respect to the rolling
direction of aluminum sheets. Thereafter, GLARE4B-3/2 comprises three cross-plies within a
composite layer, for example two layers in 90� and one layer in 0� direction. The fraction of
unidirectional fibers in the rolling direction is twice much than that in the perpendicular direction.

2.3. Design philosophy for GLARE structures

An introduction of new materials for aircraft structures took place in evolution steps which
suggests a realistic application of the innovative design philosophy, eventually leading to
optimization of design concept. The innovative design concept of GLAREs on A380 fuselage
shells is shown in Figure 8 [40]. The structural efficiencies, such as damage tolerance and
residual notch strength are much better served by incorporating the local variations in skin
panel thickness with adhesively bonded joints. In early stage of technology development,
GLARE structures were produced only as a flat panel. The innovations in structural design
have been developed to overcome the joining problem and is termed the splice joint. The first
splice concept consisted of butted aluminum sheets with the composite layer bridging the
splices (e.g. butt joint). However, this concept is not recommended for structural applications
because of premature failure in the butts. To overcome this limitation, several designs of splice
concepts where two aluminum sheets are positioned with a slight over-lap forming a single
metal sheet layer are introduced, as shown in Table 3 [41].

Figure 8. Construction and production possibility with the optimized GLARE panel (reproduced from Wischmann [40]).
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For example, alternating layers (i.e. aluminum sheets and unidirectional S2 glass/epoxy pre-
preg plies) are laid up over the curing tool, in which forms single, or double curvature shape
[5, 42]. The splices are then staggered with respect to each other, while the adhesive layers are
continuous. This interlaminar doubler solution can offer the local thickness variations in the
skin panel [43]. Furthermore, this design concept can allow tailor-made skin panels of any size,
not limited by the standard width of aluminum sheet rolls (in typical, 1.5 m). Now, the
practical limitation of panel sized is only defined by autoclave size. The thickness variations
in the skin panel are generally utilized for compliance with the fail-safe design requirements
and the cost-effective part production for integrating the fuselage structures between skin
panels, longitudinal stringers and circumstance frames. However, the difficulties in the pro-
duction of splice GLARE panels in two bonding cycles demand for a feasible production
solution, which allows for completing a splice joint including doublers through co-curing
process. For this purpose, a SFT (Self-Forming Technique) can provide a smart solution to
produce the required doublers without an additional cure cycle for bonding the doublers over
the base GLARE panel. Such an inter-laminar panel highlights the advantages of using a SFT
process as follows: (1) no dimensional tolerance issue for overlap in double curvature panel, (2)
the evacuation of entrapped air or volatiles in composite layers through splice (adhesive
squeeze-out). It therefore allows for the increased fuselage panels width with reducing the
additional joints, structural weight and production cost [5].

2.4. Metal volume fraction (MVF)

For the standard GLARE grades qualified, their in-plane static properties can be defined by
simple prediction based on MVF, which can reduce the additional experimental testing for
material qualification. A terminology, MVF, reflects the relative contribution of aluminums

Splice in skin panel or doublers Additional glass fiber layers

• Lamination of aluminum sheet width
• Internal stress level in double curved panels • Embedded at frame locations

Inter-laminar doublers Fiber oriented and lay-up

• Spliced, go through depending on length/orientation • Adjust properties to loading condition

Transition of GLARE type Additional layers:

• e.g. GLARE4 to GLARE3 • Aluminum sheet locally at frame station
• Glass layers locally between two aluminum sheets

Table 3. GLARE design features–“giant tool box” (reproduced from Pleitner [41]).
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properties to the properties of GLARE [5]. As a result, the MVF approach is useful for the
prediction of static strength properties for GLARE as found in the literatures [5, 44, 45]. The
MVF value can be calculated as follows:

MVF ¼
Xt

pmetal

tal=tlaminate (2)

where; tal is the thickness of each separate aluminums sheet, tlaminate is the total thickness of
GLARE panel and pmetal is the number of aluminums sheets [5]. The typical MVF values of the
standard GLARE grades are valid in a range between 0.55 and 0.70. The material property of
GLARE having any MVF can be calculated by using a linear relation which follows the “rule of
mixtures” available in anisotropic mechanics by using the Eq. (3).

EGLARE ¼ EM∙MVFþ EG 1�MVFð Þ (3)

where; EGLARE is the elasticity of GLARE and EM and EG are the elasticity of aluminum sheet
and composite layers, respectively. The load transfer ratio for composite layers (PG/PGLARE) in
GLARE according to MVF can be defined as follows:

PG

PGLARE
¼ EG=EM

EG=EM þMVF= 1�MVFð Þ (4)

The load transfer ratio for composite layers in GLARE according to MVF can be predicted as
shown in Figure 9. It is worth noting that the load transfer ratio of composite layer in GLARE
exponentially decreases with the fraction of aluminum sheets. As the fraction of aluminum
sheets in GLARE decreases, more shear load can be dissipated through the aluminum sheet-
composite interface [6].

Figure 9. Plot of load transfer ratio for glass/epoxy layers in GLARE according to MVF for various modulus ratios of EG/
EM: The corresponding GLARE grades of • GLARE2A 3/2–0.4 (0.703), GLARE3 3/2–0.4 (0.703), GLARE4A 3/2–0.4
(0.612), GLARE4B 3/2–0.4 (0.612) and GLARE5 3/2–0.4 (0.542).
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3. Process control methodologies for producing GLARE structures

3.1. Part production and quality controls

Basically, the production process for making GLARE structures is similar to the traditional
production of metallic bonded structures and composite laminates. Before the parts are
released, the part’s quality should be assured through a reliable quality control (QC) method.
For this purpose, the stringent QCs procedures shall be developed and applied to the part
production of GLAREs. At this time, the QCs system includes all procedures that ensure the
raw material quality, in-process control monitoring and verification of fitness for part accep-
tance. At each production stage, the key process parameters should be also standardized with
the specified production tolerances as the follows [4, 5, 41]:

• QC of raw materials. GLARE manufacturer starts with the preparation with rolls of thin
aluminum bare sheet (in typical, 0.3–0.4 mm). A custom-built machine decoils the thin
aluminum sheet from rolls, and flattens the sheet and cuts it to lengths of up to 11 m for
large skin panels. Next, the cut sheets are milled in accordance with the engineering
drawings. At this time, all the aluminum sheets and unidirectional prepreg plies should
be controlled by raw materials inspection specifications, and some specific properties
should be controlled: (1) rolling direction, straightness, waviness and surface roughness
for aluminum sheets; (2) fiber direction, prepreg bridging, or wrinkles and shelf-life
requirements (e.g. storage life and mechanical life) for prepreg plies. This QC activity is
basically the same as the traditional production of sheet metal forming, or composites. All
prepreg shall be cut over a clean, non-contaminated surface with clean, sharp knives, or
digital cutting machine to minimize distortion and splitting. The pre-cut materials (i.e. kit)
should be stored in flat or stress-free condition to prevent folding or further damage.
Unless otherwise specified by the engineering drawings, all the prepreg size should have
a suitable trim at required locations to keep irregular edges out of the final part dimension.

[Source: CompositesWorld]
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• QC of surface treatment. Surface of aluminum bare sheet should be pre-treated to obtain a
proper adhesion strength and durability with the prepreg resin. For this purpose, the
milled sheets are transferred via a handling system to the chemical treatment line. The
standard surface treatment process consists of solvent degreasing, CAE (Chromic-Sulfuric
Acid Etching), CAA (Chromic Acid Anodizing), and followed by organic bond primer. All
key process parameters should be checked for each batch of aluminum sheets according to
the corresponding Airbus’s own specifications, for example deoxidizing/anodic bath tem-
perature, solution chemistry, rinse water purity and so forth. The specific surface treat-
ment procedures of aluminum alloys are going to be explained in detail Section 3.2.
Finally, the primed, cut sheets are re-rolled, and covered in a protective black plastic (or
paper) bag for storage until needed in fabrication.

[Source: Fokker]

• Control of lay-up process. Alternating layers of aluminum bare sheets and prepreg plies are
positioned in the right stacking order in accordance with GLARE grade. All the lay-up
works should be conducted in a sufficiently clean environment, and the working environ-
ment such as temperature and humidity should be also kept below well-defined levels.
All cut prepreg plies should be sequentially prepared and collated on the curing tool in
the location and orientation as per the engineering drawings, or shop process instruction.
An optical LPS (Laser Projection System, Virtek Vision International Inc., Waterloo, ON,
Canada) may be capable of attaining the required dimension tolerance.

[Source: Fokker]
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• Control of autoclave process. The laid-up parts are vacuum bagged, and then placed into the
autoclave to be united by heat and pressure. Autoclave facility shall have instrumentation
which autographically records time, temperature, pressure and vacuumwhere applicable.
All gauges shall be controlled and periodically calibrated and certified in accordance with
the procedures approved by the QC department. During an autoclave cure cycle, a high
compaction pressure (in typical, 11 bar) is normally applied to the GLARE lamination
stack at an elevated curing temperature (in typical, 125�C) for 3.5 hours. The representa-
tive manufacturing-induced defects, such as voids, porosities, should be accurately con-
trolled to prevent internal defects. In addition to the QC activities in the part production of
GLARE, there is also required to perform a “final check” prior to the part release. Non-
destructive inspection (e.g. ultrasonic C-scanner) and some mechanical tests are generally
accomplished in the final step of QC.

[Source: CompositesWorld]

• Post processing. The manufacturing and assembly of GLARE structures typically require
machining operations, such as milling and drilling. For examples, the GKN Aerospace’s
Fokker business has been produced a large-sized GLARE panel of 4.5� 11.5 m by using a 5-
axis milling machine on a movable bed. However, a technique for machining of this multi-
layered structure has presented more challenges in the aerospace industry than aluminum
alloys or composites due to the coupled interaction between composite- and metal-phase
cutting. The machining operations should be accomplished to meet the acceptance limit for
the discrepancies as per the engineering drawing, or process specification.

[Source: CompositesWorld]
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3.2. Surface treatment of aluminum alloys for producing GLARE structures

A strong bonding interface is one of the key factors for improving the durability of GLAREs. It
is apparent that the surface treatment technique can improve the surface energy and wettabil-
ity of metallic substrates, and is an effective method for enhancing the bonding strength
between a metal substrate and a fiber reinforced polymer composite [46]. In addition, the
surface treatment can remove the undesirable surface oxides or contaminants on the metallic
substrate, and ameliorate the surface composition and microstructure of the metallic substrate
[6, 47]. This allows the fiber bridging mechanism and mechanical properties of GLAREs to be
improved, and moreover, the crack propagation rate at the aluminum-composite interface can
be effectively reduced [48, 49]. Previous research works reported that the surface treatment
should be carefully taken into consideration when improving interlaminar shear strength at
the aluminum-composite interface [6, 50], environmental durability and low-velocity impact
resistance of GLARE. Therefore, the proper production steps should be clearly defined before
any production process is implemented. Note that this section is described based on our
previous surface treatment studies of aluminum alloys for aircraft structures [46].

All the anodizing process are complex multi-stage operations incorporating degreasing and
deoxidizing stages, as described in the preceding sections, plus appropriate rinses. Anodizing
oxidation in solution of CAA or PAA is the preferred stabilizing treatment for the structural
adhesive bonding of aluminum alloys in critical applications such as aircraft structures [51, 52].
However, they typically rely on such hazardous materials as strong acid and hexavalent
chromium. The use of chromate is prohibited, or progressively banned in most industries due
to its carcinogen activity. For this purpose, non-chromate anodizing such as boric-sulfuric acid
anodizing (BSAA), or phosphoric-sulfuric anodizing (PSA), have been developed since the
mid-1990s [51, 53], but neither of them have been fully validated for aircraft applications.
Typical anodizing processes and their process parameters are listed in Table 4.

The classical porous oxide structure which are produced by anodizing process is likely to be
related to capillary forces of primer trying to penetrate into the oxide pores, which in turn
increase in mechanical interlocking between anodic oxide and primer [46]. The porous oxide
structures can be controllable in accordance with the anodizing processes, as listed in Table 5.
This table clearly represents the effects of anodizing processes on the oxide structures in terms
of oxide thickness, pore diameter and cell wall thickness. The CAA process was found to give a
relatively thick and softer oxide structure than those formed by the other processes [52]. This
was established as an effective pretreatment for adhesive bonding with superior durability
performance in service [51, 52, 54]. The European aerospace industry is still using this method
[51, 52]. However, notwithstanding the remarkable durability data in corrosive environments,
the use of chromate treatment process is being restricted due to recent environmental policy.

The PAA process is basically used for the structural adhesive bonding of aluminum and its
alloys. The standard process (Boeing’s BAC 5555 or ASTM D 3933) has proven to produce the
most durable and reactive surface for structural adhesive bonding [57]. The PAA substrates are
normally submitted to a Forest Product Laboratory (FPL) etch prior to anodizing, although the
non-chromate acid etch (P2) is sometimes used instead. The PAA-treated anodic oxide is
highly porous with open cell diameter of approximately 32 nm in height on top of a much
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Treatments1 CAA [51] PAA [54] BSAA [51] PSA [53]

Electrolyte
(wt%)

2.5–3.0 (CrO3) 10 (H3PO4) 5.0–10.0 (H3BO3)/
30.0–50.0 (H2SO4)

10.0 (H3PO4)/
10.0 (H2SO4)

Voltage (V) 40.0 � 1.0 10.0 15.0 � 1.0 18 � 2.0

Time (min) 35–45 20 18–22 15

Temperature
(�C)

40.0 � 2.0 25.0 26.7 � 2.2 27.0 � 2.0

Contamination
controls

• Control Cl-2 & sul-
fate impurity

• Incorporation of
BaCO3 powder3 to
remove impurity

• Control Cl- & F4

• Filtering required
to remove fungus

• Prone to biological
contamination5

• Use of sodium
benzoate or
benzoic acid to
prevent fungus
growth

• Control Cl- & F
• The installation of

preventive
devices
for fungus
growth (e.g.filters
and UV lamps)

Racks Al, Ti, Al with Ti-tips Equivalent to CAA Equivalent to CAA Equivalent to CAA

QC issues • Appearances
• Solution chemistry
• Water purity
• Air cleanliness
• Voltages
• Bath temperature

• Appearances
• Solution chemistry
• Water purity
• Air cleanliness
• Voltages
• Coating weight

• Appearances
• Solution chemistry
• Water purity
• Air cleanliness
• Voltages

• Appearances
• Solution chemis-

try
• Water purity
• Air cleanliness
• Voltages

1The proprietary materials and exact production steps are slightly dissimilar between organizations.
2Cl: Chloride ions.
3BaCO3: Barium carbonate.
4F: Fluorine.
5Bio-contaminant organisms, for example fungal (alternaria, fusarium and penicillium species) and bacterial (pseudomo-
nas species).

Table 4. Anodizing processes for structural adhesion bonding of aluminum alloys (reproduced from Park et al. [46] with
permission from Taylor & Francis).

Treatments CAA [51] PAA [55, 56] BSAA [51] PSA [53]

Oxide thickness (nm) 4000 200 3000 1500

Pore diameter (nm) 25 32 10 20–25

Cell wall thickness
(nm)

10 18 10 —

Schematic view of
oxide structure [nm]
(non to scale)

Table 5. Comparison of oxide morphology on 2024-T3 bare aluminum alloys (reproduced from Park et al. [46] with
permission from Taylor & Francis).
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3.2. Surface treatment of aluminum alloys for producing GLARE structures
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be effectively reduced [48, 49]. Previous research works reported that the surface treatment
should be carefully taken into consideration when improving interlaminar shear strength at
the aluminum-composite interface [6, 50], environmental durability and low-velocity impact
resistance of GLARE. Therefore, the proper production steps should be clearly defined before
any production process is implemented. Note that this section is described based on our
previous surface treatment studies of aluminum alloys for aircraft structures [46].

All the anodizing process are complex multi-stage operations incorporating degreasing and
deoxidizing stages, as described in the preceding sections, plus appropriate rinses. Anodizing
oxidation in solution of CAA or PAA is the preferred stabilizing treatment for the structural
adhesive bonding of aluminum alloys in critical applications such as aircraft structures [51, 52].
However, they typically rely on such hazardous materials as strong acid and hexavalent
chromium. The use of chromate is prohibited, or progressively banned in most industries due
to its carcinogen activity. For this purpose, non-chromate anodizing such as boric-sulfuric acid
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mid-1990s [51, 53], but neither of them have been fully validated for aircraft applications.
Typical anodizing processes and their process parameters are listed in Table 4.

The classical porous oxide structure which are produced by anodizing process is likely to be
related to capillary forces of primer trying to penetrate into the oxide pores, which in turn
increase in mechanical interlocking between anodic oxide and primer [46]. The porous oxide
structures can be controllable in accordance with the anodizing processes, as listed in Table 5.
This table clearly represents the effects of anodizing processes on the oxide structures in terms
of oxide thickness, pore diameter and cell wall thickness. The CAA process was found to give a
relatively thick and softer oxide structure than those formed by the other processes [52]. This
was established as an effective pretreatment for adhesive bonding with superior durability
performance in service [51, 52, 54]. The European aerospace industry is still using this method
[51, 52]. However, notwithstanding the remarkable durability data in corrosive environments,
the use of chromate treatment process is being restricted due to recent environmental policy.

The PAA process is basically used for the structural adhesive bonding of aluminum and its
alloys. The standard process (Boeing’s BAC 5555 or ASTM D 3933) has proven to produce the
most durable and reactive surface for structural adhesive bonding [57]. The PAA substrates are
normally submitted to a Forest Product Laboratory (FPL) etch prior to anodizing, although the
non-chromate acid etch (P2) is sometimes used instead. The PAA-treated anodic oxide is
highly porous with open cell diameter of approximately 32 nm in height on top of a much
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thinner barrier layer [54, 55, 58]. The PAA oxide thickness is typically reported in the range
from 200 to 400 nm with a much thinner barrier layer of about 10 nm [54, 55]. The physical
comparisons between PAA and CAA oxide structures clearly represent the PAA oxide to have
a much more open porous structure, which would bemore easily penetrated by the subsequent
organic bond primer, thereby drawing the organic polymer into the oxide structure to form a
very strong interlocking interphase. The PAA oxide structure provides either equivalent or
better durability results than the CAA oxide structure in the most experimental trails [59].

The BSAA process is usually carried out using a mixture of 5–10 wt.% boric acid (H3BO3) and
30–50 wt.% sulfuric acid (H2SO4) at 26.7 � 2.2�C. This process was patented by Boeing as a
direct replacement to the CAA process [51, 60]. It is well known that the CAA process pro-
duces a chromium mist that is hazardous to health if inhaled. The BSAA is an alternative that
eliminates this concern and the need for mist control. The process standard, BAC 5632,
involves deoxidizing with tri-acid solutions, consisting of sodium dichromate, sulfuric, and
hydrofluoric acid (HF), followed by the application of boric and sulfuric acid anodizing. The
parts are then dried in warm air at 75�C prior to bond primer application. The anodic film
which is produced by the standard BSAA has relatively small pore diameter (10 nm) compared
with the conventional CAA film (25 nm), as listed in Table 5. The anodic oxide structure from
the BSAA has a paint adhesion that is equal, or superior, to the one formed on CAA [51, 60].
For this purpose, the BSAA process parameters have been modified by the research groups, for
example [61]. As a result, the required surface topography and equivalent mechanical stability
in strength and durability are only enhanced when the following process variations were
instituted: electrolytic phosphoric acid deoxidizer (EPAD) [51]: anodizing bath temperature
in the BSAA bath [51, 61] and additional post treatment using a PAD [51].

More recently, a variety of alternative chromate-free electrochemical treatments have been intro-
duced in the context of corrosion protection and adhesive bonding of aluminum and its alloys.
The new eco-efficient alternatives developed by Airbus include tartaric-sulfuric acid anodizing
(TSA) and PSA. In particular, a significant step towards chromate-free has been achieved by PSA
process for adhesively bonded joints. This process, which is utilized for adhesive bonded joints is
usually carried out by using a mixture of 10 wt.% phosphoric acid (H3PO4) and 10 wt.% sulfuric
acid (H2SO4) at temperatures ranging from 26 to 28�C [53]. This process is now ready for the
qualification by Airbus. The standard process requires nitric acid deoxidizing prior to PSA
treatment. The PSA-treated surface produces an oxide structure of about 1500 nm in thickness
with somewhat narrow porous structures in the range from 20 to 25 nm in pore diameter [62].
The PSA process has a reduced process time (in typical, 23 min) and anodizing temperature
(27�C), compared with the standard CAA [53]. This leads to an improvement in eco-efficiency by
decreasing time and energy consumption and offers a capacity increase.

3.3. Lesson learned from serial production of GLARE structures

In-process QCs activities are essential if the fits, forms, functions and requirements designed into
a part are to be consistently achieved. In general, the QC systems applied to the part production
of GLARE structures should be established based on the company’s own specifications, part
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requirements, engineering drawings. For this purpose, all available QC factors such as pre-
scribed contractual requirements, available equipment, level of personnel training and documen-
tation systems should be carefully considered. Table 6 describes the specific lesson learned in
part production and the corresponding practical solution.

Issues Possible practical solutions

Fingerprints or fluid spots on aluminum sheets

[Sealed bags containing prepared rolled aluminum
sheets prior to lay-up, source: CompositesWorld]

• The surface treated aluminum sheets should be stored in
dust-free area, or be protected to prevent the further con-
tamination. The sealed bags are typically utilized to protect
the bond-primed surfaces of aluminum sheets prior to the
lay-up process.

• Only materials listed in the process specification shall be
used in contact with the aluminum sheets inside the net
trim line prior to cure. For this purpose, the consumable
processing aid materials used in the parts production
should be separated into two categories:
(1) Contact-use materials: approved for use in direct contact
with the anodized (or primed) surface of aluminum sheets.
(2) Noncontact-use materials: approved for use as aids to
processing but shall not contact the anodized (or primed)
aluminum sheets inside the trim line prior to autoclave cure.

Autoclave pressure variations • Pressure controller has to regulate the autoclave pressure to
maintain a uniform pressure level throughout a cure cycle.
In addition, the pressure reservoir shall be kept twice the
autoclave pressure so as to operate the pneumatic valves
and solenoid valves sufficiently.

Folds and kinks of aluminum sheet

[Roll out over prepreg layers, source:
CompositesWorld]

• During the preparation of thin rolled aluminum sheets
(0.2–0.5 mm), consisting of unrolling, cutting, surface treat-
ments (i.e. anodizing and bond primering) and conse-
quently rolling up, all aluminum sheets should be prepared
without folding, or kinks. The damaged material shall not
be used for part production. In the stage of lay-up process,
the aluminum sheet should be rolled over the un-cured
prepreg plies.

Folded prepreg during lay-up process • As small regions of prepreg ply are sheared, the surround-
ing regions can begin to fold, or wrinkle because of the
discontinuity in in-plane strain across the prepreg ply. If the
deformation exceeds the limit angle of prepreg material, it
is considered to be either fiber wrinkling, or bridging out of
the material’s tolerance.

• Pre-cut materials shall be stored in flat, stress-free condi-
tion to prevent folding or damage. The damaged material
shall not be used for part production.
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thinner barrier layer [54, 55, 58]. The PAA oxide thickness is typically reported in the range
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comparisons between PAA and CAA oxide structures clearly represent the PAA oxide to have
a much more open porous structure, which would bemore easily penetrated by the subsequent
organic bond primer, thereby drawing the organic polymer into the oxide structure to form a
very strong interlocking interphase. The PAA oxide structure provides either equivalent or
better durability results than the CAA oxide structure in the most experimental trails [59].

The BSAA process is usually carried out using a mixture of 5–10 wt.% boric acid (H3BO3) and
30–50 wt.% sulfuric acid (H2SO4) at 26.7 � 2.2�C. This process was patented by Boeing as a
direct replacement to the CAA process [51, 60]. It is well known that the CAA process pro-
duces a chromium mist that is hazardous to health if inhaled. The BSAA is an alternative that
eliminates this concern and the need for mist control. The process standard, BAC 5632,
involves deoxidizing with tri-acid solutions, consisting of sodium dichromate, sulfuric, and
hydrofluoric acid (HF), followed by the application of boric and sulfuric acid anodizing. The
parts are then dried in warm air at 75�C prior to bond primer application. The anodic film
which is produced by the standard BSAA has relatively small pore diameter (10 nm) compared
with the conventional CAA film (25 nm), as listed in Table 5. The anodic oxide structure from
the BSAA has a paint adhesion that is equal, or superior, to the one formed on CAA [51, 60].
For this purpose, the BSAA process parameters have been modified by the research groups, for
example [61]. As a result, the required surface topography and equivalent mechanical stability
in strength and durability are only enhanced when the following process variations were
instituted: electrolytic phosphoric acid deoxidizer (EPAD) [51]: anodizing bath temperature
in the BSAA bath [51, 61] and additional post treatment using a PAD [51].

More recently, a variety of alternative chromate-free electrochemical treatments have been intro-
duced in the context of corrosion protection and adhesive bonding of aluminum and its alloys.
The new eco-efficient alternatives developed by Airbus include tartaric-sulfuric acid anodizing
(TSA) and PSA. In particular, a significant step towards chromate-free has been achieved by PSA
process for adhesively bonded joints. This process, which is utilized for adhesive bonded joints is
usually carried out by using a mixture of 10 wt.% phosphoric acid (H3PO4) and 10 wt.% sulfuric
acid (H2SO4) at temperatures ranging from 26 to 28�C [53]. This process is now ready for the
qualification by Airbus. The standard process requires nitric acid deoxidizing prior to PSA
treatment. The PSA-treated surface produces an oxide structure of about 1500 nm in thickness
with somewhat narrow porous structures in the range from 20 to 25 nm in pore diameter [62].
The PSA process has a reduced process time (in typical, 23 min) and anodizing temperature
(27�C), compared with the standard CAA [53]. This leads to an improvement in eco-efficiency by
decreasing time and energy consumption and offers a capacity increase.

3.3. Lesson learned from serial production of GLARE structures

In-process QCs activities are essential if the fits, forms, functions and requirements designed into
a part are to be consistently achieved. In general, the QC systems applied to the part production
of GLARE structures should be established based on the company’s own specifications, part
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requirements, engineering drawings. For this purpose, all available QC factors such as pre-
scribed contractual requirements, available equipment, level of personnel training and documen-
tation systems should be carefully considered. Table 6 describes the specific lesson learned in
part production and the corresponding practical solution.

Issues Possible practical solutions
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tamination. The sealed bags are typically utilized to protect
the bond-primed surfaces of aluminum sheets prior to the
lay-up process.

• Only materials listed in the process specification shall be
used in contact with the aluminum sheets inside the net
trim line prior to cure. For this purpose, the consumable
processing aid materials used in the parts production
should be separated into two categories:
(1) Contact-use materials: approved for use in direct contact
with the anodized (or primed) surface of aluminum sheets.
(2) Noncontact-use materials: approved for use as aids to
processing but shall not contact the anodized (or primed)
aluminum sheets inside the trim line prior to autoclave cure.

Autoclave pressure variations • Pressure controller has to regulate the autoclave pressure to
maintain a uniform pressure level throughout a cure cycle.
In addition, the pressure reservoir shall be kept twice the
autoclave pressure so as to operate the pneumatic valves
and solenoid valves sufficiently.

Folds and kinks of aluminum sheet

[Roll out over prepreg layers, source:
CompositesWorld]

• During the preparation of thin rolled aluminum sheets
(0.2–0.5 mm), consisting of unrolling, cutting, surface treat-
ments (i.e. anodizing and bond primering) and conse-
quently rolling up, all aluminum sheets should be prepared
without folding, or kinks. The damaged material shall not
be used for part production. In the stage of lay-up process,
the aluminum sheet should be rolled over the un-cured
prepreg plies.

Folded prepreg during lay-up process • As small regions of prepreg ply are sheared, the surround-
ing regions can begin to fold, or wrinkle because of the
discontinuity in in-plane strain across the prepreg ply. If the
deformation exceeds the limit angle of prepreg material, it
is considered to be either fiber wrinkling, or bridging out of
the material’s tolerance.

• Pre-cut materials shall be stored in flat, stress-free condi-
tion to prevent folding or damage. The damaged material
shall not be used for part production.
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Issues Possible practical solutions

Porosities (or voids)

[NDT defect area with air enclosure, source: Fokker]

• The porosities (or voids) considerably degrade the
static strength and fatigue life as a result of insufficient
adhesion between aluminum–prepreg and prepreg–
prepreg interfaces. Park et al. [6, 35] reported that the
reduction in porosity content from 1.30% to 0.69%
could account for 46.46% increase in the interlaminar
shear strength.

• High autoclave pressure (in typical. 11 bar) is generally
applied to achieve the acceptable porosities (or voids)
contents in GLARE parts.

Prepreg gap controls

[LPS, source: Virtek]

• The intra-ply gap (i.e. butt-joint) and overlap splices is
a common issue in the production of GLARE parts. It is
apparent that the manufacturing–induced defects, such
as delamination, or fiber missing result in the part
thickness variation and the subsequent stress concen-
trations [63].

• The requirements of ply collation, such as fiber orientation,
location and splice gap are normally specified on the engi-
neering drawing, or corresponding process specification.
A LPS with low-intensity laser beams may be utilized for
precision controls of ply location, especially on tapered or
contoured parts.

Spring-back after curing process • One key challenge in GLARE part production is to
fabricate the sound part within tight dimensional
tolerances. This issue has been particularly found in the
integrated GLARE fuselage panels, for example double
curved panels manufactured by SFT process.
Orthotropic thermal and chemical properties in combi-
nation with autoclave production parameters, such as
cure temperature and compaction pressure, are detri-
mental to achieve this goal.

• Being able to predict the changes in part configuration
allows to design curing tool geometries that already com-
pensate for the undesired change in curvature [64]. This
approach can lead to a significant cost reduction for the
curing tool-design.

Disturbed resin squeeze out after curing • Insignificant resin bleeding, or squeeze-out in the
transverse direction is occasionally observed between
two aluminum sheets. This result is attributed to
either the loss of vacuum pressure applied consistently,
or the absence of curing reaction for epoxy-matrix.

• At the same time, high compaction pressure is
required to compress the materials and squeeze out
excess resin.

Table 6. Lesson learned from production of GLARE structures.
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4. Conclusions

The new hybrid material FML has been successfully applied to the commercial aircraft struc-
tures by offering weight savings of 10% compared with conventional aluminum and its alloys,
together with benefits that include high tensile strength and better F&DT characteristics and
high level of fiber safety. A large number of literatures on the practical applications demon-
strates that the material properties of FMLs and their additional interlinked advantages make
them the ideal option for thin-walled fuselage shells of next single aisle aircrafts. This chapter
dealt with the details of technological developments with ongoing research efforts to under-
stand the material property behaviors of FMLs, especially static strength, F&DT properties and
long-term durability. In addition, two predictionmethods ofMVF andCLT have been introduced
to predict the corresponding static properties of FMLs respect to the different lay-up patterns.
However, to compete with the typical materials used in aerospace engineering, additional efforts
should be directed towards producing consistently sound FML structures at affordable costs
and ensuring the stringent quality controls for compliance with structural integrity. Recently,
the FML manufacturers have continued to make a substantial progress in production technol-
ogy, which allows for enabling FMLs in high-volume production rates and increasing afford-
ability for aerospace industry. In addition to the consideration of each constituent material’s
properties, a strong interfacial bonding between metal sheets and composite layers is one of the
key factors for the improvement in joint strength and long-term durability of FML structures.
Therefore, a proper surface treatment on the metallic substrate is prerequisite for achieving
long-term service capability through more efficient processing in production.
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Abstract

Fiber-metal laminates (FMLs) are key to modern composite structures and metal-composite 
coupling is crucial to improve their effectiveness. Cold-metal transfer (CMT) PIN welding, 
in correlated efforts, has been successfully explored as a metal-composite hybrid joining 
approach. This work proposes a novel development on FMLs, which consists of introducing 
metal pins welded by CMT PIN for anchoring their metal and composite layers together. 
Thus, miniaturized FML panels with different pin deposition spacing and patterns are eval-
uated with emphasis in drop-weight testing followed by buckling and by means of Iosipescu 
shear test as complement. They are also subjected to cosmetic and preliminary modal analy-
ses. Besides not adding significant weight, the pins does not make the panels more brittle 
and their distribution does not imply significant effect in the capacity that the panels have to 
dissipate impact. The panels with pins exhibit a less catastrophic trend, indicating damage 
tolerance improvement as significantly higher loads at longer axial displacements in buck-
ling test after impact are achieved. The anchoring effect of the pins is confirmed throughout 
the shear test results. The pins also significantly increase the damping factor of the panels 
and the changes in their metal surfaces by the CMT PIN process are considered as irrelevant.

Keywords: fiber-metal laminates, composite structures, adhesion, anchoring, CMT PIN

1. Introduction

The demand for high-performance-lightweight structures continues to stimulated advances 
in fiber- metal laminates (FMLs). Cortes and Cantwell [1] describe FMLs as hybrid compos-
ite structures based on thin sheets of metal alloys and plies of fiber-reinforced polymeric 
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Fiber-metal laminates (FMLs) are key to modern composite structures and metal-composite 
coupling is crucial to improve their effectiveness. Cold-metal transfer (CMT) PIN welding, 
in correlated efforts, has been successfully explored as a metal-composite hybrid joining 
approach. This work proposes a novel development on FMLs, which consists of introducing 
metal pins welded by CMT PIN for anchoring their metal and composite layers together. 
Thus, miniaturized FML panels with different pin deposition spacing and patterns are eval-
uated with emphasis in drop-weight testing followed by buckling and by means of Iosipescu 
shear test as complement. They are also subjected to cosmetic and preliminary modal analy-
ses. Besides not adding significant weight, the pins does not make the panels more brittle 
and their distribution does not imply significant effect in the capacity that the panels have to 
dissipate impact. The panels with pins exhibit a less catastrophic trend, indicating damage 
tolerance improvement as significantly higher loads at longer axial displacements in buck-
ling test after impact are achieved. The anchoring effect of the pins is confirmed throughout 
the shear test results. The pins also significantly increase the damping factor of the panels 
and the changes in their metal surfaces by the CMT PIN process are considered as irrelevant.
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materials. Sinmazçelik et al. [2] justify this combination by considering that metals are iso-
tropic materials, have high strength and impact resistance and are easy to repair, while full 
composites generally present high strength and stiffness and excellent fatigue characteristics. 
According to Salve et al. [3], FMLs take positive characteristics from both metals and fiber-
reinforced composites, resulting in superior mechanical properties compared to conventional 
lamina processed from fiber-reinforced composites or monolithic metals. Despite exhibiting 
low weights, according to Seydel and Chang [4], composite materials are very susceptive to 
impact damage. On the other hand, metals are in general heavier, but might have excellent 
impact resistance. Thus, very light and impact resistant panels might be produced by combin-
ing the low volumetric mass density of a fiber-reinforced polymer with the high impact resis-
tance of ductile metals. As stated by Vlot [5], impact damage zones of FMLs are smaller than 
those found in fiber-reinforced composites alone. In summary, FMLs are characterized by a 
balance of low structural weight and high strength and stiffness, when compared with metals.

The adhesion between metal and composite is clearly a crucial factor to improve the effectiveness 
of FMLs and several techniques accomplish it by changing the surface characteristics of the metal 
part [2]. In this line, hybrid joining approaches have been developed, but specifically aiming at 
improving the performance of composite-metal joints [6]. These approaches essentially rely on 
macro-scale metal anchorages on the metal surface to interlock the layers of fiber-reinforced poly-
mer and add strength to the adhesive bond. One of the most recent techniques applies an array of 
pins deposited on the metal part, before joining, as anchorages (mechanical interlocking) for the 
composite part. Cold-metal transfer (CMT) PIN, an arc-welding-based process developed and 
commercialized by Fronius (Austria), would be a relatively low-cost option to be used. The CMT 
PIN was created from its parent process called CMT, in which metal wire is continuously fed and 
an electric arc (protected by gas) is open between the wire tip and the material to be welded, as in 
all gas metal arc welding (GMAW) techniques. But in difference to common GMAW, CMT uses a 
proprietary torch, which periodically reverses the advancing electrode wire when it touches the 
weld pool, allowing a smooth transfer of molten material into it (in this instant, current is also 
considerably reduced, with no short-circuit current peaks) without spattering (loss of material). 
The heat transferred to the work piece is very low, causing just minor metallurgical changes as 
well as low levels of distortion and discoloration/oxidation (including in the reverse side) in the 
base metal. The CMT PIN embarks a program for pin depositions. Following short-circuiting, it 
causes the wire to stay resting against the weld pool (with no arc) allowing time for cooling and 
consequent welding of the wire to the base metal. Shortly afterwards, a low current is forced to 
heat and soften the welded wire near its mid length (between the torch and the work piece), but 
not enough to break it apart and open the arc. With the reversing motion started, the soft wire 
undergoes a tensile force and is broken, leaving a pin formed on the base metal. By changing 
deposition parameters, pins of different sizes and geometries can be formed [7]. Ucsnik et al. [8] 
have shown that pins deposited by CMT PIN on the metal side improved the strength of metal-
composite joints. According to Graham et al. [9], adhesive bonding with CMT PIN anchorage 
was able to consistently outperform adhesive bonded only specimens in terms of strength and 
energy absorption at quasi-static and high loading rates, as well as in terms of damage tolerance 
after impact, environmental durability and mechanical fatigue performance.

The capacity that the CMT PIN process seems to have to enhance the performance of compos-
ite-metal hybrid joints might be extended to FMLs. Arrays of pins on the metal sides could 
perform as anchorages for the composite sides throughout the panels, contributing to the 
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performance along with the adhesive bonding between the composite and metal sheets. This 
approach has been recently investigated for the first time and the initial results are promising 
[10], despite the first pinned panels, due to manufacturing issues related to the number of 
prepreg layers, have exhibited significant variation in thickness. The first results indicate that 
the pins have potential to improve damage tolerance of fiber-metal laminate panels (FMLPs). 
Thus, the objective of this present work was to assess the application of metal pins deposited 
by CMT PIN on metal surfaces used as layers of FMLPs, yet controlling the thickness and 
the number of prepreg layers. The methodological approach includes comparing small-sized 
FMLPs with different pin deposition patterns and spans to a reference (without pins) FMLP, 
in terms of energy dissipation during drop-weight testing, impact damage characterization 
and buckling test after impact. Iosipescu shear test, modal analysis and cosmetic characteriza-
tion were also carried out.

2. Methodological approach

2.1. Manufacturing of the panels

The small-sized FMLPs reinforced with metal pins were produced as illustrated in Figure 1. The 
reference FMLPs (without pins) were produced in the same way, with exception of the pin depo-
sition step. The metals parts were composed of AISI 430 stainless steel sheets (350 × 80 × 0.4 mm). 
For pin deposition, a Fronius TransPuls Synergic 5000 power source was used, connected to a 
VR7000-CMT wire feeder, a PullMig CMT torch and a RCU 5000i remote control unit, with 
DB0875 data base selected (synergic line CrNi 19 9 PIN). A welding robot was used to move the 
torch according to the deposition pattern. An AWS ER309L filler wire with nominal diameter of 
1 mm (verified value of 0.98 ± 0.00 mm) was used as pin material and Ar with 4% (verified as 
3.7%) of CO2 gas at a flow rate of 8 L/min was employed to protect the pin deposition. Fronius 
Contec MD® contact tips were employed, as recommended for CMT PIN. The torch was always 
kept perpendicular to the metal parts. The metal surfaces were all homogeneously wiped with 
acetone wetted cloth. Other input parameters, such as contact-tip to work-piece distance (5 mm), 
metal sheet temperature (room temperature ≈ 27°C) and pin deposition sequence were remained 
unchanged. The CMT PIN process was then parameterized to get minimum-height (considering 
the thickness of the FMLs) and small ball-head pins. Ucsnik et al. [8] had shown that the ball-
head shaped pins present potential in metal-composite hybrid joining. Pins of 2.50 ± 0.06 mm in 
height and 1.40 ± 0.03 mm in head diameter were produced, resulting in an average pin weight 
of 0.023 ± 0.002 g.

The pin deposition process was monitored by sampling the electrical current and voltage data, 
as exemplified in Figure 2. The pin deposition cycle (T) was 5.73 s, consequence of the robot 
motion between two consecutive deposition points, which was not optimized in this work. 
As seen, the CMT PIN process works basically by controlling the levels of current applied to 
the electrode-wire and the dwell time in each level. First, the voltage is at its open-circuit level 
ready for arc starting. Then, the electrical arc is struck (by short-circuiting the electrode-wire 
to the base metal) and its tip and base metal below are melted (tarc = 0.04 s). Subsequently, after 
the electrode-wire forward movement and contact with the base metal, the arc is extinguished 
and the welding between the electrode-wire and the base metal takes place (tweld = 0.02 s). 
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Finally, the welded electrode-wire undergoes heating, softening and breaking apart at its 
mid length range by a combination of current flow and electrode-wire backward movement 
(trup = 0.36 s).

Figure 2. Cycle of pin deposition based on the electrical current and voltage data.

Figure 1. Sequence of production of small-sized FMLPs reinforced with metal pins welded by cold-metal transfer (CMT) 
PIN process.
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After CMT PIN processing, all metal parts (with and without pins) went through ultrasonic 
cleaning by immersion in acetone for 8 minutes to remove any process-related or not ele-
ments that could impair the adherence of the composite parts (Figure 3). For composite lami-
nation, prepregs made of glass fiber (8-Harness Satin Weave) and epoxy resin from Hexcel 
Corporation (product data 7781-38”-F155) were employed. Each layer of prepreg was cut with 
dimensions of 360 × 90 mm (in excess of 5 mm measured from each of the metal sheet edges). 
The prepreg layers were stacked on top of the lower metal parts (with or without pins), 
always aligning the warp yarns with their length and, consequently, the filling yarns with 
their width. Next, the upper metal parts were placed aligned to the prepreg layers and lower 
metal parts. All prepreg handling was executed in a white room, avoiding to the maximum 
any contamination. All small-sized panels were wrapped with a thin film of release agent 
(polyamide) and then processed in groups of three in a CARVER® CMG100H-15-C hot-curing 
press according to the curing cycle displayed in Figure 4. After curing, the composite material 
exciding the edges of each panel was removed by means of band sawing followed by belt 
sanding, ending up in panels of 350 × 80 × 4 mm.

Figure 3. Example of metal sheet after pin deposition, where: (a) before; and (b) after cleaning.

Figure 4. Curing cycle used for the fabrication of the small-sized FMLPs.
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Two basic types of small-sized FMLPs were made (Figure 5): conventional FMLPs (without 
pins), i.e., metal-composite-metal (M-C-M); and FMLPs with pins, i.e., pined metal-compos-
ite-pined metal (MPin-C-MPin). The MPin-C-MPin type was produced using a combination 
of two levels of pin separation (5 and 10 mm) and two deposition patterns (hexagonal and 
squared). The pins of the upper metal parts were deposited with an adequate displacement 
in relation to the pins of the lower metal parts, avoiding contact between the upper and lower 
pins and providing homogenous distribution. Each one of the five small-sized FMLPs types 
was produced twice for replication in the tests.

Figure 5. Types of small-sized panels fabricated with respective cross sections and schematic overlapping of pins on 
the upper and lower metal sheets, where M-C-M stands for metal-composite-metal, MPin-C-MPin for pined metal-
composite-pined metal for hexagonal and squared pattern and S for distance separating the pins (panel width ≈ 80 mm; 
panel length ≈ 350 mm; the dot-like marks on the panels with pins are due to stainless steel heat-induced oxidation right 
under where the pins were deposited—This esthetic effect could be avoided with inert gas back purging).
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As shown in Table 1, an attempt was made to keep the same thickness (approximately 4 mm) 
and prepreg layers per panel (13) for all FMLPs types. Pin density was estimated for each 
pertinent case, by considering the respective number of pins divided by the panel surface area 
(560 cm2). However, concerning mass density, usually crucial for FMLPs, the presence of pins 
has only marginal effect, regardless of pin density. The overall average mass density of the 
FMLPs with pins was 3.2 g/cm3, close to the case of M-C-M (without pins).

3. Non-destructive evaluation

3.1. Modal analysis

Modal analysis is a tool largely used to determine dynamic properties (natural frequencies, 
damping factors and vibration modes) of mechanical structures by imposing vibrations [11]. 
According to Rao [12], any movement of a flexible structure that repeats itself after a time 
interval is called vibration. This movement can be inferred instantaneously or continuously. 
The use of modal analysis is often applied due to the ease of implementation, relatively low 
cost, as well as being a nondestructive analysis.

According to Bolina et al. [13], the natural frequencies (fn) indicate the rate of free oscillation 
of the structure, after ceasing the force that caused its movement. In other words, it rep-
resents how much the structure vibrates when there is no longer a force applied to it. It is 
worth recalling that the value of the natural frequency of a structure depends on its stiffness 
and mass. In a structure several natural frequencies can be observed because it can vibrate 
freely (after being excited by a force) in several directions and modes. In practice, higher 
values of natural frequency indicate that elastic stresses are preponderant to inertial forces. 
Moreover, whenever a structure oscillates with a frequency equal to one its natural frequen-
cies, a phenomenon called resonance occurs. The resonance implies high amplitudes of vibra-
tion, and can cause structural failures as, for example, in the breaking of a crystal glass of 
wine due to sound energy. In this case, when the frequency of vibration caused by the source  

Panel type Pins per 
panel

Prepreg layers 
per panel

Actual thickness 
(mm)

Pin density 
(pin/cm2)

Mass density  
(g/cm3)

M-C-M (without pins) 0 13 3.90 ± 0.03 0 3.0

MPin-C-MPin hexagonal 
5 mm

2001 13 4.04 ± 0.03 3.61 3.3

MPin-C-MPin hexagonal 
10 mm

525 13 4.00 ± 0.07 0.94 3.0

MPin-C-MPin squared 
5 mm

1976 13 4.08 ± 0.01 3.57 3.3

MPin-C-MPin squared 
10 mm

518 13 3.96 ± 0.02 0.93 3.1

Table 1. Characteristics of the small-sized FMLPs.
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Two basic types of small-sized FMLPs were made (Figure 5): conventional FMLPs (without 
pins), i.e., metal-composite-metal (M-C-M); and FMLPs with pins, i.e., pined metal-compos-
ite-pined metal (MPin-C-MPin). The MPin-C-MPin type was produced using a combination 
of two levels of pin separation (5 and 10 mm) and two deposition patterns (hexagonal and 
squared). The pins of the upper metal parts were deposited with an adequate displacement 
in relation to the pins of the lower metal parts, avoiding contact between the upper and lower 
pins and providing homogenous distribution. Each one of the five small-sized FMLPs types 
was produced twice for replication in the tests.

Figure 5. Types of small-sized panels fabricated with respective cross sections and schematic overlapping of pins on 
the upper and lower metal sheets, where M-C-M stands for metal-composite-metal, MPin-C-MPin for pined metal-
composite-pined metal for hexagonal and squared pattern and S for distance separating the pins (panel width ≈ 80 mm; 
panel length ≈ 350 mm; the dot-like marks on the panels with pins are due to stainless steel heat-induced oxidation right 
under where the pins were deposited—This esthetic effect could be avoided with inert gas back purging).

Optimum Composite Structures98

As shown in Table 1, an attempt was made to keep the same thickness (approximately 4 mm) 
and prepreg layers per panel (13) for all FMLPs types. Pin density was estimated for each 
pertinent case, by considering the respective number of pins divided by the panel surface area 
(560 cm2). However, concerning mass density, usually crucial for FMLPs, the presence of pins 
has only marginal effect, regardless of pin density. The overall average mass density of the 
FMLPs with pins was 3.2 g/cm3, close to the case of M-C-M (without pins).

3. Non-destructive evaluation

3.1. Modal analysis

Modal analysis is a tool largely used to determine dynamic properties (natural frequencies, 
damping factors and vibration modes) of mechanical structures by imposing vibrations [11]. 
According to Rao [12], any movement of a flexible structure that repeats itself after a time 
interval is called vibration. This movement can be inferred instantaneously or continuously. 
The use of modal analysis is often applied due to the ease of implementation, relatively low 
cost, as well as being a nondestructive analysis.

According to Bolina et al. [13], the natural frequencies (fn) indicate the rate of free oscillation 
of the structure, after ceasing the force that caused its movement. In other words, it rep-
resents how much the structure vibrates when there is no longer a force applied to it. It is 
worth recalling that the value of the natural frequency of a structure depends on its stiffness 
and mass. In a structure several natural frequencies can be observed because it can vibrate 
freely (after being excited by a force) in several directions and modes. In practice, higher 
values of natural frequency indicate that elastic stresses are preponderant to inertial forces. 
Moreover, whenever a structure oscillates with a frequency equal to one its natural frequen-
cies, a phenomenon called resonance occurs. The resonance implies high amplitudes of vibra-
tion, and can cause structural failures as, for example, in the breaking of a crystal glass of 
wine due to sound energy. In this case, when the frequency of vibration caused by the source  
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(sound wave) coincides with the natural frequency of the crystal glass, the amplitude of oscil-
lation of this body reaches high values, because the source progressively gives energy to the 
body, and the crystal glass might break if the strain extensions exceed the levels supported 
by the material. However, vibration levels during a resonance can be attenuated if there are 
dissipation mechanisms that have high damping factors present in the structure, for example, 
shock absorbers (holding tightly the crystal glass in one’s hand avoid the resonance-induced 
breakage). A more damped structure at a certain natural frequency can attenuate vibration 
levels more quickly. The damping factors (ξn) represent the damping levels of a structure, 
which in turn are characterized for each of its natural frequencies.

By analyzing, for a given natural frequency (periodic movement) the relationship between 
the points that discretize the structure, one obtains the natural modes of vibration. That is, the 
modes of vibration determine the way the structure vibrates at a certain natural frequency. In 
practice, by knowing the dynamic properties of a structure, it is possible to determine how the 
vibration oscillations will be at different measurement positions. Therefore, the objective of 
applying experimental modal analysis in the FMLPs was to evaluate, through the respective 
natural frequencies (fn) and damping factors (ξn), whether the pins inside the FMLPs would 
be able to modify the dynamic properties of the panels. The modal forms of the FMLPs were 
not evaluated in this work.

According to Lundkvist [14], structural dynamic properties or modal parameters in practice 
are identified from the Frequency Response Function (FRF). To obtain the FRF, the data that 
are in time domain are transformed to frequency domain, using the Fourier transformation, 
as exemplified in Figure 6. At the same time, from the response of the system vibrating under 
a condition, the modal properties are determined. It can be said that from the identified modal 
properties, the dynamic temporal behavior of the structure is predicted under any excitation 
conditions. As shown in Figure 6(d), a temporal response of the structure contains the partici-
pation of its modes of vibration, each mode of vibration contemplating a natural frequency, 
damping factor and modal form. In order to apply the modal analysis in the small-sized pan-
els, the experimental bench shown in Figure 7 was used.

Some details of the experimental bench assembly are given below:

• The small-sized FMLP is hung by means of a nylon line glued to the side edges of it, form-
ing a 60 mm arrow, as shown in Figure 8. It is called a “free-free” boundary condition when 
there is no rigid support or fixation of the structure. In this way, FMLP would be, by this 
experimental setup, in a “free-free” boundary condition, which was chosen because it is 
relatively simple to perform and quite informative.

• The positions of analysis of the dynamic response of each panel were based on a mesh of 51 
points, as also indicated in Figure 8.

• The piezoelectric accelerometer is a model 352С22 (S/N LW181487) from the manu-
facturer PCB Piezotronics®, fixed in a position of the small-sized FMLP by means of a 
specific wax, that allows the propagation of the vibrations between the panel and the 
acceleration.
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• The shaker is a model K2007E01 from manufacturer Modal Shop Inc. with the function of 
programming time and frequency of vibration to induce in the object of analysis (panel) 
through a connection tube. In this work, the shaker was programmed to produce a white 
noise type signal (random signal with equal intensity at different frequencies) comprising 
the frequency range 0–800 Hz in order to find the dynamic properties of the structure. The 
choice of this frequency range was made from a preliminary study, in which the first four 
modes of vibration were found. This frequency band determines the composition of the 
white noise that will be exerted by the electromagnetic exciter.

• The load cell is a model 208C03 (S/N LW34448), glued to the panel at a given position, as 
shown in Figure 8.

• The data acquisition system is capable of obtaining and analyzing the accelerometer and 
load cell signals. This system was configured to obtain a frequency resolution (Δf) of 
0.25 Hz and an analysis band between 0 (fmin) and 800 (fmax) Hz. The acquisition rate 
(temporal resolution) of the data is then defined automatically by the acquisition system.

• The software is from Brüel and Kjær, from the manufacturer Vibrant Technology®, for acqui-
sition and post-processing to identify the dynamic properties parameters of the panels.

Figure 6. Illustration of a modal analysis, where: (a) experimental assembly; (b) response of the plate in the time domain; 
(c) response of the plate in the frequency domain (FRF); (d) overlap of the responses and example of the modal plate 
forms corresponding to each natural frequency (resonance) (after [15]).

Figure 7. Experimental bench with the equipment used for perform modal analysis of the small-sized FMLPs, where: 
1—panel (object of analysis); 2—nylon line glued to the edges of the FMLP; 3—accelerometer; 4—shaker; 5—stinger 
(connection tube) between the load cell and shaker; 6—load cell (bonded to the panel); 7—acquisition data system; 8—
computer and software for data processing.
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(sound wave) coincides with the natural frequency of the crystal glass, the amplitude of oscil-
lation of this body reaches high values, because the source progressively gives energy to the 
body, and the crystal glass might break if the strain extensions exceed the levels supported 
by the material. However, vibration levels during a resonance can be attenuated if there are 
dissipation mechanisms that have high damping factors present in the structure, for example, 
shock absorbers (holding tightly the crystal glass in one’s hand avoid the resonance-induced 
breakage). A more damped structure at a certain natural frequency can attenuate vibration 
levels more quickly. The damping factors (ξn) represent the damping levels of a structure, 
which in turn are characterized for each of its natural frequencies.

By analyzing, for a given natural frequency (periodic movement) the relationship between 
the points that discretize the structure, one obtains the natural modes of vibration. That is, the 
modes of vibration determine the way the structure vibrates at a certain natural frequency. In 
practice, by knowing the dynamic properties of a structure, it is possible to determine how the 
vibration oscillations will be at different measurement positions. Therefore, the objective of 
applying experimental modal analysis in the FMLPs was to evaluate, through the respective 
natural frequencies (fn) and damping factors (ξn), whether the pins inside the FMLPs would 
be able to modify the dynamic properties of the panels. The modal forms of the FMLPs were 
not evaluated in this work.

According to Lundkvist [14], structural dynamic properties or modal parameters in practice 
are identified from the Frequency Response Function (FRF). To obtain the FRF, the data that 
are in time domain are transformed to frequency domain, using the Fourier transformation, 
as exemplified in Figure 6. At the same time, from the response of the system vibrating under 
a condition, the modal properties are determined. It can be said that from the identified modal 
properties, the dynamic temporal behavior of the structure is predicted under any excitation 
conditions. As shown in Figure 6(d), a temporal response of the structure contains the partici-
pation of its modes of vibration, each mode of vibration contemplating a natural frequency, 
damping factor and modal form. In order to apply the modal analysis in the small-sized pan-
els, the experimental bench shown in Figure 7 was used.

Some details of the experimental bench assembly are given below:

• The small-sized FMLP is hung by means of a nylon line glued to the side edges of it, form-
ing a 60 mm arrow, as shown in Figure 8. It is called a “free-free” boundary condition when 
there is no rigid support or fixation of the structure. In this way, FMLP would be, by this 
experimental setup, in a “free-free” boundary condition, which was chosen because it is 
relatively simple to perform and quite informative.

• The positions of analysis of the dynamic response of each panel were based on a mesh of 51 
points, as also indicated in Figure 8.

• The piezoelectric accelerometer is a model 352С22 (S/N LW181487) from the manu-
facturer PCB Piezotronics®, fixed in a position of the small-sized FMLP by means of a 
specific wax, that allows the propagation of the vibrations between the panel and the 
acceleration.
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• The shaker is a model K2007E01 from manufacturer Modal Shop Inc. with the function of 
programming time and frequency of vibration to induce in the object of analysis (panel) 
through a connection tube. In this work, the shaker was programmed to produce a white 
noise type signal (random signal with equal intensity at different frequencies) comprising 
the frequency range 0–800 Hz in order to find the dynamic properties of the structure. The 
choice of this frequency range was made from a preliminary study, in which the first four 
modes of vibration were found. This frequency band determines the composition of the 
white noise that will be exerted by the electromagnetic exciter.

• The load cell is a model 208C03 (S/N LW34448), glued to the panel at a given position, as 
shown in Figure 8.

• The data acquisition system is capable of obtaining and analyzing the accelerometer and 
load cell signals. This system was configured to obtain a frequency resolution (Δf) of 
0.25 Hz and an analysis band between 0 (fmin) and 800 (fmax) Hz. The acquisition rate 
(temporal resolution) of the data is then defined automatically by the acquisition system.

• The software is from Brüel and Kjær, from the manufacturer Vibrant Technology®, for acqui-
sition and post-processing to identify the dynamic properties parameters of the panels.

Figure 6. Illustration of a modal analysis, where: (a) experimental assembly; (b) response of the plate in the time domain; 
(c) response of the plate in the frequency domain (FRF); (d) overlap of the responses and example of the modal plate 
forms corresponding to each natural frequency (resonance) (after [15]).

Figure 7. Experimental bench with the equipment used for perform modal analysis of the small-sized FMLPs, where: 
1—panel (object of analysis); 2—nylon line glued to the edges of the FMLP; 3—accelerometer; 4—shaker; 5—stinger 
(connection tube) between the load cell and shaker; 6—load cell (bonded to the panel); 7—acquisition data system; 8—
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Figure 9 shows the FRF curve typical of the amplitude and phase relationship (angular lag) along 
the frequency domain (0–800 Hz) between the output signals (measured acceleration) and input 
(applied force), from which the dynamic properties of the panels were determined. In this case, 
the phase between the responses of the accelerometer (acceleration) and the load cell (force) has 
a role to confirm if a resonant peak actually occurred along the frequency domain. Rao [12] men-
tions that resonance occurs when simultaneously a peak in the positive signal of FRF amplitude 
is observed and when the phase is near or passes through 90°. As shown in Figure 9, in the four 
resonance peaks (modes) the phase signals clearly changed their values (downwards), thus, by 
confirming that the resonance peaks actually occurred. The shape of the peaks (resonances) also 
indicates the level of damping, since the more “oval” peaks are associated with high damping 
effect. The Rational Fraction Polynomial (RFP) method [11, 16] was used to accurately determine 
the natural frequencies (fn) and damping factors (ξn) of each mode. The RFP method consists in 
adjusting a ratio of polynomials to FRF curves (amplitude and phase) obtained experimentally. 
For this purpose, a routine was devised in MATLAB® environment.

The dashed lines of Figure 9 point to the appearance (typical for all panels analyzed) of the 
adjustment made by the RFP method in FRF (amplitude and phase) experimental curves 
using a 7th degree polynomial. With the adjustment performed in all positions, 51 modal 
parameters of each panel, namely the natural frequencies (fn) and damping factors (ξn), were 
determined. The solid lines of Figure 9 show the FRF curves of the amplitude and phase 
evaluated in a given position of the panel (similar behavior for the other points of the mesh). 
It is possible to note the presence of four peaks (frequencies around 200, 480, 560 and 650 Hz) 
from the amplitude plot of Figure 9, indicating the resonant frequencies of the panel.

Parts (a) and (b) of the Figure 10 present average results of four modes of the natural frequency 
(fn) and damping factor (ξn), respectively, measured at the 51 points of the measurement mesh. 
To facilitate the analysis, Table 2 was organized to display the results of the four modes of vibra-
tion in terms of natural frequency and damping factor for all types of pinned small-sized panels 
in relation to the conventional one (without pins). Regarding the natural frequency, which rep-
resents the relationship between the stiffness and mass of a structure, it is possible to notice that 
the pinned panels did not have a significant variation of the natural frequencies of the vibration 
modes compared to the panels without pins. This implies that the pins have little effect on this 
dynamic property. Possibly, in spite of the mass increase provided by the deposition of the pins, 
the increase in stiffness takes place in a proportional way so that the natural frequency remains 
unchanged (in relation to the panel without pins). In contrast, the presence of the pins in the 
FMLPs significantly increased the damping factor of the FMLPs between two and five times 
(pinned panels with 10 mm spacing and hexagonal deposition pattern) depending on the vibra-
tion mode, compared to conventional panel (without pins). This was probably due to the fact 

Figure 8. 51 mesh sequential point positioning of the accelerometer in a small-sized FMLP MPin-C-MPin hexagonal 
10 mm type (≈350 × 80 × 4 mm).
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that the pins, individually or group, acts as a power dissipation mechanism. Thus, the oscillation 
amplitudes are attenuated more quickly with the presence of the pins. This quality could be 
exploited in practice, for example, aiming at structures less susceptible to acoustic problems and 
to high amplitudes of vibration at low frequencies. Other patterns of deposition and/or pin den-
sity could be explored in the sense of improving acoustic insulation and damping characteristics 
of vibrations in structures based on metal-composite laminates.

Figure 9. Amplitude (above) and phase (below) curves evaluated in a point of the MPin-C-MPin hexagonal 10 mm panel 
type (similar behavior for the other points), where solid lines are FRF and dashed lines are adjustment performed by 
the RFP method in the analysis band (ω) between 0 and 800 Hz (note that the adjustment overlapped the experimental 
curve for the amplitude case).

Figure 10. (a) Average results of the four natural frequency modes (fn) and (b) average results of the four modes of 
damping factors (ξn) obtained through modal analysis of the small-sized FMLPs.
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Figure 9 shows the FRF curve typical of the amplitude and phase relationship (angular lag) along 
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evaluated in a given position of the panel (similar behavior for the other points of the mesh). 
It is possible to note the presence of four peaks (frequencies around 200, 480, 560 and 650 Hz) 
from the amplitude plot of Figure 9, indicating the resonant frequencies of the panel.

Parts (a) and (b) of the Figure 10 present average results of four modes of the natural frequency 
(fn) and damping factor (ξn), respectively, measured at the 51 points of the measurement mesh. 
To facilitate the analysis, Table 2 was organized to display the results of the four modes of vibra-
tion in terms of natural frequency and damping factor for all types of pinned small-sized panels 
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resents the relationship between the stiffness and mass of a structure, it is possible to notice that 
the pinned panels did not have a significant variation of the natural frequencies of the vibration 
modes compared to the panels without pins. This implies that the pins have little effect on this 
dynamic property. Possibly, in spite of the mass increase provided by the deposition of the pins, 
the increase in stiffness takes place in a proportional way so that the natural frequency remains 
unchanged (in relation to the panel without pins). In contrast, the presence of the pins in the 
FMLPs significantly increased the damping factor of the FMLPs between two and five times 
(pinned panels with 10 mm spacing and hexagonal deposition pattern) depending on the vibra-
tion mode, compared to conventional panel (without pins). This was probably due to the fact 
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that the pins, individually or group, acts as a power dissipation mechanism. Thus, the oscillation 
amplitudes are attenuated more quickly with the presence of the pins. This quality could be 
exploited in practice, for example, aiming at structures less susceptible to acoustic problems and 
to high amplitudes of vibration at low frequencies. Other patterns of deposition and/or pin den-
sity could be explored in the sense of improving acoustic insulation and damping characteristics 
of vibrations in structures based on metal-composite laminates.
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3.2. Cosmetic characterization

In literature [17–19], the major part of Fiber-Metal Laminates (FMLs), due to their advantages, 
is used in modern aircraft parts, such as fuselage, wings, etc. FMLPs are used as manufac-
tured or after paint application. In this context, the quality of the surface becomes a relevant 
factor. Thus, the objective of this section was to evaluate the influence of the deposition of the 
pins on the metal surface of the FMLP. A general evaluation of the cosmetic characteristics 
of the different FMLPs was made by measuring the waviness and roughness of the metal 
surfaces opposite to the pinned regions.

Figure 11 shows a small-sized FMLP reinforced with pins, where it is possible to perceive the 
dark marks on the metal surface, which represent the pins deposited on the opposite side. These 
marks are characterized by a localized deformation (peak and valley) and a heat-induced oxida-
tion due to the welding of the pins (the cosmetic effect of the oxidation could be avoided with 
the application of purging with inert gas or reducing agent), that is, it is taken as a thermome-
chanical effect. The localized deformation is due to the operational mode of the CMT PIN, which 
deposits the pins by arc process (thermal effect), creating a small weld pool, but not reaching 
the opposite side. The tip of the electrode wire then penetrates into the weld pool, possibly 
reaching its bottom and pushing the surface of the metal sheet, deforming it (mechanical effect), 
characterizing the peak in the center of the marks (out of the panel). Then the current is turned 
off and the wire solidifies on the surface of the metal sheet. Next, current flows through the 
welded wire and metal sheet, promoting heating by Joule effect and wire softening, and a retrac-
tion movement of the wire breaks it apart, leaving behind a pin. It is believed that this retraction 
of the wire deforms the metal sheet, creating valleys concentric to the peak in the future panel. 
Concurrently, some expansion and contraction effects may also occur, but in a secondary way.

The measurements of surface waviness and roughness was performed with a Form Talysurf Intra 
profilometer from Taylor Hobson® with a resolution of 16 nm and range measurement of 1 mm. 
The measurement parameters were set as measuring speed equal to 0.25 mm/s, measuring length 
equal to 10 mm and ambient temperature of 20 ± 2°C (ABNT NBR ISO 1 [20]) and value of cut-off 
sample length equal to 0.8 mm (according to ISO 4288 [21]). Recalling that the cut-off value repre-
sents a segment of measurement length used in some representations of roughness measurements. 
It is important to note that, for the panels with pins, the tip of the profilometer was positioned 
to measure only some of the regions of marks left by the deposition of the pins crossing them 

Panel type 1st mode (%) 2nd mode (%) 3rd mode (%) 4th mode (%)

Δfn Δξn Δfn Δξn Δfn Δξn Δfn Δξn

MPin-C-MPin hexagonal 5 mm 0.02 −6.32 4.46 54.68 0.14 63.90 4.48 165.22

MPin-C-MPin hexagonal 10 mm 0.26 235.09 2.90 276.44 −3.70 355.89 0.96 586.97

MPin-C-MPin squared 5 mm 0.23 12.37 4.12 252.64 −0.46 17.80 0.89 8.75

MPin-C-MPin squared 10 mm 1.28 31.80 0.98 16.29 −0.85 5.67 0.21 26.07

Table 2. Percentage change of vibration modes of the natural frequency (Δfn) and damping factor (Δξn) of the panels 
with pins in relation to the conventional panel (without pins).
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radially. In the panels without pins, areas of the same size were chosen. For statistical purposes, 
three samples of surfaces for each type of panel, chosen randomly, were analyzed. Figure 12(a) and 
(b) show the typical waviness profiles of the surfaces of panels with and without pins, respectively, 
and illustrates the associated measured region. The quantification of the waviness was made from 
the maximum distances between peak and valley [ΔZ of Figure 12(a)] of each marking. It has been 
observed that the peak of the surface corrugation profile is located in the center of the pin depos-
ited on the opposite surface of the metal sheet and the two minimum peaks appear around the pin, 
as shown in Figure 12(a). Since the pins are made with the same parameters, the values of ΔZ are 
close, resulting in an average value of 26.92 ± 2.35 μm. For comparison purposes, the same criterion 
was applied in FMLPs without pins, resulting in average ΔZ of only 1.40 ± 0.40 μm.

The column graph of Figure 13 shows the average (Ra), maximum (Rz) and total (Rt) 
roughness of the sampled regions of the panels. Recalling that Ra is the arithmetic mean 

Figure 11. Example of the dark marks on the metal surface of the small-sized FMLP (MPin-C-MPin hexagonal 5 mm with 
dimensions ≈350 × 80 × 4 mm) caused by pin deposition process.

Figure 12. Typical surface profiles of the small-sized panels, where: (a) with pins (showing sharp waviness); (b) without 
pins (without waviness).
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3.2. Cosmetic characterization

In literature [17–19], the major part of Fiber-Metal Laminates (FMLs), due to their advantages, 
is used in modern aircraft parts, such as fuselage, wings, etc. FMLPs are used as manufac-
tured or after paint application. In this context, the quality of the surface becomes a relevant 
factor. Thus, the objective of this section was to evaluate the influence of the deposition of the 
pins on the metal surface of the FMLP. A general evaluation of the cosmetic characteristics 
of the different FMLPs was made by measuring the waviness and roughness of the metal 
surfaces opposite to the pinned regions.

Figure 11 shows a small-sized FMLP reinforced with pins, where it is possible to perceive the 
dark marks on the metal surface, which represent the pins deposited on the opposite side. These 
marks are characterized by a localized deformation (peak and valley) and a heat-induced oxida-
tion due to the welding of the pins (the cosmetic effect of the oxidation could be avoided with 
the application of purging with inert gas or reducing agent), that is, it is taken as a thermome-
chanical effect. The localized deformation is due to the operational mode of the CMT PIN, which 
deposits the pins by arc process (thermal effect), creating a small weld pool, but not reaching 
the opposite side. The tip of the electrode wire then penetrates into the weld pool, possibly 
reaching its bottom and pushing the surface of the metal sheet, deforming it (mechanical effect), 
characterizing the peak in the center of the marks (out of the panel). Then the current is turned 
off and the wire solidifies on the surface of the metal sheet. Next, current flows through the 
welded wire and metal sheet, promoting heating by Joule effect and wire softening, and a retrac-
tion movement of the wire breaks it apart, leaving behind a pin. It is believed that this retraction 
of the wire deforms the metal sheet, creating valleys concentric to the peak in the future panel. 
Concurrently, some expansion and contraction effects may also occur, but in a secondary way.

The measurements of surface waviness and roughness was performed with a Form Talysurf Intra 
profilometer from Taylor Hobson® with a resolution of 16 nm and range measurement of 1 mm. 
The measurement parameters were set as measuring speed equal to 0.25 mm/s, measuring length 
equal to 10 mm and ambient temperature of 20 ± 2°C (ABNT NBR ISO 1 [20]) and value of cut-off 
sample length equal to 0.8 mm (according to ISO 4288 [21]). Recalling that the cut-off value repre-
sents a segment of measurement length used in some representations of roughness measurements. 
It is important to note that, for the panels with pins, the tip of the profilometer was positioned 
to measure only some of the regions of marks left by the deposition of the pins crossing them 

Panel type 1st mode (%) 2nd mode (%) 3rd mode (%) 4th mode (%)

Δfn Δξn Δfn Δξn Δfn Δξn Δfn Δξn

MPin-C-MPin hexagonal 5 mm 0.02 −6.32 4.46 54.68 0.14 63.90 4.48 165.22

MPin-C-MPin hexagonal 10 mm 0.26 235.09 2.90 276.44 −3.70 355.89 0.96 586.97

MPin-C-MPin squared 5 mm 0.23 12.37 4.12 252.64 −0.46 17.80 0.89 8.75

MPin-C-MPin squared 10 mm 1.28 31.80 0.98 16.29 −0.85 5.67 0.21 26.07

Table 2. Percentage change of vibration modes of the natural frequency (Δfn) and damping factor (Δξn) of the panels 
with pins in relation to the conventional panel (without pins).
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radially. In the panels without pins, areas of the same size were chosen. For statistical purposes, 
three samples of surfaces for each type of panel, chosen randomly, were analyzed. Figure 12(a) and 
(b) show the typical waviness profiles of the surfaces of panels with and without pins, respectively, 
and illustrates the associated measured region. The quantification of the waviness was made from 
the maximum distances between peak and valley [ΔZ of Figure 12(a)] of each marking. It has been 
observed that the peak of the surface corrugation profile is located in the center of the pin depos-
ited on the opposite surface of the metal sheet and the two minimum peaks appear around the pin, 
as shown in Figure 12(a). Since the pins are made with the same parameters, the values of ΔZ are 
close, resulting in an average value of 26.92 ± 2.35 μm. For comparison purposes, the same criterion 
was applied in FMLPs without pins, resulting in average ΔZ of only 1.40 ± 0.40 μm.

The column graph of Figure 13 shows the average (Ra), maximum (Rz) and total (Rt) 
roughness of the sampled regions of the panels. Recalling that Ra is the arithmetic mean 

Figure 11. Example of the dark marks on the metal surface of the small-sized FMLP (MPin-C-MPin hexagonal 5 mm with 
dimensions ≈350 × 80 × 4 mm) caused by pin deposition process.

Figure 12. Typical surface profiles of the small-sized panels, where: (a) with pins (showing sharp waviness); (b) without 
pins (without waviness).
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of the absolute values of the roughness peaks in relation to a midline within the measure-
ment length. Rz is defined as the highest value of the roughness (peaks), that is, the rough-
ness measured in segments defined by the cut-off, which is presented in the measuring 
path. Finally, Rt corresponds to the vertical distance between the highest peak and the 
deepest valley in the measurement length, obtained within the segments defined by the 
cut-off. These roughness representations were chosen based on the studies of De Chiffre 
et al. [22] and De Chiffre [23], which demonstrated the parameters most used in industry. 
The results show that all types of panels have roughly the same roughness values of Ra, 
Rz and Rt (considering the mean standard deviation). However, the deposition of the 
pins promoted an increase of roughness in the regions of the marks, in relation to the 
conventional panel.

Thus, it was concluded that the deposition of the pins by CMT PIN process, through its 
thermo-mechanical principle (electric arc with advancement and retraction of the wire), 
changes the surface profile of a metallic sheet (0.4 mm thickness), but only on a microscopic 
scale (at slightly less than 30 μm in terms of waviness and at just over 0.20 μm in terms of 
roughness). In this way, the elimination of staining due to pin deposition already largely 
removes the cosmetic drawbacks.

4. Destructive evaluation

In order to evaluate the influence of the pins as anchorages between metal and composite 
inside FMLPs, mechanical tests were employed until failure. Drop-weight test (low-speed 
impact test) was performed to assess the capacity of the FMLPs to dissipate impact energy. 
Buckling test, after impact (drop-weight test), was used to evaluate the performance of the 
FMLPs in such loading condition. And shear test (Iosipescu) was carried out to survey the 
effects that the pins have on the delamination of FMLPs.

Figure 13. Results of Ra (mean), Rz (maximum) and Rt (total) obtained on small-sized FMLPs surfaces.
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4.1. Drop-weight testing

The FMLPs reinforced with pins, as conceived in this work, and the reference panels [M-C-M 
(without pins)] were submitted to impact damage by drop-weight testing. The small-sized FMLPs 
produced were cut in half their length, resulting in specimens of ≈175 × 80 × 4 mm each, and thus 
two specimens were used for each FMLP type. The aim with this test was to verify whether 
the pins would have positive or deleterious effects on the FMLPs concerning their capacity to 
absorb impact energy. Based on the ASTM D7136 standard [24], a rig to impose free fall (from 
around 1850 mm of height) of a constant mass (2.326 kg) over the small-sized panel surface was 
devised (Figure 14(a)). This mass was composed of a 28.5 mm spherical head made of hard steel 
attached to a plain carbon steel cylinder (50 mm of diameter and 150 mm of length). The rig 
included a latching device for ensuring no mass bouncing (single impact). A commercial high-
speed camera filming at 2000 frames per second with 90 mm f/2.5 macro lens and frontal lighting 
was employed to quantify the energy (based on mass speed) involved in the impacts. The free 
fall height aimed a potential energy sufficient for causing apparent damage at impact, which 
resulted in 10.5 J per each millimeter of panel thickness (gravitational acceleration considered as 
9.81 m/s2). Figure 14(b) shows the upper and lower surfaces of all types of panels after impact.

High-speed images were used for determination of the falling/raising mass velocities immediately 
before/after impact, based on displacements (visualized from frame to frame) of its spherical head 
lower surface and respective time lapses, as seen in Figure 15(a). A fitting curve, taking into account 
the non-uniform rectilinear motion due to gravity of the falling/raising mass, was figured out for 
each panel (including replications) and the velocities at the panel upper surface level were esti-
mated by extrapolation. The velocity right at the end of the fall (actual impact) is referred as impact 
velocity and the velocity right at the beginning of the rebound as return velocity, which resultant 
average levels varied respectively from 5.81 to 5.96 m/s, as indicated in Figure 15(b). According to 
Ursenbach et al. [25], the drop-weight test applied was classified as of low impact velocity (between 
1 and 10 m/s). Farooq and Myler [26] consider an impact as of low velocity when an object impacts 
a target without penetrating it, situation observed for all panels tested in this present work.

The velocities involved in the impacts, in turn, were used to calculate the impact and return ener-
gies. Impact energy was considered as the kinetic energy of the falling mass just before actual 
impact (fall height tending to zero–panel upper surface level before impact). Analogously, 
return energy was taken as the kinetic energy of the raising mass at the beginning of the 
rebound after the impact (rebound height tending to zero–panel upper surface level before 
impact). Energy dissipation during impact was assumed as the relative drop in the kinetic 
energy due to impact. The impact energy quantities were represented by two ways: energy and 
specific energy (considering the panel mass density), as presented in Figure 16. As seen, the 
impact energy was always around 40 J, being the small fluctuation probably due experimental 
errors. The return energies and energy dissipations were also similar for all FMLPs types. In 
general, the presence of pins as anchorages inside the FMLPs did not seem to have any signifi-
cant effect concerning the capacity of the panels to absorb impact energy. Therefore, the pins, 
at least for the impact conditions applied, did not make the FMLPs more brittle. In addition, 
the change in the deposition pattern of the pins, at least for the remaining conditions, did not 
show any effect concerning the capacity of the panels to dissipate impact energy.
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4.1. Drop-weight testing

The FMLPs reinforced with pins, as conceived in this work, and the reference panels [M-C-M 
(without pins)] were submitted to impact damage by drop-weight testing. The small-sized FMLPs 
produced were cut in half their length, resulting in specimens of ≈175 × 80 × 4 mm each, and thus 
two specimens were used for each FMLP type. The aim with this test was to verify whether 
the pins would have positive or deleterious effects on the FMLPs concerning their capacity to 
absorb impact energy. Based on the ASTM D7136 standard [24], a rig to impose free fall (from 
around 1850 mm of height) of a constant mass (2.326 kg) over the small-sized panel surface was 
devised (Figure 14(a)). This mass was composed of a 28.5 mm spherical head made of hard steel 
attached to a plain carbon steel cylinder (50 mm of diameter and 150 mm of length). The rig 
included a latching device for ensuring no mass bouncing (single impact). A commercial high-
speed camera filming at 2000 frames per second with 90 mm f/2.5 macro lens and frontal lighting 
was employed to quantify the energy (based on mass speed) involved in the impacts. The free 
fall height aimed a potential energy sufficient for causing apparent damage at impact, which 
resulted in 10.5 J per each millimeter of panel thickness (gravitational acceleration considered as 
9.81 m/s2). Figure 14(b) shows the upper and lower surfaces of all types of panels after impact.

High-speed images were used for determination of the falling/raising mass velocities immediately 
before/after impact, based on displacements (visualized from frame to frame) of its spherical head 
lower surface and respective time lapses, as seen in Figure 15(a). A fitting curve, taking into account 
the non-uniform rectilinear motion due to gravity of the falling/raising mass, was figured out for 
each panel (including replications) and the velocities at the panel upper surface level were esti-
mated by extrapolation. The velocity right at the end of the fall (actual impact) is referred as impact 
velocity and the velocity right at the beginning of the rebound as return velocity, which resultant 
average levels varied respectively from 5.81 to 5.96 m/s, as indicated in Figure 15(b). According to 
Ursenbach et al. [25], the drop-weight test applied was classified as of low impact velocity (between 
1 and 10 m/s). Farooq and Myler [26] consider an impact as of low velocity when an object impacts 
a target without penetrating it, situation observed for all panels tested in this present work.

The velocities involved in the impacts, in turn, were used to calculate the impact and return ener-
gies. Impact energy was considered as the kinetic energy of the falling mass just before actual 
impact (fall height tending to zero–panel upper surface level before impact). Analogously, 
return energy was taken as the kinetic energy of the raising mass at the beginning of the 
rebound after the impact (rebound height tending to zero–panel upper surface level before 
impact). Energy dissipation during impact was assumed as the relative drop in the kinetic 
energy due to impact. The impact energy quantities were represented by two ways: energy and 
specific energy (considering the panel mass density), as presented in Figure 16. As seen, the 
impact energy was always around 40 J, being the small fluctuation probably due experimental 
errors. The return energies and energy dissipations were also similar for all FMLPs types. In 
general, the presence of pins as anchorages inside the FMLPs did not seem to have any signifi-
cant effect concerning the capacity of the panels to absorb impact energy. Therefore, the pins, 
at least for the impact conditions applied, did not make the FMLPs more brittle. In addition, 
the change in the deposition pattern of the pins, at least for the remaining conditions, did not 
show any effect concerning the capacity of the panels to dissipate impact energy.
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4.1.1. Damage characterization (damage depth profile) after impact

The through-thickness damage extent, i.e., the depth profile of the impact damage (permanent 
deformation), was found by measuring the vertical displacement of the central transversal 
and central longitudinal lines drawn in all panels before drop-weight testing. The edges of the 
panels, both in length and width, were taken as references without permanent deformation 
after impact. A commercial manual-floating-type coordinate measuring machine, with 1 μm 
of resolution, was used for taking the measurements. The damage profile was determined by 
scanning the upper and lower surfaces of the panels, as exemplified in Figure 17. As seen, the 
measuring mesh was reduced to 5 mm near the damage area, against 10 mm in the rest of the 
surface of the panels.

Figure 15. (a) Extrapolation of the falling/raising mass velocity at impact and return (MPin-C-MPin hexagonal 5 mm 
panel, as example); (b) average impact and return velocities for each panel (h = height; v = velocity).

Figure 14. (a) Schematic frontal and top views of the drop-weight test rig, where: 1—high-speed camera with lens; 
2—small-sized panel; 3—halogen lamp of 1 kW (2 units); 4—high-inertia base with central clearance hole (125 mm long, 
75 mm wide and 25 mm deep); 5—flat background, perpendicular to the base; 6—mass guidance tube; 7—PC for image 
viewing; 8—mass with spherical head; (b) upper and lower surfaces of all types of panels (≈175 × 80 × 4 mm) after impact.
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The average damage depth profiles of each panel are shown in Figure 18(a). As the profiles were 
nearly longitudinally and transversally symmetrical, only half of the panel’s length and width 
are represented. In general, the damage profiles found in each surface of the FMLPs with pins 
were similar, longitudinally as well as transversally, to the profiles found in the conventional 

Figure 16. Average impact and return energies and consequent energy dissipation during drop-weight testing.

Figure 17. General setup for damage depth profile determination (upper panel surface, as example), where: 1—damaged 
small-sized panel (MPin-C-MPin hexagonal 5 mm panel, as example); 2—work table; 3—3D digital probe (touching 
head); 4—support; 5—clamping.
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The average damage depth profiles of each panel are shown in Figure 18(a). As the profiles were 
nearly longitudinally and transversally symmetrical, only half of the panel’s length and width 
are represented. In general, the damage profiles found in each surface of the FMLPs with pins 
were similar, longitudinally as well as transversally, to the profiles found in the conventional 

Figure 16. Average impact and return energies and consequent energy dissipation during drop-weight testing.

Figure 17. General setup for damage depth profile determination (upper panel surface, as example), where: 1—damaged 
small-sized panel (MPin-C-MPin hexagonal 5 mm panel, as example); 2—work table; 3—3D digital probe (touching 
head); 4—support; 5—clamping.
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FMLP [M-C-M (without pins)]. However, the presence of pins tends to change the permanent 
deformation of the panels after impact as complementally shown in Figure 18(b). It is also noted 
that the upper and lower surfaces exhibited different typical deformation profiles. In all panel 
types, the depth profile was more concentrated (shorter and shallower) in the upper surface than 
in the lower surface. The falling mass head might have tended to replicate its spherical contour 
on the upper surface, with the extent limited by the panel own thickness, which would work 
as restriction against deformation. The final damage extent at the lower surface, in contrast, is 
limited by the edges of the central clearance hole of the base of the drop-weight test rig, which 
are reasonably far away. It is even possible to observe that the change in damage depth profile 
is more gradual along the central longitudinal line (edges of support 125 mm apart) and more 
abrupt along the central transversal line (edges of support 75 mm apart). As the conventional 
FMLPs [M-C-M (without pins)] and FMLPs with pins had equal number of prepreg layers, they 
behaved similarly, consequently dissipating a close amount of energy during impact (Figure 16).

For a better understanding of the results of the least permanent deformed FMLPs, MPin-C-
MPin squared 5 mm and MPin-C-MPin hexagonal 10 mm (Figure 18(b)), they were analyzed 
visually. In Figure 19, it is possible to notice that, in the case of these FMLPs, the spherical 

Figure 18. (a) Depth profiles of the damages produced in each panel (average of 2 samples) from 3D digital probing; (b) 
average maximum permanent deformation in each panel.

Figure 19. Zoom of the impact region of the upper surfaces of specific FMLPs after the drop-weight test, where: (a) 
MPin-C-MPin hexagonal 10 mm; (b) MPin-C-MPin squared 5 mm (the arrow indicates the deepest location of the panel 
after impact deformation).
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head of the impactor reached the surface region with the deposited pin. In turn, this caused 
less permanent deformation in the panels with pins in comparison to the others. This indi-
cates the pins acted holding the metal sheet to the composite, restraining delamination and 
external deformation.

4.2. Buckling after impact

According to Ishikawa et al. [27] and De Freitas and Reis [28], the resistance of composite 
panels to in-plane compressive stresses is strongly impaired by the presence of delamination-
type damages, culminating in expressive reductions in buckling resistance of components. In 
that way, all types of FMLPs were subjected to buckling test after impact (drop-weight test) 
as investigation on the influence of pins on damage tolerance. For each type of small-sized 
FMLP two samples were tested for buckling. An electromechanical universal testing machine 
was used. Upper and lower supports for the panels were designed and built to allow proper 
alignment and fixture for the test, as shown in Figure 20. In accordance with ASTM D7137 
standard [29], the testing speed (upper head moving rate) was always set at 1.25 mm/min.

Figure 21(a) shows the general evolution of axial displacement versus load in the buckling 
tests of all types of FMLPs after impact damage with compression, buckling and failure 
phases as detailed by Skhabovskyi et al. [10]. The mean values resulting from two tests of 
maximum compressive load, failure load, axial displacements at maximum load and failure 
are shown in Figure 21(b). The axial displacement of the failure is shown as an alternative 
correlated with the lateral deflection of the panels tested. As seen, pinned FMLPs tolerated a 
higher maximum load, having close performances with each other, except the MPin-C-MPin 
squared 10 mm panel, which was able to withstand a smaller maximum load but still larger 
compared to the conventional panels [M-C-M (without pins)].

Figure 20. (a) Image of small-sized FMLP (MPin-C-MPin hexagonal 5 mm, as example) assembled in the testing 
machine; (b) schematic side view of the buckling set up, where: 1—moving upper head; 2—fixed lower head; 3—upper 
support (two parts); 4—lower support (two parts); 5—panel; 6—support fixture side plates; 7—auxiliary holding bar; 
8—auxiliary clamps (dimensions in mm).
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FMLP [M-C-M (without pins)]. However, the presence of pins tends to change the permanent 
deformation of the panels after impact as complementally shown in Figure 18(b). It is also noted 
that the upper and lower surfaces exhibited different typical deformation profiles. In all panel 
types, the depth profile was more concentrated (shorter and shallower) in the upper surface than 
in the lower surface. The falling mass head might have tended to replicate its spherical contour 
on the upper surface, with the extent limited by the panel own thickness, which would work 
as restriction against deformation. The final damage extent at the lower surface, in contrast, is 
limited by the edges of the central clearance hole of the base of the drop-weight test rig, which 
are reasonably far away. It is even possible to observe that the change in damage depth profile 
is more gradual along the central longitudinal line (edges of support 125 mm apart) and more 
abrupt along the central transversal line (edges of support 75 mm apart). As the conventional 
FMLPs [M-C-M (without pins)] and FMLPs with pins had equal number of prepreg layers, they 
behaved similarly, consequently dissipating a close amount of energy during impact (Figure 16).

For a better understanding of the results of the least permanent deformed FMLPs, MPin-C-
MPin squared 5 mm and MPin-C-MPin hexagonal 10 mm (Figure 18(b)), they were analyzed 
visually. In Figure 19, it is possible to notice that, in the case of these FMLPs, the spherical 

Figure 18. (a) Depth profiles of the damages produced in each panel (average of 2 samples) from 3D digital probing; (b) 
average maximum permanent deformation in each panel.

Figure 19. Zoom of the impact region of the upper surfaces of specific FMLPs after the drop-weight test, where: (a) 
MPin-C-MPin hexagonal 10 mm; (b) MPin-C-MPin squared 5 mm (the arrow indicates the deepest location of the panel 
after impact deformation).
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head of the impactor reached the surface region with the deposited pin. In turn, this caused 
less permanent deformation in the panels with pins in comparison to the others. This indi-
cates the pins acted holding the metal sheet to the composite, restraining delamination and 
external deformation.

4.2. Buckling after impact

According to Ishikawa et al. [27] and De Freitas and Reis [28], the resistance of composite 
panels to in-plane compressive stresses is strongly impaired by the presence of delamination-
type damages, culminating in expressive reductions in buckling resistance of components. In 
that way, all types of FMLPs were subjected to buckling test after impact (drop-weight test) 
as investigation on the influence of pins on damage tolerance. For each type of small-sized 
FMLP two samples were tested for buckling. An electromechanical universal testing machine 
was used. Upper and lower supports for the panels were designed and built to allow proper 
alignment and fixture for the test, as shown in Figure 20. In accordance with ASTM D7137 
standard [29], the testing speed (upper head moving rate) was always set at 1.25 mm/min.

Figure 21(a) shows the general evolution of axial displacement versus load in the buckling 
tests of all types of FMLPs after impact damage with compression, buckling and failure 
phases as detailed by Skhabovskyi et al. [10]. The mean values resulting from two tests of 
maximum compressive load, failure load, axial displacements at maximum load and failure 
are shown in Figure 21(b). The axial displacement of the failure is shown as an alternative 
correlated with the lateral deflection of the panels tested. As seen, pinned FMLPs tolerated a 
higher maximum load, having close performances with each other, except the MPin-C-MPin 
squared 10 mm panel, which was able to withstand a smaller maximum load but still larger 
compared to the conventional panels [M-C-M (without pins)].

Figure 20. (a) Image of small-sized FMLP (MPin-C-MPin hexagonal 5 mm, as example) assembled in the testing 
machine; (b) schematic side view of the buckling set up, where: 1—moving upper head; 2—fixed lower head; 3—upper 
support (two parts); 4—lower support (two parts); 5—panel; 6—support fixture side plates; 7—auxiliary holding bar; 
8—auxiliary clamps (dimensions in mm).

Fiber-Metal Laminate Panels Reinforced with Metal Pins
http://dx.doi.org/10.5772/intechopen.78405

111



All types of the FMLPs achieved loads of maximum compression around 1.35 mm of axial 
displacement. Figure 21(a) shows that FMLPs with higher pin density (5 mm spacing) were 
able to withstand higher loads during deflection (buckling phase), followed by pinned panels 
in lower spacing patterns (panels MPin-C-MPin squared 10 mm and MPin-C-MPin hexagonal 
10 mm in this order). As shown in Figure 21(a), conventional FMLPs (without pins) reached 
a high load value at failure, still with a high axial displacement value at this moment, com-
pared to FMLPs with pins. However, conventional FMLPs (without pins), after reaching a 
high value of failed load, showed a rapid unloading after the rupture (catastrophic failure).

MPin-C-MPin squared 5 mm and MPin-C-MPin hexagonal 10 mm panels supported higher 
maximum compression and failure loads (Figure 21(b)), probably because of their lower 
maximum permanent deformation (Figure 18(b)). It was also noted that MPin-C-MPin squared 
5 mm and MPin-C-MPin hexagonal 10 mm panels did not show a good repeatability of their 
high mean maximum compressive load, as evidenced by a high average standard deviation in 
Figure 21(b). This probably happened because the spherical head of the impactor hit the pin 
region in one of two tests performed, thus leading to the smallest deformation. The other FMLPs 
showed similar permanent deformation, which is supported by good repeatability of the loads 
and displacements in the buckling test. In this case, the pins possibly tend to retard the propaga-
tion of debonding between metal sheets and composite, for anchoring them to each other, and 
even tend to retard the spread of delamination in the composite, for acting as clamps that hold 
most of its layers together between the metal sheets and pins ball-heads. That is, the pins tend 
to delay the propagation of the delamination between the metal sheets and the composite by 
their anchoring and even tend to delay the propagation of the delamination in the composite, 
acting as staples that support most of their layers between the metal sheets and ball-head pins.

Figure 22 shows the images of all types of panels with impact damage after the buckling test. 
As expected, all types of panels had their lateral deflection going from the upper surface (side of 
impact) towards the lower surface. All panels collapsed and ended folded with presence of cor-
rugations transversally crossing the areas of damage. Still all FMLPs had the lower metal sheet 

Figure 21. (a) Typical evolution of axial displacement versus load in buckling tests of all types of panels after impact 
damaging; (b) maximum average compressive load, average load at failure and correspondent axial displacements after 
buckling tests of all types of panels after impact damaging.
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ruptured transversely in the middle after the buckling test, including the conventional panel 
(without pins). But in the case of M-C-M (without pins), the fracture did not cross the entire 
width of the panel, concentrating closer to the damage region (Figure 22). It was also noticed 
that the ruptures of the metallic sheets happened between the metallic pins (spacings), because 
the pins acted as anchoring of the metallic sheets and because the tensile tensions were present 
in the inferior metallic sheets (side opposite to the impact) between the pins. It was noted that the 
M-C-M type panels (without pins) with impact damage ended the buckling test with the metal 
sheets slightly separated from the composite. In contrast, the FMLPs with pins exhibited metal 
sheets-composite debonding notably concentrated around the damage areas. This fact ratifies 
that the pins effectively anchor the metal sheets to the composite, even after impact damage.

4.3. Iosipescu shear test

To evaluate the influence of the deposition of the pins in the FMLP on shear and delami-
nation resistance, a shear strength test was used, as proposed for the first time in 1967 by 
Iosipescu. According to Le Bourlegat [30], the Iosipescu shear test uses a simple test body 
because it is flat and achieves a pure and uniform shear stress-strain state in the region of the 
notch imposed on the specimen. Figure 23(a) shows a simplified view of this test performed 
on the universal machine for mechanical testing. Figure 23(b) shows the dimensions of the 
specimen used and defined by ASTM D5379 standard [31]. In addition, every Iosipescu shear 
test procedure was based on this standard, keeping the movable jaw displacement speed 
equal to 0.5 mm/min. The test was carried out on five specimens taken from each of the five 

Figure 22. Typical appearance of all types of FMLPs with impact damage after buckling test.
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ruptured transversely in the middle after the buckling test, including the conventional panel 
(without pins). But in the case of M-C-M (without pins), the fracture did not cross the entire 
width of the panel, concentrating closer to the damage region (Figure 22). It was also noticed 
that the ruptures of the metallic sheets happened between the metallic pins (spacings), because 
the pins acted as anchoring of the metallic sheets and because the tensile tensions were present 
in the inferior metallic sheets (side opposite to the impact) between the pins. It was noted that the 
M-C-M type panels (without pins) with impact damage ended the buckling test with the metal 
sheets slightly separated from the composite. In contrast, the FMLPs with pins exhibited metal 
sheets-composite debonding notably concentrated around the damage areas. This fact ratifies 
that the pins effectively anchor the metal sheets to the composite, even after impact damage.

4.3. Iosipescu shear test

To evaluate the influence of the deposition of the pins in the FMLP on shear and delami-
nation resistance, a shear strength test was used, as proposed for the first time in 1967 by 
Iosipescu. According to Le Bourlegat [30], the Iosipescu shear test uses a simple test body 
because it is flat and achieves a pure and uniform shear stress-strain state in the region of the 
notch imposed on the specimen. Figure 23(a) shows a simplified view of this test performed 
on the universal machine for mechanical testing. Figure 23(b) shows the dimensions of the 
specimen used and defined by ASTM D5379 standard [31]. In addition, every Iosipescu shear 
test procedure was based on this standard, keeping the movable jaw displacement speed 
equal to 0.5 mm/min. The test was carried out on five specimens taken from each of the five 

Figure 22. Typical appearance of all types of FMLPs with impact damage after buckling test.
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types of small-sized FMLPs. Figure 23(c) shows the area (A) of the plane between the notches 
of the specimen (w ≈ 12 mm and t ≈ 4 mm) along which the load (F) was applied. To calculate 
the shear stress (τ), Eq. (1) was used.

  τ =   F ____ w ∗ t     (1)

Figure 24 presents the typical appearance of FMLPs specimens before and after the Iosipescu 
shear test. Figure 25 shows typical displacement versus load curves, respectively, for each type 
of panel in the Iosipescu shear test. During the tests a good repeatability of the results was 
observed for each of the five types of FMLPs specimens. Figure 26 shows column diagrams 
with average values of maximum load, maximum load displacement, and maximum shear 
stress. It is observed that the specimens of the panels with the largest number of pins (5 mm 
spacing), regardless of their deposition pattern, showed the highest average maximum load 
(≈6.61 kN). The panels with lower pin density (10 mm spacing) exhibited a maximum load 
a bit lower (≈5.83 kN), regardless of the deposition pattern. Finally, the conventional FMLP 
specimens [M-C-M (without pins)] showed the lowest maximum load (≈5.04 kN), approxi-
mately 25% below the results with the specimens of the panels with spacing of 5 mm.

The specimens of FMLPs with pins reached a maximum load displacement of approximately 
2.91 mm (Figure 26), except for the specimens of the MPin-C-MPin squared 10 mm panel that 
showed a lower displacement value at the moment of failure (1.44 ± 0.06 mm). This probably 
happened because of the pin position inside both notches (Figure 24). As there was a pin 
very close to the edge of the notch, there may have been stress concentration right at this 
point, thus breaking the specimens of this case in advance and leaving no room for further 
displacements.

Figure 23. (a) Simplified view of the Iosipescu shear test, where: 1—specimen; 2—fixed jaw; 3—mobile jaw; 4—base; 
F—applied load; (b) dimensions (in mm) of the specimens used in the Iosipescu shear test (adapted from ASTM D5379 
standard [31]); (c) area of the specimen used for shear stress calculations (adapted from Le Bourlegat [30]).
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In general, the panels with pins showed better results of maximum load, demanding a higher 
value of shear stress to break. Probably, this result was caused because the contact between 
the metallic sheets and the composite of the pinned specimens are more anchored due to the 
presence of the pins. In such a way, the greater number of pins (5 mm spacing) provided 

Figure 24. Typical aspect of the five types of FMLPs specimens before (left) and after (right) the Iosipescu shear test, 
where: (a) M-C-M (without pins); (b) MPin-C-MPin hexagonal 5; (c) MPin-C-MPin hexagonal 10; (d) MPin-C-MPin 
squared 5; (e) MPin-C-MPin squared 10.

Figure 25. Typical displacement versus load curves for each FMLP type in the Iosipescu shear test.
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In general, the panels with pins showed better results of maximum load, demanding a higher 
value of shear stress to break. Probably, this result was caused because the contact between 
the metallic sheets and the composite of the pinned specimens are more anchored due to the 
presence of the pins. In such a way, the greater number of pins (5 mm spacing) provided 
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where: (a) M-C-M (without pins); (b) MPin-C-MPin hexagonal 5; (c) MPin-C-MPin hexagonal 10; (d) MPin-C-MPin 
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Figure 25. Typical displacement versus load curves for each FMLP type in the Iosipescu shear test.
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Figure 26. Average results obtained through five measurements of maximum load, displacement at maximum load and 
maximum shear stress of the Iosipescu shear test.

a better union, consequently showing better results. Possibly, failures in pinned specimens 
would be less catastrophic after reaching the maximum load (after failure), which should be 
exploited in future work.

5. Conclusions

Considering the conditions applied in the evaluation of pins deposited by CMT PIN process 
in FMLPs, the following conclusions are listed according to the type of testing.

Non-destructive evaluation:

• By means of the four natural frequency modes obtained after the modal analysis, the pres-
ence of the pins in the FMLPs did not result in a significant stiffness increase. There are, 
in this case, probably two factors acting in opposite directions; the pins would lead to an 
increase in stiffness due to the anchoring action between metal and composite, but on the 
other hand the mass increase with more pins inside the panels is a stiffness-reducing factor 
as in any structure. However, the presence of the pins in the FMLPs significantly increased 
the damping factor, dissipating the applied vibration wave. Pin deposition was able to 
reduce the propagation of vibrations at low frequencies (from 0 to 800 Hz) by up to about 
five times (for some resonance modes).
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• CMT PIN process, through its thermo-mechanical working principle, changes the 
surface profile of the metal sheets on the opposite face in the region of deposition, 
but only on a microscopic scale. In addition, thermoxidation occurs in these regions, 
which is not a problem because this inconvenience could be avoided/minimized by the 
application of purge gas (supplementary protection to that used near the electric arc 
and inert).

Destructive evaluation:

• In terms of impact energy dissipation, all FMLPs with pins exhibited similar performance, 
generally equivalent to the conventional FMLP (without pins). Besides, the addition of 
weight by the pins as anchorages does not penalize the capacity of the panels to dissipate 
impact energy, as all panel types dissipated similar levels of specific energy during impact. 
Therefore, the pins did not make the FMLPs more brittle and the change in their deposi-
tion pattern did not show any significant effect concerning the capacity of the panels to 
dissipate impact energy.

• Concerning the damage depth profiles caused by drop-weight testing, all FMLPs with pins 
suffered damages similar to that found in the conventional FMLP (without pins).

• Regarding damage tolerance, the FMLPs with pins exhibited a less catastrophic trend, i.e., 
achieving significantly higher loads at longer axial displacements in buckling test after 
impact and the pins tend to retard the debonding propagation between metal sheets and 
composite, for anchoring them to each other. The pins also hold back the delamination 
spreading in the composite, for clamping the layers together between the metal sheets and 
ball-heads of the pins.

• The anchoring effect the pins have on the FMLPs was confirmed through the Iosipescu 
shear test. Generally, the panels with pins exhibited higher shearing loads in relation to 
the conventional panel (without pins). The FMLPs with the highest number of pins (5 mm 
spacing), regardless of the deposition pattern, presented the highest maximum loads and 
displacements at the moment of failure.
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Figure 26. Average results obtained through five measurements of maximum load, displacement at maximum load and 
maximum shear stress of the Iosipescu shear test.
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Abstract

This chapter presents a method for minimizing separately the cost and weight of
reinforced ordinary and high-strength concrete (HSC) T-beams at the limit state according
to Eurocode2 (EC-2). The first objective function includes the costs of concrete, steel, and
formwork, and the second objective function deals with the weight of the T-beam. All the
constraints functions are set to meet the design requirements of Eurocode2 and current
practices rules. The optimization process is developed through the use of the generalized
reduced gradient (GRG) algorithm. Two example problems are considered in order to
illustrate the applicability of the proposed design model and solution methodology. It is
concluded that this approach is economically more effective compared to conventional
design methods used by designers and engineers and can be extended to deal with other
sections without major alterations.

Keywords: cost and weight minimization, reinforced ordinary and high-strength concrete
beams, Eurocode2 (EC-2), nonlinear optimization, algorithm

1. Introduction

Structural elements with T-shaped sections are frequently used in industrial construction. They
are used for repeated and large structures because they are cost effective when using the
optimum cost design model which is of great value for designers and engineers. Compression
reinforcement is not often required when designing the T-beams sections. One of the great
advantages of T-beams sections is the economy in the amount of steel needed for reinforcement.
The objective function is usually simplified to represent the weight, disregarding the costs of
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shaping and the construction details. However, the economy aspects in terms of costs and gain
achieved should be the area where scope exists for extending the research works [1–4].

Recent developments in the technology of materials have led to the use of the high-strength
concrete (HSC); this is mainly due to its efficiency and economy. The reduction in the quanti-
ties of construction materials has enabled both a gain in weight reduction and in the founda-
tion’s cost. HSC has a high compressive strength in the range of 55–90 MPa; it not only has the
advantage of reducing member size and story height, but also the volume of concrete and the
area of formwork. In terms of the amount of steel reinforcement, there is a substantial differ-
ence between the normal-strength concrete structures compared to high-strength concrete
structures [5, 6]. In this chapter, not only does it presents the minimum weight design but it
presents a detailed objective function that considers the ratio cost not the absolute cost with
sensitivity analysis of this cost ratio as well. It considers both shaping and material costs. The
generalized reduced gradient (GRG) method is used to solve nonlinear programming prob-
lems. It is a very reliable and robust algorithm; also, various numerical methods have been
used in engineering optimization [7–12].

This work shows a method for minimizing separately the cost and weight of reinforced
ordinary and high-strength concrete (HSC) T-beams at the limit state according to Eurocode2
(EC-2). The first objective function includes the costs of concrete, steel and formwork, whereas
the second objective function represents the weight of the T-beam; all the constraints functions
are set to meet the ultimate strength and serviceability requirements of Eurocode2 and current
practices rules. The optimization process is developed through the use of the generalized
reduced gradient algorithm. Two example problems are considered in order to illustrate the
applicability of the proposed design model and solution methodology. It is concluded that this
approach is economically more effective compared to conventional design methods applied by
designers and engineers and can be extended to deal with other sections without major
alterations.

2. Limit state design of reinforced concrete T-section under bending

In accordance with EC-2 [13], the assumptions used at the limit state for the typical reinforced
T-beam-cross section are, respectively, illustrated in Figure 1(a)–(c).

In the linear strain diagram of Figure 1b, the symbols εs and εcu3 designate steel strain and
the ultimate strain for the rectangular stress distribution compressive concrete design stress–
strain relation. The parameter α represents the relative depth of the compressive concrete zone
and the plastic neutral axis is located at the distance αd from the upper fiber for the ultimate
limit state design, and x is the depth of elastic neutral axis for serviceability limit state design.
In the assumed uniformly distributed stress diagram of Figure 1c, fcd is the design value of
concrete compressive strength, γc is the partial safety factor for concrete and fck is the charac-
teristic compressive cylinder strength of ordinary or HSC at 28 days. In accordance with EC-2,
the possibility of working with rectangular stress distribution is offered. This requires the
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introduction of a factor λ for the depth of the compression zone and a factor η for the design
strength. The λ and η factors are both linearly dependent on the characteristic strength fck in
accordance with the following Equations [13]:

λ ¼ 0:8� fck � 50
400

(1)

μ ¼ 1:0� fck � 50
200

(2)

with 50 ≤ fck ≤ 90 MPa and λ = 0.8,η = 1.0 for fck ≤ 50 MPa.

Fc and Fs denote the resultants of internal forces in the HSC section and reinforcing steel,
respectively.

The design yield strength of steel reinforcement is fyd = fyk/γs where fyk is the characteristic
elastic limit of steel and γs is the partial safety factor. In addition, the steel strain is considered
unlimited in accordance with the Eurocode2 provisions. In this chapter, for an optimal use of
steel, the strain must always be greater or equal to elastic limit strain, εyd = fyd/Es where Es

represents the elasticity modulus for steel.

3. Formulation of the optimization problem

3.1. Design variables

The design variables selected for the optimization are presented in Table 1.

Figure 1. (a) Typical T-beam cross section; (b) strains at ultimate limit state and (c) stresses at ultimate limit state.
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3.2. Objective functions

3.2.1. Cost function

The objective function to be minimized in the optimization problems is the total cost of
construction material per unit length of the beam. This function can be defined as:

C0=L ¼ Cc bwhþ b� bwð Þhfð Þ þ CsAs þ Cf bþ 2h½ � ! Minimum (3)

Thus, the cost function to be minimized can be written as follows:

C ¼ CO

CcL
¼ bwhþ b� bwð Þhf þ Cs

Cc

� �
As þ Cf

Cc

� �
bþ 2h½ � ! Minimum (4)

The values of the cost ratios Cs/Cc and Cf/Cc vary from one country to another and may
eventually vary from one region to another for certain countries [14, 15].

3.2.2. Weight function

The weight function to be minimized can be written as follows:

W ¼ bwhþ b� bwð Þhfð Þr �! minimumð Þ (5)

where

r is the density of the reinforced concrete T-beams and W is the unit weight per unit length of
the reinforced concrete T- beams.

3.3. Design constraints

a. Behavior constraints:

MEd ≤ηfcd b� bwð Þhf d� 0; 50hfð Þ þ ηλfcdbwd
2α 1–0; 5λαð Þ (6)

Design variables Defined variables

b Effective width of compressive flange

bw Web width

h Total depth

d Effective depth

hf Flange depth

As Area of tension reinforcement

α Relative depth of compressive concrete zone

Table 1. Definition of design variables.
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(external moment ≤ resisting moment of the cross-section)

α ¼ fyd
fcd

� �
AS

ηλbwd

� �
� b� bwð Þhf

λbwd
(7)

(internal force equilibrium)

As

bwd
≥pmin (8)

(minimum steel percentage)

As
bwhþ b� bwð Þhf

≤pmax (9)

(maximum steel percentage)

In Eqs. (7) and (8) above, it is assumed that the neutral axis position is under the beam flange
which ensures that the section behaves as the T-beam section shown in Figure 1a.

Conditions on strain compatibility in steel:

εcu3
1
α

� �
� 1

� �
≥
f yd
Es

(10)

(In the case of Pivot B, optimal use of steel requires that strains in steel must be limited to
plastic region at the ultimate limit state (ULS).)

λα 1–0; 5λαð Þ ≤μlimit (11)

(Compression reinforcement is not required.)

b. Shear strength constraint:

VEd ≤VRd,max ¼ ν1
f cdbwz

tg θð Þ þ cotg θð Þ (12)

(external shear force ≤ resisting shear force)

c. Deflection constraint:

5wL4

384 EcmIc
≤ δlim (13)

Ic ¼ bwh3

3
þ b� bwð Þh3

3
þ nAsd2 � Ahx2 (14)

Ah ¼ bwhþ b� bwð Þhf þ nAs (15)
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� �
� b� bwð Þhf

λbwd
(7)

(internal force equilibrium)

As

bwd
≥pmin (8)

(minimum steel percentage)

As
bwhþ b� bwð Þhf

≤pmax (9)

(maximum steel percentage)

In Eqs. (7) and (8) above, it is assumed that the neutral axis position is under the beam flange
which ensures that the section behaves as the T-beam section shown in Figure 1a.

Conditions on strain compatibility in steel:

εcu3
1
α

� �
� 1

� �
≥
f yd
Es

(10)

(In the case of Pivot B, optimal use of steel requires that strains in steel must be limited to
plastic region at the ultimate limit state (ULS).)

λα 1–0; 5λαð Þ ≤μlimit (11)

(Compression reinforcement is not required.)

b. Shear strength constraint:

VEd ≤VRd,max ¼ ν1
f cdbwz

tg θð Þ þ cotg θð Þ (12)

(external shear force ≤ resisting shear force)

c. Deflection constraint:

5wL4

384 EcmIc
≤ δlim (13)

Ic ¼ bwh3

3
þ b� bwð Þh3

3
þ nAsd2 � Ahx2 (14)

Ah ¼ bwhþ b� bwð Þhf þ nAs (15)
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x ¼
bwh2

2 þ b�bwð Þh2f
2 þ nAsd
Ah

(16)

d. Geometric design variable constraints including rules of current practice:

h ≥
L
16

(17)

d
h

¼ 0:90 (18)

0:20 ≤
bw
d

≤ 0:50 (19)

b� bwð Þ
2

≤
L
10

(20)

b
hf

≤ 8 (21)

hf ≥ hfmin (22)

b
bw

≥ 3 (23)

where:

μlimit is the limit value of the reduced moment.

θ is the angle between concrete compression struts and the main chord

ν1 is a nondimensional coefficient, ν1 = 0.60(1-fck/250);

z is the lever arm, z = 0.9d;

hfmin is the minimum depth of flange.

3.4. Optimization based on minimum cost design

The optimum cost design of reinforced concrete T-beams under the limit state can be stated as
follows:

For given material properties, loading data and constant parameters, find the design variables
defined in Table 1 that minimize the cost function defined in Eq. (4) subjected to the design
constraints given in Eq. (6) through Eq. (23).

3.5. Optimization based on minimum weight design

Find the design variables that minimize total weight per unit length defined in Eq. (5),
subjected to the design constraints given in Eq. (6) through Eq. (23).
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3.6. Solution methodology: Generalized reduced gradient method

The objective function Eq. (4), the objective function Eq. (5) and the constraints equations, Eq.
(6) through Eq.(23), together form a nonlinear optimization problem. The reasons for the
nonlinearity of this optimization problem are essentially due to the expressions of the cross-
sectional area, bending moment capacity and other constraints equations. Both the objective
function and the constraint functions are nonlinear in terms of the design variables. In order to
solve this nonlinear optimization problem, the generalized reduced gradient (GRG) algorithm
is used. This algorithm was first developed in late 1960 by Jean Abadie [16] as an extension of
the reduced gradient method and then since has been refined by several other researchers
[17, 18]. GRG nonlinear should be selected if any of the equations involving decision variables
or constraints is nonlinear.

Microsoft Excel, beginning with version 3.0 in 1991, incorporates an NLP solver that operates
on values and formulas of a spreadsheet model. Version 4.0 and later include LP solver and
mixed-integer programming (MIP) capability for both linear and nonlinear problems. The
Microsoft Office Excel Solver tool uses several algorithms to find optimal solutions. The GRG
nonlinear solving method for nonlinear optimization uses the Generalized Reduced Gradient
code. The Simplex LP solving method for linear programming uses the Simplex and dual
Simplex method. The Evolutionary solving method for non-smooth optimization uses a vari-
ety of genetic algorithm and local search methods. The user specifies a set of cell addresses to
be independently adjusted (the decision variables), a set of formulae cells whose values are to
be constrained (the constraints) and a formula cell designated as the optimization objective.
The solver uses the spreadsheet interpreter to evaluate the constraint and objective functions
and approximates derivatives, using finite differences. The NLP solution engine for the Excel
Solver is GRG.

The generalized reduced gradient method is applied as it has the following advantages: (i) the
GRG method is widely recognized as an efficient method for solving a relatively wide class of
nonlinear optimization problems; (ii) the program can handle up to 200 constraints, which is
suitable for reinforced ordinary and HSC beam design optimization problems; and (iii) GRG
transforms inequality constraints into equality constraints by introducing slack variables.
Hence all the constraints are of equality form. A more detailed description of the GRG method
can be found in [19].

4. Numerical results and discussion

4.1. Design example A for reinforced HSC T-beams

The numerical example A corresponds to a high-strength concrete T-beam belonging to a
bridge deck, simply supported at its ends and predesigned in accordance with provisions of
EC-2 design code.

The corresponding preassigned parameters are defined as follows:
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x ¼
bwh2

2 þ b�bwð Þh2f
2 þ nAsd
Ah

(16)

d. Geometric design variable constraints including rules of current practice:

h ≥
L
16

(17)

d
h

¼ 0:90 (18)

0:20 ≤
bw
d

≤ 0:50 (19)

b� bwð Þ
2

≤
L
10

(20)

b
hf

≤ 8 (21)

hf ≥ hfmin (22)

b
bw

≥ 3 (23)

where:

μlimit is the limit value of the reduced moment.

θ is the angle between concrete compression struts and the main chord

ν1 is a nondimensional coefficient, ν1 = 0.60(1-fck/250);

z is the lever arm, z = 0.9d;

hfmin is the minimum depth of flange.

3.4. Optimization based on minimum cost design

The optimum cost design of reinforced concrete T-beams under the limit state can be stated as
follows:

For given material properties, loading data and constant parameters, find the design variables
defined in Table 1 that minimize the cost function defined in Eq. (4) subjected to the design
constraints given in Eq. (6) through Eq. (23).

3.5. Optimization based on minimum weight design

Find the design variables that minimize total weight per unit length defined in Eq. (5),
subjected to the design constraints given in Eq. (6) through Eq. (23).
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3.6. Solution methodology: Generalized reduced gradient method

The objective function Eq. (4), the objective function Eq. (5) and the constraints equations, Eq.
(6) through Eq.(23), together form a nonlinear optimization problem. The reasons for the
nonlinearity of this optimization problem are essentially due to the expressions of the cross-
sectional area, bending moment capacity and other constraints equations. Both the objective
function and the constraint functions are nonlinear in terms of the design variables. In order to
solve this nonlinear optimization problem, the generalized reduced gradient (GRG) algorithm
is used. This algorithm was first developed in late 1960 by Jean Abadie [16] as an extension of
the reduced gradient method and then since has been refined by several other researchers
[17, 18]. GRG nonlinear should be selected if any of the equations involving decision variables
or constraints is nonlinear.

Microsoft Excel, beginning with version 3.0 in 1991, incorporates an NLP solver that operates
on values and formulas of a spreadsheet model. Version 4.0 and later include LP solver and
mixed-integer programming (MIP) capability for both linear and nonlinear problems. The
Microsoft Office Excel Solver tool uses several algorithms to find optimal solutions. The GRG
nonlinear solving method for nonlinear optimization uses the Generalized Reduced Gradient
code. The Simplex LP solving method for linear programming uses the Simplex and dual
Simplex method. The Evolutionary solving method for non-smooth optimization uses a vari-
ety of genetic algorithm and local search methods. The user specifies a set of cell addresses to
be independently adjusted (the decision variables), a set of formulae cells whose values are to
be constrained (the constraints) and a formula cell designated as the optimization objective.
The solver uses the spreadsheet interpreter to evaluate the constraint and objective functions
and approximates derivatives, using finite differences. The NLP solution engine for the Excel
Solver is GRG.

The generalized reduced gradient method is applied as it has the following advantages: (i) the
GRG method is widely recognized as an efficient method for solving a relatively wide class of
nonlinear optimization problems; (ii) the program can handle up to 200 constraints, which is
suitable for reinforced ordinary and HSC beam design optimization problems; and (iii) GRG
transforms inequality constraints into equality constraints by introducing slack variables.
Hence all the constraints are of equality form. A more detailed description of the GRG method
can be found in [19].

4. Numerical results and discussion

4.1. Design example A for reinforced HSC T-beams

The numerical example A corresponds to a high-strength concrete T-beam belonging to a
bridge deck, simply supported at its ends and predesigned in accordance with provisions of
EC-2 design code.

The corresponding preassigned parameters are defined as follows:
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L = 25 m; MEd = 1.35 MG + 1.5 MQ = 9 MNm; VEd = 1.35 VG + 1.5 VQ = 3.1 MN.

w = 0.60MN/ml (the total distribution load (dead load + live load)), δlim = L/250 = 0.100 m.

Input data for HSC characteristics:

C70/85; fck = 70 MPa; γc = 1.5; fcd = 46.67 MPa; r = 0.025 MN/m3; Ecm = 40,743 MPa;

λ = 0.75; η = 0.90; εcu3(‰) = 2.7; εc3(‰) = 2.4; hfmin = 0.10 m; fctm = 4.6 MPa;

μlimit = 0.329; αlimit = 0.554 for S500 and C70/85.

Input data for steel characteristics:

S500; fyk = 500 MPa; γs = 1.15; fyd = fyk/γs = 435 MPa; n = 15;

S400; fyk = 400 MPa; γs = 1.15; fyd = fyk/γs = 348 MPa; fyd/fcd = 9.32 for classes (S500, C70/85);

fyd/fcd = 7.46 for classes (S400, C70/85); μlimit = 0.352; αlimit = 0.6081 for S400 and C70/85;

Es = 2 � 105 MPa; pmin = 0.26 fctm/fyk = 0.002392; pmax = 4%.

Input data for units cost ratios of construction materials:

Cs/Cc = 40 for HSC concrete;

Cf/Cc = 0.01 for wood formwork;

Cf/Cc = 0.10 for metal formwork;

Cf/Cc = 0.00 in the case of the cost of the formwork is negligible.

4.1.1. Comparison between the minimum cost design and the minimum weight design of HSC T-beams

The vector of design variables including the geometric dimensions of the T-beam cross-section
and the area of tension reinforcement as obtained from the standard design approach solution
and the optimal cost design solution using the proposed approach is shown in Table 2.

Design variables
vector.

Initial
design

Optimal solution with minimum cost
(S500, C70/85), Cs/Cc = 40, Cf/Cc = 0.01 wood
formwork

Optimal solution with minimum
weight

b(m) 1.20 0.86 0.52

bw(m) 0.40 0.28 0.28

h(m) 1.40 1.58 1.56

d(m) 1.26 1.42 1.40

hf(m) 0.15 0.11 0.10

AS(m
2) 185x10�4 161x10�4 181 x10�4

α 0.554 0.342 0.554

Gain 22% 47%

Table 2. Comparison of the optimal solutions with minimum weight and minimum cost design for HSC.
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The optimal solutions using the minimum cost design and the minimum weight design are
shown in Table 2.

It is shown from Table 2 that the gain and optimum values for minimum cost design and for
minimum weight design are different.

From the above results, it is clearly shown that significant cost saving of the order of 47% can
be obtained using the proposed minimumweight design formulation and 22% through the use
of minimum cost-design approach.

4.1.2. Parametric study

In this section, the optimal solution is obtained according to practical consideration: (i) the total
depth is imposed, h = himposed; (ii) the effective width of compressive flange is imposed,
b = bimposed; (iii) the reinforcing steel is imposed, As = Asimposed; and (4i) the flange depth is
imposed, hf = hfimposed.

The gain depends on the type of formwork used. We distinguish the wood formwork:
Cf/Cc = 0.01 and the steel formwork Cf/Cc = 0.10.

Further practical requirements can also be implemented, such as esthetic, architectural and
limited authorized templates. The optimal solutions obtained using the particular conditions
imposed are shown in Table 3.

From the above results, it is clearly seen that a significant cost saving between 08% and 23%
can be obtained by using this parametric study.

4.1.3. Sensitivity analysis

The relative gains can be determined for various values of unit-cost ratios: Cs/Cc = 10; 20; 30;
40; 50; 60; 70; 80; 90; 100 for a given unit cost ratio Cf/Cc = 0.01

The corresponding results are reported in Table 4 and represented in Figure 2.

Optimal solution with. Gain (%)

Classes(S500, C70/85); Cs/Cc = 40; Cf/Cc = 0.01wood formwork 22

Classes(S500, C70/85); Cs/Cc = 40; Cf/Cc = 0.10 steel formwork 19

Classes(S500,C70/85) and Cf/Cc = 0 the cost of the formwork is negligible 23

Classes(S400,C70/85); Cs/Cc = 40; Cf/Cc = 0.01wood formwork 08

Imposed height h = 1.70 m; S500 and C70/85 21

Imposed width b = 1.00 m; S500 and C70/85 22

Imposed reinforcement As ≤ 0.0150 m2; S500 and C70/85 22

Imposed flange depth hf = 0.10 m; S500 andC70/85 22

Table 3. The variation of relative gain with particular conditions imposed such as the HSC T-beam dimensions and
reinforcing steel.
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L = 25 m; MEd = 1.35 MG + 1.5 MQ = 9 MNm; VEd = 1.35 VG + 1.5 VQ = 3.1 MN.

w = 0.60MN/ml (the total distribution load (dead load + live load)), δlim = L/250 = 0.100 m.

Input data for HSC characteristics:

C70/85; fck = 70 MPa; γc = 1.5; fcd = 46.67 MPa; r = 0.025 MN/m3; Ecm = 40,743 MPa;

λ = 0.75; η = 0.90; εcu3(‰) = 2.7; εc3(‰) = 2.4; hfmin = 0.10 m; fctm = 4.6 MPa;

μlimit = 0.329; αlimit = 0.554 for S500 and C70/85.

Input data for steel characteristics:

S500; fyk = 500 MPa; γs = 1.15; fyd = fyk/γs = 435 MPa; n = 15;

S400; fyk = 400 MPa; γs = 1.15; fyd = fyk/γs = 348 MPa; fyd/fcd = 9.32 for classes (S500, C70/85);

fyd/fcd = 7.46 for classes (S400, C70/85); μlimit = 0.352; αlimit = 0.6081 for S400 and C70/85;

Es = 2 � 105 MPa; pmin = 0.26 fctm/fyk = 0.002392; pmax = 4%.

Input data for units cost ratios of construction materials:

Cs/Cc = 40 for HSC concrete;

Cf/Cc = 0.01 for wood formwork;

Cf/Cc = 0.10 for metal formwork;

Cf/Cc = 0.00 in the case of the cost of the formwork is negligible.

4.1.1. Comparison between the minimum cost design and the minimum weight design of HSC T-beams

The vector of design variables including the geometric dimensions of the T-beam cross-section
and the area of tension reinforcement as obtained from the standard design approach solution
and the optimal cost design solution using the proposed approach is shown in Table 2.

Design variables
vector.

Initial
design

Optimal solution with minimum cost
(S500, C70/85), Cs/Cc = 40, Cf/Cc = 0.01 wood
formwork

Optimal solution with minimum
weight

b(m) 1.20 0.86 0.52

bw(m) 0.40 0.28 0.28

h(m) 1.40 1.58 1.56

d(m) 1.26 1.42 1.40

hf(m) 0.15 0.11 0.10

AS(m
2) 185x10�4 161x10�4 181 x10�4

α 0.554 0.342 0.554

Gain 22% 47%

Table 2. Comparison of the optimal solutions with minimum weight and minimum cost design for HSC.
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The optimal solutions using the minimum cost design and the minimum weight design are
shown in Table 2.

It is shown from Table 2 that the gain and optimum values for minimum cost design and for
minimum weight design are different.

From the above results, it is clearly shown that significant cost saving of the order of 47% can
be obtained using the proposed minimumweight design formulation and 22% through the use
of minimum cost-design approach.

4.1.2. Parametric study

In this section, the optimal solution is obtained according to practical consideration: (i) the total
depth is imposed, h = himposed; (ii) the effective width of compressive flange is imposed,
b = bimposed; (iii) the reinforcing steel is imposed, As = Asimposed; and (4i) the flange depth is
imposed, hf = hfimposed.

The gain depends on the type of formwork used. We distinguish the wood formwork:
Cf/Cc = 0.01 and the steel formwork Cf/Cc = 0.10.

Further practical requirements can also be implemented, such as esthetic, architectural and
limited authorized templates. The optimal solutions obtained using the particular conditions
imposed are shown in Table 3.

From the above results, it is clearly seen that a significant cost saving between 08% and 23%
can be obtained by using this parametric study.

4.1.3. Sensitivity analysis

The relative gains can be determined for various values of unit-cost ratios: Cs/Cc = 10; 20; 30;
40; 50; 60; 70; 80; 90; 100 for a given unit cost ratio Cf/Cc = 0.01

The corresponding results are reported in Table 4 and represented in Figure 2.

Optimal solution with. Gain (%)

Classes(S500, C70/85); Cs/Cc = 40; Cf/Cc = 0.01wood formwork 22

Classes(S500, C70/85); Cs/Cc = 40; Cf/Cc = 0.10 steel formwork 19

Classes(S500,C70/85) and Cf/Cc = 0 the cost of the formwork is negligible 23

Classes(S400,C70/85); Cs/Cc = 40; Cf/Cc = 0.01wood formwork 08

Imposed height h = 1.70 m; S500 and C70/85 21

Imposed width b = 1.00 m; S500 and C70/85 22

Imposed reinforcement As ≤ 0.0150 m2; S500 and C70/85 22

Imposed flange depth hf = 0.10 m; S500 andC70/85 22

Table 3. The variation of relative gain with particular conditions imposed such as the HSC T-beam dimensions and
reinforcing steel.
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It is shown in Table 4 and Figure 2 that the relative gain decreases for increasing values of the
unit cost ratio Cs/Cc, stabilizes around an average value for 40 ≤ Cs/Cc ≤ 60 and then increases
significantly beyond this average value for a given cost ratio Cf/Cc = 0.01.

The relative gains can be determined for various values of unit cost ratios: Cf/Cc = 0.01; 0.02;
0.03; 0.04; 0.05; 0.06; 0.07; 0.08; 0.08; 0.09; 0.10 for a given unit cost ratio Cs/Cc = 40.

The corresponding results are reported in Table 5 and presented in Figure 3.

(S500; C70/85) Cf/Cc = 0.01 Gain (%)

10 33

20 27

30 24

40 22

50 22

60 22

70 23

80 24

90 26

100 27

Table 4. Variation of relative gain in percentage (%) versus unit cost ratio Cs/Cc for a given cost ratio Cf/Cc = 0.01.

Figure 2. Variation of relative gain in percentage (%) versus unit cost ratio Cs/Cc for a given cost ratio Cf/Cc = 0.01.
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From Table 5 and Figure 3, the gain decreases monotonically with the increase of unit cost
ratio Cf/Cc for a given cost ratio Cs/Cc = 40.

4.2. Design example B for reinforced ordinary concrete T-beams

The numerical example B corresponds to a concrete T-beam belonging to a pedestrian deck,
simply supported at its ends and predesigned in accordance with the provisions of EC-2
design code.

(S500; C70/85) Cs/Cc = 40 Cf/Cc Gain (%)

0.01 22

0.02 21

0.03 21

0.04 20

0.05 20

0.06 19

0.07 19

0.08 19

0.09 19

0.10 18

Table 5. Variation of relative gain in percentage (%) versus unit cost ratio Cf/Cc for a given cost ratio Cs/Cc = 40.

Figure 3. Variation of relative gain in percentage (%) versus unit cost ratio Cf/Cc for a given cost ratio Cs/Cc = 40.
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It is shown in Table 4 and Figure 2 that the relative gain decreases for increasing values of the
unit cost ratio Cs/Cc, stabilizes around an average value for 40 ≤ Cs/Cc ≤ 60 and then increases
significantly beyond this average value for a given cost ratio Cf/Cc = 0.01.

The relative gains can be determined for various values of unit cost ratios: Cf/Cc = 0.01; 0.02;
0.03; 0.04; 0.05; 0.06; 0.07; 0.08; 0.08; 0.09; 0.10 for a given unit cost ratio Cs/Cc = 40.

The corresponding results are reported in Table 5 and presented in Figure 3.
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40 22

50 22

60 22

70 23
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Table 4. Variation of relative gain in percentage (%) versus unit cost ratio Cs/Cc for a given cost ratio Cf/Cc = 0.01.

Figure 2. Variation of relative gain in percentage (%) versus unit cost ratio Cs/Cc for a given cost ratio Cf/Cc = 0.01.
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From Table 5 and Figure 3, the gain decreases monotonically with the increase of unit cost
ratio Cf/Cc for a given cost ratio Cs/Cc = 40.

4.2. Design example B for reinforced ordinary concrete T-beams

The numerical example B corresponds to a concrete T-beam belonging to a pedestrian deck,
simply supported at its ends and predesigned in accordance with the provisions of EC-2
design code.

(S500; C70/85) Cs/Cc = 40 Cf/Cc Gain (%)

0.01 22

0.02 21

0.03 21

0.04 20

0.05 20

0.06 19

0.07 19

0.08 19

0.09 19

0.10 18

Table 5. Variation of relative gain in percentage (%) versus unit cost ratio Cf/Cc for a given cost ratio Cs/Cc = 40.

Figure 3. Variation of relative gain in percentage (%) versus unit cost ratio Cf/Cc for a given cost ratio Cs/Cc = 40.
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The preassigned parameters are defined as follows:

L = 20 m; MEd = 5MNm; VEd = 1.1MN; w = 0.043MN/ml; δlim = L/250 = 0.080 m.

Input data for ordinary concrete characteristics:

C20/25; fck = 20 MPa; γc = 1.5;fcd = 11.33 MPa; r = 0.025MN/m3; Ecm = 30,000 MPa;

λ = 0.80; η =1.00; εcu3(‰) = 2; εc3(‰) = 3.5; hfmin = 0.15 m; fctm = 2.20 MPa; n = 15;

μlimit = 0.372; αlimit = 0.6167 for S500 and C20/25.

μlimit = 0.392; αlimit = 0.6680 for S400; and C20/25.

Input data for steel characteristics:

S400; fyk = 400 MPa; γs = 1.15; fyd = fyk/γs = 348 MPa;

Es = 2 � 105 MPa; pmin = 0.26 fctm/fyk = 0.00143; pmax = 4%;

fyd/fcd = 30.71 for classes (S400, C20/25);

fyd/fcd = 38.39 for classes (S500, C20/25).

Input data for units cost ratios of construction materials:

Cs/Cc = 30 for ordinary concrete.

Cf/Cc = 0.10 for metal formwork.

Cf/Cc = 0.01 for wood formwork.

4.2.1. Comparison between the minimum cost design and the minimum weight design of ordinary
concrete T-beams

The optimal solutions using the minimum weight design and the minimum cost design are
shown in Table 6.

It is shown in Table 6 that the gain and the optimum values for minimum weight design and
for minimum cost design are different.

From the above results, it is clearly shown that a significant cost saving of the order of 23% can
be obtained using the proposed minimumweight design formulation and 14% through the use
of the minimum cost design approach.

4.2.2. Parametric study

In this section, the optimal solution is obtained through the considerations: (i) one of the
dimensions of HSC T-section is imposed, h = 1.50 m; (ii) the imposed reinforcing steel As =
120 � 10�4 m2; (iii) imposed web width bW = 0.30 m; and (iv) imposed relative depth of
compressive concrete zone α = 0.6000
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Design
variables vector

Initial design,
C20/25 & S400

Optimal solution with minimum
weight, C20/25 & S400

Optimal solution with minimum
cost, C20/25 & S400

b(m) 1.20 1.30 1.25

bw(m) 0.40 0.28 0.29

h(m) 1.60 1.57 1.60

d(m) 1.44 1.41 1.44

hf(m) 0.14 0.17 0.16

AS(m
2) 125 � 10�4 123 � 10�4 122 � 10�4

α 0.668 0.668 0.668

C 1.171 1.0281

Gain 23% 14%

Table 6. Comparison of the optimal solutions with minimum weight and minimum cost design.

Optimal solution with Gain (%)

fyd/fcd = 30.71; Cs/Cc = 30; Cf/Cc = 0.01 wood formwork, C20/25 & S400 14

fyd/fcd = 38.39; Cs/Cc = 30; Cf/Cc = 0.01wood formwork, C20/25 & S500 09

fyd/fcd = 30.71; Cs/Cc = 30; Cf/Cc = 0.00; C20/25 & S400 15

Imposed web with bw = 0.30 m; fyd/fcd = 30.71; Cs/Cc = 30; Cf/Cc = 0.01; C20/25 & S400 13

Imposed reinforcementAs ≤ 0.0120 m2; fyd/fcd = 30.71; Cs/Cc = 30; Cf/Cc = 0.01; C20/25 & S400 14

Imposed height h = 1.50 m; fyd/fcd = 30.71; Cs/Cc = 30; Cf/Cc = 0.01; C20/25 & S400 11

Imposed relative depthα = 0.600; fyd/fcd = 30.71; Cs/Cc = 30; Cf/Cc = 0.01; C20/25 & S400 14

Table 7. Variation of relative gain with particular conditions imposed such as the T-beam dimensions, reinforcing steel
and weight.

(S400; C20/25) Cf/Cc = 0.01 Gain (%)

10 18

20 16

30 14

40 13

50 12

60 12

70 12

80 11

90 11

100 11

Table 8. Variation of relative gain in percentage (%) versus unit cost ratio Cs/Cc for a given cost ratio Cf/Cc = 0.01.
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The preassigned parameters are defined as follows:

L = 20 m; MEd = 5MNm; VEd = 1.1MN; w = 0.043MN/ml; δlim = L/250 = 0.080 m.

Input data for ordinary concrete characteristics:

C20/25; fck = 20 MPa; γc = 1.5;fcd = 11.33 MPa; r = 0.025MN/m3; Ecm = 30,000 MPa;

λ = 0.80; η =1.00; εcu3(‰) = 2; εc3(‰) = 3.5; hfmin = 0.15 m; fctm = 2.20 MPa; n = 15;

μlimit = 0.372; αlimit = 0.6167 for S500 and C20/25.

μlimit = 0.392; αlimit = 0.6680 for S400; and C20/25.

Input data for steel characteristics:

S400; fyk = 400 MPa; γs = 1.15; fyd = fyk/γs = 348 MPa;

Es = 2 � 105 MPa; pmin = 0.26 fctm/fyk = 0.00143; pmax = 4%;

fyd/fcd = 30.71 for classes (S400, C20/25);

fyd/fcd = 38.39 for classes (S500, C20/25).

Input data for units cost ratios of construction materials:

Cs/Cc = 30 for ordinary concrete.

Cf/Cc = 0.10 for metal formwork.

Cf/Cc = 0.01 for wood formwork.

4.2.1. Comparison between the minimum cost design and the minimum weight design of ordinary
concrete T-beams

The optimal solutions using the minimum weight design and the minimum cost design are
shown in Table 6.

It is shown in Table 6 that the gain and the optimum values for minimum weight design and
for minimum cost design are different.

From the above results, it is clearly shown that a significant cost saving of the order of 23% can
be obtained using the proposed minimumweight design formulation and 14% through the use
of the minimum cost design approach.

4.2.2. Parametric study

In this section, the optimal solution is obtained through the considerations: (i) one of the
dimensions of HSC T-section is imposed, h = 1.50 m; (ii) the imposed reinforcing steel As =
120 � 10�4 m2; (iii) imposed web width bW = 0.30 m; and (iv) imposed relative depth of
compressive concrete zone α = 0.6000
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Design
variables vector

Initial design,
C20/25 & S400

Optimal solution with minimum
weight, C20/25 & S400

Optimal solution with minimum
cost, C20/25 & S400

b(m) 1.20 1.30 1.25

bw(m) 0.40 0.28 0.29

h(m) 1.60 1.57 1.60

d(m) 1.44 1.41 1.44

hf(m) 0.14 0.17 0.16

AS(m
2) 125 � 10�4 123 � 10�4 122 � 10�4

α 0.668 0.668 0.668

C 1.171 1.0281

Gain 23% 14%

Table 6. Comparison of the optimal solutions with minimum weight and minimum cost design.

Optimal solution with Gain (%)

fyd/fcd = 30.71; Cs/Cc = 30; Cf/Cc = 0.01 wood formwork, C20/25 & S400 14

fyd/fcd = 38.39; Cs/Cc = 30; Cf/Cc = 0.01wood formwork, C20/25 & S500 09

fyd/fcd = 30.71; Cs/Cc = 30; Cf/Cc = 0.00; C20/25 & S400 15

Imposed web with bw = 0.30 m; fyd/fcd = 30.71; Cs/Cc = 30; Cf/Cc = 0.01; C20/25 & S400 13

Imposed reinforcementAs ≤ 0.0120 m2; fyd/fcd = 30.71; Cs/Cc = 30; Cf/Cc = 0.01; C20/25 & S400 14

Imposed height h = 1.50 m; fyd/fcd = 30.71; Cs/Cc = 30; Cf/Cc = 0.01; C20/25 & S400 11

Imposed relative depthα = 0.600; fyd/fcd = 30.71; Cs/Cc = 30; Cf/Cc = 0.01; C20/25 & S400 14

Table 7. Variation of relative gain with particular conditions imposed such as the T-beam dimensions, reinforcing steel
and weight.

(S400; C20/25) Cf/Cc = 0.01 Gain (%)

10 18

20 16

30 14

40 13

50 12

60 12

70 12

80 11

90 11

100 11

Table 8. Variation of relative gain in percentage (%) versus unit cost ratio Cs/Cc for a given cost ratio Cf/Cc = 0.01.
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Further practical requirements can also be implemented, such as esthetic, architectural and
limited authorized template.

The optimal solutions obtained using the particular conditions imposed are shown in Table 7.

From the above results, it is clearly seen that a significant cost saving between 09 and 15% can
be obtained by using this parametric study.

4.2.3. Sensitivity analysis

The relative gains can be determined for various values of the unit cost ratios: Cs/Cc = 10; 20;
30; 40; 50; 60; 70; 80; 90; 100 for a given unit cost ratio Cf/Cc = 0.01

Figure 4. Variation of relative gain in percentage (%) versus unit cost ratio Cs/Cc for a given cost ratio Cf/Cc = 0.01.

(S400; C20/25) Cs/Cc = 30 Cf/Cc Gain (%)

0.01 14

0.02 14

0.03 13

0.04 13

0.05 13

0.06 12

0.07 12

0.08 12

0.09 12

0.1 12

Table 9. Variation of relative gain in percentage (%) versus unit cost ratio Cf/Cc for Cs/Cc = 30.
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The corresponding results are reported in Table 8 and presented graphically in Figure 4.

It is shown in Table 8 and Figure 4 that the relative gain decreases for increasing values of the
unit cost ratio Cs/Cc for a given value of Cf/Cc = 0.01.

The relative gains can be determined for various values of the unit cost ratios: Cf/Cc = 0.01; 0.02;
0.03; 0.04; 0.05; 0.06; 0.07; 0.08; 0.08; 0.09; 0.10 for a given unit cost ratio Cs/Cc = 30.

The corresponding results are reported in Table 9 and illustrated graphically in Figure 5.

From Table 9 and Figure 5, the gain decreases monotonically with the increase of unit cost
ratio Cf/Cc for a given value of Cs/Cc = 30.

5. Conclusions

The following important conclusions are drawn on the basis of this chapter:

• The problem formulation of the optimal cost design of reinforced concrete T-beams can be
cast into a nonlinear programming problem; the numerical solution is efficiently deter-
mined using the GRG method in a space of only a few variables representing the concrete
cross-section dimensions.

• The space of feasible design solutions and the optimal solutions can be obtained from a
reduced number of independent design variables.

• The optimal values of the design variables are only affected by the relative cost values of
the objective function and not by the absolute cost values.

Figure 5. Variation of relative gain in percentage (%) versus unit cost ratio Cf/Cc for a given cost ratio Cs/Cc = 30.
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The corresponding results are reported in Table 8 and presented graphically in Figure 4.

It is shown in Table 8 and Figure 4 that the relative gain decreases for increasing values of the
unit cost ratio Cs/Cc for a given value of Cf/Cc = 0.01.

The relative gains can be determined for various values of the unit cost ratios: Cf/Cc = 0.01; 0.02;
0.03; 0.04; 0.05; 0.06; 0.07; 0.08; 0.08; 0.09; 0.10 for a given unit cost ratio Cs/Cc = 30.

The corresponding results are reported in Table 9 and illustrated graphically in Figure 5.

From Table 9 and Figure 5, the gain decreases monotonically with the increase of unit cost
ratio Cf/Cc for a given value of Cs/Cc = 30.

5. Conclusions

The following important conclusions are drawn on the basis of this chapter:

• The problem formulation of the optimal cost design of reinforced concrete T-beams can be
cast into a nonlinear programming problem; the numerical solution is efficiently deter-
mined using the GRG method in a space of only a few variables representing the concrete
cross-section dimensions.

• The space of feasible design solutions and the optimal solutions can be obtained from a
reduced number of independent design variables.

• The optimal values of the design variables are only affected by the relative cost values of
the objective function and not by the absolute cost values.
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• The optimal solutions are found to be insensitive to changes in the shear constraint. Shear
constraint is not usually critical in the optimal design of reinforced concrete T-beams
under bending and thus can be excluded from problem formulation.

• The observations of optimal solution results reveal that the use of optimization based on
the optimum cost design concept may lead to substantial savings in the amount of
construction materials to be used in comparison to classical design solutions of reinforced
concrete T-beams.

• The objective function and the constraints considered in this chapter are illustrative in
nature. This approach based on nonlinear mathematical programming can be easily
extended to other sections commonly used in structural design. More sophisticated objec-
tives and considerations can be readily accommodated by suitable modifications of the
optimal cost design model.

• In this chapter, we have included the additional cost of formwork which makes a signif-
icant contribution to the total costs. This integration is important for an economical
approach to design and manufacture.

• The suggested methodology for optimum cost design is effective and more economical
compared to the classical methods. The results of the analysis show that the optimization
process presented herein is effective and its application appears feasible.

• The comparison of optimal solutions for minimum cost and minimum weight shows that
the construction cost affects significantly the optimal sizes. Not only do we use the mass
but the cost as objective function as well which contains the material and construction
provision costs. The difference is caused by construction details costs.

Appendix

List of symbols

The following symbols are used in this chapter:

C20/25 Class of ordinary concrete

C70/85 Class of HSC

S400 Grade of steel

S500 Grade of steel

fck Characteristic compressive cylinder strength of ordinary or HSC at 28 days

fctm Tensile strength of concrete

fcd Design value of concrete compressive strength

γc Partial safety factor for concrete

Optimum Composite Structures136

η Design strength factor

λ Compressive zone depth factor

εc3 Strain at the maximum stress for the rectangular stress distribution com-
pressive concrete

εcu3 Ultimate strain for the rectangular stress distribution compressive concrete
design stress–strain relation

fyk Characteristic elastic limit for steel reinforcement

γs Partial safety factor for steel

fyd Design yield strength of steel reinforcement

εyd Elastic limit strain

Es Young’s elastic modulus of steel

Ecm Modulus of elasticity of concrete

pmin Minimum steel percentage

pmax Maximum steel percentage

αlimit Limit value of relative depth of compressive concrete zone

μlimit Limit value of reduced moment

L Beam span

w The total distribution load (dead load+ live load)

VG Maximum design shears under dead loads

VQ Maximum design shears under live loads

VRd,max Maximum resistant shear force

VEd Ultimate shear force

MRd, max Maximum resisting moment

MEd Ultimate bending moment

MG Maximum design moments under dead loads

MQ Maximum design moments under live loads

Fs Resultant tensile internal force for steel

Fc Resultant compressive internal force for HSC

n Ratio of the modulus of elasticity of steel to that of concrete

b Effective width of compressive flange
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extended to other sections commonly used in structural design. More sophisticated objec-
tives and considerations can be readily accommodated by suitable modifications of the
optimal cost design model.
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icant contribution to the total costs. This integration is important for an economical
approach to design and manufacture.

• The suggested methodology for optimum cost design is effective and more economical
compared to the classical methods. The results of the analysis show that the optimization
process presented herein is effective and its application appears feasible.

• The comparison of optimal solutions for minimum cost and minimum weight shows that
the construction cost affects significantly the optimal sizes. Not only do we use the mass
but the cost as objective function as well which contains the material and construction
provision costs. The difference is caused by construction details costs.
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VQ Maximum design shears under live loads

VRd,max Maximum resistant shear force
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bw Web width

h Total depth

hf Flange depth

d Effective depth

ds Effective cover of reinforcement

As Area of reinforcing steel

hfmin Minimum depth of flange

δw The mid-span deflection of simply supported beam under distribution load
w

δlim Limit deflection

θ Angle between concrete compression struts and the main chord

ν1 A nondimensional coefficient; ν1 = 0.60(1-fck/250)

z Lever arm, z = 0.9d

r Density of the reinforced concrete T-beams

W Unit weight per unit length of the reinforced concrete T- beams

C0/L Total cost per unit length of T-beam

Cs Unit cost of reinforcing steel

Cc Unit cost of concrete

Cf Unit cost of formwork
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Abstract

Epoxy-based nanodielectrics with 2, 5 and 7 wt.% of organically modified montmorillon-
ite clay (oMMT) were prepared using high shear melt mixing technique. The interface of 
oMMT and epoxy of the nanodielectrics play a very important role in improving electri-
cal, mechanical, thermal and wear properties. Therefore detailed study on the interfacial 
effects of filler-matrix has been investigated for understanding the chemical bonding 
using Fourier transform infrared spectroscopy (FTIR) and the cross linking between 
polymer and filler was studied using glass transition temperature (Tg) through differ-
ential scanning calorimetry (DSC). Further, positron annihilation lifetime spectroscopy 
(PALS) was used to determine precise and accurate value of free volume of the nanodi-
electrics. The interaction between the nanoparticles and polymer chains has a direct bear-
ing on dielectric strength characteristics of the epoxy-oMMT nanocomposite system and 
accordingly, the ac dielectric strength of the nanodielectrics increases with the addition 
of oMMT into epoxy up to 5 wt.% and further increase in filler loading (7 wt.%) causes 
decrease in ac dielectric strength.

Keywords: Fourier transform infrared spectroscopy, positron annihilation life time 
spectroscopy, dielectric strength, glass transition temperature, differential scanning 
calorimetry, epoxy-oMMT nanocomposite

1. Introduction

The interface of surface functionalized nano-clay (oMMT) filler and polymer matrix (epoxy) 
of the polymer nanocomposites play a very important role in improving the electrical, 
thermal and mechanical properties. Therefore, detailed studies on the interfacial effects of 
filler-matrix on several properties have been investigated. The chemical bonding established 
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Abstract

Epoxy-based nanodielectrics with 2, 5 and 7 wt.% of organically modified montmorillon-
ite clay (oMMT) were prepared using high shear melt mixing technique. The interface of 
oMMT and epoxy of the nanodielectrics play a very important role in improving electri-
cal, mechanical, thermal and wear properties. Therefore detailed study on the interfacial 
effects of filler-matrix has been investigated for understanding the chemical bonding 
using Fourier transform infrared spectroscopy (FTIR) and the cross linking between 
polymer and filler was studied using glass transition temperature (Tg) through differ-
ential scanning calorimetry (DSC). Further, positron annihilation lifetime spectroscopy 
(PALS) was used to determine precise and accurate value of free volume of the nanodi-
electrics. The interaction between the nanoparticles and polymer chains has a direct bear-
ing on dielectric strength characteristics of the epoxy-oMMT nanocomposite system and 
accordingly, the ac dielectric strength of the nanodielectrics increases with the addition 
of oMMT into epoxy up to 5 wt.% and further increase in filler loading (7 wt.%) causes 
decrease in ac dielectric strength.

Keywords: Fourier transform infrared spectroscopy, positron annihilation life time 
spectroscopy, dielectric strength, glass transition temperature, differential scanning 
calorimetry, epoxy-oMMT nanocomposite

1. Introduction

The interface of surface functionalized nano-clay (oMMT) filler and polymer matrix (epoxy) 
of the polymer nanocomposites play a very important role in improving the electrical, 
thermal and mechanical properties. Therefore, detailed studies on the interfacial effects of 
filler-matrix on several properties have been investigated. The chemical bonding established 
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between epoxy and oMMT nanofiller has been investigated using Fourier transform infra-
red spectroscopy (FTIR). The cross linking between polymer and nanofiller was measured to 
determine the glassy state of the nanocomposite called glass transition temperature (Tg) by 
using differential scanning calorimetry (DSC). Further, the positron annihilation spectros-
copy (PALS) has been utilized to determine free volume as outlined in the multi-core model 
[1]. Many researchers have theoretically estimated the free volume of nanocomposites and 
there is no experimental data on the evaluation of free volume. In the present work, PALS has 
been used in the accurate evaluation of free volume. A brief explanation of nanocomposite 
interface dynamics, free volume estimation and the effect of intermolecular interactions and 
hydrogen bonding are discussed. The effect of these results on electrical property such as 
dielectric strength (DES) at room temperature was studied.

1.1. Multi-core interface model

The interaction of nanoparticles with the surrounding polymer matrix by means of three lay-
ers is described by Multi-core model [1] as shown in Figure 1. It consists of (i) Primary layer 
also referred as bonded layer, (ii) Secondary layer as referred as called bound layer, (iii) ter-
tiary layer also referred as called loose layer, and the next fourth layer which overlaps all the 
above three layers called electric double layer. Primary layer represents a type of transition 
layer which is firmly attached to the carbonless nanofiller or inorganic nanofiller and carbon 
based organic base matrix polymer by compatabilizer or hardner. Secondary or bound layer 
addressed as interfacial layer or region consists of a region or area of layer of polymer chains 

Figure 1. Multi-core model for nano-particle-polymer interfaces (source: Toshikatsu Tanaka and co-authors [1]).
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strongly bound to the primary layer and outer surface of nanofiller. Thickness of the layer 
varies between 2 and 9 nm. This value mainly relies on the strength of interaction between 
organic polymer and nanofiller or nanoparticles. Stronger the interaction, the larger will be 
the bound polymer fraction. This may correspond to a stoichiometrically cross-linked layer.

The loose layer is a region which is loosely coupled, at the same time interacts with the bound 
region. It is generally considered that the loose layer has different chain conformation, chain 
mobility, and even free volume in the polymer matrix. It may also consist of a less stoichio-
metrically cross-linked layer. In addition, interfacial structures obtained from chemistry, 
Columbic interaction is superimposed, when dielectric and electrical insulation properties 
are investigated [1]. The nanoparticle may be charged either positively or negatively. When 
a polymer has mobile charge carriers, they are distributed in the interface in such a man-
ner that the charge carriers with the opposite polarity are diffused outward from the contact 
surface to the Debye shielding length that corresponds to the Gouy-Chapman diffuse layer in 
which charge decays exponentially with distance, in accordance with Born approximation [1]. 
Debye shielding length is calculated approximately as 30 nm [1].

The thickness of these layers may varies from 1 nm to, several tens nm for the bonded, bound 
and loose layers respectively. It is not clearly known whether the thickness of the loose layer 
is the same as that of the Gouy-Chapman diffuse layer. It may appear that the latter might 
extend over the former. Therefore, far-field effect must be involved in mesoscopic interactions 
in the loose layer or the diffuse Gouy-Chapman layer, and it is expected to cause some com-
bined effect among neighboring nanoparticles. Macroscopic phenomena and parameters are 
different from polymer to polymer and polymer with filler particles due to the relative differ-
ences in its thickness and interaction strengths in the multi-core model with the far-field effect.

2. Experimental studies

2.1. Matrix and fillers

The Bisphenol A diglycidyl ether based Epon 828 epoxy resin (DGEBA) with epoxy equiva-
lent weight (EEW) of 188 g/mol and curing agent such as Epikure W which is chemically 
called diethyl toluene diamine (DETDA) with an amine hydrogen equivalent weight of 45 g/
mol were used in the present work. These materials were supplied by M/s. Miller-Stephenson 
Chemical Company, USA. The nanoclay used in the present work is called as Nanomer 1.30E 
supplied by M/s. Nanocor, USA. This nanoclay was surface treated with surface functional-
izer namely octadecylamine mainly used for uniform dispersion of nanoparticle epoxy resin 
polymer. This surface functionalized nanoclay is called organically modified montmorillonite 
clay represented as oMMT.

2.2. Fabrication process of nanocomposite

One of major challenges in the processing of nanocomposites is the non-uniform mixing of 
curing agent. Non uniform mixing of nanofiller, resin, and the curing agent or hardner may 
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also results in an improper curing. The schematic diagrams of processing method and curing 
cycle are shown in Figures 2 and 3 respectively.

Steps for processing of epoxy-oMMT nanocomposites:

Step1: The viscosity of Epon 828 resin was high at room temperature; and therefore, it was 
difficult to mix. In order to reduce the viscosity before mixing, the resin was preheated in an 
oven at 60°C for about 2 hours. The filler was dried in an oven at 100°C for 24 hours.

Step2: After reducing the viscosity, a known weight of epoxy resin was taken.

Step3: The required weight of the oMMT and curing agent were added to the epoxy resin.

Step4: Epoxy resin, oMMT, and curing agent mixture were mixed using IKA high shear mixer 
(T-T18 ULTRA TURRAX Basic) at a speed of 24,000 RPM for 45 minutes.

Step5: After mixing, degassing was carried out in a vacuum oven for 45 minutes.

Step6: The, the mixture was then transferred into aluminum molds and degassed again for 
30 minutes. After degassing, the aluminum molds were placed in an oven, and the materials 
were cured based on the time–temperature curing cycle shown in Figure 3. The dimensions 
of cured sheet of epoxy-oMMT nanocomposites used for the investigation had an area of 
200 mm × 200 mm and thickness of 3 mm.

2.3. Measurements

2.3.1. Interface dynamics

(i) Fourier transform infrared spectroscopy (FTIR)

Nanoparticles chemistry and chemical bonding type that existed between polymer and 
nanoparticles of cured polymer nanocomposites in the present study were characterized 
through FTIR measurements.

(ii) Differential scanning calorimeter (DSC)

The nanocomposites melting and glass transition temperature were calculated using DSC 
model 821 of Thermal Analysis instruments.

(iii) Positron annihilation lifetime spectrometer (PALS)

The PAL spectra of the nanocomposites have been traced by means of positron lifetime spec-
trometer with time resolution of 220 picoseconds.

(iv) Dielectric strength (DES)

The electrical breakdown measurements were carried out using HV AC Test Set of M/s. 
W.S. Test Systems Pvt. Ltd., Bangalore.

2.4. Experimental techniques

The bonding of nanoparticles with the base polymer and the chemical nature of cured poly-
mer material were characterized through FTIR measurements using Perkin Elmer make, 
model spectrum-GX FT-IR as per ASTM D 7214-07a.
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The DSC Model 821 of Thermal Analysis instrument was operated in nitrogen atmosphere 
to determine the glass transition temperature as per ASTM D-3428-99. The PALS in pure 
epoxy resin and oMMT filled nanocomposites were recorded using the positron lifetime 
spectrometer with a time resolution of 220 ps [2]. The PAL spectra obtained were analyzed 
by employing the computer software PATFIT [3]. This software decomposes a PAL spectrum 
into three discs. The lifetime component τ2 with intensities I2 is due to trapping of positrons at 
the defects. The longest life components τ3 with intensity I3 is due to pick-off annihilation of 
the o-Ps from the free volume sites present mainly in the amorphous regions of the polymer 
matrix. Nakanishi and co-authors [4] proposed equation 1, which is referred to the previous 
research works of Tao [5] and Eldrup [6] utilized to compute radius(R) of the free volume cell 
from the noted values of τ3 (o-Ps lifetime).

    1 _____________   λ  3   
   =  τ  3   = 0.5   [1‐   R _____ R + ΔR   +   1 ___ 2π   sin (  2 π R ______________ R + ΔR  ) ]    

‐1

   (1)

Here, ΔR is the fitting parameter and has been found to be 1.656 Angstrom (Å) for solid 
molecular media [7]. The free volume size is evaluated as Vf = (4/3) πR3.

The fractional free volume or the free volume content (Fv) is calculated as Fv = CVfI3, where, 
C = 0.00018 nm3 [7, 8].

Figure 3. Curing cycle for epoxy-oMMT nanocomposites.

Figure 2. Processing of epoxy-oMMT nanocomposites.
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The electrical breakdown voltage was measured at 300.15 K as per ASTM D-149 as shown in 
Figure 4.

Electrical breakdown voltage of nanocomposite insulator was documented. The dielectric 
breakdown strength (DES) was computed using,

  E =   V __ t   KV / mm  (2)

here, V = Electrical breakdown voltage in kilo volts,

t = thickness of nanocomposite sample in m.

3. Results and discussion

3.1. FTIR spectrum of pure epoxy

FTIR spectrum of pure epoxy is shown in Figure 5. In the below figure, peaks corresponding 
to the presence of functional groups in the epoxy system and are listed in Table 1.

The epoxy resin contains several polar groups which can interact with the surface –OH groups 
on the nanoparticles through hydrogen bonding rather easily, similar to the bonding between 
the –OH groups and H2O molecules in the atmosphere. An uncured DGEBA epoxy resin is 
polar in nature and contains two epoxide groups at both ends.

3.2. Hydrogen bond formation in polymer and nanoparticle

In the fabrication process of the epoxy nanocomposites, the filler (oMMT) is first mixed with 
DGEBA based epoxy subsequently the addition of hardner (DETDA) into the epoxy and 
oMMT nanoparticle mix to initiate the curing process. When DETDA hardner is added to the 
epoxy and oMMT particle mix, the epoxide group open up and form hydrogen bond with 
the free –OH groups on the nanoparticle surface in addition to reacting with amine groups 
of the hardner as shown in Figure 6.

Figure 4. Insulation breakdown test method by needle-plate electrode geometry.
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Figure 5. FTIR spectra of pure epoxy.

Wave number (cm−1) Functional groups

~3399 OH groups

~3036 Corresponds to the C–H stretch in aromatics

~2965 Corresponds to asymmetrical C–H stretch of –CH3 group

~2932 Corresponds to asymmetrical C–H stretch of –CH2 group

~1608 } 
Corresponds to C–C stretching vibration in aromatic

~1582

~1508

~1458

~1298 Corresponds to asymmetrical –CH2 deformation

~1247 Corresponds to asymmetrical aromatic C–O stretch

~1181 Corresponds to asymmetrical aliphatic C–O stretch

~1085 Corresponds to symmetrical aromatic C–O stretch

~916 Corresponds to epoxide ring vibrations

~874 Corresponds to –CH out of plane deformation in aromatic

~560

Table 1. FTIR peaks corresponding to functional groups in pure epoxy.
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Since, there is abundantly free –OH groups are available on the nanoparticle surface, the 
hydrogen bonded epoxy segments will be more in number nearer to the nanoparticle sur-
face. Development of the hydrogen bonds at interface region of epoxy and nanofiller is due 
to strongly bonded first nanolayer and tightly bounded second nanolayer of nanofiller and 
epoxy segments. This is in accordance with multi core model [1].

3.3. FTIR spectra of epoxy-oMMT nanocomposites

The FTIR spectrum of epoxy-oMMT nanocomposites is shown in Figure 7. The FTIR spectra 
clearly show that the incorporation of the filler particles leads to formation of hydrogen bonds. 
The interaction mechanism between nanofiller particles and base epoxy is the formation of 
hydrogen bond with free surface hydroxyl (–OH) groups present on the nanofiller particle 
outer surface and the base polymer epoxy. One of the major understand with the hydrogen 
bonding is that they will not exhibit any such new peaks in FTIR spectra.

The band at 3444 cm−1 correspond to the stretching vibration of hydroxyl (–OH) groups attached 
to the nanoparticle surface. The –OH groups may be attached on the surface of nanofiller par-
ticles as free –OH groups, or as –OH groups attached to absorbed H2O molecules. When the 
band appears at 1638 cm−1, this corresponds to the bending vibrations of absorbed H2O mol-
ecules. The presence of the FTIR peaks at the above mentioned wavelengths reports the pres-
ence of hydroxyl (-OH) groups on the nanofiller surfaces. This result obtained through FTIR 
measurements in the present work have been well supported by several researchers [9–11].

The reason for the presence of H2O molecules on the surfaces of oMMT particles are affinity of 
H2O molecules present in atmosphere to get bonded to the surface OH groups on the oMMT 
particles through hydrogen bonding. H2O is a polar particle or molecule and O2 attached to the 

Figure 6. Hydrogen bonding between –OH groups on the nanoparticle surface and epoxide groups in epoxy during curing.
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H2O molecule is highly prone to hydrogen bonding with free hydroxyl groups present on the 
OMMT particle surfaces as shown in Figure 7. Hence, there will be a tendency for all the –OH 
groups present in the oMMT nanoparticle surface to form hydrogen bonds with H2O molecules 
in the atmosphere which may result in the formation of a H2O layer on the surface of the OMMT 
particles. When such oMMT particles having high concentration of surface H2O molecules are 
introduced into epoxy, the H2O molecules will tend to influence the thermal and electrical prop-
erties of the epoxy based nanocomposites [12]. Although, it is very difficult to fully remove the 
formation of hydrogen bonds between the surface –OH groups and H2O molecules, the experi-
ments carried out have to be controlled to reduce the formation of a H2O layer on the surface of 
the nanoparticles. One of the important processes which has been adopted in the present work 
is to adequately dry the OMMT particles before they are adding into the polymer matrix.

With reference to the Figure 7, the width of the peak, intensity of the peak and –OH infrared 
peak positions are influenced by the existence of hydrogen bonding in the oMMT nanofiller 
and epoxy matrix. However, it is well known that for –OH bands i)width of peak, and ii) 
intensity of the peak increases as the incorporation of oMMT particles in epoxy resin increases 
which is considered as sign of adding up of hydrogen bonds in the nanofilled filled composites.

3.4. Analysis of the glass transition temperature (Tg)

The variations in Tg of the epoxy nanocomposites are shown in the Figure 8. It is noted from 
the figure, about the Tg value of pure epoxy resin as 442.15 K. It is also noted from the plot 
that inclusion of 2 wt.% oMMT, into epoxy results in increased value of Tg by 278.15 K as 
compared to pure epoxy.

Figure 7. FTIR spectra of epoxy-oMMT nanocomposites.
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particles through hydrogen bonding. H2O is a polar particle or molecule and O2 attached to the 

Figure 6. Hydrogen bonding between –OH groups on the nanoparticle surface and epoxide groups in epoxy during curing.
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H2O molecule is highly prone to hydrogen bonding with free hydroxyl groups present on the 
OMMT particle surfaces as shown in Figure 7. Hence, there will be a tendency for all the –OH 
groups present in the oMMT nanoparticle surface to form hydrogen bonds with H2O molecules 
in the atmosphere which may result in the formation of a H2O layer on the surface of the OMMT 
particles. When such oMMT particles having high concentration of surface H2O molecules are 
introduced into epoxy, the H2O molecules will tend to influence the thermal and electrical prop-
erties of the epoxy based nanocomposites [12]. Although, it is very difficult to fully remove the 
formation of hydrogen bonds between the surface –OH groups and H2O molecules, the experi-
ments carried out have to be controlled to reduce the formation of a H2O layer on the surface of 
the nanoparticles. One of the important processes which has been adopted in the present work 
is to adequately dry the OMMT particles before they are adding into the polymer matrix.

With reference to the Figure 7, the width of the peak, intensity of the peak and –OH infrared 
peak positions are influenced by the existence of hydrogen bonding in the oMMT nanofiller 
and epoxy matrix. However, it is well known that for –OH bands i)width of peak, and ii) 
intensity of the peak increases as the incorporation of oMMT particles in epoxy resin increases 
which is considered as sign of adding up of hydrogen bonds in the nanofilled filled composites.

3.4. Analysis of the glass transition temperature (Tg)

The variations in Tg of the epoxy nanocomposites are shown in the Figure 8. It is noted from 
the figure, about the Tg value of pure epoxy resin as 442.15 K. It is also noted from the plot 
that inclusion of 2 wt.% oMMT, into epoxy results in increased value of Tg by 278.15 K as 
compared to pure epoxy.

Figure 7. FTIR spectra of epoxy-oMMT nanocomposites.
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With the incorporation of 5 and 7 wt.% of nanofiller Tg value decreases. The interfacial interac-
tion of polymer nanocomposites and following in the formation of nanolayer in nanocompos-
ites are concluded in the literature followed. The formation of nanolayer and its influence on 
Tg is also been reported. The higher value of in Tg [13, 14] when nanofiller has been added 
is reported in some cases whereas, some others report a smaller value of Tg due to addition 
of nanoparticles into base polymer matrix [15], but the majority of the proposed theories are 
uncertain till today. The influence of oMMT nanofiller on the curing reaction and glass transi-
tion values of the epoxy nanocomposites is investigated by DSC in order to understand the 
molecular mobility in the nanocomposites. When the nanofiller concentration is increased 
from 5 to 7 wt.%, the values of Tg in epoxy nanocomposites is observed to decrease. Similar 
to the results obtained in the case of epoxy filled with oMMT nanofillers in the present work, 
reduced value of Tg have been reported for nanoalumina filled PMMA composites [16]. The 
increase in Tg with the addition of 2 wt.% of nanofiller is due to few cross links that developed 
between the polymer matrix and nanoparticle. However, the reduction in Tg values at 5 and 
7 wt.% of nanofiller loading may be due to the many reasons such as changes in molecular 
weight, tacticity, cross-linking density and the presence of residues from incomplete reac-
tions. The other possible reasons could be the size of the nanofillers which are certainly larger 
than the free volume hole sizes (discussed in Section 2.4) in the matrix and therefore the 
possible slide between the chains can result in increased free volume.

Sun and co-authors [17] reported that the Tg depression is associated with the improved poly-
mer chain dynamics because of the additional free volume at the resin-nanofiller interface. 
Becker and co-authors [18] remarked, interfacial interactions between polymer chains and 
positively or negatively charged nanofiller surface leads to the development of a polymer 

Figure 8. DSC plots of epoxy-oMMT nanocomposite.
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nanolayer near to the nanoparticle surface and this interfacial polymer nanolayer influences 
the Tg. These nanoparticle and polymer interactions can be developed as attractive interac-
tion, repulsive interaction or the interaction is neutral and as such Tg can increase, decrease, 
or remain constant. In the present work, the results obtained for 2 wt.% nanocomposites, 
may be due to few cross links but for higher loading, the nanoparticle-polymer interaction 
found to be repulsive and therefore Tg decreases and the present results are in good concord 
with the published literatures [16, 17]. The cross linking density reduces due to etherification 
mechanism and curing agent preferably tends to attach to the surfaces and very thin layer of 
hardner or curing agent will surround the nanofiller particles. This thin layer of curing agent 
will keep the curing agent around the nanofiller particles from reacting with the epoxy resin. 
This ‘curing agent concentration’ mechanism will also cause decrease in cross-link density 
and thereby Tg decreases at 5 and 7 wt.% of filler loading.

3.5. Characterization of free volume content

The variation of free volume content or fractional free volume (Fv), free volume size (Vf) and 
longest life time (τ3) with 2, 5 and 7 wt.% of oMMT in epoxy nanocomposites is shown in 
Figure 9.

The addition of oMMT content in epoxy resin (2-5 wt.%), causes τ3 to increase from 1.72 to 
1.75 ns, that is size or area of the free volume and free volume content increases from 7.17 to 
7.45 nm3 and 2.28 to 2.45% respectively. However, at 7 wt.% oMMT loading, both τ3, Vf and Fv 
decrease slightly to 1.74 ns, 7.34 nm3 and 2.14% respectively. The modifications has taken place 
may be because of addition of nanofiller in polymer matrix creates additional free volume. It 
further suggests that, the filler will not occupy the pre-existing free volume cavities due to 

Figure 9. Plot of τ3, Vf and Fv versus filler content (wt.%) of epoxy-oMMT nanocomposites.
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hardner or curing agent will surround the nanofiller particles. This thin layer of curing agent 
will keep the curing agent around the nanofiller particles from reacting with the epoxy resin. 
This ‘curing agent concentration’ mechanism will also cause decrease in cross-link density 
and thereby Tg decreases at 5 and 7 wt.% of filler loading.
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Figure 9. Plot of τ3, Vf and Fv versus filler content (wt.%) of epoxy-oMMT nanocomposites.
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bigger size of the fillers but creates additional free volume probably at the interface. The results 
also indicate that the layers of oMMT will result in favorable interaction with the epoxy resins 
and thereby the segmental motion is hindered. Hence, the significant increase in Fv percentage 
is not observed. The decrease in Tg is justified by the decrease in free volume content.

3.6. Effect of interface on dielectric strength (DES)

The dielectric strength (DES) is the vital properties of dielectric insulators. With reference to 
the discussion in Section 2.4, the properties of epoxy nanocomposites are mainly explained by 
interfacial interaction of polymer and of nanofillers. This interfacial area is responsible for the 
interaction of the electric field between the base epoxy and nanofiller. The DES of the nano-
composites depends largely on nanofiller content and even a very less quantity of nanofiller 
can cause improvement. When nanofiller particles are incorporated into the epoxy matrix, 
there is a change in morphology of the epoxy due to the interfacial interaction of epoxy with 
the oMMT nanofiller.

The Figure 10 shows the variation of Dielectric strength, free volume with respect to nano-
filler loading. With the addition of 2 wt.% oMMT into epoxy matrix, it is observed that Tg 
increases due to increase in cross linking density and hence less free charge carriers are 
available leading to slightly higher value of DES than that of pure epoxy. A further increase 
in the filler loading up to 5 wt.% of oMMT shows an increase in the DES above that of 
2 wt.% of nanocomposite. In this case the Tg decreases, and hence more free charge carriers 
are available.

Here the effect of third interface layer also called loose layer comes into scenario. The loose 
polymer layers contain more traps or free volumes as discussed in Section 2.4. These charge 
carriers are easily and more frequently trapped in trap sites rather than in the base epoxy. 

Figure 10. Plot of DES, Fv with respect to filler content (wt.%) of epoxy-oMMT nanocomposites.
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Because of this cause, charge carriers are accelerated over shorter distances and have reduced 
mobility and kinetic energy. This process is considered as a scattering mechanism. The energy 
of charge carriers is distributed more evenly in the polymer and thus causes less damage in the 
material and prolongs the lifetime and service of the epoxy. This scattering process decreases 
the electric field at the electrodes and increase the voltage required for charge injection.

These fillers can also act as barriers for the penetration of the charge carriers throughout the 
depth of the sample. In case of 5 wt.% oMMT, the number of nanoparticles is much more 
and the inter particle distance is also less than 100 nm. This inter particle distance was justi-
fied by morphological studies. Hence, there is a possibility of overlapping of the loose poly-
mer regions in the nanocomposites leading to the reduction in the loose polymer regions. 
This polymer layer along with a large number of fillers can also obstruct the discharge path, 
thereby dielectric strength increases. The increase in dielectric strength values is well sup-
ported by reduction in dielectric constant values and increase in free volume content at 2 and 
5 wt.% oMMT filled epoxy-oMMT.

When oMMT filler content is increased to 7 wt.%, there is a reduction in the dielectric strength 
occurs due to the overlapping of the tightly bound polymer regions over the interface, since 
the inter particle distances are comparable to the filler diameter. The interphase region close 
to the nanoparticle is found to be conductive [11]. As the conductive interphase regions tends 
to overlap, the pure polymer region is reduced, leading to an easier conducting path for the 
charge transfer and thereby a reduction in the dielectric strength is observed. With the addi-
tion of 7 wt.% of oMMT into epoxy matrix, reduction in Tg has taken place, and hence more 
free charge carriers are available, but reduction in free volume leads to an easier conduction 
path for the charge carriers and thereby DES decreases. The reduction in DES at 7 wt.% of 
oMMT filled nanocomposite is well supported by increase in dielectric constant values and 
free volume content of the nanocomposites. This has been well supported by many authors. 
Many researchers [19] have reported that layered silicate nanofillers modify the trapping 
property of both isotactic and syndiotactic PP. Roy and co-authors [20] have reported that 
deep trap sites have been identified in SiO2-XLPE nanocomposites through thermally stimu-
lated current (TSC) measurements.

4. Conclusions

The following remarks are drawn:

i. Existence of hydrogen bond between nanofillers and epoxy polymer chains in the nano-
composites has been established through FTIR, Tg, and free volume measurements.

ii. The interaction takes place between epoxy and nanoparticle in small region around the 
oMMT nanofiller surface called as “interface region” and the nature of interaction is 
found to be depends on the chemical bond of the oMMT and epoxy.

iii. The interaction between the oMMT and epoxy chains has a direct effect on dielectric 
strength characteristics of the nanocomposite and accordingly, a three core interface 
model has been used to elucidate the characteristics of the interface region.
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material and prolongs the lifetime and service of the epoxy. This scattering process decreases 
the electric field at the electrodes and increase the voltage required for charge injection.

These fillers can also act as barriers for the penetration of the charge carriers throughout the 
depth of the sample. In case of 5 wt.% oMMT, the number of nanoparticles is much more 
and the inter particle distance is also less than 100 nm. This inter particle distance was justi-
fied by morphological studies. Hence, there is a possibility of overlapping of the loose poly-
mer regions in the nanocomposites leading to the reduction in the loose polymer regions. 
This polymer layer along with a large number of fillers can also obstruct the discharge path, 
thereby dielectric strength increases. The increase in dielectric strength values is well sup-
ported by reduction in dielectric constant values and increase in free volume content at 2 and 
5 wt.% oMMT filled epoxy-oMMT.

When oMMT filler content is increased to 7 wt.%, there is a reduction in the dielectric strength 
occurs due to the overlapping of the tightly bound polymer regions over the interface, since 
the inter particle distances are comparable to the filler diameter. The interphase region close 
to the nanoparticle is found to be conductive [11]. As the conductive interphase regions tends 
to overlap, the pure polymer region is reduced, leading to an easier conducting path for the 
charge transfer and thereby a reduction in the dielectric strength is observed. With the addi-
tion of 7 wt.% of oMMT into epoxy matrix, reduction in Tg has taken place, and hence more 
free charge carriers are available, but reduction in free volume leads to an easier conduction 
path for the charge carriers and thereby DES decreases. The reduction in DES at 7 wt.% of 
oMMT filled nanocomposite is well supported by increase in dielectric constant values and 
free volume content of the nanocomposites. This has been well supported by many authors. 
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iv. The characteristics of the interface region of the nanocomposite depend on the number of 
oMMT nanofiller particles included in the epoxy resin and how the oMMT nanoparticle 
loading affects the dielectric strength.
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Abstract

This chapter focuses on some of the most advances made in the field of stability, dynamic,
and aeroelastic optimization of functionally graded composite structures. Practical realis-
tic optimization models using different strategies for measuring structural performance
are presented and discussed. The selected design variables include the volume fractions of
the composite material constituents as well as geometrical and cross-sectional parameters.
The mathematical formulation is based on dimensionless quantities; therefore, the analy-
sis can be valid for different configurations and sizes. Such normalization has led to a
naturally scaled optimization model, which is favorable for most optimization techniques.
Case studies include structural dynamic optimization of thin-walled beams in bending
motion, optimization of drive shafts against torsional buckling and whirling, and aero-
elastic optimization of subsonic aircraft wings. Other stability problems concerning fluid-
structure interaction has also been addressed. Several design charts that are useful for
direct determination of the optimal values of the design variables are introduced. The
proposed mathematical models have succeeded in reaching the required optimum solu-
tions, within reasonable computational time, showing significant improvements in the
overall structural performance as compared with reference or known baseline designs.

Keywords: functionally graded materials, composite structures, optimum design,
buckling stability, structural dynamics, fluid-structure interaction

1. Introduction

Functionally graded materials (FGMs) are new generation of advanced composites that have
gained interest in several engineering applications such as spacecraft heat shields, high-
performance structural elements, and critical engine components [1, 2]. They are formed of two
or more constituent phases with a continuously variable composition producing properties that
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change spatially within a structure. FGMs possess a number of advantages that make them
attractive in improving structural performance, such as maximized torsional rigidity of compos-
ite shafts [3], improved residual stress distribution and enhanced thermal properties [4], higher
natural frequencies of composite beams [5], and broader aeroelastic stability boundaries of
aircraft wings [6]. Actually, the concept of FGMs was originated in Japan in 1984 during a space
project, in the form of proposed thermal barrier material capable of withstanding high-
temperature gradients.

Figure 1 shows variation of the volume fraction through the thickness of a plate fabricated
from ceramic and metal. Ceramic provides high-temperature resistance because of its low
thermal conductivity, while metal secures the necessary strength and stiffness. FGMs may also
be developed using fiber-reinforced layers with a volume fraction of fibers that is coordinate
dependent, rather than constant, producing favorable properties or response [6]. In this chap-
ter, much attention is given to fibrous-type and their constitutive relationships.

An excellent review paper dealing with the basic knowledge and various aspects on the use of
FGMs and their wide applications is given by Birman and Byrd [7], who presented compre-
hensive discussions of the development related to stability and dynamic of FGM structures.
Closed-form expressions for calculating the natural frequencies of an axially graded beam
were derived in [8], where the modulus of elasticity was taken as a polynomial of the axial
coordinate along the beam’s length. An inverse problem was solved to find the stiffness and
mass distributions so that the chosen polynomial serves as an exact mode shape. Qian and
Batra [9] considered frequency optimization of a cantilevered plate with variable volume
fraction according to simple power laws. Genetic algorithm was implemented to find the
optimum values of the power exponents, which maximize the natural frequencies. They
concluded that the volume fraction needs to be varied in the longitudinal direction of the plate
rather than in the thickness direction. Another work presented an analytical approach for

Figure 1. FGM ceramic/metal particulate composite with volume fraction graded in the vertical direction [1].
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designing efficient patterns of FGM bars having maximized frequencies while maintaining the
total mass at a constant value [10]. The distribution of the volume fractions of the material
constituents was optimized using either discrete or continuous variations along the bar length.

In the context of structural stability, Elishakoff and Endres [11] considered buckling of an
axially graded cantilevered column and derived closed form solution for the mode shape and
the critical load. A semi-inverse method was employed to obtain the spatial distribution of the
elastic modulus in the axial direction. In Ref. [12], the buckling of simply supported three-layer
circular cylindrical shell under axial compressive load was analyzed. The middle layer
sandwiched with two isotropic layers was made of an isotropic FGM whose Young’s modulus
varies parabolically in the thickness direction. Classical shell theory was implemented under
the assumption of very small thickness/radius and very large length/radius ratios. Numerical
results showed that the buckling load increases with an increase in the average value of
Young’s modulus of the middle layer. An exact method was given in [13] for obtaining
column’s designs with the maximum possible critical buckling load under equality mass
constraint. Both material and wall thickness grading in the axial direction have been applied
to determine the required optimal solutions. Case studies and detailed results were given for
the cases of simply supported and cantilevered columns. Another work by Maalawi [14]
presented a mathematical model for enhancing the buckling stability of composite, thin-walled
rings/long cylinders under external pressure using radial material grading. The main structure
is made of multiangle fibrous laminated layups having different volume fractions within the
individual plies. This produced a piecewise grading of the material and thickness in the radial
direction. The critical buckling contours are plotted for different types of materials, showing
significant improvement in the overall stability limits of the structure under the imposed mass
constraint.

Considering dynamic aeroelasticity of FGM structures, Shin-Yao [15] investigated the effect of
variable fiber spacing on the supersonic flutter of composite laminates using the finite element
method and quasi-steady aerodynamic theory. The formulation of the location-dependent
stiffness and mass matrices due to nonhomogeneous material properties was derived. This
study first demonstrates the flutter analysis of composite laminates with variable fiber spacing.
Numerical results show that the sequence of the natural mode may be altered, and the two
natural frequencies may be close to each other because the fiber distribution may change the
distributed stiffness andmass of the plate. Therefore, it may change the flutter coalescent modes,
and the flutter boundary may be increased or decreased due to the variable fiber spacing. More
detailed discussions on stability, dynamic, and aeroelasticity of FGM structures are outlined in
Ref. [16]. The attained optimal solutions were determined by applying the global search tech-
niques [17, 18], which construct a number of starting points and use a local solver, such as
“fmincon” routine in the MatLab optimization toolbox [19]. Global search technique is distin-
guishedwith fast converging to the global optima even if it starts with a design point far from the
optimum. The local solver “fmincon” uses the method of sequential quadratic programming
(SQP), which has a theoretical basis related to the solution of a set of nonlinear equations using
Newton’s method and applies Kuhn-Tucker conditions to the Lagrangian of the constrained
optimization problem.
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It is the main intend of this chapter to present some fundamental issues concerning design
optimization of different types of functionally graded composite structures. Practical realistic
optimization models using different strategies for enhancing structural dynamics, stability, as
well as aeroelastic performance are presented and discussed. Case studies include frequency
optimization of thin-walled box beams, optimal design of drive shafts against torsional buck-
ling and whirling, and aeroelastic optimization of subsonic aircraft wings. Design of pipelines
against flow-induced flutter and/or divergence has also been addressed. Several design
charts that are useful for direct determination of the optimal values of the design variables
are introduced. In all, the given mathematical models can be regarded as useful design tools,
which may save designers from having to choose the values of some of their variables
arbitrarily.

2. Mathematical modeling of material grading

There are different scenarios in modeling the spatial variation of material properties of a
functionally graded structure. For example, Chen and Gibson [20] considered distributions
represented by polynomial functions and applied Galerkin’s method to calculate the required
polynomial coefficients from the resulting algebraic equations. They found that the linear
variation of the volume fraction is a best fit with that predicted experimentally for selected
composite beam specimens. Chi and Chung [21] studied the mechanical behavior of FGM
plates under transverse loading, where a constant Poisson’s ratio and variable moduli of
elasticity throughout the plate thickness were assumed. The volume fraction of the constituent
materials was defined by simple power laws, and closed form solutions using Fourier series
were given for the case of simply supported plates. In general, the distribution of the material
properties in functionally graded structures may be designed by either continuous or piece-
wise variation of the volume fraction in a specified direction. The most commonly utilized
distributions are summarized in what follows.

2.1. Thickness grading

The first early model of volume fraction variation through the thickness of a plate fabricated
from ceramic and metal was considered in [20]. This volume fraction is based on the mixture of
metal and ceramic and is an indicator of the material composition (volumetric wise) at any
given location in the thickness. If the volume fraction of ceramic is defined as “v” then the
volume fraction of metal is the remainder of the material, or (1 � v), assuming no voids are
present. A typical example, which was considered by numerous researchers in the field [1- 4]
assumed that the volume fraction “v” can be varied through the thickness coordinate z by the
power law (refer to Figure 1):

v zð Þ ¼ 1
2
þ z
h

� �p

� 1=2 ≤ z=hð Þ ≤ 1=2, p ≥ 0 (1)
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where h is the plate thickness and p is a volume fraction exponent, which dictates the amount
and distribution of ceramic in the plate. With higher values of p, the plate tends toward metal
while lower values tend toward ceramic (p = 0.0: fully ceramic, p = ∞: fully metal). Accordingly,
the distribution of the mechanical and physical properties of FGM can be defined in terms of the
material constants of the constituent phases based on a selected power-lawmodel. Designers can
vary the p-value to tailor the FGM to specific applications. In case of fibrous composites, Eq. (1)
ought to be modified to account for the limits imposed on the fiber volume fractions at
ẑ ¼ zlhð Þ ¼ �1=2 for consideration of other strength requirements and/or manufacturing restric-
tions. The modified form can be expressed as follows [5]:

vf ẑð Þ ¼ vf �0:5ð Þ þ vf 0:5ð Þ � vf �0:5ð Þ� �
ẑ þ 0:5ð ÞP, (2)

Another type of the power-law expression was utilized by Bedjilili et al. [22], who considered
vibration of fibrous composite beams with a variable volume fraction through the thickness of
the cross section, as shown in Figure 2. It was concluded that by varying the fiber volume
fraction within the beam thickness to create a FGM, certain vibration characteristics are signif-
icantly affected. The utilized formula was given as:

vf ẑð Þ ¼ vf 0ð Þ þ vf 0:5ð Þ � vf 0ð Þ� �
2 ẑj jð ÞP,

�0:5 ≤ ẑ ¼ z
h

� �
≤ 0:5, p ≥ 0

(3)

2.2. Spanwise grading

Some researchers considered grading of the fiber volume fraction in the spanwise (longitudi-
nal) direction of a composite plate. Librescu and Maalawi [6] investigated optimization of
composite wings using the concept of material grading in the spanwise direction. Both contin-
uous and discrete distributions of the fiber volume fractions were considered in the developed
optimization models. The following power-law expression was implemented:

Figure 2. Thickness distribution of the fiber volume fraction in FGM beam, vf (0) = 40%, vf (1/2) = 60% [22].
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vf ŷð Þ ¼ vfr 1� βf ŷ
P

� �
, 0 ≤ ŷ ¼ y

L

� �
≤ 1

βf ¼ 1� Δf
� �

,Δf ¼ vft=vfr
(4)

where vft and vfr are the fiber volume fractions at wing tip and root, respectively. Δf is called the
tapering ratio of the fiber volume fraction. Figure 3 shows the different patterns of the fiber
volume fraction distribution for different values of the power exponent p. Both configurations
of fibers aligned in the transverse (chordwise) and in the longitudinal (spanwise) directions are
shown. The volume fraction is constrained to lie between 25% and 75% in order not to violate
other strength and manufacturing requirements.

A more general distribution, given in Eq. (5), was tried by Shih-Yao [15], who applied it
successfully to investigate the effect of grading on the supersonic flutter of rectangular com-
posite plates.

vf ŷð Þ ¼ vfr βf 1� ŷnð Þp þ Δf

h i
, n ¼ 1, 2, 3 p ≥ 0 (5)

2.3. Determination of mechanical properties

A variety of approaches have been developed to predict the mechanical properties of fibrous
composite materials [23]. The common approaches fall into the following general categories:
mechanics of materials; numerical methods; variational approach; semiempirical formulas;
experimental measurements. Mechanics of materials approach is based on simplifying assump-
tions of either uniform strain or uniform stress in the constituents. Its predictions can be adequate
only for longitudinal properties of unidirectional continuous fibrous composites. Numerical
methods using finite difference, finite element, or boundary element methods yield the best
predictions; however, they are time-consuming and do not yield closed-form expressions. Vari-
ational methods based on energy principles have been developed to establish bounds (inequality
relations) on the effective properties. The bounds are close to each other in the case of longitudi-
nal properties, but they can be far apart in the case of transverse and shear properties. Semiem-
pirical relationships have been developed to avoid the difficulties with the above theoretical
approaches and to facilitate computations. The so-called Halpin-Tsai relationships have consis-
tent forms for all properties of fibrous composite materials and can be used to predict the effects
of a large number of system variables. Table 1 summarizes the mathematical formulas for
determining the equivalent mechanical and physical properties for known type and volume
fractions of the fiber (Vf) and matrix (Vm) materials [23]. The 1 and 2 subscripts denote the
principal directions of an orthotropic lamina, defined as follows: direction (1) principal fiber
direction, also called fiber longitudinal direction; direction (2) in-plane direction perpendicular
to fibers, transversal direction. The factor ξ is called the reinforcing efficiency and can be
determined experimentally for specified types of fiber and matrix materials. Whitney [24]
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Figure 3. Spanwise grading of fibers in a fibrous composite plate [6]. (a) Fibers aligned in chordwise direction, (b) fibers
aligned in spanwise direction, and (c) fiber volume fraction distribution for different power exponents.
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suggested the range 1 < ξ < 2 depending on the fiber array type, for example, hexagonal, square,
etc. Usually, ξ is taken equal to 1.0 for theoretical analysis procedures in the case of carbon or
glass fibrous composite laminates.

3. Frequency optimization of FGM thin-walled box beams

This section presents a mathematical model for optimizing the dynamic performance of thin-
walled FGM box beams with closed cross sections. The objective function is to maximize the
natural frequencies and place them at their target values to avoid the occurrence of large
amplitudes of vibration. The variables considered include fiber volume fraction, fiber orientation
angle, and ply thickness distributions. Various power-law expressions describing the distribution
of the fiber volume fraction have been implemented, where the power exponent was taken as the
main optimization variable [25]. The mass of the beam is kept equal to that of a known reference
beam. Side constraints are also imposed on the design variables in order to avoid having
unacceptable optimal solutions. A case study on the optimization of a cantilevered, single-cell
spar beam made of carbon/epoxy composite is considered. The results for the basic case of
uncoupled bending motion are given.

3.1. Structural dynamic analysis

Figure 4 shows a slender, composite thin-walled beam constructed from uniform segments,
each of which has different cross-sectional dimensions, material properties, and length.
Tapered shapes of an actual blade or wing spar can be adequately approximated by such a
piecewise structural model with a sufficient number of segments. The various parameters and
variables are normalized with respect to a reference beam, which is constructed from just one
segment with single unidirectional lamina having equal fiber and matrix volume fractions, that
is, Vfo = Vmo = 50%. The different quantities are defined in the following:

Ns = number of segments (panels).

j = subscript for the j-th segment, j = 1, 2,…….Ns.

Property Mathematical formula*

Young’s modulus in direction (1) E11 Em Vm + E1f Vf
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*Subscripts “m” and “f” refer to properties of matrix and fiber materials, respectively.
Assuming no voids are present, then Vm + Vf = 1.

Table 1. Halpin-Tsai semiempirical relations for calculating composite properties [23].
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Figure 4. General configuration of a multisegment, composite box beam [25]. (a) Circular cross section, (b) rectangular
cross section.
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Assuming no voids are present, then Vm + Vf = 1.
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Ĥj = Hj=H0
� �

= Ĥj ¼
PNL jð Þ
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rf = fiber mass density, rm = matrix density.

m̂j ¼ mj=mo
� � ¼ normalized mass per unit length of the j-th segment.

mj ¼ Γj
PNL jð Þ

k¼1 rkjhkj = mass per unit length of the j-th segment, mo ¼ ΓoroHo.

Ij = mass polar moment of inertia per unit length of the j-th segment.

=
PNL jð Þ

k ∮ rkjhkj y2 þ z2
� �

ds.

The normalized total structural mass is given by the expression:

bMs ¼ Ms=M0 ¼
XNs

j¼1

bMj ¼
XNs

j¼1

m̂jL̂j ¼
XNs

j¼1

Γ̂ jL̂j

XNL jð Þ

k¼1

r̂kjĥkj (6)

where Mo ¼ moLo ¼ ΓoroHoLo is the total mass of the uniform baseline design. A quantity with
subscript “o” refers to a reference beam parameter.

3.1.1. Constitutive relationships

The displacement field of anisotropic thin-walled closed cross-sectional beams was derived by
Dancila and Armanios [26], who used a variational asymptotic approach to obtain the follow-
ing constitutive equations:
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where Fx, Mx, My, and Mz stand for the axial force, torsional, and bending moments, respec-
tively, and Cmn are the cross-sectional stiffness coefficients derived in terms of closed-form
integrals of the geometry and material constants. The notations U1, U2, U3, and ϕ are the
kinematic variables representing the average displacements and rotation of the cross section.
The primes denote differentiation with respect to x.

3.1.2. Equations of motion

The general equations of motion for the free vibration analysis are derived using Hamilton’s
principle and expressed in terms of the kinematic variables, where it was shown that a closed
form solution is not available [25]. However, particular choices of cross-sectional shape and
layup can produce zero coupling coefficients in the equations of motion. Two special layup
configurations can be considered, namely circumferentially uniform stiffness (CUS) and
circumferentially asymmetric stiffness (CAS). The equations of the CUS type consist of two
coupled equations for extension-twist and two uncoupled bending equations. For the CAS type,
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the extension displacement (U1) is uncoupled, as well as the edgewise bending (U2), while the
flapping displacement (U3) is coupled with twist (φ). The general solution can be obtained by
separating the space and time variables, where the time dependence is assumed to be harmonic
with circular frequency, ω. The solutions for the uncoupled axial and bending equations are
straightforward, while those for the coupled equations involve much mathematics [26].

3.1.3. Solution procedure of uncoupled bending motion

The basic important case to be considered first is the uncoupled bending response, which exists
in both CUS and CAS layup configurations. Using the multisegment model depicted in Figure 4
and considering flapping motion (U3), the associated eigenvalue problem can be written directly
in the form:

C33, jU0000
3 � ω2mjU3 ¼ 0 (8)

which must be satisfied over the length Lj of any segment composing the beam structure.
Normalizing with respect to the reference beam, we get:

Û 0000
3 � β̂4

j Û3 ¼ 0 (9)

where β̂ j=
ffiffiffiffî
ω

p
m̂j=Ĉ33, j

� �1=4
, Ĉ33, j ¼ C33, j=C33,0, and ω̂ ¼ ωL20

m0
C33,0

� �1=2
. Eq. (9) must be satisfied

in the interval 0 ≤ x ≤ L̂j, where x ¼ x̂ � x̂j is a local coordinate of the j-th segment and
x̂ ¼ x=Loð Þ: The general solution is well known to be:

Û3 xð Þ ¼ a1 sin β̂ jxþ a2 cos β̂ jxþ a3 sinh β̂ jxþ a4 cosh β̂jx (10)

Expressing the constants ai, i ¼ 1, 2, 3, 4 in terms of the state variables vector {S}T =
{U3 �U0

3 � C33U00
3 � C33U000

3 gT at both ends of the j-th segment, we get

Sf gjþ1 ¼ T jð Þ
h i

Sf gj (11)

where [T(j)] is called the transfer matrix of the j-th segment with its elements given in detail
in Ref. [25]. The state variable vectors can be computed progressively along the length of
the beam by applying continuity among the interconnecting joints of the different segments
composing the beam structure. An overall transfer matrix denoted by [T], which relates
the state variables at both ends of the beam, can be obtained from the following matrix
multiplication:

T½ � ¼ T Nsð Þ
h i

T Ns�1ð Þ
h i

……:: T 2ð Þ
h i

T 1ð Þ
h i

(12)

The required frequency equation for determining the natural frequencies can then be obtained
by applying the associated boundary conditions and considering only the nontrivial solution
of the resulting matrix equation.
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where Mo ¼ moLo ¼ ΓoroHoLo is the total mass of the uniform baseline design. A quantity with
subscript “o” refers to a reference beam parameter.

3.1.1. Constitutive relationships

The displacement field of anisotropic thin-walled closed cross-sectional beams was derived by
Dancila and Armanios [26], who used a variational asymptotic approach to obtain the follow-
ing constitutive equations:
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where Fx, Mx, My, and Mz stand for the axial force, torsional, and bending moments, respec-
tively, and Cmn are the cross-sectional stiffness coefficients derived in terms of closed-form
integrals of the geometry and material constants. The notations U1, U2, U3, and ϕ are the
kinematic variables representing the average displacements and rotation of the cross section.
The primes denote differentiation with respect to x.

3.1.2. Equations of motion

The general equations of motion for the free vibration analysis are derived using Hamilton’s
principle and expressed in terms of the kinematic variables, where it was shown that a closed
form solution is not available [25]. However, particular choices of cross-sectional shape and
layup can produce zero coupling coefficients in the equations of motion. Two special layup
configurations can be considered, namely circumferentially uniform stiffness (CUS) and
circumferentially asymmetric stiffness (CAS). The equations of the CUS type consist of two
coupled equations for extension-twist and two uncoupled bending equations. For the CAS type,
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the extension displacement (U1) is uncoupled, as well as the edgewise bending (U2), while the
flapping displacement (U3) is coupled with twist (φ). The general solution can be obtained by
separating the space and time variables, where the time dependence is assumed to be harmonic
with circular frequency, ω. The solutions for the uncoupled axial and bending equations are
straightforward, while those for the coupled equations involve much mathematics [26].

3.1.3. Solution procedure of uncoupled bending motion

The basic important case to be considered first is the uncoupled bending response, which exists
in both CUS and CAS layup configurations. Using the multisegment model depicted in Figure 4
and considering flapping motion (U3), the associated eigenvalue problem can be written directly
in the form:

C33, jU0000
3 � ω2mjU3 ¼ 0 (8)

which must be satisfied over the length Lj of any segment composing the beam structure.
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in the interval 0 ≤ x ≤ L̂j, where x ¼ x̂ � x̂j is a local coordinate of the j-th segment and
x̂ ¼ x=Loð Þ: The general solution is well known to be:

Û3 xð Þ ¼ a1 sin β̂ jxþ a2 cos β̂ jxþ a3 sinh β̂ jxþ a4 cosh β̂jx (10)

Expressing the constants ai, i ¼ 1, 2, 3, 4 in terms of the state variables vector {S}T =
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3 gT at both ends of the j-th segment, we get

Sf gjþ1 ¼ T jð Þ
h i

Sf gj (11)

where [T(j)] is called the transfer matrix of the j-th segment with its elements given in detail
in Ref. [25]. The state variable vectors can be computed progressively along the length of
the beam by applying continuity among the interconnecting joints of the different segments
composing the beam structure. An overall transfer matrix denoted by [T], which relates
the state variables at both ends of the beam, can be obtained from the following matrix
multiplication:

T½ � ¼ T Nsð Þ
h i

T Ns�1ð Þ
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……:: T 2ð Þ
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The required frequency equation for determining the natural frequencies can then be obtained
by applying the associated boundary conditions and considering only the nontrivial solution
of the resulting matrix equation.
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3.2. Formulation of the optimization problem

Several design objectives can exist in structural optimization including minimum mass, maxi-
mum natural frequencies, minimum manufacturing cost, etc. [17]. Considering the reduction of
vibration level, two optimization alternatives can be formulated, namely, frequency placement
by separating the natural frequencies from the harmonics of the excitations or direct maximiza-
tion of the natural frequencies. The latter can ensure a simultaneous balanced improvement in
both stiffness and mass distributions of the vibrating structure. The related optimization prob-
lems are usually formulated as nonlinear mathematical programming problem where iterative
techniques are implemented for finding the optimal solution in the selected design space.
Numerous computer programs [18] are available to solve nonlinear optimization models, which
can be interacted with structural and eigenvalue analyses routines. The MATLAB toolbox opti-
mization routines can be useful in solving some types of unconstrained and constrained optimi-
zation problems. One of the most commonly applied routines that find the constrained optima of
a nonlinear merit function of many variables is named “fmincon” [19].

3.2.1. Basic optimization problem

Before performing the necessary mathematics, it is essential to recognize that design optimiza-
tion is only as meaningful as its core model of structural analysis. Any deficiencies therein will
absolutely be affected in the optimization process. Consider the basic problem of a uniform
cantilevered, thin-walled, single-cell spar constructed from just one segment with one unidi-
rectional lamina (Ns = 1, NL = 1). The total length and outer cross-sectional dimensions are
given preassigned values equal to those of the baseline design. The remaining set of variables

is, therefore, X = Vf ; Ĥ ;θ
� �

. The associated frequency equation for such a basic case is:

cos β̂L̂ cosh β̂L̂ ¼ �1, or cos
ffiffiffiffî
ω

p
m̂=Ĉ33

� �1
4
L̂ cosh

ffiffiffiffî
ω

p
m̂=Ĉ33

� �1
4
L̂ ¼ �1 (13)

It is seen that
ffiffiffiffî
ω

p
is an implicit function of the design variables and can be calculated numer-

ically by any suitable method such as Newton-Raphson or the Bisection method. However, the

frequency equation can be solved directly for the whole term
ffiffiffiffî
ω

p
m̂=Ĉ33

� �1
4
L̂ without regard to

the specific values of the design variables. The computed roots are:

ffiffiffiffiffi
ω̂ i

p
¼ Ĉ33=m̂

� �1
4 1

L̂

� �
1:8751, 4:6941, 7:8548,…π i� 0:5ð Þ i ≥ 4ð (14)

In Eq. (14), the frequency parameter
ffiffiffiffiffi
ω̂i

p
can be imagined as an explicit function of the design

variables. So, for prescribed values of the design variables within the domain of side con-
straints,

ffiffiffiffiffi
ω̂ i

p
can be obtained directly from the above equation. Therefore, it is possible to place

the frequency at its desired value and obtain the corresponding value of any one of the design
variables directly from Eq. (14). The selected composite material of construction is made of
epoxy-3501-6 and carbon-AS4 (see Table 2), which has favorable properties and is highly
recommended in many applications of civil, aerospace, and mechanical engineering [23].
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Figure 5 depicts the functional behavior of the dimensionless fundamental frequency param-

eter
ffiffiffiffiffiffi
ω̂1

p
combined with the structural mass constraint (M̂s ¼ 1). The imposed side constraints

are:

0:25; 0:75;�π=2ð Þ ≤ Vf ; Ĥ ;θ
� �

≤ 0:75; 1:25;π=2ð Þ (15)

It is remarked that the function is continuous and well behaved everywhere in (Vf – θ) design
space. The contours are symmetric about the horizontal line θ = 0 where the constrained global
maxima occurs when the fiber volume fraction reaches its upper limiting value. It can then be
concluded that the unidirectional lamina is favorable when considering beam designs with

Property Fiber: Carbon-AS4 Matrix: Epoxy-3501-6

Density (g/cm3) rf = 1.81 rm = 1.27

Modulus of elasticity (GPa) E1f = 235.0
E2f = 15.0

Em = 4.30

Modulus of rigidity (GPa) G12f = 27.0 Gm = 1.60

Poisson’s ratio ν12f = 0.20 νm = 0.35

Table 2. Material properties of fiber and matrix materials [23].

Figure 5. Level curvesof
ffiffiffiffiffiffi
ω̂1

p
function augmentedwith the constraint M̂s ¼ 1 in Vf � θ

� �
design space (Ns= 1,NL= 1, L̂ ¼ 1Þ.
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tion of the natural frequencies. The latter can ensure a simultaneous balanced improvement in
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Numerous computer programs [18] are available to solve nonlinear optimization models, which
can be interacted with structural and eigenvalue analyses routines. The MATLAB toolbox opti-
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3.2.1. Basic optimization problem

Before performing the necessary mathematics, it is essential to recognize that design optimiza-
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epoxy-3501-6 and carbon-AS4 (see Table 2), which has favorable properties and is highly
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E2f = 15.0
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maximum bending frequency. The optimal design point was found to be (Vf, Ĥ, θ) = (0.75, 0.92, 0)
at which

ffiffiffiffiffiffi
ω1

p� �
max ¼ 2:02589. This corresponds to an optimization gain of about 8.04% as

measured from the reference value 1.8751. Before ending this section, it is interesting to address
here the dual optimization problem of minimizing the total structural mass under preserved

frequency (
ffiffiffiffiffiffi
ω̂1

p
=1.8751). The optimal solutionwas calculated to be (Vf, Ĥ, θ) = (0.50, 0.915, 0) and

M̂s,min = 0.915, which corresponds to a mass saving of 8.5% as compared to the baseline design.

A couple of words are stated here regarding the side constraints in Eq. (15). First of all, it is
reminded that the main focus of the present study is to optimize the fiber volume fraction in
order to achieve higher values of the natural frequencies without mass penalty. The optimization
is performed with respect to a known baseline design, which is considered to be conservative
having reserve strength to withstand severe dynamic loads. The imposed side constraint on the
total wall thickness, normalized with respect to that of the baseline design, is included for
consideration of strength and stability requirements, which are not considered in the present
study. So, the imposed limits with a percentage of 25% below or above that of the baseline can be
practically accepted for the given model formulation. On the other hand, appropriate values of
the upper and lower bounds imposed on the fiber volume fraction are chosen to avoid having
unacceptable designs from the manufacture point of view. For example, the filament winding is
usually associated with the highest fiber volume fractions. With careful control of fiber tension
and resin content, values of around 75% would be reasonable [27].

3.2.2. Optimization model for discrete grading

A comprehensive analysis and formulation of discrete optimization models for beam structures
considering both stability and dynamic performance were formulated in [28], where mathemat-
ical programming coupled with finite element analysis procedures was implemented. For the
case of a two-segment spar beam, (Ns = 2, NL = 1), the reduced optimization problem can be
defined as follows:

Minimize F Xð Þ ¼ –
ffiffiffiffiffiffi
ω̂1

p� �

Subject to M̂s ¼ 1

XNs

1

L̂j ¼ 1

0:25; 0:0ð Þ ≤ Vfj; L̂j

� �
j¼1,2

≤ 0:75; 1:0ð Þ

(16)

Using the equality constraints, two of the design variables can be expressed in terms of the
other two variables. Figure 6 shows the functional behavior of the dimensionless frequency
combined with the structural mass constraint. It is remarked that the function is well defined

in the feasible domain of the selected design space (VA �L̂)1. Two empty regions can be
observed at the upper left and right parts of the design space, where violation of the equality
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mass constraint is indicated. In the left one, the fiber volume fraction is equal to 100%,
violating the imposed side constraint. The feasible domain is seen to be split into two distinct
zones separated by the baseline contour, which is represented by the vertical line Vf1 = 50%.

The constrained optimum is to found to be (Vfj, L̂jÞj¼1,2 = (0.75, 0.50), (0.25, 0.50) corresponding

to (
ffiffiffiffiffiffi
ω̂1

p
)max = 2.0645 with 10.10% optimization gain.

3.2.3. Optimization model for continuous grading

For continuous grading models, the associated optimization problem is cast as follows: find
the design variables vector X = (Δf, p), which minimizes the objective function:

F Xð Þ ¼ �
ffiffiffiffiffiffi
ω̂1

p

subject to the constraints:

M̂s ¼ 1
0:33 ≤ Δf ≤ 3:0

P ≥ 0

(17)

Figure 6. Level curves of
ffiffiffiffiffiffi
ω̂1

p
function augmented with M̂s ¼ 1 in Vf 1; L̂1

� �
design space (Ns = 2).
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maximum bending frequency. The optimal design point was found to be (Vf, Ĥ, θ) = (0.75, 0.92, 0)
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mass constraint is indicated. In the left one, the fiber volume fraction is equal to 100%,
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Solutions obtained by applying the power-law model of Eq. (3) have shown that no improve-
ments can be achieved using grading of the fiber volume fraction in the thickness direction. On
the other hand, grading in spanwise direction has shown some interesting results. Considering
spanwise grading according to Eq. (4), Figure 7 depicts the level curves of the fundamental
frequency parameter

ffiffiffiffiffiffi
ω̂1

p
combined with the mass constraint in the design space Δf ; p

� �
. It is

observed that the feasible domain is bounded from below and above by the constraint curves
corresponding to the upper and lower bounds imposed on the fiber volume fractions at tip and
root. The horizontal line Δf = 1.0 (i.e., Vf = 50% at root and tip) split the domain into two zones.
The lower zone encompasses the constrained optimum solution: (

ffiffiffiffiffiffi
ω̂1

p
)max = 2.01875 at the

design point (Δf, P)opt. = (0.34, 1.01).

Figure 7. Level curves of
ffiffiffiffiffiffi
ω̂1

p
function augmented with M̂s ¼ 1 in Δf ; p

� �
design space (Ns = NL = 1) with spanwise

grading “Eq. 4.”

Vf—power-law model (Δf, p)opt.,
ffiffiffiffiffiffi
ω1

p� �
max, gain %

Thickness grading (Eq. (3)) (1.0, 0.0), 1.8751 0.0%

Spanwise grading (Eq. (4)) (0.34, 1.01), 2.01875, 7.66%

Spanwise grading (Eq. 5)

n = 1 (0.34, 1.02), 2.01938, 7.70%

n = 2 (0.34, 2.425), 2.04813, 9.23%

n = 3 (0.34, 5.175), 2.06125, 9.93%

Table 3. Optimal solutions using different grading patterns (M̂s = 1).
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Table 3 summarizes the attained optimal solutions for the different grading patterns. It is seen
that the highest optimization gain is obtained by using spanwise grading of Eq. (5) with the
coordinate exponent n = 3.

4. Optimization of FGM drive shafts against torsional buckling and
whirling

One of the important design issues in mechanical industries is the buckling and whirling
instabilities that may arise from the loads applied to a power transmission shaft. These insta-
bilities result in a reduced control of the vehicle, undesirable performance, and often cause
damage, sometimes catastrophic, to the vehicle structure. Therefore, by incorporating such
considerations into an early design optimization [29], the design space of a power transmission
shaft will be reduced such that undesirable instability effects can be avoided during the range
of the vehicle’s mission profile. Figure 8 shows an idealized structural model of a long, slender
composite shaft having circular thin-walled cross section. The main structure is constructed
solely of functionally graded, fibrous composite materials. The laminate coordinates are
defined by x parallel to the shaft axis, y points to the tangential direction, and z points to the
radial direction. Predictions of both torsional buckling and whirling instabilities are based on
simplified analytical solutions of equivalent beam and shell structures. The coupling between
bending and torsional deformations, introduced by the composite construction, and its influ-
ence on such instabilities is considered.

4.1. Torsional buckling optimization problem

Bert and Kim [30] derived the governing differential equations of torsional buckling in the form:

Nx,x þNyx,y � 2Tu,xy ¼ 0
Nxy,x þNy,y þ Mxy,x=R

� �þ My,y=R
� �� 2T v,y þ w,x=R

� � ¼ 0
Mx,xx þ Mxy þMyx

� �
, xy þMy,yy �Ny=Rþ 2T v,x=R� w,xy

� � ¼ 0
(18)

where Nx and Ny are the normal forces, Nxy and Nyx are shear forces, Mx and My are bending
moments, and Mxy and Myx are torsional moments. All are applied to the midsurface and
measured per unit wall thickness of the shaft. T is the applied torque, R is the mean radius, and
(u, v, w) are the displacements of a generic point on the middle surface of the shaft wall. An
iterative process is outlined in Ref. [30] for calculating the buckling torque for specified boundary
conditions. There are other simple empirical equations based on experimental studies that can
give a reasonable estimate of the buckling torque. The most commonly used formula for the case
of simply supported shaft is [31]:

Tcr ¼ 2πR2H
� �

0:272ð Þ Exð Þ0:25 Ey
� �0:75 H=Rð Þ1:5 (19)

where Tcr is the critical buckling torque and H is the total wall thickness of the shaft. Expres-
sions of the equivalent modulii of elasticity in the axial (Ex) and hoop (Ey) directions for
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Table 3 summarizes the attained optimal solutions for the different grading patterns. It is seen
that the highest optimization gain is obtained by using spanwise grading of Eq. (5) with the
coordinate exponent n = 3.

4. Optimization of FGM drive shafts against torsional buckling and
whirling

One of the important design issues in mechanical industries is the buckling and whirling
instabilities that may arise from the loads applied to a power transmission shaft. These insta-
bilities result in a reduced control of the vehicle, undesirable performance, and often cause
damage, sometimes catastrophic, to the vehicle structure. Therefore, by incorporating such
considerations into an early design optimization [29], the design space of a power transmission
shaft will be reduced such that undesirable instability effects can be avoided during the range
of the vehicle’s mission profile. Figure 8 shows an idealized structural model of a long, slender
composite shaft having circular thin-walled cross section. The main structure is constructed
solely of functionally graded, fibrous composite materials. The laminate coordinates are
defined by x parallel to the shaft axis, y points to the tangential direction, and z points to the
radial direction. Predictions of both torsional buckling and whirling instabilities are based on
simplified analytical solutions of equivalent beam and shell structures. The coupling between
bending and torsional deformations, introduced by the composite construction, and its influ-
ence on such instabilities is considered.

4.1. Torsional buckling optimization problem

Bert and Kim [30] derived the governing differential equations of torsional buckling in the form:

Nx,x þNyx,y � 2Tu,xy ¼ 0
Nxy,x þNy,y þ Mxy,x=R

� �þ My,y=R
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� � ¼ 0
Mx,xx þ Mxy þMyx

� �
, xy þMy,yy �Ny=Rþ 2T v,x=R� w,xy

� � ¼ 0
(18)

where Nx and Ny are the normal forces, Nxy and Nyx are shear forces, Mx and My are bending
moments, and Mxy and Myx are torsional moments. All are applied to the midsurface and
measured per unit wall thickness of the shaft. T is the applied torque, R is the mean radius, and
(u, v, w) are the displacements of a generic point on the middle surface of the shaft wall. An
iterative process is outlined in Ref. [30] for calculating the buckling torque for specified boundary
conditions. There are other simple empirical equations based on experimental studies that can
give a reasonable estimate of the buckling torque. The most commonly used formula for the case
of simply supported shaft is [31]:

Tcr ¼ 2πR2H
� �

0:272ð Þ Exð Þ0:25 Ey
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where Tcr is the critical buckling torque and H is the total wall thickness of the shaft. Expres-
sions of the equivalent modulii of elasticity in the axial (Ex) and hoop (Ey) directions for
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symmetric and balanced laminates are given in Ref. [31]. The various parameters and variables
are normalized with respect to known baseline design, which is constructed from cross-ply
laminates [0o/900]N with equal volume fractions of the fibers and matrix materials, that is,
Vf = Vm = 50%. Optimized shaft designs shall have the same transmitted power, length, outer
diameter, boundary conditions, and material properties of those known for the baseline design.
The different dimensionless quantities are defined in Ref. [31]. The optimal torsional buckl-

ing problem is to find the design variables vectorX
!¼ Vf ;θ; ĥ

� �
k¼1,2,…NL

, which minimizes the

objective function:

Minimize F ¼ �T̂ cr

subject to mass limitation : M̂ � 1 ≤ 0
(20)

Torsional strength :
τmax

τallow

� �
� 1:0 ≤ 0

Whirling : Ω̂max � Ω̂cr ≤ 0
(21)

Side constraints : 0:30;�π
2
; 0:015

� �
≤ Vf ;θ; ĥ
� �

k¼1,2,…NL

≤ 0:70;
π
2
; 0:20

� �

0:75 ≤
XNL

k¼1

ĥk ≤ 1:25
(22)

where T̂ cr ¼ Tcr=Tcro, Ω̂ ¼ Ω ∗ 2πð Þ= 60ω1, o
� �

are the dimensionless critical torque and rota-
tional speed, respectively. The baseline design parameters are denoted by subscript “o.”
τmax ¼ Tmax=2πR2H

� �
is the maximum shear stress, Tmax is the maximum applied torque, and

τallow is the allowable shear stress that can be calculated according to the embedded material
properties and volume fraction of the fiber [23]. This optimization problem may be thought as a
search in an (3NL) dimensional space for a point corresponding to the minimum value of the
objective function and such that it lies within the region bounded by subspaces representing the
constraint functions. It must be noted that the outside dimensions (outer diameter and length) of

Figure 8. Shaft model and definition of reference axes.
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the shaft are restricted by the available interior space of the vehicle and will be considered as
preassigned parameters in the present model formulation. The first case study to be examined
herein is a shaft with discrete thickness grading constructed from eight plies (�θ �θ)s with the
same properties of carbon/epoxy composites (see Table 2) and same thicknesses. This sequence
is applied in filament wound circular shells, as such a process demands adjacent (�θ) layers.
Figure 9 depicts the obtained contours in the (Vf1-θ) design space, which are, as seen, monotonic

and symmetric about the zero ply angle. A local maximum of T̂ cr can be observed near the

design point (Vf1,θ) = (0.7, 90o) with T̂ cr = 1. This figure illustrates that the maximum critical
buckling torque can be achieved when the fiber orientation angle is close to 90o. Other case
studies including both discrete and continuous grading with several optimal solutions can be
found in Ref. [31]. At the start of the optimization process in each case, the shaft wall was
divided into a large number of layers with equal thicknesses, for example, NL = 32. It has been
found that the optimization algorithm treats the number of layers as an additional implicit
variable. Sometimes the computer discards one or more layers by letting their thicknesses sink
to the lower limits and sometimes makes some consecutive layers identical, that is, having the
same fiber orientation and volume fraction. Such a situation was repeated for many cases of
study. It was found that the appropriate number to be taken for the shaft problem under
consideration is NL = 8. This would eliminate much of the numerical effort necessary for
performing structural analysis in each optimization cycle and, consequently, reduces the com-
putational time considerably.

The final attained optimal solution was a cross ply layup [900/00]4 with the fiber volume
fraction in the eight layers reached its upper value of 70%. The optimal dimensionless ply

Figure 9. T̂ cr—contours in (Vf1-θ) design space under mass constraint M̂ ¼ 1. (Case of drive shaft with eight symmetric,
balanced, carbon/ epoxy layers)
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the shaft are restricted by the available interior space of the vehicle and will be considered as
preassigned parameters in the present model formulation. The first case study to be examined
herein is a shaft with discrete thickness grading constructed from eight plies (�θ �θ)s with the
same properties of carbon/epoxy composites (see Table 2) and same thicknesses. This sequence
is applied in filament wound circular shells, as such a process demands adjacent (�θ) layers.
Figure 9 depicts the obtained contours in the (Vf1-θ) design space, which are, as seen, monotonic

and symmetric about the zero ply angle. A local maximum of T̂ cr can be observed near the

design point (Vf1,θ) = (0.7, 90o) with T̂ cr = 1. This figure illustrates that the maximum critical
buckling torque can be achieved when the fiber orientation angle is close to 90o. Other case
studies including both discrete and continuous grading with several optimal solutions can be
found in Ref. [31]. At the start of the optimization process in each case, the shaft wall was
divided into a large number of layers with equal thicknesses, for example, NL = 32. It has been
found that the optimization algorithm treats the number of layers as an additional implicit
variable. Sometimes the computer discards one or more layers by letting their thicknesses sink
to the lower limits and sometimes makes some consecutive layers identical, that is, having the
same fiber orientation and volume fraction. Such a situation was repeated for many cases of
study. It was found that the appropriate number to be taken for the shaft problem under
consideration is NL = 8. This would eliminate much of the numerical effort necessary for
performing structural analysis in each optimization cycle and, consequently, reduces the com-
putational time considerably.
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thickness was found to be [0.1994, 0.0967, 0.152, 0.019]s at which the shaft torsional buckling
capacity was increased by 32.1% above that of the baseline design. However, the total struc-
tural mass has reached its baseline value, and whirling constraint became active at the
achieved optimum design point.

4.2. Whirling optimization problem

The calculation of the critical speed, also referred to as whirl instability of a rotating shaft, is
based on the work given in Refs. [32, 33]. The critical speed is defined as the point at which the
spinning shaft reaches its first natural frequency. The shaft is modeled as a Timoshenko beam,
which implies that first-order shear deformation theory with rotatory inertia and gyroscopic
action was used. The shaft is assumed to be pinned at both ends with a Cartesian coordinate
system (x, y, z), where x is measured along the longitudinal axis of the shaft. The displacements
in the y and z directions are denoted by v and w, respectively, and Φ is the angle of twist. The
cross-sectional area, second moment of area, and polar moment of area are denoted by A, I,
and J, respectively. The equations of motion are derived by invoking Hamilton’s principle,
with the following results [32]:

CB
∂2v
∂X4 þ rA

∂2v
∂t2

� rI þ CB

CS
rA

� �
∂4v

∂X2∂t2
� 2rIΩ

∂3w
∂x2∂t

� rA
CS

∂3w
∂t3

� �
þ rIrA

CS

∂4v
∂t4

þ CBT=2ð Þ ∂3ϕ
∂x3

¼ 0

(23)

CB
∂4w
∂x4

þ rA
∂2w
∂t2

� rI þ CB

CS
rA

� �
∂4w
∂x2∂t2

þ 2rIΩ
∂3v
∂x2∂t

� rA
CS

∂3v
∂t3

� �
þ rIrA

CS

∂4w
∂t4

þ CBT=2ð Þ ∂3ϕ
∂x3

¼ 0

(24)

CBT=2ð Þ ∂3v
∂x3

þ ∂3w
∂x3

� �
� CBT=2ð ÞrA

CS

∂3v
∂x∂t2

þ ∂3w
∂x∂t2

� �
þ CT

∂2ϕ
∂x2

� rJ
∂2ϕ
∂t2

¼ 0 (25)

The symbol t denotes time and Ω the rotational speed. The rA, rI, and rJ terms account for
translational, rotary, and torsional inertias, respectively, while the 2rI terms account for the
gyroscopic inertia effects. It is assumed that the flexural and bending-twisting coupling rigid-
ities (CB and CBT) associated with bending about the y and z axes are identical; likewise for the
transverse shear stiffness (Cs) [32]. Bert and Kim [33] considered the case of simply supported
shaft and assumed separable solution in space and time to solve the associated eigenvalue
problem. The derived frequency equation is given by:

C2
11 � C2

12

� �
C33 � 2C11C13C31 ¼ 0

C11 ¼ CBλ4 � rI þ CB

CS
rA

� �
ω2λ2 þ rIrA

CS
ω2 � rAω2

� � (26)

C12 ¼ 2rIΩω λ2 � rA
CS

ω2
� �

; C13 ¼ CBT=2ð Þλ3

C31 ¼ C13 � CBT=2ð Þ rA=CSð Þλω2; C33 ¼ CTλ2 � rJω2

(27)
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where λ ¼ nπ=L, ω = circular natural frequency, and n = mode number. For each natural
frequency of the nonrotating shaft, the rotational speed (Ω) develops gyroscopic moments,
which cause the natural frequency to bifurcate into two. The higher of the two increases withΩ
and is associated with forward precession, while the lower one decreases with Ω and is
associated with backward precession. A critical instability occurs when the rotational speed
coincides with the first backward-precision natural frequency, which is termed as the first
critical speed. Two alternatives may be considered regarding the whirling optimization prob-
lem [34]:

(a) Direct maximization of the critical rotational speed

Find the design variables vector X
!¼ Vf ;θ; ĥ

� �
k¼1,2,…NL

, which minimizes the objective func-

tion:

Minimize F ¼ �Ω̂cr

Subject to M̂ � 1 ≤ 0
(28)

τmax

τallow

� �
� 1:0 ≤ 0

Tmax

Tcr, o

� �
� T̂ cr ≤ 0

(29)

(b) Placement of the critical speed

The other alternative of the objective function is defined by:

Minimize F ¼ Ω̂cr � Ω̂
∗� �2

(30)

The same set of constraints given in Eq. (23) is applied. The notation Ω̂
∗
is a dimensionless

target rotational speed, which should be greater than the maximum permissible rotational
speed by a reasonable margin (e.g., 10–20%). As a case study, a drive shaft with continuous
material grading along the shaft axis is optimized considering the following power-law model:

Vf x̂ð Þ ¼ Vf 0:5ð Þ þ Vf 0ð Þ � Vf 0:5ð Þ� �
1� 2 x̂j jð Þnð ÞP, (31)

where Vf (0) is the fiber volume fraction at the right or left end of the drive shaft, while Vf (0.5)
is the fiber volume fraction at the middle of the shaft length. Figure 10 illustrates the level
curves of the normalized critical speed augmented with the mass equality constraint. It is seen

that there are four distinct zones separated by the contour lines Ω̂cr ¼ 1:0. The upper left zone
and lower right zone contain local maximum solutions. The best point (p, Δf) = (4.53, 0.3),

corresponding to Ω̂cr ¼ 1:045, is located inside the zone where the fiber taper ratio Δf ¼
Vf 0ð Þ=Vf 0:5ð Þ is less than one. The upper empty zone contains infeasible solutions that violate
the imposed constraints. Another case study considers the through-thickness grading pattern
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thickness was found to be [0.1994, 0.0967, 0.152, 0.019]s at which the shaft torsional buckling
capacity was increased by 32.1% above that of the baseline design. However, the total struc-
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achieved optimum design point.
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with the following results [32]:

CB
∂2v
∂X4 þ rA

∂2v
∂t2

� rI þ CB

CS
rA

� �
∂4v

∂X2∂t2
� 2rIΩ

∂3w
∂x2∂t

� rA
CS

∂3w
∂t3

� �
þ rIrA

CS

∂4v
∂t4

þ CBT=2ð Þ ∂3ϕ
∂x3

¼ 0

(23)

CB
∂4w
∂x4

þ rA
∂2w
∂t2

� rI þ CB

CS
rA

� �
∂4w
∂x2∂t2

þ 2rIΩ
∂3v
∂x2∂t

� rA
CS

∂3v
∂t3

� �
þ rIrA

CS

∂4w
∂t4

þ CBT=2ð Þ ∂3ϕ
∂x3

¼ 0

(24)

CBT=2ð Þ ∂3v
∂x3

þ ∂3w
∂x3

� �
� CBT=2ð ÞrA

CS

∂3v
∂x∂t2

þ ∂3w
∂x∂t2

� �
þ CT

∂2ϕ
∂x2

� rJ
∂2ϕ
∂t2

¼ 0 (25)

The symbol t denotes time and Ω the rotational speed. The rA, rI, and rJ terms account for
translational, rotary, and torsional inertias, respectively, while the 2rI terms account for the
gyroscopic inertia effects. It is assumed that the flexural and bending-twisting coupling rigid-
ities (CB and CBT) associated with bending about the y and z axes are identical; likewise for the
transverse shear stiffness (Cs) [32]. Bert and Kim [33] considered the case of simply supported
shaft and assumed separable solution in space and time to solve the associated eigenvalue
problem. The derived frequency equation is given by:
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(27)
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where λ ¼ nπ=L, ω = circular natural frequency, and n = mode number. For each natural
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coincides with the first backward-precision natural frequency, which is termed as the first
critical speed. Two alternatives may be considered regarding the whirling optimization prob-
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1� 2 x̂j jð Þnð ÞP, (31)

where Vf (0) is the fiber volume fraction at the right or left end of the drive shaft, while Vf (0.5)
is the fiber volume fraction at the middle of the shaft length. Figure 10 illustrates the level
curves of the normalized critical speed augmented with the mass equality constraint. It is seen

that there are four distinct zones separated by the contour lines Ω̂cr ¼ 1:0. The upper left zone
and lower right zone contain local maximum solutions. The best point (p, Δf) = (4.53, 0.3),

corresponding to Ω̂cr ¼ 1:045, is located inside the zone where the fiber taper ratio Δf ¼
Vf 0ð Þ=Vf 0:5ð Þ is less than one. The upper empty zone contains infeasible solutions that violate
the imposed constraints. Another case study considers the through-thickness grading pattern
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given by Eq. (3). The corresponding design variable vector is defined by X
!¼ Vf 0ð Þ;Vf

1
2

� �
; p; Ĥ

� �

with lower and upper limits XL
!

= (0.3, 0.3, 0, 0.75) and XU
!

= (0.7, 0.7, ∞, 1.25). The attained

optimal design variable vector was calculated to be Xopt
! ¼ 0:7; 0:3; 5:61; 0:955ð Þ at which the

maximum critical speed increased by 14% above that of the baseline design with active mass
constraint.

A last optimization strategy to be addressed here is to combine the two criteria in a single
objective function subject to the mass, strength, and side constraints.

Minimize F ¼ � Ω̂cr þ T̂ cr

� �

Subject to M̂ � 1 ≤ 0
τmax

τallow

� �
� 1:0 ≤ 0

(32)

Eq. (22) assumes that whirling and torsional buckling instabilities are of equal relative impor-
tance. This model resulted in a balanced improvement in both stabilities with active mass
constraint. The attained optimal solution was found to have a uniform distribution of the
fiber volume fraction with its upper limiting value of 70% and wall thickness = 0.935. The

corresponding optimal values of the design objectives were Ω̂cr ¼ 1:135 and T̂ cr ¼ 1:161,
representing optimization gains 13.5 and 16.1%, respectively, as measured from the baseline
design.

Figure 10. Normalized critical speed Ω̂cr augmented with the mass constraint (M̂ ¼ 1:0) in (p-Δf) design space.
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5. Optimization of FGM wings against divergence

The use of the in-plane grading in aeroelastic design was first exploited by Librescu and
Maalawi [6], who introduced the underlying concepts of using material grading in optimizing
subsonic rectangular wings against torsional instability. Exact mathematical models were
developed allowing the material physical and mechanical properties to change in the wing
spanwise direction, where both continuous and piecewise structural models were successfully
implemented. In this section, analytical solutions are developed for slender tapered composite
wings through optimal grading of the material volume fraction in the spanwise direction. The
enhancement of the wing torsional stability is measured by maximization of the critical flight
speed at which aeroelastic divergence occurs. The total structural mass is maintained at a value
equals to that of a known baseline design in order not to violate other performance require-
ments. Figure 11 depicts a slender wing constructed from Np panels with trapezoidal plan-
form and known airfoil cross section. The wing is considered to be made of unidirectional
fiber-reinforced composites with variable fiber volume fraction in the spanwise direction. The
flow is taken to be steady and incompressible, and the aspect ratio is assumed to be sufficiently
large so that the classical engineering theory of torsion can be applicable and the state of
deformation described in terms of one space coordinate.

The chord distribution is assumed to have the form:

C xð Þ ¼ Cr 1� βcx
� �

, βc ¼ 1� Δcð Þ (33)

The symbol Δc denotes the chord taper ratio (= tip chord Ct/root chord Cr) and x (= x1/L)
denotes the dimensionless spanwise coordinate. The equivalent shear modulus G of a
unidirectional reinforced composite, thin-walled cross section can be determined from the
relation [35]:

G ¼ f 1 G12 (34)

where f1 is a function that depends on the geometry and thickness ratio of the cross section (h/
C) and the ratio (G12/ G13), where G12 and G13 are the in-plane and out-of-plane shear moduli,

Figure 11. Trapezoidal wing planform and cross section geometry. (a) Multipanel, piecewise wing model, (b) airfoil
section and applied airloads.
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fiber volume fraction with its upper limiting value of 70% and wall thickness = 0.935. The

corresponding optimal values of the design objectives were Ω̂cr ¼ 1:135 and T̂ cr ¼ 1:161,
representing optimization gains 13.5 and 16.1%, respectively, as measured from the baseline
design.
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Maalawi [6], who introduced the underlying concepts of using material grading in optimizing
subsonic rectangular wings against torsional instability. Exact mathematical models were
developed allowing the material physical and mechanical properties to change in the wing
spanwise direction, where both continuous and piecewise structural models were successfully
implemented. In this section, analytical solutions are developed for slender tapered composite
wings through optimal grading of the material volume fraction in the spanwise direction. The
enhancement of the wing torsional stability is measured by maximization of the critical flight
speed at which aeroelastic divergence occurs. The total structural mass is maintained at a value
equals to that of a known baseline design in order not to violate other performance require-
ments. Figure 11 depicts a slender wing constructed from Np panels with trapezoidal plan-
form and known airfoil cross section. The wing is considered to be made of unidirectional
fiber-reinforced composites with variable fiber volume fraction in the spanwise direction. The
flow is taken to be steady and incompressible, and the aspect ratio is assumed to be sufficiently
large so that the classical engineering theory of torsion can be applicable and the state of
deformation described in terms of one space coordinate.

The chord distribution is assumed to have the form:

C xð Þ ¼ Cr 1� βcx
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, βc ¼ 1� Δcð Þ (33)

The symbol Δc denotes the chord taper ratio (= tip chord Ct/root chord Cr) and x (= x1/L)
denotes the dimensionless spanwise coordinate. The equivalent shear modulus G of a
unidirectional reinforced composite, thin-walled cross section can be determined from the
relation [35]:

G ¼ f 1 G12 (34)

where f1 is a function that depends on the geometry and thickness ratio of the cross section (h/
C) and the ratio (G12/ G13), where G12 and G13 are the in-plane and out-of-plane shear moduli,
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section and applied airloads.

Optimization of Functionally Graded Material Structures: Some Case Studies
http://dx.doi.org/10.5772/intechopen.82411

179



respectively (refer to Table 1). C is the chord length and h is the maximum thickness of the
cross section. For many types of fibrous composites that are commonly utilized in aerospace
industry [23], such as carbon/epoxy and graphite epoxy, both moduli are approximately equal,
G12 ≈ G13.

Using the classical elasticity and aerodynamic strip theories, the governing differential equa-
tion of torsional stability in dimensionless form is [35]:

ĜĴα0
� �0

þ V̂
2
α xð Þ ¼ 0 (35)

The associated boundary conditions of the elastic angle of attack, α, are α(0) = 0 and α0 1ð Þ ¼ 0.

The symbol Ĝ ¼ G12=G12, o denotes the dimensionless shear modulus, Ĵ ¼ J=Jr denotes the
dimensionless torsion constant, and the prime denotes differentiation with respect to the dimen-

sionless coordinate x = x1/L. The dimensionless flight speed is defined by V̂ ¼ VCrb
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rae=2GJr

p
,

where (GJ)r is the torsional stiffness of the baseline design at root. The shear modulus G12,0 of the
baseline design can be calculated by taking Vfo = 50%.

Considering the K-th panel of the wing as shown in Figure 11a, and using the transformation
y = (1-βx), Eq. (25) takes the form:

zα00 þ 3α0 þ a2kα ¼ 0, 1-βxkþ1
� �

≤ y ≤ 1� βxk
� �

(36)

where ak ¼ V̂=β
ffiffiffiffiffiffiffiffiffiffiffiffi
ĥkĜk

q
, ĥk and Ĝk are the normalized wall thickness and shear modulus of

the kth wing panel, respectively. The general solution of Eq. (26) is:

α yð Þ ¼ A1
J2 2

ffiffiffiffiffiffiffi
aky

p� �
y

� A2
Y2 2

ffiffiffiffiffiffiffi
aky

p� �
y

(37)

where J2 and Y2 are Bessel’s function of the first and second kind with order 2, respectively
[35], and A1 and A2 are the constants of integration. The dimensionless internal torsional
moment, T, can be obtained by differentiating Eq. (27) and multiplying by the dimensionless
shear rigidity. Applying the boundary conditions at stations (k) and (k + 1), the constants A1

and A2 can be expressed in terms of the state variables at station (k), which can be related to
those at station (k + 1) by the transfer matrix relation:

αkþ1

Tkþ1

( )
¼ E kð Þ

h i αk

Tk

( )
(38)

It is now possible to compute the state variables progressively along the wing span by apply-
ing continuity requirements of the variables (α, T) among the interconnecting boundaries of
the various wing panels. The divergence speed can be calculated by applying the boundary
conditions and considering the nontrivial solution of the resulting equations (similar to the
procedure outlined in Section 3.1.3). The associated optimization problem may be cast in the
following:

Optimum Composite Structures180

Minimize� V̂ div

Subject to M̂s � 1:0 ≤ 0

0:25; 0:5; 0:0ð Þ ≤ Vf ; ĥ; b̂
� �

k¼1,2, ::Np
≤ 0:75; 1:25; 1:0ð Þ

P
b̂k ¼ 1:0

(39)

The preassigned parameters that do not change during the optimization process include the
wing semispan (b), the chord taper ration (Δc), airfoil type and geometry, and fiber and resin
material types. This model has been applied to obtain wing designs with improved torsional
stability by maximizing the divergence speed (Vdiv) without weight penalty. The selected
material is carbon-AS4/epoxy-3501-6 composite (see Table 2), which has favorable characteris-
tics and is highly desirable in manufacturing aircraft structures. The baseline design has
uniform mass and stiffness distributions and is made of uniform unidirectional fibrous com-
posite with equal volume fraction of the matrix and fiber materials, that is, Vfo = 50%.
Figures 12 and 13 show the developed level curves of constant divergence speed (also named
isodiverts) for two-panel wings with chord tapering ratio, Δc = 0.5. Actually, these curves
represent the dimensionless critical speed, augmented with the equality mass constraint.
Examining Figure 12, it is seen that the Vdiv function is well behaved and continuous every-
where in the selected design space except in the empty regions to the upper left and right
regions, where the equality mass constraint is violated. The feasible domain is bounded from

Figure 12. Isodivert in (Vf1- b1) design space for a two-panel wing model (h1 = h2 = 1.0, Δc = 0.5, M̂s ¼ 1).
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respectively (refer to Table 1). C is the chord length and h is the maximum thickness of the
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where J2 and Y2 are Bessel’s function of the first and second kind with order 2, respectively
[35], and A1 and A2 are the constants of integration. The dimensionless internal torsional
moment, T, can be obtained by differentiating Eq. (27) and multiplying by the dimensionless
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the various wing panels. The divergence speed can be calculated by applying the boundary
conditions and considering the nontrivial solution of the resulting equations (similar to the
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following:
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above by the two curved lines representing the upper and lower limiting constraints imposed
on the volume fraction of the outboard blade panel. The contours inside the feasible domain
are not allowed to penetrate these borderlines and obliged to turn sharply to be asymptotes
to them, in order not to violate the mass constraint. The final attained optimal solutions are
summarized in Table 4. It can be observed that good wing patterns shall have the lower limit
of the fiber volume fraction at the tip and the upper limit at root. Using material and wall
thickness grading together results in a considerable enhancement of the wing torsional
stability.

Figure 13. Isodivert in (Vf1- b1) design space for a two-panel wing model (h2 = 0.5, Vf2 = 0.3, Δc = 0.5, M̂s ¼ 1).

Np Type of grading X
!

opt ¼ Vf ; ĥ; b̂
� �

k¼1,2, ::Np
V̂ div,max Optimization gain %

2 Material (0.5906, 1.0, 0.6594)1
(0.2500, 1.0, 0.3406)2

2.0523 3.93%

Material and thickness (0.75, 1.0625, 0.7)1
(0.25, 0.5250, 0.3)2

3.2275 63.44%

3 Material (0.6000, 1.0, 0.5750)1
(0.4125, 1.0, 0.1375)2
(0.2500, 1.0, 0.2875)3

2.05625 4.13%

Material and thickness (0.75, 1.10, 0.65)1
(0.30, 0.65, 0.05)2
(0.25, 0.50, 0.3)3

3.3475 69.52%

Table 4. Optimal piecewise wing designs with chord taper = 0.5 (baseline value = 1.9747).
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6. Optimization of composite thin-walled pipes conveying fluid

The subject of vibration and stability of thin pipes conveying flowing fluids is of a considerable
practical interest. An advanced textbook by Paїdoussis [36] gives an excellent review of the
several developments made in this research area. Practical models for enhancing static and
dynamic stability characteristics of pipelines constructed from uniform modules were
addressed by Maalawi et al. [37, 38], where the relevant design variables were selected to be
the mean diameter, wall thickness, and length of each module composing the pipeline. The
general case of an elastically supported pipe, covering a variety of boundary conditions, was
also investigated. Distinct domains of the flutter instability boundaries were presented for
different ratios of the fluid-to-pipe mass, and the variation of the critical flow velocity with
support flexibility was examined and discussed. Concerning pipelines made of advanced
FGMs, this section presents a mathematical model for enhancing the overall system stability
against flutter and/or divergence under mass constraint. Figure 14 shows a FGM pipe convey-
ing flowing fluid with the coordinate system chosen such that the x-axis coincides with the
longitudinal centroidal axis in its undeformed position, while the y- and z-axes coincide with
the cross section principal axes. The pipe model consists of rigidly connected thin-walled
circular tubes made of unidirectional fibrous composite material. Each pipe module has differ-
ent material properties, wall thickness, and length. Such a configuration results in a piecewise
axial grading of either the material of construction or the wall thickness in the direction of the
pipe axis. Assuming no voids are present, the distributions of the mass density (r) and
modulus of elasticity (E) can be determined using the formulas of Table 1.

The associated eigenvalue problem is described by the fourth-order ordinary differential
equation [39]:

EIð ÞkV
0 0 0 0 þU2V

0 0 þ 2iωU
ffiffiffiffiffi
βo

q
V 0 �mkω2V ¼ 0 (40)

where V(x) is the dimensionless mode shape satisfying boundary conditions, and ω is the
corresponding dimensionless frequency of oscillation, which will be, in general, a complex
number to be determined by the requirement of nontrivial solutions, V(x) 6¼ 0. More details for

Figure 14. Multimodule composite pipe conveying flowing fluid.
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above by the two curved lines representing the upper and lower limiting constraints imposed
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are not allowed to penetrate these borderlines and obliged to turn sharply to be asymptotes
to them, in order not to violate the mass constraint. The final attained optimal solutions are
summarized in Table 4. It can be observed that good wing patterns shall have the lower limit
of the fiber volume fraction at the tip and the upper limit at root. Using material and wall
thickness grading together results in a considerable enhancement of the wing torsional
stability.

Figure 13. Isodivert in (Vf1- b1) design space for a two-panel wing model (h2 = 0.5, Vf2 = 0.3, Δc = 0.5, M̂s ¼ 1).

Np Type of grading X
!

opt ¼ Vf ; ĥ; b̂
� �

k¼1,2, ::Np
V̂ div,max Optimization gain %

2 Material (0.5906, 1.0, 0.6594)1
(0.2500, 1.0, 0.3406)2

2.0523 3.93%

Material and thickness (0.75, 1.0625, 0.7)1
(0.25, 0.5250, 0.3)2

3.2275 63.44%

3 Material (0.6000, 1.0, 0.5750)1
(0.4125, 1.0, 0.1375)2
(0.2500, 1.0, 0.2875)3

2.05625 4.13%

Material and thickness (0.75, 1.10, 0.65)1
(0.30, 0.65, 0.05)2
(0.25, 0.50, 0.3)3

3.3475 69.52%

Table 4. Optimal piecewise wing designs with chord taper = 0.5 (baseline value = 1.9747).
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6. Optimization of composite thin-walled pipes conveying fluid

The subject of vibration and stability of thin pipes conveying flowing fluids is of a considerable
practical interest. An advanced textbook by Paїdoussis [36] gives an excellent review of the
several developments made in this research area. Practical models for enhancing static and
dynamic stability characteristics of pipelines constructed from uniform modules were
addressed by Maalawi et al. [37, 38], where the relevant design variables were selected to be
the mean diameter, wall thickness, and length of each module composing the pipeline. The
general case of an elastically supported pipe, covering a variety of boundary conditions, was
also investigated. Distinct domains of the flutter instability boundaries were presented for
different ratios of the fluid-to-pipe mass, and the variation of the critical flow velocity with
support flexibility was examined and discussed. Concerning pipelines made of advanced
FGMs, this section presents a mathematical model for enhancing the overall system stability
against flutter and/or divergence under mass constraint. Figure 14 shows a FGM pipe convey-
ing flowing fluid with the coordinate system chosen such that the x-axis coincides with the
longitudinal centroidal axis in its undeformed position, while the y- and z-axes coincide with
the cross section principal axes. The pipe model consists of rigidly connected thin-walled
circular tubes made of unidirectional fibrous composite material. Each pipe module has differ-
ent material properties, wall thickness, and length. Such a configuration results in a piecewise
axial grading of either the material of construction or the wall thickness in the direction of the
pipe axis. Assuming no voids are present, the distributions of the mass density (r) and
modulus of elasticity (E) can be determined using the formulas of Table 1.

The associated eigenvalue problem is described by the fourth-order ordinary differential
equation [39]:

EIð ÞkV
0 0 0 0 þU2V

0 0 þ 2iωU
ffiffiffiffiffi
βo

q
V 0 �mkω2V ¼ 0 (40)

where V(x) is the dimensionless mode shape satisfying boundary conditions, and ω is the
corresponding dimensionless frequency of oscillation, which will be, in general, a complex
number to be determined by the requirement of nontrivial solutions, V(x) 6¼ 0. More details for
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the definition of the various parameters and dimensionless design variables are given in Ref. [39].
Both static and dynamic instability phenomena can be involved for the physical model described
by Eq. (30), depending on the type of boundary conditions at the pipe ends. The notation ()0

means total spatial derivative. The general solution can be obtained using standard power series
methods:

V xð Þ ¼
X4

j¼1

Aje
ipjx (41)

pj, j = 1,…4 are the four roots of the fourth-order polynomial:

p4 � αkU2� �
p2 � 2ωU

ffiffiffiffiffi
βo

q
αk

� �
p�mkω2αk ¼ 0 ,αk ¼ 1= Ekhkð Þ (42)

An efficient method [38] is successfully implemented to find the complex roots of Eq. (32) by
formulating a special companion matrix and finding the associated eigenvalues for any
desired values of the variables αk, βo, ω, and U. The transfer matrix [Tk] of the kth pipe module
can be obtained by performing the matrix multiplications

Tk½ � ¼ P kð Þ
h i

E kð Þ
h i

P kð Þ
h i�1

(43)

p kð Þ
h i

¼

1 1

�ip1 �ip2

1 1

�ip3 �ip4
Ehð Þkp21 Ehð Þkp22

i Ehð Þkp31 i Ehð Þkp32
Ehð Þkp23 Ehð Þkp24

i Ehð Þkp33 i Ehð Þkp34

2
66664

3
77775

(44)

and [E] is a diagonal matrix with elements:

E kð Þ
jj ¼ eip

kð Þ
j Lk (45)

Applying the appropriate boundary conditions and considering only the nontrivial solution,
the resulting characteristic equation can be solved numerically for the frequency and the
critical flow velocity. The system is stable or unstable according to whether the imaginary
component of the frequency, ω, is positive or negative, respectively. In case of neutral stability,
ω is wholly real. As the flow velocity increases, the system may become unstable in one or
more of its normal modes. The critical flow velocity is the greatest velocity for which the
system is stable in all its modes. The characteristic equation for cantilevered pipe is:

T33T44 � T34T43 ¼ 0, (46)

where Tij are the elements of the overall transfer matrix. For a specific mode number, the proper
starting frequency is determined by solving a subsidiary eigenvalue problem corresponding to
the case of stationary fluid inside the vibrating pipe. A globally convergent optimization algo-
rithm, known as Levenberg-Marquardt algorithm [38], has been applied to solve the resulting
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nonlinear equations derived from the consideration of nontrivial solution of characteristic equa-
tion. The effect of flow for small velocity is to damp the system in all modes. At higher velocities,
some of the modes become less damped and the corresponding branches cross the Re(ω)-axis,
indicating the existence of unstable oscillations of the system. If a branch passes through the
origin, that i, ω = 0, the case of static instability (called divergence) is reached.

6.1. Flutter solutions

To verify the developed formulation, the classical problem dealing with one-module
cantilevered pipe is considered first. The dimensionless wall thickness and length of the pipe
are assigned at a value of 1.0, while the volume fraction at 50%. Figure 15 depicts variation of
the critical flutter velocity and frequency with the mass density ratio MRo, covering a wide
range of pipe and fluid mass densities. It is seen that there are four subdomains with the
associated flutter modes defined in the specified intervals of the mass ratio. The upper and
lower bounds determine the critical values of the mass ratios at which some of the frequency
branches cross each other at the same value of the flutter velocity. The overall flutter mode
may be regarded as composed of different quasimodes separated at the shown “jumps” in the
Uf-MRo curve. The calculated mass density ratios at the three indicated frequency jumps are
0.4225, 2.29, and 12.33, respectively. They correspond to multiple points of neutral stability,
where for a finite incremental increase in the flow velocity, the system becomes unstable, then
regains stability, and then once again becomes unstable with a noticeable abrupt increase in the
flutter frequency. Next, we consider a baseline design made of carbon/epoxy composites (see
Table 2) with mass ratio MRo = 2.0. The calculated values of the dimensionless flutter velocity
and frequency are found to be Uf = 10.78 and ωf = 26, respectively. Keeping the total dimen-
sionless mass constant at the value corresponding to the baseline design, the best solution
having the greatest flutter velocity was found to be (Vf, h1) = (0.70, 0.9345), which corresponds
to Uf = 12.517 and ωf = 31.8615.

Figure 15. Variation of flutter speed and frequency with mass ratio for a uniform one-module cantilevered pipe (Vf1 = 50%,
h1 = 1, L1 = 1).
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6.1.1. Solutions for cantilevered two-module pipe with uniform thickness (h1 = h2 = 1.0)

Considering the case of two-module pipe, a direct and fast way for checking out system
stability for any desired set of the dimensionless design variables (Vf1, L)k = 1,2 is given here.
Lower and upper bounds are imposed on the design variables in order not to violate other
strength and manufacturing requirements. The fiber volume fraction is constrained to be
within the range 30% up to 70%, while the dimensionless length is between 0.0 and 1.0. The
mass ratio MRo is taken to be 2.0.

Dimensionless flutter velocity and flutter frequency are obtained from the frequency and
velocity branches at the four modes. The lowest frequency and velocity among the four modes
at which Imag(ω) = 0.0 are considered the flutter velocity and frequency. These computed
values at different conditions are employed in constructing the flutter velocity and frequency
contours as shown in Figure 16. The white regions shown in both figures indicate that the fiber

Figure 16. Contour plots of flutter velocity and frequency in (Vf1-L1) design space.

Design variables: (Vf, L)k = 1,2 Dimensionless Uflutter Stability improvement %

(0.30, 0.20), (0.55, 0.80)
(0.30, 0.50), (0.70, 0.50)

13.15
12.07

21.99
11.97

(0.35, 0.25), (0.55, 0.75)
(0.35, 0.40), (0.60, 0.60)

13.04
13.31

20.96
23.47 (max.)

(0.40, 0.50), (0.60, 0.50)
(0.40, 0.60), (0.65, 0.40)

12.70
12.77

17.81
18.46

(0.45, 0.50), (0.55, 0.50)
(0.45, 0.75), (0.65, 0.25)

12.82
11.73

18.92
8.81

(0.50, 0.50), (0.50, 0.50) 10.78 0.00 (baseline)

Table 5. Standard solutions for a cantilevered two-module pipeline with uniform thickness (h1 = h2 = 1.0, M = 1.0).
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volume fraction of the material of the second segment does not fall in range between 0.3 and
0.7. The maximum flutter velocity (Uf) and its corresponding flutter frequency (ωf) occur in the
region colored with dark brown L1 = 0.36 and Vf1 = 0.3. The maximumUf and its corresponding
ωf are 13.67 and 58.4, respectively. Table 5 gives several standard optimal solutions for the
two-module case study. The global optimum design point is seen to be (Vf, L)k = 1,2 = (0.35, 0.40),
(0.60, 0.60), at which the normalized flutter velocity reached a value of 13.31 corresponding to
23.47% optimization gain.

7. Conclusions

As a major concern in producing efficient structures with enhanced properties and tailored
response, this chapter presents appropriate design optimization models for improving perfor-
mance and operational efficiency of different types of composite structural members. The con-
cept of material grading has been successfully applied by incorporating the distribution of the
volume fractions of the composite material constituents in the mathematical model formulation.
Various scenarios in modeling the spatial variation of material properties of functionally graded
structures are addressed. The associated optimization strategies include frequency maximization
of thin-walled composite beams, optimization of drive shafts against torsional buckling and
whirling instability, and maximization of the critical flight speed of subsonic aircraft wings.
Design variables encompass the distribution of volume fraction, ply angle, and wall thickness
as well. Detailed optimization models have been formulated and presented for improving the
dynamic performance and increasing the overall stiffness-to-mass level of thin-walled composite
beams. The objective functions have been measured by maximizing the natural frequencies and
place them far away from the excitation frequencies, while maintaining the total structural mass
at a constant value. For discrete models, the optimized beams can be constructed from any
arbitrary number of uniform segments where the length of each segment has shown to be an
important variable in the optimization process. It has also been proved that expressing all
parameters in dimensionless forms results in naturally scaled design variables, constraints, and
objective functions, which are favored by a variety of optimization algorithms. The attained
optimal solutions using continuous grading depend entirely upon the prescribed power-law
expression, which represents additional constraint on the optimization problem. Results show
that material grading in the spanwise direction is much more better than grading through the
wall thickness of the cross section. Regarding optimization of FGM drive shafts, it was shown
that the best model is to combine torsional buckling and whirling in a single objective function
subject to mass constraint. This has produced a balanced improvement in both stabilities with
active mass constraint at the attained optimal design point.

In the context of aeroelastic stability of aircraft structures, an analytical model has been
formulated to optimize subsonic trapezoidal wings against divergence. It was shown that by
using material and thickness grading simultaneously, the aeroelastic stability boundary can be
broaden by more than 50% above that of a known baseline design having the same total
structural mass. Other stability problems concerning fluid-structure interaction have also been
addressed. Both flutter and divergence optimization have been considered, and several design
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important variable in the optimization process. It has also been proved that expressing all
parameters in dimensionless forms results in naturally scaled design variables, constraints, and
objective functions, which are favored by a variety of optimization algorithms. The attained
optimal solutions using continuous grading depend entirely upon the prescribed power-law
expression, which represents additional constraint on the optimization problem. Results show
that material grading in the spanwise direction is much more better than grading through the
wall thickness of the cross section. Regarding optimization of FGM drive shafts, it was shown
that the best model is to combine torsional buckling and whirling in a single objective function
subject to mass constraint. This has produced a balanced improvement in both stabilities with
active mass constraint at the attained optimal design point.

In the context of aeroelastic stability of aircraft structures, an analytical model has been
formulated to optimize subsonic trapezoidal wings against divergence. It was shown that by
using material and thickness grading simultaneously, the aeroelastic stability boundary can be
broaden by more than 50% above that of a known baseline design having the same total
structural mass. Other stability problems concerning fluid-structure interaction have also been
addressed. Both flutter and divergence optimization have been considered, and several design

Optimization of Functionally Graded Material Structures: Some Case Studies
http://dx.doi.org/10.5772/intechopen.82411

187



charts that are useful for direct determination of the optimal values of the design variables are
given. It has been confirmed that the segment length is the most significant design variable in
the whole optimization process. Some investigators who apply finite elements have not recog-
nized that the length of each element can be taken as a main design variable in the whole set of
optimization variables. The results from the present approach reveal that piecewise grading of
the material can be promising in producing truly efficient structural designs with enhanced
stability, dynamic, and aeroelastic performance. It is the author’s wish that the results
presented in this chapter will be compared and validated through other optimization tech-
niques such as genetic algorithms or any appropriate global optimization algorithm.

Actually, the most economic structural design that will perform its intended function with
adequate safety and durability requires much more than the procedures that have been
described in this chapter. Further optimization studies must depend on a more accurate analysis
of constructional cost. This combined with probability studies of load applications and materials
variations should contribute to further efficiency achievement. Much improved and economical
designs for the main structural components may be obtained by considering multidisciplinary
design optimization, which allows designers to incorporate all relevant design objectives simul-
taneously. Finally, it is important to mention that, while FGM may serve as an excellent optimi-
zation and material tailoring tool, the ability to incorporate optimization techniques and
solutions in practical design depend on the capacity to manufacture these materials to required
specifications. Conventional techniques are often incapable of adequately addressing this issue.
In conclusion, FGMs represent a rapidly developing area of science and engineering with
numerous practical applications. The research needs in this area are uniquely numerous and
diverse, but FGMs promise significant potential benefits that fully justify the necessary effort.
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designs for the main structural components may be obtained by considering multidisciplinary
design optimization, which allows designers to incorporate all relevant design objectives simul-
taneously. Finally, it is important to mention that, while FGM may serve as an excellent optimi-
zation and material tailoring tool, the ability to incorporate optimization techniques and
solutions in practical design depend on the capacity to manufacture these materials to required
specifications. Conventional techniques are often incapable of adequately addressing this issue.
In conclusion, FGMs represent a rapidly developing area of science and engineering with
numerous practical applications. The research needs in this area are uniquely numerous and
diverse, but FGMs promise significant potential benefits that fully justify the necessary effort.
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