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Preface

In recent years, the number and variety of applications of fuzzy logic have increased consid‐
erably. Applications range from consumer products such as cameras, camcorders, washing
machines, and microwave ovens to industrial process control, medical instrumentation, de‐
cision-support systems, portfolio selection, among others.

In this book, the theory and applications of fuzzy logic are highlighted by describing differ‐
ent aspects of fuzzy logic. The book starts with a simple but fundamental question and then
evolutionary optimization methods are used to fine tune fuzzy logic parameters. The book
ends with some practical research on the application of fuzzy logic to various fields of study
from energy efficiency to solid waste landfill management.

I would like to thank all the authors and scholars for their precious contributions to this
book. Special thanks go to IntechOpen and Author Service Manager Mrs. Marina Dusevic
for their support and patience.

Ali Sadollah
Sharif University of Technology

Tehran, Iran
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1. Role of membership functions

Fuzzy logic systems are widely used for control, system identification, pattern recognition 
problems, and many more applications from industry to academia. The membership func-
tions (MFs) play vital role in the overall performance of fuzzy representation. The MFs are 
the building blocks of fuzzy set theory, that is, fuzziness in a fuzzy set is determined by its 
MF. Accordingly, the shapes of MFs are important for a particular problem since they effect 
on a fuzzy inference system. They may have different shapes such as triangular, trapezoi-
dal, Gaussian, and so forth. The only condition a MF must really satisfy is that it must vary 
between 0 and 1.

2. How to choose an appropriate membership function?

The MFs can be of any shape and form as long as it maps the given data with desirable degree 
of memberships. As far as choice of MFs is concerned, it is us to decide. This is where fuzzy 
system offers individual degrees of freedom. With experience, one will come to know which 
shape of MF is good for the application under consideration.

As there are infinite number of ways to characterize fuzziness, there are infinite number of 
ways to graphically depict the MFs that describe this fuzziness. The choice of which of the 
methods to use depends entirely on the problem size and problem type. Instead of choosing 
the shape of MF, setting the interval and number of MFs are also very important. For instance, 
to model a temperature control system by fuzzy logic, it is really important to know how 

© 2018 The Author(s). Licensee IntechOpen. This chapter is distributed under the terms of the Creative
Commons Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.
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many MFs are needed (e.g., low, med, and high MF) and also choosing the intervals of MFs. 
These two factors also have a great impact on the outcome of a fuzzy logic system.

In addition, looking at the distribution of the data is a good idea. Although, trial and error 
method is often used for MF shape, because there is no exact method for choosing the MFs. 
The shape of MFs depends on how one believes in a given linguistic variable. It is more a ques-
tion of intuition then criteria. The only condition a MF must really satisfy is that it must vary 
between 0 and 1. The function itself can be an arbitrary curve whose shape we can define as a 
function that suits us from the point of view of simplicity, convenience, speed, and efficiency. 
Therefore, the type of MF doesnot play a crucial role in shaping how the model performs.

However, the number of MF has greater influence as it determines the computational time. 
Hence, the optimum model can be determined by varying the number/type of MFs for achiev-
ing best system performance. Ref. [1] discusses which shape is best if one uses fuzzy logic as a 
universal approximator. Also, a constrained interpolations scheme was developed for fitting 
a MF to a finite number of known membership values [2].

There are many references giving directions of how to choose MF [3–6]. The basic problem 
with modeling a situation, is to break the 0–1 modeling. This can be done by using trian-
gular MF. However, if the situation is complex and deep, we might need a special type of 
MF. For instance, if the problem at hand is a quantum mechanics problem, then a special MF 
is needed. In order to make the best choice, one needs a lot of “experience” with the given 
situation. This experience will tune up and best fit, the subjective choice of the researcher with 
the given reality. There is no objective way to do so. Thus, a high fidelity intuition based on 
sufficient experience will give an acceptable answer.

Generally speaking, triangular MF is one of the most encountered MF in practice. Of highly 
applied MFs, the triangular MFs are formed using straight lines. These straight line mem-
bership functions have the advantage of simplicity. Gaussian MFs are popular methods for 
specifying fuzzy sets because of their smoothness and concise notation. These curves have the 
advantage of being smooth and nonzero at all points.

It is advisable to use the symmetric triangular MF with 50% overlap, and then apply tuning 
procedure during which we can either change the left and/or right spread and/or overlap-
ping. This is to be continued till we get satisfactory results. Same approach can be attempted 
for other shapes such as trapezoidal, bell-shape, and so forth.

Triangular shapes represent fuzzy numbers, while trapezoid shapes represent fuzzy inter-
vals. These are the simplest shapes. Other different shapes can be obtained from transforma-
tions of the triangle induced by linguistic modifiers, truth-functional modifiers, compositions, 
projections, and other operations.

In fact, the selection of MF shape is problem specific. Based on extensive review on many 
literatures, it can be concluded that the triangular MF is widely used because of its simplicity. 
Using various MF for given problems, usually Gaussian and triangular MFs are found to be 
closely performing well and better than other types of MF. In specific, the triangular MF is 
found to be better than Gaussian MF. Zhao and Bose [7] compared the response of the system 
with various MFs and conveyed that the triangular MF is superior to any other MFs.

Fuzzy Logic Based in Optimization Methods and Control Systems and Its Applications4

Indeed, if one has no priority on the shape of MFs, triangular or trapezoidal shapes are simple 
to implement and fast for computation. However, if one has some priorities on their shapes 
(e.g., from histograms on sampled data), it may be interested to build MFs with shapes 
derived from these a priori shapes after some smoothing if needed.

Afterwards, the question is what the optimal values of initial parameters are that we need to 
be aware of to make a sensible choice of the chosen MF?

In order to maximize their performance, it is often necessary to undertake a design optimiza-
tion process in which the adjustable parameters defining a particular fuzzy system are tuned 
to maximize a given performance criterion. Using metaheuristic optimization methods and 
evolutionary optimization algorithms, fuzzy logic possesses the great flexibility toward its 
initial parameters regarding MFs [8].

Interested reader can find some useful information about MFs and some procedures (e.g., GA 
and neural network) to assign memberships to fuzzy variables [4]. There are many articles, 
which have used optimization algorithms such as particle swarm optimization and genetic 
algorithm to find the optimal set of parameters for fuzzy models [9–12].
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Abstract

Information theory deals with the study of problems concerning any system. This includes
information processing, information storage, information retrieval and decision making.
Information theory studies all theoretical problems connected with the transmission of
information over communication channels. This includes the study of uncertainty (infor-
mation) measures and various practical and economical methods of coding information
for transmission. In this chapter, the introduction of a new generalised measure of fuzzy
information involving two real parameters is given. The proposed measure satisfies all the
necessary properties of being a measure. Some additional properties of the proposed
measure have also been studied. Further, the monotonic nature of generalised fuzzy
information measure with respect to the parameters is studied and validity of the same is
checked by constructing the computed tables and plots on taking different fuzzy sets and
different values of the parameters. Also, a new generalised fuzzy information measure
involving three parameters has been introduced.

Keywords: fuzzy set theory, entropy, fuzzy information measures, monotonicity,
symmetry

1. Background

Shannon [1] introduced the concept of entropy in communication theory and founded the
subject of information theory. The stochastic system has an important property known as
entropy which is widely used in various fields.

Further, the second law of thermodynamics that explains that there cannot be spontaneous
decrease in the entropy of system described that over time the systems tend to be more
disordered. Thus, information theory has found wide applications in statistics, information
processing and computing instead of concerned with communication systems only.
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decrease in the entropy of system described that over time the systems tend to be more
disordered. Thus, information theory has found wide applications in statistics, information
processing and computing instead of concerned with communication systems only.
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If we consider entropy equivalent to uncertainty then an enormous deal of insight can be
obtained. Zadeh [2] introduced and enlightened about a generalised theory of vagueness or
ambiguity. In order to observe about the external world, uncertainty plays a very important role.
For understanding composite phenomena, any discipline that contributes in order to under-
stand measure, regulate, maximise or minimise and control is considered as a significant input.

Uncertainty plays a significant role in our perceptions about the external world. Any discipline
that can assist us in understanding it, measuring it, regulating it, maximizing or minimizing it
and ultimately controlling it to the extent possible, should certainly be considered an impor-
tant contribution to our scientific understanding of complex phenomena.

Uncertainty is not a single monolithic concept. It can appear in several guises. It can arise in
what we normally consider a probabilistic phenomenon. On the other hand, it can also appear
in a deterministic phenomenon where we know that the outcome is not a chance event, but we
are fuzzy about the possibility of the specific outcome. This type of uncertainty arising out of
fuzziness is the subject of investigation of the relatively new discipline of fuzzy set theory.

We shall first take up the case of probabilistic uncertainty. Probabilistic uncertainty is related to
the uncertainty connected with the probability of outcomes.

Consider a set of events E = (E1, E2,…, En) with a set of probability distribution P = (p1, p2, …,
pn), pi ≥ 0,

Pn
i¼1 pi ¼ 1.

Then the Shannon [1] entropy associated with P is given by,

H Pð Þ ¼ �
Xn

i¼1

pi log pi (1)

The base of logarithm is taken as 2. Also it is assumed that

0 log0 ¼ 0:

Shannon [1] obtained (Eq. (1)) on the basis of following postulates:

1. H(P) should be a continuous permutationally symmetric function of p1, p2,…, pn, that is,
ambiguity changes by slight quantity if there is slight quantity changes in pi’s and ambi-
guity remain unchanged if pi’s exchange among themselves.

2. H(p1, p2,…, pn, 0) = H(p1, p2,…, pn), that is, uncertainty should not change when an
impossible outcome is added to the scheme.

3. H(P) should beminimumwhen P is any one of the n degenerate distribution Δ1 ¼ 1; 0;…; 0ð Þ,
Δ2 ¼ 0; 1;…; 0ð Þ,…,Δn ¼ 0; 0;…; 1ð Þ and the minimum value should be zero because in all
these cases, there is no uncertainty about the outcome.

4. H(P) should be maximum when p1 = p2 = … = pn = 1/n because in this case the uncertainty
is maximum.
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5. H(P*Q) = H(P) + H(Q), that is, the uncertainty of two independent probability distributions
is the sum of the uncertainties of the two probability distributions.

6. H(p1, p2,…, pn) = H(p1+ p2,p3,…, pn) + (p1+ p2)H(p1/p1 + p2, p2/p1 + p2)

The measures in (Eq. (1)) not only measures uncertainty, but it also measures equality of p1, p2,
…, pn, since it has the maximum value when p1, p2,…,pn, are all equal and has the minimum
value when pi’s are most unequal. In fact pi’s can be regarded as proportions rather than
probabilities.

After Shannon’s [1] entropy, various other measures of entropy have been proposed.

Entropy of order α was described by Renyi [3] in the way as:

Hα Pð Þ ¼ 1
1� α

log
Pn

i¼1
pαi=Pn

i¼1
pi

� �
,α 6¼ 1,α≻ 0

�
(2)

Entropy of order α and type β was described by Kapur in the way as:

Hα,β Pð Þ ¼ 1
1� α

log
Pn

i¼1
pαþβ�1
i =Pn

i¼1
pβi

� �
,α 6¼ 1,α≻ 0, β≻ 0,αþ β� 1≻ 0 (3)

Havrada and Charvat [4] gave the first nonadditive measure of entropy and it is used in the
modified form as

Hα Pð Þ ¼ 1
1� α

Xn

i¼1

pαi � 1

 !
,α 6¼ 1,α≻ 0: (4)

Behara and Chawla [5] defined the nonadditive τ entropy as

Hτ Pð Þ ¼
1� Pn

i¼1 p
1
τ
i

� �τ

1� 2τ�1 , τ 6¼ 1, τ≻ 0: (5)

Kapur [6] gave the following nonadditive measures of entropy:

Ha Pð Þ ¼ �
Xn

i¼1

pi log pi þ 1
a

Xn

i¼1

1þ api
� �

log 1þ api
� �� api

� �
, a≻ 0 (6)

Hb Pð Þ ¼ �
Xn

i¼1

pi log pi þ 1
b

Xn

i¼1

1þ bpi
� �

log 1þ bpi
� �� 1þ bð Þ log 1þ bð Þpi

� �
, b≻ 0 (7)

Hc Pð Þ ¼ �
Xn

i¼1

pi log pi þ
1
c2
Xn

i¼1

1þ cpi
� �

log 1þ cpi
� �� cpi

� �
, c≻ 0 (8)

Hk Pð Þ ¼ �
Xn

i¼1

pi log pi þ
1
k2
Xn

i¼1

1þ kpi
� �

log 1þ kpi
� �� 1þ kð Þ log 1þ kð Þpi

� �
, k≻ 0 (9)
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2. Technical aspects of fuzzy measures

Zadeh [2] introduced fuzzy set theory which is associated with vagueness arising in human
cognitive methods. The alteration for an element connecting membership and nonmembership
in the universe of classical sets is abrupt whereas in the universe of fuzzy sets the transition is
gradual. Thus, the membership function describes the vagueness and ambiguity of an element
and takes values in the interval [0, 1].

Kapur [7] explained the concept of fuzzy entropy by considering the following vector
μA x1ð Þ;μA x2ð Þ;…;μA xnð Þ� �

.

If μA xið Þ ¼ 0 then the ith element does not belong to set A and if μA xið Þ ¼ 1, then the ith element
belongs to set A. If μA xið Þ ¼ 0:5 then highest ambiguity arises as to ith element belongs to set A

or not. Thus, μA x1ð Þ;μA x2ð Þ;…;μA xnð Þ� �
is termed as fuzzy vector and the set A is identified

as the fuzzy set. Thus crisp set are those sets in which each element is 0 or 1 and hence
uncertainty does not arise in these sets whereas those sets in which elements are 0 or 1 and
others lie among 0 and 1 are entitled as fuzzy sets. A fuzzy set A is represented as A =

xi=μA xið Þ; i ¼ 1; 2;…; n
n o

where μA xið Þ gives the degree of belongingness of the element xið Þ to
A. We explain the concept of membership function μA:X ! 0; 1½ � as follows:

μA xið Þ ¼
0, if x ∉ A and there isnoambiguity
1, if x∈A and there isnoambiguity

0:5, if there ismaximum ambiguity whether x ∉ A x∈A

8><
>:

9>=
>;

(10)

Further if μB xið Þ = μA xið Þ either 1 � μA xið Þ or then fuzzy sets A and B are characterised as fuzzy
equivalent sets. Also, without being fuzzy equivalent, two sets can have same entropy but it is
obvious to have identical entropy for fuzzy equivalent sets. Now if all the membership values
of class of fuzzy equivalent sets are less than or equal to 0.5 then that set is defined as standard
fuzzy set.

For any fuzzy set A* to be a sharpened version of set A the subsequent requirements has to be
fulfilled:

μA∗ xið Þ ≤μA xið Þ, if μA xið Þ ≤ 0:5; ∀i (11)

and

μA∗ xið Þ ≥μA xið Þ, ifμA xið Þ ≥ 0:5; ∀i (12)

Thus, when x1, x2,…, xn are components of universe of discourse then, μA x1ð Þ;μA x2ð Þ;…;μA

�
xnð Þg are positioned among 0 and 1 but since their sum is not unity therefore they are not
considered as probabilities. However,

ϕA xið Þ ¼ μA xið ÞPn
i¼1 μA xið Þ , i ¼ 1, 2,…, n (13)
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gives a probability distribution.

With the ith element, fuzzy uncertainty is defined as f (μA xið Þ) with the following properties:

1. f(x) = 0 when x = 0 or 1.

2. f(x) increases as x goes from 0 to 0.5.

3. f(x) decreases as x goes from 0.5 to 1.

4. f(x) = f(1 � x).

The total fuzzy uncertainty defined as fuzzy entropy for n independent elements is given by,

H Að Þ ¼
Xn

i¼1

f μA xið Þ� �
(14)

This is called fuzzy entropy.

When there is uncertainty due to fuzziness of information it is known as fuzzy entropy
measures whereas when the uncertainty is due to information available in terms of probability
distribution it is known as probabilistic entropy. Following similarities and dissimilarities are
there between fuzzy entropy measures and probabilistic entropy measures:

1. 0 ≤ pi ≤ 1 for each i. Also 0 ≤ μA xið Þ�
≤ 1 for each i.

2.
Pn

i¼1 pi ¼ 1 for all probability distributions, but
Pn

i¼1 μA xið Þ� �
need not be equal to unity

and it need not even be the same for all fuzzy sets.

3. The probabilistic uncertainty measure measures how close the probability distribution (p1,
p2, …, pn) is to the uniform distribution (1/n, 1/n, …, 1/n) and how far away it is from
degenerate distributions. Fuzzy uncertainty measures how close the fuzzy distribution is
from the most fuzzy vector distribution (1/2, 1/2, …, 1/2) and how far it is from the
distribution of crisp sets.

4. μA xið Þ� �
gives the same degree of fuzziness as 1 � μA xið Þ� �

because both are equidistant
from 1/2 and the crisp set values 0 and 1. However probabilities p and 1� p make different
contributions to probabilistic uncertainty. As such while most measures of fuzzy entropy
are of the form

Pn
i¼1 f μA xið Þ�

+
Pn

i¼1 f 1� μA xið Þ� �
, most measures of probabilities entropy

are of the form
Pn

i¼1 f pi
� �

. However some measures of probabilistic entropy can also be of

the form
Pn

i¼1 f pi
� �

+
Pn

i¼1 f pi
� �

.

5. Similarly while many measures for fuzzy directed divergence are all of the formPn
i¼1 f μA xið Þ, μB xið Þ þPn

i¼1 f 1� μA xið Þ� �
, 1� μB xið Þ� �� �

, most of the probabilistic mea-

sures are of the form
Pn

i¼1 f pi; qi
� �

. For each measure of probabilistic entropy or directed
divergence, we have a corresponding measure of fuzzy entropy and fuzzy directed diver-
gence and vice-versa.
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6. The common properties arise from the consideration that both types of measures are based
on measures of distance from (1/n, 1/n,…, 1/n) in one case and from (1/2, 1/2,…, 1/2) in the
other.

7. The dissimilarity arises because while
Pn

i¼1 pi ¼ 1,
Pn

i¼1 μA xið Þ�
is not 1. The probabilities

of n � 1 outcomes will determine the probability of the nth outcome. However fuzziness of
n elements of the fuzzy set are quite independent and our knowledge of fuzziness of n � 1
elements gives us no information about the fuzziness of the nth element.

8. Conceptually the two types of uncertainty are poles apart. One deals with probabilities or
relative frequencies and repeated experiments, while the other deals with estimation of
fuzzy values. The probabilities can be determined objectively and experimentally and
should naturally be the same for everyone. Fuzziness is one’s perception of membership
of an element of a set and can be subjective. However, after finding fuzzy value for every
member of the set, everything else is objective. In probability theory also after assigning
probabilities, everything is also objective.

9. Fuzzy and probabilistic entropies are concave functions of μA x1ð Þ;μA x2ð Þ;…;μA xnð Þ� �
and

p1, p2, …, pn respectively. If we start with any value of μA x1ð Þ;μA x2ð Þ;…;μA xnð Þ� �
and

approach the vector 1/2, 1/2,…, 1/2, the fuzzy entropy will increase. Similarly, if we start with
any probability vector p1, p2,…, pn and approach the vector 1/n, 1/n,…, 1/n, the probabilistic
entropy will increase. Thus, Z ¼ F μA x1ð Þ;μA x2ð Þ;…;μA xnð Þ� �

, where F is a fuzzy entropy is
a concave surface with maximum value at 1/2, 1/2, …, 1/2. Similarly Z = G(p1, p2, …, pn)
where G is probabilistic entropy is a concave surface with maximum value at 1/n, 1/n,…, 1/n.

While processing information, making decision and in our language we can find fuzziness.
Many authentic world objectives and human thinking consider uncertainty and fuzziness as
their fundamental nature. Uncertainty and fuzziness are removed by the utilization of infor-
mation. The degree of information is the quantity of uncertainty eliminated whereas the degree
of vagueness and ambiguity of uncertainties is the quantity of fuzziness.

The theory of fuzziness is related to various areas of research such as Statistics, Information
theory, Clustering and Decision analysis, Medical and Socio-economic prediction, Image
processing, etc. The preparation and analysis of information development method are the
applications of the mathematical designs related to system research.

In order to deal with fuzziness there is a small area from the extremely large fields of theories
and applications which have been developed from the concept of fuzziness.

We define problems in the form of decision, management and prediction and by analysis,
understanding and utilization of information, we can find their solutions. Thus, a significant
quantity of information together with significant quantity of uncertainty is considered as the
ground of many problems.

As we become aware of how much we know and how much we do not know, as information
and uncertainty themselves become the focus of our concern, we begin to see our problems as
centring on the issue of complexity.
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Thus, ambiguity due to fuzziness of information is calculated by fuzzy entropy whereas
vagueness due to information which is accessible in context of probability distribution is
computed by probabilistic entropy.

Entropy theory was developed to measure uncertainty of a probability distribution and there-
fore it was natural for researchers in fuzzy set theory to make use of entropy concepts in
measuring fuzziness.

Entropy of a fuzzy set A having n support points was characterised by Kauffman [8] in the
way as

Hk Að Þ ¼ � 1
log n

Xn

i¼1
ϕA xið Þ logϕA xið Þ (15)

Deluca and Termini [9] suggested the measure

HD Að Þ ¼ � 1
n log 2

Xn

i¼1

μA xið Þ logμA xið Þ þ 1� μA xið Þ� �
log 1� μA xið Þ� �� �

(16)

Bhandari and Pal [10] suggested the following measure:

He Að Þ ¼ 1
n
ffiffiffiffiffiffiffiffiffiffiffi
e� 1

p
X

log μA xið Þe1�μA xið Þ þ 1� μA xið Þ� �
eμA xið Þ � 1

h i
(17)

Some other measures of fuzzy entropy are:

1. Corresponding to Sharma and Taneja’s [11] measure of entropy of degree α, β

Hβ
α Pð Þ ¼ 1

β� α

Xn

i¼1

pαi �
Xn

i¼1

pβi

" #
, α 6¼ β (18)

we get the measure

Hβ
α Að Þ ¼ 1

β� α

Xn

i¼1

μα
A xið Þ þ 1� μA xið Þ� �α � μβ

A xið Þ þ 1� μA xið Þ� �βh i
(19)

where either α ≥ 1, β ≤ 1 or α ≤ 1, β ≥ 1 and α = β only if both are unity.

2. Corresponding to Kapur’s measure of entropy of degree α, β

Hβ
α Pð Þ ¼ 1

αþ β� 2

Xn

i¼1

pαi þ
Xn

i¼1

pβi � 2

" #
(20)

we get the measure
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6. The common properties arise from the consideration that both types of measures are based
on measures of distance from (1/n, 1/n,…, 1/n) in one case and from (1/2, 1/2,…, 1/2) in the
other.

7. The dissimilarity arises because while
Pn

i¼1 pi ¼ 1,
Pn

i¼1 μA xið Þ�
is not 1. The probabilities

of n � 1 outcomes will determine the probability of the nth outcome. However fuzziness of
n elements of the fuzzy set are quite independent and our knowledge of fuzziness of n � 1
elements gives us no information about the fuzziness of the nth element.

8. Conceptually the two types of uncertainty are poles apart. One deals with probabilities or
relative frequencies and repeated experiments, while the other deals with estimation of
fuzzy values. The probabilities can be determined objectively and experimentally and
should naturally be the same for everyone. Fuzziness is one’s perception of membership
of an element of a set and can be subjective. However, after finding fuzzy value for every
member of the set, everything else is objective. In probability theory also after assigning
probabilities, everything is also objective.

9. Fuzzy and probabilistic entropies are concave functions of μA x1ð Þ;μA x2ð Þ;…;μA xnð Þ� �
and

p1, p2, …, pn respectively. If we start with any value of μA x1ð Þ;μA x2ð Þ;…;μA xnð Þ� �
and

approach the vector 1/2, 1/2,…, 1/2, the fuzzy entropy will increase. Similarly, if we start with
any probability vector p1, p2,…, pn and approach the vector 1/n, 1/n,…, 1/n, the probabilistic
entropy will increase. Thus, Z ¼ F μA x1ð Þ;μA x2ð Þ;…;μA xnð Þ� �

, where F is a fuzzy entropy is
a concave surface with maximum value at 1/2, 1/2, …, 1/2. Similarly Z = G(p1, p2, …, pn)
where G is probabilistic entropy is a concave surface with maximum value at 1/n, 1/n,…, 1/n.

While processing information, making decision and in our language we can find fuzziness.
Many authentic world objectives and human thinking consider uncertainty and fuzziness as
their fundamental nature. Uncertainty and fuzziness are removed by the utilization of infor-
mation. The degree of information is the quantity of uncertainty eliminated whereas the degree
of vagueness and ambiguity of uncertainties is the quantity of fuzziness.

The theory of fuzziness is related to various areas of research such as Statistics, Information
theory, Clustering and Decision analysis, Medical and Socio-economic prediction, Image
processing, etc. The preparation and analysis of information development method are the
applications of the mathematical designs related to system research.

In order to deal with fuzziness there is a small area from the extremely large fields of theories
and applications which have been developed from the concept of fuzziness.

We define problems in the form of decision, management and prediction and by analysis,
understanding and utilization of information, we can find their solutions. Thus, a significant
quantity of information together with significant quantity of uncertainty is considered as the
ground of many problems.

As we become aware of how much we know and how much we do not know, as information
and uncertainty themselves become the focus of our concern, we begin to see our problems as
centring on the issue of complexity.
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Thus, ambiguity due to fuzziness of information is calculated by fuzzy entropy whereas
vagueness due to information which is accessible in context of probability distribution is
computed by probabilistic entropy.

Entropy theory was developed to measure uncertainty of a probability distribution and there-
fore it was natural for researchers in fuzzy set theory to make use of entropy concepts in
measuring fuzziness.

Entropy of a fuzzy set A having n support points was characterised by Kauffman [8] in the
way as

Hk Að Þ ¼ � 1
log n

Xn

i¼1
ϕA xið Þ logϕA xið Þ (15)

Deluca and Termini [9] suggested the measure

HD Að Þ ¼ � 1
n log 2

Xn

i¼1

μA xið Þ logμA xið Þ þ 1� μA xið Þ� �
log 1� μA xið Þ� �� �

(16)

Bhandari and Pal [10] suggested the following measure:

He Að Þ ¼ 1
n
ffiffiffiffiffiffiffiffiffiffiffi
e� 1

p
X

log μA xið Þe1�μA xið Þ þ 1� μA xið Þ� �
eμA xið Þ � 1

h i
(17)

Some other measures of fuzzy entropy are:

1. Corresponding to Sharma and Taneja’s [11] measure of entropy of degree α, β

Hβ
α Pð Þ ¼ 1

β� α

Xn

i¼1

pαi �
Xn

i¼1

pβi

" #
, α 6¼ β (18)

we get the measure

Hβ
α Að Þ ¼ 1

β� α

Xn

i¼1

μα
A xið Þ þ 1� μA xið Þ� �α � μβ

A xið Þ þ 1� μA xið Þ� �βh i
(19)

where either α ≥ 1, β ≤ 1 or α ≤ 1, β ≥ 1 and α = β only if both are unity.

2. Corresponding to Kapur’s measure of entropy of degree α, β

Hβ
α Pð Þ ¼ 1

αþ β� 2

Xn

i¼1

pαi þ
Xn

i¼1

pβi � 2

" #
(20)

we get the measure
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Hβ
α Að Þ ¼ 1

αþ β� 2

Xn

i¼1

μα
A xið Þ þ 1� μA xið Þ� �α � μβ

A xið Þ þ 1� μA xið Þ� �β � 2
h i

(21)

3. Corresponding to Kapur’s [12] measure of entropy

Hα Pð Þ ¼ �
Xn

i¼1

pi log pi þ
1
a

Xn

i¼1

1þ api
� �

log 1þ api
� �� 1

a
1þ að Þ log 1þ að Þ

� �
, a ≥ 0 (22)

we get the measure

Hα Að Þ ¼ �
Xn
i¼1

μA xið Þ log μA xið Þ þ 1� μA xið Þ� �
log 1� μA xið Þ� �� �

þ 1
a

Xn
i¼1

1þ aμA xið Þ� �
log 1þ aμA xið Þ� �� �þ 1

a

Xn
i¼1

½ 1þ a� aμA xið Þ� �
log 1þ a� aμA xið Þ� �" #

� 1
a

1� að Þ log 1� að Þ
(23)

4. Corresponding to Kapur’s [4] measure of entropy of degree α and type β

Hα,β Pð Þ ¼ 1
β� α

log
Pn

i¼1 p
α
iPn

i¼1 p
β
i

,α 6¼ β (24)

we get the measure

Hα,β Pð Þ ¼ 1
β� α

log
Pn

i¼1 μ
α
A xið Þ þ 1� μα

A xið Þ� �α
Pn

i¼1 μ
β
A xið Þ þ 1� μA xið Þ� �β ,α ≥ 1, β ≤ 1 or α ≤ 1, β ≥ 1: (25)

Kosko [13] introduced fuzzy entropy and conditioning. Pal and Pal [14] gave object back-
ground segmentation using new definition of entropy. Parkash [15] proposed new measures
of weighted fuzzy entropy and their applications for the study of maximum weighted fuzzy
entropy principle. Parkash and Gandhi [16] suggested new generalised measures of fuzzy
entropy and properties. Parkash and Singh [17] gave characterization of useful information
theoretic measures. Taneja [18] introduced generalised information measures and their appli-
cations. Taneja and Tuteja [19] gave characterization of quantitative-qualitative measure of
relative information. Tuteja [20] introduced characterization of nonadditive measures of rela-
tive information and accuracy. Tuteja and Hooda [21] proposed generalised useful information
measure of type α and degree β. Tuteja and Jain [22, 23] gave characterization of relative useful
information having utilities as monotone functions and an axiomatic characterization of rela-
tive useful information. Tahayori [24] presented a universal methodology for generating an
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interval type 2 fuzzy set membership function from a collection of type 1 fuzzy sets. Kumar
and Bajaj [25] introduced NTV metric based entropies of interval-valued intuitionistic fuzzy
sets and their applications in decision making.

Mishra [26] introduced two exponential fuzzy information measures and characterised axiom-
atically. To show the effectiveness of the proposed measure, it is compared with the existing
measures. Further, two fuzzy discrimination and symmetric discrimination measures are
defined and their validity are checked. Important properties of new measures are studied and
their applications in pattern recognition and diagnosis problem of crop disease are discussed.
Hooda and Mishra [27] gave two sine and cosine trigonometric measures of fuzzy information
and obtained new measures of trigonometric fuzzy information.

3. A new parametric measure of fuzzy information measure involving two
parameters α and β

A new generalised fuzzy information measure of order α and type β has been suggested and
their necessary and required properties are examined. Thereafter, its validity is also verified.
Also, the monotonic behaviour of fuzzy information measure of order α and type β has been
conferred.

The generalised measure of fuzzy information of order α and type β is given by,

Hβ
α Að Þ ¼ 1

1� αð Þβ
Xn

i¼1

μ
αμA xið Þ
A þ 1� μA xið Þ� �α 1�μA xið Þð Þ� �β

� 2β
� �

,

α≻ 0,α 6¼ 1, β 6¼ 0:

(26)

3.1. Properties of Hβ
α Að Þ

We have supposed that, 00:α ¼ 1, we study the following properties:

Property 1: Hβ
α Að Þ ≥ 0 i.e. Hβ

α Að Þ is nonnegative.

Property 2: Hβ
α Að Þ is minimum if A is a non-fuzzy set.

For μA xið Þ ¼ 0, it implies Hβ
α Að Þ = 0 and μA xið Þ ¼ 0 we have Hβ

α Að Þ = 0.

Property 3: Hβ
α Að Þ is maximum if A is most fuzzy set.

We have, ∂Hβ
α Að Þ

∂μA xið Þ ¼ α
1�α μA xið Þ� �αμA xið Þ þ 1� μA xið Þ� �α 1�μA xið Þð Þh iβ�1

μA xið Þ� �αμA xið Þ 1þ logμA

�h

xið ÞÞ � 1� μA xið Þ� �α 1�μA xið Þð Þ 1þ log 1� μA xið Þ� �� �
.

Taking, ∂H
β
α Að Þ

∂μA xið Þ ¼ 0 which is possible μA xið Þ ¼ 1� μA xið Þ that is if μA xið Þ ¼ 1
2.

Now, we have, ∂
2Hβ

α Að Þ
∂2μA xið Þ, Thus, at μA xið Þ ¼ 1

2:
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Hβ
α Að Þ ¼ 1

αþ β� 2

Xn

i¼1

μα
A xið Þ þ 1� μA xið Þ� �α � μβ

A xið Þ þ 1� μA xið Þ� �β � 2
h i

(21)

3. Corresponding to Kapur’s [12] measure of entropy

Hα Pð Þ ¼ �
Xn

i¼1

pi log pi þ
1
a

Xn

i¼1

1þ api
� �

log 1þ api
� �� 1

a
1þ að Þ log 1þ að Þ

� �
, a ≥ 0 (22)

we get the measure

Hα Að Þ ¼ �
Xn
i¼1

μA xið Þ log μA xið Þ þ 1� μA xið Þ� �
log 1� μA xið Þ� �� �

þ 1
a

Xn
i¼1

1þ aμA xið Þ� �
log 1þ aμA xið Þ� �� �þ 1

a

Xn
i¼1

½ 1þ a� aμA xið Þ� �
log 1þ a� aμA xið Þ� �" #

� 1
a

1� að Þ log 1� að Þ
(23)

4. Corresponding to Kapur’s [4] measure of entropy of degree α and type β

Hα,β Pð Þ ¼ 1
β� α

log
Pn

i¼1 p
α
iPn

i¼1 p
β
i

,α 6¼ β (24)

we get the measure

Hα,β Pð Þ ¼ 1
β� α

log
Pn

i¼1 μ
α
A xið Þ þ 1� μα

A xið Þ� �α
Pn

i¼1 μ
β
A xið Þ þ 1� μA xið Þ� �β ,α ≥ 1, β ≤ 1 or α ≤ 1, β ≥ 1: (25)

Kosko [13] introduced fuzzy entropy and conditioning. Pal and Pal [14] gave object back-
ground segmentation using new definition of entropy. Parkash [15] proposed new measures
of weighted fuzzy entropy and their applications for the study of maximum weighted fuzzy
entropy principle. Parkash and Gandhi [16] suggested new generalised measures of fuzzy
entropy and properties. Parkash and Singh [17] gave characterization of useful information
theoretic measures. Taneja [18] introduced generalised information measures and their appli-
cations. Taneja and Tuteja [19] gave characterization of quantitative-qualitative measure of
relative information. Tuteja [20] introduced characterization of nonadditive measures of rela-
tive information and accuracy. Tuteja and Hooda [21] proposed generalised useful information
measure of type α and degree β. Tuteja and Jain [22, 23] gave characterization of relative useful
information having utilities as monotone functions and an axiomatic characterization of rela-
tive useful information. Tahayori [24] presented a universal methodology for generating an
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interval type 2 fuzzy set membership function from a collection of type 1 fuzzy sets. Kumar
and Bajaj [25] introduced NTV metric based entropies of interval-valued intuitionistic fuzzy
sets and their applications in decision making.

Mishra [26] introduced two exponential fuzzy information measures and characterised axiom-
atically. To show the effectiveness of the proposed measure, it is compared with the existing
measures. Further, two fuzzy discrimination and symmetric discrimination measures are
defined and their validity are checked. Important properties of new measures are studied and
their applications in pattern recognition and diagnosis problem of crop disease are discussed.
Hooda and Mishra [27] gave two sine and cosine trigonometric measures of fuzzy information
and obtained new measures of trigonometric fuzzy information.

3. A new parametric measure of fuzzy information measure involving two
parameters α and β

A new generalised fuzzy information measure of order α and type β has been suggested and
their necessary and required properties are examined. Thereafter, its validity is also verified.
Also, the monotonic behaviour of fuzzy information measure of order α and type β has been
conferred.

The generalised measure of fuzzy information of order α and type β is given by,

Hβ
α Að Þ ¼ 1

1� αð Þβ
Xn

i¼1

μ
αμA xið Þ
A þ 1� μA xið Þ� �α 1�μA xið Þð Þ� �β

� 2β
� �

,

α≻ 0,α 6¼ 1, β 6¼ 0:

(26)

3.1. Properties of Hβ
α Að Þ

We have supposed that, 00:α ¼ 1, we study the following properties:

Property 1: Hβ
α Að Þ ≥ 0 i.e. Hβ

α Að Þ is nonnegative.

Property 2: Hβ
α Að Þ is minimum if A is a non-fuzzy set.

For μA xið Þ ¼ 0, it implies Hβ
α Að Þ = 0 and μA xið Þ ¼ 0 we have Hβ

α Að Þ = 0.

Property 3: Hβ
α Að Þ is maximum if A is most fuzzy set.

We have, ∂Hβ
α Að Þ

∂μA xið Þ ¼ α
1�α μA xið Þ� �αμA xið Þ þ 1� μA xið Þ� �α 1�μA xið Þð Þh iβ�1

μA xið Þ� �αμA xið Þ 1þ logμA

�h

xið ÞÞ � 1� μA xið Þ� �α 1�μA xið Þð Þ 1þ log 1� μA xið Þ� �� �
.

Taking, ∂H
β
α Að Þ

∂μA xið Þ ¼ 0 which is possible μA xið Þ ¼ 1� μA xið Þ that is if μA xið Þ ¼ 1
2.

Now, we have, ∂
2Hβ

α Að Þ
∂2μA xið Þ, Thus, at μA xið Þ ¼ 1

2:
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∂2Hβ
α Að Þ

∂2μA xið Þ ¼
�1
1� 1

α

21�
α
2

� �β�1
22�

α
2 þ α:21�

α
2 1� log 2ð Þ2 ≺ 0

h i

Hence, the maximum value exists at μA xið Þ ¼ 1
2.

Property 4: Hβ
α A∗ð Þ ≤Hβ

α Að Þ, where A∗ be sharpened version of A.

When μA xið Þ ¼ 1
2,

Hβ
α Að Þ ¼ n:2β

1� αð Þβ
1� 2

αβ
2

2
αβ
2

 !

When μA xið Þ lies between 0 and 1/2 then Hβ
α Að Þ is an increasing function whereas when μA xið Þ

lies between 1/2 and 1 then Hβ
α Að Þ is a decreasing function of μA xið Þ

Let A∗ be sharpened version of A which means that

i. If μA xið Þ < 0:5 then μA∗ xið Þ ≤μA xið Þ for all i = 1, 2, …, n

ii. If μA xið Þ > 0:5 then μA∗ xið Þ ≥μA xið Þ for all i = 1, 2, …, n

Since Hβ
α Að Þ is an increasing function of μA xið Þ for 0 ≤μA xið Þ ≤ 1

2 and decreasing function of

μA xið Þ for 1
2 ≤μA xið Þ ≤ 1, therefore

i. μA∗ xið Þ ≤μA xið Þ this implies Hβ
α A∗ð Þ ≤Hβ

α Að Þ in [0, 0.5]

ii. μA∗ xið Þ ≤μA xið Þ this implies Hβ
α A∗ð Þ ≤Hβ

α Að Þ in [0.5, 1]

Hence, Hβ
α A∗ð Þ ≤Hβ

α Að Þ.

Property 5: Hβ
α Að Þ ¼ Hβ

α A
� �

, where A is the compliment of A i.e. μA xið Þ= 1 - μA xið Þ.

Thus when μA xið Þ is varied to (1 � μA xið Þ) then Hβ
α Að Þ does not change.

Under the above conditions, the generalised measure proposed in (26) is a valid measure of
fuzzy information measure.

3.2. Monotonic behaviour of fuzzy information measure

In this section we study the monotonic behaviour of the fuzzy information measure. For this,
diverse values of Hβ

α Að Þ by assigning various values to α and β has been calculated and further
the generalised measure has been presented graphically.

Case I: For α > 1, β =1, we have compiled the values of Hβ
α Að Þ in Table 1, (a) and presented the

fuzzy entropy in Figure 1(a) which unambiguously illustrates that the fuzzy information
measure is a concave function.

For α = 2, β = 1, values of Hβ
α Að Þ have been represented with the help of graph for α = 2 and

β = 1 which implies that the proposed measure is a concave function. Similarly, for other values
of α and β, we get different concave curves.
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Case II: For α > 1, 0 < β < 1 we have compiled the values of Hβ
α Að Þ in Table 1, (b) and presented

the fuzzy entropy in the Figure 1(b)which unambiguously illustrates that the fuzzy entropy is
a concave function.

For α = 1.5 and β ¼ 0.1, values of Hβ
α Að Þ have been represented with the help of graph for

α = 1.5 and β = 0.1 which implies that the proposed measure is a concave function. Similarly,
for other values of α and β, we get different concave curves.

Case III: For α > 1, β > 1 we have compiled the values ofHβ
α Að Þ in Table 1, (c) and presented the

fuzzy entropy in Figure 1(c) which unambiguously illustrates that the fuzzy entropy is a
concave function.

μA xið Þ Hβ
α Að Þ μA xið Þ Hβ

α Að Þ μA xið Þ Hβ
α Að Þ

0.0 0.0 0.0 0.0 0.0 0.0

0.1 0.5419 0.1 0.5074 0.1 2.0337

0.2 0.7749 0.2 0.7763 0.2 2.7289

0.3 0.9075 0.3 0.9534 0.3 3.0732

0.4 0.9778 0.4 1.0517 0.4 3.2411

0.5 1.0 0.5 1.0844 0.5 3.2916

0.6 0.9778 0.6 1.0517 0.6 3.2411

0.7 0.9075 0.7 0.9534 0.7 3.0732

0.8 0.7749 0.8 0.7763 0.8 2.7289

0.9 0.5419 0.9 0.5074 0.9 2.0337

1.0 0.0 1.0 0.0 1.0 0.0

(a) (b) (c)

Table 1. The values of fuzzy information measure for α = 2 and β = 1; α = 1.5 and β = 0.1; and α = 1.5 and β = 2.5.

Figure 1. Representation of the monotonic behaviour of fuzzy information measure for (a) For, α = 2 and β = 1; (b) For,
α = 1.5 and β = 0.1; and (C) For, α = 1.5 and β = 2.5.
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∂2Hβ
α Að Þ

∂2μA xið Þ ¼
�1
1� 1

α

21�
α
2

� �β�1
22�

α
2 þ α:21�

α
2 1� log 2ð Þ2 ≺ 0

h i

Hence, the maximum value exists at μA xið Þ ¼ 1
2.

Property 4: Hβ
α A∗ð Þ ≤Hβ

α Að Þ, where A∗ be sharpened version of A.

When μA xið Þ ¼ 1
2,

Hβ
α Að Þ ¼ n:2β

1� αð Þβ
1� 2

αβ
2

2
αβ
2

 !

When μA xið Þ lies between 0 and 1/2 then Hβ
α Að Þ is an increasing function whereas when μA xið Þ

lies between 1/2 and 1 then Hβ
α Að Þ is a decreasing function of μA xið Þ

Let A∗ be sharpened version of A which means that

i. If μA xið Þ < 0:5 then μA∗ xið Þ ≤μA xið Þ for all i = 1, 2, …, n

ii. If μA xið Þ > 0:5 then μA∗ xið Þ ≥μA xið Þ for all i = 1, 2, …, n

Since Hβ
α Að Þ is an increasing function of μA xið Þ for 0 ≤μA xið Þ ≤ 1

2 and decreasing function of

μA xið Þ for 1
2 ≤μA xið Þ ≤ 1, therefore

i. μA∗ xið Þ ≤μA xið Þ this implies Hβ
α A∗ð Þ ≤Hβ

α Að Þ in [0, 0.5]

ii. μA∗ xið Þ ≤μA xið Þ this implies Hβ
α A∗ð Þ ≤Hβ

α Að Þ in [0.5, 1]

Hence, Hβ
α A∗ð Þ ≤Hβ

α Að Þ.

Property 5: Hβ
α Að Þ ¼ Hβ

α A
� �

, where A is the compliment of A i.e. μA xið Þ= 1 - μA xið Þ.

Thus when μA xið Þ is varied to (1 � μA xið Þ) then Hβ
α Að Þ does not change.

Under the above conditions, the generalised measure proposed in (26) is a valid measure of
fuzzy information measure.

3.2. Monotonic behaviour of fuzzy information measure

In this section we study the monotonic behaviour of the fuzzy information measure. For this,
diverse values of Hβ

α Að Þ by assigning various values to α and β has been calculated and further
the generalised measure has been presented graphically.

Case I: For α > 1, β =1, we have compiled the values of Hβ
α Að Þ in Table 1, (a) and presented the

fuzzy entropy in Figure 1(a) which unambiguously illustrates that the fuzzy information
measure is a concave function.

For α = 2, β = 1, values of Hβ
α Að Þ have been represented with the help of graph for α = 2 and

β = 1 which implies that the proposed measure is a concave function. Similarly, for other values
of α and β, we get different concave curves.
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Case II: For α > 1, 0 < β < 1 we have compiled the values of Hβ
α Að Þ in Table 1, (b) and presented

the fuzzy entropy in the Figure 1(b)which unambiguously illustrates that the fuzzy entropy is
a concave function.

For α = 1.5 and β ¼ 0.1, values of Hβ
α Að Þ have been represented with the help of graph for

α = 1.5 and β = 0.1 which implies that the proposed measure is a concave function. Similarly,
for other values of α and β, we get different concave curves.

Case III: For α > 1, β > 1 we have compiled the values ofHβ
α Að Þ in Table 1, (c) and presented the

fuzzy entropy in Figure 1(c) which unambiguously illustrates that the fuzzy entropy is a
concave function.

μA xið Þ Hβ
α Að Þ μA xið Þ Hβ

α Að Þ μA xið Þ Hβ
α Að Þ

0.0 0.0 0.0 0.0 0.0 0.0

0.1 0.5419 0.1 0.5074 0.1 2.0337

0.2 0.7749 0.2 0.7763 0.2 2.7289

0.3 0.9075 0.3 0.9534 0.3 3.0732

0.4 0.9778 0.4 1.0517 0.4 3.2411

0.5 1.0 0.5 1.0844 0.5 3.2916

0.6 0.9778 0.6 1.0517 0.6 3.2411

0.7 0.9075 0.7 0.9534 0.7 3.0732

0.8 0.7749 0.8 0.7763 0.8 2.7289

0.9 0.5419 0.9 0.5074 0.9 2.0337

1.0 0.0 1.0 0.0 1.0 0.0

(a) (b) (c)

Table 1. The values of fuzzy information measure for α = 2 and β = 1; α = 1.5 and β = 0.1; and α = 1.5 and β = 2.5.

Figure 1. Representation of the monotonic behaviour of fuzzy information measure for (a) For, α = 2 and β = 1; (b) For,
α = 1.5 and β = 0.1; and (C) For, α = 1.5 and β = 2.5.
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For α = 1.5 and β ¼ 2.5, values of Hβ
α Að Þ have been represented with the help of graph for

α = 1.5 and β = 2.5 which implies that the proposed measure is a concave function. Similarly,
for other values of α and β, we get different concave curves.

4. A new parametric measure of fuzzy information measure involving
three parameters α, β and γ

Further, a new generalised fuzzy information measure involving three parameters α, β and γ
has been suggested and their necessary and required properties are examined. Thereafter, its
validity is also verified. Also, the monotonic behaviour of fuzzy information measure of order
α, β and γ has been introduced.

The generalised measure of fuzzy information involving three parameters α, β and γ is given
by,

Hα,β,γ Að Þ ¼ 1
1� α

Xn

i¼1

μ
αþβð ÞμA xið Þ

A þ 1� μA xið Þ� � αþβð Þ 1�μA xið Þð Þ
� �γ

� 2γ
� �

,

α≻ 0,α 6¼ 1, β 6¼ 0,γ 6¼ 0

(27)

4.1. Properties of Hα,β,γ Að Þ

We have supposed that, 00:α ¼ 1, we study the following properties:

Property 1: Hα,β,γ Að Þ ≥ 0 i.e. Hα,β,γ Að Þ is nonnegative.
Property 2: Hα,β,γ Að Þ is minimum if A is a non-fuzzy set.

for μA xið Þ ¼ 0, it implies Hα,β,γ Að Þ ¼ 0 and μA xið Þ ¼ 1 we have Hα,β,γ Að Þ ¼ 0.

Property 3: Hα,β,γ A∗ð Þ ≤Hα,β,γ Að Þ, where A∗ be sharpened version of A.

When μA xið Þ lies between 0 and 1/2 then Hα,β,γ Að Þ is an increasing function whereas when
μA xið Þ lies between 1/2 and 1 then Hα,β,γ Að Þ is a decreasing function of μA xið Þ
Let A∗ be sharpened version of A which means that

i. If μA xið Þ < 0:5 then μA∗ xið Þ ≤μA xið Þ for all i = 1, 2, …, n

ii. If μA xið Þ > 0:5 then μA∗ xið Þ ≥μA xið Þ for all i = 1, 2, …, n

Since Hα,β,γ Að Þ is an increasing function of μA xið Þ for 0 ≤μA xið Þ ≤ 1
2 and decreasing function of

μA xið Þ for 1
2 ≤μA xið Þ ≤ 1, therefore

i. μA∗ xið Þ ≤μA xið Þ this implies Hα,β,γ A∗ð Þ ≤Hα,β,γ Að Þ in [0, 0.5]

ii. μA∗ xið Þ ≤μA xið Þ this implies Hα,β,γ A∗ð Þ ≤Hα,β,γ Að Þ in [0.5, 1]
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Hence, Hα,β,γ A∗ð Þ ≤Hα,β,γ Að Þ

Property 4: Hα,β,γ Að Þ ¼ Hα,β,γ A
� �

, where A
� �

is the compliment of A i.e. μA xið Þ ¼ 1� μA xið Þ
Thus, when μA xið Þ is varied to 1 � μA xið Þthen Hα,β,γ Að Þ does not change.
Under the above conditions, the generalised measure proposed in (27) is a valid measure of
fuzzy information measure.

4.2. Monotonic behaviour of fuzzy information measure

In this section we study the monotonic behaviour of the fuzzy information measure. For this,
diverse values of Hα,β,γ Að Þ by assigning various values to α, β and γ have been calculated and
further the generalised measure has been presented graphically.

Case I: For α > 1, β = 2, γ = 3, we have compiled the values of Hα,β,γ Að Þ in Table 2, (a)–(e) and
presented the fuzzy entropy in Figure 2(a)–(e) which unambiguously illustrates that the fuzzy
information measure is a concave function. For α = 1.5, β = 2, γ = 3, values of Hα,β,γ Að Þ have
been represented with the help of graph γ ¼ 3 which implies that the proposed measure is a
concave function. Similarly, for other values of α, β and γ we get different concave curves.
Further it has been shown that Hα,β,γ Að Þ is a concave function obtaining its maximum value at

μA xið Þ ¼ 1
2. Hence Hα,β,γ Að Þ is increasing function of μA xið Þ in interval [0, 0.5) and decreasing

function of μA xið Þ in interval (0.5, 1]. Similarly, for α = 2, β = 2 and γ = 3, α = 2.5, β = 2 and γ = 3,
α = 3, β = 2 and γ = 3, α = 3.5, β = 2 and γ = 3, γ ¼ 3 values of Hα,β,γ Að Þ have been represented
with the help of graph which implies that the proposed measure is a concave function.

μA xið Þ Hα,β,γ Að Þ μA xið Þ Hα,β,γ Að Þ μA xið Þ Hα,β,γ Að Þ μA xið Þ Hα,β,γ Að Þ μA xið Þ Hα,β,γ Að Þ

0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

0.1 12.8444 0.1 6.7318 0.1 4.6517 0.1 3.5865 0.1 2.9316

0.2 14.7302 0.2 7.5514 0.2 5.1212 0.2 3.8867 0.2 3.1353

0.3 15.3147 0.3 7.7794 0.3 5.2385 0.3 3.9540 0.3 3.1762

0.4 15.5250 0.4 7.8559 0.4 5.2750 0.4 3.9734 0.4 3.1870

0.5 15.5795 0.5 7.875 0.5 5.2837 0.5 3.9779 0.5 3.1894

0.6 15.5250 0.6 7.8559 0.6 5.2750 0.6 3.9734 0.6 3.1870

0.7 15.3147 0.7 7.7794 0.7 5.2385 0.7 3.9540 0.7 3.1762

0.8 14.7302 0.8 7.5514 0.8 5.1212 0.8 3.8867 0.8 3.1353

0.9 12.8444 0.9 6.7318 0.9 4.6517 0.9 3.5865 0.9 2.9316

1.0 0.0 1.0 0.0 1.0 0.0 1.0 0.0 1.0 0.0

(a) (b) (c) (d) (e)

Table 2. The values of fuzzy information measure for α = 1.5, β = 2 and γ = 3; α = 2, β = 2 and γ = 3; α = 2.5, β = 2 and γ = 3;
α = 3, β = 2 and γ = 3; and α = 3.5, β = 2 and γ = 3.

Fuzzy Information Measures with Multiple Parameters
http://dx.doi.org/10.5772/intechopen.78803

19



For α = 1.5 and β ¼ 2.5, values of Hβ
α Að Þ have been represented with the help of graph for

α = 1.5 and β = 2.5 which implies that the proposed measure is a concave function. Similarly,
for other values of α and β, we get different concave curves.

4. A new parametric measure of fuzzy information measure involving
three parameters α, β and γ

Further, a new generalised fuzzy information measure involving three parameters α, β and γ
has been suggested and their necessary and required properties are examined. Thereafter, its
validity is also verified. Also, the monotonic behaviour of fuzzy information measure of order
α, β and γ has been introduced.

The generalised measure of fuzzy information involving three parameters α, β and γ is given
by,

Hα,β,γ Að Þ ¼ 1
1� α

Xn

i¼1

μ
αþβð ÞμA xið Þ

A þ 1� μA xið Þ� � αþβð Þ 1�μA xið Þð Þ
� �γ

� 2γ
� �

,

α≻ 0,α 6¼ 1, β 6¼ 0,γ 6¼ 0

(27)

4.1. Properties of Hα,β,γ Að Þ

We have supposed that, 00:α ¼ 1, we study the following properties:

Property 1: Hα,β,γ Að Þ ≥ 0 i.e. Hα,β,γ Að Þ is nonnegative.
Property 2: Hα,β,γ Að Þ is minimum if A is a non-fuzzy set.

for μA xið Þ ¼ 0, it implies Hα,β,γ Að Þ ¼ 0 and μA xið Þ ¼ 1 we have Hα,β,γ Að Þ ¼ 0.

Property 3: Hα,β,γ A∗ð Þ ≤Hα,β,γ Að Þ, where A∗ be sharpened version of A.

When μA xið Þ lies between 0 and 1/2 then Hα,β,γ Að Þ is an increasing function whereas when
μA xið Þ lies between 1/2 and 1 then Hα,β,γ Að Þ is a decreasing function of μA xið Þ
Let A∗ be sharpened version of A which means that

i. If μA xið Þ < 0:5 then μA∗ xið Þ ≤μA xið Þ for all i = 1, 2, …, n

ii. If μA xið Þ > 0:5 then μA∗ xið Þ ≥μA xið Þ for all i = 1, 2, …, n

Since Hα,β,γ Að Þ is an increasing function of μA xið Þ for 0 ≤μA xið Þ ≤ 1
2 and decreasing function of

μA xið Þ for 1
2 ≤μA xið Þ ≤ 1, therefore

i. μA∗ xið Þ ≤μA xið Þ this implies Hα,β,γ A∗ð Þ ≤Hα,β,γ Að Þ in [0, 0.5]

ii. μA∗ xið Þ ≤μA xið Þ this implies Hα,β,γ A∗ð Þ ≤Hα,β,γ Að Þ in [0.5, 1]
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Hence, Hα,β,γ A∗ð Þ ≤Hα,β,γ Að Þ

Property 4: Hα,β,γ Að Þ ¼ Hα,β,γ A
� �

, where A
� �

is the compliment of A i.e. μA xið Þ ¼ 1� μA xið Þ
Thus, when μA xið Þ is varied to 1 � μA xið Þthen Hα,β,γ Að Þ does not change.
Under the above conditions, the generalised measure proposed in (27) is a valid measure of
fuzzy information measure.

4.2. Monotonic behaviour of fuzzy information measure

In this section we study the monotonic behaviour of the fuzzy information measure. For this,
diverse values of Hα,β,γ Að Þ by assigning various values to α, β and γ have been calculated and
further the generalised measure has been presented graphically.

Case I: For α > 1, β = 2, γ = 3, we have compiled the values of Hα,β,γ Að Þ in Table 2, (a)–(e) and
presented the fuzzy entropy in Figure 2(a)–(e) which unambiguously illustrates that the fuzzy
information measure is a concave function. For α = 1.5, β = 2, γ = 3, values of Hα,β,γ Að Þ have
been represented with the help of graph γ ¼ 3 which implies that the proposed measure is a
concave function. Similarly, for other values of α, β and γ we get different concave curves.
Further it has been shown that Hα,β,γ Að Þ is a concave function obtaining its maximum value at

μA xið Þ ¼ 1
2. Hence Hα,β,γ Að Þ is increasing function of μA xið Þ in interval [0, 0.5) and decreasing

function of μA xið Þ in interval (0.5, 1]. Similarly, for α = 2, β = 2 and γ = 3, α = 2.5, β = 2 and γ = 3,
α = 3, β = 2 and γ = 3, α = 3.5, β = 2 and γ = 3, γ ¼ 3 values of Hα,β,γ Að Þ have been represented
with the help of graph which implies that the proposed measure is a concave function.

μA xið Þ Hα,β,γ Að Þ μA xið Þ Hα,β,γ Að Þ μA xið Þ Hα,β,γ Að Þ μA xið Þ Hα,β,γ Að Þ μA xið Þ Hα,β,γ Að Þ

0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

0.1 12.8444 0.1 6.7318 0.1 4.6517 0.1 3.5865 0.1 2.9316

0.2 14.7302 0.2 7.5514 0.2 5.1212 0.2 3.8867 0.2 3.1353

0.3 15.3147 0.3 7.7794 0.3 5.2385 0.3 3.9540 0.3 3.1762

0.4 15.5250 0.4 7.8559 0.4 5.2750 0.4 3.9734 0.4 3.1870

0.5 15.5795 0.5 7.875 0.5 5.2837 0.5 3.9779 0.5 3.1894

0.6 15.5250 0.6 7.8559 0.6 5.2750 0.6 3.9734 0.6 3.1870

0.7 15.3147 0.7 7.7794 0.7 5.2385 0.7 3.9540 0.7 3.1762

0.8 14.7302 0.8 7.5514 0.8 5.1212 0.8 3.8867 0.8 3.1353

0.9 12.8444 0.9 6.7318 0.9 4.6517 0.9 3.5865 0.9 2.9316

1.0 0.0 1.0 0.0 1.0 0.0 1.0 0.0 1.0 0.0

(a) (b) (c) (d) (e)

Table 2. The values of fuzzy information measure for α = 1.5, β = 2 and γ = 3; α = 2, β = 2 and γ = 3; α = 2.5, β = 2 and γ = 3;
α = 3, β = 2 and γ = 3; and α = 3.5, β = 2 and γ = 3.
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Further it has been shown that Hα,β,γ Að Þ is a concave function obtaining its maximum value at

μA xið Þ ¼ 1
2. Hence Hα,β,γ Að Þ is increasing function of μA xið Þ in interval [0, 0.5) and decreasing

function of μA xið Þ in interval (0.5, 1].

5. Conclusions

In this chapter, after reviewing some literatures on measures of information for fuzzy sets, a
new generalised fuzzy information measure involving two parameters α and β has been
introduced.

The necessary properties of the proposed measure have been verified and further it has been
studied that the proposed measure is a concave function as it has shown monotonicity.

Further, a new generalised fuzzy information measure involving three parameters α, β and γ
has been suggested and their necessary and required properties are examined. Thereafter, its

Figure 2. Representation of the monotonic behaviour of fuzzy information measure for (a) For, α = 1.5, β = 2 and γ = 3; (b)
For, α = 2, β = 2 and γ = 3; (c) For, α = 2.5, β = 2 and γ = 3; (d) For, α = 3, β = 2 and γ = 3; (e) For, α = 3.5, β = 2 and γ = 3.
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validity is also verified. Also, the monotonic behaviour of fuzzy information measure of order
α, β and γ has been conferred.

Fuzzy sets are indispensable in fuzzy system model and fuzzy system design, while the
measurement of fuzziness in fuzzy sets is the fuzzy entropy or fuzzy information measure.
Therefore, fuzzy information measures occupy important place in the processing of system
design. Thus there are enormous applications of fuzzy information in the design of neural
network classifiers.
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Further it has been shown that Hα,β,γ Að Þ is a concave function obtaining its maximum value at

μA xið Þ ¼ 1
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Abstract

Fuzzy logic is used in a variety of applications due to its universal approximator attribute 
and non-linear characteristics. The tuning of the parameters of a fuzzy logic system, viz. 
the membership functions and the rulebase, requires a lot of trial and error. This process 
could be simplified by using a heuristic search algorithm like genetic algorithm (GA). In 
this chapter, we discuss the design of such a genetic fuzzy controller that can control an 
inverted double pendulum. GA improves the fuzzy logic controller (FLC) with each gen-
eration during the training process to obtain an FLC that can bring the pendulum to its 
inverted position. After training, the effectiveness of the FLC is tested for different scenarios 
by varying the initial conditions. We also show the effectiveness of the FLC even when sub-
jected to noise and how the performance improves when the controller is tuned with noise.

Keywords: inverted double pendulum, genetic fuzzy control, fuzzy logic, machine 
learning, self-learning controllers

1. Introduction

Intelligent control techniques are gaining traction and increased focus and are being used in a 
wide variety of engineering applications. Fuzzy logic control is one such intelligent non-linear 
control technique that provides significant benefits in terms of design flexibility, universal 
approximator attribute and the ability to couple with optimization algorithms such as genetic 
algorithm (GA) for tuning its parameters. When coupled with the ability to capture expert 
or heuristic knowledge, and the ability to tune behavior in local envelopes of the operating 
space, fuzzy logic can be an indispensable control design tool in many applications. Fuzzy 
logic control also possesses inherent robustness due to having knowledge-based properties, 
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making them good candidates for stochastic systems. One of the main challenges facing fuzzy 
logic control designers is the tuning of the membership functions and the heuristics involved. 
GA is used in this study to provide an autonomous guided search of the design space to 
develop a more optimized solution in accordance with the design requirements.

2. Literature review

Double pendulum is an example of a dynamic system that exhibits chaotic behavior. The inverted 
double pendulum is an archetype for thrust vector controlled multi-staged rocket or missile or 
even multi-rotor UAV flight control. The problem of controlling an inverted double pendulum 
has been studied for decades using different types of controllers. One of the approaches that 
has been used is a self-tuned neuro-PID controller to control the inverted pendulum on a cart 
[1]. The controller was realized by summing up two controllers for position and angle controls. 
They proved the effectiveness and robustness of this technique. An angular momentum based 
controller was able to control the double pendulum at any unstable position [2].

With the increase in computational capability and the advent of new and improved machine 
learning algorithms over the last decade, there has been an increase in the development of 
intelligent systems for various engineering applications such as path planning, target track-
ing, satellite attitude control systems [3], collaborative control of a swarm of UAVs [4], etc. 
Such intelligent systems provide various advantages, a few of which include adaptability, 
robustness to uncertainties and improved efficiency.

Fuzzy logic is one such intelligent system that can provide robustness and adaptability to con-
trollers. Fuzzy logic was used in combination with optimal control theory to design a highly 
effective controller [5]. In a related research [6], fuzzy logic was used for stabilizing a parallel 
type double inverted pendulum. This is different from the inverted double pendulum in that it 
involves two separate pendulums being controlled simultaneously on a cart. Simulation results 
showed that the controller was able to stabilize completely the parallel-type double inverted 
pendulum system within 10s for a wide range of the initial angles of the two pendulums. The 
performance of fuzzy logic was compared to a PID controller in controlling an inverted pendu-
lum [7]. Simulation results showed that the fuzzy logic controllers (FLCs) are far superior com-
pared to PID controllers in terms of overshoot, settling time and response to parameter changes.

The performance of fuzzy controller tuned with noisy data was compared to that of a con-
troller tuned without noise [8]. Optimizing the fuzzy system for a higher noise level results 
in good performance at lower noise levels. Lee presented three fuzzy system architectures 
and methods for automatically designing them for high dimensional problems [9]. The 
results indicate that the real coded algorithms consistently outperformed the binary coded 
algorithms in both the final performance of the system and the performance of the search 
algorithm. The Asymmetric-Triangular fuzzy systems consistently improved faster than the 
hyper-ellipsoidal and shared triangular representations in all cases.

Designing an FLS includes tuning the membership functions and the rulebase. This process 
can be automated by coupling GA with FLS to obtain the methodology known as Genetic 
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Fuzzy System (GFS). In a GFS, GA tunes the parameters of the FLS to minimize a cost func-
tion that is carefully chosen such that minimizing it provides the desired behavior of the 
system. Such GFSs have been developed with much success for clustering and task planning 
[10], aircraft conflict resolution [11], simulated air-to-air combat [12], collaborative control of 
UAVs, etc. Since fuzzy logic systems are made up of a set of membership functions that define 
the inputs and a set of linguistic rules that define the relationship between the inputs and the 
outputs, it is more interpretable compared to other machine learning techniques like neural 
networks and support vector machines. Since it is trained using GA, differentiable cost func-
tions such as integral squared error is not required. So, as long as the mission requirement 
can be defined as a mathematical cost function, we do not need to have ground truth data 
available. GA will traverse the search space looking for the optimal set of membership func-
tions and rulebase that minimizes the cost function, which makes it a form of reinforcement 
learning. Reinforcement learning is a branch of machine learning where an agent is trained to 
take the optimal control action to maximize a reward.

3. Problem formulation

The objective is to design two fuzzy logic controllers that control the torques at the two joints 
to bring the double pendulum to its inverted position from any initial condition as shown in 
Figure 1. T1 and T2 are the torques applied by the controller at the joints. GA is used to tune 
the fuzzy membership functions as well as the rule base to come up with the best possible 
solution, which settles at θ1 = 0, θ2 = 0, in minimum time. The position of the masses m1 and 
m2 are given by

   x  1   =  l  1   sin  θ  1    (1)

   y  1   =  l  1   cos  θ  1     (2)

Figure 1. Double pendulum schematic with controllers at the joints.
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   x  2   =  l  1   sin  θ  1   +  l  2   sin  θ  2    (3)

   y  2   =  l  1   cos  θ  1   +  l  2   cos  θ  2    (4)

The equations of motion of the double pendulum when torques T1 and T2 act at the joints are 
given below.

   
 T  1   +  ( m  1   +  m  2  )   L  1  2    θ ¨    1   +  m  2    L  1    L  2     θ ¨    2   cos ( θ  1   −  θ  2  )  +  m  2    L  1    L  2     θ   ̇   2  

2
  sin ( θ  1   −  θ  2  )        

+ ( m  1   +  m  2  )   gL  1   sin  θ  1   = 0
    

  (5)

    T  2   +  m  2    L  2  2    θ ¨    2   +  m  2    L  1    L  2     θ ¨    1   cos ( θ  1   −  θ  2  )  −  m  2    L  1    L  2     θ   ̇   1  
2
  sin ( θ  1   −  θ  2  )       

+ m  2    gL  2   sin  θ  2   = 0 
    

  (6)

Assumptions

1. The masses m1 and m2 are assumed to be concentrated at the joints.

2. The masses m1 and m2 are considered as particles.

3. The rods are assumed to be massless.

4. Non-conservative forces like friction, air resistance, etc., are not considered.

5. There is no delay in the transmission of torque from the controller to the joint.

6. The motion is constrained to two dimensions. Hence z = 0.

7. The rods do not undergo expansion or compression. Thus, Eqs. (1)–(4) are satisfied.

4. Methodology

The flow chart showing the process of genetic fuzzy logic design as applied to the case 
of the inverted double pendulum is shown in Figure 2. Fuzzy logic is used to determine 
the torques acting on the two joints, T1 and T2. In order to reduce the computational com-
plexity, each of the inputs and outputs are defined by just three membership functions as 
shown in Figure 3.

GA is used to tune a 15-element vector R. GA is a search heuristic inspired from the process 
of natural selection that can perform an extensive search of a complicated n-D space, where n 
is the number of variables, to find a near optimal solution. For this research, n = 15. GA starts 
off with an initial set of random solutions also called a population of individuals, the size 
of which is pre-defined. There are two main operators in GA viz., crossover and mutation.  

Fuzzy Logic Based in Optimization Methods and Control Systems and Its Applications30

The crossover requires two individuals and some portion of the two solution vectors are 
interchanged to obtain two child individuals. In a mutation, some values in a chosen indi-
vidual are arbitrarily changed to obtain a new individual. The cost functions of all the result-
ing individuals are evaluated and the ones with lower cost values have higher probability of 
moving onto the next generation.

The first 9 elements in the vector, R(1–9), represent the rules as shown in Table 1 and R(10–15) 
represent the boundaries of the membership functions as shown in Figure 3. The membership 
functions are assumed to be symmetric around zero. R(1–9) are integers with values from one 
to three. One, two and three represent negative (N), zero (ZO) and positive (P) membership 
functions for the inputs, respectively.

For this research, we use centroid defuzzification to obtain the crisp output values. The rule-
base is assumed to be same for both the controllers T1 and T2. AND operator connects the 
inputs θ and   θ   ̇  . For example,

Figure 2. Flowchart showing the genetic fuzzy logic methodology used for designing controllers for the inverted double 
pendulum problem [13].

  𝜽𝜽   ̇   
θ

N ZO P

N R(1) R(2) R(3)

ZO R(4) R(5) R(6)

P R(7) R(8) R(9)

Table 1. GA string values assigned to the rulebase during training.
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  If  θ  1   is N AND is P, thenT 1 is R (3) .  

The cost function that needs to be minimized by GA is given in Eq. (7). Since the cost function 
is an integral over time, it ensures that the system settles to the inverted position quickly. In 
our simulations, the simulation is performed for 5 s and hence T = 5.

Figure 3. GA string values assigned to the input and output membership function boundaries for FIS1 [13].
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  f =   ∫ 
0
  
T
   ( θ  1  2  +  θ  2  2  +   θ   ̇   1  

2
  +   θ   ̇   2  

2
 ) dt  (7)

5. Numerical results and discussion

The system response is simulated for the following parameter values:

   m  1   = 0.1kg   

   m  2   = 0.1kg  

   l  1   = 1m  

   l  2   = 1m  

The FISs are tuned for 2 cases: (1) Without noise and (2) With 5% measurement noise applied 
to the inputs.

5.1. FIS tuned without noise

The rulebase obtained after tuning is shown in Table 2. The membership function boundaries 
are obtained as R(10,15) = [0.5642 8.3738 7.1121 1.0264 4.2160 3.1641].

5.1.1. With zero initial angular velocity

The system response, with zero initial angular velocity, is shown in Figure 4. The system was 
tested for different starting positions and in each case, the response settles within 5 s. Settling 
time is the time it takes the response to settle within an absolute value of 0.01 rad. The genetic 
fuzzy controller works well even when it is subjected to noise in the angle measurements. 
The responses for 5 and 10% noise are shown in Figure 5. For the 5% noise scenario shown in 
Figure 5(a), the controller brings the system to settle in a very smooth manner. Both θ1 and θ2 
settle within 5 s. In the case of 10% noise shown in Figure 5(b), θ1 settles within 5 s, but θ2 takes 
close to 10 s to settle. The response for θ2 also shows a slight oscillation before settling down.

  𝜽𝜽   ̇   
θ

N ZO P

N P P ZO

ZO P ZO N

P ZO N N

Table 2. Rulebase obtained after training [13].
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5.1.2. With non-zero initial angular velocities

In this case, initial angular velocities of 2 rad/s are considered (   θ   ̇   
1
   = 2 rad / s,   θ   ̇   

2
   = 2 rad / s ). The system 

response is shown in Figure 6. The system was tested for different starting positions and in each 
case, the response settles within 10 s. Just like the previous case with no initial angular velocity, the 

Figure 4. Controllers trained without noise: Plots showing θ1(t) and θ2(t) under no noise with zero initial angular 
velocities [13].

Figure 5. Controllers trained without noise: Plots showing θ1(t) and θ2(t) under (a) 5% noise and (b) 10% noise with zero 
initial angular velocities [13].
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genetic fuzzy controller works well even when it is subjected to noise in the angle measurements. 
The responses for 5 and 10% noise are shown in Figure 7. For the 5% noise scenario shown in 
Figure 7(a), the controller brings the system to settle within 10 s. Some oscillation can be observed, 
although insignificant. In the case of 10% noise shown in Figure 7(b), θ1 settles within 10 s, but θ2 
takes close to 15 s to settle. There is significant oscillation before it settles to θ1 = 0; θ2 = 0.

Figure 6. Controllers trained without noise: Plots showing θ1(t) and θ2(t) under no noise with initial angular velocities 
of 2 rad/s [13].

Figure 7. Controllers trained without noise: Plots showing θ1(t) and θ2(t) under (a) 5% noise and (b) 10% noise with 
initial angular velocities of 2 rad/s [13].
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case, the response settles within 10 s. Just like the previous case with no initial angular velocity, the 

Figure 4. Controllers trained without noise: Plots showing θ1(t) and θ2(t) under no noise with zero initial angular 
velocities [13].

Figure 5. Controllers trained without noise: Plots showing θ1(t) and θ2(t) under (a) 5% noise and (b) 10% noise with zero 
initial angular velocities [13].
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genetic fuzzy controller works well even when it is subjected to noise in the angle measurements. 
The responses for 5 and 10% noise are shown in Figure 7. For the 5% noise scenario shown in 
Figure 7(a), the controller brings the system to settle within 10 s. Some oscillation can be observed, 
although insignificant. In the case of 10% noise shown in Figure 7(b), θ1 settles within 10 s, but θ2 
takes close to 15 s to settle. There is significant oscillation before it settles to θ1 = 0; θ2 = 0.

Figure 6. Controllers trained without noise: Plots showing θ1(t) and θ2(t) under no noise with initial angular velocities 
of 2 rad/s [13].

Figure 7. Controllers trained without noise: Plots showing θ1(t) and θ2(t) under (a) 5% noise and (b) 10% noise with 
initial angular velocities of 2 rad/s [13].
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Figure 8. Controllers trained with 5% noise: plots showing θ1(t) and θ2(t) under no noise with zero initial angular 
velocities [13].

5.2. FIS tuned with 5% noise

In this case, the FIS is tuned with 5% noise and the response of the resulting controller is 
examined. The rulebase obtained is same as the one shown in Table 2. The membership func-
tion boundaries are obtained as R(10:15) = [0.3100 11.9261 7.4158 0.8904 3.8477 3.5883].

5.2.1. With no initial angular velocity

The system response, with zero initial angular velocity, is shown in Figure 8. The system was 
tested for different starting positions and in each case, the response settles within 5 s. The genetic 
fuzzy controller works well even when it is subjected to noise in the angle measurements. The 
responses for 5 and 10% noise are shown in Figure 9. The controller is able to bring the system to 
settle within 5 s even in the presence of noise. Although there is a small undershoot, θ1 settles much 
faster compared to the responses shown in Figures 4 and 5. There are no significant oscillations 
in the system response. It can be observed from Figures 8 and 9 that the noise has a minuscule 
effect on the system response thus proving that the controller is very robust. Thus, when there is 
no initial angular velocity, the controller tuned for 5% noise performs much better, as expected.

5.2.2. With non-zero initial angular velocities

In this case, initial angular velocities of 2 rad/s are considered (   θ   ̇   
1
   = 2 rad / s,   θ   ̇   

2
   = 2 rad / s ). The 

system response is shown in Figure 10. The system was tested for different starting positions 
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and in each case, the response settles within 5 s. The response of the controller when subjected 
to 5 and 10% noise are shown in Figure 11. For both cases, the controller brings the system 
to settle within 5 s. Even in the case of non-zero initial angular velocity, the controller is very 
resilient to noise. The settling time is less compared to the controller tuned without noise.

Figure 9. Controllers trained with 5% noise: plots showing θ1(t) and θ2(t) under (a) 5% noise and (b) 10% noise with zero 
initial angular velocities [13].

Figure 10. Controllers trained with 5% noise: plots showing θ1(t) and θ2(t) under no noise with initial angular velocities 
of 2 rad/s [13].
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Table 3 compiles the results obtained for the double pendulum system. The table compares 
the settling time and the integral square error (ISE) for the two different controllers. The ISE 
is given by,

  ISE =   ∫ 
0
  
∞
    e   2  (t) dt  (8)

where e(t) is the error obtained by subtracting the actual response and the desired response 
which in our case is zero.

It can be seen from Table 3 that the settling time and ISE are better in the case of the controller 
tuned with 5% noise. Optimizing the controller with 5% noise helps with the system response 
for larger window of uncertainty. As can be seen from Table 3, the ISE values for 10% noise 

Figure 11. Controllers trained with 5% noise: plots showing θ1(t) and θ2(t) under (a) 5% noise and (b) 10% noise with 
initial angular velocities of 2 rad/s [13].

Controllers trained without noise Controllers trained with 5% noise

No noise 5% Noise 10% Noise No noise 5% Noise 10% Noise

   θ   ̇   1   =   θ   ̇   2   = 0 Ts(θ1) 1.632 1.636 1.708 0.3895 0.3906 0.3911

Ts(θ2) 3.871 3.874 5.723 2.1532 2.1545 2.1560

ISE(θ1) 0.8825 0.8853 0.8961 0.3875 0.3943 0.4012

ISE(θ2) 0.2412 0.2450 0.3323 0.0985 0.0988 0.0990

   θ   ̇   1   =   θ   ̇   2   = 2 Ts(θ1) 4.431 4.487 5.191 2.347 2.368 2.449

Ts(θ2) 5.208 5.271 13.538 1.475 1.487 1.531

ISE(θ1) 3.4389 3.5963 5.9624 2.2963 2.3440 2.4009

ISE(θ2) 3.2142 3.4433 11.0016 0.6271 0.6363 0.6674

Table 3. Comparison of settling times (Ts in seconds) and the ISE for the scenarios discussed before [13].
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scenario in the case of the controller tuned without noise is on the higher side. But, this gets 
reduced when the controller is tuned for 5% noise. Thus, the overall performance of the sys-
tem increases by tuning the controller with 5% measurement noise.

6. Conclusions

This chapter discussed the design of genetic fuzzy controllers to control an inverted double 
pendulum. While fuzzy logic by itself works well, tuning the parameters involved to sat-
isfy a specific requirement might need a lot of trial and error to be done by the researchers. 
Incorporating GA to tune these parameters solves this problem. In this chapter, the objective 
was to bring the system to its inverted position. The time-integral cost function ensured that 
the FISs are trained to reduce the settling time.

The genetic fuzzy controller was able to stabilize the double pendulum at the inverted position 
starting from any initial position. The controller was tuned for two cases: (1) when there is no 
noise, and (2) when subjected to 5% noise. For each of the two cases, the results were shown for 
two sub-cases: (a) with zero initial angular velocities and (b) with non-zero initial angular veloc-
ities. The controller tuned for 5% has a better performance than the one tuned without noise. 
Tuning the controller with 5% noise improves the robustness of the system for a larger window 
of uncertainty. Since a lot of real-life systems suffer from measurement noise, it is important to 
develop robust controllers that can make decisions even when the inputs are noisy.
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Abstract

Three-dimensional metrology is concerned with checking the conformity of machined parts
with the geometrical specifications on their definition drawings from the design office. Three-
dimensional measurement is a firmly established technique in the industry. For this, we apply
the fuzzy logic to solve probing. Probing technology is widely used in three-dimensional
metrology. In addition, we measure the very small dimensions, that is, the measurement at
the micrometer scales. This chapter presents a new approach to the developing gear curve
(CMMs). This method aims to select the most likely contact point for each successive arc by
applying geometrical criteria and a fuzzy logic estimator, as you know there are several
methods, but the fuzzy logic is more efficient and closer to the profile reel. The fuzzy logic
system is particularly suitable for application to the three-dimensional metrology, including
applications on a small radius probe as well as probing discontinuities to the flank profile. In
addition, the time allowed is 144.09 s. Tests were carried out on gearboxes of agricultural
machinery in the factory of my country (Algerian Tractors Company).

Keywords: metrology, fuzzy logic, gears, model gears, probe, path

1. Introduction

Coordinate measuring machines (CMMs) are becoming increasingly important in measurements
and the verification of the dimensional quality of manufactured parts and products. First, today’s
gear inspection is a description of the nominal geometry of the gear teeth, which are limited some
flank profile traces. The new principle of the corrected determination of themeasured point in the
metrology of coordinates is brought to the system of the fuzzy logic. This means that for the
measurement with great accuracy of a complex surface’s mechanical part, we propose a new
algorithm for the compensation of the tip of the radius of the stylus in a process of scanning by
three-dimensional coordinate CMMs. The proposed algorithm is dedicated to high-definition
measurement. Advantages of the algorithm are that we do not calculate the normal vector and
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we do not use a Non-uniform rational basis spline (NURBS) is a mathematical model commonly
used in computer graphics for generating and representing curves and surfaces. It offers great
flexibility and precision for handling both analytic and modeled shapes. In general, editing
NURBS curves and surfaces is highly intuitive and predictable. Control points are always either
connected directly to the curve / surface, or act as if theywere connected by a rubber band [1]. The
method is based on the fuzzy logic algorithm, which is a well-knownmethod to approximate the
ideal position that minimizes the sum of the squared residual errors between the clearance and
the model. This choice is motivated by the robustness of this method and it is important to
underline here that no attempt to implement it within the coordinate measuring machine
(CMMs) software has been reported in the three-dimensional metrology literature. Digital appli-
cations have dealt with the case of a gear tooth gear that is fitted to the gearbox of machine tools.
The comparison between the real surface obtained by the three-dimensional measuring machine
and the ideal model that gives us defects of shape of the tooth. But this precision is generally
obtained only for the measurement of well-known shapes of the piece measured and when its
dimensions greatly exceed the radius of the tip of the probe, and for this reason, the algorithm is
used for the correction of the radius of the probe. For example, simple surfaces form profiles that
are not geometric primitive sections known as planes (circle, sphere, cone, gear, etc.).

2. Fuzzy logic applications in metrology processes

Metrology engineering has employed fuzzy logic in the detection of the defect of gears with
straight cylindrical teeth. It has also been applied to process control, the modeling of the
developing profile of a tooth circle, its optimizations, looks for defects in shape, and position.

Figure 1. Synoptic of fuzzy logic.
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In this research, we investigate these applications in more detail. See the synoptic of fuzzy logic
in Figure 1.

3. Geometry and the specification of spur gear with the module

Pressure angle remains the same throughout the operation, and the teeth are weaker. It is
easier to manufacture due to its convex surface. The velocity is not affected due to the variation
in the central distance. Interference takes place; there is more wear and tear as contact takes
place between convex surfaces (Figure 2).

4. The implementation of fuzzy logic systems

4.1. Problem of probing the tooth

Firstly, the probing obstacle is in zones 1 and 2 when the information is entered by the
tridimensional measuring machine (see Figure 3). Indeed, we saw that the segment (ab) is
undefined after having transferred the coordinates of the center of the ball. That is, there are no
coordinates for probing this one (Figure 3-1), and the same goes for zone 2; when we did the
transfer, no results were interpreted because the segment (ab) is unknown. To solve this
problem of probing, we apply the system and notions of fuzzy logic.

4.2. The principle of determination of the measured point corrected

As regards the measurement with high accuracy on CMMs, we specify the probe path. For
this, we propose a new algorithm for the compensation of the radius of the tip of the stylus in a
process of scanning the surface of the tooth by CMMs. The proposed algorithm is dedicated to
the measurement of high definition. It is done to calculate the normal vector.

Figure 2. Involute profile.
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in the central distance. Interference takes place; there is more wear and tear as contact takes
place between convex surfaces (Figure 2).

4. The implementation of fuzzy logic systems

4.1. Problem of probing the tooth

Firstly, the probing obstacle is in zones 1 and 2 when the information is entered by the
tridimensional measuring machine (see Figure 3). Indeed, we saw that the segment (ab) is
undefined after having transferred the coordinates of the center of the ball. That is, there are no
coordinates for probing this one (Figure 3-1), and the same goes for zone 2; when we did the
transfer, no results were interpreted because the segment (ab) is unknown. To solve this
problem of probing, we apply the system and notions of fuzzy logic.

4.2. The principle of determination of the measured point corrected

As regards the measurement with high accuracy on CMMs, we specify the probe path. For
this, we propose a new algorithm for the compensation of the radius of the tip of the stylus in a
process of scanning the surface of the tooth by CMMs. The proposed algorithm is dedicated to
the measurement of high definition. It is done to calculate the normal vector.

Figure 2. Involute profile.
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The proposed compensation method consists of the following steps [1]:

• realization of a series of high-density measurements on the characteristic of geometry
measured by the spherical stylus tip,

• contour of the sample defines a bow per ball, for each measured point,

• calculating the points of intersection Ai and Ai + 1 for each arc, with the next and the
previous point,

• for each arc, the estimate of the point of contact with Si as the characteristic of this point is
located in the middle of the arc,

• determination of angular compensation using the fuzzy logic knowledge base and the
application of compensation based on the corresponding angular adjustment.

The calculation of angles Δαi can be achieved by exploiting a known basic variety or other-rule
artificial intelligence techniques [2, 3]. In the experimental implementation of this method, we
opted for the calculation of the angles Δαi with a fuzzy logic algorithm [4].

4.3. Analysis of the geometry of the probe trajectory

We consider point Oi as one of the data points describing the position of the center of the ball of
the spherical stylus registered by the CMMs (see Figure 4) [5]. We take the previous additional
points Oi�1 and the following point Oi+1. Considering the external envelope tip of the stylus at
theOi point, it can be said that the ball of the stylus is always in contact with the material of the
gears and that no part can be at the limit of the tip of the stylus; the point of contact of the
stylus ball with the measuring surface is on the arc AiAi+1. The points Ai and Ai+1 have points of
intersection of the three circles that have the centers Oi, Oi�1 and Oi+1, respectively [6].

All three circles have a radius R equal to the radius of the stylus ball, with which the prelim-
inary calculations of the CMMs are made, according to the qualification of the probe system.
All points of the arc are selected to transfer the corrected measured points associated with the

Figure 3. Problem of probing the tooth of a wheel.
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measured points Oi. However, as a first approximation, the ideal points of the stylus ball in
contact with the measuring surface are evaluated midway on the arc: AiAi+1. Indeed, some
adjustments of the corrected measured point may be essential.

In the first estimate, a preliminary point Si was chosen to the bow AiAi+1. Then, we take into
account the mutual position of the neighboring points, Oi and Oi�m,…, Oi�l and Oi+1,…Oi+n.
(where m and n are a number of previous and following points, respectively). An angular
adjustment Δαi is obtained to improve the new position of the ideal point of contact with the
flank and the ball and thus correctly calculate the points which are the closest Pi. Calculations
of Δαi can rely on artificial intelligence techniques that are based on the rules of fuzzy logic. In
the experimental implementation, we use the method of correction the measurement of the
points of stylus (stylus tip envelop method). We opted for a fuzzy logic algorithm to compute
Δαi. The entry of this system of logic is summarized in Table 2with two components: Δαi, Azi,
and Δki. We define the first magnitude Δzi which is the distance between pointOi and the point
of intersection with the line (Oi�1Oi+1). The second component, Δki, is the distance between
point Oi and the point of intersection with the line (Oi�1 Oi�2). These elements define the input
values and output (see Figure 4).

4.3.1. Inputs

The choice of input and output variables depends on the control we want to achieve and the
available parameters. In our chapter, we can consider the entries xm and ym which are the
Cartesian coordinates of the points entered by the three-dimensional measuring machine in
the course of scanning the surface of the right or left flank by the probing system. This choice
is intuitive and based on the experience of the operator.

Figure 4. Analyzes the geometry of the sweep path for the determination of the measured point corrected.
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4.3.2. Output

The outputs are based on the problem that was posed; anyway, we can find one or more
outputs and so on. Finally, it is lucid that the outputs in our work are two: xm and ym.

4.3.3. Fuzzification

First, we proposed the parameters in our tests on the CMMs, which are within the Metr-
ology Laboratory of ENP-Oran (see Table 1). These are very important for simulation
calculations.

So this step allowed us to give the different linguistic variables that will be used during the
gear control by the fuzzy logic [7–15].

4.3.4. Rule base (inference)

Indeed, we exploit Table 2 to build the inference of fuzzy logic in C; however, we do not have
to complete all the boxes. The rules are developed by an expert and his knowledge of the
problem [12, 13, 15].

IF conditions:…THEN action

IFconditions…THEN action (1)

4.4. Construction of fuzzy logic matrix

The matrix is in the form of Table 2 or a matrix that we can build according to the previous
parameters, Δki, Δαr, and Δzi, while the purpose of this table is to know which elements are
most influenced during the implementation of fuzzy logic to spur gears.

Minimum value Maximum value

t (s) — 250

θ (radian) 0.2 30

xm (mm) — 26

ym (mm) — 26

i 100 200

Δki — 200

Δzi — 200

αi — 200

Table 1. Parameters of the test.
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N.B: After completing the logic matrix of Table 2, it was concluded that the factors that
influenced on the logic estimator are:

Matrix ¼

0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 0

2
6666664

3
7777775

(2)

5. Probing and data processing

Over the last 20 years, remarkable progress has been made in three-dimensional measurement
technology with regard to the mechanical elements of the machine, control equipment, and
software.

Table 2. Matrix of fuzzy logic.
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6. Instruments for measuring capacity

The accuracy of the probe during scanning is generally several tens of micrometers, but this
accuracy is generally not achieved for the measurement of well-known shapes as well as when
the size of the part greatly exceeds the radius of the feeler ball because of the algorithms used
for the sharp radius of correction stylets.

For example, spline profiles that do not compose a part of a geometric primitive known as
(circle, sphere, cone, torus, etc.), they present particular difficulties to establish the method of
the normal vector. Left surfaces are now very common (car, bodies, consumer products of
ergonomic shapes, turbine blades, etc.).

In addition, small features become commonplace and, although measurements are made by
digitization, the correction can result in the introduction of unacceptable errors [16–18].

7. Measures the coordinates of tooth profile points by the
three-dimensional measuring machine (CMM)

In fact, this semi-experimental part is very important for applying these notions of fuzzy logic
to the contour of the flank of the left or right tooth. However, we are able to bring back
information through a known mathematical model or by asking a laboratory to provide it to
us. In short, the result of the processing of information is the same, either by borrowing the
mathematical model or by directly probing by CMM (see Figures 4–6) [8, 11].

Figure 5. Mathematical model: sections (A-A), (B-B) and (C-C).
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8. Presentation of the algorithm

The presentation of the fuzzy logic algorithm has been introduced (see Figure 6); this logic
affects one or more steps of the algorithm to try to increase its performance including accuracy
and speed, and there are several variables. Some of these variables expand, and the abbrevia-
tion of the corresponding iterative point asserts that it would be a good response to the
algorithm. To make an algorithm choice, there are several criteria that must be checked:

• speed,

• precision,

Figure 6. Flowchart of fuzzy estimator logic.
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• stability,

• robustness and simplicity.

The importance of any of these four criteria depends on the application of the final program.
The development of a complete system of the quality inspection of the manufactured parts
requires the coordination of a set of processes to acquire data, its dimensional evaluations, and
comparisons with the proposed reference model. For this, it is essential to make certain
conceptual knowledge profitable not only for the object to be analyzed but also for the
environment. In this case, the goal of this chapter is to establish a procedure for automating
the modeling of the surface inspection of complex parts such as gears. Allowing to correct the
relative differences of the manufacturing parameters, then, the adopted criteria includes fast
convergence, the robustness of the system, and the simplicity of the interface. Finally, the new
algorithm is summarized by the diagram of the following flowchart [2]:

9. Calculation of the corrected measured points

We used the following equations to achieve these results (see Figure 7). Equation of right
which is between the points Pi+1, Pi�1:

yi ¼ aixi þ bi (3)

The equation of the line that passes through the point Pi and perpendicular to the line that
passes through the points (Pi+1Pi�1):

yi ¼ ci:xi þ di (4)

The equation between two points Pi�1, Pi�2:

yi ¼ eixi þ f i (5)

The equation of the line that passes through the point Pi and perpendicular to the line (Pi�1Pi�2):

yi ¼ mixi þ ni (6)

Figure 7. Determination of Aki, Δαi, Azi (sections B-Band C-C).
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We take theoretically the tolerance values for each point gained in the range (0.0001.rd).

Equation of the circle includes

x� xið Þ2 þ y� yi
� �2 ¼ r2 (7)

(see Figure 7)

r is the radius of the probe sphere (r = 0.2–5 mm).

We have determined the following values ai, bi, ci, di,Δi.

ai ¼
yiþ1 � yi�1

xiþ1 � xi�1

bi ¼ yi�1 �
yiþ1 � yi�1

xiþ1 � xi�1
:xi�1

ci ¼ �1=ai
di ¼ yi � ci:xi

ei ¼
yi�1 � yi�2

xi�1 � xi�2

f i ¼ yi�1 � ei:xi�1

mi ¼ �1=ei
ni ¼ yi �mi:xi

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

(8)

Δi ¼ 2:di:ci � 2:yi:ci � 2:xi
� �2 þ 4: xi2 þ di � yi

� �2 þ r2
� �

ci þ 1ð Þ (9)

We can take the numbers that vary between i = 1 and 200 points.

N.B: We took into consideration the rest time of the 0.25 s machine. We calculate the Cartesian
coordinates Xsi (xsi, ysi):

xsi ¼
� 2:di:ci � 2:ci:yi � 2:xi
� �� ffiffiffiffiffi

Δi
p

2 ci þ 1ð Þ
et
ysi ¼ ci:xi þ di

8>>><
>>>:

(10)

(see Figures 8 and 9)

We can calculate the coordinates of the points Xai (xai, yai):

xai ¼ xi þ xi�1

2
� aoi:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4:r2 � xi � xi�1ð Þ2 � yi � yi�1

� �2q

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
aoi þ 1

p
et

yai ¼
yi þ yi�1

2
� aoi:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4:r2 � xi � xi�1ð Þ2 � yi � yi�1

� �2q

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
aoi þ 1

p

8>>>>>>><
>>>>>>>:

(11)
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Figure 8. Screen printing of Δzi, Δki, defuzzification, Δαi conclusions according to Mamdani rules [6, 15].

Figure 9. Section A-A.
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Then, the values Δzi, Δki are:

Δzi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

di�bi
ai�ci

� xi
� �2

þ ai di�bi
ai�ci

þ bi � yi
� �� �2r

et

Δki ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

ni�f i
ei�mi

� xi
� �2

þ ei ni�bi
ei�mi

þ f i � yi
� �� �2r

8>>>><
>>>>:

(12)

(see Figures 8–10)

According to the graphs of fuzzy logic, we can conclude the values of Δαi (see Figure 8).
We calculated Δzi and Δki using the formula of the above relation (13) to calculate
these quantities; we determine the values Δαi using fuzzy logic, max-min inference, and
the generalized function bell and then defuzzification by the centroid method [18] (see
Figure 10).

In our work, we use the generalized bell shape:

yi ¼
1

1þ xi þ 14ð Þ=7ð Þ3
� �2� � (13)

where z (r) and k (r) represent the values of the linguistic variables of the deviations Δzi and
Δki. From these, we deduce the angular difference Δαi. Figure 8 shows an impression of the
screen language values define for each input value.

Figure 10. Section B-B.
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We calculated Δzi and Δki using the formula of the above relation (13) to calculate
these quantities; we determine the values Δαi using fuzzy logic, max-min inference, and
the generalized function bell and then defuzzification by the centroid method [18] (see
Figure 10).

In our work, we use the generalized bell shape:

yi ¼
1

1þ xi þ 14ð Þ=7ð Þ3
� �2� � (13)

where z (r) and k (r) represent the values of the linguistic variables of the deviations Δzi and
Δki. From these, we deduce the angular difference Δαi. Figure 8 shows an impression of the
screen language values define for each input value.

Figure 10. Section B-B.
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10. Comparison of different sections at the level of the tooth

10.1. Section A-A

After applying the fuzzy logic and plotting the tooth curve, we notice that the green curve is far
from the ideal curve; this is the normal vector method. But blue tracing is closer to this one
because of having dots that define the involute curve, the red curve is closer to the curve of fuzzy
logic (see Figure 9).

10.2. Section B-B

In that case, we find that the intersection between the involute curve and the outer circle gives
a large deviation as expected. In addition, this leads to an increase in errors, that is, the increase
in the gap (see Figure 10).

For example, if we determine the height of the tooth by the formula h = ha + hf + Δe (see
Figure 10), then the percentage of the error according to the definition can be calculated as
follows:

Figure 11. Section C-C.
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Δef ¼ f 1 � f 2 ¼ 25, 77–25, 72

Δef ¼ 0:05 mm

Δef% ¼ 8:33

Δeg ¼ g1 � g2 ¼ 25, 82–25, 72

Δeg ¼ 0:15 mm

Δeg% ¼ 25

So, it is intolerable to accept miscalculations of more than Δeg % = 25 by the normal vector
method, so the piece was rejected. On the other hand, if we use the same database, we find
errors of fuzzy logic for this piece: Δef % = 8.33 mm, while the piece was accepted. It was
concluded that the fuzzy logic method is closer to the ideal measurement.

10.3. Section C-C

In this case, there is no difference between the two methods (fuzzy logic and the normal
vector), the error is zero. However, the method FL does not influence the measurement of spur
gears (see Figures 11 and 12).

Figure 12. Combination of the x and y coordinates by forming the tooth.
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11. Calculation of profile error obtained by the fuzzy logic method

Concluding that the proposed method presents the maximum error in curve peaks, among its
values are 0.15, 0.14, 0.1, and 0.1 mm. These peaks have been found to represent intersections
between two curves. The weakness of this method is in the intersections of the curves. But in
the journey with himself, he does not have any difference.

Indeed, it has been deduced that the result of fuzzy logic is the closest to the ideal curve because
of some points that appeared to define the involute curve; at this moment; we could not calculate
them by the normal vector method. The graph was constructed by the following formula:

Erri ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xf � xv
� �2 � yf � yv

� �2r

Erri ≤ εi

8<
: (14)

The fuzzy logic algorithm is used to estimate the actual tooth area of the gears. The perfor-
mance results given by our approach were compared to the performance of these data using
the ideal model.

It is clear that the use of the fuzzy logic estimator is appropriate and estimates the actual area
of the tooth which consists of a very complicated path when detecting teeth by CMMs in the
sense that the application of the logic technique with estimation of dynamic non-linear sys-
tems, special cases, and the surface of the gear which contains several parameters is the best
(see Figure 13).

Anyway, this problem is solved by this approach. Thus, the role of this work is the determina-
tion of the tooth curve to estimate the shape defect of the gears. In our future work, we will try
to implement other learning algorithms such as the Kalman estimator or fuzzy neuron.

Figure 13. Calculation of the error of the result of the fuzzy logic and the normal vector.
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12. Conclusion and perspectives

In this respect, we can conclude that by the principle of fuzzy logic, there is not really the right
or the wrong answer as has already been pointed out several times. While the choice of
calculation method the profile taken is conditioned between the installation and the perfor-
mance according to the designer.

Some researchers even suggest averaging the different methods, but this is not a generaliza-
tion, and the calculations become even more complicated. Finally, we mention that this prob-
lem of probing is solved, thanks to the development of the fuzzy logic, which relies on the
linguistic knowledge, nonlinearity, and not the needs of the model; the solution was obtained
by means of a computer. Nevertheless, it lacks precise guidelines for the design, because of
contradictory inference rules.
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Abstract

The power demand has been increasing day by day due to population growth, new indus-
trial development, etc. Meeting power demand is one of the challenge factors for fossil 
fuel-based power generation alone as well as the environmental issue of carbon footprint. 
Consequently, there is a need to concentrate on alternate energy sources to meet the power 
demand. In this chapter, the photovoltaic (PV) cell operation under various weather condi-
tions is analysed, and based on the performance, the MPPT controller is developed by using 
fuzzy logic controller. The proposed system has been modelled in MATLAB environment, 
and the system performance has been analysed. Finally, the simulation results are evaluated 
and compared with IEEE 1547 standard for proving the effectiveness of the proposed system.

Keywords: MPPT, fuzzy, PV, MATLAB

1. Introduction

The maximum power point tracking (MPPT) plays a major role in photovoltaic (PV) power 
system. The PV power generation changes with respect to sun light irradiance and tempera-
ture [1]. Nowadays, many researches develop different MPPT techniques for improving the 
MPP in PV system. There are two major classifications such as indirect and direct MPPT 
controllers [2]. The indirect MPPT techniques are used for offline analysis of PV system per-
formance, while the direct MPPT techniques are used to measure PV voltage and PV current 
during online condition. In this chapter, the direct method has been developed by using fuzzy 
logic controller to track the MPP of PV system [3]. This method is very robust and easy; mean-
while, no mathematical model is required for designing the controller. In this chapter, MPPT 
algorithm has been tested with numerical simulation in MATLAB environment, and the PV 
performance at constant and variable irradiance as well as temperature has been analysed [4].
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2. Mathematical modelling of PV system

The following mathematical models of electrical characteristics are considered to design 
20 kW photovoltaic module and simulated using MATLAB environment:

2.1. Open-circuit voltage

The open-circuit voltage, VOC, is the extreme voltage offered from a PV cell, and this happens 
at zero current. The open-circuit voltage links to the amount of forward bias on the PV cell 
due to the bias of the PV cell junction with the light-generated current [5, 6]:

  V =   NKT  __________ Q   in   
 I  L   −  I  o   ____  I  o  

   + 1  Volt (1)

where V is the open-circuit voltage, N is diode ideality constant, K is the Boltzmann constant 
(1.381*10^-23 J/K), T is temperature in Kelvin, Q is electron charge (1.602*10^-19 c), IL is the 
light-generated current same as Iph (A), and Io is the saturation diode current (A).

2.2. Light-generated current (radiation)

   I  L   =   G ___  G  ref  
   ∗  ( I  Lref   +  α  Isc   ( T  c   −  T  c ref  ) )   (2)

where G is the radiation (W/m2), Gref is the radiation under standard condition 1000 W/m2, 
ILref is the photoelectric current under standard condition 0.15 A, TCref is module tempera-
ture under standard condition 298 K, αISC is the temperature coefficient of the short-circuit 
current (A/K) = 0.0065/K, and IL is the light-generated current (radiation).

2.3. Reverse saturation current

   I  o   =  I  or   ∗   (  T ⁄  T  ref   )    3   exp    ( (  
Q E  g   ____ KN  ) ∗ (  1 __  T  r  

  −  1 __ T  ) )    (3)

   I  orn   =   Isc ________  exp    (    V  ocn   ⁄  NV  tn   )         (4)

where Io is the reverse saturated current, Ior is the saturation current, N is the ideality factor 
1.5, and Eg is the band gap for silicon 1.10 eV.

2.4. Short-circuit current

Ish = IL. It is the extreme value of the current produced by a PV cell. It is formed by the short 
circuit-situation: V = 0.

    I  sh   =  I  L   −  I  o   (   ( exp    (Q  
V−I R  s   _ NKT  )   − 1)  )  (5)
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2.5. Irradiation

G = radiation W/m2 (Figures 1 and 2).

3. Maximum power point tracking (MPPT) for photovoltaic system

Renewable energy sources play an important role in meeting consumer power demand due to 
their abundant availability and lesser impact on the environment [5]. The main hurdle in PV 
energy expansion is the investment cost of the PV power system implementation. PV energy 
generation is not constant throughout the day due to the changes in weather. The efficiency of 
power generation is very low (the range of efficiency is only 9–17% in low irradiation regions). 
Therefore, MPPT technologies have an important role in PV power generation for optimal 
power generation at various weather conditions.

In this chapter, we have discussed and analysed fuzzy logic controller-based MPPT controller 
for 20 kW PV system.

The proposed fuzzy-based MPPT block diagram is shown in Figure 3. Figure 4 presents 
the structure of the fuzzy controller that has two inputs and one output. The fuzzy mem-
bership function has been designed by trapezoidal method for both input and output 
membership values. The defuzzification of proposed fuzzy controller has been used for 
centre of gravity. The MPPT fuzzy controller has two inputs such as PV voltage and PV 
current shown in Figures 5 and 6, respectively. The MPPT fuzzy controller generates a 
duty cycle based on input of fuzzy controller and is fed into boost converter shown in 
Figure 7. Finally, the fuzzy interference rules are designed based on changes in PV voltage 

Figure 1. PV—Voltage vs. current characteristics.

Figure 2. PV—Power vs. voltage characteristics.
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the structure of the fuzzy controller that has two inputs and one output. The fuzzy mem-
bership function has been designed by trapezoidal method for both input and output 
membership values. The defuzzification of proposed fuzzy controller has been used for 
centre of gravity. The MPPT fuzzy controller has two inputs such as PV voltage and PV 
current shown in Figures 5 and 6, respectively. The MPPT fuzzy controller generates a 
duty cycle based on input of fuzzy controller and is fed into boost converter shown in 
Figure 7. Finally, the fuzzy interference rules are designed based on changes in PV voltage 

Figure 1. PV—Voltage vs. current characteristics.

Figure 2. PV—Power vs. voltage characteristics.
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Figure 4. Fuzzy controller structure for MPPT of PV system.

Figure 5. Fuzzy input membership function (voltage) for MPPT of PV system.

Figure 3. PV—MPPT block diagram.

Figure 6. Fuzzy input membership function (current) for MPPT of PV system.
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Figure 7. Fuzzy output membership function (duty cycle) for MPPT of PV system.

Figure 8. Fuzzy rules for MPPT of PV system.

Figure 9. Fuzzy surface structure for MPPT of PV system.
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Figure 7. Fuzzy output membership function (duty cycle) for MPPT of PV system.
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and current under various weather conditions as shown in Figure 8, and then the surface 
view of fuzzy rules is presented in Figure 9. The above designed fuzzy controller has been 
implemented in MATLAB simulation of 20 kW PV system and its boost converter as shown 
in Figure 10.

4. MPPT results and discussion

The developed fuzzy logic controller has been tested and simulated in MATLAB environ-
ment, and the fuzzy controller performance under various weather conditions such as vari-
able irradiance (1000, 750, 500 and 250 W/m2) and temperature (20, 25, 30, 32 and 35°C) was 
analysed. The simulated results are analysed in the above conditions. Figure 11 represented 
PV boost converter output voltage at various irradiance. Figure 12 represented PV boost 

Figure 10. Fuzzy simulation model for MPPT of PV system.

Figure 11. Fuzzy-based 20 kW PV system output voltage at various irradiance.
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converter output current at various irradiance. Figure 13 represented PV boost converter out-
put power at various irradiance. The fuzzy controller output signal of boost converter duty 
cycle is analysed at various weather conditions shown in Figure 14. The proposed MPPT 
system has been analysed in two different cases such as Case 1 (constant temperature and 

Figure 12. Fuzzy-based 20 kW PV system output current at various irradiance.

Figure 13. Fuzzy-based 20 kW PV system output power at various irradiance.

Figure 14. Duty cycle generation at various weather conditions.
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variable irradiance shown in Figure 15) and Case 2 (constant irradiance and variable tempera-
ture shown in Figure 16).

5. Conclusion

This paper deals with grid integration of PV power system with intelligent controller-
based energy management to improve the power quality. The above objectives are 
achieved by modelling of mathematical design of PV system and simulating PV system 

Figure 15. Analysis of the PV system performance at constant temperature.

Figure 16. Analysis of the PV system performance at constant irradiance.
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at various weather conditions with fuzzy-based MPPT system. The fuzzy-based energy 
management system is developed and tested under various power demands, and then 
operation of battery charging and discharging is analysed. Finally, the proposed objective 
of grid integration of PV system is simulated in MATLAB, and system performance under 
various operating conditions is analysed. The improvement of power quality simulation 
results is compared with 1547 standard and proves the effectiveness of the proposed 
system.
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Abstract

Landfill site selection should take into account a wide range of alternative and evalua-
tion criteria in order to reduce negative impacts on the environment. This study presents 
a geographic information systems-based multicriteria site selection of municipal solid 
waste (MSW) landfill in Ariana Region, Tunisia. The multicriteria decision integrates 
constraints and factors to select MSW landfill suitability. The methodology is used for 
ranking the best suitable landfill sites by the integration of fuzzy logic and analytic hier-
archy process (AHP). The fuzzy set theory is used to standardize criteria using different 
fuzzy membership functions while the AHP is used to establish the relative importance 
of the criteria. The AHP makes pairwise comparisons of relative importance between 
hierarchy elements assembled by environmental and socio-economic decision criteria. 
The landfill suitability is accomplished by applying weighted linear combination (WLC) 
that uses a comparison matrix to aggregate different importance scenarios associated 
with environmental and socio-economic objectives. Data were assorted into five suitabil-
ity classes within the study area, i.e., high, suitable, moderate, low and very low suitabil-
ity areas, which represented 5.4, 0.5, 12.5, 3.9 and 2.5%, of the study area, respectively. 
Additionally, 75.2% was considered to be completely unsuitable for a landfill site. As a 
result, two candidate landfill sites are suggested.

Keywords: MSW landfill, GIS, multicriteria, analytical hierarchy process

1. Introduction

The construction of sanitary landfills that comply with environmental legislation and that 
reduce the undesired effects of current practices is one of the main municipal solid wastes 
(MSW) management priorities in Tunisia. The first and most important step in planning solid 
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waste landfill is the site selection for solid waste disposal [1]. Landfill site selection is a com-
plicated, complex, monotonous, requiring evaluation of various criteria. Among those criteria 
economic, environmental and social property are often considered for attractive the schedul-
ing process and for setting guidelines that reduce public health risks, impact to the environ-
ment, cost to facility users and inefficiencies connected with other services [2–4]. As such, it 
evidently requires the processing of a massive amount of spatial data [5]. Various landfill 
siting techniques have been developed for this purpose. In the last few years, geographic 
information systems (GIS) have been increasingly used to facilitate and lower the cost of the 
process of selecting sites for sanitary landfills [6]. A number of GIS methods and techniques 
have been proposed to evaluate suitable landfill locations [1, 2, 7–9]. Some of those techniques 
take advantage of GIS-based multicriteria evaluation (MCE) [1, 2, 7, 8, 5, 10] and fuzzy set 
theory [2, 4, 11]. In MCE, the weighted linear combination (WLC) is one of the most popular 
methods because of its simplicity [12]. Several WLC-based approaches for landfill siting can 
be found in the literature [5, 11, 13]. In the WLC procedure, analytical hierarchy process (AHP) 
[14] is often applied to elicit criteria weights and to enhanced represent interaction between 
criteria and alternatives [6]. In AHP, weights are computed based on pairwise judgments 
and checked for consistency. Because pairwise judgments are often biased and inconsistent, 
acceptable consistency ratio (CR) often requires iterative revisions of the pairwise judgments 
before the final weights are computed.

The purpose of this paper is to evaluate the suitability of the study region to optimally site a 
landfill for MSW Ariana using AHP and WLC in a GIS environment.

2. Materials and methods

2.1. Study area

The study area is the Ariana Region, located in the north-eastern part of the Republic of Tunisia 
(Figure 1). The region occupies 482 km2 and borders Bizerte government to the north, Tunisia 
government to the south, Manouba government to the West and Mediterranean Sea to the 
East. This is the fastest growing region in the country that has experienced a significant popu-
lation growth especially in the past few decades. This densely populated region (876 people 
per km2) includes 90.8% of its area being urban and the remaining 9.2% being rural with a total 
population that exceeds 510,500 people or 4.8% of the total country’s population [15].

The climate is Mediterranean, characterized by dry and warm summers, and cool, wet win-
ters. The average annual precipitation is 450 mm/year and much of the precipitation falls in 
late autumn and early winter where the month of November has the highest precipitation 
while August has the lowest. The annual predominant wind direction in Ariana region is 
northward with an annual average wind speed of 1.5 m/s.

Currently, the MSW disposal in the region is based on landfilling in the sanitary landfill of 
Jebel Chakir, located 15 km to the south of Ariana city. The Jebel Chakir landfill will be closed 
in the near future and is too far from waste production centers in Ariana region, which increase 
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the transportation cost and need additional investments in the infrastructure of roads, hence 
intensify the financial problems of the responsible authorities. The estimated solid waste for 
the Ariana Region is 4,251,783 tons for exploitation period of 20 years. The estimate is quan-
tified on the basis of average rate of daily waste production of 0.6 kg per capita [16]. The 
estimate assumes an efficiency of collecting waste of 95, and 1% of annual increase of waste 
production per capita per year. The estimated capacity needed for landfill area is 28 ha using 
average compacted waste density of 950 kg/m3 and cover material [17].

2.2. Methodology

Hierarchical organization of the constraints and criteria considered for the landfill suitability 
is shown in Table 1. The top of the hierarchy is the goal while subsequent levels describe the 
decision or analysis criteria, the constraints and factors in increasing detail. The goal is to 
identify the areas that are most suitable for landfill siting.

In this work, the environmental, social, economic and geological information are considered 
to be pertinent in defining the potential sites to create a MSW landfill. In the ArcView GIS, 

Figure 1. Location of the study area.
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all the thematic maps were transformed on raster grid to be used by Idrisi software. A raster 
grid cell of 100 × 100 m2 was generated. Each cell is considered as a homogenous unit for any 
given factor. All the factors influenced were standardized and weighed and then combined 
using the AHP methods.

The site selection process is implemented in the following steps:

• The Exclusion of restricted areas for landfill siting. The constraints based on the Boolean 
criteria were used to differentiate areas that can be considered suitable for a waste disposal 
site from those that cannot be considered suitable under any conditions

• The factors were standardized to a continuous scale of suitability from 0 (least suitable) to 
10 (most suitable) in a GIS environment by fuzzy membership functions, then weighted 
and combined using the AHP methods.

Level 1

Goal

Level 2

Decision factors

Level 3

Subfactors

Exclusion 
criteria

Appreciation 
criteria

Landfill 
suitability

Geology Soil permeability *

Elevation *

Slope *

Distance from coastal zone *

Hydro/Hydrogeology Depth to ground water table *

Distance from water supply 
(reservoirs, wells, boreholes, 
springs)

*

Distance from wetlands *

Distance from rivers *

Distance from irrigation 
canals

*

Environment Land use * *

Olfactory and sonorous 
impacts

*

Distance from protected areas *

Social Proximity to dense population *

Distance from residential 
areas

*

Economic Proximity to roads * *

Proximity to building 
materials

*

Table 1. Hierarchical structure for the selection of the MSW landfill site.
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• The WLC aggregation method was applied for preparing the suitability maps. Suitability 
maps for each set of factors were combined to create three scenarios to allow determination 
of the most suitable sites.

• The landfill suitability is classified in five equally scored classes: high, suitable, moderate, 
low and very low suitability areas

3. Classification of exclusion criteria (constraints).

The exclusion criteria are constraints having for objective to limit research of suitable sites 
which do not tolerate any competition [10].

The classification consists in selecting various areas that represents a new plan of informa-
tion for a required condition. Maps were classified into two categories: 1 was ranked to zones 
verifying the condition and 0 was ranked to the other zones. The resulting image is a Boolean 
image.

The last step consisted in combining, by superposition, the information contained in Boolean lay-
ers relative to the exclusion criteria mentioned above. The logical operator “AND” has been used 
in this part; it translates the intersection between conditions that must be absolutely satisfied.

4. Standardization of appreciation criteria

MCE requires that the values contained in the different criterion map layers be transformed 
to similar units [11]. A number of approaches can be used to make criterion map layers com-
parable. The fuzzy membership approach is one of the standardization methods that have 
been proposed [10]. For this reason, fuzzy sets were used in this study. To apply fuzzy func-
tions in the GIS environment in this case study, all the map layers are transformed to a raster 
format with 100 m pixel size. Four fuzzy set membership functions are provided in IDRISI: 
Sigmoidal, J-Shaped, Linear and User-defined. Our choice has been made relying on two 
types of factors (environmental and socio-economic) that have been standardized in one com-
mon interval from ranging from 0 to 10.

5. Weighting factors for aggregation

The purpose of criterion weighting is to express the importance of each criterion relative 
to other criteria. One of the techniques that can be used in assigning weights is Pairwise 
Comparisons (that characterizes analytic hierarchy process: AHP, developed by Saaty [18]; it 
determines accurate relative weights of indicators by allowing to divide the complex decision 
problem into a series of one-on-one judgments regarding the significance of each criterion 
relative to the others.
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• The landfill suitability is classified in five equally scored classes: high, suitable, moderate, 
low and very low suitability areas

3. Classification of exclusion criteria (constraints).

The exclusion criteria are constraints having for objective to limit research of suitable sites 
which do not tolerate any competition [10].

The classification consists in selecting various areas that represents a new plan of informa-
tion for a required condition. Maps were classified into two categories: 1 was ranked to zones 
verifying the condition and 0 was ranked to the other zones. The resulting image is a Boolean 
image.

The last step consisted in combining, by superposition, the information contained in Boolean lay-
ers relative to the exclusion criteria mentioned above. The logical operator “AND” has been used 
in this part; it translates the intersection between conditions that must be absolutely satisfied.

4. Standardization of appreciation criteria

MCE requires that the values contained in the different criterion map layers be transformed 
to similar units [11]. A number of approaches can be used to make criterion map layers com-
parable. The fuzzy membership approach is one of the standardization methods that have 
been proposed [10]. For this reason, fuzzy sets were used in this study. To apply fuzzy func-
tions in the GIS environment in this case study, all the map layers are transformed to a raster 
format with 100 m pixel size. Four fuzzy set membership functions are provided in IDRISI: 
Sigmoidal, J-Shaped, Linear and User-defined. Our choice has been made relying on two 
types of factors (environmental and socio-economic) that have been standardized in one com-
mon interval from ranging from 0 to 10.

5. Weighting factors for aggregation

The purpose of criterion weighting is to express the importance of each criterion relative 
to other criteria. One of the techniques that can be used in assigning weights is Pairwise 
Comparisons (that characterizes analytic hierarchy process: AHP, developed by Saaty [18]; it 
determines accurate relative weights of indicators by allowing to divide the complex decision 
problem into a series of one-on-one judgments regarding the significance of each criterion 
relative to the others.
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The pairwise comparison involves three tasks: (1) developing a comparison matrix at each 
level of the hierarchy initial from the second level and functioning down, (2) computing the 
relative weights for each element of the hierarchy and (3) estimating the consistency ratio to 
check the consistency of the judgment [19]. In the AHP weight can be derived by taking the 
principal eigenvector of a square reciprocal matrix of pair-wise comparisons between the cri-
teria. The method uses a scale with values range from 1 to 9, illustrated in Table 2.

The consistency ratio is one of the very important aspects of the AHP theory. It allows us to 
assess the overall consistency of all pairwise comparison judgments provided by the decision 
makers in the form of pairwise comparison judgment matrices. More formally, the consis-
tency ratio (CR) is calculated through dividing the consistency index (CI) by the randomized 
index (RI).

The consistency index (CI) for each matrix can be expressed as: CI =  ( λ  
max

   ‐n)  /  (n − 1)  ; Where   λ  
max

   is 
the principal eigenvalue of the judgment matrix and n is its order Saaty [18].

Then, the consistency ratio (CR) is defined as follows: CR = CI/RI; Where RI is the random 
index and depends on the number of elements being compared Saaty [18]. If CR < 0.10, the 
ratio indicates a reasonable level of consistency in the pairwise comparison; however, if 
CR ≥ 0.10, it indicates inconsistent judgments [18]. Once the satisfactory CR is obtained, the 
resultant weights are applied.

6. MCE using WLC method

A multicriteria evaluation consists of combining a set of criteria (constraints and factors) to 
build a single suitability map according to a specific category (set of factors). One of the most 
common procedures for aggregating data is the weighted linear combination (WLC) [19].

WLC is a technique based on the concept of a weighted average in which continuous criteria 
are standardized to a common numeric range, and then combined by means of a weighted 
average to produce a continuous mapping of suitability [13].

Intensity of importance Definition

1 Equal importance

3 Weak importance of one over another

5 Essential or strong importance

7 Demonstrated importance

9 Absolute importance

2,4,6,8 Intermediate values between adjacent judgments the two

Reciprocals of above 
non zero

If activity (i) has one of the above nonzero numbers assigned to it when compared with 
activity (j), then (j)has the reciprocal value when compared with (i)

Table 2. The comparison scale in AHP Saaty [14].
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The suitability index for a site is the sum of the products of the standardized score for each cri-
terion multiplied by the weight of each criterion, the following equation is given by Eastman 
[20]:

  S =  ∑ 
i=1

  
n
     w  i    x  i    

where S is the suitability index for area i; w1, w2,…,wn are the weights of the criteria con-
strained to sum to 1; x1, x2,…,xn are the standardized scores of the criteria i and n is the total 
number of criteria. As the sum of the weights is constrained to one, the final combined esti-
mate is presented on the same scale.

7. Results and discussions

7.1. Criteria description and application

In Tunisia, there is not a Solid Waste Control Regulations for disposal site. Hence, criteria 
were selected according the MSW landfill siting guidelines of the countries legislation, exten-
sive literature review, [1–4, 7, 9, 11, 13] assessment via questionnaire; availability of the data 
and local expert.

7.1.1. Exclusive criteria (constraints)

In this study, 13 constraints criteria such as: (1) Soil permeability, (2) Elevation, (3) Slope, (4) 
Distance from coastal zone,(5) Depth to ground water table, (6) Distance from water supply 
(reservoirs, wells, boreholes, springs), (7) Distance from wetlands, (8) Distance from rivers, 
(9) Distance from irrigation canals, (10) Land use, (11) Proximity to roads, (12) Distance from 
protected areas, and (13) Distance from residential areas were selected for the computation 
process. The buffer zones in the different constraint layers are listed in Table 3.

Figure 2 shows the maps layers of all the constraints criteria after buffering and restriction.

7.1.2. Appreciation criteria (factors)

The next process is to further examine the suitable areas for landfill. Factor criteria were used 
in order to further evaluate those areas.

7.1.3. Environmental factor

7.1.3.1. Land use

Land use is important for resolving public conflicts over the acceptance of unwanted facility 
siting [4]. Table 4 shows the membership values assigned to all categories used in the analysis 
based on results of investigations with experts (agronomist, environmentalists…).
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Figure 2. Boolean images of constraints maps a) Soil permeability, b) Elevation, c) Slope, d) Distance from coastal Zone, 
g) Depth to ground water Table, h) Distance from water supply, i) Distance from wetlands, j) Distance from rivers, k) 
Distance from irrigation canals, l) Land use, m) Distance from roads, n) Distance from protected areas, o) Distance from 
residential areas.

Constraints Buffering

Soil permeability Exclude soils having high rate of permeability

Elevation Exclude areas over 200 m

Slope Exclude areas over 5%

Distance from coastal zone 3 km buffer zone

Depth to ground water table Exclude depth less than 14 m

Distance from water supply (reservoirs, wells, boreholes, 
springs)

3 km buffer zone

Distance from wetlands 1 km buffer zone

Distance from rivers 200 m buffer zone

Distance from irrigation canals 200 m buffer zone

Land use Exclude arable lands and area with high economic 
advantages

Distance from protected areas 300 m buffer zone

Distance from residential areas 2 km buffer zone

Proximity to roads 200 m buffer zone

Table 3. Buffer zones for the generation of constraint map.
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7.1.3.2. Olfactory and sonorous impacts

Concerning the olfactory and sonorous impacts factors, a simple linear distance decay func-
tion is appropriate for these criteria, in which a cost distance from the main roads increases, 
its suitability increases. To rescale the cost distance factor, a monotonically increasing linear 
fuzzy membership function was used. The first control point (a = 200 m) indicates the least 
suitable distance for siting a landfill while the second control point (b = 3000 m) and indicates 
the best fitted distance for siting a landfill (Figure 3).

7.1.4. Socio-economic factors

The socio-economic factors comprises three sub-factors namely proximity to dense popula-
tion, distance from road and proximity to building materials.

7.1.5. Proximity to dense population

Proximity to the waste generation centers generate most of the waste quantity is a very sig-
nificant factor because it defines the working costs for the landfill. The closer to the dense 
population settlements, the lower the operation cost will be. The population density map was 
standardized by sigmoid decreasing fuzzy function controlled by two points (c = 200 hab/ km2, 
d = 1000 hab/km2).

Factors Sub-factors Standardization of factors

Control point Fuzzy function/membership

Environmental Land use (no units)

 Urban areas 0

 Protected area 0

 Wetlands 0

 Water 0

 Vine 2

 Mariachi culture 2

 Cereals 3

 Olive trees 3

 Forager culture 4

 Course 6

 Naked soil 10

Olfactory and sonorous 
impacts

200 and 3000 m Linear, increasing

Socio-economic Proximity to dense 
population

200 and 1000 inhabitants/km2 Sigmoidal, decreasing

Proximity to buildings 
materials

5000 and 15,000 m J-shaped, decreasing

Proximity to roads 200 and 3000 m J-shaped, decreasing

Table 4. Fuzzy set memberships and membership functions with control points used for MSW landfill site selection.
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Table 4. Fuzzy set memberships and membership functions with control points used for MSW landfill site selection.
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7.1.6. Proximity to roads

Proximity to roads considers the construction costs for building new road infrastructure 
between the settlements and potential landfill. A j-shaped decreasing fuzzy membership 
function was used for standardization controlled by two points (c = 200 m, d = 3000).

Figure 3. Examples of spatial evaluation maps of factors a) Land use, b) Olfactory and sonorous impacts, c) proximity to 
buildings materials, d) Distance from roads.
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7.1.7. Proximity to building materials

Proximity to building materials is used for comparing the costs for building materials during 
landfill construction (impermeable soil for the bottom liner) and landfill operation (daily and 
final cover material). For sanitary landfills, such materials also minimize the propagation of 
various vectors (i.e., insects, rodents, birds and air contaminants) that may affect public health 
and well-being [4]. Again, a j-shaped decreasing function was used with two control points 
(c = 5000 m, d = 15,000).

The next step was implementation of the AHP to calculate the relative weights of the cri-
teria. This step involved construction of comparison matrix where weights are determined 
through the pairwise comparison method. Pairwise comparison method was used only to 
assign weights and establish importance of environmental criteria using experience of experts 
and characteristics of the region (Tables 5 and 6).

The final stage is to calculate a CR to measure how consistent the judgments have been rela-
tive to large samples of purely random judgments. For the case study the CR was 0, indicating 
construction of a trustworthy matrix.

7.1.8. Scenario creation

WLC is displayed to compute the possible landfill areas for both of the environmental and 
socio-economic set of criteria, using the assigning weight to each of the criteria. Intermediate 
fitness maps were created for the environmental and socio-economic group of criteria, respec-
tively. Final aggregation of the two intermediate suitability maps was implemented for three 
scenarios to demonstrate the importance of the weights associated with the environmental and 

Land 
use

Olfactory and 
sonorous impacts

Eigenvector Weight

Land use 1 5 2.23 2.23/(2.23 + 0.45) = 0.83

Olfactory and sonorous 
impacts

1/5 1 0.45 0.45/(2.23 + 0.45) = 0.17

  λ  max   =2, CI = 0.00, CR = 0.00 (consistency is acceptable).

Table 5. Pair-wise comparison matrix for assessing the weights of environmental factors.

Proximity to 
buildings materials

Proximity to dense 
population

Proximity to 
roads

Eigenvector Weight

Proximity to buildings 
materials

1 1/5 1/3 0.44 0.11

Proximity to dense 
population

5 1 3 2.44 0.63

Proximity to roads 3 1/3 1 1 0.26

  λ  max   =3.038, CI = 0.019, RI = 0.58, CR = 0.03 < <0.1 (consistency is acceptable).

Table 6. Pair-wise comparison matrix for assessing the weights of socio-economic factors.
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the socio-economic objectives. The WLC was used to create three final landfill suitability maps 
using different weights applied to the objectives. The scenario (a) allots a weight of 0.75 to 
the environmental and 0.25 to the socio-economic objective; for scenario (b) both objectives 
have the same weights and for scenario (c) weights of 0.25 and 0.75 are used for the environ-
mental and the socio-economic objectives, respectively. It should be mentioned that we select 
the sustainable development scenario which assigned the equal weight to the environmental 
and socio-economical factors (0.5 for each factor). The final suitability map for the mentioned 
scenario is shown in Figure 4. Using an equal interval classification method, landfill suitabil-
ity values of the Ariana region were classified into five groups: high suitability (8–10), suit-
able (8–6), moderate suitability (6–4) and low suitability (4–2) and very low suitable (2–0). This 
method divides the range of attribute values into equal-sized sub-ranges. This creates an easy to  

Figure 4. Landfill suitability map.
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understand legend and works best with continuously distributed data. Then, we grouped simi-
lar and adjoining pixels to keep sites having an area of greater than 28 ha, roughly 28 cells (100 
× 100). The results indicate that 2.5%, of the study area has very low suitability, 3.9% has low 
suitability, 12.5% has moderate suitability, 0.5% has suitable and 5.4% has high suitability for 
a landfill site. The other 75.20% of the study area is not suitable for a landfill site. The results of 
the AHP and weighted linear combination methods are compatible with our field observations.

Two candidate sites (C1 and C2) were recommended for landfill siting because these regions 
were determined to be high suitability regions by the AHP and GIS techniques (Figure 4). These 
two candidate sites are away from the Sebkhat Ariana. C1 is located north of the Sebkhat Ariana 
around Raoued district. The wastes of Kalaat El Andalous and the surrounding vicinity can be 
collected at this site. The other candidate site (C2) is situated western of the Sebkhat Ariana, near 
the Sidi Thabet district, where it can collect waste from areas such as Ennahli and the villages 
between them.

8. Conclusions

Although it is very difficult and expensive to include geological, hydrological and hydrogeo-
logical, social, environmental and economical parameters, studies for selecting the sites for 
solid waste disposal should be performed for every city in Tunisia. To determine an appropri-
ate landfill site, GIS is a very powerful tool that can provide a rapid assessment of the study 
area. The selection of suitable landfill sites is very decisive for Tunisia. Ariana region was 
selected as the study area because it is the fast growing and urban in greater Tunis. Initially, 
landfill site selection criteria were determined depending on the applicable international liter-
ature. Thirteen criteria were evaluated in the present study. The areas that were inappropriate 
for MSW landfill site were at first determined and covered. Thus, these areas were not consid-
ered. Each criterion was evaluated and converted into arithmetical values by AHP. The criteria 
maps were mapped by GIS using the calculated numerical values. Using the same interval 
classification method, the study area was classified into four groups of high, moderate, low 
and very low suitability, which covered 3.24, 7.55, 12.70 and 2.81% of the study area, respec-
tively. The results of the analysis were compared with field studies, and two candidate landfill 
sites (C1 and C2) were selected from the high suitability regions. These sites are also close to 
highly populated settlements. Finally, it is recommended that the methodology adopted in 
this research to be developed through integrating the indigenous data which might lead to 
better site selection.
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the Sidi Thabet district, where it can collect waste from areas such as Ennahli and the villages 
between them.

8. Conclusions

Although it is very difficult and expensive to include geological, hydrological and hydrogeo-
logical, social, environmental and economical parameters, studies for selecting the sites for 
solid waste disposal should be performed for every city in Tunisia. To determine an appropri-
ate landfill site, GIS is a very powerful tool that can provide a rapid assessment of the study 
area. The selection of suitable landfill sites is very decisive for Tunisia. Ariana region was 
selected as the study area because it is the fast growing and urban in greater Tunis. Initially, 
landfill site selection criteria were determined depending on the applicable international liter-
ature. Thirteen criteria were evaluated in the present study. The areas that were inappropriate 
for MSW landfill site were at first determined and covered. Thus, these areas were not consid-
ered. Each criterion was evaluated and converted into arithmetical values by AHP. The criteria 
maps were mapped by GIS using the calculated numerical values. Using the same interval 
classification method, the study area was classified into four groups of high, moderate, low 
and very low suitability, which covered 3.24, 7.55, 12.70 and 2.81% of the study area, respec-
tively. The results of the analysis were compared with field studies, and two candidate landfill 
sites (C1 and C2) were selected from the high suitability regions. These sites are also close to 
highly populated settlements. Finally, it is recommended that the methodology adopted in 
this research to be developed through integrating the indigenous data which might lead to 
better site selection.
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