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Preface
”Mathematics is the most beautiful and most powerful creation of the human spirit.” ~ Stefan Ba‐
nach
Most of the structures (physical, theoretical, social, algorithmic, etc.) in real or virtual scenar‐
ios can be represented by means of a diagram, which consists of a set of points (graph no‐
des) and their relationships between them (graph connections). This fact underlines the
importance of graph theory knowledge in so many areas of our lives.
The links between graph theory and other branches of mathematics are definitely so strong.
However, the importance of graph theory knowledge in developing algorithm such as classi‐
fication, deep learning, and database management is becoming much more obvious. With the
increasing amount and complexity of data, more scientists are going toward graph theorybased developments.
Graph theory does not only appear in books as a mathematical theory, but it actually helps
scientists, program developers, decision makers, and engineers every day as well.
During my own PhD study, I was designing novel mathematical approaches for remotely
sensed image processing. My aim was to make algorithms work fully automatically in order
to make maps from images. That required developing very complex recognition systems,
which can distinguish different urban objects (such as buildings, cars, parking lots, and trees)
even when their appearances are very different in different areas and under different illumi‐
nation conditions. My algorithms were becoming heavier, more difficult to debug, and more
difficult to run on a regular computer. When I was really in trouble with designing more func‐
tional algorithms, I was introduced to graph theory. I was amazed by seeing the power of
graph theory in simplifying difficult segmentation and matching problems in object recogni‐
tion. Graph theory enabled to solve very complex problems easily by applying simple and
intelligent matrix operations. That gave me the opportunity of writing more robust and faster
algorithms. Seeing beauty and benefits of mathematics, I found myself diving into graph theo‐
ry books even though I was not from mathematics field as an applied scientist.
Later, I had a lot of benefits from learning graph theory when I wanted to develop my skills
in machine learning and deep learning methods. After some years of academic work, I have
built my own businesses. Maybe it will not surprise you; indeed, I had a lot of benefits of
graph theory knowledge when I was building on my R&D and business plans and product
design cycles as well.
This book is prepared as a combination of the manuscripts submitted by respected mathe‐
maticians and scientists around the world. As an editor, I truly enjoyed reading each manu‐
script. Not only did the methods and explanations help me to understand theories better,
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Preface

but also I found it joyful to think about how to apply these theories in applied science devel‐
opments. I believe that the readers will enjoy to read the book from the beginning to the end
at once. However, the book can also be used as a reference guide in order to turn back to it
in later years of research, implementation, or study.
I have to indicate this book assumes that the reader has a basic knowledge about graph theory.
The very basics of the theory and terms are not explained at the beginner level. Therefore, if
the reader is interested to read a chapter and does not have any pre-knowledge in this field, I
would suggest to refer to other books that explain the very basics of the theory.
I would like to thank InTech publication family for their constant support and dedication to
bring high-quality results.
I would like to thank all the authors for their kind collaboration by carefully following the
review comments and applying the required changes. I also appreciate their efforts for
making the visuals clear and understandable in order to make their writings more intro‐
ductive to readers.
I would like to dedicate this book to all manuscript writers and the reader who is kindly
considering this book. I wish it serves to the theoretical and applied science branches. If the
readers would like to reach me or check my activities, they can follow my personal website
at http://www.berilsirmacek.com
With my best regards,
Beril Sirmacek
create4D / CEO, owner
Rotterdam, Netherlands
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Abstract
The knowledge of node’s ability and importance in spreading information in a complex
network is important for developing efficient methods either to decelerate spreading in
the case of diseases or to accelerate spreading in the case of information flow, which
would benefit the whole population. Some systems are highly affected by a small
fraction of influential nodes. Number of fast and efficient spreaders in a network is
much less compared to the number of ordinary members. Information about the influential spreaders is significant in the planning for the control of propagation of critical
pieces of information in a social or information network. Identifying important members
who act as the fastest and efficient spreaders is the focal theme of a large number of
research papers. Researchers have identified approximately 10 different methods for
this purpose. Degree centrality, closeness centrality, betweenness centrality, k-core
decomposition, mixed degree decomposition, improved k-shell decomposition, etc., are
some of these methods. In this expository article, we review all previous works done in
the field of identifying potential spreaders in a network.

Keywords: social networks, information diffusion, node centrality, m-ranking, k-shell
decomposition, improved k-shell decomposition, weighted k-shell decomposition,
directed networks, degree centrality, closeness centrality, betweenness centrality

1. Introduction
Identifying and analyzing various kinds of network have become an important theme in the
frontiers of research for the past 50 years. It is an emerging area which demands research
activities of interdisciplinary and collaborative nature. Network research spreads over a variety of fields such as Mathematics, Physics, Chemistry, Computer Science, Biology and Social
Sciences. Recently, network research has proved its importance by establishing itself as a new

© 2018 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.
© The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and eproduction in any medium, provided the original work is properly cited.
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domain of research. It brings together and coordinates activities and research findings of
researchers from other fields. Based on the nature and type of subject area and research, the
entire field is divided into many subfields. Social networks, biological networks, chemical
networks, physical networks, information networks, etc., are some of the most important ones.
Networks are being used for representing, analyzing and explaining complex systems. Complex systems have structural and behavioral characteristics. Both characteristics influence each
other. Structural properties enable us to classify networks as random networks, scale-free
networks, small-world networks and so on. Networks have been almost completely studied
on the basis of its structure. Current scenario in the field is to establish relationship between the
structural properties and the behavior of the network. When we speak of behavior, the behavior of the members and the behavior of the entire network come into picture. Behavior of the
entire network is either the average of the behavior of the members or the totality of the
behavior of the members.
An important area in the behavioral study on a network is the study of flow of information
among the members. Information in this context of study is very general, which can be
interpreted as spread of virus either in human contact networks [1, 2] or in a computer
network [3, 4]. In some context, it is a spread of person-specific information in ego networks [5],
or rumor that spreads in social networks [6, 7]. Irrespective of the nature and content of the
information, there are some important factors which greatly affect the whole process of information diffusion in a social network. Structure of the underlying network is one factor. It is a
global property. Ego networks and neighborhood of each actor in a network are important
properties, which are classified as local properties. Rumor spread in social networks has got
special attention as a kind of information spread. Rumor is unverified and instrumentally
relevant information, the origin of which is uncertain and usually spread by word of mouth.
Gossip and urban legend are also forms of information which spread in a social network by the
way of social contacts. Character of the actors who receive a piece of information and transmit
to other is a third factor, which would also greatly affect the information diffusion process.
In this chapter, we concentrate on some aspects of network-specific properties that influence
transmission of information. Role of actors in a network varies according to their relative
importance in the network and difference in their character. Characteristic difference and its
effect are far from the scope of this chapter. Details of contacts in a network give us very
fruitful information about the transmission process. For example, if the network is completely
connected, a piece of information can be received by any other in a single step. In a disconnected network, the chance of not receiving the information by some actor cannot be
completely removed. If the structure of the network is like a tree, average time taken for the
information to reach the nodes depends on the place where it is generated. If the source of
information has connection with all the remaining actors, the spread can end in one step.
Networks can be modeled as graphs in Mathematics in which nodes represent interacting
elements and edges represent interaction among the interacting elements.
Importance of nodes in the transmission of information is a matter of great concern in literature of information diffusion in networks [8–10]. As mentioned in the previous paragraph,
some nodes that have large number of connections are highly important in the sense that any
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piece of information in their hands may spread faster than that in the hands of others. In other
words, degree of nodes in a network is a measure of the importance of nodes. Centrality is a
measure of a network that characterizes the importance of nodes. In other words, centrality
measures are useful to analyze how “central” an individual node in a network. It is a function
that assigns a real number value to each vertex in a network. Based on the value of this
function, we can rank the nodes in the network. This measure in some context is used to study
flow of something in a network. In some other context, it is a measure of cohesion among
actors [11]. A centrality measure which is meant for some purpose may not give the right
conclusion in a different context. In the following section, we review some important centrality
measures along with an analysis of its ability to rank nodes. Each centrality measure is
developed either as a generalization of an existing measure or as a new method which rectifies
the shortcoming of an existing methods. We also propose a new measure of centrality which
considers the importance of all nodes and edges present in a network while calculating the
function value of each node. This measure can uniquely rank each different node in a network
in a different class. If two nodes are equally important in the network topology, they fall in the
same class. Thus, this method is seems to be more powerful than all other methods.
Clear knowledge of powerful or influential nodes in a network is valuable for many reasons.
Certain nodes play a key role in the propagation of information or in the spreading of disease.
If we know the role of the nodes in dissemination of information, we can manage to control the
speed of information transfer through the network. This technique has great applications in the
control of disease and in blocking the diffusion of annoying information such as rumors,
negative behaviors, spreading of virus and so on. It can also be used in the campaigning of
government, political parties, NGOs, public agencies and even in advertisements.
In general, networks are dynamic. Dynamic networks change over time. In a dynamic network, some nodes which are very important in some point of time may lose its status at some
later point of time. Some nodes which are initially inactive may become very important
through the interactions with other members in the network. Centrality measures are classified
as local metrics, global metrics and hybrid metrics. There are many centrality methods which
can be used to rank spreaders such as degree, k-shell, mixed degree decomposition, neighborhood coreness, extended neighborhood coreness and so on.

2. Comparison of important centrality measures
In this section, we discuss important centrality measures and relative importance. We also
mention their drawbacks as evident from various contexts.
2.1. Degree centrality
In 1978, Freeman introduced the degree centrality [12]. He asserted that the degree of a focal
node is the number of adjacencies in a network, that is, the number of nodes that the focal node
is connected to. This is a basic centrality, and it is often used as a first step in the study of a
network. The degree measure can be formulated as:
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ki ¼ CD ðiÞ ¼

N
X
j

xij

ð1Þ

where i is the focal node and j represents all other nodes. N is the total number of nodes. X is
the adjacency matrix, in which xij ¼ 1, if node i and j are connected and 0, otherwise.
The degree of a node is defined as the number of other nodes connected directly to a given
node. In degree decomposition, we rank the nodes of a network according to the descending
order of degrees of nodes. Nodes with highest degree are ranked 1, nodes with next higher
degree as rank 2 and so on. This ranking method is known as degree decomposition. The
complexity of this method is OðnÞ, where n is the number of nodes. It is a local metric. This is
the first centrality measure that appeared in literature.
As an illustration, a network is given in the Figure 1 and degree of all vertices is calculated.
There are six vertices of degree one. These vertices are labeled as 1, 2, 3, 7, 9 and 15. The
vertex labeled 14 has degree two. The vertices 5, 6 and 13 have degree three, and the vertices
4, 10, 11 and 12 have degree four. The vertex 8 has degree six. In the sense of degree
centrality, the vertex 8 is the most powerful in the network and the vertices 4, 10, 11 and
12 occupy the next lower position. In this class, there are four members. A close look in
the network will reveal the fact that the status of the vertices 11 and 12 is same. But 10 is more
powerful than 11 and 12, because it is connected to the most powerful member in the
network (vertex 8). But 4 in that group is much weaker than 10, 11 and 12. Clearly, this
ranking scheme lacks accuracy.

Figure 1. An example network containing 15 nodes.
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In the case of weighted networks, degree centrality can be extended as sum of weights. This
measure has been labeled as node strength and formulated as follows:
Si ¼ CW
D ðiÞ ¼

N
X

wij

j

ð2Þ

where W is the weighted adjacency matrix, in which wij is greater than 0 if node i is connected
to node j, and the value represents the weight of the link between i and j. This is equal to the
usual degree centrality if the network is binary.
In both case, node strength is a rough measure, as it only takes into consideration a node’s total
connections with other nodes in the network. Clearly, degree and strength are both indicators
of the level of connections of a node to other nodes of the network. It is important to incorporate both these measures for studying the new centrality of a node.
In Ref. [12], a new centrality measure is proposed. It is the average of the number of nodes
connected to a focal node and the strength of that node. It is calculated using the following
formula.
Cwα
D ðiÞ ¼ ki

ð1�αÞ α
si

ð3Þ

In the formula, α is a parameter that can set between 0 and 1. If α is near 0, the degree is more
important, and if it is near 1, then node strength is more important.
Directed networks add complexity to degree centrality as two additional aspects of a node’s
involvement are to be incorporated in the calculations. The activity of a node can be quantified
by the number of ties that originate from a node, denoted by Kout, and the number of ties that
are directed toward a node, denoted by Kin. For a weighted network, Sout and Sin can be
defined as the total weight attached to the outgoing and incoming ties, respectively. Taking
into account the weights of the directed ties, the previous formula is modified in [12] to assess a
node’s importance in a directed network:
Cwα
D�out ðiÞ ¼ ki

ð4Þ

Cwα
D�in ðiÞ ¼ ki

ð5Þ

ð1�αÞ�out α�out
si

and
ð1�αÞ�in α�in
si

The value of α in these equations is defined as above.
2.2. Closeness centrality
The closeness centrality was also proposed by Freeman [13]. It is based on the length of the
shortest paths among nodes in a network. In a binary network, the shortest path is found by
minimizing the intermediary nodes, and its length is defined as the minimum number of ties
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linking the two nodes, directly or indirectly. We define the shortest distance between the
vertices i and j as
dði, jÞ ¼ minðxih þ … þ xhj Þ:

ð6Þ

Here h stands for intermediary nodes on a path between nodes i and j. The basic assumption in
shortest distance is that the intermediary nodes increase the cost of the interaction and the
higher number of intermediary nodes increases the time taken for interaction between nodes.
Again intermediary nodes are powerful third parties and can distort information or delay
information passage between nodes. In unweighted networks, the shortest path of two nodes
is through the smallest number of intermediary nodes.
Closeness centrality relies on the length of the paths from a node to all other nodes. Closeness
centrality is defined as:
2

Cc ðiÞ ¼ 4

N
X
j

3�1

dði, jÞ5

ð7Þ

We know that diseases are more likely to be transferred from one person to another person if
they have frequent interaction. Frequency of interaction can be quantified and used as weights
of links. In weighted networks, distance between two nodes i and j is defined as
�
�
1
1
w
þ…þ
:
ð8Þ
d ði, jÞ ¼ min
wih
whj
where h is intermediary nodes and wih denotes its weights.
Here, closeness centrality is defined as
2

Cc ðiÞ ¼ 4

N
X
j

3�1

dw ði, jÞ5 :

ð9Þ

In Ref. [12], Opsahl et al. propose a new closeness centrality by introducing the tuning
parameter α, in finding the least costly path. This ensures that the both the weights of the ties
and the number of intermediary nodes are considered in the identification of length of the
path. Thus, length of the path is defined as
�
1
1
d ði, jÞ ¼ min
þ…þ
:
ðwih Þα
ðwhj Þα
wα

�

ð10Þ

In the formula, α is a tuning parameter. If α ¼ 0, the proposed measure produces the same output
as in the case of unweighted network. When α ¼ 1, this method gives the same result as the
method proposed by Freeman. A value α < 1 assigns the path with greatest number of intermediary nodes, the longest distance. Conversely, α > 1, the impact of additional intermediary nodes is
relatively unimportant compared to the strength of the ties and paths with more intermediaries.
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2.3. Betweenness centrality
Betweenness centrality is measured for each vertex in a network. It quantifies the number of
times each node appeared as a bridge along the shortest path between any two other nodes.
This measure was also proposed by Freeman in 1958 [12]. Betweenness centrality for
unweighted networks is defined as

CB ðiÞ ¼

X gjk ðiÞ

j 6¼ i 6¼ k

gjk

,

ð11Þ

where gjk is the number of shortest paths between nodes j and k and gjk ðiÞ is the number of

shortest paths between nodes j and k and passing through node i. This quantity is added over
all pairs of vertices in the network. In the case of weighted networks, betweenness centrality is
defined as

CBwα ðiÞ ¼

X gjkwα ðiÞ

j 6¼ i 6¼ k

gjkwα

ð12Þ

This can also be generalized to directed networks. The identification of the shortest path, and
their lengths, in directed networks is similar to the process of undirected networks with an
additional constraint. A path from one node to another node cannot be treated as connection in
the reverse direction. Thus, a directed path is said to exist only if all edges in the path are
directed in the same direction. As a result, the values of betweenness centrality calculated for a
directed graph may significantly vary from that of the underlying undirected graph.
2.4. K-core decomposition
In 2010, Garas et al. put forward a fast node ranking method called k-shell decomposition [14]
for large networks. The k-shell or k-core decomposition method partitions a network into
substructures. This method assigns an index ks to each node, which is the rank of the node in
the network, according to its importance. Nodes with high values of the ks are located at the
center or core of the network, and nodes with low values of ks lie in the periphery of the
network. This way, the network is described by a layered structure, exposing the hierarchy of
its nodes.
Now, we present a calculation of k-shell for nodes in the network of Figure 1. First, we
removes recursively from the network all nodes of the network with degree 1 and we assign
the integer value ks ¼ 1 to them. This procedure is repeated iteratively until there are only
nodes with degree d ≥ 2 in the network. Subsequently, we removes all nodes with degree d ¼ 2.
Again, this procedure is repeated iteratively until there are only nodes with degree d ≥ 3 left in
the network and assign to them the integer value ks ¼ 2 and so on. This procedure is applied
until all nodes of the network have been assigned to one of the k-shells. Thus, we partition all
nodes of the network into different shells with an integer value. This is how the original k-shell
decomposition method works.

9
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From the above network, we can assign ks ¼ 1 to the vertices 1, 2, 3, 4, 7, 9, 14 and 15 in the first
step. Then, we can assign ks ¼ 2 to the vertices 5, 6 and 13. Finally, the vertices 8, 10, 11 and 12
get the value ks ¼ 3: These vertices are the most important in the network according to the
assumptions of k-shell decomposition method. There are three categories of vertices. Each
contains more than one vertex, which are of different nature. Hence, we arrive at the conclusion that this method is far from attaining the aim of the method. Computational complexity
associated with the k-shell method is OðnÞ. It is a global metric. As a means to overcome this
inefficiency of the k-shell decomposition method, a modified method called mixed degree
decomposition method was proposed.
2.5. Mixed degree decomposition method
It was in 2013 that Zeng and Zhang proposed a modification of k-shell method called the
mixed degree decomposition (MDD) [8]. The method is described as follows. The k-shell
method is a dynamical network decomposition procedure in which the residual degree (number of links connected to the remaining nodes) of nodes is updated in each step while all the
information of the removed nodes is dropped. In mixed degree decomposition method, both
residual degree and exhausted degree (number of links connected to the removed nodes) of the
nodes are recorded and the decomposition is based on both of them. For node i, exhausted
ðeÞ

ðrÞ

degree is denoted by ki and residual degree is denoted by ki . In each iteration, the nodes are
removed according to the mixed degree defined by
ðmÞ

ki

ðeÞ

¼ kðrÞ þ λki

ð13Þ

where λ is a tunable parameter between 0 and 1. The detailed decomposition is described
below.
1.

Initially, kðmÞ of each node is equal to 0, since there is no removed node in the network.

2.

Remove all nodes with least degree, denoted by M and assign them to the M-shell.

3.

Update kðmÞ of all the remaining nodes by ki

ðmÞ

ðeÞ

¼ kðrÞ þ λki . Then, remove all nodes with

kðmÞ smaller than or equal to M and assign them to the M-shell also. This step is recursively
carried on until kðmÞ of all remaining nodes are larger than M.
4.

Repeat steps 2 and 3 as M value increases until all nodes in the network have been
assigned to one of the shells.

When λ ¼ 1; this MDD method coincides with the degree centrality method, and when λ ¼ 0;
this method coincides with the usual k-shell decomposition. The MDD method is no longer
integer since kðmÞ can be decimal when we take λ between 0 and 1. The following simple
example (Figure 2) illustrates the procedure of MDD method.
If a virus originates from a node with large exhausted degree, not only it has the same probability
as the other nodes in the same shell to infect the nodes in the higher shells, but also it has a bigger
branch of nodes in the lower shells to infect, so that this virus will end up covering much more
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Figure 2. An illustration of MDD method.

nodes at the end. Thus, the information of the exhausted degree cannot be overlooked when
ranking the nodes. The frequency of appearance of different nodes in MDD method is higher
than in k-shell decomposition. The k-shell has limited number of ranks, and the number of nodes
in each rank is quite high, which means that the node differences are not well distinguished in
k-shell decomposition. In MDD method, the nodes more differently ranked than k-shell decomposition. So this method is preferred over the k-shell decomposition method. Liu et al. proposed
an improvement on the k-shell decomposition in the year 2013. It is discussed below.
2.6. Improved k-shell decomposition method
Improved k-shell decomposition method [9] is calculated in terms of the distance from a target
node to the network core, the spreading influence of the nodes within the same k-shell values
could be distinguished. The formula for improved k-shell decomposition is that θði=ks Þ ¼ ðkmax
s
X
�ks þ 1Þ j ∈ J dij , where kmax
is
the
largest
k-core
value
of
the
network,
d
is
the
shortest
distance
ij
s

from the node i to the node j, and j is the set of nodes whose k-shell value is the maximum. Using
this θði=ks Þ value, we can rank the nodes of the network. Calculated values of θ for the network
in Figure 1 are as given below. θð15Þ ¼ 52, θð1Þ ¼ 45, θð2Þ ¼ 45, θð3Þ ¼ 45, θð4Þ ¼ 33,
θð7Þ ¼ 33, θð14Þ ¼ 30, θð9Þ ¼ 21, θð5Þ ¼ 14, θð6Þ ¼ 14, θð13Þ ¼ 12, θð8Þ ¼ 3; θð10Þ ¼ 3;
θð11Þ ¼ 3; θð12Þ ¼ 3: Here, nodes of the network are divided into eight different shells using
the new method.
In Ref. [15], Young Deng et al. proposed a refinement for the k-shell decomposition for
unweighted network.

11

12

Graph Theory - Advanced Algorithms and Applications

Here, the weight of the edge connection between i and j is defined as wij ¼ ki þ kj , where ki and
kj are the degrees of node i and j, respectively. Next, for each node i, we calculate the weighted
degree kwi using the following measure
X
wij ,
ð14Þ
kwi ¼ αki þ ð1 � αÞ
j ∈ Γi

where Γ i is the set of neighboring nodes of i, and α is a positive tuning parameter between 0
and 1 that can be set according to the requirement and data. If this parameter α is near 1, then
the degree of nodes is taken as favorable. If α ¼ 1, this method becomes the usual k-shell
decomposition. If α is close to 0, then the high edge weight is taken as favorable. Since the
weighted degree may be no longer an integer, the weighted degree is approximated to the
nearest integer. After this, the pruning routine is same as the k-shell decomposition method
but is based on the weighted degree kwi . Using this method, we can partition the node set of the
network into more shells.
Consider the network given in Figure 3.
Using the usual k-shell decomposition, the nodes are portioned as follows. The vertices 1, 2, 3,
4, 7, 9, 14 and 15 have ks ¼ 1: Vertices 5, 6 and 13 have ks ¼ 2: Vertices 8, 10, 11 and 12 have
ks ¼ 3:
By the weighted k-shell decomposition (Wks) described above, the node partitions obtained
are given in Table 1. Thus, the new method partitions set of nodes into seven shells, which
indicate this method is more efficient (Table 1).

Figure 3. An example weighted network containing 15 nodes.
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Sl. no.

Value of wk�s

Vertex labels

1

1

7, 15

2

2

1, 2, 3

3

3

9, 14

4

4

4, 5, 6, 13

5

5

10

6

6

11, 12

7

7

8

Table 1. Ranks of nodes in the network given in Figure 3 by Wks.

An improved version of the weighted decomposition method was suggested by Reji Kumar
et al. [16]. The calculation of the rank of the nodes is based on the following procedure. The
n
X
kiw :
total of weight kwi of the vertices are calculated to obtain the value TðGÞ. So TðGÞ ¼ q
i¼1

Here n is the number of nodes. The right-hand side is multiplied by q to make TðGÞ an integer.
Next, the vertex 1 is deleted to obtain a new graph G1 ¼ G � f1g:. Subsequently, we find
TðG1 Þ: Then, we delete the vertex 2 to obtain G2 ¼ G � f2g and find TðG2 Þ exactly as before.
This procedure is repeated to obtain TðGÞ values of all vertices. Finally, we find the value
TðGÞ � TðGi Þ for the vertex i. The vertices are ranked on the basis of these values.
2.7. Decomposition using k-shell iteration factor
Very recently, Wang and Zhao put forward a method for fast ranking of influential nodes [17]
in complex networks. He also improves the k-shell decomposition method using iteration
factor. The method is as follows. Suppose node ni is a node in the network and its k-shell value
is k. In the k-shell decomposition, the total iteration number is m and ni is removed in the nth
iteration of the k-shell decomposition, where 1 ≤ n ≤ m. Let δni denotes the k-shell iteration
factor of node ni which is defined as follows;
�
n�
δni ¼ k 1 þ
:
ð15Þ
m
The k-shell iteration factor of each node can thus be obtained with this formula. For example,
for the above unweighted figure for node 3, ks ¼ 1, n ¼ 1 and m ¼ 2; therefore, δn3 ¼ 1:5. For
node 4, n ¼ 2, and m ¼ 2, and δn4 ¼ 2. Here, nodes 3 and 4 are in the same k-shell, and this
method distinguishes them with different δ value. Thus, if we rank the nodes of the network
with the calculated δ value, this method will give a refinement of k-shell decomposition.
2.8. Weighted k-shell decomposition
One major limitation of most centrality measures, including k-core decomposition method, is
that they are designed for unweighted networks. However, in practice, real-world networks
are weighted, and their weights carry very valuable information about the strength or pace of
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flow of information through the edges. This information is highly critical in the study of
transmission of information. In a weighted network, every node has two underlying attributes,
their degree and weight of the edges incident with that node. Since weights are associated with
networks links, the nodes weights are calculated as the sum over all link weights incident with
a particular node. It may happen in network that a node with high degree can have small
weight and vice versa. There are situations in which weights play important role. In such
networks weights are related to some measured property. For example, in trade flow, capital
flow, etc., nodes with high weight can usually be an important player. Thus, in such systems,
the presence of nodes with high degree and relatively low weights may vary from the results
obtained by methods that are based only on the degree of nodes. Under this approach, one
completely neglects the weights and performs the analysis on unweighted network. In the
second approach, consider only links and their weights and neglects degree.
Garas et al. gave the following method for weighted networks [14], called weighted k-shell
decomposition method (Wk-shell). This method applies the same pruning method as in k-shell
decomposition. Here, we consider both degree of a node and weights of its links. We also
assign for each node a weighted degree k0 . The weighted degree of a node is defined as
0

2 0

ki ¼ 4kαi @
where ki is the degree of the node i, and

ki
X

ki
X
j

1
1β 3αþβ

wij A 5 ,

ð16Þ

wij is the sum of all link weights. α and β are two

j

parameters. If α ¼ β ¼ 1, the weight and degree equally get equal consideration in the calculation. If α ¼ β ¼ 12, then the above equation becomes
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u ki
u X
1
ð17Þ
wij :
ki ¼ tki
j

In the case of unweighted networks, where wij ¼ 1; the weighted degree is equivalent to the
usual node degree and we use the same usual k-shell decomposition method. In general, the
weighted method is able to split further the cores obtained by the unweighted method and
help us find the most central of the central nodes. Thus, it is reasonable to assume that the
weighted k-shell partitioning method provides us with a more accurate node ranking for
representing the node’s spreading power.
In a recent article, Reji Kumar et al. [18] proposed a method in which degree and weights of all
vertices and edges get relative representation in a network. This method is named as m-ranking
method. This method is discussed in the subsequent section.
2.9. The m-ranking of nodes
Total power is calculated for each node in the m-ranking method. Total power of a node i is
defined by the formula,
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TðiÞ ¼

( "
α

ð0Þ
di

)
#
hX
i
X ð2Þ
1 X ð1Þ 1 X ð2Þ
ð1Þ
di þ … þ ð1 � αÞ
þ
Wi þ
Wi þ … :
di þ 2
β
β

ð18Þ

In the formula, α ¼ pq is a parameter between 0 and 1 and β > 1 is another parameter. It is good

practice to choose β an integer close to the average degree of the nodes of the graph. The first
series contains at most D þ 1 terms, and the second series contains at most D terms, where D is
X ðjÞ
ð0Þ
di is the sum of the
the diameter of the graph. Here, di is the degree of the node i, and
X ð0Þ
degrees of the nodes of the graph at a distance j away from node i. Similarly,
W i is the
X ðjÞ
sum of the weights of the incident edges of the node i and
W i , is the sum of the weights of
all edges which are j steps away from the node i. Since we are considering degree of all nodes
and weights of all edges, usually the total power of all nodes will be different except for
vertices which are same with respect to an isomorphism. When β value is very large, this
method tends to usual degree centrality. We rank the nodes in the descending order of total
power TðiÞ. If we put α ¼ 0, this method can be applied to unweighted networks. In Ref. [18],
the authors have verified the reliability of this method using rank correlation method.

PageRank [19] is a method for rating web pages effectively by measuring the human interest
and attention devoted to them. In the network of web pages, a webpage is a node and a
hyperlink is a directed link in the network. It is the ranking method used by Google. In
PageRank, a hyperlink is understood as an endorsement relationship. In this method, number
and quality of links to a page are used to determine a rough estimate of how influential the
web page is. This method was first introduced in 1976 by Gabriel Pinski and Francis Narin.
The PageRank is defined as a function
�
�
PRðT 1 Þ
PRðT n Þ
PRðT A Þ ¼ ð1 � dÞ þ d
þ…þ
ð19Þ
CðT 1 Þ
CðT n Þ
where PRðT A Þ is the page rank of T A and PRðT i Þ is the page rank of T i which is linked to T A .
CðT i Þ is the number of outbound links on page T i , and d is a parameter between 0 and 1.

3. Conclusion
A large variety of node centrality measures are being used by network scientists to identify
potential spreaders of information in a network. Degree centrality, betweenness centrality,
closeness centrality, k-core decomposition, mixed degree decomposition, improved k-shell
decomposition, weighted k-shell decomposition, page ranking and m-ranking method, etc.,
are important methods, which are discussed in this paper. These methods help us to rank the
members in a network according to their importance. A method, which is suitable in some
context, may not fit in another situation. Each method has its own strengths and weakness.
The weakness of the methods motivates social scientists to redefine or modify the existing
methods, which in turn leads to the development of new methods to rank the nodes in a better
way. All the methods, except m-ranking method, have been criticized about its inefficiency in
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uniquely ranking the members. In addition, some methods may give higher rank to less
important nodes, while most important nodes being underestimated. It has been claimed that
m-ranking method is far better than all other methods, which are described above.
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Abstract
This paper provides insights into some aspects of the possibilities and role of mind, consciousness, and their relation to mathematical logic with the application of problem solving
in the fields of psychology and graph theory. This work aims to dispel certain long-held
notions of a severe psychological disorder and a well-known graph labeling conjecture.
The applications of graph labelings of various types for various kinds of graphs are being
discussed. Certain results in graph labelings using computer software are presented with
a direction to discover more applications.
Keywords: mathematical logic, graph labeling, magic, antimagic, inner magic, inner
antimagic, graceful, harmonious, felicitous, sequential, NP-Complete

1. Introduction
In this paper, we begin with looking at the problems and problem solving elements of mathematical logic of the field of Discrete Mathematics (of which graph theory is a subject) and its
application in the realms of mind and consciousness. Section 2 focuses on dispelling certain
notions about a severe psychological disorder namely paranoid schizophrenia. It is a much
debated and often misunderstood illness affecting many people. Many remain untreated and
undiagnosed not even able to adequately articulate their thoughts and feelings causing them a
severe debility and an untold suffering.
Generally, the mind and consciousness aspects have been nearly left out from Mathematics for
various reasons but mostly studied in other fields. Perhaps, the first instance (as per the available

© 2016 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use, distribution,
© 2018 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
and reproduction in any medium, provided the original work is properly cited.
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.
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literature) in solving a major problem in Mathematics providing an answer using mathematical
arguments factoring in the role of mind/consciousness is given in Ref. [1] resolving the graceful
tree conjecture. In Section 3, we look at some preset notions in assuming this conjecture to be
true and some new insights into the work in Ref. [1]. This conjecture was widely believed to
be true for about five decades that all trees are graceful. This conjecture was believed to be true
by many researchers in the field of Graph Theory particularly in graph labelings even without
proof. A graceful labeling in a graph with p vertices(points) and q edges(lines) is assigning the numbers (labels) to the vertices 0,1,2,…,(q−1) such that the induced edge labels found by taking the
absolute values (the positive value) are from 1,2,…,q (Figure 1). This is an interesting area of
Graph Theory as well as Psychology to be studied that why this conjecture was believed to be
true even without proof for such a long time and that too in the field of Mathematics which is
often considered by many to be so cut and dry in terms of proofs and truth of ideas.

Figure 1. Graceful bipartite tree where edges do not cross.
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In Section 4, certain new aspects of applications of antimagic, inner magic, and inner antimagic
labelings and other kinds of labelings given in Refs. [2, 3] are presented. The inner magic and
inner antimagic are new kinds of labelings given in Ref. [4]. In Section 5, some results using
computer software in the field of graph labelings are discussed. In Section 6, a discussion of
the lexicographic order in graph labelings is presented with a direction to future study. At last,
conclusion is given in Section 7.

2. Resolving aspects of paranoid schizophrenia
During the course of one’s life, one comes across various psychological problems, sometimes
of a severe nature of psychological disorder like schizophrenia. Schizophrenia has perplexed
researchers, thinkers, doctors, philosophers for centuries, though the systematic study of
schizophrenia is approximately 100 years old and has been called “arguably the worst disease
affecting mankind, even AIDS not excepted (Nature 1988)” in Ref. [5]. In this section, we
would focus on understanding schizophrenia particularly paranoid schizophrenia. The clinical
symptoms are characterized by the following major symptoms as in [5–7].
1. Delusions of persecution like the person believing others conspiring against him/her or
grandiosity.
2. Delusion of exalted birth like the belief that one is born with a messianic role.
3. Delusions of reference like believing that television, newspapers are referring to the patient
in particular.
4. Delusions of jealousy/infidelity: hearing voices of threatening nature which give commands
to patient.
5. In Ref. [7], “People with schizophrenia often have delusions, firmly held, unshakable beliefs
with no basis in reality.”
6. Hallucinations (“experience of perceiving things that do not actually exist” in [7]) of nonverbal auditory nature like laughing, humming, etc.
7. Hallucinations through other somatic sensations like smell, sight, taste, etc.
8. Withdrawal or hesitation from interacting with other people and feeling isolated.
9. In Ref. [5], “The delusions are usually well-systematized (i.e., thematically well connected
with each other).”
10. In Ref. [5], under the first rank symptoms (SFRs) of schizophrenia.
(a) Voices heard arguing: two or more hallucinatory voices discussing the subject with
third person.
(b) ‘Made’ volition of acts: In made effect, impulses and volitions, the person experiences feelings, impulses, or acts which are imposed by some external force. In “made”
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volition, for example, one’s own acts are experienced as being under control of some
external forces.
(c) Somatic passivity: Bodily sensations, especially sensory symptoms are experienced
as imposed on body by some external force.
(d) Delusional perception: Normal perception has a private and illogical meaning.
11. Ref. [6] gives three types of thought alienation under Schneiderian first rank symptoms of
schizophrenia as follows:
(a) Patient believes that his/her thoughts are under control of some external agency and
others participate in this thinking.
(b) External thoughts are being put in his/her mind by some external force.
(c) Thought broadcasting: patient feels that his/her thoughts are read by others and
broadcast.
12. In Ref. [7], “schizophrenia is a form of regression to earlier experiences and stages of life.”
13. Patient can become homeless, suicidal, unemployed and behavioral problems could be
bizarre.
Paranoid schizophrenia is the most common type of schizophrenia, and the patient may not
appear psychiatrically ill unless the symptoms of paranoia come to light.
Every person is conditioned by one’s culture, educational training, ethics, environment, life
events, etc. Often this illness is treated by the psychiatrist based on his/her medical training,
experience, and often colored by the above mentioned conditioning with perhaps their own
perception that the present knowledge about this illness is all there or just plain puzzled compounded by the fact that every patient is similar and different as well in many ways. There
is much more to these hallucinations, delusions, and symptoms from the mathematical and
scientific viewpoints and also there are certain bases and reasons of these symptoms which are
often not understood adequately.
Often Nature’s mysteries present themselves in form of problems to be resolved with deeper
hidden truths contained in them. We discuss the above mentioned aspects of hallucinations
and delusions using principles of mathematical logic followed by explanation and insights into
these symptoms and this illness.
Theorem 1: Delusions and hallucinations exist from an objective point of view in paranoid
schizophrenia. This is proven as follows:
Prove the validity of the argument:
If Neela is a patient of paranoid schizophrenia, then she has delusions and hallucinations. If
delusions and hallucinations are experienced by Neela, then these are either considered
“unreal” (imaginary) by Neela’s doctors or delusions, hallucinations are considered “real”
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(existent) by Neela. Either delusions or hallucinations are not considered “unreal” by her
doctors (i.e., cause is found or insight into certain traumatic event(s) causing them and issue
resolved) or no debility, behavioral problems caused by hallucinations and delusions remain
(i.e., way of solution found to understand delusions and hallucinations of the particular patient)
or delusions and hallucinations exist from an objective point of view in paranoid schizophrenia. Therefore, delusions and hallucinations exist from an objective point of view in paranoid
schizophrenia.
Proof: First, we convert the given argument in symbolic form using the propositional variables
a,b,c,d,e,f and logical connectives such as and (^), or (v), not (¬), implication if-then (→):
a: Neela is a patient of paranoid schizophrenia.
b: She has delusions and hallucinations.
c: Delusions and hallucinations are considered “unreal” by Neela’s doctors.
d: Delusions and hallucinations are considered “real” by Neela.
e: Debility and behavioral problems are caused by delusions and hallucinations.
f: Delusions and hallucinations exist from an objective point of view in paranoid schizophrenia.
The given argument now becomes in symbolic form as follows:
a → b (If Neela is a patient of paranoid schizophrenia then she has hallucinations, delusions)
b → (c ^ d) [If she has delusions, hallucinations then {(these are considered “unreal” by
her doctors) and (these are considered “real” by Neela)}]
¬ c v (¬ e v f) [delusions, hallucinations are not considered “unreal” by her doctors or
{(no debility, behavioral problems caused by delusions, hallucinations remain) or (delusions,
hallucinations exist from an objective point of view in paranoid schizophrenia)}]
a ^ e (Neela is a patient of paranoid schizophrenia and debility, behavioral problems are caused
by delusions, hallucinations)
Therefore, f (Delusions and hallucinations exist from an objective point of view in paranoid
schizophrenia).

Steps

Reasons

1. a → b

Premise

2. b → (c ^ d)

Premise

3. a → (c ^ d)

Steps 1 and 2 and the law of syllogism

4. a ^ e

Premise

5. a

Step 4 and rule of conjunctive simplification
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Steps

Reasons

6. c ^ d

Steps 5 and 3 and rule of detachment

7. c

Step 6 and rule of conjunctive simplification

8. ¬ c v (¬ e v f)

Premise

9. ¬ (c ^ e) v f

Step 8, the associative law of ‘v’ and De’Morgan’s law

10. e

Step 4 and rule of conjunctive simplification

11. c ^ e

Steps 7 and 10 and rule of conjunction

12. Therefore, f

Steps 9 and 11 and rule of disjunctive syllogism

Thus, we see that the delusions and hallucinations exist from an objective point of view in
paranoid schizophrenia. The rules of mathematical logic are in Ref.[8].
Often the hallucinations and delusions not being believed to be “real” by the doctors and the
patient unable to verbalize the dreadful feelings contained in the delusions and hallucinations
lead to the patient feeling helpless and hopeless. Everything which exists in nature has an element of truth in it and is very much “real” which can appear as something quite negative until
not understood. Nature presents problems to uncover the hidden truth underlying the causes
in a problem. We would look at the causes of development of hallucinations and delusions
which are the major symptoms of schizophrenia.
There is often the basis of traumatic abusive events from distant past behind hearing the voices
and delusions. Some abusive traumatic events by an older person in position of power and trust
can get buried in the memory of the patient and get internalized as “just punishment” or even
“love” thus making it seems like “normal.” This “normal” can create later on conflict in the personality between “right” and “wrong” accompanied by tremendous guilt, fear, anger, self-doubt,
and paranoia. Oftentimes, the acts of abuse including rapes are carried out in childhood or during adulthood in a vulnerable situation of the victim by cajoling suggestions by the abuser with
cajoling seeming like “love” to the victim or in a threatening manner causing terror in the victim.
In either case such events create a lot of guilt, fear, and paranoia in the psyche of the victim. The
power of a loving suggestion is not lost on anyone but these very suggestions to carry out a crime
can be internalized very deeply by the victim and could be heard as “voices” later in life and
being under “control” or “persecuted” by some external agent. Such cunning suggestions can
also have the effect of hypnosis on the victim with the victim not realizing that he/she has fallen
prey to a heinous crime. The whole incident(s) can lie buried in the consciousness of the victim
for a long time like a volcano which can erupt anytime triggered by some sensory input from
the outer environment, especially sound. For example, in distant past, some violent incidents
were followed by the banging of utensils and food served to the patient in those utensils. In the
present moment, the patient’s dormant memory can get horribly triggered by sound of some
utensils or similar sound causing auditory hallucinations. Moreover, the victim can pick up the
opinions and feelings of the abuser at the time of crime. For instance, picking up of mocking attitude of the abuser can result in hearing voices or hallucinations of “nonverbal auditory nature
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like laughing” at a later date by the patient. The patient can feel that the abuser (the personality)
has “entered” his/her mind-body system. This can cause confusion over time and an apparent
incoherent jumbled up speech of the patient and having hallucinations. The patient can feel
“possessed” by the person who committed the crime on him/her or in case of not remembering
accurately, the patient can feel the same by projecting his/her experience to another person not
responsible for the crime. In this way, the patient can feel that “external thoughts are being put
in his/her mind by some external force.” Being termed the hallucinations as “unreal” or “which
actually do not exist” by the doctor does not help the patient except increasing the terror felt by
the patient and losing heart even further. Usually crimes of this nature have certain intimacy
creating emotional dependence between the abuser and the victim. When such incidents are
not discussed immediately or soon after the incidents, the thoughts and feelings tend to fester
inside the mind-body of the patient and not forgotten in the real sense but deeply suppressed and
internalized as part of the personality of the patient. The added guilt also comes from the victim
being blamed for crimes of this nature for various socio-cultural reasons. The stigma and taboo
associated with such crimes and mental disorders complicate the situation even further.
The abusive events and their memories keep on getting buried deeper and deeper in the consciousness of the victim with time, building up of avoidance issues and sucking up the psychic energy of the mind-body system causing debility. The victim tends to develop thought
patterns of escaping the trauma and tends to get attracted to similar abusers inviting trouble
for him/her and over long period of time, the thought patterns, feelings, events getting all
mixed up developing hallucinations and delusions. If the hallucinations and delusions did
not actually exist and were “imaginary,” then there would be no debility. The patient has
an “unshakable belief” that the delusions and hallucinations are true through subconscious
memory and knowledge but cannot articulate them due to the memories being overwhelming. Thus, the building up of trauma and thought patterns can go on till death and beyond.
During intense emotional pain, the patient may realize that the psyche has very much a life
of its own and certain past life event may resonate with similar event in the present lifetime.
As in Ref. [7] “schizophrenia is a form of regression to earlier experiences and stages of
life.” Whether one believes in past lives or not depends upon how convincingly one can
recall certain events. Going back in one’s life may be understood in this way that if one is an
adult then he/she has been a child also and some traumatic event(s) must have caused the
delusions and hallucinations. A particular patient may have the ability to regress to childhood trauma or could regress further to pre-birth times as well. The occurrence of past lives
has got a lot to do with the patient’s ability to recall correctly and can be understood from the
broader viewpoint of nature’s perspective. Nature creates, destroys, and maintains the creation through dualities like right-wrong, pleasure-pain, day-night, birth-death, etc. The body
has a shelf-life of a few decades and, in general, has limitations of movement but the psyche
is not limited like the body—its life is indefinite. Psyche is more powerful than the body and
more subtle. It has more potential for evolution in terms of self-knowledge, though more
complex and difficult than the physical. When the body is done with the death, the invisible
psyche remains because mind/consciousness is a form of invisible but palpable energy. The
psyche has a subconscious longing to resolve the pending issues of the trauma and is often
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full of regret. This psyche assumes next body with mixed emotions with the already developed thought patterns and unresolved trauma. In the present lifetime of the patient, some
memory may be triggered off by some stimuli or coming across the abuser in a different body
and the patient may feel that the “sensory symptoms are imposed on body by some external force.” When looked at from a broader time-span, it can be understood that the psyche
is a form of energy, only with various kinds of thoughts, feelings, and with some unfinished
business. One can have restlessness due to some unfinished business for a few days in the
same body then why not for a longer time-span? Thought acts as chronological time in the
mind. It can be understood in this way that taking urgent action immediately which someone
was thinking of taking after 2 years takes away those 2 years, and one feels unburdened thus
bringing the “future” into the “present.” Some past memories can get triggered now which
bring the “past” into the “present.” Therefore, the thoughts and feelings dictate to a great
extent the interpretations of past, present, and future. So, the psychological time is different
from the chronological time. Some gifted patients can recall the past lives in a “timeless” way
i.e., by looking at his/her life events as events of one stretched out lifespan with events well
connected and with insights into the thought patterns (as in no. 9 of symptoms: “the delusions are usually well-systematized i.e., thematically well connected with each other”). This
is entirely possible if the patient, who has authentic paranormal abilities, is a conscientious,
courageous warrior, and a lover of truth.
The intelligence of the mind-body complex records everything like a movie or even better.
The dialogues between the abuser and the victim may appear as “voices” later on in life or
if the person is sensitive may be constantly reminded of it. Based on some similar stimuli in
the outside environment, this/these traumatic event(s) stored in the mind-body can get triggered off. Usually, the victim is blamed directly or indirectly thus causing a severe guilt and
fear which when accumulated over time can result in “delusion of reference, persecution”
or simply projecting his/her guilt and fear to everyone outside thus resulting in “thought
broadcasting.” Guilt and low self-esteem can only intensify the feeling of “others will read
my thoughts and harm me.” An abusive incident can breed the feelings of betrayal, infidelity, jealousy, insecurity, feelings of no sense of belonging to anyone or anywhere and
broken-hearted leading to a solidified mental state of feeling orphaned, and “homeless.”
This could translate to the patient actually running away from home, hospital, or refusing
treatment. The patient may also “learn” infidelity attracting similar abusive people and
“expecting” to be betrayed which may appear as “natural” in relationships and could cause
major relationship troubles. Memories recorded in the consciousness of such abusive incidents are experienced as hallucinations of a threatening nature giving commands to the
patients; these are very real to the patient but fear of not being believed and unable to talk
about them only makes things worse because of guilt associated with infidelity and anger
with jealousy.
A gifted individual can be subjected to actual events of ostracizing, persecution, and condemned for his/her free ideas not fitting in with the majority of people, so the delusions of
persecution can be quite pronounced in this case with the patient feeling like a criminal burdened with fear, guilt, and a seething insane rage underneath. If he/she has certain fame due
to excellence in work, then the delusion of reference can bother him/her like anything.
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A patient can pick up certain disturbing opinions common to large number of people (collective consciousness) either through hearing, reading about them, watching a movie, etc. which
caused much pain to the patient and he/she can feel “attacked” by several people triggering
off hallucinations and delusions. In terms of picking up others’ thoughts and feelings the illness of schizophrenia can get as “infectious” or more than a communicable illness of the body.
In the case of an average patient or a gifted patient, abuse at a vulnerable situation can happen, and the insight into the truth of such events can involve strong emotions like betrayal,
anger, and helplessness. The prospect of a daunting war to be fought within and with the
abusers who could be far away coupled with the paralyzing stored up guilt, terror, anger, sorrow, debility, etc. may depress the patient like anything. This is the trial by fire and the test of
inner strength of character which the patient may face. Moreover, an intelligent action of the
medicine could try to release the suppressed traumatic memories (this may be understood as
being akin to an operation on the body to take out a tumor, only in the psychological realm,
it is much more complex and difficult). This can seem like worsening the situation thus the
patient losing faith in the medicine, stopping it, and relapses taking place. An ardent wistful
desire to avenge and revenge could be behind the delusion of grandiosity and feelings of
one’s messianic role in life. Even when not triggered, the person may hear voices subconsciously of those stored events in the memory which are so old that the memory appears to be
lost and cannot be recalled. If it could be recalled or some insight into the thoughts and feelings happen, then it could lead to recognizing and changing the thought patterns by the patient
with suitable help. But the essential initiative must come from the patient and could lead to
decrease in delusions and hallucinations and hence improvement in behavioral problems. As
in Ref. [5], “The delusions are usually well-systematized, i.e., thematically well connected
with each other” also points to the fact that delusions stem from some events and the need
to start by believing the patient could be the first step instead of right away starting with the
notion that voices or delusions are imaginary or “unreal.”
Even in the case of delusions and hallucinations being “unreal,” we have to see that in nature
or creation everything appears as dualities or pairs of opposites, and there is truth in both
the extremes. Change or evolution which is continuous is brought about by these pairs of
opposites by nature in creation. For instance, like pleasure-pain, day-night, birth-death, truefalse, for-against, etc., the “real”-“unreal” in this case is also another pair of opposites with
truth in both, depending on whose viewpoint one is looking from, the puzzled doctor, or the
troubled patient. In shaping of the consciousness of a person, the elements affecting the psychology like personal background, the kind of education one has had, culture, ethics, events
in one’s life, etc. all play a role in shaping and conditioning the mind, thus the doctor is also
conditioned by these factors as well as the patient. Moreover, these factors are unique for each
person hence for each patient as well; therefore, the patient in order to get well has to take the
initiative himself/herself to understand this conditioning with suitable help.
One more thing to be noted is the overemphasis in human society on the logical part and not
emphasizing enough in the matters of heart. In climbing the social ladder, the calculative logical
part plays a greater role disregarding the heart/conscience which speaks our truth to us, and
this voice is ignored often creating transgressions against the conscience leading to dishonesty,
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obscuring of the truth, and further complicating the disorders of the psyche. Another outcome
of overemphasis on logic in terms of social conditioning is that when due to some input from
the senses, some trauma is caused or triggered; the person is unable to feel and analyze the
overwhelming emotions as emotions are far more powerful than thoughts and could lead
to bizarre behavior. This conditioning is equivalent to total disregard of the heart leading to
ignoring the heart’s voice further leading to an unbalanced personality.
There is often deep depression, exhaustion, anxiety, panic, post traumatic stress leading to
psychosis, obsession, and one, more, or all of these are experienced by the patient at some
time or other in schizophrenia which makes it difficult to diagnose and understand this illness.
The problems in the psychological realm get complicated by the fact that the world is flooded
with the advice of many experts on “positive thinking” which is an antithesis to the approach
of problem solving. This positive thinking often translates into an avoidance, even denial, looking
the other way and away from the problem. The apparently negative approach to problem
solving requires hard work, paying attention to the problem and taking adequate actions in
response to various psychological states, thoughts and feelings and is anything but escapist.
Not working on problem solving only aggravates the problem.
About the correlating of thoughts and ideas, Ref. [5] says “Autistic thinking is one of the most
classical features of schizophrenia. Here, thinking is governed by private and illogical rules.
The patient may consider two things identical because they have identical predicates or properties (von Domarus Law).” For example, Jesus Christ was persecuted, I am persecuted; So I
am Jesus Christ.
It is a matter of interest to see the similarity between the above law and the Law of Detachment
in mathematical logic of Discrete Mathematics. Let us consider the same argument in light of
the law of detachment as follows:
I feel persecuted. If I feel persecuted then I am Jesus Christ. Therefore, I am Jesus Christ.
In symbolic notation, the argument using the propositional variables is as follows:
p:I feel persecuted.
q:I am Jesus Christ.
Let us write the argument as per the Law of Detachment in symbolic notation as follows:
p (I feel persecuted)
p→q (If I feel persecuted then I am Jesus Christ)
Therefore, q (Therefore, I am Jesus Christ).
The Law of Detachment is a valid rule of inference in mathematical logic. This similarity points to
the common origin of logic/arguments in Psychology and Mathematics. Thus, we observe that
what appears as “illogical” to the doctor is a perfect valid argument mathematically and psychologically for the patient further establishing our findings in this section depending upon
whose viewpoint one is looking from. In fact, the whole of the discussion in this section is of
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mathematical logic (reasoning) applicable in psychological realm as well. The patient is obviously not Jesus Christ from the doctor’s point of view but the patient unable to feel or understand the trauma identifies with the trauma he/she knows as what Jesus Christ faced and
expresses in this manner.
Schizophrenia is an illness of facing the hard truths in one’s life or lifetimes as the case may
be depending on the patient’s abilities, initiative, and sense of responsibility toward oneself
preferably with suitable help.

3. Role of mind and consciousness in resolving the graceful tree
conjecture
Sometimes holding on strongly to the binary logic of true/false in Graph Theory (a branch of
Discrete Mathematics) fails to produce results and can even make mathematics look too rigid.
This has been seen in the case of the well-known about five decades old graceful tree conjecture
(all trees are graceful) being assumed to be true by a large number of researchers even without
proof.
Tree is a kind of graph. A graph labeling is assigning numbers (labels) to vertices and edges such
that the induced labels form a certain pattern. A graceful labeling in a graph with p vertices
and q edges is assigning the numbers to the vertices 0,1,2,…,(q−1) such that the induced edge
labels found by taking the absolute value (the positive value) are from 1,2,…,q (see Figure 1).
Ref. [9] was an attempt to solve the graceful tree conjecture. Ref. [9] was a direct attempt to
solve the graceful tree conjecture as pointed out in Ref. [10].
Assuming this conjecture to be true led to no doubt a lot of work getting done and published
but generally of specialized variety and not able to pinpoint why and how this conjecture
was even formed in the first place. Zeroing in on answering this conjecture in Ref. [1] after
attempting to solve it in Ref. [9] took years of delving into the nature of the mathematical
problem as well as the nature of mind to discover that it seemed that the definition of tree
being connected and acyclic was taken to be the controlling factor in determining that all trees
would be graceful.
A bipartite graph is one whose set of vertices can be split into two subsets X and Y such that
each edge of the graph joins a vertex in X and a vertex in Y. The following algorithm G in
Ref. [9] gives graceful labeling for bipartite trees in which the edges do not cross (Figure 1).
Algorithm G
1. Draw the tree as a bipartite graph in two partite sets denoted as Left(L) and Right(R). Let
the number of vertices in L be x.
2. Number the vertices in L starting from top going to bottom consecutively as 0,1,…,(x-1).
3. Number the vertices in R starting from bottom going to top consecutively as x,(x+1),(x+2),…,q
(q is the no. of edges). Note that these numbers are the vertex labels.
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4. Compute the edge labels by taking the absolute value of the difference of the incident
vertex labels.
5. The resulting labeling is graceful.
The trees which cannot be drawn as bipartite trees where the edges do not cross may not give
graceful labeling with this algorithm. Other algorithms in [9] for labelings of such bipartite trees
namely harmonious (vertex labels are added mod q; one vertex label allowed to be repeated in trees:
Figure 2), sequential (vertex labels are added with ordinary addition: Figures 2 and 3), felicitous
(vertex labels are added mod q: Figure 3), and antimagic labelings (sum of all the incident edge
labels at each vertex is distinct: Figures 4 and 5) are also based on this construction of trees.
In a result like this, the mind and its set perceptions play a role because the mind being
conditioned by a long history of the traditional branches of mathematics where the mathematical structures are rigid, well defined and are controlled or predicted by the definitions,
tends to assume or project the same in Graph Theory as well. In geometry also there are
diagrams but these diagrams are defined by their formulas. For instance, ellipse, hyperbola,
etc. are defined by their formulas or how many geometrical units will comprise a given

Figure 2. Sequential and harmonious bipartite tree where edges do not cross. Sequential and harmonious edge labels
written on left and right, respectively, separated by a comma.
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Figure 3. Sequential and felicitous bipartite tree where edges do not cross: Sequential and felicitous edge labels written
on left and right, respectively, separated by a comma.

diagram is specified as in a triangle (three line segments and angles), square, etc. But trees
are just defined as connected and acyclic and can be drawn in any way with no restrictions
and nothing which can be measured or quantified resulting in infinite shapes rendering
them suitable only for specialized results of particular kinds of trees and not generalized
results. So far, the research in Mathematics has discounted how the mind influences the
perceptions of looking at mathematical problems, formulating them, and going about solving them. How mind and its perceptions influence viewing a mathematical problem, its
formulation and solution could be an area of research which can be quite subjective but
could yield interesting results when done more consciously. Ref. [1] which answers the
graceful tree conjecture and Ref. [11] which finds that the definition of tree alone can not be
the controlling factor in similar conjectures, both factor in the psychological conditioning
in looking at a mathematical problem.
From the rules of mathematical logic some of above mentioned ideas can be proved as follows:
Theorem 2: Definition of tree alone is not the controlling factor in assuming the graceful tree
conjecture to be true.
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Figure 4. Antimagic bipartite tree where edges do not cross.

Proof: Let us write the argument using propositional variables and logical connectives as follows:
p: definition of tree alone is the controlling factor in assuming the graceful tree conjecture to be
true.
q: graceful tree conjecture is assumed to be true By the Law of Modus tollens the argument is
as follows:
p → q (if definition of tree alone is the controlling factor then the graceful tree conjecture is
assumed to be true).
¬ q (graceful tree conjecture is not assumed to be true).
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Figure 5. Antimagic bipartite tree where edges do not cross: the edge labels in parentheses show the interchanged edge
labels as in step 4 of algorithm AM.

Therefore ¬ p (definition of tree alone is not the controlling factor in assuming the graceful tree
conjecture to be true).
Thus, it should be noted that pictorial representation of graphs gives rise to infinite number of
shapes which makes impossible to classify them all and makes the definitions in Graph Theory
particularly in trees, distinct from definitions in older, traditional branches of Mathematics,
and may not be the basis of forming generalized conjectures like the graceful tree conjecture.

4. Graph labelings and applications
As from the antimagic, inner magic, and inner antimagic graphs, applications have emerged
and been presented in Ref. [2], and some new and modified interpretations are being given in
this work. Inner magic and inner antimagic are new kinds of labelings given in Ref. [4]. In these
labelings, the p vertices, q edges, and the f internal faces of a planar graph are labeled such
that labels of the faces form an arithmetic progression with common difference d. If d = 0, then the
graph is said to have an inner magic labeling, and if d ≠ 0, then the graph is said to have inner
antimagic labeling. Figure 6 shows the inner magic and inner antimagic wheel.
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Figure 6. Inner magic and inner antimagic wheel. Inner magic internal face labels: f1 = 6, f2 = 5, f3 = 4, f4 =3, f5 = 2, f6 = 1.
Inner magic weight number = 34. Inner antimagic internal face labels: f1 = 1, f2 = 2, f3 = 3, f4 = 4, f5 = 5, f6 = 6. Inner antimagic
internal face weights: 29, 31, 33, 35, 37, 39.

An antimagic labeling of a graph with p vertices and q edges is one in which the q edges are
labeled with numbers 1,2,…,q such that the sum of the incident edge labels on each vertex is
distinct. In the antimagic graphs shown in Figures 7–11, the vertices could represent offices in a
building and the antimagic labeled edges could represent codes/passwords to reach those offices.
The antimagic label of the particular vertex representing office could be a password or code given

Figure 7. Antimagic double wheel D6.
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Figure 8. Antimagic centerless wheel-2 CW26.

to the personnel in a security setup requiring confidentiality. Thus, these antimagic graphs could
serve as a security model for various kinds of buildings in a scenario of urban planning
In double wheel and helm (Figures 7 and 10) of Refs. [12, 13], the central antimagic vertex could
serve as the central headquarters for all the offices or the vertices and their passwords/codes
or edges being the antimagic labeled edges. The antimagic centerless wheels CW2n, CW3n, and

Figure 9. Antimagic centerless wheel-3 CW36.
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Figure 10. Antimagic helm.

regular actinia of Refs. [12, 13] in Figures 8, 9, and 11 could serve as model for a security system
without centralized control. The concepts of cut-set S in graph G (removal of all the edges
in S disconnects G; removal of some but not all of the edges in S, does not disconnect G) and
vertex cut-set S1 (analogous for vertices) could be used to disallow certain security personnel’s

Figure 11. Antimagic regular actinia.
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Figure 12. Inner antimagic flower-1. Inner antimagic inner antimagic labels and internal face labels are as follows: (1) 39,
45, 51, 57, 63. f1 = 1, f2 = 2, f3 = 3, f4 = 4, f5 = 5. (2) 43, 47, 51, 55, 59. f1 = 5, f2 = 4, f3 = 3, f4 = 2, f5 = 1.

legitimate access. The ideas of vertex connectivity (minimum number of vertices deleted to
disconnect the graph) and edge connectivity (analogous for edges) could also be combined
with these applications to check for the violation of codes/passwords.
The graphs studied in Ref. [4] are wheels, flower-1, and flower-2 (Figures 6, 12, and 13). The
planar graph flower-1 has one central vertex and rest being outer vertices, and all the internal

Figure 13. Inner Antimagic Flower-2. Inner antimagic inner antimagic labels and infernal face labels are as follows :(1)
59, 65, 71, 77; f1 =1, f2 =2, f3 =3, f4 =4. (2) 62, 66, 70, 74; f1 =4, f2 =3, f3 =2, f4 =1.
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faces are bound by four edges. Flower-2 is a planar graph with one central vertex and rest
being outer vertices and all internal vertices are bound by five edges. Wheels are found to have
inner magic as well as inner antimagic labelings and flower-1 and flower-2 have inner antimagic
labelings.
The larger of these graphs may have to be checked for existence of these labels. These graphs
could also serve as models for surveillance or security systems, in designing building in an
urban planning setup, network addressing, communication studies, etc.
Inner magic wheel could be used in a security system where matching of all the labels to the
inner magic label could lead to decode or unlock the security system.
Above mentioned antimagic, inner magic, and inner antimagic graphs could have applications
in cryptography also.
Ref. [14] mentions the need for efficient methods of graph labelings. Such algorithms are
found in Ref. [9] for graceful, harmonious, sequential, felicitous, and antimagic labelings for bipartite trees where edges do not cross useful in communication networks and circuit design
where the wires are such that there are no crossing points. The various algorithms developed
for bipartite trees, where edges do not cross with p vertices and q edges for graceful, harmonious,
sequential, felicitous, and antimagic labelings, could be explored further for applications where
such bipartite trees serve as models.

5. Results in graph labelings using computer software
The software developed in Refs. [15, 16] to check the existence of major graph labeling methods namely harmonious, sequential, graceful, felicitous, antimagic, magic for an arbitrary graph has
been used in certain studies. It was used in the studies done in Refs. [3, 17]. Statistical analysis
of the antimagic graph labelings of paths, cycles, wheels, and star graphs in Ref. [3] shows that
there is a relation between degree (degree is the number of edges incident on a vertex) of vertices
and number of antimagic labelings obtained for these graphs. Presence of higher degree vertices
increases the number of antimagic labelings obtained by the computer software. Moreover,
various kinds of graphs were tested, and nearly all the graphs had antimagic labelings.
In the application of antimagic labelings to complete graphs (see Figure 14; in a complete graph,
every vertex is connected to every other vertex), higher degree vertices imply more number of
legitimate routes for persons who are allowed access to a particular office (where vertices represent offices of the graph and antimagic label for a vertex can represent the code/password).
Star (see Figure 15) is a graph with a central vertex and the rest are pendant vertices (vertices of
degree one). Antimagic Stars could represent one centralized control room with scattered single
offices as the pendant vertices. Antimagic Paths could represent linear offices; for example, along
a street.
Ref. [18] studies the effect of repeated vertex labels and shows that the labelings produced are
faster and several in number on the computer when a vertex label is repeated. This also yields
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Figure 14. Complete graph.

Figure 15. Star.

labeling where there is no labeling with the conventional definition. The repetition of a vertex
label can have significance in applications where the repeated vertex label could represent
some quantity which is repeated. This opens up possibilities for studies to obtain more labelings and can be explored further.
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In Ref. [19], certain patterns in graph labelings have been discovered. It has been discovered
that lower degree vertex can be manipulated more easily to yield labeling faster with the help
of the software developed in Refs. [15, 16]. This approach could be followed while working
manually also.

6. Lexicographic order in graph labelings
Applications so far undiscovered could be explored in the graph labelings in the following
works which could be of further interest in research: lexicographic order of permutations and
combinations is mentioned in Ref. [20] and made use of it to develop a generalized software to
check existence of major graph labeling schemes namely graceful, harmonious, felicitous, sequential, magic, and antimagic for an arbitrary graph in Refs. [15, 16]. This software has been used to
prove that harmonious graph is NP-Complete as given in Ref. [21]. Existence of lexicographic
order in graph labelings has been studied in Refs. [22, 23].
In a lexicographic order, the word ‘card’ comes before ‘cart’ as in a dictionary or lexicon.
Permutations in lexicographic order of 4! = 24 permutations which are as follows: 1234, 1243,
1324, 1342, 1423, 1432, 2134, 2143, 2314, 2341, 2413, 2431, 3124, 3142, 3214, 3241, 3412, 3421,
4123, 4132, 4213, 4231, 4312, 4321.
Combinations in lexicographic order of 6C4 are: 1234, 1235, 1236, 1245, 1246, 1345, 1346, 1356,
1456, 2345, 2356, 3456.
In paths, permutation 1 and permutation 2 give the antimagic labeling for even and odd edges,
respectively, in [23] and is shown in Figure 16.
Let us look at the computer generated results for the cycles where the edges e1, e2, e3…,and so
on are labeled in the order of the permutations in Refs. [17] and is shown in Figure 17.
C4: Permutation 2: 1 2 4 3
Vertex labels (in ascending order): 3 4 6 7
C6: Permutation 2: 1 2 3 4 6 5
Vertex labels (in ascending order): 3 5 6 7 10 11
C8: Permutation 2: 1 2 3 4 5 6 8 7
Vertex labels (in ascending order): 3 5 7 8 9 11 14 15
C10: Permutation 2: 1 2 3 4 5 6 7 8 10 9
Vertex labels (in ascending order): 3 5 7 9 10 11 13 15 18 19
Now, let us look at the odd Cycles:
C5: Permutation 1: 1 2 3 4 5
Vertex labels (in ascending order): 3 5 6 7 9
C7: Permutation 1: 1 2 3 4 5 6 7
Vertex labels (in ascending order): 3 5 7 8 9 11 13
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Permutation 3: 1 2 3 4 6 5 7
Vertex labels (in ascending order): 3 5 7 8 10 11 12
C9: Permutation 1: 1 2 3 4 5 6 7 8 9
Vertex labels (in ascending order): 3 5 7 9 10 11 13 15 17
Permutation 3: 1 2 3 4 5 6 8 7 9
Vertex labels (in ascending order): 3 5 7 9 10 11 14 15 16
C11: Permutation 1: 1 2 3 4 5 6 7 8 9 10 11
Vertex labels (in ascending order): 3 5 7 9 11 12 13 15 17 19 21
Permutation 3: 1 2 3 4 5 6 7 8 10 9 11
Vertex labels (in ascending order): 3 5 7 9 11 12 13 15 18 19 20

Figure 16. Antimagic paths.

Figure 17. Cycle.
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In cycles, permutation 1 gives antimagic labeling for odd cycles (odd number of edges), whereas
permutation 2 gives antimagic labeling for even cycle (even number of edges). Permutation 3 also
gives antimagic labeling for odd cycles except C5. Permutation 1 results in induced vertex labels
showing almost an arithmetic progression with difference 2.
Lexicographic order found in graph labelings could be studied for further applications.

7. Conclusion
Thus, we have seen that the various kinds of delusions and hallucinations often considered
“unreal” of the severe psychological disorder of paranoid schizophrenia, a kind of schizophrenia
have much truth and underlying inherent causes in them with insights provided in these
factors in this work. Hallucinations and delusions exist in real terms have been proved by
mathematical logic also.
From the viewpoint of things appearing in creation as dualities of nature, we can see that every
pair of opposites like pleasure-pain, right-wrong, day-night, birth-death, stress-relief, foragainst, etc. have truth in both the opposites. Thus, the “real”-“unreal” of hallucinations and
delusions also have truth in them depending upon the viewpoint of the subject: patient and
doctor, respectively. The duality of brain(logical)-heart(feeling) also brings about an unbalanced
personality in an individual when there is an overemphasis on calculative logic in human society
and overriding the voice of the heart/conscience. Nature brings evolution by these dualities in
creation leading to an increase in understanding and knowledge of some unresolved problem.
The graceful tree conjecture has elements of psychological conditioning in it, being believed to be
true even without a proof for about five decades. Conditioned by a long history of being used
to the definitions in traditional Mathematics as the controlling factor in predicting behavior of
all the defined mathematical structures will lead to projecting the same in the definition of tree
also. The big difference in the definitions of traditional branches of Mathematics and a newer
subject like Graph Theory is that the definition of tree is unquantifiable and pictorial thus cannot
predict the behavior of all trees. A tree with four vertices is defined as “connected and acyclic”
and a tree of two million vertices is also defined in the same way with no restrictions and no
measure giving rise to infinite shapes for larger trees. In the case of a number being divisible by
2, 3, or 5, the definition is applicable to any number no matter how large thus all such numbers are
predicted by this quantifiable definition unlike the unquantified, pictorial representation of a tree.
Applications of antimagic, inner magic, and inner antimagic graphs in urban planning and security
setup, etc. have been given for various kinds of graphs. More applications for bipartite trees where
edges do not cross for various kinds of labelings could be discovered where such trees with graceful, harmonious, felicitous, sequential, and antimagic labeling could serve as models. Some results
of graph labelings using computer software developed to check the existence of major graph
labeling schemes for an arbitrary graph have been discussed. Role of repeated vertex labels and
low degree vertex has been presented. Finally, for further studies, the lexicographic order found
in antimagic labelings of paths, cycles, etc. could be studied for discovering more applications.

An Example Usage of Graph Theory in Other Scientific Fields: On Graph Labeling, Possibilities and Role...
http://dx.doi.org/10.5772/intechopen.68690

Author details
Auparajita Krishnaa
Address all correspondence to: akrishnaa1@gmail.com
Department of Mathematics and Statistics, Mohan Lal Sukhadia University, Udaipur,
Rajasthan, India

References
[1] Krishnaa A. A note on some thoughts on the graceful tree conjecture. Journal of Discrete Mathematical Sciences and Cryptography. 2013;16(6):387-392. DOI: 10.1080/
09720529.2013.858484
[2] Krishnaa A. Some applications of labelled graphs. International Journal of Mathematics
Trends and Technology. 2016;37(3):19-23
[3] Krishnaa A, Dulawat MS, Rathore GS. A study on statistical analysis of antimagic graph
labeling. Journal of Rajasthan Academy of Physical Sciences. 2004;3(2):111-120
[4] Krishnaa A, Dulawat MS. Algorithms for inner magic and inner antimagic labelings for
some planar graphs. Informatica (Lithuania). 2006;17(3):393-406. DOI: 10.1016/s0012-365x
(01)00175-3
[5] Ahuja N. A Short Textbook of Psychiatry. 7th ed. Jaypee Brothers Publishers, New Delhi
(India), St. Louis (USA), London (UK)
[6] Puri BK, Treasadan IH. Textbook of Psychiatry. 3rd ed. Churchill Livingstone Elsevier, UK.
[7] Feldman RS. Essentials of Understanding Psychology. 10th ed. McGraw Hill, New
York, USA
[8] Grimaldi RP. Discrete and Combinatorial Mathematics: An Applied Introduction. 4th
ed. Pearson Education, USA
[9] Krishnaa A. A study of the major graph labelings of trees. Informatica. 2004;15(4):515-524.
https://pdfs.semanticscholar.org/16a2/34ed8def26deOeea444907e891970db1f7e9.pdf
[10] Kraayenbrink N, de Frits N, Vavic M. Symmetries in Graceful Trees. www.st.ewi.tudelft.
nl/sat/reports/SymGracefulTrees.pdf
[11] Krishnaa A. A note on perception of definitions in graph labelings of trees. Journal of
Computer and Mathematical Sciences. 2011;2(2):254-259
[12] Krishnaa A. On antimagic labellings of some cycle related graphs. Journal of Discrete
Mathematical Sciences and Cryptography. 2012;15(4&5):225-235. www.tandfonline.
com/doi/pdf/10.09720529.2012.10698377

43

44

Graph Theory - Advanced Algorithms and Applications

[13] Krishnaa A. Formulas and algorithms for antimagic labelings of some helm related
graphs. Journal of Discrete Mathematical Sciences and Cryptography. 2016;19(2):435-445.
DOI: 10.1080/09720529.2015.1130935
[14] Daykin JW, Iliopoulos CS, Miller M, Phanalasy O. Antimagicness of generalized corona
and snowflake graphs. Mathematics in Computer Science. 2015;9(1):105-111
[15] Krishnaa A. Computer modelling of graph labelings. In: Proceedings of National Conference
on Mathematical and Computational Models; Coimbatore, India. Allied Publishers: India;
2001
[16] Krishnaa A, Dulawat MS. Algorithms and programs for some problems in graph labellings, operations research and combinatorics. Journal of Mathematics and System Sciences.
2007;3(1):1-15
[17] Krishnaa A. On the use of computers in graph labeling. International Journal of Computer
Science and Communication. 2012;3(1):191-197
[18] Krishnaa A, Dulawat MS. Study of the effect of repeated vertex labels. Ultra Scientist of
Physical Sciences. 2011;23(1):176-180
[19] Krishnaa A, Dulawat MS, Rathore GS. Some patterns in graph labelings. Pure and Applied
Mathematika Sciences. 2005;LXI(1-2):61-65
[20] Liu CL. Discrete Mathematics. Tata McGraw Hill. New Delhi, India; 1978
[21] Krishnaa A. A note on a graph scheme and its computational complexity. Journal of
Computer and Mathematical Sciences. 2011;2(3):521-524
[22] Krishnaa A, Dulawat MS. Lexicographic ordering in graph labelings of cycles, paths and
complete bipartite graphs. South East Asian Journal of Mathematics and Mathematical
Sciences. 2009;7(2):87-93
[23] Krishnaa A, Dulawat MS. Labeling of paths. Journal of Rajasthan Academy of Physical
Sciences. 2006;5(1):99-104

DOI: 10.5772/intechopen.72145
Provisional chapter

Chapter 3

Graph-Based Decision Making in Industry

Graph-Based Decision Making in Industry
Izabela Kutschenreiter-Praszkiewicz

Izabela
AdditionalKutschenreiter-Praszkiewicz
information is available at the end of the chapter
Additional information is available at the end of the chapter
http://dx.doi.org/10.5772/intechopen.72145

Abstract
Decision-making in industry can be focused on different types of problems. Classification
and prediction of decision problems can be solved with the use of a decision tree, which
is a graph-based method of machine learning. In the presented approach, attribute-value
system and quality function deployment (QFD) were used for decision problem analysis
and training dataset preparation. A decision tree was applied for generating decision
rules.
Keywords: decision tree, decision-making, machine learning, quality function
deployment (QFD), inquiry planning

1. Introduction: decision-making in industry
The decision-making process in industry is focused on finding answers for the following questions: what should be done, how it should be done, when and who by? The decision-making
process often uses heuristic and expert knowledge, which respects the relations between different variables, e.g. the problem of inquiry planning needs analysis, such as response time
to consumer inquiries, response preparation costs and the risk related to the manufacturing
process [1, 2]. There are different methods which aid industrial data analysis, among which
quality function deployment (QFD) turns out to be useful in data analysis related to customer
inquiries.
Each decision type requires data and process analysis. Decision problems can be divided into
categories, distinguished from different points of view. In industry, we can meet structured
decisions, as well as unstructured decisions, in which each decision-maker can use different
data and processes to reach the conclusion, and semi-structured decisions in which decision
scenarios have some structured and unstructured components. Decision problems are caused
by a change related to distinctive features (attributes).

© 2016 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use, distribution,
© 2018 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
and reproduction in any medium, provided the original work is properly cited.
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.
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Decision-making in industry can be focused on different time periods, i.e. strategic decisions
concern a few years, and tactical decisions relate to a period of a few months, whereas operational decisions regard a few days [3].
The decision-making process starts from decision problem analysis [4]. Steps in decisionmaking model include [5]:
• definition of the problem,
• establishment or enumeration of all the criteria (constraints),
• consideration or collection of all the alternatives,
• identification of the best alternative,
• development and implementation of an action plan,
• evaluation and monitoring of the solution and feedback examination, if necessary.
A problem should be precisely identified and described. Manufacturing products in an industrial plant require combined and coordinated efforts of people, machinery and equipment
[6] which create a manufacturing system. This manufacturing system needs suitable values
of decision variables, which characterise product and whole stages of the manufacturing
process.
The overall manufacturing system decision problems include, among others [2, 6]:
• inquiry planning,
• the problem of resource requirements,
• the problem of resource layout,
• the problem of material flow,
• the problem of buffer capacity.
Decision-making in manufacturing systems can be characterised as follows [6, 7]:
• Manufacturing systems should be able to produce products according to customer
requirements.
• Manufacturing systems consist of many interacted components.
• Manufacturing system is changing in time periods.
• Manufacturing systems are influenced by internal and external variables.
• A manufacturing system is complicated, and it is difficult to create its complex model. The
relations between variables, which describe it, usually cannot be expressed analytically.
• Data charactering a manufacturing process may be difficult to measure.
• Decisions in a manufacturing process can be focused on achieving different goals, which
are sometimes in conflict.
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The methods useful in supporting decision-making in manufacturing system include:
• Mathematical programming (linear programming) useful for decision problems for which
it is possible to formulate goals and constrains as equations.
• The queuing theory, which is a study of behaviour of queueing systems through the formulation of analytical models [6]. Queue disciplines include FIFO (first in, first out), LIFO (last
in, first out), SIRO (service in random order), PRI (priority ordering) and GD (any other
specialised ordering).
• Artificial intelligence, including, among others, decision tree and rule-based systems, neural networks and genetic algorithms.
• Simulations, which in industrial applications include the following steps: formulating the
problem, collecting data and defining a model, model statistics of system randomness,
ensuring validity, constructing and verifying a computer model, pilot runs and validity
checks, design experiments, performing runs, analysing output data, documenting and
implementing results [6].
In the presented approach, a decision problem should be described with the use of an attributevalue system, which is one of the well-known models of knowledge representation. Under the
object-attribute-value (O-A-V) scheme, an object is associated with various attributes, and
each attribute is assigned with appropriate values [8]. The attribute-value system uses statement object-attribute-value for decision problem characteristics, e.g. a decision problem like
machine tool selection can be characterised by different objects, such as machine, material,
process, etc. Each object can be characterised by different attributes (variables), e.g. machine
can be characterised by attributes such as type, technical condition, work parameters, etc.
Attributes can be characterised by a categorised, numerical or linguistic value.
Decisions can be supported by different types of systems, such as (Table 1) [9, 10]:
• transaction processing systems (TPS), which focus on data evidence,
• decision support systems (DSS), which support decision-making using simulation and
data processing applicable for different variants,
• expert systems (ES), which support experts in their decisions using heuristic knowledge.
Decision type

Decision time period
Operations level

Tactical level

Strategic level

Structured

Resource planning

Economic analysis

Finance of investments

Delivery registration
Semi-structured

Unstructured

TPS, DSS

Warehouse localisation

Technical production
preparation

Credit assessment

Software purchase

Recruitment of
managers

Table 1. Decision problem types.

Support
system

Scheduling

Product development
planning

DSS, ES

Quality control
Technology development

ES
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Among methods useful in structured decision-making, decision trees are widely discussed.
Decision-making process based on graph theory can be based on the following stages:
• Formulating the problem.
• Determination of a set of attributes which characterise the decision problem (for this purpose a QFD matrix can be used), e.g. machine failure diagnosis decision problem can be
characterised by attributes such as noise level, vibration, type of failure, etc.
• For each attribute a set of possible values is defined, e.g. the attribute noise level can be
characterised by interval numerical values such as <85 dB and >85 dB.
• Finding examples from the past with a solution of the problem and creating a training set,
e.g. noise level >85 dB, vibration high, solution = repair Section A.
• Creating a decision tree.
• Solving the new problem with the use of a decision tree.
Decision-making process supported by the machine learning method uses knowledge (experience) which comes from different sources (different experts). In traditional decision-making,
an expert develops his knowledge based on his own experience.
Human decision-making can be described as follows:
• Expert no. 1—own experience—decision for a new case based on individual experience
• Expert no. 2—own experience—decision for a new case based on individual experience
• etc.
Graph-based machine learning decision-making can be described as follows:
• Expert no. 1—own experience
• Expert no. 2—own experience
• etc.
• Training set—common experience (set of all known cases)
• Decision tree induction
• Decision for a new case supported by a decision tree
Graph-based decision-making can be compared with neural network. In both cases, the
knowledge saved in training set joins experience from different sources, but decision tree can
be used for decision tree induction, which exhibits the knowledge in a clear way, instead of a
neural network, which is able to predict the sought value without any explanations.
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2. Decision tree
A decision tree is a graph which can be used as a model of a categorical variable. A decision
tree aims at predicting a categorical (numerical or linguistic) output variable from a set of
numerical or linguistic input variables [11]. Decision trees are useful in solving classification
and prediction problems [12, 13]. The structure of a decision tree involves a root node, internal
nodes, leaf nodes and edges which joint nodes, also called branches (Figure 1) [14].
A root node is an initial decision node which includes the main attribute in the decision process. Internal nodes include other attributes which are input variables in the decision process,
whereas leaf nodes represent output variables including possible decisions in the decision
process. Edges represent categorical values assigned to the attribute. The tree always starts
from the root node and grows down by splitting the data at each level into new nodes [14].
Decision trees are one of the machine learning methods. Constructing a decision tree requires
a set of decision problem-solving examples which create a training set.
Machine learning from examples and its generalisation ability were discussed, e.g. by Shiue
et al. (Figure 2) [15]. In machine learning methods, one of the most important tasks is to create
a training set of examples. For that purpose, it is necessary to define attributes and their values
which are important variables in a given decision problem.
Data in the training set can come from a real manufacturing system or from simulation experiments. Examples of training data are presented in Table 2.
In machine learning methods, attributes come from decision problem characteristics. QFD can
support attribute selection in industry decision-making. In real applications, attributes’ value can
use numerical as well as linguistic values (numerical value can be an integer or not integer put as
a separate value or in intervals). The relevance of attributes in the decision process can be evaluated with the use of, e.g. Shannon entropy in ID3 algorithm, which is not discussed in this chapter.

Root
node

value 2

Internal
nodes

value 1

decision
1
Figure 1. Decision tree.

Edges

value 1

attribute
2

attribute
3
value 1

attribute
1

attribute
2
value 2
value 1
decision
attribute
1
3

value 2
decision
2

value 1

value 2

decision
1

decision
3

value 2
decision
2

Leaf
nodes
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Problem domain
Training examples

Learning

Another data
Prediction

Machine learning algorithm
focused on classification
Assigned class for further
data

Figure 2. Machine learning from examples.

Case no.

Attribute 1

Attribute 2

Attribute 3

Attribute 4

Decision

Possible values

Possible values

Possible values

Possible values

Possible values

(0,1)

(0,1)

(0,1)

(0,1)

(1,2,3)

1

0

1

0

1

1

2

1

1

0

0

2

3

1

1

1

1

2

4

1

0

1

0

1

5

1

0

1

0

1

6

1

0

0

0

2

7

0

0

1

1

3

8

0

0

0

1

3

9

1

1

0

1

1

Table 2. A training set.

Constructing a decision tree classifier is usually divided into two steps: generation and pruning trees (C4.5 and CART algorithms) [16–19].
In the generation phase, the initial tree is built using available training dataset until each
leaf becomes homogeneous. In the pruning phase, the already-grown tree is reduced in
order to improve the accuracy obtained on the testing dataset [20]. There are many methods for constructing a decision tree. The basic generation algorithm includes the following
steps [21]:
1. Start with a single node representing all records in the dataset.
2. Choose one attribute, and split the records according to their values on that attribute.
3. Repeat the splitting on all new nodes, until a stop criterion is satisfied.
A single node representing all records in a dataset was found, and the root attribute was
assigned (Figure 3).
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attribute
1
0

1

Case
1,7,8
Decision
1 or 3

Case
2,3,4,5,6,9
Decision
1 or 2

Figure 3. The first node in the decision tree induction process.

In the second step, decisions are not unique, so the decision tree should grow, and other attributes should be taken into consideration (Figure 4). In the presented example, the next step is
necessary (Figure 5). The final decision tree is presented in Figure 6.
The decision tree algorithm is a predictive model with a hierarchical structure and used in
data mining [22]. This algorithm has several advantages [16, 23–25]:
• The training set can include expert knowledge, as well as results of experiments and industrial data which come from manufacturing processes.
• Decision trees can handle both linguistic and numerical input and output variables
(attributes).
• Results of the prediction process are easy to interpret, clear and close to human reasoning.
• It can be joined with other algorithms.
• It is possible to use decision trees even if datasets have missing values.
Decision tree construction requires data preprocessing.

attribute
1
0

1

attribute
2
0
Case
7,8
Decision
3

attribute
2
1

0

Case
Case
1
4,5,6
Decision Decision
1
1 or 2

Figure 4. Sequent nodes in the decision tree induction process.

1
Case
2,3,9
Decision
1 or 2
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Figure 5. Sequent nodes in the decision tree induction process.

Figure 6. Sequent nodes in the decision tree induction process.
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3. Data preprocessing in the inquiry planning problem with the use
of QFD
Constructing a training set, it is necessary to collect data related to the decision process. Data
preprocessing related to inquiry planning can be supported with the use of an attributed
model of the product [26, 27].
In the attributed product model, the product functions can be characterised by a set of
attributes:
F = {f 1, f 2, … , f n}

(1)

Based on a toothed gear example, the set of attributes includes: f1—reducer working arrangement; f2—kind of duty.
Each attribute takes a value from the set Fnw:
F n w = {f n1 w , f n2 w, … , f nl w}

(2)

An example of a set of attribute values Fnw includes: f11w—parallel axes; f12w—perpendicular
axes; f21w—light duty; f22w—medium duty; f23w—heavy duty.
The set of product types was denoted as P:
P = {p 1, p 2, … , p m}

(3)

An example of a set of products includes: p1—helical gear; p2—bevel-helical gear.
Each product-type pm includes products pm1, pm2,…, pmk., described by attributes pmkz:
P mk = {p mk1, p mk2, … , p mkz}

(4)

An example of a set of products includes: p11—one-stage helical-geared reducer mounted on
the feet; p12—one-stage helical-geared reducer hanged on the shaft.
An example of a set of product attributes includes: p111—weight; p112—dimensions.
Each attribute pmkz takes a value from the Pmkzw set:
P mkz w = {p mkz1 w, p mkz2 w, … , p mkzt w}

(5)

Product pm consists of modules/elements belonging to the set M:
M = {m 1, m 2, … , m k}

(6)
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Each element is described by attributes belonging to the set Mk:
M k = {m k1, m k2, … , m kv}

(7)

Examples of attributes describing product parts are: mk1—weight; mk2—type of material.
Attribute values belong to the set Mkvw:
M kv w = { m kv1 w, m kv2 w, … , m kvg w}

(8)

Mk* is a set of variants of element mk:
M k ∗ = {m k1 ∗, m k2 ∗, … , m kl ∗}

(9)

M kv w = {m kv1 w, m kv2 w, … , m kvg w}

(10)

Mkvw is a set of attribute values:

Basing on the presented product-attributed model, it is possible to analyse product and process attributes. The theory helpful in complex product and process development is quality
function deployment (QFD), also known as house of quality. QFD supports meeting customer
requirements in product and process design (Figure 7). QFD is a method of data analysis
related to customer requirements, product and process characteristics in industrial plants.
The QFD matrix (Figure 8) [28] determines the relations between customer needs (denoted
as ‘what’s’) and design characteristics (denoted as ‘how’s’). The top part of the matrix called
a ‘roof’ indicates how design characteristics interact. The right part of the matrix includes
assessment of alternative products. The characteristic of alternative products is presented at
the bottom of the matrix. The correlation between ‘what’s’ and ‘how’s’ is registered in the
middle part of the matrix.
QFD consists of a series of matrices. The first one represents the relation between customer
requirements and product characteristics.

Figure 7. QFD in decision problem solving.
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Figure 8. A QFD matrix.

No

Attribute (value 1, value 2, etc.)

Decision

Height (low, high)

Colour (dark, red, white)

Complication (simple, complex)

1

Low

White

Simple

w2

2

High

White

Complex

w1

3

High

Red

Simple

w2

4

Low

Dark

Simple

w1

5

High

Dark

Simple

w1

6

High

White

Simple

w2

7

High

Dark

Complex

w1

8

Low

White

Complex

w1

9

Low

Dark

Simple

w1

10

Low

Red

Simple

w2

Table 3. Training dataset.

The second one describes the relation between product characteristics and product parts.
The third QFD matrix gives information related to the production process.
The fourth one provides information related to production process parameters [28–30].
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QFD is a customer-oriented method of industrial data analysis which is able to take into consideration numerical, as well as linguistically specific variables. QFD aids relations between
customers and industrial processes.
An example of QFD was developed on the basis of the training dataset presented in Table 3
(Figure 9). The possible values of chosen attributes characterising products from the customer’s
point of view were specified in the left part of the matrix.

Figure 9. An example of QFD matrix.

Figure 10. The first client’s decision.
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Figure 11. The second client’s decision.

Figure 12. A decision tree example.

The first client’s decision is presented in Figure 10. The data from this matrix creates the first
record in the training dataset presented in Table 3.
The second client’s decision is presented in Figure 11; this data create the second record in
training dataset presented in Table 3.
Decision tree induction starts from the ‘colour’ attribute, followed by the ‘complication’ attribute (Figure 12).

4. Knowledge extraction from a decision tree: production rules for
knowledge representation
Decision tree induction is closely related to rule induction; each path from the root of a decision tree to one of its leaves can be transformed into a rule [16], which is one of the most
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popular approaches to knowledge representation. Rules, sometimes called IF-THEN rules,
can take various forms, e.g.:
Simple rules:
• IF condition THEN action
• IF premise THEN conclusion
Complex rules:
• IF proposition p1 AND proposition p2 are true THEN proposition p3 is true
Some of the benefits of IF-THEN rules:
• they are modular,
• each rule defining a relatively small and independent piece of knowledge.
For example, paths from the decision tree presented in Figure 12 can be transformed into
rules:
• IF colour = dark THEN w1
• IF colour = red THEN w2
• IF colour = white AND complication = simple THEN w2
• IF colour = white AND complication = complex THEN w1
The resulting set of rules can be transformed to improve its comprehensibility for a human
user, and possibly its accuracy [31], e.g. the rules presented above can be transformed to complex rules, such as:
• IF colour = dark OR (colour = white AND complication = complex) THEN w1
• IF colour = red OR (colour = white AND complication = simple) THEN w2

5. The prediction process
Rules produced in Section 4 can be used for prediction. For further clients, for whom requirements are characterised in the left part of the matrix presented in Figure 13, in the inquiry
planning process, the enterprise should offer product ‘w2’.
The decision-making based on the rules produced in Section 4 is presented in Table 4.
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Figure 13. The second client’s decision.
No

11

Attribute (value 1, value 2, etc.)

Decision

Height (low, high)

Colour (dark, red, white)

Complication (simple, complex)

Low

Red

Complex

w2

Table 4. Predicted values.

6. Conclusions
A decision tree is one of the graph-based methods of machine learning which can be used
in decision making in industry. Among decision problems met in industry, one of the most
important decision-making is inquiry planning, which starts from product definition offered
to a particular client. QFD can be applied as a method which facilitates data preprocessing in
inquiry planning. What is more is that QFD aids attribute specification important from both
customer and engineering points of view.
In decision tree induction, a training set can use categorical number values, as well as linguistically specific attributes. In training dataset development, the attribute-value system is a useful method of data analysis. The main steps in decision tree induction were applied. Optimal
decision tree induction can be fulfilled with different algorithms which were not discussed.
A decision tree is called the ‘white box’ method because of clarity and intelligibility for
humans, which is important in the decision-making process in industrial context.
The presented approach can be applied in e-commerce systems which are currently under
development in many branches of the industry.
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Abstract
The Q-analysis governance approach and the use of simplicial complexes—type of
hypergraph—allow to introduce the formal concepts of dimension and conjugacy
between the network of entities involved in governance (typically organizations) and the
networks of those attributes taken into account (e.g. their competences), which offer a
specific angle of analysis. The different sources of existing data (e.g. textual corpora) to
feed the analysis of governance—environmental in particular—are mentioned, their reliability is briefly discussed and the required pre-processing steps are identified in the
perspective of evidence-based analyses. Various indices are constructed and evaluated to
characterize the context of governance as a whole, at mesoscale, or locally, i.e. at the level
of each of the entities and each of the attributes considered. The analysis of ideal-type
stylizing boundary cases provides useful references to the analysis of concrete systems of
governance and to the interpretation of their empirically observed properties. The use of
this governance modeling approach is illustrated by the analysis of a health-environment
governance system in Southeast Asia, in the context of a One Health approach.

Keywords: governance, modeling, simplicial complex, evidence-based analysis,
topology, One Health, ideal type, indices

1. Introduction
In April 2010, in the Gulf of Mexico, started the BP Deepwater Horizon oil spill, considered one
of the largest marine oil spills in the history of the petroleum industry (estimated to over
600,000 tons of oil released in Gulf of Mexico over 3 months) killing 11 workers and leading
to a major environmental disaster. It raised a number of legal issues involving a variety of
actors, various levels of decision-making and regulation (from international to local). Presented
as “an important example of multidimensional governance in action” by Osofsky [1], it led to an
attempt by the same author to provide a conceptual model for understanding complex regulatory
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problems. If the multidimensional aspect of governance is effectively considered as the central
challenge in this complex socio-environmental tragedy and has been debated as such as it will be
later on, in the case of climate change litigation [2], it is not at all addressed empirically but stay at
a very descriptive level. Furthermore, some descriptions of multidimensionality through legal
lenses are in contradiction with the mathematical notion of dimension (cf. the paragraph on
multidimensionality in Ref. [3]).
Nevertheless, the notion of dimension is fundamental in mathematics and physics and therefore in disciplines using their formal representations (e.g. in ecology or epidemiology modeling). It is declined in various ways, depending on whether it attempts to characterize the space
in which interactions are deployed (embedding dimension, local dimension), the geometry of
an object (e.g. fractals) or the development of instabilities that work on the evolution of the
state of a system (e.g. Lyapunov dimension) [4, 5]. The analysis of governance by political
scientists or international relations scholars has made only an extremely limited use1 of this
notion, which, however, is adaptable to the needs of this field of research and is likely to
consolidate an empirical, evidence-based approach of governance.
The situation is similar concerning the notion of conjugacy: if a group of organizations is
involved in the management of a set of environmental issues, the symmetrical point of view
considers that these issues solicit organizations, thus offering another perspective on governance. This kind of duality of approaches is shown in a conjugate relation between two
expressions of a formal entity, in this case a simplicial complex, a particular type of hypergraph
[9, 10]. Continuing our approach of providing the network governance study with formal tools
and the concepts that they provide [11, 12], we apply in this paper the notions of dimension
and conjugacy as used in a discrete modeling of governance based on Q-analysis.
This approach proposed in the 1970s by the mathematician Ron Atkin [13, 14] has been used to
formalize various problems in social sciences [15–19]. It is now developed in the context of the
application of hypergraphs to the analysis of various complex systems (e.g. [19]). The formalism of the simplicial complexes intervenes in a very wide range of applications (for a brief
overview, see e.g. [20–22]). A more general survey of data processing using topology methods
is found in [23, 24].
The main notions of Q analysis are presented in Section 2. This study aims at illustrating their
use by analyzing a network of health-environment institutions and themes in Southeast Asia
are presented in Section 2. The concepts of dimension and conjugacy are presented in Section
3. As soon as the dimension of simplices or of paths in the structure is higher than 3, their
representation is not readable. For the analysis, we rely on indicators defined in Section 4.
Models corresponding to classical general ideal type of governance are then presented in
Section 5 and are used as references to analyze empirical governance systems. In Section 6,
we discuss the role of generalist organizations (organizations with a large and diverse portfolio of competences) as seen as high-dimensional simplices in a governance system. A
1

The abundant indexes of the subjects of three relatively recent synthesis books—the Oxford Handbook of Governance [6],
the Oxford Handbook of Political Methodology [7] and the Oxford Handbook of International Relations [8]—do not
contain the dimension, conjugacy or duality entries.
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discussion on the potential use of this approach and on the introduction of the concepts of
dimension and conjugacy in governance analysis is proposed in Section 7, and a short conclusion in Section 8.

2. Actors and competencies
We consider a set of organizations with expertise on themes emerging from the analysis of the
emergence or re-emergence of infectious diseases in Southeast Asia in a context of environmental change. Epidemiology shows that human health is likely to be affected by a wide
variety of pathogens, themselves dependent on their vectors and hosts and on environmental
(precipitation and ambient temperature climatology, surface hydrological regime) or socioecological dynamics (land cover and land use, biodiversity state and uses, economic
exchanges, migration) [25]. In response to the risks of pandemics, the One Health approach
[26, 27] promotes simultaneous consideration of the determinants of human health, animal
health (domestic animals and wildlife) and environmental health.
This posture leads to considering both public health and environmental themes—such as
climate change [28, 29] or the loss of biological diversity [30]—linked by epidemiological
dynamics [31], as well as organizations operating from international to regional or local levels
in these areas. Health governance in Southeast Asia, a hot spot for the emergence or reemergence of infectious diseases and biodiversity [32], is also based on political or legal texts
(e.g. international conventions [33]), which are themselves integral parts of governance systems [34]. In the One Health perspective, the following health and environmental themes are
identified: human health (HH label), animal health (AH), ecosystem health (EH), climate
change (CC), land use and land cover (LU), water resources (WR) and risk assessment or risk
analysis (RA). The organizations we consider2 are listed in Table 1 with the themes for which
they display competencies.
Types are indicated by combining the following initials: I = international; R = regional; O = organization; Ob = observation; N = network; Po = policy; Pr = project or initiative; NG = nongovernmental and PF = platform. The labels of themes read as follows: HH = human health;
AH = animal health; EH = ecosystem health; CC = climate change; BD = biodiversity; FS = food
security; LU = land use and land cover; WR = water resources and RA = risk assessment or risk
analysis.
Under the generic term organization, we target organizations as such (FAO, WHO), networks
(e.g. TROPMED, APEIR, GEOBON) or network of networks of organizations (CORDS), consortia (MBDS), information systems (ARAHIS), fora (FREH) or technical or cooperation platforms (ARAHIS, EVIPNeT). ASEAN2025 [35] outlines the ASEAN policy strategy for
collaboration and development in member countries, and as such participates in regional
governance, particularly on health-environment issues. All these entities have an institutionalized existence. Regional health-environment governance involves in fact the diversity of
2

The criteria and methodology used for this choice of organization are described and discussed in Ref. [11].
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01

L

T

Websites of organizations

Acronym = Subset of Themes

GLOBAL

IO

http://www.fao.org/home/en/

FAO = {HH,AH,EH,CC,BD,FS,LU,WR,RA}

02

IO

www.oie.int/

OIE = {AH,RA}

03

IO

www.who.int/

WHO = {HH,CC,RA}

04

IObN

http://geobon.org/

GEOBON = {BD}

05

IO

www.cordsnetwork.org/

CORDS = {HH,AH,EH,RA}

RPo

See reference [35]

ASEAN2025 = {HH,CC,BD,FS,LU,WR,RA}

06

ASEAN

07

RO

https://www.aseanbiodiversity.org/

ACB = {BD,RA}

08

RPr

http://environment.asean.org/

ACEenv = {HH,CC,BD,WR}

09

RN

www.asfnsec.org/

ASFN = {CC,BD,FS,RA}

10

RO

http://aichr.org/

AICHR = {HH,CC}

11

NGO

https://www.aseanlawassociation.org/

ALAWASS = {RA}

12

RPF

http://www.rr-asia.oie.int/

ARAHIS = {AH}

RO

www.seameo.org/

SEAMEO = {HH}

14

RO

https://www.biotrop.org/

BIOTROP = {HH,AH,EH,BD,WR}

15

RO

www.seameo-recfon.org/

RECFON = {HH,FS,RA}

13

SEAMEO

16

RO

http://www.searca.org/

SEARCA = {CC,BD,FS,LU,WR}

17

RN

http://seameotropmednetwork.org/

TROPMED = {HH,RA}

RN

www.mbdsnet.org/

MBDS = {HH,RA}

RPr

http://www.cdcmoh.gov.kh/25-cdc2-project/

CDC-ADB = {HH,AH,CC,RA}

18

Mekong

19
20

RO

http://www.mrcmekong.org/

MRC = {HH,AH,EH,CC,BD,FS,LU,WR,RA}

21

NGO

www.mekonglawcenter.org/

MRLC = {BD}

22

RN

http://cansea.org.vn/

CANSEA = {CC,BD,FS,LU,WR}

23

RPr

https://www.adb.org/projects/40253-012/main

BCI/CeP = {HH,EH,CC,BD,FS,LU,WR,RA}

24

RPr

http://lowermekong.org/

LMI = {HH,BD,FS,WR,RA}

25

RON

http://www.esabii.biodic.go.jp/ap-bon/

APBON = {BD}

26

Asia-Pacific

RPF

http://www.aehin.org/

AeHIN = {HH,RA}

27

RPF

http://www.who.int/evidence/en/

EVIPNetA = {HH}

28

RO

http://apeir.net/

APEIR = {HH,AH,EH,RA}

29

RO

www.pemsea.org/

PEMSEA = {EH,BD,FS,WR}

30

RO

www.asiadhrra.org/

ADHRRA = {CC,BD,FS}

31

RPF

http://www.esabii.biodic.go.jp/

ESABII = {BD}

32

RPr

http://www.wpro.who.int/rfeh/en/

RFEH = {HH,EH,CC,RA}

33

RPr

www.cobsea.org/

COBSEA = {EH,CC,BD,FS,LU,WR}

34

RN

www.aecen.org/

AECEN = {HH,CC,BD, RA}

Table 1. List of organizations (level L and type T in columns 2 and 3) as simplices over the health-environment-related
themes.
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organizations and political and legal mechanisms that must be taken into account in an
empirical approach.

3. Governance structure: dimensions and conjugacy
To present the concepts we are interested in, we work out a small-size case and introduce
some notations. We consider a set X of M ¼ 4 organizations (with acronyms WHO, SEARCA,
LMI, APEIR), a set Y of N ¼ 6 themes or issues (with labels HH, AH, EH, CC, LU, RA) and
relation R so that xj Ryk means that organization xj ∈ X has competency on theme yk ∈ Y as
indicated by the checked cells of the table in Plate 1A. This information is coded in the
incidence matrix R with a 1 at the intersection of jth line and kth column (zero value otherwise; see Plate 1B).
Now consider each organization xj as the set of themes with which it is related, say


xj ≈ yk such as xj Ryk . For example, we have APEIR ¼ fHH; AH; EH; RAg. The organization
APEIR can be represented as a regular polyhedron of four linked vertices (the related themes), say
as a tetrahedron or 3-simplex (which is 3-dimensional). In the same way, WHO ¼ fHH; CC; RAg

is a 2-simplex (three vertices, triangle, 2-dimensional). SEARCA ¼ fCC; LU g and LMI ¼ fHH; RAg
are two disjoint 1-simplices (2 linked vertices, line segment, 1-dimensional). Altogether these simplices form the simplicial complex Kex
X ½Y; R�, the subscript X indicating that the simplices represent
organizations (elements of X) and the superscript “ex” standing for “example.” Figure 1A shows
that LMI is a 1-common face (line segment) of both the APEIR tetrahedron and WHO triangle. WHO
and SERCA share a 0-face (with a single vertex fCCgÞ.
In a symmetrical or conjugated way, we can consider each theme as the set of organizations


with which it is bound by the inverse relation R�1 : yk ≈ xj such as yk R�1 xj . The conjugate


�1
simplicial complex Kex
is represented in Figure 1B. LU ¼ fSERCAg, AH ¼ fAPEIRg
Y X; R

and EH ¼ fAPEIRg are 0-simplices, the last two not being distinguishable in this specific
context. CC is a 1-simplex; HH and RA are undistinguishable 2-simplices (same triangle). The
M � M symmetric matrix RRT (with elements ajk ; RT is the transposed matrix of R) convey
information on Kex
X ½Y; R�: ajj is the number of vertices forming the simplex xj ; ajk is the number

Plate 1. (Left) Table of the relation between organizations (lines) and themes (columns) and (right) corresponding
incidence matrix.
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�1
ex
Figure 1. Example of simplicial complex Kex
. The label of simplices (resp.
X ½Y; R� and conjugate complex KY X; R
ex
vertices) is given in rectangular gray boxes (resp. ellipses). (A) 3D simplicial complex KX . Each simplex is an organization,
and the vertices are themes. (B) 2D simplicial complex Kex
Y : Each simplex is a theme, and the vertices are organizations.

of vertices shared by simplices xj and xk . In the same way, matrix RT R encodes information on


�1
.
Kex
Y X; R

As for graphs, it is possible to define paths in a simplicial complex, but of various dimensions.
The intersection between two simplices—for example xj and xjþ1 —is either empty or is a set of
vertices that form a simplex xj ∩ xjþ1 of Kex
X . Two simplices x1 and xm are connected by a path of
length ðm � 1Þ if the sequence of simplices x1 , x2 , …, xm satisfies xj ∩ xjþ1 6¼ ∅ for every
j ∈ f1; 2; …; m � 1g. It is also a q-path if:



(1)
Minj¼1::ðm�1Þ dim xj ∩ xjþ1 ¼ q

That is to say each pair of consecutive simplices of the sequence shares at least ðq þ 1Þ vertices.
x1 and xm are then q-connected. Any path of minimum length between two simplices is called
a geodesic. The relation xj Rq xk if xj and xk are q-connected is an equivalence relation on Kex
X.
.
We
denote
by
Q
The equivalence classes of Rq are called the q-connected components of Kex
q
X
their number. The graphical representation of simplicial complexes is not readable as soon as
the dimension of the simplices is greater than 3 or when the complex is composed of numerous
simplices with common faces. This limitation is bypassed by the use of indicators.

4. Governance complex: global to local indexes
We define three types of indexes to characterize a simplicial complex K defined from a relation
involving a space X of cardinal N. A global index characterizes a simplicial complex in its
entirety. A mesoindex takes into account the positioning of each simplex in the whole structure
of the simplicial complex. A local index is attached to each simplex and allows to evaluate the
configuration of their local insertion, with their immediate neighbors, in the complex. The first
global index associated to a simplicial complex K is its dimension dimK: it is the dimension of
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its higher dimensional simplex. In our example of Figure 1, we have dimKex
X ¼ 3 and
¼
2.
The
structure
vector
Q
ð
K
Þ
is
formed
from
the
number
of
q-connected
components
dimKex
Y
of K, for q varying from 0 to dimK:
QðKÞ ¼ ½Q0 ; Q1 ; Q2 ; ::; QdimK �

(2)

A global size index is evaluated according to the formula:
GSI ðKÞ ¼

XdimK
2
ðq þ 1ÞQq
q¼0
ðdimK þ 1ÞðdimK þ 2Þ

(3)

If K is complete, then GSI ¼ 1. If none of the N vertices of K is connected to another vertex, then
GSI ¼ N. In order to compare the percentage of dispersion of vertices between complexes that
do not have the same number of vertices, one also defines a normalized size index:
GSI ðKÞ ¼ 100 � ½GSI ðKÞ � 1Þ�=ðN � 1Þ

(4)

GSI can vary from 0% for a clique to 100% for isolated vertices (i.e. for a stable set in the
terminology of graph theory). Meso-indexes take into account the insertion of each simplex in
the network. For each simplex xj , one defines a size index by:
� �
MSI xj ¼

XdimK
� �
2
ðdimK þ 1 � qÞ � nq xj
q¼0
ðN � 1ÞðdimK þ 1ÞðdimK þ 2Þ

(5)

� �
� �
where nq xj is the number of simplices y, with y 6¼ xj , connected to xj by a q-path. MSI xj is
0 when xj is isolated (not connected to any other simplex y, with y 6¼ xj ). It increases in
particular when the dimension of the complex is high and the simplex has connections with
� �
many other simplices along low-dimensional q-paths. A path index Pq xj is also defined
for each simplex, which also depends on a threshold dimension q (with q varying from 0
to dimK):
� �
Pq xj ¼ �

�
Xgq þ1 �
� �
2
��
�
g
þ
2
�
k
�
m
xj
q
,
k
��
q
k¼1
Nq � 1 gq þ 1 gq þ 2

(6)

� �
where mq, k xj is the number of simplices y, with y different from xj and connected by a q-path
of length at most k. gq is the maximum length of q-geodesics and N q is the number of simplices
� �
x with dimension greater or equal to q. Pq xj varies from 0 when xj is isolated (no access to
this simplex) to 1 when xj includes all other simplices (as faces: immediate access). Eccentricity
� �
is a local index attached at each simplex. Considering a simplex xj of dimension dim xj and
�
�
which higher q-connectivity is of degree dim0 xj , we define the eccentricity of xj by:
� �
� �
� � dim xj � dim0 xj
� �
η xj ¼
dim0 xj þ 1

(7)
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The eccentricity of xj is maximal if it is only connected to the other simplices by a 0-path: its
 
   
value is then η xj ¼ dim xj . η xj ¼ 0 if xj is a sub-simplex (say if there is a xk such that
 
xj ⊂ xk ). By convention, we set η xj ¼ �1 if xj is an isolated simplex.

5. Governance ideal types versus empirical types
To better understand the specificities of the system we are studying, we propose four models of
comparisons corresponding to limiting types of organization of governance, say of ideal types.
In the following examples, we assume the same number N ¼ 8 or organizations and competences. The global indexes of the corresponding complexes are summarized in Table 2. Note that
for the no-dependency, full dependency and cyclic ideal types, the incidence matrices are symmetric so that the properties of the simplicial complex KX and of its conjugate KY are the same.
5.1. Ideal type 1: no dependency K nodep
In this model, each of the N organizations has a single competence (works on a single theme)
and there is no overlap in the areas of competence of the organizations. This governance
structure induces a unitary diagonal ½N � N � square matrix (identity matrix). Each organization is a 0-simplex (a single vertex) with eccentricity �1 since there is no path between
organizations (each organization is isolated). The simplicial complex Knodep is of zero dimension dimKnodep ¼ 0. The vector of structure Q also includes only one component equal to the

½8�

 
η xj

�1

 
M SI xj

0

0

0

½1; 1; 1; 1; 1; 1; 1; 1�

0

1

1

1

0

½1; 1; 1; 1; 1; 1; 1; 1�

{j = 1}:7
{j6¼1}:0

{j = 1}:0.22
{j6¼1}:0.11

{j = 1, q = 0}:1
{j 6¼1, q = 0}:0.43
{j = 1, q ≥ 1}:0

1

5

57.1

[1, 7]

{j = 1}:0
{j6¼1}:1

{j = 1}:0.62
{j6¼1}:0.67

{q = 0}:1
{q = 1}:0

KX or Y

cycle1

1

5.7

66.7

[1, 8]

1

0.67

{q = 0}:0.56
{q = 1}:0

KX or Y

cycle2

2

4.5

50.0

[1, 8]

1/2

0.83

{q = 0}:0.71
{q = 1}:0.56 {q = 2}:0

cycle3

3

3.8

40.0

[1, 8]

1/3

0.90

{q = 0}:0.90
{q = 1}:0.71
{q = 2}:0.56 {q = 3}:0

dimK

GSI

GSI

QðK Þ

KX or Y

nodep

0

8

100

KX or Y

fulldep

7

1

Kvertical
X

7

Kvertical
Y

KX or Y

 
Pq x j

The values of j and q are specified (between braces) only if the value of the index considered is related to them. In the
Kvertical
complex, j = 1 corresponds to the generalist organization xVI , which has all the competences.
X
Table 2. Indices and structure vectors of simplicial complexes corresponding to main ideal type of governance (assuming
8 � 8 incidence matrices)—see text.
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global size index GSI of the complex. This index is equal to the number of independent
organizations considered GSI ¼ N (and thus Q ¼ ½N�) and the maximum dispersion
GSI ¼ 100%.
5.2. Ideal type 2: full interdependency K fulldep
Here, on the contrary, the organizations all work on all the themes and are thus fully
interdependent, with no structural leadership. The incidence matrix ½N � N � is full of 1. The
dimension of the complex of the organization is determined by the number of themes,
fulldep

¼ ðN � 1Þ. The complex has only one component, all the organizations being
dimKX
connected by an (N–1) path. Each simplex has dimension ðN � 1Þ and zero eccentricity:
indeed, each simplex coincides with each of the other simplices. The vector of structure


fulldep
is an all-one vector of N components. However, the amalgam of the organizations
Q KX

in a compact structure is expressed by the value of the size index GSI ¼ 1 (and dispersion index
GSI ¼ 0), and therefore does not depend on the number N of themes. By symmetry, the
fulldep

conjugate complex KY

has similar properties.

5.3. Ideal type 3: vertical integration K vertical
For comparison with the other models, in this ideal type, we also consider that the number of
organizations is equal to the number of competences N. In the vertical integration model, one
of the organizations xVI , integrates all the skills the other organizations having only one of
these skills, each time different from the skill of the other organizations. The corresponding
incidence matrix is an identity ½N � N� matrix with the addition of the first line (corresponding
to the integrative organization) composed of unit elements. The dimension of the simplicial
complex Kvertical
of the organizations is given by the dimension of the organization xVI which
X

¼ ðN � 1Þ. All other organizaintegrates all the competences ([N � 1]-simplex), say dimKvertical
X
tions are 0-simplices attached to xVI by the competence that each one shares with it: there is
only one 0-path that binds all organizations. They all have zero eccentricity, being a face (of
dimension zero) of the simplex xVI with eccentricity ηðxVI Þ ¼ dimðxVI Þ. The structure vector QX
has N unit components and the global size index is GSI ¼ 1 (and dispersion GSI ¼ 0).

While the diagram associated with Kvertical
consists mainly of the simplex xVI of the integrative
X

is a
organization (the other organizations coinciding with its vertices), the diagram of Kvertical
Y
star diagram (a single connected component). The matrix of incidence of the relation R�1 is an
identity matrix with the first column filled with 1s. The theme addressed only by xVI is a
0-simplex and the others are all 1-simplices (addressed by xVI and one and only one other
organization), thus dimKvertical
¼ 1. Its structure vector has two components QY ¼ ½1; N � 1� (a
Y

0-simplex and N � 1 1-simplices). Kvertical
has only one connected component (star diagram, no
Y
isolated vertex). The eccentricity values do not depend on the size of the network: the eccentricity is zero for the theme taken into account only by the organization xVI , and 1 for the
themes covered by two organizations (xVI and one and only one other organization). The
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global size index depends on the number of organizations with GSI ¼ 2ðN � 1Þ=3. Finally,
it should be noted that in this model, horizontal integration (a competence shared by all
organizations, other competences being held by only one organization) is obtained by simply
transposing the incidence matrix associated with vertical integration (with simplicial complex
Kvertical
).
X
5.4. Ideal type 4: cyclic integration K cycleθ


Let us suppose that we have N themes y1 ; y2 ; …; yN and that each organization has competencies on the same number k < N of themes but so that the first organization covers the themes




y1 ; y2 ; …; yk , the second one the themes y2 ; y3 ; …; ykþ1 and so on till the last organization


with competences on yN ; y1 ; …; yk�1 . The corresponding complex is formed from N simplices
of dimension ðk � 1Þ connected by two along a (k � 2)-path forming a cycle. We shall say that
this cycle has a thickness θ ¼ ðk � 1Þ. Two organizations opposite to each other on the cycle have
no common focus (theme and competence). However, they are connected by the (k � 1)-path,
but separated by a hole. They may be led to dialog, but through other neighboring organizations
(with whom they share themes of interest), with some themes being shared between contiguous
organizations along this path. As R. Atkin notes, the hole in the middle of the cycle is not just the
absence of common competences between opposite organizations on the cycle: it is a real
obstacle to cooperation (viewed from the sharing of competences). Table 2 presents the values
of the indexes for three cyclic models with respective thickness θ ¼ 1, 2 and 3 (assuming again
cycleθ

8 � 8 incidence matrices). The dimension of the cycle complexes is given by dimKX or Y ¼ θ. The

θ first values of the structure vector are 1 s, and the last ðθ þ 1Þth component equals N. All
simplices have the same eccentricity η ¼ θ�1. For a given value of θ, all the simplices have the
 
same meso-index of size MSI . The path index Pq xj takes quantized values and follows a pattern
when changing θ and q as can be seen in Table 2.

6. The role of generalist organizations
all
Consider now the complex Kall
X and its conjugate K Y representing the organizations involved
in Southeast Asia with the distribution of their competences in environment and health as
given in Table 1. With expertise in each of the areas we are interested in, we consider FAO
(Food and Agriculture Organization of the United Nations) and MRC (Mekong River Commission) in this context as generalist organizations. The fact that they cover all the competences
has several consequences: (a) whatever the dimension threshold considered, the complex has
only one connected component (the vector of structure is a all-one vector; it is also the case
global

with KX

Mekong

and KX

for the same reason; Table 3); (b) all other organizations are faces, of the

FAO-MRC simplex with no dispersion of the organizations GSI ¼ 0; (c) the eccentricity of all
organizations of Kall
X is zero; (d) the dimension values of the simplices and their meso-index of

size MSI are congruent (provide the same information) as seen in Figure 2. Overall, the Kall
X
simplicial complex is very similar to the ideal type of vertical integration Kvertical
.
X
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No competence to solicit all organizations, the structure of the conjugate complex Kall
Y is less
homogeneous. Two factors contribute to a high value of the mesoindex of size: a high number
of vertices connected by q-geodesics of maximum length and in addition that this degree q is
low—see Eq. (5). This is the case of simplices HH (human health), RA (risk assessment) and BD
(biodiversity) (Figure 3). The eccentricity varies according to the competence considered. In
this context of governance, the skill regarding biodiversity is more eccentric, less integrated to
the set of other competences. Indeed RA and BD are of the same dimension (18) but the
degrees of q-connectivity are q = 14 for RA and q = 10 for BD; HH is of dimension 19 and of
higher q-connectivity q = 14.
The structure vector Qall
Y also contains very useful information. It indicates the number of coexisting cliques when only the simplices of a dimension greater or equal to a threshold
dimension are maintained. In the case of Kall
Y , the cliques are represented in the Q-analysis tree
in Figure 4. The lower dimensional simplices (disappearing first from the tree of cliques) are
land use (LU), then animal health (AH) and ecosystem health (EH). AH and EH are also the
first simplices to dissociate from the main clique. These properties show that animal health and
½M; N �

Complex

dimK X

Q ðK Þ

QðK Þ

GSI

dimK Y

Complex

½34; 9�

Kall
X

8

0

½1; 1; 1; 1; 1; 1; 1; 1; 1�

½1; 1; 1; 1; 1; 1; 2; 3; 2; 1; 2; 4; 3; 3; 3; 3; 3; 3; 3; 1�

18.0

19

Kall
Y

½5; 9�

KX

global

8

0

½1; 1; 1; 1; 1; 1; 1; 1; 1�

½1; 2; 1; 1�

2.5

3

KY

½7; 9�

KASEAN
X

6

0.6

½2; 1; 1; 1; 1; 1; 1�

½2; 1; 1; 3�

11.2

3

KASEAN
Y

½5; 9�

KSEAMEO
X

4

28.3

½1; 2; 3; 2; 2�

½1; 3; 1; 1�

5.0

3

KSEAMEO
Y

½7; 9�

KX

Mekong

8

0

½1; 1; 1; 1; 1; 1; 1; 1; 1�

½1; 1; 1; 3; 2�

10.8

4

KY

½10; 9�

KAsiPac
X

5

7.9

½1; 1; 2; 4; 1; 1�

½1; 1; 3; 4; 2; 1�

13.7

5

KAsiPac
Y

GSI

global

Mekong

Table 3. Global indices and structure vectors of various complexes corresponding to empirical types of healthenvironment governance.

Figure 2. Values of the dimension + 1 (diamonds) and meso-index of size MSI (squares) for the simplices (organizations)
of Kall
X . The values of the meso-index of size obtained by considering each organization group separately (global, ASEAN,
SEAMEO, organizations of the Mekong Basin, Asia-Pacific organizations—see Table 1) are also represented (triangles).
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ecosystem health skills are the least well integrated in this context of regional governance,
while their integration with human health is central to the One Health approach. Similarly,
land use skills are very important—especially if they are linked to epidemiological competences—the life cycle of several vectors and pathogens being influenced by land use and land
cover changes [36]. Finally, the clique of competences that we can classify under the label
environmental changes (climate change, biodiversity, water resources, food security) also dissociates quite quickly (in dimension 10), revealing an institutional gap between these competencies (in this context again).
The Q-analysis can be done by considering in turn each subgroup of organizations—global
organizations, ASEAN, SEAMEO, Mekong Basin and Asia-Pacific organizations (see Table 1).
The trees showing the fragmentation of the competence cliques with the increase of the

Figure 3. Number of vertices (diamonds), meso-size index MSI � 100 (squares) and eccentricity η � 100 (triangles) of the
complex of competences Kall
Y .

Figure 4. Q-analysis tree of Kall
Y : clique of competences (with labels given in Table 1) as a function of the threshold
 
dimension q, with structure vector Q Kall
Y ¼ ½1; 1; 1; 1; 1; 1; 2; 3; 2; 1; 2; 4; 3; 3; 3; 3; 3; 3; 3; 1�. The threshold dimension q is
indicated in the bottom boxes.
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threshold dimension are very different from each other (Figure 5) and do not make it possible
to infer a priori that which results from their association in Figure 4. At the beginning, each
group presents all the competences distributed among its member organizations (except
ASEAN without competence in environmental health). But according to the organizations
involved, each competence is more or less shared in the group. The main ones (at the top of
the trees) will tend to promote the associated theme as one that federates the activities of the
organization group: risk assessment for global organizations, human health for Asia-Pacific
and SEAMEO, the importance of climate change for ASEAN, etc. Groups with the most
member organizations tend to have higher competence trees (5 for Asia-Pacific). It is also
observed that although the Global and Mekong groups have each a generalist organization
(FAO and MRC respectively), the competence cliques are not comparable.
Of course, the association of all these groups produces a higher clique tree (q = 19, Figure 4),
with a more robust network of competences with respect to a change of skill, or even the
discontinuance of an organization. The integration of groups in the regional governance
system has differentiated effects for each organization. In Figure 2, it is observed, for example,
that the meso-index of size MSI decreases for the MRC generalist organization, whereas it
increases for the FAO. GEOBON’s relative size decreases with this integration, whereas that
of APBON (both dedicated to the management of biodiversity observations) remains
unchanged. The competence portfolio (and hence the number of vertices) remains unchangesd
by the integration of organizations, thus any change in the size meso-index reflects the

Figure 5. Q-analysis tree of cliques of competences considered separately for each group of organizations (labels in the
rectangular boxes at the bottom). The threshold dimension q is indicated for each level.
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modifications of the q-paths, the low-dimensional ones being weighted more in this index (cf.
Eq. (5)).
Without going into details, the tree of the cliques of organizations obtained according to the
threshold dimension is less interesting in this context than that of competences presented in
Figure 5. Indeed, the tree associated with each organization group resembles more or less that
corresponding to another ideal type. This one, which we call pyramidal ideal type (inverted), is
composed of n ¼ 1…N organizations, the nth having ðN � n þ 1Þ competencies. At the top
there is a generalist organization and at the bottom an organization presenting only one
competence. In this situation, the tree of the cliques has only one trunk that loses an organization with each unit increment of the threshold dimension. The path indexes (Eq. (6)) of almost
all organizations change with their integration in the larger “all” governance system as can be
seen for the FAO and COBSEA (Coordinating Body on the Seas of East Asia) organizations and
for the strategic policy program ASEAN2025 [35] in Figure 6.
The change in the Pq path indexes expresses the fact that in general the integration of an
organization in a large governance systems multiplies the q-paths and the opportunities to
find some potential partners with similar competences and interest in common themes. Of
course, a generalist organization like FAO takes maximum advantage of such integration. But
it is also interesting to see that a political strategy as expressed by the ASEAN countries in their
ASEAN 2025 policy [35] offers new perspectives and new connectivity, when considered in a
broader governance context. Similarly, an organization like COBSEA, focused on issues related

Figure 6. Path indexes (�100; x-axis) of FAO, ASEAN2025 policy text and COBSEA as a function of the threshold
dimension (y-axis). Each entity is considered both in the Kall
X simplicial complex and in the complex corresponding to
global

their organizations group (see text and Table 1). (A) FAO [squares: in Kall
X ; triangles: in KX
monds: in

Kall
X;

crosses: in

Kasean
X

] and (C) COBSEA [dots: in

Kall
X;

plus: in

asipac
KX

].

]; (B) ASEAN2025 [dia-
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to the management of regional seas and marine resources and environments, is to be
reconsidered in the larger governance system, as it is true that the relative position that each
occupies depends closely on the context taken into account. All the information produced
by Q-analysis is not exploited here, but position and importance of attributes of each
entity—actors (e.g. organizations) and framework for action (policy strategy, legal instruments, etc.)—can be analyzed according to different governance contexts where it integrates
or wishes to integrate.

7. Discussion
The mathematical concepts used in this article remain elementary, but it is important to note
that the two conjugate complexes associated with the same relation, even though they have
generally very different combinatorial appearances, share strong topological properties. From
the mathematical point of view, this is reflected in the identity of their homology groups and
their homotopy groups [37, 38]. This goes well beyond the elementary considerations to which
we limit ourselves here in our modeling but the identity of these topological characteristics
reinforces the importance of the principle of conjugacy between the two simplicial complexes
naturally associated with a given relation.
For governance studies, the interest of such an approach is that it allows understanding
very different contexts of governance by describing the actors and organizations already
into action and the way they connect to each other. Ultimately, it also makes possible to
delineate the institutions and issues at stake and to highlight the different levels of decisionmaking and thus of regulations involved. It can apply in various settings. For instance, one
of the issues underlined by Osofsky [1] in the case of the environmental disaster resulting
from the BP Deepwater Horizon oil spill is the need for integration across scales. The spill
stretched over the shoreline of five states of the United States, and due to the multiplicity of
decision levels (local and federal governments) and the variety of institutions involved
(such as the Department of Agriculture, Department of Defense, Department of Energy,
Department of Homeland Security, Department of Justice, Department of the Interior,
Department of Labor, Environmental Public Agency, Health and Human Services or
National Aeronautics and Space Administration …), one of the legal difficulties was to
disentangle the overlaps of regulations or on the contrary the gaps resulting from the legal
fragmentation.
The approach can thus be used in this kind of context or either to determine in a specific area,
like the Southeast Asian region, how the health and environmental governance works to
identify the missing linkages or the possibilities for synergies. It is a flexible approach and the
results and their interpretations are depending on the context chosen as well as on the organizations, networks and themes considered in the research scope. This flexibility can be seen not
only as a limit of the approach but also as an advantage as it allows to change the analysis
framework: in a first phase, we could choose to consider a specific type of organizations (in a
predetermined typology) and thus extend the research to other types of organizations. It is
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particularly relevant when it comes to describing and interpreting multidimensional and
multilevel interactions.
The modeling approach is also very useful when governance systems are composed of hundreds of organizations and tens of attributes or when the ambition is to simulate the impact of
changes of governance structure through scenarios. System wide indexes (global indexes),
local indexes attached to each organization or attribute and meso-indexes assessing how they
are inserted are exploited not only to construct global governance diagnoses but also to follow
each entity in the evolving governance architecture.
On a semantic point of view, the use of the term model itself in the legal or political arena is
different than in mathematics, physics or computer sciences. This can have methodological
repercussions, as the term “model” can be used to define a descriptive approach closer to an
enumeration of facts than to a systemic approach. Indeed, when speaking about models of
governance, legal scholars usually refers to an analytical or normative framework rather than
to a model integrating interactions and showing a dynamic expressed through mathematical
properties translating types of behaviors or linkages. Nevertheless, this type of formal model
opens the perspective of many analyzes of real systems of governance seen from new and
diversified angles.

8. Conclusion
We have enriched our analytical tools with another approach to modeling systemic governance based on Q-analysis and using the simplicial complexes as a mathematical object (type
of hypergraph or hyper-network). The model allows taking into account a variety of entities
as elements of governance, say organizations, networks (of networks) of organizations,
technical platforms, but also legal instruments (e.g. norms, agreements) and public policies.
Since these entities can be characterized in different ways, modeling leads us to consider
governance under as many different angles as there are types of attributes associated
with entities.
The simplicial complexes introduce formal concepts of dimension and conjugacy between
the hyper-network of entities (e.g. organizations) and the hyper-network formed by a
choice of attributes, the two simplicial complexes being bound by topological properties.
Several indicators are evaluated to characterize the global (overall), mesoscale and local (at
the scale of each organization or attribute) properties of each of the two conjugated complexes associated with a given context of governance. Moreover, these indicators also make
it possible to compare distinct systems of governance. Thus, we have also established the
indices associated with several ideal type of governance that stylizes limit situations between organizations (or other entities): complete independence, full interdependence, vertical integration and horizontal integration and cyclic governance. The flexibility of the
analytical tool makes it suitable for exploring a wide variety of governance systems, the
case discussed in more detail here considering groups of organizations involved in Southeast Asia on health-environment issues.
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Abstract
Graph theoretic foundations for a kind of infinite rooted in-trees T ðRÞ ¼ ðV, EÞ with root
R, weighted vertices v ∈ V, and weighted directed edges e ∈ E ⊂ V � V are described.
Vertex degrees deg(v) are always finite but the trees contain infinite paths (vi)i ≥ 0. A
concrete group theoretic model of the rooted in-trees T ðRÞ is introduced by representing
vertices by isomorphism classes of finite p-groups G, for a fixed prime p, and directed
edges by epimorphisms π: G ! πG of finite p-groups with characteristic kernels ker(π).
The weight of a vertex G is realized by its nuclear rank n(G) and the weight of a directed
edge π is realized by its step size sðπÞ ¼ logp ð#kerðπÞÞ. These invariants are essential for
understanding the phenomenon of multifurcation. Pattern recognition methods are used
for finding finite subgraphs which repeat indefinitely. Several periodicities admit the
reduction of the complete infinite graph to finite patterns. The proof is based on infinite
limit groups and successive group extensions. It is underpinned by several explicit
algorithms. As a final application, it is shown that fork topologies, arising from repeated
multifurcations, provide a convenient description of complex navigation paths through
the trees, which are of the greatest importance for recent progress in determining p-class
field towers of algebraic number fields.

Keywords: rooted directed in-trees, descendant trees, infinite paths, vertex distance,
weighted edges, pattern recognition methods, pattern classification, independent
component analysis, graph dissection, finite p-groups, projective limits, periodicity,
group extensions, nuclear rank, multifurcation, presentations, commutators, central series

1. Introduction
In Section 2, we describe the abstract graph theoretic foundations for a kind of infinite rooted
in-trees T ðRÞ ¼ ðV, EÞ with root R, weighted vertices v ∈ V, and weighted directed edges

© 2018 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.
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e ∈ E ⊂ V � V, which are suited perfectly for describing the crucial phenomenon of
multifurcation in Section 2.3. The vertex degrees degðvÞ are always finite, but the trees contain
infinite paths ðvi Þi ≥ 0 . In Section 3, we introduce a group theoretic model of the rooted in-trees
T ðRÞ. Vertices are represented by isomorphism classes of finite p-groups G, for a fixed prime
number p. Directed edges are represented by epimorphisms π : G ! πG of finite p-groups with
characteristic kernels kerðπÞ. The weight of a vertex G is realized by its nuclear rank nðGÞ, and
the weight of a directed edge π is realized by its step size sðπÞ ¼ logp ð#kerðπÞÞ. Since the

structure of our rooted in-trees is rather complex, we use pattern recognition methods in Section
3.1 for finding finite subgraphs which repeat indefinitely as branches of coclass subtrees, thus
giving rise to a first periodicity. Additionally, we employ independent component analysis for
obtaining a graph dissection into pruned subtrees, either by Galois action in Section 3.2.1 or
by Artin transfers in Section 3.2.2. A second periodicity of pruned coclass subtrees eventually
admits the reduction of the complete infinite graph T ðRÞ to finite patterns. Evidence of these
newly discovered periodic bifurcations is provided by a mixture of bottom up techniques, using
successive extensions by means of p-covering groups in the p-group generation algorithm and top
down techniques using infinite limits and their finite quotients in Sections 3.4 and 3.5. As a
coronation of this chapter, we show in Sections 3.6 and 4 that fork topologies provide a convenient description of very complex navigation paths through the trees, arising from repeated
multifurcations, which are of the greatest importance for recent progress in determining p-class
field towers Fð∞Þ
p of algebraic number fields F.

2. Underlying abstract graph theory
Let G ¼ ðV, EÞ be a graph with set of vertices V and set of edges E. We expressly admit infinite
sets V and E, but we assume that the in and out degree of each vertex is finite.
2.1. Directed edges and paths
In this chapter, we shall be concerned with directed graphs (digraphs) whose edges are rather
ordered pairs ðv1 , v2 Þ ∈ V � V than only subsets {v1 , v2 } ⊂ V with two elements. Such a directed
edge e ¼ ðv1 , v2 Þ is also denoted by an arrow v1 ! v2 with starting vertex v1 and ending vertex
v2 . Thus, we have E ⊂ V � V. Now, infinitude comes in.
Definition 2.1. (Finite and infinite paths.)
A finite path of length ℓ ≥ 0 in G is a finite sequence ðvi Þ0 ≤ i ≤ ℓ of vertices vi ∈ V such that
ðvi , viþ1 Þ ∈ E for 0 ≤ i ≤ ℓ � 1. We call v0 , respectively, vℓ , the starting vertex, respectively, ending
vertex, of the path. The degenerate case of a single vertex ðv0 Þ is called a point path of length
ℓ ¼ 0.
An infinite path in G is an infinite sequence ðvi Þi ≥ 0 of vertices vi ∈ V such that ðviþ1 , vi Þ ∈ E for all
i ≥ 0. In this case, v0 is the ending vertex of the path, and there is no starting vertex.
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2.2. Rooted in-trees with parent operator
Our attention will even be restricted to rooted in-trees G ¼ T ðRÞ, that is, connected digraphs
without cycles such that the root vertex R has out-degree 0, whereas any other vertex v ∈ V\{R}
has out-degree 1. A vertex with in-degree at least 1 is called capable, whereas a vertex with
in-degree 0 is called a leaf. For a rooted in-tree, we can define the parent operator as follows.
Definition 2.2. Let T ðRÞ ¼ ðV, EÞ be a rooted in-tree. Then, the mapping π : V\{R} ! V,
v↦πv, where ðv, πvÞ ∈ E is the unique edge with starting vertex v, is called the parent operator
of T ðRÞ. For each vertex v ∈ V, there exists a unique finite root path from v to the root R,
v ¼ π0 v ! π1 v ! π2 v ! … ! πℓ�1 v ! πℓ v ¼ R,
expressed by iterated applications of the parent operator and with some length ℓ ≥ 0. Each
vertex in the root path of v is called an ancestor of v.
The descendant tree T ðaÞ ¼ ðVðaÞ, EðaÞÞ of a vertex a ∈ V is the subtree of T ðRÞ ¼ ðV, EÞ
consisting of vertices v with ancestor a, that is v ∈ VðaÞ :¼ {u ∈ V j ð∃ j ≥ 0Þ πj u ¼ a}, and edges
e ∈ EðaÞ :¼ E⋂ðVðaÞ � VðaÞÞ.
A vertex u ∈ V is called an immediate descendant (or child) of a vertex a ∈ V, if there exists a
directed edge ðu, aÞ ∈ E. In this case, a ¼ πu is necessarily the parent of u.
We can define a partial order on the vertices u, a ∈ V of the tree T ðRÞ by putting u ≥ a if u ∈ T ðaÞ,
that is, if u is descendant of a and a is ancestor of u. The root R is the minimum.
The root R is always a common ancestor of two vertices u, v ∈ V. By the fork of u and v, we
understand their biggest common ancestor, denoted by Forkðu, vÞ, which admits a measure.
Definition 2.3. (Vertex distance.) The sum ℓu þ ℓv of the path lengths from two vertices u, v ∈ V
to their fork is called the distance dðu, vÞ of the vertices.

2.3. Mainlines and multifurcation
We shall also need weight functions with nonnegative integer values for vertices wV : V ! N0 ,
and with positive integer values for edges wE : E ! N. In particular, the sets of vertices and
edges have disjoint partitions
�

V ¼ ⋃n ≥ 0 V n with V n :¼ fv ∈ V j wV ðvÞ ¼ ng for n ≥ 0;
�

E ¼ ⋃s ≥ 1 Es with Es :¼ {e ∈ E j wE ðeÞ ¼ s} for s ≥ 1;

ð1Þ

such that V 0 is precisely the set of leaves of the tree T ðRÞ. Thus, there arise weighted measures.
Definition 2.4. (Path weight and weighted distance.)
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By the path weight of a finite path ðvi Þ0 ≤ i ≤ ℓ with length ℓ ≥ 0 in T ðRÞ such that ðvi , viþ1 Þ ∈ Esi for
Xℓ�1
s . The sum wu þ wv of the path weights from two
0 ≤ i ≤ ℓ � 1, we understand the sum
i¼0 i
vertices u, v ∈ V to their fork is called the weighted distance wðu, vÞ of the vertices.

In Definitions 2.5 and 2.6, some concepts are introduced using the minimal possible weight.
Definition 2.5. (Mainlines and minimal trees.) An infinite path ðvi Þi ≥ 0 in T ðRÞ with edges of
weight 1, that is, such that ðviþ1 , vi Þ ∈ E1 for all i ≥ 0, is called a mainline in T ðRÞ.
The minimal tree T 1 ðaÞ ¼ ðV 1 ðaÞ, E1 ðaÞÞ of a vertex a ∈ V is the subtree of the descendant tree
T ðaÞ ¼ ðVðaÞ, EðaÞÞ consisting of vertices v, whose root path in T ðaÞ possesses edges e of weight
1 only, that is v ∈ V 1 ðaÞ :¼ {u ∈ VðaÞjð∀ 0 ≤ j < ℓÞ ðπj u, πjþ1 uÞ ∈ E1 }, and edges e ∈ E1 ðaÞ :¼
EðaÞ⋂ðV 1 ðaÞ � V 1 ðaÞÞ.
Definition 2.6. (Branches.) Let ðvi Þi ≥ 0 be a mainline in T ðRÞ. For i ≥ 0, the difference set
Bðvi Þ :¼ T 1 ðvi Þ\T 1 ðviþ1 Þ of minimal trees is called the branch with root vi of the minimal tree

T 1 ðv0 Þ. The branches give rise to a disjoint partition T 1 ðv0 Þ ¼ ⋃˙ i ≥ 0 Bðvi Þ.

Finally, we complete our abstract graph theoretic language by considering arbitrary weights.
Definition 2.7. (Multifurcation.)
Let n ≥ 2 be a positive integer. A vertex a ∈ V n has an n-fold multifurcation if its in-degree is an
n-fold sum N 1 þ N 2 þ … þ N n due to N s ≥ 1 incoming edges of weight s, for each 1 ≤ s ≤ n. That
is, we define counters N s of all incoming edges of weight s, and additionally, we have counters
Cs of all incoming edges of weight s with capable starting vertex
Ns :¼ N s ðaÞ :¼ #{e ∈ Es je ¼ ðu, aÞ for some u ∈ V},

Cs :¼ Cs ðaÞ :¼ #{e ∈ Es je ¼ ðu, aÞ for some u ∈ V with wV ðuÞ ≥ 1}:

ð2Þ

We also define an ordering and a notation [1] for immediate descendants of a by writing
a � #s; i for the ith immediate descendant with edge of weight s, where 1 ≤ s ≤ n and 1 ≤ i ≤ Ns .

3. Concrete model in p-group theory
Now, we introduce a group theoretic model of the rooted in-trees T ðRÞ ¼ ðV, EÞ in Section 2.
Vertices v ∈ V are represented by isomorphism classes of finite p-groups G, for a fixed prime
number p. Directed edges e ∈ E are represented by epimorphisms π : G ! πG of finite p-groups
with characteristic kernels kerðπÞ ¼ γc G, where c :¼ clðGÞ denotes the nilpotency class of G
and ðγi GÞi ≥ 1 is the lower central series of G.
We emphasize that the symbol π is used now intentionally for two distinct mappings, the
abstract parent operator π : V\{R} ! V, v ↦ πv, in Definition 2.2, and the concrete natural
projection onto the quotient π : G ! πG ≃ G=γc G, g ↦ πðgÞ ¼ g � γc G, for each individual vertex G ¼ v ∈ V\{R}, which should precisely be denoted by π ¼ πG, but we omit the subscript,
since there is no danger of misinterpretation. In both views, πG is the parent of G.
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The weight of a vertex G is realized by its nuclear rank nðGÞ ([2], section 14, eqn. (28), p. 178)
and the weight of a directed edge π : G ! πG is realized by its step size sðπÞ ¼ logp ð#γc GÞ ([2],

section 17, eqn. (33), p. 179). These invariants are essential for understanding the phenomenon
of multifurcation in Definition 2.7. In particular, we can hide multifurcation by restricting all
edges π to step size sðπÞ ¼ 1, that is, by considering the minimal tree T 1 ðvÞ instead of the entire
descendant tree T ðvÞ of a vertex v ∈ V. In our concrete p-group theoretic model, all vertices G
of a minimal tree share a common coclass, which is the additive complement ccðGÞ :¼
loðGÞ � clðGÞ of the (nilpotency) class c ¼ clðGÞ with respect to the logarithmic order loðGÞ :¼
logp ðordðGÞÞ of G. Generally, the logarithmic order of an immediate descendant G with parent
πG increases by the step size, loðGÞ ¼ loðπGÞ þ sðπÞ, since logp ð#πGÞ ¼ logp ð#ðG=kerπÞÞ ¼
logp ð#GÞ � logp ð#kerπÞ. Consequently, the coclass remains fixed in a minimal tree with
sðπÞ ¼ 1, since

ccðGÞ ¼ loðGÞ � clðGÞ ¼ loðπGÞ þ 1 � ðclðπGÞ þ 1Þ ¼ loðπGÞ � clðπGÞ ¼ ccðπGÞ:
A minimal tree T 1 ðGÞ which contains a unique infinite mainline is called a coclass tree. It is

denoted by T ðrÞ ðGÞ :¼ T 1 ðGÞ when its root G is of coclass r :¼ ccðGÞ. For further details, see
([2], section 5, p. 164).

In view of the principal goals of this chapter, we must specify our intended situation even more
concretely. We put p :¼ 3, the smallest odd prime number, and we select as the root either
R :¼ 〈243; 6〉 or R :¼ 〈243; 8〉, characterized by its SmallGroup identifier [3]. These are metabelian
3-groups of order #R¼ 243 ¼ 35, logarithmic order loðRÞ ¼ 5, class c ¼ 3, and coclass r ¼ 2.
3.1. Periodicity of finite patterns
Within the frame of the above-mentioned model with p ¼ 3 for the theory of rooted in-trees as
developed in Section 2, the following finiteness and periodicity statement becomes provable.
The virtual periodicity of depth-pruned branches of coclass trees has been proven rigorously
with analytic methods (using zeta functions and cone integrals) by du Sautoy [4] in 2000, and
with algebraic methods (using cohomology groups) by Eick and Leedham-Green [5] in 2008.
We recall that a coclass tree contains a unique infinite path of edges π with uniform step size
sðπÞ ¼ 1, the so-called mainline. Pattern recognition and pattern classification concern the
branches.
Theorem 3.1. (A finite periodically repeating pattern.)
Among the vertices of any mainline ðvi Þi ≥ 0 in T ðRÞ, there exists a periodic root vϱ with ϱ ≥ 0 and a
period length λ ≥ 1 such that the branches
Bðviþλ Þ ≃ Bðvi Þ
are isomorphic finite graphs, for all i ≥ ϱ. Up to a finite preperiodic component, the minimal tree T 1 ðv0 Þ
˙ λ�1 Bðvϱþi Þ.
consists of periodically repeating copies of the finite pattern ⋃
i¼0

89

90

Graph Theory - Advanced Algorithms and Applications

Proof. According to [4, 5], the claims are true for pruned branches with any fixed depth.
However, for p ¼ 3 and under the pruning operation on T ðRÞ described in Section 3.2.2, the
virtual periodicity becomes a strict periodicity, since the depth is bounded uniformly for all
branches.
□
Before we visualize a particular instance of Theorem 3.1 in the diagram of Figure 1, we have to
establish techniques for disentangling dense branches of high complexity.
3.2. Graph dissection by independent component analysis
3.2.1. Dissection by Galois action
Figure 1 visualizes a graph dissection of the tree T ðRÞ by independent component analysis.
This technique drastically reduces the complexity of visual representations and avoids overlaps of dense subgraphs. The left hand scale gives the order of groups whose isomorphism
classes are represented by vertices of the graph. The mainline skeleton (black) connects
branches of non σ-groups (red) in the left subfigure and branches of σ-groups (green) in the
right subfigure. This terminology has its origin in the action of the Galois group GalðF=QÞ on
the abelianization M=M0 , when a vertex of T ðRÞ is realized as second 3-class group M :¼


ð2Þ
Gal F3 =F of an algebraic number field F. For quadratic fields F, we obtain σ-groups.

Figure 1. Graph dissection into pruned branches connected by the mainline skeleton.
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Definition 3.1. A σ-group G admits an automorphism σ ∈ AutðGÞ acting as inversion
σðxÞ ¼ x�1 on the commutator quotient G=G0 .
The actual graph T ðRÞ consists of the overlay (superposition) of both subfigures in Figure 1.
Infinite mainlines are indicated by arrows. The periodic bifurcations form an infinite path with
edges of alternating step sizes 1 and 2, according to Theorem 3.2. We call it the maintrunk.
With the aid of Figure 1, a particular instance of Theorem 3.1 can be expressed in a more
concrete and ostensive way by taking the tree root as the ending vertex v0 :¼ R of the mainline
ðvi Þi ≥ 0 , and by using the variable class c ≥ 3 and the fixed coclass r ¼ 2 as parameters describing
ð2Þ

all mainline vertices McðrÞ :¼ vc�3 . The periodic root is M5 ¼ v2 with ϱ ¼ 2 and the period
ð2Þ

length is λ ¼ 2. The finite periodic pattern consists of the two branches BðM5 Þ ¼
ð2Þ

ð2Þ

ð2Þ

ð2Þ

ð2Þ

ð2Þ

ð2Þ

ð2Þ

ð2Þ

ð2Þ

{M5 , G6;1 , G6;2 } (red) and BðM6 Þ ¼ {M6 , G7;1 , G7;2 , G7;3 } (green). The preperiod is irregular
ð2Þ

ð2Þ

ð2Þ

ð2Þ

ð2Þ

and consists of the two branches BðM3 Þ ¼ {M3 , G4;1 , G4;2 , T 5;1 , T 5;2 } (red) and BðM4 Þ ¼
ð2Þ

ð2Þ

ð2Þ

ð2Þ

ð2Þ

{M4 , G5;1 , G5;2 , G5;3 } (green). But M4 is not coclass-settled, has nuclear rank n ¼ 2 and gives
ð3Þ

ð3Þ

ð3Þ

ð3Þ

rise to a bifurcation with immediate descendants S5;1 , S5;2 , S5;3 , M5 (green) of step size s ¼ 2.
3.2.2. Dissection by Artin transfers

In Figure 1, we have tacitly used a second technique of graph dissection by independent
component analysis. Figure 2 is restricted to the coclass tree T ð2Þ ðRÞ with exemplary root
R ¼ 〈243; 8〉, which is the leftmost coclass tree in both subfigures of Figure 1. However, now
this coclass tree is drawn completely up to logarithmic order 15, containing both, nonσbranches and σ-branches. The tree is embedded in a kind of coordinate system having the
transfer kernel type (TKT) ϰ as its horizontal axis and the first component τð1Þ of the transfer
target type (TTT) τ as its vertical axis ([6], Dfn. 4.2, p. 27). It is convenient to employ a second
graph dissection, according to three fundamental types of transfer kernels
•

the vertices with simple types E:8, ϰ ¼ ð1231Þ, and E:9, ϰ ¼ ð2231Þ, which are leaves (left of
the mainline), except those of order 36,

•

the vertices with scaffold (or skeleton) type c:21, ϰ ¼ ð0231Þ, which are either infinitely
capable mainline vertices or nonmetabelian leaves (immediately right of the mainline),

•

the vertices with complex type G:16, ϰ ¼ ð4231Þ, which are capable at depth 1 and give rise
to a complicated brushwood of various descendants (right of the mainline).

The tacit omission in Figure 1 concerns all vertices with complex type and the leaves with
scaffold type. Our main results in this chapter will shed complete light on all mainline vertices
and the vertices with simple types. Underlined boldface integers in Figure 2 indicate the
pﬃﬃﬃ
minimal discriminants d of (real and imaginary) quadratic fields F ¼ Qð dÞ whose second
�
�
ð2Þ
ð2Þ
3-class group G3 F :¼ Gal F3 =F realizes the vertex surrounded by the adjacent oval. Three

leaves of type E:8 are drawn with red color, because they will be referred to in Theorem 4.1 on
3-class towers.
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Figure 2. Coclass tree T ð2Þ ð〈243; 8〉Þ with simple, scaffold, and complex types.
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3.3. Periodicity of infinite patterns
With the aid of a combination of top down and bottom up techniques, we are now going to
provide evidence of a new kind of periodic bifurcations in pruned descendant trees which contain
a unique infinite path of edges π with strictly alternating step sizes sðπÞ ¼ 1 and sðπÞ ¼ 2, the
so-called maintrunk. It is very important that the trees are pruned in the sense explained at the end
of the preceding Section 3.2.2; for otherwise, the maintrunk will not be unique. In fact, each of our
pruned descendant trees T ðRÞ is a countable disjoint union of pruned coclass trees T ðrÞ , r ≥ 2,
which are isomorphic as infinite graphs and connected by edges of weight 2, and finite batches
ðrÞ

T 0 , r ≥ 3, of sporadic vertices outside of coclass trees. The top down and bottom up techniques
are implemented simultaneously in two recursive Algorithms 3.1 and 3.2.
The first Algorithm 3.1 recursively constructs the mainline vertices McðrÞ , with class c ≥ 2r � 1, of

the coclass tree T ðrÞ ⊂T ðRÞ, for an assigned value r ≥ 2, by means of the bottom up technique. In
each recursion step, the top down technique is used for constructing the class-c quotient LcðrÞ of

an infinite limit group LðrÞ . Finally, the isomorphism McðrÞ ≃ LcðrÞ is proved.
Theorem 3.2 (An infinite periodically repeating pattern.) Let ur ¼ 30 be an upper bound. An infinite
ðrþ1Þ

ðrÞ

path is generated recursively, since for each 2 ≤ r < ur , the immediate descendant M2rþ1 ¼ M2r � #2; 1
ðrÞ

ðrÞ

of step size 2 of the second mainline vertex M2r of the coclass tree T ðrÞ ðM2r�1 Þ is root of a new coclass
ðrþ1Þ

tree T ðrþ1Þ ðM2ðrþ1Þ�1 Þ. The pruned coclass trees
ðrÞ

ð2Þ

T ðrÞ ðM2r�1 Þ ≃ T ð2Þ ðM3 Þ
ðrÞ

are isomorphic infinite graphs, for each 2 ≤ r ≤ ur . Note that the nuclear rank nðM2r Þ ¼ 2.
This is the first main theorem of the present chapter. The proof will be conducted with the aid
of an infinite limit group L� , due to M. F. Newman. Certain quotients of L� give precisely the

mainline vertices McðrÞ with r ≥ 2 and c ≥ 2r � 1 as will be shown in Theorem 3.3 and Remark 3.2.
Conjecture 3.1. Theorem 3.2 remains true for any upper bound ur > 30.
3.4. Mainlines of the pruned descendant tree T ðRÞ
Definition 3.2. The complete theory of the mainlines in T ðRÞ is based on the group
L� :¼ 〈 a, t j ðatÞ3 ¼ a3 , ½½t, a�, t� ¼ a�3 j〉:

ð3Þ

For each r ≥ 2, quotients of L� are defined by
r

L� :¼ L� = 〈 a3 〉:
ðrÞ

ð4Þ
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ðrÞ

For each r ≥ 2, and for each c ≥ 2r � 1, quotients of L� are defined by
(
ℓ
ðrÞ
L� = 〈 ½t, a�3 〉 if c ¼ 2ℓ þ 1 odd, ℓ ≥ r � 1;
ðrÞ
L�, c :¼
ℓ
ðrÞ
if c ¼ 2ℓ even, ℓ ≥ r:
L� = 〈 t3 〉

ð5Þ

The following Algorithm 3.1 is based on iterated applications of the p-group generation
algorithm by Newman [7] and O'Brien [8]. It starts with the root R, given by its compact
presentation, and constructs an initial section of the unique infinite maintrunk with strictly
alternating step sizes 1 and 2 in the pruned descendant tree T ðRÞ. In each step, the required
selection of the child with appropriate transfer kernel type (TKT) is achieved with the aid of
our own subroutine IsAdmissible(), which is an elaborate version of ([9], section 4.1, p. 76).
After reaching an assigned coclass r ¼ hbþ2, our algorithm navigates along the mainline of the

coclass tree T ðrÞ ⊂T ðRÞ and tests each vertex for isomorphism to the corresponding quotient
ðrÞ

L�, c of class c ≤ 2r � 1þvb.

Algorithm 3.1. (Mainline vertices.)
Input: prime p, compact presentation cp of the root, bounds hb,vb, sign s.
Code: uses the subroutine IsAdmissible().
r :¼ 2; // initial coclass
Root :¼ PCGroup(cp);
for i in [1..hb] do // bottom up in double steps along the maintrunk
Des :¼ Descendants(Root,NilpotencyClass(Root)þ1: StepSizes:¼[1]);
for j in [1..#Des] do
if IsAdmissible(Des[j],p,0) then
Root :¼ Des[j];
end if;
end for;
r :¼ r þ 1; // coclass recursion
Des :¼ Descendants(Root,NilpotencyClass(Root)þ1: StepSizes:¼[2]);
for j in [1..#Des] do
if IsAdmissible(Des[j],p,0) then
Root :¼ Des[j];
end if;
end for;
end for;
c :¼ 2*r - 1; // starting class c in dependence on the coclass r
er :¼ pˆr; l :¼ (c - 1) div 2; ec :¼ pˆl;
M<a,t> :¼ Group<a,t|(a*t)ˆp¼aˆp,((t,a),t)¼aˆ(s*p),aˆer¼1,(t,a)ˆec¼1>;
QM,pM :¼ pQuotient(M,p,c); // top down construction
if IsIsomorphic(Root,QM) then // identification
printf “Isomorphism for cc¼%o, cl¼%o.\n”,r,c;
end if;
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for i in [1..vb] do // bottom up in single steps along a mainline
c :¼ c þ 1; // nilpotency class recursion
if (0 eq c mod 2) then // even nilpotency class
l :¼ c div 2; ec :¼ pˆl;
M<a,t> :¼ Group<a,t|(a∗t)ˆp¼aˆp,((t,a),t)¼aˆ(s∗p),aˆer¼1,tˆec¼1>;
else // odd nilpotency class
l :¼ (c - 1) div 2; ec :¼ pˆl;
M<a,t>:¼ Group<a,t|(a∗t)ˆp¼aˆp,((t,a),t)¼aˆ(s∗p),aˆer¼1,(t,a)ˆec¼1>;
end if;
QM,pM :¼ pQuotient(M,p,c); // top down construction
Des :¼ Descendants(Root,NilpotencyClass(Root)þ1: StepSizes:¼[1]);
for j in [1..#Des] do
if IsAdmissible(Des[j],p,0) then
Root :¼ Des[j];
end if;
end for;
if IsIsomorphic(Root,QM) then // identification
printf “Isomorphism for cc¼%o, cl¼%o.\n”,r,c;
end if;
end for;
Output: coclass r and class c in each case of an isomorphism.
Remark 3.1. Algorithm 3.1 is designed to be called with input parameters the prime p¼3 and cp
the compact presentation of either the root 〈243; 6〉 with sign s¼-1 or the root 〈243; 8〉 with sign
s¼þ1. In the current version V2.22-7 of the computational algebra system MAGMA [10], the
bounds are restricted to r¼hbþ2≤8 and c¼vbþ2r�1≤35, since otherwise the maximal possible internal word length of relators in MAGMA is surpassed. Close to these limits, the required
random access memory increases to a considerable value of approximately 8 GB RAM.
Theorem 3.3. (Mainline vertices as quotients of the limit group L� .) Let ur :¼ 8, uc :¼ 35.
1.

For each 2 ≤ r ≤ ur , and for each 2r � 1 ≤ c ≤ uc , the mainline vertex McðrÞ of coclass r and nilpotency
ðrÞ

class c in the tree T ðRÞ is isomorphic to L�, c .
2.



For each 2 ≤ r ≤ ur , the projective limit of the mainline McðrÞ

c ≥ 2r�1

with vertices of coclass r in the

ðrÞ

tree T ðRÞ is isomorphic to L� .

3.

L� is an infinite nonnilpotent profinite limit group.

Proof. (1) The repeated execution of Algorithm 3.1 for successive values from hb:¼0 to hb:¼6,
with input data p:¼3, cp:¼CompactPresentation(SmallGroup(243,i)), i ∈ {6; 8},
ðrÞ

s ∈ { � 1; þ 1}, and vb:¼32, proves the isomorphisms McðrÞ ≃ L�, c for 2 ≤ r ≤ ur ¼ 8 and
ð2Þ

2r � 1 ≤ c ≤ uc ¼ 35. The algorithm is initialized by the starting group R ¼ M3 ¼ 〈243;i〉 of coclass
r:¼2. The first loop moves along the maintrunk recursively with strictly alternating step sizes 1
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ðrÞ

and 2 until the root M2r�1 of the coclass tree T ðrÞ with r ¼ 2þhb is reached. The second loop iterates


ðrÞ
through the mainline vertices McðrÞ , c ≥ 2r � 1, of the coclass tree T ðrÞ M2r�1 , always checking for
ðrÞ

isomorphism to the appropriate quotient L�, c . The subroutine IsAdmissible() tests the transfer kernel type of all descendants and selects the unique capable descendant with type c:18,
respectively, c:21. (2) Since periodicity sets in for 2ur � 1 ¼ 17 ≤ c ≤ uc ¼ 35, the claim is a conseð1Þ

quence of Theorem 3.1. (3) The quotient L� is already infinite and nonnilpotent. Adding the
□
relation ½t, ta , t� ¼ 1 suffices to give [t, a, t] central and L� profinite.

Conjecture 3.2. Theorem 3.3 remains true for arbitrary upper bounds ur > 8, uc > 35.
Remark 3.2. When the top down constructions in Algorithm 3.1 are cancelled, the bottom up
operations are still able to establish much bigger initial sections of the infinite maintrunk and
of the infinite coclass tree with fixed coclass r ≥ 2. Admitting an increasing amount of CPU
time, we can easily reach astronomic values of the coclass, r ¼ 32, and the nilpotency class,
c ¼ 63, that is a logarithmic order of r þ c ¼ 95, without surpassing any internal limitations of
MAGMA, and the required storage capacity remains quite modest, i.e., clearly below 1 GB
RAM. This remarkable stability underpins Conjecture 3.2 with additional support from the
bottom up point of view.
3.5. Covers of metabelian 3-groups
Only one of the coclass subtrees T ðrÞ , r ≥ 2, of the entire rooted in-tree T ðRÞ contains metabelian

vertices, namely the first subtree T ð2Þ . The following theorem shows how transfer kernel types
are distributed among metabelian vertices G of depth dpðGÞ ≤ 1 on the tree T ð2Þ , as partially
illustrated by the Figures 1 and 2.
Theorem 3.4. (Metabelian vertices of the coclass tree T ð2Þ R.)
For each finite 3-group G, we denote by c :¼ clðGÞ the nilpotency class, by r :¼ ccðGÞ the coclass, and
by ϰ the transfer kernel type of G. More explicitly, such a group is also denoted by G ¼ GcðrÞ. The

following statements describe the structure of the metabelian skeleton of the coclass tree T ð2Þ R with root
R :¼ 〈243; 6〉, respectively, R :¼ 〈243; 8〉, down to depth 1.
1.

For each c ≥ 3, the mainline vertex Mð2Þ
of the coclass tree possesses type c:18, ϰ ¼ ð0122Þ,
c
respectively, c:21, ϰ ¼ ð0231Þ.

2.

For each c ≥ 4, there exists a unique child Gc;1 of Mc�1 with type E:6, ϰ ¼ ð1122Þ, respectively,

ð2Þ

ð2Þ

E:8, ϰ ¼ ð1231Þ.

3.

ð2Þ

ð2Þ

For even c ≥ 4, there exists a unique child Gc;2 of Mc�1 with type E:14, ϰ ¼ ð3122Þ, respectively,
ð2Þ

ð2Þ

E:9, ϰ ¼ ð2231Þ. Thus, N 1 ðMc�1 Þ ¼ 3 and C1 ðMc�1 Þ ¼ 1, in the pruned tree.
4.

ð2Þ

ð2Þ

ð2Þ

For odd c ≥ 5, there exist two children Gc;2 , Gc;3 of Mc�1 with type E:14, ϰ ¼ ð3122Þ � ð4122Þ,
ð2Þ

ð2Þ

respectively, E:9, ϰ ¼ ð2231Þ � ð3231Þ. Thus, N 1 ðMc�1 Þ ¼ 4 and C1 ðMc�1 Þ ¼ 1.
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5.

ð2Þ

ð2Þ

For even c ≥ 4, there exists a unique child Gc;4 of Mc�1 with type H:4, ϰ ¼ ð2122Þ, respectively,

G:16, ϰ ¼ ð4231Þ. It is removed from the pruned tree.
6.

ð2Þ

ð2Þ

ð2Þ

For odd c ≥ 5, there exist two children Gc;4 , Gc;5 of Mc�1 with type H:4, ϰ ¼ ð2122Þ, respectively,
G:16, ϰ ¼ ð4231Þ. They are removed from the pruned tree.

Proof. See Nebelung ([11], Lemma 5.2.6, p. 183, Figures, p. 189 f., Satz 6.14, p. 208).

□

Definition 3.3. For e ∈ {0; 1}, we define the cover limit, due to M. F. Newman, to be the group
C ðeÞ :¼〈 a, t, u, y, z j ta ¼ u, ua tuy ¼ ½u, t�e , a3 ½t, a, t� ¼ z, ½u, t, t� ¼ ½u, t, u� ¼ 1,

ð6Þ

y3 ¼ 1; ½a, y� ¼ ½t, y� ¼ ½u, y� ¼ ½z, y� ¼ 1; z3 ¼ 1; ½t, z� ¼ ½u, z� ¼ 1 〉,

which was introduced in [12]. For each k ∈ { � 1; 0; 1} and for each integer c ≥ 4, let
, kÞ
Qðe
:¼ C ðeÞ = 〈 ywkc vc , zwc 〉
c

ð7Þ

ðc�1Þtimes

zﬄﬄﬄ}|ﬄﬄﬄ{
be the class-c quotient with parameter k of C ðeÞ , where wc :¼ ½t, a, …, a� and vc :¼ ½wc�2 , ½t, a��.

In each step, i ≥ 1, of the second Algorithm 3.2, the top down technique constructs a certain
class-c quotient Qc , c ¼ i þ 3, of a fixed infinite pro-3 group C, the cover limit, and the bottom up
technique constructs all metabelian children of a certain vertex Mi�1 on the mainline of the first
coclass tree T ð2Þ ðRÞ, and selects, firstly, the next vertex Mi of depth dpðMi Þ ¼ 0 on the mainline

of T ð2Þ ðRÞ for continuing the recursion, secondly, a vertex Gi of depth dpðGi Þ ¼ 1 with assigned
transfer kernel type ϰðGi Þ. Each recursion step is completed by proving that Gi is isomorphic to
the second derived quotient Qc =Q00 c , that is, Qc ∈ covðGi Þ belongs to the cover of Gi in the sense
ð2Þ

ð2Þ

of ([13], section 1.3, Dfn. 1.1, p. 75). More precisely, we have Mi ¼ Miþ3 and Gi ¼ Giþ3;j with
some j.

Algorithm 3.2. (Shafarevich cover.)
Input: prime p, compact presentation cp of the root, bound vb, parameters e and k.
Code: uses the subroutine IsAdmissible().
C<a,t,u,y,z> :¼ Group< a,t,u,y,z |
yˆp, (a,y), (t,y), (u,y), (y,z), (t,z), (u,z), zˆp,
(u,t,t), (u,t,u), tˆa ¼ u, uˆa∗t∗u∗y∗(u,t)ˆ-e, aˆp∗(t,a,t) ¼ z >;
Root :¼ PCGroup(cp);
Leaf :¼ Root;
for i in [1..vb] do // bottom up along the mainline of coclass 2
c :¼ i þ 3; // nilpotency class
w :¼ [t];
for j in [1..c] do // construction of iterated commutator
s :¼ (w[j],a);
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Append(�w,s);
end for;
w1 :¼ w[c-2]ˆ-1∗(a,t)∗w[c-2]∗(t,a);
H :¼ quo<C | y∗w[c]ˆk∗w1, z∗w[c]>;
Q,pQ :¼ pQuotient(H,p,c); // top down construction of Shafarevich cover
Des :¼ Descendants(Root,NilpotencyClass(Root)þ1);
m :¼ 0;
for cnt in [1..#Des] do
if IsAdmissible(Des[cnt],p,0) then
Root :¼ Des[cnt]; // next mainline vertex
elif IsAdmissible(Des[cnt],p,2) then
m :¼ m þ 1;
if (1 eq m) then
Leaf :¼ Des[cnt]; // first leaf with assigned TKT
end if;
end if;
end for;
DQ :¼ DerivedSubgroup(Q);
D2Q :¼ DerivedSubgroup(DQ);
Q2Q :¼ Q/D2Q; // metabelianization
if IsIsomorphic(Leaf,Q2Q) then // identification
printf “Dsc.cl.%o isomorphic to 2nd drv.qtn. of Cov.cl.%o.\n”,c,c;
end if;
end for;
Output: nilpotency class c in each case of an isomorphism.
The next theorem is the second main result of this chapter, establishing the finiteness and
structure of the cover for each metabelian 3-group with transfer kernel of type E.
ð2Þ

Theorem 3.5. (Explicit covers of metabelian 3-groups.) Let u :¼ 8 be an upper bound and Gc, j in
�
�
ð2Þ
T ð2Þ M3 be the metabelian 3-group of nilpotency class c ≥ 4 with transfer kernel type
ϰ¼
1.

�

ð1122Þ, E:6; resp: ð1231Þ, E:8 if j ¼ 1;
ð3122Þ, E:14; resp: ð2231Þ, E:9 if j ¼ 2 or ðj ¼ 3 and c oddÞ:

ð2Þ

The cover of Gc, j is given by
�

ð2Þ

cov Gc, j

�

8n
o
ð3Þ
ðℓþ1Þ
ðℓþ2Þ
ðℓþ2Þ
>
< Gð2Þ
if c ¼ 2ℓ þ 4; 1 ≤ j ≤ 2;
;
G
,
…,
G
,
G
,
T
c, j
c, j
c, j
c, j
cþ1;j
o
¼ n
ð3Þ
ðℓþ1Þ
ðℓþ2Þ ðℓþ3Þ
>
: Gð2Þ
if c ¼ 2ℓ þ 5; 1 ≤ j ≤ 3:
c, j ; Gc, j , …, Gc, j , Gc, j , Sc, j

ð8Þ

where 0 ≤ ℓ ≤ u. In particular, the cover is a finite set with ℓ þ 2 elements (ℓ þ 1 of them nontrivial),
which are nonσ-groups for even c ≥ 4, and σ-groups for odd c ≥ 5.
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2.

ð2Þ

The Shafarevich cover of Gc, j with respect to imaginary quadratic fields F is given by
cov

�

�

ð2Þ
Gc, j , F

¼

(

ø
n

ðℓþ3Þ
Sc, j

o if c ¼ 2ℓ þ 4; 0 ≤ ℓ ≤ u, 1 ≤ j ≤ 2;
if c ¼ 2ℓ þ 5; 0 ≤ ℓ ≤ u, 1 ≤ j ≤ 3:

ð9Þ

In particular, the Shafarevich cover contains a unique Schur σ-group, if c ≥ 5 is odd.
3.

The class-c quotient with parameter k of the cover limit C ðeÞ is isomorphic to a Schur σ-group
, kÞ
Qðe
≃ S c, j
c

ðℓþ3Þ

, kÞ
, for c ¼ 2ℓ þ 5 or to a nonσ-group Qðe
≃ Gc, j
c

ðℓþ2Þ

, for c ¼ 2ℓ þ 4. The precise

correspondence between the parameters k and j is given in the following way.
8
< Sðℓþ3Þ
for odd class c ¼ 2ℓ þ 5; 0 ≤ ℓ ≤ u,
c, 1
ðe, 0Þ
Types E:6;E:8 : Qc ≃
: Gðℓþ2Þ for even class c ¼ 2ℓ þ 4; 0 ≤ ℓ ≤ u,
c, 1
8
< Sðℓþ3Þ
for odd class c ¼ 2ℓ þ 5; 0 ≤ ℓ ≤ u,
c, 2
, �1Þ
≃
type E:9 : Qðþ1
c
: Gðℓþ2Þ for even class c ¼ 2ℓ þ 4; 0 ≤ ℓ ≤ u,
c, 2
8
< Sðℓþ3Þ
for odd class c ¼ 2ℓ þ 5; 0 ≤ ℓ ≤ u,
c, 3
, þ1Þ
type E:9 : Qðþ1
≃
c
: Gðℓþ2Þ for even class c ¼ 2ℓ þ 4; 0 ≤ ℓ ≤ u:
c, 2

ð10Þ

, �1Þ
, þ1Þ
In particular, Qðþ1
≃ Qðþ1
for even class c ¼ 2ℓ þ 4, 0 ≤ ℓ ≤ u.
c
c

4.

The variant e ¼ 0, respectively, e ¼ 1, is associated to the root R ¼ 〈243; 6〉, respectively,
R ¼ 〈243; 8〉.
�
�
ð2Þ
A parameterized family of fork topologies for second 3-class groups Gal F3 =F of imaginary

quadratic fields F is given uniformly for the states ↑ℓ (ground state for ℓ ¼ 0, excited state for
1 ≤ ℓ ≤ u) of transfer kernels with type E by the symmetric topology symbol
Leaf

zﬄ}|ﬄ{
1
P ¼ E!

Mainline

zﬄﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄﬄ{
n 1 o2ℓ
c!

Maintrunk

Fork

z}|{
c

zﬄﬄﬄﬄﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄﬄﬄﬄﬄ{
n 2 1 oℓ
c c

Leaf

zﬄ}|ﬄ{
2
E

ð11Þ

with scaffold type c and the following invariants:
distance d ¼ 4ℓ þ 2 (Definition 2.3), weighted distance w ¼ 5ℓ þ 3 (Definition 2.4),
class increment Δcl ¼ ð2ℓ þ 5Þ � ð2ℓ þ 5Þ ¼ 0, coclass increment Δcc ¼ ðℓ þ 3Þ � 2 ¼ ℓ þ 1,
logarithmic order increment Δlo ¼ ð3ℓ þ 8Þ � ð2ℓ þ 7Þ ¼ ℓ þ 1 ([13], Dfn. 5.1, p. 89).
ðrÞ

Proof. We compare the uniform generator rank d1 ¼ 2 of all involved groups Gc, j , c ≥ 4, r ≥ 2,
ðrÞ

1 ≤ j ≤ 3, with their relation rank d2 . Since d2 ¼ μ and the p-multiplicator rank is μ ¼ 2 for Sc, j
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ðrÞ

with odd c ¼ 2ℓ þ 5 ≥ 5 and r ¼ ℓ þ 3 ≥ 3, but μ ¼ 3 otherwise, only the groups Sc, j are Schur σ-

groups with balanced presentation d2 ¼ 2 ¼ d1 , and are therefore admissible as 3-tower
groups of imaginary quadratic fields F, according to our corrected version ([6], section 5,
Thm. 5.1, pp. 28–29) of the Shafarevich Theorem ([14], Thm. 6, (180 )). Finally, we remark that
ðrÞ

ðrÞ

the nuclear rank is ν ¼ 1 for Gc, j with even c ¼ 2ℓ þ 4, r ¼ ℓ þ 2, and child T cþ1;j , but ν ¼ 0
otherwise.

The execution of Algorithm 3.2 with input data p:¼3, vb:¼25, either i:¼6, e:¼0, or
i:¼8, e:¼1, and cp:¼CompactPresentation(SmallGroup(243,i)), proves the iso, kÞ
morphisms Qðe
≃ S c, j
c

ðℓþ3Þ

, kÞ
, c ¼ 2ℓ þ 5, respectively, Qðe
≃ G c, j
c

ðℓþ2Þ

, c ¼ 2ℓ þ 4, for 4 ≤ c ≤ 20, that
ð2Þ

is, 0 ≤ ℓ ≤ u ¼ 8. The algorithm is initialized by the starting group R ¼ M3 of coclass 2. The
�
�
ð2Þ
ð2Þ
loop navigates through the mainline vertices Mð2Þ
M3 . The
c , c ≥ 3, of the coclass tree T

subroutine IsAdmissible() tests the transfer kernel type of all descendants and selects
either the unique capable descendant with type c:18, respectively, c:21, for the flag 0 or the
unique descendant with type E:6, respectively, E:8, for the flag 1, or the first or second
descendant with type E:9, for the flag 2. The selected nonmainline vertex is always checked
, kÞ
for isomorphism to the metabelianization of the appropriate quotient Qðe
. See also ([2],
c
section 21.2, pp. 189–193), ([15], pp. 751–756), the proof of Theorem 4.1, and Figures 5–7.

Here again, a pure bottom up approach without top down constructions, instead of using
Algorithm 3.2, is able to reach coclass r ¼ 32, nilpotency class c ¼ 63, and logarithmic order
r þ c ¼ 95, without surpassing internal limits of MAGMA, and strongly supports Conjecture 3.3.
Conjecture 3.3. Theorem 3.5 remains true for any upper bound u > 8.
Figure 3 shows exactly the same situation as Figure 1, supplemented by blue arrows indicat, kÞ
ing the projections of the quotients Qðe
onto their metabelianizations, that is, Sc, j
c

ðℓþ3Þ

ðℓþ2Þ

for odd class c ¼ 2ℓ þ 5, in the right diagram with green branches, and Gc, j

ð2Þ

ð2Þ

! G c, j ,

! Gc, j , for even

class c ¼ 2ℓ þ 4, in the left diagram with red branches. For c ¼ 4, a degeneration occurs, since
ðe, kÞ

Q4

is metabelian already, indicated by surrounding blue circles.

ð2Þ

Strictly speaking, the caption of Figure 3, in its full generality, is valid for e ¼ 1, M3 ¼ 〈243; 8〉
ð2Þ

only. For e ¼ 0, M3 ¼ 〈243; 6〉, all blue arrows have the same meaning as before but the

, kÞ
interpretation of the covers as quotients Qðe
is slightly restricted. Whereas we have the
c
following supplement to Eq. (10):

type E:14 :

Qð0;�1Þ
c

≃

8 ðℓþ3Þ
< Sc;3
:

ðℓþ2Þ

Gc;2

for odd class c ¼ 2ℓ þ 5; 0 ≤ ℓ ≤ u,
for even class c ¼ 2ℓ þ 4; 0 ≤ ℓ ≤ u,

ð12Þ

the quotients Qð0;þ1Þ
lead into a completely different realm, namely the complicated brushc
wood of the complex transfer kernel type H:4.
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00
, kÞ
Figure 3. Projections Qcðe, kÞ ! Qcðe, kÞ = Qðe
of the covers onto their metabelianizations.
c

Figure 4 shows three pruned descendant trees T ∗ ðℜÞ with roots ℜ ¼ 〈243; 4〉, ℜ ¼ 〈6561; 614〉,
and ℜ ¼ 〈6561; 613〉 � #1; 1 � #2; 1, all of whose vertices are of type H:4 exclusively. We restrict
the trees to σ-groups indicated by green color. The top vertex 〈27; 3〉 is intentionally drawn
twice to avoid an overlap of the dense trees and to admit a uniform representation of periodic
bifurcations.
The tree with root 〈243; 4〉 is not concerned by the quotients Qð0;þ1Þ
. It is sporadic and consists
c
of periodically repeating finite saplings of depth 2 and increasing coclass 2; 3;…. Connected by
the maintrunk with vertices of type c:18 (red color) in the descendant tree T ð〈243; 6〉Þ, the trees
with roots 〈6561; 614〉 and 〈6561; 613〉 � #1; 1 � #2; 1 form the beginning of an infinite sequence
of similar trees, which are, however, not isomorphic as graphs, since the depth of the constituting saplings increases in steps of 2. The projections of the quotients Qð0;þ1Þ
with odd class
c
c ∈ {5; 7} onto their metabelianizations are indicated by blue arrows.
3.6. Topologies in descendant trees
ðnÞ
Tree topologies describe the mutual location of distinct higher p-class groups GðmÞ
p F and Gp F,

with n > m ≥ 1, of an algebraic number field F. The case ðm, nÞ ¼ ð3; 4Þ will be crucial for
finding the first examples of four-stage towers of p-class fields with length ℓp F :¼ dlðGð∞Þ
p FÞ ¼ 4,

which are unknown up to now, for any prime p ≥ 2. Fork topologies with ðm, nÞ ¼ ð2; 3Þ have
proved to be essential for discovering p-class towers with length ℓp F ¼ 3, for odd primes p ≥ 3.
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Figure 4. Branches of σ-groups with complex type H:4 connected by the maintrunk.

In ([13], Prp. 5.3, p. 89), we have pointed out that the qualitative topology problem for
ð2Þ
ð1Þ
ðm, nÞ ¼ ð1; 2Þ is trivial, since the fork of Gð1Þ
p F and Gp F is simply the abelian root Gp F ≃ Clp F

of the entire relevant descendant tree. However, the quantitative structure of the root path

ð1Þ
between Gð2Þ
p F and Gp F is not at all trivial and can be given in a general theorem for

Clp F ≃ ðp, pÞ and p ∈ {2; 3} only. In the following Theorem 3.6, we establish a purely group

theoretic version of this result by replacing Gð2Þ
p F with an arbitrary metabelian 3-group M
having abelianization M=M0 of type ð3; 3Þ. Any attempt to determine the group
ð∞Þ
G :¼ GalðFð∞Þ
p =FÞ of the p-class tower Fp of an algebraic number field F begins with a search

for the metabelianization M :¼ G=G00 , i.e., the second derived quotient, of the p-tower group G.
ð2Þ
M is also called the second p-class group GalðFð2Þ
p =FÞ of F, and Fp can be viewed as a metabelian

approximation of the p-class tower Fð∞Þ
p . In the case of the smallest odd prime p ¼ 3 and a
number field F with 3-class group Cl3 F of type ð3; 3Þ, the structure of the root path from M to
the root 〈9; 2〉 is known explicitly. For its description, it suffices to use the set of possible
transfer kernel types
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X ∈ {A, D, E, F, G, H, a, b, c, d}
s

of the ancestors πj M, 0 ≤ j ≤ ℓ, and the symbol ! for a weighted edge of step size s ≥ 1 with
formal exponents denoting iteration. A capable vertex is indicated by an asterisk X∗ .
Theorem 3.6. (Periodic root paths.)
�
�
There exist basically three kinds of root paths P :¼ πj M 0 ≤ j ≤ ℓ of metabelian 3-groups M with

abelianization M=M0 of type ð3; 3Þ, which are located on coclass trees. Let c denote the nilpotency class
clðMÞ and r the coclass ccðMÞ of M.
n 1 oc�1
, where X ∈ {A, a, a∗ }.
1. If r ¼ 1 and c ≥ 1, then P ¼ X ! a∗

2.

c�3 2

1

P ¼ Xf! c∗ g

1

1

1

c�4 2

1

! a∗ ! a∗ , where X ∈ {G, H}.
c�ðrþ1Þ

1

If r ≥ 3 and c ≥ r þ 1, then either P ¼ Xf! b∗ g
1

1

! a∗ ! a∗, where X ∈ {d, b, b∗ }, or

! a∗ ! a∗ , where X ∈ {E, G∗ , H∗ , c∗ }. An additional variant arises for r ¼ 2,

c ≥ 5, with P ¼ X ! X∗ f! c∗ g

3.

c�3 2

1

If r ¼ 2 and c ≥ 3, then either P ¼ Xf! b∗ g

c�ðrþ1Þ

or P ¼ Xf! d∗ g

2

r�2 2

f! b∗ g

1

r�2 2

2

f! b∗ g

1

! a∗ ! a∗, where X ∈ {d, b, b∗ },

! a∗ ! a∗, where X ∈ {F, G∗ , H∗ , d∗ }. An additional variant
1

1

c�ðrþ2Þ

arises for r ≥ 3, c ≥ r þ 3, with P ¼ X ! X∗ f! d∗ g

2

r�2 2

f! b∗ g

1

! a∗ ! a∗ , where X ∈ {G, H}.

In particular, the maximal possible step size is s ¼ 2, and the r � 1 edges with step size s ¼ 2 arise
successively without gaps at the end of the path, except the trailing edge of step size s ¼ 1.
Proof. X always denotes the type of the starting vertex M. The remaining vertices of the root
path form the scaffold, which connects the starting vertex with the ending vertex (the root
R ¼ 〈9; 2〉). The unique coclass tree T ð1Þ 〈9; 2〉 with r ¼ 1 has a mainline of type a∗ . Two of the

coclass trees T ð2Þ 〈243;n〉 with r ¼ 2, those with n ∈ {6; 8}, have mainlines of type c∗ and an

additional scaffold of type a∗ . For n ¼ 3, the mainline is of type b∗ . The coclass trees T ðrÞ with
r ≥ 3 behave uniformly with mainlines of type b∗ or d∗ and scaffold types b∗ , a∗ . For details, see
Nebelung ([11], Satz 3.3.7, p. 70, Lemma 5.2.6, p. 183, Satz 6.9, p. 202, Satz 6.14, p. 208).
Remark 3.3. The final statement of Theorem 3.6 is a graph theoretic reformulation of the
�
�
quotient structure of the lower central series γj M
of a metabelian 3-group M, observing
j≥1

that the root R ¼ 〈9; 2〉 corresponds to the bicyclic quotient γ1 =γ2 ≃ ð3; 3Þ and the conspicuous
1

trailing edge ! a∗ corresponds to the cyclic bottleneck γ2 =γ3 ≃ ð3Þ. The structure is drawn
ostensibly in eqn. (2.12) of ([16], section 2.2), using the CF-invariant e ¼ r þ 1 instead of the
coclass r.
Theorem 3.6 concerns periodic vertices on coclass trees. Sporadic vertices outside of coclass
trees must be treated separately in Corollary 3.1.

103

104

Graph Theory - Advanced Algorithms and Applications

Corollary 3.1. (Sporadic root paths.)
As before, let M be a metabelian 3-group with abelianization M=M0 ≃ ð3; 3Þ, nilpotency class
c :¼ clðMÞ, and coclass r :¼ ccðMÞ. Assume that M is located outside of coclass trees.
2

1

1

2

1.

If r ¼ 2 and c ¼ 3, then P ¼ X ! a∗ ! a∗ , where X ∈ {D, G∗ , H∗ }.

2.

If r ¼ 2 and c ¼ 4, then P ¼ X ! X∗ ! a∗ ! a∗ , where X ∈ {G, H}.

3.
4.

1

n 2 or�2 2
1
If r ≥ 3 and c ¼ r þ 1, then P ¼ X ! b∗
! a∗ ! a∗ , where X ∈ {F, G∗ , H∗ }.

n 2 or�2 2
1
1
! a∗ ! a∗ , where X ∈ {G, H}.
If r ≥ 3 and c ¼ r þ 2, then P ¼ X ! X∗ ! b∗

Proof. As in the proof of Theorem 3.6, see the dissertation of Nebelung [11].

□

3.7. Computing Artin patterns of p-groups
In both Algorithms 3.1 and 3.2, we made use of a subroutine IsAdmissible() which filters
p-groups G with abelianization G=G0 ≃ ðp, pÞ having a prescribed transfer kernel type (TKT).
Since an algorithm of this kind is not implemented in MAGMA, we briefly communicate a
succinct form of the code for this subroutine.
Algorithm 3.3. (Transfer kernel type.)
Input: a prime number p and a finite p-group G.
Code:
if ([p,p] eq AbelianQuotientInvariants(G)) then
x :¼ G.1; y :¼ G.2; // main generators
A :¼ []; B :¼ []; // generators and transversal
Append(�A,y);
Append(�B,x);
for e in [0..p-1] do
Append(�A,x∗yˆe);
Append(�B,y);
end for;
DG :¼ DerivedSubgroup(G);
nTotal :¼ 0; nFixed :¼ 0;
TKT :¼ [];
for i in [1..pþ1] do
M :¼ sub<G|A[i],DG>;
DM :¼ DerivedSubgroup(M);
AQM,pr :¼ M/DM;
ImA :¼ (A[i]∗B[i]ˆ-1)ˆp∗B[i]ˆp; // inner transfer
ImB :¼ B[i]ˆp; // outer transfer
T :¼ hom<G->AQM|<A[i],(ImA)@pr>,<B[i],(ImB)@pr>>;
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KT :¼ sub<G|DG,Kernel(T)>;
if KT eq G then // total kernel
Append(�TKT,0);
nTotal :¼ nTotalþ1;
else
for j in [1..pþ1] do
if A[j] in KT then
Append(�TKT,j);
if (i eq j) then // fixed point
nFixed :¼ nFixedþ1;
end if;
end if;
end for;
end if;
end for;
image :¼ [];
for i in [1..pþ1] do
if not (TKT[i] in image) then
Append(�image,TKT[i]);
end if;
end for;
occupation :¼ #image;
repetitions :¼ 0; // maximal occupation number
intersection :¼ 0; // meet of repetitions and fixed points
doublet :¼ 0;
for digit in [1..pþ1] do
counter :¼ 0;
for j in [1..#TKT] do
if (digit eq TKT[j]) then
counter :¼ counter þ 1;
end if;
end for;
if (counter ge 2) then
doublet :¼ digit;
end if;
if (counter gt repetitions) then
repetitions :¼ counter;
end if;
end for;
if (doublet ge 1) then
if (doublet eq TKT[doublet]) then
intersection :¼ 1;
end if;
end if;
end if;
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Output: transfer kernel type TKT, number nTotal of total kernels, number nFixed of fixed
points, and further invariants occupation,repetitions,intersection describing the
orbit of the TKT.
The output of Algorithm 3.3 is used for the subroutine IsAdmissible(G,p,t) in dependence on the parameter flag t. When the root R ¼ 〈243; 8〉 is selected for the tree T ðRÞ the
return value is determined in the following manner
if (0 eq t) then
return ((1 eq nTotal) and (2 eq nFixed)); // type c.21
elif (1 eq t) then
return ((0 eq nTotal) and (3 eq nFixed)); // type E.8
elif (2 eq t) then
return ((0 eq nTotal) and (2 eq nFixed) and (3 eq occupation)); // type E.9
end if;
For the root R ¼ 〈243; 6〉, we have
if (0 eq t) then
return ((1 eq nTotal) and (0 eq nFixed)); // type c.18
elif (1 eq t) then
return ((0 eq nTotal) and (1 eq nFixed)); // type E.6
elif (2 eq t) then
return ((0 eq nTotal) and (0 eq nFixed) and (3 eq occupation)); // type E.14
end if;

3.8. Benefits and drawbacks of bottom up and top down techniques
In this chapter, we have presented several convenient ways of expressing information about
infinite sequences of finite p-groups. Each of them has its benefits and drawbacks.
The bottom up strategy of constructing finite p-groups as successive extensions of a (metabelian
or even abelian) starting group R, called the root, by recursive applications of the p-group
algorithm by Newman [7] and O'Brien [8] has the benefit of visualizing the graph theoretic
root path in the descendant tree T ðRÞ. Its implementation in MAGMA is incredibly stable and
robust without surpassing any internal limits up to logarithmic orders of 95 and even more.
Only the consumption of CPU time becomes considerable in such extreme regions.
The top down strategy of expressing finite p-groups as quotients of an infinite pro-p group with
given pro-p presentation has the benefit of including nonmetabelian groups with arbitrary
coclass r ≥ 3, periodic mainline vertices in Algorithm 3.1, and sporadic Schur σ-leaves in
Algorithm 3.2. The drawback is that the evaluation of the pro-p presentation in MAGMA
exceeds the maximal permitted word length for nilpotency class c ≥ 36.
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Up to this point, we have not yet touched upon parameterized polycyclic power-commutator presentations [17]. For the root R ¼ 〈243; 6〉, the metabelian vertices G of the coclass tree T ð2Þ ðRÞ
with class c ¼ clðGÞ ≥ 5, down to depth dpðGÞ ≤ 1, can be presented in the form
Gc ðα, βÞ ¼ 〈x, y, s2 , t3 , s3 , …, sc j
s2 ¼ ½y, x�, t3 ¼ ½s2 , y�, si ¼ ½si�1 , x� for 3 ≤ i ≤ c,
3

x ¼

sαc ,

�1
y3 s�2
3 s4

¼

sβc ,

s3i

¼

s2iþ2 siþ3

for 2 ≤ i ≤ c � 3;

s3c�2

where the parameters α and β depend on the transfer kernel type ϰðGÞ,
8
ð0; 0Þ
for ϰðGÞ � ð0122Þ, c:18;
>
>
<
ð1; 0Þ
for ϰðGÞ � ð1122Þ, E:6;
ðα, βÞ ¼
ð0;
1Þ
or
ð0;
2Þ
for ϰðGÞ � ð2122Þ, H:4;
>
>
:
ð1; 1Þ or ð1; 2Þ for ϰðGÞ � ð3122Þ � ð4122Þ, E:14:

¼

s2c

〉,

ð13Þ

ð14Þ

This presentation has the benefit of including six periodic sequences with distinct transfer
kernel types, and the drawback of being restricted to the fixed coclass 2.

4. The first 3-class towers of length 3
In our long desired disproof of the claim by Scholz and Taussky ([18], p. 41) concerning the
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3-class tower of the imaginary quadratic field F ¼ Qð �9 748Þ, we presented the first p-class
towers with exactly three stages, for an odd prime p, in cooperation with Bush ([19], Cor. 4.1.1, p.
775). The underlying fields F were of type E:9 in its ground state, which admits two possibilities
for the second 3-class group, M ≃ 〈2187; 302〉 or 〈2187; 306〉. Now we want to illustrate the way
which led to the fork topologies in Theorem 3.5 by using the more convenient type E:8, where the
group M is unique for every state, in particular, M ≃ 〈2187; 304〉 for the ground state.
Remark 4.1. Concerning the notation, we are going to use logarithmic type invariants of abelian
^

^

^

^

3-groups, for instance ð21Þ¼ð9; 3Þ, ð32Þ¼ð27; 9Þ, ð43Þ¼ð81; 27Þ, and ð54Þ¼ð243; 81Þ.
pﬃﬃﬃ
Let F ¼ Qð dÞ be an imaginary quadratic number field with 3-class group Cl3 F ≃ ð3; 3Þ, and let
E1 , …, E4 be the unramified cyclic cubic extensions of F.
Theorem 4.1. (First towers of type E:8.) Let the capitulation of 3-classes of F in E1 , …, E4 be of type
ϰ1 F � ð1, 2, 3; 1Þ, which is called type E:8. Assume further that the 3-class groups of E1 , …, E4 possess
the abelian type invariants τ1 F � ½T 1 ; 21; 21; 21�, where T 1 ∈ {32; 43; 54}.
Then, the length of the 3-class tower of F is precisely ℓ 3 F ¼ 3.
Proof. We employ the p-group generation algorithm [7, 8] for searching the Artin pattern
APðFÞ ¼ ðτ1 F, ϰ1 FÞ among the descendants of the root R :¼ C3 � C3 ¼ 〈9; 2〉 in the tree T ðRÞ.
After two steps, 〈9; 2〉
〈27; 3〉
〈243; 8〉, we find the next root U 5 :¼ 〈243; 8〉 of the unique
relevant coclass tree T ð2Þ ðU5 Þ, using the assigned simple TKT E.8, ϰ3 ¼ ð1231Þ, and its associated scaffold TKT c.21, ϰ0 ¼ ð0231Þ. Finally, the first component T 1 ¼ τ1 ð1Þ ∈ {32; 43; 54} of the
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TTT provides the break-off condition, according to ([13], Thm. 1.21, p. 79), respectively, Theorem M in ([20], p. 14), and we get M ≃ 〈2187; 304〉 ¼ 〈729; 54〉 � #1; 4 for the ground state
T 1 ¼ ð32Þ, M ≃ 〈6561; 2050〉 � #1; 2 for the first excited state T 1 ¼ ð43Þ, and M ≃ 〈6561; 2050〉

ð�#1; 1Þ2 � #1; 2 for the second excited state T 1 ¼ ð54Þ, where 〈2187; 303〉 ¼ 〈729; 54〉 � #1; 3
and 〈6561; 2050〉 ¼ 〈2187; 303〉 � #1; 1. The situation is visualized by Figure 2, where the three
metabelianizations M ≃ G=G00 of the 3-tower group G, for the ground state and two excited
states, are emphasized with red color. Figure 2, showing the second 3-class groups M, was
essentially known to Ascione in 1979 [21, 22], and to Nebelung in 1989 [11]. Compare the
historical remarks ([2], section 3, p. 163).
In the next three Figures 5–7, which were unknown until 2012, we present the decisive breakthrough establishing the first rigorous proof for three-stage towers of 3-class fields. The key
ingredient is the discovery of periodic bifurcations ([2], section 3, p. 163) in the complete descendant tree T ðU5 Þ which is of considerably higher complexity than the coclass tree T ð2Þ ðU 5 Þ.
For the ground state T 1 ¼ ð32Þ, the first bifurcation yields the cover
covðMÞ ¼ {M, 〈6561; 622〉}
of M ≃ 〈2187; 304〉. The relation rank d2 M ¼ 3 eliminates M as a candidate for the 3-tower
group G, according to the Corollary ([20], p. 7) of the Shafarevich Theorem ([13], Thm. 1.3, pp.
75–76), and we end up getting G ≃ 〈6561; 622〉 ¼ 〈729; 54〉 � #2; 4 with a siblings topology
1

2

E! c

E

which describes the relative location of M and G.
For the first excited state T 1 ¼ ð43Þ, the second bifurcation yields the cover
covðMÞ ¼ {M, 〈6561; 621〉 � #1; 1 � #1; 2;〈6561; 621〉 � #1; 1 � #2; 2}
of M ≃ 〈6561; 2050〉 � #1; 2, where 〈6561; 621〉 ¼ 〈729; 54〉 � #2; 3. The relation rank d2 ¼ 3 eliminates M and 〈6561; 621〉 � #1; 1 � #1; 2 as candidates for the 3-tower group G, according to
Shafarevich, and we get the unique G ≃ 〈6561; 621〉 � #1; 1 � #2; 2 with fork topology
1

E!

n

o n2
1 2
c! c
c

1

c

o

2

E:

Similarly, the second excited state T 1 ¼ ð54Þ yields a more complex advanced fork topology
1

E!

n 1 o4 n
c! c

2

c

1

c

o2

2

E:

Figure 5 impressively shows that entering the unnoticed secret door, which is provided by
the bifurcation at the vertex 〈729; 54〉, immediately leads to the long desired 3-tower group
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
G ≃ 〈6561; 622〉 ¼ 〈729; 54〉 � #2; 4 of the imaginary quadratic field F ¼ Qð �34 867Þ. The siblings
topology is emphasized with red color, and the projection G ! M ≃ G=G00 is drawn in blue color.
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Figure 5. Tree topology of type E in the ground state.

In Figure 6, we see that the path to the 3-tower group G ≃ 〈729; 54〉 � #2; 3 � #1; 1 � #2; 2 of the
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
imaginary quadratic field F ¼ Qð �370 740Þ contains two bifurcations at 〈729; 54〉 and
〈729; 54〉 � #2; 3 � #1; 1. As before, the fork topology is emphasized with red color, and the
projection G ! M ≃ G=G00 is drawn in blue color. Two projection arrows of type E:9 are black.
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Figure 6. Tree topology of type E in the first excited state.

Figure 7 shows the path to the 3-tower group G ≃ 〈729; 54〉 � #2; 3 � #1; 1 � #2; 1 � #1; 1 � #2; 2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
of the imaginary quadratic field F ¼ Qð �4 087 295Þ. It requires three bifurcations at 〈729; 54〉,
〈729; 54〉 � #2; 3 � #1; 1, and 〈729; 54〉 � #2; 3 � #1; 1 � #2; 1 � #1; 1. Again, the fork topology is
emphasized with red color, and the projection G ! M ≃ G=G00 is drawn in blue color.
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Figure 7. Tree topology of type E in the second excited state.

5. Future developments
Fork topologies with significantly higher complexity and step sizes up to 3 and even 4 will be
investigated in cooperation with M. F. Newman [23] for finite 3-groups with TKT F.
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Abstract
For any two vertices u and v in a connected graph G, a u − v path is a monophonic path if
it contains no chords, and the monophonic distance dm(u, v) is the length of a longest u − v
monophonic path in G. For any vertex v in G, the monophonic eccentricity of v is em(v) =
max {dm(u, v) : u ∈ V}. The subgraph induced by the vertices of G having minimum monophonic eccentricity is the monophonic center of G, and it is proved that every graph is the
monophonic center of some graph. Also it is proved that the monophonic center of every
connected graph G lies in some block of G. With regard to convexity, this monophonic
distance is the basis of some detour monophonic parameters such as detour monophonic
number, upper detour monophonic number, forcing detour monophonic number, etc. The
concept of detour monophonic sets and detour monophonic numbers by fixing a vertex
of a graph would be introduced and discussed. Various interesting results based on these
parameters are also discussed in this chapter.
Keywords: monophonic path, monophonic distance, detour monophonic number,
upper detour monophonic number, forcing detour monophonic number, vertex detour
monophonic number, upper vertex detour monophonic number, forcing vertex detour
monophonic number

1. Introduction
In this chapter, we consider a finite connected graph G = (V(G), E(G)) having no loops and multiple edges. The order and size of G are denoted by p and q, respectively. Distance in graphs is
a wide branch of graph theory having numerous scientific and real-life applications. There are
many kinds of distances in graphs found in literature. For any two vertices u and v in G, the distance d(u, v) from u to v is defined as the length of a shortest u − v path in G. The eccentricity e(v)
of a vertex v in G is the maximum distance from v to a vertex of G. The radius rad G of G is the

© 2016 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use, distribution,
© 2018 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
and reproduction in any medium, provided the original work is properly cited.
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.
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minimum eccentricity among the vertices of G, while the diameter diam G of G is the maximum
eccentricity among the vertices of G. The distance between two vertices is a fundamental concept
in pure graph theory, and this distance is a metric on the vertex set of G. More results related to
this distance are found in Refs. [1–9]. This distance is used to study the central concepts like center, median, and centroid of a graph [10–22]. With regard to convexity, this distance is the basis of
some geodetic parameters such as geodetic number, connected geodetic number, upper geodetic
number and forcing geodetic number [23–32]. The geodesic graphs, extremal graphs, distance
regular graphs and distance transitive graphs are some important classes based on the distance
in graphs [33, 34]. These concepts have interesting applications in location theory and convexity
theory. The neighborhood of a vertex v is the set N(v) consisting of all vertices u which are adjacent
with v. A vertex v is an extreme vertex if the subgraph induced by its neighbors is complete.
The detour distance, which is defined to be the length of a longest path between two vertices
of a graph, is also a metric on the vertex set of G [35, 36]. For any two vertices u and v in G, the
detour distance D(u, v) from u to v is defined as the length of a longest u − v path in G. The detour
eccentricity eD(v) of a vertex v in G is the maximum detour distance from v to a vertex of G. The
detour radius radD G of G is the minimum detour eccentricity among the vertices of G, while the
detour diameter diamD G of G is the maximum detour eccentricity among the vertices of G. With
regard to detour convexity, the detour number of a graph was introduced and studied in Refs.
[25, 37]. The detour concepts and colorings are widely used in the channel assignment problem in FM radio technology and also in certain molecular problems in theoretical chemistry.
The parameter geodetic (detour) number of a graph is global in the sense that there is exactly
one geodetic (detour) number for a graph. The concept of geodetic (detour) sets and geodetic
(detour) numbers by fixing a vertex of a graph was also introduced and discussed in Refs.
[38–42]. With respect to each vertex of a graph, there is a geodetic (detour) number, and so
there will be at most as many geodetic (detour) numbers as there are vertices in the graph.

2. Monophonic distance
Definition 2.1. A chord of a path u1, u2,…, un in a connected graph G is an edge ui uj with j ≥ i + 2.
A u − v path P is called a monophonic path if it is a chordless path. The length of a longest u − v
monophonic path is called the monophonic distance from u to v, and it is denoted by dm(u, v). A u − v
monophonic path with its length equal to dm(u, v) is known as a u − v monophonic.
Example 2.2. Consider the graph G given in Figure 1. It is easily verified that d(v1, v4) = 2, D(v1,
v4) = 6, and dm(v1, v4) = 4. Thus the monophonic distance is different from both the distance and
the detour distance. The monophonic path P : v1, v2, v8, v7, v4 is v1 − v4 monophonic while the
monophonic path Q : v1, v3, v4 is not v1 − v4 monophonic.
The usual distance d and the detour distance D are metrics on the vertex set V of a connected
graph G, whereas the monophonic distance dm is not a metric on V. For the graph G given in
Figure 1, dm(v4, v6) = 5, dm(v4, v5) = 1 and dm(v5, v6) = 1. Hence dm(v4, v6) > dm(v4, v5) + dm(v5, v6), and
so the triangle inequality is not satisfied.
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Figure 1. The graph G in Example 2.2.

The following result is an easy consequence of the respective definitions.
Proposition 2.3. Let u and v be any two vertices in a graph G of order p. Then
0 ≤ d(u, v) ≤ dm(u, v) ≤ D(u, v) ≤ p − 1.
Result 2.4. Let u and v be any two vertices in a connected graph G. Then
(i) dm(u, v) = 0 if and only if u = v.
(ii) dm(u, v) = 1 if and only if uv is an edge of G.
(iii) dm(u, v) = p − 1 if and only if G is the path with endvertices u and v.
(iv) d(u, v) = dm(u, v) = D(u, v) if and only if G is a tree.
Definition 2.5. For any vertex v in a connected graph G, the monophonic eccentricity of v is em(v) =
max {dm(u, v) : u ∈ V}. A vertex u of G such that dm(u, v) = em(v) is called a monophonic eccentric vertex
of v. The monophonic radius and monophonic diameter of G are defined by radm G = min {em(v) : v ∈ V}
and diamm G = max {em(v) : v ∈ V}, respectively.
Example 2.6. Table 1 shows the monophonic distance between the vertices and also the
monophonic eccentricities of vertices of the graph G given in Figure 1. It is to be noted that
radm G = 3 and diamm G = 5.
Remark 2.7. In any connected graph, the eccentricity of every two adjacent vertices differs by
at most 1. However, this is not true in the case of monophonic distance. For the graph G given
in Figure 1, em(v5) = 3 and em(v6) = 5.
Note 2.8. Any two vertices u and v in a tree T are connected by a unique path, and so
d(u, v) = dm(u, v) = D(u, v). Hence rad T = radm T = radD T and diam T = diamm T = diamD T.
The monophonic radius and the monophonic diameter of some standard graphs are given
in Table 2.
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dm(vi, vj)

v1

v2

v3

v4

v5

v6

v7

v8

em(v)

v1

0

1

1

4

1

4

3

4

4

v2

1

0

4

3

1

5

4

1

5

v3

1

4

0

1

2

4

4

4

4

v4

4

3

1

0

1

5

1

4

5

v5

1

1

2

1

0

1

3

3

3

v6

4

5

4

5

1

0

1

1

5

v7

3

4

4

1

3

1

0

1

4

v8

4

1

4

4

3

1

1

0

4

Table 1. Monophonic eccentricities of the vertices of the graph G in Figure 1.

Graph G

Kp

Cp

W1,p−1 (p ≥ 4)

K1,p−1 (p ≥ 2)

Km,n (m,n ≥ 2)

Pp

radm G

1

p−2

1

1

2

⌊2⌋

diamm G

1

p−2

p−3

2

2

p−1

p
__

Table 2. Monophonic radius and monophonic diameter of some standard graphs.

The next theorem follows from Proposition 2.3.
Theorem 2.9. For a connected graph G, the following results hold:
a. e(v) ≤ em(v) ≤ eD(v) for any vertex v in G.
b. rad G ≤ radm G ≤ radD G.
c. diam G ≤ diamm G ≤ diamD G.
Theorem 2.10. (a) If a, b and c are integers with 3 ≤ a ≤ b ≤ c, then there exists a connected graph
G such that rad G = a, radm G = b and radD G = c.
(b) If a, b and c are integers with 5 ≤ a ≤ b ≤ c, then there exists a connected graph G such that
diam G = a, diamm G = b and diamD G = c.
Proof. (a) The result is proved by considering three cases.
Case (i) 3 ≤ a = b = c. Consider G = P2a + 1, the path of order 2a + 1. It is clear that rad G =
radm G = radD G = a.
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Case (ii) 3 ≤ a ≤ b < c. Let F1 : u1, u2,…, ua−1 and F2 : v1, v2,…, va−1 be two copies of the path Pa−1
of order a − 1. Let F3 : w1, w2,…, wb−a+3 and F4 : z1, z2,…, zb−a+3 be two copies of the path Pb−a+3 of
order b−a+3, and F5 = Kc−b+1 the complete graph of order c − b + 1 with V(F5) = {x1, x2,…, xc−b+1}. We
construct the graph G as follows: (i) identify the vertices x1 in F5 and w1 in F3; also identify the
vertices xc−b+1 in F5 and z1 in F4; (ii) identify the vertices wb−a+3 in F3 and u2 in F1, and identify the
vertices zb−a+3 in F4 and v2 in F2; and (iii) join each vertex wi (1 ≤ i ≤ b−a+2) in F3 and u1 in F1, and
join each vertex zi (1 ≤ i ≤ b−a+2) in F4 and v1 in F2. The resulting graph G is shown in Figure 2.
It is easily verified that e(v) = a if v ∈ V(F5); e(v) > a if v ∈ V(G) − V(F5), em(v) = b if v ∈ V(F5); em(v) > b
if v ∈ V(G) − V(F5) and eD(v) = c if v ∈ V(F5); and eD(v) > c if v ∈ V(G) − V(F5). It follows that
rad G = a, radm G = b, and radD G = c.
Case (iii) 3 ≤ a < b = c. Let E1 : v1, v2,…, v2a+1 be a path of order 2a + 1. Let E2 : u1, u2,…, ub−a+3 and
E3: w1, w2,…, wb−a+3 be two copies of the path Pb−a+3 of order b − a + 3, and let Ei (4 ≤ i ≤ 2(b − a) + 3) be
2(b − a) copies of K1. We construct the graph G as follows: (i) identify the vertices va+1 in E1, u1 in
E2, and w1 in E3; (ii) identify the vertices va−1 in E1 and ub−a+3 in E2, and identify the vertices va+3 in E1
and wb−a+3 in E3; and (iii) join each Ei (4 ≤ i ≤ b − a + 3) with va+1 in E1 and ui−1 in E2, and join each Ei
(b − a + 4 ≤ i ≤ 2(b − a) + 3) with va+1 in E1 and wi−b+a−1 in E3. The resulting graph G is shown in Figure 3.

Figure 2. A graph G in Case (ii) of Theorem 2.10(a).

Figure 3. A graph G in Case (iii) of Theorem 2.10(a).
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It is easily verified that e(va+1) = a; e(v) > a if v ∈ V(G) − {va+1}; em(va+1) = b; em(v) > b if v ∈ V(G) − {va+1},
and eD(va+1) = c; and eD(v) > c if v ∈ V(G) − {va+1}. It follows that rad G = a, radm G = b, and radD G = c.
(b) This result is also proved by considering three cases.
Case (i) 5 ≤ a = b = c. Let G be a path of order a+1. Then diam G = diamm G = diamD G = a.
Case (ii) 5 ≤ a ≤ b < c. Let F1 : u1, u2,…, ua−1 be the path Pa−1 of order a − 1; F2 : w1, w2,…, wb−a+3 be
the path Pb−a+3 of order b − a + 3; and F3 = Kc−b+1 be the complete graph of order c − b +1 with V (F3)
= {x1, x2,…, xc−b+1}. We construct the graph G as follows: (i) identify the vertices x1 in F3 and w1
in F2, and identify the vertices wb−a+3 in F2 and u2 in F1, and (ii) join each vertex wi (1 ≤ i ≤ b −
a + 2) in F2 and u1 in F1. The resulting graph G is shown in Figure 4. It is easily verified that e(v) =
a if v ∈ (V(F3) − {x1}) ∪ {ua−1}; e(v) < a if v ∈ V(F2) ∪ (V(F1) − {ua−1}), and em(v) = b if v ∈ (V(F3) − {x1}) ∪ {ua−1};
em(v) < b if v ∈ V(F2) ∪ (V(F1) − {ua−1}), and eD(v) = c if v ∈ (V(F3) − {x1}) ∪ {ua−1}; and eD(v) < c if v ∈
V(F2) ∪ (V(F1) − {ua−1}). It follows that diam G = a, diamm G = b and diamD G = c.
Case (iii) 5 ≤ a < b = c. Let E1 : v1, v2,…, va+1 be a path of order a + 1; E2 : w1, w2,…, wb−a+3 be another
path of order b − a + 3; and Ei (3 ≤ i ≤ b − a + 2) be b − a copies of K1. Let G be the graph obtained from
Ei for i = 1, 2,…, b − a + 2 by identifying the vertices va−2 and va of E1 with w1 and wb−a+3 of E2, respectively, and joining each Ei (3 ≤ i ≤ b − a + 2) with va−2 and wi. The graph G is shown in Figure 5.

Figure 4. A graph G in Case (ii) of Theorem 2.10(b).

Figure 5. A graph G in Case (iii) of Theorem 2.10(b).
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It is easily verified that e(v) = a if v ∈ {v1, va+1}; e(v) ≤ a if v ∈ V(G) − {v1, va+1}, and em(v) = b if v ∈ {v1,
va+1}; em(v) ≤ b if v ∈ V(G) − {v1, va+1}, and eD(v) = c if v ∈ {v1, va+1}; and eD(v) ≤ c if v ∈ V(G) − {v1, va+1}.
It follows that rad G = a, radm G = b and radD G = c.
For any connected graph G, the inequalities rad G ≤ diam G ≤ 2 rad G and radD G ≤ diamD G ≤ 2
radD G hold. However, this is not true in the case of monophonic radius and monophonic diameter. For example, when the graph G is the wheel W1,p−1 (p ≥ 6), it is easily seen that radm G = 1 and
diamm G = p − 3 ≥ 3 so that diamm G > 2 radm G.
It is proved in Ref. [6] that if a and b are any two positive integers such that a ≤ b ≤ 2a, then
there is a connected graph G with rad G = a and diam G = b. Also, it is proved in Ref. [35] that
if a and b are any two positive integers such that a ≤ b ≤ 2a, then there is a connected graph G
with radD G = a and diamD G = b.
Now, the following theorem gives a realization result for radm G ≤ diamm G.
Theorem 2.11. If a and b are positive integers with a ≤ b, then there exists a connected graph G such
that radm G = a and diamm G = b.
Proof. This result is proved by considering three cases.
Case (i) a = b ≥ 1. Let G be the cycle Ca+2. Then radm G = a and diamm G = b.
Case (ii) a < b ≤ 2a. Let C1 : u1, u2,…, ua+2, u1 be a cycle of order a + 2 and C2 : v1, v2,…, vb−a+2, v1 be
a cycle of order b − a + 2. Let G be the graph obtained by identifying the vertex u1 of C1 and v1
of C2. Since b ≤ 2a, it follows that b − a + 2 ≤ a + 2. It is clear that dm(u1, x) ≤ a for any x in G and
dm(u1, ua+1) = a. Therefore, em(u1) = a. Also, it is clear that there is no vertex x with em(x) < a and
so radm G = a. It is clear that dm(u3, v3) = b and dm(u3, x) ≤ b for any vertex x in G and so em(u3) = b.
Also, it is easy to see that em(x) ≤ b for every vertex x in G so that diamm G = b.
Case (iii) b > 2a. Let G be the graph obtained by identifying the central vertex of the wheel W =
K1 + Cb+2 (b ≥ 2) and an endvertex of the path P2a. Since b > 2a, em(x) = b for any vertex x ∈ V(Cb+2).
Also, a ≤ em(x) ≤ 2a for any vertex x ∈ V(P2a) and em(va) = a. Hence radm G = a and diamm G = b.
2.1. Monophonic center and monophonic periphery
Definition 2.12. A vertex v in a connected graph G is called a monophonic central vertex if em(v) =
radm G, and the subgraph induced by the monophonic central vertices of G is the monophonic
center Cm(G) of G. A vertex v in G is called a monophonic peripheral vertex if em(v) = diamm G, and
the subgraph induced by the monophonic peripheral vertices of G is the monophonic periphery
Pm(G) of G.
Example 2.13. Consider the graph G given in Figure 1. It is easily verified that v5 is the monophonic central vertex and v2, v4, and v6 are the monophonic peripheral vertices of G.
Remark 2.14. The monophonic center of a connected graph need not be connected. For the
graph G given in Figure 6, Cm(G) = {v3, v6}.
Theorem 2.15. Every graph is the monophonic center of some connected graph.
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Figure 6. A graph G in Remark 2.14.

Proof. Let G be a graph. We show that G is the monophonic center of some graph. Let l = dm
be the monophonic diameter of G. Let P : u1, u2,…, ul and Q : v1, v2,…, vl be two copies of the
path Pl. The required graph H given in Figure 7 is got from G, P, and Q by joining each vertex
of G with u1 in P and v1 in Q. Then emH(x) = dm for each vertex x in G and dm + 1 ≤ emH(x) ≤ 2 dm
for each vertex x not in G. Therefore, V(G) is the set of monophonic central vertices of H and
so Cm(H) = G.
More specifically, it is proved in Ref. [43] that the center of every connected graph G lies in a
single block of G. Also, it is proved in Ref. [35] that the detour center of every connected graph
G lies in a single block of G. The same result is true for the monophonic center also, as proved
in the following theorem.
Theorem 2.16. The monophonic center Cm(G) of every connected graph G is a subgraph of some block
of G.
Proof. Suppose that there is a connected graph G such that its monophonic center Cm(G) is
not a subgraph of a single block of G. Then G has a cut vertex v such that G − v contains two
components H1 and H2, each containing vertices of Cm(G). Let u be a vertex of G such that
em(v) = dm(u,v), and let P1 be a u − v longest monophonic path in G. Then at least one of H1 and H2
contains no vertices of P1, say H2 contains no vertex of P1. Now, take a vertex w in Cm(G) that
belongs to H2, and let P2 be a v − w longest monophonic path in G. Since v is a cut vertex, P1 followed by P2 gives a u − w longest monophonic path with its length greater than that of P1. This
gives em(w) > em(v) so that w is not a monophonic central vertex of G, which is a contradiction.
Corollary 2.17. For any tree, the monophonic center is isomorphic to K1 or K2.

Figure 7. A graph H in Theorem 2.15.
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It is proved in Ref. [44] that a nontrivial graph G is the periphery of some connected graph if
and only if every vertex of G has eccentricity 1 or no vertex of G has eccentricity 1. Also, it is
proved in Ref. [35] that a connected graph G of order p ≥ 3 and radius 1 is the detour periphery
of some connected graph if and only if G is Hamiltonian. A similar result is given in the next
theorem, and for a proof, one may refer to Ref. [45].
Theorem 2.18. A nontrivial graph G is the monophonic periphery of some connected graph if and only
if every vertex of G has monophonic eccentricity 1 or no vertex of G has monophonic eccentricity 1.
Definition 2.19. A connected graph G is monophonic self-centered if radm G = diamm G, that is, if G
is its own monophonic center.
Example 2.20. The complete graph Kn, the cycle Cn, and the complete bipartite graph Km,n (m, n ≥ 2)
are monophonic self-centered graphs.
The following problem is left open.
Problem 2.21. Characterize monophonic self-centered graphs.
Further results on monophonic distance in graphs can be found in Refs. [45, 46].

3. Detour monophonic number
Throughout this section, by a u − v detour monophonic path, we mean a longest u − v monophonic path.
Definition 3.1. A set S of vertices of a connected graph G is called a detour monophonic set if every
vertex of G lies on a u − v detour monophonic path for some u, v ∈ S. The detour monophonic number
of G is defined as the minimum cardinality of a detour monophonic set of G and is denoted by dm(G).
Example 3.2. For the graph G given in Figure 8, S1 = {v1, v2, v3}, S2 = {v2, v3, v4}, S3 = {v5, v6, v2},
S4 = {v5, v6, v3}, S5 = {v1, v3, v5}, S6 = {v1, v3, v6}, S7 = {v2, v4, v5}, and S8 = {v2, v4, v6} are the minimum
detour monophonic sets of G and so dm(G) = 3.

Figure 8. The graph G in Example 3.2.
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If a vertex belongs to every minimum detour monophonic set of G, then it is called a detour
monophonic vertex of G. If S is the unique minimum detour monophonic set of G, then S is the
set of all detour monophonic vertices of G. In the next theorem, we show that there are certain
vertices in a nontrivial connected graph G that are detour monophonic vertices of G.
Theorem 3.3. Every detour monophonic set of a connected graph G contains all its extreme vertices.
Moreover, if the set of all extreme vertices S of G is a detour monophonic set of G, then S is the unique
minimum detour monophonic set of G.
Proof. Let v be an extreme vertex and let S be a detour monophonic set of G. If v is not an element of S, then there exist two elements x and y in S such that v is an internal vertex of an x − y
detour monophonic path, say P. Let u and w be the vertices on P adjacent to v. Then u and w
are not adjacent and so v is not an extreme vertex of G, which is a contradiction. Therefore v
belongs to every detour monophonic set of G. Thus, if S is the set of all extreme vertices of G,
then dm(G) ≥ |S|. On the other hand, if S is a detour monophonic set of G, then dm(G) ≤ |S|.
Therefore dm(G) = |S| and S is the unique minimum detour monophonic set of G.
The following two theorems are easy to prove.
Theorem 3.4. Let G be a connected graph with a cut vertex v and let S be a detour monophonic set of
G. Then every component of G − v contains an element of S.
Theorem 3.5. No cut vertex of a connected graph G belongs to any minimum detour monophonic set of G.
Since every end-block B is a branch of G at some cut vertex, it follows Theorem 3.4 and
Theorem 3.5 that every minimum detour monophonic set of G contains at least one vertex
from B that is not a cut vertex. Thus the following corollaries are consequences of Theorems
3.4 and 3.5.
Corollary 3.6. If G is a connected graph with k ≥ 2 end-blocks, then dm(G) ≥ k.
Corollary 3.7. If k is the maximum number of blocks to which a vertex in a graph G belongs, then
dm(G) ≥ k.
Theorem 3.8. For any connected graph G, 2 ≤ dm(G) ≤ p.
Theorem 3.9. For any connected graph G, dm(G) = p if and only if G is complete.
Proof. Let dm(G) = p. Suppose that G is not a complete graph. Then there exist two vertices u
and v such that u and v are not adjacent in G. Since G is connected, there is a detour monophonic path from u to v, say P, with length at least 2. Clearly, (V(G) − V(P)) ∪ {u, v} is a detour
monophonic set of G and hence dm(G) ≤ p − 1, which is a contradiction. Conversely, if G is
complete, then by Theorem 3.3, dm(G) = p.
Theorem 3.10. If G is a nontrivial connected graph of order p and monophonic diameter d, then dm(G)
≤ p − d + 1.
Proof. Let x, y ∈ V(G) such that G contains an x − y detour monophonic path P of length
diamm G = d. Let S = (V(G)−V(P)) ∪ {x, y}. Since S is a detour monophonic set of G, it follows that
dm(G) ≤ |S| ≤ p − d + 1.
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Theorem 3.11. For every nontrivial tree T of order p and monophonic diameter d, dm(T) = p − d + 1 if
and only if T is a caterpillar.
Proof. Let T be any nontrivial tree. Let P : u = v0, v1,…, vd be a monophonic diametral path. Let
k be the number of endvertices of T and let l be the number of internal vertices of T other than
v1, v2,…, vd−1. Then d − 1 + l + k = p. By Theorem 3.3 and Theorem 3.5, dm(T) = k and so dm(T) =
p − d − l + 1. Hence dm(T) = p − d + 1 if and only if l = 0, if and only if all the internal vertices of
T lie on the monophonic diametral path P, and if and only if T is a caterpillar.
It is known that radm G ≤ diamm G for a connected graph G. It is proved in Ref. [45] that if a
and b are any two positive integers such that a ≤ b, then there is a connected graph G with
radm G = a and diamm G = b. The same result can also be extended so that the detour monophonic number can be prescribed when radm G < diamm G, and for a proof, one may refer to
Ref. [47].
Theorem 3.12. For positive integers r, d and n ≥ 4 with r < d, there exists a connected graph G with
radm G = r, diamm G = d and dm(G) = n.
Problem 3.13. For any three positive integers r, d and n ≥ 4 with r = d, does there exist a connected graph G with radm G = r, diamm G = d and dm(G) = n?
3.1. Upper detour monophonic number
Definition 3.14. A detour monophonic set S of a connected graph G is called a minimal detour
monophonic set if no proper subset of S is a detour monophonic set of G. The maximum cardinality
of a minimal detour monophonic set of G is the upper detour monophonic number of G, denoted by
dm+(G).
Example 3.15. Consider the graph G given in Figure 8. The minimal detour monophonic sets
are S1 = {v1, v2, v3}, S2 = {v2, v3, v4}, S3 = {v5, v6, v2}, S4 = {v5, v6, v3}, S5 = {v1, v3, v5}, S6 = {v1, v3, v6},
S7 = {v2, v4, v5}, S8 = {v2, v4, v6} and S9 = {v1, v4, v5, v6}. For this graph, the upper detour monophonic number is 4, and the detour monophonic number is 3.
Note 3.16. Every minimum detour monophonic set is a minimal detour monophonic set, but
the converse is not true. For the graph G given in Figure 8, S9 is a minimal detour monophonic
set, but it is not a minimum detour monophonic set of G.
The following three theorems are easy to prove.
Theorem 3.17. For any connected graph G, 2 ≤ dm(G) ≤ dm+(G) ≤ p.
Theorem 3.18. For a connected graph G, dm(G) = p if and only if dm+(G) = p.
Theorem 3.19. If G is a connected graph of order p with dm(G) = p − 1, then dm+(G) = p − 1.
The next theorem is an interesting realization result, and for a proof, one may refer to Ref. [48].
Theorem 3.20. For any three positive integers a, b and n with 2 ≤ a ≤ n ≤ b, there is a connected graph
G with dm(G) = a, dm+(G) = b and a minimal detour monophonic set of cardinality n.
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3.2. Forcing detour monophonic number
A connected graph G may contain more than one minimum detour monophonic sets. For
example, the graph G given in Figure 8 contains eight minimum detour monophonic sets.
For each minimum detour monophonic set S in G, there is always some subset T of S that
uniquely determines S as the minimum detour monophonic set containing T. Such sets are
called “forcing detour monophonic subsets” and these sets are discussed in this section.
Definition 3.21. Let S be a minimum detour monophonic set of a connected graph G. A subset S′ of
S is a forcing detour monophonic subset for S if S is the unique minimum detour monophonic set that
contains S′. A forcing detour monophonic subset for S of minimum cardinality is a minimum forcing
detour monophonic subset of S. The cardinality of a minimum forcing detour monophonic subset of S
is the forcing detour monophonic number fdm(S) in G. The forcing detour monophonic number of G is
fdm(G) = min {fdm(S)}, where the minimum is taken over all minimum detour monophonic sets S in G.
Example 3.22. For the graph G given in Figure 9, S1 = {z, w, v}, S2 = {z, w, u} and S3 = {z, w, x} are the
minimum detour monophonic sets of G. It is clear that fdm(S1) = 1, fdm(S2) = 1 and fdm(S3) = 1 so that
fdm(G) = 1. For the graph G given in Figure 10, S = {y, v} is the unique minimum detour monophonic
set of G and so fdm(G) = 0.
The next theorem follows immediately from the definitions of the detour monophonic number and the forcing detour monophonic number of a graph G.
Theorem 3.23. For a connected graph G, 0 ≤ fdm(G) ≤ dm(G) ≤ p.

Figure 9. A graph G with fdm(G) = 1.

Figure 10. A graph G with fdm(G) = 0.
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The following theorem characterizes graphs G for which fdm(G) = 0, fdm(G) = 1 and fdm(G) =
dm(G). The proof is an easy consequence of the definitions of the detour monophonic number
and the forcing detour monophonic number.
Theorem 3.24. Let G be a connected graph. Then
(i) fdm(G) = 0 if and only if G contains exactly one minimum detour monophonic set.
(ii) fdm(G) = 1 if and only if G contains two or more minimum detour monophonic sets, one of which
is a unique minimum detour monophonic set that contains one of its elements.
(iii) fdm(G) = dm(G) if and only if no minimum detour monophonic set of G is the unique minimum
detour monophonic set that contains any of its proper subsets.
The next theorem gives a realization result for the parameters fdm(G) and dm(G), and for a
proof, the reader may refer to Ref. [49].
Theorem 3.25. For every pair a, b of positive integers with 0 ≤ a < b and b ≥ 2, there exists a connected
graph G such that fdm(G) = a and dm(G) = b.
Further results on detour monophonic concepts in graphs can be found in Refs. [47–50].

4. Vertex detour monophonic number
The parameter detour monophonic number of a graph is global in the sense that there is
exactly one detour monophonic number for a graph. The concept of detour monophonic sets
and detour monophonic numbers by fixing a vertex of a graph was also introduced and discussed in this section. With respect to each vertex of a graph, there is a detour monophonic
number, and so there will be at most as many detour monophonic numbers as there are vertices in the graph.
Definition 4.1. For any vertex x in a connected graph G, a set Sx of vertices in G is called an x-detour
monophonic set if every vertex of G lies on an x − y detour monophonic path in G for some y in Sx. The
x-detour monophonic number of G, denoted by dmx(G), is defined to be the minimum cardinality of an
x-detour monophonic set of G. An x-detour monophonic set of cardinality dmx(G) is called a dmx-set of G.
It is easy to observe that for any vertex x in G, x does not belong to any dmx-set of G.
Example 4.2. For the graph G given in Figure 11, the minimum vertex detour monophonic
sets and the vertex detour monophonic numbers are given in Table 3.
The next two theorems are easy to prove.
Theorem 4.3. For any vertex x in a connected graph G, the following results hold.
(i) Every dmx-set of G contains all its extreme vertices other than the vertex x (whether x is extreme
vertex or not).
(ii) No dmx-set of G contains a cut vertex of G.
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Figure 11. The graph G in Example 4.2.

Vertex

Minimum vertex detour monophonic sets

Vertex detour monophonic number

t

{z,w}

2

y

{w,z,t}, {w,z,u}

3

z

{u,w}, {w,y}

2

u

{w,z,y}

3

v

{w,t,z}, {w,u,z}

3

w

{t,z}, {z,u}

2

Table 3. Vertex detour monophonic numbers of the graph G in Figure 11.

Theorem 4.4. For any vertex x in a connected graph G of order p, 1 ≤ dmx(G) ≤ p − 1.
Theorem 4.5. For any vertex x in a connected graph G of order p, dmx(G) = p − 1 if and only if
deg x = p − 1.
Proof. Let x be any vertex in a connected graph G of order p. Let dmx(G) = p − 1. If deg x < p−1,
then there is a vertex u in G that is not adjacent to x. Since G is connected, there is a detour
monophonic path from x to u, say P, with length greater than or equal to 2. Then (V(G)−V(P))
∪ {u} is an x-detour monophonic set of G so that dmx(G) ≤ p − 2, which is a contradiction.
Conversely, let deg x = p − 1. Hence x is adjacent to all other vertices of G. This shows that all
these vertices form the dmx-set of G and so dmx(G) = p − 1.
Corollary 4.6. A graph G is complete if and only if dmx(G) = p − 1 for every vertex x in G.
4.1. Upper vertex detour monophonic number
Definition 4.7. Let x be any vertex of a connected graph G. An x-detour monophonic set Sx is called a
minimal x-detour monophonic set if no proper subset of Sx is an x-detour monophonic set. The upper
x-detour monophonic number is the maximum cardinality of a minimal x-detour monophonic set of G
and is denoted by dmx+(G).
Example 4.8. For the graph G given in Figure 12, the minimum vertex detour monophonic
sets the vertex detour monophonic numbers, the minimal vertex detour monophonic sets and
the upper vertex detour monophonic numbers are given in Table 4.
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Figure 12. The graph G in Example 4.8.

Vertex x

Minimum x-detour
monophonic sets

dmx(G)

Minimal x-detour
monophonic sets

dmx+(G)

t

{u,y}, {u,z}

2

{u,y}, {u,z}

2

u

{t,y}, {t,z}

2

{t,y}, {t,z}

2

v

{w,y}, {z,y}

2

{w,y}, {z,y}, {w,t,u}

3

w

{z,y}, {z,v}

2

{z,y}, {z,v}, {v,t,u}

3

y

{v,z}, {v,t}, {v,u}

2

{v,z}, {v,t}, {v,u}, {t,u,w}

3

z

{w,y}, {w,t}, {w,u}

2

{w,y}, {w,t}, {w,u}, {v,t,u}

3

Table 4. Upper vertex detour monophonic numbers of the graph G in Figure 12.

Since every minimum x-detour monophonic set is a minimal x-detour monophonic set, we
have 1 ≤ dmx(G) ≤ dmx+(G) ≤ p − 1. In view of this, we have the following theorems, and for
proofs one may refer to Ref. [51].
Theorem 4.9. Let x be any vertex in a connected graph G of order p ≥ 3. If dmx(G) = 1, then dmx+(G) ≤
p − 2.
Theorem 4.10. Let x be any vertex in a connected graph G. Then dmx(G) = p − 1 if and only if dmx+(G) =
p − 1.
Theorem 4.11. For any four integers j, k, l and p with 2 ≤ j ≤ k ≤ l ≤ p − 7, there exists a connected
graph G of order p with dmx(G) = j, dmx+(G) = l and a minimal x-detour monophonic set of cardinality k.
4.2. Forcing vertex detour monophonic number
Definition 4.12. Let x be any vertex of a connected graph G and let Sx be a minimum x-detour monophonic set of G. A subset S′ of Sx is an x-forcing subset for Sx if Sx is the unique minimum x-detour
monophonic set that contains S′. An x-forcing subset for Sx of minimum cardinality is a minimum
x-forcing subset of Sx. The cardinality of a minimum x-forcing subset of Sx is the forcing x-detour
monophonic number fdmx(Sx) in G. The forcing x-detour monophonic number of G is fdmx(G) =
min { fdmx(Sx)}, where the minimum is taken over all minimum x-detour monophonic sets Sx in G.
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Definition 4.13. Let x be any vertex of a connected graph G. The upper forcing x-detour monophonic
number, fdmx+(G), of G is the maximum forcing x-detour monophonic number among all minimum
x-detour monophonic sets of G.
Example 4.14. For the graph G given in Figure 13, the minimum vertex detour monophonic
sets, the vertex detour monophonic numbers, the forcing vertex detour monophonic sets, the
forcing vertex detour monophonic numbers and the upper forcing vertex detour monophonic
numbers are given in Table 5.
Theorem 4.15. For any vertex x in a connected graph G, 0 ≤ fdmx(G) ≤ fdmx+(G) ≤ dmx(G).
The following theorem gives a realization result for the parameters fdmx(G), fdmx+(G), dmx(G),
and for a proof, one may refer to Ref. [52].
Theorem 4.16. For any three integers r, s and t with 2 ≤ r ≤ s ≤ t with 2r − s ≥ 0, there exists a connected graph G with fdmx(G) = r, fdmx+(G) = s and dmx(G) = t for some vertex x in G.
There are useful applications of these concepts to security-based communication network
design. In the case of designing the channel for a communication network, although all the
vertices are covered by the network when considering detour monophonic sets, some of the
edges may be left out. This drawback is rectified in the case of edge detour monophonic
sets so that considering edge detour monophonic sets is more advantageous to real-life
application of communication networks. The edge detour monophonic sets are discussed in
Refs. [53–55].

Figure 13. The graph G in Example 4.14.

Vertex x

dmx-sets

dmx(G)

x-forcing subsets

fdmx(G)

fdmx+(G)

t

{v,w}, {y,z}, {w,y}

2

{v}, {z}, {w,y}

1

2

u

{t,v,w}, {t,y,z}, {t,w,y}

3

{v}, {z}, {w,y}

1

2

v

{t,z}

2

Φ

0

0

w

{t,v}, {t,z}

2

{v}, {z}

1

1

y

{t,v}, {t,z}

2

{v}, {z}

1

1

z

{t,v}

2

Φ

0

0

Table 5. Forcing and upper forcing vertex detour monophonic numbers of the graph G in Figure 13.
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5. Conclusion
In this chapter, the new distance known as monophonic distance in a graph is introduced,
and its properties are studied. Its relationship with the usual distance and detour distance
is discussed. Various realization theorems are proved with regard to the radius (diameter),
monophonic radius (monophonic diameter) and detour radius (detour diameter). Results
regarding monophonic center and monophonic periphery of a graph are presented. Further,
the concept of a detour monophonic set in a graph is introduced and its various properties
are presented. Consequently, the parameters, viz., detour monophonic number, upper detour
monophonic number and forcing detour monophonic number of a graph are introduced and
studied. In a similar way, the vertex detour monophonic number, the upper vertex detour
monophonic number and the forcing vertex detour monophonic number of a graph are introduced and studied. Many interesting characterization theorems and also realization theorems with regard to all these parameters are presented. The results presented in this chapter
would help the researchers in graph theory to develop new results and applications to various
branches of science.
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Abstract
This chapter is devoted to various interactions between the graph theory and mathematical physics of disordered media, studying spectral properties of random quantum
Hamiltonians. We show how the notions, methods, and constructions of graph theory
can help one to solve difficult problems, and also highlight recent developments in
spectral theory of multiparticle random Hamiltonians which both benefit from graphtheoretical methods and suggest original structures where new insights are required
from various areas of mathematical physics in a broad sense.

Keywords: isoperimetric estimates, Cheeger bound, Lifshitz tails, Anderson
localization, multiparticle localization, quantum graphs

1. Introduction
The proposed chapter focuses on the methods and applications of the graph theory in the area
of quantum transport on combinatorial and metric (often referenced to as “quantum”) graphs.
It is well known that perfectly periodic potentials in Euclidean spaces or on periodic lattices
create favorable conditions for nonlocalized solutions of Schrödinger and/or wave equations. In
quantum physics, this results in transport of quantum particles, for example, electrons or phonons. However, after the seminal, Nobel prize winning work [1] published by Philip W. Anderson
in 1958, it has been realized by physicists that the propagation of quantum particles in an
imperfect environment, modeled by a random or almost periodic electrostatic or magnetic
potential, can be significantly inhibited, to the point where mobile quantum particles, e.g.,
electrons, are localized: their wave functions decay exponentially away from some loci— their
respective localization centers. In many applications, the media where quantum particles
propagate are not periodic crystals, but have instead a structure of more or less complex
graphs formed by atoms, and therefore are treated as disordered media. The structural disorder can be complemented by a parametric one, e.g., in the context of weighted graphs where

© 2018 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.
© The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and eproduction in any medium, provided the original work is properly cited.
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the canonical graph Laplacian ΔΓ on Γ is modulated by variable weights assigned to the edges.
In general terms of the spectral theory of unordered structures, this is an instance of the “offdiagonal” disorder. Furthermore, it is important to analyze the spectral properties of the discrete
analogs of the Schrödinger operators �ΔΓ þ V on a graph Γ, where V is a fixed or random realvalued function on Γ.
The recent wake of interest to the nanosystems and molecular devices attracted many researchers
to such models, and numerous intriguing problems in this area still remain challenging and wide
open. It has been understood that the classical aspects of the graph theory, such as isoperimetric
estimates (particularly, the Cheeger bounds) and deep results of the spectral theory of graphs, are
of great importance to the localization/delocalization processes on graphs other than periodic
lattices embedded in a Euclidean space.
Furthermore, the most recent developments in the spectral theory of disordered quantum systems, initiated independently and simultaneously by physicists (cf., e.g., [2]) and mathematicians
(cf. [3–6], emphasized the role of interparticle interaction which had been consciously and explicitly neglected in the pioneering works due to the complexity of the analysis involved, although P.
W. Anderson himself was concerned about possible effects of interaction on the fundamental
properties of the quantum transport. Following the first mathematical works in this direction,
the notion of a multiparticle quantum graph has been recently introduced by Sabri [7].
Summarizing, the proposed chapter provides to the reader an overview of synthetic techniques
and results where the traditional problem of the combinatorial and spectral graph theory is
intertwined with complementary structures, ideas, and methods of functional analysis and
quantum mechanics, in response to the new challenges in modern technology.

2. Isoperimetric bounds, spectral gaps, and quantum localization
The integer lattices Zd , d ≥ 1, endowed with the usual graph structure constitute a very particular
class of connected graphs. The spectra and (generalized) eigenfunctions of their canonical graph
Laplacians are easy to find, due to the commutative group structure of these lattices. The lattice
Laplacian ΔZd is the canonical Laplacian on Zd endowed with the graph structure where the
edges are formed by the pairs ðx, yÞ with Euclidean distance jx � yj2 ¼ 1. It follows from the

Fourier analysis on the additive group Zd that the spectral measure of ΔZd is absolutely continuous (with respect to the Lebesgue measure). The graph Laplacians ΔΓ are defined as nonpositive
operators, but in mathematical physics one considers �ΔΓ instead. The spectrum of �ΔZd is
easily computed, knowing that its Fourier image is the operator of multiplication by the function
p ¼ ðp1 , …, pd Þ↦

d
X
ð1 � cos pj Þ:
j¼1

ð1Þ

The generalized eigenfunctions are given by the respective Fourier harmonics (plane waves)
�
�
x ↦ exp iðp, xÞ , where ðp, xÞ ¼ p1 x1 þ … þ pd xd . In physics, one often works with finite
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cubes, where the eigenfunctions of the respective Laplacian are combinations of plane waves.
Particular questions concerning the Laplacians relative to such finite graphs depend upon
specific intended applications. A number of situations give rise to the quantitative analysis of
a few of the lowest eigenvalues of ð�ΔΓ Þ, numbered in increasing order. In particular,
the spectral gap and the analytic form of the eigenfunctions with eigenvalues λ0 and λ1 ,
known explicitly for the rectangles, are more difficult to analyze for general graphs. One
possible question is about the size of the gap λ1 � λ0 : it features a power-law decay as the
size L of the cube ½1, L�d grows, but what can one say about the spectral gap for less regular
graphs? Furthermore, it is readily seen that the eigenvalue λ1 is degenerate on the cube, and
has multiplicity equal to the dimension d: the respective eigenfunctions are the lowest-frequency harmonics, related to the global geometry of the cube, but the situation for general
graphs is more complex.
Before going to the answers, provided by the graph theory for a large class of nonperiodic
graphs, we give some motivations coming from the spectral theory of random operators.
One remarkable phenomenon relative to disordered media was discovered in the 1960s by
physicist I.M. Lifshitz [8] and colorfully called in the physics and mathematics communities
“Lifshitz tails”: the eigenvalue distribution of the random operators H V ¼ �Δ þ VðωÞ decays
extremely as the energy E approaches the lower edge of spectrum.
In this chapter, we always assume the random potential to take i.i.d. (independent and identically distributed) values. In addition, we assume the common probability distribution of these
random values to admit a bounded probability density.
We shall use the following notions and notations. Given a potential V : Zd ! R, we consider
the discrete Schrödinger operator HV ¼ �Δ þ V, where Δ is the graph Laplacian on the integer
lattice Zd . Further, for each integer L ≥ 1 and a lattice point x denoted by BðL, xÞ the cube
centered at x of side length 2L, and let HL be the Schrödinger operator �ΔBðL, 0Þ þ V in the cube
BðL, 0Þ; here, �ΔBðL, 0Þ is the canonical graph Laplacian in BðL, 0Þ with the graph structure
inherited from the integer lattice, where the edges are given by the pairs of nearest neighbours
in the Euclidean distance. Next, denote by λk the eigenvalues of H L numbered in increasing
order, and introduce the finite-volume eigenvalue counting function
NðE, LÞ ¼

1
cardfk : λk ≤ Eg, E ∈ R:
jBðL, 0Þ

ð2Þ

Definition 1. The limiting eigenvalue distribution function NðEÞ of the operator HV is the limit
NðEÞ :¼ limL!∞ NðE, LÞ,

ð3Þ

whenever it exists. Otherwise, we say that the limiting distribution function does not exist.
In the case where a fixed potential V : Zd ! R is replaced by a sample VðωÞ of a random field
on the lattice, the operator H V ¼ HV ðωÞ also becomes random.
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In physical terminology, widely used also in mathematical physics of disordered media, NðEÞ
is usually called the integrated density of states (IDS). The existence of the above limit is not
obvious and, generally speaking, the limit may not exist. However, the existence of NðEÞ for
any energy can be established by the methods of ergodic theory in a particular, but very rich
and useful for physical applications class of ergodic operators (including all i.i.d. potentials), as
well as for the periodic and almost-periodic potentials. In fact, the latter classes can be incorporated into the general scheme of ergodic operators; cf., e.g., the monographs [9, 10]. Moreover,
the IDS for ergodic potentials is nonrandom; in physical terminology, IDS is a “self-averaging” quantity. Simply put, spatial average coincides with the ensemble average for ergodic
operators.
Whenever the potential V of the Schrödinger operator H V ¼ �Δ þ V is lower bounded, e.g.,
nonnegative, H V , and its spectrum SpecðH V Þ have the same property, since�Δ is nonnegative.
Therefore, E0 :¼ inf SpecðH V Þ > �∞. In physics, E0 is called the ground state energy. A
number of important quantities and phenomena are related to the ground state energy and
also to the behavior of the IDS as the energy E approaches E0 . Lifshitz [8] discovered that for a
large class of Hamiltonians with random potential energy, including random Schrödinger
operators H V ¼ �Δ þ VðωÞ on a lattice, the IDS decays very fast as E ↓ E0 : for some C1 , C > 0


�d
NðEÞ � C1 exp �CðE � E0 Þ 2 :

ð4Þ

Lifshitz tails have numerous important ramifications in theoretical and experimental physics.
They also result in a nonperturbative onset of the Anderson localization on lattices for any,
arbitrarily small amplitude of the random potential VðωÞ. Away from the spectral edge, the
proofs of localization require a sufficiently large amplitude of VðωÞ; moreover, it is widely
believed that in dimension d ≥ 3, in the models where the random potential gVðωÞ has a
sufficiently small amplitude jgj, there are intervals I of energy where the corresponding generalized eigenfunctions (“extended quantum states”) are not square-summable, and the spectral
measure has in I a nontrivial absolutely continuous component. In simpler terms, there is a
nontrivial quantum transport in some energy zones.
A substantial progress has been achieved in the direction of proofs of localization near the
spectral edge (or edges). For a long time, most of the efforts have been made in the analysis of
lattice Hamiltonians HV ¼ �Δ þ VðωÞ. Recently, it has been shown in Ref. [11] that a number
of results obtained on the integer lattices can be extended to much more general graphs of
polynomial (or, more generally, subexponential) growth. The key point is the availability of
lower bounds on the spectral gap in terms of the Cheeger’s constant of the graph.
Consider a lattice cube B ¼ BðL, 0Þ with the graph structure inherited from the lattice, and the
random lattice Schrödinger operator HB, V ðωÞ ¼ �ΔB þ VðωÞ on it. The starting point of the
localization analysis of this finite-volume Hamiltonian is the estimate of the probability to have
some eigenvalues of H B, V ðωÞ in a small interval I E ¼ ½E0, E0 þ E� near the spectral edge E0 . This
is closely related to the Lifshitz tails. One needs a finite-volume analog of the limiting Lifshitz
asymptotics, but for the localization analysis, one can settle for a sufficiently strong, albeit not
necessarily sharp, upper bound on the probability
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P ∃ Ej ∈ Spec H B, V ðωÞ : Ej ∈ I E :

ð5Þ

Now recall Temple’s inequality [12].
Proposition 1. Let A be a self-adjoint operator in a finite-dimensional Hilbert space H, and
E0 ¼ inf SpecðAÞ be a simple eigenvalue. If a vector ψ with unit norm satisfies 〈ψ, Aψ〉 < E1 :¼ inf
SpecðAÞ\fE0 g, then
E0 ≥ 〈ψ, Aψ〉 �

〈ψ, A2 ψ〉 � ð〈ψ, Aψ〉Þ2
:
E1 � 〈ψ, Aψ〉

Now one can see the importance of the size of the lowest spectral gap, η ¼ E1 � E0 . As was
mentioned above, η is easily calculated explicitly for the Laplacians in lattice rectangles, but of
course there is no universal formula for general finite graphs. The following result was
obtained in Ref. [11].
Proposition 2. Let be given a finite connected subgraph G of a locally finite countable connected graph
Γ satisfying the following condition: there exists some real constants d ≥ 1 and C > 0 such that any ball
BðL, xÞ ⊂ Γ of radius L ≥ 1 has cardinality
jBðL, xÞj ≤ CLd :

ð6Þ

Then
E1 ð�ΔG Þ ≥ cd jGj�2 , cd > 0:
Apart from the canonical negative Laplacian ð�ΔG Þ, it is often more convenient to work with
its modified variant LG defined by
ðLG f ÞðxÞ ¼ ðnG ðxÞÞ�1=2 ððnG ðxÞÞ�1=2 f ðxÞ � ðnG ðyÞÞ�1=2 f ðyÞÞ

ð7Þ

where ðnG ðxÞ and ðnG ðyÞ are the coordination numbers of the vertices x and y, respectively:


nG ðxÞ ¼ card Bð1, xÞ\fxg . The coordination numbers are nonzero, whenever the graph is

connected and has more than one vertex. Below we quote the bounds obtained for the modified Laplacian, but, up to some constants, they remain valid for the original Laplacian.
Definition 2. The Cheeger’s constant of a finite connected graph G is the following quantity:
hðGÞ :¼ minG¼W⊔W c

j∂Wj
,
min½volðWÞ, volðW c Þ�

where the minimum is taken over all nontrivial partitions G ¼ W ⊔ W c of the graph G into disjoint
subgraphs W and its complement W c .
Denote by μk ðGÞ, k ≥ 0, the eigenvalues of LG numbered, as their counterparts λk ðGÞ, in increasing
order. Then one has the following results (cf. [13]).
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Proposition 3. Let be given a finite connected graph G of diameter DG :¼ diamG. Let μ1 ðGÞ be
the first nonz ero eigenvalue of the modified graph Laplacian LG , and hðGÞ the Cheeger’s
constant of G. Then
2�

6 hðGÞ
min4
2

�2

,

1
,�
DG volðGÞ

2
volðGÞ

3

7
�2 5 ≤ μ1 ðGÞ ≤ 2hðGÞ:

ð8Þ

For a finite connected subgraph G ⊂ Γ satisfying the growth condition in Eq. (7), one has
DG ≤ jGj � 1 and volðGÞ ≤ Cd jGj. Combined with the inequalities in Eqs. (7) and (9), this results
in the following lower bound for E1 ðGÞ:
E1 ðGÞ ≥ cd jGj2 :

ð9Þ

The upper bound by 2hðGÞ is not quite explicit in general (this depends of course on the
specific problems at hand), but for finite connected subgraphs G⊂Γ one can prove that
limjGj!þ∞ μ1 ðGÞ ¼ 0 (cf. [14]). Now we are ready to prove the following result.
Lemma 1. Let G be a finite connected subgraph of a graph Γ satisfying the growth condition in
Eq. (6), and 0 < η ≤ 16 λ1 ð�ΔG Þ. Let V be a nonnegative real function on G, and set
X
V η ðxÞ :¼ min½VðxÞ, 2η�, HG ¼ �ΔG þ V: Then E0 ðHG Þ ≥ 12 jGj�1 x ∈ G V η ðxÞ:
Proof. Consider the normalized eigenfunctions of ΔG with the eigenvalue E0 , viz. ψ0 ¼ jGj�1=2 1G .
Next, introduce an auxiliary operator K ¼ �ΔG þ V η. By nonnegativity of the functions V η ≤ V,
we have the inequalities (in the sense of the associated quadratic forms)
�ΔG ≤ K ≤ � ΔG þ V ¼ HG

ð10Þ

so that by the min-max principle, we have E0 ðH G Þ ≥ E0 ðKÞ and E1 ðHG Þ ≥ E1 ðKÞ ≥ E1 ð�ΔG Þ. Since
E0 ¼ 0, it follows that ΔG ψ0 ¼ 0, and therefore,
〈ψ0 , Kψ0 〉 ¼ 〈ψ0 , � ΔG ψ0 〉 þ 〈ψ0 , V η ψ0 〉 ¼ 〈ψ0 , V η ψ0 〉
¼ jGj�1

X

1
1
V η ðxÞ ≤ 2η ≤ λ1 ð�ΔG Þ ≤ λ1 ðKÞ
3
3
x∈G

ð11Þ

Thus, we have Temple’s inequality to ψ0 , K and E1 ðKÞ. Note first that by ΔG ψ0 ¼ 0, one has
〈ψ0 , K2 ψ0 〉 ¼ 〈ψ0 , ðΔG Þ2 ψ0 〉 þ 〈ΔG ψ0 , V η ψ0 〉 þ 〈V η ψ0 , ΔG ψ0 〉 þ 〈ΔG ψ0 , ðV η Þ2 ψ0 〉
¼ 〈ΔG ψ0 , ðV η Þ2 ψ0 〉:
Now apply Temple’s inequality, taking account of the above identity:
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〈ψ0 , ðV η Þ2 ψ0 〉
E1 ðKÞ � 〈ψ0 , Kψ0 〉
�2
X
X�
1
�
≥ jGj�1
V η ðxÞ � �
jGj�1
V η ðxÞ
1
x∈G
x∈G
1 � E1 ðKÞ
3

E0 ðH G Þ ≥ E0 ðKÞ ≥ 〈ψ0 , Kψ0 〉 �

1
E1 ðKÞ
≥ jGj
V η ðxÞ � jGj
V η ðxÞ 3
2
x∈G
x∈G
E1 ðKÞ
3
X
1
≥ jGj�1
V η ðxÞ:
2
x∈G
�1

X

�1

X

□

Lemma 2. Consider a nonnegative i.i.d. random field Vðx, ωÞ on a locally finite graph Γ
satisfying the growth condition in Eq. (7), with the common marginal probability distribution
function FðtÞ :¼ P{Vðx, ωÞ ≤ t}, and assume the following:
1.

There exist arbitrarily large L ∈ N such that any ball BðL, xÞ⊂Γ can be partitioned into
δ

connected graphs Gi with L12 ≤ jGi j ≤ L1=12 , for some δ ∈ ð0, 1Þ.
2.

Fðt þ sÞ � FðtÞ ≤ Csβ for some β ∈ , C > 0 and all t ∈ R, s > 0;

3.

infft ∈ R : FðtÞ > 0g ¼ 0

Then for any positive integer n, there exists a finite connected subgraph G⊂Γ with G ∨ ≥ n and
satisfying the following spectral bound:
�
�
n
o
1
P E0 ðH G Þ ≤ jGj�3 ≤ exp � jGj
8

ð12Þ

Proof. Using the Cheeger bound for the first nonzero eigenvalue, we have
E1 ð�ΔG Þ ≥ cd jGj�2 , cd > 0:

ð13Þ

Let ηG ¼ c6d jGj�2 , then 2ηG ≤ 13 E1 ð�ΔG Þ, hence we can use η ¼ ηG and get
X
1
E0 ðH G Þ ≥ jGj�1
V η ðx, ωÞ:
2
x∈G

ð14Þ

The value ηG can be made arbitrarily small by taking the cardinality of the graph G large
enough, and by assumption on continuity of the probability distribution function FV , for ηG
sufficiently small we have FV ðηG Þ ≤ 1=4. Recall that the values of the random potential Vðx, ωÞ
are i.i.d., and so are V η ðx, ωÞ, since they are functions of i.i.d. r.v., so the probability for the
sample mean of a large number of i.i.d. random variables to take a value away from the
expectation can be assessed with the help of the large deviations theory. Specifically, for any
n ≥ 1 and i.i.d. r.v. ξ1 , …, ξn , for any η > 0 such that Pfξ1 ≤ 2ηg ≤ 1=4, one has
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� X
�
� n�
1
n
P
min½ξ
,
2η�
≤
η
≤
exp
�
i
i¼1
n
8

ð15Þ

(see the details in Ref. [11]). Furthermore, we have jGj�3 ≤ c6d jGj�2 for jGj large enough. Now
the lower bound in Eq. (13) combined with Eq. (18) proves the claim:
n
o n
o
�
�
cd
P E0 ðH G Þ ≤ jGj�3 ≤ P E0 ðHG Þ ≤ jGj�2 ¼ P E0 ðHG Þ ≤ ηG
6�
� X
�
�
1
1
P
min½Vðx,
ωÞ,
2η
�
≤
η
≤
exp
�
jGj
:
G
G
x∈G
jGj
8

□

Theorem 1. Assume (W). There exist some δ > 0 and arbitrarily large balls BðL, xÞ such that
�
�
n �
�
o
�1 δ=12
:
ð16Þ
L
P E0 H BðL, xÞ ≤ L�1=4 ≤ exp
16
Proof. Fix a vertex x ∈ Γ. By assumption (i), there are arbitrarily large L such that the ball BðL, xÞ
δ

can be partitioned into connected graphs Gi with L12 ≤ jGi j ≤ MðL, xÞ ≤ L1=12 . The operator ð�ΔG Þ
admits the following lower bound in the sense of quadratic forms:
MðL, xÞ

�ΔG ≥ ⊕i¼1

ð�ΔGi Þ:

ð17Þ

Since V is a multiplication operator, we also have
MðL, xÞ

HG ≥ ⊕i¼1

H Gi :

ð18Þ

Observe that by (i), L�1=4 ≤ jGi j�3 ≤ L�δ=4 . Owing to Lemma 1, we conclude that
�
n �
� �1 o �
�1
P E0 HBðL, xÞ ≤ L 4 ≤ P min E0 ðH Gi Þ ≤ L 4
i
n
o
≤ MðL, xÞ max P E0 ðH Gi Þ ≤ jGi j�3
�
�
�i
�
1
1 δ
d
≤ CðdÞL max exp � jGi j ≤ CðdÞLd exp � L12
i
8
�8
�
1 δ=12
,
≤ exp � L
16

provided that L is sufficiently large. □
Now we give an application of the above result, which was the main motivation in Ref. [11],
and explain how the bounds for the eigenvalues of the graph Laplacians give rise to the decay
of eigenfunctions. Due to the size limitations of the present chapter, we treat the Green’s
functions in finite cubes, but the decay of the latter is important in itself, for physical applications, and it is known to imply the decay of eigenfunctions (cf. [10]). The decay of the Green’s
functions is established by the so-called multiscale analysis (MSA), an inductive scaling
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algorithm which we will sketch now (details can be found in [9, 10]). First, fix some notations
and give some definitions. Given a ball B ¼ BðL, uÞ⊂Γ and the operator H B ¼ �ΔB þ V, we
denote by GB ðEÞ its resolvent operator H B, and by GB ðx, y, EÞ, x, y ∈ B, the matrix elements of
the resolvent (usually called Green functions) in the standard orthonormal delta-basis formed
by the single-site indicator functions 1x . Further, given a ball B⊂Λ inside a larger connected
subgraph Λ⊂Γ, the Green functions satisfy an inequality, often called Simon-Lieb inequality
(sli), easily following from the second resolvent identity: for any x ∈ B and y ∈ Λ\B, one has
jGΛ ðx, y, EÞj ≤

X

ðv, v0 Þ ∈ ∂B

0

jGB ðx, v, EÞjjGΛ ðv , y, EÞj

ð19Þ

Since jBðL, uÞj ≤ Cd Ld , and the coordination numbers are uniformly bounded by Cd 1d ¼ Cd, we
have j∂Bj ≤ C2d Ld , so the above GRI implies
jGΛ ðx, y, EÞj ≤ C2d Ld maxv ∈ ∂�B jGB ðu, v, EÞjmaxv0 ∈ ∂þB jGΛ ðv0 , y, EÞj

ð20Þ

Here, x is an arbitrary point of B ¼ BðL, uÞ, but we will be mostly interested in the case where
x ¼ u, so the first maximum in the above RHS becomes a characteristic of the ball B.
A simple but important observation is that when q :¼ C2d Ld maxv ∈ ∂�B jGB ðu, v, EÞj < 1, we have
for the function f : x↦jGΛ ðx, y, EÞj a subharmonic-type inequality:
0

0 ≤ f ðxÞ ≤ qmaxv0 :dðx, v0 Þ¼Lþ1 f ðv Þ, 0 < q < 1:

ð21Þ

As long as all points v0 at distance L þ 1 from x are centers of L-balls with the same
“subharmonic” property, the GRI can be iterated. If n steps of iteration can be performed, and
kf k∞ ≤ M for some M < ∞, then the value f ðxÞ admits a small upper bound by Mqn.
Definition 3. Given real numbers E and m > 0, a ball B ¼ BðL, xÞ is called ðE, mÞ-nonsingular
(ðE, mÞ-, NS, in short), if for all y ∈ ∂� B
�
�
ð22Þ
C2d Ld maxv ∈ ∂� B jGB ðu, v, EÞj ≤ exp � aðm, LÞL
�1

with aðm, LÞ :¼ mð1 þ L 8 Þ. Otherwise, it is called ðE, mÞ-singular (ðE, mÞ-S).
The main result of Ref. [11] is the following
Theorem 2. There exist δ > 0, an interval I ¼ ½0, E� � with E� > 0, and an integer L� such that for
all E ∈ I and L ≥ L� one has
δ

PfBðL, xÞisðE, mÞ � Sg ≤ e�L :
We shall need a positive number β ∈ ð0, 1Þ; t suffices to set β ¼ 1=2, which will be assumed
below, but for clarity, sometimes the parameter β will be used in its symbolic form.
We denote by SpðH B, V Þ the spectrum of the operator H B, V .
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Definition 4. Given an operator H B, V ¼ �ΔB þ V in a ball B ¼ BðL, xÞ, this ball is called


β
E-nonresonant (E-NR, in short), if dist SpðHB, V Þ , E ≥ e�L , and E-resonant (E-R), otherwise.

Clearly, if a ball is E-NR, the resolvent is well-defined at the energy E, and the modulus of all
β

the respective Green functions are upper bounded by eL , since the finite-dimensional operator


H B, V is self-adjoint. Probabilistic bounds on dist SpðH B, V Þ , E for random operators are tradi-

tionally called Wegner bounds, due to the original work by Wegner [15] who established the
first general bound of that kind.

Lemma 3 (Wegner estimate). Assume that the random potential of the operator HB, V ðωÞ ¼ �ΔB
þVðωÞ is i.i.d. and the common marginal probability distribution of Vðx, ωÞ admits a probability
density bounded by some CW < ∞. Then for any s ∈ ½0, 1�


Pfdist SpðHB, V Þ , EÞ ≤ sg ≤ CW jBjs:

ð23Þ

Definition 5. Given an operator H B, V ¼ �ΔB þ V in a ball B ¼ BðLkþ1 , xÞ, this ball is called
ðE, mÞ-bad if it contains at least two nonoverlapping ðE, mÞ-S balls of radius Lk , and ðE, mÞgood, otherwise.
Lemma 4. If a ball BðLkþ1 , xÞ is E-NR and ðE, mÞ-good, then it is ðE, mÞ-NS.
Sketch of the proof. The claim is easily obtained by iterating the Simon-Lieb inequality (SLI) and
using the hypothesis of ðE, mÞ-goodness; the latter guarantees that in the course of iterated
applications of the GRI, one can stumble on an ðE, mÞ-S ball of size Lk at most once. There may
be no singular ball inside BðLkþ1 , xÞ, then the subharmonic-type inequalities easily provide an
exponential decay from the center to the boundary of the ball. Furthermore, if there is one
singular Lk ball, one can approach it from the center and from the boundary, using the SLI on
the first or on the second spatial argument of the Green function. The “wasted” distance is of
order or OðLk Þ, so an elementary calculation provides the desired decay bound of the Green’s
functions. Technical details can be found in Ref. [16], but it is worth emphasizing the crucial
role of the “nonresonance” hypothesis: as was explained, an iterated use of the subharmonictype inequality in Eq. (21) only gives the upper bound f ðxÞ ≤ qn kf k∞ , which is absolutely useless
without an explicit control of the sup-norm of the function f , and in our case, one has the
functions f : x↦jGΛ ðx, y, EÞj.
Theorem 2 can be derived from the following inductive statement.
Theorem 3. Introduce the following notations: for each k ≥ 0, let
Pk ¼ supx ∈ Γ PfBðLk , xÞisðE, mÞ � Sg,

ð24Þ

Qk ¼ sup P{BðLk, x Þ is E � R}:

ð25Þ

x∈Γ

δ

Assume that P0 , Q0 ≤ e�L with 0 < δ < β ¼ 1=2, and
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ðYL0 Þδ ≥ 4ln 2Cd ð2YL0 Þd ,

ð26Þ

δ

Then for all k ≥ 0 one has Pk ≤ e�Lk .
δ

Sketch of the proof. We proceed by induction, starting with the hypothesis P0 ≤ e�Lk . Assume the
required bound holds for some k ≥ 0, then we have to prove it for the balls of size Lkþ1 . By
Lemma 4, if a ball BðLkþ1 , xÞ is ðE, mÞ-S, then either it is E-R, or it is not ðE, mÞ-good, i.e.,
contains at least two disjoint balls BðLk , u0 Þ, BðLk , u00 Þ which are ðE, mÞ-S. The number of
0
00
possible pairs ðu , u Þ inside BðLkþ1 , xÞ is bounded by 12 C2d L2kþ1, and the probability for each pair
δ

0

BðLk , u Þ, BðLk , u00 Þ to be ðE, mÞ-S is bounded inductively by Pk ≤ e�Lk . Thus, the probability of
existence of at least one such pair is upper-bounded by
1 2 2 2 1 2 2 �2Lδk
:
CL P ≤ CL e
2 d kþ1 k 2 d kþ1

Further, the probability for the ball BðLkþ1 , xÞ to be E-R is upper-bounded with the help of the
Wegner estimate from Lemma 111, without induction:
β

Qkþ1 ≤ CW C2d Ldkþ1 e�Lkþ1 ,

where β ¼

1
> δ:
2

Therefore,
β
δ
1
Pkþ1 ≤ C2d L2kþ1 e�2Lk þ CW C2d Ldkþ1 e�Lkþ1
2

ð27Þ

Now the claim follows by a straightforward, albeit somewhat cumbersome calculation, making use of the assumed geometrical condition in Eq. (29). The details can be found in Ref. [16].
Theorem 3 shows that if on some scale L0 the Green functions in the balls of radius L0 decay—
with a sufficiently high probability—exponentially fast from the center to the boundary of the
ball, then the same phenomenon is reproduced, with ever higher probability, on any scale
Lk ! þ∞. Such a decay is akin to that of a wave function of a quantum particle in a classically
prohibited space where the energy of the particle is below the potential “barrier,” so there is a
powerful mechanism, originally discovered by P. W. Anderson in 1958, which reproduces the
local tendency of a quantum particle to localization in the disordered environment on any
scale. The main problem concerns the mechanisms creating such a tendency for localization.
This is where we turn to the spectral analysis in the balls BðL0 , xÞ and seek estimates for the first
nonzero eigenvalue of the graph Laplacian in BðL0 , xÞ.
Indeed, if we restrict our analysis to the interval of small positive energies (assuming the
potential is nonnegative; otherwise we can make a spectral shift), then it is clear that for all
energies E below the spectrum of the operator GB, V ðx, y, EÞ must decay exponentially with
respect to the distance jx � yj, due to the above-mentioned “under-the-barrier” decay wellknown from the elementary exercises in quantum mechanics. Mathematically, there is actually
a more general result, the Combes-Thomas estimate [17] which applies not only to the values E
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strictly below the spectrum of H B, V , but all E in the resolvent set, i.e., simply away from the
spectrum. Specifically, fix an operator H B, V relative to a ball BðL, uÞ, and let E ∈ R satisfy


0
dist E, SpðHB, V Þ ≥ η . There exist universal constants C, C > 0 such that for all x, y ∈ BðL, uÞ it
holds that

jGB, V ðx, y, EÞj ≤

0

C
expð�Cηjx � yjÞ:
η

ð28Þ

Now all the pieces of the puzzle find their place:
•

•

Using the isoperimetric spectral estimates combined with the Temple inequality, we can
find a sufficiently small energy interval ½E, E� þ η�, with E� , η > 0, such that in large balls
BðL0 , uÞ a random potential takes a very low average value with a very small probability,
so that it is highly unlikely for HB, V ðωÞ to have its lowest eigenvalue below E� þ η.


Restrict the energy interval to I � :¼ ½E, E� �; then for all E ∈ I � we have dist E, SpðH B, V Þ ≥ η ,

so the Combes-Thomas estimate in Eq. (31) applies and guarantees a fast decay of the
Green functions from the center to the boundary of the ball BðL, Þ. Notice that we can have
η lower bounded by a fractional power of L. Indeed, Eq. (19) allows us to take η ¼ L�1=4 ,
and the probability for such a bound to hold is at least 1 � e�δ=12 , in notations of Eq. (19).

•

We thus have, in a tiny interval of energies close to the bottom of the spectrum, the
starting hypothesis of the scale induction fulfilled. Now the roll the induction and prove
exponential decay with high probability at any scale Lk , k ≥ 0.

Once again, it is to be stressed that it is a graph-theoretic spectral estimate that makes this story
possible, and the presented phenomena take place for a rich class of graphs, much larger than
just periodic lattices. This general estimate is a far-going replacement for the elementary
consequences of the Fourier analysis on Zd .
Summarizing, the problem of computing exact asymptotics, or at least sharp upper/lower bounds on the
limiting distribution function of the eigenvalues for the operators H B, V ðωÞ on various classes of graphs
is of course much more general and important than one particular application to the Anderson localization presented above. This if often a difficult problem, and the wealth of knowledge and intuition
accumulated in the spectral graph theory would be very welcome to this area of mathematical physics.

3. Symmetric powers of graphs and spectra of fermionic systems
3.1. Motivation and preliminaries
Now we turn to another problem of spectral analysis of quantum Hamiltonians of disordered
systems. The presentation will be less technical, and the main message is that the graph theory
provides here both an adequate language and technical tools allowing one to treat efficiently
difficult problems arising in the recently developed multiparticle localization theory; some of
these problems are still open and challenging.
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In quantum mechanics, stationary states of a system of several quantum particles are described
by the eigenfunctions of their respective Hamiltonians acting in subspaces of either symmetric
or antisymmetric functions ΨðxÞ, x ¼ ðx1 , …, xN Þ, where N ≥ 1 is the number of particles, and
each argument xj runs through the single-particle configuration space. The particles described
by antisymmetric functions are called fermions, and those described by symmetric functions
are called bosons. Physically speaking, the particles evolve in the three-dimensional space, but
in the framework of the so-called tight-binding approximation, they can be restricted to a
periodic lattice or, more generally, a locally finite graph embedded in the Euclidean space. In
this section, we assume the latter and work with N-particle systems on a graph Γ. In fact, even
the case where Γ ¼ Zd is of interest for us, since we are going now to show how a typical
construction of the graph theory, the symmetric power of a graph, can be instrumental for
solving a formal yet thorny technical problem encountered in the multiparticle Anderson
localization theory.
The quantum particles are physically indistinguishable, so any accurate mathematical model
has to reflect this fact. In some situations including the localization analysis of randomly
disordered media, it is more convenient to represent the Hilbert space of symmetric or antisymmetric functions on Γ as the space of functions on the set of configurations of N indistinguishable particles, instead of a subspace of (þ/�)-symmetric functions defined directly on Γ.
While the two approaches are mathematically equivalent, the latter one has an important
technical advantage that can be explained as follows.
Consider for simplicity of a two-particle fermionic system in a finite subgraph G⊂½0, L�⊂Z with
the graph structure inherited from Z. The wave functions of the two-particle systems are thus
antisymmetric functions ΨðxÞ ¼ Ψðx1 , x2 Þ of two variables x1 , x2 ∈ G. We assume the
Hamitlonian of this system to ba a discrete Schrödinger operator of the form
Definition 6. Let be given a random potential VðωÞ on a subgraph G of the lattice Z, and a nonrandom
function r↦U ð2Þ ðrÞ of an integer argument. A two-particle discrete Schrödinger operator on G is the
operator of the form
HðωÞ ¼ EH0 þ Vðx, ωÞ þ UðxÞ,

ð29Þ

where:
ð1Þ

ð1Þ

ðjÞ

•

H0 ¼ �ΔG � ΔG (the kinetic energy operator) is the sum of two replicas ΔG of the graph
Laplacian on G, acting on a function Ψðx1 , x2 Þ as a function of the variable xj , j ¼ 1, 2;

•

Vðx, ωÞ is the operator of multiplication by the random function ðx1 , x2 Þ↦Vðx1 , ωÞ þ Vðx2 , ωÞ;
and

•

UðxÞ is the operator of the interaction energy of the two particles at hand, acting as the operator of
multiplication by the nonrandom function ðx1 , x2 Þ↦Uð2Þ ðjx1 � x2 jÞ.

The factor E > 0 measures the amplitude of the kinetic energy operators and reflects the
mobility of the particles. In this section, it is instructive to think of E as a small number, so that
the potential energy is in a certain sense dominant. Vðx, ωÞ is the operator of random potential
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energy induced by the disordered media (modeled here by a finite linear chain) acting as
operator of multiplication by the real-valued function
ðx1 , x2 , ωÞ↦

N
X
j¼1

Vðxj , ωÞ, N ¼ 2,

and Vðx, ωÞ are i.i.d. random variables on G (local potentials produced, e.g., by heavy ions).
The function U ð2Þ ðrÞ is called the two-body interaction potential.
For the sake of notational clarity, here and below we use boldface notations for various objects
related to multiparticle objects.
The onset of Anderson localization manifests itself by a fast (usually exponential) decay of the
eigenstates Ψk of the Hamiltonian HðωÞ away from some vertex, depending upon the quantum
number $j$ (usually referred to as the localization center of the respective eigenstate Ψk . The
quantum transport, on the other hand, may take place due to the tunneling between distant
vertices x, y ∈ G � G with very close local energies. The latter notion can be ambiguous when the
kinetic energy is nonnegligent, but pictorially, under the assumption we made above that E is small,
the local energy at a vertex x is essentially given by Vðx, ωÞ þ UðxÞ, thus depends directly upon x.
Now recall that the modulus of an asymmetric function Ψðx1 , x2 Þ is symmetric, thus jΨðxÞj
necessarily takes identical values at vertices x ¼ ðx1 , x2 Þ and Sx ¼ ðx2 , x1 Þ in the space of ordered
configurations of distinguishable particles. The symmetric vertices x and Sx can be located at
arbitrarily large distances from each other in the original two-particle configuration space
given by the Cartesian product G�G. As a result, one has, formally, consider the possibility of
“tunneling” between x and Sx, although there is no physical particle transfer process between
these two configurations: from the consistent quantum mechanical point of view, the latter are
simply identical! We come therefore to realize that the mathematical model based on the
Cartesian square of the “physical,” single-particle configuration space G generates some formal problems which actually have no physical raison d'être, yet they have to be addressed
explicitly to rule out some unwanted phenomena. In particular, this renders substantially more
complicated the rigorous localization analysis.
However, the above-mentioned difficulty disappears as soon as one replaces the Hilbert space
of antisymmetric functions Ψðx1 , x2 Þ on G�G by an isomorphic Hilbert space of functions Φ
on the set of configurations of indistinguishable pairs of vertices from the basic graph G. The
required construction is well-known in the graph theory: we need a symmetric power Gð2Þ of
the graph G. Due to the mathematical complexity of the rigorous multiparticle Anderson
localization theory, we can only sketch its general strategy in this chapter, but the main tool,
which proves very valuable here, deserves a more detailed discussion. As was said in the
introductory part, the main goal of this section is to attract the readers’ attention to some
interesting and useful relations between the mathematical physics of disordered media and
the notions, tools, and deep results of the graph theory.
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3.2. Construction of a symmetric power of a graph
3.2.1. An example in one dimension
Before we turn to general constructions of symmetric powers of locally finite graphs, it seems
instructive to consider first a particular case where the underlying, basic graph G is linear, i.e.,
isomorphic to a subgraph of the one-dimensional lattice Z. The existence of a complete linear
order makes possible a particularly simple variant of the symmetric square Gð2Þ (indeed, of any
symmetric power GðNÞ, N > 1).
Consider the triangular subset of lattice square QðLÞ :¼ G � G ¼ ½½0, L�� � ½½0, L�� (here G ¼ ½½0, L��
stands for the integer interval ½0, L�∩Z):
Gð2Þ ¼ fðx1 , x2 Þ ∈ ½ 0, L�� � ½½0, L�� : x1 < x2 g
(here (2) reflects the number of “particles”). An example is presented in Figure 1. Any antisymmetric function Ψ on QðLÞ vanishes at any point of the form ðx, xÞ, and its modulus takes
identical values on ðx1 , x2 Þ ∈ Gð2Þ and on the symmetric point ðx2 , x1 Þ. It follows that

Figure 1. Example of a symmetric square. Here the base graph G is a subgraph of Z, and it can be implemented as a
subgraph of the Cartesian square Z2 , owing to the one-dimensional topology of Z.
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kΨk22, QðLÞ :¼

X

x ∈ QðLÞ

jΨðxÞj2 ¼ 2

X

ð2Þ

x∈A

jΨðxÞj2

ð30Þ

This provides a natural isomorphism between the Hilbert spaces of complex functions on QðLÞ
and on Gð2Þ : Clearly, the same idea works in the N-particle case, where we can define
GðNÞ ¼ fðx1 , …, xN Þ ∈ ½ 0, L��N : x1 < x2 … < xN g,
except that in the latter case, the factor of 2 ¼ 2! in Eq. (23) is to be replaced by N!.
Such a simple, transparent geometrical construction is no longer available for general graphs,
but an isomorphism similar to that from Eq. (23) can be established for the symmetric powers
of graphs. Below we give a variant with a distinctive flavor of quantum mechanics.
3.2.2. General construction
The vertex set. Let be given a connected, locally finite countable graph with the vertex set G and
an edge set E, and an integer N ≥ 2. Consider the integer-valued functions n : x↦nðxÞ ∈ f0, 1g
X
on G such that
nðxÞ ¼ N. The physical meaning of the value nðxÞ is the number of
x∈G
particles at the vertex x, so it is usually called the occupation number of the site x ∈ G. Due to
the indistinguishable nature of the particles, only the numbers of particles at each site are
physically observable (measurable in experiments). Furthermore, since we are modeling now
fermions, the respective wave functions, by their antisymmetry, must vanish on any configuration of N particles among which at least two occupy the same position. This was precisely

the reason we excluded the “diagonal” from Gð2Þ above. Now we achieve the same effect by the
requirement nðxÞ ∈ f0, 1g. The bottom line is that a configuration of N particles admissible for
modeling fermions is completely determined by a function n; for all intents and purposes, each
n is a (fermionic) configuration.
Hence, we constructed an appropriate vertex set GðNÞ of the graph that would generalise Gð2Þ
for an general underlying graph G. Specifically, there is a projection
ΠðNÞ : x ¼ ðx1 , …, xN Þ↦nx , where supp nx ¼ fx1 , …, xN g:

ð31Þ

The points of the support of a function nx will be called the particles of the configuration nx .
Restricted on the set of N-tuples of pairwise distinct vertices x1 , …, xN , the projection ΠðNÞ is
��1
�
exactly N!-fold: the pre-image ΠðNÞ
ðnÞ has cardinality N!.

The edge set. Using again a terminology inspired by physics, we say that two configurations
n0 , n0 0 form an (unordered) edge if and only if n0 0 is obtained by moving exactly one particle of
n0 to a position unoccupied by other particles from n0 .
Mathematically, we require that
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X

x∈G

jn0 ðxÞ � n00 ðxÞj ¼ 2;

ð32Þ

It is not difficult to see that the two definitions are equivalent. Indeed, each term in the above sum
equals 0 or 1, since 0 ≤ n0 ðxÞ, n00 ðxÞ ≤ 1, and such a term vanishes when either n0 ðxÞ ¼ n00 ðxÞ ¼ 0,
i.e., x is unoccupied by either configuration, or n0 ðxÞ ¼ n00 ðxÞ ¼ 1, i.e., both configurations have a
particle at x. Removing particles from the support of n0 to produce new configuration n0 0 , we have
to place them outside the support. Therefore,
each point x with n0 ðxÞ ¼ 1 and n00 ðxÞ ¼ 0 (i.e., occupied by n0 but unoccupied by n0 0 ) contributes by a two unit term to the sum: first, n0 ðxÞ � n00 ðxÞ ¼ 1, and second, for the position y to
which we move the particle from x we have n0 ðxÞ � n00 ðxÞ ¼ �1. If we move more than one
particle from n0 , the sum in Eq. (25) will be at least 4. We conclude that the second definition in
Eq. (25) is equivalent to the first one.
This completes the construction of the N-th symmetric power ðGðNÞ , EðNÞ Þ of the graph ðG, EÞ.
3.2.3. Hilbert space isomorphism: antisymmetric functions versus symmetric power
Now the isomorphism between of the Hilbert space of square-summable complex antisymmetric
functions on the Cartesian power GN and the Hilbert space of all square-summable complex
functions on GðNÞ is defined in a natural fashion. Recall that we introduced the projection ΠðNÞ ,
��1
�
such that ΠðNÞ
ðnx Þ consists of all N! permutations of the vertices x1 , …, xN from the support

of nx . Any function Φ: GðNÞ ! C generates a symmetric function Ψ ¼ Φ∘ΠðNÞ , and each sym-

metric function Ψ : GN ! C can be obtained in this way, as Φ∘ΠðNÞ . The modulus of any
antisymmetric function Ψ on the Cartesian power GN takes identical values on all elements of
��1
�
ðnx Þ. Thus, with ΨΦ :¼ Φ∘ΠðNÞ ,
ΠðNÞ
X

x∈G

N

X
jΨΦ ðxÞj2 ¼ N! n

x ∈ GðNÞ

Now the required isomorphism is defined by kΨΦ k2 ¼

jΦðxÞj2 :

ð33Þ

pﬃﬃﬃﬃﬃﬃ
N!kΦk2.

It might appear that the described isomorphism is just an interesting formal trick, but there is
much more to it than a mere mathematical curiosity. As one illustration, we consider now a
problem of spectral analysis for multiparticle random Hamiltonians HðωÞ above.
3.2.4. An application: KAM-type analysis of two-particle fermionic random Hamiltonians
The goal of this subsection is merely to illustrate the key role of the isomorphism between the
subspace of antisymmetric square-summable functions of N > 1 variables in a graph G and the
space of all square-summable functions on the symmetric power GðNÞ. The mathematical
problem where it is used is quite complex, so we will only sketch the main setting and focus
on the role of the symmetric powers.
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It is to be emphasized that the spectral analysis of N-particle quantum Hamiltonians in
presence of a random potential field, generated by a disordered media, accurately taking into
account a nontrivial interaction between the particles, is a relatively new direction both in
theoretical physics and in rigorous mathematical physics. This is an actively developing and
challenging area of research. While physicists have finally obtained convincing theoretical
results on the stability of localization under the Coulomb interaction, the progress in rigorous
mathematical physics is still relatively modest, compared to theoretical physics. The best
insight achieved in the last 10 years concerns the systems of a fixed number N of particles in a
large sample of a disordered media. For the purposes of this chapter, we always restrict the
analysis to discrete systems on graphs.
As was said in the introductory section, we can only sketch rather complex mathematical
constructions involved and illustrate the main mechanisms of stability of localization under
interaction. For simplicity, suppose that we have a system of N ¼ 2 particles in a large but
finite connected graph G on which an i.i.d. random (potential) field x↦Vðx, ωÞ is defined. One
can consider various marginal probability distributions, i.e., identical probability distributions
of the random variables Vðx, ωÞ, x ∈ G. Two models popular in theoretical physics of disordered media suit perfectly our needs here: a standard Gaussian distribution Nð0, 1Þ with zero
mean and unit variance, and the uniform distribution on the interval ½0, 1�.
Consider first the simplest (yet mathematically nontrivial) case of zero amplitude of interaction. Then the variables in the Hamiltonian HðωÞ can be separated, since in this case one has an
algebraic representation HðωÞ ¼ Hð1Þ ðωÞ ⊗ I þ I ⊗ Hð2Þ ðωÞ where I is the identity operator, and
therefore, the eigenvectors of the operator HðωÞ can be chosen in the tensor product form,
Ψi, j ðωÞ ¼ ψi ðωÞ ⊗ ψj ðωÞ, where ψi ðωÞ, ψj ðωÞ are eigenvectors of the single-particle Hamiltonians Hð1Þ ðωÞ and H ð2Þ ðωÞ, respectively. The latter are identical replicas acting on their respecð1Þ

ð2Þ

tive variables x1 and x2 . The eigenvalues are the sums Ei, j ðωÞ ¼ Ei ðωÞ þ Ej ðωÞ, with
ð1, 2Þ

Hð1, 2Þ ðωÞψi ðωÞ ¼ Ei

ðωÞψi ðωÞ.

The main reason why the electron-electron interaction was consciously neglected even in
theoretical physics, is that it is relatively weak as compared to the potential energy of interaction with the ions surrounding the mobile electrons, so we also assume the amplitude of the
interaction potential to be small.
Another important assumption can simplify the spectral analysis, at least in an informal
treatment of the problem: small amplitude of the factor E in front of the kinetic energy operator
H0 ; in physical terms, this corresponds to a low mobility of the particles at hand which,
naturally, should favor “localization” of a given particle. Mathematically, already for N ¼ 1
(isolated particles), with E ¼ 0 we get a multiplication operator which has the orthonormal
eigenbasis composed of the “discrete delta-functions” φx ¼ 1{x} , x ∈ G. Similarly, for N ≥ 2 and
E ¼ 0 we have a perator of multiplication by the total potential energy which also has a
complete eigenbasis composed of “localized” eigenfunctions.
If we had constructed an eigenbasis of the multiplication operator in the representation on the
Cartesian square G2 , then we would have obtained the two-site supported eigenfunctions:
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1
1
pﬃﬃﬃ 1fxg ⊗ 1fyg � pﬃﬃﬃ 1fyg ⊗ 1fxg
2
2

while the representation on the symmetric square Gð2Þ gives rise to single-site eigenfunctions
1fxg ⊗ 1fyg , where x 6¼ y. Naïvely, starting with the “ultralocalized” eigenfunctions 1fxg ⊗ 1fyg ,
one may attempt to use the first-order perturbation theory. The well-known formulae of the
rigorous perturbation theory for the eigenvectors reveal two problems:
• “small denominators,” i.e., pairs of very close or equal eigenvalues; and
•

large dimension of the spectral problem, which may also give rise to degenerate eigenvalues or at least to some pairs of close eigenvalues.

Indeed, the eigenvalue associated to the unperturbed eigenfunctions of the potential energy
operator Φx, y ¼ 1fxg ⊗ 1fyg is given by
E0x, y ¼ Vðx, ωÞ þ Vðy, ωÞ þ Uðjx � yjÞ

ð34Þ

Fix now the random field model with uniform marginal distribution, and let the interaction be
uniformly bounded, then the above eigenvalues all belong to some fixed, bounded interval,
regardless of the dimension D ¼ G ∨ ðjGj � 1Þ of the Hilbert space, growing with the cardinality of G. The larger is G ∨ , the closer the D eigenvalues must get, counted with multiplicity and
restricted to a fixed interval of R. In the Gaussian model, a similar phenomenon is encountered, with high probability, since large values of the Gaussian random potential Vðx, ωÞ are
taken with small probability.
A conclusion we can draw from this elementary analysis is that one cannot expect the perturbation theory for nondegenerate spectra, or for the finite-dimensional operators with bounded
multiplicity, to work efficiently in the model with a large graph G.
Several approaches have been developed in spectral theory of single-particle random Hamiltonians in the last three decades. Technically, they are based on different mechanisms, and
even a brief presentation of these approaches would require an entire book. Interested readers
may familiarize themselves with the basic techniques in the monographs [9, 10]. Recently,
there has been a wake of growing interest to the technique going back to the celebrated KAM
(Kolmogorov-Arnold-Moser) theory originally developed for the analysis of stability of invariant tori in some nonlinear dynamical systems
Recently, Imbrie [18] adapted the KAM techniques to the spectral analysis of random lattice
Hamiltonians, in any dimension, and to one-dimensional random spin chains.
In essence, the “linear” version of the KAM method is an inductive, iterated use of the firstorder perturbation theory with an accurate account of the higher-order terms represented by
an infinite number of diagrams. At each step of the induction, one obtains an orthogonal basis
for the considered (random) operator HðωÞ that is an approximate eigenbasis for the latter, but
with better and better accuracy. The error terms on the k-th step of induction feature a typical
k

Newtonian decay rate like e�q , where q ∈ ð1, 2Þ, which is not surprising since KAM technique
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is based on one or another form of Newton’s method. Once a new, more accurate eigenbasis of
order k is constructed by perturbing its predecessor of order ðk � 1Þ, the matric elements of
HðωÞ are computed in this (orthonormal) basis, and the process is repeated. KAM type constructions are usually quite complex and cumbersome. One has first to describe in detail the
entire set of properties to be assumed on the step k � 1 ≥ 0 and then reproduced on the next
induction step k.
A synthetic method, employing some ideas of the KAM method and other, simpler techniques
elaborated in the spectral theory of single-particle random Hamiltonians, have been proposed
first to the noninteracting random systems [11], and later on to their N-particle counterparts.
The pivot of this method, like in the KAM approach, is an accurate quantitative control of the
“small denominators”—minimal distances between distinct random eigenvalues of random
Hamiltonians associated with finite but growing subgraphs of a countable graph. It would be
difficult to carry out such a program in the representation of distinguishable particles, i.e., on
the Cartesian power GN.
Now return to the semiquantitative analysis of a two-particle Hamiltonian. Restrict ourselves
to a case where the size of the underlying graph G, modeling the “physical” space where the
two quantum particles evolve, has a fixed size, and allow us to vary the parameter E in EH0 (the
mobility amplitude), and to take it as small as needed for an attempt to make one step of
application of the perturbation theory for nondegenerate spectra.
With both E and h small enough, the main contribution comes from the random potential, so
we have the eigenfunctions of the unperturbed operator Φx, y Φx, y ¼ 1fxg ⊗ 1fyg with eigenvalues λx, y ¼ Vðx, ωÞ þ Vðy, ωÞ, and we have to assess the difference between two such eigenvalues, labeled by two pairs of sites ðx, yÞ, ðx0 , y0 Þ of the graph G:

 

0
0
λx, y � λx0 , y0 ¼ Vðx, ωÞ þ Vðy, ωÞ � Vðx , ωÞ þ Vðy , ωÞ :
Since the potential is random, there can be no uniform, deterministic lower bound on the
absolute value of the above difference: with positive probability, it can be smaller than any
δ > 0. The randomness, however, is a double-edged sword: while small values of the difference are certainly possible, they may, or might, be unlikely, so we have to determine, how
unlikely is to have jλx, y � λx0 , y0 j < δ.
To begin with, notice that we have to deal with different eigenfunctions, hence with two
nonidentical pairs ðx, yÞ, ðx0 , y0 Þ. Thus, cardfx, yg ∩ fx, yg ≤ 1. Consider two cases.
I.

cardfx, yg ∩ fx0 , y0 g ¼ 0.

In this case, the random variables λx, y ¼ Vðx, ωÞ þ Vðy, ωÞ and λx0 , y0 ¼ Vðx0 , ωÞ þ Vðy0 , ωÞ have
no common terms, and therefore they are independent. Moreover, inside each pair we have
independence, so the probability distribution of each sum can be easily obtained by convolution. For simplicity, consider the case of standard Gaussian variables, then each eigenvalue is
also Gaussian with zero mean and variance 2. The difference λx, y � λx0 , y0 is again a sum of two
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i.i.d. Gaussian variables λx, y and �ðλx0 , y0 Þ, hence it is Gaussian with zero mean and variance 4.
Recalling the explicit form of the Gaussian probability density with variance σ2 , which is
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
uniformly bounded by 1= 2πσ2, we conclude that

II.

cardfx, yg ∩ fx0 , y0 g ¼ 1.

δ
Pfjλx, y � λx0 , y0 j < δg ≤ pﬃﬃﬃﬃﬃﬃ
2 2π

ð35Þ

0

Now the unordered pairs x, y and x , y0 have exactly one common point; let it be x, so we have a
pair of eigenvalues λx, y and λx, y0 with y 6¼ y0 and the difference given by
�
� �
�
�
�
0
0
λx, y � λx0 , y0 ¼ Vðx, ωÞ þ Vðy, ωÞ � Vðx, ωÞ þ Vðy , ωÞ ¼ Vðy, ωÞ þ � Vðy , ωÞ ,

so it is again a sum of two independent random variables. Assuming as before the distribution
to be Gaussian with zero mean and unit variance, we see that λx, y � λx0 , y0 is centered Gaussian

with variance 2, so the analog of Eq. (32) is now

δ
Pfjλx, y � λx0 , y0 j < δg ≤ pﬃﬃﬃﬃ
2 π

ð36Þ

The final conclusion is that for small δ > 0, the small differences between any two eigenvalues
corresponding to two distinct eigenfunctions on the symmetric square of the underlying graph
is small, viz., of order of OðδÞ. Therefore, for a finite graph of size jGj ¼ n, the probability to
pﬃﬃﬃ ¼ Oðn2 δÞ
have at least one pair of eigenvalues at distance smaller than δ is bounded by nðn�1Þδ
4 π

(we used the weakest of the two estimates in Eqs. (32) and (33)).

This simple probabilistic analysis provides the logical basis for the KAM approach, where we
can rule out “small denominators” which cannot be tolerated in the analytic application of the
first-order perturbation formulae, at some initial scale. The rest of the procedure requires a
number of analytic efforts, but the crucial point, viz., the possibility to avoid degenerate
eigenvalues at the initial scale, is the direct consequence of the graph-theoretical construction
of a symmetric power of a graph G. Using a Cartesian power of G would at best significantly
complicate the entire procedure, and perhaps render it impractical. In any case, no replacement for resorting to symmetric powers has been found so far in multiparticle localization
theory of fermionic systems on graphs.

4. Combinatorial and metric (quantum) graph
Our final topic also concerns the constructive relations and interactions between the graph theory,
in a broad sense, and the mathematical physics of the quantum world. However, the general
direction of these interactions will be reversed, for we are going to discuss a very recently
developed class of mathematical objects naturally emerged in the analysis of interacting quantum
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systems. We would like to attract the attention of experts in graph theory and related fields to the
new area, where a number of questions are not even properly formulated, and many interesting
phenomena are yet to be discovered.
First, recall the notion of a metric graph; due to a wake of interest to the so-called nanotubes,
one often refers to these mathematical objects as “quantum graphs.”
Metric graphs represent an important link between the discrete spaces and manifolds
endowed with a rich local structure of a Euclidean space. By definition, a metric graph
Q ¼ QΓ over a finite or countable unoriented combinatorial graph ðΓ, EÞ, with the vertex set Γ
and the edge set E, is a singular one-dimensional manifold constructed as follows. Associate
with each edge e ¼ ðι, τÞ ∈ E an open interval I e , considered as a Riemannian manifold with the
Riemannian metric inherited from R. In some models, all the intervals have the same lengths,
so by a change of parameters one usually can assume they are replicas of ð0, 1Þ. In other
models, on the contrary, one allows variable length of these basic intervals. We will assume
the former and work with unit intervals. There is a canonical oriented graph associated with
the unoriented graph ðΓ, EÞ, with the same vertex set and two opposite edges for each edge in
E. In some auxiliary constructions, this morphism from the category of unoriented graphs to
that of oriented ones can be used, to avoid some ambiguities, but it will be not crucial to our
purposes, since we will work with a second-order differential operator (essentially the second
derivative operator), so the orientation will not be really important.
Each open interval I e ﬃ ð0, 1Þ is canonically compactified by its natural embedding into ½0, 1�.
Taking an edge ðx, yÞ and fixing its orientation in one of the two possible ways, so that
ðx, yÞ ﬃ ðι, τÞ, we thus can identify its starting point ι with 0 ∈ ½0, 1� and the terminal point τ

with 1 ∈ ½0, 1�. Next, we define the differential operator L ¼ �d2 =dt2 in the space of twice
differentiable functions on ð0, 1Þ; boundary conditions are discussed below. In other words,
L ¼ �Δ, where Δ is the Laplacian on the Riemannian manifold ð0, 1Þ. While d=dt requires a
local coordinate, hence a fixed orientation, L is not sensible to this choice.
ð0Þ

Further, consider the disjoint union QΓ of the basic (open) intervals I e , finite or countable, with
the natural structure of the measure space induced by the Lebesgue measure on each interval
with the respective sigma-algebra of measurable subsets. In turn, this allows us to introduce
ð0Þ

the Hilbert space of square-integrable functions on QΓ ; this is not yet an object we had
ð0Þ

needed, for there is no connections between the restrictions of a given function f on QΓ to
different, pairwise disjoint connected components thereof.
ð0Þ

Now it is time to choose boundary conditions, having in mind the canonical embedding of QΓ

into the union QΓ of the compactified intervals I e ﬃ ½0, 1�. In application to the “quantum”
graphs, traditionally one imposes the Kirchhoff conditions. Now, for formal reasons, fix some
orientation on each edge, hence, a local coordinate on each I e ﬃ ½0, 1�. Then we can define the
one-sided first derivatives on each vertex, in the directions of all attached intervals I e . Let De be
such a derivative along the local coordinate on I e , and set ce ¼ 1 for outgoing edges and
ce ¼ �1 for the ingoing ones. The Kirchhoff conditions are as follows: a function f must be
continuous at each vertex and obey a conservation law
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X

cDf
e e e

¼ 0:

ð37Þ

Below we call the intervals I e continuous edges.
Now, using the standard methods of functional analysis, one can construct a self-adjoint extension
of the “Laplacian” L with Kirchhoff boundary conditions, and for any, say, bounded measurable
function V : QΓ ! R (a potential), define the Schrödinger operator H V as unbounded self-adjoint
operator in H ¼ L2 ðQΓ Þ, with the suitable domain.
One can perturb the above, rather idyllic picture in several ways. First, one can consider a
random potential VðωÞ, taking i.i.d. random values on each edge. Further, on can vary the
lengths le of the continuous edges, assuming that le ðωÞ are i.i.d. random variables with a
common probability distribution. From the functional analytic point of view, treating
unbounded self-adjoint operators on metric graphs, in the framework of random operators,
is substantially more delicate a matter that the analysis of finite-difference operators on the
underlying discrete, combinatorial graphs. One may wonder, whether some properties of
the Hamiltonians on the underlying graph can be useful for the analysis of their continuous
siblings QΓ . The theory of boundary triples (cf. [19]) provides a powerful and valuable tool
of spectral analysis on continuous metric graphs, where an essential part of technical work
is carried out in a simpler framework of countable graphs with discrete Schrödinger
operators.
Now we turn to a further development in this direction made recently by Sabri [7] who
introduced the notion of multiparticle quantum graph. We consider the simplest nontrivial
case of N ¼ 2 quantum particles on a quantum graph QΓ . To be able to refer to existing results
and publications, we assume the particles distinguishable.
In the discussion of two-particle systems on a graph G in Section 3, the pair ðx1 , x2 Þ was
ranging in the Cartesian (and then symmetric) square of G, and the latter is, topologically, a
discrete space, thus essentially of the same nature as the factors in the product G�G. But now
that the configuration space QΓ for each particle is a continuous object, viz. a (singular) onedimensional Riemannian manifold, the situation changes radically: the configuration space for
the pair ðx1 , x2 Þ is locally a two-dimensional manifold; in the case of an N-tuple ðx1 , …, xN Þ it
becomes N-dimensional. Many specifically 1D methods of spectral analysis are inapplicable in
dimension d ≥ 2.
Shortly after the publication of the first results on N-particle Anderson localization in periodic
lattices and in Euclidean spaces, Sabri [7] proposed an interesting extension of the new techniques and results to the multiparticle systems on quantum graphs. His construction was
essentially motivated by a specific goal, but there are various contexts where the construction
itself may prove valuable.
For N ¼ 2, one has to start again with the building blocks of a 1D quantum graph QΓ over a
combinatorial graph Γ: the open finite intervals associated with each edge of Γ. Restricting the
positions xi of the two particles to their respective continuous edges identified with ½0, 1�, we
have the pair ðx1 , x2 Þ ranging in the unit square ½0, 1��½0, 1�. For brevity, call such basic squares
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cells. Each cell is delimited by four continuous edges inherited from the first and from the
second particle, and these four (continuous) edges are the loci of contact between the cells.
Clearly, this complicates the structure of what was the edge set in the underlying graph Γ, but
this is the natural replacement for the notion of the edge set; this is what defines the topology
and metric geometry of the new object, called by Sabri a two-particle (more generally, Nð2Þ

particle) quantum graph QΓ .
Just like the Laplacian L defined on the quantum graph, we can define its two-particle counterpart Lð2Þ : first, on the unit squares, and then proceed to self-adjoint extensions with one or
another kind of boundary conditions to be imposed on the 1D continuous edges of the
conventional, one-particle quantum graphs supporting each of the two particles. This inevitable functional analytic work has been done by Sabri. And of course, once the natural Laplacian
Lð2Þ is defined as an unbounded self-adjoint operator with a suitable domain in the Hilbert
ð2Þ

space of square-integrable functions on QΓ , one can also define the Schrödinger operators
ð2Þ

HV ¼ �Lð2Þ þ V, e.g., for bounded measurable functions V. In Figure 2, we give an example of
three models based on the same graph structure: a combinatorial graph, a quantum graph, and
a two-dimensional domain surrounding the quantum graph in question.
The new construction raises a number of questions, of different nature. One of them concerns
ð2Þ

the constructive relations between the spectral properties of a Schrödinger operator HV on the
ð2Þ

continuous, locally two-dimensional (2D) manifold QΓ , and its analog on the Cartesian
square of the combinatorial graph Γ.
Another question, of functional analytic nature, raised by Sabri, concerns an explicit description of the self-adjoint extensions of the 2D Laplacian initially defined, say, on infinitely
differentiable functions with support inside an open cell ﬃ ð0, 1Þ2 . It appears that the corner

Figure 2. Example of (a) physical, thin two-dimensional area A; (b) corresponding metric graph QΓ : a mathematical
abstraction where the finite width of A is ignored; and (c) the combinatorial graph with the same vertices as QΓ .
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points make the explicit analysis difficult, although the existence of the desired extensions
poses no serious problem.

5. Conclusion
Mathematical modeling of physical phenomena had provided important motivations for
developing various fields of mathematical physics since several centuries; as to the quantum
physics, its development was from the beginning of the twentieth century parallel to the
development of the functional analysis in general and spectral theory of operators in particular. The remarkable discovery made by P. W. Anderson in 1958 brought to life a synthetic
approach to modeling disordered systems based on a fusion of analysis in a broad sense with
probability theory. The physical community came to realize that the models based on the
idealized picture of perfectly periodic crystals miss some crucial mechanisms responsible for
transport (e.g., electrical conductivity) or absence thereof under the Anderson localization. The
classical formulae for conductivity and many related phenomena, crucial for the development
of modern microelectronics and nanotechnologies, cannot ignore the localization/delocalization problematics. While the most simple models may refer to the integer (and some other
periodic) lattices in a Euclidean space where classical Fourier analysis can use the method of
separation of variables, the situation can be significantly more complex in the case of quasicrystals, featuring both a local order and long-range disorder. Mathematically, such structures
are described as nonperiodic graphs where the Fourier analysis breaks down, and one needs
some efficient, constructive replacements. Furthermore, large and complex molecules studied
in organic chemistry and molecular biology also require a versatile toolbox not limited to a
commutative Fourier analysis. Also, the crystalline media in presence of structural (e.g.,
mechanical) defects are not stricto sensu periodic, so again one needs robust eigenvalue distribution bounds not relying on the exactly periodic geometry of the media. In Section 2, we have
seen that the isoperimetric inequalities, appeared in the graph theory under the influence of its
diverse applications, provide indeed adequate tools for an asymptotic analysis of the limiting
eigenvalue distribution for discrete quantum Hamiltonians used in physics in the framework
of the so-called tight-binding approximation effective for the “low” energies. The term “low”
actually refers to the energies lost important to the quantum processes exploited in modern
microdevices (e.g., CPU having diameter of a few millimeters and width of order of a few
dozens of atomic layers), in biological tissues and technologically created organic substances.
In 2008, The Isaac Newton Institute for Mathematical Sciences in Cambridge, Great Britain, has
organized a semiannual program “Mathematics and Physics of Anderson Localization: 50 Years
Later” aiming to summarize the impact of Anderson’s theory on physical theories and applications as well as on the mathematical physics. The general conclusion many participants and
younger researchers could draw from numerous and diverse presentations was that the paradigm of quantum localization/delocalization provides today both a language and a general
theoretic background for many specific directions of research; it is not an isolated pragmatic
physical model or abstract mathematical problem. The program in question also revealed to
the physics and mathematics communities the importance of the interparticle interaction
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which was briefly discussed in Section 3; the need for such theory was emphasized already by
Anderson in his early papers, but one had to wait almost half a century to see its emergence in
independent physical and rigorous mathematical works. Shortly after the program, the Anderson localization theory for interactive disordered systems has been applied (in mathematical
works) to the nanotubes modeled by quantum graphs. While the size limitations of the present
work do not allows us to present mathematical details of the new theory, there is no doubt that
many of its mathematical aspects are closely related to the methods of the graph theory.
Further reading, along with an extensive bibliography, can be found in the first monograph [4]
dedicated to localization phenomena in interactive systems. This new direction of mathematical physics still is at its early stage of development. The language and toolbox of the graph
theory proved to be very useful here, as we have seen in Section 3. On the other hand, new
structures discussed in Section 4, emerging from the analysis of multiparticle quantum graphs
open new problems and propose new types of models to the graph theory. This chapter was
written in the hope to bring closer the communities of researchers, particularly the younger
ones, working in functional analysis, graph theory in a broad sense, and in probability theory.
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Abstract
A hierarchical clustering algorithm based on graph theory is presented, which, from
generation of a path from a given vertex, builds a math word and calculates clusterization
under an index. This is possible due to modification of Tarry’s algorithm, through
exchange of path elements. The unidimensional clustering index applied to σ gives us what
I have called Tarry’s hierarchy. From the definition of net word, cycle, tree, tree word, and
vertex, a theorem on the relationship between vertices, lines, and letters of a labyrinth is
shown, which allows the generation of words and their dendrograms with the application
of the Euclidean distance. Practical use of these concepts provides possibilities of connections in arrangements for telephone centrals and robotic arms’ paths.

Keywords: dendrograms, Tarry, math words, connexe labyrinth, telephone central,
robotics

1. Introduction
The first person to study the combinatory properties of schemes was Leonard Euler in 1736, who
studied the network of the seven bridges in Königsberg, and he wrote in Berlin 1739 “in Königsberg
Pomeranie, they have a little island named Kneiphof, the river is divided by two and around the island seven
bridges. You can arrange a network where you walk only one over in one time”. And Euler continues, “this
is possible for every one and impossible for others, but anyone has the certitude” [1].
The modern theorem enunciated by Euler demonstrated that the necessity of the parity of the
valence in every vertex is a theorem: A connexe graphic is eulerienne if all vertex has degree pair.
Till date, the graphic theory has developed slowly but steadily. The principal contributors of
this theory are Tarry [2, 3], Konig [4], Berge [5], Tutte [6], Bollobas [7], and Rosenstielh [8, 9, 10].
Recent works on graph theory are those of Bourdin et al. [11] and Gondran and Minoux [12].

© 2018 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.
© The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and eproduction in any medium, provided the original work is properly cited.
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The randomized Tarry algorithm is used in searching a graph of Urretabizkaya and Rodríguez
2004 [13] as they implement the Tarry algorithm for solving mazes of known structure. The
graph theory is used in branches of mathematics like theory of groups, topology, theory of
numbers, data analysis, and clusters. Among those who have contributed the most to the
development of theory and models in telephone connections are Erlang, who implemented
the well-known Erlang Probability Density Function, and his published works of 1917 and 1918
[14], and Elldin [15]. More recent contributors to this theorem are Ahuja et al. [16] and Mateus
et al. [17].
As a starting point, let us see some graph theory definitions and concepts used in the generation of modification made to Tarry’s algorithm, as well as the definition of applied distance,
called minimum ultrametric distance in the application of Tarry’s modified algorithm on
telephone centrals arrangements. In the development of application, a theorem on the relationship between the maximum number of lines in a geometrical arrangement with n vertices and
k letters is shown and demonstrated, which is made with the method known as mathematical
induction.

2. Definitions and algorithms
Definition. One graphic is a couple G ¼ (X, U), where X is a finite set, of edges of G, each
element of which is incident to two elements of another finite set V, named the set of vertices [5].
Definition. A labyrinth L is a finite set A non-empty and of pair cardinality, named set of words
of L or alphabet, supplied of one involution l without an indeterminate point (i.e., without a
tendency change) called by the prime operator:
l ∈ A then l’ ∈ A; l’

6¼ l and ðl’Þ’ ¼ l

ð1Þ

And one equivalence relation (named “with the same right than” where the classes are “the
points” of labyrinth, the letters of same class have the same right as the point) indicated by the
application of the letters which belongs to the letters in the set X of class:
d : A ! X : dðlÞ ¼ dðkÞ

ð2Þ

By < the right of l is equal to right of k >, where < l has the same right as that of k > [9].
It is possible to speak of the left of letter too, making: g: A —! X with g(l) ¼ d(l’) ∀ l∈A, as far as
the labyrinth expressed by triad (A, i, d).
Definition. One labyrinth (A, i, d) is said to be orientated, if it exists one part Aþ of A such that:
l ∈ Aþ ⇔ l’∉Aþ

∀ l∈A

ð3Þ

Definition. Given a labyrinth (Aþ, i, d), σ is called a word of this labyrinth if it belongs to some
of following classes:
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• Δα ∀ α ∈ X is called empty words of L
• l with l ∈ A is called word letter of the L, and
• σ ¼ l 1,.., l r, l rþ1,…, lp with lr ∈ A ∪ (Δα) ∀ α ∈ X, we have d(lr) ¼ g(lrþ1) ∀ r ¼ 1,.., p-1
Therefore, let X be the set of vertex, you can have lefts and rights applications in all words of
the labyrinth L defined as d, g: A ∪ (Δx)x∈X ! X or d, g: L ! X with g(Δx) ¼ g(l1) and d(Δx) ¼ d
(lp), i.e., g(Δx) ¼ d(Δx) ¼ x. And remember, σ is cyclical if g(σ) ¼ d(σ). To continue the definitions
of tree, pure word, and neutral word, see Refs. [7, 18].
Definition. One tree A is a graph G ¼ (X, U) connected and noncyclical.
Let us see below how to materialize the above definitions. Given is the structure of a labyrinth
oriented L: Aþ ∪ A�, Figure 1, where sets of letters Aþ and A� are defined as Aþ ¼ fa b e f i j c
d g h k lg and A� ¼ fa´ b´ e´ f ´ i´ j´ c´ d´ g´ h´ k´ l´ g. In addition, the vertex set of L is


X ¼ α β E γ λ δ ζ η ξ . It must be taken into account that L is the application of labyrinth
and L is the labyrinth which, in this case, is the union of a finite set Aþ 6¼ ɸ, with direction
toward the right, and a finite set A� 6¼ ɸ, with direction toward the left, and X is the vertex set
of the labyrinth.
A line of L would be fa a´ g ⊂ UL, with UL being the set of lines of L. Some words of L with Δα
being the empty word are fe f j ig, fa´ b´ f gg, fg d f ´ i´ j´ g, and fΔα eg. Cardinality of L is as
follows:
Card L ¼ Card A ¼ CardðAþ ∪ A� Þ ¼ Card Aþ þ Card A� ¼ 12 þ 12 ¼ 24

ð4Þ

A net word would be σ ¼ fe f j i b a a´ b´ i´ j´ g h l k d c c´ d´ k´ l´ h´ g´ f ´ e´ g, and right and left
applications of σ are, respectively, as follows:

Figure 1. Oriented labyrinth.
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dðσÞ ¼ fe f g h l k d c j i b ag and d´ ðσÞ ¼ fa´ b´ i´ j´ c´ d´ k´ l´ h´ g´ f ´ e´ g

ð5Þ

It must be noticed that σ is cyclic: d(σ) ¼ g(σ) with g(σ) ¼ g(a) ¼ a’ and d(σ) ¼ d(e) ¼ e. We may
also build a tree A0, Figure 2, a tree net word and its dendrogramatic relationship. The hierarchical relationships that shall be seen are classifications with an aggregation criterion in accordance with the oriented path of the labyrinth under analysis.
It must be noticed that the word created based on the tree built is cyclic and its hierarchy does
not exist, since it is nested (Figure 3a). Such nesting means that there is no aggregation criterion
among the letters of the labyrinth alphabet (Figure 3b).

Figure 2. Tree A0 of labyrinth oriented L.

Figure 3. (a) Word created after tree A0 (Figure 2), and (b) free aggregation criteria.
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From labyrinth of Figure 1, we may build another tree and another tree net word, as shown in
Figures 4a, b. The net word of tree A1, Figure 5a, and his free aggregation criteria, Figure 5b, is
as follows:
The new σ word is not completely cyclic, but even then, a hierarchy for such may not be built,
since it is, mostly, nested.
Definition. If σ of L ¼ (A, i, d), it is a pure word if inside σ exists an occurrence of each letter of
A.
Definition. If σ ∈ L and σ ≈ Δα ∀ α ∈ X, σ is called neutral word in α if the neutral element Δα is a
neutral word in some α-particular.

Figure 4. (a) Tree and (b) tree net word.
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Figure 5. (a) The net word created after tree A0 (Figure 4a) and (b) free aggregation criteria.

2.1. Algorithm of Tarry
Definition. Let L labyrinth be connected, we say Tarry’s word of L all pure word Θ ∈ L such that
the entry tree V of Θ and the out tree W of Θ are opposites, i.e., W ¼ V’.
Let L be the lexical of connected labyrinth L ¼ (A, i, g), with l1 ∈ A. Let V(σ) be the entry tree of
σ with σ a left factor of Tarry’s word Θ to apply the following algorithm (Figure 6) [3]:

Figure 6. Graphic labyrinth of Tarry.
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Note: The contrary of all entry letter is an out letter in Θ ¼ σ, cause Θ is a cyclical word, and all
letter of A has the same right than the same left of Θ [19].
2.2. Attachment index
With the classification level of ways connected or paths of labyrinth L, they begin with the first
cycle or pleat of the Tarry’s word. In this case, the index level is unit. When the Tarry’s word σ
is formed, you have to replace σ, writing always in first place the first obtained cycle.
Definition. Let two paths l1 and l2 ∈ L and let α all letters with the same left g(Θ) and β all letter
with the same right d(Θ), the minimal distance dM or the inferior ultra-metric minimal distance
over a point x0 ∈ l1 and x1 ∈ l2 is dM(l1, l2) ¼ min {d(x0, x1) | x0∈ l1 & x1∈ l2}
Remember, the algorithm is applied after finding the Tarry’s word and his cluster by couples or
pleats. To finish the last pleat, begin the letter’s arrangement in σ. You must begin with the first pleat.
2.3. Tarry’s algorithm in pseudocode
In order to describe briefly the operative principle of modified Tarry’s algorithm, its procedure
is shown below in pseudocode, where, based on which, one may develop it in a programming
language under conventional programming.
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//In Tarry’s algorithm, there is the eventuality to go beyond this point to the first step if, by L’s
own nature, there is no other way to construction of Tarry’s word, thus making a truncated
Tarry’s word//
End of Procedure
2.4. Application in basic telephone centrals arrangements
One of the great problems in telephony is to calculate telephone traffic increase, which allows
designing telephone centrals and calculating the number of lines which shall satisfy the
demand. Let us take the real case of Figure 7 and apply the theory referred to above in order
to obtain Tarry’s trees, words, dendrograms, or clustering for optimal connection paths. If we
take only the lowest part of Figure 7 (telephone centrals and area centrals, Figure 8), the L
labyrinth may be built:

Figure 7. Basic arrangement diagrams between telephone centrals.
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L ¼ {a, b, d, e, a’, c;b’, c’, d’, e’}

ð6Þ

The number of trunks or telephone lines is m ¼ 5, and the number of letters is 2m ¼ 10. If x0∈X
and {a, a'} ⊂ A, the net word of Figure 8 is obtained. Figure 9 is the net word of the L labyrinth:
Thus, seven trees related to vertex x0 are obtained. To every tree corresponds one or several
words (net, neutral, or Tarry’s). Every tree thus built has 4 vertices, 5 lines and 10 letters.
Figure 10 shows all the trees related to x0 vertex. It must be remembered that the same trees
may be found in every vertex different from x0.
Definition. A graphic G ¼ (X, U), such that (x, y) ∈ U ) (y, x) ∈ U is said to be symmetrical.
Based on the above definition, a telephone communications network is a symmetrical graphic,
since every pair of terminals or adjacent vertices is linked in two directions.

Figure 8. Tree diagrams of connections between telephone centrals and area centrals.

Figure 9. Net word of labyrinth.
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Figure 10. Trees, words, letters, and dendrograms of vertex x0 in our basic arrangement between telephone centrals.
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Theorem. Let n be the number of vertices; m the maximum number of lines; and k the number of
letters. If loops are not considered and we only study triangular geometrical arrangements, the
relationship on the maximum number of m lines in a set of n vertices and k letters is:
n≤m ¼

ðn � 1Þn
≤ 2m ¼ k∀n > 2
2

ð7Þ

Demonstration. This algorithm shall be demonstrated through the induction mathematical
concept (tested for one, supposed for n, and tested for nþ1).
ðn � 1Þn
¼ 1 and k ¼ 2. In this case, there is
If n ¼ 1, there is no labyrinth. If n ¼ 2, then m ¼
2
only one line in two directions (⇆). Let us suppose that n ¼ n, then:
n≤m ¼

ðn � 1Þn
≤ 2m ¼ k∀ n > 2
2

ð8Þ

If we ask if this is valid for n ¼ nþ1. Then
n þ 1≤m ¼

ðn þ 1 � 1Þðn þ 1Þ
≤ 2m ¼ k
2

n þ 1≤m ¼

nðn þ 1Þ ðn2 þ nÞ
2ðn2 þ nÞ
¼
≤ 2m ¼
¼ n2 þ n ¼ k
2
2
2

ðn2 þ nÞ
n þ 1≤m ¼
≤ 2m ¼ n2 þ n ¼ k
2
 2

ðn þ nÞ
n≤
� 1 ≤ m ¼ n2 þ n � 1 ¼ k
2

ð9Þ

that is, the number of vertices ≤ maximum number of lines ≤ number of letters, which complies
with the theorem.
From our example:
if n ¼ 2 then n ¼ 2 ≤ m ¼

nðn � 1Þ 2ð2 � 1Þ 2
¼
¼ ¼ 1 ≤ 2m ¼ 2∗1 ¼ 2 ¼ k
2
2
2

if n ¼ 3 then n ¼ 3 ≤ m ¼

nðn � 1Þ 3ð3 � 1Þ 6
¼
¼ ¼ 3 ≤ 2m ¼ 2∗3 ¼ 6 ¼ k
2
2
2

if n ¼ 4 then n ¼ 4 ≤ m ¼

nðn � 1Þ 4ð4 � 1Þ 12
¼
¼
¼ 6 ≤ 2m ¼ 2∗6 ¼ 12 ¼ k
2
2
2

ð10Þ

When we apply the hierarchical distances geometrical theory [20] to build the tree or dendrogram of the labyrinth net word, Figure 11, hierarchical geometry shown is a starting sequence
of isosceles triangles crowned by a sequence of scalene triangles. Partial hierarchies show a
monotonous series, and in the following selection of classes to be added, there are always
partial hierarchies corresponding to a primary telephonic connection. As for dendrograms of
every word built based on vertex x0, Figure 12, it may be seen that the hierarchy does not

173

174

Graph Theory - Advanced Algorithms and Applications

Figure 11. Dendrogram of the labyrinth’s net word.

Figure 12. Hierarchical structure of tree, words, and dendrograms of vertex x0.

change for each tree. Their geometry is identical for each different mathematical word
obtained from the labyrinth.
Based on construction of dendrograms, the values of fractal dimension, its standard deviation,
and que regression line equation have been obtained (Table 1). In the last column, the table
shows to graphs: that of the fractal of the peak of the dendrogram and the geometrical
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structure of the hierarchy. Obtained values have been corroborated using Software Benoit 1.3
[21]. It must be considered that σ measures probability that an observation is at a certain
distance from average observation, and it is valid if system under analysis is random.
Let us now talk about the polygonal case of the labyrinth’s net word, as well as that
representing all the trees, words, and dendrograms of vertex x0, showing the sequence of
variables incorporations into the hierarchical analysis developed. It must be considered that
figures in Table 1 are not at the same hierarchical scale. In the first one, case in which the
dendrogram built is only for the labyrinth’s net word, the polygonal sketches the trend of
the final structure of each basic arrangement between telephone centrals, which is, in this case,
the generator of fractal curves characterizing the dendrograms for each communication path
between telephone centrals.
The segments of the generator are built linearly from the base of the class to the terminal point
of a higher class, so that the sequence of such set of classes is conceptually defining part of the
behavior of the net word’s letters. The fractal’s generator defines the characteristic of data
under study, which in fact gives value to the construction of the hierarchical dendrograms [22].
The first four columns of Table 1 register the names of the fractal dimension’s estimation methods,
with the value obtained for standard deviation and the regression equation obtained by such
Fractal of the labyrinth’s net word
Estimation method

Fractal
dimension

Standard deviation
σ

Equation of the regression
line

Box dimension

1.93693

0.0165441

8.6Eþ05*X�1.94

Perimeter area

1.00533

0.1154578

0.075*X1.99

Information
dimension

1.96377

0.0012881

8.76Eþ05*X�1.96

Mass dimension

1.9538

0.0073867

3.95*X1.95

Ruler dimension

1.03249

0.000271

4.57Eþ03*X�1.03

Fractals of trees, words, and dendrograms of vertex x0
Estimation method

Fractal
dimension

Standard deviation
σ

Equation of the regression
line

Box dimension

1.93695

0.0165482

8.6Eþ05*X�1.94

Perimeter area

1.00532

0.1155108

0.075*X1.99

Information
dimension

1.96381

0.0012865

8.75Eþ05*X�1.96

Mass dimension

1.95395

0.0074315

3.95*X1.95

Ruler dimension

1.03249

0.000271

4.57Eþ03*X�1.03

Table 1. Fractals of dendrogramatic labyrinth’s math words.
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method. Since it is a well-known theory, the description of such is not described in detail [23, 24, 25].
The last column, as described above, shows the fractal and its geometrical structure.
2.5. Application to industrial robots’ paths
From the point of view of robotics, a robot is the technique applying informatics to design and
use of equipment which, instead of people, carries out operations or tasks, generally, in
industrial facilities. There is the problem of controlling kinematic and dynamic models.
To define the movement of a robot implies controlling such in order that it may follow a
pre-planned path. Therefore, the objective is to establish which are the paths to be followed
by every articulation of the robot in time in order to achieve the objectives established, as well
as it is required to comply with a series of physical restrictions imposed by actuators and the
quality of the path, such as smoothness and precision.
In order to make an animation of a rotational robot with x-degrees of freedom, a simple
planning of the path to be followed by the robot must be made, taking into account the
actuators, so that the movement of the robot may be smooth and coordinated. The types of
paths of industrial robots currently are as follows: point-to-point path, coordinated or isochrone path, and continuous paths. For 3D paths, related to 2D paths, the versatility of inverse
kinematics and dimensions of existing algorithms are different.
Let us consider now an industrial robot making a complex set of paths in three dimensions to
assemble a device, as shown in Figure 13. Here, the oriented path set for the mechanic arm and
the points, in our case vertices, where such shall implant an element or component of the
system being assembled are shown. Treatment of the path under the theory shown is as
follows:
It must be said that through desired paths generated by a specific function, it must be segmented into enough points to describe follow-up on the path made by the robot manipulator.
Thus, high accuracy may be achieved; however, the search process extends the convergence

Figure 13. Robot with ellipsoidal-oriented paths.
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time of algorithms. This is also true for traditional numerical solutions, such as NewtonRaphson’s, since it has a small differential step.
The sets of letters are: direction toward the right Aþ ¼ {a b c d e f g}, direction toward the left
A- ¼ {a’ b’ c’ d’ e’ f’ g’}, and that of vertices of L is X ¼ fx0 , x1 , x2 , x3 , x4 g. Figure 14 shows the
non-neural Tarry’s labyrinth word diagram. Therefore, a Tarry’s word to see the circular
permutations of letters and vertices is:
Word Θ built is, evidently, nonneural (Figure 15). Its diagram is shown in Figure 16a, but
almost always another word may be built, Figure 16b, which is hierarchical:
Word Θ built is neutral but not Tarry’s, since its folding into e does not allow it to be so. Its
diagram is shown in Figure 17.
In this example, the informatics algorithms defining the paths of a robotic arm are related to
the work cycles and co-cycles of their industrial task or partial graphics of the paths. This
duality between cycles and co-cycles is extended to the concept of tree. Figure 18 shows the
graphic representation of entrance-exit or right-left trees. Based on labyrinth oriented L,

Figure 14. Non-neutral Tarry’s labyrinth word diagram.

Figure 15. Word Θ non-neural.
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Figure 16. (a) Non-neural word of labyrinth L (Figure 13) and (b) neural non-Tarry’s word.

Figure 17. Neutral non-Tarry’s Θ word diagram.

Figure 13, let us build a new μ Tarry’s word, as well as its hierarchical relationship (Figure 19).
Figure 20 shows its diagram.
Definition of cocycle. A cocycle of vertex x ∈ G is the addition of every w(x) edge where an end is
vertex x.
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Figure 18. Θ’s entrance and exit trees.

Based on labyrinth-oriented L described in Figure 13, a new ξ Tarry’s word and its hierarchical
relationship are built, which diagram is shown in Figure 21.
Inside an L labyrinth, it is possible to make permutations of letters (it had already been done
here, but it had not been explained), as well as of lines, and vertices, respectively. If the
labyrinth is connected, it is possible to make permutations of elements already mentioned,
but in a circular manner.

Figure 19. (a) μ Tarry’s word form (Figure 17) and (b) its hierarchical relationship.
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Figure 20. μ Tarry’s word diagram.

Figure 21. ξ Tarry’s word diagram.

Definition. A circular transformation in a connected labyrinth is a substitution of the order of letters,
lines, or points with another order, without negatively affecting the nature of such labyrinth.
Let k ≥ 0 and Φ: A ! U the application that relates every letter to the corresponding line or arch
in labyrinth L, where U is the family of arcs. Therefore, it is said that (i) two letters m1 and m2
are k-adjacent if there is a word of L with less than k þ 2 occurrences of letters, where the first
word is m1 and the second word is m2. (ii) The sets of words A1 and A2 are k-adjacent if there
are two letters k-adjacent m1 and m2, such that Φ(m1) ¼ A1 and Φ(m2) ¼ A2 and (iii) two vertices
x1 and x2 are k-adjacent if there are two letters, also k-adjacent, m1 and m2, such that x1 ¼ g(m1)
and x2 ¼ g(m2).
Based on the above, let us now keep only the odd rank letters of word ξ
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ξ ¼ {d

e

a0

b

c0

f0

g 0 } ¼ p1

ð11Þ

Word ξ or p0 is a circular permutation of letters with 0-adjacenty, that is, k ¼ 0. ξ in p1 is a
circular permutation of lines with 1-adjacency (Figure 22). Using the entrance tree, Figure 18,
the ξ word of the corresponding entrance tree is shown in Figure 23a and its hierarchical
relationship in Figure 23b.

Figure 22. (a) New ξ Tarry’s word form (Figure 21) and (b) its hierarchical relationship.

ξ word of the corresponding entrance tree and (b) its hierarchical relationship.
Figure 23. (a) The ¼
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Keeping from ξ the odd rank letters and relating each of them to a vertex, in accordance with
the rule, we obtain:

p2 ¼

(

f
x4

b
x3

d0

c
x0

x2

x3

ð12Þ

which makes p2 a circular permutation of dots with 2-adjacency.

3. Conclusions
It is known that all expositions need a complete solution, with links’ help, which suggests the
path, as horizontally as and vertically, from algorithm’s solution that insides in a formal language able to analyze the system to rebuild the principal structure. The modification in the
algorithm of Tarry through exchange of elements allows a better arrangement or letters couple
assembly to permit the mathematical word building. The unidimensional attachment index is
applied to σ giving the Tarry’s hierarchical.
There is no published clustering algorithm (whether hierarchical or not), based on graph
theory, which, from generation of a path starting on a given vertex, builds a math word and
calculates clustering under an index. This has been possible by modification to Tarry’s algorithm, through exchange of elements, which has allowed a better arrangement of letters
coupling and the construction of a math word. The unidimensional clustering index applied
to σ gives what I call Tarry’s hierarchy. The path planning problem may be approached with
classical approaches, such as the potential fields, or more modern approaches, such as Fuzzy
techniques [26], or the one shown here, through Tarry’s modified algorithm, which takes into
account the work cycles and co-cycles in the orientation of the labyrinth of paths defined to
carry out a particular task. In addition, the set of defined paths has an order and hierarchy, for
which reason, it is revealing the building of dendrogramatic trees based on net words built,
which allows to analyze if work paths defined for the robotic arm are optimal.
Methodology for fractal analysis of geometric discontinuity or polygon created by unions of
midpoints of vertices, nodes, or peaks of dendrograms’ terminal classes is based on the following: (i) the outline of the dendrogram under study is drawn, linking the midpoints of the vertices,
nodes, or peaks of the terminal classes, verifying the sectioned behavior of the polygon; (ii) any
mirror behavior in any section of the curve is identified; (iii) the curve showing the direction of its
fractal propagation is isolated and a straight line is drawn from the starting point to the ending
point, calculating, regarding the ordinates axis, its propagation angle; (iv) the scale factor of the
fractal curve is calculated; (v) the curve generator is reproduced to scale; (vi) meshing is created
for calculation of the fractal dimension of the polygon; (vii) the fractal dimension for every
different meshing and rotation is calculated, graphing the results in accordance with each
estimation methods theoretically accepted; and (viii) the self-similarity property of the polygon
is verified.
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Edited by Beril Sirmacek

This book is prepared as a combination of the manuscripts submitted by respected
mathematicians and scientists around the world. As an editor, I truly enjoyed reading
each manuscript. Not only will the methods and explanations help you to understand
more about graph theory, but I also hope you will find it joyful to discover ways that
you can apply graph theory in your scientific field. I believe the book can be read from
the beginning to the end at once. However, the book can also be used as a reference
guide in order to turn back to it when it is needed.
I have to mention that this book assumes the reader to have a basic knowledge about
graph theory. The very basics of the theory and terms are not explained at the beginner
level. I hope this book will support many applied and research scientists from different
scientific fields.
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