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Preface

There has been a considerable progress made during the recent past on mathematical techni‐
ques for studying dynamical systems that arise in science and engineering. This progress
has been, to a large extent, due to our increasing ability to mathematically model physical
processes and to analyze and solve them, both analytically and numerically. The book at‐
tempts to approach the subject from a fairly general viewpoint, which reflects the modern
trend in dynamical systems analysis as we try to understand certain common features exhib‐
ited by different dynamical systems arising from a variety of physical phenomena. With its
eleven chapters comprising two sections, this book brings together important contributions
from renowned international researchers to provide an excellent survey of recent advances
in dynamical systems theory and applications.

This book is divided into two sections that are focused on the key aspects of dynamical sys‐
tems. The first section consists of seven chapters that focus on analytical techniques. Chapter
1 develops a number of important results on the existence and classification of nonoscillato‐
ry solutions of two-dimensional (2D) nonlinear time-scale systems based on the sign of com‐
ponents of nonoscillatory solutions and the most well-known fixed point theorems. The
results are applied to Emden-Fowler type 2D dynamical systems that appear in astrophy‐
sics, gas dynamics and fluid mechanics, relativistic mechanics, nuclear physics, and chemi‐
cally reacting systems. Chapter 2 is devoted to the study of the oscillation of all solutions to
second-order nonlinear neutral damped differential equations with a delay argument. New
oscillation criteria are obtained by employing a refinement of the generalized Riccati trans‐
formations and integral averaging techniques. The study of qualitative properties of solu‐
tions of neutral delay differential equations is motivated by the fact that such equations arise
in various physical problems including electric networks containing lossless transmission
lines (as in high-speed computers where such lines are used to interconnect switching cir‐
cuits) and vibrating masses attached to an elastic bar or in variational problems with time
delays. Chapter 3 presents a novel approach to studying the problem of preservation of syn‐
chronization in autonomous nonlinear dynamical systems. The chapter extends the funda‐
mental theorems (the local stable-unstable manifold, the center manifold, and the Hartman-
Grobman theorems) on dynamical system analysis using the Tracy-Singh product and the
usual matrix product, which allows synchronization of chaotic dynamical systems. Chapter
4 exposes the important connection between ratio control and the state control under equali‐
ty constraints for linear discrete-time systems, which allows significant reduction in compu‐
tational complexity and efforts. The generalized ratio control principle is reformulated as the
full state feedback control problem with equality constraints, and a control design method is
proposed based on the application of an enhanced “Bounded Real Lemma" to decouple the
Lyapunov matrix and system matrices. Chapter 5 studies the predictability of deterministic



dynamical systems. The chapter considers both the predictability of atmospheric and cli‐
mate processes with respect to the initial data errors (predictability of the first kind) and the
predictability with respect to external perturbations (predictability of the second kind).
Chapter 6 extends the dynamical systems theory to quantum systems. Time-like operators
are derived by exploiting the properties of operators and quantum states that are conjugated
to the Hamiltonian operator and eigenstates when the Hamiltonian spectrum is continuous.
Chapter 7 introduces some recent fixed-point techniques for the study of fractional set-val‐
ued dynamical systems. A general class of cyclic operators that satisfy the implicit contrac‐
tivity condition is considered. A number of fixed-point-inclusion results for fractional set-
valued systems in modular metric spaces are presented.

The second section of the book is composed of four chapters that center on computational
techniques. Chapter 8 explores the relationships between linear interpolation and differential
equations. A class of spectral collocation (pseudospectral) methods, which are derived by a
linear interpolation process, is constructed by exploiting the close relationship between the
Green’s function and Peano’s kernel. These methods are illustrated through numerical solu‐
tions of several initial value and boundary value problem examples. Chapter 9 presents a
computational technique that employs accurate, efficient, and reliable solvers based on ap‐
propriate combinations of surface integral equations, discretizations, numerical integrations,
fast algorithms, and iterative techniques. As a case study, nanowire transmission lines are
investigated in wide frequency ranges, demonstrating the capabilities of the computational
technique. Chapter 10 is devoted to the existence of a true solution near a numerical approxi‐
mate random periodic solution of stochastic differential equations. A general finite-time ran‐
dom periodic shadowing theorem is proved under some suitable conditions, and an estimate
of shadowing distance via computable quantities is provided. The applicability of this theo‐
rem is demonstrated through numerical simulations of random periodic orbits of the stochas‐
tic Lorenz system for certain parameter values. Finally, Chapter 11 covers some aspects of the
analytical and numerical analysis procedures in the study of dynamical systems. It provides a
brief summary to basic solution techniques and classification of ordinary and partial differen‐
tial equations. The chapter focuses on the two classes of most commonly used numerical
methods, namely finite difference methods and finite element methods. Only a very limited
number of techniques for solving ordinary differential and partial differential equations are
discussed, as it is impossible to cover all the available techniques in a single chapter. The ap‐
plication of these methods is illustrated through a number of physical examples.

Mahmut Reyhanoglu
Embry-Riddle Aeronautical University

Dynamical Systems and Control Laboratory
Daytona Beach, Florida

USA
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Chapter 1

On Nonoscillatory Solutions of Two-Dimensional

Nonlinear Dynamical Systems

Elvan Akın and Özkan Öztürk

Additional information is available at the end of the chapter

http://dx.doi.org/10.5772/67118

Provisional chapter

On Nonoscillatory Solutions of Two-Dimensional
Nonlinear Dynamical Systems

Elvan Akın and Özkan Öztürk

Additional information is available at the end of the chapter

Abstract

During the past years, there has been an increasing interest in studying oscillation and
nonoscillation criteria for dynamical systems on time scales that harmonize the oscilla-
tion and nonoscillation theory for the continuous and discrete cases in order to combine
them in one comprehensive theory and eliminate obscurity from both. We not only
classify nonoscillatory solutions of two-dimensional systems of first-order dynamic
equations on time scales but also guarantee the existence of such solutions using the
Knaster, Schauder-Tychonoff and Schauder’s fixed point theorems. The approach is
based on the sign of components of nonoscillatory solutions. A short introduction to
the time scale calculus is given as well. Examples are significant in order to see if
nonoscillatory solutions exist or not. Therefore, we give several examples in order
to highlight our main results for the set of real numbers R, the set of integers Z and
qN0 = {1, q, q2, q3, …}, q >1, which are the most well-known time scales.

Keywords: dynamical systems, dynamic equations, differential equations, difference
equations, time scales, oscillation

1. Introduction

In this chapter, we investigate the existence and classification of nonoscillatory solutions of
two-dimensional (2D) nonlinear time-scale systems of first-order dynamic equations. The
method we follow is based on the sign of components of nonoscillatory solutions and the most
well-known fixed point theorems. The motivation of studying dynamic equations on time
scales is to unify continuous and discrete analysis and harmonize them in one comprehensive
theory and eliminate obscurity from both. A time scale T is an arbitrary nonempty closed subset
of the real numbers R. The most well-known examples for time scales are R (which leads to

© The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
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differential equations, see [1]), Z (which leads to difference equations, see Refs. [2, 3]) and
qN0 :¼ {1, q, q2,⋯}, q > 1 (which leads to q-difference equations, see Ref. [4]). In 1988, the
theory of time scales was initiated by Stefan Hilger in his Ph.D. thesis [5]. We assume that most
readers are not familiar with the calculus of time scales and therefore we give a brief introduc-
tion to time scales calculus in Section 2. In fact, we refer readers books [6, 7] by Bohner and
Peterson for more details.

The study of 2D dynamic systems in nature and society has been motivated by their applica-
tions. Especially, a system of delay dynamic equations, considered in Section 4, take a lot of
attention in all areas such as population dynamics, predator-prey epidemics, genomic and
neuron dynamics and epidemiology in biological sciences, see [8, 9]. For instance, when the
birth rate of preys is affected by the previous values rather than current values, a system of
delay dynamic equations is utilized, because the rate of change at any time depends on
solutions at prior times. Another novel application of delay dynamical systems is time delays
that often arise in feedback loops involving actuators. A major issue faced in engineering is an
unavoidable time delay between measurement and the signal received by the controller. In
fact, the delay should be taken into consideration at the design stage to avoid the risk of
instability, see Refs. [10, 11].

Another special case of 2D systems of dynamic equations is the Emden-Fowler type, which is
covered in Section 5 of this chapter. The equation has several interesting applications, such as
in astrophysics, gas dynamics and fluid mechanics, relativistic mechanics, nuclear physics and
chemically reacting systems, see Refs. [12–15]. For example, the fundamental problem in
studying the stellar structure for gaseous dynamics in astrophysics was to look into the
equilibrium formation of the mass of spherical clouds of gas for the continuous case, proposed
by Kelvin and Lane, see Refs. [16, 17]. Such an equation is called Lane-Emden equation in
literature. Much information about the solutions of Lane-Emden equation was provided by
Ritter, see Ref. [18], in a series of 18 papers, published during 1878–1889. The mathematical
foundation for the study of such an equation was made by Fowler in a series of four papers
during 1914–1931, see Refs. [19–22].

2. Preliminaries

The set of real numbers R, the set of integers Z, the natural numbers N, the nonnegative
integers N0 and the Cantor set, qN0 , q > 1 and ½0, 1�∪½2, 3� are some examples of time scales.
However, the set of rational numbers Q, the set of irrational numbers R\Q, the complex
numbers C, and the open interval ð0, 1Þ are not considered as time scales.

Definition 2.1. [6, Definition 1.1] Let T be a time scale. For t∈T, the forward jump operator
σ : T ! T is given by

σðtÞ :¼ inf{s∈T : s > t} for all t∈T

whereas the backward jump operator ρ : T ! T is defined by

Dynamical Systems - Analytical and Computational Techniques4
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ρðtÞ :¼ sup{s∈T : s < t} for all t∈T:

Finally, the graininess function μ : T ! ½0,∞Þ is given by μðtÞ :¼ σðtÞ−t for all t∈T:

We define inf∅ ¼ supT. If σðtÞ > t, then t is called right-scattered, whereas if ρðtÞ < t, t is called
left-scattered. If t is right- and left-scattered at the same time, then we say that t is isolated. If
t < supT and σðtÞ ¼ t, then t is called right-dense, while if t > inf T and ρðtÞ ¼ t, we say that t is
left-dense. Also, if t is right- and left-dense at the same time, then we say that t is dense.

Table 1 shows some examples of the forward and backward jump operators and the graininess
function for most known time scales.

If supT < ∞, then Tκ ¼ T\ðρðsupTÞ, supT� and Tκ ¼ T if supT ¼ ∞. Suppose that f : T ! R is a
function. Then f σ : T ! R is defined by f σðtÞ ¼ f ðσðtÞÞ for all t∈T:

Definition 2.2. [6, Definition 1.10] For any ε, if there exists a δ > 0 such that

jf ðσðtÞÞ−f ðsÞ−fΔðtÞðσðtÞ−sÞj ≤ εjσðtÞ−sj for all s∈ ðt−δ, tþ δÞ∩T,

then f is called delta (or Hilger) differentiable on Tκ and f Δ is called delta derivative of f .

Theorem 2.3 [6, Theorem 1.16] Let f : T ! R be a function with t∈Tκ. Then

a. If f is differentiable at t, f is continuous at t.

b. If f is continuous at t and t is right-scattered, then f is differentiable at t and

f ΔðtÞ ¼ f ðσðtÞÞ−f ðtÞ
μðtÞ :

c. If t is right dense, then f is differentiable at t if and only if

f ΔðtÞ ¼ lim
s!t

f ðtÞ−f ðsÞ
t−s

exists as a finite number.

d. If f is differentiable at t, then f ðσðtÞÞ ¼ f ðtÞ þ μðtÞf ΔðtÞ:

If T ¼ R, then f Δ turns out to be the usual derivative f ′ while f Δ is reduced to forward
difference operator Δf if T ¼ Z: Finally, if T ¼ qN0 , then the delta derivative turns out to be

T σðtÞ ρðtÞ μðtÞ
R t t 0

Z tþ 1 t−1 1

qN0 tq t
q

ðq−1Þt

Table 1. Examples of most known time scales.
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q-difference operator Δq: The following theorem presents the sum, product and quotient rules
on time scales.

Theorem 2.4 [6, Theorem 1.20] Let f , g : T ! R be differentiable at t∈Tκ. Then

a. The sum f þ g : T ! R is differentiable at t with

ðf þ gÞΔðtÞ ¼ f ΔðtÞ þ gΔðtÞ:

b. If f g : T ! R is differentiable at t, then

ðf gÞΔðtÞ ¼ f ΔðtÞgðtÞ þ f ðσðtÞÞgΔðtÞ ¼ f ðtÞgΔðtÞ þ f ΔðtÞgðσðtÞÞ:

c. If gðtÞgðσðtÞÞ≠0, then f
g is differentiable at t with

f
g

� �Δ

ðtÞ ¼ f ΔðtÞgðtÞ−f ðtÞgΔðtÞ
gðtÞgðσðtÞÞ :

The following concepts must be introduced in order to define delta-integrable functions.

Definition 2.5. [6, Definition 1.58] f : T ! R is called right dense continuous (rd-continuous),
denoted by Crd,CrdðTÞ, or CrdðT,RÞ, if it is continuous at right dense points in T and its left-
sided limits exist as a finite number at left dense points in T. We denote continuous functions
by C throughout this chapter.

Theorem 2.6 [6, Theorem 1.60] Let f : T ! R:

a. If f is continuous, then f is rd-continuous.

b. The jump operator σ is rd-continuous.

Also, the Cauchy integral is defined byðb
a
f ðtÞΔt ¼ FðbÞ−FðaÞ for all a, b∈T:

The following theorem presents the existence of antiderivatives.

Theorem 2.7 [6, Theorem 1.74] Every rd-continuous function has an antiderivative. Moreover, F
given by

FðtÞ ¼
ðt
t0
f ðsÞΔs f or t∈T

is an antiderivative of f .

Theorem 2.8 [6, Theorems 1.76–1.77] Let a, b, c∈T,α∈R, and f , g∈Crd. Then we have:

1. If f Δ≥0, then f is nondecreasing.

2. If f ðtÞ≥0 for all a ≤ t ≤ b, then
ðb
a
f ðtÞΔt≥0:

Dynamical Systems - Analytical and Computational Techniques6
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sided limits exist as a finite number at left dense points in T. We denote continuous functions
by C throughout this chapter.

Theorem 2.6 [6, Theorem 1.60] Let f : T ! R:

a. If f is continuous, then f is rd-continuous.

b. The jump operator σ is rd-continuous.

Also, the Cauchy integral is defined byðb
a
f ðtÞΔt ¼ FðbÞ−FðaÞ for all a, b∈T:

The following theorem presents the existence of antiderivatives.

Theorem 2.7 [6, Theorem 1.74] Every rd-continuous function has an antiderivative. Moreover, F
given by

FðtÞ ¼
ðt
t0
f ðsÞΔs f or t∈T

is an antiderivative of f .

Theorem 2.8 [6, Theorems 1.76–1.77] Let a, b, c∈T,α∈R, and f , g∈Crd. Then we have:

1. If f Δ≥0, then f is nondecreasing.

2. If f ðtÞ≥0 for all a ≤ t ≤ b, then
ðb
a
f ðtÞΔt≥0:
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3.
ðb
a
½ðαf ðtÞÞ þ ðαgðtÞÞ�Δt ¼ α

ðb
a
f ðtÞΔtþ α

ðb
a
gðtÞΔt:

4.
ðb
a
f ðtÞΔt ¼ −

ða
b
f ðtÞΔt:

5.
ðb
a
f ðtÞΔt ¼

ðc
a
f ðtÞΔtþ

ðb
c
f ðtÞΔt.

6.
ðb
a
f ðtÞgΔðtÞΔt ¼ ðf gÞðbÞ−ðf gÞðaÞ−

ðb
a
f ΔðtÞgðσðtÞÞΔt

7.
ðb
a
f ðσðtÞÞgΔðtÞΔt ¼ ðf gÞðbÞ−ðf gÞðaÞ−

ðb
a
f ΔðtÞgðtÞΔt

8.
ða
a
f ðtÞΔt ¼ 0.

Table 2 shows the derivative and integral definitions for the most known time scales for
a, b∈T.

Finally, we finish the section by the following fixed point theorems.

Theorem 2.9 (Schauder’s Fixed Point Theorem) [23, Theorem 2.A] Let S be a nonempty, closed,
bounded, convex subset of a Banach space X and suppose that T : S ! S is a compact operator. Then, T
has a fixed point.

The Schauder fixed point theorem was proved by Juliusz Schauder in 1930. In 1934, Tychonoff
proved the same theorem for the case when S is a compact convex subset of a locally convex
space X. In the literature, this version is known as the Schauder-Tychonoff fixed point theorem,
see Ref. [24].

Theorem 2.10 (Schauder-Tychonoff Fixed Point Theorem). Let S be a compact convex subset of a locally
convex (linear topological) space X and T a continuous map of S into itself. Then, T has a fixed point.

Finally, we provide the Knaster fixed point theorem, see Ref. [25].

Theorem 2.11 (Knaster Fixed Point Theorem) If ðS, ≤ Þ is a complete lattice and T : S ! S is order-
preserving (also called monotone or isotone), then T has a fixed point. In fact, the set of fixed points of T
is a complete lattice.

T f ΔðtÞ
ðb
a
f ðtÞΔt

R f ′ðtÞ ðb
a
f ðtÞdt

Z Δf ðtÞ Xb−1
t¼a

f ðtÞ

qN0 Δqf ðtÞ
X

t∈ ½a,bÞ
qN0

f ðtÞμðtÞ

Table 2. Derivatives and integrals for most common time scales.
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3. Dynamical Systems on Time Scales

In this section, we consider the following system

xΔðtÞ ¼ aðtÞf ðyðtÞÞ
yΔðtÞ ¼ −bðtÞgðxðtÞÞ,

�
(1)

where f , g∈CðR,RÞ are nondecreasing such that uf ðuÞ > 0, ugðuÞ > 0 for u≠0 and

a, b∈Crdð½t0,∞ÞT,Rþ
�
. The main results in this section come from Ref. [26]. If T ¼ R and

T ¼ Z, Eq. (1) turns out to be a system of first-order differential equations and difference
equations, see Refs. [27] and [28], respectively. Recent advances in oscillation and nonoscillation
criteria for two-dimensional time scale systems have been studied in Refs. [29–31].

Throughout this chapter, we assume that T is unbounded above. Whenever we write t≥t1, we
mean t∈ ½t1,∞ÞT :¼ ½t1,∞Þ∩T. We call ðx, yÞ a proper solution if it is defined on ½t0 ,∞ÞT and
sup{jxðsÞj, jyðsÞj : s∈ ½t,∞ÞT} > 0 for t≥t0: A solution ðx, yÞ of Eq. (1) is said to be nonoscillatory if
the component functions x and y are both nonoscillatory, i.e., either eventually positive or
eventually negative. Otherwise, it is said to be oscillatory. The definitions above are also valid
for systems considered in the next sections.

Assume that ðx, yÞ is a nonoscillatory solution of system (1) such that x oscillates but y is
eventually positive. Then the first equation of system (1) yields xΔðtÞ ¼ aðtÞf ðyðtÞÞ > 0 eventu-
ally one sign for all large t≥t0, a contradiction. The case where y is eventually negative is
similar. Therefore, we have that the component functions x and y are themselves
nonoscillatory. In other words, any nonoscillatory solution ðx, yÞ of system (1) belongs to one
of the following classes:

Mþ :¼ {ðx, yÞ∈M : xy > 0 eventually }

M− :¼ {ðx, yÞ∈M : xy < 0 eventually },

where M is the set of all nonoscillatory solutions of system (1).

In this section, we only focus on the existence of nonoscillatory solutions of system (1) in M−
,

whereas Mþ is considered together with delay system (12) in the following section.

For convenience, let us set

YðtÞ ¼
ð∞
t
aðsÞΔs and ZðtÞ ¼

ð∞
t
bðsÞΔs: (2)

We begin with the following results playing an important role in this chapter.

Lemma 3.1 Let ðx, yÞ be a nonoscillatory solution of system (1) and t0 ∈T. Then we have the
followings:

a. [29, Lemma 2.3] If Yðt0Þ < ∞ and Zðt0Þ < ∞, then system (1) is nonoscillatory.
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b. [29, Lemma 2.2] If Yðt0Þ ¼ ∞ and Zðt0Þ ¼ ∞, then system (1) is oscillatory.

c. If Yðt0Þ < ∞ and Zðt0Þ ¼ ∞, then Mþ ¼ ∅.

d. If Yðt0Þ ¼ ∞ and Zðt0Þ < ∞, then M− ¼ ∅.

e. Let Yðt0Þ < ∞. Then x has a finite limit.

f. If Yðt0Þ ¼ ∞ or Zðt0Þ < ∞, then y has a finite limit.

Proof. Here, we only prove (a), (c) and (e) and the reader is asked to finish the proof in Exercise
3.2. To prove (a), choose t1 ∈ ½t0,∞ÞT such that

ð∞
t1
aðtÞf ð1þ gð2Þ

ð∞
t
bðsÞΔsÞΔt < 1:

Let X be the space of all continuous functions on Twith the norm ‖x‖ ¼ sup
t∈ ½t1,∞ÞT

jxðtÞj and with

the usual point-wise ordering ≤ . Define a subset Ω of X as

Ω :¼ {x∈X : 1 ≤ xðtÞ ≤ 2; t≥t1}:

For any subset S ofΩ, we have infS∈Ω and supS∈Ω. Define an operator F : Ω ! X such that

ðFxÞðtÞ ¼ 1þ
ðt
t1
aðsÞf

�
1þ

ð∞
s
bðuÞgðxðuÞÞΔu

�
Δs, t≥t1:

By using the monotonicity and the fact that x∈Ω, we have

1 ≤ ðFxÞðtÞ ≤ 1þ
ðt
t1
aðsÞf

�
1þ gð2Þ

ð∞
s
bðuÞΔu

�
Δs ≤ 2; t≥t1:

It is also easy to show that F is an increasing mapping. So by Theorem 2.11, there exists x∈Ω
such that Fx ¼ x. Then we have

xΔðtÞ ¼ aðtÞf
�
1þ

ð∞
t
bðuÞgðxðuÞÞΔu

�
:

Setting

yðtÞ ¼ 1þ
ð∞
t
bðuÞgðxðuÞÞΔu > 0, t≥t1

gives us

yΔðtÞ ¼ −bðtÞgðxðtÞÞ and xΔðtÞ ¼ aðtÞf ðyðtÞÞ,

that is, ðx, yÞ is a nonoscillatory solution of Eq. (1). In order to prove part (c), assume that there
exists a nonoscillatory solution ðx, yÞ of system (1) in Mþ such that xðtÞ > 0 for t≥t1. Then by
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monotonicity of x and g, there exists a number k > 0 such that gðxðtÞÞ≥k for t≥t1. Integrating the
second equation of system from t1 to t gives us

yðtÞ ≤ yðt1Þ−k
ðt
t1
bðsÞΔs:

As t ! ∞, it follows yðtÞ ! −∞. But this contradicts that y is eventually positive. Finally for
part (e), without loss of generality, we assume that there exists t1≥t0 such that xðtÞ > 0 for t≥t1.
If ðx, yÞ∈M−, then by the first equation of system (1), xΔðtÞ < 0 for t≥t1. Hence, the limit of x
exists. So let us show that the assertion follows if ðx, yÞ∈Mþ. Suppose ðx, yÞ∈Mþ. Then from
the first equation of system (1), we have xΔðtÞ > 0 for t≥t1. Now let us show that limt!∞xðtÞ ¼ ∞
cannot happen. Integrating the first equation of system (1) from t1 to t and using the monoto-
nicity of y and f yield

xðtÞ ≤ xðt1Þ þ f ðyðt1ÞÞ
ðt
t1
aðsÞΔs:

Taking the limit as t ! ∞, it follows that x has a finite limit. This completes the proof.

Exercise 3.2. Prove the remainder of Lemma 3.1.

Throughout this section, we assume Yðt0Þ < ∞ and Zðt0Þ ¼ ∞. Note that Lemma 3.1 (c) indi-
cates Mþ ¼ ∅. Therefore, every nonoscillatory solution of system (1) belongs to M−. Let ðx, yÞ
be a nonoscillatory solution of system (1) such that the component function x of solution ðx, yÞ
is eventually positive. Then, the second equation of system (1) yields y < 0 and eventually
decreasing. Then for k < 0, we have that y approaches k or −∞. In view of Lemma 3.1 (e), x has
a finite limit. So in light of this information, any nonoscillatory solution of system (1) in M−

belongs to one of the following subclasses for 0 < c < ∞ and 0 < d < ∞:

M−
0;B ¼ fðx, yÞ∈M− : lim

t!∞
jxðtÞj ¼ 0, lim

t!∞
jyðtÞj ¼ dg,

M−
B,B ¼ fðx, yÞ∈M− : lim

t!∞
jxðtÞj ¼ c, lim

t!∞
jyðtÞj ¼ dg,

M−
0;∞ ¼ fðx, yÞ∈M− : lim

t!∞
jxðtÞj ¼ 0, lim

t!∞
jyðtÞj ¼ ∞g,

M−
B,∞ ¼ fðx, yÞ∈M− : lim

t!∞
jxðtÞj ¼ c, lim

t!∞
jyðtÞj ¼ ∞g:

Nonoscillatory solutions in M−
0;∞ is called slowly decaying solutions in literature, see [32]. The

following theorems show the existence of nonoscillatory solutions in subclasses of M− given
above. Our approach for the next two theorems is based on the Schauder fixed point theorem,
see Theorem 2.9.

Theorem 3.3 M−
0;B≠∅ if and only if

ð∞
t0
bðtÞg

�
c1

ð∞
t
aðsÞΔs

�
Δt < ∞, c1≠0: (3)

Proof. Suppose that there exists a solution ðx, yÞ∈M−
0;B such that xðtÞ > 0 for t≥t0, xðtÞ ! 0 and
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Theorem 3.3 M−
0;B≠∅ if and only if

ð∞
t0
bðtÞg

�
c1

ð∞
t
aðsÞΔs

�
Δt < ∞, c1≠0: (3)

Proof. Suppose that there exists a solution ðx, yÞ∈M−
0;B such that xðtÞ > 0 for t≥t0, xðtÞ ! 0 and
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yðtÞ ! −d as t ! ∞, where d > 0. Integrating the first equation of system (1) from t to ∞ and the
monotonicity of f yield that there exists c > 0 such that

xðtÞ≥c
ð∞
t
aðsÞΔs, t≥t0: (4)

By integrating the second equation from t0 to t, using inequality (4) with c ¼ c1 and the
monotonicity of g, we have

yðtÞ ¼ yðt0Þ−
ðt
t0
bðsÞgðxðsÞÞΔs ≤ −

ðt
t0
bðsÞg

�
c1
ð∞
s
aðuÞΔu

�
Δs:

So as t ! ∞, the assertion follows since y has a finite limit. (For the case x < 0 eventually, the
proof can be shown similarly with c1 < 0:Þ
Conversely, suppose that Eq. (3) holds for some c1 > 0: ðFor the case c1 < 0 can be shown
similarly.Þ Then there exist t1≥t0 and d > 0 such that

ð∞
t1
bðtÞg

�
c1
ð∞
t
aðsÞΔs

�
Δt < d, t≥t1, (5)

where c1 ¼ −f ð−3dÞ. Let X be the space of all continuous and bounded functions on ½t1,∞ÞT with
the norm ‖y‖ ¼ sup

t∈ ½t1,∞ÞT
jyðtÞj. Then X is a Banach space, see Ref. [33]. Let Ω be the subset of X

such that
Ω :¼ {y∈X : −3d ≤ yðtÞ ≤ −2d, t≥t1}

and define an operator T : Ω ! X such that

ðTyÞðtÞ ¼ −3dþ
ð∞
t
bðsÞg

�
−
ð∞
s
aðuÞf ðyðuÞÞΔu

�
Δs:

It is easy to see that T maps into itself. Indeed, we have

−3d ≤ ðTyÞðtÞ ≤ −3dþ
ð∞
t
bðsÞg

�
−
ð∞
s
aðuÞf ð−3dÞΔu

�
Δs ≤ −2d

by Eq. (5). Let us show that T is continuous onΩ. To accomplish this, let yn be a sequence inΩ

such that yn ! y∈Ω ¼ Ω: Then

jðTynÞðtÞ−ðTyÞðtÞj
≤
ð∞
t1
bðsÞj½g

�
−
ð∞
s
aðuÞf ðynðuÞÞΔu

�
−g
�
−
ð∞
s
aðuÞf ðyðuÞÞΔu

�
�jΔs:

Then the Lebesque dominated convergence theorem and the continuity of g give ‖ðTynÞ
−ðTyÞ‖ ! 0 as n ! ∞, i.e., T is continuous. Also, since
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0 < −ðTyÞΔðtÞ ¼ bðtÞg
�
−
ð∞
t
aðuÞf ðyðuÞÞΔu

�
< ∞,

it follows that TðΩÞ is relatively compact. Then by Theorem 2.9, we have that there exists y∈Ω
such that y ¼ Ty: So as t ! ∞, we have yðtÞ ! −3d < 0. Setting

xðtÞ ¼ −
ð∞
t
aðuÞf ðyðuÞÞΔu > 0, t≥t1

gives that xðtÞ ! 0 as t ! ∞ and implies xΔ ¼ af ðyÞ, i.e., ðx, yÞ is a nonoscillatory solution in
M−

0;B.

In the following example, we apply Theorem 3.3 to show the nonemptiness of M−
0;B.

Example 3.4 Let T ¼ qN0 , q > 1 and consider the system

ΔqxðtÞ ¼ t
1
3

ðtþ 1Þðtqþ 1Þð2t−1Þ 1
3
y

1
3ðtÞ

ΔqyðtÞ ¼ −
ðtþ 1Þ 5

3

qt2
x

5
3ðtÞ:

8>>>><
>>>>:

(6)

Since
ðT
1
aðsÞΔs ¼ ðq−1Þ

X
s∈ ½1,TÞ

qN0

s
4
3

ðsþ 1Þðsqþ 1Þð2s−1Þ 1
3
≤ ðq−1Þ

X
s∈ ½1,TÞ

qN0

1

s
2
3
,

where t ¼ qn and s ¼ tqm, n,m∈N0, we obtain

Yð1Þ ≤ ðq−1Þ
X∞
n¼0

1

q
2
3

 !n

< ∞:

Also,
ðT
1
bðsÞΔs ¼

X
s∈ ½1,TÞ

qN0

ðsþ1Þ 53
qs2 ðq−1Þs≥ q−1

q

X
s∈ ½1,TÞ

qN0

s
2
3 implies Zð1Þ≥ q−1

q

X∞
m¼0

ðq 2
3Þm ¼ ∞: Now let us

show that Eq. (3) holds. First,
ðT
t
aðsÞΔs ≤ ðq−1Þ

X
s∈ ½t,TÞ

qN0

1

s
2
3

implies
ð∞
t
aðsÞΔs ≤ ðq−1Þ

X
s∈ ½t,∞Þ

qN0

1

s
2
3
¼ q

2
3ðq−1Þ

ðq 2
3−1Þt 23

:

Therefore,
ðT
1
bðtÞg

�
c1
ð∞
t
aðsÞΔs

�
Δt ≤α

X
t∈ ½1,TÞ

qN0

ðtþ 1Þ 5
3

t
19
10

,

where α ¼ ðq−1Þ2q
1
9

ðq
2
3−1Þ

5
3
: So as T ! ∞, we have that Eq. (3) holds by the Ratio test. One can also show that

1
tþ1 , −2þ 1

t

� �
of system (6) such that xðtÞ ! 0 and yðtÞ ! −2 as t ! ∞, i.e., M−

0;B≠∅.
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gives that xðtÞ ! 0 as t ! ∞ and implies xΔ ¼ af ðyÞ, i.e., ðx, yÞ is a nonoscillatory solution in
M−

0;B.

In the following example, we apply Theorem 3.3 to show the nonemptiness of M−
0;B.

Example 3.4 Let T ¼ qN0 , q > 1 and consider the system

ΔqxðtÞ ¼ t
1
3

ðtþ 1Þðtqþ 1Þð2t−1Þ 1
3
y

1
3ðtÞ

ΔqyðtÞ ¼ −
ðtþ 1Þ 5

3

qt2
x

5
3ðtÞ:

8>>>><
>>>>:

(6)

Since
ðT
1
aðsÞΔs ¼ ðq−1Þ

X
s∈ ½1,TÞ

qN0

s
4
3

ðsþ 1Þðsqþ 1Þð2s−1Þ 1
3
≤ ðq−1Þ

X
s∈ ½1,TÞ

qN0

1

s
2
3
,

where t ¼ qn and s ¼ tqm, n,m∈N0, we obtain

Yð1Þ ≤ ðq−1Þ
X∞
n¼0

1

q
2
3

 !n

< ∞:

Also,
ðT
1
bðsÞΔs ¼

X
s∈ ½1,TÞ

qN0

ðsþ1Þ 53
qs2 ðq−1Þs≥ q−1

q

X
s∈ ½1,TÞ

qN0

s
2
3 implies Zð1Þ≥ q−1

q

X∞
m¼0

ðq 2
3Þm ¼ ∞: Now let us

show that Eq. (3) holds. First,
ðT
t
aðsÞΔs ≤ ðq−1Þ

X
s∈ ½t,TÞ

qN0

1

s
2
3

implies
ð∞
t
aðsÞΔs ≤ ðq−1Þ

X
s∈ ½t,∞Þ

qN0

1

s
2
3
¼ q

2
3ðq−1Þ

ðq 2
3−1Þt 23

:

Therefore,
ðT
1
bðtÞg

�
c1
ð∞
t
aðsÞΔs

�
Δt ≤α

X
t∈ ½1,TÞ

qN0

ðtþ 1Þ 5
3

t
19
10

,

where α ¼ ðq−1Þ2q
1
9

ðq
2
3−1Þ

5
3
: So as T ! ∞, we have that Eq. (3) holds by the Ratio test. One can also show that

1
tþ1 , −2þ 1

t

� �
of system (6) such that xðtÞ ! 0 and yðtÞ ! −2 as t ! ∞, i.e., M−

0;B≠∅.
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The proof of the following theorem is similar to the proof of Theorem 3.3.

Theorem 3.5 M−
B,B≠∅ if and only if

ð∞
t0
bðtÞg

�
d1−c1

ð∞
t
aðsÞΔs

�
Δt < ∞

for some c1 < 0 and d1 > 0: ðOr c1 > 0 and d1 < 0:Þ
Exercise 3.6. Prove Theorem 3.5 by means of Theorem 2.9.

The following theorem follows from the Knaster fixed point theorem, see Theorem 2.11.

Theorem 3.7 M−
B,∞≠∅ if and only if

ð∞
t0
aðsÞf

�
c1

ðs
t0
bðuÞΔu

�
Δs < ∞ (7)

for some c1≠0, where f is an odd function.

Proof. Suppose that there exists a nonoscillatory solution ðx, yÞ∈M−
B,∞ such that x > 0 eventu-

ally, xðtÞ ! c2 and yðtÞ ! −∞ as t ! ∞, where 0 < c2 < ∞. Because of the monotonicity of x and
the fact that x has a finite limit, there exist t1≥t0 and c3 > 0 such that

c2 ≤ xðtÞ ≤ c3 for t≥t1: (8)

Integrating the first equation from t1 to t gives us

c2 ≤ xðtÞ ¼ xðt1Þ þ
ðt
t1
aðsÞf ðyðsÞÞΔs ≤ c3, t≥t1:

So by taking the limit as t ! ∞, we have
ð∞
t1
aðsÞjf ðyðsÞÞjΔs < ∞: (9)

The monotonicity of g, Eq. (8) and integrating the second equation from t1 to t yield

yðtÞ ≤ yðt1Þ−gðc2Þ
ðt
t1
bðsÞΔs ≤ −gðc2Þ

ðt
t1
bðsÞΔs:

Since f ð−uÞ ¼ −f ðuÞ for u≠0 and by the monotonicity of f , we have

jf ðyðtÞÞj≥f
�
gðc2Þ

ðt
t1
bðsÞΔs

�
, t≥t1: (10)

By Eqs. (9) and (10), we have
ðt
t1
aðsÞjf ðyðsÞÞjΔs≥

ðt
t1
aðsÞf

�
gðc2Þ

ðs
t1
bðuÞΔu

�
Δs, where gðc2Þ ¼ c1:

As t ! ∞, the proof is finished. (The case x < 0 eventually can be proved similarly with c1 < 0.)
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Conversely, suppose
ð∞
t0
aðsÞf

�
c1

ðs
t0
bðuÞΔu

�
Δs < ∞ for some c1≠0. Without loss of generality,

assume c1 > 0. (The case c1 < 0 can be done similarly.) Then, we can choose t1≥t0 and d > 0
such that

ð∞
t1
aðsÞf

�
c1

ðs
t1
bðuÞΔu

�
Δs < d, t≥t1,

where c1 ¼ gð2dÞ > 0: Let X be the partially ordered Banach space of all real-valued continuous
functions endowed with supremum norm ‖x‖ ¼ sup

t∈ ½t1,∞ÞT
jxðtÞj and with the usual pointwise

ordering ≤ . Define a subset Ω of X such that

Ω ¼: {x∈X : d ≤ xðtÞ ≤ 2d, t≥t1}:

For any subset B of Ω, infB∈Ω and supB∈Ω, i.e., ðΩ, ≤ Þ is complete. Define an operator
F : Ω ! X as

ðFxÞðtÞ ¼ dþ
ð∞
t
aðsÞf

�ðs
t1
bðuÞgðxðuÞÞΔu

�
Δs, t≥t1:

The rest of the proof can be completed similar to the proof of Lemma 3.1(a). So, it is omitted.

Exercise 3.8 Let T ¼ Z: Use Theorem 3.7 to justify that ðxn, ynÞ ¼ ð1þ 2−n, −2nÞ is a
nonoscillatory solution in M−

B,∞ of

Δxn¼ 2
−6n
5 − 1ðynÞ

1
5

Δyn ¼ −
4n

1þ 2n
ðxnÞ:

8><
>:

For convenience, set

I ¼
ð∞
t0
aðtÞf

�
k
ð∞
t
bðsÞΔs

�
Δt, k≠0: (11)

In order to obtain the nonemptiness of M−
0;∞, we apply Theorem 2.11 and use the similar

discussion as in Lemma 3.1(a).

Theorem 3.9 M−
0;∞≠∅ if for some k > 0 and any d1 > 0 ðk < 0 and d1 < 0Þ

I < ∞ and
ð∞
t0
bðtÞg

�
d1

ð∞
t
aðsÞΔs

�
Δt ¼ ∞,

where I is defined as in Eq. (11) and f is an odd function.

Exercise 3.10. Prove Theorem 3.9.

We reconsider system (1) in the next section to emphasize the existence of nonoscillatory
solutions in Mþ.
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−6n
5 − 1ðynÞ

1
5

Δyn ¼ −
4n

1þ 2n
ðxnÞ:

8><
>:

For convenience, set

I ¼
ð∞
t0
aðtÞf

�
k
ð∞
t
bðsÞΔs

�
Δt, k≠0: (11)

In order to obtain the nonemptiness of M−
0;∞, we apply Theorem 2.11 and use the similar

discussion as in Lemma 3.1(a).

Theorem 3.9 M−
0;∞≠∅ if for some k > 0 and any d1 > 0 ðk < 0 and d1 < 0Þ

I < ∞ and
ð∞
t0
bðtÞg

�
d1

ð∞
t
aðsÞΔs

�
Δt ¼ ∞,

where I is defined as in Eq. (11) and f is an odd function.

Exercise 3.10. Prove Theorem 3.9.

We reconsider system (1) in the next section to emphasize the existence of nonoscillatory
solutions in Mþ.
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4. Delay Dynamical Systems on Time Scales

This section is concerned with the delay system

xΔðtÞ ¼ aðtÞf ðyðtÞÞ
yΔðtÞ ¼ −bðtÞgðxðτðtÞÞÞ

�
(12)

with a, b∈Crdð½t0 ,∞ÞT,RþÞ, τ∈Crdð½t0 ,∞ÞT, ½t0,∞ÞTÞ, τðtÞ ≤ t and τðtÞ ! ∞ as t ! ∞,
f , g∈CðR,RÞ are nondecreasing functions such that uf ðuÞ > 0 and ugðuÞ > 0 for u≠0. Moti-
vated by Ref. [34] in which τðtÞ ¼ t−η, η > 0, our purpose in this section is to obtain the criteria
for the existence of nonoscillatory solutions of Eq. (12) based on Yðt0Þ and Zðt0Þ. However, note
that the results in Ref. [34] do not hold for any time scale, e.g., T ¼ qN0 , q > 1, because t−η is
not necessarily in T. In fact, theoretical claims in this section follow from Ref. [35].

Since system (12) is oscillatory for the case Yðt0Þ ¼ ∞ and Zðt0Þ ¼ ∞, the existence results on
any time scale are obtained in the next subsections based on the other three cases of Yðt0Þ and
Zðt0Þ. Let ðx, yÞ be a nonoscillatory solution of system (12) in Mþ such that the component
function x is eventually positive. Then by the second equation of system (12), y is eventually
decreasing. In addition, using the first equation of system (12), we have that xðtÞ ! c or ∞ and
yðtÞ ! d or 0 as t ! ∞ for 0 < c < ∞ and 0 < d < ∞. Therefore, we have the following sub-
classes of Mþ:

Mþ
B,B ¼ fðx, yÞ∈Mþ : lim

t!∞
jxðtÞj ¼ c, lim

t!∞
jyðtÞj ¼ dg,

Mþ
B;0 ¼ fðx, yÞ∈Mþ : lim

t!∞
jxðtÞj ¼ c, lim

t!∞
jyðtÞj ¼ 0g,

Mþ
∞,B ¼ fðx, yÞ∈Mþ : lim

t!∞
jxðtÞj ¼ ∞, lim

t!∞
jyðtÞj ¼ dg,

Mþ
∞;0 ¼ fðx, yÞ∈Mþ : lim

t!∞
jxðtÞj ¼ ∞, lim

t!∞
jyðtÞj ¼ 0g:

In the literature, solutions in Mþ
B;0, M

þ
∞,B and Mþ

∞;0 are called subdominant, dominant and inter-
mediate solutions, respectively, see Ref. [36]. Any nonoscillatory solution of system (12) belongs
to Mþ or M− given in Section 3. Also, it is important to emphasize that Lemma 3.1 holds for
system (12) as well.

4.1. The case Yðt0Þ ¼ ∞ and Zðt0Þ < ∞

We restrict our attention to Mþ in this subsection because M− ¼ ∅ when Yðt0Þ ¼ ∞ and
Zðt0Þ < ∞. The following lemma specifies the limit behavior of the component functions of
nonoscillatory solutions ðx, yÞ under the case Yðt0Þ ¼ ∞ and Zðt0Þ < ∞.

Lemma 4.1 If jxðtÞj ! c, then yðtÞ ! 0 as t ! ∞ for 0 < c < ∞.

Proof. Assume to the contrary. So yðtÞ ! d for 0 < d < ∞ as t ! ∞. Then since yðtÞ > 0 and
decreasing eventually, there exists t1≥t0 such that f ðyðτðtÞÞÞ≥f ðdÞ ¼ k for t≥t1. By the same
discussion as in the proof of Theorem 3.3, we obtain
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xðtÞ≥k
ðt
t1
aðsÞΔs, t≥t1:

However, this gives us a contradiction to the fact that xðtÞ ! c as t ! ∞. So the assertion
follows.

Remark 4.2. The discussion above and Lemma 4.1 yield us Mþ
B,B ¼ ∅:

Theorem 4.3. Mþ
B;0≠∅ if and only if I < ∞:

Proof. Suppose that there exists a solution ðx, yÞ∈Mþ
B;0 such that xðtÞ > 0, xðτðtÞÞ > 0 for t≥t0,

xðtÞ ! c1 and yðtÞ ! 0 as t ! ∞. Because x is eventually increasing, there exist t1≥t0 and c2 > 0
such that c2 ≤ gðxðτðtÞÞÞ for t≥t1. Integrating the second equation from t to ∞ gives

yðtÞ ¼
ð∞
t
bðsÞgðxðτðsÞÞÞΔs, t≥t1: (13)

Also, integrating the first equation from t1 to t, Eq. (13) and the monotonicity of g result in

xðtÞ≥
ðt
t1
aðsÞf

�ð∞
s
bðuÞgðxðτðuÞÞÞΔu

�
Δs≥

ðt
t1
aðsÞf

�
c2
ð∞
s
bðuÞΔu

�
Δs:

Setting c2 ¼ k and taking the limit as t ! ∞ prove the assertion. ðFor the case x < 0 eventually,
the proof can be shown similarly with k < 0:Þ
Conversely, suppose I < ∞ for some k > 0: (For the case k < 0 can be shown similarly.) Then,
choose t1≥t0 so large that

ð∞
t1
aðtÞf

�
k
ð∞
t
bðsÞΔs

�
Δt <

c1
2
, t≥t1,

where k ¼ gðc1Þ. Let X be the space of all continuous and bounded functions on ½t1,∞ÞT with
the norm ‖y‖ ¼ sup

t∈ ½t1,∞ÞT
jyðtÞj. Then, X is a Banach space. Let Ω be the subset of X such that

Ω :¼ {x∈X :
c1
2
≤ xðτðtÞÞ ≤ c1, τðtÞ≥t1},

and define an operator F : Ω ! X such that

ðFxÞðtÞ ¼ c1−
ð∞
t
aðsÞf

�ð∞
s
bðuÞgðxðτðuÞÞÞΔu

�
Δs, τðtÞ≥t1:

It is easy to see that Ω is bounded, convex and a closed subset of X. It can also be shown that F
maps into itself, relatively compact and continuous on Ω by the Lebesques dominated conver-
gence theorem. Then, Theorem 2.9 gives that there exists x∈Ω such that x ¼ Fx: As t ! ∞, we
get xðtÞ ! c1 > 0. Setting
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�
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�
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2
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2
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ð∞
t
aðsÞf
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s
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�
Δs, τðtÞ≥t1:
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yðtÞ ¼
ð∞
t
bðuÞgðxðτðuÞÞÞΔu > 0, τðtÞ≥t1

shows yðtÞ ! 0 as t ! ∞: Taking the derivatives of x and y yield that ðx, yÞ is a solution of
system (12). Hence, Mþ

B;0≠∅.

We demonstrate the following example to highlight Theorem 4.3.

Example 4.4 Let T¼ 2N0 and consider the system

Δ2xðtÞ ¼ 1

2t
4
5

�
yðtÞ

� 3
5

Δ2yðtÞ ¼ −
3

4t2ð8t−4Þ xð
t
4
Þ:

8>><
>>:

(14)

First, it must be shown Yðt0Þ ¼ ∞ and Zðt0Þ < ∞. Indeed,

ðt
t0
aðsÞΔs ¼ 1

2

X
s∈ ½4, tÞ

2N0

s
1
5 implies Yðt0Þ ¼ 1

2
lim
n!∞

Xn−1
m¼2

ð2mÞ 1
5 ¼ ∞

and

ðt
t0
bðsÞΔs ≤ 3

16

X
s∈ ½4, tÞ

2N0

1
s

implies Zðt0Þ ≤ 3
16

lim
n!∞

Xn−1
m¼2

1
2m

< ∞

by the geometric series, where t¼ 2n, s¼ 2m, m, n≥2. Note that

ðT
t
bðsÞΔs ≤ 3

16

X
s∈ ½t,TÞ

2N0

1
s

implies ZðtÞ ≤ 3
16

lim
n!∞

Xn−1
m¼2

1
2m

¼ 3
8
lim
n!∞

1
t
−

1
t2n

� �
¼ 3

8t
:

Letting k ¼ 1 and using the last inequality gives

ðT
t0
aðtÞf

�
k
ð∞
t
bðsÞΔs

�
Δt ≤

ðT
t0

1

2t
4
5

3
8t

� � 3
5

Δt ¼ 3
8

� �3
5 1
2

X
t∈ ½1,TÞ

2N0

1

t
2
5
:

Therefore, we have

ð∞
t0
aðtÞf

�
k
ð∞
t
bðsÞΔs

�
Δt ≤

3
8

� � 3
5 1
2

X∞
n¼0

1

2
2n
5
< ∞

by the geometric series. It can be seen that ðx, yÞ ¼ 8−
1
t
,
1
t2

� �
is a nonoscillatory solution of Eq. (14)

such that xðtÞ ! 8 and yðtÞ ! 0 as t ! ∞, i.e., Mþ
B;0≠∅.
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The existence in subclasses Mþ
∞,B and Mþ

∞;0 is not obtained on general time scales. The main
reason is that setting an operator including a delay function gives a struggle when the fixed
points theorems are applied. In fact, when we restrict the delay function to τðtÞ ¼ t−η for η≥0, it
was shownMþ

∞,B≠∅, see Ref. [34]. Nevertheless, the existence inMþ
∞,B andMþ

∞;0 for system (1) is
shown in Subsection 4.4.

4.2. The case Yðt0Þ < ∞ and Zðt0Þ < ∞

Because the component functions x and y have finite limits by Lemma 3.1(e) and (f), the
subclasses Mþ

∞,B and Mþ
∞;0 are empty. Since the existence of nonoscillatory solutions in Mþ

B;0 is

shown in Theorem 4.3, we only focus on Mþ
B,B in this subsection.

The Knaster fixed point theorem is utilized in order to prove the following theorem.

Theorem 4.5 Mþ
B,B≠∅ if and only if

ð∞
t0
aðsÞf

�
d1 þ k

ð∞
s
bðuÞΔu

�
Δs < ∞, k, d1≠0: (15)

Proof. The proof of the necessity part is very similar to those of previous theorems. So for
sufficiency, suppose Eq. (15) holds. Choose t1≥t0, k > 0 and d1 > 0 such thatð∞

t1
aðsÞf

�
d1 þ k

ð∞
s
bðuÞΔu

�
Δs < d1,

where k ¼ gð2d1Þ: (The case k, d1 < 0 can be done similarly.) Let X be the Banach space of all
continuous real-valued functions endowed with the norm ‖x‖ ¼ sup

t∈ ½t1,∞ÞT
jxðtÞj and with usual

point-wise ordering ≤ . Define a subset Ω of X as

Ω :¼ {x∈X : d1 ≤ xðτðtÞÞ ≤ 2d1, τðtÞ≥t1}:

For any subset B ofΩ, it is clear that infB∈Ω and supB∈Ω. An operator F : Ω ! X is defined as

ðFxÞðtÞ ¼ d1 þ
ðt
t1
aðsÞf

�
d1 þ

ð∞
s
bðuÞgðxðτðuÞÞÞΔu

�
Δs, τðtÞ≥t1:

It is obvious that F is an increasing mapping into itself. Therefore,

d1 ≤ ðFxÞðtÞ ≤ d1 þ
ðt
t1
aðsÞf

�
d1 þ gð2d1Þ

ð∞
s
bðuÞΔu

�
Δs ≤ 2d1, τðtÞ≥t1:

Then, by Theorem 2.11, there exists x∈Ω such that x ¼ Fx. By setting

yðtÞ ¼ d1 þ
ð∞
t
bðuÞgðxðτðuÞÞÞ, τðtÞ≥t1,

we get that
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The existence in subclasses Mþ
∞,B and Mþ

∞;0 is not obtained on general time scales. The main
reason is that setting an operator including a delay function gives a struggle when the fixed
points theorems are applied. In fact, when we restrict the delay function to τðtÞ ¼ t−η for η≥0, it
was shownMþ

∞,B≠∅, see Ref. [34]. Nevertheless, the existence inMþ
∞,B andMþ

∞;0 for system (1) is
shown in Subsection 4.4.

4.2. The case Yðt0Þ < ∞ and Zðt0Þ < ∞

Because the component functions x and y have finite limits by Lemma 3.1(e) and (f), the
subclasses Mþ

∞,B and Mþ
∞;0 are empty. Since the existence of nonoscillatory solutions in Mþ

B;0 is

shown in Theorem 4.3, we only focus on Mþ
B,B in this subsection.

The Knaster fixed point theorem is utilized in order to prove the following theorem.

Theorem 4.5 Mþ
B,B≠∅ if and only if

ð∞
t0
aðsÞf

�
d1 þ k

ð∞
s
bðuÞΔu

�
Δs < ∞, k, d1≠0: (15)

Proof. The proof of the necessity part is very similar to those of previous theorems. So for
sufficiency, suppose Eq. (15) holds. Choose t1≥t0, k > 0 and d1 > 0 such thatð∞

t1
aðsÞf

�
d1 þ k

ð∞
s
bðuÞΔu

�
Δs < d1,

where k ¼ gð2d1Þ: (The case k, d1 < 0 can be done similarly.) Let X be the Banach space of all
continuous real-valued functions endowed with the norm ‖x‖ ¼ sup

t∈ ½t1,∞ÞT
jxðtÞj and with usual

point-wise ordering ≤ . Define a subset Ω of X as

Ω :¼ {x∈X : d1 ≤ xðτðtÞÞ ≤ 2d1, τðtÞ≥t1}:

For any subset B ofΩ, it is clear that infB∈Ω and supB∈Ω. An operator F : Ω ! X is defined as

ðFxÞðtÞ ¼ d1 þ
ðt
t1
aðsÞf

�
d1 þ

ð∞
s
bðuÞgðxðτðuÞÞÞΔu

�
Δs, τðtÞ≥t1:

It is obvious that F is an increasing mapping into itself. Therefore,

d1 ≤ ðFxÞðtÞ ≤ d1 þ
ðt
t1
aðsÞf

�
d1 þ gð2d1Þ

ð∞
s
bðuÞΔu

�
Δs ≤ 2d1, τðtÞ≥t1:

Then, by Theorem 2.11, there exists x∈Ω such that x ¼ Fx. By setting

yðtÞ ¼ d1 þ
ð∞
t
bðuÞgðxðτðuÞÞÞ, τðtÞ≥t1,

we get that
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yΔðtÞ ¼ −bðtÞgðxðτðtÞÞÞ: (16)

Also taking the derivative of x and Eq. (16) give that ðx, yÞ is a solution of system (12). Hence,
we conclude that xðtÞ ! α and yðtÞ ! d1 as t ! ∞, where 0 < α < ∞, i.e., Mþ

B,B≠∅. Note that a
similar proof can be done for the case k < 0 and d1 < 0 with x < 0.

Example 4.6 Let T¼ 2N0 and consider the system

Δ2xðtÞ ¼ 1

2t
5
3ð3tþ 1Þ 1

3
y

1
3ðtÞ

Δ2yðtÞ ¼ −
1

2tð6t−4Þ x
t
4

� �
:

8>><
>>:

(17)

We first demonstrate Yðt0Þ < ∞ and Zðt0Þ < ∞.
ðt
t0
aðsÞΔs ¼ 1

2

X
s∈ ½4, tÞ

2N0

1

s
2
3ð3sþ 1Þ 1

3
implies Yðt0Þ ¼ 1

2
lim
n!∞

Xn−1
m¼2

1

ð2mÞ 2
3ð3 � 2m þ 1Þ 1

3
< ∞

by the Ratio test for t¼ 2n, s¼ 2m, n≥2. Similarly,
ðt
t0
bðsÞΔs ¼ 1

2

X
s∈ ½4, tÞ

2N0

1
6s−4

implies Zðt0Þ ¼ 1
2
lim
n!∞

Xn−1
m¼2

1
6:2m−4

< ∞:

Because Yðt0Þ < ∞ and Zðt0Þ < ∞, it is easy to show that Eq. (15) holds. One can also verify that
6− 1

t ; 3þ 1
t

� �
is a nonoscillatory solution of system (17) such that xðtÞ ! 6 and yðtÞ ! 3 as t ! ∞, i.e.,

Mþ
B,B≠∅ by Theorem 4.5.

4.3. The case Yðt0Þ < ∞ and Zðt0Þ ¼ ∞

Lemma 3.1(c) yields Mþ ¼ ∅ for the case Yðt0Þ < ∞ and Zðt0Þ ¼ ∞. Thus, we pay our attention
to M− in this subsection. The proof of the following remark is similar to that of Theorem 3.7.

Remark 4.7 M−
B,∞≠∅ if and only if integral condition (7) holds.

Exercise 4.8 Prove Remark 4.7 and also show that ð3þ 1
t , −t−

1
tÞ is a nonoscillatory solution of

Δ2xðtÞ ¼ 1

2t
7
5ðt2 þ 1Þ 3

5
ðyðtÞÞ 3

5

Δ2yðtÞ ¼ −
2t2−1

2t
9
5ð3tþ 4Þ 1

5
xðt
4
Þ

� � 1
5

8>>>><
>>>>:

in M−
B,∞≠∅ when T¼ 2N0 .

4.4. Dominant and intermediate solutions of Eq. (1)

Note that the existence of nonoscillatory solutions of system (1) in M−
0;∞,M

−
B,B and M−

0;B is not
shown on a general time scale. In fact, the existence in these subclasses is obtained for system
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(1) in Section 3. Since system (12) is reduced to system (1) when τðtÞ ¼ t, notice that the results
obtained for system (12) in Section 4 also hold for system (1). Therefore, we only need to show
the existence of nonoscillatory solutions for Eq. (1) in Mþ

∞,B and Mþ
∞;0, which are not acquired

for Eq. (12) on a general time scale. To achieve the goal, we assume Yðt0Þ ¼ ∞ and Zðt0Þ < ∞.

Theorem 4.9 Mþ
∞,B≠∅ if and only ifð∞

t0
bðsÞg

�
c1

ðs
t0
aðuÞΔu

�
Δs < ∞, c1≠0: (18)

Proof. The necessity part is left to readers as an exercise. Therefore, for sufficiency, suppose that
Eq. (18) holds. Choose t1≥t0, c1 > 0 and d1 > 0 such thatð∞

t1
bðsÞg

�
c1

ðs
t1
bðuÞΔu

�
Δs < d1, t≥t1, (19)

where c1 ¼ f ð2d1Þ > 0: (The case c1 < 0 can be done similarly.) Let X be the partially ordered
Banach space of all real-valued continuous functions endowed with supremum norm
‖x‖ ¼ sup

t∈ ½t1 ,∞ÞT

jxðtÞjðt
t1
aðsÞΔs

and with the usual point-wise ordering ≤ . Define a subsetΩ of X such that

Ω ¼: {x∈X : f ðd1Þ
ðt
t1
aðsÞΔs ≤ xðtÞ ≤ f ð2d1Þ

ðt
t1
aðsÞΔs, t≥t1}:

For any subset B of Ω, infB∈Ω and supB∈Ω, i.e., ðΩ, ≤ Þ is complete. Define an operator
F : Ω ! X as

ðFxÞðtÞ ¼
ðt
t1
aðsÞf

�
d1 þ

ð∞
t
bðuÞgðxðuÞÞΔu

�
Δs, t≥t1:

It is obvious that it is an increasing mapping, so let us show F :¼ Ω ! Ω:

f ðd1Þ
ðt
t1
aðsÞΔs ≤ ðFxÞðtÞ

≤
ðt
t1
aðsÞf

�
d1 þ

ð∞
s
bðuÞg

�
f ð2d1Þ

ðu
t1
aðλÞΔλ

�
Δu
�
Δs

≤ f ð2d1Þ
ðt
t1
aðsÞΔs

by Eq. (19). Then, by Theorem 2.11, there exists x∈Ω such that x ¼ Fx and so

xΔðtÞ ¼ aðtÞf
�
d1 þ

ð∞
t
bðuÞgðxðuÞÞΔu

�
, t≥t1:

Setting yðtÞ ¼ d1 þ
ð∞
t
bðuÞgðxðuÞÞΔu leads us yΔ ¼ −bgðxÞ and so, ðx, yÞ is a solution of system

(1) such that xðtÞ > 0 and yðtÞ > 0 for t≥t1 and xðtÞ ! ∞ and yðtÞ ! d1 > 0 as t ! ∞, i.e.,
Mþ

∞,B≠∅.
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(1) in Section 3. Since system (12) is reduced to system (1) when τðtÞ ¼ t, notice that the results
obtained for system (12) in Section 4 also hold for system (1). Therefore, we only need to show
the existence of nonoscillatory solutions for Eq. (1) in Mþ

∞,B and Mþ
∞;0, which are not acquired

for Eq. (12) on a general time scale. To achieve the goal, we assume Yðt0Þ ¼ ∞ and Zðt0Þ < ∞.

Theorem 4.9 Mþ
∞,B≠∅ if and only ifð∞

t0
bðsÞg

�
c1

ðs
t0
aðuÞΔu

�
Δs < ∞, c1≠0: (18)

Proof. The necessity part is left to readers as an exercise. Therefore, for sufficiency, suppose that
Eq. (18) holds. Choose t1≥t0, c1 > 0 and d1 > 0 such thatð∞

t1
bðsÞg

�
c1

ðs
t1
bðuÞΔu

�
Δs < d1, t≥t1, (19)

where c1 ¼ f ð2d1Þ > 0: (The case c1 < 0 can be done similarly.) Let X be the partially ordered
Banach space of all real-valued continuous functions endowed with supremum norm
‖x‖ ¼ sup

t∈ ½t1 ,∞ÞT

jxðtÞjðt
t1
aðsÞΔs

and with the usual point-wise ordering ≤ . Define a subsetΩ of X such that

Ω ¼: {x∈X : f ðd1Þ
ðt
t1
aðsÞΔs ≤ xðtÞ ≤ f ð2d1Þ

ðt
t1
aðsÞΔs, t≥t1}:

For any subset B of Ω, infB∈Ω and supB∈Ω, i.e., ðΩ, ≤ Þ is complete. Define an operator
F : Ω ! X as

ðFxÞðtÞ ¼
ðt
t1
aðsÞf

�
d1 þ

ð∞
t
bðuÞgðxðuÞÞΔu

�
Δs, t≥t1:

It is obvious that it is an increasing mapping, so let us show F :¼ Ω ! Ω:

f ðd1Þ
ðt
t1
aðsÞΔs ≤ ðFxÞðtÞ

≤
ðt
t1
aðsÞf

�
d1 þ

ð∞
s
bðuÞg

�
f ð2d1Þ

ðu
t1
aðλÞΔλ

�
Δu
�
Δs

≤ f ð2d1Þ
ðt
t1
aðsÞΔs

by Eq. (19). Then, by Theorem 2.11, there exists x∈Ω such that x ¼ Fx and so

xΔðtÞ ¼ aðtÞf
�
d1 þ

ð∞
t
bðuÞgðxðuÞÞΔu

�
, t≥t1:

Setting yðtÞ ¼ d1 þ
ð∞
t
bðuÞgðxðuÞÞΔu leads us yΔ ¼ −bgðxÞ and so, ðx, yÞ is a solution of system

(1) such that xðtÞ > 0 and yðtÞ > 0 for t≥t1 and xðtÞ ! ∞ and yðtÞ ! d1 > 0 as t ! ∞, i.e.,
Mþ

∞,B≠∅.
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Theorem 4.10 Mþ
∞;0≠∅ if

I ¼ ∞ and
ð∞
t0
bðtÞg

�
l
ð∞
t0
aðsÞΔs

�
Δt < ∞,

where I is defined as in Eq. (11), for any k > 0 and some l > 0 ðk < 0 and l < 0Þ.
Exercise 4.11 Prove Theorem 4.10 using Theorem 2.11.

5. Emden-Fowler Dynamical Systems on Time Scales

Motivated by the papers [28, 36, 37], we deal with the classification and existence of
nonoscillatory solutions of the Emden-Fowler dynamical system

xΔðtÞ ¼ aðtÞjyðtÞj 1αsgn yðtÞ
yΔðtÞ ¼ −bðtÞjxσðtÞjβsgn xσðtÞ,

(
(20)

where α, β > 0 a, b∈Crdð½t0,∞ÞT,RþÞ and xσ (t) = x (σ(t)). The main results of this section follow
from Ref. [38]. If T ¼ Z, system (20) is reduced to a Emden-Fowler system of difference
equations while it is reduced to a Emden-Fowler system of differential equations when
T ¼ R, see Refs. [32, 39, 40], respectively. We also refer readers to Refs. [41–46] for quasilinear
and Emden-Fowler dynamic equations on time scales.

Note that any nonoscillatory solution of system (20) belongs to Mþ or M− given in Section 3.
Also, it could be shown that Lemma 3.1 holds for system (20) as well.

5.1. The case Yðt0Þ ¼ ∞ and Zðt0Þ < ∞

In this case, we have M− ¼ ∅, see Lemma 3.1(d). By a similar discussion as in Subsection 4.1,
solutions in Mþ belongs to one of the subclasses Mþ

B;0, M
þ
∞,B and Mþ

∞;0:

Let us set

Jα ¼
ð∞
t0
aðtÞ
�ð∞

t
bðsÞΔs

� 1
αΔt

Kβ ¼
ð∞
t0
bðtÞ
�ðσðtÞ

t0
aðsÞΔs

�β
Δt:

Note that integral I, defined as in Eq. (11), is reduced to Jα by replacing f ðzÞ ¼ z
1
α and gðzÞ ¼ zβ.

The following theorem can be proven similar to Theorem 4.3.

Theorem 5.1 Mþ
B;0≠∅ if and only if Jα < ∞.

Exercise 5.2 Prove Theorem 5.1.

Next, we provide the existence of dominant and intermediate solutions of system (20) along
with examples.
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Theorem 5.3 Mþ
∞,B≠∅ if and only if Kβ < ∞:

Proof. Suppose that there exists ðx, yÞ∈Mþ such that x > 0 eventually, xðtÞ ! ∞ and yðtÞ ! d as
t ! ∞ for 0 < d < ∞. Integrating the first equation from t1 to σðtÞ, using the monotonicity of y
and integrating the second equation from t1 to t of system (20) give us

xσðtÞ ¼ xσðt1Þ þ
ðσðtÞ
t1

aðsÞy1αðsÞΔs > d
1
α

ðσðtÞ
t1

aðsÞΔs: (21)

and

yðt1Þ−yðtÞ ¼
ðt
t1
bðsÞ

�
xσðsÞ

�β
Δs, (22)

respectively. Then, by Eqs. (21) and (22), we have

ðt
t1
bðsÞ

�ðσðsÞ
t1

aðuÞΔu
�β

Δs < d
−β
α

ðt
t1
bðsÞ

�
xσðsÞ

�β
Δs ¼ d

−β
α

�
yðt1Þ−yðtÞ

�

So as t ! ∞, it follows Kβ < ∞.

Conversely, suppose Kβ < ∞. Choose t1≥t0 so large that

ð∞
t1
bðsÞ

�ðσðsÞ
t1

aðuÞΔu
�β

Δs <
d1−β

2β

for arbitrarily given d > 0. Let X be the partially ordered Banach Space of all real-valued
continuous functions with the norm ∥x∥ ¼ sup

t>t1

jxðtÞjðt
t1
aðsÞΔs

and the usual point-wise ordering ≤ .

Define a subset Ω of X as follows:

Ω : {x∈X : d
1
α

ðt
t1
aðsÞΔs ≤ xðtÞ ≤ ð2dÞ 1α

ðt
t1
aðsÞΔs for t > t1}:

First, since every subset of Ω has a supremum and infimum in Ω, ðΩ, ≤ Þ is a complete lattice.
Define an operator F : Ω ! X as

ðFxÞðtÞ ¼
ðt
t1
aðsÞ

�
dþ

ð∞
s
bðuÞ

�
xσðuÞ

�β
Δτ
� 1

αΔs:

The rest of the proof can be finished via the Knaster fixed point theorem, see Theorem 4.9 and
thus is left to readers.

Dynamical Systems - Analytical and Computational Techniques22



Theorem 5.3 Mþ
∞,B≠∅ if and only if Kβ < ∞:

Proof. Suppose that there exists ðx, yÞ∈Mþ such that x > 0 eventually, xðtÞ ! ∞ and yðtÞ ! d as
t ! ∞ for 0 < d < ∞. Integrating the first equation from t1 to σðtÞ, using the monotonicity of y
and integrating the second equation from t1 to t of system (20) give us

xσðtÞ ¼ xσðt1Þ þ
ðσðtÞ
t1

aðsÞy1αðsÞΔs > d
1
α

ðσðtÞ
t1

aðsÞΔs: (21)

and

yðt1Þ−yðtÞ ¼
ðt
t1
bðsÞ

�
xσðsÞ

�β
Δs, (22)

respectively. Then, by Eqs. (21) and (22), we have

ðt
t1
bðsÞ

�ðσðsÞ
t1

aðuÞΔu
�β

Δs < d
−β
α

ðt
t1
bðsÞ

�
xσðsÞ

�β
Δs ¼ d

−β
α

�
yðt1Þ−yðtÞ

�

So as t ! ∞, it follows Kβ < ∞.

Conversely, suppose Kβ < ∞. Choose t1≥t0 so large that

ð∞
t1
bðsÞ

�ðσðsÞ
t1

aðuÞΔu
�β

Δs <
d1−β

2β

for arbitrarily given d > 0. Let X be the partially ordered Banach Space of all real-valued
continuous functions with the norm ∥x∥ ¼ sup

t>t1

jxðtÞjðt
t1
aðsÞΔs

and the usual point-wise ordering ≤ .

Define a subset Ω of X as follows:

Ω : {x∈X : d
1
α

ðt
t1
aðsÞΔs ≤ xðtÞ ≤ ð2dÞ 1α

ðt
t1
aðsÞΔs for t > t1}:

First, since every subset of Ω has a supremum and infimum in Ω, ðΩ, ≤ Þ is a complete lattice.
Define an operator F : Ω ! X as

ðFxÞðtÞ ¼
ðt
t1
aðsÞ

�
dþ

ð∞
s
bðuÞ

�
xσðuÞ

�β
Δτ
� 1

αΔs:

The rest of the proof can be finished via the Knaster fixed point theorem, see Theorem 4.9 and
thus is left to readers.
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Example 5.4 Let T ¼ qN0 , q > 1 and consider the system

xΔ ¼ t
1þ 2t

jyjsgn y

yΔ ¼ −
1

q1þβtβþ2 jxσjβsgn x:

8><
>:

(23)

It is left to readers to show Yðt0Þ ¼ ∞ and Zðt0Þ < ∞. In order to show Kβ < ∞, we first calculate

ðT
t0
bðtÞ
�ðσðtÞ

t0
aðsÞΔs

�β
Δt ¼

X
t∈ ½1,TÞ

qN0

1
q1þβtβþ2

X
s∈ ½1,σðtÞÞ

qN0

s2ðq−1Þ
1þ 2s

0
B@

1
CA

β

ðq−1Þt

<
ðq−1Þβþ1

q1þβ

X
t∈ ½1,TÞ

qN0

1
t1þβ

� X
s∈ ½1,σðtÞÞ

qN0

s
�β

<
q−1
q

X
t∈ ½1,TÞ

qN0

1
t
,

where s ¼ qm and t ¼ qn for m, n∈N0. Since

lim
T!∞

X
t∈ ½1,TÞ

qN0

1
t
¼
X∞
n¼0

1
qn

< ∞

by the geometric series, we have Kβ < ∞. It can be verified that ðt, 1
t þ 2Þ is a nonoscillatory solution of

system (23) in Mþ
∞,B:

Theorem 5.5 Mþ
∞;0≠∅ if Jα ¼ ∞ and Kβ < ∞.

Proof. Suppose that Jα ¼ ∞ and Kβ < ∞ hold. Since Yðt0Þ ¼ ∞, we can choose t1 and t2 so large
that

ð∞
t2
bðtÞ
�ðσðtÞ

t0
aðsÞΔs

�β
Δt ≤ 1 and

ðt2
t1
aðsÞΔs≥1; t≥t2≥t1:

Let X be the Fréchet Space of all continuous functions on ½t1,∞ÞT endowed with the topology of
uniform convergence on compact subintervals of ½t1,∞ÞT: Set

Ω :¼ {x∈X : 1 ≤ xðtÞ ≤
ðt
t1
aðsÞΔs for t≥t1}

and define an operator T : Ω ! X by

ðTxÞðtÞ ¼ 1þ
ðt
t2
aðsÞ

�ð∞
s
bðuÞ

�
xσðuÞ

�β
Δu
� 1

α
: (24)

We can show that T : Ω ! Ω is continuous on Ω⊂X by the Lebesque dominated convergence
theorem. Since
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0 ≤ ½ðTxÞðtÞ�Δ ¼ aðtÞ
�ð∞

t
bðuÞ

�
xσðuÞ

�β
Δu
� 1

α

≤ aðtÞ
�ð∞

t
bðuÞ

�ðσðuÞ
t1

aðλÞΔλ
�β

Δu
�1

α
< ∞,

it follows that T is equibounded and equicontinuous. Then by Theorem 2.10, there exists x∈Ω
such that x ¼ Tx: Thus, it follows that x is eventually positive, i.e nonoscillatory. Then differ-
entiating x and the first equation of system (20) give us

yðtÞ ¼ 1
aðtÞ
� �α�

xΔðtÞ
�α

¼
ð∞
t
bðuÞ

�
xσðuÞ

�β
Δu > 0, t≥t1: (25)

This results in that y is eventually positive and hence ðx, yÞ is a nonoscillatory solution of
system (20) in Mþ. Also by monotonicity of x, we have

xðtÞ ¼ 1þ
ðt
t2
aðsÞ

�ð∞
s
bðuÞ

�
xσðuÞ

�β
Δu
� 1

α≥
�
xðt2Þ

�βðt
t2
aðsÞ

�ð∞
s
bðuÞΔu

� 1
α
:

Hence as t ! ∞, it follows xðtÞ ! ∞. And by Eq. (25), we have yðtÞ ! 0 as t ! ∞. Therefore
Mþ

∞;0≠∅:

Example 5.6 Let T ¼ qN0 , q > 1 and β < 1: Consider the system

xΔ ¼ ð1þ tÞjyj 1αsgn y

yΔ ¼ −
1

ð1þ tÞð1þ tqÞβþ1 jxσjβsgn x:

8><
>:

(26)

It is easy to verify Yðt0Þ ¼ ∞ and Zðt0Þ < ∞. Letting s ¼ qm and t ¼ qn, where m,n∈N0 gives

ðT
t0
aðtÞ
�ðT

t
bðsÞΔs

�1
α
Δt ¼

X
t∈ ½1,TÞ

qN0

ð1þ tÞ
X

s∈ ½t,TÞ
qN0

ðq−1Þs
ð1þ sÞð1þ sqÞβþ1

0
B@

1
CAðq−1Þt

≥ðq−1Þ2
X

t∈ ½1,TÞ
qN0

ð1þ tÞ t

ð1þ tÞð1þ tqÞβþ1

 !
t ¼ ðq−1Þ2

X
t∈ ½1,TÞ

qN0

t2

ð1þ tqÞβþ1 :

So we have

lim
T!∞

X
t∈ ½1,TÞ

qN0

t2

ð1þ tqÞβþ1 ¼
X∞
n¼0

q2n

ð1þ qnþ1Þβþ1 ¼ ∞

by the Test for Divergence and β < 1. Now let us show that Kβ < ∞. Since
ðσðtÞ
t0

aðsÞΔs ¼
X

s∈ ½1, tÞ
qN0

ð1þ sÞðq−1Þs ≤ tqð1þ tqÞ,

we have
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0 ≤ ½ðTxÞðtÞ�Δ ¼ aðtÞ
�ð∞

t
bðuÞ

�
xσðuÞ

�β
Δu
� 1

α

≤ aðtÞ
�ð∞

t
bðuÞ

�ðσðuÞ
t1

aðλÞΔλ
�β

Δu
�1

α
< ∞,

it follows that T is equibounded and equicontinuous. Then by Theorem 2.10, there exists x∈Ω
such that x ¼ Tx: Thus, it follows that x is eventually positive, i.e nonoscillatory. Then differ-
entiating x and the first equation of system (20) give us

yðtÞ ¼ 1
aðtÞ
� �α�

xΔðtÞ
�α

¼
ð∞
t
bðuÞ

�
xσðuÞ

�β
Δu > 0, t≥t1: (25)

This results in that y is eventually positive and hence ðx, yÞ is a nonoscillatory solution of
system (20) in Mþ. Also by monotonicity of x, we have

xðtÞ ¼ 1þ
ðt
t2
aðsÞ

�ð∞
s
bðuÞ

�
xσðuÞ

�β
Δu
� 1

α≥
�
xðt2Þ

�βðt
t2
aðsÞ

�ð∞
s
bðuÞΔu

� 1
α
:

Hence as t ! ∞, it follows xðtÞ ! ∞. And by Eq. (25), we have yðtÞ ! 0 as t ! ∞. Therefore
Mþ

∞;0≠∅:
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α
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X
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qN0
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X
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qN0

ðq−1Þs
ð1þ sÞð1þ sqÞβþ1

0
B@

1
CAðq−1Þt
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X
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qN0

ð1þ tÞ t

ð1þ tÞð1þ tqÞβþ1
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X
t∈ ½1,TÞ

qN0

t2

ð1þ tqÞβþ1 :

So we have

lim
T!∞

X
t∈ ½1,TÞ

qN0

t2

ð1þ tqÞβþ1 ¼
X∞
n¼0

q2n

ð1þ qnþ1Þβþ1 ¼ ∞

by the Test for Divergence and β < 1. Now let us show that Kβ < ∞. Since
ðσðtÞ
t0

aðsÞΔs ¼
X

s∈ ½1, tÞ
qN0
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ðT
t0
bðtÞ
�ðσðtÞ

t0
aðsÞΔs

�β
Δt ≤

X
t∈ ½1,TÞ

qN0

1

ð1þ tÞð1þ tqÞβþ1

�
tqð1þ tqÞ

�β
tðq−1Þ

≤ qβðq−1Þ
X

t∈ ½1,TÞ
qN0

tβ

1þ t
:

Therefore by the Ratio test,

lim
T!∞

qβðq−1Þ
X

t∈ ½1,TÞ
qN0

tβ

1þ t
¼ qβðq−1Þ

X∞
n¼0

ðqnÞβ
ð1þ qnÞ < ∞

gives Kβ < ∞. It can also be verified that 1þ t, 1
tþ 1

� �
is a nonoscillatory solution of Eq. (26) in Mþ

∞;0:

Exercise 5.7 Show that the following system

x′ ¼ e2tjyj 1αsgn y

y′ ¼ −αe−tðαþβÞjxjβsgn x

(

has a nonoscillatory solution ðet, e−αtÞ in Mþ
∞;0.

Next, we intend to derive a conclusion for the existence of nonoscillatory solutions of system
(20) based on α and β. The proof of the following lemma is similar to the proofs of Lemmas 1.1,
3.2, 3.3, 3.6 and 3.7 in [47].

Lemma 5.8

a. If Jα < ∞, or Kβ < ∞ then Zb < ∞.

b. If Kβ ¼ ∞, then Yðt0Þ ¼ ∞ or Zðt0Þ ¼ ∞.

c. If Jα ¼ ∞, then Yðt0Þ ¼ ∞ or Zðt0Þ ¼ ∞.

d. Let α≥1. If Jα < ∞, then Kα < ∞.

e. Let β ≤ 1. If Kβ < ∞, then Jβ < ∞.

f. Let α < β. If Kβ < ∞, then Jα < ∞ and Kα < ∞.

g. Let α > β. If Jα < ∞, then Kβ < ∞ and Jβ < ∞.

Exercise 5.9 Prove Lemma 5.8.

The following corollary summarizes the existence of subdominant and dominant solutions of
system (20) in this subsection by means of Lemma 5.8.

Corollary 5.10 Suppose that Yðt0Þ ¼ ∞ and Zðt0Þ < ∞. Then

a. Mþ
B;0≠∅ if any of the followings hold:

(i) Jα < ∞, (ii) α < β, β≥1 and Jβ < ∞,
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(iii) α < β and Kβ < ∞, (iv) α ≤ 1 and Kα < ∞.

b. Mþ
∞,B≠∅ if any of the followings hold:

(i) Kβ < ∞, (ii) α≥1 and Jβ < ∞,

(iii) α > β and Jα < ∞.

5.2. The Case Yðt0Þ < ∞ and Zðt0Þ < ∞

With the similar discussion as in Subsection 4.2, we concentrate onMþ
B,B andMþ

B;0. Actually, the

existence in Mþ
B;0 is shown in Subsection 5.1. Also, we use the same argument of the proof of

Lemma 3.1(a) so that the criteria for the existence of nonoscillatory solutions of system (20) in
Mþ

B,B is Yðt0Þ < ∞ and Zðt0Þ < ∞.

The most important question that arose in this section is about the existence of nonoscillatory
solutions of the Emden-Fowler system inM−. The existence of such solutions inM−

B,∞, M
−
0;∞ can

similarly be shown as in Theorems 3.7 and 3.9. When concerns about and M−
0;B come to our

attention, we need to assume that σ must be differentiable, which is not necessarily true on
arbitrary time scales, see Example 1.56 in [6]. The following exercise is a great observation
about the discussion mentioned above.

Exercise 5.11 Consider the system

xΔðtÞ ¼ t
1
2

2ðtþ 1Þðtþ 2Þð3t−1Þ12
jyðtÞj12sgn yðtÞ

yΔðtÞ ¼ −
ðtþ 1Þ13

2
2
3t2ð4tþ 5Þ13

jxσðtÞj13sgn xσðtÞ

8>>>><
>>>>:

(27)

in T¼ 2N0 and show that ð2þ 1
tþ 2

, −3þ 1
t
Þ is a nonoscillatory solution of system (27) in M−

B,B.

Note that σðtÞ ¼ 2t is differentiable on T¼ 2N0 :
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Abstract

The chapter is devoted to study the oscillation of all solutions to second-order nonlinear
neutral damped differential equations with delay argument. New oscillation criteria are
obtained by employing a refinement of the generalized Riccati transformations and
integral averaging techniques.
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1. Introduction

In the chapter, we are mainly concerned with the oscillatory behavior of solutions to second-
order nonlinear neutral damped differential equations with delay argument of the form

�
rðtÞ
�
z′ðtÞ

�α�′
þ pðtÞ

�
z′ðtÞ

�α
þ qðtÞf

�
xðσðtÞÞ

�
¼ 0, t ≥ t0, (1)

where α≥1 is a quotient of positive odd integers and

zðtÞ ¼ xðtÞ þ aðtÞxðτðtÞÞ: (2)

Throughout, we suppose that the following hypotheses hold:

i. r, p, q∈Cðℐ, ℝþÞ, where ℐ ¼ ½t0, ∞Þ and ℝþ ¼ ð0;∞Þ;
ii. a∈Cðℐ, ℝÞ, 0 ≤ a ðtÞ ≤ 1;
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iii. τ∈Cðℐ, ℝÞ, τðtÞ≤t, τðtÞ ! ∞ as t ! ∞;

iv. σ∈C1ðℐ, ℝÞ, σðtÞ≤t, σ′ðtÞ≥0, σðtÞ ! ∞ as t ! ∞;

v. f∈Cðℝ, ℝÞ, such that xf ðxÞ > 0 and f ðxÞ=xβ≥k > 0 for x=¼ 0, where k is a constant and β is
the ratio of odd positive integers.

By a solution of Eq. (1), we mean a nontrivial real-valued function xðtÞ, which has the property

zðtÞ∈C1ð½Tx, ∞ÞÞ, rðtÞ
�
z′ðtÞ

�α
∈C1ð½Tx, ∞ÞÞ, Tx≥t0, and satisfies Eq. (1) on ½Tx, ∞Þ. In the sequel,

we will restrict our attention to those solutions xðtÞ of Eq. (1) that satisfy the condition

sup {jxðtÞj : T≤t < ∞} > 0 for T≥Tx: (3)

We make the standing hypothesis that Eq. (1) admits such a solution. As is customary, a
solution of Eq. (1) is said to be oscillatory if it is neither eventually positive nor eventually
negative on ½Tx, ∞Þ and otherwise, it is termed nonoscillatory. The equation itself is called
oscillatory if all its solutions are oscillatory.

Remark 1. All the functional inequalities considered in the sequel are assumed to hold even-
tually, that is, they are satisfied for all t large enough.

Oscillation theory was created in 1836 with a paper of Jacques Charles François Sturm
published in Journal des Mathematiqués Pures et Appliqueés. His long and detailed memoir [1]
was one of the first contributions in Liouville's newly founded journal and initiated a whole
new research into the qualitative analysis of differential equations. Heretofore, the theory of
differential equations was primarily about finding solutions of a given equation and so was
very limited. Contrarily, the main idea of Sturm was to obtain geometric properties of solutions
(such as sign changes, zeros, boundaries, and oscillation) directly from the differential equa-
tion, without benefit of solutions themselves.

Henceforth, the oscillation theory for ordinary differential equations has undergone a signifi-
cant development. Nowadays, it is considered as coherent, self-contained domain in the
qualitative theory of differential equations that is turning mainly toward the study of solution
properties of functional differential equations (FDEs).

The problem of obtaining sufficient conditions for asymptotic and oscillatory properties of
different classes of FDEs has experienced long-term interest of many researchers. This is
caused by the fact that differential equations, especially those with deviating argument, are
deemed to be adequate in modeling of the countless processes in all areas of science. For a
summary of the most significant efforts and recent findings in the oscillation theory of FDEs
and vast bibliography therein, we refer the reader to the excellent monographs [2–6].

In a neutral delay differential equation the highest-order derivative of the unknown function
appears both with and without delay. The study of qualitative properties of solutions of such
equations has, besides its theoretical interest, significant practical importance. This is due to the
fact that neutral differential equations arise in various phenomena including problems
concerning electric networks containing lossless transmission lines (as in high-speed computers
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where such lines are used to interconnect switching circuits), in the study of vibrating masses
attached to an elastic bar or in the solution of variational problems with time delays. We refer the
reader to the monograph [7] for further applications in science and technology.

So far, most of the results obtained in the literature has centered around the special undamped
form of Eq. (1), i.e., when pðtÞ ¼ 0 (for example, see Refs. [8–18]). For instance, in one of the
pioneering works on the subject, Grammatikopoulos et al. [8] studied the second-order neutral
differential equation with constant delay of the form

ðxðtÞ þ aðtÞxðt−τÞ″ þ qðtÞxðt−τÞ ¼ 0 (4)

and proved that Eq. (4) is oscillatory if
ð∞
t0
qðsÞ

�
1−aðs−τÞ

�
ds ¼ ∞: (5)

Later on, Grace and Lalli [9] extended the results from [8] to the more general equation
�
rðtÞðxðtÞ þ aðtÞxðt−τÞ′

�′
þ qðtÞf

�
xðt−τÞ

�
¼ 0, (6)

with

f ðxÞ
x

≥k, k > 0 and
ð∞
t0

ds
rðsÞ ¼ ∞ (7)

and showed that Eq. (6) is oscillatory if there exists a continuously differentiable function ρðtÞ
such that

ð∞
t0

ρðsÞqðsÞð1−aðs−τÞÞ−
�
ρ′ðsÞ

�2
rðs−τÞ

4kρðsÞ

0
B@

1
CAds ¼ ∞: (8)

In Ref. [10], Dong has involved to study the oscillation problem for a half-linear case of Eq. (1)
and by defining a sequence of continuous functions has obtained various kinds of better
results. Afterward, his approach has been further developed by several authors, see, e.g., [11–
14]. However, it appears that very little is known regarding the oscillation of Eq. (1) with pðtÞ≠0
and α≠β. Motivated by the results of Ref. [10], this chapter presents some new oscillation
criteria, which are applicable on Eq. (1).

On the other hand, Eq. (1) can be considered as a natural generalization of the second-order
delay differential equation of the form

�
rðtÞ
�
x′ðtÞ

�α�
þ pðtÞ

�
x′ðtÞ

�α
þ qðtÞf

�
xðσðtÞÞ

�
¼ 0: (9)

Very recently, the authors of [19] studied the oscillation problem of Eq. (9) with pðtÞ ¼ 0 and
α ¼ β. Their ideas, which are based on careful investigation of classical techniques covering
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Riccati transformations and integral averages, will be extended to the more general equa-
tion (1).

2. Main results

For the simplicity and without further mention, we use the following notations:

AðtÞ ¼ exp −
ðt
t0

pðsÞ
rðsÞ ds

� �
, QðtÞ ¼ kqðtÞ

�
1−aðσðtÞÞ

�β
, (10)

RðtÞ ¼
ð∞
t

AðsÞ
rðsÞ

� �1
α

ds, ~QðtÞ ¼ qðtÞ 1−aðσðtÞÞRðτðσðtÞÞÞ
RðσðtÞÞ

� �β

, (11)

PðtÞ ¼ φ′ðtÞ
φðtÞ −

pðtÞ
rðtÞ , ~qðtÞ ¼ QðtÞ þ pðtÞAðtÞ

rðtÞ
ð∞
t

QðsÞ
AðsÞ ds, (12)

where φðtÞ∈C1ðℐ, ℝÞ is a given function and will be specified later.

The organization of this chapter is as follows. Before stating our main results, we present two
lemmas that ensure that any solution xðtÞ of Eq. (1) satisfies the condition

zðtÞ > 0; z′ðtÞ > 0;
�
rðtÞ
�
z′ðtÞ

�α�′
< 0; (13)

for t sufficiently large. Next, we get our main oscillation results for Eq. (1) by employing the
generalized Riccati transformations and integral averaging techniques. We base our arguments
on the assumption that the function PðtÞ is positive or negative.
Lemma 1. Assume that

ð∞
t0

AðsÞ
rðsÞ

� �1
α

ds ¼ ∞ (14)

holds and Eq. (1) has a positive solution xðtÞ on ℐ. Then there exists a T∈ℐ, sufficiently large,
such that

zðtÞ > 0; z′ðtÞ > 0;
�
rðtÞ
�
z′ðtÞ

�α�′
< 0; (15)

on ½T, ∞Þ.
Proof. Since, xðtÞ is a positive solution of Eq. (1) on ℐ, then, by the assumptions ðiiiÞ and ðivÞ,
there exists a t1∈ℐ such that xðτðtÞÞ > 0 and xðσðtÞÞ > 0 on ½t1, ∞Þ. Define the function zðtÞ as in
Eq. (2). Then it is easy to see that zðtÞ≥xðtÞ > 0, for t≥t1, and at the same time, from Eq. (1), we
get
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�
rðtÞ
�
z′ðtÞ

�α�′
þ pðtÞ

�
z′ðtÞ

�α
¼ −qðtÞf

�
xðσðtÞÞ

�
< 0: (16)

We assert that rðtÞ
AðtÞ
�
z′ðtÞ

�α
is decreasing. Clearly, by writing the left-hand side of Eq. (16) in the

form

�
rðtÞ
�
z′ðtÞ

�α�′
þ pðtÞ

rðtÞ rðtÞ
�
z′ðtÞ

�α
< 0; (17)

we get

rðtÞ
AðtÞ

�
z′ðtÞ

�α� �′

¼ −
qðtÞ
AðtÞ f ðxðσðtÞÞÞ < 0 (18)

and so the assertion is proved.

Now, we claim that z′ðtÞ > 0 on ½t1, ∞Þ. If not, then there exists t2∈½t1, ∞Þ such that z′ðt2Þ < 0.

Using the fact that rðtÞ
AðtÞ
�
z′ðtÞ

�α
is decreasing, we obtain, for t≥t2,

rðtÞ
AðtÞ

�
z′ðtÞ

�α
< c :¼ rðt2Þ

Aðt2Þ
�
z′ðt2Þ

�α
< 0: (19)

Integrating the above inequality from t2 to t, we find that

zðtÞ < zðt2Þ þ c
1
α

ðt
t2

AðsÞ
rðsÞ

� �1
α

ds (20)

for t≥t2: By condition (14), zðtÞ approaches to −∞ as t ! ∞, which contradicts the fact that zðtÞ is
eventually positive. Therefore, z′ðtÞ > 0 and from Eq. (1), we have that

�
rðtÞ
�
z′ðtÞ

�α�′
< 0. The

proof is complete.

Lemma 2. Assume that

ð∞
t0

AðuÞ
rðuÞ

ðu
t0

~QðsÞRβðσðsÞÞ
AðsÞ ds

 !1
α

du ¼ ∞, (21)

holds and Eq. (1) has a positive solution xðtÞ on ℐ. Then there exists T∈ℐ, sufficiently large,
such that

zðtÞ > 0; z′ðtÞ > 0;
�
rðtÞ
�
z′ðtÞ

�α�′
< 0; (22)

on ½T, ∞Þ.
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Proof. Similarly to the proof of Lemma 1, we assume that there exists t2∈ℐ such that z′ðtÞ < 0
on ½t2, ∞Þ. Taking Eq. (18) into account, we have

z′ðsÞ≤ rðtÞ
AðtÞ

AðsÞ
rðsÞ

� �1
α

z′ðtÞ, (23)

for s≥t≥t2. Integrating the above inequality from t to t′, t′≥t≥t2, we get

zðt′Þ≤zðtÞ þ rðtÞ
AðtÞ
� �1

α

z′ðtÞ
ðt′
t

rðsÞ
AðsÞ
� �−1α

ds: (24)

Letting t′ ! ∞, we have

zðtÞ≥−RðtÞ rðtÞ
AðtÞ
� �1

α

z′ðtÞ, (25)

which yields

zðtÞ
RðtÞ
� �

≥0 (26)

and hence we see that zðtÞ
RðtÞ is nondecreasing. By Eq. (2) and ðiiiÞ, we have

xðtÞ ¼ zðtÞ−aðtÞxðτðtÞÞ
≥zðtÞ−aðtÞzðτðtÞÞ

≥ 1−aðtÞRðτðtÞÞ
RðtÞ

� �
zðtÞ,

(27)

which together with Eq. (1) and the assumption ðvÞ yields
�
rðtÞ
�
z′ðtÞ

�α�′
þ pðtÞ

�
z′ðtÞ

�α
≤−kqðtÞ 1−aðσðtÞÞ RðτðσðtÞÞÞRðσðtÞÞ

� �β
zβðσðtÞÞ

¼ −k~QðtÞzβðσðtÞÞ:
(28)

On the other hand, from Eq. (23), we have

rðtÞ
�
z′ðtÞ

�α

AðtÞ ≤
rðt2Þ

�
z′ðt2Þ

�α

Aðt2Þ , (29)

that is,

rðtÞ
AðtÞ

�
−z′ðtÞ

�α
≥
rðt2Þ
Aðt2Þ

�
−z′ðt2Þ

�α
: ¼ γα (30)

for some positive constant γ. Setting Eq. (30) into Eq. (25), we obtain
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zðtÞ≥γRðtÞ (31)

and so, Eq. (28) becomes

�
rðtÞ
�
z′ðtÞ

�α�′
þ pðtÞ

�
z′ðtÞ

�α
≤−~γ ~QðtÞRβðσðtÞÞ, (32)

where ~γ : ¼ kγβ. Now, if we define the function

UðtÞ ¼ rðtÞ
�
−z′ðtÞ

�α
> 0; (33)

then

U′ðtÞ þ pðtÞ
rðtÞUðtÞ≥~γ ~QðtÞRβðσðtÞÞ, (34)

or, equally

UðtÞ
AðtÞ
� �′

≥~γ
~QðtÞRβðσðtÞÞ

AðtÞ : (35)

Integrating the above inequality from t2 to t, we get

UðtÞ≥~γAðtÞ
ðt
t2

~QðsÞRβðσðsÞÞ
AðsÞ ds (36)

or

rðtÞ
�
−z′ðtÞ

�α
≥~γAðtÞ

ðt
t2

~QðsÞRβðσðsÞÞ
AðsÞ ds: (37)

It follows from this last inequality that

0 < zðtÞ≤zðt2Þ−~γ
ðt
t2

AðuÞ
rðuÞ

ðu
t2

~QðsÞRβðσðsÞÞ
AðsÞ ds

 !1
α

du (38)

for t≥t2: As t ! ∞, then by condition Eq. (21), zðtÞ approaches to −∞, which contradicts the
fact that zðtÞ is eventually positive. Therefore, z′ðtÞ > 0 and from Eq. (1), we have�
rðtÞ
�
z′ðtÞ

�α�′
< 0. The proof is complete.

Lemma 3. Assume that

ð∞
t0

AðuÞ
rðuÞ

ðu
t0

~QðsÞ
AðsÞ ds

 !1
α

du ¼ ∞, (39)

holds and Eq. (1) has a positive solution xðtÞ on ℐ. Then there exists T∈ℐ, sufficiently large,
such that either
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zðtÞ > 0; z′ðtÞ > 0;
�
rðtÞ
�
z′ðtÞ

�α�′
< 0; (40)

on ½T, ∞Þ or lim
t!∞

xðtÞ ¼ 0.

Proof. As in the proof of Lemma 1, we assume that there exists t2∈ℐ such that z′ðtÞ < 0 on
½t2, ∞Þ. So, zðtÞ is decreasing and

lim
t!∞

zðtÞ ¼: b≥0 (41)

exists. Therefore, there exists t3∈½t2, ∞Þ such that

zðσðtÞÞ > zðtÞ≥b > 0: (42)

As in the proof of Lemma 2, we obtain Eq. (27), i.e.,

xðσðtÞÞ ≥ 1−aðσðtÞÞRðτðσðtÞÞÞ
RðσðtÞÞ

� �
zðσðtÞÞ

≥b 1−aðσðtÞÞRðτðσðtÞÞÞ
RðσðtÞÞ

� �
, for t≥t3:

(43)

Thus,
�
rðtÞ
�
z′ðtÞ

�α�′
þ pðtÞ

�
z′ðtÞ

�α
≤−~b qðtÞ 1−aðσðtÞÞRðτðσðtÞÞÞ

RðσðtÞÞ
� �β

¼ −~b ~QðtÞ, (44)

where ~b :¼ kbβ.

Define the function UðtÞ as in Eq. (103). Then Eq. (44) becomes

UðtÞ
AðtÞ
� �′

≥~b
~QðtÞ
AðtÞ : (45)

Integrating the above inequality twice from t3 to t, one gets

0 < zðtÞ≤zðt3Þ−~b
ðt
t3

AðuÞ
rðuÞ

ðu
t3

~QðsÞ
AðsÞ ds

 !1
α

du, (46)

for t≥t3: As t ! ∞, then by condition (39), zðtÞ approaches to −∞, which contradicts the fact that
zðtÞ is eventually positive. Thus, b ¼ 0 and from 0≤xðtÞ≤zðtÞ, we see that lim

t!∞
xðtÞ ¼ 0. The

proof is complete.

Using results of Lemmas 1 and 2, we can obtain the following oscillation criteria for Eq. (1).

Theorem 1. Let conditions ðiÞ–ðvÞ and one of the conditions (14) or (21) hold. Furthermore,
assume that there exists a positive continuously differentiable function φðtÞ such that, for all
sufficiently large, T, T1≥T,
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zðtÞ > 0; z′ðtÞ > 0;
�
rðtÞ
�
z′ðtÞ

�α�′
< 0; (40)

on ½T, ∞Þ or lim
t!∞

xðtÞ ¼ 0.

Proof. As in the proof of Lemma 1, we assume that there exists t2∈ℐ such that z′ðtÞ < 0 on
½t2, ∞Þ. So, zðtÞ is decreasing and

lim
t!∞

zðtÞ ¼: b≥0 (41)

exists. Therefore, there exists t3∈½t2, ∞Þ such that

zðσðtÞÞ > zðtÞ≥b > 0: (42)

As in the proof of Lemma 2, we obtain Eq. (27), i.e.,

xðσðtÞÞ ≥ 1−aðσðtÞÞRðτðσðtÞÞÞ
RðσðtÞÞ

� �
zðσðtÞÞ

≥b 1−aðσðtÞÞRðτðσðtÞÞÞ
RðσðtÞÞ

� �
, for t≥t3:

(43)

Thus,
�
rðtÞ
�
z′ðtÞ

�α�′
þ pðtÞ

�
z′ðtÞ

�α
≤−~b qðtÞ 1−aðσðtÞÞRðτðσðtÞÞÞ

RðσðtÞÞ
� �β

¼ −~b ~QðtÞ, (44)

where ~b :¼ kbβ.

Define the function UðtÞ as in Eq. (103). Then Eq. (44) becomes

UðtÞ
AðtÞ
� �′

≥~b
~QðtÞ
AðtÞ : (45)

Integrating the above inequality twice from t3 to t, one gets

0 < zðtÞ≤zðt3Þ−~b
ðt
t3

AðuÞ
rðuÞ

ðu
t3

~QðsÞ
AðsÞ ds

 !1
α

du, (46)

for t≥t3: As t ! ∞, then by condition (39), zðtÞ approaches to −∞, which contradicts the fact that
zðtÞ is eventually positive. Thus, b ¼ 0 and from 0≤xðtÞ≤zðtÞ, we see that lim

t!∞
xðtÞ ¼ 0. The

proof is complete.

Using results of Lemmas 1 and 2, we can obtain the following oscillation criteria for Eq. (1).

Theorem 1. Let conditions ðiÞ–ðvÞ and one of the conditions (14) or (21) hold. Furthermore,
assume that there exists a positive continuously differentiable function φðtÞ such that, for all
sufficiently large, T, T1≥T,
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PðtÞ≥0 (47)

on ½T, ∞Þ and

lim sup
t!∞

φðtÞAðtÞ
ð∞
t

QðsÞ
AðsÞ ds þ

ðt
T1

φðsÞQðsÞ− αα

ðαþ 1Þαþ1

φðsÞrðσðsÞÞ
�
PðsÞ

�αþ1

�
βσ′ðsÞψðsÞ

�α

2
64

3
75ds

8><
>:

9>=
>;

¼ ∞,

(48)

where

ψðtÞ ¼

c1, c1 is some positive constant if β > α

1; if β ¼ α

c2

ðt
T
r−

1
αðsÞds

� �β−α
α

, c2 is some positive constant if β < α:

8>>>><
>>>>:

(49)

Then, Eq. (1) is oscillatory.

Proof. Suppose to the contrary that xðtÞ is a nonoscillatory solution of Eq. (1). Then, without
loss of generality, we may assume that there exists T∈ℐ large enough, so that xðtÞ satisfies the
conclusions of Lemma 1 or 2 on ½T, ∞Þ with

xðtÞ > 0; xðτðtÞÞ > 0; xðσðtÞÞ > 0 (50)

on ½T, ∞Þ. In particular, we have

zðtÞ > 0; z′ðtÞ > 0;
�
rðtÞ
�
z′ðtÞ

�α�′
< 0; for t≥T: (51)

By Eq. (2) and the assumption ðiiiÞ, we get

xðtÞ ¼ zðtÞ−aðtÞxðτðtÞÞ
≥zðtÞ−aðtÞzðτðtÞÞ
≥ð1−aðtÞÞzðtÞ,

(52)

which together with Eq. (1) implies
�
rðtÞ
�
z′ðtÞ

�α�′
þ pðtÞ

rðtÞ
�
z′ðtÞ

�α
≤−kqðtÞ

�
1−aðσðtÞÞ

�β
zβðσðtÞÞ

¼ −QðtÞzβðσðtÞÞ:
(53)

We consider the generalized Riccati substitution

wðtÞ ¼ φðtÞ
rðtÞ
�
z′ðtÞ

�α

zβðσðtÞÞ > 0; for t≥T: (54)

As in the proof of Lemma 1, we get Eq. (18), which in view of the assumption ðvÞ yields
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rðtÞ
AðtÞ

�
z′ðtÞ

�α� �′

≤−
QðtÞ
AðtÞ z

βðσðtÞÞ: (55)

Integrating Eq. (55) from t to ∞ and using the fact that zðtÞ is increasing, we have

rðtÞ
AðtÞ

�
z′ðtÞ

�α
≥
ð∞
t

QðsÞ
AðsÞ z

βðσðsÞÞds

≥zβðσðtÞÞ
ð∞
t

QðsÞ
AðsÞ ds:

(56)

So it follows from Eq. (56) and the definition (54) of wðtÞ that

wðtÞ ¼ φðtÞ
rðtÞ
�
z′ðtÞ

�α

zβðσðtÞÞ ≥φðtÞAðtÞ
ð∞
t

QðsÞ
AðsÞ ds: (57)

By Eq. (53) we can easily prove that

w′ðtÞ ¼
�
rðtÞ
�
z′ðtÞ

�α�′ φðtÞ
zβðσðtÞÞ þ

φðtÞ
zβðσðtÞÞ
� �′

rðtÞ
�
z′ðtÞ

�α

≤−
φðtÞ

zβðσðtÞÞ
�
pðtÞ

�
z′ðtÞ

�β
þQðtÞzβðσðtÞÞ

�

þ rðtÞ
�
z′ðtÞ

�α φ′ðtÞ
zβðσðtÞÞ −

φðtÞ
�
zβðσðtÞÞ

�

zβþ1ðσðtÞÞ

0
@

1
A

≤−φðtÞQðtÞ þ wðtÞ φ′ðtÞ
φðtÞ −

pðtÞ
rðtÞ

� �

−βφðtÞ rðtÞðz
′ðtÞβz′ðσðtÞσ′ðtÞ
zβþ1ðσðtÞÞ :

(58)

On the other hand, since rðtÞ
�
z′ðtÞ

�α
is decreasing, we have

z′ðσðtÞÞ
z′ðtÞ ≥

rðtÞ
rðσðtÞÞ
� �1

α

(59)

and thus Eq. (58) becomes

w′ðtÞ≤ −φðtÞQðtÞ þ PðtÞwðtÞ

−
βφðtÞσ′ðtÞ
r
1
αðσðtÞÞ

wðtÞ
φðtÞ
� �αþ1

α

z
β−α
α ðσðtÞÞ: (60)

Now, we consider the following three cases:

Case I: β > α.
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rðtÞ
AðtÞ

�
z′ðtÞ

�α� �′

≤−
QðtÞ
AðtÞ z

βðσðtÞÞ: (55)

Integrating Eq. (55) from t to ∞ and using the fact that zðtÞ is increasing, we have

rðtÞ
AðtÞ

�
z′ðtÞ

�α
≥
ð∞
t

QðsÞ
AðsÞ z

βðσðsÞÞds

≥zβðσðtÞÞ
ð∞
t

QðsÞ
AðsÞ ds:

(56)

So it follows from Eq. (56) and the definition (54) of wðtÞ that

wðtÞ ¼ φðtÞ
rðtÞ
�
z′ðtÞ

�α

zβðσðtÞÞ ≥φðtÞAðtÞ
ð∞
t

QðsÞ
AðsÞ ds: (57)

By Eq. (53) we can easily prove that

w′ðtÞ ¼
�
rðtÞ
�
z′ðtÞ

�α�′ φðtÞ
zβðσðtÞÞ þ

φðtÞ
zβðσðtÞÞ
� �′

rðtÞ
�
z′ðtÞ

�α

≤−
φðtÞ

zβðσðtÞÞ
�
pðtÞ

�
z′ðtÞ

�β
þQðtÞzβðσðtÞÞ

�

þ rðtÞ
�
z′ðtÞ

�α φ′ðtÞ
zβðσðtÞÞ −

φðtÞ
�
zβðσðtÞÞ

�

zβþ1ðσðtÞÞ

0
@

1
A

≤−φðtÞQðtÞ þ wðtÞ φ′ðtÞ
φðtÞ −

pðtÞ
rðtÞ

� �

−βφðtÞ rðtÞðz
′ðtÞβz′ðσðtÞσ′ðtÞ
zβþ1ðσðtÞÞ :

(58)

On the other hand, since rðtÞ
�
z′ðtÞ

�α
is decreasing, we have

z′ðσðtÞÞ
z′ðtÞ ≥

rðtÞ
rðσðtÞÞ
� �1

α

(59)

and thus Eq. (58) becomes

w′ðtÞ≤ −φðtÞQðtÞ þ PðtÞwðtÞ

−
βφðtÞσ′ðtÞ
r
1
αðσðtÞÞ

wðtÞ
φðtÞ
� �αþ1

α

z
β−α
α ðσðtÞÞ: (60)

Now, we consider the following three cases:

Case I: β > α.

Dynamical Systems - Analytical and Computational Techniques40

In this case, since z′ðtÞ > 0 for t≥T, then there exists T1≥T such that zðσðtÞÞ≥c for t≥T1. This
implies that

z
β−α
α ðσðtÞÞ≥cβ−αα :¼ c1 (61)

Case II: β ¼ α.

In this case, we see that z
β−α
α ðσðtÞÞ ¼ 1:

Case III: β < α.

Since rðtÞ
�
z′ðtÞ

�α
is decreasing, there exists a constant d such that

rðtÞ
�
z′ðtÞ

�α
≤d (62)

for t≥T. Integrating the above inequality from T to t, we have

zðtÞ≤zðTÞ þ
ðt
T

d
rðsÞ
� �1

α

ds: (63)

Hence, there exists T1≥T and a constant d1 depending on d such that

zðtÞ≤d1
ðt
T
r−

1
αðsÞds, for t≥T1 (64)

and thus

z
β−α
α ðσðtÞÞ≥d

β−α
α
1

ðt
T
r−

1
αðsÞds

� �β−α
α

¼ d2
ðt
T
r−

1
αðsÞds

� �β−α
α

(65)

for some positive constant d2.

Using these three cases and the definition of ψðtÞ, we get

w′ðtÞ≤−φðtÞQðtÞ þ PðtÞwðtÞ− βσ′ðtÞψðtÞ
�
φðtÞrðσðtÞÞ

�1
α
w

1þα
α ðtÞ (66)

for t≥T1≥T. Setting

A :¼ PðtÞ, (67)

B :¼ βσ′ðtÞψðtÞ
�
φðtÞrðσðtÞÞ

�1
α
, (68)

and using the inequality
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Au−Bu
1þα
α ≤

αα

ðαþ 1Þαþ1
Aαþ1

Bα , (69)

we obtain

w′ðtÞ≤−φðtÞQðtÞ þ αα

ðαþ 1Þαþ1

φðtÞrðσðtÞÞ
�
PðtÞ

�αþ1

�
βσ′ðtÞψðtÞ

�α : (70)

Integrating the above inequality from T1 to t, we have

wðtÞ≤wðT1Þ−
ðt
T1

φðsÞQðsÞ− αα

ðαþ 1Þαþ1

φðsÞrðσðsÞÞ
�
PðsÞ

�αþ1

�
βσ′ðsÞψðsÞ

�α

0
B@

1
CAds: (71)

Taking Eq. (57) into account, we get

wðT1Þ ≥φðtÞAðtÞ
ð∞
t

QðsÞ
AðsÞ ds

þ
ðt
T1

φðsÞQðsÞ− αα

ðαþ 1Þαþ1

φðsÞrðσðsÞÞ
�
PðsÞ

�αþ1

�
βσ′ðsÞψðsÞ

�α

0
B@

1
CAds:

(72)

Taking the lim sup on both sides of the above inequality as t ! ∞, we obtain a contradiction to
the condition (48). This completes the proof.

Remark 2. Note that the presence of the term φðtÞAðtÞ
ð∞
t

QðsÞ
AðsÞ ds in Eq. (57) improves a number

of related results in, e.g., [9, 13–18, 20].

Setting φðtÞ ¼ t in Eq. (57), then the following corollary becomes immediate.

Corollary 1. Let conditions ðiÞ–ðvÞ and one of the conditions (14) or (21) hold. Assume that, for
all sufficiently large, T, T1≥T,

tpðtÞ≤rðtÞ (73)

on ½T, ∞Þ and

lim sup
t!∞

(
tAðtÞ

ð∞
t

QðsÞ
AðsÞ ds þ

ðt
T1

sQðsÞ− αα

ðαþ 1Þαþ1

srðσðsÞÞ 1
s −

pðsÞ
rðsÞ

� �αþ1

�
βσ′ðsÞψðsÞ

�α

2
64

3
75ds

)
¼ ∞, (74)

where ψðtÞ is as in Theorem 1. Then Eq. (1) is oscillatory.
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Au−Bu
1þα
α ≤

αα

ðαþ 1Þαþ1
Aαþ1

Bα , (69)

we obtain
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ðαþ 1Þαþ1

φðtÞrðσðtÞÞ
�
PðtÞ

�αþ1

�
βσ′ðtÞψðtÞ

�α : (70)

Integrating the above inequality from T1 to t, we have

wðtÞ≤wðT1Þ−
ðt
T1

φðsÞQðsÞ− αα

ðαþ 1Þαþ1

φðsÞrðσðsÞÞ
�
PðsÞ

�αþ1

�
βσ′ðsÞψðsÞ

�α

0
B@

1
CAds: (71)

Taking Eq. (57) into account, we get

wðT1Þ ≥φðtÞAðtÞ
ð∞
t

QðsÞ
AðsÞ ds

þ
ðt
T1

φðsÞQðsÞ− αα

ðαþ 1Þαþ1

φðsÞrðσðsÞÞ
�
PðsÞ

�αþ1

�
βσ′ðsÞψðsÞ

�α

0
B@

1
CAds:

(72)

Taking the lim sup on both sides of the above inequality as t ! ∞, we obtain a contradiction to
the condition (48). This completes the proof.

Remark 2. Note that the presence of the term φðtÞAðtÞ
ð∞
t

QðsÞ
AðsÞ ds in Eq. (57) improves a number

of related results in, e.g., [9, 13–18, 20].

Setting φðtÞ ¼ t in Eq. (57), then the following corollary becomes immediate.

Corollary 1. Let conditions ðiÞ–ðvÞ and one of the conditions (14) or (21) hold. Assume that, for
all sufficiently large, T, T1≥T,

tpðtÞ≤rðtÞ (73)

on ½T, ∞Þ and

lim sup
t!∞

(
tAðtÞ

ð∞
t

QðsÞ
AðsÞ ds þ

ðt
T1

sQðsÞ− αα

ðαþ 1Þαþ1

srðσðsÞÞ 1
s −

pðsÞ
rðsÞ

� �αþ1

�
βσ′ðsÞψðsÞ

�α

2
64

3
75ds

)
¼ ∞, (74)

where ψðtÞ is as in Theorem 1. Then Eq. (1) is oscillatory.
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Corollary 2. Assume that the conditions (39) and (74) hold. Then Eq. (1) is oscillatory or
lim
t!∞

xðtÞ ¼ 0.

Next, we present some complementary oscillation results for Eq. (1) by using an integral
averaging technique due to Philos. We need the class of functions F. Let

D0 ¼ fðt, sÞ : t > s≥t0g and D ¼ fðt, sÞ : t > s≥t0g (75)

The function Hðt, sÞ∈CðD, ℝÞ is said to belong to a class F if

(a) Hðt, tÞ ¼ 0 for t≥T, Hðt, sÞ > 0 for ðt, sÞ∈D0

(b) Hðt, sÞ has a continuous and nonpositive partial derivative on D0 with respect to the
second variable such that

∂
∂s

�
Hðt, sÞφðsÞ

�
−Hðt, sÞφðsÞpðsÞ

rðsÞ ¼ −hðt, sÞ
�
Hðt, sÞφðsÞ

� α
αþ1

(76)

for all ðt, sÞ∈D0.

Theorem 2. Let conditions ðiÞ–ðvÞ and one of the conditions (14) or (21) hold. Furthermore,
assume that there exist functions Hðt, sÞ, hðt, sÞ∈F such that, for all sufficiently large, T, for
T1≥T,

lim sup
t!∞

1
Hðt, T1Þ

ðt
T1

�
Hðt, sÞ

�
φðsÞQðsÞ þ ρðsÞφðsÞpðsÞ

�

−
αα

ðαþ 1Þαþ1
hαþ1ðt, sÞrðσðsÞÞ
βα
�
σ′ðsÞψðsÞ

�α Þds ¼ ∞
(77)

where φðtÞ and ρðtÞ are continuously differentiable functions and ψðtÞ is as in Theorem 1. Then
Eq. (1) is oscillatory.

Proof. Suppose to the contrary that xðtÞ is a nonoscillatory solution of Eq. (1). Then, without
loss of generality, we may assume that there exists T∈ℐ large enough, so that xðtÞ satisfies the
conclusions of Lemma 1 or 2 on ½T, ∞Þ with

xðtÞ > 0; xðτðtÞÞ > 0; xðσðtÞÞ > 0 (78)

on ½T, ∞Þ. In particular, we have

zðtÞ > 0; z′ðtÞ > 0;
�
rðtÞ
�
z′ðtÞ

�α�′
< 0; for t≥T: (79)

Define the function wðtÞ as

wðtÞ ¼ φðtÞrðtÞ
�
z′ðtÞ

�α

zβðσðtÞÞ þ ρðtÞ
0
@

1
A≥φðtÞrðtÞρðtÞ, (80)

where ρðtÞ∈C1ðℐ, ℝÞ. Similarly to the proof of Theorem 1, we obtain the inequality

Oscillation Criteria for Second‐Order Neutral Damped Differential Equations with Delay Argument
http://dx.doi.org/10.5772/65909

43



w′ðtÞ≤ −φðtÞQðtÞ þ φðtÞ
�
rðtÞρðtÞ

�′
þ φ′ðtÞ

φðtÞ −
pðtÞ
rðtÞ

� �
wðtÞ

−
βσ′ðtÞψðtÞ

�
φðtÞrðσðtÞÞ

�1
α

�
wðtÞ−φðtÞrðtÞρðtÞ

�1þα
α
:

(81)

Multiplying Eq. (81) by Hðt, sÞ, integrating with respect to s from T1 to t for t≥T1≥T, and using
ðaÞ and ðbÞ, we find that

ðt
T1

Hðt, sÞφðsÞ
�
QðsÞ−

�
rðsÞρðsÞ

��′
ds

≤−
ðt
T
Hðt, sÞw′ðsÞdsþ

ðt
T1

Hðt, sÞ φ′ðsÞ
φðsÞ −

pðsÞ
rðsÞ

� �
wðsÞds

−
ðt
T1

βHðt, sÞσ′ðsÞψðsÞ
�
φðsÞrðσðsÞÞ

�1
α

�
wðsÞ−φðsÞrðsÞρðsÞ

�1þα
α
ds

¼ Hðt, sÞwðsÞT1t
j þ

ðt
T1

∂
∂s

Hðt, sÞ þHðt, sÞ φ′ðsÞ
φðsÞ −

pðsÞ
rðsÞ

� �� �
wðsÞds

−
ðt
T1

βHðt, sÞσ′ðsÞψðsÞ
�
φðsÞrðσðsÞÞ

�1
α

�
wðsÞ−φðsÞrðsÞρðsÞ

�1þα
α
ds

¼ Hðt, T1ÞwðT1Þ þ
ðt
T1

−
hðt, sÞ
φðsÞ

�
Hðt, sÞφðsÞ

� α
αþ1
wðsÞds

−
ðt
T1

βHðt, sÞσ′ðsÞψðsÞ
�
φðsÞrðσðsÞÞ

�1
α

�
wðsÞ−φðsÞrðsÞρðsÞ

�1þα
α
ds

(82)

Setting

A :¼ −
hðt, sÞ
φðsÞ ½Hðt, sÞφðsÞ� α

αþ1, B :¼ βHðt, sÞσ′ðsÞψðsÞ
�
φðsÞrðσðsÞÞ

�1
α

(83)

and
C :¼ φðsÞrðsÞρðsÞ (84)

and using the inequality
Au−Bðu−CÞ1þα

α ≤ACþ αα

ðαþ 1Þαþ1
Aαþ1

Bα , (85)

we obtain
ðt
T1

Hðt, sÞφðsÞ
�
QðsÞ−

�
rðsÞρðsÞ

�′�
ds

≤Hðt, T1ÞwðT1Þ þ
ðt
T1

−hðt, sÞrðsÞρðsÞ½Hðt, sÞφðsÞ� α
αþ1ds

þ
ðt
T1

αα

ðαþ 1Þαþ1
hαþ1ðt, sÞrðσðsÞÞ
βα
�
σ′ðsÞψðsÞ

�α ds

(86)
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w′ðtÞ≤ −φðtÞQðtÞ þ φðtÞ
�
rðtÞρðtÞ

�′
þ φ′ðtÞ

φðtÞ −
pðtÞ
rðtÞ

� �
wðtÞ

−
βσ′ðtÞψðtÞ

�
φðtÞrðσðtÞÞ

�1
α

�
wðtÞ−φðtÞrðtÞρðtÞ

�1þα
α
:

(81)

Multiplying Eq. (81) by Hðt, sÞ, integrating with respect to s from T1 to t for t≥T1≥T, and using
ðaÞ and ðbÞ, we find that

ðt
T1

Hðt, sÞφðsÞ
�
QðsÞ−

�
rðsÞρðsÞ

��′
ds

≤−
ðt
T
Hðt, sÞw′ðsÞdsþ

ðt
T1

Hðt, sÞ φ′ðsÞ
φðsÞ −

pðsÞ
rðsÞ

� �
wðsÞds

−
ðt
T1

βHðt, sÞσ′ðsÞψðsÞ
�
φðsÞrðσðsÞÞ

�1
α

�
wðsÞ−φðsÞrðsÞρðsÞ

�1þα
α
ds

¼ Hðt, sÞwðsÞT1t
j þ

ðt
T1

∂
∂s

Hðt, sÞ þHðt, sÞ φ′ðsÞ
φðsÞ −

pðsÞ
rðsÞ

� �� �
wðsÞds

−
ðt
T1

βHðt, sÞσ′ðsÞψðsÞ
�
φðsÞrðσðsÞÞ

�1
α

�
wðsÞ−φðsÞrðsÞρðsÞ

�1þα
α
ds

¼ Hðt, T1ÞwðT1Þ þ
ðt
T1

−
hðt, sÞ
φðsÞ

�
Hðt, sÞφðsÞ

� α
αþ1
wðsÞds

−
ðt
T1

βHðt, sÞσ′ðsÞψðsÞ
�
φðsÞrðσðsÞÞ

�1
α

�
wðsÞ−φðsÞrðsÞρðsÞ

�1þα
α
ds

(82)

Setting

A :¼ −
hðt, sÞ
φðsÞ ½Hðt, sÞφðsÞ� α

αþ1, B :¼ βHðt, sÞσ′ðsÞψðsÞ
�
φðsÞrðσðsÞÞ

�1
α

(83)

and
C :¼ φðsÞrðsÞρðsÞ (84)

and using the inequality
Au−Bðu−CÞ1þα

α ≤ACþ αα

ðαþ 1Þαþ1
Aαþ1

Bα , (85)

we obtain
ðt
T1

Hðt, sÞφðsÞ
�
QðsÞ−

�
rðsÞρðsÞ

�′�
ds

≤Hðt, T1ÞwðT1Þ þ
ðt
T1

−hðt, sÞrðsÞρðsÞ½Hðt, sÞφðsÞ� α
αþ1ds

þ
ðt
T1

αα

ðαþ 1Þαþ1
hαþ1ðt, sÞrðσðsÞÞ
βα
�
σ′ðsÞψðsÞ

�α ds

(86)
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Thus,

Hðt, T1ÞwðT1Þ ≥
ðt
T1

Hðt, sÞφðsÞ
�
QðsÞ−

�
rðsÞρðsÞ

�′�
ds

þ
ðt
T1

hðt, sÞrðsÞρðsÞ½Hðt, sÞφðsÞ� α
αþ1ds

−
ðt
T1

αα

ðαþ 1Þαþ1
hαþ1ðt, sÞrðσðsÞÞ
βα
�
σ′ðsÞψðsÞ

�α ds:

(87)

That is,

Hðt, T1ÞwðT1Þ
≥
ðt
T1

Hðt, sÞφðsÞ
�
QðsÞ−

�
rðsÞρðsÞ

�′�
ds

þ
ðt
T1

−rðsÞρðsÞ ∂
∂s

�
Hðt, sÞφðsÞ

�
−Hðt, sÞφðsÞpðsÞ

rðsÞ
� �

ds

−
ðt
T1

αα

ðαþ 1Þαþ1
hαþ1ðt, sÞrðσðsÞÞ
βα
�
σ′ðsÞψðsÞ

�α ds

¼
ðt
T1

Hðt, sÞ
�
φðsÞQðsÞ þ ρðsÞφðsÞpðsÞ

�
ds

−Hðt, sÞφðsÞrðsÞρðsÞT1t
j −
ðt
T1

αα

ðαþ 1Þαþ1
hαþ1ðt, sÞrðσðsÞÞ
βα
�
σ′ðsÞψðsÞ

�α ds

(88)

It follows that
ðt
T1

Hðt, sÞ
�
φðsÞQðsÞ þ ρðsÞφðsÞpðsÞ

�
ds

−
ðt
T1

αα

ðαþ 1Þαþ1
hαþ1ðt, sÞrðσðsÞÞ
βα
�
σ′ðsÞψðsÞ

�α ds

≤Hðt, T1Þ
�
wðT1Þ−φðT1ÞrðT1ÞρðT1Þ

�
,

(89)

which is a contradiction to Eq. (77). The proof is complete.

Remark 3. Authors in [15, 20] studied a partial case of Eq. (1) by employing the generalized
Riccati substitution (80). Note that the function ρðtÞ used in the generalized Riccati substitution
(80) finally becomes unimportant. Thus, we can put ρðtÞ ¼ 0 and obtain similar results to those
from [15, 20].

In the next part, we provide several oscillation results for Eq. (1) under the assumption that the
function PðtÞ is nonpositive. These results generalize those from [10] for Eq. (1) in such sense
that α≠β and pðtÞ≠0.
Theorem 3. Let conditions ðiÞ–ðvÞ and one of the conditions (14) or (21) hold. Furthermore,
assume that there exists a continuously differentiable function φðtÞ such that, for all sufficiently
large, T, T1≥T,
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PðtÞ≤0 (90)

on ½T, ∞Þ and

lim sup
t!∞

φðtÞAðtÞ
ð∞
t

QðsÞ
AðsÞ dsþ

ðt
T1

φðsÞ QðsÞ−AðsÞPðsÞ
ð∞
s

QðuÞ
AðuÞ du

� �
ds

� �
¼ ∞: (91)

Then Eq. (1) is oscillatory.

Proof. Suppose to the contrary that xðtÞ is a nonoscillatory solution of Eq. (1). Then, without
loss of generality, we may assume that there exists T∈ℐ large enough, so that xðtÞ satisfies the
conclusions of Lemma 1 or 2 on ½T, ∞Þ with

xðtÞ > 0; xðτðtÞÞ > 0; xðσðtÞÞ > 0 (92)

on ½T, ∞Þ. In particular, we have

zðtÞ > 0; z′ðtÞ > 0;
�
rðtÞ
�
z′ðtÞ

�α�′
< 0; for t≥T: (93)

Proceeding as in the proof of Theorem 1, we obtain the inequality (66), i.e.,

w′ðtÞ≤ −φðtÞQðtÞ þ PðtÞwðtÞ− βσ′ðtÞψðtÞ
�
φðtÞrðσðtÞÞ

�1
α
w

1þα
α ðtÞ (94)

for t≥T1≥T. Using Eq. (90), and setting Eq. (57) in Eq. (94), we get

w′ðtÞ ≤−φðtÞQðtÞ þ φðtÞAðtÞPðtÞ
ð∞
t

QðsÞ
AðsÞ ds

−
βσ′ðtÞψðtÞ

�
φðtÞrðσðtÞÞ

�1
α
w

1þα
α ðtÞ

≤−φðtÞQðtÞ þ φðtÞAðtÞPðtÞ
ð∞
t

QðsÞ
AðsÞ ds,

(95)

that is,

w′ðtÞ þ φðtÞQðtÞ−φðtÞAðtÞPðtÞ
ð∞
t

QðsÞ
AðsÞ ds≤0: (96)

Integrating the above inequality from T1 to t, we have

wðT1Þ ≥wðtÞ þ
ðt
T1

φðsÞQðsÞ−φðsÞAðsÞPðsÞ
ð∞
s

QðuÞ
AðuÞ du

� �
ds

≥φðtÞAðtÞ
ð∞
t

QðsÞ
AðsÞ dsþ

ðt
T1

φðsÞQðsÞ−φðsÞAðsÞPðsÞ
ð∞
s

QðuÞ
AðuÞ du

� �
ds

(97)

Taking the lim sup on both sides of the above inequality as t ! ∞, we obtain a contradiction to
condition Eq. (91). This completes the proof.

Dynamical Systems - Analytical and Computational Techniques46



PðtÞ≤0 (90)

on ½T, ∞Þ and

lim sup
t!∞

φðtÞAðtÞ
ð∞
t

QðsÞ
AðsÞ dsþ

ðt
T1

φðsÞ QðsÞ−AðsÞPðsÞ
ð∞
s

QðuÞ
AðuÞ du

� �
ds

� �
¼ ∞: (91)

Then Eq. (1) is oscillatory.

Proof. Suppose to the contrary that xðtÞ is a nonoscillatory solution of Eq. (1). Then, without
loss of generality, we may assume that there exists T∈ℐ large enough, so that xðtÞ satisfies the
conclusions of Lemma 1 or 2 on ½T, ∞Þ with

xðtÞ > 0; xðτðtÞÞ > 0; xðσðtÞÞ > 0 (92)

on ½T, ∞Þ. In particular, we have

zðtÞ > 0; z′ðtÞ > 0;
�
rðtÞ
�
z′ðtÞ

�α�′
< 0; for t≥T: (93)

Proceeding as in the proof of Theorem 1, we obtain the inequality (66), i.e.,

w′ðtÞ≤ −φðtÞQðtÞ þ PðtÞwðtÞ− βσ′ðtÞψðtÞ
�
φðtÞrðσðtÞÞ

�1
α
w

1þα
α ðtÞ (94)

for t≥T1≥T. Using Eq. (90), and setting Eq. (57) in Eq. (94), we get

w′ðtÞ ≤−φðtÞQðtÞ þ φðtÞAðtÞPðtÞ
ð∞
t

QðsÞ
AðsÞ ds

−
βσ′ðtÞψðtÞ

�
φðtÞrðσðtÞÞ

�1
α
w

1þα
α ðtÞ

≤−φðtÞQðtÞ þ φðtÞAðtÞPðtÞ
ð∞
t

QðsÞ
AðsÞ ds,

(95)

that is,

w′ðtÞ þ φðtÞQðtÞ−φðtÞAðtÞPðtÞ
ð∞
t

QðsÞ
AðsÞ ds≤0: (96)

Integrating the above inequality from T1 to t, we have

wðT1Þ ≥wðtÞ þ
ðt
T1

φðsÞQðsÞ−φðsÞAðsÞPðsÞ
ð∞
s

QðuÞ
AðuÞ du

� �
ds

≥φðtÞAðtÞ
ð∞
t

QðsÞ
AðsÞ dsþ

ðt
T1

φðsÞQðsÞ−φðsÞAðsÞPðsÞ
ð∞
s

QðuÞ
AðuÞ du

� �
ds

(97)

Taking the lim sup on both sides of the above inequality as t ! ∞, we obtain a contradiction to
condition Eq. (91). This completes the proof.
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Setting φðtÞ ¼ 1, we have the following consequence.

Corollary 3. Let conditions ðiÞ–ðvÞ and one of the conditions (14) or (21) hold. Assume that

lim sup
t!∞

AðtÞ
ð∞
t

QðsÞ
AðsÞ dsþ

ðt
T1

~qðsÞds
� �

¼ ∞, (98)

for all sufficiently large T, for T1≥T. Then Eq. (1) is oscillatory.

Define a sequence of functions {ynðtÞ}∞n¼0 as

y0ðtÞ ¼
ð∞
t
~qðsÞds, t≥T (99)

ynðtÞ ¼
ð∞
t

βσ′ðsÞψðsÞ
r
1
αðσðsÞÞ

�
yn−1ðsÞ

�1þα
α
dsþ y0ðtÞ, t≥T, n ¼ 1; 2; 3;…, (100)

for T≥t0 sufficiently large.

By induction, we can see that yn≤ynþ1, n ¼ 1; 2; 3;….

Lemma 4. Let conditions ðiÞ–ðvÞ and one of the conditions (14) or (21) hold. Assume that xðtÞ is
a positive solution of Eq. (1) on ℐ. Then there exists T∈ℐ, sufficiently large, such that

wðtÞ≥ynðtÞ, (101)

where wðtÞ and ynðtÞ are defined as Eqs. (54) and (100), respectively. Furthermore, there exists a
positive function yðtÞ on ½T1, ∞Þ, T1≥T, such that

lim
n!∞

ynðtÞ ¼ yðtÞ (102)

and

yðtÞ ¼
ð∞
t

βσ′ðsÞψðsÞ
r
1
αðσðsÞÞ

�
yðsÞ

�1þα
α
dsþ y0ðtÞ: (103)

Proof. Similarly to the proof of Theorem 3, we obtain Eq. (95). Setting φðtÞ ¼ 1 in Eq. (95), we get

w′ðtÞ þQðtÞ þ pðtÞAðtÞ
rðtÞ

ð∞
t

QðsÞ
AðsÞ dsþ

βσ′ðtÞψðtÞ
r
1
αðσðtÞÞ w

1þα
α ðtÞ≤0 (104)

for t≥T1≥T. Integrating Eq. (104) from t to t′, we get

wðt′Þ−wðtÞ þ
ðt′
t
~qðsÞdsþ

ðt′
t

βσ′ðsÞψðsÞ
r1αðσðsÞÞ w

1þα
α ðsÞds≤0 (105)

or

wðt′Þ−wðtÞ þ
ðt′
t

βσ′ðsÞψðsÞ
r1αðσðsÞÞ w

1þα
α ðsÞds≤0: (106)

We assert that
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ð∞
t

βσ′ðsÞψðsÞ
r
1
αðσðsÞÞ w

1þα
α ðsÞds < ∞: (107)

If not, then

wðt′Þ≤wðtÞ−
ðt′
t

βσ′ðsÞψðsÞ
r
1
αðσðsÞÞ w

1þα
α ðsÞds ! −∞ (108)

as t′ ! ∞, which contradicts to the positivity of wðtÞ and thus the assertion is proved. By
Eq. (104), we see that wðtÞ is decreasing that means

lim
t!∞

wðtÞ ¼ k, k≥0: (109)

By virtue of Eq. (107), we have k ¼ 0. Thus, letting t′ ! ∞ in Eq. (105), we get

wðtÞ ≥
ð∞
t
~qðsÞdsþ

ð∞
t

βσ′ðsÞψðsÞ
r
1
αðσðsÞÞ w

1þα
α ðsÞds

¼ y0ðtÞ þ
ð∞
t

βσ′ðsÞψðsÞ
r
1
αðσðsÞÞ w

1þα
α ðsÞds,

(110)

that is,

wðtÞ≥
ð∞
t
~qðsÞds ¼ y0ðtÞ: (111)

Moreover, by induction, we have that

wðtÞ≥ynðtÞ, for t≥T1, n ¼ 1; 2; 3;…: (112)

Thus, since the sequence {ynðtÞ}∞n ¼ 0 is monotone increasing and bounded above, it converges
to yðtÞ. Letting n ! ∞ and using Lebesgue monotone convergence theorem in Eq. (100), we get
Eq. (103). The proof is complete.

Theorem 4. Let conditions ðiÞ–ðvÞ and one of the conditions (14) or (21) hold. If

lim inf
t!∞

1
y0ðtÞ

ð∞
t

βσ′ðsÞψðsÞ
r1αðσðsÞÞ

�
y0ðsÞ

�1þα
α
ds

 !
>

α

ðαþ 1Þ1þα
α

, (113)

where ψðtÞ is as in Theorem 1, then Eq. (1) is oscillatory.

Proof. Suppose to the contrary that xðtÞ is a nonoscillatory solution of Eq. (1). Then, without
loss of generality, we may assume that there exists T∈ℐ large enough, so that xðtÞ satisfies the
conclusions of Lemma 1 or 2 on ½T, ∞Þ with

xðtÞ > 0; xðτðtÞÞ > 0; xðσðtÞÞ > 0 (114)

on ½T, ∞Þ. In particular, we have
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ð∞
t

βσ′ðsÞψðsÞ
r
1
αðσðsÞÞ w

1þα
α ðsÞds < ∞: (107)

If not, then

wðt′Þ≤wðtÞ−
ðt′
t

βσ′ðsÞψðsÞ
r
1
αðσðsÞÞ w

1þα
α ðsÞds ! −∞ (108)

as t′ ! ∞, which contradicts to the positivity of wðtÞ and thus the assertion is proved. By
Eq. (104), we see that wðtÞ is decreasing that means

lim
t!∞

wðtÞ ¼ k, k≥0: (109)

By virtue of Eq. (107), we have k ¼ 0. Thus, letting t′ ! ∞ in Eq. (105), we get

wðtÞ ≥
ð∞
t
~qðsÞdsþ

ð∞
t

βσ′ðsÞψðsÞ
r
1
αðσðsÞÞ w

1þα
α ðsÞds

¼ y0ðtÞ þ
ð∞
t

βσ′ðsÞψðsÞ
r
1
αðσðsÞÞ w

1þα
α ðsÞds,

(110)

that is,

wðtÞ≥
ð∞
t
~qðsÞds ¼ y0ðtÞ: (111)

Moreover, by induction, we have that

wðtÞ≥ynðtÞ, for t≥T1, n ¼ 1; 2; 3;…: (112)

Thus, since the sequence {ynðtÞ}∞n ¼ 0 is monotone increasing and bounded above, it converges
to yðtÞ. Letting n ! ∞ and using Lebesgue monotone convergence theorem in Eq. (100), we get
Eq. (103). The proof is complete.

Theorem 4. Let conditions ðiÞ–ðvÞ and one of the conditions (14) or (21) hold. If

lim inf
t!∞

1
y0ðtÞ

ð∞
t

βσ′ðsÞψðsÞ
r1αðσðsÞÞ

�
y0ðsÞ

�1þα
α
ds

 !
>

α

ðαþ 1Þ1þα
α

, (113)

where ψðtÞ is as in Theorem 1, then Eq. (1) is oscillatory.

Proof. Suppose to the contrary that xðtÞ is a nonoscillatory solution of Eq. (1). Then, without
loss of generality, we may assume that there exists T∈ℐ large enough, so that xðtÞ satisfies the
conclusions of Lemma 1 or 2 on ½T, ∞Þ with

xðtÞ > 0; xðτðtÞÞ > 0; xðσðtÞÞ > 0 (114)

on ½T, ∞Þ. In particular, we have
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zðtÞ > 0; z′ðtÞ > 0;
�
rðtÞ
�
z′ðtÞ

�α�′
< 0; for t≥T: (115)

By Eq. (113), there exists a constant γ > α

ðαþ1Þ1þα
α
such that

lim inf
t!∞

1
y0ðtÞ

ð∞
t

βσ′ðsÞψðsÞ
r
1
αðσðsÞÞ

�
y0ðsÞ

�1þα
α
ds > γ: (116)

Proceeding as in the proof of Lemma 4, we obtain Eq. (110) and from that, we have

wðtÞ
y0ðtÞ

≥1þ 1
y0ðtÞ

ð∞
t

βσ′ðsÞψðsÞ
r
1
αðσðsÞÞ

�
y0ðsÞ

�1þα
α wðsÞ

y0ðsÞ
� �1þα

α

ds (117)

Let

λ ¼ in f
t≥t1

wðtÞ
y0ðtÞ

: (118)

Then it is easy to see that λ≥1 and

λ≥1þ λ
1þα
α γ, (119)

which contradicts the admissible value of λ and γ, and thus completes the proof.

Theorem 5. Let conditions ðiÞ–ðvÞ, one of the conditions (14) or (21) hold, and ynðtÞ be defined
as in Eq. (100). If there exists some ynðtÞ such that, for T sufficiently large,

lim sup
t!∞

ynðtÞ
ðσðtÞ
T

r−
1
αðsÞds

 !α

>
1

ψðtÞ , (120)

where ψðtÞ is as in Theorem 1, then Eq. (1) is oscillatory.

Proof. Suppose to the contrary that xðtÞ is a nonoscillatory solution of Eq. (1). Then, without
loss of generality, we may assume that there exists T∈ℐ large enough, so that xðtÞ satisfies the
conclusions of Lemma 1 or 2 on ½T, ∞Þ with

xðtÞ > 0; xðτðtÞÞ > 0; xðσðtÞÞ > 0 (121)

on ½T, ∞Þ. In particular, we have

zðtÞ > 0; z′ðtÞ > 0;
�
rðtÞ
�
z′ðtÞ

�α�′
< 0; for t≥T: (122)

Proceeding as in the proof of Theorem 3 and using defining wðtÞ as in Eq. (54), for T1≥T, we get
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1
wðtÞ ¼ zβðσðtÞÞ

rðtÞ
�
z′ðtÞ

�α

≥
ψðtÞ
rðtÞ

zðσðtÞÞ
z′ðtÞ

� �α

¼ ψðtÞ
rðtÞ

zðT1Þ þ
ðσðtÞ
T1

r−
1
αðsÞr1αðsÞz′ðsÞds

z′ðtÞ

0
BBB@

1
CCCA

α

≥ψðtÞ
ðσðtÞ
T1

r−
1
αðsÞds

 !α

(123)

Thus,

wðtÞ
ðσðtÞ
T

r−
1
αðsÞds

 !α

≤
1

ψðtÞ

ðσðtÞ
T

r−
1
αðsÞds

ðσðtÞ
T1

r−
1
αðsÞds

0
BBB@

1
CCCA

α

(124)

And therefore,

lim sup
t!∞

wðtÞ
ðσðtÞ
T

r−
1
αðsÞds

 !α

≤
1

ψðtÞ , (125)

which contradicts Eq. (120). The proof is complete.

Theorem 6. Let conditions ðiÞ–ðvÞ, one of the conditions (14) or (21) hold, and ynðtÞ be defined
as in Eq. (100). If there exists some ynðtÞ such that

ð∞
T1

~qðtÞ exp
ðt
T1

βσ′ðsÞψðsÞ
r
1
αðσðsÞÞ y

1
α
nðsÞds

 !
dt ¼ ∞ (126)

or
ð∞
T1
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for T sufficiently large and T1≥T, where ψðtÞ is as in Theorem 1, then Eq. (1) is oscillatory.

Proof. Suppose to the contrary that xðtÞ is a nonoscillatory solution of Eq. (1). Then, without
loss of generality, we may assume that there exists T∈ℐ large enough, so that xðtÞ satisfies the
conclusions of Lemma 1 or 2 on ½T, ∞Þ with

xðtÞ > 0; xðτðtÞÞ > 0; xðσðtÞÞ > 0 (128)
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which contradicts Eq. (120). The proof is complete.
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on ½T, ∞Þ. In particular, we have

zðtÞ > 0; z′ðtÞ > 0;
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< 0; for t≥T: (129)

From Eq. (103), we have

y′ðtÞ ¼ −
βσ′ðtÞψðtÞ
r
1
αðσðtÞÞ

�
yðtÞ

�1þα
α
−~qðtÞ, (130)

for all t≥T1≥T. Since yðtÞ≥ynðtÞ, Eq. (130) yields
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Multiplying the above inequality by the integration factor
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from which we have that
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This is a contradiction with Eq. (126).
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Taking the derivative of uðtÞ, one gets
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Proceeding in a similar manner to that above, we conclude that
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which contradicts to Eq. (127). The proof is complete.
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Abstract

Preservation is related to local asymptotic stability in nonlinear systems by using
dynamical systems tools. It is known that a system, which is stable, asymptotically
stable, or unstable at origin, through a transformation can remain stable, asymptotically
stable, or unstable. Some systems permit partition of its nonlinear equation in a linear
and nonlinear part. Some authors have stated that such systems preserve their local
asymptotic stability through the transformations on their linear part. The preservation
of synchronization is a typical application of these types of tools and it is considered an
interesting topic by scientific community. This chapter is devoted to extend the method-
ology of the dynamical systems through a partition in the linear part and the nonlinear
part, transforming the linear part using the Tracy-Singh product in the Jacobian matrix.
This methodology preserves the structure of signs through the real part of eigenvalues
of the Jacobian matrix of the dynamical systems in their equilibrium points. The princi-
pal part of this methodology is that it permits to extend the fundamental theorems of the
dynamical systems, given a linear transformation. The results allow us to infer the
hyperbolicity, the stability and the synchronization of transformed systems of higher
dimension.

Keywords: preservation, synchronization, Tracy-Singh product, chaotic dynamical
system
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1. Introduction

In nonlinear autonomous dynamical systems, the study of synchronization is not new. We can
see several papers about these themes from different approaches. Some examples show the use
of change of variables, that is, through a diffeomorphism of the origin. From this, it is possible
to say if a system is stable, asymptotically stable, or unstable. Some results are also obtained by
the product in a vector field in the nonlinear dynamical system by a continuously differentia-
ble function at the origin [1]. On one hand, there are studies showing the use of statistical
properties to characterize the synchronization [2]. The eigenvalues of a system determine a
system dynamics, but they are not derivable from the statistical features of such a system. One
way to observe the stability is through a linear part of a dynamical system. But the problem to
preserve stability by the transformation of its linear part in a nonlinear autonomous system has
just been analyzed recently.

In [3], it is presented a methodology under which stability and synchronization of a dynamical
master-slave system configuration are preserved under a modification through matrix multi-
plication. The conservation of stability is important for chaos control. A generalized synchro-
nization can also be derived for different systems by finding a diffeomorphic transformation
such as the slave system written as a function of the master system. One example of preserva-
tion for asymptotic stability is the use of transformations on rational functions in the frequency
domain [4, 5].

This class of transformation can be interpreted as noise in the system or as a simple distur-
bance on the value of the physical parameters of the model. The chaotic synchronization
problem studied in [6] is mainly related to preservation of the stability of the master-slave
system presented in it. Results included therein show that stability is preserved by
transforming the linear part of system. The same results can also be used in the chaos suppres-
sion problem. In [7], the authors show the viability of preserving the hyperbolicity of a master-
slave pair of chaotic systems under different types of nonlinear modifications to its Jacobian
matrix.

In [8], the developed methodology is used to study the problem of preservation of synchroni-
zation in chaotic dynamical systems, in particular the case of dynamical networks. Given a
chaotic system, its transformed version is also a chaotic system. By means of a master-slave
scheme obtained a controller for the system using a linear-quadratic regulator, preserving the
stability even after the master-slave controller is transformed. This chapter is inspired by the
same objective, that is, to preserve the stability in a master-slave system even through a
transformation is performed over it. One way to achieve it is by extending some of the results
in [8], particularly those of the local stable-unstable manifold theorem and extension of the
center manifold theorem based in the preservation of the linear part of the vector field in
nonlinear dynamical systems. As we will see, these results depart from the hypothesis of the
existence of a constant state feedback as anominal synchronization force. In this work, we
elaborate another approach to the problem of preservation of synchronization. We focus
particularly on autonomous nonlinear dynamical systems, extending the previous results
already mentioned.
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This chapter is organized as follows: First, in Section 2, we will give basic concepts of dynam-
ical systems. The fundamental theorem for linear systems, the local stable-unstable manifold
theorem, the center manifold theorem, the Hartman-Grobman theorem and the concept of
group action are introduced. In Section 3, we present some definitions about matrices and
Tracy-Singh product of matrices. Also in this section, the main result is presented as a general-
ization of Proposition 4 in [6]. In Section 4, we will show that it is possible to preserve
synchronization under a class of transformations defined under a certain method. Numerical
experiments on the stability preservation for chaotic synchronization are shown in Section 5.
Finally, a set of concluding remarks is given in Section 6.

2. Classical concepts of dynamical systems

We introduce theorems and classical definitions on properties of dynamical systems in this
section. The fundamental theorem for linear systems, the local stable-unstable manifold theo-
rem and the center manifold theorem are those important propositions mainly needed to
develop analyses in this chapter. We will combine them with the Hartman-Grobman theorem
in order to achieve a necessary generalization for those particular results of this chapter.

Theorem 2.1. (The local stable-unstable manifold theorem [9]). Let E be an open subset of Rn

containing the origin. Let f ∈ C1ðEÞ and φt be the flow of the nonlinear system of the form _x ¼ f ðxÞ.
Suppose that f ð0Þ ¼ 0 and that Df ð0Þ are the Jacobian matrix, which has k eigenvalues with negative
real part and n−k eigenvalues with positive real part.

1. (Stable manifold) Then, there exists a k-dimensional differentiable manifold S tangent to the stable

subspace ES of the linear system _x ¼ AðxÞ at x0 such that for all t ≥ 0, φtðSÞ⊂S and for all x0∈S,
limt!∞ φtðx0Þ ¼ 0.

2. (Unstable manifold) Also there exists an n−k dimensional differentiable manifold W tangent to the

unstable subspace EW of _x ¼ AðxÞ at x0 such that for all t ≤ 0, φtðWÞ⊂W and for all x0∈W ,
limt!−∞ φtðx0Þ ¼ 0.

It should be noted that the manifolds S and W mentioned in Theorem 2.1 are unique. We
define now the central manifold theorem in the following.

Theorem 2.2. (The center manifold theorem [9]). Let E be an open subset of Rn containing the
origin and r ≥ 1. Let f ∈ CrðEÞ, that is, f is a continuously differentiable function on E of order r. Now
we suppose that f ð0Þ ¼ 0 and that Df ð0Þ have k eigenvalues with negative real part, j eigenvalues with
positive real part and l ¼ n−k−j eigenvalues with zero real part. Therefore, there exists an l

-dimensional center manifold WCð0Þ of class Cr tangent to the center subspace EC of _x ¼ AðxÞ at 0
which is invariant under the flow φt of _x ¼ f ðxÞ.

By what it is established in Theorem 2.2, the center manifold WCð0Þ is not unique, which is an
important difference for the stable character of the systems to be studied.
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Theorem 2.3. (The Hartman-Grobman theorem [9]). Let E be an open subset of Rn containing the
origin, let φt be the flow of the nonlinear system _x ¼ f ðxÞ. Now, we assume that f ð0Þ ¼ 0, that is, the
origin is an equilibrium point of the dynamical system; also the Jacobian matrix evaluated at the origin,
A ¼ Df ð0Þ. If H is an homeomorphism of an open set W onto an open set V such that for each x0∈W , it
exists an open interval I0 ⊂ R such that for all x0 ∈ W and t ∈ I0

H ∘φtðx0Þ ¼ eAtHðx0Þ; (1)

that is, H maps trajectories of the nonlinear system _x ¼ f ðxÞ near the origin onto trajectories of _x ¼ Ax
near the origin and preserves the parametrization.

From the following argument, it is show that for any matrix A ¼ UTTAU, there exists an

homeomorphism Ĥ ¼ UH such that for an open set W containing the origin onto an open set
V also containing the origin such that for each x0∈W and there is an open interval I0⊂R
containing zero such that for all x0∈W and t∈I0

Ĥ ∘φtðx0Þ ¼ eTAtĤðx0Þ; (2)

This last equality is a consequence of the Hartman-Grobman theorem and of the fact of

UeAt ¼ eTAtU, that is, Ĥ maps trajectories of the nonlinear system _x ¼ f ðxÞ near the origin onto
trajectories of _x ¼ TAx near the origin and preserves the parametrization.

On the other hand, some classical definitions are now included. A linear system of the form
_x ¼ Ax where x ∈ Rn, A is a n ·n matrix and _x ¼ dx

dt. It is shown that the solution of the linear

system together with the initial condition xð0Þ ¼ x0 is given by xðtÞ ¼ eAtx0. The mapping
eAt : Rn ! Rn is called the flow of the linear system.

Definition 2.1. For all eigenvalues of a matrix Aðn · nÞ have nonzero real part, then the flow eAt is
called a hyperbolic flow and therefore, _x ¼ Ax is called a hyperbolic linear system [9].

Definition 2.2. A subspace E⊂Rn is said to be invariant with respect to the flow eAt : Rn ! Rn if
eAt⊂E for all t∈R [9].

Lemma 2.1. Let A∈Rn ·n. If Rn ¼ Es⊕Eu⊕Ec where Es,Eu and Ec are the stable, unstable and
center subspaces of the linear system _x ¼ Ax. By the above,Es,Eu and Ec are invariant with
respect to the flow eAt, respectively [9].

Definition 2.3. Let E be an open subset of Rn and let f ∈ C1ðEÞ, that is, f is a continuous differentiable
function defined on E. For x0 ∈ E, let φðt, x0Þ be the solution of the initial value problem
_x ¼ f ðxÞ, xð0Þ ¼ x0 defined on its maximal interval of existence Iðx0Þ. Then for t∈Iðx0Þ, the mapping
φt : E ! E defined by φtðx0Þ ¼ φtðt, x0Þ is called the flow of the differential equation [9].

Definition 2.4. For any x0∈Rn, let φtðx0Þ be the flow of the differential equation through x0.(i) The
local stable set S corresponding to a neighborhood V of x0 is defined by S ¼ Sð0Þ ¼ {x0 ∈ Rn :
φtðx0Þ ∈ V , t ≥ 0 and φtðx0Þ ! 0 as t ! ∞}. (ii) The local unstable set W of x0 corresponding to a
neighborhood V of x0 is defined by W ¼ Wð0Þ ¼ {x0∈Rn : φtðx0Þ∈V , t ≤ 0 and φtðx0Þ ! 0 as t ! ∞}.
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exists an open interval I0 ⊂ R such that for all x0 ∈ W and t ∈ I0

H ∘φtðx0Þ ¼ eAtHðx0Þ; (1)

that is, H maps trajectories of the nonlinear system _x ¼ f ðxÞ near the origin onto trajectories of _x ¼ Ax
near the origin and preserves the parametrization.

From the following argument, it is show that for any matrix A ¼ UTTAU, there exists an

homeomorphism Ĥ ¼ UH such that for an open set W containing the origin onto an open set
V also containing the origin such that for each x0∈W and there is an open interval I0⊂R
containing zero such that for all x0∈W and t∈I0

Ĥ ∘φtðx0Þ ¼ eTAtĤðx0Þ; (2)

This last equality is a consequence of the Hartman-Grobman theorem and of the fact of

UeAt ¼ eTAtU, that is, Ĥ maps trajectories of the nonlinear system _x ¼ f ðxÞ near the origin onto
trajectories of _x ¼ TAx near the origin and preserves the parametrization.

On the other hand, some classical definitions are now included. A linear system of the form
_x ¼ Ax where x ∈ Rn, A is a n ·n matrix and _x ¼ dx

dt. It is shown that the solution of the linear

system together with the initial condition xð0Þ ¼ x0 is given by xðtÞ ¼ eAtx0. The mapping
eAt : Rn ! Rn is called the flow of the linear system.

Definition 2.1. For all eigenvalues of a matrix Aðn · nÞ have nonzero real part, then the flow eAt is
called a hyperbolic flow and therefore, _x ¼ Ax is called a hyperbolic linear system [9].

Definition 2.2. A subspace E⊂Rn is said to be invariant with respect to the flow eAt : Rn ! Rn if
eAt⊂E for all t∈R [9].

Lemma 2.1. Let A∈Rn ·n. If Rn ¼ Es⊕Eu⊕Ec where Es,Eu and Ec are the stable, unstable and
center subspaces of the linear system _x ¼ Ax. By the above,Es,Eu and Ec are invariant with
respect to the flow eAt, respectively [9].

Definition 2.3. Let E be an open subset of Rn and let f ∈ C1ðEÞ, that is, f is a continuous differentiable
function defined on E. For x0 ∈ E, let φðt, x0Þ be the solution of the initial value problem
_x ¼ f ðxÞ, xð0Þ ¼ x0 defined on its maximal interval of existence Iðx0Þ. Then for t∈Iðx0Þ, the mapping
φt : E ! E defined by φtðx0Þ ¼ φtðt, x0Þ is called the flow of the differential equation [9].

Definition 2.4. For any x0∈Rn, let φtðx0Þ be the flow of the differential equation through x0.(i) The
local stable set S corresponding to a neighborhood V of x0 is defined by S ¼ Sð0Þ ¼ {x0 ∈ Rn :
φtðx0Þ ∈ V , t ≥ 0 and φtðx0Þ ! 0 as t ! ∞}. (ii) The local unstable set W of x0 corresponding to a
neighborhood V of x0 is defined by W ¼ Wð0Þ ¼ {x0∈Rn : φtðx0Þ∈V , t ≤ 0 and φtðx0Þ ! 0 as t ! ∞}.
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Then, these stable and unstable local sets are submanifolds of Rn in a sufficiently small neighborhood V
of x0½9�.
Definition 2.5. If G is a group and X is a set, then a (left) group action of G on X is a binary function
G ·X ! X, denoted by [9]

ðg, xÞ↦g � x (3)

which satisfies the following two axioms:

1. ðghÞ � x ¼ g � ðh � xÞ for all g, h ∈ G and x ∈ X;

2. e � x ¼ x for every x ∈ X (where e denotes the identity element of G).

The action is faithful (or effective) if for any two different g, h ∈ G, there exists an x ∈ X such that
g � x ≠ h � x; or equivalently, if for any g ≠ e in G, there exists an x ∈ X such that g � x ≠ x.

The action is free or semiregular if for any two different g, h ∈ G and all x ∈ X, we have
g � x ≠ h � x; or equivalently, if g � x ¼ x for some x implies g ¼ e.

For every x ∈ X, we define the stabilizer subgroup of x (also called the isotropy group or little
group) as the set of all elements in G that fix x:

Gx ¼ fg∈G : g � x ¼ xg (4)

This is a subgroup of G, though typically not a normal one. The action of G on X is free if and
only if all stabilizers are trivial.

3. Tracy-Singh product and other mathematical extensions

In this third section, we show a definition and some properties of the Tracy-Singh product. We
also include a simple extension of the local stable-unstable manifold theorem and the center
manifold theorem, using the tools presented in Section 2. These extensions are tools that will
also be used in Section 4, where we will present the results on preservation of synchronization
in nonlinear dynamical systems.

Definition 3.1. Let λ be an eigenvalue of the n · n matrix A of multiplicity m≤n. Then for k ¼ 1,…,m,

any nonzero solution w of [9]

ðA−λIÞkw ¼ 0 (5)

is called a generalized eigenvector of A.

In this case, let wj ¼ uj þ vj be a generalized eigenvector of the matrix A corresponding to an
eigenvalue λj ¼ aj þ ibj (note that if bj ¼ 0 then vj ¼ 0). Then, let B ¼ fu1, v1,…, uk, vk,…,um, vmg
be a basis of Rn (with n ¼ 2m−k as established by Theorems 1.7.1 and 1.7.2, see [9]). Now, we
introduce the definition of Tracy-Singh product and some properties.
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Definition 3.2. If taken the matrices A ¼ ðaijÞ and C ¼ ðcijÞ of order m ·n and B ¼ ðbklÞ of order p · q.
Let A ¼ ðAijÞ be partitioned with Aij of order mi · nj as the ði, jÞ th block submatrix and B ¼ ðBklÞ of
order pk · ql as the ðk, lÞ th block submatrix ð∑mi ¼ m,∑nj ¼ n,∑pk ¼ p,∑ql ¼ qÞ. Then, the defini-
tions of the matrix products or sums of A and B are given as follows [10].

Tracy-Singh product

A∘B ¼ ðAij∘BÞij ¼
�
ðAij⊗BklÞkl

�
ij

(6)

where Aij⊗Bkl is of order mipk ·njql, Aij∘B is a Kronecker product of order mip ·njq, and A∘B is of order
mp· nq.

Tracy-Singh sum

A⊞B ¼ A∘Ip þ Im∘B (7)

where A ¼ ðAijÞ and B ¼ ðBklÞ are square matrices of respective order m ·m and p · p with Aij of order
mi ·mj and Bkl of order pk · pl; Ip and Im are compatibly partitioned identity matrices.

Theorem 3.1. Let A,B,C,D,E, and F be compatibly partitioned matrices, then [10]

1. ðA∘BÞðC∘DÞ ¼ ðACÞ∘ðBDÞ.

2. A∘B ≠ B∘A.

3. ðC∘B ¼ B∘CÞ where C ¼ ðcijÞ and cij is a scalar.

4. ðA∘BÞ0 ¼ A′∘B0.

5. ðAþDÞ∘ðBþ EÞ ¼ A∘Bþ A∘EþD∘BþD∘E.

6. ðA∘BÞ∘F ¼ A∘ðB∘FÞ
The next proposition presents some extensions to the local stable-unstable manifold theorem
and to the center manifold theorem.

Proposition 3.1. Let E be an open subset of Rn containing the origin, let f ∈ C1ðEÞ and φt be
the flow of the nonlinear system _x ¼ f ðxÞ ¼ Axþ gðxÞ. Suppose that f ð0Þ ¼ 0 and that
A ¼ Df ð0Þ have k eigenvalues with negative real part and n−k eigenvalues with positive real
part, that is, the origin is an hyperbolic fixed point. Then for each matrix M ∈ ΛU , there
exists a k

-dimensional differentiable manifold SM tangent to the stable subspace ES
M of the linear system

_x ¼ MAx at 0 such that for all t ≥ 0, φM, tðSMÞ⊂SM and for all x0 ∈ SM [8],

lim
t!∞

φM, tðx0Þ ¼ 0, (8)
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-dimensional differentiable manifold SM tangent to the stable subspace ES
M of the linear system
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where φM, t is the flow of the nonlinear system _x ¼ MAxþ gðxÞ and there exists an n−k dimen-

sional differentiable manifold WM tangent to the unstable subspace EW
M of _x ¼ MAx at 0 such

that for all t≤0, φM, tðWMÞ⊂WM and for all x0∈WM,

lim
t!−∞

φM, tðx0Þ ¼ 0: (9)

An interesting property is that Proposition 4.1 is valid for each g∈C1ðEÞ such that _x ¼ f ðxÞ
¼ Axþ gðxÞ and

‖gðxÞ‖2

‖x‖2
! 0 as‖x‖2 ! 0: (10)

In consequence, the set of matrices ΛU generates the action of the group ΛU on the set of the
hyperbolic nonlinear systems, formally on the set of the hyperbolic vector fields f∈C1ðEÞ,
_x ¼ f ðxÞ ¼ Axþ gðxÞ with g∈C1ðEÞ and

A∈ΩU ≡{P∈Rn ·n : P ¼ UTTPU with TP any upper triangular matrix} (11)

Satisfying the last condition, where U is a fixed unitary matrix, the action is generated by the
action of the group ΛU on the set ΩU. By that this first action preserves the dimension and a
nonlinear systems of the stable and unstable manifolds, that is, an hyperbolic nonlinear system�
_x ¼ Axþ gðxÞ

�
is mapped in a hyperbolic nonlinear systems

�
_x ¼ MAxþ gðxÞ

�
and

dimS ¼ dimSM and dimW ¼ dimWM.

The proof of this Proposition 3.1 can be revised in Ref. [8].

Given a particular nonlinear system, the stable and unstable manifolds S and W are unique;
then for each matrix M∈ΛU , there exists an unique pair of manifolds ðSM,WMÞ in such a way
that it is possible to define a pair of functions in the following form

Θ : ΛU ·ManS ! ManS

ΘðM, SÞ ¼ SM

Φ : ΛU ·ManW ! ManW

ΦðM,WÞ ¼ WM

(12)

Where ManS is the set of stable manifolds and ManW is the set of unstable manifold for
autonomous nonlinear systems.

Therefore, we can say that if A ¼ Df ð0Þ is an stable matrix A has all the n eigenvalues with
negative real part, then the origin of the nonlinear system _x ¼ M∘Axþ gðxÞ is asymptotically
stable; but if A ¼ Df ð0Þ is an unstable matrix A has n−k (with n > kÞ eigenvalues with positive
real part, then the origin of the nonlinear system _x ¼ M∘Axþ gðxÞ is unstable.
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As an extension of the local stable-unstable manifold theorem in terms of Tracy-Singh product
of matrices in ΛN and the matrix A of the vector field f ðxÞ, we present the following proposi-
tion.

Proposition 3.2.

1. Let E be an open subset of Rn containing the origin, let f∈C1ðEÞ and let φt be the flow of the
nonlinear system _x ¼ f ðxÞ ¼ Axþ gðxÞ. We suppose that f ð0Þ ¼ 0 and that A ¼ Df ð0Þ have a k
eigenvalues with negative real part and n−k eigenvalues with positive real part; thus, the origin
is a hyperbolic fixed point. Now, take a fixed continuously differentiable function

F : C1ðEÞ ! C1ðEÞ (13)

such that FðgÞ ¼ ĝ where ĝ : E⊂Rmn ! Rmn is a fixed continuously differentiable function with

domain all C1ðEÞ; moreover, ĝ∈C1ðEÞ with E an open subset of Rn containing the origin such
that

‖ĝðxÞ‖2

‖x‖2
! 0 as ‖x‖2 ! 0: (14)

Then, for each matrix M∈ΛU of m ·m, there exists a mk− dimensional differentiable manifold

SM∘A tangent to the stable subspace ES
M∘A of the linear system _x ¼ ðM∘AÞx at 0 such that for all

t≥0, φM∘A, tðSM∘AÞ⊂SM∘A and for all x0∈SM∘A,

lim
t!∞

φM∘A, tðx0Þ ¼ 0, (15)

where φM∘A, t be the flow of the nonlinear system _x ¼ ðM∘AÞxþ ĝðxÞ and there exists an mðn−kÞ
dimensional differentiable manifold WM∘A tangent to the unstable subspace EW

M∘A of
_x ¼ ðM∘AÞx at 0 such that for all t≤0, φM∘A, tðWM∘AÞ⊂WM∘A and for all x0∈WM∘A,

lim
t!−∞

φM∘A, tðx0Þ ¼ 0: (16)

2. Also, there exists a function of the group ΛN and the set of all the autonomous hyperbolic
nonlinear systems of dimension n (hyperbolic vector fields of dimension n) denoted by Γn, to
the set Γmn of all the autonomous hyperbolic nonlinear systems of dimension mn (hyperbolic
vector fields of dimension mn); this function (which is similar to an action of the group ΛN on
the set Γn) is defined as follows

ϑ : ΛN ·Γn ! Γmn

ϑ
�
M,Axþ gðxÞ

�
¼ ðM∘AÞxþ ĝðxÞ (17)

and the new nonlinear system is
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_x ¼ ϑ
�
M,Axþ gðxÞ

�

_x ¼ ðM∘AÞxþ ĝðxÞÞ
(18)

which satisfies the following two axioms:

1. ðghÞ � z ¼ g•ðh � zÞ for all g, h∈ΛN and z∈Γn;

2. For every z∈Γn, there exists an unique ẑ∈Γmn such that e � z ¼ ẑ and h•ẑ ¼ h � z (e denotes
the identity element of ΛN, that is, is the identity matrix Im of m ·m).

Where z is associated with Axþ gðxÞ (denoted by z≗Axþ gðxÞÞ; h � z means ðMh∘AÞxþ ĝðxÞ
(denoted by h � z≗ðMh∘AÞxþ ĝðxÞ); gh is associated with the usual product of matrices Mg,Mh,

that is, gh≗MgMh and e � z means ðIm∘AÞxþ ĝðxÞ, that is,
�
e � z≗ðIm∘AÞxþ ĝðxÞ

�
and g•ðh � zÞ

means ðMg∘InÞðMh∘AÞxþ ĝðxÞ (denoted by g•ðh � zÞ≗ðMg∘InÞðMh∘AÞxþ ĝðxÞ).
Proof.

1. Consider a matrix Awith eigenvalues λi for i ¼ 1, 2,…, n and the matrixMwith eigenvalues
μj for j ¼ 1, 2,…,m. Then, the eigenvalues of the matrix M∘A are the mn numbers λiμj and

taking account that μj > 0 for each j ¼ 1, 2,…,m. Therefore, the matrixM∘A hasmk eigenvalues

with negative real part and mðn−kÞ eigenvalues with positive real part. For this, the result is a
consequence of the stable-unstable manifold theorem.

2. The function ϑ : ΛN · Γn ! Γmn is well defined, since F : C1ðEÞ ! C1ðEÞ is a fixed function;
then given gðxÞ, the vector field ĝðxÞ is unique; for a fixed matrix Mh∈ΛN , then
Mh∘ : Rn· n ! Rmn ·mn is a fixed function and their matrix Mh∘A is unique.

Axiom (i): Since ΛN is a multiplicative group if Mg,Mh∈ΛN, then MgMh∈ΛN .

Then, by Theorem 3.1, we have that for all g, h∈ΛN and z∈Γn

ðghÞ � z≗ðMgMh∘AÞxþ ĝðxÞ ¼ ðMg∘InÞðMh∘AÞxþ ĝðxÞ≗g•ðh � zÞ (19)

Axiom (ii): For every z∈Γn, there exists an unique ẑ∈Γmn such that e � z≗ðIm∘AÞxþ ĝðxÞ ¼ ẑ,
then by the Theorem 2.1

h•ẑ≗ðMh∘InÞðIm∘AÞxþ ĝðxÞ ¼ ðMh∘AÞxþ ĝðxÞ≗h � z (20)

From what it has been said above, we can note that if A ¼ Df ð0Þ is as stable matrix A, it has all
the n eigenvalues with negative real part, then the origin of the nonlinear system
_x ¼ ðM∘AÞxþ ĝðxÞ is asymptotically stable; if A ¼ Df ð0Þ is an unstable matrix A, it has
n−kðn > kÞ eigenvalues with positive real part, then the origin of the nonlinear system
_x ¼ ðM∘AÞxþ ĝðxÞ is unstable.
Now the following Proposition 3.2 is an extension of the center manifold theorem, similar to
Proposition 3.1.
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Proposition 3.3. Let be f∈CrðEÞ where E is an open subset of Rn

containing the origin and r≥1. Suppose that f ð0Þ ¼ 0 and that Df ð0Þ have k eigenvalues with
negative real part, j eigenvalues with positive real part and l ¼ n−k−j eigenvalues with zero real
part. Then,

1. For each matrix M∈ΛU, there exists a m− dimensional differentiable center manifold

WC
Mð0Þ of class Cr tangent to the center subspace EC

M of the linear system _x ¼ MAxþ gðxÞ
at 0 which is invariant under the flow φM, t of the nonlinear system _x ¼ MAxþ gðxÞ.

2. If taken a fixed continuously differentiable function

F̂ : CrðEÞ ! CrðEÞ (21)

such that FðgÞ ¼ ĝ where ĝ : E⊂Rmn ! Rmn is a fixed continuously differentiable function

with domain all CrðEÞ; moreover, ĝ∈CrðEÞ with E an open subset of Rn containing the
origin such that

‖ĝðxÞ‖2

‖x‖2
! 0 as ‖x‖2 ! 0: (22)

Then for each matrix M∈ΛN of m ·m, there exists a ml− dimensional differentiable center

manifold WC
M∘Að0Þ tangent to the center subspace ES

M∘A of the linear system _x ¼ ðM∘AÞx at 0
which is invariant under the flow φM∘A, t of the nonlinear system _x ¼ ðM∘AÞxþ ĝðxÞ.

Proof.

The proof is similar to proof of Proposition 3.1 and we make use of the center manifold
theorem.

Also, there exists a similar function ϑ̂ to ϑ, which satisfies the axiom (i) and axiom (ii) of
Proposition 3.2. However, in this case, there does not exist similar functions to Θ and Φ. due to
that in general, a center manifold is not unique.

Notice that in this case, if the matrix A has l ¼ n−k−j≠0 eigenvlues with zero real part, then the origin
of the nonlinear system _x ¼ MAxþ ĝðxÞ and _x ¼ ðM∘AÞxþ ĝðxÞ are not asymptotically stable.

Propositions 3.1 and 3.2 generalize Proposition 3 in Ref. [6] and give new tools for preservation
of basic properties of dynamical systems and some of these properties are the stability and
instability.

4. Synchronization in nonlinear dynamical system

In this section, we present that it is possible to preserve synchronization even though the
dimension of the systems changes by the action of a class of transformation on the linear part
to a chaotic nonlinear system. If we consider the following two n-dimensional chaotic systems,
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such that FðgÞ ¼ ĝ where ĝ : E⊂Rmn ! Rmn is a fixed continuously differentiable function
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Proposition 3.2. However, in this case, there does not exist similar functions to Θ and Φ. due to
that in general, a center manifold is not unique.

Notice that in this case, if the matrix A has l ¼ n−k−j≠0 eigenvlues with zero real part, then the origin
of the nonlinear system _x ¼ MAxþ ĝðxÞ and _x ¼ ðM∘AÞxþ ĝðxÞ are not asymptotically stable.

Propositions 3.1 and 3.2 generalize Proposition 3 in Ref. [6] and give new tools for preservation
of basic properties of dynamical systems and some of these properties are the stability and
instability.

4. Synchronization in nonlinear dynamical system

In this section, we present that it is possible to preserve synchronization even though the
dimension of the systems changes by the action of a class of transformation on the linear part
to a chaotic nonlinear system. If we consider the following two n-dimensional chaotic systems,
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_x ¼ Axþ gðxÞ
_y ¼ Ayþ f ðyÞ þ uðtÞ (23)

Where A∈Rn ·n is a constant matrix. On the other hand,u∈Rn is the control input and
f , g : Rn ! Rn are continuous nonlinear functions. Synchronization considered in this section
is through the master and the slave system is synchronized by designing an appropriate
nonlinear state-feedback control uðtÞ attached to slave system such that limt!∞ xðtÞ−yðtÞ ! 0,
where ‖ � ‖ is the Euclidean norm of a vector [8]. If we consider the error state vector
e ¼ y−x∈Rn, f ðyÞ−f ðxÞ ¼ Lðx, yÞ and an error dynamics equation is _e ¼ Aeþ Lðx, yÞ þ uðtÞ. Tak-
ing the active control approach [5], to eliminate the nonlinear part of the error dynamics and
choosing uðtÞ ¼ BvðtÞ−Lðx, yÞ, where B is a constant gain vector which is selected such that
ðA,BÞ be controllable, we obtain:

_e ¼ Aeþ BvðtÞ (24)

We can see that the original synchronization problem is equivalent to stabilize the zero-input
solution of the slave system through a suitable choice of the state-feedback control [8]. If the
pair ðA,BÞ is controllable, then one such suitable choice for state feedback is a linear-quadratic
regulator [5], which minimizes the quadratic cost function in the next expression,

J
�
uðtÞ

�
¼ ∫

∞

0
ðeðtÞ⊺QeðtÞ þ vðtÞRvðtÞÞdt (25)

Where Q and R are positive semi-definite and positive definite weighting matrices, respec-
tively. The state-feedback law is given by v ¼ −Ke with K ¼ R−1B⊺S and S the solution to the
Riccati equation

A⊺Sþ SA−SBR−1B⊺ þQ ¼ 0 (26)

This state-feedback law makes the error equation to be _e ¼ ðA−BKÞe, with ðA−BKÞ a Hurwitz
matrix.1 The linear-quadratic regulator is a technique to obtain feedback gains [5]. It is an
interesting property of (LQR) which is robustness. On the other hand, if we consider T∈Rm ·m

be a matrix with strictly positive eigenvalues, supposing that the following two nm-dimen-
sional systems are chaotic:

_x ¼ ðT∘AÞxþ ĝðxÞ
_y ¼ ðT∘AÞyþ f̂ ðyÞ þ ûðtÞ (27)

for some f̂ , ĝ : Rnm ! Rnm continuous nonlinear functions and û∈Rnm is the control input.

Then, for the Proposition 4.1 and the former procedure, we have that ûðtÞ ¼ θ̂ðtÞ−L̂ðx, yÞ
stabilizes the zero solution of the error dynamics system, where θ̂ðtÞ ¼ −ðBK∘TÞe, that is, the
resultant system

1
A Hurwitz matrix is a matrix for which all its eigenvalues are such that their real part is strictly less than zero.
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_e ¼ ðT∘AÞeþ θ̂ ðtÞ _e ¼ ðT∘A−T∘BKÞe (28)

is asymptotically stable. Then, by using Lemma 2.1 and K ¼ −R−1B⊺S, we obtain that:

_e ¼
�
T∘ðAþ BKÞ

�
e

_e ¼
�
T∘ðA−BR−1B⊺SÞ

�
e

(29)

Now, the original control uðtÞ ¼ BKe−Lðx, yÞ is preserved in its linear part by the Tracy-Singh

product T∘ð�Þ and the new control is given by ûðtÞ ¼ −ðT∘BKÞe−L̂ðx, yÞ. Therefore, we can
interpreted the last procedure as one in which the controller uðtÞ that achieves the synchroni-
zation in the two systems is preserved by the transformation T∘ð�Þ so that ûðtÞ achieves the
synchronization in the two resultant systems after the transformation. For that, a similar
procedure is possible if we consider the transformation ð�Þ∘T.
In general, under the transformation ðA, gÞ ! ðMA, gÞ or ðA, gÞ ! ðM∘A, gÞ and under the
hypothesis of existence of a constant state feedback U ¼ −Kx, which achieves synchronization
of the original chaotic systems and also that the transformed system is chaotic, then synchro-
nization can be preserved [8]. The major contribution does not refer a better synchronization
methodology; it deals that synchronization is preserved when a chaotic system changes from a
lower dimension to a higher dimension.

5. Synchronization of the classical Lü system

In this section, we present the synchronization of a chaotic system. First, we propose a master
and slave system. Then, from these systems, we will apply a linear transformation that allows
us to preserve the synchronization. We will use the well-known Lü and Chen [11] model to
show the possibility to preserve synchronization, described by

_x1 ¼ aðx2−x1Þ
_x2 ¼ cx2−x1x3
_x3 ¼ x1x2−bx3

(30)

which has a chaotic attractor when the parameters are a ¼ 35, b ¼ 3 and c ¼ 14:5. In order to
observe synchronization behavior, we have a modified Lü attractor arranged as a master-slave
configuration. The master and the slave systems are almost identical and the only difference is
that the slave system includes an extra term which is used for the purpose of synchronization
with the master system. The master system is defined by the following equations,

_x1 ¼ 35ðx2−x1Þ
_x2 ¼ 28x2−x1x3
_x3 ¼ x1x2−3x3

(31)

and the slave system is a copy of the master system with a control function uðtÞ to be
determined in order to synchronize the two systems.
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configuration. The master and the slave systems are almost identical and the only difference is
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_x1 ¼ 35ðx2−x1Þ
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(31)

and the slave system is a copy of the master system with a control function uðtÞ to be
determined in order to synchronize the two systems.
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_y1 ¼ 35ðy2−y1Þ þ u1ðtÞ
_y2 ¼ 28y2−y1y3 þ u2ðtÞ
_y3 ¼ y1y2−3y3 þ u3ðtÞ

(32)

Now, we consider the errors e1 ¼ x1−y1, e2 ¼ x2−y2 and e3 ¼ x3−y3,; then, the error dynamics
can be written as:

_e1 ¼ 35ðe2−e1Þ þ u1ðtÞ
_e2 ¼ 28e2−y1y3 þ x1x3 þ u2ðtÞ
_e3 ¼ y1y2−x1x2−3e3 þ u3ðtÞ

(33)

If we introduce the matrices

A ¼
−35 35 0
0 14:5 0
0 0 −3

0
@

1
A, Lðx, yÞ ¼

0
−y1y3 þ x1x3
y1y2−x1x2

0
@

1
A, u ¼

u1ðtÞ
u2ðtÞ
u3ðtÞ

0
@

1
A: (34)

and selecting the matrix B such that ðA,BÞ is controllable: B ¼ I, the LQR controller is obtained
by using weighting matrices Q ¼ I and R ¼ B⊺B ¼ I. Then, state-feedback matrix is given by

K ¼
0:0143 0:0101 0
0:0101 29:0587 0

0 0 0:1623

0
@

1
A (35)

From the formerly said, we now present simulations made for the synchronized system of Lü
and for the system also synchronized, but after the transformation of its linear part. All
simulations here presented were made inMatlab software. In Figure 1, we show the trajectories
of the master system of Lü. Each line represents one trajectory of the system along the time,
taking an initial condition of ð1, 1, 1Þ.
For the case of Figure 3, we show the trajectories of the slave system of Lü. As it was in the first
case, each line represents one trajectory of the system along the time, taking a initial condition
as ð3, 3, 3Þ. Figures 2 and 4 are phase space mappings of each system while maintaining the
same initial condition.

On the other hand, in Figure 5, we can see the error magnitude between master and slave
systems. Phase space of synchronization of the master and slave systems in Figure 6 is
presented. Now, we shall present a system showing modifications performed on the Lü
attractor. The modified Lü master and slave systems linear and nonlinear parts may be defined
as follows:

_x ¼ ðT∘AÞxþ ½ 0 −x1x3 x1x2 0 −x4x6 x4x5 �⊺
_y ¼ ðT∘AÞyþ ½ 0 −y1y3 y1y2 0 −y4y6 y4y5 �⊺ þ u (36)

Considering the error vector e ¼ y−x, then the error dynamics can be written as:

_e ¼ ðT∘AÞeþ Lðx, yÞ þ u (37)

with u ¼ −Lðx, yÞ þ v and v ¼ −ðT∘BKÞe and
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Figure 1. Master system of Lü.

Figure 2. Master system of Lü.
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Figure 2. Master system of Lü.
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Figure 3. Slave system of Lü.

Figure 4. Slave system of Lü.
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Figure 5. Magnitude of the error between the master and the slave systems.

Figure 6. Synchronization of master and slave system of Lü.
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Figure 6. Synchronization of master and slave system of Lü.
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A ¼
−35 35 0
0 14:5 0
0 0 −3

0
@

1
A,T ¼ 1 1

0 1

� �
,B ¼ ½111111�⊺,

Lðx, yÞ ¼ ½ 0 −y1y3 þ x1x3 y1y2−x1x2 0 −y4y6 þ x4x6 y4y5−x4x5 �⊺
(38)

Now, the LQR controller is obtained by using weighting matrices, B ¼ IQ ¼ I and R ¼ B⊺B ¼ I.
So the vector Lðx, yÞ takes these values because T is an upper triangular matrix and the value
one on the diagonal is repeated.

T∘A ¼

−35 35 −35 35 0 0
0 14:5 0 14:5 0 0
0 0 −35 35 0 0
0 0 0 14:5 0 0
0 0 0 0 −3 −3
0 0 0 0 0 −3

0
BBBBBB@

1
CCCCCCA

(39)

K ¼

0:0143 0:0101 0 −0:0071 0:0050 0
0:0101 23:3051 0 −0:0151 11:5941 0

0 0 0:1614 0 0 −0:0757
−0:0071 −0:0151 0 0:0214 0:0050 0
0:0050 11:5941 0 0:0050 34:8411 0

0 0 −0:0757 0 0 0:2324

0
BBBBBB@

1
CCCCCCA

(40)

Figure 7. Transformation of the master system of Lü.
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Figure 8. Phase space of the transformation of the master system of Lü.

Figure 9. Transformation of the slave system of Lü.
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Figure 8. Phase space of the transformation of the master system of Lü.

Figure 9. Transformation of the slave system of Lü.
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Figure 10. Phase space of the transformation of the slave system of Lü.

Figure 11. Magnitude of the error between the transformation of master and slave systems.
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After the transformation in its linear part of Lü attractor, we also have several simulations
allowing us to analyze the dynamics of the transformed system. In Figure 7, we present the
trajectories of the transformation of the master system of Lü. Each line represents one trajec-
tory of the system along with the time taking an initial condition of ð0:5, 0:5, 0:5, 0:5, 0:5, 0:5Þ.
For the case of Figure 9, we show the trajectories of the transformation of the slave system of
Lü. Each line represents one trajectory of the system also, along the time, taking an initial
condition of ð3, 3, 3, 3, 3, 3Þ. Figures 8 and 10 are the phase space mappings of each transformed
system while maintaining the same initial condition. By last, in Figure 11, we can see the error
magnitude of the transformation of synchronized system. A phase space mapping of the
transformation of synchronized system is presented in Figure 12.

6. Conclusion

We have studied the preservation of stability of a chaotic dynamic system, from an extension
of the stable-unstable manifold theorem and an extension of the center manifold theorem
based on the preservation of the linear part in nonlinear dynamical systems. However, we
can check that given a chaotic system, its transformed version is also chaotic. A scheme
consisting of a master-slave system for which a controller gain is obtained using a linear-
quadratic regulator has been presented and synchronization is achieved and preserved even

Figure 12. Synchronization of the transformation of the master and slave systems of Lü.
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after the master-slave controller is transformed, obtaining as a consequence that the chaotic
system changes to an higher dimension. It is important to note the transformation of the linear
part of the chaotic system from Tracy-Singh product in which it was used to modify a Lü
system, showing the effectiveness of the proposed method. The results can be extended to
other techniques for feedback design, for example, adaptive control, sliding mode regulator
and etcetera.
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Abstract

This chapter exposes the important connection between ratio control and the state
control reflecting equality constraint for linear discrete-time systems, which allows
significant reduction in computational complexity and efforts. Based on an enhanced
bounded real lemma form, to outperform known approaches, the existence of the state
feedback for such defined singular task is proven, and the design procedure based on
the linear matrix inequalities is provided. The proposed principle, guaranteeing feasibil-
ity of the set of inequalities, improves steady-state accuracy of the ratio control and
essentially reduces the design effort. The approach is illustrated on simulation examples,
where the validity of the proposed method is demonstrated.

Keywords: discrete-time systems, ratio control, state feedback, equality constraint, sin-
gular systems, linear matrix inequalities

1. Introduction

The problem of the ratio feedback control is one of the specific topics in the theory of control
synthesis. It is well practically motivated by applied realizations but not favorable developed
in a state control technique or in combination with the state estimation theory. However, a
considerable number of problems in the ratio control design have to deal with systems
subjected to constraint conditions, which are other than linear, or directly formulated as
singular constrained tasks. In the typical case [1, 2] where the system state reflects certain
physical entities, constraints usually prescribe the system state, the region of technological
conditions. If the ratio control is not formulated as a task with the equality constraints, the
application requires further procedures of controlling the evolution of the set-valued ratio.
Notably, a special form of the problems can be defined while the system state variables satisfy
constraints and interpreted as descriptor systems [3–6]; but, the system with state equality
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constraints generally does not satisfy the conditions under which the results of descriptor
systems can be used. Moreover, if the design task is interpreted as a singular problem, con-
straint associated methods have to be developed to design the controller.

In principle, it is possible to design the controller that stabilizes a system and simultaneously
forces its closed-loop properties to satisfy given constraints [7, 8]. Following the idea of linear
quadratic (LQ) control application, these approaches heavily rely on set-valued calculus as
well as on min-max theory [9, 10], which are not simple and lead to rather cumbersome
technical and numerical procedures. A more simple technique, using equality constraints
formulation for discrete-time multiinput/multioutput (MIMO) systems, is introduced in Refs.
[11, 12]. Based on the eigenstructure assignment principle, a slight modification of equality
constraint technique is presented in Ref. [13].

Many tasks that arise in state-feedback control formulation can be reduced to standard convex
problems that involve matrix inequalities. Generally, optimal solutions of such problems can
be computed by using the interior point method [14], which converges in polynomial time
with respect to the problem size. A review of the progress made in this field can be found in
Refs. [15–17] and the references therein. In the given sense, the stability conditions are
expressed in terms of linear matrix inequalities (LMI), which have a notable practical interest
due to the existence of numerical LMI solvers [18, 19].

The chapter devotes the design conditions to obtain a closed-loop system in which minimally
two state variables are rebind by the prescribed ratio. The generalized ratio control principle is
reformulated as the full-state feedback control with one equality constraint. Solving this
problem, the technique for an enhanced BRL representation [20, 21] is exploited, to circumvent
potentially ill-conditioned singular task concerning the discrete-time systems control design
with state equality constraints [22]. Due to application of the enhanced BRL, which decouple
the Lyapunov matrix and the system matrices, the design task stays well-conditioned. These
conditions impose such control that assures asymptotic stability for time-invariant discrete
control under defined equality constraints. The presented way, based on projecting the target
state variables into a subset of the system state space, adapts the idea of performing the LQ
control principle in the fault tolerant control and the constraint control of discrete-time sto-
chastic systems [23, 24].

The outline of this chapter is as follows. Continuing the introduction outlines in Section 1, the
problem formulation is principally presented in Section 2. Section 3 is dedicated to the math-
ematical backgrounds supporting the problem solution and the exploited discrete-time LMI
modifications are given in Section 4. These results are used in Section 5 to examine the
linearization problems in bilinear matrix inequalities, so that in Section 5, these results can be
given with convex formulation of control design condition, guaranteeing a feasible solution of
the generally singular design task. Subsequently, numerical examples to illustrate basic prop-
erties of the proposed method are presented in Section 6, and Section 7 is finally devoted to a
brief concluding remarks.

Throughout the chapter, the following notations are used: xT and XT denote the transpose of
the vector x and matrix X, respectively, for a square matrix X < 0 that X is a symmetric
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technical and numerical procedures. A more simple technique, using equality constraints
formulation for discrete-time multiinput/multioutput (MIMO) systems, is introduced in Refs.
[11, 12]. Based on the eigenstructure assignment principle, a slight modification of equality
constraint technique is presented in Ref. [13].

Many tasks that arise in state-feedback control formulation can be reduced to standard convex
problems that involve matrix inequalities. Generally, optimal solutions of such problems can
be computed by using the interior point method [14], which converges in polynomial time
with respect to the problem size. A review of the progress made in this field can be found in
Refs. [15–17] and the references therein. In the given sense, the stability conditions are
expressed in terms of linear matrix inequalities (LMI), which have a notable practical interest
due to the existence of numerical LMI solvers [18, 19].

The chapter devotes the design conditions to obtain a closed-loop system in which minimally
two state variables are rebind by the prescribed ratio. The generalized ratio control principle is
reformulated as the full-state feedback control with one equality constraint. Solving this
problem, the technique for an enhanced BRL representation [20, 21] is exploited, to circumvent
potentially ill-conditioned singular task concerning the discrete-time systems control design
with state equality constraints [22]. Due to application of the enhanced BRL, which decouple
the Lyapunov matrix and the system matrices, the design task stays well-conditioned. These
conditions impose such control that assures asymptotic stability for time-invariant discrete
control under defined equality constraints. The presented way, based on projecting the target
state variables into a subset of the system state space, adapts the idea of performing the LQ
control principle in the fault tolerant control and the constraint control of discrete-time sto-
chastic systems [23, 24].

The outline of this chapter is as follows. Continuing the introduction outlines in Section 1, the
problem formulation is principally presented in Section 2. Section 3 is dedicated to the math-
ematical backgrounds supporting the problem solution and the exploited discrete-time LMI
modifications are given in Section 4. These results are used in Section 5 to examine the
linearization problems in bilinear matrix inequalities, so that in Section 5, these results can be
given with convex formulation of control design condition, guaranteeing a feasible solution of
the generally singular design task. Subsequently, numerical examples to illustrate basic prop-
erties of the proposed method are presented in Section 6, and Section 7 is finally devoted to a
brief concluding remarks.

Throughout the chapter, the following notations are used: xT and XT denote the transpose of
the vector x and matrix X, respectively, for a square matrix X < 0 that X is a symmetric
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negative definite matrix, the symbol In represents the nth order unit matrix, Y ⊝1 denotes the
Moore-Penrose pseudoinverse of a nonsquare Y, ∥ � ∥ represents the Euclidean norm for vectors
and the spectral norm for matrices, IR denotes the set of real numbers and IRn × r the set of all
n × r real matrices.

2. Problem formulation

Through this chapter, the task is concerned with design of the full-state feedback control to
discrete-time linear dynamic systems in such a way that the closed-loop system state variables
are constrained in the prescribed ratio. The systems are defined by the set of state equations

q iþ 1ð Þ ¼ Fq ið Þ þGu ið Þ; (1)

y ið Þ ¼ Cq ið Þ; (2)

where q(i) ∈ IRn is the vector of the state variables, u(i) ∈ IRr is the vector of the input variables,
y(i)∈ IRm is the vector of the output variables, and nominal systemmatrices F∈ IRn × n,G ∈ IRn × r,
and C ∈ IRm × n are real matrices, and i ∈ Z+.

The discrete transfer function matrix of dimension m × r, associated with the system Eqs. (1)
and (2) is defined as

H zð Þ ¼ C zI � Fð Þ�1G ¼ ~y zð Þ
~u zð Þ (3)

where In ∈ IRn × n is the identity matrix, ỹ(z) and ũ(z) stand for the Z transform of m dimen-
sional output vector and r dimensional input vector, respectively, and a complex number z is
the transform variable of the Z transform [25].

In practice, the ratio control maintains the relationship between two state variables [26, 27] and
is defined for all i ∈ Z as

qh iþ 1ð Þ
qk iþ 1ð Þ ¼ ah ) qh iþ 1ð Þ � ahqk iþ 1ð Þ ¼ 0 : (4)

Assuming the parameter vector eh, the task can be expressed by using the system state vector
q(i + 1) as

eTh q iþ 1ð Þ ¼ 0; (5)

where

eTh ¼ 01 ⋯ 1h ⋯ �ah ⋯ 0n½ �; (6)

qT iþ 1ð Þ ¼ q1 iþ 1ð Þ ⋯ qh iþ 1ð Þ ⋯ qk iþ 1ð Þ ⋯ qn iþ 1ð Þ� �
: (7)

It is evident that the generalized ratio control can be defined by a composed structure of e, as
well as by a structured matrix E [28].
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The task formulated above means the design problem that can be generally defined as the
stable closed-loop system synthesis using the linear full-state feedback controller of the form

u ið Þ ¼ �Kq ið Þ; (8)

where K ∈ IRr × n is the controller feedback gain matrix, and the design constraint is considered
in the general matrix equality form

Eq iþ 1ð Þ ¼ 0; (9)

with E ∈ IRp × n, rank E = p ≤ r. In general, the matrix E reflects prescribed fixed ratio of two or
more state variables. The equality Eq. (9) evidently impliesΛEq(i + 1) = 0, whereΛ ∈ IRp × p is an
arbitrary matrix.

It is considered in the following the discrete-time system is controllable and observable that is,
rank zI � F,Gð Þ ¼ n ∀z∈ C and rank zI � FT ,CT� � ¼ n ∀z∈ C, respectively [29], and that all
state variables are measurable.

3. Basic preliminaries

Proposition 1. (Matrix pseudoinverse) Let Θ is a matrix variable and A, B, and Π are known
nonsquare matrices of appropriate dimensions such that

AΘB ¼ Π: (10)

Then all solution to Θ means that

Θ ¼ A⊝1ΛB⊝1 þΘ° � A⊝1AΘ°BB⊝1; (11)

where

A⊝1 ¼ AT AAT� ��1
, B⊝1 ¼ BTB

� ��1
BT ; (12)

while A⊝ 1 is the left Moore-Penrose pseudoinverse of A, B⊝ 1 is the right Moore-Penrose pseudoinverse
of B and Θ° is an arbitrary matrix of appropriate dimension.

Proof. (see, e.g., Ref. [15])

Proposition 2. Let Ξ ∈ IRn × n is a real square matrix with nonrepeated eigenvalues, satisfying the
equality constraint

eTΞ ¼ 0; (13)

then one from its eigenvalues is zero, and the (normalized) vector eT is the left raw eigenvector of Ξ
associated with the zero eigenvalue.
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Proof. If Ξ ∈ IRn × n is a real square matrix satisfying the above given eigenvalues limitation,
then the eigenvalue decomposition of Ξ takes the following form

Ξ ¼ NΣMT ; (14)

N ¼ n1 ⋯ nn½ �, M ¼ m1 ⋯ mn½ �, MTN ¼ I, Σ ¼ diag z1 ⋯ zn½ �; (15)

where nl is the right eigenvector andmT
l is the left eigenvector associated with the eigenvalue zl

of Ξ, and {zl, l = 1, 2,…n} is the set of the eigenvalues of Ξ. Then Eq. (13) can be rewritten as
follows:

0 ¼ eT n1 ⋯ nh ⋯ nn½ �diag z1 ⋯ zh ⋯ zn½ �MT : (16)

If eT ¼ mT
h , then orthogonal property Eq. (15) implies

0 ¼ 01 ⋯ 1h ⋯ 0n½ �diag z1 ⋯ zh ⋯ zn½ �MT (17)

and it is evident that Eq. (17) can be satisfied only if zh = 0. This concludes the proof. □

Proposition 3. (Quadratic performance) Given a stable system of the structure Eqs. (1) and (2), then it
yields

X∞

l¼0

yT lð Þy lð Þ � γ2
∞u

T lð Þu lð Þ� �
> 0; (18)

where γ∞ ∈ IR is the H∞ norm of the transfer function matrix of the system Eq. (3).

Proof. Since Eq. (3) implies

~y zð Þ ¼ H zð Þ~u zð Þ; (19)

then, evidently,

jj~y zð Þjj ≤ jjH zð Þjj2jj~u zð Þjj; (20)

where ∥ H(z) ∥ is H2 norm of the discrete transfer function matrix H(z).

Since the H∞ norm property states

1ffiffiffiffi
m

p ∥H zð Þ∥∞ ≤ ∥H zð Þ∥2 ≤
ffiffi
r

p
∥H zð Þ∥∞; (21)

using the notation ∥ H(z) ∥∞ = γ∞, then Eq. (21) can be naturally rewritten as

1ffiffiffiffi
m

p ≤ 1 <
1
γ∞

∥~y zð Þ∥
∥~u zð Þ∥ ≤

1
γ∞

∥H zð Þ∥2 ≤
ffiffi
r

p
: (22)

Thus, based on the Parseval’s theorem, Eq. (22) gives
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1 <
∥~y zð Þ∥

γ∞∥~u zð Þ∥ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX∞

i¼0

yT ið Þy ið Þ
s

γ∞

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX∞

i¼0

uT ið Þu ið Þ
s (23)

and using squares of the elements, the inequality Eq. (23) subsequently results in

X∞

i¼0

yT ið Þy ið Þ � γ2
∞

X∞

i¼0

uT ið Þu ið Þ > 0: (24)

Thus, Eq. (24) implies Eq. (18). This concludes the proof. □

If it is not in contradiction with other design constraints, Eq. (18) can be used as the extension
to a Lyapunov function candidate for linear discrete-time systems, since it is positive.

4. Quadratic performances

The above presented assumptions are imposed to obtain LMI structures exploiting H∞ norm,
known as the bounded real lemma LMIs. To simplify proofs of theorems in following, proof
sketches of the BRL are presented, since more versions of BRL can be constructed.

Proposition 4. (Bounded real lemma) The autonomous system Eqs. (1) and (2) is stable with the
quadratic performance γ∞, if there exist a symmetric positive definite matrix P ∈ IRn × n and a positive
scalar γ∞ ∈ IR such that

P ¼ PT > 0, γ∞ > 0; (25)

�P ∗ ∗ ∗
FTP �P ∗ ∗
GTP 0 �γ∞Ir ∗
0 C 0 �γ∞Im

2
664

3
775 < 0; (26)

where Ir ∈ IRr × r and Im ∈ IRm × m are identity matrices, respectively.

Hereafter, ∗ denotes the symmetric item in a symmetric matrix.

Proof. (compare, e.g., Refs. [16] and [23]) Defining the Lyapunov function candidate as follows:

v q ið Þð Þ ¼ qT ið ÞPq ið Þ þ γ�1
∞

Xi�1

l¼0

yT lð Þy lð Þ � γ2
∞u

T lð Þu lð Þ� �
> 0; (27)

then Eq. (18) implies that with the H∞ norm γ∞ of the transform function matrix Eq. (3), the
inequality Eq. (27) is positive. The forward difference of Eq. (27) along a solution of the
autonomous system Eq. (1) can be written as
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Δv q ið Þð Þ ¼ v q iþ 1ð Þð Þ � v q ið Þð Þ
¼ qT iþ 1ð ÞPq iþ 1ð Þ � qT ið ÞPq ið Þ þ γ�1

∞ yT ið Þy ið Þ � γ∞u
T ið Þu ið Þ < 0 (28)

and, using the description of the state system Eqs. (1) and (2), the inequality Eq. (28) becomes

Δv q ið Þð Þ ¼ qT ið Þ γ�1
∞ CTC � Pþ FTPF

� �
q ið Þ þ uT ið ÞGTPFq ið Þ

þqT ið ÞFTPGu ið Þ þ uT ið Þ GTPG� γ∞Ir
� �

u ið Þ < 0:
(29)

Thus, introducing the notation

qTc ið Þ ¼ qT ið Þ uT ið Þ� �
; (30)

it is obtained

Δv qc ið Þ� � ¼ qTc ið ÞPcqc ið Þ < 0; (31)

where

Pc ¼ FTPF þ γ�1
∞ CTC � P FTPG

GTPF GTPG� γ∞Ir

� �
< 0: (32)

Since, using the Schur complement property with respect to the matrix element γ�1
∞ CTC,

Eq. (32) can be rewritten as

Pc ¼
�P 0 CT

0 �γ∞Ir 0
C 0 �γ∞Im

2
4

3
5þ

FTP
GTP
0

2
4

3
5P�1 PF PG 0½ � < 0; (33)

then, applying the dual Schur complement property, Eq. (33) implies Eq. (26). This concludes
the proof. □

Direct application of the second Lyapunov method [30, 31] and BRL in the structure given by
Eqs. (25) and (26) for affine uncertain systems as well as in constrained control design is in
general ill-conditioned owing to singular design conditions [13]. To circumvent this problem,
an enhanced LMI representation of BRL is proposed, where design condition proof is based on
another form of LMIs.

Proposition 5. (Enhanced LMI representation of BRL) The autonomous system Eqs. (1) and (2) is
stable with the quadratic performance γ∞, if there exist a symmetric positive definite matrix P ∈ IRn × n,
a regular square matrix Q ∈ IRn × n, and a positive scalar γ∞ ∈ IR such that

P ¼ PT > 0 , γ∞ > 0 ; (34)

Y ¼
P�Q�QT ∗ ∗ ∗

FTQT �P ∗ ∗
GTQT 0 �γ∞Ir ∗

0 C 0 �γ∞Im

2
664

3
775 < 0; (35)

where Ir ∈ IRr × r and Im ∈ IRm × m are identity matrices.
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Proof. Since, Eq. (1) can be rewritten as

Fq ið Þ þGu ið Þ � q iþ 1ð Þ ¼ 0; (36)

with an arbitrary square matrix Q ∈ IRn × n, it yields

qT iþ 1ð ÞQ Fq ið Þ þGu ið Þ � q iþ 1ð Þð Þ ¼ 0: (37)

Now, not substituting Eq. (1) into Eq. (28), but adding Eq. (37) and its transposition to Eq. (28),
it can be obtained that

Δv q ið Þð Þ ¼ qT iþ 1ð ÞPq iþ 1ð Þ � qT ið ÞPq ið Þ þ γ�1
∞ yT ið Þy ið Þ � γ∞u

T ið Þu ið Þ
þ Fq ið Þ þGu ið Þ � q iþ 1ð Þð ÞTQTq iþ 1ð Þ
þ qT iþ 1ð ÞQ Fq ið Þ þGu ið Þ � q iþ 1ð Þð Þ < 0:

(38)

Thus, considering Eq. (2), then Eq. (38) can be rewritten as

q°T ið ÞP°q° ið Þ < 0; (39)

where

q°T ið Þ ¼ qT ið Þ qT iþ 1ð Þ uT ið Þ� �
(40)

and

P° ¼
�Pþ γ�1

∞ CTC FTQT 0

QF P�Q�QT QG

0 GTQT �γ∞Ir

2
664

3
775 < 0: (41)

Since Eq. (41) can be written as

P° ¼
�P FTQT 0

QF P�Q�QT QG

0 GTQT �γ∞Ir

2
64

3
75þ γ�1

∞

CT

0
0

2
4

3
5 C 0 0½ � < 0; (42)

then, using the dual Schur complement property, Eq. (43) can be transformed in the form

�γ∞Im C 0 0

CT �P FTQT 0

0 QF P�Q�QT QG

0 0 GTQT �γ∞Ir

2
66664

3
77775
< 0: (43)

To obtain a LMI structure visually comparable with Eq. (26), the following block permutation
matrix is defined
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Ta° ¼
0 0 In 0
0 In 0 0
0 0 0 Ir
Im 0 0 0

2
664

3
775: (44)

Then, premultiplying the left side of Eq. (43) by Ta° and postmultiplying the right side of
Eq. (43) by the transposition of Ta° lead to the inequality in Eq. (35). This concludes the proof.□

It is evident that Lyapunov matrix P is separated from the matrix parameters of the system F,
G, and C, i.e., there are no terms containing the product of P and any of them. By introducing
the slack variable matrixQ, the product forms are relaxed to new productsQF andQG, where
Q needs not be symmetric and positive definite. This enables a robust BRL, which can be
obtained to deal with linear systems with parametric uncertainties, as well as with singular
system matrices.

Considering a symmetric positive definite matrixQ∈ IRn × n, the following symmetric enhanced
LMI representation of BRL is evidently obtained.

Corollary 1. (Enhanced symmetric LMI representation of BRL) The autonomous system Eqs. (1) and
(2) is stable with the quadratic performance γ∞, if there exist symmetric positive definite matrices
P, Q ∈ IRn × n and a positive scalar γ∞ ∈ IR such that

P ¼ PT > 0, Q ¼ QT > 0, γ∞ > 0; (45)

P� 2Q ∗ ∗ ∗
FTQ �P ∗ ∗
GTQ 0 �γ∞Ir ∗
0 C 0 �γ∞Im

2
66664

3
77775
< 0; (46)

where Ir ∈ IRr × r, Im ∈ IRm × m are identity matrices.

Note, Corollary 1 provides the identical condition of existence to Proposition 4, if the equality
P = Q is set.

5. Control law parameter design

The state-feedback control problem is finding, for an optimized (or prescribed) scalar γ> 0, the
state-feedback gain K such that the control law guarantees an upper bound of γ∞ of the closed-
loop transfer function, while the closed-loop is stable. Note, all the above presented BRL
structures applied in the control law synthesis lead to bilinear matrix inequalities and have to
be linearized.

Theorem 1. System Eqs. (1) and (2) under control Eq. (3) is stable with quadratic performance γ∞, if
there exist a positive definite symmetric matrix R ∈ IRn × n, a matrix Y ∈ IRr × n, and a positive scalar
γ∞ ∈ IR such that
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R ¼ RT > 0, γ∞ > 0; (47)

�R ∗ ∗ ∗
RFT � YTGT �R ∗ ∗

GT 0 �γ∞Ir ∗
0 CR 0 �γ∞Im

2
664

3
775 < 0: (48)

When these inequalities are satisfied, the control law gain matrix is given as

K ¼ YR�1: (49)

Proof. Since P is positive definite, the transform matrix T∞ can be defined as follows:

T∞ ¼ diag R R Ir Im½ �, R ¼ P�1: (50)

Then, premultiplying the left side of Eq. (35) and postmultiplying the right side of Eq. (35) by
T∞ gives

�R FR G 0
RFT �R 0 RCT

GT 0 �γ∞Ir 0
0 CR 0 �γ∞Im

2
664

3
775 < 0: (51)

Inserting F ← Fc = (F � GK) into Eq. (51) gives

�R F �GKð ÞR G 0
R F �GKð ÞT �R 0 RCT

GT 0 �γ∞Ir 0
0 CR 0 �γ∞Im

2
664

3
775 < 0 (52)

and with

Y ¼ KR (53)

Eq. (53) implies Eq. (48). This concludes the proof. □

Theorem 2. System Eqs. (1) and (2) under control Eq. (3) is stable with quadratic performance γ∞, if
there exist positive definite symmetric matrices S,O ∈ IRn × n, a matrix Y ∈ IRr × n, and a positive scalar
γ∞ ∈ IR such that

S ¼ ST > 0, O ¼ OT > 0, γ∞ > 0; (54)

O� 2S ∗ ∗ ∗
SFT � YTGT �O ∗ ∗

GT 0 �γ∞Ir ast
0 CS 0 �γ∞Im

2
664

3
775 < 0: (55)

When these inequalities are satisfied, the control law gain matrix is given as
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R ¼ RT > 0, γ∞ > 0; (47)

�R ∗ ∗ ∗
RFT � YTGT �R ∗ ∗

GT 0 �γ∞Ir ∗
0 CR 0 �γ∞Im

2
664

3
775 < 0: (48)

When these inequalities are satisfied, the control law gain matrix is given as

K ¼ YR�1: (49)
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�R FR G 0
RFT �R 0 RCT

GT 0 �γ∞Ir 0
0 CR 0 �γ∞Im

2
664

3
775 < 0: (51)
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�R F �GKð ÞR G 0
R F �GKð ÞT �R 0 RCT

GT 0 �γ∞Ir 0
0 CR 0 �γ∞Im

2
664

3
775 < 0 (52)

and with

Y ¼ KR (53)

Eq. (53) implies Eq. (48). This concludes the proof. □
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2
664

3
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Dynamical Systems - Analytical and Computational Techniques86

K ¼ YS�1: (56)

Proof. Considering that Q is positive definite, the transform matrix T ∘
∞ can be defined as

follows:

T ∘
∞ ¼ diag S S Ir Im½ �, S ¼ Q�1: (57)

Therefore, premultiplying the left side of Eq. (46) and postmultiplying the right side of Eq. (46)
by the matrix T∘

∞ gives

SPS� 2S FS G 0
SFT �SPS 0 SCT

GT 0 �γ∞Ir 0
0 CS 0 �γ∞Im

2
6664

3
7775 < 0: (58)

Substituting F ← Fc = (F � GK) into Eq. (58) gives

SPS� 2S F �GKð ÞS G 0

S F �GKð ÞT �SPS 0 SCT

GT 0 �γ∞Ir 0
0 CS 0 �γ∞Im

2
6664

3
7775 < 0: (59)

and with

Y ¼ KQ, O ¼ SPS; (60)

Eq. (59) implies Eq. (55). This concludes the proof. □

6. Ratio control design

Using the control law Eq. (3), the closed-loop system equations take the form

q iþ 1ð Þ ¼ F �GKð Þq ið Þ; (61)

y ið Þ ¼ Cq ið Þ: (62)

Prescribed by a matrix E ∈ IRp × n, rank E = p ≤ r, it is considered the design constraint Eq. (9) for
all nonzero natural numbers i. From Proposition 2, it is clear that such kind of design is a
singular task, where Eq. (9) gives

Eq iþ 1ð Þ ¼ E F �GKð Þq ið Þ ¼ 0; (63)

which evidently implies

E F �GKð Þ ¼ 0: (64)
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Evidently, the equality

EF ¼ EGK (65)

can be satisfied, as well as the closed-loop system matrix Fc = F � GK has to stable (all its
eigenvalues are from the unit circle in the complex plane Z).

Lemma 1.The equivalent state-space description of the system Eqs. (1) and (2) under control Eq. (3),
in which closed-loop state variables satisfying the condition Eq. (9) is

q iþ 1ð Þ ¼ F �GKð Þq ið Þ; (66)

y ið Þ ¼ Cq ið Þ; (67)

where

K ¼ J þ LK∘, J ¼ EGð Þ⊝1EF, L ¼ Ir � EGð ÞT EG EGð ÞT
� ��1

EG (68)

while L ∈ IRr × r is the projection matrix (the orthogonal projector of EG onto the null space N EG [23])
and K° ∈ IRr × n is the ratio control gain matrix.

Proof. Premultiplying the left side of Eq. (65) by the identity matrix, it yields

EG EGð ÞT EG EGð ÞT
� ��1

EF ¼ EGK; (69)

which implies the particular solution

K ¼ EGð Þ⊝1EF; (70)

where

EGð Þ⊝1 ¼ EGð ÞT EG EGð ÞT
� ��1

(71)

is the left Moore-Penrose pseudoinverse of EG.

Using the equality Eq. (65), then Eq. (69) can be also written as

EG EGð ÞT EG EGð ÞT
� ��1

EGK ¼ EGK; (72)

which implies

EG Ir � EGð ÞT EG EGð ÞT
� ��1

EG
� �

K ¼ 0; (73)

EG Ir � EGð Þ⊝1EG
� �

K ¼ 0; (74)
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respectively, where Ir ∈ IRp × p is the identity matrix. It is evident that Eq. (74) can be satisfied
only if

Ir � EGð Þ⊝1EG ¼ 0: (75)

Thus, Eq. (11) implies all solutions of K as follows

K ¼ EGð Þ⊝1EF þ Ir � EGð Þ⊝1EG
� �

K°; (76)

where K° is an arbitrary matrix with appropriate dimension, and evidently Eq. (76) gives
Eq. (68). This concludes the proof. □

Considering the model involving the given ratio constraint on the closed-loop system state
variables Eqs. (66)–(68), the design conditions are presented in the following theorems.

Theorem 3. System Eqs. (1) and (2) under the control (3), and satisfying the constraint Eq. (4) is
stable with the quadratic performance γ∞, if there exist positive definite matrices S,O ∈ IRn × n, a matrix
Y° ∈ IRr × n, and a positive scalar γ∞ ∈ IR such that

S ¼ ST > 0, O ¼ OT > 0, γ∞ > 0; (77)

O� 2S ∗ ∗ ∗
S F �GJð ÞT � Y°TLTGT �O ∗ ∗

GT 0 �γ∞Ir ∗
0 CS 0 �γ∞Im

2
66664

3
77775
< 0: (78)

When these inequalities are satisfied, the control law gain matrices are given as

K° ¼ Y°S�1, K ¼ J þ LK°; (79)

where J, L are defined in Eq. (68).

Proof. Substituting Eq. (68) into Eq. (59) gives

O� 2S F �GL�GLK°ð ÞS G 0

S F �GJ �GLK°ð ÞT �O 0 SCT

GT 0 �γ∞Ir 0
0 CS 0 �γ∞Im

2
6664

3
7775 < 0: (80)

Using the notation

Y° ¼ K°S (81)

Eq. (80) implies Eq. (78). This concludes the proof. □

The ratio control does not exclude a forced regime given by the control law
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u ið Þ ¼ �Kq ið Þ þWw ið Þ; (82)

wherew(i) ∈ IRm is desired output signal vector andW ∈ IRm × m is the signal gain matrix. Using
the static decoupling principle, the conditions to design the signal gain matrix W can be
proven.

Lemma 2. If the system Eqs. (1) and (2) is square, which is stabilizable by the control policy Eq. (82)
and Ref. [32]

rank F G
C 0

� �
¼ nþm; (83)

then the matrix W takes the form

W ¼ C In � F �GKð Þð Þ�1G
� ��1

; (84)

where In ∈ IRn × n is the identity matrix.

Proof. In a steady state, the system equations Eqs. (1) and (2), and the control law Eq. (82) imply

qo ¼ F �GKð Þqo þGWwo; (85)

where qo, wo are the steady-state values of the vectors q(i), w(i), respectively. Since from
Eq. (85), it can be derived that

qo ¼ In � F �GKð Þð Þ�1GWwo (86)

and

yo ¼ C In � F �GKð Þð Þ�1GWwo; (87)

considering yo = wo, Eq. (87) implies Eq. (84). This concludes the proof. □

Theorem 4. If the closed-loop system state variables satisfy the state constraint Eq. (63), then the
common state variable vector qd(i) = Eq(i), qd(i) ∈ IRk attains the steady-state value

qdw ¼ EGWwo: (88)

Proof. Using the control policy Eq. (82), then

Eq iþ 1ð Þ ¼ E F �GKð Þq ið Þ þ EGWw ið Þ: (89)

Since K satisfies Eq. (65), then Eq. (89) implies

Eq iþ 1ð Þ ¼ EGWw ið Þ (90)

and it is evident that the tied state variable qd(i) of the closed-loop system in a steady state is
proportional to the steady state of the desired signal wo and takes the value Eq. (88). This
concludes the proof. □
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7. Illustrative examples

To demonstrate properties of proposed approach, the classical example for a helicopter control
[33] is taken, where the discrete-time state-space representation Eqs. (1) and (2) for the sam-
pling period Δt = 0.05s consists of the following parameters

F ¼
0:9982 0:0013 0:0004 �0:0229
0:0023 0:9507 �0:0048 �0:1962
0:0049 0:0176 0:9670 0:0679
0:0001 0:0004 0:0492 1:0017

2
664

3
775, G ¼

0:0221 0:0086
0:1733 �0:3705

�0:2697 0:2173
�0:0068 0:0055

2
664

3
775,

C ¼ 0 1 0 0
1 0 0 0

� �
: (91)

The state constraint, defining the ratio control of two state system variables, is specified as

q4 tð Þ
q1 tð Þ ¼ 1:5 ) E ¼ �1:5 0 0 1½ � (92)

and subsequently it yields

EGð Þ⊝1 ¼ �24:1737
�4:4828

� �
, L ¼ 0:0332 �0:1793

�0:1793 0:9668

� �
; (93)

J ¼ 36:1914 0:0372 �1:1753 �25:0447
6:7113 0:0069 �0:2179 �4:6443

� �
: (94)

Solving Eqs. (77) and (78) using self-dual-minimization (SeDuMi) package for Matlab [19], the
feedback gain matrix design problem in the constrained control is feasible with the results

O ¼
2:9027 0:2117 0:1103 �1:7595
0:2117 1:3174 �0:1751 �0:1245
0:1103 �0:1751 0:4162 0:0060

�1:7595 �0:1245 0:0060 3:2464

2
664

3
775,

S ¼
2:4910 0:1375 0:0792 �1:4957
0:1375 1:0779 �0:0910 �0:0030
0:0792 �0:0910 0:3735 �0:0348

�1:4957 �0:0030 �0:0348 3:0926

2
664

3
775; (95)

Y° ¼ �2:2113 0:2435 �0:0819 1:4281
11:9245 �1:3129 0:4416 �7:7011

� �
, γ∞ ¼ 8:5565: (96)

Inserting Y° and S into Eq. (79), the gain matrix K° is computed as
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K° ¼ �0:8887 0:3441 0:0562 0:0329
4:7926 �1:8555 �0:3028 �0:1775

� �
(97)

and Eq. (79) implies the full-state feedback gain matrix values

K ¼ 35:3027 0:3813 �1:1191 �25:0117
11:5040 �1:8486 �0:5208 �4:8217

� �
: (98)

It can be easily verified that the closed-loop system matrix takes the format

Fc ¼ F �GK ¼
0:1179 0:0088 0:0296 0:5722

�1:8528 0:1997 �0:0038 2:3515
7:0258 0:5223 0:7783 �5:6297
0:1768 0:0132 0:0444 0:8583

2
664

3
775; (99)

while the ratio control law rises up the stable closed-loop system with the closed-loop system
matrix eigenvalues spectrum

ρ Fcð Þ ¼ 0:9527, 0:7566, 0:0000, 0:2449f g: (100)

Note that one from the resulting eigenvalue of Fc is zero (rank(E) = 1)), because Proposition 2
prescribes this constrained design task as a singular problem. Using the connection between
the eigenvector matrix N and M as given by Eq. (17), it is possible to show that this instance is
documented also by the structure of M, while

N ¼

�0:3109 �0:1105 �0:0800 �0:0184
�0:6937 �0:3384 �0:4690 �0:7382
0:4522 0:9197 0:8793 0:6738

�0:4664 �0:1657 �0:0218 �0:0276

2
6664

3
7775,

M ¼

�3:4197 �0:3938 �0:5157 0:2213
10:2685 1:3777 1:4844 �7:4555

�15:2705 0:0000 0:0000 10:1803
8:2076 �1:6162 �0:1958 �3:2577

2
6664

3
7775;

(101)

where the structure of the third row of M correspondents to the structure of the constraint
vector E, while a4 ¼ mT

3 1ð Þ=mT
3 4ð Þ ¼ �1:5.

To illustrate the closed-loop system property in the forced mode, the signal gain matrix W is
computed by using Eq. (84) as follows

W ¼ 1:4575 35:9137
�1:7651 11:6521

� �
: (102)
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Therefore, according to Theorem 4, the constraint given on the states of the system under study
is satisfied with zero offset in the autonomous regime and with offset value equal qdw in the
forced mode, i.e.,

qd ¼ 0, qdw ¼ EGWwo ¼ 3:0001; (103)

while

w ið Þ ¼ 1
�2

� �
for all i: (104)

The simulation results of the closed-loop system response in the autonomous and forced mode
are presented, where Figure 1 is concerned with the system state variables response in the
autonomous regime and Figure 2 with the system state variables response in the forced mode.
It is evident that the condition Eq. (9) is satisfied at all time instant, except initial time instant in
the above given way (see the time response of the additive of variable, which is included as
qd(i) in the figures).

For comparison, an example is given for default design of state feedback gain matrix using
BRL structure of LMIs. Solving Eqs. (54) and (55), the task is feasible with the Lyapunov matrix
variables

Figure 1. State response in autonomous regime.
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O ¼
0:1438 �0:1090 �0:1619 �0:2191

�0:1090 1:5603 �0:2198 0:2945
�0:1619 �0:2198 1:6006 �0:4711
�0:2191 0:2945 �0:4711 1:8586

2
664

3
775,

S ¼
0:1338 �0:0840 �0:1490 �0:1928

�0:0840 1:2736 �0:2314 0:2439
�0:1490 �0:2314 1:6729 �0:5520
�0:1928 0:2439 �0:5520 1:8296

2
664

3
775; (105)

and parameter matrix variable

Y ¼ 0:6210 �0:8607 �2:6800 �0:7582
0:4017 �2:6793 �0:3804 0:1788

� �
, γ∞ ¼ 3:1301: (106)

Therefore, using Eq. (56), the nominal control law gain matrix K is computed as

K ¼ 0:8951 �0:8107 �1:8928 �0:7830
2:4671 �2:0742 �0:0947 0:6056

� �
; (107)

the closed-loop system matrix takes the form

Figure 2. State response in forced mode.
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Fc ¼ F �GK ¼
0:9571 0:0371 0:0431 �0:0108
0:7613 0:3227 0:2881 0:1639

�0:2898 0:2498 0:4771 �0:2749
�0:0073 0:0063 0:0368 0:9931

2
664

3
775; (108)

while the closed-loop system matrix eigenvalues spectrum is

ρ Fcð Þ ¼ 0:1207, 0:6570, 0:9733, 0:9990f g: (109)

To apply in the forced mode, the signal gain matrix W is now computed by using Eq. (84) as
follows:

W ¼ �0:8296 0:9567
�2:2360 2:4922

� �
: (110)

The simulation results of the nominal closed-loop system response are illustrated in Figures 3
and 4, where Figure 3 is concerned with the system state variables response in the autonomous
regime and Figure 4 with the system state variables response in the forced mode.

Since these two control structures are of interest in the context of full-state control design,
matching the presented results, it is evident that the system dynamics in both cases are
comparable.

Figure 3. State response in autonomous regime.

Generalized Ratio Control of Discrete-Time Systems
http://dx.doi.org/10.5772/67159

95



8. Concluding Remarks

In this chapter, an extended method is presented, based on the classical memoryless feedback
H∞ control principle of discrete-time systems, if the ratio control is reformulated by an equality
constraint setting on associated state variables. The asymptotic stability of the control scheme
is guaranteed in the sense of the enhanced representation of BRL, while resulting LMIs
are linear with respect to the system state variables, and does not involve products of the
Lyapunov matrix and the system matrix parameters, which provides one way of solving
the singular LMI problem. Moreover, formulated as a stabilization problem with the full-state
feedback controller, the control gain matrix takes no special structure. The formulation allows
to find a solution without restrictive assumptions and additional specifications on the design
parameters. It is clear from Theorem 4 that the control law strictly solves the problem even in
the unforced mode. The validity of the proposed method is demonstrated by numerical
examples.
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Figure 4. State response in forced mode.
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Abstract

Climate system consisting of the atmosphere, ocean, cryosphere, land and biota is
considered as a complex adaptive dynamical system along with its essential physical
properties. Since climate system is a nonlinear dissipative dynamical system that pos-
sesses a global attractor and its dynamics on the attractor are chaotic, the prediction of
weather and climate change has a finite time horizon. There are two kinds of predict-
ability of climate system: one is generated by uncertainties in the initial conditions
(predictability of the first kind) and another is produced by uncertainties in parameters
that describe the external forcing (predictability of the second kind). Using the concept
of the ‘perfect’ climate model, two kinds of predictability are considered from the
standpoint of the mathematical theory of climate.

Keywords: climate system, deterministic chaos, predictability, stability

1. Introduction

High-complexity computational models that simulate earth's climate system (ECS) have
earned well-deserved recognition as the indispensable and primary instrument for numerical
weather prediction (NWP) as well as for the study of climate change and variability caused by
both natural processes and human activities [1–4]. In spite of dramatic progress achieved over
the past few decades in weather forecasting and climate simulation thanks to the advances in
computing hardware and algorithms and to a substantial increase in the volume of climato-
logical data, contemporary computational climate models can reconstruct the real world only
with a certain degree of validity [3]. There are several major sources of discrepancy between
climate model simulation results and reality. First of all, climate models remain an ideal
mathematical abstraction of a real physical system, namely the ECS. These models ignore
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some physical, dynamical and chemical processes or, at least, represent them in a simplified
fashion. As a result, various physical simplifications in the formulation of climate models
substantially influence their adequacy [5]. Second, the NWP and climate simulation are math-
ematically an initial-value (Cauchy) and/or a boundary-value (Dirichlet or von Neumann)
problem, which is solved numerically using finite-difference, spectral or another appropriate
method. Consequently, uncertainties emerging in the initial and boundary conditions as well
as in the climate model parameters and external forcing, approximation, truncation and
round-off errors lead to distinctions between the model output and the observed real state of
the ECS. Third, let us suppose that we have the ‘perfect’model of the ECS. It means that exact
governing equations are known exactly and can be solved. However, even in this, hypotheti-
cally ideal, case the ability of climate models to predict the future remains limited. This can be
explained by the fact that the atmosphere, which is the most rapidly changing component of
the ECS, is strongly nonlinear and exhibits irregular (chaotic) spatial-temporal oscillations on
all scales ranging from millimetre seconds (turbulent fluctuations) to thousands of kilometres
and several years (climate variability). This phenomenon known as deterministic chaos was
first discovered by Lorenz [6]. The chaotic nature of the atmosphere significantly limits our
ability to successfully predict the weather and climate since the predicted trajectory of the ECS
is unstable with respect to both the infinitesimal errors in initial conditions and external forcing
[7]. Even with a perfect atmospheric model and accurate initial condition, we cannot predict
the weather beyond approximately two weeks.

For further discussion, we need to clarify that terms ‘weather’ and ‘climate’ have different
meanings. Weather is defined as the daily conditions of the atmosphere in terms of such
atmospheric variables as temperature, humidity, wind direction and velocity, surface pressure,
cloud cover and precipitation. In turn, the climate represents an ensemble of states traversed
by climate system over a sufficiently long temporal interval (about 30 years, according to the
World Meteorological Organization). Here, the ensemble includes not only a set of system
states but also the probability measure defined on this set. Therefore, climate, roughly speak-
ing, can be considered as the ‘average’ weather, in terms of mean and variance, in a certain
geographical location over many years.

Time horizon of a forecast's usefulness and validity can be characterized by the specific measure
known as predictability. Predictability is commonly understood as the degree to which it is
possible to make an accurate qualitative or quantitative forecast of the future system's state. The
study of atmospheric predictability was initiated by Thompson [8] and Lorenz [6, 9] more than
50 years ago and was extensively explored theoretically using various numerical and statistical
models since then (e.g. [10–17]). One of the obvious measures of predictability that can be used to
verify a weather forecast is the mean-squared error (the average of the squared differences
between forecasts and observations). This measure increases over time and asymptotically
approaches some finite value known as the saturation value. Therefore, predictability is lost
when the forecast errors become comparable to the saturation value in magnitude. If this
happens, the forecast result is not better than any randomly selected trajectory of the system.
However, for a number of reasons, mean-squared error and other weather forecast verification
metrics (e.g. mean absolute error and mean error) are rarely used to estimate the climate system
predictability in practice (for details, see Ref. [18]).
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Predictability characterizes both the physical system itself and the model of this system that is
used to make a forecast. However, in atmospheric and climate studies we are interested in the
predictability of real dynamical processes rather than the predictability of the model used in
simulations.

According to Lorenz [19], in weather and climate modelling we are facing the predictability of
two kinds reflecting the internal and external variability of the climate system, respectively.
The predictability of the first kind relates to the Cauchy (initial value) problem, namely the
prediction of sequential states of the ECS for constant values of external parameters and given
variations in the initial conditions. In contrast, the predictability of the second kind refers to a
boundary-value problem, specifically to the prediction of response of the climate system in
asymptotical equilibrium to perturbations in external parameters (forcing).

This chapter considers both the predictability of atmospheric and climate processes with
respect to the initial data errors (predictability of the first kind) as well as the predictability
with respect to external perturbations (predictability of the second kind). The stability of
dynamical system is also discussed since stability is a key problem related to predictability in
dynamical systems.

2. Climate system as a complex adaptive dynamical system

Let us begin with some preliminary notes and definitions which will be used in this chapter.

The term ‘system’ generally refers to a goal-oriented set of interconnected and interdependent
elements that operate together to achieve some objectives [20]. The system is called complex if
it possesses such characteristics as emergent behaviour, nonlinearity and high sensitivity to
initial conditions and/or to perturbations, self-organization, chaotic behaviour, feedback loop,
spontaneous order, robustness and hierarchical structure. Complexity in systems arises from
nonlinear spatio-temporal interactions between their components. These nonlinear interac-
tions lead to the appearance of new dynamical properties (for example, synchronous oscilla-
tions and other structural changes) that cannot be observed by exploring constituent elements
individually.

Complex systems include a special class of systems that have the capacity to adapt to system's
environment. These systems are known as complex adaptive systems. In a complex adaptive
system, parts are linked together in such a way that the entire system as a whole has the
capacity to transform fundamentally the interrelations and interdependences between its
components, the collective behaviour of a system and also the behaviour of individual compo-
nents due to the external forcing. Complex adaptive systems are dynamical systems since they
evolve and change over time. These systems have a number of properties that include the
following [21, 22]: co-evolution, connectivity, sub-optimality, requisite variety and iteration,
edge of chaos and, certainly, emergence and self-organization.

The ECS (S) is understood as a complex, large-scale physical system that consists of the
following five basic and interacting constituent subsystems [23]:
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1. Atmosphere (A), the gaseous and aerosol envelope of the earth that propagates from the
land, water bodies and ice-covered surface outwards to space.

2. Hydrosphere (H), the ocean and other water bodies on the surface of our planet, and
water that is underground and in the atmosphere.

3. Cryosphere (C), the sea ice, freshwater ice, snow cover, glaciers, ice caps and ice sheets
and permafrost.

4. Lithosphere (L), the solid, external part of the earth.

5. Biosphere (B), the part of our planet where life exists, i.e.

S ¼ A ∪H ∪C ∪L ∪B

The ECS components are characterized by a finite set of distributed variables whose values at a
given time determine their state. The most unstable and rapidly oscillating component of the
ECS is the atmosphere.

The ECS is a large-scale and unique physical system that possesses a number of specific
properties (e.g. [24–29]) making the exploration of this system a high complexity problem. In
contradistinction to many problems in physics, the study of the climate system, its change and
variability cannot be implemented by a direct physical experiment due to climate system's
essential features as a large-scale physical system. Laboratory experiments and analytical
approaches have a very limited applicability to climate exploration by virtue of extreme
complexity of the ECS. As a result, in climate studies the computational simulation represents
the primary instrument and as such requires the development of appropriate mathematical
models and numerical algorithms.

The utilization of mathematical models in climate research involves the development of a
specific mathematical theory that allows one to explore the climate system along with its
mathematical models. The contemporary mathematical theory of climate is based on methods
of the qualitative theory of differential equations that enables us to explore the behaviour of
climate system in its phase space [30]. In other words, the dynamical system theory is currently
the theoretical foundation of mathematical climate theory. In this context, the ECS can be
viewed as a complex adaptive dynamical system [21, 22].

The ECS belongs to the class of complex adaptive systems due to the following factors:

1. The ECS is a complex large-scale physical system combining the atmosphere, hydro-
sphere, cryosphere, land and biota together with global biochemical cycles (such as cycles
of CO2, N2O and CH4) and aerosols. Components of the climate system are heterogeneous
thermo-dynamical subsystems characterized by specific variables that determine their
states. Elements of the ECS have strong differences in their structure, dynamics, physics
and chemistry. They cover processes with different temporal and spatial scales, and link
together via numerous physical coupling mechanisms, which can be either weak or
strong. Each subsystem of the ECS can in turn be viewed as being composed of sub-
systems, which are themselves composed of subsystems. For example, the atmosphere
can be divided into several layers based on its vertical temperature distribution. These
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layers are respectively the troposphere, stratosphere, mesosphere and thermosphere. The
atmosphere can also be divided into surface layer, boundary layer and free atmosphere
based on the influence of surface friction.

2. Each component of the ECS is characterized by a specific response time. This fact is very
important to building the ECS’models. The relation of a certain component to some ECS’
model is determined by the ratio between the temporal scale of processes under consider-
ation and its response time. For example, the atmosphere, which has a response time of
about one month in the troposphere, can be considered a sole component of the ECS’
model for processes with temporal scales of days to weeks. In this case, oceans, land
surface and ice cover are considered as the boundary conditions and/or external forcing.
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positive and negative feedbacks), carbon cycle feedback (negative feedback), feedback
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dynamical processes covers molecular to planetary scales. Dynamical processes in the
ECS and its components are nonlinear. Subsystems of the ECS interact with one another
nonlinearly producing, under certain conditions, a chaotic behaviour of subsystems and
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5. The ECS and its components inherently have emergent properties. Examples of atmo-
spheric emergent phenomena include but are not limited to clouds, large-scale eddies
(cyclones and anticyclones) and small-scale vortices such as tornados. Examples of climate
emergent phenomena are the El Niño–Southern Oscillation, which is a quasi-periodical
irregular variation in the ocean surface temperature over the Pacific in tropics that
strongly influences global climate, ocean circulation patterns and glacial-interglacial
cycles. Natural emergent phenomena appear spontaneously under certain favourable
conditions.

6. The ECS is a thermodynamically open and non-isolated system because it exchanges
energy with its surroundings. However, the ECS is a closed system with respect to the
exchange of matter with its surroundings. The energy that drives the ECS is mainly solar
energy. The ECS is affected by changes in external driving forces, which imply natural
causes such as solar activity variations and volcanic activities, as well as man-made
changes in chemical composition of the atmosphere. However, the impact of the ECS on
the outer space is insignificant. Currently, changes in climate are mostly affected by
variations in the atmospheric composition of particles and gases. In the Arctic, the role of

Predictability in Deterministic Dynamical Systems with Application to Weather Forecasting and Climate Modelling
http://dx.doi.org/10.5772/66752

105



changes in albedo (reflection coefficient) is also tangible. The most influential gas compo-
nent to affect the climate is CO2, which comprises about 70% points of the global warming
potential.

7. The components of the ECS are also non-isolated systems. They act as cascading systems
and interact with each other in various ways including through the transfer of momen-
tum, sensible and latent heat, gases and particles. All together they compose the climate
system, which is a unique large-scale natural system.

8. Dynamical processes in the ECS fluctuate due to both internal factors (natural oscillations)
and external forcing (forced oscillations). Natural fluctuations are caused by internal
instability (for example, hydrodynamic instability such as barotropic and baroclinic) with
respect to stochastic perturbations. Human impacts, both intentional and unintentional,
belong to the category of external forcing.

Undoubtedly, there are other specific properties of the ECS that should be taken into account
while studying climate as a complex adaptive system and building models of the ECS.

To simulate the ECS, we should assign some mathematical object that is an abstract represen-
tation of the real climate system taking into account its essential features mentioned above.
This object is known as a perfect model of the ECS. It is usually assumed that a perfect model is
deterministic semi-dynamical system that is dissipative, ergodic and possesses a global attrac-
tor. It is also assumed that any trajectory generated by the model is unstable [30].

Formally, an abstract climate system model represents a set of multi-dimensional nonlinear
differential equations in partial derivatives, which generates finite dimensional deterministic
semi-dynamical system of the form [24, 30]

dx=dt ¼ Fðx, p, f Þ, x ∈ Rn, xjt¼0 ¼ x0, t ≥ 0, (1)

where x is the state vector, the components of which characterize the state of a system at a
given time t, x0 is a given initial state of a system, n is the dimension of dynamical system,
p ∈ Rp is the vector of model parameters and f is the external forcing. The solution to climate
model equations (1) cannot be found analytically and one needs to employ available numerical
methods. For that reason, in order to obtain numerical solution, the original set of partial
differential equations is replaced with discrete spatio-temporal approximations using any
appropriate technique (e.g. finite-difference method, Galerkin approach, etc.). Thus, in weather
and climate simulation we mainly deal with discrete dynamical systems.

Suppose that the set of n real variables x1, x2,…, xn defines the current state of discrete-time
dynamical system representing the ECS. A certain particular state x ¼ ðx1, x2,…, xnÞ corre-
sponds to a point in an n-dimensional space Q ⊆ Rn, known as the system phase space. Let
tm ∈ Zþ ðm ¼ 0; 1; 2;…Þ be the discrete time, and let f ¼ ðf 1, f 2,…, f nÞ be a smooth vector-
valued function defined in the domain Q ⊆ Rn. This function describes the evolution of the
system state from one moment to another. Then, a deterministic discrete-time semi-dynamical
system that approximates the continuous time dynamical system (1) can be specified by the
following equation:
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xðtmþ1Þ ¼ f
�
xðtmÞ

�
, xðt0Þ ¼ x0, m ¼ 0; 1; 2;…, : (2)

It is obvious that a family of operators forms a semi-group:

f sþp ¼ f s∘ f p, f 0 ¼ I,∀s, p∈Zþ, (3)

where I is the identity operator. Therefore, the system state xðtmÞ at time tm can be explicitly
expressed via the initial condition x0:

xðtmÞ ¼ f mðx0Þ, (4)

where f m denotes an m-folding application of f to x0. The sequence fxðtmÞg∞m¼0 is a trajectory of
system (2) in its phase space, which is uniquely defined by the initial values of state variables
x0.

For reference, let us reproduce a couple of definitions [30].

Definition 1. The solution xðtÞ to system (1) is Lyapunov stable if ∀ε > 0, ∃δðεÞ > 0 such that

‖x0−x�0‖ < δðεÞ ) ‖xðtÞ−x�ðtÞ‖ < ε, ∀t ≥ 0, (5)

where x�ðtÞ is the solution to the system

dx�=dt ¼ Fðx�, p, f Þ, x�jt¼0 ¼ x�0:: (6)

Definition 2. The solution xðtÞ to system (1) is stable with respect to the continuous perturbation
δF if ∀ε > 0; ∃δðεÞ > 0 such that

‖δF‖ < δðεÞ ) ‖xðtÞ−x�ðtÞ‖ < ε, ∀t ≥ 0, (7)

where xðtÞ is the solution to the following perturbed equation:

dx�=dt ¼ Fðx�, p, f Þ þ δF, x�jt¼0 ¼ x�0: (8)

These definitions are important when considering both kinds of predictability.

The key point for further consideration is the assumption that climate system model described
by the set of nonlinear partial differential equations (1) is ‘perfect'. We suppose that system (1)
is nonlinear dissipative semi-dynamical system (t ≥ 0) that has an absorbing set in the phase
space and its solution exists and is unique for any t ≥ 0. Next, we assume that the system (1)
possesses a global attractor of finite dimension that is a certain set in the system's phase space
towards which a system tends to evolve for a wide variety of initial conditions of the system.
Global attractor is characterized by the attraction property and invariance [30]. So, the dynam-
ics of system (1) can be formally divided into to two phases: (1) movement towards the
attractor and (2) motion on the attractor. When studying the climate system stability and
predictability we assume that the system trajectory is on the attractor and its dynamics are
chaotic. We also assume that system (1) possesses the property of ergodicity. Thus, statistical
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characteristics of the climate system (e.g. the first x ¼ 〈x〉 and second varðxÞ ¼ 〈x2〉−x2

moments) can be calculated by averaging along a certain trajectory.

Structurally, any climate system model represents a set of interacting and interdependent
models of lower level (i.e. atmospheric model, model of the ocean, etc.). The number of
these lower level models is determined by the objectives of a problem under consider-
ation. For example, to study the large-scale climate variability the model can include the
following major components: tropical, mid-latitude and polar troposphere, stratosphere,
ocean, land ice, ocean and sea ice, surface and boundary layers, hydrological cycle, clouds
(e.g. convective and stratiform), precipitation, aerosols, CO2 and CH4 cycles, solar radia-
tion, terrestrial emission, etc. Other subsystems of the ECS (e.g. vegetation, land surface
and biota) can be considered as the boundary conditions and external forcing. In numer-
ical weather prediction problem, some atmospheric model (either global, regional or local)
is the main component of the forecasting system, while ocean, sea ice, land surface are
used only to impose boundary conditions. Note that models of general circulation of the
atmosphere and the ocean represent main computational instruments for simulating the
ECS.

3. Climate model governing equations

The main energy source of the ECS is the Sun. Spatial inhomogeneity and temporal changes of
the heat energy that the earth's surface receives from the Sun are the main cause of motions in
the atmosphere and ocean. Equations that govern the atmospheric and oceanic circulation
represent the mathematical expressions of fundamental laws of physics: conservation of
momentum, conservation of mass, conservation of water and conservation of energy (the first
law of thermodynamics). Some diagnostic relationships between variables are also used (i.e.
the equation of state). Almost every model uses a slightly different set of equations tailored to a
specific problem. However, all climate models include the following basic equations: two
equations for horizontal motions (or equation for the vorticity and divergence), equation for
the vertical velocity (or hydrostatic equation), continuity equation, as well as thermodynamic
and moisture equations. Equations of motion are derived from the law of conservation of
momentum applicable to a rotating system. These equations describe all types and scales of
atmospheric motions that are important for the formation of weather and climate (i.e. large-
scale Rossby waves, planetary waves and gravity waves). Conservation of mass is mathemat-
ically expressed in the form of continuity equation, equation for conservation of moisture and
equations for conservation of other substances taken into account in a particular climate
model.

The set of equations that describes the general circulation of the atmosphere can be
written in the spherical co-ordinate system (λ,ϕ) defined by longitude λ and latitude ϕ,
with normalized pressure as a vertical coordinate σ ¼ p=ps, where p is pressure and ps is
the surface pressure [1, 31]. The set of the model equations includes two momentum
equations:
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∂u
∂t

¼ ηv −
1

acosϕ
∂
∂λ

ðΦþ KÞ − RTv

acosϕ
∂ln ps
∂λ

− _σ
∂u
∂σ

¼ FuV þ FuH , (9)

∂v
∂t

¼ −ηu −
1
a
∂
∂ϕ

ðΦþ KÞ − RTv

a
∂ln ps
∂ϕ

− _σ
∂v
∂σ

¼ FvV þ FvH , (10)

where u and v are zonal and meridional velocities, a is the earth's average radius, σ ¼ dσ=dt is
the vertical velocity in the σ co-ordinate system, Φ is geopotential, T is temperature, R is the
gas constant for dry air, K ¼ ðu2 þ v2Þ=2 is the kinetic energy, η ¼ ςþ f is the absolute vorticity,
f is the Coriolis parameter and ς is the relative vorticity that is given by

ς ¼ 1
acosϕ

∂v
∂λ

−
∂
∂ϕ

ðucos ϕÞ
� �

: (11)

The virtual temperature Tv is represented as

Tv ¼ T 1þ Rv

R
−1

� �
q

� �
, (12)

where T is the temperature, q is the specific humidity and Rv is the gas constant for water
vapour. The terms FuV and FvV describe the vertical friction and terms FuH and FvH the
horizontal diffusion. Generally, however, the momentum equations are transformed into the
equations for the absolute vorticity η and the divergence D using new independent variable
μ ¼ sinϕ:

∂η
∂t

¼ 1
að1−μ2Þ

∂
∂λ

ðNv þ cosϕFvVÞ− 1a
∂
∂μ

ðNu þ cosϕFuVÞ þ FηH , (13)

∂D
∂t

¼ 1
að1−μ2Þ

∂
∂λ

ðNu þ cosϕFuVÞ þ 1
a

∂
∇μ

ðNv þ cosϕFvVÞ þ FDH

−∇2ðΦþ K þ RT0ln psÞ,
(14)

where the horizontal divergence is given by

D ¼ 1
acosϕ

∂u
∂λ

þ ∂
∂ϕ

ðvcosϕÞ
� �

: (15)

The spherical horizontal Laplacian can be written as

∇2 ¼ 1
a2ð1−μ2Þ

∂2

∂λ2 þ
1
a2

∂
∂μ

ð1−μ2Þ ∂
∂μ

� �
: (16)

To provide the computational effectiveness of numerical integration scheme, the virtual tem-
perature is partitioned into two parts, one of which T0 is a function of the vertical coordinate
only, i.e. Tvðλ,μ, σ, tÞ ¼ T0ðσÞ þ T0

vðλ,μ, σ, tÞ. Then, the nonlinear dynamical terms Nu and Nv

can be represented in the following form:
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Nu ¼ ηV−RT
0
v
1
a
∂ln ps
∂λ

− _σ
∂U
∂σ

, (17)

Nv ¼ −ηU − RT
0
v
ð1−μ2Þ

a
∂ln ps
∂μ

− _σ
∂V
∂σ

, (18)

where U ¼ ucosϕ and V ¼ vcosϕ.

The thermodynamic equation, which represents the mathematical expression of the first law of
thermodynamic, is written for a perturbation in temperature T0 calculated with respect to the
mean T0ðσÞ mentioned above:

∂T
0

∂t
¼ −

1
að1−μ2Þ

∂
∂λ

ðUT
0 Þ − 1

a
∂
∂μ

ðVT 0 Þ þ T
0
D − _σ

∂T
0

∂σ
þ RTv

c�p

ω
p

þQþ FTV þ FTH−
1
c�p
½uðFuV þ FuHÞ þ vðFvV þ FvHÞ�,

(19)

where Q is the diabatic heating rate, ω is the pressure vertical velocity and c�p is given by

c�p ¼ cp 1þ cv
cp
−1

� �� �
: (20)

Here, cp is the specific heat of dry air at a constant pressure and cv is the specific heat of water
vapour at a constant pressure.

The equation for specific humidity is used to describe the hydrologic cycle in the atmosphere:

∂q
∂t

¼ −
1

að1−μ2Þ
∂
∂λ

ðUqÞ − 1
a
∂
∂μ

ðVqÞ þ qD − _σ
∂q
∂σ

þ Sþ FqV þ FqH , (21)

where the term S describes the source/sink processes for water vapour, and FqV and FqH are the
vertical and horizontal water vapour diffusion.

Let us consider now the continuity equation that represents the conservation of mass law:

∂lnps
∂t

¼ −
U

að1−μ2Þ
∂ln ps
∂λ

−
V
a
∂ln ps
∂μ

− D −
∂ _σ
∂σ

: (22)

Integrating this equation from the top (σ ¼ 0) to the bottom (σ ¼ 1), with the vertical boundary
conditions _σ ¼ 0 at σ ¼ 1 and σ ¼ 0, one can obtain the equation for surface pressure prediction:

∂lnps
∂t

¼
ð1

0

Dþ U
að1−μ2Þ

∂ln ps
∂λ

þ V
a
∂ln ps
∂μ

� �
dσ: (23)

Combining the continuity equation and the equation for the surface pressure, one can derive
the diagnostic equation for the vertical velocity _σ:
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_σ ¼ σ
ð1

0

Dþ U
að1−μ2Þ

∂ln ps
∂λ

þ V
a
∂ln ps
∂μ

� �
dσ −

ðσ

0

Dþ U
að1−μ2Þ

∂ln ps
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þ V
a
∂ln ps
∂μ

� �
dσ: (24)

Two diagnostic equations, the hydrostatic equation and the equation of state, are also compo-
nents of a set of equations that are used to simulate the atmospheric general circulation. The
hydrostatic equation is

∂Φ=∂ln σ ¼ −RTv: (25)

In the integral form, this equation can be written as

Φ ¼ Φs−
ðσ

1

RTvdln σ, (26)

where Φs is the geopotential at the earth's surface. The equation of state is written as

p ¼ ρRTv, (27)

where ρ is the air density.

Boundary conditions in the longitudinal direction are periodic, and the solution to the atmo-
spheric model equations is bounded at the north and south poles. Vertical boundary condi-
tions represent the vanishing of vertical velocity both at the bottom and at the top of the
atmosphere: _σ ¼ 0 at σ ¼ 1 and σ ¼ 0.

Equations used in the ocean model are written in the Boussinesq hydrostatic approximation
with a rigid lid in the spherical coordinate system, with depth z as a vertical coordinate defined
as negative downwards from z ¼ 0, which denotes the ocean surface [1, 31]. The set of model
equations include the following:

1. The horizontal equations of motion:

∂u
∂t

þ LðuÞ− f þ u
a
tanϕ

� �
vþ 1

aρocosϕ
∂p
∂λ

¼ kV
∂2u
∂z2

þ Fu, (28)

∂v
∂t

þ LðvÞ þ f þ u
a
tanϕ

� �
uþ 1

aρo

∂p
∂ϕ

¼ kV
∂2v
∂z2

þ Fv, (29)

where kV is the vertical eddy viscosity coefficient, ρ0 is the density of sea water and the
advection operator, LðαÞ, is given by

LðαÞ ¼ 1
acosϕ

∂uα
∂λ

þ ∂vα cos ϕ
∂ϕ

� �
þ ∂w α

∂z
: (30)

The horizontal viscosity terms, Fu and Fv, are defined as
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Fu ¼ kH ∇2uþ ð1−tan2ϕÞu
a2

−
2sinϕ
a2cos2 ϕ

∂v
∂λ

� �
, (31)

Fv ¼ kH ∇2vþ ð1−tan2ϕÞv
a2

þ 2sinϕ
a2cos2 ϕ

∂u
∂λ

� �
, (32)

where kH is the horizontal eddy viscosity coefficient. The given form of the diffusion
terms, Fu and Fv, is required for conserving angular momentum property.

2. The hydrostatic equation:

∂p=∂z ¼ −gρ: (33)

3. The thermodynamic equation:

∂T
∂t

þ LðTÞ ¼ κV
∂2T
∂z2

þ κH∇2T, (34)

where κV and κH are, respectively, the vertical and horizontal eddy diffusivity coefficients.

4. The equation for the mass continuity of salinity:

∂S
∂t

þ LðSÞ ¼ κV
∂2S
∂z2

þ κH∇2S: (35)

5. The equation of continuity:

∂w
∂z

¼ −
1

acosϕ
∂u
∂λ

−
1

acosϕ
∂v cosϕ

∂ϕ
: (36)

6. The equation of state:

ρ ¼ ρðT, S:pÞ: (37)

Due to their extreme complexity, weather and climate models can be implemented on com-
puters only using numerical techniques. Since models are based on partial differential equa-
tions, it is necessary, first, to ensure that the problem under consideration is well posed, i.e. it
has a unique solution that depends on the boundary and initial conditions. Thus, both the
initial and boundary conditions must be properly specified. Next, weather and climate math-
ematical models should be transformed into numerical models that can be implemented on
computers. The most widely used technique for solving differential equations of weather and
climate models is the finite-difference method according to which the derivatives in the partial
differential equations are approximated on a certain temporal-spatial grid. Thus, instead of
continuous functions, which describe the state of climate system and its components, we deal
with discrete functions defined only for specific times separated by the time step Δt and
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specific space locations separated by spatial (horizontal Δs and vertical Δh) steps. As a result,
instead of partial differential equation we obtain finite-difference equations (numerical model).
It is very important that numerical schemes used for the discretization of model differential
equations must satisfy several fundamental requirements: finite-difference equations must be
consistent with model differential equations, the solution of finite-difference equations must
converge to the solution of differential equations and numerical schemes must be computa-
tionally stable. In practice, finite difference is not the only method used to solve weather and
climate problems. The most popular among other methods are the family of Galerkin tech-
niques, spectral, finite-volume and finite element approaches.

In contemporary climate models, due to their discrete spatial and temporal structure, a
large number of physical processes and cycles cannot be clearly represented and formu-
lated by model equations. Climate models are theoretically incapable of simulating pro-
cesses on spatial scales of the order of magnitude that is twice the model grid length [32].
Such thermo-dynamical, physical and chemical processes and cycles are parameterized, i.
e. expressed parametrically using simplified description. Study of the climate system by
computer simulation requires extensive computational resources. As a result, the predict-
ability problem is usually studied either on the basis of low-order models, which possess
the main properties of the climate system (nonlinearity, chaos, dissipative, etc.), or on
the basis of complex climate models using the ensemble approach or the Monte Carlo
method.

4. Predictability of climate system

4.1. Predictability of the first kind

The first kind predictability of climate processes (predictability of climate processes with
respect to the initial conditions) will be considered under the assumption that the climate
system (1) evolves on its attractor. Since system (1) is a nonlinear dissipative dynamical system,
its attractor, known as a strange attractor, has an extremely complex fractal structure and can
be characterized by such parameters as dimension, characteristic Lyapunov exponents, invari-
ant measure and asymptotically steady solution and others. If some trajectory of system (1) is
enclosed in a bounded phase volume (attractor), then the system's dynamics demonstrate
deterministic chaos: the behaviour of simulated system resembles a stochastic process despite
the fact that the system is described by deterministic laws and its evolution is governed by
deterministic differential equations. So, all orbits of a system that start close enough will
diverge from one another, however, will never depart from the attractor. The rate of separation
of infinitesimally close orbits is characterized by positive Lyapunov exponents. The number of
directions along which the orbit is unstable is equal to the number of positive Lyapunov
exponents nλ (note that nλ < n, where n is a system's dimension). Thus, trajectories of climate
dynamical systems are Lyapunov unstable.

To consider the initial growth rates of errors in the initial conditions let us linearize Eq. (1)
around some trajectory to obtain the equation in variations:
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dx
0
=dt ¼ Mtx00, (38)

where Mt ¼ ∂F=∂x is the tangent propagator along the trajectory between the initial state x00
and the forecast state x0 at a certain time t (actuallyMt is a Jacobian matrix). Obviously, one can
obtain

‖x
0 ðtÞ‖2 ¼ ðMtx00,Mtx00Þ ¼ ðM�

t Mtx00, x
0
0Þ, (39)

where (·,·) is the inner product in Rn and M� is the transpose of M. Since the operator M�
t Mt is

self-adjoint, then for any t one can consider the following eigenvalue problem:

M�
t Mtψi ¼ σiψi, (40)

where σi is the ith eigenvalue of the matrix M�
t Mt and ψi is the corresponding eigenvector.

Representing x00 in the form of series as x00 ¼ ∑
i
αiψi, one can get ‖x

0 ðtÞ‖2 ¼ ∑
i
σiαi

2. So, the

forecast error on temporal interval ½0; t� depends on errors in the initial distribution of eigenvec-
tors ψi and singular values of the tangent linear propagator Mt. Since system (1) is ergodic,
we can also calculate the Lyapunov exponents λi in accordance with the multiplicative theorem
[33]:

λi ¼ lim
t!∞

1
t
ln σiðM�

t MtÞ, i ¼ 1;…, n: (41)

The Lyapunov exponents define the exponential growth (decay) of linear independent compo-
nents of x’ at x

0 ! 0. The knowledge of the Lyapunov exponent spectrum of a dynamical
system allows one to estimate the attractor fractal dimension, the rate of Kolmogorov-Sinai
entropy production and the characteristic e-folding time. Knowledge of these parameters is
very important for the stability and predictability analysis of dynamical systems. The fractal
dimension of attractors of dissipative dynamical systems can be determined by applying the
Kaplan-Yorke conjecture [34]:

DKY ¼ J þ ∑
J

i¼1
λi=jλiþ1j, (42)

where J is the maximum integer such that the sum of the J largest exponents is still non-

negative, i.e. ∑J
i¼1λi > 0. The sum of all positive Lyapunov exponents, according to theorem

[35], gives an estimate of the Kolmogorov-Sinai entropy, i.e. the value showing mean diver-
gence of the trajectories on attractors. The arrangement of the Lyapunov exponents in (42) is as
follows: λ1 ≥ λ2 ≥ … ≥ λnd . The multiplicative inverse (reciprocal) of the largest Lyapunov
exponent is referred to as the characteristic e-folding time.

Let δ0 be the initial perturbation of x0 used to integrate equation (8). Since the system is
Lyapunov unstable, after some sufficiently large temporal interval of integration the distance
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between two hyper-points in the phase space reaches the value of δt. Let δt be the accepted
error tolerance, then the predictability time of a system can be roughly estimated as

Tp≈λ−1
maxlnðδt=δ0Þ, (43)

where λmax is the leading Lyapunov exponent. The error doubling time can be calculated as
t ¼ ln2=λmax. However, Lyapunov exponents are very useful instrument to estimate the pre-
dictability of low-order dynamical systems [36].

Climate data observations are subject to measurement errors. The simplest way to represent
the resulting uncertainty is to define the probability density function (PDF) ρðx, t0Þ or, gener-
ally, the set of a finite measure μ0 on which the initial state x0 is concentrated. The time
evolution of a system leads to a divergence and mixing of points of this set. Since the initial
state x0 is concentrated on a set having the measure μ0, then after some period of time the
measure will become μt. Let μ be the invariant ergodic measure. Suppose the convergence
theorem μ ! μ does exist. Hence, at a certain time t ! tε the measure μt falls into the ε-
neighbourhood of μ. Consequently, the initial data information characterized by μ0 will be
completely lost. So, one can say that the time tε defines the potential predictability of a system
under consideration [16]. Thus, a focal point of the predictability problem is to prove the
existence of ergodic measure and the existence of convergence theorem. This problem, how-
ever, is extremely difficult to solve because the structure of the invariant measure generated on
the system attractor is sophisticated and non-smooth. To avoid this problem, the stochastic
regularization can be applied [37]. So, in lieu of system (1), the following stochastic dynamical
system will be considered [16]:

dx=dt ¼ FðxÞ þ ηðtÞ, (44)

where η is a Gaussian stochastic process: 〈ηiðtÞηjðt
0 Þ〉 ¼ 2dijδðt−t0 Þ, dij ≥ 0. This procedure is

correct since our knowledge about the model parameters is always limited, thus real climate
models have random errors, which are represented by the term η. Under the assumption that
dij ¼ d, one can write the Fokker-Plank equation with respect to PDF ρðx, tÞ, which describes
the evolution of ρ [30]:

∂ρ=∂tþ div
�
FðxÞρ

�
¼ dΔρ,ρ ≥ 0;

ð
ρdx ¼ 1: (45)

Let ρ be a stationary solution to Eq. (45), i.e. div
�
FðxÞρ

�
¼ dΔρ. If x belongs to the compact

manifold without boundary, then ρ is asymptotically stable [37]. The existence of a station-
ary solution (i.e. attractor) at infinity has been proved for finite-dimensional dynamical
systems [38].

Suppose that the initial condition x0 is specified then the condition ρjt¼0 ¼ δðx−x0Þ is also
specified and enable us to solve Eq. (45). The numerical integration of Eq. (45) transforms the
PDF ρðx, tÞ, which asymptotically evolves to the stationary solution ρ: ρ ! ρ at t ! tε. Thus, at
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sufficiently large time tε predictability is finally lost. There is a question: how can we estimate
the time tε? Let us consider the following one-variable stochastic dynamical equation [16].

dx=dt ¼ −γxþ η, (46)

xjt¼0 ¼ x0, 〈ηðtÞηðt0 Þ〉 ¼ 2η2δðt−t0 Þ, 〈η〉 ¼ 0, (47)

where x0 is the known initial condition and η is the Gaussian δ-correlated process. If we
average Eq. (46) we obtain

d〈x〉=dt ¼ −γ〈x〉, 〈x〉jt¼0 ¼ x0, (48)

thus 〈x〉 ¼ x0e−γt. For the newly introduced variable θðtÞ ¼ 〈x2〉, we can obtain the following
equation:

dθ=dt ¼ −2γθþ 2〈η � x〉: (49)

Since xðtÞ ¼ x0e−γt þ
ðt

0

eγðt−τÞ ηðτÞdτ, then

dθ=dt ¼ −2γθþ 4η2: (50)

The solution to this equation is

θðtÞ ¼ 2η2

γ
ð1−e−2γtÞ: (51)

Equation for the PDF ρ has the following form:

∂ρ=∂t ¼ ∂ðρxγÞ=∂xþ η2∂2ρ=∂x2: (52)

The stationary solution to Eq. (52) can be found if we suppose that the left-hand side is equal to

zero. Then, we have ρ ¼
�
1=

ffiffiffiffiffiffi
πθ

p �
e−x

2=θ, where θ ¼ 2η2=γ. We assume that the solution to

Eq. (48) is of the form

ρðtÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
πθðtÞp e

−

�
x−〈xðtÞ〉

�2

=θðtÞ
: (53)

By substituting (53) into (52) one can be convinced that if θðtÞ and 〈xðtÞ〉 satisfy Eq. (48) and
Eq. (50), respectively, then Eq. (53) is the solution to the Fokker-Planck equation (52). As a
result, any initial data that is normally distributed will be attracted to the steady solution of
Eq. (52), which is also normally distributed. The dissipation parameter γ determines the rate at
which PDF ρ approaches ρ. The auto-correlation function for the stationary stochastic process
(46) can be written as
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CðτÞ ¼ 2η2

γ
e−γτ ≡ θe−γt: (54)

Thus, the potential predictability of system (46) can be characterized by the auto-correla-
tion function of the process xðtÞ and, therefore, the convergence of ρðtÞ to ρ can be
explored based only on function CðτÞ with time lag τ. This conclusion is valid for the set
of multi-dimensional differential equations [16]. In this case, however, the covariance
matrix is used instead of the auto-correlation function. It is very important that for climate
models the convergence of the covariance matrix CðtÞ to the covariance matrix of station-
ary process C is defined only by climatological values of climate model variables. As a
result, potential predictability is also determined by climatological data.

Generally, the potential predictability can be defined as the convergence time of initial
distribution to the equilibrium one. To quantify the rate of convergence of one-dimen-
sional distributions to the equilibrium ones, the concept of entropy can be used. If the

information entropy S ¼
ð
ρln ρdα is taken as a measure of predictability, then for the

Gaussian distribution ρ ¼ ð1=
ffiffiffiffiffiffiffiffiffiffiffi
2πσ2

p
Þe−ðα−αÞ2=ð2σ2Þ information entropy can be expressed as

S ¼ lnσ2 þ C. It can be shown that the variance and, therefore, the entropy are directly
dependent on the Lyapunov exponents [39]. To study the predictability of climate system,

the relative entropy Sr ¼
ð
ρlnðρ=ρÞdα, where ρ is an equilibrium PDF, is a more suitable

measure [40]. Relative entropy is invariant with respect to nonlinear transformations of α
and ρ ! ρ at t ! ∞.

4.2. Predictability of the second kind

Predictability of the second kind relates to the predictability of changes in climate system
caused by infinitesimal perturbations in the parameters that describe the external forcing.
Climate prediction does not involve forecasting weather conditions at either a certain
geographical region or globally. On the contrary, climate prediction aims to forecast
statistics of the climate system averaged over sufficiently long period of time. So, we are
interested in how external perturbations affect certain aspects of climate statistic, such as
the first x (mean) and/or second σ2x (variance) moments. One of the most important
problems in the exploration of predictability of the second kind is to distinguish the
response signal of the climate system to perturbed external forcing from the noise in the
model output results. The signal-to-noise ratio can be used to make the conclusion with
respect to the usefulness of the obtained climate system response. Thus, the predictability
of the second kind is mathematically reduced to finding the response function of the
climate system model [39].

Consider the following finite-dimensional dynamical system that is controlled by some exter-
nal forcing f (e.g. the concentration of carbon dioxide in the atmosphere):
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dx=dt ¼ FðxÞ þ f , xjt¼0 ¼ x0, (55)

Suppose that system (55) possesses the attractor A and let μ be its invariant measure. The
behaviour of this system will be explored on the attractor A. Since system (55) a priori possesses
the property of ergodicity, its statistical characteristics are calculated by averaging along a
single, sufficiently long, random trajectory. Thus, the average state 〈x〉 and variance 〈σ2x〉 of
system (55) are defined, respectively, as

〈x〉 ¼ lim
T!∞

1
T

ðT

0

xðtÞdt ¼
ð

A

xdμ, 〈σ2x〉 ¼
ð

A

ðx−〈x〉Þ2dμ: (56)

Let system (55) be perturbed by an infinitesimal disturbance in the external forcing δf such that
δf ≪ f :

dx�=dt ¼ Fðx�Þ þ f þ δf : (57)

For this system 〈x�〉 ¼
ð

A

x�dμ� and 〈σ2x〉 ¼
ð

A

ðx�−〈x�〉Þ2dμ�. Let us introduce the new variable

x
0 ðtÞ ¼ xðtÞ−x�ðtÞ. Assuming that ‖x

0
‖ is rather small then, combining (55) and (56), one can

obtain the following linear equation for variable x
0
:

dx
0
=dt ¼ JðxÞx0 þ δf : (58)

where JðxÞ ¼ ∂F=∂x is the Jacobian. Let δf be a staircase function that is activated at t ¼ 0 then
the solution to Eq. (58) can be written in terms of the Green's function:

x
0 ðtÞ ¼

ðt

0

Gðt, t0 Þδf ðt0 Þdt0 : (59)

The operator R ¼
ðt

0

Gðt, t0Þdt0 is a sought-for response function (operator). If at t ¼ 0 the distri-

bution of initial states is identical for both unperturbed (55) and perturbed (57) systems, then
one can calculate the average response operator:

〈R〉 ¼
ðt

0

〈Gðt, t0 Þ〉dt0 ¼
ðt

0

Gðt−t0Þdðt−t0Þ: (60)

By averaging both sides of Eq. (59), one can get the following linear equation to calculate the
system's response to the external forcing:
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〈x
0
〉 ¼ 〈R〉δf : (61)

Suppose that system (55) is regular, i.e. for this system the quadratic conservation law is valid
and system itself satisfies the Liouville equation for incompressibility in the phase space.
Assume also that the system is in equilibrium. Taking into consideration the fluctuation
dissipation theorem [41], the average impulse response operator of the regular system in
equilibrium is expressed via system's statistics:

〈Gðt, t0 Þ〉 ¼ Gðt−t0Þ ¼ Cðt − t
0 ÞC−1ð0Þ, (62)

where Cðt−t0Þ ¼ 〈xðtÞxΤðt0 Þ〉 is the system's auto-correlation matrix with time lag τ ¼ t−t0. Now
we can combine (60) and (62) to get the following well-known formula [42]:

〈x
0
〉 ¼

ð∞

0

CðtÞC−1ð0Þdt � δf : (63)

Thus, the mean response of climate system to external forcing is determined by observations of
unperturbed climate oscillation.

5. Concluding remarks

The prediction of climate change caused by natural processes and human-induced drivers is
one of the most critical scientific issues facing the mankind in the 21st century. Computer-
simulated climate models represent a very powerful and, perhaps, the only research instru-
ment for studying climate and its dynamics. One of the key components of climate models,
namely the model of the atmospheric general circulation, currently also serves as a primary
tool for the numerical weather prediction all around the globe. However, the climate (atmo-
spheric) system's trajectory calculated via numerical integration of multi-dimensional partial
differential equations that describe the climate (atmospheric) system evolution is unstable with
respect to both perturbations (errors) in the initial conditions and infinitesimal external forcing
expressed by some model parameters and/or boundary conditions. This instability limits the
time horizon of the validity of the climate (weather) forecast and leads to predictability
problem.

In this chapter, the climate system is considered as a complex adaptive dynamical system
that possesses a number of specific properties such as, for example, dissipativity,
nonlinearity and chaoticity. From this perspective, the climate predictability problem is best
discussed and analysed by formally examine two kinds of predictability. The first kind of
predictability refers to the initial value problem (estimating the impact of perturbations in
the initial conditions on the forecast skill), while the second kind of predictability relates to
the boundary value problem (estimating the impact of external forcing on the system's
behaviour).
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Abstract

We explore the properties of quantum states and operators that are conjugate to the
Hamiltonian eigenstates and operator when the Hamiltonian spectrum is continuous,
i.e., we find time-like operators bT such that ½bT , bH � ¼ iℏ. This is a property expected for a
time operator. We explicitly unfold the momentum sign degeneracy of energy states. We
consider the free-particle case, and we find, among other things, that the time states are
also the solution of the quantized version of the classical motion of the particle.

Keywords: time operator, time eigenstates, conjugate states, free-particle time
eigenstates

1. Introduction

The problem of the time operator in quantum mechanics has been studied by numerous
researchers for many years and remains a subject of current research. There are many instances
in which a time variable is useful. An example of such a situation is calculating the tunneling
time of a particle passing through a barrier. This time was recently measured, and it was
shown to vanish [1, 2].

There are several approaches in this area that were developed by Kijowski [3], Hegerfeldt et al.
[4], Weyl [5], Galapon [6], Arai and Yasumichi [7, 8], Strauss et al. [9, 10], and Hall [11], among
others. The work by these authors may appear to be in four differing approaches; however, we
shall show that they are simply different approaches to the same theme, approximated ones.
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Some of these approaches are similar to the work of Weyl on periodic functions [5]. Weyl
defined the Hermitian form

�i
X
n≠m

ð�1Þn�m

n�m
xmxn, (1)

where {xm} are the components of a vector in the basis ei2πm=n=
ffiffiffi
n

p
, m = 0,1,…, n – 1. Galapon,

Arai et al., Straus et al., and Hall used a similar expression but with a factor of one instead of
the (–1)n–m factor. Their results are valid in a limited region of the Hilbert space for the
expression of Galapon and Arai. Strauss wanted to obtain a Lyapunov function; instead, he
obtained a function that only gives the sign of time, as was shown by Hall. A different factor
might result in a time operator that would be valid over the entire Hilbert space. In this
chapter, we find a proper factor to obtain sensible time-like kets and operators that are valid
over the entire Hilbert space, for the purely continuous energy spectrum case.

We introduce time-like kets and operators following a different route. We search for the states
that are conjugate to the energy eigenstates, which is a natural approach to this subject. We
find time kets and operators that are valid over the entire Hilbert space. We also find that we
can make contact with the operators defined by other authors. These operators lack the
oscillatory function found in this work.

Time is typically viewed as a parameter and not as a dynamical variable in classical and
quantum mechanics. However, the characteristics of the time variable depend on the represen-
tation being considered. In classical mechanics, we have shown that we can talk of translations
along the energy direction; in that case, the energy variable becomes a parameter, and time
becomes a dynamical variable, a function of the phase-space variables [12].

For comparison, let us consider the coordinate representation of quantum mechanics. If a
variable, s, with units of length is the parameter used in the shifting along the coordinate

direction through the displacement operator, eisP̂=ℏ, in the momentum representation, s

becomes the coordinate operator and the momentum bP becomes a parameter. A similar
behavior is expected when considering energy-time representations. However, the problem is
to define a time representation in quantum mechanics, and we use the conjugacy concept in
this chapter to find such a representation.

The basis for this work is that time is another coordinate that has to be determined. The
conjugate pair coordinate-momentum is a pair of conjugate coordinates that are used to define
representations of wave functions and operators. Similarly, energy and time can be used as an
alternative coordinate set, but the time coordinate has to be defined. As coordinate and
momentum eigenstates, the time eigenstates will also be nonnormalizable, and their peculiar-
ities originate from the type of coordinate that energy is a semibounded quantity.

In Section 2, we use the rewriting of the identity operator in terms of energy eigenstates to
define the states that are conjugate to the energy eigenstates and subsequently determine some
of their properties and several time-like operators. We define time states for negative and
positive momentum values.
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Section 3 is devoted to time-like operators and their properties. Time operators are written in
three different forms. We verify that the time kets are eigenkets of the time operators. We find
“evolution equations” for time kets and note that the time operators are the generators for
translations along the energy direction. We also discuss how a wave packet is shifted along the
energy direction.

In numerical calculations, we have to address finite regions of variables and not infinite
intervals. Therefore, we focus our attention on approximate expressions for time operators in
Section 4. We find approximate expressions of time operators that can be used in numerical
calculations and are of help in the understanding of the expressions found by other authors.

The free-particle problem is analyzed in Section 5. We find expressions for the time kets for the
free particle. The coordinate matrix elements of the time operators are also found, and we learn
that the time states are also a solution to the quantum analog of the classical motion. The
support of the time states embodies the classical trajectories, and as ℏ ! 0, we recover the
classical motion.

We conclude the chapter with some concluding remarks.

2. Time eigenstates

In this section, we define the states that are conjugate to the energy eigenstates and the

corresponding conjugate operator to a given quantum Hamiltonian bH . We also derive some

of their properties. The definition of conjugacy between the operators bT and bH that we will use
here is the usual one, i.e., that these operators should comply with the constant commutator

relationship ½bT , bH � ¼ iℏ. We will consider the case of a purely continuous energy spectrum

with a Hamiltonian operator bH of the form bH ¼ bP2
=2mþ bV ðbQÞ, where bP is the momentum

operator, bQ is the coordinate operator, and bV ðbQÞ is the potential energy operator. We will also
consider that the sign of the momentum operator commutes with the Hamiltonian. The
continuous eigenvalues of the Hamiltonian are denoted by E ∈ [0, ∞) and correspond to the
eigenkets {|E〉}.

We will base our definition of time states on rewriting the identity operator in terms of energy
eigenstates and using the integral representation of the Dirac delta function. We assume that
the Hamiltonian is self-adjoint. Thus, we will work on the span of the Hamiltonian eigenstates,
denoted by

D ¼ jψ〉j
���jψ〉j ¼

ð∞
0
dEψðEÞjE〉, ψðEÞ ¼ 〈Ejψ〉

� �
(2)

We assume that the closure relationship for the energy eigenstates holds, Î ¼
ðEm

0
dEjE〉〈Ej. The

i times the derivative is self-adjoint in a finite interval and hence will work in the subspace
E∈ ½0,Em�, Em < ∞, which implies that p∈ ½�pm, pm�, pm < ∞:
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We start with the rewriting of the identity operator in terms of the energy eigenkets,

Î ¼
ðEm

0
dEjE〉〈Ej ¼

ðEm

0
dE′dEδðE� E′ÞjE′〉〈Ej ¼

ðEm

0
dE′dE

1
2πℏ

ð∞
�∞

dt eitðE�E′Þ=ℏjE′〉〈Ej

¼
ð∞
�∞

dt
ðEm

0
dE′dE

e�itE′=ℏ

ffiffiffiffiffiffiffiffiffi
2πℏ

p jE′〉〈Ej e
iτE=ℏ
ffiffiffiffiffiffiffiffiffi
2πℏ

p ,

(3a)

where we have made use of the properties of the Dirac delta function. We can separate the
negative and positive momentum parts of the above expression by means of the closure
relationship for the momentum states, obtaining

Î ¼
ðpm
�pm

dp
ðEm

0
dEjE〉〈Ejp〉〈pjE〉〈Ej ¼

ðpm
�pm

dp
ðEm

0
dE′dEδðE� E′ÞjE′〉〈E′jp〉〈pjE〉〈Ej

¼
ðpm
�pm

dp
ðEm

0
dE′dE

1
2πℏ

ð∞
�∞

dteitðE�E′Þ=ℏjE′〉〈E′jp〉〈pjE〉〈Ej

¼
ð∞
�∞

dt
ðpm
�pm

dp
ðEm

0
dE′dE

e�itE′=ℏ
ffiffiffiffiffiffiffiffiffi
2πℏ

p jE′〉〈E′jp〉〈pjE〉〈Ej e
itE=ℏ
ffiffiffiffiffiffiffiffiffi
2πℏ

p :

(3b)

Thus, we define time-like kets as

jt〉 :¼
ðEm

0
dE

e�itE=ℏ
ffiffiffiffiffiffiffiffiffi
2πℏ

p jE〉, jtðpÞ〉 :¼
ðEm

0
dE

e�itE=ℏ
ffiffiffiffiffiffiffiffiffi
2πℏ

p jE〉〈Ejp〉: (4)

With these kets, the identity operator is written as

Î ¼
ð∞
�∞

dtjt〉〈tj ¼
ð∞
�∞

dt
ðpm
�pm

dpjtðpÞ〉〈tðpÞj ¼ Î� þ Îþ, (5a)

where

Î� : ¼
ð∞
�∞

dt
ð0
�pm

dpjtðpÞ〉〈tðpÞj, Îþ :¼
ð∞
�∞

dt
ðpm
0

dpjtðpÞ〉〈tðpÞj: (5b)

Then, the identity operator is written in terms of the time evolution of some bras and kets,
which are composed of all the energy eigenstates.

Now, we define time-like operators bT and bT� by introducing a factor t in the integrand of Eq. (5):

bT ¼
ð∞
�∞

dt tjt〉〈tj, (6a)

and
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ffiffiffiffiffiffiffiffiffi
2πℏ

p jE′〉〈E′jp〉〈pjE〉〈Ej e
itE=ℏ
ffiffiffiffiffiffiffiffiffi
2πℏ

p :

(3b)

Thus, we define time-like kets as

jt〉 :¼
ðEm

0
dE

e�itE=ℏ
ffiffiffiffiffiffiffiffiffi
2πℏ

p jE〉, jtðpÞ〉 :¼
ðEm

0
dE

e�itE=ℏ
ffiffiffiffiffiffiffiffiffi
2πℏ

p jE〉〈Ejp〉: (4)

With these kets, the identity operator is written as

Î ¼
ð∞
�∞

dtjt〉〈tj ¼
ð∞
�∞

dt
ðpm
�pm

dpjtðpÞ〉〈tðpÞj ¼ Î� þ Îþ, (5a)

where

Î� : ¼
ð∞
�∞

dt
ð0
�pm

dpjtðpÞ〉〈tðpÞj, Îþ :¼
ð∞
�∞

dt
ðpm
0

dpjtðpÞ〉〈tðpÞj: (5b)

Then, the identity operator is written in terms of the time evolution of some bras and kets,
which are composed of all the energy eigenstates.

Now, we define time-like operators bT and bT� by introducing a factor t in the integrand of Eq. (5):

bT ¼
ð∞
�∞

dt tjt〉〈tj, (6a)

and
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bT� : ¼
ð∞
�∞

dt t
ð0
�pm

dpjtðpÞ〉〈tðpÞj, bTþ :¼
ð∞
�∞

dt t
ðpm
0

dpjtðpÞ〉〈tðpÞj: (6b)

The function eitE=ℏ exists only for E∈ ½0,Em�, so that, for the sake of simplicity of notation, we,
sometimes, will include explicitly the functionΘðEÞ �ΘðE� EmÞ, whereΘ is the step function,
when necessary, otherwise we will omit this factor.

The commutator between these operators and the Hamiltonian operator is

½bT , bH � ¼
ð∞
�∞

dt t
ðEm

0
dE′dE

e�itE′=ℏ

ffiffiffiffiffiffiffiffiffi
2πℏ

p eitE=ℏffiffiffiffiffiffiffiffiffi
2πℏ

p jE′〉〈Ej, bH
h i

¼
ðEm

0
dE′dE

1
2πℏ

ð∞
�∞

dt t eitðE�E′Þ=ℏðE� E′ÞjE′〉〈Ej

¼
ðEm

0
dE′dE

1
2πℏ

ð∞
�∞

dt

" 
� iℏ

∂
∂E

½Θ Eð Þ �ΘðE� EmÞ�

þiℏ½δðEÞ � δðE� EmÞ�
�
eitðE�E′Þ=ℏ�ðE� E′ÞjE′〉〈Ej

¼
ðEm

0
dE′dE

1
2πℏ

ð∞
�∞

dt eitðE�E′Þ=ℏ½½ΘðEÞ �ΘðE� EmÞ�iℏ ∂
∂E

þiℏ½δðEÞ � δðE� EmÞ��ðE� E′ÞjE′〉〈Ej

�iℏ
ðEm

0
dE′

1
2πℏ

ð∞
�∞

dt eitðE�E′Þ=ℏðE� E′ÞjE′〉〈E′jEm
E¼0

¼
ðEm

0
dE′dEδðE� E′Þ iℏ

∂
∂E

þ iℏ½δðEÞ � δðE� EmÞ�
� �

ðE� E′ÞjE′〉〈Ej

�iℏ
ðEm

0
dE′δðE� E′ÞðE� E′ÞjE′〉〈EjjEm

E¼0

¼
ðEm

0
dE′dE δðE� E′Þiℏ ∂

∂E
ðE� E′ÞjE′〉〈Ej

þiℏ
ðEm

0
dE′dE δðE� E′Þ½δðEÞ � δðE� EmÞ�ðE� E′ÞjE′〉〈Ej

¼ iℏ
ðEm

0
dE′dE δðE� E′ÞE′〉〈Ej

þ
ðEm

0
dE′dEδðE� E′ÞðE� E′ÞjE′〉iℏ ∂

∂E
〈Ej ¼ iℏ

ðEm

0
dEjE〉〈Ej

¼ iℏÎ ,
(7a)

where we have made use of the integration by parts. This is one of the properties that a time
operator should comply with—the constant commutator with the Hamiltonian. We also have
that
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bT�, bH
h i

¼
ð∞
�∞

dt t
ð0
�pm

dp
ðEm

0
dE′dE

e�itE′=ℏ

ffiffiffiffiffiffiffiffiffi
2πℏ

p eitE=ℏffiffiffiffiffiffiffiffiffi
2πℏ

p 〈E′jp〉〈pjE〉 jE′〉〈Ej, bH
h i

¼
ð0
�pm

dp
ðEm

0
dE′dE

1
2πℏ

ð∞
�∞

dt teitðE�E′Þ=ℏðE� E′ÞjE′〉〈E′jp〉〈pjE〉〈Ej

¼
ð0
�pm

dp
ðEm

0
dE′dE

1
2πℏ

ð∞
�∞

dt½ð�iℏ
∂
∂E

½ΘðEÞ �ΘðE� EmÞ�

þiℏ½δðEÞ � δðE� EmÞ�eitðE�E′Þ=ℏ
�
ðE� E′ÞjE′〉〈E′jp〉〈pjE〉〈Ej

¼
ð0
�pm

dp
ðEm

0
dE′dE

1
2πℏ

ð∞
�∞

dt eitðE�E′Þ=ℏ
h
½ΘðEÞ �ΘðE� EmÞ

i
iℏ

∂
∂E

þiℏ½δðEÞ � δðE� EmÞ�ðE� E′ÞjE′〉〈E′jp〉〈pjE〉〈Ej

�iℏ
ð0
�pm

dp
ðEm

0
dE′

1
2πℏ

ð∞
�∞

dt eitðE�E′Þ=ℏðE� E′ÞjE′〉〈E′jp〉〈pjE〉〈EjjEm
E¼0

¼
ð0
�pm

dp
ðEm

0
dE′dEδðE� E′Þ iℏ

∂
∂E

þ iℏ½δðEÞ � δðE� EmÞ�
� �

ðE� E′ÞjE′〉〈E′jp〉〈pjE〉〈Ej

� iℏ
ð0
�pm

dp
ðEm

0
dE′δðE� E′ÞðE� E′ÞjE′〉〈E′jp〉〈pjE〉〈EjEm

E¼0

¼
ð0
�pm

dp
ðEm

0
dE′dEδðE� E′Þiℏ ∂

∂E
ðE� E′ÞjE′〉〈E′jp〉〈pjE〉〈Ej

þiℏ
ð0
�pm

dp
ðEm

0
dE′dEδðE� E′Þ½δðEÞ � δðE� EmÞ�

ðE� E′ÞjE′〉〈E′jp〉〈pjE〉〈Ej

¼ iℏ
ð0
�pm

dp
ðEm

0
dE′dEδðE� E′ÞjE′〉〈E′jp〉〈pjE〉〈Ej

þ
ð0
�pm

dp
ðEm

0
dE′dEδðE� E′ÞðE� E′ÞjE′〉〈E′jp〉iℏ ∂

∂E
〈pjE〉〈Ej

¼ iℏ
ð0
�pm

dp
ðEm

0
dEjE〉〈Ejp〉〈pjE〉〈Ej ¼ iℏÎ�,

(7b)

½bTþ, bH � ¼ iℏ
ðpm
0

dp
ðEm

0
dEjE〉〈Ejp〉〈pjE〉〈Ej ¼ iℏÎþ: (7c)

The operator

�iℏ
∂
∂E

þ iℏ½δðEÞ � δðE� EmÞ� (8)
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bT�, bH
h i

¼
ð∞
�∞

dt t
ð0
�pm

dp
ðEm

0
dE′dE

e�itE′=ℏ

ffiffiffiffiffiffiffiffiffi
2πℏ

p eitE=ℏffiffiffiffiffiffiffiffiffi
2πℏ

p 〈E′jp〉〈pjE〉 jE′〉〈Ej, bH
h i

¼
ð0
�pm

dp
ðEm

0
dE′dE

1
2πℏ

ð∞
�∞

dt teitðE�E′Þ=ℏðE� E′ÞjE′〉〈E′jp〉〈pjE〉〈Ej

¼
ð0
�pm

dp
ðEm

0
dE′dE

1
2πℏ

ð∞
�∞

dt½ð�iℏ
∂
∂E

½ΘðEÞ �ΘðE� EmÞ�

þiℏ½δðEÞ � δðE� EmÞ�eitðE�E′Þ=ℏ
�
ðE� E′ÞjE′〉〈E′jp〉〈pjE〉〈Ej

¼
ð0
�pm

dp
ðEm

0
dE′dE

1
2πℏ

ð∞
�∞

dt eitðE�E′Þ=ℏ
h
½ΘðEÞ �ΘðE� EmÞ

i
iℏ

∂
∂E

þiℏ½δðEÞ � δðE� EmÞ�ðE� E′ÞjE′〉〈E′jp〉〈pjE〉〈Ej

�iℏ
ð0
�pm

dp
ðEm

0
dE′

1
2πℏ

ð∞
�∞

dt eitðE�E′Þ=ℏðE� E′ÞjE′〉〈E′jp〉〈pjE〉〈EjjEm
E¼0

¼
ð0
�pm

dp
ðEm

0
dE′dEδðE� E′Þ iℏ

∂
∂E

þ iℏ½δðEÞ � δðE� EmÞ�
� �

ðE� E′ÞjE′〉〈E′jp〉〈pjE〉〈Ej

� iℏ
ð0
�pm

dp
ðEm

0
dE′δðE� E′ÞðE� E′ÞjE′〉〈E′jp〉〈pjE〉〈EjEm

E¼0

¼
ð0
�pm

dp
ðEm

0
dE′dEδðE� E′Þiℏ ∂

∂E
ðE� E′ÞjE′〉〈E′jp〉〈pjE〉〈Ej

þiℏ
ð0
�pm

dp
ðEm

0
dE′dEδðE� E′Þ½δðEÞ � δðE� EmÞ�

ðE� E′ÞjE′〉〈E′jp〉〈pjE〉〈Ej

¼ iℏ
ð0
�pm

dp
ðEm

0
dE′dEδðE� E′ÞjE′〉〈E′jp〉〈pjE〉〈Ej

þ
ð0
�pm

dp
ðEm

0
dE′dEδðE� E′ÞðE� E′ÞjE′〉〈E′jp〉iℏ ∂

∂E
〈pjE〉〈Ej

¼ iℏ
ð0
�pm

dp
ðEm

0
dEjE〉〈Ejp〉〈pjE〉〈Ej ¼ iℏÎ�,

(7b)

½bTþ, bH � ¼ iℏ
ðpm
0

dp
ðEm

0
dEjE〉〈Ejp〉〈pjE〉〈Ej ¼ iℏÎþ: (7c)

The operator

�iℏ
∂
∂E

þ iℏ½δðEÞ � δðE� EmÞ� (8)
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is a time-like operator in the energy representation, which is symmetric in the interval ½0,Em�
regardless of the boundary conditions at E = 0, Em, when the functions exist only in the interval
[0, Em].

Thus, we can say that the kets

jtðpÞ〉 :¼
ðEm

0
dE

e�itE=ℏ
ffiffiffiffiffiffiffiffiffi
2πℏ

p jE〉〈Ejp〉 ¼ e�itbH=ℏ

ffiffiffiffiffiffiffiffiffi
2πℏ

p jp〉, (9a)

jt〉 :¼
ðEm

0
dE

e�itE=ℏ
ffiffiffiffiffiffiffiffiffi
2πℏ

p jE〉, (9b)

can be considered as time-like kets. We will study some of their properties in what follows.

The inner product between time states is

〈t′ðp′ÞjtðpÞ〉 ¼ 1
2πℏ

〈p′je�iðt�t′ÞĤ=ℏjp〉 ¼ 1
2πℏ

〈p′jpðt� t′Þ〉, (10a)

〈t′jt〉 ¼
ðEm

0
dE〈t′jE〉 〈Ejt〉 ¼

ðEm

0
dE

eit
′E=ℏ
ffiffiffiffiffiffiffiffiffi
2πℏ

p e�itE=ℏ
ffiffiffiffiffiffiffiffiffi
2πℏ

p ¼ 1
2πℏ

ðEm

0
dE eiðt

′�tÞE=ℏ

¼ 1
πðt′ � tÞ e

iðt′�tÞEm=2h sin
Em

2h
ðt′� tÞ

� �
,

(10b)

with limit

lim
Em!∞

〈t′jt〉 ¼ 1
2
δðt′ � tÞ þ i

2πðt′ � tÞ : (10c)

Thus, the time states are not orthogonal due to the bounded nature of the Hamiltonian
operator.

2.1. Properties of the transformation function between energy and time states

The transformation function between energy and time representations is given by

〈Ejt〉 ¼ e�itE=ℏ
ffiffiffiffiffiffiffiffiffi
2πℏ

p , E∈ ½0,Em�, t∈ ð�∞,∞Þ : (11)

A property of this transformation function is that it is a sort of eigenfunction of the time-like
operator, iℏðd=dEÞ½ΘðEÞ �ΘðE� EmÞ� � iℏ½δðEÞ � δðE� EmÞ�, when the functions exists in the
interval E ∈ [0, Em], in the energy representation,

iℏ½δðEÞ � δðE� EmÞ� � iℏ
∂
∂E

½ΘðEÞ �ΘðE� EmÞ�
� �

〈tjE〉 ¼ t½ΘðEÞ �ΘðE� EmÞ� 〈tjE〉, (12)

and it is also an eigenfunction of the energy operator, iℏ d=dt,
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iℏ
∂
∂t
〈Ejt〉 ¼ iℏ

∂
∂t
e�itE=ℏ
ffiffiffiffiffiffiffiffiffi
2πℏ

p ¼ E〈Ejt〉: (13)

This is similar to the corresponding properties of the transformation function between coordi-
nate and momentum representations. The squared modulus of the transformation function is
constant for all values of t and E, as is desired for coordinate variables.

Time kets can be used as a coordinate system for quantum systems and are similar to coordinate
or momentum eigenkets. The norm of a wave packet in the time representation is (see Eq. (5))

〈ψjψ〉 ¼
ð∞
�∞

dt〈ψjt〉 〈tjψ〉 ¼
ð∞
�∞

dt
ðEm

0
dE′dE

e�itE′=ℏ

ffiffiffiffiffiffiffiffiffi
2πℏ

p 〈ψjE′〉 eitE=ℏffiffiffiffiffiffiffiffiffi
2πℏ

p 〈Ejψ〉

¼
ðEm

0
dE′dE 〈ψjE′〉 〈Ejψ〉 1

2πℏ

ð∞
�∞

dt eitðE�E′Þ=ℏ

¼
ðEm

0
dE′dE〈ψjE′〉 〈Ejψ〉δðE� E′Þ

¼
ðEm

0
dEj〈Ejψ〉j2:

(14)

Thus, we will obtain well-defined quantities if the wave packet jψ〉 is normalized in the energy

representation, i.e., if
ð∞
0
dEj〈Ejψ〉j2 ¼ 1. We also note that the transformation from energy to

time representations is norm preserving, i.e., it is unitary.

2.2. The time eigenstates are conjugate to the energy eigenstates

Now, the Fourier transform of the time states is

ð∞
�∞

dt
eitE=ℏffiffiffiffiffiffiffiffiffi
2πℏ

p jt〉 ¼
ð∞
�∞

dt
eitE=ℏffiffiffiffiffiffiffiffiffi
2πℏ

p
ðEm

0
dE′ e�itE′=ℏ

ffiffiffiffiffiffiffiffiffi
2πℏ

p jE′〉 ¼
ðEm

0
dE′jE′〉 1

2πℏ

ð∞
�∞

dt eitðE�E′Þ=ℏ

¼
ðEm

0
dE′jE′〉δðE� E′Þ ¼ jE〉,

(15)

Thus, the kets jt〉 and jE〉 are conjugate indeed, i.e., the definition (9) is consistent; jt〉 and jE〉
are the Fourier transforms of each other, and then an eigenstate contains all the conjugate
eigenstates with the same weight.

3. Time operators

We now focus on the time operators obtained from the time kets of the previous section and on
their properties. Time operators for negative, positive, and any value of the momentum are
defined as

T̂� ¼
ð∞
�∞

dt
ð0
�pm

dpjtðpÞ〉t〈tðpÞj, T̂þ ¼
ð∞
�∞

dt
ðpm
0

dpjtðpÞ〉t〈tðpÞj, (16a)
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iℏ
∂
∂t
〈Ejt〉 ¼ iℏ

∂
∂t
e�itE=ℏ
ffiffiffiffiffiffiffiffiffi
2πℏ

p ¼ E〈Ejt〉: (13)

This is similar to the corresponding properties of the transformation function between coordi-
nate and momentum representations. The squared modulus of the transformation function is
constant for all values of t and E, as is desired for coordinate variables.

Time kets can be used as a coordinate system for quantum systems and are similar to coordinate
or momentum eigenkets. The norm of a wave packet in the time representation is (see Eq. (5))

〈ψjψ〉 ¼
ð∞
�∞

dt〈ψjt〉 〈tjψ〉 ¼
ð∞
�∞

dt
ðEm

0
dE′dE

e�itE′=ℏ

ffiffiffiffiffiffiffiffiffi
2πℏ

p 〈ψjE′〉 eitE=ℏffiffiffiffiffiffiffiffiffi
2πℏ

p 〈Ejψ〉

¼
ðEm

0
dE′dE 〈ψjE′〉 〈Ejψ〉 1

2πℏ

ð∞
�∞

dt eitðE�E′Þ=ℏ

¼
ðEm

0
dE′dE〈ψjE′〉 〈Ejψ〉δðE� E′Þ

¼
ðEm

0
dEj〈Ejψ〉j2:

(14)

Thus, we will obtain well-defined quantities if the wave packet jψ〉 is normalized in the energy

representation, i.e., if
ð∞
0
dEj〈Ejψ〉j2 ¼ 1. We also note that the transformation from energy to

time representations is norm preserving, i.e., it is unitary.

2.2. The time eigenstates are conjugate to the energy eigenstates

Now, the Fourier transform of the time states is

ð∞
�∞

dt
eitE=ℏffiffiffiffiffiffiffiffiffi
2πℏ

p jt〉 ¼
ð∞
�∞

dt
eitE=ℏffiffiffiffiffiffiffiffiffi
2πℏ

p
ðEm

0
dE′ e�itE′=ℏ

ffiffiffiffiffiffiffiffiffi
2πℏ

p jE′〉 ¼
ðEm

0
dE′jE′〉 1

2πℏ

ð∞
�∞

dt eitðE�E′Þ=ℏ

¼
ðEm

0
dE′jE′〉δðE� E′Þ ¼ jE〉,

(15)

Thus, the kets jt〉 and jE〉 are conjugate indeed, i.e., the definition (9) is consistent; jt〉 and jE〉
are the Fourier transforms of each other, and then an eigenstate contains all the conjugate
eigenstates with the same weight.

3. Time operators

We now focus on the time operators obtained from the time kets of the previous section and on
their properties. Time operators for negative, positive, and any value of the momentum are
defined as

T̂� ¼
ð∞
�∞

dt
ð0
�pm

dpjtðpÞ〉t〈tðpÞj, T̂þ ¼
ð∞
�∞

dt
ðpm
0

dpjtðpÞ〉t〈tðpÞj, (16a)
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and

T̂ ¼
ð∞
�∞

dtjt〉t〈tj: (16b)

The last construction was also introduced, from another perspective, by Hegerfeldt et al. [4].
Our construction is different from that of Hegerfeldt et al. because it involves all the energy
eigenstates and not only those that are time reflection invariant. Our time operator exhibits the
time reversal property already.

Time operators can be written in three equivalent forms in the energy representation. One
form is

bT� ¼
ð∞
�∞

dt
ð0
�pm

dpjtðpÞ〉t〈tðpÞj

¼
ð∞
�∞

dt
ð0
�pm

dp
ðEm

0
dE′dE

e�it E′=ℏ
ffiffiffiffiffiffiffiffiffi
2πℏ

p jE′〉〈E′jp〉 t 〈pjE〉 〈Ej e
it E=ℏ
ffiffiffiffiffiffiffiffiffi
2πℏ

p

¼ 1
2πℏ

ð∞
�∞

dt
ð0
�pm

dp
ðEm

0
dE′dE

�
iℏ

∂

∂E′ ½ΘðE′Þ �ΘðE′� EmÞ�e�it E′=ℏ

�iℏ½δðE′Þ � δðE′� EmÞ�e�it E′=ℏ
�
jE′〉〈E′jp〉 〈pjE〉〈Ejeit E=ℏ

¼ 1
2πℏ

ð∞
�∞

dT
ð0
�pm

dp
ðEm

0
dE′dE

�
� ½ΘðE′Þ �ΘðE′� EmÞ�e�it E′=hiℏ

∂

∂E′

�iℏ½δðE′Þ � δðE′� EmÞ�e�it E′=ℏ
�
jE′〉〈E′jp〉〈pjE〉 〈Ejeit E=ℏ

þ 1
2πℏ

ð∞
�∞

dt
ð0
�pm

dp
ðEm

0
dE iℏ ½ΘðE′Þ

�ΘðE′� EmÞ�e�itE′=ℏjE′〉〈E′jp〉 〈pjE〉 〈EjeitE=ℏjEm

E′¼0

¼
ð0
�pm

dp
ðEm

0
dE′dEδðE� E′Þ

�
� ½ΘðE′Þ �ΘðE′� EmÞ�iℏ ∂

∂E′

�iℏ½δðE′Þ � δðE′ � EmÞ�
�
jE′〉〈E′jp〉〈pjE〉 〈Ej

þiℏ
ð0
�pm

dp
ðEm

0
dE δ ðE� E′Þ½ΘðE′Þ �ΘðE′� EmÞ�jE′〉〈E′jp〉 〈pjE〉〈EjjEm

E′¼0

¼
ð0
�pm

dp
ðEm

0
dE½ð�½ΘðEÞ �ΘðE� EmÞ�iℏ ∂

∂E
�iℏ ½δðEÞ � δðE� EmÞ�ÞjE〉〈Ejp〉�〈pjE〉〈Ej
þiℏ

ð0
�pm

dpjE′〉〈E′jp〉 〈pjE′〉〈E′jjEm

E′¼0

¼
ð0
�pm

dp
ðEm

0
dE �iℏ

∂
∂E

jE〉〈Ejp〉
� �

〈pjE〉〈Ej � iℏ
ð0
�∞

dpjE〉j〈pjE〉j2〈EjjEm
E¼0

þiℏ
ð0
�pm

dpjE′〉j〈pjE′〉j2〈E′jjEm

E′¼0

¼
ð0
�pm

dp
ðEm

0
dE �iℏ

∂
∂E

jE〉〈Ejp〉
� �

〈pjE〉〈Ej,

(17a)
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where we have performed an integration by parts. We also have that

T̂þ ¼
ð∞
�∞

dt
ðpm
0

dpjtðpÞ〉t〈tðpÞj ¼
ðpm
0

dp
ðEm

0
dE �iℏ

∂
∂E

jE〉〈Ejp〉
� �

〈pjE〉〈Ej, (17b)

and

T̂ ¼
ð∞
�∞

dtjt〉 t 〈tj ¼
ðEm

0
dE �iℏ

∂
∂E

jE〉
� �

〈Ej: (17c)

These are the forms in which the time operators act on energy eigenkets, but they take a
different form when they act on states or on both, eigenstates and wave packets.

A second energy representation of time operators is

bT� ¼ 1
2πℏ

ð∞
�∞

dt
ð0
�pm

dp
ðEm

0
dE′dE e�it E′=ℏjE′〉〈E′jp〉 〈pjE〉〈Ej

�
� iℏ

∂
∂E

½ΘðEÞ �ΘðE� EmÞ�

þiℏ½δðEÞ � δðE� EmÞ�
�
eit E=ℏ

¼ 1
2πℏ

ð∞
�∞

dt
ð0
�pm

dp
ðEm

0
dE′dE e�it E′=hjE′〉〈E′jp〉

h�
ΘðEÞ

�ΘðE� EmÞ
i
iℏ

∂
∂E

þ iℏ½δðEÞ � δðE� EmÞ�Þ〈pjE〉〈Ej�eit E=ℏ

� i
2π

ð∞
�∞

dt
ð0
�pm

dp
ðEm

0
dE′ e�it E′=ℏjE′〉〈E′jp〉 〈pjE〉〈Ejeit E=ℏjEm

E¼0

¼
ð0
�pm

dp
ðEm

0
dE′dE

1
2πℏ

ð∞
�∞

dt eitðE�E′Þ=ℏjE′〉 〈E′jp〉 iℏ ∂
∂E

〈pjE〉〈Ej

þiℏ
ð0
�pm

dp
ðEm

0
dE′dE

1
2πℏ

ð∞
�∞

dt eitðE�E′Þ=ℏjE′〉 〈E′jp〉½δðEÞ

�δðE� EmÞ�〈pjE〉〈Ej

�iℏ
ð0
�pm

dp
ðEm

0
dE′

1
2πℏ

ð∞
�∞

dt eitðE�E′Þ=ℏjE′〉〈E′jp〉 〈pjE〉〈EjjEm
E¼0

�iℏ
ð0
�pm

dp
ðEm

0
dE′

1
2πℏ

ð∞
�∞

dt eitðE�E′Þ=ℏjE′〉〈E′jp〉 〈pjE〉〈EjjEm
E¼0

¼
ð0
�pm

dp
ðEm

0
dE′dE δðE� E′ÞjE′〉〈E′jp〉iℏ ∂

∂E
〈pjE〉〈Ej

¼
ð0
�pm

dp
ðEm

0
dEjE〉 〈Ejp〉iℏ ∂

∂E
〈pjE〉〈Ej,

(18a)

T̂þ ¼
ð∞
�∞

dt
ðpm
0

dpjtðpÞ〉 t 〈tðpÞj ¼
ðpm
0

dp
ðEm

0
dEjE〉〈Ejp〉iℏ ∂

∂E
〈pjE〉〈Ej, (18b)
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0
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�pm
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0
dEjE〉 〈Ejp〉iℏ ∂

∂E
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�∞
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ðpm
0
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ðpm
0
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and

T̂ ¼
ð∞
�∞

dtjt〉 t 〈tj ¼
ðEm

0
dEjE〉iℏ d

dE
〈Ej: (18c)

These are the various forms in which the time operators can act on states in the energy
representation. The difference with the time operators when acting on energy eigenkets is a
minus sign.

Other symmetric expressions for the time operators can also be obtained:

T̂� ¼
ð∞
�∞

dt
ð0
�pm

dpjtðpÞ〉 t 〈tðpÞj

¼
ð∞
�∞

dt
ð0
�pm

dp
ðEm

0
dE′dE

e�it E′=ℏ

ffiffiffiffiffiffiffiffiffi
2πℏ

p jE′〉 〈E′jp〉 t 〈pjE〉 〈Ej e
itE=ℏ
ffiffiffiffiffiffiffiffiffi
2πℏ

p

¼
ð0
�pm

dp
ðEm

0
dE′dEjE′〉 〈E′jp〉 〈pjE〉 〈Ej 1

2πℏ

ð∞
�∞

dt t eitðE�E′Þ=ℏ

¼ �iℏ
ð0
�pm

dp
ðEm

0
dE′dEjE′〉 〈E′jp〉 〈pjE〉 〈Ejδ′ðE′ � EÞ,

(19a)

T̂þ ¼ �iℏ
ðpm
0

dp
ðEm

0
dE′dEjE′〉 〈E′jp〉 〈pjE〉 〈Ejδ′ðE′� EÞ, (19b)

and

T̂ ¼ �iℏ
ðEm

0
dE′dEjE′〉 〈Ejδ′ðE′� EÞ: (19c)

The domain of our time operators isD, defined in Eq. (2). The convergence of quantities depends
on the type of wave packet that these operators act on. A wave packet of type L2(0, Em) in the
energy representation is a good choice (see Eq. (14)). Thus, the domain is invariant under the
action of the time operators, and the commutator between the Hamiltonian and the time
operators is thus valid in the entire domain D.

3.1. Time matrix elements of the Hamiltonian

The matrix elements of the Hamiltonian in the time representation are given by

〈t′jĤ jt〉 ¼
ðEm

0
dE′dE

eit′E′=ℏffiffiffiffiffiffiffiffiffi
2πℏ

p 〈E′jĤ jE〉 e
�it E=ℏ
ffiffiffiffiffiffiffiffiffi
2πℏ

p ¼ 1
2πℏ

ðEm

0
dE′dE E eit

′E′=ℏe�itE=ℏ〈E′jE〉

¼ 1
2πℏ

ðEm

0
dE E eiðt′�tÞE=ℏ ¼ iℏ

d
dt
〈t′jt〉 ¼ �iℏ

d
dt′

〈t′jt〉:
(20)

This is the Schrödinger equation for time kets in the time representation.
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3.2. The time ket is the eigenstate of the time operator

We can find the characteristic operator of the commutators ½�, bH � and ½bT , ��. Because ½bT , bH � ¼ iℏ

(see Eq. (7a)), the commutator between the operator e�iεbT =ℏ, E ∈ ½0,Em�, and the Hamiltonian is

½e�iεT̂=ℏ, Ĥ � ¼
X∞
n¼0

1
n!

�i
ε
ℏ

� �n
½T̂ n, Ĥ � ¼

X∞
n¼1

1
n!

�i
ε
ℏ

� �n
iℏ n T̂n�1 ¼ εe�iεT̂=ℏ: (21)

Similarly, the commutator between the time operator and the time propagator is

½T̂ , e�itĤ=ℏ� ¼
X∞
n¼0

1
n!

�i
t
ℏ

� �n

½T̂ , Ĥn� ¼
X∞
n¼1

1
n!

�i
t
ℏ

� �n

iℏ n Ĥn�1 ¼ te�itĤ=ℏ, (22)

where t∈R.

The time ket ĵt〉 is the time propagation of a zero time ket ĵ0〉,

ĵt〉 ¼
ð∞
0
dE

e�itE=ℏ
ffiffiffiffiffiffiffiffiffi
2πℏ

p jE〉 ¼ e�itĤ=ℏ ĵ0〉, ĵ0〉 ¼ 1ffiffiffiffiffiffiffiffiffi
2πℏ

p
ð∞
0
dEjE〉: (23)

Thus, according to Eq. (22), we can say that the time ket is an eigenstate of the time operator

bT jt〉 ¼ bTe�itĤ=ℏj0〉 ¼ e�itĤ=ℏbT j0〉þ t e�itĤ=ℏj0〉 ¼ tjt〉, (24)

where we have set bT j0〉 ¼ 0 because j0〉 is the zero-time state.

An “evolution equation” for the energy eigenstate is (see Eq. (15))

bT jE〉 ¼
ð∞
�∞

dt
eitE=ℏffiffiffiffiffiffiffiffiffi
2πℏ

p bT jt〉 ¼
ð∞
�∞

dt
eitE=ℏffiffiffiffiffiffiffiffiffi
2πℏ

p tjt〉

¼
ð∞
�∞

dt �iℏ
∂
ðE

½ΘðEÞ �ΘðE� EmÞ� e
itE=ℏ
ffiffiffiffiffiffiffiffiffi
2πℏ

p þiℏ½δðEÞ � δðE� EmÞ� e
itE=ℏ
ffiffiffiffiffiffiffiffiffi
2πℏ

p
� �

jt〉

¼ �iℏ
d
dE

½ΘðEÞ �ΘðE� EmÞ� þ iℏ½δðEÞ � δðE� EmÞ�
� �

jE〉

¼ ½ΘðEÞ �ΘðE� EmÞ� �iℏ
d
dE

� �
jE〉:

(25)

Thus, the time operator is the generator of translations along the energy direction. All quanti-
ties are well defined as long as E and t belong to the allowed set of values for them. For other
values of E and Eþ E, we will get a linear combination of the energy eigenstates [14].
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X∞
n¼1

1
n!

�i
t
ℏ

� �n

iℏ n Ĥn�1 ¼ te�itĤ=ℏ, (22)

where t∈R.
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∂
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itE=ℏ
ffiffiffiffiffiffiffiffiffi
2πℏ
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p
� �

jt〉

¼ �iℏ
d
dE

½ΘðEÞ �ΘðE� EmÞ� þ iℏ½δðEÞ � δðE� EmÞ�
� �
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d
dE

� �
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Thus, the time operator is the generator of translations along the energy direction. All quanti-
ties are well defined as long as E and t belong to the allowed set of values for them. For other
values of E and Eþ E, we will get a linear combination of the energy eigenstates [14].
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3.3. Shifting of operators

The shifting of the Hamiltonian along the energy direction is (see Eq. (21))

bHðEÞ :¼ e�iET̂=ℏ bHeiET̂=ℏ ¼ ðbH e�iET̂=ℏ þ E e�iET̂=ℏÞeiET̂=ℏ ¼ bH þ E; (26)

where 0 ≤Eþ ε. For the translation of the time operator (see Eq. (22)), we have

T̂ðtÞ :¼ eit
bH=ℏT̂ e�itbH=ℏ ¼ eit

bH=ℏðe�itbH=ℏT̂ þ te�itbH=ℏÞ ¼ T̂ þ t: (27)

These operations are well defined as long as Eþ ε ≥ 0 [6, 14]. The derivative with respect to t of
the time-shifted operator (27) is

d
dt
bTðtÞ ¼ Î , (28)

that is, in the energy-time representations, t is the value that the time operator bT can take and
not simply a parameter. Similarly, in the case of a translation of the Hamiltonian operator by
the time operator, i.e., Eq. (26), we find that

d
dε
bHðεÞ ¼ Î : (29)

Therefore, in the energy-time representations, ε is not simply a parameter, but it is related to

the values that the Hamiltonian bH can take.

Thus, the use of energy and time eigenkets and operators instead of coordinate and momen-
tum eigenkets and operators is similar to going from a parametric representation of curves,
with time being the parameter of evolution, to a nonparametric representation in which time is
now one of the coordinates.

4. Approximate expressions

In this section, we make contact with other expressions that have been used by other authors.
Other works have not made use of the Sa(x;1) factor that appears in our results. The results in
this section will allow us to obtain a better understanding of previous results.

4.1. Approximating the integral in an infinite interval

As an approximation, we replace the integral in an infinite interval ð2πÞ�1
ð∞
�∞

dt with the

integral in the finite interval t∈ ½�T=2,T=2�, lim
T!∞

ð1=TÞ
ðT=2
�T=2

dt. Then,
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bT� ¼
ð∞
�∞

dt
ð0
�pm

dpjtðpÞ〉t〈tðpÞj

≅
1
T

ðT=2
�T=2

dt
ð0
�pm

dp
ðEm

0
dE′dE e�itE′=ℏjE′〉 〈E′jp〉t〈pjE〉 〈EjeitE=ℏ

¼
ð0
�pm

dp
ðEm

0
dE′dEjE′〉 〈E′jp〉 〈pjE〉 〈Ej 1

T

ðT=2
�T=2

dt t eitðE�E′Þ=ℏ

¼
ð0
�pm

dp
ðEm

0
dE′dEjE′〉 〈E′jp〉 〈pjE〉 〈Ej iℏ

E� E′ Sa
T
2ℏ

ðE� E′Þ; 1
� �

¼
ðEm

0
dE′dE

iℏ
E� E′ Sa

T
2ℏ

ðE� E′Þ; 1
� �

jE′〉 〈E′ ĵI�jE〉 〈Ej,

(30a)

bTþ≅
ðEm

0
dE′dE

iℏ

E� E′ Sa
T
2ℏ

ðE� E′Þ; 1
� �

jE′〉 〈E′ ĵIþjE〉 〈Ej, (30b)

and

bT≅
ðEm

0
dE′dEjE′〉 〈Ej iℏ

E� E′ Sa
T
2ℏ

ðE� E′Þ; 1
� �

, (30c)

where the Sa function of type one is defined as

Saðx; 1Þ :¼ sin ðxÞ
x

� cos ðxÞ: (31)

A plot of this function can be found in Figure 1. This function is zero at x = 0 and oscillates
between ≈ � 1. The limit T ! ∞ of the integral of SaðTx=2; 1Þ=Tx times a function f(x) gives an
approximation to the derivative of the latter at x = 0.

Expressions that resemble Eq. (30c), but without the Sa factor, were used by other authors as a
function that gives the sign of time in the continuous energy spectrum case [9–11].

Figure 1. A plot of the function Saðx; 1Þ :¼ sin ðxÞ=x� cos ðxÞ.
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5. The free particle

As an example of the time kets provided by our method, let us apply the derived results to the
free-particle system. We find expressions for time eigenkets, including the case when a distinc-

tion of the sign of the momentum is needed. In this model, the momentum operator P̂ commutes

with the Hamiltonian operator Ĥ, indicating a symmetry, allowing for some simplifications.

A set of energy eigenfunctions, in the coordinate representation, for the free-particle model is

〈qjE�〉 ¼ e�i
ffiffiffiffiffiffiffi
2mE

p
q=ℏ

ffiffiffiffiffiffiffiffiffi
2πℏ

p ; E∈ ½0,∞Þ : (32)

The subscripts in these functions indicate the sign of the momentum of the particle.

Thus, the zero-time eigenstate for the free particle is given as

〈qj0�〉 :¼
ð∞
0
dE

1ffiffiffiffiffiffiffiffiffi
2πℏ

p 〈qjE�〉 ¼ 1ffiffiffiffiffiffiffiffiffi
2πℏ

p
ð∞
0
dE

e�i
ffiffiffiffiffiffiffi
2mE

p
q=ℏ

ffiffiffiffiffiffiffiffiffi
2πℏ

p ¼ 1ffiffiffiffiffiffiffiffiffi
2πℏ

p
ð∞
0

p dp
m

e�ip q=h
ffiffiffiffiffiffiffiffiffi
2πℏ

p

¼ 1
m

∓i ℏ
d
dq

� �
1

2πℏ

ð∞
0
dp e�i p q=h ¼ ∓i

ℏ
m

d
dq

δðqÞ
2

� i
2πq

� �
,

(33)

where we have made the change in variable E ¼ p2=2m. The unit of the last ket is time�1.
Various other authors have used kets obtained by direct quantization of the classical expres-
sion for the time variable and have obtained a time ket with units of time1/2. However, our kets
exhibit the properties discussed in this chapter.

Figure 2 shows a three-dimensional plot of the approximation of the squared modulus of the
time states 〈qjt�〉 and 〈qjtþ〉, obtained by not integrating from E = 0 to ∞ but up to a finite, large,
value of E. They start highly localized at the origin and subsequently theymove away from it and
spread with time. The support of these functions resembles the classical motion curve mq = pt.

For the sake of completeness, we write down the matrix elements of the time operators in the
coordinate representation. They are

Figure 2. Three-dimensional plots of the squared modulus of the approximate time kets j〈qjt�〉j2 and j〈qjtþ〉j2 for the free-
particle model. The density is initially a highly localized density at q = 0 but subsequently it spreads and moves away from
the origin. Dimensionless units.
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(34)

5.1. Solution to the quantized version of the classical motion of a free particle

The following calculation shows that the time states can also be the solution to the quantized
classical expression for the motion of a free particle initially located at q = 0, i.e., the quantiza-
tion of mq = pt. Let us rewrite the product mq〈qjt�〉 as follows:
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(35a)

mq〈qjtþ〉 ¼ t〈qjP̂jtþ〉þ iℏð〈qĵIþjE〉� 〈qjP̂jpm〉 〈pmjE〉Þ: (35b)

We can think of the last two terms in the above equations as quantum corrections to the
classical trajectory of a free particle. These correction terms seem to vanish when ℏ ! 0.

Dynamical Systems - Analytical and Computational Techniques138



〈q′jbT�jq〉 ¼
ð∞
0
dE〈q′jE�〉 iℏ

∂
∂E

� �
〈E�jq〉 ¼

ð∞
0
dE

e�i
ffiffiffiffiffiffiffi
2mE

p
q′=ℏ

ffiffiffiffiffiffiffiffiffi
2πℏ

p iℏ
∂
∂E

� �
e∓i

ffiffiffiffiffiffiffi
2mE

p
q=ℏ

ffiffiffiffiffiffiffiffiffi
2πℏ

p

¼ �
ð∞
0
dE

e�i
ffiffiffiffiffiffiffi
2mE

p
q′=ℏ

ffiffiffiffiffiffiffiffiffi
2πℏ

p mffiffiffiffiffiffiffiffiffi
2mE

p q
e∓i

ffiffiffiffiffiffiffi
2mE

p
q=ℏ

ffiffiffiffiffiffiffiffiffi
2πℏ

p ¼ � 1
2πℏ

q
ð∞
0
dp e�ipðq′�qÞ=ℏ

¼ �q
δðq� q′Þ

2
þ i
2πðq� q′Þ

� �
:

(34)

5.1. Solution to the quantized version of the classical motion of a free particle

The following calculation shows that the time states can also be the solution to the quantized
classical expression for the motion of a free particle initially located at q = 0, i.e., the quantiza-
tion of mq = pt. Let us rewrite the product mq〈qjt�〉 as follows:

mq〈qjt�〉 ¼ mq
ðEm

0
dE

e�itE=ℏ
ffiffiffiffiffiffiffiffiffi
2πℏ

p 〈qjE�〉 ¼ mq
ðEm

0
dE

e�itE=ℏ
ffiffiffiffiffiffiffiffiffi
2πℏ

p e�i
ffiffiffiffiffiffiffi
2mE

p
q=ℏ

ffiffiffiffiffiffiffiffiffi
2πℏ

p

¼ mq
ð0
�pm

dp
p
m
e�itp2=2mℏ

ffiffiffiffiffiffiffiffiffi
2πℏ

p eipq=ℏffiffiffiffiffiffiffiffiffi
2πℏ

p

¼ m
ð0
�pm

dp
p
m
e�itp2=2mℏ

ffiffiffiffiffiffiffiffiffi
2πℏ

p �iℏ
∂
∂p

� �
ei pq=ℏffiffiffiffiffiffiffiffiffi
2πℏ

p

¼ m
ð0
�pm

dp
eipq=ℏffiffiffiffiffiffiffiffiffi
2πℏ

p iℏ
∂
∂p

� �
p
m
e�itp2=2mℏ

ffiffiffiffiffiffiffiffiffi
2πℏ

p � iℏm
p
m
e�itp2=2mℏ

ffiffiffiffiffiffiffiffiffi
2πℏ

p eipq=ℏffiffiffiffiffiffiffiffiffi
2πℏ

p j0p¼�pm

¼ iℏ m
ð0
�pm

dp
eipq=ℏffiffiffiffiffiffiffiffiffi
2πℏ

p 1
m
� i

p
m

2tp
2mℏ

� �
e�itp2=2mℏ

ffiffiffiffiffiffiffiffiffi
2πℏ

p

þ iℏ
pm
2πℏ

e�itpm
2=2mℏeipmq=ℏ

¼ iℏ m
ð0
�pm

dp
eipq=ℏffiffiffiffiffiffiffiffiffi
2πℏ

p 1
m
e�itp2=2mℏ

ffiffiffiffiffiffiffiffiffi
2πℏ

p þ t
ð0
�pm

dp
eipq=ℏffiffiffiffiffiffiffiffiffi
2πℏ

p p2

m
e�itp2=2mℏ

ffiffiffiffiffiffiffiffiffi
2πℏ

p

þ i
pm
2π

e�itp2m=2mℏei pmq=ℏ

¼ t �iℏ
d
dq

� �ð0
�pm

dp
eipq=ℏffiffiffiffiffiffiffiffiffi
2πℏ

p p
m
e�itp2=2mℏ

ffiffiffiffiffiffiffiffiffi
2πℏ

p þ iℏ
ð0
�pm

dp
eipq=ℏffiffiffiffiffiffiffiffiffi
2πℏ

p e�itp2=2mℏ

ffiffiffiffiffiffiffiffiffi
2πℏ

p

þ i
pm
2π

e�itp2m=2mℏeipmq=ℏ

¼ t �iℏ
d
dq

� �
〈qjt�〉þ iℏ

ð0
�pm

dp〈qjp〉 〈pjE〉þ i
pm
2π

e�itp2m=2mℏei pmq=ℏ
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We can think of the last two terms in the above equations as quantum corrections to the
classical trajectory of a free particle. These correction terms seem to vanish when ℏ ! 0.
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On the other hand, the straightforward solution to the quantized version of the classical
expression for the motion of a free particle gives a quite different function. The solution to the
differential equation

mq f ðq; tÞ ¼ t �iℏ
d
dq

� �
f ðq; tÞ (36)

is

f ðq; tÞ ¼ N ei mq2=2ℏt, (37)

where N is a normalization constant. The squared modulus of this function is constant for all q
and for all t. The squared modulus of the corresponding momentum function,

f ðp; tÞ ¼ N

ffiffiffiffiffiffi
i
t
m

r
e�i tp2=2mℏ, (38)

is not a localized function either; it actually is proportional to the transformation function
between energy and time representations, in momentum representation. Thus, the route of
forming conjugate states to the energy eigenstates seems to be a better path for obtaining
appropriate time eigenstates.

6. Conclusions

We have introduced time-like states and time-like operators that are conjugate to the energy
eigenstates and Hamiltonian operator, respectively. We have also given an interpretation of the
obtained states and operators, andwe have found that expressions obtained via other approaches
to finding time eigenstates can be related to our expressions.However, theoscillatorySa factor that
we use solvesmany difficulties found in previous treatments.We have found the form of the time
states for the free particle and a time operator that is valid for any L2-typewave functions.

The approximation to time operators that we have introduced in this chapter uses expressions
that can be adapted to the case of discrete energy spectra. We will explore this possibility in a
later paper. From the literature on time operators, it might be believed that the treatment for a
continuous energy spectrum is different from that for discrete energy spectrum systems. But, the
results of this study suggest that both types of systems can be addressed in a similar manner.

Finally, we have found that the spectral measure MðdτÞ of T̂ is a nonorthogonal resolution of
the identity defined by

〈E′jcMI ðdτÞjE〉 ¼ eitðE
′�EÞ=ℏ

2πℏ
dτ: (39)

This measure exhibits the covariance property, as was previously stated by Holevo [13].
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Abstract

In this chapter, we present a recollection of fixed point theorems and their applications
in fractional set-valued dynamical systems. In particular, the fractional systems are used
in describing many natural phenomena and also vastly used in engineering. We con-
sider mainly two conditions in approaching the problem. The first condition is about the
cyclicity of the involved operator and this one takes place in ordinary metric spaces. In
the latter case, we develop a new fundamental theorem in modular metric spaces and
apply to show solvability of fractional set-valued dynamical systems.

Keywords: fractional set-valued dynamical system, fixed point theory, contraction,
modular metric space

1. Introduction

Dynamical system is a wide area that deals with a system that changes over time. The two
main characteristics of the time domain here are identified with the discrete and continuous
manners. In discrete time domain, major considerations turn to the difference equations and
generating functions. While in the latter one, which we shall be considering mainly for this
chapter, the system is usually represented by differential equations. It might be more influen-
tial to talk about the inclusion problems if a set-valued system is to be analyzed.

The very first and fundamental dynamical system is known nowadays under the term Cauchy
problem. It is represented with the following C1 initial-valued problem:
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u′ðtÞ ¼ f ðt, uðtÞÞ,
uð0Þ ¼ u0



In this case, we assume that f : ½0,T ·R ! R is continuous and u∈C1ð½0,TÞ. From simple
calculus, we may see that this system is equivalent to the following integral equation:

uðtÞ ¼ u0 þ
ð

½0, t
f ðs,uðsÞÞds (1)

This is where Banach got the idea to solve the problem. He proposed his famous fixed point
theorem known today as the contraction principle in 1922 [1], mainly to solve this Cauchy
problem effectively. Recall that the contraction principle states that if X is a complete metric
space and T : X ! X is Lipschitz continuous with constant 0 < L < 1, then T has a unique
fixed point.

Let us consider a map Λ : C1ð½0,TÞ ! C1ð½0,TÞ given by

ΛðuÞðtÞ :¼ u0 þ
ð

½0, t
f ðs, uðsÞÞds,   ∀u∈C1ð½0,TÞ,   ∀t∈ ½0,T

One can notice that u∈C1ð½0,TÞ solves Eq. (1) if and only if it is a fixed point of Λ. With this
approach, by considering C1ð½0,TÞ with the supremum norm ∥  ∥∞, we end up with the local
solvability of the Cauchy problem. To obtain the global solution, we have to apply some
techniques to extend the boundary of the local solution.

It is not very obvious that renorming by the L-weighted norm ∥f ∥L :¼ supt∈ ½0,Te
−Ltf ðtÞ, with

L > 0, will resolve such difficulty. We shall give the short solvability result of the Cauchy
problem with the contraction principle here, to illustrate the concept of how we apply fixed
point theorem to continuous dynamical systems. Under the assumption that f must be

Lipschitz in the second variable with constant L > 0, we have for any x, y∈C1ð½0,TÞ the
following:

e−LtjΛðxÞðtÞ−ΛðyÞðtÞj ¼ e−Ltj
ð

½0, t
f ðs, xðsÞÞ−f ðs, yðsÞÞdsj

≤ e−Lt
ð

½0, t
jf ðs, xðsÞÞ−f ðs, yðsÞÞjds

≤ e−Lt
ð

½0, t
LeLse−LsjxðsÞ−yðsÞjds

≤ e−Lt∥x−y∥L
ð

½0, t
LeLse−Lsds

≤ e−LtðeLt−1Þ∥x−y∥L
≤ ð1−e−LTÞ∥x−y∥L:

Taking supremum over t∈ ½0,T yields the result and the solvability thus follows.
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−Ltf ðtÞ, with

L > 0, will resolve such difficulty. We shall give the short solvability result of the Cauchy
problem with the contraction principle here, to illustrate the concept of how we apply fixed
point theorem to continuous dynamical systems. Under the assumption that f must be

Lipschitz in the second variable with constant L > 0, we have for any x, y∈C1ð½0,TÞ the
following:

e−LtjΛðxÞðtÞ−ΛðyÞðtÞj ¼ e−Ltj
ð

½0, t
f ðs, xðsÞÞ−f ðs, yðsÞÞdsj

≤ e−Lt
ð

½0, t
jf ðs, xðsÞÞ−f ðs, yðsÞÞjds

≤ e−Lt
ð

½0, t
LeLse−LsjxðsÞ−yðsÞjds

≤ e−Lt∥x−y∥L
ð

½0, t
LeLse−Lsds

≤ e−LtðeLt−1Þ∥x−y∥L
≤ ð1−e−LTÞ∥x−y∥L:

Taking supremum over t∈ ½0,T yields the result and the solvability thus follows.
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This is the alternative technique to guarantee the solvability of the Cauchy problem, without
obtaining the local solution first. It is important to remark that there are many mathemati-
cians that can later adapt different technique and different direction to obtain the solvability
of various classes of dynamical systems, under one unifying fact—by applying fixed point
theorems.

It is natural to raise the situation of set-valued integral, which proved itself for its importance
in practical applications especially in engineering. In 1965, Aumann [2] introduced the concept
of definite set-valued integral on real line and Euclidean spaces. Suppose that Ψ is an interval
½0,T, where T > 0. Let F : Ψ ! 2R be a set-valued operator. A selection of F is the function
f : Ψ ! R∪{ ∞} such that f ðtÞ∈ FðtÞ a.e. t∈Ψ . We write ℱ to denote the set containing all
integrable selections of F. According to Aumann [2], the set-valued integral is determined by
the operator J in the following:

JΨFðtÞdt :¼
ð

Ψ
f ðtÞdt ; f ∈ℱ

 

that is, the set of the integrals of integrable selections of F.

On the other hand, in elementary calculus, one deals with derivatives and integrals, includ-
ing the higher-integer-order iterations. Here, in fractional integral, one looks at a broader
concept where the real-order iteration is taken into account. There are many approaches to
study this kind of extensions. In our context, we shall use the classical notion introduced by
Riemann and Liouville, the latter of which is the first one to point out the possibility of
fractional calculus in 1832. Given a function f ∈L1ðΨ ,μÞ, the fractional integral of order
α > 0 is given by

IαΨ f ðtÞdt :¼
1

ΓðαÞ

ð

Ψ
ðt−τÞα−1f ðτÞdτ

Naturally, we may further consider the following fractional integral:

JαΨFðtÞdt :¼ IαΨ f ðtÞdt ; f ∈ℱ
 

These two concepts have brought up the studies of new systems, the set-valued dynamical
systems and the fractional dynamical systems. Even the combination of the two, the fractional
set-valued dynamical systems, is an emerging area in research. We shall be particular with this
latter class of systems and give some brief investigations over the problem.

The very concept of set-valued fractional integral operator was first proposed by El-Sayed and
Ibrahim [3–5] and this has opened a new universe of investigation to fractional operator
equations. It has been reflected that such theory can better describe nonlinear phenomena,
compared to the classical theory of differential and integral equations. The extensive use of this
theory lays naturally in automatic control theory, network theory and dynamical systems (see,
e.g. [6–10]).
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The central system that we are going to investigate in this chapter is the following delayed
system:

uðtÞ−
Xn

i¼1

βiðtÞuðt−τiÞ∈ IαFðt, uðtÞÞ ;   α∈ ð0, 1,   t∈ J :¼ ½0,T,   T > 0 (2)

where τi ∈ ½0, t for all i∈ {1, 2,⋯, n}, F : J ·R ! CBðRÞ, IαFðt, uðtÞÞ is the definite integral of
order α given by

IαFðt, uðtÞÞ :¼ 1
ΓðαÞ

ðt

0
ðt−τÞα−1f ðτ,uðτÞÞdτ ; f ∈SFðuÞ

 

and

SFðuÞ :¼ ff ∈L1ðJ,RÞ ; f ðtÞ∈Fðt, uðtÞÞ a:e: t∈ Jg

denotes the set of selections of F and βi : J ! R is continuous for each i∈ {1, 2,⋯, n}. Also, set
B :¼ max1 ≤ i ≤ nsupt∈ JβiðtÞ.

In this chapter, we shall bring up some recent results in fixed point theory in several
approaches and then show how these theorems apply to different classes of dynamical sys-
tems. Going precise, in Section 2, we investigate the system (2) in standard metric spaces
through a newly developed fixed point theorem. The mentioned fixed point theorem deals
with an operator that satisfied the so-called implicit contractivity condition only on a portion
of a space, where such partial partition is obtained from the cyclicity behavior that we
imposed. We also note the relation between this cyclicity behavior and the one that arises from
the partial ordering relation approach. The solvability of the dynamical system (2) in this
section is naturally obtained via the cyclicity and implicit contractivity assumptions. For
further readings related to this topic, consult [11–17]. In Section 3, we consider a newly
emerged approach of studying fixed point theory, i.e., fixed point theory in modular metric
spaces. This theory has only been introduced to researchers only a few years ago and has been
investigated reasonably in such a short duration. We bring up one of the fundamental fixed
point theorem in this modular metric spaces, give appropriate examples and then apply it to
guarantee the solvability of, again, the system (2). Even the studies of modular metric spaces
are relatively limited at the time, we suggest that further readings from Refs. [18–20] should
give some ideas about the theory itself and also how to develop further dynamical systems in
this framework.

2. Cyclic operators in metric spaces

In this section, we consider a very general class of operators that satisfy the implicit
contractivity condition. Moreover, we also assume the operator to be cyclic over its domain.
This cyclicity weakens the contractivity only to a portion of the space. This is a more general
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case than the contractivity on comparable pairs, as we show later in this chapter. This also
allows the coexistence result that is better than the exact solution and the sub-/super-
solution.

Note that results in this section are based on our paper [21]. Recall the following notion of
cyclic operators.

DEFINITION 2.1. Let X be a nonempty set and A1,A2,⋯,Ap be nonempty subsets of X. An

operator F : ∪pk¼1 Ak ! 2∪pk¼1
Ak is called a phset-valued cyclic operator over ∪pk¼1Ak if

FðAiÞ⊆Aiþ1 for all i∈ {1, 2,⋯, p−1} and FðApÞ⊆A1.

There is a special property about the location of fixed point of this operator, as illustrated in the
following.

PROPOSITION 2.2. Let X be a nonempty set and A1,A2,⋯,Ap be nonempty subsets of X. If F is a set-

valued cyclic operator over ∪pk¼1Ak, then we have the inclusion FixðFÞ⊆∩pk¼1Ak, where FixðFÞ denotes
the fixed point set of F.

PROOF. If either FixðFÞ ¼ ptyset or ∩pk¼1Ak ¼ ptyset, the conclusion is clear. Thus, let z∈ ∪pk¼1Ak be
a fixed point of F. Then, z∈Aq for some q∈ {1, 2,⋯, p} and z∈Fz⊆Aqþ1. Consequently, we also
have z∈Fz⊆Aqþ2. It is easy to see that z∈Aqþn for all n∈N. Therefore, it is enough to conclude

that z∈ ∩pk¼1Ak.

The following classes of functions are necessary to our further contents.

DEFINITION 2.3. Let Φ be the class of functions ϕ : Rþ ! Rþ satisfying the following conditions:

(Φ1) ϕ is right continuous.

(Φ2) ϕ (0) = 0.

(Φ3) ϕ(t) < t for all t > 0.

DEFINITION 2.4. Let Ψ be the class of functions ψ : R6
þ ! R satisfying the following condi-

tions:

ðΨ1Þ ψ is continuous.

ðΨ2Þ ψ is nondecreasing in the first variable and is nonincreasing in the remaining variables.

ðΨ3Þ There exists a function ϕ∈Φ such that, for all u, v ≥ 0, either ψðu, v, u, v, 0, uþ vÞ ≤ 0
  or  ψðu, v, 0, 0, u, vÞ ≤ 0 implies that u ≤ϕðvÞ.

ðΨ4Þ ψðu, 0, u, 0, 0, uÞ,ψðu, u, 0, 0, u,uÞ > 0 for all u > 0.

REMARK 2.5. If ϕ∈Φ, then ϕnðtÞ ! 0.

EXAMPLE 2.6 ([22]). The following functions are contained in the class Ψ :

a. ψ1ðt1, t2,⋯, t6Þ :¼ t1−αmax{t2, t3, t4}−ð1−αÞ½at5 þ bt6, where α∈ ½0, 1Þ and a, b∈ 0, 1
2

� �
.

b. ψ2ðt1, t2,⋯, t6Þ :¼ t1−ϕ max t2, t3, t4, 1
2 ½t5 þ t6

� �� �
, where ϕ∈Φ.
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c. ψ3ðt1, t2,⋯, t6Þ :¼ t21−t1ðαt2 þ βt3γt4Þ−δt5t6, where α > 0 and β,γ, δ≥0 with αþ βþ γ < 1
and αþ δ < 1.

2.1. Fixed point theorem for cyclic operators

Now, we give the main fixed point theorem for cyclic implicit contractive operators.

THEOREM 2.7. Let ðX, dÞ be a complete metric space and let A1,A2,…,Ap be nonempty closed subsets of

X. Suppose that F is a proximal set-valued cyclic operator over ∪pk¼1Ak in which there exists some ψ∈Ψ
satisfying

ψðHðFx, FyÞ, dðx, yÞ, dðx, FxÞ, dðy, FyÞ, dðx, FyÞ, dðy, FxÞÞ ≤ 0

whenever either ðx, yÞ∈Ai ·Aiþ1 or ðx, yÞ∈Aiþ1 ·Ai holds for some i∈ {1, 2,⋯, p}. Then, we have the
following:

(I) F has at least one fixed point;

(II) F has no fixed point outside ∩pk¼1Ak.

PROOF. For (I), let x0 be chosen arbitrarily from some Aj. Choose any x1 ∈Fx0. Then, we define
implicitly a sequence ðxnÞ by choosing xnþ1 ∈ Fxn satisfying

dðxn, xnþ1Þ ¼ dðxn, FxnÞ:

Note that this definition is valid since F is a proximal operator. Also note that by this definition,
we may derive that

dðxn, xnþ1Þ ≤HðFxn−1, FxnÞ (3)

Now, since ðxnþ1, xnÞ∈Ajþnþ1 ·Ajþn, we have

0 ≥ ψ
HðFxnþ1, FxnÞ, dðxnþ1, xnÞ, dðxnþ1, Fxnþ1Þ,

dðxn, FxnÞ, dðxnþ1,FxnÞ, dðxn,Fxnþ1Þ

 !

≥ ψ
H Fxn, Fxnþ1ð Þ, dðxn, xnþ1Þ,HðFxn, Fxnþ1Þ,
dðxn, xnþ1Þ, 0, dðxn, xnþ1Þ þHðFxn, Fxnþ1Þ

 !

Suppose that ϕ∈Φ is chosen according to ðΨ3Þ. Thus, we have

HðFxn, Fxnþ1Þ ≤ϕðdðxn, xnþ1ÞÞ

At this point, we assume that xn≠xnþ1 for all n∈N, otherwise a fixed point is already obtained.
Together with Eq. (3), we may deduce that

dðxn, xnþ1Þ ≤HðFxn−1, FxnÞ ≤ϕðdðxn−1, xnÞÞ ≤⋯ ≤ϕn−1ðdðx0, x1ÞÞ

Therefore, we have immediately that dðxn, xnþ1Þ ! 0.
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Next, we show that ðxnÞ is Cauchy. Suppose to the contrary. So, we may find ε0 > 0 and two
strictly increasing sequences of integers ðmkÞ and ðnkÞ in which

dðxmk , xnk Þ≥ε0

We can assume, without loss of generality, that nk > mk > k and nk is minimal in the sense that
dðxmk , xrÞ < ε0 for all mk ≤ r < nk.

Consequently, dðxmk , xnk−1Þ < ε0. Moreover, we may obtain that ε0 ≤ dðxmk , xnkÞ ≤ dðxmk , xnk−1Þ
þdðxnk−1, xnkÞ < ε0 þ dðxnk−1, xnkÞ: Letting k ! ∞, we have dðxmk , xnkÞ ! ε0.

On the other hand, for each k∈N, we may find jk ∈ {1, 2,⋯, p} in which nk−mk þ jk≡1ðmodpÞ.
For k sufficiently large, we may see that mk−jk > 0. Observe that

jdðxmk−jk , xnkÞ−dðxnk , xmkÞj ≤ dðxmk−jk , xmkÞ

≤
Xjk−1

l¼0

dðxmk−jkþl, xmk−jkþlþ1Þ

≤
Xp−1

l¼0

dðxmk−jkþl, xmk−jkþlþ1Þ

Letting k ! ∞, we have dðxmk−jk , xnk Þ ! ε0. Also consider that

jdðxnk , xmk−jkÞ−dðxmk−jk , xnkþ1Þj ≤ dðxnk , xnkþ1Þ:

As k ! ∞, we have dðxmk−jk , xnkþ1Þ ! ε0. Similarly, we have

jdðxmk−jk , xnkÞ−dðxnk , xmk−jkþ1Þj ≤ dðxmk−jk , xmk−jkþ1Þ:

So, we get dðxnk , xmk−jkþ1Þ ! ε0 as k ! ∞. Also observe that

jdðxnk , xnkþ1Þ−dðxnkþ1, xmk−jkþ1Þj ≤ dðxnk , xmk−jkþ1Þ:

Again, letting k ! ∞, we obtain that dðxnkþ1, xmk−jkþ1Þ ! ε0. Finally, by the fact that
ðxmk−jk , xnk Þ∈Ai ·Aiþ1 for some i∈ {1, 2,⋯, p} and Eq. (3), we may obtain that

0 ≥ ψ
HðFxmk−jk , FxnkÞ, dðxmk−jk , xnkÞ, dðxmk−jk ,Fxmk−jkÞ,

dðxnk , FxnkÞ, dðxmk−jk , Fxnk Þ, dðxnk , Fxmk−jkÞ

 !

≥ ψ
dðxmk−jkþ1, xnkþ1Þ, dðxmk−jk , xnkÞ, dðxmk−jk , xmk−jkþ1Þ, dðxnk , xnkþ1Þ,

dðxmk−jk , xnkþ1Þ, dðxnk , xmk−jkÞ þ dðxmk−jk , Fxmk−jkÞ

 !

¼ ψ
dðxmk−jkþ1, xnkþ1Þ, dðxmk−jk , xnkÞ, dðxmk−jk , xmk−jkþ1Þ, dðxnk , xnkþ1Þ,

dðxmk−jk , xnkþ1Þ, dðxnk , xmk−jkÞ þ dðxmk−jk , xmk−jkþ1Þ

 !

By the condition ðΨ4Þ and letting k ! ∞, we may deduce that
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0 ≥ψðε0, ε0, 0, 0, ε0, ε0Þ > 0

which is absurd. Hence, the sequence ðxnÞ is Cauchy. Since ∪pk¼1Ak is closed, it is complete and

therefore ðxnÞ converges to some unique point x∗ ∈ ∪pk¼1Ak.

Next, we shall prove that x∗ is, in fact, a fixed point of F. Let us assume now that dðx∗, Fx∗Þ > 0.
Note that for any n∈N, ðx∗, xnÞ∈Ai ·Aiþ1 for some i∈ {1, 2,⋯, p}. So, it is followed that

0 ≥ ψðHðFx∗, FxnÞ, dðx∗, xnÞ, dðx∗, Fx∗Þ, dðxn, FxnÞ, dðx∗, FxnÞ, dðxn, Fx∗ÞÞ

≥ ψ
dðxnþ1, Fx∗Þ, dðx∗, xnÞ, dðx∗, Fx∗Þ, dðxn, xnþ1Þ,

dðx∗, xnÞ þ dðxn, FxnÞ, dðxn, Fx∗Þ

 !

¼ ψ
dðxnþ1, Fx∗Þ, dðx∗, xnÞ, dðx∗, Fx∗Þ, dðxn, xnþ1Þ,

dðx∗, xnÞ þ dðxn, xnþ1Þ, dðxn, Fx∗Þ

 !

Passing to the limit as n ! ∞, we obtain that

0 ≥ψðdðx∗, Fx∗Þ, 0, dðx∗, Fx∗Þ, 0, 0, dðx∗, Fx∗ÞÞ > 0

which is absurd. Therefore, dðx∗, Fx∗Þ ¼ 0. Since Fx∗ is closed, we conclude that x∗ ∈ Fx∗.

To obtain (II), apply Proposition 2.2.

2.2. Ordered spaces as corollaries

Let X be a nonempty set, recall that the binary relation Êa is said to be a ph(partial) ordering on
X if it is reflexive, antisymmetric and transitive. By an phordered set, we shall mean the pair
ðX,⊑Þwhere X is nonempty and ⊑ is an ordering on X. A ph(partially) ordered metric space is
the triple ðX,⊑, dÞ, where ðX,⊑Þ is an ordered set and ðX, dÞ is a metric space.

In this part, we show that contractivity on comparable pairs is particularly a cyclic operator
over a single set. The following general assumption on the ordered structure is central in the
few forthcoming theorems.

DEFINITION 2.8. Let ðX,⊑, dÞ is said to satisfies the phcondition ðΘÞ if every convergent sequence
ðxnÞ in X and every point z0 ∈X such that z0 ⊑ xn for all n∈N, there holds the property z0⊑x∗,
where x∗ ∈X is the limit of ðxnÞ.

THEOREM 2.9. Let ðX,⊑, dÞ be a complete ordered metric space satisfying the condition ðΘÞ and let
F : X ! CBðXÞ be a nondecreasing proximal operator in the sense that if x, y∈X satisfies x⊑ y, then
u⊑ v for all u∈ Fx and v∈ Fy. Suppose that there exists ψ∈Ψ such that

ψðHðFx, FyÞ, dðx, yÞ, dðx, FxÞ, dðy, FyÞ, dðx, FyÞ, dðy, FxÞÞ ≤ 0 (4)

for all x, y∈X in which we can find some z∈X satisfying both z⊑ x and z⊑ y. If there exists x0 ∈X
such that x0 ⊑w for all w∈ Fx0, then F has at least one fixed point.
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dðxnþ1, Fx∗Þ, dðx∗, xnÞ, dðx∗, Fx∗Þ, dðxn, xnþ1Þ,

dðx∗, xnÞ þ dðxn, xnþ1Þ, dðxn, Fx∗Þ

 !

Passing to the limit as n ! ∞, we obtain that

0 ≥ψðdðx∗, Fx∗Þ, 0, dðx∗, Fx∗Þ, 0, 0, dðx∗, Fx∗ÞÞ > 0

which is absurd. Therefore, dðx∗, Fx∗Þ ¼ 0. Since Fx∗ is closed, we conclude that x∗ ∈ Fx∗.

To obtain (II), apply Proposition 2.2.

2.2. Ordered spaces as corollaries

Let X be a nonempty set, recall that the binary relation Êa is said to be a ph(partial) ordering on
X if it is reflexive, antisymmetric and transitive. By an phordered set, we shall mean the pair
ðX,⊑Þwhere X is nonempty and ⊑ is an ordering on X. A ph(partially) ordered metric space is
the triple ðX,⊑, dÞ, where ðX,⊑Þ is an ordered set and ðX, dÞ is a metric space.

In this part, we show that contractivity on comparable pairs is particularly a cyclic operator
over a single set. The following general assumption on the ordered structure is central in the
few forthcoming theorems.

DEFINITION 2.8. Let ðX,⊑, dÞ is said to satisfies the phcondition ðΘÞ if every convergent sequence
ðxnÞ in X and every point z0 ∈X such that z0 ⊑ xn for all n∈N, there holds the property z0⊑x∗,
where x∗ ∈X is the limit of ðxnÞ.

THEOREM 2.9. Let ðX,⊑, dÞ be a complete ordered metric space satisfying the condition ðΘÞ and let
F : X ! CBðXÞ be a nondecreasing proximal operator in the sense that if x, y∈X satisfies x⊑ y, then
u⊑ v for all u∈ Fx and v∈ Fy. Suppose that there exists ψ∈Ψ such that

ψðHðFx, FyÞ, dðx, yÞ, dðx, FxÞ, dðy, FyÞ, dðx, FyÞ, dðy, FxÞÞ ≤ 0 (4)

for all x, y∈X in which we can find some z∈X satisfying both z⊑ x and z⊑ y. If there exists x0 ∈X
such that x0 ⊑w for all w∈ Fx0, then F has at least one fixed point.
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PROOF. By the existence of such a point x0, we shall now construct a set

Cðx0Þ :¼ {z∈X ; x0⊑z}

Taking any sequence ðxnÞ in Cðx0Þ. By the condition ðΘÞ with z0 :¼ x0, we may see that if ðxnÞ
converges, its limit is also included in Cðx0Þ. Hence, Cðx0Þ is closed and therefore it is complete.

On the other hand, we define an operator G : Cðx0Þ ! CBðXÞ by

G :¼ FjCðx0Þ:

For any z∈Cðx0Þ, observe that x0⊑w for all w∈Gz. Thus, GðCðx0ÞÞ⊆Cðx0Þ so that G is cyclic
over Cðx0Þ. Moreover, for any x, y∈Cðx0Þ, we have by definition that x0⊑x and x0⊑y, so that the
inequality (4) holds whenever ðx, yÞ∈Cðx0Þ ·Cðx0Þ. Therefore, we can now apply Theorem 2.7
to obtain that G has at least one fixed point. Passing this property to F, we have now proved
the theorem.

COROLLARY 2.10. Let ðX,⊑, dÞ be a complete ordered metric space and let F : X ! CBðXÞ be a
nondecreasing proximal operator in the sense that if x, y∈X satisfies x⊑y, then u⊑v for all u∈Fx and
v∈ Fy. Suppose that there exists ψ∈Ψ such that

ψðHðFx, FyÞ, dðx, yÞ, dðx, FxÞ, dðy, FyÞ, dðx, FyÞ, dðy, FxÞÞ ≤ 0

whenever x, y∈X satisfy x⊑y. Also assume that if the sequence ðxnÞ in X is nondecreasing and
converges to x∗ ∈X, then xn⊑x∗ for all n∈N. If there exists x0 ∈X such that x0⊑w for all w∈ Fx0,
then F has at least one fixed point.

PROOF. Note that if x, y∈X are comparable, then, according to Theorem 2.9, we may choose
z :¼ x∈X so that z⊑x and z⊑y.

On the other hand, let ðynÞ be a sequence in X which is both nondecreasing and convergent to
y∗ ∈X. According to the condition ðΘÞ, set z0 :¼ y1. We may see easily that, in this case, X
satisfies the condition ðΘÞ. We next apply Theorem 2.9 to finish the proof.

2.3. An example

We now give a validating example for our fixed point theorem to help the understanding of the
content.

EXAMPLE 2.11. Consider the Euclidean space E2 with its standard metric d. For each t∈R, we define

ℓ0 :¼ ½0, 1
2
 · {0},   ℓ1 :¼ ½0, 1

2
 · { 1ffiffiffi

2
p },   and  ℓ2 :¼ ½0, 1

2
 · {− 1ffiffiffi

2
p }:

Suppose that A1 and A2 are two closed sets defined by

A1 :¼ ℓ0∪ℓ1   and  A2 :¼ ℓ0∪ℓ2:

Let F : A1∪A2 ! 2A1∪A2 be an operator defined by
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Fx :¼
{x}, ifx∈ ℓ0;
P−1
ℓ1
ðxÞ∩A2, ifx∈ ℓ1;

P−1
ℓ2
ðxÞ∩A1, ifx∈ ℓ2:

8
<
: (5)

Note that the notation P as is appeared in Eq. (5) is the metric projection onto the
corresponding sets ℓ1 and ℓ2, respectively. The cyclicity of F is apparent.

Claim. The operator F satisfies the inequality in Theorem 2.7 with ψ defined as in (c) of
Example 2.6 when α ¼ 9

20, β ¼ γ ¼ 1
4 and δ ¼ 1

2.

The case x, y∈ ℓ0 is trivial and so we omit it. For the case x∈ ℓ0 as y∈ ℓ1 and x∈ ℓ1 as y∈ ℓ2, we
consider the following calculation.

From Table 1(A), we have

½HðFx,FyÞ2
¼ ðx1−y1Þ

2 þ 1
2

≤ 9
20 þ 1

4
ffiffi
2

p þ 1
2

 
ðx1−y1Þ

2 þ 1
2

 

≤ 9
20 ðx1−y1Þ

2 þ 1
2

 
þ 1

4
ffiffi
2

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 1
2

q
þ 1

2 ðx1−y1Þ
2 þ 1

2

 

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 1
2

q
9
20

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 1
2

q
þ 1

4
ffiffi
2

p

 
þ 1

2 ðx1−y1Þ
2 þ 1

2

 

¼ HðFx, FyÞ½αdðx, yÞ þ βdðx, FxÞ þ γdðy, FyÞ þ δdðx, FyÞdðy,FxÞ

for all x∈ ℓ0 and y∈ ℓ1. We can similarly obtain from Table 1(B) the following:

(A) x∈ ℓ0 as y∈ ℓ1

HðFx, FyÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 1=2
q

dðx, yÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 1=2
q

dðx,TxÞ 0

dðy,TyÞ 1=
ffiffiffi
2

p

dðx,TyÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 1=2
q

dðy,TxÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 1=2
q

(B) x∈ ℓ1 as y∈ ℓ2

HðFx, FyÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 1=2
q

dðx, yÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 2
q

dðx,TxÞ 1

dðy,TyÞ 1

dðx,TyÞ jx1−y1j

dðy,TxÞ jx1−y1j

Table 1. Distances.
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P−1
ℓ1
ðxÞ∩A2, ifx∈ ℓ1;

P−1
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8
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20, β ¼ γ ¼ 1
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2.
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2
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4
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2

p
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2

q
þ 1

2 ðx1−y1Þ
2 þ 1

2
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 1
2

q
9
20
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ðx1−y1Þ
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q
þ 1

4
ffiffi
2

p
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2
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for all x∈ ℓ0 and y∈ ℓ1. We can similarly obtain from Table 1(B) the following:

(A) x∈ ℓ0 as y∈ ℓ1

HðFx, FyÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 1=2
q

dðx, yÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 1=2
q

dðx,TxÞ 0

dðy,TyÞ 1=
ffiffiffi
2

p

dðx,TyÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 1=2
q
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q

(B) x∈ ℓ1 as y∈ ℓ2

HðFx, FyÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 1=2
q

dðx, yÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 2
q

dðx,TxÞ 1

dðy,TyÞ 1
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dðy,TxÞ jx1−y1j
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½HðFx,FyÞ2

¼ ðx1−y1Þ
2 þ 1

2

≤ 9
20

ffiffi
5
2

p
þ

ffiffiffi
2

p� 
ðx1−y1Þ

2 þ 1
2

 

≤ 9
20

ffiffi
5
2

p� 
ðx1−y1Þ

2 þ 1
2

 
þ

ffiffiffi
2

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 1
2

q

≤ 9
20

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5
2 ðx1−y1Þ

2 þ 1
2

 2r
þ

ffiffiffi
2

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 1
2

q

¼ 9
20

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 1
2

 2
þ 3

2 ðx1−y1Þ
2 þ 1

2

 2r
þ

ffiffiffi
2

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 1
2

q

≤ 9
20

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 1
2

 2
þ 3

2 ðx1−y1Þ
2 þ 1

2

 r
þ

ffiffiffi
2

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 1
2

q

¼ 9
20

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 1
2

 
ðx1−y1Þ

2 þ 1
2 þ 3

2

 r
þ

ffiffiffi
2

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 1
2

q

¼ 9
20

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 1
2

 
ðx1−y1Þ

2 þ 2
r
þ

ffiffiffi
2

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 1
2

q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 1
2

q
9
20

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1−y1Þ

2 þ 2
q

þ 1ffiffi
2

p þ 1ffiffi
2

p

 

¼ HðFx, FyÞ½αdðx, yÞ þ βdðx, FxÞ þ γdðy,FyÞ
≤ HðFx, FyÞ½αdðx, yÞ þ βdðx, FxÞ þ γdðy,FyÞ þ δdðx,FyÞdðy,FxÞ

for all x∈ ℓ1 and y∈ ℓ2. Therefore, we have now proved our claim.

Observe now that FixðFÞ ¼ ℓ0 ¼ A1∩A2, coincide with the Theorem 2.7.

2.4. Fractional set-valued dynamical systems

For convenience, we shall always consider the nonempty closed and bounded subspace

Ω⊂CðJ,RÞ :¼ {u : J ! R ; uiscontinuous},

endowed with the supremum norm ∥  ∥ given by

∥u∥ :¼ sup
t∈ J

juðtÞj:

The solutions for the problem (2) are assumed to be in Ω under this circumstance. Moreover,
we shall need some more notions in order to obtain the existence of solutions for the problem
(2).

DEFINITION 2.12. Let (X, d) be a metric space and let J be an interval of R. An operator F : J ! 2X

is said to be measurable if for each x∈X and t∈ J, the mapping x↦dðx, FðtÞÞ is measurable.

Next, we shall define the set-valued operator Λ : Ω ! 2Ω given by
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ðΛuÞðtÞ :¼ w∈Ω ; wðtÞ ¼
Xn

i¼1

βiðtÞuðt−τiÞ þ Uαf ðt, uðtÞÞ, f ∈SFðuÞ
( )

, (6)

where U is the ordinary single-valued fractional integral.

We shall next illustrate that the operator Λ possesses closed values.

LEMMA 2.13. Suppose that the operator Λ is given as in (2.4), then Λu is closed for all u∈Ω.

PROOF. Let u∈Ω and let ðukÞ be a sequence in Λu which converges to some u∗ ∈Ω. We shall
prove the statement by showing that limits of convergent sequence in Λu are in Λu. Then, there
exists a sequence ðf kÞ in SFðuÞ in which

ukðtÞ ¼
Xn

i¼1

βiðtÞuðt−τiÞ þ Uαf kðt,uðtÞÞ:

Also note that this sequence ðf kÞ converges to some f ∗ ∈L1ðJ,RÞ. Since Fðt, uðtÞÞ is closed,
f ∗ ∈ SFðuÞ. Actually, we have

u∗ðtÞ ¼
Xn

i¼1

βiðtÞuðt−τiÞ þ Uαf ∗ðt, uðtÞÞ∈Λu:

This completes the proof.

Now, we give the solvability of the system (2).

THEOREM 2.14. According to Eq. (2), assume that there exist non-empty closed subsets Π1,Π2,⋯,Πp in

Ω such that ∪pk¼1Πk ¼ Ω and F has the following properties:

1. t↦Fðt, uðtÞÞ is measurable for each u∈Ω;

2. there exists a function ξ : R5
þ ! Rþ such that

HðFðt, uðtÞÞ, Fðt, vðtÞÞÞ ≤ ξð∥u−v∥, dðu,ΛuÞ, dðv,ΛvÞ, dðu,ΛvÞ, dðv,ΛuÞÞwhenever either
ðu, vÞ∈Πi ·Πiþ1 or ðu, vÞ∈Πiþ1 ·Πi holds for some i∈ {1, 2,⋯, p};

3. Λ is proximal and cyclic over ∪pk¼1Πk ¼ Ω.

If the function ψ : R6
þ ! Rþ given by

ψðt1, t2,⋯, t6Þ :¼ t1−nBt2−
Tα

Γðαþ 1Þ ξðt2, t3, t4, t5, t6Þ

is in the class Ψ , then the problem (1.2) has at least one solution.

PROOF. Let ðu, vÞ∈Πi ·Πiþ1 for some i∈ {1, 2,⋯, p}. By 2, wemay choose some f 1ðt,uðtÞÞ∈ Fðt, uðtÞÞ
and f 2ðt, vðtÞÞ∈Fðt, vðtÞÞ in which

Dynamical Systems - Analytical and Computational Techniques154



ðΛuÞðtÞ :¼ w∈Ω ; wðtÞ ¼
Xn

i¼1

βiðtÞuðt−τiÞ þ Uαf ðt, uðtÞÞ, f ∈SFðuÞ
( )

, (6)

where U is the ordinary single-valued fractional integral.

We shall next illustrate that the operator Λ possesses closed values.

LEMMA 2.13. Suppose that the operator Λ is given as in (2.4), then Λu is closed for all u∈Ω.

PROOF. Let u∈Ω and let ðukÞ be a sequence in Λu which converges to some u∗ ∈Ω. We shall
prove the statement by showing that limits of convergent sequence in Λu are in Λu. Then, there
exists a sequence ðf kÞ in SFðuÞ in which

ukðtÞ ¼
Xn

i¼1

βiðtÞuðt−τiÞ þ Uαf kðt,uðtÞÞ:

Also note that this sequence ðf kÞ converges to some f ∗ ∈L1ðJ,RÞ. Since Fðt, uðtÞÞ is closed,
f ∗ ∈ SFðuÞ. Actually, we have

u∗ðtÞ ¼
Xn

i¼1

βiðtÞuðt−τiÞ þ Uαf ∗ðt, uðtÞÞ∈Λu:

This completes the proof.

Now, we give the solvability of the system (2).

THEOREM 2.14. According to Eq. (2), assume that there exist non-empty closed subsets Π1,Π2,⋯,Πp in

Ω such that ∪pk¼1Πk ¼ Ω and F has the following properties:

1. t↦Fðt, uðtÞÞ is measurable for each u∈Ω;

2. there exists a function ξ : R5
þ ! Rþ such that

HðFðt, uðtÞÞ, Fðt, vðtÞÞÞ ≤ ξð∥u−v∥, dðu,ΛuÞ, dðv,ΛvÞ, dðu,ΛvÞ, dðv,ΛuÞÞwhenever either
ðu, vÞ∈Πi ·Πiþ1 or ðu, vÞ∈Πiþ1 ·Πi holds for some i∈ {1, 2,⋯, p};

3. Λ is proximal and cyclic over ∪pk¼1Πk ¼ Ω.

If the function ψ : R6
þ ! Rþ given by

ψðt1, t2,⋯, t6Þ :¼ t1−nBt2−
Tα

Γðαþ 1Þ ξðt2, t3, t4, t5, t6Þ

is in the class Ψ , then the problem (1.2) has at least one solution.

PROOF. Let ðu, vÞ∈Πi ·Πiþ1 for some i∈ {1, 2,⋯, p}. By 2, wemay choose some f 1ðt,uðtÞÞ∈ Fðt, uðtÞÞ
and f 2ðt, vðtÞÞ∈Fðt, vðtÞÞ in which

Dynamical Systems - Analytical and Computational Techniques154

jf 1ðt, uðtÞÞ−f 2ðt, vðtÞÞj ≤ ξð∥u−v∥, dðu,ΛuÞ, dðv,ΛvÞ, dðu,ΛvÞ, dðv,ΛuÞÞ

Consider the two functions

w1ðtÞ ¼
Xn

i¼1

βiðtÞuðt−τiÞ þ Uαf 1ðt, uðtÞÞ∈Λu

and

w2ðtÞ ¼
Xn

i¼1

βiðtÞvðt−τiÞ þ Uαf 2ðt, vðtÞÞ∈Λv:

Next, observe that

jw1ðtÞ−w2ðtÞj

≤
Xn

i¼1

βiðtÞjuðt−τiÞ−vðt−τiÞj þ jUαf 1ðt, uðtÞÞ−Uαf 2ðt, vðtÞÞj

≤
Xn

i¼1

βiðtÞjuðt−τiÞ−vðt−τiÞj þ Uαjf 1ðt, uðtÞÞ−f 2ðt, vðtÞÞj

≤ nB∥u−v∥þ Tα

Γðαþ 1Þ jf 1ðt, uðtÞÞ−f 2ðt, vðtÞÞj

≤ nB∥u−v∥þ Tα

Γðαþ 1Þ ξð∥u−v∥, dðu,ΛuÞ, dðv,ΛvÞ, dðu,ΛvÞ, dðv,ΛuÞÞ

It follows that

HðΛu,ΛvÞ ≤nB∥u−v∥þ Tα

Γðαþ 1Þ ξð∥u−v∥, dðu,ΛuÞ, dðv,ΛvÞ, dðu,ΛvÞ, dðv,ΛuÞÞ:

Consequently, we have for each ðu, vÞ∈Πi ·Πiþ1, i∈ {1, 2,⋯, p}, that

ψðHðΛu,ΛvÞ, ∥u−v∥, dðu,ΛuÞ, dðv,ΛvÞ, dðu,ΛvÞ, dðv,ΛuÞÞ ≤ 0:

We may deduce similarly that the above inequality holds also in the case ðu, vÞ∈Πiþ1 ·Πi.
Apply Theorem 2.7 to obtain the desired result.

We next consider the existence of solutions to Eq. (2) in the case when an ordering ⊑ is defined
on Ω in such a way that for u, v∈Ω,

u⊑v⇔uðtÞ ≤ vðtÞ a:e: t∈ J

It is easy to see that if ðunÞ is a nondecreasing sequence in Ω which converges to some u∗ ∈Ω,
then un⊑u∗ for all n∈N. In the further step, we shall need in the initial state that a weak
solution to Eq. (2) exists.
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DEFINITION 2.15. Suppose that ðΩ,⊑Þ is a partially ordered set. A phweak solution for the
problem (2) (w.r.t. ⊑) is a function u∈Ω such that u⊑v for all v∈Λu.

COROLLARY 2.16. According to Eq. (2), assume that there is an ordering ⊑ defined on Ω. Suppose also
that we have the following properties:

1. t↦Fðt, uðtÞÞ is measurable for each u∈Ω;

2. there exists a function ξ : R5
þ ! Rþ such that

HðFðt, uðtÞÞ, Fðt, vðtÞÞÞ ≤ ξð∥u−v∥, dðu,ΛuÞ, dðv,ΛvÞ, dðu,ΛvÞ, dðv,ΛuÞÞ whenever u, v∈Ω are
comparable;

3. Λ is proximal and nondecreasing;

4. a weak solution u0 ∈Ω to the problem (2) exists.

If the function ψ : R6
þ ! Rþ given by

ψðt1, t2,⋯, t6Þ :¼ t1−nBt2−
Tα

Γðαþ 1Þ ξðt2, t3, t4, t5, t6Þ

is in the class Ψ , then the problem (2) has at least one solution.

PROOF. As in the proof of the previous theorem, we may similarly derive that

ψðHðΛu,ΛvÞ, ∥u−v∥, dðu,ΛuÞ, dðv,ΛvÞ, dðu,ΛvÞ, dðv,ΛuÞÞ ≤ 0

whenever u, v∈Ω are comparable. Therefore, we may apply Corollary 2.10 to obtain the
desired result.

3. Fractional set-valued systems in modular metric spaces

In this section, we shall consider on fixed point inclusions that are studied within a modular
metric spaces. With certain conditions, we can extend Nadler ’s theorem to the context of
modular metric spaces successfully. A modular metric space is a relatively new concept. It
generalizes and unifies both modular and metric spaces. It is therefore not necessarily
equipped with a linear structure.

Before we go further, let us first give basic definitions and related properties of a modular
metric space.

DEFINITION 3.1. ([23]). Let X be a nonempty set. A function w : ð0,∞Þ ·X ·X ! ½0, þ ∞ is said to
be a phmetric modular on X if the following conditions are satisfied for any s, t > 0 and
x, y, z∈X:

1. x ¼ y if and only if wtðx, yÞ ¼ 0 for all t > 0.

2. wtðx, yÞ ¼ wtðy, xÞ.

3. wsþtðx, yÞ ≤wsðx, zÞ þ wtðz, yÞ.
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Here, we use wtð, Þ :¼ wðt,  , Þ. In this case, we say that ðX,wÞ is a phmodular metric space.
Notice that the value of a metric modular can be infinite.

Since we are focusing on the generalized metric space approach, we shall not be discussing
about modular space theory here. Suppose that ðX, dÞ is a metric space, then wtð, Þ :¼ dð, Þ is
a metric modular on X.

Now, we turn to basic definitions we need in this particular space. We start by giving the
topology of the space.

Let ðX,wÞ be a modular metric space. By defining an open ball with Bw(x;r):={z∈X; supt>0wt(x,z)
<r}, we can define a Hausdorff topology on X having the collection of all such open balls as a
base. The convergence in this topology can therefore be written by:

ðxnÞ ! x⇔sup
t>0

wtðxn, xÞ ! 0,

where ðxnÞ⊂X and x∈X. With this characterization, we now have a good hint to define the
Cauchy sequence. A sequence ðxnÞ⊂X is said to be phCauchy if for any given ε > 0, there exists
n∗ ∈N such that

sup
t>0

wtðxm, xnÞ < ε

wheneverm, n > n∗. Naturally, X is said to be phcomplete if Cauchy sequences in X converges.

We next give another route of investigation of fixed point inclusion in modular metric spaces.
This time, we shall apply more on analytical assumptions. Briefly said, we shall use the
contractivity assumptions.

Before we could stomp into the main exploration, we need the following knowledge of metric
modular of sets.

We write CðXÞ to denote the set of all nonempty closed subsets of X. For any subset A⊂Xw and
point x∈X, we denote wtðx,AÞ :¼ infy∈Awtðx, yÞ.

Given two subsets A,B∈CðXÞ, define wtðA,BÞ :¼ supx∈Awtðx,BÞ. Most importantly, the
Hausdorff-Pompieu metric modular WtðA,BÞ :¼ max{wtðA,BÞ,wtðB,AÞ}:

LEMMA 3.2. Let ðX,wÞ be a modular metric space, A∈CðXÞ and x∈X. Then,

wtðx,AÞ ¼ 0 f or all t > 0 ⇔ x∈A:

DEFINITION 3.3. Given a modular metric space ðX,wÞ and an arbitrary point x∈X. A subset Y⊂X
is said to be phreachable from x if

inf
y∈Y

sup
t>0

wtðx, yÞ ¼ sup
t>0

wtðx,YÞ < ∞:

This lemma gives a simple criterion of when the reachability holds.
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LEMMA 3.4. Let ðX,wÞ be a modular metric space with w being l.s.c., Y⊂X a nonempty compact subset.
For a point x∈X, if either infy∈Ysupt>0wtðx, yÞ < ∞ or supt>0wtðx,YÞ < ∞, then Y is reachable from
x.

The following lemma is essential in showing the solvability of fixed point inclusion for
contractivity condition.

LEMMA 3.5. Suppose that Y,Z∈CðXÞ are nonempty and z∈Z. If Y is reachable from z, then for each
ε > 0, there exists a point yε ∈Y such that supt>0 wtðz, yεÞ ≤ supt>0 WtðX,YÞ þ ε.

3.1. Fixed point inclusion in modular metric spaces

Now, we state the notion of the contraction and the Kannan’s contraction. Make note that these
two concepts are not generalizations of one another.

DEFINITION 3.6. Let ðX,wÞ be a modular metric space. A set-valued operator F : X⇉X is said to
be a phcontraction if there exists a constant k∈ ½0, 1Þ such that

WtðFx, FyÞ ≤ kwtðx, yÞ, (7)

for all t > 0 and x, y∈X.

If k is restricted in ½0, 12Þ and Eq. (7) is replaced with the following inequality:

WtðFðxÞ, FðyÞÞ ≤ k½wtðx, FðxÞÞ þ wtðy, FðyÞÞ:

Then, we call F a phKannan’s contraction

Now, we present the main existence theorems.

THEOREM 3.7. Let ðX,wÞ be a complete modular metric space with w being l.s.c. and F a contraction on
X having compact values with contraction constant k. Suppose that there exists a pair of points x0 ∈X
and x1 ∈ Fðx0Þ with the following properties:

(A) the set {x0, x1} is bounded,

(B) Fðx1Þ is reachable from x1.

Then, F has at least one fixed point.

PROOF. Since Fðx1Þ is reachable from x1, by using Lemma 3.5, we may choose x2 ∈Fðx1Þ such
that

sup
t>0

wtðx1, x2Þ ≤ sup
t>0

wtðFðx0Þ, Fðx1ÞÞ þ k:

From the above evidence and the hypothesis that {x0, x1} is bounded, it comes to the follow-
ing inequalities:
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sup
w>0

wtðx2,Fðx2ÞÞ ≤ sup
t>0

wtðFðx1Þ, Fðx2ÞÞ

≤ k sup
t>0

wtðx1, x2Þ

≤ k½sup
t>0

WtðFðx0Þ, Fðx1ÞÞ þ k

≤ k2sup
t>0

wtðx0, x1Þ þ k2

< ∞:

By the assumptions, we apply Lemma 3.4 to guarantee that Fðx2Þ is actually reachable from x2.

Inductively, by this procedure, we define a sequence ðxnÞ in X, with the supplement from
Lemma 3.5, satisfying the following properties for all n∈N:

xn ∈Fðxn−1Þ,
sup
t>0

wtðxn, xnþ1Þ ≤ sup
t>0

WtðFðxn−1Þ, FðxnÞÞ þ kn,

FðxnÞ is reachable from xn:

8
><
>:

Hence, by the contractivity of F, we have

sup
t>0

wtðxn, xnþ1Þ ≤ sup
t>0

WtðFðxn−1Þ, FðxnÞÞ þ kn

≤ k sup
t>0

wtðxn−1, xnÞ þ kn

≤ k½k sup
t>0

wtðxn−2, xn−1Þ þ kn−1 þ kn

≤ k2sup
t>0

wtðxn−2, xn−1Þ þ 2kn:

Thus, by induction, we have

sup
t>0

wtðxn, xnþ1Þ ≤ knsup
t>0

wtðx0, x1Þ þ nkn:

Moreover, it follows that

sup
t>0

X

n∈N
wtðxn, xnþ1Þ ≤ sup

t>0
wtðx0, x1Þ

X

n∈N
kn þ

X

n∈N
nkn < ∞:

Without loss of generality, suppose m, n∈N and m > n. Observe that

sup
t>0

wtðxn, xmÞ ≤ sup
t>0

½w t
m−n
ðxn, xnþ1Þ þ…þ w t

m−n
ðxm−1, xmÞ

≤ sup
t>0

wtðxn, xnþ1Þ þ…þ sup
t>0

wtðxm−1, xmÞ

≤
X∞

n¼n∗

sup
t>0

wtðxn, xnþ1Þ

< ε,

for all m > n ≥n∗ for some n∗ ∈N. Hence, ðxnÞ is a Cauchy sequence so that the completeness of
Xw implies that ðxnÞ converges to some point x∈Xw. Consequently, we may conclude from the
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contractivity of F that the sequence ðFðxnÞÞ converges to FðxÞ. Since xn ∈ Fðxn−1Þ, we have for
any t > 0,

0 ≤wtðx, FðxÞÞ ≤wt
2
ðx, xnÞ þWt

2
ðFðxn−1Þ, FðxÞÞ,

which implies that wtðx, FðxÞÞ ¼ 0 for all t > 0. Since FðxÞ is closed, it then follows from Lemma
3.2 that x∈ FðxÞ.

EXAMPLE 3.8. Suppose that X ¼ ½0, 1 and w : ð0, þ ∞Þ ·X ·X ! ½0, þ ∞ is defined by

wtðx, yÞ ¼ 1
ð1þ tÞjx−yj:

Clearly, w is an l.s.c. metric modular on X. Notice that any two-point subset is bounded. Now,
we define a set-valued operator F : X⇉X by

FðxÞ :¼ xþ 1
2

; 1
� �

for every x∈X.

Observe that F has compact values on X. Note that for each t > 0 and x, y∈X, we have

WtðFx, FyÞ ¼ 1
2ð1þ tÞ jx−yj ≤

1
2
wtðx, yÞ:

Therefore, F is a contraction with contraction constant k ¼ 1
2. Moreover, it is easy to see that the

conditions (A) and (B) hold. Finally, we have that 1 is a fixed point of F (and it is unique).

Next, we shall show that the fixed point in the above theorem needs not be unique, as we shall
see in the following example:

EXAMPLE 3.9. Suppose that X is defined as in the previous example. Consider the operator
G : X⇉X given by

GðxÞ :¼ 0,
xþ 1
2

� �
,

for each x∈X.

Note that this operator G is also a contraction with constant k ¼ 1
2 and takes compact values on

X. Also, the conditions (A) and (B) hold. However, every point in X is a fixed point of G. This
shows the nonuniqueness of fixed points for a set-valued contraction.

THEOREM 3.10. Replacing F in Theorem 3.7 with a Kannan’s contraction yields the same existence result.

PROOF. Since Fðx1Þ is reachable from x1, by using Lemma 3.5, we may choose x2 ∈Fðx1Þ such that
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sup
t>0

wtðx1, x2Þ ≤ sup
t>0

WtðFðx0Þ, Fðx1ÞÞ þ k:

Now, observe that

sup
t>0

wtðx2, Fðx2ÞÞ

≤ sup
t>0

WtðFðx1Þ, Fðx2ÞÞ

≤ k sup
t>0

wtðx1, Fðx1ÞÞ þ k sup
t>0

wtðx2,Fðx2ÞÞ

≤ k sup
t>0

WtðFðx0Þ,Fðx1ÞÞ þ k sup
t>0

wtðx2, Fðx2ÞÞ

≤ k sup
t>0

wtðx0, Fðx0ÞÞ þ k sup
t>0

wtðx1,Fðx1ÞÞ þ k sup
t>0

wtðx2, Fðx2ÞÞ

≤ k sup
t>0

wtðx0, x1Þ þ k sup
t>0

wtðx1, Fðx1ÞÞ þ k sup
t>0

wtðx2, Fðx2ÞÞ:

Writing ξ :¼ k
1−k < 1, we obtain, from the boundedness of {x0, x1} and the reachability of Fðx1Þ

from x1, that

sup
t>0

wtðx2, Fðx2ÞÞ ≤ ξ sup
t>0

wtðx0, x1Þ þ ξ sup
t>0

wtðx1, Fðx1ÞÞ < ∞:

Thus, from the assumptions and Lemma 3.5, we may see that Fðx2Þ is reachable from x2.

Inductively, we can construct a sequence ðxnÞ in X with exactly the same properties appearing
in the proof of Theorem 3.7.

Now, consider further that

sup
t>0

wtðxn, xnþ1Þ

≤ sup
t>0

WtðFðxn−1Þ, FðxnÞÞ þ kn

≤ k sup
t>0

wtðxn−1, Fðxn−1ÞÞ þ k sup
t>0

wtðxn, FðxnÞÞ þ kn

≤ k sup
t>0

wtðxn−1, Fðxn−1ÞÞ þ k sup
t>0

wtðxn, xnþ1Þ þ kn:

Moreover, we get

sup
t>0

wtðxn, xnþ1Þ ≤ ξ sup
t>0

wtðxn−1, xnÞ þ
kn

1−k

≤ ξ2 sup
t>0

wtðxn−2, xn−1Þ þ
kn

ð1−kÞ2
þ kn

ð1−kÞ

≤ ξ2 sup
t>0

wtðxn−2, xn−1Þ þ 2  kn

ð1−kÞ2
⋮

≤ ξn sup
t>0

wtðx0, x1Þ þ nξn:

As in the proof of Theorem 3.7, the sequence ðxnÞ converges to some x∈X. Observe now that
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sup
t>0

wtðx, FðxÞÞ

¼ sup
t>0

wtð{x}, FðxÞÞ

≤ sup
t>0

wtð{x}, FðxnÞÞ þ sup
t>0

wtðFðxnÞ, FðxÞÞ

¼ sup
t>0

wtðx, FðxnÞÞ þ sup
t>0

wtðFðxnÞ, FðxÞÞ

≤ sup
t>0

wtðx, xnþ1Þ þ sup
t>0

WtðFðxnÞ, FðxÞÞ

≤ sup
t>0

wtðx, xnþ1Þ þ k sup
t>0

wtðxn, FðxnÞÞ þ k sup
t>0

wtðx, FðxÞÞ

¼ ð1þ kÞsup
t>0

wtðx, xnþ1Þ þ k sup
t>0

wtðx, FðxÞÞ:

Thus, we have

sup
t>0

wtðx, FðxÞÞ ≤ 1þ k
1−k

sup
t>0

wtðx, xnþ1Þ:

Letting n ! ∞ to conclude the theorem.

3.2. Fractional integral inclusion

In this particular subsection, we shall use notations a bit differently than those of earlier
sections. This is due to conventional uses of variables and functions that is common to integral
and differential equations.

Suppose that Ψ is the interval mentioned in the previous section. Let us assume throughout
the section that the real line R is equipped with the metric modular

ωR
λ ðx, yÞ :¼

1
1þ λ

jx−yj,

for λ > 0 and x, y∈R. Thus, for the space CðΨ Þ of all continuous (in ωR-topology) real-valued
functions on Ψ , we shall use the metric modular

ωCðΨ Þ
λ ðϕ,ψÞ :¼ sup

t∈Ψ
ωR

λ ðϕðtÞ,ψðtÞÞ,

for λ > 0 and ϕ,ψ∈CðΨ Þ. Note that both ωR and ωCðΨ Þ satisfy the Fatou’s property. Also note
that the set R is second countable, i.e., it has a countable base, w.r.t. ωR-topology. Moreover, it
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use the following notation to explain the collection of integrable selections:

SFðuÞ :¼ f ∈L1ðΨ ,μÞ ; f ðtÞ∈ Fðt, uðtÞÞa:e:t∈Ψ
� �

:

It is clear that SFðuÞ is closed. Next, for each i∈ {0, 1,⋯,N}, N∈N, assume that βi : Ψ ! R is
continuous and τi : Ψ ! Rþ is a function with τiðtÞ ≤ t. We write B :¼ max0 ≤ i ≤Nsupt∈ΨβiðtÞ.
The main aim of this section is to consider the fractional integral inclusion:
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sup
t>0

wtðx, FðxÞÞ

¼ sup
t>0

wtð{x}, FðxÞÞ

≤ sup
t>0

wtð{x}, FðxnÞÞ þ sup
t>0

wtðFðxnÞ, FðxÞÞ

¼ sup
t>0

wtðx, FðxnÞÞ þ sup
t>0

wtðFðxnÞ, FðxÞÞ

≤ sup
t>0

wtðx, xnþ1Þ þ sup
t>0

WtðFðxnÞ, FðxÞÞ

≤ sup
t>0

wtðx, xnþ1Þ þ k sup
t>0

wtðxn, FðxnÞÞ þ k sup
t>0

wtðx, FðxÞÞ

¼ ð1þ kÞsup
t>0

wtðx, xnþ1Þ þ k sup
t>0
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uðtÞ−
XN

i¼0

βiðtÞuðt−τiðtÞÞ∈ JαΨFðt, uðtÞÞdt,   α∈ ð0, 1: (FII)

In the above inclusion, the summation here is interpreted to be the delay term.

We shall define a set-valued operator Λ : CðΨ Þ ! 2CðΨ Þ by

ΛðuÞ :¼ w∈CðΨ Þ ; wðtÞ ¼
XN

i¼0

βiðtÞuðt−τiðtÞÞ þ IαΨ f ðt,uðtÞÞdt,   f ∈SFðuÞ
( )

:

Note here that for any ϕ∈CðΨ Þ, we have ΛðϕÞ is reachable from ϕ w.r.t. ωCðΨ Þ. To restrict the
operator Λ with some nice property, we assume that SFðuÞ is nonempty.

LEMMA 3.11. The operator Λ given above is compact valued if SFðuÞ is nonempty.

PROOF. For the proof, we shall show the compactness by its sequential characterization. Sup-
pose that u∈CðΨ Þ and ðwnÞ is an arbitrary sequence in ΛðuÞ. By definition, there corresponds a
convergent sequence ðf nÞ in SFðuÞ⊂Fð, uðÞÞ satisfying

wnðtÞ ¼
XN

i¼0

βiðtÞuðt−τiðtÞÞ þ IαΨ f nðt, uðtÞÞdt:

The conclusion is then followed.

Now, we shall state now the solvability result for the problem (FII). It is clear that u∈CðΨ Þ
solves Eq. (FII) if and only if u is a fixed point of Λ.

THEOREM 3.12.Suppose that F defined above is compact-valued and SFðuÞ is nonempty.Assume further that

(F1) for any given u, v∈CðΨ Þ and a selection f ∈ SFðuÞ of F, there corresponds a function f ′ ∈ SFðvÞ
such that

ωR
λ ðf ðt, uðtÞÞ, f ′ðt, vðtÞÞÞ ¼ ωR

λ ðf 1ðt, uðtÞÞ, Fðt, vðtÞÞÞ,
ωR

λ ðf ðt, uðtÞÞ, f ′ðt, vðtÞÞÞ ≤ Lω
CðΨ Þ
λ ðu, vÞ,

(

for all t∈Ψ ;

(F2) ðNþ1ÞBΓðαÞþLTα

ΓðαÞ < 1.

Then, Λ has a fixed point.

PROOF. For each u, v∈CðΨ Þ, we may choose, from the assumption, functions f 1, f 2 such that

f 1 ∈SFðuÞ,
f 2 ∈SFðvÞ,
ωR

λ ðf 1ðt, uðtÞÞ, f 2ðt, vðtÞÞÞ ¼ ωR
λ ðf 1ðt, uðtÞÞ, Fðt, vðtÞÞÞ,

ωR
λ ðf 1ðt, uðtÞÞ, f 2ðt, vðtÞÞÞ ≤Lω

CðΨ Þ
λ ðu, vÞ,

8
>>>><
>>>>:
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for each t∈Ψ . Consider the two functions w1 ∈ΛðuÞ and w2 ∈ΛðvÞ, respectively as follows:

w1ðtÞ :¼
XN

i¼0
βiðtÞuðt−τiðtÞÞ þ IαΨ f 1ðt, uðtÞÞdt,

w2ðtÞ :¼
XN

i¼0
βiðtÞvðt−τiðtÞÞ þ IαΨ f 2ðt, vðtÞÞdt:

8
><
>:

Now, consider the following computation:

ωR
λ ðw1ðtÞ,w2ðtÞÞ

≤
XN

i¼0

βiðtÞωR
λ ðuðt−τiðtÞÞ, vðt−τiðtÞÞ

þ ωCðΨ Þ
λ ðIαΨ f 1ðt, uðtÞÞdt, I

α
Ψ f 2ðt,uðtÞÞdtÞ

≤ ðN þ 1ÞBωCðΨ Þ
λ ðu, vÞ þ IαΨω

R
λ ðf 1ðt, uðtÞÞ, f 2ðt, vðtÞÞÞ

≤ ðN þ 1ÞBωCðΨ Þ
λ ðu, vÞ þ LTα

ΓðαÞω
CðΨ Þ
λ ðu, vÞ

¼ ðN þ 1ÞBΓðαÞ þ LTα

ΓðαÞ

 
ωCðΨ Þ

λ ðu, vÞ:

It follows that

ΩCðΨ Þ
λ ðΛðuÞ,ΛðvÞÞ ≤ ðN þ 1ÞBΓðαÞ þ LTα

ΓðαÞ

 
ωCðΨ Þ

λ ðu, vÞ:

The proof ends here by applying Theorem 3.7.
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Abstract

In this chapter, the connection between general linear interpolation and initial, bound-
ary and multipoint value problems is explained. First, a result of a theoretical nature is
given, which highlights the relationship between the interpolation problem and the
Fredholm integral equation for high-order differential problems. After observing that
the given problem is equivalent to a Fredholm integral equation, this relation is used in
order to determine a general procedure for the numerical solution of high-order differ-
ential problems by means of appropriate collocation methods based on the integration
of the Fredholm integral equation. The classical analysis of the class of the obtained
methods is carried out. Some particular cases are illustrated. Numerical examples are
given in order to illustrate the efficiency of the method.

Keywords: boundary value problem, initial value problem, collocation methods, inter-
polation, Birkhoff, Lagrange, Peano, Fredholm

1. Introduction

The relationship between interpolation and differential equations theories has already been
considered. In Ref. ([1], p. 72), Davis observed that the Peano kernel in the interpolation
problem

yðaÞ ¼ α, yðbÞ ¼ β, a, b,α, β∈R, (1)

is the Green’s function of the differential problem

© The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
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distribution, and eproduction in any medium, provided the original work is properly cited.
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φ″ðxÞ ¼ f ðxÞ
φðaÞ ¼ φðbÞ ¼ 0

where φðxÞ ¼ yðxÞ−P1½y�ðxÞ, being P1½y�ðxÞ the unique interpolatory polynomial for Eq. (1).

He observed that “these remarks indicate the close relationship between Peano kernels and Green’s
functions, and hence between interpolation theory and the theory of linear differential equations.
Unfortunately, we shall not be able to pursue this relationship” [1].

Later, Agarwal ([2], p. 2), Agarwal and Wong ([3], pp. 21, 151, 186) considered some separate
boundary value problems and the related Fredholm integral equation, using only polynomial
interpolation, without taking into account the related Peano kernel. They used Fredholm
integral equation in order to obtain existence and uniqueness results for the solution of the
considered boundary value problems.

Linear interpolation has an important role also in the numerical solution of differential prob-
lems. For example, finite difference methods (see, for instance, [4–6] and references therein)
approximate the solution yðxÞ of a boundary value problem by a sequence of overlapping
polynomials which interpolate yðxÞ in a set of grid points. This is obtained by replacing the
differential equation with finite difference equations on a mesh of points that covers the range
of integration. The resultant algebraic system of equations is often solved with iterative pro-
cesses, such as relaxation methods.

Many authors (see [7–10] and references therein) used linear interpolation with spline func-
tions for the numerical solution of boundary value problems.

Here, we take into account a more general nonlinear initial/boundary/multipoint value prob-
lems for high-order differential equations

yðrÞðxÞ ¼ f
�
x, yðxÞ

�
, x∈ I ¼ ½a, b�, r ≥1

Li½y�ðxÞ ¼ wi, i ¼ 0;…, r−1; x∈ I

8<
: (2)

where yðxÞ ¼ ðyðxÞ, y′ðxÞ;…, yðqÞðxÞÞ, 0 ≤ q < r, y ∈C rðIÞ, and Li are r linearly independent
functionals on C rðIÞ. Moreover, we suppose that the function f : ½a, b� ·Rqþ1 ! R is continu-
ous at least in the interior of the domain of interest, and it satisfies a uniform Lipschitz
condition in y, which means that there exists a nonnegative constant Λ, such that, whenever
ðx, y0, y1,…, yqÞ and ðx, y0, y1,…, yqÞ are in the domain of f , the following inequality holds

f ðx, y0, y1,…, yqÞ−f ðx, y0, y1,…, yqÞ
���

��� ≤ Λ
Xq

k¼0

yk−yk
�� ��: (3)

If Li½y� ¼ Φ
�
yðaÞ

�
, i ¼ 0;…, r−1, then (2) is an initial value problem (IVP); if Li½y� ¼ Φ

�
yðaÞ,

yðbÞ
�
, i ¼ 0;…, r−1, then (2) is a boundary value problem (BVP); if Li½y� ¼ Φ

�
yðxjÞ

�
, i ¼ 0;…,

r−1, j ¼ 0;…,m ≥ 2, then (2) is amultipoint value problem (MVP).
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In this chapter,

- we assume that the conditions for the existence and uniqueness of solution of problem (2) in a
certain appropriate domain of ½a, b� ·Rqþ1 are satisfied and that the solution yðxÞ is differen-
tiable with continuity up to what is necessary;

- we get the Fredholm integral equation related to problem (2), by polynomial interpolation
and the Peano kernel of the linear interpolation problem Li½y�ðxÞ ¼ wi, i ¼ 0;…, r−1. In this
way, we point out the close relationship between Green’s function and Peano kernel;

- then, we construct a class of spectral collocation (pseudospectral) methods which are derived
by a linear interpolation process.

The reason for which we prefer collocation methods is their superior accuracy for problems
whose solutions are sufficiently smooth functions. Recently, Boyd ([11], p. 8) observed that
“When many decimal places of accuracy are needed, the contest between pseudospectral algorithms and
finite difference and finite element methods is not an even battle but a rout: pseudospectral methods win
hands-down.”

2. The Fredholm integral equation for problem (2)

We consider the general differential problem (2), and we prove that it is equivalent to a
Fredholm integral equation.

Proposition 1 [1, p. 35] The linear interpolation problem

Li½P�ðxÞ ¼ wi, wi, ∈R, i ¼ 0;…, r−1; P∈Pr−1, x∈ I (4)

with Li, i ¼ 0;…, r−1, linearly independent functionals on C rðIÞ, has the unique solution

Pr−1ðtÞ ¼ −
1
G

0 1 t ⋯ ⋯ tr−1

w0
w1
⋮ Li½xj�
⋮

wr−1

��������������

��������������

, G ¼ jLi½xj�ji, j¼0;…, r−1: (5)

Proof. Since the Li, i ¼ 0;…, r−1 are linearly independent, the result follows from the general
linear interpolation theory.

Proposition 2 If y∈C rðIÞ and Li½y�ðxÞ ¼ wi, i ¼ 0;…, r−1, x∈ I, then

yðxÞ ¼ Pr−1½y�ðxÞ þ
ðb
a
Kx
r ðx, tÞ yðrÞðtÞ dt, ∀x∈ I f ixed, (6)

with Li½y� ¼ Li½Pr−1�, i ¼ 0;…, r−1, Pr−1½y�ðxÞ ¼ Pr−1ðxÞ, and
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Kx
r ðx, tÞ ¼

1
ðr−1Þ! ðx−tÞr−1þ −Pr−1 ðx−tÞr−1þ

h i
ðxÞ

h i
, (7)

where index x means that Kx
r ðx, tÞ is considered as a function of x.

Proof. It follows by observing that Pr−1½ðxÞjþ�ðtÞ ¼ ðtÞjþ, j ¼ 0;…, r−1 and from Peano kernel
Theorem [1].

Theorem 1 With the above notations and under the mentioned hypothesis, problem (2) is equivalent to
the Fredholm integral equation

yðxÞ ¼ Pr−1½y�ðxÞ þ
ðb
a
Kx
r ðx, tÞf

�
t, yðtÞ

�
dt: (8)

Proof. The result follows from the uniqueness of the Peano kernel and from Propositions 1 and 2.

Corollary 1 It results Li½Kx
r � ¼ 0; i ¼ 0;…, r−1:

From Theorem 1, general results on the existence and uniqueness of solution of problem (2) by
standard techniques [2, 3] can be obtained. In the following, we will not linger over them, but
we will outline the close relationship between interpolation and differential equations. Partic-
ularly, we will use linear interpolation in order to determine a class of collocation methods for
the numerical solution of problem (2).

3. A class of Birkhoff-Lagrange collocation methods

Integral Eq. (8) allows to determine a very wide class of numerical methods for Eq. (2), which
we call methods of collocation for integration.

Let fxigmi¼1 be m distinct points in ½a, b� and denoted by liðtÞ, i ¼ 1;…,m, the fundamental
Lagrange polynomials on the nodes xi, that is

liðtÞ ¼ ωmðtÞ
ðt−xiÞω′

mðxiÞ , where ωmðtÞ ¼ ∏
m

k¼1
ðt−xkÞ: (9)

Theorem 2 If the solution yðxÞ of Eq. (8) is in C rþmðIÞ, then

yðxÞ ¼ Pr−1½y�ðxÞ þ
Xm

i¼1

pr, i,mðxÞf
�
xi,yðxiÞ

�
þ Tr,mðy, xÞ, (10)

where

pr, i,mðxÞ ¼
ðb
a
Kx
r ðx, tÞliðtÞ dt, i ¼ 1;…,m, (11)

and the remainder term Tr,mðy, xÞ is given by:
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Tr,mðy, xÞ ¼ 1
m!

ðb
a
Kx
r ðx, tÞωmðtÞyðrþmÞðξxÞ dt, (12)

being ξx a suitable point of the smallest interval containing x and all xi, i ¼ 1;…,m.

Proof. From Lagrange interpolation

yðrÞðxÞ ¼
Xm

i¼1

liðxÞyðrÞðxiÞ þ Rmðy, xÞ (13)

where

Rmðy, xÞ ¼ 1
m!

ωmðtÞyðrþmÞðξxÞ (14)

is the remainder term. From (2), f ðx, yðxÞÞ ¼
Xm

i¼1
liðxÞyðrÞðxiÞ þ Rmðy, xÞ. Then, from Theorem

1, inserting Eq. (13) into (8), we obtain Eq. (10).

Theorem 2 suggests to consider the implicitly defined polynomial

yr,mðxÞ ¼ Pr−1½yr,m�ðxÞ þ
Xm

i¼1

pr, i,mðxÞf
�
xi, yr,mðxiÞ

�
: (15)

For polynomial (15), the following theorem holds.

Theorem 3 (The main Theorem). Polynomial (15), of degree rþm−1, satisfies the relations

Li½yr,m�ðxÞ ¼ wi, i ¼ 0;…, r−1; x∈ I, wi ∈R
yðrÞr,mðxjÞ ¼ f

�
xj, yr,mðxjÞ

�
j ¼ 1;…,m,

(16)

that is, yr,mðxÞ is a collocation polynomial for Eq. (2) at nodes xj, j ¼ 1;…,m.

Proof. From (15), Corollary 1 and the linearity of operators Li, we get Li½yr,m�ðxÞ ¼ wi, i ¼ 0;…,

r−1. By Theorems 1 and 2, we obtain yðrÞðxiÞ ¼ yðrÞr,mðxiÞ, and from Eq. (11), pðrÞr, i,mðxÞ ¼ liðxÞ.
Hence, relations (16) follow.

Remark 1 (Hermite-Birkhoff-type interpolation). Theorem 3 is equivalent to the general Hermite-
Birkhoff interpolation problem [12]: given wi ∈R, i ¼ 0;…, r−1, and αj ∈R, j ¼ 1;…,m, determine, if
there exists, the polynomial QðxÞ∈P mþr−1 such that

Li½Q� ¼ wi, i ¼ 0;…, r−1
QðrÞðxjÞ ¼ αj, j ¼ 1;…,m, xj ∈ I:

(17)

Remark 2 In the case of IVPs, for each method (15), we can derive the corresponding implicit Runge-
Kutta method. For example, for r ¼ 2, let b ¼ x0 þ h and xi ¼ x0 þ cih with ci ∈ ½0; 1�. With the change
of coordinates x ¼ x0 þ th, t∈ ½0; 1�, we can write
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pr, i,mðxÞ ¼ pr, i,mðx0 þ thÞ ¼ h2
ðt
0

ðr
0
liðsÞ ds dr, liðsÞ ¼ ∏

m

k ¼ 1
k ≠ i

s−ck
ci−ck

: (18)

Putting f ðxi, yr,mðxiÞÞ ¼ y″r,mðxiÞ≡Ki, ai, j ¼ pr, jðxiÞ ¼ h2
ðci
0
ðci−sÞljðsÞ ds, we have

Ki ¼ f x0 þ cih, y0 þ y′0thþ
Xm

j¼1

ai, jKj

0
@

1
A (19)

and

y1ðtÞ≡yr,mðx0 þ thÞ ¼ y0 þ y′0thþ h2
Xm

i¼1

pr, i,mðx0 þ thÞKi

y′1ðtÞ≡y′r,mðx0 þ thÞ ¼ y′0hþ h2
Xm

i¼1

p′r, i,mðx0 þ thÞKi:

8>>><
>>>:

(20)

Eqs. (19) and (20) are the well-known continuous Runge-Kutta method for second-order differential
equations. Particularly, for t ¼ 1, we have the implicit Runge-Kutta-Nystrom method.

3.1. A-priori estimation of error

In what follows, we consider the norm

‖f‖ ¼max
a ≤ t ≤ b

Xq

k¼0

jf ðkÞðtÞj, ∀f ∈C ðqÞðIÞ: (21)

Moreover, we define

Qm ¼
Xm

i¼1

‖pr, i,m‖, FðxÞ ¼
ðb
a
Kx
r ðx, tÞdt, H ¼max

a ≤ t ≤ b
jRmðy, tÞj, (22)

where Rmðy, tÞ is defined as in (14).

Theorem 4 With the previous notations, if ΛQm < 1, then

∥y−yr,m∥ ≤
H∥F∥
1−ΛQm

: (23)

Proof. By deriving Eqs. (10) and (15), s times, s ¼ 0;…, q, we get

yðsÞðxÞ−yðsÞr,mðxÞ ¼
Xm

i¼1

pðsÞr, i,mðxÞ f
�
xi, yðxiÞ

�
−f
�
xi, yr,mðxiÞ

�h i
þ ∂s

∂xs

ðb
a
Kx
r ðx, tÞRmðy, tÞdt: (24)

It follows that
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�
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�
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�
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It follows that
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jyðsÞðxÞ−yðsÞr,mðxÞj ≤
Xm

i¼1

jpðsÞr, i,mðxÞjΛ
Xq

k¼0

jyðkÞðxiÞ−yðkÞr,mðxiÞj þH jFðsÞðxÞj

≤Λ‖y−yr,m‖
Xm

i¼1

jpðsÞr, i,mðxÞj þHjFðsÞðxÞj:
(25)

From this, we obtain inequality (23).

4. Algorithms and implementation

To calculate the approximate solution of problem (2) by polynomial yr,mðxÞ at x∈ I, we need the

values yðsÞr,mðxkÞ, k ¼ 1;…,m, s ¼ 0;…, q. In order to get these values, we propose the following

algorithm:

- Put yðsÞk ¼ yðsÞr,mðxkÞ, k ¼ 1;…,m, s ¼ 0;…, q and consider the following system

yðsÞk ¼ PðsÞ
r−1½yk�ðxkÞ þ

Xm

i¼1

pðsÞr, i ðxkÞf ðxi, yiÞ, (26)

k ¼ 1;…,m, s ¼ 0;…, q, where yi ¼ ðyi, y′i,…, yðqÞi Þ.
System (26) can be written in the form

Y−AFðYÞ ¼ C (27)

where

A ¼
A0 0 ⋯ 0
0 ⋱ ⋮
⋮ ⋱ 0
0 ⋯ 0 Aq

0
BB@

1
CCA

mðqþ1Þ ·mðqþ1Þ

(28)

with

As ¼
~aðsÞ1;1

⋯ ~aðsÞ1;m

⋮ ⋮
~aðsÞm;1 ⋯ ~aðsÞm,m

0
BBB@

1
CCCA

m ·m

~aðsÞi, j ¼ pðsÞr, j ðxiÞ, s ¼ 0;…, q, (29)

Y ¼ ðY0,…,YqÞTmðqþ1Þ · 1, Ys ¼
�
yðsÞ1 ,…, yðsÞm

�
, (30)

FðYÞ ¼ ðFm,…, Fm|fflfflfflfflfflffl{zfflfflfflfflfflffl}
q

ÞT , Fm ¼ ðf 1,…, f mÞT , f i ¼ f ðxi, yiÞ, (31)

Bs ¼
�
PðsÞ
r−1½y1�ðx1Þ,…,PðsÞ

r−1½ym�ðxmÞ
�
, C ¼ ðB0,…,BqÞTmðqþ1Þ · 1: (32)

From Eq. (27), we get
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Y ¼ AFðYÞ þ C , (33)

or, putting GðYÞ ¼ AFðYÞ þ C,

Y ¼ GðYÞ : (34)

For the existence and uniqueness of solution of system (34), we can prove, with standard
technique, the following theorem.

Theorem 5 If T ¼ Λ∥A∥∞ < 1, system (34) has a unique solution which can be calculated by an
iterative method

ðYmÞνþ1 ¼ G
�
ðYmÞðνÞ

�
, ν≥0 (35)

with a fixed ðYmÞ0 ∈Rmðqþ1Þ and GðYmÞ ¼ AFðYmÞ þ C:

Moreover, if Y is the exact solution,

‖ðYmÞνþ1−Y‖∞ ≤
Tν

1−T
‖ ðYmÞ1−ðYmÞ0‖∞ : (36)

Remark 3 If f is linear, then system (27) is a linear system which can be solved by a more suitable method.

Remark 4 System (27) can be considered as a discrete method for the numerical solution of (2).

Remark 5 Method (15) can generate the polynomial sequence

ðyr,mðxÞÞν ¼ Pr−1½yr,m�ðxÞ þ
Xm

i¼1

pr, i,mðxÞf ðxi, ðyr,mðxiÞÞν−1Þ, ðyr,mÞ0 ¼ Pr−1½y�ðxÞ (37)

which is equivalent to the discretization of Picard method for differential equations.

4.1. Numerical computation of the entries of matrix A

To calculate the elements ~aðsÞi,k of the matrix A in Eq. (27), we have to compute the integrals

pðsÞr,kðxÞ ¼
ds

dxs

ðb
a
Kx
r ðx, tÞliðtÞ dt (38)

for x ¼ xi. Integrating by parts, it remains to solve the problem of the computation of

Fi1ðxjÞ ¼
ðxj
a
liðtÞdt, FikðxjÞ ¼

ðxj
a
Fi,k−1ðtÞdt k ¼ 2;…, n (39)

Mi1ðxjÞ ¼
ðb
xj
liðtÞdt, MikðxjÞ ¼

ðb
xj
Mi,k−1ðtÞdt k ¼ 2;…, n (40)

i, j ¼ 1;…m. To this aim, it suffices to compute
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ðxj¼tk

c

ðtk−1
c

⋯
ðt1
c
rm, iðtÞ dt dt1⋯dtk−1 (41)

where c ¼ a or c ¼ b, r0;0ðtÞ ¼ 1,

rm, iðtÞ ¼ ðt−x1Þ⋯ðt−xi−1Þðt−xiþ1Þ⋯ðt−xmÞ i ¼ 1; 2;…,m : (42)

For the computation of the integral (41), we use the recursive algorithm introduced in Ref. [13]:

for each i ¼ 1;…,m, let us consider the new points zðiÞj ¼ xj if j < i, and zðiÞj ¼ xjþ1 if j ≥ i.

Moreover, let us define gðiÞ0;1;cðxÞ ¼ x−c and for s ¼ 1;…,m−1

gðiÞs, j, cðxÞ ¼
ðx¼tj

c

ðtj−1
c

⋯
ðt1
c

�
t−zðiÞ1

��
t−zðiÞ2

�
⋯
�
t−zðiÞs

�
dt dt1⋯dtj−1: (43)

We can easily compute gðiÞ0;j,cðxÞ ¼ ðx−cÞj
j! : For the computation of Eq. (43), the following recur-

rence formula [13] holds

gðiÞs, j, cðxÞ ¼
�
x−zðiÞs

�
gðiÞs−1;j, cðxÞ−jgðiÞs−1;jþ1;cðxÞ: (44)

Thus, if Wi ¼ ∏
m

k¼1, k≠i
ðxi−xkÞ, then

FikðxjÞ ¼
gðiÞm−1;k,aðxjÞ

Wi
, MikðxjÞ ¼ ð−1Þk g

ðiÞ
m−1;k,bðxjÞ

Wi
: (45)

Remark 6 An alternative approach for the exact computation of integrals (39) and (40) is to use a
quadrature formula with a suitable degree of precision.

4.2. Outline of the method

Summarizing the proposed method consists of the following steps:

1. determine the interpolation polynomial Pr−1½y�ðxÞ satisfying the boundary conditions and
compute the Peano remainder;

2. approximate yðrÞðxÞ by Lagrange interpolation on a set of fixed nodal point;

3. compute the elements of matrix A (28) and solve system (26);

4. obtain polynomial (15).

5. Some particular cases

Now we consider some special cases of problem (2), and for each case, we determine Pr−1½y�ðxÞ
and Kx

r ðx, tÞ. We also show how the proposed class of methods includes the methods presented
in previous works [12–24].
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5.1. Initial value problems

In the case of initial value problems, in Refs. [13, 17, 25], problem

yðrÞðxÞ ¼ f ðx, yðxÞÞ (46)

has been considered, while in Ref. [23], the authors introduced the more general equation

yðrÞðxÞ ¼ f
�
x, yðxÞ, y′ðxÞ,…, yðrÞðxÞ

�
, q ≤ r−1: (47)

In both cases

Pr−1½y�ðxÞ ¼
Xr−1

i¼0

ðx−aÞi
i!

yðiÞðaÞ (48)

and

Kx
r ðx, tÞ ¼

1
ðr−1Þ! ðx−tÞ

r−1
þ : (49)

If fxigmi¼1 are the zeros of Chebyshev polynomials of first and second kind, the explicit expres-
sion for polynomials pr, i,mðxÞ can be obtained [13, 17, 25] for some values of r.

Particularly, for r ¼ 1 and r ¼ 2, in the case of zeros of Chebyshev polynomials of first kind,we get

p1;i,mðxÞ ¼
1
m

Xm−1

k¼2

Tkþ1ðxÞ
kþ 1

−
Tk−1ðxÞ
k−1

þ 2
ð−1Þk−1
k2−1

" #
cos

2i−1
2m

kπ
� �( )

þ 1
m

xþ 1þ cos
2i−1
2m

π
� �

ðx2−1Þ
� � (50)

where Tk−1ðxÞ and Tkþ1ðxÞ are the Chebyshev polynomials of the first kind and degree k−1 and
kþ 1, respectively, and

p2;i,mðxÞ ¼
1
m

(
ðxþ 1Þ2

2
þ x3−3x−2

3

cos
πð2i−1Þ
2m

þ x cosπð2i−1Þ
m

0
B@

1
CA

þ 1
2

Xm−1

k¼3

cos
kπð2i−1Þ

2m
Tkþ2ðxÞ

kþ 1ð Þ kþ 2ð Þ −2
TkðxÞ
k2−1

�

þ Tk−2ðxÞ
ðk−1Þ k−2ð Þ −

12k −1ð Þk
kðk2−1Þðk2−4Þ −

4ð−1Þk
k2−1

ðxþ 1Þ
#)

: (51)

In the case of zeros of Chebyshev polynomials of second kind

Dynamical Systems - Analytical and Computational Techniques178



5.1. Initial value problems

In the case of initial value problems, in Refs. [13, 17, 25], problem

yðrÞðxÞ ¼ f ðx, yðxÞÞ (46)

has been considered, while in Ref. [23], the authors introduced the more general equation

yðrÞðxÞ ¼ f
�
x, yðxÞ, y′ðxÞ,…, yðrÞðxÞ

�
, q ≤ r−1: (47)

In both cases

Pr−1½y�ðxÞ ¼
Xr−1

i¼0

ðx−aÞi
i!

yðiÞðaÞ (48)

and

Kx
r ðx, tÞ ¼

1
ðr−1Þ! ðx−tÞ

r−1
þ : (49)

If fxigmi¼1 are the zeros of Chebyshev polynomials of first and second kind, the explicit expres-
sion for polynomials pr, i,mðxÞ can be obtained [13, 17, 25] for some values of r.

Particularly, for r ¼ 1 and r ¼ 2, in the case of zeros of Chebyshev polynomials of first kind,we get

p1;i,mðxÞ ¼
1
m

Xm−1

k¼2

Tkþ1ðxÞ
kþ 1

−
Tk−1ðxÞ
k−1

þ 2
ð−1Þk−1
k2−1

" #
cos

2i−1
2m

kπ
� �( )

þ 1
m

xþ 1þ cos
2i−1
2m

π
� �

ðx2−1Þ
� � (50)

where Tk−1ðxÞ and Tkþ1ðxÞ are the Chebyshev polynomials of the first kind and degree k−1 and
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m

(
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2
þ x3−3x−2

3

cos
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2m

þ x cosπð2i−1Þ
m

0
B@

1
CA

þ 1
2

Xm−1

k¼3

cos
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2m
Tkþ2ðxÞ

kþ 1ð Þ kþ 2ð Þ −2
TkðxÞ
k2−1

�

þ Tk−2ðxÞ
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12k −1ð Þk
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#)
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In the case of zeros of Chebyshev polynomials of second kind
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p1;i,mðxÞ ¼
2

mþ 1
sin

πi
mþ 1

Xm−1

k¼0

sin
ðkþ 1Þπi
mþ 1

1
kþ 1

Tkþ1ðxÞ þ ð−1Þk
h i

(52)

and

p2;i,mðxÞ ¼
1

mþ 1
sin

πi
mþ 1

(
sin

πi
mþ 1

ðxþ 1Þ2

þ
Xm

k¼2

1
k
sin

kπi
mþ 1

Tkþ1ðxÞ
kþ 1

−
Tk−1ðxÞ
k−1

−2 xþ k2

k2−1

� �
ð−1Þk

� �) (53)

In Refs. [13, 25], the authors presented the corresponding implicit Runge-Kutta methods too.

In Ref. [26], Coleman and Booth used also a polynomial interpolant of degree n for y″, but they
started from an identity different to Eq. (8) and derived a collocation method for which the
nodes {xi}mi¼1 are the zeros of Chebyshev polynomials of second kind.

5.2. Boundary value problems

5.2.1. Case r ¼ 2n

For n ¼ 1, for the exact solution yðxÞ of the second-order BVP

y″ðxÞ ¼ f ðx, yðxÞ, y′ðxÞÞ, yð−1Þ ¼ y0, yð1Þ ¼ y1 (54)

x∈ ½−1; 1�, it is known that

yðxÞ ¼ y1 þ y0
2

þ x
y1−y0
2

þ
ð1
−1
Kx
2ðx, tÞf ðx, yðxÞ, y′ðxÞÞdt (55)

where

Kx
2ðx, tÞ ¼

ðtþ 1Þðx−1Þ
2

t ≤ x

ðxþ 1Þðt−1Þ
2

x < t :

8>><
>>:

(56)

By applying method (15), we get [16]

y2;mðxÞ ¼
y1 þ y0

2
þ x

y1−y0
2

þ
Xm

i¼1

pr, i,mðxÞf
�
xi, yðxiÞ, y′ðxiÞ

�
(57)

with pr, i,mðxÞ ¼
ð1
−1
Kx
2ðx, tÞliðtÞdt :

If xi ¼ cos πi
mþ1, i ¼ 1;…,m, we obtain explicitly the expression of pr, i,mðxÞ [18]
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pr, i,mðxÞ ¼
1

mþ 1
sin

πi
mþ 1

Xm

k¼2

GkðxÞ
k

sin
kπi

mþ 1
þ ðx2−1Þ sin πi

mþ 1

" #
(58)

where

GkðxÞ ¼ Tkþ1ðxÞ
kþ 1

−
Tk−1ðxÞ
k−1

þ
2x
k2−1

even k

k3
2

k2−1
odd k:

8><
>:

(59)

The same method has been presented in Ref. [24], where also stability has been studied.

Now assume ½a, b� ¼ ½0; 1� and r > 2. Several types of boundary conditions can be considered.

-Hermite boundary conditions [22]:

yðhÞð0Þ ¼ αh, yðhÞð1Þ ¼ βh, h ¼ 0;…, n−1 (60)

with αh, βh, h ¼ 0;…, n−1 real constants.

In this case, Pr−1 is the Hermite polynomial of degree 2n−1

P2n−1½y�ðxÞ ¼
Xn−1

i¼0

ðyðiÞð0ÞHi1ðxÞ þ yðiÞð1ÞHi2ðxÞÞ (61)

with

Hi1ðxÞ ¼ xið1−xÞn
i!

Xn−i−1
s¼0

nþ s−1

n−1

 !
xs

Hi2ðxÞ ¼ xnð1−xÞi
i!

Xn−i−1
s¼0

nþ s−1

n−1

 !
ð1−xÞs:

(62)

The kernel is

Kx
2nðx, tÞ ¼

Xn−1

i¼0

ð−tÞ2n−i−1
ð2n−i−1Þ!Hi1ðxÞ 0 ≤ t ≤ x

−
Xn−1

i¼0

ð1−tÞ2n−i−1
ð2n−i−1Þ! Hi2ðxÞ x ≤ t ≤ 1 :

8>>>><
>>>>:

(63)

-Lidstone boundary conditions [19]:

yð2hÞð0Þ ¼ αh, yð2hÞð1Þ ¼ βh, h ¼ 0;…, n−1 (64)

where αh, βh, h ¼ 0;…, n are real constants.
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8><
>:

(59)

The same method has been presented in Ref. [24], where also stability has been studied.

Now assume ½a, b� ¼ ½0; 1� and r > 2. Several types of boundary conditions can be considered.

-Hermite boundary conditions [22]:

yðhÞð0Þ ¼ αh, yðhÞð1Þ ¼ βh, h ¼ 0;…, n−1 (60)

with αh, βh, h ¼ 0;…, n−1 real constants.

In this case, Pr−1 is the Hermite polynomial of degree 2n−1

P2n−1½y�ðxÞ ¼
Xn−1

i¼0

ðyðiÞð0ÞHi1ðxÞ þ yðiÞð1ÞHi2ðxÞÞ (61)

with

Hi1ðxÞ ¼ xið1−xÞn
i!

Xn−i−1
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i!

Xn−i−1
s¼0

nþ s−1

n−1

 !
ð1−xÞs:

(62)

The kernel is

Kx
2nðx, tÞ ¼

Xn−1

i¼0

ð−tÞ2n−i−1
ð2n−i−1Þ!Hi1ðxÞ 0 ≤ t ≤ x

−
Xn−1

i¼0

ð1−tÞ2n−i−1
ð2n−i−1Þ! Hi2ðxÞ x ≤ t ≤ 1 :

8>>>><
>>>>:

(63)

-Lidstone boundary conditions [19]:

yð2hÞð0Þ ¼ αh, yð2hÞð1Þ ¼ βh, h ¼ 0;…, n−1 (64)

where αh, βh, h ¼ 0;…, n are real constants.
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In this case, Pr−1 is the Lidstone interpolating polynomial [3] of degree 2n−1

P2n−1½y�ðxÞ ¼
Xn−1

k¼0

yð2kÞð0ÞΛkð1−xÞ þ yð2kÞð1ÞΛkðxÞ
h i

(65)

where ΛkðxÞ are the Lidstone polynomials of degree 2kþ 1 [3], and the function Kx
2nðx, tÞ is

Kx
2nðx, tÞ ¼

Xn−1

k¼0

t2n−2k−1

ð2n−2k−1Þ!Λkð1−xÞ t ≤ x

Xn−1

k¼0

ð1−tÞ2n−2k−1
ð2n−2k−1Þ!ΛkðxÞ x ≤ t:

8>>>><
>>>>:

(66)

5.2.2. Case r ¼ 2nþ 1

If we consider the following boundary conditions

yð0Þ ¼ α0, yð2h−1Þð0Þ ¼ αh, yð2h−1Þð1Þ ¼ βh, h ¼ 1;…, n (67)

with α0, αh, βh, h ¼ 1;…, n real constants, then Pr−1 is the complementary Lidstone interpolat-
ing polynomial [27] of degree 2n [3, 24, 27, 28].

P2n½y�ðxÞ ¼ yð0Þ þ
Xn

k¼1

yð2k−1Þð0Þ
�
vkð1Þ−vkð1−xÞ

�
þ yð2k−1Þð1Þ

�
vkðxÞ−vkð0Þ

�h i
, (68)

where vkðxÞ are the complementary Lidstone polynomials of degree k [27]. The kernel is

Kx
2n−1ðx, tÞ ¼

t2n

ð2nÞ!þ
Xn

k¼1

t2n−2kþ1

ð2n−2kþ 1Þ!
�
vkð1−xÞ−vkð1Þ

�
t ≤ x

−
Xn

k¼1

ð1−tÞ2n−2kþ1

ð2n−2kþ 1Þ!
�
vkðxÞ−vkð0Þ

�
x ≤ t :

8>>>><
>>>>:

(69)

In Ref. [19], the proposed method applied to problem (2) with conditions (64) and (67),
respectively, has been examined in detail.

5.2.3. Other special boundary conditions

If r ¼ n−1 and ½a, b� ¼ ½0; 1�, we can consider Bernoulli boundary conditions [21]

yð0Þ ¼ β0, yð1Þ ¼ β1, yðkÞð1Þ−yðkÞð0Þ ¼ βkþ1, k ¼ 1;…, n−2 (70)

with βk, k ¼ 0;…, n−1 real constants. The method has been examined in [14].

5.3. Multipoint boundary value problems

Let us now consider [15] the following conditions in I ¼ ½−1; 1�
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yðkÞð−1Þ ¼ αk, k ¼ 0;…, s−1; yðsÞðxiÞ ¼ ωi i ¼ 1;…, r−s: (71)

In this case

Pr−1½y�ðxÞ ¼
Xs−1

i¼0

ðxþ 1Þi
i!

αi þ 1
ðs−1Þ!

Xr−s

k¼1

ωkpr,kðxÞ , (72)

with

pr,kðxÞ ¼
ðx
−1
ðx−tÞs−1lkðtÞdt (73)

and lkðtÞ are the fundamental Lagrange polynomials on the points xj, j ¼ 1;…, r−s. Pr−1ðxÞ is the
unique polynomial of degree ≤ r−1 which satisfies the Birkhoff interpolation problem

PðkÞ
r−1ð−1Þ ¼ αk, k ¼ 0;…, s−1; PðsÞ

r−1ðxiÞ ¼ ωi, i ¼ 1;…, r−s, s ≤ r−1 (74)

with −1 < x1 < ⋯ < xr−s ≤ 1. Hence, the solution of problem (2), with multipoint condi-
tions (71), is

yðxÞ ¼ Pr−1½y�ðxÞ þ
ð1
−1
Kx
r ðx, tÞyðrÞðtÞdt, (75)

with Pr−1½y�ðxÞ given in Eq. (72) and

Kx
r ðx, tÞ ¼

1
ðr−1Þ! x−tð Þr−1þ −

r−1
s

� �
s
Xr−s

i¼1

pr, i,m xð Þðxi−tÞr−s−1þ

" #
: (76)

Observe that Eq. (74) is a special type of Birkhoff interpolation problem with incidence matrix
E ¼ ðeijÞ defined by e1j ¼ eis ¼ 1;j ¼ 0;⋯, s−1; i ¼ 2;…, r−sþ 1; eij ¼ 0 otherwise and r ≥ 1.

In Ref. [23], Pr−1½y�ðxÞ is presented in a little different form:

Pr−1½y�ðxÞ ¼
Xs−1

i¼0

ðxþ 1Þi
i!

αi þ
Xr−s

k¼1

ωkEsðx, lkðxÞÞ , (77)

where Esðx, lkðxÞÞ ¼
ðx
−1
⋯
ðx
−1|fflfflfflffl{zfflfflfflffl}

s

lkðtÞdt⋯dt:

Let us now consider the following conditions [12, 20]

yð−1Þ ¼ ω0, yð1Þ ¼ ωr−1 y″ðxiÞ ¼ ωi i ¼ 1;…, r−2: (78)

The solution to the Birkhoff interpolation problem
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Pr−1ð−1Þ ¼ ω0, Pr−1ð1Þ ¼ ωr−1, P″
r−1ðxiÞ ¼ ωi, i ¼ 1;…, r−2 (79)

with −1 < x1 < ⋯ < xr−2 < 1 is [12]

Pr−1½y�ðxÞ ¼ ωr−1 þ ω0

2
þ ωr−1−ω0

2
xþ

Xr−2

i¼1

qr, iðxÞωi (80)

with

qr, iðxÞ ¼
ð1
−1
Kx
r ðx, tÞliðtÞdt (81)

and

Kx
r ðx, tÞ ¼

ðtþ 1Þðx−1Þ
2

t ≤ x

ðxþ 1Þðt−1Þ
2

x < t:

8><
>:

(82)

Hence, the solution of problem (2) is

yðxÞ ¼ Pr−1½y�ðxÞ þ
ð1
−1
Kx
r ðx, tÞyðrÞðtÞdt, (83)

with Pr−1½y�ðxÞ given in Eq. (80) and

Kx
r ðx, tÞ ¼

1
ðr−1Þ! ðx−tÞr−1þ −

ð1−tÞr−1ð1þ xÞ
2

−ðr−1Þðr−2Þ
Xr−2

i¼1

pr, i,mðxÞðxi−tÞr−3þ

" #
: (84)

6. Numerical examples

In this section, we present some numerical results obtained by applying method (15), which
we call CGN method, to find numerical approximations yr,mðxÞ to the solution of some test
problems. In order to solve the nonlinear system (19), we use the so-called modified Newton
method [29] (the same Jacobian matrix is used for more than one iteration) and we use
algorithm (44) for the computation of the entries of the matrix, when polynomials pr, i,mðxÞ are
not explicitly known. Since the true solutions of the analyzed problems are known, we con-
sider the error function emðxÞ ¼ jyðxÞ−yr,mðxÞj.

The maximum values of emðxÞ over the interval ½a, b� have also been calculated by using Matlab,
particularly the built-in solvers

• ode15s, a variable-step, variable-order multistep solver based on the numerical differenti-
ation formulas of orders 1–5;
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• ode45, a single-step solver, based on an explicit Runge-Kutta (4, 5) formula, the Dormand-
Prince pair

for initial value problems, and the finite difference codes;

• bvp4c (with an optionalmesh of 200points) that implements the three-stageLobatto IIIa formula;

• bvp5c that implements the four-stage Lobatto IIIa formula.

for boundary value problems.

All solvers have been used with optional parameters RelTol=AbsTol=1e−17.

Moreover, the powerful tool Chebfun [30] has been used.

Example 1 Consider the following linear ninth-order BVP [28]

yð9ÞðxÞ ¼ −9ex þ yðxÞ x∈ ½0; 1�
yðjÞð0Þ ¼ 1−j j ¼ 0;…; 4
yðjÞð1Þ ¼ −j e j ¼ 0;…; 3

8<
: (85)

with exact solution yðxÞ ¼ ð1−xÞex.

The unique polynomial P8ðxÞ ¼ P8½y�ðxÞ of degree 8 satisfying the boundary conditions PðjÞ
8 ð0Þ ¼ 1−j

for j ¼ 0;…; 4; and PðjÞ
8 ð1Þ ¼ −j e j ¼ 0;…; 3 is

P8ðxÞ ¼ 1−
1
2
x2−

1
3
x3−

1
8
x4 þ 31

2
1 e−

253
6

� �
x5þ

1321
12

−
81
2
1 e

� �
x6 þ 71

2
e−

193
2

� �
x7 þ 685

24
−
21
2

e
� �

x8:
(86)

From Eq. (7), we get

Kx
9ðx, tÞ ¼

1
8!
�

70t4ðx4−4x5 þ 6x6−4x7 þ x8Þ þ 56t5ð−x3 þ 10x5−20x6 þ 15x7−4x8Þþ
28t6ðx2−20x5 þ 45x6−36x7 þ 10x8Þ þ 8t7ð−xþ 35x5−84x6 þ 70x7−20x8Þþ
t8ð1−56x5 þ 140x6−120x7 þ 35x8Þ 0 ≤ t ≤ x
−x8 þ 8tx7−28t2x6 þ 56t3x5 þ 70t4ð−4x5 þ 6x6−4x7 þ x8Þþ
56t5ð10x5−20x6 þ 15x7−4x8Þ þ 28t6ð−20x5 þ 45x6−36x7 þ 10x8Þþ
8t7ð35x5−84x6 þ 70x7−20x8Þþ
t8ð−56x5 þ 140x6−120x7 þ 35x8Þ x ≤ t ≤ 1:

8>>>>>>>>>>><
>>>>>>>>>>>:

(87)

Now we calculate the values of the integrals (39) by using Eq. (45), and we solve system (26). Thus, we
obtain the approximate solution (15) to problem (85).

Table 1 shows the numerical results. The absolute errors are compared with those obtained in Ref. [28],
where a modified decomposition method is applied for the solution of problem (85). The second and third
columns of Table 1 show the error, respectively, in the method in Ref. [28] and in the CGN method,
using in both cases polynomials of degree 12. The last column contains the error in the approximation
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From Eq. (7), we get

Kx
9ðx, tÞ ¼

1
8!
�

70t4ðx4−4x5 þ 6x6−4x7 þ x8Þ þ 56t5ð−x3 þ 10x5−20x6 þ 15x7−4x8Þþ
28t6ðx2−20x5 þ 45x6−36x7 þ 10x8Þ þ 8t7ð−xþ 35x5−84x6 þ 70x7−20x8Þþ
t8ð1−56x5 þ 140x6−120x7 þ 35x8Þ 0 ≤ t ≤ x
−x8 þ 8tx7−28t2x6 þ 56t3x5 þ 70t4ð−4x5 þ 6x6−4x7 þ x8Þþ
56t5ð10x5−20x6 þ 15x7−4x8Þ þ 28t6ð−20x5 þ 45x6−36x7 þ 10x8Þþ
8t7ð35x5−84x6 þ 70x7−20x8Þþ
t8ð−56x5 þ 140x6−120x7 þ 35x8Þ x ≤ t ≤ 1:

8>>>>>>>>>>><
>>>>>>>>>>>:

(87)

Now we calculate the values of the integrals (39) by using Eq. (45), and we solve system (26). Thus, we
obtain the approximate solution (15) to problem (85).

Table 1 shows the numerical results. The absolute errors are compared with those obtained in Ref. [28],
where a modified decomposition method is applied for the solution of problem (85). The second and third
columns of Table 1 show the error, respectively, in the method in Ref. [28] and in the CGN method,
using in both cases polynomials of degree 12. The last column contains the error in the approximation
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by a polynomial of degree 14 using CGN method. As collocation points, equidistant nodes in ½0; 1� are
chosen. Analogous results are obtained by using Chebyshev nodes of first and second kind, and
Legendre-Gauss-Lobatto points.

The maximum absolute error maxfemðxÞg on ½0; 1� has also been calculated by using Matlab (Table 2).

x Method in [28] CGN m ¼ 4 CGN m ¼ 6

0.1 2:0e−10 1:45e−14 0:00

0.2 2:0e−10 3:93e−13 1:11e−16

0.3 2:0e−10 2:16e−12 9:99e−15

0.4 2:0e−10 5:70e−12 2:00e−15

0.5 2:0e−10 9:27e−12 2:55e−15

0.6 6:0e−10 1:00e−11 2:66e−15

0.7 1:0e−9 7:04e−12 2:44e−15

0.8 2:0e−9 2:70e−12 2:83e−15

0.9 3:4e−9 2:98e−13 4:91e−15

Table 1. Absolute error emðxÞ in MDM and CGN methods for problem (85).

Chebfun bvp4c bvp5c

1:46 1:55e−12 4:44e−16

Table 2. Maximum absolute error in problem (85) using Matlab built-in functions.

x Cheb I Cheb II EqPts

m ¼ 4 m ¼ 6 m ¼ 9

0.1 1:11e−16 0:00 0.00

0.2 9:54e−15 0:00 0.00

0.3 5:47e−13 3:33e−16 0.00

0.4 9:45e−12 1:11e−16 4:44e−16

0.5 8:50e−11 4:22e−15 1:11e−16

0.6 5:05e−10 3:47e−14 2:11e−15

0.7 2:25e−9 2:08e−13 1:55e−15

0.8 8:08e−9 9:68e−13 1:44e−14

0.9 2:74e−8 3:72e−12 9:18e−15

1.0 6:64e−8 1:22e−11 1:37e−14

Table 3. Problem (88)—example 2.
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Example 2 Consider the fifth-order initial value problem [13]

yð5Þ þ ð32x5 þ 120xÞy ¼ 160x3e−x
2

x∈ ½0; 1�
yð0Þ ¼ 1; y′ð0Þ ¼ 0; y″ð0Þ ¼ −2
y″′ ð0Þ ¼ 0; yð4Þð0Þ ¼ 12

8<
: (88)

with solution yðxÞ ¼ e−x
2
.

Table 3 shows the absolute error in some points of the interval ½0; 1� for CGN method in the case,
respectively, of Chebyshev nodes of first kind (Cheb I), of second kind (Cheb II) and in the case of
equidistant nodes (EqPts).

The maximum absolute errors calculated by using Matlab are displayed in Table 4.

Example 3 Consider now the following nonlinear problem [31]

yð4ÞðxÞ ¼ sin xþ sin 2
x−
�
y″ðxÞ

�2
x∈ ½0; 1�

yð0Þ ¼ 0 y′ð0Þ ¼ 1
yð1Þ ¼ sin ð1Þ y′ð1Þ ¼ cos ð1Þ

8><
>:

(89)

with exact solution yðxÞ ¼ sin ðxÞ.
This kind of problems models several nonlinear phenomena such as traveling waves in suspension
bridges [32] or the bending of an elastic beam [33].

Suspension bridges are generally susceptible to visible oscillations, due to the forces acting on the bridge
(including the force due to the cables which are considered as a spring with a one-sided restoring, the
gravitation force and the external force due to the wind or other external sources). f represents the
forcing term, while y represents the vertical displacement when the bridge is bending.

In the case of elastic beam, f represents the force exerted on the beam by the supports. x measures the
position along the beam (x ¼ 0 is the left-hand endpoint of the beam), y and y′ indicate, respectively,
the height and the slope of the beam at x. y″ measures the curvature of the graph of y, and, in
physical terms, it measures the bending moment of the beam at x, that is, the torque that the load
places on the beam at x.

The considered boundary conditions state that the beam has both endpoints simply supported. Moreover,
the derivative of the deflection function is not zero at those points, and it indicates that the beam at the
wall is not horizontal.

Table 5 shows the comparison between the NMD method presented in Ref. [31] and the CGN method
with m ¼ 5 and m ¼ 9, respectively. The approximating polynomial of NMD method has degree 11,
while the polynomial considered in CGN method for m ¼ 5 has degree 8.

Chebfun ode15s ode45

2:11e−11 1:35e−13 1:33e−15

Table 4. Maximum absolute error in problem (88) using Matlab built-in functions.
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with solution yðxÞ ¼ e−x
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Example 3 Consider now the following nonlinear problem [31]

yð4ÞðxÞ ¼ sin xþ sin 2
x−
�
y″ðxÞ

�2
x∈ ½0; 1�

yð0Þ ¼ 0 y′ð0Þ ¼ 1
yð1Þ ¼ sin ð1Þ y′ð1Þ ¼ cos ð1Þ

8><
>:

(89)

with exact solution yðxÞ ¼ sin ðxÞ.
This kind of problems models several nonlinear phenomena such as traveling waves in suspension
bridges [32] or the bending of an elastic beam [33].

Suspension bridges are generally susceptible to visible oscillations, due to the forces acting on the bridge
(including the force due to the cables which are considered as a spring with a one-sided restoring, the
gravitation force and the external force due to the wind or other external sources). f represents the
forcing term, while y represents the vertical displacement when the bridge is bending.

In the case of elastic beam, f represents the force exerted on the beam by the supports. x measures the
position along the beam (x ¼ 0 is the left-hand endpoint of the beam), y and y′ indicate, respectively,
the height and the slope of the beam at x. y″ measures the curvature of the graph of y, and, in
physical terms, it measures the bending moment of the beam at x, that is, the torque that the load
places on the beam at x.

The considered boundary conditions state that the beam has both endpoints simply supported. Moreover,
the derivative of the deflection function is not zero at those points, and it indicates that the beam at the
wall is not horizontal.

Table 5 shows the comparison between the NMD method presented in Ref. [31] and the CGN method
with m ¼ 5 and m ¼ 9, respectively. The approximating polynomial of NMD method has degree 11,
while the polynomial considered in CGN method for m ¼ 5 has degree 8.

Chebfun ode15s ode45

2:11e−11 1:35e−13 1:33e−15

Table 4. Maximum absolute error in problem (88) using Matlab built-in functions.
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The maximum absolute errors calculated by using Matlab are displayed in Table 6.
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Abstract

Computational modeling of nano-plasmonic structures is essential to understand their
electrodynamic responses before experimental efforts in measurement setups. Similar to
the other ranges of the electromagnetic spectrum, there are alternative methods for the
numerical analysis of nano-plasmonic problems, while the optics literature is dominated
by differential equations that require discretizations of the host media with artificial
truncations. These approaches often need serious assumptions, such as periodicity,
infinity, or self-similarity, in order to reduce the computational load. On the other hand,
surface integral equations based on integro-differential operators can bring important
advantages for accurate and efficient modeling of nano-plasmonic problems with arbi-
trary geometries. Electrical properties of materials, which may be obtained either experimen-
tally or via physical modeling, can easily be inserted into integral-equation formulations,
leading to accurate predictions of electromagnetic responses of complex structures. This
chapter presents the implementation of such accurate, efficient, and reliable solvers based
on appropriate combinations of surface integral equations, discretizations, numerical inte-
grations, fast algorithms, and iterative techniques. As a case study, nanowire transmission
lines are investigated in wide-frequency ranges, demonstrating the capabilities of the devel-
oped implementations.

Keywords: surface integral equations, multilevel fast multipole algorithm, surface
plasmons, computational electromagnetics

1. Introduction

As in all areas of electrodynamics, numerical study of plasmonic problems is essential to under-
stand interactions between electromagnetic waves and matter at the higher range of the spec-
trum. Applications include nanowires for negative refraction, imaging, and super-resolution
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[1, 2], and nanoantennas for energy harvesting, single-molecule sensing, and optical links [3–9],
to name a few. At optical frequencies, some metals are known to possess strong plasmonic
properties [10] that are crucial for a majority of such applications, while their accurate analysis
requires more than perfectly conducting models that are common in radio and microwave
regimes. In the infrared region, it may not be obvious when perfect conductivity or impedance
approximation methods can safely be used. Hence, it is desirable to extend the plasmonic-
modeling capabilities across wide ranges of frequencies until they converge to the other forms.
While, in the literature, experimental studies are often supported by differential solvers, their
applicability to complex problems is usually limited to small-scale and/or simplified models due
to well-known drawbacks, such as need for space (host-medium) discretizations that are accom-
panied with artificial truncations. Major tools of computational electromagnetics, that is, surface
integral equations [11, 12] employing integro-differential operators, are recently applied to
plasmonic problems with promising results for realistic simulations of complex structures
[13–23]. In fact, surface integral equations need only the discretization of boundaries between
different media, which usually correspond to the surface of the plasmonic object. In addition to
homogeneous bodies, they are also applicable to piecewise homogeneous cases, making it
possible to analyze structures with coexisting multiple materials [24].

Using surface integral equations, it is possible to solve plasmonic problems involving finite
models with arbitrary geometries, without periodicity, self-similarity, and infinity assump-
tions. When the object is large in terms of wavelength, fast and efficient methods, such as the
multilevel fast multipole algorithm (MLFMA) [25], are available to accelerate solutions [26–28].
For plasmonic modeling, effective permittivity values with negative real parts are required,
while they are already available via theoretical and experimental studies [10]. In the phasor
domain with time-harmonic sources, which is considered in this chapter, permittivity is a
simulation parameter with a fixed value at a given frequency. Then, frequency sweeps can be
performed by using the discrete values of the permittivity with respect to frequency. As
theoretical models, Drude (D) or Lorentz-Drude (LD) models are commonly used. While these
models (especially the Lorentz-Drude model) provide reliable permittivity values in wide-
frequency ranges, they deviate from experimental data at higher frequencies of the optical
spectrum. From the perspective of surface integral equations, it does not matter where the
permittivity values are obtained from. Besides, there is a great flexibility in geometric model-
ing, allowing sharp edges and corners, tips, and subwavelength details [29]. On top of these,
the background of surface integral equations provides self-consistency and accuracy-check
mechanisms, such as based on the equivalence theorem, enabling accuracy analysis without
resorting to alternative solvers [30].

From numerical point of view, surface integral equations bring their own challenges when they
are applied to plasmonic problems. In free space, plasmonic objects are naturally high-contrast
problems [15], leading to difficulties in maintaining the accuracy and/or efficiency. Consider-
ing the equivalence theorem, ideal mesh size for surface formulations can be selected based on
wavenumber of the host medium, where the impressed sources are located [26]. Therefore, the
source of the inaccuracy is not directly the discretization size, but a combination of geometric
deviation (for smooth objects), numerical integration, and imbalanced contributions from
inner/outer media. Efficiency of iterative solutions may also deteriorate due to imbalanced
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wavenumber of the host medium, where the impressed sources are located [26]. Therefore, the
source of the inaccuracy is not directly the discretization size, but a combination of geometric
deviation (for smooth objects), numerical integration, and imbalanced contributions from
inner/outer media. Efficiency of iterative solutions may also deteriorate due to imbalanced
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matrix blocks that lead to ill-conditioned matrix equations [31]. On the other hand, numerical
challenges are not only due to the high contrasts of plasmonic objects. The effective permittiv-
ity of a plasmonic medium is typically negative, which becomes increasingly large at lower
frequencies. In numerical solutions, integro-differential operators become localized with expo-
nentially decaying Green’s function. This localization is responsible for the evolution of
plasmonic formulations into perfectly conducting types, while this process may not be
achieved smoothly in discrete forms. Some traditional formulations break down due to dom-
inant inner contributions, which are difficult to compute accurately [32], if not impossible.
Classical singularity extractions may fail to provide smooth integrands, leading to increasingly
inaccurate near-zone interactions. While all formulations may be improved by manipulating
integrations into more suitable forms, our focus is to develop new formulations that reduce
into perfectly conducting formulations in the limit. All results presented in this chapter are
obtained by such a stabilized integral-equation formulation, namely a modified combined
tangential formulation (MCTF), which provides accurate results using the conventional Rao-
Wilton-Glisson (RWG) discretizations [33].

The chapter is organized as follows. In Section 2, we present surface integral equations, with
the emphasis on MCTF. Discretization is presented in Section 3, including implementation
details that may be followed by the readers to develop their own solvers. MLFMA is further
discussed in Section 4, demonstrating how to accelerate numerical solutions. Finally, we
present an extensive case study, involving nanowire transmission lines in a wide range of
frequency to illustrate the significant differences between the analytical models and measure-
ment data for the permittivity values. In the following, time-harmonic electrodynamic prob-
lems are considered with exp(− iωt) time dependency, where i2 = −1 and ω = 2πf is the angular
frequency.

2. Surface integral equations

For deriving surface formulations, we consider a plasmonic object with permittivity/perme-
ability (εp=μp) located in unbounded free space with permittivity/permeability (εo=μo). Alter-

native surface integral equations can be obtained by considering the boundary conditions on
the surface of the object. In a general form, we have

�
Z11 Z12
Z21 Z22

�
�
�
J
M

�
ðrÞ ¼

�
an̂ · n̂ ·Einc−en̂ ·Hinc

cn̂ · n̂ ·Hinc þ gn̂ ·Einc

�
ðrÞ, (1)

where J ¼ n̂ ·H and M ¼ −n̂ ·E are the equivalent currents written in terms of the tangential
electric field intensity E and the magnetic field intensity H on the closed surface (r∈ S). In the
above, n̂ is the unit vector outward the object, and Einc and Hinc are the incident electric and
magnetic fields, respectively, created by impressed sources located in the host medium. At an
observation point on a locally planar surface (solid angle = 2π), the combined operators can be
written as
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Z11 ¼ −n̂ · n̂ · ðaηoT o þ bηpT pÞ þ n̂ · ðeKPV; o−fKPV; pÞ−ðeþ f ÞI=2 (2)

Z12 ¼ n̂ · n̂ · ðaKPV; o þ bKPV; pÞ−ða−bÞn̂ ·I=2þ n̂ · ðeη−1o T o−fη−1p T pÞ (3)

Z21 ¼ −n̂ · n̂ · ðcKPV; o þ dKPV; pÞ þ ðc−dÞn̂ ·I=2−n̂ · ðgηoT o−hηpT pÞ (4)

Z22 ¼ −n̂ · n̂ · ðcη−1o T o þ dη−1p T pÞ þ n̂ · ðgKPV; o−hKPV; pÞ−ðgþ hÞI=2; (5)

where {a; b; c; d; e; f ; g; h} are generalized coefficients. In the above, ηo ¼
ffiffiffiffiffiμo

p
=
ffiffiffiffiffi
εo

p
is the intrin-

sic impedance of the host medium, whereas ηp ¼
ffiffiffiffiffiμp

p
=
ffiffiffiffiffiεpp is the complex intrinsic impedance

of the plasmonic object. The integro-differential and identity operators are derived as

T u{X}ðrÞ ¼ iku

Z

S
dr′½Xðr′Þ þ 1

k2u
∇′ � Xðr′Þ∇�guðr; r′Þ (6)

KPV; u{X}ðrÞ ¼
Z

PV; S
dr′Xðr′Þ·∇′guðr; r′Þ (7)

I {X}ðrÞ ¼ XðrÞ (8)

for r∈ S, where PV indicates the principal value of the integral, ∇ ¼ x̂∂=∂xþ ŷ∂=∂yþ ẑ∂=∂z is
the differential operator, guðr; r′Þ ¼ exp ðikujr−r′jÞ=ð4πjr−r′jÞ is the homogeneous-space Green’s
function, and ku ¼ 2π=λu ¼ ω ffiffiffiffiffiffiffiffiffiffiμuεu

p is the wavenumber for u ¼ {o; p}.

The conventional formulations can be obtained by setting the generalized coefficients to
suitable values such that the outer and inner problems are coupled while the internal reso-
nances are removed. By using nonzero values for {e; f ; g; h} while setting {a; b; c; d} to zero
leads to N-formulations, such as the Müller formulation and the combined normal formulation
[12]. These formulations contain the identity operator I , which usually dominates the matrix
equations when Galerkin discretization is used. Therefore, matrix equations derived from N-
formulations are generally easier to solve iteratively. On the other hand, T-formulations are
obtained by selecting {a; b; c; d} nonzero, while inserting zero values for {e; f ; g; h}. The Poggio-
Miller-Chang-Harrington-Wu-Tsai formulation [34] and the combined tangential formulation
[12] are among the well-known T-formulations. As opposed to N-formulations, T-formulations
contain either the rotational identity operator n̂ ·I or no identity operator at all (when a ¼ b
and c ¼ d). Hence, using a Galerkin discretization, T-formulations do not contain a dominant
identity operator and they produce matrix equations that are potentially ill-conditioned.
Finally, when a mixture of coefficients are used from the sets {a; b; c; d} and {e, f, g, h}, mixed
formulations are obtained. For example, the JM combined-field integral equation [35] is a
mixed formulation when all coefficients are nonzero. Obviously, mixed formulations always
contain a dominant identity operator (due to either I or n̂ ·I ).

Discretization is an important stage of numerical solutions. All formulations described above
can be discretized in different ways such that the derived matrix equations can be well
conditioned, and, at the same time, they may produce accurate results. On the other hand,
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using a Galerkin scheme employing the same set of basis and testing functions, N-formula-
tions and mixed formulations usually produce better-conditioned matrix equations than
T-formulations, as mentioned above. In addition, when low-order discretizations are used,
the existence of a dominant identity operator is critical in terms of accuracy. It is well known
that a discretized identity operator acts like a discretized integro-differential operator with a
Dirac-delta kernel [36]. Therefore, a low-order discretization of the identity operator may
produce large errors, leading to inaccurate results if the operator is directly tested such that it
dominates the matrix equation. RWG discretizations of N-formulations and mixed formula-
tions have this serious drawback, making them less preferred (despite their faster iterative
solutions) in comparison to T-formulations in many applications. The tradeoff between the
efficiency and accuracy has been resolved in many studies [37] by improving the accuracy of
N-formulations and mixed formulations via alternative discretizations and/or by improving
the efficiency of T-formulations via preconditioning.

In the context of plasmonic problems, further challenges appear in surface formulations. First,
considering that their permittivity values can be written as εp ¼ εoð−εR þ iεIÞ, where both εR
and εI are positive, plasmonic objects are naturally high-contrast structures in free space
(except for very high frequencies for which −εR ! 1). Then, the matrix equations derived from
surface formulations can be unbalanced, leading to efficiency and/or accuracy problems. For
planar discretizations of curved surfaces, fine discretizations are needed to capture the geom-
etry of the object. At lower frequencies of the optical range, εR can be very large (as large as
1000 and beyond) such that the localization of the operators as T p ! −I=2 and
KPV; p−I=2 ! −I=2 when εR ! ∞ leads to numerical problems if the blocks are not weighted
properly (that occurs in many conventional formulations). While the well-known perfectly
conducting models may be used at lower frequencies, it may not be obvious where the
plasmonic model can be omitted for a given structure. Hence, it is desirable to extend the
applicability of the surface integral equations in wide-frequency ranges until other kinds of
approaches can safely be used. In a recent study, we show that a new tangential formulation,
namely MCTF, provides reliable and convergent solutions in wide ranges of frequencies of the
optical spectrum [32]. Considering the general form, MCTF is obtained by using a ¼ b ¼ 1 and
c ¼ d ¼ ηoηp, while setting e ¼ f ¼ g ¼ h ¼ 0. Therefore, we obtain

ZMCTF
11 ¼ −n̂ · n̂ · ðηoT o þ ηpT pÞ (9)

ZMCTF
12 ¼ n̂ · n̂ · ðKPV; o þKPV; pÞ (10)

ZMCTF
21 ¼ −n̂ · n̂ · ηoηpðKPV; o þKPV; pÞ (11)

ZMCTF
22 ¼ −n̂ · n̂ · ðηpT o þ ηoT pÞ: (12)

It can be observed that MCTF is completely free of the identity operator, and it can be shown
that it smoothly turns into the electric-field integral equation for perfectly conducting objects
as the frequency drops and εR goes to infinity. In the following, we consider numerical
solutions of plasmonic problems formulated with MCTF.
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3. Discretization

Similar to the diversity of surface integral equations, discretization can be performed in
alternative ways. Using a Galerkin scheme, the basis and testing functions are selected as
the same set of N functions locally defined on the surface. As a popular choice for triangu-
lar discretizations, which is also considered in this chapter, the RWG functions are defined
as [33]

f nðrÞ ¼

ln
2An1

ðr−rn1Þ, r∈Sn1

ln
2An2

ðrn2−rÞ, r∈Sn2

0; r ∉ Sn:

8>>>>><
>>>>>:

(13)

Each RWG function is located on a pair of triangles sharing an edge. In the above, ln represents
the length of the main edge, An1 and An2 are, respectively, the areas of the first (Sn1) and the
second (Sn2) triangles, and rn1 and rn2 represent the coordinates of the nodes opposite of the
edge. The RWG functions are divergence conforming and their divergence is finite every-
where, that is,

∇ � fnðrÞ ¼

ln
An1

; r∈Sn1

−
ln
An2

; r∈Sn2

0; r ∉ Sn;

8>>>>><
>>>>>:

(14)

while the charge neutrality is satisfied locally as An1ln=An1−An2ln=An2 ¼ 0.

By selecting the basis and testing functions (bn and tm for {n; m} ¼ {1, 2,…; N}) as the same set
of the RWG functions, MCTF can be discretized as

"
Z

MCTF
11 Z

MCTF
12

Z
MCTF
21 Z

MCTF
22

#
�
�
aJ

aM

�
¼
"
wMCTF
1

wMCTF
2

#
; (15)

where aJ and aM are vectors containing complex coefficients to expand the current densities.
The matrix elements and the elements of the right-hand-side vector are derived as

Z
MCTF
11 ¼ ηoT

T
o þ ηpT

T
p (16)

Z
MCTF
12 ¼ −K

T
PV; o−K

T
PV; p (17)

Z
MCTF
21 ¼ ηoηpðK

T
PV; o þ K

T
PV; pÞ (18)

Z
MCTF
22 ¼ ηpT

T
o þ ηoT

T
p (19)
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"
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Z
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#
�
�
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�
¼
"
wMCTF
1

wMCTF
2

#
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where aJ and aM are vectors containing complex coefficients to expand the current densities.
The matrix elements and the elements of the right-hand-side vector are derived as

Z
MCTF
11 ¼ ηoT

T
o þ ηpT

T
p (16)

Z
MCTF
12 ¼ −K

T
PV; o−K

T
PV; p (17)

Z
MCTF
21 ¼ ηoηpðK

T
PV; o þ K

T
PV; pÞ (18)

Z
MCTF
22 ¼ ηpT

T
o þ ηoT

T
p (19)
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and

wMCTF
1 ¼ −

Z

Sm
drtmðrÞ � EincðrÞ (20)

wMCTF
2 ¼ −ηoηp

Z

Sm
drtmðrÞ �HincðrÞ, (21)

respectively. Furthermore, the discretized operators can be written as

T
T
u ½m; n� ¼ iku

Z

Sm
drtmðrÞ �

Z

Sn
dr′guðr; r′Þbnðr′Þ þ

i
ku

Z

Sm
drtmðrÞ �

Z

Sn
dr′∇guðr; r′Þ∇′ � bnðr′Þ (22)

K
T
PV; u½m; n� ¼

Z

Sm
drtmðrÞ �

Z

PV; Sn
dr′bnðr′Þ·∇′guðr; r′Þ, (23)

where the integrals are evaluated on the supports of the testing and basis functions (Sm and Sn).

At this stage, we can consider the interaction of two half RWG functions associated with the
ath triangle of the mth edge and bth triangle of the nth edge, respectively ({a; b} ¼ {1, 2}). One
can obtain

T
T
u ½m; n; a; b� ¼ γmaγnblmln

4
iku

1
Ama

Z

Sma

drðr−rmaÞ � 1
Anb

Z

Snb
dr′ðr′−rnbÞguðr; r′Þ

−γmaγnblmln
i
ku

1
Ama

Z

Sma

dr
1
Anb

Z

Snb
dr′guðr; r′Þ

(24)

K
T
PV; u½m; n; a, b� ¼ γmaγnblmln

4
1

Ama

Z

Sma

drðr−rmaÞ � ðr−rnbÞ · 1
Anb

Z

PV; Snb
dr′∇′guðr; r′Þ, (25)

where γnb; γma ¼ �1, depending on the direction of the basis and testing functions on trian-
gles. For the integrations on the testing and basis triangles, alternative methods can be used.
Applying Gaussian quadrature is common in the literature, if the singularity of Green’s func-
tion is extracted from the inner integrals. In any case, the integration methods used on the
testing and basis triangles do not have to be the same, that is, different sampling schemes can
be used. For the sake of brevity, we consider a single-point testing scheme by using the center
point of each triangle rcrma, leading to

T
T
u ½m; n; a; b� ¼ γmaγnblmln

4
ikuðrcrma−rmaÞ � 1

Anb

Z

Snb
dr′ðr′−rnbÞguðrcrma; r′Þ

−γmaγnblmln
i
ku

1
Anb

Z

Snb
dr′guðrcrma; r′Þ

(26)

T
T
u ½m; n; a; b� ¼ γmaγnblmln

4
ikuðρcrma−ρmaÞ �

1
Anb

Z

Snb
dr′ðρ′−ρcrmaÞguðrcrma; r′Þ

þγmaγnblmln
4

ikuðρcrma−ρmaÞ � ðρcr
ma−ρnbÞ

1
Anb

Z

Snb
dr′guðrcrma; r′Þ

−γmaγnblmln
i
ku

1
Anb

Z

Snb
dr′guðrcrma; r′Þ

(27)
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K
T
PV; u½m; n; a, b� ¼ γmaγnblmln

4
ðrcrma−rmaÞ � ðrcrma−rnbÞ·

1
Anb

Z

PV; Snb
dr′∇′guðrcrma; r′Þ, (28)

where {ρ′; ρma; ρnb; ρ
cr
ma} represent the projections of {r

′; rma; rnb; r
cr
ma} onto the basis plane.

It is generally more efficient to compute the interactions via triangle by triangle (rather than
RWG by RWG) since common integrals related to a basis triangle can be evaluated once and
used in multiple interactions related to the triangle. For MCTF, interactions are calculated (for
a ¼ 1; 2 and b ¼ 1; 2, and u ¼ o; p) as

Z
MCTF
11 ½m; n�←γmaγnblmln

4
ikuηu ðρcrma−ρmaÞ � ½IBma; nb; u þ ðρcr

ma−ρnbÞIAma; nb; u�−
4
k2u

IAma; nb; u

( )
(29)

Z
MCTF
22 ½m; n�←γmaγnblmln

4
iku

ηoηp
ηu

ðρcrma−ρmaÞ � ½IBma; nb; u þ ðρcr
ma−ρnbÞIAma; nb; u�−

4
k2u

IAma; nb; u

( )
(30)

Z
MCTF
12 ½m; n�←−

γmaγnblmln
4

ðrcrma−rmaÞ � ½ðrcrma−rnbÞ· IC; PVma; nb; u� (31)

Z
MCTF
21 ½m; n�←γmaγnblmln

4
ηoηpðrcrma−rmaÞ � ½ðrcrma−rnbÞ · IC; PVma; nb; u�; (32)

where ← indicates the update operation. Each matrix element is obtained by combining the
contributions of four triangle-triangle interactions. By using triangle-triangle interactions, a

basis integral (IAma; nb; u, I
B
ma; nb; u, or I

C; PV
ma; nb; u) are used in nine different RWG-RWG interactions.

These common integrals (with singularity extractions) can be listed as

IAma; nb; u ¼ 1
Anb

Z

Snb
dr′guðrcrma; r′Þ ¼

1
Anb

Z

Snb
dr′ guðrcrma; r′Þ−

1
4πjrcrma−r′j

� �

þ 1
Anb

Z

Snb

dr′
1

4πjrcrma−r′j
(33)

IBma; nb; u ¼ 1
Anb

Z

Snb
dr′ðρ′−ρcrmaÞguðrcrma; r′Þ ¼

1
Anb

Z

Snb
dr′ðρ′−ρcrmaÞ guðrcrma; r′Þ−

1
4πjrcrma−r′j

� �

þ 1
Anb

Z

Snb
dr′ðρ′−ρcrmaÞ

1
4πjrcrma−r′j

(34)

IC; PVma; nb; u ¼ 1
Anb

Z

PV; Snb
dr′∇′guðrcrma; r′Þ ¼

1
Anb

Z

PV; Snb
dr′∇′ guðrcrma; r′Þ−

1
4πjrcrma−r′j

� �

þ 1
Anb

Z

PV; Snb
dr′∇′

1
4πjrcrma−r′j
� �

:

(35)

Using the same convention and single-point testing, the elements of the right-hand-side vec-
tors are evaluated as
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K
T
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1
Anb

Z
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Z
MCTF
11 ½m; n�←γmaγnblmln

4
ikuηu ðρcrma−ρmaÞ � ½IBma; nb; u þ ðρcr

ma−ρnbÞIAma; nb; u�−
4
k2u

IAma; nb; u

( )
(29)

Z
MCTF
22 ½m; n�←γmaγnblmln

4
iku

ηoηp
ηu

ðρcrma−ρmaÞ � ½IBma; nb; u þ ðρcr
ma−ρnbÞIAma; nb; u�−

4
k2u

IAma; nb; u

( )
(30)

Z
MCTF
12 ½m; n�←−

γmaγnblmln
4

ðrcrma−rmaÞ � ½ðrcrma−rnbÞ· IC; PVma; nb; u� (31)

Z
MCTF
21 ½m; n�←γmaγnblmln

4
ηoηpðrcrma−rmaÞ � ½ðrcrma−rnbÞ · IC; PVma; nb; u�; (32)

where ← indicates the update operation. Each matrix element is obtained by combining the
contributions of four triangle-triangle interactions. By using triangle-triangle interactions, a

basis integral (IAma; nb; u, I
B
ma; nb; u, or I

C; PV
ma; nb; u) are used in nine different RWG-RWG interactions.

These common integrals (with singularity extractions) can be listed as

IAma; nb; u ¼ 1
Anb

Z

Snb
dr′guðrcrma; r′Þ ¼

1
Anb

Z

Snb
dr′ guðrcrma; r′Þ−

1
4πjrcrma−r′j

� �

þ 1
Anb

Z

Snb

dr′
1

4πjrcrma−r′j
(33)

IBma; nb; u ¼ 1
Anb

Z

Snb
dr′ðρ′−ρcrmaÞguðrcrma; r′Þ ¼

1
Anb

Z

Snb
dr′ðρ′−ρcrmaÞ guðrcrma; r′Þ−

1
4πjrcrma−r′j

� �

þ 1
Anb

Z

Snb
dr′ðρ′−ρcrmaÞ

1
4πjrcrma−r′j

(34)

IC; PVma; nb; u ¼ 1
Anb

Z

PV; Snb
dr′∇′guðrcrma; r′Þ ¼

1
Anb

Z

PV; Snb
dr′∇′ guðrcrma; r′Þ−

1
4πjrcrma−r′j

� �

þ 1
Anb

Z

PV; Snb
dr′∇′

1
4πjrcrma−r′j
� �

:

(35)

Using the same convention and single-point testing, the elements of the right-hand-side vec-
tors are evaluated as
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wMCTF
1 ½m�← −

γmalm
2

ðrcrma−rmaÞ � EincðrcrmaÞ (36)

wMCTF
2 ½m�← −

γmalm
2

ηoηpðrcrma−rmaÞ �HincðrcrmaÞ (37)

for a ¼ {1, 2}.

Matrix equations obtained as summarized in this section can be solved in different ways,
particularly via iterative techniques accelerated via fast algorithms. Once the current coeffi-
cients aJ and aM are found, electric and magnetic fields can be obtained at any location inside
or outside the object. Using the RWG functions, secondary fields can be written as

EsecðrÞ ¼
XN
n¼1

X2

b¼1

aJ½n�γnbln
2

ikuηu

(
ðρ−ρnbÞIAnb; uðrÞ þ IBnb; uðrÞ−

2
k2u

ICnb; uðrÞ
)

−
XN
n¼1

X2

b¼1

aM½n�γnbln
2

ðr−rnbÞ · ICnb; uðrÞ (38)

HsecðrÞ ¼
XN
n¼1

X2

b¼1

aM½n� γnbln
2

iku
ηu

(
ðρ−ρnbÞIAnb; uðrÞ þ IBnb; uðrÞ−

2
k2u

ICnb; uðrÞ
)

þ
XN
n¼1

X2

b¼1

aJ½n�γnbln
2

ðr−rnbÞ · ICnb; uðrÞ, (39)

where

IAnb; uðrÞ ¼
1
Anb

Z

Snb
dr′guðr; r′Þ (40)

IBnb; uðrÞ ¼
1
Anb

Z

Snb
dr′ðρ′−ρÞguðr; r′Þ (41)

ICnb; uðrÞ ¼
1
Anb

Z

Snb
dr′∇′guðr; r′Þ: (42)

Similar to the matrix elements, a triangle loop (rather than an RWG loop) can be used to
efficiently perform the near-field computations. If the observation point r is close to the surface
of the object, singularity extractions must be used for accurate integrations. If the medium
parameters are set to εp and μp, the computations above lead to inner electromagnetic fields,

while the fields outside the surface vanish due to the equivalence theorem. In fact, this can be
used to assess the accuracy of numerical solutions, since any nonzero field outside corresponds
to a numerical error. Similarly, using εo and μo, inner fields must be zero, while secondary
fields are obtained outside. Then, the total fields outside the object can be obtained as
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EðrÞ ¼ EincðrÞ þ EsecðrÞ (43)

HðrÞ ¼ HincðrÞ þHsecðrÞ: (44)

4. Matrix-vector multiplications with MLFMA

Plasmonic problems often involve large structures in terms of wavelength. In addition, typical
λo=10 triangulations may not be sufficient to obtain accurate results, and dense discretizations
are usually needed, leading to a large number of unknowns. Since direct solutions
(e.g., Gaussian elimination) of the resulting matrix equations may not be feasible, fast iterative
solvers are required for efficient analysis of plasmonic structures in reasonable processing
times and using available memory. MLFMA is an efficient algorithm that can be used to
perform fast matrix-vector multiplications with OðNlogNÞ complexity for an N ·N dense
matrix equation derived from an electrodynamic problem [25, 26]. Hence, MLFMA can be
used within a Krylov subspace algorithm, such as the generalized minimal residual (GMRES)
method, for efficient iterative solutions.

MLFMA is well known in the literature as a method with controllable accuracy. In practice,
however, its accuracy heavily depends on the expansion method. In the most standard form,
plane waves are used to diagonalize the addition theorem for Green’s function. Then, the
interaction distances, hence, the recursive clustering of the electrodynamic interactions, are
limited by a low-frequency breakdown. For example, two to three digits of accuracy (1% and
0.1% maximum relative error) using a one-box-buffer scheme need a minimum box size of
around λu. It is possible to use smaller boxes and/or to achieve higher accuracy, if alternative
expansion tools [38, 39], such as a direct application of multipoles [40] or evanescent waves
[41], are employed. In this chapter, where numerical solutions are performed with maximum
1% error, we restrict ourselves to the plane-wave expansion.

Using plane waves, Green’s function is decomposed as

guðr; r′Þ ¼
exp ðikujr−r′jÞ

4πjr−r′j ¼ exp ðikujwþ vjÞ
4πjwþ vj ≈

iku
ð4πÞ2

Z
d2k̂βðku; vÞατðku; wÞ (45)

for w ¼ jwj > v ¼ jvj, where ku ¼ k̂ku, d2k̂ ¼ dθdφ sinθ, and

βðku; vÞ ¼ exp ðiku � vÞ (46)

ατðku; wÞ ¼
Xτ
t¼0

ðiÞtð2tþ 1Þhð1Þt ðkuwÞPtðk̂ � ŵÞ (47)

are diagonal shift and translation operators, respectively. It is remarkable that, as a result of the
factorization, the shift vector v and the translation vector w, which satisfy wþ v ¼ r−r′, are
separated. In addition, with the help of the diagonalization, sampling of the shift and transla-
tion operators leads to diagonal matrices, as the shift or translation of a plane wave in a given
direction does not contribute to plane waves in other directions. In the above, the translation
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operator is written in terms of the Legendre polynomials Pt and the spherical Hankel function

of the first kind hð1Þt , while τ is the truncation number that can be found via excess-bandwidth
formulas [42]. We note that the derivatives of Green’s function can also be obtained as

∇guðr; r′Þ≈
iku

ð4πÞ2
Z

d2k̂ðikuÞβðku; vÞατðku; wÞ (48)

∇∇′guðr; r′Þ≈
iku

ð4πÞ2
Z

d2k̂ðkukuÞβðku; vÞατðku; wÞ: (49)

These expressions can directly be used to factorize the discretized operators by replacing
Green’s function with the diagonalized forms. In the context of MCTF, we have

T
T
u ½m; n; a; b� ¼ iku

4π

� �2Z
d2k̂RT

maðku; rCÞ � ατðku; rC−rC′ÞSnbðku; rC′Þ (50)

K
T
PV; u½m; n; a; b� ¼ iku

4π

� �2Z
d2k̂RK

maðku; rCÞ � ατðku; rC−rC′ÞSnbðku; rC′Þ, (51)

where rC and rC′ are testing and basis centers, respectively. Using the RWG functions, the
radiation and receiving patterns of the half basis and testing functions are derived as

Snbðku; rC′Þ ¼ γnbln
2

ðI3 · 3−k̂k̂Þ � 1
Anb

Z

Snb
dr′βðku; rC′−r′Þðr′−rnbÞ (52)

RT
maðku; rCÞ ¼

γmalm
2

ðI3 · 3−k̂k̂Þ � 1
Ama

Z

Sma

drβðku; r−rCÞðr−rmaÞ (53)

RK
maðku; rCÞ ¼ −

γmalm
2

k̂ ·
1

Ama

Z

Sma

drβðku; r−rCÞðr−rmaÞ ¼ −k̂ ·RT
maðku; rCÞ, (54)

where I3 · 3 ¼ k̂k̂ þ θ̂θ̂ þ φ̂φ̂. Using a single-point integration, the patterns can be calculated
as

Snbðku; rC′Þ ¼ γnbln
2

βðku; rC′−rcrnbÞðI
3 · 3

−k̂k̂Þ � ðrcrnb−rnbÞ (55)

RT
maðku; rCÞ ¼

γmalm
2

βðku; rcrma−rCÞðI
3 · 3

−k̂k̂Þ � ðrcrma−rmaÞ (56)

RK
maðku; rCÞ ¼ −k̂ ·RT

maðku; rCÞ, (57)

where rcrma and rcrnb represent the centers of the associated testing and basis triangles, respec-
tively. Then, the radiation/receiving patterns of the full RWG functions can be obtained as

Sn ¼ Sn1 þ Sn2 and RK,T
m ¼ RK; T

m1 þ RK; T
m2 by combining the contributions of the half func-

tions. These patterns, as well as the truncation operator, are sampled on the unit sphere, where
the sampling scheme is a matter choice depending on the implementation.
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In a standard implementation of MLFMA, the object is placed inside a computational cubic
box, which is divided into sub-boxes until the smallest possible box size determined by the
desired accuracy. Empty boxes that do not contain a part of the object (discretized surface) are
omitted directly and are not divided further. This way, it is possible to construct a tree structure
(consisting of L ¼ OðlogNÞ levels) involving nonempty boxes at different levels with OðNÞ
complexity. Using the child/parent relationship between the boxes, the stages of a matrix-
vector multiplication, namely aggregation, translation, and disaggregation, are as follows.

In an aggregation stage, radiated fields of boxes are computed from bottom to top. At the
lowest level, we have

a½n�Snðku; rC′Þ ! SC′ðku; rC′Þ, ðbn ∈C′Þ, (58)

where the coefficients provided by the iterative solver are used to weight the contributions of
the basis functions to the overall radiation patterns of the boxes C′ at the lowest level. At higher
levels (l ¼ 2; 3;…; L), aggregation is performed recursively as

βðku; rP{C′}−rC′ÞSC′ðku; rC′Þ ! SP{C′}ðku; rP{C′}Þ, (59)

where P{C′} represents the parent of C′. Due to the exponential shifts from different locations
within a box, the radiated fields become more oscillatory as the box size gets larger. Hence, the
sampling rate must be increased, generally with Oðk2uD2Þ where D is the box size.

After completing an aggregation stage, the radiated fields are translated between the boxes at
the same level. For l ¼ 1; 2;…; L, this can be written as

ατðku; rC−rC′ÞSC′ðku; rC′Þ ! GCðku; rCÞ, ðC′ ∈F{C}Þ, (60)

where F{C} represents the far-zone boxes for a given box C. It is remarkable that F{C} contains
O(1) elements since interactions between too far boxes, for example, C and C′ at level l, are

made at a higher level ðl′ > lÞ. Using a one-box-buffer scheme, the condition for translation is
that the boxes should not intersect at a surface, line, or corner, while their parents must
intersect at a surface, line, or corner.

In a translation stage, incoming fields are collected at the box centers, but they are only partial
data, since the total incoming fields at the center of a box contain contribution from its parent
(if exists) due to the translations at higher levels. Therefore, a disaggregation stage is
performed recursively for l ¼ L−1;L−2;…; 1 as

GCðku; rCÞ þ βðku; rC−rP{C}ÞGþ
P{C}ðku; rP{C}Þ ! Gþ

C ðku; rCÞ: (61)

At the lowest level, the testing functions receive the incoming fields as

iku
4π

� �2Z
d2k̂RK; T

m ðku; rCÞ � Gþ
C ðku; rCÞ ! yFF½m�, ðtm ∈CÞ, (62)
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where

yFF½m� ¼
XN
n¼1

Z
FF½m; n�a½n� (63)

for m ¼ 1; 2;…; N. The overall matrix-vector multiplication is completed by also considering
the near-field interactions (that cannot be calculated via aggregation-translation-disaggrega-
tion stages) as

y½m� ¼ yFF½m� þ Z
NF½m; n�a½n�: (64)

Using MLFMA, each matrix-vector multiplication can be performed in OðNlogNÞ time and
using OðNlogNÞ memory.

For plasmonic objects with high negative permittivity values, electromagnetic interactions
decay quickly with respect to the distance between the observation and source points. For a
given accuracy, interactions at long distances can be omitted since the inner and outer interac-
tions are combined in the surface formulations and outer interactions (related to the free space)
dominate the related matrix elements [30]. The threshold distance for this purpose can also be
found by considering the exponential behavior of the decay for large imaginary values of the
wavenumber. This way, the processing time for the matrix-vector multiplication can signifi-
cantly be reduced. As the negative permittivity increases, far-zone interactions related to the
inner medium may completely vanish, leaving only near-zone interactions. In the limit, near-
zone interactions further reduce into self interactions of basis/testing functions, leading to the
Gram matrix to represent the inner medium.

5. Case example: numerical simulations of nanowires

Using surface integral equations and MLFMA, electrical properties of a plasmonic object are
simply parameters, which can be used as variables in the implementations. For the electrical
properties, that is, permittivity and permeability, alternative choices, including measurement
data and those based on certain models for the materials, can be used. As an example, Figure 1
presents the relative permittivity of silver (Ag) with respect to frequency from 200 to 1600 THz.
In addition to measurement data [10], Drude (D) and Lorentz-Drude (LD) models are used to
predict the real and imaginary parts of the relative permittivity. It can be observed that the real
part of the permittivity has large negative values at the lower (infrared) frequencies and it
increases smoothly toward unity as the frequency increases to the visible range and beyond.
For imaginary values, which represent ohmic losses, we observe varying values between 0.01
and 10, while large discrepancies exist between measurement and D/LD models (especially
considering the logarithmic scale of the y-axis). These discrepancies are responsible for differ-
ent results in the simulations of plasmonic problems presented below.
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As a case study, we consider transmission though a pair of Ag nanowires described in Figure 2.
The length of the nanowires is 5μm and each nanowire has 0.1 + 0.1μm (square) cross section.
The distance between the nanowires is also 0.1μm. The transmission line is excited by a pair of
Hertzian dipoles oriented in the opposite directions and located at 0.2μm distance from the
nanowires. Figure 3 presents the electromagnetic response of the transmission line in the
infrared frequencies from 250 to 430 THz. The power density in dB scale (dBW/m2) in the
vicinity of the nanowires is depicted (normalized to 0 dB and using 40-dB dynamic range),
when LDmodel and measurement data are used for the permittivity values. It can be observed
that the electromagnetic power is effectively transmitted from the source region (right) to the
transmission region (left). Coupling to the free space at the end of the line leads to two beams
with decaying amplitudes due to propagation. Comparing the results, we observe very good
agreement between the power density values when LD and measurement permittivity values
are used. Considering Figure 1, the negative real permittivity dominates the response of the
nanowires at these frequencies.

Figure 1. Real and imaginary parts of the relative permittivity of Ag with respect to frequency. In addition to measure-
ment data [10], values based on Drude (D) and Lorentz-Drude (LD) models are depicted.

Figure 2. A transmission line involving two Ag nanowires of length 5μm. The nanowires are excited by a pair of dipoles
located at 0.2μm distance.
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Figure 3. Power density in the vicinity of the nanowire system (Figure 2) from 250 to 430 THz. Numerical results
obtained by using permittivity values derived from the LD model (left column) and those based on the measurement
data (right column) are compared.
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Figure 4 presents similar results when the frequency is in the visible range. In this case, there
are significant discrepancies between the power density values when the LD model and the
measurement data for the permittivity are used. This is mainly due to the higher values for the
imaginary permittivity predicted by the LD model. As the frequency increases, using the LD
model, the transmission ability of the nanowire system deteriorates significantly. Specifically,
the power density on the surfaces of the nanowires decreases and the transmitted power
toward the left-hand side of the nanowires diminishes, leading to progressively weaker beams.
It is remarkable that, using the measurement data that may be more accurate description of
Ag, the transmission ability of the nanowire system is still at high levels, indicating that the
transmission line operates as desired. These results may explain some of the contradictory
results (especially simulations vs. measurements) for the nanowire and similar plasmonic
systems investigated in the visible spectrum.

As depicted in Figure 5, nanowires cannot maintain a good transmission ability as the
frequency increases. Using the measurement data, the transmission of the nanowire system
deteriorates significantly at the higher frequencies of the visible spectrum (e.g., at 770 THz).
At 750 THz, the power density drops to less than −40 dB after a few μm along the nanowires.
We note that the effective length of the nanowires increases with the frequency. For example,
at 250 THz, the length of the nanowires is approximately 4:17λo, while it is around 12:5λo at
750 THz. In addition, the effective distance between the sources and the nanowires increases.
However, investigating the power values on the nanowire surfaces close to the source, it is
obvious that the poor power transmission cannot be explained only with the increasing
effective lengths at the higher frequencies. Since the power cannot be coupled to the free
space, the power density along the nanowires possesses an oscillatory behavior. At the end of
the visible spectrum, the discrepancy between the results obtained by using the LD and
measurement values decreases, both predicting reduced interaction between the sources
and nanowires.

Figure 6 presents the results even at higher (lower-ultraviolet) frequencies. In this range, the
nanowires are not expected to demonstrate transmission abilities, as predicted by both LD
model and measurement data for the permittivity values. At lower frequencies of the range,
the nanowires are more visible close to the source region, while, as the frequency increases,
their effects diminish and the power distribution becomes close to that of two dipoles in free
space. Figures 7 and 8 present the summary of input/output of the transmission line, for the
LD model and measurement data, respectively, from 450 to 750 THz. For the input, the power
density is sampled at 30 nm distance from the nanowires on a horizontal line from −1 to 1μm.
The double-peak pattern due to two dipoles in opposite directions is clearly visible, with some
variations due to reflections from the nanowires. For the output, samples are selected again on
a horizontal line from −1 to 1μm in the transmission side at 40 μm distance from the
nanowires. Using the LD model, the output pattern deteriorates significantly as the frequency
increases. Using measured permittivity values, however, the double-peak pattern is effectively
maintained for most frequencies until 750 THz, at which the transmission fails. Figure 9 pre-
sents the average input/output graphics, confirming consistency between the LD model and
measurement data at lower and higher frequencies. On the other hand, at some frequencies in
the visible range, there is more than 30 dB difference between the predicted output levels.
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Figure 4 presents similar results when the frequency is in the visible range. In this case, there
are significant discrepancies between the power density values when the LD model and the
measurement data for the permittivity are used. This is mainly due to the higher values for the
imaginary permittivity predicted by the LD model. As the frequency increases, using the LD
model, the transmission ability of the nanowire system deteriorates significantly. Specifically,
the power density on the surfaces of the nanowires decreases and the transmitted power
toward the left-hand side of the nanowires diminishes, leading to progressively weaker beams.
It is remarkable that, using the measurement data that may be more accurate description of
Ag, the transmission ability of the nanowire system is still at high levels, indicating that the
transmission line operates as desired. These results may explain some of the contradictory
results (especially simulations vs. measurements) for the nanowire and similar plasmonic
systems investigated in the visible spectrum.

As depicted in Figure 5, nanowires cannot maintain a good transmission ability as the
frequency increases. Using the measurement data, the transmission of the nanowire system
deteriorates significantly at the higher frequencies of the visible spectrum (e.g., at 770 THz).
At 750 THz, the power density drops to less than −40 dB after a few μm along the nanowires.
We note that the effective length of the nanowires increases with the frequency. For example,
at 250 THz, the length of the nanowires is approximately 4:17λo, while it is around 12:5λo at
750 THz. In addition, the effective distance between the sources and the nanowires increases.
However, investigating the power values on the nanowire surfaces close to the source, it is
obvious that the poor power transmission cannot be explained only with the increasing
effective lengths at the higher frequencies. Since the power cannot be coupled to the free
space, the power density along the nanowires possesses an oscillatory behavior. At the end of
the visible spectrum, the discrepancy between the results obtained by using the LD and
measurement values decreases, both predicting reduced interaction between the sources
and nanowires.

Figure 6 presents the results even at higher (lower-ultraviolet) frequencies. In this range, the
nanowires are not expected to demonstrate transmission abilities, as predicted by both LD
model and measurement data for the permittivity values. At lower frequencies of the range,
the nanowires are more visible close to the source region, while, as the frequency increases,
their effects diminish and the power distribution becomes close to that of two dipoles in free
space. Figures 7 and 8 present the summary of input/output of the transmission line, for the
LD model and measurement data, respectively, from 450 to 750 THz. For the input, the power
density is sampled at 30 nm distance from the nanowires on a horizontal line from −1 to 1μm.
The double-peak pattern due to two dipoles in opposite directions is clearly visible, with some
variations due to reflections from the nanowires. For the output, samples are selected again on
a horizontal line from −1 to 1μm in the transmission side at 40 μm distance from the
nanowires. Using the LD model, the output pattern deteriorates significantly as the frequency
increases. Using measured permittivity values, however, the double-peak pattern is effectively
maintained for most frequencies until 750 THz, at which the transmission fails. Figure 9 pre-
sents the average input/output graphics, confirming consistency between the LD model and
measurement data at lower and higher frequencies. On the other hand, at some frequencies in
the visible range, there is more than 30 dB difference between the predicted output levels.
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Figure 4. Power density in the vicinity of the nanowire system (Figure 2) from 450 to 630 THz. Numerical results
obtained by using permittivity values derived from the LD model (left column) and those based on the measurement
data (right column) are compared.
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Figure 5. Power density in the vicinity of the nanowire system (Figure 2) from 650 to 830 THz. Numerical results
obtained by using permittivity values derived from the LD model (left column) and those based on the measurement
data (right column) are compared.
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Figure 5. Power density in the vicinity of the nanowire system (Figure 2) from 650 to 830 THz. Numerical results
obtained by using permittivity values derived from the LD model (left column) and those based on the measurement
data (right column) are compared.
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Figure 6. Power density in the vicinity of the nanowire system (Figure 2) from 850 to 1000 THz. Numerical results
obtained by using permittivity values derived from the LD model (left column) and those based on the measurement
data (right column) are compared.
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Figure 7. Power density on the input and output sides of the nanowire system (Figure 2) from 450 to 750 THz. For the
input and output, the samples are selected on 2μm lines at 30 and 40 nm distances from the nanowires. LD model is used
for the permittivity values.

Figure 8. Power density on the input and output sides of the nanowire system (Figure 2) from 450 to 750 THz. For the
input and output, the samples are selected on 2μm lines at 30 and 40 nm distances from the nanowires. Measurement data
are used for the permittivity values.

Figure 9. Average input and output power density values for the nanowire system (Figure 2) from 150 to 1000 THz.
Despite the consistency of the inputs, significant discrepancies in the output values obtained when LD model and
measurement data for the permittivity values are used from 450 to 750 THz.
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measurement data for the permittivity values are used from 450 to 750 THz.
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6. Concluding remarks

Surface integral equations combined with iterative algorithms employing MLFMA provide
accurate solutions of nano-plasmonic problems without resorting to fundamental assump-
tions, such as periodicity and infinity. Three-dimensional and finite structures, which are
typically of tens of wavelengths, but at the same time containing small details, can be investi-
gated both precisely and efficiently. In addition to the visible ranges, the developed solvers are
very beneficial at higher frequencies, where the discrepancy between the experimental results
and theoretical predictions, such as based on the Drude and Lorentz-Drude models, increases.
Surface formulations enable trivial integration of electrical parameters, allowing for fast tuning
of the numerical results with the increasingly precise measurements. On the other hand, such a
reliable simulation environment can be constructed only with appropriate combinations of
surface integral equations, discretizations, numerical integrations, fast algorithms, and itera-
tive techniques, as shown in this chapter. We present how to construct such an implementation
with all details from formulations to iterative solutions using MLFMA, along with a set of
results involving a nanowire transmission line in a wide range of frequencies to demonstrate
the capabilities of the developed solvers.
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Abstract

This paper is devoted to the existence of a true random periodic solution near the
numerical approximate one for a kind of stochastic differential equations. A general
finite-time random periodic shadowing theorem is proposed for the random dynamical
systems generated by some stochastic differential equations under appropriate condi-
tions and an estimate of shadowing distance via computable quantities is given. Appli-
cation is demonstrated in the numerical simulations of random periodic orbits of the
stochastic Lorenz system for certain given parameters.

Keywords: random chaotic system, stochastic differential equations, random periodic
shadowing, stochastic Lorenz system

1. Introduction

The investigation for the dynamical properties of the random periodic orbits in some specific
stochastic differential equations (SDEs) is a difficult problem [1]. In general, numerical compu-
tation is still one of the most feasible methods of studying random periodic orbits of SDEs
describing many natural phenomena in meteorology, biology and so on [2–4]. As the chaotic
systems is sensitive to the initial value and random noise is constantly affected the systems
constantly, to estimate a particular solution of a random chaotic system by numerical solutions
for a given length of time is even more difficult. Therefore, it is always difficult to infer the
existence of a random periodic orbit rigorously from numerical computations. Shadowing
property plays important roles in the theory and applications of random dynamical systems
(RDS), especially in the numerical simulations of random chaotic systems generated by some
SDEs. As we know, numerical experiments can lead to many nice discoveries, a new numerical
method is presented to establish the existence of a true random periodic orbit of SDEs which
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lies near a numerical random periodic orbit. Furthermore, the reliability and feasibility of
numerical computations is considered as well.

There are two main motivations for this work. On the one hand, it follows from the classical
shadowing lemma that many studies about the periodic dynamics of deterministic chaotic sys-
tems have been performed in Ref. [3] and references therein. Many nice works on the numerical
analysis of RDS had been completed in Refs. [5] and [6]. On the other hand, our results in this
article have been inspired by our earlier work in Refs. [7] and [8], on shadowing orbits of SDEs
where we established in a rather general setting. To the best of our knowledge, shadowing is still
an interesting method for studying their random periodic dynamic behavior of SDE, and there is
no investigations of the random periodic shadowing theorem of SDE exist in the literatures.

In this work, two computational issues should be considered first. One is the definition of
(ω, δ)-pseudo random periodic orbit, in which a true random periodic orbit is sufficiently
closed. Another issue is that in which conditions the random chaotic systems generated by
some SDE possess the so-called pseudo hyperbolicity for certain given parameters. With some
additional numerical computations, we can show the existence of a true random periodic orbit
near the (ω, δ)-pseudo random periodic orbit under appropriate conditions. Therefore, the
main difference between the existing work and the current one is that the random periodic
case is concerned, and there is no hyperbolicity assumption on the original systems.

Utilizing the existence of the modified Newton equation’s solution, a random periodic
shadowing theorem for some kind of SDEs is proposed. The result shows that under some
appropriate conditions, there exists a true periodic orbit near the numerical approximative one
and the upper bound for the shadowing distance is given.

This paper is organized as follows. In Section 2, background materials on random shadowing
for random dynamical system generated by SDEs, including the definitions of (ω, δ)-pseudo
random periodic orbit and the pseudo hyperbolic in mean square, are given. The main result
on random periodic shadowing is then stated in Section 3. Illustrative numerical experiments
for the main theorem are included in Section 4. The numerical implementations in details are
presented in the following section. And, the proof for the main result is presented in Section 6.
The final section is devoted to summarize the main results in the current work.

2. Preliminaries

Let ðΩ, F , PÞ be a canonicalWiener space, {F t}t∈R be its natural normal filtration, andWðtÞðt∈RÞ
is a standard one-dimensional Brownian motion defined on the space ðΩ,F ,PÞ. And, we assume
that Ω :¼ {ω∈CðR,RÞ : ωð0Þ ¼ 0}, which means that the elements of Ω can be identified with
paths of a Wiener process ωðtÞ ¼ WtðωÞ. We consider a class of Stratonovich SDEs in the form of

dxt ¼ f ðxtÞdtþ μxt ∘ dWt, xð0Þ ¼ x0ðωÞ∈Rd; (1)

where the random variable x0ðωÞ is independent of F 0 and satisfies the inequality Ejx0ðωÞj2
< ∞, and μ is a nonzero real number.
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shadowing theorem for some kind of SDEs is proposed. The result shows that under some
appropriate conditions, there exists a true periodic orbit near the numerical approximative one
and the upper bound for the shadowing distance is given.

This paper is organized as follows. In Section 2, background materials on random shadowing
for random dynamical system generated by SDEs, including the definitions of (ω, δ)-pseudo
random periodic orbit and the pseudo hyperbolic in mean square, are given. The main result
on random periodic shadowing is then stated in Section 3. Illustrative numerical experiments
for the main theorem are included in Section 4. The numerical implementations in details are
presented in the following section. And, the proof for the main result is presented in Section 6.
The final section is devoted to summarize the main results in the current work.

2. Preliminaries

Let ðΩ, F , PÞ be a canonicalWiener space, {F t}t∈R be its natural normal filtration, andWðtÞðt∈RÞ
is a standard one-dimensional Brownian motion defined on the space ðΩ,F ,PÞ. And, we assume
that Ω :¼ {ω∈CðR,RÞ : ωð0Þ ¼ 0}, which means that the elements of Ω can be identified with
paths of a Wiener process ωðtÞ ¼ WtðωÞ. We consider a class of Stratonovich SDEs in the form of

dxt ¼ f ðxtÞdtþ μxt ∘ dWt, xð0Þ ¼ x0ðωÞ∈Rd; (1)

where the random variable x0ðωÞ is independent of F 0 and satisfies the inequality Ejx0ðωÞj2
< ∞, and μ is a nonzero real number.
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2.1. Basic assumptions and notations

We define the metric dynamical systems ðΩ,F ,P,θtÞ by the mapping θ : R · Ω ! Ω, such
that for ω∈Ω,

θtωðsÞ ¼ ωðtþ sÞ −ωðtÞ,

where s, t∈R:

Let OtðωÞ be a one-dimension random stable Ornstein-Uhlenbeck process which satisfies the
following linear SDE

dOt ¼ −Otdtþ dWt:

And let

zðt,ωÞ :¼ exp ð−μOtðωÞÞxtðωÞ ∈ Rd,

then SDE (1) can be changed to a random differential equation (RDE) in the form of

dz
dt

¼ exp ð−μOtðωÞÞf ð exp ðμOtðωÞÞzÞ þ μOtz ¼ f 1ðθtω, zÞ: (2)

It follows from Doss-Sussmann Theorem in Ref. [9] that the solution of RDE (2) is the solution
of SDE (1).

In this paper, we make the following assumptions:

• We suppose that f 1 : Ω·Rd ! Rd be a measurable function which is locally bounded,

locally Lipschitz continuous with respect to the first variable, and be a C1 vector field on Rd.

By Theorem 2.2.2 in Ref. [2], RDE(2) generates a unique RDS ϕ on the metric dynamical
systems ðΩ,F ,P,θtÞ as follows

ϕðs, t,ωÞz ¼ zþ
ðt

s
f 1ðθτω,ϕðs, τ,ωÞzÞdτ∈Rd, (3)

and which is C1-class with respect to z in Ref. [8].

And there exists a diffeomorphism ϕ : R ·R ·Ω·Rd ! Rd, ϕðs, t,ω, zÞ :¼ ϕðs, t,ωÞz∈Rd.

We also make use of the following notations which is similar to the Ref. [8].

• The norm of a random variable x ¼ ðx1, x2,…; xdÞ∈L2ðΩ,PÞ is defined in the form of

∥x∥2 ¼
ð

Ω
½jx1ðωÞj2 þ jx2ðωÞj2 þ ,…; þ jxdðωÞj2dPðωÞ

1
2

< ∞,

where L2ðΩ,PÞ is the space of all square-integrable random variables x : Ω ! Rd.
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• The norm of a stochastic process xðt,ωÞ with xtðωÞ∈L2ðΩ,PÞ and t∈R is defined as

∥xðt,ωÞ∥2 ¼ sup
t∈R

∥xtðωÞ∥2 < ∞:

• For a given random matrix A, and the operator norm |  |, the norm of A is defined as
follows

∥A∥L2ðΩ,PÞ ¼ ½EðjAj2Þ12:

• Normally, the norm ∥  ∥2 and ∥  ∥L2ðΩ,PÞ are denoted as ∥  ∥ for simplicity reason, unless

otherwise stated.

2.2. Some extended definitions

Definition 2.1. For a given positive number δ, if there is a sequence of positive times

{tk}Nþ1
k¼0 ; 0 ≤ t0 ≤ t1 ≤ ,…; ≤ τ ≤ tNþ1, τ, and a sequence of random variables

{ðykðθtkωÞ,F tkÞ}Nk¼0,

ykðθtkωÞ is F tk -adapted, such that

f 1ðykðθtkωÞÞykðθtkωÞ ≠ 0;    P-almost surely for   k ¼ 0; 1; 2,…; N,

and the following inequalities P-almost surely hold

∥ykþ1ðθtkþ1ωÞ−ϕðtk, tkþ1,θtkωÞykðθtkωÞ∥ ≤ δ, k ¼ 0; 1,…; N−1,

and

∥yNðθtNωÞ−y0ðθt0ωÞ∥ ≤ δ, (4)

then the random variables {ðykðθtkωÞ,F tkÞ}Nk¼0 are said to be a (ω, δ)-pseudo random periodic
orbit of RDS (3) generated by SDE (1) in mean-square sense.

Definition 2.2. For a given positive number ε and a (ω, δ)-pseudo random periodic orbit

{ðykðθtkωÞ,F tk Þ}Nk¼0 of RDS (3) generated by SDE (1) with associated times {tk}Nþ1
k¼0 , if there is a

sequence of times {hk}Nþ1
k¼0 , h0≤h1≤,…; ≤τ≤hNþ1, such that the following inequalities hold

∥ykðθtkωÞ−xkðθhkωÞ∥ ≤ ε; 0 ≤ tk−hk ≤ ε, k ¼ 0; 1,…; N,

and the random variables {ðxkðθhkωÞ,F hkÞ}Nk¼0 are on the true orbits of RDS (3) generated by
SDE (1), that is

xkþ1ðθhkþ1ωÞ ¼ ϕðhk, hkþ1,θhkωÞxkðθhkωÞ, k ¼ 0; 1; 2,…; N−1;

and
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sequence of times {hk}Nþ1
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x0ðθh0ωÞ ¼ ϕðhN , hNþ1,θhNωÞxNðθhNωÞ, (5)

then the (ω, δ)-pseudo random periodic orbit {ðykðθtkωÞ,F tkÞ}Nk¼0 is said to be (ω, δ)-periodic
shadowed by a true orbit of RDS (3) generated by SDE (1) in mean-square sense.

Remark 2.3. As the σ-algebra F tðt≥0Þ is nondecreasing, in order to guarantee the random
variables xkðθhkωÞðk ¼ 0; 1; 2,…; NÞ are F tk -measurable, we need the shadowing condition
0≤tk−hk≤ε instead of jtk−hkj≤ε. We refer to the Ref. [2] for the deterministic counterpart. Here,

we choose a sequence of times {hk}Nþ1
k¼0 ¼ {tk}Nþ1

k¼0 in sequels.

Definition 2.4. The RDS ϕ : R ·R ·Ω·Rd ! Rd is said to be pseudo hyperbolic in mean
square if the temple variables κ1ðωÞ, κ2ðωÞ≥1, ν1ðωÞ, ν2ðωÞ≥0 exist, such that the following
inequations hold with Rd ¼ EsðωÞ⊕EuðωÞ,

E∥ϕðs, t1,ωÞx∥2 ≤ κ1ðωÞe−ν1ðωÞðt1−t2ÞE∥ϕðs, t2,ωÞx∥2, ∀t1 ≥ t2 ≥ s, x ∈ EsðωÞ,
E∥ϕðs, t2,ωÞx∥2 ≤ κ2ðωÞe−ν2ðωÞðt1−t2ÞE∥ϕðs, t1,ωÞx∥2, ∀t1 ≥ t2≥s, x ∈ EuðωÞ:

This means that there is a splitting into exponentially stable ðEsðωÞÞ and unstable ðEuðωÞÞ
components. The multiplicative ergodic theorem (MET) of Oseledets in [10] provides the
stochastic analogue of the deterministic spectral theory of matrices, and a method to check
the pseudo hyperbolicity.

3. Random periodic shadowing for RDS generated by SDEs

3.1. Theoretical foundations

Let {ðykðθtkωÞ,F tkÞ}Nk¼0 be a (ω, δ)-pseudo random periodic orbit of RDS (3) generated by SDE

(1) and ykðθhkωÞ∈L2ðΩ,PÞðk ¼ 0; 1,…; NÞ. Assume that we have a sequence of d + d random

matrices {ðYkðθtkωÞ,F tkÞ}Nk¼0 such that

∥Ykþ1ðθtkþ1ωÞ−Dϕðtk, tkþ1,θtkωÞykðθtkωÞ∥ ≤ δ, f or k ¼ 0; 1,…; N−1,

and

∥Y0ðθt0ωÞ−DϕðtN, tNþ1,θtNωÞyNðθtNωÞ∥ ≤ δ: (6)

A sequence of d + (d − 1) randommatrices ðSkðθtkωÞ,F tkÞ are chosen such that its columns form
an approximate orthogonal basis for the subspace orthogonal to TðxkÞ and k = 0, 1,…,N, where
TðxkÞ ¼ f 1ðθtkω, xkÞ, the approximate orthogonal means that the following inequality holds

∥SkðθtkωÞSkðθtkωÞ−I∥ ≤ δ1,

for some positive number δ1∈ð0;δÞ, where * denotes the transpose of matrix.

Now a sequence of (d − 1) + (d − 1) random matrices AkðθtkωÞ is chosen which satisfy
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∥AkðθtkωÞ−Skþ1ðθtkþ1ωÞYkðθtkωÞSkðθtkωÞ∥ ≤δ, f or k ¼ 0; 1,…N−1,

and

∥ANðθtNωÞ−S0ðθt0ωÞYNðθtNωÞSNðθtNωÞ∥ ≤δ:

Next, a linear operator L is defined as follows. If random variables ξ ¼ {ξkðθtkωÞ}Nk¼0 are in the

space ðRd−1ÞNþ1, then we let Lξ ¼ {½Lξk}Nk¼0 to be

½Lξk ¼ ξkþ1ðθtkþ1ωÞ−AkðθtkωÞξkðθtkωÞ, f or k ¼ 0; 1,…; N−1:

and

½LξN ¼ ξ0ðθt0ωÞ−ANðθtNωÞξNðθtkωÞ:

It follows from Section 4.2 that the operator L has right inverses and we choose one such right
inverse L−1.

At last, we define some constants. Let U be a convex subset of Rd containing the value of the

(ω, δ)-pseudo orbit {ðykðθtkωÞ,F tkÞ}Nk¼0. Therefore, we define

Δt ¼ inf
0 ≤ k ≤ N

Δtkþ1 ¼ inf
0 ≤ k ≤ N

ðtkþ1−tkÞ:

Next, we choose a positive number 0 < ε0≤Δt such that ∥x−ykðθtkωÞ∥≤ε0, then the solution
ϕðs, t,ωÞxðs≤tÞ is defined and remains in U for 0 < t≤tk þ ε0 P-almost surely.

Finally, we define

M0 ¼ sup
x∈U

∥f 1ðθtω, xðtÞÞ∥,

M1 ¼ sup
x∈U

∥Df 1ðθtω, xðtÞÞ∥,

M2 ¼ sup
x∈U

∥D2f 1ðθtω, xðtÞÞ∥

and

Θ ¼ sup
0 ≤ k ≤ N−1

∥YkðθtkωÞ∥,

where

Df 1 ¼
∂f 1ðθtω, xðtÞÞ

∂xi

� �
,

We first introduce the following lemma which has been proved in the Ref. [8] and will be
applied to the main theorem [11].

Lemma 3.1 Let X and Y be finite-dimensional random vector spaces of the same dimension,
and B be an open subset of X . Let v0 be a given element of B. Suppose that G : B ! Y be a C2

function and satisfy:
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At last, we define some constants. Let U be a convex subset of Rd containing the value of the

(ω, δ)-pseudo orbit {ðykðθtkωÞ,F tkÞ}Nk¼0. Therefore, we define

Δt ¼ inf
0 ≤ k ≤ N

Δtkþ1 ¼ inf
0 ≤ k ≤ N

ðtkþ1−tkÞ:

Next, we choose a positive number 0 < ε0≤Δt such that ∥x−ykðθtkωÞ∥≤ε0, then the solution
ϕðs, t,ωÞxðs≤tÞ is defined and remains in U for 0 < t≤tk þ ε0 P-almost surely.

Finally, we define

M0 ¼ sup
x∈U

∥f 1ðθtω, xðtÞÞ∥,

M1 ¼ sup
x∈U

∥Df 1ðθtω, xðtÞÞ∥,

M2 ¼ sup
x∈U

∥D2f 1ðθtω, xðtÞÞ∥

and

Θ ¼ sup
0 ≤ k ≤ N−1

∥YkðθtkωÞ∥,

where

Df 1 ¼
∂f 1ðθtω, xðtÞÞ

∂xi

� �
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We first introduce the following lemma which has been proved in the Ref. [8] and will be
applied to the main theorem [11].

Lemma 3.1 Let X and Y be finite-dimensional random vector spaces of the same dimension,
and B be an open subset of X . Let v0 be a given element of B. Suppose that G : B ! Y be a C2

function and satisfy:

Dynamical Systems - Analytical and Computational Techniques220

i. the derivative DG(v0) of function G at v0∈B is right inverse with K;

ii. B contains a closed ball whose center is v0 and radius is ε, where ε ¼ 2∥K∥∥Gðv0Þ∥;

iii. the inequality 2M∥K∥2∥Gðv0Þ∥ ≤1 holds, where

M ¼ supf∥D2GðvÞ∥ : v∈B, ∥v−v0∥ ≤ εg;

Then, there is a solution v of the equation GðvÞ ¼ 0 satisfying ∥v−v0∥ ≤ ε.

3.2. Main results

Now, we state the main theorem and postponed its proof in the latter section.

Theorem 3.2. For a given bounded (ω, δ)-pseudo random periodic orbit of RDS (3) generated

by SDE (1) {ðykðθtkωÞ,F tkÞ}Nk¼0, assume that

C :¼ max{M−1
0 ð1þΘ∥L−1∥Þ, ∥L−1∥}: (7)

If the quantities shown in Section 3.1 together with δ and ε0 satisfy:

i. C1 ¼ Cδ < 1
2;

ii. C2 ¼ 4Cδ < ε0;

iii. C3 ¼ 8C2δðM0M1 þ 2M1 exp ðM1ΔtÞ þM2Δt  exp ð2M1ΔtÞÞ≤1;

Then there exists a sequence of times {hk}Nþ1
k¼0 ðh0≤h1≤,…; ≤hNþ1≤tNþ1Þ such that the (ω, δ)-

pseudo random periodic orbit {ðykðθtkωÞ,F tkÞ}Nk¼0 is (ω, δ)-periodic shadowed by a true random

periodic orbit of SDE (1) containing points {ðxkðθhkωÞ,F hk Þ}Nk¼0 in mean-square. Moreover,
shadowing distance satisfies ε≤4Cδ:

4. Numerical experiments

Here, we apply the random periodic shadowing theorem to rigorously establish the existence
of random periodic orbits of the stochastic Lorenz equation. And, this section will provide
numerical experiments to compute the shadowing distance.

4.1. Experimental preparation

Consider the following Stratonovich stochastic Lorenz equation (SSLE) in R3,

dXt ¼ f ðXtÞdtþ μXt∘dWtðωÞ, Xð0Þ ¼ x0∈R3 (8)

where Xt ¼ ðx, y, zÞT∈R3, x, y and z are the state variables, σ, ρ and β are positive constant
parameters, and
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f ðXtÞ ¼
−σxþ σy
ρx−y−xz
−βzþ xy

0
@

1
A,μXt ¼

μx
μy
μz

0
@

1
A:

Make the transformation as follows:

xðt,ωÞ ¼ exp ð−μOtðωÞÞx
yðt,ωÞ ¼ exp ð−μOtðωÞÞy
zðt,ωÞ ¼ exp ð−μOtðωÞÞz,

8
<
:

It follows from the transformation that the above SSLE (8) can be transformed to the random
differential equation (RDE) in the following form

dx
dt

¼ σð−xþ yÞ þ μOtðωÞx
dy
dt

¼ −x zþ ρx−yþ μOtðωÞy
dz
dt

¼ x y−βzþ μOtðωÞz:

8
>>>>><
>>>>>:

(9)

The existence and uniqueness of solution of RDE (9) can be proved by the same approaches as
proposed in the Refs. [2] and [12] though a normally required linear growth condition does not
be satisfied. Hence, a RDS ϕ can be generated by the solution operator of RDE (9).

In this experiment, it appears numerically that the stochastic Lorenz equations have asymptot-
ically stable random periodic orbit for the parameter values σ ¼ 10;ρ ¼ 100:5;β ¼ 8

3.

Firstly, we generate Brownian trajectories in the following way

W0 ¼ 0;W ðiþ1ÞΔt ¼ WiΔt þ ψiþ1

where
ψi ¼ Nð0;

ffiffiffiffiffi
Δt

p
Þ, i ¼ 1; 2,…; N

Secondly, it follows from the reference [13] that a global attractor, i.e., a forward invariant
random compact set U of RDS ϕ generated by RDE (9) is the closed ball B1 with center zero
and radius RðωÞ, that is, B1 ¼ {Xt∈R3 : ∥Xt∥ ≤RðωÞ}, where

RðωÞ ¼ c2

ð0

−tN
exp ðc1s−2σWsðωÞÞds

and

c1 ¼ minð1;β, σÞ, c2 > 0; 2〈BXt,Xt〉 < −c1jXtj2 þ c2,

B ¼
−σ σ 0
ρ −1 0
0 0 −β

0
@

1
A:
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1
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It has been proved in Ref. [13] that the RDS ϕ generated by Eq. (8) lies in the forward invariant
random compact set U for P-almost surely ω∈Ω on the finite interval.

4.2. Numerical results

We first present the results of our computations of the (ω, δ)-pseudo random periodic orbits for
the stochastic Lorenz equation. To generate a good (ω, δ)-pseudo random periodic orbit, we
numerically computed the orbit for some time with a rough guess of initial value. In this
experiment, we take the initial value (x0, y0, z0) = (1.76, −4.48, 80.99), time step size Δt = 0.00007
and iterative step N = 100000. The (ω, δ)-pseudo random periodic orbits of Eq. (9) in Figure 1
are generated by the Euler-Maruyama scheme in Ref. [14] and the refined initial data. This also
shows that there exists a forward invariant random compact set.

Secondly, we briefly describe the details of the computation of the key quantities listed in
Table 2. It follows from the methods shown in Section 3, and we can determine the parameters

Figure 1. (ω, δ)-pseudo random periodic orbits of SLS.
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of Theorem 3.2. Tables 1 and 2 present the important quantities and the necessary inequalities
pertaining to this (ω, δ)-pseudo random periodic orbit.

In conclusion, there is explicit dependent relationship between the shadowing distance and the
pseudo orbit error, and there exists the true periodic orbit in the appropriate neighborhood of the
(ω, δ)-pseudo random periodic orbit of SLS (Figure 2). Figures 3a and 3b demonstrate the relation

Parameters Value Parameters Value

Δt 0.00007 ε0 2.01

X0 (1.76, −4.48, 80.99) M0 ≤ 9.8037

N 105 M1 ≤ 0.0185

Approx. period τ = 0.1837 M2 0.0014

X2623 (−0.6911, −7.7293, 81.6553) Θ ≤ 1.0013
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between (ω, δ)-pseudo random periodic orbits and true periodic orbits of Eq. (8). The blue lines
denote (ω, δ)-pseudo random periodic orbit for the random dynamical system, and the domain
between two blue lines has at least a true orbit for the corresponding random dynamical system.

5. Choice of the operator L−1

We are going to verify that the linear operator L along the obtained (ω, δ)-pseudo random

periodic orbit {ðykðθtkωÞ,F tkÞ}Nk¼0 is invertible for P-almost surely ω∈Ω.

Let g ¼ {gkðθtkωÞ}Nk¼0 be in Y. To find ξ ¼ L−1g, we have to solve the random difference equation

ξkþ1ðθtkþ1ωÞ ¼ AkðθtkωÞξkðθtkωÞ þ gkðθtkωÞ, f or k ¼ 0,…N−1;
ξ0ðθt0ωÞ ¼ ANðθtNωÞξNðθtNωÞ þ gNðθtNωÞ:

With the same choice of the parameters as Section 3, it can be shown that random matrix
AkðθtkωÞ is upper triangular with positive diagonal entries. Therefore, there is an integer l such
that for most k, the first l diagonal entries of AkðθtkωÞ exceed 1 and the rest are less than 1 in mean
square for P-almost surely ω∈Ω [15]. We can partition the random matrix AkðθtkωÞ in the form

AkðθtkωÞ ¼ PkðθtkωÞ QkðθtkωÞ
0 RkðθtkωÞ

� �
, k ¼ 0; 1,…; N,

where PkðθtkωÞ is l + l random matrix,QkðθtkωÞ is l + (d − l −1) random matrix, and RkðθtkωÞ
is (d − l −1) + (d − l −1) random matrix.

It follows from multiplicative ergodic theorem that the Lyapunov exponents of AkðθtkωÞ are
nonzero. Then it suggests that the RDS ϕ generated by SDE (1) along the obtained (ω, δ)-

Figure 3. (a) The symbolic drawing of the relation between true orbit and pseudo orbit plane. (b) The approximative
structure of pseudo random periodic solution projected on the z plane.
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pseudo orbit {ðykðθtkωÞ,F tkÞ}Nk¼0 is pseudo hyperbolicity in mean square for P-almost surely
ω∈Ω. It can be written as

ξð1Þkþ1ðθtkþ1ωÞ ¼ PkðθtkωÞξð1Þk ðθtkωÞ þQkðθtkωÞξð2Þk ðθtkωÞ þ gð1Þk ðθtkωÞ

ξð2Þkþ1ðθtkþ1ωÞ ¼ RkðθtkωÞξð2Þk ðθtkωÞ þ gð2Þk ðθtkωÞ

8
<
:

for k = 0, 1, …, N − 1, and

ξð1Þ0 ðθt0ωÞ ¼ PNðθtNωÞξð1ÞN þQNðθtNωÞξð2ÞN ðθtNωÞ þ gð1ÞN ðθtNωÞ
ξð2Þ0 ðθt0ωÞ ¼ RNðθtNωÞξð2ÞN ðθtNωÞ þ gð2ÞN ðθtNωÞ

(

Let ξð2Þ0 ðθt0ωÞ ¼ 0 solve forwards the second equation of the first equations above. The substi-

tute it into the first equation with ξð2Þk ðθtkωÞ, and let ξð2ÞN ðθtNωÞ ¼ 0, then solve it backwards.

Finally, the solutions ξð1Þk ðθtkωÞ are obtained. Therefore, the right inverse L−1 is obtained as

½L−1gk ¼ ½ξð1Þk ðθtkωÞ, ξð2Þk ðθtkωÞT , k ¼ 0; 1,…; N:

Hence, invertibility of the operator L is proved, which is an important for the application of the
random shadowing lemma.

6. Proof of the main theorem

Proof. For a given (ω, δ)-pseudo random periodic orbit {ðykðθtkωÞ,F tk Þ}Nk¼0 of RDS ϕ (3) gener-

ated by SDE (1), and an associated sequence of d + d random matrices {YkðθtkωÞ}Nk¼0 satisfying

Eq. (6). Our aim is to show that {ðykðθtkωÞ,F tkÞ}Nk¼0 is (ω, δ)-periodic shadowed by a true

random periodic orbit containing {ðxkðθhkωÞ,F hkÞ}Nk¼0, where xkðθhkωÞ lies in the random hyper-
plane HkðθtkωÞ through ykðθtkωÞ.

Suppose that the random hyperplane HkðθtkωÞ is approximately normal to TðykÞ ¼ f 1ðθtkω, ykÞ
at the point ykðθtkωÞ. Therefore, we only need to find a sequence of times {hk}Nþ1

k¼0 ¼ {tk}Nþ1
k¼0 ,

h0≤h1≤,…; ≤hNþ1≤tNþ1 and a sequence of points {ðxkðθhkωÞ,F tN Þ}Nk¼0 with xkðθhkωÞ∈HkðθtkωÞ
being contained in the ε-neighborhood of ykðθtkωÞ such that

xkþ1ðθhkþ1ωÞ ¼ ϕðhk, hkþ1,θhkωÞxkðθhkωÞ, f or k ¼ 0; 1,…; N−1;

and

x0ðθh0ωÞ ¼ ϕðhN, hNþ1,θhNωÞxNðθhNωÞ:

By the assumption, we obtain that SkðθtkωÞ is a d + (d − 1) randommatrix whose columns form
an approximative orthogonal basis for HkðθtkωÞ. We first define the random hyperplane
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HkðθtkωÞ as the image of Rd−1 through the map z↦ykðθtkωÞ þ SkðθtkωÞz, which can be viewed

as a subspace of the tangent space at ykðθtkωÞ.

Therefore, the problem of finding appropriate sequences of hk and xk becomes that of finding a

sequence of times {hk}Nþ1
k¼0 :¼ {tk}Nþ1

k¼0 and a sequence of points {ðzkðθhkωÞ,F tN Þ}Nk¼0 in Rd−1 such
that

ykþ1ðθtkþ1ωÞ þ Skþ1ðθtkþ1ωÞzkþ1ðθhkþ1ωÞ

¼ ϕðhk, hkþ1,θhkωÞðykðθtkωÞ þ SkðθtkωÞzkðθhkωÞÞ, k ¼ 0; 1,…; N−1;

and

y0ðθt0ωÞ þ S0ðθt0ωÞz0ðθh0ωÞ ¼ ϕðhN, hNþ1,θhNωÞðyNðθtNωÞ þ SNðθtNωÞzNðθhNωÞÞ:

We next introduce the space X ¼ RNþ2 · ðRd−1ÞNþ1 with norm

∥ð{sk}Nþ1
k¼0 , {ζk}

N
k¼0Þ∥ ¼ max

(
sup

0 ≤k ≤ Nþ1
jskj, sup

0 ≤ k ≤ N
∥ζk∥

)
,

and the space Y ¼ ðRdÞNþ1 with norm

∥{gk}
N
k¼0∥ ¼ max

0 ≤ k ≤ N
∥gk∥,

where sk ∈ R, ζk ∈ Rd−1 and gk ∈Rd.

Now, we let B be a properly chosen ε-open neighborhood of v0 ¼ ð{tk}Nþ1
k¼0 ; 0Þ in X which

contain the point v ¼ ð{sk}Nþ1
k ¼ 0, {ζk}

N
k ¼ 0Þ. And, we introduce the function G : B ! Y given by

½GðvÞk ¼ ykþ1ðθtkþ1ωÞ þ Skþ1ðθtkþ1ωÞζkþ1ðθskþ1ωÞ
−ϕðsk, skþ1,θskωÞðykðθtkωÞ þ SkðθtkωÞζkðθskωÞÞ, f or k ¼ 0; 1,…; N−1;

and

½GðvÞN ¼ y0ðθt0ωÞ þ S0ðθt0ωÞζ0ðθs0ωÞ
−ϕðsN, sNþ1,θsNωÞðykðθtNωÞ þ SNðθtNωÞζNðθsNωÞÞ:

(10)

It is the fact that Theorem 3.2 will be proved if we can find a solution v ¼ ð{hk}Nþ1
k¼0 ,

{zkðθhkωÞ}Nk¼0Þ of the equation

GðvÞ ¼ 0; a:s:

in the closed ball of radius ε about v0 ¼ ð{tk}Nþ1
k¼0 ; 0Þ.

In order to apply Lemma 3.1, those hypotheses (i) – (iii) for themapG as Eq. (10) should be verified.
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Step I:

First and foremost, it follows from the construction of pseudo orbits that ∥Gðv0Þ∥ ≤δ: Secondly,

the Gateaux derivative of the map G at v0 with u ¼
�
fτkgNþ1

k¼0 , fξkðθtkωÞgNk¼0

�
∈X is given by

½DGðv0Þuk ¼ limε!0
½Gðv0 þ εuÞ−Gðv0Þk

ε
¼ −τkTðykþ1Þ þ Skþ1ðθtkþ1ωÞ  ξkþ1ðθtkþ1ωÞ

−Dϕðtk, tkþ1,θtkωÞykðθtkωÞ  SkðθtkωÞ  ξkðθtkωÞ,

for k = 0, 1, …, N − 1, and

½DGðv0ÞuN ¼ −τNTðyNÞ þ S0ðθt0ωÞ  ξ0ðθt0ωÞ
−DϕðtN, tNþ1,θtNωÞyNðθtNωÞ  SNðθtNωÞ  ξNðθtNωÞ:

(11)

We will approximate DG(v0) by another operator. Now, we define the operator T : X ! Y for
u∈X . Let T ku be the approximation of ½DGðv0Þuk in Ref. [16], we have

T ku ¼ −τkTðykþ1Þ þ Skþ1ðθtkþ1ωÞ  ξkþ1ðθtkþ1ωÞ
−YkðθtkωÞ  SkðθtkωÞ  ξkðθtkωÞ, k ¼ 0; 1,…; N−1,

and
T Nu ¼ −τNTðyNÞ þ S0ðθt0ωÞ  ξ0ðθt0ωÞ

−YNðθtNωÞ  SNðθtNωÞ  ξNðθtNωÞ:
(12)

Now, we need to prove that T is invertible. Therefore, we must show that for all g ¼ {gk}
N
k¼0∈Y,

there is a solution of the following equation

T ku ¼ gk,

that is, for k = 0, 1, …, N −1,

−τkTðykþ1Þ þ Skþ1ðθtkþ1ωÞξkþ1ðθtkþ1ωÞ−YkðθtkωÞSkðθtkωÞξkðθtkωÞ ¼ gkðθtkωÞ,

and
−τNTðyNÞ þ S0ðθt0ωÞ  ξ0ðθt0ωÞ−YNðθtNωÞ  SNðθtNωÞ  ξNðθtNωÞ

¼ gNðθtNωÞ: (13)

As we know, the matrix
TðykÞ

∥TðykÞ∥

����Skðθ
tkωÞ

� �

is orthogonal for each k. Then this set of equations is equivalent to the following two sets of
equations, one set obtained by premultiplying the kth member in Eq. (13) by Tðykþ1Þ and
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Tðy0Þ, respectively, the other set obtained by premultiplying the kth member in Eq. (13) by

Skþ1ðθtkþ1ωÞ and S0ðθt0ωÞ, respectively. Therefore, we obtain for k = 0, 1, …, N −1,

−τk∥Tðykþ1Þ∥2−Tðykþ1Þ
YkðθtkωÞSkðθtkωÞξkðθtkωÞ ¼ Tðykþ1Þ

gkðθtkωÞ,

and

−τN∥Tðy0Þ∥2−Tðy0Þ
YNðθtNωÞSNðθtNωÞξNðθtNωÞ ¼ Tðy0Þ

gNðθtNωÞ, (14)

ξkþ1ðθtkþ1ωÞ−AkðθtkωÞξkðθtkωÞ ¼ Skðθtkþ1ωÞgkðθtkωÞ, k ¼ 0; 1,…; N−1,

and

ξ0ðθt0ωÞ−ANðθtNωÞξNðθtNωÞ ¼ SNðθt0ωÞgNðθtNωÞ: (15)

If we write g ¼ {SkðθtkωÞgkðθtkωÞ}Nk¼0, it follows from the condition (7) that the solution of
Eq. (15) is

ξk ¼ ðL−1gÞk: (16)

If Eq. (16) is substituted into Eq. (14), we obtain for k = 0, 1, …, N −1,

τk ¼ −
Tðykþ1Þ



∥Tðykþ1Þ∥2
 ½YkðθtkωÞSkðθtkωÞL−1Skþ1ðθtkþ1ωÞ þ 1gkðθtkωÞ,

and

τN ¼ −
Tðy0Þ



∥Tðy0Þ∥2
 ½YNðθtNωÞSNðθtNωÞL−1S0ðθt0ωÞ þ 1gNðθtNωÞ: (17)

Taking into account Eqs. (16) and (17), we define the right inverse of T k in the form of

T −1
k g ¼ ½{τk}Nþ1

k¼0 , {ξkðθtkωÞ}Nk¼0:

It follows from Eq. (17) that T is invertible and the following inequality holds

∥T −1∥ ≤C: (18)

Therefore, we can construct the invertibility of DG(v0). By the operator theory, we obtain

K ¼ ½Iþ T −1ðDGðv0Þ−T Þ−1T −1: (19)

By Eqs. (11) and (12) and the assumption (i) of Theorem 3.2, we obtain that

∥T −1ðDGðv0Þ−T Þ∥≤∥T −1∥∥DGðv0Þ−T ∥
≤ ∥T −1jj  ½sup jj ðDϕðtk, tkþ1,θtwωÞykðθtkωÞ−YkðθtkωÞSkðθtkωÞξkðθtkωÞjj
≤  Cδ <

1
2
:
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Then the inverse ½Iþ T −1ðDGðv0Þ−T Þ−1 exits and K is a right inverse of DGðv0Þ. Furthermore,

∥½Iþ T −1ðDGðv0Þ−T Þ−1∥ ≤ 2:

Therefore, we have verified hypothesis (i) of Lemma 3.1.

Step II:

It follows from Eqs. (18)–(20) that we have

∥K∥≤2C:

and

∥Gðv0Þ∥ ¼ sup
k
∥ykþ1ðθtkþ1ωÞ−ϕðtk, tkþ1,θtkωÞykðθtkωÞ∥ ≤δ:

By the assumption (ii) of Theorem 3.2, we obtain that

ε ¼ 2∥K∥∥Gðv0Þ∥ ≤ 4Cδ < ε0:

That is, the closed ball of radius ε around v0 is contained in the open set B. Therefore, we have
verified hypothesis (ii) of Lemma 3.1.

Step III:

We only need to estimate ∥D2GðvÞ∥. Then we choose u ¼ ð{rk}Nþ1
k¼0 , {ηk}

N
k¼0Þ and calculate the

second order Gateaux differential of G(v) for k = 0, 1, …, N as follows

½DGðvÞuuk :¼ lim
t!0

½DGðvþ tuÞu−DGðvÞuk
jtj

¼ −τkrkDT½ykðθtkωÞ þ SkðθtkωÞζkðθtkωÞ  T½ykðθtkωÞ þ SkðθtkωÞζkðθtkωÞ
−τkDT½ykðθtkωÞ þ SkðθtkωÞζkðθtkωÞ
  Dϕðtk, tkþ1,θtkωÞðykðθtkωÞ þ SkðθtkωÞζkðθtkωÞÞ  SkðθtkωÞηkðθtkωÞ
−rkDT½ykðθtkωÞ þ SkðθtkωÞζkðθtkωÞ
  Dϕðtk, tkþ1,θtkωÞðykðθtkωÞ þ SkðθtkωÞζkðθtkωÞÞ  SkðθtkωÞξkðθtkωÞ

−D2ϕðtk, tkþ1,θtkωÞðykðθtkωÞ
þSkðθtkωÞζkðθtkωÞÞ  ½SkðθtkωÞξkðθtkωÞ  ½SkðθtkωÞηkðθtkωÞ:

By the norm property, i.e., subadditivity, we obtain

M ¼ sup
k
∥D2GðvÞ∥ ≤ M0M1 þ 2M1 exp ðM1ΔtÞ þM2Δt exp ð2M1ΔtÞ:

It follows from the assumption (iii) of Theorem 3.2 and
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ε ¼ 2∥K∥∥Gðv0Þ∥ ≤ 4Cδ < ε0:

That is, the closed ball of radius ε around v0 is contained in the open set B. Therefore, we have
verified hypothesis (ii) of Lemma 3.1.

Step III:

We only need to estimate ∥D2GðvÞ∥. Then we choose u ¼ ð{rk}Nþ1
k¼0 , {ηk}

N
k¼0Þ and calculate the

second order Gateaux differential of G(v) for k = 0, 1, …, N as follows

½DGðvÞuuk :¼ lim
t!0

½DGðvþ tuÞu−DGðvÞuk
jtj

¼ −τkrkDT½ykðθtkωÞ þ SkðθtkωÞζkðθtkωÞ  T½ykðθtkωÞ þ SkðθtkωÞζkðθtkωÞ
−τkDT½ykðθtkωÞ þ SkðθtkωÞζkðθtkωÞ
  Dϕðtk, tkþ1,θtkωÞðykðθtkωÞ þ SkðθtkωÞζkðθtkωÞÞ  SkðθtkωÞηkðθtkωÞ
−rkDT½ykðθtkωÞ þ SkðθtkωÞζkðθtkωÞ
  Dϕðtk, tkþ1,θtkωÞðykðθtkωÞ þ SkðθtkωÞζkðθtkωÞÞ  SkðθtkωÞξkðθtkωÞ

−D2ϕðtk, tkþ1,θtkωÞðykðθtkωÞ
þSkðθtkωÞζkðθtkωÞÞ  ½SkðθtkωÞξkðθtkωÞ  ½SkðθtkωÞηkðθtkωÞ:

By the norm property, i.e., subadditivity, we obtain

M ¼ sup
k
∥D2GðvÞ∥ ≤ M0M1 þ 2M1 exp ðM1ΔtÞ þM2Δt exp ð2M1ΔtÞ:

It follows from the assumption (iii) of Theorem 3.2 and
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∥Gðv0Þ∥ ≤ δ, ∥K∥2≤4C2,

that

2M∥K∥2∥Gðv0Þ∥ ≤1:

Then we have verified hypothesis (iii) of Lemma 3.1. Therefore, the conclusion follows from
Lemma 3.1. This finishes the proof.

Remark 6.1 The proof is similar to the paper [8], and we extend it to the random periodic case.

7. Conclusion

The main result presented here is the random periodic shadowing theorem of the RDS gener-
ated by some SDEs. To conduct the study, we have extended the random shadowing theorem
to the random periodic scenario by taking advantage of mean square and stochastic calculus.
We show that the existence of the random periodic shadowing orbits of the SSLE so that the
numerical experiments are performed and match the results of theoretical analysis. Although
some progresses are made, more accurate numerical methods of estimating the shadowing
distance are needed in practice, which will be presented in our further work.
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Abstract

Over the last hundred years, many techniques have been developed for the solution of
ordinary differential equations and partial differential equations. While quite a major
portion of the techniques is only useful for academic purposes, there are some which are
important in the solution of real problems arising from science and engineering. In this
chapter, only very limited techniques for solving ordinary differential and partial differ-
ential equations are discussed, as it is impossible to cover all the available techniques
even in a book form. The readers are then suggested to pursue further studies on this
issue if necessary. After that, the readers are introduced to twomajor numerical methods
commonly used by the engineers for the solution of real engineering problems.

Keywords: differential equations, analytical solution, numerical solution

1. Introduction

1.1. Classification of ordinary and partial equations

To begin with, a differential equation can be classified as an ordinary or partial differential
equation which depends on whether only ordinary derivatives are involved or partial deriva-
tives are involved. The differential equation can also be classified as linear or nonlinear. A
differential equation is termed as linear if it exclusively involves linear terms (that is, terms to
the power 1) of y, y0, y″ or higher order, and all the coefficients depend on only one variable x as
shown in Eq. (1). In Eq. (1), if f(x) is 0, then we term this equation as homogeneous. The general
solution of non-homogeneous ordinary differential equation (ODE) or partial differential
equation (PDE) equals to the sum of the fundamental solution of the corresponding homogenous
equation (i.e. with f(x) = 0) plus the particular solution of the non-homogeneous ODE or PDE.
On the other hand, nonlinear differential equations involve nonlinear terms in any of y, y0, y″,
or higher order term. A nonlinear differential equation is generally more difficult to solve than
linear equations. It is common that nonlinear equation is approximated as linear equation

© The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
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(over acceptable solution domain) for many practical problems, either in an analytical or
numerical form. The nonlinear nature of the problem is then approximated as series of linear
differential equation by simple increment or with correction/deviation from the nonlinear
behaviour. This approach is adopted for the solution of many non-linear engineering
problems. Without such procedure, most of the non-linear differential equations cannot be
solved. Differential equation can further be classified by the order of differential. In general,
higher-order differential equations are difficult to solve, and analytical solutions are not avail-
able for many higher differential equations. A linear differential equation is generally
governed by an equation form as Eq. (1).

dny
dxn

þ a1ðxÞ d
n�1y
dxn�1 þ…þ anðxÞy ¼ f ðxÞ (1)

“Non-linear” differential equation can generally be further classified as

1. Truly nonlinear in the sense that F is nonlinear in the derivative terms.

F x1, x1, xn, u,
∂u
∂x1

,
∂u
∂x2

,
∂2u

∂x1∂x2

� �
¼ 0 (2)

2. Quasi-linear 1st PDE if nonlinearity in F only involves u but not its derivatives

A1ðx1, x2, uÞ ∂u∂x1 þ A2ðx1, x2, uÞ ∂u∂x2 ¼ Bðx1, x2,uÞ (3)

3. Quasi-linear 2nd PDE if nonlinearity in F only involves u and its first derivative but not its
second-order derivatives

A11 x1, x2, u,
∂u
∂x1

,
∂u
∂x2

� �
∂2u
∂x21

þ A12 x1, x2, u,
∂u
∂x1

,
∂u
∂x2

� �
∂2u

∂x1∂x2
þ A22 x1, x2, u,

∂u
∂x1

,
∂u
∂x2

� �
∂2u
∂x22

¼ F x1, x2, u
∂u
∂x1

,
∂u
∂x2

� �

(4)

Examples of differential equations:

1. dy
dx ¼ 3xþ 2; first-order ODE (linear)/nonhomogeneous

2. ðy� 2xÞdy� 3ydx ¼ 0; first-order ODE (nonlinear)/homogenous

3. d2y
dt2 þ t2y dy

dt

� �3
þ y ¼ 0; second-order ODE (nonlinear)/homogenous

4. d4x
dt4 þ 5 d2x

dt2 þ 7x ¼ sint; fourth-order ODE (linear)/nonhomogeneous

5. ∂z
∂x þ ∂z

∂y ¼ 2z; first-order PDE (linear)/homogeneous
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� �
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� �
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6. ∂2u
∂x2 þ ∂2u

∂y2 þ 4xþ 3y� uz ¼ 0; second-order PDE (linear)/nonhomogeneous

7. x ∂2u
∂x2 þ 2u ∂2u

∂y2 þ 3u2 ¼ 0; second-order PDE (linear)/homogeneous

8. du
dx � dv

dx ¼ 6x; 1st ODE (linear) for two unknowns/nonhomogeneous

1.2. Typical differential equations in engineering problems

Many engineering problems are governed by different types of partial differential equations,
and some of the more important types are given below.

Tricomi equation: y ∂2u
∂x2 þ ∂2u

∂y2 ¼ 0
y > 0 : elliptic

y < 0 : hyperbolic

�

Laplace equation (or variants): ∂
2ϕ
∂x2 þ ∂2ϕ

∂y2 ¼ ∇2ϕ ¼ 0

Poisson’s equation: ∂
2ϕ
∂x2 þ ∂2ϕ

∂y2 ¼ f ðx, yÞ

Helmholtz equation: ∂
2ϕ
∂x2 þ ∂2ϕ

∂y2 þ c2ϕ ¼ 0

Plate bending: ∇2∇2w ¼ ∇4w ¼ q
D

Wave equation (1D-3D): ∂
2u
∂t2 � c2 ∂2u

∂x2 þ ∂2u
∂y2

� �
¼ 0

Fourier equation: ∂T∂t ¼ α ∂2T
∂x2

� �

There are many methods of solutions for different types of differential equations, but most of
these methods are not commonly used for practical problems. In this chapter, the most impor-
tant and basic methods for solving ordinary and partial differential equations will be
discussed, which will then be followed by numerical methods such as finite difference and
finite element methods (FEMs). For other numerical methods such as boundary element
method, they are less commonly adopted by the engineers; hence, these methods will not be
discussed in this chapter.

1.3. Separable differential equations

For equations which can be expressed in separable form as shown below, the solution can be
obtained easily as

dy
dx

¼ Fðx, yÞ dy
ΦðyÞ ¼ f ðxÞdx

ð
dy

ΦðyÞ ¼
ð
f ðxÞdxþ c (5)

Mðx, yÞdxþNðx, yÞdy ¼ 0 MðxÞdx ¼ �NðyÞdy (6)

then
ð
MðxÞdx ¼ �

ð
NðyÞdyþ c (7)
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Example:

dy
dx

¼ x3ðy2 þ 1Þ ) dy
y2 þ 1

¼ x3dx

ð
dy

y2 þ 1
¼
ð
x3dxþ c ) tan�1y ¼ 1

4
x4 þ C ) y ¼ tan

1
4
x4 þ c

� �

Example:

dy
dx ¼ 3x2þ4xþ2

2ðy�1Þ subject to yð0Þ ¼ �1

Since this is a separable function, the problem can be solved as

2ðy� 1Þdy ¼ ð3x2 þ 4xþ 2Þdx
y2 � 2y ¼ x3 þ 2x2 þ 2xþ c

Based on the boundary condition, c = 3, hence y2 � 2y ¼ x3 þ 2x2 þ 2xþ 3.

This quadratic equation in y2 can be solved with two solutions by the quadratic equation as

y ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x3 þ 2x2 þ 2xþ 4

p
and y ¼ 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x3 þ 2x2 þ 2xþ 4

p
:

Since the second solution does not satisfy the boundary condition, it will not be accepted;
hence, the solution to this differential equation is obtained.

1.4. Variation of parameters

For the following equation form, it is possible to solve it by variations of parameters.

For
dy
dx

¼ pðxÞyþQðxÞ (8)

Put y ¼ cðxÞe
Ð
pðxÞdx. By differentiating, it gives dy

dx ¼ dcðxÞ
dx e

Ð
pðxÞdx þ cðxÞpðxÞe

Ð
pðxÞdx|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

pðxÞy

. Substitute

it to the original ODE dcðxÞ
dx ¼ QðxÞe�

Ð
pðxÞdx. Comparing the terms, it gives

cðxÞ ¼
ð
QðxÞe�

Ð
pðxÞdxdxþ c: (9)

Example:

ðxþ 1Þ dy
dx

� ny ¼ exðxþ 1Þnþ1

This equation is now expressed as
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dy
dx

¼ pðxÞyþQðxÞ

dy
dx

¼ n
xþ 1

yþ exðxþ 1Þn|fflfflfflfflfflffl{zfflfflfflfflfflffl}
QðxÞ

For x 6¼ �1

Solving the homogeneous part of the ODE

dy
dx ¼ n

xþ1 y then dy
y ¼ n

xþ1 dx

lnjyj ¼ nlnjxþ 1j þ c1

y ¼ cðxþ 1Þn

Look for solution y ¼ cðxÞðxþ 1Þn, where c(x) is the variation of parameters. Substitute it to the
ODE

dcðxÞ
dx

ðxþ 1Þn þ ncðxÞðxþ 1Þn�1 ¼ ncðxÞðxþ 1Þn�1 þ exðxþ 1Þn

dy
dx

¼ n
xþ 1

yþ exðxþ 1Þn

Comparison gives dcðxÞ
dx ¼ ex

Integration of this equation gives cðxÞ ¼ ex þ C

General solution is hence given by y ¼ ðxþ 1Þnðex þ CÞ
The Bernoulli equation is an important equation type which can be solved in a similar way by
variation of parameters. Consider the following form of equation

dy
dx

¼ pðxÞyþQðxÞyn (10)

Step 1 : Put z ¼ y1�n (11)

Step 2 : Then
dz
dx

¼ ð1� nÞy�n dx
dy

dz
dx

¼ ð1� nÞPðxÞzþ ð1� nÞQðxÞ
(12)

The non-linear ODE now becomes linear ODE. It can be solved by formula

Step 3: n = �1, z = y2. Inverting z to get y

dy
dx

¼ y
2x

þ x2

2y
(13)
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dz
dx

¼ 1
x
zþ x2 (14)

z ¼ e
Ð

1
xdx

ð
x2e�

Ð
1
xdxdxþ c

� �
¼ cxþ 1

2
x3 (15)

Back substitution of z ¼ y2

y2 ¼ cxþ 1
2
x3 (16)

1.5. Homogeneous equations

For equation of the following type, where all the coefficients are constant, it can be evaluated
according to different conditions.

dy
dx

¼ a1xþ b1yþ c1
a2xþ b2yþ c2

(17)

Case 1: c1 ¼ c2 ¼ 0

dy
dx

¼ a1xþ b1y
a2xþ b2y

¼ a1 þ b1
y
x

a2 þ b2
y
x

¼ g
y
x

� �
(18)

Step 1: Set u ¼ y
x, then

dy
dx ¼ x du

dx þ u

Step 2: du
dx ¼ gðuÞ�u

x . The resulting non-linear ODE is hence separable and can be solved
implicitly.

Step 3: Inverting u to get y.

Case 2:
a1 a2
b1 b2

�����

����� ¼ 0

a1b2 � a2b1 ¼ 0 then a1
a2
¼ b1

b2
¼ k

dy
dx

¼ a1xþ b1yþ c1
a2xþ b2yþ c2

¼ kða2xþ b2yÞ þ c1
a2xþ b2yþ c2

¼ f ða2xþ b2yÞ (19)

By change of variables as u ¼ a2xþ b2y

du
dx ¼ a2 þ b2

dy
dx ¼ a2 þ b2f ðuÞ, then

du
a2 þ b2f ðuÞ ¼ dx (20)

The resulting non-linear ODE is now separable and can be solved.
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dz
dx

¼ 1
x
zþ x2 (14)

z ¼ e
Ð

1
xdx

ð
x2e�

Ð
1
xdxdxþ c

� �
¼ cxþ 1

2
x3 (15)

Back substitution of z ¼ y2

y2 ¼ cxþ 1
2
x3 (16)

1.5. Homogeneous equations
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dy
dx

¼ a1xþ b1yþ c1
a2xþ b2yþ c2

(17)

Case 1: c1 ¼ c2 ¼ 0

dy
dx

¼ a1xþ b1y
a2xþ b2y

¼ a1 þ b1
y
x

a2 þ b2
y
x

¼ g
y
x

� �
(18)

Step 1: Set u ¼ y
x, then

dy
dx ¼ x du

dx þ u

Step 2: du
dx ¼ gðuÞ�u

x . The resulting non-linear ODE is hence separable and can be solved
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�����
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Case 3:
a1 a2
b1 b2

�����

����� 6¼ 0 c1 6¼ 0 and c2 6¼ 0

Set
a1xþ b1yþ c1 ¼ 0
a2xþ b2yþ c2 ¼ 0

�
. Intersecting point of these two lines on xy - plane and (α, β) 6¼ 0

xy� plane and ðα, βÞ 6¼ ð0, 0Þ (21)

Apply change of variables

X ¼ x� α

Y ¼ y� β

x ¼ Xþ α

y ¼ Y þ β

��
(22)

a1xþ b1yþ c1 ¼ a1ðXþ αÞ þ b1ðY þ βÞ þ c1 ¼ a1Xþ b1Y þ ða1αþ b1βþ c1Þ
a2xþ b2yþ c2 ¼ a2ðXþ αÞ þ b2ðY þ βÞ þ c2 ¼ a2Xþ b2Y þ ða2αþ b2βþ c2Þ

(23)

The original ODE will now become dY
dX ¼ a1Xþb1Y

a2Xþb2Y
which is homogeneous and separable!

Example: dydx ¼ xþy�1
x�yþ3

Solve for
xþ y� 1 ¼ 0
x� yþ 3 ¼ 0

�
we have α ¼ �1, β ¼ 2

Change of variables X = x + 1, Y = y � 2

Then, dYdX ¼ dy
dx ¼ xþy�1

x�yþ3 ¼ XþY
X�Y ¼ 1þY

X
1�Y

X

Use a change of variable u ¼ Y
X X du

dX ¼ 1þu2
1�u

ð1�uÞdu
1þu2 ¼ dX

X

) tan�1u� 1
2
lnð1þ u2Þ ¼ lnjXj þ c

) tan�1u ¼ ln½ ffiffiffiffiffiffiffiffiffiffiffiffiffi1þ u2
p

X� þ c ¼ ln½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðX2 þ Y2Þ

q
� þ c

) tan�1 y� 2
xþ 1

� �
¼ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxþ 1Þ2 þ ðy� 2Þ2

q
þ c

There are various tricks to solve the differential equations, like integration factors and other
techniques. A very good coverage has been given by Polyanin and Nazaikinskii [29] and will
not be repeated here. The purpose of this section is just for illustration that various tricks have
been developed for the solution of simple differential equations in homogeneous medium, that
is, the coefficients are constants inside a continuous solution domain. The readers are also
suggested to read the works of Greenberg [14], Soare et al. [34], Nagle et al. [28], Polyanin et al.
[30], Bronson and Costa [4], Holzner [18], and many other published books. There are many
elegant tricks that have been developed for the solution of different forms of differential
equations, but only very few techniques are actually used for the solution of real life problems.
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1.6. Partial differential equations

In many engineering or science problems, such as heat transfer, elasticity, quantum mechanics,
water flow and others, the problems are governed by partial differential equations. By nature,
this type of problem is much more complicated than the previous ordinary differential equa-
tions. There are several major methods for the solution of PDE, including separation of
variables, method of characteristic, integral transform, superposition principle, change of
variables, Lie group method, semianalytical methods as well as various numerical methods.
Although the existence and uniqueness of solutions for ordinary differential equation is well
established with the Picard-Lindelöf theorem, but that is not the case for many partial differ-
ential equations. In fact, analytical solutions are not available for many partial differential
equations, which is a well-known fact, particularly when the solution domain is nonregular
or homogeneous, or the material properties change with the solution steps.

1.6.1. Classification of second-order PDE

Refer to the following general second-order partial differential equation:

A
∂2u
∂x2

þ B
∂2u
∂x∂y

þ C
∂2u
∂y2

þD
∂u
∂x

þ E
∂u
∂y

þ Fuþ G ¼ 0 (24)

To begin with, let us consider a review of conic curves (ellipse, parabola and hyperbola)

Ax2 þ Bxyþ Cy2 þDxþ Eyþ F ¼ 0 (25)

The conic curve can be classified with the following criterion.

B2 � 4AC ¼
> 0 hyperbola
¼ 0 parabola
< 0 ellipse

8><
>:

(26)

Following the conic curves, the general partial differential is also classified according to similar
criterion as

Classification
B2 � 4AC > 0 : elliptic

B2 � 4AC ¼ 0 : parabolic
B2 � 4AC < 0 : hyperbolic

8><
>:

(27)

This classification was proposed by Du Bois-Reymond [41] in 1839. In this section, only some
of the more common techniques are discussed, and the readers are suggested to read the
works of Hillen et al. [16], Salsa [33], Polyanin and Zaitsev [31], Bertanz [2], Haberman [15]
and many other published texts.

1.7. Parabolic type: heat conduction/soil consolidation/diffuse equation

The following equation form is commonly found in many engineering applications.
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α2 ∂
2u
∂x2

¼ ∂u
∂t

, 0 < x < L, t > o (28)

Initial condition: uðx, 0Þ ¼ f ðxÞ, 0 ≤ x ≤L
Boundary condition: uð0, tÞ ¼ 0, uðL, tÞ ¼ 0, t > 0

α2 is a constant known as the thermal diffusivity or coefficient of consolidation. For soil
consolidation problem, the governing conditions are given by

Initial excess pore pressure

ueðz, 0Þ ¼ uiðzÞ, 0 ≤ z ≤ 2d
ueð0, tÞ ¼ 0,ueð2d, tÞ ¼ 0, t > 0

(29)

Drained boundary

α2uxx ¼ ut, 0 < x < L, t > 0

uð0, tÞ ¼ 0, uðL, tÞ ¼ 0, t > 0

uðx, 0Þ ¼ f ðxÞ, 0 ≤ x ≤L
(30)

Assuming variable u(x, t) can be separated, using separation of variables

uðx, tÞ ¼ XðtÞTðtÞ (31)

α2X″T ¼ XT0

X″

X
¼ 1

α2

T0

T

X″

X
¼ 1

α2

T0

T
¼ �λ ! X″ þ λX ¼ 0

T0 þ α2λT ¼ 0

( (32)

A PDE now becomes two ODE which can be solved readily. Based on the boundary condition
uð0, tÞ ¼ 0, uðL, tÞ ¼ 0, t > 0

uð0, tÞ ¼ Xð0Þ,TðtÞ ¼ 0

Xð0Þ ¼ 0,XðLÞ ¼ 0

X″ þ λX ¼ 0,Xð0Þ ¼ 0,XðLÞ ¼ 0

(33)

This is an eigenvalue problem which has solution only for certain λ. The eigenvalues are given
by

λn ¼ n2π2

L2
, n ¼ 1, 2, 3,… (34)

Hence the eigenfunctions are expressed as
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XnðxÞ ¼ sin
nπx
L

� �
, n ¼ 1, 2, 3… (35)

For the time-dependent function T,

T
0 þ α2λT ¼ 0 (36)

dT
T

¼ �α2λdt

lnjTj ¼ �α2n2π2t
L2

þ C
(37)

hence Tn ¼ kne�ðnπα=LÞ2t, kn constant. The fundamental solutions are then expressed as

uðx, tÞ ¼ e�ðnπα=LÞ2tsin
nπx
L

� �
, n ¼ 1, 2, 3… (38)

The Fourier series expansion in x is given by

uð0, tÞ ¼ f ðxÞ, 0 ≤ x ≤ L (39)

uðx, tÞ ¼
X∞
n¼1

cnunðx, tÞ ¼
X∞
n¼1

cne�ðnπα=LÞ2tsin
nπx
L

� �
(40)

Initial condition is given as

uðx, 0Þ ¼ f ðxÞ ¼
X∞
n¼1

cnsin
nπx
L

� �
(41)

ðL
0
f ðxÞsin mπx

L

� �
dx ¼

X∞
n¼1

cn

ðL
0
sin

mπx
L

� �
sin

nπx
L

� �
dx

ðL
0
f ðxÞsin nπx

L

� �
dx ¼ cn

ðL
0
sin2

mπx
L

� �
dx ¼ cn

L
2

Solution of the soil consolidation equation is hence given by

uðx, tÞ ¼
X∞
n¼1

cne�ðnπα=LÞ2tsin
nπx
L

� �
(42)

cn ¼ 2
L

ðL
0
f ðxÞsin nπx

L

� �
dx ðEulerFourier formulasÞ (43)

1.8. One-dimensional wave equation

One-dimensional (1D) wave equation appears in many physical and engineering problems.
For example, a vibrating string or pile driving process is given by this type of differential
equation. This problem is also commonly solved by the method of separation of variables
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L
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a2uxx ¼ utt, 0 < x < L, t > 0
uð0, tÞ ¼ 0, uðL, tÞ ¼ 0, t ≥ 0
uðx, 0Þ ¼ f ðxÞ, uðx, 0Þ ¼ 0, 0 ≤ x ≤ L

(44)

Consider u(x, t) is given by X(x)T(t). The wave equation will give

X″

X
¼ 1

a2
T0

T
¼ �λ ! X″ þ λx ¼ 0

T0 þ a2λt ¼ 0

�
(45)

The partial differential equation will then be given by two equivalent ODEs.

utðx, 0Þ ¼ XðxÞT 0 ð0Þ ¼ 0, 0 ≤ x ≤ L ! T
0 ð0Þ ¼ 0

uð0, tÞ ¼ Xð0ÞTðtÞ ¼ 0,uðL, tÞ ¼ XðLÞTðtÞ 0 ≤ x ≤ L ! T
0 ð0Þ ¼ 0

(46)

X″ þ λX ¼ 0,Xð0Þ ¼ XðLÞ ¼ 0 (47)

XnðxÞ ¼ sin
nπx
L

� �
, n ¼ 1, 2, 3,… (48)

λn ¼ n2π2

L2
, n ¼ 1, 2, 3,… (49)

For the time-dependent function T,

T
0 þ a2λT ¼ 0 (50)

T
0 ð0Þ ¼ 0 λn ¼ nπ=L

Then TðtÞ ¼ k1cosðnπat=LÞ � k2sinðnπat=LÞ
(51)

Since T
0 ð0Þ ¼ 0 k2 ¼ 0

Therefore, TðtÞ ¼ k1cosðnπat=LÞ
Fundamental solution is given by

unðx, tÞ ¼ sin
nπx
L

� �
cos

nπat
L

� �
, n ¼ 1, 2, 3… (52)

The general solution is then given by

uðx, tÞ ¼
X∞
n¼1

cnunðx, tÞ ¼
X∞
n¼1

cnsin
nπx
L

� �
cos

nπat
L

� �
(53)

Applying the boundary condition

uðx, 0Þ ¼ f ðxÞ, 0 ≤ x ≤L
uðx, 0Þ ¼ f ðxÞ ¼

X∞
n¼1

cnsin
nπx
L

� �
! cn ¼ 2

L

ðL
0
f ðxÞsin nπx

L

� �
dx (54)
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The final solution is then given by

uðx, tÞ ¼
X∞
n¼1

cnsin
nπx
L

� �
cos

nπat
L

� �
(55)

cn ¼ 2
L

ðL
0
f ðxÞsin nπx

L

� �
dx (56)

1.9. Laplace equation

Laplace equation forms an important governing condition for many types of problems. Some
of the more common forms are given by

three-dimensional Laplace equation uxx þ uyy þ uzz ¼ 0

two-dimensional heat conduction α2ðuxx þ uyyÞ ¼ ut

two-dimensional seepage problem ðkxuxx þ kyuyyÞ ¼ 0

There are two major types of boundary conditions to this problem:

Dirichlet problem: boundary conditions prescribed as u

Neumann problem: normal derivative ux or uy are usually prescribed on the boundary for many
mathematical problems. This case can be solved by the use of complex analysis or series
method for which many analytical solutions are available in the literature. In many aniso-
tropic seepage problems, however, the normal of a derived quantity at any arbitrary direc-
tion (seepage flow normal to an impermeable surface) is 0 instead of ux or uy being zero. For
such cases, it is very difficult to obtain the analytical solution if the solution domain is
nonhomogeneous, and the use of numerical method such as the finite element method
appears to be indispensable.

Consider the given Laplace equation, using separation of variables for the analysis.

uxx þ uyy ¼ 0, 0 < x < a, 0 < y < b

uðx, 0Þ ¼ 0, uðx, bÞ ¼ 0, 0 < x < a

uð0, yÞ ¼ 0, uða, yÞ ¼ f ðyÞ, 0 < y ≤ b

(57)

Using separation of variables, uðx, tÞ ¼ XðxÞYðyÞ

X″Y þ XY″ ¼ 0

X″

X
¼ �Y″

Y
¼ λ ! X″ � λX ¼ 0

Y0 þ λY ¼ 0

(58)

uxx þ uyy ¼ 0, 0 < x < a, 0 < y < b (59)

uðx, 0Þ ¼ 0, uðx, bÞ ¼ 0, 0 < x < a

uð0, yÞ ¼ 0, uða, yÞ ¼ f ðyÞ, 0 < y ≤ b
(60)
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uð0, yÞ ¼ Xð0ÞYðyÞ ¼ 0, 0 < y < b ! Xð0Þ ¼ 0,
uðx, 0Þ ¼ XðxÞYð0Þ ¼ 0, 0 < x < a ! Yð0Þ ¼ 0,
uðx, bÞ ¼ XðxÞYðbÞ ¼ 0, 0 < x < a ! YðbÞ ¼ 0,

(61)

X″ � λX ¼ 0,Xð0Þ ¼ 0
Y″ þ λY ¼ 0,Yð0Þ ¼ 0,YðbÞ ¼ 0

(62)

λn ¼ n2π2

b2
,YnðyÞ ¼ sin

nπy
b

� �
,n ¼ 1, 2, 3,… (63)

X″ � λX ¼ 0, hence XðxÞ ¼ k1coshðnπx=bÞ � k2sinðnπx=bÞ
Since X(0) = 0, k1 = 0

XðxÞ ¼ k2sinh
nπx
b

� �
(64)

unðx, yÞ ¼ sinh
nπx
b

� �
sin

nπy
b

� �
n ¼ 1, 2, 3… (65)

uða, yÞ ¼ f ðyÞ, 0 ≤ y ≤ b
uðx, yÞ ¼

X∞
n¼1

cnunðx, yÞ ¼
X∞
n¼1

cnsin
nπx
b

� �
cos

nπy
b

� �
(66)

Based on the Fourier expansion as given by

ðb
0
f ðyÞsin mπy

b

� �
dy ¼

X∞

n¼1
cnsinh

nπa
b

� �ðb
0
sin

mπy
b

� �
sin

nπy
b

� �
dy

ðb
0
f ðxÞsin nπx

b

� �
dx ¼ sinh

mπa
b

cn

ðb
0
sin2

nπx
b

� �
dx ¼ sinh

mπa
b

cn
b
2

uða, yÞ ¼ f ðyÞ ¼
X∞

n¼1
cnsinh

nπa
b

� �
sin

nπy
b

� �
(67)

cnsinh
nπa
b

� �
¼ 2

b

ðb
0
f ðyÞsin nπy

b

� �
dy

cn ¼ 2
b
sinh

nπa
b

� ��1
ðb
0
f ðyÞsin nπy

b

� �
dy

1.10. Introduction to numerical methods

In general, analytical solutions are not available for most of the practical differential equations,
as regular solution domain and homogeneous conditions may not be present for practical
problems. Moreover, the solution domain may be indeterminate (free surface seepage flow),
the displacement is large so that the solution may deform under motion, or in an extreme case
part of the material may tear off from the main body with continuous formation and removal
of contacts. Many engineering problems fall into such category by nature, and the use of
numerical methods will be necessary. Currently, there are several major numerical methods
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commonly used by the engineers: finite difference method, finite element method, boundary
element method and distinct element. There are also other less common numerical methods
available for practical problems, and many researchers also try to combine two or even more
fundamental numerical methods so as to achieve greater efficiency in the analysis. In general,
the solution domain is discretized into series of subdomains with many degrees of freedom.
The number of variables or degrees of freedom may even exceed millions for large-scale
problems, and sometimes very special material properties are encountered so that the system
is highly sensitive to the method of discretization and the method of solution. Similar to the
ODE and PDE, it is impossible to discuss the details of all the numerical methods and the
author choose to discuss the finite element method due to the wide acceptance of the method
and this method is more suitable for general complicated methods.

Except for some simple problems with regular geometry and loading, it is very difficult to solve
most of the boundary value problems with the yield of analytical solutions. Towards this, the
use of numerical method seems indispensable, and the finite element is one of the most popular
methods used by the engineers [32, 38]. There are two fundamental approaches to FEM, which
are the weighted residual method (WRM) and variational principle, but there are also other
less popular principles which may be more effective under certain special cases. In finite
element analysis of an elastic problem, solution is obtained from the weak form of the equiva-
lent integration for the differential equations by WRM as an approximation. Alternatively,
different approximate approaches (e.g. collocation method, least square method and Galerkin
method) for solving differential equations can be obtained by choosing different weights based
on the WRM and the Galerkin method appears to be the most popular approach in general.

Specifically, in elasticity for instance, the principle of virtual work (including both principle of
virtual displacement and virtual stress) is considered to be the weak form of the equivalent
integration for the governing equilibrium equations. Furthermore, the aforementioned weak
form of equivalent integration on the basis of the Galerkin method can also be evolved to a
variation of a functional if the differential equations have some specific properties such as
linearity and selfadjointness. Principles of minimum potential energy and complementary
energy are two variational approaches equivalent to the fundamental equations of elasticity.

Since displacement is usually the basic unknown quantity in FEM, only the principle of virtual
displacement and minimum potential energy will be introduced in the following section. In
this case, the FEM introduced herein is also called displacement finite element method
(DFEM). There are other ways to form the basis of FEM with advantages in some cases, but
these approaches are less general and will not be discussed here.

1.11. Principle of virtual displacement

The principle of virtual displacement is the weak form of the equivalent integration for
equilibrium equations and force boundary conditions. Given the equilibrium equations and
force boundary conditions in index notation,

σij, j þ f i ¼ 0, ðin domain VÞ (68)

σijnj � Ti ¼ 0, ðon domain boundary SσÞ (69)
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In WRM, without loss of generality, the variation of true displacement δui and its boundary
value (i.e. �δui) can be selected as the weight functions in the equivalent integration

ð

V
δuiðσij, j þ f iÞdV �

ð

Sσ
δuiðσijnj � TiÞdS ¼ 0 (70)

The weak form of Eq. (70) is given as
ð

V
ð�δεijσij þ δuif iÞdV þ

ð

Sσ
δuiTidS ¼ 0 (71)

It can be seen clearly from Eq. (71) that the first item in the volume integral indicates the work
done by the stresses under the virtual strain (i.e. internal virtual work), while the remaining
items indicate the work done by the body force and surface force under the virtual displace-
ment (i.e. external virtual work). In other words, the summation of the internal and external
virtual works is equal to 0, which is called the principle of virtual displacement. Under this
case, we can conclude that a force system will satisfy the equilibrium equations if the summa-
tion of the work done by it under any virtual displacement and strain is equal to 0.

1.12. Principle of minimum potential energy (PMPE)

Based on Eq. (71), we can deduce that
ð

V
ðδεijDijklεkl � δuif iÞdV þ

ð

Sσ
δuiTidS ¼ 0 (72)

Due to the symmetry of the constitutive matrix Dijkl, we can further obtain

ðδεijÞDijklεkl ¼ δ
1
2
Dijklεijεkl

� �
¼ δUðεmnÞ (73)

where UðεmnÞ is the unit volume strain energy. Given the assumptions in linear elasticity

�δφðuiÞ ¼ f iδui, � δψðuiÞ ¼ Tiδui (74)

Eq. (72) is further simplified to

δΠP ¼ 0 (75)

ΠP is the total potential energy of the system, which is equal to the summation of the potential
energy of deformation and external force and can be expressed as

ΠP ¼ ΠPðuiÞ ¼
ð

V

1
2
Dijklεijεkl � f iui

� �
dV �

ð

Sσ
TiuidS (76)

Eq. (75) shows that, among all the potential displacements, the total potential energy of system
will take stationary value at the real displacement, and it can be further verified that this station-
ary value is exactly the minimum value which is the principle of minimum potential energy.
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1.13. General expressions and implementation procedure of FEM

The solution of a general continuum problem by FEM always follows an orderly step-by-step
process which is easy to be programmed and used by the engineers. For illustration, a three-
node triangular element for plane problems is taken as an example to illustrate the general
expressions and implementation procedures of FEM.

1.13.1. Discretization of domain

The first step in the finite element method is to divide the structure or solution region into
subdivisions or elements. Hence, the structure is to be modelled with suitable finite elements.
In general, the number, type, size, and arrangement of the elements are critical towards good
performance of the numerical analysis. A typical discretization with three-node triangular
element is shown schematically in Figure 1.

Mesh generation can be a difficult process for a general irregular domain. If only triangular
element is to be generated, this is a relatively simple work, and many commercial programs
can perform well in this respect. There are also some public domain codes (EasyMesh or
Triangle written in C) which are sufficient for normal purposes. For quadrilateral or higher
elements, mesh generation is not that simple, and it is preferable to rely on the use of commer-
cial programs for such purposes.

1.13.2. Interpolation or displacement model

As can be seen from Figure 1(b), the nodal number of a typical three-node triangular element
is coded in anticlockwise order (i.e. in the order of i, j andm), and each node has two degrees of
freedom (DOFs) or two displacement components which is stored in a column vector in index
notation as follows:

ai ¼ ui
vi

� �
ði, j,mÞ (77)

Figure 1. Discretization of a two-dimensional domain with three-node triangular element.
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Totally, each element has six nodal displacements, i.e. six DOFs. Putting all the displacements
in a column vector, we can obtain the element nodal displacement column matrix as

ae ¼
ai
aj
am

2
4

3
5 ¼ ui vi uj vj um vm �T

h
(78)

In FEM, a nodal displacement is chosen as the basic unknowns, so interpolation at any
arbitrary point is based on the three nodal displacements of each element, which is called a
displacement mode. For a three-node triangular element, linear polynomial is utilized, and the
element displacement in both x -direction and y-direction are

u ¼ β1 þ β2xþ β3y (79)

v ¼ β4 þ β5xþ β6y (80)

Obviously, displacements of all the three nodes should satisfy Eqs. (79) and (80). By substitut-
ing the six nodal displacement components into these equations, it is easy to obtain another
form of displacement mode as

u ¼ Niui þNjuj þNmum (81)

v ¼ Nivi þNjvj þNmvm (82)

where

Ni ¼ 1
2A

ðai þ bixþ ciyÞði, j,mÞ: (83)

In Eq. (81), Ni,Nj and Nm denote the interpolation function or shape function for the three
nodes, respectively. A is the area of the element, and ai, bi, ci⋯, cm are constants related to the
coordinates of the three nodes. Similarly, Eqs. (81) and (82) can also be expressed in the form of
matrix as

u ¼ u
v

� �
¼ Ni 0 Nj 0 Nm 0

0 Ni 0 Nj 0 Nm

� �
ui
vi
uj
vj
um
vm

2
666664

3
777775
¼ Nae (84)

where N is the shape function matrix and ae is the element nodal displacement vector. For the
geometric equations, element strains are

ε ¼
εx
εy
γxy

2
4

3
5 ¼ Lu ¼ LNae ¼ L Ni Nj Nm

� �
ae

¼ ½Bi Bj Bm �ae ¼ Bae

(85)
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where L is the differential operator and B is the element strain displacement matrix which can
be given as

Bi ¼ LNi ¼

∂
∂x

0

0
∂
∂y

∂
∂y

∂
∂x

2
66666664

3
77777775

Ni 0
0 Ni

� �
¼

∂Ni

∂x
0

0
∂Ni

∂y
∂Ni

∂y
∂Ni

∂x

2
66666664

3
77777775
ði, j,mÞ (86)

Substitute Eq. (85) by the stress-strain relation,

σ ¼
σx
σy
τxy

2
4

3
5 ¼ Dε ¼ DBae ¼ Sae (87)

where

S ¼ DB ¼ D½Bi Bj Bm � ¼ ½ Si Sj Sm � (88)

S is called the element stress matrix. It should be noted that both the strain and stress matrices
are constant for each element, because in a three-node triangular element, the displacement
mode is a first-order function, and differentiating this function will give a constant function.

1.13.3. Stiffness equilibrium equation (SEE) of FEM derived from PMPE

For elastic plane problems, the total potential energy ΠP in Eq. (76) can be expressed in matrix
formulation as follows:

Y
P
¼
ð

Ω

1
2
εTDεtdxdy�

ð

Ω
uTf tdxdy�

ð

Sσ
uTTtdS (89)

where t, f, and T denote the thickness, body force and surface force, respectively. For an FEM
problem, the total potential energy is the summation of that from all the elements. Therefore,
substituting Eqs. (84) and (85) into Eq. (89) gives

ΠP ¼
X
e
Πe

P ¼
X
e

aeT
ð

Ωe

1
2
BTDBtdxdyae

� �
�
X
e
ðaeT

ð

Ωe

NTf tdxdyÞ �
X
e
ðaeT

ð

Sσe
NTTtdxdyÞ

(90)

Eq. (90) can be viewed as

Ke ¼
ð

Ωe

BTDBtdxdy,Pe
f ¼

ð

Ωe

NTf tdxdy

Pe
S ¼

ð

Sσe
NTTtdxdy,Pe ¼ Pe

f þ Pe
S

(91)
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where Keand Pe are named as the element stiffness matrix and equivalent element nodal load
matrix, respectively. Substitute Eq. (91) to Eq. (90), the total potential energy of the structure
can be simplified as

ΠP ¼ aT
1
2

X
e
ðKeÞa� aT

X
e
ðPeÞ (92)

Given

K ¼
X
e
Ke,P ¼

X
e
Pe (93)

Eq. (92) is further simplified as

ΠP ¼ 1
2
aTKa� aTPa (93a)

where Kand P are global stiffness matrix and global nodal load matrix, respectively.

For PMPE, the variation of ΠP is equal to 0 and the unknown variable is a, thus Eq. (75) gives

∂ΠP

∂a
¼ 0 (94)

which finally comes to the SEE of FEM as

Ka ¼ P (95)

From Eq. (93), we know that the global stiffness matrix and the global load matrix are the
assemblage of the element stiffness matrices and equivalent element nodal load matrices,
respectively. Specifically, in order to solve Eq. (93), element stiffness matrix, element equivalent
nodal load vector, global stiffness matrices and global nodal load vector are all determined
together with some given displacement boundary conditions. Without the provision of ade-
quate boundary condition, the system is singular as rigid body motion will produce no stress
in the system and such mode will be present in the SEE.

1.13.4. Derivation of element stiffness matrices (ESM)

For a three-node triangular element, the element strain matrix B is constant, thus Eq. (91) gives

Ke ¼ BTDBtA ¼
Kii Kij Kim
Kji Kjj Kjm
Kmi Kmj Kmm

2
4

3
5 (96)

of which the submatrix

Kij ¼ kijxx kijxy

kijyx kijyy

� �
(97)
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Kij indicates the ith nodal force along the x- and y-directions in the Cartesian coordinate system
when the displacement of the jth node is unit along the x- and y-directions, which can be easily
obtained. Moreover, the element stiffness matrix is symmetric, and the computational memory
required in an FEM program can be reduced by using this property.

It should be noted that for a higher order triangular element (e.g. six-node triangular element)
or quadrilateral element for which higher order terms are involved, the strain matrix B is not
constant any more so that the element stiffness matrix needs to be evaluated by numerical
integration (direct integration is seldom adopted). Towards this, numerical integration
methods such as the Gaussian integration or the Newton-Cotes integration can be utilized.

1.13.5. Assembling of ESMs and ENLMs

For an FEM process, we need to solve Eq. (95) which is the global equilibrium equation. Most
of the elements in the matrix Kare 0 simply because each node is only shared by a few
surrounding elements. In view of that, a rectangular matrix can represent the global stiffness
matrix (which is a square matrix), and the half bandwidth D can be defined as

D ¼ ð1þNDIFÞ �NDOF (98)

whereNDIF denotes the largest absolute difference between the element node numbers among
all the elements in the finite element mesh.

In conclusion, the properties of the global stiffness matrix can be summarized as: symmetric,
banded distribution, singularity and sparsity. Among all the properties, singularity will vanish
by introducing appropriate boundary conditions to Eq. (95) to eliminate the rigid body motion.
Also, other properties like banded distribution should be fully taken into consideration to
reduce the computational memory and enhance the computation efficiency.

1.13.6. Isoparametric element and numerical integration

Most of the engineering structure is not regular in shape, and some of them even have very
complicated boundary shapes. Although the use of triangular element can always fit a com-
plicated boundary, the accuracy of this element is low in general. To cope with the irregular
boundary shape with a higher accuracy in analysis, one of the most common approaches is the
use of higher-order element, and the isoparametric formulation is the most commonly used at
present. Consider an arbitrary four-node quadrilateral element as an example which is sche-
matically shown in Figure 2. If we can find the transformation from Figure 2(a) to (b), then it
will become easier to carry numerical integration with complicated shapes for an arbitrary
element. In Figure 2(a), we define the Cartesian coordinate system, while in Figure 2(b), we
define the local coordinate system (or natural coordinate system) within a specific domain (i.e.
ξ, η∈ ð�1, 1Þ). The relation between these two kinds of coordinate system can be described as

x
y

� �
¼ f

ξ
η

� �
(99)

which can be further modified by the interpolation function at nodes in the local coordinate
system as follows:
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x ¼ Σm
i¼1N

0
ixi, y ¼

Xm

i¼1

N0
iyi (100)

where ðxi, yiÞ are coordinates in the Cartesian coordinate system corresponding to the ith node

in local coordinate system, N
0
i is interpolation function of the ith node in local coordinate

system and m is the number of nodes chosen to transform the coordinates. Therefore, the
regular element in the natural coordinate system can be transformed to the irregular element
in the Cartesian coordinate system. The former element is called the parent element, while the
latter is called the subelement. Specifically, Eq. (101) can be further expanded as

x
y

� �
¼ N1 0 N2 0 N3 0 N4 0

0 N1 0 N2 0 N3 0 N4

� �

x1
y1
x2
y2
x3
y3
x4
y4

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

(101)

Using the same interpolation functions, the element displacement model can be written as

u
v

� �
¼ N1 0 N2 0 N3 0 N4 0

0 N1 0 N2 0 N3 0 N4

� �

u1
v1
u2
v2
u3
v3
u4
v4

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;

(102)

Figure 2. Isoparametric transition.
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where J denotes the Jacobi matrix while the interpolation functions are given by

N1 ¼ 1
4
ð1þ ξÞð1þ ηÞ,N2 ¼ 1

4
ð1� ξÞð1þ ηÞ

N3 ¼ 1
4
ð1þ ξÞð1þ ηÞ,N2 ¼ 1

4
ð1� ξÞð1þ ηÞ

(103)

As mentioned before, during the derivation of the element stiffness matrix and the equivalent
load vector, the derivative of the shape function and the integration in element surface or
volume in the Cartesian coordinate system are required. Since the shape functions adopted
herein are expressed in natural coordinates, therefore, derivative and integration transforma-
tion relationships are essential when isoparametric element is used.

1.13.7. Derivative and integral transformation

According to the law of partial differential,

∂Ni

∂ξ
¼ ∂Ni

∂x
∂x
∂ξ

þ ∂Ni

∂y
∂y
∂ξ

,

∂Ni

∂η
¼ ∂Ni

∂x
∂x
∂η

þ ∂Ni

∂y
∂y
∂η

,

(104)

or in matrix form

∂Ni

∂ξ
∂Ni

∂η

8>><
>>:

9>>=
>>;

¼
∂x
∂ξ

∂y
∂ξ

∂x
∂η

∂y
∂η

2
664

3
775

∂Ni

∂x
∂Ni

∂y

8>><
>>:

9>>=
>>;

¼ J

∂Ni

∂x
∂Ni

∂y

8>><
>>:

9>>=
>>;

(105)

Inverse of Eq. (105) gives

∂Ni

∂x
∂Ni

∂y

8>><
>>:

9>>=
>>;

¼ J�1

∂Ni

∂ξ
∂Ni

∂η

8>><
>>:

9>>=
>>;

(106)

where

J ¼
∂x
∂ξ

∂y
∂ξ

∂x
∂η

∂y
∂η

2
664

3
775 ¼

X4

i¼1

∂Ni

∂ξ
xi

X4

i¼1

∂Ni

∂ξ
yi

X4

i¼1

∂Ni

∂η
xi

X4

i¼1

∂Ni

∂η
yi

2
666664

3
777775

¼

∂N1

∂ξ
∂N2

∂ξ
∂N3

∂ξ
∂N4

∂ξ

∂N1

∂η
∂N2

∂η
∂N3

∂η
∂N4

∂η

2
6664

3
7775

x1 y1
x2 y2
x3 y3
x4 y4

2
6664

3
7775

(107)
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where J denotes the Jacobi matrix while the interpolation functions are given by

N1 ¼ 1
4
ð1þ ξÞð1þ ηÞ,N2 ¼ 1

4
ð1� ξÞð1þ ηÞ

N3 ¼ 1
4
ð1þ ξÞð1þ ηÞ,N2 ¼ 1

4
ð1� ξÞð1þ ηÞ

(103)

As mentioned before, during the derivation of the element stiffness matrix and the equivalent
load vector, the derivative of the shape function and the integration in element surface or
volume in the Cartesian coordinate system are required. Since the shape functions adopted
herein are expressed in natural coordinates, therefore, derivative and integration transforma-
tion relationships are essential when isoparametric element is used.

1.13.7. Derivative and integral transformation

According to the law of partial differential,
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or in matrix form
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Inverse of Eq. (105) gives
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For an infinitely small element, the area under the Cartesian coordinate system and the natural
coordinate system are related by

ds ¼ dxdy ¼ jJjdξdη, (108)

where jJj is the determinant of the Jacobian matrix J. Therefore, element stiffness matrix and
equivalent nodal load matrix in Eq. (91) can be transformed to

Ke ¼
ð

Ωe

BTDBtjJjdξdη,Pe
f ¼

ð

Ωe

NTf jJjdξdη

Pe
S ¼

ð

Sσ e
NTTjJjdξdη

(109)

For solving the integral equation, usually the Gaussian integration method is employed. In
practice, both two and three integration points along each direction of integration are com-
monly used. Since the discretized system is usually overstiff, it is commonly observed that the
use of two integration points along each direction of integration will slightly reduce the
stiffness of the matrix and give better results as compared with the use of three integration
points. The use of exact integration is possible for some elements, but such approaches are
usually tedious and are seldom adopted. The advantage in using the exact integration is that
the integration is not affected by the shape of the element while the transformation as shown in
Eq. (109) may be affected if the poor shape of the element is poor. The author has developed
many finite element programs for teaching and research purposes which can be obtained at
ceymchen@polyu.edu.hk. The programs available include plane stress/strain problem, thin/
thick plate bending problem, consolidation in 1D and 2D (Biot), seepage problem, slope
stability problem, pile foundation problems and others.

1.14. Distinct element method

In practical applications, a limit equilibrium method based on the method of slices or method
of columns and strength reduction method based on the finite element method or finite
difference method are used for many types of stability problems. These two major analysis
methods take the advantage that the in situ stress field which is usually not known with good
accuracy is not required in the analysis. The uncertainties associated with the stress-strain
relation can also be avoided by a simple concept of factor of safety or the determination of the
ultimate limit state. In general, this approach is sufficient for engineering analysis and design.
If the condition of the system after failure has initiated is required to be assessed, these two
methods will not be applicable. Even if the in situ stress field and the stress-strain relation can
be defined, the post-failure collapse is difficult to be assessed using the conventional
continuum-based numerical method, as sliding, rotation and collapse of the slope involve very
large displacement or even separation without the requirement of continuity.

The most commonly used numerical methods for continuous systems are the FDM, the FEM
and the boundary element method (BEM). The basic assumption adopted in these numerical
methods is that the materials concerned are continuous throughout the physical processes.
This assumption of continuity requires that, at all points in a problem domain, the material
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cannot be torn open or broken into pieces. All material points originally in the neighbourhood
of a certain point in the problem domain remain in the same neighbourhood throughout the
whole physical process. Some special algorithms have been developed to deal with material
fractures in continuum mechanics-based methods, such as the special joint elements by Good-
man [13] and the displacement discontinuity technique in BEM by Crouch and Starfield [5].
However, these methods can only be applied with limitations [21]:

1. large-scale slip and opening of fracture elements are prevented in order to maintain the
macroscopic material continuity;

2. the amount of fracture elements must be kept to relatively small so that the global stiffness
matrix can be maintained well-posed, without causing severe numerical instabilities; and

3. complete detachment and rotation of elements or groups of elements as a consequence of
deformation are either not allowed or treated with special algorithms.

Before a slope starts to collapse, the factor of safety serves as an important index in both the
LEM and SRM to assess the stability of the slope. The movement and growth after failure have
launched which is also important in many cases that cannot be simulated on the continuum
model, and this should be analyzed by the distinct element method (DEM).

In continuum description of soil material, the well-established macro-constitutive equations
whose parameters can be measured experimentally are used. On the other hand, a discrete
element approach will consider that the material is composed of distinct grains or particles that
interact with each other. The commonly used distinct element method is an explicit method
based on the finite difference principles which is originated in the early 1970s by a landmark
work on the progressive movements of rock masses as 2D rigid block assemblages [6]. Later,
the works by Cundall are developed to the early versions of the UDEC and 3DEC codes
[9, 10, 12]. The method has also been developed for simulating the mechanical behaviour of
granular materials [8], with a typical early code BALL [7], which later evolved into the codes of
the PFC group for 2D and 3D problems of particle systems (Itasca, 1995). Through continuous
developments and extensive applications over the last three decades, there has accumulated a
great body of knowledge and a rich field of literature about the distinct element method. The
main trend in the development and application of the method in rock engineering is
represented by the history and results of the code groups UDEC/3DEC. Currently, there are
many open source (Oval, LIGGGHTS, ESyS, Yade, ppohDEM, Lammps) as well as commercial
DEM programs, but in general, this method is still limited to basic research instead of practical
application as there are many limitations which include: (1) difficult to define and determine
the microparameters; (2) there are still many drawbacks in the use of matching with the macro
response to determine the microparameters; (3) not easy to set up a computer model; (4) not
easy to include structural element or water pressure; (5) extremely time consuming to perform
an analysis; and (6) postprocessing is not easy or trivial. It should also be noted that DEM can
be formulated by an energy-based implicit integration scheme which is the discontinuous
deformation analysis (DDA) method. This method is similar in many respect to the force-
based explicit integration scheme as mentioned previously.
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In DEM, the packing of granular material can be defined from statistical distributions of grain
size and porosity, and the particles are assigned normal and shear stiffness and friction
coefficients in the contact relation. Two types of bonds can be represented either individually
or simultaneously; these bonds are referred to the contact and parallel bonds, respectively
(Itasca, 1995). Although the individual particles are solid, these particles are only partially
connected at the contact points which will change at different time step. Under low normal
stresses, the strength of the tangential bonds of most granular materials will be weak and the
material may flow like a fluid under very small shear stresses. Therefore, the behaviour of
granular material in motion can be studied as a fluid-mechanical phenomenon of particle flow
where individual particles may be treated as “molecules” of the flowing granular material. In
many particle models for geological materials in practice, the number of particles contained in
a typical domain of interest will be very large, similar to the large numbers of molecules.

One of the primary objectives of the particle model is the establishment of the relations between
microscopic and macroscopic variables/parameters of the particle systems, mainly through
micromechanical constitutive relations at the contacts. Compared with a continuum, particles
have an additional degree of freedom of rotation which enables them to transmit couple
stresses, besides forces through their translational degrees of freedom. At certain moment, the
positions and velocities of the particles can be obtained by translational and rotational move-
ment equations and any special physical phenomenon can be traced back from every single
particle interactions. Therefore, it is possible for DEM to analyze large deformation problems
and a flow process which will occur after slope failure has initiated. The main limitation of
DEM is that there is great difficulty in relating the microscopic and macroscopic variables/
parameters; hence, DEM is mainly tailored towards qualitative instead of quantitative analysis.

DEM runs according to a time-difference scheme in which calculation includes the repeated
application of the law of motion to each particle, a force-displacement law to each contact, and
a contact updating scheme. Generally, there are two types of contact in the program which are
the ball-wall contact and the ball-ball contact. In each cycle, the set of contacts is updated from
the known particles and known wall positions. Force-displacement law is firstly applied on
each contact, and new contact force is then calculated according to the relative motion and
constitutive relation. Law of motion is then applied to each particle to update the velocity, the
direction of travel based on the resultant force, and the moment and contact acting on the
particles. Although every particle is assumed as a rigid material, the behaviour of the contacts
is characterized using a soft contact approach in which finite normal stiffness is taken to
represent the stiffness which exists at the contact. The soft contact approach allows small
overlap between the particles which can be easily observed. Stress on particles is then deter-
mined from this overlapping through the particle interface.

1.15. General formulation of DEM

The PFC runs according to a time-difference scheme in which calculation includes the repeated
application of the law of motion to each particle, a force-displacement law to each contact, and
a contact updating a wall position. Generally, there are two types of contact exist in the
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program which are ball-to-wall contact and ball-to-ball contact. In each cycle, the set of
contacts is updated from the known particle and the known wall position. The force-
displacement law is first applied on each contact. New contact force is calculated and replaces
the old contact force. The force calculations are based on preset parameters such as normal
stiffness, density, and friction. Next, a law of motion is applied to each particle to update its
velocity, direction of travel based on the resultant force, moment and contact acting on particle.
The force-displacement law is then applied to continue the circulation.

1.16. The force-displacement law

The force-displacement law is described for both the ball-ball and ball-wall contacts. The
contact arises from contact occurring at a point. For the ball-ball contact, the normal vector is
directed along the line between the ball centres. For the ball-wall contact, the normal vector is
directed along the line defining the shortest distance between the ball centre and the wall. The
contact force vector Fi is composed of normal and shear component in a single plane surface

Fi ¼ FnijðtÞ þ Fsijðtþ ΔtÞ (110)

The force acting on particle i in contact with particle j at time t is given by

FnijðtÞ ¼ kn
�
ri þ rj � lijðtÞ

�
(111)

where rj and ri stand for particle i and particle j radii, lij(t) is the vector joining both centres of
the particles and kn represents the normal stiffness at the contact. The shear force acting on
particle i during a contact with particle j is determined by

Fsijðtþ ΔtÞ ¼ �minðFsijðtÞ þ ksΔsij, f jFnijðtþ ΔtÞjÞ (112)

where f is the particle friction coefficient, ks represents the tangent shear stiffness at the contact.
The new shear contact force is found by summing the old shear force (min Fij(t)) with the shear
elastic force. Δsij stands for the shear contact displacement-increment occurring over a time
step Δt.

Δsij ¼ vsijΔt (113)

where Vs
ij is the shear component of the relative velocity at contact between particles i and j

over the time step Δt.

1.17. Law of motion

The motion of the particle is determined by the resultant force and moment acting on it. The
motion induced by resultant force is called translational motion. The motion induced by
resulting moment is rotational motion. The equations of motion are written in vector form as
follows:
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- (Translational motion)

X
j

Fij þmigþ Fdi ¼ mixni (114)

- (Rotational motion)

X
j

riFij þMd
i ¼ Irθn

i (115)

where x″i and θ″
i stand for the translational acceleration and rotational acceleration of particles

i. Ir stands for moment of inertia. Fdi and Md
i stand for the damping force and damping

moment. Unlike finite element formulation, there are now three degree of freedom for 2D
problem and six degree of freedom for 3D problems. In Cundall and Strack’s explicit integra-
tion distinct element approach, solution of the global system of equation is avoided by consid-
ering the dynamic equilibrium of the individual particles rather than solving the entire system
simultaneously. That means, Newton’s law of motion is applied directly. This approach also
avoids the generation and storage of the large global stiffness matrix that will appear in finite
element analysis. On the other hand, the implicit DDA approach will generate a global stiff-
ness matrix which is even larger than that in finite element analysis, as the rotation is involved
directly in the stiffness matrix.

In a typical DEM simulation, if there is no yield by contact separation or frictional sliding, the
particles will vibrate constantly and the equilibrium is difficult to be achieved. To avoid this
phenomenon which is physically incorrect, numerical or artificial damping is usually adopted
in many DEM codes, and the two most common approaches to damping are the mass
damping and non-viscous damping. For mass damping, the amount of damping that each
particle “feels” is proportional to its mass, and the proportionality constant depends on the
eigenvalues of the stiffness matrix. This damping is usually applied equally to all the nodes. As
this form of damping introduces body forces, which may not be appropriate in flowing
regions, it may influence the mode of failure. Alternatively, Cundall [11] proposed an alterna-
tive method where the damping force at each node is proportional to the magnitude of the out-
of-balance-force, with a sign to ensure that the vibrational modes are damped rather than the
steady motion. This form of damping has the advantage that only accelerating motion is
damped and no erroneous damping forces will arise from steady-state motion. The damping
constant is also non-dimensional and the damping is frequency independent. As suggested by
Itasca [20], an advantage of this approach is that it is similar to the hysteretic damping, as the
energy loss per cycle is independent of the rate at which the cycle is executed. While damping
is one way to overcome the non-physical nature of the contact constitutive models in DEM
simulations, it is quite difficult to select an appropriate and physically meaningful value for the
damping. For many DEM simulations, particles are moving around each other and the dom-
inant form of energy dissipation is for frictional sliding and contact breakages. The choice of
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damping may affect the results of computations. Currently, most of the DEM codes allow the
use of automatic damping or manually prescribed the damping if necessary.

To capture the inherent non-linearity behaviour of the problem (with generation and removal
of contacts, non-linear contact response and stress-strain behaviour and others), the displace-
ment and contact forces in a given time step must be small enough so that in a single time step,
the disturbances cannot propagate from a particle further than its nearest neighbours. For most
of the DEM programs, this can be achieved automatically and the default setting is usually
good enough for normal cases. It is, however, sometimes necessary to manually adjust the time
step in some special cases when the input parameters are unreasonably high or low. Most of
the DEM codes use the central difference time integration algorithm which is a second-order
scheme in time step.

1.18. Measuring logic

If the local results in DEM are analyzed, it is found that there will be large fluctuations with
respect to both locations and time. Such results are not surprising, as the results are highly
sensitive to the interaction between particles and hence the time step under which the results
are monitored. It can be viewed that such local results can be meaningless unless the results are
monitored over a long time span or region. A number of quantities in a DEM model are
defined with respect to a specified measurement circle. These quantities include coordinate
number, porosity, sliding fraction, stress and strain rate. The coordination number and stress
are defined as the average number of contacts per particle. Only particles with centroids that
are contained within the measurement circle are considered in computation. In order to
account for the additional area of particles that is being neglected, a corrector factor based on
the porosity is applied to the computed value of stress.

Since measurement circle is used, stress in particle is described as the two in-plane force acting
on each particle per volume of particle. Average stress is defined as the total stress in particle
divided by the volume of measurement circle. Thus, shape of particle is regardless of the
average stress measurement because the reported stress is easily scaled by volume unity. The
reported stress is interpreted as the stress per volume of measurement circle.

1.19. Discussion and conclusion

There are also various publications on the numerical solutions of differential equations, and
the readers are suggested to the works of Lee and Schiesser [24], Jovanoic and Suli [22], Veiga
et al. [37], Sewell [35], Morton and Mayers [27], Logg et al. [25], Holmes [17], Lui [26], Lapids
and Pinder [23] and Iserles [19]. It is impossible for the author to cover every available
analytical or numerical method; hence, the author has chosen some methods that are actually
used for teaching and research. The readers are strongly encouraged to consult the numerous
resources available in various books and publications. There are still new developments
available for the solutions of specific differential equations in large-scale problems, and this is
also the current trend in the development of differential equation solution.
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Due to the importance of the solution of differential equations, there are other important
numerical methods that are used by different researchers but are not discussed here, which
include the finite difference and boundary element methods (computer codes for learning can
also be obtained from the author). Differential equations rely on the Taylor’s series, and the
derivatives in the differential equation can be replaced with finite difference approximations
on a discretized domain. This will result in a system of algebraic equations that can be solved
implicitly or explicitly. There are various ways to form the derivatives, and the most common
methods are the forward difference, backward difference and the central difference schemes.
While the finite difference methods may be more suitable for different types of differential
equations, this method is less convenient to deal with irregular boundary conditions as com-
pared with the finite element method. For highly irregular domain where it is not easy to form
a nice discretization, the finite element method will also be much easier and natural to deal
with for such condition. In this respect, it is not surprising that many engineering programs are
written by the use of the finite element method than the finite difference method.

The boundary element method (BEM) is another numerical method for solving linear partial
differential equations which can be formulated as integral equations. The boundary element
method uses the given boundary conditions to fit boundary values into the integral equation.
In the post-processing stage, the integral equation will be used to calculate the solution directly
at any given point inside the solution domain numerically. BEM is applied to problems for
which Green’s functions can be calculated, thus this method is initially designed for problems
in linear homogeneous media. The dimension of the problem will then be reduced by one. For
example, two-dimensional problem will be effectively reduced to one-dimensional problem
along the boundary, and this will greatly improve the efficiency of computation. The require-
ment from the boundary element method imposes considerable restrictions on the range and
generality of problems to which the boundary element method can usefully be applied. There
are some new developments to the boundary element method so that it can be used for non-
linear problem or problems with several major materials (problems with random distribution
of material properties are still not applicable). The fundamental solutions are often difficult to
integrate. One important property of boundary element analysis is the solution of a fully
populated matrix as compared with that in the finite element/difference method. For compli-
cated problems, the boundary element will lose its advantage as compared with other numer-
ical methods. Due to the various limitations, there are only limited boundary element
programs available to the researchers. Interested readers can consult the works of Banerjee
[1], Brebbia et al. [3] and Trevelyan [36]. It appears that there are less interest in the use and
development of the boundary element method in the recent years, due to the various limita-
tions of this method in general non-linear non-homogeneous problem.

In history, various techniques have been developed for ordinary differential equations and
partial differential equations under different boundary conditions. While these tricks appear to
be elegant, they are not readily adopted for normal engineering use due to various limitations.
Being an engineer, the author seldom adopted the methods as outlined in this chapter in actual
applications (but do adopt for teaching), except the numerical methods as outlined in this
chapter. At present, there are many proprietary or open source finite elements or distinct
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element codes being used for many complicated real problems. The computer codes (usually
in Fortran or C) are usually difficult to be read (if available), and the computer codes for all the
partial differential forms (including some extended formats) that have been discussed in this
chapter can be readily available from the author for learning purposes. There are also very
powerful and general finite element tools or differential equations solver such as FreeFem++,
Comsol, Matlab, Mathematica, Maple and Maxima which are used by many scientists and
engineers [39, 40]. The use of parallel computing is also strongly influenced by the needs to
solve complicated partial differential equations over large solution domain.
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