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Preface
This book introduces numerous selected advanced topics in viscoelastic and viscoplastic
materials. The book effectively blends theoretical, numerical, modeling and experimental as‐
pects of viscoelastic and viscoplastic materials that are usually encountered in many re‐
search areas such as chemical, mechanical and petroleum engineering. The book consists of
14 chapters that can serve as an important reference for researchers and engineers working
in the field of viscoelastic and viscoplastic materials.
The first chapter provides a synopsis of polymer flooding as an emerging and advantageous
EOR process and also provides a guideline for pilot design. The objective of the second
chapter is to evaluate mechanical properties, including the viscoelasticity of the wheat ker‐
nels, using compression tests. The third chapter studies the viscoelastic behaviour of liquid
crystal polymers in composite systems. Thermal properties of Hemp fiber–reinforced plantsderived polyamide biomass composites and their dynamic viscoelastic properties in molten
state are presented in Chapter 4. The fifth chapter studies a practical approach to select plas‐
ticizers for proteins such as thermoformed wheat gluten, which involved 30 plasticizer can‐
didates. Chapter 6 investigates dynamic viscoelastic properties of carbon nanofiber–filled
polyamide composites and the blend of these composites and thermoplastic elastomer in
molten state. The aim of the seventh chapter is to review the current state of knowledge re‐
garding the viscoelastic behavior of cardiovascular tissues, whereas Chapter 8 is focuses on
the study of the r nonviscous modes of a nonviscously damped vibrating system. In Chapter
9, the viscoplastic behavior of a polyamide-based thermoplastic polymer is investigated by
performing numerous tests that highlighted the influence of time and temperature on the
mechanical behavior. The viscoelasticity in foot-ground interaction is studied in Chapter 10,
such that an insight into the mechanical behavior of plantar soft tissue during loading with
specific emphasis on heel pad, which is the first point of contact during normal gait. Chapter
11 presents a review in the field of viscoelastic adhesive applications for noise and vibration
reduction. Chapter 12 concerns with the general stability problem in viscoelastic, namely the
motion of a viscoelastic body and the effect of the dissipation induced by the viscoelastic
(integral) term on the solution. The aim of Chapter 13 is to present a collection of nonstan‐
dard viscoelastic kernels, with special emphasis on singular and time-dependent kernels.
Finally, finite element modeling and experiments of systems with viscoelastic materials for
vibration attenuation are covered by Chapter 14.
Professor Mohamed F. El-Amin, Ph.D
Effat University,
Jeddah, Kingdom of Saudi Arabia

Chapter 1

Advances in Polymer Flooding
Bing Wei
Additional information is available at the end of the chapter
http://dx.doi.org/10.5772/64069

Abstract
Polymer flooding, which has been successfully used in numerous enhanced oil recovery
(EOR) projects in the world, was able to promote oil recovery by 12 to 15% of original
oil in place (OOIP). When a reservoir is flooded with viscous polymer solution, the
mobility ratio between water and oil becomes more favorable relative to conventional
waterflooding, which leads to a significant increase in the volumetric sweep efficien‐
cy. Furthermore, recent research based on laboratory studies and pilot field testing has
proved that the displacement efficiency (at pore scale) can also be improved due to the
elasticity of polymer solution. Therefore, this chapter first introduces the recovery
mechanisms that have been proposed to explain oil displacement by polymer flooding
within oil reservoirs. The development of EOR polymers from chemical structure to
physical property is also reviewed. The experience and learning of polymer flooding
accumulated in the last 20 years in the Daqing Oilfield, China, which is the most
successful oilfield in the world implementing polymer flooding technique, are
summarized and discussed. The aim of this chapter is to provide a synopsis of polymer
flooding as an emerging and advantageous EOR process and also provide a guideline
for pilot design.
Keywords: enhanced oil recovery, polymer flooding, mechanism, polymer type, field
application, experience

1. Introduction
As early as the 1960s, polymer flooding had been suggested as an oil recovery process to further
increase oil recovery after waterflooding; the main purpose of adding polymer was to in‐
crease the viscosity of the displacing fluid, which is commonly water [1]. This work was followed
by wide research attention to recognize the benefits of polymer flooding in oil recovery
applications [2–4].

© 2016 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.
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For most oil reservoirs, especially heterogeneous formations, at least half of the reserved oil
still leaves behind after extensive waterflooding due to the unfavorable mobility ratio between
water and oil. Once a preferential flow path is formed between injector and producer, the
subsequently injected water would flow straight to the production well bypassing the oil
bearing zones, which ultimately causes a low sweep efficiency and oil recovery. In order to
cover the bypassed oil zones, polymer is usually used to thicken the injection water and makes
the mobility of water and oil comparable. Through polymer flooding, the poor mobility ratio
encountered in conventional waterflooding is corrected, and consequently the volumetric
sweep efficiency of the water-flooded reservoirs can be significantly improved. Among all the
EOR methods, polymer flooding is considered as one of the most promising technologies
because of its technical and commercial feasibility. The worldwide interests in polymer
flooding applications were further stimulated recently by the exciting field reports from the
scaled use in Daqing oilfield in China, with incremental oil productions of up to 300,000 barrels
per day [5].
The overall oil recovery efficiency in oil production processes is generally governed by two
sub efficiencies, i.e., macroscopic and microscopic recovery efficiency. The macroscopic
recovery efficiency refers to the volume that the flooding agents are able to sweep; while
microscopic recovery efficiency is a measure of the effectiveness of the displacing fluid(s) in
mobilizing the oil trapped at pore scale by capillary forces. In other words, any mechanism
that can improve either macroscale or microscale oil recovery efficiency is beneficial for
increasing oil production [6].
The mechanisms of polymer flooding have been pursued since it incepted [7]. The wellestablished relationship between capillary number and oil recovery indicates that a substantial
increase in oil recovery at the pore level (microscale) can be obtained only when the capillary
number is increased by several thousand times. However, for polymer flooding, the capillary
number is normally increased less than 100 times [8, 9]. Therefore, it was previously suggested
that polymer flooding can only improve the volumetric sweep efficiency without any effect
on the microscopic displacement efficiency [10]. However, in Daqing oilfield, China, the oil
recovery factor using polymer flooding was increased by up to 13% OOIP, and this value
seemed unachieved only relying on sweep efficiency improvement. This fact made researchers
to revisit the oil recovery mechanisms occurred in polymer flooding. After almost 15 years'
efforts, it was demonstrated that the incremental oil recovery by polymer flooding could also
be explained by the simultaneous increased microscopic displacement efficiency due to the
distinctive flow characteristic of polymer solutions.
Regarding EOR polymers, hydrolyzed polyacrylamides (HPAMs) are still the most widely
used polymer to date in oilfields because of their availability in large quantity with customized
properties (molecular weight, hydrolysis degree, etc.) and low manufacturing cost [11, 12].
However, it is known that polyacrylamides are very susceptible to chemical, mechanical,
thermal, and microbial degradation, and this issue might affect its acceptance in type II and
type III reservoirs having high temperature and salinity. As alternatives to HPAM, many novel
polymers with tough properties have been proposed in the past several years, such as
hydrophobically modified polymers and biopolymers [13].
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Therefore, this chapter first summarizes all the oil recovery mechanisms involved in polymer
flooding related to the sweep efficiency and displacement efficiency in order to assist people
rapidly understand this popular and emerging EOR technique. Further, EOR polymers from
chemical structure to physical properties are discussed. In the end, field experience and
learning of polymer flooding in China are presented.

2. Oil recovery mechanisms of polymer flooding
2.1. Macroscopic sweep efficiency improvement
2.1.1. Mobility control
The primary objective of polymer flooding is to control the mobility of the aqueous phase.
Mobility is defined as the ratio of the relative permeability to the displacing phase divided by
the viscosity of the displacing phase. The dissolution of polymer to water reduces its mobility
by thickening the aqueous phase and significantly diminishes the formation of viscous
fingerings and/or channels [10, 14, 15]. Therefore, polymer flooding is very effective in
improving the volumetric sweep efficiency.
Mobility ratio (M) is the key parameter to quantify the mobility contrast between aqueous
phase and oil phase. The mobility ratio for waterflooding is given by the following expression
(Eq. 1) [14]:
krw
m w krw mo
l
=
M= w =
lo kro
kro m w
mo

(1)

where λ is the fluid mobility, kr is the relative permeability, and λ is the fluid viscosity; the
subscripts w and o denote water phase and oil phase, respectively.
The conventional concept of mobility ratio (M) distinguishes “favorable” mobility conditions
when M ≤ 1 and “unfavorable” mobility conditions when M >1 [16, 17]. From this point, it can
be easily understood that polymer flooding enables the correct mobility ratio (M) to a favorable
level by increasing the viscosity of water (μw).
2.1.2. Disproportionate permeability reduction (DPR)
In addition to viscosity increase, another mechanism, DPR, can also facilitate polymer flooding
to improve the macroscopic sweep efficiency. Disproportionate permeability reduction means
polymer considerably reduces the water relative permeability (krw) while producing minimum
reduction in the oil relative permeability [18–20].
The reasons causing DPR in polymer flooding include: 1) Segregation of flow pathways (water
and oil); 2) Shrinking/swelling of polymer; 3) Layer formation on pore wall by adsorbed
polymer; and 4) Wettability alteration [21–25]. However, it was believed that polymer

3

4

Viscoelastic and Viscoplastic Materials

adsorption and segregation of flow pathways were the dominant mechanisms compared to
other two mechanisms [26–29].
2.1.3. Flow resistance induced by polymer elasticity
Flow resistance is the third mechanism that can improve volumetric or macroscopic sweep
efficiency during polymer flooding. The effect of viscoelastic fluid on the formation of an
“internal cake” (frictional pressure drop) was reported by Dehghanpour and Kuru [30]. They
observed that polymer solution with higher elasticity yielded significantly higher pressure
drop during flow through porous media. A similar trend was obtained by Urbissinova et al.
[31], who evaluated the contribution of polymer’s elasticity in EOR. Likewise, they observed
that the polymer solution having higher elasticity corresponds to higher flow resistance to flow
through porous media than the polymer with lower elasticity, even though their shear
viscosities were identical, which in turn improved the macroscopic sweep efficiency and oil
recovery (Figure 1) [32, 33]. This mechanism may also improve the microscopic displacement
efficiency by displacing residual oil immobilized by capillary forces and rock configuration [8].
Furthermore, the elasticity can also maintain the stability of the propagating front and
minimize fingers as shown in Figure 2 [34].

Figure 1. The effect of polymer elasticity on oil recovery (similar viscosity). (Source: [33])

Figure 2. Propagating front of polymer solution. (Source: [34]) (Elasticity: HPAM-4>HPAM-3>HPAM-2>HPAM-1)
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2.2. Microscopic displacement efficiency improvement
In the last decade, it has been confirmed that polymer flooding can increase the microscopic
displacement efficiency by mobilizing and displacing residual oil saturation (trapped by
capillary forces). This phenomenon was attributed to the elasticity of the polymer solutions.
Wang et al. [8] first studied this subject by evaluating the effectiveness of polymer flooding in
displacing “residual oil” after waterflooding under different conditions as follows. (1) Residual
oil in “dead ends”; (2) Residual oil films on rock; (3) Residual oil in pore throats trapped by
capillary forces; (4) Residual oil un-swept in microscale heterogeneous portions of the porous
media (Figure 3). In all cases, it was observed that residual oil was further reduced after
polymer flooding. The proposed mechanisms improving the microscopic displacement
efficiency during polymer flooding include pulling effect, stripping effect, oil thread, and shear
thickening effect, which are discussed in the subsequent paragraphs.

Figure 3. Simplified models of residual oil distribution after waterflooding. (Source: [35])

2.2.1. Pulling effect
It was found that if an elastic fluid flows over dead ends, normal stresses between oil and
polymer solution are generated in addition to the shear stresses resulting from the long
molecular chains [36, 37]. Therefore, polymer molecules impose a larger force on oil droplets
and thus pull them out of dead ends. The amount of residual oil pulled out from dead ends
seems proportional to the elasticity of the driving fluid (Figure 4). The viscoelastic polymer
pushes the fluid ahead and pulls the fluids beside and behind, while the nonelastic fluids
(water and glycerin) as shown in Figure 4 are also capable of pushing the fluids ahead but
cannot “pull” out oil from the dead end.

Figure 4. Residual oil in the dead ends after a: water; b: glycerin (without elasticity); c: HPAM flooding (source: [5])
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This effect has been further investigated through numerical simulation of polymer flooding
over dead ends [38, 39]. A simplified physical model with dead end geometry was used (Figure
5). A modified upper-convected Maxwell (MUCM) model which considered viscosity,
elasticity, and also non-Newtonian power lower behaviors of polymer solution was establish‐
ed. Using this model, the contours of velocity and stream function can be drawn and the
microscopic efficiency quantified (Figure 6).

Figure 5. Micropore with dead end model. (Source: [38])

Figure 6. An example of the stress contour determined by the MUCM model. (Source: [38])

2.2.2. Stripping effect
For oil-wet porous media, residual oil is attached on the rock surface in the form of a continuous
oil film (Figure 3(2)). Wang et al. [8, 36] compared the velocity profile of a Newtonian and a
non-Newtonian fluid in a capillary and observed that the velocity gradient near the capillary
wall for the elastic fluid is noticeably higher than that for the Newtonian fluid (Figure 7).
Therefore, a stronger force is produced during flow of polymer solutions compared to water,
which thus facilitates stripping the oil films off rock surface and eventually promotes the
microscopic displacement efficiency [39–42]. The alteration in wettability from oil-wet to more
water-wet due to the stripping effect would also increase oil recovery.

Advances in Polymer Flooding
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Figure 7. Velocity profiles of water and an HPAM solution in a capillary. (Source: [36])

2.2.3. Oil thread
The third possible mechanism related to the elastic property of polymers is oil thread. Oil is
pulled out by polymers into oil columns and then forms oil threads as they aggregate with the
residual oil downstream [5, 43]. However, due to the high interfacial tension between oil and
polymer solution, the long oil column would be destabilized and broken into oil droplets, the
oil droplets will be probably re-entrapped by capillary forces [44]. Elastic polymer solutions
are able to stabilize oil threads as a result of the normal stress. It is believed that the normal
force bearing on the convex surface of oil thread is larger than the normal force bearing on the
concave surface. The essential consequence of this effect is to stabilize oil threads and prevent
them from deforming, which therefore improves the displacement efficiency [41]. Further‐
more, this force increases with the Deborah number (NDeh), which is a dimensionless number
commonly employed to describe the elasticity of polymer solutions in porous media (Figure 8).

Figure 8. Illustration of the oil thread mechanism. (Source: [43])

2.3.4. Shear thickening
The flow behavior of polymers as a function of shear rate (flow velocity gradient) in porous
media can be generally divided into three regions: Newtonian, shear thinning, and shear
thickening as shown in Figure 9. When polymer molecules flow through a series of pore bodies
and pore throats, the flow field experiences elongation and contraction. Shear thickening
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phenomenon would occur when the flow velocity is so high that the polymer molecules do
not have sufficient relaxation time to re-coil to adapt the flow geometry. The stretched polymer
chains result in a high apparent viscosity (shear thickening). This effect can help the driving
fluid to rapidly displace the mobile but hard-to-displace oil or to displace the bypassed oil in
small-scale heterogeneities more effectively [45]. Therefore, the shear thickening effect is
considered as one of the possible mechanisms for microscopic displacement efficiency
improvement in polymer flooding [46]. Moreover, the high apparent viscosity is also beneficial
for promoting the macroscopic sweep efficiency [47].

Figure 9. Flow behavior of viscoelastic fluid. (Source: [48])

3. EOR polymers
3.1. Synthetic Polymers
HPAM, partially hydrolyzed polyacrylamide, is by far the most used polymer in EOR
application, which is a copolymer of PAM and PAA obtained by partial hydrolysis of PAM or
copolymerization of sodium acrylate and acrylamide [49]. The chemical structure of HPAM is
shown in Figure 10. For most cases, the degree of hydrolysis of the acrylamide monomers
ranges from 25 to 35%. The fact that the monomeric units have to be hydrolyzed is probably
related to the formation of the corresponding salt. The negative charges loaded onto polymer
backbone due to the hydrolysis are responsible for prominent stretching (electric repulsion)
of polymer chains, which results in viscosity increase. On the other hand, the degree of
hydrolysis cannot be too high, otherwise, HPAM becomes too sensitive to salinity and
hardness of brine (shielding effect) [50].

Figure 10. Chemical structure of HPAM.
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However, given the harsh conditions present in most of oil reservoirs, problems and limitation
arise with the use of conventional HPAM because of the significant chemical and mechanical
degradation. Therefore, other tolerant polymers such as hydrophobically associating polymers
and biopolymers have been proposed in the market [51].
The design of hydrophobically associating polymers is based on the concept of association
between hydrophobic groups that are incorporated in the backbone of the polymers. These
hydrophobic groups could be randomly or block-like distributed, and coupled at one or both
ends. When the polymer is dissolved in water, the hydrophobic groups associate forming
micro-domains, which leads to increase in the hydrodynamic volume and accordingly yields
an improved thickening capacity [52]. Figure 11 shows the structure of a typical hydrophob‐
ically associating polymer.

Figure 11. Structure of a hydrophobically associating polymer. (Source: [48])

Recently, Zaitoun et al. reported a new class of novel EOR polymers, which contain nVP (nVinyl-Pyrrolidone) and ATBS (Acrylamido tert-Butyl Sulfonate). The presence of nVP can
enhance the thermal stability of polymers, while the function of ATBS is to improve both
thermal stability and salinity tolerance. Figure 12 shows the chemical structure of nVP and
ATBS as well as the commercial names of the polymers.

Figure 12. Chemical composition of the polymers. (Source: [53])
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KYPAM is a commercial EOR polymer, which is produced by Beijing Hengju, China and is
being widely used in many oilfields such as Daqing and Shengli, etc. It is a typical salinitytolerant EOR polymer, which is functioned by different types of groups. The basic structure
of KYPAM is shown in Figure 13.

Figure 13. Structure of KYPAM. (Source: [54])

where R1, R2,and R3 could be either H or alkyl. A represents an ionic functional group that is
tolerant to Ca2+ and/or Mg2+. The elasticity of KYPAM is controlled by R1, R2, and R3, and R4
determines the salinity tolerance of KYPAM.
KYPAM has been successfully used in China; a good example is Lamadian Field, Daqing. In
2001, the northwestern block of Lamadian field carried out a field test using KYPAM. Polymer
solution which was prepared with produced water was injected in May 2001. Figure 14
illustrates the average water cut change during KYPAM test and HPAM test in a neighbor
block. It should be emphasized that the HPAM solution was prepared with fresh water. It was
observed that the average water cut was reduced by 15% by KYPAM compared to conventional
HPAM [55].

Figure 14. Effect of HPAM and KYPAM on water cut. (Source: [55])

3.2. Biopolymers
In addition to the synthetic polymers, another kind of polymer frequently used is biopolymer,
such as xanthan gum. Xanthan gum is a polymersaccharide which is produced by fermentation
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of glucose or fructose by different bacteria. The chemical structure of xanthan gum as shown
in Figure 15 illustrates the presence of two glucose units, two mannose units, and one
glucuronic acid unit with a molar ratio of 2.8-2-2 [56]. X-ray diffraction studies proved that
xanthan backbone has a helical structure where the side chains fold down along the helix. The
average molecular weight of xanthan gum used in EOR processes is from 1–15 million.

Figure 15. Chemical structure of xanthan gum. (Source: [57])

Due to its unique structure, xanthan gum is quite resistant to mechanical shear and salinity.
The chemical and physical properties of xanthan gum related to EOR use have been system‐
atically investigated in our previous reports [58–61]. It was demonstrated that xanthan gum
experienced less viscosity loss when exposed to harsh reservoir conditions compared with
HPAM and hydrophobic polymers. Therefore, a piston-like flow pattern was established
during xanthan gum propagation in porous media.
A successful pilot test using xanthan gum was conducted in the 7th block in Shengli oilfield,
China (65°C, 5500TDS). The injection of xanthan gum solution was launched after the
waterflooding was exhausted. Totally, 0.356PV polymer solution with a concentration of
480PV⋅mg/L was injected into the target formation (Ng55); the whole process took about
825days. The results indicated that a reduction in water cut from 97 to 92% was observed [13].
Hydroxyethycellulose (HEC) is another biopolymer that has been implemented in oilfields.
HEC was produced from insoluble cellulose by chemical modification. Unlike xanthan gum,
HEC is a synthetically produced biopolymer and thus does not contain cellular debris, which
has been implicated as a cause of formation plugging. As a result of the nonionic feature and
rigid backbone, HEC is able to withstand high salt concentration, temperature, and mechanical
shear.
HEC is particularly suitable for polymer flooding low temperature but high salinity formations
resulting from its tolerance to high salinities, where HPAM and even hydrophobic polymers
are discarded due to precipitation. In 1992, a joint field trial of Total and Tatneft was performed
in the Romashkino field, Tatarstan. The temperature of this reservoir was 38°C with a salinity
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of 250g/L. According to the report, the production of 1 million tons of incremental oil was
produced due to the injection of 350 tons of HEC [62].
Other potential EOR biopolymers are scleroglucan, simusan, AGBP, welan gum, and so on.
However, it seems that these biopolymers have not been implemented in oilfields so far.

4. Experience of polymer flooding and learning in china
Unquestionably, Daqing Oilfield is the most successful example in polymer flooding technol‐
ogy in China and even in the world. Laboratory research investigating the potential of polymer
flooding was started in the 1960s. After a few pilot tests, the largest polymer flooding was
implemented at Daqing from 2006, which has contributed 22.3% of the total oil production by
2007. At the end of 2007, oil production dedicated by polymer flooding was more than 10
million tons per year [12]. Based on these successful experiences, the use of polymer flooding
in the Dagang, Shengli, Karamay oilfields, etc., is being considered or has already been proved.
According to the observations of the response, polymer flooding process can be divided into
five stages as shown in Figure 16 [63].
1.

Initial stage. Polymer solution is injected into formations and injection pressure increases,
but water cut does not start to decrease yet.

2.

Water cut decreasing stage. Injection pressure keeps increasing and the water cut decrease
can be seen.

3.

Stable stage. Water cut and production are relatively stable.

4.

Water cut increasing stage. After a stable period, the water cut starts to rapidly increase.
The produced polymer concentration is quite high.

5.

Post-water drive stage. A water drive is followed up.

Figure 16. Water cut change during polymer flooding. (Source: [12])
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Many key indices including water cut, fluid production capability, injection capability, and
injection profile change at different stages of polymer flooding. The most definitive index is
water cut, which is increased at the initial stage and also the last stage. Water cut starts to drop
at the second stage, which is a response to polymer injection.
After more than 20 years of pilot testing and large-scale commercial applications in polymer
flooding in China, a wealth of experience and learning has been accumulated as follows.
4.1. Well pattern design
When designing a polymer flooding project, a number of guidelines should be followed.
Designs should accommodate the variations in geological properties for different parts of the
field. To optimize the well pattern, the parameters of connectivity factor, permeability ratio,
and well spacing should be counted [63].
Connectivity factor is defined as the pore volume accessed by polymer solution divided by
the total PV of the oil zone. It was proved that the incremental oil recovery by polymer flooding
markedly decreased when this factor is lower than 70%. Therefore, well pattern and polymer
molecular weight must be well considered to make this value greater than 70%.
The effect of well pattern on the incremental oil recovery by polymer flooding was compared
based on numerical simulations. The results indicated that the magnitudes of incremental oil
recovery are very close for the well patterns of line-drive, staggered drive, 4-spot, 5-spot, and
9-spot. However, 5-spot pattern seems attractive for polymer flooding owing to the proper
injection pressure and connectivity.
Regarding well spacing, at Daqing, for the oil zones having permeability higher than 400md,
net pay thicker than 5m , and Vk greater than 0.65, the well spacing is designed from 200–250
m. However, for the oil zones having lower permeability (>200md), net pay ranging from 1–
5m, and Vk less than 0.65, 150–175 m is an reasonable spacing. The prerequisite of any well
spacing is to ensure connectivity higher than 70%.
4.2. Polymer injection design
Before a polymer flooding operation, three parameters that are closely related to economic and
technical feasibility must be considered. These parameters include polymer molecular weight,
polymer concentration, and polymer volume.
The efficiency and the economics of polymer flooding are somehow governed by polymer
molecular weight. The selection of the molecular weight is strongly dependent on two factors.
High-molecular-weight polymer is normally preferential to minimize the cost from the
economic point of view. However, on the other hand, the molecular weight must be small
enough to allow polymer to enter and propagate through the porous media. Therefore, for a
given rock permeability and pore size, the maximum molecular weight is almost definitized.
The ratio of pore throat radius to the root mean square radius of gyration of the polymer must
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be greater than 5 to eliminate any plugging problem [64]. Figure 17 plots the maximum
molecular weight versus rock permeability.

Figure 17. Allowed polymer molecular weight vs permeability. (Source: [65])

The effectiveness of polymer flooding with higher concentration has been technically verified
at Daqing. By using higher concentration polymer slugs, the in-depth vertical sweep can be
improved in the early stage of polymer flooding. Furthermore, the increased water cut at the
third stage of polymer flooding can be significantly mitigated. They found that the waterintake profile became more uniform after injecting 2200 to 2500mg/L polymer solution [66].
This technological trend was also studied in our previous work for heavy oil recovery [59].
According to more than 200 reports of polymer flooding, the average amount of injected
polymer solution was from 19 to 150 lb/acre-ft, which is equivalent to 23.3 to 184.2 mg/L⋅PV
if the porosity is 30%. At Daqing, the injected amount of polymer solution usually ranged from
180 to 380 mg/L⋅PV. However, much larger amounts of polymer solution have been attempted,
the largest amount being 771 mg/L⋅PV, which therefore resulted in a higher incremental oil
recovery and improved economics [12].
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Abstract
To assess the quality of food grains, it is necessary to consider the following two aspects:
their general characteristics and their intrinsic quality. Analyzing the quality of wheat
kernels is complex due to the particularity of wheat proteins and the diversity of
products that can be developed. In contrast, basic factors are used to assess quality
aspects, with a focus on kernel hardness. This parameter is usually measured by the
force that is required to make the grain rupture. The application of force must be
controlled, and hence, the grain will exhibit other mechanical attributes and behavio‐
ral characteristics that can be used to evaluate it more objectively. This has led to the
development of nondestructive evaluation methods based on the mechanical proper‐
ties of kernels. This review carried out research on grain wheat, in which the main
objective was to evaluate mechanical properties, including the viscoelasticity of the
wheat kernels, by using compression tests. The study examined different methods of
applying those techniques and the parameters they evaluated. Finally, the results
obtained by the different investigation groups that applied the compression tests on
wheat kernels were discussed.
Keywords: wheat kernels, mechanical properties, viscoelasticity, compression, hard‐
ness
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1. Introduction
Wheat is one of the cereals with the highest production worldwide, occupying the second
place after rice, with an annual production of 600 million tons per year, almost 70% of which
is used by the food industry [1–3]. Triticum aestivum (genetically hexaploid) is distinguished
from other species in commercial terms and includes two grain categories, that is, soft and
hard, that are both destined for the production of flours used in the preparation of bakery
products. In contrast, Triticum durum (genetically tetraploid) is used to obtain semolina to
produce pastas [4].
The commercial value of wheat is characterized by its unique property to form dough. This
attribute basically depends on the structure and interaction between the storage proteins of
the grain and the gluten fraction, which gives this grain an advantage over other cereals [2].
The industrial quality of wheat is evaluated mainly by the physical, chemical and rheological
parameters related to its milling and bakery properties [5].
The latter conducted several investigations that focused on developing methods and evalua‐
tion techniques to increase the efficiency of the selection, processing, merchandising and end
use of grains [6]. The study of the mechanical properties of wheat grains offers acceptable
quality criteria during the milling process, specifically the conditioning parameters, the
optimization of energy consumption and the quality of the produced flour.
The mechanical properties as “those related with the behavior of the material under the
application of forces” [7], which are linked to the structure, physical state and rheological
properties of solid and semisolid materials, which are, in turn, also related to the stress and
strain parameters [8, 9]. The study of the mechanical properties of biological materials is
complicated and is more complex when these properties are determined in kernels that have
small dimensions or elaborate geometric shapes [10], materials that possess a heterogenic
nature or those that exhibit viscoelastic behavior [11].
The evaluation of mechanical properties is carried out by using uniaxial compression tests,
which require a deformation of the material that may or may not be permanent. Specifically
for wheat kernels, the most important properties are the fracture strength and hardness, and
both parameters are highly correlated with yield calculations and milling efficiency [12]. By
applying tests to evaluate the fundamental mechanical properties of a material, it is possible
to clarify more detailed aspects about the material that are not necessarily dependent on the
sample geometry, loading conditions, or equipment used during the evaluation [13].
The aim of this chapter is to review the studies that have evaluated the advantages and
disadvantages of the mechanical properties of intact wheat kernels by using compression tests
and their relations to some aspects of quality.

2. Mechanical properties and compression tests on grains
The analyses performed on intact kernels represent a nondestructive, rapid, objective and
complementary evaluation alternative to other methods. This method generates interesting
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information about the original state of raw materials and the possible functionality of the
product [14]. The compression tests contribute substantially to the determination of the
mechanical properties and other control aspects of the quality of the kernels, for example in
grain flow systems. It is important to determine the material mechanical properties as well as
the strain on individual kernels [15, 16].
The study of the stress-strain behavior in grains in their natural state is an interesting approach
that provides measurements and objective data and could be used to improve specific
processes applied to kernels [17]. However, when a kernel is cut or dissected, its structure and
mechanical behavior are modified, particularly when the grain is small. To obtain reliable data,
the mechanical properties of biomaterials must be evaluated by using intact kernels [11].
The determination of mechanical properties by compression tests comes from the information
provided by a force-strain curve. Some concepts, such as the elastic limit, inflection point, yield
point, rupture, apparent elasticity modulus, force and maximum resistance, can be realized
from the curve. Those concepts are based on the application of quasi-static loads instead of
impact loads [13, 18, 19]. Hooke’s law does not apply during the compression of agricultural
materials because these materials’ properties are greatly affected by other factors, such as the
moisture content and temperature [20].
The stress-strain response of grains to compression is determined by the following two aspects:
(a) the shape and type of the applied compression (space between surfaces, velocity, sample
orientation, among others) and (b) botanical differences in the kernel layers at the compression
momentum [21]. The type of equipment, specific conditions of sample preparation, sample
geometry and the test velocity must be considered during compression assays [19, 22].
The compression tests are commonly performed at a constant velocity or constant strain. The
latter implies that strain increases due to the progressive reduction in the longitude (length),
which means that if a fracture is present in the material, the stress-strain curve will show a
tendency to decline, despite the deformation and the effect of the increase in velocity. On the
contrary, if a contact mechanism dominates, the curve will shows an increase on the slope
under a higher velocity, implying an increase in strain [23].
The mechanical behavior of kernels under load compression is time dependent, which means
that their characterization should consider the principles of the viscoelastic theory. Viscoelastic
materials exhibit the stress-relaxation phenomenon, mainly when sufficiently small stresses
are applied. This behavior may be represented by the Maxwell’s generalized model [7, 11, 18,
24], which is the Debora’s number, a key of the dimensional groups [25].
The most efficient way to evaluate the stress-relaxation phenomenon was through the
application of constant deformation (commonly by compression) and measuring the stress as
a function of time. The tests at a constant deformation velocity allowed the simultaneous
determination of the losses of the relaxation properties [26]. Starting from this point, Khazaei
and Mann [27] established that the relaxation time determines how the material dissipates the
stress after a rapid and sudden deformation was applied such that the result of the relaxation
test could be useful in estimating the susceptibility of materials to damage. The evaluation of
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mechanical properties in grains is particularly difficult because these parameters may be
seriously affected by the percentage of strain, temperature and moisture content [6].

3. Mechanical properties on intact kernel
3.1. Hardness
Hardness has been considered the principal quality parameter of wheat kernels. Hardness
delimits the nature of the product that will be elaborated [28]; however, other mechanical
properties are essential to design the equipment used in postharvest and processing operations
[3]. Marzec et al. [29] defined hardness as the mechanical resistance of the caryopsides to be
modified in their nature or as a property that is determined by the measure of their behavior
during focal deformation. Grain hardness is governed by genetic factors, and the locus
hardness (Ha) is located on the short arm of the 5D chromosome, which allows the association
of this grain’s characteristics and environmental conditions during plant growth [30–32].
Soft, hard and durum wheat are genetically considered qualitative classes, depending on the
presence and nature of puroindolin [4]. In contrast, Gazza et al. [33] reported that hereditary
factors and mechanical properties are related, though there were no correlations between grain
hardness and the puroindolin levels in soft and hard wheat. Osborne et al. [34] noted that the
hardness of soft wheat is related to the fracture along the interphase starch/protein, whereas
in hard wheat, adhesion on the interphase starch/protein is higher and is located at the cell
limits.
The endosperm is the largest component of grains (>80% of weight) and is 63–72% composed
of starch granules [4]. Other studies [35–37] consider that the grain hardness is determined
mainly by the degree of adhesion between the starch granules and the protein matrix, whereas
the endosperm density is affected by the fracture force [38].
During wheat milling, the main parameter that influences the process quality is the difference
between the mechanical properties of bran and endosperm; thus, after the bran is removed,
less energy is required to continue the milling [39]. Both, the endosperm and bran affect grain
hardness [40]. In addition to the properties of intact wheat kernel properties, physical prop‐
erties of endosperm are associated to the way of how the kernels breaks [37, 41].
Hardness is the factor that mostly affected the mechanical behavior of grains. However, there
is no universally accepted definition of hardness. Some authors describe it as an individual
mechanical property of a single kernel or some endosperm fragments, but it is also known as
the resistance to strain or breaking. The concepts and terms used to define hardness are very
extensive, as are the methods used to measure the hardness, and it is thus difficult to evaluate
[1]. There is little information about the hardness of wheat kernel and its relation to other
fundamental mechanical properties [15].
Since the early 1900s, studies have focused on evaluating the hardness of wheat grain. Lai et
al. [42] cited Robert, who in 1910, designed equipment to quantitatively measure the fracture
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force of individual kernels to detect differences among hardness levels. Later, researchers
developed automated equipment (CASK-HaT) that was capable of measuring the stress-strain
relation between compression and the fracture force of intact kernels, thus creating the ability
to distinguish between mixes of soft and hard wheat with high reliability.
Pomeranz et al. [43] developed a semiautomatic feeder instrument to measure hardness
characteristics that considered the moisture content and grain size. Individual kernels were
compressed between two flat surfaces, which allowed the evaluation to differentiate the degree
of hardness of soft and hard wheat mixes. Nevertheless, the authors concluded that the
measurements and results were strongly affected by the heterogeneity among grains (size
differences and moisture content). Over time, there have been multiple equipment designs for
evaluating grain hardness by applying compression loads or methods supported by cutting
and puncture tests [14, 44, 45].
3.2. Elastic modulus
In addition to hardness, the elastic modulus, or Young’s modulus, is considered an interesting
mechanical property due to its viscoelastic nature. Shelef and Mohsenin [46] performed an
experiment in which four uniaxial compression methods were evaluated in the determination
of the elastic modulus on individual wheat kernels. The results concluded that the data
obtained were dependent on the method that was used. Moreover, the moisture content and
kernel size significantly affected those measurements.
Afkari and Minaei [15] applied a quasi-static load (at a constant velocity) on soft and hard
intact wheat kernels at two moisture content levels. The values of the apparent elastic moduli
were higher in hard wheat varieties with a low moisture content. In the same way, from the
data obtained from the stress-strain curves, it was possible to differentiate between wheat
varieties, and the effects of the geometry and shape of the kernels were detected. Elbatawi and
Arafa [28] performed a test of inflection on three points, and the force distribution on the
rupture of wheat kernels was determined. It was also found that forces were significantly
related not to the width and height of kernels but to their thickness. The values of the apparent
elastic moduli, inflection force and fracture force increased as the moisture content decreased.
Khodabakhshian and Emadi [17] described the importance of evaluating the elastic modulus
by using intact kernels. They considered that this parameter allowed the measurement of
firmness (a texture attribute) and that it is possible to determine the fracture stress by using
the elasticity theory. The indentation as an alternative method to compression with parallel
plates to assess Young’s modulus. They established that when a load was applied and released
at the same velocity, it was possible to evaluate the viscoelasticity (elastic and plastic work) of
materials [47].
3.3. Viscoelasticity
Ponce-García et al. [6] proposed and validated an innovative method of using the compression
load to evaluate the viscoelastic properties by using intact soft, hard and durum wheat kernels
at different moisture levels. The viscoelastic behavior of the wheat kernels was calculated using
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compression experiments. The total work of compression was determined from the loading/
unloading curve (Figure 1), represented by the Maxwell’s generalized model. The area under
the loading curve gives the total work done (Wt) by the loading device during compression.
The reversible elastic contribution (We) of the total work can be deduced from the area under
the unloading curve, and the energy absorbed by plastic deformation (Wp) alone is the
difference between the two (Wp = Wt – We). The results showed that the yield point presented
a similar fracture force in all samples, independent of the wheat class and moisture level,
whereas the tendency of the force-deformation curves allowed the determination that hard
wheat kernels showed a higher plastic work than durum wheat and thus had a higher elastic
behavior.

Figure 1. Compression cycle schematic. Abbreviations: Fmax, maximum load; Wp, plastic work dissipated; We, elastic
work performed during unloading; and Wt, total work. In Maxwell’s generalized model, piston and spring represents
dissipated and elastic work, respectively.

Using the latter method, Ponce-García et al. [48] evaluated the viscoelastic behavior of
individual wheat kernels at two different moisture content levels through the uniaxial
compression test under small strain (3%) to create experimental conditions that allowed the
use of the elasticity theory to explain the viscoelasticity of wheat kernels. The results showed
that this method could be a useful tool to distinguish among wheat classes, cultivars, and
different moisture levels in the kernels.
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The viscoelastic behavior of wheat that genotypically differs in the composition of their high
molecular glutenins subunits (HMW-GS) was evaluated [49]. Those authors performed
uniaxial compression tests and electrophoresis on polyacrylamide gels in presence of dodecyl
sodium sulfate (SDS-PAGE) and reported an association among the viscoelastic properties of
grains, the HMW-GS composition, and the viscoelastic parameters of gluten. The general
tendency was that greater size and elastic work of the kernel corresponded to the best
rheological quality of dough.
We are continuously looking to establish relations among protein composition, viscoelastic
properties of dough, and bakery quality. In that sense, Figueroa et al. [50] conducted uniaxial
compression and stress-relaxation tests on intact wheat kernels. The force-deformation curves
showed at least two inflection points: the first was related to the mechanical properties of bran
layers, and the second was related to the closer limit to the aleurone layer. It was concluded
that bran layers showed a higher degree of elasticity than did those inside the endosperm.
The mechanical properties of wheat bran were significantly correlated with the elastic behavior
of intact kernels and are related to the sedimentation volume, allelic composition of glutenin
subunits, and elastic work. In the same manner, there was a directly proportional relation
between the elastic modulus and kernel size. In general, kernels of hard wheat showed higher
elasticity and better quality than soft wheat did [51–53].
3.4. Resistance to fracture
Several investigations have described the behavior of grains as a function of their resistance
to fracture. Because of this description, the evaluation of mechanical properties of wheat
kernels is strongly related to the milling processes.
Milling is a unitary operation that reduces the average volume of solid particles by dividing
and/or fractioning a solid sample. The applied force depends on the magnitude, direction and
velocity and allows the particles to absorb the force as a form of tension, which produces a
deformation in their structure [54]. Nevertheless, when a limit is exceeded, the material is
fractured, thereby provoking new surfaces. The amount of energy necessary for milling is a
function of the initial and final size, the applied force and the characteristics of the raw material.
Other factors that limit the reduction in size should be considered, such as the moisture and
lipid contents and the sample geometry.
Gorji et al. [3] measured the resistance to fracture in terms of force and energy. The load
application was carried out by placing the conditioned (tempered) grains at three moisture
levels in vertical and horizontal positions and evaluating the grains at two load speeds. The
force required to initiate the kernel fracture decreased when the moisture content increased.
It was also established that grains in horizontal positions were more elastic and that the
mechanical maximum force was associated with low moisture contents and lower test speeds.
In a similar study, Kalkan and Kara [55] determined the effect of the moisture content on
individual wheat kernels submitted to quasi-static compression loads in two directions: (X-X)
and (Y-Y). The force of rupture values in grains decreased with the increase in the moisture
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levels and was higher for the X-X orientation. In general, the strain of grains obtained by the
rupture values showed irregular variations, independent of the moisture content.
Marzec et al. [29] developed a method that uses mechanical tests of uniaxial compression and
acoustic emission to determine the quality parameters for wheat grains. The mechanical assays
showed the prevalence of significant differences in almost all mechanical properties. The
standard deviation was sufficiently wide to reveal the heterogeneity of the biological material,
which is caused by the interactions that occur inside the endosperm between protein compo‐
nents and starch granules.
Finally, it can be established that studies that have reported on applying compression loads to
intact wheat kernel make the measurement of mechanical properties possible, which have to
be considered in future works to improve the quality and development of nondestructive
methods in the evaluation of different agricultural products. It is worth noting that one of the
problems affecting destructive evaluations of grains is the dissection and cutting of the sample,
which make some evaluations impossible to perform. Non-destructive analyses on intact
wheat kernels diminish those drawbacks and are quick tests [35].

4. Conclusion
Stress, strain, elastic modulus, stress deformation, viscoelasticity, fracture resistance and
hardness are the principal mechanical properties evaluated in intact wheat kernels. Hardness
clearly dominates due to its close relation with other quality characteristics of the kernels.
The moisture content is the main factor that affects the mechanical properties of grains. In
general, the mechanical resistance and deformation capacity of wheat kernels decrease and
increase, respectively, when the moisture content is higher. The latter applies because the
energy absorption capacity is higher in moist grains than in dry grains, which incrementally
increase the mechanical resistance during compression loading.
The separation of rheological parameters during kernel evaluations, such as the elastic,
viscoelastic and viscous flow properties, allows the indirect measurement of wheat character‐
istics associated with the chemical composition (including nongluten components) and classes.
The evaluation of mechanical properties from applying compression loads on intact kernels
provides important and useful information that could be considered to optimize and improve
related aspects of postharvest and processing. The determination of mechanical properties
should not be considered a unique method of evaluation to establish grain quality. However,
it might be considered an alternative and helpful supplementary tool and complementary of
other analyses.
Wheat kernels manifest a time-dependent behavior similar to other viscoelastic materials.
Nevertheless, it is important to notice, at all possible times, the differences among the equip‐
ment, methods, moisture content and geometry of the grains during the development of tests.
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Finally, to take advantage of the major benefits of the potential of raw materials in their natural
state (intact kernel), the creation of a database that allows the evaluation of different wheat
classes and cultivars according to their specific mechanical properties is recommended.
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Abstract
Some basic concepts regarding the viscoelastic properties of polymers in solution phase,
highlighting the effects of the some experimental variables, such as system composi‐
tion, temperature or time, are reviewed. The main attention is given to experiments
involving shear deformation of polymer solutions, since it provides the most signifi‐
cant data concerning the optimal processing of final product. The response of poly‐
mers to a mechanical perturbation involves several types of molecular motions, which
are reflected in the microstructure changes. The elastic constants, which determine the
motion of macromolecules, become anisotropic in case of liquid-crystal polymer (LCP).
The state of art concerning the viscoelastic behavior of liquid crystal polymers in
composite systems is described. The main aspects that are discussed include the effects
on the viscoelasticity given by molecular orientation, system composition and
interactions. Finally, some particular cases are presented to illustrate the potential
applications of these principles to practical problems in the processing and use of the
described materials.
Keywords: viscoelasticity, liquid crystals, applications, polymers, solutions

1. Introduction
The development of new products for current technologies demands close investigation of the
properties variations in the presence of external forces. The mechanical performance arises
from the viscoelastic features of the material [1]. In other words, mechanical features are time
dependent, whereas perfectly elastic deformation and perfectly viscous flow are idealiza‐
tions that are approximately reached in some limited conditions. Viscoelastic materials
present, under mechanical stress, combined characteristics of these two behaviors, a “fading
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memory”, partial recovery, energy dissipation, etc. This type of dependence can be linear
(stress – strain dependence is a straight line with a single slope) or nonlinear (stress – strain
dependence presents many slopes) [2, 3].
Among the compounds with pronounced viscoelasticity, polymers are the most important in
rubber and plastic industries [4, 5]. Their viscoelastic properties influence not only the
mechanical reliability of the final products of these industries, but also the efficiency of
processing methods at intermediate stages of production. In most cases, the designer aims to
maintain the elastic deformations under a critical limit. The peculiar viscoelastic features of
polymers arise from the complex dynamics of flexible chains [6]. For instance, above the glass
transition temperature (Tg), the response of these materials to mechanical perturbation forces
entails several types of molecular motions. The large freedom in the spatial arrangement of
macromolecular compounds allows various types of motion according to the time and spatial
scales. At big scales, the polymer chains present unique dynamic features that are not found
in low-molecular-weight materials. These characteristics deal with motion in scales above the
monomer size and are similar for polymer chains of various structures. The movement of
macromolecules is reflected in various kinds of dynamic properties, including viscoelastic
(rheological), dielectric and diffusion ones [6].
On the other hand, the special response to the deformation of macromolecular compounds
arises from the fact that they have time- and temperature-dependent modulus, while for metals
and ceramics, this property can be assumed to be constant at room temperature. The phe‐
nomenological theory of linear viscoelasticity of polymers is semiquantitatively clarified from
the point of view of the effects induced by the molecular weight, temperature, concentration
and other parameters [7]. However, there are still some aspects that are not entirely under‐
stood, such as the impact of molecular weight distribution or crystalline character. While not
all polymers are viscoelastic to any important practical extent, the linear viscoelastic theory
gives an engineering approximation for many applications in polymer and composites
engineering. Even in cases that demand more elaborate approaches, the linear viscoelastic
theory is a useful starting point in optimizing the mechanical performance of products
containing liquid-crystal components that are used in certain devices. Particularly, liquidcrystal polymers (LCPs) present an interesting viscoleastic behavior [8, 9], which in combina‐
tion with other materials can lead to composite systems with enhanced properties as
demanded in modern applications [10–12].
This chapter describes the state of art in the field of LCPs in composite systems, highlighting
the importance of viscoelasticity in designing advanced materials for recent technologies.
Some fundamental notions, concerning the response given by these compounds under external
fields, are discussed. The main attention is focused on experiments involving shear deforma‐
tion of polymer solutions; generally, this is the state from which most materials are processed.
The changes in viscoelastic characteristics after reinforcement of LCPs are reviewed in regard
with some parameters, such as system composition, time or temperature. The practical
importance of composite systems with LCPs phase is analyzed in agreement with the current
demands on various industries.
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2. Fundamentals on viscoelasticity in shear experiments
2.1. Viscoelastic behavior of polymers
Viscoelastic response is often used as a probe in polymer science, since it is sensitive to the
material’s chemistry and microstructure [13]. The response of such compounds with a
viscoelastic component is complex and depends on several aspects of both experimental and
structural nature.
Regarding the experimental procedure, it is known that the strain can be directly proportional
to stress at any time and, in a similar manner, the stress at any particular moment in time is
directly proportional to the strain depending upon which of these are considered the stimulus
and corresponding response. This is generally noticed in the case of small stresses or strains.
However, nonlinearities appear in the viscoelastic behavior because at increased strains the
response does not range proportionally with applied field. Linear viscoelasticity can be
included in general theory of mechanics of materials, and thus, macromolecular structures
with viscoelastic components can be analyzed. In the dependence of modulus on normalized
temperature (T/Tg), five regimes of deformation are noticed, particularly for linear amorphous
compounds [14]:
• glassy regime with a large modulus (>3GPa);
• glass-transition domain in which the modulus drops from 3 GPa to 3 MPa;
• rubbery plateau with a low modulus around 3 MPa;
• viscous region when the polymer begins to flow;
• decomposition regime in which chemical breakdown occurs.
Concerning the structural aspects, one may notice that application of a stress to a polymer can
determine two different atomistic mechanisms of deformation [14]. The first one is related to
the distortion of the lengths and angles of the chemical bonds that move the atoms to new
positions of bigger internal energy. Such motions are small and require around 10−12 s. The
second mechanism arises from the degree of flexibility of the polymer chains that lead to largescale re-arrangements of atoms. Facile rotation of simple carbon bonds around the main chain
can induce changes in the conformation of the molecule. For structures with high mobility, the
polymer can extend itself along the applied stress, generating a reduction in conformational
entropy.
On the other hand, the rearrangement of the macromolecular chains after cessation of external
deformation force is reflected in different relaxation time scales. At the length scale of the
repeating unit, this repositioning of chains may be very fast, involving cooperativity in the
conformational transitions and even as the relaxation propagates along the backbones. This
implicates a growing number of segments as the time passes. At very long times,
disentanglements occur and the corresponding relaxation time is long and dependent on
molecular weight and molecular architecture of the system. The disentanglements strongly
influence the flow properties. Considering all these aspects, the molecular response of

37

38

Viscoelastic and Viscoplastic Materials

polymers to deformation is complex, exhibiting a wide distribution of relaxation times that
extend significantly in the time or frequency domain. The elastic character is mainly viewed
at short time or long frequency, while at long time or short frequency, the viscous feature is
prevalent.
To obtain information relevant to actual in-use conditions of viscoelastic polymer materials,
mechanical characterization is often performed. Mostly, polymers are processed from solution
phase or melt. The phenomena observed in such polymer systems as a result of viscoelastic
deformation are mainly examined by means of dynamical mechanical spectroscopy (DMS)
[15]. This is one fundamental rheological technique used to evaluate the viscoelastic properties
of complex fluids and to investigate their microstructure [16]. For polymers in these states, the
investigations are modified so as to enable observation of the time dependency of the material
response. Although many such “viscoelastic tensile tests” have been used, one mainly
encounters the following three tests:
• Creep: Such analyses allow measuring the time-dependent strain resulting from the appli‐
cation of a steady uniaxial stress. The test entails applying a constant shear stress onto a
sample and observing the resulting elastic deformation and/or viscous flow. If the material
has a linear behavior, stress-strain curve will be a straight line, with a slope that increases
as the chosen time is decreased. The test enables to determine the following aspects:
– a high-quality zero-shear viscosity value—by the sustained application of a shear stress
that is taken at the linear viscoelastic limit for the sample;
– the product behavior during long-term exposure to high level of stress that is still below
the yield strength of the material, for example in draining, sagging, sedimentation or
leveling cases;
Creep compliance is the ratio of strain to stress in the case of time-varying strain arising
from a constant stress. The dependence of creep compliance on time is described by various
domains (Figure 1a), namely
– Glassy: where the compliance is that of a glassy solid at short times, the latter variable
having no influence;
– Viscoelastic: observed at intermediate times, where compliance is time dependent;
– Rubbery and flow: occurring at very long times, where compliance is typical for a rubber
like solid and is independent of time;
• Stress relaxation: It consists of monitoring the time-dependent stress resulting from a steady
strain. When instantaneous strain is applied to an ideal elastic solid, finite and constant stress
will be obtained. For a linear viscoelastic solid, the instantaneous stress will be proportional
to imposed strain and will decrease with time. For amorphous linear polymers at high
temperatures, the stress may decay to zero, whereas in the absence of viscous flow, the stress
decays to a finite value. Stress relaxation modulus dependence on time presents various
regions (Figure 1b):
– Glassy: found at very short times and the relaxation modulus is independent of time;
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– Viscoelastic: placed at intermediate times, where relaxation modulus is time dependent;
– Rubbery and flow: noticed at very long times, relaxation modulus is similar to a rubber
like solid and is independent of time;
• Dynamic (sinusoidal) loading: Both previous tests are convenient for the investigation of
material response at long times (minutes to days), but less accurate at shorter times (seconds
and less). Dynamic tests consist in determining the stress (or strain) resulting from a
sinusoidal strain (or stress). This is more adequate for filling out the “short-time” range of
polymer response. Application of sinusoidally stress to viscoelastic polymers determines
the occurrence of a steady state. The recorded strain is also a sinusoidal signal with similar
angular frequency but phase-shifted in regard with the imposed stress. This is analogous to
the delayed strain observed in creep experiments. The strain lags the stress by the phase
angle and this is true even if the strain rather than the stress is the controlled variable.

Figure 1. The dependence of creep compliance (a) and stress relaxation modulus (b) on time reflecting various behav‐
iors of polymer systems.

In the following paragraphs, particular attention will be given to viscoelastic characterization
by means of oscillatory rheology testing. The sinusoidal shear deformation, γ(t), applied to
polymer materials during such experiments, is described by the following relation (1):
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γ(t)=γ 0sin(ωt)

(1)

where γ0 is the amplitude of applied strain and ω is the frequency of oscillation.
The shear rate, namely rate at which a progressive shearing deformation is applied to a
material, is given by the relation (2):
γ& ( t ) =γ 0ωcos ( ωt )

(2)

The material stress response is measured and, by the utilization of adequate theoretical models,
it is correlated with the features of the polymer system under analysis. There are two different
types of rheology tests, depending on the amplitude of the applied deformation [16–18]:
• Small amplitude oscillatory shear (SAOS): It is a robust, widely used rheology technique,
where the amplitude of applied strain is small enough to induce a linear response of the
sample. The stress is proportional to the oscillatory deformation and is represented by a
sinusoidal wave with the same frequency;
• Large amplitude oscillatory shear (LAOS): It is a recent method involving large deformation
to give a nonlinear response. The stress is still periodic, but not sinusoidal and can be
deconvoluted in terms of a fundamental harmonic and its odd multiples. Stress is often
examined in the Fourier space leading to the so-called Fourier transform rheology. Nonlin‐
ear experiments are, obviously, more complex than linear ones. However, they provide
supplementary information about the morphology of microstructured polymer systems.

Figure 2. The viscoelastic map constructed based on phase angle and complex modulus.
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Oscillatory shear testing is useful to analyze and quantify the rigidity and integrity of a
polymer’s internal structure as a result of a variety of phenomena, for example, flocculation
and interaction of dispersed particles or droplets, or compatibility, crosslinking and
entanglement of dissolved macromolecules. In most cases, oscillation rheology experiments
are performed at very low applied stresses and strains, often significantly below the yield point
of the polymer material. Typically, measured parameters include complex modulus (G*),
elastic (or storage) modulus (G′) and viscous (or loss) modulus (G"), phase angle (δ) and
tangent of the phase angle (tan δ). The viscoelastic map can be constructed based on phase
angle and complex modulus (see Figure 2) thus allows one to distinguish between elastic solids
and viscous liquids (left to right) and high to low rigidity or viscosity (top to bottom).
2.1.1. Linear viscoelastic behavior
Linear properties of viscoelastic polymer solutions have been investigated along with the
mechanical behavior in this regime. Fundamentals on these aspects are documented in several
textbooks [19–21]. SAOS measurements have been employed to characterize a very large
number of complex fluids from polymer melts [22] to liquids crystalline [23] and from gels [24]
to polymer blends [25, 26].
The linear domain of viscoelastic behavior can be easily determined from oscillation stress
sweeps and strain sweep tests (Figure 3). Oscillation stress and strain sweeps offer easy-tointerpret information about the soft-solid rigidity and yield stress [4, 6]. These tests provide a
deep insight into the rigidity and strength of the soft-solid polymer structures that render basic
quality attributes in many manufactured products. The oscillation stress or strain sweep
measurements consist in exposing the sample to small amplitude oscillatory (i.e., clockwise
then counter clockwise) shear. In the beginning stages of the test, stress is sufficiently low to
maintain structure. However, as the test continues the incrementing applied stress causes the
ultimate disruption of structure—the yield process. The resulted structural change is mani‐
fested as a reduction of elasticity (phase angle increases) and an accompanying decrease in
rigidity (complex modulus).

Figure 3. Schematic representation of (a) typical oscillation stress sweeps test and (b) strain sweep test at a fixed fre‐
quency, the latter determining the linear and nonlinear viscoelastic regions.
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The typical shear stress response of a SAOS test is given as follows:
σ ( t ) =σ 0sin ( ωt+φ )

(3)

The frequency of oscillation (ω) of stress does not change in regard with the imposed defor‐
mation, but it is shifted by an angle φ∈ [0, π/2]. The value of φ is equal to 0 for elastic solids,
and hence, the stress is not phase shifted in relation to the strain. For viscous liquids, the value
of φ is equal to π/2; therefore, in this case, the stress is in phase with the shear rate. In the linear
regime, the phase angle is mainly influenced by strain frequency, while amplitude of applied
strain is not reflected in the elastic or viscous components [4, 17]. Equation (3) is usually written
in the following way:
σ ( t ) =γ 0 éëG'sin ( ωt ) +G''(cos ( ωt ) ùû

(4)

where:
G '=

σ0
cos (j )
γ0

(5)

G '' =

σ0
sin(j )
γ0

(6)

The term G′ is in phase with the strain, while the term G" is in phase with the shear rate.
Oscillatory frequency sweep allows evaluating the nature of the structuring mechanisms
present in a polymer solution or melting. The sample is subjected to small-deformation
oscillations of various frequencies to estimate the structural response to shear of longer or
shorter timescales. The technique can differentiate between the “relaxable” structures and
those characterized by permanent elasticity, being a useful tool when trying to match textures
and flow behaviors in thickened polymer systems [4]. Figure 4 displays some typical frequency
sweep tests for polymer samples.
As stated earlier, in linear regime, the amplitude of the stress is proportional to the amplitude
of the imposed deformation, consequently G′ and G" do not depend on amplitude of applied
strain, but on frequency only. The storage and loss modulus for typical “liquid-like” and “solidlike” fluids are shown in Figure 4. For the “liquid-like” sample, the elastic modulus is much
lower than the viscous one and it has a frequency dependence of type: G′ ∝ ω2, whereas the
viscous modulus is linear in frequency, namely G"∝ ω1 [4]. In materials with “solid-like”
behavior, like polymer gels, the elastic shear modulus overcomes the viscous one, and almost
no dependence on angular frequency is observed. Real complex fluids often present an
intermediate viscoelastic behavior.
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Figure 4. Typical frequency sweeps for polymer solutions (liquid-like) or melts (a), gelation or (b) and curing finished
or “solid-like” materials.

2.1.2. Nonlinear viscoelastic behavior
Nonlinear viscoelastic behavior of polymer systems is intrinsically more complex than linear
one, from both the experimental and the theoretical point of view. The interest for this aspect
of viscoelasticity is very high because many polymeric systems are processed in the nonlinear
regime. Therefore, LAOS experiments can provide essential information on the material
characteristics in that specific range. Furthermore, nonlinear experiments are able to describe
in detail the complex fluids microstructure. The first experimental works on nonlinear
measurements were reported in the seventies [27], but only in the last two decades, they are
significantly increased [28–30], owing to the significant development of experimental devices
and software programs.
The shear stress response of a LAOS test is still periodic, with the same frequency ω of the
imposed oscillation, but not sinusoidal [17]. It can be described by a Fourier series of odd
harmonics:
σ (=
t)

¥

¥

å a cos(kωt)+ å b sin(kωt)

k=1
k,odd

k

k=1
k,odd

k

(7)

where ak and bk represent the amplitude of the cosine and sine terms of the k-th harmonic and
depend on both frequency and strain amplitude. They can be obtained as follows:
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T

ak =

2
s ( t ) cos(kw t)dt
T ò0

bk =

2
s ( t ) sin(kw t)dt
T ò0

T

(8)

(9)

where T is the period of the imposed strain oscillation.
The utilization of the Euler notation leads to another form of Eq. (7):
¥

s ( t ) = å I kw e jkw t
k=-¥
k,odd

Ik =

T

2
s ( t ) e-jkw t dt
T ò0

(10)

(11)

In expression (10), the term Ikω is the complex coefficient of the k-th harmonic in the Fourier
domain, Ikω = ak–jbk. It should be remarked that shear stress is an odd function of the strain.
Therefore, only odd terms of the Fourier series are taken in consideration for in Eqs. (7) and (10).
An important aspect that one should remark is that during a LAOS test, the system is deformed
with a single frequency, while the stress presents more than one frequency, so the collected
signal expresses several time scales, thus providing detailed data about the analyzed polymer
material. LAOS technique involves the following aspects [17]:
• a sophisticated experimental apparatus;
• an elaborated data manipulation;
• a theoretical model that allows interpretation of nonlinear results.
The first two points are widely analyzed in the literature [28, 31], while the third point is less
investigated [30]. The fundamental modifications of traditional rotational rheometer to
correctly implement the nonlinear DMS are reported [31]. It is essential to improve the signalto-noise ratio of the achieved experimental signals. If appropriate practical contrivances are
made, one may obtain highly sensitive detection. Since experimental data are analyzed in the
Fourier domain, the technique is usually named Fourier transform rheology (FTR).
There are many advantages concerning data analysis in the Fourier rather than in the time
domain. First of all, the appearance of nonlinearity is better noticed [32]. FTR can detect the
nonlinear contribution at about 10 times lower strain amplitude compared to linear oscillatory
measurements [31]. The resulted files of the experimental data concern only the intensity of
the odd peaks, and therefore, they require a low amount of memory on the computer.
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Furthermore, the Fourier coefficients are less affected by experimental noise. Generally, only
the third and fifth overtones and, in particular, their absolute value are analyzed. There are
not many reports concerning the separation of the real and imaginary part of the harmonics
[30, 32]. The fundamental lack of FTR is the absence of theoretical models, which can correlate
experimental points with the morphology of the polymers.
Regardless the viscoelastic domain in which experiments are performed, there are several
inherent parameters that influence the viscoelastic behavior of polymeric systems. The primary
ones are the following:
• chemical structure;
• molecular architecture;
• molecular weight and crosslinking;
• copolymers and blends;
• effect of plasticizers;
• molecular orientation;
• fillers and fibers.
2.2. Viscoelastic behavior of LCPs
The linear viscoelastic response to shear deformation was investigated for many LCPs by
checking the dependence of rheological moduli on frequency. The range of strain amplitudes
corresponding to linear viscoelastic domain is broad for side-chain LCPs in nematic phase,
similarly to common flexible polymers. This is not maintained for main chain nematic
polymers. For those in smectic phase, the range of linear viscoelasticity is narrower.
Viscoelastic behavior of LCPs depends on temperature at which the sample is subjected during
oscillatory testing. For example, aqueous solutions of methylcellulose present changes in
elastic modulus during the heating process from 20 to 80°C that consist in several stages,
depending on concentration [33]. In the range of 20–35°C, the storage modulus increases
slowly. In the following stage, G′ has a more pronounced increase with temperature to about
50°C, and then, the rate of increase slows down. Above about 60°C, the polymer solutions with
different concentrations show different rheological behaviors. For the samples with lower
concentrations (c<4.0 g/L), elastic modulus eventually reaches a plateau value. For more
concentrated solutions of 8 and 10 g/L, a third remarkable increase in G′ is noticed as a result
of formation of a mature gel. As for the solutions with medium concentrations, 4–6 g/L, a third
appreciable increase in G′ is remarked at about 66°C as a result of the occurrence of a weak
gel. At higher temperatures (>65°C), the strength of the gel increases with the concentration.
However, while the values of storage modulus increase monotonically with temperature, the
values of this parameter do not increase monotonically as a function of concentration, as
expected for normal polymer solutions. A discontinuity of change in G′ at several temperatures
with the concentration of cellulosic polymer in solution occurs. A similar behavior was
reported for other LCP solutions in lyotropic phase [34].
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The viscoelastic properties of thermotropic LCPs that have mesogenic pendant groups to
flexible main chain were found to be sensitive to smectic-nematic and smectic isotropic
transitions. However, they are less affected by nematic isotropic transition as time-temperature
superposition applies across this transition. In contrast to main chain LCPs, the nematic side
chain ones present linear viscoelastic behavior over a large range of strain amplitudes that is
independent of thermal and shear histories. At very low frequencies below than the reverse
of diffusion time, side chain LCPs in their nematic state have a terminal response, which is
typical for viscoelastic liquids. In their smectic phase, they are still viscoelastic in the same
frequency domain and approach the terminal response of a viscoelastic solid at the lowest
frequencies [35].
Another report [36] concerns the comparison of viscoelastic properties of two polymers in
isotropic and anisotropic phases. The poly(p-phenylene terephtalamide) (PPD-T) and HPC
present similar rheological features in isotropic solutions. However, the nematic PPD-T and
cholesteric HPC present different rheological row responses in that the yield stress of HCP
remained almost constant with increasing concentration, whereas that of PPD-T increased
significantly. At 1 rad/s both LCPs present an increase of the ratio of elastic modulus to twice
loss modulus with increasing concentration. At 100 rad/s, HPC exhibits monophonic decrease
in G′/2G" with concentration, whereas in case of the other LCP, the ratio increase at the
concentration higher than the saturated concentration. There is certain sensitivity of elastic
modulus of nematic PPD-T to strain level, while for HPC, there is almost no dependence to
this experimental parameter.
The evolution in time of shear moduli after flow cessation is a useful to analyze structural
relaxations on LCPs. Upon flow cessation, the flow-induced orientation is lost. The variation
of the moduli of a cellulose derivative with time was proved to be caused by the reformation
of a chiral nematic phase that had become nematic under flow [37].
2.3. Viscoelastic behavior of LCPs in composite systems
The literature concerning the viscoelastic properties of LCPs in composite systems is not so
abundant in regard with LCPs. Some reports involve oscillatory shear investigations on
systems prepared from hydroxylpropyl cellulose (HPC) in lyotropic phase blended with
different polymers, such as polyimide [38] and cellulose acetate phthalate [39]. Other studies
concern reinforcement of LCPs with carbon nanotubes [40]. Such multiphase systems concern
also blends of thermotropic LCP with commercial polymers [41].
A system consisting of HPC/polyimide presents a combination of viscoelastic behavior of each
counterpart. The polyimide solutions present frequency sweep curves similar to those
presented in Figure 4(a). So, at the low frequencies, the loss modulus is higher than the storage
modulus, with no plateau appearing in G′. At a specific frequency, this changes and rheological
modulus cross each other, thus elastic modulus becoming higher [38]. The HPC in the liquid
crystalline phase, the crossover frequency is higher comparatively with the case of the isotropic
solutions. The dependence of the rheological moduli on frequency has slopes below unity. For
HPC/polyimide composites, in the low-frequency range, the slopes are smaller comparatively
to the pure components and are reduced as the lyotropic phase becomes predominant. The
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overlap frequency is influenced by the chemical structure of the individual polymers and by
the blend composition. If the flexible counterpart is diminished, transition from the viscous to
the elastic flow is delayed and the moduli crossover occurs at higher frequencies.
The HPC/cellulose acetate phthalate composites present similar behavior to those previously
described. The exponents from the dependence of shear moduli versus frequency decrease on
one hand, at lower values of polymer concentrations and, on the other, at lower HPC compo‐
sitions in the system. In addition, the frequencies corresponding to the crossover point, which
marks the transition from viscous flow to the elastic one, become higher with increasing the
cellulose acetate phthalate content in composite [39].
A thermotropic liquid crystal polyester (TLCP) was reinforced with a very small quantity of
modified carbon nanotube (CNT). The rheological properties of the composite are influenced
by the uniform dispersion of CNT and the interactions between the CNT and TLCP, which can
be enhanced by chemical modification of the filler [40]. The values of shear moduli of TLCP
nanocomposites are significantly enhanced with increasing frequency and filler content. This
enhancing effect was more pronounced at low-frequency region. The behavior is similar to the
relaxation of typically filled polymer composite system, namely if polymer chains are fully
relaxed and exhibit a characteristic homopolymer-like terminal behavior, the flow curves of
polymers can be expressed by a power law with slopes like those from Figure 4(a). The
variations of terminal zone slopes of TLCP nanocomposites revealed the nonterminal behavior
with the power law dependence of shear moduli on frequency. The decrease in the slope of
for TLCP nanocomposites with the introduction of filler is based on the fact that the nanotubenanotube or nanotube-polymer interactions produce the formation of the interconnected or
network-like structures. This leads to the pseudosolid-like behavior more elasticity of TLCP
nanocomposites in regard with TLCP matrix. As the shear frequency increased, the intercon‐
nected or network-like structures were disrupted by high levels of shear force and TLCP
nanocomposites presented almost similar or slightly higher G′ and G" values than that of pure
matrix at high-frequency region. The nanocomposites containing modified CNT have higher
values of rheological moduli of TLCP, suggesting the increased interactions between modified
CNT and TLCP matrix. Similar results were reported for thermotropic LCPs reinforced with
a commercial polymer [41].

3. Applications
The viscoelastic features of polymer systems with self-alignment features are explored in
several applications, including in tissue engineering or in display industry.
Tissues engineering represents a large subdomain of biomedicine and consists in improvement
or replacement of biological functions of a damaged part of organism by utilization of a scaffold
for the formation of new viable tissue. Biocompatible polymers are good candidates for cell
growth substrates. In addition, the partial organization of LCPs, such as the natural derived
macromolecules, is useful in preparation of cytocompatible supports with guided growth
ability [42]. For example, polymer systems with chiral phase are able to direct anisotropic cell
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growth and play a crucial role in formation of patterns noticed in mammalian tissues [42]. The
use of biologically derived polymers as LC layers for in vitro material production opens novel
design perspectives because of the innate cellular response of these materials in vivo. Moreover,
it was proved that the support morphology and viscoelasticity influences cell behavior [43]. If
the scaffold surface has on its surface deep valleys and wide grains, then it is expected to have
a greater effect on cell spreading and arrangement than alteration of the elastic modulus.
Particularly, it was shown that valley depth plays a leading role in contact guidance of
endothelial cells on microtextured silicone elastomer. In other words, at lower grain widths
and in shallower valleys, the modulus of the substrate it appears to exhibit an essential role
comparatively with rough and different nanocomposite surfaces. So, it can be stated that cell
attachment, proliferation, and differentiation could be optimized by controlling the surface
roughness and stiffness of the biocomposite scaffold [43].
Another important application of LCPs in composite system is the preparation of polymer
dispersed liquid crystals (PDLCs) or nematic alignment layer for display purposes. The PDLC
is a light-scattering material that operates on the principle of electrically modulating the
refractive index of the liquid crystal in an optical isotropic, transparent solid [44]. The electrooptic material is placed between two polarizers, and its corresponding droplets, with dimen‐
sions varying between 0.1 and 10 μm, have positive dielectric anisotropy. PDLC displays
demand a driving transistor array with high driving voltages, more current and less leakage.
In OFF state, the polymer network follows the planar cholesteric helix and maintains its
memory in previous stages by anchoring the director in suitable configuration. The helical
birefringent texture reflects electromagnetic radiation from visible domain in a selective
manner. In ON state, the director tends to align along the external field, but it is prevented by
bulk anchoring on the polymer network. Thus, it results a scattering conical texture. Increasing
the field intensity allows full alignment of director and PDLC composite becomes transparent.
However, the memory regarding the initial cholesteric arrangement is permanently retained
in the polymer network and on switching the field off, the optical features came back to their
original state. The randomly inhomogeneous PDLC with a dilute rigid polymer network
should be contrasted with liquid crystalline gel network. Cross-linking polymer chains do not
phase separate from the LCP, the latter being considered as an anisotropic solvent in a
homogeneous gel with a weak rubber-elastic polymer network.
On the other hand, viscoelasticity also counts when constructing polymer alignment layers for
nematics. The LCP surface interaction is essential for the device reliability. The nature of this
interaction is complex and is a combination of van der Waals interactions, dipolar interactions,
steric factors, chemical and hydrogen bonding. Also, surface topography and mechanical
features of polymer layer affect the mechanism of nematic orientation. It was assumed that
anisotropic liquid crystal orientational elasticity in connection with rubbing-induced micro‐
grooves on polymer surface could be the key factor in designing display devices. Berreman
[45] proposed that the director field adapts itself to the morphology of the polymer to reduce
as much as possible the elastic strain energy arising from the distortions of the director field
[45]. Introduction of soft polymers in a LCP matrix subjected to shear can determine a specific
texture onto the surface of the resulted mixed alignment layer. Depending on the composite
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system composition, one can tune the surface texture and viscoelasticity and implicitly the
ability to align uniformly nematic molecules.

4. Conclusions
This chapter describes the viscoelastic properties of polymers. The size and the large aspect
ratio of these materials cause high elasticity and viscoelasticity. High elasticity is related to the
ability of flexible chain macromolecules to recover from large strains, a property unique to
rubber. Viscoelasticity denotes a time-varying reaction to a transient perturbation,
unaccompanied by any modification in the material. Viscoelastic polymers both dissipate and
store energy during deformation. These two characteristics underlie most applications of
rubbery materials. The chapter provides an overview of the viscoelastic behavior during
shearing of LCP solutions and also in composite systems highlighting the local and segmental
motions, the chain dynamics, and also the influence of temperature, composition and time.
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Abstract
To further enhance the mechanical, thermal, and tribological properties of short natural
fiber-reinforced biopolymer composites, it is very critical to understand thermal
properties of these biomass composites and their dynamic viscoelastic properties in the
molten state. The aim of this study is to experimentally investigate the thermal
properties of hemp fiber filled plant-derived polyamide 1010 composites and their
dynamic viscoelastic properties in the molten state. It was found that the addition of HF
with PA1010 has a strong influence on the thermal properties such as DMA, TGA, and
DSC. HF is very effective for improving the thermal and mechanical properties. The
effect of alkali treatment on the dynamic viscoelastic properties of the HF/PA1010
composites in the molten state differs according to whether alkali treatment uses silane
coupling agent or not. The viscoelastic properties of NaClO2 are higher than those of
NaOH. Silane coupling agents have a remarkable influence on rheological properties
such as storage modulus, loss modulus, and complex viscosity in the low angular
frequency region in the molten state, temperature dependences of rheological
properties, and relationship between the phase angle and complex modulus. These
rheological behaviors are also strongly influenced by the type of silane coupling agents.
Keywords: thermal properties, dynamic viscoelastic properties, plants-derived polya‐
mide, biomass composites, hemp fiber
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1. Introduction
Biopolymers and biomass polymer composites are drawing extensive interest not only as a
solution for growing environmental threats but also as a solution for the depletion of petrole‐
um in recent years [1–4]. In addition, the supply of raw materials is becoming increasingly
unstable as many biopolymers are made from edible biomass such as corn. In order to solve
these problems, new engineering materials made of 100% inedible plant-derived materials are
strongly required. Meanwhile, the investigation of short natural (plant) fibers such as banana
fiber, flax fiber, hemp fiber, ramie fiber, and sisal fiber used for reinforced biopolymer compo‐
sites have attracted great interest in recent decades [4–8]. These natural fibers have some
ecological advantages over inorganic fibers such as carbon and glass fibers as they are renew‐
able, light, recyclable, and biodegradable and can be incinerated [9]. In previous studies, we
conducted the development of new engineering materials such as structural materials and
tribomaterials (for mechanical sliding parts such as bearing, cum, gear, and seal) based on all
plant-derived materials. In particular, we investigated the rheological, mechanical, and
tribological properties of natural fiber-reinforced biopolymer composites such as hemp fiber
(HF)-reinforced plant-derived polyamide 1010 (PA1010) biomass composites [10–17]. PA1010
was made from sebacic acid and decamethylenediamine, which are obtained from plantderived castor oil [18]. As castor oil is not used for food, there is no competition with human
food consumption. It was found that the mechanical and tribological properties of these
composites are improved when filled with hemp fibers and surface-treated using silane coupling
agent. However, in order to further enhance the mechanical, thermal, and tribological proper‐
ties of the short natural fiber-reinforced biopolymer composites, it is very important to
understand the thermal properties of these biomass composites and their dynamic viscoelas‐
tic properties in molten state such as process ability, heat resistance, crystallinity, internal
adhesion, internal microstructures, and changes and structure–property relationships [19–21].
The aim of this study is to experimentally investigate the thermal properties of hemp fiberfilled plant-derived polyamide 1010 composites and their dynamic viscoelastic properties in
the molten state.

2. Thermal properties of hemp fiber-reinforced plant-derived polyamide
1010 biomass composites
2.1. Introduction
Natural fiber-reinforced plant-derived polymer biomass composites are environment friendly
to a large extent and have unique performances. However, since the interfacial adhesion
between the natural fiber and matrix polymer is generally poor, these biomass composites
exhibit poor mechanical properties [4, 11, 22]. Interfacial adhesion can be enhanced and the
mechanical properties of these composites improved by suitable surface treatment. Most fibers
are pretreated before they are used as secondary phases in composite materials. The effects of
the surface treatment on the mechanical properties of these biomass composites have been

Thermal Properties of Hemp Fiber Reinforced Plant-Derived Polyamide Biomass Composites and their Dynamic
Viscoelastic Properties in Molten State
http://dx.doi.org/10.5772/64215

studied for the last two decades [3–8, 10, 11, 15–17, 22]. In particular, chemical methods such
as alkali treatment (mercerization), silane treatment, and graft copolymerization and physical
methods such as the corona treatment and the plasma treatment have been investigated in this
field. However, only a few studies have been published on the effects of surface treatment on
thermal properties of these biomass composites [14, 22–27]. The majority of natural fibers have
low degradation temperatures below 200°C, which make them inadequate for processing with
thermoplastics at temperatures above 200°C [27]. To further enhance the mechanical, thermal,
and tribological properties of the natural fiber-reinforced biopolymer composites, it is very
critical to understand the thermal properties such as heat resistance, crystallinity, internal
adhesion, internal microstructures, changes, and structure–property relationships of these
materials. The aim of this study is to improve the performance of all inedible plant-derived
materials for new engineering materials such as structural materials and tribomaterials.
Thermal properties such as dynamic mechanical analysis (DMA), thermogravimetric analysis
(TGA), and differential scanning calorimetry (DSC) of hemp fiber-filled inedible plant-derived
polyamide 1010 biomass composites were investigated experimentally.
2.2. Materials and methods
The materials used in this study were surface-treated hemp fiber-reinforced plant-derived
polyamide 1010 biomass composites (HF/PA1010). Plant-derived polyamide 1010 (PA1010,
Vestamid Terra DS16, Daicel Evonik Ltd., Japan) was used as the matrix polymer. PA1010 was
made from sebacic acid and decamethylenediamine which are obtained from plant-derived
castor oil [18]. Hemp fiber (HF, ϕ50–100 μm, Hemp Levo Inc., Japan) was used as a reinforce‐
ment fiber. The volume fraction of fiber Vf was fixed with 20 vol.%. HFs were precut into 5mm-long pieces and were surface-treated by two methods: (a) alkali treatment by sodium
hydroxide (NaOH) solution and (b) surface treatment using aminosilane coupling agents (S1,
A-1120, 3-(2-aminoethylamino) propyltrimethoxy silane, Momentive Performance Materials
Inc., USA). Alkali treatment using NaOH was employed as follows: 5% NaOH solution was
placed in a stainless beaker. Then chopped HFs were added into the beaker and stirred well.
This was kept at room temperature for 4 h. The fibers were then washed thoroughly with
deionized water to remove excess NaOH sticking to the fibers. The alkali-treated HFs by
NaOH (HF-A) were dried on air for 12 h and in a vacuum oven at 80°C for 5 h. Amino silane
coupling agent was used for surface treatment. The treatment of HFs with the concentration
of 1 wt.% of amino silane coupling agent was carried out in deionized water and stirred
continuously for 15 min. Then, the fibers were immersed in the solution for 60 min. The surfacetreated hemp fibers (HF-S1) were removed from the solution and dried in air for 12 h and in
a vacuum oven at 80°C for 5 h. All the components were dried for 12 h at 80°C in a vacuum
oven beforehand until the moisture level was below 0.2%, and then dry blended in a small
bottle, and subsequently, the melt was mixed at 85 rpm and 220°C on a twin screw extruder
(TEX-30, Japan Steel Works, Ltd., Japan). After mixing, the extruded strands of various HF/
PA1010 composites were cut into 5-mm-long pieces by the pelletizer and dried again at 24 h
at 80°C in a vacuum oven. Various shaped samples for various experiments were injection
molded (NS20-A, Nissei Plastic Industrial, Japan). The molding conditions were as follows:
cylinder temperatures of 220°C, mold (cavity) temperature of 30°C, and the injection rate of
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13 cm3/s. In addition, 2-mm-thick sheets were compression-molded under the conditions of
220°C, 3 min, and 5 MPa and cut into 5 mm × 40 mm × 1 mm-shaped specimen for measure‐
ment and dynamic mechanical analysis. To maintain the drying conditions of specimens for
all measurements, they were kept in accordance with JIS K 6920–2 for at least 24 h at 23°C in
desiccators after molding. Thermal properties such as dynamic mechanical analysis (DMA),
thermogravimetric analysis (TGA), and differential scanning calorimetry (DSC) were
evaluated. The storage modulus E′, loss modulus E″, and loss tangent (tanδ = E″/E′) of the
composites were measured as a function of temperature (from −100 to 200°C) using a DMA
equipment (RSA3, TA instrument Japan, Inc., Japan) with a tensile fixture at a frequency of 1
Hz. Thermogravimetric analysis (TGA) was carried out in a TGA equipment (Thermo plus
EVO2, Rigaku Co. Ltd., Japan). The samples used for the TGA were cut from injectionmolded coupon specimens into small pieces weighing 10 mg. TGA measurement was
programmed for heating from 40 to 400°C with a heating rate of 10°C/min. The differential
scanning calorimetry (DSC) was measured by a DSC equipment (DSC-50, Shimadzu Co. Ltd.,
Japan). The samples used for the DSC were prepared like those for TGA (5 mg). The DSC
measurement was scanned from −90 to 230°C with a constant heating rate of 10°C/min.
2.3. Dynamic mechanical analysis (DMA)
First, the dynamic mechanical analysis of surface-treated hemp fiber-filled polyamide 1010
biomass composites (HF/PA1010 biomass composites) is discussed. The storage modulus E′
and loss tangent tanδ (= Loss modulus E″/ Storage modulus E′) are plotted as a function of
temperature T for neat PA1010 (100%), untreated HF-filled PA1010 composites (HF/PA1010),
HF treated by NaOH-filled systems (HF-A/PA1010), HF treated by amino silane coupling
agent (S1)-filled ones (HF-S1/PA1010), and HF treated by NaOH and S1 filled ones (HF-A-S1/
PA1010) in Figure 1(a) (E′ vs. T) and Figure 1(b) (tanδ vs. T), respectively. The E′ of various
HF/PA1010 biomass composites is higher than that of neat PA1010, indicating that HF has a
strong reinforcing effect on the elastic properties of PA1010. The E′ of various HF/PA1010 ones
in low-temperature region less than about 50°C, which is the glass transition temperature Tg
of PA1010, is the same level in spite of the kind of surface treatment. However, the E′ of HF/
PA1010 ones in the high-temperature region of >50°C decreases in the following sequence: HF/
PA1010 (untreated) > HF-A/PA1010 > HF-A-S1/PA1010 > HF-S1/PA1010. The tanδ curves
(Figure 1(b)) exhibit two relaxation peaks. The first peak between at 40 and 60°C represents
the glass transition temperature Tg of PA1010 and the composites, and the second one between
−80 and −60°C shows the relaxation arising from the hydrogen bonds between the PA1010
chains [28]. The relaxation peak at the high-temperature region of the HF/PA1010 composites
shifts slightly toward high temperature although various HF/PA1010 biomass composites are
at the same level regardless of the surface treatment method. On the contrary, the relaxation
peak at the lower-temperature region of neat PA1010 does not shift with the addition of HF;
however, those of various surface-treated HF/PA1010 biomass composites are small in
comparison with neat PA1010. In general, those of rigid fiber-filled polymer composites shift
toward higher temperature due to the restriction on the movement of the polymer chains [28].
In short, flexible fibers such as the natural fiber employed in this study show the same
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tendency. The mechanisms of how the addition of HF affects the relaxation peak at the lowtemperature region of composites needs to be studied further.

Figure 1. Dynamic mechanical properties as a function of temperature for various HF/PA1010 biomass composites. (a)
Storage modulus and (b) loss tangent.

2.4. Thermogravimetric analysis (TGA)
The thermogravimetric analysis (TGA) of various surface-treated HF/PA1010 biomass
composites has been discussed. Figure 2 shows the TG curves (the weight as a function of
temperature T) of various HF/PA1010 biomass composites. The weight of neat PA1010 is
higher than that of various HF/PA1010 biomass composites over the whole temperature range.
The TG curve of various HF/PA1010 biomass composites shows the evidence of two weight
loss processes, while that of neat PA1010 is only one weight loss process. The first weight loss
process between 80 and 200°C is attributed to the dehydration of HF as well as the thermal
degradation of lignin and hemicellulose [22, 27]. The second weight loss process at about 300°C
is explained in terms of the decomposition of cellulose in HF. The TG curves of various surface-

Figure 2. Thermogravimetric curves of various HF/PA1010 biomass composites.
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treated HF/PA1010 biomass composites decrease in the following order: HF-A-S1/PA1010 >
HF-A/PA1010 > HF/PA1010 > HF-S1/PA1010. This indicates that HF treated with the combi‐
nation of NaOH and amino silane (S1) is more effective for improving the heat resistance of
the HF/PA1010 biomass composites.
2.5. Differential scanning calorimetry (DSC)
The crystal form of the polymer has a strong influence on the mechanical properties of the
polymer composites. Differential scanning calorimetry (DSC) was employed to evaluate the
effects of the surface treatment of fiber on the crystallization behavior of HF/PA1010 biomass
composites. Figure 3 shows the DSC 1st heating (Figure 3(a)) and 2nd heating (Figure 3(b))
curves obtained at 10°C/min rate, respectively. DSC 1st heating curves in Figure 3(a) show a
melting peak each curve, although DSC 2nd heating curves in Figure 3(b) have two melting
peaks. This may be explained by the following mechanisms: it was pointed out recently by Li
et. al. [29] that the appearance of multiple melting peaks in DSC run is probably due to
rearrangement of the lamella since the polyamide crystals can be easily thickened by annealing.
It is considered that the same phenomenon occurs for PA1010 used in this study. Tm1, which
is the melting point in the lower temperature side in DSC 2nd heating curves, is attributed to
the thin lamellae formed during cooling, and Tm2, which is in the higher ones, is attributed to
the melting of the thickened crystals during the heating and annealing process. Parameters
such as the melting point Tm, Tm1, and Tm2 and the heat of fusion ΔHf calculated from DSC
curves for various PA1010 biomass composites are listed in Table 1. Tm in 1st heating curves
shifts to lower temperatures when filled with the HF, and ΔHf also decreases when HF is filled.
The effect of surface treatment of fiber on the Tm and ΔHf of HF/PA1010 biomass composites
has complex behavior according to the type of the surface treatment. Tm of alkali treatment by
NaOH (HF-A/PA1010 composites) shifts to higher temperature, while Tm of surface treatment
by silane coupling agent (HF-S1/PA1010 composites) shifts to lower temperature. Tm of the
composites surface-treated by both alkali treatment and silane coupling agent (HF-A-S1/
PA1010 composites) has the immediate value between HF-A/PA1010 and HF-S1/PA1010
composites. On the contrary, ΔHfs of HF-A/PA1010 and HF-S1/PA1010 composites are higher

Figure 3. DSC curves of various HF/PA1010 biomass composites. (a) 1st heating and (b) 2nd heating.
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than that of HF/PA1010 composites although ΔHf of HF-A-S1/PA1010 composites is lower than
that of HF/PA1010 composites. Tm1, Tm2, and ΔHf in 2nd heating curves also have complex
behavior, and these values basically decrease with filling the HF and alkali treatment, although
the values slightly increase with the surface treatment by silane coupling agent. The behavior
may be due to factors such as changes in crystal form with the alkali treatment and silane
coupling agent treatment caused by changing in the interfacial interaction between HF and
PA1010.
1st heating

2nd heating

Tm (°C)

ΔHf (J/g)

Tm1 (°C)

Tm2 (°C)

ΔHf (J/g)

PA1010

203.0

18.5

192.0

201.5

38.2

HF/PA1010

201.7

14.6

190.6

201.7

34.5

HF-A/PA1010

202.4

15.3

190.9

200.4

31.4

HF-S1/PA1010

201.5

17.7

193.0

203.0

44.0

HF-A-S1/PA1010

201.9

14.5

190.9

201.0

36.6

Table 1. Parameters calculated from the DSC curves for various HF/PA1010 biomass composites.

3. Effect of alkali treatment on dynamic viscoelastic properties of hemp
fiber-reinforced plant-derived polyamide 1010 biomass composites in
molten state
3.1. Introduction
The interfacial adhesion between natural fiber and matrix polymer can be enhanced and the
mechanical properties of natural fiber-reinforced polymer biomass composites improved by
suitable surface treatment, because the interfacial adhesion between the natural fiber and
matrix polymer is generally poor as mentioned earlier. The alkali treatment (mercerization) is
a chemical treatment for natural fiber, which is most commonly used to reinforce thermoplastic
and thermoset [3, 4, 16, 22, 24]. An important modification resulting from the alkali treatment
is the disruption of hydrogen bonding in the network structure, thereby increasing surface
roughness. This treatment removes a certain amount of lignin, hemicellulose, wax, and oils
covering the external surface of fiber cell wall, depolymerizes cellulose, and exposes the short
length crystallites. Therefore, strong effects, such as increase of the surface roughness resulting
in better mechanical interlocking and increase in the number of possible reaction sites, can be
expected from this treatment. Many authors have investigated the influence of alkali treatment
on the various mechanical and chemical properties of natural fiber-reinforced polymer
biomass composites [3, 4, 16, 22, 24]. However, although these biomass composites undergo
various flows during processing by flow molding such as injection, extrusion, and compres‐
sion, generally the effect of the alkali treatment on processing properties has not been studied
enough [12, 30]. It is critical to understand the rheological behavior of these biomass composites
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in the molten state to understand the process ability, internal microstructures, changes, and
structure–property relationships of these materials so as to further enhance the mechanical,
thermal, and tribological properties of all plant-derived polymer-based biomass composites.
Recently, we studied the effect of surface treatment, specifically alkali treatment with silane
coupling agent, on the rheological properties of these biomass composites. The purpose of this
study is to report the effect of alkali treatment on the dynamic viscoelastic properties of hemp
fiber-reinforced plant-derived polyamide 1010 biomass composites in the molten state under
oscillatory flow. Four types of surface treatments such as (a) alkali treatment by sodium
hydroxide solution (NaOH), (b) alkali treatment by sodium chlorite solution (NaClO2), (c)
alkali treatment by NaOH solution and surface treatment by ureidosilane coupling agent (3ureidopropyltrimethoxy silane, A-1160) (NaOH + ureidosilane), and (d) alkali treatment by
NaClO2 solution and surface treatment by ureidosilane (NaClO2 + ureidosilane) were used for
the surface treatment of hemp fiber in this study.
3.2. Materials and methods
The materials used in this study were various surface-treated hemp fiber-reinforced plantderived polyamide 1010 biomass composites (HF/PA1010). PA1010, which is made from plantderived castor oil, was used as the matrix polymer. Hemp fiber (HF, ϕ50–100 μm) was used
as the reinforcement fiber. These materials are described in detail in the previous section 2.
The volume fraction of fiber Vf was fixed with 20 vol.%. Hemp fibers were precut into 5-mmlong pieces and surface-treated by four types of surface treatments: (a) alkali treatment by
sodium hydroxide solution (NaOH), (b) alkali treatment by sodium chlorite solution (Na‐
ClO2), (c) alkali treatment by NaOH solution and surface treatment by ureidosilane coupling
agent (S3, 3-ureidopropyltrimethoxy silane, A-1160, Momentive Performance Material Inc.,
USA) (NaOH + ureidosilane), and (d) alkali treatment by NaClO2 solution and surface
treatment by ureidosilane (NaClO2 + ureidosilane). Two types of alkali treatment aqueous
solutions such as sodium hydroxide solution (by NaOH) or and sodium chlorite solution
(NaClO2) were used as the mercerization agent. Alkali treatment by NaOH and NaClO2 was
employed as follows: 5% alkali agent solution was placed in a stainless beaker. Then chopped
hemp fibers were added into the beaker and stirred well. This was kept at room temperature
for 4 h. The fibers were then washed thoroughly with water to remove the excess of alkali
agents sticking to the fibers. The alkali-treated fibers were dried in air for 12 h and in a vacuum
oven at 80°C for 5 h. The surface treatment of hemp fibers with the concentration of 1 wt.%
ureidosilane coupling agent (S3) was carried out in 0.5 wt.% acetic acid aqueous solution in
which the pH of the solution was adjusted to 3.5 and stirred continuously for 15 min. Then,
the fibers were immersed in the solution for 60 min. The surface-treated hemp fibers (HF-S)
were removed from the solution and kept in air for 12 h and in a vacuum oven at 80°C for 5
h. All the components were dried for 12 h at 80°C in a vacuum oven beforehand until the
moisture level was below 0.2%, and then dry blended in a small bottle, and subsequently the
melt was mixed at 85 rpm and 220°C on a twin screw extruder (TEX-30, Japan Steel Works,
Ltd., Japan). After mixing, the extruded strands of various HF/PA1010 biomass composites
were cut in piece of about 5-mm long by the pelletizer, and dried again at 24 h at 80°C in a
vacuum oven. In addition, 1-mm-thick sheets were compression-molded at the conditions of
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220°C, 5 MPa, and 3 min, and cut into ϕ25-mm-disk shapes for rheological property measure‐
ments. The rheological properties in the molten state were evaluated by oscillatory flow testing
using a parallel plate-type rotational rheometer (ARES, Rheometrix Scientific Co., USA). The
diameter of the parallel plate was ϕ25 mm, and the gap between the two plates was fixed at 1
mm. Under such a gap condition, the test specimens were slightly compressed in the molten
state. The angular frequency was varied from 10−1 to 102 rad/s, and the strain amplitude was
set as 1%. These measurements were carried out at 200–240°C. The dynamic viscoelastic
properties in the molten state were evaluated by storage modulus G′, loss modulus G″, loss
tangent tan δ, phase angle δ (=arctan G″/G′), complex modulus |G*|, and complex viscosity
|η*|. The surface of fiber and the composites fractured cryogenically in liquid nitrogen were
observed using a scanning electron microscope (SEM, JSM-6360LA, JEOL Ltd., Japan). Fiber
surface roughness such as arithmetic mean estimation Ra was measured using a laser micro‐
scope (VK-X200, Keyence Co., Japan). Fourier transform infrared spectroscopy (FT-IR)
measurements were performed by a FT-IR spectrometer (FT/IR-6100, JASCO Co., Japan) using
the attenuated total reflection (ATR) technique by a diamond prism. A total of 64 scans were
taken for each sample between 400 and 4000 cm−1, with a resolution of 8 cm−1.
3.3. Angular frequency dependences
The dynamic viscoelastic properties of various surface-treated hemp fiber-filled plant-derived
polyamide 1010 biomass composites (HF/PA1010) in molten state were evaluated by oscilla‐
tory behavior. The dynamic viscoelastic properties in the molten state are strongly dependent
on the internal microstructure of the polymer composites. We shall discuss the angular
frequency dependences, which is the basic variable in dynamic viscoelastic properties. Figure
4(a) shows the effects of alkali treatment on the relationship between storage modulus G′ and
angular frequency ω of various HF/PA1010 biomass composites at 220°C. G′ of neat PA1010
(100%) increases with increasing ω, in agreement with the linear dynamic viscoelastic model
that G′ is proportional to ω2 (log G′ ∝ 2log ω) [31, 32]. G′ of various HF/PA1010 biomass
composites shows the typical storage modulus G′ of highly filled systems (such as gel systems),
indicating the “second rubbery plateau,” i.e., the long-scale relaxation time [21, 31–35]. This

Figure 4. Dynamic viscoelastic properties as a function of angular frequency for various HF/PA1010 biomass compo‐
sites. (a) Storage modulus, (b) loss modulus, and (c) complex viscosity.
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behavior may be attributed to the internal structure formation such as fiber network formation,
which is due to high aspect ratio of HF and the interfacial interaction between HF and PA1010.
However, the slope of G′ against ω of various HF/PA1010 biomass composites in low w region
changes with the type of alkali treatment and decreases in the following: Untreated > NaOH
> NaClO2 > NaOH + ureidosilane (S3) > NaClO2 + ureidosilane (S3). Figure 4(b) shows the effect
of alkali treatment on the relationship between loss modulus G″ and ω. G″ of neat PA1010
monotonically increases with an increasing ω in the whole range of ω. This is in agreement
with the linear viscoelastic model that the slope of G″ is proportional to ω (log G″ ∝ log ω).
On the contrary, various HF/PA1010 biomass composites show different tendencies and the
slope of G″ against w becomes small in the low w region. However, this tendency of G″ is
smaller than that of G′ since G′ is a more sensitive viscoelastic function with respect to the
structural changes of the composites compared G″ [36–38]. Figure 4(c) shows that the effect of
alkali treatment on the relationship between the complex viscosity |η*| and ω. |η*| of neat
PA1010 does not change with ω in the low ω regions, which demonstrates Newtonian behavior,
and this slightly decreases with increasing ω in the high w region. On the contrary, the effect
of various HF/PA1010 biomass composites rapidly decreases with increasing ω in a wide range
and in magnitude orders more viscous than neat PA1010 even at high ω regions. Various HF/
PA1010 biomass composites exhibit very strong shear-thinning effect, ant the curves of |η*|
vs. ω have a slope of −45°. This behavior indicates the presence of an apparent yield stress in
the low ω regions.
3.4. Effect of alkali treatment
In general, dynamic viscoelastic properties such as storage modulus G′ are considered to be
sensitive indicators for the quantitative analysis of morphological changes in the polymer
composites as mentioned earlier. To clarify the effect of alkali treatment on the dynamic
viscoelastic properties of the HF/PA1010 biomass composites, the relative storage modu‐
lus G′r of various alkali-treated HF/PA1010 biomass composites in the low ω region (ω=0.25
rad/s) is shown in Figure 5. Here, the relative storage modulus is given by the values of
surface-treated HF/PA1010 composites divided by that of untreated ones. The values of G
′r decrease in the following order: NaOH > NaClO2 > NaOH + ureidosilane (S3) > NaClO2
+ ureidosilane (S3). The important findings in this results are (1) the elastic properties such
as the storage modulus decreases with surface treatment by alkali and silane coupling agent,
(2) the reducing ratio of G′r of NaClO2 is higher than that of NaOH, and (3) the combina‐
tion of NaClO2 + ureidosilane (S3) has the strongest effect on G′r among all surface
treatments in this study. The possible reasons of these phenomena are onset of selflubrication of HF, three-dimensionally oriented fiber structure formation which may reduce
the storage modulus of the surface-treated HF/PA1010 biomass composites to less than that
of the untreated systems, and different roles played by the alkali treatment and silane
coupling agent during the processing. It is, however, difficult to establish the exact rea‐
sons in the present stage.
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Figure 5. The relative storage modulus for various HF/PA1010 biomass composites.

3.5. Morphology and chemical analysis
To further clarify the relationship between the dynamic viscoelastic properties and internal
structure formation of HF/PA1010 composites, we discuss the morphologies of these compo‐
sites, which are internal structure formation such as fiber network formation and the interfacial
interaction between HF and PA1010. Figure 6 shows the SEM observation results of the HF
surface before/after the alkali treatment. The surface roughness of HF increases with alkali
treatment. The results of measuring the average surface roughness (arithmetic average
roughness Ra) using a laser microscope are Ra = 3.2 mm (untreated), Ra= 3.4 mm (NaOH), and
Ra =5.1 mm (NaclO2), respectively. In particular, NaClO2 treatment increases bumps and
surface roughness significantly. These measurement results indicate that the attackability of
HF differs according to the type of alkaline coupling agent. It is well known that alkali
treatment promotes the disruption of hydrogen bonding in the network structure of natural
fiber and removes the lignin and hemicellulose [4, 22]. Therefore, this treatment increases not
only the surface roughness resulting in better unlocking but also the amount of cellulose
exposed on the fiber surface, thereby increasing the number of possible reaction sites. Conse‐
quently, the interfacial interaction between fiber (HF) and matrix polymer (PA1010) (or silane
coupling agent) also increases.
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Figure 6. SEM photographs of untreated and alkali-treated hemp fibers. (a) Untreated: Ra= 3.2 mm, (b) NaOH (HF-A):
Ra= 3.4 mm, and (c) NaClO2: Ra= 5.1 mm.

Figure 7. FT-IR spectra of various surface treated hemp fibers. (a) 400–4000 cm−1 and (b) 1200–4000 cm−1.

It is essential to investigate chemical analyses such as Fourier transform infrared spectroscopy
(FT-IR) in order to determine the chemical composition of the fiber surface. There have been
various investigations on the effect of various surface treatments on the characterization of
natural fiber surface [22, 26, 39, 40]. We shall discuss the observation of the characterization of
the fiber surface using FT-IR. Figure 7 shows the FT-IR spectra of various alkali-treated HFs:
400–4000 cm−1 (Figure 7(a)) and 1200–4000 cm−1 (Figure 7(b)). In the case of different alkali
treatments such as NaOH and NaClO2, the reduction of some vibrations, which are 1400–1500
cm−1 region associated with CH2 bending of pectin, lignin, and hemicellulose, 1616 cm−1 related
with benzene ring stretching of lignin, 2850–2910 cm−1 region associated with CH2 stretching
of Wax and C-H stretching of polysaccharides, and 3200–3600 cm−1 region corresponded with
OH stretching of polysaccharides, is observed [22, 26, 39]. In particular, the peak at 1710 cm−1
is attributed to the C=O stretching of the acetyl groups of hemicellulose [26, 39]. The removal
of hemicellulose from the fiber surfaces causes the peak to disappear [22, 26]. On the contrary,
the FT-IR spectra of surface treatment by ureidosilane (S3) present some clear peaks, which
are 1710 cm−1 corresponding with C=O stretching, 2850 and 2910 cm−1 related with CH2
stretching, and 3200–3600 cm−1 region associated with OH stretching. These findings indicate
the following: alkali treatment by NaClO2 has more attackability on HF than that by NaOH.
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Accordingly, the former is able to completely remove lignin, wax, and hemicellulose from
hemp fiber bundles and replaces more OH groups the hemp fiber surfaces. Meanwhile, the
peaks at 1710, 2850, and 2910 cm−1 show the presence of silane in the surface treatment by
ureidosilane (S3), although the same peak is not present in the only alkali treatment. This may
be attributed to the evidence of chemical bond between fiber and the silane coupling agent.
Incidentally, Khan [41] and Sgriccia [39] have reported the presence of silane in fiber, which
is the peak at 766 and 847 cm−1. However, the concentration of silane on the fiber surfaces is
too small to be detected by FT-IR in this study.

Figure 8. SEM photographs of cryogenically fractured surface of various HF/PA1010 biomass composites.

Furthermore, to clarify the interfacial interaction between fiber (HF) and matrix polymer
(PA1010), we performed SEM observation of the fractured surface cryogenically in liquid
nitrogen. Figure 8 shows SEM photographs of cryogenically fractured surface of various HF/
PA1010 biomass composites: (a) NaOH, (b) NaClO2, (c) NaOH + ureidosilane (S3), and (d)
NaClO2 + ureidosilane (S3). The results of the comparison of the results in Figure 8 suggest
that the alkali treatment by NaClO2 shows larger physical contact area between HF and PA1010
than that of NaOH. The morphologies of the composites surface-treated by NaOH (Figure
8(a)) and NaClO2 (Figure 8(b)) show poor interaction between HF and PA1010. This indicates
poor chemical contact between fiber and matrix polymer. On the contrary, the morphologies
of the composites surface-treated by both alkali treatment and silane coupling agent (Figure
8(c) and (d)) show good interaction between fiber and matrix polymer, and fiber does not leave
any voids on the fracture surface. This is attributed to the chemical reaction between the ureido
group in the silane coupling agent and the possible reaction site on the fiber by NaClO2 alkali
treatment. These results are attributed to the good combination between NaClO2 and ureido‐
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silane coupling agent (S3) for improving the rheological properties of HF/PA1010 biomass
composites. These SEM image observations are in agreement with the mechanical properties
such as tensile and bending results in previous report [16].
3.6. Temperature dependence
The effects of temperature on the viscoelastic properties of various surface-treated HF/PA1010
biomass composites are discussed here. The complex viscosity |η*| of various HF/PA1010
biomass composites is plotted against the reciprocal of the absolute temperature 1/T at the
angular frequency ω of 25 rad/s in Figure 9. |η*| of all surface-treated HF/PA1010 biomass
composites except for the NaOH systems is lower than that of the untreated ones. The effect
of alkali treatment on |η*| of HF/PA1010 biomass composites differs for each surface treat‐
ment. In particular, NaOH + ureidosilane (S3) is most sensitive to temperature, while the
untreated composites are the least. From the slope of |η*| vs. 1/T plots, the apparent activation
energy Eα for flow can be calculated from the following Andrade’s equation:
æE ö
h = A exp ç a ÷
è RT ø

Figure 9. Temperature dependence of complex viscosity for various HF/PA1010 biomass composites.

(1)
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where A is the constant value, R is the gas constant, and η was replaced by |η *| [12, 33]. The
apparent activation energy Ea of various HF/PA1010 biomass composites is listed in Table 2.
It was found that Ea increases in the following order: untreated (HF) < NaClO2 < NaOH +
ureidosilane (S3) < NaOH < pure PA1010 < NaClO2 + ureidosilane (S3). It can be said that the
fluidity of the materials increases with increasing Ea. Briefly, NaClO2 + ureidosilane (S3) with
the highest value of Ea indicates high sensitivity to temperature changes.
Code

PA1010

HF/PA1010

NaOH (HF-A/PA1010)

NaOH+

NaClO2

NaClO2+Ureidosilane

38.3

55.1

Ureidosilane
(HF-A-S3/PA1010)
Ea (kJ/mol)

50.5

37.4

44.2

39.9

Table 2. The apparent activation energy of various HF/PA1010 biomass composites.

4. Influence of type of silane coupling agent on dynamic viscoelastic
properties of hemp fiber-reinforced plant-derived polyamide 1010 biomass
composites in the molten state
4.1. Introduction
It is important to analyze the flow/deformation behavior of high-performance natural fiberreinforced polymer biomass composites during the polymer processing and to investigate the
flow mechanisms and changes in the internal structure of these biomass composites. In
particular, although these biomass composites undergo various flow processes, the effect of
surface treatment on the rheological properties has not been studied enough [12, 21, 34, 42–
44]. Therefore, there is a need for proper rheological studies on the effect of surface treatment
taking into account various factors such as type of fiber, size and size distribution, degree of
agglomeration, and type of surface treatment. However, the determination of the effect of
surface treatment on the interface or interphase adhesion between fiber and matrix polymer
is thought to be a complicated task since these factors are interrelated. We reported the effect
of alkali treatment on the dynamic viscoelastic properties of hemp fiber-reinforced plantderived polyamide 1010 biomass composites in the molten state in the preceding section.
According to our survey on the previous results, the influence of the type of silane coupling
agent used on the rheological properties of these biomass composites is still not well known
[12]. It is therefore necessary to systematically investigate it for the further understanding of
this problem. This section reports the effects of the type of silane coupling agent used on the
rheological properties, which are dynamic viscoelastic properties in the molten state, investi‐
gated experimentally, for hemp fiber-reinforced plant-derived polyamide 1010 biomass
composites as mentioned earlier. It discusses the dynamic viscoelastic properties in terms of
various factors: angular frequency, volume fraction, various kinds of silane coupling agents,
and temperature.
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4.2. Materials and methods
The materials used in this study were various surface-treated hemp fiber-filled polyamide 1010
biomass composites. Since the materials, processing, and experimental methods are similar to
those mentioned in Section 3.2 other than the surface treatment by silane coupling agents,
details are omitted here. Hemp fibers were previously cut into 5-mm-long pieces and surfacetreated by two types of surface treatment: a) alkali treatment by sodium hydroxide (NaOH)
solution and b) surface treatment by silane coupling agents. Alkali treatment by NaOH was
employed as follows: 5% NaOH solution was placed in a stainless beaker. Then chopped hemp
fibers were then added in the beaker and stirred well. This was kept at room temperature for
4 h. The fibers were then washed thoroughly with water to remove the excess NaOH sticking
to the fibers. The alkali-treated fibers (HF-A) were dried in air for 12 h and in a vacuum oven
at 80 °C for 5 h. Three types of silane coupling agents such as aminosilane (S1, 3-(2-aminoe‐
thylamino) propyltrimethoxy silane, A-1120, Momentive Performance Materials Inc., USA),
epoxysilane (S2, 3-glycidoxypropyltrimethoxy silane, A-187), and ureidosilane (S3, 3-ureido‐
propyltrimethoxy silane, A-1160) were used as the surface treatment agents. The treatment of
hemp fibers with the concentration of 1 wt.% of the chosen silane coupling agent was carried
out in deionized water (for S1) or 5 wt.% acetic acid aqueous solution (for S2 and S3, where
pH of the solution was adjusted to 3.5) and stirred continuously for 15 min. Then, the fibers
were immersed in the solution for 60 min. After treatment, fibers were removed from the
solution and dried in air for 12 h and in vacuum oven at 80°C for 5 h. The volume fraction of
fiber Vf was varied with 10 and 20 vol.%/ The materials used in this section are listed in Table
3.
Code

Alkali treatment

Silane coupling agent

HF-A

NaOH

–

HF-A-S1

NaOH

Aminosilane (S1)

HF-A-S2

NaOH

Epoxysilane (S2)

HF-A-S3

NaOH

Ureidosilane (S3)

Table 3. Code, alkali treatment and silane coupling agent used in this study.

4.3. Angular frequency dependences
The rheological properties of various surface-treated hemp fiber-filled polyamide 1010
biomass composites (HF/PA1010) in molten state were evaluated by oscillatory flow behavior.
The dynamic viscoelastic properties of various surface-treated HF/PA1010 biomass compo‐
sites (HF content is 20 vol.%) are plotted as a function of angular frequency ω in Figure 10(a)
(storage modulus G′) and Figure 10(b) (loss modulus G″), respectively. The G′ of various
surface-treated HF/PA1010 biomass composites shows the typical storage modulus G′ of
highly filled systems, indicating the “second rubbery plateau” [21, 31–35]; however, the value
of G′ changes with the types of silane coupling agents used. The G′ of aminosilane (HF-A-S1/
PA1010) and epoxysilane (HF-A-S2/PA1010) is lower than that of untreated (HF/PA1010) in
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wide ω regions. On the contrary, G′ of ureidosilane (HF-A-S3/PA1010)-treated composites is
at the same level of that of the untreated one in the low ω regions, although this is lower than
that of untreated in the high ω regions. The slope of G′ in the low ω region decreases in the
following order: NaOH (HF-A) < ureidosilane (HF-A-S3) < epoxysilane (HF-A-S2) < aminosi‐
lane (HF-A-S1). This may be attributed to the change of interfacial interaction between HF and
PA1010 according to the type of silane coupling agent used. These behaviors differ from the
dynamic viscoelastic properties of the polymer composites such as glass fiber-reinforced
polypropylene composites (GF/PP), in which G′ of the surface-treated GF/PP by silane
coupling agent is higher than that of untreated [21]. In general, the influence of surface
treatment by coupling agents on the dynamic viscoelastic properties of the polymer composites
is complex. This is because the surface treatment by coupling agents plays multiple roles
simultaneously, coupling agent which improves the adhesion between the fiber and the
polymer, lubricant which reduces friction, plasticizer which helps soften fiber and polymer,
wetting agent which reduces the agglomeration of fibers, and additive for deforming fiber
assembly easily and lowering the viscoelastic properties of the matrix polymer [21]. It is
thought that the mechanisms mentioned earlier do not occur separately, and therefore it is
very difficult to distinguish the factors of the coupling agent influencing the viscoelastic
properties. On the contrary, loss modulus G″ of various surface-treated HF/PA1010 biomass
composites is higher than that of pure PA1010; however, the effect of surface treatment by
silane coupling agent on G″ of HF/PA1010 biomass composites does not differ according to
the type of silane coupling agent used. This is because G′ is a more sensitive rheological
function to the structural changes of the internal structure of polymer composites compared
to G″. In other words, G′ is considered to be a sensitive indicator for the quantitative analysis
of morphological changes in the composites as mentioned earlier. Next, the complex viscosity
|η*| of various surface-treated HF/PA1010 biomass composites (HF content is 20 vol.%) is
plotted as a function of angular frequency ω in Figure 10(c). The |η*| of neat PA1010 does not
change with ω in low ω region, which shows Newtonian behavior, and this slightly decreases
with increasing ω in the high ω regions. On the contrary, the |η*|of various HF/PA1010
biomass composites rapidly decreases with increasing ω in a wide range. The order of
magnitude is more viscous than neat PA1010 even in the high ω regions. In addition, it is

Figure 10. Dynamic viscoelastic properties as a function of angular frequency for various HF/PA1010 biomass compo‐
sites. (a) Storage modulus, (b) loss modulus, and (c) complex viscosity.
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interesting to note that the |η*| of all surface-treated HF/PA1010 composites by silane coupling
agent shows a smaller value than NaOH-treated composites (HF-A/PA1010 composites).
4.4. Influence of volume fraction
The influence of volume fraction of fiber Vf on the rheological properties of various surfacetreated HF/PA1010 biomass composites is discussed in this section. The relative complex
viscosity |η*|r0 is plotted against volume fraction of fiber in Figure 11. Here, this relative value
is given by the value of various surface-treated HF/PA1010 biomass composites divided by
that of neat PA1010. The |η*|r0 of various surface-treated HF/PA1010 biomass composites
increases with an increasing volume fraction of fiber Vf. This tendency changes with the type
of silane coupling agent used. However, it is remarkably influenced by the volume fraction of
fiber Vf rather than its types. These results may be attributed to the internal microstructure
formed by the interaction between fibers rather than the interaction between fiber and matrix
polymer. In addition, it was also found that aminosilane (HF-A-S1) is the least viscous of all
silane coupling agents in this study. This behavior will be discussed in the next section.

Figure 11. Influence of volume fraction of fiber on the dynamic viscoelastic properties of various HF/PA1010 biomass
composites. (a) Relative storage viscosity and (b) relative complex viscosity.

4.5. Influence of type of silane coupling agent
To further clarify the effects of surface treatment by silane coupling agent on the rheologi‐
cal properties of HF/PA1010 biomass composites, the relative storage modulus G′r of various
surface-treated HF/PA1010 biomass composites is shown in Figure 12(a) (ω=0.25 rad/s) and
Figure 12(b) (ω=25 rad/s), respectively. Here, the relative storage modulus is given by the
values of surface-treated HF/PA1010 composites divided by those of NaOH-treated ones (HFA/PA1010 composites). The values of G′r in the low ω regions (ω = 0.25 rad/s) differ accord‐
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ing to the type, and G′r of aminosilane (HF-A-S1) and epoxysilane (HF-A-S2) remarkably
decreases although that of ureidosilane (HF-A-S3) is almost the same as that of the NaOHtreated composites. Contrarily, the G′r of all HF/PA1010 composites in the high ω regions (ω
= 25 rad/s) is lower than that of the NaOH-treated ones and slightly decreases in the following
order: ureidosilane (HF-A-S3) > epoxysilane (HF-A-S2) > aminosilane (HF-A-S1). Thus, the
effect of the type of silane coupling agent used on the storage modulus of HF/PA1010 biomass
composites changes with the difference in the frequency region. It is well known that the
storage modulus in the low ω region is influenced by the strong interaction of fiber–matrix
polymer and/or fiber–fiber and the microstructure formation by the fibers. On the contrary,
this value in the high ω region is generally dominated by the matrix polymer. From the results
shown above, it can be concluded that the various silane coupling agents decrease the storage
modulus, and silane coupling agents used in this study play the role of the lubricant, the
wetting agent, or the plasticizer, supported by the facts in Figure 12(a) and (b). However,
only ureidosilane (HF-A-S3) may play the vital role of the coupling agent which improves
the interaction between fiber and matrix polymer as the G′ values of ureidosilane (HF-AS3) are higher than those of the other systems. This tendency was also observed for the
mechanical and tribological properties of these biomass composites [10, 11, 16].The relative
complex viscosity |η*|r of various surface-treated HF/PA1010 biomass composites is shown
in Figure 12(c) (ω=0.25 rad/s) and Figure 12(d) (ω=25 rad/s), respectively. Here, the relative
complex viscosity is given by the values of surface-treated HF/PA1010 composites divided
by that of the NaOH-treated ones (HF-A/PA1010 composites). |η*|r has the same tendency
as that for G′r. Briefly, the viscoelastic properties of HF/PA1010 biomass composites de‐
crease with surface treatments using the silane coupling agent and are highly influenced by
angular frequency.

Figure 12. The relative values for various surface-treated HF/PA1010 biomass composites. (a) Relative storage modu‐
lus and (b) relative complex viscosity.
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4.6. Temperature dependences
The influence of temperature on the viscoelastic properties of surface-treated HF/PA1010
biomass composites is discussed here. The complex viscosity |η*| of various surface-treated
HF/PA1010 composites is plotted against the reciprocal value of the absolute temperature
1/T at the angular frequency ω of 25 rad/s in Figure 13. The |η*| of all surface-treated HF/
PA1010 composites using silane coupling agent is lower than that of the NaOH-treated ones
(HF-A/PA1010 composites), and the difference of the value increases with increasing temper‐
ature. The influence of temperature on |η*| of HF/PA1010 composites differs for each surface
treatment using silane coupling agent. It is found that epoxysilane (HF-A-S2) is the most
temperature sensitive, and ureidosilane (HF-A-S3) is the least. From the slope of |η*| vs. 1/T
plots, the apparent activation energy Ea for flow can be calculated from the previous Andrade’s
equation (1). Figure 14 shows the apparent activation energy Ea of various HF/PA1010 biomass
composites. It was found that Ea increases in the following order: ureidosilane (HF-A-S3) <
NaOH (HF-A) < aminosilane (HF-A-S1) < neat PA1010 < epoxysilane (HF-A-S2). It can be said
that the fluidity of the materials increases with increasing Ea. Briefly, epoxysilane (HF-A-S2)
with the highest value of Ea demonstrates high sensitivity to temperature changes. This means
that ureidosilane (HF-A-S3) with the lowest value of Ea has stable flow processability in a wide
temperature region for the HF/PA1010 biomass composites studied here.

Figure 13. Temperature dependence of complex viscosity for various surface-treated HF/PA1010 biomass composites.
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Figure 14. The apparent activation energy Ea of various HF/PA1010 biomass composites.

4.7. Complex modulus dependences
The complex modulus dependence of various surface-treated HF/PA1010 biomass composites
in the molten state is discussed in this section. Figure 15 shows the phase angle δ (=arctan G
″/G′) is plotted against the absolute value of the complex modulus |G*| of various surfacetreated HF/PA1010 biomass composites. The van Gurp–Palmen plot [45] is drawing attention
recently as another method for representing internal microstructures and their changes. This
plot is considered to be a sensitive indicator for the time-temperature superposition, the
presence of long chain branch of the polymer, gelation behavior, rheological percolation of
polymer nanocomposites, etc. [45–47]. This is because the changes in the rheological properties,
from which it is hard to understand the angular frequency dependence (G′- ω, G″- ω, tan δ –
ω curves), are emphasized in this δ-|G*| plot. As seen in Figure 15, the δ-|G*| curve of neat
PA1010 approaches 90° at the low complex modulus |G*|, indicating the flow behavior of
viscous fluid. On the contrary, the δ-|G*| curves of various surface-treated HF/PA1010
biomass composites show the complex behavior. However, these are of minimal value. In
particular, ureidosilane (HF-A-S3), which is considered to play a strong role as a coupling
agent for improving the interfacial interaction between the fiber and polymer, clearly shows
the minimum value. It is also the lowest value compared to other surface treatment systems.
On the contrary, the other composites which play a weak role as a coupling agent, do not show
the minimum values. Thus, this δ-|G*| plot may be able to serve as an indicator for the effect
of surface treatment of polymer composites.
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Figure 15. The phase angle is plotted against the absolute value of the complex modulus of various HF/PA1010 bio‐
mass composites.

5. Conclusion
The aim of this study is to investigate the thermal properties of hemp fiber-filled plant-derived
polyamide 1010 biomass composites and their dynamic viscoelastic properties of these
composites in the molten state experimentally. It was found that the addition of HF with
PA1010 has a strong influence on the thermal properties such as DMA, TGA, and DSC. In
particular, HF is effective for improving thermal and mechanical properties. The effect of alkali
treatment on the dynamic viscoelastic properties of HF/PA1010 composites in the molten state
differs according to whether the alkali treatment uses the silane coupling agent or not. In
particular, the viscoelastic properties (both storage and loss moduli) of NaClO2 are higher than
those of NaOH. The silane coupling agents have a remarkable influence on (1) rheological
properties such as storage modulus, loss modulus, loss tangent, and complex viscosity in low
angular frequency regions in the molten state, (2) temperature dependence of rheological
properties, and (3) relationship between phase angle and complex modulus (van Gurp–Palmen
plots). These rheological behaviors were also strongly influenced by the type of silane coupling
agents used. The viscoelastic properties (both storage and loss moduli) of aminosilane and
epoxysilane treated composites were lower, which those of ureidosilane-treated ones were
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higher than the moduli of only alkali-treated composites. Ureidosilane-treated composites
were the least temperature sensitive in the surface treated composites investigated here.
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Abstract
This study presents a practical approach to select plasticizers for proteins. It is a case
study on thermoformed wheat gluten, considered here as a model protein, and it
involved 30 plasticizer candidates. The approach consisted of selecting plasticisers (30
wt%) based on visual examination, rheological and molding behavior of the dough, and
finally tensile data. There was no unique relationship between the torque behavior of
the dough and the mechanical properties of the films. Nevertheless, the extensibility
and dough analysis indicated that the most promising plasticizers were as follows:
glycerol, linear glycols, ethanol amines, diols, and trimethylolpropane. Further,
considering also the stiffness, it was concluded that the most efficient plasticisers were
those that contained three hydroxyl groups and the linear glycols of intermediate size.
Out of those, glycerol stood out as having the highest extensibility and lowest stiffness
and strength. In an attempt to predict the mechanical properties of the films based on
several physical data of the compounds, it was observed that there was a weak nonlinear
relationship between the stiffness/strength and the size (molecular weight/molar
volume), polarity and molar refractivity of the compound. The stiffness/strength
decreased with an increase in these physical parameters.
Keywords: proteins, wheat gluten, plasticisers, compression molding, mixing

1. Introduction
Protein‐based films have generally low oxygen permeability in dry conditions due to the high
amount of hydrogen bonds. However, the hydrogen bonds also make the films brittle in dry
conditions, and a plasticizer is needed for the film to have desirable ductility [1–4]. Several
factors must be taken into account when choosing between different possible plasticizers, and

© 2016 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
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the perfect plasticizer is probably not to be found. Plasticizer and protein materials must have
similar polarity to be compatible. Insufficient dispersion of the plasticizer in the protein matrix
results in a material with properties depending on the internal variation in plasticizer
concentration. The molecular weight and chemistry/polarity of the plasticizer affects its
diffusion properties and therefore the migration from the protein matrix and the long‐term
properties of the protein material. There are numerous reports on plasticized protein‐based
films, including matrices from plants such as soy, pea, sunflower, and wheat proteins and zein
[5]. Animal‐based protein matrices include sodium caseinate, keratin, gelatin, collagen, and
whey and myofibrillar proteins. Plasticisers have also been an important factor to consider in
biocomposites [6].
The most commonly used plasticizer for protein films is glycerol, which is miscible in most
proteins, but several other plasticizers have also been studied [7–12]. Examples are polyfunc‐
tional alcohols such as sorbitol, propylene glycol, and di‐ and triethanolamine [1, 4, 7, 8, 10,
11, 13–20]. Often, more than one plasticizer has been used, for example water and glycerol [21],
glycerol and trehalose [22], and glycerol and dendritic polyglycol [23]. An interesting direction
toward new types of plasticisers is low‐molar‐mass proteins (hydrolysates). However, as
reported by Nuanmano et al. [24] on the plasticization of fish myofibrillar proteins, that
glycerol is more effective than the hydrolysates (gelatin‐based) at similar contents. Both
glycerol and sorbitol are harmless as plasticizers for films in contact with foodstuff and are
also frequently used as sweeteners in foodstuffs [13]. It was interesting to compare the number
of papers with the search words “glycerol” and “plasticizer” with those on “phthalate” and
“plasticizer”. The total number in the former and latter case was 48,600 and 89,800 (Google
Scholar). In the years 1980, 1990, 2000, 2010, and 2015, the papers on glycerol plasticizer were
330, 520, 1270, 3640, and 5150. The same numbers for PVC plasticizer were 800, 1310, 2450,
4490, and 6020. It shows that glycerol, as a plasticizer for bio‐based materials, is investigated
to almost the same extent as the phthalates, being a common plasticizer for petroleum‐based
plastics (mainly PVC). The interest in glycerol is also increasing with time.
The potential migration of plasticizers is an important aspect to consider when choosing
plasticizer. Migration of plasticizers leads to a decrease in fracture strain [11, 12]. Even though
the film becomes more ductile with increasing plasticizer content, it is important to keep the
content as low as possible because of barrier property issues; the gas/vapor permeabilities,
generally, increase with increasing plasticizer content [25]. In general, a compromise between
permeability and extensibility has to be made [11, 26–28]. In fact, a compromise has to be made
also between ductility and stiffness/strength, since they normally go in opposite directions
with increasing plasticizer content. Several less hygroscopic plasticizers, such as mono‐, di‐,
or oligosaccharides and urea, have also been studied in solution cast films. Amphipolar
plasticizers such as octanoic and palmitic acids, dibutyl tartrate and phthalate, and mono, di‐,
and tri‐glyceride esters have also been studied in solvent cast protein films such as WG and
zein. Still, glycerol and triethanolamine have so far seemed to be the most appropriate
plasticisers for films of proteins such as whey or wheat gluten [7, 11, 12]; however, sorbitol is
also a commonly used plasticizer [29]. These plasticizers have mostly been evaluated for
solution cast films [30, 31], and only a limited number of studies have been reported for
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thermoformed gluten‐based matrices with plasticizers [32–39]. In fact, for the most common
plastic processing method (injection molding), only a few studies have been performed on the
effects of plasticizers [40, 41].
There is no study, to our knowledge, that compares a very large set of different types of
potential plasticizers for thermoformed wheat gluten films. This study focuses on a practical
evaluation of potentially interesting plasticizers for use in thermoformed wheat gluten films.
The outcome should be valid not just to WG, but also to proteins of different origins like pure
or modified whey [42] and blood meal [43] proteins. The number of potential plasticizers is
high, and these have to be carefully selected to avoid poor film properties and issues relevant,
for e.g., the barrier properties, migration, aging behavior, sealing properties [44], printing
properties, and cost. Which properties that are most interesting depend on the specific
application, but the thermoforming and mechanical properties are of fundamental importance
for most applications. This is also why these properties have been compared and evaluated,
as a function of plasticizer type, in this study.

2. Experimental
2.1. Materials
The wheat gluten powder was supplied by Reppe AB, Lidköping, Sweden. The additives
added for plasticizing purposes are presented in Table 1. The selection was based on polarity,
melting, and boiling temperatures.
2.2. Blending procedure
About 350 g wheat gluten powder and 150 g of plasticizer were blended using a food processor
(WATT; DUKA AB, Sweden) at the lowest speed, “Speed 1” (about 95 rpm), for 60 s. About
40 g of the blend was then transferred to a Brabender plasticorder PL2000 with a M50EHT
measuring head and kneaded at 50 rpm for 2 min. The torque and the temperature were
monitored with Brabender correlation program version 2.2. The starting temperature was set
to 50°C.
2.3. Water adding procedure
Gluconic acid lactone, PEG 150, PEG 200, PEG 400, sorbitol, and xylose, respectively, were also
mixed with small amounts of water (20% of the plasticizer content) for improved miscibility
with the gluten powder. The water used was deionized and was blended in with the plasticizer.
2.4. Visual evaluation of the mixtures
The mixtures were visually evaluated during mixing. The focus was on crack formation, visible
separation of the additive and the protein, and also on “apparent” dough brittleness. The
visually “most promising” additive/gluten mixtures were chosen for compression molding.
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Additive

Tma (°C)

Tba (°C) Purity

Supplier

1,2‐propanediol

-59

187.6

Fluka, The Netherlands

1,3‐propanediol

-27

214–216 99.6%

Aldrich, USA

1,4‐butanediol

16

230

≥99.9%

Merck KGaA, Germany

2‐propanol

-89

82.4

≥99.9%

Sigma‐Aldrich GmbH, Germany

Adipic acid

151–154

265

≥99.9%

Sigma‐Aldrich GmbH, Germany

Diethanolamine

28

217

99%

Sigma‐Aldrich

Gluconic acid lactone

117

–

≥99.9%

Sigma‐Aldrich GmbH, Germany

Glycerol

18

290

99.5%

Karlshamns Tefac AB, Karlshamn, Sweden

Lactic acid

53

–

≥99.9%

Sigma‐Aldrich GmbH, Germany

Myvacet™ 5‐0729

41–46

–

–

Quest International Inc., USA

Myvacet™ 9‐0829

-12 to -14

–

–

Quest International Inc., USA

Myvacet™ 9‐4529

4–12

–

–

Quest International Inc., USA

Octanoic acid

16–17

237

≥99.9%

Sigma‐Aldrich GmbH, Germany

Diethylene glycol

-10

245

99%

Sigma‐Aldrich

Triethylene glycol

-7

278

99%

Sigma‐Aldrich

Tetraethylene glycol

-6

314

99%

Sigma‐Aldrich

Octaethylene glycol

-4

327

≥99%

Sigma‐Aldrich GmbH, Germany

Ethylene glycol

-13

197

99.5%

Merck KGaA, Germany

SAIB™ 90EA30

–83°C

78°C

–

Eastman Chm. Co., USA

Sorbitol

95

296

≥98%

Sigma‐Aldrich, USA

Succinic acid

185–187

235

≥99.9%

Coleman & Bell Co., USA

Trimethylolpropane

58

292–297 ≥99%

Perstorp Specialty Chemicals AB, Perstorp, Sweden

Triethanolamine

21

208

≥99.9%

Riedel‐de Haen GmbH, Germany

Xylose

144–145

–

≥99%

Sigma‐Aldrich GmbH, Germany

98%

Tm and Tb are melting and boiling points.

a

Table 1. Additives that were mixed with the wheat gluten powder.

2.5. Preparation of compression‐molded films
The wheat gluten powder and the additives were blended using a food processor (WATT;
DUKA AB, Sweden) at the lowest speed, “Speed 1” (about 95 rpm), for 30 s and thereafter at
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“Speed 3” (about 200 rpm) for 1 min. Five grams of the mixture was then put in a frame and
pressed into 0.5 mm thick films at 120°C for 3 min at a pressure of 100 bar. The compression‐
molded gluten sheet was cut into a square following the frame and put on Mylar films for 1
h. The press used was a Laboratory Press Polystat 200T #7105, Servitec Maschinenservice
GmbH, Wustermark, Germany.
2.6. Tensile testing
The Young's modulus, tensile stress, and fracture strain (maximum tensile strain) were
measured on samples, punched from the pressed gluten/additive films. Ten specimens, with
a size described by EP 04/ISO 37‐3 (with a test area of 4 × 40 mm), from each sample were
measured by a Zwick Z010 tensile tester using the sensor 0.5 kN, controlled by TestXpert 7.11.
A preload of 0.5 N applied with a speed of 100 mm/min was used. The entire tests were also
performed at 100 mm/min. The tensile test and the 24‐h preconditioning were performed at
50% RH and 23°C. The average values for each sample are presented.

3. Results and discussion
The molecular structure and properties of the compounds evaluated here are given in Tables 2
and 3. To narrow down the number of potential plasticisers the mixing/compounding and
molding properties were first evaluated before going further with mechanical characterization
of the compression‐molded films. Very early six different compounds (four different starch
syrups, octanoic acid, and pentaerythritol) were discarded due to very poor mixing with WG.
Additive
Glycerol

Ethylene glycol

Diethylene glycol

Triethylene glycol

Molecular structure

Van der Waals volume
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Additive
Tetraethylene glycol

Octaethylene glycol

1,2‐propanediol

1,3‐propanediol

1,4‐butanediol

Diethanolamine

Triethanolamine

Trimethylolpropane

Molecular structure

Van der Waals volume
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Additive
2‐propanol

Xylose

Sorbitol

Lactic acid

Succinic acid

Adipic acid

Octanoic acid

Molecular structure

Van der Waals volume

87

88

Viscoelastic and Viscoplastic Materials

Additive

Molecular structure

Van der Waals volume

Gluconic acid lactone

SAIB™ 90EA

Myvacet™ 5‐07

R1: fatty acid chains based on 30% palmitic acid and 70% stearic
acid

Myvacet™ 9‐08

As 5‐07

R1: fatty acid chains based on 47% lauric acid, 18% myristic acid,
12% stearic acid, 10% palmitic acid, 13% others

Myvacet™ 9‐45

As 5‐07

R1: fatty acid chains based on 73% oleic acid (isomers), 18%
myristic acid, 13% stearic acid, 10% palmitic acid, 4% others

Table 2. Additive properties.

Additive (0.43 g

Densitya Molecular Crit.

additive/g WG)

(g/cm )
3

Specific Amount Volume Functional Log tPSAg MRh

weight

molar

(g/mol)

volume

b

volume addedc

addedd

groups

(cm /g)

(mol/g

(cm /g

added

WG)

WG)

(mol/g WG)

3

(cm3/mol)

3

Pf

(cm3/
mol)

e

Glycerol

1.260

92.1

254.5

0.794

0.0047

0.341

0.0140

-1.33 60.69

20.27

Ethylene glycol

1.200

62.1

185.5

0.825

0.0069

0.355

0.0138

-0.79 40.46

14.21

Diethylene glycol

1.120

106.1

315.5

0.893

0.0090

0.384

0.0189

-0.95 49.69

25.14
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Additive (0.43 g

Densitya Molecular Crit.

additive/g WG)

(g/cm )
3

Specific Amount Volume Functional Log tPSAg MRh

weight

molar

(g/mol)

volumeb (cm3/g)
(cm /mol)

volume addedc

addedd

groups

(mol/g

(cm3/g

addede

Pf

(cm3/
mol)

WG)

WG)

(mol/g WG)

Triethylene glycol

1.127

150.2

445.5

0.887

0.0029

0.382

0.0057

-1.1

58.92

36.06

Tetraethylene glycol

1.129

194.2

575.5

0.886

0.0022

0.381

0.0044

-1.26 68.15

46.99

Octaethylene glycol

1.130

370.4

1095.5

0.885

0.0012

0.381

0.0023

-1.88 105.07 90.68

1,2‐propanediol

1.036

76.1

235.5

0.965

0.0057

0.415

0.0113

-0.47 40.46

18.9

1,3‐propanediol

1.060

76.1

241.5

0.943

0.0057

0.406

0.0113

-0.68 40.46

18.81

1,4‐butanediol

1.017

90.1

297.5

0.983

0.0048

0.423

0.0095

-0.23 40.46

23.41

Diethanolamine

1.097

90.1

332.5

0.912

0.0048

0.392

0.0095

-1.17 52.49

27.24

Triethanolamine

1.124

149.2

446.5

0.890

0.0070

0.383

0.0201

-1.31 63.93

38.44

Trimethylolpropane

1.150

134.2

417.5

0.870

0.0070

0.374

0.0224

-0.22 60.69

33.95

2‐propanol

0.785

60.1

216.5

1.274

0.0072

0.548

0.0072

0.38 20.23

17.53

Xylose

1.525

150.1

390.5

0.656

0.0070

0.282

0.0266

-2.71 97.99

31.75

Sorbitol

1.489

182.2

461.5

0.672

0.0024

0.289

0.0142

-2.94 121.38 38.44

Lactic acid

1.200

90.1

240.5

0.833

0.0048

0.358

0.0143

-0.51 57.53

18.65

Succinic acid

1.572

118.1

307.5

0.636

0.0036

0.274

0.0073

-0.64 74.6

21.93

Adipic acid

1.360

146.1

419.5

0.735

0.0029

0.316

0.0059

0.2

31.13

Octanoic acid

0.910

144.2

507.5

1.099

0.0030

0.473

0.0030

2.43 37.3

Gluconic acid lactone 1.610

178.1

411.5

0.621

0.0024

0.267

0.0121

-2.44 107.22 35.58

1.110

846.9

0.901

–

0.387

–

–

3

SAIB™ 90EA30

74.6

–

39.7

–

If not stated otherwise, the density was obtained from PubChem and at 15–25°C. The value for 1,3‐propanediol was
obtained from chemicalbook.com.
b
Critical molar volume.
c
Amount of additive added in moles.
d
Amount (volume) of additive added based on the specific volume and molecular weight.
e
Amount of functional groups added based on the molecular weight and the number of functional groups per
molecule.
f
Logarithm of the partition coefficient in n‐octanol/water. The ratio of the solubility of the additive in n‐octanol and
water, the larger the more hydrophobic the additive is. Log P, tPSA and MR obtained from CS Chembiodraw Ultra.
g
Total polar surface area.
h
Molar refractivity.
a

Table 3. Additive properties.

3.1. Additive/WG blends that were evaluated only qualitatively (visually and by hand)
during and after mixing and compression molding, due to poor miscibility/mixing and/or
brittleness
Xylose and gluconic acid lactone, with and without water, gave both an inhomogeneous WG
dough with a clear phase separation. The resulting compression‐molded films were very brittle
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with properties similar to the molded pure wheat gluten powder. The use of SAIB™ 90EA [45],
which is a low‐viscous liquid with 90% sucrose acetate isobutyrate and 10% ethyl acetate that
is used in, for example, coatings and in nail‐polish lacquers, resulted in a homogeneous dough
with potential for further development. However, the molded films were too brittle. Three
grades of acetylated monoglyceride (AMG, Myvacet™ 5‐07, 9‐08, and 9‐45 [46, 47]) were mixed
with WG. The 5‐07 grade (which is an AMG with 50% acetylation) has been used previously
in WG formulations, although not with the primary purpose of plasticicizing the film [48]. This
grade gave an inhomogeneous dough, and the resulting compression‐molded film was brittle.
The mechanical flexibility was too poor to proceed with further film development at this stage.
Myvacet™ 9‐08 and Myvacet™ 9‐45 (fully acetylated using, respectively, hydrogenated coconut
oil and partially hydrogenated soybean oil as fat sources) did not dissolve in the WG. The
resulting molded films fell apart due to extensive brittleness. Lactic acid made the dough highly
viscous and sticky, which prevented longer mixing in the Brabender. The pressed films were
too soft and sticky to be further tested.
The use of succinic and adipic acid resulted in doughs that were quite homogeneous and viscous.
The molded films were at warm conditions (when they were released from the compression
molder) flexible. However, they turned out to be inhomogeneous with a significant amount
of trapped air bubbles and turned brittle when cooled to room temperature. The 2‐propanol did
not yield a dough when mixed with WG. The blend could be described as a wet powder rather
than a dough. The compression‐molded films were very brittle and could not be tensile tested.
The largest glycol tested here, octaethylene glycol (PEG 400), yielded an inhomogeneous dough
and was only very poorly mixed with the WG powder. The film had an uneven surface but
parts existed which were homogeneous and smooth. However, the overall impression was,
however, that the films were like pressed powder. The compression‐molded films had similar
appearance to molded WG powder without plasticizer and were too brittle to be tensile tested.
3.2. Additive/WG blends that were evaluated with respect to rheological and tensile
properties
Glycerol serves here as a reference plasticizer due to its well‐known excellent plasticizer
efficiency. Its torque and temperature evolution during the 2‐min mixing in the Brabender are
given in Figure 1a. The temperature was steadily increasing from 50°C and reached the
maximum temperature after 2 min (76°C). The torque was also steadily increasing reaching a
maximum torque of 18.4 Nm at the end of the experiment.
The use of ethylene glycol (PEG 60) and diethylene glycol (PEG 100) resulted in doughs that
seemed appropriate for, for example, extrusion. The resulting maximum and final torque
values were high (similar to glycerol, Table 4), and the PEG 60 mixed faster with the WG
powder (a faster rise in torque) then PEG 100. The reason to that is most likely the lower melting
temperature of PEG 60. The maximum temperature during the 2‐min mixing occurred close
to or at the end of the experiment and was, for both glycols, slightly lower than for glycerol.
The resulting compression‐molded films were homogeneous and mechanically flexible.
Triethylene glycol (PEG 150) yielded a dough that was sticky and that had a low viscosity/torque
throughout the mixing step (Table 4). The resulting temperature increase was also low. An
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even constantly lower torque, with no temperature increase, was observed when mixing
tetraethylene glycol (PEG 200) with WG. Still, a homogeneous dough and a flexible film were
obtained.
The diols 1,2‐propanediol, 1,3‐propanediol, and 1,4‐butanediol all gave homogeneous doughs and
initially flexible films. However, they became less flexible after 1 day (see the mechanical
section below). There were no clear correlation between molecular size and rheological
behavior in this group (Table 4). The largest torque values and temperature increase were
observed for 1,3‐propanediol, whereas the lowest torque values and temperature increase were
observed for 1,4‐butanediol.
Diethanolamine and triethanolamine gave homogeneous doughs and flexible films. The torque
remained very low throughout the mixing step and the temperature remained low. A similar
torque and temperature behavior were observed for trimethylolpropane (TMP) (Figure 1b),
which also resulted in a homogeneous dough and flexible film. Based on the different rheo‐
logical behaviors and the apparent plasticizer efficiencies of the analyzed additive/WG
combinations, it is concluded that it is not possible to predict the plasticizer efficiency based
on the torque/temperature behavior during mixing. This is most clearly illustrated in Fig‐
ure 1 where two of the most efficient plasticisers gave two very different torque/temperature‐
time curves.

Figure 1. Torque (solid line) and temperature (broken line) as a function of mixing time in the Brabender. (a) Glycerol
and (b) trimethylolpropane.
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Additive

τmaxa

T at τmaxb

Time to τmaxc

τFinald

T finale

Glycerol

18.4

76

2.0

18.4

76

Ethylene glycol

17.2

71

1.8

15.2

71

Diethylene glycol

15.2

70

2.0

15.2

70

Triethylene glycol

8.4

59

2.0

8.4

59

Tetraethylene glycol

0.5

50

2.0

0.5

50

1,2‐propanediol

3.4

52

2.0

3.4

52

1,3‐propanediol

15.1

67

2.0

15.1

67

1,4‐butanediol

0.5

45

0.2

0.5

49

Diethanolamine

0.7

49

1.2

0.7

49

Triethanolamine

0.8

50

0.7

0.7

51

Trimethylolpropane

1.8

53

2.0

1.8

53

Maximum torque (Nm).
Temperature at maximum torque (°C).
c
Time to maximum torque (min).
d
Final torque (Nm).
e
Final temperature (°C).
a

b

Table 4. The thermomixing properties of wheat gluten with plasticisers.

In Figure 2, the tensile curves of the compression‐molded films with the most interesting
additives are displayed, and in Table 5, their mechanical properties are given. The WG with
glycerol showed the greatest fracture strain and the lowest modulus and maximum stress. The
curve shape (Figure 2a) indicated a clear yielding (non‐linearity in the curve) before fracture.
The scatter in the tensile properties was also among the lowest, indicating good mixing/high
miscibility (Table 5). TMP, not tested in wheat gluten before, showed a fracture strain above
100% and somewhat higher modulus and maximum stress as compared to glycerol. The scatter
in these parameters was also higher than for glycerol. Triethanolamine and, in particular,
diethanolamine were not as effective plasticisers as glycerol and TMP. However, the scatter in
data (mixing efficiency) was similar to that of glycerol in the case of maximum stress and
fracture strain (triethanolamine). It seemed as if the additives with three hydroxyl‐terminated
arms (glycerol, TMP, and triethanolamine) were better plasticizers than the linear diethanol‐
amine.
The range in mechanical properties was large within the oligoethylene glycol family (Fig‐
ure 2b and Table 5). The highest extensibility (fracture strain) was observed for triethylene
glycol (Figure 2b), which value was close to that of TMP. In fact, its modulus was lower than
that of TMP, but higher than that of glycerol. The smallest glycol (ethylene glycol) showed
poor plasticizing properties with a high modulus and maximum stress and low fracture strain.
The scatter in data within this family was lowest for the two most effective plasticisers
(triethylene and diethylene glycols). Their scatter in modulus and maximum stress was on the
same order as that of glycerol.
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As for ethylene glycol, the propanediols and the 1,4‐butanediol had high modulus, maximum
stress, and low fracture strain (Figure 2c and Table 5). It is amazing how the plasticizing
efficiency increases when a “flexible” ether linkage is inserted in the middle of the molecule
(compare mechanical data of 1,4‐butanediol and diethylene glycol, Tables 2 and 4). The effect
is somewhat larger than putting an N–H group in the same place (compare 1,4‐butanediol and
diethyleneamine). If a third hydroxyl group is placed on the central carbon, a sizeable
improvement is observed (compare 1,3‐propanediol and glycerol).
a)

b)

c)

Figure 2. Tensile curves.

In general, the modulus and yield stress of tough polymers go hand in hand whereas the
fracture strain is not a simple function of these [49]. Here, we show that the modulus and
strength (maximum stress) are basically linearly related (Figure 3a). For those blends that show
a clear yielding, it is also obvious that the stiffer materials also show larger yield stresses
(Figure 2). There does, in general, not exist a clear correlation between stiffness/strength and
fracture strain when tough and brittle materials of different types are investigated together. A
material can be stiff and brittle or stiff and tough. Here, however, the fracture strain decreases
in a nonlinear fashion with increasing stiffness (Figure 3b) or strength (not shown), where
there is a lesser correlation at higher stiffness and strength. This shows that for the same
polymer matrix (WG), the addition of additives that alter the mechanical properties, such as
those with a higher or lower plasticizing ability, the four mechanical parameters (modulus,
yield stress, maximum stress, and fracture strain) are clearly interrelated.
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Additive

Ea

R. Ed

σmaxb

R. σe

εc

R. εbf

Glycerol

27 ± 2

7

2.4 ± 0.2

8

152 ± 10

7

Ethylene glycol

1532 ± 218

14

21.5 ± 4.2

20

2 ± 0.5

25

Diethylene glycol

133 ± 10

8

3.4 ± 0.2

6

66 ± 9

14

Triethylene glycol

77 ± 9

12

2.8 ± 0.2

7

99 ± 12

12

Tetraethylene glycol

206 ± 68

33

4.4 ± 0.9

20

34 ± 20

59

1,2‐propanediol

1068 ± 103

10

13.2 ± 0.9

7

2 ± 0.2

10

1,3‐propanediol

647 ± 63

10

9.0 ± 1

11

3 ± 0.9

30

1,4‐butanediol

875 ± 55

6

9.9 ± 0.9

9

2 ± 0.3

15

Diethanolamine

280 ± 39

14

4.5 ± 0.3

7

16 ± 4

25

Triethanolamine

151 ± 24

16

5.7 ± 0.4

7

78 ± 6

8

Trimethylolpropane

108 ± 21

19

2.9 ± 0.6

21

104 ± 23

22

Young's modulus (MPa).
Maximum stress (MPa).
c
Elongation at break (%).
d
Relative standard deviation of modulus data.
e
Relative standard deviation of stress data.
f
Relative standard deviation of strain at break data.
a

b

Table 5. Mechanical properties of wheat gluten materials.

Figure 3. (a) Maximum stress versus modulus and (b) fracture strain versus modulus for the additive/WG materials in
Table 5.

It was important to see whether it was possible to predict the plasticizer efficiency, or its trends,
from any easily obtained parameter characterizing the additive. The mechanical parameters
(Table 5) were correlated with all the physical parameters in Table 3. No specific correlation
was observed between the mechanical properties and the density, specific volume, amount/
volume of additive added (mol/g WG or cm3/g WG), functional groups added, and log P. In
fact, none of the physical parameters in Table 3 could be used to predict the trends in the
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observed fracture strains. On the other hand, when plotting the size and the modulus against
the critical molar volume, a trend was observed (Figure 4a and b). The stiffness decreased in
a nonlinear way with increasing size of the additive, with a vanishing correlation at larger
additive sizes. The modulus was correlated with the additive polarity, in terms of the tPSA
(total polar surface area) (Figure 4c). The correlation was less than with the molecular size;
however, two regions were clearly separated, a low polarity region (low tPSA) with high
modulus and a high polarity region with low modulus. Finally, in Figure 4d, the modulus was
plotted against the molar refractivity (MR), which is also a measure of the polarity (and the
size) of the additive. Here, the correlation was similar as for molecular size (Figure 4a and b),
with a nonlinear decrease in stiffness with increasing modulus. When plotting the same type
of data for maximum stress rather than modulus, the same relationships were observed, which
was not a surprise since stiffness and strength were linearly dependent (Figure 5). To conclude,
of all the parameters listed in Table 2, only the molecular size and/or the polarity was affecting
the mechanical properties (only stiffness and strength) in a systematic way, although the
correlation was relatively poor.

Figure 4. Modulus versus additive (a) molecular weight, (b) critical molar volume, (c) total polar surface area, and (d)
molar refractivity.
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Figure 5. Maximum stress versus additive (a) molecular weight, (b) critical molar volume, (c) total polar surface area,
and (d) molar refractivity.

4. Conclusions
Of the extensive number of additives/plasticizers that were tested, having different molecular
weights, polarity, melting and boiling temperatures, glycerol was shown to be the most
efficient plasticizer for thermoformed gluten films. The most efficient plasticisers, considering
stiffness and extensibility, were those that contained three hydroxyl groups and the linear
glycols of intermediate size. It should be stated, though, that only the short‐term mechanical
data were analyzed, and no aging and relative humidity effects were explored. All thermo‐
formed plasticizer/gluten mixtures were studied at equal mass concentration of plasticizer, an
issue that can be further elaborated; different plasticizers have different efficiency and should
thus also be further studied as a function of plasticizer concentration. Still, several plasticizers
in this study seemed to be fully blended with gluten after <2 min of thermomixing. Regrettably,
there did not seem to be a unique relationship between the torque behavior and the final
mechanical properties of the films. However, there was a weak nonlinear relationship between
the stiffness/strength and the size (molecular weight, molar volume) and the polarity/
polarizability (tPSA and MR) of the compound. The mixing conditions (i.e. shear forces, time,
and temperature) may differ from extrusion; hence, this study should thus be considered as a
first attempt to determine appropriate plasticizers for thermoformed gluten films.
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Abstract
For the purpose of developing new engineering materials with sufficient balance among
mechanical, electrical, processability, triboloical properties, etc., in this study, we
investigated the dynamic viscoelastic properties of carbon nanofiber (CNF) filled
polyamide (PA) composites and the blend of these composites and thermoplastic
elastomer (TPE) in the molten state, which were mainly obtained in our previous
studies. It was found that vapor grown carbon fiber (vapor grown carbon fiber) has a
stronger influence on the dynamic viscoelastic properties of the composites in the
molten state. Rheological percolation thresholds seem to exist between 1vol.% and 5vol.
% of VGCF contents. On the other hand, the effect of the addition of TPE (styreneethylene/butylene-styrene copolymer (SEBS) and maleic anhydride grafted SEBS (SEBSg-MA)) on the dynamic viscoelastic properties of VGCF/PA6 composites in the molten
state differed at each viscoelastic value. It was clarified that the dynamic viscoelastic
properties of VGCF/PA6/SEBS-g-MA ternary composites are higher than those of
VGCF/PA6/SEBS ones. Furthermore, the influence of processing sequences on the
dynamic viscoelastic properties of VGCF/PA6/SEBS-g-MA composites in the molten
state differed according to the mixing steps of materials. These may be attributed to the
change in the internal structure caused by addition of TPE, type of SEBS and process‐
ing sequences.

Keywords: dynamic viscoelastic properties in molten state, carbon nanofiber, polya‐
mide, composites, polymer blends
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1. Introduction
Recently, nanofiller-filled thermoplastic composites are attracting considerable interest [1–5].
One of the advantages of these nanocomposites is that the volume ratio of the fillers in the
systems is much lower than that of conventional thermoplastic composites, offering a distinct
advantage in that less energy is required when these nanocomposites are processed for industrial
applications. Graphitic carbon nanofilaments such as single-wall carbon nanotube (SWCNT)
and carbon nanofiber (CNF) have been of great research interest [6, 7]. Especially, CNF-filled
thermoplastic composites have been proven to be very beneficial in terms of the improved
mechanical, thermal, and electrical properties [8–14]. CNF disperses well in the polymer matrix
and has a diameter of about 100–150 nm, which is relatively larger than other nanofilaments. It
can therefore serve as a low-cost alternative to SWCNT. In our previous works, we investigat‐
ed the rheological, mechanical, and tribological properties of various carbon fibers (CFs) such
as polyacrylonitrile-based carbon fiber (PAN-CF) and pitch-based carbon fiber (Pitch-CF) and
two kinds of vapor grown carbon fiber (VGCF and VGCF-S) and filled thermoplastic (polya‐
mide (PA), polybutylene terephthalate (PBT), etc.) [15–22] composites in order to obtain new
polymer nanocomposite-based engineering materials for use as the structural materials and
tribomaterials of mechanical sliding parts such as gears, bearings, cams, seals, etc. The mechan‐
ical and tribological properties improved when filled with various CFs. Fiber properties such
as aspect ratio (length/diameter) and fiber diameter have a stronger influence on the viscoelas‐
tic properties than fiber content. We also demonstrated the optimum mechanical and tribolog‐
ical properties of various CF-filled polymer composites. However, to further enhance the
mechanical, electrical, processability, tribological properties, etc. in these CNF-filled thermo‐
plastic composites, it is very critical to understand the rheological behavior of these thermo‐
plastic composites in the molten state such as processability, internal microstructure, changes,
and structure-property relationships [23–25].
Moreover, to date, little interest has been paid to multicomponent polymer composites such
as polymer blends based on CNF-filled thermoplastic composites for engineering materials
[18, 22, 26, 27]. To develop new engineering materials with sufficient balance among mechan‐
ical, electrical, processability, tribological properties, etc., various properties need to be well
balanced. Several investigations have proved that multicomponent polymer composites,
which are ternary blends based on nanofiller-filled composites such as nanofiller/polymer/
polymer or nanofiller/polymer/rubber, etc., are effective for realizing good balances among
various properties [18, 22, 26–32]. Above all, their remarkable performance stems from their
morphologies in immiscible blends. It is well known that the morphologies of immiscible
polymer blends are controlled by the chemical reaction between components during melt
blending [32]. In addition, the morphologies of multicomponent polymer composites such as
phase structure, fiber dispersion, fiber localization, etc. are strongly influenced by the design
of material composition and by the processing sequence of melt mixing using a twin extruder.
The former is the material design of multicomponent materials: specifically, the type of
materials, composition ratio, whether compatibilizer is used or not, functional groups, surface
treatment of filler, etc. [32, 33]. On the other hand, the latter is the mixing technique of
multicomponent composites [22, 34, 35]. The processing sequences during melt mixing using
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a twin screw extruder affect the morphologies of multicomponent composites. As a result, the
physical properties are also strongly influenced by the processing sequence. However, there
are only a few published studies on the effects of the addition of thermoplastic elastomer (TPE)
and the processing sequence on dynamic viscoelastic properties of these CNF-filled multi‐
component composites [18]. For the purpose of developing new engineering materials with
sufficient balance among mechanical, electrical, processability, tribological properties, etc., we
investigated the dynamic viscoelastic properties of CNF-filled polyamide composites and the
blend of these composites and TPE in the molten state, which were obtained mainly in our
previous studies. In particular, this study discusses the effects of the filling of CNF, addition
of TPE, and processing sequence on dynamic viscoelastic properties in the molten state.

2. Dynamic viscoelastic properties of carbon nanofiber-filled polyamide 66
composites in the molten state
2.1. Introduction
CNF is nanosized diameter CF and is used as fillers for polymer composites. One of the
advantages of CNF-filled composites is that the volume ratio of fillers in the systems is much
lower than that of conventional polymer composites. These CNF-filled polymer composites
have been proven to be very beneficial in terms of improved mechanical, electrical, tribological
properties, etc. [5, 8–14]. In our previous studies, we investigated the mechanical and tribo‐
logical properties of various vapor grown carbon fibers (VGCF), which are a type of CNF-filled
polymer composites: polyamide (PA) [20–22], polybutylene terephthalate (PBT) [15, 17–19],
polyimide (PI) [16], etc. were used as matrix polymer. We found that the mechanical and
tribological properties improved when filled with VGCF, and demonstrated the optimum
mechanical and tribological properties for various VGCF-filled polymer composites. However,
to further enhance the mechanical, electrical, processability, tribological properties, etc. in
these CNF-filled thermoplastic composites, it is critical to understand the rheological behavior
of these composites in the molten state such as processability, internal microstructure, changes,
and structure-property relationships [23–25]. Several studies have proven that VGCF-filled
polymer composites such as VGCF/polycarbonate (PC) [8, 10], VGCF/polypropylene (PP) [10,
11, 36], VGCF/polystyrene (PS) [37], VGCF/PBT [15, 19], etc. demonstrate distinctive rheolog‐
ical behaviors. However, there is still a lack of comprehensive understanding of the rheological
properties of these VGCF-filled composites, in particular, when VGCF content is low. The
purpose of this study is to experimentally investigate the rheological properties, which is the
dynamic viscoelastic properties in the molten state, of VGCF/PA66 composites. Particularly,
this study discusses the effect of the filling of VGCF, volume fraction, strain, angular frequency,
and temperature on the dynamic viscoelastic properties in the molten state.
2.2. Materials and methods
The materials used in this study were carbon nanofiber (CNF)-filled polyamide 66 (PA66)
composites in the molten state, which are used in the first step of the fabrication of these
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composites. PA66 (UBE Nylon 2020P, Ube Industries, Ltd., Japan) was used as the matrix
polymer. Vapor grown carbon fiber (Showa Denko K. K., Japan) which is a type of CNF was
used as the filler. Its fiber diameter and initial length are 150 nm and 10 μm, respectively.
VGCF-filled PA66 composites (VGCF/PA66) with the VGCF content of 1, 5, and 10 vol% were
prepared in this study. All the components were dried for 5 h at 100°C in a vacuum oven
beforehand until the moisture level was 0.2%, then dry blended in a small bottle, and
subsequently the melt was mixed at 110 rpm and 295°C in a twin screw extruder (TEX-30,
Japan Steel Works, Ltd., Japan). After mixing, the extruded strands of VGCF/PA66 composites
were cut into 5 mm long pieces by the pelletizer, and dried again for 5 h at 100°C in a vacuum
oven. In addition, 1 mm thick sheets were compression molded at the conditions of 270°C, 5
MPa, and 3 min, and cut into ϕ25 mm disk shapes for measuring the rheological properties.
The rheological properties in the molten state were evaluated by oscillatory flow testing using
a parallel plate-type rotational rheometer (ARES, Rheometric Scientific Co., USA and ARESG2, TA Instruments Japan Inc., Japan). The diameter of the parallel plate was ϕ25 mm, and
the gap between the two plates was fixed at 1 mm. Under such gap conditions, the test
specimens were slightly compressed in the molten state. First, the strain sweep test was
performed from initial strain value 10–1 to a final strain value of 102 in percent at the angular
frequency of 3.5 rad/s. Second, in frequency sweep testing, a small strain amplitude oscillatory
shear was applied to the sample. The angular frequency was varied from 10–1 to 102 rad/s, and
the strain amplitude was set as 1%. These measurements were carried out for all samples at
270, 280, and 290°C. The dynamic viscoelastic properties in the molten state were evaluated
by storage modulus G’, loss modulus G″, loss tangent tan δ, phase angle δ (= arctan G″/G’),
complex modulus |G*|, and complex viscosity |η*|.
2.3. Strain dependences
Viscoelastic properties of VGCF/PA66 composites are discussed in this section. First, strain
sweep testing was carried out to characterize the strain dependence of viscoelastic properties
and also transition from linear to nonlinear viscoelastic ones of VGCF/PA66 composites and
then to estimate the change in the internal microstructure of these composites. Since the storage
modulus G’ is a more sensitive rheological function to the structural changes of the nanocom‐
posites than the loss modulus G″, only the storage modulus curves are presented in this study
[38]. The strain dependence of the storage modulus G’ of VGCF/PA66 composites is shown in
Figure 1. This measurement was carried out for all samples at 280°C and the angular frequency
of ω at 3.5 rad/s. The strain dependences of G’ show remarkably different behavior according
to the volume fraction of VGCF Vf. The G’ of neat PA66 (100%) and VGCF/PA66 with Vf= 1 vol
% (VGCF1) exhibits a linear behavior, in which the modulus is a constant over a wide range
of strain amplitude. On the other hand, the G’ of VGCF/PA66 with Vf = 5 vol% (VGCF5) and
Vf = 10 vol% (VGCF10) show linear plateau only in low strain regions and rapidly decrease
with increasing strain, which is an independent transition from linear to nonlinear behavior.
It was observed that the value of the plateau modulus G’p changes with increasing Vf. These
results may be due to the increase in the fiber-matrix interactions, and to the increase in the
surface area of fiber with increasing Vf.
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Figure 1. Storage modulus as function of strain for VGCF/PA66 composites at 3.5 rad/s and 280°C.

To clarify the transition point from linear to nonlinear behavior, the strain dependences of
relative storage modulus G’r (= G’/G’p) of VGCF/PA66 composites are shown in Figure 2. Here,
the relative storage modulus G’r is given by the values of VGCF/PA66 composites divided by
that of the G’p of VGCF/PA66 composites. The regions of linear viscoelastic behavior for neat
PA66 and VGCF1 are clearly observed over a whole range of strain. However, those of VGCF5
and VGCF10 decrease abruptly in the G’r, which shows nonlinear behavior. The transition
point which appeared in the deviation region from linear to nonlinear viscoelastic behavior is
defined as critical strain γc. γc was generally taken as the strain value at the G’ equal to 90% of
the plateau modulus (0.9 G’p) [19, 38], which is shown in the broken line in Figure 2. The
relationship between critical strain value γc and volume fraction of fiber Vf of VGCF/PA66
composites at 3.5 rad/s and 280°C is shown in Figure 3. γc of VGCF/PA66 composites varies
sharply from Vf, and exhibits a straight relation between γc and Vf on this log-log plot. That is
power law of γc and Vf (γc ∝ Vf n). Here, n is the slope of power law and is found to be –2.55
from the relation in Figure 3. This may be attributed to the change in the internal structure of
the composites such as fiber dispersion, fiber-matrix, and fiber-fiber interactions caused by
increasing Vf [19, 39]. In general, it is well known that the dependence of critical strain value
on the volume fraction of fiber of polymer composites and nanocomposites can be explained
in terms of the change of internal microstructure formation, the alignment of the anisotropic
nanofiller to the strain direction, and the breakdown of fiber-fiber interaction of the physical
networks [19, 32, 38]. These behaviors have been reported for other nanofillers such as clay,
silica, etc. filled polymer nanocomposites [39, 40]. In this study, it was found that the volume
fraction of fiber has a strong influence on the strain dependence of viscoelastic properties.
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Figure 2. Relative storage modulus as function of strain for VGCF/PA66 composites at 3.5 rad/s and 280°C.

Figure 3. Dependence of critical strain on volume fraction of VGCF for VGCF/PA66 composites at 3.5 rad/s and 280°C.

2.4. Angular frequency dependences
The rheological properties of VGCF/PA66 composites were evaluated by oscillatory flow
behavior, which are considered to be strongly dependent on the internal microstructure of
these composites. The dynamic viscoelastic properties of these composites are plotted as a
function of angular frequency ω at 280°C and strain of 1% in Figure 4(a) (storage modulus G’),
Figure 4(b) (loss modulus G″), Figure 4(c) (loss tangent tan δ), and Figure 4(d) (complex
viscosity |η*|), respectively. The slope of G’ and G” against ω in low and high ω regions are
listed in Table 1. The G’ of neat PA66 increases with increasing ω; however, the slope of G’- ω
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Figure 4. Dynamic viscoelastic properties as a function of angular frequency for VGCF/PA66 composites at 1% strain
and 280°C. (a) Storage modulus. (b) Loss modulus. (c) Loss tangent. (d) Complex viscosity.

in high ω region is as small as 0.95. The G’ of neat PA66 is generally proportional to ω2 (log G’
∝ log ω2) in the linear dynamic viscoelastic models [41, 42]. Thus, the slope of G’ against ω is
2, which is log G’ ∝ 2log ω, although that of neat PA66 used in this study has a different
tendency. This may be attributed to the material properties of PA66 used such as molecular
structure, molecular weight distribution, orientation, etc., although the reason is not clear
because the G’ of neat PA66 in low ω region is not measured because it is below the detection
limit of the G’ measured using this apparatus. On the other hand, the G’ of VGCF/PA66
composites has a different behavior according to the volume fraction of VGCF Vf. That of
VGCF1 has the same tendency as that of neat PA66; however, that of VGCF is slightly small
than that of neat PA66 in the whole range of ω. The slope of G’ against ω of VGCF1 in low and
high ω region becomes higher than that of VGCF1 in the middle ω region. Moreover, G’ of
VGCF5 and VGCF10 is remarkably higher than that of PA66, and VGCF 5 and VGCF10 show
the typical G’ of highly filled systems [42, 43], although Vf in the composites is only 5 vol%.
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The slopes of G’ against ω become small, indicating the “second rubbery plateau,” i.e., the
long-scale relaxation time [25, 41, 42]. Hence, the viscoelastic properties of VGCF/PA66
composites change from liquid-like (viscous behavior) to solid-like (elastic behavior) according
to Vf. This second rubbery plateau behavior suggests the presence of an apparent yield stress,
which can be attributed to the strong fiber network formed due to the size of VGCF. This is in
accordance with theoretical expectations and experimental observations for highly filled
systems [43–47]. Similar phenomena have been reported by other systems [25, 31–33].
Code

Slope of G′-ω

Slope of G″-ω

Low ω

High ω

Low ω

High ω

PA66

-

0.95

1.05

0.90

VGCF1

0.65

0.94

1.17

0.91

VGCF5

0.41

0.38

0.39

0.61

VGCF10

0.22

0.26

0.05

0.48

Table 1. Slope of viscoelastic properties as function of angular frequency curves of VGCF/PA66 composites in low and
high frequencies.

On the contrary, the loss modulus G″ in Figure 4(b) has the same tendency as G’. The G″ of
VGCF1 is slightly smaller than that of neat PA66. The slope of G″ against ω of VGCF1 is also
about 1, which agrees with the linear viscoelastic model that the slope of G″ is proportional to
ω (log G″ ∝ log ω). On the other hand, the G″ of VGCF5 and VGCF10 is higher than the G″
of neat PA66 in the whole ω region, and the slope of G″ against ω becomes small in low ω
regions. However, there is a tendency of G″ being smaller than that of G’ since the G’ is a more
sensitive viscoelastic function to the structural changes of the composites than G″ [20]. From
the results of loss tangent tan δ against ω in Figure 4(c), tan δ of VGCF1 is similar to that of
neat PA66 (100%), and have a maximum peak in high ω region. The values of tan δ for neat
PA66 and VGCF1 are higher than 1 in the whole ω region (tan δ > 1). This indicates that PA66
and VGCF1 behave like liquid, which is a viscosity-dominant property. In contrast, VGCF5
and VGCF10 have different tendencies, and the values of tan δ for VGCF5 and VGCF10 are
smaller than 1 (tan δ < 1) except that of VGCF5 in high ω regions. Thus, VGCF5 and VGCF10
behave like solid materials, which is an elastic-dominant property. Complex viscosity |η*| in
Figure 4(d) shows the different tendencies according to the Vf. |η*| of neat PA66 and VGCF1
slightly decreases with increasing Vf. In addition, their smaller value than neat PA66 in the
whole ω region is a very interesting behavior. On the other hand, the |η*| of VGCF5 and
VGCF10 abruptly decreases with increasing ω, which exhibits a very strong shear thinning
effect. The curves of |η*| versus ω have a slope of –45o. This behavior indicates the presence
of an apparent yield stress in low ω regions. Furthermore, the curve of |η*| versus ω of VGCF1
is remarkably different from that of VGCF5 in low ω regions. This may be attributed to the
changes in the fiber network formation. This tendency thus indicates the presence of the
transition point of the internal structure, that is, the rheological percolation threshold, which
is almost equal to the gel transition point from liquid-like to solid-like behavior.
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2.5. Influence of volume fraction
The influence of volume fraction of VGCF Vf on the rheological properties of VGCF/PA66
composites is discussed here. The relative complex viscosity |η*|r is plotted against volume
fraction of VGCF Vf in Figure 5. Here, the relative value is given by the values of VGCF/PA66
composites with various Vf divided by that of neat PA66. Three types of angular frequencies:
ω = 0.25, 2.5, and 25 rad/s were used as a parameter. The |η*|r of VGCF/PA66 composites at
various ω has a minimum peak at 1 vol%. It then rapidly increases with increasing Vf, and it
seems to be remarkably influenced by ω. These results may be attributed to the internal
microstructure due to the interaction between fiber and polymer matrix. Especially, the
particular phenomena of the complex viscosity of the composites with low fiber content (Vf=
1 vol%), which are smaller than those of neat PA66, are observed in this study. Similar
phenomena have been reported by other systems [15, 19, 20, 36]. These phenomena may be
due to the self-lubrication of VGCF and also due to the two dimensionally oriented fiber
structure formation, which has the possibility to reduce the viscoelastic properties of the
composites less than that of matrix polymer. However, it is difficult to confirm these reasons
in the present situation. Furthermore, VGCF/PA66 composites sharply increase with Vf
between 1 and 5 vol%. This critical composition is regarded as a rheological percolation. At
high fiber content, the fiber-fiber interaction is more pronounced. Thus, these results demon‐
strate that fiber size parameters such as diameter, length, and aspect ratio have strong influence
on the viscoelastic properties of VGCF/PA66 composites.

Figure 5. Influence of volume fraction of fiber on relative complex viscosity for VGCF/PA66 composites at 1% strain
and 280°C.
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2.6. Relationship between storage modulus and loss modulus
The relationship between storage modulus and loss modulus at 1% strain of VGCF/PA66
composites is shown in Figure 6. This log G’ versus log G″ plots are called as “Han plot” or
“modified Cole-Cole plot” [33, 46, 48], which is an analogous Cole-Cole plot used in dielectric
spectroscopy. Such plot was used by Han et al. [33] to investigate temperature-induced
changes in the microstructure of homopolymers, block copolymers, and polymer blends, and
by Potschke et al. [46] to indicate the change of the microstructure in CNT-filled polymer
composites such as CNT/PC nanocomposites. It was proposed that the shift and change in the
slope of the log G’ versus log G″ curves indicate that the microstructure changes significantly
with addition of CNT. The curves of various VGCF/PA66 composites in this study show the
different behavior related to Vf. The neat PA66 and VGCF1 draw the same curves, and G’ is
smaller than G″, which means the viscoelastic properties are dominated by the viscous
properties. On the other hand, G’ at a given G″ of VGCF5 and VGCF10 increases significantly
with increasing Vf. Thus, the slope of G’ versus G″ decreases with increasing Vf. In addition,
the curves of a part of VGCF5 and the whole VGCF10 are located higher than the broken line
in Figure 6, which contributes to a more dominant role for the elastic properties than the
viscous ones. Similar behavior has been reported by other carbon nanotube-filled polymer
composites such as CNT/PC [46], CNT/PLA [49], etc. Also, Potschke et al. [46] and Kitano et
al. [44] found a similar response of first normal stress difference versus shear stress for glassfiber-filled polyethylene melts under steady shear conditions. In this study, VGCF clearly
present fiber content dependence, confirming the presence of strong interactions between fiber
and polymer matrix caused by the nanoscale fiber size such as fiber diameter. Moreover, the
decrease of the slope with the increase of fiber content indicates that composites become more
heterogeneous due to increasing the interactions between fiber and fiber. It is found from these
results that VGCF/PA66 composites change the microstructure according to the fiber content.

Figure 6. Relationship between storage modulus and loss modulus for VGCF/PA66 composites for VGCF/PA66 com‐
posites at 1% strain and 280°C.
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2.7. Complex modulus dependences
The influence of complex modulus on the viscoelastic properties of VGCF/PA66 composites
is discussed in this section in order to clarify the apparent yield stress and the rheological
percolation behavior. A long-scale relaxation time was observed by the curves of G’–ω of
VGCF/PA66 in the long-scale time region (in low ω regions) as mentioned earlier. This may
be due to the fiber network formation in the composites, indicating the presence of an apparent
yield stress in low ω regions. The apparent yield value of |G*| is thought to be a critical value
which determines whether material can flow or not. To discuss this apparent yield stress, the
complex viscosity |η*| is plotted against complex modulus |G*| in double logarithmic
coordinates for VGCF/PA66 composites as shown in Figure 7. In general, the curves of |η*|
versus |G*| show the following behavior: in the case of Newtonian fluids, although |η*|
slightly increases with decreasing |G*|, |η*| has a constant value behavior. On the contrary,
in non-Newtonian fluids, such as highly filled polymer systems, |η*| does not have the
constant value behavior, and |η*| dramatically increases with slightly decreasing |G*|. In
particular, the |η*| of high fiber content samples is almost independent of |G*|. This dramatic
behavior in which the |G*| of high fiber content samples decreases gradually in high ω regions
may be due to the remarkable change in the structure of VGCF in high ω regions. It can be
estimated from |η*| versus |G*| curves in the low ω region that there are apparent yield values
[25]. In this study, |η*| of neat PA66 and VGCF1 gradually increases with decreasing |G*|,
which indicates that there is no apparent yield stress. However, the |η*| of VGCF5 and
VGCF10 increases rapidly with a slight decrease in |G*|, which shows that there are the yield
values. The yield values |G*|y of VGCF5 and VGCF10 are 30 and 300 kPa, respectively. Thus,
|G*|y is strongly dependent on the fiber content. This behavior was reported by other fiberfilled polymer composites and nanocomposites, such as GF/PP [25, 50], organic fiber/PP [42],
CNT/UPR [51], etc. In addition, these curves of |η*| versus |G*| of VGCF/PA66 composites
sharply increase with Vf between 1 and 5 vol%, indicating the presence of the rheological
percolation threshold. From these results, the internal structure, changes, and yield stress can
be estimated from the curves of |η*| versus |G*|.

Figure 7. Relationship between complex viscosity and complex modulus for VGCF/PA66 composites at 1% strain and
280°C.
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Figure 8. Phase angle versus absolute value of the complex modulus plots (van Gurp-Palmen plot) for VGCF/PA66
composites at 1% strain and 280°C.

On the other hand, the internal structure of the composites and their changes can be identified
by van Gurp-Palmen plot [52]. This plot is drawing attention recently as another means of
representing the internal microstructures and their change. This plot is considered to be a
sensitive indicator for the time-temperature superposition, the presence of long chain branch
of the polymer, the polymer entanglement, the gelation behavior, rheological percolation of
the polymer nanocomposites, etc. [46, 52–55]. This is due to the emphasis on the change in
rheological properties in this δ-|G*| plot, which are particularly difficult to understand in
terms of angular frequency dependence (G’– ω, G”– ω, tan δ – ω curves, etc.). Figure 8 shows
that the phase angle δ (= arctan G″/G’) is plotted against the absolute value of the complex
modulus |G*| of VGCF/PA66 composites. The δ-|G*| curves of neat PA66 and VGCF1 show
the same tendency, where δ of neat PA66 and VGCF1 is relatively higher than that of other
composites although δ decreases gradually with decreasing |G*|. However, δ of VGCF5 and
VGCF10 decreases abruptly with a slight decrease in |G*|, and the δ-|G*| curves of VGCF5
and VGCF10 demonstrate minimum peak behaviors. It is usually assumed that the change in
rheological properties near the percolation threshold of a filler network embedded in a
viscoelastic liquid is equivalent to the so-called “liquid-solid transition” (or gelation behavior)
[47]. It is well known that the gelation point is to plot the loss tangent (tan δ) versus the ω. At
gelation point, tan δ is frequency independent. On the other hand, the curve of δ-|G*|
corresponds to a plateau in low complex modulus in this van Gurp-Palmen plot. Previous
researches have suggested the following phenomenon in polymer nanocomposites such as
CNT-filled polymer systems [46, 47, 53]: In liquid-like behavior, the δ-|G*| curve approaches
90° at the low complex modulus |G*|, where in solid-like behavior, the δ-|G*| curves ap‐
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proaches 0° at the low complex modulus |G*|. However, in the case of VGCF/PA66 composites
in this study, the δ-|G*| curves of neat PA66 and VGCF1 not only demonstrate liquid-like
behavior but also solid-like ones at low complex modulus. Furthermore, the δ-|G*| curves of
VGCF/PA66 composites demonstrate remarkable solid-like behavior with increasing Vf. The
|G*|d-min, which is a plateau modulus, is determined by the complex modulus of minimum
value of δ in δ-|G*| curves [56]. The influence of volume fraction of VGCF on the |G*|d-min of
VGCF/PA66 composites is shown in Figure 9. As seen in Figure 9, |G*|d-min of VGCF/PA66
composites increases sharply with increasing Vf, and exhibits a straight relations between |G*|
d-min and Vf on this log-log plot. The slope of |G*|d-min versus Vf on log-log plot is found to be
2.61 (|G*|d-min ∝ Vf2.61) from the relation in Figure 9. Thus, this δ-|G*| plot may be able to serve
as an indicator for the rheological percolation.

Figure 9. Influence of volume fraction of fiber on absolute value of complex modulus at minimum phase angle for
VGCF/PA66 composites at 1% strain and 280°C.

2.8. Temperature dependences
The influence of temperature on the viscoelastic properties of VGCF/PA66 composites is
discussed here. The complex viscosity |η*| of VGCF/PA66 composites is plotted against the
reciprocal of the absolute temperature 1/T at the angular frequency ω of 100 rad/s and at
temperatures 270, 280, and 290°C in Figure 10. The influence of temperature on |η*| of VGCF/
PA66 composites shows the same tendency although the slope of |η*| versus 1/T plots slightly
differ for each Vf. Especially, the value of VGCF1 is the smallest in this plot in the whole
temperature range. From the slope of |η*| versus 1/T plots, the apparent activation energy Ea
for flow can be calculated from the following Andrade’s equation:
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æE ö
h = A exp ç a ÷
è RT ø

(1)

where A is the constant value, R is the gas constant, and η was replaced by |η*| [42, 56]. The
apparent activation energy Ea of VGCF/PA66 composites is listed in Table 2. Ea is not a constant
value for filled systems, but dependent on the volume fraction of fiber [42]. However, it was
found that Ea of VGCF/PA66 composites have a complex behavior according to Vf and Ea
increases in the following order: VGCF5 < neat PA66 < VGCF10 < VGCF1. It can be said that
the fluidity of the materials increases with increasing Ea. In short, VGCF1 with the highest
value of Ea indicate high sensitivity to temperature change. In general, it is well known that
the increase of Vf decreases the fluidity of the composites due to the formation of the fiber
network such as the interaction between fiber and fiber. However, Ea in this study shows the
different behavior. This may be attributed to the change in these internal structures at high
angular frequency of 100 rad/s.

0

Figure 10. Temperature dependences of complex viscosity for VGCF/PA66 composites at the angular frequency of 100
rad/s and 1% strain. (a) VGCF/PA6/SEBS. (b) VGCF/PA6/SEBS-g-MA.

Code

PA66

VGCF1

VGCF5

VGCF10

Ea (kJ/mol)

94.7

98.5

87.1

95.9

Table 2. Apparent activation energy of flow for VGCF/PA66 composites.
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3. Effect of addition of thermoplastic elastomer on dynamic viscoelastic
properties of carbon nanofiber-filled polyamide 6 composites in molten
state
3.1. Introduction
Recently, there has been considerable discussion on engineering materials containing of
nanosized filler such as CNF, CNT, Clay, etc. filled polymer composites based on the multi‐
component polymer systems such as binary and ternary polymer blends [18, 22, 31, 32],
because they can improve various physical properties with sufficient balances between
mechanical and tribological properties by controlling the internal structure such as phase
structure and filler dispersion. In our previous works, we considered the relationship between
the structural and physical properties of filled polymer composites based on the multicom‐
ponent polymer systems required for constructing the technology of internal structures control
and investigated the rheological, mechanical, and tribological properties of VGCF-filled
polymer blends of PBT and TPE [17, 18], clay-filled polymer blends of PA and TPE [31, 32],
etc. It was found that the rheological, mechanical, and tribological properties are improved by
the addition of third components such as TPE, PP, PE, etc. However, the rheological properties
of filled polymer composites based on the multicomponent polymer systems, in particular,
their relationship between rheological properties and internal structure, are yet to be fully
clarified. To further enhance the various physical properties, in these CNF-filled polymer
composites based on the multicomponent polymer systems, it is very critical to understand
the rheological behavior of these multicomponent composites in the molten state such as
processability, internal microstructure, changes, and structure-property relationships. The aim
of this study is to report the effects of the addition of TPE on the dynamic viscoelastic properties
of VGCF/PA6 composites in the molten state. In particular, this study discusses the effects of
the addition of TPE, type of TPE, volume fraction of VGCF, strain, and angular frequency on
the dynamic viscoelastic properties in the molten state.
3.2. Materials and methods
The materials used in this study were ternary nanocomposites: VGCF-filled polyamide 6 (PA6)
composites and the blend of these composites and styrene-ethylene/butylene-styrene copoly‐
mer (SEBS), which are called VGCF/PA6/SEBS ternary composites. VGCF (Showa Denko K.K,
Japan, d = 150 nm, l = 10 μm) was used as a filler. PA6 (1013B, Ube industries, Ltd., Japan) was
used as a matrix polymer. Two types of SEBS: SEBS (standard, Tuftec H1052, Asahi Kasei
Chemicals Co., Japan) and SEBS-g-MA (maleic anhydride (MA) grafted SEBS, Tuftec M1943)
were used as the blending materials. The content of maleic anhydride (MA) was determined
at 10 mg CH3ONa/g by the titration method. The ratio of styrene to ethylene/butylene in both
block copolymer was 20/80 by wt%. Details such as code, manufacturer, etc. are listed in Table
3. The composition of PA6 and SEBS (or SEBS-g-MA) was fixed at 80/20 wt%, and three kinds
of VGCF volume fraction were selected 0, 1, and 5 vol%. Prior to mixing, VGCF-X, PA6, and
SEBS were dried in a vacuum oven at 80°C for 12 h until the moisture level was 0.2%. All the
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components were dry blended in a small plastic bottle, and subsequently melted and mixed
at 85 rpm and 240°C in a twin screw extruder (TEX-30, Japan Steel Works, Ltd., Japan). After
mixing, the extruded strands of these ternary composites were cut into 5 mm long pieces by a
pelletizer and were dried again at 80°C for 12 h in the vacuum oven. In addition, 1 mm thick
sheets were compression molded at the condition of 240°C, 5 MPa, and 3 min, and cut into
ϕ25 mm disk shapes for rheological properties measurements.
Materials

Grade

Manufacturer

Note

PA6

1013B

Ube Industries, Ltd.

-

VGCF

VGCF

Showa Denko K.K.

Fiber diameter = ϕ150 nm

®

Fiber length = 10 μm
SEBS

Tuftec™

Asahi Kasei Chemicals Corp.

Styrene/Ethylene-Butylene ratio = 20/80

Asahi Kasei Chemicals Corp.

Maleic anhydride functionalized SEBS

H1052
SEBS-g-MA

Tuftec™
M1943

Styrene/Ethylene-Butylene ratio =20/80

Table 3. Materials used in this study.

Since the experimental methods such as dynamic viscoelastic properties in the molten state
are same as the one in Section 2.2, other than measurement temperature of 240°C and
morphology observation method, details are omitted here. To clarify the internal structure of
these ternary composites such as the dispersion of SEBS (or SEBS-g-MA) and VGCF in PA6
matrix polymer, the surface of samples fractured cryogenically in liquid nitrogen was observed
using scanning electron microscope (SEM, EDX-WET SEM, JSM-6360LA, JEOL Ltd., Japan).
The cryogenically fractured surface was etched in toluene for 24 h to remove the dispersed
SEBS particles. A quantitative analysis of dispersed SEBS particle size was carried out from
several SEM microphotographs using two kinds of image processing software (Adobe
Photoshop, Adobe and Image J, NIH). The software used identifies each individual dispersed
SEBS particle and evaluates its area A. From these findings, the apparent particle size d was
calculated as follows:
1

æ 4A ö2
d =ç
÷
è π ø

(2)

The measured particle size was characterized by evaluating number average diameter dn,
weight average diameter dw, and volume average diameter dv from more than 250 particles
defined as [32, 57, 58]:

dn =

ån d
ån

i i
i

(3)
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dv =
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3

(4)

(5)

where ni is the number of dispersed particles having diameter di. The ratio of dw/dn is an
indication of polydispersibility, which is the distribution of dispersed particles.
On the other hand, the fiber length of VGCF and its distribution were measured for samples
which had been melted and mixed by an ordinary method: burning off the matrix polymer in
a furnace at 550°C for 4 h, wetting fibers in water added with trace surfactant, and spreading
them on Al stage (for scanning electron micrographs, SEM). The fiber length distribution of
VGCF was observed from SEM. The length of at least 250 fibers was scanned in different
regions for evaluating them accurately. A quantitative analysis of the fiber length was made
from several micrographs using two kinds of image processing software as mentioned earlier.
The number average fiber length ln and weight average fiber length lw were calculated
according to the following equations [19, 23]:

ln =

åN l
åN

i i
i

lw =

åN l
åN l
i i

(6)

2

i i

(7)

where Ni is the number of fibers and li is the fiber length. The fiber distribution lw/ln was
calculated from above equations.
3.3. Strain dependences
The strain dependence of the dynamic viscoelastic properties of ternary composites
(VGCF/PA6/SEBS) is discussed here. It was measured by strain sweep testing in order to
characterize the transition from linear to nonlinear viscoelastic properties of the ternary
composites and also to estimate the change in internal microstructure such as the dispersion
and localization of VGCF and SEBS, etc. of these ternary composites. Only the storage modulus
G’ curves are presented in this study since G’ is the more sensitive rheological function to the
structural changes of the composites than other functions as mentioned in Section 2.3. The
strain dependence of storage modulus G’ of ternary composites (VGCF/PA6/SEBS) is shown
in Figure 11(a) (VGCF/PA6/SEBS composites) and (b) (VGCF/PA6/SEBS-g-MA composites),
respectively. This measurement was carried out for all samples of temperature at 240°C and
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the angular frequency at 3.5 rad/s. The strain dependences of G’ show remarkably different
behavior according to the type of material such as Vf, with or without SEBS and type of SEBS.
G’ of neat PA6 exhibits a linear behavior, in which the modulus is a constant over a wide range
of strain amplitude γ. The G’ of VGCF1/PA66 binary composites has the same tendency as
neat PA6, and is slightly higher than that of neat PA6. On the other hand, G’ of PA6/SEBS
binary blends and VGCF1/PA6/SEBS ternary composites shows the same linear behaviors as
neat PA6; however, it is higher than that of VGCF1/PA6 composites. On the contrary, the G’
of VGCF5/PA6 composites and VGCF5/PA6/SEBS ternary composites shows the linear plateau
only in low strain regions, and rapidly decreases with increasing γ, which are independent
transition from linear to nonlinear behavior. The G’ of VGCF5/PA6/SEBS ternary composites
is higher than that of VGCF5/PA6 composites, and the magnitude of the increase is almost 1
digit (decade) on the log scale. On the other hand, the G’ of SEBS-g-MA systems, which are
PA6/SEBS-g-MA and VGCF/PA6/SEBS-g-MA, shows a different behavior from the SEBS
systems. G’ of PA6/SEBS-g-MA shows a linear behavior in wide strain region until several
10%, and is higher than that of PA6/SEBS blends. The G’ of VGCF1/PA6/SEBS-g-MA and
VGCF5/PA6/SEBS-g-MA has the same tendency as that of PA6/SEBS, and their values, which
are the plateau modulus G’p, increase with increasing Vf. It was found from these results that
G’-γ curves are changed by material composition factors such as the addition of VGCF and
SEBS, volume fraction of fiber Vf, and type of SEBS, which is SEBS and SEBS-g-MA. In addition,
these phenomena are distinguished as the following mechanisms: the addition and volume
fraction of VGCF emphasize the nonlinear behavior and increase the plateau modulus. The
addition of SEBS increases the magnitude value of the plateau modulus. Especially, the type
of SEBS changes the magnitude value of the plateau modulus and the critical strain value,
which is the transition point from linear to nonlinear viscoelastic behavior. These may be
attributed to the changes in the internal microstructure formation of the composites, which is
the dispersion of VGCF and SEBS, interaction between fiber and matrix polymer, localization,
size of dispersed SEBS particles and VGCF, agglomerations of VGCF, interaction between fiber
and fiber, etc.
To further clarify the transition point from linear to nonlinear behavior, the relationship
between critical strain value γc and volume fraction of fiber Vf of VGCF/PA6, VGCF/PA6/
SEBS, and VGCF/PA6/SEBS-g-MA composites at 3.5 rad/s and 280°C is shown in Figure 12
in the semilogarithmic scale. Here, the critical strain value γc can be calculated from the
curves of the relative storage modulus G’r (= G’/G’p) – strain γ of these composites using the
method in Section 2.3. γc of various VGCF/PA6 composites abruptly decreases with
increasing Vf and exhibits a straight relations between γc and Vf in the semilogarithmic plot.
The slope of the γc - Vf plot gradually increases in the following order: VGCF/PA6 (–9.95) <
VGCF/PA6/SEBS (–6.50) < VGCF/PA6/SEBS-g-MA (–3.24). It was found from these results
that material composition factors such as the addition of VGCF and SEBS, volume fraction
of fiber Vf, and type of SEBS, which is SEBS and SEBS-g-MA, have strong influences on the
strain dependence of viscoelastic properties. In particular, the strain dependences of ternary
composites have the different behavior because of these factors. These behaviors may be
considered to be due to the change in the internal structure of the composites as mentioned
earlier.
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Figure 11. Storage modulus as a function of strain for ternary composites (VGCF/PA6/SEBS) at 3.5rad/s and 240°C. (a)
VGCF/PA6/SEBS. (b) VGCF/PA6/SEBS-g-MA.

Figure 12. The dependence of critical strain on volume fraction of VGCF for ternary composites (VGCF/PA6/SEBS) at
3.5rad/s and 240°C.
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3.4. Angular frequency dependences
The influence of these materials composition factors on the dynamic viscoelastic properties of
ternary composites (VGCF/PA6/SEBS) in the molten state is discussed in this section. These
properties are strongly dependent on the internal microstructure formation of the polymer
composites. We shall discuss the angular frequency dependence, which is the basic variable
in these properties. The dynamic viscoelastic properties of these ternary composites are plotted
as a function of ω at temperature 240°C and strain 1% in Figure 13(a) (storage modulus G’, Vf=
1 vol%), (b) (loss modulus G”, Vf= 1 vol%), (c) (storage modulus G’, Vf= 5 vol%), and (d) (loss
modulus G”, Vf= 5 vol%), respectively. In Figure 13(a), the slopes of G’ and G″ against ω in the
low and high ω regions are listed in Table 4. The G’ of neat PA6 increases with increasing ω,
disagreeing with the linear viscoelastic model [41, 42]. The slope of G’- ω in high ω regions of
neat PA6 is 1.57. The G’ of VGCF1 shows the same tendency as that of neat PA6, and is slightly
higher than that of neat PA6. PA6/SEBS blends show the typical G’ of the multicomponent
systems [31, 32]. The slope of G’ against ω, in particular, in low ω regions becomes small with
the addition of SEBS, indicating the “second rubbery plateau,” i.e., the long scale relaxation
time [25, 41, 42]. This may be attributed to the heterogeneous structure such as sea-island
structures in PA6/SEBS blends. G’ of VGCF1/PA6/SEBS composites is higher than that of PA6/
SEBS blends, which shifts toward high elasticity (solid-like) with the addition of VGCF caused
by the changes in the internal structures such as interaction between fibers or agglomerations.
Furthermore, the G’ of PA6/SEBS-g-MA blends and VGCF1/PA6/SEBS-g-MA composites is
much higher than that of PA6/SEBS blends and VGCF1/PA6/SEBS composites, and the slopes
of G’ against ω of these SEBS-g-MA systems are visible in low ω regions, indicating the
formation of small dispersed phase and the new structure in these polymer blends and
composites. In Figure 13(b), loss modulus G″ of these ternary composites shows a slightly
different behavior from the G’. The values of G″ of these materials in low ω regions increase
in the following orders: PA6 < VGCF/PA6 < PA6/SEBS < VGCF1/PA6/SEBS < PA6/SEBS-g-MA
< VGCF1/PA6/SEBS-g-MA composites, although those of these materials in high ω regions
have different behaviors: PA6 < PA6/SEBS < VGCF/PA6 < VGCF1/PA6/SEBS < PA6/SEBS-gMA < VGCF1/PA6/SEBS-g-MA composites. In general, storage and loss moduli in low ω
regions are dominated by the internal structure, and those in high ω regions dominated by the
polymer matrix. However, the little reverse phenomenon can be explained in the present stage.
On the other hand, in Figure 13(c) and (d) with VGCF 5 vol% loading systems, the G’ of various
composites shows remarkably the typical storage and loss moduli of highly filled systems,
indicating the “second rubbery plateau.” However, another behavior, which is crossover of
VGCF5/PA6/SEBS and VGCF5/PA6/SEBS-g-MA composites, is clearly seen at ω = 1–10 rad/s.
In particular, in low ω regions, the G’ and G″ of VGCF5/PA6/SEBS composites are higher than
those of VGCF5/PA6/SEBS-g-MA composites. In short, VGCF5/PA6/SEBS composites dem‐
onstrate solid-like behavior. These behaviors may be explained by the changes in the internal
structure caused by the dispersed phases, the interaction between fiber and polymer matrix,
the interaction between fibers, agglomerations, etc. Therefore, it is necessary to understand
these behaviors to observe the morphology of ternary composites (VGCF/PA6/SEBS). From
the results of the angular frequency dependences of storage and loss moduli of ternary
composites mentioned above, these dependences show different behaviors according to the
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addition of VGCF and SEBS, type of SEBS, and volume fraction of fiber. The addition of SEBS
was changed by the tendency of G’ and G″ – ω curves, which shows remarkably the “second
rubbery plateau” in low ω regions. In particular, these dependences appear to be conspicu‐
ously high for the composites with SEBS-g-MA, except for only VGCF5/PA6/SEBS composites
in low ω regions. On the other hand, the addition of VGCF and volume fraction of fiber slightly
enhanced these dependences.

Figure 13. Dynamic viscoelastic properties as a function of angular frequency for ternary composites (VGCF/PA6/
SEBS) composites at 1% strain and 240°C. (a) Storage modulus (Vf=0% and 1%). (b) Loss modulus (Vf=0% and 1%). (c)
Storage modulus (Vf=5%). (d) Loss modulus (Vf=5%)
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Code

Slope of G’-ω

Slope of G″-ω

Low ω

High ω

Low ω

High ω

PA6 (100%)

-

1.57

0.91

0.98

PA6/SEBS

0.78

1.04

0.86

0.92

PA6/SEBS-g-MA

0.62

0.97

0.84

0.71

VGCF1/PA6

-

1.45

0.87

0.97

VGCF5/PA6

0.58

0.72

0.67

0.84

VGCF1/PA6/SEBS

0.91

0.92

0.84

0.91

VGCF5/PA6/SEBS

0.44

0.52

0.42

0.71

VGCF1/PA6/SEBS-g-MA

0.63

0.93

0.80

0.70

VGCF5/PA6/SEBS-g-MA

0.56

0.82

0.66

0.69

Table 4. Slope of viscoelastic properties as function of angular frequency curves of ternary composites (VGCF/PA6/
SEBS) in low and high frequencies.

3.5. Influence of volume fraction and type of SEBS
The influence of volume fraction of fiber and type of SEBS on the rheological properties of
ternary composites (VGCF/PA6/SEBS) is discussed in this section. The relative storage
modulus G’r is plotted against the volume fraction of fiber Vf in Figure 14(a) (in low ω regions,
ω = 0.25 rad/s) and (b) (in high ω region, ω = 25 rad/s), respectively. Here, this value is given
by the value of various ternary composites (VGCF/PA6/SEBS) divided by that of neat PA6. G’r
of all ternary composites (VGCF/PA6/SEBS) increases with increasing Vf. This tendency
changes with the type of SEBS and the angular frequency regions. The increase ratios of G’r

Figure 14. Influence of volume fraction of fiber on relative complex viscosity for ternary composites (VGCF/PA6/SEBS)
at 1% strain and 240°C. (a) Relative complex viscosity. (b) Relative complex viscosity.
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against Vf in low ω regions (Figure 14(a), ω = 0.25 rad/s) are larger than those in high ω regions
(Figure 14(b), ω = 25 rad/s). It should be noted that G’r of VGCF5/PA6/SEBS composites is
higher than that of VGCF5/PA6/SEBS ones. In general, storage modulus in low ω regions is
dominated by the internal structure as mentioned earlier. Thus, it is necessary for
understanding this behavior to observe the internal structure of these ternary composites, and
the morphologies of these composites will be discussed in the next section.
3.6. Morphology
To further clarify the relationship between the dynamic viscoelastic properties and internal
structure of ternary composites (VGCF/PA6/SEBS), we discuss the morphologies of these
composites, which are the internal structure such as fiber network formation and dispersed
SEBS particles. We observed the cryogenically fractured surfaces of various ternary
composites, which were etched by toluene in order to remove the dispersed SEBS particles
using a scanning electron microscope. Figure 15 shows the SEM photographs of the etched
fracture surfaces of PA6/SEBS blends (Figure 15(a)), VGCF1/PA6/SEBS composites (Figure
15(b)), VGCF5/PA6/SEBS composites (Figure 15(c)), PA6/SEBS-g-MA blends (Figure 15(d)),
VGCF1/PA6/SEBS-g-MA composites (Figure 15(e)), and VGCF5/PA6/SEBS-g-MA composites
(Figure 15(f)), respectively. Here, Figure 15(a)‐(c) was observed at the magnification of 5000,
and Figure 15(d)‐(f) was observed at 20,000. Each polymer blends and ternary composite
exhibited typical separate spherical phases (dispersed SEBS particles) in PA6 continuous
matrix domains. Table 5 summarizes the various data of the dispersed SEBS particles for each
ternary composite, calculated by image processing from SEM photographs such as number
average diameter dn, weight average diameter dw, volume average diameter dv, and
polydispersibity dw/dn. The sizes of dispersed SEBS particles change with the type of SEBS and
volume fraction of VGCF, and these decrease in the following orders: PA6/SEBS >
VGCF1/PA6/SEBS > VGCF5/PA6/SEBS >> PA6/SEBS-g-MA > VGCF1/PA6/SEBS-g-MA >
VGCF5/PA6/SEBS-g-MA composites. This means that the size of dispersed SEBS particles
decreases with the SEBS with functional groups of maleic anhydride (MA), and these SEBS
particles decrease with increasing Vf. These morphological changes are the consequence of
graft reaction between the PA6 matrix and MA in SEBS, which separates spherical particles in
continuous matrix domains. MA groups are expected to induce strong interaction and reaction
due to high reactive functional groups such as amine and carboxyl end groups and acid amide
in the main chain of PA [32]. These observations indicate that dynamic viscoelastic properties
shown earlier correlate closely with the size of dispersed SEBS particles. On the other hand,
we have to consider the presence of VGCF, which may complicate these behaviors. Each
ternary composite shows good dispersion of VGCF, and the location of VGCF is in PA6
continuous matrix domains. For comparison, it was not observed by VGCF in toluene solution
for etching in order to remove the SEBS particles. The number average fiber length ln, weight
average fiber length lw, fiber distribution lw/ln, and number average aspect ratio (ar)N are listed
in Table 6. The number average aspect ratio (ar)N is defined as ln/d, where d is the average fiber
diameter of VGCF (d = ϕ150 nm). The fiber lengths values of ln, lw, and (ar)N of VGCF/PA6 and
VGCF/PA6/SEBS-g-MA decrease with increasing Vf, although those of VGCF/PA6/SEBS
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increase with Vf. Fiber distribution lw/ln has complex behavior; however, VGCF/PA6/SEBS-gMA has the highest values in this study. What should be noted is that the fiber length value
of VGCF5/PA6/SEBS is much longer than those of other composites except for VGCF1/PA6
composites. These results coincide with the dynamic viscoelastic values earlier, that is, the
storage modulus of VGCF5/PA6/SEBS is crossover with that of VGCF5/PA6/SEBS in low ω
regions. This may be attributed to the change in internal structure by the interactions of fiberfiber and fiber-matrix, and agglomerations caused by the increase in fiber length values.
Therefore, the internal structure of ternary composites was found to correlate closely with the
dynamic viscoelastic properties of ones. In general, it is well known that the fiber length and
the aspect ratio of these compounds in the twin screw extruder depend on concentration,
characteristics of these compounds, and the addition of third component, which suggests fiber
degradation may be due to the interactions between fiber and matrix, and between fibers.
However, it is difficult in the present stage to understand the exactly reason why the fiber
length of VGCF5/PA6/SEBS are longer than those of other composites in this study.

Figure 15. SEM micrographs of etched fracture surface for the ternary composites (VGCF/PA6/SEBS) (SEBS content is
20 wt% and etched with toluene for 24 h to remove the dispersed phases): (a) PA6/SEBS, (b) VGCF 1%/PA6/SEBS, (c)
VGCF 5%/PA6/SEBS, (d) PA6/SEBS-g-MA, (e) VGCF 1%/PA6/SEBS-g-MA, and (f) VGCF 5%/PA6/SEBS-g-MA. (a)
VGCF fiber length. (b) SEBS particle size.

Material

dn (nm)

dw (nm)

dv (nm)

dw/dn

PA6/SEBS

2930

3750

4880

1.28

VGCF1/PA6/SEBS

2810

3920

4940

1.39

VGCF5/PA6/SEBS

2260

3060

4250

1.36

PA6/SEBS-g-MA

88

97

121

1.11

VGCF1/PA6/SEBS-g-MA

81

88

104

1.08

VGCF5/PA6/SEBS-g-MA

51

59

95

1.17

Table 5. Dispersed SEBS particle size of ternary composites (VGCF/PA6/SEBS).
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Material

ln (μm)

lw (μm)

lw/ln

(ar)N

VGCF1/PA6

3.28

3.64

1.11

21.9

VGCF5/PA6

2.91

3.23

1.11

19.4

VGCF1/PA6/SEBS

2.90

3.12

1.08

19.3

VGCF5/PA6/SEBS

3.04

3.38

1.11

20.3

VGCF1/PA6/SEBS-g-MA

2.28

3.12

1.37

15.2

VGCF5/PA6/SEBS-g-MA

2.22

2.96

1.33

14.8

Table 6. Fiber length, its distribution, and aspect ratio of ternary composites (VGCF/PA6/SEBS).

Furthermore, to clarify the relationships between the morphologies of ternary composites and
the dynamic viscoelastic properties of ones, it is necessary to investigate the effect of mor‐
phologies of ternary composites on the dynamic viscoelastic properties in detail. G’ is replotted
as a function of average weight fiber length of VGCF lw in Figure 16(a), and average weight
diameter of dispersed SEBS particles dw in Figure 16(b), respectively. The fiber length lw
dependence of G’ has a complex behavior. It is fundamentally influenced by the volume
fraction of fiber and the addition of SEBS rather than the fiber length. In VGCF/PA6/SEBS
systems, the longer the fiber length is, the more the increase in G’. On the other hand, the size
of diameter of dispersed SEBS particles dw dependence is not clearly recognized, and G’ is
strongly influenced by the type of SEBS and the volume fraction of VGCF.

Figure 16. Influence of internal structure parameters such as SEBS particles size and fiber length on storage modulus of
ternary composites (VGCF/PA6/SEBS). (a) VGCF fiber length. (b) SEBS particle size.

4. Effect of processing sequence on the dynamic viscoelastic properties of
ternary composites (VGCF/PA6/SEBS-g-MA) in molten state
4.1. Introduction
We discussed the dynamic viscoelastic properties of ternary composites (VGCF/PA6/SEBS) in
the molten state in the previous section and concluded that the effect of the addition of TPE
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on the dynamic viscoelastic properties of VGCF/PA6 composites in the molten state differs
according to the viscoelastic value. It was clarified that the dynamic viscoelastic properties of
VGCF/PA6/SEBS-g-MA ternary composites are higher than those of VGCF/PA6/SEBS ones.
This may be attributed to the change in the internal structure caused by addition of TPE. Thus,
it is important to further investigate the relationship between rheological properties and
internal structure of these ternary composites. It is well known that the morphologies of these
ternary composites are influenced by the processing sequences [34, 35]. Several investigations
have been conducted on the effect of processing sequences at melt mixing by twin extruder on
the relationship between the morphology and the physical properties of ternary composites
such as PA/Clay/SEBS [35, 59], VGCF/PBT/TPE [60], VGCF/PA6/SEBS [22], etc. However, there
is not enough information on reliable relations between the internal structure and rheological
properties of these ternary composites. The purpose of this study is to report the effect of
processing sequences on the dynamic viscoelastic properties of VGCF-filled polymer blends
of PA6 and SEBS-g-MA (VGCF/PA6/SEBS-g-MA ternary composites).
4.2. Materials and methods
The materials used in this study were ternary composites (VGCF/PA6/SEBS-g-MA). Since the
materials, composition, processing, and experimental methods are the same as in Section 3.2
other than the processing sequence using the twin extruder, they are omitted here. The
composition of PA6 and SEBS-g-MA was fixed as 80/20 by weight fraction, and three kinds of
VGCF volume fraction were selected as 0, 1, and 5 vol%. All the components were dried for
12 h at 80°C in a vacuum oven beforehand until the moisture level was below 0.2%. Four
different processing sequences were carried out: (1) VGCF, PA6 and SEBS-g-MA were mixed
simultaneously (process A), (2) VGCF was mixed with PA6 (VGCF/PA6 composites) and then
these composites were blended with SEBS-g-MA (process B), (3) SEBS-g-MA was blended with
PA6 (PA6/SEBS-g-MA blends) and then these blends were mixed with VGCF (process C), and
(4) VGCF were mixed with SEBS-G-MA (VGCF/SEBS-g-MA composites) and blended with
PA6 (process D) and then attempted to prepare the ternary composites (VGCF/PA6/SEBS-gMA). Figure 17 shows the schematic diagram of four different processing sequences for ternary
composites (VGCF/PA6/SEBS-g-MA). The melt of these materials was mixed at 85 rpm and
240°C in a twin screw extruder (TEX-30, Japan Steel Works, Ltd.). After mixing, the extruded
strands of these ternary composites were cut in piece of about 5 mm long by a pelletizer and
were dried again at 80°C for 12 h in the vacuum oven. In addition, 1 mm thick sheets were
compression molded at the condition of 240°C, 5 MPa, and 3 min, and cut into ϕ25 mm disk
shapes for rheological properties measurements.
4.3. Angular frequency dependences
The effect of processing sequences on the dynamic viscoelastic properties of ternary compo‐
sites (VGCF/PA6/SEBS-g-MA) is discussed here. The dynamic viscoelastic properties of these
ternary composites with 5 vol% VGCF prepared by various processing sequences are plotted
as a function of angular frequency ω in Figure 18(a) (storage modulus G’) and (b) (loss modulus
G″), respectively. Each storage and loss moduli increase with increasing ω; however, the
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magnitude value of G’ and G″, in particular, in low ω regions, changes according to the
processing sequences in the following orders: Process A > Process C > Process B = Process D.
The decreases of G’ and G″ are closely related to the number of mixing of VGCF, and the twice
mixing methods of VGCF which remix VGCF such as processes B and C are more effective
than unimixing methods such as processes A and C. These may be attributed to the change in
the internal structure of these ternary composites by different processing sequences. Another
important point is the difference in the order of decrease in G’ according to the angular
frequency region. In short, the G’- ω curve of process B is crossover to that of processes C and
D. This is suggested by the change in the internal structure according to ω. To clarify the effect
of processing sequences on G’ of these ternary composites, the relative storage modulus G’r in
low ω regions (ω = 0.25 rad/s) is shown in Figure 19(a) (Vf= 1 vol%) and (b) (Vf = 5 vol%),
respectively. Here, this relative value is given by the value of various ternary composites
prepared by different processing sequences divided by that of process A. G’r change according

Figure 17. Schematic diagram of four different processing sequences for ternary composites (VGCF/PA6/SEBS-g-MA).

Figure 18. Dynamic viscoelastic properties as a function of angular frequency for various processing sequence of terna‐
ry composites (VGCF/PA6/SEBS-g-MA) composites at 1% strain and 240°C. (a) Storage modulus. (b) Loss modulus.
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to the processing sequences and the volume fraction of fiber. The G’r of these various compo‐
sites with Vf= 1 vol% decreases in the following orders: Process A > Process C > Process D >
Process B. On the other hand, that of Vf= 5 vol% decreases in the following orders: Process A
> Process C > Process B > Process D. These tendencies may be attributed to the change in the
internal structure by the number of mixing as mentioned earlier. However, it is not clearly
explained by the order of decrease G’r changing according to Vf. Therefore, it is necessary to
observe the internal structure for better understanding the relationships between processing
sequences and dynamic viscoelastic properties of these ternary composites. This will be
discussed in the next sections.

Figure 19. Relative storage modulus for various processing sequence of ternary composites (VGCF/PA6/SEBS-g-MA)
composites at 1% strain and 240°C. (a) VGCF 1vol.%. (b) VGCF 5vol.%.

4.4. Morphology
Furthermore, to clarify the relationships between processing sequences and rheological
properties of ternary composites (VGCF/PA6/SEBS-g-MA), we observed the internal structure,
which is the dispersibility of SEBS particles and VGCF in these ternary composites. Figure
20 shows the SEM photographs of cryogenically fractured surfaces, which were etched by
toluene in order to remove the dispersed SEBS-g-MA particles, of various ternary composites
prepared by different processing sequences at the same magnification rate of 20,000. Each
ternary composite indicates the good dispersion of VGCF and dispersed SEBS-g-MA particles.
In addition, it was not observed for VGCF in toluene solution for etching in order to remove
the SEBS particles. Thus, there are VGCFs only in PA6 matrix domains, and are not presented
in the dispersed SEBS particle domain. In particular, in the case of process D, VGCF should be
present in the SEBS domain; nevertheless, VGCF was mixed with SEBS. However, VGCF was
not found in the SEBS domain after mixing the second time in process D. Thus, VGCF is
transferred from SEBS domain to the PA6 continuous matrix domain in process D, i.e., the
localization of VGCF is changed. The reason for changing the localization of VGCF in process
D can be explained by the following mechanisms: VGCF is selected by the PA6 domain,
because the viscosity of PA6 is lower than that of SEBS-g-MA at the mixing temperature of
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240°C. This is due to the stronger interactions of fiber-matrix polymer, which is wettability and
chemical affinity, between VGCF and PA6 than those of VGCF and SEBS-g-MA. In addition,
these detail mechanisms, which are filler migration inside a molten heterogeneous medium,
were suggested by Fenouillot et al., Elias et al., and Baudouin et al. [61–63].

Figure 20. SEM micrographs of etched fracture surface for various processing sequence of the ternary composites
(VGCF/PA6/SEBS-g-MA) (SEBS-g-MA content is 20 wt% and etched with toluene for 24 h to remove the dispersed
phases): (a) Process A VGCF 1%, (b) Process B VGCF 1%, (c) Process C VGCF 1%, (d) Process D VGCF 1%, (e) Process
A VGCF 5%, (f) Process B VGCF 5%, (g) Process C VGCF 5%, and (h) Process D VGCF 5%.

On the other hand, the dispersed SEBS-g-MA particles demonstrate good dispersion in the
PA6 continuous matrix domains. Table 7 summarizes the various data of the dispersed SEBSg-MA particles in each ternary composites prepared by different processing sequences, which
are calculated by image processing from SEM photographs such as number average diameter
dn, the weight average diameter dw, the volume average diameter dv, and polydispersibity
dw/dn. The sizes of dispersed SEBS-g-MA particles change with the processing sequences and
Vf, and these decrease fundamentally in the following orders: Process A > Process B > Process
C > Process D. Thus, the size of dispersed SEBS particles values is closely related to the number
of mixed SEBS-g-MA, and double mixing methods of SEBS-g-MA, which are the remixing of
SEBS-g-MA such as processes C and D, are more effective than unimixing methods such as
processes A and B. These behaviors may be attributed to the change in the mixing time, the
physical interaction between PA6 and SEBS-g-MA, which is called as compatibilization effect,
and also the dispersion and localization of VGCF; however, it is difficult to establish the exact
reasons. Next, the number average fiber length ln, weight average fiber length lw, fiber distri‐
bution lw/ln, and number average aspect ratio (ar)N are listed in Table 8. The number average
aspect ratio (ar)N is defined as ln/d, where d is the average fiber diameter of VGCF (d = ϕ150
nm). The fiber length values of ln, lw, and (ar)N generally decrease with increasing Vf except for
process C, and the effect of processing sequences on the fiber length values decreases in the
following orders: Process C > Process A > Process B > Process D. These behaviors may be
attributed to the number of VGCFs mixed as mentioned earlier. In the case of process D, which
is the first mixing step where VGCF was mixed with higher viscosity SEBS rather than PA6,
enhances the damage of fiber in melt mixing.
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Material

dn (nm)

dw (nm)

dv (nm)

dw/dn

PA6/SEBS-g-MA (VGCF = 0%)

88

97

121

1.11

Process A

VGCF 1 vol%

81

88

104

1.08

VGCF 5 vol%

51

59

95

1.17

VGCF 1 vol%

78

89

117

1.14

VGCF 5 vol%

72

80

98

1.10

VGCF 1 vol%

68

77

102

1.12

VGCF 5 vol%

52

55

66

1.07

VGCF 1 vol%

65

73

92

1.11

VGCF 5 vol%

53

57

67

1.07

Process B

Process C

Process D

Table 7. Dispersed SEBS particle size of ternary composites (VGCF/PA6/SEBS-g-MA) prepared by different processing
sequences.

ln (μm)

lw (μm)

lw/ln

(ar)N

VGCF 1 vol%

2.28

3.12

1.37

15.2

VGCF 5 vol%

2.22

2.96

1.33

14.8

VGCF 1 vol%

1.78

2.54

1.43

11.9

VGCF 5 vol%

1.56

2.46

1.58

10.4

VGCF 1 vol%

2.37

3.32

1.40

15.8

VGCF 5 vol%

2.39

3.32

1.39

15.9

VGCF 1 vol%

1.63

2.08

1.28

10.9

VGCF 5 vol%

1.41

1.79

1.27

9.4

Material

Process A

Process B

Process C

Process D

Table 8. Fiber length, its distribution, and aspect ratio of ternary composites (VGCF/PA6/SEBS-g-MA) prepared by
different processing sequences.

To further clarify whether relationships between morphologies of ternary composites pre‐
pared by different processing sequences and dynamic viscoelastic properties of ones vary or
not in this study, it is necessary to investigate the influences of the morphology of ternary
composites on the dynamic viscoelastic properties in detail. G’ is replotted as a function of
average weight fiber length lw in Figure 21(a) and the average weight diameter dw in Figure
21(b). In the figure, the number after each processing sequence code shows the volume fraction
of VGCF in the composites. Generally, the fiber length dependence of G’ slightly increases with
lw, and the influence of ln on G’ is smaller than that of Vf. These tendencies are related to the
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processing sequence of remixing of VGCF (processes B and D). On the contrary, the diameter
size dependence of G’ increases with decreasing dw. However, this relation is weaker than the
processing sequence of remixing of SEBS-g-MA (processes C and D). It was found from these
results that the dynamic viscoelastic properties of ternary composites prepared by different
processes are closely related to their morphologies. In particular, processes B and D, which are
the remixing methods of VGCF, have good dispersibility of VGCF which improves dynamic
viscoelastic properties. However, the dynamic viscoelastic properties are not simply correlated
with the fiber length of VGCF and diameter size of dispersed SEBS-g-MA particles. Therefore,
further studies of how the relationships among dynamic viscoelastic properties, processing
sequences, and morphologies of these ternary composites are determined should be conduct‐
ed. The findings would not only contribute to the research of these ternary composites but also
to other high performance polymer matrix composites.

Figure 21. Influence of internal structure parameters such as SEBS particles size and fiber length on the storage modu‐
lus of various processing sequence of ternary composites (VGCF/PA6/SEBS-g-MA). (a) VGCF fiber length. (b) SEBS
particle size.

5. Conclusion
We investigated the dynamic viscoelastic properties of carbon nanofiber (CNF)-filled polya‐
mide composites and the blend of these composites and thermoplastic elastomer (TPE) in the
molten state. In particular, this study discussed the effect of the addition of vapor grown carbon
fiber (VGCF), which is a type of CNF, addition of TPE, and processing sequence on the dynamic
viscoelastic properties in the molten state. It was found that VGCF has a stronger influence on
the dynamic viscoelastic properties of the composites in the molten state. VGCF also has a high
sensitive effect on the strain of transition from linear to nonlinear viscoelastic behavior, and
the critical strain values at the transition decrease logarithmically with increasing VGCF
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contents. Composites with lower VGCF content (1 vol%) showed lower dynamic viscoelastic
properties (both storage and loss moduli) than those of pure PA66. However, the viscoelastic
properties of composites with higher contents above 5 vol% increased rapidly with increasing
VGCF content. From the results of various rheological behaviors, rheological percolation
thresholds seem to exist between 1 and 5 vol% of VGCF contents. On the other hand, the effect
of the addition of TPE on the dynamic viscoelastic properties of VGCF/PA6 composites in the
molten state differed according to each viscoelastic value. It was clarified that the dynamic
viscoelastic properties of VGCF/PA6/SEBS-g-MA ternary composites are higher than those of
VGCF/PA6/SEBS ones. Furthermore, the influence of processing sequences on the dynamic
viscoelastic properties of VGCF/PA6/SEBS-g-MA composites in the molten state differed
according to mixing steps by materials. In particular, the viscoelastic properties of these ternary
composites prepared by different processing sequences in the low angular frequency region
changed with the processing sequences, which decrease in the following order: Process A >
Process C > Process B > Process D. In particular, processes B and D are remixing methods of
VGCF where VGCF is mixed twice, and are therefore more effective than unimixing methods
such as processes A and C, and have good VGCF dispersibility which improves dynamic
viscoelastic properties. These may be attributed to the change in the internal structure due to
the addition of TPE, type of SEBS, and processing sequences.
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Abstract
The aims of this chapter are to review the current state of knowledge regarding the
viscoelastic behavior of cardiovascular tissues. We begin with a brief, general discus‐
sion of measurement and modeling of cardiovascular tissue viscoelasticity. We then
review known viscoelastic behavior of arteries, veins, capillaries, blood components,
the heart, and lymphatics. For each tissue type, we highlight tissue-specific measure‐
ment methods, the cellular and extracellular components responsible for tissue
viscoelasticity, and the clinical implications of energy loss due to viscoelasticity. We
conclude with a summary and suggestions for future research.
Keywords: viscoelasticity, energy loss, blood vessel, heart, lymph system, hemody‐
namics

1. Measurement and modeling
1.1. Experimental measurement approaches
Cardiovascular tissues are viscoelastic, exhibiting behaviors that combine features of elastic
solids and viscous fluids. Elasticity, viscosity, and viscoelasticity can be quantified from
mechanical testing techniques that relate the dynamics of a tissue’s deformation to an applied
load. For example, linear elastic materials subjected to an applied load exhibit a timeindependent stress that is linearly proportional to strain (Figure 1a). A common metric of
material elasticity is the elastic modulus, E, which is the slope of the stress-strain curve.
Materials that are nonlinearly elastic respond differently to different levels of strain and
remain time-independent (Figure 1b). In this case, elastic moduli can be defined at any point
along the stress-strain curve. In arteries, for example, it is often convenient to quantify the
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behavior in low and high strain regions separately and to calculate low and high strain moduli
(Elow and Ehigh), respectively [1, 2], which is discussed in Section 2.3.

Figure 1 (a) Stress-strain curve for a linear elastic material. (b) Stress-strain curve for a typical elastic material display‐
ing nonlinear behavior. Low-strain and high-strain behavior can be quantified by fitting elastic moduli to those regions
of the stress-strain curve. (c) Typical stress-strain curve of nonlinear viscoelastic cardiovascular tissue exhibiting ener‐
gy dissipation resulting in distinct nonlinear loading and unloading curves. (d) Typical hysteresis loops of nonlinear
viscoelastic cardiovascular tissue exhibiting strain rate dependence.

Linear and nonlinear elastic materials do not dissipate energy after deformation or exhibit
time-dependent behavior; therefore, stress-strain behavior of these materials is not different
between loading and unloading. In contrast, viscoelastic materials dissipate energy upon
deformation, which can be observed through hysteresis in the stress-strain curve (Figure 1c).
The energy lost during a loading cycle is equal to the hysteresis area between the loading and
unloading curves. Due to this energy dissipation, loading and unloading behaviors are not
identical and loading moduli can be determined separately from unloading moduli. Since
viscoelastic material behavior is also time-dependent, the loading-unloading stress-strain
behavior also depends on strain rate (Figure 1d).
To measure viscoelasticity, the strain rate-, frequency-, or time-dependent mechanical
behavior of a material must be measured. Often, a sinusoidal input (stress or strain) is applied
to tissue, and an output signal (the corresponding strain or stress) is measured. The output
signal is in phase with the input signal for a purely elastic material and out of phase for a
viscoelastic material. Alternatively, viscoelastic behavior can be quantified with creep and
stress relaxation experiments. Creep testing is performed by subjecting a material to a constant
load and recording the time-dependent changes in strain. Stress relaxation is conducted by
applying a constant strain and measuring the time-dependent stress reduction. Typically,
preconditioning is performed before data collection, which is described briefly in the following
section.
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As a consequence of viscoelastic behavior, the mechanical response to an initial load (force,
deformation, stretch, etc.) may differ from the response to a subsequent load. Fung imple‐
mented a preconditioning procedure to cyclically load and unload soft tissue to ensure a more
consistent mechanical response [3]. The biological basis for the procedure is that with each
subsequent cyclic load, the internal structure aligns with the direction of loading, and the tissue
dissipates less energy [4]. The goal of preconditioning is to induce a pseudoelastic state, in
which the tissue structure no longer changes with cyclic loading, resulting in a consistent
mechanical response to a load or deformation. For instance, preconditioning has been imple‐
mented for up to 40 [5] or 80 [6] cycles in heart valve tissue before stable mechanical responses
were observed. If the magnitude of the applied load changes, the internal material structure
will change, so the tissue must undergo a new preconditioning protocol [4]. However, it is
unclear whether tissues require additional preconditioning if the loading frequency is changed
(while keeping the magnitude constant). In mechanical testing of cardiovascular tissues,
preconditioning is nearly universally reported in arterial [7–12], heart valve [13, 14], and
cardiac [15, 16] tissue. It is important to precondition tissues in order to more accurately
estimate viscoelastic properties from single-valued elastic constants (i.e., modulus).
Though preconditioning is performed to reduce sample variability, repeated cyclic loading
can cause a sample “memory” problem. That is, mechanical behavior during testing can be
affected by loading from previous cycles (i.e., testing after preconditioning cycles). To reduce
the sample memory problem, researchers have induced rest periods (24 hours vs. 15 seconds)
between sets of preconditioned valve samples [17]. This can be accomplished by allowing
tissues a recovery period following preconditioning cycles. In heart valve tissues, protocols
with a 24-hour rest period between cyclic preconditioning sets had the lowest errors between
the predicted model and experimental data [17]. However, the rest periods encompassed
several orders of magnitude (in seconds), and it is unknown if an intermediate time is sufficient
to reset the strain history. Another study on heart valves reported reduced hysteresis and a
stable mechanical response after only a 60-second rest period between two sets of precondi‐
tioning cycles [6]. Therefore, while it is clear that preconditioning is necessary, protocols for
cardiovascular tissue viscoelasticity measurements have not yet been standardized.
1.2. Empirical models
Using the experimental techniques described above, stress-strain data can be fit to empirical
models, which are often useful for predicting viscoelastic material mechanical behavior.
Classical models of viscoelastic materials use combinations of spring and dashpot elements to
characterize stress-strain behavior. Spring elements represent elastic behavior, where the
spring constant of proportionality, k, directly relates the applied force, F, to the resulting
deformation, x. Dashpot elements represent viscous behavior, where the applied force is
related to the rate of deformation, ẋ, by the viscosity, μ. Spring and dashpot elements are
arranged in series in Maxwell models and in parallel in Kelvin-Voight models (Figure 2). Since
the elements are arranged in parallel, force in a Kelvin-Voight model is a sum of the two
individual element forces, and elements share the same deformation. Conversely, the elements
in a Maxwell model share the same force, and the total deformation is the sum of the individual
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element deformations. The combination of spring and dashpot elements in these two models
can be used to construct more complex viscoelastic solid models. Additional details on these
models and their use are available in Ref. [18].

Figure 2 Maxwell and Kelvin Voight models composed of dashpots and springs. Elements in parallel (Kelvin-Voight
model) have the same deformation and separate forces, whereas elements in series (Maxwell model) have the same
force and separate deformations.

2. Arteries
2.1. Viscoelastic characteristics of arteries
The importance of arterial viscoelasticity is supported by the findings that arterial morphom‐
etry correlates more strongly with pulsatile rather than steady pressure [19] and that dynam‐
ically measured mechanical properties are different from statically measured mechanical
properties [20–22] (Table 1). Measuring the viscoelastic behavior of isolated blood vessels can
be accomplished by quantifying dynamic length-tension relationships in tissue strips or rings,
or pressure-diameter relationships in intact segments either with sinusoidal pressurization
[23–25] or step-wise increases in pressure (Figure 3). However, because step-wise pressuriza‐
tion does not accurately mimic the pulsatile blood pressure waveform that arteries experience
in vivo (Figure 3), sinusoidal pressurization is a better method for characterizing arterial
viscoelasticity. Arterial viscosity, or the damping capacity, can then be obtained from the
hysteresis loop [1, 26]. Additional details on arterial mechanical testing methods are available
in recent reviews [27, 28]. Arterial viscoelastic properties also depend on the function of the
artery (e.g., conduit or muscular), species, and health status (Table 1).
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Pulmonary

Carotid artery

artery [22]

[25]

Mouse, young

Mouse, aged

Mouse, aged

Dog, young

Human, aged

Elastic

Elastic

Elastic

Young’s

Distensibility

modulus

modulus

modulus

modulus

14±2 kPa

116±118 kPa

52±8 kPa

690±48 kPa

3.8±1.4·10−3 mmHg−1

Dynamic

61±3 kPa

118±35 kPa

39±9 kPa

1100±100 kPa

2.1±0.9·10−3 mmHg−1

modulus

(at 1 Hz)

(at 1 Hz)

(at 1 Hz)

(at 2 Hz)

0.14±0.01

0.14±0.05

0.06±0.01

~0.11

~0.1 [30]

(at 1 Hz)

(at 1 Hz)

(at 1 Hz)

(at 2 Hz)

(at 2 Hz)

Species, age

Elasticity Static

Aorta*

Carotid artery

Carotid artery [21]

[29]

modulus

Viscosity Phase angle
φ (radians)

The viscosity of an artery is presented as the phase difference between the force (stress) and deformation
(strain).*Unpublished data. Mean ± SE shown for [22], [25], [29], and *. Mean ± SD shown for [21].
Table 1. Static and viscoelastic circumferential properties measured in conduit arteries.

Figure 3 Stair-step and sinusoidal pressure inputs compared to a physiological waveform.
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In healthy arteries, viscoelastic properties are frequency-dependent. In arteries from humans
and large animals such as dogs, the dynamic elastic modulus increases over a low-frequency
range (<3 Hz) and then remains nearly constant at higher frequencies (up to 10 Hz) [29–32].
The frequency-dependent behavior is different for small animals such as rats or mice; in mouse
pulmonary arteries, the dynamic elastic modulus remains constant up to 5 Hz and then starts
increasing with increasing frequency (up to 20 Hz) [22]. This discrepancy may be explained
by the physiological frequency of the normal heart beat rate, which is largely species sizedependent. In large animals and humans, the normal heart rate is ~1 Hz, whereas in small
animals, the heart rate is ~5–10 Hz. Therefore, if scaled to the physiological frequency, we can
conclude that the arterial dynamic modulus increases rapidly at 2- to 3-times the natural heart
rate and then plateaus at higher frequencies (10- to 20-times higher than the natural heart rate)
[22]. In terms of viscous properties, the phase lag of energy dissipation increases as frequency
increases in all species [22, 29, 30].
2.2. Contribution of smooth muscle cells
While it is generally agreed that elastin and collagen are responsible for the nonlinear elasticity
of arteries, the cellular and molecular determinants of arterial viscoelasticity remain incom‐
pletely understood. Early experimental data comparing carotid and femoral arteries showed
a higher viscosity in femoral arteries, and the investigators hypothesized that the higher
smooth muscle cell (SMC) content in the femoral artery is responsible [29, 30]. However, there
was no measurement of SMC content or activity in these studies. Recent evidence suggests
that SMC activity is key to arterial viscoelasticity because removal of SMC tone reduces
damping [33, 34] and activation of SMC contraction by phenylephrine or renovascular
hypertension in dogs and sheep increases damping [35–37]. Therefore, both SMC content and
SMC tone play important roles in arterial viscosity and viscoelasticity.
2.3. Contribution of extracellular matrix
The role of extracellular matrix (ECM) components in arterial mechanical behavior is originally
evidenced in the nonlinear elasticity curve, which arises from differential load-bearing
contributions of ECM proteins. Specifically, the protein elastin dominates load-bearing in the
low-strain region whereas at higher strains, collagen fibers, which impart strength and
stiffness, are engaged. The transition region in between occurs because increasing strain causes
collagen fiber alignment and recruitment resulting in a transition from increasing collagen
engagement to collagen-dominated load-bearing. Therefore, ECM proteins are critical to
arterial nonlinear elasticity.
ECM proteins and cell-ECM interactions may also play important roles in arterial viscoelas‐
ticity. Collagen and proteoglycans are known to affect energy loss in tendon and cartilage [38–
41]. In the first measurements of mouse pulmonary arterial viscoelasticity, Wang et al. [22]
found supporting evidence that collagen and proteoglycans affect frequency-dependent
changes in arterial damping capacity. Similarly, in carotid artery strips, Garcia et al. [42] found
evidence that elastin is an important contributor to stress relaxation.
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The contribution of ECM components to tissue viscoelasticity is best studied through single
ECM protein degradation or tissue decellularization. The viscoelastic behavior of elastin was
studied using a cyanogen bromide treatment, which removes cells and all ECM components
except elastin [43]. In this experiment, stress-relaxation was highest in intact aortas, inter‐
mediate in decellularized ECM, and lowest in cyanogen bromide-treated aortas, i.e., arterial
elastin. Interestingly, the creep behavior of the aorta in all the three aforementioned groups
was negligible.
Our group has found that increased expression levels of collagen and proteoglycans are
associated with increased pulmonary arterial stiffness and decreased damping capacity [22].
Since we did not investigate the independent effects of proteoglycan and collagen content on
pulmonary arterial viscoelasticity, both proteins may be involved. Furthermore, the concom‐
itant changes in these ECM proteins and arterial viscoelasticity and lack of changes in SMC
content, coupled with the absence of SMC tone, suggest that these ECM proteins are critical
to arterial viscoelasticity in a way that has not been previously described. Future investigations
should clarify the roles of individual ECM protein and the ECM-fibril interaction or cell-ECM
interaction in arterial viscoelasticity.
2.4. Effects of aging and hypertension
With aging or hypertension, arteries become less distensible [44, 45]. This is mainly associated
with changes in the ECM proteins collagen and elastin. It is well known that fragmentation of
elastin and degeneration of collagen occurs with age in arteries [45]. In addition, the degree of
cross-linking of the ECM proteins increases. These changes lead to a higher elastic modulus.
Hypertension and arterial stiffening are closely associated with age; however, arterial stiffness
is an independent prognostic factor for cardiovascular outcomes [46]. Indeed, recent investi‐
gations have reported that arterial stiffening precedes blood pressure elevation [45]. The causeand-effect relationship between hypertension development and arterial stiffening remains a
key knowledge gap in current investigations [47, 48].
The changes in conduit arterial viscosity during aging and hypertension remain incompletely
understood. From in vitro isobaric experiments on human aorta or mouse pulmonary artery,
viscosity of the arterial wall has been found to decrease in these conditions [22, 30]. However,
inconsistent findings are reported elsewhere. In vitro studies on rat aorta found increased
viscosity with aging [49]. In another case, in vivo measurements have shown increased pulse
damping (or viscosity) as hypertension develops [33, 34, 37]. In these in vivo studies, the
dynamic responses of healthy and hypertensive arteries were measured under different
pressure ranges due to the developing disease. It is known that arterial viscoelasticity is
dependent on the pressure level: as the pressure increases gradually, arterial stiffness and
viscosity both increase [50]. Therefore, the shift and deformation of the stress-strain hysteresis
loop are a combined effect of changes in intrinsic mechanical properties and extrinsic pressure/
stretch ranges, which must be taken into account when interpreting dynamic mechanical
testing data.
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2.5. Hemodynamic and cardiac consequences
The impact of large, conduit arterial viscoelastic properties on cardiovascular hemodynamics
has not been well studied. As noted above, arterial stiffening (i.e., decreased elasticity) is a
useful prognostic indicator of cardiovascular events [51, 52] and is well known to contribute
to increased ventricular afterload [53–55]. Increased stiffness may also impair wave reflections,
which further augment the ventricular afterload [56, 57].
The energy dampening function achieved through arterial viscosity is beneficial in normal
physiological conditions because it absorbs the energy from the wave reflections. In sheep with
acute pulmonary hypertension, an SMC activation-mediated increase in pulmonary arterial
viscosity led to a decrease in wave reflections and increase in characteristic impedance (the
vascular impedance that represents the opposition to pulsatile flow), thus reducing the fraction
of oscillatory to total right ventricular hydraulic power and improving hemodynamic function
[58]. In the mouse extralobar pulmonary arteries, our group found a decrease in arterial
damping capacity as pulmonary hypertension developed [22]. We speculated that the reduced
viscosity may be in part responsible for the increased pulse wave velocity and pulse pressure
during pulmonary hypertension progression [59], which eventually increased pulsatile right
ventricular afterload.
Additional clinical studies are needed to elucidate the implications of arterial viscosity for
cardiovascular hemodynamics. Also, elasticity and viscosity are coupled behaviors in an
artery, yet the relationship between them is rarely reported. The investigation of the inde‐
pendent and interdependent impacts of arterial elasticity and viscosity on cardiovascular
function could be an important area for future research.
2.6. Use of an arterial viscoelasticity index for clinical diagnosis
A novel index of arterial viscoelasticity, which was measured in a large scale, clinical study,
is worthy of special mention. Taniguchi et al. [60] used noninvasive methods to assess carotid
artery viscoelasticity in 383 patients. The authors defined a nondimensional parameter I*
derived from the ratio of the gradients of vascular wall deformation rates during deflation and
inflation over a cardiac cycle, in which I* < 0 indicates healthy viscoelasticity whereas I* > 0
indicates abnormal viscoelasticity. A positive I* was found in female, elderly (>60 yr), and
hypertensive (blood pressure > 140 mmHg) subjects and was a significant, independent risk
factor for coronary artery disease based on univariate and multivariate analyses [60]. While
this parameter is only an indirect measure of arterial viscoelastic behavior and its physical
meaning requires further investigation, it is noteworthy that this index can be measured
noninvasively through ultrasonic Doppler [60, 61]. In order to better understand the clinical
significance of arterial viscoelasticity, it is crucial to assess arterial viscoelasticity in more
patient populations, with additional measurement parameters. Research like this may
establish new, useful viscoelasticity indices that aid in clinical diagnosis and prognosis.
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3. Veins
Vein biomechanics are understudied compared to arterial biomechanics, and there is a general
lack of understanding of venous viscoelasticity. That said, the venous wall is structurally
similar to the arterial wall with less muscle and elastic tissue, resulting in thinner walls that
are more compliant and collapse easily [62]. Thus, venous viscoelasticity likely shares several
features in common with arterial viscoelasticity, including a dependence on SMC content and
tone and the ECM proteins collagen, proteoglycans, and elastin. The measurement methods
for venous viscoelasticity are identical to those for arterial viscoelasticity. Vein viscoelasticity
is clinically relevant to coronary artery bypass grafting, which often uses saphenous veins to
replace diseased coronary arteries, since coronary artery perfusion is critical to myocardial
health. Venous viscoelasticity is an important and largely unexplored area for future research.

4. Capillaries
Capillaries are very thin microvessels that are composed of a single layer of endothelial cells.
Capillary beds serve as the location for the exchange of gases and nutrients between blood and
tissues. Because of the delicate structure of the capillary wall, it is impossible to isolate the
capillaries without injury. To obtain the stress-strain relationship for capillaries, capillary
dimensions can be measured by microscopy imaging while the local intravascular pressure
can be altered and measured by micropuncture [63], occlusion of upstream (arterial) and
downstream (venous) vessels [64] or controlled perfusion [65]. Like other types of blood
vessels, the capillaries exhibit nonlinear stress-strain behavior [64] and viscoelastic features
like creep and relaxation [65]. In normal conditions, the distensibility of the capillary vessels
is in between the small arteries (arterioles) and small veins (venules), and the viscosity is the
least in capillary vessels in a passive creep test in rats (i.e., without smooth muscle tone in the
arterioles and venules) [65] (see Table 2). Like venous viscoelasticity, capillary viscoelasticity
is a largely unexplored area for future research with unknown clinical relevance.
Arcade arterioles

Capillary

Arcade venules

α1 (×102 mmHg)

6.34±3.59

7.42±3.00

9.52±3.24

β (×104 mmHg s)

4.25±4.17

3.00±2.25

5.52±3.16

The experimental data were fitted with a three-element linear solid viscoelasticity model. Coefficients α1 and β
represent the elastic and viscous characteristics, respectively. Mean ± SD shown. Adapted with permission from Skalak
et al. [65].
Table 2. Viscoelastic properties measured in rat arterioles, capillary vessels, and venules using a single-step creep test
(pressure = 50 mmHg).
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5. Blood components
Blood is a non-Newtonian, viscoelastic fluid made up of cellular components, including
erythrocytes (red blood cells, RBCs), leucocytes (white blood cells), and thrombocytes (plate‐
lets), and a fluidic component called plasma. The volume percentage of all blood cells in whole
blood is about 45% in adult men. The viscoelasticity of blood depends on the hematocrit
(volume fraction of RBCs) in whole blood, plasma viscosity, and aggregation and mechanical
properties of blood cells. The deformability of blood cells plays an important role in their main
functions as well as the blood rheology and hemodynamics [66, 67]. While the viscoelasticity
of blood cells, including RBCs [66–68] and white blood cells [69, 70], has been studied, here we
will discuss only RBCs since they have the highest concentration in whole blood and are the
most relevant to hemodynamics under most physiological and pathological conditions.
The RBC is a simply structured biological component that consists of a bilayer membrane and
thin cytoskeleton of spectrin filaments [68]. Mammalian RBCs lack a cell nucleus. RBCs exhibit
a unique deformability, which enables them to change shape reversibly in response to an
external force (e.g., under the stress applied by the capillary wall). Despite the structural
simplicity of RBCs, the understanding of their mechanical properties is still incomplete. The
viscoelastic properties of RBCs, which are key determinants of RBC deformability, can be
classified into elastic (or storage) and viscous (loss) moduli: the shear modulus that describes
the uniaxial elongation property, the area expansion modulus that describes the changes in
RBC membrane area, the bending modulus that describes the bilipid layer associated with
resting shape changes, and the viscosity that describes the rate of deformation of RBC
membrane [71, 72].
Typical methods for viscoelasticity measurement of single or multiple RBCs were recently
reviewed [71] and include micropipette aspiration, atomic force microscopy, optical tweezers,
fluid or microfluidic filtration, and laser diffractometry.
RBC viscoelasticity is closely related to blood rheology and hemodynamics [66, 67]. For
example, reduced RBC viscoelasticity leads to a significant increase in microvascular flow
resistance and blood viscosity [67, 71]. Exchanging native RBCs with RBCs hardened with
glutaraldehyde causes a doubling of the filtration resistance and reduced flow in rats [67].
Altered RBC viscoelasticity is frequently reported in pathological conditions such as diabetes
[73, 74], hyperglycemia [74, 75], and sickle cell disease [76]. While cardiovascular complications
including arterial stiffening, heart failure, or stroke are often associated with these diseases [77,
78], it is possible that the altered RBC mechanics may exert an impact on overall hemodynam‐
ics, which is a critical contributor to cardiovascular health. Further understanding of the
influence of RBC viscoelasticity on cardiovascular hemodynamics could inspire novel
therapies that target the biomechanical mechanism of the disease.
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6. The heart
6.1. Heart valves
Viscoelastic behavior has been demonstrated to different degrees in native or pericardial-based
heart valve tissues, which are usually made up of highly organized ECM and valve interstitial
cells. Though direct comparisons cannot be made between studies with different testing
methods, viscoelastic characteristics including strain-rate dependence, stress relaxation, and
creep have been observed after loading of valvular tissue from ex vivo mechanical testing.
Similar to arterial tissue discussed above, interestingly, mechanisms of stress relaxation appear
to be distinct from those of creep. For example, stress relaxation observed in valvular tissue
was accompanied by negligible creep over a 3-hour timeframe [79]. Therefore, use of multiple
modalities for valve tissue viscoelastic property measurement is recommended.
As with arterial tissue, valvular viscoelastic behavior is dependent on ECM components. In
heart valves, collagen in particular has a complex fiber alignment pattern that appears to
generate more viscoelasticity in the circumferential direction compared to the radial direction
[80]. Imaging techniques including scanning electron microscopy and bright field or polarized
light microscopy have demonstrated that collagen fibers are highly aligned in the circumfer‐
ential direction but more randomly distributed in the radial direction. Therefore, a more highly
aligned fiber structure likely contributes to larger degree of viscoelastic behavior. Also, the
effect of preconditioning has been shown to be direction-dependent with the circumferential
direction displaying a more consistent mechanical response after a fewer number of cycles [80].
This indicates that an initially aligned fiber structure will achieve a consistent mechanical
response faster than randomly oriented fibers.
Like arteries, heart valves exhibit less creep than stress relaxation [81]. This behavior seems to
be unique to collagen-rich soft biological tissues like ligament [82] and cornea [83]. The
underlying mechanism is not fully understood. Thornton et al. [84] attribute it to different
mechanisms involved in the two tests. In particular, these authors suggest that the stress
relaxation response is determined by a discrete group of ECM fibers recruited at constant
elongation, whereas the creep response is determined by different fibers being progressively
recruited at constant stress. Another hypothetical mechanism is the ‘fibril-locking’ mechanism
that collagen fibrils maintain under a constant stress, whereas under a constant strain the fibril
stress decreases [81]. The interactions between collagen and proteoglycans also have been
proposed to affect tissue viscoelasticity in heart valves [79, 85].
Not surprisingly, the chemical treatments of valvular tissue that are used prior to bioartificial
heart valve replacements have been shown to affect viscoelastic behavior. Glutaraldehyde
fixation reduces the immune response and prevents leaflet degradation but can induce ECM
cross-links and other structural changes [86, 87] that reduce radial stiffness and increase
extensibility [86, 88] as well as reduce creep and stress relaxation [13, 86, 88, 89]. Fixation also
increases the number of preconditioning cycles required to achieve a consistent mechanical
response in dynamic mechanical testing [88]. These effects can be minimized with pressure
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fixation, which results in more similar viscoelastic behavior in fixed tissues compared to
untreated tissues [88].
The decreased stress-relaxation that occurs in heart valve tissues treated with glutaraldehyde
has important implications for bioprosthetic heart valves because the industry standard of
accelerated wear testing (AWT) is used to determine the absolute fatigue life of bioprosthetic
heart valves. In AWT, valves are cycled at frequencies higher than the normal heart rate (up
to ~30 Hz). With reduced stress-relaxation, the valve may not have time to relax to its natural
state, resulting in a higher preload for each subsequent cycle [13]. A better understanding of
heart valve viscoelasticity and the molecular basis for tissue viscoelastic properties could
improve bioprosthetic valve design and testing.
6.2. Myocardium
Ventricular myocardial tissue exhibits viscoelastic characteristics, which are changed in
diseased states. Viscoelastic properties have been examined in the healthy swine myocardium
using noninvasive shear wave velocity techniques [90]. Briefly, external actuators are used to
create and propagate waves in the myocardial wall; the velocity is measured at several
frequencies, and these data are fit to empirical viscoelastic models described in Section 1.2.
Human myocardium tissue tested ex vivo exhibited multiple viscoelastic characteristics
including directional-dependent hysteresis and stress relaxation, and rate-dependent stressstrain curves [16]. The subjects from whom tissues were harvested had various causes of death,
so the data cannot be interpreted in the context of healthy versus diseased states. However,
several studies have shown changes in viscoelastic properties with disease. The use of a KelvinVoight model demonstrated that elastic and viscous damping constants increased in the
pressure-overloaded feline right ventricle [91]. Similarly, elastic and viscous constants
increased in the pressure-overloaded rat left ventricle [92]. An important future direction is to
assess the viscoelastic behavior in healthy versus diseased myocardium and determine the
impact on cardiac performance.
The structural basis of myocardial viscoelasticity can be attributed to a combination of cardiac
cells and ECM proteins, but the nature and extent of each component’s contributions to
viscoelasticity are still debated. Myocardial tissue is composed of cardiac cells or myocytes.
Myocytes are composed of repeating units called sarcomeres, which contain titin, actin, and
myosin proteins. By isolating cardiomyocytes from surrounding ECM structures, viscoelastic
properties can be measured. Uniaxial testing of myocytes revealed force-length hysteresis [93],
indicating they are one source of viscoelasticity. Titin functions as a spring, and titin-actin
interactions may contribute to viscoelastic behavior [94]. Cardiac cells are surrounded and
consequently interconnected by ECM proteins to provide structural integrity to the heart.
Evidence that collagen degradation is accompanied by decreased elastic stiffness and viscous
damping suggests that collagen plays an important role in myocardial viscoelasticity [91].
Collagen accumulation (or fibrosis) is a characteristic of failing ventricles and with hypertro‐
phic remodeling the collagen content can increase by ~50% [95]. Therefore, it may be important
to investigate the effect of collagen accumulation on myocardium viscoelasticity during heart
failure development.
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Importantly, the majority of myocardial viscoelastic properties are reported from the left
ventricle, and differences in viscoelastic behavior between ventricles are unknown. The left
ventricle differs embryologically, geometrically, and structurally from the right ventricle [96–
98], so results from the one cannot be extrapolated to the other. Indentation testing ex vivo
showed similar baseline levels of elastic and viscous constants between both ventricles in rats
[92]. Differences in viscoelastic properties between ventricles will be important directions for
future research to understand the role of viscoelasticity in healthy and diseased myocardial
function.

7. The lymphatic system
The lymphatic system is the third circulation in the human body and is complementary to the
first two: the systemic and pulmonary circulations. It consists of branched lymphatic vessels
that collect and transport lymph fluid as well as organs (e.g., lymph nodes, spleen, and thymus)
that assist with lymph transport. When pressure is greater in the interstitial fluid than the tiny,
closed-end lymphatic capillaries, lymph flows in [99] and is transported to gradually larger
lymphatic vessels, collected and filtered through lymph nodes, and finally enters the lymphatic
duct where it is Reintroduced into the bloodstream. The ontogenesis of lymphatic vessels is
not fully understood but some evidence suggests that they are derived from the veins [62].
Lymphatics are often compared to veins because both are thin walled, valved structures and
their main function is to transport fluid (blood or lymph) for nutrition and immune purposes,
respectively.
Despite of their structural similarity to blood vessels, lymphatics are different in several
aspects. First, at a similar distance from the heart, lymphatics are larger and thinner than veins
[62]. Second, lymphatics are subjected to lower pressures than veins and have more compliant
walls [62, 100, 101]. Third, unlike the veins in which the blood is conducted only passively to
the heart as a result of valve action and in combination with the intermittent compression by
adjacent tissue, lymphatics have both extrinsic and intrinsic pumping mechanisms [101, 102].
Both experimental studies and mathematical modeling have been done to characterize
lymphatic pump function [103–105]. For instance, incorporating experimental measurements
of a mesenteric lymph vessel, Bertram and Moore developed a model to capture intrinsic
pumping function [102]. Similar to arteries and veins, chronic changes in pressure and flow
can cause remodeling of lymphatics [101]. For example, lymphatic pumping weakens in
response to venous hypertension [106]. The active pumping function can be impaired due to
metabolic disorders, local immune-compromise, and lymphedema [104].
Few studies have been performed on the viscoelasticity of lymph vessels. Ohhashi [100]
compared the viscoelastic properties of bovine mesenteric lymph vessel, which is considered
as muscular lymphatics because of the rich and well-developed SMC content, to the canine
thoracic duct, which is considered a fibrous lymphatic because of the lower SMC content and
higher elastin and collagen content in the wall. They found that the muscular lymphatic vessel
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is more compliant, and its hysteresis loop is wider than that of the fibrous thoracic duct,
suggesting a larger viscosity due to more layers of SMCs. Because lymphatic pumping is
critical to lymph transport and lymphatic viscoelasticity likely affects lymphatic pumping,
understanding the determinants of lymphatic viscoelasticity and its impact on pumping
function may unveil new mechanisms for lymphatic dysfunction.
The viscoelastic properties of another main component in the lymph system – the lymph node
– have been recently reported. McClain et al. found that lymph node tissue becomes stiffer and
has increased energy loss with cancerous tumor development in mice [107]. While the finding
is novel and exciting, it raises more questions such as how changes in lymph node viscoelastic
properties relate to tumor regression, antitumor immune response, or metastatic colonization
of the lymph node.

8. Summary
An improved understanding of cardiovascular tissue viscoelastic properties and their de‐
pendence on cardiovascular tissue structure will no doubt provide valuable insights into the
functional behavior of these tissues. More importantly, despite the long-standing recognition
that cardiovascular tissues are nonlinearly elastic and viscoelastic materials, the clinical
implications of cardiovascular tissue viscoelasticity remain poorly understood. In the example
of arterial viscoelasticity, inconsistent findings of arterial viscoelastic changes with disease and
a lack of tools for simple and easily accessible clinical measurement have likely contributed to
a lack of information on the impact of arterial viscoelasticity on cardiovascular hemodynamics
and cardiac function. Therefore, there is a pressing need to elucidate the clinical implications
of cardiovascular tissue viscoelasticity in disease progression in future research.
We recommend the following as promising and impactful future areas of research:
1.

Protocols for preconditioning: It is well accepted that preconditioning is necessary for
mechanical property measurements. The most appropriate protocols for preconditioning
tissues subjected to different testing frequencies and different strain ranges is unclear,
however. Also, the sample 'memory' behaviour should be investigated to standardize
mechanical testing protocols for cardiovascular tissue viscoelasticity measurements and
reduce sample variation.

2.

Structural models that include viscoelasticity: The rapid development of arterial structural
models has advanced the understanding of the structural-functional relationship of
arteries in ways that empirical, phenomenological models cannot. However, current
models predict static mechanical behavior only. Future structural models should incor‐
porate elements that are responsible for viscous behavior and predict cardiovascular
tissue dynamic mechanical behavior.

3.

Creep vs. stress relaxation behaviours: The mechanisms that lead to differences in creep
and stress relaxation behaviours are not fully understood. Investigating these character‐
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istics in different cardiovascular tissues would improve our understanding of tissue
viscoelastic behavior.
4.

Structural determinants of viscoelasticity: The contributions of cells (e.g., SMCs, endo‐
thelial cells, or myocytes), ECM (e.g., elastin, collagen, or proteoglycans), and cell-ECM
interactions to tissue viscoelasticity are not fully understood. Modern high spatial and
temporal resolution imaging techniques (e.g., multiphoton microscopic imaging) will
provide insight into the ways in which cardiovascular tissue structures generate viscoe‐
lastic function.

5.

Hemodynamic and cardiac impact of viscoelasticity: Arterial stiffening is known to occur
in aging and hypertension and predict heart failure. Future research should investigate
the impact of arterial viscoelasticity on cardiovascular disease development and progres‐
sion.
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Abstract
Nonviscously damped vibrating systems are characterized by dissipative mecha‐
nisms depending on the time history of the response velocity, introduced in the physical
models using convolution integrals involving hereditary kernel functions. One of the
most used damping viscoelastic models is Biot’s model, whose hereditary functions are
assumed to be exponential kernels. The free-motion equations of these types of
nonviscous systems lead to a nonlinear eigenvalue problem enclosing certain number
of the so-called nonviscous modes with nonoscillatory nature. Traditionally, the
nonviscous modes (eigenvalues and eigenvectors) for nonproportional systems have
been computed using the state-space approach, computationally expensive. This
number of real eigenvalues is directly related to the rank of the damping matrices
associated with the exponential kernels. The state-space approach has traditionally been
used up to now as the only method to compute the nonviscous modes for nonpropor‐
tionally damped systems. Motivated by this open problem, we propose in this chapter
to describe the available numerical methods for classically damped systems and present
the recent methods for nonclassically damped systems. It is shown that the problem of
finding the nonviscous modes can be reduced to solve as a set of linear eigenvalue
problems. The presented methods are compared through a numerical example.
Keywords: vibrating systems, nonviscous damping, eigenvalues and eigenvectors,
nonproportional systems, numerical methods

1. Introduction and background
It has been always very difficult to model the physical fundamentals of damping in structural
dynamics. In general, the proposed models depend on several parameters, which must be

© 2016 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.
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fitted according to experimental results. The viscous model, proposed by Rayleigh [1], is the
most used representation of dissipative forces for vibrating systems as it predicts an exponen‐
tial decay rate of displacements, something that can be observed experimentally in a great
variety of structural materials such as metals, concrete, wood, glass, or masonry. However,
damping models need to be updated for the mathematical modeling of the real behavior of
the so-called viscoelastic damping materials, widely used for vibration control and energy
dissipation devices. Although the term viscoelastic damping has traditionally been used, in the
last years the concept nonviscous damping is also found in the bibliography, since this behavior
can be considered as a generalization of the classic viscous damping. These materials, used in
different areas of engineering as mechanical, civil, industrial, or aeronautics, are formed by
polymer derivatives, rubbers, and rubber-like materials, and are characterized by a timedependent constitutive model and by frequency-dependent Young and shear moduli.
Viscoelastic models of energy dissipation are introduced in the structure assuming that the
damping forces are proportional to the history of the degrees-of-freedom (dof) velocities via
kernel hereditary functions. These functions, also named damping functions, are the terms of
the viscoelastic damping matrix in time domain, denoted by
. The dynamic balance
of internal forces yields to the system of motion differential equations for a viscoelastically
damped structure, with the form
t

&& + ò G (t - t ) u& (t ) dt + Ku = fe (t )
Mu
0

u(0) = v 0 , u& (0) = u 0

(1)

where the dofs’ time-domain response is represented by
are the mass
and stiffness matrices. In general, we do not assume symmetry in these matrices although the
mass matrix will be assumed to be non-singular. Under these conditions, the modes of the
system can be obtained as the nontrivial solutions of the free-motion problem obtained
considering fe (t) = v0 = u0 = 0 in Eq. (1). Thus, checking functions of the form u(t) = u e st we obtain
 s2M + sG( s) + K  u ≡ D( s) u = 0


where

(2)

is the so-called dynamic stiffness matrix.

In this chapter, we will analyze Biot’s damping model with N exponential kernels, a restriction
commonly assumed in engineering applications. The expressions of the normalized damping
functions in time and in frequency domain are, respectively
N

 (t ) = ∑C k µ k e
k =1

−µ t
k

(3)
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N

G( s) = { (t )} = ∑

µk

k =1 s + µ k

Ck

where μk > 0 with 1 ≤ k ≤ N are the relaxation or nonviscous parameters and Ck ∈ R

(4)

n×n

are the

damping matrices (in general asymmetric) of the limit viscous model, obtained if the relaxation
parameters tend to infinite, that is
N

∑C
k =1

k

=

lim G( s)

µ  µ →∞
1
N

(5)

The coefficients μk control the time and frequency dependence of the damping model while
the spatial location and the level of damping are modeled via the matrices Ck . From this
property, it is not strange to find them also as the damping coefficients of Biot’s model. The
level of damping is closely related to the magnitude of these limit-damping matrices, while
the relaxation parameters give information on how far is our nonviscous model from a viscous
behavior [2]. It is also easy to demonstrate that the limit viscous damping and the time-domain
kernel function are related by
N

∞

∑C = ∫ (t) dt
k =1

k

0

(6)

Eqs. (2) and (4) clearly show the frequency dependence of the damping matrix, characteristic
in this type of systems. This fact leads to a nonlinear eigenvalue problem whose eigenvalues
are the roots of the equation
det D( s)  = 0

(7)

In general, the damping matrix G(s) admits a rational representation, so that the polynomial
of the denominator is at least of one order less than that of the numerator [2]. Thus, the
determinant can be written as a polynomial, whose order is greater than 2n and, therefore, the
total number of roots of Eq. (7) can be expressed as 2n + r and arranged as
{s1 , s1* , , sn , sn* }nj =1 ∪ {σ 1 , ,σ r }

(8)

where si ,si* are n complex conjugate pairs and σ1, … ,σr are r negative real numbers named
nonviscous eigenvalues. The name is chosen precisely because they are characteristic of
nonviscous or viscoelastic models. The number of these nonviscous eigenvalues will depend
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on the nature of the damping function, particularly on the number of hereditary exponential
kernels. The complex conjugate pair forces the solution to be oscillatory, whereas the other
eigenvalues are associated with overdamped, nonoscillatory modes. The latter modes decay
rapidly and in general are not important for the system response.
The representation of the hereditary behavior was originally introduced by Boltzman [3] at
the end of the nineteenth century. Its application to viscoelastic materials and to damping of
vibrating systems was studied by different authors in the middle of the twentieth century.
Among them, it is worth mentioning specially Biot [4, 5] whose multi-exponential hereditary
model has widely been used for modeling viscoelastic damping materials. The fundamentals
of viscoelasticity, a thorough study on the time-dependence constitutive models, and its
application for modeling damping materials can be found in books such as Fluegge [6], Nashif
[7], and Jones [8]. Although this chapter is closely related to Biot’s damping model, we must
not forget the other viscoelastic models based on the fractional derivatives and widely used
for representing the frequency-dependent behavior of damping materials. This model allows
to use less parameters than exponential-based models [9], although the mathematical treat‐
ment is more difficult to implement, especially in the time domain, which is computationally
more expensive [10].
This chapter is focused on the study of the r nonviscous modes of a nonviscously damped
vibrating system. It is known that the effect of not considering these modes in the time-domain
response is not important [2, 11]. Additionally, the exact calculation requires the use of the
state-space approach, significantly increasing the computational effort and losing the physical
insight of the involved internal variables [12, 13]. Maybe, these two reasons put together
explain why they have not been analyzed in detail in the literature. Recently, Lázaro [14]
derived a numerical approximated method to extract the nonviscous modes avoiding the statespace approach. In this chapter, we present a review of the nonviscous modes with nonoscil‐
latory nature, giving their characteristics, mathematical properties, and the current available
numerical methods for their computation.

2. Single degree-of-freedom systems
A single dof nonviscously damped vibrating system is dynamically characterized by a mass
m, a linear stiffness k , and a nonviscous hereditary damping function

is

t

u + ∫  (t − τ ) u (τ ) dτ + k u = fe (t )
m 
−∞

. The motion equation

(9)

where
represents the degree of freedom and
represents the applied force in time
domain. In this chapter, we analyze the nonviscous modes associated to Biot’s damping model
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with N exponential kernels. The expressions of the normalized damping functions in time and
in frequency domain for single dof are, respectively
N

 (t ) = ∑ck µ k e

−µ t
k

ck µk
k =1 s + µ k
N

G( s) = { (t )} = ∑

,

k =1

(10)

where μk > 0 with 1 ≤ k ≤ N are the relaxation or nonviscous parameters. Eqs. (5) and (6) can be
particularized for single dof resulting
N

lim G( s) = ∑ck ,

µ  µ →∞
1
N

Checking solutions of the form

k =1

∫

∞

0

N

 (t )dt = ∑ck
k =1

(11)

, we can derive the characteristic equation
sc k µ k
+k=0
k =1 s + µ k
N

ms 2 + sG( s) + k = ms 2 + ∑

(12)

Multiplying this expression by ∏kN=1(s + μk ), it results in a 2 + N -order polynomial. If the system
is lightly or moderately damped, the set of eigenvalues presents the form {s0,s0*,σ1, … ,σN }, where

s0,s0* are a pair of conjugate-complex eigenvalues representing the modes of oscillatory nature.

The rest N roots are negative real numbers representing the nonviscous eigenvalues of
nonoscillatory nature (overcritically damped). In this point, we focus on giving a mathematical
characterization of these eigenvalues and to provide efficient methods to approximate the
nonviscous eigenvalues avoiding solving the polynomial equation.

2.1. Mathematical characterization of eigenvalues
Let us see that the damping function evaluated at a nonviscous eigenvalue must always verify
certain inequality related to the dynamic properties of the system, say mass m and stiffness
k . Eq. (12) is rewritten in terms of the undamped natural frequency ωn = k / m and of a new

dimensionless damping function denoted by

J ( s) =

The characteristic Eq. (11) now becomes

G( s)
2 mωn

(13)
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s2 + 2 sJ( s)ωn + ωn2 = 0

(14)

Reordering this equation, we can express it as
2

s2 + 2 sJ( s)ωn + ωn2 =  s + J( s)ωn  + 1 − J 2 ( s)  ωn2 = 0
Let

be any real nonviscous eigenvalue. Since

for all

(15)
it can be ensured that
(16)

equivalent to | J (σ) | ≥ 1. This inequality always holds for any real eigenvalue of Eq. (12). This
result is a generalization of the well-known relationship between the dynamic parameters m,
k , and c of a single dof viscously damped oscillator for having real eigenvalues: c ≥ ccr = 2 m k

(condition for critical damping).
As a direct consequence, we can define the following set:

{

 = s ∈  − :|G( s)|≥ 2 m k

}

assuring that every real eigenvalue of Eq. (12) lies inside

(17)
Lázaro and Pérez-Aparicio [15]

derived the necessary condition expressed as | J (σ) | ≥ 1 and calculated approximate limits for
the set

denoted as nonviscous set.

2.2. Numerical computation
It is known that the influence in the response of the nonviscous modes is much less important
than that of the oscillatory complex modes [2, 16, 17]. For this reason, it is reasonable to look
for closed-form approaches, avoiding the computational effort needed for solving the charac‐
teristic polynomial. Two methods based on the hypothesis of light damping can be found in
the literature. They allow to approximate the nonviscous eigenvalues using closed-form
formulas as function of the dynamic and damping parameters. The first one due to Adhikari
and Pascual [18] approximates the nonviscous eigenvalues with the first iteration of Newton’s
method applied to the characteristic polynomial. The second one, developed by Lázaro in his
PhD Thesis [19] and published in the paper [20], is a perturbation-based approach. Both
methods will be described in detail below and can be applied for both single dof systems and
multiple dof systems with proportional (or classical) damping.
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2.2.1. Adhikari and Pascual’s method
Let us denote by ζk = ck / 2mωn to the damping ratio associated to the j th exponential kernel.
Introducing these parameters, the characteristic equation can be written as

ζ k µk
+ ωn2 = 0
k =1 s + µ k
N

s2 + 2 s ω n∑

(18)

As mentioned before, the characteristic polynomial can be obtained multiplying the above
equation by ∏ Nj=1(s + μj ), resulting the 2 + N -order polynomial

(

P( s) = s2 + ωn2

N

N

N

) ∏(s + µ ) + 2sω ∑ζ µ ∏(s + µ )
j

j =1

n

k =1

k

k

(19)

j

j =1
j≠k

The method of Adhikari and Pascual [18] is based on the application of the first iteration of
Newton’s method with s = − μj as the initial point. Indeed, assuming that − μj + Δj is close to the
solution, Δj can be explicitly calculated from the first-order expansion of P(s) around the initial
point

0 ≈ P( − µ j + ∆ j ) ≈ P( − µ j ) +

∂P( − µ j )
∂s

(20)

∆j

After some simplifications, the expressions of Adhikari and Pascual published in Ref. [18] can
be rewritten in terms of the current notation as

σ j ≈ −µ j −

P( − µ j )
∂P( − µ j )

µ jζ j p j

= −µ j +

ζ j ( p j − µ j q j ) − rj +

∂s

pj

(µ
2ω µ
n

j

2
j

+ ωn2

)

(21)

where
N

p j = ∏( µ k − µ j ) ,
k =1
k≠ j

N

N

q j = ∑ ∏ ( µr − µ j ) ,
k =1 r =1
k ≠ j r ≠ j ,k

N

N

k =1
k≠ j

r =1
r ≠ j ,k

rj = ∑ ζ k µ k ∏ ( µr − µ j )

(22)

Under the hypothesis of light damping ζj ≪ 1, the nonviscous eigenvalue lies close to − μj ;
therefore, it is expected that the solution from Eq. (21) accurately estimates the exact solution.
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2.2.2. Lázaro’s method
Lázaro’s method [19, 20] is based on considering the j th nonviscous eigenvalue σj , 1 ≤ j ≤ N as
a function of the j th associated damping ratio ζj . The damping ratio ζj can be interpreted as a
perturbation parameter of Eq. (18). Thus, we can write σj = σj (ζj ) and Eq. (18) can be written for
this eigenvalue as

σ j2 (ζ j ) + 2σ j (ζ j )ω n

ζ j µj
σ j (ζ j ) + µ j

ζ k µk
+ ωn2 = 0
k =1 σ j (ζ j ) + µ k
N

+ 2σ j (ζ j )ωn ∑

(23)

k≠ j

Now, multiplying this equation by σj (ζj ) + μj , we obtain

(σ (ζ ) + µ ) σ
j

j

j

2
j

(

)

(ζ j ) + 2σ j (ζ j )ωn j σ j (ζ j ) + ωn2  + 2σ j (ζ j )ζ jω n µ j = 0


(24)

With this operation, the singularity associated to the j th nonviscous eigenvalue can be avoided.
The function

introduced above is defined as
N

 j ( s) = ∑
j =1
j≠k

ζ j µj

(25)

s + µj

Eq. (24) explicitly defines σj as a function of ζj . Assuming light damping, we can expand σj (ζj )
in terms of the damping parameter ζj , considering the latter as a perturbation parameter within
the equation. Thus,

σ j (ζ j ) = σ j (0) + σ ′j (0)ζ j + σ ′′j (0)

ζ j2
2

+

(26)

The value σj (0) can be obtained evaluating Eq. (24) at ζj = 0

(σ (0) + µ ) σ
j

j

2
j

(

)

(0) + 2σ j (0)ωn j σ j (0) + ωn2  = 0


(27)

The eigenvalue associated to the k th hereditary kernel lies closely to the k th relaxation
parameter [15, 21]. Therefore, we are interested in the real solution σj (0) = − μj . The first-order
derivative can be calculated solving for σ ′ j (0) after taking derivatives with respect to ζj in Eq.
(24). The rest of higher-order derivatives σ ″ j (0), σ ‴ j (0), … are derived following the same
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procedure and using the previously calculated results. In general, it is sufficient to take up the
second-order term since this approximation accurately estimates the nonviscous eigenvalues
within a wide range of the damping ratios, including lightly and moderately damped struc‐
tures [15, 20]. After obtaining the coefficients σ ′ j (0) and σ ″ j (0), the closed-form expression for
σj remains as follows:

(28)

where

ζ k µk
µ
k =1 k − µ j
N

η0 j = j ( − µ j ) = ∑
k≠ j

, η1 j =

∂j
∂s

N

s= − µ j

= −∑

ζ k µk

2
k =1 ( µ k − µ j )

(29)

k≠ j

Both Lázaro’s and Adhikari and Pascual’s methods are presented as closed-form expressions.
On one hand, numerical computation of polynomial roots is avoided, and on the other hand
the analytical expressions allow to explicitly observe the dependence of the nonviscous
eigenvalues as functions of the rest of the parameters of the problem.

3. Multiple degrees-of-freedom systems
This section deals with the properties of the nonviscous modes in asymmetric nonproportional
viscoelastically damped vibrating systems. A generalization of the mathematical characteri‐
zation proved for single dof systems in the previous point will be derived. Regarding numer‐
ical analysis, the available methods for computing nonviscous modes will also be presented.
As mentioned in the introduction, we consider an n -dof vibrating structure with mass and
. No restrictions with respect to the symmetry of these
stiffness matrices denoted
matrices are imposed and, additionally, it will be assumed that the mass matrix is not singular.
contains the hereditary functions of the viscoelastic dissipative
The damping matrix
model. There are also no restrictions on the symmetry of the damping matrices C j 1 ≤ j ≤ N and
therefore it will be considered that C j ≠ CTj . Thus, the eigenvalues are the roots of the nonlinear
equation
det  s2M + s G( s) + K  = 0

(30)
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The eigenvalues can be separated in n conjugate-complex pairs {sl ,sl*}nl =1 with oscillatory nature

and the r real nonviscous eigenvalues {σj }rj=1. The number r of nonviscous eigenvalues and the
range of the damping matrices C j are directly related [12, 13]. In fact, Adhikari and Wagner

[12] proved that
in the context of the state-space approach, proof of which
will be presented in this section.
3.1. Mathematical characterization of eigenmodes
It is assumed that the damping matrix is not proportional, that is, G(s) does not verify the
necessary conditions to be diagonal in the modal space of the undamped problem [22]. As
known, proportional damping matrices allow to reduce an n -dof system to n single dof systems
due to the simultaneous decoupling capability. Thus, for these kinds of structures, the results
of the previous point would apply. Assuming the nonproportionality, each nonviscous mode
is characterized by a real eigenvalue
1 ≤ j ≤ r , and both right and left real eigenvectors
are denoted by u j and v j , respectively, so that

(31)

We define the following expressions for each nonviscous eigenmode:

M j = vTj M u j , K j = vTj Ku j , Ω j =

Kj
Mj

,

(32)

These values can be interpreted as modal mass and stiffness, respectively, associated to the jth
nonviscous mode. Using these new modal parameters, we can write that

vTj D(σ j ) u j = M jσ j2 + σ j vTj G(σ j ) u j + K j

We introduce functions

(33)

defined as

J j ( s) =

vTj G( s) u j
2 Mj Kj

(34)
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which can be interpreted as the dimensionless modal representation of the damping matrix at
the j th real mode. Introducing this relationship in Eq. (33), we obtain

σ j2 + 2σ j J j (σ j )Ωj + Ωj2 = 0

(35)

We can identify in this equality the same form as that of Eq. (14), derived for single dof
oscillators. Therefore, and using identical mathematical manipulations, we can deduce that
or equivalently in terms of the damping matrix

vTj G(σ j ) u j ≥ 2 M j K j , 1 ≤ j ≤ r

(36)

expression of which represents the generalization for multiple dof systems of the necessary
condition derived for single dof systems in the previous point, Eq. (16). Additionally, Eq. (36)
can also be considered as a generalization of the result published by Lázaro and Pérez-Aparicio
[15] for symmetric systems.
3.2. The state-space approach
In this section, the general state-space representation of the dynamic problem will be described.
This methodology allows to transform the general n -dof system of integro-differential
equations into a system of m > 2n first-order differential equations through the introduction of
internal variables. It was developed by Wagner and Adhikari [12] for symmetric systems and
by Adhikari and Wagner [13] for asymmetric system.
It turns out that the final size m of the extended state-space formulation is directly related to
the rank of the damping matrices C j , 1 ≤ j ≤ N . Because of that, it is appropriate to introduce
the algebra associated to the matrix C j . Let us assume that
two matrices

, then there exist

, such that
 dj
YjT C j X j =  T
O1 j

O1 j 

O2 j 

(37)

is a diagonal block matrix with the nonzero eigenvalues of C j and the blocks
where
O1 j and O2 j are null matrices of size rj × (n − rj ) and (n − rj ) × (n − rj ), respectively. The columns of
n
matrices X j and Y j form two different bases of space R , hence both matrices can be written
in the form
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(38)

where x jk and y jk for k = 1, … ,rj are the right and left eigenvectors of the nonzero eigenvalues

of Ck . These two bases have special relevance in the developments of the state-space method

and it is convenient to group them in the two rectangular matrices

(39)

so that the following relations are straightforward:
LTj C j R j = d j

(40)

Let us return now to the system of integro-differential equations presented in Eq. (1) written
, and let us introduce a set of N + 1 internal variables denoted by
in terms of the dof
and w j (t), 1 ≤ j ≤ N and defined as
t

v(t ) = u (t ) and w j (t ) = ∫ µ j e
0

− µ ( t −τ )
j

u (τ ) dτ , 1 ≤ j ≤ N

(41)

For our purposes, we need the time derivative ẇ j , which can be calculated using Leibniz’s rule

for differentiation of an integral, yielding

t − µ ( t −τ )
j

 j = − µ j2 ∫ e
w
0

u (τ ) dτ + µ j u (t ) = − µ j w j (t ) + µ j v(t )

(42)

With these new variables, Eq. (1) can be expressed as
N

M v + ∑C j w j + K u = fe (t )
j =1

(43)
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In the above expression, the vector

represents the image via the linear mapping
n

defined by the matrix C j . The kernel of this mapping is a subspace of R with dimension
n − rj and characterized by Ker

The vectors x jk ,k = rj + 1, … ,n are a

basis of this subspace. Therefore, only the rj projections of
say

onto the rest of eigenvectors,

,k = 1, … ,rj , are representative. Consequently, we can defined the rj internal variables

from the rectangular transformation matrix R j

w j (t ) = R j wj (t )

(44)

Introducing this transformation into Eq. (43) and premultiplying by M−1

N

v = −∑ M−1C j R j wj (t ) − M−1K u + M−1fe (t )

(45)

j =1

Now, in order to complete the extended linear system, we need to relate the variables w j (t)
and their time derivatives. For that, let us combine Eq. (44) with (42) resulting in

 j = − µ j R j wj (t ) + µ j v(t )
Rjw

Premultiplying by matrix LTj and denoting by T j = LTj R j

(46)

−1 T
Lj,

we can write after some

operations
 j = − µ j wj (t ) + µ j Tjv(t ) , 1 ≤ j ≤ N
w
Eqs. (45) and (47) and the direct relations

(47)

can be put in order in the following

extended linear system of ordinary differential equations:

z = A z + r(t )

where

(48)
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(49)

m

(50)

and
represent the null matrix and vector (in column)
In these expressions,
of their respective spaces and Irj the identity matrix of
. Since T j represents a full-rank
matrix of order rj , then the total order of the system is
n

m = 2n + ∑rj

(51)

j =1

showing that the extra order of the state-space formulation of a nonviscously damped vibrating
system is governed by the rank of the damping matrices. Hence, the total number of nonviscous
eigenvalues is given by r = ∑nj=1 rank (C j ). As known, checking solutions of the form z(t) = z e st
in the free-motion equations

leads to the linear eigenvalue problem

(A − s I )z = 0
m

m

(52)

The complete solution of this problem allows to construct the spectral set of nonviscously
damped systems. On one hand, we have 2n complex modes with oscillatory nature and, on
the other hand, the r nonviscous eigenmodes with their respective eigenvectors. A detailed
study of the eigenvalue problem of Eq. (52) has been described in the work of Adhikari and
Wagner [13]. From a mathematical point of view, the problem of calculating the eigenmodes
is totally solved. However, we can expose two reasons why it is worth to deepen in the
numerical problem of the nonviscous modes: (a) to solve a linear eigenvalue problem as that
shown in Eq. (52) requires in general
operations, something that affects the computational
efficiency of the problem as we increase the number of hereditary kernels and the number of
degrees of freedom. (b) The physical insight of the problem is somewhat lost with the intro‐
duction of new internal variables in the state-space method. Due to these two arguments,
several numerical methods have been proposed in the bibliography to obtain the n complex
modes with oscillatory nature (see for instance references [2, 18, 23–27]). On the contrary, the

Nonviscous Modes of Viscoelastically Damped Vibrating Systems
http://dx.doi.org/10.5772/64205

nonviscous modes have not been studied with so much detail since, obviously, their influence
in the response is much less important. Lázaro published a research focusing on nonviscous
modes of symmetric systems [14] trying, on one hand, to reduce the computational complexity
of computing the nonviscous modes and, on the other hand, to supply a physical interpretation
of the significance of these kinds of modes, closely related to the properties of the damping
model and to the matrices C j , j = 1, … ,N . In the next point, Lázaro’s method will be described
including a generalization for asymmetric systems.
3.3. Approximate numerical method
As described above, we derive here the numerical method proposed by Lázaro [14] for the
computation of nonviscous modes. We work under the generally accepted assumption of light
damping, something that allows to predict that the nonviscous eigenvalues are close to the
relaxation parameters { − μj } Nj=1. Let us consider the following decoupling of the damping matrix
in the Laplace domain associated to the j th relaxation parameter, μj

G( s) =

µj
s + µj

µj
µk
Ck ≡
C + G j ( s)
s + µj j
k =1 s + µ k
N

Cj + ∑

(53)

k≠ j

Something similar can be made for the dynamic stiffness matrix, yielding

D( s) = s2M + sG( s) + K = s2M + sG j ( s) + K +

where D j (s) = s 2M + sG j (s) + K ∈ C

n×n

sµj
s + µj

C j ≡ D j ( s) +

sµj
s + µj

Cj

(54)

denotes the dynamic stiffness matrix without the j th

hereditary damping function. Note that under this manipulation, the function D j (s) is now
continuous and with continous derivatives at s = − μj . Let us denote by
eigenvalue associated to μj and by

to any nonviscous

the right and left eigenvectors associated to σj ,

respectively. The following relations hold:



σ jµj
D(σ j ) x j = D j (σ j ) +
Cj  xj = 0
σ j + µ j 


(55)


σ jµj T 
DT (σ j ) y j = DTj (σ j ) +
C y =0
σ j + µ j j  j


(56)
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In order not to have to repeat every step for the right and left eigenvalues, the developments
will be carried out only for Eq. (55). Thus, multiplying Eq. (55) by σj + μj
(σ j + µ j )D j (σ j ) + σ j µ j C j  x j = 0



(57)

A j ( s) = ( s + µ j ) D j ( s)

(58)

 A j (σ j ) + σ j µ j C j  x j = 0



(59)

Let us define the matrix

and Eq. (57) can be written as

Since the damping is assumed to be light, σj is close to − μj and consequently there exists certain

λj ∈ R, such that σj = − μj + λj , with | λj / μj | ≪ 1. Expanding the matrix A j (σ) around λj = 0 and

neglecting second-order terms, we obtain

A j (σ j ) = A j ( − µ j + λj ) ≈ A j ( − µ j ) + A′j ( − µ j ) λj

(60)

where ( • )′ = ∂ ( • ) / ∂ s . From the definition of A j (s), we have that
A′j ( − µ j ) = D j ( − µ j )

A j (−µ j ) = 0,

(61)

Substituting this result together with σj = − μj + λj in Eq. (59) and rearranging
C j − λ j B j  x j = 0



(62)

where

Bj =

Cj

µj

+

D j (−µ j )

µ j2

∈  n× n

(63)

Following the same steps for the left eigenvectors from Eq. (56), we obtain the following
relation between λj and

is fulfilled:
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(64)
From Eqs. (62) and (64), λj , x j , and y j represent an eigensolution of the generalized linear

asymmetric eigenvalue problem of matrix C j with respect to B j . Denoting by rj = rank (C j ) ≤ n ,

then λj = 0 is eigenvalue of Eq. (26) with multiplicity n − rj . Consequently, there exist other rj nonull eigenvalues, which will be named λ j,1 , … ,λ j,rj . Hence, the complete spectral set of problem

(64) can be listed as



n−r
j
λj ,1 ,, λj ,rj ,0,  ,0 



(65)

and the rj nonviscous modes associated to the j th relaxation parameter can be denoted by

{− µ + λ

j ,k

; x j ,k ; y j ,k

}

r
j
k =1

(66)

We highlight two interesting results from this method: (i) the computation of the nonviscous
modes has been reduced to solve N linear eigenvalue problems of order n and (ii) there is no
need to previously calculate neither the modal space of the undamped model nor the eigen‐
problem of the matrices C j . We find a limitation because a hypothesis of light damping has
been used in the linearization (60). For vibrating problems under a higher level of damping,
the method can be adapted just taking the second-order term in the expansion of
A j ( − μj + λj ), that is

A j ( − µ j + λj ) ≈ A j ( − µ j ) + A j'( − µ j )λj + A j'′( − µ j )

λi2
= D j ( − µ j )λj + D j'( − µ j )λj2
2!

(67)

Introducing this expression in Eq. (59) and after some manipulations the resulting right and
left eigenvalue problems are
éë H j - ll
ù j 0,
éë HTj - j FjT ùû zˆ=
0
j Fj û z=
j

(68)



C j On
B j D′j ( − µ j ) / µ j2
 x j 
 y j 
Hj = 
 , zj = 
 , Fj = 
 , zˆ j = 

On I n 
In
On



λj x j 
λj y j 

(69)

where
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In general, the second-order approximation will lead to better approximations, although in
this case a larger problem must be solved; this will be confirmed in the numerical example.
The reader who wants to deepen in detail in higher-order approximations and their associated
computational cost can refer to the work of Lázaro [14]. In this paper, it is proved that, from a
computational point of view, it is profitable to increase the order of approximation up to certain
limit order after which it is better to use the state-space approach. That limit value of the
is the number of hereditary damping kernels.
approximation order is

3.4. Numerical example
In this numerical example, the presented computational methods to calculate the nonviscous
modes will be compared. For that, we use a five-degree-of-freedom discrete system with
viscoelastic dampers, shown in Figure 1. Each dof represents the displacement of a mass m = 103
kg. The linear stiffness between the masses is k = 105 N/m. Two nonviscous dashpots are located
between ground and dof 1 and between dofs 3, 4, and 5, whose constitutive relationships are
expressed as the sum of exponential kernels.

Ga (t ) = ca ( m1 e - m1t + m 2 e - m2 t ) , Gb (t ) = cb m3 e - m3t

(70)

Figure 1. Numerical example: a five-degrees-of-freedom lumped mass system with viscoelastic dampers based on ex‐
ponential kernels.

The damping coefficients are ca = 600 Nm−1s and cb = 200 Nm−1s and the relaxation parameters

μj = {10, 25, 45} rad/s. Since we have three relaxation parameters, the damping matrix in time

domain yields

 ( t ) = C 1 µ1 e

−−
µ t
µ t
1
2
2 2

+C µ e

+ C3 µ3 e

−µ t
3

(71)

and according to the dashpots and rigidities distribution, the damping matrix coefficients and
the stiffness matrix are
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 2k −k
1
0 0 0



0 0
−k 2k −k
0
K =  0 −k 2k −k
0  , C1 = C 2 = c a  0



 0 0 −k 2k −k 
0
 0 0 0 −k 2k 
0




0
0
0
0
0

0
0
0
0
0

0
0
0
0
0

0
0


0
0
0  , C 3 = cb  0


0
0

0
0


0 0 0 0

0 0 0 0
0 1 −1 0 

0 −1 2 −1
0 0 −1 1

(72)

EIGENVALUES

μ1 = 10, r1 = 1

μ2 = 25, r2 = 1
σ2,1

σ1,1

μ3 = 45, r3 = 2
σ3,1

σ3,2

Exact

−9,762536252

−24,539682264

−44,480104306

−44,817181343

1st order approx.

−9,767255360

−24,552342078

−44,490259517

−44,818527825

(0,04834)

(0,05159)

(0,02283)

(0,00300)

−9,762478350

−24,539554707

−44,480042888

−44,817178561

(0,00059)

(0,00052)

(0,00014)

(0,00001)

(error, %)
2nd order approx.
(error, %)

EIGENVECTORS

Exact

1st order approx.

(error, %)
2nd order approx.

(error, %)

μ1 = 10, r1 = 1

μ2 = 25, r2 = 1

μ3 = 45, r3 = 2

x1,1

x2,1

x3,1

x3,2

0,920866633

0,991941304

0,000819770

0,001425705

0,359382674

0,125658720

0,018202462

0,032082433

0,140415976

0,016087932

0,395717303

0,707139978

0,053098476

0,001862474

−0,829159074

0,000761150

0,017681720

0,000209935

0,394424954

−0,706343512

0,924263325

0,992396067

0,000786787

0,001405038

0,353130865

0,122132136

0,017832254

0,031844687

0,135129270

0,015194058

0,395980865

0,707139245

0,050069699

0,001700855

−0,828890371

0,000749666

0,016401313

0,000185500

0,394742065

−0,706355058

(0,94544)

(0,36701)

(0,06167)

(0,02392)

0,920823393

0,991936757

0,000819965

0,001425786

0,359460764

0,125693455

0,018204709

0,032082906

0,140482958

0,016096765

0,395715707

0,707139980

0,053137115

0,001864208

−0,829160702

0,000761173

0,017698131

0,000210211

0,394423029

−0,706343488

(0,01192)

(0,00362)

(0,00037)

(0,00005)

Table 1. Numerical example: results of nonviscous eigenvalues (rad/s) and eigenvectors.
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The rank of these matrices can easily be calculated obtaining
r1 = rank(C1 ) = 1, r2 = rank (C 2 ) = 1, r3 = rank(C 3 ) = 2

(73)

The number of nonviscous eigenvalues of this system is r = r1 + r2 + r3 = 4. The results of the four

nonviscous eigenvalues and eigenvectors are shown in Table 1. Exact solutions based on the
state-space approach are shown in the first rows. Below, we find the approximated solu‐
tions calculated with Lázaro’s method using both the first- and the second-order approxi‐
mation (see Eqs. (62) and (68), respectively). The relative error is also shown below each result
(in brackets) for both eigenvalues and eigenvectors. For the latter, the relative error is
calculated in terms of the vector norms. Note that in general, the eigenvalues are calculated
more accurately than eigenvectors. Indeed, the relative error of the former is one order of
magnitude lower than that of the latter. As expected, the second-order approximation
improves notably the solution, decreasing the relative errors two or three orders of magni‐
tude respect to those computed from the first-order approximation. In general, since the effect
of the nonviscous modes in the response is not relevant, it is justified to use the first-or secondorder approximations presented in this text, even for moderately or highly damped vibrat‐
ing structures [14].

4. Conclusions
In this chapter, the mathematical modeling of damping materials has been presented. These
materials are characterized by presenting dissipative forces depending on the history of
degrees-of-freedom velocities via exponential kernel functions (or Biot’s model). The freemotion vibration of these structural systems leads to a nonlinear eigenvalue problem. There
exist two types of eigensolutions: on one hand, the complex eigenmodes, with oscillatory
nature and considered as perturbations of the undamped natural modes, on the other hand,
the so-called nonviscous modes, overcritically damped modes (without oscillatory nature),
characteristic of the type of damping model. These latter modes are the main objective of the
research of the present chapter.
The nonviscous modes behind a viscoelastic exponential-damping-based system are closely
related to the relaxation parameter of the exponential functions. In general, their influence in
the response of the system is several orders of magnitude less important than that of the
complex modes. In this paper, we try to summarize some of the most relevant properties of
these modes, both from a theoretical and from a numerical point of view. Nonviscous modes
for both single and multiple dof systems are studied. For both cases, a necessary condition of
nonviscous modes relating to eigenvector, eigenvalue, and dynamic matrices is provided.
Additionally, numerical methods to extract nonviscous eigenvalues and eigenvectors,
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assuming asymmetric and nonproportional dynamic matrices, are reviewed. The results have
been compared with a numerical example.
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Viscoplastic Behaviour of Polyamides
Şerban Dan-Andrei
Additional information is available at the end of the chapter
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Abstract
In this study, the viscoplastic behaviour of a polyamide-based thermoplastic polymer
was investigated by performing a number of tests that highlighted the influence of time
and temperature on the mechanical behaviour: strain-rate- and temperature-depend‐
ency tests, creep tests, dynamic mechanical analysis (DMA) tests, Mullins’ effect tests,
and low-cycle fatigue tests. The results are discussed and explanations are proposed
regarding the particularities the investigated material exhibits during deformation.
Keywords: viscoplasticity, polyamide, thermoplastic polymers

1. Introduction
When designing assemblies for engineering applications, the material characteristics of
various components are often considered to be characterized only by simple laws, such as
linear elasticity and plasticity for solids and viscosity for fluids. In reality, all materials exhibit
both elasticity and viscosity during deformation [1]. The elastic behaviour of fluids is often
characterized by the bulk modulus, a measure of its stiffness during hydrostatic compres‐
sion [2]. Viscous effects in solids can be observed in various loading scenarios, the most
common being strain-rate dependency, temperature dependency and creep [3]. Although
rarely taken into account for metals or concretes, viscous effects play a major part in defin‐
ing the mechanical response of polymers [1, 4–6]. Their characteristic structure of long,
covalently bonded chains of atoms, with very high molecular weights, is responsible for the
mechanisms of inducing temporary damage, such as viscous flow, bond interchange, Thirion
relaxation, etc. [2].
Throughout human history, polymers were used for a great variety of purposes. Natural
polymers, such as cotton, silk, wool and resins, were employed for various household purposes

© 2016 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.
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as far back as 6000 years ago [5]. The extensive use of synthetic polymers began in the 1940s.
Their advantages over conventional materials (metals, wood, textiles, etc.), namely low specific
mass for fairly good mechanical properties, low production costs and good insulation
properties, determined an exponential increase in the number of applications. For the past 20
years, the total production of polymers exceeded the combined metal production volume wise
[5].
The unique time- and temperature-dependent properties of rubbers were observed and
described by various scientists of the nineteenth century. Ludwig Boltzmann (the first to coin
the term viscoelasticity), James Clerk Maxwell, Sir William Thompson and Lord Kelvin were
the first to provide mathematical models in describing viscoelasticity [5]. Today, the basic
models developed by the aforementioned scientist (the Maxwell fluid, the Kelvin solid coupled
with the Boltzmann superposition principle) represent the backbone of various advanced
models used in describing the mechanical behaviour of viscoelastic and viscoplastic materials
[5, 6].
Breaking down the behaviour of viscoelastic materials into the solid-like and fluid-like
response, several constitutive formulations can be considered. The elastic part is usually
described by Hookean elasticity for brittle polymers (linear elastic response) and by various
non-linear models for more compliant materials [5, 6]. Some thermosets exhibit yielding before
fracture, an accurate description of their behaviour requiring the input of plasticity [2, 4]. On
the other hand, thermoplastics exhibit a linear stress-strain response over a very short interval
(under 1% deformation) and no clear yield point (the stress-strain curve gradually decreases
its slope over a given strain interval) [1, 7, 8]. The stress-strain response of rubbers has a
different shape (the characteristic ‘S’ curve) and can only be accurately modelled with the use
of hyperelastic models, such as the Neo-Hookean formulation [9], Yeoh formulation [10], the
Ogden formulation [11], the Arruda-Boyce formulation [12] or the implicit Marlow formula‐
tion [13]. These characteristics are presented in Figure 1a.

Figure 1. Mechanical behaviour of polymers: types of stress-strain response (a) and types of viscous flow (b).

Regarding the flow component, three models are usually employed to describe viscosity: the
Newtonian fluid is the basic model in describing flow, where the shear stress increases linearly
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with the shear strain rate (i.e. water). For other types of fluids, the viscosity increases expo‐
nentially with the increase in strain rate (i.e. honey, quicksand, oobleck). They are called shearthickening fluids or dilatants. Fluids that exhibit a logarithmic increase in shear stress with
shear strain rate are called shear-thinning fluids or pseudoplastic fluids (i.e. blood, paint,
ketchup).
In modelling viscoelastic materials, a common approach is the use of mathematical models
that incorporate both elastic and viscous elements. The aforementioned Maxwell and Kelvin
models used two components, namely an elastic element (spring with an elastic modulus E)
and a damping element (dashpot with a damping coefficient η), connected in series (Maxwell
fluid, Figure 2a) or in parallel (Kelvin solid, Figure 2b). Note that the elastic element can
undergo both normal and tangential loadings along all directions. More advanced models
increase the number of elements in order to capture the behaviour of the viscoelastic material
more accurately. Examples of such models are the three-parameter fluid, the four-parameter
solid (Figure 2c), the generalized Maxwell fluid or the generalized Kelvin solid (models which
imply the use of a number of Maxwell and Kelvin elements connected in parallel or in series,
respectively) [5, 6].

Figure 2. Mathematical models for the Maxwell fluid (a), Kelvin solid (b) and four-parameter solid (c).

For a higher degree of accuracy, the linear elastic response of the elastic element can be replaced
with hyperelasticity, and the Newtonian fluid characteristic of the dashpot can be replaced
with either a shear-thickening or a shear-thinning model. Viscoplasticity can be modelled by
introducing a rate-independent flow component (‘slip’ element) in the presented mathematical
models.
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Other methods of modelling viscoplasticity consider a phenomenological approach. A notable
example is the work of A.D. Drozdov and collaborators. Their constitutive models for various
thermoplastics and elastomers consider the total deformation being composed of a sliding part
and an elastic part and the stress-strain relation being governed by a strain-energy density
function. The resulting constants and parameters are eventually fitted with the experimental
data [14–16].
Considering the loading conditions, the same polymer can exhibit different behaviours: it can
be characterized by either a glassy state (stiffer response, sometimes brittle) or a ductile state
(a compliant response, yielding before fracture). The transition region between the two states
is called the glass transition temperature (GTT) [3–6]. It is usually determined in temperaturesweep dynamic mechanical analysis (DMA) tests and can be extrapolated for strain rates using
the time-temperature superposition.
One of the most notable examples of misestimating the mechanical properties of polymers is
the case of the Challenger Space Shuttle disaster (28 January, 1986). The Presidential commis‐
sion tasked with investigating the accident concluded that, due to the low temperatures
recorded during the space shuttle launch, the rubber O-rings sealing the aft field joint, on the
right solid rocket booster, became less resilient and ultimately failed. This allowed the
pressurized hot gasses to make contact with the external tank, causing structural failure [17].
The investigated material of this study is a polyamide-based (PA) semi-crystalline thermo‐
plastic polymer that was developed for low-temperature applications. Being established as the
material used in manufacturing various components, it was observed that the given compo‐
nent’s response to external loadings differed from the initial behaviour, after a certain period
of service. Limited data were provided by the material supplier, so an extensive experimental
plan was set up in order to determine the time and temperature dependency of the polyamide.

2. Experimental investigations
Considering the in-service conditions that the components manufactured from this compound
are subjected to, an experimental plan was devised in order to capture the variation in
mechanical properties with test parameters such as time (rate dependency and creep),
temperature and humidity, as well as for several loading conditions (monotone and cyclic
tests).
2.1. Monotone tests
2.1.1. Time dependency
The studied polyamide’s variation of the mechanical properties with time was investigated
for short-term (strain-rate-dependent tensile tests) and long-term scenarios (creep tests).
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2.1.1.1. Strain-rate-dependency tests
Tensile tests represent the most facile experimental investigations used for the determination
of mechanical properties of materials. With the evolution of universal testing machines over
the past decades, materials of any class can be easily characterized in terms of their stress-strain
behaviour, stiffness, strength and yield point.
For this study, strain-rate-dependent tests were performed on injected dumb-bell specimens,
in accordance with ISO 527 [18]. The strain rates were chosen on a logarithmical scale,
corresponding to the crosshead travel values suggested by the test standard: 0.00028, 0.0028,
0.028, 0.28 and 2.8 s-1 (corresponding for crosshead travel speeds ranging from 2 up to 20,000
mm/min).
Quasi-static tests were performed on two test systems: a ball-lead screw-driven electrome‐
chanical Zwick Z250 machine (for strain rates from 0.00028 up to 0.028 s-1), equipped with a
10-kN load cell and on a servo-hydraulic Schenk PC63M (for a strain rate of 0.28 s-1), equipped
with a 40-kN load cell. In both cases, the strains were being recorded with an incremental
extensometer on a gauge length of 50 mm.
The dynamic tests were performed on a servo-hydraulic Instron VHS 160/20 machine,
equipped with a Kistler 9017A 400-kN piezoelectric load washer, mechanically preset at 200
kN. Strains were recorded through digital image correlation, using a high-speed camera at
190,000 frames per second, the images being processed using the ARAMIS system by GOM.
Higher strain rates were also investigated but no clear results could be obtained due to system
ringing, caused by the propagation of stress waves through the testing equipment [8, 19, 20].
The stress-strain curves for the strain-rate-dependent tests are presented in Figure 3 [8]. The
variation in elastic modulus and tensile strength with strain rate is presented in Figure 4. The
elastic modulus was calculated using the recommendations from ISO 527 [18].

Figure 3. Stress-strain curves for strain-rate-dependency tests.
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Figure 4. Variation of elastic modulus and tensile strength with strain rate.

Figure 4 shows that a correlation between the increase in tensile strength and stiffness with
strain rate can be observed, both trend lines having similar exponents.
Regarding the stress-strain behaviour, Figure 3 shows that the yield strain decreases with an
increase in strain rate. Tests performed at low speeds, when the viscous effects become more
significant, determine no clear yield point. By analysing the shape of the stress-strain curves,
it can be observed that the linear region is very small, almost unnoticeable. An analysis of the
variation of stiffness with strain, for the investigated strain rates, is presented in Figure 5.

Figure 5. Variation of stiffness with strain, for the investigated strain rates.
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2.1.1.2. Creep tests
Creep tests investigated the long-term influence of time on the mechanical properties of the
polyamide, and were performed on a 5-kN Zwick/Roel machine. Three loading levels were
used, corresponding to 30, 60 and 90% of the estimated yield stress [21], maintained for a period
of 24 h. The normalized compliance is calculated with Eq. (1), test result being presented in
Figure 6.
d (t ) =

D (t )

D ( 0)

=

e (t ) s ( 0) e (t )
×
=
s ( 0) e ( 0) e ( 0)

(1)

Figure 6. Creep tests at 30, 60 and 90% tensile strength.

A drastic increase in tensile compliance can be observed in the first hour of each test, after
which the increase becomes gradually smaller. Given the non-linear behaviour of the material,
the values for compliances differ for each level of loading, higher loads determining higher
compliances.
Comparing the variation of the normalized tensile compliance with time, between the tests
performed at high deformations (90% of the yield stress) and low deformations (60 and 30%
of the yield strain), a significant difference is noticed. Although increased stress levels
determine higher compliances, there is no linear correlation between the variations of the two
parameters, but rather an exponential one. The observed phenomenon is caused by strain
softening of the material. As the total strain grows towards the yield point, the role of the
viscous and plastic components becomes significant. Given the fact that no clear plateau was
recorded, one can conclude that the viscous strain did not reach saturation after 24 h of constant
loading.
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2.1.2. Temperature-dependency tests
The tests were performed with a crosshead travel speed of 20 mm/min on a ball-lead screwdriven electromechanical Zwick Z250 machine equipped with an environmental chamber.
Strains were recorded with an incremental extensometer. The stress-strain curves are present‐
ed in Figure 7 and the variation of tensile strength and elastic modulus with temperature is
presented in Figure 8.

Figure 7. Stress-strain curves for temperature-dependency tests.

Figure 8. Variation of elastic modulus and tensile strength with temperature.
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The same type of non-linearity as with strain-rate-dependent tests is observed; the instanta‐
neous elastic modulus does not remain constant and varies with strain (Figure 9). For the lowtemperatures tests, a toe region can be observed: the maximum elastic modulus does not
coincide with the initial value, which occurs around 0.007-mm/mm deformation. After an
abrupt decrease, the instantaneous modulus reaches values close to 0, for the plateau region
(around 0.035 mm/mm strain). For higher temperatures, the variation is characterized by a
uniform descent until the yield point, similar to ambient temperature tests.

Figure 9. Variation of stiffness with strain for the investigated temperatures.

2.2. Cyclic tests
A more comprehensive look at the viscoplastic properties of the studied polyamide was
obtained by performing cyclic tests, namely DMA tests, Mullins’ effect tests and low-cycle
fatigue (LCF) tests.
2.2.1. DMA tests
In this study, two types of DMA tests were performed. First tests consisted of temperaturesweep low-strain investigations (~0.1% strain), performed in single cantilever on a ‘conven‐
tional’ TA Instruments Q800 DMA machine. The second tests consisted of large-strain DMA
tests (1.5–4.5% deformation), performed in tension on an electromagnetic Instron Electropuls
machine.
The temperature sweep tests determined a glass transition temperature of 38.5°C at 1 Hz
(Figure 10) and of 41.2°C at 10 Hz, which explains the large variation in stiffness and strength
observed during the temperature-dependency tensile tests.
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Figure 10. DMA results for a temperature sweep test performed at 1 Hz in single cantilever.

Considering that usual component undergoes higher deformations during service and that
the instantaneous elastic modulus varies with strain (Figure 5), large-strain DMA tests were
carried out in order to record the variation of the dynamic moduli with frequency and with
amplitude.
For all the investigated frequencies and amplitudes, a similar trend was observed: the storage
modulus increased while the damping coefficient and the loss modulus decreased with
frequency (Figure 11a). When investigating the moduli variation with amplitude, it can be
noted that the elastic potential decreases with amplitude. The loss modulus and damping
coefficient increase with the amplitude until it reaches values of around 1.6 mm (equivalent
of 4.3% total strain), when, due to the contribution of the remnant strain (plastic and viscous
strains), the two parameters plateau (Figure 11b).
2.2.2. Mullins’ effect tests
The cyclic-induced-softening behaviour of polyamides is determined by various deformation
mechanisms that can occur. In literature, the non-recovered deformation observed when the
loading stops is usually referred to as ‘plastic strain’ or ‘permanent strain’ [4, 5]. However, due
to the viscous effects caused by the polyamide’s structure, a part of that remnant deformation
is recovered through relaxation (the stored potential energy causes some macromolecules to
regain their initial position). The irreversible part of the deformation is caused by the slippage
of the atomic planes in the crystalline phase (similar to metal plasticity [22, 23]) or by macro‐
molecular chain scission [1].
In consequence, the semi-crystalline structure of the polyamide causes a specific behaviour
during deformation, the strain being divided into three categories: instantaneous elasticity
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(recovered immediately after the loadings stop), delayed elasticity (recovered after a certain
time) and permanent deformation (caused by the irreversible change in structure). If the
material is subjected to a constant load below the yield stress, the main deformation component
that will be observed is the instantaneous elastic strain. If the loading is maintained for a longer
time (creep tests), an increase in the total deformation is observed, due to the accumulation of
viscous strain. If the specimen is strained towards yielding and beyond, the permanent
deformation starts to become significant while the reversible strain begins to plateau [2, 7].

Figure 11. Results for DMA tests performed at high strains for frequency variation (a) and amplitude variation (b).

The same scenario is observed for cyclic loadings. Figure 12 presents the strain decomposition
for a sine loading. The total strain εtot is the sum of the instantaneous elastic strain εel, the viscous
strain εvsc and the plastic strain εpl. In this example, the cyclic loadings are performed in strain
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control, thus εtot presents a constant sine variation in each cycle. The plastic strain εpl reaches
a maximal value with the peak of the cycle while the viscous strain εvsc presents a steady
increase until it reaches saturation (this point being considered the steady-state behaviour in
cyclic loadings). The instantaneous elastic strain εel is obtained by subtracting εpl and εvsc from
εtot.

Figure 12. Strain decomposition for a tensile cyclic test on a viscoelastic material.

Mullins’ effect tests were initially developed for rubber testing but were implemented for other
types of polymers such as thermoplastic elastomers and semi-crystalline thermoplastic
polymers [24–26]. Three main material characteristics are distinguishable for such tests:
hysteresis of energy, strain softening and strain hardening [27–29].
The graphic representation depicting the first loading/unloading cycle of each amplitude is
called the primary hyperelastic behaviour; the material’s loading path exhibits strain harden‐
ing when loaded to stress values higher than the current cycle. If the material is subjected to
several cycles with the same amplitude, it exhibits a strain-softening phenomenon, caused by
the accumulation of viscous strain, as described above. After a certain number of cycles of the
same amplitude, the behaviour stabilizes to a stress-strain curve of the same shape, due to the
saturation of viscous strain, called the permanent set [30, 31].
The first set of Mullins’ effect tests was performed on a 10-kN Walter + Bai servo-hydraulic
fatigue machine. The experimental programme consisted of three blocks of different ampli‐
tudes with 10 cycles being performed in each block (Figure 13a). The machine was set in
displacement control, with an equivalent crosshead travel of 25, 50 and 75% of the approxi‐
mated yield stress. The test speed was held constant at 2 mm/min, results being presented in
Figure 13b [31].
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Figure 13. Program set-up (a) and experimental results (b) for the Mullins’ effect test.

Considering the results presented in Figure 13, for Mullins’ effect tests performed below the
yield point, the investigated polyamide exhibits energy dissipation (hysteresis) and strain
softening. In order to gain insight about the strain hardening, cyclic tests that strain the material
beyond the yield point had to be performed. Two such cyclic test protocols were designed, one
having equal stress increments while the other having equal strain increments.
Mullins’ effect tests with equal stress increment were performed on a Zwick Z250 machine
that was programmed in stress control, strains being recorded with an incremental extens‐
ometer. The cyclic programme is presented in Figure 14a, and the test results are presented in
Figure 14b. Having more cycles before the yield region, these tests gave insight about the strain
decomposition in the elastic domain.
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Figure 14. Program set-up (a) and experimental results (b) for the Mullins’ effect test with equal stress increment.

Mullins’ effect tests with equal strain increment were performed on the same Zwick Z250
machine, the machine being programmed in strain control. The test protocol is presented in
Figure 15a, and the results are presented in Figure 15b. The strains programmed in these
experiments went beyond the yield region, showing the material behaviour in the plastic
domain. Considering the strain decomposition using cyclic tests, even though the tests
deformed the specimens well into the plastic region, the elastic strain did not reach a plateau
and kept increasing at a decelerated rate due to the delayed elasticity (Figure 16). These viscous
effects can be noticed when unloading to zero stress, the material being relaxed and some of
the energy consumed in deforming the specimen got recovered (the non-linear unloading
path). It was also noticed that, similar to rubbers and elastomers, the studied polyamide
exhibits strain hardening as well (the stress-strain response of the specimen tested in cyclic
loadings resumes the path described by a virgin specimen, Figure 17).
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Figure 15. Program set-up (a) and experimental results (b) for the Mullins’ effect test with equal stress increment.

2.2.3. Low-cycle fatigue tests
A better insight into the behaviour of the investigated polyamide in cyclic loadings was given
through low-cycle fatigue tests. The experiments were performed in tension and strain control,
with an R-ratio of 0.1. A 40-kN Schenk PC63M machine was used and was equipped with an
environmental chamber, set at 23°C (to negate the effects of temperature variation) and the
strains were recorded with a strain-gauge extensometer.
The influence of three parameters on the fatigue behaviour of the material was investigated:
number of cycles, frequency and strain level (each parameter was varied in three steps). The
test protocol also implied the investigation of the material recovery and permanent damage,
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tensile tests being performed on fatigued specimens immediately after tests as well as after a
recovery time of 24 h.

Figure 16. Strain decomposition using Mullins’ effect tests.

Figure 17. Strain hardening of the PA compound during cyclic loadings.

2.2.3.1. Effect of the number of cycles
Previous cyclic tests at constant amplitude performed below the yield point of the investigated
material showed that remnant deformation is accumulated with each cycle, having a loga‐
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rithmic increase (due to the accumulation of viscous strain, as discussed above). This study
aimed to determine after how many loading cycles the polyamide’s viscous strain reaches
saturation. Three values for the number of cycles were chosen: 5000 cycles (a), 10,000 cycles
(b) and 50,000 (c). Each test was divided in five equal steps (blocks of 1000 cycles for (a), 2000
cycles for (b) and 10,000 cycles for (c)), the stress-strain response being recorded after each step.
The frequency (5 Hz) and amplitude (0.0075 mm/mm with a pre-strain of 0.025 mm/mm) were
maintained constant. Figure 18 presents the variation in normalized tensile strength (peak
stress value recorded after each loading block, divided by the initial value) with the number
of cycles.

Figure 18. Variation of the normalized stress with the number of cycles.

As with the Mullins’ effect tests, the LCF results show a considerable decrease in tensile
strength in the beginning of the tests, followed by a steadier decrease as the number of cycles
grew, the tensile stress number of cycle curves showing a linear variation on the semilogarithmical scale.
The results of the tensile tests are presented in Figure 19. The behaviour of three specimens
was plotted: a specimen subjected to LCF, tested immediately after the tests (denoted ‘Instant’),
a specimen rested for 24 h after it was subjected to LCF (denoted ‘Recovery’) and that of a
virgin specimen (denoted ‘Initial’). A negligible variation in the stress-strain response is
observed, consisting of a lower stiffness up to 0.04-mm/mm deformation for the fatigued
specimens tested immediately after LCF [32].
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Figure 19. Tensile test comparison for (a) 5000 cycles, (b) 10,000 cycles and (c) 50,000 cycles.
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2.2.3.2. Effect of frequency
The effect of strain rate on the mechanical behaviour of the studied polyamide in LCF was
studied by the mean of frequency variation. Three values were chosen for this study: 3, 5 and
7 Hz. The strain levels were maintained constant and identical with the previous programme
(0.025-mm/mm reference with 0.0075-mm/mm amplitude) and the total number of cycles was
5000. The results for the variation in normalized tensile strength of the cycles with the number
of cycles for the three chosen frequencies are presented in Figure 20.

Figure 20. Normalized stress variation with the number of cycles for three different frequencies.

As with previous tests, higher strain rates determine higher reactions. Considering the
normalized values, frequency affects the fatigue behaviour of the material: a linear behaviour
(on the semi-logarithmic scale) is observed for lower strain rates (3 and 5 Hz), the apparent
softening being proportionate with frequency. For the tests performed at 7 Hz, the normalized
strength number of cycles behaviour is non-linear in the semi-logarithmic scale as the decrease
in strength is more accentuated as the cycle count increases. This is due to the same mechanism
responsible for shifting of the yield region observed in strain-rate and temperature-depend‐
ency tests (Figures 3 and 7): the viscous flow is being hindered and the effects of plasticity are
more pronounced.
Tensile tests performed on previously untested specimens, specimens tested immediately after
LCF tests and specimens tested 24 h after LCF tests show similar features as the results for the
effect of number of cycles in terms of elasticity, but showing higher strengths at 0.07-mm/mm
deformation. Results are presented in Figure 21 [32].
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Figure 21. Tensile test comparison: 3 (a) and 7 Hz (b).

2.2.3.3. Effect of strain
As seen with previous tests and depicted in Figure 12, the remnant deformation accumulates
with the increase in strain. The effect of the straining level in cyclic loadings on the fatigue
behaviour of the polyamide was investigated by choosing three pre-strains (0.025, 0.035 and
0.045 mm/mm) and maintaining the same amplitude (0.0075 mm/mm), same frequency (5 Hz)
and the same number of cycles (5000). The variation of the normalized strength with the
number of cycles is presented in Figure 22.
The tensile test results performed on the same three types of specimens are presented in
Figure 23, showing a slight lower response between 0.01- and 0.05-mm/mm deformation [32].
Figure 22 shows that the reference strain level has a small influence on the normalized stress
variation with the number of cycles, showing linear variation on the semi-logarithmic scale
and lower values of the normalized stress for higher strains. Figure 24 explains this phenom‐
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enon: as the material is strained to higher values, its remnant deformation increases. At a
reference strain of 0.025 mm/mm (denoted with a vertical red line in Figure 24), the remnant
strain values are around 0.007 mm/mm. At 0.045-mm/mm reference strain (vertical red line in
Figure 24), the remnant strains reach values of 0.018 mm/mm. The higher remnant strains
accumulate and determine a drop in the tensile strength of each cycle.

Figure 22. Normalized stress variation with reference strain.

In order to acquire a more in-depth analysis of the LCF behaviour, a study of the energy
dissipation was performed, analysing specific stress-strain cycles taken from each recording
step, from all tests. The dissipated energy in each cycle was evaluated by calculating the area
enclosed by the hysteresis described by the loading-unloading stress-strain curve.
For the tests that investigated the influence of the number of cycles, it was observed that the
dissipated energy decreases linearly on the semi-logarithmic graph (Figure 25a) until 10,000
cycles, after which the steep of the curve decreases.
A different trend was observed in the case of frequency-influence tests. Experiments per‐
formed at 3 and 5 Hz show a linear decrease in dissipated energy with the number of cycles
while those performed at 7 Hz show an increase (Figure 25b). This is caused by the viscous
characteristic of the material. At lower strain rates, viscous flow is more pronounced (as the
macromolecules have the time to slip past each other [1, 5, 6]) and more energy is dissipated
through slip (for the tests performed at 3 Hz, the values for the dissipated energy are almost
triple in comparison to the tests at 5 Hz). At higher strain rates, the material ‘freezes’ and less
energy is dissipated in the beginning of the tests. As the number of cycles grows, at low strain
rates, viscous strain reaches saturation (a decrease in dissipated energy) while remnant strain
accumulates at high strain rates (due to plastic strain accumulation), hence an increase in
dissipated energy.
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Figure 23. Tensile test comparison for 0.035 (a) and 0.045 mm/mm (b).

Figure 24. Stresses and plastic strains for reference strain values of 0.025 (vertical red line) and 0.045 mm/mm (vertical
blue line) and their correspondent amplitude range (areas with blue gradient and red gradient).
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Figure 25. Variation of energy dissipation with cycles for the influence of number of cycles (a), frequency (b) and strain
(c).
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The same mechanism of deformation determines higher values for the dissipated energy at
higher strains, and almost no energy dissipated after 5000 cycles for the tests performed at the
highest pre-strain (faster saturation of viscous strain), as seen with the tests performed at
varying strains (Figure 25c).
Tensile tests show that the LCF test parameters have little influence on the stress-strain
response of the material. A slight softening occurred between 0.01- and 0.05-mm/mm defor‐
mation in the case of the specimens tested immediately after the fatigue tests, softening that is
reverted after the specimen has recovered. It was also observed that, after the LCF tests were
completed, when unloading to 0 N, a remnant deformation was observed, ranging from 0.013
to 0.02 mm/mm. Considering that all types of specimens determine similar responses, it can
be concluded that no damage was induced to the structure of the material, the apparent
softening observed during testing being caused by the accumulation of reversible (viscous)
deformations.
This observation is backed by the analysis of the strain variation of the instantaneous elastic
moduli variation (which was obtained by dividing the stress increment with the strain
increment of the recorded cycles). For all tests, the results are similar, the stiffness of the
material increasing as the number of cycles grew (Figure 26).

Figure 26. Variation of instant elastic moduli with strain.

To interpret this graph, we need to investigate the stiffness variation with strain, similar to
Figures 5 and 9. In this case, for the same extensometer opening (LCF tests being per‐
formed in strain control), the 5000th cycle determined stiffer responses and lower stresses,
compared with the results of the first cycle (Figure 27). This happens because, during cyclic
loadings, the accumulated viscous strain shifts the loading spectrum towards lower elastic
strains. Figure 28 shows the strain intervals of the first cycle (blue gradient, the blue vertical
line being the reference strain) and the equivalent strain interval of the 5000th cycle (red
gradient). Overlapped with the stress-strain curve of tests performed on 0.1 s-1 (the strain
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rate of the 5-Hz tests was 0.075 s-1), it can be observed that values for the stresses and stiffness
of both cycles match with the stress and stiffness response of the material [32].

Figure 27. Variation of stress and of the instantaneous elastic modulus with strain for the first cycle and for the 5000th
cycle.

Figure 28. Stress-strain and modulus-strain curves in tension at a 0.1 s-1 strain rate and the deformation interval for the
initial cycle (blue gradient) and final cycle (red gradient).

3. Conclusions
This work presents an extensive experimental programme performed on a polyamide
compound, in order to determine its non-linear behaviour when subjected to various loading
scenarios.
The first set of tests studied the strain-rate dependency of the material with deformation speeds
ranging from 0.00028 to 2.8 s-1. Tests were performed in tension and highlighted the strong
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influence of this parameter on the material’s strength and stiffness. Going further than the lowspeed tests, creep tests were performed in order to determine the material softening with time.
The tensile compliance increased drastically in the first few minutes of the tests and even
though it decreased significantly after 7 h, no plateau (saturation of the viscous strain) was
observed after 24 h.
Temperature-dependency tests were performed in order to determine the mechanical prop‐
erties of the polyamide in an envelope of temperatures that might occur during service. A
substantial difference in behaviour was observed between the tests performed at low temper‐
atures (−25 and 0°C) and the tests performed at high temperatures (23 and 50 °C).
Considering this aspect, temperature-sweep dynamical mechanical analysis tests were
performed at 1 and 10 Hz in order to determine the glass transition temperature of the material.
As expected, the GTT is situated near the ambient temperature (around 40°C), which might
influence the material’s response significantly during service.
Regarding the dynamical properties and keeping in mind the deformation range that products
manufactured from this material might be subjected to, DMA tests at high strains (up to ~4%
deformation) were performed. The dynamic moduli vary with strain as expected and the
damping coefficient reaches a plateau when deformations get close to the yield region.
Further insight about the long-term effects of loadings was obtained by performing low-cycle
fatigue tests. The experimental programme focused on the influence of the number of cycles,
frequency and strain on the mechanical properties of the material. It was concluded that,
considering the given test regimes, the magnitude of the plastic deformation was reduced,
viscous flow having the main influence on the behaviour of the material.
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Abstract

Mechanical properties of the plantar soft tissue, which acts as the interface between the
skeleton and the ground, play an important role in distributing the force underneath
the foot and in influencing the load transfer to the entire body during weight-bearing
activities. Hence, understanding the mechanical behaviour of the plantar soft tissue and
the mathematical equations that govern such behaviour can have important applica‐
tions in investigating the effect of disease and injuries on soft tissue function. The plantar
soft tissue of the foot shows a viscoelastic behaviour, where the reaction force is not only
dependent on the amount of deformation but also influenced by the deformation rate.
This chapter provides an insight into the mechanical behaviour of plantar soft tissue
during loading with specific emphasis on heel pad, which is the first point of contact
during normal gait. Furthermore, the methods of assessing the mechanical behaviour
including the in vitro/in situ and in vivo are discussed, and examples of creep, stress
relaxation, rate dependency and hysteresis behaviour of the heel pad are shown. In
addition, the viscoelastic models that represent the mechanical behaviour of the plantar
soft tissue under load along with the equations that govern this behaviour are elaborated
and discussed.

Keywords: mechanical behaviour, plantar soft tissue, force-deformation, barefoot, vis‐
coelastic models, finite element analyses, stress-strain, mathematical model, plantar
pressure
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1. Introduction
The human heel pad is usually the first part of foot that contacts the ground during normal gait.
The soft tissue structure, which is located underneath the calcaneus (heel bone) consists of fat
pad and skin. While this fat pad, also known as corpus adiposum, works as shock absorber and
dampens the ground reaction forces during weight-bearing activities like standing and walking,
the skin has another important role to prevent tear and to work as an impermeable barrier to
protect the underlying soft tissue [1]. Reported heel pad thickness varies from 12.5 to 24.5mm
in different studies [2–8] using different imaging modalities including ultrasound [2–4],
magnetic resonance imaging (MRI) [5] and radiography [6, 7].
The plantar soft tissue structure is designed to bear large loads. Similar type of adipose tissue
is found in other parts of body that normally need to bear compressive and shear stress, such
as fingertips. The structure of the plantar adipocytes consists of a dense network of septa, which
prevents free movement of fat cells while allows the lateral movement [9]. The unique structure
of the plantar soft tissue enables it to bear large strain in reaction to the ground force. In each
heel strike, vertical loading roughly equal to 110% body weight is applied on the heel, whereas
25% of the body weight is applied in anteroposterior and 10% in mediolateral directions [10].
Normalising the loading over an area results in an average pressure around 100–400 kPa for
healthy individuals depending on the site of the foot [11]. These plantar pressure values can
increase as a result of increase in the stiffness of plantar soft tissue, i.e., due to diabetes that
results in a decrease in the contact area [11].
Furthermore, understanding the effect of different pathologies such as diabetes on the
mechanical properties of human plantar soft tissue is paramount. While these pathological
conditions may not affect the structure (geometry) of the plantar soft tissue they would affect
the mechanical properties of the plantar soft tissue [12]. The knowledge of these mechanical
properties that determine the behaviour of tissue under load can be utilised for diagnosis of
foot pathologies as well as for treatment interventions such as foot orthoses and footwear.
In order to understand the mechanical behaviour of the plantar soft tissue, it is necessary to
have an overview of the basic mechanical definitions.

2. Basic mechanics
2.1. Principles of mechanics of materials
Stress is a quantity which expresses the force that neighbouring particles apply on each other.
Stress can also be defined as the amount of force, which is required for a unit of cross-section
area to compress or extend in the normal direction.

s=

F
A

(1)
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where σ represents stress, F is the load and A is the cross-section area. The unit of the stress is
Nm−2.
Strain is the change in the length of the object in the axial direction which is normal to the
surface of applied load. Strain can be defined as the amount of change in the length of the
object over the original length as a result of applying load.

ò=

dL
L

(2)

where ε is strain, dL is the change in length and L is the original length (Figure 1); hence, strain
does not have a unit.

Figure 1. Strain as a result of compressive force applied to a cylindrical specimen.

Shear stress strain is the response of a material to the force, which is applied parallel to the
specific surface. This force makes the geometry of the structure to deform but not to stretch/
compress.

t=

F
AParallel surface to force

(3)

where τ is the shear stress, F is the applied force parallel to the surface and A is the cross-section
area (Figure 2).
The gradient of the force-deformation graph describes the stiffness of the material, and it is
the quantification of the rigidity of the material and is expressed in Nm−1.
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Stiffness = dF

dL

(4)

where dF and dL are changes in load and displacement, respectively.

Figure 2. Normal deformation as a result of tensile and compressive forces applied to cylindrical specimens along with
the shear deformation as a result of shear force applied to a cubic specimen.

2.2. Principles of elastic solid material
Elasticity is the ability of a material to resist force and return to its original shape when the
force is removed. Elastic solid materials are divided into two main groups: Hookean and nonHookean [13].
In the Hookean material where stress increases linearly with increase in strain, the slope of the
stress-strain graph is defined as Young’s modulus or modulus of elasticity (E) expressed in Pa.

E=

s
e

(5)

where σ is stress and ε is the strain.
However, in the non-Hookean material stress is not linearly proportional to strain. The
relationship between stress and strain changes during different stages of loading.
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2.3. Principles of viscous fluid materials
A fluid material is defined as a material that bears shear deformation and consists of liquids
and solids [14]. Liquids consist of atoms with interatomic connections and molecules with
weak intermolecular connections. The shear force can be applied to break the weak intermo‐
lecular bonds to allow the material to flow [15].
In continuum mechanics, a Newtonian fluid is a fluid in which the arising viscous stresses are
linearly proportional to the local strain rate [16]. In other words, the shear stress is proportional
to the rate of change of the fluid’s velocity vector.

t = m.

dv
dy

(6)

where τ represents the shear stress, μ represents viscosity and dv/dy represents the velocity
gradient in the direction perpendicular to the velocity.
The simplest mathematical models that take viscosity into account can be applied for Newto‐
nian fluids. Although there is no real fluid that fits this definition properly, many common
liquids and gases, such as water and air, are assumed to be Newtonian under ordinary
conditions.
On the other hand, a non-Newtonian fluid is the one with different properties from a Newto‐
nian fluid. To be more specific, the viscosity, which is the quantity of a fluid’s ability to resist
gradual deformation by shear or tensile stresses, depends on shear rate or shear rate history
[16].
2.4. Viscoelastic behaviour
A viscoelastic material combines properties of the elastic solid with viscous fluid. The elastic
solid can be Hookean or non-Hookean and the viscous fluid can be Newtonian or nonNewtonian [17]. There is a variety of behaviour within different viscoelastic materials which
ranges from completely elastic solid behaviour to completely viscous fluid behaviour [17]. In
addition, the viscoelastic material has the distinctive characteristics which show both viscous
and elastic behaviour when exposed to loading. The soft tissue exhibits a viscoelastic behaviour
under compression which means that the force-deformation behaviour depends on the amount
of deformation and deformation rate [18]. Viscoelastic materials behave in different ways
under various types of loading exhibiting differences in deformation/force rate dependency,
creep, stress relaxation and hysteresis [18]. For example, a viscoelastic material under cyclic
loading behaves differently during loading and unloading. In a sense, the stiffness of the
material decreases during unloading when compared to the stiffness that material shows
during loading. The area between force-deformation graph in loading and unloading is called
hysteresis that represents dissipated energy [18] (Figure 3).
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Figure 3. The load deformation graph of a heel pad tested using ultrasound indentation technique [19]. The different
colours represent data gathered at different deformation rates as presented in the legend. The area surrounded be‐
tween the loading and unloading curves represents hysteresis.

The force-deformation behaviour of the plantar soft tissue like other biological materials is
influenced by the loading velocity [18] (Figure 3). Stress relaxation characteristics indicate that
when a viscoelastic material is deformed suddenly and the deformation is kept constant for a
specific time, the force decreases with time [18] (Figure 4). The creep characteristics indicate
that when a specific amount of load is suddenly applied to the viscoelastic material and kept
constant for a specific time, there would be an increase in deformation over time [18] (Figure 5).

Figure 4. Schematic representations of the stress/time and strain/time graphs for a stress relaxation test for an elastic
and a viscoelastic material.
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Figure 5. Schematic representations of the stress/time and strain/time graphs for a creep test for an elastic and a viscoe‐
lastic material.

3. Mechanics of the heel pad
Because of the liquid content of the heel pad tissue along with the arrangement of solid
components which has an influence on regulating the fluid movement, the heel pad behaviour
is mostly assumed as that of a nearly incompressible material [20].
3.1. The structure
The fat pad consists of two layers: microchambers and macrochambers. Microchambers shape
the plantar layer of heel pad, which protects the fat pad from excessive bulging during loading
[12]. The deeper layer is composed of sparser, fibro-adipose structure called a macrochamber
[21]. The microchambers is the thinner layer of the two and contains mainly elastic fibres, but
the thicker layer (macrochambers) contains roughly equal amount of elastic fibres and collagen
[22]. Therefore, a different behaviour between two layers is expected [12], which is discussed
under the mechanical behaviour section (Figure 6).
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Figure 6. Ultrasound image of heel pad in B mode (left) along with the ultrasound elastography image superimposed
on the B mode (right) showing the micro and macrochambers colour coded by the stiffness with the spectrum showing
tissue in red colour as hard tissue and tissue in green colour as soft tissue.

The heel pad atrophy is a clinical condition, which is usually linked with diabetes, collagen
disorders and peripheral neuropathy [22]. The results of histological studies have revealed
that the adipocytes in the subcutaneous layers closer to the foot surface of the fat pad were
25% smaller in the mean cell area and 10% smaller in mean maximum diameter in an atrophic
heel compared to a normal heel [22]. Additionally, the adipocytes in the deep subcutaneous
layers are 45% smaller in the mean cell area and 25% smaller in mean maximum diameter in
an atrophic heel compared to a normal heel [22]. Septa in both deep and superficial subcuta‐
neous layers in the atrophic heel are 25% thicker than in a normal heel and include more
percentage of elastic tissue which seems to be uneven in some cases [23].
Furthermore, in atrophic feet, collagen septa are found to be thicker, and also the adipose cells
are smaller than healthy feet [22, 24]. The amount of internal stress and strain depends on the
structure of the heel (geometry) as well as on the material properties of the tissue and also the
value and direction of force. Hence, the above-mentioned changes in the structure of the heel
pad can increase the internal stress and strain that are claimed to be the main causes of tissue
injuries [25–27]. In addition, the interface between the soft tissue structure and underlying
bony prominence can be the area of high stress concentration and it is claimed that tissue
damage starts in deep tissue close to the bony prominences and then develops up to the skin
surface [25, 26, 28, 29].
3.2. The function
The foot supports stabilising the whole body during standing and is the interface between the
body and the ground during walking. The heel pad as the first part of the foot which has contact
with the ground during locomotion acts as a shock absorber and shock reducer to protect the
foot from local stress [2]. The strain and pressure applied to the heel during gait can be
withstood by the honeycomb structure of the heel pad. The heel pad as a structure shows
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viscoelastic behaviour and provides cushioning during heel strike and absorbs shocks by
dissipating energy [2]. This mechanical energy dissipates as heat just after heel strike and
decreases the possibility of mechanical trauma to the foot [2].
The heel pad can absorb the impact shock during heel strike by carrying out deformation under
loading and by distributing the force over a wider area of the skin to prevent stress concen‐
tration [30]. The chambered structure helps to spread the compressive force over the whole
area of plantar surface of the bone and prevents any injuries on the calcaneus bone during heel
strike [2]. Under compression, the heel pad expands easily as a result of low stiffness, but later
the tension on the collagen fibres of the fat pad and skin limits the movement of the tissue and
increases the stiffness of the heel pad gradually in the loading direction [31]. This justifies the
nonlinear force-deformation behaviour of the heel pad and causes the strain stiffening inherent
in the heel pad’s mechanical behaviour.
Additionally, it was reported that the mechanical behaviour of microchambers and macro‐
chambers is different under compression [12]. The microchamber layer experiences less strain
compared to the macrochamber layer [12]. Hsu et al. [12] indicated that the stiffness of the
microchambers is 10 times greater than macrochambers, and concluded that the observed
difference plays an important role in the heel pad mechanical behaviour. It appears that the
macrochamber layer is responsible for large deformation and cushioning behaviour of the heel
pad during gait; however, the microchamber layer is responsible in preventing the heel pad
from excessive bulging [12].
The main role of the heel pad is to decrease the impact shock during heel strike and to distribute
pressure during the foot-ground contact through undergoing deformation. The deformability
of the heel pad may reduce through tearing the fibrous septa or atrophy of heel pad due to a
trauma or ageing [32, 33]. After severe injuries such as tearing or breaking of the honeycomb
structure, the heel pad does not have the ability to remodel itself [32, 33]. As the fat pad is a
semi-liquid structure with hydrostatic properties of fluids [33], a decrease in water content of
the heel as well as a decrease in the elastic fibrous tissue and loss of collagen are the main
reasons for the gradual weakening of the tissue due to ageing [32]. Overall, it can be concluded
that the loss of soft tissue substances due to ageing, atrophy or any previous injury prevents
the tissue from responding to load in an optimal way [33].

4. Mechanical behaviour of heel pad
Plantar soft tissue like other biological tissues has a nonlinear elastic behaviour. Initially by
applying small amount of load, the tissue deforms easily (low stiffness) and by increasing the
loads the stiffness increases gradually [34]. The heel pad expands easily as a result of low
stiffness but afterwards the tension on the collagen fibres of the fat pad and skin limits the
movement of the tissue and increases the stiffness of the heel pad in the loading direction [31].
Pathological changes in foot may not be detectable from the structure of the foot but normally
correlate with the alteration in the mechanical behaviour of the tissue [12]. Therefore, quanti‐
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fying the mechanical properties of the plantar soft tissue is important to assess the risk of
mechanical trauma to the foot.
4.1. Method of assessing mechanical behaviour of heel pad
Several methods have been used to extract the mechanical behaviour of the heel pad that can
be divided into three main groups: in vitro, in situ and in vivo.
4.1.1. In vitro tests
In some studies, the heel pad behaviour was characterised using an in vitro or in situ method
to quantify the material properties of the plantar soft tissue [32, 35–40]. Miller-Young et al. [35]
performed a series of tests on the cylindrical samples of plantar soft tissue extracted from
cadaveric feet. Three series of tests that were performed on the samples included the quasistatic test to obtain the hyperelastic mechanical properties of the soft tissue; the stressrelaxation tests to calculate the viscoelastic time constants; and the dynamic compression test
to extract the viscoelastic relaxation material coefficients. The reported results clearly showed
the time dependency and viscoelastic behaviour of the heel pad [35].
Some other studies [39, 41] used 2 × 2 cm samples from different sites of plantar soft tissue of
cadaveric feet to calculate the elastic and viscoelastic coefficients of a mathematical model for
plantar fat pad to compare the properties of the plantar soft tissue between a healthy and a
diabetic foot. The results showed that stiffness and energy dissipation increase with loading
frequency [39, 41]. This was completely in contrast with Bennet and Ker’s results, which
indicated no changes in energy dissipation and stiffness with different testing frequencies [36].
The results also showed that frequency dependency is higher in younger subjects and this was
attributed to the difference in the heel pad’s water content in younger versus older tissue
specimen [32, 37]. The water content of the soft tissue can be considered as the main reason
for viscoelastic behaviour of the soft tissue. Therefore, a decrease in water content of the soft
tissue in older subjects can lead to a decrease in the viscoelastic characteristic of the soft tissue
such as loading frequency dependency.
While there was no significant difference in the values of viscoelastic coefficients between
diabetic and non-diabetic feet, it was claimed that changes in plantar soft tissue were mainly
recognised at the structural level, and not reflected effectively at the material level [38, 39].
4.1.2. In situ tests
Aerts et al. [40] compared the results of in vitro tests with the in situ tests in which the heel
bone was fixed to the wall and a pendulum was used to impact the heel region.
In this study, differences between the test results in two conditions were observed and they
were attributed to the differences in soft tissue behaviour at structural and material level [40].
In another study, Bennet and Ker [36] compared the results of in vitro versus in situ tests. The
researchers performed two series of tests in which one group of specimens was tested while
attached to the calcaneus and the surrounding tissues, while the other group of specimens
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were tested after complete removal from the calcaneus [36]. In this study, the specimens were
tested using a dynamic loading machine and load-displacement data were recorded during
the test. The energy dissipation ratios and stiffness were higher in isolated heel pads compared
to the heel pads attached to the calcaneus [36]. Therefore, it was concluded that the results of
the in vitro test show the properties of the isolated heel pad material, while the in situ test
results represent the behaviour of the heel pad structure [40]. The fact that the mechanical
properties of heel pad extracted from the in vitro and in situ results are different can be
explained by the indications that structural factors such as heel pad skin and geometry of the
calcaneus have an influence on the heel pad behaviour.
Although the in vitro test can provide more repeatable data due to eliminating geometrical
complexities of the plantar soft tissue, it cannot provide a realistic assessment of the mechanical
behaviour of the plantar soft tissue during weight-bearing activities [38, 39]. Furthermore, the
in situ tests cannot be used to assess the mechanical behaviour of the heel pad in different
individuals.
4.1.3. In vivo assessments
In a number of studies, the human heel pad was characterised using the force-deformation
data extracted from in vivo experiments.
Investigating the mechanical behaviour of the heel pad during walking can enhance our
knowledge about the heel pad in realistic loading conditions.
In one study, radiographic fluoroscopy was utilised to measure the thickness of the heel pad
during walking [42] while the plantar pressure was also measured using optical display
method. Their results showed that maximum strain of the heel pad during walking was 40%
and the absorbed energy ratio was estimated as 17.8% (SD 0.8) for different velocities (0.5–0.9
m/s) [43], which is considerably lower than 35% ratio that was reported for in vitro studies of
the heel pad [40, 41].
While the radiographic method allows measuring the deformation of the heel pad during
actual gait, the control on the direction of loading affects the results and this may lead to
variation in the observed results.
To overcome these limitations, a number of studies utilised ultrasound indentation technique
to develop an accurate and repeatable dynamic loading condition [44–51].
The device commonly consists of linear array ultrasound probe, load cell, motor and mechan‐
ical body, which is composed of a foot place perpendicular to the axial of loading (same axis
to the probe head). The ultrasound probe is necessary to measure the deformation of the soft
tissue. The force that is applied to the foot to compress/indent the foot can be measured by a
load cell. It can be mounted at the back of the probe to measure the axial force. The mechanical
part should be mounted in such a way that the probe can be compressed/indented to different
feet sizes. The motor can generate uniform movement of the probe. A number of studies which
conducted experiments with ultrasound indentation device [52, 53] used a custom loading
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device that consists of a linear array ultrasound probe which was in series with a dynamometer
(load cell) and mounted on a rigid frame (Figure 7).

Figure 7. The ultrasound indentation device and a schematic representation of the procedure followed to create the
tissue’s force/deformation curve [52].

In addition to the use of indentation device in experimental analyses of the plantar soft tissue,
this device has been commonly used to quantify the mathematical and finite element (FE)
models that govern the behaviour of soft tissue during loading. This is discussed in the next
section under mechanical behaviour model. Ultrasound strain elastography has been used for
assessment of plantar soft tissue stiffness in patients with diabetic neuropathy and was
recognised to have potentials for diagnosing tissue mechanical malfunction in clinical setting
[54].
4.1.4. Plantar soft tissue stiffness and measurement methods
The mechanical properties of the plantar soft tissue show a high level of dependency on the
measurement method [40, 55]. For example, it was reported that the stiffness of the heel pad
of humans using in vitro method is almost six times higher compared to the stiffness measured
during in vivo tests, while the absorbed energy ratio is about three times lower using the in
vitro method [40]. This can be explained by the indications that structural factors such as heel
pad thickness and geometry of the calcaneus have a significant influence on the heel pad
mechanical behaviour [3, 23, 56]. Aerts et al. [40] compared the energy dissipation and stiffness
of the soft tissue in an amputated leg and in an isolated heel pad. They showed that the whole
lower leg which is involved during in vivo test affects the test results in different ways and
influences stiffness and energy dissipation in in situ test. The presence of lower leg makes a
difference in terms of limiting expansion in some directions and dissipating the energy [40].
Furthermore, while indentation seems to provide more realistic and reliable assessment of the
mechanical behaviour of the plantar soft tissue during in vivo conditions, the effects of
indenter’s shape (i.e. probe’s head geometry) together with the effects of calcaneus bone
geometry need to be taken into account in analysing the results from these type of studies.
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4.2. Changes to mechanical behaviour
The mechanical behaviour of the plantar soft tissue can be changed by ageing, heel pain and
other pathologies; some of which are described below.
4.2.1. Effect of ageing on the mechanical behaviour
Hsu et al. [57] compared the average unloaded heel pad thickness in a young group and an
elderly group of participants. The average unloaded heel pad thickness was 20.1 (±2.4) mm in
the elderly group and 17.6 (±2.0) mm in the young group. These results are in line with the
findings by Kwan et al. [58] who showed that the thickness of the soft tissue was higher in the
elderly group and that the stiffness increases with age [58]. The stiffening of the soft tissue by
ageing may reduce the adaptability of the tissue in responding to the stress, which may lead
to foot diseases in elderly people [59].
The shock absorption of the heel pad was determined in two different age groups for two
different impact velocities by Kinoshita et al. [60]. It was reported that the absorbed energy in
younger adults is significantly higher than in elderly [60]. The energy absorbed density
depends on the viscoelastic properties of the plantar soft tissue and can be calculated by
subtracting the energy return density from the energy input density [53]. The energy dissipa‐
tion of soft tissue is directly linked to its viscoelastic characteristic. Therefore, it can be
concluded that the viscoelastic properties of the soft tissue alter with age.
4.2.2. Effect of heel pain on mechanical behaviour
Physical activity and repetitive high-impact loading during sports activity can cause some
micro-damage in the heel pad and consequently lead to heel pain. The sports that involve
running or jumping apply repetitive impact loading on the heel pad and may cause collapse
of the heel pad and finally cause a greater force impact on the calcaneus.
The inflammatory oedema may be a sign of changes in the structure of the heel pad that can
lead to decrease in shock absorption capability during heel strike [61]. To compare the
mechanical behaviour of the heel pad, a parameter known as heel pad compressibility index
(HPCI) was defined as the ratio of the loaded tissue thickness to unloaded tissue thickness in
percentage [46]. This parameter was utilised by Prichasuk et al. [62] to compare between
normal and painful heel and revealed that the compressibility index increases in the patients
with heel pain.
Tong et al. [50] compared the plantar tissue thickness and HPCI in normal, plantar heel pain
and participants with diabetes. The results showed that compressibility in patients with
diabetes and heel pain was less than the corresponding value in healthy volunteers. While the
findings of Tong et al. [50] on the effect of ageing on HPCI contradict Prichasuk et al.’s findings
[62], in another study Ozdemir et al. [63] reported the increase in heel pad thickness and HPCI
with ageing and increase in body weight. This was attributed to the gradual loss of collagen,
water content and elastic fibrous tissue of the heel pad as result of ageing [60], all of which can
lead to a change in the viscoelastic behaviour of the heel pad.
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4.2.3. Effect of other pathologies on mechanical behaviour
The structural changes in the soft tissue of diabetic patients will cause some changes in the
macroscopic and microscopic behaviour of plantar soft tissue and make it more vulnerable to
mechanical trauma which can lead to ulceration [54]. Less elastic tissue and impaired ability
in distributing pressure are the other changes in diabetic tissues which can lead to a weakened
cushioning effect [54]. Increase in energy dissipation during weight bearing is the other factor
which can increase the risk of ulceration [54].
A tissue with increased viscosity and decreased elasticity may provide the similar amount of
stiffness during loading, but during the swing phase of gait and as the tissue unloads the
increased viscosity may not allow the tissue to completely return to its original thickness. This
may cause the next loading cycle to start with a tissue that is partially deformed, which may
increase the likelihood of tissue bottoming out.
In addition, generally the stiffening and thinning of the fat pad would make the tissue more
fragile that makes it more likely to damage compared to a healthy tissue [64]. This also applies
to the behaviour of skin in a diabetic foot, which can be less flexible and more brittle when it
becomes drier [50]. It was also found that the deformability of the heel pad is less in participants
with diabetes compared to their healthy counterparts [50]. However Hsu et al. [46] measured
the elastic modulus, compressibility index and unloaded tissue thickness in people with
diabetes and found no difference with the respective tissue characteristics in healthy partici‐
pants. Hsu et al. [48] compared the strain and elastic modulus in macrochambers and micro‐
chambers of the heel pad in people with diabetes and healthy subjects. Strain in microchambers
in people with diabetes was significantly greater than that of the healthy subjects [48]. In
healthy subjects, macrochambers’ strain was significantly greater than that of the people with
diabetes, which can be a result of uneven distribution of the collagen fibrils in a diabetic heel
[65].
Furthermore, Hsu and co-workers concluded that the heel pad tissue properties are altered
heterogeneously in people with diabetes, indicated by an increased stiffness in macrochambers
but a decreased stiffness in microchambers, which were attributed to a diminished cushioning
capacity in diabetic heels [48]. The energy dissipation or hysteresis (area between loading and
unloading in force-deformation graph) was also shown to be significantly higher in people
with diabetes [38, 65]. Furthermore, in people with diabetes the ability of recovering the shape
of the heel pad after unloading reduces which can be linked to the increase in the amount of
energy dissipation [62, 65].
Chatzistergos et al. [66] investigated the correlation between the mechanical behaviour of the
heel pad in type-2 diabetes and blood biochemical parameters such as triglycerides and fasting
blood sugar (FBS). A medium strength positive correlation was found between the stiffness of
the heel pad and FBS and a strong correlation was found between the triglycerides and
stiffness. In addition, a strong negative correlation was found between the triglycerides and
energy absorption during loading [66]. Chatzistergos and co-workers [66] concluded that
people with type-2 diabetes and high levels of triglycerides and FBS are more likely to have
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stiffer heel pads that may hinder the tissue’s ability to evenly distribute loads that makes the
tissue more vulnerable to trauma and ulceration.

5. Quantifying mechanical behaviour
As mentioned before, heel pad provides a cushioning interface between calcaneus bone and
the ground and has a natural function of shock absorption. The mechanical properties of the
heel pad govern the force-deformation behaviour of the heel pad during heel strike and
therefore these properties affect the loading on musculoskeletal system [67]. In order to
investigate the force-deformation behaviour of the heel pad in in vitro, in situ and in vivo
conditions, several mathematical models have been developed and utilised [36, 40, 42, 53, 65,
68–74]. Additionally, a number of FE analyses were used to quantify the mechanical behaviour
of the heel pad [45, 52, 75–80].
5.1. Mathematical models
A number of studies developed mathematical models to quantify the mechanical behaviour
of the heel pad in vitro [35, 41], while others utilised mathematical models to describe the in
vivo mechanical behaviour of the heel pad [42, 44, 49, 51, 53, 65, 70, 81, 82]. Most of the studies
measured the elastic behaviour of the heel pad and just a few of them represented the
viscoelastic behaviour of the heel during dynamic loading.
Ledoux and Belvis [41] performed in vitro test on a freshly frozen cadaver’s plantar soft tissue
and used the following equation to characterise the mechanical behaviour of the plantar soft
tissue:

=
s A.(e B.e - 1)

(7)

The elastic modulus and absorbed energy of different plantar sites were calculated in which
the subcalcaneal heel pad showed higher elastic modulus and absorbed energy compared to
other sites of the plantar surface. This can be partly related to the fact that the subcalcaneal fat
pad is designed to absorb energy during heel strike, while the fat pad underneath other plantar
sites is mainly adapted to provide functions such as even pressure distribution.
In another study by Pai and Ledoux [39], quasilinear viscoelastic (QLV) model was used in
two approaches: traditional frequency-sensitive and indirect frequency-sensitive:
0

s=
ò G(t - t )
t

¶s e (e ) ¶e
¶t
¶e ¶t

(8)
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where G is the time-dependent function, τ is the relaxation time, σe is the elastic stress, ε is the
strain,

∂ σ e (ε)
∂ε

is the derivative of elastic strain over strain and

∂ε
∂τ

is the derivative of strain over

time. QLV theory normally assumes that the elastic and time-dependent properties can be
separated and a linear combination of the elastic behaviour and viscous behaviour can describe
the mechanical behaviour of the system.
The coefficients of stress-relaxation response for diabetic and non-diabetic subjects were
compared and significant differences were found in the value of B between diabetes versus
healthy subjects. However, no significant differences were found in viscous coefficients
between diabetic and non-diabetic specimens. The lack of differences between diabetic and
non-diabetic tissue was attributed to the changes at the structural level that have not been
reflected effectively at the material level [38, 39].
A number of studies characterise the mechanical behaviour of the heel pad during in situ tests
[40, 83, 84]. Ker [83] employed a nonlinear equation to characterise the force-deformation
behaviour of the heel pad. However, the stiffness values determined from this equation were
dependent on the stage of loading cycle.
Although a number of studies utilised the in vitro and in situ data for mathematical modelling
of the plantar soft tissue, in vivo assessment of the biomechanical behaviour of the plantar soft
tissue has been a more common method for obtaining data for mathematical model.
In order to quantify the in vivo mechanical properties of the heel pad, the following function
was utilised to represent the force-deformation data from in vivo test on the heel pad [49]:

F = a b. x

(9)

where a and b are the constants that are calculated from fitting the function to the in vivo data.
The parameters were extracted from two groups of subjects with and without heel pain.
Although the value of b was significantly lower in the group with heel pain compared to the
group without heel pain, there was no significant difference in the value of a between the two
groups [49]. While the a value that represents the slope of the force-deformation graph is more
related to the stiffness, the value of b relates to the rate of the changes in the stiffness by loading
and represents the curvature of the force-deformation graph.
Challis et al. [70] used the same formula as proposed by Ledoux and Belvis [41] for modelling
the in vivo force deformation relationship of the heel pad during indentation. They compared
the thickness, strain, energy loss and stiffness of the heel pad in cyclists versus runners.
Although the heel pad stiffness was found to be significantly less in runners compared to
cyclists, the percentage of absorbed energy was not found to be significantly different.
A general formula with separate terms for geometry and material parameters was utilised in
a number of other studies in order to introduce coefficients which reflect the material charac‐
teristic of the heel pad.
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F = E.

2ak (n , a / h)
.x
1 -n 2

(10)

where E is the elastic modulus of the heel pad, a is the radius of the indenter, ν is the Poisson
ratio, h is the thickness of the soft tissue and K is the function of ratio of the radius of the indenter
to the thickness of the tissue. Zheng et al. [51] calculated Young’s modulus for different regions
of the plantar soft tissue which was different from 40 to 50 kPa in healthy subjects, while the
values were 160% more in average for the same sites of the plantar soft tissue in diabetic feet
[51]. While there was no indication about how the K value is different between the two groups,
limiting the maximum deformation to 10% of the initial thickness of soft tissue may have an
influence on the calculated coefficients. As the heel pad shows nonlinear elastic behaviour, the
coefficients may be different with higher deformation.
Chao et al. [44] used the same formulation (Eq. 10) to compare the elastic modulus between
two different age groups. The air-jet indentation system was used along with non-contact
optical coherence tomography in four loading-unloading cycles with 0.4 mm/s deformation
rate. It was found that the modulus of elasticity under the second metatarsal head is signifi‐
cantly higher in older group compared to their younger counterparts.
Most studies concentrated on representing the force-deformation behaviour during loading,
while one of the characteristics of viscoelastic behaviour is having a different force-deforma‐
tion behaviour during loading and unloading. Hsu et al. [65] utilised a formula that considers
different coefficients for loading and unloading:
a

æ e ö
s = s max . ç
÷
è e max ø

(11)

where σ is stress, ε represents the strain, σmax is the maximum stress, εmax represents the
maximum strain and α is the curvature constant that is different for loading and unloading
graphs. Hsu et al. [65] compared in vivo data from diabetic and healthy subjects in which the
curvature constant was significantly higher in diabetics compared to healthy participants
during unloading; however, there was no significant difference in the α value during loading.
In addition to the importance of elasticity in the mechanical role of the heel pad, viscosity also
plays an important role in dissipating energy and hysteresis. In order to identify the dissipating
energy ratio, a number of studies added viscous term to the force-deformation formulas.
One of the in vivo models representing both elasticity and viscosity of the heel pad was
proposed by Gefen et al. [42]. They proposed Kelvin-Voigt model in which elasticity behaviour
was characterised by a linear spring and viscous behaviour was represented by a nonlinear
damper.
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s = E.e + h .e .e •

(12)

where σ represents stress, ε and ε• represents the strain and strain rate respectively, E is the
elastic modulus and η is the viscosity parameter of the soft tissue. Digital fluoroscopy along
with pressure plate was utilised to measure the pressure and deformation during walking.
The proposed model improved the predicted force-deformation behaviour of the soft tissue
significantly by adding viscosity; however, the assumption of linear spring is an oversimpli‐
fication of the behaviour of the soft tissue due to the fact that the quasi-static behaviour of the
soft tissue still shows nonlinear force-deformation behaviour [20, 34].
In a more comprehensive approach, Natali et al. [20] developed a constitutive mathematical
model for the mechanical behaviour of the heel pad based on in vitro and in vivo tests. They
considered hyperelastic and viscoelastic behaviour of the plantar soft tissue and developed
stress-strain curve based on the second Piola-Kirchhoff stress tensor and used Miller-Young
et al. [35] and Ledoux and Belvins’s [41] in vitro data and also Zheng et al. [85] and Erdemir
et al.’s [45] in vivo data in order to adapt the formula for the plantar soft tissue:
n

S (C , q ) = S (C , K v , r , C1 , a1 ) + åq i (t , g i , g ¥ ,t i )
i

¥

(13)

i =1

where S was the second Piola-Kirchhoff stress tensor, S∞ was the elastic stress when viscous
condition is completely relaxed, qi was the viscous stress, C was right Cauchy-Green strain
tensor, kv and C1 relate to initial bulk modulus and shear stiffness, respectively, whereas r and
α are hyperelastic coefficients of the soft tissue. γ∞ and γi relate to stress-strain history and τi
represents the relaxation time.
On the other hand, Sciume et al. [86] used a mathematical model, which was based on
thermodynamically constrained averaging theory (TCAT) [87]. The soft tissue was modelled
as a porous medium filled by an interstitial fluid.
Ultrasound indentation has also been frequently used to inverse engineer the material
coefficients of heel pad and also to measure heel pad stiffness and energy dissipation [20, 45,
88]. However, there have been only a few studies that have used mathematical modelling to
characterise the elastic and viscous behaviour of the plantar soft tissue. Naemi et al. [53]
developed a mathematical model, which considered both elastic and viscous behaviour of the
heel pad. They also modelled the nonlinear behaviour of the heel pad using nonlinear spring
and nonlinear damper. They claimed that during quasi-static tests in which only the elastic
component of the heel pad plays role in resistance to compression, strain-stiffening can be
observed. Therefore, they used power function for depicting the elasticity component pro‐
posed by Scott and Winter [89]. This study proposed a method to quantify the force-deforma‐
tion behaviour of the heel pad under compression in cyclic loading and took into account the
nonlinear viscoelastic behaviour of the heel pad.
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Energy input and energy return were derived as follows:
Ei (e ) =

a b +1
c
.e +
.e d +1.e g
b +1
d +1

(14)

By fitting the elastic and viscous energy densities to the data, Naemi et al. [53] showed that
elastic energy density was much higher than absorbed energy density and elastic stress was
significantly more than viscous stress. Elastic scaling factor and exponent were also 1.9 times
and 14 times higher than viscous scaling factor, respectively. Despite the findings, they also
reported that the deformation rates at which the tests were performed were much lower than
the realistic deformations of the heel pad achieved during walking and they recommended
testing the heel pad at more realistic strain rates to achieve realistic coefficients.
Although a significant number of studies utilised mathematical modelling in order to model
elasticity and viscosity behaviour of the soft tissue at the heel, there has been a paucity of
studies in which mathematical models were utilised for quantifying the viscoelastic charac‐
teristics of the plantar soft tissue at the forefoot. Although Hsu et al. [12, 48, 65] found the
differences between macrochamber and microchamber behaviour of the soft tissue at the heel
between healthy and diabetic subjects, no study has investigated the model parameters of
different layers of this soft tissue.
5.2. FE models
As shown earlier, in pathological conditions such as diabetes there is an increased interest in
investigating the mechanical characteristics of the human plantar soft tissue. In vivo observa‐
tions indicating that plantar soft tissue properties change as a result of tissue damage [49] or
diabetes [12, 46, 65, 90, 91] have highlighted the clinical relevance of plantar soft tissue
biomechanics.
In this context, inverse FE analysis can be employed for the deterministic assessment of plantar
soft tissue mechanical properties. FE analysis is a powerful numerical method that enables
solving problems with complicated geometry, material properties or loading that cannot be
approached using analytical solutions. In its direct application, FE analysis enables the
calculation of the mechanical response to loading (e.g. internal stresses/strains) of deformable
bodies that have known geometry and material properties. However, in inverse FE analysis
the values of the mechanical properties that minimise the difference between the in vivo
(experimentally measured) response to loading and the simulated (FE) one are calculated.
Two main in vivo material testing techniques have been used to inform inverse FE analyses:
indentation [45, 52, 75–78] and compression [79, 80]. In both cases, the plantar soft tissue is
compressed between a rigid loading surface and a bony prominence but in the case of
indentation, the loading surface is significantly smaller than the plantar surface of the foot. In
both cases, the applied force is measured using a load sensor and tissue deformation is either
inferred from the displacement of the loading surface [75, 92] or directly measured using
medical imaging techniques such as ultrasound [45, 52] or MRI [80]. These measurements
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enable the calculation of an indentation/compression force-deformation graph that describes
the macroscopic mechanical response to loading of the tissue.
As a next step, a FE model simulating the same loading scenario is designed and used to
numerically calculate the same force/deformation graph. At first, the material coefficients of
the tissue are assigned random values (within predefined range of values) and the difference
between the experimental in vivo graph and the numerical one is calculated. An optimisation
algorithm is used to update the material coefficients of the plantar soft tissue in search of those
values that minimise the difference between experiment and FE simulation.
In this context, Erdemir et al. [45] combined ultrasound indentation with FE modelling to
calculate the material properties of plantar soft tissue on a subject-specific basis using an
axisymmetric model of the heel. This technique was used to find the hyperelastic (Ogden 1st
order) coefficients of the heel pads of two age-matched groups of diabetic and non-diabetic
volunteers without however revealing any statistically significant difference between them.
In order to improve the level of subject specificity of the model, Chatzistergos et al. [52]
developed a 2D plane stress model of the heel from frontal ultrasound images that took into
account the subject-specific geometry of heel pad. This modelling technique was later en‐
hanced with a method for the automated generation of 3D models of the heel pad from
ultrasound images [19].
The aforementioned studies [19, 52] assumed a bulk plantar soft tissue; however, in a more
comprehensive approach Petre et al. [80] differentiated between three layers of soft tissue: skin,
fat pad and muscle. For this purpose, a 3D model of the forefoot was developed based on loadbearing MRI and an optimisation-based method was used to inverse engineer the material
coefficients for all three different layers. The case of a single layer of soft tissue (i.e. bulk plantar
soft tissue) was also considered indicating that simulating different layers affects the value of
the calculated peak pressures; however, it was noted that the location where they appear does
not get affected.
At this point, it has to be emphasised that there is a limit to the number of coefficients that can
be calculated from inverse FE based on indentation or compression alone. To solve this
limitation, Fontanella et al. [79] combined in vitro data with the information gathered from in
vivo tests. They utilised the in vitro tests to estimate the values of all twelve coefficients for
their visco-hyperelastic material model and then used in vivo compression tests to modify six
of the coefficients on subject-specific basis.
Even though FE analyses have shed new light on plantar soft tissue biomechanics [35, 45, 79,
93–97], their actual contribution for the improvement of the diagnosis and treatment of the
diabetic foot or other foot-related pathologies is limited [98]. This is mainly attributed to the
difficulty of using FE analysis outside the research domain and particularly within the context
of clinical practice [98]. Developing reliable subject-specific FE modelling techniques that are
easy to use and not computationally demanding remains the key barrier for clinically appli‐
cable FE modelling.
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6. Concluding remarks
The mechanical behaviour of plantar soft tissue shows viscoelasticity characterised by the
reaction force being affected by the amount of deformation and deformation rate. The
behaviour of the plantar soft tissue is highly nonlinear and shows the strain stiffening effect,
with the stress-strain graph showing difference between loading and unloading. In a sense,
viscosity causes the reaction force at the same deformation to be less during loading compared
to the force during unloading and the difference that is caused by hysteresis increases with an
increase in deformation rate. As a complex structure, the plantar soft tissue’s mechanical
behaviour shows a high degree of dependency on the method of testing evidenced by the fact
that the mechanical properties of heel pad extracted from the in vivo and in situ results were
observed to be different. This, for example, can be explained by the indication that structural
factors such as heel pad thickness and geometry of the calcaneus have an influence on the heel
pad behaviour. The models that represent the viscoelastic behaviour of heel pad are scarce and
there are few that can fully justify the features of the mechanical behaviour of the plantar soft
tissue in different testing scenarios. Despite these limitations, the model parameters that show
the viscoelastic behaviour of tissue under load have the potential to be used to assess the
mechanical behaviour of soft tissue under load with implication in identifying its malfunction
as a result of disease or injury.
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Abstract
This chapter focuses on investigating the dynamic transient response of viscoelastic
structures. First, the influence of nonviscous modes on the vibrational response of
exponentially damped systems has been studied on lumped parameter systems where
the analytical solution has been derived by modal superposition and by means of
Laplace transformation. Then, the analytical solution is obtained by modal superposi‐
tion and compared to two numerical solutions derived for continuous systems by finite
element formulations. These numerical solutions have been solved by modal superpo‐
sition and by direct integration applying through a particularly built method together
with the Newmark method. Finally, an experimental procedure for studying the
influence that geometrical properties of viscoelastic joints have on the vibrational
response of a metallic beam doubly supported on viscoelastic adhesive joints has been
developed.
Keywords: viscoelastic adhesives, relaxation functions, noise and vibration reduction,
numerical simulation, experimental test

1. Introduction
This chapter focuses on investigating the dynamic transient response of viscoelastic struc‐
tures. Mechanical behavior of viscoelastic materials is not only related to the instantaneous
stress, but it is also a consequence of the past history of the stress. If dissipative forces in a
structural system arise from viscoelastic materials, the classical governing equations of
structural dynamics is not reached and direct methods or internal variables should be
employed. Nevertheless, direct methods do not provide any information about the contribu‐
tion of each vibration mode, information of main importance for engineering applications.

© 2016 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.
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For the point of view of the practical application, viscoelastic adhesive joints are used in
structural noise control due to its capability to introduce effective modal damping below 1 kHz.
In structures under dynamic loads, the transmission of noise and vibration is governed by joint
behavior.
Hence, an experimental procedure is presented to analyze the influence of geometry of
viscoelastic joint over the dynamic response of the low-order flexural modes of adhesively
bonded beams.

2. Analysis of exponentially damped systems
This chapter is aimed at investigating the influence of nonviscous modes on vibrational
response of viscoelastic systems. Thus, exponential damping models are considered.
2.1. Lumped parameters systems
In short, the main objective of the present section is to study the influence of nonviscous modes
on the vibrational response of exponentially damped systems. The analysis is carried out in
time domain over a single degree of freedom (dof). The conditions for the equivalence between
Zener and exponential damping models are stated. Next, the time response for free vibration
is obtained. On the one hand, the need for solving internal variables is avoided through the
Laplace transform properties. On the other hand, internal variables are used, and modal
superposition is applied.

Figure 1. Single dof system: (a) using a Zener model, (b) using relaxation functions.

2.1.1. Analysis via a single degree-of-freedom system
The equations of motion for the free vibration of a single dof system using a Zener and an
exponential model are obtained in this section. The conditions for the full equivalence between
both models are also deduced. The analytical response is reached by two ways: first, the
internal variables are eliminated and the transient response is computed by means of Laplace
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transformation; and second, the internal variables are kept, allowing to apply traditional modal
superposition.
2.1.1.1. Solution without solving internal variables
Next, the single dof systems represented in Figure 1 are analyzed, whose dissipative forces
are modeled by means of Zener and exponential damping models, respectively.
The equation of motion for the lumped mass m results in
&&z + c1 (u& z - y& ) + k0uz =
mu
0

(1)

where c1 denotes the damping coefficient, k0 the stiffness of the parallel spring, uz represents
the displacement of the mass, and y is an internal variable needed to solve the problem. This
internal variable represents the displacement of the connection point between the dashpot and
the in-series spring. In fact, it is necessary to write the force equilibrium equation for the
internal variable y, yielding
=
k1 y c1 (u& z - y& ),

(2)

where k1 denotes the stiffness of the spring in series with the damper. Combining Eqs. (1) and
(2) the linear differential equation for the displacement uz is obtained as
æ
k ö
c1
&&&z + mu
&&z + c1 ç 1 + 0 ÷ u& z + k0uz =
mu
0.
ç
k1
k1 ÷ø
è

(3)

To solve this third-order differential equation, the initial displacement uz(0) = u0, the initial
, and the initial acceleration ü z(0) = ü 0 are needed. (In structural dynamics

velocity

just initial displacement and the initial velocity are needed.) However, this third condition
(initial acceleration ü z(0) = ü 0) can be obtained as a function of the initial displacement.
One way to solve Eq. (3) is making use of the Laplace transform properties, the response ūz(s)
being

uz ( s) =

æc
ö
c1
c
&&0 + k0u& 0 )
mu0 s2 + m ç 1 u& 0 + u0 ÷ s + mu& 0 + c1u0 + 1 ( mu
k1
k
k
1
è 1
ø
æ
k ö
c1 3
ms + ms2 + c1 ç 1 + 0 ÷ s + k0
k1
k1 ø
è

(4)
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where ūz(s) represents the Laplace transform for the time response uz(t). Consequently, this
time response uz(t) can be obtained by means of the inverse Laplace transform of Eq. (4).
However, the conditions for the equivalence between both considered damping models are
deduced first. Regarding the exponential model, the motion equation [1] for the 1 dof system
yields
t

&&e (t ) + ò cm e - m ( t -t )u& e (t )dt + k0ue (t ) = 0
mu
0

(5)

where ue represents the displacement for the exponential formulation and c the damping
coefficient. In contrast to the previous case, to solve Eq. (5) only two initial conditions are
.
needed, the initial displacement ue(0) = u0 and the initial velocity
Accordingly to the Zener formulation, by transforming Eq. (5) into the Laplace domain, the
Laplace transform of the displacement ūe(s) satisfies
æ1
ö
1
mu s2 + m ç u& 0 + u0 ÷ s + mu& 0 + c u0
m 0
m
è
ø
ue ( s) =
æ
k ö
1 3
ms + ms2 + c ç 1 + 0 ÷ s + k0
m
cm ø
è

(6)

At this point, by comparing Eqs. (4) and (6), a useful observation can be made. These two
considered damping models are fully equivalents if three conditions are fulfilled. The first
condition to be hold is that the damping coefficients of both models must be the same, c1 = c .

The second condition is that the relaxation parameter μ of the exponential model and the
parameters k1 and c1 of the Zener one are related according to μ = k1 / c1.

And finally, the third condition for the fully equivalence between both formulations results
from the relationship between initial displacement and acceleration
&&0 = u

k0
u,
m 0

(7)

implying that in reality, only two independent initial conditions must be taken into account.
Having verified that both formulations are equivalent, from now on, a unique response
u(t) = uz(t) = ue(t) is considered. Thus, the transient response u(t) can be obtained by means of
the inverse Laplace transform of Eq. (4) or (6), either, resulting in
2
3 ì
ï u ( s m + cm ) + m(u& 0 m + u0 si m + u& 0 si ) si t üï
u(t ) = å í 0 i
e ý
3 m si 2 + 2 s m m + c m + k0
i =1 ï
ïþ
î

(8)
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where si denotes the roots of the third-order characteristic equation
s3 + m s2 +

c m + k0
km
s + 0 = 0.
m
m

(9)

These three roots may be solved by means of the Cardan method [2], yielding
3
c 1
3
*
=- - (u + v) ± i
s1,2
(u - v)
3 2
2

(10)

c
s3 =- + (u + v)
3

(11)

and

, the parameters p and q being p =

where
1

tively, with A = μ, B = m (cμ + k0), and C =

k 0μ
m

3B − C 2
9

and q =

9 CB − 27 A − 2C 3
,
54

respec‐

.

It should be pointed out that, in contrast to a viscous 1 dof system, three roots have been found
instead of two, the third extra root being always real, involving an overdamped vibration
∗
mode. This fact implies that the system could not oscillate even if the roots s1,2
are complex

(this question was extensively studied by Muller [3] and Adhikari [4]).
2.1.1.2. Solution solving internal variables
Next, the time response for the system modeled in Figure 1(a) is obtained by means of classical
modal superposition, using the internal variable y(t). Rewriting Eqs. (1) and (2) in matrix form,
a classical second-order differential equation for free vibration
&&(t ) + Cz& (t ) + Kz(t ) = 0
Mz

(12)

is reached, where M, C, and K are the mass, damping, and stiffness matrices, given by
é c1 -c1 ù
é k0
ém 0ù
M=ê
ú; K = ê
ú; C = ê
ë 0 0û
ë -c1 c1 û
ë0
where z(t) vector satisfies z(t ) = {u (t ) y (t )}T.

0ù
ú
k1 û

(13)
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Solving the eigenproblem for Eq. (12), the eigenvalues are obtained from the characteristic
equation
s3 +

kk
k1 2 1
s + ( k1 + k0 )s + 1 0 = 0.
c1
m
c1m

(14)

As it was expected, Eqs. (9) and (14) are equivalent, and the same three eigenvalues s1*, s2*, and

s3 given by Eqs. (9) and (10) are obtained. Associated to the ith eigenvalue si, the ith eigenvector

Zi satisfies

ì 1 ü
ï
ï
ïìU i ïü ï 1 ï
Zi = í ý = í
ý
îï Yi þï ï 1 + k1 ï
ïî
si c1 ïþ

(15)

Thus, applying modal superposition, the time response z(t) can be written as

*

*

z(t ) = q1Z1e s1 t + q2 Z2 e s2 t + q3 Z3e s3 t

(16)

where q1, q2, and q3 denote the modal participation factors. To solve them, initial conditions z(0)
.

and z(0) have to be employed. Nevertheless, to establish the initial value for the internal
variable y (0) and its derivative
, some physical assumptions can be made. In order to respect
the force equilibrium at the initial instant, the value of the internal variable y (0) must be zero
and its time derivative
must be the same as the initial velocity . Hence, the internal variable
does not introduce extra energy into the system: the spring of stiffness k1 is not deformed and

the dashpot presents a rigid movement dissipating no energy. Therefore, the initial conditions
are given by

and

.

However, applying these initial conditions, a four equation system with three unknowns is
reached. Nevertheless, the system has a unique solution because the rank of the resulting
system matrix is 3. This fact is due to the linear combination among the internal variable y(t),
its time derivative
, and the velocity
according to Eq. (2). Thus, the three equations
needed to solve the modal participation factors yield
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ìu0 ü é 1
ï ï ê *
íu& 0 ý = ê s1
ï 0 ï êY
î þ ë 1

1
s2*
Y2

1 ù ì q1 ü
úï ï
s3 ú íq2 ý
Y3 úû îïq3 þï

(17)

Therefore, once the modal participation factors are solved, the transient response can be
achieved using Eq. (16) by modal superposition.
In short, the conditions for the equivalence between the Zener and the exponential models
have been established. Using these nonviscous damping models, a 1 dof system has been
analyzed and three roots have been obtained. The analytical response has been reached
without solving and solving the internal variable. For the former, Laplace transform properties
have been employed. For the latter, using the initial value of the internal variable, modal
superposition has been applied.
2.2. Continuous systems
Next, different procedures for solving the dynamics of an exponentially damped rod are
described. First, the analytical solution is derived by means of modal superposition, solving
and without solving internal variables. Then, two different finite element formulations are
proposed; one is derived for direct integration methods, and the other to apply modal
superposition procedures. The latter allows analyzing the impact of nonviscous modes into
the global response.

Figure 2. Representation of a continuous and homogeneous rod.

2.2.1. Analytical solution
Regarding the analytical solution, two different procedures are presented. The first developed
procedure solves internal variables and the solution is obtained by modal superposition. In
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the second one, internal variables are avoided and a third-order time derivative field equation
is found. The solution conditions are obtained and applied reducing the system equation to
that reached using internal variables and enabling the application of modal superposition
(Figure 2).
2.2.1.1. Solution using internal variables
To solve the displacement field u(x, t) of the rod, the material behavior law

s (t ) +

æ
E ö de (t )
c1 ds (t )
= E0 e (t ) + c1 çç 1 + 0 ÷÷
E1 dt
E1 ø dt
è

has to be taken into account, where ε ( x, t ) =

∂ u ( x, t )
∂x

(18)

represents the strain field and where σ

denotes the stress, ε the strain, c̄ 1 represents the damping coefficient, t is the current time, and

E1 and E0 are stiffness parameters. The governing equations are obtained using an internal

variable field y(x, t). Its gradient εy ( x, t ) =
.

the strain rate ε ( x, t )

∂ y ( x, t )
∂x

is related with its time derivative

and

as
E=
e ( x , t ) c1 éëe&( x , t ) - e&y ( x , t )ùû
1 y

(19)

Besides, the force equilibrium equation satisfies

s ( x , t ) - c1 éëe&( x , t ) - e&y ( x , t )ùû - E0 e ( x , t ) =
0

(20)

Thus, the field equation can be written in matrix form yielding
&&( x , t ) üï é c1S -c1S ù ¶ 2 ìïu& ( x , t ) üï é E0S 0 ù ¶ 2 ìïu( x , t ) üï ìï0 üï
é rS 0 ù ìïu
(21)
ý-ê
ý-ê
ý=
í ý
ú 2í
ú 2í
ê
ú í &&
ë 0 0 û ïî y( x , t ) ïþ ë -c1S c1S û ¶x ïî y& ( x , t ) ïþ ë 0 E1S û ¶x ïî y( x , t ) ïþ ïî0 ïþ
where ρ is material density and S denotes cross-sectional area. It should be remarked the
correspondence between Eqs. (19) and (21), to those relating the 1 dof case (Eqs. (1)–(3)). Thus,
applying variable separation for u(x, t) and y(x, t) as
ìïu( x , t ) üï ìïU ( x) üï st
z( x , t ) = í
ý=í
ýe
ïî y( x , t ) ïþ ïîY ( x) ïþ

(22)
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U(x) being the spatial component, Y(x) the component for the internal variable y, and s a
complex variable, the time dependence can be eliminated yielding
é r 0 ù ìïU ( x) üï é - sc1 - E0
s2 ê
ý+ê
úí
ë 0 0 û îïY ( x) þï ë - sc1

sc1 ù d 2 ïìU ( x) ïü ïì0 ïü
í
ý=í ý
ú
sc1 + E1 û dx 2 ïîY ( x) ïþ ïî0 ïþ

(23)

The solution of the eigenproblem (23) provides the eigenfunctions {U j ( x ) Y j ( x )}T and the
eigenvalues λj given by
ìïU j ( x) üï
ïì 1 ïü
í
ý = q j í ý sin(lj x)
îï A j þï
îï Yj ( x) þï

(24)

and
=
lj

π
(2 j - 1)
2l

(25)

respectively, j being the mode number, qj the modal participation factor, Aj the amplitude
relationship, and ℓ the rod length. As it can be verified through Eq. (25), all eigenvalues λj are
real. Actually, proportional damping can be considered based on the homogeneity of the
material. Therefore, the system presents normal modes, the eigenfunctions Uj(x) being those
of the undamped one (see, e.g., Muller [3], for the solution of an undamped rod).
Using eigenfunctions {U j ( x ) Y j ( x )}T and the eigenvalues λj, the characteristic equation for Eq.
(23) yields
s3 + s2

E + E0 2 E0 E1 2
E1
+s 1
lj +
l = 0,
c1
r
c1 r j

(26)

which is a third-order equation, analogous to that of 1 dof case. Consequently, the solution is
*
*
, s j,2
, and s j,3, associated to each eigenfunction
configured by infinite groups of three roots s j,1

{U j ( x ) Y j ( x )}T and eigenvalue λj. Thus, in each vibration mode, two elastic and one nonviscous

components are involved.

Thus, the time response by means of modal superposition can be written as
¥

(

)

z( x , t ) = å q j ,1Z j ,1e j ,1 + q j ,2 Z j ,2 e j ,2 + q j ,3 Z j ,3e j ,3 sin(lj x)
j =1

s* t

s* t

s t

(27)

253

254

Viscoelastic and Viscoplastic Materials

where qj,k (k = 1, 2, 3) are the modal participation factors and Zj,k are eigenvectors given by

Z j ,k

ì
ü
1
ï
ìï 1 üï ïï
1
ï
=í
=
ý í
ý
E
A
îï j , k þï ï 1 + 1 ï
ïî
s j , k c1 ïþ

(28)

It should be noted that the resulting expression for the eigenvectors of the continuous system
hold in Eq. (28) is analogous to the one corresponding to the 1 dof case (see Eq. (15)). Therefore,
the time response can be obtained by modal superposition by solving, for each jth mode the
modal participation factors qj,k. However, from the equations provided by the initial conditions

.
z0( x ) and z0( x ),

¥

(

)

z0 ( x) = å q j ,1Z j ,1 + q j ,2 Z j ,2 + q j ,3 Z j ,3 sin(lj x)
j =1

(29)

and
¥

(

)

z& 0 ( x) = å s*j ,1q j ,1Z j ,1 + s*j ,2 q j ,2 Z j ,2 + s j ,3q j ,3 Z j ,3 sin(lj x)
j =1

(30)

these qj,k cannot be directly solved because infinite unknowns are present. To overcome this
situation, the consideration of proportional damping can be recalled, concluding that the
eigenfunctions Uj(x) have to be orthogonal with respect to the mass and stiffness operators.
Hence, the modes can be decoupled according to (see, e.g., Ref. [5] for details)
( x)dx
ò U ( x) rSU=
l

i

j

0, for i ¹ j

(31)

Accordingly, applying Eqs. (29)–(31), it is obtained

ò z (x)sin(l x)dx = ( q
l

j

0

j ,1

Z j ,1 + q j ,2 Z j ,2 + q j ,3 Z j ,3

) ò sin (l x)dx
2

l

j

(32)

and

ò z& (x)sin(l x)dx = ( s
l

0

j

q Z j ,1 + s*j ,2 q j ,2 Z j ,2 + s j ,3q j ,3 Z j ,3

*
j ,1 j ,1

) ò sin (l x)dx
2

l

j

(33)
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which constitute a four-equation and three unknown system. Here, it should be pointed out
are linearly combined
(see Eq. (19)) that the internal variable y(x, t) and its time derivative
together with the displacement u(x, t). Consequently, the rank of the equation system is 3.
Therefore, only the initial conditions are needed, namely u0( x ) and

, together with the

initial value for the internal variable field y0( x ) or together with its time derivative
initial condition for y0( x ) and its time derivative

have to satisfy y0( x ) = 0 and

. The
,

respectively. Hence, the equation to resolve each group q j,1, q j,2, and q j,3 of modal participation
factors is given by

2
l

é 1
ìu0 (x) ü
ê *
ï
ï
íu& 0 (x) ý sin(lj x)dx = ê s j ,1
ê
lï 0 ï
î
þ
êë A j ,1

ò

1 ù ì q j ,1 ü
ú ïï ïï
s j ,3 ú íq j ,2 ý
úï ï
A j ,3 ûú îïq j ,3 þï

1
s

*
j ,2

A j ,2

(34)

Thus, once the modal participation factors are solved for each mode, the transient response by
modal superposition can be achieved, giving
¥

(

)

u( x , t ) = å q j ,1e j ,1 + q j ,2 e j ,2 + q j ,3e j ,3 sin(lj x)
j =1

s* t

s* t

s t

(35)

2.2.1.2. Solution without using internal variables
Next, the analytical solution for the displacement field u(x, t) of the rod is reached without
introducing internal variables. Thus, recalling the material behavior law (Eq. (18)), the field
equation can be written as
æ
E ö ¶ 2u& ( x , t )
c1
¶ 2u( x , t )
&&&( x , t ) + rSu
&&( x , t ) - c1S ç 1 + 0 ÷
rSu
E
S
0
=
0
ç
E1
E1 ÷ø ¶x 2
¶x 2
è

(36)

Eq. (36) is a third-order equation in time, analogous to the one relating the 1 dof case (Eq. (3)).
Applying variable separation for u(x, t) as u(x, t) = U(x) est it yields
é æ
ù ¶ 2U ( x)
é
ù
E ö
c
0
- ê s3 r 1 + s2 r ú U ( x) + ê sc1 çç 1 + 0 ÷÷ + E0 ú
=
2
E1
E1 ø
ë
û
ëê è
ûú ¶x

(37)

The solution of the eigenproblem (37) provides the eigenfunctions Uj(x), given by
Uj(x) = Bj sin(λjx) where the eigenvalues λj are those of Eq. (25), j being the mode number and
Bj the amplitude. Therefore, the characteristic Eq. (26) is reached also.
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Hence, if the solution is going to be derived without using internal variables, it is formed by
*
*
, s j,2
, and s j,3, associated to each eigenfunction Uj(x) and
infinite groups of three roots s j,1

eigenvalue λj. Although, three initial conditions are needed to solve Eq. (36). These are the
initial displacement u ( x, 0) = u0( x ), the initial velocity

, and the initial acceleration

ü ( x, 0) = ü 0( x ), but, it can be proved that this initial acceleration ü 0( x ) can be written as a function

of the initial displacement u0( x ).
In fact, using the Boltzmann superposition principle [6], the memory of a viscoelastic material
can be properly modeled using hereditary models. The stress can be evaluated using relaxation
functions R(t) through convolution integrals given by
t

t

0

0

s (t ) = ò E(t - t )e&(t )dt = E0e (t ) + ò R(t - t )e&(t )dt

(38)

where E(t) is the relaxation modulus of the material, τ corresponds to the retardation time, and
(• ) represents time derivative. A relaxation function R(t) widely used in the literature [7–9] is
the exponential model R(t) = cμ e− μ t, where μ is the relaxation parameter and c represents the
damping coefficient. Hence, using Eq. (38) and writing the force equilibrium for the continuous
rod, it is obtained
t
¶ 2u( x , t )
¶ 2u( x , t )
+ ò R(t - t )
dt .
2
0
¶x
¶x 2

r u&&( x=
, t ) E0

(39)

Assuming causality, the material presents no memory prior to initial conditions and therefore,
the initial acceleration ü 0( x ) can be written as

&&0 ( x) =
u

E0 ¶ 2u( x ,0)
.
r ¶x 2

(40)

Hence, recalling Eq. (37), from Eq. (40) the initial acceleration yields
&&0 ( x) = u

E0 2
l u0 ( x).
r

(41)

Thus, the time response can be written also as
u( x , t=
)

å(B
¥

j =1

s* t

s* t

s t

)

e j ,1 + Bj ,2 e j ,2 + Bj ,3e j ,3 sin(lj x)

j ,1

(42)
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where Bj,k (k = 1, 2, 3) are the modal participation factors. Thus, these modal participation factors
Bj,k must be solved for each jth mode in order to solve the time response by means of modal
superposition. However, from the equations derived from the initial conditions u0( x ),

,

and ü 0( x )

¥

(

)

u0 ( x) = å Bj ,1 + Bj ,2 + Bj ,3 sin(lj x)
j =1

¥

(

(43)

)

u& 0 ( x) = å s*j ,1Bj ,1 + s*j ,2 Bj ,2 + s j ,3 Bj ,3 sin(lj x)
j =1

(44)

and

¥

( )

( )

2
&&0 ( x) = å é s*j ,1 Bj ,1 + s*j ,2
u
ê
j =1 ë

2

( )

Bj ,2 + s j ,3

2

Bj ,3 ùú sin(lj x)
û

(45)

these Bj,k cannot be directly solved because infinite unknowns are present. Hence, applying the
orthogonality conditions, the modes can be decoupled according to Eq. (31) where variable
separation together with Eq. (25) is needed. Consequently, it is obtained

ò u (x)sin(l x) dx = ( B
l

j

0

ò u& (x)sin(l x)dx = ( s
l
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*
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j

) ò sin (l x)dx
2
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(46)

(47)

and

ò

l
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2
&&0 (x)sin(lj x)dx = é s*j ,1 Bj ,1 + s*j ,2
u
êë

2

( )

Bj ,2 + s j ,3

2

Bj ,3 ùú ò sin 2 (lj x)dx
û l

(48)

which constitute a 3-equation and 3-unknown system. Hence, the equation to solve each group
B j,1, B j,2, and B j,3 of modal participation factors is given by
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(49)

or taking into account Eq. (41), it can be also written as

ì
ü
é
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ï
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( ) (s ) ( )
*
j ,2

2

It should be remarked that the system equations provided in Eq. (34) to solve the modal
participation factors q j,1, q j,2, and q j,3 are equivalent to that provided in Eq. (50) to solve those
of the system without internal variables B j,1, B j,2, and B j,3. In fact, it can be verified that the
third row of Eq. (50) is a linear combination of the third and first rows of Eq. (34) as

row 3,39 = a j ´ row1,22 + b j ´ row 3,22

where

and

(51)

.

As a conclusion it should be highlighted that if internal variables are avoided, the system
equation reached (Eq. (49)) is equivalent to the one obtained using internal variables (Eq. (34)).
Accordingly, the response of Eq. (34) can be derived by modal superposition through Eq.
(35).
As a conclusion, the governing equations for a nonviscously damped rod have been obtained,
using and without using internal variables. First, considering internal variables, the analytical
response has been reached applying modal superposition. Then, without considering internal
variables a third-order equation system in time is found where three initial conditions needed
(see solve Eq. (36)). However, it has been proved that the initial acceleration ü 0( x ) is a function

of the initial displacement u0( x ). Also, the equality between the equation systems (49) and (34)
has been validated. Consequently, the response has been solved by modal superposition.
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2.2.2. Finite element formulation
In this section, two finite element formulations are developed. These formulations allow to
compute the motion (see Eq. (21) or (36)) of continuous rods with exponential damping. One
is conceived to apply modal superposition and the other for direct integration methods.
The one for modal superposition allows to compute the time response (Eq. (21)) by solving
two internal variables per finite element. The one created for direct integration, solves Eq. (36)
by direct methods. This solution is accurate and efficient (no internal variables are solved).
2.2.2.1. Finite element formulation for modal superposition
Next, a finite element formulation to solve Eq. (21) is presented. It is a two-node formulation,
leading to a four dof nodal displacement vector ze(t ) = {u1(t ) y1(t ) u2(t ) y2(t )}T considering the

nodal displacements u1(t ) and u2(t ) and the corresponding internal variables y1(t ) and y2(t ). The

approximate displacement ze(x, t) can be written as
ì u1 (t ) ü
ï
ï
é N1 ( x)
0
N 2 ( x)
0 ù ï y1 (t ) ï
ze ( x , t ) = N( x) ze (t ) = ê
ý
úí
N1 ( x)
0
N 2 ( x) û ïu2 (t ) ï
ë 0
ï y (t ) ï
î 2 þ

(52)

where N(x) is the matrix of interpolation functions, in which linear interpolation ones are
employed (see, e.g., Refs. [5, 10] for details about the finite element method). Thus, the
weighted residual technique from the Galerkin point of view gives
é c1S -c1S ù ¶ 2 z& e ( x , t )
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x
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òle N ( x) êë 0 E1Súû ¶ex2 dx = 0.

(53)

Solving by parts the second and the third integrals, Eq. (53) yields
é rS 0 ù
dNT ( x) é c1S -c1S ù dN( x)
T
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x
x
x
t
+
N
N
z
(
)
(
)d
(
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òle dx êë-c1S c1S úû dx dx z& e (t) +
ë 0 0û
dNT ( x) é E0S 0 ù dN( x)
òle dx êë 0 E1Súû dx dx ze (t) = Fe (t).
Therefore, a classical second-order equation with constant coefficients

(54)
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Me&&
ze (t ) + Ce z& e (t ) + K e z& e (t ) = Fe (t )

(55)

is reached. Consequently, the mass, damping and stiffness elementary matrices yield
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Assembling the elementary matrices, the state-space equation
é C M ù ïìz& (t ) ïü ïìF(t ) ïü é -K 0 ù ìïz(t ) ïü
ý=í
ý+ ê
ý
ê
úí
úí
z(t ) ïþ ïî 0 ïþ ë 0 M û îïz& (t ) ïþ
ëM 0 û ïî&&

(59)

is reached. It should be remarked that the size of the eigenproblem obtained from Eq. (59)
becomes 4N . However, reminding that the extra degrees of freedom have no associated mass,
the rank of the matrix system is 3N . Hence, the response yields
3N

z(t ) = å q j Z j e j
j =1

st

(60)

where qj represents the modal participation factors, Zj the system eigenvectors, and sj the
system roots. To compute the 3N modal participation factors, 2N equations can be written
from the initial conditions u0 = u(0) and

, where the N remaining equations can be
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derived from the initial values for the internal variables, satisfying
. Therefore, once
the modal participation factors qj are solved, the response can be computed by modal super‐
position through Eq. (60).
2.2.2.2. Finite element formulation for direct integration
Next, a finite element formulation to solve Eq. (36) is presented. For that, the rod is discretized
in two-node finite elements of length ℓe with linear interpolation functions. The weighted
residual technique from the Galerkin point of view gives

ò
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NT ( x )

c1
&& e (t ) rS N( x)dx &&&
u e (t ) + ò NT ( x) rS N( x)dx u
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¶x 2
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(61)

denotes the transposition operator, N(x) is the matrix of interpolation functions, and

T
ue(t ) = {u1(t ) u2(t )} is the nodal displacement vector. Solving by parts the third and the fourth

integrals of Eq. (61), it gives
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(62)

where Fe(t) represents the external forces nodal vector. Thus, the third order in time matrix
system
&& e (t ) + Ce u& e (t ) + K e u e (t ) = Fe (t )
J e&&&
u e (t ) + Me u

(63)

is reached, in which the elementary matrices to be assembled are

Je =

rSl e c1 é 2 1 ù
ê
ú
6 E1 ë 1 2 û

(64)
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Me =

Ce =

and

Ke =

Assembling all the finite element matrices, Eq. (63) yields
&&&(t ) + Mu
&&(t ) + Cu& (t ) + Ku(t ) = F(t )
Ju

(68)

To solve Eq. (68) by means of traditional direct methods of structural dynamics, the procedure
employed in the Cortes Mateos Elejabarrieta (CME) method [11] is used next. For that, the
backward definition of the first derivative
approximated as

of the displacement u(t) at the time tn+1 can be

, where Δt = tn+1 − tn is a finite time step. Hence, Eq. (68)

yields
&& n + 1 + Cu& n + 1 + Ku n + 1 = Feq,n + 1
Meq u

(69)

with Meq = M + Δt −1J and Feq,n + 1 = Fn + 1 + Δt− 1Jün representing an equivalent second-order forced
system. The system response can be computed through direct integration methods as, for
example, the Newmark method.
However, assuming causality, there is no memory prior the initial conditions are applied and
therefore, the initial acceleration ü0 = ü(0) is computed from
&& 0 + Ku 0 = F0
Mu

(70)
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3. Experimental analysis of the vibrational response of an adhesively
bonded beam
In this section, an experimental procedure for studying the influence that geometrical prop‐
erties of adhesive joints have on the vibrational response of a metallic beam doubly supported
on viscoelastic adhesive joints is presented. A test bench has been specifically constructed for
the experimental program. At a first step, the modal shapes have been experimentally
identified. Regarding the experiments, the beams are seismically excited and the influence of
joint thickness and overlapping length on the beam motion is studied by computing the rootmean-square (rms) value of 21 transmissibility functions obtained along the length of the beam.
The analysis is carried out on resonance frequencies, peak amplitudes, and modal loss factors.
3.1. Experimental program
The objective of the experiments is to obtain sets of frequency f dependent transmissibility
functions T(f) to study the influence that overlapping length ℓ0 and joint thickness h have on
the beam vibrational response.
Item

Use

PC 1

Controls the dSPACE card

dSPACE (+charge amplifier)

Activates the piezoelectric actuator

Piezoelectric actuator PPA40M

Imposes the motion to the adhesive base

Tri-axial accelerometer ICP PCB 356A16

Measures the adhesive base acceleration

PULSE B&K acquisition system

Samples and processes the transducer time signal

PC 2

Controls the PULSE B&K acquisition system

Laser interferometer (+signal amplifier)

Measures the beam velocity response

Table 1. Measurement equipment.

3.1.1. Equipment
Figure 1 shows a schematic diagram of the experimental setup, whereas Table 1 gives the
details about measuring equipment. Figure 1 shows three groups of components: excitation
of the system, data acquisition and processing, and the adhesively bonded beam itself
(Figure 3).
The base motion is imposed by a PPA40M piezoelectric actuator [12] controlled by a DS1104
dSPACE real-time control card [13]. This card governs the piezoelectric actuator by a control
program developed in Simulink® that generates a digital control signal. This is converted into
an analogical one by the dSPACE card. Finally, it is amplified and sent to the piezoelectric
actuator.
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Figure 3. Experimental setup: (a) computer 1, (b) real-time dSPACE card, (c) signal conditioner, (d) piezoelectric device,
(e) triaxial accelerometer (1), (f) beam specimen, (g) triaxial accelerometer (2), (h) PULSE acquisition system, (i) com‐
puter 2, (j) laser signal amplifier, (k) laser interferometer OFV-505.

Figure 4. Test bench: general view.

The data acquisition is done by a B&K PULSE acquisition system [14]. Two response sensors
are used: a triaxial accelerometer ICP 356A16 of PCB electronics [15] for measuring the
adhesive base motion and a laser interferometer OFV-505 of POLYTEC [16] for measuring the
beam response. Hence, to validate the excitation, the acceleration of the adhesive base is
measured in three directions, whereas the beam motion is measured just transversally. This
velocity signal

is derived to obtain the corresponding acceleration

.
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The designed test bench ensures a repetitive test procedure. Mainly, it is composed by a moving
and a steady support assembled on a rigid base. Figure 4 illustrates a general view of the test
bench while Figure 5 shows the moving support.

Figure 5. Test bench: detailed view of the excitation system.

Figure 4 shows the test bench and Figure 5 shows the excitation system. Particularly, Fig‐
ure 4 shows (i) the test bench base, (ii) where the excitation support, (iii) the steady support,
and (iv) an adhesively bonded beam can be appreciated. Figure 5 shows the components of
the excitation support; these are: (i) the actuator base, (ii) the piezoelectric device used as
excitatory (PPA40M of CEDRAT technologies), (iii) the base of the adhesive, and (iv) the carguide set. It should be noted that the seismic motion is directly imposed to the adhesive base
by the piezoelectric actuator.
Two groups of metallic pieces are used to ensure the overlapping length ℓ0. Figure 6 shows
these pieces. It should be noted that the evenly spaced slots are used to ensure five different
overlapping lengths. The procedure is analogous for both sides and therefore left and right
overlapping lengths are always nominally identical. Experimental results are presented for
three different overlapping lengths, ℓ0 = 10, ℓ0 = 30, and ℓ0 = 50 mm, respectively.
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Figure 6. Components for controlling the overlapping length ℓ0.

Figure 7. Components for controlling the thickness h.

Figure 8. Detailed view of the hollow for the adhesive joint.

The adhesive joint thickness h is determined by a set of pieces that are mounted onto the ones
used for determining the overlapping length. Analogously, it is repeated exactly and simul‐
taneously in both supports ensuring that both adhesive joints are nominally identical. These
devices support the beam during the adhesive curing. Figure 7 shows one of them.
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Figure 7 shows placement strategy where five sets have been manufactured. Each set has a
particular height related to a particular joint thickness.
The components determining overlapping length and joint thickness are assembled together
onto the adhesive bases before the adhesive material is applied. Once they are mounted, the
hollow for the adhesive joint is formed among them and the beam itself. This can be appreciated
in Figure 8.
These components are removed prior to the measurements.
3.1.2. Experiments and data processing
The experiment consists on exciting the adhesive base and measuring the beam vibration
response. The response is sequentially measured at 21 beam locations using the laser vibrom‐
eter.

Figure 9. Imposed displacement to the adhesive base: time domain response w1(t ).

Figure 10. Imposed displacement to the adhesive base: signal-to-noise ratio for autospectrum W 11( f ).
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The piezoelectric actuator receives a 0.8 V step signal that induces the displacement of the
adhesive base shown in Figure 9. The signal-to-noise ratio for the autospectrum of W 11( f )

represented in Figure 10. This signal-to-noise ratio is calculated as the ratio for the signal at
the adhesive base while the beam is vibrating, to the signal while the beam is at rest. The
adhesive base displacement was computed by numerical integration from the acceleration
measured signal. The measure was carried out for a sample period T s = 2 s , the time resolution

being Δt = 0.0025 s, involving 800 data lines.

From the experimental data, transmissibility functions Tj(f) between adhesive base and each
jth point beam are obtained by means of the H 1( f ) definition [14]
H1 ( f ) =

W12 ( f )
W11 ( f )

(71)

where W 12( f ) represents the cross-spectrum between input w1(t ) and output w2(t ) and W 11( f )

the input autospectrum. The motion w2(t ) is computed by numerical integration from the

velocity
measured by means of the laser vibrometer [16] for each of the 21 points of the
beam. The study is performed in the 0–200 Hz frequency range, the frequency resolution being
Δf = 0.5 Hz.
Prior to the experiments and aimed at understanding the flexural behavior of the vibrating
beam, the first three flexural modal shapes are obtained from these transmissibility functions
[17]. This is done just for one of the specimens.
For the experimental analysis, the rms value (for the set of 21 points) is computed as

rms(T ( f )) =

2
1 Næ
ö
ç Tj ( f ) ÷
å
ø
N j =1 è

(72)

with N = 21. From the rms(T(f)), the ith resonance frequency fi, peak amplitude Ai, and modal
loss factor ηi of each specimen are studied.
3.1.3. Materials and specimens
The considered adhesive is a flexible one, concretely a Bostik™ modified silane commercially
named ISR 70-03. Its mechanical behavior was analyzed in earlier works [18, 19], where the
relaxation modulus and the complex modulus were determined. It was done under tensile
strain where the strain level imposed was of 0.5%. The test specimens were obtained from
plates of the cured adhesive that were manufactured using casts of 50 mm × 70 mm × h, where
h represents the nominal thickness. Three casts were manufactured with different thickness h
of 0.5, 1, and 1.5 mm using Teflon™, which ensures that after the curing of the adhesive, a plate
of solid material can be easily demolded without degradation. For the present case, the curing
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time was 48 h for all plates; the curing process was carried out at room temperature and no
specific equipment was employed [20].
Figure 11 represents the complex modulus E*(f) for the adhesive in the form of storage modulus
E′(f) and loss factor η(f).

Figure 11. Tested adhesive material complex modulus E*(f) in the form of storage modulus E′(f) and loss factor η(f).

The metallic beam specimens were manufactured from the same stainless steel sheet by waterjet cutting in order to ensure homogeneous properties and undeformed specimens. The
nominal beam dimensions are 400 mm × 10 mm × 1 mm , representing length, width, and
thickness, respectively; the experimental values being 397 mm × 10 mm × 1 mm.
To prepare the adhesively bonded beam specimens an adhesive curing time of 72 h was
established. This curing process was carried out at normal conditions (room temperature and
atmospheric pressure). The test sample preparation procedure is outlined as follows:
• At a first step, the devices determining overlapping length and joint thickness h (see
Figures 6 and 7) are mounted onto the supports (see Figure 8).
• Then, the adhesive is applied. It should be emphasized that this is done in a single motion
ensuring that the nozzle does not get in touch with the adhesion surface. Otherwise, void
creation is promoted.
• Immediately, the beam is placed forcing the adhesive to fill the gap among the components
and the beam itself. The spare adhesive material is removed once it is cured.
Five different configurations were tested with three specimens for each configuration. Table 2
shows, for each configuration, the nominal joint overlapping length and thickness together
with the particular dimensions for each specimen. Also, the mean value is reported (in
parenthesis). Three different overlapping lengths (BS1, BS2, and BS3) and three joint thick‐
nesses (BS1, BS4, and BS5) were tested using the ISR 70–03 adhesive. It should be highlighted
that constant length beam specimens are employed. This means that the higher the overlapping
length, the lower the vibrating length.
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Specimen

Overlapping lengthℓo(mm)

Joint thicknessh (mm)

group
Nominal Excitation side
individual (mean)

Steady side

Nominal Excitation side

individual (mean)

Steady side

individual (mean) individual (mean)

BS1

55

55.2/55.0/55.0 (55.1) 55.1/55.1/55.2 (55.1) 0.5

0.6/0.6/0.5 (0.6)

0.5/0.5/0.6 (0.5)

BS2

35

35.2/35.1/35.2 (35.2) 35.1/35.2/35.0 (35.1) 0.5

0.6/0.5/0.6 (0.6)

0.6/0.5/0.5 (0.5)

BS3

15

15.2/15.2/15.1 (15.2) 15.1/15.1/15.2 (15.1) 0.5

0.5/0.5/0.6 (0.5)

0.6/0.6/0.6 (0.6)

BS4

55

55.1/55.1/55.2 (55.1) 55.0/55.3/55.1 (55.2) 1

1.2/1.0/1.2 (1.1)

1.1/1.1/1.0 (1.1)

BS5

55

55.1/55.1/55.0 (55.1) 55.1/55.2/55.1 (55.1) 2.5

2.6/2.5/2.6 (2.6)

2.5/2.5/2.6 (2.6)

Table 2. Joint dimensions for the beam specimens: individual and mean values.

Figure 12. Modal shapes below 200 Hz: rigid body mode.

Figure 13. Modal shapes below 200 Hz: first bending mode.

Figure 14. Modal shapes below 200 Hz: second bending mode.
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Figure 15. Modal shapes below 200 Hz: third bending mode.

3.2. Modal shapes and analysis
To understand the dynamic behavior of the adhesively bonded beams, the modal shapes are
experimentally obtained from the transmissibility functions [17]. Figure 12 represents the rigid
body mode and Figures 13–15 show the first, second, and third bending modes.
The analyzed system can be modeled as a pinned-pinned beam with torsion spring of stiffness
C applied at each pinned joint (see Figure 16). These torsion springs represent the resistance
to turn introduced by the joint to the beam.

Figure 16. Model with pinned-pinned beam with torsion spring at the pinned joints.

For the analysis, only the bending modes are taken into account.
3.3. Results and discussion
Next, the influence of overlapping length and joint thickness h are presented and discussed.
It should be reminded that the results shown represent the rms value of a set of 21 transmis‐
sibility functions where three different specimens are used for each configuration. The
particular and average result is reported together with the standard deviation.
Table 3 collects the resonance frequencies, peak amplitudes, and modal loss factor of the each
specimen tested. The loss factor ηi is computed by the Nyquist-circle method.
For the subsequently study, a distinction must be made between system stiffness and joint
stiffness. System stiffness refers to the stiffness property that globally affects the mechanical
behavior of the system, which is normally traduced in natural frequencies. The joint stiffness
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(corresponding to the previously mentioned torsion stiffness C represented in Figure 16) refers
to a local stiffness property of the joint. Actually, it has not a significant influence on the global
response (slightly affects natural frequencies), but affects to the vibration transmission
mechanism.

Individual and mean values: (a) BS1; (b) BS2; (c) BS3; (d) BS4; (e) BS5; (f) BS6.
Table 3. Frequency domain results for the analyzed beam specimens.

3.3.1. Overlapping length influence
Three overlapping lengths are analyzed: 55, 35, and 15 mm, the specimen groups being BS1,
BS2, and BS3 (see Table 2), respectively, the mean thickness being around 0.5 mm.

Figure 17. Transmissibility function amplitude |T(f)| for three different overlapping lengths ℓo.

Figure 17 shows the rms(T(f)) function for the set of the 21 transmissibility functions obtained.
From Figure 17, it should be pointed out that there are two resonances in the analyzed range
except for, in which three can be appreciated.
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• About resonance frequency. As expected, the bigger the overlapping length, the bigger the
resonance frequencies. This is due to as the overlapping length increases, so does the system
stiffness. This is based on the decrement of the vibrating length.
• About resonance peak amplitude. Analogously, the higher is the overlapping length, the
higher are the resonance peak amplitudes. Besides, the amplitudes for the first mode are
higher than those of the second mode.
• About modal loss factor. Involving modal loss factor (see Table 3), it should be remarked
that the second modes present lower values than those of the first ones. It can be stated that
the higher the overlapping length, the lower the modal loss factor. However, this difference
is minimal.
3.3.2. Thickness influence
Three adhesive joint thickness values are analyzed. These are 0.5, 1.0, and 2.5 mm, the specimen
groups being BS1, BS4, and BS5 (see Table 2), respectively. Small adhesive joint thickness is
considered in order not to dramatically decrease the joint strength. Figure 18 illustrates the
function for the corresponding sets.

Figure 18. Transmissibility function amplitude |T(f)| for three joint thicknesses h.

• About resonance frequency. It can be concluded that the thinner the thickness, the higher
the joint stiffness, and therefore, the resonance frequencies increase. But, according to the
previously mentioned distinction between system and joint stiffness, by decrementing five
times the joint thickness, natural frequencies increase only about 10%.
• About resonance peak amplitude. The higher amplitude is found for the first resonance of
each case (see Table 3). For each mode, the amplitude presents an inverse evolution with
thickness: the minimum amplitude is given for the highest thickness h1 = 2.5 mm. It should
be noted that decreasing thickness results in increasing joint stiffness (leading to amplitude
decrement) and decrementing damping material amount (leading to amplitude augmenta‐
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tion). Nevertheless, the effect on damping results more significant concluding that the
thinner the thickness the higher the amplitude.
• About modal loss factor. Within each mode, the lower loss factor corresponds to the thinnest
case (h 3 = 0.5 mm) due to the joint stiffness being higher, the damping capacity decreases by
material deformation. However, the modal loss factor presents a minimum for the inter‐
mediate thickness.

From this analysis, the following discussion can be made:
About stiffness
• The overlapping length modifies the system stiffness, whereas the joint thickness modifies
the joint stiffness.
• To decrease the system stiffness implies a decrement in the resonance frequencies and peak
amplitudes Ai.
• To decrease the joint stiffness decreases the amplitudes Ai, because the vibration is worse
transmitted. However, the resonance frequencies remain practically unaffected.
About damping
• The overlapping length and joint thickness h modify damping capacity because they are
related to the amount of viscoelastic material used.
• To decrease overlapping length, on the one hand, decreases joint damping capacity because
of the amount of material is decreased. However, on the other hand, as the joint stiffness is
decreased, the viscoelastic material deformation is augmented and so is the damping
capacity.
• To decrease joint thickness decreases joint damping capacity because of the joint stiffness is
increased, and therefore the deformations are dismissed. Besides, damping material amount
is decreased.
As a general conclusion, it can be drawn that increasing overlapping length or joint thickness
can lead to opposite effects. Hence, to know and optimize the behavior of these kinds of
adhesive joints, exhaustive experiments would be needed, or failing that, numerical simulation
should be required in order to separate and investigate the influence of each parameter.
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General Stability in Viscoelasticity
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Additional information is available at the end of the chapter
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Abstract
In this chapter, we consider a problem which describes the motion of a viscoelastic body
and investigate the effect of the dissipation induced by the viscoelastic (integral) term
on the solution. Precisely, we show that, under reasonable conditions on the relaxa‐
tion function, the system stabilizes to a stationary state. We also obtain a general decay
estimate from which the usual exponential and polynomial decay rates are only special
cases.
Keywords: general decay, memory, relaxation function, stability, viscoelasticity

1. Introduction
Elastic materials, when subjected to a suddenly applied loading state held constant there‐
after, respond instantaneously with a state of deformation which remains constant. On the
other hand, Newtonian viscous fluids respond to a suddenly applied state of uniform shear
stress by a steady flow process. However, there exist materials for which any suddenly applied
and maintained state of uniform stress produces an instantaneous deformation followed by a
flow process which might or might not be limited in magnitude as time grows. Such materi‐
als exhibit both instantaneous elasticity effects and creep characteristics. Obviously, such a
behavior cannot be described by either an elasticity theory or a viscosity theory only but it
combines features of each. The most interesting examples of such materials are polymers,
which can display all the intermediate range of properties (glassy, brittle solid or an elastic
rubber or a viscous liquid) depending on temperature and the experimentally chosen time
scale. Such materials are said to possess memories.
Many scientists, such as Maxwell, Kelvin, Voigt, and Boltzmann, have contributed in modeling
these phenomena. Boltzmann, in 1874, supplied the first formulation of a three-dimensional

© 2016 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.
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theory of isotropic viscoelasticity. He elaborated the model of a “linear” viscoelastic solid on
a basic assumption which states that at any (fixed) point x of the body, the stress at any time t
depends on the strain at all the proceeding times. In addition, if the strain at all preceding times
is in the same direction, then the effect is to decrease the corresponding stress. The influence
of a previous strain on the stress depends on the time elapsed since that strain occurred and
is weaker than those strains that occurred long ago. Such properties make the model of solid,
elaborated by Boltzmann, a material with (fading) memory. These memory effects are
expressed by the dependence on the deformation gradient. Therefore, for these “viscoelastic”
materials, the stress at each point and at each instant does not depend only on the present value
of the deformation gradient but on the entire temporal prehistory of the motion. In addition,
Boltzmann made the assumption that a superposition of the influence of previous strains holds,
which means that the stress-strain relation is linear. Mathematically, this is interpreted by the
time convolution of a “relaxation” function with the Laplacian of the solution. As a conse‐
quence, a subtle damping effect is produced. The types of equations we intend to discuss in
this chapter are of the form:

where Ω is a bounded domain with regular boundary, g is a nonincreasing positive function,
referred to as the relaxation function which describes the viscoelastic material in consideration,
f is an external force, and u(x, t) is the position of a point x “in the reference configuration” at
a time t.
In early 1970s, Dafermos [1, 2] discussed a one-dimensional viscoelastic model, where he
proved, for smooth monotonically decreasing relaxation functions, various existence and
asymptotic stability results. However, no rate of decay has been given. After that, viscoelastic
problems have attracted the attention of many researchers and many results of existence and
long-time behavior have been established. To the best of our knowledge, the first work that
studied the uniform decay of solutions was presented by Dassios and Zafirapoulos [3]. In their
work, Dassios and Zafirapoulos presented a viscoelastic problem in ℝ3 and proved a polyno‐
mial decay for exponentially decaying kernels. In 1994, Muñoz Rivera [4] considered, in
and in bounded domains, equations for linear isotropic homogeneous viscoelastic solids, with
exponentially decaying memory kernels and showed that, in the absence of body forces,
solutions decay exponentially for the bounded-domain case, whereas, for the whole space case,
the decay is of a polynomial rate. After that, Cabanillas and Muñoz Rivera [5] studied
problems, where the kernels are of algebraic (but not exponential) decay rates and showed
that the decay of solutions is algebraic at a rate which can be determined by the rate of the
decay of the relaxation function and the regularity of solutions. This result was later improved
by Barreto et al. [6], where equations related to linear viscoelastic plates were treated. For
viscoelastic systems with localized frictional dampings, Cavalcanti et al. [7] considered the
following problem:
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where Ω is a bounded domain of ℝn (n ≥ 1) with a smooth boundary ∂Ω, g is a positive
nonincreasing function satisfying, for two positive constants, the conditions:
-x1 g ( t ) £ g ¢ ( t ) £ -x 2 g ( t ) , t ³ 0,
and a(x) ≥ a0 > 0 in a subdomain ω ⊂ Ω, with meas(ω) > 0 and satisfying some geometry
restrictions. They established an exponential rate of decay. Berrimi and Messaoudi [8]
improved Cavalcanti’s result by weakening the conditions on both a and g. In particular, the
function a can vanish on the whole domain Ω and consequently the geometry condition is no
longer needed. This result has been later extended to a situation, where a source is competing
with the viscoelastic dissipation, by Berrimi and Messaoudi [9]. Also, Cavalcanti et al. [10] have
studied a quasilinear equation, in a bounded domain, of the form:
t

ut utt - Du - Dutt + òg (t - t )Du (t ) dt - gDut =0,
r

0

with ρ > 0, and a global existence result for γ ≥ 0, as well as an exponential decay for γ > 0, have
been established. Messaoudi and Tatar [11,12] discussed the situation when γ = 0 and estab‐
lished polynomial and exponential decay results in the presence, as well as in the absence, of
a nonlinear source term. Fabrizio and Polidoro [13] studied a homogeneous viscoelastic
equation in the presence of a linear frictional damping (aut, a > 0) and showed that the expo‐
nential decay of the relaxation function g is a necessary condition for the exponential decay of
the solution energy of the solution. In other words, the presence of the memory term, with a
non-exponentially decaying relaxation function, may prevent the exponential decay even if
the frictional damping is linear. He also obtained a similar result for the polynomial decay
case.
For more general decaying kernels, Messaoudi [14,15] considered

(1.1)
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with b = 0 and b = 1 and for relaxation functions satisfying
g’ ( t ) £ -x ( t ) g ( t ) , "t ³ 0,

(1.2)

where ξ: ℝ+→ℝ+ is a nonincreasing differentiable function. He showed that the rate of the decay
of the energy is exactly the rate of decay of g, which is not necessarily of exponential or
polynomial decay type. After that, a series of papers using Eq. (1.2) have appeared. See for
instance, Han and Wang [16], Liu [17,18], Park and Park [19], and Xiaosen and Mingxing [20].
In this work, we intend to study the following problem:

(1.3)

where Ω is a bounded and regular domain of ℝn, a > 0 is a constant, and g is a positive
nonincreasing function satisfying Eq. (1.2). We will establish some general decay results
depending on the behavior of g and m.

2. Preliminary
In this section, we present some material needed in the proof of our result and state a global
existence result which can be proved using the well-known Galerkin method. See, for example,
[2,3]. In order to prove our main result, we make the following assumptions:
(A1) g: ℝ+ → ℝ+ is a bounded differentiable function such that
¥

g ( 0 ) > 0, g ¢ ( t ) £ -g ( t ) g ( t ) , 1 - òg ( s ) ds =
l > 0,
0

where γ(t) is a differentiable function satisfying
+¥

g ( t ) > 0, g ¢ ( t ) £ 0, and ò g ( t ) dt = +¥.
0

(A2) Concerning the nonlinearity in the damping, we assume that
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1< m £

2n
, if n > 2 and m > 1, if n =
1, 2
n-2

Remark 2.1. Examples of functions satisfying (A1) are
a

=
g1 ( t )

(1 + t )

v

, v > 1,=
g 2 ( t ) ae

g3 ( t ) =

- b ( t +1) p

a

(1 + t ) éëln (1 + t )ùû

v

, 0 < p £1

, v > 1,

for a and b constants to be chosen properly.
Proposition 2.1. Let (u0, u1) ∈ H 01(Ω) × L2(Ω) be given. Assume that (A1), (A2) hold. Then problem

(1.3) has a unique global solution:

u Î C ([ 0, ¥ ) ; H 01 ( W ) )
ut Î C ([ 0, ¥ ) ; L2 ( W ) ) Ç Lm ( W ´ ( 0, ¥ ) ) .

(2.1)

Proposition 2.2. [21] Let E: ℝ+ → ℝ+ be a non-increasing function and φ: ℝ+ → ℝ+ be an increasing
C2-function such that

j ( 0 ) = 0 and j ( t ) ® +¥ as t ® +¥.
Assume that there exist q ≥ 0 and A > 0 such that
+¥

ò E ( t )j ¢ ( t ) dt £ AE ( S ) , 0 £ S < +¥,
q +1

s

then we have
-1

E ( t ) £ cE ( 0 ) (1 + j ( t ) ) q , "t ³ 0, if q > 0,
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E ( t ) £ cE ( 0 ) e

-wj ( t )

, "t ³ 0, if q =0,

where c and ω are positive constants independent of the initial energy E(0).
Next, we introduce the “modified energy”:
ö
2
1æ t
1
E ( t ) : çç1 - òg ( s ) ds ÷÷ Ñu ( t ) 2 + ut
2è 0
2
ø

2
2

+

1
( goÑ u )( t ) ,
2

(2.2)

where
t

( gov )( t ) =
òg ( t - t ) v ( t )
0

2

- v (t ) 2 dt .

Remark 2.2. By multiplying Eq. (1.3) by ut and integrating over Ω, using integration by parts
and hypotheses (A1), (A2), we get, after some manipulations, as in [3,20],
æ
2ö
1
1
m
E ¢ ( t ) £ - ç a ò ut dx - ( g ¢o Ñ u )( t ) + g ( t ) Ñu ( t ) 2 ÷
2
2
è W
ø
1
m
£ - a ò ut dx + ( g ¢o Ñ u )( t ) £ 0.
2
W

(2.3)

3. Decay of solutions
In order to state and prove our main result, we set
F ( t )=: e ( t ) + e1Y ( t ) + e 2X ( t )
where ε1 and ε2 are positive constants to be specified later and
t

Ψ ( t ) :=
- òut òg ( t - t ) ( u ( t ) - u (t ) ) dt dx.
òuut dx, c ( t ) :=
W

Lemma 3.1. For ε1 and ε2 so small, we have

W

0

(3.1)
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a1 F ( t ) £ E ( t ) £ a 2 F ( t )

(3.2)

holds for two positive constants α1 and α2.
Proof. It is straightforward to see that

F (t ) £ E (t ) +

e1
e
2
2
ut dx + 1 ò u dx
ò
2W
2W
2

+

ö
e2
e2 æ t
2
u
x
d
+
ç òg ( t - t ) ( u ( t ) - u (t ) ) dt ÷÷ dx
t
ò
ò
ç
2W
2 Wè 0
ø

e1
e
2
2
ut dx + 1 C p ò Ñu dx
ò
2W
2 W
e2
e
2
+ ò u2 dx + 2 C p (1 - l )( goÑ u )( t ) £ a 2E ( t ) ,
2W
2

£ E (t ) +

where Cp is the Poincaré constant. In the other hand,

e1
e
e
e
2
2
2
ut dx - 1 ò u dx - 2 ò ut dx - 2 C p
2 Wò
2W
2W
2
2
1
1
1
1
2
u
(1 - l )( goÑu )( t ) ³ l Ñu ( t ) 2 + ut 2 + ( goÑu )( t ) +
g +2
2
2
2
e
e
2
2
ée + e ù
- ê 1 2 ú ò ut dx - 1 C p ò Ñ u dx - 2 C p (1 - l )( goÑu )( t )
2 W
2
ë 2 ûW
F (t ) ³ E (t ) -

g +2
g +2

³ a1E ( t ) ,

for ε1 and ε2 small enough. Thus, Eq. (3.2) is established.
Lemma 3.2. Assume that m ≥ 2 and assumptions (A1), (A2) hold. Then, the functional Ψ(t)
satisfies, along the solution of Eq. (1.3), the estimate:

Y ' ( t ) £ òut2dx W

1
1- l
2
m
Ñ u dx +
( goÑu )( t ) + C ò ut dx,
ò
4W
2l
W

where C is a “generic” positive constant independent of t.
Proof. By using Eq. (1.3), we easily see that

(3.3)
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Y ' (=
t)

2

2
òut dx - ò Ñu dx - a ò ut

W

W

W

m-2

t

ut u dx + òÑu ( t )g òg ( t - t ) Ñu (t ) dt dx.
0

W

(3.4)

We now estimate the third term of the right-hand side of Eq. (3.4), using Young’s inequality
and (A2). Thus, we get

òu

m-2

t

W

m

m

ut u dx £ d ò u dx + cd ò ut dx £ d C Ñu
W

m

cd ò ut dx £ d CE

W

m-2
2

W

( 0 ) Ñu 2 + cd ò ut
2

m

m-2
2

2

Ñu 2 +
(3.5)

dx

W

where cδ is a constant depending on δ. For the fourth term of the right-hand side of Eq. (3.4),
we get

t

òÑu ( t )gòg ( t - t ) Ñu (t ) dt dx £
0

W

2
1
Ñu ( t ) dx +
ò
2W

2

ö
2
1 æ
1
ç g ( t - t ) Ñ u (t ) dt ÷÷ dx £ ò Ñu ( t ) dx
2 Wò çè ò0
2
W
ø
t

+

(3.6)
2

t
ö
1 æ
g ( t - t ) Ñu (t ) - Ñu ( t ) + Ñu ( t ) dt ÷÷ dx.
ç
ò
ò
ç
2 Ωè 0
ø

(

)

We then use Cauchy-Schwarz inequality, Young’s inequality, and the fact that
t

+¥

0

0

1 - l,
òg (t ) dt £ ò g (t ) dt =
to obtain, for any η > 0,
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2

æt
ö
òΩ ççè ò0 g ( t - t ) Ñu (t ) - Ñu ( t ) + Ñu ( t ) dt ÷÷ø dx

(

)

2

2

æt
ö
æt
ö
£ ò çç òg ( t - t ) Ñu (t ) - Ñu ( t ) dt ÷÷ dx + ò çç òg ( t - t ) Ñu ( t ) dt ÷÷ dx
Ωè 0
Wè 0
ø
ø
æt
ö æt
ö
+2 ò çç òg ( t - t ) Ñu (t ) - Ñu ( t ) dt ÷÷ dx çç òg ( t - t ) Ñu ( t ) dt ÷÷ dx
Ωè 0
ø è0
ø
2

æt
ö
£ (1 + h ) ò çç òg ( t - t ) Ñu ( t ) dt ÷÷ dx +
Wè 0
ø
(3.7)

2

ö
æ 1ö æt
ç1 + ÷ ò çç òg ( t - t ) Ñu (t ) - Ñu ( t ) dt ÷÷ dx
è h øWè 0
ø
t
2
æ 1ö t
£ ç1 + ÷ òòg ( t - t ) dt òg ( t - t ) Ñu (t ) - Ñu ( t ) dt dx +
è h øW0
0
2

æt

ö

è0

ø

2

(1 + h ) ò Ñu ( t ) çç òg ( t - t ) dt ÷÷
W

dx £ (1 + h )(1 - l )

2

ò Ñu ( t )

2

dx

W

t
2
æ 1ö
+ ç1 + ÷ (1 - l ) òòg ( t - t ) Ñu (t ) - Ñu ( t ) dt dx
h
è
ø
W0

By combining Eqs. (3.4)–(3.7), we arrive at

Ψ¢ ( t ) £ òut2dx W

m-2
2
1
2
u
t
x
d
C
Ñ
+
E
d
(
)
( 0 ) Ñu
2 Wò

2
2
t

2
2
1
1
m
2
+ (1 + h )(1 - l ) ò Ñu ( t ) dx + cd ò ut dx + (1 + h )(1 - l ) òòg ( t - t ) Ñu (t ) - Ñu ( t ) dt dx
2
2
W
W
W0

£ òut2dx W

+

m-2
ù
2
1é
2
2
ê1 - (1 + h )(1 - l ) - 2d CE ( 0 ) ú ò Ñu ( t ) dx
2ë
ûW

1
m
(1 + h )(1 - l )( goÑu )( t ) + cd ò ut dx.
2
W

By choosing η = l/(1 − l) and

(0), estimate (3.3) is established.

Lemma 3.3. Assume that m ≥ 2 and assumptions (A1), (A3) hold. Then, the functional
satisfies, along the solution of Eq. (1.3) and for any δ > 0, the estimate

(t)
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2
2
X ' ( t ) £ d é1 + 2 ( 1 - l ) ù Ñu 2 + cd ( goÑu )( t )
êë
úû
t
g (0)
æ
ö
m
C - ( g¢oÑu )( t ) .
+cd ò ut dx + çç d - òg ( s ) ds ÷÷ òut2dx +
4d p
0
W
øW
è

(

)

(3.8)

Proof: By using Eq. (1.3), we easily see that

X ¢(t ) =

æt

ö

òÑu ( t ) × ççè òg ( t - t ) ( Ñu ( t ) - Ñu (t ) ) dt ÷÷ø dx
0

W

æ
ö æt
ö
- ò çç òg ( t - t ) Ñu (t ) dt ÷÷ × çç òg ( t - t ) ( Ñu ( t ) - Ñu (t ) ) dt ÷÷ dx
Wè 0
ø è0
ø
t

+ a ò ut
W

m-2

t

(3.9)

ut ( t ) òg ( t - t ) ( u ( t ) - u (t ) ) dzdx
0

æt
ö
- òut òg ¢ ( t - t ) ( u ( t ) - u (t ) ) dt dx - çç òg ( s ) ds ÷÷ òut2dx
W 0
è0
øW
t

Similarly to Eq. (3.4), we estimate the right-hand side terms of Eq. (3.9). So for any δ > 0, we
have

æt
ö
- òÑu ( t ) × çç òg ( t - t ) Ñu ( t ) - Ñu (t ) dt ÷÷ dx
W
è0
ø
2
1-l
£ d ò Ñu dx +
( g o Ñu)( t ) ,
4d
W

(

)

(3.10)
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æt
ö æt
ö
d
g
t
s
u
s
s
Ñ
(
)
(
)
ç
÷÷ × çç òg ( t - s ) ( Ñu ( t ) - Ñu ( s ) ) ds ÷÷ dx
òW çè ò0
ø è0
ø
2

æt
ö
£ d ò çç òg ( t - s ) Ñu ( s ) ds ÷÷ dx
Wè 0
ø
1
+
4d

2

æt
ö
òW ççè ò0 g ( t - s ) Ñu ( t ) - Ñu ( s ) ds ÷÷ø dx
2

æt
ö
£ d ò çç òg ( t - s ) ( Ñu ( t ) - Ñu ( s ) + Ñu ( t ) )ds ÷÷ dx
Wè 0
ø
t
t
ö
2
1 æ
+ çç òg ( t - s ) ds ÷÷ òòg ( t - s ) Ñu ( t ) - Ñu ( s ) ds dx
4d è 0
øW0

(3.11)

2

æt
ö
£ 2d ò çç òg ( t - s ) Ñu ( t ) - Ñu ( s ) ds ÷÷ dx
Wè 0
ø
1
2
2
+2d (1 - l ) ò Ñu dx +
(1 - l )( g o Ñu )( t )
4d
W
1 ö
2
2
æ
£ ç 2d +
÷ (1 - l )( g o Ñu )( t ) + 2d (1 - l ) ò Ñu dx,
d
4
è
ø
W

ò ut

m-2

t

ut ( t ) òg ( t - t ) ( u ( t ) - u (t ) ) dt dx
0

W

m

t

£ d ò òg ( t - t ) ( u ( t ) - u (t ) ) dt dx + cd ò ut dx
m

W 0

W

æ
ö
£ d çç òg (t ) dt ÷÷
è0
ø
t

m -1

t

òòg ( t - t ) u ( t ) - u (t )
m -1

W

(3.12)
m

0

+cd ò ut dx £ d (1 - l )
+cd ò ut dx £ d (1 - l )

m -1

W

W

t

C òg ( t - t ) Ñu ( t ) - Ñu (t ) 2 dt

m -1

m

m

dt d x +

W0

cd ò ut dx £ d (1 - l )
m

m

æ 2E ( 0 ) ö
Cp ç
÷
è l ø
æ 2E ( 0 ) ö
Cp ç
÷
è l ø

m-2
2 t

òg ( t - t ) Ñu ( t ) - Ñu (t )
0

m-2
2

( g o Ñu )( t ) + cd ò ut
W

m

dx,

2
2

dt
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t

- òut òg ¢ ( t - t ) ( u ( t ) - u (t ) ) dt dx £ d ò ut dx
W

+

2

0

W

g ( 0)
4d

t

(3.13)

2

C p òò - g ¢ ( t - s ) Ñu ( t ) - Ñu ( s ) dsdx.
W0

A combination of Eqs. (3.9)–(3.13), then, yields Eq. (3.8).
Theorem 3.4. Let (u0, u1) ∈ H 01(Ω) × L2 (Ω) be given. Assume that (A1), (A2) hold. Then, for any
t0 > 0, there exist positive constants K and λ such that the solution of Eq. (1.3) satisfies
t

E ( t ) £ Ke

ò

- l g ( s ) ds
t0

E ( t ) £ K (1 + g ( t ) )

- ( 2 m - 2)
2-m

(3.14)

, "t ³ t0 , if m ³ 2

(3.15)

, "t ³ t0 , if 1 < m < 2.

Proof: We start with the case m ≥ 2. Since g(0) > 0, then there exists t0 > 0 such that
t

t0

0

0

òg ( s ) ds ³ òg ( s ) ds= g0 > 0, "t ³ t0 .
By using Eqs. (2.3), (3.1), (3.3), and (3.8), we obtain
F ¢ ( t ) £ - (1 - ( e1 + e 2 ) cd ) a ò ut dx
m

W

(

)

2 ù
ée l
- ëée 2 ( g 0 - d ) - e1 ûù òut2dx - ê 1 - e 2d 1 + 2 (1 - l ) ú Ñu
ë4
û
W

g ( 0) ù
é1
C p ú ( g ¢oÑ u )( t ) +
+ ê - e2
2
4d
ë
û
é 1- l
ù
êe1 2l + e 2cd ú ( goÑu )( t ) .
ë
û
At this point, we choose δ so small that

g0 - d >

1
g0 ,
2

(

)

4
1
2
d 1 + 2 (1 - l ) < g 0 .
l
4

2
2
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Whence δ is fixed, the choice of any two positive constants ε1 and ε2 satisfying
1
1
g 0e 2 < e1 < g 0e 2
4
2

(3.16)

makes
k1 = e 2 ( g 0 - d ) - e1 > 0, k2 =

(

)

e1l
2
- e 2d 1 + 2 (1 - l ) > 0.
4

We then pick ε1 and ε2 so small that Eqs. (3.2) and (3.16) remain valid and, further,
1 - ( e1 + e 2 ) cd > 0,

g ( 0)
1
C p > 0.
- e2
2
4d

Therefore, we arrive at
F ¢ ( t ) £ - be ( t ) + c ( goÑu )( t ) , "t ³ t 0,

(3.17)

for two constants c, β > 0. We multiply (3.17) by γ(t) and use Eqs. (1.2) and (2.3), to get

g ( t ) F ¢ ( t ) £ - bg ( t ) E ( t ) - c ( g ¢oÑu )( t )
£ - bg ( t ) E ( t ) - cE ¢ ( t ) , "t ³ t0 .
This implies that

g ( t ) F ¢ ( t ) + cE ¢ ( t ) £ - bg ( t ) E ( t ) , "t ³ t0 .
Hence,

(g ( t ) F ( t ) + cE ( t ) )¢ - g ¢ ( t ) F ( t ) £ -bg ( t ) E ( t ) ,
Again, by using the fact that γ′(t) ≤ 0, letting
=
L ( t ) g ( t ) F ( t ) + cE ( t ) ,

"t ³ t0 .
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and noting that ~ , we arrive at
L¢ ( t ) £ - bg ( t ) E ( t ) £ -lg ( t ) L ( t ) , "t ³ t0 .

(3.18)

A simple integration of Eq. (3.18) over (t0, t) leads to
t

L ( t ) £ L ( t0 ) e

ò

- l g ( s ) ds
t0

, "t ³ t0 .

We obtain, then, Eq. (3.14) by virtue of equivalence of and .
To establish Eq. (3.15), we re-estimate Eqs. (3.5) and (3.12), for m < 2, as follows

òu

m-2

t

W

2

ut udx £ d ò u dx + cd ò ut
W

dx

W

æ
ö
m
£ d C p Ñu 2 + cd C ç ò ut dx ÷
èW
ø
2

2m- 2

2m- 2
m

(3.19)

.

Similarly, we have

òu

W

m-2
t

t

ut ( t ) òg ( t - t ) ( u ( t ) - u (t ) ) dt dx
0

æ
ö
m
£ d C p ( goÑu )( t ) + cd ç ò ut dx ÷
èW
ø

2m- 2
m

(3.20)
.

By repeating all above steps and using Eqs. (3.19), (3.20) instead of Eqs. (3.5), (3.12), we arrive at

æ
ö
m
F ¢ ( t ) £ - b E ( t ) + c ( goÑu )( t ) + c1 ç ò ut dx ÷
èW
ø
which gives

2m- 2
m

, "t ³ t0 ;
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æ
ö
m
E ( t ) £ - b1F ¢ ( t ) + c ( goÑu )( t ) + c1 ç ò ut dx ÷
èW
ø

2m- 2
m

, "t ³ t0

(3.21)

By multiplying Eq. (3.21) by γ(t) q(t), for q > 0 to be specified later, and using (A1), Eq. (2.3),
and Young’s inequality, we get

g ( t ) E q +1 ( t ) £ - b 2g ( t ) F q F ¢ ( t ) + cE q ( t ) ( -E ' ( t ) ) +
cg ( t ) E q ( t ) ( -E ¢ ( t ) )

2m- 2
m

£

- b 2g ( t ) dF q +1 ( t )
q +1

dt

-

c dE ( t )
2 dt
q +1

(3.22)

qm

+ mE 2 - m ( t ) + cm ( -E ¢ ( t ) ) .
By choosing q = (2 − m)/(2m − 2) (hence, qm/(2 − m) = q + 1] and taking μ small enough, Eq.
(3.22) yields

g ( t ) E q +1 ( t ) £

dF ( t )
-b2
g (t )
q +1
dt
q +1

-

c dE ( t )
-b2 d
+ c ( -E' ( t ) ) £
( g ( t ) F q +1 ( t ) )
2 dt
q + 1 dt

+

q +1
b 2g ¢ ( t )
c dE ( t )
+ c ( -E ¢ ( t ) ) .
q +1
q + 1 dt

q +1

(3.23)

By recalling that γ ′ (t) ≤ 0 and integrating (3.23) over (S, T), S ≥ t0, we get
T

b
c
òg ( t ) E ( t ) dt £ q + 1 g ( S ) F ( S ) + q + 1 E ( S ) + 2E ( S ) £ AE ( S ) ,
q +1

2

q +1

q +1

(3.24)

S

for some positive constant A. Therefore, Proposition 2.2 gives (3.15). This completes the proof.
Remark 3.1. Estimates (3.14) and (3.15) also hold for t ∈ [0, t0] by virtue of continuity and
boundedness of ℰ and γ.
Remark 3.2. This result generalizes and improves many results in the literature. In particular,
it allows some relaxation functions which satisfy
g ¢ ( t ) £ -ag r ( t ) , 1 £ r < 2,
instead of the usual assumption 1 ≤ ρ < 3/2.
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Remark 3.3. Note that the exponential and the polynomial decay estimates, given in early
works, are only particular cases of Eq. (3.14). More precisely, we obtain exponential decay for
γ(t)≡a and polynomial decay for γ(t) = a(1 + t)− 1, where a > 0 is a constant.
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Abstract
In linear viscoelasticity, a large variety of regular kernels have been classically
employed, depending on the mechanical properties of the materials to be modeled.
Nevertheless, new viscoelastic materials, such as viscoelastic gels, have been recently
discovered and their mechanical behavior requires convolution integral with singular
kernels to be described. On the other hand, when the natural/artificial aging of the
viscoelastic material has to be taken into account, time-dependent kernels are needed.
The aim of this chapter is to present a collection of nonstandard viscoelastic kernels,
with special emphasis on singular and time-dependent kernels, and discuss their ability
to reproduce experimental behavior when applied to real materials. As an applica‐
tion, we study some magneto-rheological elastomers, where viscoelastic and magnet‐
ic effects are coupled.
Keywords: Materials with memory, Viscoelasticity, Unbounded memory kernels, Ex‐
istence of solutions, Asymptotic solutions’, Behavior

1. Introduction
The stress-strain relation in linear viscoelasticity involves a convolution integral with a memory
kernel. The fading memory principle requires that the memory kernel decays quickly as the
elapsed time goes to infinity, but no limitation is imposed to its behavior near zero. So, a wide
range of kernels may be used depending on the nature of the materials to be modeled. Start‐
ing from the rheological model of a standard viscoelastic solid, whose kernel involves a single
exponential, a large variety of regular kernels have been classically employed: discrete and
continuous Prony series, completely monotonic functions, etc. Recently, new viscoelastic

© 2016 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.
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materials, such as viscoelastic gels, have been described by virtue of convolution integral with
singular kernels: for instance, fractional and hypergeometric kernels [1]. On the other hand,
when the natural/artificial aging of the viscoelastic material has to be taken into account, timedependent kernels are needed. Furthermore, the behavior of some new materials, for in‐
stance, ferrogel and magneto-rheological elastomers, can be determined by coupling viscoelastic
and magnetic effects.
The material of this chapter is organized as follows. First we present the model of a viscoelastic
body which represents the basis for our study. It is assumed to be homogeneous and isotropic,
and its crucial feature is that the stress response at time t linearly depends on the whole past
history of the strain up to t. Then, we look for the modeling of aging isothermal viscoelasticity,
assuming that the viscoelastic structural parameters are time dependent while the material is
subject to chemical or physical agents at constant temperature. Finally, singular kernel
problems are addressed to, at first, in the case of a viscoelastic body and, later, when the
viscoelastic behavior is coupled with magnetization. In particular, the case of magnetoviscoelastic bodies is considered. Indeed, the idea of coupling the viscoelastic behavior with
magnetic effects is suggested by new materials which are obtained by inserting magnetic
defects into a solid body to have the opportunity to influence the mechanical properties of the
body when a magnetic field is applied.

2. Preliminary notions and notations
This section is devoted to provide the key notions concerning the model of isothermal
viscoelastic body with memory. For sake of simplicity, the body is supposed homogeneous.
In order to briefly introduce the subject, at the beginning, we restrict our attention to onedimensional processes. Let ε denote the uniaxial strain and σ the corresponding tensile stress
at every point x of the reference configuration of the sample. According to Boltzmann’s
formulation of hereditary elasticity [2], a linear viscoelastic solid may be described by a stressstrain relation in the Riemann-Stieltjes integral form
t

s ( x , t ) = ò G(t - s)d se ( x , s)
-¥

(1)

where G is named Boltzmann function (or memory kernel ) and ε(·) is a fading strain history,
namely
lime ( x , s) = 0,

s ®-¥

s

e ( x , s) = ò d se ( x ,z ).
-¥

In particular, when the strain history vanishes from −∞ to 0, then Eq. (1) reduces to

(2)
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t

s ( x , t ) = ò G(t - s)d se ( x , s).
0

(3)

A peculiar behavior of viscoelastic solid materials is named relaxation property: if the solid is
held at a constant strain starting from a given time t0 ≥ 0, the stress tends (as t → ∞) to a constant
value which is “proportional” to the applied constant strain. Indeed, if ε(x, ·) is continuous on
(−∞, t0] and

e ( x, t ) = e ( x, t0 ) = e 0 ( x), "t ³ t0 ,
it follows that
t

0
lim s ( x, t ) = lim G¥e ( x, t ) + lim ò-¥[G (t - s ) - G¥ ]d se ( x, s ) = G¥e 0 ( x),
t ®¥

t ®¥

t ®¥

where the relaxation modulus
G¥ = lim G (t )
t ®¥

is assumed to be positive. Then, using Eq. (2) and letting
Gˆ (t ) = G(t ) - G¥

(4)

the stress-strain relation (1) may be rewritten as
t
s ( x , t ) = G¥e ( x , t ) + ò Gˆ (t - s)d se ( x , s).
-¥

(5)

Of course, the choice of G is required to satisfy some basic principles, like the fading memory
principle and the dissipation principle, a thermostatic version of the second law of thermody‐
namics (see [3], for instance). In general, these conditions allow the memory kernel to be
unbounded at the origin.
In the terminology of Dautray and Lions [4], hereditary effects with long memory range are
represented by a convolution integral, where
G Î L1 (0,T ) Ç C 2 (0,T ),

"T > 0

(6)
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whereas a short memory range is related to singular kernels of the Dirac delta type. In the latter
case, letting Ĝ = Γδ0, where δ0 denotes the Dirac mass at 0+, from Eq. (1) it follows:

s ( x , t ) = G¥e ( x , t ) + G¶ te ( x , t )

(7)

where ∂t denotes partial derviation with respect to ‘t’.
which is named the Kelvin-Voigt model. On the other hand, assumption (6) may be strengthened
by letting G be bounded along with its derivatives
G Î L¥ (0,T ) Ç Cb2 (0,T ),

"T > 0.

(8)

If this is the case,
G0 = lim G (t )
t ® 0+

and an integration by parts changes Eq. (1) into the alternate forms
t

¥

-¥

0

s ( x , t ) = G0e (t ) + ò G¢(t - s)e ( x , s)ds = G0e ( x , t ) + ò G¢(t )e ( x , t - t )dt ,

(9)

where the relaxation function G'(τ) is the derivative with respect to τ of the Boltzmann function
G. This constitutive stress-strain relation is based on the Lebesgue representation of linear
functionals in the history space theory devised by Volterra [5]. Provided that Eq. (2) holds true,
the Boltzmann and the Volterra constitutive relations are equivalent. The latter approach,
however, can be applied to a wilder class of strain histories (uniformly bounded, for instance),
in which Eq. (2) is no longer needed.
In the three-dimensional case, all fields depend on the space-time pair (x, t) ∈ Ω × ℝ, where
Ω ⊂ ℝ3 is the reference configuration. The displacement vector u(x, t) is given by
u( x , t ) = m ( x , t ) - x ,
where μ(x, ·) is the motion of x, and
E=

1
éÑu + ÑuT ùû ,
2ë

is the infinitesimal strain tensor. Borrowing from Eq. (9), the viscoelastic Cauchy stress tensor
T is given by

Non-Classical Memory Kernels in Linear Viscoelasticity
http://dx.doi.org/10.5772/64251

t

∞

−∞

0

T ( x , t ) =  0 E ( x , t ) − ∫ ′(t − s) E ( x , s)ds =  0 E ( x , t ) + ∫ ′(τ ) E ( x , t − τ )dτ .
where

(10)

:ℝ+ → Lin(Sym) stands for the relaxation function and
 0 = (0),

 ∞ = lim (τ ),
τ →∞

′(τ ) = ∂τ (τ ).

A simple manipulation of Eq. (10) yields an alternate stress-strain relation:
∞

T ( x , t ) =  ∞ E ( x , t ) − ∫ ′(τ )[ E ( x , t ) − E ( x , t − τ )]dτ .

(11)

0

For fading strain histories obeying Eq. (2), an integration by parts allows Eq. (10) to be rewritten
as
t
ˆ (t − s)d E ( x , s) =  E ( x , t ) − ∞
T ( x , t) = ∞ E ( x , t) + ∫ 
s
∞
∫ ˆ (τ )dτ E ( x , t − τ ),
0

−∞

(12)

where is defined as Ĝ in Eq. (4). The material is said to enjoy the fading memory principle
when, for every ε > 0 there exists a positive time shift S0(ε), possibly dependent on the strain
history, such that
∞

∫ ′(τ + s) E ( x , t − τ ) dτ
0

=

∞

∫ ˆ (τ + s)dτ E ( x , t − τ )
0

<ε ,

∀ s > s0 .

(13)

Note that Eq. (13) does work even if G(t) is allowed to be singular and non-integrable at the
origin. Indeed, the fading memory property requires that the memory kernel decays quickly
as the elapsed time τ go to infinity, but no limitation is imposed to its behavior near zero.

3. Aging models in linear viscoelasticity
Aging is a gradual process in which the properties of a material change, over time or with use,
due to chemical or physical agents. Corrosion, obsolescence, and weathering are examples of
aging. In metallurgical processes, aging may be induced by a heat treatment (age hardening).
Consequences of aging are of various types. For instance, the damages caused by melting or
time-deteriorating processes are examples for decreasing stiffness in elastic springs. Instead,
solidification of concrete is an irreversible transition process where the system increases its
stiffness and releases a large amount of energy per volume. As pointed out in the sequel, the
former type of aging is compatible with thermodynamics under isothermal conditions, while
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the latter involves a latent heat and then requires a non-isothermal framework. For definite‐
ness, in this section, we investigate viscoelastic solids and assume that the viscoelastic model
holds while the material is subject to chemical or physical agents at constant temperature. It
is then understood that we look for the modeling of aging isothermal viscoelasticity.
In modeling aging effects, we might think that in Eq. (1), the dependence of the Boltzmann
function G on t and s is not merely through the difference t − s but involves t and s separately.
It is a central problem to understand how to model G and we would like to argue as far as
possible on physical grounds. The recourse to physical arguments to model aging properties
is not new in the literature (see, e.g., [6, 7]). Quite naturally one may refer to the classical
rheological models with regular kernels (8) and hence to express the aging properties in terms
of time-dependent elasticity and viscosity coefficients.
To this purpose, we first address attention to rheological models and, in particular, we consider
the standard solid and the Wiechert-Maxwell model [8, 9]. Hence, we establish the functional
providing the stress in terms of the strain. This procedure has the advantage of showing how
the dependence on the present value and that on the history of ε are influenced by the
rheological parameters. Next we generalize the model and look for the corresponding threedimensional version. For a generic time-dependent relaxation function, a free energy is found
to hold for the stress functional as a suitable Graffi-Volterra functional [3, 5, 10]. As a conse‐
quence, the stress functional is found to be compatible with thermodynamics subject to weak
restrictions on the relaxation function.
3.1. Insights from a rheological model
To get some insights about the modeling of aging viscoelastic solids, we start from the classical
standard linear solid where a Maxwell unit, consisting of a spring and a dashpot connected in
series, is set in parallel with a lone spring. While we have in mind the behavior of the model
in terms of elongation and forces, we extend the formulae to the continuum framework by the
standard analogies stress-force and strain-elongation. It is understood that the model is framed

Figure 1. Mechanical scheme of an aging standard viscoelastic solid.
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within a one-dimensional picture, so that both strains and stresses are scalar fields depending
on (x,t). Since the elastic and Maxwell elements are in parallel, the strain is the same for every
element and the applied stress is the sum of the stress in each element (see Figure 1).
Hereafter, the dependence on x of all the fields involved is understood and not written. For
the Maxwell element, let εs and εd be the strain of the spring and that of the dashpot. Hence,
denoting by ε the common strain we have

e = es + ed ,

(14)

Let σe be the stress on the isolated spring while σm the stress on the Maxwell element. Then,
the total applied stress is given by

s = s e + s m.
Moreover let k and ke be the elastic modulus (or rigidity) of the spring of the Maxwell element
and of the spring in parallel, respectively, and γ the viscosity of the dashpot (Figure 1). It is
the essential feature of the aging effect that k, ke and γ are positive functions of the time t. In
the Maxwell unit, the spring and the dashpot are in series and hence they are subject to the
same stress so that, according to the Hook’s law,

s e = k ee ,

s m = ke s = g¶ te d ,

(15)

where ∂t denotes partial differentiation with respect to time t. Using the last equality, from Eq.
(14) we have
1
¶ e +e =e,
a t d d

a=

k
g

(16)

Incidentally, if ke and k are time independent then time differentiation of Eq. (14) and use of
Eq. (15) give
¶ te =

1
1
(¶ ts - ke¶ te ) + (s - kee ),
k
g

which holds for any viscoelastic standard element. Letting g0 = ke + k and g∞=ke, this differential
equation is equivalent to
¶ ts = g 0¶ te - a (s - g ¥e ),
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which is commonly used in the literature. So far it is only assumed that
(A1) ke, k, γ∈ℂ1 (ℝ) and ke(t), k(t) ≥ 0, γ(t) ≥ γ0 > 0 for every t∈ℝ.
t

(A2)

∫

α(ξ)dξ = ∞

−∞

The last condition is fulfilled when α = k/γ is a constant function, for instance.
We may regard Eq. (16) as a differential equation in the unknown εd(t). Then, integration over
[t0,t] yields

æ t
ö t
æ t
ö
e d (t ) = e d (t0 )exp ç - ò a ( y )dy ÷ + ò exp ç - ò a ( y )dy ÷a ( s )e ( s )ds.
ç t
÷ t
è s
ø
è
ø
0

0

It is convenient to let t0→−∞ . By assuming that εd is uniformly bounded on (−∞ ,t], assumption
(A2) allows us to take

æ t
ö
(
t
)exp
e
ç - ò a ( s )ds ÷ = 0.
lim d 0
ç t
÷
t0 ®-¥
è
ø
0

Hence, we have
t
æ t
ö
e d (t ) = ò exp çç - ò a ( y )dy ÷÷ a ( s )e ( s )ds,
-¥
è s
ø

and from the representation

s = kee + ke s = [ke + k ]e - ke d ,
we obtain the stress-strain relation

æ t
ö
t
s (t ) = [ ke (t ) + k(t )]e (t ) - ò k(t )exp çç - ò a ( y )dy ÷÷a ( s)e ( s)ds.
-¥
è s
ø
which involves both the present value ε(t) and the past history ε(s),s ∈ − ∞,t . Since

(17)
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æ t
ö
æ t
ö
exp çç - ò a ( y )dy ÷÷ a ( s ) = ¶ s exp çç - ò a ( y )dy ÷÷ ,
è s
ø
è s
ø
an integration by parts allows (17) to be rewritten as

æ t
ö
t
s (t ) = ke (t )e (t ) + ò k(t )exp çç - ò a ( y )dy ÷÷ ¶ se ( s)ds.
-¥
è s
ø

(18)

provided that ε is uniformly bounded on [−∞ ,t). A change of variables τ = t−s within Eq. (17)
leads to the alternate form

æ t
ö
¥
s (t ) = [ ke (t ) + k(t )]e (t ) - ò k(t )exp çç - ò a (t - x )dx ÷÷a (t - t )e (t - t )dt .
0
è 0
ø

(19)

Finally, after introducing the so-called relative history,

h t (t ) = e (t ) - e (t - t ),
the stress-strain relation may be rewritten as

æ t
ö
¥
s (t ) = ke (t )e (t ) + ò k(t )exp çç - ò a (t - x )dx ÷÷a (t - t )h t (t )dt .
0
è 0
ø

(20)

3.2. Some remarks on the aging effect
To give some evidence to the aging effects, we fix a time t0 < t and we let

ke = ke (t0 ),

k = k (t0 ),

g = g (t0 ).

This statement holds even if t0 = −∞ provided that we identify the constant values with the

limits as t → −∞ . If no aging affects the material, then
ke ( t ) = ke ,

k( t ) = k ,

γγ
(t ) =

∀t ∈ .
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Otherwise, remembering that α = k/γ, we introduce the functions

k (t ) = ke (t ) / ke ,

ù (t ) = k (t ) / k ,

w( y ) = a ( y ) / a .

In particular, κ, ϰ and w equal unity for non-aging materials. This approach leads to identify
κ and w with the aging factors of the elastic and the Maxwell elements, respectively. Moreover,
Eq. (18) becomes

t

s (t ) = kek (t )e (t ) - ò k exp[-a (t - s)]H (t , s)¶ se ( s)ds
-¥

(21)

where

é t
ù
H (t , s ) = ù (t )exp êa ò [1 - w( y )]dy ú .
ë s
û
This suggests that aging effects can be modeled by means of two functions: κ and H. In our
notation, the present value ε(t) is affected by the factor κ(t), whereas the history of ε is affected
by the function H(t,s). Letting

J (t ) = ke + k exp[-at ],

J ¥ = lim J (t ) = ke ,
t ®¥

Jˆ (t ) = J (t ) - J ¥

the stress-strain relation (21) may be rewritten as
t
s (t ) = J ¥k (t )e (t ) + ò Jˆ (t - s ) H (t , s ) ¶ se ( s )ds
-¥

(22)

For non-aging materials, κ(t) = H(t,s) ≡ 1, and this relation reduces to Eq. (5).
We end by observing that in [11] fatigue effects are modeled by using the convolution form (3)
modified by the occurrence of a reduced time tr in place of time t, that is
t
t
s (tr ) = ò rG (tr - s )¶ se ( s )ds = G¥e (tr ) + ò r Gˆ (tr - s )¶ se ( s )ds,
0

where

0

(23)
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tr = ò

t

0

1
dt ,
aT (t )

aT being named the time-temperature shift factor. A similar approach may equally well model
other aging effects. If we denote by f(t) the function associated with the aging process applied
to the body, then we may introduce a rescaled time tr which is given by
t

tr = ò f (t )dt .
0

To our mind the use of a rescaled time tr is an operative way of accounting for aging effects.
Hereafter, we show that Eq. (18) may be represented as a linear convolution integral after
introducing a suitable rescaled time. We start by letting

æ t
ö
exp ç - ò a ( y )dy ÷ = exp ( -[ A(t ) - A( s )])
è s
ø
where, for every fixed t,
s

A( s ) = ò a ( y )dy ,
0

s £ t,

is positive and nondecreasing because of (A1). Moreover, from (A2) lims→−∞ A(s) = − ∞ , so that
tr=A(t) plays the role of a rescaled time. Letting ε^(A(s)) = ε(s), we have

¶ A( s )eˆ ( A( s ))dA( s ) = ¶ seˆ ( A( s ))ds = ¶ se ( s )ds
and the stress-strain relation (18) may be rewritten as

s (t ) = ke (t )e (t ) + k (t ) ò

A(t )

-¥

exp ( -[ A(t ) - A( s )]) ¶ A( s )eˆ ( A( s ))dA( s ).

This expression suggests that aging effects may be partly represented by a suitable change of
the time scale within the memory integral. Indeed,

t

sˆ (tr ) = ke (t )eˆ (tr ) + k (t ) ò r exp [ -(tr - sr )] ¶ s eˆ ( sr )dsr ,
-¥

r

(24)
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where tr=A(t), sr=A(s), and σ^ (tr) = σ(t). This expression completely matches with Eq. (23) only if

ke and k are constants. For non-aging materials, the scaling turns out to be linear, tr=A(t)=αt,
and Eq. (24) becomes
t

s (t ) = kee (t ) + ò k exp [ -a (t - s )]¶ se ( s )ds.
-¥

3.3. From long to short memory: a possible aging effect
Instead of (A1) and (A2), we assume here
(B1) ke, γ > 0 are constants.
(B2) k ∈ ℂ1(ℝ) is positive, nondecreasing and such that

lim k (t ) = b > 0,

t ®-¥

lim k (t ) = ¥.
t ®¥

From (B1), the viscosity of the damper and the rigidity of the lone spring are constants, whereas
(B2) translates the fact that the spring in the Maxwell element becomes completely rigid in the
longtime. Under the additional very mild assumption
1

(B3) lim
t→∞

k ′(t )
k (t )

2

= 0,

we can prove that the Kelvin-Voigt viscoelastic model (7) is recovered when t → ∞ . Namely,
letting

é 1 t
ù
kt ( s ) = k (t )exp ê - ò k ( y )dy ú ,
s
ë g
û
within (B1)-(B3) the distributional convergence

kt ® gd 0
occurs as t → ∞ , so that Eq. (18) collapses into the Kelvin-Voigt stress-strain relation

s KV = kee + g¶ te .

1

It is easily seen that (B3) always holds, for instance, when k is eventually concave down as t → ∞ .

(25)

Non-Classical Memory Kernels in Linear Viscoelasticity
http://dx.doi.org/10.5772/64251

The rigorous proof can be found in [12]. Since the function kt(·) is nonnegative for every t, Eq.
(25) follows by showing that, for every fixed v ≥ 0,
¥
ìg if n = 0,
lim òn kt ( s )ds = í
t ®¥
î 0 if n > 0.

Assumptions (B1)-(B3) comply with the dissipation principle, as proved by Example 2 in
Section 3.7.
3.4. The Wiechert-Maxwell model with aging
The Wiechert-Maxwell model (or Generalized Maxwell model) is composed by a bunch of (say
N) Maxwell elements, assembled in parallel, and a further spring in parallel with the whole
array. Since all elements are in parallel the strain is the same for every element and the applied
stress is the sum of the stress in each element.
ε denotes the common strain and σe denotes the stress on the isolated spring, while σ1,…,σN
are the stresses on the Maxwell pairs. Moreover, let ke, k1,…, kN be the elastic modulus (or
rigidity) of the N + 1 springs and γ1,…,γN the viscosity coefficients of the dashpots. It is the
essential feature of the aging effect that ke, k1,…, kN and γ1,…,γN are functions of the time t (see
Figure 2).

Figure 2. Mechanical scheme of a Wiechert-Maxwell model.

The dependence of k and γ on time requires that we review the elementary arguments to
determine the relations among σe, σ1,…,σN and ε. For each jth Maxwell element, let εsj and εdj
be the strain of the spring and that of the dashpot. Hence, we have

e = e sj + e dj ,

s e = kee ,

As a consequence, γj∂tεdj + kjεdj = kjε, and then

s j = k je sj = g j ¶ te dj .
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¶ te dj + a je dj = a je ,

a j = k j / g j.

(26)

Previous assumptions are generalized for any j = 1,…,N, as follows:
(C1) ke, kj, γj ∈ ℂ1(ℝ) and ke(t) ≥ 0, kj(t) ≥ 0, γj(t) ≥ γ0 > 0, for every t ∈ ℝ,

∫
t

(C2)

αj (ξ )dξ =

∞ , for every t ∈ ℝ.

−∞

By regarding Eq. (26) as a differential equation in the unknown εdj(t), for the jth Maxwell
element we have
t
æ t
ö
s j (t ) = k j (t )e (t ) - k j (t ) ò exp ç - ò a j ( y )dy ÷a j ( s )e ( s )ds.
-¥
è s
ø

The whole stress on the Wiechert-Maxwell model is then given by

N
N
t
æ t
ö
é
ù
s (t ) = ê ke (t ) + åk j (t ) ú e (t ) - åk j (t ) ò exp ç - ò a j ( y )dy ÷a j ( s )e ( s )ds.
-¥
j =1
j =1
ë
û
è s
ø

(27)

To give some evidence to the aging effects as in Section 3.2, we assume that all springs and
dashpots within the Maxwell elements have common aging factors.
(C3) There exist a time t0 ∈ ℝ (possibly, t0 = -∞ ) and two functions ϰ, w: ℝ → ℝ such
that ϰ(t0) = w(t0) = 1 and for every j = 1,…,N
k j (t ) = k j ù (t ), a j ( y ) = a j - a [1 - w( y )], where a =

N

In particular,

1 N
å j =1a j
N

N

∑ α (y) = ∑ α w(y). Defining the aging factors as follows:
j=1

j

j=1

j

k (t ) = ke (t ) / ke (t0 ),

é t
ù
H (t , s ) = ù (t )exp êa ò [1 - w( y )]dy ú ,
ë s
û

the stress-strain relation (27) may be rewritten in the form (22) by letting
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N

Jˆ (t ) = åk j exp[-a jt ].

J ¥ = ke (t0 ),

j =1

As in the standard solid model, the present value ε(t) is affected by the factor κ(t) only, whereas
the history of ε is affected by the function H(t, s).
3.5. Time-dependent linear viscoelasticity
Borrowing from the Wiechert-Maxwell solid developed above, we now state the uniaxial
stress-strain constitutive equation that allows for time-dependent properties. If we introduce
the function
N
æ t
ö
G (t , s ) = ke (t ) + åk j (t )exp ç - ò a j ( y )dy ÷
j =1
è s
ø

which is defined on the half plane = {(t, s) ∊ ℝ2 :s ≤ t}, the Wiechert-Maxwell constitutive law
(27) may be rewritten into the general form

t

σ ( x , t ) = G0 (t )ε ( x , t ) − ∫ ∂ sG(t , s)ε ( x , s)ds ,

(28)

−∞

where ∂s denotes partial differentiation with respect to the variable s and
N

G0 (t ) := G (t , t ) = ke (t ) + åk j (t ),
j =1

for all t ∈ ℝ. In addition, from (C1)–(C2) we have

G¥ (t ) := lim G (t , s ) = ke (t ) > 0,
s ®-¥

N

G0 (t ) - G¥ (t ) = åk j (t ) ³ 0.
j =1

For further convenience, we define Ğ: ℝ × ℝ+ → ℝ as Ğ(t, τ) = G(t, t - τ) so that

(
(
(
G0 (t ) = G (t ,0) > 0, G¥ (t ) = lim G (t ,t ) > 0, ¶t G (t , t - t ) = ¶t G (t ,t ).
t ®¥

Finally, remembering that G0(t) = G(t, t), an integration by part of (28) yields
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t
t
s ( x, t ) = ò G (t , s )¶ se ( x, s )ds = G¥ (t )e (t ) + ò Gˆ (t , s )¶ se ( x, s )ds
-¥

-¥

(29)

provided that Eq. (2) holds and

Gˆ (t , s ) = G (t , s ) - G¥ (t ).
The classical expressions (5) and (9) are recovered from Eqs. (29) and (28), respectively, by
simply assuming that G(t, s) = G(t-s), s ≤ t. If this is the case, G0 and G∞ turn out to be constants.
We now look for a general, though linear, time-dependent three-dimensional model. Accord‐
ing to Eq. (28), the Cauchy stress tensor T is given by

t

T ( x , t ) =  0 (t ) E ( x , t ) −∂
∫ s(t , s) E ( x , s)ds,

(30)

−∞

where

stands for the t-dependent relaxation function and

Letting

: ℝ × ℝ+ → Lin(Sym) such that

a change of the integration variable into Eq. (30) yields an alternate stress-strain relation

∞
T ( x , t ) =  0 (t ) E ( x , t ) + ∫ ∂−
τ (t ,τ ) E ( x , t τ )dτ ,

(31)


∞
T ( x , t ) =  ∞ (t ) E ( x , t ) −∂
E ( x , t τ )]dτ .
∫ τ (t ,τ )[ E ( x , t) −−

(32)

0

or equivalently

0

Moreover,
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For non-aging materials,

(t, s) and

(t, τ) reduce to

(t-s) and

(τ), respectively.

Hereafter, for ease in writing, we introduce the function

 (t ,τ ) = −∂τ (t ,τ ),

(t ,τ ) ∈  ×  + ,

(33)

which is assumed to satisfy the following properties.
(M1)

(t ,τ )   (t ,τ ) ∈ L∞ ( )

for every compact set

⊂ ℝ × ℝ+.

τ   (t ,τ )
(M2) For every fixed t ∈ ℝ, the map
is positive semi-definite, absolutely contin‐
+
uous and summable on ℝ . Then, for every t ∈ ℝ

Besides, it is differentiable for all τ ∈ ℝ+ and

(t ,tt
) a ¶Î
L¥ (C )
t G (t , )
for every compact set

⊂ ℝ × ℝ+.

(M3) For every fixed τ > 0, the map

t   (t ,τ )

is differentiable for all t ∈ ℝ. Besides,

(t ,tt
) a ¶Î
L¥ (C )
t G (t , )
for every compact set

⊂ ℝ × ℝ+.

(M4) There exists a nonnegative scalar function M: ℝ → ℝ+, bounded on bounded intervals,
such that

¶ tG (t ,ttt
) + ¶t G (t , ) £ - M (t )G (t , )
for every (t, τ) ∈ ℝ × ℝ+.

According to (M2), the t-dependent relaxation function  may be represented as
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τ
(t ,τ ) =  0 (t ) − ∫  (t ,σ )dσ .
0

Borrowing from the scalar case,

∞

(t) is assumed to be positive definite for every t ∈ ℝ, namely

Finally, an integration by part of Eq. (30) yields
(34)
provided that Eq. (2) holds for E and

As an advantage, within Eq. (34),

may be unbounded at the origin.

In order to stress the aging effects, we might assume the following factorization of the memory
kernel G.
(M5) There exist three functions,
such that ℍ is uniformly bounded,

and
and, for every t ∈ ℝ and s < t,

Accordingly, the stress-strain relation (34) may be rewritten into the form (22). The aging
factors κ and ℍ reduces to unit when non-aging materials are considered.
So far, we restrict our attention to scrutinize stress-strain relations in the form (30). In particular,

for isotropic materials  takes the special form

where 1 is the unit second-order tensor, is the symmetric fourth-order identity tensor, and λ,
μ: ℝ × ℝ+ are named Lamé relaxation functions. Accordingly,
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 (t ,τ ) = −∂τ λ (t ,τ )1 ⊗ 1 − 2 ∂τ µ (t ,τ )  ,

3.6. A Wiechert-type three-dimensional model
In the sequel, we scrutinize the special isotropic vector-valued kernel
1 and
2 are given by

N
 τ

i (t ,τ ) = ∑k ji (t )α ji (t − τ )exp  − ∫ α ji (t − y )dy 


j =1
 0


 = 1 1 ⊗ 1 + 2 

, where

i = 1,2,

(35)

as in the rheological Wiechert-Maxwell model devised in Section 3.1. We first prove that
properties (M1)-(M4) hold provided that some additional restrictions are imposed on the
material functions kji and αji. Finally, we give some examples of these functions that fulfill these
conditions.
• (M1) Starting from (C1), it is quite trivial to prove this property.
• (M2) By virtue of Eq. (35) and (C1), Gi , i=1,2, are positive and continuously differentiable
with respect to t and τ. Moreover,

(36)

Hence, (t), is summable and vanishing at infinity for every t ∈ ℝ. In addition, we have

t
N
æö
¶t Gi (t ,tatat-a
) = å[ ¢ji (t - ) + 2ji (t - )]exp ç÷
ò0 ji (t - y)dy , i = 1,2,
j =1
èø

Hence (M2) is fulfilled.
• (M3) It is obviously true as αji ∈ ℂ1(ℝ) by virtue of (C1)-(C2). In particular,
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N

¶ tGi (t ,t ) = å[k ¢ji (t )a ji (t - s ) + k ji (t )a ¢ji (t - t )
j =1

æ t
ö
- k ji (t )a ji (t - t )[a ji (t ) - a ji (t - t )]]exp ç - ò a ji (t - y )dy ÷
è 0
ø
N
æ t
ö
= å[k ¢ji (t ) - k ji (t )a ji (t )]a ji (t - t )exp ç - ò a ji (t - y )dy ÷ - ¶t Gi (t ,t ).
j =1
è 0
ø

• (M4) In order to prove this property we need more restrictive conditions. Since

a sufficient condition to ensure (M4) is given by

¶ tGi + ¶t Gi £ k ji2 (t )Gi ,

i = 1,2.

(37)

In order to prove these inequalities, we now assume
k′ji (t )γ ji (t ) ≤ k ji2 (t ), ∀t ∈ .

(38)

and for every t ∈ ℝ we let
é
k ¢ji (t ) ù
M (t ) = min min êa ji (t ) ú.
i =1,2 j =1,.., N
k ji (t ) ûú
ëê
It is apparent that M(t) ≥ 0 and then from (35) it follows:

N é
k ¢ (t ) ù
æ t
ö
¶ tGi (t ,t ) + ¶t Gi (t ,t ) = -å êa ji (t ) - ji ú k ji (t )a ji (t - t )exp çç - ò a ji (t - y )dy ÷÷
k ji (t ) ûú
j =1 ë
ê
è 0
ø
N
æ t
ö
£ - M (t )åk ji (t )a ji (t - t )exp çç - ò a ji (t - y )dy ÷÷ = - M (t )Gi (t ,t )
j =1
è 0
ø

When non-aging material parameters are involved, Eq. (37) reduces to ∂τ
which implies the exponential decay of the kernels.

i

+M

i

≤ 0, i = 1, 2,
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3.7. Some examples
We present here some special expressions of material functions kji and αji, j = 1, 2,…, N, i = 1, 2,
which fulfill properties (M1)-(M4).
• Example 1.
For simplicity, we restrict our attention to a single Maxwell element. Letting j = 1. and i = 1,
2, we choose
k1i (t ) = k i , g 1i (t ) =

e

hi
,
+1

bi , k i ,hi > 0

bi t

and then

a1i (t ) =

k i bi t
(e + 1),
hi

so that (A1) and (A2) hold true. Condition (38) is fulfilled for all t ∈ ℝ and for every choice
of the parameters, so that

• Example 2.
Otherwise, for j = 1. and i = 1,2, we can choose
ωt

k1i (t ) = κγη
( e i + 1), 1i (t ) = i ,
i

∀t ∈  , i = 1,2,

where ωi, ki, ηi > 0. Accordingly,

so that (A1) and (A2) hold true. On the other hand, condition (38) reduces to
ww
it
it
i

wh
i ie
which is equivalent to

£ k (e

+ 1) 2 , i = 1, 2.
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wh
wt
-w t
i i - 2k i
£ e i + e i = cosh wit , i = 1, 2,
ki
and is fulfilled for all t ∈ ℝ provided that ωi ≤ 3 Ki / ηi. If this is the case,

3.8. Motion, free energies, and thermodynamics
We now derive the motion equation related to the time-dependent viscoelastic stress-strain
relation (32) and we examine its compatibility with thermodynamics. The displacement field
u: Ω×ℝ → ℝ3, relative to the reference configuration Ω ⊂ ℝ3, is subject to the equation of motion

r¶ tt u = Ñ × T + f ,
where f is the body force, per unit volume. Hence, from Eqs. (32)–(33), we obtain

∞

ρ∂−∇⋅∇−∇⋅∇−−
u( x , t )
 ∞ (t ) u( x , t )
tt
∫ (t , s) [u( x , t) u( x , t s)]ds = f ( x , t).

(39)

0

In order to introduce the initial boundary value problem for this equation, we have to take in
mind that it is not invariant under time shift.
Consistent with linear viscoelasticity, we restrict attention to isothermal processes, namely
those where the temperature is constant and uniform. Hence, the local form of the second law
inequality reduces to the dissipation inequality

-r

d
y + T × D ³ 0,
dt

where ρ is the mass density, is the Helmholtz free energy density per unit volume, and D is
the stretching tensor. Again for consistency with the linearity of the model, we let the mass
density ρ be constant and take the approximation
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Accordingly, we take the dissipation inequality in the form

r

d
y £ T × Ñ¶ t u.
dt

(40)

In materials with memory, the motion equations are required to rule both the displacement
instantaneous value u(t) and its history up to t. Letting t0 ∈ ℝ be arbitrarily fixed, we define
the relative displacement history ζt(x,s), with (t,s) ∈ [t0,T] × ℝ+, by

s £ t - t0 ,
ïìu( x , t ) - u( x , t - s),
z t ( x , s) = í
ïîz t0 ( x , s - t + t0 ) + u( x , t ) - u( x , t0 ), s > t - t0 ,

(41)

where ζt is the prescribed initial (relative) past history of u up to t0,
0

ζ t ( x , s) = u( x , t0 ) −−
u( x , t0 s)
0

s ∈ [0, +∞).

Accordingly, ζt(x,0) = 0 and the motion equation (39) becomes a system
ìï r¶ u( x , t ) - Ñ × G (t )Ñu( x , t ) - Ñ × ¥G (t , s)Ñz t( x , s)ds = f ( x , t ),
tt
¥
ò0
í
t
ïî¶ tz ( x , s) = ¶ t u( x , t ) - ¶ s z t( x , s)

(42)

where u : Ω×[t0, +∞) and ζt : Ω×ℝ+ → ℝ3, T ∈ [t0, +∞) are the unknown variables. Their initial
conditions are prescribed at t0 ∈ ℝ as follows

ì
ïu( x , t0 ) = ut0 ( x ),
ï
í¶ t u( x , t0 ) = vt0 ( x ),
ï t
ï z 0 ( x , s) = z t ( x , s), s Î [0, +¥).
0
î

Let H0 = [L2 (Ω)]3 and H1 = [H10(Ω)]3, and let ⋅ , ⋅

j

(43)

denote the usual inner product in Hj, j = 0,1.

For every t ≥ t0, we introduce the family of memory spaces
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where
denotes the t-dependent weighted L2 inner product equipping each
. In this
functional framework, the motion equation admits a unique regular solution. The proof of this
result can be found in [12, Th. 4.5].
Theorem 1.Let ℋt = H1 × H0 ×

and f ∈ H0. Under assumptions (M1)-(M4), for every T > t0

zt = ( ut , vt ,ζ t ) ∈ t
0
0
0
0 , problem (42)-(43) admits a unique solution
and every initial datum 0
t
z(t) = (u(t), ∂tu(t), ζ ) on the interval [t0,T] such that

u Î C ([t0 ,T ], H 1 ) Ç C 1 ([t0 ,T ], H 0 ),

z tÎ Mt , "t Î [t0 ,T ],

and

for some C > 0 depending only on T, t0 and the size of the initial datum ‖z‖ℋ .
t0

Now, we introduce a time-dependent free energy density borrowing its expression from the
Graffi’s single-integral quadratic form (see [13] and references therein). Let
1
1 ∞
ψ (∇u(t ), ∇ ζ t , t ) =  ∞ (t )∇u(t ) ⋅ ∇u(t ) + ∫  (t , s)∇ ζ t( s) ⋅ ∇ ζ t( s)ds.
2
2 0
For ease in writing, hereafter the dependence on x is understood and not written. In addition,
we assumeρ = 1. After integrating over Ω, we end up with the total free energy functional

Theorem 2. For an aging viscoelastic material, the dissipation inequality (40) is fulfilled
provided that (M4) holds and
'∞ (t ) ≤ 0, ∀t ∈ .
Proof. First we observe that

(44)
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Then, by virtue of (42), and some integration by parts, we obtain

and, taking into account (41),

In summary, we end up with

Owing to (M4), this yields

where M(t) ≥ 0, and (44) finally implies the dissipation inequality

d
Y ( u(t ), z t ) £ áT (t ), Ñ¶ t u(t )ñ 0 .
dt t

4. Singular kernel models in linear viscoelasticity
The study of singular kernel problems is motivated by the modeling of new materials and, in
particular, of the mechanical behavior of some new viscoelastic polymers and bio-inspired
materials. As noticed in [14], the appropriate way to handle the response of certain timedependent systems exhibiting long tail memories is to account for power laws, both for creep
and relaxation, leading to the occurrence of fractional hereditariness. Another example
encountered in natural materials is mineralized tissues as bones, ligaments, and tendons. They
exhibit a marked power-law time-dependent behavior under applied loads (see e.g. [15]), since
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the high stiffness of the crystals in such tissues is combined with the exceptional hereditariness
of the collagen protein-based matrix. In all these cases, we are forced to abandon the regularity
assumptions (8) and assume the memory kernels obey Eq. (6) and are unbounded at the origin.
The idea of singular kernels to model particular cases of viscoelastic behaviors was introduced
by Boltzmann [2] in the nineteenth century. The fast growth of polymer science motivated
further developments of viscoelasticity in the middle of the twentieth century [16, 17], but a
Volterra-type integro-differential equation with a regular kernel (typically, a finite sum of
exponentials) was preferred to the Boltzmann approach in the modeling of the mechanical
response [5, 18]. Later, however, many authors addressed their interest to singular kernel
problems, both under the analytical as well as the model point of view [19–24], and their
thermodynamical admissibility was analyzed in [25]. In modern viscoelasticity, it is a central
problem to understand how to model the memory kernels, and it should be argued as far as
possible on physical grounds. So, the first question to answer to is why do we consider singular
kernel models. More recently, new viscoelastic materials, such as viscoelastic gels, have been
discovered and their mechanical properties are well described by virtue of convolution integral
with singular kernels: for instance, fractional and hypergeometric kernels [1]. This applicative
interest gave rise to a wide research activity concerning singular kernel problems, both in rigid
thermodynamics with memory as well as in viscoelasticity (see, for instance, [26–31], and
especially concerning applications of fractional calculus to the theory of viscoelasticity and the
study of new bio-inspired materials [15, 32–35]. A recent book [36] provides an overview on
this subject. In this framework, Fabrizio [37] analyzes the connection between Volterra and
fractional derivatives models and shows how experimental results motivate us to adopt, as in
this present article, less restrictive functional requirements on the kernel representing the
relaxation modulus.
4.1. Singular isothermal viscoelastic body with memory
To start with, the one-dimensional classical viscoelasticity problem is recalled. It reads
t

utt = G(0)uxx + ò G¢(t - t )uxx (t )dt + f

(45)

u(×,0) = u0 , ut (×,0) = u1 in W; u = 0 on S = ¶W ´ (0,T )

(46)

0

where Ω = (0,1). When, to model the physical behavior of new materials or polymers, the
regularity assumptions on the relaxation modulus are relaxed, G is assumed to satisfy the
following functional requirements
G ∈ L1 (0,T ) ∩ C 2 (0,T ),

G′ ∈ L1 (0,T ) , ∀T ∈ 

(47)
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that is, now, the relaxation function G(t) is not required to be finite at t = 0 and then Eq. (45)
loses its meaning and, hence, needs to be replaced by a different one. The method to overcome
this difficulty, devised in [28], consists in the introduction of a suitable sequence of regular
problems, depending on a small parameter 0 < ε ≪ 1 which, in the limit ε → 0 reduce to the
singular problem under investigation. The key steps of the approximation strategy can be
sketched as follows.
• Let K, termed integrated relaxation function, denote
x

K(x ) :=ò G(t )dt , K(0) = 0 ;

(48)

0

it is well defined, since

G ∈ L1 (0,T ), ∀T ∈  + .

• Then, introduce the regular problems:
t

Pe : utte = Ge (0)uexx + ò G¢e (t - t )uexx (t )dt + f
0

where Ge (×) := G(e + ×)

(49)

together with the initial and boundary conditions
(50)
• For each ε, the problem Pε is a regular approximated problem since Gε(0) is finite and,
therefore, the initial boundary value problem (49)-(50) admits a unique solution:
• then, find approximated solutions uε, 0 < ε ≪ 1,
•
show the existence of the limit solution

u := lim uε
ε →0

• prove the uniqueness of the limit solution u which represents a weak solution admitted by
the singular problem.
Note that, corresponding to each value of ε, the problem Pε is equivalent to the integral equation:
t

t

t

0

0

0

Pe : ue (t ) = ò K e (t - t )uexx (t )dt + u1t + u0 + ò dt ò f (x )dx ,

(51)

Partial derivation w.r. to t, twice, of Eq. (51) delivers Eq. (49) together with initial and boundary
conditions (50). Furthermore, when ε = 0, we obtain the well-defined problem
t

t

t

0

0

0

P : u(t ) = ò K (t - t ) uxx (t )dt + u1 t + u0 + ò dt ò f (x )dx

(52)
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where the superscripts, in the case ε = 0, are omitted for notational simplicity. Hence, the
following theorems can be proved. Here only the outlines of the proofs are given; the details
are comprised in [28] when homogeneous Dirichlet b.c.s (50) are imposed and in [27] when
homogeneous Neumann b.c.s are considered.
Theorem 1Given uε solution to the integral problem Pε (51), then
$ u(t ) = lim ue (t ) in L2 (Q) , Q = W ´ (0,T ).
e ®0

(53)

Proof’s outline:
• weak formulation, on introduction of test functions φ ∈ H1(Ω × (0,T) s.t. φx = 0, on ∂Ω,
• consider separately the terms without ε,
• the terms with uε and Kε,
• prove convergence via Lebesgue’s theorem.
Furthermore, the weak solution, as stated in the following theorem, is unique.
Theorem 2The integral problem (52) admits a unique weak solution.
Proof’s outline: The result is proved by contradiction, see [28] for details, assuming there are
two different solution and, then, showing that such an assumption leads to a contradiction.
As a final remark, we wish to emphasize that, since the isothermal rigid viscoelasticity model
exhibits remarkable analogies, under the analytical point of view [38], with rigid thermody‐
namics with memory, then, analogous results can be obtained also in the study of singular
kernel problems in such a framework [29].
4.2. Magneto-viscoelasticity problems
This section is concerned about a problem in magneto-viscoelasticity, again under the
assumption of a memory kernel singular at the origin. The interest in magneto-viscoelastic
material finds its motivation in the growing interest in new materials such as magnetorheological elastomers or, in general, magneto-sensitive polymeric composites (see [39–41] and
references therein). The model adopted here to describe the magneto-elastic interaction is
introduced in [42]. Evolution problems in magneto-elasticity are studied in [43] and, later
magneto-viscoelasticity problems are considered in [44, 45]. Notably, under the analytical
viewpoint, when the coupling with magnetization is considered, the problem to study is
modeled via a nonlinear integro-differential system while the purely viscoelastic problem is
linear.
To understand the model equations, a brief introduction on the model magnetization here
adopted, based on [46], who revisited the Gilbert magnetization model. Accordingly, when
Ω ⊂ ℝ3 denotes the body configuration, the related magnetization changes according to the
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Landau Lifshitz equation, which, in Gilbert form, where m represents the magnetization vector
reads

γ −1mt − m × ( a ∆m − mt ) = 0 ,| m |= 1, γ , a ∈  + .

(54)

The quantities of interest, in the general three-dimensional case, are the following ones:

where the coefficients λklmn are subject to the condition

lijkl = l1d ijkl + l2d ijd kl + l3 (d ikd jl + d ild jk )

(55)

Then, the following constitutive assumptions are assumed. Thus, the exchange magnetization
energy is given by

Eex (m) =

1
a m m dW
2 òW ij k ,i k , j

(56)

where

Then, the magneto-elastic energy is given by

Eem (m , H ) =

1
l m m e ( H ) dW
2 òW ijkl i j kl

(57)
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The viscoelastic energy is given by

Eve ( u) =

1
1 t
Gklmn (0)e kle mndW + ò dt
ò
W
2
2 0

where the tensor’s entries of

Gklmn = Gmnkl = Glkmn
Gklmn e kl emn
e kl e kl ,
Gklmn e kl e mn 0
Gklmn e kl e mn 0

( ò G¢
W

klmn

(t - t )e kl (t )e mn (t )dW

)

(58)

satisfy

> 0, e kl = elk

Then, the total energy of the system is given by
E(m , u) = Eex (m) + Eem (m , u) + Eve (u),

(59)

taking into account, further to the single magnetic and viscoelastic contribution, of the
exchange energy.
4.2.1. A regular magneto-viscoelasticity problem
The problem we are concerned about is the behavior of a viscoelastic body subject also to the
presence of a magnetic field; in the one-dimensional case, it is modeled by the nonlinear system
t
ì
l
ïutt - G(0) uxx - ò0G¢(t - t ) uxx (t ) dt - 2 ( L(m) × m)x = f ,
ï
ï
in Q
í
2
ïm + m|m | -1 + lL(m)u - m = 0,
x
xx
ï t
e
ï
î

(60)

≡ (0,m, where m = (m1, m2), denotes the magnetization
where Ω = (0,1), := Ω ×(0, T) and
vector, orthogonal to the conductor, since u ≡ (u, 0, 0), when both quantities are written in ℝ3
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in addition, v is the outer unit normal at the boundary ∂Ω, Λ is a linear operator defined by
Λ(m) = (m1, m2) the scalar function u is the displacement in the direction of the conductor itself,
here identified with the x axis and λ is a positive parameter. In addition, the term f represents
an external force which also includes the deformation history.
In [44], the existence and uniqueness of the solution to the problem given by (60), together with
the following initial and boundary conditions, is proved

u(×,0) = u0 = 0, m(×,0) = m0 , | m0 |= 1 in W ,

u = 0,

¶m
=0
¶n

on S = ¶W ´ (0,T ),

(61)

(62)

under the assumptions

m

(63)

Then, the following existence and uniqueness result [44] holds.
Theorem 3 Given the problem (60)-(63), it admits a unique solution for any given T > 0 and ε
small enough (i.e., ελ −2GT ), s.t.

The proof, is based on the a priori estimate on the viscoelastic term:

(64)

A result of existence, in a three-dimensional regular magneto-viscoelasticity problem, is given
in [45].
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4.2.2. A singular magneto-viscoelasticity problem
G′ ∈ L1 (0,T )
Now, as in the purely viscoelastic case, when the requirement
is removed, the
magneto-viscoelasticity problem cannot be written under the form (60); however, since
G ∈ L1 (0,T )

via integration with respect to time of the integro-differential equation, it can be
formulated in the following equivalent form
t
tl
t
ì
ïut (t ) - ò0G(t - t )uxx (t )dt - u1 - ò0 ( L(m) × m)x dt = ò0 f (t )dt
2
ïï
inQ
í
ï
2
ïm t + m|m | -1 + lL(m)ux - m xx = 0 ,
ïî
d

(65)

The strategy to prove the existence result [47], relies on the fact that the classical problem (60)
as soon as the initial time is t0 = ε, for any arbitrary ε > 0, the relaxation modulus satisfies the
classical regularity requirements, namely, as in subSection 4.0.1, G ε ( ⋅ ) : = G (ε + ⋅ ) implies that
G ε ∈ C 2 0, T Hence, each time-translated approximated problems
t
ì e
l
e
e
e
e
e
e
ïutt - G (0)uxx - ò0G¢ (t - t )uxx (t )dt - ( L(m ) × m )x = f
2
ïï
inQ
Pe : í
ï
e 2
ïmet + me | m | -1 + lL(me )uex - mexx = 0,
ïî
d

(66)

with the assigned initial and boundary conditions
ue (×,0) = u0 = 0, ute (×,0) = u1 , me (×,0) = m 0 , in W ,

ue = 0,

¶me
=0
¶n

on

S = ¶W ´ (0,T ),

(67)

(68)

is regular. Then, according to [44], the problem Pε admits a unique strong solution. According
to [47], where all the needed proofs are given, the following existence result can be stated.
Theorem 3.1For allT > 0, there exists a weak solution (u, m) to the problem (65)-(61)-(62), that is a
vector function (u, m) s.t.
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m
m
which satisfies

- ò ft ue (t ) dx dt + ò
Q

Q

ò

t

0

Ge (t - t ) uex (t ) fx dt dx dt + ò

Q

t
- ò éu1 + ò f (t ) dt ù f dx dt + ò y t × me dx dt +
ê
úû
Q ë
Q
0
æ|me |2 -1 ö
e
òQ m0 ×y (×,0) dx dt + òQ çè d ÷ø y × m dx dt
- ò l uex L (me ) ×y dx dt - ò mex ×y x dx dt = 0 .
Q

ò

t

0

l
L (me ) × me ft dt dx dt
2
(69)

Q

and

smooth s.t.
arbitrarily chosen test functions in

s.t.

where

and

.

The proof, not included here, is provided in [47].
Proof’s Outline:
• consider the viscoelastic energy associated to the problem to obtain a suitable a priori estimate
• consider the energy connected to interaction between magnetic and viscoelastic effects to
obtain further suitable estimates
• consider the total energy together with smooth enough initial data to estimate the energy
at the generic time t
• introduce an appropiate weak formulation and suitable test functions
• consider separately the limit process when ε → 0
As a closing remark, we can note that, under the applicative point of view as well as under the
analytical one, the free energy associated to the model plays a crucial role. Indeed, the proof
relies on estimates which are based on the free energies connected to the model here adopted.
Specifically, the viscoelastic energy allows [47], also in the magneto-viscoelastic case, to prove
an a priori estimate on which the subsequent results are based. This is not surprising since the
connection relating free energies and evolution problems is well known; see for instance [48]
and references therein.
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Abstract
This chapter addresses the finite element modeling methodologies intended for
performance evaluation, analysis, and design of viscoelastic systems. The mathemati‐
cal models widely used to represent the frequency and temperature dependent behavior
of viscoelastic materials are also considered, namely the complex modulus approach,
the fractional derivative model, the Golla-Hughes-McTavish (GHM) model, and the
anelastic displacement fields (ADFs) model. The straightforward strategies to integrate
the viscoelastic effects into finite element matrices of structural systems such as threelayer sandwich plates, intended for the modeling of medium and large-scale engineer‐
ing structures, are presented. In the same context, emphasis is placed on the
condensation methods for the reduction of the order of the finite element matrices to
perform frequency-response functions, complex eigenvalue problem, and time domain
analyses. Based on the fact that for viscoelastic materials subjected to dynamic loadings
superimposed on static preloads, the classical modeling assuming isothermal condi‐
tions can lead to poor designs, since the energy dissipated within the volume of the
material leads to temperature rises, an experimental investigation of the self-heating
phenomenon is also addressed.
Keywords: viscoelastic damping, finite element, reduction, self-heating phenomenon

1. Introduction
It is well known that viscoelastic materials can be used with advantage to mitigate undesira‐
ble vibrations [1, 2] and, consequently, to increase the fatigue life of engineering structures to
avoid catastrophes [3, 4]. As a result, they have been applied in a number of engineering

© 2016 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
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applications such as robots, automobiles, airplanes, communication satellites, tall buildings,
and space structures [5, 6].
However, one of the major difficulties regarding the use of viscoelastic materials for vibration
mitigation is the fact that their mechanical properties vary strongly with environment and
operational factors for which, the excitation frequency and temperature are usually considered
to be the most relevant parameters [1]. This is a reason for which in the last decades, a number
of viscoelastic models exist in the open literature to be used in conjunction with the finite
element (FE) discretization procedure. Among those viscoelastic models, the fractional
derivative model (FDM) is a more complex relationship between the stress and strain than the
standard linear viscoelastic model [1], which is based on the use of fractional derivatives [7–
9] in order to reduce the number of terms required by the generalized standard viscoelastic
model. The so-called Golla-Hughes-McTavish (GHM) model initially proposed by Golla and
Hughes [10] is based on the use of internal variables to represent the dissipation mechanism
of viscoelastic materials. In the Laplace domain, the resulting GHM complex modulus function
is a series of mini-oscillators terms similar to that of a damped single degree of freedom system.
McTavish and Hughes [11] have demonstrated later the FE modeling strategy of a truss
structure incorporating a structural viscoelastic damper by using the GHM model. Another
viscoelastic model normally used is the so-called anelastic displacement field (ADF) model
suggested by Lesieutre and his co-authors [12–14]. The strategy is the use of anelastic fields to
represent the dissipative effects of viscoelastic materials similar to the GHM model. However,
as opposed to the GHM, the ADF model can be formulated directly in the time domain.
For large FE models of real-world engineering structures incorporating viscoelastic materials
typically composed by many thousands of degrees of freedom (DOFs), the inclusion of internal
variables by using ADF or GHM models leads to global systems of equations of motion whose
numbers of DOFs largely exceeds the order of the associated undamped system. As a result,
if such evaluations are made based on response computations performed on the full finite
element matrices, the computational time required to obtain the solutions is high [15–18]. It
must be also reminded that if the interest is to perform active control techniques by using the
resulting viscoelastic models, the dimension is a typical problem and must be not disregarded
[19–23]. Thus, it is interesting to perform model condensation techniques especially adapted
to viscoelastic systems with the aim of reducing the computational burden [24, 25].
The simplest model reduction method very useful to reduce static systems is the well-known
Guyan static method [19], where the condensation is performed by separating the physical
coordinates of the static system in master and slaves coordinates. However, as discussed in
[20], this strategy is not adapted to viscoelastic systems [23], even when the reduced coordi‐
nates are a subset of the initial physical coordinates. In this case, the internal balancing method
proposed by Moore [24] is more interesting to be used, but leads to reduced coordinates that
are not necessarily a subset of the original physical coordinates. In order to circumvent this
problem, Yae and Inman [19] have proposed a modified internal balancing method adapted
to viscoelastic systems.
The other very simple reduction strategy, is the so-called modal reduction method [20], where
in the construction of the reduction basis it is considered only the most relevant eigenvectors
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characterizing the dynamic behavior of the system in the frequency band of interest. However,
it is shown here that since the viscoelastic stiffness matrix is frequency- and temperaturedependent, this strategy must be modified to generate a constant reduction basis formed by
the static residues associated with the external loads and the viscoelastic damping forces.
Clearly, the dimension of the reduced viscoelastic system of matrices corresponds to the
number of eigenvectors and the static residues kept in the truncated series to form the
reduction basis [18].
A natural extension of the modeling capability of engineering systems incorporating a
viscoelastic damping device is the optimization aiming the reduction of cost and/or maximi‐
zation of its performance. In the quest for optimization, the engineers are frequently faced with
large FE models of real-world systems that require a great number of evaluations of the cost
functions involved [19]. Consequently, if such computations are performed based on the full
FE matrices, the time required to obtain the dynamic responses may be high. Here, a general
strategy to construct a constant reduction basis for viscoelastic systems is suggested, composed
by the eigenmodes of the associated conservative viscoelastic behavior enriched by the static
residues associated with the external loadings and the viscoelastic damping forces. Also, the
reduction basis can be easily extended to the case of robust condensation of viscoelastic systems
subjected to parametric uncertainties if the static residues due to the small modifications are
included into the basis. This robust condensation strategy in the frequency domain is a very
interesting tool to be integrated into numerical optimization and/or model updating processes
[25].
Another problem regarding the practical application of a viscoelastic damper to mitigate
unwanted vibrations is the fact that the assumption of assuming a constant and uniform
temperature distribution within the viscoelastic material can lead to a poor design and to
unexpected damping performance of it due to the self-heating phenomenon [26–29]. As a
result, it is expected that the temperature changes induced by the self-heating when the
viscoelastic damper is subjected to cyclic excitations have a strong influence on the stiffness
degradation and damping capacity of it. Moreover, in applications such as engine mounts, it
must be considered the effects of the cyclic loadings superimposed on the static strains in the
self-heating modeling procedure in which the prediction of the temperature evolution inside
the viscoelastic material volume is an interesting thermoviscoelastic problem to be solved.
Here, the influence of the cyclic loading superimposed on static preloads on the self-heating
phenomenon is investigate numerically and experimentally for a three-dimensional transla‐
tional viscoelastic mount used for vibration attenuation.
In the remainder, after the presentation of the theoretical foundations of the methodology, the
description of some numerical studies of engineering systems incorporating passive con‐
strained viscoelastic layers and discrete viscoelastic damping devices is addressed. The main
interest is to illustrate those viscoelastic models and topics described in the methodology,
intended to design and performance analyses of viscoelastically damped systems. In addition,
the results of some experimental investigations with a freely suspended plate partially treated
by passive constraining damping layer are carried out to validate the viscoelastic models and
to confirm the effectiveness of the viscoelastic materials applied as a passive control strategy.

335

336

Viscoelastic and Viscoplastic Materials

Finally, an experimental investigation of the self-heating phenomenon on a three-dimensional
translational viscoelastic mount subjected to dynamic loadings superimposed on static
preloads is also addressed.

2. Review of viscoelastic models
2.1. The concept of complex modulus approach
According to the linear theory of viscoelasticity [30], the complex modulus of viscoelastic
materials in the frequency domain is expressed as follows:
(1)
where G′(ω), G″(ω) and η(ω) = G″(ω)/G′(ω) designates the storage modulus, loss modulus and
loss factor, respectively. As reported by [31], these parameters can be used to characterize the
dynamic behavior of linear viscoelastic materials.
This model is adopted in the study reported herein since it enables the direct use of the data
of viscoelastic materials commonly provided by the manufacturers [1]. Within this context, in
the open literature, various mathematical models have been developed in order to represent
the material modulus function, G(ω), as summarized later in this chapter.
However, it is widely recognized that the temperature also exerts a strong influence upon the
properties of viscoelastic materials. Hence, it becomes important to account its variations in
the modeling procedures of engineering systems incorporating viscoelastic materials. Accord‐
ing to Nashif et al. [1] and Christensen [30], this can be done by making use of the frequency–
temperature superposition principle (FTSP), where the damping properties of linear viscoe‐
lastic materials as functions of frequency at various temperatures can be collapsed on a single

Figure 1. Illustration of the frequency–temperature superposition principle.
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master curve, as illustrated in Figure 1, if appropriate horizontal shifts along the frequency
axes are used. This establishes the well-known shift factor and reduced frequency concepts,
symbolically expressed by the following relations [18]:

(2)
where T is the temperature, ωr = αT(T)ω is the reduced frequency, ω is the excitation frequency,
αT(T) is the shift factor, and T0 is a reference value of temperature.
Functions G(ωr) and αT(T) can be obtained from experimental tests for specific viscoelastic
materials [1]. Drake and Soovere [32] suggest analytical expressions for the complex modulus
and shift factor for various commercially available viscoelastic materials, as functions of
reduced frequency and temperature. The following equation represents the complex modulus
for the 3M ISD112™ viscoelastic material [33], as provided by the authors:

(3)

(

where α (T ) = 10 −3758.4×

( T1 −0.00345)−225.06×log(0.00345×T )+0.23273×(T −290))

and ωr = α(T)ω.

Figure 2 shows the curves representing the variations of the storage modulus and loss factor
as functions of the reduced frequency, as obtained from Eq. (3).

Figure 2. Master curves

and shift factor for the 3M™ ISD112 material.
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2.2. Golla-Hughes-McTavish model (GHM)
According to the developments made by Golla and Hughes [10], and McTavish and Hughes
[11], the viscoelastic material modulus function is expressed under the form:
(4)
where G0 is the static modulus, s designates the Laplace variable and G∞ = G0(1 + ∑i=1G αi ) is the
N

higher frequency modulus.

It can be clearly seen the similarity of each NG term of the series appearing in Eq. (4) with the
transfer function of a damped single DOF system known as mini-oscillator formed by the
design variables (αi, ωi, ζi), identified for a specific viscoelastic material [20].
2.3. Anelastic displacement field model (ADF)
The ADF model, developed by Lesieutre and co-workers [12–14], is similar, in some aspects,
to the GHM model. The modulus function is represented in Laplace domain by:
(5)
where G0 is the low frequency modulus, NA is the number of anelastic displacement fields,
each of which is represented by parameters Ωi, the inverse of the characteristic relaxation time

at constant deformation, Δi is the relaxation magnitude, and G∞ = G0(1 + ∑i=1A Δi ) is the higher
N

frequency modulus.

2.4. Fractional derivative model (FDM)
The FDM model proposed by Bagley and Torvik [7–9] can be viewed as the generalization of
the standard viscoelastic model, by the introduction of non-integer time derivatives in the
differential constitutive equation relating the stresses to strains as follows:
(6)
where σn and βm are non-integer numbers. As stated by Bagley and Torvik [7], experimental
observations have indicated that the behavior of many commercially viscoelastic materials can
be adequately modeled by retaining only one term in each of the series appearing in Eq. (6).
Through this simplified form, the modulus requires only five parameters, resulting in the
following expression:
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(7)

3. Curve fitting of material parameters
One important aspect regarding the use of GHM, ADF, and FDM models presented in
previously section is the identification of the model parameters from experimental data. In
most cases, manufacturers provide data sheets containing the material storage modulus G′
(ω, T) and loss factor η(ω, T), defined in Eq. (1), as functions of excitation frequency ω and
temperature T. Thus, it becomes necessary to express, for each model, the material modulus
expressions as complex functions by making, s = iω :

(8.a)

(8.b)

(9.a)

(9.b)

(10.a)

(10.b)
From the equations above, for each viscoelastic model, the determination of the material
parameters can be carried out by formulating a deterministic optimization problem in which
the objective function represents the difference between the experimental data points and the
corresponding model predictions. Clearly, the number of design variables depends on the
previous choice of a model order, which is assumed to be sufficient to represent the frequencyG
A
dependent behavior in the frequency band of interest: N par
= 1 + 3N G for the GHM; N par
= 1 + 2N A
F
for the ADF; and N par
= 5 for the FDM.
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4. Incorporation of the viscoelastic behavior into FE models
Based on the formulation presented in the previous sections, and including external viscous
damping, the FE equations of motion in the frequency domain of a viscoelastic structure
containing N DOFs can be expressed as [18]:
(11)
where M, D, K∗ ∈ RN × N are, respectively, the mass, viscous damping, and complex stiffness
matrices. q(t) ∈ RN and f(t) ∈ RNare the vectors of displacements and external loads. y(t) ∈ Rc
and u(t) ∈ Rf are the vectors of responses external loads. b ∈ RN × f and c ∈ Rc × N are matrices,
which enable to select, among the FE DOFs, those in which the external excitations are applied
and responses are computed, respectively.
It should be emphasized that the dependency of the stiffness matrix on frequency and
temperature is a consequence of the dependency of the material moduli with respect to these
parameters as expressed by Eq. (1). Thus, by assuming harmonic excitation conditions,
f(t) = Feiωt, u(t) = Ueiωt, and steady-state harmonic responses, q(t) = Qeiωt, y(t) = Yeiωt, the following
equations in the frequency domain are obtained:
(12)
It is assumed that the model contains both elastic and viscoelastic elements. Thus, the elas‐
tic–viscoelastic correspondence principle [1] is applied leading to:
(13)
where Ke and Kv(ω, T) are the stiffness matrices associated with the elastic and viscoelastic
substructures, respectively. Also, taking into account the stress state for the specific viscoelastic
element assumed in the analysis, one of the moduli (through the relation, G(ω, T) = E(ω, T)/
2(1 + ν)) can be factored out of, K v (ω, T ) = G (ω, T ) K̄ v , where K̄ v is the frequency- and temper‐

ature-independent matrix. Then, Eqs. (12) and (13) can be combined to give the following
complex receptance matrix for the viscoelastic system:
(14)

where Z (ω, T ) = K e + G (ω, T ) K̄ v + iωD − ω 2M is the complex dynamic stiffness matrix.
Clearly, the difficulty in predicting the dynamic responses for viscoelastic systems comes from
the fact that the stiffness matrix depends on frequency and temperature. As a result, one has
an eigenvalue problem that must be solved iteratively [34]. Some other procedures for dealing
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with this problem have been suggested, such as the contributions by Palmeri and Ricciardelli
[35] and by Palmeri et al. [36], where the eigenvalue problem of viscoelastic systems has been
derived in the time domain with the help of the novel concept of modal relaxation functions.
In the papers proposed by Yuan and Agrawal [37] and Wagner and Adhikari [38], an alterna‐
tive state-space approach has been proposed for the time-domain analysis of viscoelastic
structures. Others alternatives have been suggested based on the adoption of particular
representations for the frequency-dependent behavior of the viscoelastic materials [39]. Such
an approach is used in the FDM, GHM, and ADF models, which enable to transform the
equations of motion of a viscoelastic system in the time-domain into state-space forms, with
frequency-independent state matrices, at the expense of a typically high increase in the order
of the system matrices.
4.1. GHM model
Applying the Laplace Transformation to Eq. (11) and replacing G(s) by the modulus function
given by Eq. (4), the following governing equation of motion is obtained:

(15)

A series of dissipation coordinates QiG (i = 1, … , N G ) are defined as:
(16)
Upon introduction of Eq. (16) into (15), after some mathematical manipulations and back
transformation to time domain, the following coupled system of equations is obtained:
(17)
where
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where M G , DG , K G ∈ R

T G xT G

with TG = N(1 + NG), K v0 = G0 K̄ v and K v∞ = G∞G K̄ v ..

4.2. ADF model
Following the procedure outlined above for the GHM model, the equations of motion obtained
by considering the ADF model is expressed by Eq. (5) [12]:

(18)

In the ADF model the coordinates are separated into an elastic part, Qe, which is instantane‐
ously proportional to the stress, and an anelastic part, QiA (i = 1, … , N A), that represents the
dissipation effects of the viscoelastic materials [13]:
(19)
The system of equations is adopted for describing the time-evolution of the anelastic fields:
(20)
Introducing Eq. (19) into (18), transforming the resulting equation to time domain and
combining it with Eq. (20), the following coupled system of equations is obtained:
(21)
where:
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where, M A, DA, K A ∈ R

T A xT A

with T A = N (1 + N A), K v0 = G0 K̄ v and K v∞ = G∞A K̄ v .

4.3. FDM model
Introducing Eq. (7) into the Laplace transform of Eq. (11) and multiplying the resulting
equation by, (1 + bsβ), the following system of equations of motion is obtained:
(22)
According to Bagley and Torvik [8], the system of Eq. (22) can be written under the compact
form,

∑ Jj=0 s

j
m

Aj Q = (1 + bs β )F , where J = m(2 + β), m is the smallest common multiple of the

denominators of the fractional terms α and β, matrices Aj are computed by direct comparison
between Eq. (22) and the compact representation:
(23)
where

5. Modal reduction methods for viscoelastic systems
It can be seen that the internal non-physical coordinates used by the GHM and ADF models
to represent the viscoelastic dissipation mechanism lead to large system of equations of motion.
Thus, it requires a high computational cost in the computation of dynamic responses of the
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viscoelastic system [18]. To develop the formulation pertaining the modal reduction method,
it is convenient to transform the Eqs. (17) and (21) into an equivalent first-order form (spacestate model) with an output equation added as follows:
(24)
where A assumes the following forms for the GHM and ADF models, respectively:

Since A is a non-symmetric matrix, the following eigenvalue problems are formulated:
(25)
where Λ is the spectral matrix composed by the complex eigenvalues, and Rr and Rl are the
modal matrices whose columns contain the right- and left-hand-side eigenvectors, respective‐
ly, normalized by the relation, RlT Rr = Ι . Thus, the left- and right-hand-side eigenvectors can
be separated into a structural and dissipative eigenvectors represented, respectively, by the
subscripts e and d according to the following expressions:
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(26)
The eigenvectors related to the internal variables are overdamped with a small contribution
to the dynamic behavior. As result, the state of the system can be approached by the contri‐
butions of the elastic eigenvectors, x ≈ Rrexe, so that the Eq. (24) can be expressed under the
following form [24], x e = Ar xe + Br u and y = Crxe, where Ar = RleT ARre , Br = RleT B and Cr = CRre are input
•

and output state reduced matrices of the system.
This modal reduction technique is very simple to implement since the choice of eigenmodes
to be retained is based only on the frequency band of interest. However, for some viscoelastic
systems, where the elastic modes may be overdamped, care must be taken, and an eigenfre‐
quency analysis a priori must be performed in order to identify these eigenmodes. Also, the
main disadvantage of the reduced state-space system, intended to apply control techniques,
is that the matrices are complex. However, since all overdamped (relaxation/dissipative)
modes were neglected, all elements of are composed of complex conjugates pairs, such that
they can be rewritten as follows:

(27)

where λi and λ̄ i are the retained elastic eigenvalues and their complex conjugates.
According to Friot and Bouc [40], to construct a real representation of the state-space system
represented by Eq. (24), one can use a state transformation matrix such as xe = T x̄ e , where T is
defined as:

(28)

Thus, the real state-space system can be constructed,
−1

−1

, B̄ r = T Br , and C̄ r = Cr T .

and y = C̄ r x̄ e , where Ār = TArT
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6. Internal balancing method
The internal balancing method is another interesting reduction method of viscoelastic systems.
However, it does not guarantee that the reduced coordinates are a subset of the original
coordinates of the system. This method is based on the controllability and observability of each
balanced state.
Based on the work by Moore [24], the balanced internal system is defined such that the
grammians are diagonal and equal. For a viscoelastic system expressed by Eq. (24), the con‐
trollability and observability grammians, denoted by Wc and W0, are defined in order to satisfy
the Lyapunov stability equations, AWc + WcAT = − BBT and ATW0 + W0A = − CTC, where the
Cholesky decomposition of matrix Wc is performed by the relation, W c = L c L cT . Also, a

transformation matrix P is introduced, P = LcUΛ− 1/2, where Λ and U are the eigenvalues and
eigenvectors of the eigenvalue problem, L c W 0 L cT , in such a way that the internal balanced

model is given as:

(29)
where Ar = P− 1AP, Br = P− 1B, Cr = CP, and xr = P− 1x.
According to the definition of an internally balanced system, Wc(P) = W0(P) = diag(σi), where
σi(1, 2, …, N) is the controllability of a state i, and N is the number of DOFs. Thus, according
to the high and small values of states, σi, the internally balanced system (29) can be partitioned
into retained states, xrr, and reduced states, xrd, as follows:

(30)

Hence, the undesirable states, xrd, must be removed by performing a simple static reduction
and retaining only the contributions of states, xrr.

7. Robust condensation strategy of viscoelastic systems
For real-world systems incorporating viscoelastic elements, it is practically impossible to
perform time and frequency analyses using the GHM, ADF or FDM models, owing to the
prohibitive computation times and storage memory required to evaluate the augmented
equations of motion. This fact motivates the use of alternatives strategies with the aim of
diminishing the model dimensions (and the computational burden, as a result), while keeping
a reasonable predictive capacity of the numerical models. This can be done based on the
assumption that the exact responses, given by the resolution of Eq. (12), can be approached by
solutions in a reduced space as follows [18]:
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(31)
where T ∈ CN × NR is the vector basis (or Ritz basis) and Qr ∈ CNR where NR ≪ N is the number
of vectors in the basis. Hence, the transfer function can be rewritten as follows:
(32)
where Z r (ω, T ) = T T K e T + G (ω, T )T T K̄ v T − ω 2T T MT is reduced dynamic stiffness matrix.
It can be seen that for viscoelastic systems, the construction of the basis is an issue, since the
stiffness matrix is frequency- and temperature-dependent. Thus, three solutions are possible:
(a) one can neglect this dependence by considering the stiffness matrix as independent from
frequency and temperature [15, 19]. In this case, the basis is also constant; (b) one can use a
reduction basis obtained by the resolution of the nonlinear eigenvalue problem [22, 23]; (c) it
is possible to use an iterative method, which allows the re-actualization of the basis according
to frequency [15, 16].
The strategy adopted here consists in using a constant reduction basis computed by using the
tangent stiffness matrix representing the static behavior of the viscoelastic material. As can be
seen in Figure 2, on the low frequency range, by prolonging the modulus and loss factor curves
by asymptotes, the extrapolation leads to the real values G0 and η0 = 0. The tangent stiffness
matrix can thus be calculated by the relation, K 0 = K e + G0 K̄ v [15].
The nominal basis containing the first retained modes of the viscoelastic system can thus be
obtained by the resolution of the following eigenvalue problem [18]:
(33)
where ϕ0 contains the mode shapes of the conservative associated system, which is further
enriched by introducing the following residues associated with the external loads and the
viscoelastic damping forces, respectively:
(34)
Thus, the enriched basis of reduction is represented as follows:
(35)
The basis (35) can be used to reduce viscoelastic systems with reasonable accuracy, but it is
not “robust” enough to taking into account parametric uncertainties and to be used in con‐
junction with optimization and/or model updating processes. This means that the basis given
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by Eq. (35) should in principle be updated successively to guarantee a satisfactory accuracy of
model reduction during iterations. However, according to the authors in reference [18], the
strategy consists in using a fixed reduction basis evaluated from the initial model [as given by
Eq. (35)], to be further enriched by a set of residual vectors depending on the parametric
modifications introduced by the viscoelastic treatment. In most practical applications, the
viscoelastic surface treatments are not applied to the entire structure, but only in specific zones.
Thus, based on Eq. (12), one can write the following modified system:
(36)
where ΔZ(ω, T) = ΔΚv(ω, T) − ω2ΔΜv is the dynamic stiffness matrix due the perturbations.
Hence, Eq. (36) can be interpreted as the equilibrium equation of the nominal model, subjected
to forces of modifications, Z(ω, T)Q = F + fΔ(ω, T), where fΔ(ω, T) = − ΔZ(ω, T)Q, ΔΜv =
and ΔΚ̄ v =

n_mp

∑
i=1

n_mp

∑
i=1

Δmi Μv

Δki Κ̄ v . Δmi and Δki are the mass and stiffness variations, Μv = ∪ Μvi and Κ̄ v = ∪ Κ̄ vi
i

i

are the mass and stiffness matrices of the zones, Μvi and Κ̄ vi , are the elementary viscoelastic
mass and stiffness matrices, and ΔΜv and ΔΚ̄ v are the matrices to be reduced, which are in
general sparse and nonlinear functions of the design parameters.
7.1. Basis of displacements associated with the structural modifications
The vector of forces of modifications, fΔ(ω, T), depends on the response of the modified system,
Q. Since this response is unknown a priori, the forces associated with the modifications cannot
be computed exactly. The strategy is to generate the forces due to the small modifications by
fΔ(ω, T) using a truncated basis of normal modes of the mean model according to Eq. (40); next,
the static responses of the mean model can be obtained by using the estimated forces of
modifications. These two steps must be performed for each design variable subjected to small
modifications.
(37)
Hence, after obtaining the basis of forces, one can calculate a series of static responses of the
system based on the tangent stiffness matrix according to the following form:
(38)
and the final robust basis of reduction taking into account the small modifications is as follows:
(39)
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Figure 3 illustrates a cycle of optimization process by using the robust basis, where the
standard Ritz basis is increased by the static residues associated with the external loadings and
the forces associated with the viscoelastic modifications. This procedure is used to approximate
the behavior of the modified viscoelastic system without the re-actualization of the nominal
basis, leading to a drastic reduction of the time required for computing the response of the
large-scale viscoelastic systems.

Figure 3. Block diagram showing the standard and the robust optimization procedures.

8. Review of FE modeling of passive constraining layer damping
One type of structure of particular interest in terms of practical viscoelastic applications is the
three-layer sandwich plate illustrated in Figure 4. In the present work, the FE modeling
procedure is summarized based on the original contribution made by Khatua and Cheung [41]

Figure 4. Illustration of the three-layer sandwich plate FE.
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and implemented by de Lima et al. [42]. The sandwich element is composed by four nodes and
seven DOFs per node, as depicted in the figure, where u and v are the in-plane displacements
in directions x and y, respectively, w is the transverse displacement, and θx and θy are the
rotations.
In the development of the theory, it has been assumed that the three layers are perfectly
bounded and the materials involved are considered to be isotropic with linear behavior. These
assumptions are reasonable [18], since, in practice, the most commercially available viscoelastic
materials for vibration attenuation are self-adhesive. The analysis also assumes the Kirchhoff’s
theory for the base plate and constraining layer with the same rotations, and only for the
viscoelastic core, the transverse shear is included (Mindlin’s theory). The transverse displace‐
ment is assumed to be same for all the layers.
A number of approaches have considered in the open literature to describe with reasonable
accuracy the shear behavior of constrained-layer damping treatments. However, the assump‐
tions adopted herein are often used to model moderately thin sandwich beam and plate
structures with reasonable accuracy [43].
The displacements are discretized by using linear shape functions for the in-plane displace‐
ments of the base plate and constraining layer, and a cubic shape function for the transverse
displacement, by the expression, u(x, y, t) = N(x, y)u(e)(t), where N(x, y) represents the matrix
of the interpolation functions, and u(e )(t ) = u1i v1i u3i v3i w i θxi θyi

T

with i = 1 to 4 is vector

formed by the mechanical nodal DOFs. According to the theory of elasticity, the strain–
displacement relations are formulated, ε(x, y, z, t) = B(x, y, z) u(e)(t), where the strains for elastic
layers,
ε2 =

( )
εx 2

( )

εk = εx k
( )
εy 2

( )
γxy2

( )

( ) T

εy k γxyk
( )
γxz2

with

(k

=

1,

3),

and

for

the

viscoelastic

core,

( )
γ yz2 T , are obtained. Thus, based on the stress states assumed for each

layer and the stress–strain relations, the stress responses of the system can be obtained as
follows:
(40.a)

(40.b)

(40.c)
where b and a designate, respectively, the dimensions of the rectangular plate element in
directions x and y, and hk and ρk represent the thickness and the mass density of the kth layer,

respectively. The stiffness matrices, K e(e ) = K 1(e ) + K 3(e ) and K v(e )(ω, T ) = K 2(e )(ω, T ), give, respec‐
tively, the contributions of the purely elastic and viscoelastic parts of the sandwich structure.
Hence, the elementary equations of motion are given as follows:
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(41)
where M (e ) ∈ R
( )
( )
K v e∗ = K v e (ω,

N e ×N e

T )∈R

is the mass (symmetric, positive definite) matrix, and K e(e ) ∈ R
N e ×N e

N e ×N e

are the stiffness matrices (symmetric, non-negative definite) corre‐

sponding to the purely elastic and viscoelastic substructures, respectively. q(e )(t ) ∈ R
f

(e )

(t ) ∈ R

Ne

and

Ne

and

are displacements and load vectors, respectively.

9. FE modeling of discrete viscoelastic dampers
From the practical standpoint, the use of viscoelastic materials in mounts and joints is an
interesting alternative [1, 31]. Figure 5a illustrates the two mostly used configurations of
viscoelastic mounts with the corresponding geometrical parameters. The placement of those
mounts in structures is illustrated in Figure 5b. The mounts can be conveniently represented
by springs, meaning that a translation mount produces damping forces while a rotational
mount generates damping moments. In the same figure, the translational and rotational
stiffness coefficients, Kt(s) and Kr(s), are given.
a)

b)

Figure 5. Sketches (a) and springs representation (b) of discrete viscoelastic devices.

Designating by p the order of the coordinate following the which the viscoelastic mount works,
the inclusion of the viscoelastic effect into the equations of motion can be easily done by using
the concept of dyadic structural modifications [44]. Thus, the equations of motion of the
structural system with viscoelastic mount can be written as follows:
(42)
where Kv (s ) = Kt (s )I pT I p for a translation mount, and Kv (s ) = Kr (s )I pT I p for a rotation mount, and
Ip designates the pth column of the identity matrix of order N.
Hence, the global system of equations of motion can be expressed under the form:
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10. Numerical examples
The purpose of this section is to perform numerical examples in order to illustrate the main
features and capabilities of the viscoelastic modeling procedures intended to design and
performance analysis of the viscoelastic damping treatments presented herein. In addition,
experimental investigations with a freely suspended rectangular plate were performed, where
frequency-response functions (FRFs) and modal analysis have been performed to demonstrate
the accuracy of the viscoelastic models and to confirm the effectiveness of the viscoelastic
materials applied in the context of vibration attenuation.
10.1. Curve fitting of the viscoelastic model parameters
In the simulations that follow the viscoelastic characteristics of commercially available ISD112
manufactured by 3M [33] have been used. The material data provided by the manufacturer,
in terms of storage and loss moduli, at 25°C in the frequency band [8–8000 Hz], have been used
to identify the parameters for each viscoelastic model. Eq. (3) was used to form the objective
function, which was minimized with respect to the unknown set of model parameters. Such
objective function is symbolically defined as follows:
(43)
Optimization was carried out by using genetic algorithms [45], with populations of 800
individuals, allowing for 200 generations and using side constraints. For illustration, Fig‐
ure 6 shows the storage modulus, loss modulus, and loss factor functions reconstructed from
the identified parameters only for the GHM model with five mini-oscillators, superimposed
to the experimental counterparts. As can be seen, good quality of the curve fitting could be
achieved. The same quality could be obtained for the FDM model and the ADF model with
five anelastic fields. Negligible improvement was obtained by increasing the order of those
models. The values of the parameters obtained for the models are defined in Table 1.

Figure 6. Curve fitting of modulus functions for 3M ISD112 according to the GHM model.

10.2. Model validation
To verify the model summarized in Section 8, experimental tests were performed on a freely
suspended plate made of aluminum with a constraining damping layer made of a thin ISD112
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viscoelastic material and an outer thin aluminum sheet. The experiments consisted in obtaining
a set of 20 FRFs corresponding to point I, indicated in Figure 7. Only the average FRF is shown
here. The number of elements used to generate the model is shown in the same figure, formed
by 378 elastic DOFs, and the anelastic displacements are computed according to the minioscillator terms defined in Table 1.
Table 2 provides the physical and geometrical properties used to generate the FE model.
GHM

ADF

FDM

ζi

Gr (MPa)

Δi

Ωi (rad/s)

Ci

G0 = 0.428 (MPa)

0.26 991.33

4.575

0.4680

0.205

103.48

460.7

0.95 6986.15

4.27

0.682

103.48

138.2

G1 = 0.0088 (MPa)

2.04 103,437.5

2.702

1.942

638.33

48.5

Gu(MPa)

3.69 22,950.1

1.923

Gu(MPa)

7.062

3054.43

13.4

28.49

53.7 266,466.6

1.299

44.08

83.37

17,583.2

1.13

Gr (MPa)

αi

0.4623

ωi (rad/s)

α = 0.67
β = 0.41

Table 1. Identified parameters for the GHM, FDM, and ADF models.

Figure 7. Illustration of the FE model for the plate with partial viscoelastic treatment.

Base plate

Viscoelastic core

Constrained layer

A = 20 × 10−2 m

C = 2 × 10−2 m

C = 2 × 10−2 m

hp = 5 × 10−4 m

hv = 20 × 10−5 m

hc = 5 × 10−4 m

E = 70.3 × 109 N/m

ρ = 1099.5 kg/m3

E = 70.3 × 109 N/m

ρ = 2750 kg/m3

ν = 0.5

ρ = 2750 kg/m3

B = 25 × 10−2 m

Table 2. Physical and geometrical characteristics of the plate FE model.

Figure 8 shows the amplitudes of the average FRFs calculated from the experiments, compared
to the numerically acquired counterparts. It can be seen the efficiency of the surface damping
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treatment in mitigating the amplitudes of vibrations in the frequency band of interest. Also, it
can be noted the accuracy of the model in predicting the dynamic response of the viscoelastic
system.

Figure 8. FE and experimental FRFs of the system with and without treatment.

Mode

1

2

3

Modal parameters

ω1 (Hz)

ζ1

ω2 (Hz)

ζ2

ω3 (Hz)

ζ3

Experimental

184.37

8.1 × 10−3

242.47

1.9 × 10−3

429.38

18.2 × 10−3

FE prediction

184.38

7.5 × 10−3

238.75

1.8 × 10−3

434.4

14.4 × 10−3

Deviations (%)

0.00

8.00

1.60

5.50

1.30

26.40

Table 3. Experimental natural frequencies and modal damping factors of the plate.

Table 3 compares numerical and experimental frequencies and damping factors obtained by
applying the half-power bandwidth method [1]. It can be noted that the two sets are reasonably
close to each other. However, the differences observed are mostly due to the identification
procedure of the mini-oscillator parameters from the experimental data for the ISD112
material; the theory adopted in the FE model such as the perfectly bounded conditions; the
variations on the temperature during the tests; and the boundary conditions.
10.3. Two-dimensional truss with a translational viscoelastic mount
Figure 9 shows the two-dimensional truss FE model in which a translational mount is applied
on node 7 with the direction indicated on the same figure.

Finite Element Modeling and Experiments of Systems with Viscoelastic Materials for Vibration Attenuation
http://dx.doi.org/10.5772/64532

Figure 9. Two-dimensional truss with a translational viscoelastic mount.

Figure 10. Natural frequencies and damping ratios (a) and FRFs (b) for the truss.

Using the theory presented in Section 9 combined with the FDM model, the complex eigen‐
value problem was performed to obtain the natural frequencies and damping ratios. The
results corresponding to the five vibration modes in the frequency band [80–800 Hz] are
presented in Figure 10a. In Figure 10b, the amplitudes of the FRFs of the systems with and
without viscoelastic damper are compared. Again, it is possible to evaluate the influence of
the damping on the response amplitudes and the influence of the frequency on damping and
stiffness of the structure. The FRFs are related to the vertical displacement of node 7 indicated
in Figure 9.
10.4. Internally balanced method
Figure 12 shows the results for a beam-like structure partially treated with constrained-layer
damping, as illustrated in Figure 11, in terms of the controllability and observability gram‐
mians in the balanced realization. It can be noted that Wc and W0 must be equal and diagonal,
as predicted by the theory of internally balanced reduction method detailed in Section 6. Also,
since the retained states must be composed by the states with major controllability and
observability indices, the first five modes will be considered in the model reduction system.
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The time response to an impulse excitation applied at point P (indicated in Figure 11), and the
amplitudes of the FRFs of the beam before and after reduction are depicted in Figure 13. It can
be clearly perceived the efficiency of the internally balanced method in predicting both time
and frequency responses of the viscoelastic system by the appropriate choice of the major
controllability and observability indices of the states.

Figure 11. Illustration of the beam partially treated with constraining viscoelastic layer.

Figure 12. Wc and W0 versus internally balanced states for the viscoelastic beam.

Figure 13. Time and FRFs for the full and reduced systems—internally balanced method.
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Figure 14. Time and FRFs for the full and reduced systems—constant enriched basis.

10.5. Modal reduction method
Figure 14 shows the time and frequency domain responses of the reduced beam system by
using the enriched modal reduction method compared with the full system. In this case, it has
been considered only the first five modes of the associated conservative viscoelastic system,
ϕ0, enriched with the static residues associated with the external loads, R, and the viscoelastic
damping forces, Rv0 . As can be seen, both impulse responses and FRFs appear as expected
when compared with the time and frequency responses obtained by the internally balanced
method, leading to conclude that the reduction method by applying the constant enriched
basis (35) is also a viable method to reduce viscoelastic systems.

11. The self-heating phenomenon
The good damping performance and inherent stability of viscoelastic materials in relatively
broad frequency bands, besides cost-effectiveness, offers many possibilities for practical
engineering applications. However, some drawbacks must be dealt with, such as ageing and
chemical instability in the presence of some substances, the mass added and the fact that in
most traditional design procedures of viscoelastic dampers subjected to cyclic loadings,
uniform and constant temperature is generally assumed and does not take into account the
self-heating phenomenon. Also, for viscoelastic dampers subjected to dynamic loadings
superimposed on static preloads, especially when good isolation characteristics are required
at high frequencies, traditional design guidelines can lead to poor designs or even severe
failures, since it is observed a rapidly increasing rate of temperature change and an accompa‐
nying stiffness reduction.
The self-heating can cause temperature increases in viscoelastic materials, affecting signifi‐
cantly their damping capacity [26–28]. Thus, in applications in which the viscoelastic materials
are subjected to cyclic loadings superimposed on static preloads, such as engine mounts and
tall buildings, the interest to obtain high isolation characteristics becomes essential, since the
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vibration amplitudes are directly related to fatigue and, consequently, to structural integrity
[4, 29, 35]. Moreover, depending on the magnitude of the applied loadings, the vibration energy
of the viscoelastic material is converted to heat at a rate faster than the heat is conducted away,
leading to a rapidly increasing rate of local temperature change known as thermal runaway
phenomenon [26]. Thus, it is expected that it can have a strong influence on the stiffness and
damping properties of viscoelastic materials, leading to unexpected damping performance or
even severe failures of viscoelastic damping devices.
Figure 15 shows the experimental results obtained for a viscoelastic damper subjected to a
vertical cyclic loadings during 3396 s, superimposed on different values of static displacement
applied to the specimen by the screws shown in the same figure.

Figure 15. Time evolution of the temperature inside the viscoelastic material and the experimental setup.

Figure 16. Temperature contours for one half of the damper at t = 100 s for δ = 250 N.

One can conclude that as the static preload increases, the self-heating becomes more pro‐
nounced. As a result, an increasing in the temperature values of the viscoelastic material is
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observed, leading to a significantly reduction of its damping capacity or even its complete
failure in practical engineering applications. Moreover, it is not possible to identify a progres‐
sive stabilization of the temperatures in the loading phase, indicating the occurrence of the socalled thermal runaway phase [29].
Figure 16 enables to conclude that the assumption of assuming a constant and uniform
temperature distribution for viscoelastic materials subjected to cyclic loadings is not correct,
since the temperatures are not constant and vary from one point to another.

12. Concluding remarks
A comprehensive review of the modeling strategies of engineering structures incorporating
viscoelastic materials has been showed. The FE modeling procedure of two-dimensional
sandwich plates treated with viscoelastic materials as a passive constrained-layer damping
and a modeling strategy of discrete viscoelastic damping devices including translational and
rotational mounts have been also implemented. As can be noted, the modeling of viscoelastic
materials was conceived so as to encompass different designs, regarding the type of treatment
applied as surface or discrete viscoelastic vibration dampers. The GHM, ADF, and FDM
models were used to include the frequency- and temperature-dependent viscoelastic behavior
into FE matrices, in spite of the significant increase in the order of the system’s augmented
matrices, entailed by the inclusion of internal variables especially for the GHM and ADF
models. Moreover, the separation of the material modulus function of each viscoelastic model
into real and imaginary parts to enable the identification of the material modulus parameters
from experimental data has also been addressed and illustrated for the ISD112 viscoelastic
material as detailed in the examples.
The ongoing work aims at developing a user-friendly computer code incorporating various
modeling tools available to date to be used for the design, performance analysis, and optimi‐
zation of different types of viscoelastic vibration dampers taking into account the self-heating
phenomenon, as can be available in numerical examples. Also, the implementation of efficient
numerical procedures as model reduction methods for the resolution of the equations of
motion for modal and frequency-domain analyses of more complex engineering systems
incorporating viscoelastic materials was addressed.
In general, the numerical simulations presented enabled to illustrate the application of the
modeling procedure as a tool to evaluate the damping effectiveness in terms of eigenvalue and
frequency response analysis. Based on the obtained results, one can conclude about the
convenience of using more elaborate viscoelastic models in combination with FE models of
complex medium- to large-scale structural systems.
Currently, the modeling procedure is being extended to include other types of structural
elements, such as three-dimensional beams, plates, and shells. Also, the implementation of
efficient numerical and experimental procedures of the self-heating phenomenon and the
thermal runaway phase in viscoelastic materials is a topic under investigation.
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