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Preface

Functionally graded materials (FGMs) are composite materials, microscopically inhomoge‐
neous, in which the mechanical properties vary smoothly and continuously from one sur‐
face to the other. This is achieved by gradually varying the volume fraction of the
constituent materials. An FGM is a two-component composite characterized by a composi‐
tional gradient from one component to the other. The properties of both components can be
fully utilized. For example, the toughness of a metal can be mated with the refractoriness of
a ceramic, without any compromise in the toughness of the metal side or the refractoriness
of the ceramic side. FGMs were initially designed as thermal barrier materials for aerospace
structures and fusion reactors and now they are also considered as potential structural mate‐
rials for future high-speed spacecraft and now are being increasingly considered in various
applications to maximize strengths and integrities of many engineering structures.

This book is a result of contributions of experts from international scientific community
working in different aspects of FGMs and structures and reports on the state of the art re‐
search and development findings on this topic through original and innovative research
studies. Through its six chapters, the reader will have access to works related to processing,
sintering properties and applications of functionally graded ceramics and new processing
routes for FGMs while it introduces some specific applications, such as functionally graded
annular fins and the high-performance self-lubricating ceramic composites with laminated
graded structure. Besides, it presents an experimental crack propagation analysis of alumi‐
num matrix FGMs and a unified accurate solution for three-dimensional vibration analysis
of functionally graded plates and cylindrical shells with general boundary conditions.

The book contains up-to-date publications of leading experts, and the edition is intended to
furnish valuable recent information to the professionals involved in functionally graded ma‐
terials and structure analysis and applications. The text is addressed not only to researchers
but also to professional engineers, students and other experts in a variety of disciplines, both
academic and industrial, seeking to gain a better understanding of what has been done in
the field recently, and what kind of open problems are in this area.

I hope that readers will find the book useful and inspiring by examining the recent develop‐
ments in FGMs and structures.

Lastly, I would like to thank all the authors for their excellent contributions in different
areas covered by this book, and the InTech team, especially the process manager Ms. Iva
Lipović, for their support and patience during the whole process of creating this book.

Dr. Farzad Ebrahimi
Department of Mechanical Engineering,

Imam Khomeini International University, Qazvin, Iran





Chapter 1

Advances in Functionally Graded Ceramics – Processing,
Sintering Properties and Applications

Dina H.A. Besisa and Emad M.M. Ewais

Additional information is available at the end of the chapter

http://dx.doi.org/10.5772/62612

Abstract

In multilayered structures, sharp interface is formed between the layers of dissimilar
materials. At this interface, the large difference in thermal expansion coefficients of
the two dissimilar materials generates residual thermal stresses during subsequent
cooling. These stresses lead to cracking at the interface, and these cracks lead to the
deterioration of mechanical properties, and finally crack propagation leads to the de‐
lamination of the multilayered structure. Scientific progress in the field of material
technology, and the continuing developments of modern industries have given rise to
the continual demand for ever more advanced materials with the necessary properties
and qualities. The need for advanced materials with specific properties has brought
about the gradual transformation of materials from their basic states (monolithic) to
composites. Recent advances in engineering and the processing of materials have led
to a new class of graded multilayered materials called Functionally Graded Materials
(FGMs). These materials represent a second generation of composites and have been
designed to achieve superior levels of performance. This chapter looks at the best
processing technologies and the uses and applications of the advanced, high quality
products generated, and also presents an extensive review of the recent novel advan‐
ces in Functionally Graded Ceramics (FGCs), their processing, properties and applica‐
tions. The manufacturing techniques involved in this work have involved many
concepts from the gradation, consolidation and different sintering processes. Each
technique, however, has its own characteristics and disadvantages. In addition, the
FGC concept can be applied to almost all material fields. This chapter covers all the
existing and potential application fields of FGCs, such as engineering applications in
cutting tools, machine parts, and engine components, and discusses properties of
FGCs such as heat, wear, and corrosion resistance plus toughness, and their machina‐
bility into aerospace and energy applications.

Keywords: Functionally graded ceramics (FGCs), Classification, Design and processing,
Applications

© 2016 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.



1. Introduction

The result of scientific progresses in materials science and the continuing developments of
modern industry, have given rise to the continual demand for advanced materials that can
satisfy the necessary advanced properties and qualities. This requirement for advanced
materials with specific properties brought about the gradual transformation of materials from
their basic states(monolithic) to composites. Recent advances in engineering and the process‐
ing of materials have led to a new class of materials called Functionally Graded Materials
(FGMs). These represent a second generation of composite materials and have been designed
to achieve superior levels of performance.

FGMs are a type of composite material and are classified by their graded structure. Specifically,
an FGM typically consists of a composite material with a spatially varying property and is
designed to optimize performance through the distribution of that property. It could be a
gradual change in chemical properties, structure, grain size, texturization level, density and
other physical properties from layer to layer. FGMs have a graded interface rather than a sharp
interface between the two dissimilar materials. Using a material with, for example, a graded
chemical composition, minimizes the differences in that property from one material to another.
No obvious change may take place in their chemical composition if the gradient is smooth
enough, and if the transition is smooth, the mismatches in the property from one point in the
material to another will be limited. Therefore, the ideal FGM has no sharp interfaces. Moreover,
there will be no single location that is inherently weaker than the rest of the composite.

The aim of the production of FGMs is the elimination of the macroscopic boundary in materials
in which the material’s mechanical, physical and chemical properties change continuously and
have no discontinuities within the material. Thus, these materials exhibit superior mechanical
properties when compared to basic (monolithic) and composite materials.

In the past, the composition of FGMs typically included at least one metal phase. Recently,
great attention has been devoted to ceramic-ceramic and glass-ceramic systems due to their
attractive properties. Ceramic materials are designed to withstand a variety of severe in-service
conditions, including high temperatures, corrosive liquids and gases, abrasion, and mechan‐
ical and thermal induced stresses. In this chapter, special attention will be given to the new
advances in Functionally Graded Ceramics (FGCs), their processing and applications.

2. Origin of FG ceramics concept

The FGCs concept originated in Japan in 1984 during the space plane project of Niino and co-
workers [1] in the form of a proposed thermal barrier material capable of withstanding a
surface temperature of 2000K and a temperature gradient of 1000K in a cross-section of <10
mm. It is difficult to find a single material able to withstand such severe conditions. The
researchers used the FGM concept to manufacture the body of a space plane using material
with high refractoriness and mechanical properties resulting from gradually changing
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compositions. They designed a ceramic material for the outer surface that is exposed to a high
temperature environment and a thermally conductive metal for the inner surface. In 1987, the
successful FGC research was accepted for use in a major project by the Ministry of Education
and Science. During the period 1987–1991, a research project entitled “Research on the generic
technology of FGM development for thermal stress relaxation” was conducted by Japanese scientists.
In 1992, FGMs were selected as one of 10 most advanced technologies in Japan. Since then,
FGM technology has grown in importance and has garnered the attention of many authors
throughout the world. Although FGMs were invented fairly recently, these materials are not
actually new. Gradual variations in the microstructure of materials have been explored for
millions of years by the living organisms. FGMs have been long established in nature (bio-
tissues of plants, bamboos, shells, coconut leaves and animals) and are even found in our
bodies — such as in bones and teeth. [2].

3. Classification of FG ceramics

Future applications will demand materials that have extraordinary mechanical, electronic and
thermal properties which can tolerate different conditions and yet are easily available at a
reasonable price. As a result, it becomes necessary to reinforce at least one ceramic material in
the functionally graded structure. FGM-based ceramic reinforcement is able to withstand high
temperature environments due to the higher thermal resistance of the ceramic constituents
and their attractive properties. Functionally graded ceramic compositions can be classified
into:

3.1. Ceramic/metal

Due to the appearance of new industries that require high temperature and aggressive media,
it became important to insert at least one ceramic material phase in any advanced FGM due
to its attractive properties. In this type of FGC, the desirable properties of both metals and
ceramics are combined. For example, we can use the high thermal conductivity and toughness
of metals as an internal surface and combine it with the greater hardness and thermal insulation
of ceramics as an external surface, thereby enabling the material to withstand high temperature
environments. Examples of this type are the (Ti-TiB2) FGC that is used as an armor material
[3] and (Ni/Al2O3) FGCs which are used as lightweight armor materials with high ballistic
efficiency [4].

In addition, ceramic/metal FGCs can be designed to reduce thermal stresses and to take
advantage of both the heat and corrosion resistances of ceramics, and the mechanical strength,
toughness, good machinability and bonding capability of metals — without severe internal
thermal stresses.

3.2. Ceramic/ ceramic and glass/ ceramic

By exploiting the myriad possibilities inherent in the ceramic/ceramic FGCs concept, it is
anticipated that the properties of materials will be optimized and new uses for them will be
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discovered. Examples of these FGCs are alumina/zirconia, a material used in biomedical and
structural applications, mullite/alumina, which is used as a protective coating for SiC
components in corrosive environments [2, 5]. Zirconia-mullite/alumina FGCs can be used as
refractory materials in high temperature applications, as well as being suitable for engineering
and tribological applications [6, 7].

3.3. Ceramic/ polymer

An example of this type of FGC is the boron carbide/polymer FGC. Due to its light weight
and flexibility, the BC/polymer FGC is used in lightweight armor and wears related applica‐
tions [8]. The feature of this FGC is that the ceramic with graded porosity is fully dense on the
front surface changing to open porosity on the back surface. The polymer is then infiltrated
into the porous side of the ceramic plate to provide a lightweight energy-absorbing backing.
A ballistic fiber weave, such as Kevlar, could also be embedded in the polymer to provide
constraint and enhanced ballistic protection.

Ceramic/ polymer FGCs could also find applications in reducing the wear of automotive
components. Additionally, they are used in many industrial applications requiring materials
that are resistant to wear, corrosion, and erosion in hostile environments. Also, this type of
FGC can be used in nuclear applications, such as the manufacture, handling and storage of
plutonium materials [8].

Recently, the introduction of porosity in ceramic/polymer FGCs has broadened the scope of
their application in the fields of biomedicine and tissue engineering [9, 10]. Due to the large
surface area, high porosity, low thermal conductivity and high-temperature resistance of the
porous ceramics, they were widely used in many fields, such as functioning as supports for
ceramic filters, as artificial bones, high temperature insulators, and active cooling parts.

4. Design and processing of FG ceramics

The processing of advanced ceramics is a complex operation requiring several process control
steps to achieve the ultimate product performance in the end. A successful forming technique
leads to a ceramic product with an engineered microstructure which is characterized by a small
defect size and by a well-distributed homogeneous grain boundary composition in order to
achieve optimal performance and a high degree of reliability.

The manufacture of FGCs can be divided into two steps, namely gradation and consolidation.
Gradation is the building of the spatially inhomogeneous graded structure, while consolida‐
tion is the transformation of this graded structure into the bulk material. The gradation process
is usually classified into three main groups: constitutive, homogenizing, and segregating
processes. The stepwise creation of a graded material from precursor materials is the basic
constitutive process. In the homogenizing processes, the sharp interface between the two
materials is converted to a gradient by material transport i.e. diffusion. In the segregating
process, the macroscopically homogeneous material is converted into a graded material by an
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external gravitational or electric field. The primary advantage of the homogenizing and
segregating processes is the production of a continuous gradient. Following this, drying and
sintering (or solidification) steps need to be adapted relevant to the particular material selected,
and attention has to be paid to the different shrinkage rates during the sintering of FGCs [11].

The manufacturing process is one of the most important areas of FGC research. A large part
of the research into FGCs has been dedicated to processing, and a large variety of production
methods have been developed for use in the processing of FGCs. Most of the processes of FGC
production are based on variations of conventional processing methods, which are already
well-established. Methods that are capable of accommodating a gradation step include powder
metallurgy [12-14], sheet lamination, chemical vapor deposition and coating processes. In
general, the forming methods used include centrifugal casting [15-17], slip casting, tape casting
[18], and thermal spraying [19, 20]. Which of these production methods is the most suitable?
It depends mainly on the material combination, the type of transition function required, and
the geometry of the desired component. However, it was found that powder metallurgy (PM)
will be the most suitable method for the manufacture of FGCs in the future. It is believed that
the main issue in the implementation of the PM method is the sintering process, which needs
to be explored further in order to achieve improvements in the microstructure and mechanical
properties of the resulting FGCs [21].

4.1. Powder metallurgy

Powder metallurgy (PM) is one of the most prevalent techniques due to its wide range control
of composition, its microstructure and its ability to form a near net shape. It is a cost-effective
technique and has the advantages of greater availability of raw materials, simpler processing
equipment, lower energy consumption and shorter processing times. In powder processing,
the gradient is generally produced by mixing different powders in variable ratios and stacking
the powder mixtures in separate layers.

The thickness of the separate layers is typically between 0.2 mm and 1mm. Several techniques
have been introduced for powder preparation, such as chemical reactions, electrolytic
deposition, grinding or comminution. These techniques permit the mass production of powder
form materials and usually offer a controllable size range of the final grain population. In
powder processing, the main consideration focuses on the precision in weighing of amounts
of individual powders and the dispersion of the mixed powders. These elements will influence
the properties of the structure and need to be handled very carefully. In the subsequent
processes, the forming operations are performed at room temperature, while sintering is
conducted at atmospheric pressure as the elevated temperature used may cause further
reactions that may affect the materials [22]. [23] studied the manufacturing method of another
constituent, ZrO2/AISI316L FGCs for use in joint prostheses. The mechanical and biotribo‐
logical properties of the FGCs were evaluated through studies of their fracture toughness,
bending strength, and wear resistance. It was found that FGMs with a layer thickness of less
than 1.0 mm showed a low wear resistance. FGCs with a layer thickness of more than 2 mm,
therefore, have mechanical and biotribological properties which are suitable for use in joint
prostheses. [24] studied the relative density, linear shrinkage and Vickers hardness of each
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layer of 8YSZ/Ni FGC. The microstructure and the composition of these components were also
studied. The results obtained showed that FGCs produced by spark plasma sintering exhibited
a low porosity level and consequently fully dense specimens. There are no macroscopic distinct
interfaces in YSZ/Ni FGM due to the gradual change in components. Another successful FGC
prepared by the PM method is ZrO2/NiCr FGC, as studied by [12].

4.2. Hot pressing

Yittria stabilized zirconia (YSZ) and nickel 20 chromium (NiCr) are the two materials com‐
bined using YSZ-NiCr FGC interlayer via the hot pressing method [25]. At the initial stage of
processing, the powdered YSZ and NiCr were mixed in a ball milling machine for 12 hours
before being stacked layer-by-layer in a graphite die coated with boron nitride. In this study,
the concept of stepwise gradation was applied by arranging the composition of each layer to
be a certain desired percentage. The preoccupation of each layer was performed at a lower
pressure before stacking the adjacent layer under higher pressure (10 MPa) to ensure an exact
compositional distribution within the layers.

A new composition profile of 15 layers with a crack-free joint of the Si3N4-Al2O3 FGC was
proposed using the hot pressing technique [26]. Bulk SiC/C FGC is another pair successfully
manufactured using the hot pressing process. In terms of thermal properties, the hot pressed
SiC/C FGC was found to have a high effective thermal conductivity at the interface of the 1
mm SiC layer when compared to the specimens prepared using other methods. No cracks were
found in the SiC/C coatings, as a result of the high thermal fatigue behavior of the FGC. The
plasma-relevant performance also indicated that the specimen has excellent high temperature
erosion resistance [27]. Moreover, hot pressed hydroxyapatite/Ti (HA/Ti) FGC showed a
strong biocompatibility and a high bonding strength with the bone tissue of rabbits, as
investigated by [28]. The study concluded that the HA/Ti FGC has a good potential for use in
hard tissue replacement applications as it possesses a high bonding strength which could
exceed the 4.73 MPs shear strength of new bone tissues when compared to pure Ti metal.
Amongst the successfully manufactured hot pressed FGCs are the novel TiB2/ZrO2 and TiB2-
SiC/ZrO2 FGCs which show excellent properties and have been identified for possible use in
ultra-high temperature applications [29].

4.3. Cold pressing

A beam-shaped porous lead zirconia titanate-alumina (PZT-Al2O3) FGC actuator that exhibits
the theoretically matched electric-mechanical response with a crack-free structure based on
the pyrolyzable pore-forming agent (PFA) porosity gradient, has been successfully manufac‐
tured using a cold sintering method [25].

The binder addition is similarly applied in the manufacture of another FGC composed of Ni
and Al2O3 in order to investigate the influence of the particle size used. In this study, the
appropriate Ni, Al2O3 and Q-PAC 40 (organic binder) particle sizes were selected, based on
the desired microstructure of the corresponding composition. After being mixed together in
the blending process, the powder mixtures were cold pressed under 86 MPa pressure. This
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was followed by pressureless sintering at 1350°C with specific sintering [30]. The titanium/
hydroxyapatite (HA/Ti) and other FGC implants with a gradually changing composition in
the longitudinal direction of the cylindrical shape were also manufactured via cold isostatic
pressing (800 to 1000 MPa) in order to optimize the mechanical and biocompatibility properties
of the resultant structures [31]. Figure 1 shows the flow chart outlining the manufacturing
process of the cold pressed Al2O3-ZrO2 FGC used in the study [30]. Different elemental
consideration under powder characteristic in terms of the addition of the space holder material
was investigated on porous Ti-Mg (titanium-magnesium) FGM.

Most researchers working with this technique increasingly intend to use microscale particles
in the manufacture of FGCs since nanoparticles need greater precision during processing. Only
a small number of limited studies report using nano-sized composition particles [21]. Co/α-
Al2O3 FGC composed of nano-sized powders was successfully manufactured using a high
pressure torsion procedure [32]. This procedure is classified as a PM method, and cold pressing
— as the consolidation or sintering process — is performed after compaction. The difference
is only in the way of delivering the pressure in the torsional mode.

Figure 1. Flow chart detailing the manufacturing process of Al2O3/ZrO2 FGC [30].

4.4. Sintering process

The sintering process is performed simultaneously with the compaction process if the FGC is
prepared using a hot pressing process. However, in the cold pressing process, the sintering
process is performed only after the powders have been compacted. The effectiveness of three
different sintering methods, including electric furnace heating, high frequency induction
heating, and spark plasma sintering (SPS) were investigated, [33]. SPS is a newly developed
process which enables the sintering of high quality materials in short periods by charging the

Advances in Functionally Graded Ceramics – Processing, Sintering Properties and Applications
http://dx.doi.org/10.5772/62612

7



intervals between powder particles with electrical energy. Their systems offer many benefits
in terms of ease of operation, low cost, a more uniform and rapid sintering compared to the
conventional systems using hot press sintering, hot isostatic pressing or atmospheric furnace
processes applied to many advanced materials. Amongst the reported SPS FGCs are WC based
materials (WC/Co, WC/Co/steel, WC/Mo), and ZrO2 based composites (ZrO2/steel, ZrO2/TiAl,
ZrO2/Ni), Al2O3/TiAl, etc. [34]. The influence of ZrO2 content and sintering temperature on
microstructures and mechanical properties of the composites were investigated by [35].

In order to evaluate the sintering performances, one of the parameters that could be investi‐
gated is the porosity. As a result, some sintering models have been developed and analyzed
to this end. These studies proved that the amount of porosity is directly related to the rate at
which shrinkage occurs [36]. The changes in porosity and shrinkage in the theoretically
sintered nickel/alumina (Ni/Al2O3) FGC have been studied [37]. This study shows how the
porosity reduction model can be used to access the quality of particle-reinforced metal-ceramic
FGCs formed by pressureless sintering and to predict the changes that can be achieved in
porosity reduction through the engineering of the particle dispersion in the processing of
FGCs. The influence of other sintering parameters including time, temperature, sintering
atmosphere and the isostatic condensation on the performance of the resulting FGCs, was
investigated [38]. During the manufacture of the sintered tool gradient materials — composed
of wolfram carbide and cobalt — used in the study, the sintering parameters were changed
in order to find their optimum values. The sequential concentration of the molding, with layers
having an increasing content of carbides and a decreasing concentration of cobalt and sintering,
ensures the acquisition of the required properties, including resistance to cracking. Another
successful example of pressureless sintering is the functionally graded zirconia-mullite/
alumina ceramics (ZM/A FGC). These exhibit a homogenous structure with highly improved
and unique properties. The recorded value of each test of tailored FGZM/A was nearly equal
to the average of the test values of its non-layered composites. This is good evidence of the
strength of the interfacial bonding between subsequent layers of the composite as well as the
homogeneity and uniformity of the powders in each layer [6, 7].

4.5. Infiltration process

Infiltration, or to give it the correct scientific terminology — hydrology —is the process by
which fluid on the ground surface precipitates into the soil. This process is governed by the
force of either gravity or capillary action. The rate of infiltration depends on soil characteristics
such as storage capacity, transmission rate through the soil, and the ease of entry of the fluid.

The infiltration method was introduced in order to prepare certain complex FGCs shape. This
manufacturing method needs little or no bulk shrinkage and more rapid reaction kinetics. As
the common process for mold shaping is the heating of the powder to a temperature that is
higher than the liquid phase, the demand of ensuring there is no bulk shrinkage is quite
challenging.

A compositionally graded Al-SiC FGC was successfully manufactured using the pressureless
infiltration method in the early part of the last decade. This indicated that the thermal con‐
ductivity of the FGC produced increased in a nonlinear manner, while the volume fraction of
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the ceramic element decreased [39]. An innovative method of infiltration processing using
microwave sintering and an environmental barrier coating (EBC) was subsequently developed
for the manufacture of Si3N4 FGC. This FGC is composed of α-Si3N4-Yb-silicate green parts
and porous β-Si3N4 ceramics as the substrates [40]. Figure 2 shows the successful manufacture
of YSZ/SiC FGC via the infiltration method, as investigated by [41]. In addition, different
compositions of porous Ti/HAP FGCs were also manufactured using the infiltration techni‐
que. The Young’s Modulus of the manufactured FGCs was comparable to human cortical bone
in the porosity range of 24 to 34%, [42]. The effect of glass infiltration was investigated on
the CaO-ZrO2-SiO2 system in the development of glass/alumina FGCs. In order to obtain the
final compositional gradient which is indicated by blue glass, the glass formulation of the
system was doped with cobalt by adding a small molar percentage (0.1 mol %) of CoO.
Characterization of the specimens proved that the cobalt-doped glass has interesting mechan‐
ical properties, including a high elastic modulus, good fracture toughness, and an acceptable
coefficient of thermal expansion [43].

Figure 2. Schematic diagram of the infiltration process of YSZ/SiC FGM [41].

4.6. Centrifugal casting

Centrifugal casting is one of the most effective methods used in the processing of FGCs due
to its wide range control on composition and microstructure. The microstructure and compo‐
sition gradients in some aluminum based FGCs including Al/SiC, Al/Shirasu, Al/Al3Ti, Al/
Al3Ni, and Al/Al2Cu combinations have been made by evaluating the dispersion of the
different phase particles within the FCM structures manufactured via different centrifugal
casting processes [44]. The study found that Al/SiC, Al/Shirasu and Al/Al3Ti FGCs can be
manufactured using the centrifugal solid-particle method, while the centrifugal in-situ method
is suitable for the manufacture of Al/Al3Ni and Al/Al2Cu FGMs. The combination of both
processing methods is required for Al/(Al3Ti+Al3Ni) hybrid FGCs.

Advances in Functionally Graded Ceramics – Processing, Sintering Properties and Applications
http://dx.doi.org/10.5772/62612

9



The phase compositions of FGCs manufactured using this approach depend strongly on the
condition of the centrifugal sedimentation process. Relevant factors include the duration of
the process, rotation speed, and solid and dispersive fluid contents [45]. A self-propagating
high temperature synthesis reaction is added as one of the steps, followed by centrifugal
casting, in the manufacture of TiC-reinforced iron base (Fe-TiC) FCC. Observation of the
manufactured specimen indicated an increasing trend in the hardness profile from the outer
surface to the TiC-rich inner surface. The wear performance of the TiC-rich inner face was
found to be better when compared to the particle free outer surface of ferritic steel matrices [46].

The formation of gradient solidification is another aspect that was evaluated in the investiga‐
tion into FGCs manufactured via centrifugation. In this study, SiC, B4C, SiC- graphite hybrid,
primary silicon, Mg2Si and Al3Ni reinforced aluminum based FGCs were prepared using
centrifugal casting. The densities and the size of the reinforcements were found to be two major
factors influencing the formation of the graded microstructure [47].

4.7. Slip casting

TZP/SUS304 FGC was developed using a slip casting technique [48]. The gradual distribution
of the chemical composition and microstructure of the manufactured specimens eliminated
the macroscopic FGC interface that occurs in a traditional ceramic/metal joint. Another FGC
material that was successfully manufactured via the slip casting method is Al2O3/W FGC,
which has the potential to be used as a conducting and sealing component in high-intensity
discharge lamps (HiDLs) [49].

4.8. Thermal spraying

Thermal spraying has been frequently used to produce FGC coatings. Thermal spraying of
FGCs offers the possibility of combining highly refractory phases with low-melting metals,
and allows for the direct setting of the gradation profile. [50] studied the heat insulation
performance of thermal barrier-type FGC coatings under a high heat flux. The FGC coatings
with thicknesses varying from 0.75 to 2.1 mm were designed and deposited onto a steel
substrate using plasma spraying. [51] studied and investigated the different properties,
microstructure and chemical composition of FG 20 wt.% MgO-ZrO2/ NiCrAl thermal barrier
coatings that were obtained using the plasma spraying process. Scanning Electron Microscope
(SEM) observations of the fractured surface revealed that the intermediate graded layer had
the compositional mechanical properties of strength and toughness, due to improvement of
the microstructure and relaxation of the residual stress concentration. In another study, the
spark plasma technique used in the thermal spraying process was employed in the manufac‐
ture of an FGC composed of Hydroxyapatite (HAp) and titanium nitride (TiN) [52]. In order
to improve the adhesion between the adjacent graded layers of the FGC, a proper bond coat
should be introduced. It is thought that by arranging the smooth change of the mismatch
between the thermal expansion coefficients of the composition, the delamination within the
FGC structure could be addressed. Other FGCs manufactured using this technique are
HAp/TiO2, Yttria stabilized zirconia (YSZ)/mullite coats deposited on SiC substrates [53] and
tungsten carbide/cobalt (WC/Co) FGC [54].
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4.9. Laser cladding

In the laser cladding process, two or more dissimilar materials are bonded together using laser
intercession. During the process, the material which is in powdered form is injected into the
system — which is purpose-built for the cladding process — while the laser, which causes
melting to occur, is deposited onto the substrate. Although the technique has become the best
method for coating various shapes and has been declared to be the most suitable process for
applications with graded material, limitations still exist because the setup of the high technol‐
ogy system processes is very expensive and is unsuitable for mass production as a result of
the layer-by-layer process. The Nd:YAG type of laser was also being used in the manufacture
via selective laser melting (SLM) of super nickel alloy and zirconia FGC, Figure 3. The
resulting materials contained an average porosity of 0.34% with a gradual change between the
layers, and without any major interface defects [55]. The final WC-NiSiB alloy FGC product
manufactured by this method was found to be suitable for use in high-temperature tribological
applications. The study mentioned that the surface roughness and the geometrical properties
of the synthesized FGCs can be controlled by adjusting the heat input during the laser cladding
process [56].

Figure 3. Experimental setup used for laser assisted processing using an Nd:YAG laser power source [55].

4.10. Vapor deposition method

Vapor deposition is a process by which materials in the vapor phase are condensed to form a
solid material. This process is generally employed to make coatings for the alteration of the
properties of the substrates such as mechanical, electrical, thermal, and wear etc. Basically,
vapor deposition is classified into two categories, namely chemical vapor deposition (CVD)
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and physical vapor deposition (PVD). C-based materials that have an excessive chemical
sputtering which yields at 600 to 1000 K and exhibits irradiation with enhanced sublimation
at >1200 K when exposed to plasma erosion conditions, were successfully manufactured via
the CVD method in 2002. The problem of serious C-contamination of the plasma was solved
by using chemically deposited SiC coatings on the surface of the C-substrate. C-based FGCs
such as SiC/C, B4C/Cu, SiC/Cu and B4C/C bulk FGC were also successfully manufactured
using this method [57].

5. Advanced applications of FGC ceramics

The use of FGCs has rapidly gained popularity in recent years, especially in high temperature
environments and aggressive media, as illustrated in Figure 4. The FGCs concept is applicable
to almost all material fields. Examples of a variety of real and potential applications of FGCs
in the field of engineering are cutting tools, machine parts, and engine components, while
incompatible properties such as heat, wear, and corrosion resistance, plus toughness and
machinability are incorporated into a single part. For example, throwaway chips for cutting
tools made of graded tungsten carbide/cobalt (WC/Co) and titanium carbonitride (TiCN)-WC/
Co that incorporate the desirable properties of high machining speed, high feed rates, and a
long life have been developed and commercialized. Various combinations of these ordinarily
incompatible functions can be applied to create new materials for the aerospace industry,
chemical plants, optoelectronic applications, bio-medical applications, solar cells, and nuclear
energy reactors.

5.1. FG Ceramics for aerospace, military and automotive applications

Thermal barrier coating FGCs are used for military and commercial aero engines as well as in
gas turbine engines for automobiles, helicopters, marine vehicles, and electric power genera‐
tors. They are also used in augmentor components, e.g. tail cones, flame holders, heat shields
and duct liners, and in the nozzle section they are being used experimentally in the verging/
diverging flaps and on seals where hot gases exit the engine [58, 59].

Space vehicles flying at hypersonic speeds experience extremely high temperatures from
aerodynamic heating due to friction between the vehicle surface and the atmosphere. One of
the main objectives of investigating FGCs deposited by chemical vapor deposition (CVD-
FGCs) was the development of thermal barrier coatings (TBCs) for a space plane. It was found
that sheets of SiC/C FGCs produced by CVD provide excellent thermal stability and thermal
insulation at 1227°C, as well as excellent thermal fatigue properties and resistance to thermal
shock [60]. A combustion chamber with a protective layer of SiC/C FGC has been developed
for the reaction control system engine of HOPE, a Japanese space shuttle. These FGCs produced
for rocket combustors have undergone critical tests with nitrogen tetroxide and monomethyl
hydrazine propellants at firing cycles of 55 seconds with subsequent quenching by liquid
nitrogen. The maximum outer wall temperature of these model combustors was 1376°C to
1527°C, while the inner wall temperature reached 1677°C to 2027°C. No damage to the
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combustors was observed after two test cycles [61]. It is expected that the Si-based ceramics,
SiC and Si3N4, will be introduced in the hot-sections of the next generation of gas turbines
operating at higher temperature. Mullite/SiC TBC FGC exhibited excellent adhesion and
corrosion resistance as shown in the study by [62].

Graded zirconia/nickel ZrO2/Ni and Al2O3/ZrO2 FGC TBCs have also been considered for
other rocket engines, such as in the small regeneratively cooled thrust chambers in orbital
maneuvering systems [63, 64]. These chambers are prepared using a combination of galvano-
forming and plasma spraying. No delamination of ZrO2 was observed after 550 seconds of
combustion.

Nowadays it is necessary to reduce the weight of army systems in order to cope with the rapidly
developing requirements of military contingencies. Ultralight weapons will be the cornerstone
of future battlefield domination. Military strategists have asked for radical weight reductions
in future military equipment, which will need new materials in new structures and designs.
The concept of FGCs is one of the material technologies identified for this purpose [65].

Figure 4. Areas of potential application of FGCs.
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Stealth missiles are now a required component of a modern weapons system. Parts made from
specific materials can be used to absorb the electromagnetic energy emitted in order to
minimize waves reflected in the direction of the enemy radar receiver. The most promising
new materials for use in these applications are ceramic matrix composites reinforced with
ceramic woven fabrics. The use of long, continuous ceramic fibers embedded in a refractory
ceramic matrix creates a composite material with much greater toughness than basic (mono‐
lithic) ceramics, and which has an intrinsic inability to tolerate mechanical damage without
brittle fracture. Nicalon SiC fibers, which have semiconducting properties, and Nextel
mullite (3Al2O3- 2SiO2- 0.1 B2O3) fibers, which are completely dielectric, are used in the
preparation of graded oxide matrix ceramic composites [66].

Some structural ceramics such as B4C, SiC, Al2O3, AlN, TiB2 and Syndie (synthetic diamond)
FGCs [67–70] are viewed as potential materials for use in armor applications for both personnel
and vehicle protection, owing to their low density, reliability, superior hardness, compressive
strength and greater energy absorption capacity, which enable effective protection from
projectiles.

Moreover, spark plasma sintered Ti/TiB2, TiB2 /MoSi2 [71] and Ni/Al2O3 [4], FGCs are used as
lightweight armor materials with high ballistic efficiency.

Figure 5. Radical weight reduction for future ground vehicles [65].

At present, the braking system is one of the most important part of the world’s transportation
systems. The traditional disc brake rotors in use today are manufactured from gray cast iron
[72]. Up until very recently, the best candidate material for the future generation replacement
of car brake rotors in terms of the relationship between high speed and lower coefficients of
friction had not been identified.

The new advances in functionally graded ceramics allows them to be utilized in car braking
systems as brake discs. It is anticipated that aluminum titanate (Al2TiO5) FGCs may replace
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mullite (3Al2O3- 2SiO2- 0.1 B2O3) fibers, which are completely dielectric, are used in the
preparation of graded oxide matrix ceramic composites [66].

Some structural ceramics such as B4C, SiC, Al2O3, AlN, TiB2 and Syndie (synthetic diamond)
FGCs [67–70] are viewed as potential materials for use in armor applications for both personnel
and vehicle protection, owing to their low density, reliability, superior hardness, compressive
strength and greater energy absorption capacity, which enable effective protection from
projectiles.

Moreover, spark plasma sintered Ti/TiB2, TiB2 /MoSi2 [71] and Ni/Al2O3 [4], FGCs are used as
lightweight armor materials with high ballistic efficiency.

Figure 5. Radical weight reduction for future ground vehicles [65].

At present, the braking system is one of the most important part of the world’s transportation
systems. The traditional disc brake rotors in use today are manufactured from gray cast iron
[72]. Up until very recently, the best candidate material for the future generation replacement
of car brake rotors in terms of the relationship between high speed and lower coefficients of
friction had not been identified.

The new advances in functionally graded ceramics allows them to be utilized in car braking
systems as brake discs. It is anticipated that aluminum titanate (Al2TiO5) FGCs may replace
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conventional gray cast iron as a result of its better thermal performance when used in car brake
rotors. Moreover, due to its low density compared to gray cast iron, Al2TiO5, it is a fuel saving
option for use in car brake rotors [73].

Nowadays, [74] it is known that functionally graded Al2O3/ Al2TiO5 ceramics can be used
successfully in car brake rotor systems due to the excellent properties and behaviors they
exhibit.

5.2. FG ceramics for energy applications

The majority of today's power stations still burn conventional fuels. By optimizing combustion
techniques and combining stationary gas turbines with steam turbines, efficiencies close to 60
% have been achieved. The incorporation of advanced material concepts such as FGCs could
further improve the efficiency of these systems [75].

Turbine blades made from titanium aluminide with gradients in Cr content have been
produced by hot isostatic pressing. Measurement of the mechanical properties of machined
pieces cut from tested Ti48Al2Cr2Nb/Ti46Al3Cr5Nb2Ta FGC turbine blades were evaluated after
heat treatment at 1350°C for 2 hours, and confirm the presence of the expected microstructural
and mechanical gradients [76].

Porous SiC FG ceramics are proving to be the most promising materials for use as liquid fuel
evaporator tubes in gas turbine combustors with premix burners which can significantly
reduce the probability of failure [77, 78]. FGCs can also be used as components for integrated
thermionic/thermoelectric systems. Figure 6 shows a schematic of a hybrid direct energy
conversion system proposed in the second Japanese FGC program [79]. Thermionic conversion
is based on the principle that electrons discharged from a hot emitter will move to a low
temperature collector located on the opposite side [80]. By applying the FGC concept (TiC/Mo
– MoW – WRe) FGCs, the performance of the thermionic converter can be optimized by
decreasing the energy loss between the emitter and the converter (the barrier index) [79].

Thermoelectric materials with a FGM structure show a higher performance than basic
materials. FGC joining is also a useful technique for use in setting an electrode in order to relax
thermal stress and suppress inter diffusion. SiGe is one of the materials under consideration
for use in thermoelectric conversion at high temperatures. Dense graded SiGe units with
electrodes have been manufactured by a one-step sintering process using hot isostatic pressing
(HIP) with glass encapsulation, as shown in Figure 7 [81]. Materials with low electrical
resistivity, including tungsten, molybdenum disilicide, and titanium diboride (W, MoSi2, and
TiB2) were selected for the electrodes. They were blended with silicon nitride (Si3N4) in order
to reduce the thermal expansion mismatch of the joints between the electrodes and the
thermoelectric conversion unit.

It has recently been found that the tellurium compounds Bi2Te3 and Sb2Te3 having ZT > 2
and PbTe based FGCs are well established thermoelectric materials suitable for use in the
future [82].
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Figure 6. A hybrid direct energy conversion system consisting of thermionic and thermoelectric converters.

Figure 7. A dense, graded n-type (SiGe) conversion unit produced by HIP [81].
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FGCs are also promising candidates for use in the manufacture of technological components
in solid oxide fuel cells (SOFC). [83] has successfully manufactured nano-structured and
functionally graded LSM–LSC–GDC FGC cathodes to have about 240 μm thick YSZ electro‐
lyte supports using a combustion CVD method. Moreover, FGCs are used as components in
the fusion and nuclear reactor field. Chemical vapor deposited FGC coatings of 1 mm thick
TiC/C were evaluated at a surface heat flux of up to 70 MW/m2 for several seconds. The FGC
film sustained temperature differences as high as 1500°C without cracking or melting [84].

5.3. FG ceramics for electronic and optoelectronic applications

Ceramic/metal and ceramic/ceramic FGMs are showing great promise as both specialized
electrical materials, and thermal barrier materials, due to their high temperature properties.

Functionally graded ceramics have become widely and commonly used in many advanced
optical and electrical applications such as semi-conductor devices, anti-reflective layers,
sensors, fibers, GRIN lenses and other energy applications [85]. In semi-conductors, concen‐
tration, carrier mobility, diffusion length, built-in electric field and other properties exert a
strong influence on the parameters of electronic and optoelectronic devices. Functionally
graded AlN/GaN ceramics can be used as a buffer layer for heteropitaxy that is able to
distribute strain in the buffer layer and reduce cracking in the active layer [86].

In addition, in conventional edge lasers applied to fiber telecommunications, there are several
factors that influence the quality of a device. Two most important are the low threshold current
and the numerical aperture of the light beam. It is possible to decrease the numerical aperture,
but also to increase the threshold current through increasing the thickness of the active region.
One possible solution is the use of a graded-index separate-confinement heterostructure
(GRINSCH). In such a structure, the FGC is used as a waveguide cladding layer, and as a
barrier to carriers [87].

On the other hand, the substantial shortfall in the efficiency of silicon solar cells is due to the
constant band gap width of the bulk material. In such cells, high radiation is absorbed in a
shallow layer under the surface. As a result, it is important to initiate an electric field in close
vicinity to the surface. A successful way to overcome this limitation is through the use of
graded materials [88]. Functionally graded AlxGa1-xN (n)/GaN (p) ceramics can be used as high
efficient photodetectors and in solar cells [89].

Piezoelectrics have been used extensively in the design of actuators and sensors in many fields
due to their versatility and efficiency in the mutual transformation between mechanical and
electrical energy. The piezoelectric actuator has many excellent properties, such as low energy
consumption, a compact size, quick response and high resolution. Therefore, piezoelectric
actuators and sensors are seen as promising candidates for use in microelectro-mechanical
systems and smart material systems. Functionally graded piezoelectric ceramics are novel
devices, which can successfully overcome the inherent structural defects in conventional
piezoelectric bending-type actuators that result from the use of epoxy binder.

Functionally graded piezoelectric ceramics with a ceramic backing of (1-x) Pb(Ni1/3Nb2/3)O/
xPb(Zr0.3Ti0.7)O3 are used as highly efficient ultrasonic transducers [90]. These ultrasonic
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transducers are widely used in ultrasonic measurement systems such as nondestructive testing
and medical diagnosis.

Another advanced FGC is porous lead zirconate titanate (PZT), which is manufactured by
aqueous tape casting technology and is used in pyroelectric applications [91].

5.4. FG ceramics in biomedical applications

Over the past 30–40 years, there have been major advances in the development of medical
materials and this has seen the innovation of ceramic materials for use in skeletal repair and
reconstruction. Bioceramics are now used in a number of different applications throughout
the body. However, the increase in biomedical applications of bioactive ceramics is occurring
simultaneously with the growth of interest in tissue engineering.

The use of FGCs in biomaterial applications is growing in importance. Over 2500 surgical
operations undertaken to incorporate graded hip prostheses have been successfully performed
in Japan over the past twelve years. These graded hip implants enable a strong bond to develop
between the titanium implant, bone cement, hydroxyapatite (HAp), and bone. The bone tissue
penetrates HAP granules inserted between the implant and the bone forming a graded
structure. Hence, FGCs have enabled the development of this promising approach to bone
tissue repair [92].

Biomaterials must simultaneously satisfy various requirements and possess certain properties
such as being non-toxic, having good mechanical strength, and they need to be biocompatible
[93, 94]. Natural tissues often possess FGMs which enable them to satisfy multiple require‐
ments [95]. Human tissues have evolved to be best adapted to their multiple functional
requirements. For instance, the perfect design of natural bone with a dense, stiff external
structure (cortical bone) and a porous internal structure (cancellous bone) demonstrates that
functional gradation has been utilized for biological adaptation [96].

A functionally graded carbon fiber (CF) reinforced poly-lacticacid (PLA)/nanometer hydrox‐
yapatite (HA) biomaterial has been prepared by [97]. CF was used as the reinforcement to
improve mechanical properties, while at the same time the advantages of PLA and nano-HA
were retained. [31] developed a dental implant with functionally graded titanium (Ti) and HA.
[98, 99] developed a functional gradient HA composite containing glass-coated Ti and studied
its microstructures, mechanical and thermal properties. [100] proposed a HA–glass–titanium
(HA–G–Ti) composite and implanted it in the femur of a dog to evaluate its bonding strength.
However, metal and polymer-based implants usually lead to stress shielding, wear debris,
delayed osseointegration, resorption, degradability or other biological complications. There‐
fore, new bone tissue implants should aim to avoid these disadvantages and instead meet the
multiple functional requirements of bone tissue [101, 102].

It was found that calcium phosphate ceramics, especially the bioactive nano-structured
hydroxyapatite, have received considerable attention in recent years [103–105]. In vitro and in
vivo experiments have demonstrated that the nano-HA has an excellent biological perform‐
ance when compared with conventional micro-grain HA [106, 107]. Nano-HA possesses
exceptional biocompatibility and bioactivity with respect to bone cells and tissues. Hence,
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[108] prepared a successful nine layers of laminated and functionally graded HA/ yttria
stabilized zirconia (Y-TZP) for orthopedic applications, using an SPS technique.

In addition, [92] presented a novel FGC with both micro-grain and nano-grain HA crystals
that is able to satisfy the mechanical and biological property requirements of bone implants.
It was concluded that a biologically functionalized nano-rough surface contributed better
bioactive functionality to the HA ceramics. By applying the concept of FGM, bio-inspired
multifunctional biomaterials open the door to a promising approach to bone tissue repair.

Other functionally graded ceramics that are used in biomedical applications are ZrO2/
AISI316L as artificial joints and hip prostheses, and ZrO2/Al2O3 FGCs as teeth implants [109].
Nowadays, structure grading technology is also used in cancer prevention research. One of
them, for instance, is a study on collagen structure reinforcement using grading technology.
In such a type of graded structure, the graded material should not only possess excellent
hardness, wear and corrosion resistance, but should also have high biological compatibility
and harmlessness.

5.5. FG ceramics in structural and tribological applications

FGCs offer great promise for use in applications where the operating conditions are severe,
for example, in cutting tools and wear resistant linings for handling large heavy abrasive ore
particles. These applications require graded ceramics with high corrosion and wear resistance.
This type of FGC can also be used as protective coatings in the form of an alumina/mullite
FGC that is used to protect SiC components from corrosion, and act as a thermal barrier coating,
improving the efficiency of turbine engines by providing the capability to sustain a significant
temperature gradient across the coating ZrO2/Al2O3 FGC, which also improves thermal
resistance and resistance to oxidation [110].

Moreover, a novel functionally graded Al2O3/lanthanum hexaaluminate (LHA) ceramic with
a gradient in composition and porosity was developed using the PM method as a high
temperature thermal barrier coating, protecting the components from a corrosive and severe
thermal environment [111]. Graded WC/Co FGCs are used as abrasive cutting tools and in
mining equipment, where a high wear resistance and toughness are both required [112].

In addition, the WC/Co FGC is coated with a layer of titanium nitride (TiN), a layer of
alumina (AI2O3), and a layer of titanium carbonitride (TiCN) by chemical vapor deposition.
These graded and multiple coated WC/Co FGC cutting tool chips are very resistant to flank
wear. Furthermore, they have the advantage of a high machining speed combined with a high
feed rate. Their graded composition can also control the internal stresses arising from the
mismatch in thermal expansion. A simple, asymmetric gradient in composition such as in a
ceramic/metal FGM can reduce thermal stress, while a symmetrical or radial gradient can
induce a sizable compressive stress at the outer ceramic layer, resulting in stress reinforcement
similar to that of tempered glass or pre-stressed concrete [113]. Graded cutting tools have also
been made for interrupted cutting from cermets of TiC-NiMo FGC in which the percentage
of TiC in the graded layer ranged from 95 wt. % at the top surface to 86 wt % at the site of

Advances in Functionally Graded Ceramics – Processing, Sintering Properties and Applications
http://dx.doi.org/10.5772/62612

19



transition to plain steel [114]. Recently, Al2O3/TiC and Al2O3/(W-Ti) C FG ceramics have been
investigated as highly efficient ceramic tools with excellent thermal shock resistance [115].

FGCs are also used as engineering components, machine parts and in joints for gas and steam
turbines as well as in coatings and wear resistant materials [116]. For example, SiC/C FGC acts
as a structural part of the heat collector for an energy conversion system, and also provides
thermal stress relaxation, heat conduction, and protection from oxidation.

Another FGC application that involves thermal stress relaxation and a low coefficient of
friction, is in welding apparatus. For example, Si3N4-Cu FGC is used in automated electric arc
welding of the large aluminum sheets used in building huge ships such as liquid natural gas
(LNG) tankers [117]. Other suggested applications included use as filters, catalysts, mufflers,
heat exchangers, self-lubricating bearings, silencers, vibration dampers, and shock absorbers
[118].

Silicon nitride Si3N4, and silicon aluminum oxynitride SiAlON are a special class of high
temperature ceramic and refractory materials. Moreover, they represent a vital and unique
class of structural ceramics. They can be used in many industrial and structural applications
that require chemical stability, high heat resistance and specific mechanical properties [119].

Previously, [120] developed graded in situ SiAlON ceramics by embedding β-SiAlON green
compacts in α-SiAlON powder. The compositions, microstructures and properties of the
graded SiAlON ceramic change gradually from the hard α-SiAlON with spherical morphology
on the surface, to the tough and strong β-SiAlON with elongated grains in the core. [121]
developed a technique for the in situ formation of an α-SiAlON layer on a β-SiAlON surface.
In another study, [122] obtained a gradual change of α-SiAlON content from the surface
through to the core using the rapid cooling method. Recently, [123] have manufactured a twin
layer FGC of α-SiAlON (100 wt%)/AlN-BN (50:50 wt%) for advanced structural applications.

5.6. Other applications of functionally graded ceramics

In addition to the above mentioned applications, FGCs can be used in the lining of thermal
furnaces and other ultra-high temperature applications:

• Novel zirconia-mullite/alumina FGC tailored by the reaction sintering method and used
in refractory materials that line furnaces, and high temperature applications [6, 7].

• ZrB2/ZrO2 FGC prepared using spark plasma sintering for ultra-high temperature applica‐
tions and in severe environments [124].

• ZrO2/Fe FGC with excellent thermal and mechanical properties, used for high temperature
engineering applications [125].

• A crack-free Si3N4/Al2O3 FGC suitable for high temperature structural applications [26].

• Multi-layered Zircon/yttria (ZrO2.SiO2/Y2O3) FGC with high thermal shock resistance, used
as crucibles for the induction melting of TiAl based alloys with zero contamination [126].
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6. Future direction

Functionally graded ceramics are excellent advanced materials with unique properties and
characteristics that have entered into the manufacturing world in the 21st century. The major
success of FGCs is due to the fact that the irreconcilable properties on each side of a FGC can
be fully utilized. FGCs can be tailored according to the application requirements by controlling
the appropriate components in order to achieve some specific tailored applications and to
overcome the problems of laminated composites. However, there are some obstacles to the
realization of this success. The high costs that are entailed during the manufacturing process
and powder processing are considered to be a crucial issue. The technology of powder
metallurgy can offer a vital solution to this problem, however, there are a lot of issues relevant
to this technology that need to be considered. In addition, an extra effort in different axes
should be exerted in order to generate a predictive model for proper process control. This will
improve the execution of the process and so reduce the cost of FGC production. Another issue
that needs to be taken into consideration is that of determining the residual stresses resulting
from the inhomogeneous cooling of the graded layers of the FGC body. The values of these
residual stresses are an important indication to both the success of FGC preparation and to
their subsequent properties. Because one of the main purposes when designing FGCs is to
decrease or prevent the residual stress formed at the interface of the two dissimilar materials,
and thereby prevent crack propagation and ultimately the delamination of these materials by
having smooth transitions between layers.
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Abstract

New processing routes for metal-matrix functionally graded materials (FGMs) and
structures through combinations of powder metallurgy and casting are described in
this chapter. Centrifugal mixed-powder method is introduced as a processing meth‐
od for metal-matrix FGMs at first. The centrifugal mixed-powder method is a devel‐
oped technique of centrifugal casting by setting predesigned mixed powder in a
spinning mold in advance. As an example of processed FGMs by this method in our
previous studies, Cu-based FGMs with dispersed diamond particles are shown.
Graded structures in the Cu-based FGMs are investigated through scanning elec‐
tron microscope (SEM) observations of microstructures. As the latest processing
method for metal-matrix FGMs developed by our research group, centrifugal sin‐
tered-casting method is shown. The centrifugal sintered-casting method is a modi‐
fied processing technique of the centrifugal mixed-powder method. In the
centrifugal sintered-casting method, FGMs are processed by the combination of
centrifugal sintering and centrifugal casting. Al–Si alloy and Cu-based FGMs with
dispersed diamond particles are introduced as examples. Applications of metal-ma‐
trix FGMs processed by the centrifugal sintered-casting method are also described.
Fabricated metal-matrix FGMs can be used as grinding wheel and applied to carbon
fiber-reinforced plastic (CFRP) machining.

Keywords: Functionally graded materials (FGMs), Metal-matrix composite, Powder met‐
allurgy, Centrifugal sintering, Centrifugal casting
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1. Introduction

New processing routes for metal-matrix functionally graded materials (FGMs) and structures
through combinations of powder metallurgy and casting are described in this chapter. FGMs
are well known as a relatively new class of inhomogeneous composite materials having
property gradient. The property gradient in the FGMs is caused by a position-dependent
chemical composition, microstructure, or atomic order [1]. These FGMs are generally fabri‐
cated based on powder metallurgy, melt-processing technique, chemical vapor deposition,
physical vapor deposition and so on.

Figure 1. A schematic illustration showing a typical fabrication process of FGMs by the powder metallurgy method
through spark plasma sintering (SPS).

Figure 1 shows a schematic illustration of a typical fabrication process of FGMs by the powder
metallurgy method through spark plasma sintering (SPS). At first, mixed powders with
various ratios of materials A and B are prepared. Predesigned mixed powders are stacked
inside a die for the SPS as shown in Figure 1. The case of six-graded composition layers is
shown in Figure 1. The number of graded layers can be freely chosen. Then, FGMs with
stepwise graded structure can be obtained by sintering these powders with an SPS machine.
Ti–ZrO2 FGMs with stepwise graded structure were fabricated by this method in our previous
study [2]. A continuous graded structure can also be obtained by this method with a green
body having continuous graded composition. For example, Ti–ZrO2 FGMs were fabricated by
this method in our previous studies [3, 4].
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The melt-processing technique is also an effective way to fabricate continuous graded struc‐
ture. In terms of melt-processing techniques to fabricate metal-based FGMs, various kinds of
centrifugal method were developed: centrifugal casting [5–7], centrifugal solid-particle
method [8, 9], centrifugal in situ method [10, 11], and so on. The centrifugal casting is a
processing method that uses centrifugal force caused by rotation of a mold. By the centrifugal
force in the rotating mold including molten metal and solid particles, compositional gradient
due to the difference of the material densities between the molten metal and the solid particles
is generated. By controlling these phenomena, FGMs can be fabricated. Basically, both the
centrifugal solid-particle method and the centrifugal in-situ method are based on the centri‐
fugal casting. The centrifugal solid-particle method can be conducted at a temperature of
liquid–solid coexistence in alloy systems, such as Al–Ti [8, 9]. On the other hand, the centrifugal
in-situ method can be made at a temperature of liquid phase in alloy systems, such as Al–Ni
[10] and Al–Cu [11]. By using these processing techniques, various kinds of FGMs having
specific graded distributions of reinforcement can be made.

As new melt processing techniques, centrifugal mixed-powder method [12–15] and centrifugal
sintered-casting method [16, 17] have been recently developed. These two melt processing
techniques are introduced in this chapter. Applications of metal-matrix FGMs processed by
the centrifugal sintered-casting are also described. Fabricated metal-matrix FGMs can be used
as grinding wheel and applied to carbon fiber-reinforced plastic (CFRP) machining [17].

2. Materials processing

2.1. Centrifugal mixed-powder method

Many attempts to fabricate FGMs have been done by the centrifugal casting [5–7]. Generally,
the finer dispersed particle size becomes, the more difficult to disperse them into molten
matrix. The equation for velocity of a solid particle in a viscous liquid can be written as:

2
p m pd

d 18

GgDx
t

r r

h

-
= (1)

where ρp is density of particles, ρm density of molten matrix, g gravitational acceleration, Dp
particle diameter, and η viscosity of melt [7]. Since the velocity of a solid particle in a viscous
liquid is dependent on the square of the particle diameter Dp, it is quite difficult to control
graded distributions of dispersion nanoparticles in FGMs in the case of the conventional
centrifugal casting. As a new processing technique for metal-matrix FGMs, the centrifugal
mixed-powder method is proposed by Watanabe et al. [12] for overcoming these problems.
The centrifugal mixed-powder method could give us fine particle-dispersed FGMs by using
a combination of high centrifugal force and mixed powder. This new method is a devel‐
oped technique of the centrifugal casting by setting predesigned mixed powder in a mold in
advance [12].
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Figure 2. A schematic illustration showing the process of the centrifugal mixed-powder method [12].

Figure 2 shows the experimental procedure of the centrifugal mixed-powder method. At first,
a predesigned mixed powder is prepared. This mixed powder consists of metal-matrix
particles and dispersion particles. Basically, the melting point of dispersion particles should
be higher than that of metal-matrix particles to form FGMs. Particles such as ceramics, metals,
and alloys that have higher melting points compared with metal matrix can be chosen as
dispersion particles for metal-matrix FGMs. The mixed powder including metal-matrix
particles and dispersion particles is inserted into a spinning mold as shown in Figure 2(a).
After that, a metal-matrix ingot is melted in a crucible. This molten metal matrix is poured into
the spinning mold as shown in Figure 2(b). The poured molten metal matrix penetrates into
the space between the particles due to the applied centrifugal force as shown in Figure 2(c).
The heat from the poured molten matrix melts the metal-matrix particles as shown in Figure
2(d). Finally, ring- or disc-shaped FGMs or structures having dispersion particles distributed
in the outer part of the cast sample can be obtained as shown in Figure 2(e). FGMs, such as Cu/
SiC [12], Al/TiO2 [12], and Al/Al3Ti/Ti [15], were obtained with this processing method in our
previous studies.

The centrifugal mixed-powder method can also be performed by using centrifugal casting
machines which are commercially available. Figure 3 shows a typical appearance of vacuum
centrifugal casting machine supplied by Yasui & Co, Japan. This centrifugal casting machine
has a heating coil, a straight arm, a crucible, a mold, and a balancer inside the casting chamber
[18]. By setting predesigned mixed powder in the mold in advance, FGMs can be obtained. By
using this processing method, Cu/diamond [13], Al alloy/diamond [14], and the other FGMs
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were fabricated in our previous studies. Detailed processing method and microstructural
characterization of fabricated Cu/diamond FGMs are shown below.

Figure 4. A cross-sectional drawing of a mold for centrifugal casting.

A cross-sectional drawing of a mold for centrifugal casting is shown in Figure 4. The mold has
a cylindrical casting pattern with 40 mm width and 22.8 mm diameter. A cylindrical core with
15 mm width and 12 mm diameter is also attached in the mold as shown in Figure 4. Since
fabricated FGMs can be applied to grinding wheel for mechanical machining as described in
Section 3, these pattern and core are required. Dendritic-shaped Cu particles in the mean
particle diameter of approximately 22 μm and 100/120 mesh diamond particles (149 μm in JIS
B 4130) were used. Both the particles were mixed in a mortar. The volume fraction of diamond
to Cu was chosen as 25 vol.%. The mixed powder was inserted into the mold as shown in
Figure 4. Then, molten Cu was cast into the spinning mold by applying centrifugal force with
the vacuum centrifugal casting machine in vacuum at 1473 K and 1573 K. The mold was spun
for 99 s. The calculated applied G number (ratio of centrifugal force to gravity) at the top of
mold along the direction of centrifugal force was about 36 G.

Figure 5 shows Cu/diamond FGMs cast at 1473 K (Fig. 5a) and 1573 K (Fig. 5b) [13]. As these
samples were fabricated for an application as grinding wheel, these cast samples have hollows
for attaching pulley. It was observed that consolidated mixed-powder area kept leaning to the

Figure 3. A typical appearance of vacuum centrifugal casting machine.
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right side of the cast sample, that is, the position of maximum centrifugal force as shown in
Figure 5. Since density of diamond (3.52 Mg/m3) was smaller than that of molten Cu (8.00 Mg/
m3), a little amount of diamond particles were distributed around surface at sprue side due to
the molten metal flow. A graded structure should be made by this difference of density
between diamond and Cu.

Cross-sectional observations were carried out with scanning electron microscope (SEM) to
investigate diamond dispersion behavior after casting at 1473 K. Figure 6 shows a backscat‐
tered electron compositional image showing a cross section of the Cu-based diamond graded
cast sample fabricated without pulley hollow [13]. Diamond particles were distinguished from
Cu matrix as black colored area in the sample. It should be noted that the distribution of
diamond particles in the inner part of the cast sample also biased to the top side (right side) as
shown in Figure 6. It was also confirmed that obvious traces or boundaries of Cu particles were
not observed although voids were seen around some diamond particles. Therefore, Cu
particles in the predesigned mixed powder were fully melted and fused each other due to heat
transfer from the poured molten Cu.

The number of diamond particles and the mean diameter of diamond particles at each divided
area along the direction of centrifugal force were measured. The results are shown in Figures
7 and 8, respectively. These data were taken from the cross-sectional image of the cast sample

Figure 5. Cu/diamond FGMs fabricated by the centrifugal mixed-powder method. Casting temperatures were 1473 K
(a) and 1573 K (b) [13].
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as shown in Figure 6. In Figure 7, the number of diamond particles was drastically decreased
at around 3 mm from the top, where the mixed powder was inserted before the centrifugal
casting. The result indicates that the mixed powder was compressed and immobilized by
pressure of molten metal due to centrifugal force. Whereas diamond particles were sufficiently

Figure 6. A backscattered electron compositional image showing a cross section of the Cu-based diamond graded cast
sample obtained by the centrifugal mixed-powder method [13].

Figure 7. The number of diamond particles as a function of distance from the top of Cu/diamond cast sample [13].
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immobilized by Cu particles between diamond particles, graded distribution of diamond
particles was successfully obtained. Within the diamond particles densely dispersed region
between 0 and 3 mm from the top of the Cu/diamond cast sample, the number of diamond
particles increased with approaching to the top of the Cu/diamond cast sample. Thus, the Cu/
diamond FGMs were successfully fabricated by the centrifugal mixed-powder method. On the
other hand, the particle diameter distribution between 0 and 3 mm is almost homogeneous as
shown in Figure 8. The mean diameters of diamond particles in this range are 80–100 μm. In
the distance from the top, between 3 and 5 mm, particle diameter distribution is also homo‐
geneous. However, the mean diameters of diamond particles in this range are 30–40 μm. These
results may suggest that collision of Cu molten metal with the mixed powder at surface of the
powder area washed away part of the diamond particles, and molten Cu flow sent it to the
surface at the sprue side. This phenomenon is not appropriate for production of FGMs. To
overcome this problem, a modified processing method is described in the next section.

2.2. Centrifugal sintered-casting method

As the latest processing method for metal-matrix FGMs developed by our research group,
centrifugal sintered-casting method is shown in this section. The centrifugal sintered-casting
method is a modified processing technique of the centrifugal mixed-powder method. In the
centrifugal sintered-casting method, FGMs are processed by the combination of centrifugal
sintering and centrifugal casting [16, 17]. As described in Section 2.1, the centrifugal mixed-
powder method enables us to fabricate metal-matrix FGMs. Especially, the centrifugal mixed-
powder method is an effective way to fabricate metal-matrix FGMs reinforced with
nanoparticles [12]. However, predesigned powder mixtures tended to flow away during the
centrifugal casting in the case of some combinations of powders in the centrifugal mixed-
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powder method. As an attempt to overcome this problem, the centrifugal sintered-casting
method is developed through the combination of centrifugal sintering and centrifugal casting.

Figure 9. A schematic illustration showing the process of the centrifugal sintered-casting method [17].

Figure 9 shows a schematic illustration of the process of the centrifugal sintered-casting
method [17]. In the centrifugal sintered-casting method, a ring-shaped metal-matrix preform
with dispersed particles is produced by the centrifugal sintering at first. Predesigned mixed
powder of dispersion particles and metal-matrix particles is inserted into a spinning mold as
shown in Figure 9(a). Basically, the melting point of dispersion particles should be higher than
that of metal-matrix particles to form FGMs in this method as well. Subsequently, the mixed
powder is sintered under centrifugal force by heating coils to fabricate a preform as shown in
Figure 9(b). Then, molten metal matrix is poured into the fabricated preform by the centrifugal
casting to obtain metal-matrix FGMs as shown in Figure 9(c). The molten metal matrix
penetrates into the space between the particles by the applied centrifugal force as shown in
Figure 9(d). At the same time, the metal matrix particles are melted by the heat from the molten
metal matrix. Finally, ring- or disc-shaped FGMs with dispersed particles distributed in the
outer part of the samples can be obtained as shown in Figure 9(e).

In our previous studies, Al–Si and Cu were selected as metal matrix to fabricate Al–Si alloy/
diamond and Cu/diamond FGMs, respectively [16, 17]. Al–Si alloy particles and Cu parti‐
cles were uniformly mixed with diamond particles,  respectively.  The volume fraction of
diamond particles in mixed powder was chosen as 10 vol.%. The predesigned mixed powder
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was set in the cylindrical mold having a rotational axis of 20 mm diameter and 30 mm length,
respectively. The mixed powders were sintered in the spinning cylindrical mold under the
centrifugal  force of  about 280 G at  843 K in argon atmosphere for  Al–Si  alloy/diamond
particles [16] and 1100 G at 1273 K in vacuum for Cu/diamond particles [17], respectively.
Then, the centrifugal casting was performed under the centrifugal force of about 78 G at 1373
K with pouring molten Al in the case of Al–Si alloy/diamond preform [16]. In the same way,
molten Cu was poured into the Cu/diamond preform in the mold under the centrifugal force
of about 34 G at 1393 K [17].

Figure 10. Macrographs of Al–Si alloy based (a) and Cu-based (b) FGMs with dispersed diamond particles fabricated
by the centrifugal sintered-casting method and SEM images showing the microstructures of the outer part of the cast
samples [16, 17].

Figure 10 shows macrographs of Al–Si alloy and Cu-based FGMs with dispersed diamond
particles fabricated by the centrifugal sintered-casting method. SEM images showing the
microstructures of the outer part of the Al–Si alloy and Cu-based FGMs are also shown in
Figure 10. It should be noted that the diamond particles were distributed at only outer part of
the cast samples as shown in Figure 10. The centrifugal sintered-casting method is an effective
way to fabricate metal-matrix FGMs.

3. Applications of FGMs processed by the centrifugal sintered-casting

In this section, applications of metal-matrix FGMs processed by the centrifugal sintered-
casting method are introduced. As described in Section 2.2, Al–Si alloy/diamond and Cu/
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diamond FGMs were fabricated by the centrifugal sintered-casting method. Diamond plays
important role as abrasive in the field of mechanical machining. Recently, CFRP is widely used
as main structural parts for aircraft due to its high strength, stiffness, and lightweight [19].
However, some issues about occurring defects, such as fiber pullout, delamination, burrs, and
splintering, have become problems in machining CFRP by common drills. These technical
issues have led numerous researchers to seek solutions for precision machining of CFRP [20–
23]. The key issue of precision machining of CFRP has been obtaining good hole quality in the
aircraft industry. In addition, tool change is frequently required in drilling CFRP in many
practical situations. Therefore, the improvement of tool life for machining CFRP is important
subject since high-priced diamond grains have been widely used as abrasive.

Figure 11. A schematic illustration of the gyro-driving grinding wheel system [24].

A novel CFRP machining equipment, that is, gyro-driving grinding wheel system for machin‐
ing CFRP was recently developed [24–26]. The gyro-driving grinding wheel system was
developed for overcoming problems related to defect issues during mechanical machining.
Figure 11 shows a schematic illustration of the gyro-driving grinding wheel system [24]. In the
gyro-driving grinding wheel system, a grinding wheel is used instead of drill bits for drilling
CFRP. The equipped grinding wheels required toughness as a desirable mechanical property
as the grinding wheel was subjected to the torsion force in the gyro-driving grinding wheel
system. In the previous studies [17, 24], holes with good quality in CFRP plates have been
obtained without defects by this machining system equipped with our fabricated metal-matrix
FGMs.

CFRP drilling tests were performed with the gyro-driving grinding wheel system equipped
with fabricated Cu/diamond FGMs as a grinding wheel. Cu was selected as metal matrix for
its mechanical properties and high thermal conductivity. Diamond particles were used as
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abrasive in Cu matrix for machining CFRP. CFRP drilling tests were carried out with feed rate
of 5 mm/min, peripheral wheel speed of 7000 rpm, spindle speed of 2800 rpm, and dry
machining. Bidirectional CFRP composite laminates having thickness of 5 mm were used as
workpiece material. Photographs of a hole having diameter of 20 mm drilled by the gyro-
driving grinding wheel system equipped with fabricated Cu/diamond FGMs as a grinding
wheel (Fig. 12a) and the one having diameter of 10 mm drilled by a conventional drill bit (Fig.
12b) in CFRP plates are shown in Figure 12. Delamination and burrs were seen in the drilled
CFRP plate in the case of the conventional drill bit. It should be noted that precision drilling
of CFRP plate without burring and delamination were achieved by the gyro-driving grinding
wheel system equipped with fabricated Cu/diamond FGMs as grinding wheel. In this way,
FGMs fabricated by the centrifugal sintered-casting method have been attempted to apply for
the practical use.

Figure 12. Drilled hole having diameter of 20 mm made by the gyro-driving grinding wheel system equipped with
fabricated Cu/diamond FGMs as a grinding wheel (a) and the one having diameter of 10 mm made by a conventional
drill bit (b) in CFRP plates [17].

As the other possibilities for application of FGMs, materials for heat sink can be considered as
candidate. Nowadays, thermal management materials such as heat sink for microelectronics
and semiconductors have been investigated, extensively [27–30]. The materials currently used
for heat sinks are Al and Cu due to their high thermal conductivity in metals and alloys. The
thermal conductivities of Al and Cu are about 250 and 400 W m−1 K−1, respectively. On the other
hand, diamond is well known as the material having the highest thermal conductivity in
materials. To enhance the thermal conductivity of heat sink materials, Al/diamond and Cu/
diamond composites are promising materials. Our Al alloy/diamond and Cu/diamond FGMs
fabricated by the centrifugal sintered-casting method might work as well in this field.

4. Summary

Two kinds of new processing routes for metal-matrix FGMs through combinations of powder
metallurgy and casting were developed: the centrifugal mixed-powder method and the
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As the other possibilities for application of FGMs, materials for heat sink can be considered as
candidate. Nowadays, thermal management materials such as heat sink for microelectronics
and semiconductors have been investigated, extensively [27–30]. The materials currently used
for heat sinks are Al and Cu due to their high thermal conductivity in metals and alloys. The
thermal conductivities of Al and Cu are about 250 and 400 W m−1 K−1, respectively. On the other
hand, diamond is well known as the material having the highest thermal conductivity in
materials. To enhance the thermal conductivity of heat sink materials, Al/diamond and Cu/
diamond composites are promising materials. Our Al alloy/diamond and Cu/diamond FGMs
fabricated by the centrifugal sintered-casting method might work as well in this field.

4. Summary

Two kinds of new processing routes for metal-matrix FGMs through combinations of powder
metallurgy and casting were developed: the centrifugal mixed-powder method and the
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centrifugal sintered-casting method. Metal-matrix FGMs were obtained by these two methods.
These processing methods enable us to overcome existing problems in the conventional
fabrication process of FGMs. Fabricated FGMs were also applied to machining CFRP as an
attempt for the practical use. Continued studies for fabrication processes of FGMs and the
gyro-driving grinding wheel system are still required to put them into practical use in the
future. Further investigations should open up a new field of and a market for FGMs.
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Abstract

The present work aims at investigating the performance of exponential annular fins of
constant weight made of functionally graded materials (FGM). The work involves com‐
putation of efficiency and effectiveness of such fins and compares the fin performances
for different exponential profiles and grading parameters, keeping the weight of the fin
constant. The functional grading of thermal conductivity is assumed to be a power func‐
tion of radial co-ordinate which consists of parameters, namely grading parameters, vary‐
ing which different grading combinations can be investigated. Fin material density is
assumed to be constant and temperature gradient exists only along the radial direction.
The convective coefficient between the fin surface and the environment is also assumed
to be constant. A general second-order governing differential equation has been derived
for all the profiles and material grading. The efficiency and effectiveness of the annular
fin of different geometry and grading combinations have been calculated and plotted and
the results reveal the dependence of thermal behavior on geometry and grading parame‐
ter. The effect of variation of grading parameters on fin efficiency and effectiveness is re‐
ported. The results are provided in the form of 2-D graphs, which can be used as design
monograms for further use.

Keywords: FGM, Annular fin, Exponential profile, Grading parameter, Geometry param‐
eter

1. Introduction

A substantial amount of research endeavors have been carried out to determine the best
dimensions of the annular fins so that the rate of heat transfer can be minimized for a given
fin volume or the fin volume can be maximized for a specified heat duty. However, the use of
fins with optimum profile is restricted due to the associated difficulty of manufacturing.

© 2016 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.



A detailed review of literature on optimum design of fins was carried out starting with
Gardener [1] where upon using a set of idealizing assumptions, the efficiency of various
straight fins and spines have been reported. Duffin [2] gave a method for carrying out the
minimum weight design of a fin using a rigorous mathematical method based on Variational
calculus and assumed constant thermal conductivity of a fin material and a constant heat
transfer coefficient along the fin surface. For purely conductive and convective fins, the
criterion for the optimal problem was first proposed by Schmidt [3]. Murray [4] presented
equations for the temperature gradient and the effectiveness of annular fins with constant
thickness with a symmetrical temperature distribution around the base of the fin. Carrier and
Anderson [5] discussed straight fins of constant thickness and annular fins of constant cross-
sectional area, presenting equations for fin efficiency of each. Duffin and McLain [6] solved
the optimization problem of straight-based fins assuming that the minimum weight fin had a
linear temperature distribution along its length. Brown [7] reported the optimum dimensions
of uniform annular fin by relating fin dimensions to the heat transfer and thermal properties
of the fin and heat transfer coefficient between the fin and its surroundings. Smith and Sucec
[8] derived analytically the efficiency of circular fins of triangular profile by using Frobenius
method.

Maday [9] found the optimum fin thickness variation along the fin. The optimization of fins
is generally based on two approaches: one is to minimize the volume or mass for a given
amount of heat dissipation and the other is to maximize the heat dissipation for a given volume
or mass. Ullmann and Kalman [10] adopted the first way and determined the efficiency and
optimum dimensions of annular fins with triangular, exponential, and hyperbolic profiles
using numerical techniques. Dhar and Arora [11] described the methods of carrying out the
minimum weight design of finned surfaces of specific type by first obtaining the optimum
surface profile of a fin required to dissipate a certain amount of heat from the given surface,
with no restriction on the fin height and then extended their study for the case when fin height
is given. Mikk [12] found the optimum fin thickness variation along the fin. This type of fin
shape is complex and involves manufacturing problems. Mikk [13] further worked for
convective fins of minimum mass.

In a recent work, Arauzo et al [14] reported a ten-term power series method for predicting the
temperature distributions and the heat transfer rates of annular fins of hyperbolic profiles.
Assuming fixed fin volume, Arslanturk [15] reported simple correlation equations for opti‐
mum design of annular fins with uniform cross sections to obtain the dimensionless geomet‐
rical parameters of the fin with maximum heat transfer rates. These simple correlation
equations can help the thermal design engineers for carrying out the study on optimum design
of annular fins of uniform thickness. In their recent work, Kundu and Das [16] reported the
performance analysis and optimization of concentric annular fins with a step change in
thickness using Lagrange multiplier. Performance of annular fin of rectangular profile having
functionally graded materials (FGM) was reported by Aziz and Rahman [17].

In a recent work, Acosta-Iborra and Campo [18] reported that approximate analytic tempera‐
ture profiles and heat transfer rates of good quality are easily obtainable without resorting to
the exact analytic temperature distribution and heat transfer rate based on modified Bessel
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functions. Kang [19] reported the optimum performance and fin length of a rectangular profile
annular fin using variations separation method. Theory for FGM for the temperature-depend‐
ent material properties with multiobjective optimization was carried out by Goupee and Vel
[20]. In this work, the thermal conductivity varies inversely with the square of the radius. Aziz
and Fang [21] presented alternative solutions for different tip conditions of longitudinal fins
having rectangular, trapezoidal, and concave exponential profiles and reported relationship
between dimensionless heat flux, fin parameter, and dimensionless tip temperature for all the
geometries. Aziz and Khani [22] presented an analytical solution for thermal performance of
annular fins of rectangular and different convex exponential profiles mounted on a rotating
shaft, losing heat by convection to its surroundings. In their work, convection heat transfer
coefficient was assumed to be a function of radial coordinate and shaft speed.

In an experimental study, heat transfer rate and efficiency for circular and elliptical annular
fins were analyzed for different environmental conditions by Nagarani [23] and high efficiency
was reported for elliptical fins as compared to circular ones. In a recent work, Aziz and Fang
[24] derived analytical expressions for the temperature distribution, tip heat flow, and Biot
number at the tip and reported thermal performance of the annular fin under both cooling and
heating conditions.

In the present work, investigation has been reported for variation of thickness and thermal
conductivity of material along the radius of the fin keeping the weight of the fin equal to that
of a standard rectangular fin. The constraint of constant weight is imposed to compare
variation in thickness with rectangular profile as there are several applications where weight
is a very crucial parameter to decide the fin selection. Also without imposing the constraint of
constant weight, there is always a possibility that selection of fin has been done based on larger
surface area having higher weight.

It is a well-known fact that the temperature gradient is higher at the base, hence for the
maximum heat transfer higher thermal conductivity should be provided at the base as
compared to other part of fin; this can be achieved with functional grading of thermal
conductivity of fin material. The original concept of functional grading of material was
proposed to take the advantage of excellent thermal performance of ceramics with the
toughness of metals. This gave way to the idea of gradient-based varying of microstructure
from one material to another material. This transition is usually based on power series.
Aerospace industry, chip manufactures, engine and energy component manufacturers are
most interested in evolution of new graded materials that can withstand high thermal
gradients.

2. Mathematical formulation

It is assumed that there are no temperature gradients along the thickness of the fins. It is also
assumed that the effect of external environment on the surface convection is negligible and
hence a constant convective heat transfer coefficient has been adopted for the fin material. The
second-order differential equation for the heat transfer through the fins has to be developed
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to find the temperature profile. This correlation equation (second-order differential equation)
has been solved using computational algorithm in MATLAB software and the computed
information has been analyzed. For calculating the heat balance, the details for a control
volume of length ‘dr’ of a fin is shown in Figure 1. Applying the law of conservation of energy
or thermal energy balance:

  r r dr convQ Q Q+= + (1)
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Normalization of the problem is carried out using the following equations

Using the above equation, the following equation can be arrived at
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the variation of thermal conductivity along the length of the fin. It means for rectangular profile
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generalized for handling complex geometry with FGM.
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Equation (4) is solved using the following boundary conditions:

i. ϕ =1 at x=0

ii. dϕ
dx = 0 at x = 1, i.e., tip is insulated

Similarly, efficiency and effectiveness of the fin is obtained from the general equation as
follows:
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If the temperature distribution or if the first derivative of the temperature (ϕ ')x=0 at the fin base
is known, then equations (5) and (6) enable the fin efficiency and effectiveness to be calculated.
The first derivative of temperature at the fin base for different shapes of fin has been calculated
using the solution of general second-order differential equation (4).

The effect on fin performance has been carried out for the following cases:

Case I: By varying the geometry parameters n and m and keeping all other parameters
constant.

Case II: By varying coefficient of thermal conductivity, a is observed with geometry parame‐
ters, keeping grading parameter b constant.

Case III: The geometry is kept constant with variation in grading parameters a and b.

3. Results and discussion

The dimensionless temperature ϕ is a function of normalized variables, n and m due to chosen
fin shape, grading parameter, a and b for thermal conductivity variation, mf, Rf and x due to
the fin geometry. Considering x as the only independent variable and keeping the other
variables constant, equations (4) and (5) have been solved for the various values of n ranging
between 0 and 0.9, m ranging between 0.5 and 1.5, grading parameter b ranging between −2
and 2, coefficient of thermal conductivity a ranging between 5 and 25, and for all the cases the
values of Rf are kept constant, i.e., 3. The numerical values of system properties are h = 25 W/
m2, δ0 = 0.01 m, and R0 = 0.1 m.

The first derivative of temperature at the fin base, i.e.,ϕ ′x=0 helps to calculate the fin efficiency
and effectiveness and is calculated by solving second-order differential equation in MATLAB.
The values of ϕ′x=0 can be obtained for different values of Rf, n, m, and b. Temperature variation
along the radius is depicted in Figure 2 for the rectangular annular fin, i.e., n = 0 for different
values of mf at grading parameter b = −1, it has been observed that the results obtained from
the numerical coding are having good agreement with the Aziz and Rahman’s study [18].

Figure 3 clearly shows the variation of efficiency and effectiveness with the parameter m for
different values of geometry parameter n keeping the other variable constant (i.e., b = −1
andmf = 20). It is evident from Figure 3 that efficiency first decreases and then increases with
increase in parameter m and a minima has been observed near the value of m = 0.6. Effectiveness
increases monotonously with the parameter m and tends to effectiveness of rectangular fins,
i.e., n = 0, this is due to the constraint of constant weight. Both efficiency and effectiveness
decrease sharply with geometry parameter n as shown in Figure 4, and similar trends have
also been obtained for different values of geometry parameter m as shown in Figure 4.

Variation of efficiency and effectiveness with coefficient of thermal conductivity a with
different values of n keeping other variables constant (i.e., m and b) is depicted in Figure 5.
The efficiency and effectiveness increase sharply with increase in a, which is due to the fact
that as a increasesmf decreases.

Advances in Functionally Graded Materials and Structures54



If the temperature distribution or if the first derivative of the temperature (ϕ ')x=0 at the fin base
is known, then equations (5) and (6) enable the fin efficiency and effectiveness to be calculated.
The first derivative of temperature at the fin base for different shapes of fin has been calculated
using the solution of general second-order differential equation (4).

The effect on fin performance has been carried out for the following cases:

Case I: By varying the geometry parameters n and m and keeping all other parameters
constant.

Case II: By varying coefficient of thermal conductivity, a is observed with geometry parame‐
ters, keeping grading parameter b constant.

Case III: The geometry is kept constant with variation in grading parameters a and b.

3. Results and discussion

The dimensionless temperature ϕ is a function of normalized variables, n and m due to chosen
fin shape, grading parameter, a and b for thermal conductivity variation, mf, Rf and x due to
the fin geometry. Considering x as the only independent variable and keeping the other
variables constant, equations (4) and (5) have been solved for the various values of n ranging
between 0 and 0.9, m ranging between 0.5 and 1.5, grading parameter b ranging between −2
and 2, coefficient of thermal conductivity a ranging between 5 and 25, and for all the cases the
values of Rf are kept constant, i.e., 3. The numerical values of system properties are h = 25 W/
m2, δ0 = 0.01 m, and R0 = 0.1 m.

The first derivative of temperature at the fin base, i.e.,ϕ ′x=0 helps to calculate the fin efficiency
and effectiveness and is calculated by solving second-order differential equation in MATLAB.
The values of ϕ′x=0 can be obtained for different values of Rf, n, m, and b. Temperature variation
along the radius is depicted in Figure 2 for the rectangular annular fin, i.e., n = 0 for different
values of mf at grading parameter b = −1, it has been observed that the results obtained from
the numerical coding are having good agreement with the Aziz and Rahman’s study [18].

Figure 3 clearly shows the variation of efficiency and effectiveness with the parameter m for
different values of geometry parameter n keeping the other variable constant (i.e., b = −1
andmf = 20). It is evident from Figure 3 that efficiency first decreases and then increases with
increase in parameter m and a minima has been observed near the value of m = 0.6. Effectiveness
increases monotonously with the parameter m and tends to effectiveness of rectangular fins,
i.e., n = 0, this is due to the constraint of constant weight. Both efficiency and effectiveness
decrease sharply with geometry parameter n as shown in Figure 4, and similar trends have
also been obtained for different values of geometry parameter m as shown in Figure 4.

Variation of efficiency and effectiveness with coefficient of thermal conductivity a with
different values of n keeping other variables constant (i.e., m and b) is depicted in Figure 5.
The efficiency and effectiveness increase sharply with increase in a, which is due to the fact
that as a increasesmf decreases.

Advances in Functionally Graded Materials and Structures54
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Figure 2. Excess temperature over radial co-ordinate for rectangular annular fin.
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Variation of excess temperature θ along the radial co-ordinate has also been analyzed in Figure
7 and Figure 8 with coefficient of thermal conductivity a and grading parameter b keeping the
geometry of annular fin constant (i.e., n = 0.5 and m = 0.5). The performance of fin decreases
sharply as the grading parameter shifted from negative value to positive value and it is highest
for when it has been kept −2. This is because of higher thermal conductivity that is available
at the base (as the temperature of base is higher) to dissipate more heat. The variation of
temperature along the radius with a falls exponentially, and performance of fin increases with
increase in a value for a fixed geometry of the exponential profile fin.
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Variation of excess temperature θ along the radial co-ordinate has also been analyzed in Figure
7 and Figure 8 with coefficient of thermal conductivity a and grading parameter b keeping the
geometry of annular fin constant (i.e., n = 0.5 and m = 0.5). The performance of fin decreases
sharply as the grading parameter shifted from negative value to positive value and it is highest
for when it has been kept −2. This is because of higher thermal conductivity that is available
at the base (as the temperature of base is higher) to dissipate more heat. The variation of
temperature along the radius with a falls exponentially, and performance of fin increases with
increase in a value for a fixed geometry of the exponential profile fin.
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Figure 7. Excess temperature over the radial surface for different grading parameter b (Case III).

Figure 8. Excess temperature over the radial surface for different grading parameters a at n = 0.5, m = 0.5, and b = −1
(Case III).

4. Conclusion

The performance of exponential annular fins made of FGM is reported. During the analysis,
the weight of the different geometry fin is kept constant to the rectangular fin. The study is
carried out for different values of geometry parameters n and m and grading parameters a and
b. It is observed that both effectiveness and efficiency decrease asmf increases for any geometry
and grading. Also the variation in efficiency and effectiveness with geometry parameter m is
almost constant but decreases sharply with n, and the effect of variation of n on efficiency and
effectiveness is direct in nature. The effect of grading parameter b on fin performance is also
investigated, and it is observed that both efficiency and effectiveness decrease as b value shifted
from negative to positive and it is highest for b = −2. Therefore, it can be concluded that highest
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thermal conductivity is required at the base of the fin to dissipate more amount of heat (due
to the highest temperature difference available). Also grading of thermal conductivity should
provide inversely square of the length from the base of the fin to obtain the highest performance
of the fin compared to the isotropic material (i.e., b = 0). Performance of the fin increases with
increase of coefficient of thermal conductivity a due to higher thermal conductivity material
of the fin.

5. Nomenclature

a,b Grading parameters for thermal conductivity

h Convection heat transfer coefficient (W/(m2 °K))

k Thermal conductivity of the fin material (W/m°K)

L Fin length (m)

m Geometry parameter which controls the shape

mf Convectional fin parameter ((2h/aδ0)0.5)

n Geometry parameter which controls the thickness

Q Heat dissipation (W)

Rf Aspect ratio, constant for fin shape relations (R1/R0)

r Fin radius at the start of element (m)

R Radius (m)

T Temperature (°C)

x Dimensionless radial coordinate

6. Greek symbols

δ Fin thickness (m)

δ̄ Dimensionless fin thickness (δ1/δ0)

η Efficiency of fins

ε Effectiveness of fins

θ Temperature excess of fin over ambient fluid (°C) (T – T0)

Φ Dimension less temperature (θ/θ0)
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7. Subscripts

0 At the base of fin

1 At the tip of fin
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Abstract

High-performance ceramic composites are potential candidates for the application of
wear-resistance components because of their excellent properties. Nevertheless, many
problems, such as high friction coefficient of ceramic material and poor mechanical prop‐
erties of ceramic-matrix self-lubricating composites, limit a wider range of applications of
these composites in tribological areas. Therefore, improving high-toughness ceramic-ma‐
trix self-lubricating materials for practical applications is significant. This study proposes
a new design for ceramic self-lubricating composites to overcome the conflict between
their mechanical and tribological properties. Complying with the design principle of bi‐
onic and graded composites, two kinds of self-lubricating ceramic composites with lami‐
nated-graded structure were prepared, and their mechanical and tribological properties
were studied. The results show that this newly developed ceramic composite has ach‐
ieved satisfactory strength and tribological properties compared with the traditional ce‐
ramic self-lubricating composites. The bending strength reached the same level as the
properties of general monolithic ceramics. In the temperature range of 25-800 °C, the fric‐
tion coefficient of composites was less than 0.55, which was about half of that of mono‐
lithic ceramics.

Keywords: Functionally graded material, Laminated structures, Ceramic, High tempera‐
ture, Self-lubricating

1. Introduction

Ceramic materials are promising candidates for wear-resistance components owing to their
excellent properties such as high strength and resistance to corrosion and oxidation stability
at high temperature. Nevertheless, both the high coefficient of friction of this kind of material
under dry sliding and the brittleness of ceramic-matrix itself limit its practical application in
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tribological areas. Generally, incorporating solid lubricants (SLs) in ceramic matrixes solves
the friction problems, which can reach a positive effect. Moreover, compound lubricants can
exhibit excellent self-lubricating abilities in a wide range of temperatures because the lubri‐
cants can promote the formation of well-covered lubricating films on the surfaces of ceramics
that can work effectively under different temperature [1-3]. Unfortunately, subsequent studies
have shown that these composites are homogenous in terms of mechanical and tribological
properties. Thus, the strength of ceramics and the lubrication of SLs cannot be fully utilized.
Because the continuity of ceramic phases is destroyed by the layered structural SL phase, the
mechanical property of this type of material is reduced [4,5]. In these situations, it is necessary
to develop a high-strength and high-toughness self-lubricating ceramic composites.

Lamination is one of the new strategies being used to enhance the mechanical properties of
ceramics. The ideas of laminated composites inspired from natural biomaterials, such as shells
and teeth, are made of layered architectures combining materials with different properties.
During the past decade, there are large amounts of layered ceramic composites that have been
fabricated and studied [6-8]. These kinds of materials have non-catastrophic fracture behavior
and damage tolerance, which exhibit much higher fracture toughness and work of fracture in
them than in monolithic ceramics. Moreover, the unique configurations of the layered material
allow design flexibility. Therefore, the combination of the laminated design of ceramic
materials and self-lubricating ceramic composites with excellent lubricating property is a
promising way to achieve the integration of mechanical and tribological properties [9-12].

For laminated self-lubricating ceramic composites, interfacial residual stress between the
adjacent layers may have an important effect on their mechanical properties. Any modification
or change of the interfacial structure and composition will be a determining factor in the
strength of the interfacial bond and will eventually affect the toughness, strength, and fracture
behavior of laminated composites [13]. Therefore, a reasonable residual stress between the
adjacent layers is essential to improve the mechanical properties. Previous studies have shown
that the graded design of the materials is an effective method to eliminate the interface stress
of dissimilar material system [14-16]. This design concept of functionally graded materials
(FGMs) was first raised by Japanese scientists in 1987 as reported in reference [14]. That is,
components with different properties or structures disperse by a gradient change along with
one direction instead of a homogeneous manner. Thus, the composite can exhibit different
properties that are mutually exclusive at the same time, and the gradient change can eliminate
the interface between components. This new-style and non-uniform composite realized the
integration of structure and function, making it to have a wider prospect of application in
extreme conditions.

Based on the above background, the authors prepared high-performance structural/lubricat‐
ing-functional integration ceramic composites using the design of graded laminated structure
[4,17,18].  This  design  is  conductive  to  the  combination  of  mechanical  and  tribological
properties while retaining all the advantages of these materials. The aim of this chapter is to
illustrate  the  design,  fabrication,  and properties  of  alumina and zirconia  self-lubricating
composites with laminated-graded structure and to provide guidance for the optimum design
of these materials.
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2. Design, fabrication, and properties of laminated ceramic composites

2.1. Design and fabrication of laminated composites

Figure 1 illustrates the schematic and the design concept of laminated composites. The
thickness of the A layer and B layer are d1 and d2, respectively, where the A layer is the Al2O3

or ZrO2-Al2O3 and the B layer is Al2O3-ZrO2 or ZrO2. Commercially available Al2O3, ZrO2,
Y2O3, CuO, and TiO2 were used in this study. The material was manufactured using the
following steps [17-20]: (1) ball-milling of powder, (2) sequential stacking of layers in steel
mold, and (3) hot-pressing in graphite mold. Hot-pressing was performed at 1350-1400 °C and
25 MPa using graphite die in an argon atmosphere for 100-120 minutes. Monolithic Al2O3 and
ZrO2 with sintering aids were also sintered at same condition as comparisons. The micro‐
structures of the composites were observed using scanning electron microscopy (JSM-5600LV).
The sintered specimens were sliced into test bars for bending strength and work of fracture.

Figure 1. Schematic of laminated composite structure.

An example of the microstructure of the ZrO2(3Y)-Al2O3/ZrO2(3Y)-laminated composites is
shown in Figure 2, where the dark layer is the ZrO2(3Y)-Al2O3 layer and the light layer is the
ZrO2(3Y) layer. The multilayer structure with a relatively straight interface can be observed
without clear delamination. It can also be seen from Figure 2 that the ZrO2(3Y)-Al2O3 layer and
ZrO2(3Y) layer have the same thickness of approximately 160 μm.

2.2. The mechanical properties of laminated composites

The geometric parameters of the layered structure are the key factors for the optimal design
of laminated composites. These parameters mainly include the layer numbers and thickness
ratio of the two layers. The mechanical properties of Al2O3/Al2O3-10wt.%ZrO2(3Y)-laminated
composites with different layer numbers are shown in Figure 3 [19,20]. As shown in Figure 3,
a relatively large number of layers are likely to improve the mechanical properties of the
materials. When the number of layers is 41, the bending strength and work of fracture of
materials reach the maximum value. The relationship between the mechanical properties and
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layer thickness ratio is displayed in Figure 4 [19,20]. One can see that the layer thickness ratio
also has an enormous effect on the mechanical properties of laminated composites. The
bending strength and work of fracture of all of the laminated materials are higher than that of
the monolithic materials and decrease with the increase of the layer thickness ratio. When the
layer thickness ratio is 1:1 and the thickness of each layer is 80 μm, the bending strength and
work of fracture of the Al2O3/Al2O3-ZrO2(3Y) laminated composites could reach to 740 MPa
and 3892 J m–2, respectively [19,20].

Figure 3. Effect of the layer numbers on the bending strength and work of fracture.

In addition, the compositions of the two layers also have significant effects on the mechanical
properties of the laminate composites. The bending strength and work of fracture of Al2O3/
Al2O3-ZrO2(3Y)-laminated composites with different content of ZrO2(3Y) in Al2O3-ZrO2(3Y)

Figure 2. SEM photograph of profile of laminated composites.
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layers are shown in Figure 5 [19,20]. As can be seen from the figure, with the increase of the
content of ZrO2(3Y), first, the bending strength and work of fracture of the material increase
and then they decrease gradually. When the mass content of ZrO2(3Y) is 10%, both bending
strength and work of fracture reach the optimal value. This is mainly because the variation of
content of ZrO2(3Y) in Al2O3-ZrO2(3Y) layers causes significant changes in the residual stresses
between adjacent layers and the contribution of phase transformation toughening to the crack
propagation energy of the materials, thus realizing the optimization of the materials [19,20].
The same design principles used for designing Al2O3/Al2O3-ZrO2(3Y)-laminated composites
apply to designing ZrO2(3Y)-Al2O3/ZrO2(3Y) material. When the mass content of Al2O3 in

Figure 4. Effect of the thickness ratio on the bending strength and work of fracture.

Figure 5. Relationship between mechanical properties of Al2O3/Al2O3-ZrO2(3Y)-laminated composites and content of
ZrO2(3Y) in the Al2O3-ZrO2(3Y) layers.
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ZrO2(3Y)-Al2O3 layers is 15 %, the bending strength and work of fracture of the ZrO2(3Y)-
Al2O3/ZrO2(3Y)-laminated composite reach to 968 MPa and 3751 J m–2, respectively (Fig. 6a
and b).

Figure 6. Mechanical properties of ZrO2(3Y)-Al2O3/ZrO2(3Y)-laminated composites and monolithic ceramic.

3. Graded structure and tribology design for optimal lubricating properties
in laminated ceramic composites

3.1. Design and preparation of laminated-graded self-lubricating ceramic composites

From the results above, it can be concluded that the layered structure design is a good strategy
to enhance the mechanical properties of monolithic ceramics, which can efficiently improve
the bending strength and work of fracture. Nevertheless, the friction and wear rate of these
materials under dry sliding conditions are still high. To overcome this problem, the laminated-
graded structure self-lubricating ceramic composites were designed. Figure 7 shows the
schematic of self-lubricating ceramic composites with laminated-graded structure, where
d1=d2, the A layer is the Al2O3 or ZrO2-Al2O3, and the B layer is Al2O3-ZrO2 or ZrO2. The center
area is composed of laminated composites that are similar to that of in the section 2, which
provides high strength for the whole material. The content of SLs is graded, increased from
center to two sides, and finally reaches a fixed value on the surface to ensure the excellent
lubricating function of the materials. In this study, each couple of ZrO2(3Y)-Al2O3 and ZrO2(3Y)
or Al2O3 and Al2O3-ZrO2 has the same SL content. The SL content of each couple f(x) is
determined by the following equation [18]:

( ) ( ) ( )= ´
p

f x x m f s (1)

Where x is the number of the couple, m is the total number of the couples in the gradient area,
p is the gradient exponent, and f(s) is the content of SLs in surface layers. Commercially
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available Al2O3, ZrO2, Y2O3, CuO, TiO2, and SLs (graphite+CaF2+BaSO4 and graphite+CaF2 in
two kinds of laminated-graded structure self-lubricating ceramic composites, respectively)
were used. Experimental details for preparation and characterization are described in these
references [17, 18].

Figure 7. Schematic of the laminated-graded structure self-lubricating composites.

3.2. The mechanical and tribological properties of traditional self-lubricating ceramic
composites

For comparison, the mechanical and tribological properties of traditional self-lubricating
ceramic composites were first conducted. Figure 8 shows the microstructure of two kinds of
traditional self-lubricating ceramic composites. It can be seen that there are lots of tiny pores
in the sintered samples. There is no doubt that these defects will greatly degenerate the
mechanical properties of the materials. The mechanical properties of two kinds of traditional
self-lubricating ceramic composites (Al2O3-graphite and Al2O3-LaF3 composites) are given in
Figure 9. It can be seen clearly that the bending strength and work of fracture decrease rapidly
with the increase of the content of SLs. For the Al2O3-LaF3 composites, when the volume content
of lubricants increase to 40%, the bending strength and work of fracture reduced to as low as
67 MPa and 44 J m–2, which were 6.3 and 2.9 times lower than those of monolithic Al2O3 ceramic.
Therefore, the traditional self-lubricating ceramic composites exhibit poor mechanical
properties mainly because of the lots of SLs that destroyed the continuity of ceramic matrix.
The ceramic composites may exhibit good lubricating properties when proper amounts of
lubricants were added [1,4]. Nevertheless, this kind of ceramics possesses poor anti-destructive
and reliability, which is the key obstacle to its practical application. Therefore, as mentioned
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earlier, improving high-strength and high-toughness ceramic-matrix self-lubricating materials
for practical applications is significant.

Figure 8. SEM micrographs of fracture surface of traditional Al2O3-graphite (a) and Al2O3-LaF3 (b) self-lubricating ce‐
ramic composites.

Figure 9. Mechanical properties of Al2O3-graphite (a) and Al2O3-LaF3 (b) self-lubricating composites.

3.3. The performance of laminated-graded structure self-lubricating ceramic composites

Compared to the traditional self-lubricating ceramic composites, laminated-graded structure
self-lubricating ceramic composites exhibit excellent mechanical properties. Table 1 describes
the bending strength of Al2O3-laminated-graded structure self-lubricating ceramic composites
and of some monolithic self-lubricating ceramic composites. It can be seen from Table 1 that
the bending strength of laminated-graded structure self-lubricating ceramic composites are
much higher than any one of monolithic materials. The bending strength reached 348 MPa,
which is approximately five times higher than that of the traditional monolithic Al2O3/SL and
Al2O3-ZrO2(3Y)/SL ceramics, and which basically approached the properties of general
monolithic Al2O3 and Al2O3-ZrO2(3Y) ceramics [17].
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Additionally, the gradient exponent p has a remarkable influence on the mechanical properties
of laminated-graded structure self-lubricating composites [18]. As shown in Figure 10, the
bending strength of the ZrO2(3Y)-Al2O3/ZrO2(3Y)/SL FGM increased, with the increase of p up
to 2.0, and then decreased rapidly when p exceeds 2.0. This phenomenon is caused by the
residual stress between the adjacent layers in gradient area. The variation of p causes the
change of content of SLs in gradient layers, and then the residual stress that is generated from
the thermal mismatch because of the difference in thermal expansion coefficients between the
adjacent graded layers (as shown in Figure 11) is influenced. This shows that a reasonable
residual stress is essential to adjust the mechanical properties of these materials.

Materials Bending strength (Mpa)

Al2O3/Al2O3-10wt.%ZrO2(3Y)/SL FGMs 348

Al2O3/SL 68

ZrO2(3Y)-Al2O3/SL 69

Table 1. Bending strength of laminated-graded structure self-lubricating ceramic composites [17].
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The laminated-graded structure ceramics not only showed excellent mechanical properties, it
also maintained good tribological performance. As shown in Figure 12, in the temperature
range of 25–800 °C, the friction coefficient of Al2O3 and ZrO2(3Y) laminated-graded structure
composite was less than 0.55, which was approximately half of that of monolithic Al2O3 and
ZrO2 ceramics. The decrease of friction coefficients were achieved by the presence of graphite,
CaF2, and BaSO4, which have excellent lubricating property under different temperatures.
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Graphite has a good lubricating property at room temperature to 300 °C, and CaF2 at 250 °C
to 1000 °C. In addition, BaSO4 also possesses excellent self-lubricating performance over a
broad temperature range. During the sliding process, these SLs form the self-lubricating film
that is helpful to reduce direct contact between the ceramics and further improved the
tribological properties of the materials [17,18].

Figure 12. The friction coefficients of two kinds of laminated-graded self-lubricating composites at room temperature
to 800 °C.

Figure 11. Variation of the difference value of coefficients of thermal expansion between the adjacent layers with the
gradient exponent p [18].
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In conclusion, laminated-graded structure self-lubricating ceramic composites realize the
integration of mechanical and tribological properties. Their excellent mechanical and tribo‐
logical properties indicate that the laminated-graded structure self-lubricating ceramic
composites have numerous high-technology applications and promising prospect as structural
materials.
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Abstract

In this study, a functionally graded cylindrical specimen was obtained via centrifugal
casting and its fatigue crack behavior was investigated. Aluminum 2014 alloy and SiC
were used as matrix material and ceramic particle, respectively. The distribution of SiC
and the mechanical properties of material through cylinder wall thickness were varied
because of the centrifugal force during centrifugal casting. Variations in microstructure
and hardness were examined. A cylindrical specimen was cut through its thickness in
four sections through vertical slicing. Tensile strength was tested on each section to deter‐
mine the mechanical properties that can be varied such as Young’s modulus, tensile
strength, and yielding stress. To investigate the effect of variation in the mechanical prop‐
erties and distribution of SiC particles on fatigue crack behavior, fatigue crack growth
tests were applied under tensile cyclic load with stress ratio R = 0.1. The samples were
prepared in three separate groups: central notched, single-edge notched on SiC-rich side,
and single-edge notched on aluminum-rich side. It was found that SiC distribution affect‐
ed fatigue crack initiation and propagation. The fatigue life increased up to 350% because
of increasing SiC ratio for central notched specimens. Cracks were started out later on the
single-edge notched SiC-rich side compared to aluminum-rich side whose fatigue life in‐
creased up to 500%. In addition, it was found that unreinforced aluminum material’s fati‐
gue life was lower than that of reinforced material.

Keywords: Functionally graded material, Aluminum matrix, Franc2D, Crack propaga‐
tion, Fatigue

1. Introduction

Material is used to perform a design. The design engineer expects some material properties,
either single or combinations of one or more properties, from materials for engineering design
such as light weight, strength, fatigue strength, high temperature strength, high fracture

© 2016 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.



toughness, corrosion resistance, wear resistance, electrical properties, and manufacturability
[1, 2]. Although the metallic materials have higher fracture toughness and better thermal shock
resistance than the ceramics, their high temperature resistance is lower than of the ceramics.
Ceramic materials have low density, good high temperature resistance, and good creep
resistance, but their thermal shock resistance is low [2–5]. Man-made polymer materials have
been used for the past 100 years because they are lightweight, cheap, highly resistant to
corrosion, and wear resistant. Also, the production of polymer materials is much easier than
the metallic and ceramic materials. However, their low mechanical strength limits their use in
structural design [2]. Composite materials are obtained by combining ceramic, metallic,
and/or polymer materials. Thus, the designer can benefit from the superior properties of two
different materials simultaneously [2, 4].

Metal matrix composites (MMCs) reinforced with ceramic particles provide the required
material properties in many engineering applications. High strength, high corrosion resist‐
ance, and stiffness of MMCs have made them suitable for their use in, particularly, aerospace,
aviation, automobile, and mineral processing industry [6, 7]. Particulate reinforced MMC
materials are cheaper and have higher abrasion resistance and higher temperature stability
than that of materials, and they are being used widely in many areas compared to the contin‐
uous fiber reinforced composites [6, 7].

Functionally graded materials (FGMs) can be considered as a subcategory of composite
materials. The microstructure, mechanical, and thermal properties are changed throughout
the thickness or width of the material depending on a function [8–10].

The function type and consequently FGMs’ properties are primarily related to mechanical/
thermal properties and compatibility of matrix and reinforced materials, FGM thickness or
width, and manufacturing method. Function can occur in three different ways depending on
the following factors: exponentially, linearly, and according to the rule of force. The mechan‐
ical/thermal properties of material such as Young’s modulus, yielding stress, tensile stress,
fatigue, and thermal/electrical conductivity properties can vary depending on the function
type [4, 8–12].

There are some basic manufacturing methods for graded materials, which include powder
metallurgy, physical vapor deposition (PVD), chemical vapor deposition (CVD), plasma spray,
thermal spray, combustion synthesis (SHS), centrifugal casting, and polymerization [4, 10, 12–
29]. Recently developed methods are also available: modified stir casting, centrifugal sintering,
gradient slurry disintegration and deposition, and powder cold spray before cold isostatic
sintering [30–33].

MMCs reinforced with ceramic particles have been used for a long time because they can be
easily manufactured. MMCs are inexpensive than the other composite types and have
improvable thermal and mechanical properties [7]. When two different types of materials are
combined, it can lead to formation of additional thermal and residual stresses. It is known that
discontinuities and thermal stress can be decreased on ceramic–metal interface using FGMs
[4, 8, 9].
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Crack propagation that causes sudden or stepped fracture occurs when stress concentration
at the tip of crack overcomes strength of material [34]. For a linear elastic material, stress
concentration at the tip can be represented by KI, KII, and KIII, which are stress intensity factors
in opening, sliding, and tearing conditions, respectively. Critical value of stress intensity factor
Kc must be equal to KI for crack propagation under Mode I load.

There are many analytical and numerical studies on fatigue and fracture mechanics of FGMs
[34–51]. Theoretical crack propagation analyses of FGMs indicate that the crack tip stress is
different from that of the homogeneous material [34, 38–40]. The studies on the subject
demonstrate that grading direction and function affect the crack propagation. It is found that
FGMs have shown better performance at increasing crack growth compared with homogene‐
ous materials.

Under asymmetric loadings, the crack propagates perpendicularly to grading direction, which
changes the direction of crack [43]. However, under symmetric loadings, the crack propagates
in parallel to grading direction [42]. Crack propagation experiments in grading materials have
been carried out using the following: direction of crack propagation (in parallel to grading
direction) under different loading cycles (regularly increasing or decreasing loading [53–54],
periodic mechanical loading [50–52], and periodical thermal loading [58–59]). In the experi‐
ments where crack propagation was perpendicular to the grading direction, fracture happened
quickly [60–62]. Therefore, the effect of grading on the stress concentration factor could not be
calculated. Compared to homogeneous material, FGMs’ fracture behavior is altered by FGM
composition and properties by four of the following [63]:

1. Variable stress region: Crack direction in FGMs is changed by graded mechanical
properties (Young’s modulus, E, and the Poisson ratio, υ), but not in homogeneous
materials. As a result, fracture loads and crack path are affected by grading material
properties.

2. Crack tip toughness: Since the chemical composition of material changes, internal fracture
toughness (K0) becomes a function (K0(a)) that changes according to the position of the
grading.

3. Hardening rate of the crack opening: Change in the microstructure and the chemical
composition of graded region changes the characteristics of hardening of the crack
opening too. Crack closure as in homogeneous materials depends on not only being on
the back of the crack but also the position of the cracks in graded region.

4. Residual and thermal stresses: Thermal and residual stresses in FGMs effect fracture
behavior and crack tip stress zone [53–66].

In Equation (1), σij represents the crack tip stress, Kα (α = I, II, III) stress intensity factors, θ the
angle with respect to the plane of the crack, r the distance from crack tip, δ the Kronecker delta,
σT  the transverse stress, f ij

(α)(θ) angular functions, and 1 / r  the singularity of crack tip stress.
Studies by Delale and Erdogan [35] and Eischen [39] showed that the singularity of crack tip
stress of continuous or partially graded materials is similar to that of homogeneous materials.
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Jin and Noda [41] verified this situation by determining that the angular distribution function
of the elastic and plastic crack tip area ( f ij(θ)) is the same.

( ) ( ) ( ) ( )1 1 2
2ij ij i j T ij
K f A rw

r
a aa

as q d d s p q
p

= + + (1)

Also, the studies conducted by Eischen [39] and Jin and Noda [41] have shown that FGMs
crack tip stress (σij) and displacement (ui) (Eq. (2)) are the same form as homogeneous material.
In Equation (2), Kα (α = I, II) represents stress intensity factors, r the distance from crack tip, θ
the angle with respect to the plane of the crack, gi

(α)(θ) angular functions, Etip the Young’s
modulus at crack tip, and υtip the Poisson ratio at crack tip. These results mean that the stress
intensity factor is a determinative fracture parameter for FGMs just like in homogeneous
material [67]. Similar results have been found for dynamically propagated cracks by Para‐
meswaran and Shukla [68].

( ) ( ) ( )tip

tip

2 2 8
i i

K ru g
E

a au
q

p

+
» (2)

Continuous or stepped grading prevents the abnormal stress behavior of cracks when the
interface of two materials is combined [69]. Moreover, Delale and Erdogan [35] found that the
effect of spatial variation of the Poisson ratio on the stress singularity can be neglected.

Fracture behavior depending on orientation in the grading region can be defined by consid‐
ering two limit states [63]:

1. Crack propagation is parallel to grading direction: crack does not digress although
effective fracture toughness changes.

2. Crack propagation is perpendicular to grading direction: asymmetric crack tip zone
causes crack to deflect.

In the cracks that are parallel to the direction, stress at the crack tip region becomes symmetric
and it is expected that crack opens toward the grading direction. FGM crack tip stresses in
graded regions are significantly lower than in materials with combinations of two material
properties [37, 70, 71]. Stress intensity factor of FGMs is found to be greater than that of
homogeneous materials. Material grading profile and position of the crack effect stress
intensity factor too. When grading step increases, its value increases [35, 37, 42, 72]. Grading
format also effects the stress intensity factor. If exponential value n is bigger than 1 (n > 1), the
stress intensity factor is in tendency to decrease compared to n < 1 situation [70–72]. Spatial
composition changes, which have an important effect on effective fracture toughness of the
FGM composites, can effect thermal stress distribution throughout its width. Growing fracture
toughness depends on residual stresses partially [53, 64, 73]. As residual stresses change by
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composition of FGM, compressive stresses increase the resistance of crack against growing
fracture [64].

Critical value of stress intensity factor Kc must be equal to KI for crack propagation under crack
opening mode. In the ongoing process, crack growth rates da / dN  in every period can be found
by using Paris Equation (Eq. (3)), where N is the number of cycles to failure, c and m are material
constants [34].

d
d

ma c K
N

= D (3)

Studies related to FGMs’ fatigue and fatigue fracture behaviors have been conducted using
numerical and analytical methods and new approaches are developed to date. However, there
are hardly enough experimental studies to support this.

In this study, aluminum 2014 matrix reinforced with SiC FGM was manufactured via centri‐
fugal casting. The effect of SiC distribution on the mechanical and fatigue fracture properties
was determined and analyzed experimentally.

2. Experimental results and analysis

Two functionally graded aluminum 2014 alloy (1.18% Si, 4.9% Cu, 1.04% Mn, in wt.) matrix
materials reinforced with 20% in wt. and 9 μm SiC particles were produced by centrifugal
casting. Density of SiC particles is higher than that of aluminum, 3.2 gr/cm3 and 2.8 gr/cm3,
respectively. As a result of the centrifugal force effect, the distribution of SiC particles was
varied through the wall thickness of the cylinder. More SiC particles were dispersed to the
outer diameter of the FGM cylinder under these circumstances, as expected. By changing
casting wall thicknesses, two cylinders having different mechanical properties were produced.
The specimens were named FGM1 and FGM2, and SiC-rich and aluminum-rich regions were
formed on both of FGM1 and FGM2. FGM1’s wall thickness was higher than FGM2’s. This
result is compatible with the previous studies on the subject [74–83]. Taking into account the
wear, fatigue, and fretting behaviors of FGM from previous studies, an aging process was
performed (solutionizing at 500 °C, followed by water quenching and reheating for aging at
145 °C for 10 h, followed by water cooling) [75, 82, 83].

Tensile tests were performed using specimens sliced through the wall thickness and were
numbered from 1 to 5 for FGM1 and FGM2 according to their position in the cylinder (from
the innermost to the outermost layer). Tensile strength was tested on each section to determine
the mechanical properties that can be varied such as Young’s modulus (E), tensile strength (R),
and yielding stress (Re) (Figures 1–3). Tensile experiments were conducted using video
extensometer at 1 mm/min tensile speed. Obtaining tensile specimens from the cylindrical
FGM is shown in Figure 4.
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Figure 1. Young’s modulus variations of FGM1 and FGM2 [84].

Figure 2. Yielding stress variations of FGM1 and FGM2.

Figure 3. Tensile strength variations of FGM1 and FGM2.
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Figure 4. Obtaining tensile test samples from cylindrical FGM.

Due to the higher density of SiC particles (relative to aluminum 2014), many more particles
were dispersed to the outer diameter of FGM cylinder during centrifugal casting. This
produced a gradient in the Young’s modulus, from the inside to the outside layer of cylinder
(Figure 1) [84]. It was observed that SiC distribution under centrifugal force and wall thickness
of cylinders effected Young’s modulus variation. As wall thickness of cylinder decreased, it
was observed that Young’s modulus value (innermost of cylinder) increased from 65 MPa to
84 MPa. Grading functions of FGMs were differed from each other due to the distribution of
SiC. Young’s modulus values of the outermost region of cylinders were similar (105–106 MPa).
It was observed that wall thickness of FGM and manufacturing process had an impact on the
composition and mechanical properties of FGM.

As mentioned above, FGMs’ properties can vary exponentially, linearly, and according to the
rule of force. In this study, Young’s modulus variation was calculated according to the rule of
force to compare with experimental results using Equations (4) and (5). In these equations,
E (x) represents Young’s modulus at x point, E1 base material Young’s modulus, E2 reinforcing
material Young’s modulus, t  the width/thickness of FGM, x the distance from the starting
point, g(x) the distance function, and p the gradient exponent. The gradient exponent (p) was
calculated using equations as 0.1 and 7 for FGM1 and FGM2, respectively.

( )
pxg x

t
æ ö

= ç ÷
è ø

(4)
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( ) ( )( ) ( )1 21E x E g x E g x= - + (5)

Tensile and fatigue crack growth tests were performed with a 5-ton capacity Instron fatigue
servo-hydraulic test device. Two cylindrical specimens were cut through their wall thickness
in four sections via vertical slicing as shown in Figure 4. Tensile tests were carried out to
determine the crack opening properties using video extensometer at 1 mm/min tensile speed.

To investigate the effect of variation in mechanical properties and distribution of SiC particles
on fatigue crack behavior, fatigue crack growth tests were applied under tensile cyclic load
with stress ratio R = 0.1. The samples were prepared according to the ASTM E647 (2011) [85]
in three separate groups: central notched (middle tension, M(T)), single-edge notched (SE(T))
on SiC-rich side, and single-edge notched (SE(T)) on aluminum-rich side (Figure 5). The test
specimens’ dimensions are shown in Figure 6. M(T) and (SE(T)) samples are prepared
according to the ASTM E647 (2011) [85]. Samples were processed by laser cutting method.
According to the ASTM E647 (2011) [85] standard, crack length to be opened must be at least
0.2W; sample length L > 0.3. W represents width belonging to the sample. Notch length opened
on M(T) specimens 2a = 13 mm, notch length opened on SE(T) a = 5.5 mm [86]. Both tensile and
fatigue experiments were applied to these samples. Two digital portable microscopes, as
shown in Figure 7, were used to determine the crack beginning from notch tip and propagation
of that crack. Applied maximum load determined with respect of minimum yielding stress
after tensile tests were applied to central and single-edge notched specimens (Eq. (6)).

Figure 5. Obtaining fatigue crack growth test samples from cylindrical FGM [84].
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Figure 6. Dimension of fatigue crack growth test samples: (a) middle tension M(T)), (b) single-edge notched (SE(T))
[84].

max min0.3Res = (6)

Stress ratio (R) is important for calculations of load increment (∆P) and stress concentration
factor increment (∆K) for homogeneous material according to the ASTM E647 (2011) (Eq. (7–
9)) [85].

max min0R P P P> Þ D = - (7)
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For 2a/W < 0.95 situation, M(T) specimens were accepted homogeneous and Equations (5) and
(6) were used in calculations. a represents crack half-length. If 2a/W is greater than or equal to
0.95, it is accepted that crack will be instable and then probably fracture will be occur. The

An Experimental Crack Propagation Analysis of Aluminum Matrix Functionally Graded Material
http://dx.doi.org/10.5772/62428

83



stress ratio R = 0.1 and frequency f = 5 Hz were selected as fatigue crack growth experiment
parameters. SE(T) specimens’ notch was parallel to the grading direction.

Load-crack tip opening diagrams of M(T) specimens obtained from FGM1 after tensile tests
are shown in Figure 8. Here, 1–4 refer to specimen numbers from innermost (aluminum-rich
side) to outermost (SiC-rich side) regions of cylinder. It can be understood that Al-rich side
fractured at a lower load value. Since SiC rate increased, load carrying capacity of specimens
increased. SiC-rich side fractured at a higher load value than the others.

Figure 8. Load-crack tip opening diagrams of M(T) specimens obtained from FGM1.

Load-crack tip opening diagrams of SE(T) specimens obtained from FGM2 after tensile tests
can be seen in Figure 9. The specimen (SE(T)) on SiC-rich side was fractured at a higher load

Figure 7. The digital microscopes used in experiments
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than the (SE(T)) on aluminum-rich side specimen. Curves are almost continued in the same
way until opening value is 0.5 mm. However, it is seen that (SE(T)) on aluminum-rich side
specimen fractured when load value is up to 12 kN. On the other hand, (SE(T)) on SiC-rich
side specimen continues to open till an 1.6 mm opening value at 20 kN load.

Figure 9. Load-crack tip opening diagrams of SE(T) specimens obtained from FGM2 [84].

Number of cyclic load-crack propagation diagram of M(T) samples obtained from FGM2 with
stress ratio R = 0.1 condition is shown in Figure 10. Here, 1–4 refer to specimen numbers from
innermost (aluminum-rich side) to outermost (SiC-rich side) regions of cylinder, and speci‐
mens fractured at 12,880, 27,000, 34,000, and 48,000 number of cyclic loads, respectively. It can
be seen that the fatigue life increases to almost 350% because of increase in SiC rate.

Figure 10. Number of cyclic load-crack propagation diagram of M(T) samples obtained from FGM2: 1–4 refers to speci‐
men numbers from innermost (aluminum-rich side) to outermost (SiC-rich side) [84].
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Number of cyclic load-crack propagation diagram of SE(T) samples obtained from FGM1 (both
of SiC-rich side and aluminum-rich side) with stress ratio R = 0.1 is shown in Figure 11. It was
determined that the crack growing rate increased after 14,400 cycles for the aluminum-rich
side SE(T) sample. However, after 28,800 cycles, the crack growing rate increased dramatically
and after 36,850 cycles, sample fractured in a short time. On the other hand, SiC-rich side SE(T)
sample’s crack growth rate was very slow up to 13,000 cycles under the same cyclic load and
after 13,000 cycles, the growth rate increased gradually. Crack growth rate increased dramat‐
ically after 190,000 cycles and sample fractured in a short time after 214,000 cycles. Under the
same fatigue load, it was determined that the SiC-rich side SE(T) sample had fatigue life more
than 500% compared to the aluminum-rich side SE(T) sample.

Figure 11. Number of cyclic load-crack propagation diagram of SE(T) samples obtained from FGM1 [84].

Number of cyclic load-crack propagation diagram of SE(T) samples obtained from FGM1 and
FGM2 aluminum-rich side with stress ratio R = 0.1 condition is shown in Figure 12. A sample
belonging to FGM2 displays a quick fracture behavior compared to FGM1. Whereas FGM2
sample fractured at 36,850cycles, FGM1 sample fractured at 238,000 cycles. FGM1’s fatigue life
was increased 1.5-fold compared to FGM2’s fatigue life, which is explained by Young’s
modulus variation seen in Figure 1. Graphics show differences in variation of Young’s
modulus. SiC distribution in FGM2 increases from the innermost region to the outermost
region till 0.2 times wall thickness, and then the rise slows down. In FGM1’s inner region,
distributions of SiC and in parallel with Young’s modulus are higher than in the FGM2’s. The
Young’s modulus determined as E = 85 GPa innermost of cylinder wall thickness does not
visually increase by 0.75 times wall thickness.

After the fatigue crack growth experiments finished, c and m, which are material-dependent
coefficients of the Paris-Erdogan equation (Eq. (3)), were found for each FGM2 M(T) specimens.
The crack propagation behavior of the samples, which were from the inner diameter to the
outside diameter of the cylinder numbered from 1 to 4, was observed differently in each of the
samples. Therefore, the c and m coefficients were observed different from each other. The
FGM’s c and m coefficients are shown in Table 1.
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FRANC2D finite elements program have been developed by the fracture group of Cornell
University [87]. The program is usually used for fracture mechanics and fatigue analysis. In
this study, FRANC2D analysis was done for FGM2 M(T) specimens. The finite element model
can be seen in Figure 13. It was accepted that the M(T) specimen was homogeneous in itself
while modeling in FRANC2D. According to the analysis, obtained results from experimental
and finite element modeling were similar to each other as seen in Figure 14.

1 2 3 4

c 10−8 10−8 2 × 10−9 6 × 10−9

m 1.3632 1.0801 1.6678 1.2058

Table 1. Calculated c and m coefficients of FGM2 M(T) specimens: 1–4 refer to specimen numbers from innermost
(aluminum-rich side) to outermost (SiC-rich side) regions of cylinder

 

Figure 13. M(T) specimen modeling using FRANC2D program: (a) model, (b) maximum shear stress at crack tip, (c)
deformation shape.

Figure 12. Number of cyclic load-crack propagation diagram of SE(T) samples obtained from FGM1 and FGM2 alumi‐
num-rich side [84].
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Figure 14. FRANC2D and experimental analysis results for M(T) specimens obtained from FGM2.

3. Conclusions

In the literature, studies related to FGM have mostly focused on determining FGMs’ thermal
properties using experimental, analytical, and numerical methods. FGMs’ fatigue and fatigue
fracture behaviors have been tested using numerical and analytical methods and improved
new approaches are developed to date. However, there are hardly enough experimental
studies to support this.

In conjunction with this study, mechanical properties and fatigue crack propagation behavior
were analyzed experimentally. The results can be summarized as follows:

1. FGMs can be manufactured easily by centrifugal casting. It is possible to obtain FGM
having different properties by changing casting parameters, FGM thickness, and casting
weight from reinforced mixture.

2. Since SiC density is higher than aluminum, it is dispersed mostly to the outer region of
material because of the centrifugal force during centrifugal casting. Therefore, hardness,
composition, and mechanical properties change throughout the FGM thickness.

3. Crack propagation behaviors of single-edge notched (SE(T)) on SiC-rich side and single-
edge notched (SE(T)) on aluminum-rich side specimens are different from each other
under the same fatigue load. Fatigue crack propagation both begins later and has long
fatigue life on SiC-rich side.

4. Each middle tension M(T) specimen obtained by slicing wall thickness as four sections
shows different crack propagation behaviors. As SiC rate increases, crack begins and
propagations are delayed under the same experimental conditions. After all, fatigue life
increases to approximately 350%.
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5. p < 1 seems to be more advantageous than p > 1 condition after crack propagation
experiments of FGM when crack propagation starts from single-edge notched (SE(T))
aluminum-rich side considering the gradient exponent.
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Abstract

Three-dimensional (3-D) vibration analysis of thick functionally graded plates and cylin‐
drical shells with arbitrary boundary conditions is presented in this chapter. The effective
material properties of functionally graded structures vary continuously in the thickness
direction according to the simple power-law distributions in terms of volume fraction of
constituents and are estimated by Voigt’s rule of mixture. By using the artificial spring
boundary technique, the general boundary conditions can be obtained by setting proper
spring stiffness. All displacements of the functionally graded plates and shells are ex‐
panded in the form of the linear superposition of standard 3-D cosine series and several
supplementary functions, which are introduced to remove potential discontinuity prob‐
lems with the original displacements along the edge. The Rayleigh-Ritz procedure is used
to yield the accurate solutions. The convergence, accuracy and reliability of the current
formulation are verified by numerical examples and by comparing the current results
with those in published literature. Furthermore, the influence of the geometrical parame‐
ters and elastic foundation on the frequencies of rectangular plates and cylindrical shells
is investigated.

Keywords: Three-dimensional elasticity theory, functional graded materials, plate and
cylindrical shell, general boundary conditions

1. Introduction

Functionally graded materials (FGMs) are a new type of composite materials with smooth and
continuous variation in material properties in desired directions. This is achieved by gradually
varying the volume fraction of the constituent materials. Such materials possess various
advantages over conventional composite laminates, such as smaller stress concentration,
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higher fracture toughness and improved residual stress distribution. Recently, the FGMs have
been used to build plate and shell components in various engineering applications, especially
mechanical, aerospace, marine and civil engineering. In some cases, those FGM plates and
shells are frequently subjected to dynamic loads, which leads to the vibration behaviours,
which may cause fatigue damage and result in severe reduction in the strength and stability
of the whole structures. Therefore, the vibration analysis of the FGM plates and shells is
required and it is important to provide insight into dynamic behaviours and optimal design.

It is well known that vibration problems deal with two main concepts: plate and shell theories
and computational approaches. The development of plate and shell theories has been subjected
to significant research interest for many years, and many plate and shell theories have been
proposed and developed. The main plate and shell theories can be classified into two catego‐
ries: two-dimensional (2-D) plate and shell theories, including classic plate and shell theory
(CPT) [1–4], the first-order shear deformation theory (FSDT) [5–16], and the higher order shear
deformation theory (HSDT) [17–26], and three-dimensional (3-D) theory of elasticity [27–35].
However, all 2-D theories are approximate because they were developed based on certain
kinematic assumptions that result in relatively simple expression and derivation of solutions.
Actually, 3-D elasticity theory, which does not rely on any hypotheses about the distribution
field of deformations and stress, not only provides realistic results but also allows for further
physical insight. More attempts have been made for 3-D vibration analysis of plates and shells
in the recent decades. Furthermore, many analytical, semi-analytical and numerical compu‐
tational methods have also been developed, such as Ritz method, state-space method,
differential quadrature method (DQM), Galerkin method, meshless method, finite element
method (FEM) and discrete singular convolution (DSC) approach.

However, a close scrutiny of the literature in this field reveals that most investigations were
carried out based on 2-D plate and shell theories, and a general 3-D solution for this subject
seems to be limited. Moreover, the review also reveals that most of previous research efforts
were restricted to vibration problems of FGM plates and shells with limited sets of classical
boundary conditions. It is well recognized that there exist various possible boundary restraint
cases for plates and shells in practical assembly and engineering applications. Consequently,
it is necessary and of great significance to develop a unified, efficient and accurate method that
is capable of universally dealing with FGM plates and shells with general boundary conditions.

In view of these apparent voids, the aim of this chapter is to develop an accurate semi-analysis
method that is capable of dealing with vibrations of FGM plates and shells with general
boundary conditions, including classical boundaries, elastic supports and their combinations
and to provide a summary of known 3-D results of plates and shells with general boundary
conditions, which may serve as benchmark solutions for future researches in this field.

In this chapter, 3-D vibration analysis of thick functionally graded plates and cylindrical shells
with arbitrary elastic restraints is presented. The effective material properties of functionally
graded structures vary continuously in the thickness direction according to the simple power-
law distributions in terms of volume fraction of constituents and are estimated by Voigt’s rule
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However, all 2-D theories are approximate because they were developed based on certain
kinematic assumptions that result in relatively simple expression and derivation of solutions.
Actually, 3-D elasticity theory, which does not rely on any hypotheses about the distribution
field of deformations and stress, not only provides realistic results but also allows for further
physical insight. More attempts have been made for 3-D vibration analysis of plates and shells
in the recent decades. Furthermore, many analytical, semi-analytical and numerical compu‐
tational methods have also been developed, such as Ritz method, state-space method,
differential quadrature method (DQM), Galerkin method, meshless method, finite element
method (FEM) and discrete singular convolution (DSC) approach.

However, a close scrutiny of the literature in this field reveals that most investigations were
carried out based on 2-D plate and shell theories, and a general 3-D solution for this subject
seems to be limited. Moreover, the review also reveals that most of previous research efforts
were restricted to vibration problems of FGM plates and shells with limited sets of classical
boundary conditions. It is well recognized that there exist various possible boundary restraint
cases for plates and shells in practical assembly and engineering applications. Consequently,
it is necessary and of great significance to develop a unified, efficient and accurate method that
is capable of universally dealing with FGM plates and shells with general boundary conditions.

In view of these apparent voids, the aim of this chapter is to develop an accurate semi-analysis
method that is capable of dealing with vibrations of FGM plates and shells with general
boundary conditions, including classical boundaries, elastic supports and their combinations
and to provide a summary of known 3-D results of plates and shells with general boundary
conditions, which may serve as benchmark solutions for future researches in this field.

In this chapter, 3-D vibration analysis of thick functionally graded plates and cylindrical shells
with arbitrary elastic restraints is presented. The effective material properties of functionally
graded structures vary continuously in the thickness direction according to the simple power-
law distributions in terms of volume fraction of constituents and are estimated by Voigt’s rule
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of mixture. By using the artificial spring boundary technique, the general boundary conditions
can be obtained by setting proper spring stiffness. All displacements of the functionally graded
plates and shells are expanded in the form of the linear superposition of standard 3-D cosine
series and several supplementary functions, which are introduced to remove potential
discontinuity problems with the original displacements along the edge. The RayleighRitz
procedure is used to yield the accurate solutions.

2. Theoretical formulations

2.1. Preliminaries

A differential element of a shell with uniform thickness h is considered, as shown in Fig. 1. An
orthogonal curvilinear coordinate system composed of coordinates α, β and z coordinates is
located on the bottom surface. The u, v and w denote the displacement components of an
arbitrary point in the α, β and z directions, respectively. Within the context of 3-D elasticity
theory, the linear strain-displacement relations can be expressed as follows [36]:
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where εα, εβ, εz, εβz, εαz and εαβ are the normal and shear strain components, and hα, h β and h z

are Lame coefficients.
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In engineering applications, plates and shells are the basic structural elements. For the sake of
brevity, this chapter will be confined to rectangular plates and cylindrical shells. According to
Fig. 2, the coordinate systems and Lame coefficients are given as follows [36]: for rectangular
plates, α = x,  β = y,  z = z,  hα =h β =hγ =1 and for cylindrical shells,
α = x,  β =θ,  z = r ,  hα =hγ =1,  h β = Ri + r . The explicit expressions of strains can be obtained by
substituting above quantities into Eqs. (1–6). The 3-D linear constitutive relations for the plates
and shells can be written as follows:
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where Qij (i, j = 1–6) are the elastic coefficients and are given as:
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where Qij (i, j = 1–6) are the elastic coefficients and are given as:
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where E(r) and μ(r) are the effective Young’s modulus and Poisson’s ratio of a FGMs, respec‐
tively. In this chapter, it is assumed that the FGMs are manufactured by ceramic and metallic
constituents, and the effective material properties of FGMs can be expressed as follows [37]:
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(9)

where E, μ, ρ and V are Young’s modulus, Poisson’s ratio, density and volume fraction,
respectively. The subscripts c and m donate the ceramic and metallic constituents, respectively.
The ceramic volume fraction follows simple power-law distribution:

(0 ),( ) 1 ( )p p
c m

z zV V z h
h h

= = - £ £ (10)

where z is the thickness coordinate, and p is the power-law index that takes only positive
values. The value of p equal to zero represents a fully ceramic plate, whereas infinite p indicates
a fully metallic plate.

In this work, the general boundary conditions can be described in terms of three groups of
springs (ku, kv, kw). Taking edge α = constant, for example, the boundary conditions can be
given as follows:

1 1 1, ,u v w zk u k v k wa a a
aa ab as s s= = = (11)

2 2 2, ,u v w zk u k v k wa a a
aa ab as s s= = = (12)

where the superscripts α1 and α2 denote the edges of α = 0 and α = L1, respectively. For the
rectangular plates, the similar conditions exist for the edges of β = constant. The classical
boundary conditions and elastic restrains can be obtained by easily changing the values of
boundary spring.
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2.2. Energy functional

The energy functional of plates or shells can be expressed as follows:

T U PP = - - (13)

where T is kinetic energy, U is elastic strain energy, and P denotes the potential energy stored
in boundary springs.

The kinetic energy T can be written as follows:

( )2 2 21 ( ) d d d
2

T z u v w zr a b= + +òòò & & & (14)

where the over dot represents the differentiation with respect to time.

The strain energy U can be written in an integral form as follows:

( )1 d d d
2 zz zz z z z zU zaa aa bb bb b b a a ab abs e s e s e s g s g s g a b= + + + + +òòò (15)

Substituting Eqs. (1–16) into Eq. (15) together with Lame coefficients, one can obtain the explicit
expressions of strain energy for rectangular plates and cylindrical shells.

The potential energy (P) stored in the boundary springs is given as follows:
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where Sαi and Sβi denote the area of boundary surfaces.

2.3. Admissible functions

It is crucially important to construct the appropriate admissible displacement functions in the
Rayleigh–Ritz method. Beam functions, orthogonal polynomials and Fourier series are often
used as displacement functions of plates and shells. However, the use of beam function will
lead to at least a very tedious solution process [38]. The problem with using a complete set of
orthogonal polynomials is that the higher-order polynomials tend to become numerically
unstable because of the computer round-off errors [38, 39]. These numerical difficulties can be
avoided by the Fourier series because the Fourier series constitute a complete set and exhibit
an excellent numerical stability. However, when the displacements are expressed in terms of
conventional Fourier series, discontinuities potentially exist in the original displacements and
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their derivatives. In this chapter, a modified Fourier series defined as the linear superposition
of a 3-D Fourier cosine series and some auxiliary polynomial functions is used to express the
displacement components, which are given as follows [40–43]:
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where λm =mπ / L α, λn =nπ / L β, λq =qπ / L z. Amnq, alnq, ālmq, ãlmn, Bmnq, blnq, b̄lmq, b̃lmn, Cmnq, clnq, c̄lmq

and c̃lmn are the unknown coefficients that need to be determined in future. ω is the circular
frequency and t is the time variable. ξlα, ξlβ and ξlz represent a set of closed-form sufficiently
smooth functions introduced to remove the discontinuities of the original displacement
functions and their derivatives at edges and then to accelerate the convergence of the series
representations. According to the 3-D elasticity theory, it is required that at least two-order
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derivatives of the displacement functions exist and continuous at any point. Consequently,
two auxiliary functions in every direction are supplemented, as shown in Eqs. (17–19). The
auxiliary functions are given as follows:
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It is easy to verify that

' '
1 1 1 1(0) ( ) ( ) 0,  (0) 1L La a a a a ax x x x= = = = (23)

' '
2 2 2 2(0) ( ) (0) 0,  ( ) 1L La a a a a ax x x x= = = = (24)

The similar conditions exist for the β- and z-related polynomials. It should be mentioned that
as the circumferential symmetry of the cylindrical shells in the coordinate θ, the 3-D problem
of the cylindrical shell can be transformed to 2-D analysis by using the Fourier series in
circumferential direction.

2.4. Solution procedure

Substituting Eqs. (14–16) into Eq. (13) together with the displacement functions defined in Eqs.
(17–19) and performing the Rayleigh–Ritz operation, a set of linear algebraic equation against
the unknown coefficients can be obtained as follows:

{ }2w- =K M X 0 (25)

where K is the total stiffness matrix for the structure and M is the total mass matrix. Both of
them are symmetric matrices. X is the column matrix composed of unknown coefficients
expressed in the following form:
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The frequencies can be determined by solving Eq. (25) via the eigenfunction of MATLAB
program. The mode shape corresponding to each frequency can be obtained by back substi‐
tuting the eigenvector to the displacement functions in Eqs. (17–19).

3. Numerical examples and discussion

In this section, several vibration results of FGM plates and cylindrical shells with general
boundary conditions are presented to illustrate the accuracy and reliability of the current
formulation. To simplify presentation, C, S, F and E denote the clamped, simply supported,
free and elastic restraints. Three types of elastic boundary conditions designated by symbols
E1, E2 and E3 are considered. E1-type edge is considered to be elastic in normal direction; the
support type E2 only allows elastically restrained displacement in both tangential directions;
when all of three displacements along the edges are elastically restrained, the edge support is
defined by E3. The expressions of the different boundary conditions along the edge α = 0 are
given as follows:

Free boundary condition (F):

0zaa ab as s s= = =

Clamped boundary condition (C):

0u v w= = =
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Simply supported boundary condition (S):

0v waas = = =

First type of elastic restraint (E1):

0, 0u v w¹ = =

Second type of elastic restraint (E1):

0, 0, 0u v w= ¹ ¹

Three type of elastic restraint (E1):

0, 0, 0u v w¹ ¹ ¹

A simple letter is used to describe the boundary conditions of structure. For example, SFCE
denotes a plate having simply supported boundary condition at α = 0, free boundary condition
at β = 0, clamped boundary condition at α = Lα, and elastic restraint at β = Lβ; CS denotes a
cylindrical shell having clamped boundary condition at α = 0 and simply supported boundary
condition at α = Lα.

3.1. Rectangular plates

In this section, several numerical examples concerning the free vibration of FGM rectangular
plates with different geometrical parameters and boundary conditions have been investigated
to verify the convergence, accuracy and reliability of the present method. Some new vibration
results of rectangular plates with elastic boundary conditions are given. Unless stated other‐
wise, the material properties for ceramic and metallic constituents of FGM plates are given as
follows: Ec = 380 GPa, μc = 0.3 and ρc = 3800 kg/m3 and Em = 70 GPa, μm = 0.3 and ρm = 2702 kg/m3.

3.1.1. Convergence study

Theoretically, there are infinite terms in the modified Fourier series solution. However, the
series is numerically truncated, and only finite terms are counted in actual calculations. The
convergence of this method will be checked. Table 1 presents the first seven frequency
parameters Ω of completely free FGM square plates. The frequency parameter Ω is defined as
follows:

2 / /c ca h Ew rW =
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The geometrical parameters are given as follows: a/b = 1 and h/b = 0.1, 0.2 and 0.5. The power-
law index p is taken to be p = 1. It is obvious that the results of this study show a monotonic
trend, and the solutions converge quite rapidly as the truncated number increases. In the
following examples, the truncated numbers of the displacement expressions will be uniformly
selected as M × N × Q = 13 × 13 × 8.

h/b M × N × Q Ω1 Ω2 Ω3 Ω4 Ω5 Ω6 Ω7

0.1

9 × 9 × 4 2.9579 4.3853 5.4058 7.4361 7.4361 12.903 12.903

11 × 11 × 4 2.9558 4.3851 5.4054 7.4293 7.4293 12.901 12.901

11 × 11 × 8 2.9524 4.3802 5.4018 7.4256 7.4256 12.898 12.898

13 × 13 × 8 2.9514 4.3802 5.4016 7.4225 7.4225 12.897 12.897

13 × 13 × 10 2.9513 4.3800 5.4015 7.4223 7.4223 12.897 12.897

0.2

9 × 9 × 4 2.7261 4.0298 4.9324 6.4506 6.4506 10.093 10.642

11 × 11 × 4 2.7257 4.0297 4.9322 6.4492 6.4492 10.093 10.640

11 × 11 × 8 2.7250 4.0287 4.9315 6.4485 6.4485 10.093 10.639

13 × 13 × 8 2.7247 4.0286 4.9314 6.4479 6.4479 10.093 10.637

13 × 13 × 10 2.7247 4.0286 4.9313 6.4478 6.4478 10.093 10.637

0.5

9 × 9 × 4 2.0442 2.8571 3.4668 3.9777 3.9777 4.0369 4.3056

11 × 11 × 4 2.0442 2.8571 3.4667 3.9776 3.9776 4.0369 4.3055

11 × 11 × 8 2.0441 2.8568 3.4665 3.9773 3.9773 4.0368 4.3053

13 × 13 × 8 2.0440 2.8568 3.4665 3.9772 3.9772 4.0368 4.3052

13 × 13 × 10 2.0440 2.8568 3.4664 3.9772 3.9772 4.0368 4.3052

Table 1. Convergence of frequency parameters of completely free FGM square plates with different thickness-to-width
ratios h/b (p = 1).

As aforementioned, the boundary conditions can be easily obtained via changing the value of
boundary springs. Therefore, the accuracy of the current method is strongly influenced by the
values of springs’ stiffness. To determine the appropriate values of spring’s stiffness, the effects
of elastic parameters on the frequencies of the FGM plate are investigated. The elastic param‐
eter Γ is defined as ratios of corresponding spring’s stiffness to bending stiffness Dc = Ech3/12(1
– μc

2). The plates are free at y = constant and restrained by only one kind of spring whose
stiffness parameter ranges from 10−1 to 1010 at x = constant. The first three frequency parameters
of the FGM square plates with h/b = 0.2 and p = 1 are presented in Table 2. It is obvious that the
increase of the elastic parameter leads to increase of the frequency parameters. When Γ ≥107,
the influence of the elastic parameters on the frequencies of the plates can be neglected. The
clamped boundary conditions can be simulated by assuming the elastic parameters equal to
109. The elastic boundary conditions can be obtained by assuming the elastic parameters equal
to 100.
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Γ ku = ΓD, kv = kw = 0 Kv = ΓD, ku = kw = 0 Kw = ΓD, ku = kv = 0

Ω1 Ω2 Ω3 Ω1 Ω2 Ω3 Ω1 Ω2 Ω3

10−1 0.0167 0.0464 0.0654 0.0167 0.0654 0.0802 0.0650 0.0654 0.1117

100 0.0419 0.1463 0.2069 0.0419 0.2069 0.2533 0.2028 0.2061 0.3514

101 0.1285 0.4615 0.6536 0.1286 0.6513 0.7985 0.6294 0.6301 1.1044

102 0.3984 1.4270 2.0440 0.3996 1.9750 2.4251 1.5056 1.7178 3.2905

103 1.0903 2.8583 3.7961 1.1184 3.0710 4.2125 2.0002 2.7732 5.9372

104 1.8471 3.1625 4.5503 2.0317 3.8426 4.3529 2.0785 3.0227 6.4327

105 2.0625 3.2758 4.5745 2.3675 4.2459 4.3815 2.0880 3.0600 6.5168

106 2.0904 3.2915 4.5774 2.4305 4.3436 4.3859 2.0891 3.0657 6.5299

107 2.0934 3.2932 4.5777 2.4464 4.3740 4.3870 2.0893 3.0664 6.5316

108 2.0937 3.2934 4.5778 2.4490 4.3790 4.3871 2.0893 3.0665 6.5318

109 2.0937 3.2934 4.5778 2.4493 4.3796 4.3871 2.0893 3.0665 6.5319

1010 2.0937 3.2934 4.5778 2.4493 4.3796 4.3871 2.0893 3.0665 6.5319

Table 2. The first three frequency parameters Ω of the FGM square plates with different elastic parameters Γ (p=1).

3.1.2. Plate with general boundary conditions

To illustrate the accuracy of the present method, the comparisons of the current results with
those in the published literature are presented. Table 3 presents the first two frequency
parameters of the FGM square plates with different boundary conditions. The results are
compared with those presented by Huang et al. [32] using the Ritz method on the basis of 3-
D elasticity theory. Table 4 presents the fundamental frequency parameters of the FGM square
plates with SSSS boundary conditions. Numerical vibration results for the same problems have
been reported by Hosseini-Hashemi et al. [18] and Matsunaga [20] using HSDTs, showing that
excellent agreement of the results is achieved.

SSSS CFFF CFCF

Ref. [] Present Diff% Ref. [] Present Diff% Ref. [] Present Diff%

Ω1 3.406 3.406 0.000 0.6637 0.6657 0.347 3.400 3.421 0.618

Ω2 6.296 6.296 0.000 1.432 1.434 0.140 3.820 3.840 0.524

Ω3 6.296 6.296 0.000 2.154 2.158 0.186 5.774 5.787 0.225

Ω4 7.347 7.345 0.027 3.396 3.405 0.265 5.976 5.989 0.218

Ω5 7.347 7.345 0.027 4.347 4.348 0.023 7.609 7.657 0.631

Table 3. First five frequency parameters of FGM square plates with different boundary conditions (h/b = 0.2, p = 5).
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h/b p = 0 p = 0.5 p = 1 p = 4 p = 10 p = ∞

0.1

Ref. [18] 0.0577 0.0490 0.0443 0.0381 0.0364 0.0293

Ref. [20] 0.0577 0.0492 0.0442 0.0381 0.0364 0.0293

Present 0.0578 0.0491 0.0443 0.0381 0.0364 0.0294

0.2

Ref. [18] 0.2113 0.1807 0.1631 0.1378 0.1301 0.1076

Ref. [20] 0.2121 0.1819 0.1640 0.1383 0.1306 0.1077

Present 0.2122 0.1816 0.1640 0.1383 0.1306 0.1080

Table 4. Fundamental frequency parameters of FGM square plates with SSSS boundary conditions (a/b = 1).

BC
h/b a/b = 1 a/b = 2

p = 0.6 p = 1 p = 5 p = 10 p = 0.6 p = 1 p = 5 p = 10

CSSS

0.1 5.660 5.235 4.434 4.272 12.66 11.71 10.01 9.671

0.3 4.415 4.096 3.263 3.083 11.01 10.20 8.354 7.676

0.5 3.391 3.156 2.435 2.265 6.866 6.464 5.023 4.591

CCSS

0.1 6.416 5.936 5.008 4.819 17.17 15.88 13.48 13.00

0.3 4.807 4.464 3.520 3.313 13.68 12.69 10.12 9.566

0.5 3.582 3.336 2.549 2.366 10.54 9.807 7.548 7.037

CCCS

0.1 7.437 6.884 5.772 5.544 17.71 16.38 13.90 13.40

0.3 5.264 4.894 3.815 3.572 14.01 13.00 10.36 9.782

0.5 3.797 3.540 2.681 2.479 10.75 10.00 7.679 7.153

CFFF

0.1 0.864 0.799 0.687 0.664 0.862 0.797 0.687 0.665

0.3 0.816 0.755 0.637 0.613 0.845 0.781 0.669 0.647

0.5 0.746 0.690 0.568 0.543 0.821 0.759 0.645 0.622

CCFF

0.1 1.684 1.558 1.330 1.285 4.230 3.911 3.356 3.246

0.3 1.473 1.363 1.125 1.076 3.900 3.608 3.021 2.902

0.5 1.253 1.160 0.932 0.885 3.479 3.220 2.627 2.506

CCCF

0.1 5.643 5.223 4.393 4.222 7.628 7.056 6.031 5.825

0.3 4.074 3.785 2.956 2.774 6.594 6.107 5.009 4.781

0.5 2.944 2.738 2.080 1.932 5.503 5.102 4.053 3.831

Table 5. Foundational frequency parameters Ω of FGM rectangular plates with different classical boundary conditions.

Several new numerical results for free vibration of FGM plates with general boundary
conditions, including classical and elastic boundary conditions, are presented in Tables 5 and
6. The geometrical parameters are given as: a/b = 1 and 2, h/b = 0.1, 0.3 and 0.5. The different
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boundary conditions, including CSSSS, CCSS, CCCS, CFFF, CCFF, CCCF, E1E1E1E1, E2E2E2E2

and E3E3E3E3, are studied. The power-law exponent is taken to be p = 0.6, 1, 5 and 10. From
tables, it is obvious that the fundamental frequency of the plate strongly depends on the values
of geometrical parameters, power-law index and boundary conditions. For the plates with
classic boundary conditions, the foundational frequency parameters decrease with increase in
the thickness-to-width ratio h/b. Except for plates with CFFF boundary conditions, the
fundamental frequency parameters of the square plate (a/b = 1) are smaller than those of the
plates with a/b = 2. The increase of the power-law index leads to decrease of the fundamental
frequency parameter for all cases considered. For the plates with elastic restraints, the
foundational frequency parameters increase as the length-to-width ratio a/b increases. Except
for plates with h/b = 0.1 subjected to E2E2E2E2 and E3E3E3E3 boundary conditions, the founda‐
tional frequency parameters decrease with increase in the power-law index p. The effects of
the thickness-to-width ratio h/b on the foundational frequency parameters are more complex.
Some 3-D mode shapes for FGM plates with different boundary conditions are shown in Figs.
3 and 4.

BC h/b a/b = 1 a/b = 2

p = 0.6 p = 1 p = 5 p = 10 p = 0.6 p = 1 p = 5 p = 10

E1E1E1E1

0.1 4.798 4.437 3.786 3.655 12.138 11.228 9.626 9.303

0.3 4.113 3.837 3.142 2.983 11.145 10.426 8.736 8.339

0.5 3.444 3.236 2.522 2.352 10.019 9.439 7.495 7.035

E2E2E2E2

0.1 1.975 2.006 2.090 2.109 6.541 6.592 6.748 6.780

0.3 3.043 3.025 2.844 2.773 9.601 9.476 8.804 8.569

0.5 3.083 2.979 2.487 2.343 9.597 9.238 7.680 7.238

E3E3E3E3

0.1 1.823 1.823 1.828 1.826 5.690 5.649 5.586 5.563

0.3 2.594 2.541 2.357 2.298 7.867 7.670 7.063 6.874

0.5 2.724 2.634 2.234 2.123 8.308 8.014 6.799 6.471

Table 6. Foundational frequency parameters Ω of FGM rectangular plates with different elasticity boundary
conditions.

3.2. Cylindrical shells

This section is concerned with the free vibration of FGM cylindrical shells with different
boundary conditions. The convergence, accuracy and reliability of the present method are
demonstrated by numerical examples and comparisons. New numerical results for the FGM
cylindrical shells with the elastic boundary conditions are also presented. Unless stated
otherwise the material properties for ceramic and metallic constituents of FGM cylindrical
shells are given as follows: Ec = 168 GPa, μc = 0.3 and ρc = 5700 kg/m3 and Em = 70 GPa, μm = 0.3
and ρm = 2707 kg/m3.
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Fig. 3 Mode shapes of FGM square plate with CCCC boundary 

conditions with h/a = 0.5 and p = 1. 

   

Figure 3. Mode shapes of FGM square plate with CCCC boundary conditions with h/a = 0.5 and p = 1.
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Fig. 4 Mode shapes of FGM square plate with CCCF boundary 

conditions with h/a = 0.5 and p = 1. 

3.2.1. Convergence study 

The convergence studies of the first two frequencies for the completely 

free cylindrical shells with different circumferential wave numbers n are 

presented in Table 7. The different thickness-to-radius ratios (i.e., h/R0 = 0.1, 

0.2 and 0.5) and circumferential wave numbers (i.e., n = 1, 2, 3 and 4) 

are considered. The power-law exponent is taken to be p = 1. From 

Figure 4. Mode shapes of FGM square plate with CCCF boundary conditions with h/a = 0.5 and p = 1.

3.2.1. Convergence study

The convergence studies of the first two frequencies for the completely free cylindrical shells
with different circumferential wave numbers n are presented in Table 7. The different thick‐
ness-to-radius ratios (i.e., h/R0 = 0.1, 0.2 and 0.5) and circumferential wave numbers (i.e., n = 1,
2, 3 and 4) are considered. The power-law exponent is taken to be p = 1. From Table 7, it is
evident that the present method has a good convergence, and the truncated numbers of the
displacement expressions will be uniformly selected as M × Q = 13 × 13.
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h/R0 M × Q
n = 1 n = 2 n = 3 n = 4

f1 f2 f1 f2 f1 f2 f1 f2

0.1

10 × 10 675.95 775.84 72.216 93.963 202.45 236.49 383.66 422.39

11 × 11 675.95 775.84 72.213 93.900 202.44 236.37 383.64 422.20

12 × 12 675.95 775.82 72.211 93.898 202.43 236.36 383.61 422.19

13 × 13 675.95 775.82 72.209 93.859 202.42 236.28 383.60 422.07

14 × 14 675.95 775.81 72.208 93.858 202.42 236.28 383.58 422.06

0.2

10 × 10 702.69 829.15 156.06 195.32 426.43 484.16 782.43 843.50

11 × 11 702.69 829.14 156.06 195.27 426.42 484.05 782.41 843.32

12 × 12 702.69 829.12 156.05 195.27 426.41 484.04 782.37 843.29

13 × 13 702.68 829.12 156.05 195.24 426.40 483.98 782.36 843.19

14 × 14 702.68 829.11 156.05 195.24 426.39 483.97 782.34 843.18

0.5

10 × 10 813.89 990.82 472.71 513.27 1119.84 1157.84 1798.22 1821.60

11 × 11 813.88 990.82 472.71 513.25 1119.82 1157.80 1798.18 1821.52

12 × 12 813.88 990.81 472.70 513.25 1119.81 1157.78 1798.15 1821.49

13 × 13 813.88 990.81 472.70 513.24 1119.80 1157.76 1798.13 1821.45

14 × 14 813.88 990.81 472.70 513.24 1119.80 1157.75 1798.12 1821.43

Table 7. Convergence of the first two frequencies for the completely free cylindrical shells with different
circumferential wave numbers n (R0 = 1 m, L/R0 = 2, p = 1).

Γ
ku = ΓD, kv = kw = 0 Kv = ΓD, ku = kw = 0 Kw = ΓD, ku = kv = 0

n = 1 n = 2 n = 3 n = 1 n = 2 n = 3 n = 1 n = 2 n = 3

10−1 6.0482 156.26 426.50 6.0495 156.10 426.42 6.3136 156.05 426.40

100 19.080 158.13 427.41 19.120 156.58 426.54 19.945 156.05 426.41

101 58.929 174.72 435.81 60.159 161.25 427.76 62.811 156.06 426.42

102 153.57 251.42 482.58 181.20 197.82 438.59 190.65 156.13 426.59

103 233.55 318.79 529.79 404.21 306.64 485.62 424.98 156.65 427.85

104 250.70 330.93 538.16 506.09 361.57 523.38 510.67 157.86 430.84

105 253.21 332.47 539.14 519.80 369.75 532.12 521.32 158.32 432.03

106 253.55 332.66 539.26 521.22 370.71 533.44 522.45 158.38 432.19

107 253.62 332.69 539.28 521.37 370.89 533.83 522.56 158.39 432.20

108 253.65 332.70 539.29 521.38 370.94 533.98 522.58 158.39 432.21
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h/R0 M × Q
n = 1 n = 2 n = 3 n = 4

f1 f2 f1 f2 f1 f2 f1 f2
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101 58.929 174.72 435.81 60.159 161.25 427.76 62.811 156.06 426.42

102 153.57 251.42 482.58 181.20 197.82 438.59 190.65 156.13 426.59

103 233.55 318.79 529.79 404.21 306.64 485.62 424.98 156.65 427.85

104 250.70 330.93 538.16 506.09 361.57 523.38 510.67 157.86 430.84

105 253.21 332.47 539.14 519.80 369.75 532.12 521.32 158.32 432.03

106 253.55 332.66 539.26 521.22 370.71 533.44 522.45 158.38 432.19

107 253.62 332.69 539.28 521.37 370.89 533.83 522.56 158.39 432.20

108 253.65 332.70 539.29 521.38 370.94 533.98 522.58 158.39 432.21
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Γ
ku = ΓD, kv = kw = 0 Kv = ΓD, ku = kw = 0 Kw = ΓD, ku = kv = 0

n = 1 n = 2 n = 3 n = 1 n = 2 n = 3 n = 1 n = 2 n = 3

109 253.66 332.71 539.29 521.38 370.95 534.00 522.58 158.39 432.21

1010 253.66 332.71 539.29 521.38 370.95 534.00 522.58 158.39 432.21

Table 8. The frequencies of the FGM cylindrical shells with different elastic parameters Γ (p = 1).

It is significant to investigate the effects of elastic parameters on the frequencies of the
cylindrical shells. The cylindrical shells are restrained by only one kind of spring whose
stiffness parameter ranges from 10−1 to 1010 at x = constant. The frequencies of the cylindrical
shells with different circumferential wave numbers n are presented in Table 8. The geometrical
parameters are used as R0 = 1 m, L/R0 = 2 and h/R0 = 0.2. The power-law index is taken to be p
= 1. It is obvious that the increase of the elastic parameter leads to the increase of the frequency
parameters. When Γ ≥107, the influence of the elastic parameters on the frequencies of the plates
can be neglected. The clamped boundary conditions can be simulated by assuming the elastic
parameters equal to 109. The elastic boundary conditions can be obtained by assuming the
elastic parameters equal to 100.

3.2.2. Cylindrical shells with general boundary conditions

To illustrate the accuracy of the present method, the comparisons of the current results with
those in published literature are presented. Table 9 presents the first three frequency param‐
eters λ =ωL ρ(1 + μ) / E  for the cylindrical shells with CC, CF and FF boundary conditions. The
geometrical parameters are given as follows: h/R = 0.3, L/R = 2, R = R0–Ri. The results are
compared with exact 3-D elasticity results by Malekzadeh et al. [31] using Layerwise theory
and DQM (LW-DQ)and FEM. Table 10 presents first 10 frequencies of FGM cylindrical shells
with CF boundary conditions. The geometrical parameters are given as follows: Ri = 0.95 m,
R0=1.05 m, h = 0.1 m, L = 2 m. Numerical vibration results of the same problems have been
reported by Tornabene et al. [13] using FSDT and generalized DQM. It is noted that the Vc is
defined as Vc = (1–z/h)p. It is obvious that the results show very good agreement. The slight
discrepancies may be due to the different solution strategies in the studies.

Several new numerical results for free vibration of FGM cylindrical shells with general
boundary conditions, including classical and elastic boundary conditions, are presented in
Tables 11 and 12. The geometrical parameters are given as follows: R0 = 1 m, L/R0 = 2, h/R0 =
0.1, 0.3 and 0.5. The different boundary conditions, including CC, CS, SS, CF, SF, E1E1, E2E2 and
E3E3, are studied. The power-law exponent is taken to be p = 0, 0.6, 1, 2, 5, 10 and 20. It is observed
from Table 11 that the boundary conditions have a significant effect on the frequencies of
cylindrical shells. The higher constraints at edges may increase the flexural rigidity of the shell
leading to higher frequency response. It is obvious that the increase of the thickness-to-radius
ratio h/R0 leads to the increase of the frequency parameters. It is also seen that the fundamental
frequencies decrease as the power-law index increases. From Table 12, the frequencies of shells
also increase as thickness-to-radius ratio h/R0 increases. However, the effects of the power-law
index on the frequencies of shells became more complex. Some 3-D mode shapes for FGM
cylindrical shells with different boundary conditions are shown in Figs. 5 and 6.
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BC

n λ1 λ2 λ3

LW-DQ
[31]

FEM [31] Present
LW-DQ

[31]
FEM [31] Present

LW-DQ
[31]

FEM [31] Present

CC

1 1.7860 1.7972 1.7905 2.6043 2.6222 2.6050 3.4148 3.4192 3.4245

2 1.7452 1.7573 1.7500 3.2942 3.3114 3.2949 3.4921 3.5150 3.5012

3 1.8867 1.8862 1.8912 3.6024 3.6320 3.6099 3.9416 3.9257 3.9447

4 2.1966 2.2072 2.2004 3.8126 3.8228 3.8193 4.2757 4.3215 4.2783

5 2.6385 2.6617 2.6415 4.1302 4.1327 4.1364 4.7010 4.7322 4.7031

CF

1 0.7514 0.7546 0.7516 1.7563 1.7692 1.7568 1.8800 1.8996 1.8812

2 0.6620 0.6713 0.6622 1.8962 1.9256 1.8980 2.1305 2.1557 2.1324

3 0.9246 0.9301 0.9247 2.0610 2.0668 2.0630 2.5165 2.5482 2.5179

4 1.4021 1.4282 1.4021 2.4030 2.4646 2.4049 2.9919 3.0342 2.9930

5 1.9814 2.0228 1.9814 2.8666 2.8571 2.8684 3.5251 3.5628 3.5258

FF

1 0.0000 0.0000 0.0000 0.0001 0.0001 0.0003 1.0710 1.0734 1.0709

2 0.2576 0.2608 0.2576 0.3800 0.3831 0.3799 1.3533 1.3594 1.3532

3 0.6884 0.6890 0.6884 0.9253 0.9377 0.9252 1.8689 1.8794 1.8689

4 1.2302 1.2525 1.2302 1.5160 1.5307 1.5158 2.4754 2.4917 2.4753

5 1.8427 1.8694 1.8426 2.1343 2.1532 2.1341 3.1169 3.1417 3.1169

Table 9. First three frequency parameters of the cylindrical shells with different boundary conditions (μ = 0.3).

p = 0 p = 0.6 p = 1 p = 5

Ref. [13] Present Ref. [13] Present Ref. [13] Present Ref. [13] Present

f1 152.93 152.13 150.03 148.67 149.29 147.76 148.75 147.10

f2 152.93 152.13 150.03 148.67 149.29 147.76 148.75 147.10

f3 220.06 219.31 212.94 211.89 212.22 211.00 219.49 218.00

f4 220.06 219.31 212.94 211.89 212.22 211.00 219.49 218.00

f5 253.78 254.30 250.74 250.36 249.31 248.68 243.43 242.86

f6 253.78 254.30 250.74 250.36 249.31 248.68 243.43 242.86

f7 383.55 384.04 370.63 370.69 369.46 369.21 383.71 382.79

f8 383.55 384.04 370.63 370.69 369.46 369.21 383.71 382.79

f9 420.51 420.86 415.47 414.68 412.97 411.88 402.56 401.57

f10 431.45 428.75 420.39 416.91 418.46 414.66 423.57 419.16

Table 10. First 10 frequencies (Hz) of the FGM cylindrical shells with F–C boundary conditions.
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Table 10. First 10 frequencies (Hz) of the FGM cylindrical shells with F–C boundary conditions.
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BC h/R0 p = 0 p = 0.6 p = 1 p = 2 p = 5 p = 10 p = 20

CC

0.1 390.33 377.23 374.78 375.39 379.94 379.62 376.24

0.3 621.15 599.34 594.11 591.68 594.96 595.70 593.23

0.5 701.10 686.38 681.10 674.46 668.80 666.26 663.96

CS

0.1 378.25 365.82 363.43 363.82 367.81 367.48 364.19

0.3 567.55 548.06 543.23 540.49 542.33 542.55 540.43

0.5 648.20 634.72 629.77 623.22 617.07 614.23 612.09

SS

0.1 367.68 355.76 353.44 353.68 357.26 356.85 353.71

0.3 528.69 510.67 506.15 503.35 504.53 504.51 502.59

0.5 608.85 596.84 592.29 585.94 579.40 576.22 574.05

CF

0.1 153.27 149.63 148.75 148.30 148.46 147.80 146.56

0.3 257.65 254.87 253.62 251.58 248.56 246.32 244.47

0.5 263.06 261.04 260.07 258.44 255.66 253.17 250.86

SF

0.1 149.92 146.38 145.51 145.06 145.17 144.51 143.30

0.3 247.41 245.02 243.86 241.81 238.61 236.30 234.48

0.5 248.50 246.92 246.06 244.45 241.51 238.95 236.67

Table 11. Fundamental frequencies of FGM cylindrical shells with different classical boundary conditions.
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Mode shape 5                                             Mode shape 6 

Fig. 5 Mode shapes of FGM cylindrical shells with CC boundary 

conditions with h/R0 = 0.5, L/R0 = 2 and p=1. 

                     

Mode shapes 1–2                                             Mode shape 3 

Figure 5. Mode shapes of FGM cylindrical shells with CC boundary conditions with h/R0 = 0.5, L/R0 = 2 and p=1.
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BC h/R0 p = 0 p = 0.6 p = 1 p = 2 p = 5 p = 10 p = 20

E1E1

0.1 368.31 356.53 354.28 354.66 358.44 358.13 355.04

0.3 558.81 545.07 542.41 542.83 548.35 550.42 549.32

0.5 669.03 660.42 657.10 652.86 649.27 647.64 645.98

E2E2

0.1 82.564 91.860 95.778 101.94 109.61 113.78 116.41

0.3 381.14 384.20 386.62 392.04 400.91 405.96 408.78

0.5 539.57 539.80 540.83 544.12 551.17 556.07 559.18

E3E3

0.1 80.874 89.444 93.013 98.592 105.46 109.13 111.41

0.3 331.30 347.67 354.18 364.51 377.62 384.51 388.49

0.5 515.44 522.81 525.80 531.29 539.88 545.19 548.45

Table 12. Fundamental frequencies of FGM cylindrical shells with different elasticity boundary conditions.
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Fig. 6 Mode shapes of FGM cylindrical shells with CF boundary 

conditions with h/R0 = 0.5, L/R0 = 2 and p = 1. 

4. Conclusions 

A  new  3‐D  exact  solution  for  free  vibration  analysis  of  thick 

functionally  graded  plates  and  cylindrical  shells  with  arbitrary 

Figure 6. Mode shapes of FGM cylindrical shells with CF boundary conditions with h/R0 = 0.5, L/R0 = 2 and p = 1.

4. Conclusions

A new 3-D exact solution for free vibration analysis of thick functionally graded plates and
cylindrical shells with arbitrary boundary conditions is presented in this chapter. The effective
material properties of functionally graded structures vary continuously in the thickness
direction according to the simple power-law distributions in terms of volume fraction of
constituents and are estimated by Voigt’s rule of mixture. By using the artificial spring
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4. Conclusions

A new 3-D exact solution for free vibration analysis of thick functionally graded plates and
cylindrical shells with arbitrary boundary conditions is presented in this chapter. The effective
material properties of functionally graded structures vary continuously in the thickness
direction according to the simple power-law distributions in terms of volume fraction of
constituents and are estimated by Voigt’s rule of mixture. By using the artificial spring
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boundary technique, the general boundary conditions can be obtained by setting proper spring
stiffness. All displacements of the functionally graded plates and shells are expanded in the
form of the linear superposition of standard 3-D cosine series and several supplementary
functions, which are introduced to remove potential discontinuity problems with the original
displacements along the edge. The Rayleigh-Ritz procedure is used to yield the accurate
solutions. The convergence, accuracy and reliability of this formulation are verified by
numerical examples and by comparng the current results with those in published literature.
The influence of the geometrical parameters and elastic foundation on the frequencies of
rectangular plates and cylindrical shells is investigated.
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