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Preface 

Graphene, a single layer of graphite formed by a repetitive hexagonal lattice, has re-
cently raised extensive interest of the world-wide scientific community since it has 
been obtained successfully in 2004. The graphene is of significant value for the funda-
mental studies of condensed matter and quantum physics. The main techniques of 
graphene simulation based on density functional theory (DFT) and non-equilibrium 
Green’s function techniques provides the accurate results of electronic structure and 
transport. In this section, semi-empirical simulation as a necessary implement facili-
tates the larger-scale system simulation. However, an important aspect to address real 
world problems is the limitation to rather small system sizes of typically a few hun-
dred atoms, which makes it necessary to combine them with the analysis of simulation 
results based on molecular dynamics techniques. Recent developments of quantum 
theory on graphene can assist in the exploration of Dirac fermion behavior, external 
field interaction etc.  

Dr. Jian Ru Gong, 
National Center for Nanoscience and Technology 

China (NCNST) 
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DFT Calculation for Adatom  
Adsorption on Graphene 

Kengo Nakada and Akira Ishii 

Department of Applied Mathematics and Physics  
Tottori University, Tottori 
JST-CREST, 5 Sanbancho  

Chiyoda-ku, Tokyo  
Japan 

1. Introduction  
Graphene is well-known to be two-dimensional material made of  carbon atoms. Graphene 
is the basic material to form nanotube, fullerene and graphite. Graphene is a substance that 
attracts attention not only as parts of the nanocarbons but also for its own interesting 
electronic and mechanic properties ( T. Ando, A. K. Geim et.al, K.S. Novoselov et.al). In the 
last decade, the most significant problem is how to make wide and high quality graphene 
itself. Nowadays, good quality graphene can be made in labolatories, for example, using 
SiC(0001) surface. Thus, one of the next step of the research related to graphene is how to 
make nano structures on graphene plane (V. M. Karphan et.al ).  
 Recently, H.Fujioka et al. has suceeded for the growth of GaN on graphite using PLD 
(Pulsed Laser Deposition) method and they success to make light emission diode using GaN 
on graphite (K. Ueno et.al, A. Kobayashi et.al 2006, A. Kobayashi et.al 2007, G. Li et.al, M.-H. 
Kim et.al, H.Fujioka 2009 ). Since the graphite is made of the stacking of many graphene 
plane, similar growth will be possible for graphene, if the graphene plane is supported 
mechanically with the other certain material. Such growth is not limited to GaN, but many 
other possibilities to form nano structures, nano devices or thin films on graphite plane. In 
order to apply graphene for such purpose, however, we should first investigate deeply for 
the interaction between adatoms and graphene plane ( A. Ishii. et.al 2008, K.Nakada et.al). In 
experiments, the adatom adsroption on graphene is reported for some atomic species (I. 
Zanella et.a, K. Kong et.al, K. Okazaki et.al, A. Lugo-Solis et.al, M. Wu et.al, H.Gao et.al, J. 
Dai et.al ) , but not for all atomic species. 
 In this chapter, we introduce the adsorption mechanism, atomic structures, stabilty, 
migration barriere energies and electronic properties of the adatom adsorption system on 
graphene plane for most all atomic species using the density functional theory. First, we 
review briefly the basic properties of graphene used in the following sections as remarks. 
The band structure of graphene is shown in figure 1. Because of the in-plane hexagonal 
symmetry, the px and py orbitals are degenerated. The s-orbital and the degenerated px and 
py orbitals make sp2 hybrid orbitals in the graphene plane as σ bonds. The pz orbitals are out 
of the sp2 hybrid orbitals and they form the pi bonds normal to the graphene plane. These pz 
orbitals forms bonding orbital (π) and anti-bonding orbital (π*) below and above the Fermi 
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energy level. These two band has no bandgap and they contact at one point in the 
momentum space just at the Fermi energy. 
 

Fig. 1. (a) Local  density of states projected to s, px, py, pz orbitals for graphene. (b)  Total 
local density of states for graphene. The LDOS projected to px and py are degenerated. (c) 
Band structure of 1 1  graphene. The blue lines in the figure correspond to wave functions 
of pz orbitals.  

Near the point, the band is linear so that the effective mass of the electron of the bands are 
zero. This point is known to be "Dirac point", because the band structure around the point is 
similar to the massless Dirac particle as the solution of the Dirac equation of the relativistic 
quantum mechanics. The Dirac point is very important in the physics of graphene. Because 
of this feature, the mobility of electron in graphene is very large. The theoretical prediction 
of the mobility is 1000 times larger than silicon and experimentally observed mobility is 
more than 100 times, at least. This large electron mobility is one of the significant reason that 
the graphene is expected to be the material of the future nano device. Using the large 
mobility, we can expect a lot of application for graphene for small gate voltage for electrons 
and holes of the device. Moreover, interesting features of graphene are large heat 
conductivity, large Young's modulus and light weight because of carbon atoms. Because of 
the two-dimensionality of graphene, adsorption of atoms or molecules on graphene  affects 
the electronic properties of graphene itself dominantly through the pz-orbitals. It means that 
the doping effect for graphene is very interesting. 

2. Calculation method 
In this work, we used a first-principles band calculation technique based on density 
functional theory. We used VASP (G.Kresse et.al 1993, G.Kresse 1993, G. Kresse et.al 1996, 
G. Kresse et.al 1996 ) which is a first-principles calculation code with high precision using 
the PAW method (G. Kresse and D. Joubert ). We adopted LDA ( P. Hohenberg and W. 
Kohn, W. Kohn and L. J. Sham ) as the term exchange correlation with a cutoff energy of 500 
eV and all calculations performed nonmagnetically. The unit cell for the graphene sheet 
adopted a 3 × 3 structure. The lattice constant of the grapheme used the value optimized by 
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Fig. 2. Adsorption sites of graphene of 3 3  supercell. (a) Bridge site (B-site) positioned at 
the center of C-C bond. Number in the figure shows us the numbering of each carbon atoms 
of the 3 3  supercell. (b) Hexagonal site (H-site) positioned at the center of the six 
membered ring. (c) Ontop site or tetrahedoral site (T-site) 
calculation. The distance between graphene sheets is about 14.7Å and the distance between 
adatoms is about 7.3Å. The final potential is constructed self-consistently from eigenstates at 
24 sampling k-points in the irreducible Brillouin zone (IBZ). For the calculation of adatoms 
at certain sites, the position coordinate of the adatom parallel to the surface is fixed and the 
coordinate normal to the surface is fully relaxed. One atom of the edge of the 3×3 structure 
of the graphene sheet is fixed during the relaxation of the other carbon atoms of the sheet. 
Using the coordinate which converged potential, we performed convergent calculation 
using 240 k-sampling point in the IBZ. To obtain a final potential, we calculated a 3 3  
graphene. Fig.3 is band structure and BZ of 3 3  graphene. Owing to the supercell used in 
the calculations, the K point of the 1 1  grapehen BZ in Fig.1(c) is folded into the Γ point of 
the supercell BZ. Similarly, the M point of the 1 1  graphene BZ is foled into the Γ of the 
supercell BZ. We calculated supercell BZ with M-Γ-K-M line to follow the dispersion of the 
Dirac point. The calculation was carried out at three adsorption sites, H, B and T shown in 
Fig. 1. We calculated the adsorption energy from the formula  

 Ebond = (Egraphene + Eadatom – Etotal). (1) 
Ebond is the binding energy of the adsorbed atom to the graphene sheet. Egraphene is the total 
energy of one sheet of the graphene and Eadatom is the total energy as an isolated atom of the 
adatom. We treated almost all the elements of the periodic table except the lanthanoids and 
noble gases as adatoms and carried out the calculation from H to Bi. 

3. Result and discussion 
3.1 Adsorption energy 
The 3d transition metal is spin polarized at low temperature. In some groups (K. T. Chan 
et.al, P. A. Khomyakov et.al), calculations considering spin polarization are performed for a 
few adatoms. However, if the nonmagnetic state is one of the ground state, its calculation is 
as important as the spin polarization calculation. In other words, the nonmagnetic state is in 
the condition to take an average of the spin, and it is the starting point for discussion of the 
ferromagnetic state and the discussion of high temperature. As the first step in the 
discussion of the growth of a compound semiconductor on graphene, we discuss the 
electronic state in the nonmagnetic state. Fig. 4 is the calculation result for the nonmagnetic 
state. This figure shows the most stable adsorption site and bond energy when various 
adatoms are adsorbed at three adsorption sites. In the figure, the most stable sites for each 
adatom are indicated by colors. The green, red and yellow boxes mean that the most stable  
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Fig. 3. The band structure and BZ of 3 3  graphene. The blue lines in the figure correspond 
to wave functions of pz-orbitals. 

site is the B-site, H-site or T-site respectively. The value in Fig. 4 shows the magnitude of the 
adsorption energy when each adatom is adsorbed to the most stable adsorption site. This 
result shows that for the transition metal elements the most commonly stable is the H-site. 
For the nonmetallic elements, the B-site is most stable. For H, F, Cl, Br and I, where the 
valence electron number of the adatom is 1, the T-site is the most stable adsorption site. In 
addition, for transition metal elements, the magnitude of the adsorption energy of each 
adatom is very large. The largest adsorption energy is shown for the adatoms of the 
nonmetallic elements C, N, O. For the transition metal elements, the bond energy shows an 
increasing tendency with an increasing number of d-electrons. Furthermore, it shows a 
tendency for the bond energy to decrease when the number of d-electrons increases to more 
than half occupancy, because the d-orbitals are shifted down. Therefore we find very large 
bond energy for Mn, where the d-orbital is half occupied. The bond energy is a very large on 
metal element adsorption, but this state is unstable because it is constructed from a localized 
non-bonding band at the Fermi level and the number density of states at the Fermi level 
(DOS(EF)) is very large. There is low bond energy for Cu, Ag, Au because all d-orbitals are 
occupied. Furthermore, the bond energy becomes very small for Zn, Cd, and Hg, where the 
s-orbital is close to the d-orbital. In addition, there is almost no difference in the adsorption 
energy of the three adsorption sites when the adsorption energy of the adatom is small. In 
contrast, the adsorption energy is large for the nonmetallic elements C, N, O and the 
difference of adsorption energy between sites is also large (higher than 3.0 eV). This shows it 
to be easy to adhere strongly to the B-site. However, there are a few differences between the 
adsorption energy of the T-site and the B-site when the adatom is C. Fig. 5 is a table of the 
bond distance between graphene and the adatom. (‘The bond distance’ means the distance 
between the average of the position of the graphene sheet and the adatom.) In the case that 
the bond distance between the adatom and graphene is large, the binding energy tends to 
reduce. In the case of a large bond distance, the adatom shows physical adsorption-like 
bonding. When the bond distance is short, the bond energy tends to increase. In this case the 
bonding feature is like chemical adsorption. 
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Fig. 4. The most stable sites and bond energy when an adatom was adsorbed: green is B-site, 
red is H-site and yellow is T-site.  

In figure 6, typical examples for physical and chemical adsorption are shown. We show the 
band structure, the amount of carbon pz character is indicated by a red of the bands. The 
Fermi level is at zero energy. The adatom of model metal element is Fig.6(a) Na, (b) K, (c) Ru 
and (d) Cs. The adatom of nonmetallic element is (e) C, (f) N (g) O and (h) F. The Dirac point 
corresponds to the crossing of bands at Γ with predominantly pz character, as is clearly 
visibel for physisorbed Na, K, Ru and Cs on graphene. For chemisorbed C, N, O and F on 
graphene, the Dirac point disappear and the bands have a mixed character. If the binding 
energy is small, (if adsorbed Na,K,Ru or Cs), the characteristic conical points of  band 
structure at Γ can still be clearly identified. In contrast, if the binding energy is large, (if 
adsorbe C,N,O or F), the graphene bands are strongly perturbed. In particular, the 
characteristic Dirac point of graphene at Γ are destroyed because the graphene pz states 
hybridize strongly with the adatom. However, a very wide hybridized orbital is constructed 
between graphene and adatom. Furthermore, Fermi level shifts to upper on the C,N,O and F 
atomic adsorption. In other words, it corresponds to an electronic dope. The tendency of the 
adsorption is classifiable to two widely as had shown in typical example. The physical 
adsorption and the chemical adsorption can discuss from the bond distance. We discuss on 
tendency of the stability from adsorption energy and an adsorption distance. The long bond 
distance between graphene and adatom shows physical adsorption, and the short bond 
distance shows chemical adsorption.  
Figure 7 shows local density of state and density of states when we adsorbed element of the 
fourth period (K,Ca,Sc,Ti,V,Cr,Mn,Fe,Co,Ni,Cu,Zn,Ga,Ge,As and Se). We arranged model 
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Fig. 3. The band structure and BZ of 3 3  graphene. The blue lines in the figure correspond 
to wave functions of pz-orbitals. 

site is the B-site, H-site or T-site respectively. The value in Fig. 4 shows the magnitude of the 
adsorption energy when each adatom is adsorbed to the most stable adsorption site. This 
result shows that for the transition metal elements the most commonly stable is the H-site. 
For the nonmetallic elements, the B-site is most stable. For H, F, Cl, Br and I, where the 
valence electron number of the adatom is 1, the T-site is the most stable adsorption site. In 
addition, for transition metal elements, the magnitude of the adsorption energy of each 
adatom is very large. The largest adsorption energy is shown for the adatoms of the 
nonmetallic elements C, N, O. For the transition metal elements, the bond energy shows an 
increasing tendency with an increasing number of d-electrons. Furthermore, it shows a 
tendency for the bond energy to decrease when the number of d-electrons increases to more 
than half occupancy, because the d-orbitals are shifted down. Therefore we find very large 
bond energy for Mn, where the d-orbital is half occupied. The bond energy is a very large on 
metal element adsorption, but this state is unstable because it is constructed from a localized 
non-bonding band at the Fermi level and the number density of states at the Fermi level 
(DOS(EF)) is very large. There is low bond energy for Cu, Ag, Au because all d-orbitals are 
occupied. Furthermore, the bond energy becomes very small for Zn, Cd, and Hg, where the 
s-orbital is close to the d-orbital. In addition, there is almost no difference in the adsorption 
energy of the three adsorption sites when the adsorption energy of the adatom is small. In 
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bond distance between graphene and the adatom. (‘The bond distance’ means the distance 
between the average of the position of the graphene sheet and the adatom.) In the case that 
the bond distance between the adatom and graphene is large, the binding energy tends to 
reduce. In the case of a large bond distance, the adatom shows physical adsorption-like 
bonding. When the bond distance is short, the bond energy tends to increase. In this case the 
bonding feature is like chemical adsorption. 
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Fig. 4. The most stable sites and bond energy when an adatom was adsorbed: green is B-site, 
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adsorption is classifiable to two widely as had shown in typical example. The physical 
adsorption and the chemical adsorption can discuss from the bond distance. We discuss on 
tendency of the stability from adsorption energy and an adsorption distance. The long bond 
distance between graphene and adatom shows physical adsorption, and the short bond 
distance shows chemical adsorption.  
Figure 7 shows local density of state and density of states when we adsorbed element of the 
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metal, transition metal and the calculation which adsorbed the nonmetallic element. The (a)-
(p) in fig.7 corresponds to K,Ca,Se,Ti,V,Cr,Mn,Fe,Co,Ni,Cu,Zn,Ga,Ge,As and Se adsorption. 
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Fig. 5. Distance between the adatom and grapehen in the most stable adsorption site: a red 
substrat shows distances less than 2Å, a white substrate shows distances more than 2Å.  
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Fig. 6. Typical example for physical and chemical adsorption. A red circles correspond to the 
amount of adatom of pz charactor. The adatom is (a) Na, (b) K, (c) Ru, (d) Cs, (e) C, (f) N (g) 
O and (h) F. 

The left axis of fig. 6 shows density of states (/eV), and the right axis shows local density of 
state of adatom (/eV). It is performed a projection of a wave function of the adatom to s,p,d 
orbital. The wave function character is calculated, either by projecting the orbitals onto 
spherical harmonics that are non-zero within spheres of a radius. Each calculation is result 
of the H-site adsorption. In a model metallic element and the transition metal element, H 

 
DFT Calculation for Adatom Adsorption on Graphene 

 

9 

site adsorption is most stable. B-site adsorption is most stable in the metalloids such as 
Ge,As and Br, but shows calculation result of the H-site adsorption for comparison. 18 C 
atoms constituting graphene is included in the 3 3  unit cell. We change an axial 
contraction scale of LDOS to compare LDOS of the adatom with the DOS of the total. As for 
the K adatom adsorption on the graphene in figure 7(a), peak structure of the p-orbital 
appears around 12eV. The 3p-orbital of the K atom is a closed shell, but it is necessary to 
treat 3p-orbital as a valence electron because there is the orbital in a shallow rank. In other 
words, we prepared for pseudopotential to treat 3p-orbital as a valence electron to treat it as 
shallow core. Almost of 3p bands are lone status, but hybridization with the graphene is 
slightly shown. The 3d-orbital is not occupied with an electron. Conduction band 
constructed from 3d is fermi level upper 5eV. In the K and the Ca atomic adsorption, the 3d-
orbital is located in the conduction electron band of the Fermi surface upper part. However, 
the valence band around the Fermi level is occupied by d-orbital of the adatom when we 
adsorbed adatom from Sc to Cu. One of the reasons of strong energy when transition metal 
was adsorbed is a hybridized orbital between 3d-orbital of adatom and p orbital of 
graphene. The peak structure is located around the Fermi level. The peak structure around 
the Fermi level is made from the wave function of adatom which does not hybridize orbital. 
In figure 8, for typical example, we show a band structure of the Cr atomic adsorption on 
the graphene with high adsorption energy. Fig. 8 shows a band structure close to the Fermi 
level when a Cr atom adsorbed to the graphene B-site, H-site and T-site. The wave function 
projected to pz orbital in the 8-site of C atom is plotted in blue color circle. The most stable 
adsorption site is H-site. The π bonding bands made from the pz orbital of the graphene is 
broken by B-site adsorption and the T-site adsorption. However, the π bonding band is kept 
when a Cr atom adsorbs on the H-site. The wave function projected to pz orbital in the 8-site 
of C atom is plotted in blue color circle. The adatom was adsorbed each in (a) the B-site, (b) 
the H-site and (c) the B site. We can understand from a surface structure (Fig. 9) of the 
graphene after the Cr atomic adsorption. The Figure 9(a) is a side view of the graphene 
structure when a Cr atom adsorbed on the B-site. When adatom adsorbed H-site, we 
showed it in figure 9(b) and showed it to figure 9(c) when we adsorbed T-site. When adatom 
adsorbs on the B-site and the T-site, a structure of the graphene after the adsorption is 
warped. However, a structure of the graphene does not change when adatom adsorbs on 
the H site.In other words a π bonding band of the pz orbital of the graphene functions 
enough because symmetry of the graphene does not collapse when adatom adsorbs in the 
H-site. Almost all H-site adsorption is most stable in the adsorption of the transition metal 
in many cases. When adatom adsorbs on the H-site ( the center of the six-membered ring ), a 
lot of adjacent bond between adatom and the C atom is made. However, when adatom 
adsorbs on the B site and the T-site, bonding between the specific C atom and adatom 
becomes strong, but bonding with the other C atom becomes weak. Besides, π bonding is 
made weak when adatom adsorbs on the H-site and the T-site because a surface structure of 
the graphene is broken. Figure 10 drew the wave function ( charge density map ) of the band 
of around the Fermi level when a Cr atom adsorbed to the graphene. In fig. 10, A charge 
density map when a Cr atom adsorbed to the graphene. (a-1) and (a-2) show a charge 
density map made from around fermi the 39th band from the bottom. A shape of typical 
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metal, transition metal and the calculation which adsorbed the nonmetallic element. The (a)-
(p) in fig.7 corresponds to K,Ca,Se,Ti,V,Cr,Mn,Fe,Co,Ni,Cu,Zn,Ga,Ge,As and Se adsorption. 
 

H He

1.49

Li Be B C N O F Ne

1.62 2.93 1.72 1.65 1.62 1.59 1.87

Na Mg Al Si P S Cl Ar

2.22 3.21 2.04 2.03 2.09 2.08 2.56

K Ca Sc Ti V Cr Mn Fe Co Ni Cu Zn Ga Ge As Se Br Kr

2.58 2.14 1.76 1.56 1.47 1.42 1.38 1.38 1.42 1.47 2.03 3.02 2.11 2.16 2.22 2.25 2.78

Rb Sr Y Zr Nb Mo Tc Ru Rh Pd Ag Cd In Sn Sb Te I Xe

2.74 2.37 2.00 1.74 1.66 1.59 1.57 1.62 1.71 2.08 2.42 3.18 2.35 2.42 2.46 2.49 3.26

Cs Ba La Hf Ta W Re Os Ir Pt Au Hg Tl Pb Bi

2.84 2.49 2.07 1.85 1.65 1.60 1.58 1.61 1.70 2.12 2.41 3.13 2.48 2.53 2.57

less than 2.0
more than 2.0

 
Fig. 5. Distance between the adatom and grapehen in the most stable adsorption site: a red 
substrat shows distances less than 2Å, a white substrate shows distances more than 2Å.  
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Fig. 6. Typical example for physical and chemical adsorption. A red circles correspond to the 
amount of adatom of pz charactor. The adatom is (a) Na, (b) K, (c) Ru, (d) Cs, (e) C, (f) N (g) 
O and (h) F. 

The left axis of fig. 6 shows density of states (/eV), and the right axis shows local density of 
state of adatom (/eV). It is performed a projection of a wave function of the adatom to s,p,d 
orbital. The wave function character is calculated, either by projecting the orbitals onto 
spherical harmonics that are non-zero within spheres of a radius. Each calculation is result 
of the H-site adsorption. In a model metallic element and the transition metal element, H 
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site adsorption is most stable. B-site adsorption is most stable in the metalloids such as 
Ge,As and Br, but shows calculation result of the H-site adsorption for comparison. 18 C 
atoms constituting graphene is included in the 3 3  unit cell. We change an axial 
contraction scale of LDOS to compare LDOS of the adatom with the DOS of the total. As for 
the K adatom adsorption on the graphene in figure 7(a), peak structure of the p-orbital 
appears around 12eV. The 3p-orbital of the K atom is a closed shell, but it is necessary to 
treat 3p-orbital as a valence electron because there is the orbital in a shallow rank. In other 
words, we prepared for pseudopotential to treat 3p-orbital as a valence electron to treat it as 
shallow core. Almost of 3p bands are lone status, but hybridization with the graphene is 
slightly shown. The 3d-orbital is not occupied with an electron. Conduction band 
constructed from 3d is fermi level upper 5eV. In the K and the Ca atomic adsorption, the 3d-
orbital is located in the conduction electron band of the Fermi surface upper part. However, 
the valence band around the Fermi level is occupied by d-orbital of the adatom when we 
adsorbed adatom from Sc to Cu. One of the reasons of strong energy when transition metal 
was adsorbed is a hybridized orbital between 3d-orbital of adatom and p orbital of 
graphene. The peak structure is located around the Fermi level. The peak structure around 
the Fermi level is made from the wave function of adatom which does not hybridize orbital. 
In figure 8, for typical example, we show a band structure of the Cr atomic adsorption on 
the graphene with high adsorption energy. Fig. 8 shows a band structure close to the Fermi 
level when a Cr atom adsorbed to the graphene B-site, H-site and T-site. The wave function 
projected to pz orbital in the 8-site of C atom is plotted in blue color circle. The most stable 
adsorption site is H-site. The π bonding bands made from the pz orbital of the graphene is 
broken by B-site adsorption and the T-site adsorption. However, the π bonding band is kept 
when a Cr atom adsorbs on the H-site. The wave function projected to pz orbital in the 8-site 
of C atom is plotted in blue color circle. The adatom was adsorbed each in (a) the B-site, (b) 
the H-site and (c) the B site. We can understand from a surface structure (Fig. 9) of the 
graphene after the Cr atomic adsorption. The Figure 9(a) is a side view of the graphene 
structure when a Cr atom adsorbed on the B-site. When adatom adsorbed H-site, we 
showed it in figure 9(b) and showed it to figure 9(c) when we adsorbed T-site. When adatom 
adsorbs on the B-site and the T-site, a structure of the graphene after the adsorption is 
warped. However, a structure of the graphene does not change when adatom adsorbs on 
the H site.In other words a π bonding band of the pz orbital of the graphene functions 
enough because symmetry of the graphene does not collapse when adatom adsorbs in the 
H-site. Almost all H-site adsorption is most stable in the adsorption of the transition metal 
in many cases. When adatom adsorbs on the H-site ( the center of the six-membered ring ), a 
lot of adjacent bond between adatom and the C atom is made. However, when adatom 
adsorbs on the B site and the T-site, bonding between the specific C atom and adatom 
becomes strong, but bonding with the other C atom becomes weak. Besides, π bonding is 
made weak when adatom adsorbs on the H-site and the T-site because a surface structure of 
the graphene is broken. Figure 10 drew the wave function ( charge density map ) of the band 
of around the Fermi level when a Cr atom adsorbed to the graphene. In fig. 10, A charge 
density map when a Cr atom adsorbed to the graphene. (a-1) and (a-2) show a charge 
density map made from around fermi the 39th band from the bottom. A shape of typical 
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localized by comparing fig. 7(f) with fig.10(a). The p-d orbital hybridization of C atom and 
the adatom begins with a band than 37th band below. 
 

 
Fig. 7. Density of states of the fourth period and local density of state.There is no spin 
polarization. A black line is density of states, and the value is shown in a left axis. The local 
density of state of the adatom is shown with axis of the right side. Local  density of states 
projected to s, p, d orbitals for graphene. A red line shows s orbital, a green line shows p 
orbital, and blue line shows d-orbital component. (a)-(p) is the calculation result which 
adsorbed K,Ca,Sc,Ti,V,Cr,Mn,Fe,Co,Ni,Cu,Zn,Ga,Ge,As and Se atom on graphene. 

In Fig.7, we follow a band located very much just under the fermi level. In fig. 7, a band 
structure of the Cr,Mn,Fe,Co and Ni atomic adsorption which is 3d transition metal element 
is illustrated. These very localized around fermi level and the number of the density of 
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status is very large. In addition, the π band of the graphene is divided by localized d-orbital. 
The number of the very large status just under the fermi level shows that status is instability. 
 

 
Fig. 8. A figure of band when Cr adatom adsorbed in each adsorption site in the graphene. 
The wave function projected to pz-orbital in the 8-site of C atom is plotted in blue color 
circle. The adatom was adsorbed each in (a) the B-site, () the H-site and (c) T-site. 

 
(a) (b) (c)

 
Fig. 9. A surface structure when a Cr atom adsorbed in each adsorption site in the graphene. 
(a) B-site, (b) H-site, (c) T-site. 

 

 
Fig. 10. A charge density map when a Cr atom adsorbed to the graphene. (a-1) and (a-2) 
show a charge density map made from the 39th band from the bottom. (b-1) and (b-2) is 
made from 37th band. (c-1) and (c-2) is made from 35th band. 
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status is very large. In addition, the π band of the graphene is divided by localized d-orbital. 
The number of the very large status just under the fermi level shows that status is instability. 
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Fig. 9. A surface structure when a Cr atom adsorbed in each adsorption site in the graphene. 
(a) B-site, (b) H-site, (c) T-site. 
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made from 37th band. (c-1) and (c-2) is made from 35th band. 
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We performed all nonmagnetic (we do not consider spin polarization) calculation. In other 
words, this shows that status is stabilized by spin polarization. In figure 11, we show 
calculation result in consideration of spin polarization of the 3d transition metal 
Ti,V,Cr,Mn,Fe,Co and Ni. A left axis shows total density of states (/eV) in the figure, and the 
right axis shows local density of state (/eV) of the adatom. The local density of state of the 
graphene does not almost influence polarization. Only 3d electron of the adatom and C 
atom around the Fermi surface cause polarization. We plotted only 5eV from -5eV around 
the fermi level in fig. 11. In fig. 12, a calculation in consideration of spin polarization. A 
black line is density of states, and the value is shown in a left axis. The local density of state 
of the adatom is shown with axis of the right side. Local  density of states projected to s, p, d 
orbitals for graphene. A red line shows s orbital, a green line shows p orbital, and blue line 
shows d-orbital component. (a)-(g) is the calculation result which adsorbed Ti,V,Cr,Mn,Fe,Co 
and Ni atom on graphene. 
 

 
Fig. 11. Calculation in consideration of spin polarization. A black line is density of states, 
and the value is shown in a left axis. The local density of state of the adatom is shown with 
axis of the right side. Local  density of states projected to s, p, d orbitals for graphene. A red 
line shows s orbital, a green line shows p orbital, and blue line shows d orbital component. 
(a)-(g) is the calculation result which adsorbed Ti,V,Cr,Mn,Fe,Co and Ni atom on graphene. 

For the calculation in consideration of spin polarization, the case which the adsorption 
energy shows most high value when a Ti atom adsorbed, Fe atom adsorbed shows the 
second largest value. Migration energy is maximum the case which a Fe atom adsorbs, the 
case which a Ti atom adsorbs shows the second largest migration energy. The stable 
adsorption site is not different from spin polarization in calculation without the spin 
polarization. The adsorption energy decreases in comparison with the result that does not 
consider spin polarization widely generally. A tendency to decrease is seen in the 
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adsorption energy in comparison with the result that does not consider spin polarization. 
Most of the difference of the adsorption energy are because total energy (formula 1) of the 
isolated atom is different by spin polarization. By the total energy of the 3d transition metal 
isolated atom by spin polarization of number eV make a great difference. In other words, 
originally the adsorption energy showed a slight overestimate for the calculation that did 
not consider spin polarization. The large difference by the spin polarization is a change of 
the migration energy. In other words, for the calculation in consideration of spin 
polarization, the energy difference between adsorption sites decreases. When specially spin 
polarization is large, we appear conspicuously. When spin polarization is large, it is 
remarkable. When a Cr atom adsorbs, the exchange splitting with the spin is the largest ( 4 
μB / adatom ). In this case the energy seems to profit by exchange splitting, but the 
adsorption energy is small because most of the orbital hybridization with the graphene does 
not exist. In the graphene adsorption of the Mn atom, similar discussion is possible. 
However, except such a case, magnitude and the tendency of the adsorption energy in the 
most stable adsorption site are about the same as a result of nonmagnetism. The difference 
of the migration energy by the spin polarization needs attention in the 3d transition metal. 
 

adatom migration B-site H-site T-site moment 
Ti 0.78 1.76 2.55 1.77 1.65 
V 0.45 1.46 1.91 1.41 1.36 
Cr 0.12 0.65 0.77 0.65 4.16 
Mn 0.14 -0.01 0.26 0.12 0.78 
Fe 1.06 1.20 2.31 1.25 1.86 
Co 0.73 1.88 2.61 1.83 0.92 
Ni 0.43 2.22 2.65 2.17 0.00 

Table 1. A calculation result when the 3d transition metal adatom which considered spin 
polarization adsorbed to the graphene. We show migration energy when we adsorbed to the 
H site of the most stable adsorption site.When adatom adsorbed each to the B,H,T sites, we 
show adsorption energy and magnetic moment. The magnetic moment shows magnetic 
moment per adatom (/μB). 

3.2 Migration energy 
In the above section, we discuss the adsorption energy for adatoms on graphene plane. The 
adsorption energy is the energy to remove the adatom from the graphene. Here, we discuss 
the other important energy, migration energy. Migration energy or migration barrier energy 
is the required energy for adatom on graphene to move from a site to other site. For the case 
of large migration energy,  adatom does not move at room temperature. For the case of 
small migration energy, adatom can move easily on the graphene plane even at room 
temperature.  
In general, for making nano structures on a surface, the migration barrier energy for the 
adatom on the surface is very significant to discuss the temperature dependence of the nano 
structure. For adatom having small migration energy, the nano structure on the surface can 
easily disappear because of the movement of the adatoms on the surface. For the growth of 
thin films on surface using epitaxy technique, the choice of the growth temperature is very 
important, because adatoms to form the thin film should move on the surface. Thus, the 
growth temperature is a function of migration energy of the adatom on the surface.  
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We performed all nonmagnetic (we do not consider spin polarization) calculation. In other 
words, this shows that status is stabilized by spin polarization. In figure 11, we show 
calculation result in consideration of spin polarization of the 3d transition metal 
Ti,V,Cr,Mn,Fe,Co and Ni. A left axis shows total density of states (/eV) in the figure, and the 
right axis shows local density of state (/eV) of the adatom. The local density of state of the 
graphene does not almost influence polarization. Only 3d electron of the adatom and C 
atom around the Fermi surface cause polarization. We plotted only 5eV from -5eV around 
the fermi level in fig. 11. In fig. 12, a calculation in consideration of spin polarization. A 
black line is density of states, and the value is shown in a left axis. The local density of state 
of the adatom is shown with axis of the right side. Local  density of states projected to s, p, d 
orbitals for graphene. A red line shows s orbital, a green line shows p orbital, and blue line 
shows d-orbital component. (a)-(g) is the calculation result which adsorbed Ti,V,Cr,Mn,Fe,Co 
and Ni atom on graphene. 
 

 
Fig. 11. Calculation in consideration of spin polarization. A black line is density of states, 
and the value is shown in a left axis. The local density of state of the adatom is shown with 
axis of the right side. Local  density of states projected to s, p, d orbitals for graphene. A red 
line shows s orbital, a green line shows p orbital, and blue line shows d orbital component. 
(a)-(g) is the calculation result which adsorbed Ti,V,Cr,Mn,Fe,Co and Ni atom on graphene. 

For the calculation in consideration of spin polarization, the case which the adsorption 
energy shows most high value when a Ti atom adsorbed, Fe atom adsorbed shows the 
second largest value. Migration energy is maximum the case which a Fe atom adsorbs, the 
case which a Ti atom adsorbs shows the second largest migration energy. The stable 
adsorption site is not different from spin polarization in calculation without the spin 
polarization. The adsorption energy decreases in comparison with the result that does not 
consider spin polarization widely generally. A tendency to decrease is seen in the 
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adsorption energy in comparison with the result that does not consider spin polarization. 
Most of the difference of the adsorption energy are because total energy (formula 1) of the 
isolated atom is different by spin polarization. By the total energy of the 3d transition metal 
isolated atom by spin polarization of number eV make a great difference. In other words, 
originally the adsorption energy showed a slight overestimate for the calculation that did 
not consider spin polarization. The large difference by the spin polarization is a change of 
the migration energy. In other words, for the calculation in consideration of spin 
polarization, the energy difference between adsorption sites decreases. When specially spin 
polarization is large, we appear conspicuously. When spin polarization is large, it is 
remarkable. When a Cr atom adsorbs, the exchange splitting with the spin is the largest ( 4 
μB / adatom ). In this case the energy seems to profit by exchange splitting, but the 
adsorption energy is small because most of the orbital hybridization with the graphene does 
not exist. In the graphene adsorption of the Mn atom, similar discussion is possible. 
However, except such a case, magnitude and the tendency of the adsorption energy in the 
most stable adsorption site are about the same as a result of nonmagnetism. The difference 
of the migration energy by the spin polarization needs attention in the 3d transition metal. 
 

adatom migration B-site H-site T-site moment 
Ti 0.78 1.76 2.55 1.77 1.65 
V 0.45 1.46 1.91 1.41 1.36 
Cr 0.12 0.65 0.77 0.65 4.16 
Mn 0.14 -0.01 0.26 0.12 0.78 
Fe 1.06 1.20 2.31 1.25 1.86 
Co 0.73 1.88 2.61 1.83 0.92 
Ni 0.43 2.22 2.65 2.17 0.00 

Table 1. A calculation result when the 3d transition metal adatom which considered spin 
polarization adsorbed to the graphene. We show migration energy when we adsorbed to the 
H site of the most stable adsorption site.When adatom adsorbed each to the B,H,T sites, we 
show adsorption energy and magnetic moment. The magnetic moment shows magnetic 
moment per adatom (/μB). 

3.2 Migration energy 
In the above section, we discuss the adsorption energy for adatoms on graphene plane. The 
adsorption energy is the energy to remove the adatom from the graphene. Here, we discuss 
the other important energy, migration energy. Migration energy or migration barrier energy 
is the required energy for adatom on graphene to move from a site to other site. For the case 
of large migration energy,  adatom does not move at room temperature. For the case of 
small migration energy, adatom can move easily on the graphene plane even at room 
temperature.  
In general, for making nano structures on a surface, the migration barrier energy for the 
adatom on the surface is very significant to discuss the temperature dependence of the nano 
structure. For adatom having small migration energy, the nano structure on the surface can 
easily disappear because of the movement of the adatoms on the surface. For the growth of 
thin films on surface using epitaxy technique, the choice of the growth temperature is very 
important, because adatoms to form the thin film should move on the surface. Thus, the 
growth temperature is a function of migration energy of the adatom on the surface.  
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Fig. 12. A sketch of the migration energy. Migration energy or migration barrier energy is 
the required energy for adatom on graphene to move from a site to other site. 

In figure 13, we show the table of the calculated migration energies for various adatoms on 
graphene. From the result, we found that adatom can be distinguished into two groups; 
adatoms with fixed adsorption site and mobile adatoms. Roughly speaking, the two groups 
are separeted at the migration energy value of 0.5 eV. Above 0.5eV, adatom does not move 
at room temperature. Below 0.5eV, adatom is very mobile even at room temperature.  

R  R0 exp(E / kBT )  
The rate of hopping of adatom per second, R can be expressed with the above formula, 
where E is the migration energy, T is temperature and  kB is the Boltzmann constant. R0 is a 
prefactor. The prefactor for Si adatom on Si(001) surface, the value is determined to be 
1.25x1010 (T.Kawamura et.al ). If we consider the grapnene plane having more than 1 million 
atoms, the migration barrier energy 0.5eV corresponds to the hopping of at least one atom 
within one second. For example, Ito and Shiraishi have reported a kMC simulation of MBE 
which takes into account the electron counting model (T. Ito et.al, K.Shiraishi et.al ). They 
have used parameters such as the hopping barrier energies obtained by first-principles 
calculation. The migration barrier energy can be obtained by using the density functional 
method where the barrier energy can be easily found by using the contour map of the total 
energy of the adatom-graphene system as a function of the position of the adatom parallel to 
the graphene plane. As a biginning Ito and Shiraishi, migration barrier energies of an 
adatom on surface has been calculated by many researchers using  the density functional 
theory.  
According to our calculation, the migration barrier energies of adatom on graphene can be 
distinguished into two types; fixed adatom and mobile adatom. For some transition metals, 
Ti, V, Cr, Mn, Fe, Co, Nb, Mo, Tc, Ru, Ta, W, Re, Os, the migration barrier energy at the most 
stable site is very large so that these atoms adsorb on graphene strongly and do not move on 
graphene plane. On the contrary, for many atoms, Be, B, Na, Mg, Si, Cl, K,  Ca, Cu, Zn, Ga, 
Ge, Br, Rb, Sr, Y, Pd, Ag, Cd, In, Sn, Sb, Te, I, Cs, Ba, Ir, Pt, Au, Hg, Tl, Pb, Bi, the migration 
barrier energies are very small so that these adatoms can move even at room temperature.  
The 3d transition metal is polarized with low temperature. Our calculation was carried out 
without magnetism. However, the nonmagnetic calculation is the calculation that becomes 
average about a spin. It is the starting point for the discussion of the ferromagnetic state and 
the discussion of high temperature. For a typical example, by calculating the Ti adatom 
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adsorption on graphene, a discussion of the metal–graphene junction is carried out [18–21], 
because the Ti atom has a very large adsorption energy and large migration energy. 
Furthermore, an important fact is that the Ti atom does not break the structure of graphene 
on adsorption. Fig. 15 shows a structure of the graphene adsorption of the Ti atom using a 
nonmagnetic calculation. The adatom disturbs the structure of graphene on adsorption at 
the B-site and the T-site. However, there is no change of the graphene structure from H-site 
adsorption. The H-site is the most stable adsorption site for Ti adsorption. It is important for 
the growth of a compound semiconductor on graphene that the adatom does not disturb the 
surface structure. In talbe 1, we performed a calculation including spin polarization for a 
adatom of 3d transition metal. As a result, the structure does not change with the H-site 
adsorption, just as for the nonmagnetic calculation. The adsorption energy decreases, but it 
is energy very larger than physical adsorption. For our calculation, the adsorption energy is 
2.55 eV when including the spin polarization. The migration energy is very high then with 
0.78eV. When a Ti atom adsorbs on graphene, it is result almost same as nonmagnetism. 
However, the migration energy is lower than nonmagnetic result in the 3d transition metal 
adsorption. The adatom which is over threshold sill level 0.5eV of the migration energy at 
the room temperature is only Ti,V,Fe and Co in the 3d transition metal. One of the reasons 
which Ti atom is used for in metal-graphene junction is caused by migration energy and 
adsorption energy. 
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Fig. 13. The most stable site of migration energy. A dark green color is more than 0.5 eV and 
a light green color is under 0.5 eV but more than 0.3 eV. 

3.3 Charge transfer 
Charge density analysis are done using AIM method or Bader method (R. F. W. Bader, W. 
Tang et.al, E. Sanville et.al, G. Henkelman et.al ). In contrast to the Mulliken method using 
local basis, we use only spacial gradient of charge density to analyze charge density of each 
atoms using Bader method. Since requiered data is only charge density, we can apply the 
Bader method in the density functional calculation with the plane wave expansion like 
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the required energy for adatom on graphene to move from a site to other site. 

In figure 13, we show the table of the calculated migration energies for various adatoms on 
graphene. From the result, we found that adatom can be distinguished into two groups; 
adatoms with fixed adsorption site and mobile adatoms. Roughly speaking, the two groups 
are separeted at the migration energy value of 0.5 eV. Above 0.5eV, adatom does not move 
at room temperature. Below 0.5eV, adatom is very mobile even at room temperature.  

R  R0 exp(E / kBT )  
The rate of hopping of adatom per second, R can be expressed with the above formula, 
where E is the migration energy, T is temperature and  kB is the Boltzmann constant. R0 is a 
prefactor. The prefactor for Si adatom on Si(001) surface, the value is determined to be 
1.25x1010 (T.Kawamura et.al ). If we consider the grapnene plane having more than 1 million 
atoms, the migration barrier energy 0.5eV corresponds to the hopping of at least one atom 
within one second. For example, Ito and Shiraishi have reported a kMC simulation of MBE 
which takes into account the electron counting model (T. Ito et.al, K.Shiraishi et.al ). They 
have used parameters such as the hopping barrier energies obtained by first-principles 
calculation. The migration barrier energy can be obtained by using the density functional 
method where the barrier energy can be easily found by using the contour map of the total 
energy of the adatom-graphene system as a function of the position of the adatom parallel to 
the graphene plane. As a biginning Ito and Shiraishi, migration barrier energies of an 
adatom on surface has been calculated by many researchers using  the density functional 
theory.  
According to our calculation, the migration barrier energies of adatom on graphene can be 
distinguished into two types; fixed adatom and mobile adatom. For some transition metals, 
Ti, V, Cr, Mn, Fe, Co, Nb, Mo, Tc, Ru, Ta, W, Re, Os, the migration barrier energy at the most 
stable site is very large so that these atoms adsorb on graphene strongly and do not move on 
graphene plane. On the contrary, for many atoms, Be, B, Na, Mg, Si, Cl, K,  Ca, Cu, Zn, Ga, 
Ge, Br, Rb, Sr, Y, Pd, Ag, Cd, In, Sn, Sb, Te, I, Cs, Ba, Ir, Pt, Au, Hg, Tl, Pb, Bi, the migration 
barrier energies are very small so that these adatoms can move even at room temperature.  
The 3d transition metal is polarized with low temperature. Our calculation was carried out 
without magnetism. However, the nonmagnetic calculation is the calculation that becomes 
average about a spin. It is the starting point for the discussion of the ferromagnetic state and 
the discussion of high temperature. For a typical example, by calculating the Ti adatom 
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adsorption on graphene, a discussion of the metal–graphene junction is carried out [18–21], 
because the Ti atom has a very large adsorption energy and large migration energy. 
Furthermore, an important fact is that the Ti atom does not break the structure of graphene 
on adsorption. Fig. 15 shows a structure of the graphene adsorption of the Ti atom using a 
nonmagnetic calculation. The adatom disturbs the structure of graphene on adsorption at 
the B-site and the T-site. However, there is no change of the graphene structure from H-site 
adsorption. The H-site is the most stable adsorption site for Ti adsorption. It is important for 
the growth of a compound semiconductor on graphene that the adatom does not disturb the 
surface structure. In talbe 1, we performed a calculation including spin polarization for a 
adatom of 3d transition metal. As a result, the structure does not change with the H-site 
adsorption, just as for the nonmagnetic calculation. The adsorption energy decreases, but it 
is energy very larger than physical adsorption. For our calculation, the adsorption energy is 
2.55 eV when including the spin polarization. The migration energy is very high then with 
0.78eV. When a Ti atom adsorbs on graphene, it is result almost same as nonmagnetism. 
However, the migration energy is lower than nonmagnetic result in the 3d transition metal 
adsorption. The adatom which is over threshold sill level 0.5eV of the migration energy at 
the room temperature is only Ti,V,Fe and Co in the 3d transition metal. One of the reasons 
which Ti atom is used for in metal-graphene junction is caused by migration energy and 
adsorption energy. 
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Fig. 13. The most stable site of migration energy. A dark green color is more than 0.5 eV and 
a light green color is under 0.5 eV but more than 0.3 eV. 

3.3 Charge transfer 
Charge density analysis are done using AIM method or Bader method (R. F. W. Bader, W. 
Tang et.al, E. Sanville et.al, G. Henkelman et.al ). In contrast to the Mulliken method using 
local basis, we use only spacial gradient of charge density to analyze charge density of each 
atoms using Bader method. Since requiered data is only charge density, we can apply the 
Bader method in the density functional calculation with the plane wave expansion like 
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VASP. In fig.15, we show the results the adatom adsorption at the most stable site. The 
values in the table are the difference of  the number of valence electron and the calculated 
results with Bader method for each adatoms. The value obtained with the Bader method 
and that obitained with the Mulliken method is usually not equal. No one know which is 
correct. Neverthless, we can discuss the charge transfer between adoms using the Bader 
method calculation where we obtain elecron charge density in a certain volume around each 
atoms. The boundary of each atoms are determined simly as the minimum point of the 
electron charge density between each two atoms. Therefore, positive values in the table 
mean that electron transfer from the adatom to the graphene. On the other hand, negative 
values in the table mean that the electron transfer from the graphene to the adatom.  
 

(a) (b) (c) (d) (e) (f)

 
Fig. 14. We showed the final structure for the calculation in the Ti adatom adsorbed the 
graphene. The calculation that (a)-(b) does not consider spin polarization. The calculation 
that (d)-(f) considered spin polarization. We show B-site, H-site, T-site adsorption each. The 
adatom disturbs the structure of graphene with B-site and T-site adsorp tion. The structure 
of graphene does not change with H-site adsorption. 

The present calculation is the calculation of the charge transfer for the system of one adatom 
on a graphene plane. Thus, the calculation is almost equal to the study of electronegativity 
for each adatom on graphene. The feature of our calculation is similar to the general 
discussion of the electronegativity for each atomic species. For example, non metal atomic 
species collect electrons from graphene. On the contrary, metallic atom leaves electron to 
graphene. For some metals, Cu, Ag, Au, or  Z, Cd, Hg, we found no electron transfer. 
Similarly, we found no electron transfer for Pt on graphene, also. These results can be 
applied for doping to graphene. We show the calculated density of states and the local 
density of states for non metal species, B, C, N and O adsorbed on graphene in fig.16 (a), (b), 
(c) and (d). The most stable adsorption sites for the four adatoms are B-site. For Boron, the 
adsorption energy is 1.8eV and the electrons transfers from B atom to graphene. For 
Oxygen, the adsorption energy is 4.8eV and the electrons transfers from graphene to the 
Oxygen adatom. We analyze the local density of states when adsorbed O and B on 
graphene. We represent  typical example of low bond energy at nonmetallic element, in fig. 
16(a), adsorbed B. The value of the total density of state corresponds to the left axis. The 
value of the local density of states of adatom. We plotted the total density of states and local 
density of states when adsorbed adatom B. This result shows  decrease of the local density 
of state of the adatom in fig 16(a-1) and  increase of the local density of states of the 
graphene in fig. 16(a-2). This result means that charge is transferred to graphene 
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Fig. 15. Charge density analysis of Bader. The inserted figure represents the three adsorption sites 
of graphene sheet, T,B and H. The pinkness signifies electron transfer from graphene to adatom. 
The green and white signifies electron transfer from adatom to graphene. As for the green, an 
electron number is larger than 0.5. As for the white, an electron number is less then 0.4. 

from adatom when adsorbed B. As a result, the bonding orbitals between adatom and the 
graphene decrease, because valence electron is transferred from adatom to graphene. 
Furthermore, we show typical example of high bond energy at nonmetallic element, in fig 
16(d), adsorbed O. The value of the total density of state corresponds to the left axis. The value 
of the local density of states of adatom. This result shows  increase of the local density of states 
of the adatom in fig. 16(d-1)  and  decreasing of the local density of states of the graphene, in 
fig16(d-2). The electron of the graphene is transferred to adatom by adsorbing O, as a result, it 
is made a very wide hybridized orbital between things of graphene and adatom. The cause of 
strong bond energy when adsorbed O on graphene is a wide hybridized orbital. By the result 
of the Bader analysis in figure 15, 0.84 electrons per unit cell are transferred to adatom from 
graphene in the O atomic adsorption, and 0.4 electrons transferred from adatom to graphene 
in the B atomic adsorption. As well as result from analysis of the density of states, tendency of 
the charge transfer when we adsorbed O and B was shown from result of the charge density 
analysis of Bader. We performed Bader analysis about all adatom and the density of states  
analysis about some atom. The transference of the charge is important to discussion of the 
bonding of adatom and the graphene. For example, the quantity of charge transfer is 
important as not only the discussion of the mechanism but also an indicator when it is decided 
experimentally of the adatom. The results will be very helpful to plan the construction of nano 
structures on graphene. 

4. Application 
4.1 Electrode 
The metal–graphene junction attracts much attention for designs such as nano devices and 
transistors using graphene. When the metal is used as an electrode on graphene, high 
understand from these results that Ti and Zr bond well with graphene and could be useful as  
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VASP. In fig.15, we show the results the adatom adsorption at the most stable site. The 
values in the table are the difference of  the number of valence electron and the calculated 
results with Bader method for each adatoms. The value obtained with the Bader method 
and that obitained with the Mulliken method is usually not equal. No one know which is 
correct. Neverthless, we can discuss the charge transfer between adoms using the Bader 
method calculation where we obtain elecron charge density in a certain volume around each 
atoms. The boundary of each atoms are determined simly as the minimum point of the 
electron charge density between each two atoms. Therefore, positive values in the table 
mean that electron transfer from the adatom to the graphene. On the other hand, negative 
values in the table mean that the electron transfer from the graphene to the adatom.  
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Fig. 14. We showed the final structure for the calculation in the Ti adatom adsorbed the 
graphene. The calculation that (a)-(b) does not consider spin polarization. The calculation 
that (d)-(f) considered spin polarization. We show B-site, H-site, T-site adsorption each. The 
adatom disturbs the structure of graphene with B-site and T-site adsorp tion. The structure 
of graphene does not change with H-site adsorption. 

The present calculation is the calculation of the charge transfer for the system of one adatom 
on a graphene plane. Thus, the calculation is almost equal to the study of electronegativity 
for each adatom on graphene. The feature of our calculation is similar to the general 
discussion of the electronegativity for each atomic species. For example, non metal atomic 
species collect electrons from graphene. On the contrary, metallic atom leaves electron to 
graphene. For some metals, Cu, Ag, Au, or  Z, Cd, Hg, we found no electron transfer. 
Similarly, we found no electron transfer for Pt on graphene, also. These results can be 
applied for doping to graphene. We show the calculated density of states and the local 
density of states for non metal species, B, C, N and O adsorbed on graphene in fig.16 (a), (b), 
(c) and (d). The most stable adsorption sites for the four adatoms are B-site. For Boron, the 
adsorption energy is 1.8eV and the electrons transfers from B atom to graphene. For 
Oxygen, the adsorption energy is 4.8eV and the electrons transfers from graphene to the 
Oxygen adatom. We analyze the local density of states when adsorbed O and B on 
graphene. We represent  typical example of low bond energy at nonmetallic element, in fig. 
16(a), adsorbed B. The value of the total density of state corresponds to the left axis. The 
value of the local density of states of adatom. We plotted the total density of states and local 
density of states when adsorbed adatom B. This result shows  decrease of the local density 
of state of the adatom in fig 16(a-1) and  increase of the local density of states of the 
graphene in fig. 16(a-2). This result means that charge is transferred to graphene 
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Fig. 15. Charge density analysis of Bader. The inserted figure represents the three adsorption sites 
of graphene sheet, T,B and H. The pinkness signifies electron transfer from graphene to adatom. 
The green and white signifies electron transfer from adatom to graphene. As for the green, an 
electron number is larger than 0.5. As for the white, an electron number is less then 0.4. 

from adatom when adsorbed B. As a result, the bonding orbitals between adatom and the 
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transistors using graphene. When the metal is used as an electrode on graphene, high 
understand from these results that Ti and Zr bond well with graphene and could be useful as  
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Fig. 16. The density of states and local density of state which adsorbed B,C,N and O. The value 
of the total density of state corresponds to the left axis. The value of the local density of states 
of adatom. : As for the black line, total density of states when adatom adsorbed to graphene. A 
red line shows s-orbital, a green line shows p-orbital, and blue line shows d-orbital 
component. Local  density of states projected to s, p, d orbitals for graphene. (a-1) - (d-1) show 
local density of state of the adatom. (a-2) - (d-2) shows local density of states of the graphene 
(11th-site). 

adsorption energy and a high migration energy are required, because an adatom is transferred 
if the migration energy is low at room temperature. Therefore, high migration energy is 
necessary for the electrode material. Before discussing the electric conduction properties or the 
work function for varous graphene-metal junction to design the electrode material, however, 
we should discuss the possibilities of electrode materials from the point of view of the 
migration and adsorption energy as a first step towards that purpose in these studies. In 
previous studies (K. T. Chan et.al, P.A. Khomyakov et.al, H. Sevincli et.al, Y. Scanchez-Paisal 
et.al ), the bonding of Ti and Zr on graphene has been discussed. We can see why Ti and Zr 
attract attention as electrode materials from our calculation, because both the adsorption 
energy and migration energy are high and they do not disturb the surface structure on 
adsorption. For our calculation, we found many adatoms with high adsorption energy and 
high migration energy, similar to Ti and Zr. For example, Mn and Cr atom adsorption have 
very high adsorption energy and migration energy. However, with the calculation including 
spin polarization, the adsorption energy decreases in these atom. In Mn adatom adsorption, 
the adsorption energy is 3.3 eV for the nonmagnetic calculation, but decreases to 0.3 eV when 
considering spin polarization, because the state of the isolated atom is greatly stabilized by 
including spin polarization. As regards the state of an isolated atom of a 3d metal, the 
approximation of an average about spin is not appropriate at low temperature. However, for 
the adsorption of Ti and Zr adatoms, the adsorption energy and migration energy are almost 
the same as the nonmagnetic calculation. We found that Fe, Co and Ni adatom adsorption has 
high adsorption energy and migration energy without depending on the spin polarization. 
Adatoms such as Fe, Co or Ni may make good electrode materials. From this study, we can 
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electrode materials. As a result of a similar calculation concerning transition metal element 
adsorption such as Fe, Co, Ni, the possibility to make an electrode material was suggested. 
High adsorption energy, high migration energy and the graphene surface structure are 
important physical quantities for electrode materials with graphene. 

4.2 Epitaxy 
For the epitaxial growth, the migration barrier energy for supplied atom plays an important 
role. Small migration barrier energy is significant for growing large-area graphene. However, in 
the case of large migration energy, the epitaxially grown layers on graphene have small grain 
size. Typically, the small migration energy of 0.03 eV for Cu makes the grain of the large size.  
Using pulsed laser deposition technique, the growth of GaN on graphite has been succeeded 
recently. The structure of the grown GaN on graphite is calculated using the density functional 
theory(Ishii-Tatani-Asano-Nakada and Ishii-Tatani-Nakada ) and the obtained structure agrees 
well with experiments. For the investigation, the adsorption site of nitrogen adatom on graphite 
is very important and the adsorption is very similar to the adsorption of N on graphene. Thus, 
the epitaxial growth on graphene or graphite is possible and will be interesting project in 
near future. 

5. Conclusion 
In this research, we calculated the adsorption and migration energy systematically for each 
adatom adsorbed using the band calculation with the PAW method at three adsorption sites 
on 3 × 3 graphene. In the case of model metal and transition metal elements, the adatom 
almost always adsorbed to the H-site and when it was a nonmetallic element we showed that 
it was mainly adsorbed to the B-site. We showed a tendency to adsorb to the T-site when the 
number of valence electrons of the adatom is 1, as is the case for H, F, Cl, Br, and I. The stable 
site for atomic species of transition metals having a very large migration barrier energy 
(Ti,V,Cr,Mn,Fe,Co,Nb,Mo,Tc,Ru,Ta,W,Re and Os) is H. In transition metal elements, we 
showed the largest bond energy when the d-orbital is half occupied. The adsorption energy 
showed a tendency to decrease when the d-orbital occupation exceeded a half. In addition, the 
adsorption of nonmetallic elements such as C, N, O shows a very large bond energy and 
adsorption at the B-site. When the d-orbital and s-orbital are occupied, as in Be, Mg, Ca, Sr, Ba, 
Zn, Cd, Hg, Cu, Ag and Au, we show a very small adsorption energy. Furthermore, we 
estimated the minimum limit of the migration energy of the adatom. The tendency for the 
magnitude of the migration energy is similar to the tendency of the adsorption energy. In the 
most stable adsorption site, the adatom does not break the structure of graphene. However, in 
an adsorption site other than the most stable site, we showed that in many cases the adatom 
breaks the surface structure of graphene. In the growth of a compound semiconductor on 
graphene, or metal–graphene junctions, we show the importance of the adsorption energy and 
migration energy. Because Ti and Zr showed good bonding on graphene, we showed that 
these were useful as electrode materials. Our calculation will be very helpful for experimental 
groups that are considering the use of atoms and molecules as building blocks, or graphene for 
making new nano devices, such as nano wires and nano switches. 
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1. Introduction  
Since its discovery in 2004 (Nobel prize in 2010), graphene -a single sheet of carbon atoms 
forming the thinnest free standing material to date- has attracted enormous interest due to 
its potentially tunable and exotic structural and electronic properties (Castro Neto et al., 
2009; Geim & Novolselov, 2007; Katsnelson et al., 2006, 2007; Novoselov et al., 2004, 2007; 
Ohta et al., 2006; Y. Zhang et al., 2005). The pristine graphene is characterized as a zero-
gap semiconductor with bonding  and antibonding * bands touch in a single point at the 
Fermi level (EF) at the corner of the Brillouin zone, and close to this so-called Dirac point 
the bands display a linear dispersion, leading to extremely high charge carriers mobility 
at room temperature of approximately 15,000 cm2/V.s (Geim & Novolselov, 2007) which 
is significantly higher than that of the widely-used semiconductor, namely silicon (Si), of 
approximately 1400 cm2/V.s. Like carbon nanotubes, measurements (Lee et al., 2008) have 
shown that graphene is extremely strong and rigid compared to Si-based materials. These 
incredibly fascinating properties alongside the high thermal conductivity suggest that 
graphene is an excellent candidate for the applications in the circuits beyond the 
conventional complementary metal-oxide semiconductor technology and many other 
potential applications. Moreover and recently, the possibility of using graphene as a 
highly-sensitive gas sensor has been reported as the good sensor properties of carbon 
nanotubes are already known. It was shown that the increase of the concentration of 
graphene charge carrier induced by adsorbed gas molecules can be used to make highly 
sensitive sensors. These highly-sensitive properties of graphene can be attributed to the 
fact that graphene is a low-dimensional structure with only a surface but no volume 
which increase the chemical reaction of adsorbates and the surface atoms. Additionally, 
the high conductivity of graphene even in low charge density is another reason for being a 
highly-sensitive sensor. 
Having established the importance of pristine graphene in many potential applications, the 
adsorption of single atoms (Chan et al., 2008; Farjam & Rafii-Tabar, 2009; Han et al., 2007; 
Hao et al., 2006; Li et al., 2008; Mao et al., 2008; Medeiros, 2010; Yang, 2009) and molecules 
(Duplock et al., 2004; Elias et al., 2009; Giannozzi et al., 2003; Ito et al., 2008; Leenaerts et al., 
2008, 2009; Nakamura et al., 2008; Novoselov et al., 2004; Pinto et al., 2009; Sanyal et al., 
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2009; Schedin et al., 2007; Wehling et al., 2008; Y.-H. Zhang, 2010) on the bare graphene 
surface has been the subject for different theoretical and experimental investigations due to 
their promising applications in nanoscale electronics, bioelectronics, gas sensors, and 
hydrogen storage devices. Among these adsorbates, hydrogen has been considered as one of 
the most interesting and fantastic candidates. Recently, it has been experimentally reported, 
using the transmission electron microscopy, that a graphene sheet can be chemically 
converted into graphane through a hydrogenation process by reacting with atomic 
hydrogen (Elias et al., 2009). This process, however, transforms the zero-gap semiconductor 
graphene into a wide-gap semiconductor (insulator) graphane. Theoretically reported 
studies (Boukhvalov et al., 2008; Sofo et al., 2007) using the density functional scheme, have 
revealed that the chairlike configuration, with hydrogen atoms attached to the carbon atoms 
in alternative manner, is the energetically most preferable structure for graphane.  Sofo et al. 
(Sofo et al., 2007) have found that the chairlike and boatlike conformers are semiconducting 
with 3.5 eV and 3.7 eV, respectively. As has been claimed in many literatures (H. Ohno, 
1998; Y. Ohno et al., 1999; Savchenko, 2009), future hydrogen-fuel technologies should make 
use of graphane as hydrogen storage due to its very high hydrogen density. Moreover, this 
extremely thin material with a finite band gap is also likely to find its use in many 
technological and industrial applications. Overall, graphene surface could be successfully 
used as a base for creating new promising and useful materials, and it would be of quite 
interest to theoretically investigate the effects of incorporating various molecules into its 
structure for different technological and industrial applications.  
The adsorption of various molecules onto graphene has also been investigated. The 
structural and electronic properties of oxygen-adsorbed graphene have been theoretically 
studied by Nakamura et al. (Nakamura et al., 2008) and Ito et al (Ito et al., 2008).  Their 
results have indicated that the adsorption of oxygen molecules onto graphene produces 
epoxy and ether group phases which are almost bistable. Moreover, they have concluded 
that the ether structure is the most energetically preferable for adsorption involving both 
sides of the sheet, while the one-side adsorption structure appears only as a meta-stable 
phase, with a finite energy gap at the K point emerges and its value increases as the number 
of oxygen increases with respect to the number of carbon atoms.  The key charge transfer 
mechanisms upon adsorption of NH3, NO, and NO2 onto graphene have been reported by 
Leenaerts et al. (Leenaerts et al., 2008, 2009). Their theoretical results indicate that the NO2 
adsorbates induce a relatively strong doping comparing to the NO molecule. Within the 
framework of the local density approximation of the density functional theory, Pinto et al. 
(Pinto et al., 2009) have investigated the chemisorption of tetrafluoro-
tetracyanoquinodimethane (F4-TCNQ) molecule on pristine graphene by means of the 
electronic properties. It was reported that the F4-TCNQ molecule acts like a p-type dopant 
for graphene with an approximately charge of 0.3 e/molecule being transferred from the 
highest occupied molecular orbital (HOMO) of graphene to the lowest unoccupied 
molecular orbital (LUMO) of the molecule. Zhang et al. (Y.-H. Zhang et al., 2010) have 
recently investigated the binding of organic electron donor and acceptor molecules on 
graphene sheets within the framework of the density functional theory. They found that the 
adsorption of 2,3-dichloro-5,6-dicyano-1,4-benzoquinone (DDQ) and tetrathiafulvalene 
(TTF) cause  hybridizations between the molecular levels and the graphene valence bands. 
These hybridizations transform the zero-gap semiconductor graphene into a metallic 
graphene. Despite the available studies, there are no enough theoretical comparative study 
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on the physics and chemistry of the adsorption of small molecules onto the surface of 
pristine graphene.  
In the present chapter, we aim to theoretically investigate the fundamental changes of the 
structural and electronic properties of graphene upon the incorporation of hydrogen, 
benzene, and naphthalene molecules. The first-principles calculations will be performed 
using the density functional theory in its local density approximation scheme and the 
pseudopotential method.  

2. Calculation methodology 
The present ab initio calculations have been performed using the density functional theory 
(DFT) (Hohenberg & Kohn, 1964) with a plane wave basis set as implemented in the 
QUANTUM ESPRESSO simulation package (Giannozzi et al., 2009). The electron–electron 
interactions were expressed within the local density approximation (LDA) as parameterized 
by Perdew and Zunger (Perdew & Zunger, 1981). The electron–ion interaction was treated 
by using the ultrasoft pseudopotential for carbon and hydrogen (Vanderbilt, 1990). We 
expanded the single-particle Kohn–Sham (Kohn & Sham, 1965) wave functions using a 
linear combination of plane-wave basis sets with a kinetic energy cutoff of 45 Ry. The Kohn–
Sham equations were Self consistently solved by employing a 14×14×1 k points Monkhorst–
Pack set (Monkhorst & Pack, 1976) within the hexagonal Brillouin zone. The repeated 
supercell technique was used to model the studied graphene-based structures. In each 
surface structure of pristine and molecule-adsorbed graphene we considered a 6×6×1 unit 
cell containing 72 carbon atoms. We have used our calculated in-plane lattice parameter for 
graphene of 2.45 Å which is in good agreement with the previously reported theoretical (Ito 
et al., 2008; Schabel & Martins, 1992; Yin & Cohen, 1984) and experimental values for bulk 
graphite (D. Mckie & C. Mckie, 1986). To minimize the interactions between the graphene 
sheet and its periodic image, we considered a vertical separation of 14.65 Å (six times the 
lattice parameter) along the surface normal direction. These parameters have been carefully 
chosen after several calculations to obtain well-converged results. Relaxed atomic positions 
for carbon and hydrogen atoms were obtained by using the total-energy and force 
minimization methods following the Hellmann–Feynman approach. The equilibrium atomic 
positions were determined by relaxing all atoms in the cell except the carbon atom at the 
origin which was kept in its bulk position. 

3. Results and discussion 
In the following subsections we will present, based on ab initio calculations, a comparative 
study of the structural and electronic properties of pristine graphene, hydrogen-adsorbed 
graphene (graphane), benzene-adsorbed graphene, and naphthalene-adsorbed graphene.  
To establish well-defined comparative study we have performed the calculations using unit 
cells of similar sizes and parameters.  

3.1 Pristine graphene 
It is rather important for our present comparative study to start with the structural and 
electronic properties of the pristine graphene. Figure 1 shows a schematic view of the 
fully-relaxed structure of the pristine graphene, indicating the basic structural parameters.  
It is well-known that each carbon atom has two 2s and two 2p electrons in its valence 
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2009; Schedin et al., 2007; Wehling et al., 2008; Y.-H. Zhang, 2010) on the bare graphene 
surface has been the subject for different theoretical and experimental investigations due to 
their promising applications in nanoscale electronics, bioelectronics, gas sensors, and 
hydrogen storage devices. Among these adsorbates, hydrogen has been considered as one of 
the most interesting and fantastic candidates. Recently, it has been experimentally reported, 
using the transmission electron microscopy, that a graphene sheet can be chemically 
converted into graphane through a hydrogenation process by reacting with atomic 
hydrogen (Elias et al., 2009). This process, however, transforms the zero-gap semiconductor 
graphene into a wide-gap semiconductor (insulator) graphane. Theoretically reported 
studies (Boukhvalov et al., 2008; Sofo et al., 2007) using the density functional scheme, have 
revealed that the chairlike configuration, with hydrogen atoms attached to the carbon atoms 
in alternative manner, is the energetically most preferable structure for graphane.  Sofo et al. 
(Sofo et al., 2007) have found that the chairlike and boatlike conformers are semiconducting 
with 3.5 eV and 3.7 eV, respectively. As has been claimed in many literatures (H. Ohno, 
1998; Y. Ohno et al., 1999; Savchenko, 2009), future hydrogen-fuel technologies should make 
use of graphane as hydrogen storage due to its very high hydrogen density. Moreover, this 
extremely thin material with a finite band gap is also likely to find its use in many 
technological and industrial applications. Overall, graphene surface could be successfully 
used as a base for creating new promising and useful materials, and it would be of quite 
interest to theoretically investigate the effects of incorporating various molecules into its 
structure for different technological and industrial applications.  
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phase, with a finite energy gap at the K point emerges and its value increases as the number 
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mechanisms upon adsorption of NH3, NO, and NO2 onto graphene have been reported by 
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adsorbates induce a relatively strong doping comparing to the NO molecule. Within the 
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recently investigated the binding of organic electron donor and acceptor molecules on 
graphene sheets within the framework of the density functional theory. They found that the 
adsorption of 2,3-dichloro-5,6-dicyano-1,4-benzoquinone (DDQ) and tetrathiafulvalene 
(TTF) cause  hybridizations between the molecular levels and the graphene valence bands. 
These hybridizations transform the zero-gap semiconductor graphene into a metallic 
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state. These four electrons lead to various sp-hybridized orbitals.  For graphene, each 
carbon atom is bonded to three other carbon atoms according to an sp2 hybridization. In 
the present calculations the C-C bonds are found to be 1.41 Å which are smaller than the 
C-C bond lengths of diamond of 1.52 Å. The C-C-C angle is measured to be 120° which is 
slightly larger than the prospective value of 109.5° in its diamond structure. These values 
suggest that, unlike the ideal sp3 diamond structural phase, graphene has a significant sp2 
nature as stated above. This feature, therefore, leads to the considerable rigidity of 
graphene materials comparing with the normal semiconducting materials, such as Si. 
The electronic band structure of the clean graphene sheet is plotted in Fig. 2 along the 
principal directions of the hexagonal Brillouin zone.  It is clearly shown that the band 
structure of pristine graphene has a zero-gap semiconducting nature. It is important to 
note the folding of the bands due to the used supercell.  In this plot, the top of the valence 
state and the bottom of the conduction state degenerate at the  point (Dirac point) 
instead of the K point of the hexagonal Brillouin zone. These two bands obey a linear in-
plane dispersion relation near the Fermi energy at the  point of the Brillouin zone 
resulting in zero effective mass for electrons and holes and high mobility of charge 
carriers.   
 

 
 

Fig. 1. Schematic top view of the optimized structure of pristine graphene. The inset shows 
the structural parameters of the hexagonal ring. The bond lengths are measured in angstrom 
(Å) and angles are measured in angles (°). 

In a previous report (AlZahrani & Srivastava, 2009) we have studied the in-plane dispersion 
curves, at the  point, slightly above and slightly below the Fermi energy to extract the 
velocities of electron and hole carriers.  These velocities were estimated to be 1.11×106 m/s 
and 1.04×106 m/s. The partial charge density plots of these two states at the K point confirm 
the bonding  and antibonding * orbital nature of the HOMO and LUMO states of pristine 
graphene, as clearly shown in Fig. 3. 
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Fig. 2. Electronic band structure of the pristine graphene along the principal directions of the 
hexagonal Brillouin zone. The Fermi level is set at the zero. 

 

 
Fig. 3. Partial charge density plot, at the K point, of the (a) highest occupied state and (b) 
lowest unoccupied state. 

3.2 Hydrogen-adsorbed graphene 
The chemical adsorption of hydrogen atoms on pristine graphene has gained great interest 
due to the immense changes in the electronic properties of graphene. These changes lead to 
a new wide-gap semiconducting material which has the name of graphane. Subsequently, 
graphane has been experimentally synthesized and reported that it obeys a reversible 
hydrogenation-dehydrogenation process (Elias et al., 2009). This material, therefore, could 
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Fig. 2. Electronic band structure of the pristine graphene along the principal directions of the 
hexagonal Brillouin zone. The Fermi level is set at the zero. 

 

 
Fig. 3. Partial charge density plot, at the K point, of the (a) highest occupied state and (b) 
lowest unoccupied state. 
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hydrogenation-dehydrogenation process (Elias et al., 2009). This material, therefore, could 
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open the gate for enormous technological and industrial applications, such as 
hydrogenstorage and two-dimensional nanoelectronics. Our purpose in this section is to 
find the energetically most stable geometry of graphane and then to compare its structural 
and electronic properties with those of pristine graphene. To model such a material, we have 
initially considered four different preliminary configurations depending on the adsorption 
sites of hydrogen atoms above and/or below the graphene sheet. These structures are 
chairlike, boatlike (Sofo et al., 2007), tablelike, and stirrup configurations as schematically 
shown in Fig. 4.  The key building block of these structures is the number and orientation (up 
or down) of the attached hydrogen atoms in each hexagonal cell of graphene. The chairlike 
conformer consists of hydrogen atoms which are alternatively attached to the carbon atoms on 
both sides of the sheet. The hydrogen atoms in the boatlike conformer are alternatively 
attached in pairs to the carbon atoms on both sides. In the tablelike configuration the hydrogen 
atoms are attached to every carbon atom from one side of the sheet. Finally, the stirrup 
structure has three hydrogen atoms attached to the carbon atoms from the upper side of the 
sheet and also three others attached to the carbon atoms from the bottom side.  Our self-
consistent calculations indicate that the chairlike configuration is the energetically most stable 
structure (minimum energy structure) with an energy gain of approximately 0.129 eV, 0.131 
eV, and 0.655 eV comparing with the boatlike, stirrup, and tablelike configurations,  
 

 
Fig. 4. Schematic view of the optimized structures of the possible structures of hydrogen-
adsorbed graphene (graphane) with (a) boatlike, (b) chairlike, (c) tablelike, and (d) stirrup. 

Structural and Electronic Properties of  
Graphen upon Molecular Adsorption: DFT Comparative Analysis 

 

27 

respectively. These findings for chair and boatlike structures are very comparable with the 
previously reported results obtained by Sofo et al. (Sofo et al., 2007). We note that boatlike and 
stirrup configurations are almost meta-stable structures and can be found in H-rich 
environment. In the following lines, we will focus our discussion on the structural and 
electronic properties of the ground state structure of graphane (chairlike conformer). 
We have started our calculations for chairlike geometry of graphane with a flat sheet of 
graphene and hydrogen atoms at 1.0 Å above carbon species. Minimization of this structure 
leads to a fully-relaxed configuration as schematically depicted in Fig. 5. From this figure we 
have found that the C–C bond length is approximately 1.49 Å, which is larger than the C–C 
bond length in the ideal graphene (1.42 Å). However, this value is almost comparable with 
the C–C bond length obtained for graphite (1.47 Å) and diamond (1.52 Å) using similar 
computational parameters. Moreover, the calculated graphane C–C bond length is in 
excellent agreement with the bond length of 1.48 Å obtained by Igami et al. (Igami et al. 
2001).  Upon the H adsorption, the basis carbon atoms in the cell are found to experience a 
vertical buckling (perpendicular distance between the two carbon sublattices) of 
approximately 0.46 Å, which is in excellent agreement with the theoretical values obtained 
by Boukhvalov et al. (Boukhvalov et al., 2008) and Sahin et al. (Sahin et al., 2010) and the 
experimental value extracted by Elias et al (Elias et al., 2009). Having this amount of 
buckling, the lattice constant of graphene increases from 2.45 Å to 2.50 Å. This amount of 
buckling leads not only to a structural variation but also to a significant change in the 
electronic properties of graphene. 
 

 
Fig. 5. The optimized atomic structure of the chairlike configuration along with the key-
structural parameters. The bond lengths and angles are measured angstrom and degrees, 
respectively. 

Consistent with previously reported results (Boukhvalov et al., 2008; Sahin et al., 2010; Sofo 
et al., 2007), the C–H bond length is measured to be 1.12 Å, which is identical to the typical 
bond length of the hydrocarbon compounds. While the angle between two adjacent C-C 
bonds (C-C-C angle) is found to be 102°, the angle between C-H and C-C bonds (C-C-H 
angle) is determined to be 108°.  The average value of these angles is slightly smaller than 
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respectively. These findings for chair and boatlike structures are very comparable with the 
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the C–C bond length obtained for graphite (1.47 Å) and diamond (1.52 Å) using similar 
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the tetrahedral angle of diamond of 109.5°. These values are in mild agreement with the 
previous theoretical results (Boukhvalov et al., 2008; Sahin et al., 2010). However, this 
suggests that the nature of C–C and C–H bonds is not entirely sp3 but sp3-like. Overall, these 
findings for calculated bond lengths and angles clearly indicate that the bonding in 
graphane is sp3-like. 
 

 
Fig. 6. Surface electronic band structure of the most stable structure of graphane (chairlike) 
along the principal directions of the hexagonal Brillouin zone. The Fermi level is set at the 
zero. 

The electronic band structure of chairlike graphane is calculated along the principal 
directions of the hexagonal Brillouin zone as shown in Fig. 6. It is clearly noted that the 
bonding  and antibonding * states of clean graphene are now removed. Since graphane is 
an sp3-like saturated structure with every C atoms being bounded to three adjacent C atoms 
and a single H atom, the system is found to be non-magnetic semiconducting with a direct 
LDA band gap of 3.9 eV, with HOMO at EF -3.4 eV and LUMO at EF +2.5 eV. 
This value of band gap is slightly larger than the reported value of 3.5 eV (Sofo et al., 2007). 
It is rather important to indicate that due to the well-known deficiency of the LDA in 
dealing with semiconducting systems, the underestimated band gap of 3.9 eV is corrected 
by GW0 approximation to become 5.97 eV (Lebèrgue et al., 2009). From Fig. 6, we clearly 
note that the uppermost occupied band is doubly degenerate at approximately 7 eV below 
the Fermi level at the zone edge, namely K point. This degeneracy has also been observed for 
pristine graphene but with energetic shift due to the charge transfer from H atoms towards 
the graphene. We also find a double degeneracy of the top of valence band at about 3 eV 
below the Fermi level. Such degeneracy suggests that these bands have a symmetrical 
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orbital nature but with different effective masses. Above the Fermi level, we can identify 
band degeneracy at the zone edges K and M with eigenvalues of 8 eV and 5 eV, respectively.  
These features can be directly related to the graphene sheet as we have noted in Fig. 2 but 
with significant change in their energies. Inspection of the partial charge density, at the K 
point, of both HOMO and LUMO states reveals that the  bonding orbital in C-C bonds of 
graphene is broken and a new spz orbital is created between H and the upper C atom (i.e. the 
carbon atom that was tilted upwards) upon hydrogenation process. Moreover, the 
antibonding * orbital in graphene is removed and replaced by the antibonding state which 
is a hybridization of the H s and C p orbitals. These plots are shown in Fig. 7. 
 

 
Fig. 7. Partial charge density plot, at the K point, of the (a) highest occupied state and (b) 
lowest unoccupied state of chairlike graphane. 

It is quite important for the device engineering and manufacturing to figure out the bonding 
nature of C-C and C-H bonds.  To perform such an examination, we performed total charge 
density calculations in a plane and along the C–C and C–H bonds. Figure 8(a) shows a 
contour map of the total charge density in [010]/[001] plane. It clearly indicates that the 
charge distribution around the C-C bond is supportive of that in tetrahedrally coordinated 
diamond as shown in Fig. 8(b). Our results indicate that the C–C and C–H bonds have a 
noticeable degree of covalency, as shown in panels (c) and (d) of Fig. 8. A considerable 
amount of charge is uniformly localized around the carbon atoms. It is interesting to note 
that the double-hump feature of the charge density along the neighboring C atoms (Fig. 8(c)) 
is typical of the diamond structure, which is not an artifact of the pseudopotential method. 
Moreover, we have clearly observed that a little amount of charge being transferred from 
the hydrogen towards the carbon atoms. Quantitatively, we have used the Löwdin 
population analysis scheme (Lowdin, 1950) to obtain numeral information about the atomic 
charges. Employing this scheme, the wave functions are projected onto linear combinations 
of atomic orbitals; we find that a charge of 0.2e has been transferred from the hydrogen 
atoms to the carbon atoms for each unit cell. Our calculated value is in good match with the 
result obtained by Sofo et al (Sofo et al., 2007). 

3.3 Benzene-adsorbed graphene 
Rather than hydrogen, it has been reported that the adsorption of organic molecules on 
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the tetrahedral angle of diamond of 109.5°. These values are in mild agreement with the 
previous theoretical results (Boukhvalov et al., 2008; Sahin et al., 2010). However, this 
suggests that the nature of C–C and C–H bonds is not entirely sp3 but sp3-like. Overall, these 
findings for calculated bond lengths and angles clearly indicate that the bonding in 
graphane is sp3-like. 
 

 
Fig. 6. Surface electronic band structure of the most stable structure of graphane (chairlike) 
along the principal directions of the hexagonal Brillouin zone. The Fermi level is set at the 
zero. 
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below the Fermi level. Such degeneracy suggests that these bands have a symmetrical 

Structural and Electronic Properties of  
Graphen upon Molecular Adsorption: DFT Comparative Analysis 

 

29 

orbital nature but with different effective masses. Above the Fermi level, we can identify 
band degeneracy at the zone edges K and M with eigenvalues of 8 eV and 5 eV, respectively.  
These features can be directly related to the graphene sheet as we have noted in Fig. 2 but 
with significant change in their energies. Inspection of the partial charge density, at the K 
point, of both HOMO and LUMO states reveals that the  bonding orbital in C-C bonds of 
graphene is broken and a new spz orbital is created between H and the upper C atom (i.e. the 
carbon atom that was tilted upwards) upon hydrogenation process. Moreover, the 
antibonding * orbital in graphene is removed and replaced by the antibonding state which 
is a hybridization of the H s and C p orbitals. These plots are shown in Fig. 7. 
 

 
Fig. 7. Partial charge density plot, at the K point, of the (a) highest occupied state and (b) 
lowest unoccupied state of chairlike graphane. 
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the chemisorption of small molecules (benzene and naphthalene) on a clean sheet of 
graphene. This subsection will be designed to study the benzene-adsorbed graphene 
structure whereas the next subsection will detail the naphthalene-adsorbed graphene 
system. To investigate the basic properties of graphene upon the adsorption of benzene, we 
firstly check different possible adsorption sites of the molecule onto the substrate.  
 

 
Fig. 8. Total charge density contour plots of (a) graphane and (b) diamond in a plane passing 
though H-C-C-H and C-C-C-C lines, respectively. Total charge density plot along the (c) C-C 
and (d) C-H bonds in graphane. The charge density is measured in e/a.u3. 

Neglecting the unfavorable substitutional sites, we have considered two configurations for 
the adsorption of benzene on pristine graphene. In these we have attempted a hollow and a 
stack adsorption sites, as schematically shown in Fig. 9. Therefore, to evaluate the 
energetically most preferable configuration between them, we compare their surface 
formation energies according to the formula: 

 .BG G BΔE E E E    (1) 

The symbols BGE , GE  and BE  indicate the total energies of the optimized structures of the 
benzene-adsorbed graphene, pristine graphene, and isolated benzene molecule, respectively. It 
is important to state that these total energies are calculated within similar unit cells and 
computational parameters. Using the above equation we find that the adsorption energies of 
hollow and stack structures are approximately -0.25 eV and -0.30 eV, respectively. These 
values suggest that the stack configuration represent the ground-state structure of the 
benzene-graphene system with energy gain of about 0.05 eV comparing with the hollow 

Structural and Electronic Properties of  
Graphen upon Molecular Adsorption: DFT Comparative Analysis 

 

31 

phase. Therefore we will focus our theoretical investigation on the stack configuration to 
determine the structural and electronic properties of benzene/graphene structure. The starting 
point towards the structural optimization of the present system is the initial position of benzene 
molecule above the graphene sheet. The molecular atoms (benzene molecule) are initially placed 
at 1.5 Å above the carbon atoms of the graphene. After several iterations of relaxation process, the 
benzene molecule adopts a planar geometry at 3.52 Å above the graphene sheet. While this value 
is consistent with the experimental value of 3.6 Å that is estimated from binding energy curves 
performed by Chakarova-Kack et al. (Chakarova-Kack et al., 2006),  it is slightly larger than the 
value of 3.17 Å obtained by Zhang et al (Y.-H. Zhang et al., 2010). This inconsistency is due to the 
quite low energy cutoff used in their calculations. Subsequently we have found that the C–C and 
C–H bond lengths of benzene on the top of graphene are measured to be 1.39 Å and 1.10 Å, 
respectively. These values are identical to those of the hydrocarbons compounds of 1.40 Å and 
1.10 Å for C-C and C-H bonds, respectively. Since the calculated C–C–C and C–C–H angles of 
the molecule are identical and equal to 120°, we conclude that benzene reorients itself in a 
planar manner above the graphene. This orientation has also been noted for F4-TCNQ 
(Pinto et al., 2009) which indicates similar adsorption mechanism for organic molecules on 
graphene. Adsorbed-graphene sheet, on the other side, has been found to have a C–C bond 
length of 1.41 Å and a C–C–C angle of 120°. These suggest that, even though benzene is 
being adsorbed, graphene preserves its basic structural behaviour. 
 

 
Fig. 9. Schematic view of the minimum-energy structures of the (a) hollow and (b) stack 
configurations of benzene-adsorbed graphene. (c) Top view of the relaxed benzene molecule 
with its structural parameters. The grey solid spheres represent C atoms from the graphene 
while dashed spheres indicate C atoms from the molecule. 
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the molecule are identical and equal to 120°, we conclude that benzene reorients itself in a 
planar manner above the graphene. This orientation has also been noted for F4-TCNQ 
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graphene. Adsorbed-graphene sheet, on the other side, has been found to have a C–C bond 
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Further, we have performed surface electronic band structure for the benzene-adsorbed 
graphene configuration along the high-symmetry directions, K→ and →M, as shown in Fig. 
10. Setting the Fermi level at the zero-energetic position, we clearly note that the Dirac point of 
the systems is coincided with the Fermi level, indicating a zero-gap nature. This indicates that, 
for low-energy states, the adsorption of benzene leads to unchanged electronic structure 
regarding to pristine graphene. Accordingly, this suggests that charge transfer is not expected 
to occur between the graphene and the molecule. Such an observation can be understood if we 
believe that only the states very far below/above the Dirac point of graphene are perturbed by 
the molecular adsorption. However, this conclusion is supportive of the result obtained by 
Zhang et al. (Y.-H. Zhang et al., 2010). In their study they found that the adsorption of benzene 
on pristine graphene results in insignificant amount of electronic charge being transferred 
from the molecule to the graphene sheet.  
 
 

 
 

Fig. 10. Electronic band structure of the benzene-adsorbed graphene system with the 
molecule on a stack adsorption site. The zero-energy position indicates the Fermi level.  

3.4 Naphthalene-adsorbed graphene 
As has been performed for benzene-adsorbed graphene structure, we have tested at least 
two adsorption sites for naphthalene molecule onto graphene. Between hollow and stack 
configurations we have found that the latter represents the minimum-energy structure of 
naphthalene-adsorbed graphene, as shown in Fig. 11.  Our calculations indicates that the 
adsorption energy of stack and hollow phases are approximately −0.47 eV and −0.39 eV, 
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respectively.  The molecule is found to be relaxed 3.15 Å above the sheet suggesting no bond 
formation between the molecule fragments and the carbon atoms of the graphene. Looking 
at the C–H bond length of the molecule we have identified no appreciable change and its 
typical value of 1.10 Å.  Comparing the naphthalene-adsorbed system with the benzene-
adsorbed system, we have clearly noted considerable alterations in the C–C bond lengths of 
the molecule. These bond lengths are categorized into three groups: 1.37 Å, 1.40 Å, and 1.43 
Å. These values are in the acceptable range of the typical bond lengths of an isolated 
naphthalene molecule (1.36–1.42 Å). The C–C–C and C–C–H angles vary in the interval 121–
122° and 118–120°, respectively. These results suggest a very tiny amount of vertical tilt in 
the carbon planes. However, the substrate keeps its original structure as also seen for 
benzene-adsorbed structure. 
 

 
Fig. 11. The minimum-energy structures of the (a) hollow and (b) stack configurations of 
naphthalene-adsorbed graphene. (c) Top view of the fully relaxed molecule. 

In Fig. 12, we have depicted the electronic band structure of the naphthalene/graphene 
system. Despite that the band structure for the benzene/graphene system looks very similar 
to the pristine graphene in the low-energy region (±2.0 eV with respect to Fermi level EF), 
the energy bands for the naphthalene/graphene system performs little changes below the 
Fermi level. From the figure we clearly identify a new flat (non-dispersive) band at energy 
of EF −1.3 eV. This band is believed to be originated from the molecule states. Overall, the 
system has an entire zero-gap behaviour with indication that no charge being transferred 
from/to the graphene substrate. 
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respectively.  The molecule is found to be relaxed 3.15 Å above the sheet suggesting no bond 
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Fig. 12. Electronic band structure of the naphthalene/graphene system with the molecule on 
a stack adsorption site. The Fermi level is located at the zero-energy position. 

4. Conclusion  
Within the framework of local density approximation of the density functional theory and 
pseudopotential theory we have presented a comparative ab initio study for the adsorption 
of molecules on a pristine graphene. The sp2 structure and zero-gap behaviour are found to 
the fundamental characteristics of clean graphene with degenerate bonding  and 
antibonding * states at the K point. Upon the adsorption of hydrogen atoms on pristine 
graphene, a chairlike configuration is found to be the energetically most stable structure for 
the system (graphane). As the four valence electrons of carbon atoms participate in the 
formation of the covalent bonzds with hydrogen atoms the  bands are removed from the 
band structure of graphane. The absence of these bands leads graphane to be a 
semiconducting with wide direct gap at the  point. Moreover, the structural transformation 
of carbon bonds from sp2 to sp3-like hybridization results in an increase in the bond length 
from 1.41 Å to 1.49 Å. Unlike the hydrogen-adsorbed graphene, benzene and naphthalene-
adsorbed structures are found to only stabilize the graphene sheet with no significant 
change in its low-energy electronic properties. 
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Fig. 12. Electronic band structure of the naphthalene/graphene system with the molecule on 
a stack adsorption site. The Fermi level is located at the zero-energy position. 
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1. Introduction  
Graphene is a single layer of carbon atoms arranged in a chicken-wire-like hexagonal lattice 
and in spite of its recent availability for experimental investigations (Novoselov et al., 2004) 
it is an object of great interest for many researchers (Elias et al., 2009; Sofo et al., 2007; Luo et 
al., 2009; Teweldebrhan and Balandin, 2009; Ilyin et al., 2009) because of amazingly wide 
field of its potential applicability: electronics, sensors, materials science, biology etc. In 
particular, graphene and few layer graphene fragments as well as  carbon nanotubes can be 
used in production of composites,  based on metal, ceramic, polymer matrices, filled with 
graphene’s or few layer graphene fragments as elements of reinforcement. Obviously, the 
main goal of using graphene or nanotubes in making composites is using their extremely 
high mechanical characteristics in combination with low weight.  It should be noticed, that 
many difficulties concerning graphene’s applications originate from its surface chemical 
inertness. In other words, the sp2 electron structure of ideal graphene often results in very 
low binding energy between graphene’s surface and atoms of many elements. It is one of the 
obstacles for modifying and applications of graphene   in production of electronic devices, 
when controllable electronic properties are needed. Besides, it results in poor interfacial 
bonding of the graphene fragments with   matrices in composite materials and with sliding 
between few layer graphene sheets under stressed state. The noticeable success in this 
direction has been recently achieved in the work (Elias et al., 2009), in which the 
hydrogenation of graphene was performed by using an ion-plasma technique. It should be 
noticed, that composite of graphene and hydrogen, associated with graphene’s surface was 
theoretically predicted few years ago in the paper (Sofo et al., 2007) and named as graphane. 
Unfortunately, this success up to now can be surely referred only to graphene-hydrogen 
composition.  But today’s technologies especially in the field of materials science need much 
more wide area of possible compositions and special materials. It was reasonable to 
suppose, that radiation defects may essentially improve binding ability of graphene with 
atoms of other elements due to production of additional chemical bonds (Ilyin, 2010; Ilyin & 
Beall, 2010). It is especially important for application of graphene species in R&D of 
composites. Moreover defects in such structures may improve mechanical properties by 
linking reinforcing carbon nanoelements to each other and by increasing the strength and 
stiffness of the composite (Ilyin et al.,2010). Unfortunately, it is not yet well understood 
which kinds of stable radiation defects and their complexes can exist in graphene and its 
derivatives. Obviously, it is not easy to create definite types of radiation defects and   



 
Graphene Simulation 

 

38

Yin, M.T.  &  Cohen, M. L. (1984). Structural theory of graphite and graphitic silicon. Physical 
Review B Vol. 29, No. 12, (June 1984), pp. 6996–6998, ISSN 1098-0121 

Zhang, Y.; Tan, Y.;  Stormer, H. & Kim, P. (2005). Experimental observation of the quantum 
Hall effect and Berry's phase in graphene. Nature Vol. 438, (November 2005), pp. 
201-204  ISSN, 0028-0836 

Zhang, Y.-H.; Zhou, K.-G.; Xie, K.-F.; Zeng, J.; Zhang, H.-L. & Peng, Y. (2010). Tuning the 
electronic structure and transport properties of graphene by noncovalent 
functionalization: effects of organic donor, acceptor and metal atoms. 
Nanotechnology Vol. 21, No. 6, (January 2010), pp. 065201-065207, ISSN 0957-4484 

3 

Computer Simulation of Radiation Defects 
 in Graphene and Relative Structures 

Arkady M.Ilyin 
Kazakh National University, Physical Department 

Kazakhstan 

1. Introduction  
Graphene is a single layer of carbon atoms arranged in a chicken-wire-like hexagonal lattice 
and in spite of its recent availability for experimental investigations (Novoselov et al., 2004) 
it is an object of great interest for many researchers (Elias et al., 2009; Sofo et al., 2007; Luo et 
al., 2009; Teweldebrhan and Balandin, 2009; Ilyin et al., 2009) because of amazingly wide 
field of its potential applicability: electronics, sensors, materials science, biology etc. In 
particular, graphene and few layer graphene fragments as well as  carbon nanotubes can be 
used in production of composites,  based on metal, ceramic, polymer matrices, filled with 
graphene’s or few layer graphene fragments as elements of reinforcement. Obviously, the 
main goal of using graphene or nanotubes in making composites is using their extremely 
high mechanical characteristics in combination with low weight.  It should be noticed, that 
many difficulties concerning graphene’s applications originate from its surface chemical 
inertness. In other words, the sp2 electron structure of ideal graphene often results in very 
low binding energy between graphene’s surface and atoms of many elements. It is one of the 
obstacles for modifying and applications of graphene   in production of electronic devices, 
when controllable electronic properties are needed. Besides, it results in poor interfacial 
bonding of the graphene fragments with   matrices in composite materials and with sliding 
between few layer graphene sheets under stressed state. The noticeable success in this 
direction has been recently achieved in the work (Elias et al., 2009), in which the 
hydrogenation of graphene was performed by using an ion-plasma technique. It should be 
noticed, that composite of graphene and hydrogen, associated with graphene’s surface was 
theoretically predicted few years ago in the paper (Sofo et al., 2007) and named as graphane. 
Unfortunately, this success up to now can be surely referred only to graphene-hydrogen 
composition.  But today’s technologies especially in the field of materials science need much 
more wide area of possible compositions and special materials. It was reasonable to 
suppose, that radiation defects may essentially improve binding ability of graphene with 
atoms of other elements due to production of additional chemical bonds (Ilyin, 2010; Ilyin & 
Beall, 2010). It is especially important for application of graphene species in R&D of 
composites. Moreover defects in such structures may improve mechanical properties by 
linking reinforcing carbon nanoelements to each other and by increasing the strength and 
stiffness of the composite (Ilyin et al.,2010). Unfortunately, it is not yet well understood 
which kinds of stable radiation defects and their complexes can exist in graphene and its 
derivatives. Obviously, it is not easy to create definite types of radiation defects and   



 
Graphene Simulation 

 

40

perform direct studies of them in nanoobjects in direct laboratory experiments. In this 
situation computer simulation of radiation defects in graphene- and relative nanostructures 
becomes of great importance (Ilyin et al., 2011). In this paper we have submitted some 
results of computer simulation and calculations of some possible kinds of stable radiation 
defects in graphene, and more complex configurations, involving  atoms of light metals: Be 
and Al, which are linking with radiation defects. In other words, we consider possible effect 
of radiation defects on production and modification of graphene – metal composites and 
calculate energetic and structural properties for some mostly possible configurations. 
Computer simulation and calculations were performed by the use well known molecular 
dynamics, extended Hückel technique and density functional theory.  

2. Simulation and calculations 
The first model which we consider in this chapter is a simple configuration, which consists 
of a graphene sheet and a carbon atom adsorbed with it. We imply, that in this case no 
chemical bond between graphene and C atom exists. This kind of interaction refers to well 
known van der Waals forces. These interactions are weak and insignificant in our common 
life, but their role increases dramatically among the nano-scaled objects. One of the 
important features of them - the additivity i.e. every particle of the system makes its 
contribution into the total interaction energy. Therefore, they can be relatively large for 
nanosystems, involving 102 – 103 atoms or molecules. But van der Waals interactions are not 
accounted by the use widespread computer techniques like molecular orbital linear 
combination of atomic orbitals by self consistent field (MO LCAO SCF) or density functional 
theory (DFT). Therefore, in this problem the method of molecular dynamics (MD), which is 
recognized as the effective tool for similar systems, was chosen. A graphene sheet for MD 
simulation of single- and diatomic defects on the undamaged structure was built of 78 
atoms.  Van der Waals interaction between adsorbed atoms and graphene was described by 
well known Lennard-Johns potential in the usual form. 
 

 
Fig. 1. Configuration of a single adsorbed atom on a graphene structure 

Presented in Figure 1 is one of investigated defect configurations which is actually a single 
carbon atom, adsorbed on the surface of the undamaged graphene sheet. The maximum 
value of the binding energy for the single adsorbed atom E = – 0.18 eV at a distance Z = 0.25 
nm from the graphene plane. One important characteristic is also the energy of carbon atom 
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in the center point of graphene’s hexagon (Z = 0). This position was found to be very 
unstable with the positive energy equals to E0 =11.4 eV. It means also, that the graphene 
sheet is impermeable for displaced  carbon atoms with energies lower  than  E0. 
 

 
Fig. 2. Configuration of a dumbbell defect on a graphene (N=78) structure 

Figure 2 presents a configuration of a more complicated, two-atom defect which is like a 
dumbbell with a symmetrical configuration of the atoms d1 and d2 normal to the graphene 
sheet. Calculations of this defect were performed by MD, using the LJ potential.  
To begin, in all cases the minimum energy lateral position of the atoms adsorbed, had been 
found out at the normal axis of symmetry of hexagon (Z-axis). Further we performed 
calculations with movement of atoms along the Z-axis. Results of calculations of the binding 
energies for these defects as a function of a distance Z over the center of hexagon are 
presented in Figure 3. It can be seen, that there is an interval between approximately 2 and 3 
angstroms that exhibits a trough with a negative energies, which is evidence of the existence 
of stable binding states. Low values of bonding energies testify of the vdW nature of the 
interaction. 
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perform direct studies of them in nanoobjects in direct laboratory experiments. In this 
situation computer simulation of radiation defects in graphene- and relative nanostructures 
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and Al, which are linking with radiation defects. In other words, we consider possible effect 
of radiation defects on production and modification of graphene – metal composites and 
calculate energetic and structural properties for some mostly possible configurations. 
Computer simulation and calculations were performed by the use well known molecular 
dynamics, extended Hückel technique and density functional theory.  
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in the center point of graphene’s hexagon (Z = 0). This position was found to be very 
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a)    b) 

Fig. 4. The electron charge distribution for the dumbbell presented in Fig.2. Density of 
electron charge equals: a)  0.02 el / Ǻ3   , b) 0.5 el / Ǻ3  . 

Figure 4 illustrates the results of calculations of electron charge distribution for the 
dumbbell presented in Figure 2, performed by MO LCAO method. These calculations were 
performed in order to check our assumption about vdW interaction between atoms 
adsorbed and graphene. One can see some overlapping of electron charge only by very low 
level of electron density (Figure 4,a). And, obviously, there are no signs of overlapping of 
electron charge at high level of electron density, which could be responsible for some kind 
of bonding between graphene and atoms adsorbed. One can see well distinguished electron 
charge clouds, obviously closed on graphene and d1 and d2 atoms with a gap between 
them. At the same time graphene’s structure is linked with dense electron clouds, which 
provided strong bonding. It proves that weak bonding interaction for the defects presented 
above is controlled by vdW forces. It is unlikely, that such defects can be useful for essential 
modifying of mechanical properties of composite materials.  

2.1 Vacancies in graphene  
Irradiation of graphene-based electronic devices by fast electrons or ions will be always 
accompanied by creation of atom vacancies. Therefore, it is very important to know about 
changes in electronic properties of graphene fragments which should be expected under 
irradiation and about how they depend on defect concentration. For such estimation we 
have used large enough graphene’s fragment (N=208).  
 

 
Fig. 5. Graphene for calculations with edge-bonds shut by H-atoms 

 In order to avoid end-effects by calculations, free end-bonds of carbon atoms were shut 
with hydrogen atoms. Afterwards, in order to take into account the possible effect of a 
larger size of a real graphene sheet, which can restrict the atoms neighboring to the vacancy, 
all edge atoms of graphene were fixed at their initial positions. After that we simulated and 
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calculated one-, two- and three –vacancy configurations with using in all cases a procedure 
of energy minimization.  
 It was revealed, that in all cases, after energy optimization the vacancy zone increased so 
that all the three two-coordinated atoms, neighboring  the vacancy,  were shifted  nearly 
symmetrically: all three distances between surrounding atoms 1-2 , 2-3, 3-1 ( figure 6) 
become as large as 2.76 Ǻ instead of 2.46 Ǻ in the initial state.  
 

 
Fig. 6. Vacancy zone in graphene after the optimization procedure 

Figure 7 presents a configuration of a graphene with 3 single vacancies displayed by the 
electron charge distribution.  
 

 
Fig. 7. Graphene with 3 single separated vacancies in the structure 

Calculations of HOMO and LUMO were also performed in all cases. Figure 8 presents 
dependence of Eg = HOMO – LUMO for graphene -208 with different numbers of vacancies.  
There were one-, two-, and three vacancies in aligned configuration.  
 

 
Fig. 8. The value of Eg = HOMO – LUMO as a function of concentration of vacancies in  a 
graphene-208  fragment. 
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Obviously, data for Eg presented in Figure 8 illustrate the effect of limited size of graphene 
fragment (so called size-effect), because the infinite graphene (the initial state with N =0)  is 
intrinsically semi-metal with Eg =0. But these and similar effects should be taken into 
account when physicists and technologists will design devices based on real graphene 
fragments of limited sizes.  

2.2 Radiation defects with strong bonding 
As the next step we simulated and calculated energetic and structural characteristics of 3D 
defect configuration presented in Figure 9. This type of radiation defect, which involves two 
carbon atoms arranged symmetrically over a vacancy can be named “dumbbell”, like to 
configuration presented in Figure 2.  
 

 
Fig. 9. The complex radiation defect, involving a vacancy and a dumbbell configuration.  

But in this case the two carbon atoms (d1,d2) of the dumbbell are chemically bonded with 
free bonds of  atoms, neighboring  at the vacancy. One can see from the graph in Figure 10, 
that there is a strong  bonding.  
 

 
Fig. 10. The binding energy for the dumbbell placed over a vacancy   as a function of  the 
distance Z over the graphene sheet   

Obviously, the elastic properties of composite materials and their uniformity are of great 
importance in using composite materials. The Eb   - Z curve in Figure 10 can be used for 
estimation of elastic characteristics of the C-C dumbbell defect along the graphene sheet 
(under shear stress). One can see, that the maximum slope of the curve is near the point Z = 
1.3 Ǻ. The numerical estimation by using E Z   at this point with small segments gives the 
value 0.5 TPa. The maximum binding energy of the dumbbell over the relaxed vacancy was 
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obtained as large as -10.0 eV and the corresponding distance between the graphene’s plate 
and atoms equals 0.7 A. The electron charge distribution presented in Figures 11 and 12 
proves that there is fast chemical bond between dumbbell and graphene sheet. 
 
 

 

 
 

Fig. 11. The electron  charge distribution for the graphene-dumbbell configuration at  
density of the charge equal to 1.0 el/Ǻ3  . 

 
 

 
 

Fig. 12. The electron distribution for a graphene with two separated dumbbells  

Calculation of electronic properties of dumbbell configurations presented in Figures 11 and 
12 for graphene-208 were also performed. Eg = HOMO – LUMO was as large as 0.05 eV for 
a case with one- and two dumbbels. Figure 12 displayed no signs of noticed non-uniformity 
between two dumbbells in the graphene structure. So that, effect of radiation defects like 
dumbbells can be considered as insignificant by their concentrations about 1%. The large 
value of the binding energy for the dumbbell defects and the electron charge distribution 
calculated for these defect configurations obviously demonstrate, that there is significant 
interaction between the dumbbell and a graphene, as well as between atoms of the dumbbell 
itself.  
The ability of graphene’s vacancy to bind atoms  of other  elements by the chemical way 
were firstly checked by simulation and calculation of the vacancy - hydrogen complex 
defect, which was performed in the hydrogenated graphene (“chair”- graphane) structure 
(Figure 13). Our calculations proved that a vacancy zone can serve as a site with a high 
concentration of hydrogen. In this case the vacancy zone has non- symmetrical mode of 
deformation: distances between atoms: C1-C2 = C2-C3 = 2.72 Å, C1-C3 = 2.55 Å 
The results of calculations of binding energy of H atoms, bonding at the vacancy are 
presented in Fig. 14. These data witness, that the value of binding energy depends on the 
total number of H atoms, placed at the vacancy. One can see, that the binding energy has 
well defined minimum at N = 3.  
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calculated for these defect configurations obviously demonstrate, that there is significant 
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The ability of graphene’s vacancy to bind atoms  of other  elements by the chemical way 
were firstly checked by simulation and calculation of the vacancy - hydrogen complex 
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concentration of hydrogen. In this case the vacancy zone has non- symmetrical mode of 
deformation: distances between atoms: C1-C2 = C2-C3 = 2.72 Å, C1-C3 = 2.55 Å 
The results of calculations of binding energy of H atoms, bonding at the vacancy are 
presented in Fig. 14. These data witness, that the value of binding energy depends on the 
total number of H atoms, placed at the vacancy. One can see, that the binding energy has 
well defined minimum at N = 3.  
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Fig. 13. The atomic structure of vacancy with 6 hydrogen atoms bonding   

 

 
Fig. 14. The dependence of hydrogen – vacancy binding energy  on the total number  N of 
hydrogen  atoms linking with the vacancy   

2.3 Bridge-like radiation defects in graphene  
It is known very well that two layer graphene is being one of main components by 
production of graphene’s materials by many technologies. Therefore, it can play a 
significant role in some applications, using graphene materials. At least, it is reasonable to 
study properties of two layer graphene, keeping in mind its future applications. In 
particular, two layer graphene fragments can be used in production of lightweight 
composite materials with high stiffness and strength. Therefore, calculations were made also 
for bilayer graphene fragment. The usual AB graphite-like configuration, which is the most 
common for graphite –like materials, was chosen for calculations (see Figure 15). The Figure 
16 illustrates that interaction between undamaged graphene sheets has van der Waals 
nature, without any signs of electron charge overlapping. The coupled atom pair which 
were removed by creating the vacancy pair is marked by black. The interstitial C-atom, 
knocked from the structure was placed between graphene layers. After that relaxation 
procedure was used to obtain a minimum of the total energy of the defect volume. The edge 
atoms of graphenes were fixed in order accounting the size effect. 
In Figure 16 one can see the typical picture of the electron charge distribution for 
undamaged bilayer graphene, controlled by van-der-Waals interactions. There is no electron 
charge overlapping, between different graphene sheets.  
In Figure 17 one can see the much more complex defect configuration with vacancies,  faced 
each other, which were produced in both of graphene sheets and interstitial carbon atom (i),   
caught between them. This type of radiation defects can be called as a bridge-like defect. The 
essential feature of the defect is that the two graphene sheets are linked with fast covalent 
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bond based on the interstitial atom and as one can see, neighboring atoms 1-2 and 3-4 
facilitating the rising two additional bonds, because of pulling in the gap between 
graphenes. The distribution of the electron charge presented in Figure 18 proves existing of 
three  covalent bonds, originated  between graphene layers. 
 

 
Fig. 15. Graphene AB two layer used for building complex interior defect   
 

 
Fig. 16. The distribution of  the electron charge  for undamaged  bilayer graphene (the 
density  equals 0.4 el / A3). 
 

 
Fig. 17. A complex bridge-like radiation defect bonding together  sheets of  bilayer graphene  
after relaxation 

The total binding energy for this complex defect configuration was calculated as large as -
11.3 eV. We have supposed, that ends of two- or few layer graphene fragments may also 
serve as sites of bridge-like defects, linking graphene’s sheets together. A typical 
configuration of end-bridge-like bonding of a carbon atom is presented in Figure 19.  
 

 
Fig. 18. The distribution of  the electron charge  (the density  equals 1.4 el / A3) 
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11.3 eV. We have supposed, that ends of two- or few layer graphene fragments may also 
serve as sites of bridge-like defects, linking graphene’s sheets together. A typical 
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Fig. 18. The distribution of  the electron charge  (the density  equals 1.4 el / A3) 
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Fig. 19. The bridge-like defect based on an interstitial atom i at  the edge  of  bilayer 
graphene. 

2.4 Graphene-metal composition induced by radiation   
It is known very well, that graphene and few layer graphene fragments, like to carbon 
nanotubes can be used as elements of reinforcement in production of composites, based on 
various matrices. Moreover, many important physical properties of material  (particularly, 
electric and heat conduction, magnetic characteristics and so on) can be modified and 
improved by using graphene and few layer graphene fragments as filler. As was mentioned 
above, many difficulties concerning graphene’s applications originate from its sp2 electron 
structure. In other words, the electron structure of ideal graphene often results in very low 
binding energy between graphene’s surface and atoms of many metals. It is one of the 
obstacles for modifying and applications of graphene   in production of composite materials. 
In our recent papers we suggested using of radiation modification of composite materials 
with carbon nanostructures due irradiation by fast electrons or ions. Production of special 
kind of bridge-like defects may be considered as an effective technological tool of essential 
modification of physical-mechanical properties of composite materials, filled with carbon 
nanostructures (Ilyin & Beall, 2010).   
Beryllium, aluminum and their  alloys are being very important materials for designing new 
composites, especially for  fields where combination of light weight with high strength is 
needed, for example – transportation systems and air-space technologies. Therefore, in this 
paper we focused on study of possible production composite materials based on Be and Al 
matrices, with using graphene fragments as reinforcement elements. We suppose, that 
radiation defects may essentially improve binding ability of graphene with atoms of light 
metals due to production of additional chemical bonds. Unfortunately, direct experimental 
study of such nanosystems with atomic scale defects and operations with them can be 
hardly performed  today even in laboratories with high level equipment. Figure 20 presents 
some typical possible positions of metallic atoms (Be, Al) arranged on graphene surface in 
high symmetry sites. Calculations performed for all of these positions gave values of the 
binding energy of metal atoms on the graphene surface nearly zero.  
 

         
a)    b)    c) 

Fig. 20. Some of calculated symmetrical configurations of metal atoms (Be and Al) on 
graphene surface with nearly zero binding energies: a) over the center of a hexagon; b) over 
the center of the C-C bond; c) over a C atom. 
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2.4.1 Be – graphene composition 
Figure 22 presents a scheme of estimation elastic characteristics of defect  involving Be 
dumbbell at vacancy by techniques like above for C-C dumbbell. The value of elastic 
modulus for direction “to right” in the Figure 21 was calculated as large as 0.05 TPa and 0.02 
TPa in the perpendicular direction.  
 

    
              a)                    b)    

Fig. 21. Configurations of Be atoms bonded with a vacancy:  a) a stable position of  the single 
Be atom  in the graphene sheet. The binding energy Eb  equals 2.6 eV; b) Configuration of 
“Be – dumbbell”  over a vacancy  with binding  energy 4.1 eV. 

 

 
Fig. 22. Scheme of the  elastic modulus calculation for the Be dumbbell at vacancy.  

 

      
   a)    b)    

Fig. 23. a) A configuration of an initially flat Be-cluster over vacancy after optimization. The 
binding energy of the cluster with graphene was obtained as large as 7.2 eV; b) the electron 
charge distribution in the area of the metal cluster – vacancy with a density of charge  
0.2 el / Ǻ3 . 
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Fig. 23. a) A configuration of an initially flat Be-cluster over vacancy after optimization. The 
binding energy of the cluster with graphene was obtained as large as 7.2 eV; b) the electron 
charge distribution in the area of the metal cluster – vacancy with a density of charge  
0.2 el / Ǻ3 . 
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2.4.2 Al – graphene composition 
A stable configuration with a minimum of total energy was provided by Al atom placed in 
the plate of graphene sheet within the vacancy. One can see in figure 24 that the vacancy 
zone essentially and symmetrically increased with all three lengths of bonds equal 1.7 Ǻ.  
Figure 25 presents configuration of Al – dumbbell placed at the vacancy. The equilibrium 
distance between Al atoms equals 2.5 Ǻ, the binding energy is as large as 2.9 eV. 
Very interesting and important result for technological applications by production of 
composite materials based on Al or Al –alloys matrix with graphene filler shows 
computational model in Figure 27. One can see, that Al atoms can be chemically attached to 
a bridge-like defect in vacancy’s zones. One also can see a significant deformation of 
graphene sheets around the defect zone. The binding   energy of the interstitial carbon atom 
i at this configuration  was equal to -9.3 eV.  
 

 
Fig. 24. Configuration of a single Al-atom bonded with a vacancy.  
 

 
Fig. 25. Configuration of Al – dumbbell   bonded with a vacancy.  
 

 
Fig. 26. The distribution of the electron charge  (the density  equals 1.4 el / A3) for  the  Al – 
dumbbell bonded with a vacancy in graphene 
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Fig. 27. Complex defect: a bridge-like defect  in two- layer graphene with Al atoms attached 
on both graphene sheets. 

 

a) 
 

b) 

Fig. 28. Edge bonds of graphene fragments with Al atoms caught with binding energy Eb as 
large as 4.2 eV (a) and 3.5 eV (b).  

Figure 28 illustrates one more possible way of creation additional chemical bonds between 
Al atoms and graphene fragments. Free end bonds can serve as additional sites of linking Al 
atoms providing better adhesion between metal matrix and graphene filler with binding  
energy as large as 4.2 eV in the case of “arm-chair” edge and 3.5 eV for “zig-zag” edge.  

3.Conclusion 
Some stable  radiation defect configurations, involving single adsorbed carbon atom, 3D C-
dumbbell defect and a vacancy-like defect in graphene sheet, associated  with a dumbbell  of 
adsorbed atoms as well as complex interior  defects : bridge-like  radiation defects, which 
can originate under fast electron or ions irradiation and attach metal atoms,  were simulated. 
The binding energy, structure characteristics and some electron characteristics of defects 
have been determined by using molecular dynamics, MO LCAO and DFT. Our calculations 
show, that electronic properties of graphene fragments are rather stable to radiation damage 
in the form of vacancies and dumbbells. Results of simulations and calculations also show, 
that special kind of radiation defects, namely  bridge-like radiation defects produced by 
irradiation with fast electrons or ions can become an effective technological tool by 
production of composite materials, based on light metal matrices with carbon 
nanostructures, in particular, graphene’s fragments,  as reinforcement  elements. 
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1. Introduction 
Hydrogenation of carbon materials has been attracting a wide range of interests as an 
application of hydrogen storage materials in hydrogen-powered automobile as well as a 
methodology to manipulate the electric properties of carbon materials. Graphene with 
unique electronic, thermal and mechanical properties has been investigated as one of the 
most promising candidates for the next generation of electronic materials (Geim, 2009). 
However, several major challenges have to be tackled before the widespread application of 
graphene. For example, the absence of a band gap in the electronic spectrum of intrinsic 
graphene and the Klein paradox as a consequence of the Dirac-type nature of the charge 
carriers (Novoselov et al., 2004; Rao et al., 2009). The most efficient way to overcome these 
problems is hydrogenation of graphene (Luo et al., 2009). The graphane (Sofo et al., 2007), a 
fully hydrogenated single layer of graphene, was suggested to possess the promising 
semiconductor properties with a band gap of around 3.5 eV theoretically. Very recently, 
Elias et al. (Elias et al, 2009) experimentally demonstrated the formation of graphane 
through the exposure of a graphene membrane to hydrogen plasma. Subsequently, the rate 
of hydrogenation process of multilayer graphene was found to strongly depend on the 
number of layers (Luo et al., 2009; Ryu et al., 2008). These discoveries open important 
perspectives for the application of graphene-based devices because the electronic gap in 
those graphanes could be controlled by the degree of hydrogenation (Elias et al., 2009; Zhou 
et al., 2009).  
The hydrogenation process of graphene in above experiments occurs through the exposure 
of graphene to the hydrogen plasma, which contains H+, H3+, H atoms and H2 molecules 
(Elias et al., 2009; Luo et al., 2009). One generally assumes that H atoms form covalent bonds 
with the carbon atoms in the graphene (Luo et al., 2009). In this chapter, alternative 
approaches to hydrogenate graphene will be proposed theoretically based on density 
functional theory (DFT) calculations. It suggests that the hydrogenation process can be 
realized through the exposure of graphene to molecular hydrogen gas in the presence of a 
strong perpendicular electric field. It has been demonstrated that an electric field can modify 
the chemical activity of materials (Liu et al., 2009). For example, the dissociation activation 
energy of molecular oxygen on Pt (111) is tunable by an applied electric field (Hyman et al., 
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functional theory (DFT) calculations. It suggests that the hydrogenation process can be 
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strong perpendicular electric field. It has been demonstrated that an electric field can modify 
the chemical activity of materials (Liu et al., 2009). For example, the dissociation activation 
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2005). To understand the mechanism of graphene hydrogenation with molecular hydrogen, 
the pathway of the dissociation of a H2 molecule and the subsequent atomic adsorption on 
graphene in the presence of an electric field will be investigated.  
On the other hand, it is believed that graphene nanoribbons (GNRs) offer the possibility to 
achieve tunable electronic properties. This is because their properties are highly dependent 
on their width and also the orientation of edges, for example, the GNRs can be turned from 
semiconducting to metallic by manipulating the structural parameters (Han et al., 2010; Jiao 
et al., 2010). Unfortunately, to manipulate the edge structure and width of freestanding 
GNRs is a very challenging experimental task (Han et al., 2010; Jiao et al., 2010). Both 
experimental data and the corresponding ab initio calculations demonstrated that the zigzag 
edge is metastable in vacuum due to a planar reconstruction to lower the energy of the 
system (Koskinen et al., 2009). Alternatively the high quality GNRs can be fabricated by 
selectively hydrogenating the graphene or by carving GNRs on a graphane sheet (Balog et 
al., 2010; Sessi et al., 2009; Singh et al., 2009). A bandgap opening in graphene, induced by 
the patterned absorption of atomic hydrogen, was recently found experimentally (Koskinen 
et al., 2009). Meanwhile, the hybrid graphene/graphane nanoribbons (GGNRs) were also 
studied by ab initio calculations (Hernández-Nieves et al., 2010; Lu et al., 2009; Singh et al., 
2010). It was shown that the bandgap of GGNRs is dominated by the graphene rather than 
the graphane (Hernández-Nieves et al., 2010; Lu et al., 2009; Singh et al., 2009). Its electronic 
and magnetic properties strongly depend on the degree of hydrogenation of the interface 
(Hernández-Nieves et al., 2010). However, the hydrogen diffusion associated with high 
mobility of the isolated H atoms on graphene has a strong influence on the stability of the 
graphene/graphane interface.  
In this chapter, in order to enhance the hydrogen storage capacity in graphene and also to 
manipulate the electronic properties of graphene, the hydrogenation of graphene with and 
without an applied electric field, as well as the stability of the graphene/graphane interface 
in the hybrid nanoribbons are studied through DFT calculations. The energy barriers for the 
hydrogenation reaction and the diffusion of H atoms located at the graphene/graphane 
interface are simulated using DFT. All the possible reaction and diffusion pathways are 
analyzed to find the minimum reaction and diffusion barriers.  

2. Hydrogenation of graphene 
2.1 Hydrogenation of pristine graphene 
In the simulation, all DFT calculations are implemented in the DMOL3 code (Delley, 2000). 
The local density approximation (LDA) with the PWC functional is employed as the 
exchange-correlation functional (Perdew & Wang, 1992). A double numerical plus 
polarization (DNP) is employed as the basis set. The convergence tolerance of energy is 
taken 10-5 Ha (1 Ha = 27.21 eV), and the maximum allowed force and displacement are 0.002 
Ha and 0.005 Å, respectively. To investigate the minimum energy pathway for the hydrogen 
dissociative adsorption on graphene, linear synchronous transition/quadratic synchronous 
transit (LST/QST) (Halgren & Lipscomb, 1977) and nudged elastic band (NBE) (Henkelman 
& Jonsson, 2000) tools in DMOL3 code are used, which have been well validated to find the 
structure of the transition state (TS) and the minimum energy pathway. In the simulation, 
three-dimensional periodic boundary conditions are taken. The computer simulation cell 
consists of a 22 graphene supercell with a vacuum width of 18 Å to minimize the interlayer 
interaction. The k-point is set to 20201, and all atoms are allowed to relax.  
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The adsorption energy of a molecular H2 on a pristine graphene layer Eb-H2 is defined as, 

 Eb-H2 = EH2-graphene–(Egraphene+EH2) (1a) 

where EH2-graphene, Egraphene, EH2 denote the energy of the system with a H2 molecule adsorbed 
on graphene, the energy of the graphene layer and a H2 molecule, respectively. For the case 
of atomic H chemically bonded on pristine graphene, the binding energy Eb-H is defined as, 

 Eb-H = [E2H+graphene–(Egraphene+2EH)]/2 (1b) 

where E2H+graphene is the energy of the system with 2 H atoms bound on the graphene layer, 
Egraphene is the energy of the graphene layer, and EH is the energy of a free H atom in the 
same slab lattice.  
 

 
Fig. 1. The initial (panel a) and final (panel b) structures for a H2 molecule dissociative 
adsorption on graphene. In this figure, a 22 supercell is shown where the gray and white 
balls are carbon and hydrogen atoms, respectively. The direction of the electric field is 
indicated by the arrow. (Reproduced with permission from Ref. (Ao & Peeters, 2010a). 
Copyright 2010, AIP) 

For the case of molecular hydrogen adsorbed on graphene, previous DFT reports showed 
that the H2 molecule is weakly physisorbed at the hollow site of graphene as shown in Fig. 
1(a) (Ao et al., 2009, Arellano et al., 2000). The distance between the H2 molecule and the 
graphene layer dH2-graphene is 2.612 Å with adsorption energy Eb-H2 = -0.153 eV, which are 
consistent with other simulation results of dH2-graphene = 2.635 Å and Eb-H2 = -0.159 eV (Ao et 
al., 2009), and dH2-graphene  2.8 Å and Eb-H2 = -0.133 eV (Okamoto et al., 2001). For the case of 
atomic hydrogen adsorption on graphene, the favorable configuration is two H atoms 
adsorbed on two face-by-face carbon atoms in the same hexagon as shown in Fig. 1(b), 
which is consistent with the reported DFT result (Miura et al., 2003). The C-H bond length 
lC-H is 1.125 Å with binding energy Eb-H = -2.184 eV, which agrees with another DFT result lC-

H = 1.13 Å (Miura et al., 2003). In addition, the C atoms bonded with the two H atoms move 
up towards the H atoms with about 0.32 Å and the C-C bond length lC-C is 1.493 Å. This is 
similar to the sp3 bond length of 1.53 Å in diamond while it is much longer than 1.420 Å for 
the sp2 carbon length. The reconstruction of the graphene layer was also reported by the 
others, in which the C atoms bonded with the H atoms move out of the graphene plane by 
0.35 Å (Miura et al., 2003). In this case, the carbon hexagon becomes more chemically active 
as it turns from sp2 bonding to sp3 like bonding (Miura et al., 2003). Based on the calculation 
of the band structure for the structure shown in Fig. 1(b), this hydrogenated graphene has a 
band gap of 3.4 eV, which is consistent with that of 3.5 eV for fully hydrogenated 
graphene—graphane (Sofo et al., 2007).  
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H = 1.13 Å (Miura et al., 2003). In addition, the C atoms bonded with the two H atoms move 
up towards the H atoms with about 0.32 Å and the C-C bond length lC-C is 1.493 Å. This is 
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others, in which the C atoms bonded with the H atoms move out of the graphene plane by 
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as it turns from sp2 bonding to sp3 like bonding (Miura et al., 2003). Based on the calculation 
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band gap of 3.4 eV, which is consistent with that of 3.5 eV for fully hydrogenated 
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Fig. 2. The reaction pathway of a H2 molecule that undergoes a dissociative adsorption on 
graphene for different electric field. IS, TS, FS, 1 and 2 represent initial structure, transition 
structure, final structure, energy minimum state 1 and 2, respectively. Their atomic 
structures are given by the inserts. The energy of FS is taken to be zero. The unit of F, Ebar 
and ER are a.u. and eV, respectively, where Ebar is the energy barrier and ER is the reaction 
energy. (Reproduced with permission from Ref. (Ao & Peeters, 2010a). Copyright 2010, AIP)  

The energy minimum pathway for a H2 molecule dissociative adsorption on graphene is 
from the structure depicted in Fig. 1(a) to the structure in Fig. 1(b), which agrees with the 
reported minimum pathway (Miura et al., 2003). Here, this dissociative adsorption pathway 
is shown in Fig. 2(a). From Fig. 2(a), the dissociative adsorption reaction barrier Ebar is 2.734 
eV, which is smaller than 3.3 eV as reported (Miura et al., 2003). Regarding the transition 
state (TS), the H2 molecule is dissociated into 2 free H atoms without any binding with the C 
atoms. After TS, these 2 H atoms bind with the C atoms and move to the exact top sites of 
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the C atoms shown as the final structure (FS) in Fig. 2(a). Thus, this is a two-step reaction. 
Step one is that the H2 molecule is dissociated into 2 free H atoms. Subsequently, the 2 H 
atoms are bound to the two C atoms. Step one needs an energy of 2.7 eV to overcome the 
potential barrier and the second step releases an energy of 1.9 eV. So totally the reaction 
energy is about 0.8 eV for the H2 dissociative adsorption on graphene. The dissociation of H2 
is the rate-limiting step because a large energy is required.  
Next the effect of an electric field F on this dissociative adsorption process is investigated, 
our numerical results are shown in Fig. 2. From the figure, in general Ebar increases with 
increasing F, and the reaction energy ER increases as the absolute value of F increases. 
However, there is an abnormal energy barrier value Ebar = 3.020 eV at F = -0.005 a.u., which 
is larger than those for F = -0.01 a.u. and F = 0 (1 a.u. = 5.141011 V/m). The physical 
interpretation of this abnormal Ebar value for F = -0.005 a.u. will be given later. Thus, such a 
negative electric field can act as a catalyst to significantly facilitate the hydrogenation 
process of graphene. However, ER increases as Ebar decreases with increasing absolute value 
of the negative electric field. In order to confirm the occurrence of hydrogenation reaction, 
the change of the Gibbs free energy G = H -TS is considered where H, T and S are the 
change of enthalpy, the reaction temperature and the change of entropy, respectively. From 
Fig. 2, one can see that the energies of the product are higher than those of reactant. So this 
hydrogenation process is an endothermic reaction, i.e. H > 0. On the other hand, molecular 
H2 is dissociated into two H atoms, this step leads to an increase of entropy, e.g. S > 0. 
Thus, if sufficient energy is available, which is the case at high temperature, G can become 
negative and the reaction will go smoothly and efficiently.  
The pathways for this reaction under different electric fields are given in Fig. 2. The energy 
minimum atomic structures of both reactant and product change in the presence of an 
electric field (Ao et al., 2008b). As shown in Fig. 2(b) at F = 0.01 a.u., the reactant was 
geometry optimized from the initial structure (IS) to the energy minimum state – State 1, 
where the physisorbed H2 molecule moves towards the carbon layer while a negative electric 
field pushes the H2 molecules upwards as shown in Figs. 2(c)-2(e). Under F = -0.02 a.u. as 
shown in Fig. 2(f), the H2 molecule in the reactant is dissociated into two free H atoms as 
indicated by State 1. On the other hand, the energies of FS in Figs. 2(e) and 2(f) are not minimal 
after the TS. Thus the reaction will be terminated at State 2 in both Figs. 2(e) and 2(f) if there is 
not sufficient energy available. At State 2 in Figs. 2(e) and 2(f), the H2 molecule is already 
dissociated. The free H atoms are considered to automatically bind with the C atoms once the 
applied electric field is removed since there is no potential barrier after H2 dissociation at TS as 
shown in Fig. 2(a). In addition, experiments have indicated that the graphene layer can be 
automatically hydrogenated by free H atoms (Elias et al., 2009; Luo et al., 2009). Notice that a 
negative Ebar -0.222 eV is found when F = -0.02 a.u.. In the other words, the reaction from IS to 
State 2 can automatically progress when F = -0.02 a.u., and subsequently we remove the 
electric field in order that the H atoms bind to the C atoms. In addition, in case of Fig. 2(c) there 
is an extra energy barrier before reaching the transition state of the whole reaction TS2, which 
may be the reason behind the appearance of abnormal Ebar value. 
The origin of the changes in Ebar with F can be understood through the analysis of the partial 
density of states (PDOS). Fig. 3 shows the PDOS of hydrogen and the p orbital of the carbon 
atoms at which the H2 molecule is dissociated and the H atoms are adsorbed. It is noted that 
the PDOS for both C and H atoms are changed. In general, the weight of the bands 
corresponding to the H atoms below the Fermi level increases as –F increases, while those of 
the C atoms decreases. These changes are induced by the electron transfer between the H 
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the C atoms shown as the final structure (FS) in Fig. 2(a). Thus, this is a two-step reaction. 
Step one is that the H2 molecule is dissociated into 2 free H atoms. Subsequently, the 2 H 
atoms are bound to the two C atoms. Step one needs an energy of 2.7 eV to overcome the 
potential barrier and the second step releases an energy of 1.9 eV. So totally the reaction 
energy is about 0.8 eV for the H2 dissociative adsorption on graphene. The dissociation of H2 
is the rate-limiting step because a large energy is required.  
Next the effect of an electric field F on this dissociative adsorption process is investigated, 
our numerical results are shown in Fig. 2. From the figure, in general Ebar increases with 
increasing F, and the reaction energy ER increases as the absolute value of F increases. 
However, there is an abnormal energy barrier value Ebar = 3.020 eV at F = -0.005 a.u., which 
is larger than those for F = -0.01 a.u. and F = 0 (1 a.u. = 5.141011 V/m). The physical 
interpretation of this abnormal Ebar value for F = -0.005 a.u. will be given later. Thus, such a 
negative electric field can act as a catalyst to significantly facilitate the hydrogenation 
process of graphene. However, ER increases as Ebar decreases with increasing absolute value 
of the negative electric field. In order to confirm the occurrence of hydrogenation reaction, 
the change of the Gibbs free energy G = H -TS is considered where H, T and S are the 
change of enthalpy, the reaction temperature and the change of entropy, respectively. From 
Fig. 2, one can see that the energies of the product are higher than those of reactant. So this 
hydrogenation process is an endothermic reaction, i.e. H > 0. On the other hand, molecular 
H2 is dissociated into two H atoms, this step leads to an increase of entropy, e.g. S > 0. 
Thus, if sufficient energy is available, which is the case at high temperature, G can become 
negative and the reaction will go smoothly and efficiently.  
The pathways for this reaction under different electric fields are given in Fig. 2. The energy 
minimum atomic structures of both reactant and product change in the presence of an 
electric field (Ao et al., 2008b). As shown in Fig. 2(b) at F = 0.01 a.u., the reactant was 
geometry optimized from the initial structure (IS) to the energy minimum state – State 1, 
where the physisorbed H2 molecule moves towards the carbon layer while a negative electric 
field pushes the H2 molecules upwards as shown in Figs. 2(c)-2(e). Under F = -0.02 a.u. as 
shown in Fig. 2(f), the H2 molecule in the reactant is dissociated into two free H atoms as 
indicated by State 1. On the other hand, the energies of FS in Figs. 2(e) and 2(f) are not minimal 
after the TS. Thus the reaction will be terminated at State 2 in both Figs. 2(e) and 2(f) if there is 
not sufficient energy available. At State 2 in Figs. 2(e) and 2(f), the H2 molecule is already 
dissociated. The free H atoms are considered to automatically bind with the C atoms once the 
applied electric field is removed since there is no potential barrier after H2 dissociation at TS as 
shown in Fig. 2(a). In addition, experiments have indicated that the graphene layer can be 
automatically hydrogenated by free H atoms (Elias et al., 2009; Luo et al., 2009). Notice that a 
negative Ebar -0.222 eV is found when F = -0.02 a.u.. In the other words, the reaction from IS to 
State 2 can automatically progress when F = -0.02 a.u., and subsequently we remove the 
electric field in order that the H atoms bind to the C atoms. In addition, in case of Fig. 2(c) there 
is an extra energy barrier before reaching the transition state of the whole reaction TS2, which 
may be the reason behind the appearance of abnormal Ebar value. 
The origin of the changes in Ebar with F can be understood through the analysis of the partial 
density of states (PDOS). Fig. 3 shows the PDOS of hydrogen and the p orbital of the carbon 
atoms at which the H2 molecule is dissociated and the H atoms are adsorbed. It is noted that 
the PDOS for both C and H atoms are changed. In general, the weight of the bands 
corresponding to the H atoms below the Fermi level increases as –F increases, while those of 
the C atoms decreases. These changes are induced by the electron transfer between the H 
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and the C atoms. In the presence of a negative electric field, electrons flow from the C atoms 
at the bottom to H atoms at the top, and more charge is transferred as –F increases. The 
strength of the interaction and the trend in Ebar can be explained by considering the 
positions and weights of the interaction between the bands of carbon and hydrogen. Based 
on the position of the bands, it is possible to identify the character of the C-H bands. The 
lowest C-H band around -8 ~ -10 eV are due to the interaction of the H g state and the C Pz 
state (Zhang & Cho, et al., 2007). The second lowest C-H band around -3 ~ -5 eV is most 
likely related to the bonding interaction of H u and C Pz states as they are above the H g 
state. The H u and the antibonding C Pz states above the Fermi level result in the highest C-
H band, which determines the strength of the interaction and thus determines the energy 
barrier heights of the transition states (Arellano et al., 2000). As one can see from Figs. 3(e) 
and 3(f), the PDOS of the highest C-H bands are depressed and the lowest and the second 
lowest C-H bands are strongly enhanced. This agrees with the result in Fig. 2 that the barrier 
decreases to 1.226 eV at F = -0.015 a.u. and a negative Ebar -0.222 eV is found at F = -0.02 a.u. 
 

 
Fig. 3. Partial density of states (PDOS) of the hydrogen and the carbon atoms which are 
bond with hydrogen in the presences of different electric fields. The black and blue curves 
are the PDOS of the two H atoms and p orbit of the two C atoms at the transition states. The 
vertical lines indicate the Fermi level. (Reproduced with permission from Ref. (Ao & 
Peeters, 2010a). Copyright 2010, AIP)  
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2.2 Hydrogenation of N-doped graphene 
As shown in the last section, the process of hydrogenation in pristine graphene is divided 
into two steps: molecular hydrogen dissociation under the electric field and the formation of 
covalent bonds between the dissociated H atoms and C atoms after removing the electric 
field. This two-step hydrogenation process prevents the efficiency of graphene 
hydrogenation, and it is desirable to propose a direct hydrogenation approach, i.e. to find a 
way to reduce both the reaction barrier and reaction energy.  
Doping of graphene is usually used to functionalize graphene (Rao et al., 2009). For 
example, Al-doped graphene was theoretically found to significantly enhance CO 
adsorption, where CO is found to be chemically adsorbed on the doped Al atom (Ao et al., 
2008a). The gas adsorption properties of graphene with other elements, such as N, B and S, 
were systemically investigated using density functional theory (Dai et al., 2009). Recently, an 
ab initio study of hydrogen interaction with N-doped carbon nanotubes (CNTs) showed that 
CNTs with nitrogen reduced the energy barrier of hydrogen dissociation from 1.3 eV to 0.9 
eV (Zhang & Cho, 2007). In addition, N-doped graphene has been prepared by carrying out 
arc discharge in the presence of H2 and pyridine or H2 and ammonia. Transformation of 
nanodiamond in the presence of pyridine also yields N-doped graphene (Panchakarla et al., 
2009). N-doped graphene can also be synthesized by the chemical vapor deposition method 
(Wei et al., 2009) and through electrothermal reaction with ammonia (Wang et al., 2009). 
Therefore, in this section, the pathway for H2 molecular dissociative adsorption on N-doped 
graphene under electric field through DFT calculations is investigated.  
All DFT calculations are performed with the DMOL3 code (Delley, 1990; 2000), and have the 
same settings as in section 2.1. The binding energy of an N atom on the graphene layer Eb-N 
is defined as, 

 Eb-N = EN-graphene–(Ev-graphene+EN)  (1c) 

where EN-graphene, Ev-graphene and EN are the energy of the system with an N atom doped into 
the graphene layer, the energy of a pristine graphene layer with a vacancy defect and the 
energy of a free N atom in the slab, respectively. 

2.2.1 The adsorption of hydrogen on N-doped graphene 
As reported, the H2 molecule is weakly adsorbed on pristine graphene, which is the reason 
why many people paid a lot of attention to modify graphene through doping or using the 
other methods to enhance the interaction between hydrogen and graphene (Ao et al., 2009; 
2010a; Ataca et al., 2009). The energetic favorable adsorption configurations of one H2 
molecule and two H atoms on pristine graphene surface are given in Fig. 1, and the 
corresponding discussion on the structure changes before and after hydrogenation are also 
shown in section 2.1. The band structures of pristine graphene, the system of a H2 molecule 
physi-adsorbed on graphene, and the system of graphene with 2 H atoms chemically 
adsorbed are shown in Figs. 4(a), 4(b) and 4(c), respectively. One can clearly see that pristine 
graphene has a zero band gap as expected (Elias et al., 2009; Rao et al., 2009; Shevlin & Guo, 
2009; Sofo et al., 2007). After H2 molecular adsorption, there is almost no change in the band 
structure and the zero band gap remains. In fact, it is a simple combination of the band 
structure of pristine graphene and the H2 molecule. However, for the band structure of 2 H 
atoms chemically adsorbed on graphene, the significant changes are found near the Fermi 
level. It has an indirect band gap of 3.4 eV where the top of the valence band is located at the 
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covalent bonds between the dissociated H atoms and C atoms after removing the electric 
field. This two-step hydrogenation process prevents the efficiency of graphene 
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way to reduce both the reaction barrier and reaction energy.  
Doping of graphene is usually used to functionalize graphene (Rao et al., 2009). For 
example, Al-doped graphene was theoretically found to significantly enhance CO 
adsorption, where CO is found to be chemically adsorbed on the doped Al atom (Ao et al., 
2008a). The gas adsorption properties of graphene with other elements, such as N, B and S, 
were systemically investigated using density functional theory (Dai et al., 2009). Recently, an 
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is defined as, 
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M point and the bottom of the conductive band is at the Γ point. The band gap is consistent 
with that of 3.5 eV for fully hydrogenated graphene—graphane (Sofo et al., 2007). Note that 
all C atoms are fully bonded and there are no unpaired electrons. Therefore, no net spin 
extists in this system. For half-hydrogenated graphene as shown in Fig. 3(a) of the Ref. 
(Zhou et al., 2009b), strong -bonds are formed between C and H atoms and the -bonding 
network formed by p orbitals of the carbon ring is broken, leaving the electrons in the 
unhydrogenated C atoms localized and unpaired where spins come out. These spins 
decrease the band gap energy to 0.43 eV significantly (Zhou et al., 2009a, 2009b). In our case, 
the two H atoms are dissociative adsorbed on two face-by-face C atoms where all electrons 
in this system are paired without spins, similar to the status of fully hydrogenated 
graphene-graphane. The accuracy of such a LDA of the system used here has been verified 
by many other studies (Yao et al., 2007). 
 

 
Fig. 4. The band structure of pristine graphene (a), the system with a H2 molecule adsorbed 
on pristine graphene (b), the system with 2 H atoms chemically adsorbed on pristine 
graphene (c), N-doped graphene (d), the system with a H2 molecule adsorbed on the N-
doped graphene (e), and the system with 2 H atoms chemically adsorbed on the N-doped 
graphene (f). In the figure, a 22 supercell of graphene is taken, and the dash lines are the 
position of the Fermi level. (Reproduced with permission from Ref. (Ao & Peeters, 2010b). 
Copyright 2010, ACS) 
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Fig. 5. The atomic structure of the N-doped graphene (a), a H2 molecule adsorbed on the N-
doped graphene (b) and 2 H atoms dissociative adsorbed on N-doped graphene (c). The 
blue sphere is an N atom. (Reproduced with permission from Ref. (Ao & Peeters, 2010b). 
Copyright 2010, ACS) 

Doping graphene by both electrons and holes changes its electronic structure significantly 
(Rao et al., 2009). Recently, the nitrogen doped graphene was prepared by arc discharge of 
graphite electrodes in the presence of H2, He, and NH3 (Panchakarala et al., 2009), chemical 
vapor deposition (Wei et al., 2009), or through the electrothermal reaction with ammonia 
(Wang et al., 2009). Furthermore, using ab initio calculations, N-doped CNTs was reported to 
reduce the energy barrier of hydrogen molecule dissociative adsorption (Zhang & Cho, 
2007). Therefore, the effect of N doping on the dissociative adsorption of a H2 molecule is 
considered. In the experiment, N atoms substitute the C atoms in graphene. The doping 
concentration can be controlled by adjusting the experimental parameters, such as the ratio 
among H2, He2 and NH3 (Panchakarla et al., 2009). In this simulation, a 22 supercell for 
graphene is taken, one of the C atoms is replaced by a N atom, which leads to the ratio of 
N:C = 1:7. After geometry optimization, the N-doped graphene still keeps the planar feature 
with a small shrinkage of C-N bond length lC-N = 1.41 Å, which lC-C = 1.42 Å in pristine 
graphene. This is consistent with the other simulation results (Dai et al., 2009). The structure 
with N doping is shown in Fig. 5(a).  
In the arc discharge doping process, the vacancy defects in graphene were induced, thus 
allowing the N atoms from NH3 to adsorb at the vacancies and forming the covalent bonds 
with C atoms (Panchakarla et al., 2009). In this case, the binding energy Eb-N between N and 
graphene layer can be determined by Eq. (1c). It was found that Eb-N is as strong as -12.65 
eV/atom. For graphite the C-C binding energy was reported to be -9.55 eV/atom (Sofo et 
al., 2007). Therefore, it is favorable to form N-C bonds in the presence of a N atom, although 
there is an energy barrier for the reaction, which can be overcome through decalescence or 
by arc discharge technique in the experiment.  
The favorable atomic structure of a H2 molecule physi-adsorbed on the N-doped graphene 
is shown in Fig. 5(b). The result shows that the planar structure remains and the adsorbed 
H2 molecule is located on the hollow site of the carbon hexagon. The distance dH2-graphene and 
adsorption energy Eb-H2 are respectively 2.615 Å and -0.159 eV, which are similar to the 
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(Wang et al., 2009). Furthermore, using ab initio calculations, N-doped CNTs was reported to 
reduce the energy barrier of hydrogen molecule dissociative adsorption (Zhang & Cho, 
2007). Therefore, the effect of N doping on the dissociative adsorption of a H2 molecule is 
considered. In the experiment, N atoms substitute the C atoms in graphene. The doping 
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among H2, He2 and NH3 (Panchakarla et al., 2009). In this simulation, a 22 supercell for 
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N:C = 1:7. After geometry optimization, the N-doped graphene still keeps the planar feature 
with a small shrinkage of C-N bond length lC-N = 1.41 Å, which lC-C = 1.42 Å in pristine 
graphene. This is consistent with the other simulation results (Dai et al., 2009). The structure 
with N doping is shown in Fig. 5(a).  
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graphene layer can be determined by Eq. (1c). It was found that Eb-N is as strong as -12.65 
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al., 2007). Therefore, it is favorable to form N-C bonds in the presence of a N atom, although 
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is shown in Fig. 5(b). The result shows that the planar structure remains and the adsorbed 
H2 molecule is located on the hollow site of the carbon hexagon. The distance dH2-graphene and 
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results above for a H2 molecule physi-adsorption on pristine graphene. In the other words, 
doping N into graphene has only little effect on H2 physisorption.  
Different from the aforementioned physic-adsorbed H2, the favorable atomic structure of 2 
H atoms chemically bonded on the C atoms is given in Fig. 5(c). Similar results for the case 
of pristine graphene are obtained, where the average binding energy for the C-H bonds Eb-H 
is -2.028 eV and the C atoms binding with the H atoms move upwards by about 0.35 Å. 
However, the bond lengths for the two C-H bonds lC1-H5 and lC4-H6 are different; they are 
1.122 and 1.132 Å, respectively. Meanwhile, the doped N atom moves downwards with 
about 0.1 Å. Note that the 2 H atoms were adsorbed at two C atoms that are asymmetric. H5 
was adsorbed onto C1, but H6 was adsorbed on C4 not C3 which is symmetric with C1 as 
shown in Fig. 5(c). To investigate the effect of cell size on the adsorption sites of H atoms on 
graphene, the cell size is increased to a 4 × 4 supercell. It was found that the two H atoms 
still prefer to take the sites of the C atoms near to the N atom.  
Fig. 6 shows a H2 molecule dissociative adsorption pathway on the N-doped graphene. 
Following the reaction coordinate, the reaction energy barrier is 2.522 eV, which is a little 
smaller than 2.734 eV for the H2 molecule dissociative adsorption on pristine graphene. The 
result is consistent with the report that N doping into CNTs would reduce the energy 
barrier of molecular hydrogen dissociative adsorption (Zhang & Cho, 2007). Besides the 
initial and final structures of the reaction, the atomic structure with the minimum energy 
state, State 1, and the transition state are also given in Fig. 6. For State 1, the H2 molecule 
diffuses from the hollow site of the carbon hexagon to a site near the doped N atom before 
the transition state. For the transition state, the H2 molecule is already dissociated into 2 H 
atoms but only H5 is adsorbed on C1 and H6 is a free atom near C4. Subsequently, H6 is 
also adsorbed as shown in the final structure. Such a reaction pathway explains why the two 
H atoms are not adsorbed onto two C atoms with symmetry, since the adsorption of the two 
H atoms does not occur at the same time. The adsorption of the first H atom would change 
the electronic distribution and also the chemical reactivity of each C atom.  
 

 
Fig. 6. The reaction pathway of a H2 molecule dissociative adsorbed on a N-doped graphene 
layer. (Reproduced with permission from Ref. (Ao & Peeters, 2010b). Copyright 2010, ACS) 
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The band structures of N-doped graphene, the system with a H2 molecule physi-adsorbed 
on N-doped graphene, and the system with 2 H atoms chemically adsorbed on N-doped 
graphene are given in Figs. 4(d), 4(e) and 4(f), respectively. It is clearly shown in Fig. 4(d) 
that there is an energy gap between the valence and conduction bands at the K point with N 
doping. The direct band gap is about 0.7 eV. As clarified by the others (Martine et al., 2007), 
the doping atoms enter into the lattice of graphene, form covalent bonds with the C atoms 
and change the atomic structure of graphene. This would largely modify the electronic 
structure of graphene and suppress the density of states near the Fermi level, thus a gap is 
opened between the valence and conduction bands. After a H2 molecule is adsorbed, the 
band structure of the system is not fundamentally changed. However, for the system of 2 H 
atoms adsorbed on N-doped graphene, the band structure changes a lot and an indirect 
band gap of around 3 eV is found. The top of the valence band is located at the K point and 
the bottom of the conduction band is at the Γ point. Therefore, doping N into graphene has 
no significant effect for the H2 molecule physisorption and only slightly reduces the 
dissociation energy barrier. However, for the band structure of graphene, doping N would 
induce a band gap energy of ~0.7 eV. Thus, similar to the N-doped CNTs (Zhou et al., 2006), 
N-doped graphene exhibits semiconductor behavior, which leads to a decreased 
conductivity, an improved on/off ratio and a Schottky barrier when electrodes are added.  

2.2.2 The effect of an applied electric field on the dissociative adsorption 
As a perpendicular electric field F will lead to a polarization of the charge density, it will 
have an effect on the dissociative adsorption of hydrogen. To investigate the effect of the 
electric field on the hydrogen dissociation desorption on N-doped graphene, a 
perpendicular electric field is applied on the N-doped graphene system. The energies of the 
initial structures, transition structures, final structures, reaction barriers and reaction 
energies of a H2 molecule dissociative adsorbed on N-doped graphene under different 
electric fields are given in Table 1. It is found that the positive electric field reduces the 
barrier significantly in the N-doped graphene system. When increasing the electric field to F 
= 0.009 a.u. (1 a.u. = 5.141011 V/m), no barrier is found, the reaction occurs automatically. 
Note that for F  0.005 a.u., the reaction energy is negative in the N-doped system and it 
decreases as F increases. A negative electric field is also applied in this system, the negative 
electric field leads to an increase of the energy barrier. It is understandable that reversing the 
electric field has an opposite effect on the energy barrier for hydrogen dissociative 
adsorption due to the polarization effect of the electric field. Therefore, Table 2 gives the 
atomic charges of the two H atoms and the two C atoms which are bound to the two H 
atoms, at the transition state in the presence of different electric fields in N-doped graphene. 
As shown in the table, electrons move towards the H atoms with increasing F, while the 
opposite behavior is found for the two C atoms and the N atom. Thus a positive electric field 
leads to a transfer of electrons from the bottom atoms to the top atoms and a negative 
electric field has the opposite effect.  
It is interesting to notice that the reaction barrier is negative, i.e. -0.895 eV, for a H2 molecule 
dissociative adsorbed on N-doped graphene under a 0.009 a.u. electric field. Therefore, this 
reaction pathway is shown in Fig. 7. As shown in this figure, there are two transition states 
TS1 and TS2, and two minimum energy states: State 1 and State 2. For State 1 and State 2, 
the two dissociative H atoms bond on C1 and C4, which are closest to the doped N atom. 
For TS1 and TS2, the H2 molecule is dissociated and only one H atom is bonded with C1, 
which is closest to the doped N atom. Another H atom is free. However, the positions of the 
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electric field leads to an increase of the energy barrier. It is understandable that reversing the 
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free H atom are different for the two transition states. The configurations of the two 
transition states are similar to that in the N-doped graphene system without electric field, 
where there is also one H atom bonded on C1 and another is free.  
 

 F 
(a.u.) 

Energy of 
reactant 

(Ha) 

Energy of 
production 

(Ha) 

Transition 
state (Ha) 

Dissociation 
barrier (eV) 

Reaction 
energy (eV) 

Pristine 
graphene 0 -303.482 -303.452 -303.382 2.734 0.828 

N-doped 
graphene 

0 -320.010 -319.966 -319.918 2.522 1.205 
0.005 -319.924 -319.941 -319.891 0.878 -0.480 
0.009 -319.940 -320.022 -319.973 -0.895 -2.241 
-0.005 -319.903 -319.828 -319.791 3.033 2.046 

Table 1. The energies of reactants, productions, transition state, dissociation barriers and 
reaction energies for the reaction of a H2 molecule with pristine graphene or with N-doped 
graphene and 2 H atoms bond on pristine graphene or on N-doped graphene in the 
presence of different electric fields.  

 
 Atom F=-0.005 F=0 F=0.005 F=0.01 

N-doped 
graphene 

H5 0.287 0.126 -0.024 -0.115 
H6 0.226 -0.031 -0.291 -0.402 
C1 -0.293 -0.206 -0.113 -0.071 
C4 -0.264 -0.104 0.008 0.102 
N -0.414 -0.378 -0.368 -0.346 

Table 2. Atomic charge of the two H atoms and the two C atoms which are bonded with the 
two H atoms, at the transition state under different electric field in N-doped graphene. The 
different atoms are numbered which are given in Fig. 5. The units of the charge and electric 
filed are |e| and a.u., respectively. 

The reaction barrier -0.895 eV is the energy difference between IS and TS2. In this reaction 
process, there are two barriers that should be overcome, State 1 to TS1 with a barrier of 0.966 
eV, and State 2 to TS2 with a barrier of 0.801 eV. However, the energy from the exothermic 
process of IS to State 1 is sufficient to support the endothermic process from State 1 to TS2. 
In the other words, the dissociative adsorption reaction can occur automatically if the 
energy created from IS to State 1 can be used to provide the energy needed from State 1 to 
TS2. Further increasing the electric field beyond 0.009 a.u., no transition state is found and 
the final structure can be obtained directly even by the geometry optimization method. 
Therefore, the electric field can induce molecular hydrogen dissociative adsorption in the N-
doped graphene system, and the process changes from an endothermic to an exothermic 
reaction. It means that the electric field and N doping act as the catalyses of H2 dissociation.  
The origin of the differences in the energy barrier of hydrogen dissociative adsorption on 
graphene can be understood through the analysis of the partial density of states (PDOS). 
Fig. 8 shows the PDOS of the hydrogen and carbon atoms which the H2 molecule dissociates 
and is adsorbed on for different electric field. The interaction between the hydrogen and 
graphene atoms is mainly determined by the bonding and antibonding interactions between  
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Fig. 7. The reaction pathway of a H2 molecule dissociative adsorption on N-doped graphene 
in the presence of an electric field F = 0.009 a.u. (1 a.u. = 5.141011 V/m). In this figure, there 
are 2 transition states TS1 and TS2. (Reproduced with permission from Ref. (Ao & Peeters, 
2010b). Copyright 2010, ACS) 

the g and u states of hydrogen and the p state of the carbon atoms directed perpendicular 
to graphene (pz) which bond with the hydrogen atoms. The C pz-band, which participates 
strongly in bonding with hydrogen, can be identified between the Fermi level and  ~-2 eV in 
the PDOS of C atoms of isolated graphene. These bands almost disappear in the plots of the 
PDOS of the C atoms with interaction with H atoms in the 2H/graphene system. Therefore, 
the strength of the interaction and the trends in the dissociative adsorption energy barriers can 
be explained by considering the positions and weights of the bonding and antibonding states 
between the C pz and hydrogen bands. At the position of the C-H bands, there are distinctive 
differences in the PDOS of the C atoms with and without H interaction. At the other positions, 
their PDOS are almost identical. Based on the positions of the bands of C and H atoms, the 
character of the C-H bands can be easily assigned. The lowest C-H band around -8 eV are 
obviously due to the interaction of the H g state and C pz state. The second lowest C-H band 
around -4 eV is mostly due to the bonding interaction of H u and C pz states since they are 
above the H g state. The highest C-H bands are due to a combination of the interaction 
between the C pz and H u states, and between the H u and the antibonding C pz states above 
the Fermi level. The position and weight of the highest C-H bands determine the strength of 
the interaction and thus determine the energy barrier heights of the transition states (Zhang & 
Cho, 2007). As one can see from Figs. 8(a) and 8(b), the third C-H bands correspond to the high 
energy barrier as shown in Table 1. In Fig. 8(d), the weight of the third C-H band is smallest 
and this case has the lowest energy barrier while the weight of the third C-H band is the 
largest in Fig. 8(a) and it has the highest barrier, which agrees with the result in Table 1. When 
comparing Figs. 8(a) and 8(b), N doping induces a weight increase of the two lowest C-H 
bands and a weight decrease of the highest C-H band slightly. On the other hand, the presence 
of an electric field leads to a weight increase of the two lowest C-H bands and a weight 
decrease of the highest C-H band for the hydrogen dissociative adsorption in the N-doped 
graphene system. These confirm that N doping and a positive electric field have catalytic 
effects on hydrogen dissociative adsorption.  
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free H atom are different for the two transition states. The configurations of the two 
transition states are similar to that in the N-doped graphene system without electric field, 
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Cho, 2007). As one can see from Figs. 8(a) and 8(b), the third C-H bands correspond to the high 
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comparing Figs. 8(a) and 8(b), N doping induces a weight increase of the two lowest C-H 
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graphene system. These confirm that N doping and a positive electric field have catalytic 
effects on hydrogen dissociative adsorption.  
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The hydrogenated graphene, i.e. graphane, was first synthesized in 2009 by exposing 
graphene to a hydrogen plasma (Elias et al., 2009). Here, a new promising approach is 
proposed to hydrogenate graphene. With this technique, the hydrogenation can be realized 
automatically. The hydrogenated N-doped graphene has two very attractive properties for 
applications. It has a very high volumetric and gravimetric hydrogen density if fully 
hydrogenated, and has a band gap around 3 eV. The gravimetric capacity of 7.5 wt% 
hydrogen is higher than the 6 wt% hydrogen target indicated by the Department of Energy 
U.S. (DOE), and the volumetric hydrogen capacity of 0.12 kg H2/L is higher than the DOE 
target of 0.081 kg H2/L. Alternatively, the band gap of N-doped graphene is increased to 3 
eV after 2 H atoms are adsorbed, i.e. in the range of UV light. This is comparable to TiO2, 
graphitic C3N4 materials and porous graphene, which have shown the potential applications 
in photocatalyzed splitting of water into hydrogen (Du et al., 2010; Sum et al., 2002; Wang et 
al., 2008). These results suggest that the hydrogenated N-doped graphene may solve the 
band gap problem of graphene for nanoelectronic applications and display photocatalytic 
activity.  
 

 
Fig. 8. Partial density of states (PDOS) of the hydrogen and the carbon atoms which are 
bonded with hydrogen without and with N doping of graphene in the presence of different 
electric fields. (a) H2 dissociation over pristine graphene without electrical field. (b) H2 
dissociation over N-doped graphene without electrical field. (c) H2 dissociation over N-
doped graphene with F = 0.005 a.u.. (d) H2 dissociation over N-doped graphene with F = 
0.009 a.u.. The black and blue curves are the PDOS of the two H atoms and the two C atoms 
at the transition states, the red curves are the PDOS of the same C atoms in graphene 
without H, with graphene fixed at the same positions as in the transition states. The vertical 
lines indicate the Fermi level. (Reproduced with permission from Ref. (Ao & Peeters, 2010b). 
Copyright 2010, ACS)  

 
Hydrogenation of Graphene and Hydrogen Diffusion Behavior on Graphene/Graphane Interface 

 

67 

3. Diffusion of hydrogen on graphene/graphane interface 
As aforementioned, manipulating the edge structure and width of GNR is a way to tuning 
the electronic properties of graphene, such as opening its band gap. High quality GNRs can 
be fabricated by selectively hydrogenating graphene or by carving GNRs on a graphane 
sheet. However, the hydrogen diffusion has a strong influence on the stability of the 
graphene/graphane interface and such a phenomenon needs to be clarified. 
Similar to the studies above, the hydrogen diffusion behavior on the graphene/graphane 
interface is investigated with DFT calculation and all the DFT calculations were performed 
using the DMOL3 code (Delley, 2000). The generalized gradient approximation (GGA) with 
revised Perdew-Burke-Ernzerhof (RPBE) functional was employed as the exchange-
correlation functional (Hammer et al., 1999). A double numerical plus polarization (DNP) 
was used as the basis set, while the DFT semicore pseudopotentials (DSPP) core treatment 
was employed for relativistic effects that replaces core electrons by a single effective 
potential. Spin polarization was included in all our calculations. The convergence tolerance 
of energy was set to 10-5 Ha (1 Ha = 27.21 eV), and the maximum allowed force and 
displacement were 0.02 Ha and 0.005 Å, respectively. To investigate the diffusion pathways 
of hydrogen atoms at the graphene/graphane interface, linear synchronous 
transition/quadratic synchronous transit (LST/QST)(Halgren & Lipscomb, 2000) and 
nudged elastic band (NEB) (Henkelman & Jonsson, 2000) tools in DMOL3 code were used, 
which have been well validated in order to search for the structure of the transition state 
(TS) and the minimum energy pathway. In the simulations, three-dimensional periodic 
boundary conditions were imposed, and all the atoms are allowed to relax.  
The supercells used for the zigzag and armchair graphene/graphane nanoribbons are 
shown in Figs. 9(a) and 9(b), respectively. The interlayer interaction was minimized by 
allowing a vacuum width of 12 Å normal to the layer. For both type of nanoribbons, the C 
atoms are displaced from the C plane by about 0.29 Å due to the bonded H atoms. This 
value is similar to the shift of 0.32 Å that C atoms experience when a H2 molecule is 
dissociative adsorption on graphene (Ao & Peeters, 2010a). In both cases, this is a 
consequence of the change in the hybridization of the C atoms from sp2 in graphene to sp3 in 
graphane. In addition, for the zigzag GGNR both the graphene and the graphane 
nanoribbons are flat [see Fig. 9(a)]. However, the graphene and graphane layers are not in 
the same plane, they are connected with an angle of about 162 at the interface, which is 
consistent with previous reports (Hernández-Nieves et al., 2010; Lu & Feng, 2009). For the 
armchair GGNR [Fig. 9(b)], the graphene and graphane regions are almost in the same 
plane, while there is little curvature in the graphene nanoribbon.  
Now the stability of the two types of interfaces is analysed by calculating the diffusion 
barriers for hydrogen atoms. For the case of a zigzag interface, there are two different types 
of C and H atoms, which are indicated in Fig. 9(a) as sites A and B. For the diffusion of the H 
atom bonded to the C atom at site A, there are two possible diffusion paths labeled as 1 and 
2 in Fig. 9(a). At the site B, there are three possible diffusion pathways for the H atom that 
we label as 3, 4 and 5. In the case of an armchair interface, all the C atoms at the interface are 
equivalent from a diffusion point of view. So there are five different diffusions pathways 
that are labeled as 6-10 in Fig. 9(b). When analysing the diffusion paths, it is found that all 
the diffusions are along linear pathways, and also that the H atom is free without directly 
binding to any C atom at the transition state.  
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The hydrogenated graphene, i.e. graphane, was first synthesized in 2009 by exposing 
graphene to a hydrogen plasma (Elias et al., 2009). Here, a new promising approach is 
proposed to hydrogenate graphene. With this technique, the hydrogenation can be realized 
automatically. The hydrogenated N-doped graphene has two very attractive properties for 
applications. It has a very high volumetric and gravimetric hydrogen density if fully 
hydrogenated, and has a band gap around 3 eV. The gravimetric capacity of 7.5 wt% 
hydrogen is higher than the 6 wt% hydrogen target indicated by the Department of Energy 
U.S. (DOE), and the volumetric hydrogen capacity of 0.12 kg H2/L is higher than the DOE 
target of 0.081 kg H2/L. Alternatively, the band gap of N-doped graphene is increased to 3 
eV after 2 H atoms are adsorbed, i.e. in the range of UV light. This is comparable to TiO2, 
graphitic C3N4 materials and porous graphene, which have shown the potential applications 
in photocatalyzed splitting of water into hydrogen (Du et al., 2010; Sum et al., 2002; Wang et 
al., 2008). These results suggest that the hydrogenated N-doped graphene may solve the 
band gap problem of graphene for nanoelectronic applications and display photocatalytic 
activity.  
 

 
Fig. 8. Partial density of states (PDOS) of the hydrogen and the carbon atoms which are 
bonded with hydrogen without and with N doping of graphene in the presence of different 
electric fields. (a) H2 dissociation over pristine graphene without electrical field. (b) H2 
dissociation over N-doped graphene without electrical field. (c) H2 dissociation over N-
doped graphene with F = 0.005 a.u.. (d) H2 dissociation over N-doped graphene with F = 
0.009 a.u.. The black and blue curves are the PDOS of the two H atoms and the two C atoms 
at the transition states, the red curves are the PDOS of the same C atoms in graphene 
without H, with graphene fixed at the same positions as in the transition states. The vertical 
lines indicate the Fermi level. (Reproduced with permission from Ref. (Ao & Peeters, 2010b). 
Copyright 2010, ACS)  
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3. Diffusion of hydrogen on graphene/graphane interface 
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revised Perdew-Burke-Ernzerhof (RPBE) functional was employed as the exchange-
correlation functional (Hammer et al., 1999). A double numerical plus polarization (DNP) 
was used as the basis set, while the DFT semicore pseudopotentials (DSPP) core treatment 
was employed for relativistic effects that replaces core electrons by a single effective 
potential. Spin polarization was included in all our calculations. The convergence tolerance 
of energy was set to 10-5 Ha (1 Ha = 27.21 eV), and the maximum allowed force and 
displacement were 0.02 Ha and 0.005 Å, respectively. To investigate the diffusion pathways 
of hydrogen atoms at the graphene/graphane interface, linear synchronous 
transition/quadratic synchronous transit (LST/QST)(Halgren & Lipscomb, 2000) and 
nudged elastic band (NEB) (Henkelman & Jonsson, 2000) tools in DMOL3 code were used, 
which have been well validated in order to search for the structure of the transition state 
(TS) and the minimum energy pathway. In the simulations, three-dimensional periodic 
boundary conditions were imposed, and all the atoms are allowed to relax.  
The supercells used for the zigzag and armchair graphene/graphane nanoribbons are 
shown in Figs. 9(a) and 9(b), respectively. The interlayer interaction was minimized by 
allowing a vacuum width of 12 Å normal to the layer. For both type of nanoribbons, the C 
atoms are displaced from the C plane by about 0.29 Å due to the bonded H atoms. This 
value is similar to the shift of 0.32 Å that C atoms experience when a H2 molecule is 
dissociative adsorption on graphene (Ao & Peeters, 2010a). In both cases, this is a 
consequence of the change in the hybridization of the C atoms from sp2 in graphene to sp3 in 
graphane. In addition, for the zigzag GGNR both the graphene and the graphane 
nanoribbons are flat [see Fig. 9(a)]. However, the graphene and graphane layers are not in 
the same plane, they are connected with an angle of about 162 at the interface, which is 
consistent with previous reports (Hernández-Nieves et al., 2010; Lu & Feng, 2009). For the 
armchair GGNR [Fig. 9(b)], the graphene and graphane regions are almost in the same 
plane, while there is little curvature in the graphene nanoribbon.  
Now the stability of the two types of interfaces is analysed by calculating the diffusion 
barriers for hydrogen atoms. For the case of a zigzag interface, there are two different types 
of C and H atoms, which are indicated in Fig. 9(a) as sites A and B. For the diffusion of the H 
atom bonded to the C atom at site A, there are two possible diffusion paths labeled as 1 and 
2 in Fig. 9(a). At the site B, there are three possible diffusion pathways for the H atom that 
we label as 3, 4 and 5. In the case of an armchair interface, all the C atoms at the interface are 
equivalent from a diffusion point of view. So there are five different diffusions pathways 
that are labeled as 6-10 in Fig. 9(b). When analysing the diffusion paths, it is found that all 
the diffusions are along linear pathways, and also that the H atom is free without directly 
binding to any C atom at the transition state.  
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Fig. 9. Atomic structure of graphene/graphane nanoribbons with (a) zigzag and (b) 
armchair interfaces after relaxation. The arrows indicate the different diffusion pathways 
considered. The gray and white spheres are C and H atoms, respectively. (Reproduced with 
permission from Ref. (Ao et al, 2010c). Copyright 2010, AIP) 

The diffusion barriers for the different paths and for both types of graphene/graphane 
interfaces are summarized in Table 3. For the zigzag interface, it is found that the barriers 
are 3.83, 4.48, 2.86, 3.64 and 3.86 eV for the pathways 15, respectively. Thus, the minimum 
diffusion barrier for the zigzag GGNRs involves H diffusion from the carbon atom at site B 
along the CC bond to its nearest carbon atom with an energy barrier of 2.86 eV. For the 
armchair interface, energy barriers for pathways 68 and 10 are 3.17, 4.07, 4.20 and 4.05 eV, 
respectively. The pathway number 9 involves H diffusion to the nearest C atom at site P. 
However, it is found that this diffusion cannot occur because during the geometry 
optimization, the H atom at site P diffuses back to the C atom at site I. Thus, the energy 
barrier for H diffusion in armchair interfaces can be minimized to 3.17 eV to the second 
nearest C atom along Path 6.  
Recently, it was reported that the diffusion barrier for a single hydrogen atom on pristine 
graphene layer is about 0.3 eV, which was obtained by DFT calculation using a similar 
method to this work (Boukhvalov, 2010). Furthermore, the diffusion barriers of transition-
metal (TM) atoms on graphene were reported in the range of 0.20.8 eV (Krasheninnikov et 
al., 2009). If the TM adatoms are coupled to a vacancy, the diffusion barrier would increase 
substantially, reaching to the range of 2.13.1 eV. Thus, it was claimed that adatoms with the 
barrier in such a magnitude are stable at room temperature (Krasheninnikov et al., 2009), 
supporting the notion that the stability of H atoms at GGNRs interfaces are enhanced 
greatly and rather stable at room temperature.  
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 Diffusion 
pathway EF-EI (eV) Diffusion 

barrier (eV) 
Zigzag 
interface 

1 1.77 3.83 
2 3.92 4.48 
3 1.90 2.86 
4 1.47 3.64 
5 1.17 3.86 

Armchair 
interface 

6 1.39 3.17 
7 2.48 4.07 
8 1.58 4.20 
9a   
10 1.09 4.05 

a It is found that this diffusion path cannot occur. 

Table 3. Diffusion barriers for several diffusion paths and energy differences between the 
states after and before the diffusion (EF-EI) in graphene/graphane nanoribbons.  

From above analysis, one can see that the minimum diffusion barriers for both of armchair 
and zigzag interfaces are about one order of magnitude larger than the energy barrier for H 
diffusion on pristine graphene. From Table 3, one can also see that all the aforementioned H 
diffusion processes imply increases of several electronic Volts in the energy of the system. 
At the same time, this indicates that after the diffusion the energy needed for recovering the 
system back to the initial perfect thermodynamic state is always lower than the energy 
needed for distorting the interfaces. The barriers for backward diffusion are defined as the 
difference of energy between the final and the transition states (EF-ET), and can be obtained 
from Table 3 as the difference between the values of EF-EI and the diffusion barrier (ET-EI). 
These demonstrate that the graphene/graphane interfaces are rather stable in both types of 
hybrid nanoribbons. 
Such stability enhancement can be understood by calculating the binding energy of the H 
atoms in the different conditions, which is proportional to the strength of the C-H bonds. 
The binding energies (Eb) were calculated by Eb=Ei-(Ef+EH), where Ei is the initial energy of 
the system, Ef is the energy of the system after removing the H atom, and EH is the energy of 
an isolated H atom. For the zigzag interface, we found that the binding energy of the C-H 
bond at sites A and B are -4.59 and -2.80 eV, respectively. While for an H atom at site I of the 
armchair interface, the binding energy is -3.35 eV. All these values are larger than the 
binding energy of an isolated H atom on a graphene supercell containing 32 C atoms that is 
equal to -0.88 eV. This indicates the stability enhancement of the H atoms at 
graphene/graphane interfaces. The results of the binding energies also explains why for the 
zigzag interface it is easier to move the H atoms from site B (Eb=-2.80 eV) than from site A 
(Eb=-4.59 eV). This explanation is also applicable for us to understand why moving the 
atoms at site B (Eb=-2.80eV) in the zigzag interface is easier than moving the H atoms at site I 
(Eb=-3.35eV) in the armchair interface. In addition, the C-H bond length at site A (1.108 Å) is 
smaller than that at site B (1.112 Å). It is believed that if one bond breaks, the remaining 
coordinated ones would become shorter and stronger (Sun et al., 2009; Zhang et al., 2009). 
As shown in Fig. 9(a), the C atom at site F binds with other three C atoms, while the C atoms 
at both sites A and B are bonded with three C atoms and one H atom. Therefore, Eb of C-C 
bond between sites B and F is greater than that between sites A and B. Such a strong C-C 
bond weakens the others bonding at site B including the C-H bond (Aizawa et al., 1990). 
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Fig. 9. Atomic structure of graphene/graphane nanoribbons with (a) zigzag and (b) 
armchair interfaces after relaxation. The arrows indicate the different diffusion pathways 
considered. The gray and white spheres are C and H atoms, respectively. (Reproduced with 
permission from Ref. (Ao et al, 2010c). Copyright 2010, AIP) 

The diffusion barriers for the different paths and for both types of graphene/graphane 
interfaces are summarized in Table 3. For the zigzag interface, it is found that the barriers 
are 3.83, 4.48, 2.86, 3.64 and 3.86 eV for the pathways 15, respectively. Thus, the minimum 
diffusion barrier for the zigzag GGNRs involves H diffusion from the carbon atom at site B 
along the CC bond to its nearest carbon atom with an energy barrier of 2.86 eV. For the 
armchair interface, energy barriers for pathways 68 and 10 are 3.17, 4.07, 4.20 and 4.05 eV, 
respectively. The pathway number 9 involves H diffusion to the nearest C atom at site P. 
However, it is found that this diffusion cannot occur because during the geometry 
optimization, the H atom at site P diffuses back to the C atom at site I. Thus, the energy 
barrier for H diffusion in armchair interfaces can be minimized to 3.17 eV to the second 
nearest C atom along Path 6.  
Recently, it was reported that the diffusion barrier for a single hydrogen atom on pristine 
graphene layer is about 0.3 eV, which was obtained by DFT calculation using a similar 
method to this work (Boukhvalov, 2010). Furthermore, the diffusion barriers of transition-
metal (TM) atoms on graphene were reported in the range of 0.20.8 eV (Krasheninnikov et 
al., 2009). If the TM adatoms are coupled to a vacancy, the diffusion barrier would increase 
substantially, reaching to the range of 2.13.1 eV. Thus, it was claimed that adatoms with the 
barrier in such a magnitude are stable at room temperature (Krasheninnikov et al., 2009), 
supporting the notion that the stability of H atoms at GGNRs interfaces are enhanced 
greatly and rather stable at room temperature.  
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Table 3. Diffusion barriers for several diffusion paths and energy differences between the 
states after and before the diffusion (EF-EI) in graphene/graphane nanoribbons.  

From above analysis, one can see that the minimum diffusion barriers for both of armchair 
and zigzag interfaces are about one order of magnitude larger than the energy barrier for H 
diffusion on pristine graphene. From Table 3, one can also see that all the aforementioned H 
diffusion processes imply increases of several electronic Volts in the energy of the system. 
At the same time, this indicates that after the diffusion the energy needed for recovering the 
system back to the initial perfect thermodynamic state is always lower than the energy 
needed for distorting the interfaces. The barriers for backward diffusion are defined as the 
difference of energy between the final and the transition states (EF-ET), and can be obtained 
from Table 3 as the difference between the values of EF-EI and the diffusion barrier (ET-EI). 
These demonstrate that the graphene/graphane interfaces are rather stable in both types of 
hybrid nanoribbons. 
Such stability enhancement can be understood by calculating the binding energy of the H 
atoms in the different conditions, which is proportional to the strength of the C-H bonds. 
The binding energies (Eb) were calculated by Eb=Ei-(Ef+EH), where Ei is the initial energy of 
the system, Ef is the energy of the system after removing the H atom, and EH is the energy of 
an isolated H atom. For the zigzag interface, we found that the binding energy of the C-H 
bond at sites A and B are -4.59 and -2.80 eV, respectively. While for an H atom at site I of the 
armchair interface, the binding energy is -3.35 eV. All these values are larger than the 
binding energy of an isolated H atom on a graphene supercell containing 32 C atoms that is 
equal to -0.88 eV. This indicates the stability enhancement of the H atoms at 
graphene/graphane interfaces. The results of the binding energies also explains why for the 
zigzag interface it is easier to move the H atoms from site B (Eb=-2.80 eV) than from site A 
(Eb=-4.59 eV). This explanation is also applicable for us to understand why moving the 
atoms at site B (Eb=-2.80eV) in the zigzag interface is easier than moving the H atoms at site I 
(Eb=-3.35eV) in the armchair interface. In addition, the C-H bond length at site A (1.108 Å) is 
smaller than that at site B (1.112 Å). It is believed that if one bond breaks, the remaining 
coordinated ones would become shorter and stronger (Sun et al., 2009; Zhang et al., 2009). 
As shown in Fig. 9(a), the C atom at site F binds with other three C atoms, while the C atoms 
at both sites A and B are bonded with three C atoms and one H atom. Therefore, Eb of C-C 
bond between sites B and F is greater than that between sites A and B. Such a strong C-C 
bond weakens the others bonding at site B including the C-H bond (Aizawa et al., 1990). 
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Hence, the C-H bond at site B is weaker than that at site A. The same explanation can be 
applicable to the case of armchair GGNR. On the other hand, C-C bond between sites R and 
I in Fig. 9(b) is weaker than that between sites A and B due to the effect from both C-C 
bonds between R and M as well as I and P. Thus, the Eb of C-H bond at site I is between 
those at sites A and B, which is consistent with the DFT result above. Therefore, the H atom 
at site B can diffuse easier and the GGNR with the armchair interface is more stable than the 
one with the zigzag interface.  
To further understand the mechanism behind of the higher stability of the H atom at site A, 
the atomic charges are analysed through the Mulliken method. Table 4 gives the atomic 
charges of atoms near the interfaces. One can see that atoms at both interfaces (i.e. at sites A, 
B, and I) are more charged than other atoms. At the interface, C atoms are more negative 
and the corresponding H atoms are more positive. Furthermore, it also shows that the both 
interfaces mainly affect the charge distribution of the first row of atoms at interfaces, while 
there is slight effect on the atoms of the second row at the armchair interface. This result 
agrees with the fact that an interface influences mainly the atoms of the first two rows (Sun, 
2007). It is known that the atomic charge is mostly affected by the atoms belonging to the 
same carbon ring, especially the nearest atoms. For the carbon and hydrogen atoms at the 
site A, they have similar nearest atoms as the sites in graphane region far apart from the 
interface, where the three nearest C atoms are bonded by sp3 orbitals. For the C and H atoms 
at site B, only two nearest C atoms are bonded by sp3 orbitals, the other one on its right hand 
side at site F is bonded by sp2 orbitals. Therefore, the effect of the interface on site B is  
 

 Atom Site C atom H atom 
Zigzag interface A -0.045 0.045 

B -0.086 0.057 
C -0.031 0.033 
D -0.030 0.033 
E -0.030 0.031 
F 0.009  
G 0.019  
H 0.009  

Armchair 
interface 

I -0.087 0.063 
J -0.042 0.038 
K -0.028 0.033 
L -0.029 0.031 
M 0.021  
N 0.005  
O 0.004  
P 0.021  
Q 0.021  

Table 4. Charges of C and H atoms at different sites on the graphene-graphane nanoribbons with 
different interfaces. The location of the sites is shown in Fig. 9, and the unit of charge is e. 
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stronger than that on the site A. On the other hand, for both sites A and B, there are three C 
atoms bonded by sp2 orbitals in the carbon ring. Thus, the charge distribution of the atoms 
on the both sites is affected by the interface. A similar explanation can be applied to the 
charge difference on the atoms at sites I and J at the armchair interface. Therefore, the C 
atom at site B (-0.086 e) is more chemically active than the one at site A (-0.045 e) because 
it has more electrons.  

4. Conclusion 
In summary, the reaction pathways of a H2 molecule dissociative adsorption on the pristine 
graphene and the N-doped graphene layer were investigated under a perpendicular applied 
electric field using DFT calculations. The corresponding atomic and electronic structures of 
the reactants, productions and transition states were analysed. The results show that the N 
doping and electric field facilitate the hydrogen dissociative adsorption. The energy barrier 
for hydrogen dissociative adsorption on N-doped graphene is suppressed by a positive 
electric field normal to the graphene surface, and the reaction can automatically occur when 
the electric field is increased above 0.005 a.u.. The origin of the differences in the energy 
barrier can be understood through the analysis of PDOS. N doping and the applied electric 
field are considered to diminish the third interaction band between C and H, which mainly 
determines the barrier height. Based these results, a promising approach to hydrogenate 
graphene is proposed. It can be used to enhance the hydrogen storage capacity, and also to 
manipulate the physical properties of graphene for the applications of nanoelectronic 
devices.  Such an exotic phenomenon is associated with its photocatalytic activity due to the 
band gap opening caused by the applied electric field and doping effects.  
On the other hand, the stability of graphene/graphane nanoribbons with both zigzag and 
armchair interfaces is studied by calculating the diffusion barriers of H atoms using DFT 
method. It is found that the H atoms can be firmly stabilized by the graphene/graphane 
interfaces effects. This is resulted by the increase of the C-H bond strength at the 
graphene/graphane interfaces. The results demonstrate that both zigzag and armchair 
graphene/graphane interfaces in hybrid nanoribbons are rather stable, thus increasing the 
feasibility for future technological applications of these systems. 
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Hence, the C-H bond at site B is weaker than that at site A. The same explanation can be 
applicable to the case of armchair GGNR. On the other hand, C-C bond between sites R and 
I in Fig. 9(b) is weaker than that between sites A and B due to the effect from both C-C 
bonds between R and M as well as I and P. Thus, the Eb of C-H bond at site I is between 
those at sites A and B, which is consistent with the DFT result above. Therefore, the H atom 
at site B can diffuse easier and the GGNR with the armchair interface is more stable than the 
one with the zigzag interface.  
To further understand the mechanism behind of the higher stability of the H atom at site A, 
the atomic charges are analysed through the Mulliken method. Table 4 gives the atomic 
charges of atoms near the interfaces. One can see that atoms at both interfaces (i.e. at sites A, 
B, and I) are more charged than other atoms. At the interface, C atoms are more negative 
and the corresponding H atoms are more positive. Furthermore, it also shows that the both 
interfaces mainly affect the charge distribution of the first row of atoms at interfaces, while 
there is slight effect on the atoms of the second row at the armchair interface. This result 
agrees with the fact that an interface influences mainly the atoms of the first two rows (Sun, 
2007). It is known that the atomic charge is mostly affected by the atoms belonging to the 
same carbon ring, especially the nearest atoms. For the carbon and hydrogen atoms at the 
site A, they have similar nearest atoms as the sites in graphane region far apart from the 
interface, where the three nearest C atoms are bonded by sp3 orbitals. For the C and H atoms 
at site B, only two nearest C atoms are bonded by sp3 orbitals, the other one on its right hand 
side at site F is bonded by sp2 orbitals. Therefore, the effect of the interface on site B is  
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stronger than that on the site A. On the other hand, for both sites A and B, there are three C 
atoms bonded by sp2 orbitals in the carbon ring. Thus, the charge distribution of the atoms 
on the both sites is affected by the interface. A similar explanation can be applied to the 
charge difference on the atoms at sites I and J at the armchair interface. Therefore, the C 
atom at site B (-0.086 e) is more chemically active than the one at site A (-0.045 e) because 
it has more electrons.  

4. Conclusion 
In summary, the reaction pathways of a H2 molecule dissociative adsorption on the pristine 
graphene and the N-doped graphene layer were investigated under a perpendicular applied 
electric field using DFT calculations. The corresponding atomic and electronic structures of 
the reactants, productions and transition states were analysed. The results show that the N 
doping and electric field facilitate the hydrogen dissociative adsorption. The energy barrier 
for hydrogen dissociative adsorption on N-doped graphene is suppressed by a positive 
electric field normal to the graphene surface, and the reaction can automatically occur when 
the electric field is increased above 0.005 a.u.. The origin of the differences in the energy 
barrier can be understood through the analysis of PDOS. N doping and the applied electric 
field are considered to diminish the third interaction band between C and H, which mainly 
determines the barrier height. Based these results, a promising approach to hydrogenate 
graphene is proposed. It can be used to enhance the hydrogen storage capacity, and also to 
manipulate the physical properties of graphene for the applications of nanoelectronic 
devices.  Such an exotic phenomenon is associated with its photocatalytic activity due to the 
band gap opening caused by the applied electric field and doping effects.  
On the other hand, the stability of graphene/graphane nanoribbons with both zigzag and 
armchair interfaces is studied by calculating the diffusion barriers of H atoms using DFT 
method. It is found that the H atoms can be firmly stabilized by the graphene/graphane 
interfaces effects. This is resulted by the increase of the C-H bond strength at the 
graphene/graphane interfaces. The results demonstrate that both zigzag and armchair 
graphene/graphane interfaces in hybrid nanoribbons are rather stable, thus increasing the 
feasibility for future technological applications of these systems. 
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1. Introduction  
Since it was first identified (Scheele, 1777), gas adsorption process had been investigated for 
more than two hundred years. Among the large number of phenomena nowadays 
recognized involved in adsorption, the attention of the scientific community was focused on 
two main issues. First, from the applied point of view, characterization of solid surfaces 
through the observed behavior of the adsorbed phase was pursued. Second, and from the 
more basic science perspective, elucidation of the nature and magnitude of the interaction 
forces for different experimental conditions and systems.  
Taking into account that the behavior of adsorbed molecules depends on the properties of 
both the solid surface and the adsorbate itself, and for somehow exploring basic aspect of 
the problem, we focused our attention only in a set of basic carbonaceous substrates and a 
small groups of simple adsorbates.  
We have organized this review in several sections, starting in Section 2 with a brief 
discussion of some carbonaceous surfaces associated to graphitic structures when they are 
considered at different scales. This section also deals with different carbon materials and 
their properties as well as how description of several basic structural units and orientation 
degrees emerge (Bandosz et al., 2003). In Section 3.1 the adsorption of different gases such as 
nitrogen, carbon dioxide, argon and methane are described, with special emphasis in the last 
one due to its environmental relevance (Beaver & Sircar, 2010; Wagner, 1996; Wuebbles, 
2000). Three approach to study gas adsorption on graphite surfaces that tackle the problem 
from different points of view where discussed (Albesa & Vicente, 2008): i) semi empirical 
quantum mechanical (SQM) model for gas – graphite interaction;  ii) Grand Canonical 
Monte Carlo (GCMC) simulations (D. Do & H. Do, 2005; Sabzyan & Babajani, 2005); and 
Mean–Field Approximation (MFA) of the lattice model. To emulate by GCMC simulations 
the interaction gas – surface several models are compared (Albesa et al., 2008), and then a 
unified description is utilized for the adsorption mechanism that therefore was not only 
merely based on the three above three mentioned theoretical tools, but also on experimental 
data. The results reveal changes occurred the adsorbed species, and also can be used to 
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small groups of simple adsorbates.  
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unified description is utilized for the adsorption mechanism that therefore was not only 
merely based on the three above three mentioned theoretical tools, but also on experimental 
data. The results reveal changes occurred the adsorbed species, and also can be used to 
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evaluate interaction energy between the gas and the graphite surface as the coverage 
increases; these allow elucidating somehow the role played by the substrate in adsorption 
process at different pressures and temperatures (Llanos et al., 2003; Steele, 1974). Section 3.2 
is devoted to study the adsorption of simple gases using graphitic curved surfaces, for this 
end we used abs initio density functional theory (DFT) calculations for graphene sheets 
whose surfaces had different curvature, and discuss the relation between these model 
systems and experimental data for adsorption on single wall carbon nanotubes (Albesa et 
al., 2009; Albesa et al. 2010). In section 4, Gas Separation, we present simulated adsorption 
isotherms obtained for two characteristic carbonaceous structures, graphite and single wall 
carbon nanotubes.  

2. Relation between different carbon and graphitic surfaces 
The great interest in graphitic surfaces stems from their high surface activity, associated 
with strong adsorbate–surface forces and large surface area. From the commercial point of 
view, such structures are generally cheap to produce, and can be prepared with different 
special characteristics. As a result of the strong covalent sp2 bonding in graphite, the 
distance C – C in graphite (0.142 nm) becomes shorter than the van der Waals radius of 
carbon (0.335 nm) giving a surface density of 38.2 atoms/nm2. 
The need to improve this activity, in order to have greater adsorption capacity and 
selectivity in mixture separation, has motivated the development of new carbon structures, 
related direct or indirectly to the graphitic ones. In few years the studies that began 
changing simple graphitic surfaces, rapidly grow beyond the broad word of fullerenes 
(Harris, 2003) and reach new and more exotic structures like nanotubes and nanohorns 
(Dresselhaus et al., 1996). 
The two most common allotropes of carbon that occur naturally are graphite and diamond. 
Graphite is assembled from parallel sheets of hexagonal carbon atoms arrays, each atom 
being linked to three other sp2 hybridized carbon atoms by sigma bonds or length 0.1415 
nm. The value of the in–plane lattice constant is 0.2456 nm. The parallel sheets, or graphene 
layers, or basal planes, are held in place by the delocalized p electrons and are 0.3354 nm 
apart. Diamond is assembled forming a tree – dimensional tetragonal network where each 
carbon atom is linked to four other sp3 hybridized atoms.  
The Can fullerenes are shell–like molecules consisting of n three–coordinated carbon atoms 
arranged as 12 pentagons and ½ (n – 20) hexagons where n is even, and greater than 20 
except 22. In spite of great a number of these molecules have been detected experimentally, 
only a few high–purity fullerenes are produced in macroscopic quantities. Fullerene 
molecules are essentially polyhedral rather than spherical and, increasing the number of 
carbon atoms, each fullerene can exist as one of several different isomers. 
Just like in order to obtain a fullerene one has to lose the original sheet constituted by 
hexagonal carbon rings (incorporating pentagonal rings to the atoms arrange), the single 
walled nanotube (SWNT) is other kind of structure where this not happen and graphene 
configuration is preserved. In other words, the unit cell of a SWNT is constructed from a 
portion of graphene sheet defined by the chiral vector Ch and the translation vector T. If a 
and b are the basis vectors, the chiral vector, Ch = na + mb, connects two equivalent sites on 
the graphene sheet at an angle defined by the so–called Hamada indices (n,m). The unit cell 
of a carbon nanotube is obtained by rolling up the graphene sheet (T, Ch) and joining the 
edges perpendicular to Ch to form a cylinder. There are three classes of nanotubes, i.e., zig – 
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zag, armchair and, chiral, corresponding to n  m = 0, n = m  0 and, n  m  0 respectively. 
From the Hamada indices one can define the diameter d = C/π and the length l = 3 C/dR of 
the nanotube unit cell, where C = a (m2 + mn + n2)½, a = 0.246 nm. , and dR the greatest 
common divisor of 2m +n and 2n+m. Multi wall nanotubes (MWNT) are constructed from a 
number of concentric SWNT. Carbon nanotubes are easier to manufacture than fullerenes 
and present higher stability; these properties together with their interesting physicochemical 
behavior, have prompted a great deal of interest reflected in the extensive experimental and 
theoretical studies published in the last years.   
Like in the case of fullerenes, the graphenic membranes can take a conical shape only 
adopting arranges that are not purely formed by hexagonal carbon rings. The apex has to be 
defined by one or more ring atom removed in order to reach a conical hat that lead to the 
form of fivefold (or smaller) rings (Yudasaka et al., 2008). One class of such conical 
structures with a particularly sharp apical angle are the single–wall carbon nanohorns 
(SWNH). Conical graphenic structures with wider opening angles (corresponding to fewer 
pentagons at the apex) sometimes form multilayer structures). The diameter of an 
individual SWNH ranges from 2 to 4 nm, and the length is 40 to 50 nm. About 2000 of them 
assemble to form a spherical aggregate with a diameter of about 100 nm. Three types of 
spherical aggregates are known and, are called dahlia, bud and seed because of their 
appearances. The dahlia aggregate has long cone – shaped tips sticking through its surface, 
while the bud aggregate does not. The seed aggregates have lower graphitization that the 
dahlia and bud aggregates, and their tubules are corrugates (Azami et al., 2008).  
In so far as increase the complexity of the carbonaceous structure the long range order of the 
graphene sheet is lost, because of the curvature, the presence of apexes, etc. Considering, 
according to the vast amount of experimental data, the hierarchical structure of the activated 
carbons (Bandosz et al., 2003), they would constitute perhaps a greater example of the 
previous mentioned loss. The first level of the hierarchy are the so-called basic structural 
units (BSU) that consist of a few roughly aligned polyaromatic–like molecules or “layers” 
that generally not preserve the graphite order between them, and due to the presence of 
functional groups, interlayer spacing are generally greater than that of graphite. The BSUs 
are assembled to form regions of local molecular orientation (the second level of the 
hierarchy) which are in turn assembled in space to yield the complex structure of activated 
carbons.  

3. Adsorption on carbon surfaces 
3.1 Simple gas adsorption on open graphite surfaces 
The literature offers numerous experimental and theoretical studies of the gas adsorption on 
open graphite surfaces, considering the case of spherical molecules, e.g., rare gases (Cheng 
& Steele, 1990; Nicholson & Parsonage, 1982),  simple molecules, e.g., nitrogen, oxygen, 
carbon dioxide and, methane (Bottani & Bakaev, 1994; Kowalczyk et al., 2005), and more 
complexes like ethylene or phenol (Bertoncini et al., 2000; Bottani, 1999). However, from a 
technological point of view, most of these studies restrict their descriptions to special 
conditions, i.e., low pressures or temperatures, soft surfaces, weak interactions, etc. In spite 
the powerful theoretical tools developed in the last decades, from semi empirical and DFT 
calculations to canonical (CMC) and grand canonical (GCMC) Monte Carlo simulations, 
nowadays two significant constrains limit computer performances to deal with the 
adsorption on graphite. One is the number of molecules considered in the calculations, and 
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this frontier moves as fast as new computer facilities are developed. The other problem 
comes from the approximations adopted in each model. The structure of different 
adsorbates on the basal plane of graphite has been extensively studied using Monte Carlo 
and molecular dynamics, however, the validity of these results depend on the interaction 
potentials adopted. The interaction potentials used in almost all computer simulations are 
composed of two parts: fluid–fluid and fluid–surface interactions. Some years ago the 
proposal (Steele, 1974) of an approximate interaction potential between a spherical molecule 
and a graphite surface (averaged over carbon atoms) reduced and became accessible the 
expensive computation time. On the other hand many systems and/or conditions require 
the knowledge of the real potential beyond how well the adsorbate–adsorbate interactions 
are described. As in example, the variation of the entropy of adsorption with the coverage in 
the basal plane of graphite determines the shape of the adsorption isotherm (variation of the 
chemical potential), because in the submonolayer region of this homogeneous surface the 
adsorption energy varies slightly due to the adsorbate–adsorbate interaction and the main 
contribution to the change on the chemical potential comes from the entropy of adsorption. 
Different corrections were proposed to improve the approximate gas-surface interaction 
potential, considering two dimensional Fourier series expansions (Kim & Steele, 1992) or 
simply introducing adjusting prefactors.32 In spite it was argue, according to different 
reasons (Bottani & Bakaev, 1994; Kowalczyk et al., 2005), that neglecting the energetic 
inhomogeneity of the surface along the graphite plane is not expected to affect the results 
significantly. However, considering all kind of results that are possible to be obtained from 
homogeneous surface potentials, one can hardly agree with this affirmation, at least at low 
temperatures. It’s because energetic homogeneity assumption means all sites on the surface 
are equivalent then, during the simulations, the probability that a molecule remains in one 
site or another is the same. On the contrary, considering energetic inhomogeneity, a 
molecule adsorbed on a site of the surface can reach other more favorable site later, during 
the simulation steps, in order to reach equilibrium that means inhomogeneity requires more 
trials to obtain each simulated point, even at low coverage. Of course, while the differences 
can be considered negligible at very low coverage, as the pressure increase they become 
significant, i.e. all sites are not equivalent on the surface and there will be fewer molecules 
adsorbed in the monolayer, and so on. 
Among the simple gases that can adsorb on graphite, now we concentrate our study on the 
case of methane. Different reasons have leading the interest in the adsorption of methane on 
carbonaceous surfaces in general and, on graphite in particular. Practical reasons come from 
the fact that natural gas, which is composed mostly of methane, provides an alternative to 
traditional liquid petroleum fuels because their environmental advantages and natural 
abundance. From the theoretical point of view, next to the numerous and complete 
descriptions about rare gases adsorption process, the interaction between methane 
molecules and graphite surfaces remain with many unknown subjects to study.  
According to the previous arguments, all description of the adsorption process, even on a 
simple graphite surface, requires a previous microscopic knowledge of the interactions 
between gas molecules and the substrate and between adsorbed molecules, as well as the 
different configurations of these molecules on the surface. But describing the interaction 
potential between methane molecules and graphene surface by using classical quantum 
mechanical methods, for real systems (i.e. many molecules involved), becomes a task 
beyond regular computational costs. On the other hand we are interested more than 
absolute values of the adsorption energies on each site of the surface, about the relative 
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differences between one site and another and, most of all how the presence of neighboring 
adsorbed molecules modified the adsorbed system geometrically and energetically. To 
tackle these problems we performed PM3 semi–empirical and density functional theory 
(DFT) calculations of increasing numbers of adsorbed methane molecules on a graphite 
surface. To mimic the graphene plane we have chosen a planar polyaromatic molecule 
which has chemical characteristic similar to graphite sheet in many aspects, as is shown in 
Fig. 1. The interaction energy, ΔE, of n (n = 1,, 4) adsorbed methane molecules, has been 
calculated by employing PM3 semiempirical methods as: 

      4 4 –   –       aE E G n CH E G E n CH       (1) 

where E(G–n CH4), E(G) and Ea (n CH4) are energies of the graphite–methane complex, the 
isolated graphite sheet and the methane molecules corresponding to the same configuration 
but without the graphite surface respectively (Albesa & Vicente, 2008).  The results obtained 
at PM3 level were subjected to further geometry optimizations using DFT calculations (Parr 
& Yang, 1989; Wang & Perdew, 1991) keeping the graphene structure fixed. In order to 
consider the interaction energy when different numbers of methane molecules approach the 
surface, we begin optimizing the geometry of the first methane molecule from various 
relative orientations with respect to the reference plane of graphite. 
 

                  
a)        b) 

Fig. 1. Optimized geometry of three and four methane molecules on a planar polyaromatic 
molecule that mimics a graphene surface (top view) (Adapted from Albesa & Vicente, 2008) 
Copyright 2008 Argentine Chemical Society 

The interaction energy between methane and the graphite surface, at low coverage, is 
almost the same from one adsorption site to another. Although it seems to indicate that 
graphene structure does not play an important role in methane adsorption, one has to 
take into account that this result tell us only what happened at very low coverage, but 
says nothing about the consequences of neighboring adsorbed molecules, in other words, 
when the coverage increases how near the first adsorbed molecule next molecules can be 
placed?. 
The interaction energy, corresponding to the most favorable configuration, between one, 
two, and three methane molecules adsorbed on a graphene surface, is almost the same (E  
– 2.9 KJ/mol). The distance of the adsorbed molecules to the surface diminishes from 4.2 Å 
for one molecule to 3.8 Å in the case of four from DFT results and 3.89 Å from PM3. 
Furthermore, the first three molecules form arrangements compatible with substrate 
hexagonal configuration of 4.5 Å sides, at almost the same distance of 3.95 Å from the 
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surface, this means that, with low coverage, the adsorbed phase follow graphene 
symmetry(see Fig 1a).  
By increasing the coverage (i.e. four methane molecules), the structure is modified, the 
distance between methane molecules changes to 3.95 Å and between methane and graphene 
3.80 Å, the interaction energy becomes ΔE ( – 3.77 KJ/mol, and the hexagonal configuration 
move to a square one with the same average side of 4.5 Å (see Fig 1b). According to the 
previous quantum mechanical description of the interactions between gas molecules and the 
substrate and between adsorbed molecules, we conclude that, when equilibrium is reached, 
although at very low coverage a molecule has the same chance to adsorb on each site of the 
surface, letter as the coverage increase and some sites are already occupy, the probability 
that a molecule adsorbs in one site or another is not the same. In other words adsorption 
process can be approximated correctly considering energetic homogeneity of the surface at 
very low coverage, but when this condition is not fulfilled energetic inhomogeneity must be 
taken into account. 
Computer Monte Carlo simulations (MCS) with the grand canonical ensemble (Albesa et al., 
2008) is one of the more useful techniques that gives microscopic descriptions without 
expensive computational cost and allowing to over comes the quantum mechanical 
limitation of have to consider only a few adsorbed molecules. MCS offers not only the 
possibility of studying the adsorption phenomena at molecular scales but also making direct 
comparisons with experimental results. From the theoretical point of view MCS allow to 
compare how homogenous or non homogenous surface potential can be affect the results. 
We performed this comparison for the basal plane of graphite by taking the fluid–surface 
interaction (sf) first, for the inhomogeneous case, as considering a two parameters 12–6 
Lennard–Jones intermolecular potential between each atom of the adsorbate molecule (for 
methane we consider the spherical molecule approximation) as a site that interacts with 
each carbon atom of the solid, then the pair wise summation is carried over all atoms 
belonging to the solid that are located at a distance less than the cut off apart from the 
adsorbate mass center, and call this assumption atomistic model. Secondly, as an example of 
homogenous case we take the classical uniform Steele’s 10 – 4 – 3 analytical potential (Steele, 
1973)  
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where z is the distance between a fluid molecule and the substrate surface and  is the 
separation between lattice planes, the energy parameter w si given by 

 w = 4 s sf (sf)2  (3) 

being s = 0.382 Å–2 the carbon atoms density on the graphite slab surface, and the 
interaction parameters sf and sf are calculated using Lorentz – Berthelot combination rules. 
This approximation will be called analytical model. Then we compare the calculation by 
MCS with the grand canonical ensemble obtained from both models and with experimental 
results at different temperatures and pressures ranges. 
At low pressures there is a good agreement between experimental and simulated isotherms 
for both models. In this pressure ranges, when the temperature changes, the curves exhibit 
different shapes. At temperatures lower than 113 K isotherms shows two clear horizontal 
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steps located at relative pressures of 13/40 and 29/40, respectively (see Fig. 2a), due to the 
completion of the first and second layers, that confirms an adsorption mechanism layer by 
layer (Hamilton & Goodstein, 1983). As the temperature increases, this kind of ordered 
adsorption is less significant, the steps are absent (see Fig. 2b) and all layers are available to 
be filled.  
 

   
Fig. 2. Isotherms Circles are obtained from experimental results, and simulations are 
represented by dashed black lines for the analytic model and solid gray lines for the 
atomistic model. (a) 80.2K (b) 113K (Adapted from Albesa et al., 2008) Copyright 2008 
American Chemical Society 

In Figure 3 the density profile *, as a function of the distance to the surface and the degree 
of coverage  (adsorbed volume divided the monolayer volume), showed a series of peaks 
that allow to rationalized the mentioned layer–by–layer adsorption mechanism on one 
hand, and on the other hand exhibits differences between the results obtained from both 
models, because, the analytic model gives a denser (approximately 30%) phase that the 
atomistic model (see Figure 3). It is due to the fact that in the analytical approximation the 
surface is completely flat and smooth and methane molecules packing is more effective than 
in the atomistic model, which means that surface inhomogeneity becomes important. The 
difference becomes evident as pressure increase, because homogeneous approximation 
predicts condensation in advance after the third monolayer is formed (see Fig. 2a) instead of 
follow the real behavior, which is better fit by the atomistic model. In Fig. 3 one can also 
note that for the analytic model the layer equilibrium distances (mean density value) are 
closer to the surface than the corresponding to the atomistic model.  
Among the thermodynamic aspects of gas adsorption on carbonaceous surfaces, enthalpy of 
adsorption study gives interesting and useful information about the process being accessible 
to experimental and theoretical explorations. From the experimental side both: direct 
methods like adsorption (Gravelle, 1978), flow (Groszek, 1998), differential scanning (Baudu 
et al., 1993), and immersion calorimetry (Zettlemoyer & Narayan, 1966); and indirect 
methods as inverse gas chromatography and adsorption isotherm have been widely 
employed last years. When the adsorbed phase is a rare gas, nitrogen, carbon dioxide or, 
methane on simple surfaces (graphene, single walled nanotubes, or nanocones), the use of 
adsorption isotherm measurements to determine the variation of adsorbed amount with 
temperature gives enough results to obtain accurate and reliable values of the heat of 
adsorption Qst (Do, 1998).  
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surface, this means that, with low coverage, the adsorbed phase follow graphene 
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where z is the distance between a fluid molecule and the substrate surface and  is the 
separation between lattice planes, the energy parameter w si given by 

 w = 4 s sf (sf)2  (3) 

being s = 0.382 Å–2 the carbon atoms density on the graphite slab surface, and the 
interaction parameters sf and sf are calculated using Lorentz – Berthelot combination rules. 
This approximation will be called analytical model. Then we compare the calculation by 
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steps located at relative pressures of 13/40 and 29/40, respectively (see Fig. 2a), due to the 
completion of the first and second layers, that confirms an adsorption mechanism layer by 
layer (Hamilton & Goodstein, 1983). As the temperature increases, this kind of ordered 
adsorption is less significant, the steps are absent (see Fig. 2b) and all layers are available to 
be filled.  
 

   
Fig. 2. Isotherms Circles are obtained from experimental results, and simulations are 
represented by dashed black lines for the analytic model and solid gray lines for the 
atomistic model. (a) 80.2K (b) 113K (Adapted from Albesa et al., 2008) Copyright 2008 
American Chemical Society 
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follow the real behavior, which is better fit by the atomistic model. In Fig. 3 one can also 
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Fig. 3. Density profiles * as a function of the distance to the surface in angstroms and the 
degree of coverage  at 80.2 K when the isotherm is completed. Solid lines represent the 
results from the analytical model, and broken lines represent the atomistic model at  = 3.0. 
(Adapted from Albesa et al., 2008) Copyright 2008 American Chemical Society 

From two isotherms determined at similar but different temperatures, T1 and T2, a classical 
thermodynamic calculation gives:         
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where R is the gas constant, p1 and p2 are the equilibrium pressures at temperatures T1 and 
T2, respectively, when the adsorbed volume is constant and T is the corresponding mean 
temperature. 
From the theoretical side the Computer Monte Carlo simulations (MCS) with the grand 
canonical ensemble not only gives the average number of molecules in the simulation box 
but also yields information about the isosteric heat, discriminating the two contributions, i.e. 
the solid–fluid interaction, and the fluid–fluid interaction. The isosteric heat of adsorption, –
H0, is defined as the difference between the molar enthalpy of adsorbate in the vapor 
phase, hg, and the partial molar enthalpy of the adsorbed phase (   ,/a a a p Th H N   ) 
(Pascual et al., 2003). 
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The square–bracketed term in eq. 5 is the contribution of the fluid–fluid interaction to the 
isosteric heat of adsorption, whereas the last term is the contribution from the fluid–solid 
interaction. The isosteric heat of adsorption Qst as a function of the coverage , for the 
system methane – graphite at lower temperatures was obtained from simulations by using 
equation 8 and is shown in Figure 4. We note, from both models, two clear peaks 
corresponding to the first and second layer completion. The Qst values resulting from the 
atomistic and analytic models were 12.6 KJ/mol and 13.5 KJ/mol respectively, in good 
agreement with others values reported by Do and Do (D. Do & H. Do, 2005) (12.6 KJ/mol), 
and Piper and Morrison (Piper & Morrison, 1984) (13.4 KJ/mol). We can also see agreement 
between the analytic and atomistic models over the whole range of coverage except near the 
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firs monolayer completion, where the isosteric heat of adsorption given by the analytic 
model is 3 KJ/mol greater than the atomistic model value. In this region, there is a better 
agreement with the experimental results for the analytic model. The difference between both 
models is due to the fluid–solid contribution because the fluid–fluid contribution is the same 
in both models. To explain this one can take into account that the effective packing, obtained 
from the analytic model, gives a very well defined distance of the first layer to the surface 
(see. Fig. 3), as a consequence at very low coverage all molecules lay almost at the same 
distance from the surface, with a well defined fluid–solid interaction value. On the contrary 
the constrains of atomistic model determines greater dispersion of the first layer distance to 
the surface (see Fig. 3), and taking into account that there is a minimum distance that a 
molecule can approach to the surface, the layer becomes pushed away from the surface and 
the fluid–solid interaction, as well as the isosteric heat value, becomes lower.   
 

 
Fig. 4. Isosteric heat of adsorption as a function of the degree of coverage  at 103 K. Circles 
are obtained from experimental results, and simulations are represented by dashed black 
lines for the analytical model and solid gray lines for the atomistic model. (Adapted from 
Albesa et al., 2008) Copyright 2008 American Chemical Society) 

To describe the adsorbed system, aside quantum mechanical calculations, that gives 
answers at atomic level, where only a few molecules are analyzed; and Monte Carlo 
simulations (MCS) with the grand canonical ensemble, which explore at molecular level, 
where a more representative number of molecules is taken into account; the mean–field 
approximation (MFA) of the lattice model (De Oliveira & Griffiths, 1978) is other theoretical 
tool that that tell, at mesoscopic level, the behavior of adsorption isotherms of several layer 
of rare or simple gases adsorbed on graphite. According to the differences in the molecular 
density of the first layer obtain with the two mentioned models employed in MCS, the MFA 
could elucidate about this controversy. The mesoscopic level, where MFA operates, gives a 
global description of both the surface and the gas, but ignores what happens on the 
molecular level, and also assumes, a priori, a layer by layer adsorption process, being each 
layer constitutes by molecules adsorbed on a fixed lattice. These three mentioned 
techniques, in their respective ranges, give complementary information of the same 
phenomena. 
Following the description of methane – graphite system, in the MFA one assumes, as in the 
lattice gas model (Burley, 1972), that the region above the substrate accessible to methane 
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global description of both the surface and the gas, but ignores what happens on the 
molecular level, and also assumes, a priori, a layer by layer adsorption process, being each 
layer constitutes by molecules adsorbed on a fixed lattice. These three mentioned 
techniques, in their respective ranges, give complementary information of the same 
phenomena. 
Following the description of methane – graphite system, in the MFA one assumes, as in the 
lattice gas model (Burley, 1972), that the region above the substrate accessible to methane 
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molecules can be divided into cells whose centers forma a regular lattice. No more that one 
molecule is permitted in a cell, and each par of gas molecules in adjacent cells contributes an 
amount – to the potential energy. All molecules in the jth layer experience an additional 
potential energy –vj due to the substrate, with 
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The occupation number, njk, corresponding to the kth cell in the jth layer, take the values 0 or 
1 if the cell is empty or occupied, respectively, then jk is 1 when k = j and 0 otherwise. C and 
D are proportional to the minimum energies for the interaction of a methane molecule with 
the semi – infinite continuous slab (9 – 3 potential) (Steele, 1974) and to the potential 
summation over different surfaces sites, respectively. 
For each configuration { nj k }, the Gibbs – Boltzmann probability has to be proportional to 
exp(–H), where               
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= (kBT)–1, kB the Boltzmann constant, T the absolute temperature,  the gas chemical 
potential, apart from a temperature–dependent constant, and (j,k ) denotes nearest neighbor 
pair of cells. 
Calling j the average value of njk in the jth layer, the grand potential can be obtained, 
according to the MFA (Burley, 1972), by minimizing , as a function of 1, 2, . . ., where   
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L2 is the number of cells in a single layer, and each cell has a number a of nearest neighbors 
in the same layer (related with the density of the layer), and b nearest neighbors just above 
it. At a minimum of , the coupled set of equations 
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is satisfied for j = 1, 2, . . . . Here, mj = 2 j – 1 ( m0 = –1) and  =  +  (a + 2 b)/2 is the 
chemical potential minus the resulting value for an adsorbed layer of infinite thickness. 
To compute adsorption isotherms, eq. (9) is truncated at j = 20 (m21 = m), where m is the 
negative solution of 
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The equation can be solved numerically for different values of a, b that are appropriate for 
each lattice configurations. For each value of  and , the solutions that minimize eq. (7) 
are used.  
Figures 5a and 5b show the results obtained taking C = 12 and D = 20, for the temperatures 
T = 103 K and T = 171 K, respectively. It is noted that at low temperatures the isotherms 
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show greater dependence on the density of the condensed phase (associated with a and b 
values), and the better approach to the experimental results correspond to a = 6, and b = 3, 
corresponding to a triangular arrange compatible with results obtained with mechanical 
quantum calculation with three methane molecules. In addition the density associated with 
a = 6, and b = 3,  fits experimental isotherms better than other values corresponding to 
higher densities (see Fig. 5a). When the temperature increases and approaches the critical 
value, this dependence disappears as is shown in Fig. 5b with different values of  a and b.  
 

      
  a)         b)   

Fig. 5. Experimental and lattice gas model isotherms at (a)103 K.(b) Experimental and lattice 
gas model isotherms at 171 K. (Adapted from Albesa et al., 2008) Copyright 2008 American 
Chemical Society 

3.2 Simple gas adsorption on graphitic curved surfaces 
Carbon nanotubes and in general microporous carbonaceous materials offer interesting 
properties from the technological point of view, as a mean to store hydrogen and methane 
(Bhatia & Myers, 2006), that are energy sources environmentally favorable, or as sieves to 
gas separations like oxygen and nitrogen (Arora & Sandler). Adsorptive properties of 
nanotubes and fullerenes differ from other graphitic carbons because of their carbon surface 
curvature (C–C–C bonding angles). Carbon atoms have to adopt quasi sp2 hybridization due 
to their highly curved structure. The level of curvature of valence orbital depends on the 
material radius: great radius lead to hybridization near sp2 pure, while small radius leads to 
sp3 (Niyogi, 2002).  
To describe phenomena that occur at molecular level one employs simulations, Monte Carlo 
grand canonical (Albesa et al., 2008) to study adsorption at equilibrium, or Molecular 
Dynamics (Cheng et al., 2005) when one is interested transport properties far from the 
equilibrium. However, the accuracy of these descriptions depend on the potential models 
adopted, choosing generally the 12–6 Lennard Jones potential, or the Crowell – Brown 
potential that don’t take into account the surface curvature (Wang & Johnson, 1999). A 
correct potential has to identify the equilibrium position and to give a good approximation 
in its neighborhood, at least up to the curve inflexion point. To reach this it is necessary to 
have with a well description of the molecular bonds, because the approximations would 
neglect the effect of the hybridization differences of the carbon atomic orbitals, induced by 
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the curvature of the surface. To solve this problem force fields were derived (Kostov et al., 
2002) where the curvature effect was taking into account, however, the parameters 
calculated for these fields overestimate the interaction of the nanotubes of smaller radius, 
because they are considered as a model molecule with free radicals.   
In order to describe the potential energy that suffer a molecule near the surface of different 
nanotubes, theoretical calculations at DFT level were performed (Albesa et al., 2009) for 
hydrogen, nitrogen and methane, were the surface was mimicked by deforming a coronene 
molecule (see Fig 6). The nanotube diameters d can be described by the Hammada’s indices 
(m,n), as d = a/ (m2 + mn + n2)½ and, a = 0.246 nm, employing “armchair” type (n = m), taking 
into account the independence of quirality for simple gases adsorption (Vilaplana, 2005). 
 

 
Fig. 6. Cluster carbon atoms employed in the calculations 

The exploration involves diameters according to experimental values, that means, d = 0.407, 
0.949, and 2.034 nm, corresponding in the Hammada’s notation to (3,3), (7,7), and (15,15) 
respectively. In spite of that results obtained from DFT (see Fig. 7), as almost all Generalized 
Gradient Approximation calculations, give energy values lesser that those obtained 
experimentally, i.e., 3.3 KJ/mol for hydrogen (Okamoto & Miyamoto, 2001), and 10.5 KJ/mol 
for methane (Talapatra & Migone, 2002), it is interesting to explore the relative values and 
their deviation when nanotubes diameter change. The interest on DFT results is because, 
beyond this approach gives lesser energy values than those experimentally obtained and a 
bad description very far from the surface, it allow to describe very well the relative energy 
potential behavior near the equilibrium point. As is shown in Figure 7a, the interaction 
energy of hydrogen as a function of the distance to the surface, resulting from DFT 
calculation, determines very low values on the nanotube external face, which tell as that 
storage this gas on closed nanotubes is rather difficult. We can also see that the values 
corresponding to the two smaller nanotubes are almost equal. In case of methane, showed in 
Figure 7b,   one can see that the nanotube of the intermediate diameter has a fewer attractive 
potential with regard to the other two kind of nanotubes. If the curves are fitted with the 
classical 12–6 Lennard–Jones potential, the values obtained for the position of the potential 
minimum () is almost the same for different nanotubes, around 0.37 nm, for hydrogen; and 
0.402 nm, for methane, being 0.32 nm, and 0.36 nm the values corresponding to the 
adsorption on graphite; and the deep potential well () is, as the nanotube diameter 
increases, 7.4, 12.6, and 9.36 K–1, for hydrogen; and 14.7, 12.6, and 14.9 K–1, for methane. 
From these results one can conclude that the potential energy obtained doesn’t show an 
important dependence on the curvature of the nanotubes, at least in the explored range. 
The experimental isotherms for the adsorption of methane, measured at 77.3 K, unlike the 
case of the adsorption on graphite that has only one step in the monolayer regime (0.2 kPa), 
have one sub step below this pressure and other one above it (Albesa et al., 2010). As in the 
case of graphite when the temperature increases, this stepwise adsorption behavior is less 
pronounced, and above 103 K the substeps disappear. 
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Fig. 7. Energy potential curve for (a) hydrogen molecule (b)  methane molecule 

 

 
Fig. 8. Smaller simulation cluster, showing adsorption sites: the grooves (G) between two 
tubes; on nanotube surface (S); in interstitial channels (IC); and in the interior of a nanotube 
(T), for open tubes. (Adapted from Albesa et al., 2010) Copyright 2010 American Chemical 
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To explain this behavior, beyond the theoretical interest to explore the adsorption of simple 
molecules on the curved surface, that mimic the external environment of a nanotube, these 
kind of carbonaceous structures don’t appear alone but forming different bundles of 
numerous tubes. These kind of arrange generate new potential adsorption sites, besides the 
mentioned sites on curved graphene, corresponding to sites on the external phase of the 
bundle external tubes. For single walled nanotubes (SWNT) four different adsorption sites 
has been identified (see Fig. 8), i.e. the previous mentioned convex external walls or outer 
surface sites (S), the interstitial channels (ICs), the grooves between two adjacent outer 
nanotubes of the bundle (G), and, in case of SWNTs open at the ends, the inner sites (T). 
To describe the adsorption process, in closed SWNT, it has been proposed (Bienfait et al., 
2004; Kuznetsova et al., 2000) that it starts as linear chains at the strongest binding energy 
sites: grooves on the outside surface of the bundles and some larger, accessible, defect – 
induced interstitial channels. After these sites are filled, adsorption proceeds on the external 
surface of the bundles. The 2D adsorbate structure on the external bundle surface initially 
builds up adjacent to the occupied grooves until the entire external surface is covered by a 
single monolayer. The binding energies for this latter stage of adsorption are comparable 
but somewhat smaller than for adsorption on the basal plane of graphite, whereas the 
binding energy on the preferential adsorption sites (G, IC) populated during the initial stage 
of adsorption is considerably larger that tat on the planar graphite. In order to elucidate 
between the more attractive sites like groove (G) and interstitial channels (ICs), which one 
begins to fill up first, it has been performed Ab Initio and Molecular Mechanical 
Calculations, for the case of methane. In order to mimic different sites (S,  IC, G, and T) of 
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the curvature of the surface. To solve this problem force fields were derived (Kostov et al., 
2002) where the curvature effect was taking into account, however, the parameters 
calculated for these fields overestimate the interaction of the nanotubes of smaller radius, 
because they are considered as a model molecule with free radicals.   
In order to describe the potential energy that suffer a molecule near the surface of different 
nanotubes, theoretical calculations at DFT level were performed (Albesa et al., 2009) for 
hydrogen, nitrogen and methane, were the surface was mimicked by deforming a coronene 
molecule (see Fig 6). The nanotube diameters d can be described by the Hammada’s indices 
(m,n), as d = a/ (m2 + mn + n2)½ and, a = 0.246 nm, employing “armchair” type (n = m), taking 
into account the independence of quirality for simple gases adsorption (Vilaplana, 2005). 
 

 
Fig. 6. Cluster carbon atoms employed in the calculations 
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the substrate, a triangular array consisting of three identical tubes was used, this is the 
minimum bundle configuration that exhibits the four (S, IC, G) characteristic sites (see Fig. 
8). The distance between the tubes or van der Waals gap always is taken equal to 0.34 nm. 
Three different nanotube diameters were explored, i.e. 0.949, 1.628, and 2.034 nm, or 
Hamada indices (7,7), (12,12), and (15,15) respectively.  Although the last diameter (2.034 
nm) is not realistic, it’s enough large that the IC sites are able to accommodate a molecule 
and can mimic a general intertube channel that can appear in general tube bundles. In other 
words, the two first diameters were employed to analyze G, S and T (in case of open 
nanotubes) sites, and the last one to IC sites. As the molecular dynamics simulations, using 
MM+ force field, as the calculation employing ab initio density functional theory (DFT) 
(Albesa et al., 2010),  tell that IC sites begin to fill before the G sites.             
A complementary picture at molecular level, can be performed by Monte Carlo simulations 
(MCS) with the grand canonical ensemble, in order to take into account the behavior of a 
representative number of molecules in the adsorbed phase. Results showed in Figure 9, for 
tubes with a diameter of 2.034 nm, confirm the sequence of filling of different sites in the 
bundles (is spite of not being realistic, this diameter allows adsorption in IC sites, and the 
other sites follow the same steps, independent of the kind of nanotubes employed). 
The isotherms of nanotubes of 1.628 nm of diameter at different temperatures (83, 93, and 
113 K) are compared between closed and opened end in Figures 10 and 11. Unlike the closed 
end (Fig. 10), the opened end tube (Fig. 11) shows a knee when a monolayer starts forming 
on the inside surface of the nanotubes, and also when this interior layer is completed (Tasca 
et al., 2002), and a new high energy site appears in the axial phase (see Fig. 12). It can also 
mentioned the isotherms corresponding to smaller tubes (0.949 nm of diameter) exhibits 
only the first knee because there is no possibility of an inner axial phase. 
 

 
Fig. 9. Upper view of filling evolution corresponding to isotherm at 113 K and pressures of 
0.0113, 5.09, 22.6, 50.9, 226, and 409 Pa for opened end tubes of 2.034 nm, (15,15) SWNT. 
(Adapted from Albesa et al., 2010) Copyright 2010 American Chemical Society 

This dependence, of the adsorption process, on the nanotube diameter, suggests that it 
would be useful to classify the bundles according to the diameter of the tubes involved, 
analogous to the method used for porous substrates classification employing porous 
sizes. 
Comparing simulated isotherms with the adsorption on graphite we note that the 
monolayer on graphite is completed at a pressure below that corresponding to the 
nanotubes, and that the isosteric heat of adsorption is greater for graphite. This is due to the 
greater gas – solid interaction for the graphite case, because the nanotubes are single – 
walled, while graphite is formed by several graphene layers. The gas – gas interaction on the 
nanotubes is weaker than on graphite, because the curvature of the nanotubes reduces the 
number of neighboring adsorbate molecules in this case, relative to those present in the 
graphite case. 
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Fig. 10. Simulated isotherm at 83, 93, and 113 K for closed end tubes of diameter 9.52nm (7,7) 
SWNT. (Adapted from Albesa et al., 2010) Copyright 2010 American Chemical Society 

 

  
Fig. 11. Simulated isotherm at 83, 93, and 113 K for closed end tubes of diameter 1.628 nm 
(12,12) SWNT (Adapted from Albesa et al., 2010) Copyright 2010 American Chemical Society 

 

 
Fig. 12. Upper view of filling evolution corresponding to isotherm at 113 K and pressures of 
1.38, 6.27, 56.3 Pa for opened end tubes of 1.628 nm, (12,12) SWNT. (Adapted from Albesa et 
al., 2010) Copyright 2010 American Chemical Society 

4. Gas separation of nitrogen-oxygen and ethane-ethylene mixtures 
Most commercial processes used in air separation employed synthetic zeolites. These 
materials are selective with respect to nitrogen, that is, they are able to adsorb more nitrogen 
than oxygen in a rate 4:1, due to the interaction between nitrogen molecule and oxygen 
cation to compensate charges. However find some kind of adsorbent that prefer oxygen is 
also interesting, because to reach the same separation than zeolites will only require a 
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quarter of work (Jayaraman & Yang, 2005). Among different substrates that have greater 
affinity with oxygen, carbonaceous materials are promising options (Arora & Sandler, 2007), 
being their principal use as selective sieves.  Beside the isotherms, and the isosteric heat of 
adsorption, selectivity is other quantity of interest, selectivity of specie 1 respect to specie 2 
is defined as: 

 S12 = (1/2)/(p1/p2) (14) 

where i, and pi, (i = 1, 2) are the relative coverage and partial pressure respectively, and, 
when there is no interaction between adsorbed species, it only depends on temperature , T, 
otherwise it is function of 1, 2 and T. In previous sections it was mention that adsorption 
explorations at molecular levels, i.e. by MCS, imply to select a model, and in case of gas 
mixtures, choose one approach enough simply to reduce computing time, but preserving the 
essential characteristics, becomes critical. One possibility is consider the molecules as 
pseudo spheres, that is only one Lennard – Jones interaction site per molecule (1CLJ), and a 
more realistic one would be consider molecules as composed by two interaction sites (2CLJ). 
We make a comparison of these two models for the adsorption of oxygen and nitrogen mix 
similar to the air composition, i.e. 80% and 20 % respectively. A remarkable difference 
appears in selectivity (Fig.13)  because 1CLJ approximation gives fewer adsorption of 
nitrogen than oxygen, although the difference between adsorbed quantities is not high, 
reflects an important increase of the 1CLJ model selectivity. In Figure 14 we also note that 
the adsorption for 2CLJ model begins a lesser pressures than in the case of 1CLJ model. The 
density profiles (Figs. 15 and 16) show that the increase of pressure in 1CLJ model moves 
some molecules from the first layer to the second layer, so for nitrogen as for oxygen. In 
2CLJ approximation this moving occurs basically with oxygen, while the density of the 
nitrogen first layer increase, this behavior, opposite to what one would hope from the 
entropic point of view according to the molecules size, is due to temperature considered, 
because greater temperatures favor nitrogen adsorption 
Given that carbon nanotubes have internal sites that, after activation, are available for 
adsorption, and these have a narrow pore size distribution, these materials are presented as 
a promising alternative as adsorbents capable of achieving a good separation between N2 
and O2. 
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Fig. 13. Simulated selectivity at 100 K of air on graphite for 1CLJ (black) and 2CLJ (white) 
models. Total: squares, oxygen: triangles, and nitrogen: circles 

Description of Adsorbed Phases on Carbon 
Surfaces: A ComparativeStudy of Several Graphene Models 

 

91 

 P(Pa)

1e+1 1e+2 1e+3 1e+4 1e+5 1e+6

<N
>

0

50

100

150

200

250

 
Fig. 14. Simulated adsorption isotherm at 100 K of air on graphite for 1CLJ (black) and 2CLJ 
(white) models. Total: squares, oxygen: triangles, and nitrogen: circles 
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Fig. 15. Density profiles  as a function of the distance to the surface for 1CLJ model. Solid lines 
represent the results at  5866.1680 Pa and dotted lines at 45462 Pa (a)Nitrogen (b) Oxygen 

By comparing the results obtained by Monte Carlo simulations in nanotubes (Fig. 17 a-c) 
with those obtained in graphite is observed that both materials show similar trends:  there is 
a maximum degree of separation every time a monolayer is completed. As the nanotubes 
can complete an inner and outer monolayer, there are two peaks in the separation. 
Nanotubes with greater separation power are  the (10,10), diameter 1.356 nm. As shown in 
the figures, the separation process takes place inside the nanotubes. 
The degree of separation on the outer surface is negligible. From this arises the importance 
of obtaining good methods of activation, since the presence of interstitial defects (which are 
the size of the order of the nanotubes (7,7), diameter 0.949 nm) decreases significantly the 
separation of these mixtures. 
Olefin – paraffin separation represents one of the most important separations in chemical 
and petrochemical industries. The production of plastics, rubbers, films, and other chemicals 
from olefins such as ethylene, requires high purity olefins (> 99%). Ethylene is generally 
produced by cracking or thermal decomposition of ethane, and during these processes the 
gas is an ethane and ethylene mix. The conventional cryogenic distillation is as efficient and 
reliable, and continues being the leading technology for ethane/ethylene separation; 
however, it is also energetic expensive due to the similar volatility of ethane and ethylene. In 
a typical ethylene plant, the cracking apparatus represent approximately 25% of the unit 
const, while the other 75% is due to compression, calefaction, dehydration, recovering and 
refrigeration systems (Anson et al., 2008).  
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Fig. 15. Density profiles  as a function of the distance to the surface for 1CLJ model. Solid lines 
represent the results at  5866.1680 Pa and dotted lines at 45462 Pa (a)Nitrogen (b) Oxygen 

By comparing the results obtained by Monte Carlo simulations in nanotubes (Fig. 17 a-c) 
with those obtained in graphite is observed that both materials show similar trends:  there is 
a maximum degree of separation every time a monolayer is completed. As the nanotubes 
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however, it is also energetic expensive due to the similar volatility of ethane and ethylene. In 
a typical ethylene plant, the cracking apparatus represent approximately 25% of the unit 
const, while the other 75% is due to compression, calefaction, dehydration, recovering and 
refrigeration systems (Anson et al., 2008).  



 
Graphene Simulation 

 

92

Distance to te surface (Å)
(a)

10 12 14 16 18 20

<N
>

0

2

4

6

8

10

12

14

Distance to te surface (Å)
(b)

10 12 14 16 18 20

<N
>

0

1

2

3

4

5

6

 
Fig. 16. Density profiles  as a function of the distance to the surface for 2CLJ model. Solid 
lines represent the results at  5866.1680 Pa and dotted lines at 45462 Pa(a)Nitrogen (b) 
Oxygen 
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Fig. 17. Simulated isotherm 100 K and separation degree (right offset) for open nanotubes (a) 
(7,7) ; (b) (10,10); (c) (12,12) 

An effective separation method that produces raw materials with highly ethylene 
enrichment without using cryodistillation would reduce the energetic and equipment costs 
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associated with paraffin/olefin separation. Therefore exist interest to develop new 
separation techniques (Fuentes & Mendez, 2002). Many alternative separations have been 
investigated, including chemical, extractive distillation, physical adsorption, and separation 
of the base membrane (Eldridge, 1993). Adsorption is one alternative to separation, which is 
till under develop. Adsorbent materials are generally incorporated joined to transition 
metals (copper or silver), and as a result the preferential adsorption of olefin is obtained. 
This selective adsorption is due to the strong interaction between non saturated olefins 
bonds and the metal ion on the surface, forming a  complex. Because of the preferential 
way in which olefin is adsorbed (Anson et al., 2010) by these substance it is possible to 
obtain paraffin pure. However, when paraffin selective adsorbed, olefin pure can be 
obtained, which becomes adsorption as efficient alternative. Unfortunately there are few 
materials able to reach this separation (Herdes et al., 2007).   This preferential adsorption is 
due fundamentally to the interaction between methyl sites of the adsorbent and the adsorbat 
(Kroon & Vega, 2009). 
 

 
Fig. 18. Selectivity for ethane/ethylene in graphite as a function of the number of adsorbed 
molecules 

It is well known that for only one component, the adsorption on carbonaceous materials is 
greater for ethane that ethylene. That is why these materials are studying when one is 
looking for a highly pure ethylene.  
The simulation results show that the selectivity (Fig. 18), as a function of the number of 
adsorbed molecules, reaches a maximum when the monolayer is completed, as it happen 
with nitrogen – oxygen mixtures.  
The profile is the same for all the compositions studied.  The decrease in the degree of 
separation occurs because, once filled the monolayer, the adsorption of ethylene occurs 
more rapidly than ethane (Fig. 19 a-c). At high concentrations of ethylene, the number of 
molecules of ethane decreases, i.e., ethylene displaces ethane (Fig. 19 a). Here we see two 
phenomena, the principle of selective adsorption of ethane is due to energetic effects. As 
pressure increases the entropic effects are greater and that is why, because of their size, 
increases the adsorption of ethylene 
Isosteric heat of adsorption of the mix is quite similar to the corresponding values of pure 
substances. It is also observed that there isn’t a great variation of isosteric heat of adsorption 
with composition.(Fig 20 a-b) 
A similar situation is observed in the adsorption of mixtures of nanotubes (7,7); where the 
main adsorption takes place on the surface. Although in this case the coefficient of ethane-
ethylene separation (Fig 21) is less than in the case of graphite. 
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Fig. 16. Density profiles  as a function of the distance to the surface for 2CLJ model. Solid 
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Fig. 19. Simulated adsorption isotherm at 153 K of ethane/ethylene mixtures on graphite for 
different compositions (a) 25%Ethane (b)50%Ethane (c)75%Ethane 

 

 
Fig. 20. Isosteric heat of adsorption at 153 K for ethane/ethylene mixtures on graphite for 
different compositions (a) 25%Ethane (b)75%Ethane  

In this substrate the displacement of ethane molecules by ethylene which is observed in 
graphite is not present. The effect can be attributed to the curvature of this kind of 
nanotubes; this is, the small diameter provokes a less compact arrangement of the 
molecules, and therefore a less important effect of the entropic factors. 
If we now consider nanotubes with larger diameters, so that adsorption occurs in the 
interior of them, we note that, as in the case of mixtures of nitrogen and oxygen, the  
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Fig. 21. Isotherms and Selectivity (right offset) for ethane/ethylene in (7,7) nanotubes as a 
function of the pressure 

 

 
a) 

 
b) 

Fig. 22. Isotherms and Selectivity (right offset) for ethane/ethylene as a function of the 
pressure in a) (10,10) nanotubes b)  in (12,12) nanotubes 
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Fig. 21. Isotherms and Selectivity (right offset) for ethane/ethylene in (7,7) nanotubes as a 
function of the pressure 
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Fig. 22. Isotherms and Selectivity (right offset) for ethane/ethylene as a function of the 
pressure in a) (10,10) nanotubes b)  in (12,12) nanotubes 
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separation on the outside is very small, being slightly greater than one. Also note that the 
degree of separation in nanotubes (10,10) and the (12,12) (diameters 1.356 nm and 1.628 nm 
respectively) is practically the same (Figs. 22a and 22b). However, we can see that the 
positions of the maxima occur at different pressures. In this way, having a size distribution 
of nanotubes can enhance the range of pressures that are working. 
Of particular interest is that the results obtained in systems nitrogen / oxygen and ethane / 
ethylene for the case of graphite, show similar trends to those obtained from more complex 
substrates, such as carbon nanotubes. This is why the above mentioned studies provide rich 
information on new systems, because, thanks to its structural simplicity, experiments can be 
carried out with great precision. 

5. Conclusions 
Experimental results of methane adsorption at low temperature, confirm a layer–by–layer 
filling mechanism, where the first two layers are clearly defined, but above 113 K this 
mechanism disappears and all layers are available to be filled. MCS confirm the necessity to 
employ atomist models in order to describe the adsorption a higher pressures, beyond that 
at very low pressures simple analytic models give good results with cheaper computational 
cost. The production of changes on the arrangement of adsorbed molecules as surface 
coverage increases is also corroborated, at microscopic level, by quantum mechanical 
descriptions. Although the heat of adsorption constituted an experimental and theoretical 
useful tool to explore thermodynamic aspects of the adsorption process, and from can be 
easily determined from the experimental side, theoretical descriptions have to be considered 
with some details. For instance if the models deal with isotherms associated to ideal 
monolayer, with molecules laying in a plane at a fix distance of the surface, heat of 
adsorptions values obtained are well defined, but by using other models, perhaps more 
realistic, when molecules are not arranged on a plane but around a mean distance of the 
surface, the number of molecules needed to have values with low dispersion is higher than 
the usual employed in MCS. The comparison, between experimental results and those 
obtained from MCS with different model approximations, confirms previous asseveration. 
In addition, Mean Field Approximation confirms that lower density values, similar to those 
derived from MCS by employing atomistic model, fit better experimental isotherms than the 
higher densities obtained from other models.  
By considering curved graphene surfaces one can explore the adsorption on other types of 
graphitic structures (carbon nanotubes, nanocones, and others kinds of fullerenes). In spite 
DFT calculations of the interaction energy between the curved graphene substrates and 
simple molecules, reveals that surface potential energy is almost independent on the 
curvature, at least when these curvatures range values corresponding to common 
nanotubes; these kind of carbonaceous structures have many others adsorption sites that 
have to be explored. As an example, single walled nanotubes (SWNT) form bundles of 
various tubes, and then, besides the previous mentioned convex external wall sites (S), 
where the adsorption is a two dimensional process, other kinds of sites can appear. One are 
sites lying between two adjacent outer nanotubes of the bundle or groove sites (G), 
associated to one dimensional adsorption, other sites are similar to those founded in 
cylindrical pores, and emerge when tubes diameter are so higher that they left interstitial 
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channels (IC) with enough space in order to accommodate adsorbed molecules in them; and 
finally, and eventually they have inner sites (T) when there are SWNTs with their ends 
open. Beyond DFT calculations, where the energy of each sites confirm the postulated 
adsorption sequence: starts at the linear chains of G sites, and then in IC, if there are any one 
with enough space to accommodate molecules inside them, and finally on S sites. In case of 
open sites T sites have to be filled before G sites. MCS gives information about the shape of 
the isotherms, for instance, in case of open tubes, on the curve emerge a knee when a 
monolayer starts forming on the inside surface of the tubes, and also when this interior layer 
is completed. 
By comparing these results with adsorption on graphite, one observes two facts: the 
monolayer of graphite is completed at a pressure below that corresponding to the 
nanotubes, and the isosteric heat of adsorption is greater for graphite, the reason is because 
the nanotubes considered are single walled (one graphene layer, rolled up) while graphite is 
formed by several graphene layers. 
Results obtained from the study of gas mixtures adsorption (nitrogen / oxygen and ethane / 
ethylene) on different carbonaceous structures, show that graphite and more complex 
surfaces (such as carbon nanotubes) present similar trends. In this way, the behavior above 
described will provide valuable information on new systems.  

6. Acknowledgment  
The authors gratefully acknowledge financial support from the UNLP (Universidad 
Nacional de La Plata), CICPBA (Comisión de Investigaciones Científicas de la Provincia de 
Buenos Aires) and CONICET (Consejo de Investigaciones Científicas y Tecnológicas) 

7. References 

Albesa, A.G.; Llanos, J.L. & Vicente, J.L. (2008). Comparative study of methane adsorption 
on graphite. Langmuir, Vol. 24, pp. 3836-3840 

Albesa, A.G. & Vicente, J.L. (2008). Theoretical study of methane adsorption on graphite. The 
Journal of the Argentine Chemical Society, Vol. 95, No. 1-2, pp. 10-22 

Albesa, A.G.; Filippin, A. & Vicente, J.L. (2009). Effects of the Surface Curvature on the 
Adsorption of Simple Gases over Carbonaceous Materials using the Density 
Functional Theory (DFT) CIT Technologic Information Review, Vol. 29, pp. 31-37 

Albesa, A.G.; Fertitta, E.A. & Vicente, J.L. (2010). Comparative Study of Methane Adsorption 
on Single-Walled Carbon Nanotubes. Langmuir, Vol. 26, pp. 786-795 

Anson, A.; Wang, Y.; Lin, C.C.H.; Kuznicki, T.M. & Kuznicki, S.M. (2008). Adsorption of 
ethane and ethylene on modified ETS-10. Chemical Engineering Science, Vol. 63, pp. 
4171-4175 

Anson, A.; Lin, C.C.H.; Kuznicki, T.M. & Kuznicki, S.M. (2010). Separation of 
ethylene/ethane mixtures by adsorption on small-pored titanosilicate molecular 
sieves.  Chemical Engineering Science, Vol. 65, pp. 807-811 

Arora, G. & Sandler, S. (2007). Nanoporous carbon membranes for separation of nitrogen and 
oxygen: Insight from molecular simulations. Fluid Phase Equilibria, Vol. 259, pp. 3-8 



 
Graphene Simulation 

 

96

separation on the outside is very small, being slightly greater than one. Also note that the 
degree of separation in nanotubes (10,10) and the (12,12) (diameters 1.356 nm and 1.628 nm 
respectively) is practically the same (Figs. 22a and 22b). However, we can see that the 
positions of the maxima occur at different pressures. In this way, having a size distribution 
of nanotubes can enhance the range of pressures that are working. 
Of particular interest is that the results obtained in systems nitrogen / oxygen and ethane / 
ethylene for the case of graphite, show similar trends to those obtained from more complex 
substrates, such as carbon nanotubes. This is why the above mentioned studies provide rich 
information on new systems, because, thanks to its structural simplicity, experiments can be 
carried out with great precision. 

5. Conclusions 
Experimental results of methane adsorption at low temperature, confirm a layer–by–layer 
filling mechanism, where the first two layers are clearly defined, but above 113 K this 
mechanism disappears and all layers are available to be filled. MCS confirm the necessity to 
employ atomist models in order to describe the adsorption a higher pressures, beyond that 
at very low pressures simple analytic models give good results with cheaper computational 
cost. The production of changes on the arrangement of adsorbed molecules as surface 
coverage increases is also corroborated, at microscopic level, by quantum mechanical 
descriptions. Although the heat of adsorption constituted an experimental and theoretical 
useful tool to explore thermodynamic aspects of the adsorption process, and from can be 
easily determined from the experimental side, theoretical descriptions have to be considered 
with some details. For instance if the models deal with isotherms associated to ideal 
monolayer, with molecules laying in a plane at a fix distance of the surface, heat of 
adsorptions values obtained are well defined, but by using other models, perhaps more 
realistic, when molecules are not arranged on a plane but around a mean distance of the 
surface, the number of molecules needed to have values with low dispersion is higher than 
the usual employed in MCS. The comparison, between experimental results and those 
obtained from MCS with different model approximations, confirms previous asseveration. 
In addition, Mean Field Approximation confirms that lower density values, similar to those 
derived from MCS by employing atomistic model, fit better experimental isotherms than the 
higher densities obtained from other models.  
By considering curved graphene surfaces one can explore the adsorption on other types of 
graphitic structures (carbon nanotubes, nanocones, and others kinds of fullerenes). In spite 
DFT calculations of the interaction energy between the curved graphene substrates and 
simple molecules, reveals that surface potential energy is almost independent on the 
curvature, at least when these curvatures range values corresponding to common 
nanotubes; these kind of carbonaceous structures have many others adsorption sites that 
have to be explored. As an example, single walled nanotubes (SWNT) form bundles of 
various tubes, and then, besides the previous mentioned convex external wall sites (S), 
where the adsorption is a two dimensional process, other kinds of sites can appear. One are 
sites lying between two adjacent outer nanotubes of the bundle or groove sites (G), 
associated to one dimensional adsorption, other sites are similar to those founded in 
cylindrical pores, and emerge when tubes diameter are so higher that they left interstitial 

Description of Adsorbed Phases on Carbon 
Surfaces: A ComparativeStudy of Several Graphene Models 

 

97 

channels (IC) with enough space in order to accommodate adsorbed molecules in them; and 
finally, and eventually they have inner sites (T) when there are SWNTs with their ends 
open. Beyond DFT calculations, where the energy of each sites confirm the postulated 
adsorption sequence: starts at the linear chains of G sites, and then in IC, if there are any one 
with enough space to accommodate molecules inside them, and finally on S sites. In case of 
open sites T sites have to be filled before G sites. MCS gives information about the shape of 
the isotherms, for instance, in case of open tubes, on the curve emerge a knee when a 
monolayer starts forming on the inside surface of the tubes, and also when this interior layer 
is completed. 
By comparing these results with adsorption on graphite, one observes two facts: the 
monolayer of graphite is completed at a pressure below that corresponding to the 
nanotubes, and the isosteric heat of adsorption is greater for graphite, the reason is because 
the nanotubes considered are single walled (one graphene layer, rolled up) while graphite is 
formed by several graphene layers. 
Results obtained from the study of gas mixtures adsorption (nitrogen / oxygen and ethane / 
ethylene) on different carbonaceous structures, show that graphite and more complex 
surfaces (such as carbon nanotubes) present similar trends. In this way, the behavior above 
described will provide valuable information on new systems.  

6. Acknowledgment  
The authors gratefully acknowledge financial support from the UNLP (Universidad 
Nacional de La Plata), CICPBA (Comisión de Investigaciones Científicas de la Provincia de 
Buenos Aires) and CONICET (Consejo de Investigaciones Científicas y Tecnológicas) 

7. References 

Albesa, A.G.; Llanos, J.L. & Vicente, J.L. (2008). Comparative study of methane adsorption 
on graphite. Langmuir, Vol. 24, pp. 3836-3840 

Albesa, A.G. & Vicente, J.L. (2008). Theoretical study of methane adsorption on graphite. The 
Journal of the Argentine Chemical Society, Vol. 95, No. 1-2, pp. 10-22 

Albesa, A.G.; Filippin, A. & Vicente, J.L. (2009). Effects of the Surface Curvature on the 
Adsorption of Simple Gases over Carbonaceous Materials using the Density 
Functional Theory (DFT) CIT Technologic Information Review, Vol. 29, pp. 31-37 

Albesa, A.G.; Fertitta, E.A. & Vicente, J.L. (2010). Comparative Study of Methane Adsorption 
on Single-Walled Carbon Nanotubes. Langmuir, Vol. 26, pp. 786-795 

Anson, A.; Wang, Y.; Lin, C.C.H.; Kuznicki, T.M. & Kuznicki, S.M. (2008). Adsorption of 
ethane and ethylene on modified ETS-10. Chemical Engineering Science, Vol. 63, pp. 
4171-4175 

Anson, A.; Lin, C.C.H.; Kuznicki, T.M. & Kuznicki, S.M. (2010). Separation of 
ethylene/ethane mixtures by adsorption on small-pored titanosilicate molecular 
sieves.  Chemical Engineering Science, Vol. 65, pp. 807-811 

Arora, G. & Sandler, S. (2007). Nanoporous carbon membranes for separation of nitrogen and 
oxygen: Insight from molecular simulations. Fluid Phase Equilibria, Vol. 259, pp. 3-8 



 
Graphene Simulation 

 

98

Azami, T.; Kasuya, D.; Yuge, R.; Yudasaka, M.; Iijima, S.; Yoshitake, T. & Kubo, Y. (2008). 
Large-Scale Production of Single-Wall Carbon Nanohorns with High Purity. J. Phys. 
Chem., Vol. 112, pp. 1330-1334 

Bandosz, T.J.; Biggs, M.J.; Gubbins, K.E.; Hattori, Y.; Iiyima, T.; Kaneko, K.; Pikunic, J. & 
Thomson, K.T. (2003). Molecular Models of Porous Carbons, In: Chemistry and 
Physics of Carbon, Vol. 28, Marcel Dekker, Inc., L.R. Radovic, (Ed), pp. 41-228, ISBN 
0-8247-0987-X, New York, USA  

Baudu, M.; LeCloirec, P. & Martin, G. (1993), First approach of desorption energies of water 
and organic molecules onto activated carbon by differential scanning calorimetry 
studies. Water Res., Vol. 27, pp. 69-76 

Beaver, M. & Sircar, S. (2010), Methane Reforming Using a Novel Sorption Enhanced 
Reaction Concept, In: Clean Energy Systems and Experiences, InTech, K. Eguchi (Ed.), 
Viena, Austria 

Bertoncini, C.; Odetti, H. & Bottani, E.J. (2000). Computer Simulation of Phenol 
Physisorption on Graphite. Langmuir, Vol. 16, pp. 7457-7463 

Bhatia, S.K. & Myers, A.L. (2006). Optimal Conditions for Adsorptive Storage. Langmuir, 
Vol. 22, pp. 1688-1700 

Bienfait, M.; Zeppenfield, P.; Dupont – Pavlovsky, N.; Muris, M.; Johnson, M.R.; DePie, M. & 
Vilches, O.E. (2004). Thermodynamics and structure of hydrogen, methane, argon, 
oxygen, and carbon dioxide adsorbed on single-wall carbon nanotube bundles.  
Phys. Rev. B, Vol. 70, pp. 035410 

Bottani, E.J. & Bakaev, V.A. (1994), The Grand Canonical Ensemble Monte Carlo Simulation 
of Nitrogen on Graphite. Langmuir, Vol. 10, pp. 1550-1555 

Burley, D.M. (1972) Col.2, pp. 329, In: Phase Transitions and Critical Phenomena; Academic 
Press, C. Domb & M.S. Green (Eds.), London, Great Britain  

Cheng, A. & Steele, W.A. (1990). Computer Simulation Study of the Chemical Potential of 
Argon Adsorbed on Graphite. Mol. Simulation, Vol. 4, pp. 349-359 

Cheng, H.; Cooper, A.C.; Pez, G.P.; Kostov, M.K.; Piotrowski, P. & Stuart, S.J. (2005), 
Molecular Dynamics Simulations on the Effects of Diameter and Chirality on 
Hydrogen Adsorption in Single Walled Carbon Nanotubes J. Phys. B, Vol. 109, pp. 
3780-3786 

De Oliveira, M.J. & Griffiths, R.S. (1978). Lattice-gas model of multiple layer adsorption. 
Surf. Sci., Vol. 71, pp. 687-694 

Do, D.D. & Do, H.D. (2005). Evaluation of 1-Site and 5-Site Models of Methane on Its 
Adsorption on Graphite and in Graphitic Slit Pores. J. Phys. Chem. B, Vol. 109, pp. 
19288-19295 

Dresselhaus, M.S.; Dresselhaus, G.D.; Eklund, P.C. (1996), Science of Fullerenes and Carbon 
Nanotubes, Academic Press (Ed.), New York, USA 

Eldridge, A. (1993). Olefin/paraffin separation technology: a review. Industrial & 
Engineering Chemistry Research, Vol. 32, pp. 2208 

Fuentes, A.B. & Mendez, I. (2002), Separation and Purification Technology, Vol. 28, pp. 29 
Gravelle, P.C.J. (1978), Methods for the determination of heats of adsorption. Therm. Anal., 

Vol. 14, pp 53-77 

Description of Adsorbed Phases on Carbon 
Surfaces: A ComparativeStudy of Several Graphene Models 

 

99 

Groszek, A.J. (1998). Flow adsorption microcalorimetry Thermochim. Acta, Vol. 312, pp. 133-
143 

Hamilton, J.J. & Goodstein, D.L. (1983),.Thermodynamic study of methane multilayers 
adsorbed on graphite.Phys. Rev. B, Vol. 28, pp. 3838-3848 

Harris, P.J.F. (2003). Impact of the Discovery of Fullerenes on Carbon Science, In: Chemistry 
and Physics of Carbon, Vol. 28, Marcel Dekker, Inc., L.R. Radovic, (Ed), pp. 1-40, 
ISBN 0-8247-0987-X, New York, USA  

Herdes, C.; Valente, A.; Lin, Z.; Rocha, J.; Coutinho, J.A.P.; Medina, R.; Vega, L.F. (2007). 
Selective Adsorption of Volatile Organic Compounds in Micropore Aluminum 
Methylphosphonate-α:  A Combined Molecular Simulation−Experimental 
Approach. Langmuir, Vol. 23, pp. 7299 

Jayaraman, A. & Yang, R.T. (2005). Stable oxygen-selective sorbents for air separation . 
Chemical Engineering Science, Vol. 60, pp. 625-634 

Kim, H.Y & Steele, W.A. (1992) Computer-simulation study of the phase diagram of the 
CH4 monolayer on graphite: Corrugation effects. Phys. Rev. B, Vol. 45, pp. 6226-6233 

Kostov, M.K.; Cheng, H.; Cooper, A.C. & Pez, G.P. (2002), Influence of Carbon Curvature on 
Molecular Adsorptions in Carbon-Based Materials: A Force Field Approach. Phys. 
Rev. Lett., Vol. 89, pp 146105- (1-4) 

Kroon, M.C. & Vega, L.F. (2009). Selective Paraffin Removal from Ethane/Ethylene 
Mixtures by Adsorption into Aluminum Methylphosphonate-α: A Molecular 
Simulation Study. Langmuir, Vol. 25, pp. 2148-2152 

Krungleviciute, V; Calvi, M.M.; Wagner, J.A.; Migone, A.D.; Yudasaka, M. & Iijima, S. 
(2008). Probing the Structure of Carbon Nanohorn Aggregates by Adsorbing 
Gases of Different Sizes. J. Phys. Chem., Vol. 112, pp. 5742-5746 

Krungleviciute, V; Migone, A.D. & Pepka, M. (2009). Characterization of single-walled 
carbon nanohorns using neon adsorption isotherms. Carbon, Vol. 47, pp. 769-774 

Kuznetsova, A.; Yates, J.; Liu, J. & Smalley, R.E. (2000) J. Chem. Phys. 112, 9590−9598 
Llanos, J.L.; Fertita, A.E.; Flores, E.S. & Bottani, E.J. (2003), SO2 Physisorption on Exfoliated 

Graphite. J. Phys. B, Vol. 107, pp. 8448-8453 
Myers, A.L. & Prausnitz, J.M. (1965), Thermodynamics of mixed-gas adsorption.AIChE, J., 

Vol. 11, pp. 121-127 
Nicholson, D. & Parosonage, N.G. (1982), Computer Simulation and the Statistical Mechanics of 

Adsorption, Academic Press (Ed.), London, Great Britain 
Niyogi, S.; Hamon, M.A. ; Hu, H. ; Zhao, B. & Bownik, S. (2002), Chemistry of Single-

Walled Carbon Nanotubes. Acc. Chem. Res., Vol. 35, pp. 1105-1113 
Okamoto, Y. & Miyamoto, Y. (2001), Ab Initio Investigation of Physisorption of Molecular 

Hydrogen on Planar and Curved Graphenes.J. Phys. Chem. B, Vol. 105 (17), pp. 
3470-3474 

Parr, R.G. & Perdew, J.P. (1989), Density Functional Theory of Atoms and Molecules, Oxford 
University Press (Ed.), Oxford, Great Britain 

Pascual, P.; Ungerer, P.; Taviatan, B.; Pernot, P. & Boutin, A. (2003). Development of a 
transferable guest–host force field for adsorption of hydrocarbons in zeolites 
I. Reinvestigation of alkane adsorption in silicalite by grand canonical Monte Carlo 
simulation. Phys. Chem. Chem. Phys., Vol. 5, pp. 3684-3693 



 
Graphene Simulation 

 

98

Azami, T.; Kasuya, D.; Yuge, R.; Yudasaka, M.; Iijima, S.; Yoshitake, T. & Kubo, Y. (2008). 
Large-Scale Production of Single-Wall Carbon Nanohorns with High Purity. J. Phys. 
Chem., Vol. 112, pp. 1330-1334 

Bandosz, T.J.; Biggs, M.J.; Gubbins, K.E.; Hattori, Y.; Iiyima, T.; Kaneko, K.; Pikunic, J. & 
Thomson, K.T. (2003). Molecular Models of Porous Carbons, In: Chemistry and 
Physics of Carbon, Vol. 28, Marcel Dekker, Inc., L.R. Radovic, (Ed), pp. 41-228, ISBN 
0-8247-0987-X, New York, USA  

Baudu, M.; LeCloirec, P. & Martin, G. (1993), First approach of desorption energies of water 
and organic molecules onto activated carbon by differential scanning calorimetry 
studies. Water Res., Vol. 27, pp. 69-76 

Beaver, M. & Sircar, S. (2010), Methane Reforming Using a Novel Sorption Enhanced 
Reaction Concept, In: Clean Energy Systems and Experiences, InTech, K. Eguchi (Ed.), 
Viena, Austria 

Bertoncini, C.; Odetti, H. & Bottani, E.J. (2000). Computer Simulation of Phenol 
Physisorption on Graphite. Langmuir, Vol. 16, pp. 7457-7463 

Bhatia, S.K. & Myers, A.L. (2006). Optimal Conditions for Adsorptive Storage. Langmuir, 
Vol. 22, pp. 1688-1700 

Bienfait, M.; Zeppenfield, P.; Dupont – Pavlovsky, N.; Muris, M.; Johnson, M.R.; DePie, M. & 
Vilches, O.E. (2004). Thermodynamics and structure of hydrogen, methane, argon, 
oxygen, and carbon dioxide adsorbed on single-wall carbon nanotube bundles.  
Phys. Rev. B, Vol. 70, pp. 035410 

Bottani, E.J. & Bakaev, V.A. (1994), The Grand Canonical Ensemble Monte Carlo Simulation 
of Nitrogen on Graphite. Langmuir, Vol. 10, pp. 1550-1555 

Burley, D.M. (1972) Col.2, pp. 329, In: Phase Transitions and Critical Phenomena; Academic 
Press, C. Domb & M.S. Green (Eds.), London, Great Britain  

Cheng, A. & Steele, W.A. (1990). Computer Simulation Study of the Chemical Potential of 
Argon Adsorbed on Graphite. Mol. Simulation, Vol. 4, pp. 349-359 

Cheng, H.; Cooper, A.C.; Pez, G.P.; Kostov, M.K.; Piotrowski, P. & Stuart, S.J. (2005), 
Molecular Dynamics Simulations on the Effects of Diameter and Chirality on 
Hydrogen Adsorption in Single Walled Carbon Nanotubes J. Phys. B, Vol. 109, pp. 
3780-3786 

De Oliveira, M.J. & Griffiths, R.S. (1978). Lattice-gas model of multiple layer adsorption. 
Surf. Sci., Vol. 71, pp. 687-694 

Do, D.D. & Do, H.D. (2005). Evaluation of 1-Site and 5-Site Models of Methane on Its 
Adsorption on Graphite and in Graphitic Slit Pores. J. Phys. Chem. B, Vol. 109, pp. 
19288-19295 

Dresselhaus, M.S.; Dresselhaus, G.D.; Eklund, P.C. (1996), Science of Fullerenes and Carbon 
Nanotubes, Academic Press (Ed.), New York, USA 

Eldridge, A. (1993). Olefin/paraffin separation technology: a review. Industrial & 
Engineering Chemistry Research, Vol. 32, pp. 2208 

Fuentes, A.B. & Mendez, I. (2002), Separation and Purification Technology, Vol. 28, pp. 29 
Gravelle, P.C.J. (1978), Methods for the determination of heats of adsorption. Therm. Anal., 

Vol. 14, pp 53-77 

Description of Adsorbed Phases on Carbon 
Surfaces: A ComparativeStudy of Several Graphene Models 

 

99 

Groszek, A.J. (1998). Flow adsorption microcalorimetry Thermochim. Acta, Vol. 312, pp. 133-
143 

Hamilton, J.J. & Goodstein, D.L. (1983),.Thermodynamic study of methane multilayers 
adsorbed on graphite.Phys. Rev. B, Vol. 28, pp. 3838-3848 

Harris, P.J.F. (2003). Impact of the Discovery of Fullerenes on Carbon Science, In: Chemistry 
and Physics of Carbon, Vol. 28, Marcel Dekker, Inc., L.R. Radovic, (Ed), pp. 1-40, 
ISBN 0-8247-0987-X, New York, USA  

Herdes, C.; Valente, A.; Lin, Z.; Rocha, J.; Coutinho, J.A.P.; Medina, R.; Vega, L.F. (2007). 
Selective Adsorption of Volatile Organic Compounds in Micropore Aluminum 
Methylphosphonate-α:  A Combined Molecular Simulation−Experimental 
Approach. Langmuir, Vol. 23, pp. 7299 

Jayaraman, A. & Yang, R.T. (2005). Stable oxygen-selective sorbents for air separation . 
Chemical Engineering Science, Vol. 60, pp. 625-634 

Kim, H.Y & Steele, W.A. (1992) Computer-simulation study of the phase diagram of the 
CH4 monolayer on graphite: Corrugation effects. Phys. Rev. B, Vol. 45, pp. 6226-6233 

Kostov, M.K.; Cheng, H.; Cooper, A.C. & Pez, G.P. (2002), Influence of Carbon Curvature on 
Molecular Adsorptions in Carbon-Based Materials: A Force Field Approach. Phys. 
Rev. Lett., Vol. 89, pp 146105- (1-4) 

Kroon, M.C. & Vega, L.F. (2009). Selective Paraffin Removal from Ethane/Ethylene 
Mixtures by Adsorption into Aluminum Methylphosphonate-α: A Molecular 
Simulation Study. Langmuir, Vol. 25, pp. 2148-2152 

Krungleviciute, V; Calvi, M.M.; Wagner, J.A.; Migone, A.D.; Yudasaka, M. & Iijima, S. 
(2008). Probing the Structure of Carbon Nanohorn Aggregates by Adsorbing 
Gases of Different Sizes. J. Phys. Chem., Vol. 112, pp. 5742-5746 

Krungleviciute, V; Migone, A.D. & Pepka, M. (2009). Characterization of single-walled 
carbon nanohorns using neon adsorption isotherms. Carbon, Vol. 47, pp. 769-774 

Kuznetsova, A.; Yates, J.; Liu, J. & Smalley, R.E. (2000) J. Chem. Phys. 112, 9590−9598 
Llanos, J.L.; Fertita, A.E.; Flores, E.S. & Bottani, E.J. (2003), SO2 Physisorption on Exfoliated 

Graphite. J. Phys. B, Vol. 107, pp. 8448-8453 
Myers, A.L. & Prausnitz, J.M. (1965), Thermodynamics of mixed-gas adsorption.AIChE, J., 

Vol. 11, pp. 121-127 
Nicholson, D. & Parosonage, N.G. (1982), Computer Simulation and the Statistical Mechanics of 

Adsorption, Academic Press (Ed.), London, Great Britain 
Niyogi, S.; Hamon, M.A. ; Hu, H. ; Zhao, B. & Bownik, S. (2002), Chemistry of Single-

Walled Carbon Nanotubes. Acc. Chem. Res., Vol. 35, pp. 1105-1113 
Okamoto, Y. & Miyamoto, Y. (2001), Ab Initio Investigation of Physisorption of Molecular 

Hydrogen on Planar and Curved Graphenes.J. Phys. Chem. B, Vol. 105 (17), pp. 
3470-3474 

Parr, R.G. & Perdew, J.P. (1989), Density Functional Theory of Atoms and Molecules, Oxford 
University Press (Ed.), Oxford, Great Britain 

Pascual, P.; Ungerer, P.; Taviatan, B.; Pernot, P. & Boutin, A. (2003). Development of a 
transferable guest–host force field for adsorption of hydrocarbons in zeolites 
I. Reinvestigation of alkane adsorption in silicalite by grand canonical Monte Carlo 
simulation. Phys. Chem. Chem. Phys., Vol. 5, pp. 3684-3693 



 
Graphene Simulation 

 

100 

Piper, J. & Morrison, J.A. (1984). Heats of adsorption of methane multilayers on graphite 
Phys. Rev. B, Vol. 30, pp. 3486-3489 

Sabzyan, H. & Babajani, M. (2005), A semiempirical quantum mechanical study of methane–
graphite interaction. J. Molec. Struct. : THEOCHEM, Vol. 726, pp. 155-160 

Scheele, C.W. (1777). Chemische Abhandlung fon der Luft un dem Feuer, Akad.d.Wiessenschaft 
Mitgliedes, Leipzig, Germany  

Steele, W.A. (1973). The physical interaction of gases with crystalline solids: I. Gas-solid 
energies and properties of isolated adsorbed atoms. Surf. Sci., Vol. 36, pp. 317-352 

Steele, W.A. (1974), The interaction of Gases with Solid Surfaces, Pergamon Press (Ed.), ISBN 10-
0080-177247, Oxford, Great Britain 

Talapatra, S. & Migone, A.D. (2002). Adsorption of methane on bundles of closed-ended 
single-wall carbon nanotubes. Phys. Rev. B, Vol. 65, pp. 045416(1-6) 

Tasca, R.A.; Calbi, M.M. & Cole, M.W. (2002), Lattice model of gas condensation within 
nanopores. Phys. Rev. E, Vol. 65, pp. 061607(1-9) 

Vilaplana, A.F. (2005) Ab initio computational investigation of physisorption of molecular 
hydrogen on achiral single – walled carbon nanotubes, J. Chem. Phys.: 122, 214724-1-7 

Wagner, K. (1996). Methane, In: International thermodynamics tables of the fluids state, Vol. 13, 
IUPAC chemical data series, Blacwell Sciece (Ed.), Boston, USA 

Wang, Y. & Perdew, J.P. (1991), Correlation hole of the spin-polarized electron gas, 
with exact small-wave-vector y high-density scaling, Phys. Rev B: 44(24), 
13298-13307 

Wang, Y. & Johnson, J. (1999). Molecular simulation of hydrogen adsorption in single-
walled carbon nanotubes y idealized carbon slit pores, J. Chem. Phys.: 110 577-586 

Wuebbles, D.J. & Hyhoe K. (2000), Atmospheric Methane: Trends and Impacts, In: Non CO2 
greenhouse gases, Springer Verlag, J. van Ham (Ed.), Amsterdam, Holland 

Yudasaka, M.: Iijima, S. & Crespi, V.H. (2008), Single Wall Carbon Nanohorns and 
Nanocones, In: Carbon Nanotubes, Topics Appl. Physics, 111, 605, Springer Verlag, A. 
Jorio; G.D. Dresselhaus & M.S. Dresselhaus (Eds.), Berlin, Germany 

Zettlemoyer, A.C. & Narayan, K.S. (1966), Chem. Phys. Carbon, Vol. 2, pp. 197 

6 

Electronic States of Graphene-Based 
Ferromagnets  

Masashi Hatanaka 
Department of Green and Sustainable Chemistry,  

School of Engineering, Tokyo Denki University,  
2-2 Kanda Nishiki-cho, Chiyoda-ku, Tokyo  

Japan 

1. Introduction 
Graphenes have attracted many physicists and/or chemists because of the beautiful 
structure and tunable electronic states. One of the remarkable properties is the high carrier 
mobility due to the famous Dirac point, in which the effective mass is theoretically zero 
(Novoselov, et al., 2004, 2005). The motion of electrons is described by pseudo relativistic 
effect, and new aspects on physics and chemistry of two-dimensional systems have been 
developed as nano-scale technology. Nowadays, there has been increasing interest of 
modified graphenes toward thin films, nano particles, adsorbance agents, and so on, as well 
as possible micro-electronic devises.  
On the other hand, magnetism of graphenes is another interesting theme, related to the early 
studies on so-called graphene ribbons. That is, some graphene derivatives are promising 
candidates for organic ferromagnets. The magnetic properties depend on topological 
conditions such as edges, pores, and defects. Toward a new type of ferromagnets, chemical 
modification of graphene is a highly challenging theme. Paramagnetism of graphitic 
polymers itself has been theoretically predicted, relating to the edge states, pores, and 
defects. However, it was not until band structures of modified graphenes revealed the 
existence of flat bands at the frontier levels that robust ferromagnetism has been highly 
expected from graphene-based skeletons. The edges, pores, and defects in these systems 
should be ordered so as to cause completely flat bands in the Hückel level. Hückel analysis 
on modified graphenes gives a good perspective toward the flat-band ferromagnetism. In 
this chapter, graphene-based ferromagnetism is analyzed by crystal orbital method. Recent 
advances in magnetic graphenes are reviewed in view of their electronic states.  

2. Methylene-edged graphenes 
It is well known that graphene ribbons with peculiar type of edges have polyradical 
character, of which flat bands cause ferromagnetic interactions. Fig. 1 shows three types of 
graphene ribbons. Fig. 1a is the famous graphene ribbons with two-sided acene (zigzag) 
edges. The magnetic ordering has been predicted based on the band structures. The HOCO 
(highest occupied crystal orbital) and LUCO (lowest unoccupied crystal orbital) contact and 
become flat at the wavenumber region |k|>2π/3 (Fujita et al., 1996). Thus, at least within 
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the same edge, ferromagnetic interactions are expected. However, total magnetism in the 
acene-edged graphene ribbons is probably small, because spin moments at both sides tend 
to cancel each other. This is intuitively deduced from the conventional Heisenberg model. 
To avoid the spin-cancellation, hydrogen, oxygen and fluorine passivations have been 
suggested (Kusakabe & Maruyama, 2003; Maruyama & Kusakabe, 2004).  
Instead, Klein suggested methylene-edged graphene ribbons shown in Fig. 1b (Klein, 1994; 
Klein & Bytautas, 1999). Nowadays, these are called Klein edges. At least within the same 
edge, the Klein-edged graphenes are also expected to show ferromagnetic interactions due 
to the flatness of frontier bands at |k|<2π/3 (not |k|>2π/3). In this case, however, spin 
cancellation is also expected due to spin alternation in the bipartite lattice. While two-sided 
Klein edges cause spin cancellation, one-sided Klein edges shown in Fig. 1c are expected to 
show robust ferromagnetic interactions, because ferrimagnetic spin-polarized structures can 
be drawn by classical valence-bond theory. Although some studies predicted the 
antiferromagnetic states of the one-sided Klein edges with twisted or partially substituted 
methylene groups (Maruyama & Kusakabe, 2004), conservation of the planarity probably 
makes them ferromagnetic non-Kekulé polymers, and the electronic states are described by 
Wannier functions rather than conventional Bloch functions (Hatanaka, 2010a). Then, there 
appears one non-bonding band at the frontier level. The non-bonding band is completely 
flat within the Hückel approximation. Each Wannner function spans common atoms 
between the adjacent cells. This is necessary and sufficient condition for ferromagnetic 
interactions in conjugated π systems, similar to triplet biradicals. Non-cancelled spin 
alignment and itinerant ferromagnetism are expected due to the flat band.  
 
(a) (b) (c)

 
Fig. 1. Graphenes with (a) acene (zigzag)-, (b) two-sided Klein-, and (c) one-sided Klein 
edges.  

For simplicity, we first consider a small non-Kekulé polymer shown in Fig. 2. There are non-
bonding crystal orbitals (NBCOs) at the frontier level. They are completely degenerate 
under Hückel approximation. Each NBCO can be transformed into Wannier functions 
localized around each cell, as formulated below. 
We consider Bloch functions corresponding to the NBCO band:  
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where the wavenumber k runs from –π to π, μ is the cell index, N is the number of cells, and 
r is the index of atomic orbitals. Here we adopt the real part of Cr(k): 
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This procedure minimizes the exchange integral of the system. The Wannier function 
localized at the ν-th call is expressed by Equations (3) and (4): 
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where 
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Each Wannier coefficient is a function of the integer τ, which represents the difference from 
the ν-th cell. The Wannier functions should be normalized using a proper normalization 
factor, because the linear combinations of Bloch coefficients in Equation (2) are not always 
normalized to unity. Under Hückel approximation, the normalization factor is:  
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Wannier functions in the original paper are not normalized (Hatanaka, M. & Shiba, R., 2007; 
Hatanaka, 2010a). In the present review, however, we adopt the renormalized Wannier 
functions, and the exchange integrals are recalculated. Since each Wannier function 
coefficient ar(τ) localizes at one or a few unit cells around the ν-th cell, ar(τ) with |τ|≥2 can 
be ignored. Then, the exchange integral Kij between the i-th and j-th Wannier functions is 
nontrivial only when |i-j| = 1: 
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where (rs|tu) denotes the electron-repulsion integrals, and only one-centered integrals were 
taken into account in the approximation. The last expression results from Equation (2). From 
Equation (7), the exchange integrals of non-bonding extended systems are deduced from the 
amplitude pattern of their Wannier functions. The Bloch and Wannier functions can be 
calculated by usual secular equations and numerical integrals (Hatanaka, M. & Shiba, R., 
2007).  
The ν-th Wannier function ψν is schematically shown in Fig. 2. In general, Wannier functions 
decay rapidly with increase in distance from the central cell. However, in this case, we see 
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Fig. 1. Graphenes with (a) acene (zigzag)-, (b) two-sided Klein-, and (c) one-sided Klein 
edges.  

For simplicity, we first consider a small non-Kekulé polymer shown in Fig. 2. There are non-
bonding crystal orbitals (NBCOs) at the frontier level. They are completely degenerate 
under Hückel approximation. Each NBCO can be transformed into Wannier functions 
localized around each cell, as formulated below. 
We consider Bloch functions corresponding to the NBCO band:  
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where the wavenumber k runs from –π to π, μ is the cell index, N is the number of cells, and 
r is the index of atomic orbitals. Here we adopt the real part of Cr(k): 
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This procedure minimizes the exchange integral of the system. The Wannier function 
localized at the ν-th call is expressed by Equations (3) and (4): 
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where 
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Each Wannier coefficient is a function of the integer τ, which represents the difference from 
the ν-th cell. The Wannier functions should be normalized using a proper normalization 
factor, because the linear combinations of Bloch coefficients in Equation (2) are not always 
normalized to unity. Under Hückel approximation, the normalization factor is:  
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Wannier functions in the original paper are not normalized (Hatanaka, M. & Shiba, R., 2007; 
Hatanaka, 2010a). In the present review, however, we adopt the renormalized Wannier 
functions, and the exchange integrals are recalculated. Since each Wannier function 
coefficient ar(τ) localizes at one or a few unit cells around the ν-th cell, ar(τ) with |τ|≥2 can 
be ignored. Then, the exchange integral Kij between the i-th and j-th Wannier functions is 
nontrivial only when |i-j| = 1: 

 

   

 ,)1()0(2      

)()1()0()1()0(      

))(()()()(      

)()()()(

 
22

 
22

 
22

21
12

2





   






















cellthi

r
rr

cellthj

r
rr

cellthi

r
rr

r
u

s
t

t u
sr

jijiij

aa

rrrraaaa

tursjaiajaia

dd
r
eK  2211

 

(7) 

where (rs|tu) denotes the electron-repulsion integrals, and only one-centered integrals were 
taken into account in the approximation. The last expression results from Equation (2). From 
Equation (7), the exchange integrals of non-bonding extended systems are deduced from the 
amplitude pattern of their Wannier functions. The Bloch and Wannier functions can be 
calculated by usual secular equations and numerical integrals (Hatanaka, M. & Shiba, R., 
2007).  
The ν-th Wannier function ψν is schematically shown in Fig. 2. In general, Wannier functions 
decay rapidly with increase in distance from the central cell. However, in this case, we see 
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that the ν-th and (ν+1)-th Wannier functions span common atoms between the adjacent 
region. Then, the two-electron wavefunction ψνψν+1 contains so-called ionic terms, in which 
two electrons are accommodated to the same atomic orbitals. While simultaneous 
occupation of two electrons with antiparallel spins is allowed in the same atomic orbital, 
occupation of electrons with parallel spins is forbidden due to the Pauli principle. Thus, in 
this system, high-spin state is preferred rather than low-spin state due to reduction of 
Coulomb repulsion.  
Klein-edged graphenes with n ladders are similarly analyzed as non-Kekulé polymers, as 
shown in Fig. 3. In these systems, amplitudes of the Wannier functions are mainly spread at 
upper and lower edges. When the number of ladders n increases, the amplitudes inside the 
graphene plane become small, and highly localize at the edges. Nevertheless, even if the 
number of ladders becomes infinite, each Wannier function spans common atoms between 
the adjacent cells, and thus, the ferromagnetic interactions are always positive. This means 
that the high-spin stabilities are attributed to itinerant character of edge states, which is 
described by the Wannier functions. Nowadays, it has been theoretically shown that the 
Wannier functions in such degenerate systems should be symmetric with respective to the 
central cell, and minimize the exchange integral of the systems (Hatanaka, 2011). Then, the 
exchange integral is calculated from square of the amplitude pattern of the two-electron 
wavefunction ψνψν+1, as schematically shown in Fig. 4. The exchange integral K versus the 
number of ladders n is shown in Fig. 5. The exchange integral is calculated from the 
Wannier coefficients, taking count of one-centered integrals. The exchange integral 
converges to a positive value, and thus, the system is expected to be ferromagnetic in the 
balk order. For chemical stability, carbonyl edges isoelectonic with methylene groups are 
promising. 
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Fig. 2. Wannier functions of the simplest non-Kekulé polymer.  This is a simple model for 
Klein-edged graphenes.  
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Fig. 3. Wannier functions of one-sided Klein edges with the number of ladders n=0, 1, 2, 3, 5, 
and 10. 
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Fig. 4. Construction of two-electron wavefunstions from adjacent Wannier functions of one-
sided Klein edges.  
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Fig. 5. Exchange integral K of one-sided Klein-edges per unit versus the number of ladders n. 

3. Porous graphenes 
Fig. 6 shows porous graphene. This compound was synthesized as a two-dimensional 
nanostructure (Bieri et al., 2009). They synthesized porous graphene by aryl-aryl coupling 
reactions on Ag (111) surface, and observed STM (scanning tunneling microscope) image of 
the honeycomb structures. In 2010, band structures of porous graphenes were investigated 
by several workers (Du et al., 2010; Hatanaka, 2010b; Li et al., 2010). The Hückel-level 
dispersion and DOS (density of states) are shown in Figs. 6 and 7 (Hatanaka, 2010b). The 
dispersion suggests semi-conductive band gaps, and the frontier bands are so flat as to be 
available for ferromagnetism. It is interesting that both HOCO and LUCO become flat at all 
the wavenumber region. Thus, this material is expected to show ferromagnetism when it is 
oxidized or reduced by proper dopants.  
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Fig. 6. Porous graphene and the dispersion based on Hückel level of theory. 
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Fig. 7. DOS (density of states) of porous graphene based on Hückel level of theory. 

The flat bands result from nodal character of phenylene units. Fig. 8 shows amplitude 
patterns of selected Hückel molecular orbitals of cyclohexa-m-phenylene, which is 
considered as a unit group in the porous graphene. We see that the HOMO and LUMO have 
nodes at each phenylene unit. Orbital interactions between node-node linkages are zero 
within the Hückel approximation. Thus, both HOCO and LUCO in porous graphene 
become flat at the frontier levels. It is interesting that eigenvalues ε of HOMO (α+0.618β) and 
LUMO (α-0.618β) in cyclohexa-m-phenylene are identical to those of butadiene. Indeed,  
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Fig. 8. Selected molecular orbitals of cyclohexa-m-phenylene. There are nodes at the 
peripheral sites. α and β are Coulomb and resonance integral, respectively. 
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apart from the normalization factors, amplitude patterns of butadiene’s HOMO and 
LUMO spread between each phenylene unit. Moreover, eigenvalues of HOMO-11 
(α+1.618β) and LUMO+11(α-1.618β) of cyclohexa-m-phenylene are identical to those of the 
first and fourth orbitals in butadiene. These orbitals also cause flat bands in porous 
graphene at eigenvelues (α±1.618β). In porous graphene, additional flat bands 
coincidently appear at eigenvalues (α±1.000β). These bands come from nodal character of 
e1g orbitals in each benzene fragment. 
Porous graphene ribbons with various edges are also of interest, despite the coupling 
directions are not unique and some defects of the coupling reactions may cause diversity of 
molecular-weight distribution. Fortunately, it has been proved that the frontier non-bonding 
level of any porous oligomer is invariant with respect to molecular weight and/or coupling 
direction due to the zero-overlap interactions of the phenylene units. Thus, porous 
graphenes including porous ribbons are promising precursors toward organic ferromagnets.  
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Fig. 9. Porous graphene ribbons Xn (n=1-5) with n ladders cut along the x axis. μ is the lattice 
vector. 
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Fig. 9. Porous graphene ribbons Xn (n=1-5) with n ladders cut along the x axis. μ is the lattice 
vector. 
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Porous structures including boron and/or nitrogen are also interesting in that the hetero 
atoms serve as dopants, which increase or decrease the number of electrons in the frontier 
levels. 
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Fig. 10. Dispersions of Xn (n=1-5) under Hückel level of theory. 

Fig. 9 shows porous graphene ribbons cut along the x axis. The systems are classified by the 
number of porous ladders n, as denoted as X1-X5. The edges have bay areas consisting of 
seven carbon atoms, and resemble acene edges of conventional graphene. Fig. 10 shows 
dispersion of X1-X5. We see that the HOCOs and LUCOs are completely flat, similar to the 
two-dimensional porous graphene. Flat bands at (α±1.618β) are also conserved due to the 
nodal character of phenylene units. Interestingly, HOCOs and LUCOs in each system are n-
fold degenerate, respectively. That is, HOCO and LUCO in X1 are single flat bands, and 
HOCO and LUCO in X2 are doubly degenerate. Similarly, three-, four-, and five-fold 
degenerate HOCOs and LUCOs appear in X3, X4, X5, respectively. These degeneracies come 
from the systematic increase of the porous ladders. The resultant flat bands are also 
available for possible ferromagnetic interactions. 

 
Electronic States of Graphene-Based Ferromagnets 

 

111 

Fig. 11 shows porous graphene ribbons cut along the y axis. The systems are also classified 
by the number of porous ladders n, as denoted as Y1-Y5. The edges have bay areas consisting 
of twelve carbon atoms, and resemble so-called phenanthrene edges of conventional 
graphene. Fig. 12 shows dispersion of Y1-Y5. The HOCOs and LUCOs are completely flat, 
similar to X1-X5.  Flat bands at (α±1.618β) also appear. HOCOs and LUCOs in each system 
are also n-fold degenerate, respectively.  
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Fig. 11. Porous graphene ribbons Yn (n=1-5) with n ladders cut along the y axis. μ is the 
lattice vector. 
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Porous structures including boron and/or nitrogen are also interesting in that the hetero 
atoms serve as dopants, which increase or decrease the number of electrons in the frontier 
levels. 
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Fig. 12. Dispersions of Yn (n=1-5) under Hückel level of theory. 
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Fig. 13. DOS of X5 and Y5 under Hückel level of theory. 

Fig. 13 shows DOS of X5 and Y5. There are main peaks corresponding to the flat bands. The 
largest peaks are due to the systematic degeneracies of HOCOs and LUCOs, and thus, 
photoelectron spectroscopy experiments will give a major peak at ca. 9.1 eV. Theoretical 
predictions on the magnetism of porous graphenes await experimental confirmations.  

4. Defective graphenes 
Recently, ferromagnetism of HOPG (highly oriented pyrolytic graphite) was found at room 
temperature (Červenka, et al., 2009; Esquinazi & Höhne, 2005; Mombrú et al., 2005). HOPGs 
often have defects, which form grain boundaries between the polycrystals. Laterally and 
longitudinally slipped defects in acene-edged HOPGs are particularly interesting in that the 
resultant defects are analyzable by graphene-based model (Hatanaka, 2010c). Fig. 14 shows 
definition of defects, in which the lateral and longitudinal displacements are represented by 
Δx and Δz. Fig. 15 shows extended-Hückel dispersion of acene-edged graphenes with 
laterally and longitudinally slipped defects. The number of honeycomb ladders is fixed to be 
19. The bold lines and dotted lines represent π and σ bands, respectively. In laterally slipped 
defects (Δx > 0), flatness of the frontier bands is lost with increase in the displacements, and 
the resultant double occupation of electrons leads to antiferromagnetic ground state. On the 
other hand, in longitudinally slipped defects (Δz > 0), flatness of the frontier bands is 
conserved even if the displacement becomes infinity, and the resultant electronic state 
resembles that of polycarbene, in which π and σ spins coexist with ferromagnetic 
interactions.  
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Here we consider simple models of defects by using graphene ribbons with 3 ladders. Fig. 
16 shows change of orbital pattern for the laterally slipped graphenes. We note that the 
effective displacement of lateral slip is smaller than the lattice period a. Frontier Bloch 
functions (HOCO and LUCO at k= π/a) of non-distorted graphene is localized at the edges 
(Fig. 16a), and contact at k= π/a. π-Frontier Bloch functions in laterally slipped graphene 
are doubly degenerate and also contact at k= π/a under all the displacements (Fig. 16b). 
The amplitudes are localized inside the fault as well as at the acene edges. With increase 
in the lateral displacement, there appears a peculiar σ band, of which amplitude is shown 
in Fig. 16c. We see that this band consists of weak interacted dangling bonds in the 
slipped fault. The weak interaction causes crossing of frontier bands, as shown in the 
middle of Fig. 15, and thus, the magnetism due to acene-edged graphenes is considered to 
disappear.  
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Fig. 14. Laterally and longitudinally slipped defective graphenes. 
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Fig. 15. Dispersion of defective graphenes based on extended Hückel level of theory. EF is 
the Fermi levels. 
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Fig. 16. Selected Bloch functions of acene-edged graphene with laterally slipped faults. (a) 
Δx=0, HOCO and LUCO at k=π/a, (b) Δx=1.21Å, HOCOs and LUCOs at k=π/a, and (c) 
Δx=1.21Å, dangling σ crystal orbital at k=0. 

Fig. 17 shows π-frontier Bloch functions of longitudinally slipped graphene. Contrary to the 
laterally slipped graphene, amplitudes of the HOCO and LUCO always spread at the edges, 
 and thus, their dispersions contact at k= π/a (Fig. 17a). When the longitudinal displacement 
becomes large, carbene-type σ bands also appear at the frontier level (Fig. 17b). These 
orbitals accommodate magnetic electrons of the carbene sites, and thus, longitudinally 
displacement causes another type of magnetism within the fault. This is considered to be the 
reason why HOPGs often exhibit weak ferromagnetism. When the displacement is small, it 
has been shown that energy cost for longitudinal slip is smaller than that of lateral slip 
(Hatanaka, 2010c), and the energy cost is perhaps compensated by the high-spin stability.  
Thus, as rough estimation, we guess that ferromagnetism observed in HOPGs is attributed 
to longitudinally slipped defects, which form grain boundaries including multilayers of 
graphene planes. Indeed, topographies corresponding to the longitudinally slipped defects 
were recorded in HOPGs by AFM (atomic force microscope) and MFM (magnetic force 
microscope) techniques (Červenka et al., 2009).  
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Δx=1.21Å, dangling σ crystal orbital at k=0. 

Fig. 17 shows π-frontier Bloch functions of longitudinally slipped graphene. Contrary to the 
laterally slipped graphene, amplitudes of the HOCO and LUCO always spread at the edges, 
 and thus, their dispersions contact at k= π/a (Fig. 17a). When the longitudinal displacement 
becomes large, carbene-type σ bands also appear at the frontier level (Fig. 17b). These 
orbitals accommodate magnetic electrons of the carbene sites, and thus, longitudinally 
displacement causes another type of magnetism within the fault. This is considered to be the 
reason why HOPGs often exhibit weak ferromagnetism. When the displacement is small, it 
has been shown that energy cost for longitudinal slip is smaller than that of lateral slip 
(Hatanaka, 2010c), and the energy cost is perhaps compensated by the high-spin stability.  
Thus, as rough estimation, we guess that ferromagnetism observed in HOPGs is attributed 
to longitudinally slipped defects, which form grain boundaries including multilayers of 
graphene planes. Indeed, topographies corresponding to the longitudinally slipped defects 
were recorded in HOPGs by AFM (atomic force microscope) and MFM (magnetic force 
microscope) techniques (Červenka et al., 2009).  
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Fig. 17. Selected Bloch functions of acene-edged graphene with longitudinally slipped faults. 
(a) Δz=1.20Å, HOCO and LUCO at k=π/a, and (b) Δz→∞, dangling σ crystal orbitals at 
k=π/a. 

5. Conclusion 
Some graphene-based ferromagnets were analyzed in view of their electronic states. There 
appear flat bands at the frontier levels, in which the Wannier functions span common atoms 
between the adjacent cells. If geometry conditions such as edges, pores, and defects are well 
controlled by chemical modification, graphene-based ferromagnets will be realized through 
the flat bands. Amplitudes of the Wannier functions have non-bonding character, and the 
frontier electrons are itinerant around each central cell. The degeneracy of frontier flat bands 
and the positive exchange integrals play key roles for ferromagnetic interactions of 
graphene-based ferromagnets.  
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Nonlinear Transport Through Ultra Narrow Zigzag
Graphene Naoribbons

Hosein Cheraghchi
Damghan University

Iran

1. Introduction

Graphene, a monolayer of a honeycomb lattice of carbon atoms has been attracted a great
amount of attention from both experimental and theoretical points of view Novoselov et al.
(2006). Flat structure of graphene makes its fabrication more straightforward than carbon
nanotubes. Moreover, dreams of carbon nanoelectronic approach to the reality based on
planar graphene structures. This structure overcomes some difficulties of nanoelectronics
based on carbon nanotubes, by using lithography, one-dimensional ribbon patterns on
graphene sheets Liu et al. (2009). Experiments in graphene-based devices Ozyilmaz et al.
(2007) have shown the possibility of controlling their electrical properties by the application
of an external gate voltage. For achieving realistic nanoelectronic applications based on
graphene nanoribbons (GNR), width of ribbon have to be narrow enough that a transport
gap is opened Han el al. (2007); Li et al. (2008); Wang et al. (2008). Using a chemical
process, sub-10 nm GNR field-effect-transistors with very smooth edges have been obtained
in Ref.[ Li et al. (2008); Wang et al. (2008)] and demonstrated to be semiconductors with band-gap
inversely proportional to the width and on/off ratio of current up to 106 at room temperature.
By connecting GNRs with different types of edges and widths, it is applicable to fabricate
electronic devices based on graphene nanoribbons.
The origin of transport gap which is opened in a gate voltage region of suppressed nonlinear
conductance is still not well understood Molitor et al. (2009); Son et al. (2006); Sols et al.
(2007). Two factors are responsible for transport gap: the edge disorder leading to localization
Mucciolo et al. (2009) and the confinement Nakada et al. (1996); Brey & Fertig-a (2006);
Bery&Fertig-b (2006); Zheng et al. (2007); Malysheva& Onipko (2008). However, in nonlinear
regime, transport gap is also opened by transition selection rules which originates from the
reflection symmetry Duan et al. (2008).
Based on the tight-binding approach, GNRs with armchair shaped edges are either metal or
Semiconductor Son et al. (2006); Nakada et al. (1996); Brey & Fertig-a (2006); Bery&Fertig-b
(2006); Zheng et al. (2007). Moreover, in this approach, zigzag edge ribbons are metal
regardless of their widths Malysheva& Onipko (2008). While ab initio calculations Son et al.
(2006) predict that regardless of the shape of the edges, GNRs are semiconductor. In zigzag
GNRs, the bands are partially flat around the Fermi energy, which means that the group
velocity of conduction electrons is close to zero. Their transport properties are dominated
by edge states.
Similar to carbon nanotubes, electronic transition through a ZGNRs follows from some
selection rules. The rotational symmetry of the incoming electron wave function with respect
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By connecting GNRs with different types of edges and widths, it is applicable to fabricate
electronic devices based on graphene nanoribbons.
The origin of transport gap which is opened in a gate voltage region of suppressed nonlinear
conductance is still not well understood Molitor et al. (2009); Son et al. (2006); Sols et al.
(2007). Two factors are responsible for transport gap: the edge disorder leading to localization
Mucciolo et al. (2009) and the confinement Nakada et al. (1996); Brey & Fertig-a (2006);
Bery&Fertig-b (2006); Zheng et al. (2007); Malysheva& Onipko (2008). However, in nonlinear
regime, transport gap is also opened by transition selection rules which originates from the
reflection symmetry Duan et al. (2008).
Based on the tight-binding approach, GNRs with armchair shaped edges are either metal or
Semiconductor Son et al. (2006); Nakada et al. (1996); Brey & Fertig-a (2006); Bery&Fertig-b
(2006); Zheng et al. (2007). Moreover, in this approach, zigzag edge ribbons are metal
regardless of their widths Malysheva& Onipko (2008). While ab initio calculations Son et al.
(2006) predict that regardless of the shape of the edges, GNRs are semiconductor. In zigzag
GNRs, the bands are partially flat around the Fermi energy, which means that the group
velocity of conduction electrons is close to zero. Their transport properties are dominated
by edge states.
Similar to carbon nanotubes, electronic transition through a ZGNRs follows from some
selection rules. The rotational symmetry of the incoming electron wave function with respect
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Fig. 1. Gated Zigzag graphene nanoribbon which is divided into three regions: left, right and
central region. Dotted rectangular is the unit cell which is used for finding the band structure
of graphene ribbons. Lower panel shows a field-effect transistor structure based on graphene
ribbons where the gate voltage is applied on the whole system.

to the tube axis is conserved while passing through nanotubes Farajian& Esfarjani& Kawazoe
(1999). Correspondingly, the transverse reflection symmetry of the incoming and outgoing
wave functions results in the parity conservation in ZGNRs with even number of zigzag
chains Duan et al. (2008); Cresti et al.-a (2008); Cresti et al.-b (2008); Akhmerov et al. (2008);
Nakabayashi et al. (2009); Wakabayashi& Aoki (2002); Wang et al. (2008). As a consequence
of the even-odd effect, a negative differential resistance (NDR) region appears in the I-V
characteristic curve of P-N even ZGNR junctions Wang et al. (2008). However, in experiment,
edges of graphene ribbons can simply absorb some chemical compounds Kobayashi et al.
(2006). Even any small asymmetry is enough to destroy the blocked transitions induced by
the parity conservation rule. Although there is no parity selection rules in armchair GNR’s,
NDR also can be found in their I-V characteristic curves. Such NDR originates from the
interaction between the narrow density of states of the doped leads and the discrete states
in the scattering region Ren et al. (2010). NDR has also been observed in GNR nanojunctions
which its NDR’s origin is traced back to the electrostatic profile. Enhanced localization of the
HOMO and LUMO states induced by a charge depletion reduces overlap of states and current
Cheraghchi& Esfarjani (2008). A NDR behavior has been also reported in P-N nanotube
junctions Farajian& Esfarjani& Kawazoe (1999). Historically, NDR was first observed in the
degenerated N-P diode junctions Esaki (1958). Nowadays, NDR has been reported in many
other molecular devices Dragoman et al. (2007); Cheraghchi& Esfarjani (2008); Cheraghchi&
Esmailzadeh (2010). To shed light on the experimental work in Ref.[Li et al. (2008); Wang et al. (2008)]

and also introducing new origin of transport gap, in this chapter, we investigate nonlinear
transport through ZGNRs by using non-equilibrium Green’s function (NEGF) approach. The
on/off ratio of the current in the NDR region for gated even ZGNR’s reaches up to 106. It
is also shown that a stable NDR against electrostatic interaction up to 105 is appeared in
ultra narrow odd ZGNRs around ±1V in both positive and negative polarity. These NDRs
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are induced by transport gaps which are opened by two selection rules governing electron
transition through ZGNRs: (i) the parity conservation, and (ii) that allowed transition are
between connected bands Cresti et al.-a (2008); Cresti et al.-b (2008). Based on band structure
analyzing, we show that transport gap opened by the second selection rule is filled for ribbons
wider than 10nm. So, sub-10nm ribbons with long enough length provide experimental
manifestation of the NDR phenomenon in I-V curve of GNRs. On the other hand, the gate
voltage regulates the current flow by shifting the blocked energy regions with respect to the
Fermi level. Moreover, for gated even ZGNRs, on/off ratio of the current displays a power
law behavior as a function of ribbon length as M7.5. However, on-off current ratio for odd
ZGNRs increases exponentially with the ribbon length.
This NDR is still robust against edge impurities when the edges are doped by slightly
amount of impurity. These edge impurities can significantly affect the electronic structure
and transition selection rules of even ZGNRs. Edge states with energies about −0.1 to 0.2eV
have been observed Kobayashi et al. (2006).
Our calculations show that the details of the electrostatic potential profile along the
ribbon can not affect the emergence of NDR. The same conclusion has been reported
by Ref.[ Wang et al. (2008)], but they have not elaborated on the physical reason behind this
robustness. By following the self-consistent charge and potential profiles at different voltages,
we demonstrate that at low voltages, strong screening of the external potential at contacts
results in a flat electrostatic potential along the ribbon. Subsequently, the e-e interaction at a
mean field level, does not change the magnitude of Ion. However, for voltages higher than
the NDR threshold Von, the transfer of charge along the edges, leads to more reduction in Ioff
which improves the switch performance.
This chapter is organized as follows: in section 2, we briefly explain transition selection rules
in symmetric and asymmetric ZGNRs which govern transport properties of GNRs. In section
3, we present Hamiltonian and a short review of NEGF. The origin of NDR seen in the I-V
curve of even and odd ZGNRs is explained in section 4. We demonstrate in section 5 that the
e-e interaction does not have a significant effect on the phenomena of NDR in the I-V curve.
The last section concludes our results.

2. Transition rules

2.1 Transition selection rules in symmetric ZGNR
Presence of the reflection symmetry in the incoming and outgoing wave functions leads to the
transition selection rule which regulates the current flow through ZGNRs Duan et al. (2008);
Wang et al. (2008). However, there is no reflection symmetry in ZGNRs with odd zigzag
chains along the width while even ZGNRs have a mirror symmetric plate which bisects the
ribbon plane (Fig.(1)). By application of the symmetry operator on the wave function of even
ZGNRs, odd or even parity can be realized for each subband.

Pψn,kx (x, y) = ψn,kx (x,−y) = ηψn,kx (x, y) (1)

where P is the parity operator and ψn,kx is the eigen function of nth subband with the wave
vector kx along the longitudinal direction. The eigenvector contains two parts: a plane wave
(eikx x) along the longitudinal axis, and a constraint solution along the transverse direction
with free boundary condition. So the eigenvector can be shown as eikx xφn(y) Rainis et al.
(2009). Eigenvalues of the parity operator are as η = (−1)n+1, where n = 1, 2, ..., 2N counts
bands from the bottom to the top of the band structure, respectively. Eigenvalues of the parity
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of graphene ribbons. Lower panel shows a field-effect transistor structure based on graphene
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to the tube axis is conserved while passing through nanotubes Farajian& Esfarjani& Kawazoe
(1999). Correspondingly, the transverse reflection symmetry of the incoming and outgoing
wave functions results in the parity conservation in ZGNRs with even number of zigzag
chains Duan et al. (2008); Cresti et al.-a (2008); Cresti et al.-b (2008); Akhmerov et al. (2008);
Nakabayashi et al. (2009); Wakabayashi& Aoki (2002); Wang et al. (2008). As a consequence
of the even-odd effect, a negative differential resistance (NDR) region appears in the I-V
characteristic curve of P-N even ZGNR junctions Wang et al. (2008). However, in experiment,
edges of graphene ribbons can simply absorb some chemical compounds Kobayashi et al.
(2006). Even any small asymmetry is enough to destroy the blocked transitions induced by
the parity conservation rule. Although there is no parity selection rules in armchair GNR’s,
NDR also can be found in their I-V characteristic curves. Such NDR originates from the
interaction between the narrow density of states of the doped leads and the discrete states
in the scattering region Ren et al. (2010). NDR has also been observed in GNR nanojunctions
which its NDR’s origin is traced back to the electrostatic profile. Enhanced localization of the
HOMO and LUMO states induced by a charge depletion reduces overlap of states and current
Cheraghchi& Esfarjani (2008). A NDR behavior has been also reported in P-N nanotube
junctions Farajian& Esfarjani& Kawazoe (1999). Historically, NDR was first observed in the
degenerated N-P diode junctions Esaki (1958). Nowadays, NDR has been reported in many
other molecular devices Dragoman et al. (2007); Cheraghchi& Esfarjani (2008); Cheraghchi&
Esmailzadeh (2010). To shed light on the experimental work in Ref.[Li et al. (2008); Wang et al. (2008)]

and also introducing new origin of transport gap, in this chapter, we investigate nonlinear
transport through ZGNRs by using non-equilibrium Green’s function (NEGF) approach. The
on/off ratio of the current in the NDR region for gated even ZGNR’s reaches up to 106. It
is also shown that a stable NDR against electrostatic interaction up to 105 is appeared in
ultra narrow odd ZGNRs around ±1V in both positive and negative polarity. These NDRs
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are induced by transport gaps which are opened by two selection rules governing electron
transition through ZGNRs: (i) the parity conservation, and (ii) that allowed transition are
between connected bands Cresti et al.-a (2008); Cresti et al.-b (2008). Based on band structure
analyzing, we show that transport gap opened by the second selection rule is filled for ribbons
wider than 10nm. So, sub-10nm ribbons with long enough length provide experimental
manifestation of the NDR phenomenon in I-V curve of GNRs. On the other hand, the gate
voltage regulates the current flow by shifting the blocked energy regions with respect to the
Fermi level. Moreover, for gated even ZGNRs, on/off ratio of the current displays a power
law behavior as a function of ribbon length as M7.5. However, on-off current ratio for odd
ZGNRs increases exponentially with the ribbon length.
This NDR is still robust against edge impurities when the edges are doped by slightly
amount of impurity. These edge impurities can significantly affect the electronic structure
and transition selection rules of even ZGNRs. Edge states with energies about −0.1 to 0.2eV
have been observed Kobayashi et al. (2006).
Our calculations show that the details of the electrostatic potential profile along the
ribbon can not affect the emergence of NDR. The same conclusion has been reported
by Ref.[ Wang et al. (2008)], but they have not elaborated on the physical reason behind this
robustness. By following the self-consistent charge and potential profiles at different voltages,
we demonstrate that at low voltages, strong screening of the external potential at contacts
results in a flat electrostatic potential along the ribbon. Subsequently, the e-e interaction at a
mean field level, does not change the magnitude of Ion. However, for voltages higher than
the NDR threshold Von, the transfer of charge along the edges, leads to more reduction in Ioff
which improves the switch performance.
This chapter is organized as follows: in section 2, we briefly explain transition selection rules
in symmetric and asymmetric ZGNRs which govern transport properties of GNRs. In section
3, we present Hamiltonian and a short review of NEGF. The origin of NDR seen in the I-V
curve of even and odd ZGNRs is explained in section 4. We demonstrate in section 5 that the
e-e interaction does not have a significant effect on the phenomena of NDR in the I-V curve.
The last section concludes our results.

2. Transition rules

2.1 Transition selection rules in symmetric ZGNR
Presence of the reflection symmetry in the incoming and outgoing wave functions leads to the
transition selection rule which regulates the current flow through ZGNRs Duan et al. (2008);
Wang et al. (2008). However, there is no reflection symmetry in ZGNRs with odd zigzag
chains along the width while even ZGNRs have a mirror symmetric plate which bisects the
ribbon plane (Fig.(1)). By application of the symmetry operator on the wave function of even
ZGNRs, odd or even parity can be realized for each subband.

Pψn,kx (x, y) = ψn,kx (x,−y) = ηψn,kx (x, y) (1)

where P is the parity operator and ψn,kx is the eigen function of nth subband with the wave
vector kx along the longitudinal direction. The eigenvector contains two parts: a plane wave
(eikx x) along the longitudinal axis, and a constraint solution along the transverse direction
with free boundary condition. So the eigenvector can be shown as eikx xφn(y) Rainis et al.
(2009). Eigenvalues of the parity operator are as η = (−1)n+1, where n = 1, 2, ..., 2N counts
bands from the bottom to the top of the band structure, respectively. Eigenvalues of the parity
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operator are independent of the value of kx. As an example, in even ZGNR, lower subband of
two central bands has negative parity and upper one has positive parity (Fig.2).
Using the tight-binding approximation, eigenvectors and eigenvalues of the ribbon is derived
by diagonalization of the following Hamiltonian Ezawa (2006):

Hψn,kx (x, y) = E(n, kx)ψn,kx (x, y)

H = H0 + V0,+1eikx x + V0,−1e−ikx x
(2)

where H0 is the tight-binding Hamiltonian of the unit cell shown in Fig.(1.a). In the nearest
neighbor approximation, V0,+1, V0,−1 are the overlap matrices between the marked unit cell
(’0’) and its left (’-1’) and right (’+1’) unit cells. Having eigenvalues of this Hamiltonian
E(n, kx) results in the energy spectrum of graphene ribbons.
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Fig. 2. transmission (right panel) and band structure of right (center panel) and left (left
panel) electrodes for ZGNR with 6 unit cells in length and 4 zigzag chains. Applied bias is
considered to be a) Vsd = 0 and b) Vsd = 1.0V. Gate voltage is Vg = 0.5V. Here, � and γ are
the energy separation of upper/lower group of bands from the central bands at the Dirac
point (kx = ±2π/3a) and kx = 0, respectively. Moreover, δ is the half-width of the central
bands at kx = 0.

As a consequence of Eqs.(1,3), in even ZGNRs, we have [P, H] = 0. Therefore, parity
is conserved during coherent transport. Parity conservation in even ZGNRs results in the
blocked transition of the incoming wave function with positive parity into the outgoing wave
function with negative parity of the central subbands.
Electronic transition is controlled by two selection rules. First, the parity is conserved in
tunneling of electron through even-ZGNRs. Therefore, at zero source-drain voltage, one can
expect full transmission which is shown in Fig.(2.a). In this case, all bands with the same
parity are energetically aligned and there is no gap in the transmission curve. In Fig.(2.a),
the energy of transmission curve is shifted by the gate voltage (0.5V). Parity of each band is
indicated by plus/minus signs. In the range of 2Δ, there is one conducting channel which
results in unit transmission coefficient.
Fig.(2.b) represents band structures of electrodes which are shifted with respect to each other
due to the source-drain voltage Vsd = 1.0V. The gap in the transmission curve of Fig.(2.b),
AB region, indicates that transport between bands of opposite parity is blocked. In the
energy regions in which back scattering of electrons increases due to the selection rules, it
is established that the transmission decays exponentially with the length as e−γL.
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The second selection rule which governs electron transport through ZGNRs, is that, electron
transition is allowed between connected bands. Figs.(2.a,b) show the band structure classified
in three different groups; namely, central, upper and lower bands which are indicated by solid,
dashed and dashed-dot-dot lines, respectively. The common feature of bands in each group is
that, they are connected at the zone boundary, while distinct groups are disconnected. When
one considers the electron transport, the longitudinal momentum kx, of electrons changes as
a result of applied Vsd. The precise form of this variation in kx, crucially depends on profile of
the superimposed longitudinal potential. These groups are disconnected from each other from
the point of longitudinal momentum. Variation of momentum of electron kx depends on the
shape of superimposed longitudinal potential. The transport properties for smoothly varying
Vsd, are significantly different from Vsd profiles with sharp spatial variations. The electronic
transition between an eigenstate (m1, k) in the right electrode and an eigenstate (m2, q) in the
left electrode is proportional to Fourier transform of longitudinal voltage and structure factor
Cresti et al.-a (2008); Cresti et al.-b (2008),

�ψm1 (k) | Vsd(x) | ψm2 (q)� = SṼsd(k − q), (3)

where structure factor of S is equal to [1 + (−1)Pm1+Pm2 ] for even ZGNRs and parity of
band m is equal to Pm = (−1)(m+1). Parity selection rule in even ZGNRs originates from
this structure factor. This parity selection rule is mesoscopic analogue of chirality factors
governing transport of Dirac electrons in planar graphene Ulloa& Kirczenow (1987).
If a constant gate voltage is applied on the whole system, since there is no longitudinal
potential variation, momentum of electron remains unaffected against the gate voltage.
However, linear variation of the applied source-drain bias (with the slope Vsd/L) changes
the electron momentum. So, smooth variation of the potential in longer ribbons results
in a small momentum variation of electron. Consequently, transition of electron between
disconnected bands is forbidden when the length of ribbon is so large that one can assume
Ṽsd(k − q) → δ(k − q). Therefore, a smooth potential in the longitudinal direction can just
scatter the electron among the class of states belonging to the same group of connected energy
bands.
Now let us focus on the two transport gap regions: AB and CD in Fig.(2.b). The AB gap
is a consequence of parity selection rules, while the CD gap is due to blockage of transition
between disconnected groups. As can be seen in Fig.(2.b), the AB gap is proportional to the
source-drain voltage, Vsd. Moreover, this gap is independent of the ribbon width. Of course,
in the wide ribbons, the upper and the lower band groups approach to the central group,
especially at the point kx = 0, where γ in Fig.(2.a) tends to zero as log-normal.
When the ribbon width is increased, the separation γ between the upper/lower and central
groups of bands, is reduced, which tends to loosen the second selection rule based on
band groups; hence filling in the gaps. However when we increase the ribbon length, our
classification of bands into connected groups is recovered. Therefore the AB gap is essentially
governed by the aspect ratio of ZGNR.
The CD gap is equal to Δ − δ + Vsd, where Δ and δ are the energy separation of upper/lower
group from the central bands at the Dirac point, and the half width of the central bands at
kx = 0, respectively. The dependence of Δ on width N is: Δ ∝ (2.13 ± 0.02)N−(0.864±0.003),
while δ has a Log-Normal behavior which asymptotically approaches to the constant value
of 0.9738 ± 0.0002 as N goes up to 10. The conducting region BC in Fig.(2.b) can exist only,
when δ − Δ < Vsd < δ. From the dependence of Δ and δ on N, the CD gap exists if N is
less than 30. Hence, NDR is estimated to be observable for ribbon width ≤ 7nm. The lowest
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operator are independent of the value of kx. As an example, in even ZGNR, lower subband of
two central bands has negative parity and upper one has positive parity (Fig.2).
Using the tight-binding approximation, eigenvectors and eigenvalues of the ribbon is derived
by diagonalization of the following Hamiltonian Ezawa (2006):

Hψn,kx (x, y) = E(n, kx)ψn,kx (x, y)

H = H0 + V0,+1eikx x + V0,−1e−ikx x
(2)

where H0 is the tight-binding Hamiltonian of the unit cell shown in Fig.(1.a). In the nearest
neighbor approximation, V0,+1, V0,−1 are the overlap matrices between the marked unit cell
(’0’) and its left (’-1’) and right (’+1’) unit cells. Having eigenvalues of this Hamiltonian
E(n, kx) results in the energy spectrum of graphene ribbons.
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Fig. 2. transmission (right panel) and band structure of right (center panel) and left (left
panel) electrodes for ZGNR with 6 unit cells in length and 4 zigzag chains. Applied bias is
considered to be a) Vsd = 0 and b) Vsd = 1.0V. Gate voltage is Vg = 0.5V. Here, � and γ are
the energy separation of upper/lower group of bands from the central bands at the Dirac
point (kx = ±2π/3a) and kx = 0, respectively. Moreover, δ is the half-width of the central
bands at kx = 0.

As a consequence of Eqs.(1,3), in even ZGNRs, we have [P, H] = 0. Therefore, parity
is conserved during coherent transport. Parity conservation in even ZGNRs results in the
blocked transition of the incoming wave function with positive parity into the outgoing wave
function with negative parity of the central subbands.
Electronic transition is controlled by two selection rules. First, the parity is conserved in
tunneling of electron through even-ZGNRs. Therefore, at zero source-drain voltage, one can
expect full transmission which is shown in Fig.(2.a). In this case, all bands with the same
parity are energetically aligned and there is no gap in the transmission curve. In Fig.(2.a),
the energy of transmission curve is shifted by the gate voltage (0.5V). Parity of each band is
indicated by plus/minus signs. In the range of 2Δ, there is one conducting channel which
results in unit transmission coefficient.
Fig.(2.b) represents band structures of electrodes which are shifted with respect to each other
due to the source-drain voltage Vsd = 1.0V. The gap in the transmission curve of Fig.(2.b),
AB region, indicates that transport between bands of opposite parity is blocked. In the
energy regions in which back scattering of electrons increases due to the selection rules, it
is established that the transmission decays exponentially with the length as e−γL.
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The second selection rule which governs electron transport through ZGNRs, is that, electron
transition is allowed between connected bands. Figs.(2.a,b) show the band structure classified
in three different groups; namely, central, upper and lower bands which are indicated by solid,
dashed and dashed-dot-dot lines, respectively. The common feature of bands in each group is
that, they are connected at the zone boundary, while distinct groups are disconnected. When
one considers the electron transport, the longitudinal momentum kx, of electrons changes as
a result of applied Vsd. The precise form of this variation in kx, crucially depends on profile of
the superimposed longitudinal potential. These groups are disconnected from each other from
the point of longitudinal momentum. Variation of momentum of electron kx depends on the
shape of superimposed longitudinal potential. The transport properties for smoothly varying
Vsd, are significantly different from Vsd profiles with sharp spatial variations. The electronic
transition between an eigenstate (m1, k) in the right electrode and an eigenstate (m2, q) in the
left electrode is proportional to Fourier transform of longitudinal voltage and structure factor
Cresti et al.-a (2008); Cresti et al.-b (2008),

�ψm1 (k) | Vsd(x) | ψm2 (q)� = SṼsd(k − q), (3)

where structure factor of S is equal to [1 + (−1)Pm1+Pm2 ] for even ZGNRs and parity of
band m is equal to Pm = (−1)(m+1). Parity selection rule in even ZGNRs originates from
this structure factor. This parity selection rule is mesoscopic analogue of chirality factors
governing transport of Dirac electrons in planar graphene Ulloa& Kirczenow (1987).
If a constant gate voltage is applied on the whole system, since there is no longitudinal
potential variation, momentum of electron remains unaffected against the gate voltage.
However, linear variation of the applied source-drain bias (with the slope Vsd/L) changes
the electron momentum. So, smooth variation of the potential in longer ribbons results
in a small momentum variation of electron. Consequently, transition of electron between
disconnected bands is forbidden when the length of ribbon is so large that one can assume
Ṽsd(k − q) → δ(k − q). Therefore, a smooth potential in the longitudinal direction can just
scatter the electron among the class of states belonging to the same group of connected energy
bands.
Now let us focus on the two transport gap regions: AB and CD in Fig.(2.b). The AB gap
is a consequence of parity selection rules, while the CD gap is due to blockage of transition
between disconnected groups. As can be seen in Fig.(2.b), the AB gap is proportional to the
source-drain voltage, Vsd. Moreover, this gap is independent of the ribbon width. Of course,
in the wide ribbons, the upper and the lower band groups approach to the central group,
especially at the point kx = 0, where γ in Fig.(2.a) tends to zero as log-normal.
When the ribbon width is increased, the separation γ between the upper/lower and central
groups of bands, is reduced, which tends to loosen the second selection rule based on
band groups; hence filling in the gaps. However when we increase the ribbon length, our
classification of bands into connected groups is recovered. Therefore the AB gap is essentially
governed by the aspect ratio of ZGNR.
The CD gap is equal to Δ − δ + Vsd, where Δ and δ are the energy separation of upper/lower
group from the central bands at the Dirac point, and the half width of the central bands at
kx = 0, respectively. The dependence of Δ on width N is: Δ ∝ (2.13 ± 0.02)N−(0.864±0.003),
while δ has a Log-Normal behavior which asymptotically approaches to the constant value
of 0.9738 ± 0.0002 as N goes up to 10. The conducting region BC in Fig.(2.b) can exist only,
when δ − Δ < Vsd < δ. From the dependence of Δ and δ on N, the CD gap exists if N is
less than 30. Hence, NDR is estimated to be observable for ribbon width ≤ 7nm. The lowest
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Fig. 3. Even asymmetric zigzag graphene nanoribbon considered as a central region attached
to two electrodes. Transverse zigzag carbon chains and unit cells inside the central region are
labeled by N and M. Darker edge atoms are absorbed atoms which make ribbon asymmetric
in respect to the X-axis.

achieved ribbon width is sub-10nm-wide (∼ 2± 0.5nm) Li et al. (2008); Wang et al. (2008) with
the length ∼ 236nm. Such long ribbons with small width provide fascinating experimental
manifestation of the selection rules in transport properties.
One of the experimental requirements of the nanoribbon fabrication is the presence of some
absorbed edge impurities. So, reflection symmetry could be simply failed during designing of
electronic devices based on ZGNRs. Operation of an electronic device should not be affected
by small asymmetry. Recently Wang et al. (2008), based on even ZGNR substrate and also
the parity selection rule, an N-P diode junction was designed. This diode shows an NDR in
positive polarity of its I-V curve. According to the previous discussions, this device is strongly
sensitive to any asymmetry. Electronic devices designed by the transition rule arising from
disconnecting band groups is much reliable than those which are based on the symmetry. In
the next section, we introduce a nanoswitch which its operation is not so sensitive to the
asymmetry. Fig.(3) shows asymmetric zigzag graphene nanoribbon with even number of
zigzag chains in width (N).

2.2 Transition selection rules in asymmetric ZGNR
Those selection rules controlling the electron transition through even ZGNRs will be modified
when impurity absorption changes onsite energies of atoms located in one edge of the ribbon.
Application of the edge asymmetry influences the selection rules as the following:
1) Transition between those subbands which have been already forbidden based on the parity
conservation, would be now allowed.
2) As shown in Fig.(4.b), in the spectrum of central bands of even ZGNRs, an energy gap is
induced by the edge impurity. The opening of the gap depends directly on the onsite energy
attributed to the edge impurity. As a result, in this case, the first conduction and the last
valance bands detach from each other so that they do not belong to the same band group.
Therefore, transition between these subbands is not allowed now.
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Fig. 4. Energy spectrum of the left and right electrodes of graphene ribbons with 4 zigzag
chains (M, N) = (12, 4) under 0.5V applied bias a) without b) with the presence of the edge
impurity. In figure (b), it is supposed that the doping impurities adsorbed by one of the
ribbon edges can induce additional onsite energy on the edge atoms as εα = 0.1. To
investigate the selection rules, transmission also is plotted. Bands with solid and dashed
lines have positive and negative parity, respectively.

These two selection rules have two opposite operations so that depending on the system
length and edge impurity, they compete with each other. One of them increases transmission
and the other one decreases it. Fig.(4.b) shows the energy spectrum and transmission
through a ZGNR (with N = 4) at the applied bias of 0.5V. It is supposed that the edge
impurity changes onsite energy of the edge atoms as the value of εα = 0.1. The energy gap
induced by the edge impurities also keeps its trace in the transmission curve. Due to the
asymmetry-induced gap, transmission in the energy ranges of AB and also CD shown in
Fig.(4.b) is zero. However, one conducting channel is allowed in the energy range of DE. The
only allowed transition in this energy range is the transition from the first conduction band of
the right electrode to the same band of the left electrode. The same as symmetric case, at the
energy points corresponding to E and G, the flow of the current is blocked due to the transition
between two different band groups. By application of the edge impurity, it is interesting to
note that in the energy range of BC, one conducting channel is opened and contributes into the
transport. According to the parity selection rule, in this energy range, the electronic transition
even ZGNRs must be blocked. However, parity is not conserved in asymmetric even ZGNRs
and the transition is permissive. On the other hand, because of the asymmetry-induced
energy gap, from the viewpoint of longitudinal momentum, the upper band of central group
belonging to the left electrode is detached from the lower band of the central group belonging
to the right electrode. So, the electronic transition between detached bands is forbidden. As
it was explained in the previous section, if the ribbon length is long enough, the electron
transition between these two detached subbands is effectively blocked. However, if the system
length is considered to be very short (e.g. M=1), the transition between disconnecting bands
is permissive. In the ribbons shorter than a critical length, application of the asymmetric edge
impurity can not effectively destroy the parity conservation. As shown in Fig.(5.a), the parity
conservation however gradually fails when the ribbon length approaches the critical length.
Therefore, in the energy range of B − C, transmission increases with the ribbon length. On the
other hand, in a ribbon longer than the critical length (here Mcr. = 12), transition of electrons
between the separated central bands belonging to the different electrodes is gradually blocked
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labeled by N and M. Darker edge atoms are absorbed atoms which make ribbon asymmetric
in respect to the X-axis.

achieved ribbon width is sub-10nm-wide (∼ 2± 0.5nm) Li et al. (2008); Wang et al. (2008) with
the length ∼ 236nm. Such long ribbons with small width provide fascinating experimental
manifestation of the selection rules in transport properties.
One of the experimental requirements of the nanoribbon fabrication is the presence of some
absorbed edge impurities. So, reflection symmetry could be simply failed during designing of
electronic devices based on ZGNRs. Operation of an electronic device should not be affected
by small asymmetry. Recently Wang et al. (2008), based on even ZGNR substrate and also
the parity selection rule, an N-P diode junction was designed. This diode shows an NDR in
positive polarity of its I-V curve. According to the previous discussions, this device is strongly
sensitive to any asymmetry. Electronic devices designed by the transition rule arising from
disconnecting band groups is much reliable than those which are based on the symmetry. In
the next section, we introduce a nanoswitch which its operation is not so sensitive to the
asymmetry. Fig.(3) shows asymmetric zigzag graphene nanoribbon with even number of
zigzag chains in width (N).

2.2 Transition selection rules in asymmetric ZGNR
Those selection rules controlling the electron transition through even ZGNRs will be modified
when impurity absorption changes onsite energies of atoms located in one edge of the ribbon.
Application of the edge asymmetry influences the selection rules as the following:
1) Transition between those subbands which have been already forbidden based on the parity
conservation, would be now allowed.
2) As shown in Fig.(4.b), in the spectrum of central bands of even ZGNRs, an energy gap is
induced by the edge impurity. The opening of the gap depends directly on the onsite energy
attributed to the edge impurity. As a result, in this case, the first conduction and the last
valance bands detach from each other so that they do not belong to the same band group.
Therefore, transition between these subbands is not allowed now.
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Fig. 4. Energy spectrum of the left and right electrodes of graphene ribbons with 4 zigzag
chains (M, N) = (12, 4) under 0.5V applied bias a) without b) with the presence of the edge
impurity. In figure (b), it is supposed that the doping impurities adsorbed by one of the
ribbon edges can induce additional onsite energy on the edge atoms as εα = 0.1. To
investigate the selection rules, transmission also is plotted. Bands with solid and dashed
lines have positive and negative parity, respectively.

These two selection rules have two opposite operations so that depending on the system
length and edge impurity, they compete with each other. One of them increases transmission
and the other one decreases it. Fig.(4.b) shows the energy spectrum and transmission
through a ZGNR (with N = 4) at the applied bias of 0.5V. It is supposed that the edge
impurity changes onsite energy of the edge atoms as the value of εα = 0.1. The energy gap
induced by the edge impurities also keeps its trace in the transmission curve. Due to the
asymmetry-induced gap, transmission in the energy ranges of AB and also CD shown in
Fig.(4.b) is zero. However, one conducting channel is allowed in the energy range of DE. The
only allowed transition in this energy range is the transition from the first conduction band of
the right electrode to the same band of the left electrode. The same as symmetric case, at the
energy points corresponding to E and G, the flow of the current is blocked due to the transition
between two different band groups. By application of the edge impurity, it is interesting to
note that in the energy range of BC, one conducting channel is opened and contributes into the
transport. According to the parity selection rule, in this energy range, the electronic transition
even ZGNRs must be blocked. However, parity is not conserved in asymmetric even ZGNRs
and the transition is permissive. On the other hand, because of the asymmetry-induced
energy gap, from the viewpoint of longitudinal momentum, the upper band of central group
belonging to the left electrode is detached from the lower band of the central group belonging
to the right electrode. So, the electronic transition between detached bands is forbidden. As
it was explained in the previous section, if the ribbon length is long enough, the electron
transition between these two detached subbands is effectively blocked. However, if the system
length is considered to be very short (e.g. M=1), the transition between disconnecting bands
is permissive. In the ribbons shorter than a critical length, application of the asymmetric edge
impurity can not effectively destroy the parity conservation. As shown in Fig.(5.a), the parity
conservation however gradually fails when the ribbon length approaches the critical length.
Therefore, in the energy range of B − C, transmission increases with the ribbon length. On the
other hand, in a ribbon longer than the critical length (here Mcr. = 12), transition of electrons
between the separated central bands belonging to the different electrodes is gradually blocked
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Fig. 5. Transmission through graphene ribbon with 4 zigzag chains in width for different
ribbon lengths: a) M ≤ 12 b) M ≥ 12. Applied bias is considered to be 0.5V. Edge impurity
changes onsite energy of the edge atoms as εα = 0.1t.

and so transmission in Fig.(5.b) decreases with the length. Based on this competition between
two selection rules, one can explain non-linear transport through asymmetric even ZGNRs.

3. Hamiltonian and formalism

Fig.(1) shows schematic side view of graphene nanoribbon. In presence of source-drain
applied potential, ribbon is divided into three regions; left, right electrodes and also central
interacting region. Gate voltage is applied by means of substrate on the graphene plate. The
interacting Hamiltonian is written in the tight-binding approximation. This Hamiltonian is a
functional of charge density:

H{n} = ∑i(εi + [(xi − x0)/L − 0.5]Vsd + ∑j Uijδnj])c†
i ci

+∑<ij> t(c†
i cj + cic†

j ),
(4)

εi shows onsite energy of ith carbon atom and t represents the hopping integral between
nearest neighbor atoms. One π orbital is considered per each site for graphene system.
Without losing any generality, we set onsite energies (εi) of all sites equal to zero. All energies
are in units of tC−C = 2.5eV. Application of a gate voltage is achieved by shifting atomic
onsite energies in all three regions. The applied source-drain potential, Vsd, and the gate
voltage, Vg, preserve transverse symmetry with respect to the ribbon axis (X direction in
Fig.(1)). Linear variation of the source-drain voltage along the ribbon is the solution of the
Laplace equation with Dirichlete boundary condition on the contacts. Uij is the electrostatic
Green’s function and δni = ni − n0

i is the change in the self-consistent charge ni from its initial
equilibrium zero-bias value. This third term is the direct Coulomb interaction created by the
bias-induced charges at a mean field level which is the solution of Poisson equation. The
electrostatic Green’s function for a distribution of charges between two parallel conducting
planes located at x = 0, L which are held at zero potential Jackson (1975), has the following
form:
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U(−→r ,−→r �
) = 2

∫ ∞
0 dkJ0(αk) sinh(kz<) sinh(k(L−z>))

sinh(kL) ,

α =
√
(x − x� )2 + (y − y� )2 + U−2

H ,

(5)

where UH is the Hubbard parameter whose semi-empirical value for carbon Esfarjani&
Kawazoe (1998) is about 4tC−C. This parameter determines the strength of electron-electron
interaction. This electrostatic Green’s function is appropriate for the kernel of
Ohno-Klopmann model Ohno& Klopman (1964).
For self-containing, we present a very brief review of the NEGF formalism. Charge density in
non-equilibrium situation is calculated by [−iG<] as the occupation number in the presence
of the two electrodes with an applied source-drain bias Taylor et al. (2001).

ni =
−1
π

∫ EF− V
2

−∞
Im[Gr(E)]iidE + nnon−eq

i (6)

where non-equilibrium part of charge can be calculated by the following integral,

nnon−eq
i =

1
2π

∫ EF+
V
2

EF− V
2

[−iG<(E)]iidE (7)

where within a one-particle theory ,

− iG< = Gr(ΓL fL + ΓR fR)Ga (8)

Here fL/R is the Fermi-Dirac distribution function of electrodes and Gr/a is the
retarded/advanced Green’s function defining as the following:

Gr/a = [(E ± η)I − H{n} − Σr/a
L − Σra

R ]−1 (9)

and Γ is the escaping rate of electrons to the electrodes which is related to the self-energies as
Γp = i[Σr

p − Σa
p] with p = L/R Munoz (1998); Datta (1995); Taylor et al. (2001). Here η →

0+. Solving equations 6 and 9 self-consistently results in a self consistent charge and Green’s
functions. Finally, the current passing through the molecule is calculated by the Landauer
formula for zero temperature Datta (1995) which is valid for coherent transport.

I(V) =
2e
h

∫ EF+V/2

EF−V/2
dE T(E, V) (10)

where T(E, V) are the bias dependent transmission coefficient.

T = Tr[GrΓRGaΓL] (11)

4. Negative differential resistance

In this section, we will present our results about nonlinear transport properties which emerges
in current-voltage characteristic curves.
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Fig. 5. Transmission through graphene ribbon with 4 zigzag chains in width for different
ribbon lengths: a) M ≤ 12 b) M ≥ 12. Applied bias is considered to be 0.5V. Edge impurity
changes onsite energy of the edge atoms as εα = 0.1t.

and so transmission in Fig.(5.b) decreases with the length. Based on this competition between
two selection rules, one can explain non-linear transport through asymmetric even ZGNRs.

3. Hamiltonian and formalism

Fig.(1) shows schematic side view of graphene nanoribbon. In presence of source-drain
applied potential, ribbon is divided into three regions; left, right electrodes and also central
interacting region. Gate voltage is applied by means of substrate on the graphene plate. The
interacting Hamiltonian is written in the tight-binding approximation. This Hamiltonian is a
functional of charge density:

H{n} = ∑i(εi + [(xi − x0)/L − 0.5]Vsd + ∑j Uijδnj])c†
i ci

+∑<ij> t(c†
i cj + cic†

j ),
(4)

εi shows onsite energy of ith carbon atom and t represents the hopping integral between
nearest neighbor atoms. One π orbital is considered per each site for graphene system.
Without losing any generality, we set onsite energies (εi) of all sites equal to zero. All energies
are in units of tC−C = 2.5eV. Application of a gate voltage is achieved by shifting atomic
onsite energies in all three regions. The applied source-drain potential, Vsd, and the gate
voltage, Vg, preserve transverse symmetry with respect to the ribbon axis (X direction in
Fig.(1)). Linear variation of the source-drain voltage along the ribbon is the solution of the
Laplace equation with Dirichlete boundary condition on the contacts. Uij is the electrostatic
Green’s function and δni = ni − n0

i is the change in the self-consistent charge ni from its initial
equilibrium zero-bias value. This third term is the direct Coulomb interaction created by the
bias-induced charges at a mean field level which is the solution of Poisson equation. The
electrostatic Green’s function for a distribution of charges between two parallel conducting
planes located at x = 0, L which are held at zero potential Jackson (1975), has the following
form:
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where UH is the Hubbard parameter whose semi-empirical value for carbon Esfarjani&
Kawazoe (1998) is about 4tC−C. This parameter determines the strength of electron-electron
interaction. This electrostatic Green’s function is appropriate for the kernel of
Ohno-Klopmann model Ohno& Klopman (1964).
For self-containing, we present a very brief review of the NEGF formalism. Charge density in
non-equilibrium situation is calculated by [−iG<] as the occupation number in the presence
of the two electrodes with an applied source-drain bias Taylor et al. (2001).

ni =
−1
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where non-equilibrium part of charge can be calculated by the following integral,
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i =

1
2π
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[−iG<(E)]iidE (7)

where within a one-particle theory ,

− iG< = Gr(ΓL fL + ΓR fR)Ga (8)

Here fL/R is the Fermi-Dirac distribution function of electrodes and Gr/a is the
retarded/advanced Green’s function defining as the following:

Gr/a = [(E ± η)I − H{n} − Σr/a
L − Σra

R ]−1 (9)

and Γ is the escaping rate of electrons to the electrodes which is related to the self-energies as
Γp = i[Σr

p − Σa
p] with p = L/R Munoz (1998); Datta (1995); Taylor et al. (2001). Here η →

0+. Solving equations 6 and 9 self-consistently results in a self consistent charge and Green’s
functions. Finally, the current passing through the molecule is calculated by the Landauer
formula for zero temperature Datta (1995) which is valid for coherent transport.

I(V) =
2e
h

∫ EF+V/2

EF−V/2
dE T(E, V) (10)

where T(E, V) are the bias dependent transmission coefficient.

T = Tr[GrΓRGaΓL] (11)

4. Negative differential resistance

In this section, we will present our results about nonlinear transport properties which emerges
in current-voltage characteristic curves.
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Fig. 6. Current-voltage characteristic curve for different gate voltages when the ribbon size is
as (N, M) = (4, 6). The effect of different parameters such as size effect, electrostatic
potential and also gate voltage is investigated on I-V curve. Hubbard parameter (UH) is on
site Coulomb repulsive.

Fig. 7. Contour plot of transmission with respect to the energy and Vsd for the system size
(N,M)=(4,6) and the applied gate voltage Vg = 0.5V . Darked Oblique lines shows the current
integration window. Points marked by A, B, C, D correspond to the horizontal lines with the
same name in Fig.(2). Lines of α, β are the trace of points with similar names in Fig.(6). Fermi
energy was fixed at zero EF = 0.
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which was shown in Figs(6,7).

4.1 NDR in gated-EVEN zigzag graphene nanoribbon
Fig.(6) shows current-voltage characteristic curve of a ZGNR with 4 zigzag chains and 6
unit cells in length. In the case of zero gate voltage, flow of current is blocked due to the
parity selection rule, while at a given Vsd, gate bias turns the current on. After a range of
Vsd in which the current remains unchanged, current begins to reduce with increasing Vsd.
NDR threshold voltage Von decreases with gate voltage for Vg < 0.6V. Dependence of NDR
threshold voltage on the gate voltage can also be seen in Fig.(8). This NDR also symmetrically
appears in the negative polarity of Vsd. The NDR threshold voltage and Ion remain unchanged
in the presence of the electron-electron interaction (with a given Hubbard term U = 4tC−C).
However, reduction of the current in off state, Ioff, is intensified when one takes electrostatic
potential into account.
To understand the origin of NDR, it is helpful to look at the 3D contour-plot of transmission
in plane of energy and Vsd which is presented in Fig.(7). Blocked energy intervals AB and CD,
which are indicated in Fig.(7), correspond to those intervals shown in Fig.(2). For voltages
lower than the vertical line α (V < Vα), transmission is a nonzero constant for the whole region
of the conduction window represented in Eq.(10). As a result, current increases proportionally
to Vsd. In the voltage interval [Vα, Vβ], the blocked region AB, originating from the parity
selection rule, contributes to the current integration window of Eq.(10). However, nonzero
range of transmission remains unchanged along with Vsd resulting in the fixed current in
the voltage range [Vα, Vβ]. So, current remains unchanged in this range. For voltages V ≥
Vβ, the CD gap contributes in the current integration window, and consequently the NDR
phenomenon emerges.
Regarding the importance of gate voltage in the current flow, let us investigate the effect of
the gate voltage on I − Vsd curve by contour plotting of the current with respect to Vsd and
Vg in Fig.(7). For gate voltages |Vg| < 0.1V, shift of transmission is not remarkable enough
to contribute to conducting channels in the current integration. So, current is blocked by the
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potential and also gate voltage is investigated on I-V curve. Hubbard parameter (UH) is on
site Coulomb repulsive.

Fig. 7. Contour plot of transmission with respect to the energy and Vsd for the system size
(N,M)=(4,6) and the applied gate voltage Vg = 0.5V . Darked Oblique lines shows the current
integration window. Points marked by A, B, C, D correspond to the horizontal lines with the
same name in Fig.(2). Lines of α, β are the trace of points with similar names in Fig.(6). Fermi
energy was fixed at zero EF = 0.
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4.1 NDR in gated-EVEN zigzag graphene nanoribbon
Fig.(6) shows current-voltage characteristic curve of a ZGNR with 4 zigzag chains and 6
unit cells in length. In the case of zero gate voltage, flow of current is blocked due to the
parity selection rule, while at a given Vsd, gate bias turns the current on. After a range of
Vsd in which the current remains unchanged, current begins to reduce with increasing Vsd.
NDR threshold voltage Von decreases with gate voltage for Vg < 0.6V. Dependence of NDR
threshold voltage on the gate voltage can also be seen in Fig.(8). This NDR also symmetrically
appears in the negative polarity of Vsd. The NDR threshold voltage and Ion remain unchanged
in the presence of the electron-electron interaction (with a given Hubbard term U = 4tC−C).
However, reduction of the current in off state, Ioff, is intensified when one takes electrostatic
potential into account.
To understand the origin of NDR, it is helpful to look at the 3D contour-plot of transmission
in plane of energy and Vsd which is presented in Fig.(7). Blocked energy intervals AB and CD,
which are indicated in Fig.(7), correspond to those intervals shown in Fig.(2). For voltages
lower than the vertical line α (V < Vα), transmission is a nonzero constant for the whole region
of the conduction window represented in Eq.(10). As a result, current increases proportionally
to Vsd. In the voltage interval [Vα, Vβ], the blocked region AB, originating from the parity
selection rule, contributes to the current integration window of Eq.(10). However, nonzero
range of transmission remains unchanged along with Vsd resulting in the fixed current in
the voltage range [Vα, Vβ]. So, current remains unchanged in this range. For voltages V ≥
Vβ, the CD gap contributes in the current integration window, and consequently the NDR
phenomenon emerges.
Regarding the importance of gate voltage in the current flow, let us investigate the effect of
the gate voltage on I − Vsd curve by contour plotting of the current with respect to Vsd and
Vg in Fig.(7). For gate voltages |Vg| < 0.1V, shift of transmission is not remarkable enough
to contribute to conducting channels in the current integration. So, current is blocked by the
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Fig. 9. a) On-off ratio of the current increases as a power law with the ribbon length for
N = 4 and Vg = 0.5V. b) On-off ratio of the current decreases with the ribbon width (circle
and triangular points) while it is disappeared for edge impurity (diamond points) stronger
than 0.3tC−C (inset figure).

parity selection rule. In the range 0.1V < |Vg| < 0.6V, contribution of conducting region
BC in transport is accompanied with the blockage arising from AB and CD gaps in voltages
V > Von. As a consequence, current reduces after a threshold voltage. In this range, on/off
ratio of the current increases and Von reduces with increasing the gate voltage.
As can be seen in I-V curves of Fig.(6), off current reduces for longer ribbons which
enables us to achieve high performance switches by increasing aspect ratio of the ribbon
length/width. The reason is connected to smooth variation of the applied potential along the
ribbon such that during transport, electrons are scattered among those states which belong to
continuous bands. As a consequence, blockage originating from electronic transition between
disconnected bands is intensified by increasing the ribbon length. In fact, when the length of
ribbon increases, transmission in the AB and CD gaps decreases exponentially.
Since off current is induced by contribution of the gaps in the current integration, Ioff
efficiently decreases with increasing the ribbon length (M). Fig.(9.a) shows that Ion/Ioff
displays a power law behavior as a function of the ribbon length for large M: Ion/Ioff ∝ Mη

where η = 7.5061 ± 0.03505. As an example, for M = 50, on/off ratio goes up to 106

which suggests experimental fabrication of high performance switches based on the GNR
nanoelectronics.
Experimentally, it was observed in Ref.[ Li et al. (2008); Wang et al. (2008)] that the room-temperature
on/off ratio induced by the gate voltage increases exponentially as the GNR width decreases.
They observed that Ion/Ioff is equal to 1, 5, 100 and > 105 for W = 50nm, 20nm, 10nm and
sub-10nm, respectively. Similarly, as shown in Fig.(9.b), on/off ratio calculated for the set
up considered in this paper, also decreases with the ribbon width, while reduction of on/off
ratio can be compensated by considering longer ribbons. However, NDR phenomenon is
disappeared for the ribbons wider than 7nm.
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Fig. 10. Current-voltage characteristic curve of an odd zigzag graphene nanoribbon with
N = 5 (zigzag chains). I-V curves are compared for two ribbon lengths; M = 5 and 10. For
the case of (M, N) = (5, 5) and for comparison purpose, I-V curve is also plotted in the
presence of electron-electron interaction (U). NDR phenomena is preserved when one of the
ribbon edges is doped by slight impurity (as εα).

In ab initio calculations Son et al. (2006), by using hydrogen-termination of zigzag edges,
mirror-symmetry of ZGNRs and consequently parity conservation could be retained.
Correspondingly, by several repetition of the heat treatments and hydrogenation, it is also
possible to create well-ordered H-terminated edges in experiment Kobayashi et al. (2006).
However, the edge states with energies about −0.1 to 0.2 eV have been experimentally
observed Kobayashi et al. (2006) that emerge at hydrogen-terminated zigzag edges. To
simulate the edge states and the effect of symmetry breaking on NDR phenomenon, it is
assumed to dope one of the ZGNR edges by slight impurity. Edge impurity is considered
to apply as a change in the on-site energy of the edge atoms (εα) with respect to on-site energy
of the other atoms. In case of edge disorder, εα plays the role of the averaged on-site energy of
the edge atoms. Inset figure indicated in Fig.(9.b) shows that on/off switching reduces with
the edge impurity strength, however, NDR still emerges for εα < 0.3tC−C.

4.2 NDR in ODD zigzag graphene nanoribbon
Current-voltage characteristic curve of an odd ZGNR with 5 zigzag chains (N = 5) is shown in
Fig.(10). Lower than the external bias 1.2V, current increases linearly with the applied bias as
an Ohmic device. After a threshold voltage (1.2V), NDR occurs at both positive and negative
polarity.
The origin of NDR seen in odd ZGNRs is interpreted by analyzing their energy spectrum
accompanied to transmission curve. Fig.(11) shows energy spectrum E(n, kx) and
transmission through 5 ZGNR at V = 1.4V.
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than 0.3tC−C (inset figure).

parity selection rule. In the range 0.1V < |Vg| < 0.6V, contribution of conducting region
BC in transport is accompanied with the blockage arising from AB and CD gaps in voltages
V > Von. As a consequence, current reduces after a threshold voltage. In this range, on/off
ratio of the current increases and Von reduces with increasing the gate voltage.
As can be seen in I-V curves of Fig.(6), off current reduces for longer ribbons which
enables us to achieve high performance switches by increasing aspect ratio of the ribbon
length/width. The reason is connected to smooth variation of the applied potential along the
ribbon such that during transport, electrons are scattered among those states which belong to
continuous bands. As a consequence, blockage originating from electronic transition between
disconnected bands is intensified by increasing the ribbon length. In fact, when the length of
ribbon increases, transmission in the AB and CD gaps decreases exponentially.
Since off current is induced by contribution of the gaps in the current integration, Ioff
efficiently decreases with increasing the ribbon length (M). Fig.(9.a) shows that Ion/Ioff
displays a power law behavior as a function of the ribbon length for large M: Ion/Ioff ∝ Mη

where η = 7.5061 ± 0.03505. As an example, for M = 50, on/off ratio goes up to 106

which suggests experimental fabrication of high performance switches based on the GNR
nanoelectronics.
Experimentally, it was observed in Ref.[ Li et al. (2008); Wang et al. (2008)] that the room-temperature
on/off ratio induced by the gate voltage increases exponentially as the GNR width decreases.
They observed that Ion/Ioff is equal to 1, 5, 100 and > 105 for W = 50nm, 20nm, 10nm and
sub-10nm, respectively. Similarly, as shown in Fig.(9.b), on/off ratio calculated for the set
up considered in this paper, also decreases with the ribbon width, while reduction of on/off
ratio can be compensated by considering longer ribbons. However, NDR phenomenon is
disappeared for the ribbons wider than 7nm.
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Fig. 10. Current-voltage characteristic curve of an odd zigzag graphene nanoribbon with
N = 5 (zigzag chains). I-V curves are compared for two ribbon lengths; M = 5 and 10. For
the case of (M, N) = (5, 5) and for comparison purpose, I-V curve is also plotted in the
presence of electron-electron interaction (U). NDR phenomena is preserved when one of the
ribbon edges is doped by slight impurity (as εα).

In ab initio calculations Son et al. (2006), by using hydrogen-termination of zigzag edges,
mirror-symmetry of ZGNRs and consequently parity conservation could be retained.
Correspondingly, by several repetition of the heat treatments and hydrogenation, it is also
possible to create well-ordered H-terminated edges in experiment Kobayashi et al. (2006).
However, the edge states with energies about −0.1 to 0.2 eV have been experimentally
observed Kobayashi et al. (2006) that emerge at hydrogen-terminated zigzag edges. To
simulate the edge states and the effect of symmetry breaking on NDR phenomenon, it is
assumed to dope one of the ZGNR edges by slight impurity. Edge impurity is considered
to apply as a change in the on-site energy of the edge atoms (εα) with respect to on-site energy
of the other atoms. In case of edge disorder, εα plays the role of the averaged on-site energy of
the edge atoms. Inset figure indicated in Fig.(9.b) shows that on/off switching reduces with
the edge impurity strength, however, NDR still emerges for εα < 0.3tC−C.

4.2 NDR in ODD zigzag graphene nanoribbon
Current-voltage characteristic curve of an odd ZGNR with 5 zigzag chains (N = 5) is shown in
Fig.(10). Lower than the external bias 1.2V, current increases linearly with the applied bias as
an Ohmic device. After a threshold voltage (1.2V), NDR occurs at both positive and negative
polarity.
The origin of NDR seen in odd ZGNRs is interpreted by analyzing their energy spectrum
accompanied to transmission curve. Fig.(11) shows energy spectrum E(n, kx) and
transmission through 5 ZGNR at V = 1.4V.
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Fig. 11. Energy spectrum of the left and right electrodes and transmission through zigzag
graphene nanoribbon with (M, N) = (10, 5) at voltage (VSD = 1.4V > VT). The band
structure is divided into three groups which are called by upper , centeral and lower band
groups. These groups are classified based on the bands which are connected in terms of kx.
The bold hollow arrows show the current integration window which based on Eq. 10, is
proportional to VSD. The Fermi level is set to be as Ef = 0. The half-width of the central
bands at kx = 0 is called as δ which is equal to the threshold NDR voltage. Δ is energy
separation of the upper bands from the central bands at the Dirac points. Transport gaps AB
and CD are equal to Δ − δ + VSD.

In odd ZGNRs, parity has noncommutative relation with the Hamiltonian. Therefore, parity
has no conservation and consequently transmission is not blocked by the parity selection
rule, while parity conservation in even zigzag nanoribbons opens transmission gap around
Fermi level Cheraghchi& Esmailzadeh (2010). In the range of BC of Fig.(11), there exists one
conducting channel which results in the unity transmission around the Fermi level. So at low
biases, current increases linearly with bias. This single-channel transport around the Fermi
level remains unchanged even for high voltages. However, for voltages greater than the NDR
threshold voltage (V > VT), blocked regions marked by the ranges of AB and CD comes into
the current integration window. The current integration window is proportional to VSD and
is shown with the bold hollow arrows in Fig.(11). Therefore, when source-drain applied bias
increases, current begins to decrease.
Blocked regions (AB and CD) arise from a selection rule which increases back scattering in the
lengthy ribbons. According to this rule, the electronic transition between those bands which
are disconnected from the view point of longitudinal momentum, decreases exponentially
with the length.
Band structure analyzing demonstrates that the threshold voltage is equal to the half-width
of the central bands at kx = 0 as VT = δ = [E(N + 1, kx = 0)− E(N, kx = 0)]/2. As shown
in Fig.(11), Δ is energy separation of the upper bands from the central bands at the Dirac
points. There is a Log-Normal behavior of δ versus number of zigzag chains (N) such that as
N → ∞, the NDR threshold voltage asymptotically approaches to the value of 0.9738± 0.0002.
So the NDR threshold voltage slightly decreases with the ribbon width. Analyzing transport
gaps appeared in the band structure shows that they are equal to Δ − δ + VSD where Δ ∝
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N−1. Since δ approaches to a constant values when N → ∞, in a given voltage, transport
gap is disappeared for N > 30 which is nearly equivalent to 10nm. The other effect which
enhances performance of this electronic switch, is the ribbon length. Fig.(10) shows an increase
of on/off ratio with the ribbon length. Moreover, NDR region (Vo f f − Von) occurs in a more
extended range of the I-V curve. Exponential decay of transmission with the length in the gap
regions develops quality of switching. In odd ZGNRs, Ion/Io f f increases exponentially with
the ribbon length.
If one of the ribbon edges is doped by small impurity such as εα = 0.1t, because of a band gap
which is induced by the edge impurity in low biases, current decreases. Fig.(10) represents
that even with the presence of edge impurity, still the region containing NDR still exists.
However, asymmetry decreases on/off ratio of the current. Furthermore, asymmetric ZGNR
behaves as a semiconductor while symmetric ZGNRs behave as an Ohmic devices Ren et al.
(2010). The effect of asymmetry on NDR competes with the ribbon length. Since asymmetry
can not be ignored in experiment, longer ribbons are in favor of keeping NDR in the I-V curve.
On the other hand, additional to edge impurity, this asymmetry can be assigned to a sublattice
symmetry breaking induced by spontaneous ferromagnetic spin ordering of the electrons
localized at the zigzag edges Son et al. (2006). In fact, the border atoms at the two opposite
zigzag edges belong to different sublattices. So spin orientation along the edges induces
different magnetic potentials at the edges. As a result, a small band gap is opened around
Fermi level which depending on the ribbon width, is about 0.15 eV. The asymmetry which we
have considered is about 0.3 eV which is stronger than the gap opened by spin-polarization
of the edges. We can conclude that spin-polarization along the zigzag edges can not affect
emerging of this NDR phenomenon Ren et al. (2010).

5. Electrostatic potential and charging effect on NDR

Emerging phenomenon of negative differential resistance in I-V curve is not destroyed by the
e-e interaction and is independent of the details of electrostatic potential profile. However,
interaction reduces off-current as shown in the I-V curves of Fig.(6). In this section, we present
the reason for robustness of NDR against e-e interaction for the gated even ZGNR. The same
results can be extracted for odd ZGNRs.
To substantiate the above claim, comparison of transmission curves in the presence and
absence of the e-e interaction is useful. It is apparent from Fig.(12.a) that for voltages
less than Von, transmission in conducting channels is robust against the e-e interaction
while transmission increases in the gaps with respect to the non-interacting case. But this
enhancement is slight enough which can not affect the emergence of NDR. However, for
voltages V > Von, interaction lowers transmission coefficient in the conducting channels
(such as BC region) in which higher subbands participate in transport. Such behavior is
corroborated in Fig.(12.b) which indicates transmission at that voltage corresponding to the
off-current, Voff. Reduction in the transmission coefficient of the conducting channels results
in further reduction of the off-current. To explain the reason for such phenomenon, it is
necessary to study the potential and charge profiles. Electrostatic potential averaged on
each unit cell is represented in Fig.(13.a) in terms of the ribbon length. For voltages less
than Von, potential sharply drops only at the contact regions which connects the system to
electrodes. In such a case, external potential is strongly screened by redistributed electrons
and, electrostatic potential of the central atoms remains close to zero. Screening is performed
by discharging of electrons from the area connected to the source and their accumulation
around the drain electrode. These facts are obvious from transferred charge and electrostatic
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bands at kx = 0 is called as δ which is equal to the threshold NDR voltage. Δ is energy
separation of the upper bands from the central bands at the Dirac points. Transport gaps AB
and CD are equal to Δ − δ + VSD.

In odd ZGNRs, parity has noncommutative relation with the Hamiltonian. Therefore, parity
has no conservation and consequently transmission is not blocked by the parity selection
rule, while parity conservation in even zigzag nanoribbons opens transmission gap around
Fermi level Cheraghchi& Esmailzadeh (2010). In the range of BC of Fig.(11), there exists one
conducting channel which results in the unity transmission around the Fermi level. So at low
biases, current increases linearly with bias. This single-channel transport around the Fermi
level remains unchanged even for high voltages. However, for voltages greater than the NDR
threshold voltage (V > VT), blocked regions marked by the ranges of AB and CD comes into
the current integration window. The current integration window is proportional to VSD and
is shown with the bold hollow arrows in Fig.(11). Therefore, when source-drain applied bias
increases, current begins to decrease.
Blocked regions (AB and CD) arise from a selection rule which increases back scattering in the
lengthy ribbons. According to this rule, the electronic transition between those bands which
are disconnected from the view point of longitudinal momentum, decreases exponentially
with the length.
Band structure analyzing demonstrates that the threshold voltage is equal to the half-width
of the central bands at kx = 0 as VT = δ = [E(N + 1, kx = 0)− E(N, kx = 0)]/2. As shown
in Fig.(11), Δ is energy separation of the upper bands from the central bands at the Dirac
points. There is a Log-Normal behavior of δ versus number of zigzag chains (N) such that as
N → ∞, the NDR threshold voltage asymptotically approaches to the value of 0.9738± 0.0002.
So the NDR threshold voltage slightly decreases with the ribbon width. Analyzing transport
gaps appeared in the band structure shows that they are equal to Δ − δ + VSD where Δ ∝
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N−1. Since δ approaches to a constant values when N → ∞, in a given voltage, transport
gap is disappeared for N > 30 which is nearly equivalent to 10nm. The other effect which
enhances performance of this electronic switch, is the ribbon length. Fig.(10) shows an increase
of on/off ratio with the ribbon length. Moreover, NDR region (Vo f f − Von) occurs in a more
extended range of the I-V curve. Exponential decay of transmission with the length in the gap
regions develops quality of switching. In odd ZGNRs, Ion/Io f f increases exponentially with
the ribbon length.
If one of the ribbon edges is doped by small impurity such as εα = 0.1t, because of a band gap
which is induced by the edge impurity in low biases, current decreases. Fig.(10) represents
that even with the presence of edge impurity, still the region containing NDR still exists.
However, asymmetry decreases on/off ratio of the current. Furthermore, asymmetric ZGNR
behaves as a semiconductor while symmetric ZGNRs behave as an Ohmic devices Ren et al.
(2010). The effect of asymmetry on NDR competes with the ribbon length. Since asymmetry
can not be ignored in experiment, longer ribbons are in favor of keeping NDR in the I-V curve.
On the other hand, additional to edge impurity, this asymmetry can be assigned to a sublattice
symmetry breaking induced by spontaneous ferromagnetic spin ordering of the electrons
localized at the zigzag edges Son et al. (2006). In fact, the border atoms at the two opposite
zigzag edges belong to different sublattices. So spin orientation along the edges induces
different magnetic potentials at the edges. As a result, a small band gap is opened around
Fermi level which depending on the ribbon width, is about 0.15 eV. The asymmetry which we
have considered is about 0.3 eV which is stronger than the gap opened by spin-polarization
of the edges. We can conclude that spin-polarization along the zigzag edges can not affect
emerging of this NDR phenomenon Ren et al. (2010).

5. Electrostatic potential and charging effect on NDR

Emerging phenomenon of negative differential resistance in I-V curve is not destroyed by the
e-e interaction and is independent of the details of electrostatic potential profile. However,
interaction reduces off-current as shown in the I-V curves of Fig.(6). In this section, we present
the reason for robustness of NDR against e-e interaction for the gated even ZGNR. The same
results can be extracted for odd ZGNRs.
To substantiate the above claim, comparison of transmission curves in the presence and
absence of the e-e interaction is useful. It is apparent from Fig.(12.a) that for voltages
less than Von, transmission in conducting channels is robust against the e-e interaction
while transmission increases in the gaps with respect to the non-interacting case. But this
enhancement is slight enough which can not affect the emergence of NDR. However, for
voltages V > Von, interaction lowers transmission coefficient in the conducting channels
(such as BC region) in which higher subbands participate in transport. Such behavior is
corroborated in Fig.(12.b) which indicates transmission at that voltage corresponding to the
off-current, Voff. Reduction in the transmission coefficient of the conducting channels results
in further reduction of the off-current. To explain the reason for such phenomenon, it is
necessary to study the potential and charge profiles. Electrostatic potential averaged on
each unit cell is represented in Fig.(13.a) in terms of the ribbon length. For voltages less
than Von, potential sharply drops only at the contact regions which connects the system to
electrodes. In such a case, external potential is strongly screened by redistributed electrons
and, electrostatic potential of the central atoms remains close to zero. Screening is performed
by discharging of electrons from the area connected to the source and their accumulation
around the drain electrode. These facts are obvious from transferred charge and electrostatic
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Fig. 12. Transmission curve of zigzag graphene nanoribbon with 4 zigzag chains in width for
voltages a) 0.75 volt b) 1.25 volt. Interacting and non-interacting curves are compared with
each other.

potential profiles represented in Fig.14. Since U(n − n0) determines electrostatic behavior
of the potential, discharging of electrons weakens the external potential penetrated from
the source electrode. Moreover, charge accumulation around the drain electrode prevents
potential drop in the central part of the system. So in the case of strong screening, potential
drops only at the contacts. However, when the applied bias goes beyond 1 volt, screening
is being weakened and external potential can penetrate inside the central region. The reason
as to why screening is weak, can be sought in charge distribution. Figure (13.b) illustrates
that for voltages less than 0.5 volt, in and out flow of charge are balanced with each other
such that the total transferred charge remains close to zero. However, around the voltage
Von and voltages above, the charge is mainly transferred from the edges of the ribbon, so
that the source electrode does not inject further charge to middle atoms of the ribbon. As a
consequence, by increasing the applied bias and so gradient of the potential along the central
region, charge depletion is mainly enhanced in the middle bar area of ZGNR. On the other
hand, since the only way for transporting electrons is the edge atoms, significant accumulation
of charge appears along the two edge lines of ZGNR.
In summary, at voltages less than Von, electrostatic potential is only dropped at the contacts
and therefore momentum of electrons is only varying in the area where the potential drops,
while longitudinal momentum of electron remains unchanged across the central portion. In
other words, potential steeply drops in the low-area district around the contacts which results
in violation of the blockage rule which governs on transition between disconnected energy
bands. Subsequently, transmission coefficient slightly increases in the blocked energy ranges.
In other words, in this case, an increase in gradient of the potential facilitates electronic
transport in the blocked energies. Note that interaction preserves transverse symmetry, so
the parity selection rule still governs electronic transport. Therefore, the AB gap induced by
the parity conservation still survives for voltages larger than Von. For voltages V > Von,
electrostatic potential gradually penetrates into the whole system so that the potential of the
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Fig. 13. a) Edge, middle and total transferred charge in terms of source-drain applied bias. b)
Electrostatic potential per unit cell in terms of unit cell position for source-drain voltages 0.5,
0.75, 1.25 volts. The gate voltage is for all curves equal to Vg = 0.5 V.

central region is not flat. In addition, because the edge transport of electrons dominates, the
transverse potential is deeper in the middle of ZGNR than its edges. Therefore, the band
structure of the interacting central region differs from the band structure of electrodes. As a
consequence, for voltages V > Von, transmission of conducting channels and also off current
reduces.
Comparison of odd and even ZGNRs: There are some interesting differences between
results arising from odd ZGNRs with those results belonging to even ZGNRs Cheraghchi&
Esmailzadeh (2010) which is kind of odd-even effect. In odd ZGNRs, NDR appears in voltages
upper than 1V while in even ZGNR, NDR occurs for voltages lower than 1V. On/off ratio of
the current in gated even ZGNRs increases as a power law with the function of the ribbon
ribbon length while in odd ZGNRs, on/off increases exponentially. Screening of the external
bias by electrons of system in even ZGNRs is so stronger than screening effects in odd ZGNRs.
As a consequence, the effect of electrostatic interaction on increase of the on/off ratio in even
ZGNRs is much effective than in odd ZGNRs. Furthermore, transferred charge from/into the
central portion of graphene nanoribbon depends on odd or even zigzag chains in width.

6. Conclusion

As a conclusion, based on a model calculation and non-equilibrium Green’s function
formalism, we found that there exists a region of negative differential resistance in I-V curve
of ultra narrow (lower than 10nm) zigzag graphene nanoribbons with odd or even number of
zigzag chains in width. In this range of widths, two selection rules govern on the electronic
transition are: (i) the parity conservation, and (ii) the allowed transition between connected
bands. On/off ratio of the current increases up to 105 as a function of the ribbon length
which proposes possibility of manipulation of ZGNRs as high quality switch in nanoelectronic
based on graphene nanoribbons. Emergence of the NDR phenomenon is not sensitive to
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Fig. 12. Transmission curve of zigzag graphene nanoribbon with 4 zigzag chains in width for
voltages a) 0.75 volt b) 1.25 volt. Interacting and non-interacting curves are compared with
each other.

potential profiles represented in Fig.14. Since U(n − n0) determines electrostatic behavior
of the potential, discharging of electrons weakens the external potential penetrated from
the source electrode. Moreover, charge accumulation around the drain electrode prevents
potential drop in the central part of the system. So in the case of strong screening, potential
drops only at the contacts. However, when the applied bias goes beyond 1 volt, screening
is being weakened and external potential can penetrate inside the central region. The reason
as to why screening is weak, can be sought in charge distribution. Figure (13.b) illustrates
that for voltages less than 0.5 volt, in and out flow of charge are balanced with each other
such that the total transferred charge remains close to zero. However, around the voltage
Von and voltages above, the charge is mainly transferred from the edges of the ribbon, so
that the source electrode does not inject further charge to middle atoms of the ribbon. As a
consequence, by increasing the applied bias and so gradient of the potential along the central
region, charge depletion is mainly enhanced in the middle bar area of ZGNR. On the other
hand, since the only way for transporting electrons is the edge atoms, significant accumulation
of charge appears along the two edge lines of ZGNR.
In summary, at voltages less than Von, electrostatic potential is only dropped at the contacts
and therefore momentum of electrons is only varying in the area where the potential drops,
while longitudinal momentum of electron remains unchanged across the central portion. In
other words, potential steeply drops in the low-area district around the contacts which results
in violation of the blockage rule which governs on transition between disconnected energy
bands. Subsequently, transmission coefficient slightly increases in the blocked energy ranges.
In other words, in this case, an increase in gradient of the potential facilitates electronic
transport in the blocked energies. Note that interaction preserves transverse symmetry, so
the parity selection rule still governs electronic transport. Therefore, the AB gap induced by
the parity conservation still survives for voltages larger than Von. For voltages V > Von,
electrostatic potential gradually penetrates into the whole system so that the potential of the
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Fig. 13. a) Edge, middle and total transferred charge in terms of source-drain applied bias. b)
Electrostatic potential per unit cell in terms of unit cell position for source-drain voltages 0.5,
0.75, 1.25 volts. The gate voltage is for all curves equal to Vg = 0.5 V.

central region is not flat. In addition, because the edge transport of electrons dominates, the
transverse potential is deeper in the middle of ZGNR than its edges. Therefore, the band
structure of the interacting central region differs from the band structure of electrodes. As a
consequence, for voltages V > Von, transmission of conducting channels and also off current
reduces.
Comparison of odd and even ZGNRs: There are some interesting differences between
results arising from odd ZGNRs with those results belonging to even ZGNRs Cheraghchi&
Esmailzadeh (2010) which is kind of odd-even effect. In odd ZGNRs, NDR appears in voltages
upper than 1V while in even ZGNR, NDR occurs for voltages lower than 1V. On/off ratio of
the current in gated even ZGNRs increases as a power law with the function of the ribbon
ribbon length while in odd ZGNRs, on/off increases exponentially. Screening of the external
bias by electrons of system in even ZGNRs is so stronger than screening effects in odd ZGNRs.
As a consequence, the effect of electrostatic interaction on increase of the on/off ratio in even
ZGNRs is much effective than in odd ZGNRs. Furthermore, transferred charge from/into the
central portion of graphene nanoribbon depends on odd or even zigzag chains in width.

6. Conclusion

As a conclusion, based on a model calculation and non-equilibrium Green’s function
formalism, we found that there exists a region of negative differential resistance in I-V curve
of ultra narrow (lower than 10nm) zigzag graphene nanoribbons with odd or even number of
zigzag chains in width. In this range of widths, two selection rules govern on the electronic
transition are: (i) the parity conservation, and (ii) the allowed transition between connected
bands. On/off ratio of the current increases up to 105 as a function of the ribbon length
which proposes possibility of manipulation of ZGNRs as high quality switch in nanoelectronic
based on graphene nanoribbons. Emergence of the NDR phenomenon is not sensitive to
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Fig. 14. Transferred charge and Electrostatic potential profiles for Vsd = 1.25 volt and
Vg = 0.5 volt in the weak screening case. Due to charge transfer through the ribbon edges,
screening is so weak that the external potential can penetrate inside the central portion.

details of the electrostatic potential profile. Because of strong screening in low voltages,
the major potential drop takes place at the contacts. However, in voltages larger than the
NDR threshold, due to charge transfer through the ribbon edges, screening is so weak that
the external potential can penetrate inside the central portion. As a consequence, off current
reduces in comparison to non-interacting ribbons.
In addition, e-e interaction enhances on-off ratio of the current which originates from a flat
electrostatic potential deep inside the ribbon due to screening of the external bias by electrons
close to the junctions. Furthermore, this NDR is not much sensitive to the edge asymmetry.
So emerging of this NDR is robust against spin orientation along the edges.
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details of the electrostatic potential profile. Because of strong screening in low voltages,
the major potential drop takes place at the contacts. However, in voltages larger than the
NDR threshold, due to charge transfer through the ribbon edges, screening is so weak that
the external potential can penetrate inside the central portion. As a consequence, off current
reduces in comparison to non-interacting ribbons.
In addition, e-e interaction enhances on-off ratio of the current which originates from a flat
electrostatic potential deep inside the ribbon due to screening of the external bias by electrons
close to the junctions. Furthermore, this NDR is not much sensitive to the edge asymmetry.
So emerging of this NDR is robust against spin orientation along the edges.
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1. Introduction 

The 2D graphene sheet structure is promising for field emission of electrons, because the 
carrier mobility and electron mass were reported to have exceptionally large and small 
values, respectively, due to the quantum relativistic effect (Novoselov et al., 2005; Zhang et 
al., 2005; Geim & Novoselov, 2007).  
In this chapter, we overview the superior aspects of field emitter by using a multi layered 
graphene nanosheet structure (GNS) and give quantitative description of the physics of 
electron field emission from this GNS. Firstly (section 2&3), we briefly overview the 
fabrication method, structure characterization, and field emission current characteristics of 
GNS. Secondly (section 4), we describe the correlation between the emission current 
fluctuation and molecular adsorption, because the emission current is affected both by the 
adsorption and desorption of molecules and by the temperature of the emission sites onto 
the graphene sheet. However, there is no quantitative discussion to describe the adsorption 
process of field emission. Therefore, we construct a stochastic model based on the 
physisorption of atoms and/or molecules onto the emission sites, which can be applied to 
other types of field emitters. Here macroscale statistical discussion is shown to give insights 
for microscale emission mechanism. Thirdly (section 5), we will proceed atomic level studies 
by using a field emission microscopy, which gives fruitful information on the microscopic 
origin of the emission from graphene. Symmetrical emission patterns such as two-fold, four-
fold, and ring patterns were observed. These symmetrical patterns are experimentally 
correlated with the excitation mode of  conjugated bonds and are theoretically explained 
from the excited modes of six membered ring in the graphene sheet. These results and 
theoretical analyses give the solution to the mystery of FEM patterns obtained by other 
types of carbon materials such as phthalocyanine argued for more than 60 years. After the 
clarification of the fundamental aspects of GNS, we overview the application aspects of the 
GNS field emitter (section 6). The high performance of the field emitter is presented by the 
demonstration of a time resolved x-ray radiography system and a field emission scanning 
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electron microscope (FE-SEM) system. We will also present our recent progress in miniature 
sized x-ray tubes with GNS field emitter. The tube has both the lifetime more than 10,000 
hours and the stability better than 1 %; therefore, we believe GNS is best suited for field 
emitters. We will put the x-ray tube into practical use in coming years. Finally (section 7), we 
will give our future prospects for the GNS field emitter.  

2. Fabrication and nanostructure characterization 
The GNS field emitters are fabricated by hydrogen plasma etching of a carbon rod in a 
microwave (a frequency of 2.45 GHz) plasma chemical vapor deposition equipment as 
shown in Fig. 1. Typical etching condition is as follows; a microwave power of 800 W, a gas 
pressure of 1.3 kPa, a H2 gas flow rate of 80 sccm, a substrate temperature of 600 C, a 
substrate bias of -200 V, and an etching time of 30 min (Matsumoto & Mimura, 2004; 
Matsumoto & Mimura, 2005).  
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Fig. 1. Schematic of a microwave plasma CVD equipment for hydrogen plasma etching. 
(Reprinted with permission, Matsumoto & Mimura 2005, American Institute of Physics.)   

A carbon rod with a diameter of 0.5 mm  is mechanically sharpened at one end to less than 
a 10 m  diameter as shown in Fig. 2 (a) before the plasma etching and then nanoneedles 
are fabricated on the tip by the hydrogen plasma etching. An SEM image of a carbon rod 
after hydrogen plasma etching is shown in Fig. 2 (b). A lot of nanoneedles are fabricated on 
the spearhead region of the graphite rod. A transmission electron microscope (TEM) image 
of one nanoneedle is shown in Fig. 2 (c). Typical aspect ratio of the nanoneedle is on the 
order of 1000. The radius of curvature in the top region of the needle is less than 5 nm. This 
small radius and the high aspect ratio make it suitable for a field electron emission cathode. 
A high resolution TEM image of the nanoneedle is shown in Fig. 2 (d). A lattice fringe 
pattern is clearly observed from the bottom to the top of the needle as shown in Fig. 2 (d). 
Based on the lattice fringe and diffraction patterns (c axis) shown in Fig. 2 (d), the top region 
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of the nanoneedle consists of a two-dimensional graphene sheet with an interplanar spacing 
of 0.36 nm (Matsumoto et al., 2007; Matsumoto et al., 2008). This value is larger than that of 
the hexagonal graphite structure (0.34 nm), which indicates that the c-axis lattice is relaxed. 
Another diffraction pattern (a axis) whose direction is orthogonal to the interplanar 
direction is observed. Based on the distance of a-axis diffraction patterns, we can determine 
the atomic level of spacing, and this is 0.21 nm. This value corresponds to (010) plane 
spacing of the six membered ring in the graphene sheet. Therefore, the interaction between 
the graphene sheets is weakened due to the expansion of the interplanar lattice spacing, thus 
the GNS possesses the two dimensional (2D) aspects compared to the three dimensional 
graphite structure. As well as the weakened interplaner interaction, the 2D graphene sheet 
structure with the lattice fringes from the bottom to the top direction is promising for field 
emission, because the carrier mobility and electron mass are shown to have exceptionally 
large (= 15000 cm2 V-1 s-1) and small (0.007me, me: free electron mass) values in this 2D 
system (Novoselov et al., 2005; Geim & Novoselov, 2007). 
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Fig. 2. SEM Image of a carbon rod: (a) before hydrogen plasma etching and (b) after 
hydrogen plasma etching. (c) TEM image of a single GNS emitter. (d) High-resolution TEM 
image. Inset shows the selected area electron diffraction pattern of a single GNS emitter. 
(Reprinted with permission, Matsumoto et al. 2007, American Institute of Physics.) 

3. Field emission characteristics 
Fowler and Nordheim (FN) first derived a semiclassical theory of field emission currents 
from cold metals in 1928 (Fowler & Nordheim, 1928). In this theory, the system is simplified 
as a one-dimensional structure along the direction of the external field. The emission tip is 
modeled as a semi-infinite quantum well. By employing the Wentzel-Kramers-Brillouin 
approximation, following FN plot is given.  

 ln (I/V2) ∝ -1/V (1) 

where I is in amperes per square centimeter of emitting surface and V is the applied voltage.  
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Fig. 3. Current-voltage characteristics for a mechanically sharpened carbon rod (open 
circles) and a GNS cathode (solid circles). Inset shows the Fowler-Nordheim plots (ln(I/V2) 
vs 1/V) for the I-V characteristics of the GNS cathode. (Reprinted with permission, 
Matsumoto et al. 2007, American Institute of Physics.) 

The above FN theory should not be applied to nanometer sized emitters such as GNS and 
CNT because the geometrical size of the tip is comparable to the electron wavelength. Much 
sophisticated emission theory is developed by several authors (He et al., 1991; Liang & 
Chen, 2008; Forbes, 2001), and these theories will explain the difference between the straight 
line obtained by the simple FN plot and the experimentally obtained slightly curved feature 
(dotted line) in the inset of Fig. 3. For the precise fitting by using these sophisticated 
theories, it is necessary to determine physical values such as a shape and a size as well as the 
electronic properties; e.g. the defect density and work function of the tip. However, as 
shown in Fig. 2, it is difficult to determine these values for our tip. Therefore, here we 
estimate the field emission characteristics by using the FN plots.  
Figure 3 shows typical logarithmic current-voltage (I-V) characteristic of the GNS field 
emitter. The figure also shows I-V characteristic of a sharpened graphite rod without 
nanostructure. The currents were collected on a 3 mm  diameter aluminum anode, which 
was located at 100 m in front of the cathode. The measurements were carried out in a 
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vacuum chamber with a residual pressure of 1 x 10-6 Pa. The mechanically sharpened 
graphite rod without nanostructure showed little field emission current (open circles), while 
the GNS emitter starts to emit electrons at an average electric field of about 3 V/m and the 
emission current exceeds 2 mA at an applied electric field of 11 V/m (solid circles). The FN 
plot of the emission current from the GNS emitter is shown in the inset of Fig. 3. Linear 
dependence of the Fowler-Nordheim plot suggests that the electron emission is dominated 
by the Fowler-Nordheim tunneling process as described in Eq. (1).  

4. Emission current fluctuation and stochastic birth and death model 
The electronic properties of nanomaterials are very sensitive to the adsorption of molecules 
(Kong et al., 2000; Zhao et al., 2002; Grujicic et al., 2003; Andzelm et al., 2006). This 
characteristic is clearly observed when measuring field emission-current fluctuations of 
carbon nanostructures, where the emission current stability is easily lost under high residual 
pressure and the stability is obtained by thermally desorbing adsorbed molecules onto the 
emission sites. This phenomenon can be explained as the adsorption and desorption of 
molecules onto emission sites of carbon nanostructures with the molecules adsorbing onto 
the nanostructures affecting the electronic properties, such as charge transfer and tunneling 
probability (Dyke & Dolan, 1956; Gadzuk & Plummer, 1973).  
In this section, we show a model in which the field emission current fluctuation originates 
from the adsorption and desorption of molecules onto the emission sites, which is well 
described using a stochastic birth and death model (Feller, 1957). The emission current 
fluctuation was analyzed as a cathode temperature using differential equations obtained 
from the model. We derive the Poisson distribution for the deviation of the fluctuating 
emission current and finally, we show the method of the determination of physisorption 
energy of various molecules using the field emission current fluctuation.  
Figure 4 shows the fluctuating emission current distribution measured in a 10-4 Pa H2 
atmosphere at different temperatures. The current intensity distribution at 300 K shown in 
Fig. 4 (solid circles) gives the current fluctuation deviation, ∆I/Ip = 0.31, where ∆I is the full 
width at half maximum (FWHM) of the fluctuation and Ip is the peak value of the current. 
The deviation can be reduced by heating the cathode: ∆I/Ip = 0.21 at 700 K (solid triangles), 
and ∆I/Ip = 0.16 at 925 K (solid squares). This reduction in the deviation suggests that 
heating is an effective way to stabilize the field emission current. Along with the reduction 
of the deviation, the peak of the current distribution shifts to the lower current side with 
increasing cathode temperature. Both the reduction of the deviation and the lower peak shift 
of the current distribution can be interpreted qualitatively as the adsorption and desorption 
of atoms or ions on or off surface of the emission sites (Hosoki et al., 1979; Yamamoto et al., 
1979). 
Figure 5 illustrates the model in which the emission current fluctuation originates from the 
adsorption and desorption of atoms and/or ions. The current fluctuation occurs due to the 
occupation of the emission sites by the adsorbed atoms. Here, we postulate that the 
magnitude of the current (I) is proportional to the number of occupied states (n); e.g., 
I(n)=I0+ηn, where I0 is the emission current of un-occupied state, and η is the magnitude of 
the current-hop due to the adsorption of single molecule, to explain both the reduction of 
the deviation and the lower peak shift of the current distribution. For this model, we define 
the transition probability of the number of adsorbed atoms from state Ei to state Ej as 

 ))(|)(()( isXjtsXPtP ji   (2) 
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where X(s) is a random variable at time s. We postulate that the system changes only 
through transitions from states to their nearest neighbors. If at time t, the system is in state 
Ei, the probability [Pii+1(h)] that between t and t+h the transition Ei→Ei+1 occurs equals 
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Fig. 4. Histogram of the emission current intensity at 300 K (solid circles), 700 K (solid 
triangles), and 925 K (solid squares) in a H2 atmosphere; the solid lines are the theoretically 
fitted curves. The inverse of the variance for each temperature obtained by the theoretical 
fitting is shown as solid circles in the inset. The solid line in the inset is the fitted curve with 
a physical adsorption energy of 45 meV. (Reprinted with permission, Matsumoto et al. 2008, 
American Physical Society.) 
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Fig. 5. Physical desorption model in which fluctuation of the emission current originates 
from the adsorption and desorption of atoms and/or molecules onto the emission sites. 
(Reprinted with permission, Matsumoto et al. 2008, American Physical Society.)   
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λih+o(h), and the probability [Pii-1(h)] of Ei→Ei-1 equals µi+o(h). The probability that during (t, 
t+h) more than one change occurs is o(h), where λi corresponds to the adsorption rate, µi 
corresponds to the desorption rate, o(h) denotes a small quantity of order of magnitude h, 
and h is the subinterval of time duration h=1/N (N: total interval, and generally h→0). That 
is; the adsorption and desorption rates in state Ei are equal to the sum of three distinct ways 
as shown in Fig. 6 and they can be written as 

 )()(1 hhhP iii    (3) 
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We consider that the adsorption and desorption processes shown in Fig. 5 can be described 
quantitatively as time-homogeneous Markov processes satisfying the following Chapman-
Kolmogorov equation (Feller, 1957); 
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By taking k=j-1, j, j+1 for the summation in Eq. (8) and using Eqs. (2) to (7), we obtain the 
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Fig. 6. Time intervals used in the calculation of Pij (t) showing the three ways in which j 
states are adsorbed in the period between s and s+t+h.  
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where X(s) is a random variable at time s. We postulate that the system changes only 
through transitions from states to their nearest neighbors. If at time t, the system is in state 
Ei, the probability [Pii+1(h)] that between t and t+h the transition Ei→Ei+1 occurs equals 
 

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.5 1 1.5 2 2.5 3 3.5

D
is

tr
ib

ut
io

n 
Fr

eq
ue

nc
y 

(A
rb

. U
ni

t)

Current (A)

106

107

0 0.001 0.002 0.003 0.004

1/


1/T (K)

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.5 1 1.5 2 2.5 3 3.5

D
is

tr
ib

ut
io

n 
Fr

eq
ue

nc
y 

(A
rb

. U
ni

t)

Current (A)

106

107

0 0.001 0.002 0.003 0.004

1/


1/T (K)

 
Fig. 4. Histogram of the emission current intensity at 300 K (solid circles), 700 K (solid 
triangles), and 925 K (solid squares) in a H2 atmosphere; the solid lines are the theoretically 
fitted curves. The inverse of the variance for each temperature obtained by the theoretical 
fitting is shown as solid circles in the inset. The solid line in the inset is the fitted curve with 
a physical adsorption energy of 45 meV. (Reprinted with permission, Matsumoto et al. 2008, 
American Physical Society.) 
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Fig. 5. Physical desorption model in which fluctuation of the emission current originates 
from the adsorption and desorption of atoms and/or molecules onto the emission sites. 
(Reprinted with permission, Matsumoto et al. 2008, American Physical Society.)   
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To describe the adsorption and desorption processes shown in Fig. 5, we assume that the 
rate λj is proportional to the number of unoccupied emission sites, while the rate µj is 
proportional to the number of occupied sites. Defining N0 as the total number of emission 
sites and j as the number of occupied sites, we set 

 )( 0 jNj   (11) 

 jj    (12) 

where  and  are constants, such that  depends linearly on both the current density and 
the residual pressure and  depends on the temperature of the cathode. For example, 
∝exp[-Ead / kBT], where Ead is the physical adsorption energy, T is the temperature, and kB is 
the Boltzmann constant. Considering the stationary distribution for Eqs. (9) to (12), the limits 
limPij(t) = pj , t→∞, exist and are independent of the initial conditions (Matsumoto et al., 
2008). Therefore, Eqs. (9) to (12) can be combined to express the stationary distribution pn as 
the following Poisson distribution: 
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where ξ=N0/(+) and we assume the desorption ratio, , is much larger than the 
adsorption ratio, . 
The solid lines in Fig. 4 are the theoretically fitted curves given by Eq. (13), where the best 
fits were obtained using the fitted values, ξ = 2.76×10-7 for 920 K (red line), ξ = 3.45×10-7 for 
700 K (green line), and ξ = 7.72×10-7 for 300 K (blue line). By fitting the histogram of the 
current fluctuation at various cathode temperatures with Eq. (13), and then plotting these 
theoretically determined values logarithmically [ln(1/ξ)] as a function of the inverse of the 
temperature, 1/T,  

 )Tk/1(E)/1(ln Bad   (14) 

we can determine the physical adsorption energy, Ead, from the slope, as shown in the inset 
of Fig. 4. The solid line shown in the inset of Fig. 4 is the theoretical line computed with a 
physisorption energy of Ead = 45 meV. The adsorption energies of H2 molecules on graphite-
like surfaces show a wide range of binding energies from 20 to 80 meV (Jacobson et al., 2002; 
Tran et al., 2002) because the adsorption energy of molecules on the carbon nanostructures 
varies as the size (e.g., the tube diameter), coordinate sites, and the surface structure of the 
carbon nanomaterials change. We cannot distinguish the adsorption sites of the H2 
molecules onto the emission sites of the carbon nanostructures; however, the physisorption 
energy of Ead = 45 meV is similar to the energy onto a graphite surface (Vidali et al., 1991).  
The error obtained by this method is within ±5 meV, which allows the determination of the 
physisorption energy of various molecules to a high degree of accuracy. Figure 7 shows the 
values of 1/ξ obtained by measuring the emission current fluctuations as a function of 
various temperatures for CO (green circles), Ar (blue squares), and He molecules (red 
triangles). The slope of the solid line shows the theoretically determined physical adsorption 
energies, Ead: 110 meV for CO molecules, 100 meV for Ar, and 15 meV for He. These 
graphene nanoneedle physisorption energies are similar to the physisorption energies for 
the graphite surface (Vidali et al., 1991).  
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We cannot rule out the possibility that the current fluctuation occurs due to variations in the 
adsorbate coverage on step edges and defects, where the enhancement of physisorption 
energy occurs (Ulbricht et al., 2002; Ulbricht et al., 2006). However, polar adsorbates such as 
CO molecules on the graphite nanostructure showed similar adsorption energy to those on 
the graphite basal surface, and we did not observe enhancement of the binding energy due 
to a dipole interaction between polar molecules and step edges or defects. Therefore, we 
consider that the electron emission occurs not from the edge of the nanoneedle, but from the 
basal plane of the graphene sheet. Next section, we will study the emission mechanism of 
graphene nanoneedles from the point of view of the nanometer sized region by using field 
emission and field ion microscopes.  
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Fig. 7. Inverse of the variance, 1/ξ, for CO molecules (green circles), Ar molecules (blue 
squares), and He molecules (red triangles) as a function of GNS cathode temperature. The 
solid lines are the fitted curves with physical adsorption energies of 110 meV for CO 
molecules, 100 meV for Ar, and 15 meV for He. (Reprinted with permission, Matsumoto et 
al. 2008, American Physical Society.) 

5. Microscope images of emission patterns and their quantum states 
5.1 Field emission and field ion microscope images 
In section 4, we simply measured the total current (the ensemble of the emission sites) and 
discussed the statistical dynamics by using a stochastic differential equation. In this section, 
the ensemble of the emission sites will be resolved into a number of single emission site by 
using a field emission microscope (FEM) and a field ion microscope (FIM). We show that 
each emission site of GNS creates many beautiful symmetrical patterns. These symmetrical 
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discussed the statistical dynamics by using a stochastic differential equation. In this section, 
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patterns are known as cloverleaf patterns of organic molecules and the origin of the 
cloverleaf patterns has been discussed more than 60 years; however, this is still open 
question (Müller, 1953; Ashworth, 1951; Dyke & Dolan, 1956; Becker, 1955; Wolf, 1955; Dean, 
2002). In order to solve this difficult problem, we try to reproduce the same cloverleaf 
patterns by using historically used organic molecules such as phthalocyanine and 
pentacene. By considering phase information for the obtained symmetrical patterns, which 
is a first attempt to explain these symmetrical patterns, and by applying the diffraction 
analysis to the tunneling electron observed by FIM (near field wave function), we succeed in 
explaining how the near field pattern obtained by FIM changes into the far field pattern 
obtained by FEM. Our final conclusion for the cloverleaf pattern is that the electron emission 
originates from anti-bonding states (lowest unoccupied molecular orbital) of -conjugated 
bonds (six-membered ring) in the graphene sheet (Neo et al., 2010). 
Our ultra-high-vacuum experimental apparatus includes both FEM and FIM chambers. In 
order to obtain the same information for FEM and FIM, FEM and FIM measurements were 
successively performed through a load-lock and a preparation chamber in order to avoid 
exposure to air. The base pressures in the FEM and FIM chambers are below 1 x 10-7 Pa and 
2 x 10-8 Pa, respectively. The FEM apparatus consists of a field emission cathode mounted on 
an x-y-z-manipulator, a phosphor screen, and an evaporation boat to adsorb organic 
molecules onto a tungsten tip. A GNS structure and an electrically-polished tungsten (011) 
tip were attached to 0.15 mm diameter tungsten filaments. It is possible to heat the cathode 
by resistive-heating of a tungsten filament. A phosphor screen on an ITO glass substrate was 
placed in front of the tip in the FEM chamber, with a 50 mm gap. The adsorption processes 
of the organic molecules were monitored in-situ by observations of FEM images. The 
adsorption conditions were easily controlled by adjusting the boat temperature and hence 
its vapor pressure. The FIM chamber consists of a helium cryo-cold head and a micro-
channel plate (MCP). The MCP with a phosphor screen was placed 50 mm in front of the 
cathode. The cathode was cooled by a cold head up to 9 K. Two variable-leak valves were 
included in order to introduce helium and hydrogen gas molecules as imaging particles 
under FIM operation. The FEM and FIM images were recorded using a charge-coupled 
device (CCD) camera.  
After flash-heating for a few minutes at around 1000 K, field emission could typically be 
initiated in our FEM apparatus, even when low voltages of less than -2 kV were applied to 
the cathode. Figure 8 (a) shows a phosphor screen image of the electrons emitted from a 
GNS cathode, and it can be observed that each of the bright-spots shows symmetrical 
patterns such as two-lobed, four-lobed, circle and ring patterns as shown in Fig. 8 (b). These 
patterns exhibit some of the following tendencies; (i) each of the patterns could rotate 
discontinuously and (ii) could change reversibly into another pattern. (iii) Interestingly, no 
patterns with an odd number of lobes (e.g. three-lobed patterns) were observed. (iv) The 
two parts of each two-lobed pattern and the four parts of each four-lobed pattern were 
always symmetrical, had the same brightness, and vanished at the same time. These 
behaviors of the cloverleaf patterns were similar to those observed for other types of organic 
molecules such as phthalocyanine and pentacene, and we will show similar symmetrical 
patterns obtained by these molecules in Fig. 10.  
After the FEM investigations, the GNS emitter was transferred to the FIM chamber. The 
emitter was cooled to 25 K, which was above the hydrogen triple point. Hydrogen up to a 
pressure of 1 x 10-2 Pa was introduced into the FIM chamber as an imaging gas, and then 
high positive voltages were applied to the GNS cathode. Figures 9 (a), (b) and (c) show the 
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successive FIM images in a sequence in which the tip voltage was increased up to +10 kV. In 
the high-voltage region (over +10 kV) bright lines due to reflected multi-layers structures 
(Williams, 1968; Murr & Inal, 1971) were observed, as shown in Fig. 9 (c). However, in the 
weak-field region, the cloverleaf patterns observed in the FEM images, were also appeared 
in the FIM measurements. Figure 9 (d) shows a collection of the patterns such as those 
observed in the weak region (around +5 kV). These patterns were almost the same as the 
cloverleaf patterns obtained in the field emission regime. The same symmetrical patterns 
obtained by both FEM and FIM are interesting because the FIM gives the near field images 
such as the wave function of tunneling electron, while the FEM gives the far field images.  
 

 
Fig. 8. (a) FEM images of a GNS cathode on a phosphor screen at 2.2 kV applied voltage, (b) 
the four typical kinds of cloverleaf patterns observed with GNS; two-lobed, four-lobed, ring 
and circle. (Reprinted with permission, Neo et al. 2010, American Institute of Physics.) 
 

 

Fig. 9. A series of FIM images obtained with GNS in a sequence of increasing applied 
voltages; (a) 4 kV, (b) 5 kV, (c) 10 kV. (d) Collection of typical FIM patterns. (Reprinted with 
permission, Neo et al. 2010, American Institute of Physics.) 
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5.2 Field emission and field ion microscope images of Cu-phthalocyanine (Cu-Pc) and 
pentacene 
We observed various symmetrical FEM and FIM patterns in GNS emitters such as two-
lobed, four-lobed, circle and ring patterns. The patterns observed in GNS are very similar to 
those previously-observed in organic small molecules such as pentacene and Cu-Pc. Here 
we reproduce the cloverleaf patterns by the evaporation of pentacene and Cu-Pc onto a 
tungsten tip.  
An electrically-polished tungsten (011) tip was mounted and an evaporation boat containing 
small quantities of these molecules was equipped in the FEM chamber. After cleaning the 
tungsten surface by heating to around 2200 K for 30 seconds, the evaporation boat was 
heated electrically, and then the field emission occurred from the clean tungsten surface. 
When several cloverleaf patterns appeared on the phosphor screen, the electrical heating of 
the evaporation boat was stopped. Figures 10 (a) and (b) show the cloverleaf patterns of 
FEM obtained in pentacene and Cu-Pc, respectively. The insets in the figure indicate the 
typical patterns that were observed for each molecule. As was observed in GNS, the same 
two-lobed, four-lobed, circle and ring patterns were observed in both organic molecules, 
especially clearly observed in Cu-Pc (Müller, 1953). The FEM images of these molecules, 
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patterns that were observed with pentacene and Cu-Pc, respectively. The observation of the 
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Field Emission from Graphene Nanosheets 

 

151 

that were observed in a series of FEM measurements. However, the agreement between the 
near field FIM patterns and the far field FEM patterns is not obvious and contains 
interesting information because the electron wave function tunneling through these 
molecules will be distorted by diffraction. That is, the FIM probes the electronic states of the 
near field emission region, while the FEM shows a far field pattern of the diffracted electron 
wave function emitted from the nanometer sized region. It looks like a contradiction; 
however, if we consider phase information for the symmetrical patterns, we show that this 
agreement is physically natural when we consider the emission originating from the anti-
bonding states. Next, we will theoretically analyze the symmetrical patterns (wave function) 
by adding the phase information. We will analyze the near field and the far field patterns 
based both on the principle of least action and on the diffraction of the electron wave optics.  
 

 

Fig. 11. Collection of cloverleaf patterns observed at around +4 kV with (a) Cu-Pc and (b) 
pentacene. (Reprinted with permission, Neo et al. 2010, American Institute of Physics.) 

5.3 Diffraction of tunneling electron 
Here electron wave optics is applied to analyze both the FEM and FIM patterns. The 
theoretical description of electron wave optics is almost the same as that of electromagnetic 
wave optics (Born & Wolf, 1999). The difference between the electron optics and optics is the 
treatment of wavevector, and in the electron optics, wavenumber depends on the potential. 
However, qualitatively, both the electron optics and optics give almost the same formalism 
in spite of the difference of the phase (wavenumber) treatment. The key to understand 
diffraction images is a popularly known Fourier transformation. The detail of the electron 
wave optics was given in the following papers (Couley, 1995; Ximen, 1994) and here we 
show final expression. The dffracted electron beam can be expressed by the convolution of 
the near field wave function and the spherical wave as  
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5.2 Field emission and field ion microscope images of Cu-phthalocyanine (Cu-Pc) and 
pentacene 
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where (x1, y1) is the electron wave function obtained by FIM pattern (near field image at x1 
and y1 with phase information), (x2, y2) is the electron wave function obtained by FEM 
pattern (far field image at x2 and y2 with phase information), A(,z) is the amplitude 
determined by Schrödinger equation with electron potential , z12/r12 is the obliquity factor 
where r12 is the distance between (x2, y2, z2) and (x1, y1, z1), and z12=|z2-z1|, and ei/r12 is the 
spherical wave of which phase  is determined by the motion of electron in a potential. By 
applying the principle of least action, this phase can be expressed as a simple form like 
=k0r12+(z) where k0 = [2em(z1)]1/2/ℏ is a wavenumber of electron wave at z=z1 and (z) 
can be treated as a constant value in this diffraction process. At Fraunhofer region as shown 
in Fig. 12, Eq. (15) becomes a Fourier transform relation between the near field pattern and 
the far field pattern as 
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Therefore, we can calculate the near field pattern from the far field pattern or vice versa 
easily by using the Fourier transform relation obtained in Eq. (16).  
Next we consider the phase of the wave function because the intensity measurements of 
FEM and FIM do not contain phase information. If we consider the phase for the obtained 
two-lobe patterns of FIM, we can consider two cases; each lobe has the same in-phase or 
different anti-phase. Figure 13 shows theoretically computed results for two-lobe pattern of 
(a) in-phase and (b) anti-phase. When the two-lobes have the same phase, calculated far 
field image becomes an intense circular spot with side bands ringing. On the other hand, 
when the two lobes have the anti-phase, interestingly, calculated far field image becomes 
topologically the same as that of near field image. We also show the calculated results for 
four-lobe patterns in Fig. 13 (c) in-phase and (d) anti-phase. The agreement between the near 
field FIM patterns and the far field FEM patterns indicates that the electron wave function 
tunneling through these molecules has the anti-symmetrical phase. Based on our series of 
FIM and FEM measurements for various molecules including Cu-Pc and pentacene,  
conjugated bonds are essential to form the symmetrical patterns. The anti-symmetry of  
conjugated bonds naturally suggests the conclusion that the symmetrical leaf pattern 
originates from the lowest unoccupied molecular orbitals.  
Many symmetrical patterns were observed in various organic molecules with  conjugated 
bonds, such as six-lobed and ring patterns as well as the two- and four-lobed patterns. It is 
interesting to consider these patterns by correlating with the  conjugated bonds of six 
membered ring. By considering the confinement states in a cylindrical coordinate, that is, by 
solving the Schrödinger equation in this boundary condition, we can obtain following wave 
function described by Bessel function as  
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where coordinate is transformed from Cartesian coordinate to the cylindrical coordinate, n 
is the mode number, m is the order number, Jn (nm) is the nth order Bessel function and nm 
is the mth value of the solution of Jn (nm)=0. By solving Eq. (17), we can obtain wave 
functions at the near field region. Figure 14 shows the experimentally observed symmetrical 
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patterns, the solution of the wave function for lower quantum numbers, its intensity (square of 
the wave function), and the calculated far field intensity obtained by Fourier transformation. 
Almost all the patterns obtained by both FEM and FIM measurements were reproduced by 
this computing analysis of Eq. (17). The difference of the observed patterns originates from the 
difference of the energy level of -electron at excited states (LUMO states).  
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Fig. 12. Schematic image of the diffraction of electron wave and the change of the wave 
function from near field to far field (Fraunhofer region).  
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Fig. 13. Theoretically calculated near field and far field intensities for two-lobes and four-
lobes patterns. The phase of the wave function is introduced as in-phase [(a) and (c)] or anti-
phase [(b) and (d)].  
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FIM and FEM measurements for various molecules including Cu-Pc and pentacene,  
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patterns, the solution of the wave function for lower quantum numbers, its intensity (square of 
the wave function), and the calculated far field intensity obtained by Fourier transformation. 
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Quantitative discussion related with the magnitude of the energy difference for the different 
quantum number is necessary to be clarified; however, qualitatively, adsorbed or desorbed 
atoms on and off  conjugated ring cavity (emission sites) would change the energy level of 
the cavity modes, thus the patterns rotate discontinuously and change reversibly. 
We note here, the quantum number n is degenerated; however, when the degeneracy is 
solved by the existence of a magnetic moment and/or a localized spin near the  conjugated 
cylindrical cavity, we can expect topologically interesting patterns such as an entangled 
pattern of electron wave function for FEM measurements (Müller, 1953; Ashworth, 1951; 
Dyke & Dolan, 1956; Becker, 1955).  
The mystery of the same topological patterns between FIM and FEM were clearly solved by 
considering the phase of the electron wave function for both FIM and FEM patterns, and 
quantitatively analyzed by using the electron wave optics. The various emission patterns 
observed in GNS have the same origin as those observed in organic molecules, where the 
symmetrical patterns can be understood from the point of view of the excited states of the  
electron of six membered ring in a two dimensional graphene sheet. Therefore, the patterns 
have the same brightness, and vanish at the same time. Furthermore, odd number of the 
lobe-pattern is prohibited to be appeared due to the confinement of cylindrical cavity. The 
change of the patterns can be understood from the point of view of the change of the energy 
level by the adsorption of atoms or molecules on and off the six membered ring. Coherence 
of the tunnelling electron from a two dimensional graphene sheet is regarded as high 
because there is no inelastic scattering process. Thus, we consider that the graphene is a 
promising candidate for a coherent electron source. Many new physics unfold before us 
such as the superposition of coherent electron emission from a graphene sheet, opening a 
way for making a plane wave and an amplification of electron beam.    
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Fig. 14. Experimentally observed cloverleaf patterns and theoretically calculated wave 
functions, near field intensity, and far field intensity. 
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6. Applications 
6.1 X-ray applications 
Recently achieved electron emission from carbon nanotubes (CNT) and diamond films show 
promising aspects due to their possible use in practical cold cathode for the applications 
such as flat panel displays, x-ray tubes, and microwave amplifier. However, these emission 
sources still have problems related to adherence of the interface between carbon layers and 
its substrate. Furthermore, the advantage of a high gas storage capacity of CNT acts as 
disadvantage for the fabrication of highly evacuated vacuum devices.  
We overviewed superior aspects of field emission properties in GNS cold cathode. 
Especially, unsaturated behavior of electron emission and stable emission in a high residual 
pressure region of the order of 10-4 Pa (We will introduce the results of the emission stability 
later in the FE-SEM section.) are distinguishing characteristics compared to other types of 
carbon emitters. This is due to the fabrication of carbon nanostructure onto a carbon 
substrate. Both the high current density and the stable emission characteristic are desirable 
for high power operation of devices such as x-rays, electron microscopes, and microwave 
generators. In this section, we show the performance of the GNS as a cold cathode was 
demonstrated by various applications. Firstly, we show the results of high intensity and 
short pulse x-ray generation and then introduce the demonstration of stop motion of x-ray 
transmission images. Fast motions of the order of 10 s are obtained by using GNS cathode 
in a convenient manner. Secondly, we will introduce the fabrication of miniature sized x-ray 
tubes with the GNS emitter. Long lifetime of the order of 10,000 hours and the stability 
better than 1 % are emphasized. We believe that this x-ray tube is the first commercial base 
application using a graphene technology. Lastly, we show the results of the stable emission 
from GNS in a high residual pressure region, which is suitable for the construction of field 
emission type scanning electron microscope with a convenient manner.  
Figure 15 (a) shows a schematic of a triode-type field emission x-ray tube composed of a 
GNS cathode, a metal grid (100-mesh placed 0.5 mm from the cathode), and a Cu metal 
target. The x-ray tube was evacuated by a turbo-molecular pump to a base pressure of 10-4 
Pa. For pulse x-ray generation, negative pulse voltage with a peak height of 1-10 kV and 
pulse duration between 1 ms and 10 s (repetition 1-100 Hz) was applied to the cathode. The 
metal grid was grounded and a constant positive bias of about 20 kV was applied to the 
anode. Figure 15 (b) shows the pulse voltage applied to the GNS cathode (pulse duration of 
1 ms; dotted line) and generated x-ray pulses (solid line) detected by Gd2O2S:Eu phosphor 
with a photomultiplier. High intensity x-ray pulse was obtained by applying a negative 
pulse voltage to the cathode. A 1-ms-pulse duration for the applied voltage was used, 
because the response of our detection system was limited by the phosphor decay, which was 
about 500 s. A much shorter x-ray pulse, on the order of 10 s, was generated and by using 
this pulse we demonstrated in the following two applications that the GNS cold cathode can 
be used for high speed x-ray radiography.  
In the first application, Fig. 16 (a) shows single-shot x-ray transmission image of a rotating 
chopper (7500 rpm) obtained by placing the chopper between the pulse x-ray emission 
source and a cooling type charge coupled device camera (CCD) with a Gd2O2S:Eu phosphor. 
The image was obtained at an applied anode bias of 25 kV (DC) and a cathode bias of -10 
kV. Based on the angular velocity of the rotating chopper and the sharpness of the obtained 
image, the generated x-ray pulse duration was estimated to be about 10 s.  
In the second application [Fig. 16 (b)], in situ image of a rotating drill and the process of 
making a hole inside a wood plate were obtained using the same condition used in the first 
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pulse voltage to the cathode. A 1-ms-pulse duration for the applied voltage was used, 
because the response of our detection system was limited by the phosphor decay, which was 
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application. For this demonstration, we used a 2 mm-diameter drill (2600 rpm) and a 5-mm-
thick wood plate. Images were obtained of the rotating drill moving inside of the wood 
plate, where this frame was detected by a single shot x-ray flush (10 s duration). The 
advantage of the single shot x-ray detection is that clear dynamical transmission images of a 
fast motion can be obtained without the use of a sophisticated high-speed camera.  
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Fig. 15. (a) Schematic of a triode-type field emission x-ray tube, and (b) generated x-ray 
pulses. (Reprinted with permission, Matsumoto et al. 2004, American Institute of Physics.) 
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Fig. 16. Single shot x-ray transmission images of (a) rotating chopper (7500 rpm) and (b) 
rotating drill (2600 rpm) moving inside of the wood plate. (Reprinted with permission, 
Matsumoto et al. 2004, American Institute of Physics.) 
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6.2 X-ray tube fabrications 
Bright and stable field electron emission from GNS seems to be promising to construct an x-
ray vacuum tube from the point of view of a long longevity and a low power consumption 
as well as a high spatial resolution and the high speed transmission images compared to a 
conventionally used x-ray tube with thermal cathode (filament). In this section, we 
introduce our recent progress in the fabrication of a miniature sized x-ray tube with the 
GNS (Jyouzuka et al., 2010).  
Figure 17 (a) shows a photograph of a fabricated miniature sized x-ray tube with GNS 
cathode. The size of the x-ray tube was 2.4 cm  x 7 cm long. X-ray radiation was obtained 
through a Be window. The evacuation of the x-ray tube is important and this is performed 
by a turbo-molecular pump to a base pressure of less than 10–7 Pa. The bakeout temperature 
was above 300 °C. After the aging process, the x-ray tube was tipped off from the evacuation 
system. Figure 17 (b) shows the current-voltage characteristics of a typical x-ray tube with a 
GNS cathode. The GNS cathode was grounded and positive bias was applied to the Be 
window (anode). The distance between the cathode and the anode is about 1 mm. The 
emission current increased drastically at the applied voltage of 5 kV and the emission 
current exceeds 1 mA at the applied voltage of 8.5 kV. A high current from GNS offers a 
high power x-ray tube in a compact manner.  
 
  (a)                                                                                         (b) 

          
Fig. 17. (a) Photograph of a miniature sized x-ray tube with GNS cathode. (b) Current-
voltage characteristics of an x-ray tube with GNS cathode. (Reprinted with permission, 
Jyouzuka et al. 2010, American Institute of Physics.) 

As described in section 4, the current stability depends on the degree of vacuum level. To 
stabilize the emission current technically, we here employ a feedback system. The electric 
feedback diagram of the power supply is shown in Fig. 18 (a). The electric circuit supplies a 
negative high voltage to the GNS and the anode is grounded. The emission current from 
GNS is monitored by the current monitor connected to the GNS cathode. In order to 
stabilize the emission current, the feedback circuit receives the signal from the current 
monitor and then controls the control gate voltage. We note here that the control gate 
supplies a negative voltage which is possible to control the field enhancement factor of the 
GNS cathode. Figure 18 (b) shows the time dependence of the emission current (-20 kV) 
without (upper) and with (lower) the feedback control described above. Here we set an 
emission current less than 100 A in order to make a noisy state of the emission current. In 
the measurement without the feedback control, the initial emission current was set at 50 A. 
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Fig. 15. (a) Schematic of a triode-type field emission x-ray tube, and (b) generated x-ray 
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Fig. 16. Single shot x-ray transmission images of (a) rotating chopper (7500 rpm) and (b) 
rotating drill (2600 rpm) moving inside of the wood plate. (Reprinted with permission, 
Matsumoto et al. 2004, American Institute of Physics.) 
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feedback diagram of the power supply is shown in Fig. 18 (a). The electric circuit supplies a 
negative high voltage to the GNS and the anode is grounded. The emission current from 
GNS is monitored by the current monitor connected to the GNS cathode. In order to 
stabilize the emission current, the feedback circuit receives the signal from the current 
monitor and then controls the control gate voltage. We note here that the control gate 
supplies a negative voltage which is possible to control the field enhancement factor of the 
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emission current less than 100 A in order to make a noisy state of the emission current. In 
the measurement without the feedback control, the initial emission current was set at 50 A. 
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A large noise current was observed and the deviation is estimated to be 7.7 A. By operating 
the feedback control, we succeeded in reducing the noise current drastically, as shown in the 
lower figure of 18 (b) where the same voltage of –20 kV was applied to GNS. The emission 
current from GNS was set to be the same value of 50 A. The large noise was significantly 
reduced and the deviation becomes 0.54 A. Furthermore, no current flowing into the 
control gate was observed, implying that the control of the electric field (field enhancement 
factor) offers a very promising (efficient and fast speed) feedback method to stabilize the 
emission current in a simple manner.  
 

   (a)                                                                                         (b)  

     
 

Fig. 18. (a) Feedback circuit to stabilize the emission current. (b) Time dependence of the 
emission current fluctuation without (upper) and with (lower) the feedback control. 
(Reprinted with permission, Jyouzuka et al. 2010, American Institute of Physics) 
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Fig. 19. Lifetime testing of the x-ray tube at constant emission current mode of 500 A.  
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Lastly, we show the lifetime of the x-ray tube. Figure 19 shows the time dependence of the 
applied voltage at the constant current condition of 500 A. We observed no degradation in 
the anode bias voltage to maintain the constant current and the lifetime of our x-ray tubes 
exceeds 5,000 h. The lifetime testing of the x-ray tube is now successively undergoing and it 
would exceed more than 10,000 h. Both the high emission current more than 1 mA, lifetime 
more than 10,000 hours, and the stability better than 1 % show very promising aspects of 
graphene emitters.  

6.3 FE SEM applications 
Intense electron emission at a high residual pressure of 10-4 Pa seems to be promising to 
construct a high-resolution electron microscope system without the need for a massive 
ultrahigh vacuum system. In this section, we show the performance of the GNS as a cold 
cathode was demonstrated by the construction of a compact FE scanning electron 
microscope (FE-SEM) system, where the brightness of the GNS cathode was determined to 
be on the order of 1012 Asr-1m-2 (Neo et al., 2006; Matsumoto et al, 2007).   
A schematic of an SEM optical system equipped with a GNS cathode is shown in Fig. 20. 
The SEM experiments were performed under a residual pressure of about 10-4 Pa. This 
pressure was much higher than that of typical FE-SEM with a tungsten tip, which generally 
requires a low residual pressure, below 10-7 Pa. Either GNS or a tungsten filament thermal 
emission (TE) cathode was mounted on the SEM system. Electrode 1, shown in Fig. 20, was 
used as a wehnelt for a TE cathode and as an extracting gate electrode (0.1-1 kV) for a FE 
cathode. Other electrodes, such as a suppressor to focus the electron beam, were not 
included in this SEM system. A single final objective lens was used to focus the crossover on 
the target (sample holder), where the electron beam diameter and convergence angle were 
measured. The objective lens was composed of a permanent magnet and assistant coil and 
was designed to focus at 3.0 kV acceleration voltage. The aperture diameter was 0.3 mm-. 
The spatial resolution was evaluated by obtaining the images of a 4 m-wide copper mesh 
located on the sample holder. In this lens configuration, the source size was reduced to 0.182 
times at the sample target. In addition, a Faraday cup on the sample holder was used to 
collect the probe current.  
Figure 21 (a) shows the SEM image of the copper mesh obtained using the TE cathode to 
compare both the resolution and brightness with those of the GNS cathode. The resolution 
of the image obtained using the TE cathode was smeared because of its large source size. 
The brightness B was calculated as  
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where I is the probe current, dS is the source size, d is the solid angle, r is the radius of 
the beam, and  is the open angle of the electron optics. For the TE cathode, the beam 
diameter 2r was estimated at about 4 m and the measured I was about 0.6 A. Therefore, 
the brightness B of the TE cathode was estimated to be about 2×108 Am-2sr-1, which 
coincides with the brightness reported for a tungsten filament TE cathode (Joy et al., 
1986). This B value of the TE cathode shows that this method is appropriate for estimating 
B.  
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Fig. 19. Lifetime testing of the x-ray tube at constant emission current mode of 500 A.  
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Fig. 20. FE-SEM system equipped with a GNS cathode. (Reprinted with permission, 
Matsumoto et al. 2007, American Institute of Physics.) 

Figure 21 (b) shows the SEM image of the copper mesh obtained using the GNS cathode. 
The spatial resolution was clearly improved compared to that obtained using the tungsten 
filament TE cathode. This result shows that an SEM image was obtained using the GNS 
cathode despite a high residual pressure on the order of 10-4 Pa. However, as shown in Fig. 
21 (b), many horizontal noise lines were observed. This is because the electron beam 
fluctuation occurred during the scanning of the electron beam to obtain SEM images, which 
is due to ion bombardment and/or atom adsorption as was described in section 4. 
The fluctuation of the emission current originates from the adsorption and desorption of 
atoms and/or molecules onto emission sites of GNS cathode. To stabilize the emission 
current, generally, an evacuation of the residual gas to the degree of ultrahigh vacuum (10-9 
Pa) is performed, and this can be achieved with a massive and costly vacuum system. On 
the other hand, in section 4, we showed that the number of adsorbed atoms per unit time 
depends on the temperature of the cathode. Next, we show the reduction of the current 
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fluctuation by heating the GNS cathode, and show clearer FE-SEM images compared to 
those obtained with the FE-SEM without heating of GNS cathode at a residual pressure 
above 10-3 Pa.  
FE-SEM optical system equipped with a GNS-gun designed is the same as described in Fig. 
20, where the GNS cathode was attached on the W-filament by using a graphite dispersion 
in order to heat the cathode, where the temperature of the GNS cathode was measured by a 
piro- or a radiation-thermometer.  
Figure 22 (a) shows FE-SEM images obtained using the GNS cathode at 1200 K. The stability 
of the emission current was improved compared to that of the GNS cathode without 
heating, thus leading to acquire clearer images compared to those obtained using the GNS 
cathode at room temperature. Especially, copper grains are clearly evident, which indicates 
that the emission source size was reduced compared to TE cathode and that the heated GNS 
cathode was stable during the acquisition of SEM image (60 s). Figure 22 (b) shows the 
highest resolution image obtained by using the GNS cathode. Based on this result, the 
maximum spatial resolution of this SEM optical system was analyzed by the distance 
between Cu grains, and it was estimated to be 30 nm, which is indicated by the solid white 
lines shown in Fig. 22 (b). Both the stability and the spatial resolution obtained by the GNS 
cathode are promising to construct a compact and high resolution FE-SEM system, because 
it is possible to obtain higher resolution images less than 1 nm by using a commonly used 
200-power magnification lens at this high residual pressure region.  
The source size was estimated to be 160 nm. The maximum emission current measured by 
the Faraday cup was about 70 nA. Based on these experimentally determined parameters, 
the brightness of the GNS cathode was estimated as 5×1011 Asr-1m-2, which is similar to that 
of CNTs (de Jonge et al., 2002). A higher brightness of the order of 1013 Asr-1m-2 should be 
attainable if we apply higher extraction voltage to the cathode. 
 

 
 

Fig. 21. SEM images of a copper mesh obtained using a (a) TE cathode and (b) GNS cathode. 
(Reprinted with permission, Neo et al. 2006, American Institute of Physics.) 
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Fig. 21. SEM images of a copper mesh obtained using a (a) TE cathode and (b) GNS cathode. 
(Reprinted with permission, Neo et al. 2006, American Institute of Physics.) 
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Fig. 22. (a) Copper mesh images obtained using the GNS cathode. (b) Highest resolution 
image obtained by using the GNS cathode. (Reprinted with permission, Matsumoto et al. 
2007, American Institute of Physics.) 

7. Conclusion 
We showed novel properties of field emission from graphene nanosheets and found that the 
2D graphene sheet structure is promising for field emission of electrons owing to the 
exceptionally large values of carrier mobility and small values of electron mass. From the 
point of view of emission physics, the macroscale statistical analysis by using the birth and 
death model gave the insight for the microscale emission mechanism. By proceeding into 
the atomic level analysis using FEM and FIM, we clarified the emission mechanism both of 
graphene sheets and of organic materials, where  electron plays an important role for the 
emission. This new finding not only gives us the solution of the mystery of symmetrical 
emission patterns discussed for more than 60 years but also paves a way toward a new 
coherent source of electrons.  
After the clarification of the fundamental aspects of GNS, we overviewed the application 
aspects of the GNS field emitter. The recent progress in the miniature sized x-ray tube 
clearly shows that GNS is best suited for field emitters. We believe electron emission from 
graphene will open a new world for classical electron vacuum devices.  
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Fig. 22. (a) Copper mesh images obtained using the GNS cathode. (b) Highest resolution 
image obtained by using the GNS cathode. (Reprinted with permission, Matsumoto et al. 
2007, American Institute of Physics.) 

7. Conclusion 
We showed novel properties of field emission from graphene nanosheets and found that the 
2D graphene sheet structure is promising for field emission of electrons owing to the 
exceptionally large values of carrier mobility and small values of electron mass. From the 
point of view of emission physics, the macroscale statistical analysis by using the birth and 
death model gave the insight for the microscale emission mechanism. By proceeding into 
the atomic level analysis using FEM and FIM, we clarified the emission mechanism both of 
graphene sheets and of organic materials, where  electron plays an important role for the 
emission. This new finding not only gives us the solution of the mystery of symmetrical 
emission patterns discussed for more than 60 years but also paves a way toward a new 
coherent source of electrons.  
After the clarification of the fundamental aspects of GNS, we overviewed the application 
aspects of the GNS field emitter. The recent progress in the miniature sized x-ray tube 
clearly shows that GNS is best suited for field emitters. We believe electron emission from 
graphene will open a new world for classical electron vacuum devices.  
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1. Introduction

The experimental discovery of graphene (single monolayers of graphite) (Novoselov et al,
2004; 2005) and its extraordinary properties due to the Dirac-like spectrum of its
charge carriers have fostered an enormous literature reviewed by a number of authors
(Castro Neto et al., 2009; Geim & Novoselov, 2007; Geim, 2009; Vozmediano et al., 2010).
The electronic, chemical, thermal and mechanical properties of graphene are exceptionally
sensitive to lattice imperfections (Castro Neto et al., 2009; Geim & Novoselov, 2007). These
defects and even the ripples that always cover suspended graphene sheets (Fasolino et al.,
2007; Meyer et al., 2007) induce pseudo-magnetic gauge fields (Vozmediano et al., 2010) and
have given rise to the notion of strain engineering (Guinea et al., 2009). Thus the study of
defects and ripples in graphene is crucial and it has generated important experimental work
(Coleman et al., 2008; Gómez-Navarro et al., 2010; Meyer et al., 2008; Wang et al., 2008). Real
time observation of defect dynamics is possible using Transmission Electron Microscopes
(TEM) corrected for aberration that have single atom resolution (Meyer et al., 2008). In these
studies, defects are induced by irradiation and their evolution is observed in a time scale of
seconds (Meyer et al., 2008), much longer than sub-picosecond time scales typical of sound
propagation in a primitive cell.
The graphene lattice is hexagonal and defects appear in different forms: pentagon-heptagon
(5-7) pairs, Stone-Wales (SW) defects (two adjacent pentagon-heptagon pairs in which
the heptagons share one side, denoted in short as 5-7-7-5 defects) (Meyer et al., 2008),
pentagon-octagon-pentagon (5-8-5) divacancies (Coleman et al., 2008), asymmetric vacancies
(nonagon-pentagon or 9-5 pairs) and more complicated groupings such as 5-7-7-5 and 7-5-5-7
adjacent pairs or defects comprising three pentagons, three heptagons and one hexagon
(Meyer et al., 2008). In other two dimensional (two-dimensional) crystals such as Boron
Nitride (hBN) symmetric vacancies in which one atom is missing have been observed
(Meyer et al., 2009). On the long time scale of seconds and for unstressed graphene,
Stone-Wales defects are unstable: their two pentagon-heptagon pairs glide towards each other
and annihilate, and the same occurs to defects comprising three pentagons, three heptagons
and one hexagon, whereas 5-7-7-5 and 7-5-5-7 adjacent pairs remain stable (Meyer et al., 2008).
In stressed graphene oxide samples, SW defects split into their component 5-7 pairs which
then move apart (Gómez-Navarro et al., 2010). While most theoretical studies on the influence
of defects in electronic properties assume a given defect configuration and then proceed to
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analyze its effects (Castro Neto et al., 2009; Vozmediano et al., 2010), it is important to predict
defect stability and evolution.
In recent work, we have explained the observed long time defect dynamics in graphene
by considering defects as the core of edge dislocations or dislocation dipoles in a
planar two-dimensional hexagonal lattice (Carpio & Bonilla, 2008; Carpio et al., 2008). Our
theory is a computationally efficient alternative to ab initio approaches such as molecular
dynamics or density functional theory (Abedpour et al., 2007; Fasolino et al., 2007; Segall,
2002; Thompson-Flagg et al., 2009). Our top-down approach starts from linear elasticity.
We discretize continuum linear elasticity on a hexagonal lattice and replace differences
of vector displacements along primitive directions by periodic functions thereof which
are linear for small differences. Our periodized discrete elasticity allows dislocation gliding
along primitive directions and it reduces to continuum linear elasticity very far from
dislocation cores (Carpio & Bonilla, 2005). Introducing a large damping in the resulting
equations of motion and solving them numerically, we are able to predict the stable cores
corresponding to a given dislocation configuration. Using this theory, we have predicted the
stability of pentagon-heptagon defects (that are the cores of dislocations) (Carpio & Bonilla,
2008; Carpio et al., 2008). Similarly, a study of dislocation dipoles in unstressed samples
(Carpio & Bonilla, 2008; Carpio et al., 2008) predicts that SW are unstable whereas symmetric
vacancies, divacancies and 7-5-5-7 defects are stable. In stressed samples, our theory predicts
that Stone-Wales defects split into two 5-7 pairs that move apart (Carpio & Bonilla, 2008), as
confirmed later by experiments (Gómez-Navarro et al., 2010).
In this chapter, we first describe periodized discrete elasticity for a planar graphene sheet
and explain the evolution of several defects considered as cores of dislocations or dislocation
dipoles. We then explain how an extension of our theory may describe a suspended graphene
sheet in three dimensions, which is able to bend away from the planar configuration. We
also discuss how to incorporate a mechanism for the formation and evolution of ripples. The
rest of the chapter is as follows. Periodized discrete elasticity and its equations of motion
are explained in Section 2 for a planar graphene sheet. The stable cores corresponding to
the far field of a single edge dislocation and a single dislocation dipole are used in Section
3 to illustrate the way defects are constructed numerically. Our results are also compared to
available experiments in graphene and other two-dimensional crystals, in particular to those
by Meyer et al. (2008). Section 4 contains the extension to three space dimensions. We assume
that the suspended sheet has a trend to locally bend upwards or downwards represented
by an Ising spin. These spins are coupled to the carbon atoms in the sheet, are in contact
with a thermal bath and evolve stochastically according to Glauber dynamics. Damping
is caused by coupling to the bath and by Glauber dynamics. The formation of ripples in
suspended graphene sheet is explained as a phase transition from the planar sheet that
occurs below a certain critical temperature. Numerical solutions of the equations of motion
illustrate the theoretical results and in particular show ripples and curvature of the sheet near
a pentagon-heptagon defect. The last section is devoted to our conclusions.

2. Periodized discrete elasticity of planar graphene

In the continuum limit, small elastic deformations of graphene sheets have a free energy

Fg =
κ

2

∫
(∇2w)2dxdy +

1
2

∫
(λu2

ii + 2μu2
ik) dxdy, (1)
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corresponding to a membrane (Nelson, 2002), in which uik, u = (u1, u2) = (u(x, y), v(x, y)),
w(x, y), κ, λ = C12 and μ = C66 are the in-plane linearized deformation tensor, the in-plane
displacement vector, the vertical deflection of the membrane, the bending stiffness (measured
in units of energy) and the Lamé coefficients (Landau & Lifshitz, 1986) of graphene (graphite
is isotropic in its basal plane so that C11 = λ + 2μ), respectively. We have used the convention
of sum over repeated indices. In (1), ∇2w = ∂2

xw + ∂2
yw is the two-dimensional laplacian and

the two-dimensional Lamé coefficients have units of energy per unit area. Dividing by the
distance between graphene planes in graphite, 0.335 nm, they can be converted to the usual
units for 3D graphite. The in-plane linearized deformation tensor is

uik =
1
2
(∂xk ui + ∂xi uk + ∂xi w∂xk w) , i, k = 1, 2, (2)

in which we have ignored the small in-plane nonlinear terms ∂xi u∂xk u + ∂xi v∂xk v.
In this section, we shall consider that only in-plane deformations are possible so that w =
0. Then the equations of motion derived from (1)-(2) are the Navier equations of linear
elasticity for (u, v) (Landau & Lifshitz, 1986). If we add to these equations a phenomenological
damping with coefficient γ (to be fitted to experiments), we have

ρ2∂2
t u + γ ∂tu = (λ + 2μ) ∂2

xu + μ ∂2
yu + (λ + μ) ∂x∂yv, (3)

ρ2∂2
t v + γ ∂tv = μ ∂2

xv + (λ + 2μ) ∂2
yv + (λ + μ) ∂x∂yu, (4)

where ρ2 is the two-dimensional mass density. The governing equations of our theory
are obtained from (3)-(4) in a three step process (Carpio & Bonilla, 2008): (i) discretize
the equations on the hexagonal graphene lattice, (ii) rewrite the discretized equations in
primitive coordinates, and (iii) replace finite differences appearing in the equations by
periodic functions thereof in such a way that the equations remain invariant if we displace
the atoms one step along any of the primitive directions. The last step allows dislocation
gliding.

2.1 Discrete elasticity
Let us assign the coordinates (x, y) to the atom A in sublattice 1 (see Figure 1). The origin of
coordinates, (0, 0), is also an atom of sublattice 1 at the center of the graphene sheet. The three
nearest neighbors of A belong to sublattice 2 and their cartesian coordinates are n1, n2 and n3
below. Its six next-nearest neighbors belong to sublattice 1 and their cartesian coordinates are
ni, i = 4, . . . , 9:

n1 =

(
x − a

2
, y − a

2
√

3

)
, n2 =

(
x +

a
2

, y − a

2
√

3

)
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a√
3

)
,
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x − a

2
, y − a

√
3

2

)
, n5 =

(
x +

a
2

, y − a
√

3
2

)
, n6 = (x − a, y),

n7 = (x + a, y), n8 =

(
x − a

2
, y +

a
√

3
2

)
, n9 =

(
x +

a
2

, y +
a
√

3
2

)
. (5)

In Fig. 1, atoms n6 and n7 are separated from A by the primitive vector ±a and atoms n4 and
n9 are separated from A by the primitive vector ±b. Instead of choosing the primitive vector
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are explained in Section 2 for a planar graphene sheet. The stable cores corresponding to
the far field of a single edge dislocation and a single dislocation dipole are used in Section
3 to illustrate the way defects are constructed numerically. Our results are also compared to
available experiments in graphene and other two-dimensional crystals, in particular to those
by Meyer et al. (2008). Section 4 contains the extension to three space dimensions. We assume
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2. Periodized discrete elasticity of planar graphene

In the continuum limit, small elastic deformations of graphene sheets have a free energy

Fg =
κ

2

∫
(∇2w)2dxdy +

1
2

∫
(λu2

ii + 2μu2
ik) dxdy, (1)
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corresponding to a membrane (Nelson, 2002), in which uik, u = (u1, u2) = (u(x, y), v(x, y)),
w(x, y), κ, λ = C12 and μ = C66 are the in-plane linearized deformation tensor, the in-plane
displacement vector, the vertical deflection of the membrane, the bending stiffness (measured
in units of energy) and the Lamé coefficients (Landau & Lifshitz, 1986) of graphene (graphite
is isotropic in its basal plane so that C11 = λ + 2μ), respectively. We have used the convention
of sum over repeated indices. In (1), ∇2w = ∂2

xw + ∂2
yw is the two-dimensional laplacian and

the two-dimensional Lamé coefficients have units of energy per unit area. Dividing by the
distance between graphene planes in graphite, 0.335 nm, they can be converted to the usual
units for 3D graphite. The in-plane linearized deformation tensor is

uik =
1
2
(∂xk ui + ∂xi uk + ∂xi w∂xk w) , i, k = 1, 2, (2)

in which we have ignored the small in-plane nonlinear terms ∂xi u∂xk u + ∂xi v∂xk v.
In this section, we shall consider that only in-plane deformations are possible so that w =
0. Then the equations of motion derived from (1)-(2) are the Navier equations of linear
elasticity for (u, v) (Landau & Lifshitz, 1986). If we add to these equations a phenomenological
damping with coefficient γ (to be fitted to experiments), we have

ρ2∂2
t u + γ ∂tu = (λ + 2μ) ∂2

xu + μ ∂2
yu + (λ + μ) ∂x∂yv, (3)

ρ2∂2
t v + γ ∂tv = μ ∂2

xv + (λ + 2μ) ∂2
yv + (λ + μ) ∂x∂yu, (4)

where ρ2 is the two-dimensional mass density. The governing equations of our theory
are obtained from (3)-(4) in a three step process (Carpio & Bonilla, 2008): (i) discretize
the equations on the hexagonal graphene lattice, (ii) rewrite the discretized equations in
primitive coordinates, and (iii) replace finite differences appearing in the equations by
periodic functions thereof in such a way that the equations remain invariant if we displace
the atoms one step along any of the primitive directions. The last step allows dislocation
gliding.

2.1 Discrete elasticity
Let us assign the coordinates (x, y) to the atom A in sublattice 1 (see Figure 1). The origin of
coordinates, (0, 0), is also an atom of sublattice 1 at the center of the graphene sheet. The three
nearest neighbors of A belong to sublattice 2 and their cartesian coordinates are n1, n2 and n3
below. Its six next-nearest neighbors belong to sublattice 1 and their cartesian coordinates are
ni, i = 4, . . . , 9:

n1 =

(
x − a

2
, y − a

2
√

3

)
, n2 =

(
x +

a
2

, y − a

2
√

3

)
, n3 =

(
x, y +

a√
3

)
,

n4 =

(
x − a

2
, y − a

√
3

2

)
, n5 =

(
x +

a
2

, y − a
√

3
2

)
, n6 = (x − a, y),

n7 = (x + a, y), n8 =

(
x − a

2
, y +

a
√

3
2

)
, n9 =

(
x +

a
2

, y +
a
√

3
2

)
. (5)

In Fig. 1, atoms n6 and n7 are separated from A by the primitive vector ±a and atoms n4 and
n9 are separated from A by the primitive vector ±b. Instead of choosing the primitive vector
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Fig. 1. Neighbors of a given atom A in sublattice 1 (light colored atoms).

±b, we could have selected the primitive direction ±c along which atoms n8, A and n5 lie.
Let us define the following operators acting on functions of the coordinates (x, y) of node A:

Tu = [u(n1)− u(A)] + [u(n2)− u(A)] + [u(n3)− u(A)] ∼
(

∂2
xu + ∂2

yu
) a2

4
, (6)

Hu = [u(n6)− u(A)] + [u(n7)− u(A)] ∼ (∂2
xu) a2, (7)

D1u = [u(n4)− u(A)] + [u(n9)− u(A)] ∼
(

1
4

∂2
xu +

√
3

2
∂x∂yu +

3
4

∂2
yu

)
a2, (8)

D2u = [u(n5)− u(A)] + [u(n8)− u(A)] ∼
(

1
4

∂2
xu −

√
3

2
∂x∂yu +

3
4

∂2
yu

)
a2, (9)

as the lattice constant a tends to zero. Similar operators can be defined if we replace the point
A in sublattice 1 by a point belonging to the sublattice 2. Now we replace in (3) and (4),
Hu/a2, (4T − H)u/a2 and (D1 − D2)u/(

√
3a2) instead of ∂2

xu, ∂2
yu and ∂x∂yu, respectively,

with similar substitutions for the derivatives of v, thereby obtaining the following equations
at each point of the lattice:

ρ2a2∂2
t u + γ ∂tu = 4μ Tu + (λ + μ) Hu +

λ + μ√
3

(D1 − D2)v, (10)

ρ2a2∂2
t v + γ ∂tv = 4(λ + 2μ) Tv − (λ + μ)Hv +

λ + μ√
3

(D1 − D2)u. (11)

These equations have two characteristics time scales, the time ts =
√

ρ2a2/(λ + 2μ) it takes
a longitudinal sound wave to traverse a distance a, and the characteristic damping time,
td = γa2/(λ + 2μ). Using the known values of the Lamé coefficients (Lee et al., 2008;
Zakharchenko et al., 2009), ts ≈ 10−14 s. Our simulations show that it takes 0.4td a SW to
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disappear after it is created by irradiation which, compared with the measured time of 4 s
(Meyer et al., 2008), gives td ≈ 10 s. On a td time scale, we can ignore inertia in (10)-(11).

2.2 Nondimensional equations in primitive coordinates
We now transform (10)-(11) to the nondimensional primitive coordinates u�, v� taking u =
a(u� + v�/2), v =

√
3av�/2, use the nondimensional time scale t� = t/td and ignore inertia,

thereby obtaining

∂t�u
� = 4μTu�

λ + 2μ
+

λ + μ

λ + 2μ

[(
H − D1 − D2

3

)
u� +

(
H +

D1 − D2

3
− 2T

)
v�
]

, (12)

∂t�v
� = 2

3
λ + μ

λ + 2μ
(D1 − D2)u� + 4Tv� + λ + μ

λ + 2μ

(
D1 − D2

3
− H

)
v�. (13)

2.3 Periodized discrete elasticity
Equations (12) - (13) do not allow for the changes of neighbors involved in defect motion.
One way to achieve these changes is to update neighbors as a defect moves. Then (12) and
(13) would have the same appearance, but the neighbors ni would be given by (5) only at the
start. At each time step, we keep track of the position of the different atoms and update the
coordinates of the ni. This is commonly done in Molecular Dynamics, as computations are
actually carried out with only a certain number of neighbors. Convenient as updating is, its
computational cost is high and analytical studies thereof are not easy.
In simple geometries, we can avoid updating by introducing a periodic function of
differences in the primitive directions that automatically describes link breakup and union
associated with defect motion. Besides greatly reducing computational cost, the resulting
periodized discrete elasticity models allow analytical studies of defect depinning and motion
(Carpio & Bonilla, 2003; 2005). Another advantage of periodized discrete elasticity is that
boundary conditions can be controlled efficiently to avoid spurious numerical reflections at
boundaries.
To restore crystal periodicity, we replace the linear operators T, H, D1 and D2 in (12) and (13)
by their periodic versions:

Tpu� = g(u�(n1)− u�(A)) + g(u�(n2)− u�(A)) + g(u�(n3)− u�(A)),

Hpu� = g(u�(n6)− u�(A)) + g(u�(n7)− u�(A)),

D1pu� = g(u�(n4)− u�(A)) + g(u�(n9)− u�(A)),

D2pu� = g(u�(n5)− u�(A)) + g(u�(n8)− u�(A)), (14)

where g is a periodic function, with period one, and such that g(x) ∼ x as x → 0. In this work,
g is a periodic piecewise linear continuous function:

g(x) =
{

x, −α ≤ x ≤ α,
− 2α

1−2α x + α
1−2α , α ≤ x ≤ 1 − α.

(15)

The parameter α controls defect stability and mobility under applied stress. It should
be sufficiently large for elementary defects (dislocations, vacancies) to be stable at zero
applied stress, and sufficiently small for dislocations to move under reasonable applied stress
(Carpio & Bonilla, 2005). We use α = 0.4 to account for experimentally observed stability

171Theory of Defect Dynamics in Graphene



4 Will-be-set-by-IN-TECH

Fig. 1. Neighbors of a given atom A in sublattice 1 (light colored atoms).
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2.3 Periodized discrete elasticity
Equations (12) - (13) do not allow for the changes of neighbors involved in defect motion.
One way to achieve these changes is to update neighbors as a defect moves. Then (12) and
(13) would have the same appearance, but the neighbors ni would be given by (5) only at the
start. At each time step, we keep track of the position of the different atoms and update the
coordinates of the ni. This is commonly done in Molecular Dynamics, as computations are
actually carried out with only a certain number of neighbors. Convenient as updating is, its
computational cost is high and analytical studies thereof are not easy.
In simple geometries, we can avoid updating by introducing a periodic function of
differences in the primitive directions that automatically describes link breakup and union
associated with defect motion. Besides greatly reducing computational cost, the resulting
periodized discrete elasticity models allow analytical studies of defect depinning and motion
(Carpio & Bonilla, 2003; 2005). Another advantage of periodized discrete elasticity is that
boundary conditions can be controlled efficiently to avoid spurious numerical reflections at
boundaries.
To restore crystal periodicity, we replace the linear operators T, H, D1 and D2 in (12) and (13)
by their periodic versions:

Tpu� = g(u�(n1)− u�(A)) + g(u�(n2)− u�(A)) + g(u�(n3)− u�(A)),

Hpu� = g(u�(n6)− u�(A)) + g(u�(n7)− u�(A)),
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D2pu� = g(u�(n5)− u�(A)) + g(u�(n8)− u�(A)), (14)

where g is a periodic function, with period one, and such that g(x) ∼ x as x → 0. In this work,
g is a periodic piecewise linear continuous function:

g(x) =
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x, −α ≤ x ≤ α,
− 2α

1−2α x + α
1−2α , α ≤ x ≤ 1 − α.

(15)

The parameter α controls defect stability and mobility under applied stress. It should
be sufficiently large for elementary defects (dislocations, vacancies) to be stable at zero
applied stress, and sufficiently small for dislocations to move under reasonable applied stress
(Carpio & Bonilla, 2005). We use α = 0.4 to account for experimentally observed stability
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properties of the defects. For lower values, the stable defect described in section 4 loses
the Stone-Wales component. The periodic function g can be replaced by a different type of
periodic function to achieve a better fit to available experimental or numerical data.

3. Stable cores of dislocations and dislocation dipoles in planar graphene

3.1 Boundary and initial conditions for a single dislocation
We solve (12)-(13) with the periodic operators Tp, Hp, D1p and D2p, using as initial and
boundary conditions the far field of appropriate dislocations which are the stationary
solutions of the linear elasticity equations (Landau & Lifshitz, 1986). Since the latter are a
good approximation four spacings away from the core of SW defects in graphene, and our
model equations seamlessly reduce to linear elasticity in the far field, we use a relatively
small lattice with 19 × 19 spacings (2 × 18 × 18 carbon atoms) in our numerical simulations
(Carpio & Bonilla, 2008). Consider first the case of a single edge dislocation with Burgers
vector (a, 0) and displacement vector u = (u(x, y), v(x, y))

u =
a

2π

[
tan−1

( y
x

)
+

xy
2(1 − ν)(x2 + y2)

]
,

v =
a

2π

[
− 1 − 2ν

4(1 − ν)
ln

(
x2 + y2

a2

)
+

y2

2(1 − ν)(x2 + y2)

]
, (16)

where ν = λ/[2(λ + μ)] is dimensionless; cf. page 114 of (Landau & Lifshitz, 1986). (16) has a
singularity ∝ (x2 + y2)−1/2 at the origin of coordinates and it satisfies

∫
C(dx · ∇)u = −(a, 0),

for any closed curve C encircling the origin. Using (16), we write u = (u, v) in primitive
coordinates, U�(l, m) = [u(x− x0, y− y0)− v(x− x0, y− y0)/

√
3]/a, V �(l, m) = 2v(x− x0, y−

y0)/(a
√

3), where x = (x� + y�/2)a, y =
√

3 ay�/2, x� = l, y� = m (integers) and (x0, y0) �=
(0, 0) to avoid that the singularity in (16) be placed at a lattice point. To find defects, we
solve the periodized versions of the discrete elasticity equations (12)-(13) with the initial and
boundary conditions:

u�(l, m; 0) = U�(l, m), and u�(l, m; t) = U�(l, m) + F(m, 0) at lattice boundaries. (17)

Here F is a dimensionless applied shear stress. For |F| < Fc (Peierls stress), the solution
of the periodized version of (12)-(13) relaxes to a stable dislocation (u�(l, m), v�(l, m)) with
appropriate far field, which is (16) if F = 0.
Numerical simulations give us the location of carbon atoms at each time t. We represent atoms
by spheres of arbitrary size. As a guide to the eye and to visualize defects more easily, we
have attached fictitious bonds to these spheres (Carpio & Bonilla, 2008; Carpio et al., 2008).
Depending on the location of the singularity (x0, y0), there are two possible configurations
corresponding to the same edge dislocation in the continuum limit. If (x0, y0) is placed
between two atoms that form any non-vertical side of a given hexagon, the core of the
deformed lattice (l + u�(l, m), m + v�(l, m)) is a 5-7 (pentagon-heptagon) defect. If (x0, y0) is
placed in any other location different from a lattice point, the core of the singularity forms
an octagon having one atom with a dangling bond (Carpio & Bonilla, 2008; Carpio et al.,
2008). Stable 5-7 defects are commonly observed in experiments (Gómez-Navarro et al., 2010;
Meyer et al., 2008; 2009), whereas adsorbed atoms (not considered in our model) may attach
to a dangling bond thereby destroying the octagon configuration.
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Fig. 2. (a) Symmetric vacancy. (b) Asymmetric vacancy (nonagon-pentagon defect).

Fig. 3. Pentagon-octagon-pentagon divacancy.

Fig. 4. (a) Stable 7-5-5-7 defect. (b) Unstable 5-7-7-5 Stone Wales defect.
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Fig. 5. Defects corresponding to two dislocation dipoles: (a) Stable configuration comprising
a pair of 5-7-7-5 and 7-5-5-7 defects. (b) Metastable defect comprising three heptagons, three
pentagons and one hexagon.

3.2 Dislocation dipoles
A dislocation dipole is formed by two dislocations with opposite Burgers vectors, ±a.
Depending on how we place the origin of coordinates, different dipole configurations result.
Let U(x, y) be the displacement vector (16) of a single dislocation. We find the dipole cores by
selecting as zero stress initial and boundary conditions U(x− x+0 , y− y+0 )−U(x− x−0 , y− y−0 ),
with different (x±0 , y±0 ). Let a, L = a/

√
3, H = 3L/2 and h = L/2 be the lattice constant, the

hexagon side, the vertical distance between two nearest neighbor atoms belonging to the same
sublattice separated by one primitive vector b or c, and the vertical distance between nearest
neighbor atoms having different ordinate, respectively. We get:

• Vacancies: x+0 = −0.25a, y+0 = −0.8h + H/2 and x−0 = −0.25a, y−0 = −0.8h. This initial
configuration is the asymmetric vacancy (9-5 defect) of Fig. 2(b), which evolves to the
symmetric vacancy of Fig. 2(a) under overdamped dynamics.

• Stable divacancy: x+0 = −0.25a, y+0 = −0.8h + H and x−0 = −0.25a, y−0 = −0.8h. Fig. 3.

• Stable 7-5-5-7 defect: x+0 = −0.25a + a, y+0 = −0.8h and x−0 = −0.25a, y−0 = −0.8h + H.
Fig. 4(a).

• Unstable Stone-Wales 5-7-7-5 defect: x+0 = −0.25a + a, y+0 = −0.8h and x−0 = −0.25a,
y−0 = −0.8h. Fig. 4(b). For F = 0, this initial configuration corresponds to two
dislocations with opposite Burgers vectors that share the same glide line, and it evolves
to the undisturbed lattice when the dislocations move towards each other and annihilate.

3.3 Dislocation dipole pairs
We now study the evolution of configurations comprising two dislocation dipoles each. Fig.
5(a) depicts a stable defect consisting of a 5-7-7-5 SW defect adjacent to a rotated 7-5-5-7 defect:

U(x − x+0 , y − y+0 )− U(x − x−0 , y − y−0 ) + Ũ(x̃ − x̃+0 , ỹ − ỹ+0 )− Ũ(x̃ − x̃−0 , ỹ − ỹ−0 ), (18)

x+0 = −0.3a, y+0 = −0.7h + 2H, x−0 = −0.3a − a, y−0 = −0.7h + 2H,

x̃+0 = 0.3a + a, ỹ+0 = 0.3h − H, x̃−0 = 0.15a, ỹ+0 = 0.5h. (19)
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Here U(x, y) is the edge dislocation (16) with origin of coordinates at a central atom of type
A in Figure 1 and Burgers vector a (in units of the lattice constant a). Ũ(x̃, ỹ) is an edge
dislocation with Burgers vector b. To obtain Ũ(x̃, ỹ) in (18), we consider the axes (x̃, ỹ)
rotated a π/3 angle from the axes (x, y). Next we form a 7-5-5-7 defect by combining a
positive dislocation with Burgers vector (a, 0) centered at (x̃+0 , ỹ+0 ) and a negative dislocation
with Burgers vector (−a, 0) centered at (x̃−0 , ỹ−0 ). Then the result is rewritten in the original
coordinates (x, y). This is the same defect as reported in Figures 3(h) and (i) of Meyer
et al’s experiments (Meyer et al., 2008) and it remains stable under overdamped dynamics.
The 7-5-5-7 defect is stable (Carpio & Bonilla, 2008; Carpio et al., 2008), and this apparently
stabilizes our pair of dislocation dipoles for the selected initial configuration. Other nearby
configurations evolve to two octagons corresponding to a dipole comprising two edge
dislocations with opposite Burgers vectors. As explained before, adsorbed atoms may be
attached to the dangling bonds thereby eliminating these configurations and restoring the
undisturbed hexagonal lattice.
Let us consider now two dislocation dipoles all whose component dislocations have Burgers
vectors directed along the x axis according to the initial and boundary condition depicted in
Figure 5(b) (a defect comprising three pentagons and three heptagons):

U(x − x+0 , y − y+0 )− U(x − x−0 , y − y−0 ) + U(x − x̂+0 , y − ŷ+0 )− U(x − x̂−0 , y − ŷ−0 ), (20)

x+0 = −0.3a + a, y+0 = −0.7h, x−0 = −0.3a, y−0 = −0.7h,

x̂+0 = −0.3a − a, ŷ+0 = −0.7h − H, x̂−0 = −0.3a, ŷ+0 = −0.7h − H. (21)

Starting from a negative dislocation centered at (x−0 , y−0 ) = (−0.3a,−0.7h), the first dipole
adds a positive dislocation shifted one lattice constant to the right. The second dipole consists
of a negative dislocation shifted vertically downwards a distance H = 3L/2 =

√
3a/2 (1.5

times the hexagon side, or
√

3/2 times the lattice constant) from (x−0 , y−0 ) and a positive
dislocation which shifts horizontally to the left the previous one a distance equal to one lattice
constant. Under overdamped dynamics, this defect disappears as the positive and negative
dislocations comprising each dipole glide towards each other.

3.4 Comparison with results of experiments
Carbon atoms and defects in graphene sheets are visualized by operating at low voltage (≤ 80
kV, to avoid irradiation damage to the sample) a transmission electron aberration-corrected
microscope (TEAM) with appropriate optics (Meyer et al., 2008). This microscope is capable
of sub-Ångstrom resolution even at 80 kV and can produce real time images of carbon atoms
on a scale of seconds: each frame averages 1s of exposure and the frames themselves are
4 s apart (Girit et al., 2009; Meyer et al., 2008). The images obtained in experiments can be
used to determine the time evolution of defects in graphene created by irradiation or sample
treatment (Girit et al., 2009; Gómez-Navarro et al., 2010; Meyer et al., 2008; 2009).
As explained before, stable pentagon-heptagon defects but not isolated octagons with a
dangling bond are observed in experiments (Gómez-Navarro et al., 2010; Meyer et al., 2008;
2009). The octagon configuration is quite reactive and may be destroyed by attaching an
adsorbed carbon atom, which is not contemplated in our model. Our theory indicates that
symmetric vacancies are stable and asymmetric ones are unstable. In experiments, both
symmetric and asymmetric vacancies are observed in unstressed graphene (Meyer et al.,
2008), whereas in single layers of hexagonal Boron Nitride (hBN) only symmetric vacancies
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Fig. 5. Defects corresponding to two dislocation dipoles: (a) Stable configuration comprising
a pair of 5-7-7-5 and 7-5-5-7 defects. (b) Metastable defect comprising three heptagons, three
pentagons and one hexagon.
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Starting from a negative dislocation centered at (x−0 , y−0 ) = (−0.3a,−0.7h), the first dipole
adds a positive dislocation shifted one lattice constant to the right. The second dipole consists
of a negative dislocation shifted vertically downwards a distance H = 3L/2 =

√
3a/2 (1.5

times the hexagon side, or
√

3/2 times the lattice constant) from (x−0 , y−0 ) and a positive
dislocation which shifts horizontally to the left the previous one a distance equal to one lattice
constant. Under overdamped dynamics, this defect disappears as the positive and negative
dislocations comprising each dipole glide towards each other.

3.4 Comparison with results of experiments
Carbon atoms and defects in graphene sheets are visualized by operating at low voltage (≤ 80
kV, to avoid irradiation damage to the sample) a transmission electron aberration-corrected
microscope (TEAM) with appropriate optics (Meyer et al., 2008). This microscope is capable
of sub-Ångstrom resolution even at 80 kV and can produce real time images of carbon atoms
on a scale of seconds: each frame averages 1s of exposure and the frames themselves are
4 s apart (Girit et al., 2009; Meyer et al., 2008). The images obtained in experiments can be
used to determine the time evolution of defects in graphene created by irradiation or sample
treatment (Girit et al., 2009; Gómez-Navarro et al., 2010; Meyer et al., 2008; 2009).
As explained before, stable pentagon-heptagon defects but not isolated octagons with a
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are observed (Meyer et al., 2009), as predicted by our theory. See Carpio & Bonilla (2008)
for a possible mechanism to produce stable asymmetric vacancies in graphene. Stable 5-8-5
divacancies are also observed (Coleman et al., 2008). The annihilation of the 5-7-7-5 SW defect
in 4(b) (the heptagons share one side) 4 s after its creation is seen in Figures 3(c) and (d) of
the paper by Meyer et al. (2008). Our model predicts that SW under sufficient strain split
in their two 5-7 pairs that move apart (cf Fig 6 in Carpio & Bonilla (2008)), which has been
observed very recently; cf Fig. 4(a) and (b) in Gómez-Navarro et al. (2010). Of the two pairs of
dislocation dipoles, the defect comprising four pentagons and four heptagons was observed
to be stable in Figures 3(h) and (i) in Meyer et al. (2008), whereas the defect comprising three
pentagons, three heptagons and one hexagon disappeared after a short time (Meyer et al.,
2008), as predicted by the numerical simulations of our model equations.

4. Ripples and defects in a three dimensional suspended graphene sheet

The first observations of suspended graphene sheets showed evidence of ripples: ondulations
of the sheet with characteristic amplitudes and wave lengths (Meyer et al., 2007). Monte
Carlo calculations also showed ripple formation (Fasolino et al., 2007) and explored the
possibility that the ripples are due to thermal fluctuations; see also Abedpour et al. (2007).
According to Thompson-Flagg et al. (2009), thermal fluctuations would produce much smaller
ripples than observed in experiments and therefore this explanation does not seem likely.
Thompson-Flagg et al. (2009) explain ripples as a consequence of adsorbed OH molecules on
random sites. More recent experiments on graphene sheets suspended on substrate trenches
have shown that ripples can be thermally induced and controlled by thermal cycling in a clean
atmosphere (Bao et al., 2009) which seems to preclude the explanation based on adsorbed OH
molecules (Thompson-Flagg et al., 2009). Bao et al. (2009) use the difference in the thermal
expansion coefficients of the graphene sheet (negative coefficient) and its pinning substrate
(positive coefficient) to vary the tension in the sheet which, in turn, governs the ripples
(Bao et al., 2009; Bunch et al., 2007).
In this section, we present a theory of ripples and defects in suspended graphene sheets based
on periodized discrete elasticity (Bonilla & Carpio, 2011). A suspended graphene sheet may
bend upwards or downwards and therefore it may be described by the free energy of the
membrane (1) with w �= 0 in the continuum limit. Carbon atoms in the graphene sheet
have σ bond orbitals constructed from sp2 hybrid states oriented in the direction of the bond
that accommodate three electrons per atom. The remaining electrons go to p states oriented
perpendicularly to the sheet. These orbitals bind covalently with neighboring atoms and
form a narrow π band that is half-filled. The presence of bending and ripples in graphene
modifies its electronic structure (Castro Neto et al., 2009). Out-of-plane convex or concave
deformations of the sheet have in principle equal probability and transitions between these
deformations are associated with the bending energy of the sheet. A simple way to model
this situation to consider that out-of-plane deformations are described by the values of an
Ising spin associated to each carbon atom. Then the vertical coordinate of each atom in the
graphene sheet is coupled to an Ising spin σ = ±1 in contact with a bath at temperature T and
that the spin system has an energy

Fs = − f
∫

σ(x, y) w(x, y) dxdy, (22)
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in the continuum limit. f has units of force per unit area. The spins flip stochastically
according to Glauber dynamics at temperature θ (measured in units of energy). Thus at any
time t, the system may experience a transition from (u,v,w,σ) to (u,v,w, R(x,y)σ) at a rate
given by

W(x,y)(σ|u,v,w) =
ζ

2
[1 − β(x, y) σ(x, y)] , β(x, y) = tanh

(
f a2w(x, y)

θ

)
, (23)

(Glauber, 1963), where R(x,y)σ is the configuration obtained from σ = {σ(x, y)} (for all points
(x, y) on the hexagonal lattice) by flipping the spin at the lattice point (x, y). The parameter ζ
gives the characteristic attempt rate for the transitions in the Ising system. Since the bending
energy of the graphene sheet is κ, the attempt rate should be proportional to an Arrhenius
factor:

ζ = ζ0 exp
(
− κ

θ

)
, (24)

where ζ0 is a constant.
The total free energy,

F = Fg + Fs =
∫ [

κ

2
(∇2w)2 +

λ

2
u2

ii + μu2
ik − f σw

]
dxdy, (25)

is obtained from (1) and (22) and it provides the equations of motion (Bonilla & Carpio, 2011):

ρ2∂2
t u = λ ∂x

(
∂xu + ∂yv +

(∂xw)2 + (∂yw)2

2

)
+ μ ∂x[2∂xu + (∂xw)2]

+ μ ∂y
(
∂yu + ∂xv + ∂xw∂yw

)
, (26)

ρ2∂2
t v = λ ∂y

(
∂xu + ∂yv +

(∂xw)2 + (∂yw)2

2

)
+ μ ∂y[2∂yv + (∂yw)2]

+ μ ∂x
(
∂yu + ∂xv + ∂xw∂yw

)
, (27)

instead of (3)-(4) and

ρ2∂2
t w = −κ(∇2)2w + λ∂x

[(
∂xu + ∂yv +

(∂xw)2 + (∂yw)2

2

)
∂xw

]

+ λ∂y

[(
∂xu + ∂yv +

(∂xw)2 + (∂yw)2

2

)
∂yw

]

+ μ∂x

{
2∂xu∂xw + (∂yu + ∂xv)∂yw + [(∂xw)2 + (∂yw)2]∂xw

}

+ μ∂y

{
(∂yu + ∂xv)∂xw + 2∂yv∂yw + [(∂xw)2 + (∂yw)2]∂yw

}
+ f σ, (28)

for w. In this section, we omit the phenomenological friction (with coefficient γ) in the
equations of motion because the stochastic Glauber dynamics already provides an effective
friction for the spins which try to reach equilibrium at the bath temperature θ. The periodized
discrete elasticity corresponding to these equations is derived in the same fashion as for planar
graphene in Section 3, except that we need to add the new difference operators to those in
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(6)-(9):

Δhu = u(n7)− u(A) ∼ (∂xu) a, (29)

Δvu = u(n3)− u(A) ∼ (∂yu)
a√
3

, (30)

Bw = [Tw(n1)− Tw(A)] + [Tw(n2)− Tw(A)] + [Tw(n3)− Tw(A)] ∼ a4

16
(∇2)2w, (31)

as a → 0. The discrete elasticity equations are now (Bonilla & Carpio, 2011):

ρ2a2∂2
t u = 4μ Tu + (λ + μ) Hu +

λ + μ√
3

(D1 − D2)v +
4μ

a
Δhw Tw

+
λ + μ

a
[Δhw Hw + Δvw (D1 − D2)w], (32)

ρ2a2∂2
t v = 4(λ + 2μ) Tv − (λ + μ)Hv +

λ + μ√
3

(D1 − D2)u +
4
√

3
a

(λ + 2μ)Δvw Tw

+
λ + μ

a
√

3
[Δhw (D1 − D2)w − 3Δvw Hw], (33)

ρ2a2∂2
t w =

λ + 2μ

a

{[
Hu +

Δhw
a

Hw +
2Δvw

a
(D1 − D2)w

]
Δhw +

[√
3(4T − H)v

+
3Δvw

a
(4T − H)w

]
Δvw

}
+

λ + μ

a
(D1 − D2)uΔvw +

λΔhw√
3a

(D1 − D2)v

+
μΔvw

a
[
√

3(4T − H)u + (D1 − D2)v +
√

3Hv] +
2Δhu

a
(2λT + μH)w

+
2
√

3Δvv
a

[2λTw + μ(4T − H)w] +
2μ

a

(
Δvu +

Δhv√
3

)
(D1 − D2)w

+
(Δhw)2 + (Δvw)2

a2 (2λT + μH)w +
4μ

a2 Tw(4T − H)w − 16κ

a2 Bw + f a2σ. (34)

We have periodized these equations after writing them in primitive coordinates, adopted the
nondimensional time scale t� = t/[t] as in (12)-(13) and solved them numerically. In our
simulations, we have used the numerical values of the isothermal elastic moduli at 300K
provided by Zakharchenko et al. (2009), λ = 2.57 eV/Å2, μ = 9.95 eV/Å2, which agree
well with experiments (Lee et al., 2008) and with the values for graphite at the basal plane
(Blakslee et al., 1970). The bending coefficient at 300 K is κ = 1.08 eV (Zakharchenko et al.,
2009). The time constant is [t] = a

√
ρ2/(λ + 2μ) = 1.1033 × 10−14 s because a = 2.461 Å

and we get ρ2 = 2160 × 3.35 × 10−10 = 7.236 × 10−7 kg/m2 from the three-dimensional
mass density of graphite (the distance between graphene planes in graphite is 3.35 Å). We use
f = 0.378 meV and 1/ζ = 10 s (Bonilla & Carpio, 2011). 1/ζ is the characteristic time it takes
a spin to flip, i.e., the time it takes a portion of the graphene sheet to change its concavity. We
equal this time to td = 10 s, the characteristic time for defect motion mentioned in Section
2; see also Carpio & Bonilla (2008). The ratio between [t] and the flipping time is very small
δ = ζ[t] = 1.1033× 10−15. In our simulations, we have used a larger value of δ which shortens
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Fig. 6. Suspended graphene sheet containing one pentagon-heptagon defect. (a) View from
above the sheet; (b) side view showing that the atoms forming the pentagon move above the
plane of the sheet; (c) farther side view showing that there are displaced atoms above the
sheet (pentagon) and below it (heptagon). (b) and (c) show that the height of the ripples is
smaller than the vertical displacement of the atoms near the defect.

the relaxation time it takes the graphene sheet to reach a stable configuration without changing
the latter.
We solve the equations of motion with the same boundary and initial conditions for the
in-plane displacement vector (u, v) corresponding to a single pentagon-heptagon defect as
explained in Section 3. We also impose that the vertical displacement w vanishes at the border
atoms and for fictitious border atoms whose displacements are required when solving the
equations of motion. Figure 6 shows a suspended graphene sheet with a pentagon-heptagon
defect. At 300 K, the graphene sheet is below its critical temperature and therefore a rippled
state is stable (Bonilla & Carpio, 2011). Thus ripples similar to those observed in experiments
(Meyer et al., 2007) coexist with a local curvature near the defect as shown in Figure 6.
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(6)-(9):

Δhu = u(n7)− u(A) ∼ (∂xu) a, (29)

Δvu = u(n3)− u(A) ∼ (∂yu)
a√
3

, (30)

Bw = [Tw(n1)− Tw(A)] + [Tw(n2)− Tw(A)] + [Tw(n3)− Tw(A)] ∼ a4

16
(∇2)2w, (31)

as a → 0. The discrete elasticity equations are now (Bonilla & Carpio, 2011):

ρ2a2∂2
t u = 4μ Tu + (λ + μ) Hu +

λ + μ√
3

(D1 − D2)v +
4μ

a
Δhw Tw

+
λ + μ

a
[Δhw Hw + Δvw (D1 − D2)w], (32)

ρ2a2∂2
t v = 4(λ + 2μ) Tv − (λ + μ)Hv +

λ + μ√
3

(D1 − D2)u +
4
√

3
a

(λ + 2μ)Δvw Tw

+
λ + μ

a
√

3
[Δhw (D1 − D2)w − 3Δvw Hw], (33)

ρ2a2∂2
t w =

λ + 2μ

a

{[
Hu +

Δhw
a

Hw +
2Δvw

a
(D1 − D2)w

]
Δhw +

[√
3(4T − H)v

+
3Δvw

a
(4T − H)w

]
Δvw

}
+

λ + μ

a
(D1 − D2)uΔvw +

λΔhw√
3a

(D1 − D2)v

+
μΔvw

a
[
√

3(4T − H)u + (D1 − D2)v +
√

3Hv] +
2Δhu

a
(2λT + μH)w

+
2
√

3Δvv
a

[2λTw + μ(4T − H)w] +
2μ

a

(
Δvu +

Δhv√
3

)
(D1 − D2)w

+
(Δhw)2 + (Δvw)2

a2 (2λT + μH)w +
4μ

a2 Tw(4T − H)w − 16κ

a2 Bw + f a2σ. (34)
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f = 0.378 meV and 1/ζ = 10 s (Bonilla & Carpio, 2011). 1/ζ is the characteristic time it takes
a spin to flip, i.e., the time it takes a portion of the graphene sheet to change its concavity. We
equal this time to td = 10 s, the characteristic time for defect motion mentioned in Section
2; see also Carpio & Bonilla (2008). The ratio between [t] and the flipping time is very small
δ = ζ[t] = 1.1033× 10−15. In our simulations, we have used a larger value of δ which shortens
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Fig. 6. Suspended graphene sheet containing one pentagon-heptagon defect. (a) View from
above the sheet; (b) side view showing that the atoms forming the pentagon move above the
plane of the sheet; (c) farther side view showing that there are displaced atoms above the
sheet (pentagon) and below it (heptagon). (b) and (c) show that the height of the ripples is
smaller than the vertical displacement of the atoms near the defect.

the relaxation time it takes the graphene sheet to reach a stable configuration without changing
the latter.
We solve the equations of motion with the same boundary and initial conditions for the
in-plane displacement vector (u, v) corresponding to a single pentagon-heptagon defect as
explained in Section 3. We also impose that the vertical displacement w vanishes at the border
atoms and for fictitious border atoms whose displacements are required when solving the
equations of motion. Figure 6 shows a suspended graphene sheet with a pentagon-heptagon
defect. At 300 K, the graphene sheet is below its critical temperature and therefore a rippled
state is stable (Bonilla & Carpio, 2011). Thus ripples similar to those observed in experiments
(Meyer et al., 2007) coexist with a local curvature near the defect as shown in Figure 6.
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5. Conclusions

We have presented a theory of defects in suspended graphene sheets based on periodized
discrete elasticity. The equations of linear elasticity are discretized on a hexagonal lattice,
written in primitive coordinates and finite differences along primitive directions are replaced
for periodic functions thereof. The latter allow for gliding of dislocations along primitive
directions because spatial periodicity along them is restored in the equations of motion.
Ignoring vertical displacement, we solve these equations numerically assuming that the initial
and boundary conditions are given by the known linear elasticity expressions corresponding
to one or several dislocations. If the equations of motion include an appropriate damping
coefficient, we obtain the stable cores of the dislocations which are defects in the hexagonal
lattice. The damping coefficient is fitted to experiments. The stable cores predicted by our
theory have been observed in experiments.
We have also proposed a mechanism to explain ripples and curvature in suspended graphene
sheets. We assume that the local trend of the sheet to bend upward or downward is
represented by an Ising spin coupled to the carbon atoms. These spins are in contact with a
thermal bath at the lattice temperature and flip stochastically according to Glauber dynamics.
Our simulations show the appearance of ripples in the graphene sheet and the local curvature
that appears near a defect, for instance near a pentagon-heptagon defect which is the core of
an edge dislocation.
This work has been financed by the Spanish Ministry of Science and Innovation (MICINN)
under grants FIS2008-04921-C02-01 (LLB), FIS2008-04921-C02-02 and UCM/BSCH CM 910143
(AC).
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1. Introduction

Hexagon is one of the most beautiful substance structures in nature. From snowflakes to
honeycomb lattices, we can find the presence and stability of this delicate structure. The
two-dimensional hexagon had been investigated in graphite materials which has an evident
layered structure (Painter & Ellis, 1970) long before the discovery of graphene. Since the
successful fabrication of graphene (Berger et al., 2004; Novoselov et al., 2004), a monolayer of
carbon atoms tightly packed into a two-dimensional hexagonal lattice, its various properties
have been widely explored and have received increasing attention (Castro Neto et al., 2009;
Das et al., 2008; Ferrari et al., 2006; Gupta et al., 2006; Partoens & Peeters, 2006; 2007). Its
exotic electronic property has the potential for practical applications and provides a prospect
of theoretical invention. On the other hand, graphene is a basic structural element of many
carbon allotropes including graphite, charcoal, carbon nanotubes and fullerenes. It is also
of theoretical significance and practical guidance to study the physical properties such as
the lattice dynamics and electronic structures starting from graphene and extending to other
related systems.
It is well known that symmetry concept plays an important role in physics. Specifically, in
condensed matter physics, the microscopic symmetry of the structures of materials determines
the symmetry properties of macroscopic physical quantities. Group theory is not only a
powerful tool to classify the electronic and phonon spectra, but also essential to understand
the inherent physical meaning as well as their consequence. The symmetry group D6h of
graphene is the basic building block of all carbon allotropes in a sense that either their
symmetry groups evolve from D6h with a few symmetry operations lifted or added, or some
symmetry operations in D6h are inherited in a certain forms. The study of symmetry provides
an effective way to find the common essence and differences among carbon allotropes. In this
chapter we will analyze the symmetry characteristics as well as symmetry induced constrains
to the lattice dynamics of graphene, multilayered graphene, and nanotubes.
Lattice dynamics studies the vibration of lattice, i.e. the phonons. Many exotic properties
of graphene, such as its very high strength and thermal conductivity are directly connected
to the phonon properties. Its extremely high electrical conductivity is also related to the
phonon dispersion and electron-phonon interactions. We will focus on the lattice dynamics
of the multilayered graphene systems, where graphene is the limit of one layer number,
and the nanotube systems with different radius and charity. In particular, the role of
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related systems.
It is well known that symmetry concept plays an important role in physics. Specifically, in
condensed matter physics, the microscopic symmetry of the structures of materials determines
the symmetry properties of macroscopic physical quantities. Group theory is not only a
powerful tool to classify the electronic and phonon spectra, but also essential to understand
the inherent physical meaning as well as their consequence. The symmetry group D6h of
graphene is the basic building block of all carbon allotropes in a sense that either their
symmetry groups evolve from D6h with a few symmetry operations lifted or added, or some
symmetry operations in D6h are inherited in a certain forms. The study of symmetry provides
an effective way to find the common essence and differences among carbon allotropes. In this
chapter we will analyze the symmetry characteristics as well as symmetry induced constrains
to the lattice dynamics of graphene, multilayered graphene, and nanotubes.
Lattice dynamics studies the vibration of lattice, i.e. the phonons. Many exotic properties
of graphene, such as its very high strength and thermal conductivity are directly connected
to the phonon properties. Its extremely high electrical conductivity is also related to the
phonon dispersion and electron-phonon interactions. We will focus on the lattice dynamics
of the multilayered graphene systems, where graphene is the limit of one layer number,
and the nanotube systems with different radius and charity. In particular, the role of
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symmetry selection in optical activeness of phonon modes in multilayer graphene systems
and symmetry restriction in the phonon dispersion calculation of carbon nanotubes is
emphasized.
Multilayered graphene systems can be viewed as stacking a few number of graphene layers
along the direction perpendicular to planar sheets. Some symmetry operations existed in
graphene such as the space reflection σ̂i or reflection with the plane σ̂h may lift depending on
the arrangement of layers and the layer number. The breaking of the symmetry operations
reduces the order of symmetry groups and causes the change of the optical activities of the
phonon branches. Quantitatively, the phonon modes will be softer or harder (red or blue shift)
as the number of layers changed. All these qualitative and quantitative properties will be
discussed in the next two sections and calculated results are compared with the experimental
measurements.
Carbon nanotubes had been discovered (Iijima, 1991) before the fabrication of graphene. At
first sight, nanotubes and graphene belong to totally different symmetry groups and follow
the different symmetry restrictions on their physical properties. In virtue of the picture that
a single wall carbon nanotube can be viewed as a warped graphene stripe (Saito et al., 1998),
we still can ask what is the effect of the added periodic edge condition on the two sides of the
stripe, and what is the consequence of the three-fold rotational Ĉ3 symmetry on graphene. In
section 4, we will reveal a three-theta role, an universal triple chiral angle (3θ) dependence,
of nanotubes with different chiral angles, which is actually the heritage of the three-fold
rotational symmetry of graphene.
As usual, the enlargement of the primitive cell in real lattice space causes Brillouin zone
folding in reciprocal space. If the edge effects of stripes and the curvature effects of nanotubes
are neglected, the electronic dispersions in new small Brillouin zone can be obtained directly
by folding those of graphene. For phonons, the situation would be more complicated because
of their vector properties. Particularly, flexure modes (a kind of vibrational modes with
parabolic dispersions when surface exists (Mahan & Jeon, 2004)) can be obtained only when
a correct form of the potential energy satisfying the symmetry constrains is adopted. The
emergence of the twist mode is intimately connected with the geometrical structure of the
rod-like cylindrical systems.
The one-dimensional (1D) single wall carbon nanotubes belong to 1D line groups
(Damnjanović et al., 1999; 2000). For chiral nanotubes, the definition of the primary chiral
operation is not unique. This will result in different choice of primitive cells and the different
coordinates in description of the lattice structure of nanotubes. There are two commonly used
coordinates for nanotubes, thus two sets of good quantum numbers. One of them will be
called it Dresselhaus coordinate (Saito et al., 1998), which has the superiority in denoting
the optical transition properties at long wave length limit. The other is White coordinate
(Gunlycke et al., 2008; White et al., 1993), which has a clear relation with the symmetry
generators. Since the quantum numbers in Dresselhaus coordinate are related to an isogonal
group of the symmetry group of the nanotube, the relation between these two sets of quantum
numbers is not trivial and we will discuss it in detail in section 5. With this relation, it is easy
to transform electronic or phonon dispersions with one set of good quantum numbers to the
others. Finally, to illustrate the similarities and differences among carbon allotropes, the lattice
dynamics of single-wall carbon nanotubes is discussed in section 6.

184 Graphene Simulation Symmetry and Lattice Dynamics 3

2. The symmetry consideration in graphene and multilayer graphene systems

Graphene is a monolayer carbon atoms with the hexagonal lattice configuration which is
characterized by the D6h symmetry. There are two identical carbon atoms in one unit cell
as shown in Fig. 1, and the bond length between two nearest-neighbor atoms in the plane
is b = 1.42 Å(Saito et al., 1998). The primitive lattice vectors can be set as �a1 and �a2 with
|�a1| = |�a2| = 2.46 Å. The lattice configuration of multilayer graphene systems (MLGS) is
constructed by stacking N graphene sheets along perpendicular direction, z axis. The distance
between two adjacent layers is about c

2 = 3.35 Å which is much larger than the in-plane bond
length (Manes et al., 2007). AA-stacked or AB-stacked MLGS can be obtained respectively
if all layers have the same configuration or shift alternately along one of the first-nearest
carbon-carbon bonds in horizontal plane as shown in Fig. 2. The three-dimensional (3D)
graphite is the limitation of AB-stacked MLGS with layer number N → ∞.

Fig. 1. The sketch of the lattice configuration of graphene. The vectors shown in the figure
are the primitive lattice vectors�a1 and�a2.

Fig. 2. The sketch of the configurations of AB-stacked in (a) and AA-stacked in (b) for
multilayer graphene.
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There are twelve conjugacy classes in D6h group and thus twelve irreducible representations.
For simplifying the discussion, D6h can be expressed as the direct products of three subgroups,

D6h = D3 ⊗ {Ê, σ̂h} ⊗ {Ê, σ̂i} ,

D3 = {Ê, 2Ĉ3, 3Ĉ2} ,

where σ̂h is the reflection with the plane, σ̂i the space reflection, Ĉ3 three-fold rotation around
the axis perpendicular to the graphene sheet, and Ĉ2 two-fold rotation around axis parallel
to the sheet. There are three irreducible representations for D3 group, two one-dimensional
representations A and B and one two-dimensional representation E. The twelve irreducible
representations of D6h can be denoted by A, B, and E with the subscripts 1, 2 and u, g, where
letters are for representations of D3, and the subscripts correspond to the parity under σ̂h and
σ̂i respectively. The symbol for the irreducible representations we used here is the notation
used in Ref. (Eyring et al., 1949) which is most commonly used in the treatment of molecules.
For AB-stacked MLGS, the symmetry operations σ̂h and σ̂i existed in graphene cannot coexist
anymore, and the point groups will depend on the layer number (Manes et al., 2007). For
AB-stacked even number MLGS (EMLGS), the space reflection σ̂i exists with respect to the
middle point of pair atoms 2’ in the N

2 -th layer and 1” in the N
2 + 1-th layer as shown in

Fig. 2(a). But there is no planar reflection σ̂h. Same as that in graphene, the two Ĉ3 and three Ĉ2
operations exist. The three two-fold axes are perpendicular to z axis with angle π/3 between
each other. All the symmetry operations constitute the point group D3d = D3 ⊗ {Ê, σ̂i}. In
AB-stacked odd number MLGS (OMLGS), the space reflection σ̂i is lift instead of σ̂h in EMLGS.
The reference plane of σ̂h is set at the middle layer of OMLGS as shown in Fig. 2(b). All
operations of D3 also exist, but the three 2-fold axes are one to one perpendicular to those of
Ĉ2 in EMLGS. Consequently, the symmetry group of OMLGS is D3h = D3 ⊗ {Ê, σ̂h}.
The point group of the 3D graphite is the non-symmorphic group D4

6h with non-primitive
translation �τ = 1

2�c (Brillson et al., 1971). In addition to the in-plane translation symmetry,
there exists translation symmetry along z for the 3D graphite. The primitive vector along z is
set as�c which crosses the two adjacent layers. Thus there are four carbon atoms 1, 2, 1’, and 2’
in one unit cell as represented in Fig. 2(a).
As described in Ref. (Jiang et al., 2008, a), the environment of an atom in graphite or
AB-stacked MLGS is more complicated than that in 2D graphene. The in-layer situation
is the same as that of graphene, i.e. three nearest-neighbor carbon atoms and six
next-nearest-neighbors for any one of carbon atom. For the inter-layer atomic positions,
picking atom 2’ in the middle layer of Fig. 2(a) as an example, there are two inter-layer
nearest-neighbor atoms 2 and 2” in each of the two adjacent layers with the distance c/2
respectively. Furthermore, there are three inter-layer next-nearest-neighbor atoms around
atom 2’ with distance

√
b2 + (c/2)2 in one of the adjacent layer (such as atom 1 is one of

them). The adjacent environment of atom 1 is quite different from that of atom 2’. Because
the position 1’ in Fig. 2(a) has no atom, atom 1 has no inter-layer nearest-neighbors. Instead it
has six inter-layer next-nearest-neighbors in one of the adjacent layer with the same distance√

b2 + (c/2)2.
In the AA-stacked MLGS as well as the AA-stacked 3D graphite, all layers have the same
configuration. So that all of them have the same point group D6h as that in graphene whatever
the layer number is even or odd. Different from the graphite (AB-stacked 3D graphite),
there are only two atoms in the unit cell and the primitive translation along z axis is �c/2
for AA-stacked 3D graphite. As shown in Fig. 2(b), the environment of a carbon atom in
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the AA-stacked MLGS is simpler than that in AB-stacked MLGS. For each atom, there are
one inter-layer nearest-neighbors in one of the adjacent layer with the distance c/2 and three
inter-layer second-nearest-neighbors with distance

√
b2 + (c/2)2.

Taking the lattice displacements �ui (i runs over all atoms in one unit cell) as bases,
the dynamical representation Γdyn can be expressed as the direct products of the vector
representation Γv and atomic permutation representation Γatom for a given group, Γdyn =
Γv ⊗ Γatom. By applying the projection operator technique, the dynamical representation Γdyn

is decomposed into the irreducible representations of the corresponding groups of graphene,
MLGS with N even and odd, and 3D graphite respectively. Referring to Ref. (Elliott & Dawber,
1979), the infra-red (Ir) active phonon modes should be compatible with the same decomposed
irreducible representations as the vector representation Γv, while the Raman active phonon
modes correspond to the same irreducible representations shown up in the decomposition of
a six-dimension representation with d-wave like bases: x2 + y2, z2, x2 − y2, xy, yz, and zx.
The three acoustic modes with zero frequency at the Γ point, which correspond to the vector
representation Γv, are excluded in the consideration of Ir and Raman active modes.

Group Γdyn ΓIr ΓR

graphenea D6h A2u
⊕

B2g
⊕

E1u
⊕

E2g / E2g

AB-stacked D3d
b N(A1g

⊕
A2u

⊕
Eg

⊕
Eu) (N − 1)A2u

⊕
(N − 1)Eu NA1g

⊕
NEg

D3h
b (N − 1)A1g

⊕
(N + 1)A2u NA2u

⊕
NEg (N − 1)A1g⊕

(N + 1)Eg
⊕
(N − 1)Eu

⊕
NEg

⊕
(N − 1)Eu

D4
6h

c 2(A2u
⊕
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⊕

E1u
⊕
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⊕

E1u 2E2g

AA-stacked D6h
N
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⊕
B2g

⊕
E1u ( N

2 − 1)(A2u
⊕

E1u)
N
2 (A1g

⊕
E1g

⊕
E2g)

(even)
⊕

E1g
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E2g
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E2u)

D6h
N−1
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⊕

B1u
⊕

E1g
⊕

E2u)
N−1

2 (A2u
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⊕
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(odd)
⊕ N+1

2 (A2u
⊕

B2g
⊕

E1u
⊕

E2g)
⊕ N+1

2 E2g
D6h A2u

⊕
B2g

⊕
E1u

⊕
E2g / E2g

Table 1. The symmetry analysis of the phonon modes at the center point of Brillouin zone for
AA- or AB-stacked MLGS. Phonon modes are classified by the decomposition of Γdyn . The
irreducible representations of the Ir and Raman active modes are also listed.
aReference (Saito et al., 1998); bReference (Manes et al., 2007); cReference (Mani et al., 1974).

We show in Table 1 the symmetry analysis (Jiang et al., 2008, a) of phonon modes and the
Raman active and Ir active modes for graphene, AB- and AA-stacked MLGS, and 3D graphite.
Two straightforward consequences can be find out for the Ir and Raman active modes in
AB-stacked MLGS. Firstly, in the EMLGS with D3d point group, as well as in graphene and
3D graphite, phonon modes cannot be Ir and Raman active simultaneously. However, in
the OMLGS with D3h point group, the N Eg modes are both Ir and Raman active. This
is because there is no inversion center in the OMLGS. Secondly, an optical mode (denoted
as the inter-layer optical mode) belongs to the A1g representation with Raman active in the
EMLGS (D3d) and A2u Ir active in the OMLGS (D3h). This mode can be further identified as
vibrational displacements perpendicular to the constituent layers, and oscillating with each
layer as a whole but alternatively from layer to layer. These properties can be used as criterion
to identify the layer number being even or odd for AB-stacked MLGS.
In the AA-stacked MLGS with N either even or odd, the symmetry group is D6h which
includes both σi and σh. Consequently, no phonon modes would be Ir and Raman active
simultaneously in AA-stacked MLGS. Interestingly, the inter-layer optical mode mentioned
above belongs to the different representations so that different active for even and odd layer
numbers. In detail, it belongs to A1g Raman active in the EMLGS and A2u Ir active in the
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the dynamical representation Γdyn can be expressed as the direct products of the vector
representation Γv and atomic permutation representation Γatom for a given group, Γdyn =
Γv ⊗ Γatom. By applying the projection operator technique, the dynamical representation Γdyn

is decomposed into the irreducible representations of the corresponding groups of graphene,
MLGS with N even and odd, and 3D graphite respectively. Referring to Ref. (Elliott & Dawber,
1979), the infra-red (Ir) active phonon modes should be compatible with the same decomposed
irreducible representations as the vector representation Γv, while the Raman active phonon
modes correspond to the same irreducible representations shown up in the decomposition of
a six-dimension representation with d-wave like bases: x2 + y2, z2, x2 − y2, xy, yz, and zx.
The three acoustic modes with zero frequency at the Γ point, which correspond to the vector
representation Γv, are excluded in the consideration of Ir and Raman active modes.
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We show in Table 1 the symmetry analysis (Jiang et al., 2008, a) of phonon modes and the
Raman active and Ir active modes for graphene, AB- and AA-stacked MLGS, and 3D graphite.
Two straightforward consequences can be find out for the Ir and Raman active modes in
AB-stacked MLGS. Firstly, in the EMLGS with D3d point group, as well as in graphene and
3D graphite, phonon modes cannot be Ir and Raman active simultaneously. However, in
the OMLGS with D3h point group, the N Eg modes are both Ir and Raman active. This
is because there is no inversion center in the OMLGS. Secondly, an optical mode (denoted
as the inter-layer optical mode) belongs to the A1g representation with Raman active in the
EMLGS (D3d) and A2u Ir active in the OMLGS (D3h). This mode can be further identified as
vibrational displacements perpendicular to the constituent layers, and oscillating with each
layer as a whole but alternatively from layer to layer. These properties can be used as criterion
to identify the layer number being even or odd for AB-stacked MLGS.
In the AA-stacked MLGS with N either even or odd, the symmetry group is D6h which
includes both σi and σh. Consequently, no phonon modes would be Ir and Raman active
simultaneously in AA-stacked MLGS. Interestingly, the inter-layer optical mode mentioned
above belongs to the different representations so that different active for even and odd layer
numbers. In detail, it belongs to A1g Raman active in the EMLGS and A2u Ir active in the
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OMLGS, which is the same as that in AB-stacked MLGS. Due to its vibration direction, the
inter-layer optical mode favors to take the maximum advantage of the inter-layer interactions.
From the next section, it is known that this optical mode would be the most sensitive mode to
the layer numbers in a few layer systems and becomes a useful candidate in experiments to
identify the even-oddness of the MLGS and the layer numbers.

3. Lattice dynamics of multilayer graphene systems

3.1 Vibrational potential energy
For providing a simple and straightforward method to relate the phonon modes with atomic
movement modality, we choose an semi-phenomenological model of vibrational potential
energy (Aizawa et al., 1990; Aizawa, 1991; Jiang et al., 2008, a) to study the lattice dynamics
of graphene and multilayer graphene systems (MLGS). The lattice vibration energy in this
model is expressed in quadratic terms of lattice displacements. So that it is easy to check term
by term the symmetric invariance, such as the translational invariance and rigid rotational
invariance, which are the essential restrictions to derive the correct phonon modes. Besides,
because the potential energy is one of the key aspects in determine the vibration properties, it
is possible to use the same potential terms of graphene into in-layer case of MLGS and even
to carbon nanotubes, which will be discussed in more detailed in section 6.
We begin from the one graphene layer, where the vibrational potential energy can be
described by five quadratic terms (Aizawa et al., 1990; Aizawa, 1991). They are the first
and second nearest-neighbor radical spring stretching, the in-plane bond angle variations,
the out-of-surface bond bending, and the bond twisting energies. The detailed expressions of
five terms, taking atom 1 in Fig. 1 as an example, are listed in the following.
(1) Vl is the potential of the radical spring force between the nearest-neighbor atom pair,

Vl =
kl
2

4

∑
i=2

[(�ui −�u1) ·�el
1i]

2 , (1)

where kl is the first-order force constant and�el
1i =

�r1i
|�r1i| .

(2) Vsl is similar to the first term but between a pair of next nearest-neighbored atoms
illustrated as (1, 5 . . . 10) in Fig. 1,

Vsl =
ksl
2

10

∑
i=5

[(�ui −�u1) ·�el
1i]

2 (2)

with ksl the second-order force constant.
(3) The potential energy for the in-plane bond bending VBB is actually a term associated with
bond angle variations. Three atoms are involved:

VBB =
kBB

4 ∑
ji

∑
j�i

(j�i �=ji)

[
�uji

−�ui

riji

· (�el
ij�i
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l
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)
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As i is 1 (or 2), (ji, j�i) take the sites (2, 3), (3, 4), and (4, 2) (or (1, 5), (5, 6), and (6, 1)) respectively
as shown in Fig. 1. In Eq. (3), θ0 = 120◦ stands for the equilibrium angle, while θ�jiij�i

for angle
in vibration between the bonds�riji

and�rij�i . The expression in terms of �uji
− �ui and �uj�i − �ui is

exactly same as that of cos θ�.
(4) The potential of the out-of-plane bond bending Vrc describes a kind of withdrawn energy
of atom i by its three nearest-neighbor atoms ji. It contains four atoms simultaneously,

Vrc =
krc

2
[(3�ui − ∑

ji

�uji
) ·�ez]

2, (4)

Where i takes 1 or 2 with ji running over the three nearest neighbors of atom i. This potential
has the physical intuition as that responsible for the perpendicular optical mode and is trying
to keep the four atoms on the plane.
(5) The twist potential energy for bond�r1k is

Vtw =
ktw

2 ∑
�i,j�

[(�ui −�uj − (�ui� −�uj� )) ·�ez]
2 , (5)

where �i, j� represents a pair of atoms nearest-neighbored with atom 1 while k the third of its
nearest neighbors. Pair �i�, j�� is for a pair of atoms nearest-neighbored with atom k. It has the
intuition that responsible for modes with twisted vibrations.
From the modality of atomic movements, we can classify the above in-plane vibrational
potential terms into three types and extend them to the inter-layer case (Jiang et al., 2008,
a). The first type is for radical stretching movements between the two atoms located in the
adjacent layers. The second describes the relative movement between the two pairs of atoms
with a common one as an apex. It is evolved from the above bond bending term and three
atoms form one bond in a layer and another connecting the two nearest layers. The third
type is new for simulating the twist force affected on the inter-layer “bond” as shown in the
sketch 3, which involves more than three atoms according to the specific bond configurations.
The whole of these terms is actually a generalized valence force model to including far away
atoms in response to the bond charge effect (Jeon and Mahan, 2005) in certain extent. Because
the inter-layer “bond” is much longer than the in-plane bond, it is resulted that all inter-layer
interactions are one or two orders less than their counterparts in layer, but they themselves
have comparable contributions. We give out the inter-layer terms for the AB-stacked MLGS
in the following and they can be similarly generalized to the AA-stacked MLGS.

Fig. 3. The sketch of the twist force for a “bond” connecting the two adjacent layers.
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OMLGS, which is the same as that in AB-stacked MLGS. Due to its vibration direction, the
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type is new for simulating the twist force affected on the inter-layer “bond” as shown in the
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The whole of these terms is actually a generalized valence force model to including far away
atoms in response to the bond charge effect (Jeon and Mahan, 2005) in certain extent. Because
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(1) The inter-layer “bond” stretching energies V(int)
l (or V(int)

sl ):

∑
i,j

k� l
2
[(�ui −�uj) ·�el

ij]
2, (6)

where �ui(�uj) is the displacement vector of the atom i(j) and �el
ij is the unit vector from atom

i to atom j. If the summation is taken over the nearest-neighbored inter-layer pair of atoms,
the corresponding force constant is denoted as k� l , while k�sl for the next nearest-neighbor
inter-layer pairs.
(2) For the three atoms 2, 2’ and i, where i is the in-plane nearest neighbor of atom 2 (atom 1 is
one of them as shown in Fig. 2), we found by practice that under a specific configuration with
atom i rather than atom 2 as an apex, a correlation term k�rr has the most sensitive contribution
to the layer dependence of the optical modes,

k�rr

2 ∑
i
[(�u2 −�ui) ·�el

i2 − (�u2� −�ui) ·�el
i2� ]

2.

Actually the two square terms in above modality have already been accounted in the in-plane
and inter-plane stretching terms respectively. Only the across term

Vrr = −k�rr ∑
i
[(�u2 −�ui) ·�el

i2][(�u2� −�ui) ·�el
i2� ] (7)

plays a real role, which weakens the interaction between the two adjacent layers. The positive
definite condition for getting real frequencies is k�sl ≥ k�rr.
(3) The twisting potential for an inter-layer bond between atoms 2 and 2’ is coming from the
two sets of three nearest-neighbors of atoms 2 and 2’ respectively. It can be described as

Vtw =
k�tw

2
[∑

i
(�ui −�u2) ·�eθ

i − ∑
j
(�uj −�u2� ) ·�eθ

j ]
2, (8)

where ∑i and ∑j represent the summation over the three in-plane first-nearest-neighbors for
atoms 2 and 2’ respectively. �eθ

i = �ez ×�el
2i is the tangential unit vector in the plane formed

by three nearest-neighbor atoms. The quadratic form as a whole ensures a proper definition
for the torsion angle. For pure rotations around the bond, this expression gives zero torsion
consistently. In contrast, the bond is most severely twisted when the three neighbors around
atom 2 and those of atom 2’ rotate reversely.
By comparing the k�rr term with Vb−b term (Jeon and Mahan, 2005) originated from the
bond-charge model, a common point can be found that both terms have the same negative
cross term. In addition, from the calculation results shown in the next subsection, two quite
different frequency values in long wave length limit can be obtained to distinguish clearly the
in-plane vibration and vibration along z axis. These provide an evidence that the polarization
effect of graphitic materials (Saito et al., 1998) can be properly described by our vibration
potential model. It can also be checked one by one that all above nine vibrational potential
energy terms satisfy the rigid rotational symmetry constrain(Jiang et al., 2006; Mahan & Jeon,
2004; Popov et al., 2000) which guarantees the existence of the flexure modes with correct
parabolic dispersion in low-frequency limit in low-dimensional systems. Details will be
discussed in the next subsection.
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3.2 Results and discussions
Because the microscopic environment of a carbon atom is almost the same in graphene, the
in-layer of MLGS, and carbon nanotubes, the five intra-layer force constants we used in the
following are taken from Ref. (Jiang et al., 2008, b) as kl = 305 N m−1, ksl = 68.25 N
m−1, kBB = 1.38 × 10−11 erg, krc = 14.8 N m−1, ktw = 6.24 N m−1. They are originally
taken references from a force-constant model for monolayer graphite formed on surfaces
(Aizawa et al., 1990; Aizawa, 1991). The four inter-layer force constants are adjusted to fit
the experimental values of four modes in 3D graphite as shown in Table 2. The fitting error
for phonon modes is kept less than 7%. The inter-layer force constants are k� l = 0.77 Nm−1,
k�sl = 0.95 Nm−1, k� tw = 0.64 Nm−1, k�rr = 0.9 Nm−1.

Reps A
�
1 E2g A2u E2g

Experiments 30a 40a 868b 1586b

Theory 30.2 42.7 869.9 1586.6

Table 2. Comparison of several mode frequencies (in the unit of cm−1) for the AB-stacked 3D
graphite between our calculating results and the experimental values: aRef. (Nicklow et al.,
1972), bRef. (Maultzsch et al., 2004).

The phonon dispersions for the AB-stacked graphite are calculated (Jiang et al., 2008, a)
according to the vibration potential energy discussed in the above subsection and shown in
Fig. 4. The theoretical calculations meet the experimental results not only in the low frequency
region (Nicklow et al., 1972), but also in the high frequency region (Maultzsch et al., 2004;
Mohr et al., 2007). The good consistency with the experimental data shows that the vibrational
potential energies and parameters are reasonable and applicable. In the figure, Γ, K, M and
A points are the standard notations for the specific symmetric points in the Brillouin zone
hexagonal reciprocal lattice.

(a) The low-frequency region (b) The high-frequency region

Fig. 4. Phonon dispersion for the 3D graphite for the low-frequency region (a), and the
high-frequency region (b). Solid dots are the experimental results of Ref. (Nicklow et al.,
1972) in (a), and Ref. (Maultzsch et al., 2004; Mohr et al., 2007) in (b). Lines are the theoretical
calculations. In Ref. (Maultzsch et al., 2004; Mohr et al., 2007), those phonon wave vectors,
which were not exactly along the Γ-M or Γ-K-M direction, were projected onto the closest
high-symmetry direction.
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consistently. In contrast, the bond is most severely twisted when the three neighbors around
atom 2 and those of atom 2’ rotate reversely.
By comparing the k�rr term with Vb−b term (Jeon and Mahan, 2005) originated from the
bond-charge model, a common point can be found that both terms have the same negative
cross term. In addition, from the calculation results shown in the next subsection, two quite
different frequency values in long wave length limit can be obtained to distinguish clearly the
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effect of graphitic materials (Saito et al., 1998) can be properly described by our vibration
potential model. It can also be checked one by one that all above nine vibrational potential
energy terms satisfy the rigid rotational symmetry constrain(Jiang et al., 2006; Mahan & Jeon,
2004; Popov et al., 2000) which guarantees the existence of the flexure modes with correct
parabolic dispersion in low-frequency limit in low-dimensional systems. Details will be
discussed in the next subsection.
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following are taken from Ref. (Jiang et al., 2008, b) as kl = 305 N m−1, ksl = 68.25 N
m−1, kBB = 1.38 × 10−11 erg, krc = 14.8 N m−1, ktw = 6.24 N m−1. They are originally
taken references from a force-constant model for monolayer graphite formed on surfaces
(Aizawa et al., 1990; Aizawa, 1991). The four inter-layer force constants are adjusted to fit
the experimental values of four modes in 3D graphite as shown in Table 2. The fitting error
for phonon modes is kept less than 7%. The inter-layer force constants are k� l = 0.77 Nm−1,
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The phonon dispersions for the AB-stacked graphite are calculated (Jiang et al., 2008, a)
according to the vibration potential energy discussed in the above subsection and shown in
Fig. 4. The theoretical calculations meet the experimental results not only in the low frequency
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Fig. 4. Phonon dispersion for the 3D graphite for the low-frequency region (a), and the
high-frequency region (b). Solid dots are the experimental results of Ref. (Nicklow et al.,
1972) in (a), and Ref. (Maultzsch et al., 2004; Mohr et al., 2007) in (b). Lines are the theoretical
calculations. In Ref. (Maultzsch et al., 2004; Mohr et al., 2007), those phonon wave vectors,
which were not exactly along the Γ-M or Γ-K-M direction, were projected onto the closest
high-symmetry direction.
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The phonon dispersions of graphene and AA-stacked 3D graphite are further calculated as
shown in Fig. 5. Since the unit cell in both cases contains only two atoms in contrast to
that of the AB-stacked graphite, there are six branches of phonon dispersion. Focus on the
Γ point, a long wave length limit, we would mainly discuss three kinds of optical modes
whose atomic movement modalities are sketched in Fig. 6. (1) The optical C-C in-plane
stretching modes shown in Fig. 6(a) exist at about 1580 cm−1 for all three cases of graphene,
AB-, and AA-stacked 3D graphite. These modes are doubly degenerated and Raman active
with E2g irreducible representation. Additional two degenerate optical in-plane modes very
near them, which are Infra-red active belonging to E1u, exist only in AB-stacked 3D graphite
because it has four atoms in the unit cell. (2) An out-of-plane optical mode shown in Fig. 6(b)
exists at about 860 cm−1 for graphene and AA-stacked 3D graphite, as well as for AB-stacked
3D graphite but double degenerated. The obvious difference between 1580 cm−1 mode and
860 cm−1 mode comes from the polarization effect of graphitic materials (Saito et al., 1998). (3)
Except graphene, there exists an inter-layer optical mode shown in Fig. 6(c) for layer number
equal to or greater than 2. Noticed that this mode exists at A point instead of Γ point for
AA-stacked 3D graphite due to a phase factor difference of π needed between two adjacent
layers. Asymptotic frequency of inter-layer optical mode in large number N is 150 cm−1 or
134 cm−1 for AB- or AA-stacked MLGS, respectively.
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Fig. 5. The calculated phonon dispersions of graphene (a), and AA-stacked 3D graphite (b).

The phonon dispersions for AA- and AB-stacked MLGS with an arbitrary layer number N can
be calculated. In Fig. 7, the frequency of the intra-layer optical C-C stretching mode (Fig. 6(a))

Fig. 6. Modality of atomic movements for three kinds of optical phonon modes in
multilayered graphene systems.
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Fig. 7. The calculated frequency value for the optical C-C stretching mode vs the layer
number N. Lines are draw to guide eyes.

in long wave length limit is represented as layer number N for AA- and AB-stacked MLGS.
The layer number dependence of the frequency behaves a red shift as number increase which
is in agreement with the experimental measurements. The frequency for this mode is about
1588 cm−1 in the single graphene layer, decreases with N increase, and almost saturates at
about N = 10. The 3D limit is 1586.7 cm−1 (1584.7 cm−1) for the AB- (AA-) stacked system.
The amount of red shift value in the theoretical calculation corresponds excellently with that
measured by experiments within the ranges 3 ∼ 5, 5 ∼ 6, and 8 cm−1 in Refs (Ferrari et al.,
2006), (Gupta et al., 2006), and (Das et al., 2008), respectively.
At Γ point, the out-of-plane optical mode (Fig. 6(b)) is Ir active in the AB-stacked MLGS for
both even and odd layer number (belong to A2u irreducible representation). It is neither
Raman active nor Ir active in the AA-stacked MLGS irrespective of the even-oddness of
the layer number N. The optical activeness of the mode is useful in determining whether
the MLGS is of AB- or AA-stacking. The frequency of the mode as the function of layer
number N is shown in Fig. 8. In contrast to the C-C stretching optical mode, the frequency
of the out-of-plane mode raises from 864.8 cm−1 to 872.6 cm−1 and exhibits a blue shift as
layer number increase which could be identified with the development of the experimental
technique.
For the inter-layer optical mode, the layer number dependence of long wave length frequency
is shown in Fig. 9. This mode takes the greatest advantage of the inter-layer interaction and
is considerably dependent on the layer number N as well as the stack style. When N = 2,
this mode has the frequencies 106 cm−1 and 94.5 cm−1 for the AB- and AA-stacked MLGS
respectively. The frequencies increase with increasing N and almost saturate at about N = 10.
The 3D limit values are 149.8 cm−1 and 133.6 cm−1 for the AB- and AA-stacked MLGS
respectively. The frequency differences as well as the alternation of Raman and Ir active
of the mode might inspire considerably experimental interesting. For comparison, we plot
the low-frequency phonon dispersions of the AB-stacked 2-layer system and 3D AB-stacked
graphite in the same Fig. 10. The frequencies of the low-frequency optical modes in the 2-layer
graphene are much smaller than their counterparts in the 3D graphite. For three acoustic
modes shown in Fig. 10, because there is no Ĉ4 symmetry in the systems, two linear acoustic
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The phonon dispersions for AA- and AB-stacked MLGS with an arbitrary layer number N can
be calculated. In Fig. 7, the frequency of the intra-layer optical C-C stretching mode (Fig. 6(a))

Fig. 6. Modality of atomic movements for three kinds of optical phonon modes in
multilayered graphene systems.
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Fig. 7. The calculated frequency value for the optical C-C stretching mode vs the layer
number N. Lines are draw to guide eyes.

in long wave length limit is represented as layer number N for AA- and AB-stacked MLGS.
The layer number dependence of the frequency behaves a red shift as number increase which
is in agreement with the experimental measurements. The frequency for this mode is about
1588 cm−1 in the single graphene layer, decreases with N increase, and almost saturates at
about N = 10. The 3D limit is 1586.7 cm−1 (1584.7 cm−1) for the AB- (AA-) stacked system.
The amount of red shift value in the theoretical calculation corresponds excellently with that
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2006), (Gupta et al., 2006), and (Das et al., 2008), respectively.
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Raman active nor Ir active in the AA-stacked MLGS irrespective of the even-oddness of
the layer number N. The optical activeness of the mode is useful in determining whether
the MLGS is of AB- or AA-stacking. The frequency of the mode as the function of layer
number N is shown in Fig. 8. In contrast to the C-C stretching optical mode, the frequency
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Fig. 8. The calculated frequency value for the out-of-plane optical mode vs the layer number
N. This mode is Ir active in the AB stacking while it is neither Ir nor Raman active in the AA
stacking. Lines are draw to guide eyes.

Fig. 9. The frequencies of the inter-layer optical mode vs the layer number N. Datas for the
AB- and AA-stacked MLGS are designated by pentagrams and circles, respectively. The
Raman and Infra-red activities for this mode are displayed by the full and empty symbols,
respectively. The broken and dashed lines correspond to the frequencies of corresponding 3D
graphite, respectively.

modes have different dispersions. And the third one marked in Fig. 10 is the flexure modes
with quadratic dispersions near Γ point.

4. The effect of three-fold rotation symmetry of graphene on nanotubes

As constrain imposed by three-fold rotation symmetry Ĉ3, all the physical quantities of
graphene have the same symmetry property. Consequently, the physical quantities of a
single wall carbon nanotube (SWCNT), which can be viewed as wrapped graphene stripes,
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Fig. 10. In the low frequency region, there is significant difference between 3D AB-stacked
graphite and the 2-layer AB-stacked graphene.

should also reserve some kind of similar symmetry property. It will manifest itself as the
three-theta dependence for all physical quantities. In this section we will analysis this
universal three-theta role in detail.
We start with the definition of a chiral vector for SWCNT as �R = n1�a1 + n2�a2 on the graphene
lattice planer sheet, where�a1 and�a2 are the primitive lattice vectors (see Fig. 1) and (n1, n2) a
pair of integers (Saito et al., 1998). Equivalently, a nanotube can also be denoted by the radius
r and chiral angle θ (z axis is set parallel to the tube axis). They have the relations as

r =
|�a1|
2π

√
n2

1 + n1n2 + n2
2, θ = arctan

√
3n2

2n1 + n2
. (9)

We may establish a mapping from the space of chiral vectors on the planar sheet to that of the
nanotube structure in a fixed way of wrapping

f : {chiral vector set} �→ {nanotube set} .

However this is not a one-to-one mapping. As mentioned in Ref. (Ye et al., 2006), a given
SWCNT can be equivalently composed by three chiral vectors �R0, �R2 and �R4 with chiral angles
as θ, θ + 2π/3 and θ + 4π/3 respectively within the corresponding graphene sheet. Due to the
Ĉ6 = Ĉ3Ĉ2 symmetry of the hexagonal graphene lattice sheet, there is another set of vectors
�R1, �R3 and �R5 with chiral angles as θ + π/3, θ + π and θ + 5π/3 respectively on the graphene
sheet. These three chiral vectors correspond again to the same SWCNT which is actually
the nanotube by rotating the tube formed by �R0 upside down, i.e. a Ĉ2x operation. The net
result of the operation is an exchange of A and B carbon atoms in unit cells with the sign
of its chiral index ν = mod{n1 − n2, 3} also changed. There is one another operation σ̂xz
connecting a pair of SWCNT which is the mirror reflection onto each other with respect to xz
plane. Correspondingly �R0 in the sheet is changed into its countpart �R

�
0 with θ → −θ but ν
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kept unchanged. These vectors, as shown in Fig. 11, have the explicit forms

�R0 = n1�a1 + n2�a2,
�R2 = −(n1 + n2)�a1 + n1�a2,
�R4 = n2�a1 − (n1 + n2)�a2,
�R1 = −n2�a1 + (n1 + n2)�a2,
�R3 = −n1�a1 − n2�a2,
�R5 = (n1 + n2)�a1 − n1�a2,
�R�

0 = (n1 + n2)�a1 − n2�a2 .

(10)

Obviously, all these seven chiral vectors have the same radius.

Fig. 11. Illustration of hexagonal lattice. A set of chiral vectors are shown after the symmetric
operations on �R0.

As one of the direct consequences of the above observations, any physical quantity Qν(r, θ) of
the SWCNT should be a periodical function of the chiral angle θ with period 2π

3 , i.e., Qν(r, θ)
can be expanded as (Ye et al., 2006)

Qν(r, θ) =
∞

∑
n=0

aν
n cos(3nθ) + bν

n sin(3nθ) . (11)

This is an universal triple chiral angle (3θ) dependence of the SWCNT, which is actually the
heritage of the three-fold rotational symmetry of graphene.
The permutation symmetry of the two carbon atoms in one unit cell would further give out the
symmetry constrain under the operation θ → θ + π/3. That is any scalars S keep unchanged,
so do the radial components of the normal vectors, the azimuthal and axial components of the
normal vectors change signs under the π/3 rotation in graphene plane (Jiang et al., 2008, a):

{
Sν(θ + π

3 ) = S−ν(θ) ,
�vν(θ + π

3 ) = Ĉ2x�v−ν(θ)
(12)
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with Ĉ2x�er = �er, Ĉ2x�eφ = −�eφ, Ĉ2x�ez = −�ez. Here �er, �eφ and �ez are unit vectors oriented
towards radial, azimuthal and axial directions upon the cylindrical surface respectively.
In addition, the symmetry operation σ̂xz emerged in SWCNT gives that any scalars or radial
and axial components of vectors are even functions of θ, while azimuthal components are odd,

�
Sν(−θ) = Sν(θ) ,

�vν(−θ) = σ̂xz�vν(θ)
(13)

with σ̂xz�er = �er, σ̂xz�eφ = −�eφ, σ̂xz�ez = �ez. Combined these symmetry restrictions Eqs (12) and
(13), the general expression Eq. (11) can be further reduced. Taking the physical quantities
of lattice dynamics as examples, we write the final expansions with all above symmetry
restrictions considered in the following (Jiang et al., 2008, a).
The frequency ω of phonon is a scalar,

ω±(θ) = a0 ± a1 cos(3θ) + a2 cos(6θ)± a3 cos(9θ) + . . . ;

ω0(θ) = a0 + a2 cos(6θ) + . . . .
(14)

The three components of a vector can be expanded as

vν
r (θ) =

∞

∑
n=0

ν[
1−(−1)n

2 ]an cos 3nθ = a0 + νa1 cos 3θ + a2 cos 6θ + . . . ,

vν
φ(θ) =

∞

∑
n=0

ν[
1+(−1)n

2 ]bn sin 3nθ = b1 sin 3θ + νb2 sin 6θ + . . . ,

vν
z (θ) =

∞

∑
n=0

ν[
1+(−1)n

2 ]an cos 3nθ = νa0 + a1 cos 3θ + νa2 cos 6θ + . . . . (15)

Different from those physical quantities of normal vectors, the phonon polarization vector can
be measured up to a global phase factor as ±1. Therefore, the corresponding transformation
properties with respect to the operations θ → θ + π

3 and θ → −θ need to be generalized to
⎧
⎨
⎩

vν(m)
P (θ + π

3 ) = λ(m)(Ĉ2x)Ĉ2xv−ν(m)
P (θ) ,

vν(m)
P (−θ) = λ(m)(σ̂xz)σ̂xzvν(m)

P (θ) ,
(16)

respectively, where λ(m)(ô) is a phase factor taking value either 1 or −1 depending on which
phonon mode m we considered among �er acoustic (AC), �eφ optical (OP) and �ez OP modes
(these three modes are non-zero frequency modes of SWCNT in long wave length limit which
will be discussed in the next section) and on what kind of the symmetry operations ô is
applied, such as Ĉ2x and σ̂xz. In particular,

λ(�erAC)(Ĉ2x) = λ(�erAC)(σ̂xz) = 1 ,

λ(�eφOP)(Ĉ2x) = λ(�eφOP)(σ̂xz) =−1 ,

λ(�ezOP)(Ĉ2x) =−λ(�ezOP)(σ̂xz) =−1 .

(17)
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The detailed expressions of polarization vectors with λm(σxz) = −1, and λm(C2x) = −1 are

vν
r (θ) =

∞

∑
n=0

ν[
1+(−1)n

2 ]bn sin 3nθ = b1 sin 3θ + νb2 sin 6θ + . . . ,

vν
φ(θ) =

∞

∑
n=0

ν[
1−(−1)n

2 ]an cos 3nθ = a0 + νa1 cos 3θ + a2 cos 6θ + . . . ,

vν
z (θ) =

∞

∑
n=0

ν[
1−(−1)n

2 ]bn sin 3nθ = νb1 sin 3θ + b2 sin 6θ + . . . . (18)

While for λm(σxz) = 1, and λm(C2x) = −1, the polarization vectors can be expressed as

vν
r (θ) =

∞

∑
n=0

ν[
1+(−1)n

2 ]an cos 3nθ = νa0 + a1 cos 3θ + νa2 cos 6θ + . . . ,

vν
φ(θ) =

∞

∑
n=0

ν[
1−(−1)n

2 ]bn sin 3nθ = νb1 sin 3θ + b2 sin 6θ + . . . ,

vν
z (θ) =

∞

∑
n=0

ν[
1−(−1)n

2 ]an cos 3nθ = a0 + νa1 cos 3θ + a2 cos 6θ + . . . . (19)

Then for λm(σxz) = −1, and λm(C2x) = 1, they are

vν
r (θ) =

∞

∑
n=0

ν[
1−(−1)n

2 ]bn sin 3nθ = νb1 sin 3θ + b2 sin 6θ + . . . ,

vν
φ(θ) =

∞

∑
n=0

ν[
1+(−1)n

2 ]an cos 3nθ = νa0 + a1 cos 3θ + νa2 cos 6θ + . . . ,

vν
z (θ) =

∞

∑
n=0

ν[
1+(−1)n

2 ]bn sin 3nθ = b1 sin 3θ + νb2 sin 6θ + . . . . (20)

For the second rank tensor �, the helical symmetry of SWCNT results (Damnjanović et al.,
1999)

�xx = �yy,

�xx = −�yy,

�xz = �yz = �zx = �zy = 0. (21)

Similar to the analysis above, it is obtained (Ye et al., 2006) that

�
(ν)
ii (θ + π/3) = �

(−ν)
ii (θ),

�
(ν)
ii (−θ) = �

(ν)
ii (θ),

�
(ν)
xy (θ + π/3) = −�

(−ν)
xy (θ),

�
(ν)
xy (θ + π/3) = �

(−ν)
xy (θ),

�
(ν)
xy (−θ) = −�

(ν)
xy (θ), (22)

198 Graphene Simulation Symmetry and Lattice Dynamics 17

where i = x, y, z. By noticing that the diagonal term is unchanged when the tube is reversed
or reflected, and off-diagonal term vanishes, then

�
(±)
ii = a0 ± a1 cos(3θ) + a2 cos(6θ) + · · · ,

�
(0)
ii = a0 + a2 cos(6θ) + a4 cos(12θ) + · · · ,

�
(ν)
xy = 0 . (23)

The coefficients a�ns for different chirality have no direct relationships.

5. Coordinate systems in carbon nanotubes

As stated in the above section, an SWCNT can be identified by a chiral vector �R = n1�a1 + n2�a2
defined on the graphene lattice sheet with (n1, n2) a pair of integers. A graphene stripe is
obtained by cutting the graphene sheet along the direction perpendicular to �R, which ensures
the same edge structures of the two sides of the stripe. A nanotube is formed by wrapping the
stripe, or vice verse, the stripe is the unfold plane of the nanotube. Obviously, �R corresponds

to the circumference of the tube and �R
N (N = GCD(n1, n2)) corresponds to a pure rotational

symmetry operation ĈN of the tube. Along the tube axis, i.e. z axis, a translational vector �T
can be defined as �T · �R = 0 and its corresponding translation symmetry operation is T̂. In the
frame of (�a1,�a2), it is �T = t1�a1 + t2�a2 with

t1 = − 2n2 + n1
M

, t2 =
2n1 + n2

M
, (M = GCD(2n2 + n1, 2n1 + n2)).

It can be further obtained that

| �R
N

× �T| = n1(2n1 + n2) + n2(2n2 + n1)

NM
|�a1 ×�a2| ≡ NT |�a1 ×�a2|.

Because NT ≥ 1, the set ( �RN ,�T) cannot be used as the primitive lattice vectors in unfold plane.
The one-dimensional (1D) single wall carbon nanotubes belong to 1D line groups
(Damnjanović et al., 1999; 2000). For chiral nanotubes, the definition of the primary chiral
operation is not unique. Correspondingly, the different choices of primitive translational
vectors exist on the unfold plane. Any proper pair of vectors which can map all lattice points
on stripe can form the unit cell. In SWCNT, these two vectors correspond to two primitive
chiral operations. There are two commonly used coordinates (Saito et al., 1998; White et al.,
1993). The first one uses the rotational ĈN and helical Ŝ1(α, h) symmetry descriptions for

SWCNT(White et al., 1993), i.e. �R
N and �H as the primitive lattice vectors on unfold plane,

which will be called White coordinate hereafter. Another chooses translational T̂ and helical
Ŝ2(α0, hb) symmetry descriptions with �T and �Q on unfold plane referred as Dresselhaus
coordinate (Saito et al., 1998). The unit cells on unfold plane for two coordinate systems are

shown in Fig. 12(a). Under the definition of | �RN × �H| = |�a1 ×�a2| or |�T × �Q| = |�a1 ×�a2|, some
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stripe, or vice verse, the stripe is the unfold plane of the nanotube. Obviously, �R corresponds

to the circumference of the tube and �R
N (N = GCD(n1, n2)) corresponds to a pure rotational

symmetry operation ĈN of the tube. Along the tube axis, i.e. z axis, a translational vector �T
can be defined as �T · �R = 0 and its corresponding translation symmetry operation is T̂. In the
frame of (�a1,�a2), it is �T = t1�a1 + t2�a2 with

t1 = − 2n2 + n1
M

, t2 =
2n1 + n2

M
, (M = GCD(2n2 + n1, 2n1 + n2)).

It can be further obtained that

| �R
N

× �T| = n1(2n1 + n2) + n2(2n2 + n1)

NM
|�a1 ×�a2| ≡ NT |�a1 ×�a2|.

Because NT ≥ 1, the set ( �RN ,�T) cannot be used as the primitive lattice vectors in unfold plane.
The one-dimensional (1D) single wall carbon nanotubes belong to 1D line groups
(Damnjanović et al., 1999; 2000). For chiral nanotubes, the definition of the primary chiral
operation is not unique. Correspondingly, the different choices of primitive translational
vectors exist on the unfold plane. Any proper pair of vectors which can map all lattice points
on stripe can form the unit cell. In SWCNT, these two vectors correspond to two primitive
chiral operations. There are two commonly used coordinates (Saito et al., 1998; White et al.,
1993). The first one uses the rotational ĈN and helical Ŝ1(α, h) symmetry descriptions for

SWCNT(White et al., 1993), i.e. �R
N and �H as the primitive lattice vectors on unfold plane,

which will be called White coordinate hereafter. Another chooses translational T̂ and helical
Ŝ2(α0, hb) symmetry descriptions with �T and �Q on unfold plane referred as Dresselhaus
coordinate (Saito et al., 1998). The unit cells on unfold plane for two coordinate systems are

shown in Fig. 12(a). Under the definition of | �RN × �H| = |�a1 ×�a2| or |�T × �Q| = |�a1 ×�a2|, some
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useful relations can be obtained (the arbitrariness of sign has be fixed),
⎧⎪⎨
⎪⎩

R =
�

n2
1 + n2

2 + n1n2 |�a1|,
T =

√
3

M

�
n2

1 + n2
2 + n1n2 |�a1| ,

(24)

�
�H = p1�a1 + p2�a2,

n1p2 − n2 p1 = N ,
(25)

�
�Q = q1�a1 + q2�a2,

q1(2n1 + n2) + q2(2n2 + n1) = M .
(26)

The rotation angles α (α0) as well as translations along z axis h (hb) in helical symmetry
operations can be derived by projecting �H (�Q) to the directions of �R and �T respectively,

�H · �R
R

≡ R
2π

α ⇒ α = 2π
(2n1 + n2)p1 + (2n2 + n1)p2

(2n1 + n2)n1 + (2n2 + n1)n2
,

�H · �T
T

≡ h ⇒ h =

√
3N

2
�

n2
1 + n2

2 + n1n2

|�a1| , (27)

�Q · �R
R

≡ R
2π

α0 ⇒ α0 = 2π
M

(2n1 + n2)n1 + (2n2 + n1)n2
,

�H · �T
T

≡ hb ⇒ hb =

√
3(n1q2 − n2q1)

2
�

n2
1 + n2

2 + n1n2

|�a1| . (28)

Before go to the reciprocal space and discuss the good quantum numbers within two
coordinate systems, we introduce four important integers and review their geometric
meanings.

NT =
T
h
=

n1(2n1 + n2) + n2(2n2 + n1)

MN
, (29)

ND = NT N =
2π

α0
=

n1(2n1 + n2) + n2(2n2 + n1)

M
, (30)

Nb =
hb
h

=
n1q2 − n2q1

N
, (31)

Ω =
α

α0
= ND

α

2π
=

(2n1 + n2)p1 + (2n2 + n1)p2

M
. (32)

From above formulae, it shows that NT is the number of White unit cells stacked along the
tube axis to form a minimum translation period; ND represents, in one side, the unit cell
numbers in tubular section with height T called as a “giant" cell, or in the other side, the times
of minimum rotation angle α0 in one circle; Nb describes the ratio of translations along tube
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(a) Unfold plane of nanotube (b) Reciprocal lattice on unfold plane

Fig. 12. The unfold plane (a) and reciprocal lattice (b) of the nanotube (4, 2). The unit cells
and primitive lattice vectors of White {�R/N, �H} ↔ {ĈN , Ŝ1(α, h)} and Dresselhaus
{�T, �Q} ↔ {T̂, Ŝ2(α0, hb)} coordinates are shown in (a). The Brillouin zones and quantum
numbers of White {n, κ} and Dresselhaus {kz, ni} are shown in (b).

axis of the two helical symmetry operations; and Ω is the ratio of rotation angles of the two
helical operations, which can be proved to be relatively prime with NT .
The 1D group characters of symmetry operators in White and Dresselhaus coordinates can be
written respectively as:

{ĈN , Ŝ1(α, h)} −→ {ei 2π
N n, eiκ} for White coordinate,

{T̂, Ŝ2(α0, hb)} −→ {eiNTkzT, eiκ� } for Dresselhaus coordinate. (33)

The prefix NT on the character eiNTkzT is for taking the same length units for two
coordinate systems. Using the periodical boundary conditions and notice that ŜND

2 (α0, hb) =

Ŝ2(2π, Nb NT) = T̂Nb N → eiNDκ�
= eiNb NNTkzT, it is

n = 0, 1, . . . , N − 1 , (34)

κ ∈ [ 0, 2π) , (35)

kz ∈ [ 0, 2π/NTT) , (36)

κ� = NbkzT +
2π

ND
ni , (37)

ni = 0, 1, . . . , ND − 1 . (38)

According to symmetry operators, the good quantum numbers in the two coordinate system
should be {n, κ} and {kz, κ�} respectively. But as seen from Eq. (38), κ� has a complicate form,
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useful relations can be obtained (the arbitrariness of sign has be fixed),
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From above formulae, it shows that NT is the number of White unit cells stacked along the
tube axis to form a minimum translation period; ND represents, in one side, the unit cell
numbers in tubular section with height T called as a “giant" cell, or in the other side, the times
of minimum rotation angle α0 in one circle; Nb describes the ratio of translations along tube
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Fig. 12. The unfold plane (a) and reciprocal lattice (b) of the nanotube (4, 2). The unit cells
and primitive lattice vectors of White {�R/N, �H} ↔ {ĈN , Ŝ1(α, h)} and Dresselhaus
{�T, �Q} ↔ {T̂, Ŝ2(α0, hb)} coordinates are shown in (a). The Brillouin zones and quantum
numbers of White {n, κ} and Dresselhaus {kz, ni} are shown in (b).

axis of the two helical symmetry operations; and Ω is the ratio of rotation angles of the two
helical operations, which can be proved to be relatively prime with NT .
The 1D group characters of symmetry operators in White and Dresselhaus coordinates can be
written respectively as:

{ĈN , Ŝ1(α, h)} −→ {ei 2π
N n, eiκ} for White coordinate,

{T̂, Ŝ2(α0, hb)} −→ {eiNTkzT, eiκ� } for Dresselhaus coordinate. (33)

The prefix NT on the character eiNTkzT is for taking the same length units for two
coordinate systems. Using the periodical boundary conditions and notice that ŜND

2 (α0, hb) =

Ŝ2(2π, Nb NT) = T̂Nb N → eiNDκ�
= eiNb NNTkzT, it is

n = 0, 1, . . . , N − 1 , (34)

κ ∈ [ 0, 2π) , (35)

kz ∈ [ 0, 2π/NTT) , (36)

κ� = NbkzT +
2π

ND
ni , (37)

ni = 0, 1, . . . , ND − 1 . (38)

According to symmetry operators, the good quantum numbers in the two coordinate system
should be {n, κ} and {kz, κ�} respectively. But as seen from Eq. (38), κ� has a complicate form,

201Symmetry and Lattice Dynamics



20 Will-be-set-by-IN-TECH

it is commonly to use {kz, ni} instead of {kz, κ�} as “good quantum number” in Dresselhaus
coordinate. Since the nanotube has no ĈND symmetry, which is only an isogonal group of the
symmetry group of the nanotube, strictly speaking, ni is not a good angular quantum number
of the rotational symmetry as seemed to be.
For deducing the relations between two sets of quantum numbers, the following equivalence
is used:

ĈN = ŜNT
2 (α0, hb)T̂

−Nb ,

T̂ = ŜNT
1 (α, h)Ĉ−Ω

N ,

Ŝ1(α, h) = ŜΩ
2 (α0, hb)(T̂

1/NT )−(ΩNb−1). (39)

Then from the characters of the operations, it is followed that

2π

N
n =

2π

N
ni + 2πI1,

NTkzT = NTκ − NTnα + 2πI2,

κ = niα + kzT + 2πI3, (40)

where I1, I2, and I3 are arbitrary integers. The first two of Eq. (40) give the following relations
directly,

n = ni (mod N), or ni = n + NJ (J an integer), (41)

kz =
2π

NTT
Frac

(
NT

κ − nα

2π

)
. (42)

The third of Eq. (40) contains fraction and integer parts of information. From its fraction part,

κ = 2πFrac
(

kzT + niα

2π

)
. (43)

From the integer part,

J Ω = Int
[

NT
κ − nα

2π
− Frac

(
NT

κ − nα

2π

)]
(mod NT). (44)

The equations (41), (42), (43), and (44) provide the complete relations between the two sets
of quantum numbers (Tang et al., 2009). The Brillouin zones and quantum numbers {n, κ}
and {kz, ni} are shown in Fig. 12(b). Actually, Eq. (44) can uniquely determine the integer J
and shows the nontrivial relation between n and ni. Interested readers can refer monographs
about number theory.

6. Lattice dynamics of single-wall carbon nanotubes

6.1 Vibrational potentials
We discuss the lattice dynamics of single-wall carbon nanotubes (SWCNT) within the White
coordinate system (White et al., 1993) which has been described detailed in the above section.
Setting the z axis along the tube axis and the x axis across the middle point of a C-C bond, any
unit cell in the (n1, n2) or equivalently (r, θ) tubule can be notated by a pair of integers (m, l):

�rm,l = m�H + l
�R
N

. (45)
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In other words, any unit cell on SWCNT can be covered by m screw operations Ŝ1(α, h) and l
rotations ĈN successively (see the details in section 4).
Again, we use the idea of five distinctive terms (Aizawa et al., 1990) for the potential of
graphene sheet, and extend them to the nanotube cases. What we stress is that the satisfying
of the rigid translational and rotational invariance must be kept in the generalization, i.e.,
the potential energy must keep unchanged term by term when the tube is rigidly translated
or rotated around any axis. Introduce �ri as the equilibrium position of atom i and �ui
as its displacement vector. �rij = �rj −�ri is the vector from atom i to j in the nanotube
while the modulus rij represents the length of C-C bond between atoms i and j. The
vector�ri is determined following the geometry of a warped graphene sheet. Unlike that in
graphene, the geometrical curvature results to that not only the three tridental bond lengths
nearest-neighbored with the atom i but also the angles between any of the two bonds are
not equal to each other even in equilibrium position, especially for thin tubes. We express
in the following a detailed expression of the vibrational potential for the SWCNT with the
curvature effect being carefully in-cooperated. It satisfies precisely the requirements of the
rigid translational and rotational invariance and realizes the corresponding general symmetry
sum rules in Ref. (Popov et al., 2000).
The five terms of potential energy are basically the same as those in graphene sheet with
rigorous modification of unit vectors in the present case (Jiang et al., 2006). We list them in the
following for completeness.
(1) Vl is the potential of the spring force between the nearest-neighbor atom pair,

Vl =
kl
2

4

∑
i=2

[(�ui −�u1) ·�el
1i]

2 , (46)

where kl is the first-order force constant and �el
1i = �r1i

|�r1i| . We’d like to point out that the

component of the displacement vectors perpendicular to �el
1i violates the rigid rotational

invariance and is forbidden.
(2) Vsl is also the potential of the spring force but between the next nearest-neighbored atoms
illustrated as (1, 5 . . . 10) in Fig. 1,

Vsl =
ksl
2

10

∑
i=5

[(�ui −�u1) ·�el
1i]

2 (47)

with ksl the second-order force constant.
(3) The potential energy for the in-surface bond bending VBB with three atoms involved is
more complicated than that in graphene planar sheet due to the curvature-resulted deviation
of an equilibrium angle from a constant.

VBB =
kBB

4 ∑
ji

∑
j�i

(j�i �=ji)

[
�uji

−�ui

riji

· (�el
ij�i
− cos θjiij�i�e

l
iji
) +

�uj�i −�ui

rij�
· (�el

iji
− cos θj�i iji

�el
ij�i
)

]2

=
kBB

4 ∑
ji

∑
j�i

(j�i �=ji)

(cos θ�jiij�i
− cos θjiij�i )

2 . (48)
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it is commonly to use {kz, ni} instead of {kz, κ�} as “good quantum number” in Dresselhaus
coordinate. Since the nanotube has no ĈND symmetry, which is only an isogonal group of the
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ĈN = ŜNT
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1 (α, h)Ĉ−Ω
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and shows the nontrivial relation between n and ni. Interested readers can refer monographs
about number theory.

6. Lattice dynamics of single-wall carbon nanotubes

6.1 Vibrational potentials
We discuss the lattice dynamics of single-wall carbon nanotubes (SWCNT) within the White
coordinate system (White et al., 1993) which has been described detailed in the above section.
Setting the z axis along the tube axis and the x axis across the middle point of a C-C bond, any
unit cell in the (n1, n2) or equivalently (r, θ) tubule can be notated by a pair of integers (m, l):
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In other words, any unit cell on SWCNT can be covered by m screw operations Ŝ1(α, h) and l
rotations ĈN successively (see the details in section 4).
Again, we use the idea of five distinctive terms (Aizawa et al., 1990) for the potential of
graphene sheet, and extend them to the nanotube cases. What we stress is that the satisfying
of the rigid translational and rotational invariance must be kept in the generalization, i.e.,
the potential energy must keep unchanged term by term when the tube is rigidly translated
or rotated around any axis. Introduce �ri as the equilibrium position of atom i and �ui
as its displacement vector. �rij = �rj −�ri is the vector from atom i to j in the nanotube
while the modulus rij represents the length of C-C bond between atoms i and j. The
vector�ri is determined following the geometry of a warped graphene sheet. Unlike that in
graphene, the geometrical curvature results to that not only the three tridental bond lengths
nearest-neighbored with the atom i but also the angles between any of the two bonds are
not equal to each other even in equilibrium position, especially for thin tubes. We express
in the following a detailed expression of the vibrational potential for the SWCNT with the
curvature effect being carefully in-cooperated. It satisfies precisely the requirements of the
rigid translational and rotational invariance and realizes the corresponding general symmetry
sum rules in Ref. (Popov et al., 2000).
The five terms of potential energy are basically the same as those in graphene sheet with
rigorous modification of unit vectors in the present case (Jiang et al., 2006). We list them in the
following for completeness.
(1) Vl is the potential of the spring force between the nearest-neighbor atom pair,

Vl =
kl
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4

∑
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1i]

2 , (46)

where kl is the first-order force constant and �el
1i = �r1i

|�r1i| . We’d like to point out that the

component of the displacement vectors perpendicular to �el
1i violates the rigid rotational

invariance and is forbidden.
(2) Vsl is also the potential of the spring force but between the next nearest-neighbored atoms
illustrated as (1, 5 . . . 10) in Fig. 1,
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ksl
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with ksl the second-order force constant.
(3) The potential energy for the in-surface bond bending VBB with three atoms involved is
more complicated than that in graphene planar sheet due to the curvature-resulted deviation
of an equilibrium angle from a constant.

VBB =
kBB
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riji
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ij�i
− cos θjiij�i�e
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iji
) +
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rij�
· (�el
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ij�i
)
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Where i, ji, and j�i take the same sites as those in graphene (see Eq. (3) and Fig. 1 in section 3).
The difference is here θjiij�i for the equilibrium angle between the bonds�riji

and�rij�i which is
no more 120◦ in general. θ�jiij�i

is for the corresponding angle in vibration. The bond angles
are expressed in terms of �uji

− �ui and �uj�i
− �ui, which can be proved that the rigid rotational

invariance referred to an arbitrary axis is kept only when the differences among bond lengths
and bond angles be carefully accounted.
(4) Extending the out-of-surface bond bending Vrc term into SWCN,

Vrc =
krc

2
[(3�ui − ∑

ji

�uji
) ·�erc

i ]
2, (49)

�erc
i = − ∑ji

�rji

| ∑ji
�rji

| , (50)

where i takes 1 or 2 with ji running over the three nearest neighbors of atom i. Different from
graphene, an unit vector�erc

i is introduced for keeping the rigid rotational invariance. We show
the difference between�erc

i and radial unit vector�er
1 in Fig. 13. When the radius of tube is large

enough, the vector�erc
i is close enough to the�er

1. However, we stress that the potential term Vrc
with�erc

i substituted by�er
i would break the rotational symmetry.

Fig. 13. The projection of�erc
1 on�er

1 for tubes (2n, n) with n ∈ [1, 15]. It shows that�erc
1 only

deviates about 2% from�er
1 even in the small radius (2, 1) tube.

(5) The twist potential energy for bond�r1k is generalized as

Vtw =
ktw

2 ∑
�i,j�

[(�ui −�uj − (�ui� −�uj�)) ·�er
1k]

2 , (51)

where�er
1k is the unit vector along the radial direction of the middle point of�r1k, �i, j� represents

a pair of atoms nearest-neighbored with atom 1 while k the third of its nearest neighbors (see
Fig. 1 for reference). Pair �i�, j�� is the image of �i, j� referring to a Ĉ2 rotation around the axis
in�er

1k.
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Obviously, it can be checked that all above five potential energy terms satisfy the translational
invariance (Jiang et al., 2006). When �ui = �uj, �ui −�uj = 0 leads to

Vl = Vsl = VBB = Vrc = Vtw = 0 .

For the rotational invariance, we have to consider the five potentials term by term separately
(Born & Huang, 1954; Madelung, 1978). When the tube rotates rigidly around an arbitrary
axis for a small angle δ�ω with its direction along the axis δ�ω

|δ�ω| , each lattice site acquires a
displacement �ui = δ�ω ×�ri,

�ui −�uj = δ�ω × (�ri −�rj) = δ�ω ×�rji . (52)

Substituting Eq. (52) into the first two potential terms (46) and (47), it is straightforward to
have (�uj −�ui) ·�el

ij = rij(δ�ω ×�el
ij) ·�el

ij = 0. Then

Vl = Vsl = 0 .

Substituting Eq. (52) into the third potential term (48), a typical representative term in
summation becomes

VBB ∼ kBB

4
[δ�ω · (�el

12 ×�el
13 +�el

13 ×�el
12)]

2 = 0 .

In which a fact has been used that rij in the denominate is canceled by that in the numerator
when Eq. 52 is applied. Moreover, for each typical representative term in potentials (49) and
(51), we have

Vrc ∼ krc
2 [δ�ω × (�r12 +�r13 +�r14) ·�erc

1 ]2 = 0 ,
Vtw ∼ ktw

2 [δ�ω × (�r43 −�r56) ·�er
12]

2 = 0 .

For further clarification, we show the phonon spectrum with all the bond lengths and bond
angles assumed to be equal to that of the graphene in Fig. 14(a) for SWCNT (5,2). It shows
clearly that the twisting mode (TW) at (κ, n) = (0, 0) is no longer a zero mode and there is a
finite gap with the order of 0.5 cm−1. Although it is a minute number and entirely negligible
in practice, it is of qualitative significance. When we take the proper bond lengths with about
−1.3%, −0.3% and 0.0% shorter than that of graphene 1.42 Å respectively, the correct phonon
spectrum is calculated and shown in Fig. 14(b) for the same SWCNT.

Fig. 14. The effect of bond lengths on TW mode in tube (5, 2). (a) All bonds are assumed to be
the same. The frequency of TW mode at κ = 0 is nonzero. (b) The differences between bonds
are considered. The frequency of TW mode is precisely zero.
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Where i, ji, and j�i take the same sites as those in graphene (see Eq. (3) and Fig. 1 in section 3).
The difference is here θjiij�i for the equilibrium angle between the bonds�riji

and�rij�i which is
no more 120◦ in general. θ�jiij�i

is for the corresponding angle in vibration. The bond angles
are expressed in terms of �uji

− �ui and �uj�i
− �ui, which can be proved that the rigid rotational

invariance referred to an arbitrary axis is kept only when the differences among bond lengths
and bond angles be carefully accounted.
(4) Extending the out-of-surface bond bending Vrc term into SWCN,

Vrc =
krc

2
[(3�ui − ∑

ji

�uji
) ·�erc

i ]
2, (49)

�erc
i = − ∑ji

�rji

| ∑ji
�rji

| , (50)

where i takes 1 or 2 with ji running over the three nearest neighbors of atom i. Different from
graphene, an unit vector�erc

i is introduced for keeping the rigid rotational invariance. We show
the difference between�erc

i and radial unit vector�er
1 in Fig. 13. When the radius of tube is large

enough, the vector�erc
i is close enough to the�er

1. However, we stress that the potential term Vrc
with�erc

i substituted by�er
i would break the rotational symmetry.

Fig. 13. The projection of�erc
1 on�er

1 for tubes (2n, n) with n ∈ [1, 15]. It shows that�erc
1 only

deviates about 2% from�er
1 even in the small radius (2, 1) tube.

(5) The twist potential energy for bond�r1k is generalized as

Vtw =
ktw

2 ∑
�i,j�

[(�ui −�uj − (�ui� −�uj�)) ·�er
1k]

2 , (51)

where�er
1k is the unit vector along the radial direction of the middle point of�r1k, �i, j� represents

a pair of atoms nearest-neighbored with atom 1 while k the third of its nearest neighbors (see
Fig. 1 for reference). Pair �i�, j�� is the image of �i, j� referring to a Ĉ2 rotation around the axis
in�er

1k.
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Obviously, it can be checked that all above five potential energy terms satisfy the translational
invariance (Jiang et al., 2006). When �ui = �uj, �ui −�uj = 0 leads to

Vl = Vsl = VBB = Vrc = Vtw = 0 .

For the rotational invariance, we have to consider the five potentials term by term separately
(Born & Huang, 1954; Madelung, 1978). When the tube rotates rigidly around an arbitrary
axis for a small angle δ�ω with its direction along the axis δ�ω

|δ�ω| , each lattice site acquires a
displacement �ui = δ�ω ×�ri,

�ui −�uj = δ�ω × (�ri −�rj) = δ�ω ×�rji . (52)

Substituting Eq. (52) into the first two potential terms (46) and (47), it is straightforward to
have (�uj −�ui) ·�el

ij = rij(δ�ω ×�el
ij) ·�el

ij = 0. Then

Vl = Vsl = 0 .

Substituting Eq. (52) into the third potential term (48), a typical representative term in
summation becomes

VBB ∼ kBB

4
[δ�ω · (�el

12 ×�el
13 +�el

13 ×�el
12)]

2 = 0 .

In which a fact has been used that rij in the denominate is canceled by that in the numerator
when Eq. 52 is applied. Moreover, for each typical representative term in potentials (49) and
(51), we have

Vrc ∼ krc
2 [δ�ω × (�r12 +�r13 +�r14) ·�erc

1 ]2 = 0 ,
Vtw ∼ ktw

2 [δ�ω × (�r43 −�r56) ·�er
12]

2 = 0 .

For further clarification, we show the phonon spectrum with all the bond lengths and bond
angles assumed to be equal to that of the graphene in Fig. 14(a) for SWCNT (5,2). It shows
clearly that the twisting mode (TW) at (κ, n) = (0, 0) is no longer a zero mode and there is a
finite gap with the order of 0.5 cm−1. Although it is a minute number and entirely negligible
in practice, it is of qualitative significance. When we take the proper bond lengths with about
−1.3%, −0.3% and 0.0% shorter than that of graphene 1.42 Å respectively, the correct phonon
spectrum is calculated and shown in Fig. 14(b) for the same SWCNT.

Fig. 14. The effect of bond lengths on TW mode in tube (5, 2). (a) All bonds are assumed to be
the same. The frequency of TW mode at κ = 0 is nonzero. (b) The differences between bonds
are considered. The frequency of TW mode is precisely zero.
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As a one-dimensional system, SWCNT has a distinguished feature that the two degenerate
transversal acoustic (TA) modes shown up at (κ, n) = ±(α, 1) are flexure modes. Instead of
the conventional linear behaviors, the low frequency limits of their dispersions are parabolic
as ω2 = β2(κ ∓ α)4. We stress that the rigid rotational invariance around z axis itself is not
a sufficient condition for the existence of the flexure modes. It can be declared more clearly
by a counter example. By introducing a potential term Vτi =

kτi
2 [(�u2 − �u1) ·�eτi

12]
2 with �eτi

12 =

�er
12 ×�el

12, which satisfies Vτi = 0 when the tube rotates around the z axis, there will be no
flexure mode in SWCNT (Dobardz̆ić et al., 2003). This is because that Vτi is not zero when the
tube rotates around any axis perpendicular to the z axis.
By tuning the calculated results to the experimental data (Rao et al., 1997) for the Raman
modes of (10, 10) tube (see Table 3), the corresponding force constants are fit as kl =
364.0 Nm−1, ksl = 62.0 Nm−1, kBB = 1.07× 10−11 erg, krc = 14.8 Nm−1, and ktw = 6.24 Nm−1

(Jiang et al., 2006). For chiral SWCNT, all tubes belong to the fifth 1D line group (Popov et al.,
2000) with two atoms in one unit cell and have six phonon modes at any point of reciprocal
space . Looking at three specific points (κ, n) = (0, 0), (κ, n) = (α, 1), and (κ, n) = (2α, 2), 18
phonon modes are successfully identified (Alon, 2001; Jiang et al., 2006). They are (I) 3 zero
modes: two at (κ, n) = (0, 0) as longitudinal acoustic (LA) and TW modes both belonging to
0 A−

0 representation (Reps), and one at (κ, n) = (α, 1) as the flexure mode; (II) 9 Raman active
modes: three at (κ, n) = (0, 0) belonging to 0 A+

0 Reps as�er acoustic (AC),�eθ optical (OP) and
�ez OP, and six at (κ, n) = (2α, 2) belonging to the same 2αE2 Reps; (III) 1 Ir active mode: at
(κ, n) = (0, 0) as the OP mode with A and B atoms oscillating out of surface in tubular radial
direction and belonging to 0 A−

0 Reps; (IV) 5 Raman and Ir active modes at (κ, n) = (α, 1)
assigned to αE1 Reps.

Reps 0 A+
0 0 A+

0 αE−
1 αE−

1 2αE+
2 2αE+

2 2αE+
2 2αE+

2
Theory 167 1588 105 1588 21 367 873 1584

Experiment (Rao et al., 1997) 186 1593 118 1567 / 377 / 1606

Table 3. Comparison between the calculated results and the experimental values for several
mode frequencies (in the unit of cm−1) of SWCNT (10,10).

6.2 Chiral angle and radius dependence of phonon properties
With the phenomenological vibration potential model described in above subsection, the
phonon frequencies, acoustic velocities, and eigenvectors are calculated as the functions of
radius and chiral angles, and further fitted following the three-fold symmetry expansion
discussed in section 4. Because we are interested in SWCNT with smaller radius which should
be quite different from those of graphene stripe, the fitting range is chosen as r ∈ [4.0, 10.0] Å
and θ ∈ [− π

6 , π
6 ] for frequencies and velocities, r ∈ [2.0, 10.0] Å and θ ∈ [− π

3 , π
3 ] for

polarization vectors. The relative errors in fitting are set less than 5 × 10−4. The expansions
of frequencies of Raman and Ir active modes, the velocities at (κ, n) = (0, 0) and flexure
parabolic at (κ, n) = (α, 1), and the polarization vectors of nonzero modes at (κ, n) = (0, 0)
are listed in Tables 4, 5, and 6 respectively (Jiang et al., 2006). In Table 4, data are represented
in three parts corresponding to (κ, n) = (0, 0), (α, 1), and (2α, 2) respectively. From the fitting
results, we can see that the contributions of θ dependence are notable comparing to those of r
dependence. The velocity of the twist mode (in Table 5) as well as the polarization vectors of
modes with 0 A+

0 Reps (in Table 6) are typical examples shown up an evident θ dependence.
It can be checked that all the numerically fitting expressions satisfy the symmetry
requirements of Eqs (12) and (13) in section 4, where the velocities (slopes of the dispersions)
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Reps Mode ω(θ) fi(r)

0 A+
0 R �er AC, 1 f0(r) f0(r) = 1133.86

r − 139.65
r3

�eθ OP, 2 f0(r) + f1(r) cos 6θ f0(r) = 1594.00 − 266.98
r2 , f1(r) = 8.65

r2

�ez OP, 3 f0(r) + f1(r) cos 6θ f0(r) = 1594.00 − 91.81
r2 , f1(r) = − 15.68

r2 , f2(r) = − 0.68
r2

+ f2(r) cos 12θ

0 A−
0 Ir �er OP, 4 f0(r) + f1(r) cos 6θ f0(r) = 864.81 + 990.22

r2 − 1117.30
r4 , f1(r) =

9.16
r2

αE1 R Ir 1 f0(r) + f1(r) cos 6θ f0(r) = 710.16
r + 45.07

r3 , f1(r) = 1.99
r3 − 31.55

r4

2 f0(r) + f1(r) cos 6θ f0(r) = 1603.51
r − 746.51

r3 , f1(r) = − 115.54
r3

3 f0(r) + f1(r) cos 6θ f0(r) = 864.84 + 860.00
r2 − 1758.70

r4 , f1(r) =
11.63

r2 − 206.52
r4

ν = ±1, 4 f0(r)± f1(r) cos 9θ f0(r) = 1594.13 − 316.67
r2 , f1(r) =

31.92
r3

ν = 0, 4 f0(r) + f1(r) cos 6θ f0(r) = 1594.14 − 318.48
r2 , f1(r) = 7.83

r2 − 19.03
r4

+ f2(r) cos 12θ f2(r) = 2.70
r2 + 0.60

r4

5 f0(r) + f1(r) cos 6θ f0(r) = 1593.97 − 277.49
r2 , f1(r) = − 12.45

r2

2αE2 R 1 f0(r) + f1(r) cos 6θ f0(r) = 959.33
r2 − 736.60

r4 + 779.59
r5

+ f2(r) cos 12θ f1(r) =
6.19
r3 + 73.37

r4 , f2(r) = − 0.06
r3 + 9.34

r4

2 f0(r) + f1(r) cos 6θ f0(r) = 1420.21
r + 54.52

r3 − 1246.29
r5 , f1(r) = 204.34

r3

3 f0(r) + f1(r) cos 6θ f0(r) = 2535.48
r − 2426.65

r3 , f1(r) = − 412.23
r3

4 f0(r) + f1(r) cos 6θ f0(r) = 864.80 + 486.71
r2 − 4711.81

r4 + 12425.61
r6

f1(r) = 9.89
r2 − 524.74

r4

5 f0(r) + f1(r) cos 6θ f0(r) = 1594.00 − 869.19
r2 + 978.77

r4

f1(r) = − 16.15
r2 + 363.41

r4

6 f0(r) + f1(r) cos 6θ f0(r) = 1594.01 − 392.92
r2 − 2160.15

r4 + 5416.26
r6

f1(r) =
7.88
r2 − 297.88

r4

Table 4. Frequencies (in the unit of cm−1) of 15 Raman and Ir active modes as functions of r
(in Å) and θ.

Velocity(θ) fi(r)
CTW f0(r) + f1(r) cos 6θ f0 = 13.5 − 1.63

r2 , f1 = 2.38
r2

CLA f0(r) + f1(r) cos 6θ f0 = 21.0706 + 0.0055
r − 0.6860

r2 , f1 = 0.00091
r − 0.01679

r2

β f0(r) + f1(r) cos 6θ f0 = 1.3767r − 0.00142r2 − 5.8 × 10−5r3, f1 = − 0.143
r + 0.04994

r3

Table 5. Sound velocities (in kms−1) of the TW and LA modes, and β (in 10−6m2s−1) of the
flexure mode as functions of r (in Å) and θ.

and frequencies are scalars while polarizations are vectors. One of the αE1 modes in Table 4
manifests different parameter dependence for different chiral index ν, i.e. it has different
expressions for ν = ±1 and ν = 0 respectively. This is still consistent with the general
constrains Eqs (12) and (13).
In certain extent, the planar graphene can be viewed as the r → ∞ limit of the SWCNT. As
pointed out in Ref. (Jiang et al., 2006), six modes at different (κ, n) points in Table 4 evolve in
this limit to the two degenerate in-plane optical modes of the graphene with approximately
the same frequency limit 1594.0. While three modes with f0(r) → 864.8 approach the
out-of-plane optical mode of the graphene. Moreover as shown in Table 5, the sound velocities
of the two zero modes, i.e. LA and TW modes belonging to 0 A−

0 , have nonzero limits
with different values. Therefore, it is expected that these two modes would approach two
in-plane non-degenerate acoustic modes of the graphene sheet. The situation of flexure mode
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As a one-dimensional system, SWCNT has a distinguished feature that the two degenerate
transversal acoustic (TA) modes shown up at (κ, n) = ±(α, 1) are flexure modes. Instead of
the conventional linear behaviors, the low frequency limits of their dispersions are parabolic
as ω2 = β2(κ ∓ α)4. We stress that the rigid rotational invariance around z axis itself is not
a sufficient condition for the existence of the flexure modes. It can be declared more clearly
by a counter example. By introducing a potential term Vτi =

kτi
2 [(�u2 − �u1) ·�eτi

12]
2 with �eτi

12 =

�er
12 ×�el

12, which satisfies Vτi = 0 when the tube rotates around the z axis, there will be no
flexure mode in SWCNT (Dobardz̆ić et al., 2003). This is because that Vτi is not zero when the
tube rotates around any axis perpendicular to the z axis.
By tuning the calculated results to the experimental data (Rao et al., 1997) for the Raman
modes of (10, 10) tube (see Table 3), the corresponding force constants are fit as kl =
364.0 Nm−1, ksl = 62.0 Nm−1, kBB = 1.07× 10−11 erg, krc = 14.8 Nm−1, and ktw = 6.24 Nm−1

(Jiang et al., 2006). For chiral SWCNT, all tubes belong to the fifth 1D line group (Popov et al.,
2000) with two atoms in one unit cell and have six phonon modes at any point of reciprocal
space . Looking at three specific points (κ, n) = (0, 0), (κ, n) = (α, 1), and (κ, n) = (2α, 2), 18
phonon modes are successfully identified (Alon, 2001; Jiang et al., 2006). They are (I) 3 zero
modes: two at (κ, n) = (0, 0) as longitudinal acoustic (LA) and TW modes both belonging to
0 A−

0 representation (Reps), and one at (κ, n) = (α, 1) as the flexure mode; (II) 9 Raman active
modes: three at (κ, n) = (0, 0) belonging to 0 A+

0 Reps as�er acoustic (AC),�eθ optical (OP) and
�ez OP, and six at (κ, n) = (2α, 2) belonging to the same 2αE2 Reps; (III) 1 Ir active mode: at
(κ, n) = (0, 0) as the OP mode with A and B atoms oscillating out of surface in tubular radial
direction and belonging to 0 A−

0 Reps; (IV) 5 Raman and Ir active modes at (κ, n) = (α, 1)
assigned to αE1 Reps.

Reps 0 A+
0 0 A+

0 αE−
1 αE−

1 2αE+
2 2αE+

2 2αE+
2 2αE+
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Experiment (Rao et al., 1997) 186 1593 118 1567 / 377 / 1606

Table 3. Comparison between the calculated results and the experimental values for several
mode frequencies (in the unit of cm−1) of SWCNT (10,10).

6.2 Chiral angle and radius dependence of phonon properties
With the phenomenological vibration potential model described in above subsection, the
phonon frequencies, acoustic velocities, and eigenvectors are calculated as the functions of
radius and chiral angles, and further fitted following the three-fold symmetry expansion
discussed in section 4. Because we are interested in SWCNT with smaller radius which should
be quite different from those of graphene stripe, the fitting range is chosen as r ∈ [4.0, 10.0] Å
and θ ∈ [− π

6 , π
6 ] for frequencies and velocities, r ∈ [2.0, 10.0] Å and θ ∈ [− π

3 , π
3 ] for

polarization vectors. The relative errors in fitting are set less than 5 × 10−4. The expansions
of frequencies of Raman and Ir active modes, the velocities at (κ, n) = (0, 0) and flexure
parabolic at (κ, n) = (α, 1), and the polarization vectors of nonzero modes at (κ, n) = (0, 0)
are listed in Tables 4, 5, and 6 respectively (Jiang et al., 2006). In Table 4, data are represented
in three parts corresponding to (κ, n) = (0, 0), (α, 1), and (2α, 2) respectively. From the fitting
results, we can see that the contributions of θ dependence are notable comparing to those of r
dependence. The velocity of the twist mode (in Table 5) as well as the polarization vectors of
modes with 0 A+

0 Reps (in Table 6) are typical examples shown up an evident θ dependence.
It can be checked that all the numerically fitting expressions satisfy the symmetry
requirements of Eqs (12) and (13) in section 4, where the velocities (slopes of the dispersions)
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Reps Mode ω(θ) fi(r)

0 A+
0 R �er AC, 1 f0(r) f0(r) = 1133.86

r − 139.65
r3

�eθ OP, 2 f0(r) + f1(r) cos 6θ f0(r) = 1594.00 − 266.98
r2 , f1(r) = 8.65

r2

�ez OP, 3 f0(r) + f1(r) cos 6θ f0(r) = 1594.00 − 91.81
r2 , f1(r) = − 15.68

r2 , f2(r) = − 0.68
r2

+ f2(r) cos 12θ

0 A−
0 Ir �er OP, 4 f0(r) + f1(r) cos 6θ f0(r) = 864.81 + 990.22

r2 − 1117.30
r4 , f1(r) =

9.16
r2

αE1 R Ir 1 f0(r) + f1(r) cos 6θ f0(r) = 710.16
r + 45.07

r3 , f1(r) = 1.99
r3 − 31.55

r4

2 f0(r) + f1(r) cos 6θ f0(r) = 1603.51
r − 746.51

r3 , f1(r) = − 115.54
r3

3 f0(r) + f1(r) cos 6θ f0(r) = 864.84 + 860.00
r2 − 1758.70

r4 , f1(r) =
11.63

r2 − 206.52
r4

ν = ±1, 4 f0(r)± f1(r) cos 9θ f0(r) = 1594.13 − 316.67
r2 , f1(r) =

31.92
r3

ν = 0, 4 f0(r) + f1(r) cos 6θ f0(r) = 1594.14 − 318.48
r2 , f1(r) = 7.83

r2 − 19.03
r4

+ f2(r) cos 12θ f2(r) = 2.70
r2 + 0.60

r4

5 f0(r) + f1(r) cos 6θ f0(r) = 1593.97 − 277.49
r2 , f1(r) = − 12.45

r2

2αE2 R 1 f0(r) + f1(r) cos 6θ f0(r) = 959.33
r2 − 736.60

r4 + 779.59
r5

+ f2(r) cos 12θ f1(r) =
6.19
r3 + 73.37

r4 , f2(r) = − 0.06
r3 + 9.34

r4

2 f0(r) + f1(r) cos 6θ f0(r) = 1420.21
r + 54.52

r3 − 1246.29
r5 , f1(r) = 204.34

r3

3 f0(r) + f1(r) cos 6θ f0(r) = 2535.48
r − 2426.65

r3 , f1(r) = − 412.23
r3

4 f0(r) + f1(r) cos 6θ f0(r) = 864.80 + 486.71
r2 − 4711.81

r4 + 12425.61
r6

f1(r) = 9.89
r2 − 524.74

r4

5 f0(r) + f1(r) cos 6θ f0(r) = 1594.00 − 869.19
r2 + 978.77

r4

f1(r) = − 16.15
r2 + 363.41

r4

6 f0(r) + f1(r) cos 6θ f0(r) = 1594.01 − 392.92
r2 − 2160.15

r4 + 5416.26
r6

f1(r) =
7.88
r2 − 297.88

r4

Table 4. Frequencies (in the unit of cm−1) of 15 Raman and Ir active modes as functions of r
(in Å) and θ.

Velocity(θ) fi(r)
CTW f0(r) + f1(r) cos 6θ f0 = 13.5 − 1.63

r2 , f1 = 2.38
r2

CLA f0(r) + f1(r) cos 6θ f0 = 21.0706 + 0.0055
r − 0.6860

r2 , f1 = 0.00091
r − 0.01679

r2

β f0(r) + f1(r) cos 6θ f0 = 1.3767r − 0.00142r2 − 5.8 × 10−5r3, f1 = − 0.143
r + 0.04994

r3

Table 5. Sound velocities (in kms−1) of the TW and LA modes, and β (in 10−6m2s−1) of the
flexure mode as functions of r (in Å) and θ.

and frequencies are scalars while polarizations are vectors. One of the αE1 modes in Table 4
manifests different parameter dependence for different chiral index ν, i.e. it has different
expressions for ν = ±1 and ν = 0 respectively. This is still consistent with the general
constrains Eqs (12) and (13).
In certain extent, the planar graphene can be viewed as the r → ∞ limit of the SWCNT. As
pointed out in Ref. (Jiang et al., 2006), six modes at different (κ, n) points in Table 4 evolve in
this limit to the two degenerate in-plane optical modes of the graphene with approximately
the same frequency limit 1594.0. While three modes with f0(r) → 864.8 approach the
out-of-plane optical mode of the graphene. Moreover as shown in Table 5, the sound velocities
of the two zero modes, i.e. LA and TW modes belonging to 0 A−

0 , have nonzero limits
with different values. Therefore, it is expected that these two modes would approach two
in-plane non-degenerate acoustic modes of the graphene sheet. The situation of flexure mode
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Vector(θ) fi(r)
R1 (�er AC) ur(A) f0(r) f0(r) = 0.7071 − 0.0028

r2

uφ(A) f1(r) sin 3θ f1(r) = 0.0518
r + 0.0468

r2

uz(A) f1(r) cos 3θ f1(r) =
0.0517

r + 0.0749
r2

R2 (�eφ OP) ur(A) f1(r) sin 3θ f1(r) = − 0.0542
r − 0.0455

r2

uφ(A) f0(r) + f1(r) cos 12θ f0(r) = 0.7056 + 0.0019
r2 , f1(r) = 0.0015 − 0.003

r2

uz(A) f1(r) sin 6θ + f2(r) sin 12θ f1(r) = 0.0656 − 0.0801
r2 , f2(r) = 0.0048 − 0.0112

r2

R3 (�ez OP) ur(A) f1(r) cos 3θ f1(r) = − 0.0447
r − 0.0417

r2

uφ(A) f1(r) sin 6θ + f2(r) sin 12θ f1(r) = −0.0656 + 0.0773
r2 , f2(r) = −0.0048 + 0.0111

r2

uz(A) f0(r) + f1(r) cos 12θ f0(r) = 0.7056 + 0.0019
r2 , f1(r) = 0.0015 − 0.0033

r2

Table 6. Polarization vectors �u ≡ (�u(A),�u(B)) at (κ, n) = (0, 0) as functions of r (in Å) and θ.
Where �u(A) and �u(B) indicate the displacement vectors of atoms A and B in the (0, 0) unit
cell respectively. For the three modes in this table, ur(B) = ur(A), uφ(B) = −uφ(A),
uz(B) = −uz(A).

is complicated. The frequency of the �er AC mode in SWCNT (Table 4) tends towards zero
with its polarization vector perpendicular to the limiting sheet. This might be interpreted
as a kind of precursor of the flexure mode of graphene. However, at (κ, n) = ±(α, 1) of
SWCNT, the dispersion of the two TA branch is quadratic in κ. It should be noticed that the
parameterization for the coefficient β cannot be extrapolated to r → ∞. This is prohibited by a
kind of symmetry argument that the rod-like tube has two flexure modes with the cylindrical
symmetry while the plate-like graphene sheet breaks the symmetry so as to have only one
flexure mode. There is no way to cross continuously from the former to the latter.
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Vector(θ) fi(r)
R1 (�er AC) ur(A) f0(r) f0(r) = 0.7071 − 0.0028

r2

uφ(A) f1(r) sin 3θ f1(r) = 0.0518
r + 0.0468

r2

uz(A) f1(r) cos 3θ f1(r) =
0.0517

r + 0.0749
r2

R2 (�eφ OP) ur(A) f1(r) sin 3θ f1(r) = − 0.0542
r − 0.0455

r2

uφ(A) f0(r) + f1(r) cos 12θ f0(r) = 0.7056 + 0.0019
r2 , f1(r) = 0.0015 − 0.003

r2

uz(A) f1(r) sin 6θ + f2(r) sin 12θ f1(r) = 0.0656 − 0.0801
r2 , f2(r) = 0.0048 − 0.0112

r2

R3 (�ez OP) ur(A) f1(r) cos 3θ f1(r) = − 0.0447
r − 0.0417

r2

uφ(A) f1(r) sin 6θ + f2(r) sin 12θ f1(r) = −0.0656 + 0.0773
r2 , f2(r) = −0.0048 + 0.0111

r2

uz(A) f0(r) + f1(r) cos 12θ f0(r) = 0.7056 + 0.0019
r2 , f1(r) = 0.0015 − 0.0033

r2

Table 6. Polarization vectors �u ≡ (�u(A),�u(B)) at (κ, n) = (0, 0) as functions of r (in Å) and θ.
Where �u(A) and �u(B) indicate the displacement vectors of atoms A and B in the (0, 0) unit
cell respectively. For the three modes in this table, ur(B) = ur(A), uφ(B) = −uφ(A),
uz(B) = −uz(A).

is complicated. The frequency of the �er AC mode in SWCNT (Table 4) tends towards zero
with its polarization vector perpendicular to the limiting sheet. This might be interpreted
as a kind of precursor of the flexure mode of graphene. However, at (κ, n) = ±(α, 1) of
SWCNT, the dispersion of the two TA branch is quadratic in κ. It should be noticed that the
parameterization for the coefficient β cannot be extrapolated to r → ∞. This is prohibited by a
kind of symmetry argument that the rod-like tube has two flexure modes with the cylindrical
symmetry while the plate-like graphene sheet breaks the symmetry so as to have only one
flexure mode. There is no way to cross continuously from the former to the latter.
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1. Introduction  

The chemical bond strength describes the ability of a chemical bond holding two 
constituting atoms together. Many physical and mechanical properties of a material, such as 
melting point, activation energy of phase transition, tensile and shear strength, and 
hardness, are closely related to the bond strength (Kittle, 2004). However, a universal 
quantification of bond strength in crystal is hard to be performed due to the lack of effective 
microscopic parameters to characterize the bond strength. Usually, different characteristic 
parameters are chosen for different materials. For simple substances and covalent 
compounds, bond strength is correlated to cohesive energy. For ionic crystals, breaking a 
chemical bond means overcoming of the electrostatic interaction between anion and cation, 
which is defined as lattice energy and used to characterize bond strength. Correspondingly, 
several theoretical definitions of chemical bond strength have been proposed, such as 
Pauling’s definition for ionic crystals (Pauling, 1929), orbital scaling for covalent crystals 
(Hultgren, 1932), and two power-law expressions for a variety of materials (Brown & 
Shannon, 1973; Gibbs et al., 2003). These definitions of bond strength are only valid for 
some specific types of crystals, and a generalized model of bond strength has not been 
reached.  
In a crystal, bond strength is an intrinsic property of chemical bond, and is regulated by the 
constitutional atoms as well as the crystal structure. From this viewpoint, bond strength is 
directly determined by the bond length and the shared bonding electrons. Obviously, 
greater bond strength would be expected with shorter bond length. The extent of electron 
sharing, related to the electronegativity difference of bond-forming atoms, is determined by 
the localized electron density in the binding region. It was found that the greater the 
localized electron density, the more the effective bonding electrons, and the stronger the 
bond strength (Gibbs et al., 2003). Most recently, we established a universal semi-empirical 
quantitative scale to describe the strength of chemical bond in crystals (Guo et al., 2009). The 
chemical bond strength is defined as the maximum force that a chemical bond can resist 
under the uniaxial tension along the bond direction which is called tensile unbinding force. 
We found that the bond strength only relies on two parameters, the bond length and 
effectively bonded valence electron number of a chemical bond. 
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1. Introduction  

The chemical bond strength describes the ability of a chemical bond holding two 
constituting atoms together. Many physical and mechanical properties of a material, such as 
melting point, activation energy of phase transition, tensile and shear strength, and 
hardness, are closely related to the bond strength (Kittle, 2004). However, a universal 
quantification of bond strength in crystal is hard to be performed due to the lack of effective 
microscopic parameters to characterize the bond strength. Usually, different characteristic 
parameters are chosen for different materials. For simple substances and covalent 
compounds, bond strength is correlated to cohesive energy. For ionic crystals, breaking a 
chemical bond means overcoming of the electrostatic interaction between anion and cation, 
which is defined as lattice energy and used to characterize bond strength. Correspondingly, 
several theoretical definitions of chemical bond strength have been proposed, such as 
Pauling’s definition for ionic crystals (Pauling, 1929), orbital scaling for covalent crystals 
(Hultgren, 1932), and two power-law expressions for a variety of materials (Brown & 
Shannon, 1973; Gibbs et al., 2003). These definitions of bond strength are only valid for 
some specific types of crystals, and a generalized model of bond strength has not been 
reached.  
In a crystal, bond strength is an intrinsic property of chemical bond, and is regulated by the 
constitutional atoms as well as the crystal structure. From this viewpoint, bond strength is 
directly determined by the bond length and the shared bonding electrons. Obviously, 
greater bond strength would be expected with shorter bond length. The extent of electron 
sharing, related to the electronegativity difference of bond-forming atoms, is determined by 
the localized electron density in the binding region. It was found that the greater the 
localized electron density, the more the effective bonding electrons, and the stronger the 
bond strength (Gibbs et al., 2003). Most recently, we established a universal semi-empirical 
quantitative scale to describe the strength of chemical bond in crystals (Guo et al., 2009). The 
chemical bond strength is defined as the maximum force that a chemical bond can resist 
under the uniaxial tension along the bond direction which is called tensile unbinding force. 
We found that the bond strength only relies on two parameters, the bond length and 
effectively bonded valence electron number of a chemical bond. 
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In the following, the concept of effectively bonded valence electron number of chemical 
bond is introduced and the universal quantification model of chemical bond strength is 
established based on effectively bonded valence electron number and bond length 
exclusively. The correlation between ideal tensile strength and chemical bond strength is 
presented. This model allows a convenience determination of chemical bond strength for a 
variety of materials, ranging from covalent crystals to ionic crystals as well as low 
dimensional materials. Its application to low dimensional materials, such as graphene, h-BN 
sheet, and SWNT, are also presented.   

2. Methodology 
As mentioned in the introduction, the shared bonding electrons in the binding region of two 
bonded atoms plays a vital role in determining the bond strength. To establish an effective 
quantification model of bond strength, we must find a practical way to estimate the 
population of these electrons.  
Considering two atoms, A and B, forming a bond in a crystal, the valence electrons are ZA 
and ZB with coordination numbers of NA and NB, respectively. We first consider a simple 
case where bonded atom pair possesses totally eight valence electrons. The nominal valence 
electrons contributed to the A-B bond are A A An Z N  and B B Bn Z N from atom A and B, 
respectively. Larger localized electron density in the binding region would result in stronger 
bond. However, the bonded electrons localized in the binding region are basically smaller 
than nA or nB. The Mulliken overlap population of a bond from first-principles calculations 
can provide a measurement of the bonded electrons (Mulliken, 1955). For example, the 
calculated population is 0.75 for C-C bonds in diamond and 0.19 for Na-Cl bonds in NaCl 
crystal. While the determination of population greatly depends on the calculation 
formalisms (Segall et al., 1996), it is more convenient to find a parameter, which can be 
easily determined, to serve as an alternative population. Here we propose the effectively 
bonded valence electron (EBVE) number, ABn , of A-B bond in terms of nA and nB as  
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The EBVE numbers of diamond (0.707) and NaCl (0.163) are in good agreement with the 
Mulliken population. Some EBVE numbers of various covalent and ionic crystals are listed 
in our previous publication (Guo et al., 2009) as well as in the following text. 
The ideal A-B bond strength can essentially be defined as an unbinding force of chemical 
bond, and the physical feature of bond strength for solids becomes more apparent and more 
accessible than Pauling’s definition or other above-mentioned energy scales. Previously, the 
power-law behavior of the bond length on bond strength are suggested (Brown & Shannon, 
1973; Gibbs et al., 1998, 2003), and the exponential dependence of the resistance of a bond to 
indenter on the population-related ionicity is emphasized (Gao et al., 2003; He et al., 2005; Li 
et al., 2008; Simunek & Vackar, 2006). These studies have highlighted the role of the bond 
length and valance electrons on the strength of a chemical bond. The chemical bond 
strength, defined as the tensile unbinding force FAB, can then be described quantitatively in 
terms of the bond length dAB and EBVE number nAB with the formalism, 
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where constants C, m, and k can be deduced from first-principles calculations.  
 

 
Fig. 1. Typical crystal structures of a) zincblende, b) wurtzite, and c) rock salt with the 
weakest  tensile directions marked.  

As soon as the tensile unbinding force of a bond is known, the ideal tensile strength of a 
crystal is easily accessible. For simple structural crystals shown in Figure 1, generally, the 
weakest tensile directions, such as 111  of zincblende (ZB), 001  of wurtzite (WZ), and 

001  of rock salt (RS) structures, are parallel to the axes of the bonds to be broken. Thus, 
the ideal tensile strength, hkl , of a crystal along the weakest hkl  direction should be 
correlated with FAB through 
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where hklS  in the unit of m-2 is the number of the broken bonds per unit area on the  hkl  
plane, which has the lowest bond density.  
Alternatively but more time-consumingly, the ideal tensile strength of a crystal can be 
determined from first-principles calculations (Roundy et al., 1999). We acquired the ideal 
tensile strength of a wide variety of covalent and ionic crystals with a single type of 
chemical bond with ZB, WZ, or RS structures from first-principles calculations, for which 
nAB, dAB and Shkl are already known or can be calculated from the experimental values of the 
lattice parameters (Guo et al., 2009). Three parameters, C, m, and k, in Eqn. 3 can be deduced 
using the Levenberg-Marquardt method (Levenberg, 1944; Marquardt, 1963) by fitting Eqn. 
3 with the crystal tensile strength values from first-principles calculations, leading to, 
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The square of correlation coefficient R2 is 0.996 with the mean absolute fractional deviation 
of ~7%, indicating that Eqn. 4 and 5 are accurate enough to estimate σhkl and FAB. 
Up to now, we are considering two bonding atoms, A and B, with totally 8 valence electrons. 
The simple formula for tensile unbinding force should be valid for complicate crystals, such 
as β–Si3N4, α-quartz, and α–Al2O3, where the total valence electrons of two bonding atoms 
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are more than 8. The chemical bonds in these crystals are typical two-electron bond. β–Si3N4 
and α-quartz follow the 8-N rule of structure, where N is the valence electron of an atom and 
8-N is the corresponding coordination number. Since there are one pair of non-bonding 
electrons for N in β–Si3N4 and two pairs of non-bonding electrons for O in β-quartz, nN and 
nO are both equal to 1. In α–Al2O3, The coordination number for Al and O are 6 and 4, 
respectively, leading to nAl of 0.5 and nO of 1.5. It is then straight forward to calculate the 
tensile unbinding force (bond strength) with Eqn. 5 for these crystals.  

3. Results and discussions  
In this section, we will start with the calculation of bond strength in chosen types of 
materials to understand the relationship of bond strength and crystal structure as well as to 
trace the relations between the macroscopic properties and bond strength. We will end this 
section with the bond strength calculations for some low-dimensional materials, such as 
graphene, h-BN sheet, and SWNT, to demonstrate the effectiveness of our semi-empirical 
quantification model to these systems.  

3.1 IV-A semiconductors 
The IV-A semiconductors belong to the family of ANB8-N semiconductors which have similar 
structures under normal conditions and follow similar phase transition rules under high 
pressure (Mujica et al., 2003). The procedure presented next can easily be applied to other 
members of ANB8-N semiconductors.The stable phases of the IV-A materials are graphite, 
diamond structured Si, Ge, and Sn, and a huge variety of polytypic forms of SiC with 
comparable energies such as 3C, 2H, 4H, and 6H. The phase transitions of these materials 
have been itemized previously with fifteen types of crystal structures for IV-A materials 
(Mujica et al., 2003). ZB, WZ, and RS structures are shown in Figure 1. The other 12 
structures are summarized in Figure 2 with the coordination states of the atoms marked. ZB, 
WZ, RS, graphite, and sh (simple hexagonal) are simple with the marked directions parallel 
to the axes of broken bonds. Tensile strength can be calculated for materials crystallized in 
these structures in addition to bond strength. 
Several points need to be mentioned for these complicated structures before we discuss the 
calculation results. Firstly, we give the hexagonal representation instead of the simple 
rhombohedral representation for r8 structure to show the structure more clearly. Secondly, 
Si atoms in Imma structure are eight-fold coordinated while Ge atoms in the same structure 
of are six-fold coordinated (Figure 2f). Thirdly, there are two types of coordination states in 
the most complicated structure Cmca, although these atoms are identical. We denote the 
ten-fold coordinated atoms located at 8d sites with white spheres, and the eleven-fold 
coordinated atoms at 8f sites with gray spheres, as shown in Figure 2g. 
The lattice parameters and the calculated bond strengths are listed in Table I. Except the sh-
Si and sh-Ge, the arithmetic average of the bond length are given in Table I for structures 
with different bond lengths. The bond strength of graphite, diamond, lonsdaleite, ZB-Si, 
WZ-Si, ZB-Ge, ZB-Sn, and ZB-SiC can be referred to our recent publication (Guo et al., 2009).  
The bond strength of the IV-A materials as a function of bond length is presented in Figure 
3. The tensile unbinding forces are unambiguously grouped by distinct nAB values of 0.943, 
0.707, 0.471, 0.354, 0.269, and 0.236, respectively (from top to bottom). As nAB reflects the 
coordination states, a lower value means a higher coordination number. Bond strength of 
sequential structures appearing along the pressure induced phase transitions will leap from 
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the higher line to the next higher one. For instance, the experimental phase transition 
sequence of Si under compression is ZB-Si (nAB=0.707)  -Sn (0.471)  (Immash) (0.354) 
 Cmca (0.269)  (hcpfcc) (0.236). In Figure 3, the bond strength in the same line 
decreases from left to right in the sequence of C-C, Si-C, Si-Si, Ge-Ge, and Sn-Sn except in 
the line of nAB=0.269 where the order for Si-Si and Ge-Ge is reversed. The bond strengths of 
Si-Si and Ge-Ge on other lines are not as distinguishable as those of other bonds. Such an 
anomaly can be explained by the experimental facts that the radii difference of Si and Ge is 
not so significant as other elements (rC=0.062 Å, rSi=1.068 Å, rGe=1.090 Å, rSn=1.240 Å). 
Alternatively, the high transition pressure makes the bond length of Ge comparable to that 
of Si or even shorter, reminiscent of Cmca (nAB=0.269). Briefly, the bond strength of the 
chemical bond in this type of materials is determined by the coordination number: the lower 
the coordination number, the higher the bond strength.  
 

 
Fig. 2. Crystal structures of IV-A compounds without those in Figure 1. a) Graphite, b) sh, c) 
bc8, d) r8-h, e) β-Sn, f) Imma, g) Cmca, h) fcc, i) hcp, j) st12, k) bcc, and l) bct. 
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are more than 8. The chemical bonds in these crystals are typical two-electron bond. β–Si3N4 
and α-quartz follow the 8-N rule of structure, where N is the valence electron of an atom and 
8-N is the corresponding coordination number. Since there are one pair of non-bonding 
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Several points need to be mentioned for these complicated structures before we discuss the 
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Si atoms in Imma structure are eight-fold coordinated while Ge atoms in the same structure 
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Table 1. Lattice parameters and bond strength of IV-A semiconductors. 
 

 
Fig. 3. Bond strength FABtheor vs. dAB for IV-A compounds. 

Bond Crystal Space 
Group a (Å) b (Å) c (Å) d (Å) nA nB nAB FAB (nN) 

Si-Si bc8 3Ia  6.636   2.370 1 1 0.707 2.89 
Si-Si r8 3R  9.125  5.447 2.319 1 1 0.707 2.98 
Si-Si -Sn I41/amd 4.686  2.585 2.475 0.667 0.667 0.471 1.14 
Si-Si sh P6/mmm 2.549  2.383 2.549 0.5 0.5 0.354 0.71 

      2.383 0.5 0.5 0.354 0.78 
Si-Si Imma Imma 4.737 4.502 2.55 2.462 0.5 0.5 0.354 0.74 
Si-Si Cmca Cmca 8.024 4.796 4.776 2.491 0.4 0.364 0.269 0.54 
Si-Si fcc 3Fm m  3.34   2.362 0.333 0.333 0.236 0.51 
Si-Si hcp P63/mmc 2.404  4.063 2.437 0.333 0.333 0.236 0.49 

Ge-Ge st12 P43212 5.93  6.98 2.485 1 1 0.707 2.72 
Ge-Ge bc8 3Ia  6.658   2.393 1 1 0.707 2.85 
Ge-Ge Imma Imma 4.931 4.913 2.594 2.562 0.667 0.667 0.471 1.09 
Ge-Ge -Sn I41/amd 4.959  2.746 2.631 0.667 0.667 0.471 1.05 
Ge-Ge sh P6/mmm 2.657  2.556 2.657 0.5 0.5 0.354 0.67 

      2.556 0.5 0.5 0.354 0.71 
Ge-Ge Cmca Cmca 7.886 4.656 4.667 2.430 0.4 0.364 0.269 0.55 
Ge-Ge hcp P63/mmc 2.776  4.573 2.793 0.333 0.333 0.236 0.41 
Sn-Sn -Sn I41/amd 5.833  3.182 3.076 0.667 0.667 0.471 0.86 
Sn-Sn bcc Im 3m  3.287   2.847 0.5 0.5 0.354 0.61 
Sn-Sn bct I4/mmm 3.7  3.37 3.112 0.5 0.5 0.354 0.55 
Si-C 4H P63mc 3.079  10.073 1.894 1 1 0.707 3.89 
Si-C RS 3Fm m  4.001   2.001 0.667 0.667 0.471 1.51 
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3.2 ANB8-N ionic crystals  
Our simple model for chemical bond strength can easily be applied to ionic crystals, just like 
the above considered pure covalent and polar covalent ANB8-N materials (Guo et al., 2009). 
The elemental combinations of IA-VIIA, IB-VIIA, and IIA (except Be)-VIA tend to form ionic 
crystals. The typical structures of ionic ANB8-N materials are RS and CsCl. ZB and WZ 
structures are also founded for some IB-VIIA crystals (Shindo et al., 1965). These four 
structures have been presented in Figure 1 and 2. Other structures, such as 3R m  (H) (Hull 
& Keen, 1994), P3m1 (Sakuma, 1988), P4/nmm (Liu, 1971), P21/m and  Cmcm (Hull & Keen, 
1999), can also be found in I-VIIA and IIA-VIA compounds and are shown in Figure 4. The 
concrete coordination state of each atom in these five structures is clearly shown. The 
distance between the two neighboring iodine atoms in P3m1-structured CuI is 4.353 Å. 
Consequently, this compound has a lamellar structure, significantly different from other 
dense structures.   
 

 
Fig. 4. Crystal structures of ionic AB compounds. a) P3m1, b) P4/nmm, c) P21/m, d) Cmcm, 
and e) 3R m . 

In our previous work, the bond strength and uniaxial tensile strength of ten types of rocksalt 
structured compounds has been calculated (Guo et al., 2009). Crystal parameters and 
calculated bond strength of other ionic AB compounds are shown in Table 2. For the high 
pressure phases, the lattice parameters are given under compression. For the monoclinic 
structures of P21/m-structured AgCl, AgBr and AgI,  angles are 98.4, 95.9, and 98.4, 
respectively. The unbinding tensile force versus bond length for I-VIIA and IIA-VIA 
compounds listed in Table 2 together with those given in previous work is shown in Figure 
5. The bond strength of seventy six chemical bonds locates on seven parallel lines from top 
to the bottom with decreasing nAB values.  

3.3 III-VI crystals 
Next step is to treat complicate crystals of AmBn with our semi-empirical quantification 
model of bond strength. We have discussed the most familiar compounds of β–Si3N4, α-
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calculated bond strength of other ionic AB compounds are shown in Table 2. For the high 
pressure phases, the lattice parameters are given under compression. For the monoclinic 
structures of P21/m-structured AgCl, AgBr and AgI,  angles are 98.4, 95.9, and 98.4, 
respectively. The unbinding tensile force versus bond length for I-VIIA and IIA-VIA 
compounds listed in Table 2 together with those given in previous work is shown in Figure 
5. The bond strength of seventy six chemical bonds locates on seven parallel lines from top 
to the bottom with decreasing nAB values.  

3.3 III-VI crystals 
Next step is to treat complicate crystals of AmBn with our semi-empirical quantification 
model of bond strength. We have discussed the most familiar compounds of β–Si3N4, α-
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quartz, and α–Al2O3 in Section 2. The material members in this group are tremendous. Here 
only typical materials with the chemical composition of A2B3 (IIIA-VIA) are chosen for a 
demonstration. The crystal structures of the compounds as shown in Figure 6 are so 
complicated that sometimes identical atoms in the same structure have different 
coordination numbers. The nominal bonding valence electrons of atoms with lower 
electronegativity are equal to the numbers of outmost electrons, while the determination of 
the nominal bonding valence electrons of atoms with greater electronegativity is usually 
challenging.  
 

 
Fig. 5. Bond strength FABtheor vs. dAB for ionic AB compounds. 

For B2O3 of P3121 and B2S3 of lamellar P21/c, all B atoms are three-fold coordinated with O 
(S) atoms which are bonded to two B atoms. Considering the sp hybridization character of O 
atoms, the bonding valence electrons of O atoms are set to two. The situation differs from 
the Cmc2-structured B2O3 where B atoms are four-fold coordinated (Prewitt & Shannon, 
1968). In this structure, one third of the O atoms are two-fold coordinated and the other two 
thirds are three-fold coordinated. For the three-fold coordinated O atoms, the nominal 
bonding valence electrons number is set to four due to the sp2 hybridized orbital. While for 
the two-fold coordinated O atoms, only two nominal valence electrons are considered in 
bonding states and the other four stay at non-bonding states. In the case of Al2S3 with P61 
symmetry, one fourth of Al atoms are six-fold coordinated (AlVI) and other three fourths are 
four-fold coordinated (AlIV), and all S atoms are three-fold coordinated with two AlVI atoms 
and one AlIV atom (Krebs et al., 1993).  
Next structure is Cc for Ga2Se3 where Ga atoms are four-fold coordinated, one-third of Se 
atoms are two-fold coordinated and the other two thirds are three-fold coordinated with the 
nominal bonding valence electrons of 2 and 4, respectively (Lübbers & Leute, 1982). For 
In2O3 with 3R c  symmetry, the coordination number of In and O atoms are six and four, 
respectively (Prewitt et al., 1969). The C2/m-structured Ga2O3 is even more 
complicated(Ahman et al., 1996). Half of the Ga atoms are four-fold coordinated (GaIV) 
while the others six-fold coordinated (GaVI). O atoms in this structure are rather 
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complicated: one third of O atoms are four-fold coordinated to three GaVI atoms and one 
GaIV atom, another one third are three-fold coordinated to two GaVI atoms and one GaIV atom, 
and the last one third are three-fold coordinated to one GaVI atoms and two GaIV atom.  
The lattice parameters, bond lengths, and bond strength are listed in Table 3. Most of the 
chemical bonds are two-electron bond. The bond strength versus bond length for these A2B3 
and A3B4 compounds are shown in Figure 7 together with the data for Al2O3, -C3N4 and -
Si3N4 from the previous work (Guo et al., 2009). Bond strength of the sixteen chemical bonds 
falls on seven parallel lines. Among all the two-electron bonds, the B-O bonds in P3121-
structured B2O3 exhibit the greatest unbinding tensile strength, even higher than that of C-C 
bond in diamond. 
 

Bond Crystal Space 
group a (Å) b (Å) c (Å) d (Å) nA nB nAB FAB 

(nN) 
Cu-F ZB 43F m  4.255   1.842 0.25 1.75 0.247 0.74 
Cu-Cl ZB 43F m  5.406   2.341 0.25 1.75 0.247 0.54 
Cu-Cl WZ P63mc 3.910  6.420 2.399 0.25 1.75 0.247 0.52 
Cu-Cl sc16 3Pa  6.310   2.284 0.25 1.75 0.247 0.55 
Cu-Cl RS 3Fm m  4.929   2.465 0.167 1.167 0.165 0.37 
Cu-Br ZBr 43F m  5.691   2.464 0.25 1.75 0.247 0.50 
Cu-Br WZ P63mc 4.060  6.660 2.498 0.25 1.75 0.247 0.49 
Cu-Br sc16 3Pa  6.738   2.442 0.25 1.75 0.247 0.51 
Cu-Br RS 3Fm m  5.17   2.585 0.167 1.167 0.165 0.35 
Cu-I ZB 43F m  6.604   2.860 0.25 1.75 0.247 0.41 
Cu-I WZ P63mc 4.310 7.090 2.659 0.25 1.75 0.247 0.45 
Cu-I P3m1 P3m1 4.279 7.17 2.644 0.25 1.75 0.247 0.46 
Cu-I 3R m  3R m  4.155  20.48 2.648 0.25 1.75 0.247 0.46 
Cu-I RS 3Fm m  6.121   3.061 0.167 1.167 0.165 0.28 
Ag-F RS 3Fm m  4.920   2.460 0.167 1.167 0.165 0.37 
Ag-Cl RS 3Fm m  5.546   2.773 0.167 1.167 0.165 0.32 
Ag-Cl P21/m P21/m 3.587 3.992 5.307 2.700 0.167 1.167 0.165 0.33 
Ag-Cl Cmcm Cmcm 3.399 10.124 4.023 2.747 0.143 1 0.141 0.29 
Ag-Br RS 3Fm m  5.780   2.890 0.167 1.167 0.165 0.30 
Ag-Br P21/m P21/m 3.821 3.98 5.513 2.798 0.167 1.167 0.165 0.31 
Ag-I ZB 43F m  6.499   2.814 0.25 1.75 0.247 0.42 
Ag-I WZ P63mc 4.580  7.494 2.810 0.25 1.75 0.247 0.42 
Ag-I RS 3Fm m  6.034   3.017 0.167 1.167 0.165 0.28 
Ag-I P21/m P21/m 4.056 4.057 5.615 2.927 0.167 1.167 0.165 0.29 
Ag-I CsCl 3Pm m  4.31   3.733 0.125 0.875 0.124 0.18 
Li-Cl RS 3Fm m  5.130   2.565 0.167 1.167 0.165 0.35 
Li-I RS 3Fm m  6.031   3.016 0.167 1.167 0.165 0.28 
Li-I NiAs P63/mmc 4.48 7.26 3.160 0.167 1.167 0.165 0.27 
K-F RS 3Fm m  5.344   2.672 0.167 1.167 0.165 0.33 
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quartz, and α–Al2O3 in Section 2. The material members in this group are tremendous. Here 
only typical materials with the chemical composition of A2B3 (IIIA-VIA) are chosen for a 
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the Cmc2-structured B2O3 where B atoms are four-fold coordinated (Prewitt & Shannon, 
1968). In this structure, one third of the O atoms are two-fold coordinated and the other two 
thirds are three-fold coordinated. For the three-fold coordinated O atoms, the nominal 
bonding valence electrons number is set to four due to the sp2 hybridized orbital. While for 
the two-fold coordinated O atoms, only two nominal valence electrons are considered in 
bonding states and the other four stay at non-bonding states. In the case of Al2S3 with P61 
symmetry, one fourth of Al atoms are six-fold coordinated (AlVI) and other three fourths are 
four-fold coordinated (AlIV), and all S atoms are three-fold coordinated with two AlVI atoms 
and one AlIV atom (Krebs et al., 1993).  
Next structure is Cc for Ga2Se3 where Ga atoms are four-fold coordinated, one-third of Se 
atoms are two-fold coordinated and the other two thirds are three-fold coordinated with the 
nominal bonding valence electrons of 2 and 4, respectively (Lübbers & Leute, 1982). For 
In2O3 with 3R c  symmetry, the coordination number of In and O atoms are six and four, 
respectively (Prewitt et al., 1969). The C2/m-structured Ga2O3 is even more 
complicated(Ahman et al., 1996). Half of the Ga atoms are four-fold coordinated (GaIV) 
while the others six-fold coordinated (GaVI). O atoms in this structure are rather 
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complicated: one third of O atoms are four-fold coordinated to three GaVI atoms and one 
GaIV atom, another one third are three-fold coordinated to two GaVI atoms and one GaIV atom, 
and the last one third are three-fold coordinated to one GaVI atoms and two GaIV atom.  
The lattice parameters, bond lengths, and bond strength are listed in Table 3. Most of the 
chemical bonds are two-electron bond. The bond strength versus bond length for these A2B3 
and A3B4 compounds are shown in Figure 7 together with the data for Al2O3, -C3N4 and -
Si3N4 from the previous work (Guo et al., 2009). Bond strength of the sixteen chemical bonds 
falls on seven parallel lines. Among all the two-electron bonds, the B-O bonds in P3121-
structured B2O3 exhibit the greatest unbinding tensile strength, even higher than that of C-C 
bond in diamond. 
 

Bond Crystal Space 
group a (Å) b (Å) c (Å) d (Å) nA nB nAB FAB 

(nN) 
Cu-F ZB 43F m  4.255   1.842 0.25 1.75 0.247 0.74 
Cu-Cl ZB 43F m  5.406   2.341 0.25 1.75 0.247 0.54 
Cu-Cl WZ P63mc 3.910  6.420 2.399 0.25 1.75 0.247 0.52 
Cu-Cl sc16 3Pa  6.310   2.284 0.25 1.75 0.247 0.55 
Cu-Cl RS 3Fm m  4.929   2.465 0.167 1.167 0.165 0.37 
Cu-Br ZBr 43F m  5.691   2.464 0.25 1.75 0.247 0.50 
Cu-Br WZ P63mc 4.060  6.660 2.498 0.25 1.75 0.247 0.49 
Cu-Br sc16 3Pa  6.738   2.442 0.25 1.75 0.247 0.51 
Cu-Br RS 3Fm m  5.17   2.585 0.167 1.167 0.165 0.35 
Cu-I ZB 43F m  6.604   2.860 0.25 1.75 0.247 0.41 
Cu-I WZ P63mc 4.310 7.090 2.659 0.25 1.75 0.247 0.45 
Cu-I P3m1 P3m1 4.279 7.17 2.644 0.25 1.75 0.247 0.46 
Cu-I 3R m  3R m  4.155  20.48 2.648 0.25 1.75 0.247 0.46 
Cu-I RS 3Fm m  6.121   3.061 0.167 1.167 0.165 0.28 
Ag-F RS 3Fm m  4.920   2.460 0.167 1.167 0.165 0.37 
Ag-Cl RS 3Fm m  5.546   2.773 0.167 1.167 0.165 0.32 
Ag-Cl P21/m P21/m 3.587 3.992 5.307 2.700 0.167 1.167 0.165 0.33 
Ag-Cl Cmcm Cmcm 3.399 10.124 4.023 2.747 0.143 1 0.141 0.29 
Ag-Br RS 3Fm m  5.780   2.890 0.167 1.167 0.165 0.30 
Ag-Br P21/m P21/m 3.821 3.98 5.513 2.798 0.167 1.167 0.165 0.31 
Ag-I ZB 43F m  6.499   2.814 0.25 1.75 0.247 0.42 
Ag-I WZ P63mc 4.580  7.494 2.810 0.25 1.75 0.247 0.42 
Ag-I RS 3Fm m  6.034   3.017 0.167 1.167 0.165 0.28 
Ag-I P21/m P21/m 4.056 4.057 5.615 2.927 0.167 1.167 0.165 0.29 
Ag-I CsCl 3Pm m  4.31   3.733 0.125 0.875 0.124 0.18 
Li-Cl RS 3Fm m  5.130   2.565 0.167 1.167 0.165 0.35 
Li-I RS 3Fm m  6.031   3.016 0.167 1.167 0.165 0.28 
Li-I NiAs P63/mmc 4.48 7.26 3.160 0.167 1.167 0.165 0.27 
K-F RS 3Fm m  5.344   2.672 0.167 1.167 0.165 0.33 
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Table 2. Lattice parameters and bond strength of AB ionic compounds. 

K-Cl CsCl 3Pm m  3.634   3.147 0.125 0.875 0.124 0.23 
K-Br RS 3Fm m  6.585   3.293 0.167 1.167 0.165 0.25 
K-I RS 3Fm m  7.049   3.525 0.167 1.167 0.165 0.23 
K-I CsCl 3Pm m  3.94   3.412 0.125 0.875 0.124 0.21 

Rb-F RS 3Fm m  5.73   2.865 0.167 1.167 0.165 0.30 
Rb-F CsCl 3Pm m  3.29   2.849 0.125 0.875 0.124 0.26 
Rb-Cl CsCl 3Pm m  3.82   3.308 0.125 0.875 0.124 0.22 
Rb-Br RS 3Fm m  6.855   3.428 0.167 1.167 0.165 0.24 
Rb-Br CsCl 3Pm m  4.24   3.672 0.125 0.875 0.124 0.19 
Rb-I RS 3Fm m  7.329   3.665 0.167 1.167 0.165 0.22 
Rb-I CsCl 3Pm m  4.34   3.759 0.125 0.875 0.124 0.18 
Cs-F RS 3Fm m  6.030   3.015 0.167 1.167 0.165 0.28 
Cs-F CsCl 3Pm m  3.39   2.936 0.125 0.875 0.124 0.25 
Cs-Cl RS 3Fm m  7.095   3.548 0.167 1.167 0.165 0.23 
Cs-Cl Cs 3Pm m  4.115   3.564 0.125 0.875 0.124 0.20 
Cs-Br RS 3Fm m  7.253   3.627 0.167 1.167 0.165 0.22 
Cs-Br CsCl 3Pm m  4.296   3.720 0.125 0.875 0.124 0.18 
Cs-I RS 3Fm m  7.631   3.816 0.167 1.167 0.165 0.21 
Cs-I CsCl 3Pm m  4.568   3.956 0.125 0.875 0.124 0.17 

Mg-Se RS 3Fm m  5.463   2.732 0.333 1 0.316 0.56 
Mg-Te WZ P63mc 4.53  7.35 2.756 0.5 1.5 0.474 1.00 
Ca-S RS 3Fm m  5.689   2.845 0.333 1 0.316 0.54 
Ca-Se RS 3Fm m  5.916   2.958 0.333 1 0.316 0.51 
Ca-Te RS 3Fm m  6.348   3.174 0.333 1 0.316 0.46 
Ca-Te CsCl 3Pm m  3.387   2.933 0.25 0.75 0.237 0.38 
Sr-O RS 3Fm m  5.134   2.567 0.333 1 0.316 0.61 
Sr-S RS 3Fm m  6.023   3.012 0.333 1 0.316 0.50 
Sr-S CsCl 3Pm m  3.372   2.920 0.25 0.75 0.237 0.39 
Sr-Se RS 3Fm m  6.243   3.122 0.333 1 0.316 0.47 
Sr-Te RS 3Fm m  6.659   3.330 0.333 1 0.316 0.44 
Sr-Te CsCl 3Pm m  3.708   3.211 0.25 0.75 0.237 0.34 
Ba-O P4/nmm P4/nmm 4.397  3.196 2.73 0.25 0.75 0.237 0.42 
Ba-S RS 3Fm m  6.387   3.194 0.333 1 0.316 0.46 
Ba-Se RS 3Fm m  6.593   3.297 0.333 1 0.316 0.44 
Ba-Se CsCl 3Pm m  3.795   3.287 0.25 0.75 0.237 0.33 
Ba-Te Rs 3Fm m  6.830   3.415 0.333 1 0.316 0.42 
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Fig. 6. Crystal structures of typical A2B3 and A3B4 compounds. White and gray spheres 
correspond to elements with higher and lower electronegativity, respectively. a) P3121, b) 
Cmc21, c) P21/c, d) P61, e) C2/m, f) Cc, g) P3, and h) 3R c . 

An extensive analysis of the ANB8-N materials will give twenty-four nAB values, some of them 
has been shown in this work. The highest two are 0.943 and 0.856 occurring for three-fold 
coordinated C-C bond in graphite and three-fold coordinated B-N bond in h-BN, 
respectively. The common feature of these two bonds is more than two nominal valence 
electrons distributed on the bond, that is to say the bond order of them is higher than 1. The 
high bonded valence electron number makes them the strongest bonds to resist tensile force 
along the direction parallel to the axes of the bond. The next highest nAB of 0.707 is from the 
four-fold coordinated two-electron bond where each atom contributes one valence electron 
to the bond, following by 0.643, 0.589, 0.530, 0.474, 0.471 and so on in the sequence. The 
lowest nAB value is 0.124 corresponds to the Ag-I bond in the 3Pm m -structured AgI.  
Generally, lower coordination number results in higher bonded valence electron number, 
especially when the valence electron numbers of bonded atoms is the same. However, this 
argument does not hold when the valence electron numbers are different. For example, the 
Si atoms forming Si-Si bond in hcp- and fcc-structured Si are twelve-fold coordinated, which 
is the highest among the chemical bonds discussed above. The bonded valence electron 
number nAB of these Si-Si bonds are 0.236, higher than the six-fold coordinated I-VIIA bonds 
(0.165), seven-fold coordinated I-VIIA bonds (0.141), and eight-fold coordinated I-VIIA 
bonds (0.124). It should be emphasized that the lines denoted with the same nAB in different 



 
Graphene Simulation 

 

220 

Table 2. Lattice parameters and bond strength of AB ionic compounds. 

K-Cl CsCl 3Pm m  3.634   3.147 0.125 0.875 0.124 0.23 
K-Br RS 3Fm m  6.585   3.293 0.167 1.167 0.165 0.25 
K-I RS 3Fm m  7.049   3.525 0.167 1.167 0.165 0.23 
K-I CsCl 3Pm m  3.94   3.412 0.125 0.875 0.124 0.21 

Rb-F RS 3Fm m  5.73   2.865 0.167 1.167 0.165 0.30 
Rb-F CsCl 3Pm m  3.29   2.849 0.125 0.875 0.124 0.26 
Rb-Cl CsCl 3Pm m  3.82   3.308 0.125 0.875 0.124 0.22 
Rb-Br RS 3Fm m  6.855   3.428 0.167 1.167 0.165 0.24 
Rb-Br CsCl 3Pm m  4.24   3.672 0.125 0.875 0.124 0.19 
Rb-I RS 3Fm m  7.329   3.665 0.167 1.167 0.165 0.22 
Rb-I CsCl 3Pm m  4.34   3.759 0.125 0.875 0.124 0.18 
Cs-F RS 3Fm m  6.030   3.015 0.167 1.167 0.165 0.28 
Cs-F CsCl 3Pm m  3.39   2.936 0.125 0.875 0.124 0.25 
Cs-Cl RS 3Fm m  7.095   3.548 0.167 1.167 0.165 0.23 
Cs-Cl Cs 3Pm m  4.115   3.564 0.125 0.875 0.124 0.20 
Cs-Br RS 3Fm m  7.253   3.627 0.167 1.167 0.165 0.22 
Cs-Br CsCl 3Pm m  4.296   3.720 0.125 0.875 0.124 0.18 
Cs-I RS 3Fm m  7.631   3.816 0.167 1.167 0.165 0.21 
Cs-I CsCl 3Pm m  4.568   3.956 0.125 0.875 0.124 0.17 

Mg-Se RS 3Fm m  5.463   2.732 0.333 1 0.316 0.56 
Mg-Te WZ P63mc 4.53  7.35 2.756 0.5 1.5 0.474 1.00 
Ca-S RS 3Fm m  5.689   2.845 0.333 1 0.316 0.54 
Ca-Se RS 3Fm m  5.916   2.958 0.333 1 0.316 0.51 
Ca-Te RS 3Fm m  6.348   3.174 0.333 1 0.316 0.46 
Ca-Te CsCl 3Pm m  3.387   2.933 0.25 0.75 0.237 0.38 
Sr-O RS 3Fm m  5.134   2.567 0.333 1 0.316 0.61 
Sr-S RS 3Fm m  6.023   3.012 0.333 1 0.316 0.50 
Sr-S CsCl 3Pm m  3.372   2.920 0.25 0.75 0.237 0.39 
Sr-Se RS 3Fm m  6.243   3.122 0.333 1 0.316 0.47 
Sr-Te RS 3Fm m  6.659   3.330 0.333 1 0.316 0.44 
Sr-Te CsCl 3Pm m  3.708   3.211 0.25 0.75 0.237 0.34 
Ba-O P4/nmm P4/nmm 4.397  3.196 2.73 0.25 0.75 0.237 0.42 
Ba-S RS 3Fm m  6.387   3.194 0.333 1 0.316 0.46 
Ba-Se RS 3Fm m  6.593   3.297 0.333 1 0.316 0.44 
Ba-Se CsCl 3Pm m  3.795   3.287 0.25 0.75 0.237 0.33 
Ba-Te Rs 3Fm m  6.830   3.415 0.333 1 0.316 0.42 

Universal Quantification of Chemical Bond 
Strength and Its Application to Low Dimensional Materials 

 

221 

 
Fig. 6. Crystal structures of typical A2B3 and A3B4 compounds. White and gray spheres 
correspond to elements with higher and lower electronegativity, respectively. a) P3121, b) 
Cmc21, c) P21/c, d) P61, e) C2/m, f) Cc, g) P3, and h) 3R c . 

An extensive analysis of the ANB8-N materials will give twenty-four nAB values, some of them 
has been shown in this work. The highest two are 0.943 and 0.856 occurring for three-fold 
coordinated C-C bond in graphite and three-fold coordinated B-N bond in h-BN, 
respectively. The common feature of these two bonds is more than two nominal valence 
electrons distributed on the bond, that is to say the bond order of them is higher than 1. The 
high bonded valence electron number makes them the strongest bonds to resist tensile force 
along the direction parallel to the axes of the bond. The next highest nAB of 0.707 is from the 
four-fold coordinated two-electron bond where each atom contributes one valence electron 
to the bond, following by 0.643, 0.589, 0.530, 0.474, 0.471 and so on in the sequence. The 
lowest nAB value is 0.124 corresponds to the Ag-I bond in the 3Pm m -structured AgI.  
Generally, lower coordination number results in higher bonded valence electron number, 
especially when the valence electron numbers of bonded atoms is the same. However, this 
argument does not hold when the valence electron numbers are different. For example, the 
Si atoms forming Si-Si bond in hcp- and fcc-structured Si are twelve-fold coordinated, which 
is the highest among the chemical bonds discussed above. The bonded valence electron 
number nAB of these Si-Si bonds are 0.236, higher than the six-fold coordinated I-VIIA bonds 
(0.165), seven-fold coordinated I-VIIA bonds (0.141), and eight-fold coordinated I-VIIA 
bonds (0.124). It should be emphasized that the lines denoted with the same nAB in different 
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figures are the same line, for instance, 0.707 in Figure 3 and 7, 0.474 in Figure 5 and 7. As 
long as the chemical bonds have the same nAB, they will lie on the same line, and bond 
strength depends strictly on the bonded valence electron number nAB. The relation of 
coordination number and nAB therefore means that a lower coordination number 
corresponds to higher bond strength. 
 

Crystal Bond Space 
group a (Å) b (Å) c (Å) d (Å) nA nB nAB FAB 

(nN) 
B2O3 B-O P3121 4.336  8.340 1.368 1 1 0.707 5.97 
B2O3 B-OIII Cmc2 7.803 4.613 4.129 1.508 0.75 1.333 0.654 4.31 

 B-OII     1.373 0.75 1 0.6 4.00 
B2S3 B-S P21/c 4.039 10.722 18.620 1.794 1 1 0.707 4.18 
Al2S3 AlV-S P61 6.491  17.169 2.376 0.6 1.333 0.547 1.59 

 AlIV-S     2.248 0.75 1.333 0.654 2.54 
Ga2O3 GaVI-OIV C2/m 12.21 3.037 2.798 2.040 0.5 1.5 0.474 1.49 

 GaVI-OIII     1.936 0.5 1.333 0.468 1.56 
 GaIV-OIV     1.863 0.75 1.5 0.671 3.47 
 GaIV-OIII     1.833 0.75 1.333 0.654 3.33 

Ga2Se3 Ga-SeIII Cc 6.661 11.652 6.649 2.364 0.75 1.333 0.654 2.38 
 Ga-SeII     2.365 0.75 1 0.6 1.95 

In2O3 In-O 3R c  5.487  14.510 2.187 0.5 1.5 0.474 1.36 

Table 3. Crystal parameters, bond length, and bond strength of A2B3 compounds. 

 

 
 

Fig. 7. Bond strength FABtheor vs. dAB for typical A2B3 and A3B4 compounds 
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3.4 Low dimensional systems 
We now apply our semi-empirical model to evaluate the theoretical tensile strength of the 
low dimensional systems, such as graphene, h-BN sheet, SWNT. As we mentioned before, 
the highest effective bonded valence electron numbers of 0.943 and 0.856 occur for three-fold 
coordinated C-C bond in graphite and three-fold coordinated B-N bond in h-BN, 
respectively. This is consistent with the argument that the sp2 hybridized C-C bond in 
graphite is the strongest chemical bond (Coulson, 1952). Recently, graphene, a single atomic 
layer of graphite, has stirred enormous research interests owning to its exceptionally high 
crystallinity and electronic quality, as well as a fertile ground for applications (Geim & 
Novoselov, 2007). Experimentally, the mechanical properties of graphene have been 
identified with atomic force microscope (AFM) nanoindentation, giving a tensile strength of 
130 GPa (Lee et al., 2008). Here we predict the theoretical tensile strength 10

theor of graphene 
in <10> direction using the present model as follows 
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where R is the thickness of graphene taken as the interlayer separation 3.4 Å of graphite. Fcc 
and dcc values are listed in Table 4 for graphene and other low dimensional systems. The 
theoretical tensile strength obtained is 162.7 GPa in the <10> direction, 20% higher than the 
experimental value.  
Whilst graphene has a great application potential in microelectronics, hexagonal boron nitride 
(h-BN) sheets can find uses as an effective insulator in graphene based electronics. The 
mechanic properties of h-BN sheets have recently been investigated. With an elastic constant 
(E2D) of 292 Nm-1, a breaking strain of 0.22, and a thickness of 0.33 nm for a single atomic layer 
of h-BN (Song et al., 2010), the tensile strength can be deduce to be 97 GPa with the procedure 
suggested for graphene (Lee et al., 2008). Accordingly, the theoretical tensile strength of h-BN 
in the <10> direction can be calculated with our semi-empirical model, giving a value of 117 
GPa, which is in good agreement with the experimental deduced value.  
Carbon nanotube (CNT), with the same covalent sp2 bonds formed between individual 
carbon atoms as graphen, is one of the strongest and stiffest materials. Direct tensile testing 
of individual tubes is challenging due to their small size (10 nm or less in diameter). There 
are several experimental efforts on the mechanical properties of CNT (Yu et al., 2000; 
Demczyk et al., 2002; Ding et al., 2006; Barber et al., 2005). However, the reported failure 
stress values display a large variance and are well below the theoretical predicted values in 
most cases (Ozaki et al., 2000; Mielke et al., 2004), which are attributed to the large number 
of defects presented on the nanotubes. Accurate measurements of tensile strength require 
high-quality CNT with well-defined sample parameters, as well as the elimination of 
measurement uncertainties. Notwithstanding, for zigzag single wall nanotube (SWNT), the 
theoretical tensile strength along the axial direction can be predicted with our simple model as, 
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where Dep is the diameter of selected nanotube and n is the first index of the chiral vector (n, 
m) for nanotubes. The theoretical tensile strength of C (10, 0), SiC (10, 0), BN (10, 0), and AlN 
(10, 0) SWNTs are listed in Table 4.  
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figures are the same line, for instance, 0.707 in Figure 3 and 7, 0.474 in Figure 5 and 7. As 
long as the chemical bonds have the same nAB, they will lie on the same line, and bond 
strength depends strictly on the bonded valence electron number nAB. The relation of 
coordination number and nAB therefore means that a lower coordination number 
corresponds to higher bond strength. 
 

Crystal Bond Space 
group a (Å) b (Å) c (Å) d (Å) nA nB nAB FAB 

(nN) 
B2O3 B-O P3121 4.336  8.340 1.368 1 1 0.707 5.97 
B2O3 B-OIII Cmc2 7.803 4.613 4.129 1.508 0.75 1.333 0.654 4.31 

 B-OII     1.373 0.75 1 0.6 4.00 
B2S3 B-S P21/c 4.039 10.722 18.620 1.794 1 1 0.707 4.18 
Al2S3 AlV-S P61 6.491  17.169 2.376 0.6 1.333 0.547 1.59 

 AlIV-S     2.248 0.75 1.333 0.654 2.54 
Ga2O3 GaVI-OIV C2/m 12.21 3.037 2.798 2.040 0.5 1.5 0.474 1.49 

 GaVI-OIII     1.936 0.5 1.333 0.468 1.56 
 GaIV-OIV     1.863 0.75 1.5 0.671 3.47 
 GaIV-OIII     1.833 0.75 1.333 0.654 3.33 

Ga2Se3 Ga-SeIII Cc 6.661 11.652 6.649 2.364 0.75 1.333 0.654 2.38 
 Ga-SeII     2.365 0.75 1 0.6 1.95 

In2O3 In-O 3R c  5.487  14.510 2.187 0.5 1.5 0.474 1.36 

Table 3. Crystal parameters, bond length, and bond strength of A2B3 compounds. 
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3.4 Low dimensional systems 
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respectively. This is consistent with the argument that the sp2 hybridized C-C bond in 
graphite is the strongest chemical bond (Coulson, 1952). Recently, graphene, a single atomic 
layer of graphite, has stirred enormous research interests owning to its exceptionally high 
crystallinity and electronic quality, as well as a fertile ground for applications (Geim & 
Novoselov, 2007). Experimentally, the mechanical properties of graphene have been 
identified with atomic force microscope (AFM) nanoindentation, giving a tensile strength of 
130 GPa (Lee et al., 2008). Here we predict the theoretical tensile strength 10
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are several experimental efforts on the mechanical properties of CNT (Yu et al., 2000; 
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stress values display a large variance and are well below the theoretical predicted values in 
most cases (Ozaki et al., 2000; Mielke et al., 2004), which are attributed to the large number 
of defects presented on the nanotubes. Accurate measurements of tensile strength require 
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Bond Material Dep 
(Å) 

DAB 
(Å) nA nB nAB FABtheor 

(nN) 
theor 

(GPa) 

C-C Graphene 01  1.419 1.333 1.333 0.943 13.6 162.7 

B-N h-BN sheet 01  1.446 1 1.667 0.857 9.65 117 

C-C C (10,0) 7.91 1.42 1.333 1.333 0.943 13.6 161.0 
Si-C SiC (10,0) 9.95 1.80 1.333 1.333 0.943 9.94 93.6 
B-N BN (10,0) 8.11 1.45 1 1.667 0.857 9.65 111.4 
Al-N AlN (10,0) 10.33 1.83 1 1.667 0.857 7.10 64.3 

Table 4. Parameters, calculated bond strength, and tensile strength for selected low 
dimensional systems. 

Before we end this section, there is one last point need to be mentioned regarding to the 
dependence of the tensile strength on the direction of the applied tensile stress. A tensile 
stress tilted away from the axis of a chemical bond would generate a shear component with 
respect to the bond, and we cannot perform the tensile strength calculation with Eqn. 3 
under this circumstance. However, if the shear unbinding strength can be expressed, the 
ideal strength along any specific direction of a crystal will be accessible. Further studies are 
therefore highly expected. 

4. Conclusion 
The bond strength of a variety of chemical bonds are analysized with our semi-empirical 
unbinding tensile force model. This model proves to be valid for a wide selection of crystals, 
as well as low-dimensional materials such as graphene and nanotubes. In this model, the 
chemical bond strength, defined as the tensile unbinding force FAB, can be calculated 
quantitatively in terms of the bond length dAB and effective bonded valence electron number 
nAB. It is demonstrated that the bond strength relies strongly on the crystal structure of a 
solid, in particular, the coordinated states of the bonded atoms. As a result, a chemcial bond 
formed by identical atom pair would have distinct bond strength in different crystal 
structures. For example, the the C-C bond strength in graphite is 2.67 times as high as that in 
diamonds. The definition of unbinding tensile strength provides a more intuitive and 
general representation of bond strength than those of cohensive energy for covalent crystals 
and lattice anergy for ionic crystals. 
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1. Introduction

The photoelectric effect is a quantum electronic phenomenon in which electrons are emitted
from matter after the absorption of energy from electromagnetic radiation. Frequency of
radiation must be above a threshold frequency, which is specific to the type of surface and
material. No electrons are emitted for radiation with a frequency below that of the threshold.
These emitted electrons are also known as photoelectrons in this context. The photoelectric
effect was theoretically explained by Einstein in his paper (Einstein, 1905), and the term "light
quanta" called "photons" was introduced by chemist G. N. Lewis, in 1926. Einstein writes:
In accordance with the assumption to be considered here, the energy of light ray spreading out from
point source is not continuously distributed over an increasing space but consists of a finite number of
energy quanta which are localized at points in space, which move without dividing, and which can only
be produced and absorbed as complete units.
There is a textbook proof that the free electron in vacuum cannot absorb photon. It follows
from the special theory of relativity. If p1, p2 are the initial and final 4-momenta of electron
with rest mass m and k is the 4-momentum of photon, then after absorption of photon by
electron we write k + p1 = p2, which gives when squared k2 + 2kp1 + p2

1 = p2
2. Then, with

p2
1 = p2

2 = −m2 and k2 = 0, we get for the rest electron with p1 = 0 the elementary relation
mω = 0, Q.E.D..
The linear dependence on the frequency was experimentally determined in 1915 when Robert
Andrews Millikan showed that Einstein formula

h̄ω =
mv2

2
+ A (1)

was correct. Here h̄ω is the energy of the impinging photon, v is electron velocity measured
by the magnetic spectrometer and A is the work function of concrete material. The work
function for Aluminium is 4.3 eV, for Beryllium 5.0 eV, for Lead 4.3 eV, for Iron 4.5 eV, and so
on (Rohlf, 1994). The work function concerns the surface photoelectric effect where the photon
is absorbed by an electron in a band. The theoretical determination of the work function is the
problem of the solid state physics. On the other hand, there is the so called atomic photoeffect
(Amusia, 1987), where the ionization energy plays the role of the work function.
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2 Will-be-set-by-IN-TECH

The system of the ionization energies is involved in the tables of the solid state physics. The
work fuction of graphene, or, work fuction of the Wigner crystal in graphene was never
determined, and it is the one of the prestige problem of the contemporary experimental and
theoretical graphene physics.
In case of the volume photoeffect, the ionization work function is defined in many textbooks
on quantum mechanics. Or,

W =
∫ x2

x1

(
dE
dx

)
dx, (2)

where E is the energy loss of moving electron.
The formula (1) is the law of conservation of energy. The classical analogue of the equation (1)
is the motion of the Robins ballistic pendulum in the resistive medium.
The Einstein ballistic principle is not valid inside of the blackbody. The Brownian motion of
electrons in this cavity is caused by the repeating Compton process γ + e → γ + e and not
by the ballistic collisions. The diffusion constant for electrons must be calculated from the
Compton process and not from the ballistic process. The same is valid for electrons immersed
into the cosmic relic photon sea.
The idea of the existence of the Compton effect is also involved in the Einstein article. He
writes (Einstein, 1905): The possibility should not be excluded, however, that electrons might receive
their energy only in part from the light quantum. However, Einstein was not sure, a priori, that his
idea of such process is realistic. Only Compton proved the reality of the Einstein statement.
The time lag between the incidence of radiation and the emission of a photoelectron is very
small, less than 10−9 seconds.
At energies h̄ω < W, the photoeffect is not realized. However, the photo-conductivity is the
real process for such energies. The photoeffect is realized only in medium and with low energy
photons, but with energies h̄ω > W, which gives the Compton effect negligible. Compton
effect can be realized with electrons in medium and also with electrons in vacuum. For h̄ω �
W the photoeffect is negligible in comparison with the Compton effect. At the same time it
is necessary to say that the Feynman diagram of the Compton effect cannot be reduced to
the Feynman diagram for photoeffect. In case of the high energy gamma rays, it is possible
to consider the process called photoproduction of elementary particles on protons in LHC,
or photo-nuclear reactions in nuclear physics. Such processes are energetically far from the
photoelectric effect in solid state physics.
Eq. (1) represents so called one-photon photoelectric effect, which is valid for very weak
electromagnetic waves. At present time of the petawatt laser physics, where the high
electromagnetic intensity is possible, we know that so called multiphoton photoelectric effect
is possible. Then, instead of equation (1) we can write

h̄ω1 + h̄ω2 + ...h̄ωn =
mv2

2
+ A. (3)

As na analogue of the equation (3), the multiphoton Compton effect is also possible: γ1 + γ2 +
...γn + e → γ + e. To our knowledge the Compton process with the entangled photons was
still not discovered and elaborated. On the other hand, there is the deep inelastic Compton
effect in the high energy particle physics.
More than 70 years ago, Peierls (1934, 1935) and Landau (1937) performed a proof that the
2-dimensional crystal is not thermodynamically stable and cannot exist. They argued that the
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thermodynamical fluctuations of such crystal lead to such displacements of atoms that these
displacements are of the same size as the interatomic distances at the any finite temperature.
The argument was extended by Mermin (1968) and it seemed that many experimental
observations supported the Landau-Peierls-Mermin theory. So, the "impossibility" of the
existence of graphene was established.
In 2004, Andre Geim, Kostia Novoselov (Novoselov et al. 2004; 2005; Kane, 2005) and
co-workers at the University of Manchester in the UK by delicately cleaving a sample of
graphite with sticky tape produced something that was long considered impossible: a sheet
of crystalline carbon just one atom thick, known as graphene. Geim group was able to
isolate graphene, and was able to visualize the new crystal using a simple optical microscope.
Nevertheless, Landau-Peierls-Mermin proof is of the permanent historical and pedagogical
meaning.
At present time, there are novel methods how to create graphene sheet. For instance, Dato et
al. (2008) used the plasma reactor, where the graphene sheets were synthesized by passing
liquid ethanol droplets into an argon plasma.
Graphene is the benzene ring (C6H6) stripped out from their H-atoms. It is allotrope of carbon
because carbon can be in the crystalline form of graphite, diamond, fullerene (C60), carbon
nanotube and glassy carbon (also called vitreous carbon).
Graphene unique properties arise from the collective behaviour of electrons. The electrons in
graphene are governed by the Dirac equation. The Dirac equation in graphene physics is used
for the description of so called pseudoelectrons with pseudospins formed by the hexagonal
lattice.
The Dirac fermions in graphene carry one unit of electric charge and so can be manipulated
using electromagnetic fields. Strong interactions between the electrons and the honeycomb
lattice of carbon atoms mean that the dispersion relation is linear and given by E = vp, v is
called the Fermi-Dirac velocity, p is momentum of a pseudoelectron.
The linear dispersion relation follows from the relativistic energy relation for small mass
together with approximation that the Fermi velocity is approximately only about 300 times
less than the speed of light.
The pseudospin of the pseudoelectron is constructed in the graphene physics as follows.
The graphene is composed of the system of hexagonal cells and it geometrically means that
graphene is composed from the systems of two equalateral triangles. If the wave function of
the first triangle sublattice system is ϕ1 and the wave function of the second triangle sublattice
system is ϕ2, then the total wave function of the electron noving in the hexagonal system is
superposition ψ = c1 ϕ1 + c2 ϕ2, where c1 and are c2 appropriate functions of coordinate x
and functions ϕ1, ϕ2 are functions of wave vector k and coordinate x. The next crucial step
in the graphene physics is the definition of the new spinor function discussed by Lozovik et
al.(2008).

χ =

{
ϕ1
ϕ2

}
(4)

and it is possible to prove that this spinor function is solution of the Pauli equation in the
nonrelativistic situation and Dirac equation of the generalized case. The corresponding mass
of such effective electron is proved to be zero.
The introduction of the Dirac relativistic Hamiltonian in gaphene physics is the description of
the graphene physics by means of electron-hole medium. It is the analogue of the description
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4 Will-be-set-by-IN-TECH

of the electron-positron vacuum by the Dirac theory of quantum electrodynamics. The
pseudoelectron is not an electron of QED and pseudospin is not the spin of QED, because
QED is the quantum theory of the interaction of real electrons and photons where the mass
of electron is the mass defined by classical mechanics and not by collective behavior in
hexagonal sheet called graphene. The interaction of photons with pseudoelectrons was still
not published by Geim and Novoselov and others, however, there is an analogue with the
photodesintegration of deuteron being the bound state of neutron and proton. Or,

γ + D → n + p, (5)

where dissociation energy D of the process is 2.225 MeV. We use this analogy in the
photoelectric effect in graphene and we must accept the idea that the initial process in the
photoelectric effect in graphene is the photodesintegration of pseudoelectron and then the
interaction of the photon with the real electron. So, we generalize the Einstein equation to the
novel form:

h̄ω =
mv2

2
+ Ad + A, (6)

where the desintegration energy necessary for the desintegration of pseudoelectron must be
determined experimentally. The today graphenic theory does not solve this problem and the
corresponding experiment was not performed. We suppose that this missing experiment is
crucial in the graphene physics.
After dissociation of pseudoelectron, we can use the Schrödinger equation in order to establish
the photoeffect in graphene in the magnetic field. Our calculation of the photoelectric effect is
applicable also for the Wigner crystal, being the crystalline phase of electrons first predicted
by Eugene Wigner (1934).
We derive here the differential probability of the photoelectric effect realized at the very low
temperature of graphene in the very strong magnetic field. So, the term magnetic photoeffect.
We deal also with graphene on the Riemann surfaces and consider the possibility of axion
detection by the graphene detectors.

2. The quantum theory of the photoelectric effect in the 2D electron gas at zero
temperature and strong magnetic field

The photoelectric effect in graphene is presented here 100 years after the publication of
well known Einstein article (Einstein, 2005). While the experimental investigation of the
photoelectric effect was performed in past many times, the photoelectric effect in graphene,
is still the missing experiment in the graphene physics. Many discoveries in physics were
performed when the physical, or, chemical object was immersed into the magnetic field.
The photoelectric effect in semiconductor by onset of magnetic field is discussed by Kleinert
et al. (2008), where the Bloch functions in a magnetic field are considered as the adequate
for the solution of the problem. The calculation of photoeffect of graphene including both
electron-electron and electron-photon interactions on the same footing is performed for
instance by Park et al. (2010). The crucial object is the spectral function with the self-energy
which accounts for the many-body interactions going beyond the mean-field picture.
Ratnikov et al. (2008a) define graphene as a two-dimensional zero gap semiconductor with
zero conduction and valence band overlap to determine ground state of energy of current
carriers. Then he et al. calculate the transition of graphene on a substrate to a semi-metallic
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state (Ratnikov et al. 2008b). The Ratnikov at al. theory can be applied to graphene in
magnetic field and bilayer graphene in magnetic field. However, it is not immediately possible
to apply the Ratnikov et al. theory to calculate the photoeffect in magnetic field. So, we use
the Landau approach applied in Landau diamagnetism.
The rigorous theory of the photoeffect in the metallic thin films was given by Tamm and
Schubin (1931). However, graphene is the one-atom sheet and cannot be identified with the
thin film situation of Tamm and Schubin. In case of the thin metallic film, the light penetrates
to the distance 1000 - 10 000 atomic layers under the surface of the film, while graphene is the
thin film with only one atomic layer. So, the original idea is to consider the photoeffect on the
2D electron system immersed into the constant magnetic field and graphene enables to realize
this project.
The quantum mechanical description of the photoeffect is based on the appropriate S-matrix
element involving the interaction of atom with the impinging photon with the simultaneous
generation of the electron, the motion of which can be described approximately by the plane
wave

ψq =
1√
V

eiq·x, q =
p
h̄

, (7)

where p is the momentum of the ejected electron.
The standard approach consists in the definition of the cross-section by the quantum
mechanical equation

dσ =
2π

h̄
|Vf i|δ(−I + h̄ω − Ef )

d3 p
(2π)3 , (8)

where I is the ionization energy of an atom and Ef is the the final energy of the emitted
electron, |Vf i| is the matrix element of the transition of electron from the initial bound state to
the final state. The matrix element follows from the perturbative theory and it involves the
first order term of the interaction between electron and photon. We use here the Davydov
elementary approach (Davydov, 1976).
We suppose here that magnetic field is applied locally to the carbon sheet, so, in a sufficient
distance from it the wave function is of the form of the plane wave (7). This situation has an
analog in the classical atomic effect discussed by Davydov (1976).
The probability of the emission of electron by the electromagnetic wave is of the well-known
form (Davydov, 1976):

dP =
e2 p

8π2ε0h̄mω

∣∣∣∣
∫

ei(k−q)·x(e · ∇)ψ0dxdydz
∣∣∣∣
2

dΩ = C|J|2dΩ, (9)

where the interaction for absorption of the electromagnetic wave is normalized to one photon
in the unit volume, e is the polarization of the impinging photon, ε0 is the dielectric constant
of vacuum, ψ0 is the basic state of and atom. We have denoted the integral in || by J and the
constant before || by C.
We consider the case with electrons in magnetic field as an analog of the Landau
diamagnetism. So, we take the basic function ψ0 for one electron in the lowest Landau level,
as
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wave

ψq =
1√
V

eiq·x, q =
p
h̄

, (7)

where p is the momentum of the ejected electron.
The standard approach consists in the definition of the cross-section by the quantum
mechanical equation

dσ =
2π

h̄
|Vf i|δ(−I + h̄ω − Ef )

d3 p
(2π)3 , (8)

where I is the ionization energy of an atom and Ef is the the final energy of the emitted
electron, |Vf i| is the matrix element of the transition of electron from the initial bound state to
the final state. The matrix element follows from the perturbative theory and it involves the
first order term of the interaction between electron and photon. We use here the Davydov
elementary approach (Davydov, 1976).
We suppose here that magnetic field is applied locally to the carbon sheet, so, in a sufficient
distance from it the wave function is of the form of the plane wave (7). This situation has an
analog in the classical atomic effect discussed by Davydov (1976).
The probability of the emission of electron by the electromagnetic wave is of the well-known
form (Davydov, 1976):

dP =
e2 p

8π2ε0h̄mω

∣∣∣∣
∫

ei(k−q)·x(e · ∇)ψ0dxdydz
∣∣∣∣
2

dΩ = C|J|2dΩ, (9)

where the interaction for absorption of the electromagnetic wave is normalized to one photon
in the unit volume, e is the polarization of the impinging photon, ε0 is the dielectric constant
of vacuum, ψ0 is the basic state of and atom. We have denoted the integral in || by J and the
constant before || by C.
We consider the case with electrons in magnetic field as an analog of the Landau
diamagnetism. So, we take the basic function ψ0 for one electron in the lowest Landau level,
as
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ψ0 =
(mωc

2πh̄

)1/2
exp

(
−mωc

4h̄
(x2 + y2)

)
, ωc =

|e|H
mc

, (10)

which is solution of the Schrödinger equation in the magnetic field with potentials A =
(−Hy/2,−Hx/2, 0), A0 = 0 (Drukarev, 1988):

[
p2

x
2m

+
p2

y

2m
− m

2

(ωc

2

)2
(x2 + y2)

]
ψ = Eψ. (11)

We have supposed that the motion in the z-direction is zero and it means that the wave
function exp[(i/h̄)pzz] = 1.
So, The main problem is to calculate the integral

J =
∫

ei(K·x)(e · ∇)ψ0dxdydz; K = k − q. (12)

with the basic Landau function ψ0 given by the equation (10).
Operator (h̄/i)∇ is Hermitean and it means we can rewrite the last integrals as follows:

J =
i
h̄

e ·
∫ [(

h̄
i
∇
)

ei(K·x)
]∗

ψ0dxdydz, (13)

which gives

J = ie · K
∫

e−i(K·x)ψ0dxdydz, (14)

The integral in eq. (14) can be transformed using the cylindrical coordinates with

dxdydz = �d�dϕdz, �2 = x2 + y2 (15)

which gives for vector K fixed on the axis z with K · x = Kz and with physical condition
e ·k = 0, expressing the physical situation where polarization is perpendicular to the direction
of the wave propagation. So,

J = (i)(e · q)
∫ ∞

0
�d�

∫ ∞

−∞
dz

∫ 2π

0
dϕe−iKzψ0. (16)

Using

ψ0 = A exp
(
−B�2

)
; A =

(mωc

2πh̄

)1/2
; B =

mωc

4h̄
. (17)

The integral (16) is then

J = (−πi)
A
B
(e · q)

∫ ∞

−∞
e−iKzdz = (−πi)

A
B
(e · q)(2π)δ(K). (18)

Then,

dP = C|J|2dΩ = 4π4 A2

B2 C(e · q)2δ2(K)dΩ. (19)

Now, let be the angle Θ between direction k and direction q, and let be the angle Φ between
planes (k, q) and (e, k). Then,
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(e · q)2 = q2 sin2 Θ cos2 Φ. (20)

So, the differential probability of the emission of photons from the graphene in the strong
magnetic field is as follows:

dP =
4e2 p

πε0m2ωωc

[
q2 cos2 Θ sin2 Φ

]
δ2(K)dΩ; ωc =

|e|H
mc

. (21)

We can see that our result differs form the result for the original photoelectric effect which
involves the term

1
(1 − v

c cos Θ)4 , (22)

which means that the most intensity of the classical photoeffect is in the direction of the electric
vector of the electromagnetic wave (Φ = π/2, Θ = 0). While the non-relativistic solution
of the photoeffect in case of the Coulomb potential was performed by Stobbe (1930) and
the relativistic calculation by Sauter (1931), the general magnetic photoeffect (with electrons
moving in the magnetic field and forming atom) was not still performed in a such simple
form. The delta term δ · δ represents the conservation law |k − q| = 0 in our approximation.

3. Photoeffect with Volkov solution

It is valuable from the pedagogical point of view (Berestetzkii et al., 1989) to remember the
Volkov solution, where the motion of the Dirac electron is considered in the following four
potential

Aμ = aμ ϕ; ϕ = kx; k2 = 0. (23)

From equation (23), it follows that Fμν = ∂μ Aν − ∂ν Aμ = aνkμ − aμkν = const., which means
that electron moves in the constant electromagnetic field with the components E and H. The
parameters a and k can be chosen in a such a way that E = 0. So, the motion of electron is
performed in the constant magnetic field.
The Volkov (1935) solution of the Dirac equation for an electron moving in a field of a plane
wave was derived in the form (Berestetzkii et al., 1989; Pardy, 2003; Pardy, 2004; Pardy, 2007):

ψp =
u(p)√

2p0

[
1 + e

(γk)(γA(ϕ))

2kp

]
exp [(i/h̄)S] (24)

and S is an classical action of an electron moving in the potential A(ϕ):

S = −px −
∫ kx

0

e
(kp)

[
(pA)− e

2
(A)2

]
dϕ. (25)

It was shown that for the potential (23) the Volkov wave function is (Berestetzkii et al., 1989):

ψp =
u(p)√

2p0

[
1 + e

(γk)(γa)
2kp

ϕ

]
exp [(i/h̄)S] (26)

with
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S = −e
ap

2kp
ϕ2 + e2 a2

6kp
ϕ3 − px. (27)

We used c = h̄ = 1.
However, the relativistic wave function can be obtained by solving the Dirac equation in
magnetic field. It was derived in the form (Sokolov et all. 1983).

Ψ(x, t) =
1
L

exp{− i
h̄

�Et + ik2y + ik3z}ψ; ψ =

⎛
⎜⎜⎝

C1un−1(η)
iC2un(η)

C3un−1(η)
iC4un(η)

⎞
⎟⎟⎠ , (28)

where � = ±1 and the spinor components are given by the following formulas:

un(η) =

�√
2γ

2nn!
√

π e−η2/2Hn(η) (29)

with

Hn(η) = (−1)neη2
�

d
dη

�n
e−η2

, (30)

η =
�

2γ x + k2/
�

2γ; γ = eH/2ch̄. (31)

The coefficients Ci are defined in the Sokolov et al. monograph (Sokolov et al., 1983). So, our
approach can be generalized.
It is evident that the model which we have used is the one-pseudoelectron model of the
2D hexagon crystal. However the photoelectric effect should be considered in the many
pseudoelectron model which is substantially more complicated than the one-pseudoelectron
electron model. The investigation of such approach is not at present time published.

4. Green function in magnetic field for photoeffect

The electron propagator is a building stone in the mass operator from which can be computed
the energy shift, the power spectrum of the synchrotron radiation, the anomalous magnetic
moment and so on. It was intensively discussed for instance by Dittrich et al. and Schwinger
et al.. Here we will follow the Dittrich treatment in order to derive the special representation
of the Dirac propagator of a particle in a constant external magnetic field (Dittrich et al., 1985).
The application of the formalism to graphene physics is evident.
If we write the Green function as

G+(x, x�) = �x|G+|x��, (32)

then, from the Green function equation for spin 1/2 particles

(γΠ + m)G+(x, x�) = δ(x − x�) = �x|x�� (33)

we have

G+ =
1

γΠ + m − iε
; ε > 0, (34)
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where

Πμ = pμ − eAμ; pμ =
1
i

∂μ (35)

with simultaneous omitting the charge matrix q in eqs. (34) and (35).
The equivalent form of G+ in eq. (34) is obviously given by relation

G+ =
γΠ − m

(γΠ)2 − m2 − iε
, (36)

where

(γΠ)2 = −Π2 − i
2

σμν[Πμ, Πν] (37)

with

σμν =
i
2
[γμ, γν], {γμ, γν} = −2gμν (38)

and

[Πμ, Πν] = ieFμν, (39)

which gives

(γΠ)2 = −Π2 +
e
2

σμνFμν. (40)

For the constant magnetic field chosen in the z-direction we have F12 = −F21 = B = const and

(γΠ)2 = −Π2 − eBσ12, (41)

where we designated by σ12 the following matrix:

σ12 =

�
σ3 0
0 σ3

�
=

⎛
⎜⎜⎝

1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

⎞
⎟⎟⎠

d
= σ3, (42)

where σ3 is 4 × 4 matrix. Using the last formulas, we write

G+ =
m − γΠ

Π2 − κ2 − iε
, (43)

where

κ2 d
= m2 − eBσ3. (44)

Space-time representation of the Green function with potential A is then

G+(x�, x�� |A) = �x� | m − γΠ
Π2 − κ2 − iε

|x���. (45)
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Now, we can evaluate the formula (45). We use the ansatz (Dittrich et al., 1985)

G+(x�, x�� |A) = Φ(x�, x��)
[

m − γν

(
1
i

∂�ν − eA�
ν(x�)

)]
Δ+(x�, x�� |A�) (46)

with

A�
μ(x�)] = −1

2
Fμν(x� − x��)ν (47)

and

Φ(x�, x��) = exp
{

ie
∫ x�

x��
dxμ[Aμ(x) +

1
2

Fμν(x�ν − x��ν )]
}

. (48)

where the integral is not dependent of the choice of the integration path because of vanishing
rot of the integrand. If we choose the integration path in the form of the straight line

x(t) = x�� + t(x� − x��); t ∈< 0, 1 >, (49)

we find that the second term of the integrand gives no contribution and we have instead of
eq. (48):

Φ(x�, x��) = exp
{

ie
∫ x�

x��
dxμ Aμ(x)

}
(50)

and the derivatives are as follows:

∂Φ(x�, x��)
∂x�μ = ie[Aμ(x�)− A�

μ(x�)]Φ(x�, x��), (51)

where after substitution of the ansatz (46) into eq. (33) we get
(
(

1
i

∂� − eA�)2 + κ2
)

Δ+(x�, x�� |A) = δ(x� − x��), (52)

where A� is defined by eq. (47). After modification of eq. (52) we have

(−∂2 + κ2 − iε − e2

4
xμF2μνxν)Δ+(x|A�) = δ(x) (53)

with

F2μν = Fμ
αFαμ. (54)

We can solve the equation (53) by using the Fourier transform (with the notation (dk) = d4k)

Δ+(x|A�) =
∫

(dk)
(2π)4 Δ+(k|A�), (55)

which gives

(
k2 +

e2

4
∂

∂kμ F2μν ∂

∂kν
+ κ2 − iε

)
Δ+(k|A�) = 1. (56)

Using the ansatz
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Δ+(x|A�) = i
∫ ∞

0
dse−M(is)e−is(κ2−is) (57)

with

M(is) = kαXαβ(is)kβ + Y(is); Xαβ = Xβα, (58)

we get from eq. (56)

i
∫ ∞

0
ds

{
k
[
1 + e2X(is)F2X(is)

]
k − e2

2
tr [F2X] + κ2 − iε

}
e−M(is)e−is(κ2−is) = 1, (59)

or, in the equivalent form

i
∫ ∞

0
dsg(is)e− f (is) = 1 (60)

which is equation for X and Y.
Let us try to put

g(is) = f �(is). (61)

Then,

i
∫ ∞

0
dsg(is)e− f (is) = e− f (0) − e− f (i∞). (62)

From the comparison of eq. (62) with eq. (60) the requirement follows

f (0) = 0; Re f (i∞) = ∞. (63)

The relation g = f � reads in our case

k
[
1 + e2X(is)F2X(is)

]
k − e2

2
tr [F2X(is)] = M�(is). (64)

It enables to write after rotation of the integration path according to is → s, the following
equations:

1 + e2X(s)F2(s) = Ẋ(s), (65)

− e2

2
tr [F2X(s)] = Ẏ(s). (66)

The solution of eqs. (65) and (66) are

X(s) = (eF)−1 tan(eFs), (67)

Y(s) =
1
2

tr ln cos(eFs). (68)

which can be verified by differentiation. At the same time it can be verified the first condition
in (63) is fulfilled because of X(0) = Y(0) = 0.
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(−∂2 + κ2 − iε − e2

4
xμF2μνxν)Δ+(x|A�) = δ(x) (53)

with

F2μν = Fμ
αFαμ. (54)

We can solve the equation (53) by using the Fourier transform (with the notation (dk) = d4k)

Δ+(x|A�) =
∫

(dk)
(2π)4 Δ+(k|A�), (55)

which gives

(
k2 +

e2

4
∂

∂kμ F2μν ∂

∂kν
+ κ2 − iε

)
Δ+(k|A�) = 1. (56)

Using the ansatz
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Δ+(x|A�) = i
∫ ∞

0
dse−M(is)e−is(κ2−is) (57)

with

M(is) = kαXαβ(is)kβ + Y(is); Xαβ = Xβα, (58)

we get from eq. (56)

i
∫ ∞

0
ds

{
k
[
1 + e2X(is)F2X(is)

]
k − e2

2
tr [F2X] + κ2 − iε

}
e−M(is)e−is(κ2−is) = 1, (59)

or, in the equivalent form

i
∫ ∞

0
dsg(is)e− f (is) = 1 (60)

which is equation for X and Y.
Let us try to put

g(is) = f �(is). (61)

Then,

i
∫ ∞

0
dsg(is)e− f (is) = e− f (0) − e− f (i∞). (62)

From the comparison of eq. (62) with eq. (60) the requirement follows

f (0) = 0; Re f (i∞) = ∞. (63)

The relation g = f � reads in our case

k
[
1 + e2X(is)F2X(is)

]
k − e2

2
tr [F2X(is)] = M�(is). (64)

It enables to write after rotation of the integration path according to is → s, the following
equations:

1 + e2X(s)F2(s) = Ẋ(s), (65)

− e2

2
tr [F2X(s)] = Ẏ(s). (66)

The solution of eqs. (65) and (66) are

X(s) = (eF)−1 tan(eFs), (67)

Y(s) =
1
2

tr ln cos(eFs). (68)

which can be verified by differentiation. At the same time it can be verified the first condition
in (63) is fulfilled because of X(0) = Y(0) = 0.
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To write X(s) and Y(s) in the explicit form, we use the advantage of the special form of the
strength tensor

Fμν =

⎛
⎜⎜⎝

0 0 0 0
0 0 B 0
0 −B 0 0
0 0 0 0

⎞
⎟⎟⎠ (69a)

with

(iF)2 = B2

⎛
⎜⎜⎝

0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

⎞
⎟⎟⎠ (69b)

Then, we have:

X(is) = (eF)−1 tan(ieFs) =

is

⎡
⎢⎢⎣

⎛
⎜⎜⎝

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

⎞
⎟⎟⎠+

⎛
⎜⎜⎝

0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

⎞
⎟⎟⎠

tan(eBs)
(eBs)

⎤
⎥⎥⎦ . (70)

Now, let us introduce the notation for the specific vectors as follows

a�
d
= (a0, 0, 0, a3); a⊥

d
= (0, a1, a2, 0). (71)

(ab)�
d
= −a0b0 + a3b3; (ab)⊥

d
= a1b1 + a2b2. (72)

Then, (X = X β
α )

kX(is)k = is
�

k2
|| +

tan(eBs)
eBs

k2
⊥
�

. (73)

For Y(is) we get by the similar way

Y(is) =
1
2

tr ln cos(ieFs) =

1
2

ln det

⎡
⎢⎢⎣

⎛
⎜⎜⎝

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

⎞
⎟⎟⎠+

⎛
⎜⎜⎝

0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

⎞
⎟⎟⎠ cos(eBs)

⎤
⎥⎥⎦ =

ln cos(eBs). (74)

At this stage we are prepared to compute exp(− f (i∞)). Let us recall that

f (is) = M(is) + is(κ2 − is) = kX(is)k + Y(is) + is(κ2 − is). (75)
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Then,

e− f (i∞) = lim
s→∞

e− f (is) =

lim
s→∞

exp
{
−is

(
k2
� + k2

⊥
tan(eBs)

eBs

)}
e−is(κ2−is)

cos(eBs)
= 0. (76)

If we introduce

z = eBs, (77)

we get from eqs. (55), (57), and (75)

Δ(x�, x�� |A) = i
∫ ∞

0
dsΦ(x�, x��)

∫
(dk)
(2π)4 eik(x�−x��) ×

1
cos z

exp
{
−is

(
k2
� + k2

⊥
tan(z)

z

)}
e−is(κ2−is). (78)

However, because of

Δ+(x�, x�� |A) = �x� | 1
Π2 + κ2 − iε

|x��� = i
∫ ∞

0
ds�x� |e−isΠ2 |x���e−is(κ2−is) (79)

we get after comparison of eq. (79) with eq. (78)

�x� |e−isΠ2 |x��� = Φ(x�, x��)
∫

(dk)
(2π)4 eik(x�−x��) 1

cos z
e−is(k2

�+k2
⊥

tan(z)
z ). (80)

The formula (80) may be used as a starting point in derivation of the further formulas. For
instance, putting s → a⊥s in eq. (80) we get

�x� |e−isa⊥Π2 |x��� =

Φ(x�, x��)
∫

(dk)
(2π)4 eik(x�−x��) 1

cos(a⊥z
exp

{
−is

(
k2
� + k2

⊥
tan(a⊥z)

a⊥z

)
a⊥

}
. (81)

Further, because of

�x� |e−isa⊥Π2
Πμ|x��� = (i∂�� − eA(x��))μ�x� |e−isa⊥Π2 |x��� (82)

we get

�x� | exp
{
−is

(
a0Π0Π0 + a3Π3Π3 + a⊥Π2

⊥
)}

|x��� =

�x� |e−isa⊥Π2
exp

{
−is

(
(a0 − a⊥)Π0Π0 + (a3 − a⊥)Π3Π3

)}
|x��� =

exp
{
−is

(
−(a0 − a⊥)

(
i∂��0 − eA0(x��)

)2
+ (a3 − a⊥)

(
i∂��3 − eA3(x��)

)2
)}

× �x� |e−isa⊥Π2 |x���. (83)

241The Photoeffect on Graphene and Axion Detection by Graphene



12 Will-be-set-by-IN-TECH

To write X(s) and Y(s) in the explicit form, we use the advantage of the special form of the
strength tensor

Fμν =

⎛
⎜⎜⎝

0 0 0 0
0 0 B 0
0 −B 0 0
0 0 0 0

⎞
⎟⎟⎠ (69a)

with

(iF)2 = B2

⎛
⎜⎜⎝

0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

⎞
⎟⎟⎠ (69b)

Then, we have:

X(is) = (eF)−1 tan(ieFs) =

is

⎡
⎢⎢⎣

⎛
⎜⎜⎝

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

⎞
⎟⎟⎠+

⎛
⎜⎜⎝

0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

⎞
⎟⎟⎠

tan(eBs)
(eBs)

⎤
⎥⎥⎦ . (70)

Now, let us introduce the notation for the specific vectors as follows

a�
d
= (a0, 0, 0, a3); a⊥

d
= (0, a1, a2, 0). (71)

(ab)�
d
= −a0b0 + a3b3; (ab)⊥

d
= a1b1 + a2b2. (72)

Then, (X = X β
α )

kX(is)k = is
�

k2
|| +

tan(eBs)
eBs

k2
⊥
�

. (73)

For Y(is) we get by the similar way

Y(is) =
1
2

tr ln cos(ieFs) =

1
2

ln det

⎡
⎢⎢⎣

⎛
⎜⎜⎝

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

⎞
⎟⎟⎠+

⎛
⎜⎜⎝

0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

⎞
⎟⎟⎠ cos(eBs)

⎤
⎥⎥⎦ =

ln cos(eBs). (74)

At this stage we are prepared to compute exp(− f (i∞)). Let us recall that

f (is) = M(is) + is(κ2 − is) = kX(is)k + Y(is) + is(κ2 − is). (75)

240 Graphene Simulation The Photoeffect on Graphene and Axion Detection by Graphene 13

Then,

e− f (i∞) = lim
s→∞

e− f (is) =

lim
s→∞

exp
{
−is

(
k2
� + k2

⊥
tan(eBs)

eBs

)}
e−is(κ2−is)

cos(eBs)
= 0. (76)

If we introduce

z = eBs, (77)

we get from eqs. (55), (57), and (75)

Δ(x�, x�� |A) = i
∫ ∞

0
dsΦ(x�, x��)

∫
(dk)
(2π)4 eik(x�−x��) ×

1
cos z

exp
{
−is

(
k2
� + k2

⊥
tan(z)

z

)}
e−is(κ2−is). (78)

However, because of

Δ+(x�, x�� |A) = �x� | 1
Π2 + κ2 − iε

|x��� = i
∫ ∞

0
ds�x� |e−isΠ2 |x���e−is(κ2−is) (79)

we get after comparison of eq. (79) with eq. (78)

�x� |e−isΠ2 |x��� = Φ(x�, x��)
∫

(dk)
(2π)4 eik(x�−x��) 1

cos z
e−is(k2

�+k2
⊥

tan(z)
z ). (80)

The formula (80) may be used as a starting point in derivation of the further formulas. For
instance, putting s → a⊥s in eq. (80) we get

�x� |e−isa⊥Π2 |x��� =

Φ(x�, x��)
∫

(dk)
(2π)4 eik(x�−x��) 1

cos(a⊥z
exp

{
−is

(
k2
� + k2

⊥
tan(a⊥z)

a⊥z

)
a⊥

}
. (81)

Further, because of

�x� |e−isa⊥Π2
Πμ|x��� = (i∂�� − eA(x��))μ�x� |e−isa⊥Π2 |x��� (82)

we get

�x� | exp
{
−is

(
a0Π0Π0 + a3Π3Π3 + a⊥Π2

⊥
)}

|x��� =

�x� |e−isa⊥Π2
exp

{
−is

(
(a0 − a⊥)Π0Π0 + (a3 − a⊥)Π3Π3

)}
|x��� =

exp
{
−is

(
−(a0 − a⊥)

(
i∂��0 − eA0(x��)

)2
+ (a3 − a⊥)

(
i∂��3 − eA3(x��)

)2
)}

× �x� |e−isa⊥Π2 |x���. (83)

241The Photoeffect on Graphene and Axion Detection by Graphene



14 Will-be-set-by-IN-TECH

Using

∂��μΦ(x�, x��) = −ie
(

Aμ(x��)− 1
2

Fμν(x� − x��)ν

)
Φ(x�, x��) (84)

and

exp
{
−is

(
−(a0 − a⊥)

(
i∂��0

)2
+ (a3 − a⊥)

(
i∂��3

)2
)}

eik(x�−x��) =

exp
{
−is

(
−(a0 − a⊥)

(
k0
)2

+ (a3 − a⊥)
(

k3
)2

)}
eik(x�−x��), (85)

we get from eqs. (82) and (83)

�x� | exp
{
−is

(
a0Π0Π0 + a3Π3Π3 + a⊥Π2

⊥
)}

Πμ|x��� =

Φ(x�, x��)
∫

(dk)
(2π)4 eik(x�−x��) ×

1
cos(a⊥z)

exp
{
−is

(
a0k0k0 + a3k3k3 + a⊥k2

⊥
tan(a⊥)z

a⊥z

)}
. (86)

Similarly, we can derive

�x� | exp
{
−is

(
a0Π0Π0 + a3Π3Π3 + a⊥Π2

⊥
)}

|x��� =

Φ(x�, x��)
∫

(dk)
(2π)4 eik(x�−x��) 1

cos(a⊥z)

[
kμ − ea⊥sFμνkν

tan(a⊥z)
a⊥z

]
×

exp
{
−is

(
a0k0k0 + a3k3k3 + a⊥k2

⊥
tan(a⊥)z

a⊥z

)}
. (87)

From this equation and using

γμFμνkν tan(a⊥z) = (γ1k2 − γ2k1)B tan(a⊥z) =
i

cos(a⊥z)
B sin(a⊥zσ3)(γk)⊥ (88)

and

(kγ)⊥ − esa⊥(γμFμνkν)
tan(a⊥z)

a⊥z
=

1
cos(a⊥z)

e−ia⊥zσ3
(γk)⊥ (89)

we get the following relations

�x� | exp
{
−is

(
a0Π0Π0 + a3Π3Π3 + a⊥Π2

⊥
)} (

1, γ0Π0, γ3Π3, (γΠ)⊥
)
|x��� =

Φ(x�, x��)
∫

(dk)
(2π)4 eik(x�−x��) 1

cos(eBsa⊥z)
×

exp
{
−is

(
a0k0k0 + a3k3k3 + a⊥k2

⊥
tan(eBsa⊥)

eBsa⊥
k2
⊥
)}

×
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(
1, γ0k0, γ3k3,

1
cos(eBsa⊥)

e−ieBsa⊥σ3
(γk)⊥

)
. (90)

For the propagator G+(x�, x��) which we write in the form

G+(x�, x�) = �x� | m − γΠ
Π2 − κ2 − iε

|x��� =

i
∫ ∞

0
dse−is(κ2−is)�x� |e−isΠ2

(m − γΠ)|x���, (91)

we get

G+(x�, x�) = Φ(x�, x��)
∫

(dk)
(2π)4 eik(x�−x��)G+(k), (92)

where

G(k) = i
∫ ∞

0
ds exp

{
−is

(
m2 − iε + k2

� +
tan z

z
k2
⊥
)}

×

eiσ3z

cos z

(
m − γk� −

e−iσ3z

cos z
γk⊥

)
. (93)

This representation of the Green function of electron in the constant magnetic field will be
used in calculation of the mass operator and the polarization tensor in the constant magnetic
field.
The mass operator tin the x-representation is usually denoted by the symbol M(x�, x��) and in
the past literature as Σ(x�, x��). It is defined by the relation (Schvinger, 1988):

M(x�, x��) = ie2γμG+(x�, x��)D+(x� − x��)γμ + C.T., (94)

where D+(x� − x��) is the photon propagator

D+(x) =
∫

(dk)
(2π)4

eikx

k2 − iε
(95)

and G+(x�, x��) is the electron propagator

G+(x�, x��) = Φ(x�, x��)
∫

(dp)
(2π)4 eip(x�−x��)G(p), (96)

where Φ(x�, x��) and G(p) are function which were specified.
The contact terms C.T. in eq. (94) can be determined by the physical normalization condition
such that for γΠ → −m, both M and its first derivative with respect to γΠ are zero. The
motivation for such definition of the contact terms can be found in the monography of Dittrich
and Reuter (1985).
The considered formalism can be reduced to the two-dimensional situation which is the
situation of the graphene physics. The two-dimensional Green function applied to the
dynamical mass generation was elaborated by Shpagin (1996) and can be also applied to the
graphene physics.
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5. Axion detection by graphene

Axions were proposed as an extension to the Standard Model of particle physics to explain
why CP violation, it is charge-parity symmetry violation, is observed in weak but not strong
interactions - the so-called strong-CP problem.
The CP violation is measured in terms of a parameter denoted usually by symbol θ in
QCD and also in Glashow-Weinberg-Salam electroweak model (GWS) and experimentally
is observed that

|θ| = |θQCD + θGWS| < 10)−9 ≈ 0, (97)

which means that the strong interactions are invariant with regard to the CP transformation.
The question is why θ is so small?
One of the most striking consequences of CP-violation is the calculated neutron electric dipole
moment (EDM) to be ten orders of magnitude larger than its measured upper limit.
The total EDM is expected to receive contributions from both the TeV electroweak scale, via
the quark spin, and from the GeV QCD scale, via the spatial distribution of the quark wave
function within the neutron. It is difficult to understand how this two contributions could
cancel to such precision to produce a CP conserving QCD ground state without fine tuning of
parameters. Or, in other words, why A + B = 0, if A and B have different physical origin.
The problem was solved by Peccei, Quinn, Weinberg and Wilczek by introducing a new scalar
field which rolls within its potential into a state of minimum action, a CP conserving QCD
vacuum state. Any imbalance between the contributions to the EDM of neutron from TeV and
GeV scales is absorbed by an axion. Axion is a postulated particle which is generated by the
Higgs mechanism.
The Higgs mechanism as the mechanism of the spontaneous broken symmetry can be
demonstrated easily by the Lagrangian for the scalar field ϕ (Kane, 1987):

L = T − V =
1
2

∂ν ϕ∂ν ϕ −
(

1
2

μ2 ϕ2 +
1
4

λϕ4
)

..., (98)

where μ, λ are some constants.
The potential energy has its minimum for μ2 < 0 at points

ϕmin = ±
√
−μ2

λ
≡ ±v. (99)

We can write around the minimal point that

ϕ(x) = v + η(x). (100)

Then after insertion of eq. (100) into the original Lagrangian (98) we get approximately

L ≈ 1
2

∂ν ϕ∂ν ϕ −
(

λv2η2 + λvη2 +
1
2

μ2 ϕ2 +
1
4

λη4
)
+ ... . (101)

It is elementary to see that the mass term in the last Lagrangian is the mass term of the field η

and it is:

m2
η = 2λv2 = −2μ2 > 0. (102)
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In case of the axionic situation the mass which is generated by he so called Higgs mechanism
just described, is the mass of axion.
The interaction of axionic field a with the electromagnetic field is postulate in the literature as

Linter ≈ gaE · B, (103)

where g is some interaction constant of axionic field with the electric and magnetic field E, B.
In case of the interaction of axion with the electron via the Compton process, the interaction
Lagrangian is postulate as follows:

Lae =
const
2me

(ψ̄γμγ5ψ)∂μa. (104)

In case that the Compton process is considered in the external electromagnetic field, the ψ

functions must be determined from the Dirac equation involving the external electromagnetic
field.
In case of the interaction of the axion with the graphene, the interaction is the
axion-pseudoelectron interaction via the Compton process, then the wave function ψ is the
wave function of the graphene pseudoelectron. Graphene is considered in the presence of no
external field, or in the presence of the external electromagnetic field. This process was still
not solved in graphene physics, or in the physics of elementary particles.
The candidate for source of axions is considered in the last years the Sun. A decade ago US
Brookhaven Laboratory first pointed an axion telescope at the Sun - a highly useful source of
weakly interacting particles for fundamental research.
Axions would be produced in the Sun through the scattering of photons from electric charges -
the Primakoff effect - and their numbers could equal those of solar neutrinos. The idea behind
the Brookhaven experiment, first proposed by Pierre Sikivie, was to put the Primakoff effect to
work in reverse, using a magnetic field to catalyze conversion of solar axions back into X-ray
photons of a few kilo-electronvolts.
The CERN Solar Axion Telescope, CAST, tries the detection of axions originating from the 15
million degree plasma in the Sun’s core.
There is also the alternative look on axion as an physical object existing only inside of a
medium and not as a free elementary particle. Then, the detection of free axion is not possible.
The analogue of this situation is for instance the Cooper pair which is present only inside of
superconductor and not outside of superconductor.

6. Photoeffect on graphene wrapped on the geometrical surface

Carbon hexagonal structures can be formed also on surfaces and not only on the Euclidean
sheet. We first determine the density of states of graphene from QFT. The density of states is
the imaginary part �G of the Green function integrated over all positions, in the limit x → x�
(Cortijo, et al., 2007a).

�(ω) =
∫

�G(ω, x, x)dx. (105)

In terms of the Green function in momentum representation, �(ω) can be written as:

�(ω) = �
∫ ∫ dk

(2π)2
dk�

(2π)2 eikxeik�xG(ω, k, k�)dx. (106)
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The integration over x gives delta function 4π2δ(k − k�), and �(ω) then reads:

�(ω) =
∫ dk

(2π)2 �G(ω, k, k). (107)

Generalization to the curvature is possible by including the local curvature coupling of the
Dirac equation to a curved space. This approach was historically introduced to study the
electronic spectrum of closed fullerenes and has been used for fullerenes of different shapes.
In case of a two dimensional space in presence of a single cosmic string in polar coordinates,
the metric is (Cortijo et al., 2007a):

−ds2 = −dt2 + dr2 + c2r2dθ2, (108)

where the parameter c is a constant related to the deficit angle by c = 1 − b.
The dynamics of a massless Dirac spinor in a curved spacetime is governed by the Dirac
equation:

iγμ∇μψ = 0. (109)

The difference with the flat space lies in the definition of the γ matrices that satisfy generalized
anti-commutation relations

{γμ, γν} = 2gμν, (110)

where gμν is given by (108), and in the covariant derivative operator, defined as

∇μ = ∂μ − Γμ, (111)

where Γμ is the spin connection of the spinor field that can be calculated using the tetrad
formalism (Cortijo et al., 2007a).
From equation (109), we can write down the Dirac equation for the electron propagator,
SF(x, x�):

iγμ(x)(∂μ − Γμ)SF(x, x�) = 1√−g
δ3(x − x�), (112)

where x = (t, x). The local density of states N(ω, x) is obtained by Fourier transforming the
time component and taking the limit x → x�:

N(ω, x) = �TrSF(ω, x, x). (113)

The solution was performed considering the curvature induced by the defects as a
perturbation of the flat graphene layer. The details of the calculation is given elsewhere
(Cortijo et al., 2007b )
The ideas considered here can be extended to the general Riemann metric. However, the
Riemann metric is also the metric of general relativity. So, there is the analogy between metric
generated by deformation of the Euclidean surface and Einstein gravity, which is the Tartaglia
et al. (2009) and author idea (Pardy, 2005). The deformed graphene obviously leads to the
modification of the photoeffect in graphene and it can be used as the introduction to the
photoelectric effect influenced by the gravitational field.
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The generalization of our formalism to the Lobačcevskii geometry is also possible if we
consider the Lobačevskii geometry as the partial sum of the local pseudospheres, where
pseudosphere is the two dimensional manifold with the constant negative curvature. It was
proved by Beltrami (Mc Cleary, 1994), that the Lobačevskii geometry is the geometry of the
sphere with the imaginary radius (iR), where R is the radius of sphere.

7. Discussion

The article is in a some sense the preamble to the any conferences of ideas related to the
photoeffect on graphene, bi-layer graphite, n-layer graphite and on the Wigner crystals which
are spontaneously formed in graphite structures, or, in other structures. We have considered
the photoeffect on the planar crystal at zero temperature and in the very strong magnetic field.
We calculated only the process which can be approximated by the Schrödinger equation for
an electron orbiting in magnetic field.
At present time, the most attention in graphene physics is devoted to the conductivity of
a graphene with the goal to invent new MOSFETs and new transistors for new computers
forming the basis for the artificial intelligence. However, we do not know, a priori, how many
discoveries are involved in the investigation of he photo-electric effects in graphene.
An pseudoelectron in the graphene is considered as the particle with all attributes of electron
as an elementary particle and it is the consequence of the collective quantum motion of crystal
electrons described by the solid state physics.
The existence of the pseudoelectron in vacuum is not possible. The photoeffect on graphene
is the process where the photon interacts with the pseudoelectron and after some time the
pseudoelectron decays in such a way that the decay product is electron. At present time the
theory of such process was not elaborated. The new experiments are necessary in order to
verify the photoelectric equation in graphene.
The ballistic interaction of photon with electron is not possible in vacuum for point-like
electrons. The experiments in CERN, Hamburg, Orsay, (The L3 collaboration, CELLO
collaboration, ALEPH collaboration, ...) and other laboratories confirmed that there are no
excited states of electron in vacuum. In other words, ballistic process in vacuum with electrons
was not confirmed. It means that electron in the standard model of elementary particles is a
point particle. It seems that the ballistic process is possible only in a medium. However, not
only in the photoelectric media. We know, that electron accelerated in PASER by the ballistic
method is accelerated for instance in CO2. On the other hand, the photo-desintegrations of
nuclei involves the ballistic process (Levinger, 1960), or, the interaction of light with carbon
C60, C70, C80... involves also the ballistic process with photons. The interaction of photon with
pseudolectron in graphene is also the ballistic process.
The photoelectric effect at zero temperature can be realized only by very short laser pulses,
because in case of the continual laser irradiation the zero temperature state is not stable. Only
very short pulses can conserve the zero temperature 2D of the system. So, the experiment
needs the laser with very short laser pulses.
The interaction of axion with pseudoelectron is also considered here, however this process is
substantially new in the physics of elementary particles. The axion detection by graphene is
based on the interaction of axion with pseudoelectron.
The information on the photoelectric effect in graphene and also the elementary particle
interaction with graphene is necessary not only in the solid state physics, but also in the
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elementary particle physics in the big laboratories where graphene can form the substantial
components of the particle detectors. The graphene can be probably used as the appropriate
components in the solar elements, the cathode surface in the electron microscope, or, the
medium of the memory hard disks in the computers. We hope that these possibilities will
be consider in the physical laboratories.
The Volkov solution of the Dirac equation in the magnetic field was also mentioned. Such
solution was used by Ritus (1979), Nikishov (1979) and others. Author (Pardy, 2003, 2004,
2007), used it for the electron in the laser field, synchrotron radiation, or, in case of the massive
photons leading to the Riccati equation (Pardy, 2004).
We did not consider the photoeffect in LHC where the orbiting protons can be irradiated by
the laser gun if installed in the tube of LHC. The elaboration of such difficult problem needs
specific approach to the problem.
The graphene can be deformed in such a way that the metric of the deformed sheet is the
Riemann one (Cortijo, et al., 2007b). However, the Riemann metric of general relativity is the
metric of the deformed 4D sheet as was proposed by Tartaglia et al. (2009). So, in other words,
there is the analogy between deformation and Einstein gravity (Pardy, 2005). The deformed
graphene obviously leads to the modification of the photoeffect in graphene leading to the
theory of the photoelectric effect influenced by the gravitational field.
The monolithic structures can be also built into graphene by addition and re-arrangement of
carbon atoms (Lusk et al., 2008). The repeating patterns can be created to form new carbon
allotropes called haeckelites. The introducing such architectonic defects modifies mechanical,
electrical and chemical properties of graphene. The unconventional materials can be prepared
by such technique in order to do revolution in the solid state physics.
While the last century economy growth was based on the inventions in the Edison-Tesla
electricity, the economy growth in this century will be obviously based on the graphene
physics. We hope that these perspective ideas will be considered at the universities and in
the physical laboratories.
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allotropes called haeckelites. The introducing such architectonic defects modifies mechanical,
electrical and chemical properties of graphene. The unconventional materials can be prepared
by such technique in order to do revolution in the solid state physics.
While the last century economy growth was based on the inventions in the Edison-Tesla
electricity, the economy growth in this century will be obviously based on the graphene
physics. We hope that these perspective ideas will be considered at the universities and in
the physical laboratories.
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1. Introduction

We study the electron propagator in two spatial dimensions in the presence of external
electromagnetic fields, this is, we focus in (2+1)-dimensional quantum electrodynamics
(QED), where a third spatial dimension is suppressed. This is not a mere theoretical
simplification, and we explain ourselves: back in time, some twenty years ago, it was shown
that the low-energy effective theory of graphene in a tight-binding approach is the theory of
two species of massless Dirac electrons in a (2+1)-dimensional Minkowski spacetime, each
on a different irreducible representation of the Clifford algebra. The isolation of graphene
samples in 2004 and 2005, has given rise to the new paradigm of relativistic condensed matter,
bringing a new boost, both theoretical and experimental, to the matching of common interests
of the condensed matter and high energy physics communities. Thus, the massless limit of our
findings is of direct relevance in this subject. We assume the electrons moving in a magnetic
field alone pointing perpendicularly to their plane of motion. We first develop the general case
and then, we present a couple of examples: the motion of electrons in a uniform magnetic field,
which is a canonical example to present the Ritus method and the case of a static magnetic field
which decays exponentially along the x-axis (Murguía et al, 2010; Raya & Reyes, 2010).
There are many problems relating electrons in non-uniform magnetic fields of relevance in
graphene. In particular, it has been established the possibility to confine quasiparticles in
magnetic barriers (De Martino et al, 2007; Ramezani et al, 2009). This could be feasible creating
spatially inhomogeneous, but constant in time, magnetic fields depositing ferromagnetic
layers over the substrate of a graphene sample layer (Reijniers et al, 2001). The physical
properties of graphene make it a promising novel material to control the transport properties
in nanodevices. It has been considered to be used in electronics and spintronics applications,
like in single-electron transistors (Ponomarenko et al, 2008; Wu et al, 2008), in the so
called magnetic edge states (Park & Sim, 2008), which may play an important role in
the spin-polarized currents along magnetic domains, and in quantum dots and antidots
magnetically confined. Moreover, the quantum Hall effect in graphene has been observed
at room temperature (Novoselov et al, 2007), evidence which confirms the great potential
of graphene as the material to be used in carbon-based electronic devices. The effects of
the exponentially decaying magnetic field can hardly be considered with other approaches,
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but it can be straightforwardly studied within the Ritus method, which consist in the
diagonalization of the electron propagator in external electromagnetic fields in the basis of
the operator ( �Π)2 with Πμ = pμ − eAμ. Exploiting the Ritus formalism, we also derive
the exact Foldy-Wouthuysen (FW) transformation for Dirac fermions in a time independent
external electromagnetic field, where the transformation acquires a free form involving the
dynamical quantum numbers induced by the field (Murguía & Raya, 2010). This is related
with the fact that for some class of Hamiltonians of Dirac particles in presence of external
static electromagnetic fields, it is possible to show a supersymmetric character, in the quantum
mechanical sense, and in these cases the Ritus method provide a direct calculation of the exact
FW transformation in arbitrary dimensions. Powerful applications of FW transformation in
semiclassical calculations can be exploited in systems of other than (3+1) dimensions. The FW
transformation has proven to be a favorite way to obtain the nonrelativistic limit of the Dirac
equation, because it provides a block diagonal form representation of quantum operators
and hence of the Dirac Hamiltonian itself. It has been widely used in both, gravitational
and electromagnetic backgrounds, including the case of different stationary metrics. Going
further in the applications of the Ritus formalism, we also explore other kind of useful
transformations, like the Cini-Touschek transformation for the ultrarelativistic case.

2. Irreducible Dirac fermions

In order to describe planar Dirac electrons, let us start by defining the Dirac γμ-matrices,
which satisfy the Clifford algebra

{γμ, γν} = 2gμν. (1)

The lowest dimensional representation of these matrices is 2 × 2. We can choose, for instance

γ0 = σ3, γ1 = iσ1, γ2 = iσ2. (2)

It is straightforward to verify that these matrices satisfy the relations

[γμ, γν] = −2i�μνργρ, and γμγν = gμν − i�μνργρ. (3)

This is the starting point to build up the planar Dirac theory. The free Dirac Lagrangian takes
the form of its 4D counterpart, namely

L = ψ̄(i �∂ − m)ψ , (4)

where m is the mass of the electrons and we have used the γ matrices given in Eq. (2). The
spectrum of solutions of the Dirac equation is

ψP(x) =

(
1

px−ipy
E+m

)
e−ix·p ≡ u(p)e−ix·p ,

ψN(x) =

(
px+ipy
E+m

1

)
eix·p ≡ v(p)eix·p . (5)

These solutions verify the completeness relations

∑ uū = � p + m, and ∑ vv̄ = � p − m, (6)

and the positive energy solution (labeled by P), describes a particle with spin up, whereas
the negative energy one (labeled by N) describes an antiparticle with spin down (Anguiano
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Fig. 1. The particle spectrum of solutions to the Dirac equation in Eq. (5). Adapted from
Ref. (Hernández Ortíz, 2011).

& Bashir, 2005), as shown in Fig. 1. This fact is better seen from the definition of the spin
operator

Σ3 =
γ0
2

=
1
2

(
1 0
0 −1

)
. (7)

Thus the Dirac particles have spin ±1/2. These solutions, however, fail to incorporate
important features of the ordinary Dirac spectrum familiar in relativistic quantum mechanics.
For example, the solutions are not invariant under a Parity transformation P , which for
consistency with Lorentz symmetry in (2+1)-dimensions corresponds to the operation 1

(t, x, y) → (t,−x, y)P , (8)

nor under a time reversal transformation T . This is due to the fact that under P , ψ̄ψ → −ψ̄ψ.
Furthermore, only one out of the two spin states of the physical electrons is present. A
point of caution has to be raised here, in Condensed Matter Physics spin plays the role of
flavor in High Energy Physics, thus one might be tempted to put by hand the spin factors
of 2 whenever it is required. However, one cannot simply push this argument to the fully
relativistic theory. The two spin states and symmetry features of the familiar spectrum of
solutions to the Dirac equation can be recovered owing to the fact that there exists a second
irreducible representation of the Dirac matrices. In graphene, the two representations describe
two different electron species in each of the two triangular sub-lattices of the honeycomb
lattice. The origin of the second irreducible representation is in direct connection with the
fact that there is no chiral symmetry to be defined in (2+1)-dimensions with an irreducible
representation of the Clifford algebra. Let γ be the product of all Dirac matrices, i.e, the
would-be “γ5” on the plane. From the properties of the σ matrices,

γ = γ0γ1γ2 = ±iI, (9)

I being the 2 × 2 unit matrix. This allows us to define one of the matrices in terms of the other
two. For instance γ2 = ±iγ0γ1. The second representation can then be chosen as

γ0 = σ3, γ1 = iσ1, γ2 = −iσ2, (10)

1 Parity is an improper Lorentz transformation, which should have determinant -1. If the usual definition
of parity is employed, that would correspond to a rotation by an angle π of the plane.
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Fig. 2. The particle spectrum of solutions to the Dirac equation in Eq. (11). Adapted from
Ref. (Hernández Ortíz, 2011).

with the property γμγν = gμν + i�μνλγλ. Representations (2) and (10) are inequivalent, and
hence correspond to physically different situations. This can be seen from the solutions of the
Dirac equation in representation (10), which expanded in the representation (2) are

ψP(x) =

(
px+ipy
E+m

1

)
e−ix·p ≡ u(p)e−ix·p ,

ψN(x) =

(
1

px−ipy
E+m

)
eix·p ≡ v(p)eix·p , (11)

and correspond to particle spinor with spin down and antiparticle with spin up (Anguiano
& Bashir, 2005), as shown in Fig. 2. These solutions fulfill the completeness relations (6), but
present also only one spin state for electron and yield a P and T non-invariant Lagrangian.
Nevertheless, taking into account solutions for both representations, (2) and (10), labeled A
and B, respectively, we recover two spin states for the electrons and their corresponding
Lorentz conjugated positron states. The two “irreducible” fermion fields can be cast into
the following extended form of the free Dirac Lagrangian (Anguiano & Bashir, 2005; Shimizu,
1985) 2:

L = ψ̄A(i �∂ − m)ψA + ψ̄B(i �∂ + m)ψB . (12)

As we noticed before, neither under P nor under T , the fields ψA and ψB transform onto
themselves. In fact, under C, P and T transformations, these fields transform as

(ψA)
C = γ2eiη1 (ψ̄A)

T , (ψB)
C = γ2eiη2 (ψ̄B)

T ,

(ψA)
P = −iγ1eiφ1 (ψB) , (ψB)

P = −iγ1eiφ2 (ψA) ,

(ψA)
T = iγ0eiϕ1 (ψ̄B)

T , (ψB)
T = iγ0eiϕ2 (ψ̄A)

T . (13)

where ηi, φi and ϕi, i = 1, 2 are constant phases. This shows that the extended Lagrangian
(12) is CPT invariant (Shimizu, 1985). There are two chiral symmetries which can be defined.
In infinitesimal form, these are

2 Notice that only one irreducible representation of the Dirac matrices, say (2) is used.
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Set I
ψA → ψ�

A = ψA + αψB , ψB → ψ�
B = ψB − αψA , (14)

leading to the conserved current

jμI = ψ̄AγμψB − ψ̄BγμψA. (15)

Set II
ψA → ψ�

A = ψA + iαψB , ψB → ψ�
B = ψB + iαψA , (16)

leading to the conserved current

jμI I = ψ̄AγμψB + ψ̄BγμψA. (17)

The presence of two irreducible fermion fields in (12) naturally suggest that these can be
merged into one reducible four-component spinor and hence we can make use of the ordinary
4 × 4 Dirac matrices. Such an issue is discussed below.

3. Reducible Dirac fermions

Planar Dirac fermions can also be described with the ordinary 4 × 4 matrices. Nevertheless,
only three of them are required to describe the Dirac equation, for example {γ0, γ1, γ2},
which in Euclidean space can be represented as

γ0
E =

(−iσ3 0
0 iσ3

)
, γ1

E =

(
iσ1 0
0 −iσ1

)
, γ2

E =

(
iσ2 0
0 −iσ2

)
. (18)

In such a case, we have two other γ matrices (from now onwards we omit de subscript
E for the Euclidean matrices) which commute with all the three matrices above, in such a
fashion that the corresponding massless Dirac Lagrangian is invariant under the chiral-like
transformations ψ → eiαγ3

ψ , and ψ → eiβγ5
ψ , that is, it is invariant under a global U(2)

symmetry with generators 1, γ3, γ5 and [γ3, γ5]. Here

γ3 =

(
0 I
I 0

)
, γ5 =

(
0 −I
I 0

)
. (19)

This symmetry is broken by an ordinary mass term meψ̄ψ. But there exists a second mass
term, referred to as Haldane mass term (Haldane, 1988), which is invariant under the “chiral”
transformations

moψ̄
1
2
[γ3, γ5]ψ ≡ moψ̄τψ, (20)

and has to be included in the complete Lagrangian when parity is allowed to be broken. If we
write the 4-spinor as

ψ =

(
ψA
ψB

)
, (21)

we observe that under P and T , the components of spinors transform, up to a phase,
as (Jackiw & Templeton, 1981)

(ψA(t, x, y))P → σ1ψB(t,−x, y), (ψB(t, x, y))P → σ1ψA(t,−x, y),

(ψA(t, x, y))T → σ2ψB(−t, x, y), (ψB(t, x, y))T → σ2ψA(−t, x, y). (22)
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Fig. 2. The particle spectrum of solutions to the Dirac equation in Eq. (11). Adapted from
Ref. (Hernández Ortíz, 2011).

with the property γμγν = gμν + i�μνλγλ. Representations (2) and (10) are inequivalent, and
hence correspond to physically different situations. This can be seen from the solutions of the
Dirac equation in representation (10), which expanded in the representation (2) are

ψP(x) =

(
px+ipy
E+m

1

)
e−ix·p ≡ u(p)e−ix·p ,

ψN(x) =

(
1

px−ipy
E+m

)
eix·p ≡ v(p)eix·p , (11)

and correspond to particle spinor with spin down and antiparticle with spin up (Anguiano
& Bashir, 2005), as shown in Fig. 2. These solutions fulfill the completeness relations (6), but
present also only one spin state for electron and yield a P and T non-invariant Lagrangian.
Nevertheless, taking into account solutions for both representations, (2) and (10), labeled A
and B, respectively, we recover two spin states for the electrons and their corresponding
Lorentz conjugated positron states. The two “irreducible” fermion fields can be cast into
the following extended form of the free Dirac Lagrangian (Anguiano & Bashir, 2005; Shimizu,
1985) 2:

L = ψ̄A(i �∂ − m)ψA + ψ̄B(i �∂ + m)ψB . (12)

As we noticed before, neither under P nor under T , the fields ψA and ψB transform onto
themselves. In fact, under C, P and T transformations, these fields transform as

(ψA)
C = γ2eiη1 (ψ̄A)

T , (ψB)
C = γ2eiη2 (ψ̄B)

T ,

(ψA)
P = −iγ1eiφ1 (ψB) , (ψB)

P = −iγ1eiφ2 (ψA) ,

(ψA)
T = iγ0eiϕ1 (ψ̄B)

T , (ψB)
T = iγ0eiϕ2 (ψ̄A)

T . (13)

where ηi, φi and ϕi, i = 1, 2 are constant phases. This shows that the extended Lagrangian
(12) is CPT invariant (Shimizu, 1985). There are two chiral symmetries which can be defined.
In infinitesimal form, these are

2 Notice that only one irreducible representation of the Dirac matrices, say (2) is used.
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Set I
ψA → ψ�

A = ψA + αψB , ψB → ψ�
B = ψB − αψA , (14)

leading to the conserved current

jμI = ψ̄AγμψB − ψ̄BγμψA. (15)

Set II
ψA → ψ�

A = ψA + iαψB , ψB → ψ�
B = ψB + iαψA , (16)

leading to the conserved current

jμI I = ψ̄AγμψB + ψ̄BγμψA. (17)

The presence of two irreducible fermion fields in (12) naturally suggest that these can be
merged into one reducible four-component spinor and hence we can make use of the ordinary
4 × 4 Dirac matrices. Such an issue is discussed below.

3. Reducible Dirac fermions

Planar Dirac fermions can also be described with the ordinary 4 × 4 matrices. Nevertheless,
only three of them are required to describe the Dirac equation, for example {γ0, γ1, γ2},
which in Euclidean space can be represented as

γ0
E =

(−iσ3 0
0 iσ3

)
, γ1

E =

(
iσ1 0
0 −iσ1

)
, γ2

E =

(
iσ2 0
0 −iσ2

)
. (18)

In such a case, we have two other γ matrices (from now onwards we omit de subscript
E for the Euclidean matrices) which commute with all the three matrices above, in such a
fashion that the corresponding massless Dirac Lagrangian is invariant under the chiral-like
transformations ψ → eiαγ3

ψ , and ψ → eiβγ5
ψ , that is, it is invariant under a global U(2)

symmetry with generators 1, γ3, γ5 and [γ3, γ5]. Here

γ3 =

(
0 I
I 0

)
, γ5 =

(
0 −I
I 0

)
. (19)

This symmetry is broken by an ordinary mass term meψ̄ψ. But there exists a second mass
term, referred to as Haldane mass term (Haldane, 1988), which is invariant under the “chiral”
transformations

moψ̄
1
2
[γ3, γ5]ψ ≡ moψ̄τψ, (20)

and has to be included in the complete Lagrangian when parity is allowed to be broken. If we
write the 4-spinor as

ψ =

(
ψA
ψB

)
, (21)

we observe that under P and T , the components of spinors transform, up to a phase,
as (Jackiw & Templeton, 1981)

(ψA(t, x, y))P → σ1ψB(t,−x, y), (ψB(t, x, y))P → σ1ψA(t,−x, y),

(ψA(t, x, y))T → σ2ψB(−t, x, y), (ψB(t, x, y))T → σ2ψA(−t, x, y). (22)
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Fig. 3. Light and heavy fermion species of Lagrangian 25. Adapted from Ref. (Hernández
Ortíz, 2011).

Thus, the term meψ̄ψ is even under each of these transformations, but moψ̄τψ is not, although
it is PT and thus CPT symmetric. The Euclidean space free reducible Dirac Lagrangian in this
case has the form

L = ψ̄(i �∂ − me − moτ)ψ . (23)

Written in this form, neither me nor mo represent “physical” masses for electrons. In order
to disentangle the species described by this Lagrangian, it is convenient to introduce the
chiral-like projectors

χ± =
1
2
(1 ± τ) , (24)

which verify (Kondo, 1996) χ2± = χ±, χ+χ− = 0, χ+ + χ− = I. The “right handed” ψ+

and “left handed” ψ− fermion fields in this case are given by ψ± = χ±ψ. The χ± project the
upper and lower two component spinors, i.e, fermion species, out of the four-component ψ.
In terms of the chiral fields, the Dirac Lagrangian acquires the form (see for instance (Jackiw
& Pi, 2007))

LF = ψ̄+(i �∂ − m+)ψ+ + ψ̄−(i �∂ − m−)ψ−, (25)

with m± = me ± mo. This Lagrangian explicitly describes two fermion species of physical
masses m+ and m−, respectively. For each species, the mass terms breaks chiral symmetry and
parity at the same time. Moreover, the effect of the parity-violating mass is seen to remove the
mass degeneracy between species. There is a light species and a heavy species, as illustrated
in Fig. 3. Below we introduce interactions of fermions with a classical electromagnetic field
within the Ritus formalism.

4. Propagator in magnetic fields

We start from the free Dirac equation derived from the Lagrangian (4)

(i �∂ − m)ψ = 0 , (26)

and work with representation (2). The extension to other representations is straightforward.
In a background electromagnetic field, the Dirac equation takes the form

( �Π − m)Ψ = 0, (27)
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where Πμ = i∂μ + eAμ and Aμ is the electromagnetic potential defining the external field.
From now onwards, let us consider a magnetic field alone pointing perpendicularly to the
plane of motion of the electrons. Moreover, let us work in a Landau-like gauge by choosing
Aμ = (0, 0, W(x)), where W(x) is some function for which, in the general case, its derivative
W �(x) = ∂xW(x) defines the profile of the field. We are interested in finding the Green’s
function or propagator for this equation, namely, the function G(x, x�) which satisfies

( �Π − m) G(x, x�) = δ(x − x�). (28)

Since �Π does not commute with the momentum operator, neither the wave function nor
G(x, x�) can be expanded in plane-waves, and this does not allow to have a diagonal
propagator in momentum space. The scheme we choose to deal with the external fields
was developed by Ritus (Ritus, 1972; 1974; 1978). The crucial observation is that the Green’s
function above should be a combination of all scalar structures obtained by contracting
the γμ-matrices, the canonical momentum Πμ and the electromagnetic field strength tensor
Fμν = [Πμ, Πν]/e ≡ ∂μ Aν − ∂ν Aμ, which are compatible with Lorentz symmetry, gauge
invariance and charge conjugation, namely,

G(x, x�) = G( �Π, σμνFμν, (F̃νΠν)
2), (29)

where σμν = i[γμ, γν]/2 and F̃μ ≡ (1/2)�μναFνα is the dual field strength tensor, which in
(2+1)-dimensions is simply a vector. The key observation is that all the above structures
commute with ( �Π)2, and thus

[
(γ · Π)2, G(x, x�)

]
= 0 . (30)

This fact allows us to expand the Green’s function G(x, x�) in the same basis of eigenfunctions
of ( �Π)2. Furthermore, if we perform a similarity transformation on ( �Π)2 in which it acquires a
diagonal form in momentum space, then the same transformation makes the Green’s function
diagonal too. Such a similarity transformation is

E−1
p ( �Π)2Ep = p2I , (31)

where Ep are the transformation matrices, I is the unit matrix and p2 can be any real
number. Therefore, when we apply Ep functions to the propagator, it will become diagonal
in momentum space. It is important to notice that in the fermionic case, the spin operator is
realized in terms of the γμ-matrices, and thus the Ep functions inherit its matrix form. For
different charged particles, the spin operator is realized in a different ways. For example, for
scalar particles, the Ep functions are simply scalars (Ginzburg, 1995), whereas in the case of
charged gauge bosons, the spin structure is embedded in a Lorentz tensor, and therefore the
Ep functions also comply a Lorentz tensor structure (Elizalde et al, 2002). Our goal in this work
is to study the structure of the Ep matrices for the case of Dirac fermions in (2+1)-dimensions.
The similarity transformation (31) can be written as

( �Π)2Ep = p2Ep , (32)

which is an eigenvalue equation for the matrices Ep, which are referred to as the Ritus
eigenfunctions in the specialized literature. Now,

( �Π)2 = Π2 +
e
2

σμνFμν . (33)
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Fig. 3. Light and heavy fermion species of Lagrangian 25. Adapted from Ref. (Hernández
Ortíz, 2011).
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and “left handed” ψ− fermion fields in this case are given by ψ± = χ±ψ. The χ± project the
upper and lower two component spinors, i.e, fermion species, out of the four-component ψ.
In terms of the chiral fields, the Dirac Lagrangian acquires the form (see for instance (Jackiw
& Pi, 2007))

LF = ψ̄+(i �∂ − m+)ψ+ + ψ̄−(i �∂ − m−)ψ−, (25)

with m± = me ± mo. This Lagrangian explicitly describes two fermion species of physical
masses m+ and m−, respectively. For each species, the mass terms breaks chiral symmetry and
parity at the same time. Moreover, the effect of the parity-violating mass is seen to remove the
mass degeneracy between species. There is a light species and a heavy species, as illustrated
in Fig. 3. Below we introduce interactions of fermions with a classical electromagnetic field
within the Ritus formalism.

4. Propagator in magnetic fields

We start from the free Dirac equation derived from the Lagrangian (4)

(i �∂ − m)ψ = 0 , (26)

and work with representation (2). The extension to other representations is straightforward.
In a background electromagnetic field, the Dirac equation takes the form

( �Π − m)Ψ = 0, (27)
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From now onwards, let us consider a magnetic field alone pointing perpendicularly to the
plane of motion of the electrons. Moreover, let us work in a Landau-like gauge by choosing
Aμ = (0, 0, W(x)), where W(x) is some function for which, in the general case, its derivative
W �(x) = ∂xW(x) defines the profile of the field. We are interested in finding the Green’s
function or propagator for this equation, namely, the function G(x, x�) which satisfies

( �Π − m) G(x, x�) = δ(x − x�). (28)

Since �Π does not commute with the momentum operator, neither the wave function nor
G(x, x�) can be expanded in plane-waves, and this does not allow to have a diagonal
propagator in momentum space. The scheme we choose to deal with the external fields
was developed by Ritus (Ritus, 1972; 1974; 1978). The crucial observation is that the Green’s
function above should be a combination of all scalar structures obtained by contracting
the γμ-matrices, the canonical momentum Πμ and the electromagnetic field strength tensor
Fμν = [Πμ, Πν]/e ≡ ∂μ Aν − ∂ν Aμ, which are compatible with Lorentz symmetry, gauge
invariance and charge conjugation, namely,

G(x, x�) = G( �Π, σμνFμν, (F̃νΠν)
2), (29)

where σμν = i[γμ, γν]/2 and F̃μ ≡ (1/2)�μναFνα is the dual field strength tensor, which in
(2+1)-dimensions is simply a vector. The key observation is that all the above structures
commute with ( �Π)2, and thus

[
(γ · Π)2, G(x, x�)

]
= 0 . (30)

This fact allows us to expand the Green’s function G(x, x�) in the same basis of eigenfunctions
of ( �Π)2. Furthermore, if we perform a similarity transformation on ( �Π)2 in which it acquires a
diagonal form in momentum space, then the same transformation makes the Green’s function
diagonal too. Such a similarity transformation is

E−1
p ( �Π)2Ep = p2I , (31)

where Ep are the transformation matrices, I is the unit matrix and p2 can be any real
number. Therefore, when we apply Ep functions to the propagator, it will become diagonal
in momentum space. It is important to notice that in the fermionic case, the spin operator is
realized in terms of the γμ-matrices, and thus the Ep functions inherit its matrix form. For
different charged particles, the spin operator is realized in a different ways. For example, for
scalar particles, the Ep functions are simply scalars (Ginzburg, 1995), whereas in the case of
charged gauge bosons, the spin structure is embedded in a Lorentz tensor, and therefore the
Ep functions also comply a Lorentz tensor structure (Elizalde et al, 2002). Our goal in this work
is to study the structure of the Ep matrices for the case of Dirac fermions in (2+1)-dimensions.
The similarity transformation (31) can be written as

( �Π)2Ep = p2Ep , (32)

which is an eigenvalue equation for the matrices Ep, which are referred to as the Ritus
eigenfunctions in the specialized literature. Now,

( �Π)2 = Π2 +
e
2

σμνFμν . (33)
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The only non-vanishing elements of the field strength tensor are F12 = −F21 = W �(x), and
because σ12 = σ3, the Ep functions satisfy

(
Π2 + eσ3W �(x)

)
Ep = p2 Ep . (34)

Moreover, because
[ �Π, i∂t] =

[ �Π,−i∂y
]
= [ �Π,H] = 0 , (35)

with
H = −�Π2 + Π2

0, (36)

the functions Ep are eigenfunctions of these operators with eigenvalues

i∂tEp = p0Ep , i∂yEp = −p2Ep , HEp = kEp , (37)

which label the solutions to the massless Dirac equation in the background field. Notice that
p2 = p2

0 − k, and hence, the Ep functions verify
(
−Π2

1 − Π2
2 + eσ3W �(x)

)
Ep = −kEp . (38)

The first two terms of the operator on the l.h.s. of this equation act on the orbital degrees
of freedom of the eigenfunctions Ep, whereas the last term acts only in its spin degrees of
freedom. Hence we can make the ansatz

Ep = Ep,σ ωσ , (39)

where ωσ is the matrix of eigenvectors of σ3 with eigenvalues σ = ±1, respectively, and

Ep,σ = Nσe−i(pot−p2y)Fk,p2,σ , (40)

with Nσ being the corresponding normalization constant. Substituting the ansätze (39)
and (40) into Eq. (38), we arrive at

(
d2

dx2 − (−p2 + eW(x))2 + eσW �(x)
)

Fk,p2,σ = −kFk,p2,σ . (41)

For the squared-integrability of the solutions, the eigenvalue k must be discrete. The above
expression has the form of the Pauli Hamiltonian with the constrained vector potential, mass
m = 1/2 and gyromagnetic factor g = 2, and turns out to be supersymmetric in the Quantum
Mechanical sense (SUSY-QM) (Cooper et al, 1995; 2001). From the solutions to the above
equation, we can construct the Ritus eigenfunctions Ep as

Ep =

(
Ep,1(z) 0

0 Ep,−1(z)

)
, (42)

where the label p = (p0, p2, k) and z = (t, x, y). Being a complete set, the eigenfunctions Ep
given in Eq. (42), satisfy

∫
dz Ep� (z)Ep(z) = Iδ(p − p�) ,

∫
dp Ep(z)Ep(z�) = Iδ(z − z�) , (43)
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with Ep(z) = γ0E∗
p(z)γ0 and I is the 2 × 2 unit matrix. Let us introduce the bar-momentum

pμ = (p0, 0,
√

k), which plays an important role in the method. Its definition involves the
dynamical quantum numbers p0 and k, but not p2, which merely fixes the origin of the x
coordinate. In other words, in the Ritus method the propagator is written only in terms of the
eigenvalues of the dynamical operators commuting with �Π. Notice that the bar-momentum
verifies p2 = p2

0 − k = p2, and it is defined through the relation

�ΠEp = Ep � p . (44)

This relation will become important in the discussion of unitary transformations of the Dirac
Hamiltonian. With the Ep functions, we can consider the Green’s function method to obtain
the propagator in the presence of the field. From Eq. (28), we define the Green’s function in
momentum space as

G(z, z�) =
∫

dp Ep(z)SF(p)Ep(z�) . (45)

Here, the integral sign might as well represent a sum, depending upon the continuous or
discrete nature of the components of the momentum. Applying the Dirac operator ( �Π − m)
to G(z, z�), we have that

( �Π − m) G(z, z�) =
∫

dp Ep(z)( � p − m)SF(p)Ep(z�)

=
∫

dp Ep(z)Ep(z�) , (46)

where in the last step we have used the representation of the δ-function in the Ep basis. Hence
we notice that, in this basis, the Ritus propagator takes the form of a free propagator, namely,

SF(p) =
1

� p − m
, (47)

with pμ defined through Eq. (44). On physical grounds, the Ep functions correspond to
the states of electrons with momentum p in the background of the external field under
consideration. With the help of these functions and the property (44), we can find the solutions
of the Dirac equation (27) in a straightforward manner. To this end, we propose

Ψ = Epup, (48)

where up is a spinor of momentum p. Then

( �Π − m)Epup = Ep( � p − m)up = 0, (49)

and thus we see that up is simply a free spinor describing an electron with momentum
p. Notice that with this form of Ψ, the information concerning the interaction with the
background magnetic field has been factorized into the Ep functions and throughout the
p dependence of up. Several relevant physical observables can then be found immediately,
such as the probability density, the transmission and reflection coefficients between magnetic
domains, and the density matrix, which are all useful, for example, in graphene applications
as those which were mentioned in the Introduction, we discuss below, where the Ritus method
plays useful.
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5. Examples

5.1 Uniform magnetic field
Consider in the first place the case of a uniform magnetic field (Khalilov, 1999). This
corresponds to the choice W(x) = B0x. To simplify the calculations, we rename the quantum
number k → 2|eB0|k in Eq. (37). In this case, Eq. (41) simplifies to

[
d2

dx2 − (−p2 + eB0x)2 + σeB0

]
Fk,p2,σ(x) = −2|eB0|kFk,p2,σ(x) . (50)

Letting η =
√

2|eB0|[x − p2/(eB0)], the above expression acquires the form
[

d2

dη2 + k +
σ

2
sgn(eB0)− η2

4

]
Fk,p2,σ(η) = 0 , (51)

that is, the equation for a quantum harmonic oscillator, with center of oscillation in x0 =
p2/(eB0) and cyclotron frequency wc = 2eB0. Thus, the normalized functions Ep,σ acquire the
form

Ep,1 =
(π|eB0|)1/4

2π3/2k!1/2 e−ip0t+ip2yDk(η) ,

Ep,−1 =
(π|eB0|)1/4

2π3/2(k − 1)!1/2 e−ip0t+ip2yDk−1(η) , (52)

where
Dn(x) = 2−n/2e−x2/4Hn

(
x/

√
2
)

(53)

is the parabolic cylinder function of order

n = k +
σ

2
sgn(eB0)− 1

2
, (54)

and Hn(x) are the Hermite’s polynomials. Expectedly, the uniform magnetic field renders
the (n − 1)-th state with spin down with the same energy of the n-th state with spin up.
Inserting these functions into Eq. (42), we obtain the Ritus eigenfunctions which render the
propagator diagonal in momentum space. Alternative forms of this propagator were recently
reported (Rusin & Zawadzki, 2011).
Observe that physical observables like probability densities are linear combinations of |Ep|2.
These functions have the profile shown Fig. 4. The dashed curve enveloping these solutions
corresponds to the potential

y = W̄2(x)− W̄ �(x) , (55)

where W̄ = eW − p2 is referred to as the superpotential in the SUSY-QM literature (Cooper et
al, 1995; 2001).

5.2 Exponential magnetic field
In this section we study the electron propagator in a background static magnetic field which
has an exponentially decaying spatial profile along one direction, described through the
function W(x) = −B0[exp{−αx} − 1]/α. In this case, Eq. (41) simplifies to
[

d2

dx2 −
(
−p2 − eB0

α
(exp{−αx} − 1)

)2
+ σeB0 exp{−αx}

]
Fk,p2,σ(x) = −kFk,p2,σ(x) . (56)
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Fig. 4. The |Ep|2 function from Eq. (52) in arbitrary units along the dynamical direction for
various Landau levels. The dashed curve y = x2 − 1 corresponds to the potential (55) for this
field configuration. The scale of the graphic is set by eB0 = 1 and p2 = 0.

Let � = (2eB0/α2) exp{−αx} and s = −(p2 − eB/α)/α, then, the above expression is
equivalent to [

�2 d2

d�2 + �
d

d�
−

(
s − 1

2
�

)2
+

σ

2
� +

k
α2

]
Fk,p2,σ(�) = 0 . (57)

This equation has the normalized solutions Ep,σ given as

Ep,1 =
1

2π

(
2αn!(s − n)

Γ(2s − n + 1)

)1/2
e−ip0t+ip2ye−�/2�(s−n)L2(s−n)

n (�),

Ep,−1 =
1

2π

(
2α(n − 1)!(s − n)

Γ(2s − n)

)1/2
e−ip0t+ip2ye−�/2�(s−n)L2(s−n)

n−1 (�), (58)

where Lb
a(x) are the associate Laguerre polynomials with

n = s −
√
− k

α2 + s2. (59)

The quantum number n is the principal quantum number, whereas s a center of oscillation
weighted by the damping factor α. Fig. 5 we show |Ep|2 for various values of n at fixed s = 8.
Notice that in this case the potential (55) also envelops the squares of the solutions.

6. Non relativistic and ultrarelativistic forms of the Dirac equation

The study of semiclassical and nonrelativistic limits of the Dirac equation is a useful
method to understand some effects on fermions coupled to external fields. In
both, gravitational (Goncalves et al, 2007; Obukhov et al, 2009) and electromagnetic
backgrounds (Barducci et al, 2009; Silenko, 2008), the Foldy-Wouthuysen (FW)
transformation (Foldy & Wouthuysen, 1950) has proven to be a favorite way to obtain
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5. Examples
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4
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2
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2
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Fig. 5. The |Ep|2 functions from Eq. (58) in arbitrary units along the dynamical direction for
various values of n at fixed s = 8. The dashed curve y = (8 − e−x)2 + e−x corresponds to the
potential (55) for this field configuration. The scale of the graphic is set by eB0 = α = 1.

the nonrelativistic limit of the Dirac equation, because it provides a block diagonal form
representation of quantum operators and hence of the Dirac Hamiltonian itself. Powerful
applications of FW transformation in semiclassical calculations can be exploited in systems
of other than (3+1) dimensions (Moreno & Méndez-Moreno, 1992) due to its relation with
the supersymmetric character, in the quantum mechanical sense (Cooper et al, 1995; 2001),
of some class of Hamiltonians, as well as in different stationary metrics (Buhl et al, 2008;
Heidenreich et al, 2006). In the non-relativistic domain, the components of the Dirac spinors
in either eq. (5) or eq. (11) are such that u1 � u2 and v1 � v2, thus the Dirac equation reduces
to the Pauli equation, which is a first non-relativistic approximation of the Dirac equation for
an electron in an external electromagnetic field,

i
∂

∂t
ψ = eΦψ + αjΠjψ + βmψ, (60)

where αj = γ0γj, β = γ0 and Aμ = (Φ, A). Now we write ψ =

(
φ�
χ�

)
and substitute it into

(60):

i
∂

∂t
φ� = eΦφ� + (Π1 − iΠ2)χ� + mφ�,

i
∂

∂t
χ� = eΦχ� + (Π1 + iΠ2)φ� − mχ�. (61)

Writing

ψ =

(
φ
χ

)
e−imt
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in order to subtract the relativistic rest energy, the coupled system of equations (61) now takes
the form:

i
∂

∂t
φ = eΦφ + (Π1 − iΠ2)χ,

i
∂

∂t
χ = eΦχ + (Π1 + iΠ2)φ − 2mχ. (62)

In the weak external electromagnetic field, m � eΦ and m � e|A|, and so, from the second
equation in (62):

χ ≈ 1
2m

(Π1 + iΠ2)φ. (63)

Substituting the last expression into the first equation (62), we obtain

i
∂

∂t
φ = eΦφ +

1
2m

(Π1 − iΠ2)(Π1 + iΠ2)φ. (64)

The second term on the r.h.s. of the last equation may be rewritten as

1
2m

(
(Π1)2 + (Π2)2 + i[Π1, Π2]

)
=

1
2m

(
(p − eA)2 − e

(
∂A2

∂x1 − ∂A1

∂x2

))
,

and recalling that B = ∇× A, we reach at the well-known Pauli equation

i
∂

∂t
φ = eΦφ +

(p − eA)2

2m
φ +

e
2m

Bφ, (65)

which is a one component equation for an electron in an external electromagnetic field. We can
obtain the non-relativistic form of the Dirac equation through the FW transformation. Notice
that in the free Dirac equation,

i
∂Ψ
∂t

= (α · p + βm)Ψ, (66)

the large and small components of the Dirac spinor Ψ, labeled by the momentum p, get
mixed by the odd operator α · p involving off-diagonal elements. The FW is a canonical
transformation which, by removing such an operator from the Dirac Hamiltonian,

Hfree = α · p + βm, (67)

allows to decouple these large and small components of Ψ. The free FW transformation,

Ufree(p) = eiSfree(p) = cos |p|θ + γ · p
|p| sin |p|θ, (68)

with θ given through

tan(2|p|θ) = |p|
m

, (69)

is exact, and renders the free Hamiltonian in the form

HFW
free = γ0

√
p2 + m2. (70)
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In the presence of an external electromagnetic field, the FW transformation can be ordinarily
obtained through successive approximations as an expansion in powers of 1/m (Bjorken &
Drell, 1984). For example, at O(1/m3),

S(Π) = −i
(

γ0

2m

)2 (
[O�, E�] + iȮ�) , (71)

with

O� = γ0

2m [O, E ]− O3

3m2 + i γ0Ȯ
2m , (72)

E� = E + γ0
(

O
2m − O4

8m3

)
− 1

8m2 [O, [O, E ]]− i 1
8m2 [O, Ȯ]. (73)

In the expressions above, the even (diagonal) and odd (off-diagonal) operators correspond to
E = eΦ and O = γ0γ · Π ≡ Π̃, respectively, and the dot represents the time derivative. To
this order, the FW transformation renders the Dirac Hamiltonian to its leading non-relativistic
form. For an external static inhomogeneous magnetic field the series can be written in closed
form as

HFW
Π = γ0

√
(Π̃)2 + m2, (74)

where the transformation matrix for this case is

S(Π) = −i(γ · Π)θ, (75)

with θ given through

tan(2|Π̃|θ) = |Π̃|
m

. (76)

Here, |Π̃| = √
(γ0γ · Π)2 plays the role of the momentum |p| in the free case and (Π̃)2 = H

as it was defined by Eq. (36). With the decomposition (48) of the Dirac wave function, the
stationary Schrödinger form of the Dirac equation becomes

EDEpup = γ0(γ · Π + m)Epup (77)

which with the aid of property (44), simplifies to

EDEpup = Epγ0(γ · p + m)up. (78)

In the above expressions ED represent the eigenenergies of the Dirac equation. Moreover,
the Hamiltonian on the r.h.s. of Eq. (78) acquires a free form involving p alone. Thus, it is
straightforward to convince oneself that the Ritus eigenfunctions map the FW transformation
in external fields to a free transformation which depends on p, namely

eiS(Π)Ep = EpeiSfree(p). (79)

So, the Ep functions not only render the fermion propagator in external fields diagonal in
momentum space, with a free form involving the quantum numbers induced by the field.
These also allow to express the exact FW transformation in the presence of the fields in a free
form. To see the usefulness of Eq. (79), we first apply the Hamiltonian in Eq. (74) to the Ritus
eigenfunctions Ep,

HFW
Π Ep =

(
γ0

√
(Π̃)2 + m2

)
Ep, (80)
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which has to be evaluated expanding the square-root operator in a power series of (Π̃/m)2.
This procedure leads to an expression in terms of the eigenvalues k of the operator (Π̃)2 given
through Eqs. (31) and (37) with p2 = p2. Since p0 = ED are the eigenvalues of Π0 = i∂t, from
the Dirac equation p2

0 = k + m2, thus
√

k correspond to the energy eigenvalues of a particle
on-shell. From Eq. (36), p2 = p2

0 − k, and it can be fulfilled with the choice of pμ = (p0, 0,
√

k),
in accordance to our selection of gauge. Hence, Eq. (80) simplifies to

HFW
Π Ep = Ep

(
γ0

√
E2

D + m2
)

. (81)

On the other hand, notice that under the FW transformation, the Hamiltonian H = γ0(γ · p +
m) on the r.h.s. of Eq. (78) transforms in a free form, as in Eq. (70), but involving p2 alone.
Thus the FW transformed Hamiltonian (78) can be written directly:

HFW
freeEp = Ep

(
γ0

√
E2

D + m2
)

. (82)

The r.h.s. of this last equation precisely corresponds to the r.h.s. of Eq. (81). This last was
obtained transforming the Dirac Hamiltonian of Eq. (77) with a magnetic filed in the usual
way. As comparison, with the aid of Eq. (48), the corresponding FW transformed Hamiltonian
was obtained directly from a free one, Eq. (78), given in terms of the tri-momentum pμ which
contains all the dynamics induced by the external magnetic field. It is then straightforward
to prove the relationship between the FW transformations S(Π) and Sfree(p) established
by Eq. (79) in terms of the Ritus eigenfunctions Ep. The same idea can be generalized
to the case on which the Dirac Hamiltonian (66) is expressed in its ultra-relativistic form
through the Cini-Touschek (CT) transformation (Cini & Touschek, 1958). In the free case, the
parameter (69) for the CT transformation acquires the form

tan(2|p|θ) = − m
|p| , (83)

and correspondingly the hamiltonian takes the form

HCT
free =

√
p2 + m2

|p| α · p , (84)

which is precisely the ultra-relativistic form of the Dirac Hamiltonian.

7. Graphene hamiltonian in diagonal form

Let us consider the “free” Hamiltonian of graphene

Hg =
EF
|pF|γ · p. (85)

Now, the free Dirac hamiltanian can be written in its non-relativistic and ultrarelativistic forms
through the FW and CT transformations, respectively:

UFW(m, p) = cos
(

1
2

arctan
1
x

)
+

γ · p
|p| sin

(
1
2

arctan
1
x

)
,

UCT(m, p) = cos
(

1
2

arctan x
)
+

γ · p
|p| sin

(
1
2

arctan x
)

, (86)
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with x = m/|p|. This means that graphene can be described through a CT-transformed Dirac
Hamiltonian,

Hg = UCT(μ, pF)HDU†
CT(μ, pF) , (87)

with μ some mass parameter of the transformation. In the free case, the CT transformation is
exact, thus

HD = U†
CT(μ, pF)HgUCT(μ, pF) . (88)

Moreover, we know that

HFW
Π = γ0Ek ≡ UFW(μ, pF)HDU†

FW(μ, pF) , (89)

with Ek =
√

E2
D + μ2 = EF, therefore

HFW = UFW(μ, pF)U†
CT(μ, pF)HgUCT(μ, pF)U†

FW(μ, pF) . (90)

Now, since

arctan (z) arctan
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we have that

UFW(μ, pF)U†
CT(μ, pF) =

1√
2

(
1 + sgn(μ)

γ · p
|p|

)
. (92)

Now, consider the Hamiltonian of graphene in a static magnetic field. We learnt that for the
FW and CT transformations

U(Π)Ep = EpUfree(p) , (93)

in such a manner that
Hg = γ0EF(μ) (94)

in the Ritus basis, with EF(μ) =
√

p2 + μ2.

8. Concluding remarks

Summarizing, we studied the electron propagator in (2+1)-dimensions in the presence of
external electromagnetic fields under the Ritus formalism. We have seen that the Ritus method
offers an alternative way to study the electron propagator in the presence of external magnetic
fields. Within the framework of this method the electron propagator acquires a free form
involving only the dynamical quantum numbers induced by the external field when it is
spanned in the Ritus functions Ep, the eigenfunctions of the operator (γ · Π)2. We have
also shown that the Ritus eigenfunctions provide a direct connection with the non-relativistic
and the ultra-relativistic limit of the Dirac equation. In the non-relativistic limit case we
showed that, in the Ritus basis, the exact Foldy-Wouthuysen (FW) transformation of the
Dirac Hamiltonian in presence of an external and time independent electromagnetic field
can be expressed in a closed form in terms of a free transformation which only depends on
the dynamical quantities induced by the field. In the ultra-relativistic limit, we have shown
that the Cini-Touschek (CT) transformed Dirac Hamiltonian leads into the corresponding for
graphene. We have shown the relationship between the Ritus eigenfunctions and the FW and
CT transformations which let us write down the solutions of the graphene Hamiltonian only
in terms of dynamical quantities induced by the external fields, namely, only on terms of p.
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1. Introduction

In 2004, graphene, a single layer of carbon atoms arranged in a hexagonal lattice,
has been experimentally realized by A. K. Geim and K. S. Novoselov (Novoselov et al.,
2004). In graphene, the conduction and valence bands touch each other at Dirac point
(DP) with a double-cone structure (Novoselov et al., 2004). Near DP, the dispersion
of electron is linear with two branches (Novoselov et al., 2004). The valence electron
dynamics in such a truly two-dimensional (2D) material is governed by a massless Dirac
equation. So graphene exhibits many unique electronic properties (Beenakker, 2008;
Castro Neto et al., 2009), including half-integer and unconventional quantum Hall effect
(Zhang et al., 2005), observation of minimum conductivity (Novoselov et al., 2005), and Klein
tunneling (Katsnelson et al., 2006). The optical-like behaviors of electron waves in graphene
have also drawn considerable attention recently, such as focusing (Cheianov et al., 2007),
collimation (Park et al., 2008a), subwavelength optics (Darancet et al., 2009), Bragg reflection
(Ghosh et al., 2009), and Goos-Hänchen effect (Beenakker et al., 2009; Zhao et al., 2010). In
this regard, one of the recent work is to investigate the guided modes in monolayer graphene
waveguide, by analogy of optical waveguides (Zhang et al., 2009). The exotic properties of the
graphene waveguide are found in two different cases of classical motion and Klein tunneing
(Zhang et al., 2009). Similar behaviors also happened to the transmission of Dirac-like
electron in 2D monolayer graphene barrier at nonzero angle of incidence (Chen and Tao,
2009). The modulation of the transmission gap by the incidence angle, the height, and width
of potential barrier may lead to potential applications in graphene-based electronic devices
(Chen and Tao, 2009). The electronics waves in graphene can also be treated as the guided
waves in an optical fibre, i.e., graphene based electronic fibre (Wu, 2011). The graphene analog
of the optical device, the fibre optic, has also been demonstrated both experimentally and
numerically in a p − n junction (Williams et al., 2011).
On the other hand, the DP with double-cone structure in photonic crystals (PCs) for the
Bloch states is found from the similarity of the photonic bands of the 2D PCs with the
electronic bands of solids. Several novel optical transport properties near the DP have
been investigated, such as conical diffraction (Peleg et al., 2007), "pseudodiffusive" scaling
(Sepkhanov et al., 2007), photon’s Zitterbewegung (Zhang, 2008), and perfect Klein tunneling
(Bahat-Treidel et al., 2010a). Up to now, the dynamics of Dirac-like excitations in 2D PCs
(honeycomb lattices) have been well studied when the propagation equation is linear.
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In 2004, graphene, a single layer of carbon atoms arranged in a hexagonal lattice,
has been experimentally realized by A. K. Geim and K. S. Novoselov (Novoselov et al.,
2004). In graphene, the conduction and valence bands touch each other at Dirac point
(DP) with a double-cone structure (Novoselov et al., 2004). Near DP, the dispersion
of electron is linear with two branches (Novoselov et al., 2004). The valence electron
dynamics in such a truly two-dimensional (2D) material is governed by a massless Dirac
equation. So graphene exhibits many unique electronic properties (Beenakker, 2008;
Castro Neto et al., 2009), including half-integer and unconventional quantum Hall effect
(Zhang et al., 2005), observation of minimum conductivity (Novoselov et al., 2005), and Klein
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have also drawn considerable attention recently, such as focusing (Cheianov et al., 2007),
collimation (Park et al., 2008a), subwavelength optics (Darancet et al., 2009), Bragg reflection
(Ghosh et al., 2009), and Goos-Hänchen effect (Beenakker et al., 2009; Zhao et al., 2010). In
this regard, one of the recent work is to investigate the guided modes in monolayer graphene
waveguide, by analogy of optical waveguides (Zhang et al., 2009). The exotic properties of the
graphene waveguide are found in two different cases of classical motion and Klein tunneing
(Zhang et al., 2009). Similar behaviors also happened to the transmission of Dirac-like
electron in 2D monolayer graphene barrier at nonzero angle of incidence (Chen and Tao,
2009). The modulation of the transmission gap by the incidence angle, the height, and width
of potential barrier may lead to potential applications in graphene-based electronic devices
(Chen and Tao, 2009). The electronics waves in graphene can also be treated as the guided
waves in an optical fibre, i.e., graphene based electronic fibre (Wu, 2011). The graphene analog
of the optical device, the fibre optic, has also been demonstrated both experimentally and
numerically in a p − n junction (Williams et al., 2011).
On the other hand, the DP with double-cone structure in photonic crystals (PCs) for the
Bloch states is found from the similarity of the photonic bands of the 2D PCs with the
electronic bands of solids. Several novel optical transport properties near the DP have
been investigated, such as conical diffraction (Peleg et al., 2007), "pseudodiffusive" scaling
(Sepkhanov et al., 2007), photon’s Zitterbewegung (Zhang, 2008), and perfect Klein tunneling
(Bahat-Treidel et al., 2010a). Up to now, the dynamics of Dirac-like excitations in 2D PCs
(honeycomb lattices) have been well studied when the propagation equation is linear.
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However, the nonlinear dynamics has drawn little attention in the 2D PCs by present. The
first study of nonlinear dynamics in honeycomb lattices was conducted in (Peleg et al., 2007),
demonstrating gap solitons, which had no overlap with Bloch modes residing in the vicinity
of the Dirac points. Subsequently, the nonlinear version of the massless Dirac equation
in honeycomb lattices were studied with the Dirac approximation (Ablowitz et al., 2009;
Haddad et al., 2009). The nonlinear interactions can also break down the Dirac dynamics
in honeycomb photonic lattices (Bahat-Treidel et al., 2010b), open a gap between the first two
bands which can support a gap soliton (Bahat-Treidel et al., 2008).
In optical system, Wang et al. have shown that, the analogy phenomenon of Dirac point
with double-cone structure can be realized in the negative-zero-positive index metamaterial
(NZPIM) (Wang et al., 2009a). It is further found that the light field near DP possesses of
pseudodiffusive property obeying the 1/L scaling law (Wang et al., 2009a). Subsequently,
they study the Zitterbewegung of optical pulses near the Dirac point inside a NZPIM
(Wang et al., 2009b). The transmission gap, Bragg-like reflection, and Goos-Hänchen shifts
near the DP inside a NZPIM slab was further studied comprehensively by Chen et al.
(Chen et al., 2009). In addition, when the thermal emission frequency is close to the DP, the
spectral hemispherical power of thermal emission in layered structures containing NZPIM
is strongly suppressed and the emission can become a high directional source with large
spatial coherence (Wang et al., 2010). Shen et al. have studied the guided modes in NZPIM
waveguide (Shen et al., 2010a), in which the properties of the guided modes are analogous to
the propagation of electron waves in graphene waveguide (Zhang et al., 2009). These unique
results suggest that many exotic phenomena in graphene can be simulated by the relatively
simple optical NZPIM.
Recently, the nonlinear optical response of graphene has been another interesting subject.
It has been predicted that the graphene exhibits a strongly nonlinear optical behavior at
microwave and terahertz frequencies (Mikhailov, 2007). At higher, optical frequencies one can
also expect an enhanced optical nonlinearity as, due to graphene’s band structure, interband
optical transitions occur at all photon energies. Hendry et al. have performed the first
measurements of the coherent nonlinear optical response of single- and few-layer graphene
using four-wave mixing (Hendry et al., 2010). Their results demonstrate that graphene
exhibits a very strong nonlinear optical response in the near-infrared spectral region. All
the results will stimulate much research on the studies of the nonlinear optical response of
graphene. Based on the facts of optics-like phenomena of electron wave in graphene and the
similarly nonlinear optical dynamics of Dirac equation in 2D PCs, Shen et al. have studied
the nonlinear surface waves (Shen et al., 2010b) and the nonlinear guided modes (Shen et al.,
2011) near the DP in NZPIM. For the nonlinear NZPIM waveguide, when the nonlinearity is
self-focusing, there exists an asymmetric forbidden band near DP which can be modulated
by the strength of the nonlinearity. However, the self-defocusing nonlinearity can completely
eliminate the asymmetric band gap (Shen et al., 2011).
This chapter presents a review on the propagation of nonlinear plasmonics in NZPIM. The
chapter is organized as follow. In Sec. 2, the nonlinear surface wave is discussed at the
interface between a nonlinear conventional dielectric media and a linear NZPIM. By analogy
of electron wave in monolayer graphene waveguide, the guided modes in NZPIM waveguide
is studied in Sec. 3 by the graphic method. In Sec. 4, the nonlinear guided modes are
investigated in NZPIM waveguide with a nonlinear dielectric media substrate. Finally, we
make brief prospects of the research and conclusion of this chapter in Sec. 5 and 6, respectively.
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transverse direction, were previously studied at the interface between metal and dielectric
medium (Kivshar, 2008). In such systems, the permittivity of the metal is negative and then
only the TM-mode surface waves can exist. The TM-mode surface waves can also exist in
nonlinear ferromagnetic and antiferromagnetic materials (Wang and Awai, 1998). Surface
waves can also propagate in negative refractive metamaterial with simultaneous negative
permittivity and negative permeability (Smith et al., 2000). Following the seminal work on
the linear TE- and TM-modes surface waves and the nonlinear surface modes in metamaterial
(Ruppin, 2000; Shadrivov et al., 2003; 2004), some very recent studies have illustrated that the
nonlinear surface wave becomes a more interesting topic from the physical point of view,
due to a host of new phenomena in comparison with the linear surface wave. For example,
Xu et. al. (Xu et al., 2009) have investigated the nonlinear surface polaritons in anisotropic
Kerr-type metamaterials. Very lately, we also discovered the bistable and negative lateral
shifts in Kretschmann configuration (Chen et al., 2010), where the nonlinear surface waves
can be excited at a Kerr nonlinear metamaterial-metal interface.
In this section, we present a comprehensive study of the properties of the nonlinear surface
waves at the interface between semi-infinite media of two types, nonlinear conventional
dielectric and linear NZPIM, and demonstrate a number of unique properties of surface waves
near the DP in a NZPIM.

2.1 Dispersion equation of the nonlinear surface waves
We consider an interface between the nonlinear conventional medium in the x > 0 region and
the linear NZPIM in the x < 0 region. The permittivity and permeability are �NL

1 and μ1 for
the nonlinear conventional medium and

�2(ω) = 1 − ω2
ep

ω2 + iγeω
, (1)

μ2(ω) = 1 − ω2
mp

ω2 + iγmω
, (2)

for the NZPIM (Wang et al., 2009a; Ziolkowski, 2004), respectively. ω2
ep and ω2

mp are the
electronic and magnetic plasma frequencies, and γe and γm are the damping rates relating
to the absorption of the material. Here we assume γe = γm = γ � ω2

ep, ω2
em. It is important

that when ωep = ωem = ωD and γ = 0 (no loss), then �2(ω) = μ2(ω) = 1 − ω2
D/ω2, which

indicates both �2(ωD) and μ2(ωD) may be zero simultaneously. ωD is the frequency of the
optical DP (corresponding wavelength is λD = 2πc/ωD), where two bands touch each other
forming a double cone structure. In this case, the linear dispersion near the DP, ω ≈ ωD, can
be written as

κ(ω) =
ω − ωD

υD
=

2(ω − ωD)

c
, (3)

due to the fact that κ(ωD) ≈ 0 and υD � c/2 at the DP, where c is the light speed in vacuum.
Near the DP, the light transport obeys the massless Dirac equation as follows (Wang et al.,
2009a): [

0 −i( ∂
∂x − i ∂

∂y )

−i( ∂
∂x + i ∂

∂y ) 0

]
Ψ =

(
ω − ωD

vD

)
Ψ, (4)
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Fig. 1. (Color online). The transverse profile of the nonlinear surface waves: (a) μ2 > 0 and
(b) μ2 < 0.

where Ψ =

(
Ez1(x, y, ω)
Ez2(x, y, ω)

)
are the eigenfunctions of the electric fields with the same k(ω).

We consider the TE-mode electric field in this paper, and the propagation of the surface waves
obey the following nonlinear differential equations

∂2Ey

∂x2 − (κ2 − κ2
0�NL

1 μ1)Ey = 0, x > 0, (5)

∂2Ey

∂x2 − κ2
2 Ey = 0, x < 0, (6)

where κ0 = ω/c is the wave vector in vacuum, �NL
1 = �L

1 + α|E1|2, �L
1 is the linear permittivity

and α is the nonlinear index of medium 1, κ is the propagation constant of the nonlinear
surface wave, and κ2

1 = κ2 − κ2
0�L

1 μ1 and κ2
2 = κ2 − [2(ω − ωD)/c]2 are the decay constants

in nonlinear medium and NZPIM, respectively. We only consider a self-focusing nonlinearity
with α > 0. It should be strengthened that for the self-defocusing nonlinearity α < 0, the
transverse electronic field will very different from the case of self-focusing nonlinearity. The
solution of Eqs. (5) and (6) have the following form

E1y =
κ1
κ0

√
2

αμ1
sech[κ1(x − x0)], x > 0, (7)

E2y = E2 exp(κ2x), x < 0. (8)

Applying the continuity of wave function at the interface x = 0, we obtain two equations as
follow

E2 =
κ1
κ0

√
2

αμ1
sech(κ1x0), (9)

κ2

μ2
E2 =

κ2
1

μ1κ0

√
2

αμ1

tanh(κ1x0)

cosh(κ1x0)
, (10)

which yields

tanh(κ1x0) =
μ1κ2

μ2κ1
, (11)
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Fig. 2. (Color online). Variation of Ω with αE2
2/2, for three different value �L

1 when (a)
|μ2| > 1 (μ2 < 0) and (b) |μ2| < 1 (μ2 > 0).

and the dispersion equation

κ2

κ2
0
=

μ1

μ2
2 − μ2

1

[
μ2

2�L
1 +

μ2
2αE2

2
2

− 4μ1(1 − ωD

ω
)2

]
. (12)

From Eq. (11), we know that the transverse profile of the nonlinear surface waves depend
on the sign of μ2. The maximum of the dielectric fields amplitude are located at the interface
when μ2 < 0 and located inside the nonlinear dielectric medium when μ2 > 0, as shown in
Fig. 1.
The power fluxes is described by the Poynting vector P = 1/2

∫
(�E × �H∗)zdx = PNL + PL

with

PNL =
κκ1

μ0μ2
1κ2

0ωα

(
1 +

μ1κ2

μ2κ1

)
, (13)

PL =
κκ2

1
2μ0μ1μ2κ2κ2

0ωα

[
1 −

(
μ1κ2

μ2κ1

)2
]

, (14)

are the power fluxes in the nonlinear medium and NZPIM, respectively.
The dispersion equation Eq. (12) tells us that increasing αE2

2 will reduce or increase the
effective wave index κ/κ0. For the surface waves, the propagation constant should be larger
than wave vector in the nonlinear medium and NZPIM

κ2 > κ2
0�L

1 μ1, κ2 >

[
2(ω − ωD)

c

]2
= 4κ2

0(1 −
ωD

ω
)2. (15)

Define a parameter Ω = ω/ωD, and then the permittivity and the permeability of NZPIM are
�2 = μ2 = 1 − 1/Ω2. Eq. (12) also gives the following necessary conditions for the nonlinear
surface wave existence, since κ2/κ2

0 should be positive:

μ2
2�L

1 +
μ2

2αE2
2

2
− 4μ1(1 − ωD

ω
)2 < 0, (|μ2| < μ1), (16)

μ2
2�L

1 +
μ2

2αE2
2

2
− 4μ1(1 − ωD

ω
)2 > 0, (|μ2| > μ1). (17)

In the next, we will study the nonlinear surface waves in NZPIM when |μ2| < μ1 and |μ2| >
μ1, respectively.
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Fig. 1. (Color online). The transverse profile of the nonlinear surface waves: (a) μ2 > 0 and
(b) μ2 < 0.

where Ψ =

(
Ez1(x, y, ω)
Ez2(x, y, ω)

)
are the eigenfunctions of the electric fields with the same k(ω).

We consider the TE-mode electric field in this paper, and the propagation of the surface waves
obey the following nonlinear differential equations

∂2Ey

∂x2 − (κ2 − κ2
0�NL

1 μ1)Ey = 0, x > 0, (5)
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∂x2 − κ2
2 Ey = 0, x < 0, (6)

where κ0 = ω/c is the wave vector in vacuum, �NL
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1 + α|E1|2, �L
1 is the linear permittivity

and α is the nonlinear index of medium 1, κ is the propagation constant of the nonlinear
surface wave, and κ2

1 = κ2 − κ2
0�L

1 μ1 and κ2
2 = κ2 − [2(ω − ωD)/c]2 are the decay constants

in nonlinear medium and NZPIM, respectively. We only consider a self-focusing nonlinearity
with α > 0. It should be strengthened that for the self-defocusing nonlinearity α < 0, the
transverse electronic field will very different from the case of self-focusing nonlinearity. The
solution of Eqs. (5) and (6) have the following form

E1y =
κ1
κ0

√
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αμ1
sech[κ1(x − x0)], x > 0, (7)

E2y = E2 exp(κ2x), x < 0. (8)

Applying the continuity of wave function at the interface x = 0, we obtain two equations as
follow
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From Eq. (11), we know that the transverse profile of the nonlinear surface waves depend
on the sign of μ2. The maximum of the dielectric fields amplitude are located at the interface
when μ2 < 0 and located inside the nonlinear dielectric medium when μ2 > 0, as shown in
Fig. 1.
The power fluxes is described by the Poynting vector P = 1/2
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are the power fluxes in the nonlinear medium and NZPIM, respectively.
The dispersion equation Eq. (12) tells us that increasing αE2

2 will reduce or increase the
effective wave index κ/κ0. For the surface waves, the propagation constant should be larger
than wave vector in the nonlinear medium and NZPIM
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= 4κ2

0(1 −
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Define a parameter Ω = ω/ωD, and then the permittivity and the permeability of NZPIM are
�2 = μ2 = 1 − 1/Ω2. Eq. (12) also gives the following necessary conditions for the nonlinear
surface wave existence, since κ2/κ2

0 should be positive:
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Fig. 3. (Color online). Dispersion relation of Ω versus normalized propagation constant, for
three different αE2

2/2 when (a) |μ2| > 1 and (b) |μ2| < 1.

2.2 Pass and stop bands, power fluxes, and group velocity of the nonlinear surface waves
Case A: |μ2| < μ1. From the Eqs. (15) and (16), we obtain the following condition for the
surface propagation:

�L
1 < 4(1 − 1

Ω
)2 − αE2

2
2

. (18)

For simplicity, we assume that μ1 = 1 in this article. Since |μ2| < 1, Ω obeys
√

2/2 < Ω < 1
or Ω > 1. We rewrite Eq. (18) as

AΩ2 + BΩ + C > 0, (19)

where A = 4 − (�L
1 +

αE2
2

2 ), B = −8, C = 4, and a = �L
1 +

αE2
2

2 > 1 for general dielectric
medium. The solution of Eq. (19) is

Ω >
4 + 2

√
a

4 − a
, 1 < a < 4. (20)

Case B: |μ2| > μ1. From the Eqs. (15) and (17), we obtain that

�L
1 > 4(1 − 1

Ω
)2 − αE2

2
2

. (21)

Since |μ2| > 1, Ω obeys 0 < Ω <
√

2/2. Similarly, we can get the solution of Eq. (21)

4 − 2
√

a
4 − a

< Ω <

√
2

2
, a > 1. (22)

From Eqs. (20) and (22), we know that there is a forbidden band near the optical dirac point for
the nonliear surface waves. For

√
2/2 < Ω < 2, the nonlinear surface wave do not exist. The

existence regions of the nonlinear surface waves also depend on the frequency properties and
the nonlinear value αE2

2/2, i.e., the passbands and stopbands, as shown in Fig. 2. It is shown
that when |μ2| > 1 (μ2 < 0) the passbands of the surface waves have a maximum frequency
limit

√
2/2ωD . The increase of the nonlinear part αE2

2/2 reduces the lower frequency limit Ω
and widens the passband, as shown in Fig. 2 (a). From Fig. 2 (b), we know that, the passbands
have a minimum frequency limit, and the increase of the nonlinear part αE2

2/2 increases the
minimum frequency limit and reduces the passbands when |μ2| < 1 (μ2 > 0). For that the
value of the nonlinear part αE2

2/2 can be modulated by increasing or decreasing the power, so
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Fig. 4. (Color online). Group velocity Vg versus normalized frequency, for three different
αE2

2/2 when (a) |μ2| > 1 and (b) |μ2| < 1.

it maybe have potential applications in optical devices and guided wave optics.
In Fig. 3, we plot the frequency dispersion of the nonlinear surface waves. We find that
the normalized propagation constants will increase when the normalized frequency increase
for both μ2 > 0 and μ2 < 0. The dispersion curves are always positive in the existence
regions which means the nonlinear surface waves are always forward with a positive power
fluxes. This is very different from the frequency dispersion in left-hand materials, whereas
the dispersion curves may be negative under some conditions (Shadrivov et al., 2004). Fig. 3
also shows that the dispersion curves have a maximum (minimum) limit for the parameter Ω
when |μ2| > 1 (|μ2| < 1), which corresponding to the forbidden bands described in Fig. 2.
As to the case |μ2| > 1 (negative index), we can see the upper limit for the parameter Ω is
Ω =

√
2/2.

Group velocity is an important parameter for the propagation of the surface waves. It can
describe the direction of the power fluxes. We rewrite dispersion relation Eq. (12) as

κ = κ0

{
μ1

μ2
2 − μ2

1

[
μ2

2�L
1 +

μ2
2αE2

2
2

− 4μ1(1 − ωD

ω
)2

]}1/2

, (23)

which yields that

dκ

dω
=

κ

ω
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κ2
0

2κ
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μ2
2 − μ2

1
)
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[μ2

2�L
1 +

μ2
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2
2
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[(2�L
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2)μ2μ

�
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ω
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ω
)
�
]}, (24)

where (
μ1

μ2
2−μ2

1
)
�
= − 2μ1μ2μ

�
2

(μ2
2−μ2

1)
2 , μ

�
2 = 2ω2

D/ω3, and (1 − ωD
ω )

�
= ωD/ω2. The group velocity can

be represented as
Vg = dω/dκ = (dκ/dω)−1. (25)

In Fig. 4, we plot the group velocity of the nonlinear surface wave in two different conditions
|μ2| > 1 and |μ2| < 1. We know that the group velocity of the nonlinear surface waves is
always positive which means the power fluxes is always positive and the surface waves are
always forward. When μ2 < 0, the group velocity will decrease when the frequency increase.
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Fig. 3. (Color online). Dispersion relation of Ω versus normalized propagation constant, for
three different αE2

2/2 when (a) |μ2| > 1 and (b) |μ2| < 1.

2.2 Pass and stop bands, power fluxes, and group velocity of the nonlinear surface waves
Case A: |μ2| < μ1. From the Eqs. (15) and (16), we obtain the following condition for the
surface propagation:

�L
1 < 4(1 − 1

Ω
)2 − αE2

2
2

. (18)

For simplicity, we assume that μ1 = 1 in this article. Since |μ2| < 1, Ω obeys
√

2/2 < Ω < 1
or Ω > 1. We rewrite Eq. (18) as

AΩ2 + BΩ + C > 0, (19)

where A = 4 − (�L
1 +

αE2
2

2 ), B = −8, C = 4, and a = �L
1 +

αE2
2

2 > 1 for general dielectric
medium. The solution of Eq. (19) is

Ω >
4 + 2

√
a

4 − a
, 1 < a < 4. (20)

Case B: |μ2| > μ1. From the Eqs. (15) and (17), we obtain that

�L
1 > 4(1 − 1

Ω
)2 − αE2

2
2

. (21)

Since |μ2| > 1, Ω obeys 0 < Ω <
√

2/2. Similarly, we can get the solution of Eq. (21)

4 − 2
√

a
4 − a

< Ω <

√
2

2
, a > 1. (22)

From Eqs. (20) and (22), we know that there is a forbidden band near the optical dirac point for
the nonliear surface waves. For

√
2/2 < Ω < 2, the nonlinear surface wave do not exist. The

existence regions of the nonlinear surface waves also depend on the frequency properties and
the nonlinear value αE2

2/2, i.e., the passbands and stopbands, as shown in Fig. 2. It is shown
that when |μ2| > 1 (μ2 < 0) the passbands of the surface waves have a maximum frequency
limit

√
2/2ωD . The increase of the nonlinear part αE2

2/2 reduces the lower frequency limit Ω
and widens the passband, as shown in Fig. 2 (a). From Fig. 2 (b), we know that, the passbands
have a minimum frequency limit, and the increase of the nonlinear part αE2

2/2 increases the
minimum frequency limit and reduces the passbands when |μ2| < 1 (μ2 > 0). For that the
value of the nonlinear part αE2

2/2 can be modulated by increasing or decreasing the power, so
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Fig. 4. (Color online). Group velocity Vg versus normalized frequency, for three different
αE2

2/2 when (a) |μ2| > 1 and (b) |μ2| < 1.

it maybe have potential applications in optical devices and guided wave optics.
In Fig. 3, we plot the frequency dispersion of the nonlinear surface waves. We find that
the normalized propagation constants will increase when the normalized frequency increase
for both μ2 > 0 and μ2 < 0. The dispersion curves are always positive in the existence
regions which means the nonlinear surface waves are always forward with a positive power
fluxes. This is very different from the frequency dispersion in left-hand materials, whereas
the dispersion curves may be negative under some conditions (Shadrivov et al., 2004). Fig. 3
also shows that the dispersion curves have a maximum (minimum) limit for the parameter Ω
when |μ2| > 1 (|μ2| < 1), which corresponding to the forbidden bands described in Fig. 2.
As to the case |μ2| > 1 (negative index), we can see the upper limit for the parameter Ω is
Ω =

√
2/2.

Group velocity is an important parameter for the propagation of the surface waves. It can
describe the direction of the power fluxes. We rewrite dispersion relation Eq. (12) as

κ = κ0

{
μ1

μ2
2 − μ2
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[
μ2

2�L
1 +
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, (23)

which yields that
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where (
μ1

μ2
2−μ2

1
)
�
= − 2μ1μ2μ

�
2

(μ2
2−μ2

1)
2 , μ

�
2 = 2ω2

D/ω3, and (1 − ωD
ω )

�
= ωD/ω2. The group velocity can

be represented as
Vg = dω/dκ = (dκ/dω)−1. (25)

In Fig. 4, we plot the group velocity of the nonlinear surface wave in two different conditions
|μ2| > 1 and |μ2| < 1. We know that the group velocity of the nonlinear surface waves is
always positive which means the power fluxes is always positive and the surface waves are
always forward. When μ2 < 0, the group velocity will decrease when the frequency increase.
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Fig. 5. (Color online). Total power versus normalized frequency, for three different αE2
2/2

when (a) |μ2| > 1 and (b) |μ2| < 1.

It will reach zero at the point ω =
√

2/2ωD, which means the nonlinear surface waves is
forbidden at this point. When ω =

√
2/2ωD , |μ2| = μ1 = 1 (μ2 = −1), we have κ → ∞ and

the nonlinear surface wave stops. The group velocity will decrease when the nonlinear part
αE2

2/2 increase. However, they will all stop at the point ω =
√

2/2ωD, as shown in Fig. 4
(a). Fig. 4 (b) shows that the group velocity has a lower frequency limit for a given �L

1 and
the nonlinear part αE2

2/2 when |μ2| < 1. This lower frequency limit imply a power threshold
of the surface waves. The lower frequency limit will increase when the linear permittivity
of �L

1 or the nonlinear part αE2
2/2 increase. This result can also be obtained from Fig. 2 (b),

the passbands have a minimum frequency limit, and the increase of the nonlinear part αE2
2/2

increases the minimum frequency limit and reduces the passbands. We also find the group
velocity will increase firstly and then decrease when it reaches the maximum. The group
velocity is always positive when μ2 < 0 which means the nonlinear surface waves are always
forward with positive power fluxes.
We also plot the power fluxes of the nonlinear surface waves in Fig. 5 by calculating Eqs.
(13) and (14). It is shown that the power flux will approximately linear decrease near the
Dirac point when μ2 < 0, as shown in Fig. 5 (a). And the power flux will be zero when
ω =

√
2/2ωD for that the nonlinear surface waves stops at this point. We also find that

increase the nonlinear part αE2
2/2 can effectively increase the power fluxes of the nonlinear

surface waves when the frequency is near the Dirac point. When μ2 > 0, from Fig. 5 (b) we
can see that the power fluxes have a frequency threshold for a given �L

1 and the nonlinear
part αE2

2/2. This threshold will increase when the nonlinear part αE2
2/2 increase, and this

result also shown in Fig. 4 (b). The power flux will also increase when the frequency increase.
However, the power fluxes will decrease when the nonlinear part αE2

2/2 increase for the same
frequency.

3. Guide modes in NZPIM waveguide

In 2009, Zhang et al. have investigated the guided modes in monolayer graphene waveguide,
by analogy of optical waveguides (Zhang et al., 2009). In this section, we will investigate
systemically the guided modes in NZPIM waveguide by using the graphic method. For the
fast wave guided modes, it is shown that the fundamental mode is absent when the angular
frequency is smaller than the DP. Whereas the NZPIM waveguide behaves like conventional
dielectric waveguide, when the angular frequency is larger than the DP. The unique properties
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of the guided modes are very similar as the propagation of electronic wave in graphene
waveguide, corresponding to the classical motion and the Klein tunneling Zhang et al. (2009).

Fig. 6. Schematic structure of negative-zero-positive index metamaterial (NZPIM)
waveguide, where the core is the air with the thickness is d and the cladding is the so-called
NZPIM.

3.1 Model and basic equation
We consider a waveguide structure of NZPIM, as shown in Fig. 6, where the core is the air
with the thickness is d and the cladding is the so-called NZPIM, the optical wave with angle θ
is incident upon the waveguide, the direction of the guide modes is z axis, and there are two
types of situations: (a) when the incident angle is less than the total internal reflection (TIR)
angle, the modes become radiation modes; (b) if the incident angle is more than the critical
angle, there will exist oscillating guided modes. What as follows we will focus on the latter
case. The TIR angle is defined by sin θc = κ2/κ1, where κ1 = ω/c is the wavevector in the air,
and κ2 = (ω − ωD)/υD is the wave vector of the NZPIM near the DP (Wang et al., 2009a).
We consider the transverse electric (TE) guided modes [TM modes can be obtained in the same
way], the electric fields in the three regions can be written as

ψA(x) =

⎧
⎨
⎩

Aeαxeiβy, x < 0,
[B cos(κxx) + C sin(κxx)] eiβy, 0 < x < d,
De−α(x−d)eiβy, x > d,

(26)

where κx = κ1 cos θ, β = κ1 sin θ is the propagation constant of the guide modes, and α =�
β2 − κ2

2 is the decay constant in the cladding region.
Applying the continuity of wave function at the interface x = 0 and x = d, we obtain the
corresponding dispersion equation as follow:

tan(κxd) =
2μ1μ2ακx

μ2
2κ2

x − μ2
1α2

. (27)

We make Eq. (27) in dimensionless form

F(κxd) =
2μ1μ2(κxd)

�
(κ1d)2 − (κxd)2 − (κ2d)2

μ2
2(κxd)2 − μ2

1[(κ1d)2 − (κxd)2 − (κ2d)2]
. (28)
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Fig. 5. (Color online). Total power versus normalized frequency, for three different αE2
2/2

when (a) |μ2| > 1 and (b) |μ2| < 1.

It will reach zero at the point ω =
√

2/2ωD, which means the nonlinear surface waves is
forbidden at this point. When ω =

√
2/2ωD , |μ2| = μ1 = 1 (μ2 = −1), we have κ → ∞ and

the nonlinear surface wave stops. The group velocity will decrease when the nonlinear part
αE2

2/2 increase. However, they will all stop at the point ω =
√

2/2ωD, as shown in Fig. 4
(a). Fig. 4 (b) shows that the group velocity has a lower frequency limit for a given �L

1 and
the nonlinear part αE2

2/2 when |μ2| < 1. This lower frequency limit imply a power threshold
of the surface waves. The lower frequency limit will increase when the linear permittivity
of �L

1 or the nonlinear part αE2
2/2 increase. This result can also be obtained from Fig. 2 (b),

the passbands have a minimum frequency limit, and the increase of the nonlinear part αE2
2/2

increases the minimum frequency limit and reduces the passbands. We also find the group
velocity will increase firstly and then decrease when it reaches the maximum. The group
velocity is always positive when μ2 < 0 which means the nonlinear surface waves are always
forward with positive power fluxes.
We also plot the power fluxes of the nonlinear surface waves in Fig. 5 by calculating Eqs.
(13) and (14). It is shown that the power flux will approximately linear decrease near the
Dirac point when μ2 < 0, as shown in Fig. 5 (a). And the power flux will be zero when
ω =

√
2/2ωD for that the nonlinear surface waves stops at this point. We also find that

increase the nonlinear part αE2
2/2 can effectively increase the power fluxes of the nonlinear

surface waves when the frequency is near the Dirac point. When μ2 > 0, from Fig. 5 (b) we
can see that the power fluxes have a frequency threshold for a given �L

1 and the nonlinear
part αE2

2/2. This threshold will increase when the nonlinear part αE2
2/2 increase, and this

result also shown in Fig. 4 (b). The power flux will also increase when the frequency increase.
However, the power fluxes will decrease when the nonlinear part αE2

2/2 increase for the same
frequency.

3. Guide modes in NZPIM waveguide

In 2009, Zhang et al. have investigated the guided modes in monolayer graphene waveguide,
by analogy of optical waveguides (Zhang et al., 2009). In this section, we will investigate
systemically the guided modes in NZPIM waveguide by using the graphic method. For the
fast wave guided modes, it is shown that the fundamental mode is absent when the angular
frequency is smaller than the DP. Whereas the NZPIM waveguide behaves like conventional
dielectric waveguide, when the angular frequency is larger than the DP. The unique properties
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of the guided modes are very similar as the propagation of electronic wave in graphene
waveguide, corresponding to the classical motion and the Klein tunneling Zhang et al. (2009).

Fig. 6. Schematic structure of negative-zero-positive index metamaterial (NZPIM)
waveguide, where the core is the air with the thickness is d and the cladding is the so-called
NZPIM.

3.1 Model and basic equation
We consider a waveguide structure of NZPIM, as shown in Fig. 6, where the core is the air
with the thickness is d and the cladding is the so-called NZPIM, the optical wave with angle θ
is incident upon the waveguide, the direction of the guide modes is z axis, and there are two
types of situations: (a) when the incident angle is less than the total internal reflection (TIR)
angle, the modes become radiation modes; (b) if the incident angle is more than the critical
angle, there will exist oscillating guided modes. What as follows we will focus on the latter
case. The TIR angle is defined by sin θc = κ2/κ1, where κ1 = ω/c is the wavevector in the air,
and κ2 = (ω − ωD)/υD is the wave vector of the NZPIM near the DP (Wang et al., 2009a).
We consider the transverse electric (TE) guided modes [TM modes can be obtained in the same
way], the electric fields in the three regions can be written as

ψA(x) =

⎧
⎨
⎩

Aeαxeiβy, x < 0,
[B cos(κxx) + C sin(κxx)] eiβy, 0 < x < d,
De−α(x−d)eiβy, x > d,

(26)

where κx = κ1 cos θ, β = κ1 sin θ is the propagation constant of the guide modes, and α =�
β2 − κ2

2 is the decay constant in the cladding region.
Applying the continuity of wave function at the interface x = 0 and x = d, we obtain the
corresponding dispersion equation as follow:

tan(κxd) =
2μ1μ2ακx

μ2
2κ2

x − μ2
1α2

. (27)

We make Eq. (27) in dimensionless form

F(κxd) =
2μ1μ2(κxd)

�
(κ1d)2 − (κxd)2 − (κ2d)2

μ2
2(κxd)2 − μ2

1[(κ1d)2 − (κxd)2 − (κ2d)2]
. (28)
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Fig. 7. (Color online). Graphical determination of κxd for fast wave guided modes when
w < wD. The solid and dashed curves correspond to tan (κxd) and F(κxd), respectively. The
initial parameters are ωD = 2π × 10GHz, ω = 0.8ωD which means the total reflection angle
is θc = 30◦, the thickness of the core are (a) d = 10cm and (b) d = 1cm.

The dispersion Eq. (28) is a transcendental one and cannot be solved analytically, so we
propose a graphical method to determine the solution of κxd for the guided modes. We will
discuss the properties of the guided modes in two cases ω < ωD and ω > ωD, respectively.

3.2 Fast wave guided modes
Case 1: ω < ωD. The critical angle is defined as

θc = sin−1
[
2
(ωD

ω
− 1

)]
(29)

with the necessary condition 2
3 ωD < ω < ωD (Chen et al., 2009).

As shown in Fig. 7 (a), we plot the dependencies of tan(κxd) and F(κxd) on κxd. The
intersections show the existence of the guided modes, as shown in Fig. 8 (a), (b), and (c),
corresponding to the TE2, TE3, and TE4 modes, respectively. We find that for some waveguide
parameters, the lower-order mode TE1 can not coexist with higher-order guided modes. So
we can not solve TE1 mode in the same graph Fig 7 (a). This is because that the waveguide
parameters used in Fig. 7 (a) does not satisfy the dispersion relation of Eq. (30) when
m = 1. We can reduce the thickness of the waveguide to obtain the TE1 mode in the NZPIM
waveguide, as shown in Fig. 8 (d), which corresponds to the dispersion relation graphic of
Fig 7 (b) with the waveguide thickness is d = 1cm.
Another interesting property of the guided modes is that the absence of fundamental TE0
mode for any parameters of the NZPIM waveguide, which is a novel property different from
that in conventional waveguide. The unique property is similar as the guide modes of electron
waves in graphene waveguide, where the fundamental mode is absent in the Klein tunneling
case (Zhang et al., 2009). For the TE modes, we can write the dispersion relation Eq. (27) as

κxd = mπ + 2φ, m = 0, 1, 2, ... (30)

where
φ = arctan (

μ1α

μ2κx
), (31)

is negative (angular frequency is smaller than the Dirac point, μ2 < 0, corresponding
Klein tunneling in graphene), which represents the phase retardation upon the total internal
reflection at the interface between air and the NZPIM. From Eq. (30), we know that for the
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Fig. 8. (Color online) The wave function of guided modes as a function of distance of NZPIM
waveguide corresponding to the intersection in Fig. 7 when ω < ωD. (a) TE2: κxd = 3.41; (b)
TE3: κxd = 6.87; (c) TE4: κxd = 10.49; (d) TE1: κxd = 1.03.

fundamental mode (m = 0), it does not meet with the required dispersion relation. In fact, the
condition for the guided waves to exist in a slab waveguide, has a simple physical meaning:
the round-trip accumulation of phase due to wave propagation across the layer, 2φprop,
including the phase retardation upon the total internal reflection, 2φre f l, should be equal to
a multiple of 2π (Shadrivov et al., 2005). When the angular frequency is smaller than the
Dirac point (the permittivity and the permeability are both negative, NZPIM can be treated as
left-handed material), the total phase change does not satisfy the required dispersion relation
of Eq. (30), and no fundamental guided modes exist (Shadrivov et al., 2003; 2005). This result
is also shown in Fig. (11), where we plot the propagation constant of the guided modes as
a function of incident frequency near the DP. It is obviously that the dispersion of TE0 mode
only exist when ω > ωD.
Case 2: ω > ωD. The critical angle is defined as

θc = sin−1
[
2
(

1 − ωD

ω

)]
(32)

with the necessary condition ωD < ω < 2ωD (Chen et al., 2009). Similarly, we obtain the
guided modes of the NZPIM waveguide by using the graphical method, as shown in Fig.
9. It is shown that when ω > ωD, the properties of the NZPIM waveguide can be treated
as a conventional dielectric waveguide. From Fig. 10, we can see that the fundamental odd
and even guided modes can coexist with higher-order modes within the same waveguide for
general parameters, which is very different from the case when ω < ωD. Under this condition,
it corresponds to the guided modes in graphene waveguide in classical motion (Zhang et al.,
2009).

279
Nonlinear Plasmonics Near the Dirac Point 
in Negative-Zero-Positive Index Metamaterials – Optical Simulations of Electron in Graphene



10 Will-be-set-by-IN-TECH

Fig. 7. (Color online). Graphical determination of κxd for fast wave guided modes when
w < wD. The solid and dashed curves correspond to tan (κxd) and F(κxd), respectively. The
initial parameters are ωD = 2π × 10GHz, ω = 0.8ωD which means the total reflection angle
is θc = 30◦, the thickness of the core are (a) d = 10cm and (b) d = 1cm.

The dispersion Eq. (28) is a transcendental one and cannot be solved analytically, so we
propose a graphical method to determine the solution of κxd for the guided modes. We will
discuss the properties of the guided modes in two cases ω < ωD and ω > ωD, respectively.

3.2 Fast wave guided modes
Case 1: ω < ωD. The critical angle is defined as

θc = sin−1
[
2
(ωD

ω
− 1

)]
(29)

with the necessary condition 2
3 ωD < ω < ωD (Chen et al., 2009).

As shown in Fig. 7 (a), we plot the dependencies of tan(κxd) and F(κxd) on κxd. The
intersections show the existence of the guided modes, as shown in Fig. 8 (a), (b), and (c),
corresponding to the TE2, TE3, and TE4 modes, respectively. We find that for some waveguide
parameters, the lower-order mode TE1 can not coexist with higher-order guided modes. So
we can not solve TE1 mode in the same graph Fig 7 (a). This is because that the waveguide
parameters used in Fig. 7 (a) does not satisfy the dispersion relation of Eq. (30) when
m = 1. We can reduce the thickness of the waveguide to obtain the TE1 mode in the NZPIM
waveguide, as shown in Fig. 8 (d), which corresponds to the dispersion relation graphic of
Fig 7 (b) with the waveguide thickness is d = 1cm.
Another interesting property of the guided modes is that the absence of fundamental TE0
mode for any parameters of the NZPIM waveguide, which is a novel property different from
that in conventional waveguide. The unique property is similar as the guide modes of electron
waves in graphene waveguide, where the fundamental mode is absent in the Klein tunneling
case (Zhang et al., 2009). For the TE modes, we can write the dispersion relation Eq. (27) as

κxd = mπ + 2φ, m = 0, 1, 2, ... (30)

where
φ = arctan (

μ1α

μ2κx
), (31)

is negative (angular frequency is smaller than the Dirac point, μ2 < 0, corresponding
Klein tunneling in graphene), which represents the phase retardation upon the total internal
reflection at the interface between air and the NZPIM. From Eq. (30), we know that for the
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Fig. 8. (Color online) The wave function of guided modes as a function of distance of NZPIM
waveguide corresponding to the intersection in Fig. 7 when ω < ωD. (a) TE2: κxd = 3.41; (b)
TE3: κxd = 6.87; (c) TE4: κxd = 10.49; (d) TE1: κxd = 1.03.

fundamental mode (m = 0), it does not meet with the required dispersion relation. In fact, the
condition for the guided waves to exist in a slab waveguide, has a simple physical meaning:
the round-trip accumulation of phase due to wave propagation across the layer, 2φprop,
including the phase retardation upon the total internal reflection, 2φre f l, should be equal to
a multiple of 2π (Shadrivov et al., 2005). When the angular frequency is smaller than the
Dirac point (the permittivity and the permeability are both negative, NZPIM can be treated as
left-handed material), the total phase change does not satisfy the required dispersion relation
of Eq. (30), and no fundamental guided modes exist (Shadrivov et al., 2003; 2005). This result
is also shown in Fig. (11), where we plot the propagation constant of the guided modes as
a function of incident frequency near the DP. It is obviously that the dispersion of TE0 mode
only exist when ω > ωD.
Case 2: ω > ωD. The critical angle is defined as

θc = sin−1
[
2
(

1 − ωD

ω

)]
(32)

with the necessary condition ωD < ω < 2ωD (Chen et al., 2009). Similarly, we obtain the
guided modes of the NZPIM waveguide by using the graphical method, as shown in Fig.
9. It is shown that when ω > ωD, the properties of the NZPIM waveguide can be treated
as a conventional dielectric waveguide. From Fig. 10, we can see that the fundamental odd
and even guided modes can coexist with higher-order modes within the same waveguide for
general parameters, which is very different from the case when ω < ωD. Under this condition,
it corresponds to the guided modes in graphene waveguide in classical motion (Zhang et al.,
2009).
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Fig. 9. (Color online) Graphical determination of κxd for fast wave guided modes when
ω > ωD. The solid and dashed curves correspond to tan (κxd) and F(κxd), respectively. The
initial parameters are ωD = 2π × 10GHz, ω = 4ωD/3 which means the total reflection angle
is θc = 30◦, the thickness of the core is d = 10cm.
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Fig. 10. (Color online) The wave function of guided modes as a function of distance of
NZPIM waveguide corresponding to the intersection in Fig. 9 when ω > ωD. (a) TE0:
κxd = 3.03; (b) TE1: κxd = 6.06; (c) TE2: κxd = 9.07; (d) TE3: κxd = 12.07.

In order to show further the unique properties of guides modes near the DP in NZPIM
waveguides, we plot the dispersion of the guided modes when the incident frequency varies
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from ω < ωD to ω > ωD in Fig. 11. As discussed above, we can see that TE0 mode only
exist when ω > ωD. In addition, another important and interesting property of the guided
modes is that there exists an asymmetric forbidden band for the dispersion. The band will also
become wider when the order of the guided modes increases with increasing the incidence
angle. The result indicates that the modes are not continuous near the DP. This behavior on
the forbidden band discussed here is very similar to the transmission gap in the NZPIM slab
(Chen et al., 2009). It seems that the guided modes near the DP are quite different from the
negative refractive index metamaterial waveguides discussed in Ref. (Shadrivov et al., 2003),
though one can divide NZPIM two parts with positive index and negative index respectively
by DP, which corresponds to ω > ωD and ω < ωD.
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Fig. 11. (Color online) The propagation constant β versus the incident frequency ω near the
DP in the NZPIM waveguide.

3.3 Slow wave guided modes
We also find that when ω < ωD, the NZPIM waveguide can propagate surface guided
modes-slow wave. In this case, the function of the modes in core become sinh and cosh with
the imaginary transverse κx , and the electric fields in three regions can be written as

ψA(x) =

⎧⎨
⎩

Aeαxeiβy, x < 0,
[B cosh(κxx) + C sinh(κxx)] eiβy, 0 < x < d,
De−α(x−d)eiβy, x > d,

(33)

where κx is the transverse decay constant in the core region, and β2 = κ2
1 + κ2

x is the

propagation constant of the slow wave guided modes, and α =
�

β2 − κ2
2 is the decay constant

in the cladding region.
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Fig. 9. (Color online) Graphical determination of κxd for fast wave guided modes when
ω > ωD. The solid and dashed curves correspond to tan (κxd) and F(κxd), respectively. The
initial parameters are ωD = 2π × 10GHz, ω = 4ωD/3 which means the total reflection angle
is θc = 30◦, the thickness of the core is d = 10cm.
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Fig. 10. (Color online) The wave function of guided modes as a function of distance of
NZPIM waveguide corresponding to the intersection in Fig. 9 when ω > ωD. (a) TE0:
κxd = 3.03; (b) TE1: κxd = 6.06; (c) TE2: κxd = 9.07; (d) TE3: κxd = 12.07.

In order to show further the unique properties of guides modes near the DP in NZPIM
waveguides, we plot the dispersion of the guided modes when the incident frequency varies
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from ω < ωD to ω > ωD in Fig. 11. As discussed above, we can see that TE0 mode only
exist when ω > ωD. In addition, another important and interesting property of the guided
modes is that there exists an asymmetric forbidden band for the dispersion. The band will also
become wider when the order of the guided modes increases with increasing the incidence
angle. The result indicates that the modes are not continuous near the DP. This behavior on
the forbidden band discussed here is very similar to the transmission gap in the NZPIM slab
(Chen et al., 2009). It seems that the guided modes near the DP are quite different from the
negative refractive index metamaterial waveguides discussed in Ref. (Shadrivov et al., 2003),
though one can divide NZPIM two parts with positive index and negative index respectively
by DP, which corresponds to ω > ωD and ω < ωD.
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Fig. 11. (Color online) The propagation constant β versus the incident frequency ω near the
DP in the NZPIM waveguide.

3.3 Slow wave guided modes
We also find that when ω < ωD, the NZPIM waveguide can propagate surface guided
modes-slow wave. In this case, the function of the modes in core become sinh and cosh with
the imaginary transverse κx , and the electric fields in three regions can be written as

ψA(x) =

⎧⎨
⎩

Aeαxeiβy, x < 0,
[B cosh(κxx) + C sinh(κxx)] eiβy, 0 < x < d,
De−α(x−d)eiβy, x > d,

(33)

where κx is the transverse decay constant in the core region, and β2 = κ2
1 + κ2

x is the

propagation constant of the slow wave guided modes, and α =
�

β2 − κ2
2 is the decay constant

in the cladding region.
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Fig. 12. (Color online). The wave function of guided modes as a function of distance of
NZPIM waveguide. The initial parameters are ωD = 2π × 10GHz, ω = 0.69ωD, and the
thickness of the core is d = 10cm.(a) TE0: κxd = 13.8109; (b) TE1: κxd = 13.8112.

Similarly, we obtain the corresponding dispersion equation of this system

tanh(κxd) = − 2μ1μ2ακx

μ2
2κ2

x + μ2
1α2

. (34)

Write Eq. (34) in dimensionless form as follow

F(κxd) = − 2μ1μ2(κxd)
√
(κ1d)2 + (κxd)2 − (κ2d)2

μ2
2(κxd)2 + μ2

1[(κ1d)2 + (κxd)2 − (κ2d)2]
. (35)

As discussed above, we also propose a graphical method to solve the surface guided modes.
We find that only fundamental odd and even surface guided modes can exist in the waveguide
for some parameters. As shown in Fig. 12, higher-order surface modes are forbidden except
the TE0 and TE1 surface guided modes. These results obtained here also predict the surface
mode of electrons and holes in graphene waveguide.
We emphasize that these results discussed here do extend the investigations (Shadrivov et al.,
2003; 2005) and applications (Tsakmakidis et al., 2007) of the waveguide containing only
left-handed material. On one hand, we can control the properties of guides modes for the
potential applications by adjusting the angular frequency with respect to the DP. On the other
hand, our work will also motivate the further work to simulate many exotic phenomena in
graphene with relatively simple optical benchtop experiments, based on the links between
Klein paradox and negative refraction (Güney and Meyer, 2009).

4. Tunable band gap near the Dirac point in nonlinear negative-zero-positive index
metamaterial waveguide

The optical-like behaviors of electron waves in graphene have also drawn considerable
attention recently, for example, graphene based electronic fibre and waveguide. In Sec.
3, we have studied the guided modes in NZPIM waveguide (Shen et al., 2010a), in which
the properties of the guided modes are analogous to the propagation of electron waves in
graphene waveguide (Zhang et al., 2009). However, the nonlinearity may affect the properties
of guided modes near the DP in a special manner. In this section, we investigate systemically
the guided modes in nonlinear NZPIM waveguide. When the nonlinearity is self-focusing,
there exists an asymmetric forbidden band near DP which can be modulated by the strength
of the nonlinearity. However, the self-defocusing nonlinearity can completely eliminate the
asymmetric band gap.
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Fig. 13. (Color online) Schematic structure of the NZPIM waveguide with a nonlinear
substrate, the core thickness is d.

4.1 Model and basic equation
Considering a nonlinear NZPIM waveguide structure, as shown in Fig. 13. The core of the
waveguide is conventional dielectric medium with the thickness d, the permittivity and the
permeability are �2 and μ2. The substrate is the nonlinear medium with the permittivity and
the permeability are �NL

1 = �L
1 + α|E1|2 and μ1, where �L

1 is the linear refractive index and α is
the nonlinear coefficient index, α > 0 (α < 0) corresponding to self-focusing (self-defocusing)
nonlinearity. The cladding is NZPIM with the permittivity and the permeability are �3 = μ3 =
1 − ω2

D/ω2 (Shen et al., 2010a; Wang et al., 2009a).
We only consider the transverse electric (TE) nonlinear guided modes. When the substrate
has a self-focusing nonlinearity α > 0, the electric fields in three regions can be written as

ψ(x) =

⎧⎪⎨
⎪⎩

k1
k0

�
2

αμ1
sech[k1(x − x0)], x < 0,

Aeik2(x−d) + Be−ik2(x−d), 0 < x < d,
Ce−k3(x−d), x > d,

(36)

where k2
1 = β2 − k2

0�L
1 μ1 and k2

3 = β2 − [2(ω − ωD)/c]2 are the transverse decay indexes in
substrate and cladding, k2

2 = k2
0�2μ2 − β2 is the transverse wave vector of the guided modes

in core and it is real, β is the propagation constant of the nonlinear fast wave guide modes.
For convenience, we assume the nonlinear substrate and the core are non-magnetic medium
with μ1 = μ2 = 1.
Applying the continuity of wave function at the interfaces x = 0 and x = d, we obtain the
corresponding dispersion equation as follow:

tan(k2d) =
μ1μ2k2k3 − μ2μ3k1k2 tanh(−k1x0)

μ1μ3k2
2 + μ2

2k1k3 tanh(−k1x0)
, (37)

where x0 = − 1
k1

sech−1
�

k0
k1

�
αμ1

2 (cos k2d + μ2k3
μ3k2

sin k2d)C
�

is the position of the maximum of

the amplitude in nonlinear substrate, C being the amplitude of the electric field at the interface
x = d. In the whole paper, we make the assumption C = 1. Next, we will discuss the
properties of the nonlinear guided modes by using the graphic method (Shen et al., 2010a;
Zhang et al., 2009) near DP in two cases ω < ωD and ω > ωD, respectively.
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Fig. 12. (Color online). The wave function of guided modes as a function of distance of
NZPIM waveguide. The initial parameters are ωD = 2π × 10GHz, ω = 0.69ωD, and the
thickness of the core is d = 10cm.(a) TE0: κxd = 13.8109; (b) TE1: κxd = 13.8112.

Similarly, we obtain the corresponding dispersion equation of this system

tanh(κxd) = − 2μ1μ2ακx

μ2
2κ2

x + μ2
1α2

. (34)

Write Eq. (34) in dimensionless form as follow

F(κxd) = − 2μ1μ2(κxd)
√
(κ1d)2 + (κxd)2 − (κ2d)2

μ2
2(κxd)2 + μ2

1[(κ1d)2 + (κxd)2 − (κ2d)2]
. (35)

As discussed above, we also propose a graphical method to solve the surface guided modes.
We find that only fundamental odd and even surface guided modes can exist in the waveguide
for some parameters. As shown in Fig. 12, higher-order surface modes are forbidden except
the TE0 and TE1 surface guided modes. These results obtained here also predict the surface
mode of electrons and holes in graphene waveguide.
We emphasize that these results discussed here do extend the investigations (Shadrivov et al.,
2003; 2005) and applications (Tsakmakidis et al., 2007) of the waveguide containing only
left-handed material. On one hand, we can control the properties of guides modes for the
potential applications by adjusting the angular frequency with respect to the DP. On the other
hand, our work will also motivate the further work to simulate many exotic phenomena in
graphene with relatively simple optical benchtop experiments, based on the links between
Klein paradox and negative refraction (Güney and Meyer, 2009).

4. Tunable band gap near the Dirac point in nonlinear negative-zero-positive index
metamaterial waveguide

The optical-like behaviors of electron waves in graphene have also drawn considerable
attention recently, for example, graphene based electronic fibre and waveguide. In Sec.
3, we have studied the guided modes in NZPIM waveguide (Shen et al., 2010a), in which
the properties of the guided modes are analogous to the propagation of electron waves in
graphene waveguide (Zhang et al., 2009). However, the nonlinearity may affect the properties
of guided modes near the DP in a special manner. In this section, we investigate systemically
the guided modes in nonlinear NZPIM waveguide. When the nonlinearity is self-focusing,
there exists an asymmetric forbidden band near DP which can be modulated by the strength
of the nonlinearity. However, the self-defocusing nonlinearity can completely eliminate the
asymmetric band gap.
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Fig. 13. (Color online) Schematic structure of the NZPIM waveguide with a nonlinear
substrate, the core thickness is d.

4.1 Model and basic equation
Considering a nonlinear NZPIM waveguide structure, as shown in Fig. 13. The core of the
waveguide is conventional dielectric medium with the thickness d, the permittivity and the
permeability are �2 and μ2. The substrate is the nonlinear medium with the permittivity and
the permeability are �NL

1 = �L
1 + α|E1|2 and μ1, where �L

1 is the linear refractive index and α is
the nonlinear coefficient index, α > 0 (α < 0) corresponding to self-focusing (self-defocusing)
nonlinearity. The cladding is NZPIM with the permittivity and the permeability are �3 = μ3 =
1 − ω2

D/ω2 (Shen et al., 2010a; Wang et al., 2009a).
We only consider the transverse electric (TE) nonlinear guided modes. When the substrate
has a self-focusing nonlinearity α > 0, the electric fields in three regions can be written as

ψ(x) =

⎧⎪⎨
⎪⎩

k1
k0

�
2

αμ1
sech[k1(x − x0)], x < 0,

Aeik2(x−d) + Be−ik2(x−d), 0 < x < d,
Ce−k3(x−d), x > d,

(36)

where k2
1 = β2 − k2

0�L
1 μ1 and k2

3 = β2 − [2(ω − ωD)/c]2 are the transverse decay indexes in
substrate and cladding, k2

2 = k2
0�2μ2 − β2 is the transverse wave vector of the guided modes

in core and it is real, β is the propagation constant of the nonlinear fast wave guide modes.
For convenience, we assume the nonlinear substrate and the core are non-magnetic medium
with μ1 = μ2 = 1.
Applying the continuity of wave function at the interfaces x = 0 and x = d, we obtain the
corresponding dispersion equation as follow:

tan(k2d) =
μ1μ2k2k3 − μ2μ3k1k2 tanh(−k1x0)

μ1μ3k2
2 + μ2

2k1k3 tanh(−k1x0)
, (37)

where x0 = − 1
k1

sech−1
�

k0
k1

�
αμ1

2 (cos k2d + μ2k3
μ3k2

sin k2d)C
�

is the position of the maximum of

the amplitude in nonlinear substrate, C being the amplitude of the electric field at the interface
x = d. In the whole paper, we make the assumption C = 1. Next, we will discuss the
properties of the nonlinear guided modes by using the graphic method (Shen et al., 2010a;
Zhang et al., 2009) near DP in two cases ω < ωD and ω > ωD, respectively.
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Fig. 14. (Color online) Guided modes in nonlinear NZPIM waveguide when
ω = 0.8ωD < ωD, α = 0.003, �L

1 = 1.2 and �2 = 2. (a) TE1: κ2d = 0.93864, d = 1cm; (b) TE2:
κ2d = 3.46529, d = 10cm; (c) TE3: κ2d = 6.95257, d = 10cm; (d) TE4: κ2d = 10.5005, d = 10cm.

4.2 Nonlinear fast wave guided modes
Case 1: ω < ωD, and �3 = μ3 < 0. As shown in Fig. 14, we find that the fundamental TE0
mode is absent for any parameters of the nonlinear NZPIM waveguide. The unique property
is very different from the case of conventional nonlinear waveguide where the lowest-order
TE0 guided mode is always exist (Stegeman et al., 1984). The lowest-order guided mode
of the nonlinear NZPIM waveguide is TE1 mode, which can not coexist with higher-order
guided modes for some waveguide parameters. For the TE0 guided modes, it should satisfy
the condition k2d = 2φre f l1 + 2φre f l2 (Shadrivov et al., 2003; 2005; Shen et al., 2010a), where
2φre f l1 and 2φre f l2 are the phase retardation upon the total internal reflection at the interface
between core and cladding and at the interface between core and substrate. In previous works
(Shadrivov et al., 2003; 2005; Shen et al., 2010a), both 2φre f l1 and 2φre f l2 are negative, then the
TE0 mode does not exist. In a linear waveguide with left handed material cover, 2φre f l1 is
negative but 2φre f l2 is positive, which may support the TE0 mode with appropriate physical
parameters. However, the nonlinear physical mechanism in this work is different from the
linear dynamics (Wang et al., 2008). We emphasize that the nonlinear NZPIM waveguide can
not support the TE0 mode due to the nonlinear dispersion when the angular frequency is
smaller than DP.
Case 2: ω > ωD, and �3 = μ3 > 0. In Fig. 15, we plot the nonlinear guided modes when the
angular frequency is larger than DP. It is shown that the properties of the nonlinear NZPIM
waveguide can be treated as a conventional nonlinear dielectric waveguide. From Fig. 15, we
can see that the nonlinear NZPIM can support the fundamental guided mode [Fig. 15 (a)],
though it can not coexist with higher-order modes within the same waveguide for general
parameters. This result is different from the case that the nonlinear NZPIM waveguide can not
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Fig. 15. (Color online) Guided modes in nonlinear NZPIM waveguide when
ω = 4/3ωD > ωD, α = 0.003, �L

1 = 1.2 and �2 = 2. (a) TE0: κ2d = 0.960548, d = 0.4cm; (b)
TE1: κ2d = 3.23447, d = 10cm; (c) TE2: κ2d = 6.47046, d = 10cm; (d) TE3: κ2d = 9.70986,
d = 10cm.

support the fundamental mode when the angular frequency is smaller than DP. Although the
physical mechanism of nonlinear dispersion is different from the linear case, we can see that
the nonlinear guided modes can also be treated as electronic wave in graphene waveguide
(Zhang et al., 2009), corresponding to the Kelin tunneling (lack of fundamental mode) and
classical motion (support fundamental mode), respectively.
Since the maximum of the magnitude at the interface between a nonlinear media and a linear
media locates inside the nonlinear media (Shadrivov et al., 2004), the guided modes not only
have mode energy in the core, but also a peak mode energy in the nonlinear substrate region,
as shown in both Fig. 14 and Fig. 15. This result is identical with the conventional nonlinear
waveguide (Stegeman et al., 1984).
We further show the unique properties of nonlinear guides modes near DP in the nonlinear
NZPIM waveguide with the angular frequency varying from ω < ωD to ω > ωD in Fig. 16
when the nonlinearity is self-focusing [Fig. 16 (a) and (b)] and self-defocusing [Fig. 16 (c) and
(d)], respectively. When the nonlinearity is self-focusing, like the behaviors of light in linear
NZPIM (Chen et al., 2009; Shen et al., 2010a), there also exists an asymmetric forbidden band
for the dispersion [Fig. 16 (a)] which means the nonlinear guided modes are not continuous
near DP. The band will become narrower when the order of the guided modes increases which
is opposite to the case that the band will become wider when the order of the guided modes
increases in linear NZPIM waveguide (Shen et al., 2010a). Another important and interesting
phenomenon is that the bang gap can be modulated by the strength of the nonlinearity. It is
obviously that the band gap will become wider when the nonlinear index α increases [Fig.
16 (b)]. The band gap will also become wider with the increase of the wave intensity when
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Fig. 14. (Color online) Guided modes in nonlinear NZPIM waveguide when
ω = 0.8ωD < ωD, α = 0.003, �L

1 = 1.2 and �2 = 2. (a) TE1: κ2d = 0.93864, d = 1cm; (b) TE2:
κ2d = 3.46529, d = 10cm; (c) TE3: κ2d = 6.95257, d = 10cm; (d) TE4: κ2d = 10.5005, d = 10cm.

4.2 Nonlinear fast wave guided modes
Case 1: ω < ωD, and �3 = μ3 < 0. As shown in Fig. 14, we find that the fundamental TE0
mode is absent for any parameters of the nonlinear NZPIM waveguide. The unique property
is very different from the case of conventional nonlinear waveguide where the lowest-order
TE0 guided mode is always exist (Stegeman et al., 1984). The lowest-order guided mode
of the nonlinear NZPIM waveguide is TE1 mode, which can not coexist with higher-order
guided modes for some waveguide parameters. For the TE0 guided modes, it should satisfy
the condition k2d = 2φre f l1 + 2φre f l2 (Shadrivov et al., 2003; 2005; Shen et al., 2010a), where
2φre f l1 and 2φre f l2 are the phase retardation upon the total internal reflection at the interface
between core and cladding and at the interface between core and substrate. In previous works
(Shadrivov et al., 2003; 2005; Shen et al., 2010a), both 2φre f l1 and 2φre f l2 are negative, then the
TE0 mode does not exist. In a linear waveguide with left handed material cover, 2φre f l1 is
negative but 2φre f l2 is positive, which may support the TE0 mode with appropriate physical
parameters. However, the nonlinear physical mechanism in this work is different from the
linear dynamics (Wang et al., 2008). We emphasize that the nonlinear NZPIM waveguide can
not support the TE0 mode due to the nonlinear dispersion when the angular frequency is
smaller than DP.
Case 2: ω > ωD, and �3 = μ3 > 0. In Fig. 15, we plot the nonlinear guided modes when the
angular frequency is larger than DP. It is shown that the properties of the nonlinear NZPIM
waveguide can be treated as a conventional nonlinear dielectric waveguide. From Fig. 15, we
can see that the nonlinear NZPIM can support the fundamental guided mode [Fig. 15 (a)],
though it can not coexist with higher-order modes within the same waveguide for general
parameters. This result is different from the case that the nonlinear NZPIM waveguide can not

284 Graphene Simulation Nonlinear Plasmonics Near the Dirac Point in Negative-Zero-Positive Index Metamaterials –Optical Simulations of Electron in Graphene 17

−0.06 −0.04 −0.02 0 0.02 0.04
0

1

2

3

4

5

6

7

x

E
(x

)

TE
0
 (a) 

−0.1 0 0.1 0.2
−30

−20

−10

0

10

20

30

x

E
(x

)

TE
1
 (b) 

−0.1 0 0.1 0.2
−15

−10

−5

0

5

10

15

20

25

x

E
(x

)

TE
2
 (c) 

−0.1 0 0.1 0.2
−25

−20

−15

−10

−5

0

5

10

15

x

E
(x

)

TE
3
 (d) 

Fig. 15. (Color online) Guided modes in nonlinear NZPIM waveguide when
ω = 4/3ωD > ωD, α = 0.003, �L

1 = 1.2 and �2 = 2. (a) TE0: κ2d = 0.960548, d = 0.4cm; (b)
TE1: κ2d = 3.23447, d = 10cm; (c) TE2: κ2d = 6.47046, d = 10cm; (d) TE3: κ2d = 9.70986,
d = 10cm.

support the fundamental mode when the angular frequency is smaller than DP. Although the
physical mechanism of nonlinear dispersion is different from the linear case, we can see that
the nonlinear guided modes can also be treated as electronic wave in graphene waveguide
(Zhang et al., 2009), corresponding to the Kelin tunneling (lack of fundamental mode) and
classical motion (support fundamental mode), respectively.
Since the maximum of the magnitude at the interface between a nonlinear media and a linear
media locates inside the nonlinear media (Shadrivov et al., 2004), the guided modes not only
have mode energy in the core, but also a peak mode energy in the nonlinear substrate region,
as shown in both Fig. 14 and Fig. 15. This result is identical with the conventional nonlinear
waveguide (Stegeman et al., 1984).
We further show the unique properties of nonlinear guides modes near DP in the nonlinear
NZPIM waveguide with the angular frequency varying from ω < ωD to ω > ωD in Fig. 16
when the nonlinearity is self-focusing [Fig. 16 (a) and (b)] and self-defocusing [Fig. 16 (c) and
(d)], respectively. When the nonlinearity is self-focusing, like the behaviors of light in linear
NZPIM (Chen et al., 2009; Shen et al., 2010a), there also exists an asymmetric forbidden band
for the dispersion [Fig. 16 (a)] which means the nonlinear guided modes are not continuous
near DP. The band will become narrower when the order of the guided modes increases which
is opposite to the case that the band will become wider when the order of the guided modes
increases in linear NZPIM waveguide (Shen et al., 2010a). Another important and interesting
phenomenon is that the bang gap can be modulated by the strength of the nonlinearity. It is
obviously that the band gap will become wider when the nonlinear index α increases [Fig.
16 (b)]. The band gap will also become wider with the increase of the wave intensity when
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the nonlinear index α is fixed (not shown). However, the self-defocusing nonlinearity can
eliminate the asymmetric band gap, leading to the continuation of the guided modes near
DP, as shown in Fig. 16 (c) and (d). The field in the core of the NZPIM waveguide with
self-defocusing nonlinearity is represented in the form of csch function, and its dispersion can
be obtained in the same way. The tunable gap may have potential application in electron wave
filters in nonlinear graphene fibre optics (Chen and Tao, 2009).

Fig. 16. (Color online) The propagation constant β versus the incident frequency ω near the
DP in the nonlinear NZPIM waveguide, the core thickness is d = 0.1, �L

1 = 1.2, �2 = 2, and
the nonlinearity are (a) α = 0.0001, (b) α = 0.0008, (c) α = −0.0001, and (d) α = −0.0008.

4.3 Nonlinear surface guided modes
We also find that when ω < ωD, the nonlinear NZPIM waveguide can propagate nonlinear
surface guided modes-slow wave. In this case, the wave vectors in core, substrate and
cladding are all imaginary. The electric fields in three regions can be written as

ψ(x) =

⎧⎪⎨
⎪⎩

k1
k0

�
2

αμ1
sech[k1(x − x0)], x < 0,

A cosh[k2(x − d)] + B sinh[k2(x − d)], 0 < x < d,
Ce−k3(x−d), x > d,

(38)
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where k2
1 = β2 − k2

0�L
1 μ1, k2

2 = β2 − k2
0�2μ2, and k2

3 = β2 − [2(ω − ωD)/c]2 are the transverse
decay wave vectors in the substrate, core, and cladding, β is the propagation constant of the
slow wave guided modes.
Similarly, we obtain the following dispersion relation

tanh(κ2d) = −μ1μ2k2k3 − μ2μ3k1k2 tanh(−k1x0)

μ1μ3k2
2 − μ2

2k1k3 tanh(−k1x0)
. (39)

where x0 = − 1
k1

sech−1
[

k0
k1

√
αμ1

2 (cosh k2d + μ2k3
μ3k2

sinh k2d)C
]

is the position of the maximum

of the amplitude in nonlinear substrate, C being the amplitude of the electric field at the
interface x = d.
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Fig. 17. (Color online) Slow wave guided modes in nonlinear NZPIM waveguide when
ω = 0.7ωD < ωD, the nonlinearity is α = 0.003, �L

1 = 1.2, �2 = 2. (a) TE0: κ2d = 7.25054,
d = 0.5cm; (b) TE0: κ2d = 7.8406, d = 1cm; (c) TE1: κ2d = 3.36844, d = 1cm; (d) TE1:
κ2d = 3.42543, d = 5cm.

We plot the nonlinear slow waves guided modes in Fig. 17. We find that only the lowest order
even (TE0) or odd (TE1) surface guided modes can exist in the nonlinear NZPIM waveguide
which crucially depend on the physical parameters. When the core thickness is smaller, the
waveguide can only support TE0 mode surface wave [Fig. 17 (a)]. When the core thickness
getting bigger, the waveguide can support both the TE0 mode and the TE1 mode surface
waves [Fig. 17 (b) and (c)]. However, when the core thickness is larger, the waveguide
can only support the TE1 mode surface wave[Fig. 17 (d)]. Recent research showed that
the optically discrete and surface solitons in honeycomb photonic lattices can be regarded
as an optical analog of graphene nanoribbons (Molina and Kivshar, 2010). Surface solitons
(Savin and Kivshar, 2010a) and vibrational Tamm states (Savin and Kivshar, 2010b) at the
edges of graphene nanoribbons have also been reported recently. We hope that our results
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the nonlinear index α is fixed (not shown). However, the self-defocusing nonlinearity can
eliminate the asymmetric band gap, leading to the continuation of the guided modes near
DP, as shown in Fig. 16 (c) and (d). The field in the core of the NZPIM waveguide with
self-defocusing nonlinearity is represented in the form of csch function, and its dispersion can
be obtained in the same way. The tunable gap may have potential application in electron wave
filters in nonlinear graphene fibre optics (Chen and Tao, 2009).

Fig. 16. (Color online) The propagation constant β versus the incident frequency ω near the
DP in the nonlinear NZPIM waveguide, the core thickness is d = 0.1, �L

1 = 1.2, �2 = 2, and
the nonlinearity are (a) α = 0.0001, (b) α = 0.0008, (c) α = −0.0001, and (d) α = −0.0008.

4.3 Nonlinear surface guided modes
We also find that when ω < ωD, the nonlinear NZPIM waveguide can propagate nonlinear
surface guided modes-slow wave. In this case, the wave vectors in core, substrate and
cladding are all imaginary. The electric fields in three regions can be written as

ψ(x) =

⎧⎪⎨
⎪⎩

k1
k0

�
2

αμ1
sech[k1(x − x0)], x < 0,

A cosh[k2(x − d)] + B sinh[k2(x − d)], 0 < x < d,
Ce−k3(x−d), x > d,

(38)
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Similarly, we obtain the following dispersion relation
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Fig. 17. (Color online) Slow wave guided modes in nonlinear NZPIM waveguide when
ω = 0.7ωD < ωD, the nonlinearity is α = 0.003, �L

1 = 1.2, �2 = 2. (a) TE0: κ2d = 7.25054,
d = 0.5cm; (b) TE0: κ2d = 7.8406, d = 1cm; (c) TE1: κ2d = 3.36844, d = 1cm; (d) TE1:
κ2d = 3.42543, d = 5cm.

We plot the nonlinear slow waves guided modes in Fig. 17. We find that only the lowest order
even (TE0) or odd (TE1) surface guided modes can exist in the nonlinear NZPIM waveguide
which crucially depend on the physical parameters. When the core thickness is smaller, the
waveguide can only support TE0 mode surface wave [Fig. 17 (a)]. When the core thickness
getting bigger, the waveguide can support both the TE0 mode and the TE1 mode surface
waves [Fig. 17 (b) and (c)]. However, when the core thickness is larger, the waveguide
can only support the TE1 mode surface wave[Fig. 17 (d)]. Recent research showed that
the optically discrete and surface solitons in honeycomb photonic lattices can be regarded
as an optical analog of graphene nanoribbons (Molina and Kivshar, 2010). Surface solitons
(Savin and Kivshar, 2010a) and vibrational Tamm states (Savin and Kivshar, 2010b) at the
edges of graphene nanoribbons have also been reported recently. We hope that our results
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obtained here may also predict the nonlinear surface mode of electrons and holes in nonlinear
graphene waveguide.

5. Further work on optical DP in NZPIM

In the recent years, graphene supperlatices with periodic potential structures has drawn
considerable attention due to the fact that superlattices are very successful in controlling
the electronic structures of many conventional semiconducting materials (Tsu, 2005). Many
theoretical (Park et al., 2008a;b) and experimental (Sutter et al., 2008) works have been focus
on the devices of graphene-based superlattices. Wang et al. have presented the result on
a new DP which is exactly located at the energy which corresponds to the zero-averaged
wavenumber inside the one-dimensional (1D) periodic potentials (Wang and Zhu, 2010a;
Wang and Chen, 2011). The gap for the zero-averaged wavenumber is quite different from the
Bragg gap, which is analogous to the case of the one-dimensional PCs containing left-handed
and right-handed materials (Bliokh et al., 2009; Wang and Zhu, 2010b).
Based on the rapid developments in both theoretical and experimental works on
graphene-based superlattices, and the analogy phenomena between electron waves in
graphene and optics in NZPIM, the optical propagation in one-dimensional PCs containing
NZPIM will be an interesting and challenge task in the future. We will study the
transmission of optics through an one-dimensional PCs containing NZPIM, and predict
some novel properties, such as Goos-Hänchen shifts (Chen et al., 2009), zero-averaged index
gap (Wang and Zhu, 2010b), new Dirac gap, and Bragg gap etc. The propagation of
one-dimensional NZPIM PCs containing a nonlinear defect will be another significative
question as well.

6. Conclusion

In summary, we have investigated the nonlinear plasmonics in NZPIM and shown that the
dynamics of electron wave in graphene can be simulated by the analogy of optics in NZPIM.
The unique propagation of optics near the DP in NZPIM, such as frequency threshold of
nonlinear surface waves, and tunable band gap of the nonlinear guided modes, will lead to the
potential applications in guided wave optics, integral optics and optical-based devices. Our
results will also give the deeper understanding of several exotic phenomena in graphene. We
hope our work will motivate the further work to simulate and predict many exotic phenomena
in graphene with relatively simple optical experiments.
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obtained here may also predict the nonlinear surface mode of electrons and holes in nonlinear
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5. Further work on optical DP in NZPIM

In the recent years, graphene supperlatices with periodic potential structures has drawn
considerable attention due to the fact that superlattices are very successful in controlling
the electronic structures of many conventional semiconducting materials (Tsu, 2005). Many
theoretical (Park et al., 2008a;b) and experimental (Sutter et al., 2008) works have been focus
on the devices of graphene-based superlattices. Wang et al. have presented the result on
a new DP which is exactly located at the energy which corresponds to the zero-averaged
wavenumber inside the one-dimensional (1D) periodic potentials (Wang and Zhu, 2010a;
Wang and Chen, 2011). The gap for the zero-averaged wavenumber is quite different from the
Bragg gap, which is analogous to the case of the one-dimensional PCs containing left-handed
and right-handed materials (Bliokh et al., 2009; Wang and Zhu, 2010b).
Based on the rapid developments in both theoretical and experimental works on
graphene-based superlattices, and the analogy phenomena between electron waves in
graphene and optics in NZPIM, the optical propagation in one-dimensional PCs containing
NZPIM will be an interesting and challenge task in the future. We will study the
transmission of optics through an one-dimensional PCs containing NZPIM, and predict
some novel properties, such as Goos-Hänchen shifts (Chen et al., 2009), zero-averaged index
gap (Wang and Zhu, 2010b), new Dirac gap, and Bragg gap etc. The propagation of
one-dimensional NZPIM PCs containing a nonlinear defect will be another significative
question as well.

6. Conclusion

In summary, we have investigated the nonlinear plasmonics in NZPIM and shown that the
dynamics of electron wave in graphene can be simulated by the analogy of optics in NZPIM.
The unique propagation of optics near the DP in NZPIM, such as frequency threshold of
nonlinear surface waves, and tunable band gap of the nonlinear guided modes, will lead to the
potential applications in guided wave optics, integral optics and optical-based devices. Our
results will also give the deeper understanding of several exotic phenomena in graphene. We
hope our work will motivate the further work to simulate and predict many exotic phenomena
in graphene with relatively simple optical experiments.
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1. Introduction

This chapter describes a somewhat mysterious phenomenon known in the literature under the
German name of “Zitterbewegung” (trembling motion). Both the phenomenon and its name
were conceived by Erwin Schrodinger who, in 1930, published the paper Ueber die kraeftefreie
Bewegung in der relativistischen Quantenmechanik in which he observed that in the Dirac
equation, describing relativistic electrons in a vacuum, the 4 × 4 operators corresponding to
components of relativistic velocity do not commute with the free-electron Hamiltonian (Barut
& Bracken, 1981; Schroedinger, 1930). In consequence, the electron velocity is not a constant
of the motion also in absence of external fields. Such an effect in a vacuum must be of a
quantum nature as it does not obey Newton’s first law of classical motion. Schrodinger
calculated the resulting time dependence of the electron velocity and position concluding that,
in addition to classical motion, they experience very fast periodic oscillations which he called
Zitterbewegung (ZB). Schrodinger’s idea stimulated numerous theoretical investigations but
no experiments since the predicted frequency h̄ωZ � 2m0c2 � 1 MeV and the amplitude
of about λc = h̄/mc � 3.86 × 10−3Å are not accessible to current experimental techniques. It
was recognized that the ZB is due to an interference of states corresponding to the positive and
negative electron energies resulting from the Dirac equation (Bjorken & Drell, 1964; Greiner,
1994; Sakurai, 1997). Lock (1979) showed that, if an electron is represented by a wave packet,
its ZB has a transient character, i.e. it disappears with time.
It was conceived years later that the trembling electron motion should occur also in crystalline
solids if their band structure could be represented by a two-band model reminiscent of the
Dirac equation (Cannata et al., 1990; Lurie & Cremer, 1970; Vonsovskii et al., 1990; Zawadzki,
1997). An intense interest in ZB of electrons in semiconductors was launched only in 2005
(Schliemann et al., 2005; Zawadzki, 2005). There followed a wave of theoretical considerations
for various semiconductor and other systems. It was recognized that the phenomenon of ZB
occurs every time one deals with two or more interacting energy bands (Cserti & David, 2006;
Rusin & Zawadzki, 2007a; Winkler et al., 2007).
As mentioned above, in a vacuum the ZB characteristics are not favorable. In solids, the ZB
characteristics are much better but it is difficult to observe the motion of a single electron.
However, recently Gerritsma et al. (2010) simulated experimentally the Dirac equation and
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1. Introduction

This chapter describes a somewhat mysterious phenomenon known in the literature under the
German name of “Zitterbewegung” (trembling motion). Both the phenomenon and its name
were conceived by Erwin Schrodinger who, in 1930, published the paper Ueber die kraeftefreie
Bewegung in der relativistischen Quantenmechanik in which he observed that in the Dirac
equation, describing relativistic electrons in a vacuum, the 4 × 4 operators corresponding to
components of relativistic velocity do not commute with the free-electron Hamiltonian (Barut
& Bracken, 1981; Schroedinger, 1930). In consequence, the electron velocity is not a constant
of the motion also in absence of external fields. Such an effect in a vacuum must be of a
quantum nature as it does not obey Newton’s first law of classical motion. Schrodinger
calculated the resulting time dependence of the electron velocity and position concluding that,
in addition to classical motion, they experience very fast periodic oscillations which he called
Zitterbewegung (ZB). Schrodinger’s idea stimulated numerous theoretical investigations but
no experiments since the predicted frequency h̄ωZ � 2m0c2 � 1 MeV and the amplitude
of about λc = h̄/mc � 3.86 × 10−3Å are not accessible to current experimental techniques. It
was recognized that the ZB is due to an interference of states corresponding to the positive and
negative electron energies resulting from the Dirac equation (Bjorken & Drell, 1964; Greiner,
1994; Sakurai, 1997). Lock (1979) showed that, if an electron is represented by a wave packet,
its ZB has a transient character, i.e. it disappears with time.
It was conceived years later that the trembling electron motion should occur also in crystalline
solids if their band structure could be represented by a two-band model reminiscent of the
Dirac equation (Cannata et al., 1990; Lurie & Cremer, 1970; Vonsovskii et al., 1990; Zawadzki,
1997). An intense interest in ZB of electrons in semiconductors was launched only in 2005
(Schliemann et al., 2005; Zawadzki, 2005). There followed a wave of theoretical considerations
for various semiconductor and other systems. It was recognized that the phenomenon of ZB
occurs every time one deals with two or more interacting energy bands (Cserti & David, 2006;
Rusin & Zawadzki, 2007a; Winkler et al., 2007).
As mentioned above, in a vacuum the ZB characteristics are not favorable. In solids, the ZB
characteristics are much better but it is difficult to observe the motion of a single electron.
However, recently Gerritsma et al. (2010) simulated experimentally the Dirac equation and
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the resulting electron Zitterbewegung with the use of trapped ions and laser excitations. The
power of the simulation method is that one can adjust experimentally the essential parameters
of the Dirac equation: mc2 and c, and thus achieve more favorable values of the ZB frequency
and amplitude. Interestingly, it turned out that analogues of ZB can occur also in classical
wave propagation phenomena. Several predictions were made, but in two systems, namely
macroscopic sonic crystals (Zhang & Liu, 2008), and photonic superlattices (Dreisow et al.,
2010), the ZB-like effects were actually observed.

2. ZB of electrons in graphene

Here we consider the ZB in three modern materials: monolayer graphene, bilayer graphene
and carbon nanotubes. Monolayer graphene is currently by far the most studied material
in the world (Novoselov et al., 2004). The description is based mostly on our theoretical
works (Rusin & Zawadzki, 2007b; 2008; 2009), but papers of other authors concerned with
ZB in graphene are also mentioned. It is emphasized that the trembling electrons should
emit electromagnetic radiation which would provide a direct evidence for the existence of
this phenomenon. We discuss the origin of ZB in crystalline solids not going into detailed
mathematical derivations. An exact formulation of the electron dynamics in monolayer
graphene in the presence of a magnetic field is presented in Appendix A. The electron classical
velocity and its mass for a linear energy band of monolayer graphene are considered in
Appendix B. It is hoped that our presentation will simulate experimental investigations of
the electron trembling motion in graphene.

2.1 Bilayer graphene
We begin our description considering bilayer graphene since the results can be obtained in
the analytical form, which allows one to see directly important features of the trembling
motion. Two-dimensional Hamiltonian for bilayer graphene in the K point of Brillouin zone
is (McCann & Fal’ko, 2006)

ĤB = − 1
2m∗

(
0 ( p̂x − i p̂y)2

( p̂x + i p̂y)2 0

)
, (1)

where m∗ = 0.054m0. The energy spectrum is Ek = ±Ek, where Ek = h̄2k2/2m∗, i.e. there is
no energy gap between the parabolic conduction and valence bands. The position operator in
the Heisenberg picture is a 2 × 2 matrix x̂(t) = exp(iĤBt/h̄)x̂ exp(−iĤBt/h̄). One calculates

x11(t) = x(0) +
ky

k2

[
1 − cos

(
h̄k2t
m∗

)]
, (2)

where k2 = k2
x + k2

y. The third term represents the Zitterbewegung with the frequency
h̄ωZ = 2h̄2k2/2m∗, corresponding to the energy difference between the upper and lower
energy branches for a given value of k. We want to calculate the ZB of a charge carrier
represented by a two-dimensional wave packet

ψ(r, 0) =
1

2π

d√
π

∫
d2ke−

1
2 d2k2

x− 1
2 d2(ky−k0y)2

eikr
(

1
0

)
. (3)
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The packet is centered at k0 = (0, k0y) and is characterized by a width d. The unit vector (1, 0)
is a convenient choice, selecting the (11) component of x̂(t), see Eq. (2). An average of x̂11(t)
is a two-dimensional integral which can be calculated analytically in the form

x̄11(t) = �ψ(r)|x̂(t)|ψ(r)� = x̄c + x̄Z(t) (4)

where x̄c = (1/k0y)
[
1 − exp(−d2k2

0y)
]
, and

x̄Z(t) =
1

k0y

[
exp

(
−

δ4d2k2
0y

d4 + δ4

)
cos

(
δ2d4k2

0y

d4 + δ4

)

− exp(−d2k2
0y)

]
, (5)

in which δ =
√

h̄t/m∗ contains the time dependence. In Figure 1a we show the ZB of the
electron position x̄11 as given in Eqs. (4) and (5).
Here are the main features of ZB following from Eqs. (4) and (5). First, in order to have
ZB in the direction x one needs an initial transverse momentum h̄k0y. Second, the ZB
frequency depends only weakly on the packet width: ωZ = (h̄k2

0y/m∗)(d4/(d4 + δ4)), while
its amplitude is strongly dependent on the width d. Third, the ZB has a transient character
since it is attenuated by the exponential term. For small t the amplitude of x̄Z(t) diminishes
as exp(−Γ2

Zt2) with

ΓZ =
h̄k0y

m∗d
. (6)

Fourth, as t (or δ) increases, the cosine term tends to unity and the first term in Eq. (5) cancels
out with the second term. After the oscillations disappear, the charge carrier is displaced by
the amount x̄c, which is a “remnant” of ZB. Fifth, for very wide packets (d → ∞) the exponent
in Eq. (5) tends to unity, the oscillatory term is cos(δ2k2

0y) and the last term vanishes. In this
limit one recovers undamped ZB oscillations.
Next, we consider other quantities related to ZB, beginning by the current. The latter is
given by the velocity multiplied by charge. The velocity is simply v̄x = ∂x̄Z/∂t, where x̄Z
is given by Eq. (5). The calculated current is plotted in Figure 1b, its oscillations are a direct
manifestation of ZB. The transient character of ZB is accompanied by a temporal spreading
of the wave packet. The question arises whether the attenuation of ZB is not simply caused
by the spreading of the packet. The calculated packet width ΔR is plotted versus time in
Figure 1c. It is seen that during the initial 80 femtoseconds the packet’s width increases
only twice compared to its initial value, while the ZB disappears almost completely. We
conclude that the spreading of the packet is not the main cause of the transient character of
ZB. Looking for physical reasons behind the transient character of ZB we decompose the total
wave function ψ(r, t) into the positive (p) and negative (n) components ψp(r, t) and ψn(r, t).
We have

|ψ(t)� = e−iĤt/h̄|ψ(0)�
= e−iEt/h̄�p|ψ(0)�|p�+ eiEt/h̄�n|ψ(0)�|n�, (7)
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Fig. 1. Zitterbewegung of a charge carrier in bilayer graphene versus time, calculated for a
gaussian wave packet width d = 300Å and k0y = 3.5 × 108m−1: a) position, b) electric
current, c) dispersion ΔR(t). After the ZB disappears a constant shift of the position remains.
After Rusin & Zawadzki (2007b).

where |p� and |n� are the eigen-functions of the Hamiltonian (1) in k space corresponding to
positive and negative energies, respectively. Further

�k|p� = 1√
2

(
1

k2
+/k2

)
δ(k− k

�
), (8)

�k|n� = 1√
2

(
1

−k2
+/k2

)
δ(k− k

�
). (9)

After some manipulations we obtain

ψp(r, t) =
1

4π

d√
π

∫
d2ke−

1
2 d2(k2

x+(ky−k0y)2)eikre−iEt/h̄ ×
(

1
k2
+/k2

)
. (10)

The function ψn(r, t) is given by the identical expression with the changed signs in front of E
and k2

+/k2 terms. There is ψ(r, t) = ψp(r, t) + ψn(r, t) and �ψn|ψp� = 0. Now, one can
calculate the average values of x̄ and ȳ using the positive and negative components in the
above sense. We have

x̄(t) =
∫
(ψn + ψp)†x(ψn + ψp)d2r, (11)
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so that one deals with four integrals. A direct calculation gives
∫

|ψp|2xd2r+
∫

|ψn|2xd2r = x̄c, (12)

∫
ψn†xψpd2r+

∫
ψp†xψnd2r = x̄Z(t), (13)

where x̄c and x̄Z(t) have been defined in Eq. (4). Thus the integrals involving only the positive
and only the negative components give the constant shift due to ZB, while the mixed terms
lead to the ZB oscillations. All terms together reconstruct the result from Eq. (4). Next we
calculate the average value ȳ. There is no symmetry between x̄ and ȳ because the wave packet
is centered around kx = 0 and ky = k0y. The average value ȳ is again given by four integrals.
However, now the mixed terms vanish, while the integrals involving the positive and negative
components give

∫
|ψp|2yd2r =

h̄k0y

2m∗ t, (14)
∫

|ψn|2yd2r = − h̄k0y

2m∗ t. (15)

This means that the “positive” and “negative” subpackets move in the opposite directions
with the velocity v = h̄k0yt/2m∗. The relative velocity is vrel = h̄k0yt/m∗. Each of these
packets has the initial width d and it (slowly) spreads in time. After the time Γ−1

Z = d/vrel

the distance between the two packets equals d, so the integrals in Eq. (12) are small, resulting
in the diminishing Zitterbewegung amplitude. This reasoning gives the decay constant ΓZ =
h̄k0y/m∗d, which is exactly what we determined above from the analytical results (see Eq. (6)).
Thus, the transient character of the ZB oscillations is due to the increasing spatial separation of the
subpackets corresponding to the positive and negative energy states. This confirms our previous
conclusion that it is not the packet’s slow spreading that is responsible for the attenuation.
The separation of subpackets with the resulting decay of ZB turns out to be a general feature of
this phenomenon.

2.2 Monolayer graphene
Now we consider monolayer graphene. The two-dimensional band Hamiltonian describing
its band structure at the K point of the Brillouin zone is (Semenoff, 1984; Slonczewski & Weiss,
1958; Wallace, 1947)

ĤM = u
(

0 p̂x − i p̂y
p̂x + i p̂y 0

)
, (16)

where u ≈ 1 × 108cm/s. The resulting energy dispersion is linear in momentum: E = ±uh̄k,

where k =
√

k2
x + k2

y. The quantum velocity in the Schrodinger picture is v̂i = ∂HM/∂ p̂i,
it does not commute with the Hamiltonian (16). In the Heisenberg picture we have v̂(t) =
exp(iĤMt/h̄)v̂ exp(−iĤMt/h̄). Using Eq. (16) one obtains

v(11)
x = u

ky

k
sin(2ukt). (17)
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Fig. 1. Zitterbewegung of a charge carrier in bilayer graphene versus time, calculated for a
gaussian wave packet width d = 300Å and k0y = 3.5 × 108m−1: a) position, b) electric
current, c) dispersion ΔR(t). After the ZB disappears a constant shift of the position remains.
After Rusin & Zawadzki (2007b).
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Fig. 2. Oscillatory electric current in the x direction caused by the ZB in monolayer graphene
versus time, calculated for a gaussian wave packet with k0y = 1.2 × 109m−1 and various
packet widths d. Transient character of ZB is clearly seen. After Rusin & Zawadzki (2007b).

The above equation describes the trembling motion with the frequency ωZ = 2uk, determined
by the energy difference between the upper and lower energy branches for a given value of k.
As before, ZB in the direction x occurs only if there is a non-vanishing momentum h̄ky. One
calculates an average velocity (or current) taken over a two-dimensional wave packet with
nonzero initial momentum k0x. The results for the current j̄x = ev̄x are plotted in Figure 2 for
different realistic packet widths d. It is seen that the ZB frequency does not depend on d and
is nearly equal to ωZ given above for the plane wave. On the other hand, the amplitude of ZB
depends on d and we deal with decay times of the order of femtoseconds. For small d there are
almost no oscillations, for very large d the ZB oscillations are undamped. These conclusions
agree with the analytical results for bilayer graphene. The behavior of ZB depends quite
critically on the values of k0y and d, which is reminiscent of the damped harmonic oscillator.
In the limit d → ∞ the above results for the electric current resemble those of Katsnelson
(2006) for ZB in graphene obtained with the use of plane wave representation.
Maksimova et al. (2008) investigated dynamics of wave packets in monolayer graphene for
different pseudo-spin polarizations with the resulting ZB. For specific packet components
and their relative phases a “longitudinal ZB” can take place, but its intensity is weak.
Martinez et al. (2010) considered a creation of electron-hole pairs by a constant electric field
in the plane of a monolayer graphene sheet. They showed that, as the pairs undergo the
ZB in opposite directions, a Hall-like separation of the charge occurs giving a measurable
dipole moment. We note that it is not the time-dependent motion but the ZB shift at large
times which is responsible for the charge separation, see Eq. (2) and Figure 1. Englman &
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Vertesi (2008) calculated a ZB-related electron current in monolayer graphene in the adiabatic
approximation and related it to the Berry phase.

2.3 Carbon nanotubes
Finally we consider monolayer graphene sheets rolled into single semiconducting carbon
nanotubes (CNT) (Rusin & Zawadzki, 2007b; Zawadzki, 2006). The band Hamiltonian in the
vicinity of K point is (Ajiki & Ando, 1993)

ĤCNT = u
(

0 h̄knν − i p̂y
h̄knν + i p̂y 0

)
. (18)

This Hamiltonian is similar to that given by Eq. (16) except that, because of the periodic
boundary conditions, the momentum px is quantized and takes discrete values h̄kx = h̄knν,
where knν = (2π/L)(n − ν/3), n = 0,±1, . . ., ν = ±1, and L is the length of circumference
of CNT. As a result, the free electron motion can occur only in the direction y, parallel to the
tube axis. The geometry of CNT has important consequences. There exists an energy gap
Eg = 2uh̄|knν| and the effective mass at the band edge m∗

0 = h̄|knν|/u. For ν = ±1 there
always exists a non-vanishing value of the quantized momentum h̄knν. Finally, for each value
of knν there exists k−n,−ν = −knν resulting in the same subband energy E = ±E, where

E = h̄u
√

k2
nν + k2

y. (19)

The time dependent velocity v̂y(t) and the displacement ŷ(t) can be calculated for the plane
electron wave in the usual way and they exhibit the ZB oscillations [see Zawadzki (2006)]. For
small momenta ky the ZB frequency is h̄ωZ = Eg and the ZB length is λZ ≈ 1/|knν|. We are
again interested in the displacement ȳ(t) of a charge carrier represented by a one-dimensional
wave packet analogous to that described in Eq. (3) The average displacement is ȳ(t) = ȳZ(t)−
ȳsh, where

ȳZ(t) =
h̄2du2knν

2
√

π

∫ ∞

−∞

dky

E2 cos
(

2Et
h̄

)
e−d2k2

y (20)

and ȳsh = 1/2
√

πd sgn(b)[1 − Φ(|b|)] exp(b2), where b = knνd and Φ(x) is the error function.
The ZB oscillations of ȳ(t) are plotted in Figure 3. It is seen that, after the transient ZB
oscillations disappear, there remains a shift ȳsh. Thus the ZB separates spatially the charge
carriers that are degenerate in energy but characterized by n, ν and −n,−ν quantum numbers.
The current is proportional to v̄y = ∂ȳ/∂t, so that the currents related to ν = 1 and ν = −1
cancel each other. To have a non-vanishing current one needs to break the above symmetry,
which can be achieved by applying an external magnetic field parallel to the tube axis.
It is seen from Figure 3 that the decay time of ZB in CNT is much larger than that in bilayer
and monolayer graphene. The oscillations decrease proportionally to t−1/2. The reason is
that we consider the situation with k0y = 0, so that the ZB oscillations occur due to “built in”
momentum kx = knν, arising from the tube’s topology. In other words, the long decay time is
due to the one-dimensionality of the system. If the circumference of a CNT is increased, the
energy gap (and, correspondingly, the ZB frequency) decreases, the amplitude of ZB is larger,
but the decay time remains almost unchanged.
One can show that we again deal here with two sub-packets which, however, for k0y = 0
do not run away from each other. Thus, the slow damping of ZB is due only to the slow
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carriers that are degenerate in energy but characterized by n, ν and −n,−ν quantum numbers.
The current is proportional to v̄y = ∂ȳ/∂t, so that the currents related to ν = 1 and ν = −1
cancel each other. To have a non-vanishing current one needs to break the above symmetry,
which can be achieved by applying an external magnetic field parallel to the tube axis.
It is seen from Figure 3 that the decay time of ZB in CNT is much larger than that in bilayer
and monolayer graphene. The oscillations decrease proportionally to t−1/2. The reason is
that we consider the situation with k0y = 0, so that the ZB oscillations occur due to “built in”
momentum kx = knν, arising from the tube’s topology. In other words, the long decay time is
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Fig. 3. Zitterbewegung of two charge carriers in the ground subband of a single carbon
nanotube of L = 200 Å versus time (logarithmic scale), calculated for gaussian wave packets
of two different widths d and k0y = 0. After the ZB disappears a constant shift remains. The
two carriers are described by different quantum numbers ν. At higher times the amplitude of
ZB oscillations decays as t−1/2. After Rusin & Zawadzki (2007b).

broadening of the sub-packets. We emphasize the slow decay, as illustrated in Figure 3,
because it is confirmed experimentally, see Gerritsma et al. (2010). We add that for k0y �= 0 the
sub-packets run away from each other and the decay time is much faster.

3. ZB in graphene in a magnetic field

The trembling motion of charge carriers in graphene and CNT has been described above for
no external potentials. Now we consider the trembling motion of electrons in the presence of
an external magnetic field (Rusin & Zawadzki, 2008). The magnetic field is known to cause no
interband electron transitions, so the essential features of ZB are expected not to be destroyed.
On the other hand, introduction of an external field provides an important parameter affecting
the ZB behavior. This case is special because the electron spectrum is fully quantized, so
we deal with discrete levels, not bands. We consider a graphene monolayer in an external
magnetic field parallel to the z axis. The Hamiltonian for electrons and holes at the K1 point
of the Brillouin zone is (Slonczewski & Weiss, 1958; Wallace, 1947)

Ĥ = u
(

0 π̂x − iπ̂y
π̂x + iπ̂y 0

)
, (21)
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where u ≈ 1×108 cm/s is the characteristic velocity, π̂ = p̂ − qÂ is the generalized
momentum, in which Â is the vector potential and q is the electron charge. Using the Landau
gauge, we take Â = (−By, 0, 0), and for an electron q = −e with e > 0. We take the wave
function in the form Ψ(x, y) = eikx xΦ(y). Introducing the magnetic radius L =

√
h̄/eB,

the variable ξ = y/L − kx L, and defining the standard raising and lowering operators for
the harmonic oscillator â = (ξ + ∂/∂ξ)/

√
2 and â† = (ξ − ∂/∂ξ)/

√
2, the Hamiltonian is

rewritten in the form

Ĥ = −h̄Ω
(

0 â
â† 0

)
, (22)

where the frequency is Ω =
√

2u/L. Next one determines the eigenstates and eigenenergies
of the Hamiltonian Ĥ. The energy is Ens = sh̄Ω

√
n. Here n = 0, 1, . . ., and s = ±1

for the conduction and valence bands, respectively. The above energies were confirmed
experimentally. The complete wave function is

|n� ≡ |nkxs� = eikx x
√

4π

(−s|n − 1�
|n�

)
(23)

where |n� are the harmonic oscillator functions.
We want to calculate the velocity of a charge carrier described by a wave packet. We first
calculate matrix elements � f |n� between an arbitrary two-component function f = ( f u, f l)
and eigenstates from Eq. (23). A straightforward manipulation gives � f |n� = −sFu

n−1 + Fl
n,

where

Fj
n(kx) =

1√
2LCn

∫
gj(kx, y)e−

1
2 ξ2

Hn(ξ)dy, (24)

in which

gj(kx, y) =
1√
2π

∫
f j(x, y)eikx xdx. (25)

The superscript j = u, l stands for the upper and lower components of the function f . The

Hamilton equations give the velocity components: v̂i(0) = ∂Ĥ/∂ p̂i, with i = x, y. We want
to calculate averages of the time-dependent velocity operators v̂i(t) in the Heisenberg picture
taken on the function f . The averages are

v̄i(t) = ∑
n,n�

eiEn� t/h̄� f |n���n� |vi(0)|n��n|f�e−iEnt/h̄, (26)

where the energies and eigenstates are given in Eq. (23). The summation in Eq. (26) goes over

all the quantum numbers: n, n�, s, s�, kx, k�x. The only non-vanishing matrix elements of the
velocity components are for the states states n� = n ± 1. One finally obtains

 
0 0 0 0

( ) sin( ) sin( ) cos( ) cos( )c Z c Z
y n n n n n n n n

n n n n
v t u V t u V t iu A t iu A t , (27) 

 
0 0 0 0

( ) cos( ) cos( ) sin( ) sin( )c Z c Z
x n n n n n n n n

n n n n
v t u B t u B t iu T t iu T t , (28) 
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Fig. 3. Zitterbewegung of two charge carriers in the ground subband of a single carbon
nanotube of L = 200 Å versus time (logarithmic scale), calculated for gaussian wave packets
of two different widths d and k0y = 0. After the ZB disappears a constant shift remains. The
two carriers are described by different quantum numbers ν. At higher times the amplitude of
ZB oscillations decays as t−1/2. After Rusin & Zawadzki (2007b).

broadening of the sub-packets. We emphasize the slow decay, as illustrated in Figure 3,
because it is confirmed experimentally, see Gerritsma et al. (2010). We add that for k0y �= 0 the
sub-packets run away from each other and the decay time is much faster.

3. ZB in graphene in a magnetic field

The trembling motion of charge carriers in graphene and CNT has been described above for
no external potentials. Now we consider the trembling motion of electrons in the presence of
an external magnetic field (Rusin & Zawadzki, 2008). The magnetic field is known to cause no
interband electron transitions, so the essential features of ZB are expected not to be destroyed.
On the other hand, introduction of an external field provides an important parameter affecting
the ZB behavior. This case is special because the electron spectrum is fully quantized, so
we deal with discrete levels, not bands. We consider a graphene monolayer in an external
magnetic field parallel to the z axis. The Hamiltonian for electrons and holes at the K1 point
of the Brillouin zone is (Slonczewski & Weiss, 1958; Wallace, 1947)

Ĥ = u
(
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, (21)
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where u ≈ 1×108 cm/s is the characteristic velocity, π̂ = p̂ − qÂ is the generalized
momentum, in which Â is the vector potential and q is the electron charge. Using the Landau
gauge, we take Â = (−By, 0, 0), and for an electron q = −e with e > 0. We take the wave
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the harmonic oscillator â = (ξ + ∂/∂ξ)/
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Hamilton equations give the velocity components: v̂i(0) = ∂Ĥ/∂ p̂i, with i = x, y. We want
to calculate averages of the time-dependent velocity operators v̂i(t) in the Heisenberg picture
taken on the function f . The averages are
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where V±
n , T±

n , A±
n and B±

n are given by combinations of Uα,β
m,n integrals

Uα,β
m,n =

∫
Fα∗

m (kx)Fβ
n (kx)dkx. (29)

The superscripts α and β refer to the upper and lower components, see Rusin & Zawadzki
(2008). In the above model the coefficients Uα,β

m,n are real numbers, so that A±
n and T±

n in
Eqs. (27) and (28) vanish. The time dependent sine and cosine functions come from the
exponential terms in Eq. (26). The frequencies in Eqs. (27) and (28) are ωc

n = Ω(
√

n + 1−√
n),

ωZ
n = Ω(

√
n + 1 +

√
n), where Ω is given in Eq. (22). The frequencies ωc

n correspond to the
intraband energies while frequencies ωZ

n correspond to the interband energies, see Figure 4.
The interband frequencies are characteristic of the Zitterbewegung. The intraband (cyclotron)
energies are due to the band quantization by the magnetic field and they do not appear for
non quantized spectra.
Final calculations are carried out for a two-dimensional Gaussian wave packet centered
around the wave vector k0 = (k0x, 0) and having two non-vanishing components. In this
case one can obtain analytical expressions for Uα,β

m,n. The main frequency of oscillations is
ω0 = Ω, which can be interpreted either as ωc

0 = Ω(
√

n + 1 −√
n) or ωZ

0 = Ω(
√

n + 1 +
√

n)
for n = 0. Frequency ωc

0 belongs to the intraband (cyclotron) set, while ωZ
0 belongs to the

interband set (see Figure 4). The striking feature is, that ZB is manifested by several frequencies
simultaneously. This is a consequence of the fact that in graphene the energy distances between
the Landau levels diminish with n, which results in different values of frequencies ωc

n and ωZ
n

for different n. It follows that it is the presence of an external quantizing magnetic field that
introduces various frequencies into ZB. It turns out that, after the ZB oscillations seemingly
die out, they actually reappear at higher times. Thus, for all k0x values (including k0x = 0), the
ZB oscillations have a permanent character, that is they do not disappear in time. This feature is
due to the discrete character of the electron spectrum caused by a magnetic field. The above
property is in sharp contrast to the no-field cases considered above, in which the spectrum
is not quantized and the ZB of a wave packet has a transient character. In mathematical
terms, due to the discrete character of the spectrum, averages of operator quantities taken
over a wave packet are sums and not integrals. The sums do not obey the Riemann-Lebesgues
theorem for integrals which guarantee the damping of ZB in time for a continuous spectrum
see Lock (1979).
Finally, one calculates the displacements x̄(t) and ȳ(t) of the wave packet. To this end we
integrate Eqs. (27) and (28) with respect to time using the initial conditions x0 = x̄(0) = 0
and y0 = ȳ(0) = kx L2. The results are plotted in Figure 5 in the form of x − y trajectories for
different initial wave vectors k0x. The direction of movement is clockwise and the trajectories
span early times (1ps) after the creation of a wave packet.
All in all, the presence of a quantizing magnetic field has the following important effects on
the trembling motion. (1) For B �= 0 the ZB oscillation are permanent, while for B = 0 they
are transient. The reason is that for B �= 0 the electron spectrum is discrete. (2) For B �= 0
many ZB frequencies appear, whereas for B = 0 only one ZB frequency exists. (3) For B �= 0
both interband and intraband (cyclotron) frequencies appear in ZB; for B = 0 there are no
intraband frequencies. (4) Magnetic field intensity changes not only the ZB frequencies but
the entire character of ZB spectrum.
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(2008).

The Zitterbewegung should be accompanied by electromagnetic dipole radiation emitted by
the trembling electrons. The oscillations �r(t)� are related to the dipole moment −e�r(t)�,
which couples to the electromagnetic radiation. One can calculate the emitted electric field
from the electron acceleration �r̈(t�) and takes its Fourier transform to determine the emitted
frequencies. In Figure 6 we plot the calculated intensities of various emitted lines. The
strong peak corresponds to oscillations with the basic frequency ω = Ω. The peaks on
the high-frequency side correspond to the interband excitations and are characteristic of ZB.
The peaks on the lower frequency side correspond to the intraband (cyclotron) excitations.
In absence of ZB the emission spectrum would contain only the intraband (cyclotron)
frequencies. Thus the interband frequencies ωZ

n shown in Figure 6 are a direct signature
of the trembling motion. It can be seen that the ωZ

z peaks are not much weaker than the
central peak at ω = Ω, which means that there exists a reasonable chance to observe them.
Generally speaking, the excitation of the system is due to the nonzero momentum h̄k0x given
to the electron. It can be provided by accelerating the electron in the band or by exciting
the electron with a nonzero momentum by light from the valence band to the conduction
band. The electron can emit light because the Gaussian wave packet is not an eigenstate of the
system described by the Hamiltonian (21). The energy of the emitted light is provided by the
initial kinetic energy related to the momentum h̄k0x. Once this energy is completely used, the
emission will cease.
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where V±
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energies are due to the band quantization by the magnetic field and they do not appear for
non quantized spectra.
Final calculations are carried out for a two-dimensional Gaussian wave packet centered
around the wave vector k0 = (k0x, 0) and having two non-vanishing components. In this
case one can obtain analytical expressions for Uα,β

m,n. The main frequency of oscillations is
ω0 = Ω, which can be interpreted either as ωc

0 = Ω(
√

n + 1 −√
n) or ωZ

0 = Ω(
√

n + 1 +
√

n)
for n = 0. Frequency ωc

0 belongs to the intraband (cyclotron) set, while ωZ
0 belongs to the

interband set (see Figure 4). The striking feature is, that ZB is manifested by several frequencies
simultaneously. This is a consequence of the fact that in graphene the energy distances between
the Landau levels diminish with n, which results in different values of frequencies ωc

n and ωZ
n

for different n. It follows that it is the presence of an external quantizing magnetic field that
introduces various frequencies into ZB. It turns out that, after the ZB oscillations seemingly
die out, they actually reappear at higher times. Thus, for all k0x values (including k0x = 0), the
ZB oscillations have a permanent character, that is they do not disappear in time. This feature is
due to the discrete character of the electron spectrum caused by a magnetic field. The above
property is in sharp contrast to the no-field cases considered above, in which the spectrum
is not quantized and the ZB of a wave packet has a transient character. In mathematical
terms, due to the discrete character of the spectrum, averages of operator quantities taken
over a wave packet are sums and not integrals. The sums do not obey the Riemann-Lebesgues
theorem for integrals which guarantee the damping of ZB in time for a continuous spectrum
see Lock (1979).
Finally, one calculates the displacements x̄(t) and ȳ(t) of the wave packet. To this end we
integrate Eqs. (27) and (28) with respect to time using the initial conditions x0 = x̄(0) = 0
and y0 = ȳ(0) = kx L2. The results are plotted in Figure 5 in the form of x − y trajectories for
different initial wave vectors k0x. The direction of movement is clockwise and the trajectories
span early times (1ps) after the creation of a wave packet.
All in all, the presence of a quantizing magnetic field has the following important effects on
the trembling motion. (1) For B �= 0 the ZB oscillation are permanent, while for B = 0 they
are transient. The reason is that for B �= 0 the electron spectrum is discrete. (2) For B �= 0
many ZB frequencies appear, whereas for B = 0 only one ZB frequency exists. (3) For B �= 0
both interband and intraband (cyclotron) frequencies appear in ZB; for B = 0 there are no
intraband frequencies. (4) Magnetic field intensity changes not only the ZB frequencies but
the entire character of ZB spectrum.
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The Zitterbewegung should be accompanied by electromagnetic dipole radiation emitted by
the trembling electrons. The oscillations �r(t)� are related to the dipole moment −e�r(t)�,
which couples to the electromagnetic radiation. One can calculate the emitted electric field
from the electron acceleration �r̈(t�) and takes its Fourier transform to determine the emitted
frequencies. In Figure 6 we plot the calculated intensities of various emitted lines. The
strong peak corresponds to oscillations with the basic frequency ω = Ω. The peaks on
the high-frequency side correspond to the interband excitations and are characteristic of ZB.
The peaks on the lower frequency side correspond to the intraband (cyclotron) excitations.
In absence of ZB the emission spectrum would contain only the intraband (cyclotron)
frequencies. Thus the interband frequencies ωZ

n shown in Figure 6 are a direct signature
of the trembling motion. It can be seen that the ωZ

z peaks are not much weaker than the
central peak at ω = Ω, which means that there exists a reasonable chance to observe them.
Generally speaking, the excitation of the system is due to the nonzero momentum h̄k0x given
to the electron. It can be provided by accelerating the electron in the band or by exciting
the electron with a nonzero momentum by light from the valence band to the conduction
band. The electron can emit light because the Gaussian wave packet is not an eigenstate of the
system described by the Hamiltonian (21). The energy of the emitted light is provided by the
initial kinetic energy related to the momentum h̄k0x. Once this energy is completely used, the
emission will cease.
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Fig. 5. Zitterbewegung trajectories of electron at the K1 point of the Brillouin zone in
monolayer graphene at B=20T during the first picosecond for various values of k0x.
After Rusin & Zawadzki (2008).

Schliemann (2008) described time dependence of the cyclotron motion in monolayer graphene
in the presence of a magnetic field using the semiclassical approximation for high carrier
energies. He showed that the cyclotron motion is perturbed by interband ZB contributions
of higher frequencies. Krueckl & Kramer (2009) described time propagation of an initially
concentrated wave packet in monolayer graphene in a perpendicular magnetic field. A
collapse-revival pattern of ZB was investigated and an effect of impurities (disorder) on
the packet dynamics was analyzed. It turned out that ZB “survives” the perturbation by
impurities. Romera & de los Santos (2009) studied monolayer graphene in a magnetic field
concentrating on collapse-revival pattern of ZB oscillations.

4. ZB probed by laser pulse

All the recent theoretical work on ZB assumed that initially the electrons are represented
by Gaussian wave packets. While this assumption represents a real progress compared to
the work that had treated electrons as plane waves, it is obviously an idealization since it
is not quite clear how to prepare an electron in this form. Here we calculate a reaction of
an electron in graphene excited by a laser pulse, not assuming anything about initial form
of the electron wave packet. In our description we take into account currently available
experimental possibilities.
The following conditions should be met for a successful observation of ZB: a) The ZB
frequency must be in the range of currently detectable regimes, i.e. of the order of ωZ ≈ 1 fs−1,
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and the size of oscillations should be of the order of a few Å; b) The ZB oscillations should be
persistent or slowly transient; c) Both positive and negative electron energies must be excited
with a sufficient probability; d) The wave packet should be created in a one-electron regime.
A system that fulfills the above criteria is p-type monolayer graphene in a constant magnetic
field. The wave packet should be created by an ultra short monocycle or sub-monocycle
laser pulse. Because of a very wide frequency spectrum of such a pulse, the resulting wave
packet will have both positive and negative energies. The electron oscillations give rise to
a time-dependent dipole moment which will be a source of electric field and it will emit or
absorb radiation in the far infrared range.
In the description we use the above results for the band structure of monolayer graphene in
a magnetic field. The Fermi level is assumed to coincide with the Landau level (LL) n = −2
and we consider the initial electron to be in the n = −1 state. The wavelength of the laser
light is assumed to be much larger that the size L of the n = −1 state, so we can neglect
spatial variation of the electric field in the laser pulse. The total Hamiltonian, including the
perturbation due to the laser light, is ĤT = Ĥ + Ŵ(t), where Ĥ is given by Eq. (21) and the
perturbing potential due laser light is

Ŵ(t) = −eyE0e−(2 ln 2)t2/τ2
cos(ωLt), (30)

in which e is the electron charge, τ is the pulse duration (FWHM), ωL = 2πc/λL is the laser
frequency (being of the order of 3×1015s−1), and E0 is the amplitude of electric field. A
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monolayer graphene at B=20T during the first picosecond for various values of k0x.
After Rusin & Zawadzki (2008).

Schliemann (2008) described time dependence of the cyclotron motion in monolayer graphene
in the presence of a magnetic field using the semiclassical approximation for high carrier
energies. He showed that the cyclotron motion is perturbed by interband ZB contributions
of higher frequencies. Krueckl & Kramer (2009) described time propagation of an initially
concentrated wave packet in monolayer graphene in a perpendicular magnetic field. A
collapse-revival pattern of ZB was investigated and an effect of impurities (disorder) on
the packet dynamics was analyzed. It turned out that ZB “survives” the perturbation by
impurities. Romera & de los Santos (2009) studied monolayer graphene in a magnetic field
concentrating on collapse-revival pattern of ZB oscillations.

4. ZB probed by laser pulse

All the recent theoretical work on ZB assumed that initially the electrons are represented
by Gaussian wave packets. While this assumption represents a real progress compared to
the work that had treated electrons as plane waves, it is obviously an idealization since it
is not quite clear how to prepare an electron in this form. Here we calculate a reaction of
an electron in graphene excited by a laser pulse, not assuming anything about initial form
of the electron wave packet. In our description we take into account currently available
experimental possibilities.
The following conditions should be met for a successful observation of ZB: a) The ZB
frequency must be in the range of currently detectable regimes, i.e. of the order of ωZ ≈ 1 fs−1,
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and the size of oscillations should be of the order of a few Å; b) The ZB oscillations should be
persistent or slowly transient; c) Both positive and negative electron energies must be excited
with a sufficient probability; d) The wave packet should be created in a one-electron regime.
A system that fulfills the above criteria is p-type monolayer graphene in a constant magnetic
field. The wave packet should be created by an ultra short monocycle or sub-monocycle
laser pulse. Because of a very wide frequency spectrum of such a pulse, the resulting wave
packet will have both positive and negative energies. The electron oscillations give rise to
a time-dependent dipole moment which will be a source of electric field and it will emit or
absorb radiation in the far infrared range.
In the description we use the above results for the band structure of monolayer graphene in
a magnetic field. The Fermi level is assumed to coincide with the Landau level (LL) n = −2
and we consider the initial electron to be in the n = −1 state. The wavelength of the laser
light is assumed to be much larger that the size L of the n = −1 state, so we can neglect
spatial variation of the electric field in the laser pulse. The total Hamiltonian, including the
perturbation due to the laser light, is ĤT = Ĥ + Ŵ(t), where Ĥ is given by Eq. (21) and the
perturbing potential due laser light is

Ŵ(t) = −eyE0e−(2 ln 2)t2/τ2
cos(ωLt), (30)

in which e is the electron charge, τ is the pulse duration (FWHM), ωL = 2πc/λL is the laser
frequency (being of the order of 3×1015s−1), and E0 is the amplitude of electric field. A
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Gaussian shape of the laser pulse is widely used in optical experiments and it parameterizes
effectively a profile of electric field in the laser beam.
As a result of a laser shot, the initial state of the system Φk(t) = ψke−iEkt/h̄ evolves into
the final state Ψk(t) = ∑j cj(t)ψke−iEjt/h̄, which is a combination of the eigenstates of Ĥ
with suitably chosen coefficients cj(t). The resulting time-dependent dipole moment is
D(t) = e�Ψk(t)|r|Ψk(t)�. The corresponding time-dependent wave functions are Ψk(t) =

e−iĤt/h̄Ψk(0), and the dipole moment is

D(t) = e�Ψk(0)e
iĤt/h̄|r̂|e−iĤt/h̄Ψk(0)�

= e�Ψk(0)|r̂(t)|Ψk(0)� = e�r(t)�. (31)

Here r(t) is the electron position in the Heisenberg picture. Thus the dipole moment D(t) is
proportional to the time-dependent position averaged over the electron wave packet.
A time-dependent dipole moment is a source of electromagnetic radiation. We treat the
radiation classically (Bohm, 1952) and take the radiated transverse electric field to be (Jackson,
1975)

E⊥(r, t) =
D̈(t)

4π�0c2
sin(θ)

R
, (32)

where �0 is the vacuum permittivity, θ is an angle between the direction of electron motion
and a position of the observer R. Since D̈(t) = e�r̈(t)�, Eq. (32) relates the electric field of the
dipole with the average acceleration of the packet. If the electric field is measured directly by
an antenna, one measures the trembling motion of the wave packet. If the square of electric
field is measured in emission or absorption experiments, the signature of ZB is the existence of
peaks corresponding to interband frequencies and their dependence on packet’s parameters.
Accordingly, in the time resolved luminescence experiments it should be possible to detect
directly the motion of the packet with interband frequencies.
The electric field emitted by the trembling electron is calculated by the time-dependent
perturbation theory. The induced dipole moment and the corresponding electric field oscillate
with three frequencies. The frequency ω(|1−�, |2+�) = (

√
2+ 1) Ω corresponds to the

Zitterbewegung, i.e., to the motion of the packet with an interband frequency. Here |1−�
denotes the valence state n = 1 and |2+� the conduction state n = 2. The interband
frequency is characteristic of ZB because the trembling motion occurs due to an interference
of electron states related to positive and negative electron energies. The second frequency
ω(|1−�, |2−�) = (

√
2 − 1) Ω describes the intraband cyclotron motion of the packet. The

third frequency ω(|1−�, |0�) = Ω has both interband and intraband character (see Figure 4).
In zero-gap materials like graphene the interband ZB frequency is not much larger than the
cyclotron frequency.
In Figure 7 we plot the oscillating dipole moment within the first 1000 fs of motion after
the laser shot for two magnetic fields B = 1 T and B = 10 T, and two laser pulses. In
Figure 8 we plot the corresponding electric field for the same parameters during the first 250
fs of oscillations. We assume the laser intensity to be I = 1.0× 109 W/cm2, the emitted
electromagnetic wave detected at the angle θ = 45o, and the distance R = 1 cm. All
the quantities in Figures 7 and 8 are calculated per one electron. Since the frequencies are
incommensurable, the electron trajectories r(t) are not closed and there is no repeated pattern
of oscillations. The motion of the wave packet is permanent in the time scale of femtoseconds
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or picoseconds but there is damping of the motion due to the light emission in a long time
scale. The results shown in Figures 7 and 8 refer to very narrow Landau levels, disregarding
broadening.
We can draw the following qualitative conclusions from Figure 7 and 8. First, for small
magnetic fields B the period of oscillations is longer than for large fields, which is related
to the basic frequency Ω. Second, irrespective of the variation of Ω with B, for small fields
the oscillations are dominated by the low (cyclotron) frequency, while at stronger B the high
(ZB) frequency dominates. Finally, comparing the magnitudes of dipole moment or emitted
electric field for τ = 1.6 fs with the corresponding values for τ = 3.0 fs one observes that the
amplitude of oscillations depends very strongly on the duration τ of the pulse.
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Gaussian shape of the laser pulse is widely used in optical experiments and it parameterizes
effectively a profile of electric field in the laser beam.
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A time-dependent dipole moment is a source of electromagnetic radiation. We treat the
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and a position of the observer R. Since D̈(t) = e�r̈(t)�, Eq. (32) relates the electric field of the
dipole with the average acceleration of the packet. If the electric field is measured directly by
an antenna, one measures the trembling motion of the wave packet. If the square of electric
field is measured in emission or absorption experiments, the signature of ZB is the existence of
peaks corresponding to interband frequencies and their dependence on packet’s parameters.
Accordingly, in the time resolved luminescence experiments it should be possible to detect
directly the motion of the packet with interband frequencies.
The electric field emitted by the trembling electron is calculated by the time-dependent
perturbation theory. The induced dipole moment and the corresponding electric field oscillate
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2+ 1) Ω corresponds to the
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frequency is characteristic of ZB because the trembling motion occurs due to an interference
of electron states related to positive and negative electron energies. The second frequency
ω(|1−�, |2−�) = (
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2 − 1) Ω describes the intraband cyclotron motion of the packet. The

third frequency ω(|1−�, |0�) = Ω has both interband and intraband character (see Figure 4).
In zero-gap materials like graphene the interband ZB frequency is not much larger than the
cyclotron frequency.
In Figure 7 we plot the oscillating dipole moment within the first 1000 fs of motion after
the laser shot for two magnetic fields B = 1 T and B = 10 T, and two laser pulses. In
Figure 8 we plot the corresponding electric field for the same parameters during the first 250
fs of oscillations. We assume the laser intensity to be I = 1.0× 109 W/cm2, the emitted
electromagnetic wave detected at the angle θ = 45o, and the distance R = 1 cm. All
the quantities in Figures 7 and 8 are calculated per one electron. Since the frequencies are
incommensurable, the electron trajectories r(t) are not closed and there is no repeated pattern
of oscillations. The motion of the wave packet is permanent in the time scale of femtoseconds
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or picoseconds but there is damping of the motion due to the light emission in a long time
scale. The results shown in Figures 7 and 8 refer to very narrow Landau levels, disregarding
broadening.
We can draw the following qualitative conclusions from Figure 7 and 8. First, for small
magnetic fields B the period of oscillations is longer than for large fields, which is related
to the basic frequency Ω. Second, irrespective of the variation of Ω with B, for small fields
the oscillations are dominated by the low (cyclotron) frequency, while at stronger B the high
(ZB) frequency dominates. Finally, comparing the magnitudes of dipole moment or emitted
electric field for τ = 1.6 fs with the corresponding values for τ = 3.0 fs one observes that the
amplitude of oscillations depends very strongly on the duration τ of the pulse.
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Fig. 9. Calculated electric fields Ex(t) and Ey(t) emitted by one trembling electron during the
first 400 fs after the laser pulse. Pulse parameters: intensity 1× 109 W/cm2, τ = 1.6 fs,
magnetic field B = 1 T. Bold lines - electric fields for broadened Landau levels described by
Lorentzian line-shapes with experimental values of Γn. Dotted lines - electric fields for
delta-like Landau levels. After Rusin & Zawadzki (2009).

The broadening of the Landau levels may strongly influence the trembling motion of
the wave packet. To analyze the overall impact of all the effects leading to the level
broadening: disorder, e-e interaction, electron-phonon scattering, etc., one assumes finite
widths of all energy levels, characterized by broadening parameters Γn. These are treated
as phenomenological quantities determined experimentally and including all scattering
mechanisms existing in real samples. We approximate the broadening of the density of states
by a Lorentzian line-shape irrespective of the detailed scattering mechanism.
The electric field E(t) is calculated, as before, as a second time derivative of D(t). In Figure 9
we plot the electric field emitted by an oscillating electron within the first 400 fs of motion
after the laser shot of the width τ = 1.6 fs in a magnetic field B = 1 T. The two bold lines
describe calculated electric fields Ex(t) and Ey(t) for the Landau levels having the broadening
parameters Γn indicated above. The two dotted lines show the electric fields calculated
without damping (Γn = 0). Within the first 50 fs of motion the electric fields emitted in
the two cases are similar, but later the damping of the emitted fields for broadened levels
is visible. After around 400 fs the trembling motion in real case disappears. It can be seen
that the maxima of oscillations for the damped ZB motion coincide with the undamped ones.
The general conclusion from Figure 9 is that the existence of disorder, many-body effects or
other scattering mechanisms changes the persistent ZB motion to a decaying one, within the
characteristic lifetimes for these processes: τn = 1/Γn ≈ 130 fs. Nevertheless, since the
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parameters Γn used in the calculations correspond to the measured lifetimes in real graphene
samples, it follows that the broadening of the Landau levels does not prevent the existence of
ZB. Clearly, a lower disorder in better samples will result in longer decay times for ZB.
Wang et al. (2009) carried out a study similar to the one described above, but for bilayer
graphene in a magnetic field. This system is somewhat different from monolayer graphene
since the Landau levels are nearly uniformly spaced due to quadratic dependence of positive
and negative energies on momentum, see Eq. (1). Also, the laser pulse was assumed to contain
only one frequency ωL. The authors estimated that in high quality bilayer graphene samples
the stimulated ZB electric field can be of the order of volts per meter and the corresponding
coherence times of tens of femtoseconds.

5. Discussion and conclusions

In spite of the great interest in the phenomenon of ZB its physical origin remained mysterious.
As mentioned above, it was recognized that the ZB in a vacuum is due to an interference
of states corresponding to positive and negative electron energies. Since the ZB in solids
was treated by two-band Hamiltonians similar to the Dirac equation, its interpretation was
also similar. This did not explain its origin, it only provided a way to describe it. For
this reason we considered recently the fundamentals of electron propagation in a periodic
potential (Zawadzki & Rusin, 2010). The physical origin of ZB is essential because it resolves
the question of its observability. The second purpose was to decide whether the two-band k.p
model of the band structure, used to describe the ZB in solids, was adequate.
It is often stated that an electron moving in a periodic potential behaves like a free particle
characterized by an effective mass m∗. The above picture suggests that, if there are no
external forces, the electron moves in a crystal with a constant velocity. This, however, is
clearly untrue because the electron velocity operator v̂i = p̂i/m0 does not commute with
the Hamiltonian Ĥ = p̂2/2m0 + V(r), so that v̂i is not a constant of the motion. In reality,
as the electron moves in a periodic potential, it accelerates or slows down keeping its total
energy constant. This situation is analogous to that of a roller-coaster: as it goes down losing
its potential energy, its velocity (i.e. its kinetic energy) increases, and when it goes up its
velocity decreases. We first considered the trembling frequency ωZ. The latter is easy to
determine if we assume, in the first approximation, that the electron moves with a constant
average velocity v̄ and the period of the potential is a, so ωZ = 2πv̄/a. Putting typical values
for GaAs: a = 5.66Å, v̄ = 2.3 × 107cm/s, one obtains h̄ωZ = 1.68eV, i.e. the interband
frequency since the energy gap is Eg � 1.5eV. The interband frequency is in fact typical for
the ZB in solids. One can go further calculating classical velocity oscillations for a periodic
potential using a condition of the energy conservation: mv2

z/2 + eV(z) = E, which for a
periodic potential V(z) gives velocity oscillations. Finally, we used a quantum approach
employing the Kronig-Penney delta-like potential since it allows one to calculate explicitly
the eigenenergies and eigenfunctions (Kronig & Penney, 1931; Smith, 1961). The oscillations
of the packet velocity calculated directly from the periodic potential have many similarities to
those computed on the basis of the two-band k.p model. The question arises: does one deal
with the same phenomenon in the two cases? To answer this question we calculated ZB using
the two methods for the same periodic potential. It turned out that the two-band k.p model
gives an excellent description of ZB for instantaneous velocities. This agreement demonstrates
that the theories based on: (a) the periodic potential and (b) the band structure, describe the
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Fig. 9. Calculated electric fields Ex(t) and Ey(t) emitted by one trembling electron during the
first 400 fs after the laser pulse. Pulse parameters: intensity 1× 109 W/cm2, τ = 1.6 fs,
magnetic field B = 1 T. Bold lines - electric fields for broadened Landau levels described by
Lorentzian line-shapes with experimental values of Γn. Dotted lines - electric fields for
delta-like Landau levels. After Rusin & Zawadzki (2009).

The broadening of the Landau levels may strongly influence the trembling motion of
the wave packet. To analyze the overall impact of all the effects leading to the level
broadening: disorder, e-e interaction, electron-phonon scattering, etc., one assumes finite
widths of all energy levels, characterized by broadening parameters Γn. These are treated
as phenomenological quantities determined experimentally and including all scattering
mechanisms existing in real samples. We approximate the broadening of the density of states
by a Lorentzian line-shape irrespective of the detailed scattering mechanism.
The electric field E(t) is calculated, as before, as a second time derivative of D(t). In Figure 9
we plot the electric field emitted by an oscillating electron within the first 400 fs of motion
after the laser shot of the width τ = 1.6 fs in a magnetic field B = 1 T. The two bold lines
describe calculated electric fields Ex(t) and Ey(t) for the Landau levels having the broadening
parameters Γn indicated above. The two dotted lines show the electric fields calculated
without damping (Γn = 0). Within the first 50 fs of motion the electric fields emitted in
the two cases are similar, but later the damping of the emitted fields for broadened levels
is visible. After around 400 fs the trembling motion in real case disappears. It can be seen
that the maxima of oscillations for the damped ZB motion coincide with the undamped ones.
The general conclusion from Figure 9 is that the existence of disorder, many-body effects or
other scattering mechanisms changes the persistent ZB motion to a decaying one, within the
characteristic lifetimes for these processes: τn = 1/Γn ≈ 130 fs. Nevertheless, since the
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parameters Γn used in the calculations correspond to the measured lifetimes in real graphene
samples, it follows that the broadening of the Landau levels does not prevent the existence of
ZB. Clearly, a lower disorder in better samples will result in longer decay times for ZB.
Wang et al. (2009) carried out a study similar to the one described above, but for bilayer
graphene in a magnetic field. This system is somewhat different from monolayer graphene
since the Landau levels are nearly uniformly spaced due to quadratic dependence of positive
and negative energies on momentum, see Eq. (1). Also, the laser pulse was assumed to contain
only one frequency ωL. The authors estimated that in high quality bilayer graphene samples
the stimulated ZB electric field can be of the order of volts per meter and the corresponding
coherence times of tens of femtoseconds.

5. Discussion and conclusions

In spite of the great interest in the phenomenon of ZB its physical origin remained mysterious.
As mentioned above, it was recognized that the ZB in a vacuum is due to an interference
of states corresponding to positive and negative electron energies. Since the ZB in solids
was treated by two-band Hamiltonians similar to the Dirac equation, its interpretation was
also similar. This did not explain its origin, it only provided a way to describe it. For
this reason we considered recently the fundamentals of electron propagation in a periodic
potential (Zawadzki & Rusin, 2010). The physical origin of ZB is essential because it resolves
the question of its observability. The second purpose was to decide whether the two-band k.p
model of the band structure, used to describe the ZB in solids, was adequate.
It is often stated that an electron moving in a periodic potential behaves like a free particle
characterized by an effective mass m∗. The above picture suggests that, if there are no
external forces, the electron moves in a crystal with a constant velocity. This, however, is
clearly untrue because the electron velocity operator v̂i = p̂i/m0 does not commute with
the Hamiltonian Ĥ = p̂2/2m0 + V(r), so that v̂i is not a constant of the motion. In reality,
as the electron moves in a periodic potential, it accelerates or slows down keeping its total
energy constant. This situation is analogous to that of a roller-coaster: as it goes down losing
its potential energy, its velocity (i.e. its kinetic energy) increases, and when it goes up its
velocity decreases. We first considered the trembling frequency ωZ. The latter is easy to
determine if we assume, in the first approximation, that the electron moves with a constant
average velocity v̄ and the period of the potential is a, so ωZ = 2πv̄/a. Putting typical values
for GaAs: a = 5.66Å, v̄ = 2.3 × 107cm/s, one obtains h̄ωZ = 1.68eV, i.e. the interband
frequency since the energy gap is Eg � 1.5eV. The interband frequency is in fact typical for
the ZB in solids. One can go further calculating classical velocity oscillations for a periodic
potential using a condition of the energy conservation: mv2

z/2 + eV(z) = E, which for a
periodic potential V(z) gives velocity oscillations. Finally, we used a quantum approach
employing the Kronig-Penney delta-like potential since it allows one to calculate explicitly
the eigenenergies and eigenfunctions (Kronig & Penney, 1931; Smith, 1961). The oscillations
of the packet velocity calculated directly from the periodic potential have many similarities to
those computed on the basis of the two-band k.p model. The question arises: does one deal
with the same phenomenon in the two cases? To answer this question we calculated ZB using
the two methods for the same periodic potential. It turned out that the two-band k.p model
gives an excellent description of ZB for instantaneous velocities. This agreement demonstrates
that the theories based on: (a) the periodic potential and (b) the band structure, describe the
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same trembling motion of the electron. The procedure based on the energy band structure
is more universal since it also includes cases which do not seem to have a direct classical
interpretation. The main conclusion is that the electron Zitterbewegung in crystalline solids
is the basic way of electron propagation in a periodic potential. The established nature of ZB
indicates that the latter should certainly be observable. Another important conclusion is that,
in spite of similarities between electron ZB in a vacuum and in crystalline solids, the origin of
the phenomenon in the two situations is completely different.
Recently there appeared many propositions to simulate the Dirac equation and the resulting
phenomena with the use of other systems. Since in narrow-gap semiconductors and in
graphene one deals with the Hamiltonians resembling the Dirac equation, one can apply
simulations also to electrons in these materials. Many simulations make use of trapped atoms
or ions interacting with laser light. There are two essential advantages of such methods. First,
it is possible to follow the interaction of laser light with few or even single atoms or ions.
Second, when simulating the Hamiltomians it is possible to modify their basic parameters in
order to make the ZB frequency much lower and its amplitude much larger. In consequence,
they become measurable with current experimental techniques. Simulations of important
Hamiltonians are carried out with the use of Jaynes-Cummings model (Johanning et al.,
2009; Lamata et al., 2007; Leibfried et al., 2003) known from quantum and atomic optics. In
particular, Gerritsma et al. (2010) simulated for the first time the 1+1 Dirac equation with the
resulting one-dimensional Zitterbewegung using 40Ca+ trapped ions. The results agree very
well with the predictions of Zawadzki & Rusin (2010). The reason of this agreement is that
the theory of Zawadzki & Rusin (2010), while concerned with semiconductors, also uses an
effective Dirac equation. Gerritsma et al. (2010) showed that, if the wave packet does not
have the initial momentum, the decay time of ZB is much slower. This agrees with theoretical
results for carbon nanotubes, as shown in our Figure 3.
An important recognition won after the considerable effort of the last years is, that the
Zitterbewegung is not a marginal, obscure and probably unobservable effect, but a real and
universal phenomenon that often occurs in both quantum and non-quantum systems. Clearly,
the ZB in a vacuum proposed by Schroedinger (1930) stands out as an exception since it is
supposed to occur without any external force. However, in its original form it is probably
not directly observable for years to come and one has to recourse to its simulations. On the
other hand, manifestations of ZB in crystalline solids and other periodic systems turned out to
be quite common and they are certainly observable. A universal background underlying the
phenomenon of ZB in any system (including a vacuum) is an interference of states belonging
to positive and negative energies (in a generalized sense, see below). The positive and
negative energies belong usually to bands but they can also be discrete levels, as shown for
electrons in graphene in a magnetic field, see Figure 4.
A question arises: what should be called “Zitterbewegung”? It seems that the signature of ZB
phenomenon is its interband frequency, in which the term interband has the meaning “between
interacting bands”. An instructive example is provided by graphene in a magnetic field (see
Figure 4), where the electron motion contains both intraband and interband frequencies. We
believe that only the interband contributions should be called ZB, while the intraband ones
are simply the cyclotron components. It appears that the second signature of ZB is the actual
motion which, for instance, distinguishes it from the Rabi oscillations.
If an electron is prepared in the form of a wave packet, and if the electron spectrum is
not completely quantized, the ZB has a transient character, i.e. it decays in time. One can
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show that the decay time is inversely proportional to the momentum spread Δk of the wave
packet, see Eq. (6). Physically, the transient character of ZB comes about as a result of waning
interference of the two sub-packets belonging to positive and negative energies as they go
apart because of different speeds, see Eqs. (14) and (15). The decay time is usually much longer
in one-dimensional systems, see Figure 3 and Rusin & Zawadzki (2007b). On the other hand, if
the electron spectrum is discrete, ZB persists in time, sometimes in the form of collapse-revival
patterns. In general, the wave packet should have a non-vanishing initial momentum in one
direction to exhibit the ZB in the perpendicular direction, but this is not always the case.
One should ask the question about possible observation of Zitterbewegung in graphene. Two
different ways were proposed to observe the trembling electrons. The first is to detect an ac
current related to the ZB velocity, see Figure 2. One needs a current meter sensitive to the ZB
frequency. Then, even if the electrons do not move in phase so that the net current averages
to zero, the meter should detect a clear increase of noise at the frequency ωZ. The second
possible way to observe the ZB is to detect electromagnetic radiation emitted by the trembling
electrons, see Figure 6 and Rusin & Zawadzki (2008). The emission is possible because, if the
electrons are prepared in form of wave packets or they respond to light wave packets, they are
not in their eigenstates. Castro Neto et al. (2009) describing electronic properties of graphene
considered possible manifestations of ZB in electron transport due to confinement of electron
motion. The proposed ZB should not be confused with the Bloch oscillations of charge carriers
in superlattices. The Bloch oscillations are basically a one-band phenomenon and they require
an external electric field driving electrons all the way to the Brillouin zone boundary. On the
other hand, the ZB needs at least two bands and it is a no-field phenomenon. Narrow gap
superlattices and graphene can provide a suitable system for its observation.

6. Appendix A

In this appendix we describe the time evolution of electrons in monolayer graphene in the
presence of a magnetic field using operator techniques rather than averages. The initial
Hamiltonian for the problem reads

Ĥ = uσxπ̂x + uσyπ̂y, (33)

where π̂ = p̂− qA is the generalized momentum, q is the electron charge, σi are Pauli matrices.
Taking the magnetic field B�z we choose the vector potential A = (−By, 0). For an electron
there is q = −e with e > 0. One can look for solutions of the Schrodinger equation in the form

Ψ(r) = eikx xΦ(y), (34)

which gives an effective Hamiltonian Ĥ

Ĥ = ch̄
[
(kx − eBy/h̄)σx + (∂/i∂y)σy

]
. (35)

Introducing the magnetic radius L =
√

h̄/eB and ξ = y/L − kx L one has y = ξL + kx L2,
eB/h̄ = 1/L2, and ∂/∂y = (1/L)∂/∂ξ. Defining the standard raising and lowering operators
for the harmonic oscillator {

â = (ξ + ∂/∂ξ)/
√

2,
â+ = (ξ − ∂/∂ξ)/

√
2,

(36)
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is more universal since it also includes cases which do not seem to have a direct classical
interpretation. The main conclusion is that the electron Zitterbewegung in crystalline solids
is the basic way of electron propagation in a periodic potential. The established nature of ZB
indicates that the latter should certainly be observable. Another important conclusion is that,
in spite of similarities between electron ZB in a vacuum and in crystalline solids, the origin of
the phenomenon in the two situations is completely different.
Recently there appeared many propositions to simulate the Dirac equation and the resulting
phenomena with the use of other systems. Since in narrow-gap semiconductors and in
graphene one deals with the Hamiltonians resembling the Dirac equation, one can apply
simulations also to electrons in these materials. Many simulations make use of trapped atoms
or ions interacting with laser light. There are two essential advantages of such methods. First,
it is possible to follow the interaction of laser light with few or even single atoms or ions.
Second, when simulating the Hamiltomians it is possible to modify their basic parameters in
order to make the ZB frequency much lower and its amplitude much larger. In consequence,
they become measurable with current experimental techniques. Simulations of important
Hamiltonians are carried out with the use of Jaynes-Cummings model (Johanning et al.,
2009; Lamata et al., 2007; Leibfried et al., 2003) known from quantum and atomic optics. In
particular, Gerritsma et al. (2010) simulated for the first time the 1+1 Dirac equation with the
resulting one-dimensional Zitterbewegung using 40Ca+ trapped ions. The results agree very
well with the predictions of Zawadzki & Rusin (2010). The reason of this agreement is that
the theory of Zawadzki & Rusin (2010), while concerned with semiconductors, also uses an
effective Dirac equation. Gerritsma et al. (2010) showed that, if the wave packet does not
have the initial momentum, the decay time of ZB is much slower. This agrees with theoretical
results for carbon nanotubes, as shown in our Figure 3.
An important recognition won after the considerable effort of the last years is, that the
Zitterbewegung is not a marginal, obscure and probably unobservable effect, but a real and
universal phenomenon that often occurs in both quantum and non-quantum systems. Clearly,
the ZB in a vacuum proposed by Schroedinger (1930) stands out as an exception since it is
supposed to occur without any external force. However, in its original form it is probably
not directly observable for years to come and one has to recourse to its simulations. On the
other hand, manifestations of ZB in crystalline solids and other periodic systems turned out to
be quite common and they are certainly observable. A universal background underlying the
phenomenon of ZB in any system (including a vacuum) is an interference of states belonging
to positive and negative energies (in a generalized sense, see below). The positive and
negative energies belong usually to bands but they can also be discrete levels, as shown for
electrons in graphene in a magnetic field, see Figure 4.
A question arises: what should be called “Zitterbewegung”? It seems that the signature of ZB
phenomenon is its interband frequency, in which the term interband has the meaning “between
interacting bands”. An instructive example is provided by graphene in a magnetic field (see
Figure 4), where the electron motion contains both intraband and interband frequencies. We
believe that only the interband contributions should be called ZB, while the intraband ones
are simply the cyclotron components. It appears that the second signature of ZB is the actual
motion which, for instance, distinguishes it from the Rabi oscillations.
If an electron is prepared in the form of a wave packet, and if the electron spectrum is
not completely quantized, the ZB has a transient character, i.e. it decays in time. One can
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show that the decay time is inversely proportional to the momentum spread Δk of the wave
packet, see Eq. (6). Physically, the transient character of ZB comes about as a result of waning
interference of the two sub-packets belonging to positive and negative energies as they go
apart because of different speeds, see Eqs. (14) and (15). The decay time is usually much longer
in one-dimensional systems, see Figure 3 and Rusin & Zawadzki (2007b). On the other hand, if
the electron spectrum is discrete, ZB persists in time, sometimes in the form of collapse-revival
patterns. In general, the wave packet should have a non-vanishing initial momentum in one
direction to exhibit the ZB in the perpendicular direction, but this is not always the case.
One should ask the question about possible observation of Zitterbewegung in graphene. Two
different ways were proposed to observe the trembling electrons. The first is to detect an ac
current related to the ZB velocity, see Figure 2. One needs a current meter sensitive to the ZB
frequency. Then, even if the electrons do not move in phase so that the net current averages
to zero, the meter should detect a clear increase of noise at the frequency ωZ. The second
possible way to observe the ZB is to detect electromagnetic radiation emitted by the trembling
electrons, see Figure 6 and Rusin & Zawadzki (2008). The emission is possible because, if the
electrons are prepared in form of wave packets or they respond to light wave packets, they are
not in their eigenstates. Castro Neto et al. (2009) describing electronic properties of graphene
considered possible manifestations of ZB in electron transport due to confinement of electron
motion. The proposed ZB should not be confused with the Bloch oscillations of charge carriers
in superlattices. The Bloch oscillations are basically a one-band phenomenon and they require
an external electric field driving electrons all the way to the Brillouin zone boundary. On the
other hand, the ZB needs at least two bands and it is a no-field phenomenon. Narrow gap
superlattices and graphene can provide a suitable system for its observation.

6. Appendix A

In this appendix we describe the time evolution of electrons in monolayer graphene in the
presence of a magnetic field using operator techniques rather than averages. The initial
Hamiltonian for the problem reads

Ĥ = uσxπ̂x + uσyπ̂y, (33)

where π̂ = p̂− qA is the generalized momentum, q is the electron charge, σi are Pauli matrices.
Taking the magnetic field B�z we choose the vector potential A = (−By, 0). For an electron
there is q = −e with e > 0. One can look for solutions of the Schrodinger equation in the form

Ψ(r) = eikx xΦ(y), (34)

which gives an effective Hamiltonian Ĥ

Ĥ = ch̄
[
(kx − eBy/h̄)σx + (∂/i∂y)σy

]
. (35)

Introducing the magnetic radius L =
√

h̄/eB and ξ = y/L − kx L one has y = ξL + kx L2,
eB/h̄ = 1/L2, and ∂/∂y = (1/L)∂/∂ξ. Defining the standard raising and lowering operators
for the harmonic oscillator {

â = (ξ + ∂/∂ξ)/
√
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â+ = (ξ − ∂/∂ξ)/

√
2,

(36)
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one has [â, â+] = 1 and ξ = (â + â+)/
√

2. The rewritten Hamiltonian Ĥ is

Ĥ = −h̄ω

(
0 â

â+ 0

)
, (37)

with ω =
√

2c/L. The frequency ω is often used in our considerations.
Now we introduce an important two-component operator Â = diag(â, â) and its adjoint
operator Â+ = diag(â+, â+). Next we define the two-component position operators

Ŷ =
L√
2

(
Â + Â+) , (38)

X̂ =
L

i
√

2

(
Â − Â+) , (39)

in analogy to the position operators ŷ and x̂. We intend to calculate the time dependence of Â
and Â+ and then the time dependence of Ŷ and X̂.
To find the dynamics of Â one calculates the first and second time derivatives of Â using the
equation of motion: Ât ≡ dÂ/dt = (i/h̄)[Ĥ, Â]. We have

Ât = iω
(

0 0
1 0

)
(40)

Â+
t = −iω

(
0 1
0 0

)
. (41)

The second time derivatives of Â and Â+ are calculated following the trick proposed by
Schrodinger. We use two versions of this trick

Âtt = (i/h̄)[Ĥ, Ât] =
2i
h̄

ĤÂt − i
h̄
{Ĥ, Ât}, (42)

Â+
tt = (i/h̄)[Ĥ, Â+

t ] = −2i
h̄

Â+
t Ĥ +

i
h̄
{Ĥ, Â+

t }. (43)

There is (i/h̄){Ĥ, Ât} = ω2 Â and (i/h̄){Ĥ, Â+
t } = −ω2 Â+. In consequence we obtain

second order equations for Â and Â+

Âtt = (2i/h̄)ĤÂt − ω2 Â (44)

Â+
tt = −(2i/h̄)Â+

t Ĥ − Â+ω2. (45)

To solve the above equations one eliminates the terms with the first derivative using the
substitutions Â = exp(+iĤt/h̄)B̂ and Â+ = B̂+ exp(−iĤt/h̄), which gives

B̂tt = −(1/h̄2)Ĥ2B̂ − ω2B̂, . (46)

B̂+
tt = −(1/h̄2)B̂+Ĥ2 − B̂+ω2. (47)
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Finally

B̂tt = −(Ω̂2 + ω2)B̂, (48)

B̂+
tt = −B̂+(Ω̂2 + ω2), (49)

where Ω̂ = Ĥ/h̄. The solutions of the above equations are

B̂ = e−iM̂tĈ1 + eiM̂tĈ2, (50)

B̂+ = Ĉ+
1 e−iM̂t + Ĉ+

2 eiM̂t, (51)

where M̂ = +
√

Ω̂2 + ω2 is the positive root of M̂2 = Ω̂2 + ω2. The operator M̂ is an
important quantity in our considerations. Both Ĉ1 and Ĉ+

2 are time-independent operators.
Coming back to Â(t) and Â+(t) one has

Â(t) = eiΩ̂te−iM̂tĈ1 + eiΩ̂te+iM̂tC2, (52)

Â+(t) = Ĉ+
1 e+iM̂te−iΩ̂t + Ĉ+

2 e−iM̂te−iΩ̂t. (53)

In order to find the final forms of Â(t) and Â+(t) one has to use the initial conditions. They
are

Â(0) = Ĉ1 + Ĉ2,

Â+(0) = Ĉ+
1 + Ĉ+

2 ,

Ât(0) = i(Ω̂ − M̂)Ĉ1 + i(Ω̂ + M̂)Ĉ2,

Â+
t (0) = −iĈ+

1 (Ω̂ − M̂)− iĈ+
2 (Ω̂ + M̂).

Simple manipulations give

Ĉ1 =
i
2

M̂−1 Ât(0) +
1
2

M̂−1Ω̂Â(0) +
1
2

Â(0), (54)

Ĉ2 = − i
2

M̂−1 Ât(0)− 1
2

M̂−1Ω̂Â(0) +
1
2

Â(0). (55)

Similarly

Ĉ+
1 = − i

2
Â+

t (0)M̂−1 +
1
2

Â+(0)Ω̂M̂−1 +
1
2

Â+(0), (56)

Ĉ+
2 =

i
2

Â+
t (0)M̂−1 − 1

2
Â+(0)Ω̂M̂−1 +

1
2

Â+(0). (57)

One can see by inspection that the initial conditions for Â(0) and Ât(0) are satisfied. It is
convenient to express Ât in terms of Â and Ω̂ using the equation of motion iÂt = ÂΩ̂ − Ω̂Â.
Then the first and second terms in Eqs. (54) and (56) partially cancel out and the operator Â(t)
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Â + Â+) , (38)

X̂ =
L

i
√

2

(
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in analogy to the position operators ŷ and x̂. We intend to calculate the time dependence of Â
and Â+ and then the time dependence of Ŷ and X̂.
To find the dynamics of Â one calculates the first and second time derivatives of Â using the
equation of motion: Ât ≡ dÂ/dt = (i/h̄)[Ĥ, Â]. We have
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(
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Âtt = (i/h̄)[Ĥ, Ât] =
2i
h̄

ĤÂt − i
h̄
{Ĥ, Ât}, (42)

Â+
tt = (i/h̄)[Ĥ, Â+

t ] = −2i
h̄

Â+
t Ĥ +

i
h̄
{Ĥ, Â+

t }. (43)

There is (i/h̄){Ĥ, Ât} = ω2 Â and (i/h̄){Ĥ, Â+
t } = −ω2 Â+. In consequence we obtain

second order equations for Â and Â+

Âtt = (2i/h̄)ĤÂt − ω2 Â (44)

Â+
tt = −(2i/h̄)Â+

t Ĥ − Â+ω2. (45)

To solve the above equations one eliminates the terms with the first derivative using the
substitutions Â = exp(+iĤt/h̄)B̂ and Â+ = B̂+ exp(−iĤt/h̄), which gives

B̂tt = −(1/h̄2)Ĥ2B̂ − ω2B̂, . (46)

B̂+
tt = −(1/h̄2)B̂+Ĥ2 − B̂+ω2. (47)
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Finally

B̂tt = −(Ω̂2 + ω2)B̂, (48)

B̂+
tt = −B̂+(Ω̂2 + ω2), (49)

where Ω̂ = Ĥ/h̄. The solutions of the above equations are

B̂ = e−iM̂tĈ1 + eiM̂tĈ2, (50)

B̂+ = Ĉ+
1 e−iM̂t + Ĉ+

2 eiM̂t, (51)

where M̂ = +
√

Ω̂2 + ω2 is the positive root of M̂2 = Ω̂2 + ω2. The operator M̂ is an
important quantity in our considerations. Both Ĉ1 and Ĉ+

2 are time-independent operators.
Coming back to Â(t) and Â+(t) one has

Â(t) = eiΩ̂te−iM̂tĈ1 + eiΩ̂te+iM̂tC2, (52)

Â+(t) = Ĉ+
1 e+iM̂te−iΩ̂t + Ĉ+

2 e−iM̂te−iΩ̂t. (53)

In order to find the final forms of Â(t) and Â+(t) one has to use the initial conditions. They
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Â(0) = Ĉ1 + Ĉ2,

Â+(0) = Ĉ+
1 + Ĉ+

2 ,

Ât(0) = i(Ω̂ − M̂)Ĉ1 + i(Ω̂ + M̂)Ĉ2,

Â+
t (0) = −iĈ+

1 (Ω̂ − M̂)− iĈ+
2 (Ω̂ + M̂).

Simple manipulations give

Ĉ1 =
i
2

M̂−1 Ât(0) +
1
2

M̂−1Ω̂Â(0) +
1
2

Â(0), (54)

Ĉ2 = − i
2

M̂−1 Ât(0)− 1
2

M̂−1Ω̂Â(0) +
1
2

Â(0). (55)

Similarly

Ĉ+
1 = − i

2
Â+

t (0)M̂−1 +
1
2

Â+(0)Ω̂M̂−1 +
1
2

Â+(0), (56)

Ĉ+
2 =

i
2

Â+
t (0)M̂−1 − 1

2
Â+(0)Ω̂M̂−1 +

1
2

Â+(0). (57)

One can see by inspection that the initial conditions for Â(0) and Ât(0) are satisfied. It is
convenient to express Ât in terms of Â and Ω̂ using the equation of motion iÂt = ÂΩ̂ − Ω̂Â.
Then the first and second terms in Eqs. (54) and (56) partially cancel out and the operator Â(t)
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can be expressed as a sum Â(t) = Â1(t) + Â2(t), where

Â1(t) =
1
2

eiΩ̂te−iM̂t
[

Â(0) + M̂−1 Â(0)Ω̂
]

, (58)

Â2(t) =
1
2

eiΩ̂te+iM̂t
[

Â(0)− M̂−1 Â(0)Ω̂
]

. (59)

Similarly, one can break Â+(t) = Â+
1 (t) + Â+

2 (t), where

Â+
1 (t) =

1
2

[
Â+(0) + Ω̂Â+(0)M−1

]
e+iM̂te−iΩ̂t, (60)

Â+
2 (t) =

1
2

[
Â+(0)− Ω̂Â+(0)M−1

]
e−iM̂te−iΩ̂t. (61)

Using Eqs. (38) and (39) we obtain

Ŷ(t) =
L√
2

(
Â1(t) + Â2(t) + Â+

1 (t) + Â+
2 (t)

)
, (62)

X̂(t) =
L

i
√

2

(
Â1(t) + Â2(t)− Â+

1 (t)− Â+
2 (t)

)
. (63)

The above compact equations are final expressions for the time dependence of Â(t) and Â+(t)
operators and, by means of Eqs. (62) and (63), for the time dependence of the position
operators Ŷ(t) and X̂(t). These exact results are given in terms of operators Ω̂ and M̂. To
finalize this description one needs to specify the physical sense of functions of these operators
appearing in Eqs. (58)-(63).
As it will be seen below, operators Ω̂ and M̂ have the same eigenfunctions, so they
commute. Then the product of two exponential functions in Eqs. (58)-(61) is given by the
exponential function with the sum of two exponents. In consequence, there appear two
sets of frequencies ω+ and ω− corresponding to the sum and the difference: ω− ∼ M̂ − Ω̂,
and ω+ ∼ M̂ + Ω̂, respectively. The first frequencies ω−, being of the intraband type, lead
in the non-relativistic limit to the cyclotron frequency ωc. The interband frequencies ω+

correspond to the Zitterbewegung. The electron motion is a sum of different frequency
components. In absence of a magnetic field there are no intraband frequencies and only one
interband frequency. Each of the operators Â(t) or Â+(t) contains both intraband and interband
terms. One could infer from Eqs. (59) and (61) that the amplitudes of interband and intraband
terms are similar. However, when the explicit forms of the matrix elements of Â(t) and Â+(t)
are calculated, it turns out that the ZB terms are much smaller than the cyclotron terms, except
at high magnetic fields. The operators Ω̂ and M̂ do not commute with Â or Â+. In Eq. (59)
the operator Â acts on the exponential terms from the right-hand side, while in Eq. (61) the
operator Â+ acts from the left-hand side.
Let us consider the operator M̂2 = Ω̂2 + ω2. Let En/h̄ and |n� be the eigenvalue and
eigenvector of Ω̂, respectively. Then

M̂2|n� = (Ω̂2 + ω2)|n� = 1
h̄2

(
E2

n + h̄2ω2
)
|n�. (64)
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Thus, every state |n� is also an eigenstate of the operator M̂2 with the eigenvalue λ2
n =

E2
n/h̄2 + ω2. To find a more convenient form of λn we must find an explicit form of En.

To do this we choose again the Landau gauge A = (−By, 0). Then, the eigenstate |n�
is characterized by three quantum numbers: n, kx, s, where n is the harmonic oscillator
number, kx is the wave vector in x direction and s = ±1 labels the positive and negative
energy branches. The state |n� in a magnetic field is

|n� = eikx x

Nn

(−s|n − 1�
|n�

)
, (65)

The energies of electrons in graphene are Ens = sh̄ω
√

n and the norm is Nn = 4π for n > 0
and N0 = 2π. The harmonic oscillator states are

�r|n� = 1
2π

√
LCn

Hn(ξ)e−1/2ξ2
, (66)

where Hn(ξ) are the Hermite polynomials and Cn =
√

2nn!
√

π. Using the above forms for
|n� and Ens we obtain from Eq. (64)

M̂2|n� = ω(n + 1)|n�, (67)

i.e. λn = ±ω
√

n + 1 = ±ωn+1, where ωn = ω
√

n. In further calculations we assume λn to
be positive. The operator M̂2 is diagonal and its explicit form is M̂2 = diag[â â+, â+ â], see
Eq. (64). Because M̂2 = Ω2 + ω2, the eigenstates of M̂2 do not depend on the energy branch
index s.
To calculate the functions of operators Ω̂ and M̂ we use the fact that, for every reasonable
function f of operators Ω̂ or M̂2 there is f (Ω̂) = ∑n f (sωn)|n��n|, and f (M̂2) =

∑n f (λ2
n)|n��n|, see e.g Feynmann (1972). Thus

e±iΩ̂t = ∑
n

e±istωn |n��n|, (68)

M̂ = (M̂2)1/2 = ν ∑
n

λn|n��n|, (69)

M̂−1 = (M̂2)−1/2 = ν ∑
n

1
λn

|n��n|, (70)

e±iM̂t = e±it(M̂2)1/2
=∑

n
e±iνtλn |n��n|, (71)

where ν = ±1. Without loss of generality we take ν = +1. The above formulas can be used in
calculating the matrix elements of Â(t) and Â+(t).
Taking the eigenvectors |n� = |n, kx, s� and |n�� = |n�, k�x, s�� with n� = n + 1, we calculate
matrix elements Ân,n� (t) using Â(t) given in Eqs. (58) and (59). The selection rules for Ân,n� (0)
are kx = k�x, while there are no selection rules for s, s�. The matrix element of M̂−1 Â(0)Ω̂
appearing in Eqs. (58) and (59) is

�n|M̂−1 Â(0)Ω̂|n�� = 1
λn

Â(0)n,n� s�ωn� = s� Â(0)n,n� . (72)
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Â+(0) + Ω̂Â+(0)M−1
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In the last equality we used ωn� = ωn+1 and λn = ω
√

n + 1. Then

Â1(t)n,n� =
1
2

ei(sωn−λn)t(1 + s�)Â(0)n,n� , (73)

Â2(t)n,n� =
1
2

ei(sωn+λn)t(1 − s�)Â(0)n,n� . (74)

Thus the matrix element of Â(t)n,n� = Â1(t)n,n� + Â2(t)n,n� is a sum of two terms, of which the
first is nonzero for s� = +1, while the second is nonzero for s� = −1. One can show that the
matrix elements given in Eqs. (73) and (74) are equal to the matrix elements of the Heisenberg
operator Â(t)n,n� = �n|eiΩt Â(0)e−iΩt|n��. For Â+(t)n� ,n = Â+

1 (t)n� ,n + Â+
2 (t)n� ,n one obtains

in a similar way

Â+
1 (t)n� ,n =

1
2

ei(+λn−sωn)t(1 + s�)Â+(0)n� ,n, (75)

Â+
2 (t)n� ,n =

1
2

ei(−λn−sωn)t(1 − s�)Â+(0)n� ,n. (76)

Formulas (73)-(76) describe the time evolution of the matrix elements of Â(t) and Â+(t)
calculated between two eigenstates of Ω̂. The frequencies appearing in the exponents are
of the form ±ωn+1 ± ωn. The intraband terms characterized by ωc

n = ωn+1 − ωn correspond
to the cyclotron motion, while the interband terms characterized by ωZ

n = ωn+1 +ωn describe
ZB. Different values of s, s� in the matrix elements of Â1(t)n,n� , Â2(t)n� ,n, Â+

1 (t)n� ,n, Â+
2 (t)n� ,n

give contributions either to the cyclotron or to the ZB motion. The exact compact results given
in Eqs. (73)-(76) indicate that our choice of Â(t) and Â+(t) operators for the description of
electrons in graphene in a magnetic field was appropriate.
To complete the operator considerations of ZB we calculate the matrix elements of Â(t). We
take |n� = |n, kx, 1� and |n�� = |n + 1, kx, s�. The matrix elements of Â(t)n,n� for the cyclotron
and ZB components are

Â(t)n,n� = (
√

n + 1 ±√
n )eiω(

√
n ∓√

n+1 )t, (77)

where the upper signs correspond to the cyclotron and the lower ones to the ZB motion,
respectively. For Â+(t)n,n� there is

Â+(t)n,n� = (
√

n + 1 ±√
n )eiω(

√
n+1 ∓√

n )t. (78)

The above results describe exact dynamics of electrons in monolayer graphene in the presence
of an external magnetic field. This description is equivalent to the one given in the text but it
is more general since it is not related to a specific electron wave packet.

7. Appendix B

We briefly discuss here the classical electron velocity and mass for a linear energy band of
monolayer graphene, as they are often subjects of misunderstandings. Let us consider the
conduction band and take p ≥ 0, where the pseudo-momentum is p = h̄k. Then the band
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dispersion is E = up and the classical velocity is

vi =
∂E
∂pi

=
dE
dp

∂p
∂pi

=
dE
dp

pi
p

=
dE
dp

1
p

δij pj, (79)

where δij is the Kronecker delta function and we use the sum convention over the repeated
index j = 1, 2. The electron mass tensor m̂ relating the velocity to pseudo-momentum is defined
by m̂v = p. Then the inverse mass tensor ˆ(1/m) is defined by

vi =

(
1
m

)

ij
pj. (80)

Equating Eq. (79) with Eq. (80) we obtain
(

1
m

)

ij
=

dE
dp

1
p

δij. (81)

Thus the inverse mass tensor is a scalar: 1/m = (dE/dp)(1/p). Using the initial band
dispersion one has dE/dp = u, so that m = p/u = E/u2. This equality can be seen in
two ways. First, it gives

E = mu2, (82)

which is analogous to the Einstein relation between the particle energy and mass. Second, the
formula

m =
E
u2 (83)

states that the mass vanishes at E = 0 (or p = 0), but is nonzero for E > 0 (or p > 0). These
relations hold also for a more general “semi-relativistic” case of narrow-gap semiconductors,
see Zawadzki (1997; 2006).
If a force F is applied to the electron, the relation

dp
dt

= F (84)

is always valid. In our case the pseudo-momentum p = mu, where u is the constant velocity.
Thus the force does not accelerate the electron, it only changes its mass.
One should add that, if one defined the mass by the relation of the force to acceleration: M̂a =
F , the inverse mass would be given by the second derivative of the energy with respect to
pseudo-momentum. For the linear band of graphene: E = up, the second derivative of E
vanishes, so that such a mass would be infinitely large for all energies. Thus, it is not a useful
quantity.
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(
1
m

)

ij
pj. (80)

Equating Eq. (79) with Eq. (80) we obtain
(

1
m

)

ij
=

dE
dp

1
p

δij. (81)

Thus the inverse mass tensor is a scalar: 1/m = (dE/dp)(1/p). Using the initial band
dispersion one has dE/dp = u, so that m = p/u = E/u2. This equality can be seen in
two ways. First, it gives

E = mu2, (82)

which is analogous to the Einstein relation between the particle energy and mass. Second, the
formula

m =
E
u2 (83)

states that the mass vanishes at E = 0 (or p = 0), but is nonzero for E > 0 (or p > 0). These
relations hold also for a more general “semi-relativistic” case of narrow-gap semiconductors,
see Zawadzki (1997; 2006).
If a force F is applied to the electron, the relation

dp
dt

= F (84)

is always valid. In our case the pseudo-momentum p = mu, where u is the constant velocity.
Thus the force does not accelerate the electron, it only changes its mass.
One should add that, if one defined the mass by the relation of the force to acceleration: M̂a =
F , the inverse mass would be given by the second derivative of the energy with respect to
pseudo-momentum. For the linear band of graphene: E = up, the second derivative of E
vanishes, so that such a mass would be infinitely large for all energies. Thus, it is not a useful
quantity.
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1. Introduction

Besides its simple molecular structure, the magic of 2D graphene, a sheet of carbon graphite, is
essentially due to two fundamental electronic properties: First for its peculiar band structure
where valence and conducting bands intersect at two points K+ and K− of the reciprocal
space of the 2D honeycomb making of graphene a zero gap semi-conductor. Second, for
the ultra relativistic behavior of the charge carriers near the Fermi level where the energy
dispersion relation E = E (p) behaves as a linear function in momenta; E (p) = v f p + O

(
p2).

This typical property, which is valid for particles with velocity comparable to the speed of
light, was completely unexpected in material science and was never suspected before 2004;
the year where a sheet of 2D graphene has been experimentally isolated (Geim & Novoselov,
2007; Novoselov et al., 2004). From this viewpoint, graphene is then a new material with
exotic properties that could play a basic role in the engineering of electronic devices with
high performances; it also offers a unique opportunity to explore the interface between
condensed interface between condensed matter physics and relativistic Dirac theory where
basic properties like chirality can be tested; and where some specific features, such as
numerical simulation methods, can be mapped to 4D lattice gauge theory like lattice QCD
(Boriçi, 2008; Capitani et al., 2010; Creutz, 2008). Although looking an unrealistic matter
system, interest into the physical properties of graphene has been manifested several decades
ago. The first model to analyze the band structure of graphite in absence of external fields
was developed by Wallace in 1947 (Wallace, 1947); see also (Slonczewski & Weiss, 1958).
Since then, several theoretical studies have been performed on graphene in the presence
of a magnetic field (Haldane, 1983)-(Goerbig et al., 2006). The link between the electronic
properties of graphene and (2 + 1)-dimensional Dirac theory was also considered in many
occasions; in particular by Semenoff, Fradkin and Haldane during the 80-th of the last century
(Castro-Neto et al., 2009; Haldane, 1988; Semenoff, 1984); see also (Jackiw & Pi, 2007; 2008) and
refs therein.
In this book chapter, we use the tight binding model as well as the SU (3) hidden symmetry
of 2D honeycomb to study some physical aspects of 2D graphene with a special focus on
the electronic properties. We also develop new tools to study some of graphene’s cousin
systems such as the 1D- poly-acetylene chain, cumulene, poly-yne, Kekulé cycles, the 3D
diamond and the 4D hyperdiamond models. As another application of the physics in higher
dimension, we also develop the relation between the so called four dimensional graphene first
studied in (Bedaque et al., 2008; Creutz, 2008; Drissi et al., 2011 a); and 4D lattice quantum
chromodynamics (QCD) model considered recently in the lattice quantum field theory (QFT)
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Besides its simple molecular structure, the magic of 2D graphene, a sheet of carbon graphite, is
essentially due to two fundamental electronic properties: First for its peculiar band structure
where valence and conducting bands intersect at two points K+ and K− of the reciprocal
space of the 2D honeycomb making of graphene a zero gap semi-conductor. Second, for
the ultra relativistic behavior of the charge carriers near the Fermi level where the energy
dispersion relation E = E (p) behaves as a linear function in momenta; E (p) = v f p + O
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This typical property, which is valid for particles with velocity comparable to the speed of
light, was completely unexpected in material science and was never suspected before 2004;
the year where a sheet of 2D graphene has been experimentally isolated (Geim & Novoselov,
2007; Novoselov et al., 2004). From this viewpoint, graphene is then a new material with
exotic properties that could play a basic role in the engineering of electronic devices with
high performances; it also offers a unique opportunity to explore the interface between
condensed interface between condensed matter physics and relativistic Dirac theory where
basic properties like chirality can be tested; and where some specific features, such as
numerical simulation methods, can be mapped to 4D lattice gauge theory like lattice QCD
(Boriçi, 2008; Capitani et al., 2010; Creutz, 2008). Although looking an unrealistic matter
system, interest into the physical properties of graphene has been manifested several decades
ago. The first model to analyze the band structure of graphite in absence of external fields
was developed by Wallace in 1947 (Wallace, 1947); see also (Slonczewski & Weiss, 1958).
Since then, several theoretical studies have been performed on graphene in the presence
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refs therein.
In this book chapter, we use the tight binding model as well as the SU (3) hidden symmetry
of 2D honeycomb to study some physical aspects of 2D graphene with a special focus on
the electronic properties. We also develop new tools to study some of graphene’s cousin
systems such as the 1D- poly-acetylene chain, cumulene, poly-yne, Kekulé cycles, the 3D
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chromodynamics (QCD) model considered recently in the lattice quantum field theory (QFT)
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literature to deal with QCD numerical simulations (Capitani et al., 2009 a;b).
The presentation is as follows: In section 2, we review the main lines of the electronic properties
of 2D graphene and show, amongst others, that they are mainly captured by the SU(3)
symmetry of the 2D honeycomb. In section 3, we study higher dimensional graphene type
systems by using the power of the hidden symmetries of the underlying lattices. In section
4, we give four examples of graphene’s derivatives namely the 1D- poly-acetylene chain,
having a SU(2) invariance, as well as Kekulé cycles thought of as a particular 1D- system.
We also study the 3D diamond model which exhibits a SU (4) symmetry; the corresponding
2D model, with SU(3) invariance, is precisely the graphene considered in section 2. In section
5, we develop the four dimensional graphene model living on the 4D hyperdiamond lattice
with a SU(5) symmetry. In section 6, we study an application of this method in the framework
of 4D lattice QCD. Last section is devoted to conclusion and comments.

2. Two dimensional graphene

First, we give a brief review on the tight binding modeling the physics of 2D graphene; then
we study its electronic properties by using hidden symmetries. We show amongst others that
the 2D honeycomb is precisely the weight lattice of SU (3) (Drissi et al., 2010); and the two
Dirac points are given by the roots of SU (3). This study may be also viewed as a first step
towards building graphene type systems in diverse dimensions.

2.1 Tight binding model
Graphene is a two dimensional matter system of carbon atoms in the sp2 hybridization
forming a 2D honeycomb lattice. This is a planar system made of two triangular sublattices
A2 and B2; and constitutes the building block of the layered 3D carbon graphite. Since its
experimental evidence in 2004, the study of the electronic properties of graphene with and
without external fields has been a big subject of interest; some of its main physical aspects
were reviewed in (Castro-Neto et al., 2009) and refs therein. This big attention paid to the
2D graphene, its derivatives and its homologues is because they offer a real alternative for
silicon based technology and bring together issues from condensed matter and high energy
physics (Giuliani et al., 2010)-Chakrabarti et al. (2009) allowing a better understanding of the
electronic band structure as well as their special properties.
In this section, we focus on a less explored issue of 2D graphene by studying the link
between specific electronic properties and a class of hidden symmetries of the 2D honeycomb.
These symmetries allow to get more insight into the transport property of the electronic
wave modes and may be used to approach the defects and the boundaries introduced
in the graphene monolayer (Cortijo & Vozmediano, 2009). The existence of these hidden
symmetries; in particular the remarkable hidden SU (3) invariance considered in this study,
may be motivated from several views. For instance from the structure of the first nearest
carbon neighbors like for the typical �A0-B1�, �A0-B2� , �A0-B3� as depicted in triangle of
fig(1). These doublets A0-B1, A0-B2, A0-B3 are basic patterns generating the three SU (2)
symmetries contained in the hidden SU (3) invariance of honeycomb. The A-B patterns
transform in the isospin 1

2 representations of SU (2) and describe the electronic wave doublets
φ± 1

2
= [a (r) , b (r)] interpreted as quasi-relativistic 2D spinors in the nearby of the Dirac points

(Castro-Neto et al., 2009). The SU (3) hidden symmetry of honeycomb is also encoded in the
second nearest neighbors ��A0-Ai�� and ��B0-Bi�� , i = 1, ..., 6 which capture data on its adjoint
representation where the six ��A0-Ai�� (and similarly for ��B0-Bi��) are precisely associated
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Fig. 1. Sublattices A and B of the honeycomb with unit cell given by dashed area. A-type
carbons are given by red balls and B-type atoms by blue ones. Each carbon has three first
nearest neighbors as shown by the triangle; and six second nearest ones.

with the six roots of SU (3) namely ±α1, ±α2, ±α3; see below. In addition to above mentioned
properties, hidden symmetries of graphene are also present in the framework of the tight
binding model with hamiltonian,

H = −t ∑
ri

3
∑

n=1
ari b

†
ri+vn

−t� ∑
ri,rj

�
ari a

†
rj
+ bri b

†
rj

�
+ hc , (2.1)

where t � 2.8eV is the hopping energy; and where the fermionic creation and annihilation
operators a, b, a†, b† are respectively associated to the pi-electrons of each atom of the
sublattices A2 and B2. The three relative vectors v1, v2, v3 define the first nearest neighbors,
see fig(2) for illustration. These 2D vectors are globally defined on the honeycomb and obey
the remarkable constraint equation

v1 + v2 + v3 = 0, (2.2)

which, a priori, encodes also information on the electronic properties of graphene.
Throughout this study, we show amongst others, that the three above mentioned SU (2)’s
are intimately related with these vn’s which, as we will see, are nothing but the weight vectors
λn of the SU (3) symmetry; i.e vn = a λn

�λn� . The wave functions φλn
(r) of the delocalized

electrons are organized into a complex SU (3) triplet of waves as given below
⎛
⎜⎜⎝

|λ1�
|λ2�
|λ3�

⎞
⎟⎟⎠ ≡ 3 , λ1 + λ2 + λ3 = 0. (2.3)

The symbol 3 refers to the 3-dimensional representation of SU (3); say with dominant weight
λ1. We also show that the mapping of the condition ∑3

n=1 λn = 0 to the momentum space can
be interpreted as a condition on the conservation of total momenta at each site of honeycomb.
This connection with SU (3) representations opens a window for more insight into the study
of the electronic correlations in 2D graphene and its cousin systems by using symmetries.
The organization of this section is as follows: In subsection 2, we exhibit the SU (3) symmetry
of graphene. We also give a field theoretic interpretation of the geometric constraint equation
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operators a, b, a†, b† are respectively associated to the pi-electrons of each atom of the
sublattices A2 and B2. The three relative vectors v1, v2, v3 define the first nearest neighbors,
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v1 + v2 + v3 = 0, (2.2)

which, a priori, encodes also information on the electronic properties of graphene.
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n=1 λn = 0 to the momentum space can
be interpreted as a condition on the conservation of total momenta at each site of honeycomb.
This connection with SU (3) representations opens a window for more insight into the study
of the electronic correlations in 2D graphene and its cousin systems by using symmetries.
The organization of this section is as follows: In subsection 2, we exhibit the SU (3) symmetry
of graphene. We also give a field theoretic interpretation of the geometric constraint equation
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v1 + v2 + v3 = 0 both in real and reciprocal honeycomb. We also use the simple roots and the
fundamental weights of hidden SU (3) symmetry to study aspects of the electronic properties
of 2D graphene. In subsection 3, we develop the relation between the energy dispersion relation
E
�
kx, ky

�
and the hidden SU (3) symmetry. Comments regarding the link between graphene

bilayers and symmetries are also given.

2.2 Symmetries and electronic properties
2.2.1 Hidden symmetries of graphene
In dealing with pristine 2D graphene, one immediately notices the existence of a hidden
SU (3) group symmetry underlying the crystallographic structure of the honeycomb lattice
and governing the hopping of the pi-electrons between the closed neighboring carbons. To
exhibit this hidden SU (3) symmetry, let us start by examining some remarkable features
on the graphene lattice and show how they are closely related to SU(3). Refereing to the
two sublattices of the graphene monolayer by the usual letters A2 and B2 generated by the
vectors a1 = d(

√
3, 0), a2 = d

2 (−
√

3, 3); together with the three relative v1 = d
2 (
√

3, 1),
v2 = d

2 (−
√

3, 1), v3 = −v1 − v2 with carbon-carbon distance d � 1.42 A; and denoting by

φA (ri) and φB

�
rj

�
the wave functions of the corresponding pi-electrons, one notes that the

interactions between the first nearest atoms involve two kinds of trivalent vertices capturing
data on SU (3) symmetry, see fig(2) for illustration. This hidden SU (3) invariance can be

Fig. 2. (a) Nearest neighbors of a A- type atom. (b) Nearest neighbors of a B-type atom.
These two configurations are precisely the representations 3 and 3∗ of SU (3) .

made more explicit by remarking that the relative vectors v1, v2, v3 describing the three first
closed neighbors to a A- type carbon at site ri of the honeycomb, together with their opposites
−vn for B-type carbons, are precisely the weight vectors of the 3-dimensional representations

of the SU (3) symmetry, vn = d
�

3
2 λn. For readers not familiar with representation group

theory terminology, we give here below as well in the beginning of section 3.a summary on
the SU (N) symmetry.
some useful tools on SU(3)
Roughly, the SU (3) symmetry is the simplest extension of the SU (2) symmetry group behind
the spin of the electron. The basic relation v1 + v2 + v3 = 0 of the honeycomb, which

upon setting vn = d
�

3
2 λn, reads also as λ1 + λ2 + λ3 = 0. This constraint relation has an

interpretation in SU (3) representation theory; it should be put in one to one correspondence
with the well known SU (2) relation ( 1

2 − 1
2 ) = 0 of the spin 1

2 representation;
⎛
⎝

���+1
2

�
���−1

2

�
⎞
⎠ ≡ 2 , 1

2 − 1
2 = 0, (2.4)
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see also eq(3.3) for details. The basic properties of the SU (3) symmetry are encoded in the so
called Cartan matrix Kij and its inverse K−1

ij which read as

Kij =

(
2 −1
−1 2

)
, K−1

ij =

( 2
3

1
3

1
3

2
3

)
. (2.5)

These matrices can be also written as the intersection of 2D- vectors as Kij = αi · αj, K−1
ij =

ωi · ωj where α1 and α2 are the two simple roots of SU (3) and where ω1 and ω2 are the
corresponding two fundamental weights which related to the simple roots by the following
duality relation

αi · ωj = δij , αi = Kijωj. (2.6)

Using these tools, the honeycomb relation λ1 + λ2 + λ3 = 0 is naturally solved in terms of the
fundamental weights as follows

λ1 = ω1, λ2 = ω2 − ω1, λ3 = ω2 . (2.7)

We also have the following relations between the ai vectors and the vi ones: a1 = (v1 − v2),
a2 = v2 − v3 and a3 = v3 − v1. Notice that the vectors ±a1, ±a2, ±a3 are, up to the scale

factor d
√

3
2 , precisely the six roots of the SU (3) symmetry

a1 = d
√

3
2 α1, a2 = d

√
3
2 α2, a3 = −d

√
3
2 (α1 + α2) , (2.8)

where we have also used the remarkable relation between roots and weights that follow from
eqs (2.5-2.6).

α1 = 2ω1 − ω2, α2 = 2ω2 − ω1 (2.9)

2.2.2 Electronic properties
Quantum mechanically, there are two approaches to deal with the geometrical constraint
relation (2.2). The first one is to work in real space and think about it as the conservation
law of total space-time probability current densities at each site ri of the honeycomb. The
second approach relies on moving to the reciprocal space where this constraint relation
and the induced electronic properties get a remarkable interpretation in terms of SU (3)
representations.
1) conservation of total current density
In the real space, the way we interpret eq(2.2) is in terms of the relation between the time
variation of the probability density ρ (t, ri) = |φ (t, ri)|2 of the electron at site ri and the sum
∑3

n=1 Jvn (t, ri) = J (t, ri) of incoming and outgoing probability current densities along the vn-
directions. On one hand, because of the equiprobability in hopping from the carbon at ri to each
one of the three nearest carbons at ri + vn, the norm of the Jvn - vector current densities should
be equal and so they should have the form

Jvn (t, ri) = j (t, ri) en , n = 1, 2, 3 . (2.10)

These probability current densities together with the unit vectors en = vn
d pointing in the

different vn- direction; but have the same non zero norm: �Jv1� = �Jv2� = �Jv3� = |j|.
Substituting in the above relation, the total probability current density J (t, ri) at the site r and
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time t takes then the factorized form

J (t, r) =
j (t, r)

d

(
∑
n

λn

)
. (2.11)

On the other hand, by using the Schrodinger equation ih̄ ∂φ
∂t =

(
− h̄2

2m∇2 + V
)

φ describing the
interacting dynamics of the electronic wave at r, we have the usual conservation equation,

∂ρ (t, r)
∂t

+ div J (t, r) = 0 , (2.12)

with probability density ρ (t, r) as before and J = ih̄
2m (φ∇φ∗ − φ∗∇φ) with m the mass of the

electron and φ = φ (t, r) its wave. Moreover, assuming ∂ρ
∂t = 0 corresponding to stationary

electronic waves φ (t, r) = eiωtφ (r), it follows that the space divergence of the total current
density vanishes identically; div J = 0. This constraint equation shows that generally J
should be a curl vector; but physical consideration indicates that we must have J (t, r) = 0, in
agreement with Gauss-Stokes theorem

∫
V div J dV =

∫
∂V J.dσ leading to the same conclusion.

Combining the property J (t, r) = 0 with its factorized expression j
d (∑n vn) given by eq(2.11)

together with j �= 0, we end with the constraint relation ∑n vn = 0.
2) conservation of total phase
In the dual space of the electronic wave of graphene, the constraint relation (2.2) may be
interpreted in two different, but equivalent, ways; first in terms of the conservation of the
total relative phase Δϕtot = ∑ k.Δr of the electronic waves induced by the hopping to the
nearest neighbors. The second way is in terms of the conservation of the total momenta at
each site of the honeycomb.
Decomposing the wave function φ (r), associated with a A-type carbon at site r, in Fourier
modes as ∑k ei2πk·r φ̃ (k); and similarly for the B-type neighboring ones φ (r + vn) =
∑k ei2πk·r φ̃n (k) with k =

(
kx, ky

)
, we see that φ̃ (k) and the three φ̃n (k) are related as

φ̃n (k) = ei2πθn φ̃ (k) , n = 1, 2, 3 , (2.13)

with relative phases θn = k · vn. These electronic waves have the same module, |φ̃n (k)|2 =

|φ̃ (k)|2; but in general non zero phases; θ1 �= θ2 �= θ3. This means that in the hop of an
electron with momentum p = h̄k from a site ri to the nearest one at ri + vn, the electronic
wave acquires an extra phase of an amount θn; but the probability density at each site is
invariant. Demanding the total relative phase to obey the natural condition,

θ1 + θ2 + θ3 = 0 , mod (2π) , (2.14)

one ends with the constraint eq(2.2). Let us study two remarkable consequences of this special
conservation law on the θn phases by help of the hidden SU (3) symmetry of graphene. Using
eq(2.7), which identifies the relatives vn vectors with the weight vectors ωn, as well as the
duality relation αi · ωj = δij (2.6), we can invert the three equations θn = k · vn to get the
momenta pn=h̄kn of the electronic waves along the vn-directions. For the two first θn’s, that
is n = 1, 2, the inverted relations are nicely obtained by decomposing the 2D wave vector k
along the α1 and α2 directions; that is k = k1α1 + k2α2; and end with the following particular
solution,
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θ1 = k1d, θ2 = (k2 − k1) d, θ3 = −k2d . (2.15)

2.3 Band structure
We first study the case of graphene monolayer; then we extend the result to the case of
graphene bilayers by using the corresponding hidden symmetries.

2.3.1 Graphene monolayer
By considering a graphene sheet and restricting the tight binding hamiltonian (2.1) to the first
nearest neighbor interactions namely,

H = −t ∑
ri

2

∑
n=1

ari b
†
ri+vn

+ hc, (2.16)

we can determine the energy dispersion relation and the delocalized electrons by using

the SU (3) symmetry of the 2D honeycomb. Indeed performing the Fourier transform of
the various wave functions, we end with the following expression of the hamiltonian in the
reciprocal space

H = −t ∑
k

�
a+k , b+k

� � 0 ε̄k
εk 0

��
ak
bk

�
. (2.17)

The diagonalization of this hamiltonian leads to the two eigenvalue E± = ±t |εk| giving the

energy of the valence and conducting bands. In these relations, the complex number εk is an
oscillating wave vector dependent function given by εk = eidQ1 + eidQ2 + e−id(Q1+Q2) where
we have set Ql = k.λl . This relation, which is symmetric under permutation of the three Qi,
can be also rewritten by using the fundamental weights as follows,

εk =
�

eid[k.ω1 ] + eid[k.(ω2−ω1)] + e−id[k.ω2 ]
�

. (2.18)

Up on expanding the wave vector as k = k1α1 + k2α2, this relation reads also as εk =

eik1d + ei(k2−k1)d + e−ik2d. Notice that from (2.18), we learn that εk is invariant under the
translations k → k+ 2π

d (N1α1 + N2α2) with N1, N2 arbitrary integers; thanks to the duality
relation αi.ωj = δij.
Notice also that near the origin k = 0, we have εk = 3 + O

�
k2�, in agreement with non

relativistic quantum mechanics. The three terms which are linear terms in k cancel each
others due to the SU (3) symmetry. Notice moreover that the Hamiltonian (2.16) has Dirac
zeros located, up to lattice translations, at the following wave vectors

(k1, k2) =

⎧⎨
⎩

2π
3d (1, 0) , − 2π

3d (1, 0)
2π
3d (0, 1) , − 2π

3d (0, 1)
2π
3d (1, 1) , − 2π

3d (1, 1)
(2.19)

Notice that these six zero modes, which read also as

K±
1 = ± 2π

3d (2ω1 − ω2) , K±
2 = ± 2π

3d (−ω1 + 2ω2) , K±
3 = ± 2π

3d (ω1 + ω2) , (2.20)
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time t takes then the factorized form

J (t, r) =
j (t, r)

d

(
∑
n

λn

)
. (2.11)

On the other hand, by using the Schrodinger equation ih̄ ∂φ
∂t =

(
− h̄2

2m∇2 + V
)

φ describing the
interacting dynamics of the electronic wave at r, we have the usual conservation equation,

∂ρ (t, r)
∂t

+ div J (t, r) = 0 , (2.12)
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2m (φ∇φ∗ − φ∗∇φ) with m the mass of the
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∫
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one ends with the constraint eq(2.2). Let us study two remarkable consequences of this special
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θ1 = k1d, θ2 = (k2 − k1) d, θ3 = −k2d . (2.15)

2.3 Band structure
We first study the case of graphene monolayer; then we extend the result to the case of
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the SU (3) symmetry of the 2D honeycomb. Indeed performing the Fourier transform of
the various wave functions, we end with the following expression of the hamiltonian in the
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The diagonalization of this hamiltonian leads to the two eigenvalue E± = ±t |εk| giving the

energy of the valence and conducting bands. In these relations, the complex number εk is an
oscillating wave vector dependent function given by εk = eidQ1 + eidQ2 + e−id(Q1+Q2) where
we have set Ql = k.λl . This relation, which is symmetric under permutation of the three Qi,
can be also rewritten by using the fundamental weights as follows,
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Up on expanding the wave vector as k = k1α1 + k2α2, this relation reads also as εk =

eik1d + ei(k2−k1)d + e−ik2d. Notice that from (2.18), we learn that εk is invariant under the
translations k → k+ 2π

d (N1α1 + N2α2) with N1, N2 arbitrary integers; thanks to the duality
relation αi.ωj = δij.
Notice also that near the origin k = 0, we have εk = 3 + O
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k2�, in agreement with non

relativistic quantum mechanics. The three terms which are linear terms in k cancel each
others due to the SU (3) symmetry. Notice moreover that the Hamiltonian (2.16) has Dirac
zeros located, up to lattice translations, at the following wave vectors

(k1, k2) =
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3d (1, 0) , − 2π

3d (1, 0)
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3d (0, 1) , − 2π
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Notice that these six zero modes, which read also as
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3d (2ω1 − ω2) , K±
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3d (−ω1 + 2ω2) , K±
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Fig. 3. On left the band structure of the graphene monolayer where one recognizes the Dirac
points. On right, it is shown the relativistic behavior near a Dirac point where conducting
and valence bands touch. On right the band structure in GGA approximation using QE
code.

are not completely independent; some of them are related under lattice translations. For
instance, the three K+

i are related to each others as follows

K+
1 + 2π

d ω2 = K+
2 + 2π

d ω1 = K+
3 . (2.21)

The same property is valid for the other three K−
i ’s; so one is left with the usual K± Dirac

zeros of the first Brillouin zone,

K± = ± 2π

3d
(ω1 + ω2) = ± 2π

3d
(α1 + α2) . (2.22)

These two zeros are not related by lattice translations; but are related by a Z2 symmetry
mapping the fundamental weights and the simple roots to their opposites.
We end this section by noting that the group theoretical approach developed in this study
may be also used to deal with graphene multi-layers and cousin systems. Below, we describe
briefly the bilayers; the cousin systems are studied in next sections.

2.3.2 Bilayer graphene
Bilayer graphene was studied for the first time in McCann & Falko (2006). It was modeled
as two coupled hexagonal lattices including inequivalent sites in the two different layers that
are ranged in the Bernal stacking (the stacking fashion of graphite where the upper layer has its B
sublattice on top of sublattice A of the underlying layer) as showed in the figure (4). This leads

Fig. 4. On right bilayer graphene in the AB stacking allotrope with hop energy t⊥ between
the layers. On right bilayer graphene projection in the x-y plane.

to a break of the D6h Bravais symmetry of the lattice with respect to the c axis. Comparing
bilayer graphene to monolayer one, we notice that its unit cell contains four atoms. There
exist other arrangements such as the AA stacking, where the two lattices are directly above
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each other and bonds form between the same sublattices. The AB stacking arrangement
was experimentally verified in epitaxial graphene by Ohta et al. (Ohta et al., 2007) . The
tight-binding model describing bilayer graphene is an extension of the one corresponding to
the monolayer (2.1), by adding interlayer hopping elements H = H1 + H2 + H⊥ where Hi are
as in (2.1) and where

H⊥ = −t⊥ ∑
ri

3
∑

n=1
a1 (ri) b†

2 (ri) + a2 (ri) b†
1 (ri) + hc , (2.23)

with t⊥ is the hop energy of the pi-electrons between layers calculated to be t⊥ ∼ t
10(Charlier et al., 1991). From the view of hidden symmetries, the bilayer graphene has a

symmetry type SU (3) × SU (2) × SU (3); each SU (3) factor is associated with a graphene
sheet; while the SU (2) corresponds to the transitions between the two layers and is associated
with propagation along the z-direction of the 3D-space.
Applying Fourier transform, the above hamiltonian can be rewritten in the following form:

H = −t ∑
k

�
a+1k, b+1k, a+2k, b+2k

�
⎛
⎜⎜⎝

0 εk 0 t⊥
t

ε∗k 0 t⊥
t 0

0 t⊥
t 0 εk

t⊥
t 0 ε∗k 0

⎞
⎟⎟⎠

⎛
⎜⎜⎝

a1k
b1k
a2k
b2k

⎞
⎟⎟⎠ , (2.24)

with εk is as in eq(2.18). The diagonalization of this hamiltonian leads to the following energy
dispersion relations,

E±
k = ± 1

t

��
t⊥ − tε∗k

�
(t⊥ − tεk), E±�

k = ± 1
t

��
t⊥ + tε∗k

�
(t⊥ + tεk) , (2.25)

The corresponding band structure has two additional bands, π and π∗ states having
lower energy bands, that is consequence of the number of atoms per unit cell. Neutral
bilayer graphene is gapless McCann & Falko (2006) and exhibits a variety of second-order
effects. The studies on bilayer graphene show that it has many common physical properties

Fig. 5. Band structure of the bilayer graphene

with the monolayer, such as the exceptionally high electron mobility and high mechanical
stability (Ohta et al., 2007)-Novoselov et al. (2006). The synthesis of bilayer graphene thin
films was realized by deposition on a silicon carbide (SiC) substrate (Ohta et al., 2006).
The measurements of their electronic band structure, using angle-resolved photo-emission
spectroscopy (ARPES), suggest the control of the gap at the K Point by applying Coulomb
potential between the two layers. This tuning of the band gap changed the biased bilayer
from a conductor to a semiconductor.
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Fig. 3. On left the band structure of the graphene monolayer where one recognizes the Dirac
points. On right, it is shown the relativistic behavior near a Dirac point where conducting
and valence bands touch. On right the band structure in GGA approximation using QE
code.

are not completely independent; some of them are related under lattice translations. For
instance, the three K+

i are related to each others as follows

K+
1 + 2π

d ω2 = K+
2 + 2π

d ω1 = K+
3 . (2.21)

The same property is valid for the other three K−
i ’s; so one is left with the usual K± Dirac

zeros of the first Brillouin zone,

K± = ± 2π

3d
(ω1 + ω2) = ± 2π

3d
(α1 + α2) . (2.22)

These two zeros are not related by lattice translations; but are related by a Z2 symmetry
mapping the fundamental weights and the simple roots to their opposites.
We end this section by noting that the group theoretical approach developed in this study
may be also used to deal with graphene multi-layers and cousin systems. Below, we describe
briefly the bilayers; the cousin systems are studied in next sections.

2.3.2 Bilayer graphene
Bilayer graphene was studied for the first time in McCann & Falko (2006). It was modeled
as two coupled hexagonal lattices including inequivalent sites in the two different layers that
are ranged in the Bernal stacking (the stacking fashion of graphite where the upper layer has its B
sublattice on top of sublattice A of the underlying layer) as showed in the figure (4). This leads

Fig. 4. On right bilayer graphene in the AB stacking allotrope with hop energy t⊥ between
the layers. On right bilayer graphene projection in the x-y plane.

to a break of the D6h Bravais symmetry of the lattice with respect to the c axis. Comparing
bilayer graphene to monolayer one, we notice that its unit cell contains four atoms. There
exist other arrangements such as the AA stacking, where the two lattices are directly above
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each other and bonds form between the same sublattices. The AB stacking arrangement
was experimentally verified in epitaxial graphene by Ohta et al. (Ohta et al., 2007) . The
tight-binding model describing bilayer graphene is an extension of the one corresponding to
the monolayer (2.1), by adding interlayer hopping elements H = H1 + H2 + H⊥ where Hi are
as in (2.1) and where

H⊥ = −t⊥ ∑
ri

3
∑

n=1
a1 (ri) b†

2 (ri) + a2 (ri) b†
1 (ri) + hc , (2.23)

with t⊥ is the hop energy of the pi-electrons between layers calculated to be t⊥ ∼ t
10(Charlier et al., 1991). From the view of hidden symmetries, the bilayer graphene has a

symmetry type SU (3) × SU (2) × SU (3); each SU (3) factor is associated with a graphene
sheet; while the SU (2) corresponds to the transitions between the two layers and is associated
with propagation along the z-direction of the 3D-space.
Applying Fourier transform, the above hamiltonian can be rewritten in the following form:

H = −t ∑
k

�
a+1k, b+1k, a+2k, b+2k

�
⎛
⎜⎜⎝

0 εk 0 t⊥
t

ε∗k 0 t⊥
t 0

0 t⊥
t 0 εk

t⊥
t 0 ε∗k 0

⎞
⎟⎟⎠

⎛
⎜⎜⎝

a1k
b1k
a2k
b2k

⎞
⎟⎟⎠ , (2.24)

with εk is as in eq(2.18). The diagonalization of this hamiltonian leads to the following energy
dispersion relations,

E±
k = ± 1

t

��
t⊥ − tε∗k

�
(t⊥ − tεk), E±�

k = ± 1
t

��
t⊥ + tε∗k

�
(t⊥ + tεk) , (2.25)

The corresponding band structure has two additional bands, π and π∗ states having
lower energy bands, that is consequence of the number of atoms per unit cell. Neutral
bilayer graphene is gapless McCann & Falko (2006) and exhibits a variety of second-order
effects. The studies on bilayer graphene show that it has many common physical properties

Fig. 5. Band structure of the bilayer graphene

with the monolayer, such as the exceptionally high electron mobility and high mechanical
stability (Ohta et al., 2007)-Novoselov et al. (2006). The synthesis of bilayer graphene thin
films was realized by deposition on a silicon carbide (SiC) substrate (Ohta et al., 2006).
The measurements of their electronic band structure, using angle-resolved photo-emission
spectroscopy (ARPES), suggest the control of the gap at the K Point by applying Coulomb
potential between the two layers. This tuning of the band gap changed the biased bilayer
from a conductor to a semiconductor.
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3. Higher dimensional graphene systems

Motivated by the connection between 2D graphene and SU (3) symmetry, we study in this
section the extension of the physics of 2D graphene in diverse dimensions; that is 1D, 2D, 3D,
4D, and so on; the 2D case is obviously given by 2D graphene and its multi-layers considered
in previous section. The precited dimensions are not all of them realizable in condensed matter
physics; but their understanding may help to get more insight on the specific properties of 2D
graphene since the SU (3) is the second element of the SU (N) symmetries series.
First we develop our proposal regarding higher dimensional graphene systems that are based
on SU (N) symmetry including the particular 1D poly-acetylene chain which corresponds to
SU (2) symmetry. Then, we compute the energy dispersion relation of these kinds of lattice
quantum field theory (QFT). Explicit examples of such lattice fermionic models will be studied
in the next sections.

3.1 The SU (N) model
Higher dimensional graphene systems are abstract extensions of 2D graphene; the analogue of
the 2D honeycomb is given by a real N-dimensional lattice Lsu(N). The quantum hamiltonian
describing these systems is a generalization of (2.1) and reads as follows,

HN = −t ∑
ri

(
N
∑

n=1
ari b

†
ri+vn

)
+ hc − t� ∑

ri

N
∑

n<m=1

(
ari a

†
ri+Vnm

+ bri b
†
ri+Vnm

)
, (3.1)

where ari , bri+vn , a†
ri

, b†
ri+vn

are fermionic annihilation and creation operators living on Lsu(N).
Moreover the vectors v1, ..., vN are, up to a global scale factor, the fundamental weights of the
N-dimensional representation of the SU (N) symmetry constrained by the typical property

v1 + ... + vN = 0. (3.2)

The vectors Vnm = (vn − vm) are, up to a scale factor, precisely the N (N − 1) roots of SU (N);
they obey as well the group property ∑ Vnm = 0.
These particular features of HN let understand that its physical properties are expected to be
completely encoded by the hidden SU (N) symmetry of the model. Below, we show that this
is indeed the case; but for simplicity we will focus on the first term of HN ; i.e working in the
limit t� → 0.

3.1.1 Useful tools on SU (N) symmetry
Since one of our objectives in this paper is to use the SU (N) symmetry of the crystals to
study higher dimensional graphene systems; and seen that readers might not be familiar with
these tools; we propose to give in this subsection some basic tools on SU (N) by using explicit
examples.
a) cases SU (2) and SU (3)
The SU (2) symmetry is very familiar in quantum mechanics; it is the symmetry that describes
the spin of the electrons and the quantum angular momentum states.
Roughly speaking, the SU (2) symmetry is a 3-dimensional space generated by three matrices
which can be thought of as the usual traceless Pauli matrices

σ0 =

( 1
2 0
0 − 1

2

)
, σ− =

(
0 0
1 0

)
, σ+ =

(
0 1
0 0

)
, (3.3)
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involving one diagonal matrix σ0, giving the charge operator, and two nilpotent matrices σ±
interpreted as the step operators or equivalently the creation and annihilation operators in the
language of quantum mechanics. These three matrices obey commutation relations

�
σ0, σ±� =

±2σ± that define the su (2) algebra. Observe also the traceless property of the charge operator
Trσ0 = 1

2 − 1
2 = 0, which should be related to the constraint relation (3.2) with N = 2.

The SU (3) symmetry group is 8-dimensional space generated by 8 matrices which can be
denoted as

h1, h2, e±α1 , e±α2 , e±(α1+α2) , (3.4)

with h1, h2 two diagonal matrices defining the charge operators and six step operators e±α1 ,
e±α2 , e±α3 playing the role of creation and annihilation operators. The e±αi ’s are nilpotent and
are related as

�
e−αi

�+
= e+αi . An example of these matrices is given by the following 3 × 3

matrices

h1=

⎛
⎝

μ1 0 0
0 μ2 0
0 0 μ3

⎞
⎠ , h2=

⎛
⎝

μ�
1 0 0

0 μ�
2 0

0 0 μ�
3

⎞
⎠ ,

e+α1=

⎛
⎝

0 1 0
0 0 0
0 0 0

⎞
⎠ , e+α2=

⎛
⎝

0 0 0
0 0 1
0 0 0

⎞
⎠ , e+α3=

⎛
⎝

0 0 1
0 0 0
0 0 0

⎞
⎠

(3.5)

with the traceless property of the charge operators which reads as follows

λ1 + λ2 + λ3 = 0 , λi =

�
μi
μ�

i

�
, (3.6)

and which should be compared with the case N = 3 in (3.2).
The vectors α1 and α2 are the simple roots encountered in the previous section; their scalar
product αi.αj gives precisely the Cartan matrix Kij of eq(2.5).
b) case SU (N)
In the general case N ≥ 2, the corresponding SU (N) symmetry is

�
N2 − 1

�
-dimensional

space generated by
�

N2 − 1
�

matrices; N − 1 of them are diagonal

h1, ... hN−1, (3.7)

and are interpreted as the charge operators; and N (N − 1) step operators giving the creation
and annihilation operators e+α, e−α with α standing for generic roots containing the two
following:
(a) N-1 simple ones namely α1, α2, ..., αN−1 (together with their opposites) whose scalar
products αi.αj give precisely the following (N − 1)× (N − 1) Cartan matrix

K =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

2 −1 0 · · · 0 0
−1 2 −1 0 0
0 −1 2 0 0
...

. . .
...

0 0 0 2 −1
0 0 0 · · · −1 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, (3.8)
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3. Higher dimensional graphene systems

Motivated by the connection between 2D graphene and SU (3) symmetry, we study in this
section the extension of the physics of 2D graphene in diverse dimensions; that is 1D, 2D, 3D,
4D, and so on; the 2D case is obviously given by 2D graphene and its multi-layers considered
in previous section. The precited dimensions are not all of them realizable in condensed matter
physics; but their understanding may help to get more insight on the specific properties of 2D
graphene since the SU (3) is the second element of the SU (N) symmetries series.
First we develop our proposal regarding higher dimensional graphene systems that are based
on SU (N) symmetry including the particular 1D poly-acetylene chain which corresponds to
SU (2) symmetry. Then, we compute the energy dispersion relation of these kinds of lattice
quantum field theory (QFT). Explicit examples of such lattice fermionic models will be studied
in the next sections.

3.1 The SU (N) model
Higher dimensional graphene systems are abstract extensions of 2D graphene; the analogue of
the 2D honeycomb is given by a real N-dimensional lattice Lsu(N). The quantum hamiltonian
describing these systems is a generalization of (2.1) and reads as follows,
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where ari , bri+vn , a†
ri
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ri+vn

are fermionic annihilation and creation operators living on Lsu(N).
Moreover the vectors v1, ..., vN are, up to a global scale factor, the fundamental weights of the
N-dimensional representation of the SU (N) symmetry constrained by the typical property

v1 + ... + vN = 0. (3.2)

The vectors Vnm = (vn − vm) are, up to a scale factor, precisely the N (N − 1) roots of SU (N);
they obey as well the group property ∑ Vnm = 0.
These particular features of HN let understand that its physical properties are expected to be
completely encoded by the hidden SU (N) symmetry of the model. Below, we show that this
is indeed the case; but for simplicity we will focus on the first term of HN ; i.e working in the
limit t� → 0.

3.1.1 Useful tools on SU (N) symmetry
Since one of our objectives in this paper is to use the SU (N) symmetry of the crystals to
study higher dimensional graphene systems; and seen that readers might not be familiar with
these tools; we propose to give in this subsection some basic tools on SU (N) by using explicit
examples.
a) cases SU (2) and SU (3)
The SU (2) symmetry is very familiar in quantum mechanics; it is the symmetry that describes
the spin of the electrons and the quantum angular momentum states.
Roughly speaking, the SU (2) symmetry is a 3-dimensional space generated by three matrices
which can be thought of as the usual traceless Pauli matrices

σ0 =

( 1
2 0
0 − 1

2

)
, σ− =

(
0 0
1 0

)
, σ+ =

(
0 1
0 0

)
, (3.3)
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involving one diagonal matrix σ0, giving the charge operator, and two nilpotent matrices σ±
interpreted as the step operators or equivalently the creation and annihilation operators in the
language of quantum mechanics. These three matrices obey commutation relations

�
σ0, σ±� =

±2σ± that define the su (2) algebra. Observe also the traceless property of the charge operator
Trσ0 = 1

2 − 1
2 = 0, which should be related to the constraint relation (3.2) with N = 2.

The SU (3) symmetry group is 8-dimensional space generated by 8 matrices which can be
denoted as

h1, h2, e±α1 , e±α2 , e±(α1+α2) , (3.4)

with h1, h2 two diagonal matrices defining the charge operators and six step operators e±α1 ,
e±α2 , e±α3 playing the role of creation and annihilation operators. The e±αi ’s are nilpotent and
are related as

�
e−αi

�+
= e+αi . An example of these matrices is given by the following 3 × 3

matrices

h1=

⎛
⎝

μ1 0 0
0 μ2 0
0 0 μ3

⎞
⎠ , h2=

⎛
⎝

μ�
1 0 0

0 μ�
2 0

0 0 μ�
3

⎞
⎠ ,

e+α1=

⎛
⎝

0 1 0
0 0 0
0 0 0

⎞
⎠ , e+α2=

⎛
⎝

0 0 0
0 0 1
0 0 0

⎞
⎠ , e+α3=

⎛
⎝

0 0 1
0 0 0
0 0 0

⎞
⎠

(3.5)

with the traceless property of the charge operators which reads as follows

λ1 + λ2 + λ3 = 0 , λi =

�
μi
μ�

i

�
, (3.6)

and which should be compared with the case N = 3 in (3.2).
The vectors α1 and α2 are the simple roots encountered in the previous section; their scalar
product αi.αj gives precisely the Cartan matrix Kij of eq(2.5).
b) case SU (N)
In the general case N ≥ 2, the corresponding SU (N) symmetry is

�
N2 − 1

�
-dimensional

space generated by
�

N2 − 1
�

matrices; N − 1 of them are diagonal

h1, ... hN−1, (3.7)

and are interpreted as the charge operators; and N (N − 1) step operators giving the creation
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following:
(a) N-1 simple ones namely α1, α2, ..., αN−1 (together with their opposites) whose scalar
products αi.αj give precisely the following (N − 1)× (N − 1) Cartan matrix

K =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

2 −1 0 · · · 0 0
−1 2 −1 0 0
0 −1 2 0 0
...

. . .
...

0 0 0 2 −1
0 0 0 · · · −1 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, (3.8)
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(b) non simple roots given by linear (positive and negative) combinations of the simple ones;

these roots are given by ±βij = ±
�

αi + ...+ αj

�
with 1 ≤ i < j ≤ N − 1.

Notice that the above Cartan matrix K and its inverse

K−1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

N
N+1

N−1
N+1

N−2
N+1 · · · 2

N+1
1

N+1
N−1
N+1

2(N−1)
N+1

2(N−2)
N+1 · · · 4

N+1
2

N+1
N−2
N+1

2(N−2)
N+1

3(N−2)
N+1 · · · 6

N+1
3

N+1
...

...
...

. . .
...

...
2

N+1
4

N+1
6

N+1 · · · 2(N−1)
N+1

N−1
N+1

1
N+1

2
N+1

3
N+1 · · · N−1

N+1
N

N+1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(3.9)

capture many data on the SU (N) symmetry; they give in particular the expression of the
simple roots α1, α2, ..., αN−1 in terms of the fundamental weights ω1, ..., ωN−1 and vice versa;
that is αi = ∑j Kijωj and ωi = ∑j K−1

ij αj. Recall that simple roots and fundamental weights

obey the duality property αi.ωj = δij; we also have ωi.ωj = K−1
ij .

3.1.2 The lattice Lsu(N)

The lattice Lsu(N) is a real (N − 1)- dimensional crystal with two superposed integral
sublattices AN and BN ; each site rm of these sublattices is generated by the SU (N) simple
roots α1, ..., αN−1;

rm = m1α1 + m2α2 + ...mN−1αN−1 , (3.10)

with mi integers; for illustration see the schema (a), (b), (c) of the figure (6) corresponding
respectively to N = 2, 3, 4; and which may be put in one to one with the sp1, sp2 and sp3

hybridization of the carbon atom orbital 2s and 2p.
On each lattice site rm of Lsu(N); say of A-type, lives a quantum state Arm coupled to the

Fig. 6. (a) 1A+2B lattice sites of Lsu(2); A-type in blue and B-type in red; the 2B form a su (2)
doublet. (b) 1A+3B sites of Lsu(3); the 3B form a su (3) triplet. (c) 1A+4B sites of Lsu(4) with
4B sites forming a regular tetrahedron.

nearest neighbor states; in particular the first nearest states Brm+vi and the second nearest
ones Arm+Vij .
Generally, generic sites in Lsu(N) have the following properties:
(1) N first nearest neighbors with relative position vectors vi constrained as

v1 + . . .+ vN = 0 . (3.11)
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These constraint relations are solved in terms of the SU (N) weight vectors λi (resp. −λi) of
the fundamental (anti-fundamental) representation as follows

vi = aλi ≡ d λi
�λi� , (3.12)

where d is the relative distance between the closest Lsu(N) sites. The λi’s which satisfy λ1 +
. . .+ λN = 0 can be nicely expressed in terms of the fundamental weights ω1, ..., ωN−1 as
follows

λ1 = ω1, λi = ωi − ωi−1, λN = −ωN−1 . (3.13)

From the QFT view, this means that the quantum states at rm + vi sites are labeled by the λi
weights as Brm+vi ≡ Bλi

(rm) and so the multiplet

⎛
⎜⎝

|λ1 >
...

|λN >

⎞
⎟⎠ ≡ N, λ1 + . . . + λN = 0, (3.14)

transform in the fundamental representation of SU (N).
(2) N (N − 1) second nearest neighbors of A-type with relative position vectors Vij given by
vi − vj and obeying the constraint relation ∑i,j Vij = 0. This condition is naturally solved
by (3.11) and (3.12) showing that the relative vectors between second nearest neighbors are
proportional to SU (N) roots βij like

Vij = aβij , βij = λi − λj, (3.15)

and so the condition ∑ Vij = 0 turns to a SU (N) property on its adjoint representation labeled
by the roots.

3.2 Energy dispersion relation
Restricting the analysis to the first nearest neighbors described by eq(3.1) in the limit t� → 0,
the hamiltonian HN on Lsu(N) reduces to

HN = −t ∑
ri

�
N
∑

n=1
ari b

†
ri+vn

�
+ hc , (3.16)

where now ri and vn are (N − 1)- dimensional vectors. By using the Fourier transform of the
field operators ari and B±

rm+vi
namely,

ari ∼ ∑
k

eik.rm a±k , brm+vi ∼ ∑
k

eik.(rm+vi)bk (3.17)

we can put the hamiltonian HN as a sum over the wave vectors k in the following way;

HN = ∑
k

�
a†

k, b†
k

� � 0 εk
ε∗k 0

��
ak
bk

�
, (3.18)

with εk = t ∑i eiak.λi . This complex number can be also written as t ∑i eiak.(ωi−ωi−1) with
ω−1 = 0 = ωN . The energy dispersion relation of the "valence" and "conducting" bands are
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(b) non simple roots given by linear (positive and negative) combinations of the simple ones;

these roots are given by ±βij = ±
�

αi + ...+ αj

�
with 1 ≤ i < j ≤ N − 1.

Notice that the above Cartan matrix K and its inverse

K−1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

N
N+1

N−1
N+1

N−2
N+1 · · · 2

N+1
1

N+1
N−1
N+1

2(N−1)
N+1

2(N−2)
N+1 · · · 4

N+1
2

N+1
N−2
N+1

2(N−2)
N+1

3(N−2)
N+1 · · · 6

N+1
3

N+1
...

...
...

. . .
...

...
2

N+1
4

N+1
6

N+1 · · · 2(N−1)
N+1

N−1
N+1

1
N+1

2
N+1

3
N+1 · · · N−1

N+1
N

N+1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(3.9)

capture many data on the SU (N) symmetry; they give in particular the expression of the
simple roots α1, α2, ..., αN−1 in terms of the fundamental weights ω1, ..., ωN−1 and vice versa;
that is αi = ∑j Kijωj and ωi = ∑j K−1

ij αj. Recall that simple roots and fundamental weights

obey the duality property αi.ωj = δij; we also have ωi.ωj = K−1
ij .

3.1.2 The lattice Lsu(N)

The lattice Lsu(N) is a real (N − 1)- dimensional crystal with two superposed integral
sublattices AN and BN ; each site rm of these sublattices is generated by the SU (N) simple
roots α1, ..., αN−1;

rm = m1α1 + m2α2 + ...mN−1αN−1 , (3.10)

with mi integers; for illustration see the schema (a), (b), (c) of the figure (6) corresponding
respectively to N = 2, 3, 4; and which may be put in one to one with the sp1, sp2 and sp3

hybridization of the carbon atom orbital 2s and 2p.
On each lattice site rm of Lsu(N); say of A-type, lives a quantum state Arm coupled to the

Fig. 6. (a) 1A+2B lattice sites of Lsu(2); A-type in blue and B-type in red; the 2B form a su (2)
doublet. (b) 1A+3B sites of Lsu(3); the 3B form a su (3) triplet. (c) 1A+4B sites of Lsu(4) with
4B sites forming a regular tetrahedron.

nearest neighbor states; in particular the first nearest states Brm+vi and the second nearest
ones Arm+Vij .
Generally, generic sites in Lsu(N) have the following properties:
(1) N first nearest neighbors with relative position vectors vi constrained as

v1 + . . .+ vN = 0 . (3.11)
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These constraint relations are solved in terms of the SU (N) weight vectors λi (resp. −λi) of
the fundamental (anti-fundamental) representation as follows

vi = aλi ≡ d λi
�λi� , (3.12)

where d is the relative distance between the closest Lsu(N) sites. The λi’s which satisfy λ1 +
. . .+ λN = 0 can be nicely expressed in terms of the fundamental weights ω1, ..., ωN−1 as
follows

λ1 = ω1, λi = ωi − ωi−1, λN = −ωN−1 . (3.13)

From the QFT view, this means that the quantum states at rm + vi sites are labeled by the λi
weights as Brm+vi ≡ Bλi

(rm) and so the multiplet

⎛
⎜⎝

|λ1 >
...

|λN >

⎞
⎟⎠ ≡ N, λ1 + . . . + λN = 0, (3.14)

transform in the fundamental representation of SU (N).
(2) N (N − 1) second nearest neighbors of A-type with relative position vectors Vij given by
vi − vj and obeying the constraint relation ∑i,j Vij = 0. This condition is naturally solved
by (3.11) and (3.12) showing that the relative vectors between second nearest neighbors are
proportional to SU (N) roots βij like

Vij = aβij , βij = λi − λj, (3.15)

and so the condition ∑ Vij = 0 turns to a SU (N) property on its adjoint representation labeled
by the roots.

3.2 Energy dispersion relation
Restricting the analysis to the first nearest neighbors described by eq(3.1) in the limit t� → 0,
the hamiltonian HN on Lsu(N) reduces to

HN = −t ∑
ri

�
N
∑

n=1
ari b

†
ri+vn

�
+ hc , (3.16)

where now ri and vn are (N − 1)- dimensional vectors. By using the Fourier transform of the
field operators ari and B±

rm+vi
namely,

ari ∼ ∑
k

eik.rm a±k , brm+vi ∼ ∑
k

eik.(rm+vi)bk (3.17)

we can put the hamiltonian HN as a sum over the wave vectors k in the following way;

HN = ∑
k

�
a†

k, b†
k

� � 0 εk
ε∗k 0

��
ak
bk

�
, (3.18)

with εk = t ∑i eiak.λi . This complex number can be also written as t ∑i eiak.(ωi−ωi−1) with
ω−1 = 0 = ωN . The energy dispersion relation of the "valence" and "conducting" bands are
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obtained by diagonalizing the hamiltonian HN ; they are given by ± |εk| with,

|εk| = t

√√√√N + 2
N

∑
i<j=1

cos
[

ak.
(

λi−λj

)]
. (3.19)

Notice that |εk| depends remarkably in the difference of the weights λi−λj; which by help of
eq(3.13), can be completely expressed in terms of the fundamental weights.
To get the Fermi wave vectors kF for which the oscillating multi-variable function εk =
t ∑l eiak.λl vanish, we will proceed as follows: First, we work out an explicit example; then
we give the general result. To that purpose, we expand the wave vector k in the weight vector
basis as follows,

k =
N−1

∑
i=1

Qiωi, (Q1, ..., QN) ∈ RN , (3.20)

and focus on working out the solution for the particular case where all the Qi’s are equal,
i.e: Q1 = Q2 = ... = QN−1 = Q. General solutions are obtained from this particular case
by performing lattice translations along the ωi-directions; this leads to the new values Ql =

Q + 2πnl
N with nl integers. Obviously, one may also expand the wave vector k like

k =
N−1

∑
i=1

kiαi , (k1, ..., kN) ∈ RN . (3.21)

But this is equivalent to (3.20); the relation between the Ql ’s and the kl’s is obtained by
substituting αi = ∑j Kijωj into (3.21) and identifying it with (3.20). To compute the factors
eiak.λl , we express the vectors λl in terms of the simple roots as follows

λ1 = ω1, λ2 = ω1 − α1, . . . λN = ω1 − α1 − ...− αN−1 , (3.22)

then we use the root/weight duality relation ωi.αj = δij as well as the simple choice
Ql = Q to put the scalar product k.λl into the following form (k.λl) = (k.ω1) − lQ,
l = 1, ..., N − 1. Putting this expression back into εk and setting ξ = eiaQ, we obtain

εk = eiak.ω1

[
1 + ξ + ... + ξN−1

]
= 0 which is exactly solved by the N-th roots of unity namely

Q = ± 2sπ
aN , s = 1, ...,

[
N
2

]
. (3.23)

Therefore the Dirac points are, up to lattice translations, located at the wave vectors ks =
± 2sπ

aN ∑i ωi = ± 2sπ
aN ∑i αi.

4. Leading models

In this section, we study the cases N = 2, 4 as N = 3 corresponds precisely to the 2D graphene
before. The case N = 5 will be studied in the next section seen its remarkable relation with 4D
lattice QCD.

4.1 The su (2) model
In this case, the lattice Lsu(2), which is depicted in the figure (7), is a one dimensional chain
with coordinate positions rm = ma where a is the site spacing and m an arbitrary integer.
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Fig. 7. the lattice Lsu(2) given by the superposition of two sublattices Asu(2) (in blue) and
Bsu(2) (in red). The atoms may be thought of as carbons in the sp1 hybridization state.

Examples of carbon chains with delocalized electrons are given by one of the three following
molecules

chain molecule delocalized electrons
polyacetylene ... − CH = CH − CH = CH − CH − ... 1
cumulene ... = C = C = C = C = C = ... 2
poly-yne ... − C ≡ C − C ≡ C − C ≡ C − ... 2

(4.1)

These molecules can be taken as the graphene bridge ultimately narrowed down to a few-
carbon atoms or a single-atom width (Giritet et al., 2009; Jun, 2008; Koskinen et al., 2008). Each
site of Lsu(2) has two first nearest neighbors forming an su (2) doublet; and two second nearest
ones that are associated with the two roots ±α of su (2) in agreement with the generic result
summarized in the table,

nearest neighbors SU (N) SU (2) SU (3) SU (4) SU (5)
first N 2 3 4 5
second N (N − 1) 2 6 12 20

(4.2)

In the SU (2) lattice model, eqs(3.2) read as

v0 + v1 = 0 , (a)
V01 = v0 − v1 , (b) (4.3)

and are solved by the fundamental weights λ1 = + 1
2 , λ2 = − 1

2 of the SU (2) fundamental
representation; i.e the isodoublet.
1) polyacetylene
The hamiltonian of the polyacetylene, where each carbon has one delocalized electron, is given
by

Ht = −t ∑
m

(
arm b+rm+a + arm b+rm−a

)
+ hc . (4.4)

Substituting N = 2 in (3.19), we get the following energy dispersion relation

|εk| = t
√

2 + 2 cos (2ak) (4.5)

which is also equal to 2t cos (ka) in agreement with the expression εk = t
(

eiak + e−iak
)

; see

also figure (8). Moreover, the vanishing condition ε2 (k) = 0 is solved by the wave vectors

k± = ± π
2a mod

(
2π
a

)
.

2) cumulene and poly-yne
In the case of cumulene and poly-yne, the two delocalized electrons are described by two wave
functions φ1

rm
, φ2

rm
. The tight binding hamiltonian modeling the hopping of these electrons is a

335Graphene and Cousin Systems



14 Will-be-set-by-IN-TECH

obtained by diagonalizing the hamiltonian HN ; they are given by ± |εk| with,
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Qiωi, (Q1, ..., QN) ∈ RN , (3.20)
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k =
N−1

∑
i=1

kiαi , (k1, ..., kN) ∈ RN . (3.21)
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Therefore the Dirac points are, up to lattice translations, located at the wave vectors ks =
± 2sπ

aN ∑i ωi = ± 2sπ
aN ∑i αi.

4. Leading models

In this section, we study the cases N = 2, 4 as N = 3 corresponds precisely to the 2D graphene
before. The case N = 5 will be studied in the next section seen its remarkable relation with 4D
lattice QCD.

4.1 The su (2) model
In this case, the lattice Lsu(2), which is depicted in the figure (7), is a one dimensional chain
with coordinate positions rm = ma where a is the site spacing and m an arbitrary integer.
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Fig. 7. the lattice Lsu(2) given by the superposition of two sublattices Asu(2) (in blue) and
Bsu(2) (in red). The atoms may be thought of as carbons in the sp1 hybridization state.

Examples of carbon chains with delocalized electrons are given by one of the three following
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chain molecule delocalized electrons
polyacetylene ... − CH = CH − CH = CH − CH − ... 1
cumulene ... = C = C = C = C = C = ... 2
poly-yne ... − C ≡ C − C ≡ C − C ≡ C − ... 2

(4.1)

These molecules can be taken as the graphene bridge ultimately narrowed down to a few-
carbon atoms or a single-atom width (Giritet et al., 2009; Jun, 2008; Koskinen et al., 2008). Each
site of Lsu(2) has two first nearest neighbors forming an su (2) doublet; and two second nearest
ones that are associated with the two roots ±α of su (2) in agreement with the generic result
summarized in the table,

nearest neighbors SU (N) SU (2) SU (3) SU (4) SU (5)
first N 2 3 4 5
second N (N − 1) 2 6 12 20

(4.2)

In the SU (2) lattice model, eqs(3.2) read as

v0 + v1 = 0 , (a)
V01 = v0 − v1 , (b) (4.3)

and are solved by the fundamental weights λ1 = + 1
2 , λ2 = − 1

2 of the SU (2) fundamental
representation; i.e the isodoublet.
1) polyacetylene
The hamiltonian of the polyacetylene, where each carbon has one delocalized electron, is given
by

Ht = −t ∑
m

(
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)
+ hc . (4.4)

Substituting N = 2 in (3.19), we get the following energy dispersion relation

|εk| = t
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2 + 2 cos (2ak) (4.5)

which is also equal to 2t cos (ka) in agreement with the expression εk = t
(
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)
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also figure (8). Moreover, the vanishing condition ε2 (k) = 0 is solved by the wave vectors
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2a mod
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2) cumulene and poly-yne
In the case of cumulene and poly-yne, the two delocalized electrons are described by two wave
functions φ1

rm
, φ2

rm
. The tight binding hamiltonian modeling the hopping of these electrons is a
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Fig. 8. Energy dispersion relation of 1D poly-acetylene chain.

generalization of Ht. Let aα
rm

, aα+
rm

, α = 1, 2 (resp. bα
rm±a, bα+

rm±a) be the annihilation and creation
operators at the site rm (resp. rm ± a), the hamiltonian reads as follows

Ht,t� = −∑
m

2

∑
α,β=1

�
aα

rm
tαβbβ+

rm+a + aα
rm

t�αβbβ+
rm−a

�
+ hc , (4.6)

where tαβ and t�αβ are hop energy matrices which are identical for cumulene (tαβ = t�αβ), but
different for poly-yne (tαβ �= t�αβ). Mapping this hamiltonian to the reciprocal space, we get

Ht,t� = −2 ∑
m

2

∑
α,β=1

�
a1

k , b1
k , a2

k , b2
k

�
⎛
⎜⎜⎝

0 A 0 B
A∗ 0 C∗ 0
0 C 0 D

B∗ 0 D∗ 0

⎞
⎟⎟⎠

⎛
⎜⎜⎜⎝

a1+
k

b1+
k

a2+
k

b2+
k

⎞
⎟⎟⎟⎠ , (4.7)

with
A (k) = t11eika + t�11e−ika

B (k) = t12eika + t�12e−ika

C (k) = t21eika + t�21e−ika

D (k) = t22eika + t�22e−ika

(4.8)

Now, using the fact that the two delocalized electrons are indistinguishable, it is natural to
assume the following relations on the hop energies t11 = t22, t12 = t21 and the same thing
for the t�αβ matrix. This leads to the relations A = D, B = C and so the above hamiltonian
simplifies. In this case, the four energy eigenvalues are given by

E± = ±�
(A∗ + B∗) (A + B) ,

E�± = ±�
(A∗ − B∗) (A − B) ,

(4.9)

and the zeros modes are given by e2ika = − t�11
t11

= − t�12
t12

. Since in the case of cumulene we have
tαβ = t�αβ, it follows that the zero modes are located as k = ± π

2a mod 2π
a .

3) nanoruban
We end this paragraph noting that such analysis may be also extended to the particular case of
the periodic chain made by the junction of hexagonal cycles as depicted in the figure (9). This
chain, which can be also interpreted as the smallest graphene nanoruban, is very particular
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Fig. 9. a periodic chain in 3D space with unit cells given by hexagonal cycles. Each cycle has
six delocalized electrons.

from several issues; first its unit cells can be taken as given by the hexagonal cycles; second
amongst the 6 carbons of the unit cycle, 4 of them have two first nearest neighbors and the 2
others have three first nearest ones. The third particularity is that the tight binding description
of this chain is somehow more complicated with respect to the previous examples. Below we
focus on the electronic properties of a given cycle by using the same approach we have been
considering in this study.

4.2 Kekulé cycles
Kekulé cycles are organic molecules named in honor to the German chemist Friedrich Kekulé
known for his works on tetravalent structure of carbon and the cyclic structure of benzene
C6H6. These molecules; in particular the family Cn Hn with n ≥ 3, may be thought of as one
dimensional cycles living in the 3D space; they involve carbon atoms (eventually other atoms
such as Nitrogen) arranged in a cyclic lattice with both σ- and π-bonds. All these carbon atoms
are in the sp2 hybridization; they have 3n covalent σ-bonds defining a quasi-planar skeleton;
and n delocalized π-bonds with Pi electron orbital expanding in the normal direction as shown
in the examples of fig(10). Our interest into Kekulé molecules, in particular to the C2N H2N

Fig. 10. Six examples of Kekulé cycles type Cn Hn with n = 3, 4, 5, 6, 7, 8 . The cations C+ of
these molecules form a heavy skeleton represented by n-polygons. The orbitals in the normal
direction are associated with the delocalized Pi-electrons.

family, comes from the fact that they can be viewed as the 1D analogue of the 2D graphene
monolayer; they may be also obtained from the poly-acetylene chain by gluing the ends. It is
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Fig. 8. Energy dispersion relation of 1D poly-acetylene chain.
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then interesting to explore the electronic properties of this special class of systems by using
the tight binding model and symmetries. To illustrate the method, we focus on the benzene
C6H6 thought of as the superposition of two C3H3 sub-molecules as depicted in figure (11).
From group theory view, the positions v1, v2, v3, v4, v5, v6 of the carbon atoms are given by

Fig. 11. Kekulé molecules as the superposition of two sublattices. Sublattice A in blue and
sublattice B in red. Except the benzene, these molecules are generally are non planar.

the six roots of the SU (3) symmetry.; that is

vi = aαi , v3+i = −aαi , (4.10)

where a = 1.39 Å and where the three αi’s are as in section 2.
tight binding description
The electronic properties of the C6H6 are captured by the pi-electrons of the carbons. Denoting
by a†

ri
, ari (resp. b†

ri
, bri) the usual electronic creation and annihilation operators associated

with the Ai (Bj) atoms in the sublattice Abenz (Bbenz), the tight binding hamiltonian of the
benzene, restricted to first nearest neighbors, reads as follows,

Hbenz = −t
∞
∑

m=−∞

3
∑

l=1

(
2
∑

j=1
arl,m b†

rl,m+vl,j

)
+ hc . (4.11)

In this relation, the position vectors rlm have two indices; l and m. The first one takes the
values l = 1, 2, 3; it indexes the three atoms in Abenz; and the three ones in Bbenz. These
positions are as follows,

rA
2l−1,m = rA

1m, rA
3m, rA

5m , rB
2l,m = rB

2m, rB
4m, rB

6m . (4.12)

The second integer is an arbitrary number (m ∈ Z); it captures the periodicity of the cycle and
encodes in some sense the rotational invariance with respect to the axis of the planar molecule.
To fix the ideas, think about rlm as the l-th electron in the sublattice Abenz; that is rlm ≡ rA

2l−1,m.
After a hop of this electron to the two first nearest carbons in Bbenz, the new position is

rB
2l,m = rlm + vl j , j = ± . (4.13)

where the vl js are the relative positions of the first nearest neighbors.
Taking the Fourier transform of the creation and annihilation operators, c±rn

= ∑k e±ik.rn c±k
with c±k standing for a±k , b±k , we get an expression involving the product of three sums ∑k ∑k�

∑m. Then, using the discrete rotational invariance with respect to the axis of the molecule,
we can eliminate the sum ∑m in terms of a Dirac delta function δ2 (k − k�) and end, after
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integration with respect k�, with the following result,

Hbenz = ∑
k

(ak, bk)

(
0 εk
ε∗k 0

)(
a†

k
b†

k

)
. (4.14)

with

εk = −t
3
∑

l=1

(
eik.vl− + eik.vl+

)
. (4.15)

Notice that like in graphene, the above hamiltonian has two eigenvalues ± |εk|. Moreover,
substituting the vl±’s by their explicit expressions in terms of the SU (3) roots αl , we obtain
the following dispersion relation together with a constraint relation capturing the planarity
property of the molecule

εk = −2t
2
∑

l=0
cos

(
a
√

2
2 k.αl

)
, ηk =

2
∑

l=0
sin

(
a
√

2
2 k.αl

)
= 0 . (4.16)

Notice that the constraint equation ηk = 0 allows us to express the k2 component of the wave
vector in terms of k1 and vice versa as depicted in fig(12). This relation plays a crucial role in
the determination of the wave vectors at the Fermi level.

Fig. 12. the plot of the energy dispersion relation εk1,k2
and the constraint relation ηk1,k2

=
sin k1 + sin k2 − sin (k1 + k2) = 0 in the reciprocal space.

4.3 The diamond model
The diamond model lives on the lattice Lsu(4); this is a 3-dimensional crystal given by the
superposition of two isomorphic sublattices A4 and B4 along the same logic as in the case of
the 2D honeycomb. Each site rm in Lsu(4) has 4 first nearest neighbors at (rm + vi) forming the
vertices of a regular tetrahedron. A way to parameterize the relative positions vi with respect
to the central position at rm is to embed the tetrahedron inside a cube; in this case we have:

v1 = d√
3
(−1,−1,+1) , v2 = d√

3
(−1,+1,−1)

v3 = d√
3
(+1,−1,−1) , v0 = d√

3
(+1,+1,+1)

(4.17)
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the determination of the wave vectors at the Fermi level.
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4.3 The diamond model
The diamond model lives on the lattice Lsu(4); this is a 3-dimensional crystal given by the
superposition of two isomorphic sublattices A4 and B4 along the same logic as in the case of
the 2D honeycomb. Each site rm in Lsu(4) has 4 first nearest neighbors at (rm + vi) forming the
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Clearly these vectors satisfy the constraint relation v0 + v1 + v2 + v3 = 0. Having these
expressions, we can also build the explicit positions of the 12 second nearest neighbors; these
are given by Vij = vi − vj; but are completely generated by the following basis vectors

R1 = d√
3
(2, 2, 0) , R2 = d√

3
(0,−2, 2) , R3 = d√

3
(−2, 2, 0) (4.18)

that are related to Vij as Ri = V(i−1)i. We also have:

• the intersection matrix of the Ri vectors

Ri.Rj =
4d2

3
Kij (4.19)

with

Kij =

⎛
⎝

2 −1 0
−1 2 −1
0 −1 2

⎞
⎠ , K−1

ij =

⎛
⎝

3
4

2
4

1
4

2
4

4
4

2
4

1
4

2
4

3
4

⎞
⎠ (4.20)

• the special relation linking the Ri’s and v0,

3
4 R1 +

2
4 R2 +

1
4 R3 = v0 . (4.21)

Concerning the vector positions of the remaining 9 second neighbors, 3 of them are given by
−R1,−R2,−R3 and the other 6 by the linear combinations R4 = V02, R5 = V13, R6 = V03 with

V02 = R1 + R2, V13 = R2 + R3, V03 = R1 + R2 + R3. (4.22)

From this construction, it follows that generic positions rA
m ≡ rm and rB

m in the A4 and B4
sublattices are given by

A4 : rm = m1R1 + m2R2 + m3R3 ,
B4 : rB

m = rm + v ,
(4.23)

where m = (m1,m2,m3) is an integer vector and where the shift vector v = rB
m − rA

m is one of
vi’s in (4.17).
1) Energy dispersion relation
First notice that as far as the electronic properties are concerned, the figures (a), (b), (c) of (6)
are respectively associated with the sp1, sp2 and sp3 hybridizations of the atom orbitals; i.e:

figures hybridization example of molecules
(6-a) sp1 acetylene
(6-b) sp2 graphene
(6-c) sp3 diamond

(4.24)

In (6-a) and (6-b), the atoms have delocalized pi- electrons that capture the electronic
properties of the lattice atoms and have the following dispersion relation,

���εsu(N) (k)
��� = t1

����N + 2
N−1

∑
i<j=0

cos
�

ak.
�

λi−λj

��
(4.25)

with N = 2, 3. However, in the case of sp3, the atoms have no delocalized pi-electrons;
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they only have strongly correlated sigma- electrons which make the electronic properties of
systems based on Lsu(4) different from those based on Lsu(3) and Lsu(2). Nevertheless, as
far as tight binding model idea is concerned, one may consider other applications; one of
which concerns the following toy model describing a system based on the lattice Lsu(4) with
dynamical vacancy sites.

Fig. 13. the lattice Lsu(4) with sublattices Asu(4) (in blue) and Bsu(4) (in red). Each atom has
4 first nearest neighbors, forming a tetrahedron, and 12 second nearest ones.

2) Toy model
This is a lattice QFT on the Lsu(4) with dynamical particles and vacancies. The initial state of
the system correspond to the configuration where the sites of the sublattice A4 are occupied
by particles and those of the sublattice B4 are unoccupied.

sublattice initial configuration quantum state
A4 particles at rm Arm

B4 vacancy at rm + v Brm+v

(4.26)

Then, the particles (vacancies) start to move towards the neighboring sites with movement
modeled by hops to first nearest neighbors. Let Arm and Brm+vi be the quantum states
describing the particle at rm and the vacancy at rm + vi respectively. Let also A±

rm
and B±

rm+vi
be

the corresponding creation and annihilation operators. The hamiltonian describing the hops
of the vacancy/particle to the first nearest neighbors is given by

H4 = −t

(
3

∑
i=0

A−
rm

B+
rm+υi

+ hc

)
. (4.27)

By performing the Fourier transform of the wave functions A±
rm

, B±
rm+υi

, we end with the
dispersion energy ±t |εk| where

εk =

√
4 + 2 ∑

i<j
cos

(
k.Vij

)
, (4.28)
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and Vij are as in (4.21-4.22). The Dirac points are located at ks = ± sπ
2a ∑3

i=1 ωi with s = 1, 2.

5. Four dimensional graphene

The so called four dimensional graphene is a QFT model that lives on the 4D hyperdiamond;
it has links with lattice quantum chromodynamics (QCD) to be discussed in next section. In
this section, we first study the 4D hyperdiamond; then we use the results of previous section
to give some physical properties of 4D graphene.

5.1 Four dimensional hyperdiamond
Like in the case of 2D honeycomb, the 4D hyperdiamond may be defined by the superposition
of two sublattices A4 and B4 with the following properties:

• sites in A4 and B4 are parameterized by the typical 4d- vectors rn with n = (n1, n2, n3, n4)
and ni’s arbitrary integers. These lattice vectors are expanded as follows

A4: rn = n1 a1 + n2 a2 + n3 a3 + n4 a4 , B4: r�n = rn + e5 , (5.1)

where a1, a2, a3, a4 are primitive vectors generating these sublattices; and e5 is a shift
vector which we describe below.

• the vector e5 is a global vector taking the same value ∀ n; it is a shift vector giving the
relative positions of the B4 sites with respect to the A4 ones, e5= r�n − rn, ∀ n.

The al ’s and e5 vectors can be chosen as

a1 = e1 − e5, a2 = e2 − e5, a3 = e3 − e5, a4 = e4 − e5 (5.2)

with
eμ

1 = 1
4

(
+
√

5,+
√

5,+
√

5,+1
)

,

eμ
2 = 1

4

(
+
√

5,−√
5,−√

5,+1
)

,

eμ
3 = 1

4

(
−√

5,−√
5,+

√
5,+1

)
,

eμ
4 = 1

4

(
−√

5,+
√

5,−√
5,+1

)
,

(5.3)

and e5 = − ∑4
i=1 ei. Notice also that the 5 vectors e1, e2, e3, e4, e5 define the first nearest

neighbors to (0, 0, 0, 0) and satisfy the constraint relations,

ei.ei = 1, ei.ej = cos ϑij = − 1
4 , i �= j , (5.4)

showing that the ei’s are distributed in a symmetric way since all the angles satisfy cos ϑij =
−1
4 ; see also figure (14) for illustration.

some specific properties
From the figure (14) representing the first nearest neighbors in the 4D hyperdiamond and
their analog in 2D graphene, we learn that each A4- type node at rn, with some attached wave
function Arn , has the following closed neighbors:
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Fig. 14. On left the 5 first nearest neighbors in the pristine 4D hyperdiamond with the
properties �ei� = 1 and e1 + e2 + e3 + e4 + e5 = 0. On right, the 3 first nearest in pristine
2D graphene with �ei� = 1 and e1 + e2 + e3 = 0.

• 5 first nearest neighbors belonging to B4 with wave functions Brn+dei
; they are given by:

lattice position attached wave
rn + de1 Brn+de1

rn + de2 Brn+de2

rn + de3 Brn+de3

rn + de4 Brn+de4

rn + de5 Brn+de5

(5.5)

Using this configuration, the typical tight binding hamiltonian describing the couplings
between the first nearest neighbors reads as

−t ∑
rn

5

∑
i=1

Arn B+
rn+dei

+ hc . (5.6)

where t is the hop energy and where d is the lattice parameter.
Notice that in the case where the wave functions at rn and rn + dei are rather given by two
component Weyl spinors

Aa
rn

=

(
A1

rn

A2
rn

)
, B̄ȧ

rn+dei
=

(
B̄1̇

rn+dei

B̄2̇
rn+dei

)
, (5.7)

together with their adjoints Āȧ
rn

and B̄a
rn+dei

, as in the example of 4D lattice QCD to be
described in next section, the corresponding tight binding model would be,

−t ∑
rn

5

∑
i=1

[
4

∑
μ=1

eμ
i

(
Aa

rn
σ

μ
aȧB̄ȧ

rn+dei

)]
+ hc . (5.8)

where the eμ
i ’s are as in (5.3); and where σ1, σ2, σ3 are the Pauli matrices and σ4 = I2×2.

Notice moreover that the term ∑5
i=1 eμ

i

(
Aa

rn
σ

μ
aȧB̄ȧ

rn

)
vanishes identically due to ∑5

i=1 eμ
i =

0.
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and Vij are as in (4.21-4.22). The Dirac points are located at ks = ± sπ
2a ∑3

i=1 ωi with s = 1, 2.

5. Four dimensional graphene

The so called four dimensional graphene is a QFT model that lives on the 4D hyperdiamond;
it has links with lattice quantum chromodynamics (QCD) to be discussed in next section. In
this section, we first study the 4D hyperdiamond; then we use the results of previous section
to give some physical properties of 4D graphene.

5.1 Four dimensional hyperdiamond
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a1 = e1 − e5, a2 = e2 − e5, a3 = e3 − e5, a4 = e4 − e5 (5.2)
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eμ

1 = 1
4

(
+
√

5,+
√

5,+
√

5,+1
)

,

eμ
2 = 1

4

(
+
√

5,−√
5,−√

5,+1
)
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eμ
3 = 1

4

(
−√

5,−√
5,+

√
5,+1

)
,

eμ
4 = 1

4

(
−√

5,+
√

5,−√
5,+1

)
,

(5.3)

and e5 = − ∑4
i=1 ei. Notice also that the 5 vectors e1, e2, e3, e4, e5 define the first nearest

neighbors to (0, 0, 0, 0) and satisfy the constraint relations,

ei.ei = 1, ei.ej = cos ϑij = − 1
4 , i �= j , (5.4)

showing that the ei’s are distributed in a symmetric way since all the angles satisfy cos ϑij =
−1
4 ; see also figure (14) for illustration.

some specific properties
From the figure (14) representing the first nearest neighbors in the 4D hyperdiamond and
their analog in 2D graphene, we learn that each A4- type node at rn, with some attached wave
function Arn , has the following closed neighbors:
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Fig. 14. On left the 5 first nearest neighbors in the pristine 4D hyperdiamond with the
properties �ei� = 1 and e1 + e2 + e3 + e4 + e5 = 0. On right, the 3 first nearest in pristine
2D graphene with �ei� = 1 and e1 + e2 + e3 = 0.

• 5 first nearest neighbors belonging to B4 with wave functions Brn+dei
; they are given by:

lattice position attached wave
rn + de1 Brn+de1

rn + de2 Brn+de2

rn + de3 Brn+de3

rn + de4 Brn+de4

rn + de5 Brn+de5

(5.5)

Using this configuration, the typical tight binding hamiltonian describing the couplings
between the first nearest neighbors reads as

−t ∑
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5

∑
i=1

Arn B+
rn+dei

+ hc . (5.6)

where t is the hop energy and where d is the lattice parameter.
Notice that in the case where the wave functions at rn and rn + dei are rather given by two
component Weyl spinors

Aa
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=

(
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)
, B̄ȧ
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=
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)
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together with their adjoints Āȧ
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and B̄a
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, as in the example of 4D lattice QCD to be
described in next section, the corresponding tight binding model would be,
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(
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where the eμ
i ’s are as in (5.3); and where σ1, σ2, σ3 are the Pauli matrices and σ4 = I2×2.

Notice moreover that the term ∑5
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)
vanishes identically due to ∑5
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• 20 second nearest neighbors belonging to the same A4 with the wave functions
Arn+d(ei−ej); they read as

rn ± d (e1 − e2) , rn ± d (e1 − e3) , rn ± d (e1 − e4) ,
rn ± d (e1 − e5) , rn ± d (e2 − e3) , rn ± d (e2 − e4) ,
rn ± d (e2 − e5) , rn ± d (e3 − e4) , rn ± d (e3 − e5) ,
rn ± d (e4 − e5) .

(5.9)

The 5 vectors e1, e2, e3, e4, e5 are, up to a normalization factor namely
√

5
2 , precisely the weight

vectors λ0, λ1, λ2, λ3, λ4 of the 5-dimensional representation of SU (5); and the 20 vectors(
ei − ej

)
are, up to a scale factor

√
5

2 , their roots βij =
(

λi − λj

)
. We show as well that the

particular property ei.ej = − 1
4 , which is constant ∀ ei and ej, has a natural interpretation in

terms of the Cartan matrix of SU (5).
2D/4D Correspondence
First notice that a generic bond vector ei in the hyperdiamond links two sites in the same unit
cell of the 4D lattice as shown on the typical coupling term Arn B+

rn+dei
. This property is quite

similar to the action of the usual γμ matrices on 4D (Euclidean) space time spinors which links
the components of spinors.
Mimicking the tight binding model of 2D graphene, it has been proposed in (Bedaque et al.,
2008) a graphene inspired model for 4D lattice QCD. There, the construction relies on the use
of the following:

• the naive correspondence between the bond vectors ei and the γi matrices

ei ←→ γi , i = 1, ..., 4 , (5.10)

together with
−e5 = e1 + e2 + e3 + e4 ,
−Γ5 = γ1 + γ2 + γ3 + γ4 . (5.11)

• as in the case of 2D graphene, A4-type sites are occupied by left φa
r and right φ̄ȧ

r
2-component Weyl spinors. B4-type sites are occupied by right χ̄ȧ

r+dei
and left χa

r+dei
Weyl

spinors.
lattice 2D graphene 4D hyperdiamond

A4-sites at rn Ar φa
r , φ̄ȧ

r
B4-sites at rn + dei B+

r+dei
χ̄ȧ

r+dei
, χa

r+dei

couplings
ArB+

r+dei

Br+dei
A+

r

eμ
i

(
φa

r σ
μ
aȧ χ̄ȧ

r+dei

)

eμ
i

(
χa

r+dei
σ̄

μ
aȧ φ̄ȧ

r

)
(5.12)

where the indices a = 1, 2 and ȧ = 1̇, 2̇; and where summation over μ is in the Euclidean
sense.

For later use, it is interesting to notice the two following:

(a) in 2D graphene, the wave functions Ar and Br+dei
describe polarized electrons in first

nearest sites of the 2D honeycomb. As the spin up and spin down components of the
electrons contribute equally, the effect of spin couplings in 2D graphene is ignored.
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(b) in the 4D hyperdiamond, we have 4+4 wave functions at each A4-type site or B4-type
one. These wave functions are given by:

(i) φa =
(

φ1
rn

, φ2
rn

)
and φ̄ȧ

r =
(

φ̄1̇
rn

, φ̄2̇
rn

)
having respectively positive and negative γ5

chirality,

(ii) χ̄ȧ
r+dei

=
(

χ̄1̇
r+dei

, χ̄2̇
r+dei

)
and χa

r+dei
=

(
χ1

r+dei
, χ2

r+dei

)
having respectively negative

and positive γ5 chirality.

By mimicking the 2D graphene study, we have the couplings

eμ
i σ

μ

11̇

(
φ1

r χ̄1̇
r+dei

)
, eμ

i σ
μ

22̇

(
φ2

r χ̄2̇
r+dei

)

eμ
i σ̄

μ

11̇

(
χ1

r+dei
φ̄1̇

r

)
, eμ

i σ̄
μ

22̇

(
χ2

r+dei
φ̄2̇

r

) (5.13)

building the hamiltonian
To describe 4D lattice fermions, one considers 4D space time Dirac spinors together with the
following γμ matrices realizations,

γ1 = τ1 ⊗ σ1 , γ2 = τ1 ⊗ σ2 , γ3 = τ1 ⊗ σ3 ,
γ4 = τ2 ⊗ I2 , γ5 = τ3 ⊗ I2 ,

(5.14)

where the τi’s are the Pauli matrices acting on the sublattice structure of the hyperdiamond
lattice,

τ1 =

(
0 1

1 0

)
, τ2 =

(
0 −i

i 0

)
, τ3 =

(
1 0

0 −1

)
. (5.15)

The 2 × 2 matrices σi satisfy as well the Clifford algebra σiσj + σjσi = 2δij I2 and act through
the coupling of left/right Weyl spinors at neighboring sites

φa
r σ

μ
aȧ χ̄ȧ

r+d
√

5
2 λi

− χa
r σ̄

μ
aȧ φ̄ȧ

r−d
√

5
2 λi

=

(
φrσμχ̄

r+d
√

5
2 λi

− χrσ̄μφ̄
r−d

√
5

2 λi

)
(5.16)

where σμ =
(
σ1, σ2, σ3,+i I2

)
and σ̄μ =

(
σ1, σ2, σ3,−i I2

)
. For later use, it is interesting to set

σμ.eμ
1 =

√
5

4 σ1 +
√

5
4 σ2 +

√
5

4 σ3 + i
4 I2,

σ̄μ.eμ
1 =

√
5

4 σ1 +
√

5
4 σ2 +

√
5

4 σ3 − i
4 I2,

(5.17)

and similar relations for the other σ.ei and σ̄.ei.

Now extending the tight binding model of 2D graphene to the 4D hyperdiamond; and using
the weight vectors λi instead of ei, we can build a free fermion action on the 4D lattice by
attaching a two-component left-handed spinor φa (r) and right-handed spinor φ̄ȧ

r to each
A4-node r, and a right-handed spinor χ̄ȧ

r+d
√

5
2 λi

and left-handed spinor χa
r+d

√
5

2 λi
to every

B4-node at r + d
√

5
2 λi.

The hamiltonian, describing hopping to first nearest-neighbor sites with equal probabilities in
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• 20 second nearest neighbors belonging to the same A4 with the wave functions
Arn+d(ei−ej); they read as

rn ± d (e1 − e2) , rn ± d (e1 − e3) , rn ± d (e1 − e4) ,
rn ± d (e1 − e5) , rn ± d (e2 − e3) , rn ± d (e2 − e4) ,
rn ± d (e2 − e5) , rn ± d (e3 − e4) , rn ± d (e3 − e5) ,
rn ± d (e4 − e5) .

(5.9)

The 5 vectors e1, e2, e3, e4, e5 are, up to a normalization factor namely
√

5
2 , precisely the weight

vectors λ0, λ1, λ2, λ3, λ4 of the 5-dimensional representation of SU (5); and the 20 vectors(
ei − ej

)
are, up to a scale factor

√
5

2 , their roots βij =
(

λi − λj

)
. We show as well that the

particular property ei.ej = − 1
4 , which is constant ∀ ei and ej, has a natural interpretation in

terms of the Cartan matrix of SU (5).
2D/4D Correspondence
First notice that a generic bond vector ei in the hyperdiamond links two sites in the same unit
cell of the 4D lattice as shown on the typical coupling term Arn B+

rn+dei
. This property is quite

similar to the action of the usual γμ matrices on 4D (Euclidean) space time spinors which links
the components of spinors.
Mimicking the tight binding model of 2D graphene, it has been proposed in (Bedaque et al.,
2008) a graphene inspired model for 4D lattice QCD. There, the construction relies on the use
of the following:

• the naive correspondence between the bond vectors ei and the γi matrices

ei ←→ γi , i = 1, ..., 4 , (5.10)

together with
−e5 = e1 + e2 + e3 + e4 ,
−Γ5 = γ1 + γ2 + γ3 + γ4 . (5.11)

• as in the case of 2D graphene, A4-type sites are occupied by left φa
r and right φ̄ȧ

r
2-component Weyl spinors. B4-type sites are occupied by right χ̄ȧ

r+dei
and left χa
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r+dei

)

eμ
i

(
χa

r+dei
σ̄

μ
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(5.12)

where the indices a = 1, 2 and ȧ = 1̇, 2̇; and where summation over μ is in the Euclidean
sense.

For later use, it is interesting to notice the two following:

(a) in 2D graphene, the wave functions Ar and Br+dei
describe polarized electrons in first

nearest sites of the 2D honeycomb. As the spin up and spin down components of the
electrons contribute equally, the effect of spin couplings in 2D graphene is ignored.
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(b) in the 4D hyperdiamond, we have 4+4 wave functions at each A4-type site or B4-type
one. These wave functions are given by:

(i) φa =
(

φ1
rn

, φ2
rn

)
and φ̄ȧ

r =
(

φ̄1̇
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, φ̄2̇
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)
having respectively positive and negative γ5

chirality,
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=
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)
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=

(
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having respectively negative

and positive γ5 chirality.

By mimicking the 2D graphene study, we have the couplings
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) (5.13)

building the hamiltonian
To describe 4D lattice fermions, one considers 4D space time Dirac spinors together with the
following γμ matrices realizations,

γ1 = τ1 ⊗ σ1 , γ2 = τ1 ⊗ σ2 , γ3 = τ1 ⊗ σ3 ,
γ4 = τ2 ⊗ I2 , γ5 = τ3 ⊗ I2 ,

(5.14)

where the τi’s are the Pauli matrices acting on the sublattice structure of the hyperdiamond
lattice,

τ1 =

(
0 1

1 0

)
, τ2 =

(
0 −i

i 0

)
, τ3 =

(
1 0

0 −1

)
. (5.15)

The 2 × 2 matrices σi satisfy as well the Clifford algebra σiσj + σjσi = 2δij I2 and act through
the coupling of left/right Weyl spinors at neighboring sites
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r+d
√

5
2 λi
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r−d
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)
(5.16)

where σμ =
(
σ1, σ2, σ3,+i I2

)
and σ̄μ =

(
σ1, σ2, σ3,−i I2

)
. For later use, it is interesting to set
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1 =
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4 σ1 +
√
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4 σ2 +
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4 σ3 + i
4 I2,

σ̄μ.eμ
1 =
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4 σ1 +
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4 σ3 − i
4 I2,

(5.17)

and similar relations for the other σ.ei and σ̄.ei.

Now extending the tight binding model of 2D graphene to the 4D hyperdiamond; and using
the weight vectors λi instead of ei, we can build a free fermion action on the 4D lattice by
attaching a two-component left-handed spinor φa (r) and right-handed spinor φ̄ȧ

r to each
A4-node r, and a right-handed spinor χ̄ȧ

r+d
√

5
2 λi

and left-handed spinor χa
r+d

√
5

2 λi
to every

B4-node at r + d
√

5
2 λi.

The hamiltonian, describing hopping to first nearest-neighbor sites with equal probabilities in
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all five directions λi, reads as follows:.

H4 = ∑
r

4

∑
i=0

�
φrσμχ̄

r+d
√

5
2 λi

− χr σ̄μφ̄
r−d

√
5

2 λi

�
λ

μ
i . (5.18)

Expanding the various spinorial fields ξr±v in Fourier sums as
� d4k

(2π)4 e−ik.r
�

e∓ik.vξk

�
with k

standing for a generic wave vector in the reciprocal lattice, we can put the field action H4 into
the form

H4 = i ∑
k
(φ̄k, χ̄k)

�
0 −iD

iD̄ 0

��
φk
χk

�
(5.19)

where we have set

D =
4

∑
l=0

Dleid
√

5
2 k.λl =

4

∑
μ=1

σμ

�
4

∑
l=0

λ
μ
l eid

√
5

2 k.λl

�
, (5.20)

with

Dl =
4

∑
μ=1

σμλ
μ
l =

�
λ3

l + iλ4
l λ1

l − iλ2
l

λ1
l + iλ2

l λ3
l − iλ4

l

�
, (5.21)

and pl = k.λl = ∑μ kμλ
μ
l . Similarly we have

D̄ =
4

∑
l=0

D̄l e
−id

√
5

2 k.λl =
4

∑
μ=1

σ̄μ

�
4

∑
l=0

λ
μ
l e−id

√
5

2 k.λl

�
. (5.22)

5.2 Energy dispersion and zero modes
To get the dispersion energy relations of the 4 waves components φ1

k, φ2
k, χ1

k, χ2
k and their

corresponding 4 holes, one has to solve the eigenvalues of the Dirac operator (5.19). To that
purpose, we first write the 4-dimensional wave equation as follows,

�
0 −iD

iD̄ 0

��
φk
χk

�
= E

�
φk
χk

�
, (5.23)

where φk =
�
φ1

k, φ2
k

�
, χk =

�
χ1

k, χ2
k

�
are Weyl spinors and where the 2 × 2 matrices D, D̄

are as in eqs(5.20,5.22). Then determine the eigenstates and eigenvalues of the 2 × 2 Dirac
operator matrix by solving the following characteristic equation,

det

⎛
⎜⎜⎝

−E 0 D11 D12
0 −E D21 D22

D̄11 D̄21 −E 0
D̄12 D̄22 0 −E

⎞
⎟⎟⎠ = 0 (5.24)

from which one can learn the four dispersion energy eigenvalues E1 (k), E2 (k), E3 (k), E4 (k)
and therefore their zeros.
1) computing the energy dispersion
An interesting way to do these calculations is to act on (5.23) once more by the Dirac operator
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to bring it to the following diagonal form
(

DD̄ 0
0 DD̄

)(
φk
χk

)
= E2

(
φk
χk

)
. (5.25)

Then solve separately the eigenvalues problem of the 2-dimensional equations DD̄φk = E2φk
and D̄Dχk = E2χk. To do so, it is useful to set

u (k) = ϑ1 + iϑ2 , v (k) = ϑ3 + iϑ4 (5.26)

with ϑμ = ∑l λ
μ
l exp(id

√
5

2 k.λl). Notice that in the continuous limit, we have ϑμ → id
√

5
2 kμ,

u (k) → id
√

5
2

(
k1 + ik2), v (k) → id

√
5

2
(
k3 + ik4) . (5.27)

Substituting (5.26) back into (5.20) and (5.22), we obtain the following expressions,

DD̄ =

(
|u|2 + |v|2 2ūv

2uv̄ |u|2 + |v|2
)

, D̄D =

(
|u|2 + |v|2 2ūv̄

2uv |u|2 + |v|2
)

(5.28)

By solving the characteristic equations of these 2 × 2 matrix operators, we get the eigenstates
φa�

k , χa�
k with their corresponding eigenvalues E2±,

eigenstates eigenvalues

φ1�
k =

√
vū

2|u||v|φ
1
k +

√
uv̄

2|u||v|φ
2
k E2

+ = |u|2 + |v|2 + 2 |u| |v|
φ2�

k = −
√

vū
2|u||v|φ

1
k +

√
uv̄

2|u||v|φ
2
k E2− = |u|2 + |v|2 − 2 |u| |v|

χ1�
k =

√
ūv̄

2|u||v|χ
1
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√
uv

2|u||v|χ
2
k E2

+ = |u|2 + |v|2 + 2 |u| |v|
χ2�

k = −
√

ūv̄
2|u||v|χ

1
k +

√
uv

2|u||v|χ
2
k E2− = |u|2 + |v|2 − 2 |u| |v|

(5.29)

By taking square roots of E2±, we obtain 2 positive and 2 negative dispersion energies; these
are

E± = +
√
(|u| ± |v|)2, E∗± = −

√
(|u| ± |v|)2 (5.30)

which correspond respectively to particles and the associated holes.
2) determining the zeros of E± and E∗±
From the above energy dispersion relations, one sees that the zero modes are of two kinds:
E2
+ = 0, E2− = 0; and E2− = 0 but E2

+ = E2
+min �= 0. Let us consider the case E2

+ = E2− = 0;
in this situation the zero modes are given by those wave vectors KF solving the constraint
relations u (KF) = v (KF) = 0. These constraints can be also put in the form

λ
μ
0 eid

√
5

2 KF.λ0 + λ
μ
1 eid

√
5

2 KF.λ1+

+λ
μ
2 eid

√
5

2 KF.λ2 + λ
μ
3 eid

√
5

2 KF .λ3 + λ
μ
4 eid

√
5

2 KF.λ4 = 0
(5.31)

for all values of μ = 1, 2, 3, 4, or equivalently like d
√

5
2 KF.λl = 2π

5 N + 2πNl . Notice that
setting k = KF + q with small q = �q� and expanding D and D̄, eq(5.23) gets reduced to the
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all five directions λi, reads as follows:.

H4 = ∑
r

4

∑
i=0

�
φrσμχ̄

r+d
√

5
2 λi

− χr σ̄μφ̄
r−d

√
5

2 λi

�
λ

μ
i . (5.18)

Expanding the various spinorial fields ξr±v in Fourier sums as
� d4k

(2π)4 e−ik.r
�

e∓ik.vξk

�
with k

standing for a generic wave vector in the reciprocal lattice, we can put the field action H4 into
the form

H4 = i ∑
k
(φ̄k, χ̄k)

�
0 −iD

iD̄ 0

��
φk
χk

�
(5.19)

where we have set

D =
4

∑
l=0

Dleid
√

5
2 k.λl =

4

∑
μ=1

σμ

�
4

∑
l=0

λ
μ
l eid

√
5

2 k.λl

�
, (5.20)

with

Dl =
4

∑
μ=1

σμλ
μ
l =

�
λ3

l + iλ4
l λ1

l − iλ2
l

λ1
l + iλ2

l λ3
l − iλ4

l

�
, (5.21)

and pl = k.λl = ∑μ kμλ
μ
l . Similarly we have

D̄ =
4

∑
l=0

D̄l e
−id

√
5

2 k.λl =
4

∑
μ=1

σ̄μ

�
4

∑
l=0

λ
μ
l e−id

√
5

2 k.λl

�
. (5.22)

5.2 Energy dispersion and zero modes
To get the dispersion energy relations of the 4 waves components φ1

k, φ2
k, χ1

k, χ2
k and their

corresponding 4 holes, one has to solve the eigenvalues of the Dirac operator (5.19). To that
purpose, we first write the 4-dimensional wave equation as follows,

�
0 −iD

iD̄ 0

��
φk
χk

�
= E

�
φk
χk

�
, (5.23)

where φk =
�
φ1

k, φ2
k

�
, χk =

�
χ1

k, χ2
k

�
are Weyl spinors and where the 2 × 2 matrices D, D̄

are as in eqs(5.20,5.22). Then determine the eigenstates and eigenvalues of the 2 × 2 Dirac
operator matrix by solving the following characteristic equation,

det

⎛
⎜⎜⎝

−E 0 D11 D12
0 −E D21 D22

D̄11 D̄21 −E 0
D̄12 D̄22 0 −E

⎞
⎟⎟⎠ = 0 (5.24)

from which one can learn the four dispersion energy eigenvalues E1 (k), E2 (k), E3 (k), E4 (k)
and therefore their zeros.
1) computing the energy dispersion
An interesting way to do these calculations is to act on (5.23) once more by the Dirac operator
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to bring it to the following diagonal form
(

DD̄ 0
0 DD̄

)(
φk
χk

)
= E2

(
φk
χk

)
. (5.25)

Then solve separately the eigenvalues problem of the 2-dimensional equations DD̄φk = E2φk
and D̄Dχk = E2χk. To do so, it is useful to set

u (k) = ϑ1 + iϑ2 , v (k) = ϑ3 + iϑ4 (5.26)

with ϑμ = ∑l λ
μ
l exp(id

√
5

2 k.λl). Notice that in the continuous limit, we have ϑμ → id
√

5
2 kμ,

u (k) → id
√

5
2

(
k1 + ik2), v (k) → id

√
5

2
(
k3 + ik4) . (5.27)

Substituting (5.26) back into (5.20) and (5.22), we obtain the following expressions,

DD̄ =

(
|u|2 + |v|2 2ūv

2uv̄ |u|2 + |v|2
)

, D̄D =

(
|u|2 + |v|2 2ūv̄

2uv |u|2 + |v|2
)

(5.28)

By solving the characteristic equations of these 2 × 2 matrix operators, we get the eigenstates
φa�

k , χa�
k with their corresponding eigenvalues E2±,

eigenstates eigenvalues

φ1�
k =

√
vū

2|u||v|φ
1
k +

√
uv̄

2|u||v|φ
2
k E2

+ = |u|2 + |v|2 + 2 |u| |v|
φ2�

k = −
√

vū
2|u||v|φ

1
k +

√
uv̄

2|u||v|φ
2
k E2− = |u|2 + |v|2 − 2 |u| |v|

χ1�
k =

√
ūv̄

2|u||v|χ
1
k +

√
uv

2|u||v|χ
2
k E2

+ = |u|2 + |v|2 + 2 |u| |v|
χ2�

k = −
√

ūv̄
2|u||v|χ

1
k +

√
uv

2|u||v|χ
2
k E2− = |u|2 + |v|2 − 2 |u| |v|

(5.29)

By taking square roots of E2±, we obtain 2 positive and 2 negative dispersion energies; these
are

E± = +
√
(|u| ± |v|)2, E∗± = −

√
(|u| ± |v|)2 (5.30)

which correspond respectively to particles and the associated holes.
2) determining the zeros of E± and E∗±
From the above energy dispersion relations, one sees that the zero modes are of two kinds:
E2
+ = 0, E2− = 0; and E2− = 0 but E2

+ = E2
+min �= 0. Let us consider the case E2

+ = E2− = 0;
in this situation the zero modes are given by those wave vectors KF solving the constraint
relations u (KF) = v (KF) = 0. These constraints can be also put in the form

λ
μ
0 eid

√
5

2 KF.λ0 + λ
μ
1 eid

√
5

2 KF.λ1+

+λ
μ
2 eid

√
5

2 KF.λ2 + λ
μ
3 eid

√
5

2 KF .λ3 + λ
μ
4 eid

√
5

2 KF.λ4 = 0
(5.31)

for all values of μ = 1, 2, 3, 4, or equivalently like d
√

5
2 KF.λl = 2π

5 N + 2πNl . Notice that
setting k = KF + q with small q = �q� and expanding D and D̄, eq(5.23) gets reduced to the
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following familiar wave equation in Dirac theory

d
√

5
2

4

∑
μ=1

qμ

(
0 σμ

σ̄μ 0

)(
φk
χ̄k

)
= E

(
φk
χ̄k

)
. (5.32)

6. Graphene and lattice QCD

In this section, we would like to deepen the connection between 2D graphene and 4D
lattice QCD. This connection has been first noticed by M.Creutz (Creutz, 2008) and has been
developed by several authors seen its convenience for numerical simulations in QCD .

6.1 More on link graphene/lattice QCD
2D graphene has some remarkable properties that can be used to simulate 4D lattice QCD.
Besides chirality, one of the interesting properties is the existence of two Dirac points that can
be interpreted as the light quarks up and down. This follows from the study of the zero modes
of the 2 × 2 Dirac operator which corresponds also to solve the vanishing of the following
energy dispersion relation

l

∑
l=1

cos akl + i
l

∑
l=1

sin akl = 0 , (6.1)

which has two zeros as given by (2.22).
To make contact with lattice QCD, we start by recalling the usual 4D hamiltonian density of a
free Dirac fermion Ψ =

(
ψ1, ψ2, χ̄1̇, χ̄2̇

)
living in a euclidian space time,

H =
1
2

∫
d4x

(
4

∑
μ=1

Ψ̄ (x) γμ ∂Ψ (x)
∂xμ + hc

)
, (6.2)

where γμ are the usual 4 × 4 Dirac matrices given by (5.14). Then, we discretize this energy
density H by thinking about the spinorial waves Ψ

(
x1, ..., x4) as Ψrn living at the rn-nodes of a

four dimensional lattice L4 and its space time gradient ∂Ψ(x)
∂xμ like 1

a

(
Ψrn+aμ − Ψrn

)
. The field

Ψrn+aμ is the value of the Dirac spinor at the lattice position rn + aμ with the unit vectors μ
giving the four relative positions of the first nearest neighbors of rn. Putting this discretization
back into (6.2), we end with the free fermion model

H = 1
2a ∑

rn

(
4

∑
μ=1

[
Ψ̄rn γμΨrn+aμ − Ψ̄rn+aμγμΨrn

]
)

. (6.3)

The extra two term Ψ̄rn ΓΨrn and (Ψ̄rn ΓΨrn)
+ with Γ = 1

2 ∑μ γμ cancel each other because of
antisymmetry of the spinors. Clearly, this hamiltonian looks like the tight binding hamiltonian
describing the electronic properties of the 2D graphene; so one expects several similarities for
the two systems.
Mapping the hamiltonian (6.3) to the Fourier space, we get H = ∑k (Ψ̄kDΨk) with Dirac
operator D = i

a ∑4
μ=1 γμ sin

(
akμ

)
,where we have set kμ = (k.μ); giving the wave vector

component along the μ-direction. The D- operator is a 4 × 4 matrix that depends on the wave
vector components (k1, k2, k3, k4) and has 24 zeros located as

k1 = 0, π
a ; k2 = 0, π

a ; k3 = 0, π
a ; k4 = 0, π

a . (6.4)
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However, to apply these formalism to 4D lattice QCD, the number of the zero modes of the
Dirac operator should be two in order to interpret them as the light quarks up and down.
Following (Creutz, 2008), this objective can be achieved by modifying (6.3) so that the Dirac
operator takes the form

D =
i
a

4

∑
μ=1

γμ sin
(
akμ

)
+

i
a

4

∑
μ=1

γ�μ cos
(
akμ

)
(6.5)

where γ�μ is some 4 × 4 matrix that is introduced in next subsection.

6.2 Boriçi-Creutz fermions
Following (Capitani et al., 2009 a;b) and using the 4-component Dirac spinors Ψr =

(
φa

r , χ̄ȧ
r
)
,

the Boriçi-Creutz (BC) lattice action of free fermions reads in the position space, by dropping
mass term m0, as follows:

HBC ∼ 1
2a ∑

r

(
4

∑
μ=1

Ψ̄rΥμΨr+aμ −
4

∑
μ=1

Ψ̄r+aμῩμΨr

)
− 2i

a ∑
r

Ψ̄rΓΨr (6.6)

where, for simplicity, we have dropped out gauge interactions; and where Υμ = γμ + iγ�μ;
which is a kind of complexification of the Dirac matrices.
Moreover, the matrix Γ appearing in the last term is a 4× 4 matrix linked to γμ, γ�μ as follows:

γ�μ = Γ − γμ, 2Γ =
4

∑
μ=1

γμ, γμ + iγ�μ = Υμ, γμγν + γνγ = 2δμνμ , (6.7)

Mapping (6.6) to the reciprocal space, we have

HBC ∼ ∑
k

Ψ̄kDBCΨk (6.8)

where the massless Dirac operator DBC is given by

DBC = + 1
2a

(
Υμ − Ῡμ

)
cos

(
akμ

)
+ i

2a
(
Υμ + Ῡμ

)
sin

(
akμ

) − 2i
a Γ .

(6.9)

Upon using Υμ + Ῡμ = 2γμ and Υμ − Ῡμ = 2iγ�
μ, we can put DBC in the form

DBC = Dk + D̄k − 2i
a

Γ (6.10)

with

Dk = i
a

(
4

∑
μ=1

γμ sin akμ

)
, D̄k = i

a

(
4

∑
μ=1

γ�μ cos akμ

)
, (6.11)

where kμ = k.μ. In the next subsection, we will derive the explicit expression of these kμ’s in
terms of the weight vectors λl of the 5-dimensional representation of the SU (5) symmetry as
well as useful relations.
The zero modes of DBC are points in the reciprocal space; they are obtained by solving DBC =
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following familiar wave equation in Dirac theory

d
√

5
2

4

∑
μ=1

qμ

(
0 σμ

σ̄μ 0

)(
φk
χ̄k

)
= E

(
φk
χ̄k

)
. (5.32)

6. Graphene and lattice QCD

In this section, we would like to deepen the connection between 2D graphene and 4D
lattice QCD. This connection has been first noticed by M.Creutz (Creutz, 2008) and has been
developed by several authors seen its convenience for numerical simulations in QCD .

6.1 More on link graphene/lattice QCD
2D graphene has some remarkable properties that can be used to simulate 4D lattice QCD.
Besides chirality, one of the interesting properties is the existence of two Dirac points that can
be interpreted as the light quarks up and down. This follows from the study of the zero modes
of the 2 × 2 Dirac operator which corresponds also to solve the vanishing of the following
energy dispersion relation

l

∑
l=1

cos akl + i
l

∑
l=1

sin akl = 0 , (6.1)

which has two zeros as given by (2.22).
To make contact with lattice QCD, we start by recalling the usual 4D hamiltonian density of a
free Dirac fermion Ψ =

(
ψ1, ψ2, χ̄1̇, χ̄2̇

)
living in a euclidian space time,

H =
1
2

∫
d4x

(
4

∑
μ=1

Ψ̄ (x) γμ ∂Ψ (x)
∂xμ + hc

)
, (6.2)

where γμ are the usual 4 × 4 Dirac matrices given by (5.14). Then, we discretize this energy
density H by thinking about the spinorial waves Ψ

(
x1, ..., x4) as Ψrn living at the rn-nodes of a

four dimensional lattice L4 and its space time gradient ∂Ψ(x)
∂xμ like 1

a

(
Ψrn+aμ − Ψrn

)
. The field

Ψrn+aμ is the value of the Dirac spinor at the lattice position rn + aμ with the unit vectors μ
giving the four relative positions of the first nearest neighbors of rn. Putting this discretization
back into (6.2), we end with the free fermion model

H = 1
2a ∑

rn

(
4

∑
μ=1

[
Ψ̄rn γμΨrn+aμ − Ψ̄rn+aμγμΨrn

]
)

. (6.3)

The extra two term Ψ̄rn ΓΨrn and (Ψ̄rn ΓΨrn)
+ with Γ = 1

2 ∑μ γμ cancel each other because of
antisymmetry of the spinors. Clearly, this hamiltonian looks like the tight binding hamiltonian
describing the electronic properties of the 2D graphene; so one expects several similarities for
the two systems.
Mapping the hamiltonian (6.3) to the Fourier space, we get H = ∑k (Ψ̄kDΨk) with Dirac
operator D = i

a ∑4
μ=1 γμ sin

(
akμ

)
,where we have set kμ = (k.μ); giving the wave vector

component along the μ-direction. The D- operator is a 4 × 4 matrix that depends on the wave
vector components (k1, k2, k3, k4) and has 24 zeros located as

k1 = 0, π
a ; k2 = 0, π

a ; k3 = 0, π
a ; k4 = 0, π

a . (6.4)
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However, to apply these formalism to 4D lattice QCD, the number of the zero modes of the
Dirac operator should be two in order to interpret them as the light quarks up and down.
Following (Creutz, 2008), this objective can be achieved by modifying (6.3) so that the Dirac
operator takes the form

D =
i
a

4

∑
μ=1

γμ sin
(
akμ

)
+

i
a

4

∑
μ=1

γ�μ cos
(
akμ

)
(6.5)

where γ�μ is some 4 × 4 matrix that is introduced in next subsection.

6.2 Boriçi-Creutz fermions
Following (Capitani et al., 2009 a;b) and using the 4-component Dirac spinors Ψr =

(
φa

r , χ̄ȧ
r
)
,

the Boriçi-Creutz (BC) lattice action of free fermions reads in the position space, by dropping
mass term m0, as follows:

HBC ∼ 1
2a ∑

r

(
4

∑
μ=1

Ψ̄rΥμΨr+aμ −
4

∑
μ=1

Ψ̄r+aμῩμΨr

)
− 2i

a ∑
r

Ψ̄rΓΨr (6.6)

where, for simplicity, we have dropped out gauge interactions; and where Υμ = γμ + iγ�μ;
which is a kind of complexification of the Dirac matrices.
Moreover, the matrix Γ appearing in the last term is a 4× 4 matrix linked to γμ, γ�μ as follows:

γ�μ = Γ − γμ, 2Γ =
4

∑
μ=1

γμ, γμ + iγ�μ = Υμ, γμγν + γνγ = 2δμνμ , (6.7)

Mapping (6.6) to the reciprocal space, we have

HBC ∼ ∑
k

Ψ̄kDBCΨk (6.8)

where the massless Dirac operator DBC is given by

DBC = + 1
2a

(
Υμ − Ῡμ

)
cos

(
akμ

)
+ i

2a
(
Υμ + Ῡμ

)
sin

(
akμ

) − 2i
a Γ .

(6.9)

Upon using Υμ + Ῡμ = 2γμ and Υμ − Ῡμ = 2iγ�
μ, we can put DBC in the form

DBC = Dk + D̄k − 2i
a

Γ (6.10)

with

Dk = i
a

(
4

∑
μ=1

γμ sin akμ

)
, D̄k = i

a

(
4

∑
μ=1

γ�μ cos akμ

)
, (6.11)

where kμ = k.μ. In the next subsection, we will derive the explicit expression of these kμ’s in
terms of the weight vectors λl of the 5-dimensional representation of the SU (5) symmetry as
well as useful relations.
The zero modes of DBC are points in the reciprocal space; they are obtained by solving DBC =
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0; which leads to the following condition

4

∑
μ=1

γμ
�
sin aKμ − cos aKμ

�− Γ

�
2 −

4

∑
μ=1

cos aKμ

�
= 0 . (6.12)

This condition is a constraint relation on the wave vector components Kμ; it is solved by the
two following wave vectors:

point KBC : K1 = K2 = K3 = K4 = 0 ,
point K�

BC : K�
1 = K�

2 = K�
3 = K�

4 = π
2a ,

(6.13)

that are interpreted in lattice QCD as associated with the light quarks up and down.
Notice that if giving up the γ�

μ- terms in eqs(6.6-6.8); i.e γ�
μ → 0, the remaining terms in DBC

namely Dk ∼ γμ sin aKμ have 16 zero modes given by the wave components Kμ = 0, π. By
switching on the γ�

μ-terms, 14 zeros are removed.

6.3 Hyperdiamond model
The hamiltonian HBC is somehow very particular; it let suspecting to hide a more fundamental
property which can be explicitly exhibited by using hidden symmetries. To that purpose,
notice that the price to pay for getting a Dirac operator with two zero modes is the
involvement of the complexified Dirac matrices Υμ, Ῡμ as well as the particular matrix Γ.
Despite that it violates explicitly the SO (4) Lorentz symmetry since it can be written as

Γ = 1
2

4

∑
μ=1

γμυμ, υμ =

⎛
⎜⎜⎝

1
1
1
1

⎞
⎟⎟⎠ , (6.14)

the matrix Γ plays an important role in studying the zero modes. The expression of the matrix
Γ (6.7) should be thought of as associated precisely with the solution of the constraint relation
2Γ − ∑4

μ=1 γμ = 0 that is required by a hidden symmetry of the BC model. This invariance is
precisely the SU (5) symmetry of the 4D hyperdiamond to be identified below. Moreover, the
BC hamiltonian HBC lives on a 4D lattice LBC

4 generated by μ ≡ vμ; i.e the vectors

v1=

⎛
⎜⎜⎝

vx
1

vy
1

vz
1

vt
1

⎞
⎟⎟⎠ , v2=

⎛
⎜⎜⎝

vx
2

vy
2

vz
2

vt
2

⎞
⎟⎟⎠ , v3=

⎛
⎜⎜⎝

vx
3

vy
3

vz
3

vt
3

⎞
⎟⎟⎠ , v4=

⎛
⎜⎜⎝

vx
4

vy
4

vz
4

vt
4

⎞
⎟⎟⎠ (6.15)

These μ-vectors look somehow ambiguous to be interpreted both by using the analogy with
4D graphene prototype; and also from the SU (5) symmetry view. Indeed, to each site r ∈ LBC

4
there should be 5 first nearest neighbors that are rotated by SU (5) symmetry. But from the BC
hamiltonian we learn that the first nearest neighbors to each site r are:

r →

⎧⎪⎪⎨
⎪⎪⎩

r+av1
r+av2
r+av3
r+av4

. (6.16)
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The fifth missing one, namely r → r+av5 may be interpreted in the BC fermions as associated
with the extra term involving the matrix Γ. To take into account the five nearest neighbors, we
have to use the rigorous correspondence Γμ → vμ and Γ5 → v5 which can be also written in a
combined form as follows ΓM → vM with ΓM =

(
Γμ, Γ5) and vM =

(
vμ, v5

)
. Because of the

SU (5) symmetry properties, we also have to require the condition v1 + v2 + v3 + v4 + v5 =
0 characterizing the 5 first nearest neighbors. To determine the explicit expressions of the
matrices ΓM in terms of the usual Dirac ones, we modify the BC model (6.6) as follows

H�
BC ∼ 1

2a ∑
r

(
5

∑
M=1

Ψ̄rΓMΨr+avM −
5

∑
M=1

Ψ̄r+avM ΓMΨr

)
, (6.17)

exhibiting both SO (4) and SU (5) symmetries and leading to the following free Dirac operator

D = i
2a

4

∑
μ=1

(
Γμ + Γ̄μ

)
sin

(
akμ

)
+ i

2a (Γ5 + Γ̄5) sin (ak5)

1
2a

4

∑
μ=1

(
Γμ − Γ̄μ

)
cos

(
akμ

)
+ 1

2a (Γ5 − Γ̄5) cos (ak5)

(6.18)

where kM = k.vM and where Π5
M=1

(
eiakM

)
= 1, ∑5

M=1 kM = 0 expressing the conservation
of total momenta at each lattice site. Equating with (6.9-6.10-6.11), we get the identities

Υμ + Ῡμ = Γμ + Γ̄μ, Υμ − Ῡμ = Γμ − Γ̄μ, (6.19)

and
i

2a (Γ5 + Γ̄5) sin (ak5) +
1
2a (Γ5 − Γ̄5) cos (ak5) = − 4i

2a Γ . (6.20)

Eqs(6.19) are solved by Γμ = Υμ; that is Γμ = γμ + i (Γ − γμ) while

Γ5 = −2iΓ for sin (ak5) = 0 ,
Γ5 = −2Γ for sin (ak5) = 1 .

(6.21)

where k5 = − (k1 + k2 + k3 + k4). In this 5-dimensional approach, the ambiguity in dealing
with the μ-vectors is overcome; and the underlying SO (4) and SU (5) symmetries of the
model in reciprocal space are explicitly exhibited.

7. Conclusion and comments

Being a simple lattice-carbon based structure with delocalized electrons, graphene has been
shown to exhibit several exotic physical properties and chemical reactions leading to the
synthesis of graphene type derivatives such as graphAne and graphOne. In this book chapter,
we have shown that graphene has also very remarkable hidden symmetries that capture basic
physical properties; one of these symmetries is the well known SU (2) invariance of the unit
cells that plays a crucial role in the study of the electronic properties using first principle
calculations. Another remarkable hidden invariance, which has been developed in this work,
is the SU(3) symmetry that captures both crystallographic and physical properties of the
graphene. For instance, first nearest neighbors form 3-dimensional representations of SU (3);
and the second nearest neighbor ones transform in its adjoint. Moreover, basic constraint
relations like υ1 + υ2 + υ3 = 0 is precisely a SU (3) group property; and its solutions are
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0; which leads to the following condition
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2 −
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�
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This condition is a constraint relation on the wave vector components Kμ; it is solved by the
two following wave vectors:
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point K�
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4 = π
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(6.13)

that are interpreted in lattice QCD as associated with the light quarks up and down.
Notice that if giving up the γ�

μ- terms in eqs(6.6-6.8); i.e γ�
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6.3 Hyperdiamond model
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the matrix Γ plays an important role in studying the zero modes. The expression of the matrix
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These μ-vectors look somehow ambiguous to be interpreted both by using the analogy with
4D graphene prototype; and also from the SU (5) symmetry view. Indeed, to each site r ∈ LBC

4
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. (6.16)
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The fifth missing one, namely r → r+av5 may be interpreted in the BC fermions as associated
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where k5 = − (k1 + k2 + k3 + k4). In this 5-dimensional approach, the ambiguity in dealing
with the μ-vectors is overcome; and the underlying SO (4) and SU (5) symmetries of the
model in reciprocal space are explicitly exhibited.

7. Conclusion and comments

Being a simple lattice-carbon based structure with delocalized electrons, graphene has been
shown to exhibit several exotic physical properties and chemical reactions leading to the
synthesis of graphene type derivatives such as graphAne and graphOne. In this book chapter,
we have shown that graphene has also very remarkable hidden symmetries that capture basic
physical properties; one of these symmetries is the well known SU (2) invariance of the unit
cells that plays a crucial role in the study of the electronic properties using first principle
calculations. Another remarkable hidden invariance, which has been developed in this work,
is the SU(3) symmetry that captures both crystallographic and physical properties of the
graphene. For instance, first nearest neighbors form 3-dimensional representations of SU (3);
and the second nearest neighbor ones transform in its adjoint. Moreover, basic constraint
relations like υ1 + υ2 + υ3 = 0 is precisely a SU (3) group property; and its solutions are
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exactly given by group theory. Furthermore, the location of the Dirac zero modes of graphene
is also captured by SU (3) seen that these points are given by ± 2π

3d α1, ± 2π
3d α2, ± 2π

3d α3 where
the αi’s are the SU (3) roots that generate the reciprocal space.
On the other hand, from SU (3) group theory’s point of view, graphene has cousin systems
with generic SU (N) symmetries where the integer N takes the values 2, 3, 4, .... The leading
graphene cousin systems are linear molecules with hidden SU(2) invariance; this is precisely
the case of poly-acetylene, cumulene and poly-yne studied in section 4. The graphene
cousin systems with hidden SU(4) and SU(5) symmetries are given by 3D diamond; and
4D hyperdiamond which has an application in 4D- lattice QCD.
Finally, it is worth to mention that the peculiar and unique properties of graphene are expected
to open new areas of applications due to its important electronic, spintronic, mechanical
and optical properties. The challenge is find low-cost-processes for producing graphene and
graphene-based structures and to tune its properties to the targeted applications such as the
replacement of silicon in the field of new-type of semiconductors and new electronics, new
data-storage devices, new materials with exceptional mechanical properties and so on.
Various attempts are also made to incorporate other atoms within the structure of graphene
or combine the graphene-based structures with other materials in sandwich type structure or
in chemical way by binding it to various molecules with divers topologies and functionalities.
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1. Introduction

Graphene has become a subject of intense theoretical and experimental interest since it
was realized in laboratory in 2004 (Novoselov et al., 2004). As being considered as a
true two-dimensional (2D) material, researchers worldwide have focused their work on
studying its electronic properties and the promising technological applications in designing
nanoelectronic devices based on it (Castro Neto et al., 2009; Castro Neto, 2010; Peres, 2010).
In fact, such studies revealed that graphene is a zero-gap 2D semiconductor. Furthermore,
novel and intriguing effects concerning ballistic transport (Miao et al., 2007), the absence of
Anderson localization (Beenakker, 2008), the anomalous electron-electron (e-e) interaction
(Das Sarma et al., 2010), and so on, have also attracted much attention. Most of these effects
arise as a consequence of the graphene band structure, in which the energy presents pretty
linear dispersion relation around the Dirac point. As a direct consequence, the low-lying
excitations can be described, in the first place, by the 2D Dirac-Weyl Hamiltonian, and the
quasiparticles in graphene being described as massless fermions (Semenoff, 1984).
Also, it turned out to be very common to tune the carrier densities in graphene by
manipulating local gate voltages (Novoselov et al., 2004; Williams et al., 2007). This led to the
creation of tunable graphene-based microstructures. By the same token, it was not surprising
to see that, for a perpendicular incidence of flowing quasiparticles across the electrostatic
barrier, the absence of backscattering might led to a perfect transmission (Katsnelson et al.,
2006) through the barrier. Indeed, the localization of electron (or hole) states by electrostatic
quantum confinement in graphene turned out to be a challenging task by virtue of Klein
tunneling. But, recent experimental results (Williams et al., 2011) have shown the real
possibility of creating electronic waveguides by using electrostatic gates in graphene with
pretty much high efficiency. The waveguide is realized by controlling the charge density in the
sample through an external gate, which forms a p-n-p junction. In this quasi-one-dimensional
(Q1D) channel, the Fermi-energy mismatching across the junction serves as a refraction index
to quantify the guidance efficiency loss. Although the conductance along the wire is treated
as ballistic in this case, it has been mentioned that effects such as: (i) junction roughness
(Williams et al., 2011); (ii) the interaction between the graphene sheet and the underlying
substrate (Chiu et al., 2010) ; and (iii) the charge-charge correlation might affect the guidance
efficiency (Zhang & Fogler, 2008).
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Graphene has become a subject of intense theoretical and experimental interest since it
was realized in laboratory in 2004 (Novoselov et al., 2004). As being considered as a
true two-dimensional (2D) material, researchers worldwide have focused their work on
studying its electronic properties and the promising technological applications in designing
nanoelectronic devices based on it (Castro Neto et al., 2009; Castro Neto, 2010; Peres, 2010).
In fact, such studies revealed that graphene is a zero-gap 2D semiconductor. Furthermore,
novel and intriguing effects concerning ballistic transport (Miao et al., 2007), the absence of
Anderson localization (Beenakker, 2008), the anomalous electron-electron (e-e) interaction
(Das Sarma et al., 2010), and so on, have also attracted much attention. Most of these effects
arise as a consequence of the graphene band structure, in which the energy presents pretty
linear dispersion relation around the Dirac point. As a direct consequence, the low-lying
excitations can be described, in the first place, by the 2D Dirac-Weyl Hamiltonian, and the
quasiparticles in graphene being described as massless fermions (Semenoff, 1984).
Also, it turned out to be very common to tune the carrier densities in graphene by
manipulating local gate voltages (Novoselov et al., 2004; Williams et al., 2007). This led to the
creation of tunable graphene-based microstructures. By the same token, it was not surprising
to see that, for a perpendicular incidence of flowing quasiparticles across the electrostatic
barrier, the absence of backscattering might led to a perfect transmission (Katsnelson et al.,
2006) through the barrier. Indeed, the localization of electron (or hole) states by electrostatic
quantum confinement in graphene turned out to be a challenging task by virtue of Klein
tunneling. But, recent experimental results (Williams et al., 2011) have shown the real
possibility of creating electronic waveguides by using electrostatic gates in graphene with
pretty much high efficiency. The waveguide is realized by controlling the charge density in the
sample through an external gate, which forms a p-n-p junction. In this quasi-one-dimensional
(Q1D) channel, the Fermi-energy mismatching across the junction serves as a refraction index
to quantify the guidance efficiency loss. Although the conductance along the wire is treated
as ballistic in this case, it has been mentioned that effects such as: (i) junction roughness
(Williams et al., 2011); (ii) the interaction between the graphene sheet and the underlying
substrate (Chiu et al., 2010) ; and (iii) the charge-charge correlation might affect the guidance
efficiency (Zhang & Fogler, 2008).
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As a matter of fact, the effects induced by the electron-electron (e-e) correlation in these doped
Q1D systems have been subject of intense theoretical study. (Zhang & Fogler, 2008) The
most fundamental quantity to study e-e correlation is the dielectric function, which should
provide us with the dynamical screening properties of the Fermionic system embedded in the
sample. In fact, such a quantity has been defined, within the random phase approximation
(RPA), at zero and non-zero temperature, and for doped and undoped samples with the
presence of the spin-orbit interaction and strain (Das Sarma et al., 2010)(Hwang & Das sarma,
2007)(Pellegrino et al., 2010)(Brey & Fertig, 2007).
Effects induced by the interaction between graphene sheet and the underlying substrate are
also an important issue which is being very addressed recently. There have been much
experimental concern about substrate induced effects on the graphene sheets. Anisotropic
effects have been observed (Yang et al., 2010)(Villegas et al., 2010) on the conductivity and
claimed to be induced by the interaction between the graphene sheet and the underlying
substrate.
This chapter focuses on the study of the electronic properties of confined electrons in bi-wires
based on graphene. We theoretically propose a model to describe two coupled waveguides
(quantum wires) based on graphene which has eventually been deposited over some sort of
substrate. The graphene-substrate interaction is considered here through a phenomenological
parameter which is taken into account in an ad-hoc manner. (Villegas et al., 2010) The first
section is devoted to review the main points on how to confine electrons in graphene
through electrostatic gate potentials. The second section presents our model and shows
the single particle spectra of graphene bi-wires, taking into account the graphene-substrate
interaction phenomenologically in the Dirac hamiltonian, whose solution is given by a
pseudo-spinor. Such an effect can be induced in the sample by considering the interaction
between the graphene sheet and the substrate such as boron nitrate (BN) (Giovannetti et al.,
2007). Furthermore, in order to control the pseudo-spinor components in the barrier region,
we theoretically explore and manage the interaction between the substrate and the graphene
sheet, considering it in order to keep a reasonable guiding efficiency. We then study, in Sec.
III, the dynamical screening properties of the Fermion gas which is eventually laid in the
structure. We calculate the dielectric response function within the RPA, which turned out
to be a good approximation describing e-e correlations in graphene even for small charge
densities (Hwang & Das sarma, 2007). The roots of this function provide us with the collective
excitations in the system. Our results show that the graphene-substrate interaction induced
effects play an important role in obtaining the bare Coulomb potential and the dielectric
function of the system. Such a role manifests itself in the dispersion relation of the optical
and acoustical plasmon modes. We found that the graphene-substrate interaction might
eventually increase the damping effects on these modes.

2. Electrostatic confinement of electrons in graphene

Nano-engineering serves to yield structures that are not found in natura anywhere. Indeed,
most of such structures have been realized as an essential feature of quantum mechanics,
i.e., they are a result of quantum confinement, which constitutes the basic building block of
electronic devices. Although in graphene the quantum confinement by electrostatic potentials
seems to be a difficult job by virtue of the absence of backscattering, which is a direct
consequence of pseudo-chiral behavior of quasiparticles, many theoretical (Pereira et al.,

356 Graphene Simulation Single-Particle States and Elementary Excitations in Graphene Bi-Wires: Minding the Substrate 3

2007) and experimental (Williams et al., 2011) works have attemptedly proposed different
approaches to study and overcome this difficulty. In the following, we discuss the main points
regarding these proposals.

2.1 Etched structures
Etching the graphene leads to the formation of 1D quantum wires. These structures are
commonly mentioned in the literature as graphene nanoribbons (GNRs) (Brey & Fertig, 2006).
It is well known that the semiconducting gap in GNRs is strongly dependent on the ribbon
width, and also on the kind of the ribbon edge (Son & Cohen, 2006). The ribbon depends
on the kind of the edge termination, leading to different boundary conditions. Since the
graphene is a hexagonal bound of carbon atoms, two types of termination can be etched:
the armchair and the zig-zag terminations. It has been shown that the narrower the ribbon,
the bigger the semiconducting gap. Moreover, very narrow GNRs evidenced the existence
of surface states and miniband formation in the long wavelength limit k → 0. (Brey & Fertig,
2006) As a matter of fact, the combination between ribbon width and edge termination turned
out to be a crucial point in determining if the sample is metallic or semiconductor. Therefore,
etching these structures requires very sensible controlling of the edge termination, and do not
assure a standard technique in obtaining identical materials. This may be now-days the main
disadvantage in etching graphene structure to produce 1D quantum structures producing the
same kind of material.

2.2 Infinite mass boundary conditions
The infinite mass boundary condition approach was proposed by Berry and Mondragon
(Berry & Mondragon, 1987) in order to overcome the difficulty in confining neutrino
relativistic billiards. They considered the possibility of taking into account the neutrino
quasi-mass induced effects in theoretically treating the electrostatic gate potential V(x). The
neutrino mass term M(x) was considered to be x-coordinate dependent, so that the effective
gate potential might be written as Ve f f (x) → V(x) + M(x)c2σz, where c is the light velocity
and σz the z-direction Pauli matrix. The same approach can be used to study the gate
potential providing charge confinement in graphene (Peres et al., 2009). In principle, such
a gate potential should form a long stripe based on graphene. We schematically show Ve f f (x)
in Fig.1 and simply picture the different regions regarding the mass term M(x). To graphene,
one assumes the light velocity c → vF = 1.1x106m/s. In region II the mass term M(x) can be
considered zero by virtue of vanishing graphene-substrate interaction, while in regions I and
III it can assume finite values. Notice that in the case of neutrinos, the M(x) was considered
to be infinite (hard wall approach), since they theoretically sought for vanishing the Fermi
velocity outside the well. In this sense, it was claimed that this kind of technique might lead
to the confinement of charges to region II, because the effective potential should be strong
enough to enable wavefunction reflection at the interface of the potential (at x = ±L/2). The
difference between this technique and the one presented above concerns to the ribbon (or
stripe) edge. Here, the edge termination does not play the same role as in the previous case,
and the boundary conditions are the same as in the standard quantum well (or finite mass)
confinement (Lin et al., 2008). We finally recall that the gate potential naturally imposes the
continuity of the wavefunction at the interfaces x = ±L/2, but not of its derivative.
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Fig. 1. Schematic representation of the infinite mass confinement potential profile. The mass
M is zero in region II and infinite elsewhere.

2.3 Graphene-substrate interaction
Another usual technique improving confinement of electrons in graphene is to help opening
up a semiconducting gap in the energy spectrum. In particular, it was shown that the most
effective way to do that is to have the graphene, and its eventual substrate, embedded
in boron nitrate material (Giovannetti et al., 2007), provided it is also a hexagonal lattice.
The interaction between the different atoms in the whole sample causes then an anisotropy
associated to the different number of electrons in the sublattices A and B that form the
unit cell of the graphene honeycomb (Semenoff, 1984). That is responsible to open up the
gap. Experiments have shown that this induced gap can vary from 50 up to 260 meV
(Lu et al., 2007; Zhou et al., 2007). We mention that the effects of such asymmetry in the
sublattices can be theoretically incorporated into the Dirac Hamiltonian by considering a
sort of phenomenological (or quasi-mass) parameter Δσz in an ad-hoc manner. It is worth
to mention that this parameter Δσz has the same nature as those representing the Rashba
spin-orbit interaction in graphene (Kane & Mele, 2005; Min et al., 2006).

2.4 Tuning the Fermi level in p-n junctions
A recent theoretical proposal to improve and study the confinement of electrons in graphene
is based on the so-called Goos-Hanchen (GH) effect (Goos & Hanchen, 1947). The GH effect
has been shown for the first time back in the 40s and accounts for a universal shift that
a light beam, which is reflected from a given medium, can suffer. Such a shift can be
attributed to a sort of residual transmission into the medium which has the lower refractive
index, causing the evanescence of the electromagnetic wave. The electronic analogy of the
GH effect can also manifest itself in graphene p-n-p junctions (Beenakker et al., 2006). As it
was mentioned, electrostatic gates actually control the charge-type doping in the graphene
and eventually create a p-n junction. In such structures, the Fermi energy plays the role
of a refraction index, since it assumes different values as it crosses the junction. The main
advantage of this technique is that it enables one to easily control the carrier density in
the sample, providing the designing of electronic waveguide structures. As a mater of fact,
recent experiments have shown the possibility of creating waveguides in graphene p-n-p
junctions, leading to a variety of promising applications (Cheianov et al., 2007; Williams et al.,
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2011). Such a work also dealt with the direction-dependent transmission induced effects in
graphene (Pereira et al., 2007). In any case, it was shown that, by tuning the Fermi energy in
given p-n-p junctions, it was certainly possible to form electronic waveguides with reasonable
efficiency in graphene, leading to the promising fabrication of nanodevices based on electronic
confinement in graphene.

3. Single particle spectra in graphene quantum wires

In response to the points discussed above and motivated by the promising applications
of quantum confinement in graphene, we study below the single particle spectrum of
quasi-confined electrons in graphene p-n-p junctions. We consider an electrostatic gate
potential, whose some sort of arrangement can eventually be responsible for forming two
quantum wires (double p-n-p junctions) coupled by a barrier of width Lb and height Vb. Our
model also deals with a more generic situation where the interaction between the substrate
and graphene sheet is properly considered in both doped regions .
The low-energy band structure for a single valley1 (K point) in graphene can be described by
the 2D Dirac-like Hamiltonian (Semenoff, 1984) in the form

H2D = γ

(
0 kx − iky

kx + iky 0

)
+ βσz, (1)

where σz is the Pauli matrix, γ =
√

3�a0t/2 is a parameter associated to the lattice constant
a0 = 0.246 nm and to the nearest neighbor hopping energy t ≈ 2.8 eV in graphene. As
mentioned before, the parameter β accounts for an asymmetry associated to different number
of electrons in sublattices A and B, that form the unit cell of the honeycomb. The values for
β might be strongly dependent on the substrate over which the graphene sheet is embedded.
The stronger is the interaction between graphene sheet and the substrate, the larger is the
β parameter which is responsible for opening an energy gap in the Dirac cone spectrum.
This is the parameter which will quantify here, in an ad-hoc manner, the graphene-substrate
interaction strength. In this way, one should be able to investigate such effects theoretically
by considering the parameter β �= 0 in the Eq. (1). Therefore, the effects associated to the
mentioned parameter will be carefully studied here.

3.1 Triple barrier (Double well)
In order to study the electronic guidance in double coupled waveguides based on graphene,
one should be able to seek the effects of imposing a confinement potential U(x), as pictured
in Fig.(2), onto the Hamiltonian H2D . This potential U(x), as generated by electrostatic
gates, leads to two transversal quantum wires along the y-direction with widths L1 and L2
separated by a barrier of length Lb. The tunable barrier between the wires, the region I I I
on Fig.(2), is assumed to be responsible for controlling the coupling between the two p-n
junctions. As mentioned above, the issue of weather the epitaxially-growth graphene can or
cannot be gated is not important here, because one can ad-hocly assigned the parameter β
to other phenomenological effects as well, such as the spin-orbit interaction, the impurities
or imperfections in the sample, and so forth (Ziegler, 1996). Therefore, the eigenstates of

1 It should be pointed out that the two lattice points K and K� decouple from each other in the graphene
Hamiltonian (1) only when the disorder generated by the potential is much smaller than the lattice
parameter (Ando & Nakanishi, 1998).
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Fig. 1. Schematic representation of the infinite mass confinement potential profile. The mass
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Fig. 2. Schematic representation of the potential profile forming a biwaveguide based on
graphene. It shows two coupled channels of widths L1 and L2, separated by a barrier of
width Lb and height U0. Two different reflection angles θ1 and θ2 can be considered in the
regions I I and IV, respectively, by virtue of different graphene-substrate interaction strength.

the Hamiltonian H = H2D + U(x) can be written as a two-component spinor in the form
(Villegas & Tavares, 2010; Villegas et al., 2010)

|ψ(x, y) > � eikyy
�

χA(x)
χB(x)

�
, (2)

where χA(x) and χB(x) are the pseudo-spin wavefunction components. Here we choose
expressions for χA(x) and χB(x) that naturally satisfies the secular equation H|ψ(x, y) >
= E|ψ(x, y) > and represent electronic states that are confined by the potential U(x). It
should be recalled at this point that the Fermi level in the sample should play the role of a
refraction index and, as consequence, the quasiparticles might undergo to internal reflections
as they eventually cross the potential interfaces, giving rise to the phenomena analogous to
the GH shift discussed above. Thus, the wavefunctions for the component χA(x) in different
regions, can be written in terms of stationary functions within the well regions and evanescent
functions within the barrier region, i.e.,

χA(x) ∼

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

CIeκI x region I
CI I sin qI Ix + DI I cos qI Ix region I I

CI I IeκI I I x + DI I Ie−κI I Ix region I I I
CIV sin qIVx + DIV cos qIVx region IV

DV e−κV x region V

(3)

360 Graphene Simulation Single-Particle States and Elementary Excitations in Graphene Bi-Wires: Minding the Substrate 7

Fig. 3. (Color online) (a) Dispersion relations, En(ky), for a symmetric structure with
L1 = L2 = 14 nm, Lb = 4 nm, and U0 = 150 meV. Here, β = 40 meV over all layers in the
structure. The dashed lines represent the edges of the regions where the confined state
branches lay down. (b) Probability density function ρnky

(x) for n = 1, ..., 4, plotted in
arbitrary units, showing the spreading of states in the graphene wires. Thin vertical lines
indicate the position of the potential edges.

Here, the wavevector along the x-direction

κi = γ−1
√
(γky)2 + (βi)

2 − [
E(ky)− U0

]2 (4)

for i = I, I I I, V and

qj = γ−1

√
E(ky)2 − (γky)2 −

(
βj

)2
(5)

for j = I I, IV. Notice that the parameter β may assume a different value in each region
and this is a form to simulate different substrate interaction strengths or dopings. Due to
the perfect similarity between spin-orbit and Dirac Hamiltonians, such a parameter can be
linked, in an ad-hoc manner, to a spin-orbit interaction occurring in the samples without
gate. Finally, the set of coefficients {CI , CI I , CI I I, CIV} and {DI I , DI I I, DIV , DV} indicate the
intensity of propagating and anti-propagating waves, respectively within each doped region.
This type of solution for χA(x) in the Eq. (3) was considered before (Pereira et al., 2007)
where the component χB is also written straightforwardly, since H|ψ > = E|ψ > leads to
two coupled differential equations for the components χA(x) and χB(x) which are solved
through the same anzatz(3). The energy dispersions En(ky) in Eqs. (4) and (5), are obtained by
imposing continuity conditions for both spinor components χA(x) and χB(x) at the edges of
the confining potential U(x). From these continuity conditions, one is able to write down a
set of equations in the matrix form

M̂CT = 0, (6)
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Fig. 2. Schematic representation of the potential profile forming a biwaveguide based on
graphene. It shows two coupled channels of widths L1 and L2, separated by a barrier of
width Lb and height U0. Two different reflection angles θ1 and θ2 can be considered in the
regions I I and IV, respectively, by virtue of different graphene-substrate interaction strength.

the Hamiltonian H = H2D + U(x) can be written as a two-component spinor in the form
(Villegas & Tavares, 2010; Villegas et al., 2010)

|ψ(x, y) > � eikyy
�

χA(x)
χB(x)

�
, (2)

where χA(x) and χB(x) are the pseudo-spin wavefunction components. Here we choose
expressions for χA(x) and χB(x) that naturally satisfies the secular equation H|ψ(x, y) >
= E|ψ(x, y) > and represent electronic states that are confined by the potential U(x). It
should be recalled at this point that the Fermi level in the sample should play the role of a
refraction index and, as consequence, the quasiparticles might undergo to internal reflections
as they eventually cross the potential interfaces, giving rise to the phenomena analogous to
the GH shift discussed above. Thus, the wavefunctions for the component χA(x) in different
regions, can be written in terms of stationary functions within the well regions and evanescent
functions within the barrier region, i.e.,

χA(x) ∼

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

CIeκI x region I
CI I sin qI Ix + DI I cos qI Ix region I I

CI I IeκI I I x + DI I Ie−κI I Ix region I I I
CIV sin qIVx + DIV cos qIVx region IV

DV e−κV x region V

(3)
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Fig. 3. (Color online) (a) Dispersion relations, En(ky), for a symmetric structure with
L1 = L2 = 14 nm, Lb = 4 nm, and U0 = 150 meV. Here, β = 40 meV over all layers in the
structure. The dashed lines represent the edges of the regions where the confined state
branches lay down. (b) Probability density function ρnky

(x) for n = 1, ..., 4, plotted in
arbitrary units, showing the spreading of states in the graphene wires. Thin vertical lines
indicate the position of the potential edges.

Here, the wavevector along the x-direction

κi = γ−1
√
(γky)2 + (βi)

2 − [
E(ky)− U0

]2 (4)

for i = I, I I I, V and

qj = γ−1

√
E(ky)2 − (γky)2 −

(
βj

)2
(5)

for j = I I, IV. Notice that the parameter β may assume a different value in each region
and this is a form to simulate different substrate interaction strengths or dopings. Due to
the perfect similarity between spin-orbit and Dirac Hamiltonians, such a parameter can be
linked, in an ad-hoc manner, to a spin-orbit interaction occurring in the samples without
gate. Finally, the set of coefficients {CI , CI I , CI I I, CIV} and {DI I , DI I I, DIV , DV} indicate the
intensity of propagating and anti-propagating waves, respectively within each doped region.
This type of solution for χA(x) in the Eq. (3) was considered before (Pereira et al., 2007)
where the component χB is also written straightforwardly, since H|ψ > = E|ψ > leads to
two coupled differential equations for the components χA(x) and χB(x) which are solved
through the same anzatz(3). The energy dispersions En(ky) in Eqs. (4) and (5), are obtained by
imposing continuity conditions for both spinor components χA(x) and χB(x) at the edges of
the confining potential U(x). From these continuity conditions, one is able to write down a
set of equations in the matrix form

M̂CT = 0, (6)
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where M̂(En, ky) is the 8 × 8 matrix shown in the Appendix A and C is a 1 × 8 matrix
formed by the amplitude of propagating and anti-propagating waves in the sequence:
(CI , CI I , DI I , CI I I, DI I I, CIV , DIV , DV). Notice that the dispersions En(ky) are obtained
through the non-trivial solutions of the Eq. (6) and implying that

det
[
M̂(En, ky)

]
= 0. (7)

We use optimized numerical routines to find the n roots of Eq. (7) for a given value of the
wavevector ky.
At this point, we should define

θ
j
n = arctan(ky/qj

n) (8)

as the reflection angles for the regions j = II and IV. These angles are schematically indicated
in Fig.(2) and represent the n possible angles of reflection in the regions j = II and IV
through which the guidance occurs. One can really read out from Eq. (5) that, in considering
βI I �= βIV , a spatial-anisotropy induced effect should take place, as the effective depths of
each potential well in the regions j = II and IV are different from each other.

3.1.1 Extended states
Let us first assume an unique value for the ad-hoc parameter βi=j ≡ β = 40 meV, for all
layers shown in Fig.(2). Then we solve Eq. (7) for a given value of ky and determine a number
n of different roots. Figure 3(a) shows the first six solutions as a function of ky and these
energy dispersions, En(ky), map out the confined modes in the graphene double wire system
described by the lateral confining potential, U(x). Due to interwire tunneling, the pairs of
bound (symmetric) and antibound (antisymmetric) states with energy eigenvalues E1 and E2, E3
and E4, etc, show larger (smaller) energy separation for smaller (larger) values of wavevector
ky. These energy branches were found in a region limited by the dotted lines, which are
roughly given by the expressions

[(γky)
2 + β2]1/2 (9)

and
± [(γky)

2 + β2]1/2 + U0. (10)

We stress that the inverse of the lifetime of any subband displayed in Fig. 3(a) is assumed
as being of the order of the numerical precision required to solve the Eq. (7) (Nguyen et al.,
2009). Although this may seem an approximation to the numerical solution, the high precision
required in our calculation produces very reliable results.
The effects associated to wide states can be better addressed when the probability density
function given by

ρnky
(x) = |χA(x)|2 + |χB(x)|2 , (11)

is drawn for each subband n as a function of the wavevector ky. Figure 3(b) shows ρnky
(x),

plotted in arbitrary units, for the same lowest four states of Fig. 3(a), showing regions of
maximum and minimum intensities for localized and quasi-extended states in our potential
model. Clearly, the larger (smaller) is the wavefunction amplitude in regions I and V, the
weaker (stronger) is the evidence for localization effects on the structure. The states n =
1, 2, and 3 show stronger confinement to the well regions while state n = 4 display the
quasi-extended character with a large probability amplitude over the whole structure and a
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Fig. 4. (Color online) - The same energy dispersions and probability densities as in Fig. 2, but
without the substrate-graphene coupling term (β = 0 in all layers) in the pseudo-relativistic
Hamiltonian.

long-range exponential decay for small values of ky in the regions I and V. As the wavevector∣∣ky
∣∣ increases, these extended states become more and more localized inside the well regions.

In Fig. 4 we are showing the same results as in Fig. 3, but with the parameter β being zero
in all regions. As noticed, the state n = 1 shows only a slightly larger spreading along the
wires for increasing values of ky and the state n = 2 increases the spreading along the wires
and into the lateral barrier regions. However, the amplitude probability for states 3 and 4
show very large extended character in all regions for small values of ky. In other words, the
addition of a substrate-graphene coupling term to the Dirac-like Hamiltonian increases the
lateral localization character of the extended states.

3.1.2 Anisotropic values of β : effects on the conductance
With the choice of different values for the parameter β in each region, the system should
reveal interesting effects. In order to analyze these effects, we define auxiliary quantities such
as Δ = βI − βI I I, βI I = βIV = 0, βI = βV and βI I I = 10 meV. When Δ �= 0, the interaction
between graphene sheet and substrate in regions I and I I I have different strength values.
Furthermore, one can also read out from Eq. (4) that the wavevector κI �= κI I I when Δ �= 0.
This situation mimics a spatial anisotropy as if the effective barrier heights in regions I and
I I I were different from each other. We predict that these spatial anisotropy induced by finite
Δ can be verified experimentally through a measure of the electrical conductance along the
y-direction. Very recently, this conductance, as a function of well width, has been investigated
theoretically in one dimensional channel formed by a single graphene p-n junction without the
interaction parameter β (Beenakker et al., 2006). It was shown that a minimum in the energy
dispersion En(ky) would generate a plateau in the conductance along the channel. In addition,
each minimum in the ground-state energy E1(ky) would contribute independently with an
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where M̂(En, ky) is the 8 × 8 matrix shown in the Appendix A and C is a 1 × 8 matrix
formed by the amplitude of propagating and anti-propagating waves in the sequence:
(CI , CI I , DI I , CI I I, DI I I, CIV , DIV , DV). Notice that the dispersions En(ky) are obtained
through the non-trivial solutions of the Eq. (6) and implying that

det
[
M̂(En, ky)

]
= 0. (7)

We use optimized numerical routines to find the n roots of Eq. (7) for a given value of the
wavevector ky.
At this point, we should define

θ
j
n = arctan(ky/qj

n) (8)

as the reflection angles for the regions j = II and IV. These angles are schematically indicated
in Fig.(2) and represent the n possible angles of reflection in the regions j = II and IV
through which the guidance occurs. One can really read out from Eq. (5) that, in considering
βI I �= βIV , a spatial-anisotropy induced effect should take place, as the effective depths of
each potential well in the regions j = II and IV are different from each other.

3.1.1 Extended states
Let us first assume an unique value for the ad-hoc parameter βi=j ≡ β = 40 meV, for all
layers shown in Fig.(2). Then we solve Eq. (7) for a given value of ky and determine a number
n of different roots. Figure 3(a) shows the first six solutions as a function of ky and these
energy dispersions, En(ky), map out the confined modes in the graphene double wire system
described by the lateral confining potential, U(x). Due to interwire tunneling, the pairs of
bound (symmetric) and antibound (antisymmetric) states with energy eigenvalues E1 and E2, E3
and E4, etc, show larger (smaller) energy separation for smaller (larger) values of wavevector
ky. These energy branches were found in a region limited by the dotted lines, which are
roughly given by the expressions

[(γky)
2 + β2]1/2 (9)

and
± [(γky)

2 + β2]1/2 + U0. (10)

We stress that the inverse of the lifetime of any subband displayed in Fig. 3(a) is assumed
as being of the order of the numerical precision required to solve the Eq. (7) (Nguyen et al.,
2009). Although this may seem an approximation to the numerical solution, the high precision
required in our calculation produces very reliable results.
The effects associated to wide states can be better addressed when the probability density
function given by

ρnky
(x) = |χA(x)|2 + |χB(x)|2 , (11)

is drawn for each subband n as a function of the wavevector ky. Figure 3(b) shows ρnky
(x),

plotted in arbitrary units, for the same lowest four states of Fig. 3(a), showing regions of
maximum and minimum intensities for localized and quasi-extended states in our potential
model. Clearly, the larger (smaller) is the wavefunction amplitude in regions I and V, the
weaker (stronger) is the evidence for localization effects on the structure. The states n =
1, 2, and 3 show stronger confinement to the well regions while state n = 4 display the
quasi-extended character with a large probability amplitude over the whole structure and a
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Fig. 4. (Color online) - The same energy dispersions and probability densities as in Fig. 2, but
without the substrate-graphene coupling term (β = 0 in all layers) in the pseudo-relativistic
Hamiltonian.

long-range exponential decay for small values of ky in the regions I and V. As the wavevector∣∣ky
∣∣ increases, these extended states become more and more localized inside the well regions.

In Fig. 4 we are showing the same results as in Fig. 3, but with the parameter β being zero
in all regions. As noticed, the state n = 1 shows only a slightly larger spreading along the
wires for increasing values of ky and the state n = 2 increases the spreading along the wires
and into the lateral barrier regions. However, the amplitude probability for states 3 and 4
show very large extended character in all regions for small values of ky. In other words, the
addition of a substrate-graphene coupling term to the Dirac-like Hamiltonian increases the
lateral localization character of the extended states.

3.1.2 Anisotropic values of β : effects on the conductance
With the choice of different values for the parameter β in each region, the system should
reveal interesting effects. In order to analyze these effects, we define auxiliary quantities such
as Δ = βI − βI I I, βI I = βIV = 0, βI = βV and βI I I = 10 meV. When Δ �= 0, the interaction
between graphene sheet and substrate in regions I and I I I have different strength values.
Furthermore, one can also read out from Eq. (4) that the wavevector κI �= κI I I when Δ �= 0.
This situation mimics a spatial anisotropy as if the effective barrier heights in regions I and
I I I were different from each other. We predict that these spatial anisotropy induced by finite
Δ can be verified experimentally through a measure of the electrical conductance along the
y-direction. Very recently, this conductance, as a function of well width, has been investigated
theoretically in one dimensional channel formed by a single graphene p-n junction without the
interaction parameter β (Beenakker et al., 2006). It was shown that a minimum in the energy
dispersion En(ky) would generate a plateau in the conductance along the channel. In addition,
each minimum in the ground-state energy E1(ky) would contribute independently with an
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Fig. 5. (Color online) - Effects of substrate-graphene coupling strength on the shape of the
energy dispersion in a double wire system based on graphene sheet grown over a substrate.
Here, the double wire structure is symmetric with widths: L1 = L2 = 9 nm, Lb = 4 nm and
U0 = 150 meV. The strength values, βi, are taken different in the layers according to:
Δ = βI − βI I I, βI I = βIV = 0, βI = βV and βI I I = 10 meV.

amount of e2/h per spin and per valley degrees of freedom to the conductance. Therefore, two
minima in our dispersion relation E1(ky) should be responsible for a first step in the quantum
conductance at 8e2/h. It is claimed by (Beenakker et al., 2006) that this result can identify
a novel pseudo-spin dependent scattering mechanism in graphene thus, it should manifest
itself as a 8e2/h conductance step in a bipolar p-n junction. We are sure that in coupled double
wire graphene systems this conductance contribution would be simply enhanced by a factor
two with a plateau occurring near 16e2/h if the coupling between the wires is weak, which is
not the case here.
Nevertheless, these conclusions have motivated us to study the role of the spatial anisotropy
inducing modifications to the minimum found in the graphene double wire dispersion
relations. We have chosen to calculate the eigenvalues En(ky) for narrower well layer systems
where the quantum mechanical regime becomes fully achieved. In Fig. 5 we are showing
only one side of the energy dispersion En(ky) for states n = 1 (panel (a)) and n = 2 (panel
(b)) in a symmetric structure where L1 = L2 = 9 nm, Lb = 4 nm and U0 = 150 meV. At
this point we should recall that our theory can also be applied to graphene nanoribbons,
whose widths are typically of the order of 5 nm (Ritter & Lyding, 2009). As the parameter
Δ increases, from -10 to 30 meV in steps of 10 meV, we note minima in both energy branches
being systematically destroyed. Therefore, it is possible to claim that the physical mechanisms
leading to a plateau in the conductance near 16e2/h will be destroyed for a finite value of Δ.
Furthermore, the dotted and dash-dotted lines limit the confined states region at given critical
ky value associated to an asymmetry induced by Δ. Both dotted lines are given by Eq. (10)
with the minus sign. These results evidence that, for a more general situation regarding the
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Fig. 6. (Color online) - Effects of increasing spatial anisotropy on the E1(ky) minima for
β = 0. Different indicate different values for the set of parameters L1 − Lb − L2 nm, and
where U0 = 150 meV.

graphene sheet and substrate interaction strength, the parameter β in the Eqs. (9) and (10)
turns out to be equal to max(βI I , βIV) and min(βI , βI I I), respectively. This informs us that the
dotted energy lines limiting the confined state region can be determined by an appropriated
choice of the parameter strength β. As a final test to this graphene coupled double wire model,
we are showing in Fig. 6 the effects of increasing the spatial asymmetry on the ground-state
double minima occurring for the structure L1 = 4 nm, Lb = 1 nm, L2 = 4 nm (referred as
4 − 1 − 4) when we neglect any interaction between graphene sheet and the substrate in all
layers of Fig. 2. As can be noted, when L2 decreases (dashed lines), the two degenerate minima
near ky = ±0.30nm−1 merge into a single one minimum at ky = 0. Therefore, in this lowest
channel mode the total amount added to the conductance plateau of 16e2/h for a symmetric
structure 4 − 1 − 4 will change back to the total amount 8e2/h in the asymmetric structures
shown in this figure.

3.1.3 Guidance efficiency
We show in Fig. 7(a) the dispersion relation En of the confined (guided) states (modes) in a
symmetrical structure. An spatial anisotropy has been induced here by assuming βI I = 0 and
βIV = 40 meV. The branches En indicate the n different roots of the Eq. (7) for any given
wavevector ky. These branches were found numerically in a region limited by the long- and
short-dashed lines, which are roughly given by the expressions E = γky and E = ±γky +
U0, respectively. Outside this region, the quasiparticle can be assumed to be free from the
effects of U(x). The intersections of these dashed lines with each branch n indicate the points
(ky, En)which determine, through the Eq. (8), the critical angles θc(En). The guidance through
the y-direction in the whole structure is only allowed for those angles greater than θc(En). The
two lowest energy branches, E0 and E1, get coupled strongly as the wavevector ky increases.
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Fig. 5. (Color online) - Effects of substrate-graphene coupling strength on the shape of the
energy dispersion in a double wire system based on graphene sheet grown over a substrate.
Here, the double wire structure is symmetric with widths: L1 = L2 = 9 nm, Lb = 4 nm and
U0 = 150 meV. The strength values, βi, are taken different in the layers according to:
Δ = βI − βI I I, βI I = βIV = 0, βI = βV and βI I I = 10 meV.

amount of e2/h per spin and per valley degrees of freedom to the conductance. Therefore, two
minima in our dispersion relation E1(ky) should be responsible for a first step in the quantum
conductance at 8e2/h. It is claimed by (Beenakker et al., 2006) that this result can identify
a novel pseudo-spin dependent scattering mechanism in graphene thus, it should manifest
itself as a 8e2/h conductance step in a bipolar p-n junction. We are sure that in coupled double
wire graphene systems this conductance contribution would be simply enhanced by a factor
two with a plateau occurring near 16e2/h if the coupling between the wires is weak, which is
not the case here.
Nevertheless, these conclusions have motivated us to study the role of the spatial anisotropy
inducing modifications to the minimum found in the graphene double wire dispersion
relations. We have chosen to calculate the eigenvalues En(ky) for narrower well layer systems
where the quantum mechanical regime becomes fully achieved. In Fig. 5 we are showing
only one side of the energy dispersion En(ky) for states n = 1 (panel (a)) and n = 2 (panel
(b)) in a symmetric structure where L1 = L2 = 9 nm, Lb = 4 nm and U0 = 150 meV. At
this point we should recall that our theory can also be applied to graphene nanoribbons,
whose widths are typically of the order of 5 nm (Ritter & Lyding, 2009). As the parameter
Δ increases, from -10 to 30 meV in steps of 10 meV, we note minima in both energy branches
being systematically destroyed. Therefore, it is possible to claim that the physical mechanisms
leading to a plateau in the conductance near 16e2/h will be destroyed for a finite value of Δ.
Furthermore, the dotted and dash-dotted lines limit the confined states region at given critical
ky value associated to an asymmetry induced by Δ. Both dotted lines are given by Eq. (10)
with the minus sign. These results evidence that, for a more general situation regarding the
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Fig. 6. (Color online) - Effects of increasing spatial anisotropy on the E1(ky) minima for
β = 0. Different indicate different values for the set of parameters L1 − Lb − L2 nm, and
where U0 = 150 meV.

graphene sheet and substrate interaction strength, the parameter β in the Eqs. (9) and (10)
turns out to be equal to max(βI I , βIV) and min(βI , βI I I), respectively. This informs us that the
dotted energy lines limiting the confined state region can be determined by an appropriated
choice of the parameter strength β. As a final test to this graphene coupled double wire model,
we are showing in Fig. 6 the effects of increasing the spatial asymmetry on the ground-state
double minima occurring for the structure L1 = 4 nm, Lb = 1 nm, L2 = 4 nm (referred as
4 − 1 − 4) when we neglect any interaction between graphene sheet and the substrate in all
layers of Fig. 2. As can be noted, when L2 decreases (dashed lines), the two degenerate minima
near ky = ±0.30nm−1 merge into a single one minimum at ky = 0. Therefore, in this lowest
channel mode the total amount added to the conductance plateau of 16e2/h for a symmetric
structure 4 − 1 − 4 will change back to the total amount 8e2/h in the asymmetric structures
shown in this figure.

3.1.3 Guidance efficiency
We show in Fig. 7(a) the dispersion relation En of the confined (guided) states (modes) in a
symmetrical structure. An spatial anisotropy has been induced here by assuming βI I = 0 and
βIV = 40 meV. The branches En indicate the n different roots of the Eq. (7) for any given
wavevector ky. These branches were found numerically in a region limited by the long- and
short-dashed lines, which are roughly given by the expressions E = γky and E = ±γky +
U0, respectively. Outside this region, the quasiparticle can be assumed to be free from the
effects of U(x). The intersections of these dashed lines with each branch n indicate the points
(ky, En)which determine, through the Eq. (8), the critical angles θc(En). The guidance through
the y-direction in the whole structure is only allowed for those angles greater than θc(En). The
two lowest energy branches, E0 and E1, get coupled strongly as the wavevector ky increases.
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Fig. 7. (Color online) (a) The energy dispersion relation En(ky) for an structure whose
parameters are L1 = L2 = 20 nm, Lb = 10 nm and U0 = 100 meV. The six lowest subbands
(or modes) are shown. (b) The parameter Δn as a function of the wavevector ky for the 4
lowest energy modes.

The same effect occurs with the two subsequent branches E2 and E3. Such sort of effect is not
present in the single waveguide case. Notice that, with such a spectrum, we thoroughly map
out the allowed coupled guided modes in our biwire system. Furthermore, it is interesting to
notice that the guided mode of the second order, n = 2, is the only one which is present in the
long wavelength limit ky → 0, with the energy En=2(ky → 0) � U0.
It is worth to mention that, for a given value of the wavevector ky, the reflection angles θ I I

n and
θ IV

n assume different values when βI I �= βIV .Indeed, the spatial anisotropy effect induced by
considering different graphene-substrate interaction strength in each waveguide moved us to
define and analyze the quantity

Δn =
∣∣∣θ j=I I

n − θ
j=IV
n

∣∣∣ (12)

as a function of the wavevector ky. It serves as an auxiliary quantity showing how the
reflections in the two waveguides are actually taking place. When Δn is identically equal
to zero, the reflections in the two waveguides are occurring strictly in phase. We plot Δn in
Fig. 7(b) for n = 0, 1, 2 and 3. All parameters are the same as in Fig. 7(a). We found maxima in
the Δn as a function of ky for all the considered subbands n. The corresponding wavevector
values of these maxima indicate the parallel momenta (or energy) for which the out-of-phase
reflections in the two wires lead to the most destructive effect.
We stress that all guided modes found in Fig. 7(a), i.e., the different n branches, can
be considered as of infinite lifetime since we are considering purely real energies only
(Nguyen et al., 2009).
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3.2 Double barrier (One well)
For the sake of completeness, we now show results for an single waveguide, of width 50 mn,
in the absence of any substrate interaction, i.e., βj ≡ β = 0 for all regions. To produce a single
waveguide, we take the barrier width Lb → 0 and the well width L1 = L2 = 25 nm. It is
not difficult to realize that such parameters simply lead to the wavevector ky → γ−1En sin θ,
where θ is the reflection angle within the single waveguide defined in the Eq. (8). Therefore,
we solve Eq. (7) in order to find the n different roots En for a given angle θ. In this way,
we plot in Fig. 8(a) the dispersion relation En of the confined (guided) states (modes) in this
single waveguide as a function of the reflection angle θ. As one can notice, there is much
evidence of the existence of guided modes up to the seventh order. These modes were found
in a region limited by dotted lines, which are given by γky + U0 and U0 − γky. The electrons
whose energies are located outside this region are not allowed to be guided with any value for
θ whatsoever. Intersections of the branches En with the dotted lines indicate the critical angle
for each mode n. They are marked with circles in Fig. 8(a). Beyond these angles, the guidance
should take place in the structure. We finally plot in Fig.8(b) the probability density function
ρnθ(x) in terms of θ (instead of ky) for the four lowest guided modes. By showing them, we
completely mapped out the values of the reflection angle θ for which the guidance takes place
with the most probability.

Fig. 8. (Color online) (a) The energy dispersion En as a function of the reflection angle θ for a
single waveguide of width 50 nm. Here, U0 = 100 meV. The red circles indicate the critical
angles: θc(E0) = 0.92 rad, θc(E1) = 0.40 rad, θc(E2) = 0.0 rad and θc(E3) = 0.05 rad. (b) The
probability density function ρnθ(x) corresponding to the 4 lowest energy branches showed in
part (a).
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Fig. 7. (Color online) (a) The energy dispersion relation En(ky) for an structure whose
parameters are L1 = L2 = 20 nm, Lb = 10 nm and U0 = 100 meV. The six lowest subbands
(or modes) are shown. (b) The parameter Δn as a function of the wavevector ky for the 4
lowest energy modes.

The same effect occurs with the two subsequent branches E2 and E3. Such sort of effect is not
present in the single waveguide case. Notice that, with such a spectrum, we thoroughly map
out the allowed coupled guided modes in our biwire system. Furthermore, it is interesting to
notice that the guided mode of the second order, n = 2, is the only one which is present in the
long wavelength limit ky → 0, with the energy En=2(ky → 0) � U0.
It is worth to mention that, for a given value of the wavevector ky, the reflection angles θ I I

n and
θ IV

n assume different values when βI I �= βIV .Indeed, the spatial anisotropy effect induced by
considering different graphene-substrate interaction strength in each waveguide moved us to
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3.2 Double barrier (One well)
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we solve Eq. (7) in order to find the n different roots En for a given angle θ. In this way,
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Fig. 8. (Color online) (a) The energy dispersion En as a function of the reflection angle θ for a
single waveguide of width 50 nm. Here, U0 = 100 meV. The red circles indicate the critical
angles: θc(E0) = 0.92 rad, θc(E1) = 0.40 rad, θc(E2) = 0.0 rad and θc(E3) = 0.05 rad. (b) The
probability density function ρnθ(x) corresponding to the 4 lowest energy branches showed in
part (a).
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4. Collective excitations in graphene quantum wires

Collective excitations (plasmon modes) are the most elementary excitations due to Coulomb
interaction. These modes should be seen experimentally through the Raman inelastic
scattering spectra (Bostwick et al., 2007). Within the linear response theory, plasmon modes
can be theoretically modeled by finding out the poles of the dielectric function, which will be
written here within the RPA. Since we are dealing with two coupled graphene stripes, it shall
be worthy to develop below the fundamental expressions of interest in order to properly get
the dielectric function (Ehrenreich & Cohen, 1959).

4.1 Triple barrier in weak tunneling regime
For the sake of simplicity, we set the solutions for the pseudo-spinor φnk(x) by assuming
an extremely weak tunneling regime between the wires. In such a regime, the system can
be considered as two independent waveguides. This procedure simplifies the model and
represents a very feasible experimental situation in which the gate voltage, as shown in Fig.2,
is increased to values up to 1 eV. The results shown in (Williams et al., 2011) supports such
an approach. The graphene based waveguides turn out to be of a high efficiency, which
suggests that the Klein tunneling through the barriers turn out be a less important effect.
Indeed, armchair edged GNRs are considered to be no longer a gapless semiconductor. In
such a regime, the pseudo-spinor components are considered to be identically zero outside
both wires, including the barrier region.
Thus, we neglect the coupling between higher subbands and assume charges (electrons)
occupying the lowest subband only, so that subband index n is treated here as waveguide
index. The proposed analytical solutions for the pseudo-spinor can assume the following
form (Villegas & Tavares, 2011):

φnk(x) =
(

An sin k0
n
[
x + (−1)n+1Lb/2

]
Bnk0

n cos k0
n
[
x + (−1)n+1Lb/2

]− k sin k0
n
[
x + (−1)n+1Lb/2

]
)

. (13)

Here, the coefficients An =
√

2/Ln and Bn = −iγAn/ [En + β] , with En=1,2(k) =

γ
√

k2 + (k0
n)2 + (βγ−1)2 being the hyperbolic eigenvalues of H. Notice that k0

n = π/Ln is the
quantized wave-vector corresponding to the fundamental quantum state in both waveguides

4.2 Linear response approach
We then start writing out the usual screened Coulomb potential for the Fermions embedded
in our structure Jackson (1998),

Vs(r) =
1

4π�0

∫
dr� ρ(r�)

|r − r�| , (14)

where �0 is the static background dielectric constant which depends on the substrate over
which the graphene sheet lies (Ando, 2006). Here, the RPA density-density correlation
function

ρ(r, ω) =
e2

Ly
∑

m,n,k,q
ψ∗

mk(x, y) ψn,k+q(x, y)Πmn(k, q, ω) Vmn(k, q) (15)
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Fig. 9. The optical ω+ (black branches) and acoustical ω− (red branches) plasmons for the
background values: (i) �0 = 1 (solid-line branches) and (ii) �0 = 3.9 (dashed-line branches).
The Fermi wavevector k f = 0.7x106 cm−1 and the sample parameters are L1 = L2 = 20 nm.
We keep β = 0.

is written in terms of both the noninteracting polarizability function,

Πmn(k, q, ω) = gvgs
f [Em(k)]− f [En(k + q)]

Em(k)− En(k + q)− �ω − iδ� , (16)

with gv and gs being the valley and spin degeneracy, respectively, and the total Coulomb
potential V ≡ Vext + Vs, where Vext is the external potential. The wavevector q is the usual
transferred momentum due to Coulomb interaction and ω is the external frequency. Since
the total potential Vmn(k, q) in Eq. (15) is a function of two wave-vectors, one should Fourier
transform the potential Vs(r), and take advantage from Eq. (15), to write

Vs
mn(k, q, ω) =

1
Ly

∑
m�,n�,k�,q�

Πm�n� (k�, q�, ω)×

υmnm�n� (k�, k, q)× Vm�n� (k�, q�), (17)

where

υmnm�n� (k, k�, q) =
2e2

�0

∫
dx�

∫
dx φ∗

m,k(x)φn,k+q(x)×

K0(q
∣∣x − x�

∣∣)φ∗
m�,k�+q(x

�)φn�,k�(x
�). (18)

Here, K0 is the zero-order modified Bessel function of the second kind.
The 1D spatial confinement used here couples the motion in the x-direction to the motion
in the y-direction through the wavevector k, leading υmnm�n� to be dependent also on
the wavevectors k and k�. We mention that this turns out to be a difficulty, since it
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makes the dielectric function depends not only on the wave-vector q, but also on the
wavevectors k and k�(Brey & Fertig, 2007). As a matter of fact, for 1D semiconductor systems
(Wendler & Grigoryan, 1996; Xia & Hai, 2002) in the presence of perpendicular magnetic field,
this difficulty has been overcame by treating the k and the spatial dependencies separated
from each other, and expanding the wavefunction in a perturbation series in such a way
that the dielectric function could be projected into a finite submatrix, whose dimension is
the same as the perturbation order. In this work, we also overcome this difficulty by using
the same technique and further taking the advantage from the natural relation between the
pseudo-spinors components.
Notice first that the spinor component

φB
nk(x) = − iγ

[En(k) + β]

[
dφA

nk
dx

− kφA
nk

]
(19)

can be written in terms of its counterpart φA
nk(x) by virtue of the symmetry of the Eq. 1 only.

This leads the Coulomb potential form factor to be written as

υmnm�n� (k, k�, q) = −γ2ηA(0)
mnm�n� + A(1)

mnm�n�k� + A(2)
mnm�n�k�2 + A(3)

mnm�n� , (20)

where
η(k�, q) = [(Em(k�) + β)(E(k� + q) + β)]−1,

and
Aμ

mnm�n� = a(0,μ)
mnm�n� + a(1,μ)

mnm�n�k + a(2,μ)
mnm�n�k2 with (μ = 0, 1, 2, and 3).

Secondly, notice that the k�-dependence in Eq. (20) has been explicitly taken out. The

coefficients a(0,μ)
ijmn (k, q), a(1,μ)

ijmn (k, q), and a(2,μ)
ijmn (k, q) for μ = 0, 1, 2, and 3 are shown in the

Appendix B and involves the spatial integrals shown in Eq. (18). The summation of the terms
on k� appearing in the Eq. (20) does not arise as a consequence of any perturbative approach
on ψnk(x, y).It rather shows up directly due to the nature of the Dirac equation, leading to the
Eq. (19). At this point, and in order to get the exact dielectric constant as a function of q and
ω only, we use the same technique as in Refs. (Li & Das Sarma, 1991; Rodríguez & Tejedor,
1994) and define

Xmn(q, ω) =
1
Ly

∑
k

Vs
mn(k, q, ω), (21)

so that the dynamically dielectric function come out straightforwardly after the standard
procedure in obtaining the relation ε(q, ω) = Vs/V.
Because of the weak tunneling condition and provided the system we are considering
in this paper is symmetric (L1 = L2 in Fig. 1), there are only two different elements
of υ, i.e., υ1111(q, k, k�) = υ2222(q, k, k�) = VA and υ1122(q, k, k�) = υ2211(q, k, k�) = VC .
(Tavares & Hai, 2000) Furthermore, in this work we consider the same 1D charge density
N1D = 2kF/π (with kF = 0.7 × 106cm−1) for both waveguides, so that the polarizability
Π11 = Π22 = Π0(k, q, ω). The collective excitation spectra is then obtained through the
condition of vanishing determinant of the matrix ε(q, ω). This condition leads to the equation
ε+ε− = 0, where
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ε±(q, ω) =

[
1 − ∑

k,k�
(VA ± VC)Π0

]
. (22)

The roots of ε+ = 0 and ε− = 0 provide the in-phase optical and out-phase acoustic plasmon
modes, respectively. These modes can be observed via inelastic light scattering spectroscopy
experiments. The acoustic mode represents densities in the two wires fluctuating out of
phase, whereas the optical mode represents densities in two wires fluctuating in phase. In
the following, we analyze these modes carefully.

Fig. 10. The optical ω+ (black branches) and acoustical ω− (red branches) plasmons for
different values of the parameter β : (i) β = 0 (solid-line branches) and (ii) β = 75meV
(dashed-line branches). The Fermi wavevector and the sample parameters are the same as in
the previous Figure. Here we keep �0 = 3.9. The green [blue] continuum is the SPE region for
the case (i) [(ii)].

4.3 Results and discussions
Firstly, let us discuss the interesting effects that different choices for the background dielectric
constant �0 have on the response functions ε+ and ε− and, as consequence, on the plasmon
dispersion relation. This dielectric constant accounts for the kind of material that serves as a
substrate over which the graphene sheet is eventually deposited. Here, we take two values
for it: (i) �0 = 1 and (ii) �0 = 3, 9. The first one represents the most elementar case where the
graphene sheet is suspended, while the case (ii) represents SiO2 as a substrate over which the
graphene sheet is deposited. The goal here is to show the effects of continuously changing �0
on the plasmon modes and also on the single-particle excitations (SPE). For such a purpose, we
show in Fig.9 the dispersion relation of the acoustic ω−(q) (red branches) and optical ω+(q)
(black branches) plasmon modes, as a function of the transferred wavevector q, for the two
values of �0 discussed above. The solid lines represent the results for �0 = 1, while results
for �0 = 3, 9 are shown in dashed lines. The shadow area is the continua where SPE occurs.
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These excitations are defined by a continuum region in the ω-q space where Im[Π0(q, ω)] �= 0
and are responsable for Landau damping the plasmon modes as they enter into (or approach
to) the shaded continuum. As �0 increases, the plasmons get closer and closer to the SPE
continuum. These results then suggest that these modes should be experimentally seen more
easily for materials with less values of �0, since they are far from the Landau damping region.
At this point we should briefly mention that, in the presence of effective tunneling between
the wells, the acoustic mode ω−(q) in Fig.9 should present a non-zero value in the long
wavelength limit q → 0. The same behavior certainly occurs if �0 = 11, 68, which corresponds
to the background value for GaAs. Despite of it, the results presented here should not be much
different when an effective, but still weak, tunneling is considered. Moreover, these results
turn out be the first step in theoretically approaching tunneling effects, which is certainly
responsible for losing guidance efficiency in the ballistical waveguides. In Fig. 10, we choose
to show the same results as in Fig. 9, but now varying the parameter β and keep the dielectric
constant �0 = 3.9. As the parameter β increases, the SPE continuum changes accordingly. Such
an effect on the SPE mimics an re-scaling of the Fermi surface as the parameter β increases.

5. Conclusion

In summary, we have studied single-particle properties of Dirac Fermions laterally confined to
coupled double wire graphene structures which are being embedded over different substrates,
and explored for 2D and 1D transport recently. We have added an ad-hoc term to the
pseudo-relativistic Dirac equation which controls the interaction between graphene sheets
and the substrate. Both the strength of this interaction as well as the spatial asymmetry
on the double wire structures can affect the extended and localized character of states and
the shape of the minima in the energy dispersion of the lowest subbands. We may claim
that these effects will manifest themselves on the quantum conductance of the system and,
eventually, changing the conductance plateau from 16e2/h to 8e2/h. We also have shown
the existence of guided modes up to the seventh order in single and double waveguides
based on graphene. Our results also show that different choices for β in both waveguides
induces spatial anisotropy effects on the guided modes, reflecting anomalous effects on their
probability density functions. We believe that these results are timely and may stimulate
further theoretical and experimental investigations on these graphene based structures.
We also have theoretically studied the acoustical and optical plasmon modes in coupled
graphene quantum wires in the extremely weak tunneling regime. In particular, attention
was devoted to the effects induced by the interaction between the graphene sheet and the
substrate. This interaction has been considered through an ad-hoc parameter β in the 2D
Dirac-like Hamiltonian modeling a more general diatomic system in which the graphene
lattice sites A and B might have different number of electrons. We have calculated the
Coulomb potential elements for this massless Fermion gas. We have shown that the parameter
β might be serving to screen the Coulomb interaction in the system. Such an effect manifests
itself in the dispersion relation of the optical and acoustical plasmon modes. We found that
the parameter β should eventually increase the damping effects on these modes.
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7. Appendix A

The 8 × 8 matrix M̂ is given by

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

f−(E+β I I)L
γe−κIθ m12 m13 0 0 0 0 0

0 m22 m23 m24 m25 0 0 0
0 0 0 m34 m35 m36 m37 0
0 0 0 0 0 m46 m47

f+(E+β IV)L
γe−κIδ

e−κI θ sin qI Iθ − cos qI Iθ 0 0 0 0 0
0 sin qI Iσ − cos qI Iσ e−κI I Iσ eκI I Iσ 0 0 0
0 0 0 eκI I Iσ e−κI I Iσ − sin qIVσ − cos qIVσ 0
0 0 0 0 0 − sin qIVδ − cos qIVδ e−κI δ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (23)

where

m12 = L(ky sin qI Iθ + qI I cos qI Iθ), m13 = L(qI I sin qI Iθ − ky cos qI Iθ),
m22 = L(ky sin qI Iσ + qI I cos qI Iσ), m23 = L(qI I sin qI Iσ − ky cos qI Iσ),

m24 = Lγ−1g−(E + βI I)e−κI I Iσ, m25 = Lγ−1g+(E + βI I)eκI I Iσ,
m34 = Lγ−1g−(E + βIV)e−κI I Iσ, m35 = Lγ−1g+(E + βIV)eκI I Iσ,

m36 = L(qIV cos qIVσ − ky sin qIVσ), m36 = −L(ky cos qIVσ + qIV sin qIVσ),
m46 = L(qIV cos qIVδ − ky sin qIVδ), m36 = −L(ky cos qIVδ + qIV sin qIVδ).

Here, we also define f± = γ(ky ± κI) / (E − U + βI), g± = γ(ky ± κI I I) / (E − U + βI I I), θ =
(2L1 + Lb)/2, σ = Lb/2, and δ = (2L2 + Lb)/2.
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These excitations are defined by a continuum region in the ω-q space where Im[Π0(q, ω)] �= 0
and are responsable for Landau damping the plasmon modes as they enter into (or approach
to) the shaded continuum. As �0 increases, the plasmons get closer and closer to the SPE
continuum. These results then suggest that these modes should be experimentally seen more
easily for materials with less values of �0, since they are far from the Landau damping region.
At this point we should briefly mention that, in the presence of effective tunneling between
the wells, the acoustic mode ω−(q) in Fig.9 should present a non-zero value in the long
wavelength limit q → 0. The same behavior certainly occurs if �0 = 11, 68, which corresponds
to the background value for GaAs. Despite of it, the results presented here should not be much
different when an effective, but still weak, tunneling is considered. Moreover, these results
turn out be the first step in theoretically approaching tunneling effects, which is certainly
responsible for losing guidance efficiency in the ballistical waveguides. In Fig. 10, we choose
to show the same results as in Fig. 9, but now varying the parameter β and keep the dielectric
constant �0 = 3.9. As the parameter β increases, the SPE continuum changes accordingly. Such
an effect on the SPE mimics an re-scaling of the Fermi surface as the parameter β increases.

5. Conclusion

In summary, we have studied single-particle properties of Dirac Fermions laterally confined to
coupled double wire graphene structures which are being embedded over different substrates,
and explored for 2D and 1D transport recently. We have added an ad-hoc term to the
pseudo-relativistic Dirac equation which controls the interaction between graphene sheets
and the substrate. Both the strength of this interaction as well as the spatial asymmetry
on the double wire structures can affect the extended and localized character of states and
the shape of the minima in the energy dispersion of the lowest subbands. We may claim
that these effects will manifest themselves on the quantum conductance of the system and,
eventually, changing the conductance plateau from 16e2/h to 8e2/h. We also have shown
the existence of guided modes up to the seventh order in single and double waveguides
based on graphene. Our results also show that different choices for β in both waveguides
induces spatial anisotropy effects on the guided modes, reflecting anomalous effects on their
probability density functions. We believe that these results are timely and may stimulate
further theoretical and experimental investigations on these graphene based structures.
We also have theoretically studied the acoustical and optical plasmon modes in coupled
graphene quantum wires in the extremely weak tunneling regime. In particular, attention
was devoted to the effects induced by the interaction between the graphene sheet and the
substrate. This interaction has been considered through an ad-hoc parameter β in the 2D
Dirac-like Hamiltonian modeling a more general diatomic system in which the graphene
lattice sites A and B might have different number of electrons. We have calculated the
Coulomb potential elements for this massless Fermion gas. We have shown that the parameter
β might be serving to screen the Coulomb interaction in the system. Such an effect manifests
itself in the dispersion relation of the optical and acoustical plasmon modes. We found that
the parameter β should eventually increase the damping effects on these modes.
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7. Appendix A

The 8 × 8 matrix M̂ is given by

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
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⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (23)

where

m12 = L(ky sin qI Iθ + qI I cos qI Iθ), m13 = L(qI I sin qI Iθ − ky cos qI Iθ),
m22 = L(ky sin qI Iσ + qI I cos qI Iσ), m23 = L(qI I sin qI Iσ − ky cos qI Iσ),

m24 = Lγ−1g−(E + βI I)e−κI I Iσ, m25 = Lγ−1g+(E + βI I)eκI I Iσ,
m34 = Lγ−1g−(E + βIV)e−κI I Iσ, m35 = Lγ−1g+(E + βIV)eκI I Iσ,

m36 = L(qIV cos qIVσ − ky sin qIVσ), m36 = −L(ky cos qIVσ + qIV sin qIVσ),
m46 = L(qIV cos qIVδ − ky sin qIVδ), m36 = −L(ky cos qIVδ + qIV sin qIVδ).

Here, we also define f± = γ(ky ± κI) / (E − U + βI), g± = γ(ky ± κI I I) / (E − U + βI I I), θ =
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