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Preface

The invariable motif for analog design is to explore the new circuit topologies, architectures,
and CAD technologies as well as the traditional circuit and layout optimization to overcome
the design challenges coming from the new applications and new fabrication technologies.

The ADC design is explored with new architecture for bio-medical application in the
chapter A Successive Approximation ADC using PWM Technique for Bio-Medical
aApplications, the RFIC design is explored with one of the future mainstream fabrication
process in the chapter Radio Frequency IC Design with Nanoscale DG-MOSFETs , the
circuit synthesis for one of the key analog module circuit is explored in the chapter Memetic
Method for Passive Filters Design, one of the analog circuit analysis technologies is
explored in the chapter Interval Methods for Analog Circuits, and the fault diagnosis
method is explored in the chapter Fault Diagnosis in Analog Circuits via Symbolic
Analysis Techniques.

In the chapter A Successive Approximation ADC using PWM technique for bio-medical
applications a new architecture for a SAR A/D converter using the PWM technique in the
internal DAC stage is presented; the proposed architecture aims to eliminate the process
mismatches and thus minimize the errors. In order to validate this architecture, a 4bit A/D
converter has been simulated on Spectre simulator using BSIM3v3 model for a 0.5um CMOS
process. The power consumption is only 16mW for a power supply of 2.5V. The sample rate
was limited to 200Hz, regarding the circuit design and the maximum frequency achieved by
the CMOS process.

The chapter Radio Frequency IC Design with Nanoscale DG-MOSFETs presents an
exhaustive collection of DG-MOSFET based analog radio frequency integrated circuits of LC
oscillators, PA, LNA, RF Mixer, OOK Modulator, Envelope Detector and Charge Pump PFD
for today’s wireless communication, satellite navigation, sensor networks etc. Industry
standard SPICE simulations show that such RFICs with nanoscale DG-MOSFETs can
present the excellent performance.

In the chapter Memetic Method for Passive Filters Design the automated system for a
passive filter circuits design was presented. The circuit’s topology as well as its elements
values is optimized together in the MGP system. Thanks to the deterministic algorithm of
the local searching engaging (HJM), the speed of convergence to the well evaluated
solutions during the evolutionary computations grows significantly and the values of the
filter’s elements are adjusted to the most fitted ones for an actual circuit topology.

In the chapter Interval Methods for Analog Circuits, for the calculating of the operating
regions (solutions) for linear circuits, the circuits are described by linear interval equations



with the circuit parameters done as the interval numbers, and an algorithm of iterative
evaluation of the bounds of operating regions is presented to calculate multidimensional
rectangular region bounding the set of operating points. For finding DC solutions of
nonlinear, inertial-less circuits, the predictor-corrector method controls the corrector step
with the sufficiently large predictor step and the corrector step not jumping to another
continuation path during solving the points of continuation path of a nonlinear equation;
and Krawczyk operator is used in n-dimensional box-searching of all solutions.

In the chapter Fault Diagnosis in Analog Circuits via Symbolic Analysis Techniques a
generalized fault diagnosis and verification approach for linear analog circuits was
discussed. A symbolic method is proposed to solve the testability problem during the
detection and location of the multiple faults in a linear analog circuit in frequency domain,
then to exactly evaluate the faulty parameter deviations.

Enjoy the book!
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Chapter 1

A Successive Approximation ADC using PWM
Technique for Bio-Medical Applications

Tales Cleber Pimenta, Gustavo Della Colletta,
Odilon Dutra, Paulo C. Crepaldi,
Leonardo B. Zocal and Luis Henrique de C. Ferreira

Additional information is available at the end of the chapter

http://dx.doi.org/10.5772/51715

1. Introduction

Analog to digital (A/D) converters provide the interface between the real world (analog) and
the digital processingdomain. The analog signals to be converted may originate from many
transducers that convert physical phenomena like temperature, pressure or position to elec‐
trical signals. Since these electrical signals are analog voltage or current proportionals to the
measured physical phenomena, its necessary to convert them to digital domain to conduct
any computational. Nowadays, the development of the IC technology resulted in a growth
of digital systems. A/D converters are present in the automotive industry, embedded sys‐
tems and medicine for example. Thus, A/D converters have become important and the large
variety of applications implies different types of A/D conversions.

For the A/D type considerations, the analog input should be characterized as one of the fol‐
lowing three basic signal types [3].

• Direct current (DC) or slowly varying analog signals.

• Continuous changing and single event alternating current (AC) signals.

• Pulse-amplitude signal.

For sampling the first type of signals, typical A/D conversion architectures are slope, volt‐
age to frequency, counter ramp and sigma-delta. The second signal type is better sampled
using the successive approximation,  multistep and full  parallel  A/D conversion architec‐
tures. The last signal type uses successive approximation, multistep, pipeline and full par‐
allel architectures.

© 2013 Pimenta et al.; licensee InTech. This is an open access article distributed under the terms of the
Creative Commons Attribution License (http://creativecommons.org/licenses/by/3.0), which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

© 2013 Pimenta et al.; licensee InTech. This is a paper distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.



After choosing the A/D converter architecture, it is important to keep in mind that any of
them have nonlinearities that degrade the converter performance. These nonlinearities are
accuracy parameters that can be defined in terms of Differential Nonlinearity (DNL) and In‐
tegral Nonlinearity (INL). Both have negative influence in the converter Effective Number of
Bits (ENOB) [2].

• Differential Nonlinearity (DNL) is a measure of how uniform the transfer function step
sizes are. Each one is compared to the ideal step size and the difference in magnitude is
the DNL.

• Integral Nonlinearity (INL) is the code midpoints deviation from their ideal locations.

Therefore it is important to design implementations capable of improving the ADCs per‐
formance by improving DNL and INL.

Physiological signals have amplitudes ranging from tens of μV to tens of mV and the fre‐
quencies spanning from DC to a few KHz. By considering those features and the application
requirements, in order to make a reliable conversion, A/D converter may not have missing
codes and must be monotonic. This can be accomplished assuring that the DNL error is less
then 0.5 of last significant bits (LSBs).

2. Biomedical Application

Advances in low power circuit designs and CMOS technologies have supported the research
and development of biomedical devices that can be implanted in the patient. These devices
have a sensor interface specially designed to acquire physiological signals, usually com‐
posed of an operational amplifier with programmable gain and reconfigurable band-width
features, low pass filter and an A/D converter [8, 10]. The signals are acquired and digital‐
ized in the sensor, thus protecting data from external noise interference.

Specific research on A/D converters for biomedical application is focused on design low
power circuits regardless of the monotonic feature, once DNL error is above 0.5 LSBs, affect‐
ing the converter accuracy [5, 6]. The proposed Successive Approximation architecture of‐
fers both low power consumption and high accuracy features for use in biomedical applications.

3. Conventional SAR architectures

Figure 1 illustrates the block diagram of the conventional SAR architecture. It is composed
of a Successive Approximation Register that controls the operation and stores the output
converted digital data, of a digital-to-analog converter stage (DAC), a comparator usually
built with a operational amplifier and of a sample and hold circuit. The output can be taken
serially from the comparator output or parallel from the SAR outputs.

The operation consists on evaluating and determining the bits of the converted digital word,
one by one, initiating from the most significant bit. Thus the SAR architecture uses n clock
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cycles to convert a digital word of n bits. The successive approximation architecture pro‐
vides intermediate sample rates at moderate power consumption that makes it suitable for
low power applications.

The internal DAC stage, illustrated in Figure 1 is usually designed using capacitor networks
that are susceptible to mismatches caused by the fabrication process variation, since the de‐
sign is based on absolute capacitance values. These mismatches affect the converter accura‐
cy, thus increasing the DNL and INL errors.

Figure 1. Conventional and proposed SAR architecture and conventional internal DAC stage.

A Successive Approximation ADC using PWM Technique for Bio-Medical Applications
http://dx.doi.org/10.5772/51715
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4. Proposed Architecture

The presented architecture aims to eliminate the mismatches introduced during fabrication
process by replacing the conventional internal DAC based on capacitor networks by a digi‐
tal PWM modulator circuit and a first order low pass filter.

Figure 1 shows the block diagram of the proposed architecture (dotted line) as a modifica‐
tion on a conventional one (full line).

A PWM signal can be stated in terms of an even function, as illustrated in Figure 2 [1]. By
using Fourier series, it can be represented in terms of equations (1) to (4).

Figure 2. PWM signal stated as an even function.

f (t)= A0 + ∑
n=1

∞
Ancos( 2nπt

T ) + Bnsin( 2nπt
T ) (1)

A0 = 1
2T ∫−T

T f (t)dt (2)

An = 1
2T ∫−T

T f (t)cos( 2nπt
T )dt (3)

Bn = 1
2T ∫−T

T f (t)sin( 2nπt
T )dt (4)

where A0 represents the fundamental frequency, An states the even harmonics and Bn states
the odd harmonics.

By performing the integral on a PWM signal with amplitude (f(t)=k), the results are given by
equations (5) to (7).

A0 =kp (5)
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An =k 1
nπ sin(nπp)− sin(2nπ(1− p

2 )) (6)

Bn =0 (7)

where p denotes the duty cycle.

That result shows that the PWM signal consists of a DC level and a square wave of zero
average, as illustrated in Figure 3. Only the DC level is necessary in order to implement an
internal DAC stage, since any DC level varying from zero to k can be obtained by selecting
the proper duty cycle.

Figure 3. PWM signal split in a D.C level plus a square wave.

A way of recovering the DC level is to low pass filter the PWM signal. Since there is no ideal
filter, the recovered DC level will have a certain ripple, as illustrated in Figure 4.

Figure 4. Low pass filtering the PWM signal.

4.1 Modeling

This section provides the modeling of a 4 bit A/D Converter. Functional models for the SAR,
PWM generator, Low pass filter and comparator blocks are discussed. Also the equating
necessary to determine the filter features and clock frequencies is developed. SAR and PWM

A Successive Approximation ADC using PWM Technique for Bio-Medical Applications
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generator digital circuits are modeled using VHDL hardware description language. Compa‐
rator and the first order low pass filter are modeled using compartmental blocks.

A macro level simulation is performed using MatLab in order to validate the architecture.
Electrical and post layout simulations are performed using Spectre simulator. The A/D con‐
verter Layout is developed in 0.5 μm standard CMOS process using Cadence Virtuoso and
NCSU Design Kit (Free design kit available from North Caroline State University).

4.1.1 Successive Approximation Digital Logic

The Successive Approximation logic evaluates every digital word output bit according to
the clock (CLK) signal. Thus, initiating by the most significant bit, one by one, the bits are
evaluated and determined, until the last significant bit. Figure 4 illustrates the SAR digital
circuit. The control logic is based on a simple shift register. There is also a flip-flop array that
stores the input selection (SEL) that is attached to the comparator output.

On a reset (RST) signal, the shift register is loaded with 10000 and the flip-flop array is load‐
ed with 0000. The combinational logic based on OR gates assures the value 1000 at the out‐
put (Q3-Q0). When the first clock pulse arrives, the shift register value is changed to 01000
while the flip-flop array remains with the same value, except for the most significant bit,
since it has been already determined. Thus, the SAR output will show something like X000,
where X represents the previously determined value.

One special feature is to use an extra flip-flop in the shift register to indicate the end of con‐
version (END), enabling the converted digital word to be read in the rising edge of the fifth
clock pulse.

Figure 5. Successive Approximation Register.

4.1.2 Low Pass Filter

Circuits powered by 2.5V using a 0.5 μm standard CMOS process, as in this case, can operate
at 2MHz maximum frequency, limiting the operation to about 200 Hz of sampling rate, re‐
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garding the proposed architecture design. These feature lead to a high value of capacitance
in the RC first order low pass filter, which is impracticable to be integrated. An alternative
used to validate the proposed architecture is the implementation of an external first order
RC low pass filter, as show in Figure 6.

4.1.3 Digital PWM Modulator

The digital PWM modulator circuit is capable of varying the duty cycle of the output (PWM)
according to the digital input word (D3™ D0). The circuit is illustrated in Figure 7 and con‐
sists of registers, a synchronous 4-bit counter, a combinational reset and a combinational
comparison logic.

Figure 6. External RC first order low pass filter.

On a reset (RST) pulse, the counter resets to 0000 and the registers store the input word. The
counter is incremented at every clock (CLK) cycle and the comparison logic assures that the
output remains set while the counter does not reach the value stored into the registers.
When it occurs, the output resets and the count continues until the counter reaches the end
of counting. The reset logic makes the output flip-flop to set every time the counter resets,
thus assuring that the output is set at the beginning of the counting. At this time, the regis‐
ters are updated with the value present in the input (D3- D0) from the SAR output. The reset
logic also has a flip-flop responsible for synchronizing the output of the AND gate to the
clock signal, since the AND inputs arrive at different timings.

4.1.4 Inverter Based Comparator

The inverter based comparator circuit is used in order to decrease power consumption, since
there is no quiescent power consumption. Figure 8 illustrates the comparator stage that uses
a low power consumption architecture [7].

The circuit uses lagged clock signals to avoid overlapping, therefore assuring that the
switches S1, S2 and S3 do not close at the same time. At time ϕ 1, the switch S2 is open and the
switches S1 and S3 are closed, thus charging the capacitor C with Vin-Vth, where Vth is the in‐

A Successive Approximation ADC using PWM Technique for Bio-Medical Applications
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verter threshold voltage. Consequently any voltage variation during time ϕ 2 will be sensed
by the inverter.

At time ϕ 2, the switches S1 and S3 are open and S2 is closed, thus applying to the capacitor C
the voltage produced by the PWM generator. This produces a voltage variation in the inver‐
ter input and the comparator makes the decision.

The switches S1, S2 and S3 were replaced by solid state switches based on a nMOS transistor.
After passing through a booster circuit, the clock signal is applied to the transistors gates.

4.1.5 Equating

The previous subsections illustrated the functional models for each stage of the proposed 4-
bit A/D converter. Nevertheless is still necessary to determine the low pass filter features
and the clock frequency for the digital stages, SAR, comparator and PWM generator.

The comparator must evaluate every time the SAR tests a new bit, so they have to be
synchronized by the same clock signal. Assuming that all N bits must have to be determined
before a new sampling begins, equation (8) states the clock frequency for the comparator
and the SAR stage.

Figure 7. Digital Pulse Width Modulation generator.

f SAR ≥ f s × N (8)

Analog Circuits10
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where N represents the shift register number of bits, including the EOC bit and fs represents
the sampling rate.

Now, the low pass filter time constant ought to be determined. Equation (9) shows the cut
off frequency for the first order filter.

f c = 1
2πτ (9)

where fc represents the cut of frequency and τ states the filter time constant.

Assuming 5 τ to accommodate a signal, equation (9) can be rewritten as equation (10)

f c = 1
2π5τ (10)

From Figure 1, it can be observed that the filter must respond faster or at least at the same
rate the SAR tests each bit. Thus, equation (11) states the maximum time constant for the
low pass filter.

τ ≤ 1
2π5 f SAR

(11)

Figure 8. Inverter comparator circuit.

The frequency of the PWM signal must have to be characterized in order to be properly fil‐
tered. Since there is no ideal filter, the filtered signal will present a ripple. The PWM signal
can be stated in terms of DC level and a sum of even harmonics, as in 12.

FPWM (t)= A0 + ∑
n=1

∞
Ancos( 2nπt

T ) (12)

Taking into account only the even harmonics, as stated in 13, the energy carried by them can
be determined.

gn(t)= Ancos( 2nπt
T ), n =(0, 1, 2, ...) (13)
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It is known that the energy is proportional to (gn
2(t)). The maximum energy occurs at

∂
∂p gn

2(t)=0. Thus:

∂
∂ p gn

2(t)= ∂
∂ p (An

2cos 2( 2nπt
T ))

= cos 2( 2nπt
T ) ∂

∂ p (An
2)

= cos 2( 2nπt
T )2An

∂
∂ p (An)=0

(14)

Equation 14 shows that the cosine term is independent of the duty cycle p and that the maxi‐

mum energy occurs when 
∂

∂p An =0, as shown in 15.

∂
∂ p An = ∂

∂ p ( 1
nπ sin(nπp)− sin(2nπ(1− p

2 ) )

= cos(nπp) + cos(2nπ(1− p
2 ))

= cos(nπp) + cos(2nπ −nπp)
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It can be observed that cos(2 n π) is unity for any value of n, the term sin(2 n π) is zero for
any value of n. Thus, equation 15 can be rewritten in terms as 16.

∂
∂ p An =2cos(nπp)=0 (16)

Equation 16 shows that  the maximum energy in  each harmonic  is  obtained at  different
duty cycles.

Since there is no ideal filter, after the low pass filtering, the harmonics will not be completely
eliminated, but attenuated. It is necessary to evaluate the minimum attenuation required by
system, once it is directly linked to ripple amplitude present in the filtered DC level.

Since the first harmonic caries the most energy, it is reasonable to take just it into account to
characterize the low pass filter.

Thus, considering the first harmonic (n=1) and the maximum energy scenario (p = 1
2 ), isolat‐

ing the first harmonic term Ancos( 2nπt
T ), the maximum ripple expression can be expressed by

17. Figure 9 illustrates the PWM signal, where h1 represents the ripple amplitude variation
given by the first harmonic.

h 1 = 2k
π cos( 2nπt

T ) (17)
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It is important to notice that the cosine term introduces a variation interval of −
2k
π ≤

2k
π  in

the ripple amplitude. Equation 18 shows the maximum peak to peak variation.

h 1 pp = 2k
π − (− 2k

π )= 4k
π (18)

Figure 9 illustrates two sequential quantization levels defined by the filtered PWM signal. If
the ripple present in two sequential quantization levels overlaps, the converter will lead to a
wrong conversion.

Figure 9. Maximum ripple amplitude.

Thus, equation (19) states the minimum attenuation necessary to keep ripple under an ac‐
ceptable value.

−h 1 pp
A≤ k

2N −1

− 4k
π A≤ k

2N −1

A≥ π
2N +1

AdB ≥ 20log( π
2N +1 )

(19)
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Since equation (19) expresses the attenuation in dB, the easier way to determine the PWM
frequency is to plot the Bode diagram of the previously designed low pass filter and look
directly into the frequency that provides the minimum necessary attenuation, as shown in
Figure 10. Higher attenuation will decrease the ripple amplitude assuring the correct behav‐
ior of the A/D converter and a maximum attenuation is limited by the maximum frequency
achieved by the PWM signal.

Finally, the PWM generator design requires a clock frequency 2N −1 times greater then out‐
put PWM signal, as stated by equation (20).

f pwm
clk =2N −1 f pwm (20)

where f pwm
clk  states the clock frequency and f pwm states the PWM signal frequency.

Figure 10. Determining the PWM signal frequency.

5. Simulations

The 4 ™ bit SAR ADC using PWM technique was designed for the ON 0.5 μ m CMOS proc‐
ess using Cadence Virtuoso. simulations were conducted on Spectre simulator.

Figure 11 shows the circuit layout that occupies 0.749 mm2. The main simulation results are
given in table I.

It can be observed that the proposed architecture improved the A/D Converter accuracy,
since the DNL and INL values are less then 0.1 LSB and also that it consumes low power.
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Figure 11. Circuit layout.

Technology 0.5 um

Supply Voltage 2.5 V

Max. Sampling frequency 200 Hz

ENOB (@166.67 Hz) 3.7549-b

DNL(max) 0.086 LSB

INL(max) 0.99 LSB

Power Consumption 16 uW

FoM (Figure of Merit) 7.11 nJ/conv.-step

Table 1. SAR ADC simulated performance.
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Figure 12 shows the post layout simulation of DNL and INL for a slow ramp input. The val‐
ues are good, lower than 0.086 LSB and 0.1 LSB, respectively, showing that the characteristic
of proposed architecture does not differ too much form the ideal one.

Figure 12. DNL and INL post simulation results.

Figure 13 illustrates the output frequency spectrum for a 32 point DFT. When ADC is tested
with sinusoidal input at 166.67 Hz for a 15.63 Hz signal, it gives a good SNDR value of 24.36
dB, which results in 3.7549 effective number of bits (ENOB), thus proving the high accuracy
achieved by the proposed architecture.

Figure 13. ADC simulated output frequency spectrum.

6. Future Research

The 4-bit layout was fabricated trough MOSIS education program. The prototypes will be
tested and the results will be compared to the simulations.
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After chip characterization, a proper integrated low pass filter will be implemented in a new
prototyping. A new ADC with a larger number of bits will be developed in order to better
investigate the non-linearities, ENOB and FoM results.

7. Conclusion

In order to validate the proposed architecture, a 4 ™ bit SAR A/D converter was designed in
0.5μ m CMOS standard process. The layout was developed using CADENCE Virtuoso and
occupies 0.749 mm2. Post-layout simulations conducted in Spectre simulator using the
BSIM3v3 model show that the modifications introduced in the internal DAC stage contribut‐
ed to minimize DNL (0.086 LSB) and INL (0.099) errors, as expected.

They also contributed to improve A/D converter accuracy, since the SNDR was improved to
24.36 dB of 25.84 dB maximum theoretical value, leading to 3.75 effective bits.

The feature of being almost fully digital contributes to reduce the circuit complexity, the sili‐
con area and power consumption.

The features of high accuracy and low power consumption make the proposed architecture
suitable for biomedical applications.

This architecture can be extended to build higher resolution converters by only adding more
hardware to the digital stages or building pipeline structures.
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1. Introduction

Today’s nanochips contain billions of transistors on a single die that integrates whole
electronic systems as opposed to sub-system parts. Together with ever higher frequency
performances resulting from transistor scaling and material improvements, it thus become
possible to include on the same silicon chip analog functionalities and communication
circuitry that was once reserved to only an elite class of compound III-V semiconductors.
It appears that the last stretch of Moore’s scaling down to 5 nm range, only limited by
fabrication at atomic dimensions and fundamental physics of conduction and insulation,
these systems will only become more capable and faster, due to novel types of transistor
geometries and functionalities as well as better integration of passive elements, antennas
and novel isolation approaches. Accordingly, this chapter is an example to how RF-CMOS
integration may benefit from use of a novel multi-gate transistors called FinFETs or
double-gate MOSFETs (DG-MOSFETs). More specifically, we hope to illustrate how radio
frequency wireless communication circuits can be improved by the use of these novel
transistor architectures.

1.1. CMOS downscaling to DG-MOSFETs

As device scaling aggressively continues down to sub-32nm scale, MOSFETs built on Silicon
on Insulator (SOI) substrates with ultra-thin channels and precisely engineered source/drain
contacts are required to replace conventional bulk devices [1]. Such SOI MOSFETs are built
on top of an insulation (SiO2) layer, reducing the coupling capacitance between the channel
and the substrate as compared to the bulk CMOS. The other advantages of an SOI MOSFET
include higher current drive and higher speed, since doping-free channels lead to higher
carrier mobility. Additionally, the thin body minimizes the current leakage from the source
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to drain as well as to the substrate, which makes the SOI MOSFET a highly desirable device
applicable for high-speed and low-power applications. However, even these redeeming
features are not expected to provide extended lifetime for the conventional MOSFET scaling
below 22nm and more dramatic changes to device geometry, gate electrostatics and channel
material are required. Such extensive changes are best introduced gradually, however,
especially when it comes to new materials. It is the focus on 3D transistor geometry and
electrostatic design, rather than novel materials, that make the multi-gate (i.e double, triple,
surround) MOSFETs as one of the most suitable candidates for the next phase of evolution
in Si MOSFET technology [2]- [5].

Being the simpler and relatively easier to fabricate among the multigate MOSFET structures
(MIGFET, Π-MOSFET and so on) the double gate MOSFET (DG-MOSFET) (Fig. 1) is chosen
here to explore these new circuit possibilities. The DG-MOSFET architectures can efficiently
control the channel from two sides of instead of one as in planar bulk MOSFETs. The
advantages of DG-MOSFETs are as follows [6]:

• Reduced Short Channel Effects (SCE) due to the presence of two gates and ultra-thin
body.

• Reduced subthreshold leakage current due to reduced SCE.

• Reduced gate leakage current due to the use of thicker oxide. Lower SCE in DG devices
and the higher driver current (due to two gates) allows the use of thicker oxide in DG
devices compared to bulk-CMOS structures.

Due to the reasons stated above, the last decade has witnessed a frenzy of design activity
to evaluate, compare and optimize various multi-gate geometries, mostly from the digital
CMOS viewpoint [7], [8]. While this effort is still ongoing, the purpose of the present chapter
is to underline and exemplify the massive increase in the headroom for CMOS nano-circuit
engineering of RF communication systems, when the conventional MOSFET architecture is
augmented with one extra gate.

The great potential of DG-MOSFETs for new directions in tunable analog and reconfigurable
digital circuit engineering has been explored before in [9]. The innate capability of this
device has also been explored by others, such as the Purdue group led by K. Roy [6], [7]
has demonstrated the impact of DG-MOSFETs (specifically in FinFET device architecture)
for power reduction in digital systems and for new SRAM designs. Kursun (Wisconsin &
Hong Kong) has illustrated similar power/area gains in sequential and domino-logic circuits
[10]. A couple of French groups have recently provided a very comprehensive review of
their DG-MOSFET device and circuit works in a single book [8]. Their works contain both
simulation and practical implementation examples, similar to the work carried out by the
AIST XMOS and XDXMOS initiative in Japan [11]-[13] as well as a unique DG-MOSFET
implementation named FlexFET by the ASI Inc [14], [15]. Recently, Intel has announced the
most dramatic change to the architecture of the transistor since the device was invented. They
will henceforth build transistors in three dimensions, which they called the 3D-MOSFET [4],
a device that corresponds to FinFET/DG-MOSFET.

1.2. RF/Analog IC design

In addition to features essential for digital CMOS scaling such as the higher ION/IOFF

ratio and better short channel performance, DG-MOSFETs possess architectural features also
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Figure 1. Generic DG MOSFET structure.

helpful for the design of massively integrated radio frequency analog and adaptive systems
with minimal overhead to the fabrication sequence. Given the fact that they are designed
for sub-22nm technology nodes, the DG MOSFETs can effectively handle GHz modulation,
making them relevant for the RF/Analog/Mixed-Signal system-on-chip applications and
giga-scale integration [16], [17].

The two most important metrics for RF CMOS/DG-CMOS circuits are the transit frequency
fT and the maximum oscillation frequency fmax. The former is defined as the frequency
at which the current gain of the active device is unity, while the latter is the frequency for
which the power gain is unity. Both these quantities relate the achievable transconductance
to “parasitics" as gate-source and gate-drain capacitances (Cgs and Cgd). In case of fmax the
gate resistance RG is also considered as it deals with power dissipation. The fT increases
with decreasing gate lengths and for a DG-MOSFET at 45 nm it is obtained around 400 GHz
[18].

Also, they have reduced cross-talk and better isolation provided naturally by the SOI
substrate, multi-finger gates, low parasitics and scalability. However, the DG-MOSFET’s
potential for facilitating mixed-signal and adaptive system design is highest when the
two gates are driven with independent signals [19]. It is the independently-driven mode
of operation that furnishes DG MOSFET with a unique capability to alter the front gate
threshold via the back gate bias. This in turn leads to:

• Increased operational capability out of a given set of devices and circuits.

• Reduction of parasitics and layout area in tunable or reconfigurable circuits.

• Higher speed operation and/or lower power consumption with respect to the equivalent.
conventional circuits.

2. DG MOSFET modeling and simulation

2.1. ASU PTM for FinFETs

The widely available compact models for SOI-based single-gate MOSFETs can not be used for
the DG-MOSFETs, for which new surface-potential based models are developed [20]-[23].
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Figure 2. The ID - Vf g characteristics of an n-type DG-MOSFETs at different back-gate bias conditions as observed in a) ASU

PTM 32 nm DG FinFET b) ASU PTM 45 nm DG-FinFET technology with Synopsys HSPICE RF simulation.

Instead either physically-rigorous demanding TCAD simulations or approximate SPICE
models utilizing two back-to-back MOSFETs mathematically coupled for improved accuracy
may be used. In this chapter, most of the circuits investigated use this latter approach. We
have used the ASU Predictive Technology Model for 45 nm & 32 nm DG FinFETs [24] for our
simulations for most of the circuits. The circuit simulator used for the design and analysis
is the industry standard Synopsys HSPICE RF. The reliability of these two ASU technology
models are evident from the typical transfer characteristics of an n-type DG-MOSFET with
independent back-gate biasing as shown in Figs. 2a & b. It is obvious that the front gate
threshold can be tuned via the applied back-gate voltage, which is sufficient for us to confirm
the tunable functionality and carry out a comparative study. This ‘dynamic’ threshold control
is crucial to appreciate the tunable properties of the oscillator and amplifier circuits.

2.2. UFDG SPICE

The UFDG model is a process/physics and charge based compact model for generic DG
MOSFETs [25]. The key parameters are related directly to the device physics . This model
is a compact Poisson-Schrodinger solver for DG MOSFETs that physically accounts for the
charge coupling between the front and the back gates. The UFDG allows operation in the
independent gate mode and is applicable to FD SOI MOSFETs. The quantum mechanical
modeling of the carrier confinement, dependent on the Ultra Thin body (UTB) thickness (tSi)
as well as transverse electric field is incorporated via Newton Raphson iterations that link it
to the classical formalism.

The dependence of carrier mobility on Si-film thickness, subject to the QM confinement and
on transverse electric field is also accounted for in the model. The carrier velocity overshoot
and dependence on carrier temperature is characterized in the UFDG transport modeling
to account for the ballistic and quasiballistic transport in scaled DG MOSFETS [26]. The
channel current is limited by the thermal injection velocity at the source, which is modeled
based on the QM simulation. The UFDG model also accounts for the parasitic (coupled)
BJT (current and charge) which can be driven by transient body charging current (due to
capacitive coupling) and/or thermal generation, GIDL [27] and impact ionization currents,
the latter of which is characterized by a non-local carrier temperature-dependent model for
the ionization rate integrated across the channel and the drain.
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Figure 2. The ID - Vf g characteristics of an n-type DG-MOSFETs at different back-gate bias conditions as observed in a) ASU

PTM 32 nm DG FinFET b) ASU PTM 45 nm DG-FinFET technology with Synopsys HSPICE RF simulation.

Instead either physically-rigorous demanding TCAD simulations or approximate SPICE
models utilizing two back-to-back MOSFETs mathematically coupled for improved accuracy
may be used. In this chapter, most of the circuits investigated use this latter approach. We
have used the ASU Predictive Technology Model for 45 nm & 32 nm DG FinFETs [24] for our
simulations for most of the circuits. The circuit simulator used for the design and analysis
is the industry standard Synopsys HSPICE RF. The reliability of these two ASU technology
models are evident from the typical transfer characteristics of an n-type DG-MOSFET with
independent back-gate biasing as shown in Figs. 2a & b. It is obvious that the front gate
threshold can be tuned via the applied back-gate voltage, which is sufficient for us to confirm
the tunable functionality and carry out a comparative study. This ‘dynamic’ threshold control
is crucial to appreciate the tunable properties of the oscillator and amplifier circuits.

2.2. UFDG SPICE

The UFDG model is a process/physics and charge based compact model for generic DG
MOSFETs [25]. The key parameters are related directly to the device physics . This model
is a compact Poisson-Schrodinger solver for DG MOSFETs that physically accounts for the
charge coupling between the front and the back gates. The UFDG allows operation in the
independent gate mode and is applicable to FD SOI MOSFETs. The quantum mechanical
modeling of the carrier confinement, dependent on the Ultra Thin body (UTB) thickness (tSi)
as well as transverse electric field is incorporated via Newton Raphson iterations that link it
to the classical formalism.

The dependence of carrier mobility on Si-film thickness, subject to the QM confinement and
on transverse electric field is also accounted for in the model. The carrier velocity overshoot
and dependence on carrier temperature is characterized in the UFDG transport modeling
to account for the ballistic and quasiballistic transport in scaled DG MOSFETS [26]. The
channel current is limited by the thermal injection velocity at the source, which is modeled
based on the QM simulation. The UFDG model also accounts for the parasitic (coupled)
BJT (current and charge) which can be driven by transient body charging current (due to
capacitive coupling) and/or thermal generation, GIDL [27] and impact ionization currents,
the latter of which is characterized by a non-local carrier temperature-dependent model for
the ionization rate integrated across the channel and the drain.
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The charge modeling which is patterned after that is physically linked to the channel-current
modeling. All terminal charges and their derivatives are continuous for all bias conditions,
as are all currents and their derivatives. Temperature dependence for the intrinsic device
characteristics and associated model parameters are also implemented without the need
for any additional parameters. This temperature dependence modeling is the basis for the
self-heating option, which iteratively solves for local device temperature in DC and transient
simulations in accord with a user defined thermal impedance.

The Relaxation Oscillator and the RF-Mixer analysis are carried with this simulator.

3. Transmitter design

The transmitter (Fig. 3) consists of an oscillator, modulator, power amplifier and finally
an antenna. A matching network (Z0 in Fig. 3) which maximizes the power transfer and
minimizes the reflection losses generally precedes the 50 Ω antenna. In this article, the
components that have been investigated with DG-MOSFET technology include a Relaxation
Oscillator, LC Oscillator, an OOK Modulator and two different topologies of Power Amplifier.
It is to be noted that the oscillators are also part of the receiver design and has its use in RF
Mixer and Phase Locked Loops (PLLs).

PA 

fc=60 GHz 

Antenna 

OOK Modulator 

1  0   1  0 

1 Gbps Data 

1010 

Zo 
 

 
Imp. Match 

Figure 3. The transmitter block consisting of the oscillator, modulator and power amplifier and other passive devices/circuits.

3.1. Relaxation oscillator

Relaxation oscillator is an inductorless non-resonant oscillator that is either current controlled
or voltage controlled. The second circuit in [28] implements a dual input S/R latch.
As illustrated in Fig. 4a the NOR gates used to construct the latch consist of only four
DG-MOSFET as opposed to eight required in conventional CMOS architecture. This serves
to save circuit area and a decent amount of power dissipation. The two inverters are biased
with equal copies of the input current, IIN , from the current mirrors implemented with three
pMOS. The back gate of the two inverters are tuned in voltage to vary the frequency.

The DG-MOSFET implementation also has two advantages, firstly it can be used also as a
VCO by virtue of the back gate bias and secondly it operates more efficiently with a higher
upper limit as a result of very high transconductance of DG-MOSFETs [29]. Although the
accessible frequency range in the VCO mode is dwarfed in contrast to massive ICO response
given in logarithmic scale, the operation as a VCO provides the circuit with an extra degree
of freedom in tuning. Specifically, the voltage operated fine ‘vernier’ frequency tuning sets
a frequency with precision after it has been ‘coarsely’ selected by the current operated crude
logarithmic tuning.
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Figure 4. a)The current/voltage controlled relaxation oscillator in DG-MOSFET technology. b) The ‘crude tuning’ of the

relaxation oscillator with varying current. c) The fine tuning in frequency with back gate bias when V
p

bg = Vn
bg of the relaxation

oscillator.

In Fig. 4b, we can verify the frequency has a log-log relationship with the current. The
frequency ranges from 30 MHz to a few GHz for a change in current supply from 0.4 µA
to 50 µA. This coarse tuning in frequency is supported via back gate fine tuning of the DG
MOSFET inverters. For a constant current and voltage supply, the frequency can be tuned
to vary in the order of MHz, as the inverter back gate voltage varies from 0.1 V to 1 V. It
is observed, a higher VDD results in a slower oscillation at a fixed input current, because
the SR Latch takes longer time to reach a higher switching threshold (∼ 1/2VDD) as VDD

is increased. The Fig. 4c demonstrates these facts with three different current sources and
supply voltage. The phase noise of the oscillator is -104 dBc/Hz at 1 MHz offset. All these
analysis are carried with 45 nm DG-MOSFET using UFDG SPICE.
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In Fig. 4b, we can verify the frequency has a log-log relationship with the current. The
frequency ranges from 30 MHz to a few GHz for a change in current supply from 0.4 µA
to 50 µA. This coarse tuning in frequency is supported via back gate fine tuning of the DG
MOSFET inverters. For a constant current and voltage supply, the frequency can be tuned
to vary in the order of MHz, as the inverter back gate voltage varies from 0.1 V to 1 V. It
is observed, a higher VDD results in a slower oscillation at a fixed input current, because
the SR Latch takes longer time to reach a higher switching threshold (∼ 1/2VDD) as VDD

is increased. The Fig. 4c demonstrates these facts with three different current sources and
supply voltage. The phase noise of the oscillator is -104 dBc/Hz at 1 MHz offset. All these
analysis are carried with 45 nm DG-MOSFET using UFDG SPICE.
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3.2. LC oscillator and OOK modulator

LC oscillators consists of inductors and capacitors connected in parallel. Although inductors
consume a lot of area when compared to the inductorless oscillator described above
oscillators, it is a must in RF Design to use inductors because of two primary reasons [30].
They are as follows:

• The resonance of inductors with capacitors allow for higher operational frequency and
lower phase noise.

• The inductor sustains a very small DC voltage drop which aids in low supply operation.

We have chosen the differential negative resistance voltage controlled oscillator (VCO) variant
of the LC oscillator (Fig. 5a) for the investigation. The latch circuit in the differential mode
serves as negative resistance to nullify the effects of a positive resistance arising out of
the imperfect inductor. The Q factor determines the undesired resistance value (R) of the
inductor (L) at the resonance frequency, ω. Modeling the resistive loss in the inductor, L by
the parallel resistance (R) we can write [30]:

Q =
R

ωL
(1)

The LC tank achieves a frequency that is much higher and has a phase noise that is much
lower than that of the relaxation oscillator. This is primarily because of the resonance of the
circuit.

The OOK Modulation is a non-coherent modulation scheme that modulates the carrier only
when the circuit is in the ‘ON’ state. It is the special case of Amplitude Shift Key (ASK)
modulation where no carrier is present during the transmission of a ‘zero’. The bit error rate
for OOK modulation without the implementation of any error correcting scheme is given by
[31]

BER =
1

2
exp(

−Eb

2N0
) +

1

2
Q

√

Eb

N0
(2)

Although, the associated bit error rate of OOK modulation is inferior to that of other
coherent modulation schemes, simple OOK modulation scheme is implemented to avoid the
complicated carrier recovery circuit and for their ability to modulate very high frequency
signals in extremely long-life battery operated applications. The non-coherent OOK
demodulation generally employs an envelope detector in the receiver which saves the power,
area, cost and complexity since no local oscillator (LO) or carrier synchronization scheme is
involved.

3.2.1. Design and simulation

The DG-MOSFET based VCO can be tuned from the back gate for controlling the rms voltage
(Vrms). Fig. 5b illustrates this interesting tunable feature of the DG MOSFET VCO. Without
any change in the supply, the Vrms can be controlled via back gate bias (Vbg), which can have
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Figure 5. a) The OOKModulator circuit with the VCO. The proposed OOKModulator uses only two DG-MOSFET for modulation

and switching. b) The variation of VCO output amplitude at different Vbg. Inset: Amplitude and frequency variation for different

Vbg. c) The phase noise of the VCO at 60 GHz. The phase noise at 1 MHz offset is observed at -133 dBc/Hz in time variant

Hajimiri-Lee model [32].

application in many adaptive low power wireless systems. The bias at the back gate can also
be tuned to change the oscillation frequency after a certain threshold (0.5 V) (Fig. 5b inset).
Although DG-MOSFET is not reputed for its noise performance, the phase noise of the 60
GHz VCO is found to be -133 dBc/Hz at 1 MHz offset (Fig. 5c) which is comparable to that of
bulk CMOS [33]. As expected, the phase noise is dominated by the process dependent flicker
noise of slope ∼ -30 dB/decade. The corner frequency fcor is obtained around 10 MHz.

The proposed novel DG-MOSFET based OOK Modulator [34] consists of only two
DG-MOSFETs making it ideal for use in ultra low power systems (Fig. 5a). The modulator can
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application in many adaptive low power wireless systems. The bias at the back gate can also
be tuned to change the oscillation frequency after a certain threshold (0.5 V) (Fig. 5b inset).
Although DG-MOSFET is not reputed for its noise performance, the phase noise of the 60
GHz VCO is found to be -133 dBc/Hz at 1 MHz offset (Fig. 5c) which is comparable to that of
bulk CMOS [33]. As expected, the phase noise is dominated by the process dependent flicker
noise of slope ∼ -30 dB/decade. The corner frequency fcor is obtained around 10 MHz.

The proposed novel DG-MOSFET based OOK Modulator [34] consists of only two
DG-MOSFETs making it ideal for use in ultra low power systems (Fig. 5a). The modulator can
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work up to a data rate of 5 Gbps without any discernible distortion for 60 GHz carrier. The
DG-MOSFET MN4 acts as the key OOK modulating device. The 60 GHz sinusoidal carrier
from the VCO is fed into one of the gates of the transistor whereas the pulsed digital data is
input to the other gate. The charge capacitive coupling of the two gates provided by the thin
Si body determines the modulation, and therefore depends on the bias conditions of the two
gates as well as device dimensions. The modulation occurs when the device operates in the
saturation or in cut-off region, that is when there is either a ‘1’ or ‘0’ respectively emanating
from the pulsed digital data. In other words, the modulation takes place at all instants of
time. The symmetric DG-MOSFET MN3 acts as the switch and is kept at a high threshold
voltage (filled) for better electrostatics and keying and to maximize the ION/IOFF ratio. The
MN3 is turned on at the ‘HIGH’ state of the pulsed data and remains off at the ‘LOW’ state,
maintaining the principle of OOK Modulation scheme. The modulated output is obtained at
the drain of MN3. This is illustrated in Fig. 6. All these analysis are carried in 32 nm ASU
PTM FinFET technology.

3.3. Power Amplifier

The Power Amplifier (PA) is the final stage of transmitter design before signal transmission
through antenna. They are responsible for amplifying the power level of the transmitted
signal several times so that the received signal is above the sensitivity of the receiver which
is calculated from the link budget analysis. The PAs are divided into various classes such
as A, B, AB, C D, E, F etc. Among these classes A, B, AB and C incorporate similar design
methodologies differing only in the biasing point. Among these Class A amplifier is the most
linear and is widely used in RF transmitter design although they have the least Power Added
Efficiency (PAE). Several acclaimed literatures [35], [30] are available for interested readers
on these concepts. This book chapter focusses on the design of tunable DG-MOSFET Class
A PA.
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The design of the wide band and high gain PA is a challenging task, especially in
ultra-compact MOSFETs with low output impedance. Consequently, in [36], we simply
adapted two recent single-gate implementations with competitive features in the GHz range,
which allows a more fair performance comparison to be made between different devices. In
the first PA topology [37], we modify the architecture slightly for the DG-MOSFET to explore
its gain and bandwidth characteristics as well as its tunability. The second topology reported
here is a three stage single-ended, common-source (CS) PA similar to the one reported by Yao
et al. [38] for conventional CMOS. The basic difference over the published topologies in both
cases is the length of the DG-MOSFET devices (45 nm) that is substantially smaller. There
are a number of reasons for this gate length choice. Firstly, the proposed PAs are essentially
designed for low-power highly compact Si mixed-signal radio applications where the range
and area will be typically quite limited. Secondly, the DG-MOSFET architecture is inherently
a narrow width device technology in which very large number of fingers needed to obtain
large W/L ratios. Finally, we wish to implement a PA for ultra-compact wide-band RF CMOS
applications such as vehicular anti-collision radar. Given that DG-MOSFET technology is
aimed for sub-22 nm digital technologies, 45 nm is a good compromise for analog circuit
implementation.

The next two sections will discuss in detail about these design modifications and provide
their simulated response including gain tuning, peak gain, bandwidth and linearity.
Interested readers can compare the performances of these power amplifiers with a few other
conventional designs in [36].

3.3.1. Topology A - Design and simulation

The circuit topology of the first wide band (3-33 GHz) DG-MOSFET PA is shown in Fig. 7a,
which consists of three DG-MOSFETs in a Darlington cascode arrangement. The common
source transistor MN1 operates in the symmetric mode while the two transistors MN2 and
MN3 are configured for independent mode operation. The width of MN1 is taken to be
1 µm while the width for transistors MN2 and MN3 are kept higher at 2.4 µm for better
input return loss and optimized gain performance. MN3 is biased at 2.6 V (Vb1). The
back gate of the transistors MN2 and MN3 are biased for gain tuning. The resistors R1

and R2 complete a self biasing network for Class A operation. This modified DG-MOSFET
darlington configuration is divided into two stages. The first stage is the series peaking stage
and inter-stage matching, and the second stage is the output power stage.

The series peaking circuit consisting of R3 and L1 increases the output load pull impedance,
and also provides the peaking impedance for feeding forward signals. The inductor L3 along
with the source degeneration circuit consisting of R4 and L2 yields in real part wide band
inter-stage impedance matching for maximizing the power transfer between the stages. The
common source transistor MN2 and MN3 are connected in cascode. The transistor MN3 acts
in common gate configuration and one of its gate is grounded with the aid of the peaking
inductor L4 and a bypass capacitor C1 [30]. Along with achieving a near constant gain by
maintaining the flatness, the bandwidth of the amplifier is also increased with the aid of this
peaking inductor. A high pass L-network (L5 & C3) is used as the matching circuit.

Our simulation verifies the forward gain (S21) to vary from 3 to 33 GHz, while maintaining a
desired flatness (Fig. 7b). The gain changes by less than 20% in this frequency range, attesting
to the extreme flatness. The peak gain is observed at 24.5 dB. The input and output return
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Figure 7. a) The DG MOSFET based power amplifier circuit in modified darlington cascode configuration. Transistors MN1

operates in the symmetric mode while MN2 and MN3 operate in independent mode with the back gates used for dynamic

tuning. b) The S parameters which provide the gain (S21) and reflection losses (S11 & S22) of the power amplifier. This is

measured for Vbg = 0.2 V. c) The back gate dependence of the gain is clearly evident. The gain changes by ∼ 10 dB in the

tuning range of Vbg. Inset: Gain variation with Vbg at different frequencies. d) The rollet stability factor (K) is above unity in

the operating range of 2 - 32 GHz verifying the amplifier to remain unconditionally stable in this range. K drops below unity

beyond ∼ 38 GHz.

losses (S11 & S22) are also obtained from the simulation. Fig. 7c shows these S parameters at
a Vbg of 0.2 V which is applied at the back gate of the transistors MN2 and MN3. The back
gate voltage (Vbg) is varied from 0.1 V to 0.25 V for the operating frequency range during
which the gain of the amplifier increases considerably. The range of gain tuning is observed
to be limited to almost 10 dB. The inset of the figure shows the gain variation with Vbg at
different frequencies. The unconditional stability of the amplifier is verified measuring the
rollet stability factor, K which is given as

K =
1 − |S11|

2
− |S22|

2 + |△|
2

2|S12S21|
(3)

△ = S11S22 − S12S21 (4)
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Figure 8. a) The three stage DG MOSFET based power amplifier circuit. All the three transistors operate in the independent

mode. b) The S parameters which provide the gain (S21) and reflection losses (S11 & S22) of the power amplifier. This is also

measured for Vbg = 0.2 V. c) The back gate dependence of the gain is clearly evident. The gain changes by ∼ 6 dB in the tuning

range of Vbg. Inset: Gain variation with Vbg at different frequencies. d) The rollet stability factor (K) is well over unity in the

operating range of 60 - 90 GHz verifying the amplifier to remain unconditionally stable in the range.

The value of K is observed to be above unity in the operating frequency range indicating the
unconditional stability of the amplifier (Fig. 7d). The back gate tuning of the PA is verified
from Fig. 5. The 1 dB compression point (P1dB) and the 3rd order Input Intercept Point (IIP3)
are found to be 11.9 dBm and 27.5 dBm, respectively, indicating the suitability of the circuit.
The 15.6 dB difference between P1dB and IIP3 can be attributed to the scaling down of DG
MOSFET to 45 nm [35]. The power added efficiency (PAE) and the fractional bandwidth (FB)
of the amplifier is ∼12% and 176% respectively.

3.3.2. Topology B - Design and simulation

In the second topology, the DG-MOSFET Class A amplifier is implemented in three stages
(Fig. 8a). Although the earlier cascode topology has higher & flatter gain, and larger output
impedance, the CS configuration is advantageous in terms of the lower supply voltage
required, leading to higher efficiency. All the transistors in this topology operate in the
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operating range of 60 - 90 GHz verifying the amplifier to remain unconditionally stable in the range.

The value of K is observed to be above unity in the operating frequency range indicating the
unconditional stability of the amplifier (Fig. 7d). The back gate tuning of the PA is verified
from Fig. 5. The 1 dB compression point (P1dB) and the 3rd order Input Intercept Point (IIP3)
are found to be 11.9 dBm and 27.5 dBm, respectively, indicating the suitability of the circuit.
The 15.6 dB difference between P1dB and IIP3 can be attributed to the scaling down of DG
MOSFET to 45 nm [35]. The power added efficiency (PAE) and the fractional bandwidth (FB)
of the amplifier is ∼12% and 176% respectively.

3.3.2. Topology B - Design and simulation

In the second topology, the DG-MOSFET Class A amplifier is implemented in three stages
(Fig. 8a). Although the earlier cascode topology has higher & flatter gain, and larger output
impedance, the CS configuration is advantageous in terms of the lower supply voltage
required, leading to higher efficiency. All the transistors in this topology operate in the
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Figure 9. The receiver block consisting of the RF Front End (LNA & RF Mixer) and the Demodulator (Envelope Detector, for

non-coherent detection or PLL, for coherent detection).

independent mode. The source degeneration inductors L3, L6 and L9 along with the inter
stage inductors L4 and L7 maximizes the power transfer and improves linearity [35]. The
width of the three transistors are kept fixed at 1.2 µm. The source and the bias voltage (Vb)
are both kept at 1 V.

Although the 3-dB bandwidth is ≥ 50 GHz, as evident from Fig. 8b, for all cases of back gate
voltages (Fig. 8c) a more realistic operating range of this amplifier can be considered to be
in the range of 60 - 90 GHz. Once again, the inset of the Fig. 8 shows the gain variation
with Vbg at different frequencies. The peak gain achieved is ≥ 8 dB. The rollet stability factor
remains more than unity for this operating range as shown by simulated data in Fig. 8d. The
P1dB and the IIP3 are found to be 7.2 dBm and 19.8 dBm respectively. The PAE and the FB of
this amplifier is ∼14% and 40% respectively.

4. Receiver design

The front end of the receiver consists of a Low Noise Amplifier (LNA) and RF Mixer. To
demodulate a non-coherent signal an Envelope Detector is used while to demodulate a
coherent signal a Phase Locked Loop is generally used (Fig. 9). In this chapter, we have
designed an LNA, Envelope Detector and a Charge Pump Phase Frequency Detector (which
is an essential component in PLL design) and analyzed an existing RF Mixer.

4.1. Low Noise Amplifier

The Low Noise Amplifier (LNA) is an essential component in the front-end of any
communication/navigation receiver. The received signal at antenna is very weak and
therefore it is necessary to amplify the signal for demodulation and processing. At the same
time the noise figure of the amplifier has to be very low because the received signal will
eventually be passed to non-linear devices such as RF Mixers which add noise. Therefore
LNA design optimizes to minimize the noise level at the first stage of the receiver i.e. at the
LNA itself. Other characteristics that require from an LNA include high gain, impedance
matching linearity and stability.

The circuit topology of the tunable 45 nm DG-MOSFET LNA implemented here is shown
in Fig. 10, which consists of three DG-MOSFETs in a 2 stage common source cascode
topology. The common source transistor MN1 operates in the symmetric mode while the two
transistors MN2 and MN3 are configured for independent mode operation. The common
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mode while MN2 and MN3 operate in the independent mode with the back gates used for dynamic tuning.
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Figure 11. a) The gain (S21) of the LNA varies with Vbg. This is measured for Vbg = 0.3 V to 0.7 V. b) The noise figure

dependence on Vbg of the LNA is evident. The NF changes by 4.4 dB in the tuning range of Vbg at 65 GHz.

source transistor MN2 and MN3 are connected in cascode. The transistor MN3 acts in
common gate configuration. The width of MN1 is taken to be 1 µm while the width for
transistors MN2 and MN3 are kept higher at 2.4 µm for better input return loss and optimized
gain performance. The supply, VDD is kept constant at 1.2 V. MN3 is biased at 2 V (Vb). The
back gate of the transistors MN2 and MN3 are biased for gain tuning.

The series peaking circuit consists of an inductive load, L2, that allows for low voltage
operation and resonates with the inter stage capacitance, C1, enabling a higher operating
frequency [30]. The inductor L1 is set to resonate with the gate source capacitance of MN1.
The source degeneration circuit consisting of L3 yields (in real part) wide band impedance
matching to maximize the inter-stage power transfer. The inductor L4 tunes out the middle
pole of the cascode, thus compensating for the lower fT [39] of DG-MOSFET which is nearly
150 GHz at 45 nm.
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source transistor MN2 and MN3 are connected in cascode. The transistor MN3 acts in
common gate configuration. The width of MN1 is taken to be 1 µm while the width for
transistors MN2 and MN3 are kept higher at 2.4 µm for better input return loss and optimized
gain performance. The supply, VDD is kept constant at 1.2 V. MN3 is biased at 2 V (Vb). The
back gate of the transistors MN2 and MN3 are biased for gain tuning.

The series peaking circuit consists of an inductive load, L2, that allows for low voltage
operation and resonates with the inter stage capacitance, C1, enabling a higher operating
frequency [30]. The inductor L1 is set to resonate with the gate source capacitance of MN1.
The source degeneration circuit consisting of L3 yields (in real part) wide band impedance
matching to maximize the inter-stage power transfer. The inductor L4 tunes out the middle
pole of the cascode, thus compensating for the lower fT [39] of DG-MOSFET which is nearly
150 GHz at 45 nm.
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The simulation shows the 3-dB bandwidth to be 15 GHz, ranging from 60 to 75 GHz. The
forward gain (S21) achieves a peak value of 15 dB at 65 GHz for Vbg = 0.7 V (Fig. 11a).
Beyond this maximum operating voltage the gain gets saturated and is independent of Vbg.
The peak gain reduces gradually as Vbg is reduced and drops to ∼5 dB for Vbg = 0.3 V. The
power dissipated (Pdc) by the LNA also varies with Vbg, reaching 18 mW at Vbg = 0.7 V.
Similarly, the LNA noise figure (NF) also depends upon the back gate bias, dropping to a
minimum at peak gain as expected. It ranges from 7 dB at Vbg = 0.7 V to 11.4 dB at Vbg =
0.3 V (Fig. 11b). Clearly, the back gate tuning provides a convenient tool to optimize specific
device performance parameters, setting up unique trade-offs such as that between power and
gain.

The proposed LNA is unconditionally stable in the operating frequency range, verified from
the simulated rollet stability factor, i.e. K > 1. The circuit is also simulated for linearity
performance using a two tone frequency analysis near 60 GHz and the observed 3rd order
Input Intercept Point (IIP3) is −5.2 dBm.

Overall, the DG-MOSFET implementations have impressive characteristics that either match
or exceed the bulk MOSFET and even SiGe counterparts [40]-[42]. It is fair to point out
that much of this response can be attributed to small gate length in our designs. However,
a short gate length has also consequences for linearity and lower output impedance, with
which this architecture appears to cope well.

4.2. RF mixers

The RF mixer is a non-linear electrical circuit that creates two new frequencies from the two
signals applied to it. The new frequencies (sum & difference) are called the intermediate
frequencies (IF). The sum frequency has its application on the up conversion whereas the
difference frequency is used in the down conversion of an input signal. The conversion gain
(CG) determines the mixing performance of the circuit [35].

4.2.1. DG-MOSFET mixers and methodology

DG-MOSFET mixer occupies a special status among analog applications given the compact
and high performance nature of an active mixer using only one transistor which saves both
power and area compared to conventional CMOS. Accordingly, there are already several
literatures available focusing solely on this simple but promising circuit. For instance, a
recent work by S. Huang et. al. [43] analyzes the RF Mixer based on the derivative
superposition method. An earlier work [44] considers the evaluation of power consumption
and area overhead of the DG-MOSFET for RF-mixer applications. W. Zhang et. al. [45]
explored the use of multiple independent-gate FinFETs (MIGFETs) application and compares
the spectral response of the single-and multiple-transistor (balanced) versions. Although
this research provides valuable physical insights regarding the operational principles and
behavior of the DG-MOSFET mixer, unfortunately the temporal resolution or the length of
the transient data used in their Fast Fourier Transform (FFT) analysis, and the range of device
parameters explored, are insufficient for a thorough study of the mixing performance in a
methodical manner.

In contrast, in [46] we focus on the structural and operational parameters of DG-MOSFET
in a methodical and accurate manner to optimize the biasing for maximum conversion
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Figure 12. a) DG MOSFET RF Mixer circuit. b) The variation of VT for the different device parameters Lgate, Nd and tSi .

gain and power efficient design of the mixer circuit. Additionally, we also look into the
correlation between conversion gain and the device parameters. In our methodology, we
carefully considered the input RF and local oscillator (LO) signals’ bias conditions while
fairly comparing conversion gain recorded with different structural parameters, ensuring
that gate over-drive (LO DC offset) has been kept the same.

The DG-MOSFET RF Mixer circuit (Fig. 12a) explored in [46] consists of a single double gate
transistor. For a fair comparison of mixing performance obtained from varying important
structural parameters, we first explore the dependence of threshold voltage (VT) (Fig. 12b)
on each of the device parameters, gate length (Lg), doping concentration (NA) and body
thickness (tSi). The source voltage (VDD) is kept at the typical value of 1 V and the circuit
load, RL, is kept at 6 kΩ for the analysis. The sinusoidal RF signal is considered at the
frequency fRF of 50 MHz while the sinusoidal local oscillator signal is chosen at a frequency
fLO of 10 MHz so to down convert the incoming frequency to 40 MHz. In this DG MOSFET
based architecture, the RF input signal ((vRF = (vr f + VRF) sin(2π fRFt)) is applied at one
gate while the local oscillator (LO) signal (vLO = (vlo + VLO) sin(2π fLOt) is applied at the
another gate of the transistor. Here, vr f and vlo are the AC components of RF and LO
signal respectively, while VRF and VLO are the respective DC bias components. The output
signal (Vout = Av[cos2πt( fRF - fLO) - cos2πt( fRF + fLO)]) consisting of the two intermediate
frequencies is observed at the drain of the DG MOSFET and Av is (vr f + VRF)(vlo + VLO)/2.
The conversion gain (CG) by definition, then becomes (vlo + VLO)/2. However, this theoretical
linear proportionality of CG on LO amplitude is not valid everywhere and there is a strong
dependence on the device geometries and threshold as evident from this analysis, and this
necessitates the requirement for bias optimization with quantum corrected simulations.

4.2.2. Non-linearity analysis

The DG-MOSFET Mixer’s multiplicative/non-linear property has been analyzed here from
Fig. 12a. The RF signal which is applied at the front gate is represented by small signal
model. This is justified because the power level of RF signal is very small on reception at the
antenna and remains small even amplified by the LNA. Therefore, the output voltage, Vout is
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gain and power efficient design of the mixer circuit. Additionally, we also look into the
correlation between conversion gain and the device parameters. In our methodology, we
carefully considered the input RF and local oscillator (LO) signals’ bias conditions while
fairly comparing conversion gain recorded with different structural parameters, ensuring
that gate over-drive (LO DC offset) has been kept the same.

The DG-MOSFET RF Mixer circuit (Fig. 12a) explored in [46] consists of a single double gate
transistor. For a fair comparison of mixing performance obtained from varying important
structural parameters, we first explore the dependence of threshold voltage (VT) (Fig. 12b)
on each of the device parameters, gate length (Lg), doping concentration (NA) and body
thickness (tSi). The source voltage (VDD) is kept at the typical value of 1 V and the circuit
load, RL, is kept at 6 kΩ for the analysis. The sinusoidal RF signal is considered at the
frequency fRF of 50 MHz while the sinusoidal local oscillator signal is chosen at a frequency
fLO of 10 MHz so to down convert the incoming frequency to 40 MHz. In this DG MOSFET
based architecture, the RF input signal ((vRF = (vr f + VRF) sin(2π fRFt)) is applied at one
gate while the local oscillator (LO) signal (vLO = (vlo + VLO) sin(2π fLOt) is applied at the
another gate of the transistor. Here, vr f and vlo are the AC components of RF and LO
signal respectively, while VRF and VLO are the respective DC bias components. The output
signal (Vout = Av[cos2πt( fRF - fLO) - cos2πt( fRF + fLO)]) consisting of the two intermediate
frequencies is observed at the drain of the DG MOSFET and Av is (vr f + VRF)(vlo + VLO)/2.
The conversion gain (CG) by definition, then becomes (vlo + VLO)/2. However, this theoretical
linear proportionality of CG on LO amplitude is not valid everywhere and there is a strong
dependence on the device geometries and threshold as evident from this analysis, and this
necessitates the requirement for bias optimization with quantum corrected simulations.

4.2.2. Non-linearity analysis

The DG-MOSFET Mixer’s multiplicative/non-linear property has been analyzed here from
Fig. 12a. The RF signal which is applied at the front gate is represented by small signal
model. This is justified because the power level of RF signal is very small on reception at the
antenna and remains small even amplified by the LNA. Therefore, the output voltage, Vout is
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given as:

Vout = gmvRFRL (5)

where gm is the transconductance of the device at the front gate. The I-V characteristics of
DG-MOSFET at saturation is modeled as [47]

ID = K[(Vgs − VT)
2
− K′e

Vgs−V0−Vds
kT ] (6)

where K & K’ are process and device constants and V0 is a second order term of VT [47]. Here
the drain current at the front gate is modeled by ignoring the exponential term assuming a
large Vds at saturation, where the numerator at the exponent goes negative.

ID

2
≃ K(Vgs − VT)

2 (7)

The transconductance at the front gate is,

gm =
1

2

∂ID

∂Vgs
(8)

From eqns. (7) and (8) we can write,

gm = 2K(Vgs − VT) (9)

Now from eqns. (7) and (9),

gm =
√

(2KID) (10)

A large signal model is assumed for the back gate as the LO signal is locally generated and
usually has high amplitude levels,

ID/2 = K(vLO − VT)
2 (11)

implies,

ID = 2K(vLO − VT)
2 (12)
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Therefore from eqns. (5), (10) & (12),

Vout = K′′(vLO − VT)vRF (13)

Here K′′ is a constant which include the process and device parameters and the resistor RL.
The eqn. (13) analyzes the DG-MOSFET device analysis for non-linear RF Mixer operation.
The output voltage is the product of two input voltages. The process dependent parameter
VT can be eliminated if we consider a balanced/differential mixer mode. However, typically
the balanced mode is avoided because in a receiver design the mixer follows the LNA which
is generally single ended as it follows a single ended antenna. A balun which consumes a
large area is thus required to construct before the mixer for the differential mode use.

4.2.3. Operating point analysis

After the FFT analysis (Fig. 13a inset) of the output at a very high temporal resolution,
we observe significant spectral lines at the two intermediate frequencies of 40 MHz ( fRF -
fLO) and 60 MHz ( fRF + fLO) indicating the appropriate double gate mixing performance
and non-linearity. The presence of higher harmonics (such as at 100 MHz frequency) in
the spectra indicates higher-order non-linearities and must be filtered out to work with the
desired frequency. For the analysis purposes and simplification of the observed spectra, the
LO signal used in our study is a pure sine-wave with a DC offset providing the operating
point for the device, while the RF AC input at the another gate is held constant without a
DC offset.

Our study indicates that the CG of the mixer rapidly changes with the amplitude of the
LO rising to 200 mV (Fig. 13b), beyond which the increase is limited. Hence, for all Lgate

values, the operating point of the mixer is chosen to be set around 120 mV for optimum
power efficiency and CG. Similar results were also obtained for different NAs and tSis from
corresponding analyses.

The CG is particularly sensitive to the LO DC bias (Fig. 13c) with an ‘m-shape’ dependence,
where the middle dip could be as much as -80 dB. Hence, seemingly there are two bias
conditions that provide similar performance in CG of the mixer (Fig. 13b). For instance,
these two bias points are observed at 0.3 V and 1 V for Lgate = 30 nm and vlo = 40 mV.
Moreover, this m-shape is a very weak function of LO AC bias and Lgate. Data recorded
with AC inputs of 40 mV with 120 mV shift mainly vertically with a large lateral similarity
in terms of DC bias dependence. Likewise, the peak position shifts roughly 0.1 V only, as
the gate length is varied from 90 nm to 30 nm. It is interesting to note that these optimum
DC-bias ranges correspond to the least ‘linear’ sections of the device operation, as can be
seen from the transfer characteristics and transconductance (gm vs. Id) curves in Fig. 13d.
The current changes in a very non linear pattern around the optimum bias ranges and the
gm peak corresponds to the central dip in Fig. 13c. Clearly, the lower bias point (∼ 0.3 V
in Fig. 13c) should be preferred because of power efficiency and better stability indicated by
the broader plateau. Similar analyses conducted for different NA and tSi of the DG-MOSFET
mixer yield in similar results to our study of Lgate. A double-peaked LO-DC behavior persists
in all cases. Summarizing results from these simulations, Tables 1, 2 and 3 list the optimum
(lower) bias points for different structural parameters studied.
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The CG is particularly sensitive to the LO DC bias (Fig. 13c) with an ‘m-shape’ dependence,
where the middle dip could be as much as -80 dB. Hence, seemingly there are two bias
conditions that provide similar performance in CG of the mixer (Fig. 13b). For instance,
these two bias points are observed at 0.3 V and 1 V for Lgate = 30 nm and vlo = 40 mV.
Moreover, this m-shape is a very weak function of LO AC bias and Lgate. Data recorded
with AC inputs of 40 mV with 120 mV shift mainly vertically with a large lateral similarity
in terms of DC bias dependence. Likewise, the peak position shifts roughly 0.1 V only, as
the gate length is varied from 90 nm to 30 nm. It is interesting to note that these optimum
DC-bias ranges correspond to the least ‘linear’ sections of the device operation, as can be
seen from the transfer characteristics and transconductance (gm vs. Id) curves in Fig. 13d.
The current changes in a very non linear pattern around the optimum bias ranges and the
gm peak corresponds to the central dip in Fig. 13c. Clearly, the lower bias point (∼ 0.3 V
in Fig. 13c) should be preferred because of power efficiency and better stability indicated by
the broader plateau. Similar analyses conducted for different NA and tSi of the DG-MOSFET
mixer yield in similar results to our study of Lgate. A double-peaked LO-DC behavior persists
in all cases. Summarizing results from these simulations, Tables 1, 2 and 3 list the optimum
(lower) bias points for different structural parameters studied.
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Figure 13. a) The FFT (inset) of the voltage at the mixer output (main panel) shows both the sum & difference terms as well as

additional higher order harmonics. b) Variation of conversion gain with AC Input for different Lgates. The CG increases rapidly

before 120mV, after which the performance of the conversion gain is limited. c) Variation of CG with DC bias at different Lgates.

Observation of two AC inputs (120 mV & 40 mV) shows their CG variation with DC bias is similar. d) Transconductance (gm) &

drain current (Id) over DC bias for different Lgates. Out of two optimum bias points, the lower one at 0.3 V (30 nm) is chosen

for better stability and power efficiency.

Lgate (nm) 30 50 70 90

DC Bias (V) 0.30 0.41 0.45 0.47

Table 1. Optimum LO DC bias for different gate lengths at NA = 10
15 cm−3 & tSi = 5 nm

NA (cm−3) 1015 1016 1017 1018

DC Bias (V) 0.45 0.47 0.48 0.50

Table 2. Optimum LO DC bias for different doping concentrations at Lgate = 45 nm & tSi = 5 nm
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AC Inputs. CG varies with Lgate because of short channel effects.

4.2.4. Structural parameters

Next, we study the dependence of CGs recorded at the various LO AC amplitudes and
at optimum DC (lower peak) bias conditions as a function of most significant structural
parameters of the DG-MOSFET used for mixing. The results are summarized in Figs. 14a
& 14b, which show the dependence of conversion gain with Lgate, NA & tSi. Clearly, the
Lgate has almost no impact on the conversion gain at higher values while at lower value the
impact becomes more pronounced. For NA, the conversion gain almost remains constant
at low doping levels whereas it slightly increases at very high (impractical) doping levels.
However, from Fig. 14b we find that tSi is a more significant parameter for conversion gain
optimization. In a given gate length there appears to be an optimum body thickness that
maximizes the CG. For example, at Lgate of 45 nm and 90 nm, the optimum body thickness
is 10 nm and 30 nm, respectively. At either extreme of these values, the conversion gate is
compromised due to the short channel effects in the higher end and quantum size effects
at the lower end. Thus it is important to include both 2D/3D simulations and quantum
corrections to optimize mixing performance in such nano-scale transistors, as with the case
in this study.

We like to draw attention that the weak dependence of performance on the structural
parameters here is a result of careful bias optimization. It also indicates that the choice of bias
conditions, particularly the LO DC bias, is the most dominant handle in using DG-MOSFET
active mixer. Admittedly, this observation may be counter intuitive, because the short channel
effect are well known to adversely impact analog performance of the conventional MOSFETs
in sub-100 nm regime. However, these adverse impacts are mostly related to the increase
of the non-linearity in gm which is certainly helpful for a mixer. In any case the well-scaled
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4.2.4. Structural parameters

Next, we study the dependence of CGs recorded at the various LO AC amplitudes and
at optimum DC (lower peak) bias conditions as a function of most significant structural
parameters of the DG-MOSFET used for mixing. The results are summarized in Figs. 14a
& 14b, which show the dependence of conversion gain with Lgate, NA & tSi. Clearly, the
Lgate has almost no impact on the conversion gain at higher values while at lower value the
impact becomes more pronounced. For NA, the conversion gain almost remains constant
at low doping levels whereas it slightly increases at very high (impractical) doping levels.
However, from Fig. 14b we find that tSi is a more significant parameter for conversion gain
optimization. In a given gate length there appears to be an optimum body thickness that
maximizes the CG. For example, at Lgate of 45 nm and 90 nm, the optimum body thickness
is 10 nm and 30 nm, respectively. At either extreme of these values, the conversion gate is
compromised due to the short channel effects in the higher end and quantum size effects
at the lower end. Thus it is important to include both 2D/3D simulations and quantum
corrections to optimize mixing performance in such nano-scale transistors, as with the case
in this study.

We like to draw attention that the weak dependence of performance on the structural
parameters here is a result of careful bias optimization. It also indicates that the choice of bias
conditions, particularly the LO DC bias, is the most dominant handle in using DG-MOSFET
active mixer. Admittedly, this observation may be counter intuitive, because the short channel
effect are well known to adversely impact analog performance of the conventional MOSFETs
in sub-100 nm regime. However, these adverse impacts are mostly related to the increase
of the non-linearity in gm which is certainly helpful for a mixer. In any case the well-scaled

Analog Circuits38
Radio Frequency IC Design with Nanoscale DG-MOSFETs 21

10.5772/55006

0.9 0.95 1 1.05 1.1
−90

−70

−50

−30

−10

Frequency (GHz)

P ou
t (d

B
m

)

IMR = 36dB

Fundamental Tones: f1 & f2

IP3 Terms: 2f1 − f2, 2f2 − f1

Figure 15. Computation of IP3 using two tone frequency analysis (0.99 GHz and 1.01 GHz) around 1 GHz. The Intermodulation

Ratio (IMR) gives level difference between the fundamental and the IP3 terms and is used to obtain the IIP3 = Pin(f1,f2) + IMR/2.

nature of the DG-MOSFET minimizes the emergence of strong short channel effects for the
mixer performance.

Moreover, the apparent stability of mixer performance with device geometrical scaling could
affect the phase noise in both positive and negative fashion. In terms of inter-device
performance variations, the DG-MOSFETs will not suffer as much as the logic applications as
the process variations in geometry does not appear to be a worry. However, since the LO-DC
bias is the most important figure of merit, variations in threshold among devices and biasing
errors/variations in circuits can be the main source of phase noise and limit the performance.

4.2.5. Linearity analysis

Finally, we examine the circuit for linearity implementing the two tone frequency analysis
(Fig. 15). The 3rd order Input Intercept point (IIP3) is found to be 15.9 dBm for 2 dBm LO
power, indicating the suitability of the circuit [35].

4.3. Envelope detector

The demodulation of a non-coherent modulated wave requires an envelope detector. The
envelope detector is basically a rectifier circuit that generates an envelope of the incoming
high frequency carrier signal and strips off the carrier to recover the data.

In Fig. 16a, we have illustrated a 45 nm DG-MOSFET envelope detector circuit in which the
output is inverted to that of binary input (Refer Fig. 6). The output signal needs further
to be passed through an inverter for the recovery of the original signal. Although requires
additional hardware, this circuit has an advantage over the straightforward recovery as the
former has a better output swing over the latter [48]. The simulation (Fig. 16b) illustrates the
recovered binary input information as same as that is shown in Fig. 6. The high frequency
noise present with logic 1 data at the output can be easily filtered out.

4.4. Charge pump Phase Frequency Detector

The Phase Frequency Detector (PFD) is one of the two major components of a PLL, that
is used for the demodulation of coherent modulated signal. The other being the local
oscillator/VCO. It consists of two D Flip Flops and a reset circuit. The two D Flip Flops
are implemented with eight NOR gates (four each) [49]. The reset path consists of another
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Figure 16. a) Envelope Detector Circuit with only two DG MOSFETs. b) The modulated input consisting of the both the carrier

and data; the recovered demodulated output consisting only of data sans the carrier.

NOR gate. Here, each of the NOR gates are constructed with DG-MOSFETs. The circuit
also consists of two DG-MOSFET NMOS switches implemented in regular VT configuration
(Fig. 17a).

4.4.1. DG-MOSFET NOR gate

The DG MOSFET NOR gate consists of only two DG transistors instead of four as in
conventional CMOS architecture (Fig. 17b). This was first proposed by Chiang et. al [50]. The
design employs the threshold-voltage (VT) difference between double-gated and single-gated
modes in a high VT DG device to reduce the number of transistors by half.

The NOR logic with DG-MOSFETS is shown in Fig. 17c. One of the major advantages of using
NOR gates using DG-MOSFETs is speed. The area and capacitance of the DG-MOSFET NOR
gate is almost 2x less than the conventional CMOS due to reduced transistor count (half that
of conventional CMOS) and associated isolation and wirings which lowers the capacitance
and speeds up the circuit. In Fig. 17d we demonstrate this fact for different supply voltages.
The advantage in higher speed is crucial for tiny phase error detection in PLL and is the
subject of the following section.

4.4.2. Design and analysis

This analysis is carried with a supply of 1 V for (W/L)p = 4 µm / 45 nm and (W/L)n = 1
µm / 45 nm. The power consumed by the DG-MOSFET based Charge Pump PFD is 3.4 mW
which is 21% less than that of the conventional CMOS under identical device dimensions and
parameters. Although the drive current (ION) for DG-MOSFET is higher for both regular and
high VT configurations than that of a single gate MOSFET, the reduction in the number of
transistor counts, reduces the power consumption decently. The area is also reduced almost
by half resulting from this reduction.

The phase error between two pulses A and B can be correctly detected for both conventional
CMOS and DG-MOSFET when the phase error between the two pulses (Tpe) is above a
certain threshold. Now from our analysis at the previous section on speed enhancement
of DG-MOSFET based NOR architecture we can deduce the rise time of the DG-MOSFET
(TthDG) is faster than that for rise time of conventional CMOS (TthSG) to reach the desired
threshold of logic ‘HIGH’ and thus we can write TthDG < TthSG. However, for low phase
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also consists of two DG-MOSFET NMOS switches implemented in regular VT configuration
(Fig. 17a).
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The DG MOSFET NOR gate consists of only two DG transistors instead of four as in
conventional CMOS architecture (Fig. 17b). This was first proposed by Chiang et. al [50]. The
design employs the threshold-voltage (VT) difference between double-gated and single-gated
modes in a high VT DG device to reduce the number of transistors by half.

The NOR logic with DG-MOSFETS is shown in Fig. 17c. One of the major advantages of using
NOR gates using DG-MOSFETs is speed. The area and capacitance of the DG-MOSFET NOR
gate is almost 2x less than the conventional CMOS due to reduced transistor count (half that
of conventional CMOS) and associated isolation and wirings which lowers the capacitance
and speeds up the circuit. In Fig. 17d we demonstrate this fact for different supply voltages.
The advantage in higher speed is crucial for tiny phase error detection in PLL and is the
subject of the following section.

4.4.2. Design and analysis

This analysis is carried with a supply of 1 V for (W/L)p = 4 µm / 45 nm and (W/L)n = 1
µm / 45 nm. The power consumed by the DG-MOSFET based Charge Pump PFD is 3.4 mW
which is 21% less than that of the conventional CMOS under identical device dimensions and
parameters. Although the drive current (ION) for DG-MOSFET is higher for both regular and
high VT configurations than that of a single gate MOSFET, the reduction in the number of
transistor counts, reduces the power consumption decently. The area is also reduced almost
by half resulting from this reduction.

The phase error between two pulses A and B can be correctly detected for both conventional
CMOS and DG-MOSFET when the phase error between the two pulses (Tpe) is above a
certain threshold. Now from our analysis at the previous section on speed enhancement
of DG-MOSFET based NOR architecture we can deduce the rise time of the DG-MOSFET
(TthDG) is faster than that for rise time of conventional CMOS (TthSG) to reach the desired
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error applications, when TthDG ≤ Tpe ≤ TthSG, the PFD ceases to work correctly for the
conventional CMOS. As observed from Fig. 18, for Tpe = 80 ps, the voltage at the output
QA of the flip flop fails to reach the threshold to switch on the transistor MN1 in the period
when A is ‘HIGH’ and B is ‘LOW’. The voltage only reaches the threshold when both A and
B are HIGH. When B is high the voltage at QB also reaches ‘HIGH’ which turns the transistor
MN2 ‘ON’. Therefore, when both QA and QB are ‘HIGH’ (reaches the VT) simultaneously,
the current I1 instead of charging the capacitor CP passes through the switch MN2. Thus the
output voltage (Vout) remains nearly constant and changes only by a fraction of what should
be in order to send the accurate message of phase error to the VCO, which follows the PFD
in a PLL architecture. As a matter of fact, the Vout changes only by a meagre 0.005 mV for
100 ns. This is negligible and an incorrect feedback to the VCO. The Vout characteristics is
verified from Fig. 19. This is the familiar dead zone condition where there is no or negligible
charge pump current that contributes to no change in Vout.
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On the other hand, the advantage of DG-MOSFET is clearly evident from Fig. 18 where it
can be confirmed that for the same period the threshold for the DG-MOSFET reaches the
logic ‘HIGH’ when A is ‘HIGH’ and B is ‘LOW’. Thus the current I1 cannot escape through
MN2 and charges CP instead. This is clearly because even when Tpe ≤ TthSG, the inequality
Tpe ≥ TthDG, is still valid due to the fact that TthDG < TthSG owing to the lower capacitance
as discussed in the previous section. Thus the dead zone is avoided with the correct and
significant change of 0.6 mV in Vout for the same duration as that of conventional CMOS
(Fig. 19).

5. Summary and future prospects

The chapter has provided examples for unique and significant performance improvements
available via a novel transistor architecture (FinFET or DG-MOSFET) in a wide collection
of analog and mixed-signal circuits that can be used in today’s integrated wireless
communication, satellite navigation systems and sensor networks, verified through industry
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On the other hand, the advantage of DG-MOSFET is clearly evident from Fig. 18 where it
can be confirmed that for the same period the threshold for the DG-MOSFET reaches the
logic ‘HIGH’ when A is ‘HIGH’ and B is ‘LOW’. Thus the current I1 cannot escape through
MN2 and charges CP instead. This is clearly because even when Tpe ≤ TthSG, the inequality
Tpe ≥ TthDG, is still valid due to the fact that TthDG < TthSG owing to the lower capacitance
as discussed in the previous section. Thus the dead zone is avoided with the correct and
significant change of 0.6 mV in Vout for the same duration as that of conventional CMOS
(Fig. 19).

5. Summary and future prospects

The chapter has provided examples for unique and significant performance improvements
available via a novel transistor architecture (FinFET or DG-MOSFET) in a wide collection
of analog and mixed-signal circuits that can be used in today’s integrated wireless
communication, satellite navigation systems and sensor networks, verified through industry
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standard SPICE simulations. In particular, the chapter documents the tunable frequency
response in relaxation and LC oscillators along with the gain tuning in wide-band PA and the
LNA circuits. In all these cases, the performance improvements and tunable characteristics
can be achieved via the availability of independently biased second gates in these new device
architectures. In addition to gain tuning, the PA and the LNA performance parameters such
as gain, bandwidth, linearity, NF are either comparable or better than some of the recent
designs in conventional CMOS or III-V technologies. The fact that DG-MOSFET circuits
utilize reduced transistor count compared to single gate CMOS is exemplified by relaxation
oscillator, RF Mixer, OOK Modulator, Envelope Detector and Charge Pump PFD circuits. As
obvious, the reduced transistor count aids in reducing area and may lower power dissipation.
The biasing optimization technique of the RF Mixer described here maximizes the conversion
gain of the RF Mixer with power efficiency. The DG-MOSFET Charge Pump PFD circuit
avoids dead zone in PLL for low phase difference applications which is not possible in
conventional CMOS as demonstrated here. The primary reason for this is reduced delay
because of reduced area which in turn is achieved as a result of reduced transistor count.

With fabrication processes of DG-MOSFETs soon coming up with initiation from TSMC and
rapidly expanding system-level efforts led by several national and international programs in
US, Japan and Europe, along with several companies (such as Intel [4]) and academic centers
focussing on these DG-MOSFET/FinFET/3DMOSFET technologies, we should expect a wide
range of tunable analog RF circuits, reconfigurable logic blocks, on-chip power management
blocks and mixed-signal system-on-chip applications to come into existence in the next few
years.

Ultimately, with the ongoing nanotechnology revolution further performance improvements
and architectural changes in devices are to be expected in the next decade and beyond. Our
work here shows that such changes can be utilized by circuit engineering to result in very
compact and capable systems, even when the actual change is to include merely an additional
gate in the MOSFET architecture. This indicates that circuit engineering has a lot more to
say not only in the final stretch of Moore’s scaling, extending perhaps until 2020, but also in
post-Moore area where fundamental fabric of building circuits may be altered significantly,
and novel devices architectures and materials such as graphene, carbon nanotube, nanowire
or molecular transistors are likely to play a significant role.
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Memetic Method for Passive Filters Design
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Additional information is available at the end of the chapter
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1. Introduction

The design of analog passive filters with specialized (not typical) frequency responses is not
a trivial problem. The presence of finite load impedances for filter sections and limited qual‐
ity factors of coils are just two of many concerns which a design engineer has to take into
account. Additionally, classical techniques of filters synthesis require assuming of the ap‐
proximation type (e.g. Butterworth, Chebyshev) before calculating the filter transfer func‐
tion’s poles and zeroes. This choice is frequently a challenge itself.

One of the methods allowing for elimination of the mentioned problems is the use of evolu‐
tionary computations (EC). Evolutionary techniques are a well known and frequently used
tool of global optimization [1-3]. This kind of the optimization imitates natural processes of
individuals’ competition as candidates for reproduction. Better fitted individuals have high‐
er survival probability and their genetic material is preferred. During the recombination
process some parts of parents’ genotypes are exchanged and offspring individuals are creat‐
ed. A new generation collected after the succession procedure conserves the features consist‐
ed in the previous genotypes. Besides, to assure a system resistance for a stagnation effect,
mutation operations are applied to EC. The most popular sorts of EC approaches are: genet‐
ic algorithm (GA), genetic programming (GP), evolutionary strategies (ES), differential evo‐
lution (DE) and gene expression programming (GEP).

The main drawback of evolutionary approaches is an ineffective and insufficient local opti‐
mization. This property and significant computational efforts necessary for a huge genera‐
tion processing predispose the EC applicability especially to the NP hard global searching
problems [4-10]. This chapter describes the passive filters synthesis method by means of EC.
The process of circuits’ automated designing is a very complex issue. A wide area of solu‐
tions should be probed during the early stage of computations and its local parameters
should be finally optimized. In contrary to the alternative systems [4-6], the method present‐
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ed in this chapter is based on an application of a hybrid system - a synergy of genetic pro‐
gramming (GP) (used for the purpose of determining an optimal network of a passive filter
circuit) and a deterministic local search by the means of Hooke and Jeeves method (HJM),
which enables the system to find accurate values of the filter’s elements. The proposed de‐
sign system allows for obtaining the desired frequency response and, optionally, production
yield optimization.

Section 2 explains the general algorithm of the proposed system, Sections from 3 to 5 present
the descriptions of the important details of the algorithm. Next, in Section 6, the exemplary
results of an automated circuit design are placed. Finally, in Section 7, some considerations
of the method future development and final conclusions are presented.

2. Optimization process overview

The process is initialized with the desired filter specifications. Additional algorithms’ pa‐
rameters, e.g. population size, number of Monte Carlo analyses, and the like, are assumed.
The use of GP and HJM is briefly presented in following paragraphs.

In the presented research both filters topology and circuit parameters values are being opti‐
mized. As far as GP has been proven an effective tool of circuits networks determination, it
is not as efficient in adjusting resistors, coils, or capacitors values. The latter has been solved
by the use of a deterministic, non-gradient local search algorithm - Hooke and Jeeves direct
search method [11]. A synergy of evolutionary global optimization and local optimization
algorithm is called a memetic algorithm [12-16]. In the presented research the proposition of
the memetic genetic programming (MGP) introduction for the purpose of the analog filters
design is described.

The block diagram of the optimization process has been presented in Fig. 1. After system
running, the first, primary generation of the Nmx individuals is created randomly. It is very
important to assure the possible wide range of dispersion for the starting solutions, so the
diversity of this population is extremely desired. In the proposed system, the uniform prob‐
ability of the primary individuals’ randomization with the maximal allowed size limitation
is applied. To evaluate the actual, random solutions, the fitness function is determined for
each individual from population. The distances between the parameters of the evaluated
phenotypes and the target specifications are checked during this process. Next, the GP sys‐
tem is executed. During reproduction, the mating pool is collected with the reproduction
method that prefers more fitted individuals. An adequate strength of selection pressure has
to be kept during this process, and it has crucial impact for a system convergence. During
recombination process, pairs selected from an intermediate pool are crossed with assumed
probability. Besides, offspring genotypes can be mutated and it assures adequate veracity of
the population and allows for achieving the new regions of the searching space. Detailed in‐
formation about the genetic operations and the fitness function of the GP part of the pro‐
posed memetic system are included in Section 4.
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Figure 1. The process overview

This heuristic stage impacts on the coded circuits topology especially (i.e. the values of the
filter resistances, inductances and capacitances are optimized not effectively), however the
values of its elements are adjusted on the next stage during local deterministic optimization.

The newly created population of solutions represents a sort of circuits with non optimal values
of its elements and now they are determined by means of HJM (pattern search) algorithm.

The differential of the fitness function is unknown. Hence, the local search algorithm could
not have required its gradient computation. Among various optimization methods that meet
this requirement, the pattern search method is characterized by its simplicity. The HJM
method consists of two moves, i.e. exploratory and pattern, repeated sequentially until stop
conditions are fulfilled.

Evolutionary algorithms are a trade-off between a global and local optimization. As far as they
provide a good solution it never is but a sub-optimal one. The aim of the presented research
was to achieve the best possible solution. Hence, it has been decided to use local search algo‐
rithms. The application of a local search algorithm after the evolutionary optimization is com‐
pleted would improve the performance of the last chosen individual. Though, it would not
affect the optimization process itself. Memetic solutions aim to improve the overall optimiza‐
tion process. The local search algorithm is applied within the evolutionary algorithm’s main
loop. It allows for faster convergence of the process. Applying a full local search process within
each of the evolutionary iterations would influence the required computation time significant‐
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ly and negatively. Therefore, only a few iterations of the HJM were allowed. For the purpose of
improving the final result a full HJM cycle is applied after the evolutionary cycle is over.

In the presented approach the Hooke and Jeeves method had to be modified so the search is
carried out in the assumed search space (E24 sequence of resistances, capacitances and in‐
ductances). The detailed description of the algorithm is presented in Section 5.

Next, after the topology and the values of elements determination, if the production yield
optimization is required, the Monte Carlo analysis can be applied. The algorithm is termi‐
nated if all specification (and yield) requirements are met or if the last allowed generation
Gmx was reached.

3. Circuit structure coding

The filter circuit structure is coded with the use of a binary tree structure. An exemplary tree
is illustrated in Fig. 2. Its inner nodes contain functions, however terminals keep their argu‐
ments. The length from a root node to the most remote leaf is defined by the maximal depth
Dmx and it reaches the value Dmx=4 for the illustrated case. Finally, the tree presented in Fig.2
can be decoded as a general expression given below:

( )( ) ( )( )1 2 1 3 2 3 4 4 5, , , , .y f f t f t t f t t= (1)

Figure 2. The example of tree structure

This kind of structure allows for defining the circuit topology and values of its elements in
the flexible way with the assumed type of connection functions defined in F and the set of
basic terminal blocks defined in T. Besides, it enables an easy way to the genetic operations
implementation in the GP system. The set F contains unique symbols for connection types
and for the described system it was defined as follows:

{ }, ,|| ,= -- >>F (2)
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where contained symbols denote a serial,  a  cascade and a parallel  configuration respec‐
tively.

Generally, passive filters circuits are constructed by the use of resistors, capacitors and mag‐
netic coils (inductors), so the T-typed three-terminal (two-port) blocks which contain these
elements (one in each branch) were chosen as basic ones:

{ }, , ,e u e u e u e u e u e u e u e u e uRv o Lv o Cv o Lv o Cv o Rv o Cv o Rv o Lv o=T (3)

where integer numbers ve for e=(1,..,E) and ou for u=(1,..,U) determine the value and its order
for the element identified by the antecedent descriptor (i.e. R for a resistor, L for a inductor
and C for a capacitor). In the proposed system, discrete values vi are selected from a set V
that contains elements from a widely known practical series E24 (E=24) prepared for the
components manufactured with tolerance equal to δtol=5%:

10, 11, 12, 13, 15, 16, 18, 20, 22, 24, 27, 30,
.

 33, 36, 39, 43, 47, 51, 56, 62, 68, 75, 82, 91
ì üï ï= í ý
ï ïî þ

V (4)

Order  values  are  included  in  the  set  O  and  they  should  enable  the  desired  range  of
coding,  and  consist  of  U  integer  ciphers  ( 0 ≤  ou  ≤  9  )  which  determine  exponents  of
decimal  multipliers:

( ){ }0 1, .., .U-o o=O (5)

Finally, values of resistance R, inductance L and capacitance C are calculated from the equa‐
tions (6) ÷ (8) respectively:

10 [ ],uo
eR v= × W (6)

L =ve ⋅10ou μH , (7)

10 [pF].uo
eC v= × (8)

The idea of the terminals’ T (basic circuit blocks) coding is illustrated in Fig.3, where the
three exemplary two-ports and adequate coding strings are presented. Impedances of ele‐
ments from two-ports branches of these blocks are calculated from:

,RZ R= (9)
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2 ,LZ fLp= (10)

1 ,
2CZ

j fCp
= (11)

where f is a signal frequency and j denotes imaginary unit. Impedances Z1, Z2, Z3 for termi‐
nal illustrated in Fig.3a can be determined according to equations (9), (10), (11) and its ele‐
ment sequence (i.e. Z1=ZR, Z2=ZL, Z3=ZC for RLC-typed leaf, Z1=ZL, Z2=ZC, Z3=ZR for LCR-
typed leaf and Z1=ZC, Z2=ZR, Z3=ZL for CRL-typed leaf).

Figure 3. Terminal block structures: a) general, b) exemplary two-ports coded by the respective above strings

Finally, basing on elements from (2) and (3), the trees which code passive filters circuits can
be constructed and some example is presented in Fig.4.

Figure 4. Exemplary structures of: a) genotype, b) phenotype

3.1. Analysis of the blocks connections

An important capability of the technique described is that it assures galvanic (direct) con‐
nection of the ground line between input and output ports and it is very desired for practi‐
cally implemented filter circuits. Besides, as can be seen in the analysis below, each type of
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the basic blocks configurations allows for defining an equivalent T-typed circuit and it uni‐
fies the interpretation of genotypes of any shapes and sizes.

Figure 5. Basic blocks connected in series and its equivalent circuit

Two blocks configured in a series (genotype node denoted as ‘--‘) are illustrated in Fig.5. A
simple analysis of this circuit leads to equations defining the impedances for the equivalent
circuits:

1 1 1 ,s a bZ Z Z= + (12)

2 2 2 ,s a bZ Z Z= + (13)

3 3 3 ,s a bZ Z Z= + (14)

Figure 6. Basic blocks connected in cascade and its equivalent circuit
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As can be seen in Fig.6, for a cascade connection (genotype node denoted as ‘>>’) a conver‐
sion from a Π to a T-typed structure can be used for an equivalent circuit determination:

( )2 1 3
1 1 1 1 ,a b a
c a t a

ab

Z Z Z
Z Z Z Z

ZP

+
= + = + (15)

( )2 1 3
2 2 2 2 ,a b b

c b t b
ab

Z Z Z
Z Z Z Z

ZP

+
= + = + (16)

3 3
3 ,a b

c
ab

Z Z
Z

ZP

= (17)

where:

2 3 1 3 .ab a a b bZ Z Z Z ZP = + + + (18)

The parallel configuration (genotype node denoted as ‘||’) is the last kind of connection as‐
sumed in (2) and it can be easily modeled by an equivalent circuit after a few transformations ex‐
plained in Fig.7. Finally, impedances for an equivalent circuit can be calculated from relations:

1 3
1 ,xy xy

p
xy

Z Z
Z

ZP

= (19)

2 3
2 ,xy xy

p
xy

Z Z
Z

ZP

= (20)

1 2
3 ,xy xy

p
xy

Z Z
Z

ZP

= (21)

where:

1 3 1 31 1 1
1 3 1 3

1 1 1 1 1 ,
a a b bxy x y

a a b b
Ta Tb

Z Z Z ZZ Z Z Z Z Z Z
Z Z

= + = +
+ + + + (22)

2 3 2 32 2 2
2 3 2 3

1 1 1 1 1 ,
a a b bxy x y

a a b b
Ta Tb

Z Z Z ZZ Z Z Z Z Z Z
Z Z

= + = +
+ + + + (23)
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1 2 1 23 3 3
1 2 1 2

1 1 1 1 1 ,
a a b bxy x y

a a b b
Ta Tb

Z Z Z ZZ Z Z Z Z Z Z
Z Z

= + = +
+ + + + (24)

1 1 1 .xy xy xy xyZ Z Z ZP = + + (25)

Figure 7. Basic blocks connected in parallel and the equivalent circuit

The transformations described above allow to obtain the resultant impedances Z1r, Z2r and
Z3r of the filter circuit (Fig.8) coded by a genotype tree. Finally, a frequency response of the
filter loaded by the impedance Zo can be calculated from:

( ) 1
2 1

3

.
1

out o

in r
o r r

r

U Z
K

U ZZ Z Z
Z

= =
æ ö

+ + +ç ÷ç ÷
è ø

(26)
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Figure 8. The resultant equivalent filter circuit

4. Genetic operations and fitness calculation

4.1. Reproduction and crossover

The first genetic operation executed after primary generation evaluation is reproduction and
it completes a mating pool. A rang method of reproduction is applied in the proposed solu‐
tion. This kind of operation assures the minimization of the evolutionary system’s tendency
to promote the average fitted phenotypes (selection pressure regulation). The probability Psel

of an individual selection for an intermediate pool of candidates for recombination depends
on rang r value:

( )1 ,sel mn mn
mx

rP P P
N

= + - (27)

where Pmn denotes an assumed minimal value of the resultant probability (to avoid the cur‐
rently most fitted genotypes domination), and Nmx is a total number of individuals in the
population. The rang r is equal to the position of an individual in population ordered by a
fitness value (i.e. for the worst r=1 and for the best evaluated r=Nmx).

The crossover (recombination of the genetic material) process is carried out with probability Pcr

for two parental genotypes selected randomly (with uniform probability) from a mating pool
and its idea is illustrated in Fig.9. After two crossover points CP1 and CP2 random designation
for genotypes (individually for each one), adequate sub-trees are exchanged between them.
This process allows for preserving and propagating the genetic information of the well fitted
individuals inside the generation and this operation promises to obtain better evaluated off‐
spring genotypes. Additionally, for the proposed system, the protection against too much tree
growing was applied to crossover process. Recombination is accepted only if for each offspring
individual the maximal depth does not exceed the assumed Dmx value.
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Figure 9. The idea of the crossover process

4.2. Genotypes mutations

The main goal of the mutation operations is the protection against the optimization process
stagnation in the local area of the searching space. Four types of mutation procedure are
used in the system described:

• a function node mutation with probability P1mu,

• a terminal node mutation with probability P2mu,

• a sub-tree deletion with probability P3mu,

• a sub-tree mutation with probability P4mu.

Figure 10. Genotype mutations illustration
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The ideas of all these genotype modifications are illustrated in Fig.10. In case of node muta‐
tion, it is replaced by a random one (function or terminal adequately) selected from the ini‐
tially assumed set (2) or (3). During the sub-tree mutation process it is deleted or replaced by
a randomly created one. Sub-tree cutting allows for simplifying the phenotype, so it is de‐
sired to the filter circuit size minimization. On the other hand, the new sub-tree adding can
lead to a genotype growing, so this process is controlled and only results with the maximal
depth up to Dmx are accepted.

4.3. Fitness value calculation

The quality of the phenotype is evaluated by means of fitness value calculation:

( ) ( )
2

0 01 1

1 1

.

M
M

m m m mm m
A A

a aa a

K K K K
Q max

w w
= =

= =

æ ö- -ç ÷
= + ç ÷

ç ÷
è ø

å
(28)

Equation (28) is a sum of two components. The first one is a mean square distance of the
|Km| amplitude response of the tested phenotype from the desired region of the filter de‐
sign specifications |K0m|and it is calculated in M  points totally of frequency response for
the  assumed range  of  analysis.  Besides,  to  assure  the  same impact  on  optimization  for
each frequency band a defined in filter specifications, its distance is averaged by division
by the number wa  of  frequency points  included in the actually analyzed band.  The sec‐
ond one is the average value of the maximal deviation of the frequency point for bands
and it additionally prevents the system from stagnation at average solutions. The memet‐
ic  optimization system minimizes Q  during evolutionary cycles and for the best  pheno‐
type this distance reaches zero.

After offspring individuals creation its terminal nodes (i.e. filter elements values) are
searched with the use of HJM in the way described in the next section and after collecting
the new generation it replaces the previous one during the succession process. Finally, the
best fitted genotype codes the structure of the filter circuit.

5. Local search

5.1. Hooke and Jeeves local search algorithm

The pattern search optimization algorithm consists of two types of moves, i.e. exploratory
move and pattern move.

The purpose of  the first  of  them is  to  find and utilize information about the optimized
function  values  around the  current  base  point  b(k=0)  (individual).  In  increasing  order  of
indexes, each of the following circuit parameters’ values is given a small increment (first‐
ly  in  positive  and then,  if  required,  in  the  negative  direction).  The  value  of  the  fitness
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function is  checked and if  there is  a progress noticed,  the value of  this  variable will  be
kept as a new b(k+1) vector. This step is being repeated with reduced range of the param‐
eters  values change.  When no fitness  function value improvement is  possible,  a  pattern
move, starting from the current point, is made.

The aim of the pattern move is to speed up the search by information gained about the
optimized function and to find the best search direction.  A move from the current b(k+1)

in  the  direction  given with  b(k+1)-bk  is  made.  The  fitness  function  value  is  calculated  in
the point given by

( )1 2 .k kk+= -p b b (29)

The procedure is continued with a new sequence of exploratory moves starting from the
point pk. If the achieved fitness function’s value is lower than the one around point bk, then
a new base point b(k+2) has been found. In this case a new pattern move (29) is carried out.
Otherwise, the pattern move from b(k+1) is dropped and the new exploratory sequence starts
from b(k+1). The procedure is continued until the length of the step for each of the variables
has been reduced to the value assumed previously.

5.2. The implementation of the Hooke-Jeeves method

The search space in the presented research is not only discrete but also limited by the E24
sequence. Considering it several correcting procedures needed to be implemented.

5.2.1. Increasing and decreasing values of the circuit parameters

The first problem to be addressed was to properly increase the values of the circuit parame‐
ters. It has been achieved by translating the V and O sets into two vectors of integers:

={1,..,24},VV (30)

={1,..,7},OV (31)

where: Vv(1) denotes v1=10, Vv(2) denotes v2=11, etc. Vo(1) denotes o1, Vo(2) denotes o2, etc.

Let stepk be the current size of the variable vari change. The i-th variable is given with:

( )= , ,i i
i v ovar v v (32)

where vv
i is the translated value of ve and vo

i is the translated value of ou (see (3)-(5)).

The increment of the vari is carried out according to the presented algorithm:
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• vv
i =vv

i + ste pk

• if vv
i >24 then:

• vv
i =vv

i −24

• vo
i =vo

i + 1

• if vo
i >7 then vv

i =24∧vo
i =7

The decrement procedure is carried in a similar way, i.e.:

• vv
i =vv

i − ste pk

• if vv
i <1 then:

• vv
i =vv

i + 24

• vo
i =vo

i −1

if vo
i <1 then vv

i =11∧vo
i =0

5.2.2. The „in-loop“ local search

The local search procedure implemented within the evolutionary loop has been implement‐
ed in a way that the computation time was not affected significantly.

First of all, there has been a strict limit of pattern searches number set. Secondly, the initial
step size has been small. It allows for exploring only a small area around the base point giv‐
en with following individuals.

6. Exemplary Results

For the efficiency of the technique presentation, an automated design of the specialized filter
was realized. The assumed, desired amplitude response specifications for a filter are as fol‐
lows (A=7 bands):
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for an assumed load resistance Z0=R0=150. The MGP system was executed with the initial
parameters:

• the number of generations Gmx=50,

• the maximal allowed depth for genotypes Dmx=4,

• the population size Nmx=10,

• the crossover probability Pcr=0.9,

• the mutations probabilities Pmu1=0.2, Pmu2=0.3, Pmu3=0.1, Pmu4=0.2,

• the minimal probability of reproduction Pmn=0.3,

• the number of frequency points M=100,

and for the orders (5) of values for searched elements:

{ }0,1, .., 6 .=O (34)

The best found genotype evaluated for the specifications (33) is illustrated in Fig.11 and it
codes the temporary version of the filter circuit placed in Fig.12a. Next, due to radically
small or high values for some elements and due to the obtained kinds of connections (e.g.
shortened or opened branches, the same types of elements connected in series or in parallel),
unnecessary elements from this circuit can be removed or simplified. This stage of the circuit
synthesis can be supported by a simulation software tool. In Fig.12b the final filter circuit
obtained for the considered example is presented. In comparison to the temporary one, its
size was radically reduced without amplitude response degradation.

Figure 11. The resultant genotype
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Figure 12. The structures of the designed filters: a) temporary version, b) final version

The quality of the specifications (33) keeping can be seen in Fig.13. The rectangles defining the
allowed region for the filter amplitude response and simulation results obtained for the resul‐
tant circuit from Fig.12b are placed there. Only one restriction from (33) (the last frequency
band) was a little violated, but the other ones are fully fulfilled. It should be emphasized, that
due to discretizaton of the available values of components to a practical E24 series (4) not all
theoretical shapes of frequency responses assumed on filter specifications defining stage will
be practically reachable and it is necessary to conciliate with some inaccuracies. Besides, too
high tolerance decreasing leads to the undesirable growing of production costs.

Figure 13. The amplitude response of the designed filter

Analog Circuits66



Figure 12. The structures of the designed filters: a) temporary version, b) final version

The quality of the specifications (33) keeping can be seen in Fig.13. The rectangles defining the
allowed region for the filter amplitude response and simulation results obtained for the resul‐
tant circuit from Fig.12b are placed there. Only one restriction from (33) (the last frequency
band) was a little violated, but the other ones are fully fulfilled. It should be emphasized, that
due to discretizaton of the available values of components to a practical E24 series (4) not all
theoretical shapes of frequency responses assumed on filter specifications defining stage will
be practically reachable and it is necessary to conciliate with some inaccuracies. Besides, too
high tolerance decreasing leads to the undesirable growing of production costs.

Figure 13. The amplitude response of the designed filter

Analog Circuits66

7. Conclusions

The automated system for a passive filter circuits design was presented in this chapter. Any
initial information about the filter circuit structure is not necessary for filter synthesis, only
desired specifications should be defined. The circuit’s topology as well as its elements val‐
ues are optimized together in the MGP system. Thanks to the deterministic algorithm of the
local searching engaging (HJM), the speed of convergence to the well evaluated solutions
during the evolutionary computations grows significantly and the values of the filter’s ele‐
ments are adjusted to the most fitted ones for an actual circuit topology. Finally, after redun‐
dant elements elimination, the filter circuit is obtained with components selected from a
practical production series (i.e. for practically reachable nominal values), and it makes the
circuit realization easier. Besides, the genotypes sub-trees deletion applied in the system en‐
ables the complexity of the circuit minimization.

For the future system improving, the additional criteria for fitness calculation (28) can be
added. For example, the group delay value and the kind of circuit elements (the quantity of
inductors minimization) may be optimized. Besides, the applying of the models of real ele‐
ments should be considered (to the parasitic parameters taken into account). Additionally,
the proposed system can be adapted to the active circuits automated synthesis.
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Chapter 4

Interval Methods for Analog Circuits

Zygmunt  Garczarczyk

Additional information is available at the end of the chapter

http://dx.doi.org/10.5772/54848

1. Introduction

Concepts of interval analysis are suitable for solving some problems for linear and nonlinear
analog circuits. The effects of circuit parameter uncertainties on circuit performance are always
of great concern to the system designer. It is desirable to know a priori estimates of the circuit
response, subject to parameter uncertainties. In the first section of this chapter a problem of
calculating of the operating regions (solutions) for linear circuits with parameters done as
interval numbers is considered. Such circuits are described by linear interval equations. The
set of all possible operating points of the circuit may have a very complicated structure and it
is usually impractical to calculate it. Applying ideas of interval analysis it is possible to calculate
multidimensional rectangular region bounding the set of operating points. In the paper an
algorithm of iterative evaluation of the bounds of operating regions is applied. The second
section deals with the finding DC solutions of nonlinear, inertialess circuits. Using idea of a
continuation method one can solve nonlinear equations describing circuit by tracing so-called
solution path. A version of the predictor-corrector method for computing points of continua‐
tion path of a nonlinear equation is presented. The target of this approach is to control the
corrector step in such a manner that the predictor step is sufficiently large but that the corrector
step does not jump to another continuation path. Additionally interval analysis offers possi‐
bility to solve that problem by applying generalized bisection method based on some interval
operator associated with nonlinear equation. In the section Krawczyk operator is used in n-
dimensional box-searching of all solutions. For both sections numerical studies are reported
in order to illustrate and verify presented approach.

2. Analysis of linear circuits with interval data

The changes in the performance of a linear circuit due to the variations in circuit parameters
are of great practical importance in engineering analysis and design. Such perturbations of
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parameters may model the effects of uncertainties in manufacturing tolerances, ageing of
components, environmental causes and the like. because of these uncertainties, the value of
the parameters of a given linear circuit may frequently be treated as belonging to suitable
intervals.

From this point of view, the aim of this paper is to consider solutions of linear circuits using
paradigm of interval computations [1]. This problem is closely related to the tolerance analysis
of electric and electronic circuits especially the worst-case analysis [3].

To explain problem formulation let us consider following simple example. We are interested
in computation of nodal voltages in the R-ladder circuit of Fig.1.

Parameters of the circuit are done as interval number, viz. E∈[5.67, 6.93], R1, R2, R4, R6∈[0.09,
0.11], R3, R5∈[1.8, 2.2]. Applying nodal analysis we obtain following system of equations:

1.98, 2.42 −2.2, −1.8 0, 0
−2.2, −1.8 3.69, 4.51 −2.2, −1.8

0, 0 −2.2, −1.8 1.89, 2.31

V1

V2

V3

=
0.51, 0.76

0, 0
0, 0

E

R 1 V 1
R 3 R 5V 2

R 2 R 4 R 6

V 3

Figure 1. R-ladder circuit

It's seen that the coefficients and right-hand sides of the system are not determined exactly,
but are only known to lie within some real intervals.

Denote a system of linear interval equations by

 .=A x b (1)

The coefficients and right-hand sides of the system are not determined exactly, but are only
known to lie within some real intervals. Such a system of linear interval equations represents
a family of ordinary linear systems which can be obtained from it by fixing coefficients and
right-hand-side values in the prescribed intervals. Each of these systems, under the assumption
that each A∈A is nonsingular, has a unique solution, and all these solutions constitute a so-
called solution set S. The solution set of Eq.(1) can be expressed as

S = x:Ax=b, A A, { }b b .Î Î (2)

Analog Circuits70
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It forms some multidimensional operating region of a circuit.

It the next points, we introduce some notations and ideas concerned with a structures of
operating regions, drawbacks of some circuit descriptions, and method of rectangular
(interval) evaluating of the operating regions.

As the examples, we give the calculation of variations of the frequency response and nodal
voltages of the RC circuits with interval data. We also test our approach when the widths of
matrix elements in Eq.(1) are large.

2.1. Notations and preliminaries

All vectors in this paper will have n components and all matrices will be of size n×n. The sets
of real vectors, real matrices, interval vectors, and interval matrices are represented by the
lower case, upper case, lower case bold, and upper case bold letters respectively. A real, scalar
interval x is given by x

¯
, x̄ , where the endpoints of an interval are x

¯
≤ x̄. We denote the center

of an interval x by m(x)= (x
¯

+ x̄) / 2, and width of an interval by w(x)= x̄ − x
¯

. For interval vectors
and matrices these concepts are defined via the elements. If A=(aij) is an interval matrix, then
m(A) = (m(aij)), see for example [2]. We say that a real vector x, is contained in an interval vector
x, and we write x∈x, if x

¯ i ≤ xi ≤ x̄ i for all i = 1,...,n. A real matrix A is contained in an interval
matrix A, and we write A∈A, if a

¯ ij ≤aij ≤ āij for all i, j = 1,...,n. An interval matrix A is called
regular if detA ≠ 0 for each A∈A. Let | A| =(|aij |) denote matrix with absolute values of
elements and A ≥ 0 (and similar relations) are meant componentwise (i.e. aij ≥ 0). An interval
matrix A is called inverse stable if | A −1 | >0 for each A∈A, i.e. if each inverse matrix element
is nonzero [12]. Subsequently we introduce some concepts of matrix theory [11]. First, we use
the (componentwise) natural partial ordering on sets of real rectors and matrices:

A≥ B ⇔aij ≥bij for i, j =1, ..., n

For inverse stable matrix A the signature matrix Z is defined by

zij ={ 1 if a ji >0

−1 if a ji <0 i, j =1, ..., n

(notice the transposition of indices). For two n×n matrices A = (aij) and B = (bij) their compo‐
nentwise product is defined as A*B=(aijbij). Further, diag A denote the diagonal vector of A,
i.e. diag A = (a11,...,ann)T and ρ(A)denotes spectral radius of A.

2.2. Structure of an operating region

In the first section we introduce a linear interval Ax = b with an interval matrix of coefficients
A = [A-Δ, A+Δ] and a right-hand side interval vector b = [b-δ, b+δ] describing the linear circuit.
Here A = m(A), Δ = w(A)/2 and b = m(b), δ = w(b)/2. The set S of all possible operating points
(solutions of Eq.(1)) of linear circuit may have a very complicated structure. This set is not
generally an interval vector.
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A number of authors have described ways to compute an x satisfying (2). See [12] for reference.
In their pioneer work Oettli and Prager [8] showed that the solution set of a linear interval
equation with regular matrix A is described following

x S Ax b x dÎ Û - £ D + (3)

It is known [12] that S can be represented as a union of at most 2n convex polyhedra. The
intersection of S with each orthant of Rn is convex. In general, S itself is not convex.

EXAMPLE 1. To illustrate that the solution set S given by (3) is not simple, let consider a linear
system with input-output relationship written as y(jω) = K(jω,p) x(jω).

Frequency response K(jω,p) vary with vector p of some parameters ranging in known intervals.
It can be shown [9] that for a fixed frequency changes of K(jω,p) are described by the system
of two interval equations

a, b − c, d
c, d a, b

y1

y2
=

1, 1
0

where the intervals [a,b] and [c,d] represent the ranges of values of Re{K ( jω, p)−1} and
Im{K ( jω, p)−1}, respectively, and K(jω,p) = y1 + jy2. In Fig.2 is presented the region of frequency
response changes caused by variations of system parameters done by intervals [a,b] = [1,2] and
[c,d] = [-0.5,0.5]. Coordinates of the points fixing the shape of the region are following: A(4/9,
2/9), B(4/3, 2/3), C(1, 0), D(4/3, -2/3), E(4/9, -2/9), and F(1/2, 0).

A

B

C

D

E

F y 1

y 2

Figure 2. The region of changes of frequency response for a fixed frequency

Because S is generally so complicated in shape, it is usually impractical to try to use it. Instead,
it is common practice to seek the interval vector x containing S which has the narrowest possible
interval components. We say we "solve" the problem when we find x.
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2.3. Rectangular evaluation of an operating region

From the standpoint of view of interval computations the formulation of circuit equations
based of mesh analysis or modal analysis are not necessarily suitable for the networks with
interval parameters. They result in a system of linear interval equations whose coefficients are
not independent. We have the wider range of the coefficients since the elements of mesh-
impedance matrix or mode-admittance matrix are given by the linear combinations of the
interval parameters of resistors, capacitors, etc. Hence the width of the elements of the matrix
coefficients and right-hand side vector of Eq.(1) becomes resultantly larger. This makes the
evaluation of interval solution worse. Secondly owing to the interval dependency the linear
combination of interval numbers gives us possibility to have the meaningless combination of
the parameters. In order to avoid the drawbacks mentioned above the formulation by hybrid
equation is well suited for solving linear interval systems [4], [10].

The problem treated in this section is how to compute the interval hull of S, i.e. the interval
vector x with components

{ }
{ }

min ,
1,...,

max ,
i i

i i

x x x S
i n

x x x S

= Î
=

= Î
(4)

describing the exact range of components of the solution if coefficients and right-hand sides
of Eq.(1) are allowed to vary in the given intervals.

Method of computing the vector x = x
¯

, x̄  described by (4) is based on the results of Rohn [5],
[6] slightly modified. Namely, the vectors of left endpoints and right endpoints of the interval
(rectangular) evaluation of the interval hull are computed iteratively by

( )
( )

1 1

1 1

,

,

0,1,

k k

k k

X A B Z X D x diagX

X A B Z X D x diagX

k

+ -

+ -

æ ö= - * D + =ç ÷
è ø
æ ö= + * D + =ç ÷
è ø

= K

(5)

Where B=beT, D=δeT, e=(1,1,...,1)T∈Rn. Z is a signature matrix of A-1. Recommended initial guess
for the sequence (5) is

1 .
ooX X diag A B-= = (6)

It is assumed that coefficient matrix A is regular and inverse stable. It is assured if following
conditions are satisfied
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( )1 1Ar - D < (7)

and

( ) 11 1I A A I
-

- -D - D < (8)

(I is the unit matrix).

Conditions (7) and (8) under which the method works are satisfied if all coefficients of A-1 are
nonzero and Δ is sufficiently small. Under this conditions the sequences {x

¯
k } , {x̄ k } converge

from starting point (6). Note that each column of X
¯

o , X̄ o is equal to an approximate solution
to Ax=b.

2.4. Numerical examples

EXAMPLE 2. Consider the simple RC voltage divider circuit of Fig.3, where the resistor and
the capacitor values are allowed to vary from 4.4Ω to 4.6Ω and from 520 μF to 580 μF respec‐
tively.

R

U 1

C
U 2

Figure 3. RC voltage divider

We want to calculate amplitude variations of the frequency response due to the changes of
resistance and capacitance. For a fixed frequency, amplitude of the frequency response

K (ω)= |U2( jω) / U1( jω)|  is obtained as a function of variations of R and C by solving fol‐
lowing two linear interval equations

1 −ω R
¯

C
¯

, R̄C̄
ω R

¯
C
¯

, R̄C̄ 1

U2
(R)

U2
(I ) =

1
0

where R = R
¯

, R̄ , C = C
¯

, C̄  and U1=1, U2 =U2
(R) + jU2

(I ).

In Fig.4, we have plotted K(ω) as a function of ω. Hatched region show the result by Oettli-
Prager condition. Outer bounds were computed with use of the sequences (5). Both results are
in a fairly good agreement.
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EXAMPLE 3. Consider the linear RC circuit illustrated in Fig.5 [9]. The interval parameter with
the center value m and the width 2r is denoted as (m, r). The numerical data are following: Yk = Gk

+ jBk, Gk=(1, ε), Bk=(0.2, 0.2ε), J=10

J

V 1
Y 4 Y 5V 2

Y 1 Y 2 Y 3

V 3

Figure 5. The circuit with complex admittances done as interval numbers.

In spite of remarks in previous section on drawbacks of nodal analysis we applied here nodal
equations. It allowed us to fulfill assumptions of Rohn's algorithm although the elements of
node-admittance matrix are dependent. In order to carry the sequences (5) working with Eq.(1)
represented by real interval numbers we replaced the interval complex nodal equations

Y  V = J

by the real interval equation

A x =b

where

A=
G -B
B G , x =

VR

VI
, b =

JR

JI

JR =Re(J ), JI = Im(J )

G =Re(Y ), B = Im(Y ), VR = Re(V ), VI = Im(V )
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Figure 4. Variations of the frequency response of a voltage divider circuit
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The results are tabulated below

nodal voltage ε = 0.05

Re Jm

V1 [5.7635, 6.2724] [-1.2652, -11447]

V2 [2.3055, 2.5090] [-0.5061, -0,4579]

V3 [1.1527, 1.2545] [-0.2530, -0.2289]

nodal voltage ε = 0.1

Re Jm

V1 [5.5336, 6.5529] [-1.3355, -10927]

V2 [2.2135, 2.6212] [-0.5342, -0.4371]

V3 [1.1067, 1.3106] [-0.2671, -0.2185]

Table 1. Ranges for nodal voltages

Results are essentially the same as in [10] although the widths of nodal voltages are greater. It
confirms the influence of coefficient dependence on evaluation of interval solutions.

EXAMPLE 4. To test properties of presented approach let consider the active two-port shown
in Fig.6.

Current-controlled description of the two-port is following

u1

u2
=

R1 + R3− gR1R3 R3 + α − gR1R3

R3−β + gR2R3 R1 + R3 + gR1R3

i1
i2

For numerical data

R1= R2= R3= 1 , α= -1,1 , β= 2 , g = 0,1

R 2R 1

R 3 u 2u 0

gu 0

i 1 i 2

i 2 i 1

u 1

Figure 6. The active two-port with interval parameters.

interval representation is following
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u1

u2
=

1, 2 0, 1
−1, 0 2, 3

i1
i2

If excitations are determined as U1 ∈ [2,3], U2 ∈ [0,1] the solutions set S has form shown in Fig.7.

A

B C

D

i 2

i 1

A=(0.6,0.8)
B=(1.0,0.0)
C=(3.0,0.0)
D=(3.0,2.0)

Figure 7. The solutions set of i1 and i2

Computing bounds on operating region for i1 and i2 with recommendation given by (6) and
slightly different starting intervals following results were obtained:

i1 = i
¯ 1, ī1 , i

¯ 1 ∈ −1.5, 0.3 , ī1 ∈ 3.9, 5.2

i2 = i
¯ 2, ī2 , i

¯ 2 ∈ −2.0, −1.2 , ī2 ∈ 2.5, 4.0

It’s seen that this approach give poor results if widths of matrix coefficients are large.

3. On finding operating points of nonlinear, inertialess circuits

A continuation method is a method of dc circuit analysis that under proper conditions, is
guaranteed to find a circuit’s operating point [26], [27]. It can be also used in calculating a
circuit’s periodic steady-state response [24], [25]. Finding the dc operating point is essential
for circuit simulation: both steady-state and transient analyses require a priori knowledge of
circuit’s dc operating point. The idea behind a continuation method is to embed in the circuit’s
equations

( )F x  = 0 (9)

( nodal or hybrid ) an additional parameter λ such that the circuit that corresponds to λ = 0 is
trivial or easy to find: the circuit that corresponds to λ = 1 is the original circuit whose solution
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is desired. Hence, a mapping (homotopy) H: Rn+1 → Rn is constructed, where H(x, 0) = 0 gives
the solution to the initial ( start ) circuit and H(x, 1) = 0 gives the solution to the circuit being
simulated. To find this solution, one generate a sequence of points {(x k , λ k )}k =0

N , where xk is on
or near the path and x0 is a known solution of H(x,0) = 0. The path in Rn+1 begins at λ = 0 and
ends at λ = 1. An important problem in following homotopy path is a control of the step from
a point xk to xk+1. The design philosophies of a step size control are numerous and varied. See,
e.g. [28] - [31].

Most of the methods on the following continuation paths are based on approximate step
control. Approximate step control methods are successful and fast when the path is smooth
and isolated, but problems arise when there are many paths near some points. In that case,
algorithms based on approximate step control methods may jump from one path to another.
Also, if rapid changes in curvature occur along the path, the method based on approximate
step control sometimes even erroneously reverses orientation. However, appropriate use of
interval analysis gives us guarantee that the predictor algorithm will not jump from one path
to another, or, indeed, jump over different legs of the same path. We present an interval step
control for tracing continuation paths which assures that the predictor-corrector iterations will
not jump across paths, and each predictor step is as large as possible, subject to verification
that the path is unique with the given interval extension.

3.1. Step size control

To trace a path from a known solution (x 0, λ 0), we first predict the solution for λ =λ 0 + Δλ
and then correct the prediction using Newton method with λ fixed. Specifically, for small Δx

and Δλ, the Taylor expansion for H gives

0 0 0 0 0 0 0 0( , ) ( , ) ( , ) ( , )xH x x H x J x x J xll l l l l l+ D + D » + D + D (10)

where Jx(x 0, λ 0) and Jλ(x 0, λ 0) are the Jacobian matrices of H with respect to x and λ. For

the prediction step, we have H (x 0, λ 0)=0, so setting H (x 0 + Δx, λ 0 + Δλ)=0 gives

0 0 1 0 0( , ) ( , ) .xx J x J xll l l-D = - D (11)

Since this is only approximate, we correct the solution at the new value of λ =λ 0 + Δλ by
Newton-Raphson algorithm starting with initial guess x0 = x 0 + Δx. A common numerical
practice is to stop the Newton iteration whenever the distance between two iterates is less

than a given tolerance, i.e., when

1k kx x e+ - < (12)

Analog Circuits78



is desired. Hence, a mapping (homotopy) H: Rn+1 → Rn is constructed, where H(x, 0) = 0 gives
the solution to the initial ( start ) circuit and H(x, 1) = 0 gives the solution to the circuit being
simulated. To find this solution, one generate a sequence of points {(x k , λ k )}k =0

N , where xk is on
or near the path and x0 is a known solution of H(x,0) = 0. The path in Rn+1 begins at λ = 0 and
ends at λ = 1. An important problem in following homotopy path is a control of the step from
a point xk to xk+1. The design philosophies of a step size control are numerous and varied. See,
e.g. [28] - [31].

Most of the methods on the following continuation paths are based on approximate step
control. Approximate step control methods are successful and fast when the path is smooth
and isolated, but problems arise when there are many paths near some points. In that case,
algorithms based on approximate step control methods may jump from one path to another.
Also, if rapid changes in curvature occur along the path, the method based on approximate
step control sometimes even erroneously reverses orientation. However, appropriate use of
interval analysis gives us guarantee that the predictor algorithm will not jump from one path
to another, or, indeed, jump over different legs of the same path. We present an interval step
control for tracing continuation paths which assures that the predictor-corrector iterations will
not jump across paths, and each predictor step is as large as possible, subject to verification
that the path is unique with the given interval extension.

3.1. Step size control

To trace a path from a known solution (x 0, λ 0), we first predict the solution for λ =λ 0 + Δλ
and then correct the prediction using Newton method with λ fixed. Specifically, for small Δx

and Δλ, the Taylor expansion for H gives

0 0 0 0 0 0 0 0( , ) ( , ) ( , ) ( , )xH x x H x J x x J xll l l l l l+ D + D » + D + D (10)

where Jx(x 0, λ 0) and Jλ(x 0, λ 0) are the Jacobian matrices of H with respect to x and λ. For

the prediction step, we have H (x 0, λ 0)=0, so setting H (x 0 + Δx, λ 0 + Δλ)=0 gives

0 0 1 0 0( , ) ( , ) .xx J x J xll l l-D = - D (11)

Since this is only approximate, we correct the solution at the new value of λ =λ 0 + Δλ by
Newton-Raphson algorithm starting with initial guess x0 = x 0 + Δx. A common numerical
practice is to stop the Newton iteration whenever the distance between two iterates is less

than a given tolerance, i.e., when

1k kx x e+ - < (12)

Analog Circuits78

However, just the fact that (12) is satisfied does not guarantee the existence of a solution. We
try to overcome this difficulty by first performing the three Newton steps and using them to
compute an interval vector that is very likely to contain a solution of the correction step. We
adopt here results presented in [22]. Consider Newton’s method

1 0
1 0( , ) ( , ), , 0,1 .,k k x k kx x J x H x x x x kl l-

+ = - = + D = (13)

Let

1 ,k k kx xr + ¥
= - (14)

for some fixed k and

n{x R 1 0}x x r
¥

= Î - <x (15)

Combining the properties of the Krawczyk operator and a corollary of the Newton-Kantoro‐
vich theorem it can be shown, that for three successive iterates the following relation holds

( )
3
1

2 2
2 0 2 0

8 .
(

eps
x x

r
r r

¥ ¥

<
× × (16)

In Fig. 8 there is a sketch of the idea of constructing the predictor - corrector step for two-
dimensional problems, i.e. x = (y, z).

We can compute interval (15) and using the Krawczyk operator K(x) we test whenever this
interval contains a solution. It is true if the Krawczyk operator satisfy an inclusion

2 2 2( ) ( , ) ( ( , ))( )xK x C H x I C J xl l= - × + - × - Íx x x x (17)

then x contain solution of the correction step x ∗. Here Jx(x, λ) denotes interval arithmetic

evaluation of Jx(x, λ), C = Jx(x1, λ) −1, and I is identity matrix [20]. If additional condition

( , ) 1xI C J l- × <x (18)

is satisfied [21], then the solution x ∗ is unique in x and the operator (17) generates a sequence
of intervals xr , r =1, 2, …, m, that satisfy the relations
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m m-1x* Î Íx x K (19)

This nested sequence is stopped when the width of the interval xm becomes smaller than

μ > 0 and then x ∗=m(xm). The correction step may be repeated several times before taking
the next prediction step.

Step size control can be formalized in the following algorithm.

Algorithm

Unless otherwise indicated STEP {k+1} follows STEP {k}.

Given: Solution (x 0, λ 0) of a homotopyH (x, λ) = 0.

STEP {1} Assume 0 < Δλ < 1;

STEP {2} Compute prediction step Δx according to (11);

STEP {3} Compute using Newton method (13) three successive iterates;

STEP {4} Verify the inequality (16) for some eps "/> 0;

STEP {5} Check the relation (17). If (17) is not satisfied take Δλ = Δλ/2 and go to {2};

STEP {6} Compute interval x according to (14) and (15);

r0

r1

r0

r0

r0

r1

r1r1

x2

x1

x0 = x0 + Dx
(x0,l0)

(x',l')

z

y

Figure 8. The predictor-corrector step for two dimensional problem
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STEP {7} Check the condition (18);

STEP {8} Generate a sequence (19) according to

x1=K(x), x2=K(x1)...xm=K(xm-1

until w(xm) <μ, μ> 0,

where w(xm) = x̄m − x
¯ m ( component wise );

STEP {9} Compute

x*=m(xm) = (x
¯ m + x̄m) / 2 ( component wise );

STEP {10} Assign x 0 ← x ' = x ∗ and λ 0 ←λ '

and go to {1} ( new prediction );

3.2. Box — Bisection searching

Introducing some interval operator ( e.g. Krawczyk operator, Hansen-Sengupta operator or
some of their modifications [20]) for system of nonlinear equations we can formulate gener‐
alized bisection algorithm applicable to find solutions of equation (9).

Let denote Krawczyk operator associated with Eq. (9) as

, y,F )( - y)( ) ( ) (K y YF y R= - +x x x (20)

Here Y=[m(F’(x))]-1 where F’(x) is an interval arithmetic evaluation of F '(x) (Jacobian matrix of
Eq. (1)), y ∈ x ( e.g. y = m(x) ),

( ) '( )R I YF= -x x (21)

and I is identity matrix.

Let T denotes the list of subregions yet to be tested. P is the list of subregions of B which may
contain a solution to (9) but which are too small for further analysis, i.e. w(x) ≤ ε (ε - accuracy
of searching).

Unless otherwise indicated STEP {k+1} follows STEP {k}.

Given: n-dimensionsl box (interval vector) B ⊆ D ⊆ Rn.

Algorithm

STEP {1} Assign x ← B; T ← ∅; P ← ∅;

STEP {2} Compute F(x);

STEP {3} If 0 ∉ F(x) go to STEP {11};

STEP {4} Compute Y, if Y is singular go to STEP {9};

Interval Methods for Analog Circuits
http://dx.doi.org/10.5772/54848

81



STEP {5} Assuming y = m(x) compute K(x, y, F) and R(x);

STEP {6} If K(x, y, F) ∩ x = ∅ go to STEP {11};

STEP {7} If ||K(x, y, F)-x||≤w(x)/2|| , then x contains a solution, continue, else go to STEP {9};

STEP {8} ||R(x)<1|| If , then there is a unique solution to (1) in x, if w(x) ≤ ε terminate search, go to STEP {11};

STEP {9} If w(x) ≤ ε add x to the list P and go to STEP {11} else bisect x on x’ and’ x’’ according to some rules of

bisection;

STEP {10} Assign x ← x’, add x’’ to the head of the list T, go to STEP {2};

STEP {11} If list T is empty go to STEP {12}, otherwise take an interval vector x p at the head of list T, assign x ← x p,

delete this vector from list T and go to STEP {2};

STEP {12} If list P is empty, terminate search with no solution in B, otherwise print list P and terminate search.

One can simply check that in the STEPS {5}, {7}, {8} for Algorithm with step size control and in
the STEPS {2}, {4},{5} for box – bisection searching one needs to evaluate the ranges of nonlinear
functions over some interval x. This problem can be solved by computing coefficients of
Bernstein polynomials. For details see [34].

3.3. Numerical examples

As an illustration of the implementation of the approach outlined above, consider the following
two examples.

EXAMPLE 5. Our first example concerns a simple circuit of Fig. 9 which consists of two tunnel
diodes and two constant current sources and a linear resistor. The tunnel diode characteristics
are defined following

h 1(u1)=h 2(u2)=h (u)=5.0u −1.7u 2 + 0.15u 3

The network equations are obtained from the hybrid analysis as

F (x)= F (u1, u2)=
h (u1)
h (u2)

+
1
R

1 1
1 1

u1

u2
−

j1
j2

=
0
0

We introduce homotopy of the form

H (x, λ)=γ(1−λ)Q(x) + λF (x)

where λ ∈ [0,1] and γ is a random complex number, different from zero.

Start equations are following

Q(x)=Q(u1, u2)= {u1
3 −1

u2
3 −1
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It’s seen that the solutions of equation

H (x, 0)=Q(x)=0

are distributed on unit circles and they form nine starting points (x0, 0). For solving so prepared
homotopy equations we splited them into real and imaginary parts.

Presented approach leads to the five real solutions

Q1 = (1.805435, 7.325956),
Q2 = (3.609712, 6.937570),
Q3 = (6.103275, 6.103273),
Q4 = (6.937570, 3.609712),
Q5 = (7.325956, 1.805434).

Because above equation is equivalent polynomial of 9th degree there are also four complex
solutions:

Q6 = (1.493997 + j2.483038, 1.493997 + j9.932153),
Q7 = (1.493997− j2.483038, 1.493997− j9.932153),
Q8 = (2.615029 + j2.812082, 2.615029 + j1.687249),
Q9 = (2.615029− j2.812082, 2.615029− j1.687249).

EXAMPLE 6. Let consider circuit hybrid equation [17].

F (x)=

f 1(x1)
f 2(x1, x2)
f 3(x2, x3)

−
1 1 1
0 −1 0
0 1 1

x1

x2

x3

−
−5
5
−5

=
0
0
0

Nonlinear functions ( characteristics of nonlinear elements ) are following

j1

j2

R

u2

u1

Figure 9. The circuit of two tunnel diodes
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f1(x1)=x1
3

f2(x1,x2)=0.25x1x2

f3(x2,x)=0.048(x+x).

For solving this polynomial system we have applied the same homotopy as in Example 5.

Using concept of m-homogenity [18],[19] we can introduce solutions that corresponds to λ=0
and the start system H(x, 0) = Q(x) = 0 look like this

Q(x)={-0.509x1
3+1.235x1

2-2.961x1x2+0.902x1
2x2

+0.078x1x3+0.196x1+2.294x2-0.235x3+1=0
-0.228x1x2-0.024x1x3+0.492x1+0.443x2

+0.069x3+1=0

-0.641x2
2-0.143x3

2+0.642x2x3+1.603x2

-0.781x3+1=0

The start system respects the m-homogeneous structure [18] of the hybrid equation we want
to solve and has eight start solutions. Namely

x1
0 = (3.0, 2.0, 1.0), x2

0 = (1.5, 2.0, 1.0),

x3
0 = (2.0, 3.02.5, ), x4

0 = (2.5, 1.5, 1.0),

x5
0 = (1.0, 2.0, 2.5), x6

0 = (2.0, 1.0, 3.0),

x7
0 = (1.5, 1.0, 2.0), x8

0 = (3.0, 2.0, 3.0).

We applied the step size control previously described with tolerance eps = 0.01. We needed to
trace only eight solution paths. Two pairs of them reached the same solutions, and so we
obtained following six solutions of the hybrid equations:

xA =(1.7155, 3.4992, 4.8340),
xB =(2.1273, 3.2641, 9.2359),

xC =(−0.8578 + j1.0988, 5.6714− j1.9832, 2.6619 + j1.9832),
xD =(−0.8578− j1.0988, 5.6714 + j1.9832, 2.6619− j1.9832),
xE =(−1.9832 + j1.5473, 5.3309− j2.8091, 7.1691 + j2.2091),
xF =(−1.9832− j1.5473, 5.3309 + j2.8091, 7.1691− j2.2091).

For circuit analysis only real solutions xA and xB are of interest.

EXAMPLE 7. In the last example an electric circuit depicted in Fig. 10 assembling some linear
resistors, diodes and operational amplifier is considered (cf. [29]).
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Figure 10. The circuit with operational amplifier and diodes

The voltage induced in the operational amplifier is modeled by:

uA(x)=7.65arctan(1962x),

the current through the diodes satisfies:

iD(u)=5.6⋅10−8(e 25u −1);

resistances in ohms are following: R1 = 51, R2 = 39, R3 = 10, R4 = 104, R5 = 0.201, R6 = 25.5, R7 =
0.62, R8 = 1, R9 = 13. Applying Kirchhoff’s laws to the circuit leads to the system of nonlinear
equations:

f 1 = (v1−v3) / R4 + (v1−v2) / R2 + (v1 + E ) / R1 =0
f 2 = (v2−v6) / R3 + iD(v2) + (v2−v1) / R2 =0
f 3 = (v3−v1) / R4 + (v3−v4) / R6 =0
f 4 = (v4−v3) / R6 + v4 / R7 + (v4−v5) / R8 =0
f 5 = (v5−v4) / R8 + (v5−v6) / R9 + iD(v5)=0

f 6 = (v6−v2) / R3− uA(v3−v1)−v6 / R5

+ (v6−v5) / R9 =0

Functions describing nonlinearities of diodes and operational amplifier are smooth functions
so we have needed their expansion to compute range values. We have assumed Taylor
expansion with degree = 4 and for Bernstein coefficients degree = 10 [34]. Applying box–
bisection algorithm we have obtained solutions for two different ranges of the input voltage
E. Results are tabulated as

Interval Methods for Analog Circuits
http://dx.doi.org/10.5772/54848

85



E [ 0.320, 0.322 ] [ 0.599, 0.601 ]

v1 [ 0.2325, 0.2354 ] [ 0.0439, 0.0493 ]

v2 [ 0.6578, 0.6629 ] [ 0.5423, 0.5471 ]

v3 [ 0.2303, 0.2375 ] [ 0.0464, 0.0492 ]

v4 [ 0.2299, 0.2375 ] [ 0.0446, 0.0496 ]

v5 [ 0.6155, 0.6208 ] [ 0.1232, 0.1293 ]

v6 [ 9.5941, 9.6088 ] [ 1.1597, 1.1662 ]

Table 2. Solutions presented here are in good agreement with the results of [29].

4. Concluding remarks

In first section, we applied an algorithm for bounding the solution set of a system of linear
interval equation which works when the interval elements of A and the interval components
of b are relatively narrow. In practice, however, we are often in situation like in Example 4
when the widths of these intervals are rather wide. This case creates difficulties. Presented
here version of Rohn's algorithm doesn't work well. Gaussian elimination using interval
arithmetic tends to give poor results. Interval Gaussian elimination can fail because of division
by an interval containing zero. This can occur even when the interval coefficient matrix is
regular i.e. does not contain a singular real matrix [2]. Maybe methods based on precondi‐
tioning of the linear interval equations [7] offer new possibilities. However, recently it was
reported that the problem of computing the exact bounds of solution set for a system of linear
interval equations is NP-hard (computationally intractable) [13]. Shortly speaking, NP-
hardness of a problem P means that if we are able to solve this problem in reasonable time,
then we would be able to solve all problems from a very large class of complicated problems
(called class NP) in reasonable time, and this possibility is widely believed to be impossible.
Reasonable time means a time that does not exceed some polynomial of the length of the input.
For exact definitions see, e.g., [15]. On the other hand it was also proved [14] that if the interval
components of A and b are „thin” enough, then there exists a polynomial-time algorithm that
computes the exact bounds for S in „almost all” cases („almost all” in some reasonable sense).
It means that solving linear interval equations isn’t a hopeless task.

Second sections presents an approach to compute approximations to the solution path of a
systems of nonlinear equations. The suggested method is based on predictor-corrector
principle. We have combined common Newton-Raphson correction step with the properties
of the interval Krawczyk operator. An interval step control for tracing continuation path
assures that the predictor-corrector iterations were not jumping across paths. A robust and
efficient path tracker was obtained by halving the homotopy parameter step whenever
uniqueness of correction solution is not assured within a given tolerance of the continuation
path and doubling it when the prediction step has been sufficiently accurate several consecu‐
tive times. Presented here path tracker was more effective than the tracing homotopy path via
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integration so-called basic differential equations [23]. Krawczyk operator was also useful in
generalized box-bisection for searching all solutions of the circuit equations.
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Chapter 5

Fault Diagnosis in Analog Circuits via
Symbolic Analysis Techniques

Fawzi M Al-Naima and Bessam Z Al-Jewad

Additional information is available at the end of the chapter
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1. Introduction

Fault diagnosis of analog circuits has been one of the most challenging topics for researchers
and test engineers since the 1970s. Given the circuit topology and nominal circuit parameter
values, fault diagnosis is to obtain the exact information about the faulty circuit based on the
analysis of the limited measured circuit responses. Fault diagnosis of analog circuits is es‐
sential for analog and mixed-signal systems testing and maintenance both during the design
process and the manufacturing process of VLSI ASICs.

There are three dominant and distinct stages in the process of fault diagnosis: fault detection
to find out if the circuit under test (CUT) is faulty comparing with the fault-free circuit, or
golden circuit (This stage is usually called test in industry), fault identification to locate
where the faulty parameters are inside the faulty circuit, and parameter evaluation to obtain
how much the faulty parameters deviated from their nominal values and to obtain values of
other circuit parameters such as branch and nodal voltages. The bottlenecks of analog fault
diagnosis primarily lie in the inherited features of analog circuits: nonlinearity, parameter
tolerances, limited accessible nodes, and lack of efficient models. Multiple fault diagnosis
techniques are even less developed than single fault diagnosis because it is more difficult to
model and detect multiple faults, particularly in the presence of tolerance or measurement
noise. In addition, in multiple fault situation, one fault’s effect on the circuit could be
masked by the effects of the other faults. Generally speaking, there is no widely accepted
paradigm for analog test or fault diagnosis even with the introduction of IEEE 1149.4 stand‐
ard for mixed-signal test bus.

With recent sharp development of electronic design automation tools and widespread appli‐
cation of analog VLSI chips and mixed-signal systems in the area of wireless communica‐
tion, networking, neural network and real-time control, the interests in analog test and fault
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diagnosis revives. System-on-chip solutions favored by modern electronics pose new chal‐
lenges in this topic such as increased complexity and reduced die size and accessibility.

Several methods have been proposed for single fault diagnosis in linear analog circuit in
the past. Multiple excitations are required and Woodbury formula in matrix theory is ap‐
plied to locate the faulty parameters. This method is also applied to multiple fault diagno‐
sis by decomposition technique assuming that each sub-circuit  contains at  most a single
faulty parameter.

Among the different methods of fault diagnosis, the parametric fault diagnosis techniques
hold an important  part  in the field of  analog fault  diagnosis.  These techniques,  starting
from a series of measurements carried out on a previously selected test point set,  given
the circuit topology and the nominal values of the components, are aimed at determining
the effective values of the circuit parameters by solving a set of equations generally non‐
linear with respect to the component values. In this chapter the role of symbolic techni‐
ques  in  the  automation  of  parametric  fault  diagnosis  of  analog  circuits  is  investigated
followed by a practical numerical procedure to evaluate the faults. Being in fact the actual
component  values  that  represent  the  unknown  quantities,  fault  diagnosis  aims  also  at
finding the faults locations. Symbolic approach results are particularly suitable for the au‐
tomation of parametric fault  diagnosis techniques [1].  Obviously all  this  is  applicable to
linear  analog  circuits  or  to  nonlinear  circuits  suitably  linearized.  On  the  other  hand,
present trend is moving as much as possible to design techniques that lead to linear ana‐
log circuits, so linearity is not a so serious restriction any more [2]. It is important to note
that in the analog fault diagnosis two phases can be considered: the first one is the phase
of  testability  analysis  and  ambiguity  group  determination,  while  the  second  one  is  the
phase of fault location and fault value determination. Testability gives theoretical and rig‐
orous upper  limits  to  the  degree  of  solvability  of  fault  diagnosis  problem once the  test
point set has been chosen, independently of the method effectively used in fault location
phase. This becomes very important in the design stage of the linear circuit in which the
designer can determine the list of accessible nodes for the operator and the fault detection
ability  that  they  can  provide.  Concerning  ambiguity  groups,  they  can  be  considered as
sets of circuit components that, if considered as potentially faulty, yield an undetermined
system of equations. For the testability evaluation problem symbolic approach is a natural
choice, because a circuit description made by means of equations in which the component
values are the unknowns is properly represented by symbolic relations. Also for ambigui‐
ty group determination the symbolic approach gives excellent results [3].

For the fault location phase several different approaches can be used and all of them can be
considered as an optimization problem, because, starting from measurements carried out on
the CUT, the component values better fitting them have to be determined. Generally sym‐
bolic techniques are suitable for optimization problems, because the relations required by
specific optimization strategies are easily generated using symbolic methods.

The aim of this chapter is to present a unified treatment of the subject with emphasis on a
generalized method for multiple fault diagnosis of linear analog circuits in frequency do‐
main. In this approach, multiple excitations and Woodbury formula are also required for
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fault identification. However, a recently developed ambiguity group locating technique is
applied for fault identification which reduces computational cost of the test method. Multi‐
ple faults can be located directly and efficiently, thus eliminating the requirement for de‐
composition and the corresponding restrictions. Moreover, the methodology developed in
the proposed method, (i.e., constructing fault diagnosis equation on the basis of the analysis
of the fault-free circuit and the measured responses of faulty circuit, then applying the ambi‐
guity group locating technique to identify the faulty parameters, finally evaluating all pa‐
rameter values of faulty circuit exactly), can be applied to other methods developed for
multiple analog fault diagnosis.

The dominant differences among these methods are the distinct fault diagnosis equations re‐
sulting from distinct circuit analysis methods and distinct excitation and measurement
methods. The methods proposed in this chapter can be classified as fault verification meth‐
ods under the category of Simulation-after-Test (SAT), which can provide the exact solution
to the circuit parameters and can be applied to detect large parameter changes when the
number of independent measurements are greater than the number of faults in the CUT.

A major improvement of these techniques is achieved through the use of symbolic techni‐
ques in formulating the fault equations and in addressing the testability problem. Further‐
more a developed method for minimum size ambiguity group locating technique is used
based on QR factorization and is  applied to detect  and identify the multiple faults.  De‐
tailed procedures for a proposed fault diagnosis program are given to help practitioners
and researchers as well to grasp the basic concepts of the topic and be able to contribute
to this field.

2. Basic circuit formulations

Generally, the circuit topology as well as its parameters nominal values are known in ad‐
vance. Consider for example a continuous-time, time-invariant, strongly connected, linear
circuit with n+1 nodes and p parameters. The (n+1)st node, denoted by zero, is assigned to be
the grounded reference node while the remaining n nodes are ungrounded. All p parame‐
ters are divided into two categories: one is parameters which have admittance description
such as conductance, capacitor and voltage- controlled-current source, another is parameters
which have no admittance description such as impedance, inductor, current-controlled-
source, operational amplifier, etc.

Of course the conventional method of analysis would be to apply the KCL to each circuit
node to obtain n equations with variables being nodal voltages and parameter currents.
Then constitutive equations in terms of nodal voltages and parameter currents, which define
the characteristics of all parameters without admittance description, are appended to the
above n KCL-based equations. The resulting system matrix from this approach would be

T g X g =W g (1)
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where Tg  is a g×g  coefficient matrix consisting of circuit parameters, Xg  is a g×1 solution
vector  of  node  voltage  and parameter  currents,  and Wg  is  a  g×1  excitation  vector  com‐
posed of independent current and voltage sources, and initial conditions of capacitors and
inductors. The first n rows in Tg, Xg and Wg correspond to n nodes. The resulting system
equation (1) is called the modified nodal analysis equation MNA  [4].  Note that g=n  for nor‐
mal nodal analysis of a circuit in which all parameters have admittance description, and
g>n for modified nodal analysis of a circuit in which some parameters have a non-admit‐
tance description.

Traditionally,  the system matrix generated from the MNA method may still  have many
redundant variables for analysis purposes; for example: voltages of inaccessible nodes in‐
side sub-circuits like op-amps or currents through nonphysical  branches generated from
sophisticated element models. A major development step to the MNA method is to elimi‐
nate all  redundant variables to generate a compacted or reduced system matrix.  The re‐
duced system matrix is formulated by programming a lookup table for every element in
the network. This table has conditioned link-lists that will test which variables of the ele‐
ment are actually needed in the final  compacted matrix and introduce the element in a
way so as to eliminate the redundant variables during the formulation process. This meth‐
od  is  termed  the  compacted  modified  nodal  analysis  CMNA  [5].  Provided  that  the  circuit
functions in a stable state, the parametric values of nodal voltages and parameter currents
will  be finite  and unique.  The coefficient  matrix Tg  is  non-singular since the circuit  is  a
strongly connected network.

Generally the system matrix described above cannot be formulated smoothly in a computer‐
ized solution without taking the circuit topology into consideration. One important fact
about circuit topology is that each parameter, say hv ( v = 1, 2,..., p ), can be located by at most
4 circuit nodes [6]: 2 input nodes kv and lv, and 2 output nodes iv and jv. For 2-terminal pa‐
rameters such as resistors and capacitors, the input nodes will be the same as the output no‐
des: kv = iν and lv = jν. Based on this fact, the circuit topology can be completely described by
two g×p structural matrices P and Q which are defined as follows:

P = p1 p2 ⋯  pp = δi1
- δ j1

 δi2
- δ j2

 ⋯  δi p
- δ j p

Q = q1 q2 ⋯  qp = δk1
- δl1

 δk2
- δl2

 ⋯  δk p
- δl p

(2)

where δν represents a g×1 vector of zeros except for the v entry, which is equal to one, and pν
and qν represent g×1 vectors describing the locations of output nodes and input nodes, re‐
spectively. Matrices P and Q are only determined by the locations, not the values of the cir‐
cuit parameters. The columns of matrix P correspond to the locations of the output nodes of
circuit parameters while the columns of matrix Q correspond to the locations of the input
nodes of circuit parameters.

Another important fact is that most parameters in linear circuits will enter the coefficient
matrix Tg in the symbolic form
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- δ j1

 δi2
- δ j2

 ⋯  δi p
- δ j p

Q = q1 q2 ⋯  qp = δk1
- δl1

 δk2
- δl2

 ⋯  δk p
- δl p

(2)

where δν represents a g×1 vector of zeros except for the v entry, which is equal to one, and pν
and qν represent g×1 vectors describing the locations of output nodes and input nodes, re‐
spectively. Matrices P and Q are only determined by the locations, not the values of the cir‐
cuit parameters. The columns of matrix P correspond to the locations of the output nodes of
circuit parameters while the columns of matrix Q correspond to the locations of the input
nodes of circuit parameters.

Another important fact is that most parameters in linear circuits will enter the coefficient
matrix Tg in the symbolic form
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       k v      l v

iv
jv

h v -h v

-h v h v

(3)

with the equivalent algebraic representation being

(δiv
- δ jv)h v(δkv

- δlv)t = pvh vqv
t (4)

where superscript t denotes transpose of matrix or vector. For any grounded node, the cor‐
responding row or column in the symbolic form will be removed together with the δν in the
algebraic form. Resistor, inductor, capacitor, dependent sources, and operational amplifier
with its negative inverse gain being a parameter are examples of circuit devices described in
this way. Thus the system matrix can be easily formulated using the equation

T g = Pdiag(h )Q t  (5)

This topological formulation allows for the automatic direct translation of the Netlist (which
is the list describing the values of the circuit elements and their connections to the corre‐
sponding nodes) into circuit equations. As an example consider the circuit shown in Figure
1 following [7]. This circuit will be used later in the analysis of fault equations.
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Figure 1. Example circuit

This circuit can be represented by the Netlist shown in Table 1. The first column of Table 1 is the
element name and type (e.g. R for resistor, G for conductance, C for capacitor and so on). The
second and third (possibly fourth and fifth depending on the element type) represent the con‐
nection nodes. Note that the ground is identified with node 0. The last column is the element
value. It is possible for some elements (like a two port network or an active element model) to
have more columns for its values. For the circuit in Figure 1 with unity current source J=1A ap‐
plied to nodes {0,1}, it is assumed that the nominal values of the resistors are as follows (all re‐
sistors  in  Ω):  R1=2.125,  R2=3.6,  R3=4.7,  R4=11.5,  R5=12.6,  R6=21.2,  R7=3.7,  R8=0.54,  R9=3.54,
R10=3.125,  R11=6.6,  R12=5.7,  R13=19.5,  R14=12.8,  R15=12.2,  R16=3.2,  R17=1.54,  R18=8.7,  R19=2.27,
R20=3.16, R21=41.7, R22=31.5, R23=22.6, R24=51.2, R25=13.7, R26=3.44, R27=13.4, R28=31.9, R29=16.1,
R30=11.7, R31=11.5, R32=17.8, R33=22.2, R34=23.2, R35=11.4, R36=18.7, R37=3.12, R38=33.2, R39=8.67.
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Element From Node To Node Value

J 0 1 1

R1 1 2 2.1250

R2 2 4 3.6000

R3 2 3 4.7000

R4 3 4 11.5000

R5 1 4 12.6000

R6 3 5 21.2000

R7 5 6 3.7000

R8 0 5 0.5400

R9 0 1 3.5400

R10 0 6 3.1250

R11 6 8 6.6000

R12 6 8 5.7000

R13 8 9 19.5000

R14 0 9 12.8000

R15 15 16 12.2000

R16 15 17 3.2000

R18 3 10 8.7000

R19 8 10 2.2700

R20 7 9 3.1600

R21 0 13 41.7000

R22 7 11 31.5000

R23 7 12 22.6000

R24 11 12 51.2000

R25 11 19 13.7000

R26 12 19 3.4400

R27 12 20 13.4000

R28 7 13 31.9000

R29 13 20 16.1000

R30 19 20 11.7000

R31 18 19 11.5000

R32 18 20 17.8000

R33 17 18 22.2000

R34 13 16 23.2000

R35 16 17 11.4000

R36 14 17 18.7000

R37 14 16 3.1200

R38 14 15 33.2000

R39 0 14 8.6700

Table 1. Netlist for the circuit shown in Figure 1
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It can be shown easily [4] that the node numbers in the second column of Table 1 represent
the values of i in equation (2) as long as they are not zero. Similarly column 3 gives the val‐
ues of j in equation (2). Thus it is very straight forward to find the P and Q matrices by trac‐
ing through the Netlist. Additionally, the system matrix can be either formulated
numerically or symbolically depending on the values used for h in the diagonal matrix of
equation (5). This automatic formulation procedure can be easily extended to MNA and
CMNA methods with proper rubber stamps for circuit elements.

3. Conventional fault analysis methods

As discussed earlier, the conventional method for multiple fault diagnosis can be divided into
three steps: fault detection, fault location determination, and finding the faulty elements val‐
ues. This conventional method is readily deemed to be a numerical method by its very own na‐
ture but it is presented here as it provides basic insight to the problem and the limitations facing
all numerical methods. The problem is even more complicated for multiple faults due to ambi‐
guity presented by element tolerances not to mention that different sets of certain faults may
produce very similar measured values. Further complication is present owing to the fact that
only a limited number of nodes are actually accessible for measurements and testing. The con‐
ventional method will be presented without derivation which can be found in [6-8]. Despite its
effectiveness in dealing with ambiguity groups, the method has several limitations:

1. The method requires multiple independent excitations among the accessible nodes.
That is applying an independent source of excitation to a subset of the accessible nodes
and measuring the circuit response for each source. By this, the method not only as‐
sumes that the circuit will remain linear and well-behaved under multiple excitations, it
also destroyes the natural input-output relation of the circuit components and over‐
looks any form of signal isolation.

2. The method needs a dictionary for the behavior of the fault-free circuit under multiple
excitations. The dictionary must be extensive enough to enable detecting and locating a
number of simultaneous faults. Yet even when the dictionary is extensive enoguh the
method may still fail in differentiating certain ambiguity groups subject to rounding er‐
rors, inaccuracies and noise that may occur in the measurements.

3. Depending on the set of accessible nodes the problem of testability and detectability of
multiple faults immediately arises.

Symbolic analysis techniques aim at resolving or at least reducing some or all of these limita‐
tions thus proving to be very vital to this subject. Having that said let us begin by showing the
applications of symbolic analysis techniques for multiple fault diagnosis in linear circuits.

3.1. Symbolic analysis in fault diagnosis problem

As mentioned earlier, the symbolic circuit matrix T can be easily described by the multi‐
plication of a row operator P  and a column operator Q  with a diagonal matrix of sym‐
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bols,  where  P  and  Q  are  the  matrix  operators  (or  topological  matrices)  that  indicate
location of the matrix element value in the symbolic matrix T  as was given in equation
(5). One can immediately notice that the diagonal matrix can be represented by a simple
array while both P  and Q  are sparse numerical matrices.  One benefit  of this representa‐
tion is that linear operations on rows such as addition or subtraction can be simply imple‐
mented  on  P  while  linear  operations  on  columns  can  be  implemented  on  Q  without
altering the diagonal symbolic matrix. For most circuit analysis applications, system equa‐
tions are rarely fully dense or fully symbolic. In that respect, some matrix elements may
contain not only a single symbolic element value but constant values as well. These con‐
stants do not affect the structures of matrices P and Q. In fact even if the element values
are complete polynomials the representation is still not altered. Hence in solving a matrix
equation like equation (1) only arrays of symbolic polynomial data structures need to be
stored to represent the diagonal matrix while numerical matrices P, Q can be manipulated
to solve this system using topological methods like determinant decision diagrams DDD
[9] or matrix reduction methods [10].

Traditionally symbolic techniques have been used along two separate paths in fault analy‐
sis: To introduce comprehensive fault models in small and moderate sized circuits and to
find the optimum set of testable components in a faulty circuit. We will describe here both
techniques and show ways of utilizing them later.

3.1.1. Symbolic techniques in comprehensive fault modeling

The  method  described  before  for  tracing  through  the  Netlist  to  generate  the  P  and  Q
topological  matrices is  not the only way to generate the system matrix.  In fact,  most of
the  modified  and  compacted  methods  like  the  tableau,  MNA  and  CMNA  methods  fo‐
cus on tracing through the Netlist  in an element-by-element fashion,  increasing the size
of  the  generated system matrix  iteratively.  This  approach has  the  advantage  of  provid‐
ing  a  way  to  reduce  the  system  matrix  during  the  formulation  step  as  will  be  shown
shortly [5].

Consider a general admittance y connected between nodes i and j as shown in Figure 2. As‐
suming that the system matrix T is already generated for the other branches, the impact of
this admittance (following the tableau formulation) on the system matrix is to add an addi‐
tional row and column corresponding to the new system variable iy

yii yij 1
y ji y jj -1
y - y -1

×

Vi

V j

iy

=

wi

w j

0
. (6)

Now, if iy is not a solution variable then it can be eliminated from the system matrix to gen‐
erate a compacted matrix with respect to the axis iy. Applying Kron’s reduction to eliminate
axis-3 of this matrix we get [5]
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yii + y    yij - y
y ji - y    y jj + y ×

Vi

V j
=

wi

w j
. (7)

Equations (6) and (7) are the conditioned stamps for the admittance y and they can be pro‐
grammed into a lookup table easily.

The occurrence of faults in circuit elements generally leads to a deviation in node voltages
and branch currents from nominal values. The purpose of fault diagnosis is to use voltage
measurements on a limited number of nodes to verify the presence of a fault in the circuit
then identify the fault location and value through simulation. However additional care must
be taken since the deviations in the measured values may very well result from normal pa‐
rameter tolerances.

In general a fault is generated if the nominal element value is changed from y to y+dy be‐
yond its tolerance. However instead of changing the value of y in the system matrix, owing
to the symbolic approach we can simply introduce an extra faulty element dy and an extra
faulty variable f as shown in Figure 3 for the passive admittance case. This deviation from
nominal value will result in deviation in node voltages from V to V+dV and branch currents
from I to I+If where If is the set of fault currents. As an example consider a linear admittance
y connected between nodes i and j as shown in Figure 3.

Figure 2. A general admittance example
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Figure 3. Fault element model for a linear admittance

Due to a fault the value of the admittance is changed to y+dy. Now following [5] the fault
rubber stamp of (7) is changed to

yii + y yij - y 1
y ji - y y jj + y -1

1 -1 ζ
×

Vi

V j

if

=

wi

w j

0
(8)

where we have appended the faulty element equation

vi - v j + ζi f =0, (9)

in which ζ = (dy)-1. We must emphasize here that this equation is appended to the original
system matrix after the last nodal equation so that the faulty if variable will appear after the
last solution variable in the fault-free system equation. The impact of this on the solution
will be apparent shortly. Assuming that if is a solution variable, we can proceed by eliminat‐
ing any non-solution variables in the stamp just like we did before to generate the faulty
compacted system matrix stamp while leaving all the faulty currents as solution variables.

Clearly other fault models for the different circuit elements can also be developed by inspec‐
tion. The stamping procedure for the faulty circuit elements generates the fault analysis
equations. However, additional circuit elements and thus additional symbolic variables
were introduced in the circuit to simulate the fault thus deeming this method suitable only
for small and moderate sized networks. Assuming the original fault-free system equations
were given by equation identical to (1) where T is the compacted modified system matrix, X
is the chosen solution vector and W is the vector of excitation sources which might be a com‐
bination of currents and voltages. With the introduction of the faulty elements the size of the
system matrix has increased. Careful consideration of element stamps like (8) show that the
new faulty system equations can be written as
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T P
Q R ×

X
X f

=
W
0

(10)

where X is the original solution vector while Xf is the solution vector of the fault currents
and voltages. This formulation resulted from the fact that the fault variable was added after
the last solution variable of the fault-free circuit. Expanding this equation, it can be shown
that [5]

(T - PR -1Q)X =W (11)

where X is now the solution vector of the faulty system. Applying Woodbury formula [5] on
(11) we get

X = T -1 + T -1P(R + QT -1P)-1QT -1 W (12)

Expanding (12) using (10) we get

X = Xo + ∆ X (13)

where

∆ X =T -1P(R + QT -1P)-1Q Xo (14)

This gives the variation in the solution vector in terms of the nominal fault-free solution vec‐
tor, the topological matrices and the original system matrix. The benefit of having this varia‐
tion solved symbolically is that it gives direct relationship between shifts in element values
and the corresponding variation in circuit response. Once those variables are obtained sym‐
bolically it is very easy to carry out an analysis like Monte-Carlo analysis [5] to help solve
the fault/tolerance ambiguity and verify the presence of a fault. Not only fault verification is
possible with this equation but also locating the faulty element(s) can be done even with
measurements taken from a limited set of accessible nodes using the k-fault method [11] or a
linear combination matrix which will be explained later on where only a small set of the sol‐
ution variables are measured to estimate the fault location.

Despite the usefulness of this approach in finding the fault model, it is highly restricted to
small and moderate scale circuits. In addition, due to ambiguities, it is customary to find
that the inner matrix R+QT-1P has become singular therefore limiting the practical use of
equation (14). Nevertheless the approach is still needed to model the faults symbolically and
to tackle the testability problem.
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3.1.2. Symbolic solution of the testability problem

Fault  diagnosis  and fault  location  in  analog  circuits  are  of  fundamental  importance  for
design validation and prototype characterization in  order  to  improve yield through de‐
sign modification. In the analog fault diagnosis field, an essential point is constituted by
the  concept  of  testability  which,  independently  of  the  method  that  will  be  effectively
used in fault location, gives theoretical and rigorous upper limits to the degree of solva‐
bility of the problem, once the test  point set  has been chosen by the circuit  designer.  A
well-defined quantitative measure of  testability can be deduced by referring to fault  di‐
agnosis  techniques  of  the  parametric  kind [12].  These  techniques,  starting from a  series
of  measurements  carried out  on previously  selected test  points,  are  aimed at  determin‐
ing the upper limit of solvable circuit parameters by solving a set of equations (the fault
diagnosis equations as will be shown later) which are nonlinear with respect to the com‐
ponent values.

The solvability degree of these nonlinear equations constitutes the most used definition of
testability measure [12]. This measure can be also interpreted as an indication of the am‐
biguity resulting from any attempt to solve the fault equations in a neighborhood of al‐
most any failure. In addition to being valuable for the circuit designer in determining the
number  of  accessible  nodes,  it  is  also  very  important  for  the  circuit  operator  since  at‐
tempting to address the fault-diagnosis equation without having an estimate on the maxi‐
mum  number  of  faults  that  can  be  detected  from  the  available  test  set  is  highly
prohibited. In other words, the testability measure provides information about the num‐
ber of testable components with the selected test point set.  When the testability value is
not at its maximum, that is when it is less than the total number of potentially faulty cir‐
cuit components, the problem is not uniquely solvable and it is necessary to consider fur‐
ther measurements, i.e.,  other test points. Alternatively we can accept a reduced number
of potentially faulty components in order to locate the elements which have caused the
incorrect behavior of the CUT.

Generally, the second alternative is used for two reasons. First, not all the possible test
points can actually be considered because of practical and economic measurement problems
strictly tied with the used technology and with the application field of the circuit under con‐
sideration. Second, the number of faulty components is generally smaller than the total
number of circuit components. The single fault case is the most frequent while double or tri‐
ple cases are less frequent, and the case of all faulty components is almost impossible. There‐
fore, as the testability is normally not at its maximum, the fault diagnosis problem is dealt
with by assuming the quite realistic hypothesis that the number of faulty components is
bounded; that is, the k-fault hypothesis is made. Under this hypothesis, in order to locate the
faulty elements with as low ambiguity as possible, it is of fundamental importance to deter‐
mine a set of components that is representative of all the circuit elements. This helps reduc‐
ing the solution time by providing a stopping criterion instead of wasting computer
resources seeking unattainable solutions. In this section a procedure for the determination of
the optimum set of testable components in the k-fault diagnosis of analog linear circuits is
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the  concept  of  testability  which,  independently  of  the  method  that  will  be  effectively
used in fault location, gives theoretical and rigorous upper limits to the degree of solva‐
bility of the problem, once the test  point set  has been chosen by the circuit  designer.  A
well-defined quantitative measure of  testability can be deduced by referring to fault  di‐
agnosis  techniques  of  the  parametric  kind [12].  These  techniques,  starting from a  series
of  measurements  carried out  on previously  selected test  points,  are  aimed at  determin‐
ing the upper limit of solvable circuit parameters by solving a set of equations (the fault
diagnosis equations as will be shown later) which are nonlinear with respect to the com‐
ponent values.

The solvability degree of these nonlinear equations constitutes the most used definition of
testability measure [12]. This measure can be also interpreted as an indication of the am‐
biguity resulting from any attempt to solve the fault equations in a neighborhood of al‐
most any failure. In addition to being valuable for the circuit designer in determining the
number  of  accessible  nodes,  it  is  also  very  important  for  the  circuit  operator  since  at‐
tempting to address the fault-diagnosis equation without having an estimate on the maxi‐
mum  number  of  faults  that  can  be  detected  from  the  available  test  set  is  highly
prohibited. In other words, the testability measure provides information about the num‐
ber of testable components with the selected test point set.  When the testability value is
not at its maximum, that is when it is less than the total number of potentially faulty cir‐
cuit components, the problem is not uniquely solvable and it is necessary to consider fur‐
ther measurements, i.e.,  other test points. Alternatively we can accept a reduced number
of potentially faulty components in order to locate the elements which have caused the
incorrect behavior of the CUT.

Generally, the second alternative is used for two reasons. First, not all the possible test
points can actually be considered because of practical and economic measurement problems
strictly tied with the used technology and with the application field of the circuit under con‐
sideration. Second, the number of faulty components is generally smaller than the total
number of circuit components. The single fault case is the most frequent while double or tri‐
ple cases are less frequent, and the case of all faulty components is almost impossible. There‐
fore, as the testability is normally not at its maximum, the fault diagnosis problem is dealt
with by assuming the quite realistic hypothesis that the number of faulty components is
bounded; that is, the k-fault hypothesis is made. Under this hypothesis, in order to locate the
faulty elements with as low ambiguity as possible, it is of fundamental importance to deter‐
mine a set of components that is representative of all the circuit elements. This helps reduc‐
ing the solution time by providing a stopping criterion instead of wasting computer
resources seeking unattainable solutions. In this section a procedure for the determination of
the optimum set of testable components in the k-fault diagnosis of analog linear circuits is
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presented, where by the optimum set we mean a set of components representing all the cir‐
cuit elements and giving a unique solution.

The procedure is based on the testability evaluation of the circuit and on the determina‐
tion of the canonical ambiguity groups. Referring again, for the sake of simplicity, to para‐
metric fault  diagnosis techniques we need to make some definitions first.  An ambiguity
group can be defined as a set of components that, if used as unknowns (i.e., if considered
as potentially faulty), gives infinite solutions during the phase of fault location determina‐
tion.  A canonical  ambiguity  group is  simply an ambiguity  group that  does  not  contain
other ambiguity groups. It is worth pointing out that the proposed procedure gives infor‐
mation  independently  of  the  method  that  will  be  effectively  used  in  the  fault  location
phase (both simulation after test and simulation before test methods), even if it has been
developed by referring to parametric fault diagnosis techniques. Furthermore, in the auto‐
mation of the procedure the use of symbolic techniques is of fundamental importance be‐
cause  symbolic  analysis,  due  to  the  fact  that  it  gives  symbolic  rather  than  numerical
results, is particularly suitable for applications such as testability and canonical ambiguity
group determination, as will be shown later.

It is necessary in this procedure to determine a set of equations describing the circuit un‐
der test  and solve it  with respect  to the component values.  In the case of  analog linear
time-invariant  circuits,  the  fault  diagnosis  equations  can  be  constituted  by  the  network
functions relevant to the selected test points [12] which are nonlinear with respect to the
potentially faulty circuit parameters. By assuming that the faults can be expressed as pa‐
rameter variations without influencing the circuit topology (as was done in the previous
section where faults like short and open are not considered), the testability measure τ  is
given by the maximum number of  linearly independent columns of the Jacobian matrix
associated with the fault diagnosis equations, and it represents a measure of the solvabili‐
ty degree of the nonlinear fault diagnosis equations. The entries of the Jacobian matrix are
rational functions depending on the complex frequency and the potentially faulty param‐
eters. Thus, in order to evaluate the testability it is necessary to select fixed values for the
potentially faulty parameter and the complex frequency.  It  can be shown that,  once the
frequency values are fixed, the rank of the obtained Jacobian matrix is constant almost ev‐
erywhere, i.e., for all the potentially faulty parameter values except those lying in an alge‐
braic  variety  [13].  Using  this  approach,  the  testability  value,  although  independent  of
component values, is very difficult to handle and subject to round off errors if a numeri‐
cal approach is used in its automation.

Generally the Jacobian matrix is very costly to find in fully symbolic form. It has been shown in
[14] that starting from the network symbolic transfer functions expressed in the following way:

tl(h , s)=
N l (h , s)
D(h , s) =

∑
i=0

nl ai
(l )(h )

bm
(h ) .s i

s m + ∑
j=0

m-1 b j
(h )

bm
(h ) .s j

,       l =1, ⋯ ,  K (15)
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where h = [h1, h2, …, hp]t is the vector of the potentially faulty parameters and K is the total
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(16)

This matrix is independent of the complex frequency whose entries are constituted by the
derivatives of the coefficients of the fault diagnosis equations with respect to the potentially
faulty circuit parameters. If the fault diagnosis equations are generated in a completely sym‐
bolic form, the testability evaluation becomes easy to perform. In this case, the entries of the
matrix E can be simply led back to derivatives of sums of products and the computational
errors are drastically reduced in the automation phase. Once the matrix E has been deter‐
mined, testability evaluation can be performed by triangularizing E and assigning arbitrary
values to the components (since as was previously mentioned, testability does not depend
on component values). Yet selecting the matrix E instead of the Jacobian matrix as the testa‐
bility matrix results in a different testability measure not directly related to the desired
measure. However, this limitation can be overcome by splitting the fault diagnosis equation
solution into two phases. In the first phase, starting from the measurements carried out on
the selected test points at different frequencies, the coefficients of the fault diagnosis equa‐
tions are evaluated, eventually exploiting a least-squares procedure in order to minimize the
error due to measurement inaccuracy. In the second phase, the component values are ob‐
tained by solving the nonlinear system constituted by the equations expressing the previ‐
ously determined coefficients as functions of the circuit parameters. In this way the
following nonlinear system has to be solved:
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(17)

where Ai
(l) and Bj(i=0,…, nl, j=0, …, m-1) are the coefficients of the fault diagnosis equations

in (15) which have been calculated in the previous phase. The Jacobian matrix of this system
coincides with the matrix E in (16), hence, all the information provided by a Jacobian matrix
with respect to its corresponding nonlinear system can be obtained from the matrix E. In
particular, if rank(E) is equal to the number of unknown parameters, the component values
can be uniquely determined by solving the equations in (17) through the consideration of a
set of measurements carried out on the test points. If the testability τ= rank(E) is less than
the number of unknown parameters R, a locally unique solution can be determined only if
R-τ components are considered not faulty.

The matrix E does not give only information about the global solvability degree of the fault
diagnosis problem. In fact, by noting that each column is relevant to a specific element or
parameter of the circuit and by considering the linearly dependent columns of E, other in‐
formation can also be obtained. For example, if a column is linearly dependent with respect
to another one, this means that a variation of the corresponding component provides a var‐
iation on the fault-equation coefficients, indistinguishable with respect to that produced by
the variation of the component corresponding to the other column. This means that the two
components are not testable and they constitute an ambiguity group of the second order. As
an example two parallel connected resistors in a circuit where we cannot distinguish which
one caused the fault. By extending this reasoning to groups of linearly dependent columns
of E, ambiguity groups of a higher order can be found. Then, in summary, the following def‐
inition can be formulated.

Definition 1: A set of components constitutes an ambiguity group of order j if the corre‐
sponding columns of the testability matrix E are linearly dependent. In other words, the am‐
biguity groups of a circuit in which a certain test point set has been chosen can be
determined by locating the linearly dependent columns of the testability matrix E. Further‐
more, as was mentioned, an ambiguity group that does not contain other ambiguity groups
is called canonical. Therefore, a canonical ambiguity group can be defined as follows.

Definition 2: A set of k components constitutes a canonical ambiguity group of order k if the
corresponding k columns of the testability matrix E are linearly dependent and every subset
of this group of columns is constituted by linearly independent columns. It is important to
notice that with this definition, the order of the canonical ambiguity groups cannot be great‐
er than the testability value plus one τ +1.

In most cases the canonical ambiguity groups have some components in common. By unify‐
ing these types of groups, another ambiguity group, corresponding again to linearly de‐
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pendent columns of the matrix E is obtained. We define as global an ambiguity group of the
following type.

Definition 3: A set of m components constitutes a global ambiguity group of order m if it is
obtained by unifying canonical ambiguity groups having at least one element in common.

Obviously, a canonical ambiguity group which does not have components in common with
any other canonical ambiguity group can be considered as a global ambiguity group. Final‐
ly, the columns of the matrix E that do not belong to any ambiguity group are linearly inde‐
pendent. We define these as surely testable a group of components of the following kind.

Definition 4: A set of n components whose corresponding columns of the testability matrix E
do not belong to any ambiguity group constitutes a surely testable group of order n.

Obviously, the number of surely testable components cannot be greater than the testability
value τ, that is, the rank of the matrix E.

With these definitions in mind, the optimum set of testable components can be determined
as in [12].

3.2. Formulation of fault equations

Applying equation (1) to fault-free and faulty circuits, respectively, with the same excitation
sources we get

To Xo =Wo (18)

TX =(To + ∆T )(Xo + ∆ X )=Wo (19)

where

T =To + ∆T (20)

X = Xo + ∆ X (21)

It can be easily shown that

∆TX = - To ∆ X (22)

where the parameter variation can be found from the measured values of the faulty circuit, the
original system matrix and an estimate of the change of the system matrix due to fault presence

∆ X = - T0
-1 ∆TX (23)

It is customary to solve equation (23) as a constrained linear optimization problem. Howev‐
er such an approach is limited by the solution time and ambiguity leading to local minimum
convergence. Suppose that the first f of p parameters are faulty and are changed from their
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nominal values h10, h20, …., hf0 to new values h1=h10+d1, h2=h20+d2, …., hf =hf0+df, where d1, d2, ….,
df are the parameter deviations and the deviation vector d is an f×1 vector:

d = d1 d2 ⋯d f
t (24)

Define F as the faulty parameter set, and assume that each faulty parameter Fv ( v = 1, 2,..., f )
is located on intersection of the corresponding rows iv and jv and columns kv and lv of the
coefficient matrix T. The deviation of the coefficient matrices now has the following form:

∆T = ∑
v=1

f
pvdvqv

t = P f diag(d )Q f
t (25)

where diag (d) is an f×f diagonal matrix and Pf and Qf are g×f matrices which contain 0 and ±1
entries:

P f = p1 p2 ⋯  p f = δi1
- δ j1

 δi2
- δ j2

 ⋯  δi f
- δ j f

Q f = q1 q2 ⋯  q f = δk1
- δl1

 δk2
- δl2

 ⋯  δk f
- δl f

(26)

Note that Pf and Qf are sub-matrices of P and Q respectively. They can be constructed from P
and Q by selecting all columns in P and Q corresponding to faulty parameters. As an example
assume that there are two faulty parameters: R9 is changed from 3.54Ω to 7.9Ω and R37 is
changed from 3.12Ω to 2.8 Ω. The corresponding admittance deviations are ΔG9= 1/7.9 - 1/3.54 =
-0.1559 / Ω and ΔG37=1/2.8  2/3.12 = 0.03663 /Ω. The corresponding faulty parameter set F=[9,37]
and the faulty nodes will be [1,14,16]. It can be easily verified that Pf and Qf are 20×2-matrices
which can be obtained from the 9th and 37th columns of the matrices P and Q respectively. It can
also be verified that ΔT will have entries only at locations {1,1}, {14,14}, {14,16}, {16,14}, {16,16}.

Substituting (25) in (20) we get

T =To + P f diag(d )Q f
t (27)

and to obtain the solution vector for the faulty circuit we use

X =T -1Wo (28)

It can be shown using Woodbury formula that the value of dv (v=1,2,..., f ) cannot be zero or
infinity to meet with the requirement of inverting [6]. Since dv being zero means fault-free
parameter and only faulty parameters will be identified by following fault diagnosis algo‐
rithm, we will have only one restriction: dv cannot be infinite, which corresponds to the case
of open admittance or short impedance. But open or short faults can be dealt with by ideal
switches introduced in modified nodal analysis [4]. Therefore, the proposed method can
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handle open and short faults as well but only if combined with a procedure that repeats the
analysis of the circuit after introduction of ideal switches.

The solution vector for fault-free circuit is

X0 = x1,0 x2,0 ⋯ xg ,0
t (29)

where subscript 0 indicates that the denoted parameters are for fault-free circuit. Hence the
product of Qf

t and Xo can be written as

Q f
t X0 = δk1

- δl1
 δk2

- δl2
 ⋯  δk f

- δl f
t X0

= xk1,0
- xl1,0

 xk2,0
- xl2,0

 ⋯  xk f ,0 - xl f ,0
t

= xk1l1,0
 xk2l2,0

 ⋯  xk f l f ,0
t

(30)

and it has the physical interpretation of controlling nominal signal values (e.g. voltages) on
faulty parameter input terminals.

Let us define

β = β1 β2 ⋯  βn
t =T0

-1P f

γ =Q f
t T0

-1P f =Q f
t β

(31)

It can be shown that the deviation vector ΔX can be obtained by [6]

∆X = - β diag(d -1) + γ -1Q f
t X0

=

α11 α12

α21 α22

⋯ α1 f

⋯ α2 f

⋮ ⋮
αg1 αg2

⋯ ⋮
⋯ αgf

xk1l1,0

xk2l2,0

⋮
xk f l f ,0

(32)

where

α = - β diag(d -1) + γ -1

=

α11 α12

α21 α22

⋯ α1 f

⋯ α2 f

⋮ ⋮
αg1 αg2

⋯ ⋮
⋯ αgf

=

α1

α2

⋮
αg

  (33)

Usually voltage measurement is easier to carry out and is less invasive to analog circuit
properties than current measurement. Therefore, we only consider the use of nodal voltage
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measurement in this formulation. As an example γ for our example circuit of Figure 1 as‐
suming the aforementioned faults will be given by

γ =
2.4475 0.0145
0.0145 2.5120

(34)

Once we have the fault equations formulated and the faults simulated we can proceed to
fault diagnosis.

3.3. Fault diagnosis

During the fault diagnosis we have the CUT with only a limited set of accessible nodes for
measurement and excitation. Suppose the ith node is accessible for measurement, then by
equation (32)

∆ Xi = αi1 αi2 ⋯ αif xk1l1,0
 xk2l2,0

 ⋯  xk f l f ,0
t (35)

According to definition of g×f matrix α in equations (33) and (31), matrix α does not depend
on the location of excitation sources. Thus matrix α is invariant when applying the multiple
excitation method, i.e., the same coefficients αij links deviation of measurements ΔXi and
nominal signal values on faulty parameter xk jl j

 independent of the excitation vector applied.

After measuring the corresponding nodal voltages on the ith node with m independent exci‐
tation vectors We (e = 1, 2,..., m ), we then obtain

∆ Xi
(1) = αi1 αi2 ⋯ αif xk1l1,0

(1)  xk2l2,0
(1)  ⋯  xk f l f ,0

(1) t

∆ Xi
(2) = αi1 αi2 ⋯ αif xk1l1,0

(2)  xk2l2,0
(2)  ⋯  xk f l f ,0

(2) t

⋮
∆ Xi

(m) = αi1 αi2 ⋯ αif xk1l1,0
(m)  xk2l2,0

(m)  ⋯  xk f l f ,0
(m) t

(36)

or in matrix form

∆ Xi
M =

∆ Xi
(1)

∆ Xi
(2)

⋮
∆ Xi

(m)

=

xk1l1,0
(1) xk2l2,0

(1)  ⋯  xk f l f ,0
(1)

xk1l1,0
(2) xk2l2,0

(2)  ⋯  xk f l f ,0
(2)

⋮
xk1l1,0

(m) xk2l2,0
(m)  ⋯  xk f l f ,0

(m)

αi1

αi2

⋮
αif

= Xb
MFαi

(37)
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where superscript M denotes the set of multiple excitations and m is the number of these
excitations. The single measurement node can be one of the nodes used for multiple excita‐
tion method, and then the total number of accessible excitation nodes should be m. Assume
that f ≤ m-1 ≤ p, then the coefficient matrix XbMF has more rows than columns thus guaran‐
teeing the uniqueness of the solution to equation (37) with verification. Equation (37) estab‐
lishes the linear relationship between the measured responses of the faulty circuit ΔXi

M and
the faulty parameter deviations d since vector αi is a linear functions of d according to equa‐
tion (33). Therefore equation (37) is called the fault diagnosis equation, and the coefficient ma‐
trix XbMF is called the fault diagnosis matrix [6].

As said earlier, with only a limited number of accessible nodes the issue of testability and
consistency of the selected set of accessible nodes to detect f number of simultaneous faults
immediately arises. However, testability is not the focus of this chapter. We assume that the
given measurement set can give at least one finite solution to circuit parameters.

As the first stage of fault diagnosis, fault detection is easily implemented. If the measure‐
ment deviation vector ΔXi

M in the fault diagnosis equation is a zero vector, obviously the
CUT is judged as fault-free for the given excitation and measurement sets. Otherwise, at
least one fault is judged detected by the given measurement set. To identify the faulty pa‐
rameters, first let us analyze the fault diagnosis equation. The left-side of equation (37) is a
known vector from measurements; the right side is the product of an unknown coefficient
matrix XbMF and an unknown solution vector αi. According to equation (30), matrix XbMF is
determined by faulty parameter locations and X0, solution vector for the fault-free circuit.
Hence the columns in XbMF represent the differences between the nominal values of nodal
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we do not know matrix XbMF initially for the CUT since we do not know initially the location
or number of faults, but we really know all of the nodal voltages and parameter currents in
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Q t X 0 = δk1
- δl1

 δk2
- δl2

 ⋯  δk p
- δl p

t X0

= xk1,0
- xl1,0

 xk2,0
- xl2,0

 ⋯  xk p,0 - xl p,0
t

= xk1l1,0
 xk2l2,0

 ⋯  xk pl p,0
t

(38)

Xb
MP =

xk1l1,0
(1) xk2l2,0

(1)  ⋯  xk pl p,0
(1)

xk1l1,0
(2) xk2l2,0

(2)  ⋯  xk pl p,0
(2)

⋮
xk1l1,0

(m) xk2l2,0
(m)  ⋯  xk pl p,0

(m)

(39)
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xk1l1,0

(m) xk2l2,0
(m)  ⋯  xk pl p,0

(m)

(39)

Analog Circuits110

where superscript P denotes the set of all p circuit parameters. Each column of XbMP corre‐
sponds to one circuit parameter. Evidently, the fault diagnosis matrix XbMF is a sub-matrix of
XbMP and can be constructed by collecting all columns in XbMP corresponding to the faulty
parameters. Apparently matrix XbMF has more rows than columns whereas XbMP has less
rows than columns due to the restriction f ≤ m-1 ≤ p.

For the purpose of fault identification, we need to find out which set or sets of columns in
XbMP can satisfy the fault diagnosis equation, i.e. the dependency between ΔXi

M and the de‐
sired coefficient matrix in fault diagnosis matrix.

Basically ΔXi
M vector for all p parameters has to be generated from the fault-free circuit and

stored as a dictionary of fault-free response to m multiple excitations over the designated m
accessible nodes. This dictionary will be used later to determine whether the CUT is faulty
and will be used in locating the faults. It must be emphasized that only one node for voltage
measurement is sufficient for this method although multiple linearly-independent excita‐
tions are required across all m accessible nodes for successful fault location. It is thus possi‐
ble to use only one of the accessible m nodes to carry out the measurements while using the
rest to carry out the excitations. As an example node {2} in Figure1 is selected as the only
measurement node, while nodes {2, 4, 15, 16, 17} are selected as accessible nodes for the mul‐
tiple excitations. That is the unit current source is applied to these nodes respectively and
the corresponding nodal voltage at node {2} is measured. Thus the measured changes of no‐
dal voltage will be

∆ X M =

0.89005
0.91400
0.03651

0.032306
0.038445

(40)

One obvious way is to have a combinatorial search through all columns in XbMP, which is
the traditional way in the fault verification method [15] and requires a number of operations

of the order O(∑
i=1

f (p
i )) for f limited faults among p parameters. This is equivalent to assuming

that any number of faults up to f simultaneous faults have occurred randomly in any subset
of the p parameters then evaluate the response to such faults and compare it to the meas‐
ured response. However, the method being described here is more efficient than that and
involves locating the minimum size ambiguity group which satisfies the fault diagnosis
equation. An ambiguity group is defined as a set of parameters corresponding to linearly
dependent columns of XbMP which in general does not give a unique solution in fault identi‐
fication. Minimum size ambiguity groups (called canonical ambiguity groups) can be found
using a linear combination matrix with minimum number of non-zero entries as will be
shown shortly. But to generate this we need to perform a Gaussian elimination step.
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3.3.1. Gaussian eliminaion step

Let us first denote an augmented m×(p+1) matrix BS as the concatenation of the stored dic‐
tionary vector ΔXi

M and the matrix XbMP:

BS = ∆ X i
M Xb

MP (41)

Then we will normalize the first column of matrix BS to have a unity in its first row,

B̂S (i, 1)=
BS (i , 1)
BS (1,1) ,    i =1,  2,  ⋯ ,  m. (42)

If the first entry of matrix BS, BS(1,1) happens to be zero, just permute or swap the rows of BS

so that the first entry BS(1,1) is non-zero. Such a nonzero entry must exist since ΔXi
M is a

non-zero vector for faulty circuit. Eliminate the remaining entries in the first row of matrix
BS by performing a similar operation to Gaussian elimination as follows:

B̂S (i, j)= BS (i, j) -
BS (i , 1)
BS (1,1) BS (1, j),    i =1,  2,  ⋯ ,  m; j =2,3, ⋯ ,  p + 1. (43)

Finally we obtain m×(p+1) matrix B̂S  in the following form:

B̂S =
11×1 01× p

(∆ X̂ i)(m-1)×1 B (m-1)× p
(44)

where the superscript represents the size of a vector or a matrix. Matrix B is obtained from
XbMP after elimination of dependence on ΔXi

M and is called the verification matrix [6]. The
dependency of the desired columns of matrix B surely indicates the dependency between
ΔXi

M and the desired columns of matrix XbMP. Thus we can only concentrate on the depend‐
ency among the columns of the verification matrix B.

3.3.2. QR factorization

The rank r of the matrix B determines a maximum number of faults that can be uniquely
identified by solving the fault diagnosis equation. Because m-1<p, B can be permuted col‐
umn wise and decomposed into two linearly dependent sub-matrices as follows

perm(B)= B1 B2 = B1 I C (45)

B2 = B1C (46)

where perm refers to column-wise permutation, (m-1)×r matrix B1 has the full column rank
equal to the rank r of the matrix B, and r ×( p − r) matrix C is called linear combination matrix
whose columns expand a set of basis columns from B1 into the corresponding columns of B2.
It can be easily shown that B1 is a sub-matrix of B with all the rows and only a subset of the col‐
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umns (called the basis set) while B2 is a sub-matrix of B with all the rows and the remaining set of the
columns (called the co-basis set). Note that the selection of independent columns of B1 is not
unique and is an important issue in solving the fault diagnosis equation in the presence of
ambiguities. Different partitions define different linear combination matrices C.

Since an ambiguity group is a set of circuit parameters corresponding to linearly dependent
columns of B, we define a canonical ambiguity group as a minimal set of parameters corre‐
sponding to linearly dependent columns of B. This means that if any single parameter is re‐
moved from the canonical ambiguity group, then the remaining set corresponds to
independent columns of B and can be uniquely solvable. A combination of canonical ambi‐
guity groups with at least one common element was defined as ambiguity cluster.

To efficiently deal with fault verification problem, we will look for a partition (45) with the
matrix C in a minimum form, which is defined as such a matrix that one or several of its
columns have the maximum number of entries equal to zero. Thus, we can get the minimum
number of columns in XbMP satisfying the fault diagnosis equation (37). The corresponding
partition (45) is called a canonical form of the fault diagnosis equation. Notice that according
to fault verification principles [15] it is enough to find a single entry in one column of C
equal to zero to solve the fault diagnosis equation. Yet since many such solutions exist we
will select the column with the maximum number of zeros assuming that the faulty re‐
sponse was caused by the smallest number of faults. This column and all rows with non-
zero entries will correspond to the faulty parameters as indicated by the element of co-basis
B2 and elements of basis B1, respectively.

One way to find these matrices from the matrix B with high numerical stability is based on
QR factorization [8], which can find a solution of over determined system of linear equations
that minimizes the least square error. As a result of the QR factorization of (m-1)×p verifica‐
tion matrix B, we obtain:

BE =QR (47)

where  E  is  p×p  column  selection  matrix,  Q  is  (m-1)×(m-1)  orthogonal  matrix,  and  R  is
(m-1)×p  upper  triangular  matrix.  Each column of  matrix  E  has  only  one  nonzero  entry,
which is equal to one. Matrix product BE  represents the permutation of the original col‐
umns  of  the  verification  matrix  B  requested  in  equation  (45).  Matrix  R  has  its  rank
equal  to  the  rank of  matrix  B.  Since  R  is  an upper  triangular  matrix  and m-1<p,  R  can
be written as

R = R1 R2 (48)

where R1 is r×r upper triangular and has its rank equal to the rank of the verification matrix
B. Having this factorization computed, it can be shown that [8]

perm(B)= BE (49)
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C = R1
-1R2 (50)

B1 =QR1 (51)

Furthermore the basis set will be the row values of the non-zero elements in the first r col‐
umns of E while the co-basis will be the row values of the remaining p-r columns of E. As an
example, the values of R1 for our example circuit of Figure 1 is

R1 =

10.5475 -2.9444
0 3.5435

0.0028 2.3965
-0.0014 -2.8011

0               0
0               0

2.4161 -0.0005
0    1.7202

(52)

The column permutation is {39, 15, 2, 35, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 3, 16, 17, 18, 19, 20, 21,
22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 4, 36, 37, 38, 1}. Thus the basis is {39, 15, 2, 35}
and co-basis is {5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 3, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28,
29, 30, 31, 32, 33, 34, 4, 36, 37, 38, 1}.

3.3.3. Swapping performance

A single QR  run cannot guarantee that the matrix C  will be obtained with one or sever‐
al of its columns having the maximum number of zero entries if  the proper basis is not
selected.  To  find  the  minimum form partition,  we  have  to  swap  one  parameter  of  the
basis  with  one  parameter  of  the  co-basis  in  the  ambiguity  cluster  in  order  to  increase
number  of  nonzero  entries  in  C.  Note  that  swapping  parameters  of  the  basis  and  the
co-basis  can be  performed independently  in  different  ambiguity  clusters,  since  different
clusters  have  mutually  disjoint  sets  of  parameters.  There  are  simply  two  conditions  to
consider in swapping performance:

a. The necessary condition for swapping to increase the number of zero entries in C is that
the columns of basis and co-basis to be swapped have a singular 2×2 sub-matrix of non‐
zero entries.

Let us consider a linear combination matrix C with a 2×2 singular sub-matrix

R1 =

10.5475 -2.9444
0 3.5435

0.0028 2.3965
-0.0014 -2.8011

0               0
0               0

2.4161 -0.0005
0    1.7202

(53)

with all nonzero entries. If we swap the jth element of the basis with kth element of the co-
basis, then after swapping, the kth column of C changes to
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Ck = - 1
c jk

c1k c2k ⋯ 1 ⋯ crk
t (54)

In addition, all other columns of matrix C will be equal to

Cn = c1n -
c jnc1k

cik
c2n -

c jnc2k

cik
⋯ c jn

cik
⋯ crn -

c jncrk

cik

t (55)

Such that all zero locations in the kth column of C will be zero as they were in the original C.
However, as can be deducted from (53), a nonzero location cim in row i and column m will
become zero. It is understood that if one element in the current basis has been swapped into
the basis by the previous swapping performance, then this element will not be considered
during the later swapping.

Any columns of C with zero entries form an ambiguity group F and has to be considered for
further processing. Since ambiguities may exist in the original matrix XbMP then F contains
all faults in the CUT only if the corresponding columns in XbMP are independent. Hence we
must consider the following condition

b. The necessary condition for an ambiguity group F of the linear combination matrix C to
contain the set of all faults in the tested circuit is that the rank of the corresponding col‐
umns in matrix Xb

MP is equal to the cardinality of F

rank (columns in X b
MPcorresponding to F )= card (F ) (56)

Thus according to this condition any ambiguity group of the verification matrix which do
satisfy (55) needs to be further analyzed. The stopping criterion for the above procedure can
simply be τ the testability measure found from the symbolic analysis.

As an example for our circuit of Figure 1, careful study of the generated C matrix reveals
multiple zero entry at columns 5,12, 32, 33, and 34 (corresponding to nodes {9}, {16}, {36},
{37}, and {38} from the co-basis). The non-zero row entries will either be on rows 1, 2, 4 (cor‐
responding to nodes {39}, {15} and {35} from the basis) or on rows 2, 3, and 4 (corresponding
to nodes {15}, {2} and {35}). Thus the corresponding ambiguity clusters include {39, 15, 9, 35},
{16, 15, 2, 35}, {39, 15, 36, 35}, {39, 15, 37, 35}, and {39, 15, 38, 35}. Yet none of these ambiguity
clusters satisfies condition (b) except for the first one. Accordingly only one suspicious faul‐
ty group F={39, 15, 35, 9} is qualified with parameter {9} from the co-basis and parameters
{39, 15, 35} from the basis. The current minimum size of qualified F is 4.

Searching for the 2×2 singular matrix with non-zero entries in C reveals that parameter {9}
from the co-basis should be swapped with the parameter {39} from the basis according to
the swapping procedure in condition (a), and a new matrix C results. Re-applying condition
(b) to the new matrix C, 5 qualified suspicious faulty groups are obtained: F={9, 2, 35, 5},
F={9, 15, 35, 39}, F={9, 15, 35, 36}, F={9, 15, 38} and F={9, 37}. Obviously, F={9, 37} is the unique
solution with the minimum size equal to 2. Since no smaller size of faulty set F can be found
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by swapping, thus F={9, 37} is the only solution located by the procedure of fault diagnosis
which is the exact solution for the given CUT.

Once  the  fault  locations  are  determined  the  fault  values  must  be  evaluated  and  com‐
pared with the element tolerances before giving a final judgment on the circuit whether
being faulty or not.

3.3.4. Parameter evaluation

After locating the faulty parameters, the matrix XbMF can be found from the matrix XbMP by
taking only the columns corresponding to the fault locations. Then the invariant vector αi

can be uniquely solved from equation (37)

αi =((Xb
MF )t Xb

MF )-1(Xb
MF )t ∆ Xi

M (57)

where this form is used since the system is over-determined with XbMF being non-square.
Finally the deviation vector d can be exactly computed by

d =αi . /  (β - αiγ) (58)

where. / is an element-by-element division of two vectors. What remains after evaluating the
deviations is to compare them to the element allowable tolerances to decide finally whether
the measured CUT performance is still considered acceptable or deemed faulty. Basically,
when the fault locations and parameter deviations are found, all the circuit can be re-solved
to get all the node voltages and element currents of the CUT.

3.4. Mixed symbolic numerical algorithm for fault diagnosis

A computer program which implements the fault diagnosis discussed above can be easily
advised. In Phase 1, a topological description of the circuit is obtained and the circuit is
solved numerically. Since nominal values of circuit parameters are known, all nodal voltag‐
es in fault-free circuit can be solved by (18). In phase 2, an upper limit for the testability τ
needs to be determined for the provided set of accessible nodes. It is not generally required
to obtain a fully symbolic solution of the circuit and only a partial symbolic solution would
be sufficient. In phase 3 we need to measure the nodal voltages of the ith node in the CUT
under multiple excitation method to obtain measurement deviation vector ΔXi

M. In phase 4
we need to generate the fault locator matrix XbMP from equations (38) and (39) then use it to
find the linear combination matrix C after the Gaussian elimination step and the QR factori‐
zation. In Phase 5, analysis of the combination matrix is done where F denotes one suspi‐
cious fault set and min(size(F)) represents a scalar which is equal to the minimum size of all
suspicious fault sets. In Phase 6, if several suspicious fault sets have the same minimum size,
min(size(F)), select one of them arbitrarily for analysis. Only one parameter in the selected F
is from the co-basis and the remaining parameters are from the basis. Swap that co-basis pa‐
rameter which corresponds to column k in matrix C with one of basis parameters which cor‐
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responds to row j in the matrix C. By (53) and (54), all zero entries in the column k of matrix
C will be held after swapping while new zero-entry will appear in another column of new
matrix C, thus the new value of min(size(F)) will be equal to, or less than the old value be‐
fore swapping.

There are two rules for swapping.  One is  that  row j  is  selected with nonzero cjk  on the
intersection of row j  and column k  of matrix C.  Another rule is that if one parameter in
the current  basis  has been swapped into the basis  by the previous swapping operation,
then  this  element  will  not  be  considered  during  the  later  swapping  operation.  Usually
m-1  is  far  less  than p,  and the  rank of  r×(p-r)  matrix  C,  r  is  not  greater  than m-1,  thus
there  are  far  less  basis  parameters  than  co-basis  parameters.  The  comprehensive  swap‐
ping  between the  co-basis  parameter  k  and the  basis  parameters  are  very  limited,  as  a
result of the two swapping principles.

In Phase 7 equivalent adjoint suspicious fault sets are recorded. In Phase 8 the correspond‐
ing fault diagnosis matrices XbMF are found from the fault locator matrix. In Phase 9 the in‐
variant vector αi is evaluated. Phase 10 is used for verification. One or several suspicious
fault sets with minimum size are used to compute the deviation vector ΔX. If a computed
vector matches the real measured vector ΔXi

M, the corresponding fault set F is our final solu‐
tion to faulty parameters. Otherwise, we discard this set, and turn to the adjoint suspicious
fault sets recorded in Phase 7. Verification in this phase continues until at least one qualified
solution to faulty parameters is found. Otherwise, the CUT is concluded as un-solvable be‐
cause the restriction f ≤ m - 1 is not satisfied. In the final Phase the parameter variations are
compared to the element tolerances to decide if the circuit response is indeed faulty or just
shifted within the accepted tolerance.

4. Conclusion

In this chapter, a generalized fault diagnosis and verification approach for linear analog cir‐
cuits was discussed. Fault verification methods intend to obtain the information about the
faulty circuit based on the limited measured responses of the faulty circuit. There are two
easily implemented prerequisites: one is that the circuit topology and nominal values of cir‐
cuit parameters should be known, another is that the number of measurements minus one is
not less than the number of faulty parameters. A symbolic method is proposed to solve the
testability problem during the detection, and location of the multiple faults in a linear ana‐
log circuit in frequency domain, then to exactly evaluate the faulty parameter deviations.

Applying  the  Woodbury  formula  in  the  matrix  theory  to  the  modified  nodal  analysis,
fault  diagnosis  equation  is  constructed  to  establish  the  relationship  between  the  meas‐
ured responses  and the  faulty  parameter  deviations  in  a  linear  way.  A numerically  ro‐
bust  approach has  been modified to  fit  the  condition stated in  this  chapter  in  order  to
implement  fault  location,  i.e.,  location  of  the  minimum  size  ambiguity  group  in  the
fault  diagnosis  equation  based  on  QR  factorization.  Parameter  evaluation  is  then  per‐
formed from results of the analysis of fault diagnosis equation.
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One node for voltage measurement is sufficient for the proposed method although mul‐
tiple excitations are required for fault  location.  Although the faulty parameter deviation
cannot be infinity,  open or short condition can be dealt  with well  by switches in modi‐
fied nodal analysis.

Therefore, the faults can be parametric or catastrophic. The proposed method is extremely
effective for large parameter deviations and a very limited number of accessible nodes used
for excitations and measurements. The computation cost for the fault location is on the order
of O(p3), and compares favorably with the combinatorial search traditionally used in fault

verification methods which requires the number of operations O(∑
i=1

f (p
i )).
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