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Preface
Graphene is a one-atom-thick and two-dimensional repetitive hexagonal lattice sp2-hybri‐
dized carbon layer. The extended honeycomb network of graphene is the basic building
block of other important allotropes of carbon. 2D graphene can be wrapped to form 0D full‐
erenes, rolled to form 1D carbon nanotubes, and stacked to form 3D graphite. Depending on
its unique structure, graphene yields many excellent electrical, thermal, and mechanical
properties. It has been interesting to both theoreticians and experimentalists in various
fields, such as materials, chemistry, physics, electronics, and biomedicine, and great prog‐
ress have been made in this rapid developing arena.
The aim of publishing this book is to present the recent new achievements about graphene
research on a variety of topics. And the book is divided into two parts: Part I, from theoreti‐
cal aspect, Graphene tunneling (Chapter 1), Localized states of Fabry-Perot type in graphene
nanoribbons (Chapter 2), Electronic properties of deformed graphene nanoribbons (Chapter
3), The Čererenkov eﬀect in graphene-like structures (Chapter 4), and Electronic and vibra‐
tional properties of adsorbed and embedded carbon nanofilms with defects (Chapter 5) are
elaborated; Part II, from experimental aspect, Quantum transport in graphene quantum dots
(Chapter 6), Advances in resistive switching memories based on graphene oxide (Chapter
7), Surface functionalization of graphene with polymers for enhanced properties (Chapter
8), and Carbon nanowalls: synthesis and applications (Chapter 9) are introduced. Also, indepth discussions ranging from comprehensive understanding to challenges and perspec‐
tives are included for the respective topic. Each chapter is relatively independent of others,
and the Table of Contents we hope will help readers quickly find topics of interest without
necessarily having to go through the whole book.
Last, I appreciate the outstanding contributions from scientists with excellent academic re‐
cords, who are at the top of their fields on the cutting edge of technology, to the book. Research
related to graphene updates every day, so it is impossible to embody all the progress in this
collection, and hopefully it could be of any help to people who are interested in this field.
Prof. Jian Ru Gong
National Center for Nanoscience and Technology, Beijing
P. R. China
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1. Introduction
In this chapter the transmission of massless and massive Dirac fermions across
two-dimensional p-n and n-p-n junctions of graphene which are high enough so that they
correspond to 2D potential steps and square barriers, respectively is investigated. It is
shown that tunneling without exponential damping occurs when an relativistic particle
is incident on a very high barrier. Such an effect has been described by Oskar Klein in
1929 [1] (for an historical review on klein paradox see [2]). He showed that in the limit
of a high enough electrostatic potential barrier, it becomes transparent and both reflection
and transmission probability remains smaller than one [3]. However, some later authors
claimed that the reflection amplitude at the step barrier exceeds unity [4,5], implying that
transmission probability takes the negative values.
Throughout this chapter, these negative transmission and higher-than-unity reflection
probability is refereed to as the Klein paradox and not to the transparency of the barrier in
the limit V0 → ∞ (V0 is hight of the barrier). However, by considering the massless electrons
tunneling through a potential step which can correspond to a p-n junction of graphene, as
the main aim in the first section, it is be clear that the transmission and reflection probability
both are positive and the Klein paradox is not then a paradox at all. Thus, one really doesn’t
need to associate the particle-antiparticle pair creation, which is commonly regarded as an
explanation of particle tunneling in the Klein energy interval, to Klein paradox. In fact it
will be revealed that the Klein paradox arises because of not considering a π phase change
of the transmitted wave function of momentum-space which occurs when the energy of
the incident electron is smaller than the height of the electrostatic potential step. In the
other words, one arrives at negative values for transmission probability merely because of
confusing the direction of group velocity with the propagation direction of particle’s wave
function or equivalently- from a two-dimensional point of view- the propagation angle with
the angle that momentum vector under the electrostatic potential step makes with the normal
incidence. Then our attentions turn to the tunneling of massless electrons into a barrier with
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the hight V0 and width D. It will be found that the probability for an electron (approaching
perpendicularly) to penetrate the barrier is equal to one, independent of V0 and D. Although
this result is very interesting from the point of view of fundamental research, its presence in
graphene is unwanted when it comes to applications of graphene to nano-electronics because
the pinch-off of the field effect transistors may be very ineffective. One way to overcome these
difficulties is by generating a gap in the graphene spectrum. From the point of view of Dirac
fermions this is equivalent to the appearing of a mass term in relativistic equation which
describes the low-energy excitations of graphene, i.e. 2D the massive Dirac equation:
H = −iv F σ.∇ ± ∆σz

(1)

where ∆ is equal to the half of the induced gap in graphene spectrum and it’s positive
(negative) sign corresponds to the K (K ′ ) point. Then the exact expression for T in gapped
graphene is evaluated. Although the presence of massless electrons which is an interesting
aspect of graphene is ignored, it”l be seen that how it can save us from doing the calculation
once more with zero mass on both sides of the barrier, but non-zero mass inside the barrier.
This might be a better model for two pieces of graphene connected by a semiconductor
barrier (see fig. 6). Another result that show up is that the expression for T in the former
case shows a dependence of transmission on the sign of refractive index, n, while in the latter
case it will be revealed that T is independent from the sign of n.
From the above discussion and motivated by mass production of graphene, using 2D massive
Dirac-like equation, in the next sections, the scattering of Dirac fermions from a special
potential step of height V0 which electrons under it acquire a finite mass, due to the presence
of a gap of 2∆ in graphene spectrum is investigated [2], resulting in changing of it’s spectrum
from the usual linear dispersion to a hyperbolic dispersion and then show that for an electron
with energy E < V0 incident on such a potential step, the transmission probability turns out
to be smaller than one in normal incident, whereas in the case of ∆ → 0, this quantity is
found to be unity. In graphene, a p-n junction could correspond to such a potential step if it
is sharp enough [6-7].
Here it should be noted that for building up such a potential step, finite gaps are needed to be
induced in spatial regions in graphene. One of the methods for inducing these gaps in energy
spectra of graphene is to grow it on top of a hexagonal boron nitride with the B-N distance
very close to C-C distance of graphene [8,9,10]. One other method is to pattern graphene
nanoribbons.[11,12]. In this method graphene planes are patterned such that in several
areas of the graphene flake narrow nanoribbons may exist. Here, considering the slabs with
SiO2 -BN interfaces, on top of which a graphene flake is deposit, it is then possible to build
up some regions in graphene where the energy spectrum reveals a finite gap, meaning that
charge carriers there behave as massive Dirac fermions while there can be still regions where
massless Dirac fermions are present. Considering this possibility, therefore, the tunneling
of electrons of energy E through this type of potential step and also an electrostatic barrier
of hight V0 which allows quasi-particles to acquire a finite mass in a region of the width D
where the dispersion relation of graphene exhibits a parabolic dispersion is investigated. The
potential barrier considered here is such that the width of the region of finite mass and the
width of the electrostatics barrier is similar. It will be observed that this kind of barrier is not
completely transparent for normal incidence contrary to the case of tunneling of massless
Dirac fermions in gapless graphene which leads to the total transparency of the barrier
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[13,14]. As mentioned it is a real problem for application of graphene into nano-electronics,
since for nano-electronics applications of graphene a mass gap in itŠs energy spectrum is
needed just like a conventional semiconductor. We also see that, considering the appropriate
wave functions in region of electrostatic barrier reveals that transmission is independent of
whether the refractive index is negative or positive[15-17]. There is exactly a mistake on this
point in the well-known paper "The electronic properties of graphene" [18].
In the end, throughout a numerical approach the consequences that the extra π-shift might
have on the transmission probability and conductance in graphene is discussed [19].

2. Quantum tunneling
According to classical physics, a particle of energy E less than the height V0 of a potential
barrier could not penetrate it because the region inside the barrier is classically forbidden,
whereas the wave function associated with a free particle must be continuous at the barrier
and will show an exponential decay inside it. The wave function must also be continuous on
the far side of the barrier, so there is a finite probability that the particle will pass through
the barrier( Fig. 1). One important example based on quantum tunnelling is α-radioactivity
which was proposed by Gamow [20-22] who found the well-known Gamow formula. The
story of this discovery is told by Rosenfeld [23] who was one of the leading nuclear physicist
of the twentieth century.
In the following, before proceeding to the case of massless electrons tunneling in graphene,
we concern ourselves to evaluation of transmission probability of an electron incident upon
a potential barrier with height much higher than the electron’s energy.

2.1. Tunneling of an electron with energy lower than the electrostatic potential
For calculating the transmission probability of an electron incident from the left on a potential
barrier of hight V0 which is more than the value of energy as indicated in the Figure 1 we
consider the following potential:


0 x < 0
V ( x ) = V0 0 < x < w

0 x>w

(2)

For regions I, the solution of Schrodinger’s equation will be a combination of incident and
reflected plane waves while in region II, depending on the energy, the solution will be either
a plane wave or a decaying exponential form.
ψ I = eikx + re−ikx

(3)

ψ I I = aeiqx + be−iqx

(4)

ψ I I I = teikx

(5)
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Figure 1. Schematic representation of tunneling in a 2D barrier.

where a, b, r, t are probability coefficients that must be determined from applying the
boundary conditions. k and q are the momentum vectors in the regions I an II, respectively:

k=

q=

�

�

2mE
h̄2

,

2m( E − V0 )
h̄2

(6)

.

(7)

We know that the wave functions and also their first spatial derivatives must be continuous
across the boundaries. Imposing these conditions yields:

1+r = a+b


 ik(1 − r ) = iq( a − b)

aeiqD + be−iqD = teikD



iq( aeiqD − be−iqD ) a = ikteikD

(8)

The transmission amplitude, t is easily obtained:

t=

4e−ikD kq
,
(q + k)2 e−ikD − (q − k)2 eikD

(9)
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Figure 2. A p-n junction of graphene in which massless electrons incident upon an electrostatic region with no energy gap so
that electrons in tunneling process have an effective mass equal to zero.

which from it the transmission probability T can be evaluated as:
T = | t |2 =

16k2 q2
.
(q + k)2 e−ikD − (q − k)2 eikD

(10)

For energies lower than V0 , the wave decays exponentially as it passes through the barrier,
since in this case q is imaginary. Also note that the perfect transmission happens at qD = nπ
(n an integer). This resonance in transmission occurs physically because of instructive and
destructive matching of the transmitted and reflected waves in the potential region. Now
that we have got a insight on the quantum tunneling phenomena in non-relativistic limit, the
next step is to extent our attentions to the relativistic case.

3. Massless electrons tunneling into potential step
Here, first a p-n junction of graphene which could be realized with a backgate and could
correspond to a potential step of hight V0 on which an massless electron of energy E is
incident ( see Fig 2) is considered. Two region, therefore, can be considered. The region for
which x < 0 corresponding to a kinetic energy of E and the region corresponding to a kinetic
energy of E − V0 . In order to obtain the transmission and reflection amplitudes, we first need
to write down the following equation:
H = v F σ.p + V (r),

(11)

where
V (r) =



V0 x > 0
0 x<0

(12)

The above Dirac equation for x > 0 has the exact solutions which are the same as the free
particle solutions except that the energy E can be different from the free particle case by the

8
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addition of the constant potential V0 . Thus, in the region II, the energy of the Dirac fermions
is given by:
�
E = v F q2x + k2y + V0 ,
(13)
where q is the momentum in the region of electrostaic potential. The wave functions in the
two regions can be written as:




1
1
1 
r
 ei(−k x x+ky y) ,
 ei (k x x +k y y) + √ 
ψI = √
2 λeiφ
2 λei(π −φ)

(14)

and

ψI I



1
t 
 ei (q x x +k y y) ,
= √
2 λ ′ ei (θ +π )

(15)

where r and t are reflected and transmitted amplitudes, respectively, λ′ = sgn( E − V0 ) is
the band index of the wave function corresponding to the second region (x > 0) and φ =
k

k

arctan( k yx ) is the angle of propagation of the incident electron wave and θ = arctan( qyx ) with

qx = ±

�

[

(V0 − E)2
] − k2y ,
v2F

(16)

is the angle of the propagation of the transmitted electron wave1 and not, as it should be, the
angle that momentum vector q makes with the x-axis. The reason will be clear later.
The following set of equations are obtained, if one applies the continuity condition of the
wave functions at the interface x = 0:
1+r = t

(17)

λeiφ − rλe−iφ = λ′ teiθ ,

(18)

which gives the transmission amplitude, t, as follows:
t=

2λ cos φ
.
+ λe−iφ

λ′ eiθ

(19)

Multiplying t by it’s complex conjugate yields:
tt∗ =
1

2 cos2 φ
.
1 + λλ′ cos(φ + θ )

By this definition θ falls in the range − π2 < θ < − π2 .

(20)
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Here it should be noted that the transmission probability, T, as we see later, is not simply
given by tt∗ unlike to the refraction probability, R, which is always equal to rr ∗ :
R = rr ∗ =

1 − λλ′ cos(φ − θ )
.
1 + λλ′ cos(φ + θ )

(21)

The reader can easily check that using the relation:
R + T = 1.

(22)

Physically the reason that T is not given by tt∗ is because in the conservation law:
∂
| ψ |2 ,
∂t

(23)

j = v F ψ† σψ,

(24)

∇.j +
which gives for the probability current

it is the probability current, j( x, y), that matters, which is not simply given by probability
density |ψ|2 . The probability current also contains the velocity which means that if velocity
changes between the incoming wave and the transmitted wave, T is not, therefore, given
by |t|2 , however there is the ratio of the two velocities entering. Here, in order to find the
transmission, since the system is translational invariant along the y-direction, we get

∇.j( x, y) = 0,

(25)

jx ( x ) = constant.

(26)

which implies that:

Hence one can write the following relation:
jxi + jxr = jxt ,

(27)

where jxi , jxr and jxi denote the incident, reflected and transmission currents, respectively.
From this equation it is obvious that:

1 = |r |2 + | t |2

λλ′ cos θ
sin φ

One can then obtain the transmission probability from the relation (R+T=1) as:

(28)

10
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T=

2λλ′ cos θ cos φ
.
1 + λλ′ cos(φ + θ )

(29)

This equation shows that for an electron of energy E > V0 , the probability is positive and
also less than unity, whereas for an electron of energy E < V0 , as in this case we have
λ = 1 and λ′ = sgn( E − V0 ) = −1, we find that the probability is negative and therefore
the reflection probability, R, exceeds unity as it is clear from (21). In fact the assumption
of particle-antiparticle (in this case electron-hole) pair production at the interface was
considered as an explanation of these higher-than-unity reflection probability and negative
transmission and has been so often interpreted as the meaning of the Klein paradox. In
particular, throughout this chapter, these features are refereed to as the Klein paradox.
Another odd result will be revealed, if we consider the normal incident of electrons upon the
interface of the potential step. Assuming an electron propagating with propagation angle
φ = 0 on the potential step, we see that both R and T, in this case, become infinite which
does not make sense at all because it would imply the existence of a hypothetical current
source corresponding to the electron-hole pair creation at interface of the step. In other
words no known physical mechanism can be associated to this results.
As it will be clear in what follows the negative T and higher than one reflection probability
that equations (29) and (21) imply, arises from the wrong considered direction of the
momentum vector, q, of the wave function in the region II. In fact, in the case of E < V0 ,
momentum and group velocity v g which is evaluated as:

vg =

∂E
qx
=
,
∂q x
E − V0

(30)

have opposite directions because we assumed that the transmitted electron moves from left
to right and therefore v g must be positive implying that q x has to assign it’s negative value,
meaning that the direction of momentum in the region II differs by 180 degree from the
direction of which the wave packed propagates. In the other words in the case of E < V0 ,
the phase of the transmitted wave function in momentum-space undergoes a π change in
transmitting from the region I to region II. Thus, the appropriate wave functions in the
momentum space, ψ I I , is:

ψI I



1
t 
,
= √
2 λ ′ ei (θ +π )

(31)

which from them T and R are given by:

T=−

2λλ′ cos θ cos φ
.
1 + λλ′ cos(φ + θ )

(32)
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R ==

1 + λλ′ cos(φ − θ )
.
1 − λλ′ cos(φ + θ )

(33)

These expressions now reveal that both transmission and reflection probability are positive
and less than unity. It also shows that if electron arrives perpendicularly upon the step,
the probability to go through it is one which is is related to the well-known "absence of
backscattering" [24] and is a consequence of the chirality of the massless Dirac electrons [25].
Notice that in the limit V0 >> E, since in this case q x → ∞ and therefore θ → 0, transmission
and reflection probability are:
T (φ) =

2 cos φ
,
1 + cos φ

(34)

R(φ) =

1 − cos φ
.
1 + cos φ

(35)

and

As it is clear in the case of normal incident the p-n junction become totally transparent, i.e.
T (0) = 1.

4. Ultra-relativistic tunneling into a potential barrier
In this section the scattering of massless electrons of energy E by a n-p-n junction of graphene
which can correspond to a square barrier if it is sharp enough I address as depicted in figure
3. By writing the wave functions in the three regions as:




1
1
1 
r
 ei (k x x +k y y) + √ 
 ei(−k x x+ky y) ,
ψI = √
2 λeiφ
2 λei(π −φ)



1





1



a
 ei (q x x +k y y) ,
 ei(qx x+ky y) + √b 
ψI I = √ 
2 λ′ eiθt
2 λ ′ ei (π −θt )

ψI I I



1
t 
 ei (k x x +k y y) ,
= √
2 λeiφ

(36)

(37)

(38)

we’ll be able to calculate T only by imposing the continuous condition of wave function at
the boundaries and not it’s derivative. Note that, in the case of E < V0 , θt = θ + π is the angle
of momentum vector q, measured from the x-axis while θ is the angle of propagation of the
wave packed and, therefore, shows the angle that group velocity, v g , makes with the x-axis2 .
2

Notice that if one consider the case E > V0 , one then see that θt = θ, implying that momentum and group velocity
are parallel.
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Figure 3. an one dimensional schematic view of a n-p-n junction of gapless graphene. In all three zones the energy bands are
linear in momentum and therefore we have massless electrons passing through the barrier.

By applying the continuity conditions of the wave functions at the two discontinuities of the
barrier (x = 0 and x = D), the following set of equations is obtained:
1+r = a+b

(39)

λeiφ − λre−iφ = λ′ aeiθt − λ′ be−iθt

(40)

aeiqx D + be−iqx D = teik x D

(41)

λ′ aeiθt +iqx D − λ′ be−iθt −iqx D = λteiφ+ik x D .

(42)

Here, as previous sections, the transmission amplitude in the first region (incoming wave) is
set to 1. For solving the above system of equations with respect to transmission amplitude,
t, we first determine a from (41) which turns out to be:
a = te−iqx D+ik x D − be−2iqx D ,

(43)

and then substituting it in equation (42), b can be evaluated as:

b=

teiqx D+ik x D (λ′ eiθt − λeiφ )
2λ′ cos θt

(44)

Now equation (40) by the use of relation (39) could be rewritten as follows:
2λ cos φ = a(λ′ eiθt + λe−iφ ) − b(λ′ e−iθt − λe−iφ ).

(45)
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Thus, by plugging a and b into this equation, after some algebraical manipulation t can be
determined as:
t = −e−ik x D

4λλ′ cos φ cos θt
eiqx D [2 − 2λλ′ cos(φ − θt )] − e−iqx D [2 + 2λλ′ cos(φ + θt )]

(46)

Up to now, we have only obtained the transmission amplitude and not transmission
probability. One can multiply t, by itŠs complex conjugation and get the exact expression
for the transmission probability of massless electrons as:

T (φ) =

cos2 φ cos2 θt
(cos φ cos θt cos(q x D ))2 + sin2 (q x D )(1 − λλ′ sin φ sin θt )2

(47)

It is evident that T (φ) = T (−φ) and for values of q x D satisfying the relation q x D = nπ,
with n an integer, the barrier becomes totally transparent, as in this case we have T (φ) = 1.
Another interesting result will be obtained when we consider the scattering of an electron
incident on the barrier with propagation angle φ = 0 (φ → 0 leading to θt → 0 and π for
the case of E > V0 and E < V0 , respectively) which imply that, no matter what the value of
q x D is, the barrier becomes completely transparent, i.e. T(0) = 1. However for applications of
graphene in nano-electronic devices such as a graphene-based transistors this transparency
of the barrier is unwanted, since the transistor can not be pinched off in this case, however,
in the next section by evaluating the transmission probability of a n-p-n junction of graphene
which quasi-particles can acquire a finite mass there, it will be clear that transmission is
smaller than one and therefore suitable for applications purposes. Turning our attention
back to expression (47), it is clear that if one considers the cases E > V0 and E < V0 with
the same magnitude for x-component of momentum vector q, corresponding to same values
for |V0 − E|, would arrive at the same results for transmission probability, irrespective of
whether the energy of incident electron is higher or smaller than the hight of the barrier3 .
This is a very interesting result because it shows that transmission is independent of the
sign of refractive index n of graphene, since for the case of E < V0 group velocity and
the momentum vector in the region II have opposite directions and graphene, therefore,
meets the negative refractive index. There is a mistake exactly on this point in [18]. In this
paper the angle that momentum vector q makes with the x-axis have been confused with
the propagation angle θ. In fact the negative sign of q x have not been considered there and
therefore expression for T which is written there as

T (φ) =

cos2 φ cos2 θ
,
(cos φ cos θ cos(q x D ))2 + sin2 (q x D )(1 − λλ′ sin φ sin θ )2

(48)

results in different values for probability when | E − V0 | is the same for both cases of
E > V0 and E < V0 . In other words, the π phase change of the transmitted wave function
3

Because if we assume that energy of incident electron is smaller than height of the barrier, the band index λ′ assigns
it’s negative value, meaning that the transmission angle θt is θt = θ + π and therefore we get sin θt = − sin θ.
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in momentum-space in the latter case is not counted in. It is worth noticing that both
expressions for normal incident lead to same result T (0) = 1.
For a very high potential barrier (V0 → ∞), we have θ → 0 , π, and, therefore, we arrive at
the following result for T:

T (φ) =

cos2 φ
cos2 φ
=
,
2
2
1 − cos (q x D ) sin2 φ
x D ) + sin ( q x D )

cos2 φ cos2 (q

(49)

which reveals that for perpendicular incidence the barrier is again totally transparent.

5. Tunnelling of massive electrons into a p-n junction
In the two previous sections the tunneling of massless Dirac fermions across p-n and
n-p-n junctions was covered. In this section the massive electrons tunneling into a two
dimensional potential step (n-p junction) of a gapped graphene which shows a hyperbolic
energy spectrum unlike to the linear dispersion relation of a gapless graphene is discussed
(see Fig. 4). The low energy excitations, therefore, are governed by the two dimensional
massive Dirac equation. Thus, in order to calculate the transmission probability, we first need
to obtain the eigenfunctions of the following Dirac equation which describes the massive
Dirac fermions in gapped graphene so that we’ll be able to write down the wave functions
in different regions:
H = v F σ.p + ∆σz ,

(50)

where 2∆ is the induced gap in graphene spectrum and σ = (σ x , σy ) with
σx =



the i=x,x,z, Pauli matrix.
Hamiltonian as:

01
10



,

σy =



0 −i
i 0



,

σz =



1 0
0 −1



,

(51)

Now for obtaining the eigenfunctions one may rewrite the

H=



∆
v F |p|e−iϕp
iϕ
p
v F |p| e
∆



,

(52)

where
ϕp = arctan( py /p x ).

(53)

As one can easily see the corresponding eigenvalues are given by:
E=λ



∆2 + v2F P2 ,

(54)
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Figure 4. Massive Dirac electron tunneling into a step potential of graphene. As it is clear an opening gap in graphene
spectrum makes electrons to acquire an effective mass of ∆/2v2F in both regions

where λ = ± correspond to the positive and negative energy states, respectively. Now in
order to obtain the eigenfunctions, one can make the following ansatz:

ψλ,k

 
u
1  λ  i(k x x +k y y)
,
= √
e
2 v
λ

(55)

where we’ve used units such that h̄ = 1. Plugging the above spinors into the corresponding
eigenvalue equation then gives:
�
�
λ∆
�
u λ = �1 + �
,
∆2 + v2F k2

�
�
λ∆
�
v λ = λ �1 − �
eiϕk .
2
2
2
∆ + vF k

(56)

The wave functions, therefore are given by:

ψλ,k

1
= √
2



�

1+ √




 �

λ 1− √

λ∆
∆2 +v2F k2

λ∆
e
∆2 +v2F k2




 i (k x +k y)
e x y .

iϕk 

(57)

It is clear that in the limit ∆ → 0, one arrives at the same eigenfunctions

ψλ,k



1
1 
 ei (k x x +k y y) ,
= √
2 λeiϕk

(58)
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as those of massless Dirac fermions in graphene.
Now that we have found the corresponding eigenfunctions of Hamiltonian (4.52), assuming
an electron incident upon a step of height V0 , we can write the single valley Hamiltonian as:
H = v F σ.p + ∆σz + V (r),

(59)

where V (r) = 0 for region I (x < 0) and for the region II (x > 0), massive Dirac fermions feel
a electrostatic potential of hight V0 with the kinetic energy E − V0 . The wave functions in the
two regions then are:




α
α
1 
r
i
(
k
x
+
k
y
)
e x y + √ 
 ei(−k x x+ky y)
ψI = √
2 γλeiφ
2 γλei(π −φ)

(60)

and

ψI I



β
t 
 ei (q x x +k y y) ,
= √
2 λ′ ηeiθt

(61)

where in order to make things more simple, the following abbreviations is introduced:
�
�
�
α = �1 + �

λ∆
∆2

�
�
�
β = �1 + �

+ v2F (k2x

+ k2y )

λ′ ∆
∆2 + v2F (q2x + k2y )

,

�
�
�
γ = �1 − �

,

�
�
�
η = �1 − �

λ∆
∆2

+ v2F (k2x + k2y )

λ′ ∆
∆2 + v2F (q2x + k2y )

,

(62)

.

(63)

Imposing the continuity conditions of ψ I and ψ I I at the interface leads to the following
system of equations:
α + αr = βt,

(64)

λγeiφ − λγre−iφ = λ′ ηteiθt ,

(65)

which solving them with respect to r and t gives
λeiφ − λ′ βγ eiθt
αη

r=

αη

λ′ βγ eiθt + λe−iφ

,

(66)
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and
t=

2λ cos φ
η ′ iθt
γλ e

β

+ α λe−iφ

.

(67)

From (1.66) it is straightforward to show that R is:

R=

Nr − 2λλ′ Sr cos(φ − θt )
,
Nr + 2λλ′ Sr cos(φ + θt )

(68)

where
Nr =

β2 γ2 + α2 η 2
β2 γ2

=2

E|V0 − E| − λλ′ ∆2
E|V0 − E| − λλ′ ∆2 − λ|V0 − E|∆ + λ′ E∆

=2

E|V0 − E| − λλ′ ∆2
(|V0 − E| + λ′ ∆)( E − λ∆)

(69)

and
Sr =

αη
βγ

=

E|V0 − E| − λλ′ ∆2 + λ′ E∆ − λ|V0 − E|∆
E|V0 − E| − λλ′ ∆2 − λ′ E∆ + λ|V0 − E|∆

=

(|V0 − E| + λ′ ∆)( E − λ∆)
(|V0 − E| − λ′ ∆)( E + λ∆)

(70)

In the limit ∆ → 0 we get the same reflection as that of massless case. In the limit of no
electrostatic potential we arrive at the logical result R = 0. This is important because we see
later that for a special potential step in this limit R is not zero. Now one remaining problem
is to calculate the transmission probability. So, considering equation (67) and:
jxin = λαγ cos φ,

jxr = −λαγ cos φ,

jxt = λ′ ηβ cos θt

(71)

T is found to be:
T = | t |2

=

λλ′ ηβ cos θt
αγ cos φ

4λλ′ St cos φ cos θt
,
Nt + 2St λλ′ cos(φ + θt )

(72)
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where the following abbreviations is defined:

ηβ
=
St =
αγ

=



v2F q2

∆2 + v2F k2

∆2 + v2F q2

v2F k2

1

2

E
q
,
k |V0 − E|

(73)

and
Nt =

η 2 α2 + β2 γ2
α2 γ2

=2

E( E|V0 − E| − λλ′ ∆2 )
.
v2F k2 |V0 − E|

(74)

At this point one can obtain T (0) as follows:

T (0) = 2

v2F |k x ||q x |
E|V0 − E| − λλ′ ∆2 + v2F |k x ||q x |

.

(75)

Note that St and Nt are positive. It is clear that in the case of V0 → 0 and V0 → ∞ T is one.
Also note that in the limit of ∆ → 0, as:
E|V0 − E| = v2F |k x ||q x |,

(76)

we see that probability is unity in agreement with result obtained for massless case. Another
interesting result that expression for T shows is that probability is not independent of the
band index contrary to the a gapless step that leaded to no independency to band index, λ
and λ′ .

6. The barrier case
Opening nano-electronic opportunities for graphene requires a mass gap in it’s energy
spectrum just like a conventional semiconductor. In fact the lack of a bandgap on graphene,
can limit graphene’s uses in electronics because if there is no gaps in graphene spectrum one
can’t turn off a graphene-made transistor . In this section, motivated by mass production
of graphene, we obtain the exact expression for transmission probability of massive Dirac
fermions through a two dimensional potential barrier which can correspond to a n-p-n
junction of graphene, and show that contrary to the case of massless Dirac fermions which
results in complete transparency of the potential barrier for normal incidence, the probability
transmission, T, in this case, apart from some resonance conditions that lead to the total
transparency of the barrier, is smaller than one. An interesting result is that in the case of q x
satisfy the relation q x D = nπ, where n is an integer, we again see that tunneling is easier for
a barrier than a potential step, i.e the resonance tunneling is occurred.
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Figure 5. An massive electron of energy E incident on a potential barrier of hight V0 and thickness of about 50 nm. The
opening gap in the all three zones are of the same value and therefore the tunneling phenomenon occurs in a symmetric
barrier.

As depicted in the figure 5 there are three regions. The first is for x < 0 where the potential
is equal to zero. The second region is for 0 < x < D where there is a electrostatic potential
of hight V0 and finally, the third region is defined for x > 0 and as well as the first region
we have V0 = 0. At this point, using equations of previous sections, we are able to write the
wave functions in these three different regions in terms of incident and reflected waves. The
wave function in region I is then given by:
1
ψI = √
2



α
λγeiφ



r
ei (k x x +k y y) + √



b
ei (q x x +k y y) + √
2

2



α
λγei(π −φ)



ei(−k x x+ky y) .

(77)

In the second region we have:
a
ψI I = √
2



β
λ′ ηeiθt



β
λ′ ηei(π −θt )



ei(−qx x+ky y) .

(78)

In the third region we have only a transmitted wave and therefore the wave function in this
region is:


t
α
i(k x x +k y y)
ψI I I = √
(79)
iφ e
2 λγe
With the continuity of the spinors at the discontinuities, we arrive at the following set of
equations:
α + αr = βa + βb

(80)

λγeiφ − λγre−iφ = ηλ′ aeiθt − ηλ′ be−iθt

(81)
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βaeiqx D + βbe−iqx D = αteik x D

(82)

ηλ′ aeiθt +iqx D − ηλ′ be−iθt −iqx D = γλteiφ+ik x D

(83)

Here in order to obtain the transmission T we first solve the above set of equations with
respect to transmission amplitude t. So we first need to calculate the coefficients r,a, and b.
From (82), a can be written as follows:
a=

α −iqx D+ik x D
− be−2iqx D ,
te
β

(84)

which writing it with respect to transmission amplitude requires to plug b which one can
obtain it using the equation (83) as:
teiqx D+ik x D (λ′

b=

αη iθt
β e

− λγeiφ )

2λ′ η cos θt

,

(85)

into the corresponding equation for a. Rewriting (81) by the use of relation α + αr = βa + βb
as:
η
η
β
β
2λ cos φ = a(λ′ eiθt + λ e−iφ ) − b(λ′ e−iθt − λ e−iφ ),
γ
α
γ
α

(86)

and then using the equations (85) and (86), the expression for transmission amplitude yields:
t=

[eiqx D ( N

−4e−ik x D λλ′ cos φ cos θ
,
+ 2λλ′ cos(φ + θ ))]

− 2λλ′ cos(φ − θ )) − e−iqx D ( N

(87)

where
ηα
βγ
+
.
βγ
ηα

(88)

E|V0 − E| − λλ′ ∆2
,
v2F kq

(89)

N=
It is straightforward to show that:
N=2
where


∆2 + v2F (k2x + k2y )

|V0 − E| = ∆2 + v2F (q2x + k2y )

k = k2x + k2y

q = q2x + k2y .
E=

(90)
(91)
(92)
(93)
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Finally by multiplying t by it’s complex conjugation, one can obtain the exact expression for
the probability transmission of massive electrons, T, as:
T (φ) =

cos2 φ cos2 θ
.
(cos φ cos θ cos(q x D ))2 + sin2 (q x D )( N2 − λλ′ sin φ sin θ )2

(94)

It is clear that in the Klein energy interval (0 < E < V0 ), λ and λ′ has opposite signs so
that the term N/2 in the above expression is bigger than one and, therefore, we see that
unlike to the case of massless Dirac fermions which results in complete transparency of
the potential barrier for normal incidence, the transmission T for massive quasi-particles in
gapped graphene is smaller than one something that is of interest in a graphene transistor.
It is obvious that substituting ∆ with −∆ does not change the T, and hence the result for the
both Dirac points is the same, as it should be.
Now considering an electron incident on the barrier with propagation angle φ = 0, we know
that θt becomes 0 (π), depending on the positive (negative) sign of λ′ . So in the normal
incidence probability reads:
T (0) =

2
2 + ( N − 2) sin2 (q x D )

(95)

Now if the following condition is satisfied:
π
qx D = n ,
2

(96)

the equation for probability results in:
T (0) =

v2F |k x ||q x |
2
=
N
E|V0 − E| − λλ′ ∆2

(97)

At this point it is so clear that the transmission depends on the sign of λλ′ = ±. In the
other words, this equation for the same values of |V0 − E|, depending on whether E is higher
or smaller than V0 , results in different values for T. The result that have not been revealed
before. In the limit |V0 | >> | E|, the exact expression obtained for transmission would be
simplified to:
T (φ) ≃

cos2 φ
1 − sin2 φ cos2 (q x D )

(98)

which reveals that in this limit, T (0) is again smaller than one while in the case of q x D
satisfying the condition q x D = nπ, with n an integer, we still have complete transparency.
Furthermore from equations (90) to (93) it is clear that in the limit ∆ → 0, we get N/2 =
1 and, therefore, one arrives at the same expressions for T (φ) corresponding to the case
of massless Dirac fermions i.e. equations (48) and (49). Notice that there is transmission
resonances just like other barriers studied earlier. It is important to know that resonances
occur when a p-n interface is in series with an n-p interface, forming a p-n-p or n-p-n junction.
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7. Transmission into spatial regions of finite mass
In this section the transmission of massless electrons into some regions where the
corresponding energy dispersion relation is not linear any more and exhibits a finite gap
of ∆ is discussed. Thus, the mass of electrons there can be obtained from the relation
mv2F = ∆. Starting by looking at a two demential square potential step and after obtaining
the probability of penetration of step by electrons, transmission of massless electrons into
a region of finite mass is investigated and then see how it turns out to be applicable in a
transistor composed of two pieces of graphene connected by a conventional semiconductor
or linked by a nanotube.

7.1. Tunnelling through a composed p-n junction
In this section the scattering of an electron of energy E from a potential step of hight V0 which
allows massless electrons to acquire a finite mass in the region of the electrostatic potential
is investigated(see Fig. 6). The electrostatic potential under the region of finite mass is:

0 x < 0
V (r) = V0 0 < x < D

0 x>D

(99)

Assuming an electron of energy E, propagating from the left, the wave functions then in the
two zones can be written as:




1
1
1 
r
 ei (k x x +k y y) + √ 
 ei(−k x x+ky y)
ψI = √
2 λeiφ
2 λei(π −φ)

ψI I

(100)



β
t 
 ei (q x x +k y y)
= √
2 λ′ ηeiθt

(101)

where
�
�
�
β = �1 + �

λ′ ∆
∆2 + v2F (q2x + k2y )

,

�
�
�
η = �1 − �

λ′ ∆
∆2 + v2F (q2x + k2y )

,

(102)

and r and t are reflected and transmitted amplitudes, respectively. Applying the continuity
conditions of the wave functions at x = 0 yields:
1 + r = βt

(103)

λeiφ − rλe−iφ = λ′ ηteiθt

(104)
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Figure 6. A special potential step of height V0 and width D which massless electrons of energy E under it acquire a finite mass.

Solving the above equations gives us the following expression for |t|2 and R:

| t |2 =

2 cos2 φ
,
1 + λλ′ ηβcos(φ + θt )

(105)

and
R = rr ∗ =

1 − λλ′ ηβcos(φ − θt )
1 + λλ′ ηβcos(φ + θt )

(106)

where
ηβ =



v2F (q2x + k2y )
v2F (q2x

+ k2y ) + ∆2

1

2

=

vF q
|V0 − E|

(107)

For obtaining the transmission probability we need to evaluate the x-component of
probability current in two regions. Using equation (24) we get:
jxin = λ cos φ

(108)

jxr = −λ cos φ|r |2

(109)

jxt = λ′ ηβ cos θt |t|2 .

(110)

Here notice that, using the probability conservation law and the fact that our problem is
time independent and invariant along the y-direction, jx , then has the same values in the two
regions. So by the use of relation (27) the following equation come outs:
1 − |r |2 =

λλ′ ηβ cos θt 2
|t| ,
cos φ

(111)
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which once again shows that the probability, T, is not given by |t|2 and instead is:

T=

λλ′ ηβ cos θt 2
|t| .
cos φ

(112)

The probability, therefore, is given by:

T (φ) =

2λλ′ ηβ cos θt cos φ
.
1 + λλ′ ηβcos(φ + θt )

(113)

This result shows that the relation T (φ) = T (−φ). Thus, the induced gap in graphene
spectrum has nothing to do with relation this relation. We now turn our attention to the
case in which an electron is incident perpendicularly upon the step. The probability for this
electron to penetrate the step is:
T (0) =

=

2ηβ
1 + ηβ

2v F |q x |
,
|V0 − E| + v F |q x |

(114)

which shows there is no way for the electron to pass into the step with probability equal to
one. However if we consider a potential step which is high enough so that we’ll be able to
write

|V0 − E| =



v2F q2x + ∆2 ≈ v F |q x |,

(115)

we see the step becomes transparent. So by increasing the potential’s hight, more electrons
can pass through the step. Notice that probability is independent of λλ′ unlike to the result
(72) [19]. Also note that in the limit ∆ → 0, q x we can write:
v F |q x | = |V0 − E|

(116)

T (0) = 1,

(117)

which immediately gives T (0) as:

Also note that since for normal incidence we have E = v F k x , from the equation (114) it is
evident that in the case of no electrostatic potential (V0 = 0) we get:
T=

2q x
k x + qx

,

R=

k x − qx
,
k x + qx

(118)
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Figure 7. An massless electron of energy E incident (from the left) on a potential barrier of height V0 and width D, which
acquires a finite mass under the electrostatic potential, due to the presence of a gap of 2∆ in the region II. The effective mass
of electron in this region is then m = ∆/v2F

which shows that probability always remains smaller than one, as there is no way for k and
q to be equal4 . Turning our attention back to equation (113), we see that in the limit ∆ → 0
one arrives at the following solution for T:

T=

2λλ′ cos θt cos φ
,
1 + λλ′ cos(φ + θ )

(119)

which is just the transmission of massless Dirac fermions through a p-n junction in gapless
graphene. This expression now reveals in the limit V0 >> E ≈ ∆ it can be simplified to the
following equation
T=

2 cos φ
,
1 + cosφ

R=

1 − cos φ
1 + cosφ

(120)

which show that for normal incidence the transmission and reflection probability are unity
and zero, respectively.
Here, before proceeding to some numerical calculations in order to depict consequences
that the π phase change might have on the probability, I attract the reader’s attention to
this fact that, the phase change of the wave function in momentum space is equivalent to the
rotation of momentum vector, q by 180 degree, meaning that the direction of momentum and
group velocity is antiparallel which itself lead to negative refraction in graphene reported by
Cheianov [26,27]. As it clear for imaginary values of q x an evanescent wave is created in the
zone I and a total reflection is observed.
Now, before ending, in order to emphasize on the importance of the π-phase change
mentioned earlier some numerical calculations depicting the transmission probability is
shown in Fig. 8 which reveal a perceptible difference between result obtained based on
considering the π − shi f t and those obtained if one ignores it. As it is clear for an electron
of energy E = 85meV, barrier thickness of 100nm and height of V0 = 200meV the probability
gets smaller values if the extra phase is not considered. This means that considering the
4

There is no need to say that when there is no electrostatic potential q x is positive
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Figure 8. left: Transmission probability as a functions of incident angle for an electron of energy E = 85meV, D = 100nm and
V0 = 200meV. Right: Transmission in gapped graphene for gap value of 20meV as a functions of incident angle for an electron
of energy E = 85meV, D = 100nm and V0 = 200meV.

Büttiker formula [28] for conductivity lower conductance is predicted in absence of the extra
phase. As it is clear the chance for an electron to penetrate the barrier increases if one chooses
the appropriate wave function in the barrier.
The potential application of the theory of extra π phase consideration introduced in the
previous sections [19] is that we can have higher conductivity in graphene-based electronic
devices and also the results of this work is important in combinations of graphene flakes
attached with different energy bands in order to get different kind of n-p-n junctions for
different uses. Notice that for nanoelectronic application of graphene the existence of a mass
gap in graphene’s spectrum is essential because it leads to smaller than one transmission
which is of most important for devices such as transistors and therefore the results derived
in this work concerning gapped graphene could be applicable in nanoelectronic applications
of graphene.
In the end of this chapter I would like to remind that one important result that obtained is
that Klein paradox is not a paradox at all. More precisely, it was demonstrated theoretically
that the reflection and transmission coefficients of a step barrier are both positive and less
than unity, and that the hypothesis of particle-antiparticle pair production at the potential
step is not necessary as the experimental evidences confirm this conclusion [29].
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1. Introduction
Graphene has been spoken of as a "‘wonder material"’ and described as paradigm shifting
in the field of condensed matter physics [1]. The exceptional behavior of single layer
graphene is down to its charge carriers being massless, relativistic particles. The anomalous
behavior of graphene and its low energy excitation spectrum, implies the emergence of novel
electronic characteristics. For example, in graphene-superconductor-graphene junctions
specular Andreev reflections occur [1] and in graphene p-n junctions a Veselago lens for
electrons has been outlined [2]. It is clear that by incorporating graphene into new and
old designs that new physics and applications almost always emerges. Here we investigate
Fabry-Perot like localized states in graphene mono and bi-layer graphene. As one will no
doubt appreciate, there are many overlaps in the analysis of graphene with the studies of
electron transport and light propagation. When we examine the ballistic regime we see that
the scattering of electrons by potential barriers is also described in terms of transmission,
reflection and refraction profiles; in analogy to any wave phenomenon. Except that there
is no counterpart in normal materials to the exceptional quality at which these occur, with
electrons capable of tunneling through a potential barrier of height larger than its energy
with a probability of one - Klein tunneling. So, normally incident electrons in graphene are
perfectly transmitted in analogy to the Klein paradox of relativistic quantum mechanics. A
tunable graphene barrier is described in [3] where a local back-gate and a top-gate controlled
the carrier density in the bulk of the graphene sheet. The graphene flake was covered in
poly-methyl-methacrylate (PMMA) and the top-gate induced the potential barrier. In this
work they describe junction configurations associated with the carrier types (p, for holes
and n for electrons) and found sharp steps in resistance as the boundaries between n-n-n
and n-p-n or p-n-p configurations were crossed. Ballistic transport was examined in the
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limits of sharp and smooth potential steps. The PMMA is a transparent thermoplastic that
has also been used to great effect in proving that graphene retains its 2D properties when
embedded in a polymer heterostructure [4]. The polymers can be made to be sensitive to a
specific stimulus that leads to a change in the conductance of the underlying graphene [4]
and it is entirely likely that graphene based devices of the future will be hybrids including
polymers that can control the carrier charge density. In [5] an experiment was performed
to create a n-p-n junction to examine the ballistic regime. Oscillations in the conductance
showed up as interferences between the two p-n interfaces and a Fabry-Perot resonator in
graphene was created. When there was no magnetic field applied, two consecutive reflections
on the p-n interfaces occurred with opposite angles, whereas for a small magnetic field the
electronic trajectories bent. Above about 0.3 Tesla the trajectories bent sufficiently to lead to
the occurrence of two consecutive reflections with the same incident angle and a π-shift in
the phase of the electron. Thus, a half period shift in the interference fringes was witnessed
and evidence of perfect tunneling at normal incidence accrued.
Quantum interference effects are one of the most pronounced displays of the power of wave
quantum mechanics. As an example, the wave nature of light is usually clearly demonstrated
with the Fabry-Perot interferometers. Similar interferometers may be used in quantum
mechanics to demonstrate the wave nature of electrons and other quantum mechanical
particles. For electrons they were first demonstrated in graphene hetero-junctions formed
by the application of a top gate voltage [6]. These were simple devices consisting mainly of
the resonant cavity, and with transport channels attached. These devices exhibited quantum
interference in the regular resistance oscillations that arose when the gate voltage changed.
Within the conventional Fabry-Perot model [7, 8], the resistance peaks correspond to minima
in the overall transmission coefficient. The peak separation can be approximated by the
condition 2k F L = 2πn. The charge accumulates a phase shift of 2π after completing a single
lap (the round-trip) 2L in the resonant cavity, where k F is the Fermi wave vector of the
charges, and L is the length of the Fabry-Perot cavity. This is the Fabry-Perot-like resonance
condition: the fundamental resonance occurs when half the wavelength of the electron mode
fits inside the p-n-p junction representing the Fabry-Perot cavity.
The simplest electron cavity, but still very effective, for the Fabry-Perot resonator may be
formed by two parallel metallic wire-like contacts deposited on graphene [9]. There in a
simple two terminal graphene structure there are clearly resolved Fabry-Perot oscillations.
These have been observed in sub-100 nm devices. With a decrease of the size of the
graphene region in these devices, the characteristics of the electron transport changes. Then
the channel-dominated diffusive regime is transferred into the contact-dominated ballistic
regime. This normally indicates that when the size of the cavity is about 100 nm or less the
Fabry-Perot interference may be clearly resolved. The similar Fabry-Perot interferometer for
Dirac electrons has been recently developed from carbon nanotubes [10].
Earlier work on the resistance oscillations as a function of the applied gate voltage led to
their observation in the p-n-p junctions [6, 11]. It was first reported by Young and Kim [6],
but the more pronounced observations of the Fabry-Perot oscillations have been made in the
Ref. [11]. There high-quality n-p-n junctions with suspended top gates have been fabricated.
They indeed display clear Fabry-Perot resistance oscillations within a small cavity formed by
the p-n interfaces.
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The oscillations arise due to an interference of an electron ballistic transport in the p-n-p
junction, i.e. from Fabry-Perot interference of the electron and hole wave functions comprised
between the two p-n interfaces. Thus, the holes or electrons in the top-gated region are
multiply reflected between the two interfaces, interfering to give rise to standing waves,
similar to those observed in carbon nanotubes [12] or standard graphene devices [13].
Modulations in the charge density distribution change the Fermi wavelength of the charge
carriers, which in turn is altering the interference patterns and giving rise to the resistance
oscillations.
In the present work we consider a simplest model of the Fabry-Perot interferometer, which
is in fact the p-n-p or n-p-n junction formed by a one dimensional potential. We develop
an exact quasi-classical theory of such a system and study the associated Fabry-Perot
interference in the electron or hole transport.
Although graphene is commonly referred to as the "‘carbon flatland"’ there has been a feeling
of discontent amongst some that the Mermin-Wagner theorem appeared to be contradicted.
However, recent work shows that the buckling of the lattice can give rise to a stable
3D structure that is consistent with this theorem [14]. In what follows we present the
general methodology for analysis of graphene nanoribbons using semiclassical techniques
that maintain the assumption of a flat lattice. However, it should be mentioned that the
effects found from these techniques are powerful in aiding our understanding of potential
barriers and are an essential tool for the developing area of graphene barrier engineering.
The natural state of graphene to accommodate defects or charged impurities is important for
applications. The p-n interfaces described above may be capable of guiding plasmons and to
create the electrical analogues of optical devices to produce controllable indices of refraction
[15].
In Part I of this chapter we investigate the use of powerful semiclassical methods to analyze
the relativistic electron and hole tunneling in graphene through a smooth potential barrier.
We make comparison to the rectangular barrier. In both cases the barrier is generated as
a result of an electrostatic potential in the ballistic regime. The transfer matrix method is
employed in complement to the adiabatic WKB approximation for the Dirac system. Crucial
to this method of approximation for the smooth barrier problem, when there is a skew
electron incidence, is careful consideration of four turning points. These are denoted by
xi , i = 1, 2, 3, 4 and lie in the domain of the barrier. The incident electron energy in this
scattering problem belongs to the middle part of the segment [0, U0 ], where U0 is the height
of the barrier, and essentially the incident parameter py should be large enough to allow
normal and quasi-normal incidence.
Therefore, between the first two turning points, x1 and x2 , and also between the next two,
x3 and x4 there is no coalescence. Two columns of total internal reflection occur which
have solutions that grow and decay exponentially. Looking away from the close vicinity of
the asymptotically small boundary layers of xi , there exists five domains with WKB type
solutions (See Fig. 2): three with oscillatory behavior and two exhibiting asymptotics that
are exponentially growing and decaying. Combining these five solutions is done through
applying matched asymptotics techniques (see [16]) to the so-called effective Schrödinger
equation that is equivalent to the Dirac system (see [17], [18]). This combinatorial procedure
generates the WKB formulas that give the elements of the transfer matrix. This transfer
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matrix defines all the transmission and reflection coefficients in the scattering problems
discussed here.
When the energies are positive around potential height 0.5U0 , electronic incident, reflected
and transmitted states occur outside the barrier. Underneath the barrier a hole state exists
(n-p-n junction). The symmetrical nature of the barrier means that we see incident, reflected
and transmitted hole states outside the barrier when the energies are negative and close to
one-half of the potential height U0 < 0. Thus, underneath the barrier there are electronic
states (a p-n-p junction).
Incorporated into the semiclassical method is the assumption that all four turning points
are spatially separated. Consequently, the transverse component of the momentum py is
finite and there is a finite width to the total internal reflection zone. This results in a 1-D
Fabry-Perot resonator, which is of great physical importance and may aid understanding
in creating plasmonic devices that operate in the range of terahertz to infrared frequencies
[19]. Quantum confinement effects are crucial at the nano-scale and plasmon waves can
potentially be squeezed into much smaller volumes than noble metals. The basic description
of propagating plasma modes is essentially the same in the 2-D electron gas as in graphene,
with the notable exception of the linear electronic dispersion and zero band-gap in graphene
[20]. Thus, we predicate that the methods applied here are also applicable to systems of
2-D electron gases, such as semiconductor superlattices. Due to the broad absorption range
of graphene, nanoribbons as described here, or graphene islands of various geometries may
also be incorporated in opto-electronic structures.
In our analysis, if py → 0 then we have a quasi-normal incidence whereby and first two,
x1 and x2 , and the second two, x3 and x4 , turning points coalesce. In the case of normal
incidence, there is always total transmission through the barrier. The vital discovery in this
form of analysis is that of the existence of modes that are localized in the bulk of the barrier.
These modes decay exponentially as the proximity to the barrier decreases. These modes
are two discrete, complex and real sets of energy eigen-levels that are determined by the
Bohr-Sommerfeld quantization condition, above and below the cut-off energy, respectively.
It is shown that the total transmission through the barrier takes place when the energy of
an incident electron, which is above the cut-off energy, coincides with the real part of the
complex energy eigen-level of one among the first set of modes localized within the barrier.
These facts have been confirmed by numerical simulations for the reflection and transmission
coefficients using finite elements methods (Comsol package).
In Part II we examine the high energy localized eigenstates in graphene monolayers and
double layers. One of the most fundamental prerequisites for understanding electronic
transport in quantum waveguide resonators is to be able to explain the nature of the
conductance oscillations (see [25], [26], [27]). The inelastic scattering length of charge carriers
is much larger than the size of modern electronic devices and consequently electronic motion
is ballistic and resistance occurs due to scattering off geometric obstacles or features (e.g. the
shape of a resonator micro or nano-cavity or the potential formed by a defect). It is an
interesting area of development whereby defects are engineered deliberately into devices to
generate a sought effect. In graphene, defects such as missing carbon atoms or the addition
of adatoms can lead to interesting and novel effects, e.g magnetism or proximity effects.
In the ballistic regime, conductance is analyzed by the total transmission coefficient and the
Landauer formula for the zero temperature conductance of a structure (see monographs [25],
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[26], [27], and papers [28], [29], [30], for example). The excitation of localized eigenmodes
inside a quantum electronic waveguide has a massive effect on the conductivity because
these modes could create an internal resonator inside the waveguide. This is a very good
reason to research the role of localised eigenmodes for quantum resonator systems and 2-D
electronic transport in quantum waveguides. Excitation of some modes could result in the
the emergence of stop bands for electronic wave propagation in the dispersion characteristics
of the system, whereby propagation through the waveguide is blocked entirely. Other modes
will result in total transmission.
In this review, the semiclassical analysis of resonator eigenstates that are localized near
periodic orbits is developed for a resonator of Fabry-Perot type. These are examined inside
graphene monolayer nanoribbons in static magnetic fields and electrostatic potentials. The
first results for bilayer graphene are also presented in parallel to this.
Graphene has generated a fervor throughout the scientific world and especially in the
condensed matter physics community, with its unusual electronic properties in tunneling,
charge carrier confinement and the appearance of the integer quantum Hall effect (see
[31], [33], [34]), [35], [17])). Its low energy excitations are massless chiral Dirac fermion
quasi-particles. The Dirac spectrum, that is valid only at low energies when the chemical
potential crosses exactly at the Dirac point (see [31]), describes the physics of quantum
electrodynamics for massless fermions, except that in graphene the Dirac electrons move
with a Fermi velocity of v F = 106 m/s. This is 300 times smaller than the speed of light.
Graphene is a material that is easy to work with, it has a high degree of flexibility and
agreeable characteristics for lithography. The unusual electronic properties of graphene and
its gapless spectrum provide us with the ideal system for investigation of many new and
peculiar charge carrier dynamical effects. It is also conceivable, if its promise is fulfilled,
that a new form of carbon economy could emerge based upon exploitation of graphenes
novel characteristics. The enhancements in devices are not just being found at the nano
and micron-sized levels, though these hold the most potential (e.g. the graphene transistor,
metamaterials etc), but in composites [36], electrical storage [37], solar harvesting [38] and
many more applications. Following this train of thought, graphene is also a viable alternative
to the materials normally used in plasmonics and nanophotonics. It absorbs light over the
whole electromagnetic spectrum, including UV, visible and far-infrared wavelengths and as
we have mentioned, it is capable of confining light and charge carriers into incredibly small
volumes. Thus, there are a range of applications where band gap engineering is not required
and it is satisfactory to directly use nanoribbons of graphene as optical-electronic devices.
In the analysis of graphene one also expects unusual Dirac charge carrier properties in the
eigenstates of a Fabry-Perot resonator in a magnetic field. For example, two parts of the
semiclassical Maslov spectral series with positive and negative energies, for electrons and
holes, correspondingly, with two different Hamiltonian dynamics and families of classical
trajectories are apparent. Semiclassical analysis can provide insight into the aforementioned
physical systems and good quantitative predictions on quantum observables using classical
insights. Application of semiclassical analysis in studying the quantum mechanical behavior
of electrons has been demonstrated in descriptions of different nano-structures, electronic
transport mechanisms in mesoscopic systems and, as another example, the quantum chaotic
dynamics of electronic resonators [25], [26], [27], [39], [40], [41], [42] and many others.
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However, it is important to state that the first semiclassical study on two-dimensional
graphene systems only recently appeared in [43], [44], [45]. In [43] a semiclassical
approximation for the Green’s function in graphene monolayer and bilayers was discussed.
In [44] and [45] bound states in inhomogeneous magnetic fields in graphene and
graphene-based Andreev billiards were studied by semiclassical analysis, accordingly. This
was carried out with one-dimensional WKB quantization due to total separation of variables.
In the second half of this review, the semiclassical Maslov spectral series of the proliferation
of high-energy eigenstates (see [48], [49] [50]) of the electrons and holes for a resonator
formed inside graphene mono and bilayer nanoribbons with zigzag boundary conditions,
is specified. These states are localized around a stable periodic orbit (PO) under the
influence of a homogeneous magnetic field and electrostatic potential. The boundaries of the
nanoribbon act with perfect reflection to confine the periodic orbit to isolation. This system
is a quantum electron-hole Fabry-Perot resonator of a type analogous to the ”bouncing ball”
high-frequency optical resonators found in studies of electromagnetics and acoustics. The
asymptotic analysis of the high-energy localized eigenstates presented here is similar to ones
used for optical resonators (see[50], [51], [54], and [55]). In this review, the semiclassical
methods presented focus upon the stability of POs and electron and hole eigenstates that
depend on the applied magnetic field.
We construct a solitary localized asymptotic solution to the Dirac system in the neighborhood
of a classical trajectory called an electronic Gaussian beam (Gaussian wave package). In PO
theory there are similarities between the asymptotic techniques used here and those used in
the semiclassical analysis (see, for example, [27] (chapters 7, 8) or [39] and cited references).
Further, the stability of a continuous family of closed trajectories in asymptotic proximity to
a PO, confined between two reflecting interfaces, is studied. The classical theory of linear
Hamiltonian systems with periodic coefficients gives the basis to study the stability using
monodromy matrix analysis. The asymptotic eigenfunctions for electrons and holes are
constructed only for the stable PO as a superposition of two Gaussian beams propagating
in opposite directions between two reflecting points of the periodic orbit. A generalized
Bohr-Sommerfeld quantization condition gives the asymptotic energy spectral series (see
[46] and [47], [48], [49], [50], [51] and [55]). This work highlights that the single quantization
condition derived herein for the quantum electron-hole graphene resonator fully agrees with
the asymptotic quantization formula of a quite general type spectral problem in [51]. It is
worth drawing attention to the fact that in a semiclassical approximation for the Green’s
function in a graphene monolayer and bilayer, the relationship between the semiclassical
phase and the adiabatic Berry phase was discussed in the paper [43]. Our asymptotic
solutions, for rays and Gaussian beams, possess the adiabatic phase introduced by Berry
[64]. The importance of Berry-like and non-Berry-like phases in the WKB asymptotic theory
of coupled differential equations and their roles in semiclassical quantization were discussed
in [57], [58], [59].
Our results are a special class of POs that occur for graphene zigzag nanoribbons in a
homogeneous magnetic field and piece-wise electrostatic potential that is embedded inside
the nanoribbon. They are found by giving, to the leading order, a description of the general
form of asymptotic solution of Gaussian beams in a graphene monolayer or bilayer. The
key point in the asymptotic analysis is the quantization of the continuous one-parameter
(energy) family of POs. For one subclass of lens-shaped POs, these localized eigenstates
were evaluated against eigenvalues and eigenfunctions that have been computed by the finite
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element method using COMSOL. For a selectively chosen range of energy eigenvalues and
eigenfunctions, agreement between the numerical results and those computed semiclassically
is very good. In the graphene Fabry-Perot resonator, the electrostatic potential does not play a
role of confinement, it behaves more like an inhomogeneity, but in some cases an electrostatic
potential helps to make a family of POs stable.
In this chapter, we describe the tunneling through smooth potential barriers and the
asymptotic solutions for a Dirac system in a classically allowed domain. This is done using
WKB methods. We then go on to investigate the classically disallowed domain and tunneling
through the smooth barrier. The asymptotic WKB solutions are presented for scattering
and for quasi-bound states localized within the smooth barrier. The second part of the
chapter, goes into detail about high energy localized eigenstates in monolayer and bilayer
graphene. The graphene resonator is described when it is subjected to a magnetic field
and ray asymptotic solutions outlined. Finally, the construction of periodic orbits, stability
analyses and quantization conditions are thoroughly examined. A numerical analysis is
given that compares the analytical techniques and results with those found using finite
element methods.

PART I: Tunneling through graphene barriers
2. The rectangular barrier
In a conventional metal or semiconductor there are no propagating states connecting regions
either side of the barrier (regions I and I I I). To get through the barrier an electron has
to tunnel through the classically forbidden region and the tunneling amplitude depreciates
exponentially as a function of the barrier width. Thus, transport between I and I I I is strongly
suppressed. However, in each of the three regions of a barrier in a graphene system, the
valence and conduction band touches, meaning that there are propagating states connecting
I and I I I at all energies. There is no such suppression of the transport at energies incident
and below the barrier. At normal incidence transmission is always perfect.
Potential barriers for single quasiparticle tunneling in graphene can be introduced by
designing a suitable underlying gate voltage or even as a result of local uniaxial strain [68].
In the following we denote the angle of incidence with respect to the barrier to be θ1 . We
are interested in the dependence of the tunneling transmission on this incidence angle. To
illustrate quantum mechanical tunneling one must extract the transmission coefficient from
the solution to the graphene barrier problem. The transmission coefficient is the ratio of the
flux of the particles that penetrate the potential barrier to the flux of particles incident on the
barrier. We demonstrate a rectangular barrier as described in detail in the Reviews by Castro
Neto et al [60] and Pereira Jr et al [69]. The problem can be described by the following 2D
Dirac system (see, for example, [60])
v F (σ̄, −ih̄∇)ψ(x) + U (x)ψ(x) = Eψ(x),

ψ(x) =

 
u
,
v

(1)

where x = ( x, y) and u, v are the components of the spinor wave function describing electron
localization on the sites of sublattice A or B of the honeycomb graphene structure, v F is the
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Fermi velocity, the symbol (, ) means scalar product, h̄ is the Planck constant and σ̄ = (σ1 , σ2 )
with Pauli matrices




0 1
0 −i
.
, σ2 =
σ1 =
i 0
1 0
If we assume that the potential representing the barrier does not depend on y, i.e. U = U ( x ),
then we can look for a solution in the form
ψ ( x ) = ei

py
h̄

y





ũ( x )
ṽ( x )

,

where py means value of the transverse momentum component describing the angle of
incidence. Then, we obtain the Dirac system of two ODEs


U (x) − E
v F [−ih̄∂ x − ipy ]
v F [−ih̄∂ x + ipy ]
U (x) − E

   
0
ũ
.
=
0
ṽ

(2)

The particle incident with energy E < U0 from the left of the barrier has wavevectors k1 , q,
and k2 to the left, in the barrier and to the right of the barier, respectively. These regions
are denoted I, I I and I I I, respectively. In the symmetric barrier k1 = k2 = k. Region I I
lies between − L and L, where ± L defines the width of the barrier. The wave functions are
defined for each of the three regions below:
a
ψ I = √1
2



b
ψ I I = √1
2



c
ψ I I I = √1
2



1
eiθ1



1
eiθ2

1
eiθ1

e

i (k x x +k y y)

a
+ √2
2



1
−e−iθ1



ei ( −k x x +k y y )

(3)

i (q x x +k y y)



e

b
+ √2
2



1
−e−iθ2



ei ( −q x x +k y y )

(4)



c
ei(k x x+ky y) + √2
2



1
−e−iθ1



ei ( −k x x +k y y )

(5)

where we have introduced the wave function, as is done in [31]. The coefficients c1 , c2
and a1 , a2 are related by means of the transfer matrix, c = Ta. The transfer matrix
has unique properties, which are demonstrated in Appendix B. In regions
 I and I I I the
angle of incidence
in
momentum
space
is
given
by,
θ
=
arctan
k
/k
y
x and in region
1


I I, θ2 = arctan k y /q x . In regions I-I I I the valence and conduction bands touch. This
allows propagating states to connect the regions at all energies and there is no suppression
of transport at the energies below the height of the barrier. There is also perfect transmission
at normal incidence. The graphene rectangular barrier can be thought of as a medium with
a different refractive index to its surroundings. In an optical analogy, the refractive index
of the barrier is 1 − U0 /E [8]. At the interface of the barrier the incidence angle splits
into transmitted and reflected waves with the transmitted wave propagating with angle θ2
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Figure 1. The angles related to the propagation of an electron through the rectangular barrier in the xy plane for a barrier of
width W.

through the barrier. The wave inside the barrier is multiply reflected between − L and L. The
parallel wave vector inside the barrier is given by,

1
qx =
h̄



( E − U0 )2
− p2y
υ2F

and the wave vectors outside the barrier are defined as,
1
px
kx =
=
h̄
h̄



E2
− p2y
υ2F

The wave functions in regions I and I I are matched at x = − L. Likewise, the wavefunctions
between regions I I and I I I are matched at x = L. It is not necessary to match the derivatives,
as is done in an analysis using the Schrödinger equation. One requires the wave functions
to be continuous at the boundary of each region to generate relationships between the
coefficients, a1,2 , b1,2 and c1,2 . We seek solutions such that | a1 |2 − | a2 |2 = |c1 |2 − |c2 |2 . The
elements of the transfer matrix for the rectangular barrier are found to be,

T11 =



e−ik x L
e2iqx L−ik x L |α|2 − e−2iqx L−ik x L | β|2 ,
4cosθ1 cosθ2

(6)



e−ik x L
e2iqx L+ik x L βᾱ − e−2iqx L+ik x L ᾱβ ,
4cosθ1 cosθ2

(7)

T12 =
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eik x L
¯ − e2iqx L−ik x L α β¯ ,
e−2iqx L−ik x L βα
4cosθ1 cosθ2

(8)



eik x L
e−2iqx L+ik x L |α|2 − e2iqx L+ik x L | β|2 .
4cosθ1 cosθ2

(9)

T21 =

T22 =

where we make the substitutions α = eiθ1 + e−iθ2 and β = e−iθ2 − e−iθ1 and their complex
conjugate forms are denoted by ᾱ = eiθ2 + e−iθ1 and β¯ = eiθ2 − e−iθ1 . If we assume that the
incident wave approaches from the left, then a1 = 1, a2 = r1 and c1 = t1 , where r1 is the
reflection coefficient and t1 is the transmission coefficient. If the incident wave approaches
from the right then c1 = r2 , c2 = 1 and a2 = t2 . We find that t1 = t2 = t and the transmission
coefficient is t = 1/T22 . The reflection coefficients are determined as r1 = − T21 /T22 and
r2 = T12 /T22 . The transmission probability is as usual given by |t1 |2 with the definition
|t1 |2 + |r1 |2 = 1. At normal incidence the carriers in graphene are transmitted completely
through the barrier (Klein tunneling). However, the carriers can be reflected by a potential
step when the angle of incidence increases and a non-zero momentum component parallel
to the barrier ensues. Thus, the transmission of charge carriers through the potential barrier
is anisotropic. When a beam of electrons is fired at an angle into the barrier, it splits up
into transmitted and reflected beams, with multiple reflections occurring at the edges of the
barrier. As is usual in quantum mechanics, the transmission is found by stipulating that there
must be continuity between the wavefunctions. In the above this demand for continuity at
the extremities of the barrier allowed us to find the coefficients of the wavefunctions. Thus,
using these results and following the work of Castro Neto et al [60], the total transmission as
a function of the incident angle is given by T (θ1 ) = tt∗ :
T=

16cos2 θ1 cos2 θ2

|α|4 + | β|4 − 2 |α|2 | β|2 cos(4q x L)

When the tunneling resonance condition 2Lq x = nπ is met, where n is an integer, T = 1.
This statement means that a half-integer amount of wavelengths will fit into the length of
the potential barrier. The absolute transmission is the manifestation of Klein tunneling,
which is unique for relativistic electrons, and it should occur when an incoming electron
starts penetrating through a potential barrier of height, U0 (which is far in excess of the
electrons rest energy). The transport mechanism in a graphene tunneling structure is unique.
This perfect transmission at incidence normal to the barrier is due to the pseudo-spin
conservation that gives no backscattering. In order to attain an interference effect between
the two interfaces an oblique incidence angle is required and it is under this prerequisite
that multiple interference effects emerge. Thus, the potential barrier is analogous to two
interfaces at − L and L and also a Fabry-Perot interferometer [5]. The analogy of the graphene
rectangular barrier to the Fabry-Perot resonator when θ1 �= 0 extends to the potential
barrier operating like an optical cavity. In region I I the incoming wave can interfere with
itself and with constructive interference, resonances will occur where T (θ1 �= 0) = 1 [5].
The potential barriers for single quasiparticle tunneling in graphene are usually created by
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suitably changing the underlying gate voltage. In the next section we investigate the smooth
barrier and expect that there will be similar scattering behavior as through the rectangular
barrier. We seek to explore the similarities and the differences between the two.

3. The smooth barrier
Consider a scattering problem for the Dirac operator describing an electron-hole in the
presence of a scalar potential representing a smooth localized barrier with the height U0
(see Fig.2). It is convenient to use the dimensionless system

U
U0 +p y
U 0 −py
py

5

U0

4

3

E
electron

x1 a x2

−py

electron

hole

x3 b x4

2

x

1

Figure 2. The generalization of a smooth potential barrier with Gaussian shape (we assume that py > 0). The Dirac electron
and hole states arising in resonance tunneling are shown. The quasibound states are to be found above the green strip,
| E| < py , where bound states are located. Quasibound (metastable) states are confined by two tunneling strips between x1 ,
x2 and x3 , x4 , whereas the bound states are located between x2 and x3 .



U ( x ) − E −ih∂ x − ipy
−ih∂ x + ipy U ( x ) − E

   
u
0
,
=
v
0

(10)

in which we omitted the sign of tilde for brevity. In physical dimensions the energy is
U0 E, the potential is U0 U ( x ), the y-component of the momentum is py U0 /v F , and the
dimensionless Planck constant (small WKB parameter) is given by h = h̄v F /U0 D, where
U0 is the height of the potential barrier (|U ( x )| < 1 for x ∈ R) and D is a characteristic
scale of the potential barrier with respect to the x-coordinate. Typical values of U0 and D are
within the ranges 10-100meV and 100-500nm. For example, for U0 =100meV, D = 264nm, we
have h = 0.025 and also we assume that py > 0.
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Figure 3. (a) The six different scattering regimes for smooth barrier tunneling. The six zones are separated by the four red
diagonal lines, E = ± py and E = ± py + U0 . We will now discuss the right hand side of this diagram. In zone 1 (orange
shading), E < − py , there is total transmission and exponentially small reflection. The asymptotic solutions are of an oscillatory
nature everywhere in this zone. In zone 2 (blue), − py < E < py with the cut-off energy at E = ± py . In zone 2 there is no
propagation outside the barrier. However, there are oscillatory solutions within the barrier. Zone 3 (green) is the zone of Klein
tunneling. Here, py < E < U0 − py and there are oscillatory solutions everywhere. Zone 4 (hexagons), U0 − py < E < U0 + py ,
is devoid of propagation through the barrier. There is total reflection and exponentially small transmission in this zone. The
fifth zone (sand color) is limited to E > U0 + py and is characterized by total transmission, exponentially small reflection and
the asymptotic solutions are oscillatory everywhere. The sixth zone is one of no propagation and exponentially decaying or
growing asymptotic solutions, U0 < E < py .

In Fig. 3, six zones (horizontal strips in Fig. 3b) are shown that illustrate different scattering
regimes for the smooth barrier scattering problem. These six zones are exactly the same as
for the rectangular barrier with the height U0 . In zone 1 E < − py , we have total transmission
and exponentially small reflection, asymptotic solutions are of oscillatory type everywhere.
In zone 2, − py < E < py (E = ± py is the cut-off energy), there is no propagation outside the
barrier, however there are oscillatory solutions within the barrier. In the zone 3, py < E <
U0 − py , there are oscillatory solutions everywhere (zone of the Klein tunneling). In zone 4,
U0 − py < E < U0 + py , there is no propagation through the barrier, we have total reflection
and exponentially small transmission. In zone 5 E > U0 + py , we have total transmission
and exponentially small reflection, asymptotic solutions are of oscillatory type everywhere.
Finally, in the zone 6, U0 − py < E < py , there is no propagation, everywhere asymptotic
solutions are of exponential type, decaying or growing.
Firstly, we study the scattering problem for zone 3 (see Fig.2). In this case, there are 5 domains
with different WKB asymptotic solutions: Ω1 = { x : −∞ < x < x1 }, Ω2 = { x : x1 < x < x2 },
Ω3 = { x : x2 < x < x3 }, Ω4 = { x : x3 < x < x4 } and Ω5 = { x : x4 < x < +∞}
and the turning points are xi with i = 1, 2, 3, 4, are the roots of the equation ( E − U ( x ))2 −
p2y = 0. The regions Ω1 , Ω3 and Ω5 , in which ( E − U ( x ))2 − p2y > 0, will be referred to
as classically allowed domains, whereas Ω2 and Ω4 , in which ( E − U ( x ))2 − p2y < 0, are
classically disallowed domains. Note that as py → 0 for fixed value of E, the turning points
coalesce. We exclude this possibility in our analysis.
It is worth to remark that for fixed py , when E moves down from zone 3 to zone 2, the
turning points x1 and x4 disappear (x1 → −∞, x4 → +∞) such that inside zone 2 we have
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only x2 and x3 . When we move down from zone 2 to zone 1, the turning points x2 and x3
disappear. When E moves up from zone 3 to zone 4, the turning points x2 and x3 coalesce
and disappear such that inside zone 4 we have only x1 and x4 . When we move up from zone
4 to zone 5, the turning points x1 and x4 coalesce and disappear.

4. WKB asymptotic solution for Dirac system in classically allowed
domain
The WKB oscillatory asymptotic solution to the Dirac system in the classically allowed
domains is to be sought in the form (see [16]) with real S( x )

ψ=

 
 
+∞
+∞
i
i
uj
u
= e h S( x) ∑ (−ih) j
= e h S( x) ∑ (−ih) j ψj ( x ).
v
vj
j =0
j =0

(11)

Substituting this series into the Dirac system, and equating to zero corresponding coefficients
of successive degrees of the small parameter h, we obtain a recurrent system of equations
which determines the unknown S( x ) (classical action) and ψj ( x ), namely,

( H − EI )ψ0 = 0,

H=

( H − EI )ψj = − Rψj−1 , j > 0,



U ( x ) p x − ipy
p x + ipy U ( x )

=
R



0 ∂x
∂x 0





,

,



p2x + p2y ≡ U ( x ) ± p

and

e1,2

1
= √
2

1



±

p x +ipy
p



with
px = ±



(13)

(14)

where I is the identity matrix and S′ = p x . The Hamiltonian H has two eigenvalues

h1,2 = U ( x ) ±

(12)

( E − U ( x ))2 − p2y .
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From now on we will omit the dependence on x of U, S, and quantities derived from them.
It turns out to be convenient to use different e1,2 instead with
1
e1,2 = √
2



1
±eiθ



eiθ =

,

p x + ipy
.
E−U

In this way we will be able to solve problems of electron and hole incidence on the barrier
simultaneously. Note that, irrespective of whether E > U or E < U,
He1 = Ee1 ,

He2 = (2U − E)e2 .

(15)

The classical action S( x ) is given by
S=



p x dx = ±

 

( E − U )2 − p2y dx,

(16)

the sign indicating the direction of the wave, with + corresponding to a wave traveling to
the right.
For electrons and holes one can seek a solution to the Dirac system zero-order problem in
the form
ψ0 = σ(0) ( x )e1

(17)

with unknown amplitude σ(0) . The solvability of the problem
 0
( H − EI )ψ1 = − Rψ
requires that the orthogonality condition
 (σ(0) e1 ) >= 0
< e1 , R
must hold, written as a scalar product implied with complex conjugation, and from this one
obtains the transport equation for σ(0) :
deiθ
dσ(0) iθ
(e + e−iθ ) + σ(0)
= 0.
dx
dx

(18)

It has a solution
σ (0) =



√

c0
2 cos θ



θ

e −i 2

√
with c0 = const, where a branch of the analytic function
condition
√
Im( z) ≥ 0, z ∈ C.

z is taken that satisfies the
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For higher-order terms,
 j −1 ,
( H − EI )ψj = − Rψ

one can seek a solution to

 j −1
( H − EI )ψj = − Rψ

(j > 0) in the form

( j)

( j)

ψj = σ1 e1 + σ2 e2 ,

(19)

( j)

where from (15), σ2 is given by
( j)

σ2 =

< e2 , R ( ψ j − 1 ) >
.
2( E − U )

Then, from the orthogonality condition,
( j)

( j)

< e1 , R(σ1 e1 + σ2 e2 ) >= 0,
one obtains
( j)
σ1




√
e−iθ/2
( j)
iθ/2
cj − e
= √
2 cos θ < e1 , R(σ2 e2 ) > dx ,
2 cos θ

where c j = const. Below we assume that p x > 0, corresponding to a wave traveling in the
positive x-direction. Thus, to the leading order we have

ψ=

S p ( x, xi ) =

x

 
i
e± h S p ( x,xi ) ±
u
= 
c0 e1 (1 + O(h)),
v
J p±

p x dt,

J p±

= 1+e

2iθ ±

,

xi

±

eiθ =

e1±

1
= √
2

(20)



1
eiθ

±



,

± p x + ipy
.
E−U

This asymptotic approximation is not valid near turning points where S′ = 0 (see Fig. 1) at
x = x j , j = 1, 2, 3, 4 where eiθ = ±i and cos θ = 0, while at x = a, b we have E = U. The WKB
asymptotic solution, derived in this section, is valid for the domains Ωi , i = 1, 3, 5.
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5. WKB asymptotic solution for Dirac system in classically disallowed
domain
The WKB asymptotic solution to the Dirac system in the classically disallowed domain is to
be sought in the form

ψ=

 
 
+∞
+∞
1
1
uj
u
= e− h S( x) ∑ (−ih) j
= e− h S( x) ∑ (−ih) j ψj ( x ),
v
vj
j =0
j =0

(21)

with S( x ) real. As in section 4, we obtain a recurrent system of equations which determines
the unknown S( x ) and ψj ( x ), namely,

( H − EI )ψ0 = 0,



H=

( H − EI )ψj = − Rψj−1 , j > 0,

U
i (q x − py )
i (q x + py )
U



,

(22)

(23)

where S′ = q x , and the matrix R is as in (14). The Hamiltonian H is not Hermitian. It has
two eigenvalues and not orthogonal eigenvectors Hl1,2 = h1,2 l1,2 , where
h1,2 = U ( x ) ±

l1,2 =



±i



p2y − q2x ,

1

q x + py
py −q x



,

as we have

q x + py
i
= ±i
E−U



q x + py
py − q x

where

qx = ±



p2y − ( E − U )2 ,

|q x | < py .

Thus, the function S( x ) in a classically disallowed domain is given by

S=



q x dx = ±

 

p2y − ( E − U )2 dx.

(24)
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Again, for the sake of simplicity, we shall use different l1,2

l1,2

= √

1
1 + κ2



1
±iκ



=



cos φ
±i sin φ

−

π
π
<φ< .
2
2



,

(25)

where
κ=

q x + py
,
E−U

κ = tan φ,

For electrons and holes one can seek a solution to the Dirac system zero-order problem in
the form
ψ0 = σ(0) ( x )l1

(26)

with unknown amplitude σ(0) . Solvability of the problem
 0
( H − EI )ψ1 = − Rψ
requires that the orthogonality condition must hold
 (σ(0) l1 ) >= 0,
< l1∗ , R
where

l1∗

= √

  

κ
sin φ
.
=
i cos φ
1 + κ2 i
1

The vector l1 is the eigenvector of H, whereas l1∗ is the eigenvector of H ∗ .
orthogonality condition one obtains the transport equation for σ(0)
dσ(0)
dφ
− σ(0) tan 2φ
= 0.
dx
dx

From the

(27)

It has a solution
c
= c0
σ (0) =  0
− cos 2φ



κ2 + 1
,
κ2 − 1

c0 = const.

(28)

 j−1 and one should seek solution in the
For higher-order terms, we have ( H − h1 I )ψj = − Rψ
form
( j)

( j)

ψj = σ1 l1 + σ2 l2 ,

(29)

( j)

where σ2 is given by
( j)

σ2 =

< l1∗ , R(ψj−1 ) >
.
2( E − U )

(30)
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 (σ( j) l1 + σ( j) l2 ) >= 0 we obtain
Then, from the orthogonality condition, < l1∗ , R
2
1
( j)
σ1



 
1
( j)
∗
cj −
= 
− cos 2φ < l1 , R(σ2 l2 ) > dx ,
− cos 2φ

c j = const.

(31)

Below we assume that q x > 0. Thus, to the leading order in classically disallowed domains
we have
1

ψ=

e∓ h Sq ( x,xi ) ±

l1 (1 + O(h)),
Jq±

(32)

where
Sq ( x, xi ) =

 x
xi

Jq± = ±((κ ± )2 − 1),

q x dt,

l1± =



1
iκ ±



and
κ± =

±q x + py
.
E−U

This asymptotic approximation is not valid near turning points q x = 0. The WKB asymptotic
solution, derived in this section, is valid for the domains Ωi , i = 2, 4.

6. WKB asymptotic solution for scattering through the smooth barrier
Consider a problem of scattering through the smooth barrier (see Fig. 2) under the
assumption that | E| > | py | and all four turning points xi , i = 1, 2, 3, 4 are separated. In
this case we have again 5 domains Ωi , i = 1, 2, ..., 5 to describe 5 WKB forms of solution to
the leading order. In considering a graphene system, if E > 0 we observe incident, reflected
and transmitted electronic states at x < a and x > b, whereas under the barrier a < x < b we
have a hole state (n-p-n junction, see Fig. 2).
To formulate the scattering problem for transfer matrix T, here we present the WKB solutions
in the domains 1 and 5

ψ1 =

i
i
e h S p ( x,x1 )
e− h S p ( x,x1 )


a1 e1+ +
a2 e1− ,
+
−
Jp
Jp

(33)

ψ5 =

i
i
e− h S p ( x,x4 )
e h S p ( x,x4 )


d1 e1+ +
d2 e1− .
+
−
Jp
Jp

(34)
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The barrier is represented by the combination of the left and right slopes. The total transfer
matrix T, that is d = Ta, is given by

T=T

R



i

ehP 0
i
0 e− h P



TL,

(35)

with T R and T L the transfer matrices of the right and left slopes (see formulas (137), (143) in
Appendix C), respectively, and

P=

x3 

U (x) − E

x2

2

− p2y dx.

The entries of the matrix T read (see formulas (121), (134), (144) in Appendix C)
T11 = e

T22 = e

Q1
h

+

Q2
h

[ s1 s2 e i ( θ1 + θ2 + h ) + e − i h ] ,

Q1
h

+

Q2
h

[ s1 s2 e − i ( θ1 + θ2 + h ) + e i h ] ,

T12 = −sgn( py )e
T21 = −sgn( py )e

P

P

P

(36)

P

(37)

Q1
h

+

Q2
h

[ s2 e i ( θ2 + h ) + s 1 e − i ( θ1 + h ) ] ,

Q1
h

+

Q2
h

[ s2 e − i ( θ2 + h ) + s1 e i ( θ1 + h ) ] ,

P

P

P

P

(38)
(39)

√
where si =
matrix

1 − e−2Qi /h ,

i = 1, 2. They satisfy the classical properties of the transfer
∗
T22 = T11
,

∗
T21 = T12
,

and if a1 = 1, a2 = r1 , d1 = t1 , d2 = 0, then
t1 =

1
,
T22

r1 = −

T21
,
T22

|t1 |2 + |r1 |2 = 1.
If a1 = 0, a2 = t2 , d1 = r2 , d2 = 1, then
t2 = t1 = t,

det T = 1,

48

New Progress on Graphene Research

20 Graphene - Research and Applications

r2 ( p y ) =

T12
,
T22

| t2 |2 + |r2 |2 = 1
(see appendix B). Correspondingly, the unitary scattering matrix connecting


a2
d1





a1
d2



r1 t
t r2



.

= Ŝ

may be written as follows
Ŝ =



The transmission coefficient t = 1/T22 , looks exactly like the formula (131) in [18]. Total
transmission takes place only for a symmetric barrier when Q2 = Q1 = Q (θ2 = θ1 = θ).
Then

 −1
2Q
P
P
t = eiθ cos ( + θ )(2e h − 1) + i sin ( + θ )
,
(40)
h
h

r1 ( p y ) =

√
2Q
2sgn( py ) cos ( Ph + θ )e h +iθ 1 − e−2Q/h
cos ( Ph + θ )(2e

2Q
h

− 1) + i sin ( Ph + θ )

= −r2 ( p y ).

(41)

However, it is worth noting that r1 ( py ) = r2 (− py ). It is clear that if
1
P( E) + hθ = hπ (n + ),
2

n = 0, 1, 2, ... ,

(42)

then we have total transmission |t1 | = 1.

7. WKB asymptotic solution for complex resonant (quasibound) states
localized within the smooth barrier
Consider a problem of resonant states localized within the smooth barrier (see Fig. 2). In the
first case when the energy of the electron-hole is greater than the cut-off energy (E > Ec =
| py |), we have five domains Ωi , i = 1, 2, ..., 5 and five WKB forms of solution to the leading
order. To determine the correct radiation conditions that are necessary for the localization,
we present WKB solutions in the domains 1 and 5
i

ψ1 =

e− h S p ( x,x1 )

a2 e1− ,
−
Jp

i

ψ5 =

e h S p ( x,x4 )

d1 e1+ .
+
Jp

(43)
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If a1 = 0, d2 = 0, then
T22 ( E) = 0,

(44)

and as a result we obtain Bohr-Sommerfeld quantization condition for complex energy
eigen-levels (quasi-discrete)

−2Q 
1
i
P( E) = h π (n + ) − θ − log (1 − e h ) ,
2
2

n = 0, 1, 2, ..., N1

(45)

for | py | < E < U0 . Solutions to this equation are complex resonances En = Re( En ) − iΓn ,
where Γn−1 is the lifetime of the localized resonance. What is important is that the real part
of these complex positive resonances is decreasing with n, thus showing off the anti-particle
hole-like character of the localized modes. For these resonances we have Γn > 0. From (45),
we obtain the important estimate

Γn =

hw
,
2∆t

w = − log (1 − e

−2Q
h

),

∆t = − P′ ( En ).

(46)

that is the equivalent of the formula (14) in [35]. Namely, w is the transmission probability
through the tunneling strip, ∆t is the time interval between the turning points x2 and x3 , and
P′ is the first derivative of P with respect to energy. If py → 0, then Q → 0, and Γn → +∞,
that is opposite to [35] (to be exact, the estimate for Γn in [35] works only for a linear potential
when py is not small).

Figure 4. (a) The dispersion of energy levels En ( py ) for complex and real bound states for n = 0, 1, ....., 15 are shown for
h = 0.1 and U = 1/coshx. (b) As in (a), except that n = 0, 1, ....., 9 and U = 1/cosh2x. For complex resonant bound states
the real part was taken. The energies E = ± py and E = U0 − py are shown with thick black lines. Semiclassical solutions are
shown by the lines in zones 2 and 3. The upper and lower bounds for the dispersion branches are shown by the boundaries
between zones 1, 4 and 6 with zones 2 and 3. The black line py = E, running between zones 2 and 3 is the upper bound for
the bound states Γn = 0.
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Figure 5. (a) The imaginary part Γn of the first nine quasi-bound eigenvalues. The semiclassical solutions are shown by the blue
lines and the shape of the potential is shown in the inset (U = 1/coshx). (b) There are four quasibound states for Γn associated
with a U = 1/cosh2x potential. The narrower potential allows less complex bound states.

Figure 6. The transmission probability |t|2 is shown in these colorbar diagrams with respect to dimensionless py and p x =

E2 − p2y for the barriers (a) U = 1/ cosh x and (b) U = 1/ cosh 2x.

For the second set of real resonances, when the energy of the electron-hole is smaller than
the cut-off energy (E < | py |), we have 2 turning points x2 and x3 . Between them there are
oscillatory WKB solutions
i
i
e h S p ( x,x2 ) ¯ + e− h S p ( x,x2 ) ¯ −


d 1 e1 +
d 2 e1 ,
ψ1 =
J p+
J p−

(47)

or
ψ1 =

i
i
e− h S p ( x,x3 )
e h S p ( x,x3 )


ā1 e1+ +
ā2 e1− ,
+
−
Jp
Jp

(48)
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and outside decaying solutions,
1

ψ1 =

e h Sq ( x,x2 ) −

c̄2 l1 , x < x2 ,
Jq−

1

ψ3 =

e− h Sq ( x,x3 ) +

c̄1 l1 , x > x3 .
Jq+

(49)

By gluing these WKB solutions together through the two boundary layers near x2 and x3 ,
using the results in sections 5.1, 5.2 and the Appendix C, we eliminate ā1,2 and d¯1,2 and
obtain the homogeneous system
i

i c̄1 + c̄2 e h P = 0,
i c̄1 − c̄2 e

−i
h P

= 0.

Thus, we derive the Bohr-Sommerfeld quantization condition for real energy eigen-levels
(bound states) inside the cut-off energy strip for 0 < E < | py |.
1
P( E) = hπ (n + ),
2

n = N1 + 1, ...N2 .

(50)

8. Numerical results
Based upon the analytical descriptions in the preceding sections for the smooth barrier,
we present the results for the energy eigenvalues and eigenfunctions. These are shown in
Fig’s. 4-6 and compare favorably with those obtained through finite difference methods, as
detailed in [71]. The energy dispersion curves, En ( py ), are shown for the complex resonant
and real bound states for h = 0.1 and potentials of different widths. In Fig. 4(a), the energy
levels are illustrated for the potential, U = 1/coshx, with n = 0, 1, ...., 15. For complex
resonant states the real parts are shown. It must be emphasized that in zone “3”, which is
restricted by E < U0 − py and E = py with py > 0, the complex quasibound states reside.
The bound states are located in zone “2”, which lies between E = ± py and E = U0 − py . In
zone “3” there are nine complex resonances. In Fig. 4(b), the results for a narrower potential
of U = 1/cosh2x can be seen (all other parameters being the same as in Fig. 4 (a)). In this
case, there are four complex resonances in zone “3” and n = 0, 1, ...., 9. The lifetimes of the
local resonances, Γn , are shown in Fig. 5 (a) and (b) for the same two potentials as described
in Fig. 4. The complex quasi-bound states that are witnessed in zone “3” in Fig. 4 are shown
in Fig. 5 for Γn . The thinner potential allows less complex bound states. The bound states
have infinite lifetimes. Both types of states are confined within the barrier in the x-direction,
while the motion in the y-direction is controlled by the dispersion relations. In Fig. 6 we
present the transmission probabilities |t|2 for the two potentials. There are nine tunneling
resonances, i.e. complex quasi-bound states within potential barrier defined as U = 1/coshx
that correlate with those shown in Fig. 4 in zone ”3”. Likewise, for the thinner barrier there
are four complex quasi-bound states. These resonance states are a clear indication of the
Fabry-Perot multiple interference effects inside the barrier.
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PART II: High energy localized eigenstates in graphene monolayers and
double layers
9. Graphene resonator in a magnetic field
We consider a spectral problem for the Dirac operator describing the electron-hole quantum
dynamics in a graphene monolayer without a gap, in the presence of a homogeneous
magnetic field A and arbitrary scalar potential U (x) (see [31])
e
v F < σ̄, −ih∇ + A > ψ(x) + U (x)ψ(x) = Eψ(x),
c

ψ(x) =

 
u
,
v

(51)

where x = ( x1 , x2 ), and u, v are the components of the spinor wave function that describes
electron localization on the sites of sublattice A or B of a honeycomb graphene structure.
Here, e is the electron charge, c is the speed of light, A is magnetic potential in axial A =
B/2(− x2 , x1 , 0) or Landau gauge A = B(− x2 , 0, 0) (magnetic field is directed along the x3
axis), and v F is the Fermi velocity. The symbol <, > means a scalar product, and h̄ is the
Planck constant (which is a small parameter (h̄ → 0) in semiclassical analysis). The vector
σ̄ = (σ1 , σ2 ) with Pauli matrices corresponds to the K Dirac point of the first Brillouin zone
(see [31]). The case of the second K ′ Dirac point with σ̄∗ = (σ1 , −σ2 ) is treated similarly and
is not considered here.

Figure 7. A periodic orbit inside the graphene nanoribbon resonator with magnetic field and electrostatic potential (electronic
trajectory). Magnetic field is directed along the x3 axis, the electrostatic field is piece-wise linear U ( x2 ) = β| x2 |.

We study the high energy spectral problem, using the semiclassical approximation, for a
vertical graphene nanoribbon confined between two flat reflecting interfaces L1,2 (see Fig.7).
It is assumed that the spinor wave function satisfies zigzag boundary conditions on the
interfaces L1,2 : u| L1 = 0,
v| L2 = 0. It will be discussed later that the electrostatic field
U ( x2 ) = β| x2 | makes the orbit shown in Fig. 7 periodic and stable. In the gener al case, as it
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was noted earlier for the Schrödinger operator (see [55]), if high-energy localised eigenstates
are sought, which decay exponentially away from the resonator axis AB, the separation of
variables will not help construct an exact solution due to the difficulty of satisfying the
boundary conditions.

10. Ray asymptotic solution
The WKB ray asymptotic solution to the Dirac equation is sought through consideration
of the eigenvalue problem associated with Hφ = Eφ. The magnetic vector potential A =
B/2(− x2 , x1 , 0) is given in terms of the axial gauge for a magnetic field. The Hamiltonian of
the Dirac system (see equations (2) and (10)) takes the form for monolayer graphene,

Figure 8. Bilayer graphene consists of two coupled graphene monolayers on top of one another. On the left-hand side, the
planes of graphene have perfect Bernal stacking. The A1 atoms of the sublattice of the top sheet overlap the B2 atoms of
the sublattice of the bottom sheet as is indicated. A triangular structure is seen when looking directly down upon the bilayers,
as is schematically shown, and the A2 and B1 atoms are over the centers of the hexagonal structure of their opposite sheet.
The group of four pictures on the right illustrate what happens if a slight shift of one of the graphene planes occurs. Going
clockwise around this group, the first is when one graphene layer moves slightly from the ideal Bernal orientation along the x1
direction. The second is with a 5o tilt and the third and fourth are with a tilt of the plane of 45o and 90o , respectively.

H=

�

v F [h̄(−i∂ x1

U (x)
+ ∂ x2 ) + i αx2 1 −

v F [h̄(−i∂ x1 − ∂ x2 ) − i αx2 1 −
αx2
U (x)
2 ]

αx2 �
2 ] ,

In contrast, for bilayer graphene the Hamiltonian takes the form,

g
p x − ipy
0
ζ

 p x + ipy
g
0
0
,
H = υF 

0
0
g
p x − ipy 
ζ
0
p x + ipy
g


where g ≈ 0.4eV/υ F is the interlayer coupling. We consider the case when bilayer graphene
has Bernal stacking as shown in Fig. 6. Bernal-stacked bilayer graphene occurs with half
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of the carbon atoms in the second layer sitting on top of the empty centers of hexagons in
the first layer. An external electric field can tune its bandgap by up to 250meV [32]. This
form of structure of bilayer graphene can be experimentally created using chemical vapor
deposition [32]. Considering the low energy states of electrons, we can reduce the 4 × 4
matrix describing the bilayer graphene to a form similar to that of monolayer graphene [56].
The only difference from the monolayer form is the squaring of the off-diagonal entries and
the inclusion of a band mass for bilayer electrons.

H=



1
2m [ h̄ (−i∂ x1

U (x)
+ ∂ x2 ) + i αx2 1 −

αx2 2
2 ]

1
2m [ h̄ (−i∂ x1

− ∂ x2 ) − i αx2 1 −
U (x)

αx2 2 
2 ]
.

It is now convenient to introduce some dimensionless variables. The coordinate system
x ⇒ xD, where D is a characteristic scale associated with a change in the potential (and
 = U ( xD )/E0 ; where we define
correspondingly U ( x ) ⇒ U ( xD )). Then, we write U
the characteristic energy scale as E ⇒ E0 E. For single layers of graphene the small
parameter,
√ h << 1, is h = υF h̄/U0 D. In double layer graphene it is slightly different;
h = αD/ 2mU√0 , with the magnetic length, as a function of the applied magnetic field, given
to be 
α = αD/ 2mE0 with α = eB/c. We now write the dimensionless forms of the one and
two layer graphene systems as (with the tildes omitted for brevity),


h(−i∂ x1 − ∂ x2 ) − i αx2 1 − αx2 2
U (x)
(52)
H=
h(−i∂ x1 + ∂ x2 ) + i αx2 1 − αx2 2
U (x)
and
H=



(h(−i∂ x1

U (x)
+ ∂ x2 ) + i αx2 1 −

(h(−i∂ x1 − ∂ x2 ) − i αx2 1 −
αx2 2
U (x)
2 )

αx2 2 
2 )

(53)

The solution for monolayer graphene is sought in the same form as equation (11).
Substituting this series into the Dirac system, and equating to zero the corresponding
coefficients of successive degrees of the small parameter h, we obtain a recurrent system
of equations which determines the unknown S(x) and ψj (x).
The Hamiltonian H has two eigenvalues. In the domain Ωe = {x : E > U (x)}, the
Hamiltonian eigenvalue h1 = U (x) + p on the level set h1 = E describes the dynamics of
electrons. The corresponding classical trajectories can be obtained from the Hamiltonian
system ẋ = H pe ,
ṗ = − Hxe ,
x = ( x1 , x2 ), p = ( p1 , p2 ), with an equivalent Hamiltonian
(see [48])


2
αx 2 
αx 2 
1 
p1 − 2 + p2 + 1 − E − U ( x )
He =
2
2
2
on the level set H e = 0 with p1 = Sx1 and p2 = Sx2 . Opposite to this case, in the domain
Ωh = {x : E < U (x)}, the Hamiltonian eigenvalue h2 = U (x) − p on the level set h2 = E
describes the dynamics of holes. The corresponding classical trajectories can be obtained
from the Hamiltonian system with Hamiltonian
Hh =

1
2



2

αx 2 
αx 2 
− p1 − 2 − p2 + 1 + E − U ( x )
2
2
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on the level set H h = 0. The Hamiltonian dynamics with h1,2 or with H e,h are equivalent (see
[48]).Classical action S( x ) satisfies the Hamilton-Jacobi equation in the monolayer case to be

[(Sx1 −

αx2
αx
) + (Sx2 + 1 )2 ] − ( E − U (x))2 = 0.
2
2

(54)

Likewise, in the case of bilayers,

2
αx
αx
H e = ( p1 − 2 )2 + ( p2 + 1 )2 − ( E − U (x))
2
2
and


αx
αx
H = ( p1 − 2 )2 + ( p2 + 1 )2
2
2
h

2

+ ( E − U (x))

The Hamiliton-Jacobi equation is satisfied in the two-layers of graphene case by,

[(Sx1 −

αx
αx2 2
) + (Sx2 + 1 )2 ]2 − ( E − U (x))2 = 0.
2
2

(55)

The solutions of the Hamiltonian-Jacobi equations, for monolayer and bilayers, electrons and
holes, are given by the following curvilinear integrals over classical trajectories connecting
points M(0) and M = ( x1 , x2 ) (M(0) is fixed and M is variable)

S( M) =

M

[ E − U (x(s))]ds −

M (0)

M 

[ E − U (x(t))]



ẋ12

M (0)

S( M) =

M 
M (0)

M 
M (0)

+ ẋ22

e
c

M



(56)


α
− (− x2 ẋ1 + x1 ẋ2 ) dt,
2

e
E − U (x(s))ds −
c

E − U (x(t))

Adx =

M (0)

ẋ12 + ẋ22 −

M

Adx =

(57)

M (0)


α
(− x2 ẋ1 + x1 ẋ2 ) dt,
2

for mono and bi-layer, respectfully, where s is the arc length. This representation is correct
in the neighbourhood of a regular family of classical trajectories emanating from M(0) . For
electrons and holes one can seek solution to the Dirac system zero-order problem in the form
ψ0 = σ(0) (x)e1

(58)
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with unknown amplitude σ(0) (x). Solvability of the problem
 0,
( H − EI )ψ1 = − Rψ

E = h1,2

requires that the orthogonality condition with complex conjugation
 (σ(0) (x)e1 ) >= 0
< e1 , R
must hold, where
=
Monolayer : R
=
Bilayer : R



0 ∂ x − i∂y
∂ x + i∂y 0



0 Υ1
Υ1∗ 0





,

,

where,



iαx1
iαx2
−
∂ x1 − i∂ x2 + Sx1 x1 − 2iSx1 x2 − Sx2 x2
Υ1 = 2 Sx1 − iSx2 −
2
2
Using the basic elements of the techniques described in [48], from the orthogonality condition
one obtains the transport equation for σ(0) (x). The geometrical spreading for an electron or
hole with respect to the Hamiltonian system with h1,2 = U ± v F p has a solution
θ
c
Monolayer : σ(0) = √0 e−i 2 ,
J

c
Bilayer : σ(0) = √0 e−iθ ,
J

c0 = const,

(59)

(60)

where


 ∂ ( x1 , x2 ) 

J (t, γ) = 
∂(t, γ) 

(61)

where we have introduced θ, which is the angle made by the velocity of the particle trajectory
with the x1 axis:




αx
αx
p1 − 2 + i p2 − 1 = peiθ
(62)
2
2
Here −θ/2 is the adiabatic phase for monolayer graphene, as introduced by Berry [64].
Chirality results in a Berry phase of θ in bilayer graphene and the confinement of electronic
states. Conservation of chirality in monolayer graphene means that the particles cannot
backscatter and this leads to normal incidence transmission equal to unity. This is not the
case in bilayer graphene and backscattering can occur.
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11. Construction of eigenfunctions, periodic orbit stability analysis and
quantization conditions
Let x0 = ( x1 (s), x2 (s)) be a particle (electron or hole) classical trajectory, where s is the arc
length measured along the trajectory. Consider the neighborhood of the trajectory in terms
of local coordinates s, n, where n is the distance along the vector, normal to the trajectory,
such that
x = x(0) (s) + en (s)n,

(63)

√
where en (s) is the unit vector normal to the trajectory. Introducing ν = n/ h = O(1),
we seek an asymptotic solution to the Dirac system related to (2) where S0 (s) and S1 (s)
are chosen similar to [55], [66] as they give a linear approximation for solution to the
Hamilton-Jacobi equation (55) (see [55], [66])). The parameter for monolayers
a(s) = E − U0 (s)
and for Bernal bilayers,
a(s) =



E − U0 (s)

is obtained from the approximation
U (x) = U0 (s) + U1 (s)n + U2 (s)n2 + ... .
In the following γi (s), i = 1, 2 are the Cartesian components of en (s). Following [54], [55],
[65], and [66], we apply the asymptotic boundary-layer method to the Dirac
√ system (2). We
allow that the width of the boundary layer is determined by |n| = O( h) as h̄ → 0. We
assume that we deal with a continuous family of POs symmetric with respect to both axes
(see Fig. 4). Thus, the trajectory of the PO consists of two symmetric parts between two
reflection points A and B. We seek the asymptotic solution of the eigenfunction for electrons
and holes localized in the neighborhood of a PO as a combination of two Gaussian beams
 2 (x, E),
ψ(x, E) = ψ1 (x, E) + Rψ
described by
ψ1,2 (x, E) = exp

e
where
(1)
S0 ( s )

=

1 p1,2 (s) 2
i (1,2)
( S0 ( s ) + S1 ( s ) n +
n )
h
2 z1,2 (s)

(z1,2 (s), ν)
−iθ/2 Qm

s 
0



z1,2 (s)

a(s′ ) +



e1 1 + O(h̄

1/2





) ,


α (0)
(0)
( x1 γ1 + x2 γ2 ) ds′ ,
2

0 < s < s0 ,
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(2)
S0 ( s )

=

(1)
S0 ( s 0 ) +

s 
s0


α (0)
(0)
a(s ) + ( x1 γ1 + x2 γ2 ) ds′ ,
2
′

s0 < s < 2s0 .



α (0)
(0)
S1 ( s ) =
x γ − x1 γ2 ,
2 2 1

(64)

√
where we have defined the Berry phase to be, eiθ = γ2 − iγ1 , and e1,2 = (1, eiθ )/ 2.
Here, each beam is related to the corresponding part of the periodic orbit. Namely,
ψ1 is determined by z = z1 (s), p = p1 (s) for 0 < s < s0 , describing the electrons
propagation along the lower part of the orbit from A to B, whereas ψ2 is determined by
z = z2 (s), p = p2 (s) for s0 < s < 2s0 , for the electrons propagation along the upper
part of the orbit from B to A. The complete derivation of the electronic Gaussian beams for
monolayer graphene can be found in the work of Zalipaev [66]. Following the methodology
developed in the previous work [66], we state the problem in terms of the function z(s) and
write the Hamiltonian in its terms,
ż =

p
,
a(s)

ṗ = − a(s)d(s)z

(65)

with the Hamiltonian,
H (z, p) = a(s)

ż2
z2
−
2
2

(66)

The above are the same for both mono and bilayer graphene, but with different d(s) (and
a(s), as mentioned above),
Monolayer : d(s) =

Bilayer : d(s) =

U 
α
2 
U − 1 +
a(s) 2
ρ
ρa(s)

U12
U2
U1
α
+
−
−
E − U0
ρa(s)
4( E − U0 )2
ρ( E − U0 )2

where ρ(s) is the radius of curvature of a trajectory. Thus, (z1 (s), p1 (s)) and (z2 (s), p2 (s))
define (z(s), p(s)) for 0 < s < 2s0 . The asymptotic localized solution of Gaussian beam
ψ(s, n) is constructed in an asymptotically small neighbourhood of the PO. This solution is
to be periodic with respect to s ∈ R with the period 2s0 , and satisfies the zigzag boundary
conditions. The reflection coefficient R is derived in the short-wave approximation, and given
by
Monolayer : R = i exp [i (2γ +

∆
)],
2

(67)

where γ is the angle of incidence, and δ1 = θ (s0 + 0) − θ (s0 − 0). In the bilayer graphene
system the reflection coefficient is,
Bilayer : R = i exp [i (4γ + ∆)],

(68)
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The localized solution can be constructed if z(s), p(s) is a complex (in the complex
2 ) quasi-periodic Floquet solution of Hamiltonian system (65) with periodic
phase space Cz,p
coefficients (see [50], [54]). Namely, for the monodromy 2 × 2 matrix M, describing the
mapping for the period 2s0 ,




z(s + 2s0 )
p(s + 2s0 )

=



M11 M12
M21 M22



z(s)
p(s)



,

(69)

a Floquet solution for arbitrary s is defined as
M



z(s)
p(s)



=λ



z(s)
p(s)



.

(70)

The structure of the monodromy matrix M is given by the following product
M = M2 R B M1 R A ,

detM = 1,

(71)

where M1 = M1 (s0 ) and M2 = M2 (2s0 ) are fundamental matrices of the system (65)
describing the evolution (z(s), p(s)) for 0 < s < s0 and s0 < s < 2s0 , correspondingly.
The reflection matrices at points A and B (see Fig. 6), R A and R B are given by


z1 (0)
p1 (0)



z2 ( s0 )
p2 ( s0 )



=R



A

=R



B

z2 (2s0 )
p2 (2s0 )



z1 ( s0 )
p1 ( s0 )





,

,

A



−1 0
A −1
R21

B



−1 0
B −1
R21

R =

R =





,

,

A
B
R21
= R21
= 2α tan(γ),

where γ is the angle of incidence of the trajectory at the points A, B. To attain R A and R B ,
the classical action S of the phase function at the reflecting boundary requires continuity to
be set between the incident and the reflected beams (see [50], [54], [51]).
In a general case, the entries of M1,2 are to be determined numerically as the Hamiltonian
system has variable coefficients. It is worth to remark that all the multipliers in (71) are
symplectic matrices. Thus, the monodromy matrix M is symplectic.
The classical theory of linear Hamiltonian systems with periodic coefficients states that, if
| TrM| < 2, we have a stable PO (elliptic fixed point, for example, see [27]), and || Mn || <
const for arbitrary n ∈ N. Then, there exist two bounded complex Floquet’s solutions for
−∞ < s < +∞, namely, (z(s), p(s)) and (z̄(s), p̄(s)) with Floquet’s multipliers λ1,2 = e±iϕ
(0 < ϕ < π), which are solutions of
λ2 − TrMλ + 1 = 0.
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These solutions (z(s), p(s)) and (z̄(s), p̄(s)) may be obtained as follows. If | TrM| < 2, the
monodromy matrix has complex eigenvectors w = (wz , w p ) and w̄ = (w̄z , w̄ p )
M



wz
wp



=e

iϕ



wz
wp



M

,





w̄z
w̄ p

=e

−iϕ



w̄z
w̄ p



.

Then, the first solution is determined by
M1 (s) R

M2 (s) R

B



A



wz
wp



z ( s0 − 0)
p ( s0 − 0)

=





=

z(s)
p(s)




z(s)
p(s)

0 ≤ s ≤ s0 ,

,



s0 ≤ s ≤ 2s0 .

,

Satisfaction of the solution to the zigzag boundary condition at the interface L1 (u| L1 = 0),
as well as the requirement that the solution should be periodic with respect to s ∈ R with
the period 2s0 lead to a generalized Bohr-Sommerfeld quantization condition determining
semiclassical asymptotics of the high energy spectrum. Namely, after the integration around
the closed loop of PO, the total variation of the classical action S and the phase of the
amplitude of ψ0 must be equal to 2πm1 . Thus, we obtain the quantization condition for
electrons and holes in the form
2s0

a(s)ds − αA = h[±2πm1 + (m2 + 1/2) ϕ + ∆],

(72)

0

Monolayer : ∆ = π −

γ
,
2

Bilayer : ∆ = −γ
where m1,2 ∈ N are the longitudinal and the transversal quantization indexes, and for
electrons we have +, for holes −. The index m2 and factor ∆ appear due to the variation
of the phase of σm2 (s, ν) (see the formulas in [66]). Here in the left-hand side in (72)
1
A=
2

2s0

(0)

(0)

(( x1 γ1 + x2 γ2 ))ds

0

is the area encircled by PO.
Assuming the presence of a continuous family of POs that depend on E, the quantization
condition is satisfied only for a discrete set of energy levels E = Em1 ,m2 . It is clear that the
quantization condition may be fulfilled only if the longitudinal index m1 is positive and large
as h → 0. At the same time, the transversal index m2 = 0, 1, 2, ... should be of the order 1 as
very large values of m2 would lead to the asymptotic solution ψ = ψ1 + Rψ2 becoming not
localized.
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12. Numerical results
In this section we concentrate on the example for monolayer graphene with piece-wise linear
potential U ( x2 ) = β| x2 |. The numerical techniques used in this section are described in
[55]. We deal with the Dirac system (2) by incorporating the Landau gauge A = B(− x2 , 0, 0).
Thus, using dimensionless U, E, α and dimensionless coordinates, the Dirac system is written
in the following form


U ( x2 ) − E
h(−i∂ x − ∂y ) − αx2
h(−i∂ x + ∂y ) − αx2
U ( x2 ) − E

   
0
u
.
=
0
v

(73)

The energy in eV is given by U0 E, where U0 = v F h̄/hD = 6.59meV/h is the characteristic
scale of the potential U. Here we assume that D = 10−7 m. A new small dimensionless
parameter h (0 < h << 1) is supposed to be predetermined. The magnetic induction
amplitude is given by B = αcU0 /v F eD = α/h 6.5910−2 T. Consider, as an example, a family
of continuous POs which are symmetric with respect to both axes, with two reflection points
A, B (see Fig. 1). The formulas describing electronic POs as solutions of the corresponding
integrable system with the Hamiltonian in the Landau gauge
H=


1
( p1 − αx2 )2 + p22 − ( E − U ( x2 ))2 ,
2

(74)

on the level set H = 0, are easily obtained and given by
x1 = f 1 (t, π1 , π2 , β) = (π1 − α

απ1 + Eβ
απ + Eβ
π α
)t + 22 (cos Ωt − 1) + α 1 3
sin Ωt,
Ω2
Ω
Ω

x2 = f 2 (t, π1 , π2 , β) =

π
απ1 + Eβ
(1 − cos Ωt) + 2 sin Ωt,
Ω
Ω2

(75)

for the lower part 0 < t < t0 , and
x1 = D + f 1 (t, −π1 , −π2 , − β),

x2 = f 2 (t, −π1 , −π2 , − β),

(76)

for the upper part 0 < t < t0 . Here π1 and π2 are
the initial values of the components
of momentum p1 and p2 at the point A, and Ω = α2 − β2 . It is important that α > β.
In this case a drift motion of electrons and holes takes place in the positive direction of
the x1 axis, from the point A to the point B (see Fig. 6). This fact helps to construct POs.
We assume that everywhere in a domain, in which we construct asymptotic solutions for
electronic eigenfunctions, that the inequality E > U ( x2 ) holds. In equations (75-76) π1 is
a fixed parameter, whereas π2 and t0 as functions of π1 are determined uniquely by the
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equations f 1 (t0 , π1 , π2 , β) = D,
with Hamiltonian
H=

f 2 (t0 , π1 , π2 , β) = 0. The formulas, describing PO holes


1
− ( p1 − αx2 )2 − p22 + ( E − U ( x2 ))2 ,
2

(77)

on the level set H = 0, are given by
x1 = g1 (t, π1 , π2 , β) = −(π1 − α

απ1 − Eβ
απ − Eβ
π α
)t + 22 (cos Ωt − 1) − α 1 3
sin Ωt,
Ω2
Ω
Ω

x2 = g2 (t, π1 , π2 , β) =

απ1 − Eβ
π
(1 − cos Ωt) − 2 sin Ωt,
Ω
Ω2

(78)

for the upper part 0 < t < t0 , and
x1 = D + g1 (t, −π1 , −π2 , − β),

x2 = g2 (t, −π1 , −π2 , − β),

(79)

for the lower part 0 < t < t0 . It is worth to remark that holes move along a clockwise
direction of PO whereas electrons run counter-clockwise around the PO contour. Thus, we
have for electrons and holes the continuous family of POs with respect to parameter π1
which look like lens-shaped contours. As soon as the parameter π1 has been determined
from the generalized Bohr-Sommerfeld quantization condition (72), the semiclassical energy
levels for electrons and holes are computed by
E=±



π12 + π22 .
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Figure 9. Electronic eigenfunction density component |u|2 computed by semiclassical analysis for the state m1 = 27, m2 = 0
with E = 2.2538 - (a) and m1 = 27.1, m2 = 1 with E = 2.2812 - (b), for α = 1, β = 0.5, h = 0.025.
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Figure 10. Electronic eigenfunction density component |u|2 computed by semiclassical analysis for the state m1 = 27.2, m2 = 2
with E = 2.3078 for α = 1, β = 0.5, h = 0.025.
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Figure 11. Dependence of TrM/2 on π1 - (a) and dependence of Im(Γ) on s - (b), for the state m1 = 27, m2 = 0 with
E = 2.2538 for α = 1, β = 0.5, h = 0.025.

For the lens-shaped class of POs the high-energy semiclassical localized eigenstates were
tested successfully against the energy eigenvalues and the eigenfunctions computed by the
finite element method using COMSOL (see [70]). The boundary conditions
u| x1 = D = 0,

v| x1 =0 = 0.

were used in the following numerical experiments.
In Fig’s. 9 and 10, the electronic eigenfunction density component |u|2 is shown that
was computed semiclassically for the the states m1 = 27, m2 = 0, 1, 2 with E =
2.2538, 2.2812, 2.3078 for h = 0.025, α = 1.0, β = 0.5. It is worth to remark that in this
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case the localization of eigenfunction density components takes place in close neighborhood
of PO. In all shown figures computed by semiclassical analysis one can easily see a white
contour of PO. In Fig. 9 (a) dependence of TrM/2 on π1 - (a) and dependence of Im(Γ) on s
- (b), for the state m1 = 27, m2 = 0 with E = 2.2538 α = 1, β = 0.5, h = 0.025 are shown.

13. Conclusion
In this review we have outlined our work on the semiclassical analysis of graphene structures
and introduced some new results for monolayer and bilayer graphene. We have outlined
a range of new asymptotic methods and a semiclassical analysis of Dirac electron-hole
tunneling through a Gaussian shaped barrier that represents an electrostatic potential. We
started by analyzing the rectangular barrier and have found some important differences
between it and the smooth barrier. Namely, the smooth barrier exhibits a quasi-discrete
spectrum and complex bound states that do not exist for the rectangular barrier (in zone “3”
in Fig. 3). In both types of barrier Klein tunneling occurs. The WKB approximation deals
with the asymptotic analysis of matched asymptotic techniques and boundary layers for the
turning points in the barrier. The main results of this work are eloquent WKB formulas
for the entries in a smooth barrier transfer matrix. This matrix explains the mechanism of
total transmission through the barrier for some resonance values of energy of skew incident
electrons or holes. Moreover, it has been shown that the existence of modes localized within
the barrier, and exponentially decaying away from it, for two discrete complex and real sets
of energy eigenlevels can be determined by the Bohr-Sommerfeld quantization condition. It
was shown that the total transmission through the barrier takes place when the energy of
an incident electron or hole coincides with a real part of the complex energy eigenlevel of
one among the set of localized modes. These facts were confirmed by numerical simulations
done by finite elements methods and have been found to also be in excellent agreement with
the results found using finite difference methods as in [71].
We have also applied the Gaussian beam methods, originated by Popov [51] and expanded
by Zalipaev [66] to quantum problems, to describe monolayer and bilayer graphene. We
have constructed eigenfunctions and defined the stable periodic orbit conditions and the
quantization conditions. The reflection and transmission coefficients of monolayer and
bilayer graphene have been derived within the context of semiclassical physics in full.
It is clear that these methods can offer good insights into the behavior of the graphene
Fabry-Perot resonator.
Such systems will find applications in plasmonics, and nanoribbon heterostructures made
from graphene are promising to emerge. The kind of bilayer structure analyzed here can
be created by chemical vapor deposition [32] and this opens up the road to a flurry of
geometrically optimized graphene resonator systems, whether acting in isolation or as part
of a composite, or array.

14. Appendix A. Transfer and scattering matrix properties for a smooth
step
Let us formulate this scattering problem in terms of transfer matrix T for the left slope of the
entire barrier (see [67])
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i
i
e h S p ( x,x1 )
e− h S p ( x,x1 )
+

ψ1 = 
a 1 e1 +
a2 e1− ,
J p+
J p−

x ∈ Ω1 ,

(81)

x ∈ Ω3 ,

(82)

−i

i

e h S p ( x,x2 )
e h S p ( x,x2 )
d1 e1+ + 
d2 e1− ,
ψ3 = 
J p+
J p−
and
d = Ta,

T=




T11 T12
,
T21 T22

d=

 
d1
,
d2

a=

 
a1
.
a2

(83)

Taking into account the conservation of the x-component of the probability density current
(see equation (8) in [17] or (18) in [18])
Jx = v̄u + ūv,

(84)

| a1 |2 − | a2 |2 = | d2 |2 − | d1 |2 .

(85)

we obtain that

Thus, for the slope transfer matrix T it holds that

| T21 |2 − | T11 |2 = 1,

T̄21 T22 − T̄11 T12 = 0,

| T22 |2 − | T12 |2 = −1,

(86)

or
T+






−1 0
1 0
.
T=
0 1
0 −1

(87)

As a result we have | T11 | = | T22 |, | T12 | = | T21 |, |det( T )| = 1. For the scattering matrix
S=



S11 S12
S21 S22



(88)

we have
S

   
a
a1
= 2 ,
d1
d2

(89)

and

| a1 |2 + | d1 |2 = | d2 |2 + | d2 |2 .

(90)

S+ S = SS+ = I,

(91)

From (90) we obtain that
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thus, the scattering matrix is unitary. If the entries of S are known, then,

T=




−S11 /S12
1/S12
,
S21 − S11 S22 /S12 S22 /S12

det( T ) = −

S21
.
S12

(92)

Time-reversal symmetry in scattering through the graphene barrier would mean that
i

i

e− h S p ( x,x1 ) ∗ − e h S p ( x,x1 ) ∗ +

(σ3 ψ1 ) =
a 1 e1 + 
a 2 e1 ,
J p−
J p+
∗

i

(σ3 ψ3 )∗ =

x ∈ Ω1 ,

(93)

x ∈ Ω3 ,

(94)

i

e− h S p ( x,x2 ) ∗ − e h S p ( x,x2 ) ∗ +

d 1 e1 + 
d 2 e1 ,
J p−
J p+

are both asymptotic solutions to the Dirac system, and

σ3 =




1 0
.
0 −1

Thus, we have
 ∗  ∗
a1
a
,
S 2∗ =
d2
d1∗

(95)

 ∗  ∗
a2
d
= 2∗ .
a1∗
d1

(96)

T
In what follows that

S = ST ,



  
01
01
T
= T∗ .
10
10

(97)

Thus, S12 = S21 ,
detT = −1,

(98)

and
T=
If a1 = 1, a2 = r1 , d1 = 0, d2 = t1 , then




T11 T12
.
∗ T∗
T12
11

(99)
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t1 =

1
,
L
T12

r1 = −

L
T11
L
T12

,

|r1 |2 + |t1 |2 = 1.

(100)

If a1 = 0, a2 = t2 , d1 = 1, d2 = r2 , then
t2 =

1
,
L
T12

r2 =

L
T22
L
T12

,

|r2 |2 + |t2 |2 = 1.

(101)

15. Appendix B. Transfer and scattering matrix properties for a smooth
barrier
Let us formulate this scattering problem in terms of transfer matrix T for the entire barrier.
The definition of T is given by (81),(82), and looks the same Ta = d. However, for the barrier
we have

| a1 |2 − | a2 |2 = | d1 |2 − | d2 |2 ,

(102)

and



1 0
1 0
T=
.
0 −1
0 −1

(103)

   
a2
a
,
S 1 =
d2
d1

(104)

| a1 |2 + | d2 |2 = | a2 |2 + | d1 |2 .

(105)

S+ S = SS+ = I.

(106)

T

+



For the scattering matrix S we have

and

From (105) we obtain that

If the entries of S are known, then,
T=




S21 − S11 S22 /S12 S22 /S12
,
−S11 /S12
1/S12

det( T ) =

S21
.
S12

(107)

Taking into account the time-reversal symmetry in scattering through the graphene barrier,
we obtain S = S T , and


T11 T12
,
detT = 1.
(108)
T=
∗ T∗
T12
11
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16. Appendix C. WKB asymptotic solution for tunneling through a
smooth step.
16.1. Left slope tunneling
Let us assume that E > Ec , where Ec = | py | is the cut-off energy. In the case | E| < Ec there is
no wave transmission through the barrier. On the other side, we assume that E < U0 − δE,
and δE is chosen such as to avoid coalescence of all four turning points. Consider a scattering
problem through a smooth step that is the left slope of the barrier. Assume that the right
slope in Fig. 1 does not exist, that is U ( x ) = U0 if x > xmax . In this case we have three
domains Ωi , i = 1, 2, 3 with the only difference for Ω3 = { x : x2 < x < +∞}. Thus, to the
leading order, in the domain Ω1 we have a superposition of waves traveling to the left and
to the right.
i
i
e h S p ( x,x1 )
e− h S p ( x,x1 )
+

ψ1 = 
a 1 e1 +
a2 e1− .
J p+
J p−

(109)

In the domain Ω2 we have exponentially decaying and growing contributions. In the domain
Ω3 we have
−i

i

ψ3 = d1

e h S p ( x,x2 ) −
e h S p ( x,x2 ) +

e + d2 
e .
J p+
J p−

(110)

where d = T L a. It is worth remarking that the electron state in x < a transfers into a hole
state for x > a.
To determine the unknown entries of the transfer matrix T L (see Appendix A), we
have to match the principal terms of all asymptotic expansions by gluing them through
asymptotically small boundary layers at x = x1 and x = x2 . To perform matching
asymptotics techniques in this case we introduce a new variable U ( x ) − E = ξ and derive an
effective Schrödinger equation. Then, we have


ξ
−ihα∂ξ − ipy
−ihα∂ξ + ipy
ξ

   
u
0
,
=
v
0

where α = α(ξ ) = dξ/dx > 0. Changing u, v as follows
W=

(u + v)
,
2

V=

(u − v)
,
2

we obtain the system of

−ihαWξ + ipy V + ξW = 0,
and
ihαVξ − ipy W + ξV = 0.

(111)
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Next, differentiating the first equation with respect to ξ and eliminating V, we obtain a
second order ODE for W
h2 W ′′ + W (

ξ 2 − p2y

+

α2

α′
ih
) + h2 W ′ = 0.
α
α

(112)

Then, after we have found W, we have
V=

ihαWξ − ξW
.
ipy

(113)

Both boundary layers for two turning points ξ = −| py | and ξ = | py | are determined
by following scale, well-known in WKB asymptotics for turning points in 1D Schrödinger
equation as h → 0 (see for example [16]),
ξ + | py | = O(h2/3 ),

ξ − | py | = O(h2/3 ).

On the other side, this scattering problem for the equation (112) written as effective
Schrödinger equation
h2 w′′ + w

 ξ 2 − p2y
α2

+

ih 
= 0,
α

√
w = W α,

(114)

may be represented to leading order as follows
1
w=
2(ξ 2 − p2y )1/4



i

−



| py |α 
−i −
e h Φ (ξ )
− ia2 e h Φ (ξ ) Dξ− ,
a1 sgn( py ) 
−
2
D

(115)

ξ

for ξ < −| py |, where

±

Φ (ξ ) =

ξ 

q0 (t)dt,

±| py |

t2

p2y

−
q0 ( t ) = 2
,
α (t)

Dξ±

ξ+

=



ξ 2 − p2y

±| py |

,

and
1
w=
2
2(ξ − p2y )1/4



i

+



| py |α 
−i +
e h Φ (ξ )
− id1 
− d2 sgn( py )e h Φ (ξ ) Dξ+
+
2
D
ξ

(116)
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for ξ > | py |. According to the method of comparison equations described in [61] and [62],
we seek asymptotic solutions, uniform with respect to | py |, as follows

w=



| py |
2

hν/2

 z2
4

− a2 )
q(ξ )

1/4 


b1 Dν (h−1/2 z) + b2 D−ν−1 (ih−1/2 z) ,

(117)

and the function z(ξ ) is determined by
z′2 ( a2 − z2 /4) = q(ξ ).

(118)

where
q=

ξ 2 − p2y
α2

+

1
a2 = h ( ν + );
2

ih
,
α

The asymptotics include the parabolic cylinder function Dν (z) that is a solution to
h2 yzz + (h(ν + 1/2) − z2 /4)y = 0.
From (124) we obtain

i

ξ 2 

q(ξ )dξ =

2a 

a2 −

−2a

ξ1

1
z2
dz = πa = πh( + ν),
4
2

(119)

where ξ 1,2 are the complex roots of q(ξ ) = 0. Using the estimate
1
h

ξ 2 

1
−q(t)dt =
h

ξ1

py 

−q0 (t)dt −

− py

iπ
+ O ( h ),
2

we obtain
i

py 

−q0 (ξ )dξ +

− py

πh
1
= πa = πh( + ν),
2
2

where,
q0 =
Thus,

ξ 2 − p2y
α2

(120)
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iQ1
ν=
,
πh

|py | 

Q1 =

−q0 (ξ )dξ.

(121)

− | py |

For ξ > | py | we have

i

ξ 

q(ξ )dξ =

z 

ξ2

2a

ξ 1 

−
 2a

z2 /4 − a2 ,

whereas for ξ < −| py | we have

i

q(ξ )dξ =

z

ξ



z2 /4 − a2 .

In case of the linear potential with constant α we obtain the substitute

z=



2 iπ/4
e
ξ, ξ ∈ R
α

(122)

from (124) (see [18]). For a general case, we assume that our z belongs to a sector of the
complex plane based on this central line (122), where α = α0 is evaluated at the point x =
a, ( E = U ( a)). Thus, we assume that the asymptotic expansions for the parabolic cylinder
functions in (123) are applied in a way similar to the case of the linear potential.
Then, the following important techniques for matching asymptotic estimates may be obtained
for ξ << −| py |

a2
i
z2
− log(−z) ≈
4h
h
h

− | py |





ξ

2ξ
1
q0 (ξ )dξ − log   + γ
2
− py

(123)

and for ξ >> | py |
z2
a2
i
− log(z) ≈
4h
h
h

ξ 

| py |

2ξ
1
q0 (ξ )dξ − log   + γ
2
py

where
γ = a2 /2h(1 − log a2 ) + 1/2(ν + 1/2) log ν + 1/2/ν − 1/4

= 1/2(ν + 1/2)(1 − log (hν)) − 1/4.

(124)
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Using the asymptotic expansions of the parabolic cylinder functions for large argument (see
the appendices in [9]), we obtain for ξ << −| py |
1
w∼
2
2(ξ − p2y )1/4

�

√
�
| py |
2π
−z2 /4h ν −ν/2
z2 /4h−iπν −ν−1 ν/2+1/2
z h
−e
z
h
]+
b1 [e
2
Γ(−ν)

b2 ez

2

/4h−i π2 (ν+1) −ν−1 ν/2+1/2

z

h

�

(125)

,

where Γ(z) is the Gamma function. For ξ >> | py | we have
1
w∼
2
2(ξ − p2y )1/4

�

�
| py |
2
b1 e−z /4h zν h−ν/2 +
2

(126)

√

b2 [ez

2

/4h−i π2 (ν+1) −ν−1 ν/2+1/2

z

h

+ e−z

2

/4h−iπν/2 ν −ν/2

z h

�
2π
] .
Γ(−ν)

Matching these two asymptotic expansions with the asymptotics, correspondingly, leads to
the following system







a1 sgn( py ) = b1 (−1)ν e−γ√,

−ia2 = (−b1 e−iπν Γ(−2πν) + b2 e−i 2 (ν+1) )hν+1/2 (−1)−ν−1 eγ ,
π

1/2 ,

−id1 = b2 eγ−i 2 (ν+1) hν+

√

π

 −d sgn( py ) = (b + b e−i 2 ν 2π )e−γ .
2
2
1
Γ ( ν +1)
π

(127)

Let us introduce new notations
t = −(−1)−ν = −eiπν = −e−

Q1
h

,

√

√

r1 = isgn( py )eiπν+2γ

(128)

2π ν+1/2
h
,
Γ(−ν)

r2 = −sgn( py )e−2γ

2π −ν−1/2
h
.
Γ (1 + ν )

(129)

Then, the system (127) reads






−γ

a1 sgn( py ) = −b1 e t ,

ir sgn( p )

−ia2 = b1 1 t y e−γ − ib2 eγ−i 2 ν hν+1/2 t,
π

−id1 = −ib2 eγ−i 2 ν hν+1/2 ,



π
r sgn( p )
−d2 sgn( py ) = b1 e−γ + b2 eγ+i 2 ν hν+1/2 2 t y .
π

(130)
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Eliminating b1 and b2 from the system (130), we obtain the relations determining the transfer
matrix T L

d1 = − a1 rt1 + a2 1t ,
(131)
d2 = a1 (t − r1tr2 ) + a2 rt2 ,
that is
L
=−
T11

r1
,
t

L
=
T12

1
,
t

L
= t−
T21

r1 r2
,
t

L
=
T22

r2
.
t

(132)

The expressions for r1 and r2 can be simplified as follows

√
2π ν+1/2
1
1
h
r1 = −i sgn( py )ν exp iπν + (ν + )(1 − log (hν)) −
2
2 Γ (1 − ν )


√

2π
Q1
1
Q1
Q1
+ i (1 − log ( )) − log ν
.
= −i sgn( py )ν exp −
2h
πh
πh
2
Γ (1 − ν )


Using the properties of the Gamma function (see [63])

|Γ(1 ∓ ν)| =





πν
=
sin (πν)

2Q1
,
h(eQ1 /h − e−Q1 /h )

we derive
r1 = sgn( py )eiθ1



1 − e−2Q1 /h ,

(133)

where
θ1 = θ ( Q1 ) =

Q
Q1
Q
π
(1 − log ( 1 )) − − arg Γ(1 − i 1 ).
πh
πh
4
πh

(134)

Similarly, taking into account that arg Γ(1 + ν) = − arg Γ(1 − ν), we obtain
r2 = −sgn( py )e−iθ1



1 − e−2Q1 /h .

(135)

Hence, for the left slope transfer marix we obtain
L

T ( Q1 ) =



√
sgn( py )eiθ1 +Q1 /h 1 − e−2Q1 /h
−e

Q1
h



− rt1
1
t

1
t
r2
t



(136)

=

−e

Q1
h

√
sgn( py )e−iθ1 +Q1 /h 1 − e−2Q1 /h



(137)
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This is the main result of this section and this formula was originally stated in [18]. It is
clear that the transfer matrix for the left slope satisfies all the properties in the Appendix A,
L = ( T L )∗ , T L = ( T L )∗ , det T = −1. Now it clear that the quantities r
namely T22
L
1,2 mean
11
12
21
the corresponding reflection cefficients, t is the transmission coefficient. It is worth to remark
that due to the asymptotics as x → +∞,
Im log (Γ(−ix )) = π/4 + x (1 − log x ) + O(1/x ),
if Q1 /h → +∞ (the turning points ξ = ±| py | do not coalesce), we observe that
arg Γ(1 − iQ1 /hπ ) = arg (−iQ1 /hπ ) + arg Γ(−iQ1 /hπ )

= −π/4 + Q1 /hπ (1 − log Q1 /hπ ),
and, consequently from (134), we obtain that θ1 → 0.

16.2. Right slope tunneling
Now let us formulate the scattering problem with transfer matrix T R for the right slope.
dξ
Taking into account that α = | dx
|, the problem for transfer matrix written in terms of solution
to the effective Schrödinger equation
 ξ 2 − p2y

ih 
= 0,
α

(138)



| py | 
i +
e− h Φ (ξ )
− ia1 
− a2 sgn( py )e h Φ (ξ ) Dξ+
+
2
D

(139)

h2 W ′′ + w

α2

−

may be represented as follows
1
w=
2(ξ 2 − p2y )1/4



i

+

ξ

for ξ > | py |,
1
w=
2
2(ξ − p2y )1/4



i

−



| py | 
i −
e− h Φ (ξ )
− id2 e h Φ (ξ ) Dξ−
d1 sgn( py ) 
2
D−

(140)

ξ

for ξ < −| py |. If w is a solution to (138), then w∗ is the solution to (114). Thus, the coefficients
from (139), (140) are connected by


− a1∗
a2∗



= T L ( Q2 )

 ∗ 
d1
.
−d2∗

(141)
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Hence, we have
  
 


 ∗ −1 0
d1
a1
1 0  L
=
( T ( Q2 ))−1
.
0 1
0 −1
a2
d2

(142)

Since d = T R a, we obtain
R

T =



1 0
0 −1



r2∗ 1
t t∗
1 r1
t
t

−



  r1
−1 0
−t
=
1
0 1
t

1
t
r2
t



= T L ( Q2 ).

(143)

where
Q2 =

py
− py



p2y − ξ 2
α(ξ )

dξ =

x4

q x ( x )dx,

θ2 = θ ( Q2 ).

(144)

x3

It is worth to remark that Q1 and Q2 differ as the function α(ξ ) behave differently for the
same segment ξ → (−| py |, | py |) for left and right slopes of non-symmetric barrier.
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Chapter 3

Electronic Properties of Deformed Graphene
Nanoribbons
Guo-Ping Tong
Additional information is available at the end of the chapter
http://dx.doi.org/10.5772/51348

1. Introduction
As early as 1947, the tight-binding electronic energy spectrum of a graphene sheet had been in‐
vestigated by Wallace (Wallace, 1947). The work of Wallace showed that the electronic proper‐
ties of a graphene sheet were metallic. A better tight-binding description of graphene was given
by Saito et al. (Saito et al., 1998). To understand the different levels of approximation, Reich et al.
started from the most general form of the secular equation, the tight binding Hamiltonian, and
the overlap matrix to calculate the band structure (Reich et al., 2002). In 2009, a work including
the non-nearest-neighbor hopping integrals was given by Jin et al. (Jin et al., 2009).
It is common knowledge that a perfect grphene sheet is a zero-gap semiconductor (semime‐
tal) that exhibits extraordinarily high electron mobility and shows considerable promise for
applications in electronic and optical devices, high sensitivity gas detection, ultracapacitors
and biodevices. How to open the gap of graphene has become a focus of the study. Early in
1996, Fujita et al. started to study the electronic structure of graphene ribbons (Fujita et al.,
1996; Nakada et al., 1996) by the numerical method. The armchair shaped edge ribbons can
be either semiconducting (n=3m and n=3m+1, where m is an integer) or metallic (n=3m+2) de‐
pending on their widths, i. e., on their topological properties. First-principles calculations
showed that the origin of the gaps for the armchair edge nanoribbons arises from both quan‐
tum confinement and the deformation caused by edge dangling bonds (Son et al., 2006;
Rozhkov et al., 2009). This result implies that the energy gap can be changed by deforma‐
tion. In 1997, Heyd et al. studied the effects of compressive and tensile, unaxial stress on the
density of states and the band gap of carbon nanotubes (Heyd et al., 1997). Applying me‐
chanical force (e.g., nanoindentation) on the graphene can lead to a strain of about 10%(Lee
et al., 2008). Xiong et al. found that engineering the strain on the graphene planes forming a
channel can drastically change the interfacial friction of water transport through it (Xiong et

©
is is
a paper
distributed
underdistributed
the terms of
the Creative
Commons
© 2013
2013 Tong;
Tong;licensee
licenseeInTech.
InTech.This
This
an open
access article
under
the terms
of the Creative
Attribution
License (http://creativecommons.org/licenses/by/3.0),
which permitswhich
unrestricted
Commons Attribution
License (http://creativecommons.org/licenses/by/3.0),
permitsuse,
unrestricted use,
distribution,
the
original
work
is properly
cited.
distribution,and
andreproduction
reproductionininany
anymedium,
medium,provided
provided
the
original
work
is properly
cited.

82

New Progress on Graphene Research

al., 2011). Density functional perturbation theory is a well-tested ab initio method for accu‐
rate phonon calculations. Liu et al. (Liu et al., 2007) studied the phonon spectra of graphene
as a function of uniaxial tension by using this theory. Edge stresses and edge energies of the
armchair and zigzag edges in graphene also were studied by means of the theory (Jun,
2008). Jun found that both edges are under compression along the edge and the magnitude
of compressive edge stress of armchair edge is larger than that of zigzag edge. By simula‐
tions of planar graphene undergoing in-plane deformations, Chung (Chung, 2006) found
that crystal structures are different from the usual hexagonal configuration. The thermody‐
namic or kinetic character of the rearrangement was found to depend on the macroscopic
straining direction. Neek-Amal et al. (Neek-Amal et al., 2010) simulated the bending of rec‐
tangular graphene nanoribbons subjected to axial stress both for free boundary and support‐
ed boundary conditions. Can et al. (Can et al., 2010) applied density-functional theory to
calculate the equilibrium shape of graphene sheets as a function of temperature and hydro‐
gen partial pressure. Their results showed that the edge stress for all edge orientations is
compressive. Shenoy et al. (Shenoy et al., 2008) pointed out that edge stresses introduce in‐
trinsic ripples in freestanding graphene sheets even in the absence of any thermal effects.
Compressive edge stresses along zigzag and armchair edges of the sheet cause out-of-plane
warping to attain several degenerate mode shapes and edge stresses can lead to twisting
and scrolling of nanoribbons as seen in experiments. Marianetti et al. (Marianetti et al., 2010)
reveals the mechanisms of mechanical failure of pure graphene under a generic state of ten‐
sion at zero temperature. Their results indicated that finite wave vector soft modes can be
the key factor in limiting the strength of monolayer materials. In the chemical activity of gra‐
phene, de Andres et al. (de Andres et al., 2008) studied how tensile stress affects σand π
bonds and pointed out that stress affects more stronglyπbonds that can become chemically
active and bind to adsorbed species more strongly. Kang et al. (Kang et al., 2010) performed
a simulation study on strained armchair graphene nanoribbons. By comparison, those with
strained wide archair nanoribbons can achieve better device performance. By combining
continuum elasticity theory and tight-binding atomistic simulations, Cadelano et al. (Cade‐
lano et al., 2009) worked out the constitutive nonlinear stress-strain relation for graphene
stretching elasticity and calculated all the corresponding nonlinear elastic moduli. Gui et al.
(Gui et al., 2008) found that graphene with a symmetrical strain distribution is always a zero
band-gap semiconductor and its pseudogap decreases linearly with the strain strength in
the elastic regime. For asymmetrical strain distributions the band gaps were opened at the
Fermi level. This is because small number of k points is chosen (Farjam et al., 2009). We also
investigated the energy spectrum and gap of wider graphene ribbons under a tensile force
(Wei et al., 2009) and found that the tensile force can have the gap of the ribbon opened.
In this Chapter, we focus on the effects of deformed graphene sheets and nanoribbons under
unaxial stress on the electronic energy spectra and gaps based on the elasticity theory.
Meanwhile, the energy spectrum of the curved graphene nanoribbons with the tubular
warping is studied by the tight-binding approach. The energy spectrum of deformed gra‐
phene sheets subjected to unaxial stress is given in Section 2. In Section 3, we discuss the
electronic properties of graphene nanoribbons under unaxial stress. The tubular warping
deformation of graphene nanoribbons is presented in last Section.
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2. Graphene under uniaxial stress
2.1. Elasticity theory
Since graphene is a monolayer structure of carbon atoms, when a force is exerted on it paral‐
lel to its plane, the positions of the atoms will change with respect to some origin in space.
Let the x-axis be in the direction of the armchair edge of graphene and the y-axis in that of
the zigzag edge, as shown in Fig. 1. Let R and R ′ denote the positions of a carbon atom be‐
fore and after deformation, respectively. According to the theory of elasticity, the relation
between the positions can be written in the form
0 ö æ Rx ö
æ Rx¢ ö æ1 + d1
ç ¢÷=ç
÷ç ÷
1 + d 2 ø è Ry ø
è Ry ø è 0

(1)

whereδ1 = + δ(or − δ) is the tensile (or compression) stress along the x-direction andδ2is the

stress in the y-direction and small compared toδ1, approximately equal toδ1 / 6. When the de‐
formation of graphene occurs, the bond length between the carbon atoms changes and
which leads to the change of electronic hopping energies.

Figure 1. Graphene sheet subjected to the tensile stress in the x-direction. Symbols A and B denote sublattices with
two kinds of different carbon atoms, respectively. l ′and l ″denote the bond lengths between tow adjacent carbon
atoms after deformation, respectively.

According to Harrison’s formula (Harrison, 1980), the hopping energy after deformation is
expressed as follows
2

æl ö
t ¢ = ç 0 ÷ t0
è l¢ ø

(2)

wherel0andt0denote the bond length and the hopping energy before deformation, respec‐
tively. l ′andt ′are the bond length and the hopping energy after deformation, respectively.
From Fig. 1 and Eq. (1), the bond lengths between atoms A and B can be obtained

83

84

New Progress on Graphene Research

l ¢ = Rx¢ = l0 (1 + d ),
1
13
l ¢¢ = Rx¢2 + Ry¢2 = l0 1 + d + d 2
4
48

(3)

The nearest neighbour hopping integrals associated with the bond lengths are

t0
(1 + d ) 2
t0
t ¢¢ =
13 2 ö
æ 1
ç1 + d + d ÷
48 ø
è 4
t¢ =

(4)

If graphene is subject to a tensile force in the y-direction, the hopping energies are given by

t0

t¢ =

2

æ dö
ç1 - ÷
è 6ø
t0
t ¢¢ =
17
109 2 ö
æ
d ÷
ç1 + d +
144 ø
è 12

(5)

2.2. The tight-binding energy spectrum
Let us now consider the band structure from the viewpoint of the tight-binding approxima‐
tion. The structure of graphene is composed of two types of sublattices A and B as shown in
Fig. 1. If φ(r)is the normalized orbital 2p z wave function for an isolated carbon atom, then
the wave function of graphene has the form
y = C A y A + CB y B

(6)

where

| ψA

=

1

∑ e ik ⋅R | φ(r − RA)
A

N A

and
yB =

1
N

åe
B

ik × RB

j (r - RB )

(7)
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The first sum is taken over A and all the lattice points generated from it by primitive lattice
translation; the second sum is similarly over the points generated from B. HereCAandCB are

coefficients to be determined, RAandRB are the positions of atoms A and B, respectively, and
N is the number of the unit cell in graphene. Substituting Eq. (6) in
Hy =Ey

(8)

we obtain the secular equation
H AA - E
*
H AB

H AB
=0
H AA - E

(9)

For the tensile stress in the x-direction, the solution to Eq.(9) is
1

é
æ 3
ö æ3
æ 3
öù 2
ö
E (k x , k y ) = ± êt ¢2 + 4t ¢t ¢¢ cos çç
k y R¢y ÷÷ cos ç k x Rx¢ ÷ + 4t ¢¢2 cos 2 çç
k y R¢y ÷÷ ú
ø
è 2
ø è2
è 2
ø ûú
ëê

(10)

where t ′and t ″are the nearest-neighbour hopping integrals after deformation, given by Eq.(4).
Fig. 2 shows the electronic energy spectra of deformed graphene sheets for some high sym‐
metric pointsΓ, M, and K under uniaxial stress. Because of uniaxial stress, the hexagonal lat‐
tice is distorted and the shape of the first Brillouin zone changes accordingly as the stress
upon the lattice. Six “saddle” points on the boundary in the first Brillouin zone can be divid‐
ed into two groups: M and M’. At the same time, Dirac point K will drift towards the saddle
point M and is accompanied by a small angle. For the convenience of comparison, we give
the spectrum of undeformed graphene in Fig. 2(a). From Fig. 2 (c) and (d), we see that ten‐
sion along the armchair shape edge can reduce the band width at point Γand increase the
bandwidth at point M, and the result of compression is just opposite to that of tension. Fig.
2(e) tells us that tension along the zigzag shape edge can not only narrow the bandwidth at
Γpoint but decrease the bandwidth at M point as well. On the contrary, compression can si‐
multaneously increase the bandwidth atΓand M. Moreover, it may be seen from Fig. 2 that
whether the tensile stress or compressive stress, the result of the high symmetric point M’ is
always opposite to that of the point M and the energy gap cannot be opened at Dirac point
(K). On the other hand, we see yet that the energy band curves between M and M’ for the
graphene without stress are a straight line, but for the graphene with stress the curves are
not. It appears to graphene that the uniaxial stress does not open the energy gap at Dirac
point. When graphene is compressed along the armchair shape edge or extended along the
zigzag shape edge a small energy gap is opened at K point, which is approximately equal to
0.1eV as the stress parameter takes to be 12%. From this reason, the graphene under uniaxial
stress still is a semiconductor with the zero-energy gaps.
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Figure 2. Electronic energy spectra of graphene under uniaxial tress for some high symmetric points.

3. Graphene nanoribbon under uniaxial stress
As mentioned in Section 2, for a graphene sheet subject to uniaxial stress there are no energy
gaps at Dirac point. How to open the energy gaps of graphene? Studies showed that we can
realize this goal by deducing the size of graphene, i.e., changing its toplogical propertiy(Son
et al., 2006). On the other hand, the band gaps of graphene nanoribbons can be mamipulated
by changing the bond lengths between carbon atoms, i.e., changing the hopping integrals,
by exerting a strain force (Sun et al., 2008). The nearest-neighbor energy spectrum of an arm‐
chair nanoribbon was given by the tight-binding approach and using the hard-wall aboun‐
dary condition (Zheng et al., 2007). In the non-nearest-neighbor band structure of the
nanoribbon was given by Jin et al (Jin et al., 2009). In this section we use the tight-binding
approach to study the energy spectrum and gap of the nanoribbon under uniaxial stress
along the length direction, i.e., x-direction, of the nanoribbon, as shown in Fig. 3.
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Figure 3. Structure of an armchair graphene nanoribbon with sublattices A and B. The tension is exerted on the nano‐
ribbon along the x-axis. Symbol n denotes the width of the nanoribbon. There are n sublatices A or B in a unit cell.

Since the unit cell of the nanoribbon has the translational symmetry in the x-direction, we
can choose the plane-wave basis in the x-direction and take the stationary wave in the y-di‐
rection. For the armchair nanoribbon there are two kinds of sublattices A and B in a unit cell.
Therefor, the wave functions of A and B sublattices in hard-wall conditions can be written as

y A (k x , q) =

1 n
å
N A j =1

åe

ik x x A j

y B (k x , q) =

1 n
å
N B j =1

åe

ik x xB j

xA j

xB j

æ pq
sin ç
è (n + 1)

ö
j ÷ j (r - RAj ) , (=
q 1, 2, × × ×, n)
ø

æ pq
sin ç
è (n + 1)

ö
q 1, 2, × × ×, n)
j ÷ j (r - RB j ) , (=
ø

(11)

where N AandN B are the normalized coefficients,q = 1,2,...,n is the quantum number associat‐
ed with the wave vector ky , which denotes the discrete wave vector in the y-direction. When
a graphene nanoribbon is subject to uniaxial stress, Eq.(11) still is available. For a nanorib‐
bon, as long as the wave vectorky in Eq.(10) is replaced by the discrete wave vectorky (q), we
can obtain the energy dispersion relation of the form
1

é
æ qp ö
æ qp ö æ 3
öù 2
E (k x , q ) = ± êt ¢2 + 4t ¢¢2 cos 2 ç
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è n +1ø è 2
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(12)

Since the electronic energy spectrum of the perfect armchair nanoribbon depends strongly
on the width of the nanoribbon, the different width has the different spectrum. For instance,
the nanoribbon with widths n=3m+2 (m is an integer) is metallic and others are insulating.
When we exert a tensile (or compressive) force on the nanoribbon along the x-axis, the metal
nanoribbon is converted into an insulator or semiconductor.
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Figure 4. Band structures of armchair graphene nanoribbons under unaxial stress with widths n=6, 7, 8. The stress
parameterδis taken to be - 0.1, 0, and 0.1 respectively.

Fig. 4 shows the energy spectra of three kinds of the nanoribbons under uniaxial stress, and in
which the next-nearest neighbor hopping integrals are taken into account. In order to facilitate
comparison, the energy spectrum of the undeformed nanoribbon is given in Fig. 4. When
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width n=6, the tensile stress can make the energy gap increase and the bandwidth decrease
slightly. On the contrary, the compressive stress can decrease the gap and make the bandwidth
widen. It is obvious that the energy band corresponding to quantum number q=n–1=5 plays an
important role in the change of the band gap. When n=7, the tensile stress can make the gap
narrow and the compressive stress has larger influence on the energy bandwidth, but not obvi‐
ous on the gap. It can be seen that the energy band with quantum number q=n-1=6 contributes
to the gap under compressive stress and which is clearly different from the tensile situation,
where q=n-2=5. As for n=8, whether it is tensile or compression can open the gap and the energy
band contributing to the gap belongs to quantum number q=n-2=6. It fallows from this that ei‐
ther tension or compression can change the gap and the bandwidth. Therefore, the electronic
properties of armchair nanoribbons can be controlled by uniaxial stress.

Figure 5. Energy gaps of deformed armchair nanoribbons as a function of the width n (m). SymbolΔdenotes the ener‐
gy gap. The stress parameterδis taken to be -0.1, 0, and 0.1.
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When the stress is constant, three graphs of the energy gaps with the width of the nanorib‐
bon changes are shown in Fig. 5, where (a) the width n is equal to 3m, (b) n=3m+1, and (c)
n=3m+2. The results shown in Fig. 5 are inclusive of the nearest-neighbor hopping integrals.
We see from Fig. 5(a) that the compressive stress can make an inflection point of the band
gap minimum for the 3m-type nanoribbon and the width corresponding with the inflection
point is about 12, and the tensile stress can not make a minimum value of the gap. For the
3m+1-type nanoribbon, the result shown in Fig. 5(b) tells us that the tensile stress also can
produce the minimum value of the gap and the corresponding width is 19. In the case of the
3m+2-type nanoribbon, tensile or compression does not change the energy gap (see Fig. 5(c)).
Furthermore, we found by calculations that with the inclusion of the next-nearest neighbor
and the third neighbor respectively, the minimum point of the gap moves toward the direc‐
tion of the origin of coordinates (zero width), i.e., the width of the non-nearest-neighbor
hopping is less than that of the nearest neighbor.
On the other hand, in order to make certain of the relationship between the gap and the
stress, the curves of the gap versus the stress are given in Fig. 6. As shown in Fig. 6, the gap
increases as the stress increases for the 3m- and 3m+1-type nanoribbons and changes in the
V-shaped curve for the 3m+2-type nanoribbon.

Figure 6. Energy gaps of deformed armchair nanoribbons as a function of stressδ. SymbolΔdenotes the energy gap.
Solid, dashed, and dotted lines denote widths n=6, n=7, and n=8, respectively.

Figure 7. A curved armchair graphene nanoribbon with the tubular shape. θis the central angle and ris the curved
radius of the nanoribbon.
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4. The tubular warping graphene nanoribbon
4.1. Theoretical Model
In this section we choose an armchair ribbon as an example and which is bent into the tubu‐
lar shape (cylindrical shape), as shown in Fig. 7. This tubular ribbon still has the periodicity
in its length direction, but its dimensionality has changed. The consequence of such a di‐
mension change is to lead to the change of the electronic energy dispersion relation. This is
because the sp2 hybridization of a flat ribbon turns into the sp3 hybridization of a curved rib‐
bon, i.e., the curvature of graphene nanoribbons will result in a significant rehybridization
of theπorbitals (Kleiner et al., 2001). From this reason, the s-orbital component must be taken
into account in calculating electronic energy bands.
Because of the curl of the ribbon, the wavefunction of πelectrons should be composed of the
s- and p-orbital components. The wavefunctions of sublattices A and B in cylindrical coordi‐
nates are written then

yA =

1 n
å
N A j =1

åe

ik z z A j

yB =

1 n
å
N B j =1
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ik z zB j
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wherecis the s-orbital component of electrons, given by (Huang et al., 2006; 2007)
c=

2sin 2 b
1 - sin 2 b

(15)

a
4 3r

(16)

and
b=

Hereβis a small inclined angle (Kleiner et al., 2001) between the pz orbital and the normal di‐

rection of the cylindrical surface, ris the radius of the cylindrical surface, andais the distance
between two adjacent carbon atoms.
4.2. Results and Discussion
To clearly understand the effect of curvature, we choose the width n=6, 7, and 8 respectively
as examples to show the characteristics of their electronic energy spectra. On the other hand,
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in order to compare with the ideal flat nanoribbon, the results of the ideal ribbon along with
the tubular warping ribbon are also given in Fig. 8, where black lines denote the ideal ribbon
and red lines are the tubular warping ribbon.

Figure 8. Band structures of the curved armchair nanoribbons with widths n = 6, n = 7, and n = 8, respectively. Black
lines are the energy band of a perfect nanoribbon and red lines denote the band of a curved nanoribbon with the
tubular shape.

By comparison, we found that the energy bandwidths become narrowed obviously for the
widths n=6, 7, 8 and then this bending does not nearly influence on the energy gaps. This is be‐
cause the localization of electrons is enhanced from two-dimensional plane to three-dimen‐
sional curved surface. When n=6, the increment of the gap with respect to the flat ribbon is
equal to 0.074eV. When n=7, the change of the gap is 0.065eV. As for n=8, its metallic behavior
does not change as the ribbon is rolled up. Fig. 9 illustrates the density of states of the warping
ribbons with widths n=6, 7, 8. The meaning of the black and red lines in Fig. 9 is the same as in
Fig. 8. From Fig. 9, we see that the tubular warping is responsible for the energy bandwidth
narrowing. The density of states of both the top of the valence band and the bottom of the con‐
duction band does not nearly change. It follows that this warping ribbon still keeps all the char‐
acteristics of the flat ribbon, especially for n=7. This means that the change of this dimension
does not affect the electronic structure seriously. This is why we usually use a graphene sheet
to study the electronic structure of a carbon nanotube. In addition, in order to show the effect of
the curvature on the energy gap, a graph of the gap varying with the central angle is plotted in
Fig. 10. It is apparent that for a fixed width the gap has a maximum value as the increasing of
the central angle. When n=6, the central angle corresponding to the maximum value is between
5π / 4and3π / 2. When n=7, this angle approximately equals3π / 2. As the central angle is equal
to zero, the warping ribbon becomes a flat ribbon and as the central angle goes to2π, the warp‐
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ing ribbon becomes a carbon nanotube. Fig. 10 also shows such a fact that when a graphene
nanoribbon is bent into a nanotube, its energy gap is increased.

Figure 9. Density of states of tubular warping armchair nanoribbons. Black and red lines are the flat and warping
nanoribbons, respectively.

Figure 10. Energy gaps as a function of the central angle (or curvature).
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5. Graphene nanoribbon modulated by sine regime
A free standing graphene nanoribbon could have out-of-plane warping because of the edge
stress (Shenoy et al., 2008). This warping will bring about a very small change of the elec‐
tronic energy spectrum. An ideal graphene nanoribbon only has periodicity in the direction
of its length and there is no periodicity in the y-direction. To show the periodic effect in the
y-direction, we modulate it with the aid of a sine periodic function

z = A sin( fy )

(17)

where A is the modulation amplitude and f denotes the modulation frequency, i.e., modulat‐
ed number per unit length. The modulated graph of an armchair graphene nanoribbon is
shown in Fig. 11.

Figure 11. Graphene nanoribbon modulated by sine regime in the direction of the width.

Figure 12. Energy spectra of graphene nanoribbons with width n=7 modulated by sine regime in the direction of the
width. f is the modulation frequency.
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By numerical calculations, we found that different modulation frequencies have different
electronic band structures, i.e., the energy band structures depend strongly on the modula‐
tion frequency f and the modulation amplitude A. We take the width n=7 as an example to
calculate the electronic energy spectrum. When the amplitude A is fixed, the energy band
structures with different frequencies are shown in Fig. 12. It may be seen from Fig. 12 that
this periodic modulation does not damage the Dirac cones, i.e., the topological property of
armchair graphene nanoribbons is not destroyed. On the other hand, Fig. 12 tells us that this
periodic modulation can change the energy band structure, i.e., both the bandwidth and
band gap can be controlled by the modulation frequency. The density of states of electrons
for an armchair graphene nanoribbon with n=7, modulated by using a sine function along
the width direction, is plotted in Fig. 13.

Figure 13. Density of states of graphene nanoribbons with width n=7 modulated by sine regime in the direction
of the width.

When the modulation amplitude, taken to be 0.1nm, is fixed, different modulation frequen‐
cies have slightly different densities of states of electrons. The main difference between the
frequencies 0.0nm-1, 5.0nm-1, and 10.0nm-1 is in the conduction band and the density of states
of the valence band is the same nearly. It follows that the modulation along the width direc‐
tion of the ribbon makes a notable impact for the density of states of the conduction band,
especially for the high energy band corresponding to the standing wave of the smaller quan‐
tum number. In order to reveal the effect of the modulation amplitude on the electronic
properties, the energy bands for the different amplitudes are calculated under certain fre‐
quency. Fig. 14 shows the band structures of the different amplitudes A=0.0nm, A=0.05nm,
and A=0.1nm for an armchair nanoribbon with n=7, where the frequency f is taken to be
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10nm-1. When the modulation amplitude A=0.1nm, the band gaps corresponding to frequen‐
cies f=0.0nm-1, 5nm-1, and 10nm-1 are 2.580eV, 2.600eV, and 2.666eV, respectively. It seems
that the band gaps linearly increase as the frequency increases. In fact, the inflection point of
the smallest gap appears at f=6.02nm-1, where the gap is equal to 2.571eV. There are other
inflection points of the gap as the frequency increases, but the gaps of these points are big
compared to that of the lowest inflection point (see Fig. 15(b)).

Figure 14. Energy spectra of graphene nanoribbons with width n=7 modulated by sine regime in the direction of the
width. The modulation frequency f is taken to be 10nm−1and A is the modulation amplitude.
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6. Conclusion
We investigated the electronic energy spectra of graphene and its nanoribbon subject to un‐
axial stress within the tight-binding approach. The unaxial stress can not open the energy
gap of graphene at Dirac point K. But compression along the armchair shape edge or exten‐
sion along the zigzag shape edge will make a small energy gap opened at K point. From this
reason, the graphene subject to uniaxial stress still is a semiconductor with the zero-energy
gaps. The position of Dirac point will vary as the stress. For the armchair graphene nanorib‐
bon, the tensile or compressive stress not only can transfer the metallicity into the semicon‐
ductor, but also have the energy gap increased or decreased and the energy bandwidth
widened or narrowed. Therefore, we can use the unaxial stress to control the electronic
properties of armchair graphene nanoribbons. In addition, the tubular warping deformation
of armchair nanoribbons does not nearly influence on the energy gap, but it is obvious to
effect on the bandwidth. In addition, we also studied the periodic modulation of the shape
of armchair nanoribbons by sine regime. This modulation can change its electronic proper‐
ties. For the other modulation manner, we no longer discuss it here.
The advantage of the tight-binding method is that the physical picture is clearer and the cal‐
culating process is simpler compared to the first-principles calculations. This method is suit‐
able only for narrow energy bands. Because graphene nanoribbons are the system of wider
energy bands, this method has its limitation.
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1. Introduction
More than 70 years ago, Peierls [29] and Landau [16] performed a proof that the
2-dimensional crystal is not thermodynamically stable and cannot exist. They argued that
the thermodynamical fluctuations of such crystal leads to such displacements of atoms
that these displacements are of the same size as the distances between atoms at the any
finite temperature. The argument was extended by Mermin [21] and it seemed that
many experimental observations supported the Landau-Peierls-Mermin theory. So, the
"impossibility" of the existence of graphene was established.
In 2004, Andre Geim, Kostia Novoselov [13, 22, 23] and co-workers at the University of
Manchester in the UK by delicately cleaving a sample of graphite with sticky tape produced
a sheet of crystalline carbon just one atom thick, known as graphene. Geims group
was able to isolate graphene, and was able to visualize the new crystal using a simple
optical microscope. Nevertheless, Landau-Peierls-Mermin proof remained of the permanent
historical and pedagogical meaning.
At present time, there are novel methods how to create graphene sheet. For instance, Dato
et al. [5] used the plasma reactor, where the graphene sheets were synthesized by passing
liquid ethanol droplets into an argon plasma.
Graphene is the benzene ring (C6 H6 ) stripped out from their H-atoms. It is allotrope of
carbon because carbon can be in the crystalline form of graphite, diamond, fullerene (C60 ),
carbon nanotube and glassy carbon (also called vitreous carbon).
Graphene unique properties arise from the collective behavior of so called pseudoelectrons
with pseudospins, which are governed by the Dirac equation in the hexagonal lattice.
The Dirac fermions in graphene carry one unit of electric charge and so can be manipulated
using electromagnetic fields. Strong interactions between the electrons and the honeycomb
lattice of carbon atoms mean that the dispersion relation is linear and given by E = vp, where
v is so called the Fermi-Dirac velocity, p is momentum of a pseudoelectron.
The linear dispersion relation follows from the relativistic energy relation for small mass
together with approximation that the Fermi velocity is approximately only about 300 times
less than the speed of light.
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The pseudospin of the pseudoelectron follows from the graphene structure. The graphene is
composed of the system of hexagonal cells and it means that graphene is composed from the
systems of two equilateral triangles. If the wave function of the first triangle sublattice system
is ϕ1 and the wave function of the second triangle sublattice system is ϕ2 , then the total wave
function of the electron moving in the hexagonal system is superposition ψ = c1 ϕ1 + c2 ϕ2 ,
where c1 and are c2 appropriate functions of coordinate x and functions ϕ1 , ϕ2 are functions
of wave vector k and coordinate x. The next crucial step is the new spinor function defined
as [19].

χ=



ϕ1
ϕ2



(1)

and it is possible to prove that this spinor function is solution of the Pauli equation in the
nonrelativistic situation and Dirac equation of the generalized case. The corresponding mass
of such effective electron is proved to be zero.
The introduction of the Dirac relativistic Hamiltonian in graphene physics is the description
of the graphene physics by means of electron-hole medium. It is the analogue of the
description of the electron-positron vacuum by the Dirac theory of quantum electrodynamics.
The pseudoelectron and pseudospin are not an electron and the spin of quantum
electrodynamics (QED), because QED is the quantum theory of the interaction of real
electrons and photons where mass of an electron is the mass defined by classical mechanics
and not by collective behavior in hexagonal sheet called graphene.
The graphene can be considered as the special form the 2-dimensional graphene-like
structures, where for instance silicene has the analogue structure as graphene [8]. The band
structure of a free silicene layer resembles the band structure of graphene. The Fermi velocity
v of electrons in silicene is lower than that in graphene.
If we switch on an electric field, the symmetry between the A and B sublattices of silicene’s
honeycomb structure breaks and a gap ∆ is open in the band structure at the hexagonal
Brillouin zone (BZ) points K and K’. In the framework of a simple nearest-neighbor
tight-binding model, this manifests itself in the form of an energy correction to the on-site
energies that is positive for sublattice A and negative for B. This difference in on-site energies
∆ = E A − EB leads to
 a spectrum with a gap for electrons in the vicinity of the corners of
the BZ with E± = ± (∆/2)2 + |vp|2 , where p is the electron momentum relative to the BZ
corner. Opening a gap in graphene by these means would be impossible because the A and
B sublattices lie in the same plane [7].
So, silicene consists of a honeycomb lattice of silicon atoms with two sublattices made of
A sites and B sites. The states near the Fermi energy are orbitals residing near the K and
K’ points at opposite corners of the hexagonal Brillouin zone. While silicon is dielectric
medium, silicene is the conductive medium with Hall effect and it is possible to study the
Mach cone generated by motion of a charged particle through the silicene sheet.
On the other side, there are amorphous solids - glasses, the atomic structure of which lack
any long range translational periodicity. However, due to chemical bonding characteristics,
glasses do possess a high degree of short-range order with respect to local atomic polyhedra.
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In other words such structures can be considered as the graphene-like structures with the
appropriate index of refraction, which is necessary for the the existence of Čerenkov effect.
The last but not least graphene-like structure can be represented by graphene-based
polaritonic crystal sheet [2] which can be used to study the Čerenkov effect.
We derive in this chapter the power spectrum of photons generated by charged particle
moving in parallel direction and perpendicular direction to the graphene-like structure with
index of refraction n. The Graphene sheet is conductive contrary to some graphene-like
structures, for instance graphene with implanted ions, which are dielectric media and it
means that it enables the experimental realization of the Čerenkov radiation. We calculate it
from the viewpoint of the Schwinger theory of sources [24–27, 30–32].
To be pedagogically clear we introduce the quantum theory of the index of refraction (where
the dipole polarization of matter is the necessary condition for its existence), the classical
and quantum theory of Čerenkov radiation and elements of the Schwinger source theory
formalism for electrodynamic effect in dielectric medium. We involve also the Čerenkov
effect with massive photons.

2. The quantum theory of index of refraction
The quantum theory of dispersion can be derived in the framework of the nonrelativistic
Schrödinger equation [33] for an electron moving in dielectric medium and in the field with
the periodic force

Fx = −eE0 cos ωt,

Fy = Fz = 0.

(2)

Then, the corresponding potential energy is

V ′ = −exE0 cos ωt

(3)

and this potential energy is the perturbation energy in the Schrödinger equation




∂
′
ih̄ − H0 − V ψk (t) = 0,
∂t

(4)

where for V ′ = 0 ψk (t) → ψk0 (t) and
i

ψk0 (t) = ψk0 e− h̄ Ek t = ψk0 e−iωk t ,

(5)

where ψk0 is the solution of the Schrödinger equation without perturbation, or,


ih̄


∂
− H0 ψk0 (t) = 0.
∂t

(6)
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We are looking for the solution of the Schrödinger equation involving the perturbation
potential in the form

ψk (t) = ψk0 (t) + ψk1 (t),

(7)

where ψk1 (t), is the perturbation wave function correction to the non-perturbation wave
function.
After insertion of formula (7) to eq. (4), we get






∂
1
ih̄ − H0 ψk1 (t) = exE0 ψk0 e−it(ωk −ω ) + e−it(ωk +ω ) .
∂t
2

(8)

Let us look for the solution of eq. (8) in the form:

ψk1 (t) = ue−it(ωk −ω ) + ve−it(ωk +ω ) .

(9)

After insertion of (9) into (8), we get two equations for u and v:

(h̄(ωk − ω ) − H0 ) u =

1
exE0 ψk0 ,
2

(10)

(h̄(ωk + ω ) − H0 ) v =

1
exE0 ψk0 .
2

(11)

Then, using the formal expansion

u = ∑ Ck′′ ψk0′′ ,

(12)

( Ek′′ − H0 ) ψk0′′ = 0

(13)

k′′

we get from eq.

the following equation

h̄ ∑ Ck′′ (ωkk′′ − ω ) ψk0′′ =
k′′

with

exE0 0
ψk
2

(14)
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ωkk′′ =

Ek − Ek′′
.
h̄

(15)

Using the orthogonal relation



ψk0′∗ ψk0′′ d3 x = δk′ k′′ ,

(16)

we get the following relation for Ck and u as follows:

Ck = −

eE0
xk′ k
·
,
2h̄ ωk′ k + ω

(17)



eE
xk′ k
u=∑ − 0 ·
ψk0′
′
2h̄
ω
+
ω
′
kk
k

(18)



xk′ k
eE
v=∑ − 0 ·
ψk0′
′k − ω
2h̄
ω
′
k
k

(19)

and v = u(−ω ), or

and

xk′ k =



ψk0′∗ xψk0 d3 x.

(20)

The general wave function can be obtained from eqs. (7), (9), (18) and (19) in the form:

ψk (t) = e

−iωk t



ψk0

eE
− 0
h̄

∑′
k


xk′ k
0
ψ ′ [ωk′ k cos ωt − iω sin ωt] .
ωk2′ k − ω 2 k

(21)

The classical polarization of a medium is given by the well known formula

P = N p = − Nex,

(22)

where N is the number of atom in the unite volume of dielectric medium. So we are able to
define the quantum analogue form of the polarization as it follows:
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P = N p̄ = − Ne



ψk∗ (t) xψk (t)d3 x,

(23)

or, with



ψk0∗ xψk0 d3 x = 0,

(24)

we have



Ne2 E0
ω ′ | x ′ |2
P=∑ 2
· k2 k k k 2 cos ωt.
h̄
ωk′ k − ω
k′

(25)

Using the classical formula for polarization P,

P=

n2 − 1
E,
4π

(26)

we get for the quantum model of polarization



Ne2
n2 − 1
ω ′ | x ′ |2
=∑ 2
· k2 k k k 2 .
4π
h̄
ωk′ k − ω
k′

(27)

Using the definition of the coefficients f k′ k by relation

f k′ k =

2m
ω ′ | x ′ |2 ,
h̄ k k k k

(28)

we get the modified equation (27) as follows:

n2 − 1
Ne2
=
4π
m

f k′ k
.
2
k′ k − ω

∑′ ω2
k

(29)

The last formula should be compared with the classical one:

n2 − 1
e2
=
4π
m

N

∑ ω2 −k ω2 ,
k

k

where Nk is number of electrons moving with frequency ωk in the unit volume.

(30)
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3. The classical description of the Čerenkov radiation
In electrodynamics, a fast moving charged particle in a medium when its speed is faster
than the speed of light in this medium produces electromagnetic radiation which is called
the Čerenkov radiation. This radiation was first observed experimentally by Čerenkov [3, 4]
and theoretically interpreted by Tamm and Frank [34], in the framework of the classical
electrodynamics [9].
The charge and current density of electron moving with the velocity v and charge e is as it is
well known:

̺ = eδ(x − vt)

(31)

j = evδ(x − vt).

(32)

The equations for the potentials A, ϕ are given by equations [17, 18]

∆A −

4π
ε ∂2 A
= − evδ(x − vt)
2
2
c
c ∂t

(33)

e
ε ∂2 ϕ
= −4π δ(x − vt)
2
2
ε
c ∂t

(34)

and

∆’ −

with the additional Lorentz calibration condition:

divA +

ε ∂ϕ
= 0,
c ∂t

(35)

where magnetic permeability µ = 1 and ε is dielectric constant of medium.
After the Fourier transformation the vector potential

1
(2π )3/2



Ae−ikx d3 x = Ak ;

A(x) =

1
(2π )3/2



Ak eikx d3 k,

(36)

we get

∆Ak −

ε ∂2 A k
4πe
=
v
c2 ∂t2
c(2π )3/2



e−ikx δ(x − vt)d3 x,

(37)
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or,

∆Ak −

4πev −ikvt
ε ∂2 A k
=−
e
.
c2 ∂t2
c(2π )3/2

(38)

On the other hand, we have:

∆A = ∆



Ak eikx d3 k = −



k2 Ak eikr d3 k,

(39)

from which we have

∆Ak = k2 Ak

(40)

and

− k2 Ak −

ε ∂2 A k
4πev −ikvt
e
.
=−
2
2
c ∂t
c(2π )3/2

(41)

Formula (41) shows that the dependence Ak on time is of the form:

Ak ∼ e−ikvt = e−iωt ,

(42)

ω = kv.

(43)

∂2 A k
= −ω 2 Ak .
∂t2

(44)

where

At the same time

We can transcribe eq. (41) in the following form:

Ak =

4πe
v
−iωt
.
2 e
3/2
2
c(2π )
k − ωc2 ε

(45)

By analogy with the formula (45) we can derive the formula concerning the Fourier transform
of ϕ. Or,
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ϕk =

4πe
1
−iωt
.
2 e
3/2
2
ε(2π )
k − ωc2 ε

(46)

The intensity of the electric field has the Fourier Component as follows:

Ek = −

iω
1 ∂Ak
− gradϕk =
A − ikϕk
c ∂t
c k

4πe
(2π )3/2



ωv k
−
ε
c2



i
k2

−

ω2 ε
c2

=

e−iωt ,

(47)

from which follows that the intensity of the electric field induced in the dielectric medium is:

E=

ie
2π 2

 

ωv k
−
ε
c2

 i(kx−ωt)
e
k2 −

ω2 ε
c2

dk x dk y dk z .

(48)

The formula (48) gives E in the form of the moving plane wave in case that we can write

ω = vk z = vk cos Θ ≡

kc
.
n(ω )

(49)

From the last equation we have:

cos Θ =

c
.
n(ω )v

(50)

Now, let us chose the direction of the particle motion along the z-axis and let us introduce
the cylindrical coordinates putting

k2 = k2x + k2y + k2z = k2z + q2 .

(51)

dk x dk y dk z = q dq dϕ dk z .

(52)

At the same time

Further

110

10

New Progress on Graphene Research

dk z =

dω
v

(53)

and therefore

dk x dk y dk y = q dq dϕ

dω
.
v

(54)

In such a way we have for the intensity of the electrical field:

ie
E=
π



q dq dω



ωv k
−
ε
c2



ei(kx−ωt)

v q2 + ω 2 v12 −


ε
c2

 ,

(55)

where the ϕ-integration was already performed. The ω-integration involves both positive
and negative frequencies.
The quantity, which is experimentally meaningful, is the energy loss of the moving particle
per unit length, or, dW/dz in the prescribed frequency interval dω. This energy loss is in
the relation with the work of force which acts on the particle by the induced electromagnetic
field. The work is expressed by the formula:

dW = − Fz dz = −e( Ez )x=vt dz,

(56)

where ( Ez )x=vt is the z-component of the electric intensity at the point where the particle is.
The sign minus denotes the physical fact that the force acts against the vector of velocity, or,
in the negative direction of the z-axis.
Thus we have:

dW
ie2
= −e ( Ez )x=vt = −
dz
π

ie2
=
π







q dq dω ei(kx−ωt)




x=vt



1
− cε2
1
v2

q dq ωdω
ε q2 + ω 2 1 −
v2

ωv
c2


v q2 + ω 2

ε
c2

.

−


kz
ε



1
v2

−

ε
c2



(57)

The energy loss of particle per unit length and in the frequency interval ω, ω + dω is
obviously given as
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ie2 ω
d2 W
=
dzdω
π



qdq



1
v2 ε +

q2 + ω 2

−


1
c2

1
v2



ie2 |ω |
−
π
− εc+2



qdq



1
v2 ε −

q2 + ω 2

−


1
v2

1
c2



−

ε−
c2

.

(58)

We introduced in the last formula notation ε + = ε(ω ) and ε − = ε(−|ω |) for ε at positive and
negative values of ω. We know that in the absorptive dielectric media ε has the imaginary
component. This imaginary component of ε is positive for ω < 0 and negative for ω > 0. In
fact, the absorption in medium is real effect and it means that exp {−ikx } must correspond
to the absorption for x > 0 for the arbitrary sign of ω. This experimental requirement
determines the sign of the imaginary part of the permitivity of medium.
In formula (58) we can neglect in the numerator the imaginary part of the permitivity and
write:



1
1
− 2
v2 ε +
c



=



1
1
− 2
v2 ε −
c



=



1
1
− 2
v2 n2
c



.

(59)

On the other hand, such operation cannot be performed in the denominator which follows
from the next text. Let us introduce the new complex quantity:

u = q2 + ω 2



ε
1
− 2
v2
c



 

du
−
u

(60)

.

Then we have

d2 W
ie2 ω
=
dxdω
2π



1
1
− 2
v2 n2
c

C1



C2

du
u



.

(61)

In case of the absence of absorption in medium i.e. ℑ ε = 0, the formula (61) gives
meaningless zero result. However ε and therefore also u has the nonzero imaginary part. It
means that the integrals in (61) is considered in the complex plane. The contour of integration
is chosen in such a way that it is going in parallel to the real axis above this axis in case of
ℑ u > 0 (it corresponds to ω > 0) and it corresponds to the curve C1 , and under the axis at
ℑ u < 0 (i.e. ω < 0) which corresponds to the curve C2 . The singular point u = 0 is avoided
along the infinitesimal semi-circles above and under the axis. Thus evidently:



C1

du
−
u



C2

du
=
u



du
= 2πi.
u

(62)

The integration was performed as a limiting procedure along the infinitesimal circle with the
center in the origin of the coordinate system.

112

12

New Progress on Graphene Research

Using eq. (62) we can write the energy loss formula formula (61) in the following simple
form:

d2 W
e2 ω
= 2
dxdω
c



c2
1− 2 2
n v



ω.

This formula was derived for the first time by Tamm and Frank in year 1937.
fundamental features of the Čerenkov radiation are as follows:

(63)
The

1. The radiation arises only for particle velocity greater than the velocity of light in the
dielectric medium is.
2. It depends only on the charge and not on mass of the moving particles
3. The radiation is produced in the visible interval of the light frequencies, i. e. in the
ultraviolet part of the frequency spectrum. The radiation does not exists for very short
waves.
4. The spectral dependency on the frequency is linear for the homogeneous medium.
5. The radiation generated in the given point of the trajectory spreads on the surface of the
cone with the vertex in this point and with the axis identical with the direction of motion
of the particle. The vertex angle of the cone is given by the relation cos Θ = c/nv.
Let us remark that the energy loss of a particle caused by the Čerenkov radiation are
approximately equal to 1 % of all energy losses in the condensed matter such as the
bremsstrahlung and so on. The fundamental importance of the Čerenkov radiation is in its
use for the modern detectors of very speed charged particles in the high energy physics. The
detection of the Čerenkov radiation enables to detect not only the existence of the particle,
however also the direction of motion and its velocity and according to eq. (63) also its charge.

4. The quantum theory of the Čerenkov effect
Let us start with energetic consideration. So, let us suppose that the initial momentum and
energy of electron is p and E and the final momentum and energy of electron is p′ and E′ .
The momentum of the emitted photon let be h̄k. Then, after emission of photon the energy
conservation laws are as follows:



p2 c2 + m2 c4 − h̄ω =



p − h̄k = p′ ,

p ′ 2 c2 + m2 c4

(64)

(65)

where p′ is the momentum of electron after emission of photon. Let us make the quadratical
operation of both equations and let us eliminate p′ . Then we have:
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2h̄pkc2 cos Θ = c2 h̄2 k2 − (h̄ω )2 + 2h̄ω



p2 c2 + m2 c4 .

(66)

where Θ is the angle between the direction of electron motion and the emission of photon.
Putting ω = ck/n and expressing the momentum of electron in dependence of its velocity

v=

pc2
,
E

(67)

we get with β = v/c

cos Θ =

h̄k
1
+
nβ 2p



1−

1
n2



.

(68)

Now, following Harris [12], we show, using the second quantization method how to derive
the Čerenkov effect in a dielectric medium characterized by its dielectric constant ε(ω ) and
√
its index of refraction n, which is given by relation εµ where µ is the magnetic permeability.
The relation between frequency and the wave number in a dielectric medium is

ω=

c
c
k = √ k.
n
εµ

(69)

It was shown [17] that in such dielectric medium the energy of the electromagnetic field is
given by the relation

U=



d3 x

1
8π



| E |2


∂
ωε(ω ) + |B|2 .
∂ω

(70)

Since

| B |2 =

rot E = −

1 ∂B
c ∂t

(71)

ik × E =

iω
B
c

(72)

c2 k 2 2
c2
2
|
k
×
E
|
=
| E | = ε | E |2 ,
ω2
ω2

(73)
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we have:

U=




 
1
1 ∂ω 2 ε
1
∂
2
ωε + ε = d3 x |E|2
.
d x |E|
8π
∂ω
4π
2ω ∂ω
3

(74)

We see that the energy density that a vacuum would have in a vacuum must be corrected by
the factor

1 ∂ 2
ω ε(ω )
2ω ∂ω

(75)

when it moves in a medium of dielectric constant ε(ω ).
Now, let us consider the Fourier transformation of the electromagnetic potential A:

A=∑

∑

k σ=1,2



2πh̄c2
Ωωk

1/2



−ikx
,
ukσ akσ (t)eikx + a+
kσ ( t ) e

(76)

where the factor



2πh̄c2
Ωωk

1/2

(77)

is a normalization factor chosen for later convenience. In other words it is chosen in order the
energy of the el. magnetic field to be interpreted as the sum of energies of the free harmonic
oscillators, or,

H = ∑ h̄ωk a+
kσ akσ ,

(78)

k,σ

where a+ , a are creation and annihilation operators fulfilling commutation relations




′
akσ , a+
k′ σ′ = δk,k′ δσ,σ .

(79)

We want the total energy rather than just the el.mag. field energy to have the form of eq.
(78). And it means we are forced to replace the normalization factor by



2πh̄c2
1 ∂
2
Ω[ 2ω
∂ω ω ε ( ω )]ωk

1/2

,

(80)
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and it leads to renormalized A(x, t) as follows:

A(x, t) =

∑



k,σ

2πh̄c2
1 ∂
2
Ω[ 2ω
∂ω ω ε ( ω )]ωk

1/2



−ikx
.
ukσ akσ eikx + a+
e
kσ

(81)

The interaction Hamiltonian H ′ is unchanged except for the change in the normalization
factor, or

e
H =−
mc
′

∑



k,σ

2πh̄c2
1 ∂
2
Ω[ 2ω
∂ω ω ε ( ω )]ωk

1/2



−ikx
.
p · ukσ akσ eikx + a+
e
kσ

(82)

Now, let be the initial state |i � and the final state | f �. The transition probability per unit time
is given by the first order perturbation term, or



trans prob
time



=

2π
|� f |i�|2 δ( E f − Ei ).
h̄

(83)

We use the last formula to calculate the transition probability per unit time for a free electron
of momentum h̄q to emit a photon of momentum h̄k thereby changing its momentum to
h̄(q − k).
We find:



trans prob
time



2π  e 2
=
h̄ mc
q→q−k



2πh̄c2
1 ∂
2
Ω[ 2ω
∂ω ω ε ( ω )]ωk



×


2
2 2
h̄
q
h̄
|�q − k|p · ukσ e−ikx |q�|2 δ
−
|q − k|2 − h̄ωk .
2m
2m


(84)

The matrix element in (84) is just equal to h̄qukσ . Letting Θ to be the angle between q and k
and writing v = h̄q/m be the particle velocity, we find:



trans prob
time



=
q→q−k



4π 2 e2 h̄2 |q · ukσ |2
1 ∂
2
m2 Ωh̄vk[ 2ω
∂ω ω ε ( ω )]ωk



c
h̄ωn
δ cos Θ −
−
.
nv 2mcv



×

(85)
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Note that the photon is emitted at an angle to the path of the electron given by
cos Θ =



h̄ωn2
c
.
1+
nv
2mc2

(86)

If the energy of the photon h̄ω is much less than the rest mass of the electron mc2 then
cos Θ ≈ c/nv which gives the classical Čerenkov angle. This can only be satisfied if the
velocity of the particle is greater than c/n which is the velocity of the electromagnetic wave
in medium. In vacuum where n = 1, v can never exceed c and so emission cannot occur.
The quantity of physical interest is the loss of energy per unit length of path of the electron.
It is given by the formula:

dW
1 dW
1
=
=
dx
v dt
v

∑ h̄ωk

k,σ



trans prob
time



.

(87)

q→q−k

Using

∑ |q · uk σ|2 = q2 (1 − cos2 Θ) =

m2 v2
h̄2

σ

(1 − cos2 Θ)

(88)

and (for infinite Ω)

lim

∑
Ω→∞

→

k

Ω
(2π )3



d3 k

(89)

and introducing spherical coordinates in k-space, we find:

dW
= e2
dx

 ∞
0


c
(1 − cos2 Θ)δ cos Θ − ( nv
)−


kdk
d(cos Θ)
1 ∂
2
−1
2ω ∂ω ( ω ε ( ω ))
 1

h̄ωn
2mcv



=

nkc

e2
c2





c2
 1− 2 2

1 ∂
n v
2
2 ∂ω ( ω ε ( ω ))
ε(ω )ω 2 dω



h̄ωn2
1+
2mc2

2 

.

(90)

It is clear from this derivation that the integration over ω is only over those frequencies for
that eq. (86) can be satisfied. Since

lim n(ω )

ω →∞

−→ 1,

(91)
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the range of integration does not go to infinity and the integral is convergent.
It is possible to show that the Čerenkov angle relation for the relativistic particles with spin
zero particles is given by the relation:



�
2
v
c 
h̄ω
( n2 − 1) 1 − 2  .
1+
cos Θ =
nv
2mc2
c

(92)

This expression can be also derived using the so called Duffin-Kemmer equation for particles
with spin 0 or 1.

4.1. The Dirac electron
We have seen that in the nonrelativistic situation the appropriate Hamiltonian involved the
renormalization term

�

�
1 ∂ 2
ω ε(ω ) ,
2 ∂ω

(93)

must be the same also in case of the relativistic situation.
Let us consider the process where an electron of momentum h̄(p + k) emits a photon of
momentum h̄k and polarization σ. The interaction Hamiltonian in case of Dirac electron is

H I = −e

�

d3 ψ+ α · Aψ,

(94)

where α are the Dirac matrices, A is the electromagnetic potential [12].
Expanding ψ+ , ψ and A by the second quantization method, we have for the interacting
potential:

HI =

∑ ∑ ∑′

k,σ p,λ λ

�

2πh̄c2
∂
Ω 21 ∂ω
(ω 2 ε)

�

�

�
+
u+
p+k,λ ( α · ukσ upλ ) bp+k,λ′ bpλ ak,λ + h.c. ,

where h.c. denotes operation of Hermite conjugation.
Then, the transition probability per unit time is:

�

trans prob
time

�
p+k,λ′ →p,λ

�
�
2πh̄c2
2π 2
2
e
=
|u+
p+k,λ ( α · ukσ upλ )|
∂
h̄
Ω 12 ∂ω
(ω 2 ε)

×

(95)
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δ



h̄2 c2 |p + k|2 + m2 c4 −



h̄2 c2 p2 + m2 c4 − h̄ω



(96)

and we may proceed to calculate the energy loss per length as we did in the nonrelativistic
case.
There is one modification in this calculation. The sum over final states must include a sum
over the final spin states of the electron λ = 1, 2. We also average over the initial spin states.
Thus the general formula is of the form:

dW
11
=
dx
v2

2

2

2

∑ ∑

∑ h̄ωk

λ′ =1 λ=1 k,σ



trans prob
time



.

(97)

So, we must evaluate

1
2

2

2

∑
∑ (u+p+k,λ α · ukσ upλ )(u+p,λ α · ukσ up+kλ′ ).
′

(98)

λ =1 λ =1

Let us demonstrate the easy way of calculation of the sums. The first step is to extend the
sums over λ′ and λ to include all four values. We can do this by noting that

Hp + | Ep |
up,λ =
2| Ep |



up,λ , λ = 1, 2
,
0, λ = 3, 4

(99)

where

Hp = α · p + βmc2 .

(100)

We can use the relation (99) and the similar relation with up+k,λ′ to write eq. (98) as follows:

1
2


Now, let us consider

2

2

∑
∑ (u+p+k,λ′ α · ukσ ( Hp + |Ep |)upλ )
′

×

λ =1 λ =1

u+
p,λ α · ukσ ( Hp+k + | Ep+k |) up+kλ′



1
.
4| Ep || Ep+k|

(101)
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4

∑ up,λ u+p,λ .

(102)

λ =1

Using the relation of completeness, the eq. (102) is just the 4 × 4 unit matrix. Therefore eq.
(101) becomes:

1
2

4

∑
′

λ =1



u+
p+k,λ′ α · ukσ ( Hp + | Ep |) α · ukσ ( Hp+k + | Ep+k |) up+kλ′



1
4| Ep || Ep+k |

1
Tr [α · ukσ ( Hp + | Ep |)α · ukσ ( Hp+k + | Ep+k |)],
8| Ep || Ep+k |

=

(103)

where Trace can be evaluated with the certain difficulties.
First, we note that

Tr αi = Tr β.

(104)

The trace of a product of any odd number of the matrices α x , αy , αz and β is zero. We may
use the following identity:

(α · a)(α · b) = 2(a · b)1 − (α · b)(α · a),

(105)

where a and b are arbitrary vectors and

Tr AB = Tr BA,

(106)

Tr (α · a)(α · b) = 4a · b.

(107)

Tr (α · a) β(α · b) β = −4a · b

(108)

to show that

We can show also that

and
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Tr (α · a)(α · b)(α · c)(α · d)

=

4(a · b)(c · d) − 4(a · c)4(b · d) + 4(a · d)4(b · c)

(109)

for any three vectors a, b, c, d.
Using the formulas with operation Trace, we can evaluate eq. (103). We find:

1
2

�

m2 c4
( u · v )2 v · v
1−
+ 2 kσ 2 1 − 1 2 2
| Ep || Ep+k |
c
c

�

,

(110)

where we have used

v=

c2 p
,
E

(111)

and where v1 and v2 are the velocities before and after emission of photon. The sum over
polarizations can be carried out as was done in eq. (102). The result is that eq. (103) summed
over polarization is:

��


��
�
�


2
2
�
v
v
v21
1
v
·
v
2
1
2
2
� 1− 1
−
,
1
Θ
)
+
−
−
(
1
−
cos
1
2
c2
c2
c2
c2 

(112)



�
c 
h̄ω
v2 
2
( n − 1) 1 − 2 .
1+
cos Θ =
nv
2mc2
c

(113)

where again Θ is the angle between p and k and it is given by the formula:

We have used

E= �

mc2
1−

v2
c2

(114)

to obtain eq. (113) from eq. (110). The second term in eq. (113) is a small correction to the
result formed in the spin 0 case.
The momentum of photon is negligible in comparison with the momentum of electron. Then
(v1 ≈ v2 ) and the term in braces vanishes. This will be true in both the classical limit h̄ → 0
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and the extremal relativistic limit (v → c). We neglect this term in the remainder of the
calculation. The rest of the calculation is the similar to the case with the spin 0. The only
differences is that eq. (113) must be used instead of eq. (112). The result is

�
e2

dW
= 2
dx
c



ε(ω )ω 2 dω
1
2

�

∂
∂ω

�

ω 2 ε(ω )


1 −

c2
n2 v2



1 + h̄ω (n2 − 1)
2mc2

�

2 

1− 2  .
c
v2

(115)

5. The source theory of the Čerenkov effect
Source theory [6, 30–32] is the theoretical construction which uses quantum-mechanical
particle language. Initially it was constructed for description of the particle physics
situations occurring in the high-energy physics experiments. However, it was found that
the original formulation simplifies the calculations in the electrodynamics and gravity where
the interactions are mediated by photon or graviton respectively.
The basic formula in the source theory is the vacuum to vacuum amplitude [30]:

i

< 0+ |0− >= e h̄ W (S) ,

(116)

where the minus and plus tags on the vacuum symbol are causal labels, referring to any
time before and after space-time region where sources are manipulated. The exponential
form is introduced with regard to the existence of the physically independent experimental
arrangements which has a simple consequence that the associated probability amplitudes
multiply and corresponding W expressions add.
The electromagnetic field is described by the amplitude (116) with the action

W( J) =

1
2c2

�

(dx )(dx ′ ) J µ ( x ) D+µν ( x − x ′ ) J ν ( x ′ ),

(117)

where the dimensionality of W ( J ) is the same as the dimensionality of the Planck constant
h̄. Jµ is the charge and current densities. The symbol D+µν ( x − x ′ ), is the photon propagator
and its explicit form will be determined later.
It may be easy to show that the probability of the persistence of vacuum is given by the
following formula [30]:

2
d
| < 0+ |0− > |2 = exp{− Im W } = exp{−
h̄

�

dtdω

P(ω, t)
},
h̄ω

(118)

where we have introduced the so called power spectral function P(ω, t). In order to extract
this spectral function from Im W, it is necessary to know the explicit form of the photon
propagator D+µν ( x − x ′ ).
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The electromagnetic field is described by the four-potentials Aµ ( ϕ, A) and it is generated by
the four-current J µ (c̺, J) according to the differential equation [30]:

(∆ −

µ µν n2 − 1 µ ν
µε ∂2
µ
)
A
=
η η ) Jν
(g +
c
c2 ∂t2
n2

(119)

with the corresponding Green function D+µν :

µν

D+ =

µ µν n2 − 1 µ ν
η η ) D+ ( x − x ′ ) ,
(g +
c
n2

(120)

where η µ ≡ (1, 0), µ is the magnetic permeability of the dielectric medium with the dielectric
constant ε, c is the velocity of light in vacuum, n is the index of refraction of this medium,
and D+ ( x − x ′ ) was derived by Schwinger et al. [30] in the following form:

D+ ( x − x ′ ) =

i
4π 2 c

 ∞
0

dω

sin

nω
′
c | x − x | −iω |t−t′ |
e
.
′
|x − x |

(121)

Using formulas (117), (118), (120) and (121), we get for the power spectral formula the
following expression [30]:

P(ω, t) = −

×

ω µ
4π 2 n2





dxdx′ dt′

̺(x, t)̺(x′ , t′ ) −

sin

nω
′
c |x − x |
|x − x′ |

cos[ω (t − t′ )]×


n2
′ ′
J
(
x,
t
)
·
J
(
x
,
t
)
.
c2

(122)

Now, we are prepared to apply the last formula to the situations of the charge moving in the
dielectric medium.
The charge and current density of electron moving with the velocity v and charge e is

̺ = eδ(x − vt)

(123)

J = evδ(x − vt).

(124)

After insertion of eqs. (123) and (124) in equation for spectral density (122), we find:
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e2
1
µωv(1 − 2 2 );
4πc2
n β

P(ω, t) =

P(ω, t) = 0;

nβ > 1

(125)

nβ < 1,

(126)

where β = v/c. Relations (125) and (126) determine the Čerenkov spectrum and the
threshold condition for the existence of the Čerenkov effect nβ = 1.

6. The Čerenkov effect in the dielectric 2D hexagonal structure
In case of the two dimension situation, the form of equations (119) and (120) is the same with
the difference that η µ ≡ (1, 0) has two space components, or η µ ≡ (1, 0, 0), and the Green
function D+ as the propagator must be determined by the two-dimensional procedure. I
other words, the Fourier form of this propagator is with (dk) = dk0 dk = dk0 dk1 dk2 =
dk0 kdkdθ

D+ ( x − x ′ ) =

′
1
(dk)
eik( x− x ) ,
(2π )3 k2 − n2 (k )2



(127)

or, with R = |x − x′ |

D+ ( x − x ′ ) =

1
(2π )3

 2π

dθ

0

 ∞

kdk

0

′
 ∞
dω eikR cos θ −iω (t−t )

c

−∞

k2 −

n2 ω 2
c2

− iε

.

(128)

Using exp(ikR cos θ ) = cos(kR cos θ ) + i sin(kR cos θ ) and (z = kR)

∞

∑ (−1)n J2n (z) cos 2nθ

(129)

∑ (−1)n J2n−1 (z) cos(2n − 1)θ,

(130)

cos(z cos θ ) = J0 (z) + 2

n =1

and

∞

sin(z cos θ ) =

n =1

where Jn (z) are the Bessel functions [15], we get after integration over θ:

D+ ( x − x ′ ) =

1
(2π )2

 ∞
0

kdk

 ∞
dω
−∞

c

J0 (kR)
k2

−

n2 ω 2
c2

− iε

′

e−iω (t−t ) ,

(131)
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where the Bessel function J0 (z) has the following expansion [15]:

(−1)s z2s
2s
s=0 s!s!2
∞

J0 (z) =

(132)

∑

The ω-integral in (131) can be performed using the residuum theorem after integration in
the complex half ω-plane.
The result of such integration is the propagator D+ in the following form:

D+ ( x − x ′ ) =

i
2πc

 ∞
0

dω J0

 nω
c


′
|x − x′ | e−iω |t−t | .

(133)

The initial terms in the expansion of the Bessel function with exponent zero is as follows:

J0 (z) = 1 −

z2
z4
z6
z8
+ 2 2 − 2 2 2 + 2 2 2 2 −···
2
2
2 4
2 4 6
2 4 6 8

.

(134)

The spectral formula for the two dimensional Čerenkov radiation is of the analogue of the
formula (122), or,

P(ω, t) = −

×

ω µ
2π n2





dxdx′ dt′ J0

̺(x, t)̺(x′ , t′ ) −

 nω
c


|x − x′ | cos[ω (t − t′ )]×


n2
′ ′
J
(
x,
t
)
·
J
(
x
,
t
)
,
c2

(135)

where the charge density and current involves only two-dimensional velocities and
integration is also only two-dimensional with two-dimensional dx, dx′ .
The difference is in the replacing mathematical formulas as follows:

sin

nω
′
c |x − x |
|x − x′ |

J0

−→

 nω
c


|x − x′ | .

(136)

So, After insertion the quantities (123) and (124) into (135), we get:

P(ω, t) =

e2 µωv
2π c2



1−

1
n2 β2



dt′ J0

 nvω
c


|t − t′ | cos[ω (t − t′ )],

β = v/c,

(137)
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where the t′ -integration must be performed. Putting τ = t′ − t, we get the final formula:

e2 µωv
P(ω, t) =
2π c2



1
1− 2 2
n β



∞

−∞

dτ J0 (nβωτ ) cos(ωτ ),

β = v/c.

(138)

The integral in formula (138) is involved in the tables of integrals [11] on page 745, number
8. Or,

J=

 ∞
0

dxJ0 ( ax ) cos(bx ) = √

J = ∞;

a = b,

1
a2 − b2

J = 0;

;

0 < b < a,

0 < a < b.

(139)

In our case we have a = nβω and b = ω. So, the power spectrum of in eq. (138) is as follows
with J0 (−z) = J0 (z):

e2 µωv
P(ω, t) =
π c2



1
1− 2 2
n β



2
ω



n2 β2

−1

,

nβ > 1,

β = v/c.

(140)

and

P(ω, t) = 0;

nβ < 1,

(141)

where condition nβ = 1 is the threshold of the existence of the two-dimensional form of the
Čerenkov radiation.

7. The Čerenkov radiation in two-dimensional structure generated by a
pulse
Let us consider the electron moving perpendicularly to the 2D sheet in the pane y − z with
the index of refraction n and the magnetic permeability µ. Then, the charge density and
current density for the charge moving along the axis is (v > 0)

̺ = eδ(vt)δ(x) =

J = 0.

e
δ(t)δ(x)
v

(142)

(143)
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After insertion of the last formulas into the spectral formula for the Čerenkov radiation (135)
with regard to (136), we get

P(ω, t) =

e2 µω
2π n2 v2



dt′ δ(t)δ(t′ ) J0 (0) cos[ω (t − t′ )],

(144)

After performing the t and t’ integration we get



dtP(ω, t) =

e2 µω
J (0) .
2π n2 v2 0

(145)

The derived formula does not involve the Čerenkov radiation threshold. At the same time
the formula does not involve the transition radiation which is generated by the charge when
it is moving outside of the sheet. Nevertheless, such radiation can be easily determined by
the Ginzburg method [10].

8. The Čerenkov effect with massive photons
The massive electrodynamics in medium can be constructed by generalization of massless
electrodynamics to the case with massive photon. In our case it means that we replace only
eq. (119) by the following one:



∆−

m2 c2
µǫ ∂2
+
c2 ∂t2
h̄2



Aµ =

µ
c



gµν +

n2 − 1 µ ν
η η
n2



Jν ,

(146)

where m is mass of photon. The Lorentz gauge of massless photons is conserved also in the
massive situation.
In superconductiviy photon is a massive spin 1 particle as a consequence of a broken
symmetry of the Landau-Ginzburg Lagrangian. The Meissner effect can be used as a
experimental demonstration that photon in a superconductor is a massive particle. In
particle physics the situation is analogous to the situation in superconductivity. The masses
of particles are also generated by the broken symmetry or in other words by the Higgs
mechanism. Massive particles with spin 1 form the analogue of the massive photon.
Kirzhnits and Linde [14] proposed a qualitative analysis wherein they indicated that, as in the
Ginzburg-Landau theory of superconductivity, the Meissner effect can also be realized in the
Weinberg model. Later, it was shown that the Meissner effect is realizable in renormalizable
gauge fields and also in the Weinberg model [35].
We will investigate how the spectrum of the Čerenkov radiation is modified if we suppose
the massive photons are generated instead of massless photons. The derived results form
an analogue of the situation with massless photons. According to author Pardy [25–27] and
Dittrich [6] with the analogy of the massless photon propagator D (k) in the momentum
representation
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D (k) =

1
,
|k|2 − n2 (k0 )2 − iǫ

(147)

the massive photon propagator is of the form (here we introduce h̄ and c):

D (k, m2 ) =

1

| k |2

− n2 ( k 0 )2

+

m2 c2
h̄2

− iǫ

,

(148)

where this propagator is derived from an assumption that the photon energetic equation is

| k |2 − n2 ( k 0 )2 = −

m2 c2
h̄2

,

(149)

where n is the parameter of the medium and m is mass of photon in this medium.
From eq. (149) the dispersion law for the massive photons follows:
c
ω=
n



k2 +

m2 c2
h̄2

.

(150)

Let us remark here that such dispersion law is valid not only for the massive photon but
also for electromagnetic field in waveguides and electromagnetic field in ionosphere. It
means that the corresponding photons are also massive and the theory of massive photons
is physically meaningful. It means that also the Čerenkov radiation of massive photons is
physically meaningful and it is meaningful to study it.
The validity of eq. (149) can be verified using very simple idea that for n = 1 the Einstein
equation for mass and energy has to follow. Putting p = h̄k, h̄k0 = h̄(ω/c) = ( E/c), we
get the Einstein energetic equation

E2 = p2 c2 + m2 c4 .

(151)

The propagator for the massive photon is then derived as

2

i 1
D+ ( x − x , m ) =
c 4π 2
′

2

 ∞
0

dω

2

m2 c2 1/2
] |x − x′ |
′
h̄2
e−iω |t−t | .
|x − x′ |

sin[ n cω2 −

The function (152) differs from the the original function D+ by the factor

(152)
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m2 c2
ω 2 n2
−
c2
h̄2

1/2

.

(153)

From eq. (152) the potentials generated by the massless or massive photons respectively
follow. In case of the massless photon, the potential is according to Schwinger defined by
the formula:

V (x − x′ ) =

 ∞

−∞

dτD+ (x − x′ , τ ) =

 ∞

dτ

−∞



i 1
c 4π 2

 ∞
0

dω

sin


nω
′
c | x − x | −iω |τ |
.
e
|x − x′ |

(154)

The τ-integral can be evaluated using the mathematical formula

 ∞

dτ e−iω |τ | =

−∞

2
iω

(155)

and the ω-integral can be evaluated using the formula

 ∞
sin ax

x

0

dx =

π
,
2

for

a > 0.

(156)

After using eqs. (155) and (156), we get

V (x − x′ ) =

1
1 1
.
c 4π |x − x′ |

(157)

In case of the massive photon, the mathematical determination of potential is the analogical
to the massless situation only with the difference we use the propagator (152) and the tables
of integrals [11]:

 ∞
dx

 

π
sin p x2 − u2 = e− pu .
x
2

0

(158)

Using this integral we get that the potential generated by the massive photons is



′
1 1 exp − mcn
h̄ | x − x |
V (x − x , m ) =
.
c 4π
|x − x′ |
′

2

(159)
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If we compare the potentials concerning massive and massless photons, we can deduce that
also Čerenkov radiation with massive photons can be generated. So, the determination of
the Čerenkov effect with massive photons is physically meaningful.
In case of the massive electromagnetic field in the medium, the action W is given by the
following formula:

1
2c2

W=

�

(dx )(dx ′ ) J µ ( x ) D+µν ( x − x ′ , m2 ) J ν ( x ′ ),

(160)

where

µν

D+ =

µ µν
[ g + ( 1 − n − 2 ) η µ η ν ] D+ ( x − x ′ , m 2 ) ,
c

(161)

where η µ ≡ (1, 0), J µ ≡ (c̺, J) is the conserved current, µ is the magnetic permeability
√
of the medium, ǫ is the dielectric constant od the medium and n = ǫµ is the index of
refraction of the medium.
The probability of the persistence of vacuum is of the following form:

2

|�0+ |0− �|2 = e− h̄ ImW ,

(162)

where Im W is the basis for the definition of the spectral function P(ω, t) as follows:

2
d
− ImW = −
h̄

�

dtdω

P(ω, t)
.
h̄ω

(163)

Now, if we insert eq. (161) into eq. (160), we get after extracting P(ω, t) the following general
expression for this spectral function:

P(ω, t) = −

ω µ
4π 2 n2

�



dxdx′ dt′ 

2

2

cos[ω (t − t′ )][̺(x, t)̺(x′ , t′ ) −



m2 c2 1/2
] ]|x − x′ |
h̄2

|x − x′ |

sin[ n cω2 −

n2
J(x, t) · J(x′ , t′ )].
c2

×

(164)

Now, let us apply the formula (164) in order to get the Čerenkov distribution of massive
photons. let as consider a particle of charge Q moving at a constant velocity v. In such a way
we can write for the charge density and for the current density:
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̺ = Qδ(x − vt),

J = Qvδ(x − vt).

(165)

After insertion of eq. (165) into eq. (164), we get (v = |v|).

Q2 vµω
P(ω, t) =
4π 2 c2



1
1− 2 2
n β



∞
∞

dτ
sin
τ



n2 ω 2
m2 c2
− 2
2
c
h̄

1/2



vτ cos ωτ,

(166)

where we have put τ = t′ − t, β = v/c.
For P(ω, t), the situation leads to evaluation of the τ-integral. For this integral we have:

 ∞
dτ
−∞

τ

sin



c2
n2 ω 2
−
c2
m2

1/2



vτ cos ωτ =



2

π, 0 < m2 < cω2 v2 (n2 β2 − 1)
2
0, m2 > cω2 v2 (n2 β2 − 1).

(167)

From eq. (167) immediately follows that m2 > 0 implies the Čerenkov threshold nβ > 1.
From eq. (166) and (167) we get the spectral formula of the Čerenkov radiation of massive
photons in the form:

Q2 vωµ
P(ω, t) =
4π c2



1
1− 2 2
n β



(168)

for

ω>

mcv
1

> 0,
2
h̄
n β2 − 1

(169)

1
mcv

.
h̄
n2 β2 − 1

(170)

and P(ω, t) = 0 for

ω<

Using the dispersion law (150) we can write the power spectrum P(ω ) as a function
dependent on k2 . Then,

Q2 vµ
P ( k2 ) =
4π nc



k2

m2 c2

+

h̄

2



1
1− 2 2
n β

and P(ω, t) = 0 for k2 < (m2 c2 /h̄2 )(n2 β2 − 1)−1 .



;

k2 >

m2 c2
h̄

2

1
n2 β2 − 1

(171)
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The most simple way how to get the angle Θ between vectors k and p is the use the
conservation laws for an energy and momentum.

E − h̄ω = E′

(172)

p − h̄k = p′ ,

(173)

where E and E′ are energies of a moving particle before and after act of emission of a photon
with energy h̄ω and momentum h̄k, and p and p′ are momenta of the particle before and
after emission of the same photon.
If we raise the equations (172) and (173) to the second power and take the difference of these
quadratic equations, we can extract the cos Θ in the form:

1
cos Θ =
nβ



1+

m2 c2
h̄2 k2

1/2

h̄k
+
2p



1
1− 2
n



−

m2 c2
,
2n2 ph̄k

(174)

which has the correct massless limit. The massless limit also gives the sense of the parameter
n which is introduced in the massive situation. We also observe that while in the massless
situation the angle of emission depends only on nβ, in case of massive situation it depends
also on the wave vector k. It means that the emission of the massive photons are emitted by
the Čerenkov mechanism in all space directions.
So, in experiment the Čerenkov production of massive photons can be strictly distinguished
from the Čerenkov production of massless photons, or, from the hard production of spin 1
massive particles.

9. Perspective
The article is in some sense the preamble to the any conferences of ideas related to the
Čerenkov effect in the graphene-like dielectric structures. At present time, the most attention
is devoted in graphene physics with a goal to construct the computers with the artificial
intelligence. However, we do not know, a priori, how many discoveries are involved in the
investigation of the Čerenkov effect in graphene-like structures.
The information on the Čerenkov effect in graphene-like structures and also the elementary
particle interaction with graphene-like structures is necessary not only in the solid state
physics, but also in the elementary particle physics in the big laboratories where graphene
can form the substantial components of the particle detectors. We hope that these possibilities
will be consider in the physical laboratories.
The monolithic structures can be also built into graphene-like structures by addition and
re-arrangement of deposit atoms [20]. The repeating patterns can be created to form new
carbon allotropes called haeckelites. The introducing such architectonic defects modifies
mechanical, electrical, optical and chemical properties of graphene-like structures and it
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is not excluded that special haeckelites are superconductive at high temperatures. The
unconventional graphene-like materials can be prepared by special technique in order to
do revolution in the solid state physics.
While the last century economy growth was based on the inventions in the Edison-Tesla
electricity, the economy growth in this century will be obviously based on the graphene-like
structures physics. We hope that these perspective ideas will be considered at the universities
and in the physical laboratories.
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1. Introduction
The perennial interest in studying the physical properties of nanofilms has increased sub‐
stantially over the last few years due to the development of nanotechnologies and the syn‐
thesis of new compounds – especially those based on carbon, which are extremely
interesting for both fundamental research and potential applications.
An important feature of carbon nanofilms (including those with defects) is a close relation
between the electronic and phonon properties, which is exhibited, for example, in the gra‐
phene-based systems with superconducting properties [1,2].
It is well known that graphene monolayers cannot exist as planar objects in the free state,
because in flat 2D-crystals the mean-square amplitudes of the atoms in the direction normal
to the layer plane diverge even at T = 0 (see, e.g., [3]). So we can study and practically apply
only such graphene, which is deposited on a certain substrate providing the stability of the
plane carbon nanofilms (see, e.g., [4-6]). Only small flakes can be detached from the sub‐
strate and these flakes immediately acquire a corrugated shape [7]. When studying the elec‐
tronic properties of graphene a dielectric substrate is often used. The presence of the
substrate greatly increases the occurrence of various defects in graphene and carbon nano‐
films. Our investigations make it possible to predict the general properties of phonon and
electron spectra for graphene and bigraphene containing different defects.
This chapter consists of three sections: first section is devoted to the calculation of local dis‐
crete levels in the electron spectra of graphene with different defects. In the second section
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we describe the electronic properties of bilayered graphene and, finally, the third section
deals with the influence of defects on electron spectra of bigraphene.

2. Impurity levels in the electron spectra of graphene
The exceptionality of graphene is manifested in the phonon and electron properties. Gra‐
phene is a semimetal whose valence and conduction bands touch at the points K and K’ of
the Brillouin zone [8,9]. In the pure graphene unique electronic properties are manifested by
the charge carriers behaving as massless relativistic particles - the dependence of energy on
the momentum is linear rather than - as in ordinary solids - quadratic. Thus, the lower-di‐
mensionality affects the formation of phonon localized states [10] and also the formation of
localized states in the electronic spectrum. Absent gap between the valence and conduction
bands is a consequence of the symmetry between two equivalent sublattices in graphene
[11]. Presence of impurities lowers the symmetry. The influence of vacancies placed into one
of the graphene sublattices was investigated in [12], where it was shown that the equiva‐
lence of the sublattices is broken.
In this section we describe the characteristics of localized and local states present in gra‐
phene due to the impurities of nitrogen and boron, respectively. The presence of the sub‐
strate greatly increases the possibility to introduce various defects into graphene. For
example, in the graphene deposited on silicon, vacancies can occur [13, 14], whereas in
graphite (a set of weakly interacting graphene monolayers) vacancies heal and form a stack‐
ing fault with local fivefold symmetry axis [15]. Impurity atoms embedded in graphene may
lead to the appearance of impurity states outside the band of quasi-continuous spectrum. At
low impurity concentrations (when impurity is considered as an isolated defect) these states
appear in the form of local discrete levels (LDL).
Although such levels in various quasiparticle spectra have been known and studied over 60
years, an adequate description is still absent, even in the harmonic approximation for suffi‐
ciently realistic models of the crystal lattice. The dependence of the appearance conditions
and characteristics of LDL on the parameters of a perfect lattice and defect was identified
only in the most general terms. However, LDL may be used as an important source of infor‐
mation about the defect structure and force interactions in real crystals. To extract such in‐
formation it is useful to have analytical expressions that relate main characteristics of LDL to
the parameters of both the defect and the host lattice.
Here we present the results of our calculations and analyses of the characteristics of the elec‐
tronic local discrete levels for substitutional impurities in graphene, especially for a boron
substitutional impurity, using an analytical approximation based on the Jacobi matrices
method [16, 17].
The fact that the charge carriers in graphene are formally described by the Dirac equation
and not by the Schrödinger equation is due to the symmetry of the crystal lattice of gra‐
phene, which consists of two equivalent carbon sublattices. Electronic subbands formed by
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the symmetric and antisymmetric combinations of wave functions in the two sublattices in‐
tersect at the edge of the Brillouin zone, which leads to a cone-shaped energy spectrum near
the K and K´ points of the first Brillouin zone. The electrons obey the linear dispersion law
(in ordinary metals and semiconductors the dispersion law is parabolic).
The electronic spectrum of graphene can be described by a strong coupling approximation,
and it is sufficient to consider the interaction between nearest neighbors only (see, e.g.,
[5,6,18-20]). The corresponding Hamiltonian is
^
H = ∑ εi | ii | − ∑ J ij | i j |
i

i, j

(1)

where i and j are the labels of the nodes of the two-dimensional lattice, εi is the energy of
electron at node i, and J ij is the so-called overlap integral.
Curve 1 in Figure 1 shows the density of electronic states of graphene as calculated using the
method of Jacobi matrices [16, 17]. In a perfect graphene the local Green's function
^ ^
coincides
with
the
total
Green’s
function
G (ε, i ) = i | (εI − H )−1 | i
1
N
N →∞

G (ε ) = lim

∑ i | (εI^ − H^ )−1 | i because of the physical equivalence of the atoms of both sub‐
N

i=1

lattices. Peculiarity of the density of states at ε = ε ( K ) (the value ε ( K ) corresponds to the Fer‐
mi energy εF in graphene) determines the behavior of the real part of the Green's function
near εF . For a wide class of perturbations caused by defects we can find, using the Lifshitz
equation [21], quasilocalized states in the interval − ε (M ), ε (M ) (in this model ε (M ) = J ).
This equation, which determines the energy of these states, can be written as (see, e.g.,
[3,17])
ReG (ε ) = S (ε, Λik )

(2)

^
where the S (ε, Λik ) function is determined by the perturbation operator Λ ( Λik are matrix
elements of this operator on defined basis).
The local spectral densities ρ (ε, i ) ≡

1
limImG (ε + iγ, i ) of impurity atoms are calculated in
π γ↓0

[6]. For an isolated substitutional impurity with the energy ε0 = ε̃ of the impurity node i = 0
and with the overlap integral J i0 = (1 + η ) J , the function S (ε, ε̃, η ) has the form
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Figure 1. Electronic density of states of perfect graphene (curve 1) and the local density of states for an isolated boron
substitutional impurity (curve 2).

S (ε, ε̃, η ) =

(1 + η )2
ε̃ + εη (2 + η )

(3)

For a nitrogen impurity ε̃ − ε ( K ) ≈ − 0.525J and η ≈ − 0.5 (according to [4]). As shown in [22],
equation (2) has a solution for both interval − ε (M ), ε ( K ) and interval ε ( K ), ε (M ) .
The local density of states of the nitrogen substitutional impurity calculated in [11] has qua‐
si-local maxima in both intervals. For an boron substitutional impurity ( η ≈ 0.5 ) [6], quasilocalized states are absent in the − ε (M ), ε (M ) interval [12]. Figure 2 shows the graphical
solution of the Lifshitz equation (2) for a given impurity atom. In this case the Lifshitz equa‐
tion has no solutions in interval − ε (M ), ε (M ) (corresponding dependences S (ε ) are shown
as curves 3 in Figure 2). The local Green's function of the boron impurity (curve 2 in Figure
1) has two poles outside the band of quasi-continuous spectrum, which are called local dis‐
crete levels and which are also solutions of equation (2). As is clearly seen in Figure 1 the
area under the curve 2 is smaller (by the sum of the residues at these poles) than the area
under the curve 1.
Local discrete levels can be an important source of information about defective structure
and force interactions in real crystals. To extract this useful information we should have ana‐
lytical expressions that relate the main characteristics of LDL (primarily their energy) to the
parameters of the defect and the host lattice.
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Figure 2. Graphical solution of equation (2) for boron substitutional impurity in graphene. Curve 1 is the electronic
density of states of ideal graphene, curve 2 is the corresponding real part of the Green's function. Curves 1′ and 2′ are
the “approximations of two moments” of these functions. Curve 3 represents the function S (ε ) .

Such expressions were obtained in [23] for localized vibrations in the phonon spectrum of
a three-dimensional crystal. Authors proposed an analytical approximation of the basic char‐
acteristics of local vibrations based on the rapid convergence of the real part of the Green's
function outside the band of quasi-continuous spectrum using the method of Jacobi matri‐
ces [16,17].
Let us, briefly, to the extent necessary to understand the use of the classification of the eigen‐
functions of Hamiltonian (1), to present the basics of the method of Jacobi matrices. This
method allows, without finding the dispersion laws, to calculate directly the local partial
Green's functions of the system, corresponding to the perturbation of one or more atoms.
→
This perturbation is described by the so-called generating vector h 0 ∈ H , where H is the

space of electronic excitations of atoms. Its dimension is qN , where N is the number of
atoms in the system, and q is the dimension of the displacement of a single atom (q = 1, 2, 3).
Vectors of the space H are denoted by an arrow above the symbol, and “ordinary” q-dimen‐
sional vectors are in bold italics.
If, using the generating vector

(p is the number of excited atoms) and the

^ →
Hamiltonian (1), we construct the sequence {H n h 0}∞n=0 , then the linear envelope covering the
^
vectors of this sequence forms, in the H space, a cyclic subspace invariant to the operator H .
This subspace contains, within itself, all the atomic displacements generated by the vector
→
h 0 . The corresponding partial Green's function is determined as a matrix element
→
^ ^ →
G00(λ ) ≡ (h 0, εI − H −1h 0) , where λ ≡ ω 2 is the eigenvalue. Quantity ρ (λ ) ≡ π −1ImG00(λ ) is
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→
→
called the spectral density generated by the initial displacement h 0 . In the basis {h n }∞n=0
^ →
which is obtained by the orthonormalization of the sequence {H n h 0}∞n=0 , the operator (1) is
represented in the form of a tridiagonal Jacobi matrix (or J-matrix). This matrix has a simple
spectrum, what greatly simplifies finding the partial Green's functions and spectral densi‐
ties. As can be seen, this method does not use explicitly the translational symmetry of the
crystal, making it extremely effective for treating systems in which such symmetry is bro‐
ken. The method of Jacobi matrices is particularly effective for treating systems with a sim‐
ply connected quasi-continuous band of spectrum D. In this case, with increasing rank of the
J-matrix ( n → ∞ ), its diagonal elements an converge to a corresponding to the middle of the
bandwidth D, and nondiagonal elements b n converge to b corresponding to the one-quarter
of the bandwidth D.
For the local Green's function (LGF), corresponding to the excitations of one or more atoms,
→
which are determined by the generating vector h 0 , we get following expression using the Jmatrix method
→
→
^ ^
G (ε, h 0) = (h 0, εI − H

−1 →

Qn (ε ) − bn−1Qn−1(ε ) K ∞ (ε )
( )
( ) ( )
n→∞ Pn ε − bn−1 Pn−1 ε K ∞ ε

h 0) = lim

(4)

^
where I is the unit operator and polynomials Pn (ε ) and Qn (ε ) are determined by the follow‐
ing recurrence relations
bn {P, Q }n+1(ε ) = (ε − an ){P, Q }n (ε ) − bn−1{P, Q }n−1(ε )

(5)

The initial conditions are P−1(ε ) = Q0(ε ) ≡ 0 , P0(ε ) ≡ 1 , Q0(ε ) ≡ 0 , and Q1(ε ) ≡ b0−1 , function
K ∞ (ε ) corresponds to the LGF operator, with all elements of its J-matrix being equal to their
limit values a and b:
K ∞ (ε ) = 2b −2 ε − a − Z (ε ) ⋅ (ε − a + 2b)(ε − a − 2b)

(6)

Z (ε ) ≡ Θ (a − 2b − ε ) + iΘ (ε − a + 2b) ⋅ Θ (a + 2b − ε ) − Θ (ε − a − 2b)

(7)

The method of Jacobi matrices can treat as a regular singular perturbation a much larger num‐
ber of perturbations of the phonon spectrum due to the presence of various crystal defects
than the traditional methods [19, 20]. In addition, perturbations do not change the band‐
width of the quasi-continuous spectrum, and consequently, the asymptotic values of the ele‐
ments of the J-matrix can be regarded as an asymptotically degenerated regular perturbation
[23]. This type of perturbations covers virtually all perturbations of the phonon spectrum
caused by local defects. The calculation of vibration characteristics of such systems is per‐
formed, using the method of J-matrices, with the same accuracy as for the initial ideal system.
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In practice, it is usually possible to calculate the Jacobi matrix of the Hamiltonian of a finite
rank. The expression
Qn (ε ) − bn−1Qn−1(ε ) K ∞ (ε )
→
G (ε, h 0) ≈ ( )
Pn ε − bn−1Pn−1(ε ) K ∞ (ε )

(8)

is called analytical approximation of LGF. All dependences in Figure 1 and curves 1 and 2 in
Figure 2 were calculated by the formula (8), using the Jacobi matrix of the Hamiltonian (1)
with rank n = 600 . If we count the energy from the Fermi energy level, then all diagonal ele‐
ments of Jacobi matrices are zero ( an = a = 0; b = ε0 / 2 , where ε0 = 3J is the half-width of the

quasi-continuous spectrum). A good accuracy of the approximations shown in figures is
confirmed also by the fact that they show the nonanalyticity effects corresponding to the
densities of states of systems with the dimension larger than unity (so-called van Hove sin‐
gularities). In the vicinity of these singularities the expression (8) slowly converges to the
true values of the really and imaginary parts of LGF.
Curves 1′ and 2′ in Figure 2 show local density of states and their corresponding real parts
of the LGF calculated by formula (8) with n=1. As can be seen in the band of the quasi-con‐
tinuous spectrum these relationships have very little in common with curves 1 and 2. Thus,
the curve 1′ does not even hint at the V-shaped “Dirac” singularity at ε = ε ( K ) = εF , and on
the curve 2′ in the interval − ε (M ), ε (M ) both non-monotonous parts and the logarithmic
singularities at the edges of the band of quasi-continuous spectrum, characteristic for the 2D
systems are absent. However, outside the band of quasi-continuous spectrum (also in the
area of intersection of the real part of LGF with curve (3)) curves 2 and 2′ practically coin‐
cide, and if we put in the Lifshitz equation (2) instead of LGF its approximation (8) for n=1,
the obtained solutions give the energies of LDL with quite high accuracy. Moreover, these
solutions can be easily found analytically. The LGF approximation by formula (8) for n=1
was named the approximation of two moments in [23]. Indeed, it follows from the orthonor‐
mality of the polynomials defined in [16,17] that
−ε0

−ε0

∫ P (ε)ρ(ε)dε = 0 ⇒ a = ∫ ερ(ε)dε = M ,
1

0

−ε0
−ε0

−ε0

∫ P (ε)ρ(ε)dε = ∫
2
1

−ε0

1

−ε0

−ε0

(ε 2 − a02)
b02

ρ (ε )dε = 1 ⇒ b0 = M 2 − M 12

Finding the characteristics of LDL is more convenient without using equation (2), looking
→
→
^ ^ ^ →
for them as the poles of the LGF perturbed Hamiltonian G̃ (ε, h 0) = (h 0, εI − H − Λ −1h 0) . In
the approximation of two moments for the subspace generated by the excitation of an im‐
purity atom, we get
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G̃ (ε ) =

1
ε − a0 − b02 K ∞ (ε )

(9)

For the case of an isolated substitutional impurity
1+η

a0 = ε̃; b0 = 3(1 + η)J =

ε0

(10)

| ε 2 − ε02 |

(11)

3

from where we get
(1 − γ )ε − a0 + Z (ε )γ
G̃ (ε ) =
R (ε )
where R (ε ) = (1 − 2γ )ε 2 − 2(1 − γ )a0ε + a02 + γ 2ε02 and
γ ≡ b02 / 2b 2 = 2(1 + η )2 / 3

(12)

Local discrete levels are poles (11), i.e. the roots of R (ε ) are

( )

εd ± =

(γ − 1)a0 ± γ a02 + (2γ − 1)ε02
2γ − 1

(13)

( )

Residues at these poles μ0 ± = r ‵e s G̃ (ε ) are called intensities of LDL and they determine the
( )

ε=εd ±

ε0

relative LDL “amplitude” on the impurity atom:

( )
μ0 ± = 1 − π −1

∫ ImG̃(ε)dε . The condition that

−ε0

the intensity differs from zero defines the existence region of LDL. In this case

( )

μ0 + =
( )

μ0 − =

It was shown in [23] that

γa0 + (γ − 1) a02 + (2γ − 1)ε02
(2γ − 1)

a02

+

(2γ − 1)ε02

⋅Θ

− γa0 + (γ − 1) a02 + (2γ − 1)ε02
(2γ − 1) a02 + (2γ − 1)ε02

(

)

a0
−1 + γ ;
ε0

(

)

a0
⋅Θ γ −1−
.
ε0

(14)
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→
→
^ ^
Gmn (ε, h 0) = (h m, εI − H

−1 →

→
h n ) = − Pm(ε )Qn (ε ) + Pm(ε )Pm(ε )G (ε, h 0)

(m < n ).

This implies that the damping of LDL, i.e. the decay of its intensity with the increasing dis‐
tance from the impurity atom (i.e. with the increase of n) follows the equation
μn ± = Pn2(εd ± ) ⋅ μ0 ± . Using the method of mathematical induction we can prove that
( )

( )

( )

(

( )
Pn εd ±

n

a 2 + (2γ − 1)ε 2 ∓ a
) = 2γ ⋅ ± 0 ε (2γ − 1)0 0
0

( )

(15)

( )

( )

The intensities μn ± decay with increasing n according to μn0± = 2γ ⋅ q n ⋅ μ0 ± , that is, starting
from n=1 they form an infinitely decreasing geometric progression whose denominator

q

(±)

=

a02 + (2γ − 1)ε02 ∓ a0
ε0(2γ − 1)

Summing these progressions we see that

∞

∞

n=0

n=0

2

∑ μn(+) = ∑ μn(−) = 1

(16)

, that is the formation of each

LDL is the formation of one quasi-particle outside the band of the quasi-continuous electron
spectrum.
Formulas (10, 12-14, 16) give simple analytical expressions of the local conditions of the exis‐
tence of discrete levels due to the presence of a substitutional impurity in graphene.
Regions of the LDL existence for εd + (in this case ε̃ε0(1 − γ ) = ε0 1 − 2(1 + η )2 / 3 ) and for εd −
( )

( )

(in this case ε̃ε0(γ − 1) = ε0 2(1 + η )2 / 3 − 1 ) lie above and under curves in Figure 3, as indicat‐
ed by arrows.
It is seen that such levels exist in a very wide range of variables ε̃ and η . The absence of
LDL is possible only in a narrow range of values ε̃ at η 3 / 2 − 1 . If η 3 / 2 − 1 at least one local
discrete level exists. In fact, the lines delineating the area of existence of LDL in graphene in
the plane {ε̃, η } must pass through the origin of coordinates, since ReG (ε ) → ∞ for ε → ± ε0 .
However, since this divergence is logarithmic, for any appreciable splitting of LDL from the
boundary of quasi-continuous spectrum there is a certain threshold. Curves 2 and 2′ in Fig‐
ure 2 merge at | ε | > ε0 .
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Figure 3. Regions of the existence of discrete levels for substitutional impurities in graphene.

Figure 4 shows, for ε̃ ≈ 0.525J (for boron, from [6]), the dependences of energies, the LDL in‐
tensities at the boron impurity and the damping parameters of the value η that characterizes
the change in the overlap integral of the boron impurity atom (10). Solid lines show the char‐
acteristics of LDL, calculated using the approximation of the Green's function (9), i.e. accord‐
ing to the analytical formulas (13), (14) and (16). Open circles show the results of numerical
( )

( )

calculations of dependences εd ± (η ) and μ0 ± (η ) , using the Green's function in the form of (8),
calculated by the Jacobi matrices of the n ≥ 100 rank.

Figure 4. The basic characteristics of LDL in the presence of a boron substitutional impurity in graphene.
( )

It is seen that at the threshold values εd ± = ± ε0 of the LDL formation, the intensities of LDL
equal zero and the parameters of damping are equal to unit. Further increase of
accompanied by the increase of

( )
μ0 ±

| εd(±) |

and by the strengthening of the containment level.

is
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So, a good agreement between the results of numerical calculation of the LDL characteris‐
tics using Jacobi matrices of high rank, and their analytical description by the Green's func‐
tion (9), which relates these characteristics to the parameters of the defect (13) (14), makes it
relatively easy to extract the defect parameters from the known characteristics of LDL. Exper‐
( )

imental measurement (e.g. by scanning tunneling microscopy) of values εd ± should lead, us‐

ing (10), (12) and (13), to the determination of the parameters ε̃ and η and this might represent
a significant advance in creating nanomaterials with predetermined spectral characteristics.
( )

( )

As can be seen from Figure 4, with increasing η the intensity of LDL μ0 + → μ0 − → 1 / 2 . That

is, the impurity levels can not be completely localized on the impurities, but they also ap‐
pear in the spectra of surrounding carbon atoms. This greatly increases the probability of ex‐
perimental detection of such levels, even at low concentrations of impurities.

3. The electronic spectrum of bilayer graphene
Bilayer graphene is a carbon film consisting of two graphene monolayers, linked together by
(as in bulk graphite) van der Waals forces. Since the distance between the layers (film thick‐
ness) h ~ 3.5 Å the bilayer graphene can be considered not a nanofilm but a subnanofilm. The
constants of the interatomic interaction of bilayer graphene were determined and its phonon
density of states and partial contributions to this quantity from the atomic displacements
along different crystallographic directions were calculated [7,24]. On the basis of the analy‐
ses of the mean-square amplitudes of atomic displacements calculated using data from the
spectral densities, we have shown that the flat shape of a free bilayer graphene remains sta‐
ble up to the temperatures much higher than the room temperature, which makes this com‐
pound promising for nanoelectronics. In this section we calculate and analyze the electronic
spectrum of a defect-free bilayer graphene. Naturally of greatest interest is its behavior in
the energy range close to εF where there are characteristic Dirac points on the spectrum of
graphene monolayer (whose plane shape is unstable).

The unit cell of graphene contains two physically equivalent atoms and therefore local
Green's function and the local density of states (LDOS) of the atoms of different sublattices
are identical. On the other hand, bilayer graphene unit cell contains four atoms, and atoms
of different sublattices of a single graphene layer interact differently with the atoms of the
other layer and their physical equivalence is disrupted (Figure 5a).
The electronic spectrum of bilayer graphene, as well as the electronic spectrum of graphene
can be described in the strong coupling approximation. Corresponding Hamiltonian has
form (1). For graphene and bigraphene we assume that the electron hopping within the lay‐
er is possible only between nearest neighbors J ij = J ≈ 2.8 eV (see for example [25]). Electron

hopping between layers is also assumed to be possible only between nearest neighbors from
different layers, that is, between those which lie at a distance h from each other. Denote the
corresponding hopping integral J ′ . Note that only half of the bilayer graphene atoms have
such neighbors (sublattice AI and AII, see Figure 1). In sublattices BI and BII no such neigh‐
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bors exist, since nearest neighbors from different layers are at a distance h 2 + a 2 ( a ≈ 1.415
Å is the distance between nearest neighbors in the layer plane). Since this distance is only by
less than 10% greater than h , we can neglect the interaction with the atoms of the sublattices
BI and BII and this does not lead to qualitative changes in the behavior of the spectra near εF
(see, e.g. [6]). Then the dispersion relation of each of the four branches of the electronic spec‐
trum of bilayer graphene can be written as

ε1,2(k ) = ± ε02(k ) +
ε3,4(k ) = ± ε02(k ) +

J′
J′
− J ′ ε02(k ) +
;
2
4
2

2

′2

′2

(17)

J
J
+ J ′ ε02(k ) +
,
2
4

where ε0(k ) is the electronic spectrum of graphene, calculated in the strong coupling approx‐
imation:

(

ε0(k ) = ± J 1 + 4cos k ⋅

where a1 =

(

)

(

) (

) (

a1 - a2
a1 + a2
a1 - a2
cos k ⋅
+ cos k ⋅
2
2
2

)

)

(18)

a a 3
a
a 3
,
,0 and a2 = , −
,0 are two-dimensional Bravais lattice vectors (see
2 2
2
2

Figure 5b).

Figure 5. The structure of bilayer graphene (a); Bravais lattice and the first Brillouin zone (b).
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Dispersion curves along highly symmetric directions ΓK, ΓM and KM for J’ = 0.1J are shown

in Figure 6. Region near the K-point Κ = (0,±4π / 3a 3,0) and Κ = (±2π / 3a, ±2π / 3a 3,0) is
shown in the inset. The same inset shows also the dispersion curves for graphene (18). We
clearly see the quasi-relativistic nature of the electronic spectrum of graphene as well as or‐
dinary quadratic dispersion curves ε1,2(k ) for bigraphene. Spectral branches
ε3,4(k ) ∉ ( − J ′, J ′) are determined in the ( − J ′, J ′) interval. Indeed, if k takes value along ΓK,

(

)

ak 3
3aκ
, i.e. a line‐
and putting k = Κ + κ ( κ1 ) we find ε0(Κ + κ ) ≈ ∓
2
2
ar (relativistic) dispersion relation. For electronic modes of bilayer graphene ε1,2(k ) near the

then ε0(k ) = ± 1 + 2cos
Κ point, we can write

2 (
Κ + κ) ≈
ε1,2

J 12
+ ε02(Κ + κ ) −
2

{

(

)

2
J 12
J 12
+ ε02(Κ + κ ) − ε04(Κ + κ ) ≈
+ ε02(Κ + κ ) −
2
2

J 12
ε04(Κ + κ )
2(
)
+ ε0 Κ + κ ⋅ 1 −
−
2
2 J 12 / 2 + ε02(Κ + κ )

2

}

ε04(Κ + κ )

81J 4a 4κ 4
≈
= 2
,
2(
J 1 + 2ε0 Κ + κ )
16J 12

(19)

that is, we get an ordinary quadratic dispersion law
ε1,2(Κ + κ ) ≈ ±

9J 2a 2κ 2
4J 1

Figure 6. Dispersion curves along high-symmetry directions of bilayer graphene.

(20)
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The electron effective mass in considered branches, determined from the relation
ε = (ℏκ )2 / 2m * , is equal to

m*=

2ℏ2 J ′
9J 2a 2

(21)

In the case considered above J ′ = 0.1J the effective mass is m * ≈ 2.75 ⋅ 10−32 kg, and if J ′ → J it
tends to a value close to the free electron mass. Since m * ~ J ′ , then by changing the interlayer
hopping integral we can change the effective mass of charge carriers.
It should be noted that for J ′ → 0 , that is for the transition from bilayer graphene to two noninteracting graphene monolayers the effective mass, m * → 0 , and formulas (19 - 21) cannot cor‐
rectly describe this transition, since they were obtained under the assumption ε0(k ) < < J ′ .
Electron density of states for values of energy near εF is determined by branches of ε1 and ε2
only, and it follows from (3) that g1(ε ) = g2( − ε ) . Then

g (ε ) =

Σ0

(2π )2

∮

ε (κ )=ε

dl1,2

| ∂ ε1,2 / ∂ κ |

(22)

where Σ0 = 3a 2 3 / 2 is the area of the two-dimensional Bravais cell, and integration is done
along a closed isoenergetic line ε1,2(k ) = ε . At ε = 0 (Fermi level) the line contracts into a point
and near εF the contour of integration is a circle. Taking into account (20) we may write

g1,2(εF ) ≈

S0

(2π )2

∮

ε (δ )=ε

δdφ
3a 2 3
δ
J′ 3
=
⋅
2π
=
= const
| ∂ ε1,2 / ∂ κ | 2(2π )2
18J 2a 2κ 6πJ 2
4J ′
g3,4(εF ) = 0; ⇒ g (εF ) ≈

J

′

J2 3

(23)

.

This means that the electron density of states (DOS) is constant and different from zero. As
follows from (20), DOS is an analytical function and has minimum at ε = 0 and near εF the
function g (ε ) ~ ε 2 .
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Total electron DOS can be represented as a mean-arithmetic function of the two LDOS corre‐
sponding to atoms of sublattices A and B: ρAI (ε ) = ρAII (ε ) ≡ ρA(ε ); ρBI (ε ) = ρBII (ε ) ≡ ρB (ε ) and
g (ε ) = ρA(ε ) + ρB (ε ) / 2. For each sublattice with perfect structure the LDOS may be written as
ρs (εF ) ≈

S0

(2π

4

∑
)2

∮

α=1 ( )
ε δ =ε

δdφ | ψs (α, κ ) | 2
| ∂ ε1,2 / ∂ κ |

(24)

where index s is the designation of sublattice, index α is the designation of branch, and
ψs (α, κ ) are the eigenwave functions corresponding to atoms from sublattices. LDOS are cal‐

culated by the method of Jacobi matrix [16, 17] and are shown in Figure 7.

In this figure we clearly see two-dimensional van-Hove peculiarities at energy values corre‐
sponding to points Γ and Μ of the first Brillouin zone ( see Figure 5b). These eigenvalues are
given in the top inset in Figure 7. The bottom inset shows LDOS, in enlarged scale, near εF .
It is seen that near the Fermi level the local density of states as well the total density of states
are analytical and their dependences on energy are essentially nonlinear (for comparison the
DOS of graphene is also shown in the same inset). Besides, ρA(ε ) differs from both ρB (ε ) and

the total density of states and it approaches to zero for ε → 0 .

Figure 7. LDOS for atoms of different sublattices of bigraphene.
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Indeed, putting zero eigenvalue in the equation of eigenfunctions of Hamiltonian (1) we get
the values ψAI ~ ψAII = O (κ 2) , ψBI ~ ψBII ~ 1 . Therefore, near the Fermi level ρA(ε ) ~ ε 2ρB (ε ) .
Peculiarities at both ends, i.e. at ε ≈ ± 0.1J = ± J ′ , originate from the contribution of modes ε3,4

which are not represented on interval ε ∈ − J ′, J ′ . Peculiarities at ε ≈ ± 0.05J are due to the
fact that beginning from these energies the anisotropy of isofrequency lines becomes essential.

So we can conclude that, in contrary to graphene, the bigraphene has an ordinary non-rela‐
tivistic form of the electronic dispersion law. The effective mass of electron in the bigra‐
phene strongly depends on the value of integral describing the hopping between two layers,
and this value may be changed by external conditions (for example by pressure). Near the
Fermi level the LDOS of atoms of different sublattices qualitively differ from each other. If
the LDOS for the atoms of sublattice A at the Fermi level equals to zero and it slowly in‐
creases near this level (“a quasi-gap” appears), then the LDOS of sublattice B for the same
energy values differs from zero and increases very quickly.

4. The influence of defects on the electron spectrum of bigraphene
Some peculiarities in the behavior of the bigraphene electron spectrum near ε = ε (Κ ) , that is
near the Fermi level, indicate the possibility of a strong influence of various defects [26-28].
Let us first consider point defects [26]. Figure 8 shows the real parts of the local Green's
functions ReGA(ε ) and ReGB (ε ) of atoms of the sublattices A and B.

Figure 8. Real parts of the local Green’s functions for the atoms of the two sublattices of bigraphene. The dashed lines
are S (ε ) functions correspond to substitutional impurities of Boron (B-curves) and Nitrogen (N-curves).
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This figure also shows the dependences S(ε) appearing in the Lifshitz equation (2) and corre‐
sponding correspond to the presence of substitutional impurities of boron and nitrogen in
bigraphene.
For an isolated substitutional impurity that differs from the atom of the basic lattice by the
values of energies at the impurity site and also by the overlap integral, function S (ε ) has for
each sublattice form (3). Also, as in the case of graphene, for the nitrogen impurity in the
interval ε2(Μ ), ε1(Μ ) equation (2) has a solution and this impurity forms quasilocalized

states in this interval. For the boron impurity, equation (2) has two solutions outside the
band of quasi-continuous spectrum ε4(Μ ), ε3(Μ ) , corresponding to local discrete levels.
LDOS of isolated impurity atom of nitrogen in sublattice A or B are shown in Figure 9 (we
remind that atoms AI and AII as well as BI and BII are physically equivalent).
As the inset shows, the nitrogen impurity does not forms a quasilocal maximum on LDOS
and substantially changes it near the Fermi level. Figure 10 shows a LDOS of the boron im‐
purity in sublattices A and B. As in the case of boron impurity in graphene (see Figure 1),
the area under this curve is less than unity. Outside the band of the quasi-continuous spec‐
trum local discrete energy levels are formed.

Figure 9. LDOS of nitrogen impurity in the sublattices of bigraphene (red curve is for A sublattice, purple is for B sub‐
lattice). For comparison the figure shows the DOS of graphene (black dashed line) and LDOS (thin solid gray and dash‐
ed gray, respectively).
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Figure 10. LDOS of the boron impurity in different sublattices of bigraphene (designations are the same as in Figure 9).

The energies of these levels for the considered ratio between the overlap integrals J and J’
are slightly different. As can be seen from Figure 8, the energies of the local discrete levels
for the substituted boron atom in sublattice A or sublattice B can be calculated using the
two-moment approximation (13). Near the Fermi level the LDOS of the boron atom, substi‐
tuting an atom of sublattice B, is considerably lower than the LDOS of the carbon atom of
this sublattice. That is the boron impurity lowers the conductivity of bigraphene.
Because in bigraphene atoms of sublattices A and B are physically inequivalent, the influ‐
ence on their electron spectra by various defects is different. In the first part of this section
we have described the influence of substitutional impurities on the electron density of states.
However, the influence of vacancies in sublattices on the electron DOS is even more pro‐
found. Figures 11 and 12 show the LDOS of neighbors of vacancies in sublattices A (Figure
11) and B (Figure 12).
Neighboring atoms are in the same layer as a vacancy, either in sublattice B (top) or in sub‐
lattice A (bottom). Insets show the arrangement of atoms. Atoms are shown in the same col‐
or as the corresponding LDOS.
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Figure 11. LDOS of bigraphene atoms which are neighbors of a vacancy in the sublattice A. Neighboring atoms are in
the same layer as a vacancy, either in sublattice B (top) or in sublattice A (bottom). Insets show the arrangement of
atoms. Atoms are shown in the same color as the corresponding LDOS.
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Figure 12. LDOS of bigrafene atoms which are neighbors of a vacancy in the sublattice B.
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The reason for the specific evolution of the LDOS with increasing distance from the vacancy
has been explained in [22]. In bigraphene there is an analogous situation. Electronic spectra
of vacancy neighbors belonging to other sublattice also have sharp resonance peaks at ε = εF
(see upper parts Figure 11 and 12). So, if the vacancy is in the sublattice A, then the maxi‐
mum of the LDOS of the sublattice B atoms is sharp, and the maximum on the spectrum the
sublattice A atoms is blurred. Therefore we can conclude that the vacancy in bigraphene
should have a more pronounced effect.

5. Conclusion
Unique properties of both graphene and bigraphene are caused, above all, by an unusual
symmetry leading to the absence of a gap between the valence and conduction bands. The
quantum states of quasiparticle in these bands are described by the same wave function, i.e.
quasiparticle in graphene and bigraphene have the so-called chiral symmetry. In graphene
this leads to the fact that dispersion relation of electron spectrum is linear and is described
by the Dirac equation, characteristic for massless ultrarelativistic quasiparticle in quantum
electrodynamics. On other hand, in bigraphene the presence of chiral symmetry leads at low
energies to an ordinary parabolic dispersion relation, i.e. quiasiparticle of a new type appear
– massive chiral fermions having no analogy in quantum electrodynamics. At symmetry
breaking a gap between the valence and conduction band appears, allowing to tune the con‐
ducting properties of these materials.
In this chapter, using the method of Jacobi matrices, we analyzed how different impurities
affect the energy gap width and the local density of states. The method of Jacobi matrices
enables to investigate heterogeneous systems and to calculate the densities of states for each
atom in different sublattices. Such analysis is necessary for correct comparison with experi‐
mental results. As defects we considered the vacancies and the impurity of nitrogen or bor‐
on. The presence of nitrogen leads to the formation of sharp resonance peaks (quasilocal
states) inside the continuous spectrum; on the other hand, the boron impurity leads to states
outside the continuous spectrum (local states). Both quasilocal and local states can be inves‐
tigated experimentally by, for example, a scanning tunneling microscope. In the presence of
vacancies we have analyzed how the density of states in each of the sublattices A or B
changes. Different situations were analyzed. For example, if the vacancy in this sublattice
vanishes at Fermi level, whereas in sublattice B the density has maximum at this point. We
also investigated the conditions for opening the gap and changing its width. Main attention
was paid to the analysis of electronic properties of considered systems. Moreover, computa‐
tional method we used has also been successfully applied to the analysis of vibrational
states. For example, increasing the overlap integral between the boron impurity and carbon
atom leads to the strengthening of force interaction contacts between them. In addition, bor‐
on atom is 16% lighter than carbon atom, i.e. all necessary conditions are sent for the appear‐
ance of local vibrations in the phonon spectrum of both graphene and bigraphene with
boron impurity. We hope that predicted peculiarities in electronic and vibrational spectra of
perfect graphene and bigraphene as well as of graphene and bigraphene with defects will be
detected experimentally.
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1. Introduction
Graphene exhibits unique electrical properties and offers substantial potential as building
blocks of nanodevices owing to its unique two-dimensional structure (Geim et al., 2007; Geim et
al., 2009; Ihn et al., 2010). Besides being a promising candidate for high performance electronic
devices, graphene may also be used in the field of quantum computation, which involves explo‐
ration of the extra degrees of freedom provided by electron spin, in addition to those due to elec‐
tron charge. During the past few years, significant progress has been achieved in
implementation of electron spin qubits in semiconductor quantum dots (Hanson et al., 2007;
Hanson et al., 2008). To realize quantum computation, the effects of interactions between qubits
and their environment must be minimized (Fischer et al., 2009). Because of the weak spin-orbit
coupling and largely eliminated hyperfine interaction in graphene, it is highly desirable to co‐
herently control the spin degree of freedom in graphene nanostructures for quantum computa‐
tion (Trauzettel et al., 2007; Guo et al., 2009). However, the low energy quasiparticles in single
layer grapheme behave as massless Dirac fermions (Geim et al., 2007; Geim et al., 2009), and the
relativistic Klein tunneling effect leads to the fact that it is hard to confine electrons within a small
region to form quantum dot in graphene using traditional electrostatical gates (Ihn et al., 2010;
Trauzettel et al., 2007). It is now possible to etch a grapheme flake into nano-constrictions in size,
which can obtain electron bound states and thus act as quantum dots. As a result, usually a dia‐
mond-like characteristic of suppressed conductance consisting of a number of sub-diamonds is
clearly seen (Stampfer et al., 2009; Gallagher et al., 2010), indicating that charge transport in the
single graphene quantum dot device may be described by the model of multiple graphene quan‐
tum dots in series along the nanoribbon. The formation of multiple quantum dot structures in
the nanoribbons may be attributed to edge roughness or local potential. The rough edges also lift
the valley degeneracy, which could suppress the exchange coupling between spins in the gra‐
pheme quantum dots (Trauzettel et al., 2007; Ponomarenko et al., 2008). Recently, there was a
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striking advance on experimental production of graphene single (Ponomarenko et al., 2008;
Stampfer et al., 2008a; Stampfer et al., 2008 b; Schenz et al., 2009; Wang et al., 2010; Guttinger et al.,
2011) or double quantum dots (Molitor et al., 2009; Molitor et al., 2010; Liu et al., 2010; Wang et al.,
2011a; Volk et al., 2011; Wang et al., 2012;) which is an important first step towards such promise.
In this chapter, we introduce the design and fabrication of etched gate tunable single and
double quantum dots in single-layer and bilayer graphene and present several important
quantum transport measurements in these systems. A quantum dot with an integrated
charge sensor is becoming a common architecture for a spin or charge based solid state qu‐
bit. To implement such a structure in graphene, we have fabricated a twin-dot structure in
which the larger QD serves as a single electron transistor (SET) to read out the charge state
of the nearby gate controlled small QD. A high SET sensitivity allowed us to probe Coulomb
charging as well as excited state spectra of the QD, even in the regime where the current
through the QD is too small to be measured by conventional transport means (Wang et al.,
2010; Wang et al., 2011b). We also have measured quantum transport properties of gates
controlled parallel-coupled double quantum dots (PDQD) and series-coupled double quan‐
tum dots (SDQD) device on both single layer and bilayer graphene (Wang et al., 2011a;
Wang et al., 2012). The inter-dot coupling strength can be effectively tuned from weak to
strong by in-plane plunger gates. All the relevant energy scales and parameters can be ex‐
tracted from the honeycomb charge stability diagrams. We precisely extract a large inter-dot
tunnel coupling strength for the series-coupled quantum dots (SDQD) allowing for the ob‐
servation of tunnel-coupled molecular states extending over the whole double dot. The
present method of designing and fabricating graphene QD is demonstrated to be general
and reliable and will enhance the realization of graphene nanodevice and desirable study of
rich QD physical phenomena in grapheme. These results demonstrate that both single and
double quantum dots in single-layer and bilayer graphene bode well for future quantum
transport study and quantum computing applications. The clean, highly controllable sys‐
tems serves as an essential building block for quantum devices in a nuclear-spin-free world.

2. A graphene quantum dot with a single electron transistor as an
integrated charge sensor
The measurement of individual electrons or its spins in GaAs quantum dots (QDs) has been real‐
ized by so-called charge detection via a nearby quantum point contact (QPC) or single electron
transistor (SET) (Lu et al., 2003; Elzerman et al., 2004a). In particular, the combination of high
speed and high charge sensitivity has made SET useful in studying a wide range of physical phe‐
nomena such as discrete electron transport (Lu et al., 2003; Bylander et al., 2005; Gotz et al., 2008),
qubit read out (Lehnert et al., 2003; Duty et al., 2004; Vijay et al., 2009) and nanomechanical oscil‐
lators (Knobel et al., 2003; Lahaye et al., 2004). So far, most SETs have been using Al/AlOx/Altun‐
nel junctions. However, the graphene SET reported here is technologically simple and reliable,
making it an attractive substitute for use in various charge detector applications.
In this section, we realize an all graphene nanocircuit integration with a SET as charge read out for
a QD. In conventional semiconductor systems, the gate-defined structure limits the distance be‐
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tween the QD and the detector. However, in our device reported here, the QD and the SET in the
same material are defined in a single etching step, and the distance between the graphene nano‐
structures is determined by the etched area, which enables optimized coupling and sensing abili‐
ty. The SET is placed in close proximity to the QD giving rise to a strong capacitive coupling
between the two systems. Once an additional electron occupies the QD, the potential in the neigh‐
boring SET is modified by capacitive interaction that gives rise to a measurable conductance
change. Even if charge transport through the QD is too small to be measured by conventional
transport means, the SET charge sensor also allows measurements. These devices demonstrated
here provide robust building blocks in a practical quantum information processor.
The graphene flakes were produced by mechanical cleaving of graphite crystallites by
Scotch tape and then were transferred to a highly doped Si substrate with a 100 nm SiO2 top
layer. Thin flakes were found by optical microscopy, and single layer graphene flakes were
selected by the Raman spectroscopy measurement. We used the standard electron beam lith‐
ography and lift off technique to make the Ohmic contact (Ti/Au) on the present graphene
devices. Next, a new layer of polymethyl methacrylate is exposed by electron beam to form
a designed pattern. Then, the unprotected areas are removed by oxygen reactive ion etching.
One of our defined sample structures with a quantum dot and proximity SET is shown in
Fig. 1. The quantum dot is an isolated central island of diameter 90 nm, connected by 30nm
wide tunneling barriers to source and drain contacts. Here, the Si wafer was used as the
back gate and there is also a graphene side gate near the small dot. The SET has a similar
pattern while the conducting island has a much larger diameter (180nm). Electronic trans‐
port through both the devices exhibits Coulomb blockade (CB) characteristics with back/side
gate voltage. The distance between the CB peaks is determined by the sum of charging and
quantum confinement energies, and the former contribution becomes dominant for our de‐
vices with diameter >100nm (Kouwenhoven et al., 1997). Accordingly, we refer to it as a SET
rather than a QD. The device was first immersed into a liquid helium storage Dewar at 4.2K
to test the functionality of the gates. The experiment was carried out in a top-loading dilu‐
tion refrigerator equipped with filtered wiring and low-noise electronics at the base temper‐
ature of 10 mK. In the measurement, we employed the standard ac lock-in technique.
Fig. 2(a) shows the conductance through the dot Al/AlOx/Al for applied side gate voltage Vsg.
Clear CB peaks are observed related to charging of the tunable dot on the graphene. The dashed
green lines in the range of 0.2-0.7V for side gate voltages show that the current through the dot be‐
comes too small to be seen clearly. Fig. 2(b) shows the conductance through the SET versus side
gate voltage Vsg. The SET is as close as possible to the QD and in this way charging signals of the dot
were detected by tracking the change in the SET current. The addition of one electron to the QD
leads to a pronounced change of the conductance of the charge detector by typically 30%. The
slope of the SET conductance is the steepest at both sides of its CB resonances giving the best
charge read-out signal. To offset the large current background, we used a lock-in detection meth‐
od developed earlier for GaAs dot (Elzerman et al., 2004b). A square shaped pulse was superim‐
posed on the dc bias on side gate voltage Vsg. A lock-in detector in sync with the pulse frequency
measured the change of SET current due to the pulse modulation. Fig. 2(c) shows a typical trace of
the lock-in signal of the transconductance through the SET dISET/dVsg. These sharp spikes or dips
originate from the change of the charge on the dot by one electron. It shows essentially the same
features as Fig. 2(a), but is much richer, especially in the regime where the direct dot current is too
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small to be seen clearly. The vertical dashed lines in Fig. 2 illustrate the SET sensor signals corre‐
spond to the QD transport measurements perfectly and indicate the SET is reliable. We also note‐
that the individual charge events measurement has been demonstrated in a graphene QD with a
QPC detector based on graphene nanoribbon (Güttinger et al., 2008).

Figure 1. a) Scanning electron microscope image of the etched sample structure. The bar has a length of 200 nm. The
upper small quantum dot as the main device has a diameter of 90 nm while the bottom single electron transistor as
charge sensor has a diameter of 180 nm. The bright lines define barriers and the graphene side gate. (b) Schematic of
a representative device.

Quantum Transport in Graphene Quantum Dots
http://dx.doi.org/10.5772/52873

Figure 2. a) Conductance through the quantum dot vs the side gate voltage. (b) The example of conductance through
the single electron transistor for the same parameter ranges as in panel (a). The steps in conductance have about 30%
change of the total signal and are well aligned with the CB in panel (a). (c) Transconductance of the single electron
transistor for the same parameters as in panel (a). The spikes and dips indicate the transitions in the charge states by
addition of single electron in quantum dot. In particular, the dashed green lines show that the charge detection can
allow measurement in the regime where the current through the dot is too small to be seen clearly by direct means.
The vertical dashed red lines are a guide for the eyes to relate features in these graphs.
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Figure 3. The magnitude of the SET signal dISET/dVsg as a function of the modulating pulse frequency. The dashed
green line illustrates that the bandwidth of the SET device is about 800 Hz corresponding to a gain of 0.707(-3 dB).
Due to the stray capacitances, the response decreases rapidly after 800 Hz.
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Figure 4. a) Plot of the differential conductance of the quantum dot as a function of the bias voltage and the side
gate voltage applied on the dot. From the lines parallel to the edges of Coulomb diamonds, we can identify the excit‐
ed states. (b) Transconductance of the single electron transistor with the same parameters as in panel (a). Perfect
matching with panel (a) and resolving more excited states spectra indicate that the single electron transistor can be
used as a highly sensitive charge detector. Data in panels (a) and (b) were recorded simultaneously during a single
sweep. Dashed green lines are the guide for identifying the excited states.
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More quantitative information on the system can be obtained from the measurement of the
height response of the peak at 0.152 V in Fig. 2(c) as a function of the modulating pulse fre‐
quency on the side gate. The resulting diagram for the SET dISET/dVsg gain magnitude is
shown in Figure 3.The dashed green line indicates the gain of 0.707 (-3 dB), corresponding
approximately to the bandwidth of 800 Hz of the SET device. By applying a signal of 5 × 10-2
electrons on back gate of the SET and measuring the signal with a signal-to-noise ratio of 1,

we achieved a charge sensitivity 10-3e / Hzof which is similar to that obtained previously in
a GaAs QD and superconducting Al SET detector system (Berman et al., 1999). The system
can be simply considered as a resistor-capacitor circuit (RC circuit), and the bandwidth is
limited by the resistor and capacitance of the cable connecting the SET and the room temper‐
ature equipments. As a result, we would expect the bandwidth can be greatly improved by
adding a cold amplifier (Vink et al., 2007). It is also expected that adding a side gate near the
SET to independently set the SET operating point to about 25 kΩ can obviously enhance the
bandwidth.
The information contained in the signal goes beyond simple charge counting. For instance,
the stability diagram measurement can reveal excited states, which is crucial to get informa‐
tion of the spin state of electrons on a quantum dot (Hanson et al., 2003). Fig. 4(a) shows
Coulomb diamonds for the conductance through the dot GQD versus bias voltage Vsd and
side gate voltage Vsg. For comparison, Fig. 4(b) shows the transconductance of the SET
dISET/dVsg as a function of the same parameters. A perfect match between the QD transport
measurements and the detector signal is observed. Moreover, the discrete energy spectra of
the graphene quantum dot are revealed by the presence of additional lines parallel to the
diamond edges. These lines indicate the quantum dot is in the high bias regime where the
source-drain bias is high enough that the excited states can participate in electron tunneling
(Hanson et al., 2007). The excited states become much more visible in the SET charge detec‐
tor signal than the direct measurement. All of these features have been seen in GaAs QD
with QPC (Hanson et al., 2007), but here we achieve the goal with an all graphene nanocir‐
cuit of QD with SET. In the previous reports, the QD and QPC detector are separated by
typically 100 nm in width. In the present case, the SET detector is 50 nm from the edge of the
QD. Therefore it is expected that the capacitance coupling between QD and SET is enhanced
compared to the conventional case realized in semiconductor QD and QPC. This enhanced
coupling leads to a larger signal-to-noise ratio of the SET detector signal that can be exploit‐
ed for time resolved charge measurement or charge/spin qubit read out on the QD.
In summary, we have presented a simple fabrication process that produces a quantum dot
and highly sensitive single electron transistor charge detector with the same material, gra‐
phene. Typically the addition of a single electron in QD would result in a change in the SET
conductance of about 30%. The charging events measured by both the charge detector and
direct transport through the dot perfectly match and more excited states information be‐
yond the conventional transport means is also obtained. The devices demonstrated here rep‐
resent a fascinating avenue towards realizing a more complex and highly controllable
electronic nanostructure formed from molecular conductors such as graphene.
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3. Controllable tunnel coupling and molecular states in a graphene
double quantum dot
Previously, the charge stability diagram in coupled quantum-dot systems has been studied
by the classical capacitance model (van der Wiel et al., 2003). However the quantum effect
should also manifest itself (Yang et al., 2011). In particular, the tunnel coupling t between
the two dots in a double dot is an important quantity, because it can affect the geometry of
the overall charge stability diagram. Furthermore, several different spin qubit operations
can be performed by controlling this tunnel rate as a function of time. For approaches based
on single electron spin qubit, utilizing t enables the SWAPgate operations between two qu‐
bits (Petta et al., 2005). In an architecture in which each qubit is composed of two-electron
single-triplet states, control of t in the presence of a non-uniform magnetic field enables uni‐
versal single qubit rotations (Foletti et al., 2009).
In this Section, we report an experimental demonstration and electrical transport measure‐
ment in a tunable graphene double quantum dot device. Depending on the strength of the
inter-dot coupling, the device can form atomic like states on the individual dots (weak
tunnel coupling) or molecular like states of the two dots (strong tunnel coupling). We also
extract the inter-dot tunnel coupling t by identifying and characterizing the molecule
states with wave functions extending over the whole graphene double dot. The result im‐
plies that this artificial grapheme device may be useful for implementing two-electron
spin manipulation.

Figure 5. a) Scanning electron microscope image of the structure of the designed multiple gated sample studied in
this work. The double quantum dot have two isolated central islands of diameter 100 nm in series, connected by
20×20 nm tunneling barriers to source and drain contacts (S and D) and 30×20 nm tunneling barrier with each other.
These gates are labeled by G1, GL, GM, GR, G2, in which gate GM, G1 and G2, are used to control the coupling barriers
between the dots as well as the leads. Gates GL and GR are used to control and adjust the energy level of each dot. (b)
Schematic of a representative device.

A scanning electron microscope image of our defined sample structure with double quan‐
tum dot is shown in Fig. 5(a) and Fig. 5(b). The double quantum dot has two isolated central
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island of diameter 100 nm in series, connected by 20× 20 nm narrow constriction to source
and drain contacts (S and D electrodes) and 30× 20 nm narrow constriction with each other.
These constrictions are expected to act as tunnel barriers due to the quantum size effect. In
addition, the highly P-doped Si substrate is used as a back gate and five lateral side gates,
labeled the left gate G1, right gate G2, center gate GM and GL(R), which are expected for
local control. All of side gates are effective, in which gates GL, GR and G2 have very good
effect on two dots and middle barrier, while gates G1 and GM have weak effect on those.
The device was first immersed into a liquid helium storage dewar at 4.2K to test the func‐
tionality of the gates. The experiment was carried out in a He3 cryostat equipped with fil‐
tered wiring and low-noise electronics at the base temperature of 300mK. In the
measurement, we employed the standard AC lock-in technique with an excitation voltage 20
μVat 11.3 Hz.

Figure 6. a) Color scale plot of the differential conductance versus voltage applied on gate GL (VGL) and gate GR (VGR)
at Vsd= 20μV, VG1 = 0V, VGM = 0V, VG2 = 0V and Vbg = 2.5 V. The honeycomb pattern we got stands for the typical charge
stability diagram of coupled double quantum dots. (b) Pure capacitance model of a graphene double dot system.
Zoom in of a honeycomb structure (c) and a vertex pair (d) at Vsd = 900μV.

Fig. 6(a) displays the differential conductance through the graphene double quantum dot
circuit as a function of gate voltages VGL and VGR. Here the measurement was recorded at
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Vsd= 20μV, VG1 = 0V, VGM = 0V, VG2 = 0V and Vbg = 2.5 V. The honeycomb pattern is clearly
visible and uniforms over many times. Each cell of the honeycomb corresponds to a welldefined charge configuration (NL,NR) in the nearly independent dots, where NL and NR
denote the number of electrons on the left and right dot, respectively. The conductance is
large at the vertices, where the electrochemical potentials in both dots are aligned with each
other and the Fermi energy in the leads and resonant sequential tunneling is available.
These vertices are connected by faint lines of much smaller conductance along the edges of
the honeycomb cells. At these lines, the energy level in one dot is aligned with the electro‐
chemical potential in the corresponding lead and inelastic cotunneling processes occur. The
observed honeycomb pattern resembles the charge stability diagram found for weakly cou‐
pled GaAs double quantum dot (van der Wiel et al., 2003). Such similarities indicate that
graphene quantum dot devices will continue to share features with well-studied semicon‐
ductor quantum dot systems. The energy-level statistics of single graphene quantum dot
was probed and shown to agree well with the theory of chaotic Dirac billiards (Ponomaren‐
ko et al., 2008). It is interesting and important to know whether these Dirac fermions’ behav‐
iors can be realized and observed in grapheme double quantum dot. Nevertheless, it will be
studied in the future work.
More quantitative information such as double dot capacitances can be extracted using a elec‐
trostatic model as shown in Fig. 6(b) (van der Wiel et al., 2003). First, the capacitance of the
dot to the side gate can be determined from measuring the size of the honeycomb in Fig. 6(c)
as CGL = e / ΔV GL ≈ 1.27aF andCGR = e / ΔV GR ≈ 1.49aF. Next, the capacitance ratios can be de‐

termined from measuring the size of the vertices in Fig. 6(d) at finite bias V sd = 900μV as

αL = | V sd | / δV GL = 0.029 andαR = | V sd | / δV GR = 0.035. Using the relation CGL

/ CL = αL and

CGR / CR = αR , we can obtain the typical values of dot capacitances as CL = 44.8aFand

CR = 44.1aF, respectively. The amount of interdot coupling can be achieved by measuring the

vertices splitting in Fig. 6(c). Assuming the capacitively coupling is dominant in the weakly
coupled dots regime (van der Wiel et al., 2003; Mason et al., 2004), the mutual capacitance
between dots is calculated as
m
m
CM = ΔV GL
CGL CR / e = ΔV GR
CGR CL

/ e = 9.2aF

It has been expected that opening the interdot constriction by gate voltage will cause the
tunnel coupling to increase exponentially faster than the capacitive coupling (Kouwenhoven
et al., 1997). Fig. 7(a)-(c) represent a selection of such measurements by holding the same VGR
and Vbg and scanning different ranges of VGL between -0.5 V to 0.35 V. An evolution of con‐
ductance pattern indicates that the stability diagram changes from weak to strong tunneling
regimes (van der Wiel et al., 2003; Mason et al., 2004). The conductance near the vertices de‐
pends on the relative contributions of the capacitive coupling and tunnel coupling. For the
former, the vertices become a sharpened point, while for the latter, the vertices become blur‐
red along the edges of the honeycomb cell (Graber et al., 2007). In Fig. 7(b), the vertices is not
obvious as those in Fig. 7(a), which indicates a stronger tunnel coupling. The results suggest
that two graphene dots are interacting with each other through the large quantum mechani‐
cal tunnel coupling, which is analogous to covalent bonding. We will analyze it in details
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below. An increase in inter-dot coupling also leads to much larger separation of vertices in
Fig. 7(b) (Mason et al., 2004), and finally, to a smearing of honeycomb features in Fig. 7(c). In
this case, the double dots behave like a single dot, as illustrated in Fig. 7(g). We note that a
similar evolution is observed for four different values of Vbg from 2.5 V to 2.0 V at the same
VGL and VGR regimes as shown in Fig. 7(d)-(f). Thus the inter-dot tunnel coupling could also
be changed by VGL or Vbg. This can be explained by the fact that the side gates and back gate
may influence the central barrier through the existing capacitances between the gates and
the central barrier.

Figure 7. a)-(c) Colorscale plot of the differential conductance versus voltage applied on gate GL (VGL) and gate GR
(VGR) at Vbg = 2.5 V for different VGL regimes. (d)-(f) Color scale plot of the differential conductance versus voltage ap‐
plied on gate L (VGL) and gate R(VGR) for different back gate voltage Vbg. The trend of interdot tunnel coupling chang‐
ing from weak to strong can be seen clearly. (g) Sketches of the characteristic electronic configurations with interdot
tunnel coupling t.

Similar to the definitions in Ref. (Livermore et al., 1996), we define f = 2ΔV S / ΔV P withΔV S

representing the splitting between vertices in the diagonal direction and ΔV P the vertex

pairs distance (Fig. 7(e)). Thus, the case f = 1 stands for strong coupling limit where the dou‐
ble dots behave like a single dot, while the case f = 0 represents weak coupling limit where
the double dots behave like two isolated dots. This way, f should have a certain relationship
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with tunnel couplings which offers us a method to measure the contribution of the interdot
tunneling to the splitting of the vertex. In our double-dot sample, a clear evolution of f is
obtained through scanning different regimes of VGL with fixed VGR (Fig. 7(a)-(c)). Through
extracting ΔV S andΔV P , we get f = 0.5 for (a) and f = 0.65 for (b) and f = 1 for (c) respective‐
ly. These values indicate that control of tunnel coupling as a function of such a gate voltage
is conceivable.

Having understood the qualitative behavior of the graphene device in the strong coupling
regime, we extract the quantitative properties based on a quantum model of graphene artifi‐
cial molecule states (Yang et al., 2003; Graber et al., 2007; Hatano et al., 2005). Here we only
take into account the topmost occupied state in each dot and treat the other electrons as an
inert core (van der Wiel et al., 2003; Golovach et al., 2004). In the case of neglected tunnel
coupling, the nonzero conductance can only occur right at the vertices which are energy de‐
generate points as E(NL + 1,NR) = E(NL, NR + 1). When an electron can tunnel coherently be‐
tween the two dots, the eigenstates of the double dot system become the superposed states
of two well-separated dot states with the form
ij

ij

q q
- sin e 2 N L + 1, N R + cos e 2 N L , N R + 1
yB =
2
2

ij

(1)

ij

q q
=
y A cos e 2 N L + 1, N R + sin e 2 N L , N R + 1
2
2

Whereθ = arctan(

| NL

2t
ε

), ε=EL − ER , EL andER are the energies of state

, N R + 1 , respectively. Thus

| ψB

and

| ψA

(2)

| NL

+ 1, N R and

are the bonding and anti-bonding state in

terms of the uncoupled dot, and the energy difference between these two states can be ex‐
pressed by
ED = U¢ + e 2 + (2t 2 )

Here U ′ =

2e 2Cm
CL CR − Cm2

(3)

is the contribution from electrostatic coupling between dots (Ziegler et

al., 2000).
Provided that the graphene double-dot molecule eigenstate | ψ participates in the transport
process, sequential tunneling is also possible along the honeycomb edges. In Fig. 8(a) and
Fig. 8(b), a colorscale plot of the differential conductance is shown at Vsd = 20 μVin the vicin‐
ity of a vertex. As expected the visible conductance is observed at both the position of the
vertex and the honeycomb edges extending from the vertex. Fig. 8(c) shows a fit of the ener‐
gy differenceEΔ from the measured mount of splitting of the positions of the differential con‐

ductance resonance peak in the ε-direction. Here we use ε=EL − ER = eαL V GL − eαR V GR to
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translate the gate voltage detuning V GL − V GR with the conversion factors αL and αR deter‐
mined above. The fitting with Eq. (3) yields the values of tunnel coupling strength
t ≈ 727μeVandU ′ ≈ 209μeV. Similar measurements have been performed in a carbon nano‐
tube double dots with t ≈ 358μeV and U ′ ≈ 16μeV (Graber et al., 2007) and semiconductor
double dots with t ≈ 80μeV and U ′ ≈ 175μeV (Hatano et al., 2005). The fact that the tunnel
coupling t is dominant than capacitive coupling U ′ implies the inter-dot tunnel barrier in the
etched grapheme double dot is much more transparent than those gated carbon nanotube or
semiconductor double dot.

Figure 8. a) Colorscale plot of the differential conductance versus the energies of each dotEL and ER at Vsd = 20 μV
near the selected two vertices with dashed lines as guides to the eye. (b) Schematic of a single anticrossing and the
evolution from the state localized in each dot to a molecule state extending across both dots (Hatano et al., 2005). (c)
EΔ dependence of the detuning ε = EL − ER EΔ (circles) is measured from the separation of the two high conductance
wings in Fig. 4(a). The line illustrates a fit of the data to Eq. (3).

Finally, we discuss the relevance of graphene double dot device for implementing a quan‐
tum gate and quantum entanglement of coupled electron spins. A SWAP operation has al‐
ready been demonstrated in a semiconductor double dot system using the fast control of
exchange coupling J (Petta et al., 2005). The operation timeτis about 180 ps for J ≈ 0.4meV
corresponding tot ≈ 0.16meV. In the present graphene device, we have obtained much larger
t ≈ 0.72meV and the estimated τ ≈ 50ps is much shorter than the predicted decoherence time

Quantum Transport in Graphene Quantum Dots
http://dx.doi.org/10.5772/52873

(μs) (Fischer et al., 2009). The results indicate the ability to carry out two-electron spin oper‐
ations in nanosecond timescales on a graphene device, four times faster than perviously
shown for semiconductor double dot.
In summary, we have measured a graphene double quantum dot with multiple lectrostatic
gates and observed the transport pattern evolution in different gate configurations. This
way offers us a method to identify the molecular states as a quantum-mechanical superposi‐
tion of double dot and measure the contribution of the interdot tunneling to the splitting of
the differential conductance vertex. The precisely extracted values of inter-dot tunnel cou‐
pling t for this system is much larger than those in previously reported semiconductor de‐
vice. These short operation times due to large tunneling strength together with the predicted
very long coherence times suggest that the requirements for implementing quantum infor‐
mation processing in graphene nanodevice are within reach.

4. Gates controlled parallel-coupled double quantum dot on both single
layer and bilayer grapheme
In contrast to DQD in series, where the applied current passes through the double dot in se‐
rial, the parallel-coupled double quantum dot (PDQD) requires two sets of entrances and ex‐
its, one for each dot. In addition, the source and drain must maintain coherence of the
electron waves through both dots, in a manner analogous to a Young’s double slit. Thus
PDQD is an ideal artificial system for investigating the interaction and interference. Rich
physical phenomena, such as Aharonov- Bohm (AB) effect, Kondo regimes and Fano effect,
have been predicted to be observed in parallel DQD (Holleitner et al., 2001; Lo´pez et al.,
2002; Ladro´n de Guevara et al., 2003; Orellana et al., 2004; Chen et al., 2004). Particularly
excitement is the prospect of accessing theoretically predicted quantum critical points in
quantum phase transitions (Dias da Silva et al., 2008). The grapheme PDQD is an attractive
system for investigating the quantum phase transitions due to its intrinsically large energy
separation between on-dot quantum levels, thus offering a significant advantage over con‐
ventional systems as GaAs or silicon based quantum dots.
In this section, we present the design, fabrication, and quantum transport measurement of
double dot structure coupled in parallel, on both bilayer and single layer grapheme flakes,
which may open a door to study the rich PDQD physical phenomena in this material the
parallel graphene structure can be tuned from a strong-coupling resulted artificial molecule
state to a weak-coupling resulted two-dot state by adjusting in plane plunger gates. The tun‐
ing is found to be very reliable and reproducible, with good long-term stability on the order
of days.
Graphene flakes are produced by mechanical cleaving of bulk graphite crystallites by
Scotch tape (Novoselov et al., 2004). For this kind of exfoliated graphene flakes on SiO2
substrate, the mobility is normally about 15000 cm2/(Vs) (Geim et al., 2007). By using
heavily doped Si substrate with 100 nm thick SiO2 on top, we can identify monolayer, bi‐
layer, and few layer graphenes through optical microscope. Monolayer and bilayer gra‐

175

176

New Progress on Graphene Research

phenes were further checked by Raman spectrum. Firstly, graphene flakes are transferred
to the substrate with gold markers. Then, a layer of 50nm thick polymethyl methacrylate
(PMMA) is spun on the substrate for electron beam lithography (EBL) to form a designed
pattern. After that, O2/Ar (50:50) plasma is used to remove unprotected parts of graphene.
Next, an area of over exposed PMMA is used to separate a bridge plunger gate from the
drain part of graphene (Chen et al., 2004; Huard et al., 2007). The final step is to make the
metal contacts, which are defined by the standardized EBL process, followed by the Ebeam evaporation of Ti/Au (2 nm/50 nm).

Figure 9. Color online) (a) Scanning electron microscope image of the etched parallel coupled graphene double dot
sample structure. The bar has a length of 500 nm. The diameters of the two dots are both 100 nm, constriction be‐
tween the two dots is 35 nm in width and length. The four narrow parts connecting the dot to source and drain parts
have a width of 30 nm. Seven in-plane plunger gates labeled as GL, GR, GM, PSL, PDL, PSR, and PDR are integrated
around the dot for fine tuning. (b) Schematic picture of the device. N-type heavily doped silicon substrate is used as a
global back gate. A layer of overexposed PMMA is used as a bridge to make gate GM separated from the drain part of
graphene.

Fig. 9(a) shows a scanning electron microscope (SEM) image of one sample with the same
structure as the bilayer device we measured. Two central islands with diameter of 100 nm
connect through 30 nm wide narrow constrictions to the source and the drain regions. An‐
other narrow constriction (35nm in both width and length) connects the two central islands.
Seven in-plane plunger gates labeled as GL, GR, GM, PSL, PDL, PSR, and PDR are integrat‐
ed in close proximity to the dots. GL, GR, and GM are, respectively, designed to adjust the
energy level of left dot, right dot, and inter-dot coupling strength. And PSL, PDL (PSR,
PDR) are used for the tuning of the coupling of the left (right) dot to source and drain. The
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n-type heavily doped silicon substrate is used as a global back gate. The bridge plunger gate
GM is separated from the drain part of graphene by a layer of over exposed PMMA. All the
devices were primarily tested to check the functionality of all the gates in a liquid helium
storage dewar at 4.2 K. Then the samples were mounted on a dilution refrigerator equipped
with filtering wirings and low-noise electronics at the base temperature of 10 mK. To main‐
tain consistency, we will use the data from one sample only in the following.

Figure 10. Color online) (a), (b), and (c) PDQD differential conductance as a function of plunger gate voltage VGL and
VGR. The red dash lines are guides to the eyes showing the honeycomb pattern. (N,M) represents the carriers in the left
and right dot, respectively. (b) Zoom-in of the area (N,M) of the honeycomb pattern. (c) Zoom-in of a vertex pair with
white dash lines. (d) Capacitance model for the analysis of the double dot system. Graphene nanoconstrictions behave
as tunneling barriers, which are presented, for example, as RSL, CSL (a capacitance and a resistance coupled in paral‐
lel). Gate GL and GR are capacitively coupled to the dots; CGL and CGR represent the capacitance.
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Fig. 10(a) shows color scale plot of the measured differential conductance of the double dot as a
function of VGL and VGR detected in standard ac lock-in technique with anexcitation ac voltage
20μV at frequency of 11.3 Hz. A dc bias of 0.3 mV is applied, the back gate voltage Vbg is fixed at
5 V and the middle plunger gate VGM is -0.45 V. The hexagon pattern characteristic for double
dot coupled in parallel is clearly visible. Figure 2(b) Zoom-in of the area (N, M) of the honey‐
comb pattern, Figure 2(c) Zoom-in of a vertex pair with white dashed lines. From the model of
purely capacitively coupled dots as illuminated by Figure 2(d), the energy scales of the system
can be extracted (van der Wiel et al., 2003; Molitor et al., 2010; Moriyama et al., 2009). The capac‐
itance of the dot to the side gate can be determined from measuring the size of the honeycomb
m
= 0.0261V
as shown in Fig. 10(a) and 10(b), ΔV GL = 0.087V, ΔV GR = 0.053V ,ΔV GL
m
= 0.0133V, therefore, CGL = e / ΔV GL = 1.84aF,CGR = e / ΔV GR = 3.0aF. With a large DC bias
ΔV GR
of 0.3 mV, we can get δV GL = 0.013Vand δV GR = 0.01V as shown in Figure 2(c). The lever arm be‐
tween the left (right) gate VGLand the left (right) dot can be calculated as
αGL = V bias / δV GL = 0.023(αGR = V bias / δV GR = 0.03). The total capacitances of the dots can then be
calculated as CL = CGL / αL = 79.8aFandCR = CGR / αR = 100.4aF, the corresponding charging en‐
ergyECL = αGL .ΔV GL = 2.0meVandECR = αGR .ΔV GR = 1.6meV, the coupling energy between the
m
= 0.3meV. It is also noted that the lever arms between the left gate
two dotsECM = αGL .ΔV GL
and the right dot and vice versa can be determined from the slope of the co-tunneling lines de‐
limiting the hexagons. These crossing couplings only modify the results slightly and are ne‐
glected usually (Molitor et al., 2010; Moriyama et al., 2009; Liu et al., 2010). Here, by calculating
dots area and carrier density (related to VBG), or from the Coulomb charging period, we esti‐
mate each dot contains more than 20 electrons when VBG=5V.

Figure 11. Color online) Interdot coupling vs middle gate voltage VGM. Conductance as a function of gate voltage VGL
and VGR at VBG=3 V, Vbias=- 1 mV, the scan regions of GL and GR are the same. (a), (b), and (c) represent three different
coupling regimes of the two dots. (a) weak coupling regime, VGM= -0.15 V, (b) medium coupling regime, VGM= -0.2 V (c)
strong coupling regime, VGM= 0.45 V. (d) shows coupling energy ECM (V) as a non-monotonic function of the middle
gate voltage VGM. A, B, C point here represent the corresponding coupling energy in (a), (b), and (c).
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By applying voltage to the middle plunger gate GM, the interdot coupling can be tuned effi‐
ciently. Fig.11(a), 11(b),and 11(c) show the charge stability diagrams of the PDQD in three
different coupling regimes. [(a) weak, (b) medium, and (c) strong]. In these measurements,
back gate voltage VBG =3V, Source-Drain DC bias Vbias is set to-1.0mV, the scan regions of GL
and GR are the same. Only the voltage applied to the gate GM is adjusted as (a) VGM= -0.15
V, (b) VGM=0.2 V, and (c) VGM=0.45 V. By using the same model as in Figure 2, we can calcu‐
late the corresponding coupling energy between the dots: (a) ECM=0.58 meV, (b) ECM=1.34
meV, and (c) ECM=4.07 meV. The honeycomb diagrams of the parallel and serial DQD look
similar except for the weak coupling regime, as shown in Figure3(a). In this case, the lines
delimiting the hexagons are more visible in comparison with serial DQD, because the leads
have two parallel accesses to the dots in parallel DQD, which also enables correlated tunnel‐
ing of two valence electrons simultaneously (Holleitner et al., 2002). Fig. 11(d) indicates the
coupling energy changes with the gate voltage VGM. As in the previous reports of graphene
DQD in series (Molitor et al., 2010; Liu et al., 2010), the inter-dot coupling is non-monotoni‐
cally depended on the applied gate voltage. Although the detailed reasons for this non-mo‐
notony are undetermined, we assumed that one key factor will be the disorders in graphene
introduced by either fabrication steps or substrate (Todd et al., 2009). Many more efforts are
still needed to address this issue for the realization of practical graphene based nanodevices.

Figure 12. Color online) (a) SEM image of single layer graphene PDQD integrated with two QPCs. The bar has a length
of 500 nm. (b) Characteristic honeycomb structure of the conductance through the PDQD as a function of two inplane plunger gates voltage VGL and VGR, revealed by direct transport measurement of the PDQD at 4.2 K.

We have designed and fabricated an alternative structure of a PDQD integrated with two
quantum point contact sensors (QPCs) in single layer graphene, as shown in Figure 4(a). The
integrated QPCs can be used as a non-invasive charge detector which may have various ap‐
plications (van der Wiel et al., 2003; Hanson et al., 2007; Guo et al., 2001; Zhang et al., 2007).
As primary tests of the present structure, we can get similar charge stability diagram of the
PDQD as in Fig.12 (b) by the direct quantum transport tests at 4.2 K. Although the non-inva‐
sive measurements by QPC are still under processing, no remarkable difference is founded
between PDQD in bilayer and monolayer graphenes from direct transport measurement.
Making tunable coupling double dot is the first step towards the quantum dot based quan‐
tum computation bits, the architectonics with integrated charge detector around double
quantum dot demonstrated here offers the chance to achieve the charge or spin reading out,
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which is essential for the quantum computation device. Therefore, a lot of extended and fol‐
low-up works can be done on this basis in the future. Both bilayer and single layer graphe‐
nes can be exploited in this application.
In summary, we have discussed low temperature quantum transport measurement of gatecontrolled parallel coupled double quantum dot on both bilayer and single layer graphenes.
The inter-dot coupling strength can be largely tuned by graphene in-plane gates. With the
quantum transport honeycomb charge stability diagrams, a common model of purely capac‐
itively coupled double dot is used to extract all the relevant energy scales and parameters of
grapheme PDQD. Although many more effects are still needed to further upgrade and ex‐
ploit the present designed grapheme quantum dot system, the results have intensively dem‐
onstrated the promise of the realization of graphene nanodevice and desirable study of rich
PDQD physical phenomena in graphene.

5. Conclusion
To conclude, we have discussed the design and fabrication of etched gate tunable single and
double quantum dots in single-layer and bilayer graphene and present several important
quantum transport measurements in these systems. A quantum dot with an integrated
charge sensor is becoming a common architecture for a spin or charge based solid state qu‐
bit. To implement such a structure in graphene, we have fabricated a twin-dot structure in
which the larger QD serves as a single electron transistor (SET) to read out the charge state

of the nearby gate controlled small QD. A high SET sensitivity of 10-3e / Hzallowed us to
probe Coulomb charging as well as excited state spectra of the QD, even in the regime
where the current through the QD is too small to be measured by conventional transport
means. We also have measured quantum transport properties of gates controlled parallelcoupled double quantum dots (PDQD) and series-coupled double quantum dots (SDQD)
device on both single layer and bilayer graphene with multiple electrostatic gates that are
used to enhance control to investigate it. At low temperatures, the transport measurements
reveal honeycomb charge stability diagrams which can be tuned from weak to strong interdot tunnel coupling regimes. We precisely extract a large inter-dot tunnel coupling strength
for this system allowing for the observation of tunnel-coupled molecular states extending
over the whole series-coupled double dot. The inter-dot coupling strength also can be effec‐
tively tuned from weak to strong by in-plane plunger gates for parallel-coupled double
quantum dots. All the relevant energy scales
and parameters can be extracted from the honeycomb charge stability diagrams. The present
method of designing and fabricating graphene DQD is demonstrated to be general and relia‐
ble and will enhance the realization of graphene nanodevice and desirable study of rich
DQD physical phenomena in graphene, and highly controllable system serves as an essen‐
tial building block for quantum devices in a nuclear-spin-free world.
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Advances in Resistive Switching Memories Based on
Graphene Oxide
Fei Zhuge, Bing Fu and Hongtao Cao
Additional information is available at the end of the chapter
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1. Introduction
Memory devices are a prerequisite for today’s information technology. In general, two dif‐
ferent segments can be distinguished. Random access type memories are based on semicon‐
ductor technology. These can be divided into static random access memories (SRAM) and
dynamic random access memories (DRAM). In the following, only DRAM will be consid‐
ered, because it is the main RAM technology for standalone memory products. Mass storage
devices are traditionally based on magnetic- and optical storage. But also here semiconduc‐
tor memories are gaining market share. The importance of semiconductor memories is con‐
sequently increasing (Mikolajick et al., 2009). Though SRAM and DRAM are very fast, both
of them are volatile, which is a huge disadvantage, costing energy and additional periphery
circuitry. Si-based Flash memory devices represent the most prominent nonvolatile data
memory (NVM) because of their high density and low fabrication costs. However, Flash suf‐
fers from low endurance, low write speed, and high voltages required for the write opera‐
tions. In addition, further scaling, i.e., a continuation in increasing the density of Flash is
expected to run into physical limits in the near future. Ferroelectric random access memory
(FeRAM) and magnetoresistive random access memory (MRAM) cover niche markets for
special applications. One reason among several others is that FeRAM as well as convention‐
al MRAM exhibit technological and inherent problems in the scalability, i.e., in achieving the
same density as Flash today. In this circumstance, a renewed nonvolatile memory concept
called resistance-switching random access memory (RRAM), which is based on resistance
change modulated by electrical stimulus, has recently inspired scientific and commercial in‐
terests due to its high operation speed, high scalability, and multibit storage potential (Beck
et al., 2000; Lu & Lieber, 2007; Dong et al., 2008). The reading of resistance states is nondes‐
tructive, and the memory devices can be operated without transistors in every cell (Lee et
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al., 2007; Waser & Aono, 2007), thus making a cross-bar structure feasible. A large variety of
solid-state materials have been found to show these resistive switching characteristics, in‐
cluding solid electrolytes such as GeSe and Ag2S (Waser & Aono, 2007), perovskites such as
SrZrO3 (Beck et al., 2000), Pr0.7Ca0.3MnO3 (Liu et al., 2000; Odagawa et al., 2004; Liao et al.,
2009), and BiFeO3 (Yang et al., 2009; Yin et al., 2010), binary transition metal oxides such as
NiO (Seo et al., 2004; Kim et al., 2006; Son & Shin, 2008), TiO2 (Kim et al., 2007; Jeong et al.,
2009; Kwon et al., 2010), ZrO2 (Wu et al., 2007; Guan et al., 2008; Liu et al., 2009), and ZnO
(Chang et al., 2008; Kim et al., 2009; Yang et al., 2009), organic materials (Stewart et al., 2004),
amorphous silicon (a-Si) (Jo and Lu, 2008; Jo et al., 2009), and amorphous carbon (a-C) (Sinit‐
skii & Tour, 2009; Zhuge et al., 2010) (Zhuge et al., 2011).
In last decades, carbon-based materials have been studied intensively as a potential candi‐
date to overcome the scientific and technological limitations of traditional semiconductor
devices (Rueckes et al., 2000; Novoselov et al., 2004; Avouris et al., 2007). It is worthy men‐
tioning that most of the work on carbon-based electronic devices has been focused on fieldeffect transistors (Wang et al., 2008; Burghard et al., 2009). Thus, it would be of great interest
if nonvolatile memory can also be realized in carbon so that logic and memory devices can
be integrated on a same carbon-based platform. Graphene oxide (GO) with an ultrathin
thickness (~1 nm) is attractive due to its unique physical-chemical properties. A GO layer
can be considered as a graphene sheet with epoxide, hydroxyl, and/or carboxyl groups at‐
tached to both sides. GO can be readily obtained through oxidizing graphite in mixtures of
strong oxidants, followed by an exfoliation process. Due to its water solubility, GO can be
transferred onto any substrates uniformly using simple methods such as drop-casting, spin
coating, Langmuir-Blodgett (LB) deposition and vacuum filtration. The as-deposited GO
thin films can be further processed into functional devices using standard lithography proc‐
esses without degrading the film properties (Eda et al., 2008; Cote et al., 2009). Furthermore,
the band structure and electronic properties of GO can be modulated by changing the quan‐
tity of chemical functionalities attached to the surface. Therefore, GO is potentially useful for
microelectronics production. Considering that although a large variety of solid-state materi‐
als have been found to show resistive switching characteristics, none of them can fully meet
the requirements of RRAM applications, exploration of new storage media is still a key
project for the development of RRAM (Zhuge et al., 2011). This review focuses on GO-based
RRAM cells, highlighting their advantages as the next generation memories. Section 2 de‐
scribes the basic concepts of resistive switching and resistance-switching random access
memory and physical storage mechanisms. In section 3, the resistive switching mechanisms
of GO thin films and memory properties of GO-based RRAM cells are presented. Detailed
current–voltage measurements show that in metal/GO/metal sandwiches, the resistive
switching originates from the formation and rupture of conducting filaments. An analysis of
the temperature dependence of the ON-state resistance reveals that the filaments are com‐
posed of metal atoms due to the diffusion of the top electrodes under a bias voltage. More‐
over, the resistive switching is found to occur within confined regions of the metal
filaments. The resistive switching effect is also observed in GO/metal structures by conduct‐
ing atomic force microscopy. It is attributed to the redox reactions between GO and adsor‐
bed water induced by external voltage biases. The GO-based RRAM cells show an ON/OFF
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ratio >100, a retention time >105 s, and switching threshold voltages <1 V. In section 4, the
resistive switching mechanisms of conjugated-polymer-functionalized GO thin films and
memory properties of corresponding RRAM cells are described. In this case, the resistive
switching is ascribed to electron/hole transfer between graphene sheets and polymer mole‐
cules. The RRAM cells exhibit excellent memory performances, such as large ON/OFF ratio,
good endurance, and high switching speed. In the last section, it is proposed that the realiza‐
tion of bidirectional or reversible electron transfer in graphene-based hybrid systems is ex‐
pected to overcome the “voltage–time dilemma” (i.e., one could not realize high write/erase
speed and long retention time simultaneously) in pure electronic mechanism-based RRAM
cells (Schroeder et al., 2010). Pure electronic mechanisms in RRAM cells postulate the trap‐
ping and detrapping of electron in immobile traps as the reason for the resistance changes,
also known as Simmons & Verderber model (Simmons & Verderber, 1967). While in gra‐
phene-based hybrid systems, the electron transfer occurs between graphene sheets and
functional molecules covalently or non-covalently bonded to graphene, which may avoid
the “voltage–time dilemma”.

2. Resistive switching and RRAM
A resistive switching memory cell in an RRAM is generally composed of an insulating or
resistive material sandwiched between two electron-conductive electrodes to form metal-in‐
sulator-metal (MIM) structure. By applying an appropriate voltage, the MIM cell can be
switched between a high-resistance state (HRS or OFF-state) and a low-resistance state (LRS
or ON-state). Switching from OFF-state to ON-state is called the SET process, while switch‐
ing from ON-state to OFF-state is called the RESET process. These two states can represent
the logic values 1 and 0, respectively. Depending on voltage polarity, the resistive switching
behavior of an RRAM device is classified as unipolar and bipolar. For unipolar switching,
resistive switching is induced by a voltage of the same polarity but a different magnitude, as
shown in Fig. 1(a) (Waser & Aono, 2007). For bipolar switching, one polarity is used to
switch from HRS to LRS, and the opposite polarity is used to switch back into HRS, as
shown in Fig. 1(b) (Waser & Aono, 2007). A current compliance (CC) is usually needed dur‐
ing the SET process to prevent the device from a permanent breakdown. (Li et al., 2011)
In the simplest approach, the pure memory element can be used as a basic memory cell, result‐
ing in a configuration where parallel bitlines are crossed by perpendicular wordlines with the
switching material placed between wordline and bitline at every cross-point. This configura‐
tion is called a cross-point cell. Since this architecture will lead to a large parasitic current flow‐
ing through nonselected memory cells, the cross-point array has a very slow read access. A
selection element can be added to improve the situation. A series connection of a diode in ev‐
ery cross-point allows to reverse bias all nonselected cells. This can be arranged in a similar
compact manner as the basic cross-point cell. Finally a transistor device (ideally a MOS Tran‐
sistor) can be added which makes the selection of a cell very easy and therefore gives the best
random access time, but comes at the price of increased area consumption. Figure 2 illustrates
the different cell type possibilities. For random access type memories, a transistor type archi‐
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tecture is preferred while the cross-point architecture and the diode architecture open the path
toward stacking memory layers on top of each other and therefore are ideally suited for mass
storage devices (Mikolajick et al., 2009; Pinnow & Mikolajick, 2004).

Figure 1. (a) Unipolar switching. The SET voltage is always higher than the voltage at which RESET takes place, and the
RESET current is always higher than the CC during SET operation. (b) Bipolar switching. The SET operation takes place on
one polarity of the voltage or current, and the RESET operation requires the opposite polarity. (Waser & Aono, 2007)

Figure 2. Three different cell architectures for RRAM cells: (a) cross-point cell, (b) diode cell, and (c) transistor cell to‐
gether with their respective area consumption in F2. F denotes the minimum feature size of the fabrication technolo‐
gy. (Mikolajick et al., 2009)

Based on the circuit requirements of high-density NVM today such as Flash and taking pre‐
dictions about technology scaling of the next 15 years into account, one can collect a number
of requirements for RRAM cells (Waser et al., 2009):
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2.1. Write operation
Write voltages should be in the range of a few hundred mV to be compatible with scaled
CMOS to few V (to give an advantage over Flash which suffers from high programming vol‐
tages). The length of write voltage pulses is desired to be <100 ns in order to compete with
DRAM specifications and to outperform Flash which has a programming speed of some 10
ms, or even <10 ns to approach high-performance SRAM.
2.2. Read operation
Read voltages need to be significantly smaller than write voltages in order to prevent a change
of the resistance during the read operation. Because of constraints by circuit design, read volt‐
age cannot be less than approximately one tenth of write voltage. An additional requirement
originates from the minimum read current. In the ON-state, read current should not be less
than approximately 1mA to allow for a fast detection of the state by reasonably small sense am‐
plifiers. The read time must be in the order of write time or preferably shorter.
2.3. Resistance ratio
Although an ON/OFF (ROFF/RON) ratio of only 1.2 to 1.3 can be utilized by dedicated circuit
design as shown in MRAM, ON/OFF ratios >10 are required to allow for small and highly
efficient sense amplifiers and, hence, RRAM devices which are cost competitive with Flash.
2.4. Endurance
Contemporary Flash shows a maximum number of write cycles between 103 and 107, depend‐
ing on the type. RRAM should provide at least the same endurance, preferably a better one.
2.5. Retention
A data retention time of >10 years is required for universal NVM. This retention time must
be kept at thermal stress up to 85 ºC and small electrical stress such as a constant stream of
read voltage pulses.
Despite a bursting body of experimental data that is rapidly becoming available, the precise
mechanism behind the physical effect of resistive switching remains elusive. A few qualita‐
tive models have been proposed emphasizing different aspects: electric-field-induced defect
migration (Baikalov et al., 2003; Nian et al., 2007), phase separation (Tulina et al., 2001), tun‐
neling across interfacial domains (Rozenberg et al., 2004), control of the Schottky barrier’s
height (Jeong et al., 2009), etc., as shown in Fig. 3. A general consensus has emerged on the
empirical relevance of three key features: (i) a highly spatially inhomogeneous conduction
in the low resistive state, (ii) the existence of a significant number of defects, and (iii) a pre‐
eminent role played by the interfaces, namely, the regions of the oxide that are near each of
the metallic electrodes which often form Schottky barriers. (Rozenberg et al., 2010)
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Figure 3. Reported several resistive switching mechanisms. (a) Filamentary model (Yang et al., 2009). (b) Domain mod‐
el (Rozenberg et al., 2004). (c) Electrical field induced oxygen vacancy migration model (Szot et al., 2006). (d) Schottky
barrier modulation model (Sawa et al., 2004).

3. Resistive switching and memory properties in GO-based RRAM cells
He et al. firstly reported reliable and reproducible resistive switching behaviors in GO thin
films prepared by the vacuum filtration method on 2009 (He et al., 2009). The Cu/GO/Pt
structure showed an ON/OFF ratio of about 20, aretention time of more than 104 s, and
switching threshold voltages of less than 1 V, as shown in Fig. 4.

Figure 4. (a) A schematic configuration of the Cu/GO/Pt sandwiched structure. (b) I–V characteristics of the
Cu/GO/Pt structure. The arrows indicate the sweep direction. The inset shows the I–V characteristics in semilogar‐
ithmic scale. (He et al., 2009)

It indicates that GO is potentially useful for future nonvolatile memory applications. At a
later time, Zhuge et al. achieved larger ON/OFF ratios of more than 100 in metal (Cu, Ag, Ti,
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and Au)/GO/Pt devices (Zhuge et al., 2011). They considered that the moisture in air affects
the ON/OFF ratio of metal/GO/Pt memory cells severely. Furthermore, Jeong et al. present‐
ed a GO based memory that can be easily fabricated using a room temperature spin-casting
method on flexible substrates and has reliable memory performance in terms of retention
and endurance, as shown in Fig. 5 (Jeong et al., 2010). Therefore, the GO memory is an excel‐
lent candidate to be a memory device for future flexible electronics (Hong et al., 2010).

Figure 5. (a) A schematic illustration of a GO based flexible crossbar memory device. (b) Typical I–V curve of a
Al/GO/Al/PES device plotted on a semilogarithmic scale. The arrows indicate the voltage sweep direction. The left in‐
set is a real photo image of a device. (c) Continuous bending effect of a Al/GO/Al/PES device. The insets show photo‐
graphs of repeated two bending states. (d) The resistance ratio between the HRS and LRS as a function of the bending
radius (R). The inset is a photograph of an I-V measurement being performed under a flexed condition. (e) Retention
test of Al/GO/Al/PES device read at –0.5 V. (f) Endurance performance of an Al/GO/Al/PES device measured during
100 sweep cycles. (Jeong et al., 2010)

As to the mechanism of the resistive switching effect in GO thin films, Zhuge et al. pointed
out that in metal/GO/Pt sandwiches, the resistive switching originates from the formation
and rupture of conducting filaments, as schematically shown in Fig. 6 (Zhuge et al., 2011).
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Figure 6. A schematic diagram for the mechanism of the resistive switching in metal/GO/Pt memory cells.
(Zhuge et al., 2011)

Figure 7. (a), (b) and (c) AFM images of virgin GO films, GO films in LRS, and GO films in HRS. The light-colored
ribbons represent folded regions. (d), (e) and (f) the corresponding CAFM images under a read voltage of 1 V.
(Zhuge et al., 2011)

An analysis of the temperature dependence of the ON-state resistance reveals that the fila‐
ments are composed of metal atoms due to the diffusion of the top electrodes under a bias
voltage. Tsuruoka et al. pointed out that the formation of a metal filament is due to inhomo‐
geneous nucleation and subsequent growth of metal, based on the migration of metal ions in
the oxide matrix (Tsuruoka et al., 2010). Recently, they reported that the ionization of metal
at the anode interfaces is likely to be attributed to chemical oxidation via residual water in
the oxide layer, and metal ions migrate along grain boundaries in the oxide layer, where a
hydrogen-bond network might be formed by moisture absorption (Tsuruoka et al., 2012).
Moreover, the switching occurs within confined regions of the metal filaments. The RESET
process is considered to consist of the Joule-heating-assisted oxidation of metal atoms at the
thinnest part of the metal filament followed by diffusion and drift of the metal ions under
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their own concentration gradient and the applied electric field, disconnecting the metal fila‐
ment (Tsuruoka et al., 2010). Zhuge et al. also observed the resistive switching effect in
GO/Pt structures by conducting atomic force microscopy (CAFM), as shown in Fig. 7 (Zhuge
et al., 2011). It is attributed to the redox reactions between GO and adsorbed water induced
by external voltage biases. While for Al/GO/Al memory cells, Jeong et al. attributed the bi‐
polar resistive switching behavior to rupture and formation of conducting filaments at the
top amorphous interface layer formed between the GO film and the top Al metal electrode,
as shown in Fig. 8 (Jeong et al, 2010).

Figure 8. Schematic of the proposed bipolar resistive switching model for Al electrode/GO/Al electrode crossbar
memory device. (a) The pristine device is in the OFF-state due to the (relatively) thick insulating top interface layer
formed by a redox reaction between vapor deposited Al and the GO thin film. (b) The ON-state is induced by the for‐
mation of local filaments in the top interface layer due to oxygen ion diffusion back into the GO thin film by an exter‐
nal negative bias on the top electrode. (Jeong et al., 2010)

Furthermore, Hong et al. pointed out that for Al/GO/metal memory devices, the resistive
switching operation is governed by dual mechanism of oxygen migration and Al diffusion
(Hong et al., 2011). The Al diffusion into the graphene oxide is the main factor to determine
the switching endurance property which limits the long term lifetime of the device. The elec‐
trode dependence on graphene oxide RRAM operation has been analyzed as well and is at‐
tributed to the difference in surface roughness of graphene oxide for the different bottom
electrodes, as shown in Fig. 9 (Hong et al., 2011). Interestingly, Panin et al. observed both
diode-like (rectifying) and resistor-like (nonrectifying) resistive switching behaviors in an
Al/GO/Al planar structure, as shown in Fig. 10 (Panin et al., 2011). Electrical characterization
of the Al/GO interface using the induced current identifies a potential barrier near the inter‐
face and its spatial modulation, caused by local changes of resistance at a bias voltage,
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which correlated well with the resistive switching of the whole structure. Recently, Wang et
al. found that the speed of the SET and RESET operations of the Al/GO/ITO resistive memo‐
ries is significant asymmetric (Wang et al., 2012). The RESET speed is in the order of 100 ns
under a –5 V voltage while the SET speed is three orders of magnitude slower (100 μs) un‐
der a 5 V bias. The behavior of resistive switching speed difference is elucidated by voltage
modulated oxygen diffusion barrier change, as shown in Fig. 11 (Wang et al., 2012).

Figure 9. The contact angles of graphene oxide solution on four different surfaces of ITO, TaN, Su, and Pt. UV treat‐
ment is done to promote adhesion. (Hong et al., 2011)

Figure 10. I–V curves of Al/GO/Al structures pre-formed at different forming voltages. (Panin et al., 2011)
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Figure 11. Pulse behavior of the Al/GO/ITO/PET memory cell, HRS and LRS is read at 0.3 V. (a) the SET and RESET oper‐
ations of the devices with different pulsing width at ±5. The HRS and LRS of the devices are measured at 0.3V and the
SET operation is found to be three orders of magnitude slower than the RESET operation; (b) a schematic of oxygen
hopping barrier change model. (Wang et al., 2012)

4. Resistive switching and memory properties in GO-polymer hybrid
RRAM cells
Liu et al. prepared a solution-processable and electroactive complex of poly(N-vinylcarba‐
zole)-derivatized graphene oxide (GO-PVK) via amidation of end-functionalized PVK,
from reversible addition fragmentation chain transfer polymerization, with tolylene-2,5diisocyanate-functionalized graphene oxide (Liu et al., 2009). The Al/GO-PVK/ITO device
exhibits bistable electrical conductivity switching and nonvolatile rewritable memory ef‐
fects. The resistive switching is attributed to electron transfer between GO and PVK, as
shown in Fig. 12 (Liu et al., 2009).

Figure 12. Plausible switching mechanism of GO-PVK. RGO stands for reduced graphene oxide. (Liu et al., 2009)

Zhuang et al. synthesized a novel conjugated-polymer-modified graphene oxide (TPAPAMGO), which was successfully used to fabricate a TPAPAM-GO-based RRAM device (Zhuang
et al., 2010). The device exhibits a typical bistable electrical switching and nonvolatile rewrit‐
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able memory effect, with a SET voltage of about–1V and an ON/OFF ratio of more than 103,
as shown in Fig. 13 (Zhuang et al., 2010).

Figure 13. J–V characteristics and stability tested in either ON- or OFF-state under stimulus by read pulses of a 0.16mm2 ITO/TPAPAM-GO/Al device. Inset: schematic diagram of the single-layer memory devices. (Zhuang et al., 2010)

Both the ON- and OFF-state are stable under a constant voltage stress and survive up to 108
read cycles at a read voltage of –1 V. As to the switching mechanism, they deduced that at
the switching threshold voltage, electrons transit from the hole transporting (electron donat‐
ing) polymer TPAPAM (highest occupied molecular orbital, HOMO) into the graphene
monoatom layer (lowest unoccupied molecular orbital, LUMO) via intramolecular chargetransfer (CT) interaction (Ling et al., 2008). The transferred electrons can delocalize effective‐
ly in the giant p-conjugation system, and reduce graphene oxide to graphene (Elias et al.,
2009; Robinson et al., 2008). Upon electrochemical reduction of the functionalized graphene
oxide, electrons can propagate with less scattering, giving rise to a substantially enhanced
room temperature conductivity (~102 S m–1) of the composite material (Robinson et al., 2008;
Stankovich et al., 2006). Along with the increase of CT interaction, dual-channel chargetransport pathways will form via interplane hopping in graphene films and switch the ITO/
TPAPAM-GO/Al device from the OFF-state to the ON-state (Ling et al., 2008). The applica‐
tion of a reverse positive bias to the device can, however, extract electrons from the reduced
graphene nanosheet, returning it to the initial less-conductive form and programming the
device back to the OFF-state (Zhuang et al., 2010). Wu et al. fabricated GO-polyimide (PI)
hybrid RRAM cells, as shown in Fig. 14 (Wu et al., 2011). The functionalization of GO sheets
with PI enables the layer-by-layer fabrication of a GO-PI hybrid resistive-switch device and
leads to high reproducibility of the memory effect. The current-voltage curves for the as-fab‐
ricated device exhibit multilevel resistive-switch properties under various reset voltages.
The capacitance-voltage characteristics for a capacitor based on GO-PI nanocomposite indi‐
cate that the electrical switching may originate from the charge trapping in GO sheets. The
high device-to-device uniformity and unique memory properties of the device make it an at‐
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tractive candidate for applications in next-generation high-density nonvolatile flash memo‐
ries (Wu et al., 2011). Yu et al. reported bistable resistive switching characteristics for writeonce-read-many-times (WORM) memory devices using a supramolecular hybrid route to
hydrogen-bonded block copolymers (BCP) and GO as charge storage materials (Yu et al.,
2012). The ITO/7 wt% GO composite/Al device exhibits a one-time programmable effect
with an ON/OFF ratio of 105 at –1.0 V, a retention of 104 s and a 108 read pulse of –1.0 V, as
shown in Fig. 15 (Yu et al., 2012). The switching phenomena were attributed to the charge
trapping environment operating across the BCP/GO interface and from the GO intrinsic de‐
fect. Controlling the physical interaction of BCP and functional GO sheets can generate a
well-dispersed charge storage composite device for future flexible information technology.

Figure 14. (a) FE-SEM image of the cross sectional view for the GO-PI film. (b) Schematic of Ag/PI/GO:PI/PI/ITO mem‐
ory device. (Wu et al., 2011)

Recently, Hu et al. prepared a novel RRAM device based on reduced GO noncovalently
functionalized by thionine (Hu et al., 2012). The device shows nonvolatile resistive
switching behaviors with an ON/OFF ratio of more than 104, fast switching speed of <5
ns, long retention time of >105 s, and good endurance. The resistive switching in such
memory device is attributed to electron transfer reaction between reduced graphene ox‐
ide sheets and thionine molecules.
Noting that besides GO, graphene can also be used for resistive switching memory devices.
Standley et al. developed a nonvolatile resistive memory element based on graphene break
junctions which demonstrates thousands of writing cycles and long retention times (Standley
et al., 2008). They proposed a model for device operation based on the formation and breaking
of carbon atomic chains that bridges the junctions, as shown in Fig. 16 (Standley et al., 2008).
Recently, He et al. reported a planar graphene/SiO2 nanogap structure for multilevel resistive
switching (He et al., 2012). Such two-terminal devices exhibited excellent memory characteris‐
tics with good endurance up to 104 cycles, long retention time more than 105 s, and fast switch‐
ing speed down to 500 ns. At least five conduction states with reliability and reproducibility
were demonstrated in these memory devices, as shown in Fig. 17 (He et al., 2012). The mecha‐
nism of the resistive switching was attributed to a reversible thermal-assisted reduction and
oxidation process that occurred at the breakdown region of the SiO2 substrate.
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Figure 15. (a) I–V characteristics of 7 wt% GO composite device. The inset shows the switching behavior in different
memory cells. (b) Retention time test. (c) Stimulus effect of read pulses. (Yu et al., 2012)

Figure 16. (a) SEM image of the device before (left panel) and after breakdown (right panel). The arrows indicate
the edges of the nanoscale gap. (b) Proposed schematic atomic configurations in the ON and OFF states. (Stand‐
ley et al., 2008)
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Figure 17. Multilevel resistive switching properties of graphene/SiO2 nanogap structures. (a) Typical I–V characteristics
of a device with a width of 1 μm, length of 0.4 μm, and thickness of 2.3 nm. The vertical line cut at 1 V indicates five
resistance states. By sweeping the reset voltage from 0 to 5 V, the OFF1 state (red) was established. The subsequent
reset voltages sweep up to higher voltage of 7 V (purple), 9 V (orange), and even higher to 11 V (olive) from 0 V, and
lower conduction states of OFF2, OFF3, and OFF4 were achieved subsequently. (b) Top: series of bias pulses with dif‐
ferent magnitudes of 3, 5, 7, 9, and 11 V, corresponding to the sweep voltages in (a) with three reading pulses of 1 V
after each programming pulse was applied. Bottom: resistance changes corresponding to the each voltage pulse in
the top panel. (c) Cycled switching of the device under various reset voltages. (d) Retention time of more than 104 s for
each conduction state tested by a continuous 1 V pulse. (He et al., 2012)

5. Summary and prospect
Resistive random access memory based on the resistive switching effect induced by electri‐
cal stimulus has inspired scientific and commercial interests due to its high operation speed,
high scalability, and multibit storage potential. The reading of resistance states is nondes‐
tructive, and the memory devices can be operated without transistors in every cell, thus
making a cross-bar structure feasible. Although a large variety of solid-state materials have
been found to exhibit the resistive switching effect, GO is a very promising material for
RRAM applications since due to an ultrathin thickness (~1 nm) and its unique physical–
chemical properties. Both GO and GO-polymer hybrid exhibit good memory performances,
such as high ON/OFF ratio and long retention time. The resistive switching of GO is always
related to defect migration, such as metal ions and oxygen vacancies, whereas the switching
of GO-polymer hybrid is considered to be attributed to charge transfer reaction between GO
sheets and polymer molecules. Since both high switching speed and good retention could be
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simultaneously achieved in GO-polymer hybrid RRAM device, such memory device is ex‐
pected to overcome the “voltage–time dilemma” (i.e., one could not realize high write/erase
speed and long retention time simultaneously in pure electronic mechanism-based RRAM
cells). Pure electronic mechanisms in RRAM cells postulate the trapping and detrapping of
electron in immobile traps as the reason for the resistance changes, also known as Simmons
& Verderber model. While in GO-polymer hybrid systems, the electron transfer occurs be‐
tween graphene sheets and functional molecules covalently or non-covalently bonded to
graphene, which may avoid the “voltage–time dilemma”.
However, to meet the requirements of future memory applications, GO-based resistance
memories should overcome several hurdles. Firstly, the size and chemical composition of
GO sheets must be controllable, for example, the type, number and distribution of oxygen
functional groups attached to both sides of graphene sheets. Secondly, the resistive switch‐
ing mechanism of GO is still not clear. For metal/GO/metal sandwiches, although the forma‐
tion/rupture of metal filaments is considered to be responsible for the resistive switching,
the filament growth and inhibition kinetics remains ambiguous. As to the switching of GOpolymer hybrid, no direct evidences have been provided to support the charge transfer hy‐
pothesis so far. Thirdly, it is a real challenge to improve the thermal stability of GO and GOpolymer hybrid since memory devices may work at elevated temperature.
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1. Introduction
Graphene, a single-atom-thick sheet of hexagonally arrayed sp2 bonded carbon atoms, has
been under the spotlight owning to its intriguing and unparalleled physical properties [1].
Because of its novel properties, such as exceptional thermal conductivity, [2] high Young’s
modulus, [3] and high electrical conductivity,[4] graphene has been highlighted in fabricat‐
ing various micro-electrical devices, batteries, supercapacitors, and composites [5, 7]. Espe‐
cially, integration of graphene and its derivations into polymer has been highlighted, from
the point views of both the spectacular improvement in mechanical, electrical properties,
and the low cost of graphite [8, 9]. Control of the size, shape and surface chemistry of the
reinforcement materials is essential in the development of materials that can be used to pro‐
duce devices, sensors and actuators based on the modulation of functional properties. The
maximum improvements in final properties can be achieved when graphene is homogene‐
ously dispersed in the matrix and the external load is efficiently transferred through strong
filler/polymer interfacial interactions, extensively reported in the case of other nanofillers.
However, the large surface area of graphene and strong van der Waals force among them
result in severe aggregation in the composites matrix. Furthermore, the carbon atoms on the
graphene are chemically stable because of the aromatic nature of the bond. As a result, the
reinforcing graphene are inert and can interact with the surrounding matrix mainly through
van der Waals interactions, unable to provide an efficient load transfer across the graphene/
matrix interface. To obtain satisfied performance of the final graphene/polymer composites,
the issues of the strong interfacial adhesion between graphene–matrix and well dispersion
of graphene should be addressed.
To date, the mixing of graphene and functionalized graphene with polymers covers the
most of the published studies, and the direct modification of graphene with polymers is a
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somewhat less explored approach. However, in many cases, to achieve stable dispersions of
graphene and adequate control of the microstructure of the nanocomposites, non-covalent
or covalent functionalization of graphene with polymers may be necessary. The non-cova‐
lent functionalization, which relies on the van der Waals force, electrostatic interaction or ππ stacking [10, 12], is easier to carry out without altering the chemical structure of the
graphene sheets, and provides effective means to tailor the electronic/optical property and
solubility of the nanosheets [13]. The covalent functionalization of graphene derivatives is
mainly based on the reaction between the functional groups of the molecules and the oxy‐
genated groups on graphene oxide (GO) or reduced GO (r-GO) surfaces [14, 15], such as ep‐
oxides and hydroxyls on their basal planes and carboxyls on the edges [16]. Compared with
non-covalent functionalization, the covalent functionalization of graphene-based sheets
holds versatile possibility due to the rich surface chemistry of GO/r-GO. However, it should
be pointed out that the non-covalent or covalent attachment of graphene to polymer chains
can improve some properties, but may be negative for others, especially those related to the
movement of electrons or phonons. Although the functionalization of graphene with poly‐
mers is generally attempted with a view to conferring to the polymer new or improved
properties, the polymer may also prevent the aggregation of the graphene sheets, where the
graphene-polymer size ratio and molecular weight play important roles. For general bibliog‐
raphy on typical graphene-based nanocomposites, the reader can consult several mono‐
graphs, reviews, and feature articles that summarize the state of the art of the field.
The objective of the present work is to provide a broad overview on the methods developed
to non-covalently or covalently bind graphene to polymers. The covalent linking of poly‐
meric chains to graphene is at its initial stages and there is significant room for the develop‐
ment of new and improved strategies.

2. The precursor of functionalized graphene
As we know, GO is the main precursor for the functionalization of graphene with poly‐
mers. It is because that there are multiple oxygen-containing functionalities, such as hydrox‐
yl, epoxy and carboxyl groups on GO sheets [16]. GO is usually produced using different
variations of the Staudenmaier [17] or Hummers [18] method in which graphite is oxi‐
dized using strong oxidants such as KMnO4, KClO3, and NaNO2 in the presence of nitric
acid or its mixture with sulfuric [19, 20]. For more details about GO, we refer the reader to
the extensive review of GO preparation, structure, and reactivity by Dreyer et al and Zhu
et al. [19, 20].
Furthermore, the reduction of GO will remove most, but not all, of the oxygen-containing
functionalities such as hydroxyl, carboxylic acid and epoxy groups. Therefore, some func‐
tionalization reactions are based on the reduced GO. Generally, GO can be exfoliated using
a variety of methods, most commonly by solvent-based exfoliation and reduction in appro‐
priate media or thermal exfoliation and reduction [16, 21] In the former route, the hydrophil‐
ic nature and increased interlayer spacing of GO facilitates direct exfoliation into solvents
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(water, alcohol, and other protic solvents) assisted by mechanical exfoliation, such as ultra‐
sonication and/or stirring, forming colloidal suspensions of “graphene oxide”. The chemical‐
ly reduced graphene oxide is produced by chemical reduction of the exfoliated graphene
oxide sheets using hydrazine, [22, 24] dimethylhydrazine, [25] sodium borohydride fol‐
lowed by hydrazine, [26] hydroquinone, [ 27] vitamin C, [28] etc. However, the hazardous
nature and cost of the chemicals used in reduction may limit its application. The most prom‐
ising methods for large scale production of graphene is the thermal exfoliation and reduc‐
tion of GO. Thermally reduced graphene oxide can be produced by rapid heating of dry GO
under inert gas and high temperature [29, 31]. Heating GO in an inert environment at
1050°C for 30 s leads to reduction and exfoliation of GO, producing low-bulk-density TRG
sheets, which are highly wrinkled [32]. In the thermal process, the epoxy and hydroxyl sites
of GO decompose to produce gases like H2O and CO2, yielding pressures that exceed van
der Waals forces holding the graphene sheets together, causing the occurrence of exfoliation.

3. Covalent functionalization of graphene with polymers
It is desirable that stronger bonds are usually formed between the graphene and the poly‐
mers by covalent functionalization of graphene with polymers. However, it is usually diffi‐
cult to realize because ideal graphene lacks functional groups that can be conjugated with.
In some cases, when the graphene sheets were exfiolated from GO, incomplete reduction
process leaves oxygen-containing functionalities that are then available for further function‐
alizations. Other covalent functionalization strategies typically involve further disruption of
the conjugation of the graphene sheets. Although covalent functionalization of graphene
will compromise some of its natural conductivity, this method is still valuable in some cases
when graphene’s other properties are desirable. More details of graphene functionalization
via covalent bonds will be discussed below.
3.1. Functionalizations via “grafting from” method
Until now, “grafting to” and “grafting from” techniques have been developed to graft the
polymer chains onto the graphene surface. The “grafting from” method relies on the immo‐
bilization of initiators at the surface of graphene, followed by in situ surface-initiated poly‐
merization to generate tethered polymer chains. A number of studies of polymerfunctionalized graphene by the “grafting from” method have been reported.
3.1.1. Atom transfer radical polymerization (ATRP)
Among the types of “grafting from“ polymerization [33, 46], ATRP is the most widely used,
and represents the majority of the studies reported. ATRP is almost certainly chosen because
it offers the advantages of radical polymerization, that is, a fast initiation process and the
development of a dynamic equilibrium between dormant and growing radicals [47]. In ad‐
dition, a wide range of monomers can be polymerized by ATRP with controlled chain
length. Moreover, block copolymers can be prepared by ATRP because of the living radical
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process. Furthermore, ATRP is probably the most practical technique for preparation of
functional polymers because the terminal alkyl halide can be converted to a wide variety of
functionalities by using conventional organic synthetic procedures.

Figure 1. Synthesis of surface-functionalized GO via attachment of an ATRP initiator (a-bromoisobutyryl bromide) fol‐
lowed by polymerization of styrene, butyl acrylate, or methyl methacrylate [38].

Lee et al. [38] have reported a new method for attaching polymer brushes to GO sheet using
surface-initiated ATRP. The hydroxyl groups present on the surface of GO were ﬁrst func‐
tionalized with a wellknown ATRP initiator (a-bromoisobutyryl bromide), and then poly‐
mers of styrene, butyl acrylate, or methyl methacrylate were grown directly via a surfaceinitiated polymerization (SIP) (Figure 1). The authors studied the case of polystyrene (PS)
in detail and presented two main conclusions. First, they suggested that the polymer chain
length can be tunable by changing the ratio of monomer and initiator modified GO. Sec‐
ond, they reported that the monomer loading can vary the molecular weight of the graft‐
ed PS, which was obtained by gel permeation chromatography (GPC) after detaching by
saponification, and the polydispersity was low, which suggested the polymerization pro‐
ceeds in a controlled manner. Furthermore, the PS-functionalized GO was shown to sig‐
niﬁcantly increase the solubility in N,N-dimethylformamide (DMF), toluene, chloroform,
and dichloromethane, improving the processing potential of these materials for applica‐
tions in polymer composites.
Fang et al. [43, 44] demonstrated the ability to systematically tune the grafting density and
chain length of PS covalently bonded to graphene sheets by combining diazonium addi‐
tion and ATRP. After reduction, r-GO was functionalized with 2-(4-aminophenyl) etha‐
nol, reacted with 2-bromo-2-methylpropi-onyl bromide (BMPB), and subsequently the
polymerization of styrene was carried out (Figure 2). Their results showed that the poly‐
dispersity of the high grafting density sample was more uniform than that of the low
grafting density, which was attributed to the the degree of functionalization of r-GO sheets
with the initiator because the diazonium coupling to graphene follows an identical radi‐
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cal mechanism as that for carbon nanotubes (CNTs). The relaxation of the polymer chains
covalently bonded to the r-GO surface was strongly confined, particularly for segments in
close proximity to the r-GO surface. This confinement effect could enhance the thermal
conductivity of the polymer nanocomposites. The significant increases in thermal conduc‐
tivity were observed for only 2.0 wt% functionalized r-GO in PS composites. Also, the
resulting PS nanocomposites with 0.9 wt% functionalized r-GO revealed around 70% and
57% increases in tensile strength and Young’s modulus.

Figure 2. Synthetic routes for achieving controllable functionalization of graphene. 28

Furthermore, Gonçalves et al. [40] developed the use of poly(methyl methacrylate) (PMMA)
grafted from carboxylic groups in GO as a reinforcement filler. Here the BMPB initiators
were immobilized by two esterification reactions: the carboxylic groups of GO were esteri‐
fied with ethylene glycol, followed by reacting with BMPB using the same type of reaction
as Lee et al. [38]. In this case, the polydispersity of the grafted PMMA, removed from the
GO by hydrolysis, was found to be close to unity, once more suggesting a well-controlled
process irrespective of the under estimated molecular weights. This PMMA-functionalized
GO showed a good solubility in organic solvents such as chloroform and could be used as
reinforcement filler in the preparation of PMMA composite films. Due to the strong interfa‐
cial interactions between the PMMA-functionalized GO and PMMA matrix caused by the
presence of short PMMA chains covalently bonded to GO, an efficient load transfer from the
GO to the matrix was formed, thus improving the mechanical properties of their nanocom‐
posites, which were more stable and tougher than pure PMMA and its nanocomposites with
unmodified GO (Figure 3). For example, addition of 1 wt% PMMA-functionalized GO clear‐
ly led to a significant improvement of the elongation at break, yielding a much more ductile
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and tougher material. In addition, the presence of PMMA-functionalized GO also stabilized
the nanocomposites increasing the onset of thermal decomposition by around 50 °C.

Figure 3. Load-displacement nanoidentation (left) and stress-strain curves (right) of films of PMMA and its nanocom‐
posites with PMMA-functionalized graphene. 40

Yang et al. [42] also took advantage of the carboxylic groups to graft poly-(2-dimethylami‐
noethyl methacrylate) (PDMAEMA) onto GO sheets. Here, the BMPB initiators were attach‐
ed onto GO sheets by two steps involving amidation reactions. This functionalization of GO
with PDMAEMA not only enhanced the solubility in acidic aqueous solutions (pH = 1), but
also in short chain alcohols. Moreover, this solubility allowed this functionalized-GO to be
mixed with spherical particles of poly(ethylene glycol dimethacrylate-co-methacrylic acid)
to generate decorated GO sheets.
3.1.2. Other polymerization methods apart from ATRP
Besides the ATRP method, polycondensation, [33] ring opening polymerization [34], rever‐
sible addition-fragmentation chain transfer (RAFT) mediated mini-emulsion polymeriza‐
tion [35], direct electrophilic substitution [36], and Ziegler–Natta polymerization [37] have
also been used to functionalize the graphene sheets with various polymer chains, which
will be discussed below.
Wang et al. [33] functionalized GO sheets with polyurethane (PU) by using the polyconden‐
sation method. Here GO sheets were reacted with 4,4’-diphenylmethane diisocyanate fol‐
lowed by polycondensation of poly(tetramethylene glycol) and ethylene glycol. The
presence of PU chains linked to GO remarkably improved the dispersion of GO in PU ma‐
trix, which was confirmed by the morphological study, and make it compatible with pure
PU forming strong interfacial interactions that provide an enhanced load transfer between
the matrix and the GO sheets thus improving their mechanical properties, as well as their
thermal properties. With the incorporation of 2.0 wt% PU-functionalized GO, the tensile
strength and storage modulus of the PU nanocomposites increased by 239% and 202%, re‐
spectively (Figure 4). Furthermore, the nanocomposites displayed high electrical conductivi‐
ty, and improved thermal stability of PU was also achieved (Figure 4).
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Figure 4. The improved thermal and mechanical propertied of PU/GO nanocomposites [33].

Etmimi et al. [35] investigated the preparation of PS/GO nanocomposites via RAFT mediat‐
ed mini-emulsion polymerization. In this process, dodecyl isobutyric acid trithiocarbonate
(DIBTC) RAFT agent was attached to the hydroxyl groups of GO through an esterification
reaction (Figure 5). The resultant RAFT-grafted GO was used for the preparation of PS/GO
nanocomposites in miniemulsion polymerization. The stable miniemulsions were obtained
by sonicating RAFT-grafted GO in styrene monomer in the presence of a surfactant, fol‐
lowed by polymerizing using AIBN as the initiator to yield encapsulated PS-GO nanocom‐
posites. The molecule weight and polydispersity of PS in the nanocomposites depended on
the amount of RAFT-grafted GO in the system, in accordance with the features of the RAFT
polymerization method. The thermal stability of the obtained PS/GO nanocomposites was
improved, which may be attributed to the intercalation of PS into the lamellae of graphite.
Furthermore, the increased RAFT-grafted GO significantly resulted in the improved mechan‐
ical properties of the nanocomposites. The storage and loss modulus of the nanocompo‐
sites were higher than those of the standard PS when the GO loadings reached 3 and 6%,
respectively. Oppositely, as RAFT-grafted GO content increased, the Tg values of the sam‐
ple decreased. This was attributed to the change in the molecule weight of the PS chains in
the nanocomposites.
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Figure 5. The overall synthesis route for the preparation of RAFT immobilized GO nanosheets [35].

Figure 6. Fabrication of PP/GO nanocomposites by in situ Ziegler-Natta polymerization [37].

Huang et al. [37] reports the first example of preparation of polypropylene/GO (PP/GO)
nanocomposites via in situ Ziegler−Natta polymerization. As illustrated in Figure 6, a Mg/Ti
catalyst species was immobilized onto GO sheets by reacting with the surface functional
groups including −OH and −COOH. Subsequent propylene polymerization led to the in situ
formation of PP matrix, which was accompanied by the nanoscale exfoliation of GO. Inde‐
pendent of the opposing nature of the polymer and GO, a good dispersion of GO sheets in
PP matrix was observed, which was verified by morphological examination through TEM
and SEM observation. Furthermore, high electrical conductivity was discovered with thus
prepared PP/GO nanocomposites, this being the only paper reporting conductive materials
prepared by grafting a polymer from graphene sheets. For example, at a GO loading of 4.9
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wt %, σc was measured at 0.3 S m−1. We believe that this must originate from a side reaction
involving the reduction of GO sheets that occurs in one of the synthetic steps.

3.1.3. Irradiation-induced polymerization
Ultrasound has found important applications in a diverse range of materials and chemi‐
cal syntheses [48, 51]. Both the physical and chemical effects of ultrasound arise from acous‐
tic cavitation: the formation, growth, and collapse of bubbles in liquids irradiated with high
intensity ultrasound [48 - 50, 52]. Localized hot spots with temperature of ~5000K and
pressures of hundreds of bars are generated during the bubble collapse within liquid, which
can induce some chemical reactions that can’t take place under normal conditions. Xu et al.
[53] reported a convenient single-step sonication-induced approach for the preparation of
polymer functionalized graphenes from graphite flakes and a reactive monomer, styrene.
In this work, they showed that by choosing a reactive medium as the solvent, the com‐
bined mechanochemical effects of high intensity ultrasound can, in a single step, readily
induce exfoliation of graphite to produce functionalized graphenes. Ultrasonic irradiation
of graphite in styrene results in the mechanochemical exfoliation of graphite flakes to singlelayer and few-layer graphene sheets combined with functionalization of the graphene with
PS chains (Figure 7). The PS chains are formed from sonochemically initiated radical poly‐
merization of styrene. They also tested a variety of other solvents, including toluene, ethyl‐
benzene, 1-dodecene, and 4-vinylpyridine to prepare functionalized graphenes. Only the
easily polymerizable reactants containing vinyl groups, styrene and 4-vinylpyridine, lead
to stable functionalized graphene. Such functionalized graphene have good stability and
solubility in common organic solvents and have great potential for graphene-based compo‐
site materials.
Moreover, direct photografting reactions of vinyl monomers came into focus for the prepa‐
ration of stable polymer brushes. Two approaches in particular, the sequential “living” pho‐
topolymerization and the self-initiated photografting and photopolymerization (SIPGP),
attracted the attention of numerous research groups because of the facile preparation and
broad applicability. Steenackers et al. [54] showed that PS chains could covalently bound to
graphene by the UV-induced polymerization of styrene (Figure 8). Photopolymerization oc‐
curs at existing defect sites and that there is no detectable disruption of the basal plane con‐
jugation of graphene. This method thus offers a route to define graphene functionality
without degrading its electronic properties. Furthermore, photopolymerization with styrene
results in self-organized intercalative growth and exfoliation of few layer graphene sheets.
Under these reaction conditions, a range of other vinyl monomers exhibits no reactivity with
graphene. However, the authors demonstrate an alternative route by which the surface reac‐
tivity can be precisely tuned, and these monomers can be locally grafted via electron-beaminduced carbon deposition on the graphene surface.
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Figure 7. Experimental setup of the one-step mechanochemical process for exfoliation of graphite and sonochemical
functionalization of graphene [53].

Figure 8. Patterned polymer brush layers on CVD-grown single layer graphene are prepared by UV illumination through
a mask in bulk styrene. Surface photopolymerization occurs selectively in illuminated regions of the material [54].

Figure 9. The preparation of PVAc grafted GO by γ-ray irradiation-induced graft polymerization [55].

γ-ray radiation-induced graft polymerization has many advantages, including being a singlestep chemical reaction, needing no additives or catalysts, being conducted at room temper‐
ature, cost-effective, and so on. Above all, it is versatile for vinyl monomers that undergo
free radiation polymerization, and production can be easily scaled-up. Zhang et al. [55]
reported a facile approach to functionalize GO sheets with poly(vinyl acetate) (PVAc) by
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γ-ray irradiation-induced graft polymerization (Figure 9). Due to the full coverage of PVAc
chains and solvated layer formation on GO sheets surface, which weakens the interlami‐
nar attraction of GO sheets, PVAc-functionalized GO was well dispersed in common organ‐
ic solvents, and the dispersions obtained were extremely stable at room temperature without
any aggregation.
Furthermore, Lee at al. [56] have developed a method to selectively fluorinate graphene by
irradiating fluoropolymer-covered graphene with a laser (Figure 10). Here the sp2-hy‐
brized graphene would react with the active fluorine radicals, which was produced by
photon-induced decomposition of the fluoropolymer under laser-irradiation, and form CF bonds. However, this reaction only occurred in the laser-irradiated region. The kinetics of
C–F bond formation is dependent on both the laser power and fluoropolymer thickness.
Furthermore, the resistance of the graphene dramatically increased due to the fluorina‐
tion, while the basic skeletal structure of the carbon bonding network is maintained. This
is an efficient method for isolating graphene devices because the laser irradiation on fluoro‐
polymer-covered graphene process produces fluorinated graphene with highly insulating
properties in a single step.

Figure 10. The scheme showing a mechanism for fluorination under laser-irradiation.56

3.2. Functionalizations via “grafting to” method
As commented previously, the “grafting from” method relies on the immobilization of ini‐
tiators at the surface of graphene, followed by in situ surface-initiated polymerization to
generate tethered polymer chains. However, this may not be possible in certain cases, where
the covalent linkage between the presynthesized polymer and graphene emerges as the only
alternative. In order to expand the type of polymers that can be bound to graphene, the cate‐
gory of “grafting-to” method can be employed to achieve this purpose. The “grafting to”
technique involves the bonding of preformed end functionalized polymer chains to the sur‐
face of graphene. Therefore, the prepared graphene require adequate functional groups,
which could react with specific polymers. Or the polymer has functionalities capable of re‐
acting with either graphene or its chemically broader cousin, GO. In the following part, we
will summarize the type of reactions and the families of polymers that have been grafted to
the graphene.
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3.2.1. Esterification/amidation reactions
Esterification/amidation reactions between carboxylic groups in GO and hydroxyl or amine
groups in the polymer have been widely investigated [14, 15, 44, 57, 60]. In this respect,
poly(vinyl alcohol) (PVA) was covalently bonded to GO [14, 57] and r-GO [14] by using a
typical catalytic system for esterification (Figure 11). After functionalization with PVA
chains, the solution processability of graphene was significantly improved. And the degree
of functionalization was shown to be low, probably due to steric hindrance caused by the
huge volume of GO. However, due to the presence of the huge graphene sheets, significant
changes in the crystalline properties as well as in the tacticity of the polymer were observed.
The originally semicrystalline PVA became completely amorphous, and the Tg increased by
35 °C after bonded to GO sheets. The decrease in crystallinity was attributed to the intercala‐
tion of PVA chains between the graphene sheets as well as the formation of “secondary”
bonds, for example, hydrogen bonding that breaks intra- and interchain bonds. Finally, it
has been demonstrated that the reaction is favoured at specific conformations at the isotactic
sequences where the hydroxyl groups are more exposed (lower internal steric hindrance)
than in the syndiotactic counterpart.

Figure 11. Schematic Illustration of the Esterification of GO with PVA [14].

A similar strategy has been approached to functionalize r-GO with poly(vinyl chloride)
(PVC) [59]. In this step, the susceptible groups in PVC chains could react with the functional
groups on r-GO sheets by esterification, which was provided by a nucleophilic substitution
reaction [61, 62]. Furthermore, several methodologies to prepare r-GO/PVC nanocomposites
and the optimum conditions have been established. The covalent attachment of r-GO to ap‐
propriately functionalized PVC is the only effective method to produce nanocomposites
with improved thermal and mechanical properties (Figure 12). The absolute values of the
mechanical and thermal properties of PVC-functionalized GO nanocomposites are higher
than those for a similar system using MWNTs as reinforcement because of the higher aspect
ratio of the r-GO sheets with respect to the MWNTs. The introduction of r-GO also increases
the T g of the composites, reflecting the changes in the mobility of the PVC chains. However,
due to the lower strength of the “secondary bonds”, such as halogen bonding and hydrogen
bonding for PVC and PVA respectively, the changes in Tg for PVC were much lower than
those reported for PVA, which had a similar degree of functionalization with PVC-function‐
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alized GO. The existence of these secondary bonds can lead to some additional ordering that
alters the segmental mobility and consequently the final properties.

Figure 12. Comparison of (a) storage modulus and (b) tan δ curves for neat PVC (square), PVC functionalized CNTs
(triangle), PVC functionalized GO (solid circle), and PVC functionalized r-GO (open circle) [59].

Furthermore, conjugated polymer-functionalized graphene materials have also been pre‐
pared by esterification/amidation reactions [60, 63]. In these cases, the ends of the conjugat‐
ed polymers were bonded to the functional groups on the graphene sheets. As a result, the
solubility of the obtained functionalized graphene was significantly improved in common
solvents, enabling device preparation by solution processing. Thus, GO functionalized with
both triphenylamine-based polyazomethine-modified GO (TPAPAM-GO) and poly(3-hex‐
ylthiophene) modified GO (P3HT-GO) (Figure 13) can be incorporated into specific devices
by simple spin coating to obtain composites that exhibit non-volatile memory effect as well
as higher power conversion efficiency for solar cells, demonstrated in the cases of TPAPAMGO and P3HT-GO, respectively.

Figure 13. Synthesis procedure for chemical grafting of CH2OH-terminated P3HT chains onto graphene, which in‐
volves the SOCl2 treatment of GO (step 1) and the esterification reaction between acyl-chloride functionalized GO and
MeOH-terminated P3HT (step 2) [47].
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3.2.2. Nitrene cycloaddition
Nitrene chemistry, an approach used to functionalize graphene with single molecules [64,
65], has also been extended to polymers [66, 67].Nitrene chemistry is a versatile tool that al‐
lows the functionalization of graphene with a pool of functionalities, potentiating graphene
solubility, and dispersion in a wide variety polymeric matrices. By using of this technology,
He and Gao [67] have reported a general and versatile approach to graft of polymers onto
graphene sheets. In their experiment, a wide range of immobilized functional groups were
used to graft specific polymers from it (Figure 14). Though the cycloadditions of nitrene rad‐
icals and thermal reduction of GO occurs simultaneously, the conductivity of graphene di‐
minished after functionalization, values of around 300-700 S/m for PS and poly(ethylene
glycol) (PEG)-functioanlzied graphene were obtained. This was mainly due to the high
amounts of graphene in the final product, which is reasonable because although the poly‐
mer is linked to graphene by the ends, the molecular weight of the polymers is low, making
the mass percentage of graphene high.

Figure 14. General strategy for the preparation of functionalized graphene sheets by nitrene chemistry and the fur‐
ther chemical modifications [67].

Besides the methods mentioned above, other “grafting to” approaches have also been inves‐
tigated, such as the opening of maleic rings in maleic acid (MA) grafted polyethylene by
amine functionalized graphene [68], nucleophilic epoxy-ring opening in GO by amine
groups in biocompatible poly-l-lysine [69], atom transfer nitroxide radical coupling
(ATNRP) of PNIPAM and 2,2,6,6-tetramethylpiperidine-1-oxyl-modified graphene [70], and
simultaneous reduction of GO and radical grafting of PMMA by phase transfer [71].
3.2.3. Irradiation-induced radical grafting
Shen et al. [72] have reported PVA-functionalized graphene (f-G) could be prepared by ul‐
trasonication of pristine graphene (p-G) in a PVA aqueous solution (Figure 15). Ultrasonic
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irradiation of graphene can cause a considerable amount of defects on the graphene surface,
which might produce reactive sites in situ as a result of the high temperature and pressure
during bubble collapse. Moreover, the original defects on pristine graphene can also be easi‐
ly destroyed and produce reactive sites during ultrasonic irradiation. The PVA chain radi‐
cals produced by sonochemical degradation of the PVA solution can react easily with
graphene, because of the reactive sites formed on the graphene surface, and readily func‐
tionalized them via “grafting to” method. The content of PVA on graphene was estimated to
be ~35%. The f-G could be well dispersed in the PVA matrix by a simple solution mixing
and casting procedure. Due to the effective load transfer between f-G and PVA matrix, the
mechanical properties of the f-G/PVA films were significantly improved. Compared with
the p-G/PVA films, a 12.6% increase in tensile strength and a 15.6% improvement of Young’s
modulus were achieved by addition of only 0.3 wt% f-G. Moreover, this simple ultrasonica‐
tion technique could enable us to functionalize graphene with other polymers.

Figure 15. Schematic illustration of the sonochemical preparation process of PVA-functionalized graphene [72].

As a summary, “grafting-to” methods are highly versatile since they take advantage of the
chemistry of GO that can be appropriately modified with a wide variety of functional
groups providing a capacity for reaction with almost any type of polymers. In addition,
“grafting-to” method allows the selection of the location of graphene, that is, at the end or as
part of the main chain that can be directly related to changes in the final properties.

4. Non-covalent functionalization of graphene with polymers
As shown in the aforementioned examples, the covalent functionalization of polymers on
graphene-based sheets holds versatile possibility due to the rich surface chemistry of GO/rGO. Nevertheless, the non-covalent functionalization, which almost relies on hydrogen
bonding or π–π stacking, is easier to carry out without altering the chemical structure of the
capped r-GO sheets, and provides effective means to tailor the electronic/optical property
and solubility of the nanosheets. The first example of non-covalent functionalization of r-GO
sheets was demonstrated by the in situ reduction of GO with hydrazine in the presence of
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poly(sodium 4-styrenesulfonate) (PSS) [12], in which the hydrophobic backbone of PSS sta‐
bilizes the r-GO, and the hydrophilic sulfonate side groups maintains a good dispersion of
the hybrid nanosheets in water.
4.1. Functionalizations via π–π stacking interactions
π–π stacking interactions usually occur between two relatively large non-polar aromatic
rings having overlapping π orbitals. They can be comparable to covalent attachment in
strength and hence provide more stable alternatives to the weaker hydrogen bonding, elec‐
trostatic bonding and coordination bonding strategies. Furthermore, π–π stacking function‐
alization does not disrupt the conjugation of the graphene sheets, and hence preserves the
electronic properties of graphene.
4.1.1. Polymers with pyrene end-groups
In order to functionalize graphene with polymers via π–π stacking, one strategy is for the
polymer chains to be synthesized with pyrene moieties as the termini of the polymer chains.
RAFT polymerization can be a useful tool to achieve this aim. Polymers with pyrene endgroups have been made using RAFT mechanism in several recent papers [73, 80].

Figure 16. A schematic depicting the synthesis of pyrene-terminated PNIPAAm using a pyrene-functional RAFT agent
and the subsequent attachment of the polymer to graphene [ 81].
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Liu et al. synthesized thermoresponsive graphene-polymer nanocomposites. They first took
advantage of RAFT polymerization to synthesize a well-defined thermoresponsive pyrene
terminated poly(N-isopropylacrylamide) (PNIPAAm), followed by attachment onto the bas‐
al plane of graphene sheets via π-π stacking interactions (Figure 16) [81]. The lower critical
solution temperature (LCST) of pyrene-terminated PNIPAAm was measured to be 33 ° C.
However, after the pyrene-functional polymer functionalized with graphene sheets, the re‐
sultant graphene composites were also thermoresponsive in aqueous solutions, but with a
lower LCST of 24 °C.
Similarly, Liu et al. also prepared pH sensitive graphene-polymer composites by functionali‐
zation of graphene with a pyrene-terminated positive charged polymer, poly(2-N,N‘-(di‐
methyl amino ethyl acrylate)) (PDMAEA), and a negatively charged polymer, polyacrylic
acid (PAA) [80]. During the process, a pyrene-terminated RAFT agent was used to prepare
the pyrene-terminated PDMAEA and PAA. When manipulating the pH of the graphene
−composite suspensions, phase transfer between the aqueous and organic phases was ob‐
served. Self-assembly of the two oppositely charged graphene-polymer composites afforded
layer-by-layer (LbL) structures as evidenced by high-resolution scanning electron microsco‐
py (SEM) and quartz crystal microbalance (QCM) measurements (Figure 17). In addition to
RAFT mechanism, π-orbital rich polymers have also been synthesized by using of ATRP
method for functionalization of r-GO to afford the fluorescent and water-soluble graphene
composites via π-π stacking interactions [82].

Figure 17. Synthesis of pH sensitive pyrene-polymer composites via π-π stacking interactions for the self-assembly of
functionalized graphene into layered structures [80].

4.1.2. Conjugated polyelectrolytes
Moreover, conjugated polyelectrolytes with various functionalities have been used to modi‐
fy r-GO nanosheets [83 - 85], in the hope to achieve good solubility in different kinds of sol‐
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vents, and at the same time acquire added optoelectronic properties. Qi et al. has specially
designed an amphiphilic coil–rod–coil conjugated triblock copolymer (PEG-OPE, chemical
structure shown in Figure 18A) to improve the solubility of graphene-polymer nanocompo‐
sites in both high and low polar solvents [33, 83]. In the proposed configuration, the conju‐
gated rigid-rod backbone of PEG-OPE can bind to the basal plane of the r-GO via the π-π
stacking interaction (Figure 18B), whereas the lipophilic side chains and two hydrophilic
coils of the backbone form an amphiphilic outer-layer surrounding the r-GO sheet. As a re‐
sult, the obtained r-GO sheets with a uniformly coated polymer layer (Figure 18C) are solu‐
ble in both organic low polar (such as toluene and chloroform) and water-miscible high
polar solvents (such as water and ethanol).

Figure 18. A) Chemical structure of PEG-OPE. (B) Schematic illustration of fabrication of PEG-OPE stabilized r-GO
sheets. (C) Tapping-mode AFM image and cross-sectional analysis of PEG-OPE-r-GO on mica [67].

Figure 19. A) Chemical structure of the newly designed PFVSO3. B) Schematic illustration of the synthesis of PFVSO3stabilized r-GO in H2O: step 1, oxidative treatment of graphite (gray-black) yields single-layer GO sheets (brown); step
2, chemical reduction of GO with hydrazine in the presence of PFVSO3 produces a stable aqueous suspension of
PFVSO3-functionalized r-GO sheets (PFVSO3-r-GO). C) Photograph of aqueous dispersions of GO (i), r-GO (ii), PFVSO3-rGO (iii), and PFVSO3 (iv) [84].
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In another study, Qi et al. demonstrated the preparation of highly soluble r-GO hybrid ma‐
terial (PFVSO3-r-GO) by taking advantage of strong π–π interactions between the anionic
CPE and r-GO (Figure 19) [84]. The resulting CPE-functionalized r-GO (PFVSO3-r-GO)
shows excellent solubility and stability in a variety of polar solvents, including water, etha‐
nol, methanol, dimethyl sulfoxide, and dimethyl formamide. The morphology of PFVSO3-rGO is studied, which reveal a sandwich-like nanostructure. Within this nanostructure, the
backbones of PFVSO3 stack onto the basal plane of r-GO sheets via strong π–π interactions,
while the charged hydrophilic side chains of PFVSO3 prevent the rGO sheets from aggregat‐
ing via electrostatic and steric repulsions, thus leading to the solubility and stability of
PFVSO3-rGO in polar solvents. Furthermore, the presence of PFVSO3 within r-GO induces
photoinduced charge transfer and p-doping of r-GO. As a result, the electrical conductivity
of PFVSO3-r-GO is not only much better than that of GO, but also than that of the unfunc‐
tionalized r-GO.
4.1.3. π–π stacking induced by melt blending
High temperature and strong shear forces are usually involved during the melt blending
process, which tends to fracture the nanoparticle aggregates, and endow polymer chains
with the ability to diffuse into the gaps of the nanoparticle interlayer. Furthermore, as
suggested by theoretical and experimental studies [86, 87] chemical or physical interac‐
tions can be formed between the fillers and the polymer components. Zhang et al [88] found
the melt blending led to enhanced interactions between PS and CNTs, which was indicat‐
ed by increased amount of PS linked to CNTs and therefore dramatically increased solubil‐
ity of CNTs in some solvents. Taking advantage of this method, Zhou et al [89] obtained
PS-coated CNTs through simple melt mixing of PS with CNTs. Furthermore, Lu et al [90]
studied the styrene-butadiene-styrene tri-block copolymer (SBS)/CNTs composite, and their
results showed that there were interactions between CNTs and SBS occurred during melt
mixing, leading to an improvement of the mechanical properties of SBS/CNTs composites,
as well as the homogeneous dispersion of CNTs in SBS. The mechanism of melt blending
on these enhanced interactions was mainly attributed to the formation of π-π stacking
between the aromatic system of π-electrons of PS and the π-electrons system of CNTs during
melt blending [10, 88].
Melt Blending can also graft PS chains onto the surface of graphene sheets via π-π interac‐
tions. The interaction between graphene and PS was significantly enhanced by melt blend‐
ing, which led to an increased amount of PS-functional graphene (PSFG) exhibiting good
solubility in some solvents [10]. The mechanism for the in-situ formation of π-π stacking
was addressed, as illustrated in Figure 20. It was proposed that the strong shear action ap‐
plied by extruder could stretch the PS chains and endow the polymer chains with possibility
to diffuse into the interlayer gap of graphene sheets. Moreover, the PS chains could be push‐
ed towards to graphene sheets to form the π-π stacking under high shear forces. The UV-vis
absorption spectroscopy of PSFG presented an obvious red shift, suggested the presence of
π-π stacking between PS and graphene.

225

226

New Progress on Graphene Research

Figure 20. Schematic for the forming of π-π stacking in the process of melt blending [10].

4.2. Functionalizations via hydrogen bonding
Hydrogen bonding is very common in the biological world. An individual hydrogen bond is
not very strong (2–8 kcal/mol); however, multiple hydrogen bonds will afford strong inter‐
actions as seen in DNA hybridization. Liang et al. prepared PVA nanocomposites with gra‐
phene by dispersing GO sheets into PVA matrix at molecular level [91]. The authors
considered that the increased tensile strength and Young's modulus of the PVA/GO compo‐
site films were caused by the strong hydrogen bonding interactions between the residual
oxygen-containing groups of GO sheets, such as epoxides and hydroxyls on their basal
planes and carboxyls on the edges, and hydroxyl groups of the PVA chains. Polymer/
graphene nanocomposites with other hydrophilic polymers, epoxy, poly(acrylonitrile) and
polyaniline exhibited extraordinary high increase in modulus or glass transition tempera‐
ture, attributed to hydrogen bonding interactions [92 - 94].

5. Applications of functionalized graphene
The use of graphene or functionalized graphene materials usually exploits properties such
as the large surface area or high electrical conductivity. Currently, the applications of func‐
tionalized graphene are focused on clean energy devices and electronic devices, as well as
on sensors, medical devices and catalysis. Two examples will be discussed below.
Non-covalent chemical modification between functionalized pyrene and graphene was
adopted to achieve patterned arrays of glucose oxidase (GOD) for potential applications in
glucose sensors, cell sensors and tissue engineering [96]. In research by Zeng et al. as illus‐
trated in Figure 21, [95] chemically reduced GO was functionalized by pyrene-grafted
poly(acrylic acid) (PAA) in aqueous solution on the basis of π-π stacking as well as van der
Waals interactions. Then PAA-functionalized graphene (PAA-graphene) was LbL assem‐
bled with poly(ethyleneimine) (PEI). Graphene multilayer films facilitated the electron
transfer, enhancing the electrochemical reactivity of H2O2. On the basis of this property, they
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fabricated a bienzyme biosensing system for the detection of maltose by successive LbL as‐
sembly of functionalized graphene, GOD, and glucoamylase (GA), which showed great
promise in highly efficient sensors and advanced biosensing systems.

Figure 21. Schematic Illustration of the Strategies for layer-by-layer assembly of graphene multilayer films for enzymebased glucose and maltose biosensing [95].

Figure 22. Schematic illustration of the electron-withdrawing from graphene by PDDA to facilitate the ORR process
[97].
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The planar structure and superb conductivity of graphene also provide an appropriate plat‐
form for novel electrochemical sensors. A metal-free electrocatalyst for the oxygen reduction
reaction (ORR) was achieved with graphene sheets functionalized with an electron acceptor,
poly(diallyldimethylammonium chloride) (PDDA) (Figure 22). The resultant positively
charged graphene composite was demonstrated to show remarkable electrocatalytic activity
toward ORR with better fuel selectivity, tolerance to CO poisoning, and long-term stability
than that of the commercially available Pt/C electrode [97]. The observed ORR electrocata‐
lytic activity induced by the intermolecular charge-transfer provides a general approach to
various carbon-based metal-free ORR catalysts for oxygen reduction.

6. Conclusion
Generally speaking, functionalization of graphene with polymers can be achieved via ei‐
ther covalent or non-covalent interactions. Furthermore, the functionalization of graphene is
always based on the graphene from previously prepared GO, which has multiple oxygencontaining functionalities, such as hydroxyl and carboxyl groups. In the covalent functional‐
izations, “grafting to” and “grafting from” techniques have been developed to graft the
polymer chains onto the graphene surface. The “grafting from” method relies on the immo‐
bilization of initiators at the surface of graphene, followed by in situ surface-initiated poly‐
merization to generate tethered polymer chains. The “grafting to” technique involves the
bonding of preformed end functionalized polymer chains to the surface of graphene. Com‐
paring both methods through the examples described above, it seems that “grafting-to“
method allows the covalent bonding of a wider variety of polymers to graphene. The poly‐
mers “grafted from“ graphene are those produced principally by some type of radical poly‐
merization, such as ATRP and RAFT. However, the most relevant polymers grafted from
graphene, such as PS and PMMA have also been attached to graphene by the “grafting-to“
method. In principle, for polymers obtained by ATRP the “grafting-from“ method might be
the most appropriate, but this depends on the features desired in the final composite, be‐
cause through “grafting to“ method graphene forms part of the bulk polymer whereas in the
“grafting from“ it is limited to a terminal group. Moreover, except for a few exceptions,
functional polymers and polymers synthesized by condensation reactions are principally
bound to graphene by the grafting-to approach. Regarding to use PVA and PVC to function‐
alize graphene, we select the “grafting to“ method due to the experimental procedures em‐
ployed to obtain these polymers. In fact, it is well known that PVA is not prepared by
polymerization of the corresponding monomer, and the majority of PVC is synthesized by
free-radical polymerization through suspension or bulk processes. Finally, radiation-in‐
duced graft polymerization has been utilized in the “grafting to” and “grafting from” tech‐
niques, due to its advantages, including being a single-step chemical reaction, needing no
additives or catalysts, being conducted at room temperature, cost-effective, and so on.
The covalent functionalization of polymers on graphene-based sheets holds versatile possi‐
bility due to the rich surface chemistry of GO/r-GO. Nevertheless, the non-covalent func‐
tionalization, which almost relies on hydrogen bonding or π-π stacking, is easier to carry
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out without altering the chemical structure of the capped rGO sheets, and provides effective
means to tailor the electronic/optical property and solubility of the nanosheets. π-π stacking
interactions usually occur between two relatively large non-polar aromatic rings having
overlapping π orbitals. In order to functionalize graphene with polymers via π-π stacking,
one strategy is for the polymer chains to be synthesized with pyrene moieties as the termini
of the polymer chains. Moreover, conjugated polyelectrolytes with various functionalities
have been used to functionalize graphene via π-π stacking. The hydrogen bonding interac‐
tions between the residual oxygen-containing groups of graphene sheets and hydroxyl
groups of the hydrophilic polymer chains, such as PVA chains, have also been used to func‐
tionalize the graphene in order to obtain increased tensile strength and Young's modulus.
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1. Introduction
Graphene, hexagonal arrangement of carbon atoms forming one-atom thick planar sheet, is
a promising material for future electronic applications due to their high electrical conductiv‐
ity as well as chemical and physical stability [1]. Planar graphene films with respect to the
substrate have been synthesized using various methods including mechanical exfoliation
from highly oriented pyrolytic graphite, chemical exfoliation from bulk graphite, thermal
decomposition of carbon-terminated silicon carbide, and chemical vapor deposition (CVD)
on metals such as nickel and copper substrates [2–6].

Figure 1. Schematic illustration of graphene nanowalls

On the other hand, plasma-enhanced CVD (PECVD) is among the early methods to synthe‐
size of vertically standing few layer graphenes or graphene nanowalls (GNWs) [7–12].
GNWs can be described as self-assembled, vertically standing, few-layered graphene sheet
nanostructures, which are also called as carbon nanowalls, carbon nanosheets, and carbon
nanoflakes. As illustrated in Fig. 1, the sheets form a self-supported network of wall struc‐
tures with thicknesses ranging from a few nanometers to a few tens of nanometers. GNWs
have a high density of atomic scale graphitic edges that are potential sites for electron field
emission, which might lead to the application in flat panel displays and light sources [13,14].
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The large surface area of GNWs is useful as templates for the fabrication of other types of
nanostructured materials, electrodes for energy storage devices and biosensors [15–20].
These graphene-based materials are applied in the field of electrochemistry including elec‐
trode for fuel cell and electrochemical sensors. In these applications, graphene-based materi‐
als are often decorated with metal nanoparticles and other materials.
In this chapter, basic properties of GNWs and their prospective applications are described.
First of all, synthesis and characterization of GNWs are outlined. PECVD is becoming one of
the most promising techniques for the production of carbon materials including diamond,
aligned carbon nanotube films and GNWs, due to its feasibility and potentiality for largearea production with reasonable growth rates at relatively low temperatures. In the present
study, GNW growth using inductively coupled plasma (ICP) enhanced CVD is featured,
since the ICP CVD system has advantages of simple design and scalability to large area
growth. The growth mechanism, characterization of GNWs, and several decoration techni‐
ques of GNW surface are described.
Due to the large surface area of GNWs, we can expect a variety of electrochemical applications
using GNWs such as batteries, capacitors, and sensors. To these ends, GNWs are often decorat‐
ed with nanoparticles or films. In the latter half of this chapter, application of GNWs as elec‐
trode for fuel cell is described. GNWs were grown on the carbon fiber paper. Then metal
organic chemical fluid deposition (MOCFD) using supercritical fluid (SCF) was applied to
form platinum (Pt) nanoparticles on the surface of GNWs. Using this method, highly dis‐
persed Pt nanoparticles of approximately 2 nm in diameter were formed on the surface of
GNWs grown on the carbon fiber paper. Furthermore, the application as a biosensor using
GNWs is described. As another example, the electrocatalytic activity of GNWs for determin‐
ing dopamine, ascorbic acid and uric acid in phosphate buffer solution was investigated. The
ability of GNWs as a platform to create graphene-based hybrid materials is demonstrated.

2. Growth of graphene nanowalls and their growth mechanism
2.1. Growth of graphene nanowalls using inductively coupled plasma CVD
Synthesis techniques for GNWs and related vertical graphene structures are similar to those
used for diamond films and carbon nanotubes (CNTs). In general, a mixture of hydrocarbon
and hydrogen or argon gases, typically CH4 and H2, is used as source gases for the synthesis
of GNWs. Unlike the CNT growth, GNWs can be fabricated on a variety of substrates, in‐
cluding Si, SiO2, Al2O3, Ni, Ti, and stainless steel, at substrate temperatures of 500–750 ˚C
without the use of catalysts [8]. To date, GNWs have been grown using various PECVD
methods employing microwave plasma, inductively coupled plasma (ICP), capacitively cou‐
pled plasma (CCP) with H radical injection, very high frequency (VHF) plasma with H radi‐
cal injection, electron beam excited plasma, and DC plasma [7–12,19].
Radio frequency (RF: 13.56 MHz) ICP is one of high-density plasmas, and has been used to
etch several materials including Si, SiOx, SiNx, and metal films in the LSI fabrication process.
The ICP is operated at relatively low pressures below 100 mTorr (13.3 Pa). In the case of pla‐
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nar geometry, RF power is inductively coupled into the process chamber with a planar-coil
antenna through a quartz (fused silica) window, and plasma is generated in the chamber.
Plasma density of ICP discharge is on the order of 1012 cm-3. Figure 2 shows a schematic of
ICP reactor with planar geometry used for the growth of GNWs. The ICP reactor was 16 cm
in diameter and 30 cm in height. A one-turn coil antenna with a diameter of 10 cm was set
on a quartz window at the top of reactor. Si or SiO2-coated Si substrates were set on the mid‐
dle of the substrate holder at 10 cm below the quartz window.

Figure 2. Schematic of inductively coupled plasma reactor with planar geometry used for the growth of GNWs.

Figure 3. SEM images of the GNW films grown by ICP-CVD employing a mixture of CH4 and Ar for (a–b) 5 min, (c–d) 15
min, and (e–f) 30 min. Scale bar: 1 µm [21].

Figures 3(a) –3(f) show scanning electron microscopy (SEM) images of GNW films grown by
ICP-CVD employing a mixture of CH4 and Ar for different growth periods. After the nuclea‐
tion stage of GNWs, growth of less-aligned, isolated carbon sheets with a semicircular shape
standing on the substrate is confirmed as shown in Figs. 3(a) and 3(b). As the growth period
increased, density of isolated nanosheets increased and those standing almost vertically on
the substrate continued preferably to spread faster. Then, spreading nanosheets met one an‐
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other; eventually resulting in the formation of linked nanowalls as shown in Figs. 3(c) and
3(d). During the early growth stage after the nucleation up to the steady-state growth, the
growth for the inclined smaller nanowalls was terminated, while the vertical nanowalls
preferentially continued to grow. Therefore, with the increase of growth period in the early
stage, the spacing between nanowalls at their top increased gradually, and then became al‐
most saturated, resulting in the formation of two-dimensional carbon sheets standing verti‐
cally on the substrate with high aspect ratio. As shown in Figs. 3(e) and 3(f), with the further
increase of growth period during the steady-state growth, the height of vertical aligned
GNWs increased, while the thickness of nanowalls and the spacing between nanowalls be‐
came almost saturated with keeping the morphology of GNWs.
Growth rate curve for the GNWs fabricated by ICP-CVD employing CH4/Ar system was ob‐
tained by measuring the height of the nanowalls for differing period of growth (0–120 min).
Figure 4 shows the average height of GNW films as a function of growth period. As shown in
Fig. 4, the height of GNWs almost linearly increased with the increase of growth period in the
range from 10 to 120 min, while it took approximately 5 min for the nucleation. The growth rate
of GNWs in the steady-state condition was constant at approximately 60 nm/min.

Figure 4. Wall height of GNWs as a function of growth period. The growth rate data were obtained from the samples
grown for different period on Si substrates by ICP-CVD employing CH4/Ar system [21].

2.2. Characterization of graphene nanowalls
As was illustrated in Fig. 1, GNWs can be described as graphite sheet nanostructures with
edges that are composed of stacks of graphene sheets standing almost vertically on the sub‐
strate. The sheets form a self-supported network of wall structures with thicknesses in the
range from a few nanometers to a few tens of nanometers, and with a high aspect ratio. In
this section, typical GNWs grown using PECVD are characterized using SEM, transmission
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electron microscopy (TEM), in-plane synchrotron X-ray diffraction, and Raman spectrosco‐
py using a 514.5 nm line of argon laser.
Figure 5(a) shows a typical SEM image of GNW film, indicating the vertical growth of the
two-dimensional carbon sheets with honeycomb structure on the substrate. Actually, the
morphology and structure of GNW film depend on the source gases, pressure, process tem‐
perature, as well as the type of plasma used for the growth of GNWs. In addition to the ver‐
tically standing maze-like structure, isolated very thin nanosheets, less aligned petal-like,
highly branched type, and a kind of porous film have been fabricated so far.
Figure 5(b) shows a low-magnification TEM image of a piece of typical GNW of a microme‐
ter-high planar nanosheet structure with a relatively smooth surface. The GNW is composed
of nano-domains of a few tens of nanometers in size. The high-resolution TEM image of the
GNW shown in Fig. 5(c) reveals the graphene layers, which indicates the graphitized struc‐
ture of the GNWs. The spacing between neighboring graphene layers was measured as ap‐
proximately 0.34 nm.

Figure 5. a) Typical SEM image of GNW film, (b) low-resolution TEM image of GNW on a microgrid, and (c) high-reso‐
lution TEM image of GNW, showing graphene layers at the fold of GNWs.

Figure 6. SR X-ray diffraction pattern of GNW film measured at beam line BL13XU of SPring-8 [22].
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The crystallinity of GNWs was analyzed using synchrotron X-ray surface diffraction at graz‐
ing incidence and exit at the beamline BL13XU of SPring-8 [22]. The in-plane diffraction
technique measures diffracted beams, which are scattered nearly parallel to the sample sur‐
face and hence measures lattice planes that are perpendicular to the sample surface. The Xray beam was incident on the GNW film sample at grazing angle of 0.3˚ relative to the
substrate surface. Figure 6 shows the grazing incidence in-plane X-ray diffraction pattern of
GNW film sample. An intense 002 Bragg peak, the plane of which is normal to the substrate,
is at 2θ=16.9˚and there are also weak 100/101, 004, and 110 Bragg peaks. The interlayer spac‐
ing d002 was determined from the 002 peak by applying Bragg’s law with a wavelength of
0.1003 nm. It was found to be 0.342 nm for all samples, which is slightly larger than that of
bulk graphite (0.335 nm).
Raman spectrum for GNWs grown on Si substrate is shown in Fig. 7. Typical Raman spec‐
trum for the GNWs has G band peak at 1590 cm-1 indicating the formation of a graphitized
structure and D band peak at 1350 cm-1 corresponding to the disorder-induced phonon
mode. The peak intensity of D band is twice as high as that of G band. The G band peak is
accompanied by a shoulder peak at 1620 cm-1 (D' band), which is associated with finite-size
graphite crystals and graphene edges [23,24]. The 2D band peak at 2690 cm-1 is used to con‐
firm the presence of graphene and it originates from a double resonance process that links
phonons to the electronic band structure [25,26]. The strong and sharp D band peak and D’
band peak suggest a more nanocrystalline structure and the presence of graphene edges and
defects, which are prevalent features of GNWs [8,10,12].

Figure 7. Typical Raman spectrum of GNWs measured using the 514.5 nm line of an Ar laser [21]

2.3. Nucleation of vertical nanographenes
From the temporal dependence of nanowall height shown in Fig. 3, nucleation of GNWs is con‐
sidered to occur before the commencement of steady-state growth. Significant interest exists in
clarifying the nucleation mechanism of GNWs at the very early stage. Figure 8(a) shows a top
view SEM image of SiO2 substrate surface after 30 sec growth. First the surface of substrate was
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covered with amorphous carbon layer, which is later confirmed using Raman spectroscopy. In
1 min, the onset of nano-graphene growth was observed in the top view SEM image of depos‐
its formed for 1 min as shown Fig. 8(b). Figures 8(c) and 8(d) show tilted SEM image and crosssectional TEM image of deposits, respectively, formed for 2 min. For the cross-sectional TEM
observation, sample surface was coated with the epoxy resin, the deposits embedded in the
epoxy resin were peeled off from the substrate, and then the substrate side (interface side) of
resin embedding the deposits was coated again with the epoxy resin. In Fig. 8(d), the red line
corresponds to the interface to the substrate surface and the red arrow indicates the growth di‐
rection. In 2 min, the formation of isolated graphene sheets was observed on the amorphous
carbon layer as shown in Fig. 8(c). The thickness of amorphous carbon layer was estimated to
be 30 nm from the TEM observation shown in Fig. 8(d).

Figure 8. SEM and TEM images of deposits formed at the nucleation stage. (a) Top view SEM image of substrate sur‐
face after 30 sec. (b) Top view SEM image of deposits formed for 1 min, indicating the commencement of nano-gra‐
phene growth. (c) Tilted SEM image of deposits formed for 2 min. (d) Cross-sectional TEM image of deposits formed
for 2 min. Deposits were detached from the Si substrate. Red line in (d) corresponds to the interface to the substrate
surface and the red arrow indicates the growth direction [21].

Figure 9 shows Raman spectra of deposits formed on SiO2-coated Si substrate in the nuclea‐
tion stage. The peak around 950 cm-1 originates from the Si wafer [27]. The broad peak at
1340 cm-1 in the Raman spectrum at 30 sec indicates that the deposits are amorphous carbon
or diamond-like carbon. Namely, during the nucleation period, graphene component was
scarcely contained in the underlying interface layer shown in Fig. 9.

241

242

New Progress on Graphene Research

So far, several papers have been published on the observation of GNW growth in the early
growth stage and the nucleation mechanism for the formation of vertical layered-graphenes
using various CVD methods [8,28-35]. The things in common in previous observations are
that there is an induction period of 1–5 min before the onset of vertical nano-graphene
growth and an interface layer exists between vertical nano-graphenes and the surface of Si
and SiO2 substrates. Zhu, et al. [31,32] reported the presence of graphenes parallel to the
substrate surface before the onset of vertical nanosheet growth, although neither Raman
spectrum nor TEM image of base layer was attached. In their model, these few-layer graphe‐
nes would grow parallel to the substrate surface until a sufficient level of force develops at
the grain boundaries to curl the leading edge of the top layers upward. The vertical orienta‐
tion of these sheets would result from the interaction of the plasma electric field with their
anisotropic polarizability [32]. In the case of GNW growth in the present work, on the other
hand, the interface layer under the CNWs was an amorphous or diamond-like carbon,
which is similar to the cases using radical injection PECVD, multi-beam CVD, and DC
PECVD [8,28-30,33,34]. Moreover, ion bombardment on the surface will play an important
role for nucleation by creating active sites for neutral radical bonding [30]. The existence of
amorphous or diamond-like carbon interface layer will enable us to grow GNWs and similar
structures on a variety of substrates without catalyst.

Figure 9. Raman spectra of deposits formed in the nucleation stage on SiO2-coated Si substrate. Peak around 950 cm-1
originates from the Si wafer [8].

2.4. Growth mechanism of graphene nanowalls
Figure 10 depicts the initial growth process of GNWs. A model for the initial growth mecha‐
nism is as follows. (1) In the beginning, hydrocarbon radicals such as CH3 are adsorbed on
the substrate, forming a very thin amorphous carbon layer. Ion irradiation induces the for‐
mation of dangling bonds on the growing surface, resulting in the formation of nucleation
sites. (2) Adsorbed carbon species are migrating on the surface and condensed to form nano‐
islands with dangling bonds. (3) Ion irradiation would also enhance the adsorption of CHx
radicals on the surface. (4) Small, disordered graphene nanosheets are nucleated at these
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dangling bonds, followed by two-dimensional growth and subsequent formation of nano‐
graphene sheets with random orientation. (5) Among the nucleated graphene sheets with
random orientations, those standing almost vertically on the substrate continued preferably
to grow up faster to vertically standing nanosheets owing to the difference in the growth
rates along the strongly bonded planes of graphene sheets expanding and in the weakly
bonded stacking direction. Reactive carbon species arriving at the edge of the graphene lay‐
er are easily bonded to the edge, and eventually the graphene layer would expand prefera‐
bly along the direction of radical diffusion, perpendicular to the electrode plane. On the
other hand, low-lying inclined graphene sheets were shadowed by the high-grown vertical
graphene sheets. As a result, the amounts of reactive carbon species arriving at the low-ly‐
ing inclined graphene sheets decreased, resulting in the termination of growth for the in‐
clined smaller nanowalls, while the vertical nanowalls preferentially continued to grow. As
growth period increased, spreading vertical nanowalls met one another, eventually result‐
ing in the formation of linked nanowalls similar to a maze. With further increase of growth
period, the spacing between nanowalls at their top increased gradually, and then became al‐
most saturated, resulting in the formation of two-dimensional graphene sheets standing ver‐
tically on the substrate with high aspect ratio. In the steady-state growth condition, the
height of nanowalls increased almost linearly with keeping their morphology.

Figure 10. Illustration of the initial growth model of GNWs

3. Functionalization of graphene nanowalls
3.1. Decoration of graphene nanowall surface
Due to the large surface area (high surface-to-volume ratio) of GNWs, we can expect a va‐
riety of electrochemical applications using GNWs such as batteries, capacitors, and gas sen‐
sors. To these ends, GNWs are decorated with nanoparticles or films of metals,
semiconductors, and insulators, by using several techniques including vacuum evapora‐
tion, sputtering, CVD, and plating. Figure 11 shows schematic illustrations of decorated
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GNWs with different morphologies. GNWs are used as the templates to fabricate other
types of nanostructures. The morphology of GNWs decorated with nanoparticles or film de‐
pends on the deposition methods of materials. Conformal deposition (Fig. 11(a)) and gap
filling (Fig. 11(b)) will be achieved using metal-organic chemical vapor deposition (MOCVD),
sputtering, atomic layer deposition, and plating in liquid phase. In Fig. 11(c), thin film or
aggregation of nanoparticles would be formed on the top edges of GNWs. Diamond sur‐
face is modified with several types of surface termination, e.g. C–NH2, C–OH, and C–
COOH, and DNA and proteins were immobilized on the surface of diamond and nanodia‐
mond films for bio-sensing application [35–38]. As is the case with the diamond surface,
the edges of GNWs can also be modified with similar surface termination, and covalent im‐
mobilization of DNA and proteins on the GNWs will be realized. Previously, Wu et al.
used GNWs as templates to fabricate large surface area materials, including conformal dep‐
osition of Au and Cu by electron beam evaporation; conformal deposition of ZnO, TiO2,
SiOx, SiNx, and AlOx by atomic layer deposition; conformal deposition of Ni, NiFe and CoN‐
iFe nanoparticles by electrochemical deposition; gap filling with dispersed Fe nanoparti‐
cles by the immersion of GNWs into a mixed solution of Fe particles and isopropanol in
an ultrasonic bath; Se deposition on the top of edges of GNWs by electrochemical deposi‐
tion [39–41]. In Fig. 11(d), on the other hand, metal nanoparticles are dispersed on the sur‐
face of GNWs, which is a kind of nanocomposite. This morphology can be moderately
achieved by plating, sputtering, and laser ablation.

Figure 11. Schematic illustrations of decorated GNWs with different morphologies: (a) conformal deposition, (b) gap
filling, (c) deposition on the top edges of GNWs, and (d) dispersed nanoparticle deposition on the surface of GNWs
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Because of the unique structure of GNWs with high surface-to-volume ratio, GNWs can be
potentially used as catalyst support materials for the electrodes of fuel cells. In this applica‐
tion, it is required to support platinum (Pt) nanoparticles as catalysts on the GNW surface. It
is well known that the specific activity of catalysts is strongly related to their size, disper‐
sion, and compatibility with supporting materials. Highly dispersed catalyst nanoparticles
with small size and narrow size distribution supported on the surface of carbon nanostruc‐
tures are ideal for high electrocatalyst activity due to their large surface-to-volume ratio. To
support metal nanoparticles on the surface of carbon nanostructures, metal compounds in
the form of liquids are generally employed. A few papers have been published on the prepa‐
ration of Pt nanoparticles on CNT surfaces by the reduction of Pt salt precursors such as
H2PtCl6 in solution [42,43]. However, it is difficult to treat the entire surface of GNWs with a
metal compound in a liquid phase, because of the high surface tension of GNWs due to their
high aspect ratio with narrow interspaces. On the other hand, in gas phase deposition such
as sputtering and CVD, metal nanoparticles are deposited only around the tops of GNWs
and tend to easily clump together, resulting in the formation of larger particles or films on
the top of carbon nanostructures [44].

Figure 12. Phase diagram of substance (SCF supercritical fluid, Pc critical pressure, Tc critical temperature) and proper‐
ties of liquid phase, gas phase, and supercritical fluid

3.2. Supercritical fluids
As an alternative approach to support metal nanoparticles on the surfaces of dense, aligned
CNTs and GNWs with narrow interspaces, we have demonstrated a method employing
metal-organic chemical fluid deposition (MOCFD), where supercritical carbon dioxide (scCO2) is used as a solvent of metal-organic compounds [45,46]. The phase diagram of sub‐
stance is shown in Fig. 12, together with the properties of liquid phase, gas phase, and
supercritical fluid (SCF). Generally, materials can exist in three phases depending on the
temperature and pressure, namely, solid, liquid, and gas. The SCF possesses attractive prop‐
erties of both the gas and the liquid phases. Rapid diffusion and permeation are realized by
its gas-like diffusivity and viscosity, while its liquid-like density enables dissolution of a
wide range of materials. To produce an SCF phase, the temperature and pressure of the ma‐
terial are required to exceed the critical point. The critical point of sc-CO2 exists at 7.38 MPa
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(72.8 atm) and 31.1 ˚C. Among SCFs, sc-CO2 is particularly attractive since it is environmen‐
tally friendly and safe due to its low toxicity, low reactivity and nonflammability.
In the case of Pt deposition, the SCF using sc-CO2 was first applied to the preparation of pol‐
ymer-supported Pt nanoparticles using dimethyl (1,5-cyclooctadiene) platinum(II),
(PtMe2(cod)) as a precursor [47]. Erkey’s group has demonstrated the preparation of Pt
nanoparticles on a wide range of materials, including carbon aerogel, carbon black, silica
aerogel, alumina, and Nafion [47–52]. In their method, PtMe2(cod) was dissolved in sc-CO2
and impregnated into the supporting materials, and after depressurization the impregnated
PtMe2(cod) molecules were then reduced to metallic Pt nanoparticles by heat treatment or
by chemical reduction with hydrogen, resulting in the formation of uniformly dispersed
nanoparticles with narrow size distributions. However, it took almost 10 hours to complete
this process. In our case, in contrast, the supporting carbon nanostructures such as CNTs
and GNWs were selectively heated in the sc-CO2 with Pt precursors during the process.
Therefore, at the heated surface of the carbon nanostructures during in situ thermal reduc‐
tion under the SCF environment, decomposition of the adsorbed precursor molecules and
growth of the particles would occur without reduction process.
3.3. Experimental procedure of metal-organic chemical fluid deposition using
supercritical carbon dioxide
Figure 13 shows the SCF-MOCFD system employing sc-CO2 used for the deposition of Pt
nanoparticles on the surface of GNWs. The MOCFD system is composed of two high-pres‐
sure stainless steel vessels with a compressor, heating units, and a reservoir for the metalorganic compound. The preliminary vessel contains a screw agitator. The temperature and
pressure in each vessel can be set independently, so that two different supercritical condi‐
tions employing CO2 can be produced in these two vessels. As the precursor, (methylcyclo‐
pentadienyl) trimethyl platinum ((CH3C5H4)Pt(CH3)3: MeCpPtMe3) dissolved in hexane was
used. In the preliminary vessel, the precursor was stirred with the sc-CO2 for about 30 min.
In the impregnation vessel, the selective heating of GNW samples during the MOCFD proc‐
ess facilitated selective metal deposition on the surface of the carbon nanostructures. In the
preliminary vessel, the pressure and temperature of sc-CO2 were maintained at 11 MPa and
50˚C, respectively, and MeCpPtMe3 was dissolved in the sc-CO2. In the impregnation vessel,
the pressure and temperature of sc-CO2 were maintained at 9 MPa and 70˚C, respectively,
and the temperature of GNW samples was controlled in the range of 70–170˚C. The solu‐
tions were mixed and Pt nanoparticles formation was carried out for 30 min; the vessel was
then depressurized slowly in 30 min to atmospheric conditions. After the depressurization,
additional heat treatment was not carried out in the present work.
3.4. Characterization of platinum nanoparticles formed by metal-organic chemical fluid
deposition using supercritical carbon dioxide
Figures 14(a)–14(c) show TEM images of the Pt-supported GNW surface after the SCFMOCFD at sample temperatures of 120, 150, and 170˚C, respectively. In this experiment,
GNW samples were fabricated on the Si substrate by fluorocarbon (C2F6) PECVD assisted by
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hydrogen radical injection, which comprises a parallel-plate very high frequency (VHF: 100
MHz), capacitively coupled plasma region, and a hydrogen radical injection source that em‐
ploys a surface-wave-excited microwave (2.45 GHz) H2 plasma [11]. As can be seen from
these TEM images, the spatial density of the Pt nanoparticles (particle numbers/area) sup‐
ported on the GNW surface strongly depended on the sample temperature during the SCFMOCFD, while the average size of the Pt nanoparticles increased from 1.5 to 3 nm with an
increase of the sample temperature from 120 to 170˚C.

Figure 13. Schematic of the supercritical fluid, metal-organic chemical fluid deposition (SCF-MOCFD) system [53]

Ex situ X-ray photoelectron spectroscopy (XPS) analysis was conducted to gain an insight in‐
to the state of the platinum for the supported Pt surface fabricated by the SCF-MOCFD. Fig‐
ure 14(d) shows an XPS spectrum of the Pt(4f) region of the Pt-supported GNW film after
the SCF-MOCFD at a sample temperature of 150˚C. The presence of two prominent sets of
Pt (4f) peaks, corresponding to the 4f 7/2 and 4f 5/2 orbital states, is further confirmation of
platinum being present on the GNW surface. The peak regions in Fig. 14(d) can be fitted
with two sets of peaks at 71.4 eV (4f 7/2) and 74.6 eV (4f 5/2) [54]. These correspond to platinum
in the metallic state, indicating that only pure Pt exists without being oxidized on the sur‐
face of the GNWs after the SCF-MOCFD.
The Pt/C ratio of the GNW film surface was obtained from the ratio of the intensities of the
XPS C(1s) and Pt(4f) peaks. Figure 14(e) shows the relative Pt/C ratio of the surface of the
GNW film as a function of the temperature of the GNW sample during the SCF-MOCFD
process. As the sample temperature during the SCF-MOCFD increased up to 120�?˚C, the
relative Pt/C ratio of the surface of the GNW film increased gradually. By further increasing
the sample temperature above 120˚C, the relative Pt/C ratio increased rapidly.
3.5. Mechanism of platinum nanoparticle formation by metal-organic chemical fluid
deposition using supercritical carbon dioxide
In the case of Pt deposition by the conventional process including impregnation, depressuri‐
zation, and reduction, PtMe2(cod) was dissolved in sc-CO2 and impregnated into the sup‐
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porting materials, and after depressurization the impregnated PtMe2(cod) molecules were
then reduced to metallic Pt nanoparticles by heat treatment or by chemical reduction with
hydrogen. It was proposed that the precursor molecules in the sc-CO2 phase are adsorbed
on the surface during the impregnation period, and after depressurization these adsorbed
molecules are in turn reduced to elemental platinum and the resulting particles at the sur‐
face continue to grow until all the adsorbed precursor molecules are converted to the metal.

Figure 14. a)–(c) High-resolution TEM images of the surface of the GNWs supporting Pt nanoparticles after the SCFMOCFD at sample temperatures of 120, 150, and 170�?˚C, respectively. Scale bar: 20 nm. (d) X-ray photoelectron spec‐
troscopy spectrum of the Pt-supported GNW film after SCF-MOCFD. (e) Relative Pt/C ratio of the surface of the GNW
film as a function of temperature of the GNW sample during SCF-MOCFD [53]

In our case, in contrast, the supporting carbon nanostructures were selectively heated in
the sc-CO2 with Pt precursors during the process. Figure 15 depicts the model of Pt nano‐
particle formation on the surface of carbon nanostructures using metal-organic chemical
fluid deposition in the supercritical CO2. At the heated surface of the carbon nanostruc‐
tures during in situ thermal reduction under the SCF environment, decomposition of the
adsorbed precursor molecules and growth of the particles would occur. GNWs have been
reported to consist of nano-domains a few tens of nanometers in size, and individual
GNWs were found to have many defects [24,55]. It is suggested that the surface-migrat‐
ing Pt adatoms, produced by the decomposition of MeCpPtMe3 precursors, merge to form
Pt clusters from several Pt atoms preferentially at chemically active sites such as defects
and grain boundaries on the surface of the carbon nanostructures, resulting in the nucle‐
ation of Pt nanoparticles. It has been reported recently that the density of Pt nanoparti‐
cles formed by SCF-MOCFD method increased with increase in the surface defect density
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[56]. The reaction temperature at the surface would be a significant factor influencing the
particle number density and particle size. When the temperature of GNWs is increased,
both reduction of metal-organic precursors and surface migration of Pt atoms would be
enhanced, which may lead to an increase in the particle number density and particle size.
As can be seen from the TEM images in Figs. 14(a)–14(c), the average size of Pt nanopar‐
ticles increased from 1.5 to 3 nm with an increase in the sample temperature from 120
to 170˚C, while the Pt particle number density increased drastically.

Figure 15. Illustration of the formation model of Pt nanoparticles on the surface of carbon nanostructures using met‐
al-organic chemical fluid deposition in the supercritical CO2

4. Fabrication of graphene nanowalls on carbon fiber paper for fuel cell
application
Carbon fiber paper (CFP) or carbon fiber cloth, which are composed of an open mesh of car‐
bon fibers, have been used as gas diffusion layer in proton exchange membrane (PEM) fuel
cell application [57–59]. PEM fuel cells have been widely recognized as the most promising
candidates for future power generating devices in the automotive, distributed power gener‐
ation and portable electronic applications. Waje, et al. demonstrated the preparation of Pt
nanoparticles 2–2.5 nm in size on organically functionalized CNTs grown on CFP [60]. Very
recently Lisi, et al. demonstrated the growth of GNWs on CFP by hot-filament CVD and in‐
vestigated the microstructure of the GNWs both at the tip and at the fiber–nanowall base
interface [61]. Our current interest in GNWs is to use them as catalyst supports for Pt in
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PEM fuel cells. In this section, in order to demonstrate the usefulness of GNWs in the fuel
cell application, GNWs were directly grown on the CFP using PECVD. Subsequently, Pt
nanoparticles were formed on the surface of GNWs using the SCF-MOCFD method. This
configuration ensures that all the supported Pt nanoparticles are in electrical contact with
the external electrical circuit. Such a design would improve Pt utilization and potentially de‐
crease Pt usage.
4.1. Growth of graphene nanowalls on carbon fiber paper
Commercially available CFP (Engineered Fibers Technology, Spectracarb 2050A porous car‐
bon-carbon paper, 200 μm thick) was decorated with GNWs using RF-ICP employing
Ar/CH4 mixture. The growth experiments were carried out on CFP and Si substrates for 30
min at RF power of 500 W, total gas pressure of 20 mTorr, substrate (CFP) temperature of
720 °C, and flow rates of Ar and CH4 of 100 and 50 sccm, respectively.

Figure 16. a), (b) SEM images of carbon fiber used in this study. (c)–(f) SEM images of GNWs grown on carbon fiber by
ICP-CVD for 30 min at different magnifications [62].

Figures 16(a) and 16(b) show SEM images of carbon fiber used in this study. SEM images of
GNWs grown on carbon fiber by ICP-CVD for 30 min at different magnifications are shown in
Figs. 16(c)–16(f), indicating that GNWs were successfully grown on the CFP using ICP-CVD.
As shown in Fig. 16(e), GNWs were grown almost vertically on the surface of carbon fibers
forming paper structure. The height of GNWs grown on the CFP at the surface facing the plas‐
ma was about 1.5 μm. Interestingly the GNW growth proceeds in a conformal manner all the
way around each carbon fiber into the CFP to a depth of a few tens of micrometers.
4.2. Pt nanoparticle formation on GNW-decorated carbon fiber paper
Pt nanoparticles were prepared on the GNWs grown on the CFP by the SCF-MOCFD meth‐
od. The pressure and temperature of sc-CO2 were 10 MPa and 130 ˚C, respectively, and the
temperature of GNW-decorated CFP was maintained at 180 °C. Pt nanoparticle formation
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was carried out for 30 min. Compared to the SEM images of typical as-grown GNW films
without the SCF treatment, no change in the surface morphology was observed after the
SCF treatment. It was confirmed that the unique nanostructure of the GNWs was main‐
tained, even after being exposed to the high-pressure fluid. Figure 17(a) shows SEM image
of the surface of the GNW supporting Pt nanoparticles after the SCF-MOCFD for 30 min. It
was found that dispersed Pt nanoparticles of approximately 2 nm in diameter were support‐
ed on the surfaces of GNWs grown on CFP. The area density of Pt nanoparticles on GNW
surface was approximately 3×1012 cm-2. Figure 17(b) shows TEM image of the surface of the
GNW supporting Pt nanoparticles after the SCF-MOCFD for 30 min. The GNWs consist of
nano-domains and individual GNWs were found to have many defects. As shown in Fig.
17(b), Pt nanoparticles were formed preferentially at the domain boundaries on the surface
of the GNWs.

Figure 17. a) SEM image of the surface of the GNW supporting Pt nanoparticles after the SCF-MOCFD for 30 min. (b)
TEM image of the surface of the GNW supporting Pt nanoparticles after the SCF-MOCFD for 30 min

4.3. Fuel cell unit using Pt-supported GNW/CFP electrode
A test cell unit using Pt-supported GNW/CFP electrode was constructed experimentally. A
schematic of a single PEM fuel cell with active surface area of 1×1 cm2 is shown in Fig. 18.
The membrane electrode assembly (MEA) consists of a Nafion 115 membrane in combina‐
tion with Pt- supported GNWs on CFPs. At present, the voltage-current curve for the test
PEM fuel cell exhibited unexpectedly poor performance due to the high ohmic resistance.
Very recently, Shin, et al. demonstrated the preparation of Pt nanoparticles with an average
diameter of 3.5 nm on GNWs by a solution-reduction method, and investigated the electro‐
catalytic activity of powdered Pt/ GNWs peeled off from the substrate [63]. They suggested
that the domain structure of GNWs is useful as catalytic support for fuel cells, although they
did not demonstrate an actual PEM fuel cell using Pt/GNWs. For the evaluation of the Ptsupported GNWs on CFPs as catalyst layer for the practical use in our case, it is necessary to
realize optimum operating conditions including compression, temperature, pressure, and
ionomer loading.

251

252

New Progress on Graphene Research

Figure 18. A schematic of a test single proton exchange membrane (PEM) fuel cell. The membrane electrode assembly
(MEA) consists of a Nafion 115 membrane in combination with Pt-loaded GNWs on CFPs [62].

5. Toward the application to electrochemical sensors and biosensors
There has been an increase in research into the biological applications of CVD diamond. Di‐
amond has attractive characteristics for some biological applications, such as its wide poten‐
tial window, chemical–physical stability, and biocompatibility. DNA and proteins were
immobilized on the surface of diamond and nanodiamond films for bio-sensing application
[35–38]. Covalent modification of diamond surfaces with molecular monolayers serves as a
starting point for linking biomolecules such as DNA and proteins to surfaces. In these cases,
diamond surface is modified with several types of surface termination, e.g., C–NH2, C–OH,
and C–COOH. It is considered that the surfaces and edges of GNWs can also be modified
with similar surface termination. Therefore, covalent immobilization of DNA and proteins
on the GNWs will be realized. In the near future, GNWs will be used as a stable, highly se‐
lective platform in subsequent surface hybridization processes.
Recently, graphene has proved to be an excellent nanomaterial for applications in electro‐
chemistry. Graphene-based materials with large surface area are useful as electrodes for
electrochemical sensors and biosensors [62–64]. Especially, GNWs and related carbon nano‐
structures can be one of the best electrode materials to investigate basic electrochemical phe‐
nomena, due to their edge defects and graphene structures.
It is interesting to investigate the electrochemical properties of GNWs as electrochemical
electrodes. In order to evaluate the potential window of GNW electrode, electrochemical
measurements were carried out with a conventional three-electrode arrangement controlled
by a commercial potentiostat, with a GNW (boron (B)-doped diamond for comparison)
working electrode, a Pt coil counter electrode and an Ag/AgCl reference electrode. The back
face of the substrate and the electrical contact were protected from the electrolyte solution
by insulating epoxy adhesive, so that only an active GNW electrode area was exposed to the
electrolyte solution. Figure 19 shows the cyclic voltammograms for the GNW and B-doped
diamond electrodes in HNO3 (0.2 mol/l) obtained in the potential range between –5 and 5 V
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at a scan rate of 100 mV/s. As shown in Fig. 19, a work potential window nearly 3 V was
obtained for the GNW electrode, which was comparable to that for B-doped diamond elec‐
trode. The oxygen evolution for the GNW electrodes occurs at about 1 V and the hydrogen
evolution at –2 V. Reported potential windows for glassy carbon and highly oriented pyro‐
lytic graphite electrodes are 1.5 and 2.0 V, respectively [67].

Figure 19. Cyclic voltammograms for the GNWs and boron-doped diamond electrodes in HNO3 (0.2 Mol/l); at 100
mV/s scan rate

Figure 20. Cyclic voltammograms of GNW electrode in the solution of PBS with DA, AA, and UA, at 100 mV/s scan rate

Electrochemical activity of GNW electrode has been investigated by cyclic voltammetry
measurements in an aqueous solution of ferrocyanide and a faster electron transfer between
the electrolyte and the nanowall (or nanosheet) surface has been demonstrated [17–20]. Fur‐
thermore, biosensing with GNWs is a promising application. Dopamine (DA), ascorbic acid
(AA), and uric acid (UA) are compounds of great biomedical interest, which all are essential
biomolecules in our body fluids. Figure 20 shows cyclic voltammogram curves obtained
from GNW electrode in the phosphate buffer solution (PBS) with DA, AA, and UA, at 100
mV/s scan rate. At present, researches on the sensing of biological molecules became popu‐
lar. Shang, et al. demonstrated the excellent electrocatalytic activity of multilayer graphene
nanoflake films for simultaneously determining DA, AA and UA in PBS [17]. The GNWbased electrochemical platform, which possesses large surface area with edges and electro‐
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chemical activity, offers great promise for providing a new class of nanostructured
electrodes for biosensing and energy-conversion applications.

6. Conclusion
Self-organized graphite sheet nanostructures composed of graphene have been studied in‐
tensively. Graphene nanowalls and related sheet nanostructures are layered graphenes with
open boundaries. The sheets form a self-supported network of wall structures with thick‐
nesses in the range from a few nanometers to a few tens of nanometers, and with a high as‐
pect ratio. The large surface area and sharp edges of graphene nanowalls could prove useful
for a number of different applications.
Using graphene nanowalls as templates would be the most promising and important appli‐
cation. Graphene nanowalls can be used as templates for fabricating a variety of nanostruc‐
tured materials based on the surface morphology of the graphene nanowalls and
nanocomposites of carbon and nanoparticles of other materials. These structures could
prove useful in batteries, sensors, solar cells, electrodes, and biomedical devices. For this
purpose, it is necessary to establish decorating methods of graphene nanowall surface with
a variety of materials. Furthermore, it is important to evaluate electrochemical characteris‐
tics of nanocomposites of carbon and other materials systematically.
In order to demonstrate the usefulness of graphene nanowalls in the fuel cell application,
graphene nanowalls were directly grown on the carbon fiber paper using the inductively
coupled plasma-enhanced chemical vapor deposition method. Subsequently, highly dis‐
persed Pt nanoparticles 2 nm in size were formed on the surface of graphene nanowalls us‐
ing metal-organic chemical deposition employing supercritical CO2. This configuration
ensures that all the supported Pt nanoparticles are in electrical contact with the external elec‐
trical circuit. Such a design would improve Pt utilization and potentially decrease Pt usage.
Pt-supported graphene nanowalls grown on the carbon fiber paper will be well suited to the
application for the electrodes of fuel cells.
Furthermore, the application as a biosensor using GNWs was briefly described. The GNWbased electrochemical platform offers great promise for providing a new class of nanostruc‐
tured electrodes for electrochemical sensing, biosensing and energy-conversion applications.
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