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Preface 
 

During last couple of years there has been an increasing recognition, that problems 
arising in biology or related to medicine, really need a multidisciplinary approach. 
One simply cannot treat evolving and adapting living tissues as rigid rods or as a 
material with some inner structure. Although they do bring some insight into the 
treated problem, it remains a rather limited source of understanding. 

For this reason some special branches of both applied theoretical physics and 
mathematics have recently emerged such as biomechanics, mechanobiology, 
mathematical biology, biothermodynamics.  The ultimate goal of all these approaches 
and models is to help in clinical applications, to improve medicine. This is actually a 
very long process to follow, with many intermediate steps involving many approaches 
and specialists, as for example experts in theoretical biomechanics and mathematical 
modelling, biologists, and finally clinicians. It was intended to preserve generality in 
the modelling and viewpoints of problems related to biomechanics. The same holds 
for its applications. In this book, Theoretical Biomechanics, we can find contributions 
from experts from all mentioned backgrounds and viewpoints but with focus on 
theoretical aspects of this research. As such, it tries to evoke and trigger the needed 
discussion over those quite different approaches being used and hopefully to bring 
more understanding for them. It also offers an overview of methods available from 
quite different perspectives, and hopefully will find a wide audience from all above 
mentioned expertises.  

This book, Theoretical Biomechanics, comprises from theoretical contributions in 
Biomechanics often providing hypothesis, reasoning or rationale for a given 
phenomenon that experiment or clinical study cannot provide.  Namely, the first 
section called General Notes on Biomechanics and Mechanobiology starts with a review 
chapter on mechanical properties of living cells and tissues from various perspectives 
from physics such as free-energy formulation based on microscopic characteristics of a 
given tissue (thermodynamics), mechanics of a cell when treated as a physical system, 
and tensegrity theory. The following chapter is devoted to mechanobiology of fracture 
healing providing spatial and also temporal predictions in tissue differentiation within 
a fracture site. The third chapter in this section comments on evolution of locomotor 
trends in extinct terrestrial giants and offers a possible explanation to accommodation 
of long bones based on a safety factor herein defined. The second section, Biomechanical 
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Modelling, is devoted to the rapidly growing field of various biomechanical models 
and modelling approaches to improve our understanding about all kinds of processes 
in human body. In the beginning, a Functional Data Analysis technique is introduced 
as a possible and complex statistical tool for analysis of large quantities of 
experimental data. Further, a review chapter of computational biomechanical models 
is given (several examples of sophisticated finite element models of human body parts 
are provided) together with a description of whole chain of necessary tools for 
individualising the model such as image acquisition and processing, mesh generation. 
This is followed by a review chapter on typical modelling techniques used in soft 
tissue biomechanics such as fiber reinforced material’s models and similarly a 
contribution about computational finite elements models and their role in 
endodontics. Three concrete models of important phenomena found in humans or 
human body parts follow: biomechanical model of lower extremity, 
biothermodynamical model of bone remodelling, and a robotical biomechanical model 
of a hand. The last section called Locomotion and Joint Biomechanics, is a collection of 
works on description and analysis of human locomotion and joint stability and acting 
forces. The first chapter describes available and commonly used methods for 
assessment of loading forces on lower limbs (reaction forces, inverse dynamics, 
forward dynamics), compares them and discusses their limitations. The next two 
chapters are discussing a possible explanation of quite striking generalizations about 
the dynamic similarity in gaits of locomotion of different-sized animals. The following 
chapter provides an analysis of three-dimensional joint movements enabling 
determination of a cause-and-effect relationship in joint torques and movements 
which is of high importance for high-performance athletes. The next contribution is 
discussing biomechanical means of assuring stability in arboreal locomotion. Sixth 
chapter in this section provides a review of biomechanical assessment techniques of 
human movement including electromyography, kinetic and kinematic recordings 
which is followed by a review of anterior cruciate ligament together with development 
of  a suitable ligament substitute. The last chapter is devoted to biomechanical 
characteristics of neck followed by several models for injury mechanisms and 
tolerance are presented. 

I would like to take this opportunity to acknowledge the Czech Technical University 
in Prague (CTU) as well as Institute of Thermomechanics, Academy of Sciences of the 
Czech Republic (IT AS CR) for their support. My thanks also go to prof. František 
Maršík from the Department of Thermodynamics at IT AS CR and to my family. 
 

Asst. Prof. Dr. Vaclav Klika 
Dept. of Mathematics 

FNSPE Czech Technical University in Prague 
Czech Republic 
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Mechanical Properties of Living Cells and 
Tissues Related to Thermodynamics, 

Experiments and Quantitative  
Morphology – A Review 

Miroslav Holeček, Petra Kochová and Zbyněk Tonar 
Department of Mechanics, Faculty of Applied Sciences  

University of West Bohemia, Pilsen 
Department of Histology and Embryology, Faculty of Medicine in Pilsen  

Charles University in Prague, Pilsen 
 Czech Republic 

1. Introduction 
Physics and living matter 
Although Galileo Galilei laid down the fundamentals for a mathematical description of 
natural processes, a long time passed before living organisms became a focus in physics. 
Given the high-spirited concept from René Descartes, living organisms were considered 
subject to the same universal laws as all objects. However, this approach did not provide 
scientists with an apparatus for systematically describing the physics of living matter. Isaac 
Newton’s examination of physical reality was based on analysis of the forces that cause 
movement of objects. Although he developed a very efficient and fruitful mathematical 
apparatus, living organisms appeared as “black boxes” therein. Terms such as “trajectory” 
and “force” became highly problematic when attempting to describe such phenomena as the 
growth, assembly, and physical activities of complex biological systems. These problems 
became apparent during the 20th century with advances in thermodynamics, molecular 
physics, computer simulations, and highly sophisticated experimental and imaging 
methods.  
From the perspective of physics, living cells are considered physical systems, i.e., material 
structures composed of atoms and molecules governed by the laws of physics. A living cell 
becomes material with certain rheological properties. Its molecular structure is described 
using terms from macromolecular chemistry, polymer physics, statistical mechanics, and 
thermodynamics. Most of the biological attributes for living matter are reduced or neglected 
on purpose, as they are typically undefined using these physical methods. However, even 
physicists must reflect the enormous complexity of biological systems. When considering a 
living cell as a “material”, we cannot ignore that the phenomena, such as the “material”, is 
able to move spontaneously, and cells can migrate through pores and avoid barriers while 
simultaneously changing their shape as well as their viscoelastic and rheological properties. 
Moreover, these physical objects of interest are growing and multiplying in number, and 
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they can even undergo cell death (e.g., apoptosis). Therefore, physicists must be careful 
when interpreting results from highly idealized models. This is an issue especially when 
confronting models with real experiments, as living systems typically do not behave as 
passive objects during an experiment. They are able to actively respond to the experimental 
conditions by changing their mechanical properties.  

2. Thermodynamics of living structures 
By publishing his “Reflections on the Motive Power of Fire” (Carnot, 1824), Sadi Carnot 
provided not only a theory and description useful for machine and design engineers, but he 
also laid the foundations for the second law of thermodynamics. At first, this theory was 
unnoticed as a universal natural law that cannot be simply deduced from physics based on 
Newtonian mechanics. This led Rudolf Clausius to become one of the founders of a new 
discipline: thermodynamics. Thermodynamics was based on physical quantities that were 
unknown until then, i.e., internal energy (U) and entropy (S). Both of these quantities 
contribute to the Helmoltz free energy, F (F=U-TS), where T is the absolute thermodynamic 
temperature. Free energy is a consideration for systems interchanging heat with the 
surrounding matter, which is exactly the case for living cells and tissues in organisms.  
Let us consider a sample material at a resting state without any unbalanced forces between 
the system and adjacent systems and in a state of thermodynamic equilibrium with its 
surroundings. The macroscopic conditions in such a system may be described using a set of 
working parameters (A(0)). These parameters can be set by mechanical, electrical, or 
magnetic actions, thus characterizing, for example, the shape or volume of the sample, its 
surface, and electrical polarization. Let us consider a change in these parameters caused by 
an external action, where surrounding the system is a heat reservoir at a steady temperature. 
The work done by these external forces (W) depends on the structure of that material and 
realization of such a change. As long as the change is reversible, W equals the free energy 
difference between the initial and the final state ΔF=F(A)-F(A(0)). According to the second 
law of thermodynamics, relationship (1) applies to any process: 

 FW Δ≥ . (1) 

The relationship between free energy and the parameters A is extremely important when 
describing our sample materials. Obviously, it is a measure of the minimum amount of work 
required to change the parameters of the material. However, the condition of reversibility is 
non-trivial. Changing the macroscopic configuration of most materials inevitably leads to a 
number of irreversible processes, such as the initiation and propagation of lattice defects in 
polycrystalline materials. In living tissues, it is logical to assume that certain processes are 
reversible, as tissues are clearly able to change their configuration across a broad range 
without any irreversible structural changes. However, the processes must be performed 
slowly to eliminate the effects from viscosity. 
Free energy appears to be a key quantity in characterizing the rheological properties of 
living cells and tissues. When applying the laws of physics to living systems, it is a great 
challenge to describe the relationship between free energy and the working and structural 
parameters of the living system. However, both U and TS contribute to free energy, i.e., free 
energy is determined by energetic and entropic factors. This renders the task extremely 
difficult, which can be demonstrated using the biopolymer networks responsible for most 
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mechanical properties in tissues. These networks are semiflexible, i.e., the persistence length 
(lp) is comparable to the typical distance between adjacent nodes (the contour length, LC); see 
Fig. 1. 
 

 
Fig. 1. Schematic for a network of semiflexible cytoskeleton biopolymer chains responsible 
for biomechanical properties in cells. The relationship between the persistence length (lp) 
and contour length (LC) is shown. For persistence length, correlations in the tangent 
direction are lost. The contour length of the chain is the distance between two nodes, 
measured as the mean length of the chain at the maximum physical extension. 

Semiflexible networks typical in rubber-like materials have lp<<LC; therefore, the elasticity is 
determined mainly by the entropic factors. The number of possible configurations for the 
fibers is reduced by stretching, and entropy is a log function for the number of these 
configurations. Nevertheless, analysis of biopolymer networks is a much more complex 
issue that solved in the most prestigious journals. According to Storm et al. (2005), the 
energy of a biological chain can be modeled as follows:  

 
 






 +=

cL

dzufuU
0

22 ´||
2

´´||
2
κ ,  (2) 

where z is the projected coordinate along the end-to-end vector, κ is the bending stiffness 
related to persistence length via κ = kBT lp (kB is the Boltzmann constant), f is the applied 
force, and u(z) describes deviation of the filament from its straight conformation. In small 
deformations, the entropic factor dominates, as the polymer chains can still embody a 
number of potential conformations. At higher deformations, the energetic factor prevails, 
which results in strain-stiffening (Onck et al., 2005), and the stress grows rapidly with 
increasing strain. However, other issues arise at higher deformations, such as the loss of 
fiber stability, and, therefore, more corrections could be necessary (Chadhuri et al., 2007). 
Strain-stiffening is typical for biological materials (Fung, 1993; De Santis et al., 2004; 
Kochova et al., 2008) and has several interesting consequences. 
The validation of these theoretical models seems to be successful, especially with 
experimental data characterizing artificial biopolymer networks created in vitro and separate 
from other biopolymers (e.g., collagen network, vimentin filaments, and fibrillar actin 
microfilaments). However, the in vivo experiments performed in living cells remain a 
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where z is the projected coordinate along the end-to-end vector, κ is the bending stiffness 
related to persistence length via κ = kBT lp (kB is the Boltzmann constant), f is the applied 
force, and u(z) describes deviation of the filament from its straight conformation. In small 
deformations, the entropic factor dominates, as the polymer chains can still embody a 
number of potential conformations. At higher deformations, the energetic factor prevails, 
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from other biopolymers (e.g., collagen network, vimentin filaments, and fibrillar actin 
microfilaments). However, the in vivo experiments performed in living cells remain a 
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problem, even for simple cell cultures, where cells are separate and free from the context of 
the entire tissue. The main issue is that the cells, which are supposed to be the object of the 
experiment, are remodeling during the experiment, thus altering its conditions. This raises a 
fundamental paradox: how can we measure the mechanical behavior of living cells if they 
react to our measurement tools (Bao & Suresh, 2003)? 
Another issue is that living structures, unlike artificial biopolymers, behave as open systems, 
far from thermodynamic equilibrium. The cells require a constant influx of energy and 
behave as dissipative systems. For the application of non-equilibrium thermodynamics as 
devised by Onsager and Prigogine for cell membrane transport, see e.g., Dickel (1984). 
Biopolymer networks in vivo are in a non-equilibrium state, which results in the presence of 
a permanent mechanical prestress, not caused by any external force. The elastic behavior of 
these networks is non-linear (Fig. 2). Due to prestress, the material is more stiff, which has 
been demonstrated in experiments on actin cytoskeletal microfilaments (Gardel et al., 2006). 
While the elastic module for in vitro actin networks reaches 0. 1 Pa, the moduli in living cells 
were 10,000 times higher. Although this difference is also caused by the presence of 
additional networks, it can be concluded that prestress increases stiffness in living cells by at 
least 10 times. Prestress is based in part on active forces generated by molecular motors 
(such as within the contractile apparatus of muscle cells, see Fig. 3). Other chemical energy-
driven phenomena might take part in prestress, such as ion pumps regulating cell volume 
and intracellular osmotic pressure.  
 

 
Fig. 2. Graphical interpretation of the stress-strain relationship describing the nonlinear 
strain-stiffening effect, which is characteristic of higher deformations in biological materials. 
For an explanation, see the text in this section related to modeling the energy, stiffness, and 
forces acting on a biopolymer chain (Storm et al., 2005; Chadhuri et al., 2007). 

3. The living cell as a physical system 
The cell is the basic functional and morphological unit in living organisms (Alberts  
et al., 2002). The typical cell size is 10-20 µm, and the shape can be spheroidal, ellipsoidal, 
fusiform, polyhedric, or squamous. Cells are either free units or are surrounded by  
other cells and an extracellular matrix within tissue. There are two types of cells: prokaryotic  
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Fig. 3. Arrangement of myofibrils within contracted and relaxed sarcomeric muscle cells and 
fibers. The schematic illustrates the information in the paragraph on prestress generated by 
molecular motors and proteins associated with actin microfilaments (Gardel et al., 2006). 

(bacteria) and eukaryotic (containing the cell nucleus and other membrane-bound 
compartments). Because of the plasma membrane (all cells) and even the cell wall (bacteria, 
plants, fungi, algae), the cell is an autonomous thermodynamic unit. The plasma membrane 
serves as an interface between intracellular and extracellular space. However, it does not 
insulate the cell from the extracellular environment. Rather, it is a selectively permeable 
barrier that hosts membrane transport systems. It is also involved in cell adhesion, cell 
signaling, ion conductivity, anchoring the cytoskeleton, attaching the extracellular matrix, 
maintaining cell volume, and the electric membrane potential. Maintaining stable and 
constant conditions within the cell, i.e., cell homeostasis, entails multiple dynamic 
equilibrium adjustments and regulatory mechanisms, which require approximately 30-70% 
of the energy available to the cell.  
The intracellular space is compartmentalized by a number of membrane structures, while 
the space among them is filled with a colloidal liquid, the cytoplasm. In addition to the 
organelles and various inclusions, the intracellular space is reinforced by a scaffold, the 
cytoskeleton. This provides the cell with structure and shape. Cytoskeletal elements interact 
with cellular organelles and membranes. The cytoskeleton is also involved in cell motility, 
intracellular transport, cell division, and other processes.  
From the physics point of view, the cell can be regarded as a structure comprised of 
heterogeneous materials, which correspond to the cytoskeleton, nucleus and other 
compartments. These constituents are considered continuous bodies with various material 
characteristics. Each of these materials is a viscoelastic continuum with a high degree of 
anisotropy and non-linear behavior. This approach is used to perform computational 
simulations of experiments performed with real cells using variety of techniques (e.g., atomic 
force microscopy as well as twisting, compressing, and pulling the cells, see Fig. 4-5). 
Describing the cellular structures as a sum of mechanical continua is useful only in tasks with 
dimensions exceeding the level of intracellular changes (Vaziri & Gopinath, 2008). Models 
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based on the interaction of multiple physical phases can simulate interactions between the 
cytosol and solid objects using constitutive laws that describe the flow of fluid through a 
porous medium, such as Darcy’s law (Rohan & Cimrman, 2010). Such multiphase models are 
applicable when analyzing experiments based on the interaction of liquid and solid phases, 
such as micropipette aspiration experiments (Fig. 4C, see also Mofrad & Kamm, 2006).   
 

 
Fig. 4. Schematics of experimental methods currently used for measuring mechanical 
properties at the cellular level. These include atomic force microscopy (A), magnetic 
twisting and pulling cytometry (B), micropipette aspiration (C), optical particle trapping and 
optical tweezers (D), the two microplates method (E), and traction force microscopy (F). 

However, for a better understanding of the cell as a physical system, more structures must 
be employed in our models. Probably the most important is the cytoskeleton (Fig. 6, see also 
Boal, 2002). The three main types of cytoskeletal filaments present in eukaryotic cells are 
microfilaments, intermediate filaments, and microtubules (Alberts et al., 2002). In 
prokaryotic cells, several types of structural and functional homologs of these cytoskeletal 
filaments were found (Carballido-López & Errington, 2003).  
The actin filaments are the thinnest in the cytoskeleton at only 7 nm in diameter and are 
referred to as microfilaments. They are composed of linear actin polymers and are capable 
of generating force by elongation and shrinking at the ends. They also act as tracks for the 
movement of myosin molecules that attach to the microfilament, sliding along them. Actin 
microfilaments can be found both in the cortical and the deep cytoplasm. They are involved 
in cell motility, phagocytosis, cell division, and the transmission of force between the 
extracellular and intracellular structures. Several actin-binding proteins (e.g., α-actinin) 
contribute to actin cross-linking, thus modulating its in vivo mechanical properties. Unlike 
artificial microfilaments, in vivo actin is stiffer from prestress.  
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Fig. 5. Distribution of principal stress in the plasma membrane of a cell during a simulation 
of the indentation test. The figure demonstrates simulations by considering cellular 
compartments as viscoelastic mechanical continua with variable material properties (with 
kind permission of Dr. J. Burša, according to Burša & Fuis, 2009). 
 

 
Fig. 6. Schematics for three different distribution patterns of cytoskeletal filaments. (A) 
Microtubules (red) are hollow cylindrical filaments with a diameter of 25 nm, radiating from 
the cell nucleus. Microtubules are organized by the microtubule organizing centers 
(centrioles and basal bodies). They are capable of growing and shrinking to generate force. 
They can be used by motor proteins that support the movement of organelles and other 
cellular factors along the microtubules. (B) The intermediate filaments (blue) have an average 
diameter of 10 nm, and they are mostly cytoplasmic (except the nuclear filaments known as 
lamins). These filaments are deformable proteins that can be stretched to several times their 
initial length. Such a large deformation is possible due to their hierarchical structure (Qin et 
al., 2009). (C) The actin microfilaments (green) are the thinnest cytoskeletal filaments (7 nm 
in diameter). They are assembled in highly versatile bundles and networks, they can be 
cross-linked and they resist both tensile and compressive forces. They are distributed both 
in the cortical cytoplasm and throughout the entire cell. They are able to generate force by 
either elongating or depolymerizing, and they work as part of the actomyosin molecular 
motor (Alberts et al., 2002).  
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The intermediate filaments, approximately 10 nm in diameter, are more stable than actin 
filaments. Like actin filaments, they help maintain the cell-shape by resisting tensional 
forces. Therefore, the cells are able to resist a tension of 102-105 Pa (Bao & Suresh, 2003). 
Intermediate filaments organize the internal structure of the cell and anchor the 
organelles. 
Microtubules are rigid, hollow cylinders approximately 25 nm in diameter, and are polymers 
of the protein tubulin. They exhibit a highly dynamic behavior as they polymerize and 
depolymerize. They are commonly organized by the centrosome, play role in the 
intracellular transport of organelles and vesicles, and construct the cilia, flagella, and mitotic 
spindles. They resist compression, and thus, in tensegrity models (tensional integrity, 
Stamenovic, 2006), they are considered rigid bars (rods). These rigid microtubules are 
interconnected by prestressed, extensible microfilaments (cables) (Fig. 7). These models are 
used to explain cellular tension and complex interactions between stiffness and prestress, 
thus describing even viscoelastic properties (Canadas et al., 2002). Tensegrity models may 
be combined with continuum models. However, they are highly sensitive to the spatial 
arrangement of the cables and rods.  
 

 
Fig. 7. A combination of rigid bars (rods, full lines) and viscoelastic fibers (cables, dotted 
lines) illustrate the tensegrities (Stamenovic, 2006) in models based on the balance between 
tension and compression in linear cytoskeleton components. In a steady state (A), the 
oblique cables are prestressed so that they can carry the tensile force, balanced by 
compression of the rigid rods (B). This approach may be used to demonstrate the non-trivial 
explanation of prestressed behavior in intracellular biopolymer networks. 

As demonstrated by the tensegrity models, whenever physics aims to describe cell 
mechanics, it tends to choose a remarkable phenomenon, which becomes the basis for 
physical analysis. The cell has been considered a either mixture of polymer networks, a 
prestressed construction created from rods and fibers, or a multiphase continuum. Each of 
these strategies can explain certain features of cell behavior and may be used for planning 
and describing various experiments. Still, there is a demand for more general models, often 
inspired by non-trivial physical approaches. An interesting model is based on the similarity 
between cell behavior and the rheology of colloidal materials.  

4. Biological cells and soft glassy materials 
Despite the obvious presence of cytoskeletal semiflexible networks within the cells, physical 
description of these networks does not explain their complex behavior. The in vivo networks 
are not passive. On the contrary, the cell is a living structure; the networks undergo constant 
remodeling, and the activity of the molecular motors change over time. Despite the 
molecular level of these adaptive processes, their outcome is global and even macroscopic, 
i.e., at the level of the entire cell or tissue. Therefore, the next task is to describe the physical 
global effects from these molecular processes. 
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Recent advances in the rheology of soft glassy materials are at least a partial response to this 
problem (Fabry et al., 2001; Bursac et al., 2005; Deng et al., 2006). An experimental 
description of the frequency dependence for the complex modulus of the cell G(f) via 
magnetic cytometry (Fig. 4B) showed that the complex modulus of the cell consists of an 
elastic modulus G´ and a loss of this modulus iG´´, i.e., G = G´+ iG´´. These measurements 
were transformed into traditional elastic and loss moduli using a geometric factor, α, that 
depends on cell shape and thickness. For frequency dependence of the complex modulus for 
a semiflexible polymer network (e.g., fibrillar in vitro actin), G is either independent from the 
frequency (at lower frequencies) or is related (for higher frequencies) as follows: 

 
4/3~ fG . (3) 

Equation (3) complies with the theory of entropic elasticity. At higher frequencies, the heat-
driven bending fluctuations of the semiflexible fibers contribute to the complex modulus. 
This relationship (3) has also been measured for cell cytoskeletons in vivo. However, there 
should be a considerable contribution from prestress in vivo, generating higher stiffness in 
the cytoskeletal network. Because of prestress, the energetic component should prevail over 
the entropic contribution (represented by the ¾ index in Equation (3)). Another discrepancy 
was found at lower frequencies. Unlike in vitro networks, the real cytoskeleton has a 
frequency dependence even at lower frequencies: 

 
αfG ~ , (4) 

where α varies between 0.1-0.3. Such behavior no longer complies with semiflexible polymer 
networks. Instead, it corresponds to special materials referred to as soft glassy materials 
(Sollich, 1998). These material represent various foams, emulsions, slurries and colloidal 
systems. These “glassy materials” share features of structural disorder and metastability. 
Local elements in this material are either too large, or they are trapped by their neighbors. 
Therefore, they cannot rapidly reach heat-induced equilibrium, and their rearrangement via 
thermal activation, referred to as aging, is rather slow. However, this rearrangement can be 
facilitated by external energy (Fig. 8). The behavior depends on mesoscopic elements, which 
are regions small enough for a macroscopic piece of material to contain them in a large 
number, thus providing a description of its behavior as an average over elements. They are 
also large enough such that deformations at the scale of a single element can be described 
using an elastic strain variable (Sollich, 1998). 
The application of these experiments and conceptual tools to the cytoskeleton provides 
evidence for a non-equilibrium cytoskeletal state. Prestress corresponds to the “densities” of 
colloidal particles trapped within the glassy system, causing the metastability. The ATP 
(adenosine triphosphate)-driven molecular motors (e.g., myosin, dynein, kinesin) and 
cytoskeleton-associated proteins rearrange the network in vivo, thus modifying the local 
non-equilibria within the cytoskeletal configuration. As a result, the macroscopic behavior 
of the cytoskeleton is observed (Fabry et al., 2001). The value of α is the central characteristic 
for the entire process. When α=1, the material is a fluid, and when α=0, the material is solid. 
As soft glassy materials, the cells may be near the glass transition. Upon activating the 
contractile apparatus, α (Equation 4) decreases to zero, which corresponds to the glassy 
transition. In contrast, the loosening and relaxing the cytoskeleton leads to an increase in α. 
The “glassy dynamics” appear at frequencies of 102 Hz, which is the transition frequency 
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between the characteristics described by Equation (3) and (4). In other words, describing the 
cell in terms of soft glassy rheology is useful for processes at a scale of approximately 0.01 s. 
However, this is exactly the time scale for many cellular events, such as cell motility, 
movement of kinocilia, and phagocytosis, among others. (Deng et al., 2006). 
 

 
Fig. 8. Schematic illustrating the soft glassy rheology model of the cytoskeleton. The natural 
reorganization and dynamics for intracellular biopolymers can be modeled as a series of 
transitions (red positions labeled 1-5) between a fluid and solid state. 

It is noteworthy that when applying soft glassy rheology to cell behavior, the physical 
approach is far from a “naive reductionism”. There are no simulations at the molecular 
level. Conversely, the molecular processes remain in the background, varying only as a 
typical response to the stimulating frequencies. However, the “global” parameter, α, 
appears to be more important, as it characterizes the condition of the cytoskeleton and its 
typical response. The individual molecular mechanisms likely contribute to changes in α, 
thus affecting the global cellular response. Even the definition and experimental 
identification of such a parameter must be appreciated.  

5. Cells and “intelligent materials” 
In multicellular organisms, the cells are arranged in tissues, which usually compose organs. 
The cells are interconnected with cell-to-cell junctions that involve both plasma membranes 
and the intercellular matrix. The extracellular matrix consists of fibers and a ground 
“amorphous” substance. The prevailing matrix fibers in vertebrates are the collagen, elastin, 
and reticular fibers. The ground substance is constructed mainly of glycoproteins and 
glycosaminoglycans. In some tissues, the cells prevail, while other types of tissue are formed 
mainly by the matrix. Quantitative analysis of the tissue requires either a combination of 
microscopy and image processing or, preferably, unbiased stereological methods (Howard & 
Reed, 2005). The tissue can be characterized using volume fractions of the constituents (Fig. 
9A), a description of the degree of anisotropy of the cells, the spatial orientation of the 
matrix fibers, cell clustering, the fiber length density, the microstructure surface area (Fig. 
9B), and the numerical density of the objects in three dimensions, among others. Volumes, 
surfaces, lengths, numbers, and other microstructural characteristics can be estimated using 
stereological methods (Howard & Reed, 2005), which apply various geometrical principles 
for fair sampling of histological sections (Gundersen & Jensen, 1987). Stereology is based on 
methods related to the three-dimensional measurements available on the sections. A typical 
example includes the point-interception method, which estimates the area by counting the 
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intersections between a randomly placed test grid and the objects of interest. The total 
number of points intersecting with the objects of interest is then multiplied by the reference 
area corresponding to each point. This is the reason stereology is also known as “stochastic 
geometry”.  
 

 
Fig. 9. Micrographs of composite biological tissues undergoing quantitative histological 
analysis. To elucidate how the principal constituents in biological tissues contribute to the 
mechanical behavior of macroscopic biological samples, either the volume fractions or 
surface densities of the tissue compartments must be assessed, preferably using unbiased 
point-interception stereological methods. (A) Smooth muscle (red) within the amphibian 
intestine is arranged in two perpendicular systems. The volume fractions from the active 
component (smooth muscle, stained red) and passive matrix (collagen fibers, blue) can be 
quantified. (B) A section through a junction for two types of tissues at the border between 
the dermis and epidermis of an equine hoof. Repeating epithelial lamellae interdigitate with 
the collagenous connective tissue of the dermis. The lamellar surface area  can be estimated 
by counting the intersections (yellow) between the lamellae and a linear stereological system 
(circular arcs, black). The red borders delimit the reference space that corresponds to a single 
primary lamella, thus, the lamellar surface can be related to a volume unit of the tissue via 
the surface density of the junction. Mallory trichrome stain (A) and hematoxylin-eosin stain 
(B). Scale bars 50 µm (A), 100 µm (B).  

In biological tissues, the cells are interconnected with the matrix fibers. The most abundant 
are collagen fibers. In fact, the hierarchical organization of collagen is complicated. Bundles 
of collagen fibers are constructed from fibrils, which consist of microfibrils, made from 
protofibrils that are overlapping trihelices of tropocollagen. In small deformations, the 
collagen fibers have a wavy appearance, and, unlike elastin fibers, they almost never 
contribute to the stress-strain behavior (Fig. 10, region I).  
With increasing deformation (Fig. 10, region II), the collagen fibers become stretched and 
contribute to the total elastic modulus of the tissue. Further deformation (Fig. 10, region III) 
is characterized by fully stretched collagen fibers, which lead to sample stiffening. When 
increased stress reaches the ultimate strength of the tissue (region IV), microcracks are 
initiated and propagate through the tissue (Fig. 11). According to the arrangement of the 
collagen fibers, different tissues have different extensibility under uniaxial loading. For 
example, the mesentery of the peritoneal cavity can be distented by 100-200%, while ureters, 
arteries and veins can extend by approximately 60%; in addition, the cardiac muscle and 
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tendons can extend to 15% and 2-5% of their initial length, respectively (Viidik, 1979; 
Ahlfors et Billiar, 2007). Therefore, we must consider that biological tissues have a complex 
microstructure and a non-linear, non-Hookean stress-strain response. Even under 
physiological conditions, they are subjected to large deformations.  
 

 
Fig. 10. An illustration of the non-linear stress-strain relationship for connective tissue 
exposed to a uniaxial tensile test. Region I represents the linear region for small 
deformations, region II is characterized by tissue stiffening, region III is the linear region for 
large deformations, while, at the end of region IV, the rupture is initialized. 

 

 
Fig. 11. A micrograph of a tissue rupture induced by uniaxial tensile loading that exceeds 
the ultimate strength of the connective tissue. The tissue sample shows the pedal 
integument of a pulmonate gastropod Arion sp. and consists of smooth muscle (reddish to 
brown) and collagen fibers (green). Green trichrome stain, scale bar 200 µm. 
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From the perspective of rheology, the tissues can be considered viscoelastic materials, and 
therefore, they have properties such as stress relaxation, creep, and hysteresis. These 
parameters are identified using mechanical experiments, while preserving experimental 
conditions close to the in vivo state. The viscous properties result from biopolymers and the 
presence of intracellular and extracellular fluid. The intracellular fluid corresponds to 
approximately 40% of the tissue weight, while the extracellular fluid composes 
approximately 20% of the tissue weight. Deformation of the tissue is accompanied by 
redistribution of the fluid; however, the fluid renders the tissues incompressible.  
Materials that can adapt to their environment and those that, more modestly, can alter their 
properties as required by their users are referred to as "intelligent". This is observed, for 
example, in the muscle tissue, which can change the microscopic contractility of the 
cytoskeletal filaments, causing either macroscopic peristalsis of the intestine, blood vessel 
vasoconstriction or blood vessel vasodilatation.  
Let us consider a possible physical description for these mechanisms, enabling the number 
of N cells to modulate the mechanical behavior of the entire tissue. The free energy of a cell 
Fcell(AC,α) is determined by a set of working parameters AC (describing the cell geometry) 
and a set of intrinsic parameters α (governed by the cell itself, e.g., the activity of molecular 
motors and degree of polymerization of the actin network, etc.). Now let us define the free 
energy of the extracellular matrix FECM, which is determined by the working parameters A 
of the sample and the values for all cells present within the sample Aci, i = 1,…,N. These 
values define the geometry of the cells and, therefore, the geometry of the matrix. At the 
level of the entire tissue sample, the working parameters for individual cells are considered 
free variables, as they are not controlled from “outside” of the cells; rather, they are set by 
the cells to minimize the free energy of the entire system: 
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As the cells are much softer than the matrix, the consequence of Equation (5) is that the 
geometry of a cell is adapted to minimize deformation of the matrix, i.e., the cells will be 
deformed rather than the matrix. The contribution of the free energy is small; therefore, 
should the deformation mainly involve the cells, the intracellular processes would not be 
able to change the free energy of the entire tissue, i.e., they would not be able to alter the 
mechanical properties of the entire tissue. 
In addition, the shape of the cells should not be deformed without limits, i.e., the values for 
parameters Aci are limited. It is well-known that most animal cells tend to maintain their 
shape and volume using a variety of compensating mechanisms related to homeostasis and 
constant intracellular osmotic pressure (Pollard & Earnshaw, 2004). Therefore, constant 
volume is another factor limiting the shape of the cell. Maintaining constant cell volume is 
an efficient way to enable additional intrinsic mechanisms to alter the tissue stiffness. This 
can be demonstrated using a model structure constructed of elastic balloons (or balls) 
interconnected with linear springs (Fig. 12); the balls represent the cells, and the springs are 
analogous to the tissue matrix. Similar to living tissues, this material is incompressible as a 
whole (the space inside and among the balls is filled with fluid). Let us study orthogonal 
deformations of this material, which can be described as changes in individual 
dimensions ii xx Δ→Δ 0 , i = 1,2,3, while 0ii xx

i
ΔΔ≡β is the relative deformation in the i-th 

direction (the incompressibility of the material can be expressed as 1321 =βββ ). Change in the 
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internal energy during deformation is determined by deformations of the springs and balls. 
For compressible balls (i.e., their wall is permeable to the fluid), the ratio between 
deformations of the balls and springs could be optimized in all three directions 
independently from each other. If the balls are much softer than the springs, an external 
mechanical loading in the system causes a deformation of the balls only such that the overall 
stiffness of the material is close to the balls’ stiffness. Should the balls’ wall become 
impermeable, such optimization would be impossible. Changes in the free energy during 
deformation within a system made of incompressible balls ΔF would be much higher than 
the change in free energy for a system containing compressible balls ΔF0:  
 

 
Fig. 12. An illustrative explanation of a two-dimensional model formed by flexible balls 
connected with linear springs (according to Holeček & Moravcová, 2006). Due to the 
incompressibility of the system as a whole, the total volume for the tissue model is constant. 
However, an external force may deform both the balls and springs, while the maximum 
deformation occurs in the balls, as this deformation requires less energy. For compressible 
balls, the material becomes extremely soft and deformation occurs almost entirely in the 
balls. This approach appears to be useful for modeling non-trivial modulation of 
macroscopic mechanical behavior of tissues (or even entire organs) by setting the properties 
of various cell types and intercellular fibers or junctions.  
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While the free energy ΔF0 corresponds to linear elastic material, the free energy ΔF 
corresponds to non-linear material. This is caused by the optimization process described by 
Equation (5), which describes a system with non-linear relationships (Holeček & Moravcová, 
2006). The involvement of the balls is determined by physical and geometric parameters 
describing the inner structure of the material. The more behavior of the material that is 
controlled by the balls entirely, the nearer the product of 321
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δi is the ratio of the distance between the balls to the diameter of the ball in the i-th direction 
(in a non-deformed condition, thus corresponding to the ratio of initial spring lengths and 
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the initial ball diameters), and ki is a ratio between the ball stiffness and the stiffness of the 
spring in the i-th direction. In any part of the material, provided that 

 1eff
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eff
2

eff
1 =βββ , (8) 

the geometric and mechanical parameters are optimized such that even with incompressible 
balls, the material behaves as if the balls were compressible, i.e., deformation of the material 
relies on deformation of the balls only. Under the condition described by Equation (8), the 
local inner energy ΔF’=0 (Fig. 13). However, even a small change in either δi or ki will impair 
Equation (8). Further deformation of the entire material also depends extensively on 
deformation of the springs, which are much stiffer than the balls. This leads to an increase in 
inner energy ΔF, necessary for local deformation. Equation (8), therefore, indicates the 
presence of a local minimum for deformation energy among the intrinsic material 
parameters at a given external deformation.  
 

 
Fig. 13. Numerical simulation of free energy for a model constructed from balls and 
reinforced with springs (full line). For high deformability of the balls, the energy of the 
material drops to a minimum and the stress-strain characteristics of the material are 
illustrated with a dashed line. Along this minimum, it is possible to change the stiffness of 
the material in an efficient manner. This simulation demonstrates the considerable number 
of macroscopic mechanical characteristics in biological tissues that result from the properties 
of its microscopic constituents.  

Nevertheless, do the living cells really use this principle? Taking the interaction between the 
actin and myosin myofilaments as an example, it is obvious that the sliding of the myosin 
heads along the actin microfilaments corresponds to changes in the initial lengths of the 
springs. Using these intrinsic processes driven by chemical energy, the cell changes the 
geometric parameters δi, thereby setting 321

effeffeff βββ close to 1. Indirect evidence for such a 
structural optimization is demonstrated by comparing the efficiencies of the smooth and 
skeletal muscle. Both muscle cell types share the same intrinsic mechanisms for the sliding 
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myofilaments, i.e., altering the overlap between the actin and myosin filaments. However, 
the ultrastructural organization of the contractile apparatus (i.e., the geometric properties of 
the system) varies. In skeletal muscle, the contractile apparatus is arranged as periodical 
sarcomeres. In smooth muscle cells, the actin and myosin chains stretch across the 
cytoplasm, and spatial reorganization of the contractile machinery optimizes force 
development during contraction. The smooth muscle cell can be shortened to 2/3 its initial 
length, while contraction in a skeletal muscle fiber is limited to approximately 1/4. 
According to the experiments performed, the skeletal muscle requires 10-300 times the 
chemical energy (ATP) to achieve the same isometric contractile force compared with 
smooth muscle (Mofrad & Kamm, 2006). In smooth muscle cells, each isometric contraction 
is accompanied by a lower number of interactions between actin and myosin (each of these 
interactions is compensated with the ATP), which more efficiently maintains muscular tone. 
The drawback of this adaptation is that the onset of contraction is much slower in smooth 
than skeletal muscle.  

6. Conclusion 
Modeling the mechanical behavior of living cells and tissues is one of the biggest challenges 
in biomechanics. The models should comprise the properties of the cytoskeleton, plasma 
membrane, cell-to-cell junctions, as well as fibrillar and amorphous extracellular matrix. The 
macroscopic mechanical parameters of tissues can be identified much easier than 
microscopic parameters; therefore, the models serve as translators between macroscopic and 
microscopic phenomena. We reviewed several current approaches used in various branches 
of biophysics to devise non-trivial models of biological tissues. 
Beginning with thermodynamics, which led us to study the free-energy dependence of 
microscopic parameters for living tissues, we continued with special mechanical properties 
of living cells (Bao & Suresh, 2003) and the important role of prestress in the cytoskeleton. 
We mentioned the tensegrity models (Stamenovic, 2006) and the approach in which the 
biological cell is regarded as a soft glassy material (Sollich, 1998). Active adaptations of 
intracellular structures require a physical description of such cytoskeletal remodeling 
(Bursac et al., 2005). We then discussed the problems with description and experimental 
identification of properties in living tissues and used an example to outline a purely 
mechanical explanation for the way that smooth muscle cells efficiently control the 
mechanical behavior of the entire tissue. We discussed the current methods for quantitative 
microscopic analysis of biological samples using stereological methods (Howard & Reed, 
2005). We also outlined the importance of simple physical models in understanding 
the important features of biological structure functions (e.g., Holeček & Moravcová, 2006). 
To enhance this review’s availability to a broad audience, a number of illustrations 
accompanied the text.  
We conclude that the mechanical properties of biological cells and tissues depend on their 
underlying complex microstructure. At the tissue level of organization, computer 
simulations based on a stochastic interpretation of real morphology allow us to pursue the 
effects from stiffness and elasticity of both the cytoskeleton and extracellular matrix on the 
mechanical behavior of entire organs. Despite the limitations in our knowledge and 
methods, physical models of cell mechanics offer powerful tools for researching the 
structural principles governing living matter. 
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1. Introduction  
The Chapter describes how mechanobiological models can be utilized to predict the spatial 
and temporal patterns of the tissues differentiating within a fracture site during the healing 
process. It will be structured in four main Sections. Firstly, the basic principles of 
mechanobiology, the main theories and the principal models utilized to simulate the cellular 
processes involved in fracture healing will be illustrated. Second, two examples will be 
given showing how a mechano-regulation model, - where the bone callus is modeled as a 
biphasic poroelastic material and the stimulus regulating tissue differentiation is 
hypothesized to be a function of the strain and fluid flow-, can be utilized to assess bone 
regeneration in an ostetomized mandible submitted to distraction osteogenesis and in a 
fractured lumbar vertebra. Finally, the main limitations of the model utilized and, in 
general, of mechanobiological algorithms as well as the future perspectives will be outlined. 
Fracture healing is a physiological process that initiates immediately after the fracture event 
and occurs by following two different modalities: by primary fracture healing or by 
secondary fracture healing. Primary healing involves a direct attempt by the cortex to re-
establish itself once it has become interrupted. When stabilisation is not adequate to permit 
primary healing, the abundant capillaries required for bone repair are constantly ruptured 
and secondary healing takes place. Secondary healing involves responses within the 
periosteum and external soft tissues and subsequent formation of an external callus. 
Secondary fracture healing occurs in the following stages. Blood emanates from the 
ruptured vessels and a haemorrhage quickly fills the fracture gap space. Macrophages 
remove the dead tissue and generate initial granulation tissue for the migration of 
undifferentiated mesenchymal stem cells (MSCs), originating an initial stabilizing callus. 
These cells proliferate and migrate from the surrounding soft tissue (Einhorn, 1998, 
McKibbin, 1978) (Fig. 1a). Then, stem cells disperse into the fracture callus, divide (mitosis) 
and simultaneously migrate within the fracture site (Fig. 1b). In the next stage, mesenchymal 
cells may differentiate into chondrocytes, osteoblasts or fibroblasts, depending on the 
biological and mechanical conditions (Fig. 1c). These differentiated cells begin to synthesize 
the extracellular matrix of their corresponding tissue (Doblaré et al., 2004) (Fig. 1d). 
Intramembranous woven bone is produced by direct differentiation of the stem cells into 
osteoblasts. Endochondral ossification occurs when chondrocytes are replaced by 
osteoblasts. 
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2. Mechanobiology: Basic principles 

Comparing patterns of differentiation during tissue repair to predictions of the mechanical 
environment within the mesenchymal tissue has led to the development of a number of 
hypothesis for mechano-regulated tissue differentiation. Theories on the relationship between 
mechanics and biology were originally proposed in relation to fracture healing. These theories 
later evolved into ‘mechanobiological algorithms’; a finite set of rules that govern the effects of 
mechanical loading on stem cells and tissues. Mechanobiology merges the older science of 
mechanics with the newer and emerging disciplines of molecular biology and genetics.  
 

 
Fig. 1. Let Ω be an arbitrary fracture domain loaded and constrained over part of the surface. 
Immediately after the fracture event the mesenchymal stem cells (MSCs) reside outside the 
domain in the surrounding soft tissue (a). Then, stem cells disperse into the domain, divide 
(mitosis) and simultaneously migrate within the domain (b). Depending on the biological 
and mechanical conditions MSCs differentiate into fibroblasts, chondrocytes and osteoblasts 
(c). These differentiated cells begin to synthesize the extracellular matrix of their 
corresponding tissue (d).     

At the centre of mechanobiology is the cellular process of mechano-transduction, or the way 
by which the cells sense and respond to mechanical forces or, in general to biophysical 
stimuli. Experimental and analytical models are often integrated in mechanobiology to gain 
a deeper understanding of the cells’ response to mechanical factors. Experiments provide 
insights and measurements, which can then be interpreted within the context of analytical 
frameworks. Analytical simulations permit investigation of possible explanations that 
require in vivo validation and will suggest further experimental investigations (van der 
Meulen and Huiskes, 2002).  

2.2 Mechanobiology of mesenchymal stem cells  
Mesenchymal stem cells (MSCs) are nonhematopoietic progenitor cells found in adult 
tissues. They posses an extensive proliferative ability in an uncommitted state and hold the 

a) b)

c) d)
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potential to differentiate along various lineages of mesenchymal origin in response to 
appropriate stimuli (Chen et al., 2007). Bone marrow is the most important source for MSCs 
(Simmons, 1985, Brighton and Hunt, 1991, Glowacki, 1998). However, MSCs have been also 
identified in different other tissues such as adipose, periosteum, trabecular bone, synovium, 
skeletal muscle, dental pulp and periodontal ligament (Barry and Murphy, 2004, Ballini et 
al., 2007, Ballini et al., 2010). Quiescent MSCs become mobilised during repair and 
remodelling through regulation by external chemical and physical signals that control their 
activation, proliferation, migration, differentiation and survival i.e. their fate (Byrne, 2008). 
One key aspect in mechanobiology of MSCs is the modelling of the cellular processes such 
as the cellular dispersal, the proliferation, the apoptosis, etc. 
Concerning the process of cellular dispersal, it has been suggested that the movement of 
stem cells can be thought of as an assemblage of particles, with each particle moving around 
in a random way (Murray, 1989). In a number of studies (Lacroix and Prendergast, 2002, 
Geris et al., 2004, Andreykiv et al., 2005), a diffusion equation has been used to simulate the 
movement of cells through regenerating tissues. If c is the concentration of stem cells in a 
given volume and D the diffusion coefficient, the derivative of c with respect to the time is 
given by: 

 2c D c
t

= ∇d
d

 (1) 

However such a modelling of cellular dispersal presents the limitation that the diffusion 
coefficient assumes a value that does not depend on the cell phenotype or the tissue through 
which the cell is moving. Furthermore, this approach implicitly assumes that cells attempt to 
achieve a homogenous population density within the area of analysis. Lacroix et al. (2002) 
developed further the diffusion equation (1) by including the processes of cellular mitosis 
and apoptosis (programmed cell death). Therefore, the rate of change in cell concentration 
assumes the form: 

 2 ( )c
c D c cs c kc
t

= ∇ + −d
d

 (2) 

The first term on the right-hand side of equation (2) describes cell migration by simple 
linear diffusion; the second term describes cell mitosis, where cc(x,t) is the chemical 
concentration of a mitosis-inducing factor; s(cc) is a function describing the mitosis rate 
per cell; and k is a constant describing the cell death or removal rate (Sherratt et al., 1992). 
Since the mesenchymal stem cells can differentiate into cells of different phenotypes i (i.e. 
fibroblasts, chondrocytes and osteoblasts) that produce different tissues j (i.e. fibrous 
tissue, cartilage and bone), a logical progression of the idea proposed by Lacroix et al., 
(Lacroix et al., 2002), would be that the diffusion coefficient D would depend on the cell 
phenotype i and the tissue type j through which the cell is moving. This modelling has 
been adopted in Kelly and Prendergast (Kelly and Prendergast, 2005, 2006). Boccaccio et 
al. (Boccaccio et al., 2007, 2008a), modelled the cellular dispersal by using the diffusion 
equation (1) however, they accounted for the fact that MSCs not only require time to 
differentiate, but that the differentiated cell types require time to synthesise and remodel 
new tissue. To this purpose, based on the results of Richardson et al. (Richardson et al., 
1992) who observed an exponential increase in stiffness during tibial fracture healing, 
they assumed that the Young’s modulus of all tissues within the fracture callus increases 
exponentially with time. 
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later evolved into ‘mechanobiological algorithms’; a finite set of rules that govern the effects of 
mechanical loading on stem cells and tissues. Mechanobiology merges the older science of 
mechanics with the newer and emerging disciplines of molecular biology and genetics.  
 

 
Fig. 1. Let Ω be an arbitrary fracture domain loaded and constrained over part of the surface. 
Immediately after the fracture event the mesenchymal stem cells (MSCs) reside outside the 
domain in the surrounding soft tissue (a). Then, stem cells disperse into the domain, divide 
(mitosis) and simultaneously migrate within the domain (b). Depending on the biological 
and mechanical conditions MSCs differentiate into fibroblasts, chondrocytes and osteoblasts 
(c). These differentiated cells begin to synthesize the extracellular matrix of their 
corresponding tissue (d).     

At the centre of mechanobiology is the cellular process of mechano-transduction, or the way 
by which the cells sense and respond to mechanical forces or, in general to biophysical 
stimuli. Experimental and analytical models are often integrated in mechanobiology to gain 
a deeper understanding of the cells’ response to mechanical factors. Experiments provide 
insights and measurements, which can then be interpreted within the context of analytical 
frameworks. Analytical simulations permit investigation of possible explanations that 
require in vivo validation and will suggest further experimental investigations (van der 
Meulen and Huiskes, 2002).  

2.2 Mechanobiology of mesenchymal stem cells  
Mesenchymal stem cells (MSCs) are nonhematopoietic progenitor cells found in adult 
tissues. They posses an extensive proliferative ability in an uncommitted state and hold the 

a) b)

c) d)
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potential to differentiate along various lineages of mesenchymal origin in response to 
appropriate stimuli (Chen et al., 2007). Bone marrow is the most important source for MSCs 
(Simmons, 1985, Brighton and Hunt, 1991, Glowacki, 1998). However, MSCs have been also 
identified in different other tissues such as adipose, periosteum, trabecular bone, synovium, 
skeletal muscle, dental pulp and periodontal ligament (Barry and Murphy, 2004, Ballini et 
al., 2007, Ballini et al., 2010). Quiescent MSCs become mobilised during repair and 
remodelling through regulation by external chemical and physical signals that control their 
activation, proliferation, migration, differentiation and survival i.e. their fate (Byrne, 2008). 
One key aspect in mechanobiology of MSCs is the modelling of the cellular processes such 
as the cellular dispersal, the proliferation, the apoptosis, etc. 
Concerning the process of cellular dispersal, it has been suggested that the movement of 
stem cells can be thought of as an assemblage of particles, with each particle moving around 
in a random way (Murray, 1989). In a number of studies (Lacroix and Prendergast, 2002, 
Geris et al., 2004, Andreykiv et al., 2005), a diffusion equation has been used to simulate the 
movement of cells through regenerating tissues. If c is the concentration of stem cells in a 
given volume and D the diffusion coefficient, the derivative of c with respect to the time is 
given by: 

 2c D c
t

= ∇d
d

 (1) 

However such a modelling of cellular dispersal presents the limitation that the diffusion 
coefficient assumes a value that does not depend on the cell phenotype or the tissue through 
which the cell is moving. Furthermore, this approach implicitly assumes that cells attempt to 
achieve a homogenous population density within the area of analysis. Lacroix et al. (2002) 
developed further the diffusion equation (1) by including the processes of cellular mitosis 
and apoptosis (programmed cell death). Therefore, the rate of change in cell concentration 
assumes the form: 
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The first term on the right-hand side of equation (2) describes cell migration by simple 
linear diffusion; the second term describes cell mitosis, where cc(x,t) is the chemical 
concentration of a mitosis-inducing factor; s(cc) is a function describing the mitosis rate 
per cell; and k is a constant describing the cell death or removal rate (Sherratt et al., 1992). 
Since the mesenchymal stem cells can differentiate into cells of different phenotypes i (i.e. 
fibroblasts, chondrocytes and osteoblasts) that produce different tissues j (i.e. fibrous 
tissue, cartilage and bone), a logical progression of the idea proposed by Lacroix et al., 
(Lacroix et al., 2002), would be that the diffusion coefficient D would depend on the cell 
phenotype i and the tissue type j through which the cell is moving. This modelling has 
been adopted in Kelly and Prendergast (Kelly and Prendergast, 2005, 2006). Boccaccio et 
al. (Boccaccio et al., 2007, 2008a), modelled the cellular dispersal by using the diffusion 
equation (1) however, they accounted for the fact that MSCs not only require time to 
differentiate, but that the differentiated cell types require time to synthesise and remodel 
new tissue. To this purpose, based on the results of Richardson et al. (Richardson et al., 
1992) who observed an exponential increase in stiffness during tibial fracture healing, 
they assumed that the Young’s modulus of all tissues within the fracture callus increases 
exponentially with time. 
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In reality, diffusion is not the mechanism of stem cell dispersal; cells disperse by crawling or 
proliferation or are transported in a moving fluid (Prendergast et al., 2009). In order to better 
simulate the cellular processes involved during the fracture healing process, Pérez and 
Prendergast (Pérez and Prendergast , 2007) developed a ‘random-walk’ model to describe 
cell proliferation and migration, with and without a preferred direction. In this approach, a 
regular lattice of points is superimposed on the fracture domain. Each lattice point is either 
empty, or occupied by a stem cell. Cell movement can be simulated by moving a cell from 
one lattice point to another; cell proliferation, by dividing a cell so that the daughter cell 
takes up a neighbouring lattice point; cell apoptosis, by removing a cell at a lattice point. 
 

 
Fig. 2. Diagram showing the mechano-regulation model developed by Pauwels (Pauwels, 
1960). The combination of two biophysical stimuli, shear strain and hydrostatic pressure, 
will act on the mesenchymal cell pool leading to either hyaline cartilage, fibrocartilage or 
fibrous tissue as represented on the perimeter of the quadrant. The larger arrows indicate 
that, as time passes, ossification of these soft tissues occurs, provided that the soft tissue has 
stabilized the environment. Reprinted from Bone, Vol. 19, Issue 2, Weinans H, Prendergast 
PJ, Tissue adaptation as a dynamical process far from equilibrium, Pages No. 143-149, 
Copyright (1996) with permission from Elsevier. 

2.3 Principal mechano-regulation models  
Pauwels, (Pauwels, 1960), who was the first to propose the hypothesis of a mechano-regulated 
tissue differentiation, suggested that the distortional shear stress is a specific stimulus for the 
development of collagenous fibres and that hydrostatic compressive stress is a specific 
stimulus for cartilage formation. When a soft tissue has stabilized the environment, 
differentiation of MSCs into osteoblasts is favoured leading to the formation of bone (Fig. 2).  
Based on a qualitative analysis of clinical results of fracture healing, Perren (Perren, 1979) 
proposed that tissue differentiation is controlled by the tolerance of various tissues to strain. 
The basis of this theory, - normally known as 'the interfragmentary strain theory' -  is that a 
tissue that ruptures or fails at a certain strain level cannot be formed in a region 
experiencing strains greater than this level. Based on the framework of Pauwels (Pauwels, 
1960), Carter et al. (Carter et al., 1988, Carter and Wong, 1988) expanded the concepts 
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relating tissue differentiation to mechanical loading. They proposed that local stress or 
strain history influences tissue differentiation over time (Carter et al., 1988). These ideas 
were later developed further and a more general mechano-regulation theory was proposed 
(Carter et al., 1998) (Fig. 3). They postulated that: (i) compressive hydrostatic stress history 
guides the formation of cartilaginous matrix constituents; (ii) tensile strain history guides 
connective tissue cells in their production and turnover of fibrous matrix constituents; (iii) 
fibrocartilage is formed when a tissue loading history consists of a combination of high 
levels of hydrostatic compressive stress and high levels of tensile strain; (iv) direct bone 
formation is permitted, in regions exposed to neither significant compressive hydrostatic 
stress nor significant tensile strain, provided there is an adequate blood supply; (v) pre-
osseous tissue can be diverted down a chondrogenic pathway in regions of low oxygen 
tension. The mechano-regulation theory of Claes and Heigele (Claes and Heigele, 1999) was 
initially presented in quantitative terms, and although the resulting concept is similar to that 
of Carter et al. (Carter et al., 1998), they based their mechano-regulation theory on the 
observation that bone formation occurs mainly near calcified surfaces and that both 
intramembranous and endochondral ossification exist in fracture healing. Depending on 
local strain and hydrostatic pressure different cellular reactions and tissue differentiation 
processes were predicted to occur (Claes et al., 1998; Claes and Heigele, 1999).  
 

 
Fig. 3. Schematic of the mechano-regulation model developed by Carter and colleagues 
representing the role of the hydrostatic stress history and the maximum principle tensile 
strain history on the differentiation of mesenchymal stem cells in a well-vascularised 
environment (Carter et al., 1998) 

Prendergast and Huiskes (Prendergast and Huiskes, 1995) and Prendergast et al. 
(Prendergast et al., 1997), created a poroelastic finite element model of a bone-implant 
interface to analyse the mechanical environment on differentiating cells. They found that the 
biophysical stimuli experienced by the regenerating tissue at the implant interface are not 
only generated by the tissue matrix, but also to a large extent by the drag forces from the 
interstitial flow. Based on this study, a new mechano-regulation theory was developed 
taking into consideration that connective tissues are poroelastic and comprise both fluid and 
solid. They proposed a mechano-regulatory pathway composed of two biophysical stimuli; 
octahedral strain of the solid phase and interstitial fluid velocity relative to the solid. Fluid 



   
Theoretical Biomechanics 

 

24

In reality, diffusion is not the mechanism of stem cell dispersal; cells disperse by crawling or 
proliferation or are transported in a moving fluid (Prendergast et al., 2009). In order to better 
simulate the cellular processes involved during the fracture healing process, Pérez and 
Prendergast (Pérez and Prendergast , 2007) developed a ‘random-walk’ model to describe 
cell proliferation and migration, with and without a preferred direction. In this approach, a 
regular lattice of points is superimposed on the fracture domain. Each lattice point is either 
empty, or occupied by a stem cell. Cell movement can be simulated by moving a cell from 
one lattice point to another; cell proliferation, by dividing a cell so that the daughter cell 
takes up a neighbouring lattice point; cell apoptosis, by removing a cell at a lattice point. 
 

 
Fig. 2. Diagram showing the mechano-regulation model developed by Pauwels (Pauwels, 
1960). The combination of two biophysical stimuli, shear strain and hydrostatic pressure, 
will act on the mesenchymal cell pool leading to either hyaline cartilage, fibrocartilage or 
fibrous tissue as represented on the perimeter of the quadrant. The larger arrows indicate 
that, as time passes, ossification of these soft tissues occurs, provided that the soft tissue has 
stabilized the environment. Reprinted from Bone, Vol. 19, Issue 2, Weinans H, Prendergast 
PJ, Tissue adaptation as a dynamical process far from equilibrium, Pages No. 143-149, 
Copyright (1996) with permission from Elsevier. 

2.3 Principal mechano-regulation models  
Pauwels, (Pauwels, 1960), who was the first to propose the hypothesis of a mechano-regulated 
tissue differentiation, suggested that the distortional shear stress is a specific stimulus for the 
development of collagenous fibres and that hydrostatic compressive stress is a specific 
stimulus for cartilage formation. When a soft tissue has stabilized the environment, 
differentiation of MSCs into osteoblasts is favoured leading to the formation of bone (Fig. 2).  
Based on a qualitative analysis of clinical results of fracture healing, Perren (Perren, 1979) 
proposed that tissue differentiation is controlled by the tolerance of various tissues to strain. 
The basis of this theory, - normally known as 'the interfragmentary strain theory' -  is that a 
tissue that ruptures or fails at a certain strain level cannot be formed in a region 
experiencing strains greater than this level. Based on the framework of Pauwels (Pauwels, 
1960), Carter et al. (Carter et al., 1988, Carter and Wong, 1988) expanded the concepts 

Mechanobiology of Fracture Healing: Basic  
Principles and Applications in Orthodontics and Orthopaedics 

 

25 

relating tissue differentiation to mechanical loading. They proposed that local stress or 
strain history influences tissue differentiation over time (Carter et al., 1988). These ideas 
were later developed further and a more general mechano-regulation theory was proposed 
(Carter et al., 1998) (Fig. 3). They postulated that: (i) compressive hydrostatic stress history 
guides the formation of cartilaginous matrix constituents; (ii) tensile strain history guides 
connective tissue cells in their production and turnover of fibrous matrix constituents; (iii) 
fibrocartilage is formed when a tissue loading history consists of a combination of high 
levels of hydrostatic compressive stress and high levels of tensile strain; (iv) direct bone 
formation is permitted, in regions exposed to neither significant compressive hydrostatic 
stress nor significant tensile strain, provided there is an adequate blood supply; (v) pre-
osseous tissue can be diverted down a chondrogenic pathway in regions of low oxygen 
tension. The mechano-regulation theory of Claes and Heigele (Claes and Heigele, 1999) was 
initially presented in quantitative terms, and although the resulting concept is similar to that 
of Carter et al. (Carter et al., 1998), they based their mechano-regulation theory on the 
observation that bone formation occurs mainly near calcified surfaces and that both 
intramembranous and endochondral ossification exist in fracture healing. Depending on 
local strain and hydrostatic pressure different cellular reactions and tissue differentiation 
processes were predicted to occur (Claes et al., 1998; Claes and Heigele, 1999).  
 

 
Fig. 3. Schematic of the mechano-regulation model developed by Carter and colleagues 
representing the role of the hydrostatic stress history and the maximum principle tensile 
strain history on the differentiation of mesenchymal stem cells in a well-vascularised 
environment (Carter et al., 1998) 

Prendergast and Huiskes (Prendergast and Huiskes, 1995) and Prendergast et al. 
(Prendergast et al., 1997), created a poroelastic finite element model of a bone-implant 
interface to analyse the mechanical environment on differentiating cells. They found that the 
biophysical stimuli experienced by the regenerating tissue at the implant interface are not 
only generated by the tissue matrix, but also to a large extent by the drag forces from the 
interstitial flow. Based on this study, a new mechano-regulation theory was developed 
taking into consideration that connective tissues are poroelastic and comprise both fluid and 
solid. They proposed a mechano-regulatory pathway composed of two biophysical stimuli; 
octahedral strain of the solid phase and interstitial fluid velocity relative to the solid. Fluid 



   
Theoretical Biomechanics 

 

26

flow and substrate strain in the tissue, are used as a basis for the stimulus S for cell 
differentiation as follows: 

 vS
a b
γ= +  (3) 

where γ is the octahedral shear strain, v is the interstitial fluid flow velocity, a=3.75%  and 
b=3μms-1 are empirical constants. High stimulus levels (S>3) promote the differentiation of 
mesenchymal cells into fibroblasts, intermediate levels (1<S<3) stimulate the differentiation 
into chondrocytes, and low levels of these stimuli (S<1) promote the differentiation into 
osteoblasts. Simulation of the time-course of tissue differentiation was presented by Huiskes 
et al., (Huiskes et al., 1997) (Fig. 4). The solid line shows what would occur in an 
environment where a high shear persists (i.e. maintenance of fibrous tissue and inhibition of 
ossification) whereas the dashed line shows what would occur if the presence of the soft 
tissue could progressively reduce the micromotions (i.e ossification would occur). Recently, the 
mechano-regulation model of Prendergast et al., (Prendergast et al., 1997) has been further 
developed to include factors such as angiogenesis (Checa and Prendergast, 2009), and the role of 
the mechanical environment on the collagen architecture in regenerating soft tissues (Nagel and 
Kelly, 2010). Gómez-Benito et al. (Gómez-Benito et al., 2005), presented a mathematical model to 
simulate the effect of mechanical stimuli on most of the cellular processes that occur during 
fracture healing, namely proliferation, migration and differentiation. They simulated the process 
of bone healing as a process driven by a mechanical stimulus, Ψ(x,t) assumed to be the second 
invariant of the deviatoric strain tensor. 
 

 
Fig. 4. Schematic of the mechano-regulation model proposed by Prendergast et al. 
(Prendergast et al., 1997). The solid line shows what would occur in an environment where a 
high shear persists (i.e. maintenance of fibrous tissue and inhibition of ossification) whereas 
the dashed line shows what would occur if the presence of the soft tissue could 
progressively reduce the micromotions (i.e ossification would occur). 

The models above reviewed are based on theories of mechano-transduction, the way in 
which cells sense and respond to mechanical forces or displacements. Other bio-regulatory 
theories are reported in literature that put in relationship biochemical factors with the 
spatial and temporal patterns of tissue differentiation observed during the healing process 
of a fractured bone (Bailón-Plaza and van der Meulen, 2001, Geris et al., 2008).  
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2.4 Mechanobiology: Domains of applicability  
Applications of mechanobiology can be found in three main areas:  
i. In  the development of new clinical therapies, for example in bone fracture healing, or 

osteoporosis. Different studies are reported in literature in which mechanobiological 
models are utilized to pursue this aim: Lacroix and Prendergast (Lacroix and 
Prendergast, 2002) predicted the patterns of tissue differentiation during fracture 
healing of long bones; Shefelbine et al. (Shefelbine et al., 2005) simulated the fracture 
healing process in cancellous bone.  

ii. In the improvement of implant design. With implants such as prostheses, cells migrate 
up to the implant surface and begin to synthesis matrix, but if the micromotion is too 
high bone will not form to stabilise the implant – instead a soft tissue layer will form 
(Huiskes, 1993, Prendergast, 2006). A number of articles can be found in literature 
where mechanobiological models are utilized to predict the patterns of tissue 
differentiation at the tissue-implant interface: Andreykiv et al. (Andreykiv et al., 2005) 
simulated the bone ingrowth on the surface of a glenoid component; Moreo et al., 
(Moreo et al., 2009a,b) developed a mechano-regulation algorithm that models the main 
biological interactions occurring at the surface of endosseous implants and is able to 
reproduce most of the biological features of the osseointegration phenomenon.  

iii. In bone tissue engineering and regenerative medicine. Appropriate biophysical stimuli 
are needed in bone scaffolds, in addition to nutrients and appropriate levels of oxygen 
supply, to favour an appropriate tissue differentiation process (Martin et al., 2004, 
Prendergast et al., 2009). A number of studies (Byrne et al., 2007, Milan et al., 2009; 
Olivares et al., 2009, Sanz-Herrera et al., 2009) are reported in literature that through a 
combined use of finite element method and mechano-regulation algorithms described 
the possible patterns of the tissues differentiating within biomimetic scaffolds for tissue 
engineering (Boccaccio et al., 2011a).  

In this Chapter we will focus on the first domain of applicability (i) and, specifically, two 
examples will be illustrated that show how mechanobiology can be used to predict the 
patterns of tissue differentiation in a human mandible osteotomized and submitted to 
distraction osteogenesis as well the regrowth and the remodelling process of the cancellous 
bone in a vertebral fracture. Predictions were conducted by implementing the mechano-
regulation model of Prendergast and colleagues (Prendergast et al., 1997).  

3. Mechanobiology of mandibular symphyseal distraction osteogenesis  
Mandibular Symphyseal Distraction Osteogenesis (MSDOG) is a common clinical procedure 
aimed to modify the geometrical shape of the mandible for correcting problems of dental 
overcrowding and arch shrinkage. Such problems are usually solved by tooth extraction or 
expansion protocols. However, these clinical procedures are unstable and tend to relapse 
towards the original dimension (McNamara and Brudon, 1993). Mandibular distraction 
osteogenesis may solve transverse mandibular deficiency problems. With this clinical 
procedure the mandibular geometry is definitively changed so that the risk of a relapsing 
towards the original dimension is avoided. In spite of consolidated clinical use, the process 
of tissue differentiation and bone regrowth in an osteotomized mandible remains poorly 
understood. Clinically, MSDOG can be divided into four stages: firstly the mandible is 
osteotomized and then instrumented with a distraction appliance; secondly a seven to ten 
day latency period is waited after the surgical operation in order to allow the formation of a 
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good quality bone callus; thirdly the distraction device is progressively expanded with a 
well defined rate for seven-ten day time period; the final stage is the maturation period 
during which the patient is maintained in rigid external fixation. At the end of this period, 
more space is available on the inferior arch so that the teeth which are initially in intimate 
contact, can be repositioned (through orthodontic treatments) in the correct locations.  
The second stage is crucial for successful MSDOG. If the latency period is too short, a weak 
and insufficient callus will form, and without a good callus not enough new bone may form 
and complications may arise such as fibrous union, non-union, tooth loss and periodontal 
defects (Conley and Legan, 2003). On the other hand, too long a latency period may 
substantially increase the risk of premature bone union, which can hinder the subsequent 
expansion process. Furthermore, the duration of latency period depends strictly on the 
aging of patient (Conley and Legan, 2003). In the case of young children, the accelerated 
healing process allows clinical protocols with shorter latency period to be adopted while, in 
the case of elder patients, as the healing process progresses slowly, longer latency periods 
are required. The distraction period (i.e., the third stage) is also critical. Too fast a rate of 
expansion of the appliance can lead to poor bone quality within the distraction gap, partial 
union, fibrous union or atrophic non-union. Conversely, too slow a rate can lead to 
premature consolidation hence hindering the distraction process (Conley and Legan, 2003).  
Such issues have been investigated by developing a mechano-regulation model of a human 
mandible osteotomized and submitted to distraction osteogenesis.   

3.1 Finite element model 
The 3D model of a human mandible has been reconstructed from CT scan data and the 
processing of the CT files was made by means of the Mimics® Version 7.2 software 
(Materialise Inc.) (Fig. 5(a-c)). The model also includes an orthodontic distractor tooth-borne  
 

 
Fig. 5. (a) Epoxy resin model of the osteotomized mandible with a tooth-borne device; (b) 
mandible-distractor orthodontic device FEM model; (c) details of the osteotomized region 
and of the tooth-borne device 

a) b)

c)
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device. Since the stiffness of the mandibular bone is orders of magnitude greater than the 
callus, we modelled the portion of bone and of the device far from the osteotomized region 
as a rigid body. Conversely, the portion of the bone, of bone callus and of the device near to 
the middle sagittal plane was modelled with 3D deformable elements. With this strategy we 
reduced the computational cost of the analysis without introducing significant alterations 
with respect to the anatomo-physiological behaviour of the mandibular district. The finite 
element model consists of about 12000 3-node un-deformable triangular elements (see Fig. 
5b) and about 5400 8-node hexahedral elements for meshing the osteotomized region and 
the deformable portion of the distractor device (Fig. 5c).  
 

 
Fig. 6. (a) FEM model of the osteotomized region. Different regions and materials included 
in the model: (b) cortical bone (in light blue), (c) cancellous bone (in red), (d) fracture callus 
(in yellow). 

Following Meyer et al., (Meyer et al., 2004), a 2 mm thick gap between the two mandibular 
ramus was created. The gap, surrounded by cortical and cancellous bone (Fig. 6) was 
hypothesized to be initially occupied by granulation tissue. The callus and bone tissue 
forming the portion of mandible near to the middle sagittal plane were modelled as biphasic 
poroelastic materials. Following Schwartz-Dabney and Dechow, (Schwartz-Dabney and 
Dechow, 2003) the cortical bone was modelled as an orthotropic material. The material 
properties used for all the other tissues are the same as used in previous models (Lacroix 
and Prendergast, 2002, Kelly and Prendergast, 2005). 

3.2 Boundary and loading conditions 
The FEM model is subjected to three boundary conditions applied simultaneously (Fig. 5b). 
Boundary condition (i) simulates the temporomandibular joint. The condyles are 
represented by two reference points at the locations of articulation. These reference points 
are connected to the mandible arms through coupling constraints. The behaviour of the 
temporomandibular joint disc is modelled by constraining these reference points to three 
fixed points by means of spring elements aligned to the coordinate system. The mandible 
hence can rotate about an axis defined by the line connecting the two condyles and translate 
along the coordinate directions. Boundary condition (ii) models the mastication. The action 
of the most important muscles involved in the mastication process, was simulated. Force 
intensity and direction are those used in a previous study (Boccaccio et al.,  2006). Boundary 
condition (iii) simulates the unilateral occlusion on one tooth on the right mandibular arm. 
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good quality bone callus; thirdly the distraction device is progressively expanded with a 
well defined rate for seven-ten day time period; the final stage is the maturation period 
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Fig. 5. (a) Epoxy resin model of the osteotomized mandible with a tooth-borne device; (b) 
mandible-distractor orthodontic device FEM model; (c) details of the osteotomized region 
and of the tooth-borne device 
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device. Since the stiffness of the mandibular bone is orders of magnitude greater than the 
callus, we modelled the portion of bone and of the device far from the osteotomized region 
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5b) and about 5400 8-node hexahedral elements for meshing the osteotomized region and 
the deformable portion of the distractor device (Fig. 5c).  
 

 
Fig. 6. (a) FEM model of the osteotomized region. Different regions and materials included 
in the model: (b) cortical bone (in light blue), (c) cancellous bone (in red), (d) fracture callus 
(in yellow). 

Following Meyer et al., (Meyer et al., 2004), a 2 mm thick gap between the two mandibular 
ramus was created. The gap, surrounded by cortical and cancellous bone (Fig. 6) was 
hypothesized to be initially occupied by granulation tissue. The callus and bone tissue 
forming the portion of mandible near to the middle sagittal plane were modelled as biphasic 
poroelastic materials. Following Schwartz-Dabney and Dechow, (Schwartz-Dabney and 
Dechow, 2003) the cortical bone was modelled as an orthotropic material. The material 
properties used for all the other tissues are the same as used in previous models (Lacroix 
and Prendergast, 2002, Kelly and Prendergast, 2005). 

3.2 Boundary and loading conditions 
The FEM model is subjected to three boundary conditions applied simultaneously (Fig. 5b). 
Boundary condition (i) simulates the temporomandibular joint. The condyles are 
represented by two reference points at the locations of articulation. These reference points 
are connected to the mandible arms through coupling constraints. The behaviour of the 
temporomandibular joint disc is modelled by constraining these reference points to three 
fixed points by means of spring elements aligned to the coordinate system. The mandible 
hence can rotate about an axis defined by the line connecting the two condyles and translate 
along the coordinate directions. Boundary condition (ii) models the mastication. The action 
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The occlusion is modelled by constraining, with simple-supports preventing u3-
displacements (see direction 3 in Fig. 6), the second premolar. 
 

 
Fig. 7. Schematic of the implemented mechano-regulation algorithm 

3.3 Determination of the optimal duration of the latency period 
The mechano-regulation model of Prendergast and colleagues (Prendergast et al., 1997), 
combined with the above described finite element model was utilized to investigate the 
tissue differentiation process after osteotomy and to carry out an investigation on the 
optimal duration of the latency period and on its effects on the bone regeneration process. 
The spreading of mesenchymal stem cells throughout the bone callus was simulated with 
the diffusion equation (1) (Boccaccio et al., 2008a). The diffusion coefficient D was set so 
that the complete cell coverage in the callus is achieved two weeks after the osteotomy. As 
MSCs disperse from the bone marrow throughout the callus, they will differentiate into 
different cell phenotypes based on the value of a biophysical stimulus S computed with 
the equation (3). After the calculation of the new tissue phenotype and of the number of 
the MSCs invading the bone callus domain, the algorithm evaluates the mechanical 
properties for every element based on the exponential law described above (Section 2.2) 
and a simple rule of mixtures. The diffusion equation, the formulation for the calculation 
of the stimulus, the exponential law as well as the rule of mixtures were implemented into 
an algorithm a graphical summary of which is depicted in Fig. 7. If Ē is the Young’s 
modulus for a given element averaged over the previous 10 iterations and c is the 
concentration of cells invading the domain in the current iteration iter, then the Young’s 
modulus for that element and for next iteration iter+1 can be computed as follows: 
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where cmax is the highest concentration of cells which may occupy any one element domain, 
Egranulation is the Young’s modulus of the granulation tissue. This rule of mixtures has been 
successfully adopted by Lacroix and Prendergast (Lacroix and Prendergast, 2002), to 
describe the delay between the time when stimulus first acts on the cells and the process of 
differentiation into a new phenotype. The algorithm was written in FORTRAN environment 
and each iteration corresponds to 4.8 hours, that is, the diffusion equation (1) computes the 
change of cells concentration occurring every 4.8 hours. Therefore, with 5 iterations a time 
period of 1 day is covered. This algorithm has been used to predict the patterns of the 
tissues differentiating within the bone callus of the osteotomized mandible during a ten day 
latency period. 
The analyses carried out revealed that the Young’s modulus of the bone, cartilage and 
fibrous tissue decreases towards the centre of the callus as we move away from the adjacent 
bone marrow (Fig. 8a). In order to investigate if premature bone bridging between the two 
sides of the fracture callus could hinder the subsequent distraction process, the amounts of 
new bone within the callus with a predicted Young’s modulus greater than 0.7 MPa were 
isolated (see Fig. 8b which illustrates the process of bone formation in the frontal plane 1-3). 
After eight days, portions of bone tissue linking the left with the right side of the callus are 
predicted to form. The presence of bone bridges will hinder the distraction process. This 
suggests that is better to apply clinical protocols with a latency period not longer than 
seven-eight days so that the risk of a premature bone union is avoided. This is in agreement 
with Conley and Legan, (Conley and Legan, 2003) who suggest a latency period of seven 
days. 

3.4 Determination of the optimal duration of the latency period for differently aged 
patients  
The mechano-regulation model schematically illustrated in Figure 7 has been further 
developed to investigate how the optimal duration of the latency period changes for 
differently aged patients (Boccaccio et al., 2008b). Three different cases were considered: 
young (up to 20 years old), adult (about 55 years old) and elder (more than 70 years old) 
patients. Based on the histological analyses conducted by Chen et al., (Chen et al., 2005), 
Baxter et al., (Baxter et al., 2004), Mendes et al. (Mendes et al., 2002), and Park et al. (Park et 
al., 2005), the diffusion coefficient D was hypothesized to be a function of the patient’s age. 
Let telder, tadult and tyoung be the time periods required by MSCs for recovering completely the 
bone callus domain respectively for the elder, adult and young patients. Following Chen et 
al. (Chen et al., 2005) who measured the proliferation of MSCs in an in vitro culture at 
different time intervals (4, 8, 12 16 and 20 days) the diffusion coefficient D for the differently 
aged patients has been set: telder =3 weeks, tadult =2 weeks and tyoung=1 week. Patterns of tissue 
differentiation were predicted for each case (Fig. 9). 
A bony bridge between the left and right sides of the fracture callus forms after 5, 8 and 9 
days for the young, adult and elder patients, respectively (Fig. 9). Such results lead us to 
conclude that the optimal duration of the latency period is: 5-6 days for the young patient, 7-
8 and 9-10 days for the adult and the elder patients, respectively. These evaluations are in 
agreement with literature. For instance, Conley & Legan (Conley and Legan, 2003) suggest a 
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and each iteration corresponds to 4.8 hours, that is, the diffusion equation (1) computes the 
change of cells concentration occurring every 4.8 hours. Therefore, with 5 iterations a time 
period of 1 day is covered. This algorithm has been used to predict the patterns of the 
tissues differentiating within the bone callus of the osteotomized mandible during a ten day 
latency period. 
The analyses carried out revealed that the Young’s modulus of the bone, cartilage and 
fibrous tissue decreases towards the centre of the callus as we move away from the adjacent 
bone marrow (Fig. 8a). In order to investigate if premature bone bridging between the two 
sides of the fracture callus could hinder the subsequent distraction process, the amounts of 
new bone within the callus with a predicted Young’s modulus greater than 0.7 MPa were 
isolated (see Fig. 8b which illustrates the process of bone formation in the frontal plane 1-3). 
After eight days, portions of bone tissue linking the left with the right side of the callus are 
predicted to form. The presence of bone bridges will hinder the distraction process. This 
suggests that is better to apply clinical protocols with a latency period not longer than 
seven-eight days so that the risk of a premature bone union is avoided. This is in agreement 
with Conley and Legan, (Conley and Legan, 2003) who suggest a latency period of seven 
days. 

3.4 Determination of the optimal duration of the latency period for differently aged 
patients  
The mechano-regulation model schematically illustrated in Figure 7 has been further 
developed to investigate how the optimal duration of the latency period changes for 
differently aged patients (Boccaccio et al., 2008b). Three different cases were considered: 
young (up to 20 years old), adult (about 55 years old) and elder (more than 70 years old) 
patients. Based on the histological analyses conducted by Chen et al., (Chen et al., 2005), 
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al., 2005), the diffusion coefficient D was hypothesized to be a function of the patient’s age. 
Let telder, tadult and tyoung be the time periods required by MSCs for recovering completely the 
bone callus domain respectively for the elder, adult and young patients. Following Chen et 
al. (Chen et al., 2005) who measured the proliferation of MSCs in an in vitro culture at 
different time intervals (4, 8, 12 16 and 20 days) the diffusion coefficient D for the differently 
aged patients has been set: telder =3 weeks, tadult =2 weeks and tyoung=1 week. Patterns of tissue 
differentiation were predicted for each case (Fig. 9). 
A bony bridge between the left and right sides of the fracture callus forms after 5, 8 and 9 
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latency period not longer than 7 days. Mattik et al. (Mattik et al., 2001), reported three 
clinical cases of young patients 18, 19 and 28 years old, for whom a latency period of 5 days 
was adopted. Lazar et al. (Lazar et al., 2003) submitted a 62-years old patient to mandibular 
distraction osteogenesis. The first distraction was given to the mandible following a delayed 
latency period of 10 days. 
 

 
Fig. 8. (a) 3D visualization of tissue differentiation in the bone callus; (b) 3D visualization of 
the bone regeneration process in the frontal plane 1-3 
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Fig. 9. Bone regeneration process for the young, adult and elder patients 

3.5 Influence of expansion rates on mandibular distraction osteogenesis  
Another important issue investigated with the mechano-regulation model of Prendergast 
and colleagues (Prendergast et al., 1997) and the above described finite element model, is 
the influence of expansion rates on the distraction process. The algorithm shown in  
Fig. 7 has been expanded to include the modelling of the distraction of the orthodontic 
appliance. Two different protocols of expansion were investigated: the first one where  
the device is distracted by 0.6mm/day for a period of ten days, the second where the 
device is distracted at 1.2 mm/day for five days. The final result with the aforementioned 
protocols is a widening of mandibular arch by about 6 mm corresponding to the space 
occupied by a lower incisor. The total number of iterations was set in order to cover a time 
period of 43 days, consisting of a one week latency period and a 37 day distraction and 
maturation period. In the case of the 0.6 mm/day distraction rate, this latter period 
included ten days of distraction and a 27 day maturation period, while the 1.2 mm/day 
distraction rate consisted of five days of distraction and a 32 day maturation period. In 
each iteration which simulates a distraction process, a structural FE analysis was run in 
order to model just the expansion of the appliance. In  this analysis a given displacement 
was imposed to the arms of the distractor. Further details about the implemented 
algorithm are reported in Boccaccio et al. (Boccaccio et al., 2007). The spatial and temporal 
changes in tissue differentiation produced with these two different protocols were 
predicted and compared (Fig.10). 
The computational analyses revealed that the lower expansion rate of 0.6 mm/day leads to 
greater amounts of bone tissue ‘bridging’ the left and right sides of the callus (Fig. 10). It is 
possible that excessive bone quantities in this area may hinder the process of distraction 
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because a premature bone union can occur. Therefore a faster distraction rate of 1.2 
mm/day is preferable in cases where there is an increased risk of bone union. 
 

 

 
Fig. 10. Bone regeneration process for a distraction rate of (a) 0.6 mm/day and (b) 1.2 
mm/day 

4. Mechanobiology of fracture repair in vertebral bodies  
Vertebral fractures commonly occur in elderly people with osteoporosis. For example, in the 
United States vertebral fractures account for nearly half of all osteoporotic fractures 
(Cummings et al., 2002). With age the structure of cancellous bone within vertebral bodies 
transforms from that characterized by predominately plate-like trabeculae to rod-like 
trabeculae. This change leads to an age-related decrease in trabecular bone mass (Amling et 
al., 1996). The reduced bone mass observed in vertebral bodies, particularly with 
osteoporosis, is generally accompanied by greater amounts of microcallus formations 
around injured trabeculae (Hansson and Roos, 1981). This weakening of the tissue means 
that spine fractures may occur after minimal trauma (Einhorn, 2005).  
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The objective of this study was to investigate if biophysical stimuli play a role in regulating 
the process of tissue differentiation and bone remodeling in a fractured vertebral body. Our 
hypothesis is that the mechano-regulation model for tissue differentiation proposed by 
Prendergast et al. (Prendergast et al., 1997) and that has previously been used to predict the 
time-course of fracture repair in long and flat bones (Lacroix and Prendergast, 2002, 
Boccaccio et al., 2007) can be used to predict trabecular bone healing in fractured vertebrae 
at the level of individual trabeculae.  
To determine the magnitude of such stimuli at the level of individual trabeculae, a multi-
scale finite element approach has been adopted. A macro-scale finite element model (Fig. 11) 
of the spinal segment L3-L4-L5, including a mild wedge fracture in the body of the L4 
vertebra, is used to determine the boundary conditions acting on a micro-scale finite 
element model of a portion of fractured trabecular bone. The micro-scale model, in turn, is 
utilized to predict the local patterns of tissue differentiation within the fracture site and then 
how the equivalent mechanical properties of the macro-scale model change with time.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 11. (a) Finite element models of the spinal segment L3-L4-L5;  (b) the body of fractured 
vertebra L4; its height decreases towards the anterior side. 

The L3, L5 vertebrae and the posterior processes of the L4 were modelled as un-deformable 
rigid bodies. Deformable elements have been utilized to model the body of the L4 vertebra 
as well as the intervertebal discs. Between the intervertebral disc and the vertebral bodies a 
‘tie’ constraint was applied (Fig. 11a). Constraint equations were used to attach the posterior 
processes to the body of the L4 vertebra (Fig. 11a). Each intervertebral disc includes the 
cartilagineous endplates, the nucleus polposus, the annulus fibrosus with the collagen 
fibres. The effects of the flavum, intertransverse, interspinous and supraspinous ligaments 
have been included in the model. Further details about the geometry of the intervertebral 
discs and the modelling of the ligaments are reported in Boccaccio et al. (Boccaccio et al., 
2008c). The height of the fractured vertebra decreases by the 20% from the posterior 
processes towards the anterior side (Fig. 11 (b)). In the Genant grading (Genant et al., 1993), 
such a fracture is classified as a mild wedge fracture. The body of L4 includes the cortical 
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because a premature bone union can occur. Therefore a faster distraction rate of 1.2 
mm/day is preferable in cases where there is an increased risk of bone union. 
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shell of 0.5 mm thickness (Mizrahi et al., 1993), the cancellous bone and the fracture gap (Fig. 
12(a-c)). The cancellous and the cortical bone have been modelled as biphasic poroelastic 
materials possessing transversely isotropic elastic properties. The distribution of the 
cancellous bone Young’s modulus was assumed to be heterogeneous. An anisotropy ratio of 
7/10, -i.e. the Young’s modulus in the transversal plane is 7/10 the Young’s modulus along 
the cranio-caudal direction-, was assumed (Eberlein et al., 2001). Further details about the 
spatial distribution of the Young’s modulus of the cancellous bone are reported elsewhere 
(Boccaccio et al., 2008c). 
 
 

 
Fig. 12. The body of the fractured vertebra L4 includes the cortical shell (in blue, (a), (b)) the 
cancellous bone (in red, (b)) and the fracture gap (in green, (c)). The points P1, P2, …, P8 
within the fracture gap in correspondence of which the analysis of the fracture repair 
process was carried out are indicated. 

The micro-scale model of the trabecular bone was similar in geometry to that used by 
Shefelbine et al. (Shefelbine et al., 2005) (Fig. 13). A diastasis of 0.5 mm was simulated, with 
the trabeculae bordering the gap idealized as prismatic domains 0.1 mm thick. The space 
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Further details about the micro-scale finite element model of trabecular bone are reported in 
Boccaccio et al., (Boccaccio et al., 2011b).  
A multi-scale approach was adopted. The equations describing tissue differentiation were 
implemented into an algorithm, a graphical summary of which is depicted in Fig. 14. The 
time period investigated corresponds to the first 100 days after the fracture event. The 
macro-scale model of the spinal segment was utilized to determine the elastic and 
poroelastic boundary conditions acting on eight different micro-scale models which were  
 

 
Fig. 14. Schematic of the algorithm utilized to model the fracture repair process in the L4 
vertebra. 

hypothesized to represent different regions in the fractured cancellous bone located in the 
neighbourhood of the points P1,…,P8 (Fig. 12(c)). In order to evaluate the above mentioned 
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shell of 0.5 mm thickness (Mizrahi et al., 1993), the cancellous bone and the fracture gap (Fig. 
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spatial distribution of the Young’s modulus of the cancellous bone are reported elsewhere 
(Boccaccio et al., 2008c). 
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boundary conditions, an axial compression of 1000 N -which is the typical load acting on the 
lumbar vertebrae of a 70 Kg subject in the erect standing position- was applied in the centre 
of mass of the L3 vertebra and ramped over a time period of 1 s (which can be considered 
the time in which a subject assumes the erect position). The nodes located on the inferior 
surface of the L5 vertebra have been clamped. To switch from the macro to the micro-scale 
model, proper localization rules have been utilized. The micro-scale model, in turn, served 
to predict the local patterns of the tissues differentiating during the fracture repair process. 
A compression test was simulated on the micro-scale model reproducing the same elastic 
and poroelastic boundary conditions as those determined from the macro-scale model. The 
results obtained from this finite element analysis were used to determine the biophysical 
stimulus acting in each element of the micro-scale model and then to implement the 
mechano-regulation model of Prendergast et al. (Prendergast et al., 1997). The change of the 
tissue phenotype leaded to a change of the equivalent mechanical properties possessed by 
the fracture gap of the macro-scale model. By adopting homogenization techniques the 
information obtained from the micro-scale model regarding the material properties was up-
scaled to the macro-scale level. The new material properties were implemented into the 
macro-scale model and a new iteration initiated. Further details regarding the algorithm are 
reported in a previous study (Boccaccio et al., 2011b). 
 

 
Fig. 15. Patterns of the tissues differentiating within the fractured vertebra during the 
fracture healing process. 
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The analyses carried out predicted that the space between the fractured trabeculae is mostly 
occupied by fibrous tissue in the first days after the fracture event (Fig. 15) During the first 
30-35 days after the fracture event the amount of fibrous tissue decreases significantly and 
disappears completely after six weeks. Small amounts of cartilage appear during the first 
week, and approximately 40% of the space between the fractured trabeculae is occupied by 
cartilage after one month. This cartilaginous tissue is completely replaced by bone after two 
months (Fig. 15). Small amounts of bone are predicted after the first two weeks and after the 
second month the space is entirely occupied by bone. Bone deposition is predicted to initiate 
at the fractured trabecular ends. The bone remodeling process appears to start after the 
second month and reaches equilibrium at the end of the third month. The remodeled 
trabeculae are aligned with those bordering the fractured region (Fig. 15). 
The spatial and temporal patterns of tissue differentiation predicted by this model are in 
general agreement with those observed experimentally. Diamond et al., (Diamond et al., 
2007) describe 4 stages of fracture healing process in the vertebral body, with significant 
overlap between the various stages of healing. Chondrogenesis was evident in the second 
stage of the fracture healing process, which followed the initial granulation tissue stage. The 
appearance of cartilaginous tissue in the days following the fracture event is also predicted 
by the model (Fig. 15). This cartilaginous tissue is predicted to be gradually replaced by 
woven bone. The model then predicts a peak in bone formation (see 56th day, Fig. 15).  
Hyperosteoidosis/Osteosclerosis (excessive formation of osteoid) is also observed 
experimentally at comparable time-points (Diamond et al., 2007). Finally remodeling of the 
cancellous bone architecture is predicted. Complete new trabeculae are predicted to form 
due to bridging of the microcallus between the remnant trabeculae, leading to restructuring 
of the bone architecture (Amling et al., 1996). 

5. Discussion  
In this Chapter the basic principles of mechanobiology are described as well as the principal 
theories and the main models utilized to simulate the cellular processes involved in fracture 
healing. Two examples have been illustrated that show how mechanobiology can be used to 
predict the patterns of tissue differentiation in a human mandible osteotomized and 
submitted to distraction osteogenesis as well the regrowth and the remodelling process of 
the cancellous bone in a fractured lumbar vertebra. 
Different are the limitations of the above outlined mechano-regulation theories. The main 
criticism raised against the models of Pauwels (Pauwels, 1960), Carter and colleagues 
(Carter et al., 1988, Carter and Wong, 1988) and Claes and Heigele (Claes and Heigele, 1999) 
is that there are several reasons that interstitial fluid flow could be a more realistic 
mechanical variable for feedback information to the cells during tissue differentiation than 
hydrostatic pressure (Owan et a., 1997, Jacobs et al., 1998). The interfragmentary strain 
theory, although has the advantage of being simple to be used since interfragmentary 
movement can be easily monitored, presents the limitation that it models the fracture as a 
one dimensional entity thus ignoring the three dimensional complexity of the callus. The 
model of Prendergast et al. (Prendergast et al., 1997) although takes into account the 
interstitial fluid flow neglects osmotic effects and charged-density flows in the tissue (Mow 
et al., 1999). Several mechano-regulation algorithms proposed to control tissue 
differentiation during bone healing have been shown to accurately predict temporal and 
spatial tissue distributions during normal fracture healing. As these algorithms are different 
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hydrostatic pressure (Owan et a., 1997, Jacobs et al., 1998). The interfragmentary strain 
theory, although has the advantage of being simple to be used since interfragmentary 
movement can be easily monitored, presents the limitation that it models the fracture as a 
one dimensional entity thus ignoring the three dimensional complexity of the callus. The 
model of Prendergast et al. (Prendergast et al., 1997) although takes into account the 
interstitial fluid flow neglects osmotic effects and charged-density flows in the tissue (Mow 
et al., 1999). Several mechano-regulation algorithms proposed to control tissue 
differentiation during bone healing have been shown to accurately predict temporal and 
spatial tissue distributions during normal fracture healing. As these algorithms are different 



   
Theoretical Biomechanics 

 

40

in nature and biophysical parameters, it raises the question of which reflects the actual 
mechanobiological processes the best. Isaksson et al. (Isaksson et al., 2006), addressed this 
issue by corroborating the mechano-regulatory algorithms of Carter and colleagues (Carter 
et al., 1988, Carter and Wong, 1988), Claes and Heigele (Claes and Heigele, 1999, Claes  et al., 
1998) and Prendergast and coworkers (Prendergast et al., 1997), with more extensive in vivo 
bone healing data from animal experiments. They compared the patterns of tissue 
differentiation predicted by the different models and the patterns observed in vivo in an 
ovine tibia model. They concluded that none of the algorithms predicted patterns of healing 
entirely similar to those observed experimentally. However, patterns predicted by the 
algorithm based on deviatoric strain and fluid velocity (i.e. the model of Prendergast et al., 
(Prendergast et al., 1997)) was closest to experimental results. 
Another important limitation for computational mechanobiology is represented by the fact 
that the mechano-regulatory algorithms include empirical constants, the values of which 
must be determined by comparison to a biological reality. For example, in the mechano-
regulation rule developed by Prendergast et al. (Prendergast et al., 1997) the constants b and 
a (see equation (3)) do not have a specific physical meaning and can be determined by 
following the ‘trial and error’ method outlined in van der Melulen and Huiskes (van der 
Melulen and Huiskes, 2002): “Computational mechano-biologists hypothesize a potential 
rule and determine if the outcome of this hypothesis produces realistic tissue structures and 
morphologies, hence ‘trial-and-error’. If the results correspond well, they might be an 
explanation for the mechanism being modelled. This method of research is common practice 
and productive in physics, less common in biology (Huiskes, 1995); although ‘theoretical 
biology’ is based on this type of approach”. Certainly, physicists can use this approach (the 
computational gedanken experiment) because there are so few rules in physics and the 
predictions are amenable to exact quantitative testing.  In biology the phenomena to be 
observed and analysed are much more complicated than in physics, so cut-and-try 
theoretical experimentation could not be really useful. Further research should be carried 
out on the efficiency and the correctness of this philosophy of biological research. 
Concerning the mechano-regulation model of fracture repair in the body of the L4 vertebra, 
the most important limitation is that the implemented algorithm does not include a 
damaged tissue region that would allow tissue to fracture and new callus to form in regions 
experiencing high levels of biophysical stimulation (e.g. strain). Therefore this study has 
only considered the original injury event. In reality, histological analyses (Diamond et al., 
2007) revealed that a typical feature of vertebral fractures is the overlap between the 
different tissues corresponding to the different temporal stages of the fracture healing 
process. This can be justified with the argument that in vertebral bodies the fracture 
stabilization that permits orderly repair in long bones is not possible due to repetitive injury. 
As far as concerns the model of the human mandible osteotomized and distracted, the most 
important limitation is that after the first simulation the numerical predictions state that the 
callus consists of a mixture of bone, cartilage and fibrous tissue (Figures 8-9), where it might 
be more accurate to state that in the first few days after the osteotomy the callus consists of 
progenitor cells subjected to a stimulus that if maintained will result in these cells 
differentiating into either fibroblasts, chondrocytes or osteoblasts, depending on the 
magnitude of the stimulus. This may explain why histological findings (Loboa et al., 2005) 
from animal model studies differ from the initial model predictions as progenitor cells take 
time to differentiate and produce a tissue phenotype that is recognised by appropriate 
histological staining. For example, significant bone and soft tissue formation is predicted 
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during the latency period which is not observed histologically.  Explicitly including in the 
model the time taken for mineralization etc following differentiation of progenitor cells into 
osteoblasts may result in model predictions more comparable to in vivo findings. Another 
important limitation of the mechano-regulation model used to assess the bone regeneration 
process in a human mandible osteotomized and distracted as well as in a fractured vertebra 
is represented by the utilization of the exponential law. Such a law was introduced to 
account for the fact that mesenchymal cells not only require time to differentiate but, that 
differentiated cells require some time also for synthesising and remodelling new tissue. In 
reality, the exponential law should be utilized only to model the early stages of the fracture 
healing process; when this process is close to the end, saturation phenomena (e.g. the 
mineralization process) occur within the fracture callus  and therefore, at this point, the 
exponential law should be replaced with another law that allows to better describe these 
conclusive processes. As a first approximation, we utilized the exponential law to model the 
early stages of the fracture healing (Boccaccio et al., 2011b) while, toward the end of the 
process, we replaced the exponential law with a linear constant law. Further research should 
be carried out on the mathematical function that better describes the entire process of 
fracture healing, both, in the early and in the final stages.           
Many experiments on skeletal failure and repair have been performed in the last century 
aimed to determine the influence of biological, mechanical, hormonal factors on the healing 
process. Despite this effort, there are still many unanswered questions. This indicates the 
complexity of the biological problems and has stimulated the development of computational 
models that can analyze the influence of all factors and make predictions under different 
boundary and loading conditions. These models must also be validated with experimental 
analyses. However, in many cases the computational models cannot be validated directly 
because of the difficulties in performing some measurements in vivo. Despite this, indirect 
validations can be performed if the conclusions of the computer simulations are similar to the 
experimental or clinical results. Once the mechano-regulation model has been validated, it can 
be conveniently utilized to assess the regeneration process within the fracture site in the case in 
which different boundary and loading conditions act on it. For instance, the mechano-
regulation model of fracture repair in vertebral bodies illustrated above can be used to predict 
the spatial and temporal patterns of repair during altered loading conditions, which may 
prove beneficial in developing rehabilitation regimes following vertebral fractures. Also, this 
same model can be utilized to evaluate how the patterns of tissue differentiation change if the 
fractured vertebra is supported with minimally invasive percutaneous fixation devices 
(Palmisani et al., 2009).  Furthermore, the mechanobiological model of the human mandible 
osteotomized and distracted can be utilized to estimate how the bony tissue regeneration 
process within the fracture callus change for different mandibular distraction devices such as 
those analyzed in previous studies (Boccaccio et al., 2008d; Boccaccio et al., 2011c).   
Future perspectives include the development of computer power. A more robust integration 
is required, in future, between biology, mechanics and materials science. This should lead to 
the development of mechano-regulation models that more accurately describe physiological 
processes such as fracture healing, tissue genesis etc. A very promising research area for 
mechanobiology is in the field of tissue engineering. Mechanobiology could be an efficient 
and cheap tool to determine optimal parameters governing scaffold performance.  Future 
perspectives of numerical simulations of biomaterial scaffolds for tissue engineering rely 
also on the development of new methods to account for the multi-scale dimension of the 
problems. At the micro-scale level one can analyse cell/biomaterial interactions and how 
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these interactions influence the tissue differentiation process, at the macro-scale level one 
can evaluate the ‘average’ boundary and loading conditions acting on the scaffold 
implanted in the specific anatomical site.  

6. Conclusions 

This Chapter presented the principal mechano-regulation theories recently developed to 
simulate the tissue differentiation and the main cellular processes involved in fracture 
healing. Two examples have then been given illustrating how a mechano-regulation 
algorithm - where the bone callus is modeled as a biphasic poroelastic material and the 
stimulus regulating tissue differentiation is hypothesized to be a function of the strain and 
fluid flow -, can be utilized to assess the bone regeneration process both, in a human 
mandible submitted to distraction osteogenesis and in a fractured lumbar vertebra. The 
principal limitations of mechanobiological algorithms as well as the future research lines in 
the field have been finally outlined.     
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these interactions influence the tissue differentiation process, at the macro-scale level one 
can evaluate the ‘average’ boundary and loading conditions acting on the scaffold 
implanted in the specific anatomical site.  

6. Conclusions 

This Chapter presented the principal mechano-regulation theories recently developed to 
simulate the tissue differentiation and the main cellular processes involved in fracture 
healing. Two examples have then been given illustrating how a mechano-regulation 
algorithm - where the bone callus is modeled as a biphasic poroelastic material and the 
stimulus regulating tissue differentiation is hypothesized to be a function of the strain and 
fluid flow -, can be utilized to assess the bone regeneration process both, in a human 
mandible submitted to distraction osteogenesis and in a fractured lumbar vertebra. The 
principal limitations of mechanobiological algorithms as well as the future research lines in 
the field have been finally outlined.     
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1. Introduction

It is generally accepted that bone morphology may be influenced by functional bone strains or
stresses (McMahon, 1973, 1975a, b; Alexander, 1977; Bertram & Biewener 1990, 1992; Biewener,
1990; Christiansen, 1999, 2002a, b). However, the problem as to which specific mechanical
characteristics are most relevant remains open (e.g., Rubin & Lanyon, 1984; Fritton et al., 2000;
Biewener, 2000, 2005). Aiming to establish correlations between structural proportions and
posture of mammalian limbs coping with body’s locomotory functions, including support
of mass in the gravitational field, scaling studies of limb long bones in terrestrial mammals
have been subject to long standing debate and controversy (Biewener, 1982, 1983, 1989, 1990,
2000, 2005; Biewener et al., 1983; Biewener & Taylor, 1986; Selker & Carter, 1989; Bertram &
Biewener, 1990, 1992; Christiansen, 1997, 1998, 1999, 2002a, b, 2007; Fariña et al., 1997; Carrano,
1998, 1999, 2001; Currey, 2003; Kokshenev, 2003; Kokshenev et al., 2003). The exploration
of basic concepts of stability of ideal and non-ideal solid cylinders loaded in non-critical,
transient and near critical mechanical regimes, mapped to arbitrary loaded curved limb long
bones, resulted in a number of mechanical patterns of similarity in long bones adjusted to
their design (Kokshenev, 2007). Established under fairly general assumptions, the proposed
scaling rules (for peak longitudinal-bone and transverse-bone elastic forces and momenta,
compressive and shear strains, corresponding to axial and non-axial bending and torsional
components of tensorial stress) congruent with bone allometry explained the two basic
patterns of functional stresses in vivo revealed in the limb bones of fast running terrestrial
mammals by Rubin & Lanyon (1982, 1984).
The theoretically established patterns of bone design (Kokshenev, 2007) have been also tested
(Kokshenev & Christiansen, 2010) by the surprisingly varied differential scaling of the limb
long bones in Asian (Elephas maximus) and African (Loxodonta africana) elephants. These
terrestrial giants have more upright limb bones to vertical, notably much more upright
propodials (humerus and femur), which are held at a distinctly greater angle compared
to the ground than is the case in other large, quadrupedal mammals. Studies of their
locomotor mechanics have also indicated differences from other terrestrial mammals, in that
fast locomotion is ambling with no suspended phase in the stride, but with duty factors
exceeding 0.5 (Alexander et al., 1979; Hutchinson et al., 2006). The theoretical predictions
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by Kokshenev (2007) were compared with data from a phylogenetically wide sample of
proboscideans from Christiansen (2007). Consequently, some salient features distinguishing
limb postures characteristic of locomotion in proboscideans and mammals were established.
The limb bone allometry in Asian elephants and the Elephantidae was shown to be congruent
with adaptation to bending-torsion proportions of stress induced by muscular forces, likewise
in other mammals, whereas limb bones in African elephants appear adapted for coping with
the dominating axial compressive forces of gravity. Since the hindlimb bones in extant and
most likely extinct elephants were shown to be more compliant than forelimb bones, the limb
compliance gradient of limb locomotory function, contrasting in sign to other mammals, was
shown to constitute a new important dynamic constraint preventing elephants from achieving
a full-body aerial phase in fast gaits of locomotion.
Considering the athletism of non-avian dinosaurs and adopting the assumption of dynamic
similarity, Alexander (1976) analyzed inferred bending stress in their limb bones, which led
him to the hypothesis (Alexander, 1981, 1985a) that animals appear to be built with universal
(equal bodyweight-independent) limb safety factors (bone strengths related to corresponding
peak bone stresses). However, systematic studies of functional limb bone stress by Rubin
& Lanyon (1982, 1984) clearly demonstrated that the dimensionless factor of limb safety may
not be chosen as the determinant of dynamic similarity revealed across body mass through the
speed and frequency in fast running bipeds and quadrupeds. Instead, a new kind of dynamic
strain similarity (physically equivalent to dynamic stress similarity) observed in limb bones
of walking, trotting, and galloping animals experimentally established by many researchers
(Rubin & Lanyon, 1982, 1984; Rubin & Lanyon, 1982; Biewener et al., 1983; Biewener & Taylor,
1986) has been only recently understood in light of more general mechanical elastic similarity
(Kokshenev, 2007). It has been in particular demonstrated that the consistency between the
elastic strain similarity by Rubin & Lanyon (1982, 1984) and the elastic static stress similarity
by McMahon (1975a) exists, since both are underlaid by the same patterns of elastic forces
emerging in solids, that can be revealed if the external gravitational forces are substituted by
predominating functional muscular forces (Kokshenev, 2003; Kokshenev et al., 2003). In this
chapter, we try to establish a link between the mechanical elastic similarity in limb bones of
different-sized animals (McMahon, 1973, 1975a, b; Rubin & Lanyon, 1982, 1984; Kokshenev,
2003, 2007) and the seminal dynamic similarity in locomotion of animals (Alexander, 1976,
1989; Alexander & Jayes, 1983), arising in turn from the more general mechanical similarity of
uniform classical systems (Kokshenev, 2011a, b).
Following Schmidt-Neielsen (1984), it has been widely recognized that body mass is often
a major locomotory factor scaling muscle force output establishing limits for body ability in
animals (Alexander, 1985b; Hutchinson & Garcia, 2002; Biewener, 2005, Hutchinson et al.,
2005; Marden, 2005), through their maximal speed (Garland, 1983; Jones & Lindstedt, 1993;
Sellers & Manning, 2007) and maximal size (Hokkanen, 1986a; Biewener, 1989; Kokshenev,
2007). Reconstructing body mass and locomotion in extinct animals (Alexander, 1989,
1991, 1998, 2006; Fariña & Blanco, 1996; Fariña et al., 1997; Carrano, 1998; 2001; Carrano
& Biewener, 1999; Farlow et al., 2000; Wilson & Carrano, 1999; Hutchinson & Gatesy,
2006, Sellers & Manning, 2007), the biomechanical modeling also includes their locomotor
habits (e.g., Fariña, 1995; Paul & Christiansen, 2000; Christiansen & Paul 2001; Blanco
& Jones, 2005; Fariña et al., 2005). The evolutionary history of dinosaurs and mammals
provide evidence for convergent similarities of skeletal design (e.g., near parasagittal limb
postures and hinge-like joints), locomotor kinematics (Alexander, 1991, 1998; Farlow et al.,
2000; Carrano, 1998, 1999; 2001; Paul & Christiansen, 2000; Hutchinson et al., 2006), and
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biomechanics (see reviews by Hutchinson, 2006; and Alexander, 2006), as well as inferred
physiology and growth rates (e.g., Ji et al., 1998; Horner et al., 1999; Rensberger & Watabe,
2000; Sander, 2000; Erickson, 2004; Padian et al., 2004). However, locomotor complexity
cannot be captured in a simple model since the number of required parameters increases
rapidly as a model becomes more complex (Hutchinson & Gatesy, 2006). One issue of
great importance in biomechanics is therefore to more accurately employ generalizations
following from dynamic similarity concepts suggested a few dimensionless universal (body
mass independent) numbers (Alexander & Jayes, 1983; Gatesy & Biewener, 1991) or a few
number of universal scaling (exponents in scaling) rules (Garland, 1983; Heglund & Taylor,
1988; Biewener, 1990; Farley et al.,1993; Bejan & Marden, 2006; Kokshenev, 2010), which
potentially make a bridge between locomotory trends in large modern elephants, the largest
extant, and the largest extinct proboscideans (e.g., Kokshenev & Christiansen, 2010). Although
the experimental exploration of dynamic similarity determinants was repeatedly questioned,
e.g., in the context of dimensionless body safety factors (Biewener, 1982, 1990, 2000, 2005) or
Froude numbers (Hutchinson et al., 2006), the empirical studies of locomotor evolution in
extinct animals (e.g., archosaurs reviewed by Hutchinson, 2006) evidence for that evolution
in running and turning abilities in extinct giants, accomplished by transformations in poses
and postures of animals, expose a certain kind of adaptive similarity driven by body mass.
Developing here the application of dynamic stress similarity generally supported by some
available dynamic data on reconstructed extinct giants, we demonstrate how the empirically
established traits of locomotory evolution in extinct terrestrial giants can be explained as
affected by maximal body mass through limb-bone adaptations.

2. Materials and methods

2.1 Materials
2.1.1 Maximal body mass

The principal sources of data on maximal body masses M(exp)
max inferred from remains of some of

the largest non-avian dinosaurs and mammals are listed in Table 1. Other published data are
cited at appropriate points.

2.1.2 Dynamic strain and stress similarities
The in vivo studies by Rubin & Lanyon (1982, 1984) on the individual-bone functional peak

stress σ
(peak)
bone (M, V), resulted from gauge implantation in the long limb bones, revealed the

dynamic stress (or strain) similarity in animals of different body mass M running at a certain
speed V. For the special studied case of biped and quadruped animals (from a turkey to an
elephant) running at their fastest speeds Vmax, the corresponding pattern of dynamic stress
similarity (shown below Table 2 in Rubin & Lanyon, 1984) can be read here as

σ
(max)
bone (M, Vmax) = σ

(exp)
axial (M) + σ

(exp)
bend (M). (1)

The axial and bending components of the compressive tibial stress where scaled to body mass
(ranged from 7.3 kg to 2500 kg ) and analyzed by the least-squares liner regression method
resulted in

σ
(exp)
axial (M) = C(exp)

axial M−0.05, with σ
(exp)
bend (M) = C(exp)

bend M0.08, (2)
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by Kokshenev (2007) were compared with data from a phylogenetically wide sample of
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not be chosen as the determinant of dynamic similarity revealed across body mass through the
speed and frequency in fast running bipeds and quadrupeds. Instead, a new kind of dynamic
strain similarity (physically equivalent to dynamic stress similarity) observed in limb bones
of walking, trotting, and galloping animals experimentally established by many researchers
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extinct animals (e.g., archosaurs reviewed by Hutchinson, 2006) evidence for that evolution
in running and turning abilities in extinct giants, accomplished by transformations in poses
and postures of animals, expose a certain kind of adaptive similarity driven by body mass.
Developing here the application of dynamic stress similarity generally supported by some
available dynamic data on reconstructed extinct giants, we demonstrate how the empirically
established traits of locomotory evolution in extinct terrestrial giants can be explained as
affected by maximal body mass through limb-bone adaptations.

2. Materials and methods

2.1 Materials
2.1.1 Maximal body mass

The principal sources of data on maximal body masses M(exp)
max inferred from remains of some of

the largest non-avian dinosaurs and mammals are listed in Table 1. Other published data are
cited at appropriate points.

2.1.2 Dynamic strain and stress similarities
The in vivo studies by Rubin & Lanyon (1982, 1984) on the individual-bone functional peak

stress σ
(peak)
bone (M, V), resulted from gauge implantation in the long limb bones, revealed the

dynamic stress (or strain) similarity in animals of different body mass M running at a certain
speed V. For the special studied case of biped and quadruped animals (from a turkey to an
elephant) running at their fastest speeds Vmax, the corresponding pattern of dynamic stress
similarity (shown below Table 2 in Rubin & Lanyon, 1984) can be read here as

σ
(max)
bone (M, Vmax) = σ

(exp)
axial (M) + σ

(exp)
bend (M). (1)

The axial and bending components of the compressive tibial stress where scaled to body mass
(ranged from 7.3 kg to 2500 kg ) and analyzed by the least-squares liner regression method
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σ
(exp)
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bend (M) = C(exp)

bend M0.08, (2)
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Taxon Largest species M(exp)
max , kg References β

(pred)
duty

Dinosauria,Sauropoda, Argentinosaurus 70000 Mazetta et al., 2004 > 0.5
Dinosauria, Sauropoda Supersaurus 38000 Lovelace et al., 2007 > 0.5
Dinosauria, Sauropoda Giraffatitan 38000 Taylor, 2009 > 0.5
Dinosauria, Theropoda Giganotosaurus 9000 Mazetta et al., 2004 < 0.5
Dinosauria, Theropoda Tyrannosaurus 8000 Mazetta et al., 2004 < 0.5
Dinosauria, Ornithopoda Shantungosaurus 16000 Horner et al., 2004 < 0.5
Mammalia, Proboscidea Mammuthus trogontherii 20000 Christiansen, 2004 ≈ 0.5
Mammalia, Proboscidea Deinotherium giganteum 18000 Christiansen, 2004 ≈ 0.5
Mammalia, Perissodactyla Indricotherium 19000 Fortelius & Kappe-

lmann, 1993
< 0.5

Table 1. Some data on maximal body masses in terrestrial giants. The limb duty limb factor is
provided as an expected characteristics indicating that animals could run with a suspended
phase in the stride (with βduty < 0.5) or would able to progress with a walking gait only
(with βduty > 0.5).

where
C(exp)

axial = 11MPa · (kg)0.05 and C(exp)
bend = 28MPa · (kg)−0.08. (3)

Testing the dynamic stress similarity hypothesis by Rubin & Lanyon (1984), the
continuous-speed dynamic similarity between different-sized animals, moving in a certain
gait, was studied by Biewener & Taylor (1986) through the gait-dependent individual-bone

stress function σ
(max)
bone (M, V), also analyzed by Rubin & Lanyon (1982). Experimental studies

of the peak stress measured in the midshaft of long bones in fast walking, moderately running
(or trotting) animals, and fast running (or galloping) animals with smoothly changing speed,

resulted in that σ
(max)
bone (M, V) is a linear piecewise function of speed, which domains are

limited by the gait-dependent "speed-equivalent" points V(max)
trans , as suggested by Biewener

& Taylor (1986).
When the allometric data from individual bones in running mammals are generalized to
effective limb bone (e.g., Kokshenev, 2003), the corresponding peak functional stress is suggested
here in the form

σ
(max)
limb (M, V) = σ

(max)
axial (M) + σ

(max)
bend (M)

V

V(max)
trans

, (4)

where the transient speeds V(max)
trans are characteristic points of the crossover-gait (walk-to-run)

dynamic states or transient-mode (trot-to-gallop) dynamic states, discussed in the context of
dynamic similarity theory (Kokshenev, 2011a, b). The reliably of the suggested gait-dependent
pattern of dynamic stress similarity in an effective bone shown in Eq. (4) can be inferred from
the in vivo compressive stress data exemplified by those from three walking, trotting, and
galloping adult goats analyzed by Biewener & Taylor (1986, Figs. 2B and 4), which generally
unify the experimental data from the radius and tibia in a goat with those in a dog (Rubin &
Lanyon, 1982) and a horse (Rubin & Lanyon, 1982; Biewener et al., 1983).

2.1.3 Limb bone design
Aiming to make a bridge between limb bone design in extant and extinct animals listed in
Table 1, for which systematic data on the bone length (L ) and bone circumference (C ) as
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Mammals Proboscidea Elephantidae
Limb bones N λ(exp) r N λ(exp) r N λ(exp) r
Humerus 189 0.7631 0.9738 16 1.134 0.831 7 0.912 0.990
Radius 189 0.7530 0.9957 10 1.078 0.878 6 0.813 0.853
Ulna 189 0.849 0.9600 14 0.929 0.866 6 0.727 0.888
Femur 189 0.8431 0.9763 14 0.802 0.816 7 0.747 0.966
Tibia 189 0.7641 0.9499 11 0.772 0.857 6 0.751 0.925
Limb bone 189 0.795 0.971 13 0.943 0.850 6 0.790 0.924

Table 2. Statistical data on the slenderness of individual and effective limb bones in animals
reproduced from Table 1 in Kokshenev & Christiansen (2010). The mean slenderness
exponents are presented by the slopes λ(exp) derived in N species through the least-squares
(LS) regression with the correlation coefficient r. The LS characterization of the effective limb
bone corresponding to the overall-bone mean data is introduced as the standard mean of all
data on five bones. The bold numbers are the data used below. The italic numbers indicate
some the slope data contrasting to systematic mammalian data λ

(exp)
(mam)

< 1.

functions of body mass are not available, the effective limb bone for extinct species can be
introduced through the statistical data on the slenderness exponents λ (= dLog10L/dLog10C)
obtained regardless of the body mass data. Some employed below examples of extinct
Mammalia are listed in Table 2.

2.2 Theory
2.2.1 Stress similarity
In fast gaits of locomotion, all types of elastic strains (and thus stresses), including axial
uniform compressive strains, non-uniform tensile strains and transverse non-uniform shear
strains, are generally involved in the hindlimbs of terrestrial animals. Considering the cases
of the fastest speed dynamic regimes discussed in Eq. (1), we employ the principle of
superposition for the simple axial, and complex bending and shear-strain (torsional) elastic
fields, resulted in the total compressive stress

σ
(max)
limb (M, Vmax) = ασ

(max)
axial + βσ

(max)
bend + τσ

(max)
tors , with α + β + τ = 1, (5)

emerging in an effective limb bone. The peak stress appears as a combination of the partial
functional axial, bending, and torsional stresses weighted respectively by relative probabilities
α, β, and τ. These mass-independent probabilities play the role of indicators of the dynamic
stress similarity, likewise the limb duty factors and swept angles discussed in the theory of
dynamic similarity in animal locomotion (Kokshenev, 2011a, b).
Unlike the individual-bone data discussed in Eq. (1), we introduce an effective mammalian limb
bone unifying six long bones (humerus, radius, ulna, femur, tibia, and fibula), through their
geometric similarity determined by the bone-diameter and bone-length allometric exponents

d(exp)
limb = 0.36 ± 0.02 and l(exp)

limb = 0.28 ± 0.02, with λ
(pred)
limb = 0.78 ± 0.02 (6)

established (Kokshenev, 2007, Table 1) via the LRS data from mostly running extant mammals
(79 species, 98 specimens, Table 2 in Christiansen, 1999). One can see that the data on
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Taxon Largest species M(exp)
max , kg References β

(pred)
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Dinosauria, Theropoda Giganotosaurus 9000 Mazetta et al., 2004 < 0.5
Dinosauria, Theropoda Tyrannosaurus 8000 Mazetta et al., 2004 < 0.5
Dinosauria, Ornithopoda Shantungosaurus 16000 Horner et al., 2004 < 0.5
Mammalia, Proboscidea Mammuthus trogontherii 20000 Christiansen, 2004 ≈ 0.5
Mammalia, Proboscidea Deinotherium giganteum 18000 Christiansen, 2004 ≈ 0.5
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lmann, 1993
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Table 1. Some data on maximal body masses in terrestrial giants. The limb duty limb factor is
provided as an expected characteristics indicating that animals could run with a suspended
phase in the stride (with βduty < 0.5) or would able to progress with a walking gait only
(with βduty > 0.5).

where
C(exp)

axial = 11MPa · (kg)0.05 and C(exp)
bend = 28MPa · (kg)−0.08. (3)

Testing the dynamic stress similarity hypothesis by Rubin & Lanyon (1984), the
continuous-speed dynamic similarity between different-sized animals, moving in a certain
gait, was studied by Biewener & Taylor (1986) through the gait-dependent individual-bone

stress function σ
(max)
bone (M, V), also analyzed by Rubin & Lanyon (1982). Experimental studies

of the peak stress measured in the midshaft of long bones in fast walking, moderately running
(or trotting) animals, and fast running (or galloping) animals with smoothly changing speed,

resulted in that σ
(max)
bone (M, V) is a linear piecewise function of speed, which domains are

limited by the gait-dependent "speed-equivalent" points V(max)
trans , as suggested by Biewener

& Taylor (1986).
When the allometric data from individual bones in running mammals are generalized to
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here in the form
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, (4)

where the transient speeds V(max)
trans are characteristic points of the crossover-gait (walk-to-run)

dynamic states or transient-mode (trot-to-gallop) dynamic states, discussed in the context of
dynamic similarity theory (Kokshenev, 2011a, b). The reliably of the suggested gait-dependent
pattern of dynamic stress similarity in an effective bone shown in Eq. (4) can be inferred from
the in vivo compressive stress data exemplified by those from three walking, trotting, and
galloping adult goats analyzed by Biewener & Taylor (1986, Figs. 2B and 4), which generally
unify the experimental data from the radius and tibia in a goat with those in a dog (Rubin &
Lanyon, 1982) and a horse (Rubin & Lanyon, 1982; Biewener et al., 1983).

2.1.3 Limb bone design
Aiming to make a bridge between limb bone design in extant and extinct animals listed in
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functions of body mass are not available, the effective limb bone for extinct species can be
introduced through the statistical data on the slenderness exponents λ (= dLog10L/dLog10C)
obtained regardless of the body mass data. Some employed below examples of extinct
Mammalia are listed in Table 2.

2.2 Theory
2.2.1 Stress similarity
In fast gaits of locomotion, all types of elastic strains (and thus stresses), including axial
uniform compressive strains, non-uniform tensile strains and transverse non-uniform shear
strains, are generally involved in the hindlimbs of terrestrial animals. Considering the cases
of the fastest speed dynamic regimes discussed in Eq. (1), we employ the principle of
superposition for the simple axial, and complex bending and shear-strain (torsional) elastic
fields, resulted in the total compressive stress
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(max)
limb (M, Vmax) = ασ

(max)
axial + βσ

(max)
bend + τσ

(max)
tors , with α + β + τ = 1, (5)

emerging in an effective limb bone. The peak stress appears as a combination of the partial
functional axial, bending, and torsional stresses weighted respectively by relative probabilities
α, β, and τ. These mass-independent probabilities play the role of indicators of the dynamic
stress similarity, likewise the limb duty factors and swept angles discussed in the theory of
dynamic similarity in animal locomotion (Kokshenev, 2011a, b).
Unlike the individual-bone data discussed in Eq. (1), we introduce an effective mammalian limb
bone unifying six long bones (humerus, radius, ulna, femur, tibia, and fibula), through their
geometric similarity determined by the bone-diameter and bone-length allometric exponents
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limb = 0.36 ± 0.02 and l(exp)

limb = 0.28 ± 0.02, with λ
(pred)
limb = 0.78 ± 0.02 (6)

established (Kokshenev, 2007, Table 1) via the LRS data from mostly running extant mammals
(79 species, 98 specimens, Table 2 in Christiansen, 1999). One can see that the data on
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slenderness exponent λ
(pred)
limb = l(exp)

limb /d(exp)
limb shown in Eq. (6) match well those established

from a wider spectrum of extant mammals (189 species, 612 specimens, see Table 3 below).
The theory of stress similarity, arising from the more general mechanical elastic similarity,
provides three patterns of elastic similarity functional stresses discussed in Eq. (5), namely,

σ
(max)
f unc (M) = C(max)

f unc Mμ, (7)

establishing the stress similarity through the corresponding scaling exponents

μbend = μtors = d − l, with d + l =
2
3

, and μaxial = −2
3

μbend, (8)

in limbs of adult, or large species of different-sized animals (Kokshenev, 2007, Fig. 2). Leaving

for a while the scaling parameters C(max)
f unc in Eq. (7), requiring a special consideration beyond

the scaling theory, we stress that the bone-diameter d and the bone-length l scaling exponents
are also external parameters of the dynamic similarity theory.

When the most simplest isometric similarity (d(isom)
0 = l(isom)

0 = 1/3) is adopted for the limb
design, evidently excluding bone curvature effects in bone stress (e.g., Bertram & Biewener,
1992), the only one type of functional stress associated with the oversimplified body support
function can be distinguished through the weight-independent isometrically universal stresses

σ
(isom)
bend ∼ σ

(isom)
tors ∼ σ

(isom)
axial ∝ M0, (9)

straightforwardly following from Eqs. (7) and (8). In contrast, when the mammalian-limb
realistic design discussed in Eq. (6) is adopted, the scaling rules for stress similarity functions
determined by the scaling exponents

μ
(pred)
bend = μ

(pred)
tors = 0.08 and μ

(pred)
axial = −0.05 (10)

become well theoretically observable through the axial-bone and bending-bone stress
similarity discussed in Eq. (2). Thereby, it has been repeatedly demonstrated that the
dynamic strain similarity experimentally established in limbs of fast running animals (Rubin
& Lanyon, 1982, 1984) is grounded by the mechanical elastic similarity established for effective
limb bones (Kokshenev, 2007). In other words, we have shown that the effective limb bone
from running mammals shown in Eq. (6) is designed as adapted to the primary locomotory
functions, presented by the body mobility and support functions patterned in Eq. (10).
The experimental data by Rubin & Lanyon (1982) for the axial and bending stress discussed
in Eqs. (1) and (2) have been obtained at special experimental conditions of a special choice
of the local-midshaft coordinate systems consequently excluding shear strains. In the context
of the limb stress similarity suggested in Eqs. (5) and (7) these conditions are viewed as to
be conventionally introduced by the two sets of stress indicators (α, β, τ) presented by (1, 0, 0)

and (0, 1, 0), respectively. Restoring the torsional stress σ
(max)
tors in all stress-similarity equations

through the corresponding scaling exponent in Eq. (10), we also adopt in Eq. (5) the scaling
factors

C(max)
bend = C(max)

tors = C(exp)
mobil = 27MPa · (kg)−0.08 and C(max)

axial = C(exp)
supp = 11MPa · (kg)0.05. (11)
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When compared with Eq. (3), the experimental data C(exp)
supp for the body support function is

adopted without change, whereas the data for the body mobility function C(exp)
mobil is slightly

modified by the statistical analysis extended by in vitro data on the tibial failure in torsion
(Kokshenev, 2007, Fig. 1).

2.2.2 Critical body mass
Taking into consideration that instead of the axial-bone stress the bending and torsional
functional stresses limit the body mobility of animals involved in strenuous activity, the upper

limit of body mass, or the critical body mass M(crit)
max , follows from the relevant functional-stress

constraint

σ
(max)
mobil (M) = C(exp)

mobil M0.08 = s(max)
mobil

�
M

M(crit)
max

�0.08

, providing M(crit)
max =

⎛
⎝ s(max)

mobil

C(exp)
mobil

⎞
⎠

1
0.08

, (12)

introduced on the basis of Eqs. (5) and (10). Here s(max)
mobil is the strength of the bone subjected

to complex bending-torsion loading and C(exp)
mobil is shown in Eq. (11).

The in vitro data on the mean individual-bone strength s(mean)
f unct are known for a compact

long bones damaged under pure axial compression, i.e., s(mean)
axial ≈ 200 MPa employed by

Alexander (1981) and Biewener (1990), pure bending and torsion, i.e., s(mean)
bend ≈ 51 MPa and

s(mean)
tors ≈ 60 MPa reported by Taylor et al. (2003). Given that generally the ±10 % domain is

adopted for the statistically established mean bone strengths, the maximal amplitude data

s(max)
bend = 56.1 MPa, s(max)

tors = 66 MPa, and s(max)
axial = 220 MPa (13)

result in limiting estimates for the critical masses (Kokshenev, 2007)

M(crit)
bend =

⎛
⎝ s(max)

bend

C(max)
bend

⎞
⎠

1
0.08

= 9.3 tons and M(crit)
tors =

�
s(max)

tors

C(max)
tors

� 1
0.08

= 71 tons. (14)

These two critical body masses determine two kinds of similarity patterns of well distinct
body postures in giants, whose body mobility is supposedly limited by critical pure bending
and pure torsional stresses emerging in their limbs at maximal speeds of critical locomotion.
Using empirical data in Table 1, the patterns of most erect posture and most sprawling posture
in giants, may be respectively presented by the obligate biped Giganotosaurus, likely capable
for relatively fast running and the largest terrestrial quadruped Argentinosaurus, an animal so
huge that a true run would likely have severely injured the limb bones via critical torsional
stresses. Indeed, sauropod anatomy speaks vehemently against anything other than a walk
gait anyway.

2.2.3 Body safety
Bearing in mind that the limb safety during strenuous activity of terrestrial animals establishes
the risk level of skeleton damage (Alexander, 1981; Biewener, 1982, 1989, 1990), a generalized
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slenderness exponent λ
(pred)
limb = l(exp)

limb /d(exp)
limb shown in Eq. (6) match well those established

from a wider spectrum of extant mammals (189 species, 612 specimens, see Table 3 below).
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σ
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3
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3

μbend, (8)
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bend = C(max)
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axial = C(exp)
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When compared with Eq. (3), the experimental data C(exp)
supp for the body support function is

adopted without change, whereas the data for the body mobility function C(exp)
mobil is slightly

modified by the statistical analysis extended by in vitro data on the tibial failure in torsion
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mobil M0.08 = s(max)
mobil

�
M

M(crit)
max

�0.08
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max =

⎛
⎝ s(max)

mobil

C(exp)
mobil

⎞
⎠

1
0.08

, (12)
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The in vitro data on the mean individual-bone strength s(mean)
f unct are known for a compact

long bones damaged under pure axial compression, i.e., s(mean)
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tors = 66 MPa, and s(max)
axial = 220 MPa (13)
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M(crit)
bend =

⎛
⎝ s(max)

bend

C(max)
bend

⎞
⎠

1
0.08
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tors =

�
s(max)

tors

C(max)
tors

� 1
0.08

= 71 tons. (14)

These two critical body masses determine two kinds of similarity patterns of well distinct
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in giants, may be respectively presented by the obligate biped Giganotosaurus, likely capable
for relatively fast running and the largest terrestrial quadruped Argentinosaurus, an animal so
huge that a true run would likely have severely injured the limb bones via critical torsional
stresses. Indeed, sauropod anatomy speaks vehemently against anything other than a walk
gait anyway.

2.2.3 Body safety
Bearing in mind that the limb safety during strenuous activity of terrestrial animals establishes
the risk level of skeleton damage (Alexander, 1981; Biewener, 1982, 1989, 1990), a generalized
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body-skeleton safety function Sbody(M, V) based on the additivity of functional stresses

σ
(max)
f unct (M, V) could be suggested as

Sbody(M, V) =

⎛
⎝ ∑

f unctions

σ
(max)
f unct (M, V)

s(max)
f unct

⎞
⎠

−1

. (15)

The dynamic stress similarity experimentally and theoretically represented in, respectively,
Eqs. (1), (4), (11) and (5), (7), (8), suggests the following piecewise functional form, namely

S−1
body(M, V) =

α

s(max)
axial

C(exp)
supp Mμaxial +

⎛
⎝ β

s(max)
bend

+
τ

s(max)
tors

⎞
⎠ C(exp)

mobil Mμbend
V

Vmax
, with Sbody ≥ 2,

(16)
for the body safety function activated in slow (walk) and fast (walk and run) gaits of animals
moving within a certain speed domain limited by Vmax. The shown domain (analyzed in
Figs. 1 and 3 in Kokshenev, 2007) conventionally establishes a condition for realization of the
mechanically equilibrated, non-critical dynamic similarity states in slow and moderately fast
gaits of locomotion, as exemplified by the non-critical axial stress (Kokshenev, 2007, Table 2,
Eq. (2)).
Coming back to the problem of the maximal mass of terrestrial giants mentioned in the
Introduction, a question arises whether the body support function may establish the critical

body mass M(crit)
body determined by critical-point condition S(crit)

body (M(crit)
body , Vmax) = 1, which in

fact violate the domain of validation shown in Eq. (16)? Searching for the answer, let analyze

the relevant model solution M(crit)
body (α, β, τ) provided by

α

s(max)
axial

C(exp)
supp Mμaxial

body +

⎛
⎝ β

s(max)
bend

+
τ

s(max)
tors

⎞
⎠ C(exp)

mobil Mμbend
body = 1, with α + β + τ = 1, (17)

following from Eq. (16). In Eq. (14), the two particular solutions M(crit)
body (0, 1, 0) = 9.3 tons

and M(crit)
body (0, 0, 1) = 71 tons were discussed as critical masses attributed, respectively, to the

largest theropod and the largest sauropod, obtained in the effective limb-bone approximation
(shown in Eqs. (10) and (11)). One can see that the obtained limiting masses introduce the
validation domain for the body mobility function in giants, namely

Smobil(M, V) =

�
M(crit)

max
M

�μbend
Vmax

V
, with Smobil ≥ 1. (18)

The critical mass discussed in Eq. (12) is now specified by

M(crit)
max (β) =

⎛
⎝C(exp)−1

mobil s(max)
bend s(max)

tors

βs(max)
tors + τs(max)

bend

⎞
⎠

μ−1
bend

, with τ = 1 − β, (19)
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as follows from Eq. (16) taken at the critical condition S(crit)
mobil(M, Vmax) = 1, with α = 0.

The domain shown in Eq. (18) for the body mobility function conventionally indicates the
condition for realization of the near-critical transient states of continuous dynamic similarity,
associated with locally equilibrated universal transformations of near-critical compressive
strains into non-critical global shear strains, eventually decreasing the resulted compressive
bone stress (Kokshenev, 2007).

3. Results

Several aspects concerning the problem of evolution of locomotory trends in extinct animals
are discussed in view of generalizations suggested by the dynamic stress similarity approach.

3.1 Critical mass
In order to establish the role of competing axial, bending, and torsional stresses in the problem
of the maximal mass of terrestrial giants, we analyze the domains of observation of the

corresponding probabilities α, β, and τ through Eq. (17) where the critical mass M(crit)
body (α, β, τ)

is associated with maximal body mass M(exp)
max known for the largest giants (Table 1). Since in

most cases of bone specimens for extinct species the allometric exponents d and l are not
available, we employ statistical data on the slenderness exponent λ(exp) for the effective limb
bone (Table 2). Instead of Eq. (10), the theoretical predictions for the scaling exponents in Eq.
(17) are estimated through

μ
(pred)
axial = −4

9
1 − λ

1 + λ
and μ

(pred)
bend = μ

(pred)
tors =

2
3

1 − λ

1 + λ
(20)

established with the help of the definitive equation for the exponent λ = l/d excluding d
and l from those shown in Eq. (8). Allowing the whole domains for all kinds of stresses to
be exploited by giants during near-critical locomotion, e.g., for bending stress 0 ≤ β ≤ 1,
hereafter designated as [0;1], the resulted observable domains are shown in Table 3.
Fig. 1 illustrates the analysis in Table 3 indicating domains of exploration of the axial, bending
and torsional stresses by limb bones in the largest mammalian species running or walking at

the critical condition S(crit)
body = 1. The semi-qualitative analysis1 indicates that neither maximal

critical mass nor maximal near-critical mass of terrestrial giants is affected by axial stress. In
other words, instead of body safety function lying beyond the critical locomotion domain, as
shown in Eq. (16), the body mobility function establishes the critical behavior (see Fig. 2)
determined by the critical mass

M(crit)
mobil(β) =

[
137.1

(1 − β)56.1 + β66

] 1
0.08

, with 0 ≤ β ≤ 1, (21)

represented from Eq. (19) in the mammalian limb-bone approximation discussed in Eq. (6).

M(crit)
mobil(β) =

[
137.1

(1 − β)56.1 + β66

] 1
0.08

, with 0 ≤ β ≤ 1, (22)

1 The provided analysis is treated as semi-qualitative since, unlike the scaling exponents (Table 3), the
data on the scaling factors, discussed in Eq. (10), are still taken in the mammalian-limb approximation.
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+
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following from Eq. (16). In Eq. (14), the two particular solutions M(crit)
body (0, 1, 0) = 9.3 tons

and M(crit)
body (0, 0, 1) = 71 tons were discussed as critical masses attributed, respectively, to the

largest theropod and the largest sauropod, obtained in the effective limb-bone approximation
(shown in Eqs. (10) and (11)). One can see that the obtained limiting masses introduce the
validation domain for the body mobility function in giants, namely
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The critical mass discussed in Eq. (12) is now specified by
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⎠
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as follows from Eq. (16) taken at the critical condition S(crit)
mobil(M, Vmax) = 1, with α = 0.

The domain shown in Eq. (18) for the body mobility function conventionally indicates the
condition for realization of the near-critical transient states of continuous dynamic similarity,
associated with locally equilibrated universal transformations of near-critical compressive
strains into non-critical global shear strains, eventually decreasing the resulted compressive
bone stress (Kokshenev, 2007).

3. Results

Several aspects concerning the problem of evolution of locomotory trends in extinct animals
are discussed in view of generalizations suggested by the dynamic stress similarity approach.

3.1 Critical mass
In order to establish the role of competing axial, bending, and torsional stresses in the problem
of the maximal mass of terrestrial giants, we analyze the domains of observation of the

corresponding probabilities α, β, and τ through Eq. (17) where the critical mass M(crit)
body (α, β, τ)

is associated with maximal body mass M(exp)
max known for the largest giants (Table 1). Since in

most cases of bone specimens for extinct species the allometric exponents d and l are not
available, we employ statistical data on the slenderness exponent λ(exp) for the effective limb
bone (Table 2). Instead of Eq. (10), the theoretical predictions for the scaling exponents in Eq.
(17) are estimated through

μ
(pred)
axial = −4

9
1 − λ

1 + λ
and μ

(pred)
bend = μ

(pred)
tors =

2
3

1 − λ

1 + λ
(20)

established with the help of the definitive equation for the exponent λ = l/d excluding d
and l from those shown in Eq. (8). Allowing the whole domains for all kinds of stresses to
be exploited by giants during near-critical locomotion, e.g., for bending stress 0 ≤ β ≤ 1,
hereafter designated as [0;1], the resulted observable domains are shown in Table 3.
Fig. 1 illustrates the analysis in Table 3 indicating domains of exploration of the axial, bending
and torsional stresses by limb bones in the largest mammalian species running or walking at

the critical condition S(crit)
body = 1. The semi-qualitative analysis1 indicates that neither maximal

critical mass nor maximal near-critical mass of terrestrial giants is affected by axial stress. In
other words, instead of body safety function lying beyond the critical locomotion domain, as
shown in Eq. (16), the body mobility function establishes the critical behavior (see Fig. 2)
determined by the critical mass

M(crit)
mobil(β) =

[
137.1

(1 − β)56.1 + β66

] 1
0.08

, with 0 ≤ β ≤ 1, (21)

represented from Eq. (19) in the mammalian limb-bone approximation discussed in Eq. (6).

M(crit)
mobil(β) =

[
137.1

(1 − β)56.1 + β66

] 1
0.08

, with 0 ≤ β ≤ 1, (22)

1 The provided analysis is treated as semi-qualitative since, unlike the scaling exponents (Table 3), the
data on the scaling factors, discussed in Eq. (10), are still taken in the mammalian-limb approximation.
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Largest giants in N, n λ(exp) μ
(pred)
axial μ

(pred)
bend M(exp)

max , kg α τ β

Mammals N = 189 0.795 -0.051 0.076 20000 [0; 0.03] [0.85; 0] [0.15; 0.97]
Proboscidean N = 13 0.943 -0.013 0.020 20000 n.e.s. [1; 0.95] [0.95; 1]
Elephantidae N = 6 0.790 -0.520 0.078 20000 n.e.s. [1; 0.30] [0.40; 1]
Asian elephant n = 106 0.851 -0.036 0.054 8000 n.e.s. [1; 0.35] [0.45; 1]
African elephant n = 56 0.648 -0.094 0.141 10000 [0.35; 0.45] [0.65; 0] [0; 0.55]

Table 3. Maximal body mass and limb bone design determine the stress-similarity domains
through the corresponding stress indicators. The domains of the axial (α), bending (β), and
torsion (τ) stresses explored by the body safety function (shown in squared brackets) are

obtained through Eq. (17) where the scaling exponents μ
(pred)
axial and μ

(pred)
bend =μ

(pred)
tors are

estimated through Eq. (20). The data on the critical mass M(exp)
max for Mammuthus trogontherii

is used for the largest taxon in both Mammalia, Proboscidea, and Elephantidae (Table 1). The
largest masses for extant Asian (Elephas maximus) and African (Loxodonta africana) elephants
are for exceptionally large bulls (Wood, 1976; Nowak, 1991; McFarlan, 1992; Blashford-Snell
& Lenska, 1996). The LS regression data on the slenderness exponents λ(exp) of long bones
from N species are taken from Table 2 and from n specimens for elephants are taken from
Table 2 in Kokshenev & Christiansen (2010). Notation: n.e.s. - not employing stress.

Dynamic conditions Optimum speed Maximum power Near critical regime

Locomotory muscle type slow fast slow fast slow fast
Contraction frequency L−1

m L−1/2
m L−3/2

m L−1
m L−2

m L−3/2
m

Contraction velocity L0
m L1/2

m L−1/2
m L0

m L−1
m L−1/2

m

Table 4. Dynamic characterization of the slow and fast striated muscles (of resting length Lm)
contracting at optimum-speed (maximum-efficiency), maximum-speed (maximum-power),
and near critical (low-safety) dynamic conditions (reproduced from Table 4 in Kokshenev,
2009).

represented from Eq. (19) in the mammalian limb-bone approximation discussed in Eq. (6).
In Fig. 3 we extend the analysis of locomotory trends in Fig. 2 to other large giants, modeled
by near critical safety factors lying in narrow domain 1.0 < Smobil ≤ 1.1, corresponding to the
10% domain established for the mean bone strengths, as discussed in Eq. (13).

3.2 Froude numbers
Modeling the animal locomotion by contractions of locomotory muscles activated at natural

frequencies, the data on optimal speeds V(exp)
opt ∼ M1/6 of bipeds (Gatesy& Biewener, 1991)

and quadrupeds (Heglund & Taylor, 1988) running in fast locomotor modes can be explained
by activation of the fast locomotor muscles of length, linearly scaling with limb length (or

hip height) L(isom)
b ∼ M1/3 (Kokshenev, 2009, 2010) presented in the isometric-similarity

approximation discussed in Eq. (9). Modeling the low-safety locomotion of large giants by

critical-velocity muscle contractions (see Table 4), let us adopt the scaling relations V(mod)
walk ∼

L−1
b and V(mod)

run ∝ L−1/2
b for critically walking or running giants moving due to activation of

slow and fast limb muscles, respectively.
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Fig. 1. The comparative role of limb adaptation in the largest mammal and elephant (extinct
species) through the elastic reaction to muscle loading forces (via turning-bending stress, Fig.
1A) and ground-reaction forces (mostly via axial stress, Fig. 1B). The solid and dashed lines
correspond to employing and non-employing domains (Table 3).

Choosing the model critical-state Froude number (Fr(mod)
critic = V2

crit/gLb, where g is
the gravitational field) as a relative squared-speed characteristics of animal locomotion
(Alexander & Jayes, 1983; Gatesy& Biewener, 1991), one obtains the scaling relations

Fr(mod)
walk ∼ L−3

b and Fr(mod)
run ∼ L−2

b , adopted for model Froude numbers in the simplest

isometric geometry approximation L(isom)
b ∼ L(isom)

m ∼ M1/3
max(β). Hence, one obtaines the

critical-mass scaling rules Fr(mod)
walk ∼ M−1

max(β) and Fr(mod)
run ∼ M−2/3

max (β) distinguishing
dynamic similarities in a walk and a run gaits in giants, moving in the near critical mobility
regime. When the walk-to-run continuous transition, in vivo established for modern elephants

by Hutchinson et al. (2006) at Froude numbers Fr(exp)
w−r ≈ 1 and duty factors β

(exp)
duty ≈ 0.5

is mapped onto the walk-to-run crossover in evolution of trends in extinct largest giants
indicated by transient bending-torsion stress similarity at β = 0.5, the model similarity scaling
equations for near critical level of walking and running quadrupedal giants are suggested as

Fr(quadr)
walk = 24.7M−1

max(β) and Fr(quadr)
run = 8.48M−2/3

max (β), (23)

(here critical mass is taken in tons) with the help of Eq.(22).
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obtained through Eq. (17) where the scaling exponents μ
(pred)
axial and μ

(pred)
bend =μ

(pred)
tors are
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is used for the largest taxon in both Mammalia, Proboscidea, and Elephantidae (Table 1). The
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contracting at optimum-speed (maximum-efficiency), maximum-speed (maximum-power),
and near critical (low-safety) dynamic conditions (reproduced from Table 4 in Kokshenev,
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represented from Eq. (19) in the mammalian limb-bone approximation discussed in Eq. (6).
In Fig. 3 we extend the analysis of locomotory trends in Fig. 2 to other large giants, modeled
by near critical safety factors lying in narrow domain 1.0 < Smobil ≤ 1.1, corresponding to the
10% domain established for the mean bone strengths, as discussed in Eq. (13).
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Modeling the animal locomotion by contractions of locomotory muscles activated at natural

frequencies, the data on optimal speeds V(exp)
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and quadrupeds (Heglund & Taylor, 1988) running in fast locomotor modes can be explained
by activation of the fast locomotor muscles of length, linearly scaling with limb length (or

hip height) L(isom)
b ∼ M1/3 (Kokshenev, 2009, 2010) presented in the isometric-similarity

approximation discussed in Eq. (9). Modeling the low-safety locomotion of large giants by

critical-velocity muscle contractions (see Table 4), let us adopt the scaling relations V(mod)
walk ∼

L−1
b and V(mod)

run ∝ L−1/2
b for critically walking or running giants moving due to activation of

slow and fast limb muscles, respectively.
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1A) and ground-reaction forces (mostly via axial stress, Fig. 1B). The solid and dashed lines
correspond to employing and non-employing domains (Table 3).

Choosing the model critical-state Froude number (Fr(mod)
critic = V2

crit/gLb, where g is
the gravitational field) as a relative squared-speed characteristics of animal locomotion
(Alexander & Jayes, 1983; Gatesy& Biewener, 1991), one obtains the scaling relations

Fr(mod)
walk ∼ L−3

b and Fr(mod)
run ∼ L−2

b , adopted for model Froude numbers in the simplest

isometric geometry approximation L(isom)
b ∼ L(isom)

m ∼ M1/3
max(β). Hence, one obtaines the

critical-mass scaling rules Fr(mod)
walk ∼ M−1

max(β) and Fr(mod)
run ∼ M−2/3

max (β) distinguishing
dynamic similarities in a walk and a run gaits in giants, moving in the near critical mobility
regime. When the walk-to-run continuous transition, in vivo established for modern elephants

by Hutchinson et al. (2006) at Froude numbers Fr(exp)
w−r ≈ 1 and duty factors β

(exp)
duty ≈ 0.5

is mapped onto the walk-to-run crossover in evolution of trends in extinct largest giants
indicated by transient bending-torsion stress similarity at β = 0.5, the model similarity scaling
equations for near critical level of walking and running quadrupedal giants are suggested as

Fr(quadr)
walk = 24.7M−1

max(β) and Fr(quadr)
run = 8.48M−2/3

max (β), (23)

(here critical mass is taken in tons) with the help of Eq.(22).

59Evolution of Locomotor Trends in Extinct Terrestrial Giants Affected by Body Mass



12 Will-be-set-by-IN-TECH

0 0.2 0.4 0.6 0.8 1 1.2
0

10

20

30

40

50

60

70

80

Limb bending stress indicator, 

body-size increase (6)

C
rit

ic
al

bo
dy

m
as

s, 
M

m
ax

(to
n)

(1,5,9,23,25,30)  9,23,25,30) ))) 

P
er

is
so

da
ct

yl
a

Proboscidea

ShantungosaurusIndricotherium

Argentinosaurus

Tyrannosaurus

(2,4,8, 22,24,31)
b d i
(2,4,8, 22

Theropoda (30)Sauropoda, 

Deinotherium

M. trogontherii

Giraffatitan
Supersaurus

body-size decrease (7)

O
rn

ith
op

od
a

Ti
ta

no
sa

ur
ia

D
ip

lo
do

co
id

ea
Ti

ta
no

sa
ur

ifo
rm

es

E
le

ph
an

tid
ae

C
ar

no
sa

ur
ia

(7
,9

,3
0)

C
oe

lu
ro

sa
ur

ia
(7

,9
,2

5,
30

)

Giganotosaurus

Fig. 2. Analysis of locomotor evolution of the largest terrestrial giants scaled by the limb
bending parameter. The solid line is critical mass drawn by Eq. (22). The points correspond to
giants in Table 1. The arrows indicate the biomechanical trends described by competitive
empirically revealed traits (Hutchinson, 2006, Table 1): (1), more erect posture; (2), less erect
posture; (4), quadrupedalism; (5), striding bipedalism; (6), body-size increase; (7), body-size
decrease; (8), more upright pose; (9), more crouched pose; (22), poor bipedal running ability;
(23), good bipedal running ability; (24), poor turning ability; (25); improved turning ability;
(30), more cursorial limb proportions; (31), less cursorial limb proportions.

3.3 Turning and bending mobilities
Being remarkably similar, both limb-bone longitudinal bending elastic force Fbend and
transverse torsion force Ftors scale with body mass as M3d−l , within the domain of similar
dynamic states including transient near-critical states (Kokshenev, 2007, Eq. (17), Table 2).
The force scaling equations, taken in the mammalian limb-bone approximation, i.e., with
3d − l = 1.20, are completed by the scaling factors approximated by muscle-reaction forces
from the largest 6-ton Tyrannosaurus modeled by Hutchinson et al. (2007).2 Treating the total
force exerted by leg muscles over the center of body mass as the vectorial sum of vertical and
horizontal forces, resulted in the total muscle force output, the corresponding skeletal body
reaction force, limiting body mobility is found as the root mean square of the corresponding

elastic forces emerging in the effective limb bones, i.e., F(mod)
mobil = (F(mod)2

bend + F(mod)2
tors )1/2. When

extrapolated to other largest extinct giants, the relative forces provide the model estimates,

2 Specifically, for the case of Ftors we employ the data (Hutchinson et al., 2007, Table 6, Model 3) on
maximal (medial and lateral) rotation muscle moments and moment arms of turning force exerted

about center of mass of the trunk. The case of F(mod)
bend is adjusted with the maximal vertical ground

reaction force that the limb could support (Hutchinson et al., 2007, Table 9, Model 23).
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Tyrannosaurus (Hutchinson et al., 2007; Sellers & Manning, 2007).

namely

F(mod)
tors
Mg

= 0.87 · M−0.20,
F(mod)

bend
Mg

= 1.89 · M−0.20,
F(mod)

mobil
Mg

= 2.08 · M−0.20, with Smobil ≥ 1,

(24)
discussed in Fig. 5.

4. Discussion

Our study develops Alexander’s hypothesis on that the locomotor dynamic similarity in
non-avian dinosaurs can be inferred from the bending stress in their limbs (Alexander, 1976).
We have demonstrated how the knowledge on elastic stress (or strain) similarity reliably
established in limbs of different-sized running mammals may provide rationalizations of
locomotory trials empirically suggested for extinct terrestrial giants. Allowing the generalized
mammalian limb bone to be arbitrary loaded, the body functions of giants of different taxa
subjected to cyclic loading during locomotor activity are viewed in terms of a few dynamic
similarity patters provided by elastic theory of solids. Our theoretical study suggests that
even though the dynamic similarity is underlaid by a certain set of elastic force patterns, there
are several ways in which they may be realized and thus described.
The elastic patterns of forces emerging in the effective mammalian limb bone loaded in
distinct (globally equilibrated non-critical stationary states and near-critical transient states
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Fig. 2. Analysis of locomotor evolution of the largest terrestrial giants scaled by the limb
bending parameter. The solid line is critical mass drawn by Eq. (22). The points correspond to
giants in Table 1. The arrows indicate the biomechanical trends described by competitive
empirically revealed traits (Hutchinson, 2006, Table 1): (1), more erect posture; (2), less erect
posture; (4), quadrupedalism; (5), striding bipedalism; (6), body-size increase; (7), body-size
decrease; (8), more upright pose; (9), more crouched pose; (22), poor bipedal running ability;
(23), good bipedal running ability; (24), poor turning ability; (25); improved turning ability;
(30), more cursorial limb proportions; (31), less cursorial limb proportions.

3.3 Turning and bending mobilities
Being remarkably similar, both limb-bone longitudinal bending elastic force Fbend and
transverse torsion force Ftors scale with body mass as M3d−l , within the domain of similar
dynamic states including transient near-critical states (Kokshenev, 2007, Eq. (17), Table 2).
The force scaling equations, taken in the mammalian limb-bone approximation, i.e., with
3d − l = 1.20, are completed by the scaling factors approximated by muscle-reaction forces
from the largest 6-ton Tyrannosaurus modeled by Hutchinson et al. (2007).2 Treating the total
force exerted by leg muscles over the center of body mass as the vectorial sum of vertical and
horizontal forces, resulted in the total muscle force output, the corresponding skeletal body
reaction force, limiting body mobility is found as the root mean square of the corresponding

elastic forces emerging in the effective limb bones, i.e., F(mod)
mobil = (F(mod)2

bend + F(mod)2
tors )1/2. When

extrapolated to other largest extinct giants, the relative forces provide the model estimates,

2 Specifically, for the case of Ftors we employ the data (Hutchinson et al., 2007, Table 6, Model 3) on
maximal (medial and lateral) rotation muscle moments and moment arms of turning force exerted

about center of mass of the trunk. The case of F(mod)
bend is adjusted with the maximal vertical ground

reaction force that the limb could support (Hutchinson et al., 2007, Table 9, Model 23).
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namely

F(mod)
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= 0.87 · M−0.20,
F(mod)

bend
Mg

= 1.89 · M−0.20,
F(mod)

mobil
Mg

= 2.08 · M−0.20, with Smobil ≥ 1,

(24)
discussed in Fig. 5.

4. Discussion

Our study develops Alexander’s hypothesis on that the locomotor dynamic similarity in
non-avian dinosaurs can be inferred from the bending stress in their limbs (Alexander, 1976).
We have demonstrated how the knowledge on elastic stress (or strain) similarity reliably
established in limbs of different-sized running mammals may provide rationalizations of
locomotory trials empirically suggested for extinct terrestrial giants. Allowing the generalized
mammalian limb bone to be arbitrary loaded, the body functions of giants of different taxa
subjected to cyclic loading during locomotor activity are viewed in terms of a few dynamic
similarity patters provided by elastic theory of solids. Our theoretical study suggests that
even though the dynamic similarity is underlaid by a certain set of elastic force patterns, there
are several ways in which they may be realized and thus described.
The elastic patterns of forces emerging in the effective mammalian limb bone loaded in
distinct (globally equilibrated non-critical stationary states and near-critical transient states
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experimental data Fr(exp)
run = 2.1 for the fast running 6-ton Tyrannosaurus modeled by Sellers

& Manning (2007).

of ) dynamic similarity regimes (Kokshenev, 2007) have been revealed earlier through the
bone design observed in different-sized animals through the allometric data on linear bone
dimensions (Kokshenev et al., 2003; Kokshenev, 2007) and slenderness (Kokshenev, 2003;
Kokshenev & Christiansen, 2010). All theoretical studies of the data were critically discussed
within the context of McMahon’s pioneering criteria of elastic similarity (McMahon, 1973,
1975a, b). The observation of elastic force patterns through the locomotory functions
evaluated on the basis of available data on the maximal masses of extinct giants is one of
the objectives of the presented approach. The critical-state similarity regime is treated as
theoretically established if the observable characteristics are shown to be driven by one of
the predominating critical-force patterns.
Even though animals are built from the same bone tissue and muscle tissue materials, the
safety factors of limbs in running animals are not universally equal (Kokshenev, 2007, Fig. 3),
as was suggested by earlier estimates (Alexander, 1981, 1985a) of the isolated dynamic stress
states and systematical observations of limb safety factors (Biewener, 1982, 1983, 1989, 1990,
2000, 2005). On the other hand, in non-critical dynamic regimes of locomotion the body safety
function discussed in Eq. (16) could also conventionally be observed, either theoretically or
experimentally, as "almost" universal. The first kind of observations could be made through
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Fig. 5. Locomotor mobilities expected for extinct giants. The curves for relative limb bone
elastic forces are drawn via Eq. (24) and notations correspond to Figs. 2 and 4. The stars are
the data on 3D Tyrannosaurus experimentally modeled by Hutchinson et al. (2007).

the corresponding oversimplified bending stress estimated under assumption of the almost
isometric mammalian bones, as shown in Eq. (9). In this case we have ignored small by finite
scaling bone-mass effects (Prange et al., 1979), which significance in limb bone allometry has
previously been discussed (Kokshenev et al., 2003) and statistically evaluated (Kokshenev,
2007). In the second case, the desirable observation of the seemingly universal functional
limb stress implies that the safety factor domain reliably established in running mammals
as lying between 2 and 4 should indicate almost invariable safety function approximated
by the number 3 ± 1. In the current research, the dynamic similarity features in giants
moving in near-critical dynamic regimes are revealed through the stress-similarity indicators
of the underlying patterns of axial, bending and torsional elastic forces. As is common in
dynamic similarity theories, the patterns of scaling rules and related dimensionless numbers
(Kokshenev, 2011a) or functions (Kokshenev, 2011b) determine the conditions of observation
of dynamic similarity states.
Our recent study of similarities and dissimilarities in locomotory trends of extant and extinct
proboscideans, indicated by the slenderness characteristics of design of the effective limb
bones (Kokshenev & Christiansen, 2010), has revealed new features of their locomotory
functions. The Asian elephants (E. maximus) are dynamically similar to the family
Elephantidae and have been found to be distinct from the African elephants (L. africana).
Moreover, the Elephantidae as group including both kinds of extant elephants, clearly
exposed a negative limb duty gradient (with respect to other mammals, Fig. 6) in the body
mobility function, closely related to the proximal-distal gradient (Biewener et al., 2006) in
body ability function. Qualitatively, the hind-to-fore gradient in limb locomotor activity
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experimental data Fr(exp)
run = 2.1 for the fast running 6-ton Tyrannosaurus modeled by Sellers
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of ) dynamic similarity regimes (Kokshenev, 2007) have been revealed earlier through the
bone design observed in different-sized animals through the allometric data on linear bone
dimensions (Kokshenev et al., 2003; Kokshenev, 2007) and slenderness (Kokshenev, 2003;
Kokshenev & Christiansen, 2010). All theoretical studies of the data were critically discussed
within the context of McMahon’s pioneering criteria of elastic similarity (McMahon, 1973,
1975a, b). The observation of elastic force patterns through the locomotory functions
evaluated on the basis of available data on the maximal masses of extinct giants is one of
the objectives of the presented approach. The critical-state similarity regime is treated as
theoretically established if the observable characteristics are shown to be driven by one of
the predominating critical-force patterns.
Even though animals are built from the same bone tissue and muscle tissue materials, the
safety factors of limbs in running animals are not universally equal (Kokshenev, 2007, Fig. 3),
as was suggested by earlier estimates (Alexander, 1981, 1985a) of the isolated dynamic stress
states and systematical observations of limb safety factors (Biewener, 1982, 1983, 1989, 1990,
2000, 2005). On the other hand, in non-critical dynamic regimes of locomotion the body safety
function discussed in Eq. (16) could also conventionally be observed, either theoretically or
experimentally, as "almost" universal. The first kind of observations could be made through
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the corresponding oversimplified bending stress estimated under assumption of the almost
isometric mammalian bones, as shown in Eq. (9). In this case we have ignored small by finite
scaling bone-mass effects (Prange et al., 1979), which significance in limb bone allometry has
previously been discussed (Kokshenev et al., 2003) and statistically evaluated (Kokshenev,
2007). In the second case, the desirable observation of the seemingly universal functional
limb stress implies that the safety factor domain reliably established in running mammals
as lying between 2 and 4 should indicate almost invariable safety function approximated
by the number 3 ± 1. In the current research, the dynamic similarity features in giants
moving in near-critical dynamic regimes are revealed through the stress-similarity indicators
of the underlying patterns of axial, bending and torsional elastic forces. As is common in
dynamic similarity theories, the patterns of scaling rules and related dimensionless numbers
(Kokshenev, 2011a) or functions (Kokshenev, 2011b) determine the conditions of observation
of dynamic similarity states.
Our recent study of similarities and dissimilarities in locomotory trends of extant and extinct
proboscideans, indicated by the slenderness characteristics of design of the effective limb
bones (Kokshenev & Christiansen, 2010), has revealed new features of their locomotory
functions. The Asian elephants (E. maximus) are dynamically similar to the family
Elephantidae and have been found to be distinct from the African elephants (L. africana).
Moreover, the Elephantidae as group including both kinds of extant elephants, clearly
exposed a negative limb duty gradient (with respect to other mammals, Fig. 6) in the body
mobility function, closely related to the proximal-distal gradient (Biewener et al., 2006) in
body ability function. Qualitatively, the hind-to-fore gradient in limb locomotor activity
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geometric similarity model and elastic similarity model of McMahon (1973, 1975a); SSMM
indicates the static stress similarity model (McMahon, 1975a, SSM) modified by muscle
forces (Kokshenev, 2003). For further details, see Fig. 4 in Kokshenev & Christiansen (2010).

caused by the difference in bone proportions of hind and fore limbs (Fig. 6, mammals )
explains the differing postures in mammals as group as well as elephants (Kokshenev &
Christiansen, 2010, Fig. 5). The negative gradient of limb functions for the Elephantidae
(including the extant species, but mainly comprising of extinct species) suggests a trend
for forelimbs to be designed more isometrically, and also for the forelimbs of E. maximus
to be mechanically stiffer than the hindlimbs. The newly established dynamic constraint,
contrasting in sign to that of other mammals and mechanically extending the hindlimb ground
contact duration, explains why elephants are prevented from achieving a full-body aerial
phase during fast gaits of locomotion.
The design remarkably observed (Table 6) for the effective limb bone in the African elephant (5
limb bones, 56 specimens, Table 3) is surprisingly similar to that established in adult ungulates
(5 limb bones, 118 specimens, McMahon, 1975b) mostly from the family Bovidae (see also
analysis by Selker & Carter, 1989). The distinct from other effective bones, say, pillar-type
limb bone, is statistically established via the slenderness exponent λ(exp) ≈ λ

(ESM)
0 = 2/3

predicted by the elastic similarity model (ESM, Fig. 6). The pillar-like limb bone pattern
underlaid by the critical buckling force (McMahon, 1973, 1975a) is well distinguished from the
mammalian-type limb bone, determined experimentally in Eq. (6) and predicted by SSMM

through λ
(SSMM)
0 = 7/9 (Kokshenev & Christiansen, 2010, footnote 1). The buckling force

was introduced in the theory of elasticity of solids by Euler as the critical axial elastic force
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provoking critical bending deformations under loading conditions of the absence of non-axial
external forces (e.g., Kokshenev et al., 2003; Kokshenev, 2003). McMahon therefore proposed
that terrestrial animals would optimize their skeleton support function so that were similarly
in danger of elastic mechanical failure by buckling under gravity (e.g., Christiansen, 1999).
The corresponding to buckling mechanism loading, the simplest model for terrestrial giants,
as an animal standing on one leg and subjected to increasing with weight gravitational force,
was proposed by Hokkanen (1986a). Although it has been clearly demonstrated that the
maximal body mass of terrestrial giants is not limited by axial critical forces, associated with
buckling mechanism of damage of naturally curved bones (e.g., Currey, 1967; Hokkanen,
1986a, b; Selker & Carter, 1989), the corresponding scaling pattern of the Euler’s force (e.g.,
Kokshenev et al., 2003, Eq. (1)) emerging under aforesaid dynamic conditions may survive
and even predominate at loads far from critical. Moreover, as one may infer from the reliable
observation of the effective pillar-type bone, the pattern of critical buckling force most likely
controls the limb elastic stress of animals, in which limb muscles function as to resist non-axial
external forces, through the proximal-distal functional gradients, evolutionary resulting in the
limb bone design mostly adapted to the axial-bone peak loading. Hence, when one considers
competitive patterns of functional elastic stresses in a certain effective bone of unknown
design, as discussed on general basis in Eq. (5), equally with the term of non-critical axial

stress σ
(max)
axial , which negative allometry (μaxial < 0) was predicted by σ

(pred)
axial ∝ M2/3−2d

(Kokshenev, 2007, Eq. (5), Table 3), one should not exclude the possibility of axial stress

predicted as σ
(ESM)
axial ∝ M2(d−l) (Kokshenev et al. 2003, Eq. (4)) underlying the pattern of

pillar-type bones.
Following the ESM (Fig. 6), the individual limb bones in L. africana are mostly influenced
by gravitational and ground reaction forces, generating buckling-type dynamic elastic stress

of the peak amplitude σ
(ESM)
axial . This finding is supported by our study of the competing

functional axial, bending and torsional stresses occurring in the limbs of the largest extinct
giants at similar critical states modeled by the maximal body masses of Asian and African
elephants, Elephantidae, and mammals as whole (Table 3, Fig. 1). Unlike the case of Asian
elephants and running mammals, the axial predominating stress becomes observable through
the maximal body mass of African elephants (Fig. 1A). As follows from Fig. 6, more reliable
observation of the stress similarity in African elephants, as well as bovids (McMahon, 1975b),

might be obtained when the scaling exponents μ
(pred)
axial = −0.05 and μ

(pred)
bend = 0.08 in Eq.

(16) are substituted by μ
(ESM)
0axial = 1/4 and μ

(ESM)
0bend = 1/8, predicted by McMahon’s elastic

similarity model. Since the exponent for critical axial stress is expected to be twice as high as
that for critical bending stress, we have thereby shown that in near-critical dynamic regimes
the buckling force effects appear to dominate over bending-torsional force effects. Since the

effective pillar-type limb bones, scaled to body mass as λ
(ESM)
0 = 2/3, are not ideal long

cylinders, the critical (yield-state) bending strains (Kokshenev et al., 2003; Eq. (4)) dynamically
transform into transient-state pure bending elastic strains (Kokshenev, 2007; Eq. (15)), as has
been explained earlier by Currey (1967).
The analysis of elastic peak forces developed in ideal solid cylinders indicated that various
conditions of application of external loads affect solely scaling factors, leaving unchanged
scaling exponents determining elastic force patterns (e.g., Kokshenev et al., 2003, Eq. (1))
employed above in rationalization of the functional stress in Eq. (5) when applied to extinct
animals. Unlike ideal cylinders, the individual long skeletal bones are mostly curved along the
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Fig. 6. The observation of elastic similarity across different taxa via bone slenderness
exponents (Table 2) for the effective forelimb bone (humerus, radius, and ulna) and hindlimb
bone (femur and tibia). The arrows indicate deviations in the trends of adaptation of forelimb
and hindlimb bones associated with gradients in the corresponding mechanical functions.
The bar shows statistical error. Notations: GSM and ESM indicate the predictions of the
geometric similarity model and elastic similarity model of McMahon (1973, 1975a); SSMM
indicates the static stress similarity model (McMahon, 1975a, SSM) modified by muscle
forces (Kokshenev, 2003). For further details, see Fig. 4 in Kokshenev & Christiansen (2010).

caused by the difference in bone proportions of hind and fore limbs (Fig. 6, mammals )
explains the differing postures in mammals as group as well as elephants (Kokshenev &
Christiansen, 2010, Fig. 5). The negative gradient of limb functions for the Elephantidae
(including the extant species, but mainly comprising of extinct species) suggests a trend
for forelimbs to be designed more isometrically, and also for the forelimbs of E. maximus
to be mechanically stiffer than the hindlimbs. The newly established dynamic constraint,
contrasting in sign to that of other mammals and mechanically extending the hindlimb ground
contact duration, explains why elephants are prevented from achieving a full-body aerial
phase during fast gaits of locomotion.
The design remarkably observed (Table 6) for the effective limb bone in the African elephant (5
limb bones, 56 specimens, Table 3) is surprisingly similar to that established in adult ungulates
(5 limb bones, 118 specimens, McMahon, 1975b) mostly from the family Bovidae (see also
analysis by Selker & Carter, 1989). The distinct from other effective bones, say, pillar-type
limb bone, is statistically established via the slenderness exponent λ(exp) ≈ λ

(ESM)
0 = 2/3

predicted by the elastic similarity model (ESM, Fig. 6). The pillar-like limb bone pattern
underlaid by the critical buckling force (McMahon, 1973, 1975a) is well distinguished from the
mammalian-type limb bone, determined experimentally in Eq. (6) and predicted by SSMM

through λ
(SSMM)
0 = 7/9 (Kokshenev & Christiansen, 2010, footnote 1). The buckling force

was introduced in the theory of elasticity of solids by Euler as the critical axial elastic force
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provoking critical bending deformations under loading conditions of the absence of non-axial
external forces (e.g., Kokshenev et al., 2003; Kokshenev, 2003). McMahon therefore proposed
that terrestrial animals would optimize their skeleton support function so that were similarly
in danger of elastic mechanical failure by buckling under gravity (e.g., Christiansen, 1999).
The corresponding to buckling mechanism loading, the simplest model for terrestrial giants,
as an animal standing on one leg and subjected to increasing with weight gravitational force,
was proposed by Hokkanen (1986a). Although it has been clearly demonstrated that the
maximal body mass of terrestrial giants is not limited by axial critical forces, associated with
buckling mechanism of damage of naturally curved bones (e.g., Currey, 1967; Hokkanen,
1986a, b; Selker & Carter, 1989), the corresponding scaling pattern of the Euler’s force (e.g.,
Kokshenev et al., 2003, Eq. (1)) emerging under aforesaid dynamic conditions may survive
and even predominate at loads far from critical. Moreover, as one may infer from the reliable
observation of the effective pillar-type bone, the pattern of critical buckling force most likely
controls the limb elastic stress of animals, in which limb muscles function as to resist non-axial
external forces, through the proximal-distal functional gradients, evolutionary resulting in the
limb bone design mostly adapted to the axial-bone peak loading. Hence, when one considers
competitive patterns of functional elastic stresses in a certain effective bone of unknown
design, as discussed on general basis in Eq. (5), equally with the term of non-critical axial

stress σ
(max)
axial , which negative allometry (μaxial < 0) was predicted by σ

(pred)
axial ∝ M2/3−2d

(Kokshenev, 2007, Eq. (5), Table 3), one should not exclude the possibility of axial stress

predicted as σ
(ESM)
axial ∝ M2(d−l) (Kokshenev et al. 2003, Eq. (4)) underlying the pattern of

pillar-type bones.
Following the ESM (Fig. 6), the individual limb bones in L. africana are mostly influenced
by gravitational and ground reaction forces, generating buckling-type dynamic elastic stress

of the peak amplitude σ
(ESM)
axial . This finding is supported by our study of the competing

functional axial, bending and torsional stresses occurring in the limbs of the largest extinct
giants at similar critical states modeled by the maximal body masses of Asian and African
elephants, Elephantidae, and mammals as whole (Table 3, Fig. 1). Unlike the case of Asian
elephants and running mammals, the axial predominating stress becomes observable through
the maximal body mass of African elephants (Fig. 1A). As follows from Fig. 6, more reliable
observation of the stress similarity in African elephants, as well as bovids (McMahon, 1975b),

might be obtained when the scaling exponents μ
(pred)
axial = −0.05 and μ

(pred)
bend = 0.08 in Eq.

(16) are substituted by μ
(ESM)
0axial = 1/4 and μ

(ESM)
0bend = 1/8, predicted by McMahon’s elastic

similarity model. Since the exponent for critical axial stress is expected to be twice as high as
that for critical bending stress, we have thereby shown that in near-critical dynamic regimes
the buckling force effects appear to dominate over bending-torsional force effects. Since the

effective pillar-type limb bones, scaled to body mass as λ
(ESM)
0 = 2/3, are not ideal long

cylinders, the critical (yield-state) bending strains (Kokshenev et al., 2003; Eq. (4)) dynamically
transform into transient-state pure bending elastic strains (Kokshenev, 2007; Eq. (15)), as has
been explained earlier by Currey (1967).
The analysis of elastic peak forces developed in ideal solid cylinders indicated that various
conditions of application of external loads affect solely scaling factors, leaving unchanged
scaling exponents determining elastic force patterns (e.g., Kokshenev et al., 2003, Eq. (1))
employed above in rationalization of the functional stress in Eq. (5) when applied to extinct
animals. Unlike ideal cylinders, the individual long skeletal bones are mostly curved along the
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longitudinal axis in all but the largest extant mammals (Bertram & Biewener, 1988, 1992), and
even in the largest, elephant-sized theropod dinosaurs (e.g., Farlow et al., 1995; Christiansen,
1998). Hence, external loads produce a complex non-axial compression in long bones, causing
different components (axial and non-axial) of reactive (elastic) bending and torsional stresses.
Moreover, since the bone cross section is also not an ideal circle, near maximal bending stress
can be avoided via the transient non-critical dynamic regimes by deviation of the bone from
the sagittal plane, thereby decreasing bending stress through torsional stress (Kokshenev,
2007). Switching from bending deformation to out-off-plane torsion, such a mechanism
reduces the risk of limb damage, naturally increasing bone safety factors. In this study, the
stress in the non-uniformly loaded limbs of animals is modeled by an arbitrary composition
of axial, bending, and torsional stresses, as shown in Eq. (5).
Unlike the case of the ESM underlaid by Euler’s force, no explicit bending force pattern for
McMahon’s static stress similarity model (SSM, McMahon, 1975a) was established. Instead,
in the in vitro experimental studies of long bone strength the critical transverse-bone force has
been discussed as the perpendicular bending force that a bone can withstand without breaking
(e.g., Hokkanen, 1986b, Eq. (11)) under either three-point or cantilever loading (Selker &
Carter, 1989; Eq. (4)). In spite of that it was widely adopted that most fractures in limbs of
living animals are due to longitudinal-bone and transverse-bone torsional forces (e.g., Carter
et al., 1980; Rubin & Lanyon, 1982; Biewener et al., 1983; Biewener & Taylor, 1986; Selker &
Carter, 1989) such generalizations resulting in transverse-bending, longitudinal-bending, and
transverse-torsional elastic force patterns unified by the SSM have recently been established
and tested (Kokshenev, 2007, Eq. (17) and Table 3). In this study, we have repeatedly
demonstrated in Eq. (10) that the dynamic elastic stress similarity patterns (Kokshenev,
2007, Eq. (15)) can be observed through the effective (mammalian) limb bone design, which
appears to be common to both extant and extinct large animals (Fig. 6). It is well established
that the peak muscle contractions involved in locomotion are primarily responsible for
bending and torsional stresses in bones (Carter et al., 1980; Biewener, 1982). Consequently,
the definitive scaling equations of the SSM of long bones (McMahon, 1975a), completely
ignoring predominating muscular forces, required a modification as indicated by the bone
stress index (Selker & Carter, 1989; Table 2). When experimentally indicated modifications
have been provided through the gravitational forces substituted by external bending and
torsional muscle’s forces, the modified McMahon’s model (SSMM) had turned to be reliable,
i.e., observable through the bone allometry data from extant mammals (Kokshenev et al.,
2003, Fig. 1, dashed area 2; Kokshenev, 2003, Fig. 2) and extinct animals (Fig. 6, SSMM).
According to the SSMM, in the Elephantidae and in particular in E. maximus, the external bone
off-axial muscular forces, causing a complex bending-torsion elastic bone stress during fast
locomotion, provide a relatively high level of limb compliance conducted by the limb bones.
These qualitative SSMM predictions are well supported by the analysis illustrated in Fig. 1B.
Asian elephants are involved in torsional effects with the probability (0.35 ≤ τ ≤ 1) that on
average is twice as high as that (0 ≤ τ ≤ 0.65) of the largest extant African elephants (Table 3).
Relatively large domains of exploration of bending-torsional stress, completely excluding the
axial stress domain common to mammals, Proboscideans and Elephantidae (Table 3). These
distinct dynamically features of limb bone functions accomplished by different predominating
critical stresses result in distinct bone designs, as illustrated by the running-mammal and
pillar-like effective limb bones.
In Fig. 2, the maximal masses of some extinct giants, from the largest theropod (9-ton
Giganotosaurus and 8-ton Tyrannosaurus) to the largest sauropod (70-ton Argentinosaurus), are

66 Theoretical Biomechanics Evolution of Locomotor Trends in Extinct Terrestrial Giants Affected by Body Mass 19

scaled by the bending stress set up in the limbs of animals moving at critically low limb safety
factors. Our analysis, indicating probabilities of bending (β) and torsional (τ) limb stresses
as seen in various maximal body masses, is expected to establish a bridge between body
size traits 6 and 7 and other biomechanical traits established for dinosaurs and reviewed by
Hutchinson (2006). The anatomical data from bipedal (trait 5) theropods (long legs, long tibia
relative to femur, long metatarsus, and very large limb muscles) suggest that they had well
developed anatomical adaptations for running modes, as shown through the expected duty
factor in Table 1. These generally agree with the observation in Fig. 2 of Sauropoda in, say,
run-mode domain β > 0.5 > τ (we recall that τ = 1 − β) indicated by limbs adapted for peak
bending effects rather than peak torsional effects. Anatomy leaves no doubt whatsoever that
all sauropods (trait 4) were capable of progression with a walking gait only, which generally
determines the walk-mode domain τ > 0.5 > β. The established trends linked to locomotor
characterization of the limbs of giants, developing with body mass (trait 6) are supported
by changes in competing biomechanical traits: from striding bipedalism (trait 5), related to
good bipedal running ability (trait 23) to quadrupedalism (trait 4) through decreasing bipedal
running ability (22). Likewise, the trend of changes in posture, pose, and limb proportions
with body mass (varying from corresponding traits 1, 9, and 30 to traits 2, 8, and 31) could
also be elucidated through the limb stress indicators.3 A crossover between giants found in
run-mode and walk-mode domains during the evolution of competitive locomotory traits
is indicated by the transient indicators τ ≈ β ≈ 0.5, corresponding approximately to the
Elephantidae (Fig. 2), whose limbs are expected to be biomechanically adapted to the transient
(walk-to-run) dynamic similarity states.
In Fig. 3, the analysis of locomotor traits from Fig. 2 for the largest extinct giants
is extended to smaller giants, belonging to the same anatomical type and large-scale
taxon (e.g., family, order). When the critical (and near-critical) body mass criterion of
the similarity in evolution of locomotory trends is adopted, the largest representatives
of the taxa Titanosauria, Diplodocoidea, Titanosauriformes, Elephantidae, non-elephantid,
proboscideans (a paraphyletic group of morphologically comparable taxa), Perissodactyla,
Hadrosauridae, Carnosauria, and Coelurosauria are treated as locomotory patterns of similarity
presented by biomechanically similar animals having limbs adaptively designed to explore
the bending and torsion stresses in the strict narrow domains indicated (Fig. 2) by the
corresponding probabilities β and τ. For example, the dynamic similarity pattern of
Mammuthus trogontherii (Fig. 2) is now extended by the Elephantidae, including the largest
extant 10-ton African and 8-ton Asian elephants (Fig. 3). Being analyzed by the body safety
function in Eq. (16), where τ �= 1 − β, these two compared elephants also differ in the mean
stress indicators τ

(mean)
A f rican ≈ β

(mean)
A f rican < 0.5, for African elephant, and τ

(mean)
Asian ≈ β

(mean)
Asian > 0.5,

for Asian elephant (Table 3, Fig. 1B). These different limb bone traits imply that even though
both elephants generally fall into the transient walk-to-run evolutionary domain indicated by

τ
(mean)
eleph ≈ β

(mean)
eleph , Asian elephants, showing β

(mean)
Asian > 0.5, reminiscent of running mammals

rather than walking animals. In contrast, African elephants fall into the domain of walkers

indicated by β
(mean)
A f rican < 0.5.

3 In this context, the set of traits (6, 8, 31) suggested for the Carnosauria by Hutchinson et al. (2006)
should be likely substituted by the set (7, 9, 30), if this group is indeed characteristic of the non-avian
Theropoda as whole.

67Evolution of Locomotor Trends in Extinct Terrestrial Giants Affected by Body Mass



18 Will-be-set-by-IN-TECH

longitudinal axis in all but the largest extant mammals (Bertram & Biewener, 1988, 1992), and
even in the largest, elephant-sized theropod dinosaurs (e.g., Farlow et al., 1995; Christiansen,
1998). Hence, external loads produce a complex non-axial compression in long bones, causing
different components (axial and non-axial) of reactive (elastic) bending and torsional stresses.
Moreover, since the bone cross section is also not an ideal circle, near maximal bending stress
can be avoided via the transient non-critical dynamic regimes by deviation of the bone from
the sagittal plane, thereby decreasing bending stress through torsional stress (Kokshenev,
2007). Switching from bending deformation to out-off-plane torsion, such a mechanism
reduces the risk of limb damage, naturally increasing bone safety factors. In this study, the
stress in the non-uniformly loaded limbs of animals is modeled by an arbitrary composition
of axial, bending, and torsional stresses, as shown in Eq. (5).
Unlike the case of the ESM underlaid by Euler’s force, no explicit bending force pattern for
McMahon’s static stress similarity model (SSM, McMahon, 1975a) was established. Instead,
in the in vitro experimental studies of long bone strength the critical transverse-bone force has
been discussed as the perpendicular bending force that a bone can withstand without breaking
(e.g., Hokkanen, 1986b, Eq. (11)) under either three-point or cantilever loading (Selker &
Carter, 1989; Eq. (4)). In spite of that it was widely adopted that most fractures in limbs of
living animals are due to longitudinal-bone and transverse-bone torsional forces (e.g., Carter
et al., 1980; Rubin & Lanyon, 1982; Biewener et al., 1983; Biewener & Taylor, 1986; Selker &
Carter, 1989) such generalizations resulting in transverse-bending, longitudinal-bending, and
transverse-torsional elastic force patterns unified by the SSM have recently been established
and tested (Kokshenev, 2007, Eq. (17) and Table 3). In this study, we have repeatedly
demonstrated in Eq. (10) that the dynamic elastic stress similarity patterns (Kokshenev,
2007, Eq. (15)) can be observed through the effective (mammalian) limb bone design, which
appears to be common to both extant and extinct large animals (Fig. 6). It is well established
that the peak muscle contractions involved in locomotion are primarily responsible for
bending and torsional stresses in bones (Carter et al., 1980; Biewener, 1982). Consequently,
the definitive scaling equations of the SSM of long bones (McMahon, 1975a), completely
ignoring predominating muscular forces, required a modification as indicated by the bone
stress index (Selker & Carter, 1989; Table 2). When experimentally indicated modifications
have been provided through the gravitational forces substituted by external bending and
torsional muscle’s forces, the modified McMahon’s model (SSMM) had turned to be reliable,
i.e., observable through the bone allometry data from extant mammals (Kokshenev et al.,
2003, Fig. 1, dashed area 2; Kokshenev, 2003, Fig. 2) and extinct animals (Fig. 6, SSMM).
According to the SSMM, in the Elephantidae and in particular in E. maximus, the external bone
off-axial muscular forces, causing a complex bending-torsion elastic bone stress during fast
locomotion, provide a relatively high level of limb compliance conducted by the limb bones.
These qualitative SSMM predictions are well supported by the analysis illustrated in Fig. 1B.
Asian elephants are involved in torsional effects with the probability (0.35 ≤ τ ≤ 1) that on
average is twice as high as that (0 ≤ τ ≤ 0.65) of the largest extant African elephants (Table 3).
Relatively large domains of exploration of bending-torsional stress, completely excluding the
axial stress domain common to mammals, Proboscideans and Elephantidae (Table 3). These
distinct dynamically features of limb bone functions accomplished by different predominating
critical stresses result in distinct bone designs, as illustrated by the running-mammal and
pillar-like effective limb bones.
In Fig. 2, the maximal masses of some extinct giants, from the largest theropod (9-ton
Giganotosaurus and 8-ton Tyrannosaurus) to the largest sauropod (70-ton Argentinosaurus), are
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scaled by the bending stress set up in the limbs of animals moving at critically low limb safety
factors. Our analysis, indicating probabilities of bending (β) and torsional (τ) limb stresses
as seen in various maximal body masses, is expected to establish a bridge between body
size traits 6 and 7 and other biomechanical traits established for dinosaurs and reviewed by
Hutchinson (2006). The anatomical data from bipedal (trait 5) theropods (long legs, long tibia
relative to femur, long metatarsus, and very large limb muscles) suggest that they had well
developed anatomical adaptations for running modes, as shown through the expected duty
factor in Table 1. These generally agree with the observation in Fig. 2 of Sauropoda in, say,
run-mode domain β > 0.5 > τ (we recall that τ = 1 − β) indicated by limbs adapted for peak
bending effects rather than peak torsional effects. Anatomy leaves no doubt whatsoever that
all sauropods (trait 4) were capable of progression with a walking gait only, which generally
determines the walk-mode domain τ > 0.5 > β. The established trends linked to locomotor
characterization of the limbs of giants, developing with body mass (trait 6) are supported
by changes in competing biomechanical traits: from striding bipedalism (trait 5), related to
good bipedal running ability (trait 23) to quadrupedalism (trait 4) through decreasing bipedal
running ability (22). Likewise, the trend of changes in posture, pose, and limb proportions
with body mass (varying from corresponding traits 1, 9, and 30 to traits 2, 8, and 31) could
also be elucidated through the limb stress indicators.3 A crossover between giants found in
run-mode and walk-mode domains during the evolution of competitive locomotory traits
is indicated by the transient indicators τ ≈ β ≈ 0.5, corresponding approximately to the
Elephantidae (Fig. 2), whose limbs are expected to be biomechanically adapted to the transient
(walk-to-run) dynamic similarity states.
In Fig. 3, the analysis of locomotor traits from Fig. 2 for the largest extinct giants
is extended to smaller giants, belonging to the same anatomical type and large-scale
taxon (e.g., family, order). When the critical (and near-critical) body mass criterion of
the similarity in evolution of locomotory trends is adopted, the largest representatives
of the taxa Titanosauria, Diplodocoidea, Titanosauriformes, Elephantidae, non-elephantid,
proboscideans (a paraphyletic group of morphologically comparable taxa), Perissodactyla,
Hadrosauridae, Carnosauria, and Coelurosauria are treated as locomotory patterns of similarity
presented by biomechanically similar animals having limbs adaptively designed to explore
the bending and torsion stresses in the strict narrow domains indicated (Fig. 2) by the
corresponding probabilities β and τ. For example, the dynamic similarity pattern of
Mammuthus trogontherii (Fig. 2) is now extended by the Elephantidae, including the largest
extant 10-ton African and 8-ton Asian elephants (Fig. 3). Being analyzed by the body safety
function in Eq. (16), where τ �= 1 − β, these two compared elephants also differ in the mean
stress indicators τ

(mean)
A f rican ≈ β

(mean)
A f rican < 0.5, for African elephant, and τ

(mean)
Asian ≈ β

(mean)
Asian > 0.5,

for Asian elephant (Table 3, Fig. 1B). These different limb bone traits imply that even though
both elephants generally fall into the transient walk-to-run evolutionary domain indicated by

τ
(mean)
eleph ≈ β

(mean)
eleph , Asian elephants, showing β

(mean)
Asian > 0.5, reminiscent of running mammals

rather than walking animals. In contrast, African elephants fall into the domain of walkers

indicated by β
(mean)
A f rican < 0.5.

3 In this context, the set of traits (6, 8, 31) suggested for the Carnosauria by Hutchinson et al. (2006)
should be likely substituted by the set (7, 9, 30), if this group is indeed characteristic of the non-avian
Theropoda as whole.
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The top-speed dynamic regimes, broadly related to maximal body mobility, should not be
expected for large animals (Garland, 1983; Christiansen, 2002b) especially if they move at near
critical conditions. Within the framework of the current approach to critical locomotion, the
top speed of the fastest land mammal, the cheetah (Sharp, 1997), conventionally separating
small and large fast-running animals (Jones & Lindstedt, 1993) and possibly determining
a crossover in mammalian scaling trends of the appendicular skeleton (Christiansen, 1999),
corresponds to the non-critical domain of body safety function discussed in Eq. (16) and the
data Smobil = 3/2 (Kokshenev, 2007) for the body mobility function discussed in Eq. (18).
The non-critical linear dynamic similarity as seen in optimal locomotion by stride speeds

V(mod)
opt ∼ M1/6and natural frequencies T(exp)−1

opt ∼ M1/6 in running bipeds (Gatesy &
Biewener, 1991) and trotting and galloping quadrupeds (Heglund & Taylor, 1988; Farley et
al., 1993) can be explained by the optimal-speed regime of muscle activation shown in Table
4. As such, dynamic similarity was shown (Kokshenev, 2009, 2010, 2011a) to be determined
by minimum mechanical muscle action controlled during contractions by the condition of
linear dynamic-length changes with muscle length Lm (Table 4). The non-critical bilinear
dynamic regime (maximum-power regime, Table 4) was proven to be responsible for muscle
design adaptation to the primary locomotory functions (Kokshenev, 2008), whereas the higher
non-linear regime of contraction of fast and slow muscles is associated here with near critical

loading dynamic conditions (1 < Smobil ≤ 1.1, Fig. 3) resulting in model speeds V(mod)
walk ∼

M−1/3
max and V(mod)

run ∼ M−1/6
max , which follow from Table 4. When the near critical regime speeds

are compared with maximal speeds (limited by 2 m/s for large quadrupedal sauropods and
by 4 m/s for bipedal dinosaurs) obtained by Tulborn (1990) using graphs of relative stride

length against Froude number (Alexander, 1976), the estimates V(mod)
walk = 8.3M−1/3

max and

V(mod)
run = 8.1M−1/6

max (masses are taken in tons) for the relatively slow-walking Argentinosaurus
and slow-running Giganotosaurus (Table 1) are suggested. However, these estimates do not
corroborate the idea of a continuos-speed evolution in gaits during a crossover from striding
bipedalism (trait 5) to quadrupedalism (trait 4), as generally expected near the crossover-gait
duty factor of around one half (Table 1) at a transient critical mass of around 25 tons (Fig.
2). Indeed, the estimates suggested for speeds within the scenario of a one-step continuous
transition are not consistent, since they do not match when taken at the transient critical mass.
We therefore propose a two-step scenario for evolution of locomotory functions: from (i) good
bipedal running ability (trait 23), via (ii) decreasing bipedal running ability (trait 22), to (iii)
quadrupedalism (trait 4).
Instead of speeds, the study of locomotor dynamic similarity in different-sized animals
through Froude numbers is more appropriate (Alexander, 1976; Alexander & Jayes, 1983,
Gatesy & Biewener, 1991). Most mammals appear to change their gait from walking to
running discontinuously (abruptly) at a duty factor close to one half and Froude numbers
below one (Ahlborn & Blake, 2002; Alexander & Jayes, 1983, Gatesy & Biewener, 1991). Extant

elephants, however, exhibit a continuous walk-to-run transition at magnitudes Fr(exp)
w-r ≈ 1

(Hutchinson et al., 2006; for comparative analysis of quadrupeds see Kokshenev, 2011b, Fig.
1). Mapping this transient-state similarity point onto the transient critical mass discussed
in the context of similarity in locomotor evolution in extinct giants, Eq. (23) describes
the crossover from striding bipedalism (trait 5) to quadrupedalism (trait 4). Then, when
introducing the two-step evolution scenario via locomotor traits 23→ 22→ 24 (Fig. 4) in
the run-mode domain (0.5 < β ≤ 1), we determine two locomotory patterns: (i) good
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runners capable of showing relatively high numbers Fr(mod)
run > 1.5, since they have limbs

mostly subjected to and, thus, adapted to near-critical bending stress of the domain, say,
0.8 � β < 1, and (ii) poor runners attributed to Froude numbers lying in the transient-state

domain 1 < Fr(mod)
w-r ≤ 1.5 and using moderate bending and moderate torsional stress

indicated by 0.5 < β � 0.8 . The walk-mode domain (0 < β ≤ 0.5) establishes the locomotory

pattern of (iii) walkers, for which Fr(mod)
walk ≤ 1 is generally expected. The suggested scenario of

evolution in giants of gait-dependent Froude function Fr(M) is found to be in good agreement

with the data Fr(exp)
Tyrus = 2.10 (shown by star in Fig. 4B) for the experimentally modeled

6-ton Tyrannosaurus showing relatively high running speed 8 m/s (Sellers & Manning, 2007).
One may also expect that more reliable estimates for critical speeds discussed above could be
derived from the predicted Froude numbers (Fig. 4B) by re-scaling method.
It generally follows from Fig. 4 that with increasing body mass the evolution of locomotory
patterns from good runners through poor runners to walkers is controlled by decreasing bending
stress and increasing torsional elastic stress in the limbs. Based on the corresponding
indicators β and τ, we are broadly able to characterize the accompanied evolution in
postures and limb proportions, changing in striding running bipeds from (i) erect posture
(trait 1) and more cursorial limbs (trait 30) to (iii) sprawling, or less erect posture (trait 2)
and less cursorial limb proportions (trait 31), attributed to quadrupeds. The intermediate
biped-to-quadruped locomotory evolution indicated by near equal proportions of moderate
bending and torsional stress in limbs, may roughly be approached by elephantid and
non-elephantid proboscideans, having rather short and compact bodies and fairly long limbs;
these animals were undoubtedly not fast running with a suspended phase and therefore are
found (Fig. 4) to be poor runners (trait 22). The largest land animal, Argentinosaurus, certainly
could not run at all, but grouping in the walk-mode domain, it may be broadly regarded as
having been a good walker.
While locomotor ability is provided by the relative body force output, body mobility is
generally associated with the corresponding reaction-body elastic force, provided in most
part by limb bone elastic forces. The evolution of body mobility, resulting from turning and
bending limb mobilities, moderately decreasing with body mass (Fig. 5), is concomitant with
a suggested evolution from striding bipedalism (trait 5) to quadrupedalism (trait 4). The
walking and running mobilities are distinguished through the walk-mode and run-mode
domains of the bone-stress similarity indicators. The animals considered by Hutchinson
(2006) to possess good running abilities (trait 23) as well as improved turning abilities (trait
25) are presented (Figs. 4 and 5) by a single pattern of good runners, which relatively high
mobility is due to bending effects exceeding torsional effects in the limb bones. The animals
characterized by poor turning ability (trait 24) and poor bending ability are treated as walkers
constrained by relatively high-level torsional elastic stress developed in long bones.
As can be inferred from Fig. 5, smaller quadrupedal giants from the Proboscidea, poorly
running elephants at relatively high safety factors, may expose the same body mobility as
the slow running largest bipedal giants of the Theropoda, operating close to critical levels.
The body mobility of extinct elephants, moving at near critical levels, e.g., presented by
Deinotherium giganteum (Fig. 5), is one-fourth of that of running African and Asiatic elephants
(Kokshenev, 2011b, Fig. 2).
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5. Conclusion

We hope to have shown how a simple theoretical treatment of the similarities in the peak
functional stress reliably established for the effective mammalian limb bone may provide new
generalizations in the evolution with body mass of locomotory trends in extinct terrestrial
giants, accompanied by evolution in postures and limb proportions affected by maximal body
mass through limb-bone adaptations to primary locomotor body functions.
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1. Introduction

The application of nonlinear tools and advanced statistical methods is becoming more
prevalent in biomechanical analyses. In a traditional biomechanics laboratory with motion
analysis equipment, large amounts of kinematic data can be collected relatively easily.
However, a significant gap exists between all the data that are collected and the data that
are actually analyzed. Because movements occur over a period of time, whether seconds
or minutes, each movement is represented by a continuous series of kinematic data (e.g.,
60 or 120 observations per second). Using standard analytic methods, the continuous data
associated with each movement are often reduced to a single discrete number. This reduction
to a single summary value, such as a peak flexion, extension, or range of motion, excludes
potentially valuable information. Reducing a curve representing hip motion during gait to
a single range of motion value, for example, precludes the analysis of the entire movement
pattern or the timing of the movement. A handful of investigations have recognized this
limitation and have begun using functions to maintain the shape and timing of the movement
in the analysis.
The primary purpose of this chapter is to introduce an emerging collection of statistical
methods called Functional Data Analysis (FDA). FDA is distinct from traditional analytic
methods because how data changes continuously over time can be assessed. Therefore,
information in continuous signals can be retained, such as changes in joint angles or in
landmark positions during a movement task. FDA can be used for both exploratory and
hypothesis driven analyses with traditional multivariate statistical methods that have been
modified for functional predictor and response variables. Although representing motion data
as a set of functions is not new to biomechanics analyses (Chester & Wrigley, 2008; Deluzio
& Astephen, 2007; Landry et al., 2007; Lee et al., 2009; Sadeghi et al., 2002; 2000), statistical
methods developed specifically for analyzing these functions have not been available. More
recently, FDA methods have been used within biomechanics to study mastication (Crane et al.,
2010), back pain (Page et al., 2006), as well as age, gender, and speed effects on walking
(Røislien et al., 2009). Given the interest in and need for treating motion data as functions,
it is important that methods for analyzing a set a functions using emerging statistical methods
are brought to the attention of those in the biomechanics community.
Although several excellent references exist for Functional Data Analysis (Ramsay, 2000;
Ramsay et al., 2009; Ramsay & Silverman, 2002; 2005) there are important issues for
biomechanists to be aware of when implementing this set of statistical tools. Therefore, the
aims of this chapter are to provide an overview of the steps associated with FDA, to focus on
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issues related to aligning curves from cyclical data, to discuss specific statistical techniques,
and finally to provide an example of how to implement the techniques introduced in the
chapter.

2. Overview of basic FDA procedures

There are four primary procedures in FDA: transforming data into functions, smoothing
functions, registering functions, and analysis. The purpose of this section is to provide
a conceptual introduction to each of these procedures. Open source tools are available
for performing the procedures described in this chapter using R statistical software (R
Development Core Team, 2010) along with the freely available fda library (Ramsay et al., 2010).

2.1 Transforming data into functions
The first step in FDA is transforming the captured time series data into functions. For
cyclical behaviors such as locomotion or mastication, it is common to begin by dividing a long
sequence of motion data captured during walking or chewing into individual cycles (Fig. 1).

Fig. 1. Displacement data representing a time series of chewing kinematics captured using an
optoelectronic motion capture system.

Each cycle is then transformed into a function. Therefore, if one cycle was represented by
n observations, by transforming those data points into a function, the behavior can now be
considered a single functional observation (Fig. 2).
In Functional Data Analysis, functions are represented as a linear combination of a set of basis
functions (see Equation 1).

f (t) =
K

∑
k=1

ckφk(t) (1)

One of the first decisions that must be made is the type of basis system to use to represent the
data. Typical selections are Fourier and spline basis systems, but others such as polynomials
or wavelets can also be used. A Fourier basis system is typically used for periodic data, while
splines (in particular b-splines) are used for non-periodic data. For K basis functions, there
will be K corresponding coefficients. As the number of basis functions used to model the
behavior increases, complexity also increases. While increasing the number of basis functions
can produce an excellent fit to the data, the complexity of the function increases computational
time for certain procedures and can increase the analytical complexity and interpretation.
An important advantage of transforming discrete data into functions is the ease with which
derivatives can be computed and assessed, a common task in biomechanical analyses (Fig.
3). Two points should be given consideration when transforming data into functions if
derivatives are going to be used. First, end point error can be amplified in derivatives (see
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Fig. 2. A single chewing cycle. Dots indicate the recorded observations while the line
represents the function that was fit to the observed data.

Section 2.2 for one possible solution to this issue). Second, wild fluctuations in the data can be
amplified as a result of the basis system selected.

Fig. 3. Functions representing displacement, velocity, and acceleration for a single chewing
cycle.

2.2 Smoothing
Functions can be smoothed by minimizing the number of basis functions and using regression
analysis or by using a roughness penalty approach. Regression splines use a least squares
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issues related to aligning curves from cyclical data, to discuss specific statistical techniques,
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Fig. 1. Displacement data representing a time series of chewing kinematics captured using an
optoelectronic motion capture system.
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f (t) =
K

∑
k=1

ckφk(t) (1)
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can produce an excellent fit to the data, the complexity of the function increases computational
time for certain procedures and can increase the analytical complexity and interpretation.
An important advantage of transforming discrete data into functions is the ease with which
derivatives can be computed and assessed, a common task in biomechanical analyses (Fig.
3). Two points should be given consideration when transforming data into functions if
derivatives are going to be used. First, end point error can be amplified in derivatives (see
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2.2 Smoothing
Functions can be smoothed by minimizing the number of basis functions and using regression
analysis or by using a roughness penalty approach. Regression splines use a least squares
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estimation process. The advantage of regression splines is their simplicity. However, the use of
a large number K of basis functions relative to the number of data points in the curve tends to
overfit the data. Conversely, using a small number of regression splines risks losing localized
functional features. Further, regression splines can produce end-point error in derivative
estimates. Thus, regression splines can work well when simplicity is important, but have
limitations for more complex cases.
An alternative to using regression splines to smooth the data is an approach that smoothes
the data using a roughness penalty. With this approach it is common to have one basis
function for each observation in the curve. Because this curve may contain noise, which can be
especially amplified in derivatives, a measure of function complexity is penalized to impose
smoothness. Unlike regression splines, the roughness penalty approach uses a large number
of basis functions without overfitting or sigularity problems. Figure 4 illustrates the same
curve fit with each type of smoothing.

Fig. 4. The left plot overlays raw data (dashed line) from a chewing cycle with a function
(solid line) fit to the data using a regression spline. The right plot overlays the same raw data
(dashed line) with a function (solid line) fit to the data using a roughness penalty approach.

For further discussion and computational details related to smoothing see Ramsay et al.
(2009). Briefly, the roughness of a curve f is typically measured as the integrated squared
second derivative (Equation 2).

ROUGH( f ) =
∫
[D2 f (t)]2dt (2)

In Equation 2, [D2 f (t)]2 is a measure of roughness of function f at value time t. The idea is
that when a function contains noise, the noise is amplified in the second derivative. Therefore,
the square of the second derivative will be large where noise is present in the curve. To create
the smooth curve, a multiple of the roughness penalty is applied to the error sum of squares
and a smoothing parameter λ is used to specify the degree of penalty. As λ approaches 0, the
fit of the function to the observations improves.
Whether data are filtered using more traditional methods, such as digital filters, or are
smoothed using regression splines or a roughness penalty approach, it is important to note
that each of these smoothing techniques has the potential to impact the location of specific and
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biologically relevant points in the curve (Fig. 5). While this may seem obvious, it is important
to understand the possible sources of noise introduced by the measurement technique as
well as how the data smoothing method modified the curve to reduce the noise. We note
that different techniques can produce different results that may affect interpretation of the
behavior and analysis. This is illustrated below with a chewing cycle. Within a cycle, there are
four biologically relevant phases and, therefore, three transition points between phases. The
four phases, in order shown in Figure 5, are fast close (FC), slow close (SC), slow open (SO),
and fast open (FO). When two different smoothing techniques are applied to the same curve
prior to identifying the location of the transition points between these phases, it is clear how
the smoothing technique can substantially change the location of these points.

Fig. 5. From left to right are the FC-SC, maximum close, and SO-FO transitions. Dashed lines
represent the location of transitions identified after regression spline smoothing and solid
lines represent the location of transitions identified after roughness penalty smoothing.

2.3 Registering functions - Curve alignment
An important curve that many biomechanists generate is a mean curve to represent a specific
behavior. It is well known that when a curve contains both phase and amplitude variation,
they can not be easily compared and an average curve does not accurately represent the true
behavior (Fig. 6). Therefore, the purpose of curve alignment is to reduce phase variability
while preserving the curves shape and amplitude. A common method for aligning curves
used in biomechanics applications is a linear time normalization procedure. An analogous
procedure exists in Function Data Analysis called registration. Curves can be registered using
a continuous method or by using landmarks. Both approaches use time warping functions,
which align curves to minimize phase variation. Two curves are perfectly aligned if they differ
only in amplitude. If f1 and f2 are perfectly aligned, then the plot of f1(t) versus f2(t) will
yield a straight line. Continuous registration uses an iterative numerical approach to choose
time warping functions that maximize the proportionality of all the functional observations.
The algorithm begins by aligning each individual curve in the set of curves to the group
average curve. Once the new set of aligned curves is generated, a new average curve is
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estimation process. The advantage of regression splines is their simplicity. However, the use of
a large number K of basis functions relative to the number of data points in the curve tends to
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estimates. Thus, regression splines can work well when simplicity is important, but have
limitations for more complex cases.
An alternative to using regression splines to smooth the data is an approach that smoothes
the data using a roughness penalty. With this approach it is common to have one basis
function for each observation in the curve. Because this curve may contain noise, which can be
especially amplified in derivatives, a measure of function complexity is penalized to impose
smoothness. Unlike regression splines, the roughness penalty approach uses a large number
of basis functions without overfitting or sigularity problems. Figure 4 illustrates the same
curve fit with each type of smoothing.
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(solid line) fit to the data using a regression spline. The right plot overlays the same raw data
(dashed line) with a function (solid line) fit to the data using a roughness penalty approach.

For further discussion and computational details related to smoothing see Ramsay et al.
(2009). Briefly, the roughness of a curve f is typically measured as the integrated squared
second derivative (Equation 2).

ROUGH( f ) =
∫
[D2 f (t)]2dt (2)

In Equation 2, [D2 f (t)]2 is a measure of roughness of function f at value time t. The idea is
that when a function contains noise, the noise is amplified in the second derivative. Therefore,
the square of the second derivative will be large where noise is present in the curve. To create
the smooth curve, a multiple of the roughness penalty is applied to the error sum of squares
and a smoothing parameter λ is used to specify the degree of penalty. As λ approaches 0, the
fit of the function to the observations improves.
Whether data are filtered using more traditional methods, such as digital filters, or are
smoothed using regression splines or a roughness penalty approach, it is important to note
that each of these smoothing techniques has the potential to impact the location of specific and
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biologically relevant points in the curve (Fig. 5). While this may seem obvious, it is important
to understand the possible sources of noise introduced by the measurement technique as
well as how the data smoothing method modified the curve to reduce the noise. We note
that different techniques can produce different results that may affect interpretation of the
behavior and analysis. This is illustrated below with a chewing cycle. Within a cycle, there are
four biologically relevant phases and, therefore, three transition points between phases. The
four phases, in order shown in Figure 5, are fast close (FC), slow close (SC), slow open (SO),
and fast open (FO). When two different smoothing techniques are applied to the same curve
prior to identifying the location of the transition points between these phases, it is clear how
the smoothing technique can substantially change the location of these points.

Fig. 5. From left to right are the FC-SC, maximum close, and SO-FO transitions. Dashed lines
represent the location of transitions identified after regression spline smoothing and solid
lines represent the location of transitions identified after roughness penalty smoothing.

2.3 Registering functions - Curve alignment
An important curve that many biomechanists generate is a mean curve to represent a specific
behavior. It is well known that when a curve contains both phase and amplitude variation,
they can not be easily compared and an average curve does not accurately represent the true
behavior (Fig. 6). Therefore, the purpose of curve alignment is to reduce phase variability
while preserving the curves shape and amplitude. A common method for aligning curves
used in biomechanics applications is a linear time normalization procedure. An analogous
procedure exists in Function Data Analysis called registration. Curves can be registered using
a continuous method or by using landmarks. Both approaches use time warping functions,
which align curves to minimize phase variation. Two curves are perfectly aligned if they differ
only in amplitude. If f1 and f2 are perfectly aligned, then the plot of f1(t) versus f2(t) will
yield a straight line. Continuous registration uses an iterative numerical approach to choose
time warping functions that maximize the proportionality of all the functional observations.
The algorithm begins by aligning each individual curve in the set of curves to the group
average curve. Once the new set of aligned curves is generated, a new average curve is

81Functional Data Analysis for Biomechanics



6 Will-be-set-by-IN-TECH

calculated and the set of aligned curves are aligned again to the new average curve. See
Ramsay & Silverman (2005) for further details.
Landmark registration is in many ways a simpler form of registering a set of curves.
A landmark is defined as a point that is identifiable in every curve. This may be a
minima, maxima, or zero crossing. Landmark registration aligns all specified landmarks
by transforming time for each curve so that the landmarks occur in the same location. A
common procedure for landmark registration is to first identify the location of the landmark
of interest for each individual curve. Next, an average of these landmarks is calculated.
Finally, time is transformed for each curve such that the identified landmark occurs at the
average location. Although landmark registration is computationally less intensive than
continuous registration, there is an upfront data processing cost to identifying the location
of the landmark(s) for each individual curve.

Fig. 6. A set of five curves illustrating the effect of curve alignment. Without alignment the
average curve does not provide an accurate representation of the behavior.

Whether continuous registration or landmark registration is used, the outcomes include a new
set of aligned curves as well as time warping functions. The time warping functions contain
information about how phase was adjusted. A unique time warping function is associated
with each individual curve. Figure 7 shows the warping functions associated with each of the
registered curves.
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Fig. 7. This figure shows the warping functions associated with each of the registered curves.

2.4 Statistical tests
An important advantage of treating the behavior as a function rather than n discrete data
points is that the data do not have to be reduced to a single number to be analyzed. For
example, it is common to identify peak flexion or extension or range of motion for analysis
using traditional multivariate statistical methods. However, reducing the data into one or two
descriptive statistics, such as an average, maxima, or minima, eliminates a large amount of
valuable information that cannot be summarized with one number. In traditional multivariate
statistics, high correlation among predictor variables causes unstable results. Because the
points of a curve in a time series are highly correlated, putting all of the points representing
the curve into a multivariate analysis could result in severe collinearity. By using FDA and
representing each curve as a function, it is possible to use a functional analogue of traditional
methods without the problem of collinearity. An example is provided in Section 4.

3. Important considerations for curve registration

3.1 What makes a curve suitable for registration?
One advantage of FDA is that position variables, as well as their time derivatives, are all
possibilities that can be considered for use in registration. However, there are characteristics
associated with curves that improve registration. The presence or absence of these
characteristics can suggest whether position or derivative variables should be used. The
main consideration is that curves with characteristic features such as maxima, minima, or
inflection points result in a set of registered curves with less phase variability compared
to registering a set of curves without one or more of these features, particularly during
continuous registration.
The issue of having a peak or inflection point that can be used for registration purposes
is an important one. Take, for example, position data representing a chewing cycle. The
chewing cycle can be defined two different ways, from maximum open to maximum open

83Functional Data Analysis for Biomechanics



6 Will-be-set-by-IN-TECH

calculated and the set of aligned curves are aligned again to the new average curve. See
Ramsay & Silverman (2005) for further details.
Landmark registration is in many ways a simpler form of registering a set of curves.
A landmark is defined as a point that is identifiable in every curve. This may be a
minima, maxima, or zero crossing. Landmark registration aligns all specified landmarks
by transforming time for each curve so that the landmarks occur in the same location. A
common procedure for landmark registration is to first identify the location of the landmark
of interest for each individual curve. Next, an average of these landmarks is calculated.
Finally, time is transformed for each curve such that the identified landmark occurs at the
average location. Although landmark registration is computationally less intensive than
continuous registration, there is an upfront data processing cost to identifying the location
of the landmark(s) for each individual curve.

Fig. 6. A set of five curves illustrating the effect of curve alignment. Without alignment the
average curve does not provide an accurate representation of the behavior.

Whether continuous registration or landmark registration is used, the outcomes include a new
set of aligned curves as well as time warping functions. The time warping functions contain
information about how phase was adjusted. A unique time warping function is associated
with each individual curve. Figure 7 shows the warping functions associated with each of the
registered curves.
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Fig. 7. This figure shows the warping functions associated with each of the registered curves.

2.4 Statistical tests
An important advantage of treating the behavior as a function rather than n discrete data
points is that the data do not have to be reduced to a single number to be analyzed. For
example, it is common to identify peak flexion or extension or range of motion for analysis
using traditional multivariate statistical methods. However, reducing the data into one or two
descriptive statistics, such as an average, maxima, or minima, eliminates a large amount of
valuable information that cannot be summarized with one number. In traditional multivariate
statistics, high correlation among predictor variables causes unstable results. Because the
points of a curve in a time series are highly correlated, putting all of the points representing
the curve into a multivariate analysis could result in severe collinearity. By using FDA and
representing each curve as a function, it is possible to use a functional analogue of traditional
methods without the problem of collinearity. An example is provided in Section 4.

3. Important considerations for curve registration

3.1 What makes a curve suitable for registration?
One advantage of FDA is that position variables, as well as their time derivatives, are all
possibilities that can be considered for use in registration. However, there are characteristics
associated with curves that improve registration. The presence or absence of these
characteristics can suggest whether position or derivative variables should be used. The
main consideration is that curves with characteristic features such as maxima, minima, or
inflection points result in a set of registered curves with less phase variability compared
to registering a set of curves without one or more of these features, particularly during
continuous registration.
The issue of having a peak or inflection point that can be used for registration purposes
is an important one. Take, for example, position data representing a chewing cycle. The
chewing cycle can be defined two different ways, from maximum open to maximum open
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or maximum close to maximum close (Fig. 8). Defining the cycle from maximum close to
maximum close produces a curve without characteristic features needed for registration. It
is important to consider that position data may not always have characteristic features that
are needed for registration, yet using position data is sometimes important for a particular
analysis. The absence of a characteristic feature can be ameliorated in cyclical position data
by two possible methods. First, one can consider dividing cycles using a different start and
end event that may adjust the cycle to include a clearly defined maxima, minima, or zero
crossing within the cycle. Second, a derivate of the position curves can be estimated and these
derivative curves can be aligned. Once the derivative curves are aligned, the resulting time
transformation information associated with each curve can be used to register the position
curves. To illustrate the difference the selection of start and end events can make in the shape
of the curve, Figure 8 is an example of a cycle that begins and ends with the teeth together
(i.e., maximum close). Maximum opening represents the characteristics feature that can be
used for registration. Therefore, a clearly defined minima is present in the displacement data.
This curve can be compared to a chewing cycle that begins and ends with maximum open (see
Fig. 2)

Fig. 8. Example chewing cycle define from maximum close to maximum close.

3.2 Is time normalization necessary?
As previously discussed, when curve alignment is required prior to an analysis, there are three
registration methods from which to select: linear time normalization, continuous registration,
and landmark registration. However, an issue occurs when working with cyclical data
that require time normalization prior to continuous or landmark registration. That is, a
prerequisite of the FDA registration procedures is that all curves have the same time interval.
Three methods can be considered for achieving this prerequisite when cycles have variable
durations.
The first method is a procedure used by Page et al. (2006) for creating a common time interval
across all cycles. Their procedure recommends completing the raw data with a suitable
number of pairs so that the trial with the longest duration becomes the duration for all trials.
While this will work for single movements, such as the sit-to-stand movement presented in
the Page et al. (2006) analysis, it does not work for cyclical data. When cycles are padded
at the end to create a common time interval, artifacts are created in the data that create
two problems precluding the generalization of results. First, artifacts in cyclical data change
the interpretation of the actual behavior. For example, when individual chewing cycles are
extended so that each cycle has the same duration, chewing is characterized as having an
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unusually long phase at the end of the cycle where the teeth are together (i.e., closed gape).
Figure 9 illustrates a raw, unaltered cycle, the corresponding time-normalized cycle, and
the cycle that has been padded at the end using Page et al. (2006) method. The problem
that occurs is that the phase at the end is artificial, since it has only been added to extend
the duration of the cycle. The consequence to this solution is that statistical analyses, such
as functional principal component analysis or functional analysis of variance, will provide
inaccurate results because data were inappropriately added to cycles, thereby changing the
behavioral pattern of the movement. Therefore, the outcome of these types of typical FDA
analyses will provide inaccurate results. Thus, although completing raw data may be suitable
for discrete tasks, the interpretation of the behavior will be affected and incorrect if this
method is applied to cyclical data.

Fig. 9. Illustration of the outcome of creating a common time interval by completing the raw
data with a suitable number of pairs. The new curve does not provide an accurate
representation of the behavior.

As an alternative, padding cycles by evenly distributing missing values could be a potential
solution. However, Figure 10 illustrates that the problem remains with the missing value
method.

Fig. 10. Illustration of the outcome of creating a common time interval by padding the raw
cycles by evenly distributing missing values. The new curve does not provide an accurate
representation of the behavior.

Because a common time interval is required for FDA analyses, it is important to assess whether
registration procedures are necessary after standard time normalization has been applied
to the data. Crane et al. (2010) found that registration after time normalization may not
always be necessary. They concluded that when obtaining an average curve was the purpose
of registration, the additional alignment did not affect the interpretation of the behavior
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or maximum close to maximum close (Fig. 8). Defining the cycle from maximum close to
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used for registration. Therefore, a clearly defined minima is present in the displacement data.
This curve can be compared to a chewing cycle that begins and ends with maximum open (see
Fig. 2)
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3.2 Is time normalization necessary?
As previously discussed, when curve alignment is required prior to an analysis, there are three
registration methods from which to select: linear time normalization, continuous registration,
and landmark registration. However, an issue occurs when working with cyclical data
that require time normalization prior to continuous or landmark registration. That is, a
prerequisite of the FDA registration procedures is that all curves have the same time interval.
Three methods can be considered for achieving this prerequisite when cycles have variable
durations.
The first method is a procedure used by Page et al. (2006) for creating a common time interval
across all cycles. Their procedure recommends completing the raw data with a suitable
number of pairs so that the trial with the longest duration becomes the duration for all trials.
While this will work for single movements, such as the sit-to-stand movement presented in
the Page et al. (2006) analysis, it does not work for cyclical data. When cycles are padded
at the end to create a common time interval, artifacts are created in the data that create
two problems precluding the generalization of results. First, artifacts in cyclical data change
the interpretation of the actual behavior. For example, when individual chewing cycles are
extended so that each cycle has the same duration, chewing is characterized as having an
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unusually long phase at the end of the cycle where the teeth are together (i.e., closed gape).
Figure 9 illustrates a raw, unaltered cycle, the corresponding time-normalized cycle, and
the cycle that has been padded at the end using Page et al. (2006) method. The problem
that occurs is that the phase at the end is artificial, since it has only been added to extend
the duration of the cycle. The consequence to this solution is that statistical analyses, such
as functional principal component analysis or functional analysis of variance, will provide
inaccurate results because data were inappropriately added to cycles, thereby changing the
behavioral pattern of the movement. Therefore, the outcome of these types of typical FDA
analyses will provide inaccurate results. Thus, although completing raw data may be suitable
for discrete tasks, the interpretation of the behavior will be affected and incorrect if this
method is applied to cyclical data.

Fig. 9. Illustration of the outcome of creating a common time interval by completing the raw
data with a suitable number of pairs. The new curve does not provide an accurate
representation of the behavior.

As an alternative, padding cycles by evenly distributing missing values could be a potential
solution. However, Figure 10 illustrates that the problem remains with the missing value
method.

Fig. 10. Illustration of the outcome of creating a common time interval by padding the raw
cycles by evenly distributing missing values. The new curve does not provide an accurate
representation of the behavior.

Because a common time interval is required for FDA analyses, it is important to assess whether
registration procedures are necessary after standard time normalization has been applied
to the data. Crane et al. (2010) found that registration after time normalization may not
always be necessary. They concluded that when obtaining an average curve was the purpose
of registration, the additional alignment did not affect the interpretation of the behavior
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enough to warrant the additional data manipulation. So when might registration be useful?
When specific functional data analyses, such as those discussed in Section 4, will be used,
Crane et al. (2010) found that decreases in inter-subject variability within homogenous groups
indicate registration may be justified. Because of this, when functional data analyses are used,
registration improves the likelihood of finding significant differences between two or more
populations, if they indeed exist.

4. Specific functional data analyses

This section discusses how the linear model, one of the classic methods of data analysis, can
be extended to functional biomechanical data. We illustrate the ideas in this section using a
subset of data collected as part of a study by Gross et al. (In Press) that contains knee angles
during a gait cycle and height normalized walking speed for 60 trials.

4.1 Classical linear model
In the classical linear model, a response variable Y is modeled as a linear combination of
predictor variables X and a random distrubance term �.

Y = β0 +
p

∑
j=1

β jXj + � (3)

We can think of β j as the effect of Xj on the expected value of Y. Common goals of a linear
model include

1. Estimating the β j

2. Creating confidence intervals for β j

3. Testing the hypothesis H0 : β j = 0

4.2 Functional linear model example
Figure 11 displays the knee angle throughout a gait cycle for one of the 60 trials. Time is
normalized so that the start and end of the gait cycle are 0 and 1, respectively. Notice that
peak flexion occurs at time ≈ 0.7.
Suppose we wish to investigate whether peak flexion (denoted X) can predict a scalar outcome
such as walking speed (normalized velocity) Y. The method of least-squares can be used to fit
a model of the form Ŷ = β̂0 + β̂1X, where

1. Ŷ is predicted value of Y

2. X is peak flexion

3. β̂0 is the intercept, and

4. β̂1 is the estimated effect of angle on Y

The results of the fitted linear model on the n = 60 trials are presented in Table 1. Note that
there is no significant linear relationship between peak knee flexion and Y (p = 0.73)
The analysis above, however, only selects a single feature of the gait cycle (peak flexion)
as a predictor of Y. An entire gait cycle contains much more information than just the
maximum, and perhaps angles other than the absolute maximum can predict Y. With 100
time-normalized angle measurements on each of 60 trials, we could make use of all the
information in a multiple regression by fitting a model of the form
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Fig. 11. Example of knee angle data from a gait cycle.

Estimate Std. Error t p-val
β̂0 0.55 .55 1.00 0.33
β̂1 -0.01 0.01 -0.34 0.73

Table 1. Y versus peak knee flexion

Yi = β0 +
100

∑
j=1

β j fi(tj) + �i (4)

• i = 1, ... , 60 indexes the trial

• tj (j = 1, ... ,100) indexes the times during the cycle when gait is measured

• fi(tj) denotes the knee angle for trial i at time tj

• β j is the effect of knee angle at time tj on Y

This multiple regression model uses each angle measurement rather than just the angle at
peak flexion. However, there are serious problems with this proposed model.

1. With 101 parameters (including the intercept) and only 60 trials, there is not enough data
to reliably estimate a model of this complexity.

2. There would likely be a strong correlation between knee angles at nearby time points,
causing instability in estimated effects.

The functional nature of knee angle is apparent in Figure 11. By considering the data as a
sample of observations from a smooth underlying curve, we will be able to use all of the
information without resorting to the problematic multiple regression model. Before fitting a

87Functional Data Analysis for Biomechanics



10 Will-be-set-by-IN-TECH

enough to warrant the additional data manipulation. So when might registration be useful?
When specific functional data analyses, such as those discussed in Section 4, will be used,
Crane et al. (2010) found that decreases in inter-subject variability within homogenous groups
indicate registration may be justified. Because of this, when functional data analyses are used,
registration improves the likelihood of finding significant differences between two or more
populations, if they indeed exist.

4. Specific functional data analyses

This section discusses how the linear model, one of the classic methods of data analysis, can
be extended to functional biomechanical data. We illustrate the ideas in this section using a
subset of data collected as part of a study by Gross et al. (In Press) that contains knee angles
during a gait cycle and height normalized walking speed for 60 trials.

4.1 Classical linear model
In the classical linear model, a response variable Y is modeled as a linear combination of
predictor variables X and a random distrubance term �.

Y = β0 +
p

∑
j=1

β jXj + � (3)

We can think of β j as the effect of Xj on the expected value of Y. Common goals of a linear
model include

1. Estimating the β j

2. Creating confidence intervals for β j

3. Testing the hypothesis H0 : β j = 0

4.2 Functional linear model example
Figure 11 displays the knee angle throughout a gait cycle for one of the 60 trials. Time is
normalized so that the start and end of the gait cycle are 0 and 1, respectively. Notice that
peak flexion occurs at time ≈ 0.7.
Suppose we wish to investigate whether peak flexion (denoted X) can predict a scalar outcome
such as walking speed (normalized velocity) Y. The method of least-squares can be used to fit
a model of the form Ŷ = β̂0 + β̂1X, where

1. Ŷ is predicted value of Y

2. X is peak flexion

3. β̂0 is the intercept, and

4. β̂1 is the estimated effect of angle on Y

The results of the fitted linear model on the n = 60 trials are presented in Table 1. Note that
there is no significant linear relationship between peak knee flexion and Y (p = 0.73)
The analysis above, however, only selects a single feature of the gait cycle (peak flexion)
as a predictor of Y. An entire gait cycle contains much more information than just the
maximum, and perhaps angles other than the absolute maximum can predict Y. With 100
time-normalized angle measurements on each of 60 trials, we could make use of all the
information in a multiple regression by fitting a model of the form
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Fig. 11. Example of knee angle data from a gait cycle.

Estimate Std. Error t p-val
β̂0 0.55 .55 1.00 0.33
β̂1 -0.01 0.01 -0.34 0.73

Table 1. Y versus peak knee flexion

Yi = β0 +
100

∑
j=1

β j fi(tj) + �i (4)

• i = 1, ... , 60 indexes the trial

• tj (j = 1, ... ,100) indexes the times during the cycle when gait is measured

• fi(tj) denotes the knee angle for trial i at time tj

• β j is the effect of knee angle at time tj on Y

This multiple regression model uses each angle measurement rather than just the angle at
peak flexion. However, there are serious problems with this proposed model.

1. With 101 parameters (including the intercept) and only 60 trials, there is not enough data
to reliably estimate a model of this complexity.

2. There would likely be a strong correlation between knee angles at nearby time points,
causing instability in estimated effects.

The functional nature of knee angle is apparent in Figure 11. By considering the data as a
sample of observations from a smooth underlying curve, we will be able to use all of the
information without resorting to the problematic multiple regression model. Before fitting a
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functional linear model, we must first fit a smooth curve to the data in Figure 11. We do this
using b-spline basis functions. To avoid overfitting, a roughness penalty is imposed on the
curvature of the fitted function. The smooth fits for 3 trials are displayed in Figure 12.

Fig. 12. Functions fit to three trials.

After estimating knee angle versus time functions for all 60 trials, we can replace the
discrete angle measurements f (t1), ..., f (t100) with a continuous angle function f (t). With
this continuous function, we can write the form of the functional linear model:

yi = β0 +
∫

β(t) fi(t)dt + �i (5)

In the functional linear model, β(t) is a coefficient function whose values capture the effect
of knee angle at time t on walking speed. The details of how the functional linear model
is estimated are beyond the scope of this text (see Ramsay et al. (2009) for more details).
The results, however, describe the power of the functional linear model. Figure 13 shows
how knee angle affects Y at various points in the gait cycle. Recall that the results from
the ordinary linear regression of Y versus maximum angle showed no relationship. This is
consistent with Figure 13 which shows β(t) close to 0 near the times of peak flexion (typically
occurring between 0.71 and 0.73). Both the functional model and the ordinary linear model
show no substantial relationship between Y and knee angle in this range of the gait cycle.
The functional linear model does indicate that knee angle between .31 and .46, .55 and .64, as
well as .85 and .95 seem to have an association with Y. When the confidence bands for the
coefficient function are entirely above 0, this indicates that individuals with greater extension
at these stages tend to also have an increased gait velocity Y. When the confidence bands for
the coefficient are entirely below 0, this indicates that individuals with greater flexion at these
stages tend to have a decreased velocity.

88 Theoretical Biomechanics Functional Data Analysis for Biomechanics 13

Fig. 13. Regression coefficient associated with the functional linear model. Dashed lines
represent the 95% confidence interval. When this interval does not include zero there is a
significant relationship between knee angle and Y.

4.3 Other functional data analyses
This section illustrates how the functional linear model reveals a more complete picture of
a relationship than analysis of features (such as maxima). Our example involves a scalar
outcome, but methodology exists for functional outcomes as well. Various other classic
statistical methods also have functional analogues, including Analysis of Variance, Canonical
Correlations, and Principal Components.

5. Implementation

The following code can be implemented in R (R Development Core Team, 2010) , an open
source statistical software package. Once R is installed, the fda library (Ramsay et al., 2010)
as well as the CraneLib will need to be installed. The fda library contains the functions that
perform the procedures discussed in this chapter. The CraneLib contains the example data
needed to run the following example.

library(fda)
library(CraneLib)
matplot(dataset)

knots=c(0,.2,.4,.6,.8,1)
mybasis <- create.bspline.basis(rangeval=c(0, 1), nbasis=NULL,

norder=4, breaks=knots,
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dropind=NULL, quadvals=NULL, values=NULL, names="bspl")
myfd <- Data2fd(dataset,argvals=seq(0, 1, len = 101),

basisobj=mybasis)

plot(myfd)
plot(myfd[1]) # plots the first function
plot(myfd[1:3]) # plots the first three functions

samples <- seq(0,1, length=101)
par(mfrow=c(1,1), pty="m")
plotfit.fd(dataset, samples, myfd)

lambda <- 1e-12
norder <- 6
samples <- seq(0,1, length=101)
nbasis <- length(samples) + norder-2
mybasis <- create.bspline.basis(c(0,1), nbasis, norder, samples)
myfdPar <- fdPar(mybasis, 4, lambda)
myfd <- smooth.basis(samples, dataset, myfdPar)$fd

plot(myfd)
plot(myfd[1]) # plots the first function
plot(myfd[1:3]) # plots the first three functions

par(mfrow=c(1,1), pty="m")
plotfit.fd(dataset, samples, myfd)

FirstDeriv <- deriv.fd(myfd, 1)
plot(FirstDeriv)

DerivMat <- eval.fd(samples, FirstDeriv)
DerivMat[,1]

lambda <- 1
nbasis <- myfd$basis$nbasis
ntrials <- dim(dataset)[2]
y0fd <- mean.fd(myfd)
yfd <- myfd
y0vec <- eval.fd(samples, y0fd)
yvec <- eval.fd(samples, yfd)
coef0 <- matrix(0, nrow=nbasis, ncol=ntrials)
Wfd0 <- fd(coef0, mybasis)
WfdPar <- fdPar(Wfd0, 2, lambda)
reglist <- register.fd(y0fd, yfd, WfdPar, iterlim = 10, dbglev = 1)

names(reglist)
plot(reglist$regfd)
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plot(reglist$warpfd)

origMean <- mean.fd(myfd)
regMean <- mean.fd(reglist$regfd)

plot(origMean)
lines(regMean, col=2)

6. Conclusions

Functional Data Analysis is an important analytical method that can be used for exploratory
and hypothesis driven analyses. A primary advantage to FDA is the ability to assess
continuous data that change over time without having to reduce the signal into discrete
variables. However, there are some important issues for biomechanists to be aware of when
implementing this set of statistical tools. Therefore, this chapter provided an overview of the
steps associated with FDA, focused on issues related to aligning curves from cyclical data,
discussed specific statistical analytical techniques, and finally provided an example using
sample code in R.
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1. Introduction 

In the past decade computer models have become very popular in the field of 
biomechanics due to exponentially increasing computer power. Biomechanical computer 
models can roughly be subdivided into two groups: multi-body models and numerical 
models. The theoretical aspects of both modelling strategies will be introduced. However, 
the focus of this chapter lies on demonstrating the power and versatility of computer 
models in the field of biomechanics by presenting sophisticated finite element models of 
human body parts. Special attention is paid to explain the setup of individual models 
using medical scan data. In order to reach the goal of individualising the model a chain of 
tools including medical imaging, image acquisition and processing, mesh generation, 
material modelling and finite element simulation –possibly on parallel computer 
architectures- becomes necessary. The basic concepts of these tools are described and 
application results are presented. The chapter ends with a short outlook into the future of 
computer biomechanics. 
The field of biomechanics suffers from one very severe restriction; in general it is not 
possible for ethical reasons to measure forces and pressure inside the human body. Thus, 
typical measurement technology in biomechanics works on the interface between body and 
environment. Force platforms dynamically quantify reaction forces when a person is 
walking or running across the sensor, electromyography (EMG) monitors action potentials 
of contracting muscles with electrodes attached to the human skin. The information 
provided by the measurement technology is very important to investigate the mechanics of 
movements, but is not sufficient to answer questions like: 
• How can we optimise movements (e.g. in sports or rehabilitation) in order to minimise 

the loads on the joints? How can we better understand mechanisms of injury and thus 
improve prevention? These questions are related to the human body.  

• How do we have to design the equipment to optimally suit the patient’s or the athlete’s 
requirements in terms of mechanical behaviour? These questions are related to the 
medical or technical equipment. This optimisation process has three aspects:  
• Ineffective and destructive loading has to be minimised (e.g. by damping through 

innovative cushions in the shoe sole or improved orthotic devices). 
• Body protection has to be maximised (e.g. through better design of cyclists’ helmets 

or the interior of automobiles). 
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• The patient’s outcome and the athlete’s output have to be maximised (e.g. by a 
novel concept for the design a prosthesis or the aerodynamics of a bob sleigh). 

The only possible way to answer the questions related to the human body is to set up 
mechanical models of the human body or at least of human body parts. The setup of a 
biomechanical model is the only possibility to gain insight into the mechanical behaviour of 
the inner human body. Thus, modelling has become extremely popular because it –to some 
extent- heals the fundamental dilemma of biomechanics that has been described at the 
beginning of the chapter. Therefore, a software tool chain for the automatic generation of 
individual anatomical structures is presented in this book chapter. The setup of models 
representing medical or sports equipment is also an important task in computational 
biomechanics. Here, computer analyses are applied to better understand the mechanics of 
equipment during exercise. Despite the success of modelling techniques in the field of 
biomechanics, measurement technology still plays an important role: the information 
provided by the measurements is either input for a model (e.g. reaction forces acting on the 
foot) or used to validate the model (e.g. comparing the simulation results with EMG data). 
Thus, it is almost trivial to mention that models are of no scientific use without validation. 
When looking at the progress being made in the field of biomechanical modelling one can 
observe two major directions of development:  
• Multi body systems (MBS) have been set up yielding important results in prevention 

and sports (Gruber et al.,1998; Blajer & Czaplicki, 2001; Wojtyra, 2003).  
• Numerical models using finite elements (FEM) or computational fluid dynamics (CFD) 

have been successfully applied to a variety of biomechanical problems such as 
improving injury prevention (Penrose & Hose, 1998), ameliorating the design of 
equipment (Dabnichki & Avital, 2006) and for optimising movement techniques 
(Wangerin et al., 2007). 

Both types of models have their advantages and disadvantages: numerical models enable 
the computation of the whole body’s deformation, whereas multi-body models only provide 
forces at a limited number of body points. But, the price to pay for taking into account the 
body’s deformation is a much higher demand in terms of computer power for the finite 
element method. This fact partially explains why sometimes parallel computers enter the 
stage in order to arrive at accurate FE results. Meanwhile, software packages are available 
that enable the user to use both methods, MBS and FEM simultaneously. The remainder of 
this text is organised as follows: the next chapter deals with the basic concept of multi body 
models to then discuss one MBS model in detail. The subsequent chapter gives a short 
introduction to the finite element method, describes a software tool chain to set up FE 
models of human body parts starting from medical image data. Chapter 4 provides insight 
into two example applications. Finally, a short outlook into the future of computer 
modelling in the field of biomechanics is given. 

2. Multi body systems in biomechanics 
Within the last two decades multi body models have frequently been applied to solve 
biomechanical problems (see Figure 1). Some selected MB applications are for instance 
simulations for impact analysis (Gruber et al.,1998), investigations of the trampoline 
jumping (Blajer & Czaplicki, 2001), studies about walking and running (Wojtyra, 2003) or 
the discussion of forces encountered in bicycle sports (Wangerin et al., 2007). Multi body 
systems can be used in two different ways: as forward or as inverse models. Here, we focus 
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on forward models. The physical forces and moments (e.g. gravitation and external forces, 
see Figure 2) are the given quantities. Together with geometric data (e.g. length of body 
segment) and mechanical parameters (e.g. moments of inertia J, centre of mass) the resulting 
body movement can be computed. The movement is fully described by the laws of 
Newtonian dynamics that is mathematically described by the following equations. 

 aF m=  (1) 

 αM J=  (2) 
In general, F, a, M and α are three-dimensional vectors denoting force, linear acceleration, 
moments and angular acceleration respectively. The mass m is a scalar and the moment of 
inertia J is in general a tensor represented by a 3x3 matrix. To be able to solve the underlying 
differential equations a kinematical chain of simple geometric entities (e.g. an ellipsoid 
representing the thigh) has to be set up (see Figures 1 and 2). In order to arrive at the 
quantities of interest (e.g. the load in the hip joint while landing) segment after segment has 
to be processed. The segments are linked by joints whose degrees of freedom are defined 
according to those of the anatomical articulations. The rigid body motion (i.e. translation 
and rotation) of the current segment (e.g. the foot) can be calculated when the external 
forces (e.g. measured by a force platform) and the body weight of the segment are given. 
The mechanical influence of the next segment in the chain (e.g. the shank) on the current 
segment is represented by a reaction force. These reaction forces are most interesting as 
they give a measure of the load present in the joint during sports exercise. The reaction 
force determined for one segment is then input (only switching the sign) for the 
calculation of the rigid body motion of the next segment. After having processed all body 
segments the complete dynamics for the motion of interest is computable if a time 
integration scheme is applied. Figure 2 shows the results of such a computation for 
different kinds of landing after a jump. The reaction forces in the hip joint are depicted for 
a soft landing (with the use of the body damping system) and a very hard landing (with 
the body kept stiff). The analysis shows that peak force in the hip joint is more than 
doubled for the hard landing. The forward model has to be validated against 
experimental data. Here, the measurement of the landing phase for the different types of 
landing are monitored and subsequently compared with the body reaction forces 
calculated with the multi-body model. The simulation results are in good accordance with 
the experimental data. Another example application of MB models in the field of sports is 
briefly presented in Figure 3. A back flip jump has been investigated with three different 
analysis tools. The last row shows the results of a forward solution using a multi-body 
model of the human body. The computed motion almost perfectly matches the real body 
movement that is captured by a high-speed camera depicted in the second row. The first 
row shows the typical result of a motion analysis. 

3. The finite element method 
3.1 A short history 
The finite element method (FEM) is a very popular tool in the field of (fluid)-mechanical and 
electrical engineering to solve partial differential equations (PDEs) on a computer. The first 
application of the FEM in biomechanics was presented in 1972. FEM was used to build a 
model of the human femur for orthopaedic applications (Brekelmans et al., 1972). The authors  
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• The patient’s outcome and the athlete’s output have to be maximised (e.g. by a 
novel concept for the design a prosthesis or the aerodynamics of a bob sleigh). 
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biomechanical model is the only possibility to gain insight into the mechanical behaviour of 
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and sports (Gruber et al.,1998; Blajer & Czaplicki, 2001; Wojtyra, 2003).  
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have been successfully applied to a variety of biomechanical problems such as 
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the computation of the whole body’s deformation, whereas multi-body models only provide 
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this text is organised as follows: the next chapter deals with the basic concept of multi body 
models to then discuss one MBS model in detail. The subsequent chapter gives a short 
introduction to the finite element method, describes a software tool chain to set up FE 
models of human body parts starting from medical image data. Chapter 4 provides insight 
into two example applications. Finally, a short outlook into the future of computer 
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systems can be used in two different ways: as forward or as inverse models. Here, we focus 
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on forward models. The physical forces and moments (e.g. gravitation and external forces, 
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body movement can be computed. The movement is fully described by the laws of 
Newtonian dynamics that is mathematically described by the following equations. 
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moments and angular acceleration respectively. The mass m is a scalar and the moment of 
inertia J is in general a tensor represented by a 3x3 matrix. To be able to solve the underlying 
differential equations a kinematical chain of simple geometric entities (e.g. an ellipsoid 
representing the thigh) has to be set up (see Figures 1 and 2). In order to arrive at the 
quantities of interest (e.g. the load in the hip joint while landing) segment after segment has 
to be processed. The segments are linked by joints whose degrees of freedom are defined 
according to those of the anatomical articulations. The rigid body motion (i.e. translation 
and rotation) of the current segment (e.g. the foot) can be calculated when the external 
forces (e.g. measured by a force platform) and the body weight of the segment are given. 
The mechanical influence of the next segment in the chain (e.g. the shank) on the current 
segment is represented by a reaction force. These reaction forces are most interesting as 
they give a measure of the load present in the joint during sports exercise. The reaction 
force determined for one segment is then input (only switching the sign) for the 
calculation of the rigid body motion of the next segment. After having processed all body 
segments the complete dynamics for the motion of interest is computable if a time 
integration scheme is applied. Figure 2 shows the results of such a computation for 
different kinds of landing after a jump. The reaction forces in the hip joint are depicted for 
a soft landing (with the use of the body damping system) and a very hard landing (with 
the body kept stiff). The analysis shows that peak force in the hip joint is more than 
doubled for the hard landing. The forward model has to be validated against 
experimental data. Here, the measurement of the landing phase for the different types of 
landing are monitored and subsequently compared with the body reaction forces 
calculated with the multi-body model. The simulation results are in good accordance with 
the experimental data. Another example application of MB models in the field of sports is 
briefly presented in Figure 3. A back flip jump has been investigated with three different 
analysis tools. The last row shows the results of a forward solution using a multi-body 
model of the human body. The computed motion almost perfectly matches the real body 
movement that is captured by a high-speed camera depicted in the second row. The first 
row shows the typical result of a motion analysis. 

3. The finite element method 
3.1 A short history 
The finite element method (FEM) is a very popular tool in the field of (fluid)-mechanical and 
electrical engineering to solve partial differential equations (PDEs) on a computer. The first 
application of the FEM in biomechanics was presented in 1972. FEM was used to build a 
model of the human femur for orthopaedic applications (Brekelmans et al., 1972). The authors  
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Fig. 1. Multi-body models in different visualisations. 

set up a two-dimensional isotropic model with roughly 1000 triangular elements and 
investigated different loading conditions for the human leg. Due to increasing computer 
power it soon became possible to realise three-dimensional models enabling an improved 
representation of the complex anatomy of human body parts. Huiskes and Chao, 1983 gave 
an overview of the first decade of Finite Element modelling in the field of orthopaedic 
biomechanics. In the last three decades the number of FE models grew exponentially and 
the application areas cover a large variety of biomechanical problems. Currently, FE models 
are widely used in research and industry. The application spectrum ranges from trauma to 
sports-medical biomechanics. This is not only explained by the rapidly increasing 
availability of fast computers (today with multi-core processors) but also by the advent of 
efficient algorithms exploiting the advantages of parallel hardware architectures. 
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Fig. 2. Link segment model of the human leg and calculated forces in the hip joint for 
different kinds of landing (dotted line=soft landing, straight line =hard landing).  
 

 
 

Fig. 3. The analysis of a back flip by motion analysis, high speed video and multi body 
models. 

3.2 The basic concept of the finite element method 
The basic idea of FEM is quite simple: let us assume that a physical problem that can be 
described by a partial differential equation which is defined on a complex geometry (e.g. the 
human head or knee). Due to the complex geometry an analytical (i.e. a mathematically 
correct) solution is impossible. Perfect mathematical solutions can only be determined if the 
system under consideration has a simple geometry (e.g. a sphere or an ellipsoid). At this 
point FEM enters the stage: the idea is to approximate the complex geometry by a multitude 
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of simple geometric entities (e.g. triangular, tetrahedral or hexahedral elements). Each 
element is then individually processed. Within an element adequate functions (so-called 
basis functions) are chosen that are used to interpolate the unknown function. The general 
procedure of FEM is summarised in six steps: 
a. Generation of a discrete representation of the object of interest.  
The mesh generation step is crucial for the rest of the analysis as the spatial resolution and 
the element quality to a large extent affect the robustness and the accuracy of the simulation 
result. In order to achieve high accuracy in a physically interesting region (e.g. the area of 
large deformation in an impact scenario) a mesh refinement in such regions of special 
interest is indicated. Mesh refinement means to increase the number of elements and 
likewise the number of mesh nodes (in the simplest case nodes can be regarded as the 
corner points of an element). Thus, FE meshes can have millions of mesh nodes. The result 
of 3D mechanical FE study is the displacement function of the nodes (i.e. the body’s 
deformation) in three dimensions of space. 
b. Defining the physical behaviour 
In order to set up a realistic model the physical behaviour of the object has to be integrated. 
At this stage two important decisions have to be made. An appropriate material model (e.g. 
elastic or viscoelastic behaviour) has to be chosen and the boundary conditions (e.g. fixed or 
free) have to be selected. The simulation results are very sensitive to these settings. Human 
soft tissue can be modelled in the simplest case by assuming linear elastic behaviour. Here, 
two mechanical parameters (Young’s modulus and Poisson’s ratio) suffice. However, the 
results provided by such a simple model might not be satisfactory. 
c. Setup of the stiffness matrix 
For each finite element a stiffness matrix has to be set up. A prerequisite for this step is the 
choice of adequate interpolation or basis functions within an element. Depending on the 
number of nodes of the element (e.g. a tetrahedral element can be defined to have four 
nodes on each of its corners or ten if nodes on the connecting lines are added) the 
interpolation functions are chosen to be linear or quadratic. Increasing the polynomial order 
improves the accuracy of the simulation results, but the price to pay is a higher demand in 
terms of computer resources. The element stiffness matrices are then summed up (taking 
into account the element connectivity) to form the global stiffness matrix K that represents 
the complete system. If a transient or dynamic FE analysis is desired a mass matrix M and a 
damping matrix D have to be assembled to describe the inertial and the damping behaviour 
of the system respectively. 
d. Numerical solution of the problem 
After the system matrices M, D and K have been assembled a numerical equation solver is 
started to calculate the vector of nodal displacements U of the body when an external force 
defined by a force F is applied. The simplest FE analysis is the computation of the new static 
equilibrium for a body under load. The equation system to solve is then given by 

 FKU = . (3) 

Sometimes it is of great interest for the developer what the eigenfrequencies ω of an object 
are and how the corresponding eigenmodes U look like. Then the eigenvalue equation 
system looks like 

 MUKU 2ω=  (4) 
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In general, only a few of the eigenmodes U are of interest. To solve the above equation 
system sophisticated software is needed. For a dynamical analysis the velocities and 
accelerations of the mesh nodes are calculated as well. The integration scheme is then 
solving the following system of linear equations. 

 0)()()( =++ ttt KUUDUM 
 (5) 

The purpose of the next chapter is to give a detailed description of the workflow for creating 
finite element models of human body parts starting with medical image acquisition. 

4. FE Applications in biomechanics 
4.1 A high resolution model for impact studies 
In principle, accurate FE calculations can be carried out on personal computers. However, 
very complex simulations are candidates for the use of high performance computing. In 
particular, applications stemming from the field of biomechanics can profit from the use of 
parallel computers (Hartmann et al., 2001). The complex geometry of anatomical structures 
often requires a very high spatial resolution of the model leading to possibly huge demand 
of computer power. In Figure 4 an automatic tool chain to generate individual models of 
human body parts is presented that takes advantage of the application of parallel 
computers. The software environment has been tested for impact analyses on the human 
head. It includes the complete chain of tools necessary for the geometric model generation 
from medical scan data (segmentation, mesh generation and mesh manipulation), computer 
simulation and visualisation. The software tools are public domain and are available on the 
web (Berti,2010).  
 

         
Fig. 4. From medical scan data to finite elements. 



 
  Theoretical Biomechanics 

 

98
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In general, only a few of the eigenmodes U are of interest. To solve the above equation 
system sophisticated software is needed. For a dynamical analysis the velocities and 
accelerations of the mesh nodes are calculated as well. The integration scheme is then 
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The first step is the identification of anatomical structures of interest in a 3D voxel dataset 
derived from medical scan data (CT or MRI). After this image processing step follows the 
geometric modelling of the structures identified in the previous step. The important 
difference to standard engineering problems is the lack of continuum geometry. The starting 
point is a discrete voxel dataset with a typical resolution of 1 mm or less. The chosen 
algorithm to generate a discrete representation of the object suitable for FE simulations is 
based on an octree data structure. It allows the fast generation of very large tetrahedral and 
hexahedral meshes. The scan data provide information about geometry only. The computer 
model is not complete without initial and boundary conditions and reliable information 
about material behaviour. The FE code for solving the underlying PDE is fully parallel and 
runs on a Linux cluster with distributed memory architecture. This enables the calculation of 
millions of unknowns.  
 

 
Fig. 5. Evolution of a pressure wave in the brain after frontal impact. 

Figure 5 shows an example of a high-resolution impact analysis based on the above 
described tool chain. This analysis investigated the mechanics of the coup-contrecoup, a 
phenomenon that is well known in neurology. After a heavy (often deadly) impact to the 
forehead the neurologist observes a brain contusion at the frontal brain and surprisingly 
enough a second contusion at the occipital brain lobe. The calculation that provides an FE 
solution for equation (5) shows that there are two distinct regions of pressure developing in 
the brain. In the frontal region an area of increased pressure is spreading out whilst on the 
opposite side an area of low pressure is starting to grow. Low and high-pressure zones are 
related to an increased risk of brain damage. Thus, the simulation confirms the clinical 
findings. Furthermore, the results have been validated against crash experiments proving 
the reliability of the FE model (Hartmann & Kruggel, 1998). However, for many applications 
the use of parallel computers is not necessary. But the pre-processing becomes much more 
sophisticated because the number of finite elements has to be controlled during the meshing 
process. Mesh regions of high physical interest have to be refined whereas other mesh areas 
might show a lower spatial resolution. This explains the demand for commercial meshing 
and simulation tools. In the following chapter a very complex model of the human knee 
joint is described. The model is developed on a typical desktop PC making use of 
commercial software. 
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4.2 A model for contact analysis in the tibio-femoral joint 
4.2.1 Introduction 
Due to the complex anatomy and the high loading the knee joint is one of the most 
frequently injured joints of the human body. In addition to injuries like ruptures of the 
ligaments caused by accidents, chronic diseases as osteoarthritis affect a high amount of the 
population. Caused by the estimated demographic progression an increase of total knee 
joint replacements will be observed in the near future. FE models help to understand the 
behaviour of the structures of the human knee joint under dynamic loading. The strain on 
the cartilage and the load distribution effects of the menisci can show how the load is 
transferred through the different anatomical parts. Another line of application is the 
investigation of the mechanics of the main ligaments of the knee joint. The anterior and 
posterior cruciate ligaments (ACL, PCL) and the medial and lateral collateral ligaments 
(MCL, PCL) play an important role in stabilising the knee joint during daily activities and 
restrain the joint motion in nearly all degrees of freedom. The understanding of the 
combined role of the knee joint structures in stabilising and restraining the motion of the 
joint is fundamental for diagnostic procedures (Blankevoort & Huiskes, 1991). This 
knowledge can help to develop interventions such as training strategies or surgical 
procedures for the prevention of a knee joint disease. Also an optimization of orthopaedic 
devices is possible by the use of FE simulations. Even though many studies have been 
done, the kinematic and kinetic behaviour of the human knee joint is still not fully 
understood. Furthermore, the complex injury mechanisms and the development of 
degenerative joint injuries need additional research. Experimental studies often cannot 
satisfy this demand due to several limitations like for instance their high costs, the 
difficult measuring situation and the fact that the experiments can hardly be reproduced. 
As shown at the beginning of this section accurate FE models have proven to be a good 
alternative in determining knee joint mechanics. In order to get reliable and accurate 
results a good segmentation of the anatomical structures is highly important. Other 
quality influencing parameters are the mesh resolution and the choice of the finite 
elements. Most of the commercial meshing software products offer the possibility to 
create surface or volume meshes. The quality of the models has become much better 
within the last decade because of the high-performance computer chips that enable more 
complex and detailed models with smaller elements. In order to get an idea of the 
improvement of FE modelling related to biomechanics of the knee joint we will briefly 
describe some interesting models developed in the last twenty years. 
A three dimensional model of the human knee joint was presented by Blankevoort et al., 
1991, to investigate the articular contact of femur and tibia. The paper gave a good 
mathematical description of the modelling process and the material properties for the 
different structures. A more detailed model with 798 eight-node solid elements for the 
cartilage and the menisci, 1212 truss elements for the reinforcing of the solid elements was 
built to simulate the compression of the knee joint. Only 39 uniaxial elements represented 
the ligaments (Bendjaballah et al., 1995). Two years later the same authors restructured the 
model to study the biomechanical influence of varus-valgus (Bendjaballah et al., 1997) 
followed by an analysis of the tibio-femoral joint in axial rotation (Jilani et al., 1997). These 
studies are good examples for the advantages of FE models. After a detailed geometry 
reconstruction and a reliable validation process a lot of biomechanical problems can be 
explored with only few variations of the same model saving time and money. The 
availability of commercial software tools and faster multi-core computers lead to an 



 
  Theoretical Biomechanics 

 

100 

The first step is the identification of anatomical structures of interest in a 3D voxel dataset 
derived from medical scan data (CT or MRI). After this image processing step follows the 
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based on an octree data structure. It allows the fast generation of very large tetrahedral and 
hexahedral meshes. The scan data provide information about geometry only. The computer 
model is not complete without initial and boundary conditions and reliable information 
about material behaviour. The FE code for solving the underlying PDE is fully parallel and 
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the cartilage and the load distribution effects of the menisci can show how the load is 
transferred through the different anatomical parts. Another line of application is the 
investigation of the mechanics of the main ligaments of the knee joint. The anterior and 
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elements. Most of the commercial meshing software products offer the possibility to 
create surface or volume meshes. The quality of the models has become much better 
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describe some interesting models developed in the last twenty years. 
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increased number of models and application fields such as prosthesis development (Godest 
et al., 2002; Soncini et al., 2002).  

4.2.2 Image acquisition  
The reconstruction process of the individual geometry of the investigated object is based 
on medical image data obtained by Computed Tomography (CT) or Magnetic Resonance 
Imaging (MRI). Both methods create two-dimensional images with a predefined  
slice thickness and slice distance of a specified region. A set of these slices is called image 
stack and represents a three-dimensional recording of the knee joint. The advantage  
of using MRI is the possibility to visualise muscles and ligaments in addition to the  
bony structures whereas CT gives a better representation of the bony structures. It is 
obvious that the choice of the imaging procedure is depending on the specific research 
question.  
 

 
Fig. 6. Image stack of the knee joint from MRI, b) different orientations of the images 

In the study presented it is important to have a nearly full representation of the knee joint 
including the articulating bones (femur, tibia and patella) and also the stabilizing ligaments 
and the meniscus. The images of a healthy female knee joint are taken in a Philips Gyroscan 
Intera MRI with a field intensity of 1.0 Tesla. 
We use the software Amira (Version 4.0, Mercury Systems) for the data visualisation and 
segmentation. The program offers the option to apply several image processing tools such as 
filters for a better differentiation of the structural edges resulting in a more accurate 
segmentation. In order to get a first and fast overview of the joint geometry a volume 
rendering depending on the grey values can be done. From a clinical point of view the 
deviations of the grey values within a structure can show possible pathological changes (for 
example in the cartilage or the bones). 
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4.2.3 Segmentation process 
The segmentation of the images is done to define anatomical structures in the three-
dimensional image stack. This image processing is an important step in the workflow and 
crucial for the quality of the simulation results. Segmentation can be done with respect to 
different kinds of concepts; but the output remains the same. A range of grey values 
characterise the different structures in an image. Different automatic segmentation principles 
are based on pixel grey values, region or edge detection. These can be used for images in 
which the anatomical structures show a huge difference in the grey values. For images of the 
knee joint obtained by MRI a full automatic segmentation is not possible due to the fact that the 
differences of grey values are not high enough. Therefore it is recommended to use a semi-
automatic segmentation, which starts with one of the automatic segmentation principles for 
detection of large connected areas. After this pre- segmentation an interactive improvement of 
the segmentation by hand leads to a clearly defined differentiation of the structures. A short 
overview of the numerous automatic methods and the workflow of the process will be shown 
in the following. The threshold operation is one of the best-known automatic detection 
procedures. It belongs to the pixel-based procedures, is fast but not very accurate for 
homogeneous images. It is often used for fast overview segmentations, if no detailed 
information is necessary. The algorithm compares each pixel grey value with a user-defined 
threshold; the pixel is assigned to the structure if the pixel value is in the range of the 
threshold. The application on the whole image is called global thresholding which can often 
lead to an excluding of pixels that belong to the same structure. Better results can be obtained 
by using a local thresholding, where the image is separated into different areas with varying 
thresholds. As mentioned in the beginning it is not sensible enough to detect small changes in 
an image, but can be applied on regions with nearly the same grey values like the bones.  
Another method to identify different regions in an image is based on edge detection. The 
principle of operation can be compared to the threshold method. Instead of defining a specific 
value the algorithm checks for grey value changes in an image by comparing two 
neighbouring pixels. Is there a clear difference of their grey values a part of the edge is 
detected and two structures are found. The combining of all grey values differences provides a 
line between the detected parts and all pixels of one region are then merged. In the field of 
image processing the Sobel-operator, the Laplace-operator or the gradient search are well 
known filters to find edges in an image. The detected edges have to be combined by special 
edge tracing algorithms. Like with the threshold method the edge detection algorithm is often 
not sensitive enough for a satisfying segmentation, so that a manual improvement is applied.  
Figure 7 illustrates the mentioned problems occurring with the automatic segmentation 
algorithms. As a simple example a pure automatic segmentation of the femur is shown on 
the left (a). It can be seen that it was not possible to define the threshold such that only the 
bony parts are detected. The expected edge is not straight-lined; in regions with similar grey 
values protuberances can be found and the inner part is not completely detected. Without a 
manual correction of the border it is not possible to detect a clear defined region by only 
defining a threshold.  
Therefore different tools are available to mark areas, which are incorrectly detected or 
omitted. After the whole structure is marked it is added to the specified part.  
In this example the automatic detection can be applied to all 100 slices at the same time, but 
this also increases the number of errors because the grey values of a specified structure 
differ from image to image in the image stack. For the above-mentioned reasons it is only 
applicable for the large bony structures. The soft tissues like the meniscus or the ligaments 
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cannot be detected automatically. The homogeneous grey value parts of the soft tissue in the 
middle of the knee joint and the partly thin cartilage are completely manually segmented 
with a live wire procedure. In total 11 structures in the 100 slices are segmented. This is 
needed in the following meshing procedure and for the subsequent calculations of the FE 
solver. An example of one segmented slice is shown in Figure 8.  
 

 
Fig. 7. a) Automatic segmentation of the femur with protuberances, b) segmented femur 
after improvement 

 

 
Fig. 8. Fully segmented slice of the knee joint. 
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Due to the image acquisition procedure a specified slice thickness and distance is given 
causing errors in the reconstruction process. The gap between each slice does not provide 
any information about the shape of the anatomic structures. This leads to stairs in the 3D 
reconstruction in areas where the alteration of the structures is smaller then the slice 
distance. It is obvious that these stairs adulterate not only the design but also the simulation 
results. Therefore it is mandatory to make the stairs as small as possible by interpolating the 
segmented structures and smoothing the surface, before the meshing begins.  
 

 
Fig. 9. a) Reconstructed femur with existing stairs due to the slice distance, b) surface of the 
femur after the interpolation and smoothing process 

In the interpolation process imaginary points, calculated with the existing points of the 
segmentation are included between two slices thus minimising the effect of the stairs. This 
can either be done by a linear or a cubic interpolation. Following the interpolation step the 
surface is reconstructed from the segmented structures. This is a pre-processing step before 
the real meshing procedure where the surface will be divided into the small tetrahedral 
elements. Directly after the meshing process a smoothing filter is applied. A comparison 
between the femur condyles after the surface generation with existing stairs and after the 
interpolation and smoothing is shown in Figure 9.  

4.2.4 Meshing of the segmented images 
The reconstructed three-dimensional surface of the anatomic structures is transformed into a 
surface mesh consisting of triangles using a Marching Cube algorithm before an Advancing 
Front algorithm constructs the volume mesh. For the surface triangulation Amira uses a 
modified type of the Marching Cube algorithm developed by Lorensen and Cline [20]. The 
algorithm assumes a lattice model of a volumetric dataset with a specific value at each 
intercept point of the lattice. The space is subdivided into a constant grid consisting of 
cubes, where each cube has eight pixels and eight grey values from two successive slices. 
Four pixels belong to a slice. In the case that the vertices of a cube’s edge are lying on 
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different sides of the isosurface, it is given that this edge is cut by the surface. The detected 
intersection points of the cube and the isosurface are combined so that a polygon and a 
triangle are created. Theoretically there are 256 different possible combinations given how 
the cut goes through the surface. Due to symmetries these can be reduced to 14 classes. The 
summary of all polygons leads to the 3D reconstruction of the surface. This surface is used 
to create a volumetric mesh using the above-mentioned Advancing Front algorithm. With 
this it is possible to create elements and nodes at the same time. The edge is set by nodes, 
which are divided into connections lines. The length of such a line is depending on the 
specified size of the elements and results in a closed polygon, the “advancing front”. Along 
this front the elements are created, which should go into the inner part of the area to be 
meshed. An update of this front includes only the connection lines, which are needed for 
subsequent construction of the mesh. This method is properly suited for complex 
geometries with inner edges because the boundary of the area is done first. Both algorithms 
are often used in commercial meshing software and described in detail by Nigel et al., 1999.  
 

 
Fig. 10. Mesh of the human knee joint consisting of tetrahedral elements. 

Before starting the surface generation the minimal edge length of the triangles and the 
choice for a first smoothing of the surface have to be set. The result is a closed surface mesh 
with rather small elements, which leads to a high amount of nodes and elements. The more 
elements exist, the better is the reconstruction of the surface but also the computation times 
increases extremely. Therefore it is recommended to reduce the amount of elements using 
the simplification editor. The positions of the elements are recalculated, so that the same 
surface is constructed using fewer elements. The meshing procedure is highly important for 
the whole FE analysis as the quality of the mesh influences the robustness and the accuracy 
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of the results. It is obvious that a compromise between size and amount of elements and the 
computation time has to be found. After the simplification step the mesh is smoothed to 
eliminate the mentioned stairs in case they still exist. During this second smoothing the edge 
points of the elements are moved. For the calculation of the new position, the middle point 
of the neighbour elements is determined, and the point to be moved is shifted into the new 
direction. This is done for all elements, which do not have a uniform changeover from one 
element to another. Is the form of the mesh satisfying and close to the original structures, its 
quality has to be determined through several tests. If the mesh quality is not satisfactory, an 
additional smoothing can be helpful. Checking the dihedral angle, the orientation and the 
aspect ratio of the elements provides a good measure of the mesh quality. These tests should 
be done consecutively, as well as the intersection and closeness test. If a problem or a bad 
triangle is found, the element is highlighted and can be improved using the editor by 
shifting, subdividing or drawing. If no problems are present the generation of the volume 
mesh can be started. Based on the surface the mesh of the inner volume is constructed. The 
described tests for the surface should also be done for the volume mesh. For special regions 
of interest, e.g. the meniscus or the articulating surfaces of femur and tibia, a refinement of 
the mesh is taken into account. The existing elements are bisected, so that a finer and 
smoother structure is achieved. This increases not only the number of nodes and elements 
but also the quality of the results of the simulation. The complete mesh of the 3D 
reconstruction of the human knee joint is shown in Figure 10. 

4.2.5 Implementation of the model 
Madymo (Mathematic dynamic modelling, Version 6.3, Tass–safe, Netherlands) is used for 
the FE analyses based on the meshes depicted in Figure 10. Madymo enables a combination 
of a multi-body and finite element parts. Models are built in a kinematic chain where the 
rigid multi-body elements are connected by joints. The mesh obtained by Amira is attached 
to those bodies thus ensuring that a prescribed joint motion results in a movement of the 
bones. The several steps of the implementation in Madymo are described in the following. 
After having chosen a reference frame three bodies are defined; one for the femur, one for 
the tibia and one for the patella. To each of these bodies, the elements and nodes belonging 
to the specified bony structure are assigned. The described x, y and z coordinates of the 
nodes, the part numbers and the elements for each part, which were exported from Amira, 
are imported in two different tables. The part numbers are crucial for the assignment to the 
bodies and for the differentiation of the material properties. Free joints, which have three 
translational and three rotational degrees of freedom are used for the connection of the 
bodies. To guarantee a realistic kinematic and kinetic behaviour of the model, the physical 
properties like the moment of inertia and the mass with its centre are essential. The 
determination of these parameters is a complex physical procedure and individual for each 
subject. For this reasons it is common to take values from literature, which were gained, in 
cross-sectional studies. The inertial characteristics of several human segments can be found 
in Zatsiorsky, 2002.  
The material properties are important for a realistic model and essential for the stress 
calculation. In the material sciences there are different typical laws known to describe a 
material’s behaviour with mathematical formulae. Such mathematical material models are 
also used in finite element simulations to compute the resulting stress from the displace-
ment field of the nodes. The properties of a biological material are always an approximation 
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because they vary due to different influencing factors like age or training. For this reason 
simplifications in expressing the material laws are often made. The isotropic elastic material 
is one of the easiest to describe because only two parameters are needed. Elastic means that 
a force-loaded material returns completely to its initial shape after it is unloaded. Isotropic 
indicates, the loading direction is of no matter, so there is no distinct direction. The 
describing parameters for an isotropic elastic material are Young’s modulus E (in Mega 
Pascal, MPa) and the Poisson ratio ν (without a unit). When expecting small strains, it is 
common to use these two parameters for the material description because of the low 
computation costs. Other biomechanical models use a hyperelastic material law for the 
description, due to the fact, that the results obtained by a linearised model are not applicable 
for finite strain calculations.  
The response of biological soft tissues of the human body is often time or load dependent. 
This means, that these viscoelastic materials show creep or relaxation effects. Applying a 
constant force to a material produces a lengthening. Creeping is given if a material shows an 
enlarging displacement in addition to the normal response to the outer force. Relaxation of a 
material stands for the reduction of the inner stresses if a constant force is applied. For the 
human knee joint the different material responses mentioned above are used to specify the 
biological tissues. All properties are taken from the literature. The femur, the tibia and the 
patella are assumed to be rigid with a density of 1000 kg/m3. For the cartilage of the bones 
viscoelastic behaviour was neglected due to a short loading time. Therefore the assumption 
of a linear elastic and isotropic material was made and a Young’s modulus of E = 5 MPa and 
a Poisson ratio of ν = 0.46 were chosen (Li et al., 2001). The menisci are hydrated tissues. 
They are modelled as linear elastic for the same reason that holds true for the cartilage but 
with a much higher Young’s modulus of E = 59 MPa and a Poisson ratio of ν = 0.49 (LeRoux 
& Setton, 2002). The ligament properties are defined by a stress strain function (Lee & 
Hyman, 2002). 
The articulating surfaces of the human knee joint show a complex geometry with curved 
shapes in all directions. Due to this fact it is important to have a look on the contact 
modelling that will influence the computed strains. During a movement of the femur, the 
menisci and the cartilage parts of the bones are in contact with each other. Therefore a 
contact definition for each contact pair is defined, the result of a contact between two 
surfaces is a deformation of at least one of these. Also a self-contact of one structure is 
possible. Three algorithms are well known for the description of a finite element contact: 
Node-to surface, point-to surface and surface-to surface.  
In the node-to surface contact the nodes of structure 1 are in contact to the surface of the 
elements of structure 2. The time consuming tracking of contacts between nodes and the 
surface is simplified with special search strategies. For a three-node element, all nodes can 
have contact to the elements of the penetrated surface. If elements have an additional point 
in the middle of the element, the point-to-surface method should be used, which also looks 
for other points that can apply forces due to penetration. The surface-to-surface method is 
mainly used for the contact between rigid bodies with a special penetration characteristic 
and for heavily curved shapes.  
The first step is to make a decision, which part is Master and which one is Slave. For the case 
that the mesh has different element sizes due to a refinement of a structure, the finer mesh 
should be chosen as Slave. Is this not the case the surface with the more curved shape should 
be the Slave. In this model, the surface-to-surface method is chosen, because of the curved 
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shapes of the femur and the menisci. The gap can either be set as a function or is defined by 
program. The contact edge search algorithm can find additional contacts, which could be 
lost in presence of the curved shapes. The penalty method is used for the calculation of 
contact forces, with a damping coefficient of 0.05 and a variable FE time step, given that the 
contact force is dependent on the time step, to keep the simulation stable.  
For the kinematic boundary conditions a simple knee bending is used for the prescribed 
motion, which is obtained in a three-dimensional movement analysis using retro reflective 
markers and infrared cameras (Vicon Nexus, Vicon Motion System, Oxford, UK). The 
calculated joint angles in three directions are given as an angle vs. time function. The kinetic 
boundary conditions are applied by a gravity function which includes the mass of the 
investigated subject.  

4.2.6 First results  
The goal of the simulation is the calculation of the contact forces and stresses in three 
directions as well as the resultants. A distribution of the forces and stresses acting on the 
articulating surfaces is shown with a specified colour bar referring to the calculated values. 
The results provide a better understanding of the transduction of applied outer forces in the 
inner structures of the human knee joint. In addition different scenarios like meniscal tears 
or ligament ruptures can easily be simulated and the biomechanical effects on the joint 
investigated. The influence of joint alignment like a varus or valgus condition is of great 
interest in these simulations. In Figure 11 the results of the knee bending simulation under 
body weight condition are shown. The menisci and the cruciate ligaments are removed for a 
better illustration of the forces on the articulating cartilage. The distribution shows a peak in 
the direct contact area and a decrease from the middle to the border. 
 

 
Fig. 11. Calculated contact forces of the simulation of a knee bending. 
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Having the option to prescribe motion enables the determination of the influence on the 
motion of the inner structures, like shifting of the menisci or the stretching of the ligaments. 
Using simulated muscle forces as input for the simulation the resulting locomotion and the 
acting forces on the articulating surfaces can be studied.  

5. Conclusion 
The increasing availability of computational resources will lead to more detailed and 
complex models of the human body. In the future, efforts like the Virtual Physiological 
Human (Coveney, 2010) will provide a framework for developing and coupling 
biomechanical and bioelectric models of different scales and body parts. The term Virtual 
Physiological Human (VPH) indicates a shared resource formed by a federation of disparate 
but integrated computer models of the mechanical, physical, and biochemical functions of 
living human body in both physiological and pathological conditions. VPH models will be 
both descriptive and predictive. They comprise 
• large collections of anatomical, physiological, and pathological data stored in digital 

format,  
• predictive simulations developed from these collections, 
• services aimed to support the researchers in the creation and maintenance of these 

models and 
• services aimed to empower clinical, industrial and societal users in the use of the VPH 

resource. 
The Virtual Physiological Human is a methodological and technological framework that 
once established, will enable collaborative investigation of the human body as a single 
complex system. VPH is not ‘the supermodel’ that will explain all possible aspects of human 
physiology or pathology. It is away to share observations, to derive predictive hypotheses 
from them, and to integrate them into a constantly improving understanding of human 
physiology/pathology, by regarding it as an integrated system.  
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1. Introduction  
1.1 Articular cartilage 
Articular cartilage is a specialized connective tissue that covers the ends of the bones in the 
diarthrodial joints. The thickness of human articular cartilage is typically between 1-6 mm. 
The main functions of articular cartilage are to dissipate and distribute contact stresses 
during joint loading, and to provide almost frictionless articulation in diarthrodial joints. In 
order to accomplish these demanding tasks, articular cartilage has unique mechanical 
properties. The tissue is a biphasic material with an anisotropic and nonlinear mechanical 
behaviour. 
Articular cartilage is composed of two distinct phases. Fluid phase of the cartilage tissue 
consists of interstitial water and mobile ions. The water phase constitutes 68-85 % of  
the cartilage total weight and is an important determinant of the biomechanical properties 
of the tissue. Solid phase (or solid matrix) of the cartilage tissue consists mainly of collagen 
fibrils and negatively charged proteoglycans. The cell density is relatively small – in 
human adult tissue only ~2% of the total cartilage volume is occupied by the 
chondrocytes. Collagen molecules constitute 60-80% of the cartilage dry weight or 
approximately 10-20% of the wet weight. The collagen molecules assemble to form small 
fibrils and larger fibers that vary in organization and dimensions as a function of cartilage 
depth. The diameter of collagen fibers is approximately 20 nm in the superficial zone and 
70-120 nm in the deep zone, and it varies between different collagen types. The collagen 
fibrils of the cartilage tissue consist mainly of type II collagen, although small amounts  
of other collagen types can be also found in cartilage, e.g. collagen type VI is common 
form in the vicinity of cells (pericellular matrix). In addition to the collagen fibrils, 
proteoglycan macromolecules constitute 20-40% of the cartilage dry weight or 
approximately 5-10% of the wet weight. The proteoglycan aggrecan is composed of a 
protein core and numerous glycosaminoglycan (GAG) chains attached to the core. Many 
aggrecan molecules are further bound to a single hyaluronan chain to form a proteoglycan 
aggregate. 
The basic structure of the articular cartilage can be divided into four zones based on the 
arrangement of collagen fibril network (Benninghoff, 1925): 1) Superficial zone: here the 
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chondrocytes are flattened and aligned parallel to the cartilage surface. The collagen 
fibrils are relatively thin and run parallel to each other. The proteoglycan content is at its 
lowest and the water content is at its highest. 2) Middle zone: here the collagen fibrils have 
a larger diameter and they are oriented randomly. The cell density and water content is 
lower and proteoglycan content is higher than in the superficial zone. 3) Deep zone: here 
the diameter of the collagen fibrils is at its largest, and the collagen fibrils are oriented 
perpendicular to the articular surface. The cell density and water content are at their 
lowest, the proteoglycan content at its highest but the collagen content is variable. 4) 
Calcified cartilage: this thin layer is located between the deep zone and the subchondral 
bone and it joins the cartilage tissue to the subchondral bone. Here the chondrocytes 
usually express a hypertrophic phenotype. 
It is nowadays widely accepted that collagen fibrils are primarily responsible for the 
cartilage tensile stiffness and the dynamic compressive stiffness. In contrast, proteoglycans 
are primarily responsible for the equilibrium properties during compression, and fluid 
contributes to the dynamic and time-dependent properties of the tissue. For more 
comprehensive description of structure-function relationships of cartilage, the reader may 
consult e.g. the book by Mow et al. (2005). 

1.2 Meniscus 
Meniscus is a wedge-shaped fibrocartilaginous structure between femoral and tibial 
articular cartilage surfaces inside the knee joint capsule. The function of the meniscus is  
to bear and dissipate loads, provide stability to the knee joint, and protect articular 
cartilage from excessive loads by functioning as a shock absorber. Similarly as in articular 
cartilage, meniscus has complex mechanical properties in order to accomplish these  
tasks. 
Meniscus has also biphasic composition. Such as in cartilage, fluid phase of the meniscus 
consists of interstitial water and mobile ions. The water phase constitutes 60-70% of  
the meniscus total weight and is similarly important determinant of the biomechanical 
properties of the tissue. Solid phase of the meniscus consists of highly organized collagen 
fibril network, negatively charged proteoglycans and meniscal cells (fibrochondrocytes). 
Collagen molecules constitute 15-25 % of the meniscus wet weight. In contrast  
with articular cartilage, the collagen fibrils of meniscus consist mainly of type I collagen, 
i.e. also found in skin and bone tissues, although smaller amounts of types II, III, V, and 
VI can be also found in meniscus (McDevitt&Webber, 1990). Furthermore, meniscus 
contains significantly less proteoglycan than articular cartilage, only 1-2% of the wet 
weight. 
The basic structure of meniscus can be divided into different layers based on the 
arrangement of the collagen fibril network. Since the meniscus is located between femoral 
and tibial articular surfaces, it has two surface layers both in top and bottom. Below surface 
layers are intermediate layers and in the center of the meniscus is the central layer. At the 
femoral surface layer the collagen fibrils are relatively thick and run parallel to each other 
and the femoral surface. In contrast, at the tibial surface layer the collagen fibrils are 
oriented randomly. At inner layers, the arrangement of collagen fibrils is more variable. The 
central layer can be further divided into four zones in the axial plane: anterior and posterior 
parts of the central layer exhibit relatively parallelly organized collagen fibrils, middle part 
of the central layer exhibits irregular organization medially, wheras organization changes 
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more regular and circular-shaped at the lateral side. For a more comprehensive and 
graphical description of structure and organization of collagen fibril network in the different 
layers of meniscus, the reader is recommended to consult the study of human meniscus 
structure by Cui&Min (2007). 
Similarly as in cartilage, the collagen fibrils are mainly responsible for the tensile properties 
of meniscus and proteoglycans contribute strongly to the equilibrium response. Fluid has a 
significant role in carrying impact and dynamic loads. For more information of the general 
anatomical and functional properties of the meniscus, the reader may consult e.g. the review 
by Messner&Gao (1998). 

1.3 Ligaments and tendons 
Ligaments and tendons are soft tissues connecting bones to bones or bones to muscles, 
respectively. Their primary functions are to stabilize joints and transmit the loads, hold the 
joints together, guide the trajectory of bones, and control the joint motion area. Ligaments 
and tendons are also biphasic tissues having fluid and solid phases similarly as in articular 
cartilage and meniscus. Therefore, they also possess highly viscoelastic mechanical 
properties.  
The fluid phase constitutes 60-70% of the total weight of ligaments and tendons. Solid phase 
consists of highly organized longitudinal collagen fibril network (over 15 % of the wet 
weight), elastin network, and proteoglycans. Similarly than in meniscus, the collagen fibrils 
of ligaments and tendons consist mainly of type I collagen. Since ligaments and tendons 
have so tightly packed and organized long collagen fibril network they have extremely high 
tensile strength and nonlinear stress-strain behavior. 
For more information of the anatomical and functional properties of the ligaments and 
tendons, the reader may consult e.g. the book chapter by Woo et al. (2005). 
 

 Collagen 
(wet weight) 

Proteoglycan 
(wet weight) 

Fluid 
(wet weight) Young’s modulus 

Articular 
cartilage 10-20% (type II) 5-10% 68-85% ~0.5 MPa 

(compression) 

Meniscus 15-25% (type I) 1-2% 60-70% ~0.1 MPa 
(compression) 

Ligament 20-30% (type I) less than in 
cartilage 60-70% >100 MPa 

(tension) 

Tendon more than in 
ligament (type I) 

less than in 
ligament 60-70% >1000 MPa 

(tension) 

Table 1. Main compositional parameters and elastic properties of articular cartilage, 
meniscus, ligaments and tendons. 

2. Experimental mechanical characterization of skeletal soft tissues 
2.1 Introduction 
When skeletal soft tissues are mechanically tested, one can apply either force or deformation 
to it and then follow the other parameter. For example, constant or changing force may be 



 
Theoretical Biomechanics 114 

chondrocytes are flattened and aligned parallel to the cartilage surface. The collagen 
fibrils are relatively thin and run parallel to each other. The proteoglycan content is at its 
lowest and the water content is at its highest. 2) Middle zone: here the collagen fibrils have 
a larger diameter and they are oriented randomly. The cell density and water content is 
lower and proteoglycan content is higher than in the superficial zone. 3) Deep zone: here 
the diameter of the collagen fibrils is at its largest, and the collagen fibrils are oriented 
perpendicular to the articular surface. The cell density and water content are at their 
lowest, the proteoglycan content at its highest but the collagen content is variable. 4) 
Calcified cartilage: this thin layer is located between the deep zone and the subchondral 
bone and it joins the cartilage tissue to the subchondral bone. Here the chondrocytes 
usually express a hypertrophic phenotype. 
It is nowadays widely accepted that collagen fibrils are primarily responsible for the 
cartilage tensile stiffness and the dynamic compressive stiffness. In contrast, proteoglycans 
are primarily responsible for the equilibrium properties during compression, and fluid 
contributes to the dynamic and time-dependent properties of the tissue. For more 
comprehensive description of structure-function relationships of cartilage, the reader may 
consult e.g. the book by Mow et al. (2005). 

1.2 Meniscus 
Meniscus is a wedge-shaped fibrocartilaginous structure between femoral and tibial 
articular cartilage surfaces inside the knee joint capsule. The function of the meniscus is  
to bear and dissipate loads, provide stability to the knee joint, and protect articular 
cartilage from excessive loads by functioning as a shock absorber. Similarly as in articular 
cartilage, meniscus has complex mechanical properties in order to accomplish these  
tasks. 
Meniscus has also biphasic composition. Such as in cartilage, fluid phase of the meniscus 
consists of interstitial water and mobile ions. The water phase constitutes 60-70% of  
the meniscus total weight and is similarly important determinant of the biomechanical 
properties of the tissue. Solid phase of the meniscus consists of highly organized collagen 
fibril network, negatively charged proteoglycans and meniscal cells (fibrochondrocytes). 
Collagen molecules constitute 15-25 % of the meniscus wet weight. In contrast  
with articular cartilage, the collagen fibrils of meniscus consist mainly of type I collagen, 
i.e. also found in skin and bone tissues, although smaller amounts of types II, III, V, and 
VI can be also found in meniscus (McDevitt&Webber, 1990). Furthermore, meniscus 
contains significantly less proteoglycan than articular cartilage, only 1-2% of the wet 
weight. 
The basic structure of meniscus can be divided into different layers based on the 
arrangement of the collagen fibril network. Since the meniscus is located between femoral 
and tibial articular surfaces, it has two surface layers both in top and bottom. Below surface 
layers are intermediate layers and in the center of the meniscus is the central layer. At the 
femoral surface layer the collagen fibrils are relatively thick and run parallel to each other 
and the femoral surface. In contrast, at the tibial surface layer the collagen fibrils are 
oriented randomly. At inner layers, the arrangement of collagen fibrils is more variable. The 
central layer can be further divided into four zones in the axial plane: anterior and posterior 
parts of the central layer exhibit relatively parallelly organized collagen fibrils, middle part 
of the central layer exhibits irregular organization medially, wheras organization changes 
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more regular and circular-shaped at the lateral side. For a more comprehensive and 
graphical description of structure and organization of collagen fibril network in the different 
layers of meniscus, the reader is recommended to consult the study of human meniscus 
structure by Cui&Min (2007). 
Similarly as in cartilage, the collagen fibrils are mainly responsible for the tensile properties 
of meniscus and proteoglycans contribute strongly to the equilibrium response. Fluid has a 
significant role in carrying impact and dynamic loads. For more information of the general 
anatomical and functional properties of the meniscus, the reader may consult e.g. the review 
by Messner&Gao (1998). 

1.3 Ligaments and tendons 
Ligaments and tendons are soft tissues connecting bones to bones or bones to muscles, 
respectively. Their primary functions are to stabilize joints and transmit the loads, hold the 
joints together, guide the trajectory of bones, and control the joint motion area. Ligaments 
and tendons are also biphasic tissues having fluid and solid phases similarly as in articular 
cartilage and meniscus. Therefore, they also possess highly viscoelastic mechanical 
properties.  
The fluid phase constitutes 60-70% of the total weight of ligaments and tendons. Solid phase 
consists of highly organized longitudinal collagen fibril network (over 15 % of the wet 
weight), elastin network, and proteoglycans. Similarly than in meniscus, the collagen fibrils 
of ligaments and tendons consist mainly of type I collagen. Since ligaments and tendons 
have so tightly packed and organized long collagen fibril network they have extremely high 
tensile strength and nonlinear stress-strain behavior. 
For more information of the anatomical and functional properties of the ligaments and 
tendons, the reader may consult e.g. the book chapter by Woo et al. (2005). 
 

 Collagen 
(wet weight) 

Proteoglycan 
(wet weight) 

Fluid 
(wet weight) Young’s modulus 

Articular 
cartilage 10-20% (type II) 5-10% 68-85% ~0.5 MPa 

(compression) 

Meniscus 15-25% (type I) 1-2% 60-70% ~0.1 MPa 
(compression) 

Ligament 20-30% (type I) less than in 
cartilage 60-70% >100 MPa 

(tension) 

Tendon more than in 
ligament (type I) 

less than in 
ligament 60-70% >1000 MPa 

(tension) 

Table 1. Main compositional parameters and elastic properties of articular cartilage, 
meniscus, ligaments and tendons. 

2. Experimental mechanical characterization of skeletal soft tissues 
2.1 Introduction 
When skeletal soft tissues are mechanically tested, one can apply either force or deformation 
to it and then follow the other parameter. For example, constant or changing force may be 
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applied to a tissue and consequent change in the deformation is followed. Similarly, the 
change in force can be followed when constant or changing deformation is applied. 
Important parameter to describe the behavior of tissues under loading is strain ( ), defined 
as follows: 

 (2.1)

where  is the change in thickness/length of a tissue sample, and  is the original 
thickness/length. The normalization with the original thickness/length ensures that the 
deformation is comparable between tissue samples with different thickness or length. It is 
important to note that, according to the definition, the strain is a unitless quantity. 
Second important parameter in biomechanical testing is stress ( ), which is defined as: 

 (2.2)

where  is the force applied to tissue, and  is the original cross-sectional area in which the 
force is acting. Again here, the normalization with the cross-sectional area ensures that the 
load is comparable between different cross-sectional areas. The unit of stress is Pa, and the 
definition of stress is fundamentally the same as for pressure.  
When both stress ( ) and strain ( ) are defined as above, mechanical behavior/properties of 
different skeletal soft tissues can be compared regardless of the size and shape of the 
samples. If the relation between stress and strain is assumed linear, one obtains the Hooke’s 
linear model for solids from which the stiffness (elastic modulus) of the tissue can be calculated 
(see section 3.2). 
When the compressive or tensile stress is applied to, say, excised soft tissue sample, 
consequent strain occurs in the direction of the loading. However, when the strain occurs 
in one direction in a three-dimensional soft tissue sample, there is always corresponding 
strain in the perpendicular direction. For example, when a soft tissue sample is stretched 
in one direction it typically simultaneously compresses in perpendicular direction 
changing its shape. The change of shape is the third important parameter in 
biomechanical testing. It is quantified with the parameter called the Poisson‘s ratio ( ), 
defined as follows:  

 (2.3)

where  is the strain in loading direction and  is the corresponding strain in horizontal 
direction. The Poisson’s ratio is the intrinsic parameter of a tissue, and it is unique for 
different materials. For example, an isotropic elastic material, e.g. rubber, has the 
Poisson’s ratio of 0.5 in compression which means that the volume of the material does 
not change during mechanical loading. Since the major component of all human soft tissues 
is interstitial water, mechanical loading causes water to flow out of the tissue. Finally, after 
the complete relaxation, i.e. in equilibrium state, no fluid flow or pressure gradients exist 
in a tissue and, consequently, the entire stress is carried by the solid matrix. Because of 
this time-dependent viscoelastic nature, all human soft tissues have typically lower 
Poisson’s ratios in compression than elastic materials, being in the range of 0.0 - 0.4 in 
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compression (Jurvelin et al., 1997; Korhonen et al., 2002a; Sweigart et al., 2004). On the 
other hand, Poisson’s ratios in tension, shown for anisotropic materials, can be even more 
than 1 (Hewitt et al., 2001; Elliott et al., 2002). 
It is also possible to apply load or deformation to a soft tissue sample parallel to the surface. 
This requires fixed contact between the tester and the surface of the sample. Then, so called 
shear strain ( ) is defined as follows: 

 (2.4)

where  is the deformation of a surface point parallel to the surface, and  is the sample 
thickness (perpendicular to the surface). Similarly, shear stress ( ) is defined as follows: 

 (2.5)

where  is the force applied parallel to the surface, and  is the cross-sectional area of 
the contact between the tester and the surface of the sample. 

2.2 Mechanical testing geometries 
Mechanical testing geometries for soft tissues can be divided into compression, tension, 
bending and torsion. We will now consider only compression and tension since they are the 
most relevant geometries for skeletal soft tissues. 
Compression testing is widely used especially for determination of mechanical properties 
of articular cartilage and meniscus. This is a relevant choice since also in vivo, e.g. during 
normal walking cycle, articular cartilage and meniscus experiences external compressive 
forces. When the tissue is mechanically tested in compression, three different 
measurement configurations can be used: unconfined compression, confined compression 
and indentation. In unconfined compression, a soft tissue sample is compressed between 
two smooth metallic plates to a predefined stress or strain. This geometry allows 
interstitial fluid flow out of the tissue only in the lateral direction (Fig. 1). In confined 
compression, a soft tissue sample is placed in a sealed chamber and, subsequently, 
compressed with a porous filter (Fig. 1). In this geometry the interstitial fluid can only 
flow axially through the tissue surface into the filter. In indentation geometry, a soft tissue 
is compressed with a cylindrical, typically plane-ended or spherical-ended indenter (Fig. 
1). In this geometry, fluid flow outside the indenter-tissue contact point is possible in both 
the lateral and axial directions. It should be emphasized that the indentation is the only 
compressive geometry which is not limited into the laboratory use. Since indentation 
testing does not require a preparation of separate tissue samples it can be also performed 
in vivo. For example, stiffness of femoral articular cartilage has been measured during 
arthroscopy in vivo (Vasara et al., 2005). 
Tensile testing is widely used especially for determination of mechanical properties of 
ligaments and tendons, while it is less used for the characterization of cartilage and 
meniscus properties. Again, this is a relevant choice for these tissues since they exhibit 
mainly tensile stresses in vivo. In tensile testing, a soft tissue sample is fixed with two 
ends, e.g. by using metallic clamps, and the sample is then streched to a predefined stress 
or strain. 
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applied to a tissue and consequent change in the deformation is followed. Similarly, the 
change in force can be followed when constant or changing deformation is applied. 
Important parameter to describe the behavior of tissues under loading is strain ( ), defined 
as follows: 

 (2.1)

where  is the change in thickness/length of a tissue sample, and  is the original 
thickness/length. The normalization with the original thickness/length ensures that the 
deformation is comparable between tissue samples with different thickness or length. It is 
important to note that, according to the definition, the strain is a unitless quantity. 
Second important parameter in biomechanical testing is stress ( ), which is defined as: 

 (2.2)

where  is the force applied to tissue, and  is the original cross-sectional area in which the 
force is acting. Again here, the normalization with the cross-sectional area ensures that the 
load is comparable between different cross-sectional areas. The unit of stress is Pa, and the 
definition of stress is fundamentally the same as for pressure.  
When both stress ( ) and strain ( ) are defined as above, mechanical behavior/properties of 
different skeletal soft tissues can be compared regardless of the size and shape of the 
samples. If the relation between stress and strain is assumed linear, one obtains the Hooke’s 
linear model for solids from which the stiffness (elastic modulus) of the tissue can be calculated 
(see section 3.2). 
When the compressive or tensile stress is applied to, say, excised soft tissue sample, 
consequent strain occurs in the direction of the loading. However, when the strain occurs 
in one direction in a three-dimensional soft tissue sample, there is always corresponding 
strain in the perpendicular direction. For example, when a soft tissue sample is stretched 
in one direction it typically simultaneously compresses in perpendicular direction 
changing its shape. The change of shape is the third important parameter in 
biomechanical testing. It is quantified with the parameter called the Poisson‘s ratio ( ), 
defined as follows:  

 (2.3)

where  is the strain in loading direction and  is the corresponding strain in horizontal 
direction. The Poisson’s ratio is the intrinsic parameter of a tissue, and it is unique for 
different materials. For example, an isotropic elastic material, e.g. rubber, has the 
Poisson’s ratio of 0.5 in compression which means that the volume of the material does 
not change during mechanical loading. Since the major component of all human soft tissues 
is interstitial water, mechanical loading causes water to flow out of the tissue. Finally, after 
the complete relaxation, i.e. in equilibrium state, no fluid flow or pressure gradients exist 
in a tissue and, consequently, the entire stress is carried by the solid matrix. Because of 
this time-dependent viscoelastic nature, all human soft tissues have typically lower 
Poisson’s ratios in compression than elastic materials, being in the range of 0.0 - 0.4 in 
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compression (Jurvelin et al., 1997; Korhonen et al., 2002a; Sweigart et al., 2004). On the 
other hand, Poisson’s ratios in tension, shown for anisotropic materials, can be even more 
than 1 (Hewitt et al., 2001; Elliott et al., 2002). 
It is also possible to apply load or deformation to a soft tissue sample parallel to the surface. 
This requires fixed contact between the tester and the surface of the sample. Then, so called 
shear strain ( ) is defined as follows: 

 (2.4)

where  is the deformation of a surface point parallel to the surface, and  is the sample 
thickness (perpendicular to the surface). Similarly, shear stress ( ) is defined as follows: 

 (2.5)

where  is the force applied parallel to the surface, and  is the cross-sectional area of 
the contact between the tester and the surface of the sample. 

2.2 Mechanical testing geometries 
Mechanical testing geometries for soft tissues can be divided into compression, tension, 
bending and torsion. We will now consider only compression and tension since they are the 
most relevant geometries for skeletal soft tissues. 
Compression testing is widely used especially for determination of mechanical properties 
of articular cartilage and meniscus. This is a relevant choice since also in vivo, e.g. during 
normal walking cycle, articular cartilage and meniscus experiences external compressive 
forces. When the tissue is mechanically tested in compression, three different 
measurement configurations can be used: unconfined compression, confined compression 
and indentation. In unconfined compression, a soft tissue sample is compressed between 
two smooth metallic plates to a predefined stress or strain. This geometry allows 
interstitial fluid flow out of the tissue only in the lateral direction (Fig. 1). In confined 
compression, a soft tissue sample is placed in a sealed chamber and, subsequently, 
compressed with a porous filter (Fig. 1). In this geometry the interstitial fluid can only 
flow axially through the tissue surface into the filter. In indentation geometry, a soft tissue 
is compressed with a cylindrical, typically plane-ended or spherical-ended indenter (Fig. 
1). In this geometry, fluid flow outside the indenter-tissue contact point is possible in both 
the lateral and axial directions. It should be emphasized that the indentation is the only 
compressive geometry which is not limited into the laboratory use. Since indentation 
testing does not require a preparation of separate tissue samples it can be also performed 
in vivo. For example, stiffness of femoral articular cartilage has been measured during 
arthroscopy in vivo (Vasara et al., 2005). 
Tensile testing is widely used especially for determination of mechanical properties of 
ligaments and tendons, while it is less used for the characterization of cartilage and 
meniscus properties. Again, this is a relevant choice for these tissues since they exhibit 
mainly tensile stresses in vivo. In tensile testing, a soft tissue sample is fixed with two 
ends, e.g. by using metallic clamps, and the sample is then streched to a predefined stress 
or strain. 
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Fig. 1. Unconfined, confined and indentation loading geometries for testing of mechanical 
properties of articular cartilage. 

2.3 Destructive and nondestructive testing protocols 
In all experimental mechanical testing geometries it is possible to conduct both destructive 
and non-destructive testing. In non-destructive protocol tissue is tested with small strains or 
loads and all the changes induced to the tissue are reversible. In contrast, destructive 
protocol involves larger strains or loads inducing non-reversible changes to a tissue. 
Most common non-destructive testing protocols are called creep and stress-relaxation. These 
tests can be conducted both in compression and tension geometries. In creep test, constant 
compressive or tensile stress is applied to a tissue and corresponding strain is followed as a 
function of time (Fig. 2). In stress-relaxation test, predefined compressive or tensile strain is 
applied and corresponding stress is followed as a function of time (Fig. 2). All biphasic and 
viscoelastic soft tissues exhibit first the relaxation phase in both testing protocols, and finally 
when the tissue reaches its equilibrium state, no fluid flow or pressure gradients exist. 
Consequently, after the relaxation phase, strain (in creep test) or stress (in stress-relaxation test) 
stabilizes at the constant level, and then the entire load is carried by the solid matrix of a tissue. 
Destructive testing is typically conducted for skeletal soft tissues only in tension geometry. 
Then it is common to follow the tissue mechanical behaviour from the stress-strain curve. At 
the beginning phase of tension test of skeletal soft tissue, one can observe so called toe 
region (Fig. 3). In this region, the relation between stress and strain is nonlinear and the 
slope is increasing with increased loading. The reason for the increasing slope is the 
straightening of the wavy-like collagen fibrils. After the collagen fibrils are completely 
straightened begins the elastic region (Fig. 3). In this region, the stress and strain are linearly 
related and the slope of the curve is called the Young’s modulus of tissue. In the elastic 
range, all changes of a tissue are still reversible, i.e. if the stress is removed tissue returns to 
the original strain. All non-destructive tests, such as creep and stress-relaxation tests 
mentioned above, should be conducted in this elastic region. It should be also noted that in 
human skeletal soft tissues the loading rate affects the slope of the elastic range, i.e. higher 
loading rate results to steeper slope and higher Young’s modulus value.  
When the stress is further increased from the elastic region, the slope of the curve changes 
and the plastic region begins. This is called the yield point (Fig. 3). After the yield point 
tissue begins to experience destructive changes, e.g. microfractures in the collagen fibril 
network. In the plastic region irreversible changes have occurred in a tissue and it does not 

Unconfined Confined Indentation

Confining chamber

Permeable
filter

Impermeable
metallic plate

Impermeable
metallic plate

Subchondral bone

Impermeable or
permeable
indenter

Tissue

 
Biomechanics and Modeling of Skeletal Soft Tissues 119 

return to the original strain although the stress would be completely removed. The yield 
point is one typical parameter reported for soft tissues under destructive testing. 
After the plastic region, the sudden failure of the tissue occurs and stress disappears (Fig. 3). 
The location of the breakdown is called the failure point, which is one typical parameter 
reported for soft tissues under destructive tensile testing. 
 

 

Fig. 2. Stress-relaxation (left) and creep (right) testing protocols. 
 

 

 

Fig. 3. Typical stress-strain curve for destructive tensile testing of skeletal soft tissues. 
Collagen fibril straightening and failure, related to different regions of the stress-strain 
curve, are also schematically shown. 
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Fig. 1. Unconfined, confined and indentation loading geometries for testing of mechanical 
properties of articular cartilage. 

2.3 Destructive and nondestructive testing protocols 
In all experimental mechanical testing geometries it is possible to conduct both destructive 
and non-destructive testing. In non-destructive protocol tissue is tested with small strains or 
loads and all the changes induced to the tissue are reversible. In contrast, destructive 
protocol involves larger strains or loads inducing non-reversible changes to a tissue. 
Most common non-destructive testing protocols are called creep and stress-relaxation. These 
tests can be conducted both in compression and tension geometries. In creep test, constant 
compressive or tensile stress is applied to a tissue and corresponding strain is followed as a 
function of time (Fig. 2). In stress-relaxation test, predefined compressive or tensile strain is 
applied and corresponding stress is followed as a function of time (Fig. 2). All biphasic and 
viscoelastic soft tissues exhibit first the relaxation phase in both testing protocols, and finally 
when the tissue reaches its equilibrium state, no fluid flow or pressure gradients exist. 
Consequently, after the relaxation phase, strain (in creep test) or stress (in stress-relaxation test) 
stabilizes at the constant level, and then the entire load is carried by the solid matrix of a tissue. 
Destructive testing is typically conducted for skeletal soft tissues only in tension geometry. 
Then it is common to follow the tissue mechanical behaviour from the stress-strain curve. At 
the beginning phase of tension test of skeletal soft tissue, one can observe so called toe 
region (Fig. 3). In this region, the relation between stress and strain is nonlinear and the 
slope is increasing with increased loading. The reason for the increasing slope is the 
straightening of the wavy-like collagen fibrils. After the collagen fibrils are completely 
straightened begins the elastic region (Fig. 3). In this region, the stress and strain are linearly 
related and the slope of the curve is called the Young’s modulus of tissue. In the elastic 
range, all changes of a tissue are still reversible, i.e. if the stress is removed tissue returns to 
the original strain. All non-destructive tests, such as creep and stress-relaxation tests 
mentioned above, should be conducted in this elastic region. It should be also noted that in 
human skeletal soft tissues the loading rate affects the slope of the elastic range, i.e. higher 
loading rate results to steeper slope and higher Young’s modulus value.  
When the stress is further increased from the elastic region, the slope of the curve changes 
and the plastic region begins. This is called the yield point (Fig. 3). After the yield point 
tissue begins to experience destructive changes, e.g. microfractures in the collagen fibril 
network. In the plastic region irreversible changes have occurred in a tissue and it does not 
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return to the original strain although the stress would be completely removed. The yield 
point is one typical parameter reported for soft tissues under destructive testing. 
After the plastic region, the sudden failure of the tissue occurs and stress disappears (Fig. 3). 
The location of the breakdown is called the failure point, which is one typical parameter 
reported for soft tissues under destructive tensile testing. 
 

 

Fig. 2. Stress-relaxation (left) and creep (right) testing protocols. 
 

 

 

Fig. 3. Typical stress-strain curve for destructive tensile testing of skeletal soft tissues. 
Collagen fibril straightening and failure, related to different regions of the stress-strain 
curve, are also schematically shown. 
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3. Biomechanical modeling of skeletal soft tissues 
3.1 Introduction 
In this section, we will present the development of computational models applied for the 
characterization of biomechanical properties of cartilage, meniscus, ligaments and tendons. 
We will start from traditional linearly elastic models that can be applied for the 
characterization of static or dynamic properties of tissues by a simple Hookean relation. As 
the linear elastic model is only applicable for small strains, we will also introduce 
hyperelastic models that can be applied for nonlinear problems in larger strains. 
Second, we will show traditional solid viscoelastic models, i.e. Maxwell, Voigt and Kelvin 
models. We will show the basic equations of these models. Then, we will take fluid into 
account in the model and present a biphasic, poroelastic model. We will present biphasic 
models with isotropic and anisotropic solid matrixes, improving the prediction of 
experimentally found mechanical behavior of fluid-saturated soft tissues. 
Finally, we will present the fibril reinforced biphasic model of cartilage. In this model, the 
solid matrix is divided into fibrillar and non-fibrillar parts. We will also present different 
forms of nonlinearities formulated especially for the collagen fibers and the swelling 
properties due to the fixed charge density of proteoglycans. At the end of the section, we 
will summarize the application of the presented constitutive models for cartilage, menisci, 
ligaments and tendons. 

3.2 Linear elastic model 
The most traditional and simplest mechanical model for skeletal soft tissues is Hooke’s 
linear elastic model for solid materials. This model assumes the linear relation between 
stress and strain, corresponding to a spring fixed from one end and compressed or strecthed 
from the other. Hooke’s model can be presented as follows: 

 � = ��, (3.1) 

where � is stress, � is strain, and E is the elastic (Young’s) modulus: This model is easy to 
apply for various testing geometries and protocols, and consequently stiffness of a tested 
soft tissue can be expressed by the Young’s modulus. However, it should be realized that 
this simple model is limited to one-dimensional geometry and it assumes tissue as elastic 
and isotropic material. Hooke’s law can be generalized to three-dimensional geometry and 
then also the Poisson‘s ratio (�) is needed to describe the mechanical behaviour of the tested 
soft tissue (see section 3.5.1). Obviously, this is still not adequate for viscoelastic and 
anisotropic skeletal soft tissues. 
Hooke’s law can be further generalized for an anisotropic elastic material, when it can be 
expressed as a matrix form: 

 [�] = [�][�], (3.2) 

where [�] is the stress tensor, [�] is the strain tensor, and [�] is the stiffness matrix. In order 
to completely characterize the mechanical behaviour of anisotropic and elastic tissue, 
altogether 21 stiffness components are needed in [�]. For the material with mutually 
perpendicular planes of elastic symmetry, i.e. orthotropic material, nine elastic constants are 
needed in [�]. Furthermore, if one assumes the same mechanical properties in one plane 
(e.g. in x–y plane) and different properties in the direction normal to this plane (e.g. z-axis), 
five independent elastic constants are needed in [�] and the material is referred as 
transversely isotropic (see section 3.5.2). 
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Even though one could determine all required stiffness components for an anisotropic 
elastic material, the mechanical behaviour of skeletal soft tissues still cannot be described by 
this linear model. In general, the linear elastic model can be applied for skeletal soft tissues 
when strains are small and the stress-strain relationship can be assumed linear. However, 
many soft tissues experience large strains in vivo. Furthermore, time-dependent behaviour 
(due to viscoelasticity) and different mechanical responses in compression and tension, both 
typical to skeletal soft tissues, cannot be described with this simple model. Therefore, more 
sophisticated models are needed for the mechanical characterization of skeletal soft tissues. 

3.3 Hyperelastic model 
Many biological tissues experience large deformations and then the stress-strain relationship 
becomes nonlinear. These materials are called hyperelastic materials. There are several 
hyperelastic material models developed, e.g. Neo-Hookean, Arruda-Boyce, Mooney-Rivlin, 
Ogden models. We will present here one of these models (Neo-Hookean model) that has 
been typically applied for many biological soft tissues.  
The Neo-Hookean material model uses a general strain energy potential for finite strains: 

 � =	��(��� − 3) +	 ��� (��� − 1)�, (3.3) 

where C1 and D1 are material parameters, ��� is the elastic volume ratio and ���	is the first 
deviatoric strain invariant defined as: 

 ��� = 	������ + ������ + ������, (3.4) 

where �̅� = 	 ��
�
�	�� are the deviatoric stretches, � is is the total volume ratio, and �� are the 

principal stretches. The material parameters are given by: 

�� =
��
2 � �� =

3(1 − 2�)
��(1 + �) 

(3.5)

where �� is the initial shear modulus and ν is the Poisson’s ratio. For linear elastic materials, 
the shear modulus can be expressed with the Young’s modulus (� = 2��(1 + �)). 

3.4 Viscoelastic models 
There are three typical viscoelastic solid materials that have been applied for biological soft 
tissues; Maxwell, Voigt and Kelvin (Standard linear solid) (Fig. 4). In contrast to the elastic 
or hyperelastic materials, these models have a time-dependent component that enables the 
modelling of creep, stress-relaxation and hysteresis. 
The solid voscoelastic models are composed of elastic and viscous components. The elastic 
component is that shown in eq. 3.1, while the viscous component (dashpot) is velocity 
dependent as: 

� = � ����  (3.6)

where � is the damping coefficient, F is force and x is deformation/elongation. F and x can 
also be replaced with stress (σ) and strain (ε). In the Maxwell model, both the spring and 
dashpot experience the same force, while their deformation and velocity are different. The 
total velocity becomes: 
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3. Biomechanical modeling of skeletal soft tissues 
3.1 Introduction 
In this section, we will present the development of computational models applied for the 
characterization of biomechanical properties of cartilage, meniscus, ligaments and tendons. 
We will start from traditional linearly elastic models that can be applied for the 
characterization of static or dynamic properties of tissues by a simple Hookean relation. As 
the linear elastic model is only applicable for small strains, we will also introduce 
hyperelastic models that can be applied for nonlinear problems in larger strains. 
Second, we will show traditional solid viscoelastic models, i.e. Maxwell, Voigt and Kelvin 
models. We will show the basic equations of these models. Then, we will take fluid into 
account in the model and present a biphasic, poroelastic model. We will present biphasic 
models with isotropic and anisotropic solid matrixes, improving the prediction of 
experimentally found mechanical behavior of fluid-saturated soft tissues. 
Finally, we will present the fibril reinforced biphasic model of cartilage. In this model, the 
solid matrix is divided into fibrillar and non-fibrillar parts. We will also present different 
forms of nonlinearities formulated especially for the collagen fibers and the swelling 
properties due to the fixed charge density of proteoglycans. At the end of the section, we 
will summarize the application of the presented constitutive models for cartilage, menisci, 
ligaments and tendons. 

3.2 Linear elastic model 
The most traditional and simplest mechanical model for skeletal soft tissues is Hooke’s 
linear elastic model for solid materials. This model assumes the linear relation between 
stress and strain, corresponding to a spring fixed from one end and compressed or strecthed 
from the other. Hooke’s model can be presented as follows: 

 � = ��, (3.1) 

where � is stress, � is strain, and E is the elastic (Young’s) modulus: This model is easy to 
apply for various testing geometries and protocols, and consequently stiffness of a tested 
soft tissue can be expressed by the Young’s modulus. However, it should be realized that 
this simple model is limited to one-dimensional geometry and it assumes tissue as elastic 
and isotropic material. Hooke’s law can be generalized to three-dimensional geometry and 
then also the Poisson‘s ratio (�) is needed to describe the mechanical behaviour of the tested 
soft tissue (see section 3.5.1). Obviously, this is still not adequate for viscoelastic and 
anisotropic skeletal soft tissues. 
Hooke’s law can be further generalized for an anisotropic elastic material, when it can be 
expressed as a matrix form: 

 [�] = [�][�], (3.2) 

where [�] is the stress tensor, [�] is the strain tensor, and [�] is the stiffness matrix. In order 
to completely characterize the mechanical behaviour of anisotropic and elastic tissue, 
altogether 21 stiffness components are needed in [�]. For the material with mutually 
perpendicular planes of elastic symmetry, i.e. orthotropic material, nine elastic constants are 
needed in [�]. Furthermore, if one assumes the same mechanical properties in one plane 
(e.g. in x–y plane) and different properties in the direction normal to this plane (e.g. z-axis), 
five independent elastic constants are needed in [�] and the material is referred as 
transversely isotropic (see section 3.5.2). 
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Even though one could determine all required stiffness components for an anisotropic 
elastic material, the mechanical behaviour of skeletal soft tissues still cannot be described by 
this linear model. In general, the linear elastic model can be applied for skeletal soft tissues 
when strains are small and the stress-strain relationship can be assumed linear. However, 
many soft tissues experience large strains in vivo. Furthermore, time-dependent behaviour 
(due to viscoelasticity) and different mechanical responses in compression and tension, both 
typical to skeletal soft tissues, cannot be described with this simple model. Therefore, more 
sophisticated models are needed for the mechanical characterization of skeletal soft tissues. 

3.3 Hyperelastic model 
Many biological tissues experience large deformations and then the stress-strain relationship 
becomes nonlinear. These materials are called hyperelastic materials. There are several 
hyperelastic material models developed, e.g. Neo-Hookean, Arruda-Boyce, Mooney-Rivlin, 
Ogden models. We will present here one of these models (Neo-Hookean model) that has 
been typically applied for many biological soft tissues.  
The Neo-Hookean material model uses a general strain energy potential for finite strains: 

 � =	��(��� − 3) +	 ��� (��� − 1)�, (3.3) 

where C1 and D1 are material parameters, ��� is the elastic volume ratio and ���	is the first 
deviatoric strain invariant defined as: 

 ��� = 	������ + ������ + ������, (3.4) 

where �̅� = 	 ��
�
�	�� are the deviatoric stretches, � is is the total volume ratio, and �� are the 

principal stretches. The material parameters are given by: 

�� =
��
2 � �� =

3(1 − 2�)
��(1 + �) 

(3.5)

where �� is the initial shear modulus and ν is the Poisson’s ratio. For linear elastic materials, 
the shear modulus can be expressed with the Young’s modulus (� = 2��(1 + �)). 

3.4 Viscoelastic models 
There are three typical viscoelastic solid materials that have been applied for biological soft 
tissues; Maxwell, Voigt and Kelvin (Standard linear solid) (Fig. 4). In contrast to the elastic 
or hyperelastic materials, these models have a time-dependent component that enables the 
modelling of creep, stress-relaxation and hysteresis. 
The solid voscoelastic models are composed of elastic and viscous components. The elastic 
component is that shown in eq. 3.1, while the viscous component (dashpot) is velocity 
dependent as: 

� = � ����  (3.6)

where � is the damping coefficient, F is force and x is deformation/elongation. F and x can 
also be replaced with stress (σ) and strain (ε). In the Maxwell model, both the spring and 
dashpot experience the same force, while their deformation and velocity are different. The 
total velocity becomes: 
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��
�� =

1
�
��
�� +

�
�  (3.7)

In the Voigt model, the forces of the spring and dashpot elements are different, but their 
deformation is the same. Thus, the total force is the sum of forces acting on the spring and 
dashpot: 

� = �� + � ����  (3.8)

In the Kelvin model, the combination of two springs and one dashpot complicates the 
equation of motion. The same principles as with the Maxwell and Voigt models can be 
applied, i.e. the elements that are side by side, undergo the same deformation but different 
force, while those that are arranged consecutively, experience the same force but different 
deformation. Subsequently, it can be proven that the equation of motion becomes: 

� + ��
��
�� = �� �� + ��

��
��� (3.9)

where 

�� =
��
�� � �� =

��
�� �1 +

��
��� � �� = ��. (3.10)

There are several textbooks that derive creep and stress-relaxation equations of the 
aforementioned viscoelastic models. See for instance Fung (2004). 
 

 

Fig. 4. Solid viscoelastic models: a) Maxwell, b) Voigt, c) Kelvin. F=force, µ=spring constant, 
η=damping coefficient, x=distance. 
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3.5 Biphasic, poroelastic model 
The biphasic model is the most traditional model of articular cartilage and other fluid-
saturated tissue which takes the interstitial fluid movement into account (Mow et al., 1980). 
In the biphasic theory, the solid matrix and fluid are assumed to be intrinsically 
incompressible and nondissipative. The only dissipative factor is the fluid flow in the tissue. 
The constitutive equations, i.e, the stress-strain relations for the solid, fluid and entire tissue 
are given by: 

 �� = ����� � ��, (3.11) 

 �� = �����, (3.12) 

 �� = �� � �� = ��� � ��, (3.13) 

where ��, �� and �� are solid, fluid and total stress tensors, respectively, �� and �� are 
volume fractions for the solid and fluid, respectively, � is the fluid pressure, � is the unit 
tensor and �� is the effective solid stress tensor. 
For the biphasic material with linearly elastic Hookean solid matrix (see eqs. 3.1 and 3.2), the 
effective solid stress can be written as follows: 

 �� = ��, (3.14) 

where � is the stiffness matrix and � is the elastic strain tensor. The effective solid stress 
tensor alone resists the deformation at equilibrium, when the fluid flow has ceased. 
With both solid and fluid phases considered intrinsically incompressible and homogenous, 
the balance of mass (continuity equation) is given by: 

 � � ����� � ����) = �, (3.15) 

where ��and �� are velocity vectors of the solid and fluid phases. Neglecting inertia effects 
(acceleration = 0), the momentum equations for the solid and fluid phases are: 

 � � �� � �� = �, (3.16) 

�� = ��� =
���
� ��� � ��) (3.17)

 � � �� = �, (3.18) 

where permeability � is related to the diffusive drag coefficient � by: 

� = ���
� . (3.19)

The permeability � can be defined to be dependent on the porosity and void ratio, i.e. ratio 
of fluid to solid content, according to the following equation: 

� = �� �
� � �
� � ���

�
, (3.20)
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��
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�
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In the Voigt model, the forces of the spring and dashpot elements are different, but their 
deformation is the same. Thus, the total force is the sum of forces acting on the spring and 
dashpot: 

� = �� + � ����  (3.8)

In the Kelvin model, the combination of two springs and one dashpot complicates the 
equation of motion. The same principles as with the Maxwell and Voigt models can be 
applied, i.e. the elements that are side by side, undergo the same deformation but different 
force, while those that are arranged consecutively, experience the same force but different 
deformation. Subsequently, it can be proven that the equation of motion becomes: 

� + ��
��
�� = �� �� + ��

��
��� (3.9)

where 

�� =
��
�� � �� =

��
�� �1 +

��
��� � �� = ��. (3.10)

There are several textbooks that derive creep and stress-relaxation equations of the 
aforementioned viscoelastic models. See for instance Fung (2004). 
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3.5 Biphasic, poroelastic model 
The biphasic model is the most traditional model of articular cartilage and other fluid-
saturated tissue which takes the interstitial fluid movement into account (Mow et al., 1980). 
In the biphasic theory, the solid matrix and fluid are assumed to be intrinsically 
incompressible and nondissipative. The only dissipative factor is the fluid flow in the tissue. 
The constitutive equations, i.e, the stress-strain relations for the solid, fluid and entire tissue 
are given by: 

 �� = ����� � ��, (3.11) 

 �� = �����, (3.12) 

 �� = �� � �� = ��� � ��, (3.13) 

where ��, �� and �� are solid, fluid and total stress tensors, respectively, �� and �� are 
volume fractions for the solid and fluid, respectively, � is the fluid pressure, � is the unit 
tensor and �� is the effective solid stress tensor. 
For the biphasic material with linearly elastic Hookean solid matrix (see eqs. 3.1 and 3.2), the 
effective solid stress can be written as follows: 

 �� = ��, (3.14) 

where � is the stiffness matrix and � is the elastic strain tensor. The effective solid stress 
tensor alone resists the deformation at equilibrium, when the fluid flow has ceased. 
With both solid and fluid phases considered intrinsically incompressible and homogenous, 
the balance of mass (continuity equation) is given by: 

 � � ����� � ����) = �, (3.15) 

where ��and �� are velocity vectors of the solid and fluid phases. Neglecting inertia effects 
(acceleration = 0), the momentum equations for the solid and fluid phases are: 

 � � �� � �� = �, (3.16) 

�� = ��� =
���
� ��� � ��) (3.17)

 � � �� = �, (3.18) 

where permeability � is related to the diffusive drag coefficient � by: 

� = ���
� . (3.19)

The permeability � can be defined to be dependent on the porosity and void ratio, i.e. ratio 
of fluid to solid content, according to the following equation: 

� = �� �
� � �
� � ���

�
, (3.20)
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where �� is the initial permeability, �� and  � are initial and current void ratios, and � is a 
positive constant. The void ratio or fluid fraction has also been modeled in a depth-
dependent manner, e.g, 

 � = 0.80 − 0.10z, (3.21) 

where z is the tissue depth (0: cartilage surface, 1:cartilage-bone interface). 

3.5.1 Isotropic model 
The elastic parameters of the biphasic poroelastic tissue can be obtained from the equation 
3.14. The simplest form of linear elasticity is the isotropic case. The stress-strain relationship 
becomes: 

�� = �
(���)(����)

�
�
�
�
�
�1 − � � � 0 0 0
� 1 − � � 0 0 0
� � 1 − � 0 0 0
0 0 0 1 − �� 0 0
0 0 0 0 1 − �� 0
0 0 0 0 0 1 − ���

�
�
�
�
�
�. (3.22)

Subsequently, the isotropic biphasic or poroelastic model consists of three material 
parameters: elastic parameters (Young’s modulus (�), Poisson’s ratio (�)) and permeability 
(�, eq. 3.19)).  
The biphasic isotropic material is equivalent to the elastic isotropic material at equilibrium 
and under dynamic loading. In these representations, it is assumed that at equilibrium all 
fluid flow has ceased and that the instantaneous response (t → 0) of the biphasic tissue 
corresponds to that of an incompressible elastic material (ν = 0.5). These elastic isotropic 
models are useful if one wishes to obtain simple material parameters for the tissue. 
However, a more detailed description of the complex mechanical properties of skeletal soft 
tissues can only be obtained by using more sophisticated models. 

3.5.2 Transversely isotropic model 
In the transversely isotropic material, the mechanical parameters depend on the three 
mutually orthogonal directions. However, the properties are considered isotropic in the x-y 
plane. Then, the stiffness matrix relates the stress and strain tensors as follows: 

�� =

�
�
�
�
�
�
�
�
�
�
�
� 1 − ������

����Δ
�� � ������
����Δ

��� � �����
����Δ 0 0 0

�� � ������
����Δ

1 − ������
����Δ

��� � �����
����Δ 0 0 0

��� � �����
���Δ

���(1 � ��)
���Δ

1 − ���
���Δ

0 0 0
0 0 0 ���� 0 0
0 0 0 0 ���� 0
0 0 0 0 0 ��

1 � ���
�
�
�
�
�
�
�
�
�
�
�

��� (3.23)

 

 

where 
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Δ = �1 + ��)�1 − �� − 2������)
�����

. (3.24)

The total number of transversely isotropic biphasic poroelastic parameters can now be 
written in terms of the Young’s modulus and Poisson’s ratio in the transverse plane, i.e. 
parallel to the articular surface (�� and ��), out-of-plane Young’s modulus and Poisson’s 
ratio (��� and ���), out-of-plane shear modulus (���), and permeability (�, eq. 3.19).  
Under an instantaneous loading (t → 0), when fluid is entrapped in the tissue, the 
transversely isotropic biphasic or poroelastic material behaves like an incompressible elastic 
material (Garcia et al., 2000; Korhonen et al., 2002b), similarly as in the case of the isotropic 
model. The elastic parameters are then: 

 ���, ��, ��� = 0.5, �� = 1 − 0.5 ��
��� , ���. (3.25) 

Similarly at equilibrium, when the fluid flow has ceased and only the solid matrix resists the 
compression, the material can be assumed to be elastic with the five independent material 
parameters in eq. 3.23.  

3.5.3 Fibril reinforced model 
In the fibril reinforced biphasic model, the fibril network (collagen network), in addition to 
the isotropic biphasic matrix, contributes to the mechanical response of tissues under 
loading (Korhonen et al. 2003). Thus, the total stress becomes: 

 �� = ��� + ������� − ��, (3.26) 

where ��� and ������� are nonfibrillar and fibril network stresses, respectively. The isotropic 
biphasic nonfibrillar matrix has been modeled as Hookean or Neo-Hookean materials  
with Darcy’s law for the fluid flow (sections 3.2 and 3.3). The material parameters for  
the nonfibrillar part are the Young’s modulus (��), Poisson’s ratio (��) and permeability  
(�). The fibril network properties are controlled by the Young’s modulus of the fibril  
network (��). Elastic properties of the fibril network have been characterized with a nonlinear 
relation: 

 �� = ��� + �����, ���	�� > 0,	 (3.27) 

 �� = 0, ���	�� ≤ 0,	 (3.28) 

where ��� is the initial fibril network modulus, ��� is the strain-dependent fibril network 
modulus, and �� is the fibril strain. The significant difference between the fibril reinforced 
and transversely isotropic poroelastic model is that the fibrils in the fibril reinforced model 
resist only tension, whereas �� in the transversely isotropic model is the same for both 
compression and tension. 
The collagen fibril stresses (��) have also been modeled as viscoelastic: 

�� 	= 	−
η

2���� − ���������
��� + 	����� +	

�
� η���

2���� − ���������
	+ 	η

�
���� , ���		�� > 0, (3.29)
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where �� is the initial permeability, �� and  � are initial and current void ratios, and � is a 
positive constant. The void ratio or fluid fraction has also been modeled in a depth-
dependent manner, e.g, 

 � = 0.80 − 0.10z, (3.21) 

where z is the tissue depth (0: cartilage surface, 1:cartilage-bone interface). 

3.5.1 Isotropic model 
The elastic parameters of the biphasic poroelastic tissue can be obtained from the equation 
3.14. The simplest form of linear elasticity is the isotropic case. The stress-strain relationship 
becomes: 

�� = �
(���)(����)

�
�
�
�
�
�1 − � � � 0 0 0
� 1 − � � 0 0 0
� � 1 − � 0 0 0
0 0 0 1 − �� 0 0
0 0 0 0 1 − �� 0
0 0 0 0 0 1 − ���

�
�
�
�
�
�. (3.22)

Subsequently, the isotropic biphasic or poroelastic model consists of three material 
parameters: elastic parameters (Young’s modulus (�), Poisson’s ratio (�)) and permeability 
(�, eq. 3.19)).  
The biphasic isotropic material is equivalent to the elastic isotropic material at equilibrium 
and under dynamic loading. In these representations, it is assumed that at equilibrium all 
fluid flow has ceased and that the instantaneous response (t → 0) of the biphasic tissue 
corresponds to that of an incompressible elastic material (ν = 0.5). These elastic isotropic 
models are useful if one wishes to obtain simple material parameters for the tissue. 
However, a more detailed description of the complex mechanical properties of skeletal soft 
tissues can only be obtained by using more sophisticated models. 

3.5.2 Transversely isotropic model 
In the transversely isotropic material, the mechanical parameters depend on the three 
mutually orthogonal directions. However, the properties are considered isotropic in the x-y 
plane. Then, the stiffness matrix relates the stress and strain tensors as follows: 
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where 
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Δ = �1 + ��)�1 − �� − 2������)
�����

. (3.24)

The total number of transversely isotropic biphasic poroelastic parameters can now be 
written in terms of the Young’s modulus and Poisson’s ratio in the transverse plane, i.e. 
parallel to the articular surface (�� and ��), out-of-plane Young’s modulus and Poisson’s 
ratio (��� and ���), out-of-plane shear modulus (���), and permeability (�, eq. 3.19).  
Under an instantaneous loading (t → 0), when fluid is entrapped in the tissue, the 
transversely isotropic biphasic or poroelastic material behaves like an incompressible elastic 
material (Garcia et al., 2000; Korhonen et al., 2002b), similarly as in the case of the isotropic 
model. The elastic parameters are then: 

 ���, ��, ��� = 0.5, �� = 1 − 0.5 ��
��� , ���. (3.25) 

Similarly at equilibrium, when the fluid flow has ceased and only the solid matrix resists the 
compression, the material can be assumed to be elastic with the five independent material 
parameters in eq. 3.23.  

3.5.3 Fibril reinforced model 
In the fibril reinforced biphasic model, the fibril network (collagen network), in addition to 
the isotropic biphasic matrix, contributes to the mechanical response of tissues under 
loading (Korhonen et al. 2003). Thus, the total stress becomes: 

 �� = ��� + ������� − ��, (3.26) 

where ��� and ������� are nonfibrillar and fibril network stresses, respectively. The isotropic 
biphasic nonfibrillar matrix has been modeled as Hookean or Neo-Hookean materials  
with Darcy’s law for the fluid flow (sections 3.2 and 3.3). The material parameters for  
the nonfibrillar part are the Young’s modulus (��), Poisson’s ratio (��) and permeability  
(�). The fibril network properties are controlled by the Young’s modulus of the fibril  
network (��). Elastic properties of the fibril network have been characterized with a nonlinear 
relation: 

 �� = ��� + �����, ���	�� > 0,	 (3.27) 

 �� = 0, ���	�� ≤ 0,	 (3.28) 

where ��� is the initial fibril network modulus, ��� is the strain-dependent fibril network 
modulus, and �� is the fibril strain. The significant difference between the fibril reinforced 
and transversely isotropic poroelastic model is that the fibrils in the fibril reinforced model 
resist only tension, whereas �� in the transversely isotropic model is the same for both 
compression and tension. 
The collagen fibril stresses (��) have also been modeled as viscoelastic: 

�� 	= 	−
η

2���� − ���������
��� + 	����� +	

�
� η���

2���� − ���������
	+ 	η

�
���� , ���		�� > 0, (3.29)
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 �� 	= 0, ���		��	0,  

where � is the viscoelastic damping coefficient, and �� and ��  are the stress- and strain-rates, 
respectively. 
The fibrillar part has also been modeled with primary and secondary fibrils (Wilson et al., 
2004). The primary fibrils represent the collagens detected with polarized light microscopy 
(Arokoski et al., 1996; Korhonen et al., 2002b), which cause a depth-dependent tensile 
modulus for the tissue. The fibrils are oriented vertically in the deep zone, curve in the 
middle zone, and reach a parallel orientation with the articular surface in the superficial 
zone (Benninghoff, 1925). Two parameters are needed to describe the fibril orientation: 
thickness of the superficial zone (dvec) and bending radius of the collagen fibrils in the 
middle zone (rvec). The secondary fibrils mimic the less organized collagen network which 
are observed in scanning electron microscopy (Kaab et al., 2003). The stresses for primary 
and secondary fibrils can be formulated as: 

 ��,� = �����, (3.30) 

 ��,� = ����, (3.31) 

where �� represents the depth dependent fibril density, and C is the density ratio of primary 
and secondary fibrils. The stress of the fibril network is then determined as the sum of the 
stresses in each individual fibril (��,���� ), 

 �� = ∑ ��,��������
��� . (3.32) 

3.5.4 Other models of skeletal soft tissues 
There are also other models of biological soft tissues than those presented above. The 
conewise linear elastic model is able to characterize compression-tension nonlinearity of 
the tissues (Soltz&Ateshian, 2000). The poroviscoelastic model includes both fluid flow 
dependent and fluid flow independent viscoelasticities (DiSilvestro&Suh, 2001). The 
triphasic model includes ion flow (Lai et al., 1991) and it is equivalent to the biphasic 
swelling model at equilibrium (Wilson et al., 2005a). In the biphasic fibril reinforced 
swelling model, after inclusion of osmotic swelling and chemical expansion, the total 
stress becomes: 

 �� = ��� � ������� � ��� � ��� � ���, (3.33) 

where �� is the osmotic pressure gradient, �� is the chemical expansion stress, and 
�� = � � �� is the chemical potential of fluid (Huyghe&Janssen, 1997; Wilson et al., 2005a; 
Wilson et al., 2005b; Korhonen et al., 2008). The osmotic pressure gradient is caused by the 
difference in ion concentration of the cartilage and that of the surrounding fluid 
(Huyghe&Janssen, 1997; Wilson et al., 2005a; Wilson et al., 2005b). It is also referred to as 
the Donnan swelling pressure gradient. The chemical expansion stress comes from the 
repulsion between negative charges in the solid matrix (Lai et al., 1991; Wilson et al., 
2005a; Wilson et al., 2005b). Swelling of the tissue is resisted by the collagen network, 
inducing pre-stresses in the collagen fibrils. This model has been applied specifically for 
cartilage since its swelling properties due to the fixed charge density have a significant 
role for the deformation behavior of the tissue, especially under static loading. For the 
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implementation of swelling properties, the fixed charge density can be taken from 
experimental measurements (Maroudas, 1968; Chen et al., 2001). 
Other anisotropic and nonlinear representation have also been presented for biological soft 
tissues. Specifically the collagen fibrils and their nonlinear stress-strain tensile behavior has 
been presented as follows: 

 �� � ��(���� − 1), (3.34) 

 �� � ��(���� − 1), (3.35) 

 �� � �� � ��, (3.36) 

where Pf is the first Piola-Kirchhoff fibril stress, εf is the total fibril strain, εe is the strain of the 
spring μ1 (Fig. 3c), and E1, E2, k1 and k2 are constants (Wilson et al., 2006; Julkunen et al., 
2008). Tensile stress-stretch relationship for collagen fibrils has also been presented in the 
following form 

  ��

� �

0,																																									 < 1,
������(���) − 1�			1 < � < �∗,
��� � ��																										� � �∗,

 (3.37) 

where 

 �� � ������(�∗��) − 1� − ���∗. (3.38) 

In these equations, F2 is the strain energy function for the collagen fibers, usually in 
conjunction with the hyperelastic model, such as Neo-Hookean (eq. 3.3), λ is fiber stretch, λ* 
is the stretch where collagen fibers are straightened, and ��, ��, �� and �� are material 
constants (Pena et al., 2006; Zhang et al., 2008). 

3.6 Models applied for skeletal soft tissues 
Articular cartilage has been modelled using almost all the above mentioned models (Mow et 
al., 1980; Lai et al., 1991; Li et al., 1999; Garcia et al., 2000; Guilak&Mow, 2000; 
Soltz&Ateshian, 2000; DiSilvestro&Suh, 2001; Korhonen et al., 2003; Laasanen et al., 2003; 
Wilson et al., 2004; Julkunen et al., 2007). The choice of the material model has been mainly 
based on the study purpose and loading protocol. Recently, however, the fibril reinforced 
material description has been applied by many researchers and it is probably the most 
realistic approach for cartilage (Li et al., 1999; Li et al., 2000; Korhonen et al., 2003; Wilson et 
al., 2004; Wilson et al., 2005b; Julkunen et al., 2007; Korhonen et al., 2008; Julkunen et al., 
2009). It should also be noted that in articular cartilage negative fixed charges create tissue 
swelling pressure and is very important for the mechanical behaviour of the tissue. Thus, 
tissue swelling model or triphasic approaches are important phenomena. Meniscus, 
ligaments and tendons have only a small amount of fixed charges and swelling mechanisms 
have thus been neglected in the models.  
Meniscus has been typically modelled as isotropic or transversely isotropic material (Spilker 
et al., 1992; Meakin et al., 2003; Sweigart et al., 2004; Guess et al., 2010). Poroelastic 
properties have also been included in meniscus models. Typical models for ligaments and 
tendons have been transversely isotropic nonlinear with hyperelastic behaviour (Pena et al., 



 
Theoretical Biomechanics 126 

 �� 	= 0, ���		��	0,  

where � is the viscoelastic damping coefficient, and �� and ��  are the stress- and strain-rates, 
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2004). The primary fibrils represent the collagens detected with polarized light microscopy 
(Arokoski et al., 1996; Korhonen et al., 2002b), which cause a depth-dependent tensile 
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middle zone, and reach a parallel orientation with the articular surface in the superficial 
zone (Benninghoff, 1925). Two parameters are needed to describe the fibril orientation: 
thickness of the superficial zone (dvec) and bending radius of the collagen fibrils in the 
middle zone (rvec). The secondary fibrils mimic the less organized collagen network which 
are observed in scanning electron microscopy (Kaab et al., 2003). The stresses for primary 
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stresses in each individual fibril (��,���� ), 
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the tissues (Soltz&Ateshian, 2000). The poroviscoelastic model includes both fluid flow 
dependent and fluid flow independent viscoelasticities (DiSilvestro&Suh, 2001). The 
triphasic model includes ion flow (Lai et al., 1991) and it is equivalent to the biphasic 
swelling model at equilibrium (Wilson et al., 2005a). In the biphasic fibril reinforced 
swelling model, after inclusion of osmotic swelling and chemical expansion, the total 
stress becomes: 
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where �� is the osmotic pressure gradient, �� is the chemical expansion stress, and 
�� = � � �� is the chemical potential of fluid (Huyghe&Janssen, 1997; Wilson et al., 2005a; 
Wilson et al., 2005b; Korhonen et al., 2008). The osmotic pressure gradient is caused by the 
difference in ion concentration of the cartilage and that of the surrounding fluid 
(Huyghe&Janssen, 1997; Wilson et al., 2005a; Wilson et al., 2005b). It is also referred to as 
the Donnan swelling pressure gradient. The chemical expansion stress comes from the 
repulsion between negative charges in the solid matrix (Lai et al., 1991; Wilson et al., 
2005a; Wilson et al., 2005b). Swelling of the tissue is resisted by the collagen network, 
inducing pre-stresses in the collagen fibrils. This model has been applied specifically for 
cartilage since its swelling properties due to the fixed charge density have a significant 
role for the deformation behavior of the tissue, especially under static loading. For the 
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implementation of swelling properties, the fixed charge density can be taken from 
experimental measurements (Maroudas, 1968; Chen et al., 2001). 
Other anisotropic and nonlinear representation have also been presented for biological soft 
tissues. Specifically the collagen fibrils and their nonlinear stress-strain tensile behavior has 
been presented as follows: 
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spring μ1 (Fig. 3c), and E1, E2, k1 and k2 are constants (Wilson et al., 2006; Julkunen et al., 
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In these equations, F2 is the strain energy function for the collagen fibers, usually in 
conjunction with the hyperelastic model, such as Neo-Hookean (eq. 3.3), λ is fiber stretch, λ* 
is the stretch where collagen fibers are straightened, and ��, ��, �� and �� are material 
constants (Pena et al., 2006; Zhang et al., 2008). 

3.6 Models applied for skeletal soft tissues 
Articular cartilage has been modelled using almost all the above mentioned models (Mow et 
al., 1980; Lai et al., 1991; Li et al., 1999; Garcia et al., 2000; Guilak&Mow, 2000; 
Soltz&Ateshian, 2000; DiSilvestro&Suh, 2001; Korhonen et al., 2003; Laasanen et al., 2003; 
Wilson et al., 2004; Julkunen et al., 2007). The choice of the material model has been mainly 
based on the study purpose and loading protocol. Recently, however, the fibril reinforced 
material description has been applied by many researchers and it is probably the most 
realistic approach for cartilage (Li et al., 1999; Li et al., 2000; Korhonen et al., 2003; Wilson et 
al., 2004; Wilson et al., 2005b; Julkunen et al., 2007; Korhonen et al., 2008; Julkunen et al., 
2009). It should also be noted that in articular cartilage negative fixed charges create tissue 
swelling pressure and is very important for the mechanical behaviour of the tissue. Thus, 
tissue swelling model or triphasic approaches are important phenomena. Meniscus, 
ligaments and tendons have only a small amount of fixed charges and swelling mechanisms 
have thus been neglected in the models.  
Meniscus has been typically modelled as isotropic or transversely isotropic material (Spilker 
et al., 1992; Meakin et al., 2003; Sweigart et al., 2004; Guess et al., 2010). Poroelastic 
properties have also been included in meniscus models. Typical models for ligaments and 
tendons have been transversely isotropic nonlinear with hyperelastic behaviour (Pena et al., 
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2006; Zhang et al., 2008). Also viscoelastic solid models (Thornton et al., 1997) and 
poroelastic models have been applied for ligaments (Atkinson et al., 1997). However, the 
fluid-flow dependent viscoeasticity may not be that important in ligaments and tendons 
because they experience mainly tensile forces under physiological loading and it has been 
suggested that fluid has only a minor role in contributing to soft tissue response in tension 
(Li et al., 2005). Furthermore, viscoelastic models with anisotropic nonlinear stress-strain 
behaviour have been developed to capture the strain rate dependent nonlinearity of 
ligaments and tendons (Pioletti et al., 1998; Limbert&Middleton, 2006).  

3.7 Optimization of material parameters 
The optimization of material parameters of the model can be done by typically minimizing 
the mean squared error (MSE), root mean squared error (RMSE) or mean absolute error 
(MAE) between the simulated and experimental force curves (Fig. 5). This can be done for 
instance using a multidimensional unconstrained nonlinear minimization routine 
(fminsearch) available in Matlab (Mathworks Inc., Natick, MA, USA). The optimization 
should be first tested with different initial values of the material parameters, and the 
optimized parameter values should be always the same, independent on the initial guess. 
Then one of the equations for MSE, RMSE and MAE, 

 ��� � �
� ∑ ��������� � ����������

��� , (3.39) 

 ���� � �
�∑ ���������� � �������)��

��� , (3.40) 

 ��� � �
�∑ ��������� ����������

��� , (3.41) 

where �������� is the model output and ������ is the experimental result at any time point (j), 
can be applied. The optimizations have also been conducted using normalized MSE, RMSE 
and MAE, i.e. by dividing equations 3.39-3.41 with ������ at each time point. 
 

 

 

Fig. 5. A typical stress-relaxation measurement of articular cartilage and corresponding 
optimized model fit using a fibril reinforced poroviscoelastic model. 
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2006; Zhang et al., 2008). Also viscoelastic solid models (Thornton et al., 1997) and 
poroelastic models have been applied for ligaments (Atkinson et al., 1997). However, the 
fluid-flow dependent viscoeasticity may not be that important in ligaments and tendons 
because they experience mainly tensile forces under physiological loading and it has been 
suggested that fluid has only a minor role in contributing to soft tissue response in tension 
(Li et al., 2005). Furthermore, viscoelastic models with anisotropic nonlinear stress-strain 
behaviour have been developed to capture the strain rate dependent nonlinearity of 
ligaments and tendons (Pioletti et al., 1998; Limbert&Middleton, 2006).  

3.7 Optimization of material parameters 
The optimization of material parameters of the model can be done by typically minimizing 
the mean squared error (MSE), root mean squared error (RMSE) or mean absolute error 
(MAE) between the simulated and experimental force curves (Fig. 5). This can be done for 
instance using a multidimensional unconstrained nonlinear minimization routine 
(fminsearch) available in Matlab (Mathworks Inc., Natick, MA, USA). The optimization 
should be first tested with different initial values of the material parameters, and the 
optimized parameter values should be always the same, independent on the initial guess. 
Then one of the equations for MSE, RMSE and MAE, 
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where �������� is the model output and ������ is the experimental result at any time point (j), 
can be applied. The optimizations have also been conducted using normalized MSE, RMSE 
and MAE, i.e. by dividing equations 3.39-3.41 with ������ at each time point. 
 

 

 

Fig. 5. A typical stress-relaxation measurement of articular cartilage and corresponding 
optimized model fit using a fibril reinforced poroviscoelastic model. 

 
Biomechanics and Modeling of Skeletal Soft Tissues 129 

4. References 
Arokoski, J. P., Hyttinen, M. M., Lapveteläinen, T., Takacs, P., Kosztaczky, B., Modis, L., 

Kovanen, V., Helminen, H., (1996). Decreased birefringence of the superficial zone 
collagen network in the canine knee (stifle) articular cartilage after long distance 
running training, detected by quantitative polarised light microscopy. Ann Rheum 
Dis 55, 253-264. 

Atkinson, T. S., Haut, R. C., Altiero, N. J., (1997). A poroelastic model that predicts some 
phenomenological responses of ligaments and tendons. J Biomech Eng 119, 400- 
405. 

Benninghoff, A., (1925). Form und bau der gelenkknorpel in ihren beziehungen zur 
function. Zeitschrift fur Zellforschung 2, 783-862. 

Chen, A. C., Bae, W. C., Schinagl, R. M., Sah, R. L., (2001). Depth- and strain-dependent 
mechanical and electromechanical properties of full-thickness bovine articular 
cartilage in confined compression. J Biomech 34, 1-12. 

Cui, J. H., Min, B. H., (2007). Collagenous fibril texture of the discoid lateral meniscus. 
Arthroscopy 23, 635-641. 

DiSilvestro, M. R., Suh, J. K., (2001). A cross-validation of the biphasic poroviscoelastic 
model of articular cartilage in unconfined compression, indentation, and confined 
compression. J Biomech 34, 519-525. 

Elliott, D. M., Narmoneva, D. A., Setton, L. A., (2002). Direct measurement of the Poisson's 
ratio of human patella cartilage in tension. J Biomech Eng 124, 223-228. 

Fung, Y. C., (2004). Biomechanics-Mechanical properties of living tissues, second edition. 
Springer, New York.  

Garcia, J. J., Altiero, N. J., Haut, R. C., (2000). Estimation of in situ elastic properties of 
biphasic cartilage based on a transversely isotropic hypo-elastic model. J Biomech 
Eng 122, 1-8. 

Guess, T. M., Thiagarajan, G., Kia, M., Mishra, M., (2010). A subject specific multibody 
model of the knee with menisci. Med Eng Phys 32, 505-515. 

Guilak, F., Mow, V. C., (2000). The mechanical environment of the chondrocyte: a biphasic 
finite element model of cell-matrix interactions in articular cartilage. J Biomech 33, 
1663-1673. 

Hewitt, J., Guilak, F., Glisson, R., Vail, T. P., (2001). Regional material properties of human 
hip joint capsule ligaments. J Orthop Res 19, 359-364. 

Huyghe, J. M., Janssen, J. D., (1997). Quadriphasic theory of swelling incompressible porous 
media. Int J Eng Sci 35, 793-802. 

Julkunen, P., Kiviranta, P., Wilson, W., Jurvelin, J. S., Korhonen, R. K., (2007). 
Characterization of articular cartilage by combining microscopic analysis with a 
fibril-reinforced finite element model. J Biomech 40, 1862-1870. 

Julkunen, P., Wilson, W., Jurvelin, J. S., Korhonen, R. K., (2009). Composition of the 
pericellular matrix modulates the deformation behaviour of chondrocytes in 
articular cartilage under static loading. Med Biol Eng Comput 47, 1281-1290. 

Julkunen, P., Wilson, W., Jurvelin, J. S., Rieppo, J., Qu, C. J., Lammi, M. J., Korhonen, R. K., 
(2008). Stress-relaxation of human patellar articular cartilage in unconfined 



 
Theoretical Biomechanics 130 

compression: prediction of mechanical response by tissue composition and 
structure. J Biomech 41, 1978-1986. 

Jurvelin, J. S., Buschmann, M. D., Hunziker, E. B., (1997). Optical and mechanical 
determination of Poisson's ratio of adult bovine humeral articular cartilage. J 
Biomech 30, 235-241. 

Kaab, M. J., Richards, R. G., Ito, K., ap Gwynn, I., Notzli, H. P., (2003). Deformation of 
chondrocytes in articular cartilage under compressive load: a morphological study. 
Cells Tissues Organs 175, 133-139. 

Korhonen, R. K., Julkunen, P., Wilson, W., Herzog, W., (2008). Importance of collagen 
orientation and depth-dependent fixed charge densities of cartilage on mechanical 
behavior of chondrocytes. J Biomech Eng 130, 021003. 

Korhonen, R. K., Laasanen, M. S., Toyras, J., Lappalainen, R., Helminen, H. J., Jurvelin, J. S., 
(2003). Fibril reinforced poroelastic model predicts specifically mechanical behavior 
of normal, proteoglycan depleted and collagen degraded articular cartilage. J 
Biomech 36, 1373-1379. 

Korhonen, R. K., Laasanen, M. S., Töyräs, J., Helminen, H. J., Jurvelin, J. S., (2002a). 
Comparison of  the equilibrium response of articular cartilage in unconfined 
compression, confined compression and indentation. J Biomech 35, 903-909. 

Korhonen, R. K., Wong, M., Arokoski, J., Lindgren, R., Helminen, H. J., Hunziker, E. B., 
Jurvelin, J. S., (2002b). Importance of the superficial tissue layer for the indentation 
stiffness of articular cartilage. Med Eng Phys 24, 99-108. 

Laasanen, M. S., Toyras, J., Korhonen, R. K., Rieppo, J., Saarakkala, S., Nieminen, M. T., 
Hirvonen, J., Jurvelin, J. S., (2003). Biomechanical properties of knee articular 
cartilage. Biorheology 40, 133-140. 

Lai, W. M., Hou, J. S., Mow, V. C., (1991). A triphasic theory for the swelling and 
deformation behaviors of articular cartilage. J Biomech Eng 113, 245-258. 

Li, L. P., Buschmann, M. D., Shirazi-Adl, A., (2000). A fibril reinforced nonhomogeneous 
poroelastic model for articular cartilage: inhomogeneous response in unconfined 
compression. J Biomech 33, 1533-1541. 

Li, L. P., Herzog, W., Korhonen, R. K., Jurvelin, J. S., (2005). The role of viscoelasticity of 
collagen fibers in articular cartilage: axial tension versus compression. Med Eng 
Phys 27, 51-57. 

Li, L. P., Soulhat, J., Buschmann, M. D., Shirazi-Adl, A., (1999). Nonlinear analysis of 
cartilage in unconfined ramp compression using a fibril reinforced poroelastic 
model. Clin Biomech 14, 673-682. 

Limbert, G., Middleton, J., (2006). A constitutive model of the posterior cruciate ligament. 
Med Eng Phys 28, 99-113. 

Maroudas, A., (1968). Physicochemical properties of cartilage in the light of ion exchange 
theory. Biophys J 8, 575-595. 

McDevitt, C. A., Webber, R. J., (1990). The ultrastructure and biochemistry of meniscal 
cartilage. Clin Orthop, 8-18. 

Meakin, J. R., Shrive, N. G., Frank, C. B., Hart, D. A., (2003). Finite element analysis of the 
meniscus: the influence of geometry and material properties on its behaviour. Knee 
10, 33-41. 

Messner, K., Gao, J., (1998). The menisci of the knee joint. Anatomical and functional 
characteristics, and a rationale for clinical treatment. J Anat 193, 161-178. 

 
Biomechanics and Modeling of Skeletal Soft Tissues 131 

Mow, V. C., Gu, W. Y., Chen, F. H., (2005). Structure and function of articular cartilage 
and meniscus. In: Mow, V. C., Huiskes, R. (Eds.), Basic Orthopaedic Biomechanics 
and Mechano-biology. Lippincott Williams & Wilkins, Philadelphia, pp. 181- 
258. 

Mow, V. C., Kuei, S. C., Lai, W. M., Armstrong, C. G., (1980). Biphasic creep and stress 
relaxation of articular cartilage in compression: Theory and experiments. J Biomech 
Eng 102, 73-84. 

Pena, E., Calvo, B., Martinez, M. A., Doblare, M., (2006). A three-dimensional finite element 
analysis of the combined behavior of ligaments and menisci in the healthy human 
knee joint. J Biomech 39, 1686-1701. 

Pioletti, D. P., Rakotomanana, L. R., Benvenuti, J. F., Leyvraz, P. F., (1998). Viscoelastic 
constitutive law in large deformations: application to human knee ligaments and 
tendons. J Biomech 31, 753-757. 

Soltz, M. A., Ateshian, G. A., (2000). A Conewise Linear Elasticity mixture model for the 
analysis of tension- compression nonlinearity in articular cartilage. J Biomech Eng 
122, 576-586. 

Spilker, R. L., Donzelli, P. S., Mow, V. C., (1992). A transversely isotropic biphasic finite 
element model of the meniscus. J Biomech 25, 1027-1045. 

Sweigart, M. A., Zhu, C. F., Burt, D. M., DeHoll, P. D., Agrawal, C. M., Clanton, T. O., 
Athanasiou, K. A., (2004). Intraspecies and interspecies comparison of  
the compressive properties of the medial meniscus. Ann Biomed Eng 32, 1569- 
1579. 

Thornton, G. M., Oliynyk, A., Frank, C. B., Shrive, N. G., (1997). Ligament creep cannot be 
predicted from stress relaxation at low stress: a biomechanical study of the rabbit 
medial collateral ligament. J Orthop Res 15, 652-656.  

Vasara, A. I., Jurvelin, J. S., Peterson, L., Kiviranta, I., (2005). Arthroscopic cartilage 
indentation and cartilage lesions of anterior cruciate ligament-deficient knees. Am J 
Sports Med 33, 408-414. 

Wilson, W., Huyghe, J. M., van Donkelaar, C. C., (2006). A composition-based cartilage 
model for the assessment of compositional changes during cartilage damage and 
adaptation. Osteoarthritis Cartilage 14, 554-560. 

Wilson, W., van Donkelaar, C. C., Huyghe, J. M., (2005a). A comparison between mechano-
electrochemical and biphasic swelling theories for soft hydrated tissues. J Biomech 
Eng 127, 158-165. 

Wilson, W., van Donkelaar, C. C., van Rietbergen, B., Huiskes, R., (2005b). A fibril- 
reinforced poroviscoelastic swelling model for articular cartilage. J Biomech 38, 
1195-1204. 

Wilson, W., van Donkelaar, C. C., van Rietbergen, B., Ito, K., Huiskes, R., (2004). Stresses in 
the local collagen network of articular cartilage: a poroviscoelastic fibril-reinforced 
finite element study. J Biomech 37, 357-366. 

Woo, S. L., Lee, T. Q., Abramowitch, S. D., Gilbert, T. W., (2005). Structure and function of 
ligaments and tendons. In: Mow, V. C., Huiskes, R. (Eds.), Basic Orthopaedic 
Biomechanics and Mechano-biology. Lippincott Williams & Wilkins, Philadelphia, pp. 
301-342. 



 
Theoretical Biomechanics 130 

compression: prediction of mechanical response by tissue composition and 
structure. J Biomech 41, 1978-1986. 

Jurvelin, J. S., Buschmann, M. D., Hunziker, E. B., (1997). Optical and mechanical 
determination of Poisson's ratio of adult bovine humeral articular cartilage. J 
Biomech 30, 235-241. 

Kaab, M. J., Richards, R. G., Ito, K., ap Gwynn, I., Notzli, H. P., (2003). Deformation of 
chondrocytes in articular cartilage under compressive load: a morphological study. 
Cells Tissues Organs 175, 133-139. 

Korhonen, R. K., Julkunen, P., Wilson, W., Herzog, W., (2008). Importance of collagen 
orientation and depth-dependent fixed charge densities of cartilage on mechanical 
behavior of chondrocytes. J Biomech Eng 130, 021003. 

Korhonen, R. K., Laasanen, M. S., Toyras, J., Lappalainen, R., Helminen, H. J., Jurvelin, J. S., 
(2003). Fibril reinforced poroelastic model predicts specifically mechanical behavior 
of normal, proteoglycan depleted and collagen degraded articular cartilage. J 
Biomech 36, 1373-1379. 

Korhonen, R. K., Laasanen, M. S., Töyräs, J., Helminen, H. J., Jurvelin, J. S., (2002a). 
Comparison of  the equilibrium response of articular cartilage in unconfined 
compression, confined compression and indentation. J Biomech 35, 903-909. 

Korhonen, R. K., Wong, M., Arokoski, J., Lindgren, R., Helminen, H. J., Hunziker, E. B., 
Jurvelin, J. S., (2002b). Importance of the superficial tissue layer for the indentation 
stiffness of articular cartilage. Med Eng Phys 24, 99-108. 

Laasanen, M. S., Toyras, J., Korhonen, R. K., Rieppo, J., Saarakkala, S., Nieminen, M. T., 
Hirvonen, J., Jurvelin, J. S., (2003). Biomechanical properties of knee articular 
cartilage. Biorheology 40, 133-140. 

Lai, W. M., Hou, J. S., Mow, V. C., (1991). A triphasic theory for the swelling and 
deformation behaviors of articular cartilage. J Biomech Eng 113, 245-258. 

Li, L. P., Buschmann, M. D., Shirazi-Adl, A., (2000). A fibril reinforced nonhomogeneous 
poroelastic model for articular cartilage: inhomogeneous response in unconfined 
compression. J Biomech 33, 1533-1541. 

Li, L. P., Herzog, W., Korhonen, R. K., Jurvelin, J. S., (2005). The role of viscoelasticity of 
collagen fibers in articular cartilage: axial tension versus compression. Med Eng 
Phys 27, 51-57. 

Li, L. P., Soulhat, J., Buschmann, M. D., Shirazi-Adl, A., (1999). Nonlinear analysis of 
cartilage in unconfined ramp compression using a fibril reinforced poroelastic 
model. Clin Biomech 14, 673-682. 

Limbert, G., Middleton, J., (2006). A constitutive model of the posterior cruciate ligament. 
Med Eng Phys 28, 99-113. 

Maroudas, A., (1968). Physicochemical properties of cartilage in the light of ion exchange 
theory. Biophys J 8, 575-595. 

McDevitt, C. A., Webber, R. J., (1990). The ultrastructure and biochemistry of meniscal 
cartilage. Clin Orthop, 8-18. 

Meakin, J. R., Shrive, N. G., Frank, C. B., Hart, D. A., (2003). Finite element analysis of the 
meniscus: the influence of geometry and material properties on its behaviour. Knee 
10, 33-41. 

Messner, K., Gao, J., (1998). The menisci of the knee joint. Anatomical and functional 
characteristics, and a rationale for clinical treatment. J Anat 193, 161-178. 

 
Biomechanics and Modeling of Skeletal Soft Tissues 131 

Mow, V. C., Gu, W. Y., Chen, F. H., (2005). Structure and function of articular cartilage 
and meniscus. In: Mow, V. C., Huiskes, R. (Eds.), Basic Orthopaedic Biomechanics 
and Mechano-biology. Lippincott Williams & Wilkins, Philadelphia, pp. 181- 
258. 

Mow, V. C., Kuei, S. C., Lai, W. M., Armstrong, C. G., (1980). Biphasic creep and stress 
relaxation of articular cartilage in compression: Theory and experiments. J Biomech 
Eng 102, 73-84. 

Pena, E., Calvo, B., Martinez, M. A., Doblare, M., (2006). A three-dimensional finite element 
analysis of the combined behavior of ligaments and menisci in the healthy human 
knee joint. J Biomech 39, 1686-1701. 

Pioletti, D. P., Rakotomanana, L. R., Benvenuti, J. F., Leyvraz, P. F., (1998). Viscoelastic 
constitutive law in large deformations: application to human knee ligaments and 
tendons. J Biomech 31, 753-757. 

Soltz, M. A., Ateshian, G. A., (2000). A Conewise Linear Elasticity mixture model for the 
analysis of tension- compression nonlinearity in articular cartilage. J Biomech Eng 
122, 576-586. 

Spilker, R. L., Donzelli, P. S., Mow, V. C., (1992). A transversely isotropic biphasic finite 
element model of the meniscus. J Biomech 25, 1027-1045. 

Sweigart, M. A., Zhu, C. F., Burt, D. M., DeHoll, P. D., Agrawal, C. M., Clanton, T. O., 
Athanasiou, K. A., (2004). Intraspecies and interspecies comparison of  
the compressive properties of the medial meniscus. Ann Biomed Eng 32, 1569- 
1579. 

Thornton, G. M., Oliynyk, A., Frank, C. B., Shrive, N. G., (1997). Ligament creep cannot be 
predicted from stress relaxation at low stress: a biomechanical study of the rabbit 
medial collateral ligament. J Orthop Res 15, 652-656.  

Vasara, A. I., Jurvelin, J. S., Peterson, L., Kiviranta, I., (2005). Arthroscopic cartilage 
indentation and cartilage lesions of anterior cruciate ligament-deficient knees. Am J 
Sports Med 33, 408-414. 

Wilson, W., Huyghe, J. M., van Donkelaar, C. C., (2006). A composition-based cartilage 
model for the assessment of compositional changes during cartilage damage and 
adaptation. Osteoarthritis Cartilage 14, 554-560. 

Wilson, W., van Donkelaar, C. C., Huyghe, J. M., (2005a). A comparison between mechano-
electrochemical and biphasic swelling theories for soft hydrated tissues. J Biomech 
Eng 127, 158-165. 

Wilson, W., van Donkelaar, C. C., van Rietbergen, B., Huiskes, R., (2005b). A fibril- 
reinforced poroviscoelastic swelling model for articular cartilage. J Biomech 38, 
1195-1204. 

Wilson, W., van Donkelaar, C. C., van Rietbergen, B., Ito, K., Huiskes, R., (2004). Stresses in 
the local collagen network of articular cartilage: a poroviscoelastic fibril-reinforced 
finite element study. J Biomech 37, 357-366. 

Woo, S. L., Lee, T. Q., Abramowitch, S. D., Gilbert, T. W., (2005). Structure and function of 
ligaments and tendons. In: Mow, V. C., Huiskes, R. (Eds.), Basic Orthopaedic 
Biomechanics and Mechano-biology. Lippincott Williams & Wilkins, Philadelphia, pp. 
301-342. 



 
Theoretical Biomechanics 132 

Zhang, X., Jiang, G., Wu, C., Woo, S. L., (2008). A subject-specific finite element model of the 
anterior cruciate ligament. In 30th Annual International Conference of the IEEE 
Engineering in Medicine & Biology Society. Vancouver, British Columbia, Canada, 
August 20-24, pp. 891-894. 

7 

Biomechanical Models  
of Endodontic Restorations 

Antonio Pérez-González, Carmen González-Lluch, Joaquín L. Sancho-Bru, 
Pablo J. Rodríguez-Cervantes and José L. Iserte-Vilar 

Universitat Jaume I 
Spain 

1. Introduction 

Endodontic treatment is one of the most widely used techniques in present-day odontology 
owing to the tendency to save teeth whenever possible. In endodontic therapy, the injured 
pulp of a tooth (located in the interior of the tooth and containing nerves and other vital 
tissues) is cleaned out and then the space is disinfected and subsequently filled with 
restorative material. This process is commonly known as root canal treatment. The 
devitalised tooth resulting from endodontics, has a different stiffness and resistance as 
compared to the original tooth and is less resistant as a consequence of the loss of tooth 
structure (Walton & Torabinejad, 2002). The use of intraradicular posts has extended as a 
technique to restore teeth that have lost a considerable amount of coronal tooth structure. 
After removing the pulp, the intraradicular post is introduced into the devitalised root. The 
post helps to support the final restoration and join it to the root (Christensen, 1998).  Fig. 1a 
shows the typical structure of a tooth endodontically restored with a post. The post is 
inserted into the devitalised root canal, which has previously been obturated at its apical 
end with a biocompatible polymer called gutta-percha. Cement is used to bond the post to 
the root canal and a core is placed over the remaining dentine and the post. Finally, an 
artificial crown is used to achieve an external appearance that is similar to that of the 
original tooth. Nowadays most of the posts are prefabricated in a range of different 
materials and designs (Scotti & Ferrari, 2004). However, before prefabricated post became 
generalised, cast post and cores were used as a single metal alloy unit (Fig. 1b). Cast post-
core systems take longer to make and involve an intermediate laboratory stage in which the 
retention system is created, which makes the whole process more costly. In comparison, 
prefabricated posts do not need this intermediate stage, which means that the whole 
restoration process can be performed in a single visit and is obviously easier and cheaper for 
the patient (Christensen, 1998). Nonetheless, the adaptation of the prefabricated posts to the 
root canal may be less accurate (Chan et al., 1993). 
As the endodontically restored tooth is composed of materials that are different to those of 
natural teeth, it is expected to have a different biomechanical response under oral loads. The 
deformation of the system under flexural, compressive or tension forces could be different 
and so its mechanical strength under static or fatigue loads. Ideally, it seems interesting that 
the biomechanical behaviour of the restored system should preferably resemble that of the 
original tooth as much as possible in order to avoid failure of the repaired tooth or its 
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antagonists or adjacent teeth. Nevertheless, this is only an ideal for endodontic therapy and 
actual restored teeth would differ from this ideal depending on the geometry of the 
remaining tooth structure, the material and geometry of the components used in the 
restoration and the technique used by the dentist.  
 

 
Fig. 1. Endodontic restoration with prefabricated post (a) and cast post-core (b) 

The interest in performing an in-depth analysis of the mechanical response of restored teeth 
becomes apparent from the above considerations and in last few decades a considerable 
amount of research has been devoted to this objective. Some works have compared this 
mechanical response with that of natural teeth and others have studied the effect of using 
different procedures or components for the restoration in order to obtain conclusions about 
which is preferable for clinical use. The conclusions from these investigations have 
contributed to the advance of the restorative techniques in Endodontics, that have allowed 
achieving higher survival rates. 
With regard to the methodology used in this field of research, three main lines are 
distinguished: in vitro experimentation, retrospective clinical studies and studies with 
numerical biomechanical models. The first usually covers the effects of the specific 
parameters (material, post design, post length or post diameter) on the resistance or the 
retention of the restoration (Fokkinga et al., 2005; Gallo et al., 2002; Pereira et al., 2006). The 
majority of these works are static experiments and very few studies have been carried out 
under cyclic loading or fatigue (Isidor et al., 1999; Sahafi et al., 2005). Retrospective studies 
are less common given that they require longer times to be performed, often years, and they 
are based on the study of failures in restorations performed on real patients (Fox et al., 2004; 
Nothdurft & Pospiech, 2006; Torbjorner et al., 1995). Although working conditions are the 
current oral dynamic conditions in these studies, the results may be conditioned by loss of 
control over parameters that are beyond the scope of what is being studied owing to the 
variability that exists from one patient to another. Finally, the number of studies based on 
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numerical biomechanical models has considerably increased considerably in recent years 
(Barjau-Escribano et al., 2006; Boschian Pest et al., 2006; Genovese et al., 2005; Pegoretti et al., 
2002). These biomechanical models mainly use the finite element analysis (FEA) technique 
to obtain a numerical representation of the real system and to compute mechanical stresses 
and strains under simulated loads. In FEA, the system to be studied is divided into a set of 
small discrete elements (finite elements, FE) defined by a limited number of nodes. A 
simplified constitutive equation for the finite elements is defined to represent their 
mechanical response, as a relationship between nodal loads and nodal displacements, and is 
expressed as the stiffness matrix of the element. By forcing the nodes shared by adjacent 
elements to have the same displacements, the element stiffness matrices of the elements are 
combined to give the global stiffness matrix. Nodal displacements can be solved by 
imposing boundary conditions on this problem, i.e. applied loads and forced displacements 
and, subsequently, the strains and stresses are then calculated from them. As the size of the 
finite elements decreases (thus increasing the number of elements), the accuracy of the 
method increases, but at the same time the computational cost also increases significantly. 
The use of FEA for studying the restored tooth has some advantages with respect to the 
other alternatives cited above. Its main advantage is that it allows a highly controlled 
analysis of one or several specific parameters on a single tooth model. This results in a better 
comprehension of either the individual effect or that combined with different parameters. 
Moreover, numerical analysis with biomechanical models is faster and cheaper than in vitro 
experimentation and eliminates the ethical implications related with the collection of real 
tooth specimens for in vitro experiments or invasive in vivo measurements. In contrast, FEA 
also has some drawbacks namely, the clinical application of their results is conditioned by 
the accuracy of the model and its previous validation based on experimental data.  
In this chapter, a comprehensive review of the state of the art of biomechanical models of 
endodontic restorations is presented. First, we describe a review of the evolution of these 
models throughout their brief history. Then, the different aspects related to the definition of 
the model are analysed with reference to the way they were treated in previous models in 
the literature. Finally, we provide an overview of the main conclusions reached in previous 
studies using biomechanical models about the effect of the different parameters involved in 
the endodontic restoration. Lastly, we present possible lines for future research that can be 
pursued in this field in order to obtain more comprehensive and accurate models. 

2. Historical overview of biomechanical models for simulating endodontic 
restorations  
FEA was developed in the fifties of the last century in the aircraft industry and was not used 
in dentistry until the seventies. One of the first works on the subject was the doctoral 
dissertation of Farah, at the University of Michigan, in 1972, which dealt with the simulation 
of molar restoration using photoelasticity and FEA. Some later works were presented by this 
research group in following years (Craig & Farah, 1977; Farah et al., 1973; Farah & Craig, 
1974). Other pioneering works in those years were presented by Thresher and Saito 
(Thresher & Saito, 1973) and Selna et al.(Selna et al., 1975). These first works were two-
dimensional and were conducted with programs developed by the researchers themselves. 
Later, the advances in computer resources and in commercial software for FEA extended the 
use of different commercial programs, allowing more accurate and predictive three-
dimensional models to be developed (Asmussen et al., 2005; Barjau-Escribano et al., 2006; 
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Boschian Pest et al., 2006; Ferrari et al., 2008; Genovese et al., 2005; Gonzalez-Lluch et al., 
2009b; Maceri et al., 2009; Rodríguez-Cervantes et al., 2007; Sorrentino et al., 2007).  
The number of publications dealing with FE simulation in endodontics has increased 
exponentially in recent years. For example, in 2011 a manual search in the SCOPUS database 
in 2011 for papers containing simultaneously the terms finite element and endodontic within 
journals on the subjects of Engineering and Medicine and Dentistry found 14 papers until 
2000, 31 papers from 2000 to 2009 and 11 papers in the short period including 2010 and first 
two months of 2011.  
The number of elements in the mesh has an influence on the number of degrees of freedom 
considered in the FE model. Using a mesh with a smaller element size is equivalent to 
increasing the number of elements and nodes of the model and consequently in the number 
of degrees of freedom of the problem. This number of degrees of freedom has also increased 
exponentially in recent years, as shown in Fig. 2. 
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Fig. 2. Number of degrees of freedom of FE models in different works from the literature. 

Most of the studies about endodontic restorations using FEA have dealt with incisor teeth, 
followed by premolars, molars and canines. In the majority of those works, the teeth were 
analysed under masticatory loads, although other load types, such as bruxism or accidental 
loads, were also simulated. The development of computers and simulation software has 
allowed more detailed models. Although an increasing number of studies consider all the 
components of the restored tooth in the model, other studies still simplify the model by 
eliminating some of the components. Sometimes the final crown is not included for the sake 
of simplification (Rodríguez-Cervantes et al., 2007), while in other cases the periodontal 
ligament (PDL), the luting cement, or both, are left out to simplify the model (Adanir & 
Belli, 2007; Asmussen et al., 2005; Hsu et al., 2009; Yaman et al., 2004; Zarone et al., 2006). 
To date, most of the FE models have been linear and static. In linear static models, the stress-
strain curve representing the material behaviour has a constant slope and the materials 
undergo deformation below their proportional limit. However, in some realistic situations this 
analysis is not accurate. Wakabayashi et al. (Wakabayashi et al., 2008) cited three main causes 
of non-linearity: (1) material non-linearities, like the response of the PDL, (2) the changing 
interrelation of objects, as when loads introduce contacts between components, and (3) 
geometric nonlinearities, as a consequence of large deformations in some components. In 
recent years, some works have introduced non-linear FE models as a better way to represent 
the response of endodontic restorations (Sorrentino et al., 2009; Uddanwadiker et al., 2007). On 
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the other hand, masticatory loads are variable, implying that the restoration is subject to 
fatigue, but very few fatigue simulations are found in the literature up until now (Huysmans 
& Van der Varst, 1993). The authors have recently presented a study on fatigue simulation of a 
whole endodontic restoration (Sancho-Bru et al., 2009). 

3. Biomechanical model definition  
The validity of the conclusions reached from biomechanical models of the endodontic 
restoration will depend on the accuracy with which these models can represent the real 
system. A number of different factors related to the definition of the model conditions the 
quality of the results obtained from FEA, namely the accuracy of the geometric representation 
of the system, the components included in the model, the quality of the discretisation and the 
constitutive equations for finite elements, the material properties, or the boundary conditions. 
Moreover, processing and interpreting the results is a challenging task that can compromise 
accuracy of the conclusions from FEA. All these questions are reviewed in this section. 

3.1 Geometric model 
The first step in the generation of an FE model is to obtain a geometrical representation of 
the real system. Some models use a simplified representation of the geometrical shape of the 
tooth, using elliptical paraboloids or similar shapes to represent the root (Asmussen et al., 
2005; Bourauel et al., 2000; Holmes et al., 1996) or cylindrical blocks to represent the alveolar 
bone (Barjau-Escribano et al., 2006; Holmes et al., 1996; Mezzomo et al., 2011). Other 
researchers have tried to represent the real geometry better by using anatomical data 
(Adanir & Belli, 2007; Lanza et al., 2005), X-ray images (Maceri et al., 2007) or CT data 
(Magne, 2007; Tajima et al., 2009). Authors using two-dimensional data sometimes make use 
of appropriate algorithms to obtain a three-dimensional model (Maceri et al., 2007). With 
advances in CAD software and 3D scanning methods, most of the recent works obtain the 
external geometry of a real representative tooth or a plaster model using 3D digitising 
scanners (Ausiello et al., 2001; Ferrari et al., 2008; Ichim et al., 2006) and import it into a 3D 
CAD software application. The geometrical representation of the different components of 
the restoration is obtained later in CAD using Boolean algebra. The authors recently used 
this procedure (Gonzalez-Lluch et al., 2009b) to obtain a realistic geometrical model of a 
maxillary central incisor, which is shown, in a sagittal section, in Fig. 3.  

3.2 Components in the model 
The natural tooth is the reference for comparing the biomechanical behaviour of an 
endodontic restoration. Several works in the literature have modelled the natural tooth 
(Dejak et al., 2003; Middleton et al., 1996; Zarone et al., 2006). Most of modelled natural teeth 
included enamel, dentine, cortical and cancellous bone, pulp and ligament (Middleton et al., 
1996; Rees & Jacobsen, 1997). Some of them did not include the ligament (Zarone et al., 
2006). These studies used the model of the natural tooth to compare the calculated 
biomechanical response with the experimental results (Rees & Jacobsen, 1997), to evaluate 
the behaviour of a restored tooth against a natural tooth (Davy et al., 1981; Maceri et al., 
2009; Soares et al., 2008b; Zarone et al., 2006) or both (Ferrari et al., 2008). Cementum is not 
considered in most of the models, due to its reduced thickness, although a recent work (Ren 
et al., 2010) has reported the importance of the cemento-dentinal junction and cementum in 
stress distribution in the root and the ligament. 
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Boschian Pest et al., 2006; Ferrari et al., 2008; Genovese et al., 2005; Gonzalez-Lluch et al., 
2009b; Maceri et al., 2009; Rodríguez-Cervantes et al., 2007; Sorrentino et al., 2007).  
The number of publications dealing with FE simulation in endodontics has increased 
exponentially in recent years. For example, in 2011 a manual search in the SCOPUS database 
in 2011 for papers containing simultaneously the terms finite element and endodontic within 
journals on the subjects of Engineering and Medicine and Dentistry found 14 papers until 
2000, 31 papers from 2000 to 2009 and 11 papers in the short period including 2010 and first 
two months of 2011.  
The number of elements in the mesh has an influence on the number of degrees of freedom 
considered in the FE model. Using a mesh with a smaller element size is equivalent to 
increasing the number of elements and nodes of the model and consequently in the number 
of degrees of freedom of the problem. This number of degrees of freedom has also increased 
exponentially in recent years, as shown in Fig. 2. 
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Fig. 2. Number of degrees of freedom of FE models in different works from the literature. 

Most of the studies about endodontic restorations using FEA have dealt with incisor teeth, 
followed by premolars, molars and canines. In the majority of those works, the teeth were 
analysed under masticatory loads, although other load types, such as bruxism or accidental 
loads, were also simulated. The development of computers and simulation software has 
allowed more detailed models. Although an increasing number of studies consider all the 
components of the restored tooth in the model, other studies still simplify the model by 
eliminating some of the components. Sometimes the final crown is not included for the sake 
of simplification (Rodríguez-Cervantes et al., 2007), while in other cases the periodontal 
ligament (PDL), the luting cement, or both, are left out to simplify the model (Adanir & 
Belli, 2007; Asmussen et al., 2005; Hsu et al., 2009; Yaman et al., 2004; Zarone et al., 2006). 
To date, most of the FE models have been linear and static. In linear static models, the stress-
strain curve representing the material behaviour has a constant slope and the materials 
undergo deformation below their proportional limit. However, in some realistic situations this 
analysis is not accurate. Wakabayashi et al. (Wakabayashi et al., 2008) cited three main causes 
of non-linearity: (1) material non-linearities, like the response of the PDL, (2) the changing 
interrelation of objects, as when loads introduce contacts between components, and (3) 
geometric nonlinearities, as a consequence of large deformations in some components. In 
recent years, some works have introduced non-linear FE models as a better way to represent 
the response of endodontic restorations (Sorrentino et al., 2009; Uddanwadiker et al., 2007). On 
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the other hand, masticatory loads are variable, implying that the restoration is subject to 
fatigue, but very few fatigue simulations are found in the literature up until now (Huysmans 
& Van der Varst, 1993). The authors have recently presented a study on fatigue simulation of a 
whole endodontic restoration (Sancho-Bru et al., 2009). 

3. Biomechanical model definition  
The validity of the conclusions reached from biomechanical models of the endodontic 
restoration will depend on the accuracy with which these models can represent the real 
system. A number of different factors related to the definition of the model conditions the 
quality of the results obtained from FEA, namely the accuracy of the geometric representation 
of the system, the components included in the model, the quality of the discretisation and the 
constitutive equations for finite elements, the material properties, or the boundary conditions. 
Moreover, processing and interpreting the results is a challenging task that can compromise 
accuracy of the conclusions from FEA. All these questions are reviewed in this section. 

3.1 Geometric model 
The first step in the generation of an FE model is to obtain a geometrical representation of 
the real system. Some models use a simplified representation of the geometrical shape of the 
tooth, using elliptical paraboloids or similar shapes to represent the root (Asmussen et al., 
2005; Bourauel et al., 2000; Holmes et al., 1996) or cylindrical blocks to represent the alveolar 
bone (Barjau-Escribano et al., 2006; Holmes et al., 1996; Mezzomo et al., 2011). Other 
researchers have tried to represent the real geometry better by using anatomical data 
(Adanir & Belli, 2007; Lanza et al., 2005), X-ray images (Maceri et al., 2007) or CT data 
(Magne, 2007; Tajima et al., 2009). Authors using two-dimensional data sometimes make use 
of appropriate algorithms to obtain a three-dimensional model (Maceri et al., 2007). With 
advances in CAD software and 3D scanning methods, most of the recent works obtain the 
external geometry of a real representative tooth or a plaster model using 3D digitising 
scanners (Ausiello et al., 2001; Ferrari et al., 2008; Ichim et al., 2006) and import it into a 3D 
CAD software application. The geometrical representation of the different components of 
the restoration is obtained later in CAD using Boolean algebra. The authors recently used 
this procedure (Gonzalez-Lluch et al., 2009b) to obtain a realistic geometrical model of a 
maxillary central incisor, which is shown, in a sagittal section, in Fig. 3.  

3.2 Components in the model 
The natural tooth is the reference for comparing the biomechanical behaviour of an 
endodontic restoration. Several works in the literature have modelled the natural tooth 
(Dejak et al., 2003; Middleton et al., 1996; Zarone et al., 2006). Most of modelled natural teeth 
included enamel, dentine, cortical and cancellous bone, pulp and ligament (Middleton et al., 
1996; Rees & Jacobsen, 1997). Some of them did not include the ligament (Zarone et al., 
2006). These studies used the model of the natural tooth to compare the calculated 
biomechanical response with the experimental results (Rees & Jacobsen, 1997), to evaluate 
the behaviour of a restored tooth against a natural tooth (Davy et al., 1981; Maceri et al., 
2009; Soares et al., 2008b; Zarone et al., 2006) or both (Ferrari et al., 2008). Cementum is not 
considered in most of the models, due to its reduced thickness, although a recent work (Ren 
et al., 2010) has reported the importance of the cemento-dentinal junction and cementum in 
stress distribution in the root and the ligament. 
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Fig. 3. Sagittal section of an endodontically restored maxillary central incisor  

Previous works simulating post-core endodontic restorations have not always included all the 
actual components of the restoration. Some works assumed that bone deformation is 
negligible and did not include this component in the model (Boschian Pest et al., 2006; Davy et 
al., 1981; Maceri et al., 2009). Not all models in the literature include the bone. When included, 
sometimes it is modelled with uniform properties (Imanishi et al., 2003; Nakamura et al., 2006), 
although most of the models consider the cancellous bone and a layer of cortical bone near the 
bone surface (Asmussen et al., 2005; Gonzalez-Lluch et al., 2009b).  
Thin structures, such as the PDL and cement are not always considered in the FE models. In 
natural teeth, the PDL thickness is approximately between 0.125 mm and 0.375 mm (Rees & 
Jacobsen, 1997). This range is covered in different biomechanical models (Asmussen et al., 
2005; Boschian Pest et al., 2006; Ferrari et al., 2008; Ichim et al., 2006; Soares et al., 2010). 
However, some works did not include the ligament (Yaman et al., 1998; Zarone et al., 2006), 
despite it has been reported that stress distribution is affected to an important degree by this 
omission (Davy et al., 1981) or even by a geometrically simplified representation (Toms & 
Eberhardt, 2003). When cement layers are considered in the biomechanical model, they are 
usually represented with a constant small thickness (Asmussen et al., 2005; Maceri et al., 
2009; Okamoto et al., 2008; Schmitter et al., 2010). However, some works simplify the model 
by obviating the cement in the interface between the core and the crown (Gonzalez-Lluch et 
al., 2009b; Lanza et al., 2005) or even in the interface between the post and the root (Adanir 
& Belli, 2007; Hsu et al., 2009). 
Several types of endodontic posts can be found in the literature (Christensen, 1998; 
Fernandes et al., 2003). Originally, cast post-core systems were used as a single metal alloy 
unit. Subsequently, prefabricated posts made out of stainless steel, titanium or precious 
metals were used, while more recently prefabricated fibre posts were introduced. All these 
post types have been studied with FE models.  
Some earlier laboratory studies maintain that preparing a ferrule might improve the 
resistance of post-core system (Assif & Gorfil, 1994; Aykent et al., 2006; Ichim et al., 2006; 
Tan et al., 2005; Zhi-Yue & Yu-Xing, 2003). Accordingly, many works in the literature 
prepared a ferrule of varying heights in the biomechanical model: 2 mm (Mezzomo et al., 
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2011; Uddanwadiker et al., 2007), 2.5 mm (Coelho et al., 2009) , 1 mm (Toksavul et al., 2006). 
Ichim et al. (Ichim et al., 2006) prepared biomechanical models without a ferrule and with a 
ferrule of different heights (0.5, 1.0, 1.5, 2 mm) to study its effect on the strength of the 
restoration.  

3.3 Mesh definition 
Mesh definition is a key point in FEA. The mechanical behaviour of a continuous domain 
with an infinite number of degrees of freedom is approximated in the model with the 
simplified mechanical response of a set of discrete finite elements with a limited number of 
degrees of freedom. This process occurs when a mesh of finite elements is defined for the 
original system. The accuracy of the results is highly dependent on the characteristics of this 
mesh. A coarse mesh will produce results in a short computation time, but the accuracy of 
these results will be compromised. A finer mesh may improve the validity of the results but 
with the cost of a higher processing time. A coarse mesh is affected by two main sources of 
error: firstly, an error is introduced in representing the boundaries of the real geometry; and 
secondly, the mechanical response of the continuous material in each finite element is 
represented by a simplified polynomial function, which is only an approximation of the 
actual response. In biomechanical applications, such as dentistry, the geometry of the real 
system is highly irregular, so the mesh density should be enough to obtain a good 
geometrical representation.  
Generation of a good mesh of FE for a restored tooth is always a challenge. The complicated 
shape of the tooth makes it difficult to produce a mesh manually. Moreover, some elements 
of a dental restoration present dimensions that are quite different from one another. For 
example, the luting cement used to bond the post to the root, or the PDL, have a thickness of 
a fraction of a millimetre, which is much smaller than the post dimensions, although its total 
length would be of several millimetres. To obtain a good mesh, a small element size has to 
be used in this thinner component, but such a size cannot be maintained for all the 
components, because, otherwise, the number of degrees of freedom would increase to a 
limit beyond the capacity of the computer or the computation time would increase 
excessively. A good meshing strategy should increase mesh density in areas where a greater 
expected stress gradient is expected or with thinner components, and increase the size of the 
elements in other parts of the model. Two different basic strategies can be used to improve 
finite element results from a first tentative model, namely the h-method or the p-method 
(Zienkiewicz & Taylor, 1989). In the h-method, the mesh is refined using elements of a 
smaller size, whereas in the p-method, the size of the elements is maintained but the order 
of the interpolation function is increased. A mixed strategy that combines both options can 
also be used. Most of the works in the literature about endodontic simulation use finite 
elements with linear or quadratic interpolation and refine the mesh using smaller elements 
to improve the representation, so the h-method is prevalent. 
The first FE models used two-dimensional finite elements to represent the tooth and 
endodontic restoration (Craig & Farah, 1977; Davy et al., 1981), assuming the 
axisymmetric or plane strain hypothesis. In these planar models triangular or 
quadrangular elements with three or four nodes, respectively, are used to mesh the 
system. The size of the finite elements in these first models was relatively large owing to 
the limitations in computer resources. Davy et al. (Davy et al., 1981) used quadrangular 
elements for an incisor and tested different meshes to decide on the mesh density by 
comparing displacements of selected nodes. Finally the finer mesh tested was selected, 
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Fig. 3. Sagittal section of an endodontically restored maxillary central incisor  

Previous works simulating post-core endodontic restorations have not always included all the 
actual components of the restoration. Some works assumed that bone deformation is 
negligible and did not include this component in the model (Boschian Pest et al., 2006; Davy et 
al., 1981; Maceri et al., 2009). Not all models in the literature include the bone. When included, 
sometimes it is modelled with uniform properties (Imanishi et al., 2003; Nakamura et al., 2006), 
although most of the models consider the cancellous bone and a layer of cortical bone near the 
bone surface (Asmussen et al., 2005; Gonzalez-Lluch et al., 2009b).  
Thin structures, such as the PDL and cement are not always considered in the FE models. In 
natural teeth, the PDL thickness is approximately between 0.125 mm and 0.375 mm (Rees & 
Jacobsen, 1997). This range is covered in different biomechanical models (Asmussen et al., 
2005; Boschian Pest et al., 2006; Ferrari et al., 2008; Ichim et al., 2006; Soares et al., 2010). 
However, some works did not include the ligament (Yaman et al., 1998; Zarone et al., 2006), 
despite it has been reported that stress distribution is affected to an important degree by this 
omission (Davy et al., 1981) or even by a geometrically simplified representation (Toms & 
Eberhardt, 2003). When cement layers are considered in the biomechanical model, they are 
usually represented with a constant small thickness (Asmussen et al., 2005; Maceri et al., 
2009; Okamoto et al., 2008; Schmitter et al., 2010). However, some works simplify the model 
by obviating the cement in the interface between the core and the crown (Gonzalez-Lluch et 
al., 2009b; Lanza et al., 2005) or even in the interface between the post and the root (Adanir 
& Belli, 2007; Hsu et al., 2009). 
Several types of endodontic posts can be found in the literature (Christensen, 1998; 
Fernandes et al., 2003). Originally, cast post-core systems were used as a single metal alloy 
unit. Subsequently, prefabricated posts made out of stainless steel, titanium or precious 
metals were used, while more recently prefabricated fibre posts were introduced. All these 
post types have been studied with FE models.  
Some earlier laboratory studies maintain that preparing a ferrule might improve the 
resistance of post-core system (Assif & Gorfil, 1994; Aykent et al., 2006; Ichim et al., 2006; 
Tan et al., 2005; Zhi-Yue & Yu-Xing, 2003). Accordingly, many works in the literature 
prepared a ferrule of varying heights in the biomechanical model: 2 mm (Mezzomo et al., 
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2011; Uddanwadiker et al., 2007), 2.5 mm (Coelho et al., 2009) , 1 mm (Toksavul et al., 2006). 
Ichim et al. (Ichim et al., 2006) prepared biomechanical models without a ferrule and with a 
ferrule of different heights (0.5, 1.0, 1.5, 2 mm) to study its effect on the strength of the 
restoration.  

3.3 Mesh definition 
Mesh definition is a key point in FEA. The mechanical behaviour of a continuous domain 
with an infinite number of degrees of freedom is approximated in the model with the 
simplified mechanical response of a set of discrete finite elements with a limited number of 
degrees of freedom. This process occurs when a mesh of finite elements is defined for the 
original system. The accuracy of the results is highly dependent on the characteristics of this 
mesh. A coarse mesh will produce results in a short computation time, but the accuracy of 
these results will be compromised. A finer mesh may improve the validity of the results but 
with the cost of a higher processing time. A coarse mesh is affected by two main sources of 
error: firstly, an error is introduced in representing the boundaries of the real geometry; and 
secondly, the mechanical response of the continuous material in each finite element is 
represented by a simplified polynomial function, which is only an approximation of the 
actual response. In biomechanical applications, such as dentistry, the geometry of the real 
system is highly irregular, so the mesh density should be enough to obtain a good 
geometrical representation.  
Generation of a good mesh of FE for a restored tooth is always a challenge. The complicated 
shape of the tooth makes it difficult to produce a mesh manually. Moreover, some elements 
of a dental restoration present dimensions that are quite different from one another. For 
example, the luting cement used to bond the post to the root, or the PDL, have a thickness of 
a fraction of a millimetre, which is much smaller than the post dimensions, although its total 
length would be of several millimetres. To obtain a good mesh, a small element size has to 
be used in this thinner component, but such a size cannot be maintained for all the 
components, because, otherwise, the number of degrees of freedom would increase to a 
limit beyond the capacity of the computer or the computation time would increase 
excessively. A good meshing strategy should increase mesh density in areas where a greater 
expected stress gradient is expected or with thinner components, and increase the size of the 
elements in other parts of the model. Two different basic strategies can be used to improve 
finite element results from a first tentative model, namely the h-method or the p-method 
(Zienkiewicz & Taylor, 1989). In the h-method, the mesh is refined using elements of a 
smaller size, whereas in the p-method, the size of the elements is maintained but the order 
of the interpolation function is increased. A mixed strategy that combines both options can 
also be used. Most of the works in the literature about endodontic simulation use finite 
elements with linear or quadratic interpolation and refine the mesh using smaller elements 
to improve the representation, so the h-method is prevalent. 
The first FE models used two-dimensional finite elements to represent the tooth and 
endodontic restoration (Craig & Farah, 1977; Davy et al., 1981), assuming the 
axisymmetric or plane strain hypothesis. In these planar models triangular or 
quadrangular elements with three or four nodes, respectively, are used to mesh the 
system. The size of the finite elements in these first models was relatively large owing to 
the limitations in computer resources. Davy et al. (Davy et al., 1981) used quadrangular 
elements for an incisor and tested different meshes to decide on the mesh density by 
comparing displacements of selected nodes. Finally the finer mesh tested was selected, 
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with elements of about 1 mm in the coronal-apical direction and with a dimension close to 
0.3 mm in the lingual-vestibular direction in the cervical area. Middleton et al. (Middleton 
et al., 1996) used quadrangular elements with eight nodes to study the effect of the PDL in 
bone modelling. Although the mesh used for tooth and bone was relatively coarse, the 
ligament was modelled with a much finer mesh, as it was the part of interest in that 
particular study. More recently, Pegoretti et al. (Pegoretti et al., 2002) also used plain 
strain two-dimensional elements and modelled the endodontic restoration using about 
4000 quadrilateral elements of four nodes. The mesh presented in that work employed 
elements with an aspect ratio close to one and smaller elements were used near the 
cement and for the ligament. The aspect ratio for a finite element is the ratio of the longest 
to the shortest side of the element and should be as close to one as possible in order to 
minimise possible inaccuracies in the model. In other recent two-dimensional model, 
convergence tests were used to recommend the element size of 0.1 mm (Coelho et al., 
2009). These planar FE models are simplifications of the real system and hence limited. 
Although they can be explained by the computer limitations in the last few decades, they 
are no longer justified nowadays. Some authors present pseudo three-dimensional models 
to represent the tooth (Adanir & Belli, 2007; Li et al., 2006). They obtain a planar 
representation of the geometry from a sagittal section of the tooth and then a solid from 
an extrusion normal to this planar model, using a fictitious small thickness. This approach 
is doubtful because it is as assuming a planar stress hypothesis, which is difficult to justify 
with the geometry of the real tooth. Similarly, an assumption of planar strain or 
axisymmetry is difficult to justify if a three-dimensional model can be used. 
Three-dimensional models have been used extensively for simulating endodontic treatment 
since the beginning of the century (Asmussen et al., 2005; Ausiello et al., 2002; Barjau-
Escribano et al., 2006; Boschian Pest et al., 2006; Genovese et al., 2005; Lanza et al., 2005). In 
recent years some of the most complete three-dimensional models ever developed for 
studying the biomechanics of endodontic restorations have been reported (Ferrari et al., 
2008; Garbin et al., 2010; Gonzalez-Lluch et al., 2009b; Maceri et al., 2009; Mezzomo et al., 
2011; Okamoto et al., 2008; Schmitter et al., 2010). In these three-dimensional models, 
tetrahedral or hexahedral finite elements are used. The mesh is created normally using the 
mesher of a commercial finite element package software, such as Ansys (Garbin et al., 2010; 
Hsu et al., 2009; Mezzomo et al., 2011), MSC-Nastran (Gonzalez-Lluch et al., 2009b; Maceri 
et al., 2009; Rodríguez-Cervantes et al., 2007), MSC-Marc (Okada et al., 2008; Pegoretti et al., 
2002) or Cosmos (Ichim et al., 2006). In those cases, a tetrahedral mesh is the typical option 
because of the complicated geometries of the tooth. As an example, Fig. 4 shows a sagittal 
section of a mesh using tetrahedral elements for a restored incisor, generated by the authors 
using the Pro/Engineer FEM mesher. Some works, however, have used hexahedral 
elements (Ferrari et al., 2008; Okamoto et al., 2008; Schmitter et al., 2010; Zarone et al., 2006), 
which provide models with good results using fewer degrees of freedom, but at the cost of a 
more difficult mesh generation. In some models, elements with quadratic interpolation, i.e. 
20-node hexahedral or 10-node tetrahedral, are used to improve the results (Maceri et al., 
2009; Schmitter et al., 2010). Some attempts have been made in recent years to automate the 
process of creating high-quality meshes using hexahedral elements from anatomical CT data 
(Clement et al., 2004). 
The use of convergence tests is the most commonly reported method for deciding mesh 
density in the majority of previous works (Ferrari et al., 2008; Maceri et al., 2009; Schmitter et 
al., 2010). Some authors report special attention to the convergence of results near the more 
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stressed area, such as the post-cement interface and the cemento-enamel junction (Garbin et 
al., 2010; Zarone et al., 2006). However, no explicit mention is made of the parameter used to 
test the convergence in most of the works. Hsu et al. (Hsu et al., 2009) based convergence on 
the total deformation and established a difference of 1% as the limit to consider 
convergence. The number of nodes and elements for some three-dimensional models of the 
endodontically restored tooth are presented in the Table 1. It can be observed that a lower 
number of elements are used when the mesh is composed of hexahedral elements.  
The average size of elements in most of these models is close to 0.2 mm or 0.3 mm 
(Gonzalez-Lluch et al., 2009b; Maceri et al., 2009). The authors have shown that a mesh 
control of 0.3 mm is a good compromise between accuracy and computation time 
(Gonzalez-Lluch et al., 2009a). 
 

 
Fig. 4. Sagittal section of a typical mesh with tetrahedral elements for a restored tooth 

 
Reference # Elements # Nodes Type of element 
(Zarone et al., 2006) 13272 15152 8-node hexahedral 
(Ferrari et al., 2008) 31240 35841 8-node hexahedral 
(Gonzalez-Lluch et al., 2009b) 399000 69000 4-node tetrahedral 
(Maceri et al., 2009) 130000 185000 10-node tetrahedral 
(Schmitter et al., 2010) 95000 100000 20-node hexahedral 
(Mezzomo et al., 2011) 23000-33000 30000-42000 4-node tetrahedral 

Table 1. Type and number of elements and number of nodes of selected FE models 
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with elements of about 1 mm in the coronal-apical direction and with a dimension close to 
0.3 mm in the lingual-vestibular direction in the cervical area. Middleton et al. (Middleton 
et al., 1996) used quadrangular elements with eight nodes to study the effect of the PDL in 
bone modelling. Although the mesh used for tooth and bone was relatively coarse, the 
ligament was modelled with a much finer mesh, as it was the part of interest in that 
particular study. More recently, Pegoretti et al. (Pegoretti et al., 2002) also used plain 
strain two-dimensional elements and modelled the endodontic restoration using about 
4000 quadrilateral elements of four nodes. The mesh presented in that work employed 
elements with an aspect ratio close to one and smaller elements were used near the 
cement and for the ligament. The aspect ratio for a finite element is the ratio of the longest 
to the shortest side of the element and should be as close to one as possible in order to 
minimise possible inaccuracies in the model. In other recent two-dimensional model, 
convergence tests were used to recommend the element size of 0.1 mm (Coelho et al., 
2009). These planar FE models are simplifications of the real system and hence limited. 
Although they can be explained by the computer limitations in the last few decades, they 
are no longer justified nowadays. Some authors present pseudo three-dimensional models 
to represent the tooth (Adanir & Belli, 2007; Li et al., 2006). They obtain a planar 
representation of the geometry from a sagittal section of the tooth and then a solid from 
an extrusion normal to this planar model, using a fictitious small thickness. This approach 
is doubtful because it is as assuming a planar stress hypothesis, which is difficult to justify 
with the geometry of the real tooth. Similarly, an assumption of planar strain or 
axisymmetry is difficult to justify if a three-dimensional model can be used. 
Three-dimensional models have been used extensively for simulating endodontic treatment 
since the beginning of the century (Asmussen et al., 2005; Ausiello et al., 2002; Barjau-
Escribano et al., 2006; Boschian Pest et al., 2006; Genovese et al., 2005; Lanza et al., 2005). In 
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stressed area, such as the post-cement interface and the cemento-enamel junction (Garbin et 
al., 2010; Zarone et al., 2006). However, no explicit mention is made of the parameter used to 
test the convergence in most of the works. Hsu et al. (Hsu et al., 2009) based convergence on 
the total deformation and established a difference of 1% as the limit to consider 
convergence. The number of nodes and elements for some three-dimensional models of the 
endodontically restored tooth are presented in the Table 1. It can be observed that a lower 
number of elements are used when the mesh is composed of hexahedral elements.  
The average size of elements in most of these models is close to 0.2 mm or 0.3 mm 
(Gonzalez-Lluch et al., 2009b; Maceri et al., 2009). The authors have shown that a mesh 
control of 0.3 mm is a good compromise between accuracy and computation time 
(Gonzalez-Lluch et al., 2009a). 
 

 
Fig. 4. Sagittal section of a typical mesh with tetrahedral elements for a restored tooth 

 
Reference # Elements # Nodes Type of element 
(Zarone et al., 2006) 13272 15152 8-node hexahedral 
(Ferrari et al., 2008) 31240 35841 8-node hexahedral 
(Gonzalez-Lluch et al., 2009b) 399000 69000 4-node tetrahedral 
(Maceri et al., 2009) 130000 185000 10-node tetrahedral 
(Schmitter et al., 2010) 95000 100000 20-node hexahedral 
(Mezzomo et al., 2011) 23000-33000 30000-42000 4-node tetrahedral 

Table 1. Type and number of elements and number of nodes of selected FE models 
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The assumption of perfect adherence between adjacent components is the rule of thumb for 
most of the FE models presented in the literature, i.e. nodes located on the contacting 
surfaces of two components are shared by these components. Post cement is normally 
supposed to be joined perfectly to the root dentine and to the post. However, some works 
represent some exceptions to this habitual modelling hypothesis. Ausiello et al. (Ausiello et 
al., 2002) modelled the adhesive layer in composite restorations of premolars using spring 
elements, which allow different normal and shear stiffness to be represented, and a good 
agreement with experimental data was obtained. This representation of cement was also 
repeated in later works by the same group (Ferrari et al., 2008; Maceri et al., 2009). Schmitter 
et al. (Schmitter et al., 2010) modelled different debonding states in the adhesive layers, by 
introducing gaps between components, to investigate possible failure modes and to 
compare with experimental results and a similar procedure was used by Ichim et al. (Ichim 
et al., 2006). Asmussen et al. (Asmussen et al., 2005) used contact finite elements to simulate 
non-bonding states. These contact elements allow a separation between contacting surfaces 
but not interpenetration between them and can simulate shear friction in the contact area. 
Finally, in one recent study (Garbin et al., 2010) the cement layer was modelled using shell 
elements in Ansys.  
Different types of finite elements have been used to represent the PDL. Most of the works 
represent the ligament with solid isotropic elements filling the reduced thickness of the 
ligament, but other authors use spring elements (Maceri et al., 2009), beam elements (Freitas 
Junior et al., 2010) or shell elements (Garbin et al., 2010). Finally, in order to represent the 
viscoelastic behaviour of the ligament better, (Natali et al., 2004) proposed the use of a finite 
element with customised formulation, using a specific Helmholtz free-energy density. To 
the authors’ knowledge, however, this model has not been used to simulate endodontic 
restorations. 

3.4 Material properties 
Material properties are one of the key points in the definition of the model. Accuracy of the 
results will depend on a good representation of the actual material properties, which are not 
always well known. Most of the FE models assume the materials of the restored tooth are 
isotropic, homogeneous, elastic and linear. A material is considered homogenous if its 
composition can be considered as being the same at all the points, isotropic if the mechanical 
response is indifferent to the direction of the applied forces, elastic if it returns to the 
undeformed position after releasing the applied load, and linear if load and deformation are 
proportional. These four hypotheses are typical in a great part of all FE models in 
engineering, resulting in linear models for which the response (stress or strain) is 
proportional to the applied load. Although they allow the definition and interpretation of 
the model to be simplified to an important extent, these hypotheses can introduce errors in 
the representation of certain materials. In endodontic restoration, some materials such as 
bone, dentine, fibre posts or the PDL are known to be anisotropic and even not 
homogeneous. For example, van-Ruijven et al. (van Ruijven et al., 2006) reported that 
neglecting the non-homogeneity of the alveolar bone results in important changes in stresses 
and strains in the model. Moreover, the mechanical response of the PDL has been reported 
to be non-linear and viscoelastic (Pini et al., 2002). However, not only is the model that is 
used to represent material important, but also the numerical values of the mechanical 
properties, such as Young’s modulus and Poisson’s ratio, are of great importance to obtain 
an accurate model. Reported values from different sources vary markedly due to the 
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technical problems associated to testing small specimens (Anusavice, 2003). Moreover, some 
data are not easily available, especially when considering commercial restorative materials. 
Table 2 shows the range of elastic properties used in different recent biomechanical models 
in the literature.  
 

Material Young’s modulus (GPa) Poisson’s ratio 
Dentine 15-18.6 0.30-0.32 
Enamel 41-84.1 0.30-0.33 
Cementum 13.7-18.7 0.30 
Cancellous bone 0.345-1.37 0.22-0.31 
Cortical bone 10.7-13.8 0.22-0.31 
Periodontal ligament (PDL) 0.05-0.0689 (*) 0.45-0.49 
Resin composite 6-20 0.24-0.35 
Cement 4.5-95 0.22-0.35 
Glass fibre 20-45 0.25-0.30 
Stainless steel 207-210 0.30 
Gold alloy 93-120 0.33-0.44 
Titanium alloy 107 0.34 
Gutta-percha 0.00069(*)-0.1  0.30-0.49 
Porcelain 68.8-69 0.28 
Amalgam 13.72 0.33 
Zirconia 205-210 0.30-0.31 
Ceramic 62-380 0.25-0.31 

(*) With respect to the value of 6.89·10-2 GPa for the elastic modulus of the PDL and the value of 6.9·10-4 
GPa for that of gutta-percha, used in many works, a recent paper (Ruse, 2008) has argued that these 
data are erroneous and have been disseminated by hundreds of work using FEA in recent years as a 
consequence of a lack of rigour when it comes to citing and checking original papers. Following Ruse, 
correct values for the PDL are three orders of magnitude lower and for gutta-percha at least two orders 
of magnitude greater. 

Table 2. Range of values for elastic properties for dental materials used in some FE models 
(Ferrari et al., 2008; Ferrari et al., 2008; Garbin et al., 2010; Gonzalez-Lluch et al., 2009b; Hsu 
et al., 2009; Maceri et al., 2009; Mezzomo et al., 2011; Okamoto et al., 2008; Schmitter et al., 
2010; Suzuki et al., 2008; Toparli, 2003).  

In almost all FE models in the literature, the materials of the natural tooth (dentine and 
enamel) are considered homogeneous, isotropic and elastic. However, in a critical review of 
the literature Kinney et al. (Kinney et al., 2003) showed that dentine exhibits an hexagonal 
anisotropy in the Young’s modulus with a greater value (36 GPa) in the direction of the 
tubules than in the orthogonal direction (29 GPa). Later, Ferrari et al. considered this with an 
orthotropic model for dentine in the FE model (Ferrari et al., 2008). Kinney et al. (Kinney et 
al., 2003) also reported that dentine, at small deformations, displays a viscoelastic response, 
i.e. its deformation depends not only on the load that are applied but also on the time since 
application. Viscoelastic materials, under a constant stress, continue to deform with time, 
thereby presenting a time-dependence in the mechanical response. However, little is known 
about how to characterise this viscoelastic behaviour and in the range of frequencies of 
physiological interest (0.1-10 Hz) Kinney et al. concluded that dentine can be treated as a 
perfectly elastic solid.  



 
 Theoretical Biomechanics 

 

142 

The assumption of perfect adherence between adjacent components is the rule of thumb for 
most of the FE models presented in the literature, i.e. nodes located on the contacting 
surfaces of two components are shared by these components. Post cement is normally 
supposed to be joined perfectly to the root dentine and to the post. However, some works 
represent some exceptions to this habitual modelling hypothesis. Ausiello et al. (Ausiello et 
al., 2002) modelled the adhesive layer in composite restorations of premolars using spring 
elements, which allow different normal and shear stiffness to be represented, and a good 
agreement with experimental data was obtained. This representation of cement was also 
repeated in later works by the same group (Ferrari et al., 2008; Maceri et al., 2009). Schmitter 
et al. (Schmitter et al., 2010) modelled different debonding states in the adhesive layers, by 
introducing gaps between components, to investigate possible failure modes and to 
compare with experimental results and a similar procedure was used by Ichim et al. (Ichim 
et al., 2006). Asmussen et al. (Asmussen et al., 2005) used contact finite elements to simulate 
non-bonding states. These contact elements allow a separation between contacting surfaces 
but not interpenetration between them and can simulate shear friction in the contact area. 
Finally, in one recent study (Garbin et al., 2010) the cement layer was modelled using shell 
elements in Ansys.  
Different types of finite elements have been used to represent the PDL. Most of the works 
represent the ligament with solid isotropic elements filling the reduced thickness of the 
ligament, but other authors use spring elements (Maceri et al., 2009), beam elements (Freitas 
Junior et al., 2010) or shell elements (Garbin et al., 2010). Finally, in order to represent the 
viscoelastic behaviour of the ligament better, (Natali et al., 2004) proposed the use of a finite 
element with customised formulation, using a specific Helmholtz free-energy density. To 
the authors’ knowledge, however, this model has not been used to simulate endodontic 
restorations. 

3.4 Material properties 
Material properties are one of the key points in the definition of the model. Accuracy of the 
results will depend on a good representation of the actual material properties, which are not 
always well known. Most of the FE models assume the materials of the restored tooth are 
isotropic, homogeneous, elastic and linear. A material is considered homogenous if its 
composition can be considered as being the same at all the points, isotropic if the mechanical 
response is indifferent to the direction of the applied forces, elastic if it returns to the 
undeformed position after releasing the applied load, and linear if load and deformation are 
proportional. These four hypotheses are typical in a great part of all FE models in 
engineering, resulting in linear models for which the response (stress or strain) is 
proportional to the applied load. Although they allow the definition and interpretation of 
the model to be simplified to an important extent, these hypotheses can introduce errors in 
the representation of certain materials. In endodontic restoration, some materials such as 
bone, dentine, fibre posts or the PDL are known to be anisotropic and even not 
homogeneous. For example, van-Ruijven et al. (van Ruijven et al., 2006) reported that 
neglecting the non-homogeneity of the alveolar bone results in important changes in stresses 
and strains in the model. Moreover, the mechanical response of the PDL has been reported 
to be non-linear and viscoelastic (Pini et al., 2002). However, not only is the model that is 
used to represent material important, but also the numerical values of the mechanical 
properties, such as Young’s modulus and Poisson’s ratio, are of great importance to obtain 
an accurate model. Reported values from different sources vary markedly due to the 

 
Biomechanical Models of Endodontic Restorations 

 

143 

technical problems associated to testing small specimens (Anusavice, 2003). Moreover, some 
data are not easily available, especially when considering commercial restorative materials. 
Table 2 shows the range of elastic properties used in different recent biomechanical models 
in the literature.  
 

Material Young’s modulus (GPa) Poisson’s ratio 
Dentine 15-18.6 0.30-0.32 
Enamel 41-84.1 0.30-0.33 
Cementum 13.7-18.7 0.30 
Cancellous bone 0.345-1.37 0.22-0.31 
Cortical bone 10.7-13.8 0.22-0.31 
Periodontal ligament (PDL) 0.05-0.0689 (*) 0.45-0.49 
Resin composite 6-20 0.24-0.35 
Cement 4.5-95 0.22-0.35 
Glass fibre 20-45 0.25-0.30 
Stainless steel 207-210 0.30 
Gold alloy 93-120 0.33-0.44 
Titanium alloy 107 0.34 
Gutta-percha 0.00069(*)-0.1  0.30-0.49 
Porcelain 68.8-69 0.28 
Amalgam 13.72 0.33 
Zirconia 205-210 0.30-0.31 
Ceramic 62-380 0.25-0.31 

(*) With respect to the value of 6.89·10-2 GPa for the elastic modulus of the PDL and the value of 6.9·10-4 
GPa for that of gutta-percha, used in many works, a recent paper (Ruse, 2008) has argued that these 
data are erroneous and have been disseminated by hundreds of work using FEA in recent years as a 
consequence of a lack of rigour when it comes to citing and checking original papers. Following Ruse, 
correct values for the PDL are three orders of magnitude lower and for gutta-percha at least two orders 
of magnitude greater. 

Table 2. Range of values for elastic properties for dental materials used in some FE models 
(Ferrari et al., 2008; Ferrari et al., 2008; Garbin et al., 2010; Gonzalez-Lluch et al., 2009b; Hsu 
et al., 2009; Maceri et al., 2009; Mezzomo et al., 2011; Okamoto et al., 2008; Schmitter et al., 
2010; Suzuki et al., 2008; Toparli, 2003).  

In almost all FE models in the literature, the materials of the natural tooth (dentine and 
enamel) are considered homogeneous, isotropic and elastic. However, in a critical review of 
the literature Kinney et al. (Kinney et al., 2003) showed that dentine exhibits an hexagonal 
anisotropy in the Young’s modulus with a greater value (36 GPa) in the direction of the 
tubules than in the orthogonal direction (29 GPa). Later, Ferrari et al. considered this with an 
orthotropic model for dentine in the FE model (Ferrari et al., 2008). Kinney et al. (Kinney et 
al., 2003) also reported that dentine, at small deformations, displays a viscoelastic response, 
i.e. its deformation depends not only on the load that are applied but also on the time since 
application. Viscoelastic materials, under a constant stress, continue to deform with time, 
thereby presenting a time-dependence in the mechanical response. However, little is known 
about how to characterise this viscoelastic behaviour and in the range of frequencies of 
physiological interest (0.1-10 Hz) Kinney et al. concluded that dentine can be treated as a 
perfectly elastic solid.  



 
 Theoretical Biomechanics 

 

144 

The PDL is a component that surrounds the root of the tooth and connects it to the bone. It 
contributes to load distribution and damping from the tooth to the bone. Its mechanical 
behaviour is anisotropic as a consequence of its composition, with collagen fibres that run in 
different directions (Zhurov et al., 2007). Between the collagen fibres there are tissue fluids 
that provide a damping behaviour, which enables the ligament to offer a viscous and time-
dependent response (Komatsu, 2010). Some works have shown that the elastic response of 
the PDL is nonlinear (Pini et al., 2002). The elastic modulus is lower for small strains and 
increases suddenly for strains greater than near 20%-30% in both tension and compression 
(Pini et al., 2002). However, some models of the ligament in endodontic simulation simplify 
this characteristic using an isotropic, linear and perfectly elastic material (Garbin et al., 2010; 
Mezzomo et al., 2011; Okamoto et al., 2008). This simplification avoids the iterative 
procedure associated to a non-linear model that entails an important increase in 
computation time. Rees and Jacobsen (Rees & Jacobsen, 1997) analysed the optimal value of 
the Young’s modulus of the PDL (when using an isotropic and linear constitutive model) 
which provides a good correlation between experimental results and computations of the FE 
model. They found an optimal value near 50 MPa. This value is used in several works (Davy 
et al., 1981; Dejak et al., 2005; Garbin et al., 2010) and a similar value of 68.9 MPa in others 
(Asmussen et al., 2005; Gonzalez-Lluch et al., 2009b; Holmes et al., 1996; Pegoretti et al., 
2002). Some recent works consider the non-linear mechanical response of the ligament using 
a non-linear stress-strain relationship for the finite elements representing the PDL (Okada et 
al., 2008; Suzuki et al., 2008; Uddanwadiker et al., 2007). Maceri et al. (Maceri et al., 2009) used 
a set of different spring elements connecting dentine to the bone to represent the non-linear 
response of the ligament. In an attempt to represent orthodontic movements better, Qian et al. 
(Qian et al., 2001) proposed the use of special finite elements including fibres that connect two 
opposing faces of the element. In a further step, some recent works (Ferrari et al., 2008; 
Sorrentino et al., 2009) considered a more complicated model that takes into account the non-
linearity and the time-dependent response of the ligament, using different stress-strain curves 
for different values of strain rate. Including viscoelasticity in the model is important to be able 
to simulate the response under dynamical loads correctly, but the fact that most of the models 
are used in static simulation explains its absence in the majority of the works. The inclusion of 
the non-linearity and viscoelasticity of the ligament in the constitutive formulation of 
customised finite elements has been investigated in recent years (Natali et al., 2004; Zhurov et 
al., 2007), but to the authors’ knowledge it has not yet been implemented in a simulation of 
endodontic restorations. Maceri et al. (Maceri et al., 2010) proposed recently a method to 
model the PDL and other materials composed of soft collagen tissues, by means of a nano-
scale model and a two-step micro–macro homogenisation technique. 
Composite posts, such as glass-fibre or carbon-fibre, exhibit anisotropic behaviour due to 
the presence of reinforcing fibres oriented in the direction of the post axis. An orthotropic 
model, with different elastic moduli in the direction of the fibres and in the transverse 
direction, has been used by several authors to represent this material in FE models of the 
restored tooth (Barjau-Escribano et al., 2006; Garbin et al., 2010; Maceri et al., 2009; Schmitter 
et al., 2010; Sorrentino et al., 2007).  

3.5 Boundary conditions 
Boundary conditions in FEA define the known constraints and forces acting on the system. 
In endodontic simulation, forces represent the loads acting on the tooth and constraints are 
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limitations to the movement of some parts of the model boundary, which are necessary to 
obtain a unique solution for the displacement of the different points of the model. A clear 
definition of the boundary conditions that are employed should be included in the 
description of any FE model, as any changes in these conditions could introduce important 
differences in the results. Boundary conditions should represent the actual loads and 
constraints imposed on the real system as well as possible. In this section, we present a 
review of how these boundary conditions are defined in the biomechanical models 
described in the literature. 
Most of the models presented in the literature limit the analysis to only one tooth. Some 
works include a portion of the alveolar bone surrounding that tooth. In these cases, 
restrictions are imposed on the external surfaces of the solid representing the bone 
(Gonzalez-Lluch et al., 2009b; Hsu et al., 2009). Other works do not include the bone and 
consider the outer surface of the PDL to be fixed (Ichim et al., 2006; Maceri et al., 2009). 
Finally, some models do not include the PDL and constrain the system in the external nodes 
of the root (Lanza et al., 2005; Sorrentino et al., 2007; Zarone et al., 2006). However, this last 
solution is not recommended because several works have shown that omission of the PDL 
implies significant changes in stress distribution (Cattaneo et al., 2005; Davy et al., 1981; 
Qian et al., 2001). Some studies try to reproduce in vitro experiments on endodontically 
restored teeth using FE models. As the rule of thumb in the experimental setup is to 
substitute the bone by a resin block, the models used in those studies introduce the 
constraints in the outline of the block of resin, which is attached to the testing machine in the 
experiment (Schmitter et al., 2010; Soares et al., 2008b).  
To reduce the size of the model or in order to have an easier way to show stresses and 
strains in the sagittal section of the restored tooth, some works include only half of the tooth 
in the model by eliminating the mesial or distal half (Ferrari et al., 2008; Schmitter et al., 
2010). In those cases, a symmetry boundary condition is imposed on the nodes of the cutting 
plane, thus preventing its movement out of this plane. Although this simplification could be 
an interesting way to reduce computational time, the simulation of the total tooth is more 
realistic, as the tooth is not geometrically symmetric. 
A considerable number of works in the literature make no explicit reference to the 
constraints in the paper (Asmussen et al., 2005; Holmes et al., 1996; Nakamura et al., 2006). 
The second type of boundary conditions correspond to forces applied to the system. Oral 
loads can be variable and several simulations can be performed over the model to simulate 
different oral situations such as occlusion, grinding, mastication of sticky food, impacts on 
the tooth, bruxism, and so forth. Most FE models of endodontic restorations simulate a 
maxillary incisor and introduce a load inclined at 45º to the root axis applied to the palatal 
surface of the tooth in the vestibular direction to represent the direction of oral loads in type 
I occlusion (Coelho et al., 2009; Hsu et al., 2009; Mezzomo et al., 2011; Okamoto et al., 2008). 
Other angles close to this value of 45º, ranging from 30º to 60º, have been used in other 
works (Barjau-Escribano et al., 2006; Ferrari et al., 2008; Garbin et al., 2010; Ichim et al., 2006; 
Lanza et al., 2005; Zarone et al., 2006). Apart from masticatory loads, other oral conditions 
have also been simulated, including impacts, using an angle of 90º to the long axis of the 
tooth, or bruxism, using an angle of 0º (Genovese et al., 2005; Pegoretti et al., 2002). As far as 
the position of the applied load is concerned, it is typically applied on the palatal surface, 
below the incisal edge, near the junction of the incisal third and the medial third (Hsu et al., 
2009; Li et al., 2006), distal to the cingulum (Ichim et al., 2006). It is important to note that 
few details are given in the papers about the size of the area over which the force is applied, 
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although this factor can introduce local changes in stresses and strains near the application 
zone. Therefore, the authors recommend reporting this information in future works. Two 
different approaches are used in the selection of the magnitude of the loads applied to the 
model. Since many of the models are linear, an arbitrary small load of 1 N (Davy et al., 1981) 
or 10 N (Sorrentino et al., 2007) can be used to analyse the system and to obtain information 
about the stress distribution, which can be translated to greater force scenarios by a simple 
scaling operation. This approach is valid to compare stresses among different restorative 
designs or with respect to the natural tooth. However, other works use a force that 
represents the expected oral forces in order to obtain stress values that are directly 
comparable to the stress limits for restorative materials. In these cases, forces of 100 N 
(Gurbuz et al., 2008; Mezzomo et al., 2011), 200 N (Nakamura et al., 2006; Uddanwadiker et 
al., 2007) or 300 N (Gonzalez-Lluch et al., 2009b; Hsu et al., 2009) are typical.  
For premolars, forces at 0º or 45º were used on the crown (Maceri et al., 2009; Toparli, 2003). 
Ausiello et al. (Ausiello et al., 2002) distributed an axial load over two different points on the 
crown using two rigid bars. Okada et al. (Okada et al., 2008) used the data obtained 
experimentally with a device to measure masticatory forces in vivo to decide the magnitude 
and direction of the loads in a model of a first premolar. During the experiment a piece of 
beef jerky was masticated and the resulting load was predominantly directed in the apico-
coronal direction (164.3 N) with lower and similar components in the mesial-distal direction 
and bucco-palatal direction (-28.9 N and -23.9 N respectively). For molars, Imanishi 
(Imanishi et al., 2003) used three different forces of 225 N to simulate masticatory loads with 
angles of 0º, 45º and 90º with respect to the radicular axis, and applied it in outer incline of 
the buccal cusps. 
Restored teeth are also subject to thermomechanical loading, because of the transient 
changes in the temperature of the different components of the restoration when hot or cold 
foods or liquids are introduced into the mouth. To date very few works included these types 
of boundary conditions in FE models. Gungor et al. (Gungor et al., 2004) presented a 
simulation that analysed stresses induced in a first premolar with different all-ceramic 
crown materials as a consequence of thermal loading. 

4. Interpreting FEA results 
A correct interpretation of FEA results should be based on the stress and strength of each 
component in the system. To obtain accurate conclusions from this interpretation, three 
conditions must be fulfilled: (1) stress values must be reliable, i.e., the FE model should be 
an adequate representation of the real system, (2) strengths of the different materials present 
in the model must be known and (3) a suitable failure criterion must be used to compare 
values of computed stresses, which are bi-axial or tri-axial, with material strengths 
frequently obtained under conditions of a uniaxial stress state (tension or compression).  
The first condition is progressively closer to being fulfilled with the development of more 
accurate three-dimensional models, with finer meshes and with more components 
represented in the system. However, as has been commented above, the accuracy of most of 
the models is still questionable. Many models consider that all materials display linear 
isotropic behaviour, although this is a simplification for components such as dentine, PDL 
or fibre posts. A good representation of bonded interfaces is difficult due to their reduced 
thickness and different ways to model them have been tested, as has been commented in 
previous sections of this chapter. Moreover, some uncertainty exists about the mechanical 
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properties of different materials. However, the second and third conditions are not met in 
most of the previous works, due to the lack of consistent and complete data about the 
strength of some dental materials. More especially, however, the interpretation of results is 
hampered by the absence of a post-hoc analysis of failure in each component of the model or 
the use of the Von Mises equivalent strength as the reference value for this analysis.  
To meet the second condition, information about compressive and tensile strengths is 
needed for each material in the restoration. The compressive strength is usually obtained 
experimentally by a compressive test using cylindrical specimens. The tensile strength is 
obtained by applying an axial force over specimens with a cylindrical or rectangular cross-
section and is a typical test for metals and other ductile materials. This type of test, however, 
is rarely used for brittle materials. Technical problems related with gripping and aligning 
the brittle specimens are often cited as an explanation for not measuring the tensile 
strengths (Ban & Anusavice, 1990; Xie et al., 2000). Alternatively, the diametral tensile test 
(DTT) is commonly used to obtain the diametral tensile strength (DTS) (Probster et al., 1997; 
Xie et al., 2000) because of its simplicity and reproducibility (Coelho Santos et al., 2004). The 
DTT is performed by compressing a cylindrical specimen with its axis perpendicular to the 
load direction. Tensile strength can also be obtained indirectly as a flexural strength (FS) 
with three- or four-point flexural tests (FT) (Probster et al., 1997; Xie et al., 2000). However, 
DTS and FS are obtained in loading states that are not uniaxial and the results of these tests 
are not equivalent, as numerous previous works have shown for different dental materials 
(Ban & Anusavice, 1990; Probster et al., 1997; Xie et al., 2000). Despite this, DTS and FS have 
been used interchangeably in recent works as a reference to compare with computed 
maximal stresses in finite element models of dental restorations (De Jager et al., 2006; 
Imanishi et al., 2003). On analysing the stress state in both tests, FS seems preferable as a 
reference for the tensile strength of a ductile material because the stress state is uniaxial at 
the failure point, and this can only be said of a DTT if a plain stress state is assumed, which 
if far from being the actual situation in real tests. 
Finally, the third condition for a correct interpretation of the FE results is related to the 
selection of the proper failure criterion for comparing actual stress with the admissible stress 
limits of different materials present in the restoration. A stress criterion or failure theory 
combines principal stresses at a point in a solid with the compressive strength and tensile 
strength of the material to obtain a safety factor at this point. Safety factor values lower than 
unity indicate that the material is prone to mechanical failure at this point and values 
greater than unity indicate a safe condition at this point. Different criteria such as Von Mises 
(VM), Rankine (R), Coulomb-Mohr (CM) or Modified Mohr (MM), are usually reported in 
mechanical engineering manuals for isotropic materials (Shigley & Mischke, 2002). Some of 
these criteria are better suited for ductile materials, whereas others are more accurate for 
predicting the failure of brittle materials. In a recent study, Christensen (Christensen, 2006) 
proposed the use of a novel failure criterion that is valid for ductile and brittle materials. 
To date, little research has been devoted to the interpretation of FEM results in endodontic 
restorations. Most previous work analyzed the results of FE simulations from Von Mises 
maximal stresses (Asmussen et al., 2005; Boschian Pest et al., 2006; Hsu et al., 2009; Pegoretti 
et al., 2002; Sorrentino et al., 2007), implicitly assuming the validity of the VM criterion for 
all the materials used in the restoration. However, it is known that the VM criterion is only 
valid for ductile materials with equal compressive and tensile strength (De Groot et al., 
1987), but materials exhibiting brittle behaviour such as ceramics, cements or resin 
composites are frequently used in endodontic restorations. Even dentine presents reported 
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although this factor can introduce local changes in stresses and strains near the application 
zone. Therefore, the authors recommend reporting this information in future works. Two 
different approaches are used in the selection of the magnitude of the loads applied to the 
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or 10 N (Sorrentino et al., 2007) can be used to analyse the system and to obtain information 
about the stress distribution, which can be translated to greater force scenarios by a simple 
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Ausiello et al. (Ausiello et al., 2002) distributed an axial load over two different points on the 
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and bucco-palatal direction (-28.9 N and -23.9 N respectively). For molars, Imanishi 
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changes in the temperature of the different components of the restoration when hot or cold 
foods or liquids are introduced into the mouth. To date very few works included these types 
of boundary conditions in FE models. Gungor et al. (Gungor et al., 2004) presented a 
simulation that analysed stresses induced in a first premolar with different all-ceramic 
crown materials as a consequence of thermal loading. 
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component in the system. To obtain accurate conclusions from this interpretation, three 
conditions must be fulfilled: (1) stress values must be reliable, i.e., the FE model should be 
an adequate representation of the real system, (2) strengths of the different materials present 
in the model must be known and (3) a suitable failure criterion must be used to compare 
values of computed stresses, which are bi-axial or tri-axial, with material strengths 
frequently obtained under conditions of a uniaxial stress state (tension or compression).  
The first condition is progressively closer to being fulfilled with the development of more 
accurate three-dimensional models, with finer meshes and with more components 
represented in the system. However, as has been commented above, the accuracy of most of 
the models is still questionable. Many models consider that all materials display linear 
isotropic behaviour, although this is a simplification for components such as dentine, PDL 
or fibre posts. A good representation of bonded interfaces is difficult due to their reduced 
thickness and different ways to model them have been tested, as has been commented in 
previous sections of this chapter. Moreover, some uncertainty exists about the mechanical 
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properties of different materials. However, the second and third conditions are not met in 
most of the previous works, due to the lack of consistent and complete data about the 
strength of some dental materials. More especially, however, the interpretation of results is 
hampered by the absence of a post-hoc analysis of failure in each component of the model or 
the use of the Von Mises equivalent strength as the reference value for this analysis.  
To meet the second condition, information about compressive and tensile strengths is 
needed for each material in the restoration. The compressive strength is usually obtained 
experimentally by a compressive test using cylindrical specimens. The tensile strength is 
obtained by applying an axial force over specimens with a cylindrical or rectangular cross-
section and is a typical test for metals and other ductile materials. This type of test, however, 
is rarely used for brittle materials. Technical problems related with gripping and aligning 
the brittle specimens are often cited as an explanation for not measuring the tensile 
strengths (Ban & Anusavice, 1990; Xie et al., 2000). Alternatively, the diametral tensile test 
(DTT) is commonly used to obtain the diametral tensile strength (DTS) (Probster et al., 1997; 
Xie et al., 2000) because of its simplicity and reproducibility (Coelho Santos et al., 2004). The 
DTT is performed by compressing a cylindrical specimen with its axis perpendicular to the 
load direction. Tensile strength can also be obtained indirectly as a flexural strength (FS) 
with three- or four-point flexural tests (FT) (Probster et al., 1997; Xie et al., 2000). However, 
DTS and FS are obtained in loading states that are not uniaxial and the results of these tests 
are not equivalent, as numerous previous works have shown for different dental materials 
(Ban & Anusavice, 1990; Probster et al., 1997; Xie et al., 2000). Despite this, DTS and FS have 
been used interchangeably in recent works as a reference to compare with computed 
maximal stresses in finite element models of dental restorations (De Jager et al., 2006; 
Imanishi et al., 2003). On analysing the stress state in both tests, FS seems preferable as a 
reference for the tensile strength of a ductile material because the stress state is uniaxial at 
the failure point, and this can only be said of a DTT if a plain stress state is assumed, which 
if far from being the actual situation in real tests. 
Finally, the third condition for a correct interpretation of the FE results is related to the 
selection of the proper failure criterion for comparing actual stress with the admissible stress 
limits of different materials present in the restoration. A stress criterion or failure theory 
combines principal stresses at a point in a solid with the compressive strength and tensile 
strength of the material to obtain a safety factor at this point. Safety factor values lower than 
unity indicate that the material is prone to mechanical failure at this point and values 
greater than unity indicate a safe condition at this point. Different criteria such as Von Mises 
(VM), Rankine (R), Coulomb-Mohr (CM) or Modified Mohr (MM), are usually reported in 
mechanical engineering manuals for isotropic materials (Shigley & Mischke, 2002). Some of 
these criteria are better suited for ductile materials, whereas others are more accurate for 
predicting the failure of brittle materials. In a recent study, Christensen (Christensen, 2006) 
proposed the use of a novel failure criterion that is valid for ductile and brittle materials. 
To date, little research has been devoted to the interpretation of FEM results in endodontic 
restorations. Most previous work analyzed the results of FE simulations from Von Mises 
maximal stresses (Asmussen et al., 2005; Boschian Pest et al., 2006; Hsu et al., 2009; Pegoretti 
et al., 2002; Sorrentino et al., 2007), implicitly assuming the validity of the VM criterion for 
all the materials used in the restoration. However, it is known that the VM criterion is only 
valid for ductile materials with equal compressive and tensile strength (De Groot et al., 
1987), but materials exhibiting brittle behaviour such as ceramics, cements or resin 
composites are frequently used in endodontic restorations. Even dentine presents reported 
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values of compressive strength that are significantly greater than its tensile strength (Craig 
& Powers, 2002). Some authors suggest the use of the Rankine or Maximum Normal Stress 
criterion to evaluate the failure in dentine, using the maximum principal stress to analyse 
the results (Ichim et al., 2006; Maceri et al., 2009; Nakamura et al., 2006). Others analyse the 
results of shear stress at the post-dentine interface, and indicate that this value should be 
compared to the reported shear bond strengths in order to evaluate the risk of loosing 
retention (Asmussen et al., 2005; Maceri et al., 2009; Pegoretti et al., 2002). Wakabayashi et al. 
(Wakabayashi et al., 2008) also underline the importance of shear stresses to anticipate the 
probability of failure in the adhesive joints of the restoration. Okamoto et al. (Okamoto et al., 
2008) used an iterative procedure to account for debonding in the cement layer. Their 
method involved reducing the elastic modulus of the finite elements of the cement with 
shear or normal stresses beyond their corresponding strength to a value close to zero and 
then recalculating the model until they reached a final solution with a reduced adhesion 
surface in the cement layer. 
DeGroot et al. (De Groot et al., 1987) compared three criteria to analyse FEM results in 
composite resin: Von Mises, a modified Von Mises criterion presented by Williams 
(Williams, 1973), and the Drüker-Prager criterion. From their results, they concluded that 
the Drüker-Prager criterion is more suitable for describing the failure of this material. 
Recently, Christensen (Christensen, 2006) proposed a unified failure criterion for ductile and 
brittle materials, which is equivalent to the modified Von Mises criterion proposed by 
Williams with an additional modification for brittle materials. The same author also 
demonstrated some unrealistic behaviour of the Drüker-Prager and Coulomb-Mohr criteria 
under certain important stress states. 
The interpretation of failure probability in anisotropic materials is even more difficult and 
few researchers address it. Dejak et al. (Dejak et al., 2007) applied the Tsai-Wu criterion for 
anisotropic materials to dentine, enamel and resin composites in molars with ceramic inlays.  
From the above discussion, it becomes apparent to the authors that more research is needed 
to clarify the question of how to interpret the results of FE models correctly. In the authors’ 
opinion, DTS should not be used as a reference for the tensile strength in a failure criterion, 
and FS is a better option. As regards the failure criterion, a critical review is needed about 
the extensive use of the Von Mises criterion and the use of the novel Christensen criterion 
should be taken into consideration as an interesting alternative (Pérez-González et al., 2011). 
One of the problems related to the interpretation of FE results is the huge quantity of 
numerical results obtained by the program, namely the displacements and stresses in all the 
nodes for every dimension considered (two for planar models and three for three-dimensional 
models). As there may be several thousands of nodes in current FE models, it is not feasible to 
present the results in a table or a list, at least not for all the nodes. For a good interpretation of 
the results, one has to know what to look for and where to look for it. It is clear that maximal 
stresses are the first option to search for points where the system is prone to failure, although 
the absolute maximum may not be the initial failure point because stress has to be compared to 
strength in the different components. For a better understanding of the stress distribution in 
the tooth, some works present the results by giving a list of stresses for selected points or a plot 
representing the stress values as a function of point location in some trajectory inside the tooth. 
For example, Davy et al. (Davy et al., 1981) examined the stresses at selected points located 
near the cervical with different positions in the coronal-apical direction or in the buccal-labial 
direction. Posterior works (Hsu et al., 2009; Ichim et al., 2006; Pegoretti et al., 2002) also 
maintain this method, although complemented with fringe plots. Fringe plots are colour 
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representations of some projection of the model using a coloured scale to represent a particular 
scalar result. Fringe plots allow the distribution of stress or strain in some part of the model to 
be seen in one picture. They are the usual way to represent the FE results in most works today 
(Mezzomo et al., 2011; Okamoto et al., 2008; Silva et al., 2009), although they are better suited 
for qualitative analysis than for quantitative ones. Maceri et al. (Maceri et al., 2009) employed 
an averaging function to obtain several mean stress values at each section of the tooth in the 
coronal-apical direction and considered these functions as indicators of the risk of failure. With 
this procedure, they can easily compare different restoration methods in a plot with simple 
curves along the axis of the tooth, although the reliability of this customised parameter as risk 
indicator is questionable.  
Statistical tests have been used in some recent works to compare results from different FE 
models. Hsu et al. used t-tests over sets of points in the areas of interest to compare different 
restorative solutions (Hsu et al., 2009). The authors have recently presented a similar 
approach for using ANOVA tests as a method to assess the significance of different 
restorative designs (Pérez-González et al., 2010). This option for the interpretation of FE 
results should be investigated in more detail in the future. 

5. Validation of biomechanical models 
Validation of biomechanical models employed in numerical simulations should be carried 
out in order to ensure the validity of the results that are obtained. In other biomechanical 
ambits, model validation is considered to be of major importance (Dalstra et al., 1995; Gupta 
et al., 2004). Despite this, very few of the works that make use of FEA for endodontic 
restoration research include such validations of their models. Moreover, little work has been 
carried out on validation procedures in this particular field. 
Generally speaking, two stages should be accomplished in order to validate the FE models. 
First, some sort of convergence tests have to be performed, where, according to the FEM 
theory (Zienkiewicz & Taylor, 1989), subsequent refinements of the mesh should make the 
results to converge. Second, the numerical results have to be compared with those obtained 
from experimental tests. This comparison can be achieved in different ways that can be 
found in the scientific literature. Some works only perform the convergence test for 
validation (Garbin et al., 2010; Sorrentino et al., 2007) and even in theses cases no detailed 
information about this stage is offered. 
One way to accomplish validation of the model is to compare the relation between the load 
applied and the displacement obtained from both the numerical and the mechanical tests. In 
some cases (Ausiello et al., 2001), mechanical tests can be undertaken using a testing 
machine with a constant rate of displacement, which allows two continuous curves to be 
compared. In other cases, the comparison is achieved only for some discrete values of load 
and displacements values (Rappelli et al., 2005). In other works the variables that are 
compared are the load and the strain values (Magne & Tan, 2008; Tajima et al., 2009) using 
strain gauges, although the process may be found to be more difficult and tedious. In the 
work by Tajima et al., the utilisation of the strain gauge technique allows simultaneous 
comparison of the strain values obtained from FE calculation and from experimental tests at 
four different points, which can be seen as a more rigorous validation. Furthermore, six 
occlusal points are concurrently loaded during experiments.  
An indirect form of experimental validation may be established when the numerical results 
of stress distribution obtained by the FE model agree with the results obtained by fracture 
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values of compressive strength that are significantly greater than its tensile strength (Craig 
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representations of some projection of the model using a coloured scale to represent a particular 
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an averaging function to obtain several mean stress values at each section of the tooth in the 
coronal-apical direction and considered these functions as indicators of the risk of failure. With 
this procedure, they can easily compare different restoration methods in a plot with simple 
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indicator is questionable.  
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5. Validation of biomechanical models 
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from experimental tests. This comparison can be achieved in different ways that can be 
found in the scientific literature. Some works only perform the convergence test for 
validation (Garbin et al., 2010; Sorrentino et al., 2007) and even in theses cases no detailed 
information about this stage is offered. 
One way to accomplish validation of the model is to compare the relation between the load 
applied and the displacement obtained from both the numerical and the mechanical tests. In 
some cases (Ausiello et al., 2001), mechanical tests can be undertaken using a testing 
machine with a constant rate of displacement, which allows two continuous curves to be 
compared. In other cases, the comparison is achieved only for some discrete values of load 
and displacements values (Rappelli et al., 2005). In other works the variables that are 
compared are the load and the strain values (Magne & Tan, 2008; Tajima et al., 2009) using 
strain gauges, although the process may be found to be more difficult and tedious. In the 
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An indirect form of experimental validation may be established when the numerical results 
of stress distribution obtained by the FE model agree with the results obtained by fracture 
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experiments (Barjau-Escribano et al., 2006; Genovese et al., 2005; Huysmans & Van der 
Varst, 1993). In this sense, model zones with higher stresses should correspond to a higher 
probability of reaching the failure at these zones during fracture tests when the same 
external load is applied. Hence, the fracture modes observed during experiments can be 
compared with the stress distributions patterns obtained by FEA. In other cases, although 
both FEA and mechanical tests are implemented (Lang et al., 2001; Schmitter et al., 2010; 
Soares et al., 2008a), the results are considered complementary and no direct validation of 
the model is pursued.  
When FEA is just a part of a more complex numerical model (Maceri et al., 2007), validation 
for the whole model has to be performed. In this particular case, validation was carried out 
by comparison with in vivo experimental data found in the literature.  

6. Conclusions from previous research with biomechanical models 
Conclusions from comprehensive three-dimensional models, that capable of simulating the 
highly irregular shape of real teeth and the real 3D mastication forces acting on them, are 
summarized in the following section. These models have mainly contributed to the 
assessment of the effects of the material and the dimensions of the prefabricated posts on the 
static biomechanical performance of restored teeth, although other parameters have also 
been analysed.  

6.1 About the effect of post material 
A conclusion that can be drawn from different works is that stresses distributed differently 
in natural teeth than in restored teeth and for the case of restored teeth, the distribution is 
affected in an important way by the material used for the post (Adanir & Belli, 2007; Coelho 
et al., 2009). The origin of this different distribution lies in the difference in the elastic 
modulus of the material (near 18 GPa for dentine, 30 GPa for glass fibre posts, and 210 GPa 
for stainless steel). Stress concentrates where non-homogeneous material distributions are 
present, just like interfaces. Interfaces of materials with different moduli of elasticity 
represent the weak link of restorative systems, as the toughness/stiffness mismatch 
influences the stress distribution (Barjau-Escribano et al., 2006; Sorrentino et al., 2007; 
Zarone et al., 2006). FE models that consider teeth under flexural-compressive loads 
concluded that the high elastic modulus of the metal posts caused the stress to be 
concentrated at the post-dentine junction (Genovese et al., 2005; Hsu et al., 2009; Okamoto et 
al., 2008; Pegoretti et al., 2002). Consequently, stresses on the root dentine-cortical bone area 
were weaker than those of the fibre-post group. The results of the FE model of Barjau-
Escribano et al. (Barjau-Escribano et al., 2006) made it possible to identify the difference in 
the elastic moduli between the post and the dentine and core as the origin of stress 
concentrations at the post-core-cement interface that weakened the restored tooth when 
stainless steel posts were used. Other works are consistent with this finding (Boschian Pest 
et al., 2006; Pegoretti et al., 2002). Most of the studies found the highest stresses in 
restorations with endodontic posts located near the cervical region (Maceri et al., 2009; 
Mezzomo et al., 2011; Pierrisnard et al., 2002; Sorrentino et al., 2007), especially for fibre 
posts, whereas peak stresses tend to move apically when more rigid posts are used 
(Okamoto et al., 2008).  
In the FE models from the literature, a monotonic static load was considered, which does 
not represent the clinical situation, where a dynamic load is characteristic. In a pioneering 
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work, Sancho-Bru et al. (Sancho-Bru et al., 2009) recently proposed a way to use finite 
element results for a fatigue analysis of dental restorations. From that work, it was 
concluded that, although restorations using glass fibre posts are able to bear higher static 
loads, both stainless steel and glass fibre post systems would have a similar life under 
dynamic loads, although this conclusion should be confirmed using more detailed models 
in the future. 

6.2 About the effect of post diameter 
The effect that post diameter has on the stress distribution over the tooth is not the same for 
all post materials. Several works (Boschian Pest et al., 2006; Nakamura et al., 2006; 
Rodríguez-Cervantes et al., 2007) have indicated that the effect of diameter is greater for 
metallic posts than for fibre posts. This could be explained by the fact that the elastic 
modulus of fibre posts is more comparable with that of dentine, thus producing a more 
homogenous restoration that is consequently less affected by a change in the diameter of the 
tooth. In a work by the authors (Rodríguez-Cervantes et al., 2007), we confirmed with in 
vitro tests and FE models that increases in post diameter for metallic posts tend to reduce the 
failure loads for the restored tooth without the crown. However, in a later work, it was 
observed that the inclusion of the crown meant that the post diameter did not influence the 
biomechanical performance of the post systems no matter what post material was used 
(Gonzalez-Lluch et al., 2009b). For fibre posts, as has been said, the importance of post 
diameter is lower and the conclusions of different works vary. Boschian-Pest et al. (Boschian 
Pest et al., 2006), for example, recommended using small diameters to avoid weakening the 
root, whereas Okamoto et al. (Okamoto et al., 2008) recommended the use of a large 
diameter, even assuming that changes in stresses are slight. 

6.3 About the effect of post length 
Two of the earlier FE works (Davy et al., 1981; Holmes et al., 1996) studied metallic post 
systems by means of two-dimensional finite element models and reached opposing 
conclusions. The first predicted minor changes in the stress patterns in dentine for the 
length variations considered; the only effect of post length was a change in the location of 
the stress concentrations that occurred at the post apex. In contrast, the second predicted 
higher shear stresses as the length of the metallic post decreased. This controversy seems 
to continue in two later works that compared the effect of post length for fibre posts. On 
the one hand, Boschian Pest et al. (Boschian Pest et al., 2006) suggested using a post 
inserted as deeply as possible, because shorter posts would increase stresses in the luting 
materials, although minor effects were recognised in the root. Ferrari et al.(Ferrari et al., 
2008), on the other hand, concluded that post length does not influence the biomechanics 
of restored teeth. The same conclusion about the non-significance of the post length was 
obtained by the authors in a study with in vitro tests and with FEA for both metallic  
and fibre posts (Rodríguez-Cervantes et al., 2007). More recently Hsu et al. (Hsu et al., 
2009) concluded that when a metal post is used, the post should be as long as possible, 
while the biomechanical performance of a glass-fibre post combined with a composite 
resin core was less sensitive to post length. Others authors, like Chuang et al. (Chuang  
et al., 2010), using an FE model supported by an in vitro study, concluded that post length 
is more decisive for root fracture resistance in teeth restored with metal posts than  
in those restored with fibre posts, since long metal posts give rise to stress concentration 



 
 Theoretical Biomechanics 

 

150 

experiments (Barjau-Escribano et al., 2006; Genovese et al., 2005; Huysmans & Van der 
Varst, 1993). In this sense, model zones with higher stresses should correspond to a higher 
probability of reaching the failure at these zones during fracture tests when the same 
external load is applied. Hence, the fracture modes observed during experiments can be 
compared with the stress distributions patterns obtained by FEA. In other cases, although 
both FEA and mechanical tests are implemented (Lang et al., 2001; Schmitter et al., 2010; 
Soares et al., 2008a), the results are considered complementary and no direct validation of 
the model is pursued.  
When FEA is just a part of a more complex numerical model (Maceri et al., 2007), validation 
for the whole model has to be performed. In this particular case, validation was carried out 
by comparison with in vivo experimental data found in the literature.  

6. Conclusions from previous research with biomechanical models 
Conclusions from comprehensive three-dimensional models, that capable of simulating the 
highly irregular shape of real teeth and the real 3D mastication forces acting on them, are 
summarized in the following section. These models have mainly contributed to the 
assessment of the effects of the material and the dimensions of the prefabricated posts on the 
static biomechanical performance of restored teeth, although other parameters have also 
been analysed.  

6.1 About the effect of post material 
A conclusion that can be drawn from different works is that stresses distributed differently 
in natural teeth than in restored teeth and for the case of restored teeth, the distribution is 
affected in an important way by the material used for the post (Adanir & Belli, 2007; Coelho 
et al., 2009). The origin of this different distribution lies in the difference in the elastic 
modulus of the material (near 18 GPa for dentine, 30 GPa for glass fibre posts, and 210 GPa 
for stainless steel). Stress concentrates where non-homogeneous material distributions are 
present, just like interfaces. Interfaces of materials with different moduli of elasticity 
represent the weak link of restorative systems, as the toughness/stiffness mismatch 
influences the stress distribution (Barjau-Escribano et al., 2006; Sorrentino et al., 2007; 
Zarone et al., 2006). FE models that consider teeth under flexural-compressive loads 
concluded that the high elastic modulus of the metal posts caused the stress to be 
concentrated at the post-dentine junction (Genovese et al., 2005; Hsu et al., 2009; Okamoto et 
al., 2008; Pegoretti et al., 2002). Consequently, stresses on the root dentine-cortical bone area 
were weaker than those of the fibre-post group. The results of the FE model of Barjau-
Escribano et al. (Barjau-Escribano et al., 2006) made it possible to identify the difference in 
the elastic moduli between the post and the dentine and core as the origin of stress 
concentrations at the post-core-cement interface that weakened the restored tooth when 
stainless steel posts were used. Other works are consistent with this finding (Boschian Pest 
et al., 2006; Pegoretti et al., 2002). Most of the studies found the highest stresses in 
restorations with endodontic posts located near the cervical region (Maceri et al., 2009; 
Mezzomo et al., 2011; Pierrisnard et al., 2002; Sorrentino et al., 2007), especially for fibre 
posts, whereas peak stresses tend to move apically when more rigid posts are used 
(Okamoto et al., 2008).  
In the FE models from the literature, a monotonic static load was considered, which does 
not represent the clinical situation, where a dynamic load is characteristic. In a pioneering 

 
Biomechanical Models of Endodontic Restorations 

 

151 
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in the apical portion of the root. They also concluded that post material has a greater 
effect on the location of peak stress, and on the resulting fracture pattern, than post length 
does.  

6.4 About the effect of other restoration parameters 
FE models have corroborated other experimental results and recommendations, e.g., teeth 
prepared with a ferrule preparation tend to fail in a more favourable mode and exhibit 
greater mechanical resistance (Ichim et al., 2006) or crowns with small ferrule heights 
should be resin-bonded instead of using conventional cements (Schmitter et al., 2010). In a 
recent work, aimed at trying to find the optimal combination of crown material and luting 
agent, Suzuki et al. (Suzuki et al., 2008) concluded that polymer-based restorative material 
for the crown and composite cement were preferable to other restorative alternatives. 
Sorrentino et al. (Sorrentino et al., 2007) also found that changes in the crown and core 
materials affected stress distribution and that the stress concentrations in post-dentine 
interface moved apically when more rigid materials were used. The effect of the crown on 
stress distribution was also studied by the authors and compared with a restoration 
without the crown (Gonzalez-Lluch et al., 2009b). We confirmed the conclusion reached 
by Sorrentino et al., although it was also found that the addition of the crown did not 
affect the final strength of the restoration to any significant extent for either of the post 
systems considered (stainless steel and glass fibre). As for the effect of the cement 
properties, Li et al. (Li et al., 2006) found that the elastic modulus of the cement is an 
important parameter for stress distribution and concluded that cements with an elastic 
modulus similar to that of dentine should be used in weakened roots.  

7. Conclusions and proposals for future work 
In the last decades, biomechanical models of endodontic restorations have been developed 
increasingly using FEA. FE simulations carried out over this time have made it possible to 
gain a better understanding of how the restored tooth deforms and what stresses it is subject 
to under simulated loads. These investigations and others to be expected in the future with 
more comprehensive models could make a valuable contribution to the development of 
better restorative solutions in this area. With a view to this objective, future works should 
concentrate on improving current models in order to eliminate remaining weak points. In 
the authors’ opinion, some of these possible future lines of research are: 
• Reliable data about the mechanical properties of the different materials used in clinical 

endodontic restorations are necessary to be able to have good models and interpret 
results correctly. The stress-strain curves of all these materials, under both tensile and 
compressive loads, as well as the failure limits, should be clearly established in the 
literature. Furthermore, common procedures should also be promoted to obtain these 
data, and communicate and share them among researchers. 

• More comprehensive mechanical models will have to be developed in the future. Of 
course, they should be three-dimensional and represent all the components present in 
the restoration, but the model should also consider the possible anisotropy of materials, 
such as bone, dentine or PDL. Additionally, efforts have to be directed towards 
developing models that represent the nonlinear response of the restored tooth in a 
suitable manner, because of the nonlinearity of some components, such as the PDL, or 
due to the appearance of contacts between components. 

 
Biomechanical Models of Endodontic Restorations 

 

153 

• Proper validation methods for FE models should be established and shared among 
researchers. As validation should be based on well-tested and documented 
experimental results, it is important to increment the quantity and quality of 
experimental data. To do so, information such as detailed geometrical data about the 
restored teeth (with different restorative solutions and subject to different loading 
situations) and experimental measures of strains or displacements should be available 
to researchers in order to test their numerical models. A common protocol to promote 
sharing of these data over the Internet would be an important advance. 

• Interpretation of FE results is a key point for the future development and reliability of 
FE models. Of course, the best options to present the results of the models should be 
investigated, but more research is also needed to establish correct and validated failure 
criteria for the different materials and especially for bonded interfaces. 
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1. Introduction 
One of the important applications of the computer modelling of human body is the area of 
joint replacement where a validated model can be used for surgery planning. It is known 
that the evolution of total knee and total hip replacement has been influenced to a great 
extent by the knowledge obtained from gait analysis studies (Andriacchi and Hurwitz, 
1997). Many of the mechanical problems associated with these devices have been evaluated 
in terms of the mechanics of walking where the magnitude and pattern of the forces at the 
hip and knee joints obtained from gait analysis studies have been used as design criteria of 
both total hip and total knee replacements. 
Gait analysis provides a unique opportunity to obtain objective information that cannot be 
obtained through other clinical means (Andriacchi and Hurwitz, 1997).  For instance, several 
investigators have advocated the use of gait analysis for planning surgery and therapy 
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Molenaers, et al., 2006). Improvement in gait after multi-level surgery using kinematic data 
has been documented, while kinematics provides information on dynamic joint motion 
kinetics is essential for differentiating between primary deformities and secondary 
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The potential benefits of gait analysis are improved treatment decision making, so that 
surgery and other treatments result in improved walking capability. Also, the information 
generated from the gait analysis of patients with total joint replacements has been utilized as 
a tool for assessing recovery following these procedures, where the key to the analysis of 
functionality following joint replacement is the ability to identify the adaptations 
corresponding to the joint design features.  
It is very difficult to determine muscle force/power output from multiple muscles 
simultaneously without affecting the pattern of normal movements (Naganoa, et al., 
2005). Fortunately, computer modeling can provide useful insights for human 
biomechanics. Most in-vivo experiments only reveal the forces in the joint and not the 
surrounding muscle forces or their point of application. It is also known that finding the 
internal forces in the body by in-vivo experiments alone is difficult and sometime 
impossible. Because of the inherited redundancy in the musculoskeletal system 
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number of activation patterns of the muscles. Because of the additional forces induced by 
muscles, knowledge of how the muscle forces are applied can be very important for 
understanding the bone strength and degeneration around the replacement so that 
replacement joints can be designed and tested with the loading environment in which 
they will operate. 
A number of studies have been conducted to investigate the forces in the different joints in 
the lower extremities. For instance, with regard to hip joint, a number of studies have been 
conducted to validate musculoskeletal models using both instrumented hip replacements 
(Bergmann et al., 2001, Brand et al., 1994) and the activity levels of muscles obtained by 
means of electromyography (Crowninshield et al., 1978). Others have studied the forces 
produced in the knee joint (Piazza et al., 1996), and the ankle joint as well (Orendurff et al., 
2002). 
While these studies have shown that the hip contact forces and muscle activity levels can 
be represented by computational methods, several theories have been developed 
(Crowninshield et al., 1978, Rasmussen et al., 2001), but the question of how the body 
recruits the muscles for a given activity needs more understanding. This question can be 
better answered through the use of 3D musculoskeletal modeling. Using three-
dimensional computer modelling makes it possible to evaluate the behaviour of 
individual muscles during various human movements (Eltoukhy & Asfour, 2009 and 
Yamaguchi, 2001). 
Although the mechanics of muscles and joints easily become statically indeterminate, which 
means that there are not enough equilibrium equations describing the muscle activation 
available to resolve the forces in the system. Another complication is caused by the muscles 
in the system because they can only pull and some muscles contribute to the joint 
movements. This constrains the space of possible solutions and adds a fair bit of complexity 
to the problem. 
In principle, resolving forces is a question of setting up the equilibrium equations and 
solving them. But in biomechanics in particular, there are several complications. There have 
been several optimization methods used to solve this, the basic requirement to the Inverse 
Dynamic Analysis solver is that it must be able to cope with both statically indeterminate 
problems and unilateral forces elements.  

1.1 Knee replacement 
According to the American Academy of Orthopaedic Surgeons, there are about 270,000 knee 
replacement operations performed each year in the United States. Although about 70% of 
these operations are performed in people over the age of 65, a growing number of knee 
replacements are being done in younger patients. Knee replacement is basically a surgery 
for people with severe knee damage during which the surgeon removes damaged cartilage 
and bone from the surface of the knee joint and replaces them with a metal and plastic 
surface (Figure 1).  
In other words, it involves the resurfacing of the worn out parts of the knee using a metal 
component on the end of the femur and the top of the tibia, with a plastic bearing in 
between. The total knee replacement had been studied in the literature by a large number of 
researchers. One of the most relevant studies to our research work was the study conducted 
by Benedetti et al (2000). In their study the authors determined the gait function as it relates 
to the residual quadriceps’ strength and to the specific components of the quadriceps 
removed in patients treated with total knee replacement. 
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Fig. 1. Total knee replacement surgery (Healthbase)  

2. Musculoskeletal modeling  
Three-dimensional (3D) computer modeling possesses the advantage of providing useful 
insights and allowing the 3D-evaluation of the behavior of individual muscles during the 
different human movements. As it has been shown by a number of researchers such as 
Alkjaer et al. (2001), 3D vectors better represent the line of action of the different muscles as 
compared to two-dimensional (2D) vectors specially when investigating the location of both 
the origin and insertion of muscles.  
One of the important applications of the computer modeling of human body is the area of 
joint replacement where a validated model can be used for instant surgery planning. It is 
known that the evolution of total knee and total hip replacement has been influenced to a 
great extent by the knowledge obtained from gait analysis studies.  
Many of the mechanical problems associated with these devices have been evaluated in 
terms of the mechanics of walking where the magnitude and pattern of the forces at the hip 
and knee joints obtained from gait analysis studies have been used as design criteria of both 
total hip and total knee replacements. Because of the additional forces induced by muscles, 
knowledge of how the muscle forces are applied can be very important for understanding 
the bone strength and degeneration around the replacement so that replacement joints can 
be designed and tested with the loading environment in which they will operate.  

2.1 Model development  
One of the main features of the approach used in this study is the possibility to drive a 3D 
musculoskeletal model entirely from the motion capturing data and to be able to predict the 
muscle recruitment pattern required to perform a certain task, in this chapter the task 
studied was a full gait cycle. The gait data collected is used basically for model validation 
and that is by comparing the data obtained versus the database Hip98 developed by 
Bergmann et al. (1998). 

2.1.1 Subjects and procedures 
Five healthy subjects aged 25 ± 2 years participated in this study. The participants were 
given instructions including an explanation of the test procedures, proper attire, and the 
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expected duration of the testing. The data was collected at the University of Miami 
Biomechanics Research Laboratory, USA, with an approval from the Institutional Review 
Board (IRB) at the University of Miami. Forty eight reflective markers were placed at the 
different land marks (e.g. joints center lines and segments). First, a static trial is conducted 
where the patient stands at a T- pose; the goal of this static trial is to use it for labelling 
purposes. Then five dynamics trials were performed. The subject was instructed to walk at 
his/her normal speed across the laboratory and on top of four force plates (Figure 2).  
 

 
Fig. 2. Actual subject walking across the lab during a gait motion capturing session. 

2.1.2 Instrumentation and data collection  
The laboratory incorporates a ViconNexus® Motion Capturing System (Oxford Metrics, 
United Kingdom). The motion capturing system integrates and synchronizes four Kistler 
force plates (Model: 9253B, sampling rate: 2400 Hz), and eight MX cameras. The MX 
cameras provide 1024 x 1024 pixel resolution and frame rates up to 250 Hz. The setup 
including the force plates and the MX cameras is shown in figure 3. 
The MX cameras capture the reflected infrared light from the markers placed on the 
subject’s skin and thus the X, Y, and Z coordinates of the body segments and joints at the 
different time steps are recorded continuously. The reconstructed data output of the motion 
capturing session is shown in figure 4, which depicts the stick figure of the subject’s lower 
extremity, the reflective markers as recorded by the cameras, the segments’ center lines and 
reference frames, and the ground reaction vectors acting on the subject.  
As shown in figure 4, the data collected from the motion capturing (Mocap) system is first 
reconstructed and each marker is labeled in order to identify the different body segments 
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and joints. Then the segments’ center lines are determined accordingly at the same time the 
synchronized force plates’ data is recorded.  Body segmental parameter values were derived 
from Horsman et al. (2007). Hip joints were modelled as universal joints where hip joint 
flexion/extension, adduction/abduction and internal/external rotation were allowed. Knee 
joints were modelled as hinge joints, while ankle joints were modelled as biaxial joints, ankle 
joint dorsi/plantar flexion and inversion/eversion were allowed.  
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Fig. 3. Force plates and cameras configurations. 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4. Lower extremity stick figure and ground reaction vectors with markers and 
reconstructed segment’s center lines. 

2.1.3 Model construction 
Once the gait session data was reconstructed and all gaps were filled then the C3D file that 
contains both the X, Y, and Z coordinates of the different markers (those markers was 
referred to later on as the grey markers) and the force plate data was transferred to the 3D 
lower extremity modelling phase. The model includes seven segments (Figure 5) that are 
scalable to the subject’s dimensions; with 27 muscles in each leg been included, the exact 
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origin and insertion points as well as the different muscle parameters are all added in the 
model as well. Some artificial markers (will be referred to as the black markers) are 
introduced at the same land marks as the ones collected in the Mocap session (Figure 6). 
Those black markers are driven by the grey markers and the sum of the error squared 
between the two at each time step was minimized according to the approach by Anderson 
et.al. (2006).  
As shown in figure 5 and 6, by making the black marker as close as possible to the grey 
marker at all-time steps of the whole gait session it is possible to move the whole system of 
bones as well as ligaments and muscles attached to those bones in a smooth motion that is 
as close as possible to the captured motion of the patient. This guarantee that the segments 
will remain attached together, and the smooth normal motion of the whole system can be 
achieved which in turn facilitates the accomplishment of the kinematic analysis. After 
solving for the kinematics problem and the model is deemed to be functioning properly, the 
muscles’ recruitment problem was solved next. This part of the model was trying to mimic 
the central nervous system (CNS) in recruiting the necessary muscles at the different time 
stamps during the gait session. Although there are many definitions and indices of muscle 
fatigue in the literature (Eltoukhy and Asfour, 2009), yet the way selected to approach such 
a problem was to adopt the idea utilized in human body which is based on minimizing the 
fatigue (equal to maximizing the endurance), which was done by utilizing the Min/Max 
criteria, such objective function was introduced in such problem by Rasmussen et al. (2001). 
 

     
Fig. 5. 3D model of the lower extremity with muscles included and actual subject with EMG 
electrodes attached. 
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Fig. 6. Lower extremity model with bones and muscles included, each grey marker is 
followed by a black artificial marker at the same landmark. The sum of error squared 
between each pair of black and grey markers is minimized at all-time steps. 

In their paper, the introduced criteria was applied to a 2D upper limb model composed of 
only two segments (upper arm and lower arm), three muscles, and one joint (elbow). The 
motion studied was a simulated motion of lifting a dumbbell and it was not an actual 
motion capturing experiment data. On the other hand, the developed model adds to that 
work by utilizing such powerful environment, AnyBody® technology, and provides a 3D 
model of all right and left legs and a pelvis, the model is driven by actual motion capturing 
data instead of a simulated (predetermined) motion. Also, the developed model is capable 
of simultaneously solve the optimization problem of recruiting and disrecruiting of all 54 
muscles in both legs during such a complex motion like the gait.  
During the muscle recruitment process the solver is trying to reach an optimum solution at 
each time step where both, the motion needed is achieved and the muscles’ fatigue is 
postponed as much as possible.  
A flow chart summarizing the different phases of the developed model is shown in figure 7. 
The main steps of the developed model can be described as follows: 
• Measurement of subject’s anthropometric data,  
• Motion capturing (Mocap) data collection, 
• Noise reduction obtained by a developed in-house LabVIEW signal processing module, 
• Data reconstruction and labelling,  
• Kinematic analysis utilizing an optimization algorithm by Anderson et al (2006). that 
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data instead of a simulated (predetermined) motion. Also, the developed model is capable 
of simultaneously solve the optimization problem of recruiting and disrecruiting of all 54 
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• Muscle recruitment using the capability of AnyBody® modelling environment, where it 
was possible to simultaneously optimize the recruiting and disrecruiting of 54 muscles 
in both legs across the whole gait cycle.  

The model has a total of 7 bones which resulted in 42 degrees of freedom (d.o.f). On the 
other hand, only 24 d.o.f. were produced when the joints constraint were put in place, which 
means that a total of 18 marker coordinates were required to achieve the equilibrium (Table 
1). In other words, there are more coordinates in the system than the d.o.f. Therefore, a 
subset of these coordinates is picked to kinematically drive the model. 
 

Segment # of Bones Dofs Per Bone Total 
Foot 2 6 12 

Shank 2 6 12 
Thigh 2 6 12 
Pelvis 1 6 6 

   42 
 

Segment Joint Type # of Bones Dofs Per Bone Total 
Ankle Universal 2 4 8 
Knee Hinge 2 5 10 
Hip Spherical 2 3 6 

    24 
Number of required marker coordinates 18 

Table 1. Model components and degrees of freedom 

The human body is composed of more than 200 bones bound and surrounded by soft 
tissues. To understand such a complex system, certain assumptions, simplifications and 
approximations must be made. 
For instance, the foot is modelled as a single rigid body. The reason for this simplification is 
due to the complexity of foot anatomy, which is difficult to model mathematically. There are 
several other assumptions: 
• The joint surfaces are frictionless. 
• The mass of each segment is concentrated at its centre of mass. 
• The estimates of body segment parameters provided by cadaver studies are sufficiently 

close to the real anthropometry of the person whose gait is being analysed. In practice, 
the errors from inaccurate segment parameters are thought to be very small, at least in 
normal gait (Pearsall & Costigan 1999). 

• There is no co-contraction of the opposing agonist and antagonist muscles. If this 
occurs, a net moment will be calculated, which will be the difference between the 
moments generated by the two muscles.  

The following section will describe the details of the kinematic analysis and the muscle 
recruitment problem. In summary, the model implemented is based on the method of 
inverse dynamics to determine the muscle forces from the kinematics data, while the muscle 
recruitment is utilizing the concept of minimizing the maximum muscle activity 
(Rausmessun et al, 2001), the models’ drivers are developed based on the approach by 
Anderson et al. (2006) of optimizing the captured markers using the ViconNexus® motion 
capturing system. 
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Fig. 7. Flowchart of the modelling steps and phases involved in the analysis of human gait 
cycle. 
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2.1.3.1 Kinematic analysis 
When developing a musculoskeletal model from motion capture data for inverse dynamics 
analysis, the resulting set of equations usually will be over-determinate, i.e. the 
measurement results in more measured degrees-of-freedom than the ones of the model. 
Several solutions to this problem have been posed in the literature.  
They are essentially split into two groups: 1) methods that work on a segment-to-segment 
basis, and 2) methods that use model information, such as joint constraints, to reduce the 
effects of skin-artefacts. A general solution to the problem of kinematic over-determinacy 
when driving a mechanical model from measured data in the form of marker trajectories is 
implemented in this study. 
The solution suggested by Anderson et al. (2006) is based on solving an appropriate 
constrained weighted least-squares optimization problem for each discrete time step with 
the system coordinates as unknowns. 
 The first step in inverse dynamics is always to perform kinematic analysis to find the 
positions, velocities and acceleration of the time-dependent system coordinates, α(t) ∈ α, i.e. 
given some system description it is desired to find  α (t), α(t) and α¨(t). 
To accommodate this over-determinacy, it is assumed that it is possible to split the position 
analysis equation into two sets: 

 χ(α, t) = �τ (, t)
 (, t)�   (1) 

Where τ ≡ τ  (α, t) is a set of equations that only have to be solved “as well as possible” in 
some sense and the remaining φ ≡ φ (α, t) equations have to be fulfilled exactly.  
In this study, where the musculoskeletal model was derived from motion capture data, the 
choice of these sets was that the experimental data belongs to τ and joint constraints and 
additional driver equations to φ. 
In other words, it is required to solve the following optimization problem: 

 Min Gα (τ  (α, t))      (2) 

 s.t.      φ (α, t) = 0          (3) 

This is done by automatically taking all the marker coordinates into account and then taking 
the minimized deviation between the markers in the model and the markers captured in the 
motion capturing experiment (Figure 6), i.e., minimizing the square sum of errors. This process 
is done in an offline mode, where the data is analyzed and then fed back to the model.   
Having solved the optimization problem, the system coordinates, α, will be known for the 
discrete time steps where the optimization problem is solved. However, it still remains to 
find the velocities and accelerations which are accomplished by differentiating the position 
data to determine the velocities and a second time to determine the accelerations. 
2.1.3.2 Muscle recruitment 
The second part of the model is the muscles recruitment problem, where in which the model 
mimics the CNS in its coordination of muscles during complex activities such as human 
locomotion. 
The basic optimality assumption considered in the model is that the body attempts to use its 
muscles in such a way that fatigue is postponed as far as possible. Which leads to the idea of 
minimizing maximum muscle activity (Rasmussen et al., 2001). Thus, the model will recruit 
muscles according to the following criterion, put in the general form: 
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Minimize: 
Maximum muscle activity  
Subject to: 
• Equilibrium equations fulfilled. 
• Muscles can pull only. 
It was also proven by Rasmussen et al. (2001) that the min/max criteria is identical to both 
soft saturation and polynomial objective functions at high power. And due to the 
advantages that the min/max possesses, it was decided to apply it as the recruitment 
criteria. 
The effect of implementing the min/max criteria in the muscle recruitment problem is that 
they tend to form groups; meaning that if there are a number of muscles crossing the same 
joint and have the same strength; they will form a group in the recruitment. This is because 
the min/max criteria tries to decrease the activity in all muscles simultaneously, which 
guarantees that there is no other muscle recruitment pattern that could lead to smaller 
muscle activity. 
2.1.3.3 Noise reduction 
The model interpolates the data by a smooth spline interpolation, and it is possible to 
suppress the noise to some extent by increasing the order of the spline interpolation and/or 
by down sampling the data. Yet, the best way to minimize the noise is to low pass filter the 
data before sending them to the model. This will get rid of most of the high frequency noise 
in the motion capture data, this goal was achieved by developing another module based on 
LabVIEW programming scheme.  
The effect of filtering the data using the developed signal processing module is that it 
dramatically reduces the time needed by the solver to find the optimum solution of the 
optimization problem during the kinematic analysis stage (Figure 8). The vertical axis in the  
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figure depicts the mean squared error (MSE) resulted at each iteration of the solution 
process of the objective function. The outer circle is the iteration number of the 
corresponding MSE value. 
As shown in figure 8, the dotted curve represents the filtered data indicates that the solver 
reaches an optimum solution at a fewer number of iterations as compared to the unfiltered 
data (solid curve), where more iterations were needed to reach an optimum solution for the 
objective function. 
Once the model is validated against measured data it can then be used to analyze the effect 
of muscles on a hip or knee prosthesis, especially when considering different surgical 
techniques.  

3. Results and discussion 
The following section will introduce some of the model outputs obtained in comparison to 
one of the literature resources available which is the Hip98 data base (Bergmann et al. 2001). 
All data shown were normalized by the subject’s weight. Figure 9 shows a sample of the 
knee reaction forces obtained from one of the patients studied in the laboratory as compared 
to the pattern obtained by Harrington (1992). 
 

 
Fig. 9. Knee reaction forces pattern. (Harrington, 1992) 

The moments were then calculated. Figure 10 (A, B, and C) shows the hip moments 
generated in the flexion / extension, internal / external rotation, and abduction / adduction 
directions respectively. 
The force and moment patterns and magnitude predicted were in a great agreement with 
the measured values in the literature (Hip98). The ground reaction forces utilized in the 
model were compared to the forces reported in the Hip98 data base as shown in figure 11 
(A, B, and C). The figure depicts the ground reaction forces in the inferior, lateral, and 
anterior directions respectively. 
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3.1 Case study: Total knee replacement 
A total of fifteen subjects participated in this study, five subjects in each group. Based on the 
statistical analysis conducted it was evident that the allograft group had less significant gait 
deviations than did those in the metallic group. In particular, the metallic group patients 
had greater gait deviations both in the loading-response phase, and in the Fore-Aft terminal 
stance phase. In conclusion, our findings suggest that implantation of hinged total knee 
prosthesis with removal of one or two of the quadriceps muscles provide good functional 
results during gait. Additional studies should be performed to evaluate the relationship 
between the number and extent of the quadriceps heads excised and both the knee 
mechanics during gait and the long-term survival of the prosthesis.  
The comparison between the gait results obtained using the musculoskeletal model and a very 
relevant experimental research conducted by Benedetti et al. (2000), it was also concluded that 
the introduced model can provided a high confidence level if used in applications that 
involves joint replacements which ultimately can be utilized in surgery planning.  

3.1.1 Subjects and procedures 
Demographics of the Control Group 
Five subjects with no history or complaints of known walking problems, knee injuries and 
postural instability volunteered for this experiment.  
Demographics of the Patient Group 
Ten patient subjects was the maximum number that was available to participate in this 
study. All patient subjects had distal femoral knee replacement surgery. Five subjects were 
allograft patients while the other five were metallic patients. The Following table 
summarizes the demographics of all three subject groups. 
The procedures performed on the study subjects were wide local excision of the tumor and 
reconstruction using either a Stryker (tm) MRS rotating hinged knee or an osteoarticular 
allograft. The MRS knee was placed after radical resection of the distal femur. The distal 
femur was prepared by reaming the intramedullary canal with the appropriate sized reamer 
to achieve the greatest diameter stem with an appropriate cement mantle (2mm 
circumferential). The tibia was prepared with standard cutting jigs.  
 

 Control Metallic Allograft 

No of Subjects     5 5 5 
Age (years)           26.6 ± 0.9 42.3 ± 5.9 28.6 ± 5.6 
Height (cm) 175.8 ± 1.9 175.8 ± 8.5 163.0 ± 8.0 
Weight (kg) 71.8 ± 3.9 89.6 ± 15.5 66.0 ± 8.3 

Table 2. Demographics of Subjects 

The tibial and femoral canals were filled with cement after pulse irrigation and drying using 
modern cement techniques. The components were segmental and prepared on the back 
table to reconstruct the longitudinal dimensions of the defect. The components were 
assembled using inner bearings an axle and rotating metal hinge. In some cases, a 
gastrocnemius flap was turned up into the defect to fill the dead space and to help tether the 
lateral pull of the extensor mechanism. The allografts were prepared differently.  
The patient's menisci and portions of the lateral, medial collateral ligaments along with the 
anterior and posterior cruciate ligaments were retained. The allograft was aseptically  
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Fig. 10. Hip moments generated in the following directions: (A) Flexion/Extension, (B) 
Internal /External rotational, and (C) Abduction/Adduction. 
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Fig. 11. Ground reaction forces in the following directions: (A) Inferior, (B) Lateral, and (C) 
Anterior. 
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harvested from a suitable donor; the cartilage was preserved with DMSO and frozen in a 
controlled fashion to -80 degrees for storage. In the operating theatre, this preselected graft 
was then thawed in lactated ringer solution and cut on the back table to the appropriate 
length. A plate or plates were then affixed to the graft and the soft tissue structures were 
then reconstructed. The reconstruction began with the posterior capsule followed by the 
posterior cruciate, the lateral collateral ligaments and finally the anterior cruciate ligament. 
The meniscofemoral attachments to the allograft were repaired following this. The graft 
itself was then anchored to the patient's host bone with plates and screws. 
The participants were given instructions including an explanation of the test procedures, 
proper attire, and the expected duration of the testing. The data was collected at the 
University of Miami Biomechanics Research Laboratory, USA, with an approval from the 
Internal Review Board (IRB). 48 reflective markers were placed at the different body land 
marks (e.g. joints center lines and segments). First, a static trial was conducted where the 
patient stands at a tee pose which is then used for markers labeling. Then five dynamics 
trials were performed. Each subject was instructed to walk at his normal speed across the 
laboratory and on top of the four force plates. 

3.1.2 Instrumentation and data collection  
The laboratory incorporates a ViconNexus® Motion Capturing System (Oxford Metrics, 
United Kingdom). The motion capturing system integrates and synchronizes four Kistler 
force plates (Model: 9253B), ten MX cameras, two high speed reference video cameras, and 
wireless Noraxon EMG system. The MX cameras provide 1024 x 1024 pixel resolution and 
frame rates up to 250 Hz.  

3.1.3 3D Lower extremity musculoskeletal model 
Once the motion capturing data was reconstructed and all gaps were filled then the C3D 
file, which contains the X, Y, and Z coordinates of the different markers as well as the force 
plate data, is imported to the 3D lower extremity modeling phase. The three-dimensional 
musculoskeletal model of the lower extremity introduced by Eltoukhy and Asfour (2009) 
was utilized in this study.  
The model consisted of seven rigid body segments connected with frictionless joints, these 
segments are the pelvis, right and left thighs, right and left shanks and right and left feet. 
Hip joints were modeled as universal joints that have three degrees of freedom. Knee joints 
were modeled as hinge joints, while ankle joints were modeled as biaxial joints. Hip joint 
flexion/extension, adduction/abduction and internal/external rotation as well as ankle joint 
dorsi/plantar flexion and inversion/eversion were all allowed (Figure 12). The model is 
scalable to the subject’s dimensions; with 27 muscles in each leg been included, the exact 
origin and insertion points as well as the different muscle parameters are all added in the 
model as well. 

4. Statistical analysis 
Among the different gait variables measured, a specific subset of these variables was carefully 
selected. These variables were then used in the statistical analysis. Figure 13 shows the ground 
reaction forces in the X, Y, and Z directions as well as the knee flexion angle measured during 
the gait session. The figure also depicts the specific force and angle values at the different point 
of times during the gait cycle that were analyzed in the statistical analysis phase. 
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Fig. 12. Modified lower extremity model introduced by Eltoukhy and Asfour, 2009. 
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4. Statistical analysis 
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Fig. 12. Modified lower extremity model introduced by Eltoukhy and Asfour, 2009. 
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Fig. 13. The gait parameters measured. 

As shown in the figure, three main points (F1, F2, and F3) in the vertical force component 
(Figure 6-a); also, F4, F5, and F6 were recorded from the Ant-Post force component (Figure 
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6-b). The last three force components recorded were the F7, F8, and F9 and that is from the 
Med-Lat force plot (Figure 6-c). Six angle values were recorded from the knee flexion angle 
component. These angle components were Ѳ1 to Ѳ6 (Figure 6-d).   
The data collected from the two patient groups (metallic and allograft knee joints) was 
plotted along with the control group (normal knee joint). Figure 14 depicts two interval  
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Fig. 14. Interval plots of (a) the ground reaction forces (F1 to F9) and (b) the knee flexion 
angle (Ѳ1 to Ѳ6) for all three groups, Control “0”, Metallic “1”, and Allograft “2”. 
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plots for both the ground reaction forces as well as the knee flexion angle measured. As 
shown in figure 14, each of the force and angle components was plotted in the form of the 
mean and standard deviation values for all three groups, control, metallic, and allograft.  
For the vertical ground reaction force (Z direction) components, both the metallic  
and allograft groups showed higher average forces when compared to the control  
group, for the maximum vertical loading response, F1, and the maximum vertical terminal 
stance, F3 while they showed almost an equal magnitude for the maximum vertical 
midstance, F2. 
The Ant-Post force values (F4-F6) resulted in a similar pattern as the vertical forces where 
the metallic and allograft groups showed higher values when compared to the control 
group for both F4 and F6, yet, in case of the maximum Fore-Aft midstance force, F5,  
the metallic group resulted in lower magnitude while the allograft group resulted in 
higher forces when compared to the control group. Similar pattern was also obtained in 
case of the Med-Lat force values, only the F8, maximum Med-Lat midstance, showed 
higher forces for the metallic group and similar mean value for allograft group when 
compared to the control group. In regard to the flexion knee angle values, the following 
conclusions can be drawn. In general, the metallic group showed higher knee flexion 
angle values (Ѳ2: Maximum Flexion loading response, Ѳ3:Maximum Extension stance,  
Ѳ4:Flexion toe-off, Ѳ5:Maximum Flexion swing, and Ѳ6:Total sagittal plane excursion)  
as compared to the allograft group, in other words, the allograft group showed stiff-knee 
gait pattern. Note that only in case of the Ѳ3 (maximum extension stance), the control 
group showed higher mean value than the metallic and allograft groups which can  
be explained because of the range of motion loss resulted from the surgery when 
compared to the control group. 
A statistical analysis of the gait data collected was performed as follows; two Multi-
Analysis of Variance (MANOVA) were conducted for both the ground reaction force 
components as well as the knee joint angle. The factor tested was the knee type (Normal, 
Metallic, and Allograft), on the other hand the variables tested were the different  
force components of the three ground reaction forces in the X,Y, and Z directions (F1  
to F9) as well as the knee angles (Ѳ2 to Ѳ6).  The data was first tested for normality. The 
basic data descriptive statistics as well as the MANOVA results are summarized in  
table 3, 4, and 5 respectively.  
      

Variable Count Mean ± StDev Variable Count Mean ± StDev 
F1 30 103.7 ± 5.6 Ѳ 1 30 0.0 
F2 30 80.3 ± 6.6 Ѳ 2 30 17.5 ± 5.1 
F3 30 111.5 ± 5.4 Ѳ 3 30 3.6 ± 2.1 
F4 30 1.6 ± 1.6 Ѳ 4 30 28.9 ± 4.3 
F5 30 17.2 ± 3.5 Ѳ 5 30 58.5 ± 4.6 
F6 30 19.8 ± 2.4 Ѳ 6 30 58.5 ± 4.6 
F7 30 6.1 ± 3.6    
F8 30 6.0 ± 1.9    
F9 30 7.0 ± 2.3    

Table 3. Ground reaction forces and knee angles descriptive statistics 
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   DF  
Criterion          Test Statistic       F   Num   Denom      P 
Wilks'               0.04444   7.903    18      38   0.000 
Lawley-Hotelling    7.87640   7.876 18      36   0.000 
Pillai's             1.56107   7.904 18      40   0.000 
Roy's                5.31098     

s = 2    m = 3.0    n = 8.5 

Table 4. MANOVA for Knee Replacement Type (Ground Reaction Forces) 

 
   DF  
Criterion          Test Statistic       F   Num   Denom      P 
Wilks'               0.05324   20.003    8      48   0.000 
Lawley-Hotelling    9.14198   26.283    8      46 0.000 
Pillai's             1.40680   14.822    8      50 0.000 
Roy's                8.07144     

s = 2    m = 0.5    n = 11.0 

Table 5. MANOVA for Knee Replacement Type (Knee Angles) 

As shown in the MANOVA tables and based on the Wilks criteria, the data suggests that the 
type of knee replacement is associated with changes in gait pattern. As tables 4 and 5 
indicate, other similar tests, namely Pillai’s Trace, Hotelling’s Trace, and Roy’s Largest Root 
test, also lead to the same conclusion. The Wilks’ lambda test is used to measure the overall 
significance of the model. When the overall model is significant, then the significance of the 
individual variables can be pursued. After statistically significant evidence was obtained 
from the MANOVA tests, the individual ANOVA analyses for both the ground reaction 
forces (GRF) and knee flexion angles were performed and the results were summarized in 
table 6. 
Table 6 basically shows the results of the individual ANOVA tests for all GRF components 
and knee flexion angles. The table also shows the P values, as well as the mean and standard 
deviations for all variables and that is for each group separately. The table also summarizes 
the post-hoc analysis results; the post-hoc performed compared the control vs. the metallic, 
the control vs. the allograft, and the metallic vs. the allograft groups. In general, the allograft 
showed similar values for both the forces and angles during gait when compared to the 
control group. In other words, no statistically significant differences were found between 
the two groups, that is true for all force values (except for F4 and F9) and knee angles 
(except for Ѳ4). On the other hand, the metallic group showed statistical differences in most 
of the force values (except for F8) and knee angles (except for Ѳ3) when compared to the 
control group. Finally, to exclude the age factor as a possible reason behind the finding that 
the allograft group resulted in less gait deviations compared to the metallic group in 
comparison to the control group, the following statistical analysis was conducted. First a 
separate MANOVA analysis was conducted with the “Age” set as the factor been modelled 
and the variable set were the flexion knee angles (Ѳ2 to Ѳ5) as shown in table 7. 
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As shown in the MANOVA tables and based on the Wilks criteria, the data suggests that the 
type of knee replacement is associated with changes in gait pattern. As tables 4 and 5 
indicate, other similar tests, namely Pillai’s Trace, Hotelling’s Trace, and Roy’s Largest Root 
test, also lead to the same conclusion. The Wilks’ lambda test is used to measure the overall 
significance of the model. When the overall model is significant, then the significance of the 
individual variables can be pursued. After statistically significant evidence was obtained 
from the MANOVA tests, the individual ANOVA analyses for both the ground reaction 
forces (GRF) and knee flexion angles were performed and the results were summarized in 
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Table 6 basically shows the results of the individual ANOVA tests for all GRF components 
and knee flexion angles. The table also shows the P values, as well as the mean and standard 
deviations for all variables and that is for each group separately. The table also summarizes 
the post-hoc analysis results; the post-hoc performed compared the control vs. the metallic, 
the control vs. the allograft, and the metallic vs. the allograft groups. In general, the allograft 
showed similar values for both the forces and angles during gait when compared to the 
control group. In other words, no statistically significant differences were found between 
the two groups, that is true for all force values (except for F4 and F9) and knee angles 
(except for Ѳ4). On the other hand, the metallic group showed statistical differences in most 
of the force values (except for F8) and knee angles (except for Ѳ3) when compared to the 
control group. Finally, to exclude the age factor as a possible reason behind the finding that 
the allograft group resulted in less gait deviations compared to the metallic group in 
comparison to the control group, the following statistical analysis was conducted. First a 
separate MANOVA analysis was conducted with the “Age” set as the factor been modelled 
and the variable set were the flexion knee angles (Ѳ2 to Ѳ5) as shown in table 7. 
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   P-Value (Post-hoc analysis) 

Variable P 
Value*

Control 
Group 

Metallic 
Group 

Allograft 
Group 

Control 
Group Vs.     
Metallic 
Group 

Control Group  
Vs.  Allograft 

Group 

Metallic 
Group  Vs.     
Allograft 

Group 
GRF Mean±Std Mean±Std Mean±Std

F1 0.010 99.5±4.2 106.3±3.0 105.2±6.8 Sig. NS NS 

F2 NS 79.8±5.6 79.8±9.2 81.2±4.6 NS NS NS 

F3 0.006 108.5±3.3 115.6±6.6 110.4±3.2 Sig. NS Sig. 

F4 0.001 0.2±0.07 2.7±1.8 1.7±1.3 Sig. Sig. NS 

F5 0.028 18.3±3.3 14.8±3.3 18.4±2.9 Sig. NS Sig. 

F6 0.001 18.2±1.1 21.9±2.5 19.3±1.8 Sig. NS NS 

F7 0.004 3.6±1.7 8.7±4.6 6.0±1.9 Sig. NS NS 

F8 NS 6.2±1.1 6.9±2.7 5.0±0.9 NS NS NS 

F9 0.007 5.3±1.0 8.0±2.9 7.8±1.3 Sig. Sig. Sig. 
Knee 

angles      
Ѳ 2 0.001 13.6±5.6 21.6±3.2 17.2±2.7 Sig. NS NS 

Ѳ 3 NS 4.6±3.1 3.4±1.3 2.7±1.3 NS NS NS 

Ѳ 4 0.000 24.7±4.3 32.5±1.8 29.5±2.1 Sig. Sig. NS 

Ѳ 5 0.000 57.3±3.2 63.2±1.5 55.1±4.0 Sig. NS Sig. 

Ѳ 6 0.000 57.3±3.2 63.2±1.5 55.1±4.0 Sig. NS Sig. 

* According to analysis of variance unless otherwise indicated. Sig.: significant. NS: not significant.    

Table 6. Descriptive Statistics and ANOVA results  

 
   DF  
Criterion          Test Statistic       F   Num   Denom      P 
Wilks'               0.00016   1.499 56 9 0.265 
Lawley-Hotelling     75.73244 0.676 56 2 0.763 
Pillai's             3.16755 1.359 56 20 0.227 
Roy's                61.09191     

s = 4    m = 4.5    n = 0.0 

Table 7. MANOVA for patients’ age (Knee Angles) 

As shown in table 7 and based on the three MANOVA indices, there was a clear evidence 
that no statistically significant effect of the patients’ age on the knee kinematics. The second 
analysis performed was a set of three MANOVA tests of the ground reaction force 
components (F1 to F9) with the “Age” set as the factor tested. Table 8 summarizes the 
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MANOVA outputs for these three tests. In was also evident that in case of the kinetics, the 
patients’ age had failed to show any statistically significant effect on the ground reaction 
force components produced during gait. 
 

Vertical Forces (F1-F3)   DF  
Criterion          Test Statistic      F   Num   Denom       P 
Wilks'               0.00209 1.613 42 9 0.227 
Lawley-Hotelling     24.80947 0.985 42 5 0.579 
Pillai's             2.53192 1.932 42 15 0.084 
Roy's                13.96643     
Fore-Aft Forces (F4-F6)   DF  
Criterion          Test Statistic      F   Num   Denom       P 
Wilks'               0.00266   1.467 42 9 0.279 
Lawley-Hotelling     29.76959 1.181 42 5 0.475 
Pillai's             2.39169 1.404 42 15 0.242 
Roy's                22.86074     
Med-Lat Forces (F7-F9)   DF  
Criterion          Test Statistic      F   Num   Denom       P 
Wilks'               0.00625 20.003    42 9 0.513 
Lawley-Hotelling     16.62683 0.660 42 5 0.794 
Pillai's             2.33854 1.263 42 15 0.321 
Roy's                10.82468     

Table 8. MANOVA for patients’ age (Ground Reaction Forces) 

5. Conclusions   
The goal of this research work shown in the chapter was to introduce the whole process of 
developing and validating a 3D lower extremity musculoskeletal model and to test the 
ability of the model to predict the muscles recruitment of the different muscles involved in 
human locomotion as well as determining the corresponding forces and moments generated 
around the different joints in the lower extremity. Therefore the model can be applied in one 
of the important fields of orthopaedics which is joint replacement; the case study used in 
such application is the total knee replacement. The knee reaction forces were compared to 
the pattern obtained by Harrington (1992), where the hip moment components 
(Flexion/extension, internal/external, and abduction/adduction) were all compared to the 
patterns obtained from the Hip98 data base.  
As it was shown in the different forces and moments graphs, the model was able to produce 
very close results when comparing pattern and magnitude to the literature data. Thus, this 
3D biomechanical model is sophisticated enough to be used for surgery evaluation such as 
in total knee replacement, where the damaged cartilage and bone are removed from the 
surface of the knee joint and replaced with a man-made surface of metal and plastic.  
The three-dimensional (3D) musculoskeletal model of the lower extremity introduced by 
Eltoukhy and Asfour (2009) has been utilized in the joint replacement applications. The 
objective of this case study was to test the applicability of the introduced model in situations 
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Med-Lat Forces (F7-F9)   DF  
Criterion          Test Statistic      F   Num   Denom       P 
Wilks'               0.00625 20.003    42 9 0.513 
Lawley-Hotelling     16.62683 0.660 42 5 0.794 
Pillai's             2.33854 1.263 42 15 0.321 
Roy's                10.82468     

Table 8. MANOVA for patients’ age (Ground Reaction Forces) 

5. Conclusions   
The goal of this research work shown in the chapter was to introduce the whole process of 
developing and validating a 3D lower extremity musculoskeletal model and to test the 
ability of the model to predict the muscles recruitment of the different muscles involved in 
human locomotion as well as determining the corresponding forces and moments generated 
around the different joints in the lower extremity. Therefore the model can be applied in one 
of the important fields of orthopaedics which is joint replacement; the case study used in 
such application is the total knee replacement. The knee reaction forces were compared to 
the pattern obtained by Harrington (1992), where the hip moment components 
(Flexion/extension, internal/external, and abduction/adduction) were all compared to the 
patterns obtained from the Hip98 data base.  
As it was shown in the different forces and moments graphs, the model was able to produce 
very close results when comparing pattern and magnitude to the literature data. Thus, this 
3D biomechanical model is sophisticated enough to be used for surgery evaluation such as 
in total knee replacement, where the damaged cartilage and bone are removed from the 
surface of the knee joint and replaced with a man-made surface of metal and plastic.  
The three-dimensional (3D) musculoskeletal model of the lower extremity introduced by 
Eltoukhy and Asfour (2009) has been utilized in the joint replacement applications. The 
objective of this case study was to test the applicability of the introduced model in situations 
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that involves joint replacement and to show that the model can be used for such applications 
such as surgery planning. The case study of the research work presented in this chapter 
involved the comparison of the gait pattern between two main knee joint types, Metallic and 
Allograft knee joints against normal subjects (Control group). A total of fifteen subjects 
participated in this study, five subjects in each group. Based on the results obtained from the 
MANOVA tests, the allograft group had less significant gait deviations than did those in the 
metallic group. In particular, the metallic group patients had greater gait deviations both in 
the loading-response phase, and in the Fore-Aft terminal stance phase.  
It was concluded that based on the study conducted and the statistical evidence obtained 
that the introduced model can be used for applications that involves joint surgeries such as 
knee replacement that ultimately can be utilized in surgery evaluation.       
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1. Introduction  

A great advance in understanding mechanosensing and mechanotransduction of bone tissue 
has occurred in the past years. However, a clear answer is yet to come. There is plentiful 
evidence that most cells in human body are able to sense their mechanical environment, 
including osteoblasts and osteocytes. Li et al. found that marrow stromal cells change their 
proliferation rate and gene expression patterns in response to mechanical stimulation (Li et al, 
2004). Ehrlich and Lanyon mention that osteocytes produce significantly higher levels of  PGE2 
(prostaglandin E2) and PGI2 (prostacylin) than osteoblasts and in vivo inhibition of 
prostaglandins prevents bone adaptation in response to mechanical strains (Ehrlich and 
Lanyon, 2002). Further, nitric oxide NO is also a mediator of mechanically induced bone 
formation. It is released, similarly, as prostanoids, in higher levels after exposure to 
physiological levels of mechanical loading. Moreover, Rubin discovered that dynamic loading 
down-regulates osteoclastic formation (Rubin et al, 2000) (more precisely, the strained bone 
cell downregulates its expression of RANKL (Rubin et al, 2004)), which suggests that 
mechanical forces play an important role in bone adaptation process. 
Candidate mechanoreceptors within a cell are stretch-activated channels, integrins 
(membrane spanning proteins that couple the cell to its extracellular environment), 
connexins (membrane spanning proteins that form channels that allow the direct exchange 
of small molecules with adjacent cells - including intercellular communication via gap 
junctions), and membrane structure (Rubin, 2006). Nowadays, there is also a completely 
different possible explanation for transformation mechanical signal into a biochemical 
function. Valle et al. explain in their review that only a proper mechanical loading may lead 
to exposure of binding sites and thus enabling further biochemical processes to proceed 
(Valle, 2007). Most probably multiple mechanosensors are involved in receiving mechanical 
signals. Moreover, there are other studies showing the importance of many other 
mechanisms beside those mentioned above (Lemaire et al, 2004). 
On tissue level, it is clear that mechanical loading is important in the bone remodelling 
process. Heřt described an interaction between the mechanical stimulation of local cells and 
the bone adaptation process in the 1970s (Heřt et al, 1972), Frost observed the same 
behaviour in his clinical praxis and summed it up in his „Utah paradigm“ (Frost, 2004). 
More recently, the fundamental importance of dynamic loading was accepted. Comparison 
of the static versus the dynamic loading effects on bone remodelling is given in a nice and 
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Theoretical Biomechanics 188 

inspectional review by Ehrlich and Lanyon (2002). Further, Robling provides experimental 
results that confirm the essential importance of the dynamic loading (Robling, 2006). It is 
worth mentioning that Heřt referred to this fact in his observations more than 35 years ago 
(Heřt et al, 1972). 
From the phenomenological relations for the rate of chemical reaction based on classical 
irreversible thermodynamics including coupling with mechanical processes, it was shown 
that, although tissues are exposed to all variety of mechanical factors: straining, shear, 
pressure, and even dynamic electric fields, the volume variation rate is the most important 
mechanical stimulus driving the processes in them (Klika, 2010). However, we believe that 
shear rate might be important for triggering the process. (for details see (Klika, 2010; Klika and 
Maršík, 2009)). Thus, in the presented manuscript, the mechanical stimulation of bone 
remodelling was assumed to be proportional to rate of volume change. As it will be seen from 
the features and results of the model, it seems to capture the response of bone to changes of its 
mechanical environment on tissue level. Probably, the other ways of mechanosensing are 
controlling the triggering of bone remodelling process in a given loci. We realize that 
biochemical reactions are initiated and influenced primarily by genetic effects and then by 
external biomechanical effects (stress changes). The aim of the presented thermodynamic 
model is to combine biological and biomechanical factors whereas currently available models 
of bone remodelling focus only on one of these factors which is actually the reason why this 
model was developed. It should provide an estimate of the effects of increased physical 
activity on quality of bone even in several disease states. Such a model may also reflect 
changes in remodelling behaviour resulting from pathological changes to the bone metabolism 
or from hip joint replacement and also may help for better assessment of the risk of 
osteoporosis-related fractures (Lindsay, 2003). Preliminary version of the mentioned approach 
has been published by our team in the past but not until this considerably improved version 
was the model applicable to praxis (both qualitative and quantitative results) (Klika and 
Maršík, 2010; Klika et al., 2010) which is here being extended. 

1.1 Available models of bone remodeling 
With the development of computer-aided strategies and based on the knowledge of bone 
geometry, applied forces, and elastic properties of the tissue, it may be possible to calculate 
the mechanical stress transfer inside the bone (Finite Elements analysis or FE analysis). The 
change of stresses is followed by a change in internal bone density distribution. This allows 
to formulate mathematical models that can be used to study functional adaptation 
quantitatively and furthermore, to create the bone density distribution patterns (Beaupré et 
al, 1990; Carter, 1987). Such mathematical models have been built in the past. Since they 
calculate just mechanical transmission inside the bone and not considering cell-biologic 
factors of bone physiology, they just partially correspond to the reality seen in living 
organisms. Basically, there are essentially two groups of models for bone remodelling. One 
assumes that the mechanical loading is the dominant effect, almost to the exclusion of other 
factors, and treatment of biochemical effects are included in parameter with no physical 
interpretation (e.g. Beaupré et al, 1990; Carter, 1987; Huiskes et al, 1987; Ruimerman et al, 
2005; Turner et al, 1997). The results or predictions of these models yield the correct density 
distribution patterns in physiological cases. However, they have a limited ability to simulate 
disease. The second group, the biochemical models, consider control mechanisms of bone 
adaptation in great detail, but with limited possibilities for including mechanical effects that 
are known to be essential (Komarova et al, 2003; Lemaire et al, 2004). We realize that 
biochemical reactions are initiated and influenced primarily by genetic effects and then by 
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external biomechanical effects (stress changes). Our thermodynamic model enables to 
combine biological and biomechanical factors (Klika and Maršík, 2010). Such a model may 
also reflect changes in remodelling behaviour resulting from pathological changes to the 
bone metabolism or from hip joint replacement. However, it is a model and thus it is a great 
simplification of the complex process of bone remodelling. In this chapter, a more detailed 
description of biochemical control mechanisms will be added to the mentioned model (Klika 
and Maršík, 2010; Klika et al, 2010) which in turn leads to possibility to study several 
concrete bone related diseases using this model. 

1.2 Simulation of diseases and of their treatment 
In our previous work, the influence of mechanical stimulation on (chemical) interactions in 
general was studied and it was shown how to comprise this effect into a model of studied 
biochemical processes (Klika and Maršík, 2009; Klika, 2010). These findings were used to 
describe the bone remodelling phenomenon (Klika and Maršík, 2010; Klika et al, 2010; 
Maršík et al, 2010). In this chapter, an extension of the mentioned bone remodelling model 
(influences of concrete biochemical factors) will be presented where the essential 
significance of dynamic loading will still be apparent. 
Firstly, fundamental control factors will be mentioned. As was mentioned in the 
introduction, the RANKL-RANK-OPG pathway is essential in the bone remodelling control. 
Osteoprotegerin (OPG) inhibits binding of ligand RANKL to receptor RANK and thus 
prevents osteoclastogenesis. Since osteoclasts are the only resorbing agents in bone, 
osteoprotegerin “protects bone” (osteo-protege). Further, one of the major problems 
connected to bone remodelling is a rapid bone loss after menopause that affects a significant 
portion of women after 50 years of age. Menopause is linked to a rapid decrease in estrogen 
levels. And because estrogen significantly affects bone density, it would be beneficial to be 
able to simulate the influence of estrogen levels on the bone remodelling process. Similarly, 
the parathyriod hormone PTH, tumour growth factor TGF-β1, and nitric oxide NO play a 
significant role during the bone adaptation process. 
PTH causes a release of calcium from the bone matrix and induces MNOC differentiation from 
precursor cells, estrogen has complex effects with final outcome in decreasing bone resorption 
by MNOC, calcitonin decreases levels of blood calcium by inhibiting MNOC function, and 
osteocalcin inhibits mineralisation (Sikavitsas et al, 2001). The discovery of the RANKL-
RANK-OPG pathway enabled a more detailed study of the control mechanisms of bone 
remodelling. Robling et al. states that all PTH, PGE (prostaglandin), IL (interleukin), and 
vitamin D are “translated” by corresponding cells (osteoblasts) into RANKL levels (Robling et 
al, 2006). Further, nitric oxide NO is known to be a strong inhibitor of bone resorption and 
recently it has been known that it works in part by suppressing the expression of RANKL and, 
moreover, by promoting the expression of OPG (Robling et al, 2006). Both these effects 
eventually lead to a decrease of numbers of active osteoclasts MNOC, which in turn causes 
decrease of bone resorption. Kong and Penninger mention that the OPG expression is induced 
by estrogen (Kong and Penninger, 2000). Boyle et al. add that OPG production by osteoblasts 
is based on anabolic stimulation from TGF-β or estrogen (Boyle et al, 2003). Martin also deals 
with the question how hormones and cytokines influence contact-dependent regulation of 
MNOC by osteoblasts. He summaries results from the carried out experiments (mainly in 
vitro) that PTH, IL-11, and vitamin D (1.25(OH)2D3 more precisely) promotes RANKL 
formation, which in turn increases osteoclastogenesis (Martin, 2004). 
RANKL-RANK-OPG pathway mediates many of these above mention biochemical factors. 
Moreover, RANKL levels also reflect microcrack density. Hence, it is essential to incorporate 
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inspectional review by Ehrlich and Lanyon (2002). Further, Robling provides experimental 
results that confirm the essential importance of the dynamic loading (Robling, 2006). It is 
worth mentioning that Heřt referred to this fact in his observations more than 35 years ago 
(Heřt et al, 1972). 
From the phenomenological relations for the rate of chemical reaction based on classical 
irreversible thermodynamics including coupling with mechanical processes, it was shown 
that, although tissues are exposed to all variety of mechanical factors: straining, shear, 
pressure, and even dynamic electric fields, the volume variation rate is the most important 
mechanical stimulus driving the processes in them (Klika, 2010). However, we believe that 
shear rate might be important for triggering the process. (for details see (Klika, 2010; Klika and 
Maršík, 2009)). Thus, in the presented manuscript, the mechanical stimulation of bone 
remodelling was assumed to be proportional to rate of volume change. As it will be seen from 
the features and results of the model, it seems to capture the response of bone to changes of its 
mechanical environment on tissue level. Probably, the other ways of mechanosensing are 
controlling the triggering of bone remodelling process in a given loci. We realize that 
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activity on quality of bone even in several disease states. Such a model may also reflect 
changes in remodelling behaviour resulting from pathological changes to the bone metabolism 
or from hip joint replacement and also may help for better assessment of the risk of 
osteoporosis-related fractures (Lindsay, 2003). Preliminary version of the mentioned approach 
has been published by our team in the past but not until this considerably improved version 
was the model applicable to praxis (both qualitative and quantitative results) (Klika and 
Maršík, 2010; Klika et al., 2010) which is here being extended. 

1.1 Available models of bone remodeling 
With the development of computer-aided strategies and based on the knowledge of bone 
geometry, applied forces, and elastic properties of the tissue, it may be possible to calculate 
the mechanical stress transfer inside the bone (Finite Elements analysis or FE analysis). The 
change of stresses is followed by a change in internal bone density distribution. This allows 
to formulate mathematical models that can be used to study functional adaptation 
quantitatively and furthermore, to create the bone density distribution patterns (Beaupré et 
al, 1990; Carter, 1987). Such mathematical models have been built in the past. Since they 
calculate just mechanical transmission inside the bone and not considering cell-biologic 
factors of bone physiology, they just partially correspond to the reality seen in living 
organisms. Basically, there are essentially two groups of models for bone remodelling. One 
assumes that the mechanical loading is the dominant effect, almost to the exclusion of other 
factors, and treatment of biochemical effects are included in parameter with no physical 
interpretation (e.g. Beaupré et al, 1990; Carter, 1987; Huiskes et al, 1987; Ruimerman et al, 
2005; Turner et al, 1997). The results or predictions of these models yield the correct density 
distribution patterns in physiological cases. However, they have a limited ability to simulate 
disease. The second group, the biochemical models, consider control mechanisms of bone 
adaptation in great detail, but with limited possibilities for including mechanical effects that 
are known to be essential (Komarova et al, 2003; Lemaire et al, 2004). We realize that 
biochemical reactions are initiated and influenced primarily by genetic effects and then by 
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external biomechanical effects (stress changes). Our thermodynamic model enables to 
combine biological and biomechanical factors (Klika and Maršík, 2010). Such a model may 
also reflect changes in remodelling behaviour resulting from pathological changes to the 
bone metabolism or from hip joint replacement. However, it is a model and thus it is a great 
simplification of the complex process of bone remodelling. In this chapter, a more detailed 
description of biochemical control mechanisms will be added to the mentioned model (Klika 
and Maršík, 2010; Klika et al, 2010) which in turn leads to possibility to study several 
concrete bone related diseases using this model. 

1.2 Simulation of diseases and of their treatment 
In our previous work, the influence of mechanical stimulation on (chemical) interactions in 
general was studied and it was shown how to comprise this effect into a model of studied 
biochemical processes (Klika and Maršík, 2009; Klika, 2010). These findings were used to 
describe the bone remodelling phenomenon (Klika and Maršík, 2010; Klika et al, 2010; 
Maršík et al, 2010). In this chapter, an extension of the mentioned bone remodelling model 
(influences of concrete biochemical factors) will be presented where the essential 
significance of dynamic loading will still be apparent. 
Firstly, fundamental control factors will be mentioned. As was mentioned in the 
introduction, the RANKL-RANK-OPG pathway is essential in the bone remodelling control. 
Osteoprotegerin (OPG) inhibits binding of ligand RANKL to receptor RANK and thus 
prevents osteoclastogenesis. Since osteoclasts are the only resorbing agents in bone, 
osteoprotegerin “protects bone” (osteo-protege). Further, one of the major problems 
connected to bone remodelling is a rapid bone loss after menopause that affects a significant 
portion of women after 50 years of age. Menopause is linked to a rapid decrease in estrogen 
levels. And because estrogen significantly affects bone density, it would be beneficial to be 
able to simulate the influence of estrogen levels on the bone remodelling process. Similarly, 
the parathyriod hormone PTH, tumour growth factor TGF-β1, and nitric oxide NO play a 
significant role during the bone adaptation process. 
PTH causes a release of calcium from the bone matrix and induces MNOC differentiation from 
precursor cells, estrogen has complex effects with final outcome in decreasing bone resorption 
by MNOC, calcitonin decreases levels of blood calcium by inhibiting MNOC function, and 
osteocalcin inhibits mineralisation (Sikavitsas et al, 2001). The discovery of the RANKL-
RANK-OPG pathway enabled a more detailed study of the control mechanisms of bone 
remodelling. Robling et al. states that all PTH, PGE (prostaglandin), IL (interleukin), and 
vitamin D are “translated” by corresponding cells (osteoblasts) into RANKL levels (Robling et 
al, 2006). Further, nitric oxide NO is known to be a strong inhibitor of bone resorption and 
recently it has been known that it works in part by suppressing the expression of RANKL and, 
moreover, by promoting the expression of OPG (Robling et al, 2006). Both these effects 
eventually lead to a decrease of numbers of active osteoclasts MNOC, which in turn causes 
decrease of bone resorption. Kong and Penninger mention that the OPG expression is induced 
by estrogen (Kong and Penninger, 2000). Boyle et al. add that OPG production by osteoblasts 
is based on anabolic stimulation from TGF-β or estrogen (Boyle et al, 2003). Martin also deals 
with the question how hormones and cytokines influence contact-dependent regulation of 
MNOC by osteoblasts. He summaries results from the carried out experiments (mainly in 
vitro) that PTH, IL-11, and vitamin D (1.25(OH)2D3 more precisely) promotes RANKL 
formation, which in turn increases osteoclastogenesis (Martin, 2004). 
RANKL-RANK-OPG pathway mediates many of these above mention biochemical factors. 
Moreover, RANKL levels also reflect microcrack density. Hence, it is essential to incorporate 
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this pathway into our model. The connection will be enabled through the amount RANKL-
RANK bonds that are one of the components of developed model, noted as RR, see (Klika 
and Maršík, 2010). 

2. Methods 
Bone remodelling is a very complex mechanism. It is necessary to make reasonable 
simplification to identify the essential control mechanisms. The used model covers the 
accepted crucial features (Klika and Maršík, 2010). 
In this manuscript, several schemes for treating cellular interactions (as interactions among 
mixtures of chemical substances) are proposed, which are commonly used in similar problems 
(Keener and Sneyd, 2009; Lemaire et al, 2004). In our model, individual components of bone 
are substrates and products of biochemical interactions, whose rates are determined by the 
difference in chemical potentials. The affinity and chemical potential are (in simpler cases) 
proportional to the logarithm of the molar concentration of the involved substances (deGroot 
and Mazur, 1962). Here we actually use a modified version of this law of mass action with the 
additional effect of dynamic loading on the interaction rates (Klika, 2010; Klika and Maršík, 
2009). The law of mass action is frequently used in modelling biological processes (Keener and 
Sneyd, 2009). However, it is only a simplified model that can be justified by agreement 
between calculated data and clinical observations. From the submitted results, it can be seen 
that features of the presented model are consistent with clinical and experimental data. 

2.1 Incorporation of RANKL-RANK-OPG pathway into the bone remodelling model   
A new model for RANKL-RANK-OPG chain kinetics has been formulated and added (Klika et 
al., 2010) to the mentioned model of bone remodelling (Klika and Maršík, 2010). This section is 
being RANKL is a ligand molecule and binds to RANK forming a bond, here noted as �� and 
its molar concentration as [RR], between osteoblasts and precursors of osteoclasts. Osteoblasts 
also secrete a decoy receptor osteoprotegerin OPG that binds with high affinity to RANKL and 
thus prevents the needed connection between osteoblasts and osteoclastic precursors. 
The reaction scheme of interaction of the mentioned molecules can be described as follows:  

����� + ���� ����� ��,
����� + ��� ����� ����������,

 (1)

 where ���������� represents the bond between the decoy OPG and ligand RANKL. Using 
the law of mass action (Klika and Maršík, 2009) we may infer kinetics of the above 
mentioned interactions. Only the simplification, when assuming a relation between forward 
and backward reaction rates ��� � ���, is not applicable here. We get  

�������
�� � −������������� + ������ − ����) +

��������������������+������������� − ������ + ����) −
������������������������������������−���������������� + ������������� − ����),
�����
�� � −���������������� + ������������� − ����),

 (2)

 where  
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������ = ���
���[RANKL�����] ,

������ 				=
���

���[RANKL�����] ,

������ 				=
���
��� ,

������ 				=
���

[RANKL�����] =
[RO�] + [OPG�]
[RANKL�����] ,

������ = ���
RANKL����� =

[RR�] + [RANKL�] − [OPG�]
[RANKL�����] .

 (3)

Again ��� are reaction rate coefficients, �� are interaction rates, and ����� represents the 
normalised initial molar concentrations of corresponding substances, denoted with index 0 
and finally [RANKL�����] represents standard serum level of RANKL used for normalisation 
of molar concentrations of substance �, ��. All the parameters have evidently a physical 
interpretation and are measurable. However, hardly any such in vivo data for humans is 
available. Fortunately, the recent progress in the understanding of bone remodelling control 
enabled in vitro studies of individual factors. 
Quinn et al. studied the influence of RANKL and OPG concentration on a number of 
osteoclasts (more precisely, TRAP positive multinucleated osteoclasts) in a dose-dependent 
way (Quinn et al, 2001). We would like to use this data to determine the above mentioned 
parameters of the RANKL-RANK-OPG model. Because the carried out experiments are 
studying effects of RANKL and OPG separately, the reaction scheme (1) may be splitted into 
two separate reactions for parameter setting. This is convenient because the kinetics of a 
single biochemical reaction can be described using a single differential equation (in this case 
non-linear). Moreover, both normalised differential equations corresponding to these two 
reactions can be written in the same form:  

 �� = −��� − �� + �,				� � �, � � �, (4) 
where � = 1, � = ��� + ���, � = ������ for the RANKL reaction and � = ���, � =
��������� + ���, � = ������ for OPG reaction. The normalised form is also useful because it 
decreases the number of unknown parameters. The differential equation (4) has the 
following solution for positive constants �, � and for initial value ��:  

���� = � ��
√�� + ��� �1 +

1 + ��
√�� + ��� ��� +

�
���

1 − ��
√�� + ��� ��� +

�
���

�√���������

��

⋅

⋅ ��1 − �
√�� + ����

1 + ��
√�� + ��� ��� +

�
���

1 − ��
√�� + ��� ��� +

�
���

�√������� − �
√�� + ��� − 1� .

 (5)

Because we know the analytic form of function describing the kinetics of RANKL (and 
OPG), we may use the least square method for determination of the unknown parameters 
according to the carried out experiments. Data from the Quinn et al. in vitro experiment 
relates RANKL (and OPG) concentration to MNOC concentration (the number of osteoclasts 
per well). The mentioned reaction scheme (1) of RANKL-RANK-OPG interaction has an 
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this pathway into our model. The connection will be enabled through the amount RANKL-
RANK bonds that are one of the components of developed model, noted as RR, see (Klika 
and Maršík, 2010). 

2. Methods 
Bone remodelling is a very complex mechanism. It is necessary to make reasonable 
simplification to identify the essential control mechanisms. The used model covers the 
accepted crucial features (Klika and Maršík, 2010). 
In this manuscript, several schemes for treating cellular interactions (as interactions among 
mixtures of chemical substances) are proposed, which are commonly used in similar problems 
(Keener and Sneyd, 2009; Lemaire et al, 2004). In our model, individual components of bone 
are substrates and products of biochemical interactions, whose rates are determined by the 
difference in chemical potentials. The affinity and chemical potential are (in simpler cases) 
proportional to the logarithm of the molar concentration of the involved substances (deGroot 
and Mazur, 1962). Here we actually use a modified version of this law of mass action with the 
additional effect of dynamic loading on the interaction rates (Klika, 2010; Klika and Maršík, 
2009). The law of mass action is frequently used in modelling biological processes (Keener and 
Sneyd, 2009). However, it is only a simplified model that can be justified by agreement 
between calculated data and clinical observations. From the submitted results, it can be seen 
that features of the presented model are consistent with clinical and experimental data. 

2.1 Incorporation of RANKL-RANK-OPG pathway into the bone remodelling model   
A new model for RANKL-RANK-OPG chain kinetics has been formulated and added (Klika et 
al., 2010) to the mentioned model of bone remodelling (Klika and Maršík, 2010). This section is 
being RANKL is a ligand molecule and binds to RANK forming a bond, here noted as �� and 
its molar concentration as [RR], between osteoblasts and precursors of osteoclasts. Osteoblasts 
also secrete a decoy receptor osteoprotegerin OPG that binds with high affinity to RANKL and 
thus prevents the needed connection between osteoblasts and osteoclastic precursors. 
The reaction scheme of interaction of the mentioned molecules can be described as follows:  

����� + ���� ����� ��,
����� + ��� ����� ����������,

 (1)

 where ���������� represents the bond between the decoy OPG and ligand RANKL. Using 
the law of mass action (Klika and Maršík, 2009) we may infer kinetics of the above 
mentioned interactions. Only the simplification, when assuming a relation between forward 
and backward reaction rates ��� � ���, is not applicable here. We get  

�������
�� � −������������� + ������ − ����) +

��������������������+������������� − ������ + ����) −
������������������������������������−���������������� + ������������� − ����),
�����
�� � −���������������� + ������������� − ����),

 (2)

 where  
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RANKL����� =

[RR�] + [RANKL�] − [OPG�]
[RANKL�����] .

 (3)

Again ��� are reaction rate coefficients, �� are interaction rates, and ����� represents the 
normalised initial molar concentrations of corresponding substances, denoted with index 0 
and finally [RANKL�����] represents standard serum level of RANKL used for normalisation 
of molar concentrations of substance �, ��. All the parameters have evidently a physical 
interpretation and are measurable. However, hardly any such in vivo data for humans is 
available. Fortunately, the recent progress in the understanding of bone remodelling control 
enabled in vitro studies of individual factors. 
Quinn et al. studied the influence of RANKL and OPG concentration on a number of 
osteoclasts (more precisely, TRAP positive multinucleated osteoclasts) in a dose-dependent 
way (Quinn et al, 2001). We would like to use this data to determine the above mentioned 
parameters of the RANKL-RANK-OPG model. Because the carried out experiments are 
studying effects of RANKL and OPG separately, the reaction scheme (1) may be splitted into 
two separate reactions for parameter setting. This is convenient because the kinetics of a 
single biochemical reaction can be described using a single differential equation (in this case 
non-linear). Moreover, both normalised differential equations corresponding to these two 
reactions can be written in the same form:  

 �� = −��� − �� + �,				� � �, � � �, (4) 
where � = 1, � = ��� + ���, � = ������ for the RANKL reaction and � = ���, � =
��������� + ���, � = ������ for OPG reaction. The normalised form is also useful because it 
decreases the number of unknown parameters. The differential equation (4) has the 
following solution for positive constants �, � and for initial value ��:  
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 (5)

Because we know the analytic form of function describing the kinetics of RANKL (and 
OPG), we may use the least square method for determination of the unknown parameters 
according to the carried out experiments. Data from the Quinn et al. in vitro experiment 
relates RANKL (and OPG) concentration to MNOC concentration (the number of osteoclasts 
per well). The mentioned reaction scheme (1) of RANKL-RANK-OPG interaction has an 
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output product denoted as ��. Thus, to be able to use the mentioned data from Quinn et al., 
we need to relate RANKL-RANK bonds ([RR]) to the number of osteoclasts ([MNOC]). To get 
a precise prediction of this relationship from the presented model we would also need to 
know the analytical solution of the system of ODEs that describe the bone remodelling 
process (Klika and Maršík, 2010), which is not possible. On the other hand, the interaction 
that describes the relation between RANKL-RANK bonds and MNOC concentration is the 
first one in our bone remodelling scheme (Klika and Maršík, 2010) and it will be assumed 
that the number of formed and active osteoclasts is proportional to the �� concentration. It 
means that it was assumed that in vitro, where no remodellation occurs, the formation of 
osteoclasts may be described by:  

���� ����. 
This assumption will be used just for purposes of parameter setting and from final results it 
will be possible to see if this simplification was too great or not. 
The next issue we have to deal with is finding a possible relation between in vitro and in 
vivo data. In vivo ones are more or less unavailable, especially in such a detail that is needed 
for parameter setting. Further, determination of standard serum levels of OPG and RANKL 
is needed. The problem is that in most cases in vitro concentrations have to be much higher 
to reach a similar effect as in vivo. Moreover, no such relation may exist. It will be assumed 
that there is a correspondence among these two approaches and that it is linear, i.e. in vivo 
data can be gained from in vitro after appropriate scaling of concentrations. 
The search for standard serum levels of osteoprotegerin and RANKL was not simple. Studies 
differ greatly in the presented values. Kawasaki et al states that the standard level of 
osteoprotegerin is 250 ��

��  (Kawasaki et al, 2006) and Moschen et al. mention 800 ��
��  (Moschen 

et al, 2005). Further, Eghbali-Fatourechi et al. determined OPG serum levels to be 2.05 ����
�  

(Eghbali-Fatourechi et al, 2003). The probable cause of these discrepancies lies in differently 
used techniques of gaining osteoprotegerin and measuring its concentration. Kawasaki et al. 
measured the amount of RANKL in gingival crevicular fluid, Moschen et al. performed 
collonic explant cultures from biopsies and consequently measured RANKL and OPG levels 
using an ELISA kit, and Eghbali-Fatourechi used a different cell preparation technique 
followed by measurement with an ELISA kit. One of the manufacturers of the ELISA kit for 
assessment OPG levels cites several studies on OPG levels in humans and also submits results 
from their own research (Elisa OPG kit, 2006). At least all these measurements are carried out 
by the same measurement technique and are comparable. Therefore, we set standard OPG and 
RANKL levels according to data that are there referred to - [RANKL�����] = 0.84 ����

� = 55 ⋅
0.84 ��

�� = 46.2 ���� and [OPG�����] = 1.8 ����
� = 20 ⋅ 1.8 ��

�� = 36 ��
�� in serum (Kudlacek et al, 

2003), where the knowledge of molecular weights ������� = 5510������� = 2010� was 
used (Elisa OPG kit, 2006; RANKL product data sheet, 2008). Now it is needed to find a 
reasonable relation with in vitro data from Quinn et al that will be used for the least squares 
method for parameter estimation. The following consideration will be used: the physiological 
range of levels of OPG and RANKL will be found and consequently related to studied 
effective in vitro range by Quinn. OPG serum levels found in human are 12-138 ��

�� = 0.6-

6.9 ����
�  and RANKL serum levels are 0-250 ��

�� = 0-4.55 ����
�  with standard values of 0.84 ����

�  

for RANKL and 1.8 ����
�  for OPG, respectively. When we relate these values to the in vitro 
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ranges of RANKL 0-500 ��
�� and of OPG 0-30 ��

��, we get the in vitro equivalents for standard 
values: [RANKL������������] = 92.3 ��

��, [OPG������������] = 7.83 ��
��. 

A list of parameters that will be determined by least squares from the RANKL experiment 
are the following:  

������, ��������� , ����, ����, 
where ���������  is the dimensionless time that corresponds to 7 days. Before the parameter 
setting is by curve fitting (least square method) is carried out, it is reasonable to have at least 
some estimation of parameter values. Because the normalisation was done by division with 
term ���[RANKL�����]� and from (3), we get:  

��������� = �������|������� = 6 10�10�10��� ≈ 10�,
���� 				≈ 10�,
���� 				≈ 10�,
������ = ���

���[RANKL�����] ≈ ���10�,

 

where the value of ��� was estimated from the parameter setting in the bone remodelling 
model, standard value of RANKL [RANKL�����] ≈ 1 ����

�  was mentioned above, and the ��� 
value may be anywhere in (0,10�) but most probably lower than one. 
The least square method with the used data from Quinn et al. (Quinn et al, 2001) and the 
analytic function as described above gives the following estimates:  

 ������ = 4.9210��, ��������� = 4.64, ���� = 1.037, ���� = 0.0947. (6) 

If we compare these values with their order estimation above, we see that the values are 
acceptable and the curve fit is as well, see Fig. 1a. 
Now, we may proceed with OPG parameters. The difference is that if we use only the 
second reaction of RANKL-RANK-OPG reaction scheme (1), we do not know how initial 
OPG concentration influences the number of bonds between RANKL and RANK. However, 
this influence is mediated by a decrease in number of available ligands RANKL by binding 
with OPG. Because OPG binds with higher affinity to ligand RANKL than this ligand to its 
receptor RANK (otherwise the decoy effects of OPG would be very limited), it will be 
assumed that OPG binds to RANKL more rapidly than the competiting reaction. The reason 
for this is again in the need of analytic solution of differential equations that govern the 
kinetics of mentioned processes (it was not possible to solve the full system of two 
differential equations (2) so the mentioned simplification was needed; again, from the 
results that follow it seems reasonable). Thus, the influence of levels of osteoprotegerin on 
the �� concentration may be mediated by an appropriate modification of initial 
concentration of RANKL which in turn affects the resulting �� concentration. Schematically:  

2����������	��	(1) � [OPG](�) 
and consequently [RANKL�] = [OPG](����), which is used in  

1����������	��	(1) � [RR][������] 
were ���� is a time to be determined. 
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output product denoted as ��. Thus, to be able to use the mentioned data from Quinn et al., 
we need to relate RANKL-RANK bonds ([RR]) to the number of osteoclasts ([MNOC]). To get 
a precise prediction of this relationship from the presented model we would also need to 
know the analytical solution of the system of ODEs that describe the bone remodelling 
process (Klika and Maršík, 2010), which is not possible. On the other hand, the interaction 
that describes the relation between RANKL-RANK bonds and MNOC concentration is the 
first one in our bone remodelling scheme (Klika and Maršík, 2010) and it will be assumed 
that the number of formed and active osteoclasts is proportional to the �� concentration. It 
means that it was assumed that in vitro, where no remodellation occurs, the formation of 
osteoclasts may be described by:  

���� ����. 
This assumption will be used just for purposes of parameter setting and from final results it 
will be possible to see if this simplification was too great or not. 
The next issue we have to deal with is finding a possible relation between in vitro and in 
vivo data. In vivo ones are more or less unavailable, especially in such a detail that is needed 
for parameter setting. Further, determination of standard serum levels of OPG and RANKL 
is needed. The problem is that in most cases in vitro concentrations have to be much higher 
to reach a similar effect as in vivo. Moreover, no such relation may exist. It will be assumed 
that there is a correspondence among these two approaches and that it is linear, i.e. in vivo 
data can be gained from in vitro after appropriate scaling of concentrations. 
The search for standard serum levels of osteoprotegerin and RANKL was not simple. Studies 
differ greatly in the presented values. Kawasaki et al states that the standard level of 
osteoprotegerin is 250 ��

��  (Kawasaki et al, 2006) and Moschen et al. mention 800 ��
��  (Moschen 

et al, 2005). Further, Eghbali-Fatourechi et al. determined OPG serum levels to be 2.05 ����
�  

(Eghbali-Fatourechi et al, 2003). The probable cause of these discrepancies lies in differently 
used techniques of gaining osteoprotegerin and measuring its concentration. Kawasaki et al. 
measured the amount of RANKL in gingival crevicular fluid, Moschen et al. performed 
collonic explant cultures from biopsies and consequently measured RANKL and OPG levels 
using an ELISA kit, and Eghbali-Fatourechi used a different cell preparation technique 
followed by measurement with an ELISA kit. One of the manufacturers of the ELISA kit for 
assessment OPG levels cites several studies on OPG levels in humans and also submits results 
from their own research (Elisa OPG kit, 2006). At least all these measurements are carried out 
by the same measurement technique and are comparable. Therefore, we set standard OPG and 
RANKL levels according to data that are there referred to - [RANKL�����] = 0.84 ����

� = 55 ⋅
0.84 ��

�� = 46.2 ���� and [OPG�����] = 1.8 ����
� = 20 ⋅ 1.8 ��

�� = 36 ��
�� in serum (Kudlacek et al, 

2003), where the knowledge of molecular weights ������� = 5510������� = 2010� was 
used (Elisa OPG kit, 2006; RANKL product data sheet, 2008). Now it is needed to find a 
reasonable relation with in vitro data from Quinn et al that will be used for the least squares 
method for parameter estimation. The following consideration will be used: the physiological 
range of levels of OPG and RANKL will be found and consequently related to studied 
effective in vitro range by Quinn. OPG serum levels found in human are 12-138 ��

�� = 0.6-

6.9 ����
�  and RANKL serum levels are 0-250 ��

�� = 0-4.55 ����
�  with standard values of 0.84 ����

�  

for RANKL and 1.8 ����
�  for OPG, respectively. When we relate these values to the in vitro 
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ranges of RANKL 0-500 ��
�� and of OPG 0-30 ��

��, we get the in vitro equivalents for standard 
values: [RANKL������������] = 92.3 ��

��, [OPG������������] = 7.83 ��
��. 

A list of parameters that will be determined by least squares from the RANKL experiment 
are the following:  

������, ��������� , ����, ����, 
where ���������  is the dimensionless time that corresponds to 7 days. Before the parameter 
setting is by curve fitting (least square method) is carried out, it is reasonable to have at least 
some estimation of parameter values. Because the normalisation was done by division with 
term ���[RANKL�����]� and from (3), we get:  

��������� = �������|������� = 6 10�10�10��� ≈ 10�,
���� 				≈ 10�,
���� 				≈ 10�,
������ = ���

���[RANKL�����] ≈ ���10�,

 

where the value of ��� was estimated from the parameter setting in the bone remodelling 
model, standard value of RANKL [RANKL�����] ≈ 1 ����

�  was mentioned above, and the ��� 
value may be anywhere in (0,10�) but most probably lower than one. 
The least square method with the used data from Quinn et al. (Quinn et al, 2001) and the 
analytic function as described above gives the following estimates:  

 ������ = 4.9210��, ��������� = 4.64, ���� = 1.037, ���� = 0.0947. (6) 

If we compare these values with their order estimation above, we see that the values are 
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Now, we may proceed with OPG parameters. The difference is that if we use only the 
second reaction of RANKL-RANK-OPG reaction scheme (1), we do not know how initial 
OPG concentration influences the number of bonds between RANKL and RANK. However, 
this influence is mediated by a decrease in number of available ligands RANKL by binding 
with OPG. Because OPG binds with higher affinity to ligand RANKL than this ligand to its 
receptor RANK (otherwise the decoy effects of OPG would be very limited), it will be 
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2����������	��	(1) � [OPG](�) 
and consequently [RANKL�] = [OPG](����), which is used in  

1����������	��	(1) � [RR][������] 
were ���� is a time to be determined. 
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Fig. 1. RANKL and OPG fitted solutions (blue curves) by least squares method to data 
measured (dots) by Quinn et al. (Quinn et al, 2001). Firstly, n�� as a function of n������ is 
determined and consequently n�� as a function of n����, created by embedding dependency 
of [RANKL] on [OPG] and of [RR] on [RANKL] concentration, was found. 

The already determined parameters from the RANKL setting will be used and only the yet 
unknown will be determined, i.e.  

������, ������, �������, ����, 
Again, the least squares in the case of OPG give the following estimates (based on data from 
Quinn and the fact that molecular weight of RANKL is 55	10� and of OPG 20	10�):  

 ������ = 5.86	10���, ������ = 12.96, ������� = 11.36, ���� = 6.135. (7) 

Also, the values are admissible and the curve fit is reasonable (the function here is much 
more complex because OPG concentration is firstly used to determine an initial RANKL 
concentration for a consecutive reaction that finally gives [RR] outcome), see Fig 1b. 
If the mentioned results of parameter estimation are combined, all the needed values of 
parameters of RANKL-RANK-OPG model (3) may be inferred:  

������ 				=
���

���[RANKL�����] = 4.9210��,

������ 				=
���

���[RANKL�����] = 5.8610���,

������ 				=
���
��� = 12.96,

������ 				=
���

[RANKL�����] =
[RO�] + [OPG�]
[RANKL�����] = 6.135 + �����,

������ 				=
���

[RANKL�����] =
[RR�] + [RANKL�] − [OPG�]

[RANKL�����] = 0.094� + ������� − [OPG�],

������ 				=
���

[RANKL�����] =
[RK�] − [RANKL�] + [OPG�]

[RANKL�����] = 1.03� − ������� + �����,
��������� 				= 4.64.

 (8)
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   The predicted effects of RANKL and OPG serum levels on bone density 
[RANKL] ������ � [OPG] �����

� � n�� [1]  normalised bone density [1] 

0.84 (standard)  1.8 (standard)  0.790  100% (0.811)  
4.55  1.8  1.132  76.9%(0.624) 
0.1  1.8  0.13  **172.6% (1.40) 
0.84  6.9  0.276  **152.9% (0.1.24) 
0.84  0.6  0.892  92.5% (0.75) 

Table 1. The predicted effects of the RANKL-RANK-OPG pathway on bone density. n�� is a 
result from the RANKL-RANK-OPG pathway model, and consequently, bone density (the 
number in parentheses in the last column) is predicted from the presented thermodynamic 
bone remodelling model based on the calculated n��. The asterisk in the front of values 
notices that it may be necessary to intermit the treatment after a certain time: * - after a 
longer time, ** - after a shorter period. Simulated or predicted data by model that are bold 
are in accordance with data found in literature – (Kudlacek et al, 2003).   

Interconnection between this RRO model and bone remodelling model is mediated by [RR]. 
The concentration of �� influences the value of parameter �� in the developed 
thermodynamic bone remodelling model, see (Klika and Maršík, 2010). There are different 
normalisations used in these two mentioned models and we assume that in the case of 
standard values of RANKL and OPG, the parameter �� should have its standard value 
(corresponding to ``healthy'' state). Further, the typical normalised concentration of �� in 
bone remodelling model is ��� ∈ (1.35,1.41) in standard state (see (Klika and Maršík, 2010)). 
Thus:  

 �� = 1.41�0.79��� − 0.81, (9) 

which gives the value �� = 0.6 for standard values of RANKL and OPG because ��� under 
these condition equals 0.79 and ��� is a result of the interaction in RANKL-RANK-OPG 
pathway at time ��������� . As can be seen, the value of ��� influences only ��, i.e. it acts only as 
a modification of initial conditions of the bone remodelling model. However, it will be seen 
in the results below that it sufficiently captures the influence of the whole pathway. 
The increase in ligand concentration RANKL should lead to an increase in osteoclast 
formation, and consequently, the decrease of bone tissue density, and conversely, 
osteoprotegerin OPG prevents osteoclastogenesis. Modelling of this pathway is carried out 
through solving kinetic equations (2) with the above mentioned parameter values (8). 
Consequently, the output value of ��� is used as an input variable in the bone adaptation 
model – (9). Tab. 1 gives an idea of how the added RANKL-RANK-OPG pathway may 
influence bone density (percentual changes of ��� are more or less in accordance with data 
found in Quinn et al. (Quinn et al., 2001). 

2.2 Incorporation of PTH effects into the bone remodelling model 
The parathyroid hormone plays an important role in bone remodelling (see introduction). 
Again, the discovery of the essential control RANKL-RANK-OPG pathway enabled to  
describe in higher detail the influence of PTH on bone adaptation process. Robling mentions 
that PTH effect is ``translated'' into RANKL (Robling et al, 2006), more precisely PTH 
promotes RANKL formation (Martin, 2004). Fukushima et al. studied in vitro responses of 
the RANKL expression to PTH (Fukushima et al, 2005). They clearly showed that RANKL 
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Fig. 1. RANKL and OPG fitted solutions (blue curves) by least squares method to data 
measured (dots) by Quinn et al. (Quinn et al, 2001). Firstly, n�� as a function of n������ is 
determined and consequently n�� as a function of n����, created by embedding dependency 
of [RANKL] on [OPG] and of [RR] on [RANKL] concentration, was found. 

The already determined parameters from the RANKL setting will be used and only the yet 
unknown will be determined, i.e.  

������, ������, �������, ����, 
Again, the least squares in the case of OPG give the following estimates (based on data from 
Quinn and the fact that molecular weight of RANKL is 55	10� and of OPG 20	10�):  

 ������ = 5.86	10���, ������ = 12.96, ������� = 11.36, ���� = 6.135. (7) 

Also, the values are admissible and the curve fit is reasonable (the function here is much 
more complex because OPG concentration is firstly used to determine an initial RANKL 
concentration for a consecutive reaction that finally gives [RR] outcome), see Fig 1b. 
If the mentioned results of parameter estimation are combined, all the needed values of 
parameters of RANKL-RANK-OPG model (3) may be inferred:  
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   The predicted effects of RANKL and OPG serum levels on bone density 
[RANKL] ������ � [OPG] �����

� � n�� [1]  normalised bone density [1] 

0.84 (standard)  1.8 (standard)  0.790  100% (0.811)  
4.55  1.8  1.132  76.9%(0.624) 
0.1  1.8  0.13  **172.6% (1.40) 
0.84  6.9  0.276  **152.9% (0.1.24) 
0.84  0.6  0.892  92.5% (0.75) 

Table 1. The predicted effects of the RANKL-RANK-OPG pathway on bone density. n�� is a 
result from the RANKL-RANK-OPG pathway model, and consequently, bone density (the 
number in parentheses in the last column) is predicted from the presented thermodynamic 
bone remodelling model based on the calculated n��. The asterisk in the front of values 
notices that it may be necessary to intermit the treatment after a certain time: * - after a 
longer time, ** - after a shorter period. Simulated or predicted data by model that are bold 
are in accordance with data found in literature – (Kudlacek et al, 2003).   

Interconnection between this RRO model and bone remodelling model is mediated by [RR]. 
The concentration of �� influences the value of parameter �� in the developed 
thermodynamic bone remodelling model, see (Klika and Maršík, 2010). There are different 
normalisations used in these two mentioned models and we assume that in the case of 
standard values of RANKL and OPG, the parameter �� should have its standard value 
(corresponding to ``healthy'' state). Further, the typical normalised concentration of �� in 
bone remodelling model is ��� ∈ (1.35,1.41) in standard state (see (Klika and Maršík, 2010)). 
Thus:  

 �� = 1.41�0.79��� − 0.81, (9) 

which gives the value �� = 0.6 for standard values of RANKL and OPG because ��� under 
these condition equals 0.79 and ��� is a result of the interaction in RANKL-RANK-OPG 
pathway at time ��������� . As can be seen, the value of ��� influences only ��, i.e. it acts only as 
a modification of initial conditions of the bone remodelling model. However, it will be seen 
in the results below that it sufficiently captures the influence of the whole pathway. 
The increase in ligand concentration RANKL should lead to an increase in osteoclast 
formation, and consequently, the decrease of bone tissue density, and conversely, 
osteoprotegerin OPG prevents osteoclastogenesis. Modelling of this pathway is carried out 
through solving kinetic equations (2) with the above mentioned parameter values (8). 
Consequently, the output value of ��� is used as an input variable in the bone adaptation 
model – (9). Tab. 1 gives an idea of how the added RANKL-RANK-OPG pathway may 
influence bone density (percentual changes of ��� are more or less in accordance with data 
found in Quinn et al. (Quinn et al., 2001). 

2.2 Incorporation of PTH effects into the bone remodelling model 
The parathyroid hormone plays an important role in bone remodelling (see introduction). 
Again, the discovery of the essential control RANKL-RANK-OPG pathway enabled to  
describe in higher detail the influence of PTH on bone adaptation process. Robling mentions 
that PTH effect is ``translated'' into RANKL (Robling et al, 2006), more precisely PTH 
promotes RANKL formation (Martin, 2004). Fukushima et al. studied in vitro responses of 
the RANKL expression to PTH (Fukushima et al, 2005). They clearly showed that RANKL 
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levels are dose-dependent on PTH concentrations in vitro (in the studied range 10��	�-
10��	�). Using this data, the influence of PTH into the presented bone remodelling model 
will be incorporated. 
As was mentioned, PTH promotes RANKL expression. Thus, we may describe this fact 
using the following interaction:  

 ��� + �������������� + ���������� ����� 	����� + ��������������, (10) 

where �������������� represents the group of cells that are expressing RANKL and a 
mixture of substances needed for ligand RANKL production is denoted as ����������. 
Again, the differential equation describing kinetics of PTH concentration can be derived:  

d[PTH]
d� = −[PTH]����������� + [PTH]) + ���������������� − [PTH]), (11)

 where  

������ = ���
���[RANKL�����] ,

��������� 				= ������
[RANKL�����] =

[RANKL�] + [PTH�]
[RANKL�����] ,

���������� = �������
[RANKL�����] =

[Substr�] − [PTH�]
[RANKL�����] .

 (12)

 

 
Fig. 2. PTH fitted solution (blue curve) by the least squares method to data measured (dots) 
by Fukushima et al. (Fukushima et al, 2005).  

Again, this differential equation can be rewritten into (4) where � = 1, � = ���������� +
������, � = ���������. Thus, the analytical function that describes the evolution of PTH 
concentration in time from its initial concentration is known. The mentioned in vitro data 
from Fukushima et al. will be used for estimation of these parameter values using the least 
square method. Finally, the initial concentration of PTH influences RANKL concentration 
after 10 days in culture:  

[RANKL] = ��������� − [PTH]. 
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The least squares method gives the following results (see Fig. 2):  

������ = 0.145� ���������� = 26.17� ����������� = 0.018. (13)

In vitro behaviour may significantly vary from in vivo observation. Usually, the range of 
concentration found in humans is much narrower than examined in vitro. A relation 
between in vitro and in vivo study will be found. Firstly, it is needed to determine standard 
in vivo serum level of PTH in humans. Khosla et al. state that PTH serum levels in humans 
are in 0 − 6 ����

�  (Khosla et al, 1998). Further, Jorde et al. mentions that standard in vivo PTH 

level in non-smokers is 3.6 ����
� = 33.84 ��

�� (Jorde et al, 2005), where the fact that ����� =
9400	daltons was used (Potts, 2005). Now, we need to find a study that would capture PTH 
effects on bone remodelling. Charopoulos et al. studied effects of primary 
hyperparathyroidism in both calcemic and non-calcemic groups (Charopoulos et al, 2006). 
They mention normal PTH levels to be 37.13 ��

�� and in the case of the non-calcemic 
hyperparathyroidism group, PTH levels were significantly higher 97.09 = ��

��. Moreover, 
these values significantly correlated to BMD (bone mineral density). 
The idea is similar as in the previous case, the influence of PTH on bone density is mediated 
by RANKL-RANK-OPG pathway. The predicted value of RANKL based on PTH level will 
be used as an input into RRO model that will consequently translate this influence into the 
appropriate change in number of active osteoclasts. 
If one uses in vitro equivalent of in vivo standard level of PTH equal to 5	10��� and 
������� = 1.31 (again these values are opted to get the described in vivo effect of PTH 
concentration and that standard PTH values would lead to standard RANKL concentration 
and consequently also ``healthy'' bone density) we get similar results as observed in 
Charopoulos et al. study - see Tab. 2. 
We see that in normal range of PTH 25-45 ��

�� the predicted bone density varies slightly, see 
Tab. 2. However, disease state such as primary hyper-parathyriodism with PTH levels 3 
times higher than normal (97.09 ��

��) the BMD dropped by 7-15% in the tibia and by 15% in 
the lumbar vertebrae (Charopoulos et al, 2006). The presented model estimates a decrease in 
bone density by 12.8% after such an increase in PTH. 
 

The predicted effects of PTH serum levels on bone density 
 [PTH] ������  normalised bone density   [1] 
25   102,8% (0.834)  
34 (standard)   100% (0.811)  
45   97.0%(0.787) 
97   87.3% (0.708) 

Table 2. The predicted effects of PTH serum levels on bone density. PTH influences RANKL 
expression, which in turn influences osteoclastogenesis. Consequently, bone density is 
predicted from the presented bone remodelling model based on the calculated [RR]. 
Simulated or predicted data by model that are bold are in accordance with the data found in 
literature – (Charopoulos et al, 2006; Jorde et al ,2005).   

2.3 Incorporation of NO effects into the bone remodelling model 
Nitric oxide is a small molecule that can freely diffuse across cell membrane without any use 
of channels (and thus without any control from cell). Probably this easy access is reason for 
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levels are dose-dependent on PTH concentrations in vitro (in the studied range 10��	�-
10��	�). Using this data, the influence of PTH into the presented bone remodelling model 
will be incorporated. 
As was mentioned, PTH promotes RANKL expression. Thus, we may describe this fact 
using the following interaction:  

 ��� + �������������� + ���������� ����� 	����� + ��������������, (10) 

where �������������� represents the group of cells that are expressing RANKL and a 
mixture of substances needed for ligand RANKL production is denoted as ����������. 
Again, the differential equation describing kinetics of PTH concentration can be derived:  

d[PTH]
d� = −[PTH]����������� + [PTH]) + ���������������� − [PTH]), (11)

 where  

������ = ���
���[RANKL�����] ,

��������� 				= ������
[RANKL�����] =

[RANKL�] + [PTH�]
[RANKL�����] ,

���������� = �������
[RANKL�����] =

[Substr�] − [PTH�]
[RANKL�����] .

 (12)

 

 
Fig. 2. PTH fitted solution (blue curve) by the least squares method to data measured (dots) 
by Fukushima et al. (Fukushima et al, 2005).  

Again, this differential equation can be rewritten into (4) where � = 1, � = ���������� +
������, � = ���������. Thus, the analytical function that describes the evolution of PTH 
concentration in time from its initial concentration is known. The mentioned in vitro data 
from Fukushima et al. will be used for estimation of these parameter values using the least 
square method. Finally, the initial concentration of PTH influences RANKL concentration 
after 10 days in culture:  

[RANKL] = ��������� − [PTH]. 
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The least squares method gives the following results (see Fig. 2):  

������ = 0.145� ���������� = 26.17� ����������� = 0.018. (13)

In vitro behaviour may significantly vary from in vivo observation. Usually, the range of 
concentration found in humans is much narrower than examined in vitro. A relation 
between in vitro and in vivo study will be found. Firstly, it is needed to determine standard 
in vivo serum level of PTH in humans. Khosla et al. state that PTH serum levels in humans 
are in 0 − 6 ����

�  (Khosla et al, 1998). Further, Jorde et al. mentions that standard in vivo PTH 

level in non-smokers is 3.6 ����
� = 33.84 ��

�� (Jorde et al, 2005), where the fact that ����� =
9400	daltons was used (Potts, 2005). Now, we need to find a study that would capture PTH 
effects on bone remodelling. Charopoulos et al. studied effects of primary 
hyperparathyroidism in both calcemic and non-calcemic groups (Charopoulos et al, 2006). 
They mention normal PTH levels to be 37.13 ��

�� and in the case of the non-calcemic 
hyperparathyroidism group, PTH levels were significantly higher 97.09 = ��

��. Moreover, 
these values significantly correlated to BMD (bone mineral density). 
The idea is similar as in the previous case, the influence of PTH on bone density is mediated 
by RANKL-RANK-OPG pathway. The predicted value of RANKL based on PTH level will 
be used as an input into RRO model that will consequently translate this influence into the 
appropriate change in number of active osteoclasts. 
If one uses in vitro equivalent of in vivo standard level of PTH equal to 5	10��� and 
������� = 1.31 (again these values are opted to get the described in vivo effect of PTH 
concentration and that standard PTH values would lead to standard RANKL concentration 
and consequently also ``healthy'' bone density) we get similar results as observed in 
Charopoulos et al. study - see Tab. 2. 
We see that in normal range of PTH 25-45 ��

�� the predicted bone density varies slightly, see 
Tab. 2. However, disease state such as primary hyper-parathyriodism with PTH levels 3 
times higher than normal (97.09 ��

��) the BMD dropped by 7-15% in the tibia and by 15% in 
the lumbar vertebrae (Charopoulos et al, 2006). The presented model estimates a decrease in 
bone density by 12.8% after such an increase in PTH. 
 

The predicted effects of PTH serum levels on bone density 
 [PTH] ������  normalised bone density   [1] 
25   102,8% (0.834)  
34 (standard)   100% (0.811)  
45   97.0%(0.787) 
97   87.3% (0.708) 

Table 2. The predicted effects of PTH serum levels on bone density. PTH influences RANKL 
expression, which in turn influences osteoclastogenesis. Consequently, bone density is 
predicted from the presented bone remodelling model based on the calculated [RR]. 
Simulated or predicted data by model that are bold are in accordance with the data found in 
literature – (Charopoulos et al, 2006; Jorde et al ,2005).   

2.3 Incorporation of NO effects into the bone remodelling model 
Nitric oxide is a small molecule that can freely diffuse across cell membrane without any use 
of channels (and thus without any control from cell). Probably this easy access is reason for 
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its signalling function. Also, because there is no need of passive or even active 
transportation across membrane it provides very fast communications. From the mentioned 
nature of signalling molecule NO, it is evident that it plays role in many processes in body, 
and concretely, it influences bone remodelling. 
There has been a quite thorough investigation of NO action on bone remodelling. Before the 
discovery of the RANKL-RANK-OPG pathway, van't Hof already carried out an in vitro 
experiment showing that NO plays a significant role in bone resorption by inducing 
apoptosis of osteoclast progenitors and supressing osteoclast activity (van’t Hof and 
Ralston, 1997). NO also seems to have a significant effect in inflammation-induced 
osteoporosis (such as rheumatoid arthritis), where NO production is increased, and 
consequently, bone density decreased (Armour et al, 1997). Wimalawansa et al. studied the 
effect of NO donor (concretely nitroglycerin) treatment on BMD change in rats. After 
treatment, they had significantly lower BMD and femur weights and also the influence of 
NO on the trabecular and cortical bone - loss of trabecular bone volume and decrease in 
cortical area in cross-section were prevented by the administration of nitroglycerin 
(Wimalawansa et al, 1997). Van't Hof and Ralston give a very nice overview of the NO role 
in bone - how nitric oxide is created, in what form, mechanism of NO action on bone 
remodelling, effects of NO on bone resorption (activation of inducible nitric oxide synthase - 
iNOS - pathway is essential for IL-1 stimulated bone resorption), and mention several in 
vivo animal models that exemplify this behaviour (van’t Hof and Ralston, 2001). Again, the 
discovery of RANKL and OPG enabled a more detailed study of NO effects on bone 
remodelling. Robling mentions that NO suppresses the expression of RANKL and promotes 
the expression of OPG (Robling et al, 2006). Both these effects lead to the decrease of bone 
resorption. Fan et al. carried out an in vitro study where a dose-dependent response to NO 
in both RANKL and OPG production has been shown (Fan et al, 2004). Rahnert et al. 
studied the influence of 2% exercise (2������) with 10 cycles/min (thus approximately 
���������), observed that mechanical loading represses RANKL production (i.e. 
resorption), and that nitric oxide influences this repression (Rahnert et al, 2008).  
Thus the in vitro effects of NO are rather known; however, there is lack of clinical studies 
with concrete effects of NO on bone quality. Fortunately, there is a group that has recently 
carried out a control study aimed on NO effects on bones in humans (the NOVEL clinical 
study - http://clinicaltrials.gov/show/NCT00043719). They performed a pilot study of NO 
effects on humans (surgically induced menopause women), which had a promising results. 
Nitroglycerin has similar maintenance effects as estrogen on BMD (Wimalawansa, 2000). 
Further, there is a nice review by Wimalawansa on the treatment of bone osteoporosis with 
NO: nitric oxide is a very reactive agent (half life is 1 second) and thus it has a very localised 
effects; after menopause, the circulating NO is significantly lower than before (can be 
rectified after hormonal therapy); NO donors have high potential as a novel therapeutic 
agent in bone diseases (follows from clinical studies of his group); NO seems to have a 
biphasic effect on bone quality - high levels of NO generation decrease BMD whereas lower 
levels increase BMD (from here it implies that the possible therapeutic window is <
��������� - in this range the treatment is beneficial on skeleton); animal studies are 
confirming that NO has a biphasic effect on BMD. Further, that nitroglycerin is superior to 
the other 10 studied NO donors, and showing what is the in vivo dose-response to 
nitroglycerin (Wimalawansa, 2007). 
An estimation of NO effects on bone may be carried out (there is yet no clinical study that 
we may refer to) that will be based on in vitro studies and on studies with NO donor 
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delivery in humans and animals as mentioned in the previous paragraph (in the animal 
study with dose response to NO donors, the same levels of nitroglycerin per kilogram of 
body weight were distributed and the same biphasic effect with the same threshold - 
����
���� ≈ 0.5��

��  of nitroglycerin per day - were observed as in humans). 
For a description of NO influences on bone remodelling, the following reaction scheme will 
be used. It is based on the previously mentioned observation:  

 
�� � ����� ����� 	�����������������,
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where ����������������� represents inactivated RANKL. Again, we may simply obtain 
differential equations describing the kinetics of these interactions. Because the influence of 
NO levels are relatively small (max 6% increase in BMD (Wimalawansa, 2007)), we may 
separate the influence of NO on RANKL and on OPG, and their collective effect can be 
obtained by summing the individual ones (confirmed by the numerical solution of both 
ODEs at once and compared with separated effects). By the same technique (least squares - 
Fig. 3) as in previous cases, the unknown parameters of the mentioned scheme may be 
determined (normalisation in the two differential equations is quite different):  

������ �����,� = 2.06 10���, ������,� = 1.036, ������������������� = 0.930,
���� �����,� = 528.2, ������,� = 1.6 10��, �������� = 8.50.  (15)

 

 
Fig. 3. NO fitted solutions (blue curve) by the least squares method to data measured (dots) 
by Wimalawansa (Wimalawansa, 2007) - NO influences both RANKL and OPG expression. 

The in vivo standard was determined from a graph in (Wimalawansa, 2007): 0.044	 ��
��  per 

day of nitroglycerin - there is no BMD change observed. This dosage of nitroglycerin 
treatment (and consequently NO levels) in ovariectomized rats is assumed to correspond to 
standard in vivo levels of NO (or a more stable ���). Here, the previously used linear 
relation between in vitro and in vivo scales does not suitably characterise the observed 
relationship. Therefore the following logarithmic relation was proposed and served for 
finding a suitable [NO��������������] (so that NO would have the same effects on bone 
remodelling as observed in vivo):  



 
Theoretical Biomechanics 198 
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transportation across membrane it provides very fast communications. From the mentioned 
nature of signalling molecule NO, it is evident that it plays role in many processes in body, 
and concretely, it influences bone remodelling. 
There has been a quite thorough investigation of NO action on bone remodelling. Before the 
discovery of the RANKL-RANK-OPG pathway, van't Hof already carried out an in vitro 
experiment showing that NO plays a significant role in bone resorption by inducing 
apoptosis of osteoclast progenitors and supressing osteoclast activity (van’t Hof and 
Ralston, 1997). NO also seems to have a significant effect in inflammation-induced 
osteoporosis (such as rheumatoid arthritis), where NO production is increased, and 
consequently, bone density decreased (Armour et al, 1997). Wimalawansa et al. studied the 
effect of NO donor (concretely nitroglycerin) treatment on BMD change in rats. After 
treatment, they had significantly lower BMD and femur weights and also the influence of 
NO on the trabecular and cortical bone - loss of trabecular bone volume and decrease in 
cortical area in cross-section were prevented by the administration of nitroglycerin 
(Wimalawansa et al, 1997). Van't Hof and Ralston give a very nice overview of the NO role 
in bone - how nitric oxide is created, in what form, mechanism of NO action on bone 
remodelling, effects of NO on bone resorption (activation of inducible nitric oxide synthase - 
iNOS - pathway is essential for IL-1 stimulated bone resorption), and mention several in 
vivo animal models that exemplify this behaviour (van’t Hof and Ralston, 2001). Again, the 
discovery of RANKL and OPG enabled a more detailed study of NO effects on bone 
remodelling. Robling mentions that NO suppresses the expression of RANKL and promotes 
the expression of OPG (Robling et al, 2006). Both these effects lead to the decrease of bone 
resorption. Fan et al. carried out an in vitro study where a dose-dependent response to NO 
in both RANKL and OPG production has been shown (Fan et al, 2004). Rahnert et al. 
studied the influence of 2% exercise (2������) with 10 cycles/min (thus approximately 
���������), observed that mechanical loading represses RANKL production (i.e. 
resorption), and that nitric oxide influences this repression (Rahnert et al, 2008).  
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carried out a control study aimed on NO effects on bones in humans (the NOVEL clinical 
study - http://clinicaltrials.gov/show/NCT00043719). They performed a pilot study of NO 
effects on humans (surgically induced menopause women), which had a promising results. 
Nitroglycerin has similar maintenance effects as estrogen on BMD (Wimalawansa, 2000). 
Further, there is a nice review by Wimalawansa on the treatment of bone osteoporosis with 
NO: nitric oxide is a very reactive agent (half life is 1 second) and thus it has a very localised 
effects; after menopause, the circulating NO is significantly lower than before (can be 
rectified after hormonal therapy); NO donors have high potential as a novel therapeutic 
agent in bone diseases (follows from clinical studies of his group); NO seems to have a 
biphasic effect on bone quality - high levels of NO generation decrease BMD whereas lower 
levels increase BMD (from here it implies that the possible therapeutic window is <
��������� - in this range the treatment is beneficial on skeleton); animal studies are 
confirming that NO has a biphasic effect on BMD. Further, that nitroglycerin is superior to 
the other 10 studied NO donors, and showing what is the in vivo dose-response to 
nitroglycerin (Wimalawansa, 2007). 
An estimation of NO effects on bone may be carried out (there is yet no clinical study that 
we may refer to) that will be based on in vitro studies and on studies with NO donor 

 
Feasible Simulation of Diseases Related to Bone Remodelling and of Their Treatment 199 

delivery in humans and animals as mentioned in the previous paragraph (in the animal 
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body weight were distributed and the same biphasic effect with the same threshold - 
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[OPG�]��� =
���������

���������[NO��_�����_�����]) ⋅
⋅ ����������1 � �n�[NO��_����]/[NO��_����_�����])[NO��_����_�����])

 

where ���������[NO��_�����]) is a function describing in vitro effect of NO concentration on 
OPG, ��������� =

[��������]
[����������] is a normalised standard OPG molar concentration, [NO��_����] 

represents in vivo NO level corresponding to served dosage of nitroglycerin, [NO��_����_�����] 
is the standard in vivo NO level, 

���������
���������[����_�����_�����]) represents a scaling factor 

guaranteeing linkage between this model of NO influence and RANKl-RANK-OPG model 
(with different normalisation). Thus, this relation means that a logarithmically different 
response in vivo to NO levels than in vitro is assumed. Similarly for RANKL:  

 
������	[NO��_�����_�����]��,� = 0.036,
����	[NO��_�����_�����]��,� = 1.01.  (16) 

From results in Tab. 3, it can be seen that the simulated effects of NO on bone density are 
very similar to those shown in (Wimalawansa, 2007). As was mentioned, after menopause a 
decrease in NO levels is observed. As can be seen from Tab. 3, this may also slightly 
contribute to the increase in bone resorption. Moreover, there seems to be a possibility to  
 

   The predicted effects of NG treatment on bone density 

 NG (nitroglycerin) ������ per day  n��� [1]  n����� [1]  normalised bone density [1] 

 0.001   0.157   1.078   92.4% (0.749)  
0.02   0.21   1.016   98.3% (0.797) 
0.044 (standard)   0.233   1   100% (0.811)  
0.1   0.250   0.984   102.0%(0.827) 
0.5   0.281   0.953   106.0% (0.860) 

Table 3. The predicted effects of nitroglycerin (NO donor) treatment on bone density. NO 
promotes OPG expression and suppress the RANKL production - the same behaviour can 
be observed here. Consequently, bone density is predicted from the presented bone 
remodelling model based on the calculated [RR]. It is worth mentioning that NO has 
biphasic effect on bone, and in the window here studied, i.e. NO donor nitroglycerin is 
served up to 0.044��

��  per day, has anabolic effects. Simulated or predicted data by model 
that are bold are in accordance with data found in literature – (Wimalawansa, 2007).   

decrease these unwanted effects by nitroglycerin treatment, but only to some extent because 
when the dosage increase approximately over 0.5	 ��

��  per day it ceases to be beneficial. On 
the contrary, it may be deleterious (so-called biphasic effect of NO on skeleton; it may still 
have a positive impact on cardiovascular system etc.). 

2.4 Notes on estradiol �. �����)���(vitamin D) and TGF-�� 
Estradiol 
Analogously to incorporation of PTH effects on bone remodelling through RANKL-RANK-
OPG pathway can be carried out so it will be omitted here and can be found in (Klika et al, 
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2010). However, the simulation results will be shown even with changing levels of estradiol 
to demonstrate the usage of this model – see section 3. 
�. ��(��)���(vitamin D) 
Similarly, as in the previous sections, we wanted to incorporate also the influences of 
vitamin D (more precisely 1.25(OH)�D�) and TGF-�� on the bone remodelling phenomenon. 
However, both these factors had to be omitted (for different reasons). 
Vitamin D seems to be quite a significant factor acting on bone remodelling, e.g. seasonal 
effects due to sun exposure (and consequently increased vitamin D production in body) are 
observed (Saquib et al, 2006). Tanaka et al. showed that vitamin D promotes active 
osteoclast formation in vitro (Tanaka et al, 1993). There are in vitro studies that confirm 
again the mediation of vitamin D effects by the RANKL-RANK-OPG pathway (Martin, 
2004). Moreover, it seems that there is a clinical study about to start that documents the 
mentioned influence on RANKL in humans but not enough of information is available yet. 
But the problem is that there are many other studies that do not observe any significant 
influence of vitamin D levels on bone tissue, e.g. (Lips et al, 2001). One possible reason for 
these discrepancies in the observed results may lie in problems with its measurement. 
Carter mentions that there are several different methods for its determination and give 
significantly different results (Carter et al, 2004). In the year 2007, a thorough recherche was 
carried out by University of Ottawa, Evidence-based Practice Center for Agency for 
Healthcare Research and Quality (Cranney et al, 2007). They mention that 11 out of 19 
studies are confirming that there is a significant correlation between vitamin D and bone 
mineral density, but also the remaining 8 are stating that there is no such effect. 
Due to this ambiguity in clinical studies, we do not incorporate vitamin D into the presented 
model. If there is more infomation in future that would clarify these discrepancies, the 
vitamin D effect may be added by the same procedure as was used in estradiol, PTH, and 
NO. 

TGF-�� 
There is clear evidence that this growth factor plays a significant role in the control of bone 
remodelling. Murakami et al. showed that the OPG expression is promoted dose-
dependently by TGF-�� (Murakami et al, 1998) and Quinn et al. further found that RANKL 
expression is down-regulated by actuation of this growth factor (Quinn et al, 2001). 
However, clinical data collected by Zhang et al. show a fairly different behaviour of effect 
(Zhang et al, 2009). This different behaviour may be due to biphasic effect of TGH-�� that 
was observed by Karst et al. in vitro (Karst et al, 2004): TGF-�� in lower concentration 
elevated and in higher decreased the RANKL/OPG ratio. However, still from the 
mentioned clinical study it follows that actuation of TGF-� on bone remodelling is not 
mediated only by the RANKL-RANK-OPG pathway because response to TGF-� seems to be 
more complex. It is known that this factor also induces ���� apoptosis (Mundy et al, 1995; 
Murakami et al, 1998), which is described by �� in the presented model. Further, TGF-�� 
attracts osteoblastic precursors by chemotaxis to the resorbed site (Mundy et al, 1995). Even 
though transforming growth factor � is a component of local factors �� in the presented 
model, the influence of MNOC apoptosis can be described through ��, and actuation on 
RANKL-RANK-OPG pathway as well, still the effects on bone tissue are not in accordance 
with clinically observed behaviour. Thus, the influence of TGF-� on bone remodelling 
cannot be described by the presented model in enough detail - it is a limitation of the model. 



 
Theoretical Biomechanics 200 

[OPG�]��� =
���������

���������[NO��_�����_�����]) ⋅
⋅ ����������1 � �n�[NO��_����]/[NO��_����_�����])[NO��_����_�����])

 

where ���������[NO��_�����]) is a function describing in vitro effect of NO concentration on 
OPG, ��������� =

[��������]
[����������] is a normalised standard OPG molar concentration, [NO��_����] 

represents in vivo NO level corresponding to served dosage of nitroglycerin, [NO��_����_�����] 
is the standard in vivo NO level, 

���������
���������[����_�����_�����]) represents a scaling factor 

guaranteeing linkage between this model of NO influence and RANKl-RANK-OPG model 
(with different normalisation). Thus, this relation means that a logarithmically different 
response in vivo to NO levels than in vitro is assumed. Similarly for RANKL:  

 
������	[NO��_�����_�����]��,� = 0.036,
����	[NO��_�����_�����]��,� = 1.01.  (16) 

From results in Tab. 3, it can be seen that the simulated effects of NO on bone density are 
very similar to those shown in (Wimalawansa, 2007). As was mentioned, after menopause a 
decrease in NO levels is observed. As can be seen from Tab. 3, this may also slightly 
contribute to the increase in bone resorption. Moreover, there seems to be a possibility to  
 

   The predicted effects of NG treatment on bone density 

 NG (nitroglycerin) ������ per day  n��� [1]  n����� [1]  normalised bone density [1] 

 0.001   0.157   1.078   92.4% (0.749)  
0.02   0.21   1.016   98.3% (0.797) 
0.044 (standard)   0.233   1   100% (0.811)  
0.1   0.250   0.984   102.0%(0.827) 
0.5   0.281   0.953   106.0% (0.860) 

Table 3. The predicted effects of nitroglycerin (NO donor) treatment on bone density. NO 
promotes OPG expression and suppress the RANKL production - the same behaviour can 
be observed here. Consequently, bone density is predicted from the presented bone 
remodelling model based on the calculated [RR]. It is worth mentioning that NO has 
biphasic effect on bone, and in the window here studied, i.e. NO donor nitroglycerin is 
served up to 0.044��

��  per day, has anabolic effects. Simulated or predicted data by model 
that are bold are in accordance with data found in literature – (Wimalawansa, 2007).   

decrease these unwanted effects by nitroglycerin treatment, but only to some extent because 
when the dosage increase approximately over 0.5	 ��

��  per day it ceases to be beneficial. On 
the contrary, it may be deleterious (so-called biphasic effect of NO on skeleton; it may still 
have a positive impact on cardiovascular system etc.). 

2.4 Notes on estradiol �. �����)���(vitamin D) and TGF-�� 
Estradiol 
Analogously to incorporation of PTH effects on bone remodelling through RANKL-RANK-
OPG pathway can be carried out so it will be omitted here and can be found in (Klika et al, 

 
Feasible Simulation of Diseases Related to Bone Remodelling and of Their Treatment 201 

2010). However, the simulation results will be shown even with changing levels of estradiol 
to demonstrate the usage of this model – see section 3. 
�. ��(��)���(vitamin D) 
Similarly, as in the previous sections, we wanted to incorporate also the influences of 
vitamin D (more precisely 1.25(OH)�D�) and TGF-�� on the bone remodelling phenomenon. 
However, both these factors had to be omitted (for different reasons). 
Vitamin D seems to be quite a significant factor acting on bone remodelling, e.g. seasonal 
effects due to sun exposure (and consequently increased vitamin D production in body) are 
observed (Saquib et al, 2006). Tanaka et al. showed that vitamin D promotes active 
osteoclast formation in vitro (Tanaka et al, 1993). There are in vitro studies that confirm 
again the mediation of vitamin D effects by the RANKL-RANK-OPG pathway (Martin, 
2004). Moreover, it seems that there is a clinical study about to start that documents the 
mentioned influence on RANKL in humans but not enough of information is available yet. 
But the problem is that there are many other studies that do not observe any significant 
influence of vitamin D levels on bone tissue, e.g. (Lips et al, 2001). One possible reason for 
these discrepancies in the observed results may lie in problems with its measurement. 
Carter mentions that there are several different methods for its determination and give 
significantly different results (Carter et al, 2004). In the year 2007, a thorough recherche was 
carried out by University of Ottawa, Evidence-based Practice Center for Agency for 
Healthcare Research and Quality (Cranney et al, 2007). They mention that 11 out of 19 
studies are confirming that there is a significant correlation between vitamin D and bone 
mineral density, but also the remaining 8 are stating that there is no such effect. 
Due to this ambiguity in clinical studies, we do not incorporate vitamin D into the presented 
model. If there is more infomation in future that would clarify these discrepancies, the 
vitamin D effect may be added by the same procedure as was used in estradiol, PTH, and 
NO. 

TGF-�� 
There is clear evidence that this growth factor plays a significant role in the control of bone 
remodelling. Murakami et al. showed that the OPG expression is promoted dose-
dependently by TGF-�� (Murakami et al, 1998) and Quinn et al. further found that RANKL 
expression is down-regulated by actuation of this growth factor (Quinn et al, 2001). 
However, clinical data collected by Zhang et al. show a fairly different behaviour of effect 
(Zhang et al, 2009). This different behaviour may be due to biphasic effect of TGH-�� that 
was observed by Karst et al. in vitro (Karst et al, 2004): TGF-�� in lower concentration 
elevated and in higher decreased the RANKL/OPG ratio. However, still from the 
mentioned clinical study it follows that actuation of TGF-� on bone remodelling is not 
mediated only by the RANKL-RANK-OPG pathway because response to TGF-� seems to be 
more complex. It is known that this factor also induces ���� apoptosis (Mundy et al, 1995; 
Murakami et al, 1998), which is described by �� in the presented model. Further, TGF-�� 
attracts osteoblastic precursors by chemotaxis to the resorbed site (Mundy et al, 1995). Even 
though transforming growth factor � is a component of local factors �� in the presented 
model, the influence of MNOC apoptosis can be described through ��, and actuation on 
RANKL-RANK-OPG pathway as well, still the effects on bone tissue are not in accordance 
with clinically observed behaviour. Thus, the influence of TGF-� on bone remodelling 
cannot be described by the presented model in enough detail - it is a limitation of the model. 
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3. Examples of predictions of bone remodelling based on the presented 
model 
We may now simulate the response of bone remodelling to changing environment, both 
mechanical and biochemical. Similarly, as was described in (Maršík et al, 2010), density 
distribution patterns may be obtained using Finite Elements Method (FEM). The results 
from the previous section will be used. 
To demonstrate the usage of the presented model, a prediction of density distribution in 
human femur was carried out (the FE model of femur consists of 25636 3D 10 node 
tetrahedron elements). As an initial state, a homogeneous distribution of apparent density 
throughout the whole bone was used (1.8 g/cm3). Since each iteration is calculated by 
solving differential equations representing the whole model of bone remodelling, it is 
actually a time evolution of bone remodelling in bone (Ansys v11.0 program was used to 
calculate the mechanical stimuli in each element). Real geometry was gained from a CT-scan 
and external forces were applied in the usual directions and magnitude - including muscle 
forces acting on the femur (Heller et al., 2005). This technique was used for all computed 
results included in this chapter. One may observe that cortical bone (the denser part of bone) 
and cancellous bone are formed (and maintained) as a consequence of mechanical stimuli 
distribution in human bone. 
It was needed to use a relation between predicted bone density and mechanical properties 
(elastic moduli). There is a great disparity in the proposed elastic-density relationships 
(Helgason et al, 2008; Rice et al, 1988; Rho et al, 1993; Hodgskinson and Currey, 1992). We 
used a most common relationship for the human femur because the relation seems to be 
site-specific (Helgason et al, 2008):�� � ��, which defines through bone density the 
constitutive relation being considered. If a different power law is used, the pattern of 
density distribution still remains the same. 
As was mentioned in the introduction, the most important mechanical stimulus for 
maintaining bone tissue is the most common daily activity - walking. Nowadays, many 
people have sedentary jobs and that is why they spent less hours by walking than would be 
appropriate. An example of a person whose walking activity is around 55% of a healthy 
standard (1.5 hours of walking compared to 2.75h) is shown - inappropriate loading leads to 
decrease in bone density, see Fig. 4. Naturally, a possible treatment would be in spending 
more time walking (1.25h more) or similar effect can be reached by running, which is a 
higher osteogenic stimuli - 30 minutes of running every other day will compensate for the 
disuse - see Fig. 4. 
Hyperparathyroidism was chosen as an example of biochemical control of bone 
remodelling. As was discussed in section 2.2, during this disease, the PTH serum levels are 
97 ��

��, whereas a standard value is 34 ��
��. This should lead to a significant decrease in bone 

density. An example of a person who is physically active (correct mechanical stimuli on 
regular daily basis, i.e. approximately 20 000 steps per day) but suffers from 
hyperparathyroidism (serum level of PTH is 97 ��

��) is depicted on Fig. 5. We may observe an 
expected decrease in bone density. Because mechanical loading has an osteogenic effect 
even in a disease state, we may try to increase bone density (possibly insufficiently) only 
with an increase in mechanical stimulation, 30 minute-running per every other day was 
chosen. The predicted improvement is depicted in Fig.5.  
During menopause, a decline in estradiol levels occur. In some women, the decrease is very 
dramatic (a drop bellow 5 ��

�� is observed, whereas a standard serum level is 40-60 ��
��) while 
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in some not (serum level remains above 20 ��
��), see (Klika et al, 2010). Further it was 

observed that, together with estradiol, there is a decline in nitric oxide levels - see section 
2.3. An example of a woman who is physically active (correct mechanical stimuli on regular 
daily basis, i.e. approximately 20 000 steps per day) but in a consequence of menopause has 
decreased serum levels of estradiol and nitric oxide (as mentioned above - estradiol: 2.5 ��

��, 
NO level correspond to 0.02��

��  per day of nitroglycerin) is depicted in Fig. 6. The presented 
model predicts a decrease of 8% in bone tissue density, which does not seem to be 
osteoporosis yet. This may be because menopause is accompanied by more effects than 
these two mentioned and also most probably because they are less physically active (may be 
caused by pain). If we combine the 8% decrease (Fig. 6) caused by menopause alone with 
another 9% decline (Fig. 4) caused by improper loading, we get a significant drop by almost 
20% in the overall bone density of the femur, which can be considered as osteoporotic state. 
One possible treatment of bone loss connected with menopause is treated with hormone 
therapy (HRT). Simulation of such a treatment that increased estradiol serum levels to 20 ��

�� 
(or by 0.107��

��  per day of nitroglycerin treatment which is actually less expensive) is given 
in Fig. 6. Again, the importance of mechanical stimulation shown when increased physical 
activity (running 30 minutes every other day) increases bone density in similar fashion as 
HRT treatment (the same figure). And best results are reached when both effects are 
combined and even the original bone tissue density can be restored - Fig. 6.  

4. Conclusion 
A natural goal of the modelling of a process in the human body is to help in understanding its 
mechanisms and ideally to help in the treatment of diseases related to this phenomenon. For 
this reason, more detailed influences of various biochemical factors were added. Nowadays, 
the RANKL/RANK/OPG chain is deemed to be one of the most important biochemical 
controls of the bone remodelling process. The direct cellular contact of osteoclast precursor 
with stromal cells is needed for osteoclastogenesis. This contact is mediated by the receptor on 
osteoclasts and their precursor, RANK, and ligand RANKL on osteoblasts. Osteoprotegerin 
binds with higher affinity to RANK which inhibits the receptor-ligand interaction and as a 
result, it reduces osteoclastogenesis. Thus, the raise in OPG concentration results in a smaller 
number of resorbing osteoclasts, which leads to higher bone tissue density. The results 
discussed in the presented work have exactly the same behaviour. Similarly, the effects of 
RANKL, RANK, and estradiol were added to the mentioned model. Consequently, simulation 
capabilities were demonstrated on examples of diseases and their treatment. These results 
were partially validated by clinical studies found in literature. 
However, the impression that the presented model is able to simulate the bone remodelling 
process in the whole complexity is not correct. It has limitations, as mentioned below, in the 
spatial precision of the results (i.e. actual structure of bone tissue) and also some control 
mechanisms cannot be included (e.g. TGF-β effects, as was mentioned at the end of section 
2.4). But still, the model can be at least considered as a summary of known important 
factors, comprising the fundamental aspects of the currently known knowledge of the bone 
remodelling phenomenon, with some predictive capabilities and encouraging predictive 
simulations. Since the presented model is a concentration model, it cannot be used 
arbitrarily. The limitation is, of course, in the spatial precision of results. The minimal 
volume unit (finite element) should be sufficiently large to contain enough of all the  
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3. Examples of predictions of bone remodelling based on the presented 
model 
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and external forces were applied in the usual directions and magnitude - including muscle 
forces acting on the femur (Heller et al., 2005). This technique was used for all computed 
results included in this chapter. One may observe that cortical bone (the denser part of bone) 
and cancellous bone are formed (and maintained) as a consequence of mechanical stimuli 
distribution in human bone. 
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��, whereas a standard value is 34 ��
��. This should lead to a significant decrease in bone 
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During menopause, a decline in estradiol levels occur. In some women, the decrease is very 
dramatic (a drop bellow 5 ��
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in some not (serum level remains above 20 ��
��), see (Klika et al, 2010). Further it was 

observed that, together with estradiol, there is a decline in nitric oxide levels - see section 
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��, 
NO level correspond to 0.02��

��  per day of nitroglycerin) is depicted in Fig. 6. The presented 
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�� 
(or by 0.107��

��  per day of nitroglycerin treatment which is actually less expensive) is given 
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the RANKL/RANK/OPG chain is deemed to be one of the most important biochemical 
controls of the bone remodelling process. The direct cellular contact of osteoclast precursor 
with stromal cells is needed for osteoclastogenesis. This contact is mediated by the receptor on 
osteoclasts and their precursor, RANK, and ligand RANKL on osteoblasts. Osteoprotegerin 
binds with higher affinity to RANK which inhibits the receptor-ligand interaction and as a 
result, it reduces osteoclastogenesis. Thus, the raise in OPG concentration results in a smaller 
number of resorbing osteoclasts, which leads to higher bone tissue density. The results 
discussed in the presented work have exactly the same behaviour. Similarly, the effects of 
RANKL, RANK, and estradiol were added to the mentioned model. Consequently, simulation 
capabilities were demonstrated on examples of diseases and their treatment. These results 
were partially validated by clinical studies found in literature. 
However, the impression that the presented model is able to simulate the bone remodelling 
process in the whole complexity is not correct. It has limitations, as mentioned below, in the 
spatial precision of the results (i.e. actual structure of bone tissue) and also some control 
mechanisms cannot be included (e.g. TGF-β effects, as was mentioned at the end of section 
2.4). But still, the model can be at least considered as a summary of known important 
factors, comprising the fundamental aspects of the currently known knowledge of the bone 
remodelling phenomenon, with some predictive capabilities and encouraging predictive 
simulations. Since the presented model is a concentration model, it cannot be used 
arbitrarily. The limitation is, of course, in the spatial precision of results. The minimal 
volume unit (finite element) should be sufficiently large to contain enough of all the  
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Fig. 4. Prediction of disuse effect on bone quality - simulation of insufficient loading (half of 
the recommended daily stimulation), treatment proposal - running (30 minutes every other 
day), and its simulation. Notice the change of bone mass (BM) of the whole femur.   
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Fig. 5. Prediction of the PTH effect on bone quality - simulation of hyperparathyroidism 
(97 ��

�� where normal PTH levels are 34 ��
��), treatment proposal - running (30 minutes every 

other day), and its simulation. Notice the change of bone mass (BM) of the whole femur. 
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Fig. 6. Prediction of the menopause effect on bone quality (estradiol levels decreased to 
2.5 ��

�� and NO to half of its normal level), treatment proposal, and its simulation - hormonal 
treatment (HRT), running (30 minutes every other day). Notice the change of bone mass 
(BM) of the whole femur.   
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substances entering the reaction schemes, namely osteoclasts and osteoblasts. It surely 
cannot be used on the length scales of BMU where it is no longer guaranteed that any 
osteoclast is present. There are approximately 107 BMU in a human skeleton present at any 
moment (Klika and Maršík, 2010) and, because bones have a total volume of 1.75l, there is 1 
BMU per 0.175 mm3 on average at any moment. In other words, the presented model cannot 
be used for length scales smaller than √0.175�  mm3 and we recommend that it is not used on 
length scales below √0.5�  mm3 ≈	0.8 mm. 
Ongoing applications of the model include simulations of the 3D geometries of the femur 
and vertebrae (FE models) under various conditions (both biochemical and mechanical). The 
preliminary results are encouraging and show the correct density distribution. Currently, 
we are working on bone modelling (change of shape of bone) model that would add the 
possibility to adapt bone to its mechanical environment as it is observed in vivo. Further, we 
would like to have a more detailed description of the inner structure of bone as an outcome 
of the model. Most probably, a homogenisation technique will be used for addressing this 
goal. Most importantly, a validation of the model‘s predictions (or finding limits of its 
application) should start in near future in cooperation with Ambulant Centre for Defects of 
Locomotor Aparatus in Prague. 
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1. Introduction   
Most of human mechanical interactions with the surrounding world are performed by the 
hands. They allow us to perform very different tasks; from exerting high forces (e.g. using a 
hammer) to executing very precise movements (e.g. cutting with a surgical tool). This 
versatility is possible because of a very complex constitution: a great number of bones 
connected through different joints, a complicated musculature and a dense nervous system. 
This complexity is already evident from the kinematics point of view, with more than 20 
degrees of freedom (DOF) controlled by muscles, tendons and ligaments.  
Mathematical representations are used in order to perform qualitative or quantitative analyses 
on this complex reality. These representations are known as biomechanical models of the 
hand. In biomechanics, their use allows studying problems that cannot be analysed directly on 
humans or that have an experimental cost that is too high; e.g., the study of new alternatives 
for restoring hand pathologies. Biomechanical models are a description of the hand as a 
mechanical device: the different elements of the hand are defined in terms of rigid bodies, 
joints and actuators, and the mechanical laws are applied. As they are simplified mathematical 
models of the reality, their use and validity depends on the simplifications considered. 
The first biomechanical models of the hand were developed to explain and clarify the 
functionality of different anatomical elements. In this regard, we can find many works that 
studied the function of the intrinsic muscles (Leijnse & Kalker, 1995; Spoor, 1983; Spoor & 
Landsmeer, 1976; Storace & Wolf, 1979, 1982; Thomas et al., 1968) and many others that tried 
to give an insight into the movement coordination of the interphalangeal joints (Buchner et al., 
1988; Lee & Rim, 1990). Models for studying the causes and effects of different pathologies of 
the hand also appeared early on, such as the swan neck and boutonnière deformities or the 
rupture of the triangular ligament or the volar displacement of the extensor tendon (Smith et 
al., 1964; Storace & Wolf, 1979, 1982). All these models were, though, very limited, two-
dimensional models allowing only the study of flexion-extension movements, they modelled 
only one finger, and they included important simplifications. By the year 2000, few three-
dimensional models had been developed (Biryukova & Yourovskaya, 1994; Casolo & Lorenzi, 
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1994; Chao et al., 1976; Chao & An, 1978; Esteki & Mansour, 1997; Mansour et al., 1994; Valero-
Cuevas et al., 1998), and none of them modelled the complete hand. 
Since 2000, many three-dimensional biomechanical models can be found in literature, 
having been developed for very different purposes (Fok & Chou, 2010; Kamper et al., 2006; 
Kurita et al., 2009; Lee et al., 2008a, 2008b; Qiu et al., 2009; Roloff et al., 2006; Sancho-Bru et 
al., 2001, 2003a, 2003b, 2008; Valero-Cuevas, 2000; Valero-Cuevas et al., 2000, 2005; 
Vigouroux et al., 2006, 2008; Wu et al., 2010): to understand the role of the different 
anatomical elements, to understand the causes and effects of pathologies, to simulate 
neuromuscular abnormalities, to plan rehabilitation, to simulate tendon transfer and joint 
replacement surgeries, to analyse the energetics of human movement and athletic 
performance, to design prosthetics and biomedical implants, to design functional electric 
stimulation controllers, to name a few. These models, however, do not differ much from the 
ones developed before 2000, and many limitations are still evident. For example, contact 
forces and zones need to be measured experimentally and input to the model. 
In contrast, much research has been carried out on animation techniques over the past years, 
mainly for use in developing computer games. Lately, these advances have been cleverly 
used by some ergonomics researchers to develop improved graphical and kinematics hand 
models for evaluating the use of products (Endo et al., 2007, 2009; Goussous, 2007; 
Kawaguchi, 2009), with good results.  
On the other hand, robot hand grasps have been extensively studied for years. Although 
until 2000 little attention was paid to human hand grasping, this too has become a hot topic 
in robotics. The experience in modelling the robot hand grasps has been used to reach a 
better understanding of human grasping (Miller & Allen, 2004; Peña-Pitarch, 2007). The 
hand is considered as the end-effector for humans. These models, however, are not 
appropriate for studying many of the above-mentioned objectives, as their interest is 
different. The focus in robotics research is on planning the grasp and finding an optimum 
grasp, and quality grasp measures that have been developed for robots are used. These 
models do not include muscles and tendons in the formulation. 
The latest developments in ergonomic hand models and human hand grasp models can be 
used to improve the existing biomechanical models of the hand and extend their 
functionality. A promising research area lies ahead with scientist, aiming to obtain a more 
comprehensive model of the hand, integrating knowledge and developments from the fields 
of biomechanics, ergonomics, robotics, and computer animation. 
In this chapter, a review of the literature regarding biomechanical models of the hand, 
ergonomics hand models and human hand grasp models is presented. The three approaches 
are used to draw out the rules for developing an improved biomechanical model, able to 
tackle any of the above-mentioned objectives in a virtual environment, without external 
experimental data.  

2. Literature review 
2.1 Biomechanical models of the hand 
Over the years, biomechanical models of the hand have been developed for different 
purposes. Some of them tried to study the functionality of different anatomical elements 
with the aim of gaining a deeper understanding of the causes and effects of many hand 
pathologies. These are usually very simplified (mostly two-dimensional) kinematic models 
(sometimes dynamic) that are used to perform qualitative analyses (Leijnse et al., 1992; 
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Storace & Wolf, 1979). Others were developed to help in medical planning and surgery for 
patients; they are usually dynamic models and are used to perform quantitative analyses, 
such as the study of the tendon excursions in the medical planning of tendon transfers 
(Giurintano & Hollister, 1991) or to study the nervous stimulation required to restore the 
grasping ability in muscular dysfunction patients (Esteki & Mansour, 1997). Yet others 
studied the hand while performing specific tasks with different aims, so as to have 
approximate values for the articular forces for testing prosthetic designs (Weightman & 
Amis, 1982). These too are quantitative analyses performed on dynamic models.  
Recent models do not differ much from the ones developed before 2000 (Fok & Chou, 2010; 
Kamper et al., 2006; Kurita et al., 2009; Lee et al., 2008a, 2008b; Qiu et al., 2009; Roloff et al., 
2006; Sancho-Bru et al., 2001, 2003a, 2003b, 2008; Valero-Cuevas, 2000; Valero-Cuevas et al., 
2000, 2005; Vigouroux et al., 2006, 2008; Wu et al., 2010). All models present a similar 
configuration. The kinematics are modelled without considering the restraining structure,  
just the resultant physiological articular movement. The concept of instantaneous centre of 
rotation has been used to define an axis of rotation in joints with a single predominant DOF. 
Much effort has also been spent on finding the rotation axes of joints with two DOF (Brand 
& Hollister, 1992), through the consideration of a virtual link connecting the axes 
(Giurintano et al., 1995). Thus, all works use fixed axes of rotation; depending on the joint, 
one or two axes of rotation are considered. This approximation has been found to be good 
enough for most of the cases, particularly if there is no interest in analysing the role of the 
articular soft tissue or the articular stresses (Youm et al., 1978).  
All works in the literature consider the ideal case of a non-friction belt around a pulley to 
model the tendons on a joint. Therefore, the tensional force on a tendon is the same along its 
pathway if no split or connection to other tendon exists. Two different approaches have 
been used to model tendon action on the joints. The first one considers the tendon freely 
running when crossing the joint between two points attached one to the proximal segment 
of the joint and the other to the distal segment. This approach is the basis of the first serious 
attempt to develop a 3D normative model of the hand (An et al., 1979), in which the position 
of the tendons with respect the bone segments were obtained from the measurement on 10 
fresh cadaveric specimens. The second approach comes from the application of the virtual 
work principle and considers the moment arm created by the tendon as the first derivative 
of the tendon excursion with respect to the rotated angle about the rotation axis under study 
(Storace & Wolf, 1979). This second approach is not strictly correct (Casolo & Lorenzi, 1994), 
as it does not take into account the work due to the deformation of the sheaths and other 
structures that constrain the tendon’s trajectory along its pathway. Although both 
approaches present advantages and disadvantages, the second one is difficult to implement 
in 3D modelling, mainly because of the complexity in the tendon excursion calculation at 
joints with more than one DOF.  
Most of the works in the literature use Hill’s model to account for the muscles’ mathematical 
modelling. This simple model allows the consideration of the three main parameters, i.e., 
muscle activation level and variation of the maximum deliverable muscle force with muscle 
length and muscle contraction velocity.  
Finally, the dynamic equilibrium equations lead to an indeterminate system of equations, 
with more unknowns (muscle forces) than available equations. Inequality constraints taking 
into account the maximal forces that may be delivered by each muscle and that tendons 
cannot support compressive forces have to be considered as well. The problem is usually 
solved by minimising some cost function. Different functions have been investigated, most 
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of them without any physiological basis. The most often used criterion is the minimisation 
of the sum of the squared muscle stresses, which has been related to the maximisation of 
fatigue resistance (Crowninshield & Brand, 1981).  
All the effort in biomechanics has been focused on appropriately modelling the different 
hand components (kinematics, muscles, tendons, etc.). Little effort has been spent on the 
formulation of the grasping problem when using a biomechanical model. In this sense, 
many limitations persist. Current models do not allow the estimation of the contact 
information required to use biomechanical models for simulating the grasping of objects. 
Forces and zones of contact still need to be measured experimentally and input to the 
model. 

2.2 Hand models in ergonomics  
Ergonomics, according to the International Ergonomics Association, is ‘the scientific 
discipline concerned with the understanding of interactions among humans and other 
elements of a system, and the profession that applies theory, principles, data and methods to 
design in order to optimise human well-being and overall system performance’. Hand 
models in Ergonomics are used to simulate postures adopted while grasping objects with 
different purposes. One of the main goals of physical ergonomics is the study of the size and 
shape of objects according to the anthropometry of the different people that have to interact 
with them. Thus, the main feature of a model for Ergonomics is that it has to allow 
representing different populations and percentiles. People having hands of different sizes 
and proportions will adopt different postures in grasping the same object for the same 
functions. For example, pressing a button of a phone with the thumb while holding it with 
the same hand can be easily achieved for a specific hand size while keeping the grasp. 
However, other people with different size of hand will need to change the grasping posture 
to achieve pressing the button. This is a typical problem of reach that needs to be solved in 
ergonomic assessment.  
In recent years, virtual humans have been incorporated into the design process for 
ergonomic assessment of different types of products, mainly in the aerospace and 
automotive industry but also in others like product design, tasks simulation, personnel 
training or simulation of other worker environments (Colombo & Cugini, 2005; Yang et al., 
2007). Several commercial software programs such as Jack, RAMSIS, HumanCAD, Safework 
and SantosHuman are available and other studies have been conducted on digital human 
models such as SAMMIE (Case et al. 1990) or the Boeing Human Modeling System for the 
same purposes. A virtual human in these packages is defined as a kinematic chain 
composed of a number of rigid links connected by joints. These joints have the DOF and 
allowable motion limits corresponding to the anatomical joint of the human being. Direct 
and inverse kinematics is incorporated into the models so they can replicate human body 
movements and also evaluate forces acting in joints. Moreover, different population and 
percentiles may be selected for the size of the model, usually from known anthropometric 
databases. With these capabilities the problems of reach and clearance usual in ergonomics 
may be solved easily. Other useful capabilities of these models are the simulation of the 
sense of sight with virtual cameras located in the eyes or the possibility to change any 
particular data of the model, like dimensions of limbs or motion limits of some joints, in 
order to simulate a particular person or disability. However, the majority of these models 
focuses on the whole body and does not pay attention to the accuracy of the hand model. 
Most of them just incorporate a list of hand postures (grasping or others) to be chosen, i.e. 
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direct kinematics, but do not allow for example inverse kinematics for the joints of the hand, 
even when it is incorporated for the other joints of the body. In recent developments some 
attempts to improve the hand model incorporated into some programs have been done 
(Peña-Pitarch, 2007, Yang et al., 2007).   
Early models of the hand (Davidoff & Freivalds, 1993) were actually kinematic models that 
simulated roughly the external geometry of the hand and its movements. The geometry of 
the hand has been modelled mainly by jointed cylinders (Fig. 1) and cones (Armstrong, 
2009; Sancho-Bru et al., 2003a, 2003b). However, if the geometry of the hand model is not 
very accurate, the algorithms for inverse kinematics are not precise enough. Recently, some 
efforts have been made in accurately modelling the surface of real hands to be incorporated 
into 3D hand models. Rhee et al. (2006) presented an automated method to make a specific 
human hand model from an image of the palm of the hand. Different algorithms were used 
in the process: principal creases are extracted, joint locations are estimated from them and 
the skin geometry of a generic hand model deformed based on hand contours. Rogers et al 
(2008) made a scalable 3-D geometric model of the hand based on 66 landmarks of the palm 
surface from 100 subjects in four functional postures. The purpose was to analyse the 
deformation of the palm surface during the grasp of an object. Recent models incorporate 
the surface of the hand as a mesh object with more or less realism, obtained from the 
location of a number of landmarks of the hand or from digital 3D-scanning of the hand 
(Endo et al., 2007; Peña-Pitarch, 2007, van Nierop et al., 2008). The mesh is linked to a 
skeleton whose movement controls the deformation of the mesh with different types of 
algorithms. 
 

 
Fig. 1. Different views of the geometric model used in Sancho-Bru et al. (2003a) simulating a 
hand gripping two cylinders of different diameters. 
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of them without any physiological basis. The most often used criterion is the minimisation 
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many limitations persist. Current models do not allow the estimation of the contact 
information required to use biomechanical models for simulating the grasping of objects. 
Forces and zones of contact still need to be measured experimentally and input to the 
model. 
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discipline concerned with the understanding of interactions among humans and other 
elements of a system, and the profession that applies theory, principles, data and methods to 
design in order to optimise human well-being and overall system performance’. Hand 
models in Ergonomics are used to simulate postures adopted while grasping objects with 
different purposes. One of the main goals of physical ergonomics is the study of the size and 
shape of objects according to the anthropometry of the different people that have to interact 
with them. Thus, the main feature of a model for Ergonomics is that it has to allow 
representing different populations and percentiles. People having hands of different sizes 
and proportions will adopt different postures in grasping the same object for the same 
functions. For example, pressing a button of a phone with the thumb while holding it with 
the same hand can be easily achieved for a specific hand size while keeping the grasp. 
However, other people with different size of hand will need to change the grasping posture 
to achieve pressing the button. This is a typical problem of reach that needs to be solved in 
ergonomic assessment.  
In recent years, virtual humans have been incorporated into the design process for 
ergonomic assessment of different types of products, mainly in the aerospace and 
automotive industry but also in others like product design, tasks simulation, personnel 
training or simulation of other worker environments (Colombo & Cugini, 2005; Yang et al., 
2007). Several commercial software programs such as Jack, RAMSIS, HumanCAD, Safework 
and SantosHuman are available and other studies have been conducted on digital human 
models such as SAMMIE (Case et al. 1990) or the Boeing Human Modeling System for the 
same purposes. A virtual human in these packages is defined as a kinematic chain 
composed of a number of rigid links connected by joints. These joints have the DOF and 
allowable motion limits corresponding to the anatomical joint of the human being. Direct 
and inverse kinematics is incorporated into the models so they can replicate human body 
movements and also evaluate forces acting in joints. Moreover, different population and 
percentiles may be selected for the size of the model, usually from known anthropometric 
databases. With these capabilities the problems of reach and clearance usual in ergonomics 
may be solved easily. Other useful capabilities of these models are the simulation of the 
sense of sight with virtual cameras located in the eyes or the possibility to change any 
particular data of the model, like dimensions of limbs or motion limits of some joints, in 
order to simulate a particular person or disability. However, the majority of these models 
focuses on the whole body and does not pay attention to the accuracy of the hand model. 
Most of them just incorporate a list of hand postures (grasping or others) to be chosen, i.e. 
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direct kinematics, but do not allow for example inverse kinematics for the joints of the hand, 
even when it is incorporated for the other joints of the body. In recent developments some 
attempts to improve the hand model incorporated into some programs have been done 
(Peña-Pitarch, 2007, Yang et al., 2007).   
Early models of the hand (Davidoff & Freivalds, 1993) were actually kinematic models that 
simulated roughly the external geometry of the hand and its movements. The geometry of 
the hand has been modelled mainly by jointed cylinders (Fig. 1) and cones (Armstrong, 
2009; Sancho-Bru et al., 2003a, 2003b). However, if the geometry of the hand model is not 
very accurate, the algorithms for inverse kinematics are not precise enough. Recently, some 
efforts have been made in accurately modelling the surface of real hands to be incorporated 
into 3D hand models. Rhee et al. (2006) presented an automated method to make a specific 
human hand model from an image of the palm of the hand. Different algorithms were used 
in the process: principal creases are extracted, joint locations are estimated from them and 
the skin geometry of a generic hand model deformed based on hand contours. Rogers et al 
(2008) made a scalable 3-D geometric model of the hand based on 66 landmarks of the palm 
surface from 100 subjects in four functional postures. The purpose was to analyse the 
deformation of the palm surface during the grasp of an object. Recent models incorporate 
the surface of the hand as a mesh object with more or less realism, obtained from the 
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Other important aspect of hand models for ergonomics is associated with the study of 
musculoskeletal disorders. Early epidemiological studies (Mital and Kilbom, 1992) showed 
that the use of hand tools with an improper design for the worker or the task could lead to a 
high risk of developing cumulative hand trauma disorders (CHTD). The factors influencing 
the development of CHTD have been reported in different works (Keyserling, 2000; Kong et 
al., 2006; Muggleton et al., 1999; Schoenmarklin et al., 1994; Spielholz et al., 2001) and 
different methods have been used in these studies: epidemiological studies, physiological 
measurements (electromyography activity, pressure in tissues, posture of hand and wrist, 
tactile sensitivity), biomechanical models of hand and wrist structures and psychophysical 
assessments. These studies report that CHTD are associated with repetitive tasks, high 
forces, extreme or awkward postures of hand and wrist, velocity and acceleration of wrist 
motions and exposure time, among others. Different theories of injury development have 
been proposed (Kumar, 2001). All of them assume that CHTD and other musculoskeletal 
disorders are of biomechanical nature.  
Therefore, biomechanical hand models able to predict movements, postures and internal 
forces of hand and wrist structures can be used to assess the risk of developing CHTD. 
Tendon excursions or maximum gripping strength have been used as index in different 
works to assess gripping posture for health (Armstrong et al., 2009, Sancho-Bru et al., 
2003b).  
None of the reported biomechanical models of the hand for ergonomics accounts for all the 
above-mentioned requirements, although some attempts have been made. Armstrong et al 
(2009) have developed a scalable kinematic model of the hand with simple geometry (cones 
and cylinders). The model includes a posture prediction algorithm for fingers that 
reproduces in a high percentage the observed postures and is able to compute tendon 
excursions and wrist movements. The model is used to assess how much space is required 
for hands in an assembly task and to calculate the risk of CHTD from tendon forces and 
hand strength. Other group of researchers (Endo et al 2007, 2009; Kawaguchi et al., 2009) 
have developed a scalable digital hand model with an accurate shape of the hand that 
includes a semiautomatic grasp planning function with robotics indexes of quality (see next 
section). The model incorporates a ‘comfort database’ obtained from experimental 
measurements to assess comfort of postures and is used in the assessment of physical 
interaction with electronic appliances. 

2.3 Grasping in robotics  
For many years the robotics community has been studying the autonomous handling of 
objects by robots. A robot should be able to locate the object and then grasp it, and possibly 
transport it to a specified destination. The purpose of a grasp is to constrain the potential 
movements of the object in the event of external disturbances. For a specific robotic hand, 
different grasp types are planned and analysed in order to decide which one to execute.  
A grasp is commonly defined as a set of contacts on the surface of the object. A contact 
model should be defined to determine the forces or torques that the robot manipulator must 
exert on the contact areas. Most of the work in robotics assumes point contacts, and larger 
areas of contact are usually discretised to follow this assumption (Bicchi & Kumar, 2000). 
Two main problems can be distinguished in robotic grasping: analysis and synthesis 
(Mason, 2001). Grasp analysis consists on finding whether the grasp is stable using common 
closure properties, given an object and a set of contacts. Then, a quality measure can be 
evaluated in order to enable the robot to select the best grasp to execute. On the other hand, 
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grasp synthesis is the problem of finding a suitable set of contacts given an object and some 
constrains on the allowable contacts. 
In the following sections, a detailed description of the contact models and the most common 
approaches for grasp analysis and synthesis is presented. 

2.3.1 Grasp contact models 
A contact can be defined as a joint between the finger and the object. Their shape, stiffness 
and frictional characteristics define the nature of this joint (Mason, 2001). The force applied 
by a finger at a contact point generates a wrench on the object with force and torque 
components. The contact model maps the wrench at some reference point of the object, 
usually the centre of mass. Salisbury (1982) proposed a taxonomy of eight contact models. 
Among these, the more common contact models used in robotic grasping (Fig. 2) are the 
point contacts with and without friction and the soft-finger contacts (Roa Garzón, 2009). 
Point contact models, also named rigid-body contact models, assume rigid-body models for 
the hand and the grasped object while the soft-finger contact models, also called compliant 
or regularised models, assume that the hand is a deformable element grasping a rigid body 
(Kao et al., 2008). The former models assume the collision to be an instantaneous and 
discontinuous phenomenon (discrete event) and the equations of motion are derived by 
balancing the system’s momenta before and after the impact. In contrast, compliant models 
describe the normal and tangential compliance relations over time. 
A point contact without friction can only transmit forces along the normal to the object surface 
at the contact point. No deformations are allowed at the points of contact between the two 
bodies and, instead, contact forces arise from the constraint of incompressibility and 
impenetrability between the rigid bodies. These models do not represent the real contact 
situations that appear in robotic manufacturing operations (Cutkosky, 1989; Lin et al., 2000) 
and, when used, the machine accuracy is negatively affected. Moreover, they are not capable 
of predicting the individual contact forces of a multiple-contact fixture (Bicchi, 1994; Harada 
et al., 2000).  
A point contact with friction can also transmit forces in the tangential directions to the surface 
at the contact point. If Coulomb’s friction model is used, all the forces that lie within the 
friction cone with an angle atan(µ) can be applied, where µ is the friction coefficient of the 
contacting materials. Here, contact forces arise from two sources: the rigid-body model 
assumption for both the hand and the object, and the frictional forces. The use of this contact 
model in the manipulation planning problem has led to some interesting conclusions. There 
may be multiple solutions to a particular problem (ambiguity) or there may be no solutions 
(inconsistency) (Erdmann, 1994).  
Finally, the soft contact model is used to model the contact between a soft finger and a rigid 
object allowing the finger to apply an additional torsional moment with respect to the 
normal at the contact point (Ciocarlie et al., 2005, 2007; Howe et al., 1988; Howe & Cutkosky, 
1996; Kao & Cutkosky, 1992; Kao & Yang, 2004). A typical contact between a soft finger and 
a contact surface can be modelled by the Hertzian contact model (Hertz, 1882; Johnson, 
1985). However, robotic fingertips are made of nonlinear elastic materials. For that reason, 
the Hertzian contact model does not accurately represent this contact. In Xydas & Kao (1999) 
and Xydas et al. (2000) a power-law theory is presented for modelling nonlinear elastic 
contacts present in robotic fingers. It subsumes the Hertzian contact theory. More realistic, 
and complicated, models have been developed in the last few years that better represent the 
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Other important aspect of hand models for ergonomics is associated with the study of 
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different methods have been used in these studies: epidemiological studies, physiological 
measurements (electromyography activity, pressure in tissues, posture of hand and wrist, 
tactile sensitivity), biomechanical models of hand and wrist structures and psychophysical 
assessments. These studies report that CHTD are associated with repetitive tasks, high 
forces, extreme or awkward postures of hand and wrist, velocity and acceleration of wrist 
motions and exposure time, among others. Different theories of injury development have 
been proposed (Kumar, 2001). All of them assume that CHTD and other musculoskeletal 
disorders are of biomechanical nature.  
Therefore, biomechanical hand models able to predict movements, postures and internal 
forces of hand and wrist structures can be used to assess the risk of developing CHTD. 
Tendon excursions or maximum gripping strength have been used as index in different 
works to assess gripping posture for health (Armstrong et al., 2009, Sancho-Bru et al., 
2003b).  
None of the reported biomechanical models of the hand for ergonomics accounts for all the 
above-mentioned requirements, although some attempts have been made. Armstrong et al 
(2009) have developed a scalable kinematic model of the hand with simple geometry (cones 
and cylinders). The model includes a posture prediction algorithm for fingers that 
reproduces in a high percentage the observed postures and is able to compute tendon 
excursions and wrist movements. The model is used to assess how much space is required 
for hands in an assembly task and to calculate the risk of CHTD from tendon forces and 
hand strength. Other group of researchers (Endo et al 2007, 2009; Kawaguchi et al., 2009) 
have developed a scalable digital hand model with an accurate shape of the hand that 
includes a semiautomatic grasp planning function with robotics indexes of quality (see next 
section). The model incorporates a ‘comfort database’ obtained from experimental 
measurements to assess comfort of postures and is used in the assessment of physical 
interaction with electronic appliances. 

2.3 Grasping in robotics  
For many years the robotics community has been studying the autonomous handling of 
objects by robots. A robot should be able to locate the object and then grasp it, and possibly 
transport it to a specified destination. The purpose of a grasp is to constrain the potential 
movements of the object in the event of external disturbances. For a specific robotic hand, 
different grasp types are planned and analysed in order to decide which one to execute.  
A grasp is commonly defined as a set of contacts on the surface of the object. A contact 
model should be defined to determine the forces or torques that the robot manipulator must 
exert on the contact areas. Most of the work in robotics assumes point contacts, and larger 
areas of contact are usually discretised to follow this assumption (Bicchi & Kumar, 2000). 
Two main problems can be distinguished in robotic grasping: analysis and synthesis 
(Mason, 2001). Grasp analysis consists on finding whether the grasp is stable using common 
closure properties, given an object and a set of contacts. Then, a quality measure can be 
evaluated in order to enable the robot to select the best grasp to execute. On the other hand, 
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grasp synthesis is the problem of finding a suitable set of contacts given an object and some 
constrains on the allowable contacts. 
In the following sections, a detailed description of the contact models and the most common 
approaches for grasp analysis and synthesis is presented. 

2.3.1 Grasp contact models 
A contact can be defined as a joint between the finger and the object. Their shape, stiffness 
and frictional characteristics define the nature of this joint (Mason, 2001). The force applied 
by a finger at a contact point generates a wrench on the object with force and torque 
components. The contact model maps the wrench at some reference point of the object, 
usually the centre of mass. Salisbury (1982) proposed a taxonomy of eight contact models. 
Among these, the more common contact models used in robotic grasping (Fig. 2) are the 
point contacts with and without friction and the soft-finger contacts (Roa Garzón, 2009). 
Point contact models, also named rigid-body contact models, assume rigid-body models for 
the hand and the grasped object while the soft-finger contact models, also called compliant 
or regularised models, assume that the hand is a deformable element grasping a rigid body 
(Kao et al., 2008). The former models assume the collision to be an instantaneous and 
discontinuous phenomenon (discrete event) and the equations of motion are derived by 
balancing the system’s momenta before and after the impact. In contrast, compliant models 
describe the normal and tangential compliance relations over time. 
A point contact without friction can only transmit forces along the normal to the object surface 
at the contact point. No deformations are allowed at the points of contact between the two 
bodies and, instead, contact forces arise from the constraint of incompressibility and 
impenetrability between the rigid bodies. These models do not represent the real contact 
situations that appear in robotic manufacturing operations (Cutkosky, 1989; Lin et al., 2000) 
and, when used, the machine accuracy is negatively affected. Moreover, they are not capable 
of predicting the individual contact forces of a multiple-contact fixture (Bicchi, 1994; Harada 
et al., 2000).  
A point contact with friction can also transmit forces in the tangential directions to the surface 
at the contact point. If Coulomb’s friction model is used, all the forces that lie within the 
friction cone with an angle atan(µ) can be applied, where µ is the friction coefficient of the 
contacting materials. Here, contact forces arise from two sources: the rigid-body model 
assumption for both the hand and the object, and the frictional forces. The use of this contact 
model in the manipulation planning problem has led to some interesting conclusions. There 
may be multiple solutions to a particular problem (ambiguity) or there may be no solutions 
(inconsistency) (Erdmann, 1994).  
Finally, the soft contact model is used to model the contact between a soft finger and a rigid 
object allowing the finger to apply an additional torsional moment with respect to the 
normal at the contact point (Ciocarlie et al., 2005, 2007; Howe et al., 1988; Howe & Cutkosky, 
1996; Kao & Cutkosky, 1992; Kao & Yang, 2004). A typical contact between a soft finger and 
a contact surface can be modelled by the Hertzian contact model (Hertz, 1882; Johnson, 
1985). However, robotic fingertips are made of nonlinear elastic materials. For that reason, 
the Hertzian contact model does not accurately represent this contact. In Xydas & Kao (1999) 
and Xydas et al. (2000) a power-law theory is presented for modelling nonlinear elastic 
contacts present in robotic fingers. It subsumes the Hertzian contact theory. More realistic, 
and complicated, models have been developed in the last few years that better represent the 
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contact mechanics for soft fingers (Ciocarlie et al., 2005, 2007; Gonthier, 2007). However, it is 
the hard finger contacts with friction that are used more often in robotics.  
 

 
Fig. 2. Contact models commonly used in robotics: a) Point contact without friction; b) Point 
contact with friction; c) Soft-finger contact 

2.3.2 Grasp analysis 
After establishing the contact model, the set of contacts defining each grasp can be analysed 
in order to test its ability to resist disturbances and its dexterity properties. As it is presented 
afterwards, a grasp can resist disturbances in any direction if it fulfils one of the two closure 
conditions. However, there is usually more than one grasp that fulfils them. That is why 
many metrics and approaches have been proposed to evaluate the dexterity of the selected 
grasps and determine which one is the best to be executed. 

Disturbance resistance 
The first test for evaluating a grasp consists of determining its ability to constrain the 
motions of the manipulated object and to apply arbitrary contact forces on the object 
without violating friction constraints at the contacts (Bicchi, 1995). Two commonly used 
properties have been proposed to ensure this condition: force and form closure. A grasp is 
in force-closure if the fingers can apply, through the set of contacts, arbitrary wrenches on the 
object, which means that any motion of the object is resisted by the contact forces (Nguyen, 
1988). On the other hand, a grasp is in form-closure if the location of the contact points on the 
object ensures its immobility (Bicchi, 1995). 
Form closure is a stronger condition than force closure and it is mostly used when executing 
power grasps (Siciliano & Khatib, 2008). Force closure is possible with fewer contacts, 
making it suitable for executing precision grasps, but it requires the ability to control 
internal forces.  
In order to verify the form or force closure property of a grasp, many tests have been 
proposed (see Liu et al. (2004b) and Roa Garzón (2009) for a review). Most of them dene 
conditions to be satisfied by the grasp wrenches in the wrench space. A grasp wrench space 
(GWS) is the space of wrenches that can be applied to the object at each contact point. The 
boundary of the wrench space can be calculated as a convex hull. Force-closure then can be 
determined verifying if the origin of the wrench space lies inside this convex hull (Mishra et 
al., 1987). Several tests have been proposed to verify this condition, with the one developed 
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by Ferrari & Canny (1992) being the most widely-used. They proposed to calculate the 
radius of the largest ball inscribed in the convex hull centred in the origin. Force-closure 
grasps are the ones where the sphere’s radius is larger than zero.  
Measures of grasp performance 
Many approaches have been proposed to measure the quality of a grasp. Some of the 
measures focus on evaluating the ability to resist external disturbances, others on evaluating 
the dexterity. These measures can be classified into two groups depending on whether they 
consider the location of the contact points on the object or the configuration of the end-
effector. There are also some that are a combination of these two approaches (see Roa 
Garzón (2009) for a thorough review).  
Measures from the first group take into account the geometric properties of the objects, their 
materials and closure properties to evaluate the grasp. For example, Li & Sastry (1998) 
proposed to calculate the smallest singular value of the grasp matrix, which indicates how 
far the grasp configuration is from losing the capability of withstanding external wrenches. 
Others have proposed to favour the grasps whose contact points are distributed in a 
uniform way on the object surface, which improves their stability (Mirtich & Canny, 1994; 
Park & Starr, 1992). This can be done by measuring either the angles or the area of the 
polygon whose vertices are the contact points. The centroid of this polygon is also used to 
calculate its distance to the object centre of mass (Ding et al., 2001; Ponce et al., 1997). The 
smaller this distance the better the grasp can resist the effect of external forces. In addition, 
some other measures take into account the uncertainty in the position of the fingers; 
therefore instead of contact points they calculate contact regions in which force closure 
grasps are assured (Nguyen, 1988; Roa Garzón, 2009).  The quality of the grasp is measured 
by the size of these regions. 
The previous approaches do not consider any limitation on the finger forces, so that in some 
cases the fingers have to apply very large forces to resist small perturbations. Other 
measures do consider limitations on the magnitudes of the finger forces. They can limit the 
force on each finger or the sum of forces applied by all fingers. Ferrari & Canny (1992) used 
the largest ball not only to evaluate grasp closure but also to measure the grasp quality. This 
is a geometric representation of the smallest perturbation wrench that breaks the grasp, 
independently of its direction. It has been widely used by the robotics community (Borst et 
al., 2003; Miller & Allen, 1999; Roa Garzón, 2009). The volume of the ball is also considered 
as a quality measure with the advantage that it remains constant independently of the used 
torque reference system (Miller & Allen, 1999). 
When a task is specified to be performed after the object is grasped, the quality of the grasp 
can be measured with its ability to counteract the expected disturbances during the task 
execution. The set of all wrenches that are expected to be applied on the object defines the 
task wrench space (TWS) and can be approximated as an ellipsoid (Li & Sastry, 1988) or as a 
convex polytope (Haschke et al., 2005; Zhu at al., 2001). The problem with these approaches 
is that modelling the TWS can be quite complicated (Borst et al., 2004). Pollard (2004) 
introduced the concept of an object wrench space (OWS), which is the set of wrenches 
generated by applying a distribution of disturbance forces on the surface of the object. Borst 
et al. (2004) proposed the use of the largest factor by which the OWS can fit the GWS as the 
measure of the grasp quality. 
On the other hand, there are measures that consider the configuration of the end-effector, 
requiring the hand-object Jacobian for their calculation (Roa Garzón, 2009). An example of 
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contact mechanics for soft fingers (Ciocarlie et al., 2005, 2007; Gonthier, 2007). However, it is 
the hard finger contacts with friction that are used more often in robotics.  
 

 
Fig. 2. Contact models commonly used in robotics: a) Point contact without friction; b) Point 
contact with friction; c) Soft-finger contact 
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by Ferrari & Canny (1992) being the most widely-used. They proposed to calculate the 
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is that modelling the TWS can be quite complicated (Borst et al., 2004). Pollard (2004) 
introduced the concept of an object wrench space (OWS), which is the set of wrenches 
generated by applying a distribution of disturbance forces on the surface of the object. Borst 
et al. (2004) proposed the use of the largest factor by which the OWS can fit the GWS as the 
measure of the grasp quality. 
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requiring the hand-object Jacobian for their calculation (Roa Garzón, 2009). An example of 
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this group is a measure that favours a grasp that, given certain velocities in the finger joints, 
produces the largest velocities on the grasped object, calculated with the volume of the 
manipulability ellipsoid (Yoshikawa, 1985).  There is another measure that penalises the 
joints of the hand being in their maximum limits, calculating the deviation of the joint angles 
from their centres (Liegeois, 1977). Additionally, there are other measures in this group that 
also consider the task, giving higher quality indexes to the grasps which ensure the 
maximum transformation ratio along the direction wrenches more likely to be applied on 
the object when executing it (Chiu, 1988). 

2.3.3 Grasp synthesis 
Given an object, grasp synthesis algorithms should provide a suitable set of contacts on the 
object surface and determine an appropriate hand configuration. Usually they take the 
geometry of the object as an input to select optimal force-closure contact locations. These 
contacts are the starting point for grasp analysis and dexterous manipulation methods. 
Some approaches give only information about the finger contact locations on the object 
without considering the hand constraints. They can result in stable grasps that are not 
reachable in practice by the robot hand. Moreover, even if they are reachable, it is difficult to 
position the fingers precisely on the contact points because there will be always unavoidable 
errors locating the end-effector (Morales et al., 2006). 
Alternative approaches, called knowledge-based approaches, have considered the 
configuration of the hand by generating the grasp with a predefined set of hand postures.  
The idea of hand preshapes started with studies of the human prehension capabilities 
(Napier, 1956) that introduced the distinction between power and precision grasps. 
Following this work, Cutkosky (1989) created a taxonomy in which details of the task and 
the object geometry are taken into account. Since then, several papers have adopted this 
approach for grasping (Morales et al., 2006; Stansfield, 1991; Wren, 1995). Miller et al. (2003) 
used a simulator called GraspIt! to test the set of hand preshapes on a 3D model of the 
object. Using a simulator has many advantages, including the ability to plan grasps in 
complex environments involving obstacles and also to check the reachability constraints of 
the robot arm. More recently OpenRAVE, a planning architecture that has a more exible 
design, has been proposed to automate this process (Diankov, 2010).  
Despite many years of research and all the advances we have reviewed, the robotics 
community is still not able to build a manipulator with similar capabilities to the human 
hand. The robot hands constructed until now are only simplifications (Fig. 3), given the 
complexities not only at the sensor and actuator level, but also at the control level. They vary 
from the easiest to control, such as 2-jaw grippers, to more anthropomorphic hands like the 
Salisbury Hand, the Utah-MIT Hand, the Barrett Hand, the ARMAR III Hand or the DLR 
Hand II (see Biagiotti et al. (2002) and Parada et al. (2008) for a review). 

3. Hand biomechanical model proposal 
In this section, the current knowledge on biomechanical, ergonomics and robotics hand 
models is used to draw out the rules for developing a realistic and self-contained 
biomechanical model of the hand.  
Based on the literature review, current hand biomechanical models allow estimating the 
muscular patterns required to perform a movement while counteracting a system of external 
forces. But their use for studying object grasping is limited. On the one hand, biomechanical 
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a) b) 

c) d) 

Fig. 3. Anthropomorphic robot hands: a) Barrett Hand (courtesy of the UJI Robotics 
Intelligent Lab); b) ARMAR III Hand (courtesy of the Institute for Anthropomatics at KIT); 
c) Shadow Hand C5 (courtesy of Shadow Robot Company); d) Anthropomorphic DLR Hand 
Arm System (courtesy of DLR Robotics and Mechatronics Center) 

models lack realism for assessing the use of handheld products from an ergonomics point of 
view. Hand models in ergonomics have reached a high level of realism but do not allow for 
mechanical analyses. On the other hand, biomechanical models are not self-contained, as 
they need contact information to be input to the model. Current models do not allow 
predicting grasping postures nor evaluating contact forces and zones, much less predicting 
the movements while grasp planning. Quality grasp measures in robotics allow comparing 
different robotic grasping postures and could be adapted to human grasping. 
A detailed proposal for modelling the different components of the hand is provided below: 
joints-kinematics, muscles, ligaments and passive tissues, skin, contact with objects and  
neuromuscular control. The features that we require in order to create a model are:  
• The model has to simulate the complete hand in order to allow the study of any grasp.  
• The model has to be scalable to allow the simulation of different population groups. 
• The model has to simulate and show the grasping of an object in a realistic way. 
• The model has to estimate the muscular patterns required to perform a movement 

while counteracting the system of external forces that define the object manipulation. 
Furthermore, the model has to estimate the articular forces at the hand joints. 

• The model has to be dynamic in order to allow the study of any grasping task (slow or 
fast) during the object manipulation. 
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• The model has to predict feasible grasping postures for a given object and provide the 
contact information required for evaluating the grasp 

• The model has to incorporate quality grasping measures for evaluating the grasp. 
The model proposed in this section has been developed in a scalable way, choosing two 
very well known anthropometric parameters of the hand that are easy to measure and 
representative of the hand size. The parameters are the hand length (HL) and hand breadth 
(HB) and are shown in Fig. 4. 
 

 
Fig. 4. Parameters used to scale the model: HL (hand length) and HB (hand breadth) 

3.1 Kinematics 
In order to achieve realistic grasping postures, care has to be taken when selecting the 
appropriate DOF among the different hand bones. The DOF have to allow the hand model 
to reach the hand posture for any grasping task. In this sense, it is important that the model 
considers not only the thumb and finger movements but also the palm arching. 
The hand has been considered as five skeletal open chains of rigid bodies connected to the 
carpus through different joints which characterise the kinematic behaviour of the chains.  
Distal and proximal interphalangeal (DIP and PIP) joints of the fingers as well as the 
interphalangeal (IP) joint of the thumb are trochlear joints, capable only of flexion/extension 
movements (Brand & Hollister, 1992). These joints are modelled as one DOF joints by means 
of defining a rotation axis connecting the adjacent phalanxes (hinge joint).  
Thumb and fingers metacarpophalangeal (MCP) joints are condylar joints, capable of 
flexion/extension and abduction/adduction movements (Brand & Hollister, 1992). The 
thumb carpometacarpal (CMC) joint is a saddle joint, capable also of flexion/extension and 
abduction/adduction movements (Brand & Hollister, 1992). All these joints are modelled as 
two DOF joints by defining two axes of rotation connecting the adjacent segments. The axes 
are neither intersecting nor orthogonal (Brand & Hollister, 1992), so that a virtual link is 
used to connect both axes (Giurintano et al., 1995).  
Finally, the hand model allows the arching of the palm by modelling the CMC joints of the 
little and ring fingers. These joints are arthrodial joints, with a very limited range of 
movement (Kapandji, 1998). They have been modelled as one DOF joints by means of 
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defining a flexion/extension axis of rotation connecting the carpus to each metacarpal. The 
orientation of the axes is defined oblique in order to appropriately simulate the arching of 
the palm (Kapandji, 1998). Due to the important role that the shape of the palm plays in 
grasping, this model is considered more suitable for grasping simulation than others in the 
literature. 
The data for the location and orientation of the rotation axes comes from An et al. (1979), 
Buchholz et al. (1992) and Hollister et al. (1995). Axes data and link lengths are fully scaled 
with respect to the hand length and hand breadth (Sancho-Bru, 2000). Limits for the joints 
have been obtained from Tubiana (1981) and Tubiana et al. (1996). 
In order to study the forward and inverse kinematics of the hand, the Denavit- Hartenberg 
method from the robotics field (Denavit and Hartenberg, 1955) was adapted to define the 
position of any segment point. 

3.2 Musculo-tendon action 
Muscles and tendons control the movement of the skeletal chains. Muscles have been 
considered using a simple Hill three-component model (Hill, 1938) that takes into account 
the muscle activation level (α) and the force-length and force-velocity relationships, as well 
as the different index of architecture of muscles. The model considers a contractile element 
(CE), which is the basic component that generates force, a parallel elastic element (PEE), 
which is responsible for the passive force generated by the muscle when it is stretched, and 
a series elastic element (SEE), the muscle tendon unit, which has been considered to be 
inextensible (Fig. 5).  
 

α

CE
SEE

PEE
 

Fig. 5. Hill’s three-component model for the muscles 

The force a muscle can exert depends on the actual muscle length and contraction velocity. 
It is widely accepted (An et al., 1991) that the maximum force a muscle can exert in optimal 
conditions is proportional to its physiological cross-sectional area (PCSA): 

 = ⋅max maxF PCSA S , (1) 

where Smax is the maximum stress the muscle can bear, which has been considered the same 
for each muscle (An et al., 1991).  
The strain of tendons is insignificant for the magnitude of forces developed by the muscles 
(Goldstein et al., 1987). Under this consideration, the SEE has been considered to 
inextensible, so that the force the muscle exerts (F) can be written as: 
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 = +max( )CE PEEF F F F , (2) 

where FCE and FPEE are the normalised forces delivered by the CE and PEE, respectively.  
The force exerted by the muscle can be decomposed into an active force and a passive force 
corresponding to the forces delivered by the CE and PEE, respectively. The force delivered 
by the CE is related to the muscle architecture and is a function of the muscle length lCE, the 
contraction velocity vCE, and the muscle activation level α (from 0 to 1), which is controlled 
by the central nervous system (Kaufman et al., 1991): 

 α= ⋅ ⋅( ) ( )CE l CE v CEF F l F v  (3) 

where Fl and Fv are the non-dimensional force-length and force-velocity relationships.  
A characteristic bell-shaped curve exists between force and length of the muscle. To model 
this dependence, the expression proposed by Kaufman et al. (1991) has been used: 
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where ia is the muscle architecture index, defined as the ratio between the muscle fibre 
length and the muscle belly length, and ε is the muscle strain due to its lengthening from lo, 
the muscle length for the optimal conditions. 
The force a muscle can exert decreases when the contraction velocity of the muscle fibres 
increases. To model this dependence the expression proposed by Hatze (1981) has been used 
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where η  is the normalised contractile element velocity, given by the ratio between the 
lengthening velocity  of the muscle ( ε ), and  its maximal value ( maxε ). 
The force generated by the PEE is a function only of its length. An exponential relationship 
has been considered in this case (Lee & Rim, 1990; Kaufman et al., 1991), with b1 and b2 
muscle dependent constants: 

 2
1 1

b
PEEF b e bε⋅= ⋅ − , (7) 

The scalability of the muscular action is achieved by scaling the PCSA of the muscles with 
respect to the product of hand length and hand breadth parameters (Sancho-Bru et al., 2008) 
from its value for HL = 18.22 cm and HB = 8.00 cm. 

 = + ⋅ ⋅ − ⋅( , ) 1 0.01333 ( )
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The muscles considered on each skeletal chain are listed in Table 1. PCSA data for index 
finger muscles have been taken from Valero-Cuevas et al. (1998); data for the remaining 
muscles have been obtained from Brand & Hollister (1992). Muscle stress limit (Smax) has 
been obtained from Zajac (1989). Fibre and muscle lengths and the constants b1, b2 for index 
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finger muscles have been taken from Lee & Rim (1990); data for the remaining extrinsic 
muscles have been obtained from Lemay & Crago (1996) and for the remaining intrinsic 
muscles from Jacobson et al. (1992). The muscle maximal lengthening velocity ( maxε ) has 
been taken to be 2.5 s-1 (Kaufman et al., 1991).  
 

Index Medial Ring Little Thumb 
1st FP 2nd FP 3rd FP 4th FP APB 
1st FS 2nd FS 3rd FS 4th FS FPB 

1st EDC+EI 2nd EDC 3rd EDC EDQ OPP 
1st LU 2nd LU 3rd LU 4th LU ADD 
1st DI 2nd DI 4th DI 3rd VI 1st DI 
1st VI 3rd DI 2nd VI FDQ APL 

   ADQ EPB 
    FPL 
    EPL 

Table 1. Muscles modelled on each skeletal chain (acronyms in the nomenclature section) 

Most of the muscles do not act directly on the bones, but transmit the force to the tendons, 
which finally insert into the bones. To model the tendon action crossing the joints, straight 
lines connecting 2 points have been considered, one fixed with respect to the proximal bone 
and the other one with respect to the distal bone (Fig. 6a). This approximation has been 
found to be close enough to the behaviour of all tendons with the exception of extensors (An 
et al., 1979), for which Landsmeer’s model I has been considered (Fig. 6b). The data for the 
points defining the tendon actions have been obtained from An et al. (1979). 
 
a)

   

b)

  
Fig. 6. Models for the tendons crossing the joints: a) Straight lines; b) Landsmeer’s model I 

The extensor hood mechanisms of the fingers are modelled as a tendon net. The net allows 
for the connection and division of the tendon paths. The insertions and connection points 
considered for the tendon nets on each skeletal chain are shown in Fig. 7. Appropriate force 
balances have been considered in the connecting points of this deformable tendon net. 
Second DI, fourth DI and ADQ tendons do present a double insertion into the proximal 
phalanxes and into the extensor aponeuroses. A force distribution proportional to the 
amount of fibres of each branch (Eyler & Markee, 1954) has been considered.  
The muscle force-length and force-velocity relationships presented above require the 
calculation of the lengthening of the muscles from lo as a function of time. Having 
considered the tendons inextensible, the muscle lengthening coincides with the tendon 
excursion. To calculate the length of the tendon path crossing each joint (li), straight lines 
connecting the points have been considered, except for the extensor tendons, for which a 
circular path has been considered. 
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by the central nervous system (Kaufman et al., 1991): 
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where Fl and Fv are the non-dimensional force-length and force-velocity relationships.  
A characteristic bell-shaped curve exists between force and length of the muscle. To model 
this dependence, the expression proposed by Kaufman et al. (1991) has been used: 
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where ia is the muscle architecture index, defined as the ratio between the muscle fibre 
length and the muscle belly length, and ε is the muscle strain due to its lengthening from lo, 
the muscle length for the optimal conditions. 
The force a muscle can exert decreases when the contraction velocity of the muscle fibres 
increases. To model this dependence the expression proposed by Hatze (1981) has been used 
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where η  is the normalised contractile element velocity, given by the ratio between the 
lengthening velocity  of the muscle ( ε ), and  its maximal value ( maxε ). 
The force generated by the PEE is a function only of its length. An exponential relationship 
has been considered in this case (Lee & Rim, 1990; Kaufman et al., 1991), with b1 and b2 
muscle dependent constants: 

 2
1 1

b
PEEF b e bε⋅= ⋅ − , (7) 

The scalability of the muscular action is achieved by scaling the PCSA of the muscles with 
respect to the product of hand length and hand breadth parameters (Sancho-Bru et al., 2008) 
from its value for HL = 18.22 cm and HB = 8.00 cm. 

 = + ⋅ ⋅ − ⋅( , ) 1 0.01333 ( )
( , )

PCSA HL HB HB HL HB HL
PCSA HL HB

 (8) 

The muscles considered on each skeletal chain are listed in Table 1. PCSA data for index 
finger muscles have been taken from Valero-Cuevas et al. (1998); data for the remaining 
muscles have been obtained from Brand & Hollister (1992). Muscle stress limit (Smax) has 
been obtained from Zajac (1989). Fibre and muscle lengths and the constants b1, b2 for index 
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finger muscles have been taken from Lee & Rim (1990); data for the remaining extrinsic 
muscles have been obtained from Lemay & Crago (1996) and for the remaining intrinsic 
muscles from Jacobson et al. (1992). The muscle maximal lengthening velocity ( maxε ) has 
been taken to be 2.5 s-1 (Kaufman et al., 1991).  
 

Index Medial Ring Little Thumb 
1st FP 2nd FP 3rd FP 4th FP APB 
1st FS 2nd FS 3rd FS 4th FS FPB 

1st EDC+EI 2nd EDC 3rd EDC EDQ OPP 
1st LU 2nd LU 3rd LU 4th LU ADD 
1st DI 2nd DI 4th DI 3rd VI 1st DI 
1st VI 3rd DI 2nd VI FDQ APL 

   ADQ EPB 
    FPL 
    EPL 

Table 1. Muscles modelled on each skeletal chain (acronyms in the nomenclature section) 

Most of the muscles do not act directly on the bones, but transmit the force to the tendons, 
which finally insert into the bones. To model the tendon action crossing the joints, straight 
lines connecting 2 points have been considered, one fixed with respect to the proximal bone 
and the other one with respect to the distal bone (Fig. 6a). This approximation has been 
found to be close enough to the behaviour of all tendons with the exception of extensors (An 
et al., 1979), for which Landsmeer’s model I has been considered (Fig. 6b). The data for the 
points defining the tendon actions have been obtained from An et al. (1979). 
 
a)

   

b)

  
Fig. 6. Models for the tendons crossing the joints: a) Straight lines; b) Landsmeer’s model I 

The extensor hood mechanisms of the fingers are modelled as a tendon net. The net allows 
for the connection and division of the tendon paths. The insertions and connection points 
considered for the tendon nets on each skeletal chain are shown in Fig. 7. Appropriate force 
balances have been considered in the connecting points of this deformable tendon net. 
Second DI, fourth DI and ADQ tendons do present a double insertion into the proximal 
phalanxes and into the extensor aponeuroses. A force distribution proportional to the 
amount of fibres of each branch (Eyler & Markee, 1954) has been considered.  
The muscle force-length and force-velocity relationships presented above require the 
calculation of the lengthening of the muscles from lo as a function of time. Having 
considered the tendons inextensible, the muscle lengthening coincides with the tendon 
excursion. To calculate the length of the tendon path crossing each joint (li), straight lines 
connecting the points have been considered, except for the extensor tendons, for which a 
circular path has been considered. 
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Fig. 7. Sketch of the extensor mechanisms of the fingers and thumb (dorsal view) showing 
the insertions into the bones () and the connections and splittings considered (): a) little 
finger; b) ring finger; c) medial finger; d) index finger; e) thumb. 
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The data for the location of the points defining the tendon paths comes from An et al. (1979) 
and Buchholz et al. (1992), and are also scaled with respect to the hand length and hand 
breadth (Sancho-Bru, 2000). 

3.3 Ligaments 
In previous work, we showed the importance of modelling the effect of ligaments for 
studying free finger movements. In the case of grasping, their consideration is not so 
relevant. Their effect can be neglected for studying power grasps, but they can play an 
important role in the case of some precision grasps, particularly those involving fast 
movements.  
In the case of DIP and PIP joints of fingers and thumb, the insertion of the collateral 
ligaments on the proximal segment of the joint corresponds to the flexion-extension axis 
(Dubousset, 1981). Therefore, they do not develop any flexion-extension moment over the 
joint and they do not need to be modelled. In the case of MCP joints, the proximal insertion 
of the lateral ligament on the metacarpal head remains dorsal to the center of the articular 
curvature (Fig. 8), so that collateral ligaments are lax in extension, but they become taut in 
flexion, decreasing significantly the range of lateral movement (Craig, 1992; Dubousset, 
1981; Kapandji, 1998). Tension on the radial and ulnar ligaments increases with adduction 
and abduction of the MCP joint, respectively. Furthermore, the line of action of the 
ligaments remains dorsal to the flexion- extension axis of the joint (Craig, 1992), developing 
an extension moment over the joint, in addition to the abduction-adduction moment. 
 

Flexion

 
Fig. 8. Collateral ligament over MCP joints becomes taut with flexion. 

Both ulnar and radial ligaments over MCP joints have been considered. A unique fibre for 
each ligament has been considered, joining two points representing the insertions into the 
bones. One point is fixed with respect to the metacarpal, and the other one with respect to 
the proximal phalanx. No interaction between bone and ligament has been considered; 
therefore the ligament path is a straight line between the insertion points. Its non-linear 
behaviour has been taken into account considering a quadratic relationship between the 
force developed by the ligament (Flig) and its elongation (Mommersteeg et al., 1996) 

 ( )2

,lig lig lig oF K L L= ⋅ − , (10) 

where K is the characteristic constant of the ligament, Llig the length of the fibre representing 
the ligament, and Llig,o the unstrained length of the ligament.  
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The data for the ligament insertion points have been obtained from the geometric model 
presented in Youm et al. (1978), and the stiffness constant has been estimated to be 750 
N/cm2 from Minami et al. (1985). 

3.4 Skin and contact with objects 
One of the applications of the biomechanical model is its use in assessing the use of 
handheld products from an ergonomics point of view. To accomplish that goal, the model 
has to incorporate a realistic model of the skin from the visual point of view. The advances 
in computer animation have made possible the development of a number of convincing 
surface skin models.  
We propose to use a surface skin model similar to that of Endo et al. (2007) or Goussous 
(2007). The surface skin model is a 3-dimensional polygonal mesh for the hand surface 
generated from CT images. The geometry of the skin model is defined at only one opened 
posture. A surface skin deformation algorithm defines the deformed geometry of the surface 
skin model when the posture of the kinematic model is changed (Fig. 9). The algorithm 
assigns each bone a capsule-shaped envelope. Vertices of the modified skin within these 
envelopes move with the bones. Where envelopes overlap, vertex motion is a blend between 
the envelopes. The influence of each bone for vertices within the intersection of two bones’ 
envelopes is controlled by assigning weight values. The ratio of a vertex's weight values, 
which always total 1.0, determine the relative extent to which each bone's motion affects the 
vertex. Furthermore, the model gets scaled when the kinematic model is scaled. 
As stated before, the model has to simulate and show the grasping of an object in a realistic 
way. To satisfy this requirement, it is not enough to have a visually realistic model of the 
surface skin. The model must also be able to predict feasible grasping postures.  
 

 
Fig. 9. Surface skin model  

In order to generate grasp postures automatically, we propose to use a grasping algorithm 
based on that of Choi (2008). This algorithm uses a function to automatically generate a 
natural grasping motion path of the hand model from a fully opened state to a clenched one. 
The goal is to find contacts between the surface hand skin and the object surface while 
rotating the joint angles of the fingers. Care has to be taken to properly choose the rotation 
rate of the finger joints, as it affects the final posture prediction. Based on the results from 
Choi (2008), we propose to use a variable rotation algorithm, by describing rotations of all 
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joints at observation-based rates. To select the appropriate rotation rate we propose the use 
of neural networks, similar to those used in Kyota et al. (2005) and Rezzoug & Gorce (2008). 
This will require intensive experimental work beforehand to record the postures for 
grasping objects (of different shapes, sizes, weights, etc.) when performing different tasks 
(power and precision). The experimental data have to be analysed in order to characterise 
the human grasp and find the parameters affecting the grasping posture. These parameters 
will be used as input to the neural network to estimate a tentative clenched posture. The 
rotation rate is defined by the difference between the angles of the fully opened state and 
the tentative clenched one.  
In order to generate the grasp, a contact model is required. We need to check whether the 
surface skin model makes contact with the surface of the object model. In reality, the surface 
of a hand is deformed when making contact with the object. Generally, this deformation has 
a non-linearly elastic property, and it could be simulated using finite element analyses. But 
this would need a long execution time. This is unacceptable for our model where a large 
number of different grasp postures have to be generated and tested within a practical time.  
Therefore, we propose to consider a simple geometric collision-detection algorithm based on 
the one used by Endo et al. (2007). The algorithm allows the penetration of the surface skin 
model and the object model. This penetration is limited by a tolerance that relates to the 
hand stiffness of each contact region.  
The distances between the points on the skin surface and the object are calculated while the 
joint angles of each joint rotate according to the specific joint rotation algorithm. When the 
maximum penetration distance between the skin surface points and the object reaches the 
given tolerance, the contact is achieved and the joint rotation ends. When distal segments of 
all four fingers make contact with the object, the simulation terminates. 
As we have mentioned previously, the model has to provide the contact information 
required for evaluating the grasp. If a classical robotics quality measure of the grasp is to be 
performed, the only data needed are the contact points and associated normal vectors at 
these points, which are easily obtained from the proposed contact model. 
When trying to estimate the muscular pattern associated with a grasp, the model needs 
more contact information. The contact forces between the object and the hand have to be 
considered in this case. Unlike what happens with robots, real human fingers conform to the 
grasped object shape. As the contact finger surface is deformable the contact does not occur 
at just one point but over some finite area that increases as the normal forces increase. Due 
to this effect, in addition to the normal force and tangential force due to friction, human 
finger contact may support frictional torsional moments with respect to the normal at the 
contact point. This clearly shows that the consideration of rigid contact commonly used in 
robotics is not appropriate for use in studying the human grasp, and a soft contact has to be 
modelled. Most objects manipulated by human hands are much stiffer than human hands, 
and it is reasonable to consider the objects to be grasped as rigid bodies, and the hand as a 
deformable body.  
Different soft contact models have been investigated and proposed in order to better 
account for this deformation effect in the context of soft finger contacts (Ciocarlie et al., 2005, 
2007; Gonthier, 2007). In Ciocarlie et al. (2007) friction constraints are derived based on 
general expressions for non-planar contacts of elastic bodies, taking into account the local 
geometry and structure of the objects in contact. The following approximation can be used 
to express the constraint relating the magnitudes of frictional force (ft) and moment (τn): 
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a non-linearly elastic property, and it could be simulated using finite element analyses. But 
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grasped object shape. As the contact finger surface is deformable the contact does not occur 
at just one point but over some finite area that increases as the normal forces increase. Due 
to this effect, in addition to the normal force and tangential force due to friction, human 
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where P is the total load applied in the direction of the contact normal, μ is the friction 
coefficient and en is called the eccentricity parameter (height of the ellipsoid described by Eq. 
11). Considering a Winkler elastic foundation (Johnson, 1985) of depth h and elastic 
modulus K, the eccentricity parameter is given by: 
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where a and b can be calculated from the relative radii of curvature R’ and R’’ of the objects 
in contact and the compression δ of the elastic layer: 
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The actual grasping forces for a given posture will be obtained by considering that they 
have to satisfy the dynamic equilibrium of the grasped object. There is not a unique set of 
forces that ensures the equilibrium but we have to take into account the biomechanical 
limitations (maximal muscle forces) and the control performed by the central nervous 
system. In an effort to minimise the computational cost, we propose to uncouple the 
computation of the contact forces from the neuromuscular control model. This can be done 
by considering that the central nervous system is trying to attempt performing the grasp 
with minimal contact forces, as implemented for robots in the work of Liu et al. (2004a).  

3.5 Neuromuscular control 
The movement of the skeletal chains, together with the contact forces and the corresponding 
application points are input to the model. The problem to be solved is the derivation of the 
muscle activation levels required to produce the given motion under the external loads. It is, 
therefore, an inverse dynamics problem. 
The dynamics equations of the open chain of rigid bodies have been derived using the 
Lagrange method (García de Jalón & Bayo, 1994). For a system with m generalised co-
ordinates qk, this equation is expressed as: 
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, (14) 

where L is the Lagrangian function and nc
kQ are the generalised non-conservative forces. The 

generalised coordinates have been considered coincident with the system DOF (m=23).  
Eqs. 14 together with the force balances of the tendon nets lead to an indeterminate problem. 
For example, in the case of the index finger, there are 12 equations (four corresponding to 
the DOF considered and eight to force balances in the tendon net) and 18 unknowns (six 
muscle forces and 12 branch forces of the tendon net). There is not a unique combination of 
muscular efforts that satisfy the dynamic equilibrium constraints. To solve the problem, a 
criterion chosen by the central nervous system to determine the muscle action control must 
be introduced. Our proposal is to maximise the endurance. According to Crowninshield and 
Brand (1981), this is achieved by minimising the non-linear objective function  
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with n between 2.0 and 4.0, and where Fi represents the force exerted by muscle i, and PCSAi 
its physiological cross-sectional area. In this case, n = 2 will be used. This function is 
minimised when subjected to Eq. 13 together with the force balances of the tendon nets. 
Additional constraints are that tendon forces must be non-negative, and the limits of muscle 
forces obtained from Eqs. 2 and 3 varying the muscle activation level from 0 to 1 

 maxmax )( FFFFFFF PEEvlPEE ⋅+⋅≤≤⋅ . (16) 

3.6 Grasp evaluation 
A global grasp evaluation can be performed through the use of the proposed model, 
merging the knowledge from ergonomics, robotics and biomechanics. The classical 
ergonomics evaluation of grasp posture and reachability is possible, for different percentiles 
of the population represented by the corresponding anthropometric parameters. 
Furthermore, CHTD evaluation can be performed by using the predicted postures and 
muscle forces. 
It is advisable to use force closure from robotics as a part of the proposed model; once a 
grasping posture is estimated by the grasping algorithm, force closure should be assured 
before consuming time in determining the contact forces. Any of the robotics quality 
measures could be used for evaluating the grasp. Depending on the task to be performed, it 
would be better to use a grasp quality measure to evaluate the disturbance resistance or a 
grasp quality measure to evaluate the manipulability.  
But the most relevant contribution to grasp evaluation has to come from biomechanics 
analysis. Grasp measures related to the muscle and articular forces have to be investigated. 
Just to provide insight into this sense, and to ensure coherence with our model formulation, 
we propose the use of Eq. 15 as a quality measure related to fatigue that we can call fatigue 
index: the smaller the fatigue index the better will be the grasp. For power grasps, an 
alternative measure can be the difference between the maximal force the hand can exert on 
the grasped object for the posture being analysed and the real contact forces estimated by 
the contact model; this alternative measure can be seen as a safety margin for the muscle 
forces, that we can call muscle safety margin index. Additional measures can be investigated, 
such as the maximal contact pressure, etc. 

4. Conclusion 
A realistic and self-contained biomechanical model of the hand has been proposed by 
merging the current knowledge of biomechanics, ergonomics and robotics. The model 
simulates the complete hand and can easily be scaled to study different percentiles of 
populations. It has a realistic representation that allows the ergonomic evaluation of 
products. The model is dynamic and can be used to study the muscular patterns associated 
with a specific grasp. It allows predicting feasible grasping postures and provides the 
contact information required for evaluating the grasp. Finally, the model incorporates 
original quality grasping measures such as the fatigue index and the muscle safety margin 
index, in addition to the usual robotics and ergonomics metrics and evaluations. All the 
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application points are input to the model. The problem to be solved is the derivation of the 
muscle activation levels required to produce the given motion under the external loads. It is, 
therefore, an inverse dynamics problem. 
The dynamics equations of the open chain of rigid bodies have been derived using the 
Lagrange method (García de Jalón & Bayo, 1994). For a system with m generalised co-
ordinates qk, this equation is expressed as: 

 1, ,nc
k

k k

d L L Q k m
dt q q

∂ ∂− = =
∂ ∂




, (14) 

where L is the Lagrangian function and nc
kQ are the generalised non-conservative forces. The 

generalised coordinates have been considered coincident with the system DOF (m=23).  
Eqs. 14 together with the force balances of the tendon nets lead to an indeterminate problem. 
For example, in the case of the index finger, there are 12 equations (four corresponding to 
the DOF considered and eight to force balances in the tendon net) and 18 unknowns (six 
muscle forces and 12 branch forces of the tendon net). There is not a unique combination of 
muscular efforts that satisfy the dynamic equilibrium constraints. To solve the problem, a 
criterion chosen by the central nervous system to determine the muscle action control must 
be introduced. Our proposal is to maximise the endurance. According to Crowninshield and 
Brand (1981), this is achieved by minimising the non-linear objective function  
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with n between 2.0 and 4.0, and where Fi represents the force exerted by muscle i, and PCSAi 
its physiological cross-sectional area. In this case, n = 2 will be used. This function is 
minimised when subjected to Eq. 13 together with the force balances of the tendon nets. 
Additional constraints are that tendon forces must be non-negative, and the limits of muscle 
forces obtained from Eqs. 2 and 3 varying the muscle activation level from 0 to 1 

 maxmax )( FFFFFFF PEEvlPEE ⋅+⋅≤≤⋅ . (16) 

3.6 Grasp evaluation 
A global grasp evaluation can be performed through the use of the proposed model, 
merging the knowledge from ergonomics, robotics and biomechanics. The classical 
ergonomics evaluation of grasp posture and reachability is possible, for different percentiles 
of the population represented by the corresponding anthropometric parameters. 
Furthermore, CHTD evaluation can be performed by using the predicted postures and 
muscle forces. 
It is advisable to use force closure from robotics as a part of the proposed model; once a 
grasping posture is estimated by the grasping algorithm, force closure should be assured 
before consuming time in determining the contact forces. Any of the robotics quality 
measures could be used for evaluating the grasp. Depending on the task to be performed, it 
would be better to use a grasp quality measure to evaluate the disturbance resistance or a 
grasp quality measure to evaluate the manipulability.  
But the most relevant contribution to grasp evaluation has to come from biomechanics 
analysis. Grasp measures related to the muscle and articular forces have to be investigated. 
Just to provide insight into this sense, and to ensure coherence with our model formulation, 
we propose the use of Eq. 15 as a quality measure related to fatigue that we can call fatigue 
index: the smaller the fatigue index the better will be the grasp. For power grasps, an 
alternative measure can be the difference between the maximal force the hand can exert on 
the grasped object for the posture being analysed and the real contact forces estimated by 
the contact model; this alternative measure can be seen as a safety margin for the muscle 
forces, that we can call muscle safety margin index. Additional measures can be investigated, 
such as the maximal contact pressure, etc. 

4. Conclusion 
A realistic and self-contained biomechanical model of the hand has been proposed by 
merging the current knowledge of biomechanics, ergonomics and robotics. The model 
simulates the complete hand and can easily be scaled to study different percentiles of 
populations. It has a realistic representation that allows the ergonomic evaluation of 
products. The model is dynamic and can be used to study the muscular patterns associated 
with a specific grasp. It allows predicting feasible grasping postures and provides the 
contact information required for evaluating the grasp. Finally, the model incorporates 
original quality grasping measures such as the fatigue index and the muscle safety margin 
index, in addition to the usual robotics and ergonomics metrics and evaluations. All the 
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abovementioned features are performed in a virtual environment, without external 
experimental data.  
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1. Introduction

Osteoporosis, accidents and subsequent bone fractures cause suffering on an individual level,
as well as an economical burden to the society (Ortiz-Luna et al., 2009; Stevens & Olson, 2000).
It has been estimated that, in Finland alone, between 30,000 to 40,000 osteoporosis-related
fractures occur annually and that 400,000 Finnish people have osteoporosis (Duodecim, 2008).
There are a few potential ways of preventing bone fracture, i.e. strengthening bones and/or
preventing falls (Ortiz-Luna et al., 2009; Stevens & Olson, 2000). In order to withstand
prevalent loading without breaking; while remaining relatively light in weight to allow for
locomotion, bones have the ability to adapt their structure to functional loading (Frost, 2000;
2003; Sievänen, 2005). It has been demonstrated that physical activity affects the weight
bearing skeleton more than the non-weight bearing one (Mikkola et al., 2008), and it may
therefore be argued that, the skeleton is loaded mainly by locomotory actions that impart
strains on bones. Bones are loaded in daily activities by muscles accelerating and decelerating
body segments and resisting the pull of gravity (Burr et al., 1996). Since falling is the single
most significant bone fracture risk factor (Järvinen et al., 2008) and up to 90% of fractures
are caused by falls (Cummings & Melton, 2002; Stevens & Olson, 2000; Wagner et al., 2009),
exercise can be viewed as a potential intervention for fracture prevention. Exercise seemingly
has a potential of both reducing the fall rate and also increasing bone strength. In agreement,
exercise interventions have been shown to successfully decrease the fall rate (Kemmler et al.,
2010; Korpelainen et al., 2006), to strengthen the bones and to decrease the fracture rate
(Korpelainen et al., 2006; Sinaki et al., 2002).
It is quite obvious, that in some cases even the strongest bone could not withstand the
loading associated with falling. Therefore, it is reasonable to question whether strengthening
bones makes a significant contribution in preventing fractures. A prospective study has
shown that people with higher calcaneal bone mineral density had lower fracture rate even
while the fall rates between the groups were relatively similar (Cheng et al., 1997). The
differences between the groups in bone mineral density were relatively large (~10%). In
agreement, prospective studies have shown that increasing the amount of bone mineral with
drugs by about 10% is effective in decreasing fracture rates (Cummings et al., 2009). On
the other hand, the increments in bone mineral amount associated with year long exercise
interventions are relatively modest, i.e. in the order of 1 - 2% (Nikander et al., 2010). There
are examples of fractures for which this kind of relatively modest bone strength increase
does play an important role. One of the most convincing examples is vertebral fractures.
It has been shown in a prospective study that vertebral bone mineral density (represents
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bone strength indirectly) may be increased with back strengthening exercise program and
that the higher vertebral bone mineral density is also associated with lower incidence of
vertebral fractures (Sinaki et al., 2002). Furthermore, exercise induced bone gains may be
more appropriately situated in order to maintain bone strength compared to drug induced
bone gains. In case of drug therapy, the bone mineral amount increment is distributed rather
evenly through the bone1, while physical activity associated bone increments are situated
mechanically advantageously (Leppänen et al., 2010; Ma et al., 2009; Rubin & Lanyon, 1984).
In pure compressive or pure tensile loading, the geometry of the bone makes no difference to
bone strength (excluding slender structures such as the ones found in trabeculae, which are
susceptible to buckling). The only important cross-section parameter is its area. In bending
and torsion, however, the geometry of the bone makes a big difference. As a rule of thumb,
the further away from the bending/rotation axis the material is situated, the more significant
contribution it makes to the strength of the bone (further details given under section 2.1) (Fig.
1). Coincidentally, the toughest part of bone is the external shield, which is also subjected to
the highest loads.

Fig. 1. A) Stress (σ) distribution in a bone subjected to bending moment (M), B) Hollow oval
model of tibia mid-shaft cross-section, C) Possible change of tibia mid-shaft cross-section due
to exercise.

Since exercise interventions are effective and feasible, how does one optimize the osteogenic
loading of the intervention? Strains (Fig. 4) are one of the most important stimulants to bone
adaptation Lanyon (1987); Turner (1998), and therefore designing osteogenic interventions
could benefit from the knowledge of bone strains at different cross-sections in a wide range
of exercises. General rules for bone adaptation are relatively well established, i.e.; bones
respond increasingly with increasing 1) strain rate, 2) strain magnitude and 3) number of
loading cycles (Lanyon, 1987; Turner, 1998; Whalen et al., 1988). In addition, loading direction
affects the response, i.e.; unusual loading direction causes a larger response (Rubin & Lanyon,
1984). In bone adaptation, also the interval between loadings plays an important role. Bone
responsiveness to loading decreases relatively rapidly, and dividing the loading bout into
smaller bouts separated by several hours is more osteogenic than doing the exercise all in one
bout (Umemura et al., 2002). If bone strains are known, the osteogenicity of loading may be

1 At the moment of writing this chapter, we were unaware of a published article we could cite to
confirm this statement. However, the FREEDOM study(Cummings et al., 2009) did include computed
tomography measurements, the results of which were presented at least at the ECCEO-IOF11 congress
held March 23-26 2011 in Valencia, Spain. Although not mentioned in the presentation, one of the
authors of the present chapter was in the audience and queried the presenter (prof. Genant) afterwards
whether the bone geometry had changed as a result of the intervention. As one might have expected
for an anti-resorptive drug, the geometry had not changed according to the presenter.
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estimated by calculating an osteogenic index, OI, (Fig. 2) (adapted from (Turner, 1998; Turner
& Robling, 2003)) Eq. 1.

OI = �
δ�

δt
ln(i + 1)(1 − e−t/6) (1)

Where � is the magnitude of mechanical strain, δ�
δt denotes the mechanical strain rate in [Hz],

i is the number of loading cycles, and t is the interval between loading expressed in hours.

(a) Osteogenicity as a function of
repetitions.

(b) Sensitivity as a function of loading
interval.

Fig. 2. Osteogenicity of loading is linearly related to strain magnitude and rate, while loading
cycle dependency and interval between loadings dependency are non-linear.

However, for human applications, bone strains are generally not known. Furthermore,
measuring bone strains in vivo is invasive and limited to superficial bone sites (Hoshaw et al.,
1997; Lanyon et al., 1975; Milgrom et al., 2000), thus not feasible in practice. Consequently,
indirect estimates have to be used in practical applications. Since, intuitively there is an
association between ground reaction force and bone strains, it has been suggested that
osteogenic index may be calculated from reaction forces (Turner & Robling, 2003; Whalen
et al., 1988). Subsequently, reaction force based osteogenic index has been shown to be able to
successfully differentiate two exercise regimes producing differing bone responses from each
other in a prospective human study (von Stengel et al., 2007; 2005).
Although, using reaction force as a substitute for bone strains is tempting there are some
shortcomings of this approach which will be demonstrated later under heading 3. There are
at least a few examples of osteogenic exercise interventions reported, where bone response has
been observed on one bone of the lower limb (and spine), while other lower limb bones have
not responded (e.g. Vainionpää et al. showed increase in femoral neck bone strength following
a high impact exercise intervention in post menopausal women, while tibial mid-shaft bone
strength was unaffected by the same intervention (Vainionpää, 2007; Vainionpää et al., 2005).
While at first glance it may appear that the aforementioned is unexpected, the phenomenon
may be explained by acknowledging that bone response is site specific. High impact exercises
are characterized as high impact by the nature of causing high reaction forces. High reaction
forces occur in exercises in which the lower limb is mainly compressed (e.g. above 10 times
body weight has been measured under one foot in triple jump 2nd jump eccentric phase
(Perttunen et al., 2000)), while the leg is straight. This kind of posture enables high reaction
forces, since the inertia of the body is efficiently transmitted through hip, knee and ankle joint
without the joints giving. If force is not transmitted through the joint centres, the joints give
and reaction forces above 6 times body weight are rarely recorded (Ishikawa et al., 2005) even
under two feet. In such situation the kinetic energy of the body is damped by muscles and
tendons. Bone loading condition (compression or bending) has probably a major effect on
bone strains in long bone mid-shaft (Heinonen et al., 1996). Consider a 41 cm long hollow
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cylinder with an inner radius of 6 mm and an outer radius of 12 mm (corresponds to the
dimensions of a rather typical tibia). Should the other end of this cylinder be rigidly fixed and
either an axial force (compression) or a perpendicular force (bending moment) with the same
magnitude be applied on the other end of the cylinder, the latter would result in 50x greater
maximal stress (or strain) at the outer surface of the mid-shaft (furhter details on how stress
may be estimated in section 2) (Rantalainen et al., 2010). A force during a high impact exercise,
which is compressive for tibia will most likely cause bending in femoral neck and therefore it
is plausible that a difference may be observed between femoral neck and tibial mid-shaft bone
adaptation (or lack of) following the same high impact exercise intervention.

1.1 Estimating lower limb loading with reaction forces
Several indirect methods have been used in estimating skeletal loading ranging from
qualitative analyses to energy expenditure measurements. However, as per the title of the
book, only mechanical loading estimates will be considered in the present text2. One relatively
popular method to estimate loading, and thus strains, caused by locomotory actions on
the bones is to examine the ground reaction forces or accelerations of the center of mass
registered during these actions Jämsä et al. (2006); Turner & Robling (2003); Vainionpää (2007);
Vainionpää et al. (2006). The advantage of measuring reaction forces or accelerations of the
center of mass is the relative simplicity of the measurement. However, it is rarely brought
into question if estimating skeletal loading from ground reaction forces is reasonable. Joint
angles as well as muscle activity have a great influence on the loading of different bones and
should be considered. In addition, diverse bone geometry and mineral content also have a
significant influence on bone strains. An equal amount of force applied to different bodies
will lead to different bone strains if the mineral amount and/or geometry of the loaded
bones differ. The next evident step is thus to include the moment arms and joint angles
into the calculations in inverse dynamics. This step, however, comes with an increase in
the complexity of measurements as kinematics (i.e. movements of body parts in space) need
to be recorded in addition to the aforementioned reaction forces. Furthermore the point of
force application and direction of force needs to also be determined (detailed description of
inverse dynamics is outside of the scope of the present chapter and detailed explanations
can be found from other biomechanical textbooks, e.g. (Robertson, 2004)). However, even
with inverse dynamics, the whole loading environment is not determined, since only external
forces have been considered thus far. Muscles cause the movement of body parts in relation
to each other and have relatively short moment arms compared to external forces. Therefore,
the muscle (i.e. internal) forces are much higher than the measured reaction forces and
neglecting these internal forces affects the loading estimate. This last step of estimating the
loading environment is by far the most complex and includes arguably the biggest sources of
error. Many muscles cross a given joint causing the same movement of the joint (e.g. soleus
and gastrocnemii muscles plantar flex the ankle) making calculating the internal forces an
overdetermined (redundant) problem, which means that there are infinite number of possible
solutions of muscle forces3.

2 And are thought of being the most meaningful estimates by the authors in any case.
3 We have ignored at least one resourceful way of estimating skeletal loading. A walking simulator using

cadaveric specimens has been built (Peterman et al., 2001), which produces reasonable strain results.
However, the problem of redundant muscle forces applies also to that application.
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2. Stress and strain

It needs to be mentioned that loading, forces, stresses and strains are used somewhat
interchangeably in the present text, while generally, forces, stresses and strains should be
differentiated. Therefore, the remainder of the paragraph tries to explain what are the
differences between forces, stresses and strains and why they should not be mixed. The
relationship between the applied load (=force) and relative deformation (Fig. 4) caused by the
load can be plotted as a load-deformation curve. The curve may be divided into two parts,
the linear elastic region and the non-linear plastic region. The stiffness of the structure is the
slope of the elastic region, yield is the load at transition from the linear to elastic region and
toughness is the area under curve up to yield or failure (Fig. 3) (Currey, 2001; Martin & Burr,
1989; Turner & Burr, 1993). The load-deformation curve may be converted to stress-strain
curve by accounting for the geometry of the structure and the loading situation. The strain
by definition is the deformation divided by the original dimension. If the loading force is
compressive (or tensile), then the stress is simply force divided by the cross-sectional area
of the structure. In bending and torsion, the stress varies throughout a cross-section. The
slope of the stress-strain curve in turn is the Young’s modulus, i.e. stiffness, of the material.
The strength of the structure is defined as the load at which the structure either yields (yield
strength) or breaks (breaking strength, which equals ultimate strength in bone). As was the
case with stiffness, the strength may be reported as a material property (yield or breaking
stress) or structural property (yield or breaking load). Because of the anisotropic structure
of bone material, Young’s modulus and breaking stress are different in longitudinal and
transverse directions. Furthermore, bone ultimate stress is different in tension, compression
and shear. While looking at different types of loading: bending, compression and shear, it
becomes clear that the geometry of bone is of utmost importance in bending and shear loading
(Currey, 2001; Turner & Burr, 1993).

Fig. 3. Schematic illustration of a load-deformation curve.

2.1 Example of how geometry affects bone strength
Bending stress in a bone cross-section in a given loading configuration is determined by the
second moment of area (also known as cross-sectional moment of inertia) of the cross-section
as shown in (Fig. 1 A). Stress (indicated by the shaded area) is distributed unevenly
throughout the cross-section, being by definition zero at the neutral axis and increasing its
magnitude linearly while moving away from the neutral axis. The stress (σ) at a given point
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cylinder with an inner radius of 6 mm and an outer radius of 12 mm (corresponds to the
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and gastrocnemii muscles plantar flex the ankle) making calculating the internal forces an
overdetermined (redundant) problem, which means that there are infinite number of possible
solutions of muscle forces3.

2 And are thought of being the most meaningful estimates by the authors in any case.
3 We have ignored at least one resourceful way of estimating skeletal loading. A walking simulator using

cadaveric specimens has been built (Peterman et al., 2001), which produces reasonable strain results.
However, the problem of redundant muscle forces applies also to that application.
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2.1 Example of how geometry affects bone strength
Bending stress in a bone cross-section in a given loading configuration is determined by the
second moment of area (also known as cross-sectional moment of inertia) of the cross-section
as shown in (Fig. 1 A). Stress (indicated by the shaded area) is distributed unevenly
throughout the cross-section, being by definition zero at the neutral axis and increasing its
magnitude linearly while moving away from the neutral axis. The stress (σ) at a given point
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within the cross-section is determined by multiplying the bending moment (M) with the
distance coordinate (y) from the neutral axis (dashed line) and dividing the product with
the second moment of area (I) of the cross-section in relation to the neutral axis (i.e. σ = M

I y).
This leads to the conclusion that the bending stress will be positive (tensile) on one side of the
neutral axis and negative (compressive) on the other. In case of symmetrical cross-sections the
stress magnitudes on both extremes will be equal. In case of a real bone it is rarely the case.
Let’s simplify the bone mid-shaft cross-section to a hollow oval with external radii ae, be and
internal ai, bi as depicted in (Fig. 1 B). The area of an oval is equal to πab, where a and b are
the radii of the oval and thus the area of an oval ring is given by π(aebe − aibi). If the area
is increased by 2% in a way observed in association to exercise interventions, only be will be
increased as shown in figure (Fig. 1 C). Therefore the following relation holds:

1.02 · π(aebe − aibi) = π(aebe−new − aibi) (2)

and can be transformed to compute the corresponding new external radius, be−new, with the
means of following equation:

be−new =
1.02 · (aebe − aibi) + aibi

ae
. (3)

The cross-sectional second moment of area of a solid ellipse,I, is equal to:

I =
π

4
ab3 (4)

and thus for an elliptic ring, the second moment of area will be:

I =
π

4
(aeb3

e − aib3
i ). (5)

Lets assume ai = 0.5, bi = 0.5 and ae = 1.0, be = 1.5, which if the units were in cm,
corresponds to young adult men tibial mid-shaft. In this particular case the cross-sectional
inertia prior to the intervention would have been 2.60cm4 and after 2.74cm4, which is a 5%
increase. Accordingly the change would have lead to a 3% decrease in maximal stress. For
further details on bone mechanics, please refer to pertinent literature such as prof. Currey’s
book (Currey, 2002).

3. Reaction forces and inverse dynamics in estimating skeletal loading

Lower limb skeletal loading (bone stresses) may be estimated with a combination of kinetic
and kinematic measurements (Anderson et al., 1996). Kinetic measurements are typically
the measurement of vertical and horizontal ground reaction forces e.g. during locomotion,
whereas the kinematic measurements (displacements, velocities and accelerations of segments
and respective angular equivalents of joints) are derived from the motion captured from
the subject. The measured kinematics is combined with the measured kinetics in inverse
dynamics to calculate joint moments. Judging by the apparent similarity of the patterns
of ankle moment and tibial mid-shaft maximal principal strain in walking (Fig. 5), simply
looking at joint moments appears to give a reasonable estimate of tibial mid-shaft bone strains.
However, it needs to be remembered that tibia is also affected by the knee joint moment and
the patterns of the knee joint moments differ quite markedly from the patterns observed at
the ankle joint.
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Fig. 4. Strain describes the relative deformation of a structure. If the rectangle (representing a
solid structure) on the left is subjected to a tension force as indicated by the arrows on the
narrower rectangle (representing the same structure under tension), the rectangle will
deform. If the structure is incompressible, the width will change roughly half of the relative
change in height but to opposite direction (remember that any given real life structure is
three dimensional and volume is maintained if the structure is incompressible, i.e. Poisson’s
ratio = 0.5), i.e. the rectangle becomes longer but narrower. If the force was compressive, the
rectangle would become shorter but thicker. In addition to being subjected to both tensile
and compressive strain at the same point, due to being incompressible, the opposite forms of
strain also cause shear strain at the same point. Unlike the example given, bone is
compressible to some extent (cortical bone Poisson’s ratio is somewhere between 0.2 to 0.4).
Nevertheless, any given loaded point in bone will nevertheless always develop all forms of
strains.

Furthermore, if one were to estimate the magnitude of bone stresses and strains, just
calculating based on external forces, (i.e. joint moments), and neglect the internal forces
(i.e. muscle forces), the stresses and strains could potentially be greatly miss-characterized
(an example is given under section 4). Again, using tibial mid-shaft as an example consider
standing on the balls of the feet. If the fact that the moments are caused by muscles were
neglected, one would include only ankle joint moment and the weight of the body above tibial
mid-shaft in calculating the tibial mid-shaft stresses and strains. However, since the ankle joint
moment is in fact produced by the ankle extensors, the compressive and bending forces cause
by the muscle activity should be taken into consideration instead of joint moments. Due to
the ratio of contact point to ankle joint moment arm and ankle extensor muscles’ insertion
to ankle joint moment arm, the force required from the ankle extensor musculature is in
the order of two to three times body weight (Finni et al., 1998; Ishikawa et al., 2005; Komi
et al., 1992). Furthermore, bending moments and compressive forces load the bone in a very
different manner and neglecting the muscles as the cause of the joint moment has the potential
of greatly influencing the result (Fig. 6). Knowing bone stresses and strains in a single point is
useful only to a limited extent and for most practical applications, the stresses and strains need
to be estimated across the bone cross-section and at several points through the length of the
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Fig. 5. Schematic illustration of tibial mid-shaft anteromedial aspect maximal principal strain
(Lanyon et al., 1975) (upper pane) and ankle sagittal plane joint moment (Silder et al., 2008)
during a walking cycle.

bone. Therefore, it quickly becomes evident that building models for individual applications,
solving the muscle forces (which are redundant and therefore need to be estimated with some
kind of optimization criteria) and calculating the stresses and strains is not feasible and a more
general modelling approach needs to be chosen. Flexible multibody dynamics methods can
be used as such a generalized modelling method.

3.1 Flexible multibody dynamics
Flexibility can be accounted for in a number of ways in multibody applications. The linear
theory of elastodynamics can be considered a traditional approach to account for flexibility.
This approach relies on the assumption of small deformations in the flexible bodies. Thus,
rigid body simulation is decoupled with the deformation computation. The rigid body
simulation is performed to obtain the external, as well as internal, forces acting upon each
of the bodies. These forces are later imposed on the finite element model of the body for
which deformations, stresses and strains can be obtained (Erdman & Sandor, 1972; Lowen &
Chassapis, 1986; Lowen & Jandrasits, 1972; Turcic & Midha, 1984; Turcic et al., 1984; Winfrey,
1971). Standard multibody and finite element solvers can be used for this method, which is
a great benefit. Additionally, a considerable increase in computational speed can be achieved
if the force application points are known a priori and do not vary over the duration of the
simulation. In such cases, the use of linear finite element analysis is reduced to a single
computation of the full model. Strains, stresses and deformations can then be computed for
each time step as post-processing. Conversely, the flexibility of the bodies does not affect
the multibody simulation behaviour, which is the main disadvantage, especially in case of
considerable deformations.
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Fig. 6. Freebody diagrams for estimating tibial mid-shaft bone loading while standing on one
leg on the ball of the foot. A) Forces accounted for when estimating tibial loading with just
the ground reaction force, i.e. ground reaction force (GRF) and its counter force (weight of
the subject). B) Estimating tibial loading after inverse dynamics. Compressive loading is
accounted for by the GRF and bending is accounted for by the ankle joint moment. It is quite
easy to imagine a situation, in which tibial loading is not proportional to ground reaction
forces. Consider the situation in pane A and then imagine one standing with the ankle fully
plantar flexed. In both cases the GRFs are the same, while ankle joint moment is changed (if
one were a ballerina, the ankle joint moment could actually be made to drop to zero). C)
Tibial loading is estimated from joint contact forces comprising reaction forces and muscular
forces.

Lumped mass formulation is another method that can be used to describe mechanical
flexibility (Hughes, 1979; Hughes & Winget, 1980; Huston, 1981; 1991; Kamman & Huston,
2001; Raman-Nair & Baddour, 2003). In this formulation, a flexible body is replaced by a set
of point masses connected via springs. Using a sufficient amount of springs and masses allows
for reasonably accurate mass distribution, within inhomogeneous bodies as well. Similar
to the linear theory of elastodynamics, the lumped mass approach does not require that
any changes be made in the standard rigid multibody solver. In contrast to the rigid body
representation, the performance decays with the rise of discretization precision. Therefore,
this method can only be practically applied to beam structures.
The third major method for introducing flexibility into the multibody formulation is the
floating frame of reference (Shabana, 2005). Formulation relies on coordinate partitioning so
that one set of coordinates is used to describe the flexible body’s reference frame in the global
coordinate system and another set of coordinates is used to describe the deformation of the
body in the local frame of reference. Originally, the deformation of the body was described in
a similar fashion to the finite element method, resulting in a remarkable increase in regards
to computational effort. However, Shabana and Wehage (Shabana, 1983) have developed a
solution to this problem by replacing the full finite element models of flexible structures with
deformation modes description. This allowed for a reduction in the amount of deformation
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2001; Raman-Nair & Baddour, 2003). In this formulation, a flexible body is replaced by a set
of point masses connected via springs. Using a sufficient amount of springs and masses allows
for reasonably accurate mass distribution, within inhomogeneous bodies as well. Similar
to the linear theory of elastodynamics, the lumped mass approach does not require that
any changes be made in the standard rigid multibody solver. In contrast to the rigid body
representation, the performance decays with the rise of discretization precision. Therefore,
this method can only be practically applied to beam structures.
The third major method for introducing flexibility into the multibody formulation is the
floating frame of reference (Shabana, 2005). Formulation relies on coordinate partitioning so
that one set of coordinates is used to describe the flexible body’s reference frame in the global
coordinate system and another set of coordinates is used to describe the deformation of the
body in the local frame of reference. Originally, the deformation of the body was described in
a similar fashion to the finite element method, resulting in a remarkable increase in regards
to computational effort. However, Shabana and Wehage (Shabana, 1983) have developed a
solution to this problem by replacing the full finite element models of flexible structures with
deformation modes description. This allowed for a reduction in the amount of deformation
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coordinates (in the range of thousands) to a reasonable amount of modal coordinates, making
this method an effective compromise between accuracy and computational effort.

3.2 Modelling results obtained with flexible multibody dynamics in human locomotion
There is a relative paucity of dynamic bone loading modelling results in human locomotion
in the present literature. One notable exception is the results from Anderson et al. (1996), who
modelled femoral neck maximal stresses in several gym exercises. However, Anderson et al.
(1996) reported bone stresses from only one location (i.e. the femoral neck). The floating frame
of reference method with modal coordinates has been successfully applied in modelling tibial
and femoral bone strains during walking (Klodowski et al., 2011; Nazer et al., 2011; Nazer,
Klodowski, Rantalainen, Heinonen, Sievänen & Mikkola, 2008; Nazer, Rantalainen, Heinonen,
Sievänen & Mikkola, 2008). When looking at femoral neck strain estimates and tibial mid-shaft
strain estimates it may be seen that the timing of peak strains differ between these two bone
sites. Remembering from the introduction, that literature reports femoral neck adaptation
while no adaptation is seen at tibial mid-shaft following an intervention, it certainly appears
that modelling based approaches of estimating skeletal loading may prove useful in the future.

4. Numerical example

To illustrate the differences between presented modelling techniques a simple numerical
example will be presented. In the example axial stresses and strains at the mid-shaft
cross-section of the tibia of a subject standing on the balls of his feet will be estimated. To
make the example more realistic, the dimensions of the subject were taken from the LifeMod4

database and correspond to a male whose height is 180cm, weight 80kg and age 24 years. In
the example the subject extends his ankle joints by 20◦, and tilts his body forward by 10◦. In
this condition the center of mass will be slightly ahead of the foot contact, which will add extra
torque at joints to make the example more interesting. Only a right half of a lower body will
be considered, meaning: pelvis, right upper leg, right lower leg and a right foot. To make
simulation models comparable with hand calculations, which are based solely on ground
reaction forces, location of the cross-section at which stresses and strains are computed is
preserved together with it’s geometry described by a polygon. All models share also the
material model for the bone which for simplicity is isotropic and homogeneous, with Young’s
modulus of 17GPa (Dong & Guo, 2004) and Poisson’s ratio equal to 0.3 (Reilly & Burstein,
1975).

4.1 Approach based on ground reaction force (model 1)
Let’s start the analysis with the simplest 2D (saggital plane) model, which would be the most
intuitive first choice (Fig. 7).
In the model the mass is concentrated in a point at the hip joint, represented by body gravity
force, Fg. This location is close to the real center of mass for the human. At the same location
stabilization force Fs is applied to constrain the model from falling. At the foot-ground
contact point, ground reaction force is applied, for simplicity divided into normal, GRFn, and
tangential components, GRFf which correspond to static friction. Knowing the mass of the
subject, m = 80kg, we can assume for symmetric case, that the load carried by each leg is
equal, thus:

4 LifeMod plug-in for MSC Adams, version 2008.0.0, LifeModdeler, Inc., San Clemente, California, USA
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Fig. 7. Model diagram with tibia cross-section at which the stresses and strains will be
computed with the use of ground reaction forces only

Fg =
m
2
· g (6)

where g is the gravity constant equal to 9.81066 N
kg . The unknown stabilization, Fs, and friction

forces, GRFf , as well as vertical component of the ground reaction force, GRFn can be solved
from the equilibrium equations:

ΣFix = 0 ⇔ GRFf − Fs = 0 ⇔ GRFf = Fs (7)

ΣFiy = 0 ⇔ GRFn − Fg = 0 ⇔ GRFn = Fg (8)

ΣMiD = 0 ⇔ Fg · (Ax − Dx)− Fs · (Ay − Dy) = 0

⇔ Fs =
Fg · (Ax − Dx)

Ay − Dy

(9)

where, Ax, Ay, Dx, Dy are x and y coordinates of hip joint and foot-ground contact point
correspondingly. Substituting to equation 6 numerical values Fg can be obtained:

Fg =
m
2
· g =

80kg
2

· 9.81066
N
kg

= 392.43N (10)

Knowing the value of Fg from equation 10, value of GRFn can be obtained from equation 8,
yielding GRFn = 392.43N. Substituting numerical values to equation 9, Fs can be solved as:

Fs =
Fg · (Ax − Dx)

Ay − Dy
=

392.43N · (−35.33mm − (−81.47mm))

−24.84mm − (−964.11mm)
= 19.28N (11)

From equation 7 value of GRFf can be expressed as: GRFf = 19.28N. Knowing all the external
forces applied to the model in the equilibrium, internal forces and moments can be computed.
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coordinates (in the range of thousands) to a reasonable amount of modal coordinates, making
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Klodowski, Rantalainen, Heinonen, Sievänen & Mikkola, 2008; Nazer, Rantalainen, Heinonen,
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4 LifeMod plug-in for MSC Adams, version 2008.0.0, LifeModdeler, Inc., San Clemente, California, USA
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Fig. 7. Model diagram with tibia cross-section at which the stresses and strains will be
computed with the use of ground reaction forces only
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correspondingly. Substituting to equation 6 numerical values Fg can be obtained:

Fg =
m
2
· g =

80kg
2

· 9.81066
N
kg

= 392.43N (10)

Knowing the value of Fg from equation 10, value of GRFn can be obtained from equation 8,
yielding GRFn = 392.43N. Substituting numerical values to equation 9, Fs can be solved as:
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Fg · (Ax − Dx)

Ay − Dy
=

392.43N · (−35.33mm − (−81.47mm))

−24.84mm − (−964.11mm)
= 19.28N (11)

From equation 7 value of GRFf can be expressed as: GRFf = 19.28N. Knowing all the external
forces applied to the model in the equilibrium, internal forces and moments can be computed.
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Fig. 8. A) Freebody diagram of the foot and lower part of tibia. B) Lower part of tibia
diagram used for calculations of global coordinates of point P

The cross-section at which the stresses and strains will be computed is located at point P, as
marked in figure 8. Solving of internal normal force, Fn, transverse force, Ft, and bending
moment, M will be based on free body diagram depicted in figure 8.
Equilibrium equations for the bottom part of tibia and a foot can be expressed in the
cross-section coordinate system x̄ − ȳ for simplicity:

ΣFix̄ = 0 ⇔ Ft + GRFf · cos(α)− GRFn · sin(α) = 0

⇔ Ft = GRFn · sin(α)− GRFf · cos(α)
(12)

ΣFiȳ = 0 ⇔ −Fn + GRFf · sin(α) + GRFn · cos(α) = 0

⇔ Fn = GRFf · sin(α) + GRFn · cos(α)
(13)

ΣMiP = 0 ⇔ M − GRFf · (Py − Dy)− GRFn · (Px − Dx) = 0

⇔ M = GRFf · (Py − Dy) + GRFn · (Px − Dx)
(14)

Note that coordinates of points P and D are expressed in the global coordinate system due to
the fact, that forces GRFf and GRFn act along global coordinate system axes. The resulting
moments from those forces around point P are then computed as the force multiplied the
moment arm, which is the distance between contact point and point P and is measured along
axis perpendicular to the force direction. In this example we assume that moment has a
positive sign if it results in clockwise rotation. In order to solve the equilibrium equations
location of point P is required. Point P lies at the neutral axis of the bone cross-section. Thus
at this point we will compute the cross-sectional parameters: second moment of area along
bending axis, centroid location, and area. Bone cross-section is taken from the generic bone
model generated by LifeMod. It is described as a polygon (Fig. 7) with vertices coordinates
given in table 1.
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Point x̄ [mm] z̄ [mm]
1 13.11 -4.1
2 10.29 -5.59
3 7.12 -9.23
4 0.67 -10.06
5 -4.84 -10.35
6 -12.45 -3.75
7 -13.61 3.68
8 -8.18 13.6
9 5.76 5.26

10 9.31 1.04

Table 1. Coordinates of the vertices of the polygon defining the cross-section of the bone

Area of a polygon can be obtained using the following equation:

A =
1
2

n

∑
i=1

(x̄i+1 · z̄i − x̄i · z̄i+1) (15)

where n is the number of points, point n + 1 refers to point 1 as the polygon must be closed.
Note that the equation 15 holds when the points are ordered in clockwise direction, for the
anticlockwise order of points the minus sign has to be added. After computations the area of
the bone cross-section is A = 393.07mm2. Centroid y coordinate, P̄x, can be obtained from:

P̄x =
1

6A

n

∑
i=1

(x̄i + x̄i+1) · (x̄i+1 · z̄i − x̄i · z̄i+1) (16)

Substituting numerical values to equation 16 yields P̄x = −1.84mm. Global coordinates of
point P can be obtained from the geometrical dependencies depicted in figure 8B. Note that
P̄x is a coordinate of the point P with respect to point P’ not a distance (absolute value of a
coordinate), thus sign convention in the equations 17 and 18.

Px = Cx + |CP� | · sin(α) + P̄x · cos(α) (17)

Py = Cy + |CP� | · cos(α)− P̄x · sin(α) (18)

Substituting numerical values to equations 17, 18 yields:

Px = −159.55mm + 225.76mm · sin(10◦)− 1.84mm · cos(10◦) = −122.16mm (19)

Py = −840.22mm + 225.76mm · cos(10◦)− (−1.84mm) · sin(10◦) = −617.57mm (20)

Second moment of area of the bone cross-section about z̄ axis can be defined as:

Iz̄ =
1
12

n

∑
i=1

(x̃2
i + x̃i · x̃i+1 + x̃2

i+1) · (x̃i+1 · z̄i − x̃i · z̄i+1); (21)

where:
x̃ = x̄ − P̄x (22)

Substituting numerical values to equations 21 and 22 yields: Iz̄ = 15008mm4. Finally,
having all cross-sectional parameters, and most importantly coordinates of point P in global
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Fig. 8. A) Freebody diagram of the foot and lower part of tibia. B) Lower part of tibia
diagram used for calculations of global coordinates of point P

The cross-section at which the stresses and strains will be computed is located at point P, as
marked in figure 8. Solving of internal normal force, Fn, transverse force, Ft, and bending
moment, M will be based on free body diagram depicted in figure 8.
Equilibrium equations for the bottom part of tibia and a foot can be expressed in the
cross-section coordinate system x̄ − ȳ for simplicity:

ΣFix̄ = 0 ⇔ Ft + GRFf · cos(α)− GRFn · sin(α) = 0

⇔ Ft = GRFn · sin(α)− GRFf · cos(α)
(12)

ΣFiȳ = 0 ⇔ −Fn + GRFf · sin(α) + GRFn · cos(α) = 0

⇔ Fn = GRFf · sin(α) + GRFn · cos(α)
(13)

ΣMiP = 0 ⇔ M − GRFf · (Py − Dy)− GRFn · (Px − Dx) = 0

⇔ M = GRFf · (Py − Dy) + GRFn · (Px − Dx)
(14)

Note that coordinates of points P and D are expressed in the global coordinate system due to
the fact, that forces GRFf and GRFn act along global coordinate system axes. The resulting
moments from those forces around point P are then computed as the force multiplied the
moment arm, which is the distance between contact point and point P and is measured along
axis perpendicular to the force direction. In this example we assume that moment has a
positive sign if it results in clockwise rotation. In order to solve the equilibrium equations
location of point P is required. Point P lies at the neutral axis of the bone cross-section. Thus
at this point we will compute the cross-sectional parameters: second moment of area along
bending axis, centroid location, and area. Bone cross-section is taken from the generic bone
model generated by LifeMod. It is described as a polygon (Fig. 7) with vertices coordinates
given in table 1.
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Point x̄ [mm] z̄ [mm]
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Area of a polygon can be obtained using the following equation:
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∑
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(x̄i+1 · z̄i − x̄i · z̄i+1) (15)

where n is the number of points, point n + 1 refers to point 1 as the polygon must be closed.
Note that the equation 15 holds when the points are ordered in clockwise direction, for the
anticlockwise order of points the minus sign has to be added. After computations the area of
the bone cross-section is A = 393.07mm2. Centroid y coordinate, P̄x, can be obtained from:

P̄x =
1

6A

n

∑
i=1

(x̄i + x̄i+1) · (x̄i+1 · z̄i − x̄i · z̄i+1) (16)

Substituting numerical values to equation 16 yields P̄x = −1.84mm. Global coordinates of
point P can be obtained from the geometrical dependencies depicted in figure 8B. Note that
P̄x is a coordinate of the point P with respect to point P’ not a distance (absolute value of a
coordinate), thus sign convention in the equations 17 and 18.

Px = Cx + |CP� | · sin(α) + P̄x · cos(α) (17)

Py = Cy + |CP� | · cos(α)− P̄x · sin(α) (18)

Substituting numerical values to equations 17, 18 yields:

Px = −159.55mm + 225.76mm · sin(10◦)− 1.84mm · cos(10◦) = −122.16mm (19)

Py = −840.22mm + 225.76mm · cos(10◦)− (−1.84mm) · sin(10◦) = −617.57mm (20)

Second moment of area of the bone cross-section about z̄ axis can be defined as:

Iz̄ =
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(x̃2
i + x̃i · x̃i+1 + x̃2

i+1) · (x̃i+1 · z̄i − x̃i · z̄i+1); (21)

where:
x̃ = x̄ − P̄x (22)

Substituting numerical values to equations 21 and 22 yields: Iz̄ = 15008mm4. Finally,
having all cross-sectional parameters, and most importantly coordinates of point P in global
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coordinate system, equilibrium equations 12, 13 and 14, can be solved for: bending moment,
M, normal force, Fn and tangential force, Ft as follows:

Ft = 392.43N · sin(10◦)− 19.28N · cos(10◦) = 49.16N (23)

Fn = 19.28N · sin(10◦) + 392.43N · cos(10◦) = 389.82N (24)

M = 19.28N · (−617.57mm − (−840.22mm))

+ 392.43N · (−122.16mm − (−159.55mm)) = 18966Nmm
(25)

Each point within the cross-section of the bone is subjected to stresses caused by the normal
force, Fn, and bending moment, M. In mechanics tensile stresses are denoted by positive sign,
consequently compressive strains are marked by the negative sign. Compressive axial stresses
caused by the normal force are uniform within the cross-section and can be calculated using
the following relationship:

σFn = − Fn

A
(26)

Stresses caused by the bending moment vary within the cross-section with respect to the
coordinate x̃. The relationship between point location and bending stresses is:

σM = − M · x̃
Iz̄

(27)

Total axial strains are sum of stresses caused by the normal force and stresses caused by
bending:

σ = σFn + σM = − Fn

A
− M · x̄

Iz̄
(28)

Substituting numerical values to equation 26 results in:

σFn = − 389.82N
393.07mm2 = −0.99MPa (29)

Strains are associated with stresses with a linear relationship called the Hook’s law:

� =
σ

E
(30)

Table 2 contains axial stresses computed at the vertices of bone’s cross-section using equations
26, 27, and 28. In the last column of the table total strains are presented computed using the
Hooke’s law (equation 30). It can be seen that the posterior part of the bone is subjected to
tensile strains while the anterior part is in compression. Bending contribution in the loading
is dominating, which can be seen from analysis of table 2.

4.2 Inverse dynamics simulation (model 2)
Inverse dynamics simulation is similar to the calculations presented in the previous section.
The main difference between the two approaches is the mass distribution within the model
and complexity of the mechanical system. Moreover the inverse dynamics model, presented
in this section, is three dimensional. This allows to account for bending also in the frontal
(coronal) (and transverse) plane(s). In model 2 foot is attached to the ground by a revolute
joint. Foot, lower leg and pelvis are interconnected via spherical joints, and pelvis at the center
of mass is attached to the ground by planar joint in the sagittal plane. Stabilization force
is applied at the center of mass of the body by a constraint restricting translation along the
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Point σFn [MPa] σM [MPa] σ [MPa] � [μ]
1 -0.99 -18.89 -19.88 -1169
2 -0.99 -15.33 -16.32 -960
3 -0.99 -11.33 -12.32 -725
4 -0.99 -3.17 -4.16 -245
5 -0.99 3.79 2.80 165
6 -0.99 13.41 12.42 731
7 -0.99 14.87 13.88 817
8 -0.99 8.01 7.02 413
9 -0.99 -9.61 -10.6 -623
10 -0.99 -14.09 -15.08 -887

Table 2. Axial stresses resulting from normal force, σFn, bending moment, σM, total stresses,
σ, and total strains, �, at the vertices of the polygon defining the cross-section of the bone

global x axis. In order to maintain the desired body position, ankle, knee and hip joints cannot
remain unconstrained, thus at each of this joints torques are applied. In the presented case
this corresponds to fixing the body segments together rigidly as only static case is discussed.
However in the general case, where motion would be studied, those torques would vary over
time in order to reproduce subject’s motion. The model used in inverse dynamics simulation
is presented in figure 9.
Models used in simulation can be more complex comparing to the simple mechanical
calculations. For this reason natural mass distribution along with inertia properties for each
body segment can be achieved. Reasonable guess of geometry and mass distribution can be
obtained from LifeMod package. According to the subject specification the foot weight 2.14kg,
lower leg mass is 4.19kg, upper leg’s mass is 7.47kg and the upper body plus pelvis weight
52.4kg. As only half of the model is considered, the upper body and pelvis mass have to be
reduced to 26.2kg to maintain symmetry conditions. Stresses and strains calculations could
be performed in analogical way like in the model 1 using the multibody model just to obtain
the cross-sectional bending moments and normal force. However use of flexible multibody
dynamics allows to compute the stresses and strains directly at any nodal location within
the flexible bone. To benefit from the flexible multibody approach, the rigid bone at which
stresses and strains are to be computed needs to be replaced with it’s flexible version. To
obtain the most accurate results bone geometry should be reconstructed from medical images
to correspond to the subject, however for this example just the simple shell geometry created
by LifeMod will be used. After exporting the geometry from Adams5, it can be imported to
any finite element software which is capable of generating modal neutral file. For this example
ANSYS 12 will be used.
In the finite element software the initial shell geometry is converted to solid body which can
be discretized with solid elements. As in the model 1, it is assumed that bone is homogeneous,
thus the whole volume of the bone is meshed with 5mm in size four-node tetrahedral linear
solid elements. Each of the elements is assigned Young modulus of 17GPa and Poisson’s
ratio of 0.3. In order to perform modal analysis rigid beams are added at the distal ends of
tibia connecting surface nodes with knee and ankle joint centres respectively. Craig-Bampton
(Craig & Bampton, 1968) modal reduction allows to represent large finite element models with
the use of several deformation modes, thus remarkable reducing the computational effort in

5 MSC Adams, version R3, MSC.Software Corporation, Santa Ana, California, USA
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coordinate system, equilibrium equations 12, 13 and 14, can be solved for: bending moment,
M, normal force, Fn and tangential force, Ft as follows:

Ft = 392.43N · sin(10◦)− 19.28N · cos(10◦) = 49.16N (23)

Fn = 19.28N · sin(10◦) + 392.43N · cos(10◦) = 389.82N (24)

M = 19.28N · (−617.57mm − (−840.22mm))

+ 392.43N · (−122.16mm − (−159.55mm)) = 18966Nmm
(25)

Each point within the cross-section of the bone is subjected to stresses caused by the normal
force, Fn, and bending moment, M. In mechanics tensile stresses are denoted by positive sign,
consequently compressive strains are marked by the negative sign. Compressive axial stresses
caused by the normal force are uniform within the cross-section and can be calculated using
the following relationship:

σFn = − Fn

A
(26)

Stresses caused by the bending moment vary within the cross-section with respect to the
coordinate x̃. The relationship between point location and bending stresses is:

σM = − M · x̃
Iz̄

(27)

Total axial strains are sum of stresses caused by the normal force and stresses caused by
bending:

σ = σFn + σM = − Fn

A
− M · x̄

Iz̄
(28)

Substituting numerical values to equation 26 results in:

σFn = − 389.82N
393.07mm2 = −0.99MPa (29)

Strains are associated with stresses with a linear relationship called the Hook’s law:

� =
σ

E
(30)

Table 2 contains axial stresses computed at the vertices of bone’s cross-section using equations
26, 27, and 28. In the last column of the table total strains are presented computed using the
Hooke’s law (equation 30). It can be seen that the posterior part of the bone is subjected to
tensile strains while the anterior part is in compression. Bending contribution in the loading
is dominating, which can be seen from analysis of table 2.

4.2 Inverse dynamics simulation (model 2)
Inverse dynamics simulation is similar to the calculations presented in the previous section.
The main difference between the two approaches is the mass distribution within the model
and complexity of the mechanical system. Moreover the inverse dynamics model, presented
in this section, is three dimensional. This allows to account for bending also in the frontal
(coronal) (and transverse) plane(s). In model 2 foot is attached to the ground by a revolute
joint. Foot, lower leg and pelvis are interconnected via spherical joints, and pelvis at the center
of mass is attached to the ground by planar joint in the sagittal plane. Stabilization force
is applied at the center of mass of the body by a constraint restricting translation along the
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Table 2. Axial stresses resulting from normal force, σFn, bending moment, σM, total stresses,
σ, and total strains, �, at the vertices of the polygon defining the cross-section of the bone

global x axis. In order to maintain the desired body position, ankle, knee and hip joints cannot
remain unconstrained, thus at each of this joints torques are applied. In the presented case
this corresponds to fixing the body segments together rigidly as only static case is discussed.
However in the general case, where motion would be studied, those torques would vary over
time in order to reproduce subject’s motion. The model used in inverse dynamics simulation
is presented in figure 9.
Models used in simulation can be more complex comparing to the simple mechanical
calculations. For this reason natural mass distribution along with inertia properties for each
body segment can be achieved. Reasonable guess of geometry and mass distribution can be
obtained from LifeMod package. According to the subject specification the foot weight 2.14kg,
lower leg mass is 4.19kg, upper leg’s mass is 7.47kg and the upper body plus pelvis weight
52.4kg. As only half of the model is considered, the upper body and pelvis mass have to be
reduced to 26.2kg to maintain symmetry conditions. Stresses and strains calculations could
be performed in analogical way like in the model 1 using the multibody model just to obtain
the cross-sectional bending moments and normal force. However use of flexible multibody
dynamics allows to compute the stresses and strains directly at any nodal location within
the flexible bone. To benefit from the flexible multibody approach, the rigid bone at which
stresses and strains are to be computed needs to be replaced with it’s flexible version. To
obtain the most accurate results bone geometry should be reconstructed from medical images
to correspond to the subject, however for this example just the simple shell geometry created
by LifeMod will be used. After exporting the geometry from Adams5, it can be imported to
any finite element software which is capable of generating modal neutral file. For this example
ANSYS 12 will be used.
In the finite element software the initial shell geometry is converted to solid body which can
be discretized with solid elements. As in the model 1, it is assumed that bone is homogeneous,
thus the whole volume of the bone is meshed with 5mm in size four-node tetrahedral linear
solid elements. Each of the elements is assigned Young modulus of 17GPa and Poisson’s
ratio of 0.3. In order to perform modal analysis rigid beams are added at the distal ends of
tibia connecting surface nodes with knee and ankle joint centres respectively. Craig-Bampton
(Craig & Bampton, 1968) modal reduction allows to represent large finite element models with
the use of several deformation modes, thus remarkable reducing the computational effort in

5 MSC Adams, version R3, MSC.Software Corporation, Santa Ana, California, USA
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Fig. 9. Illustration of the three-dimensional model used in the inverse dynamics simulation.
The model consists of four segments: foot, lower and upper leg, and a pelvis.

the simulation software. Knee and ankle joint center location nodes are used as boundary
nodes in the modal analysis. For the current example 42 deformation modes will be computed.
In the simulation however only 36 modes are usable, due to the fact that first six deformation
modes represent rigid body motion, which is accounted for already in multibody formulation.
Ground reaction forces obtained from the model are GRFn = 392.27N and GRFf = 20.50N.
Stress and strain results of inverse dynamics simulation with flexible tibia are grouped in
table 3. Comparing table 2 containing results from the simple model with the current results
it can be seen that stresses and strains are on average 1.43 times higher in case of a simple
model. At the same time, both models predict same deformation mode of the bone, which is
bending in the saggital plane causing compressive strains at the anterior site of the bone and
tensile strains on the posterior side.
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Point σ [MPa] � [μ]
1 -13.04 -755
2 -12.14 -713
3 -8.38 -491
4 -4.05 -245
5 2.44 145
6 7.64 447
7 8.65 508
8 4.13 245
9 -7.83 -450
10 -10.56 -617

Table 3. Total axial stresses, σ, and total strains, �, at the vertices of the polygon defining the
cross-section of the bone obtained from inverse dynamics model

4.3 Forward dynamics simulation (model 3)
Forward dynamics simulation with the use of flexible multibody dynamics is based on the
model presented in inverse dynamics example. However in the model 3, torque actuators
at the joints are removed, and in turn muscle actuators are added. Muscle actuators are
represented by straight line of action between muscle insertion points. The contraction of
each muscle is controlled by the proportional-integral-derivative (PID) controller, which aims
at replicating muscle contraction patterns obtained in the inverse dynamics. The model
is actuated by 16 muscles: tibialis anterior, soleus, gastrocnemius medialis, gastrocnemius
lateralis, rectus femoris, vastus lateralis, vastus medialis, biceps femoris (two actuators),
illiacus, semitendinosus, gluteus medialis (two actuators), gluteus maximus (two actuators),
adductor magnus. Muscle placement is depicted in figure 10. Adductor magnus is not visible
in the picture as it is on the inferior site of the femur.
Forward dynamics simulation requires significant amount of input parameters, among them
muscle contraction patterns, that are used as a reference signal for muscle controllers. The
easiest way to obtain muscle contraction splines is the inverse dynamics simulation. During
the inverse dynamics model is driven by the motion captured from a subject. In the example
case, there is no motion, so during the inverse dynamics the model is simply fixed in desired
orientation. After gathering muscle contraction splines, which in this case are just initial
muscle length values, the forward dynamics simulation can be performed. External constrains
are removed, meaning that the joints are free to move if no muscle force is produced. However
support hinge at the foot, planar constraint at the pelvis and translation along x axis constrain
at the center of mass are preserved.
Simulated ground reaction forces are: GRFn = 392.22N and GRFf = 20.57N for the vertical
and frictional components respectively. Stresses and strains at the mid-shaft cross-section of
the tibia are presented in table 4.

4.4 Summary of the numerical example
It is worth noting that the loading pattern obtained from model 3 is completely different to
the ones obtained using models 1 and 2. Model 3 predicts that the posterior part of tibia is
subjected to compression while the anterior part is in tension. The magnitude of strains and
stresses is around 7.62 times smaller for model 3 compared to model 2. The differences can be
explained by analysing differences in mechanics of model 2 and 3. The first one behaves like a
rigid structure, where sagittal ankle torque is carried as bending moment by the tibia. Model
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Fig. 9. Illustration of the three-dimensional model used in the inverse dynamics simulation.
The model consists of four segments: foot, lower and upper leg, and a pelvis.

the simulation software. Knee and ankle joint center location nodes are used as boundary
nodes in the modal analysis. For the current example 42 deformation modes will be computed.
In the simulation however only 36 modes are usable, due to the fact that first six deformation
modes represent rigid body motion, which is accounted for already in multibody formulation.
Ground reaction forces obtained from the model are GRFn = 392.27N and GRFf = 20.50N.
Stress and strain results of inverse dynamics simulation with flexible tibia are grouped in
table 3. Comparing table 2 containing results from the simple model with the current results
it can be seen that stresses and strains are on average 1.43 times higher in case of a simple
model. At the same time, both models predict same deformation mode of the bone, which is
bending in the saggital plane causing compressive strains at the anterior site of the bone and
tensile strains on the posterior side.
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Point σ [MPa] � [μ]
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2 -12.14 -713
3 -8.38 -491
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7 8.65 508
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9 -7.83 -450
10 -10.56 -617

Table 3. Total axial stresses, σ, and total strains, �, at the vertices of the polygon defining the
cross-section of the bone obtained from inverse dynamics model
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It is worth noting that the loading pattern obtained from model 3 is completely different to
the ones obtained using models 1 and 2. Model 3 predicts that the posterior part of tibia is
subjected to compression while the anterior part is in tension. The magnitude of strains and
stresses is around 7.62 times smaller for model 3 compared to model 2. The differences can be
explained by analysing differences in mechanics of model 2 and 3. The first one behaves like a
rigid structure, where sagittal ankle torque is carried as bending moment by the tibia. Model
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Fig. 10. Illustration of the three-dimensional model used in the forward dynamics
simulation. The model consists of four segments: foot, lower and upper leg, and a pelvis;
and fifteen muscles.

1 behaves the same way. Comparing the bending stresses at the considered cross-section to
normal stresses one can notice that the bending stresses are up to 19 times higher than the
normal stresses. In contrast, in model 3 tibia, foot and muscles create a mechanism. Due to the
fact that ankle joint is almost frictionless it carries almost no torque at all, and the contact force
is transmitted through Achilles tendon, and through ankle joint just as an axial and tangential
force. Tibia is then subjected to only transverse and normal forces at the knee and ankle joints,
and the bending moment comes mostly from the activity of soleus (545.72N), vastus lateralis
(67.6N), vastus medialis (2.39N) and rectus femoris (0.08N) muscles. All of those muscles
while contracting create bending moment which creates compressive strains at the posterior
site of tibia. Tensile strains from bending moment actually reduce the compressive loading
from axial force at the anterior site of tibia. This example demonstrates 1) that internal forces
should not be neglected in estimating skeletal loads and 2) that muscle contraction can provide
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Point σ [MPa] � [μ]
1 1.08 60
2 0.64 37
3 -0.89 -49
4 -2.42 -137
5 -4.73 -275
6 -5.69 -333
7 -5.26 -309
8 -2.75 -164
9 0.19 6

10 0.57 31

Table 4. Total axial stresses, σ, and total strains, �, at the vertices of the polygon defining the
cross-section of the bone obtained from forward dynamics model

stress shielding for the bone Sverdlova & Witzel (2010). When it comes to the external forces
they were predicted correctly by all three models.

5. Conclusion

Estimating lower limb skeletal loading may be useful e.g. in association to planning
osteogenic exercise interventions. Although estimating skeletal loading from ground reaction
forces is tempting due to the simplicity of the measurement, more information may be
gained from more elaborate approaches. As was demonstrated by the numerical example,
accounting for mass distribution in the model (as shown in model 2) can lead to 143%
difference in strains. Further difference of up to 19 times can be noted when internal forces are
considered in addition to external forces (i.e. joint torque actuators are replaced with muscle
models). Even though all of the methods predicted almost identical stabilization force and
produced the same ground reaction forces, internal loading was very different. For example in
implant design only relatively realistic strain estimates may be expected to be useful. Implant
loosening is a well known phenomenon (van Loon et al., 1999) and designing the implant in
such a way that appropriate loading levels are attained can be therefore argued to be quite
relevant. Furthermore, if a specific (for example clinically relevant) bone site is to be targeted
with an exercise intervention, it may be necessary to the estimate the loading in a site specific
manner.
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1. Introduction

Comparative zoologists, evolutionary biologists, experimental biologists, and mechanical
engineers make wonderful generalizations about the movements of different-sized running
bipeds and quadrupeds (Heglund et al., 1974; McMahon, 1975; Alexander, 1976; Hoyt &
Taylor, 1981; Garland, 1982; McMahon et al., 1987; Rome et al., 1988; Gatesy & Biewener, 1991;
Farley et al.,1993; Cynthia & Farley, 1998; Bullimore & Burn, 2006), flying birds and swimming
fish (Hill, 1950; Alexander, 2003; Taylor et al., 2003). The dynamic similarity across body mass
and taxa of animals maintaining a certain gait in locomotion has been thoroughly investigated
(Alexander, 1976, 1985, 1989, 2005; Alexander & Bennet-Clark, 1976; Alexander & Jayes, 1983;
Marden & Allen, 2002; Biewener, 2005; Bejan & Marden, 2006a, b; Bullimore & Donelan,
2008). Based on integrative approach to animal locomotion (e.g., review by Dickinson et al.,
2000) and using simple physical ideas (e.g., reviews by Lin, 1982 and Alexander, 2003), many
cited above researches have demonstrated the importance of scaling biomechanics via reliably
established scaling relations for gait characteristics with changes of speed and body mass.
Among well known empirical findings of the dynamic similarity in animals observed across
body mass are scaling relations established for stride (or stroke) speed and/or frequency (Hill,
1950; Heglund et al., 1974 Greenewalt, 1975; Garland, 1982; Heglund & Taylor, 1988; Gatesy
& Biewener, 1991; Farley et al., 1993; Bullen & McKenzie, 2002; Bejan & Marden, 2006a), duty
factor and relative stride length (Alexander & Jayes, 1983; Gatesy & Biewener, 1991), body
force output (Alexander, 1985; Marden & Allen, 2002; Bejan & Marden, 2006a), limb stress
and stiffness (Rubin & Lanyon, 1984; McMahon & Cheng, 1990; Farley & Gonzalez, 1996;
Biewener, 2005; Bullimore & Burn, 2006).
Although the concept of mechanical similarity, well known in analytical mechanics (e.g.,
Duncan, 1953; Landau & Lifshitz, 1976), was accurately re-formulated in application to
the dynamic similarity (Alexander, 1976, 1989, 2003, 2005; Bullimore & Donelan, 2008), its
exploration in biomechanics is often controversial. For example, Hill’s seminal observation of
dynamic similarity through the optimal speeds of birds in flight gaits (Hill, 1950) was found
in sharp disagreement (McMahon, 1975) with that revealed through transient (trot-to-gallop)
speeds in quadrupeds (Heglund et al., 1974). Then, comparing anatomic consequences
of McMahon’s elastic similarity (McMahon, 1975) for the stride length, Alexander noted
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the conceptual inconsistency between the elastic and dynamic similarities (Alexander, 1989,
p.1212). Biewener (2005) also claimed confusing biomechanical consequences of McMahon’s
scaling relations. More recent example is the observation of a new kind of similarity in running
humans, simulated on the basis of spring-mass model, no matching the dynamic similarity in
running animals (Delattre et al., 2009), reliably established by the same biomechanical model
(Farley et al., 1993).
Another example of conceptual controversy concerns the long term standing problem of
the origin of empirical scaling laws in biomechanics. The constructal theory by Bejan &
Marden (2006a), unifying running, flying, and swimming animals suggested fundamental
explanations of intriguing statistically established universal scaling relations for the optimal
speed and stride frequency. As a matter of fact, the authors have clearly demonstrated that
their principle of minimum useful energy does not provide unifying scaling laws. Instead of
searching for new principles, exemplified by recently rediscovered "least-action principle" in
human walking (Fan et al., 2009), the design principle of flow systems (Bejan & Marden, 2006a,
b), and the basic theorem of dimensional analysis (Bullimore & Donelan, 2008), seemingly
resolving the origin of scaling laws in biomechanics, I have addressed the fundamentals of
classical analytical mechanics.
In theoretical physics, the mechanical similarity arises from the key principle of minimum
mechanical action closely related to Lagrangian’s formalism. Examples of successful
applications of Lagrangian’s method to the dynamics of human walk and the dynamic
similarity in animals are explicit descriptions providing, respectively, (i) the conditions of
dynamic instability during a walk-to-run crossover obtained regardless of inverted-pendulum
modeling (Kokshenev, 2004) and (ii) the whole spectrum of observable scaling laws inferred
without recourse to equations of motion (Kokshenev, 2010).
In biomechanics, the dynamic similarity hypothesis (Alexander, 1976; Alexander & Jayes,
1983; Alexander, 1989) stands that similarly in running terrestrial animals should equal their
Froude numbers (the squared speeds divided by hip heights times the gravitation constant)
when tend to change locomotion modes at certain "equivalent speeds" (Heglund et al., 1974)
or maintain a certain gait at "preferred speeds" (Heglund & Taylor, 1988). In contrast to in
vivo established dynamic similarity in the horses trotting at equal Froude numbers (Bullimore
& Burn, 2006), the spring-mass model analysis has indicated that the Froude number alone
does not yet guarantee the observation of dynamic similarity in the running animals (Donelan
& Kram, 1997; Bullimore & Donelan, 2008). Such kind of controversial findings begged a
number of questions: whether the sole Froude number (Alexander & Jayes, 1983; Vaughan
& O’Malleyb, 2005; Bullimore & Burn, 2006; Delattre et al., 2009), or the sole Strouhal number
(the limb length, or wing length divided by the speed times stride period, or stroke period)
as hypothesized by Whitfield (2003), Taylor et al. (2003) and, likely, Bejan & Marden (2006a),
or both the numbers (Delattre et al., 2009), when taken in a certain algebraic combinations
(Delattre & Moretto, 2008), e.g., presented by the Groucho number (Alexander, 1989), may
warrant the dynamic similarity in animal locomotion? Moreover, when other dimensionless
parameters are chosen as the determinants of dynamic similarity, what is the minimal set of
independent physical quantities underlying the principle of similarity (Bullimore & Donelan,
2008)?
In this research, a model-independent theoretical framework basically employing
Lagrangian’s method suggests to establish the validation domains, conditions of observation,
criterion, and the minimal set of determinants of dynamic similarity empirically established
in different-sized animals.

268 Theoretical Biomechanics Physical Insights Into Dynamic Similarity in Animal Locomotion. I. Theoretical Principles and Concepts 3

2. Theory

2.1 Similarity in analytical mechanics
According to the key variational principle of Hamiltonian’s classical mechanics, the
requirement of minimum mechanical action between two fixed points of the conceivable
trajectory of an arbitrary mechanical system determines the Lagrangian function L(q, v)
through time-dependent coordinates q(t) and instant velocities v(t) = dq/dt. One of the
most pronounced properties of the closed mechanical systems is preservation of the total
energy and momentum, arising respectively from the temporal and spatial homogeneities
of the Lagrangian function. The mechanical similarity between frictionlessly moving systems
also arises from the property of spatiotemporal homogeneity (e.g., Duncan, 1953; Landau
& Lifshitz, 1976). Since the property of homogeneity guarantees that the multiplication of
Lagrangian on an arbitrary constant does not affect the resulting equations of motion, the
scaling laws of mechanical similarity can be established without consideration of equations of
motion.
More specifically, let us consider the uniform transformation of mechanical trajectories due
to linear changing of all coordinates q� = aq and times t� = bt performed via arbitrary in
amplitude (positive) linear-transformation factors a and b, resulting in changed velocities v� =
(a/b)v. The overall-system basic mechanical characteristics, period T and speed V change as
T� = bT and V� = (a/b)V, whereas the kinetic energy K, as a quadratic function of velocities,
and potential energy U scale as

K�(v) = K
( a

b
v
)
=

( a
b

)2 K(v) and U�(v) = U (aq) = aλU (q), (1)

where the dynamic exponent λ is introduced to distinguish distinct cases of mechanical
similarity.
The self-consistency of exploration of the property of homogeneity, determining the property
of similarity, requires the proportionality in changes of both the energies of the Lagrangian
L�(q, v) = K�(v)− U�(q), i.e., K� � U�, thus, (a/b)2 = aλ, or b = a1−λ/2, as follows from Eq.
(1). Hence, the frictionless propagation of a classical system obeys the scaling rules imposed
on the overall-system dynamic characteristics (T and V) and mechanical characteristics (force
amplitude F and U ), namely

Tλ ∝ L1−λ/2, Vλ ∝ Lλ/2, Fλ ∝ Lλ−1, and Uλ ∝ Lλ, (2)

where L is a characteristic linear size of the trajectory , as suggested by Landau & Lifshitz
(1976, Eqs. (10.2) and (10.3)).
The well known examples of distinct mechanically similar systems distinguished by dynamic
exponent readily follow from Eq. (2): (i) λ = −1; the case resulting in the third law for
planets T2 ∝ L3 that anticipated Newton’s theory through interplanetary coupling force F ∝
M2L−2; (ii) λ = 2; the system is driven by the elastic-strain field and has the elastic energy
Uelast = KΔL2 with ΔL � L, and (iii) λ = 1; the system moves in the uniform gravitational
field g = Fg/M and has the potential energy Ug = MgH, with H � L. The dimensional
factors of proportionality M and K, required by the scaling relations, are analyzed below by
dimensional method.1

1 Hereafter I distinguish two symbols of proportionality: � and ∝ , supporting and not supporting
dimensional units that should be read as "is proportional to" and "scales as", respectively.
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the conceptual inconsistency between the elastic and dynamic similarities (Alexander, 1989,
p.1212). Biewener (2005) also claimed confusing biomechanical consequences of McMahon’s
scaling relations. More recent example is the observation of a new kind of similarity in running
humans, simulated on the basis of spring-mass model, no matching the dynamic similarity in
running animals (Delattre et al., 2009), reliably established by the same biomechanical model
(Farley et al., 1993).
Another example of conceptual controversy concerns the long term standing problem of
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Marden (2006a), unifying running, flying, and swimming animals suggested fundamental
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speed and stride frequency. As a matter of fact, the authors have clearly demonstrated that
their principle of minimum useful energy does not provide unifying scaling laws. Instead of
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human walking (Fan et al., 2009), the design principle of flow systems (Bejan & Marden, 2006a,
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classical analytical mechanics.
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mechanical action closely related to Lagrangian’s formalism. Examples of successful
applications of Lagrangian’s method to the dynamics of human walk and the dynamic
similarity in animals are explicit descriptions providing, respectively, (i) the conditions of
dynamic instability during a walk-to-run crossover obtained regardless of inverted-pendulum
modeling (Kokshenev, 2004) and (ii) the whole spectrum of observable scaling laws inferred
without recourse to equations of motion (Kokshenev, 2010).
In biomechanics, the dynamic similarity hypothesis (Alexander, 1976; Alexander & Jayes,
1983; Alexander, 1989) stands that similarly in running terrestrial animals should equal their
Froude numbers (the squared speeds divided by hip heights times the gravitation constant)
when tend to change locomotion modes at certain "equivalent speeds" (Heglund et al., 1974)
or maintain a certain gait at "preferred speeds" (Heglund & Taylor, 1988). In contrast to in
vivo established dynamic similarity in the horses trotting at equal Froude numbers (Bullimore
& Burn, 2006), the spring-mass model analysis has indicated that the Froude number alone
does not yet guarantee the observation of dynamic similarity in the running animals (Donelan
& Kram, 1997; Bullimore & Donelan, 2008). Such kind of controversial findings begged a
number of questions: whether the sole Froude number (Alexander & Jayes, 1983; Vaughan
& O’Malleyb, 2005; Bullimore & Burn, 2006; Delattre et al., 2009), or the sole Strouhal number
(the limb length, or wing length divided by the speed times stride period, or stroke period)
as hypothesized by Whitfield (2003), Taylor et al. (2003) and, likely, Bejan & Marden (2006a),
or both the numbers (Delattre et al., 2009), when taken in a certain algebraic combinations
(Delattre & Moretto, 2008), e.g., presented by the Groucho number (Alexander, 1989), may
warrant the dynamic similarity in animal locomotion? Moreover, when other dimensionless
parameters are chosen as the determinants of dynamic similarity, what is the minimal set of
independent physical quantities underlying the principle of similarity (Bullimore & Donelan,
2008)?
In this research, a model-independent theoretical framework basically employing
Lagrangian’s method suggests to establish the validation domains, conditions of observation,
criterion, and the minimal set of determinants of dynamic similarity empirically established
in different-sized animals.
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2. Theory
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exponent readily follow from Eq. (2): (i) λ = −1; the case resulting in the third law for
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field g = Fg/M and has the potential energy Ug = MgH, with H � L. The dimensional
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2.2 Similarity in biomechanics
The exploration of the concept of dynamic similarity generally assumes model-independent
relations validated for slow and fast gaits and supporting linear transformations in changing
dynamic and mechanical characteristics, namely

ΔL � L � H � Lb and ΔT � T, ΔF = KΔLb. (3)

Here ΔL is a change of the amplitude of dynamic length L, e.g., stride length L, or the maximum
vertical displacement H of body’s center of mass that may be chosen for periodic terrestrial
locomotion, or the stroke amplitude of flying and swimming animals (e.g., Alexander, 2003).
The dynamic length and its change should be distinguished from the static length Lb and its
change ΔLb, that may be also chosen either as of the body length Lb or the corresponding
limb, wing, or tail length. Respectively, T−1 is the stride, wingbeat, or tailbeat rate attributed
to the frequency of locomotion. The dynamic length is commonly determined by the measured
speed V (mean cycle forward velocity) and frequency, i.e., as L = V/T−1, whereas the body
propulsion force ΔF introduces the body stiffness K = ΔF/ΔLb.2

2.2.1 Dimensional analysis
Broadly speaking, the mechanical similarity may be tested by two uniform linear
transformations, scaling simultaneously all spatial and temporal characteristics. Extending
these two degrees of freedom of biomechanical mechanical systems by their body masses M, let us
introduce the corresponding ltm class of units through the independent dimensions [L] = l,
[T] = t, and [M] = m, in accord with the standard scaling theory (e.g., Barenblatt, 2002). One
can show that the three body-system mechanical quantities

ΔF � LT−2 M, V � LT−1, and K � T−2 M (4)

are mutually independent. Indeed, following the method of dimensional analysis (e.g.,
Barenblatt, 2002), let us assume the converse, i.e., that numbers x and y exist such that F
� VxKy. Substituting F, V, and K from Eq. (4) and equating exponents in the ltm class, one
finds the solutions x = 1 and y = 1 not matching with 2x + y = 2. This proves that the
considered set (ΔF, V, K) consists of three physically independent quantities.
The application of the mathematical concept of geometric similarity (Hill, 1950, Rashevsky,
1948; McMahon, 1975; Lin, 1982) introduced between cylindric-shape bodies through the
constraint ρb ALb = M (A is body’s cross-sectional area), where ρb is the invariable body density
(McMahon, 1975, 1984; Alexander, 2003; Bejan & Marden, 2006a, b), allows one to suggested
another equivalent set of candidates to the mutually independent determinants of mechanical
similarity, namely

T−1 �
√

ΔF
A

L−1
b , V �

√
ΔF
A

, and ΔF � KLb, (5)

chosen in the lt f class of unites and also depending neither on locomotor gaits nor
biomechanical models.

2.2.2 Unifying contsructal theory revisited
For the case of a running (or flying) animal of mass M with the constant horizontal speed V =
L/t, the constructal law calls for the minimization of the total destruction of work W per stride

2 These last two and other similar model-independent equations play the role of the definitive basic
equations in the scaling theory.
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(and stroke) length L, represented as

W
L

=
W1
L

+
W2
L

=
MgH

Vt
+ CDρaV2L2

b. (6)

Here W1 is the vertical loss of energy associated with fall from the height H in the gravitational
field and W2 is the horizontal loss of energy related to the friction with air of density ρa (for
further details see Eqs. (1)-(4) in Bejan & Marden, 2006a). The minimization procedure of the

total loss function results in the optimal speed Vopt � 3
√

MH/L2
bt, clearly leaving uncertain a

choice of the dynamic variables t and H. Using the linear relation H � Lb discussed in Eq. (3)
and postulating for the frictionless vertical motion that

t = topt =

√
2H
g

�
√

Lb
g

∝ M1/6, (7)

the constructal theory suggests relations

Vopt ≈
(

ρb
ρa

)1/3
g1/2ρ−1/6

b M1/6 and T−1
opt ≈

(
ρb
ρa

)1/3
g1/2ρ1/6

b M−1/6 (8)

for the optimal speed and frequency, in the case of fast running and flying animals, as shown,
respectively, in Eqs. (5) and (22) and Eq. (23) in Bejan & Marden (2006a). Likewise, the
frictionless vertical motion has been postulated in the case of optimal swimming, for which
the energy loss W1 � MgLb was adopted in Eq. (6). For further details, see Eq. (26) in Bejan &
Marden (2006a).

2.2.3 Minimum muscular action
Aiming to apply the principle of mechanical similarity formulated for closed inanimate
systems to musculoskeletal systems of different-sized animals, one should consider conditions
of the observation of effectively frictionless propagation of almost-closed (weekly open)
animate systems. These are all cases of efficient locomotion (maximum useful work at minimum
power consumption) realized at the resonant propagation frequency.
Since the animal locomotion is substantially muscular (e.g., McMahon, 1984; Rome et al., 1988;
Dickinson et al., 2000; Alexander, 2003), the body-system relations shown in Eqs. (4) and (5)
can be generalized to the muscle subsystem presented by a synergic group of locomotory
muscles of the effective muscle length Lm and cross-sectional area Am. In the approximation of
fully activated muscle states, the maximum muscle stiffness Km = Em Am/Lm is controlled
by the geometry-independent muscle rigidity, i.e., the elastic modulus amplitude Em, defined
by ratio of the peak muscle stress σm = ΔFm/Am to the peak muscle strain εm = ΔLm/Lm
(e.g., McMahon, 1975, 1984). Let us treat the mass specific muscular (or relative) force output
defined by μm ≡ ΔFm/Mm as the muscular field generating active force ΔFm through the muscle
mass Mm, which being a source of the force field μm plays the role of the motor mass (Marden
& Allen, 2002).
Dynamic motion parameters of the trajectory of body’s center of mass are linked to the
characteristic static body’s and muscle’s lengths via the common in biomechanics linear
relations, namely

ΔL
L

� ΔLb
Lb

= εb � ΔLm

Lm
= εm,

ΔT
T

=
ΔTm

Tm
= β, and ΔF � ΔFm. (9)
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finds the solutions x = 1 and y = 1 not matching with 2x + y = 2. This proves that the
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Dynamic regime λ = 0 Frequency Length Speed Force Mass

T−1
res , T−1

m = T−1 ∼ (K/M)1/2 T−1 ρ
− 1

2
b E

1
2
0 · L−1

b ρ
− 1

4
b E

1
4
0 · V− 1

2 F0 ρ
− 1

6
b E

1
2
0 · M− 1

3

L(max)
dyn ∼ Lb, L = VT ρ

− 1
2

b E
1
2
0 · T1 L1 ρ

− 1
4

b E
1
4
m0 · V

1
2 F0 ρ

− 1
3

b · M
1
3

V(max)
b-slow = ρ

− 1
2

b E
1
2
0 , Vm-slow T0 L0 ρ

− 1
2

b E
1
2
0 F0 M0

K(max)
b-slow ∼ K(max)

m-slow ρ
1
2
b E

1
2
0 A · T−1 E0 A · L−1

b ρ
1
4
b E− 1

4
0 · V− 1

2 L−1 · F ρ
− 1

3
b E0 · M

1
3

σ
(max)
m-slow = εmE(max)

m0 T0 L0
m V0

m F0
m M0

m

F(max)
b-slow ∼ εb AE(max)

b-slow T0 L0 V0 F0 ρ
− 2

3
b εbE0 · M

2
3

Stslow = T−1Lb/V = LbL−1 T0 Lb · L−1 V0 F0 M0

Frslow = V2/gLb g−1ρ
− 1

2
b E

1
2
0 ·T−1 g−1ρ−1

b E0·L−1
b g−1ρ

− 3
4

b E
3
4
0 ·V− 1

2 F0 g−1ρ
− 2

3
b E0·M−1/3

Table 1. The scaling rules of dynamic similarity in different-sized animals moving in the
stationary dynamic regime, associated with the activation of slow locomotor muscles. The
calculations are made on the basis of Eqs. (11) and (12) for muscular subsystem taken at

λ = 0 and then extended to the body system via Eq. (5). The abbreviations Em0 = E(max)
m-slow

and E0 = E(max)
b-slow for, respectively, muscle subsystem and body system are adopted.

Here ΔT is the limb ground contact time or the timing ΔTm of an activated effective
locomotory muscle during maximal shortening (or lengthening) resulted in the duty factor
β. Considering effective muscles and bones (e.g., Kokshenev, 2007) of the musculoskeletal
system as whole, one may ignore the relatively small effects in scaling of muscle and bone
masses to body mass and thus introduce in Eqs. (3) and (9) the simplified (isometric)
approximation by scaling relations

L � Lb � Lm ∝ M1/3 � M1/3
m . (10)

When the principle of mechanical similarity is applied to the different-sized elastic body
musculoskeletal systems, including muscles, tendons, and bones, and moving at resonance in
a certain regime λ along geometrically similar body’s center of mass trajectories, the following
three scaling relations, namely

T−1
mλ = T−1

λ ∝
√

EmλL−1
m , Vmλ � Vλ ∝

√
Emλ, and ΔFmλ ∝ MmEmλL−1

m , (11)

are suggested as the three possible determinants of dynamic similarity discussed in Eq. (5).
One can see that the self-consistency between the body system, including locomotor muscle
subsystem, activated in the same dynamic regime λ, and the principle of mechanical similarity
formulated in Eq. (2), requires the dynamic elastic modulus of locomotory muscles in Eq. (11)
to be adjusted with the muscle length Lm and body length Lb through the scaling relations

Emλ ∝ (Lm)
λ ∝ (Lb)

λ and μmλ ∝ (Lm)
λ−1 � μλ ∝ (Lb)

λ−1. (12)

Thereby, the dynamic process of generation of the active force ΔFmλ = μmλ Mm during muscle
contractions at the resonant frequency T−1

mλ and the optimized contraction velocity Vmλ is
patterned by the single dynamic exponent λ. In Tables 1 and 2, the scaling rules prescribed
by the minimum muscular action in efficiently moving animals are provided for two well
distinguished patterns of the dynamic similarity regimes λ = 0 and λ = 1.
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Dynamic regime λ = 1 Frequency Length Speed Force Mass

T−1
opt , T−1

res , T−1 ∼ (K/M)1/2 T−1 μ
1
2
1 · L− 1

2
b μ1 · V−1 (ρbμ2
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1
2 ·F− 1

2 ρ
1
6
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6
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1 · V2 (ρbμ1 A)−1 · F ρ
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3

b · M
1
3
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opt , V(max)

trans , V = LT−1 μ1 · T1 μ
1
2
1 · L

1
2 V1 (ρb A)− 1

2 · F
1
2 ρ

− 1
6

b μ
1
2
1 ·M

1
6

K(max)
b- f ast ∼ ρbμ

(max)
f ast A T0 L0 V0 F0 ρ

− 1
3

b μ1·M 2
3

σ
(max)
m- f ast = ΔFm/Am ρmμm1 · T2 ρmμm1·Lm ρm · V2

m A−1
m · Fm ρ

2
3
mμm1·M

1
3
m

F(max)
f ast /gM ∼ μ1/g T0 L0 V0 F0 M0

St f ast = T−1/VL−1
b = LbL−1 T0 Lb · L−1 V0 F0 M0

Fr f ast = V2/gLb ∼ μ1/g T0 L−1
b ·L V0 F0 M0

Table 2. The scaling rules of dynamic similarity between animals moving with gradually
changing speeds within the dynamically similar fast gaits. The corresponding dynamic
regime λ = 1 include optimal-speed stationary states and continuous transient dynamic
states, all associated with activation of the fast locomotory muscles. The calculations are
provided through Eqs. (11), (12), (5), and some other definitive basic equations discussed in

the text, all taken at λ = 1. The abbreviations μm1 = μ
(max)
m- f ast and μ1 = μ

(max)
b- f ast for, respectively,

muscle subsystem and body system are adopted.

3. Results and discussion

3.1 Minimum useful energy
Bejan & Marden (2006a, b) employed the principle of generation of the turbulent flow
structure to unify gait patterns of running, swimming, and flying. Specifically, the dynamic
similarity between animals across taxa is suggested as an optimal balance achieved between
the vertical loss of useful energy (lifting the bodyweight, which later drops) and the
horizontal loss caused by friction against the surrounding medium. Broadly speaking,
the minimization procedure of total energy losses, being consistent with the concept of
minimum cost of locomotion (e.g., Alexander, 2005), is underlaid by the minimization of
energy consumption, treated here in terms of the efficient locomotion required by resonance
conditions. Consequently, it is not surprising that the contsructal theory has demonstrated
its general consistency with scaling rules attributed to the special case of dynamic similarity
(Table 2). On the other hand, the optimization approach exemplified in Eq. (6), clearly
demonstrating that the empirical scaling relations for speed and frequency should be hold
in optimal running, flying and swimming, suggests that solely the gravitational field may
explain scaling factors in scaling rules shown in Eq. (8). Therefore, a delicate question on
the origin of basic scaling rules in the dynamic similarity remains unanswered in contsructal
theory.
However, the major disadvantage of the proposed principle is that the proper scaling relations
for optimal speed Vopt and frequency T−1

opt were in fact incorporated into contsructal theory
regardless of the minimization procedure. Indeed, the desired relations

V(max)
opt ∝ Topt ∝

√
L �

√
Lb ∝ M1/6, (13)

underlying the theoretical findings in Eq. (8) could straightforwardly be derived from the
postulate adopted in Eq. (7), without recourse to the principle of minimum useful energy.
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Table 1. The scaling rules of dynamic similarity in different-sized animals moving in the
stationary dynamic regime, associated with the activation of slow locomotor muscles. The
calculations are made on the basis of Eqs. (11) and (12) for muscular subsystem taken at

λ = 0 and then extended to the body system via Eq. (5). The abbreviations Em0 = E(max)
m-slow

and E0 = E(max)
b-slow for, respectively, muscle subsystem and body system are adopted.

Here ΔT is the limb ground contact time or the timing ΔTm of an activated effective
locomotory muscle during maximal shortening (or lengthening) resulted in the duty factor
β. Considering effective muscles and bones (e.g., Kokshenev, 2007) of the musculoskeletal
system as whole, one may ignore the relatively small effects in scaling of muscle and bone
masses to body mass and thus introduce in Eqs. (3) and (9) the simplified (isometric)
approximation by scaling relations

L � Lb � Lm ∝ M1/3 � M1/3
m . (10)

When the principle of mechanical similarity is applied to the different-sized elastic body
musculoskeletal systems, including muscles, tendons, and bones, and moving at resonance in
a certain regime λ along geometrically similar body’s center of mass trajectories, the following
three scaling relations, namely

T−1
mλ = T−1

λ ∝
√

EmλL−1
m , Vmλ � Vλ ∝

√
Emλ, and ΔFmλ ∝ MmEmλL−1

m , (11)

are suggested as the three possible determinants of dynamic similarity discussed in Eq. (5).
One can see that the self-consistency between the body system, including locomotor muscle
subsystem, activated in the same dynamic regime λ, and the principle of mechanical similarity
formulated in Eq. (2), requires the dynamic elastic modulus of locomotory muscles in Eq. (11)
to be adjusted with the muscle length Lm and body length Lb through the scaling relations

Emλ ∝ (Lm)
λ ∝ (Lb)

λ and μmλ ∝ (Lm)
λ−1 � μλ ∝ (Lb)

λ−1. (12)

Thereby, the dynamic process of generation of the active force ΔFmλ = μmλ Mm during muscle
contractions at the resonant frequency T−1

mλ and the optimized contraction velocity Vmλ is
patterned by the single dynamic exponent λ. In Tables 1 and 2, the scaling rules prescribed
by the minimum muscular action in efficiently moving animals are provided for two well
distinguished patterns of the dynamic similarity regimes λ = 0 and λ = 1.
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Table 2. The scaling rules of dynamic similarity between animals moving with gradually
changing speeds within the dynamically similar fast gaits. The corresponding dynamic
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states, all associated with activation of the fast locomotory muscles. The calculations are
provided through Eqs. (11), (12), (5), and some other definitive basic equations discussed in
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b- f ast for, respectively,

muscle subsystem and body system are adopted.

3. Results and discussion

3.1 Minimum useful energy
Bejan & Marden (2006a, b) employed the principle of generation of the turbulent flow
structure to unify gait patterns of running, swimming, and flying. Specifically, the dynamic
similarity between animals across taxa is suggested as an optimal balance achieved between
the vertical loss of useful energy (lifting the bodyweight, which later drops) and the
horizontal loss caused by friction against the surrounding medium. Broadly speaking,
the minimization procedure of total energy losses, being consistent with the concept of
minimum cost of locomotion (e.g., Alexander, 2005), is underlaid by the minimization of
energy consumption, treated here in terms of the efficient locomotion required by resonance
conditions. Consequently, it is not surprising that the contsructal theory has demonstrated
its general consistency with scaling rules attributed to the special case of dynamic similarity
(Table 2). On the other hand, the optimization approach exemplified in Eq. (6), clearly
demonstrating that the empirical scaling relations for speed and frequency should be hold
in optimal running, flying and swimming, suggests that solely the gravitational field may
explain scaling factors in scaling rules shown in Eq. (8). Therefore, a delicate question on
the origin of basic scaling rules in the dynamic similarity remains unanswered in contsructal
theory.
However, the major disadvantage of the proposed principle is that the proper scaling relations
for optimal speed Vopt and frequency T−1

opt were in fact incorporated into contsructal theory
regardless of the minimization procedure. Indeed, the desired relations

V(max)
opt ∝ Topt ∝

√
L �

√
Lb ∝ M1/6, (13)

underlying the theoretical findings in Eq. (8) could straightforwardly be derived from the
postulate adopted in Eq. (7), without recourse to the principle of minimum useful energy.
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Strictly, the postulated basic equation topt =
√

2H/g discussed in Eq. (7) has been borrowed
from frictionless Newtonian’s mechanics, arising from the spatiotemporal homogeneity of the
gravitational field. Indeed, one can see that Eqs. (7) and (13) is the special case discussed
in Eq. (2) at λ = 1. The proposed theory of dynamic similarity explains that instead of
the gravitational field, in fact adopted on ad hoc basis in Eq. (7), the muscular field determines
spatiotemporal homogeneity through the universal scaling exponents established for dynamic
characteristics of animals naturally tuned to the dynamic similarity regime λ = 1 (Table 2).
Without doubts, the gravity is important in terrestrial locomotion and the Froude number

related to potential gravitational energy (Fr = MV(max)2
opt /MgLb) plays important role in

understanding of dynamic similarity in animate and inanimate systems (e.g.,Vaughan &
O’Malleyb, 2005). After Alexander & Jayes (1983), it is widely adopted that instead of scaling
relations shown in Eq. (13) the dynamic similarity between fast moving animals may be
determined by the requirement for Froude numbers to be constants. Indeed, the universality
of Froude numbers, i.e., Fr ∝ M0, straightforwardly provides the basic scaling rule for optimal
speed, namely

V(max)
opt = (Fr · gLb)

1/2 ∝ L1/2
b ∝ M1/6. (14)

With regard to the second basic scaling rule shown in Eq. (13), it follows from the definitive
basic equation for dynamic length L = VT and Eq. (14) providing

T−1
opt = V(max)

opt L−1
opt � (Fr · gL−1

b )1/2 ∝ M−1/6, with Lopt/Lb ∝ M0. (15)

It is noteworthy that the optimal frequency is obtained under an additional requirement of
the relative dynamic length to be invariable with body mass, as shown in Eq. (15).

3.2 Maximum muscular efficiency
3.2.1 Realization of resonant states
During animal locomotion, chemical energy released by muscles in the form of muscular force
field and potential energy of the gravitational field, both being able to be stored in body’s system
in the corresponding forms of active-force and reactive-force elastic energy, are eventually
transformed into useful external body work and partially lost as a heat due to internal work
and external frictional effects. In a constant-speed walk, run, flight, and swim, attributed to
the dynamic similarity regime λ = 0, the total mechanical energy is almost unchanged and the
animate mechanical system is almost closed. In the non-stationary dynamic similarity regime
λ = 1 characteristic of the gradual change in speeds caused by the steady muscular field,
the total mechanical energy may be also unchanged because of the permanent consumption
of metabolic energy. The efficient propulsion of humans and other animals, in contrast to
human-made engines, is accompanied by the tuning of musculoskeletal system to natural
(resonant) propagation frequency (McMahon, 1975; Ahlborn & Blake, 2002), resulted in
the reduction to minimum the oxygen (Hoyt & Taylor, 1981) and metabolic energy (e.g.,
Ahlborn & Blake, 2002; Ahlborn et al., 2006) consumption. It has been demonstrated above,
that the requirement of minimum action of musculoskeletal system in animals provides the
major constraint in realization of dynamically equivalent (similar) states. Nevertheless, the
applicability of the key principle in analytical mechanics, driving frictionless systems, to real
animate systems characteristic of non-conservative muscle forces required a special physical
analysis. In the special case of the stationary (λ = 0) human walking (Kokshenev, 2004), the
speed-dependent frictional effects were shown to be weak and therefore effectively excluded
within the scope of a special dynamic perturbation theory. Likewise, the case of efficient
locomotion λ = 1, including moderate run and fast run modes in the fast gaits of animals, has
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required a generalization of Lagrangian’s formalism from the closed mechanical systems to
the weakly open, moving at resonance biomechanical systems (Kokshenev, 2010).
As the outcome of analytical study, the slow-walk and fast-walk modes in bipeds emerge
as the free-like body’s center of mass propagation composed by the forward translation
and the elliptic-cyclic backward rotations (Kokshenev, 2004). The optimal-speed stationary
regime (λ = 0) has been found to be consistent with a slow-walk-to-fast-walk continuous
mode transition between the two walk modes indicated by the highest symmetry (circular)
trajectory of body’s center of mass (Kokshenev, 2004, Fig. 2). In contrast, the discontinues in
humans fast-walk-to-slow-run transition is indicated by the absolute instability of the walk-gait
trajectory (Kokshenev, 2004, Fig. 2), signaling on the muscular field amplitude exceeding

gravitation, i.e., μrun > g. The formal condition μ
(mod)
walk-run = g, completed by that for the limb

duty factor β
(mod)
walk-run = 0.5, discussed by Ahlborn & Blake (2002) on the basis of the data for

humans started run (Alexander & Bennet-Clark, 1976), may be treated as two indicators of
the model-independent walk-to-run continuous transition, generally uncommon to terrestrial
animals. Hence, the provided above estimates for the transient muscle field amplitude
suggest the walk-to-run transition as a smoothed crossover between the slow-regime and the
fast-regime dynamic resonant states.
The natural ability of muscles to be tuned to various dynamic regimes is incorporated

in animate mechanical systems through the elastic active-force muscle modulus E(max)
mλ , as

shown in Eqs. (11) and (12). Thereby, the muscle modulus, most likely sensitive to the
intrinsic dynamic muscle length (Kokshenev, 2009), establishes an additional dynamic degree
of freedom, not existing in skeletal bone subsystem and other inanimate elastic mechanical
systems. Conventionally, the stationary slow-speed dynamics (λ = 0) and optimal and
transient fast-speed dynamics (λ = 1) are attributed to the activation of the slow-twitch-fiber
muscles and fast-twitch-fiber muscles respectively recruited by animals during slow and
fast locomotion (Rome et al., 1980). As illustrative example in animal swimming, the
studies of gait patterns in fish (Videler & Weihs, 1982) revealed that slowly swimming
and quickly swimming fish exploit, respectively, red (slow fibre) muscles or white (fast
fibre) muscles, showing those contraction velocities at which recruited muscles work most
efficiently (Alexander, 1989).

3.2.2 Mechanical similarity against geometric similarity
Broadly speaking, the dynamic similarity observed through the universal scaling exponents
in scaling biomechanics is intimately related to the geometric similarity that can directly be
observed in animals of the same taxa through the body shape, including body’s locomotor
appendages, i.e., limbs, wings, and tails or fins. Mathematically, the geometric similarity
in animals is due to adopted spatial uniformity, preserving body shapes under arbitrary
linear transformations of linear dimensions of animals (Rashevsky, 1948; McMahon, 1975;
Lin, 1982). Mechanically, the dynamic similarity between animals across taxa arises from
the similarity established between the geometric and kinematic parameters of the body’s
point-mass trajectories and driving forces.
Following the formalism of analytical mechanics discussed in Eq. (2), the concept of
mechanical similarity has been discussed in physics (e.g., Duncan, 1953) and biomechanics
(Alexander & Jayes, 1983; Alexander, 1989, 2005) in terms of the three arbitrary
linear-transformation factors (a, b, and, say, c) preserving the homogeneity of all spatial (L),
temporal (T) and force (F) mechanical characteristics of animals moving in a certain fashion
or gait. Although no conceptual gap exists between the similarities in classical mechanics and
biomechanics, the fundamental constraints imposed on the initially chosen arbitrary factors
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the relative dynamic length to be invariable with body mass, as shown in Eq. (15).
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3.2.1 Realization of resonant states
During animal locomotion, chemical energy released by muscles in the form of muscular force
field and potential energy of the gravitational field, both being able to be stored in body’s system
in the corresponding forms of active-force and reactive-force elastic energy, are eventually
transformed into useful external body work and partially lost as a heat due to internal work
and external frictional effects. In a constant-speed walk, run, flight, and swim, attributed to
the dynamic similarity regime λ = 0, the total mechanical energy is almost unchanged and the
animate mechanical system is almost closed. In the non-stationary dynamic similarity regime
λ = 1 characteristic of the gradual change in speeds caused by the steady muscular field,
the total mechanical energy may be also unchanged because of the permanent consumption
of metabolic energy. The efficient propulsion of humans and other animals, in contrast to
human-made engines, is accompanied by the tuning of musculoskeletal system to natural
(resonant) propagation frequency (McMahon, 1975; Ahlborn & Blake, 2002), resulted in
the reduction to minimum the oxygen (Hoyt & Taylor, 1981) and metabolic energy (e.g.,
Ahlborn & Blake, 2002; Ahlborn et al., 2006) consumption. It has been demonstrated above,
that the requirement of minimum action of musculoskeletal system in animals provides the
major constraint in realization of dynamically equivalent (similar) states. Nevertheless, the
applicability of the key principle in analytical mechanics, driving frictionless systems, to real
animate systems characteristic of non-conservative muscle forces required a special physical
analysis. In the special case of the stationary (λ = 0) human walking (Kokshenev, 2004), the
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muscles and fast-twitch-fiber muscles respectively recruited by animals during slow and
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fibre) muscles, showing those contraction velocities at which recruited muscles work most
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Broadly speaking, the dynamic similarity observed through the universal scaling exponents
in scaling biomechanics is intimately related to the geometric similarity that can directly be
observed in animals of the same taxa through the body shape, including body’s locomotor
appendages, i.e., limbs, wings, and tails or fins. Mathematically, the geometric similarity
in animals is due to adopted spatial uniformity, preserving body shapes under arbitrary
linear transformations of linear dimensions of animals (Rashevsky, 1948; McMahon, 1975;
Lin, 1982). Mechanically, the dynamic similarity between animals across taxa arises from
the similarity established between the geometric and kinematic parameters of the body’s
point-mass trajectories and driving forces.
Following the formalism of analytical mechanics discussed in Eq. (2), the concept of
mechanical similarity has been discussed in physics (e.g., Duncan, 1953) and biomechanics
(Alexander & Jayes, 1983; Alexander, 1989, 2005) in terms of the three arbitrary
linear-transformation factors (a, b, and, say, c) preserving the homogeneity of all spatial (L),
temporal (T) and force (F) mechanical characteristics of animals moving in a certain fashion
or gait. Although no conceptual gap exists between the similarities in classical mechanics and
biomechanics, the fundamental constraints imposed on the initially chosen arbitrary factors
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of linear transformation, i.e., b = a1−λ/2 and c = aλ−1 , underlying Eq. (2) and providing
basic scaling rules of the dynamic similarity, namely

T−1
λ ∝ Lλ/2−1

b , Vλ ∝ Lλ/2
b , and ΔFλ ∝ Lλ−1

b , with L/Lb ∝ M0, (16)

are generally ignored in experimental biology and even violated in some theoretical studies
mentioned in the Introduction. This analysis shows how the spatial uniformity, achieved via
the stabilization of dynamic length in relation to static length, determines the observation of
dynamic similarity in any dynamic regime λ.
The provided analysis explains why the model-dependent requirements of strict geometric
similarity, e.g., the requirement of the equality of joint angles in running animals (Alexander,
1989) or swinging angles in dynamically similar pendulums (Alexander, 2005), do not reduce
the dynamic similarity concept to the so-called strict dynamic similarity (Alexander, 1989, 2005).
First, one can see that both the angles may be expressed in terms of the swept angle Θ =
arcsin(β/2St) introduced in biomechanics of animal locomotion as a relative angle between
the leg spring and vertical (see, e.g., Fig. 1 in Farley et al., 1993), which is also known as the
maximum compass angle (Cynthia & Farley, 1998), modeling in turn the protraction-retraction
angle in bipeds (Gatesy & Biewener, 1991, Fig. 1). Second, the requirement of observation
of the dynamic similarity through scaling laws of the mechanical similarity reproduced in
Eq. (16) implies that the Strouhal number St (= Lb/L), as well as some other dimensionless
numbers, including the duty factor β (= ΔT/T), should be invariable across different-sized
animals, i.e., St � β ∝ M0. One may infer that a rigorous requirement of the strict geometric
similarity on that the swing or other related angles (as well as relative stride lengths) must
be equal constants is the overestimated constraint of the dynamic similarity concept. In other
words, the requirement of dynamic angles to be mass independent, i.e., Θ ∝ M0, arising from
the the requirement of stabilization of relative dynamic lengths, i.e., St ∝ M0 , unambiguously
determines observation of the perfect dynamic similarity (Alexander, 1989).

3.2.3 Criterion, determinants, and indicators of dynamic similarity
Being the major requirement in realization of both universal dynamic regimes unifying
animals in a certain gait, the high mechanical efficiency of the musculoskeletal system
prescribed by minimum muscular action plays the role of the unique criterion of observation
of dynamic similarity.
The concept of mechanical similarity in biomechanics, consistent with that in analytical
mechanics, allows linear transformations of two dynamic (spatial and temporal) and one
mechanical (force or mass) characteristics through the three independent scaling factors.
Hence, the set (T−1, V, ΔF) of mutually independent and model-independent quantities,
chosen in Eq. (5) in the lt f class of units, can be treated as tentative candidates for the
determinants of dynamic similarity. The optimization of muscle-field interactions by the
minimum mechanical action (i) introduces new state-dependent scaling relations for T−1

λ , Vλ,
and ΔFλ , which determine three scaling rules of the dynamic similarity, and (ii) reduces the
number of independent determinants from three to one, as discussed in Eq. (16). Since the
choice of the optimal speed Vλ by an animal is accomplished by the resonant frequency T−1

λ ,
the suggested principal set of determinants (T−1

λ , Vλ) does not generally excludes another set,
including the uniform muscular field or the uniform relative dynamic length, both required
by the high level mechanical efficiency. However, the observation of just only one of the
two basic scaling rules guarantees the observation of other features of dynamic similarity
in animals. Indeed, the observation of the scaling rule for stride frequency T−1

λ ∝ Lλ/2−1
b
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indicates stabilization of the relative dynamic length, as shown in Eqs. (15) and (16). Hence,
experimental observation of the constant Strouhal number in animals moving efficiently in
any similar gaits determines them as dynamically similar. When solely the fast gaits are
considered, the universal Strouhal number should be revealed along with the universal
Froude number Fr, whose stabilization in animals across body mass is equivalent to the
observation of scaling rule for the maximum amplitude of optimal and transient speeds

V(max)
opt ∝ L1/2

b , as follows from Eqs. (14) and (16). If the principal determinants St or Fr,
each may play the role of the dynamic similarity criterion, are chosen for the corresponding
cases λ = 0 and λ = 1, other universal determinants, such as muscle stress, speed, in the first
case, and the Strouhal number and relative muscular field, in the second case, play the role of
the indicators of stabilization of the universal similar dynamic states. Moreover, in both cases
the indicators of dynamic similarity can be extended by the universal duty factors β ∝ M0 and
swept angles Θ ∝ M0.

3.2.4 Mechanically efficient slow and fast flyers
The stationary-state mode patterns of flight gaits were likely first noted by Hill (1950). He had
established that the wing frequencies of hovering birds are in inverse proportionality with the

linear size, that corresponds to the predicted frequency T(pred)−1
hover �

√
E(max)

m0 /ρmL−1
m (Table 1)

for wing muscles contracting in the stationary regime λ = 0. Hill’s pioneering observation of
the fundamental frequency-length scaling law, determining dynamic similarity in the efficient
flyers solely via the universal (speed-, period-, and mass-independent) slow-muscle elastic

modulus E(max)
m0 (Table 1) can be compared with seminal Kepler’s law T(exp)−1

planet ∝ L(exp)−3/2
planet

(see Eq. (2) taken at λ = −1), determining the mechanical similarity between trajectories of
planets driven solely by gravitation. Later, the hovering flight motors were also recognized in

birds by observation of the wing frequencies T(exp)−1
hover ∝ M−1/3 (Ellington, 1991), that is also

equivalent to observation of the universal Strouhal numbers Shover ∝ M0 (Table 1).
When an animal travels or cruises slowly for long distances, maintaining constant the optimal

speed V(max)
cruis �

√
E(max)

0 /ρb invariable with bodyweight and frequency (Table 1), or moves
throughout the terrestrial, air, or water environment resisting drag forces, the limbs, wings,
and fins are expected to be tuned via elastic muscle modulus to maintain universal muscular
pressure (Table 1). In turn, this effect gives rise to the constant limb-muscle safety factor (ratio
of muscle strength to peak functional stress), foreseeing by Hill (1950). Moreover, the peak

body force output F(exp)
body ∝ M2/3, exerted on the environment during running, flying, and

swimming by animals ranged over nine orders of body mass, was documented by Alexander
(1985). The theoretical suggestion that the stationary-state mechanics, equilibrating all drag
forces, is due to slow locomotory muscles, is corroborated by the statistically regressed

data on the force output F(max)
m-slow ∝ M2/3

m remarkably established in both biological and
human-made slow motors by Marden & Allen (2002).
The optimum-speed regime λ = 1 has been recognized through the equilibration of the
air drag by wings of flapping birds, manifesting the basic scaling rule for wing frequencies

T(exp)−1
f lap ∝ M−1/6 (Ellington, 1991), also corresponding to the observation of S f lap ∝ M0

(Table 2). Earlier, the non-stationary flight regime has been foreseen by Hill’s notion that
larger birds flap their wings more slowly than smaller ones (Hill, 1950).
As explicitly shown in Eq. (16), the stabilization of the uniformity in Strouhal numbers in
both dynamic regimes λ = 0 and λ = 1 explains empirically puzzled animal flight and
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λ ∝ Lλ/2−1
b
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indicates stabilization of the relative dynamic length, as shown in Eqs. (15) and (16). Hence,
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(Table 2). Earlier, the non-stationary flight regime has been foreseen by Hill’s notion that
larger birds flap their wings more slowly than smaller ones (Hill, 1950).
As explicitly shown in Eq. (16), the stabilization of the uniformity in Strouhal numbers in
both dynamic regimes λ = 0 and λ = 1 explains empirically puzzled animal flight and
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swim (Whitfield, 2003). Indeed, Taylor et al. (2003) experimentally established such a kind
of the universal similarity through the almost constant Strouhal numbers (laying between
0.2 and 0.4) in cruising with a high power efficiency dolphins, flapping birds, and bats.
This observation suggests two patterns of efficient flyers distinguished by hovering (λ = 0)
and flapping (λ = 1) modes of slow and fast flight gaits. The corresponding examples
of slow-swimming and fast-swimming motors are the gaits to swim established through
different swimming techniques for the same fish, using their pectoral fins to swim slowly, but
undulating the whole body to swim fast (Alexander, 1989). Unifying flying and swimming
animals in fast gaits, the data by Taylor et al. (2003) suggest the dynamic similarity pattern
of efficient flapping flyers and undulating swimmers. These and other introduced patterns of
dynamic similarity are studied in Kokshenev (2011).

3.2.5 Mechanically efficient fast animals
In experimental biology, it is well known that forces required for fast gaits in animals
are proportional to body weight, but since the force generation is more expensive of
metabolic energy in faster muscles, small animals show apparently low efficiencies in running
(Alexander, 1989). Efficient fast biological motors in running, flying, and swimming animals

were established by Marden & Allen (2002) through the scaling equation F(max)
opt = μ

(max)
f ast M

(Table 2), where the relative force amplitude μ
(max)
f ast = 2g was re-estimated by Bejan & Marden

(2006a, Fig. 2C). Given that the muscular field in running, flying, and swimming animals is
twice as many as the gravitational field, adopted above for the lower threshold of a slow

run in the walk-to-run transition, the statistical data μ
(max)
f ast = 2g may be conventionally

adopted as a universal threshold of fast modes in fast gaits. This threshold associated with the
slow-run-to-fast run transient state λ = 1 may in turn determine the pattern of efficient fast
animals, including fast running mammals, reptiles, insects; flapping birds, bats, and insects;
undulating fish and crayfish, according to Marden & Allen (2002) and Bejan & Marden (2006a).

The pioneering observations of the transient-state speeds V(exp)
trans and frequencies T(exp)−1

trans at

the trot-to-gallop continuous transition in quadrupeds (V(exp)
trot-gall ∝ M0.22±0.05 and T(exp)−1

trot-gall

∝ M−0.15±0.03; Heglund et al., 1974; Heglund & Taylor, 1988), make evidence for, within
the experimental error, the predicted stabilization of the uniform (body mass independent)

muscular field, i.e., μ
(exp)
run ∝ M−0.07±0.08, when tested by the scaling relation μ

(pred)
trans �

VtransT−1
trans prescribed by dynamic regime λ = 1 (Table 2). Likewise, the same generic

dynamic regime explains stabilization of the uniformity in the muscular field activated in
13 running animals (from a mice to horses) observed indirectly by Heglund &Taylor (1988) at
experimental conditions of the preferred trotting speeds and the preferred galloping speeds,

providing respectively the determinants of similarity μ
(exp)
trot ∝ M0.09±0.07 and μ

(exp)
gall ∝

M0.02±0.07. The revealed large experimental error is most likely caused by small quadrupedal
species (one laboratory mice, two chipmunks, three squirrels, and three white rats of
bodyweight not exceeding one kg), which should be excluded from the dynamic similarity
pattern, as potentially having low mechanical efficiency (Alexander, 1989).

Bipeds, showing the resonant frequency T(exp)−1
trans ∝ M−0.178 near the slow-walk-to-fast-run

transition (Gatesy & Biewener, 1991), indicate the dynamic similarity pattern of efficient

fast walkers. The scaling rule V(exp)
opt ∝ M0.17 empirically established by Garland (1983)

for maximal speeds in running terrestrial mammals ranging in five orders in body mass
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(from smallest bipedal rodents to largest quadrupedal elephants) indicates observation of the
pattern of efficient runners in mammals.
The dynamically similar continuous resonant states were clearly revealed by Farley et al.
(1993) in a trotting rat, dog, goat, horse and a hopping tammar wallaby and red kangaroo. The

realistic modeling on the basis of leg-spring model of animals of leg length L(exp)
leg (� L(exp)

b )

provided the following scaling equations for the stride frequency T(exp)−1
run , peak force output

F(exp)
run , maximum body stiffness K(exp)

run , swept angle Θ(exp)
run , and dynamic length change

ΔL(exp)
run , namely

T−1
run � ΔT−1

run ∝ M−0.19±0.06 , F(exp)
run = 30.1M0.97±0.14, K(exp)

run ∝ M0.67±0.15,

Θ(exp)
run ∝ M−0.03±0.1, and ΔL(exp)

run � L(exp)
b ∝ M0.30±0.15. (17)

One can see that all the observed scaling exponents are consistent (within the experimental
error) with those predicted by the dynamic similarity regime λ = 1 described in Table 2.
These data introduce the dynamic similarity pattern of efficient trotters and hoppers.

4. Concluding remarks

Following the concept of mechanical similarity, underlaid by the key principle of minimum
action in analytical mechanics, the theory of dynamic similarity in animal locomotion is
proposed. Exploring the intrinsic property of locomotory muscles to be tuned, via the
variable muscle elasticity, to the natural cyclic frequency characteristic of high level efficiency
of locomotion, the scaling rules driving the dynamic similarity in inanimate mechanical
elastic systems are suggested for the special case of active-force animate elastic systems.
The linear-displacement dynamic approach to contracting locomotory muscles, whose
resonant frequencies are required by the principle of minimum mechanical action, establishes
two different universal patterns of the dynamic regimes of similarity in different-sized
animals distinguished by the dynamic scaling exponent λ. The determinants of the
stationary locomotion of animals moving at optimal constant speeds (the case λ = 0)
and the non-stationary locomotion at gradually changing speeds (λ = 1), including the
transient-mode speed transitions, are self-consistently inferred and described in Tables 1 and
2, respectively. Exemplified by the non-stationary dynamic regime λ = 1, the two principal
sets of determinants of the dynamic similarity are suggested by the universal exponents for
the speed and frequency scaled with body mass, which may be equivalently presented by the
corresponding Froude and Strouhal numbers or by other universal dimensionless numbers
determining the states of dynamic similarity in different-sized animals.
The primary determinant, playing the role of the unique criterion of the linear dynamic
similarity, is shown (in Eq. (16)) to be the Strouhal number, whose universality in animals
across body mass indicates establishing of the linearity between the stride or stroke length
and the body length in each animal, falling into one or other dynamically similar regime. In
the special case of non-stationary dynamic similarity controlled by fast locomotory muscles,
the Froude number may be equivalently chosen as a unique criterion of similarity, as
hypothesized by Alexander (Alexander, 1976; Alexander & Jayes, 1983; Alexander, 1989).
Since the scaling theory of similarity deals only with scaling relations, but not with scaling
equations, Alexander’s strict requirement that dynamic similarly between running animals
should equal Froude numbers is not generally required by the theory. Instead, the theory
of dynamic similarity stands only that changing with speed Froude numbers should be
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different swimming techniques for the same fish, using their pectoral fins to swim slowly, but
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of efficient flapping flyers and undulating swimmers. These and other introduced patterns of
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In experimental biology, it is well known that forces required for fast gaits in animals
are proportional to body weight, but since the force generation is more expensive of
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(from smallest bipedal rodents to largest quadrupedal elephants) indicates observation of the
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(1993) in a trotting rat, dog, goat, horse and a hopping tammar wallaby and red kangaroo. The
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One can see that all the observed scaling exponents are consistent (within the experimental
error) with those predicted by the dynamic similarity regime λ = 1 described in Table 2.
These data introduce the dynamic similarity pattern of efficient trotters and hoppers.

4. Concluding remarks

Following the concept of mechanical similarity, underlaid by the key principle of minimum
action in analytical mechanics, the theory of dynamic similarity in animal locomotion is
proposed. Exploring the intrinsic property of locomotory muscles to be tuned, via the
variable muscle elasticity, to the natural cyclic frequency characteristic of high level efficiency
of locomotion, the scaling rules driving the dynamic similarity in inanimate mechanical
elastic systems are suggested for the special case of active-force animate elastic systems.
The linear-displacement dynamic approach to contracting locomotory muscles, whose
resonant frequencies are required by the principle of minimum mechanical action, establishes
two different universal patterns of the dynamic regimes of similarity in different-sized
animals distinguished by the dynamic scaling exponent λ. The determinants of the
stationary locomotion of animals moving at optimal constant speeds (the case λ = 0)
and the non-stationary locomotion at gradually changing speeds (λ = 1), including the
transient-mode speed transitions, are self-consistently inferred and described in Tables 1 and
2, respectively. Exemplified by the non-stationary dynamic regime λ = 1, the two principal
sets of determinants of the dynamic similarity are suggested by the universal exponents for
the speed and frequency scaled with body mass, which may be equivalently presented by the
corresponding Froude and Strouhal numbers or by other universal dimensionless numbers
determining the states of dynamic similarity in different-sized animals.
The primary determinant, playing the role of the unique criterion of the linear dynamic
similarity, is shown (in Eq. (16)) to be the Strouhal number, whose universality in animals
across body mass indicates establishing of the linearity between the stride or stroke length
and the body length in each animal, falling into one or other dynamically similar regime. In
the special case of non-stationary dynamic similarity controlled by fast locomotory muscles,
the Froude number may be equivalently chosen as a unique criterion of similarity, as
hypothesized by Alexander (Alexander, 1976; Alexander & Jayes, 1983; Alexander, 1989).
Since the scaling theory of similarity deals only with scaling relations, but not with scaling
equations, Alexander’s strict requirement that dynamic similarly between running animals
should equal Froude numbers is not generally required by the theory. Instead, the theory
of dynamic similarity stands only that changing with speed Froude numbers should be
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invariable with body mass in animals considered in a certain dynamic state or domain of
dynamically equivalent states. A generalization of the proposed theory of the discrete-state
dynamic similarity to continuous-state similarity in animals, determining, respectively, by
discrete equal and different variable magnitudes of the Froude numbers, will be discussed in
the next part of this study (Kokshenev, 2011).
The two kinds of dynamic similarity regimes in animals, well distinguished by the
scaling rules established for a number of mechanical characteristics, may explain seemingly
controversial experimental observations as well as illuminate some theoretical principles
conceptually inconsistent with the mechanical similarity principle of analytical mechanics.
Hill’s pioneering observation of bodyweight independence of optimal speeds in a hover
flight mode of sparrows and humming birds (Hill, 1950), showing a sharp inconsistency
(McMahon, 1975; Jones & Lindstedt, 1993) with the scaling rules for speeds in quadrupeds
established at the trot-to-gallop transition (Heglund et al., 1974) can readily be understood by
the observations of two distinct dynamic similarity regimes λ = 0 and λ = 1. Likewise, a
more recent claim on that the similarity between humans running at fixed speeds, accurately
simulated under the requirement of equal Froude numbers, was surprisingly found (Delattre
et al., 2009) to be in sharp disagreement with the scaling rules of dynamic similarity in
fast running animals reliably established by Farley et al. (1993). A new kind of similarity
discovered in running humans arrived the authors to a puzzle conclusion that neither of
Froude and Strouhal numbers is appropriate as determinant of dynamic similarity. In this
special case, the proposed theory tells us that the dynamic similarity between humans
running at the stationary-speed conditions (Table 1) cannot be constrained by constant Froude
numbers, as erroneously was adopted in the study by Delattre et al. (2009).
Another Hill’s surmise on the constant limb muscle stress, resulted in the universality of the
limb safety factor in animals efficiently moving in slow gaits, has been generalized without
grounds to all fast gaits by a number of researches. For example, in attempting to introduce
"equivalent speed" states λ = 1 during trot-to-gallop transition McMahon postulated a
constant stress in homologous muscles (McMahon, 1975, Table 4), when suggested the
uniform muscle stress σm-slow ∝ M0, corresponding to the case of λ = 0. The postulated
stress evidently contrasted with the already existing data on peak isometric stress, linearly
varying with sarcomere length (Huxley & Neidergerke, 1954), i.e., σm- f ast ∝ Lm (Table 2),
and the data on muscle stress later revealed the linearity to fiber length in running and
jumping animals (Alexander & Bennet-Clark, 1976). Likewise, when the axial-displacement
dynamic similarity (i.e., ΔLm- f ast ∝ Lm) discussed for fast locomotory muscles is generalized

to non-axial-displacement elastic similarity in long limb mammalian bones (ΔL(bend)
bone ∝ Dbone,

where Dbone is bone’s diameter; Kokshenev, 2007, Eq. (15)) new puzzled consequences of
biomechanical scaling may be revealed. One impressive example is the axial compressive

stress σ
(axial)
bone ∝ Lbone, estimated as the peak limb bone stress σ

(exp)
bone ∝ M0.28 for the avian

taxa, matching well the spring-leg data σ
(exp)
leg ∝ M0.30 from running quadrupeds following

from Eq. (17), has been shown to provide the anecdotal small largest terrestrial giant weight,
no much greater than 20 kg (Biewener, 2005). This puzzle was understood by that instead

of axial stress, which is in fact non-critical, the bending stress σ
(bend)
bone ∝ Dbone/Lbone, having

small but non-zero positive exponent, i.e., σ
(bend)
bone ∝ M0.08, likely establishes the critical mass

of terrestrial giants (Kokshenev & Christiansen, 2011).
One more "least-action principle" in biomechanics was recently declared for walk gaits in
humans (Fan et al., 2009). The standard variational procedure was worked out to establish
a symmetric point (T/2) in the middle of the two-step stride cycle in human gaits, at which all
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important mechanical characteristics expose the extreme (minimum or maximum) behavior.
This misleading principle of the existence of the symmetrical point, even though consistent
with the well-known symmetrical nature of a walk and a run, due to which each equivalent
leg moves half a stride cycle out of other leg (e.g., Alexander & Jayes, 1983, p.142) was in fact
incorporated, likely unconsciously, into the studied model through symmetric mechanics of
the supposedly equivalent human legs.
The constructal theory of dynamic similarity by Bejan & Marden (2006a, b) treats the potential
energy of the body falling in the gravitational field g as a useful energy of terrestrial
locomotion. Considering only the aerial phase in a stride cycle, the theory excludes the

ground contact and thereby all muscular forces providing the body propulsion force μ
(exp)
f ast M.

It is surprisingly that the same theoretical framework excluding muscle forces has resulted

in the muscular field μ
(exp)
f ast = 2g, since the suggested scaling factors in the basic scaling

relations, shown in Eq. (8), are weighted solely by the gravitational field. Hence, it has
been demonstrated by the authors that consistency between the principle of destruction of
minimum useful energy in the gravitational field (the case λ = 1 in Eq. (2)) may exist under
the additional condition postulated in Eq. (7), in fact borrowed from another, more general
mechanical principle.
Following the requirement of equality of Froude numbers, experimental biologists mostly
study the discrete-state dynamic similarity in animals. For example, Bullimore & Burn
(2006) have remarkably established (see their Table 4) the universal criterion of dynamic

similarity St(exp)
trot (= 0.70, 0.67, and 0.60) from 21 horses trotting at arbitrary chosen fixed

Froude numbers Fr(exp)
trot (= 0.5, 0.75, and 1). This finding corroborates McMahon’s suggestion

(acknowledged by Alexander, 1989) on that besides the Froude number the Strouhal number
should be simultaneously constant, as followed from the universality of the Groucho number
(McMahon et al., 1987). In contrast, the study by Bullimore & Donelan (2008) of the
criteria of dynamic similarity in spring-mass modeled animals suggested four independent
determinants, at least. Given that the authors have clearly convinced the reader of that the
equality of only two dimensionless numbers is not sufficient for establishing of the dynamic
similarity between in-plane modeled animals (Bullimore & Donelan, 2008, Fig. 4), a question
arises about what kind of dynamic similarity was reported by Bullimore & Burn (2006)
established in real trotting horses through the only one determinant Fr?
Bullimore & Donelan (2008, Table 2) have analyzed the well known solutions of the planar
spring-mass model through Buckingham’s Π-theorem of the dimensional method (e.g.,
Barenblatt, 2002) and claimed that minimum four independent dimensionless numbers
following from the set of mechanical quantities (V, K, Vz, Θ0) are required for the observation
of dynamic similarity in bouncing modes of animals. First, one can see that the landing
angle Θ0 should be excluded from the proposed set of physically independent quantities,
since the horizontal landing speed V and the vertical landing speed Vz definitively determine
the angle Θ0 = arctg(V/Vz), as can be inferred from Fig. 1 by Bullimore & Donelan (2008).
Then, the requirement to control vertical speed via the model-independent relation Vz � μβT
allows one to reduce the proposed set to the equivalent set (T−1, V, μ, β), where the body
stiffness is substituted by muscular field via the body stiffness K � ρb Aμ. The resulted set
of four quantities (St, Fr, μ, β) is dynamically equivalent to the originally suggested set (V,
K, Vz, Θ0), but among three determinants (St, Fr, μ) the only one is physically independent.
Two other dimensionless numbers play the role of auxiliary determinants in the dynamic
similarity, whereas the duty factor may indicate transient-mode and crossover-gait universal
states of the same dynamic regime λ = 1. Hence, it has been repeatedly demonstrated that the
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invariable with body mass in animals considered in a certain dynamic state or domain of
dynamically equivalent states. A generalization of the proposed theory of the discrete-state
dynamic similarity to continuous-state similarity in animals, determining, respectively, by
discrete equal and different variable magnitudes of the Froude numbers, will be discussed in
the next part of this study (Kokshenev, 2011).
The two kinds of dynamic similarity regimes in animals, well distinguished by the
scaling rules established for a number of mechanical characteristics, may explain seemingly
controversial experimental observations as well as illuminate some theoretical principles
conceptually inconsistent with the mechanical similarity principle of analytical mechanics.
Hill’s pioneering observation of bodyweight independence of optimal speeds in a hover
flight mode of sparrows and humming birds (Hill, 1950), showing a sharp inconsistency
(McMahon, 1975; Jones & Lindstedt, 1993) with the scaling rules for speeds in quadrupeds
established at the trot-to-gallop transition (Heglund et al., 1974) can readily be understood by
the observations of two distinct dynamic similarity regimes λ = 0 and λ = 1. Likewise, a
more recent claim on that the similarity between humans running at fixed speeds, accurately
simulated under the requirement of equal Froude numbers, was surprisingly found (Delattre
et al., 2009) to be in sharp disagreement with the scaling rules of dynamic similarity in
fast running animals reliably established by Farley et al. (1993). A new kind of similarity
discovered in running humans arrived the authors to a puzzle conclusion that neither of
Froude and Strouhal numbers is appropriate as determinant of dynamic similarity. In this
special case, the proposed theory tells us that the dynamic similarity between humans
running at the stationary-speed conditions (Table 1) cannot be constrained by constant Froude
numbers, as erroneously was adopted in the study by Delattre et al. (2009).
Another Hill’s surmise on the constant limb muscle stress, resulted in the universality of the
limb safety factor in animals efficiently moving in slow gaits, has been generalized without
grounds to all fast gaits by a number of researches. For example, in attempting to introduce
"equivalent speed" states λ = 1 during trot-to-gallop transition McMahon postulated a
constant stress in homologous muscles (McMahon, 1975, Table 4), when suggested the
uniform muscle stress σm-slow ∝ M0, corresponding to the case of λ = 0. The postulated
stress evidently contrasted with the already existing data on peak isometric stress, linearly
varying with sarcomere length (Huxley & Neidergerke, 1954), i.e., σm- f ast ∝ Lm (Table 2),
and the data on muscle stress later revealed the linearity to fiber length in running and
jumping animals (Alexander & Bennet-Clark, 1976). Likewise, when the axial-displacement
dynamic similarity (i.e., ΔLm- f ast ∝ Lm) discussed for fast locomotory muscles is generalized

to non-axial-displacement elastic similarity in long limb mammalian bones (ΔL(bend)
bone ∝ Dbone,

where Dbone is bone’s diameter; Kokshenev, 2007, Eq. (15)) new puzzled consequences of
biomechanical scaling may be revealed. One impressive example is the axial compressive

stress σ
(axial)
bone ∝ Lbone, estimated as the peak limb bone stress σ

(exp)
bone ∝ M0.28 for the avian

taxa, matching well the spring-leg data σ
(exp)
leg ∝ M0.30 from running quadrupeds following

from Eq. (17), has been shown to provide the anecdotal small largest terrestrial giant weight,
no much greater than 20 kg (Biewener, 2005). This puzzle was understood by that instead

of axial stress, which is in fact non-critical, the bending stress σ
(bend)
bone ∝ Dbone/Lbone, having

small but non-zero positive exponent, i.e., σ
(bend)
bone ∝ M0.08, likely establishes the critical mass

of terrestrial giants (Kokshenev & Christiansen, 2011).
One more "least-action principle" in biomechanics was recently declared for walk gaits in
humans (Fan et al., 2009). The standard variational procedure was worked out to establish
a symmetric point (T/2) in the middle of the two-step stride cycle in human gaits, at which all
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important mechanical characteristics expose the extreme (minimum or maximum) behavior.
This misleading principle of the existence of the symmetrical point, even though consistent
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leg moves half a stride cycle out of other leg (e.g., Alexander & Jayes, 1983, p.142) was in fact
incorporated, likely unconsciously, into the studied model through symmetric mechanics of
the supposedly equivalent human legs.
The constructal theory of dynamic similarity by Bejan & Marden (2006a, b) treats the potential
energy of the body falling in the gravitational field g as a useful energy of terrestrial
locomotion. Considering only the aerial phase in a stride cycle, the theory excludes the

ground contact and thereby all muscular forces providing the body propulsion force μ
(exp)
f ast M.

It is surprisingly that the same theoretical framework excluding muscle forces has resulted

in the muscular field μ
(exp)
f ast = 2g, since the suggested scaling factors in the basic scaling

relations, shown in Eq. (8), are weighted solely by the gravitational field. Hence, it has
been demonstrated by the authors that consistency between the principle of destruction of
minimum useful energy in the gravitational field (the case λ = 1 in Eq. (2)) may exist under
the additional condition postulated in Eq. (7), in fact borrowed from another, more general
mechanical principle.
Following the requirement of equality of Froude numbers, experimental biologists mostly
study the discrete-state dynamic similarity in animals. For example, Bullimore & Burn
(2006) have remarkably established (see their Table 4) the universal criterion of dynamic

similarity St(exp)
trot (= 0.70, 0.67, and 0.60) from 21 horses trotting at arbitrary chosen fixed

Froude numbers Fr(exp)
trot (= 0.5, 0.75, and 1). This finding corroborates McMahon’s suggestion

(acknowledged by Alexander, 1989) on that besides the Froude number the Strouhal number
should be simultaneously constant, as followed from the universality of the Groucho number
(McMahon et al., 1987). In contrast, the study by Bullimore & Donelan (2008) of the
criteria of dynamic similarity in spring-mass modeled animals suggested four independent
determinants, at least. Given that the authors have clearly convinced the reader of that the
equality of only two dimensionless numbers is not sufficient for establishing of the dynamic
similarity between in-plane modeled animals (Bullimore & Donelan, 2008, Fig. 4), a question
arises about what kind of dynamic similarity was reported by Bullimore & Burn (2006)
established in real trotting horses through the only one determinant Fr?
Bullimore & Donelan (2008, Table 2) have analyzed the well known solutions of the planar
spring-mass model through Buckingham’s Π-theorem of the dimensional method (e.g.,
Barenblatt, 2002) and claimed that minimum four independent dimensionless numbers
following from the set of mechanical quantities (V, K, Vz, Θ0) are required for the observation
of dynamic similarity in bouncing modes of animals. First, one can see that the landing
angle Θ0 should be excluded from the proposed set of physically independent quantities,
since the horizontal landing speed V and the vertical landing speed Vz definitively determine
the angle Θ0 = arctg(V/Vz), as can be inferred from Fig. 1 by Bullimore & Donelan (2008).
Then, the requirement to control vertical speed via the model-independent relation Vz � μβT
allows one to reduce the proposed set to the equivalent set (T−1, V, μ, β), where the body
stiffness is substituted by muscular field via the body stiffness K � ρb Aμ. The resulted set
of four quantities (St, Fr, μ, β) is dynamically equivalent to the originally suggested set (V,
K, Vz, Θ0), but among three determinants (St, Fr, μ) the only one is physically independent.
Two other dimensionless numbers play the role of auxiliary determinants in the dynamic
similarity, whereas the duty factor may indicate transient-mode and crossover-gait universal
states of the same dynamic regime λ = 1. Hence, it has been repeatedly demonstrated that the
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application of Buckingham’s theorem only provides a way of generating sets of dimensionless
parameters, but does not indicate or even substitute most physically meaningful relations.
This well known statement is also illustrated by the provided above study of two scaling
equations Eq. (2) and (5), suggesting the same set of three possible determinants of dynamic
similarity, respectively provided by the physical concept and the dimensional method.
When comparing the frameworks of dynamic similarity and elastic similarity, respectively
elaborated to scale the patterns of fast locomotion gaits and the patterns of primary functions
(motor, brake, strut, or spring) of locomotory muscles (Kokshenev, 2008, Table 1), belonging to
the same body’s elastic system, one can see that in both cases the muscle contractions fall into
the same dynamic similarity regime λ = 1 generally governed by the same uniform muscular
field. However, the two distinct (gait and function) muscle patters should not provide the
same scaling rules for dynamic muscle characteristics, including the dynamic length noted
by Alexander (1989, p.1212), since the dynamic conditions of muscle cycling are distinct.
Indeed, the dynamic cycling in similar locomotion is synchronized with the collective muscle
dynamics, corresponding to the condition of maximum overall-body mechanical efficiency,
whereas the elastic similarity between individual muscles specialized to a certain mechanical
function is likely governed by the requirement of maximum power, generally not matching
the condition of minimal oxygen consumption. The observation by Hill (1950, Fig. 1)
that the muscle power and efficiency maxima are rather blunt and close in space makes
it possible to work at maximum power with nearly maximum efficiency. Further analysis
of non-linear dynamic similarity in muscle functions and animal locomotion, including
powering intermittent gaits (Alexander, 1989, p.1200), will be discussed elsewhere.
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application of Buckingham’s theorem only provides a way of generating sets of dimensionless
parameters, but does not indicate or even substitute most physically meaningful relations.
This well known statement is also illustrated by the provided above study of two scaling
equations Eq. (2) and (5), suggesting the same set of three possible determinants of dynamic
similarity, respectively provided by the physical concept and the dimensional method.
When comparing the frameworks of dynamic similarity and elastic similarity, respectively
elaborated to scale the patterns of fast locomotion gaits and the patterns of primary functions
(motor, brake, strut, or spring) of locomotory muscles (Kokshenev, 2008, Table 1), belonging to
the same body’s elastic system, one can see that in both cases the muscle contractions fall into
the same dynamic similarity regime λ = 1 generally governed by the same uniform muscular
field. However, the two distinct (gait and function) muscle patters should not provide the
same scaling rules for dynamic muscle characteristics, including the dynamic length noted
by Alexander (1989, p.1212), since the dynamic conditions of muscle cycling are distinct.
Indeed, the dynamic cycling in similar locomotion is synchronized with the collective muscle
dynamics, corresponding to the condition of maximum overall-body mechanical efficiency,
whereas the elastic similarity between individual muscles specialized to a certain mechanical
function is likely governed by the requirement of maximum power, generally not matching
the condition of minimal oxygen consumption. The observation by Hill (1950, Fig. 1)
that the muscle power and efficiency maxima are rather blunt and close in space makes
it possible to work at maximum power with nearly maximum efficiency. Further analysis
of non-linear dynamic similarity in muscle functions and animal locomotion, including
powering intermittent gaits (Alexander, 1989, p.1200), will be discussed elsewhere.
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1. Introduction

In previous studies, the physical theory of dynamic similarity in animals was deduced from
the concept of mechanical similarity in analytical mechanics (Kokshenev, 2010, 2011). Unlike
a mechanistic approach to the problem of dynamic similarity in biomechanics of locomotion
treating the animate systems as freely falling in the gravitational field and resisting drag
forces (Bejan & Marden, 2006), the model-independent physical theory, unifying running,
swimming, and flying animals, can be outlined as follows.
Broadly speaking, animals of different body size Lb are dissimilar in their forward propagation
speeds V and stride or stroke frequencies T−1. However, when traveling or cruising for
long distances at the proper body’s resonant frequency T−1

res ∼
√

μslow/Lb, the animals are
generally exploit the stationary dynamic regime characteristic of the constant uniform body
pressure generated by slow locomotory muscles. The relevant muscular field μslow ∝ L−1

b ,
scaling with body length by the same way as reaction elastic-force field, was observed
indirectly (Kokshenev, 2011, Table 1) through the wingbeat frequency in hovering birds T−1

res ,
first by Hill (1950) and then by Ellington (1991). The first direct observation of the body’s slow
muscular field scaling with body mass as μslow ∝ M−1/3 in flying, running, and swimming
animals has been established through the body force output by Alexander (1985) and Marden
& Allen (2002). When an animal maintains the resonant cyclic conditions (in frequency and
phase; Kokshenev, 2010) with increasing speed, the mechanical efficiency of the properly
recruited fast locomotory muscles is higher than that of acting slow muscles, at least in adult
species (e.g., Alexander, 1989). Moreover, the mechanically universal (i.e., frequency-, speed-,
and force-independent) muscle stiffness K f ast ∝ M2/3 results in the body’s fast muscular
field μ f ast ∼ g, where g is the gravitational field, whose uniformity determines the dynamic
similarity between animals across body mass through the basic scaling rules Vf ast ∝ M1/6

and T−1
f ast ∝ M−1/6.

The dynamic similarity patterns, unifying different-sized animals at a certain dynamically
similar slow or fast regime, are unambiguously determined by the reliable observation of
just one of the basic scaling rules shown respectively in Tables 1 and 2 in Kokshenev (2011).
Alternatively, the equivalent theoretical observation of just one uniform (across body mass)
dimensionless determinant, such as the Strouhal number (Stslow ∼ St f ast ∝ M0), the Froude
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1. Introduction

In previous studies, the physical theory of dynamic similarity in animals was deduced from
the concept of mechanical similarity in analytical mechanics (Kokshenev, 2010, 2011). Unlike
a mechanistic approach to the problem of dynamic similarity in biomechanics of locomotion
treating the animate systems as freely falling in the gravitational field and resisting drag
forces (Bejan & Marden, 2006), the model-independent physical theory, unifying running,
swimming, and flying animals, can be outlined as follows.
Broadly speaking, animals of different body size Lb are dissimilar in their forward propagation
speeds V and stride or stroke frequencies T−1. However, when traveling or cruising for
long distances at the proper body’s resonant frequency T−1

res ∼
√

μslow/Lb, the animals are
generally exploit the stationary dynamic regime characteristic of the constant uniform body
pressure generated by slow locomotory muscles. The relevant muscular field μslow ∝ L−1

b ,
scaling with body length by the same way as reaction elastic-force field, was observed
indirectly (Kokshenev, 2011, Table 1) through the wingbeat frequency in hovering birds T−1
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first by Hill (1950) and then by Ellington (1991). The first direct observation of the body’s slow
muscular field scaling with body mass as μslow ∝ M−1/3 in flying, running, and swimming
animals has been established through the body force output by Alexander (1985) and Marden
& Allen (2002). When an animal maintains the resonant cyclic conditions (in frequency and
phase; Kokshenev, 2010) with increasing speed, the mechanical efficiency of the properly
recruited fast locomotory muscles is higher than that of acting slow muscles, at least in adult
species (e.g., Alexander, 1989). Moreover, the mechanically universal (i.e., frequency-, speed-,
and force-independent) muscle stiffness K f ast ∝ M2/3 results in the body’s fast muscular
field μ f ast ∼ g, where g is the gravitational field, whose uniformity determines the dynamic
similarity between animals across body mass through the basic scaling rules Vf ast ∝ M1/6

and T−1
f ast ∝ M−1/6.

The dynamic similarity patterns, unifying different-sized animals at a certain dynamically
similar slow or fast regime, are unambiguously determined by the reliable observation of
just one of the basic scaling rules shown respectively in Tables 1 and 2 in Kokshenev (2011).
Alternatively, the equivalent theoretical observation of just one uniform (across body mass)
dimensionless determinant, such as the Strouhal number (Stslow ∼ St f ast ∝ M0), the Froude
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number (Fr f ast ∝ M0), the force-output number (μ f ast/g ∝ M0), the limb duty factor
(βslow ∼ β f ast ∝ M0), or the angle (Θslow ∼ Θ f ast ∝ M0) sweeping by legs, wings, or
tails during a stride or a stroke, implies the establishing of the discrete (isolated) dynamically
similar states in animals moving in certain fast or slow gait.
In the previous chapter, the pattern of efficient runners in quadrupeds, unifying trotting and
galloping quadrupeds (from a mice to a horse), was theoretically observed by both the
basic scaling rules at well experimentally distinguished "equivalent" speeds (Heglund et al.,
1974), "preferred" trotting and galloping speeds (Heglund & Taylor, 1988; Perry et al., 1988),
as well as trot-to-gallop transient speeds (Heglund et al., 1974, Heglund & Taylor, 1988).
When extended by bipeds and described by a whole spectrum of scaling rules, the latter
pattern of similarity called by efficient trotters and hoppers was been studied in the domain
of "physiologically equivalent" speeds (Farley et al., 1993), unifying near the trot-to-gallop
transition running quadrupeds (from a rat to a horse) and hopping bipeds (tammar wallaby
and red kangaroo).1 It has been also demonstrated that the direct experimental observation
of both two basic scaling rules is equivalent to the theoretical observation of the uniformity
of the underlaid muscular field, i.e., μ f ast � Vf astT

−1
f ast ∝ M0. Other patterns of the

established transient (walk-to-run) state and optimum-speed state, called by efficient walkers
in bipeds and efficient runners in mammals, were theoretically observed through the scaling
rules for, respectively, frequency and speed measured in bipeds, including humans (Gatesy
& Biewener, 1991) and other terrestrial mammals (from the smallest bipedal rodent to the
largest quadrupedal elephant, Garland, 1983). Likewise, the dynamic similarity in efficient
flyers and swimmers associated with the fast dynamic regime of locomotion was established for
dolphins, birds, and bats cruising with a high power efficiency (Taylor et al., 2003).
In the previous chapter, Alexander’s hypothesis on the dynamic similarity between running
different-sized animals, equalling Froude numbers (Alexander, 1976; Alexander & Jayes,
1983; Alexander, 1989), has been studied in the context of discrete-state dynamic similarity.
These dynamically similar states of animate systems, moving in either the stationary-speed
slow-muscle regime or the non-stationary fast-muscle regime, have been specified by
optimal-speed, transient-mode, and transient-gait states, resulted in the mentioned above
dynamic similarity patterns. Besides the central hypothesis on discrete-state dynamic
similarity, the possible existence of gait-dependent characteristic similarity functions (of the
Froude variable Fr) unifying animals across body mass, speed, and taxa at a certain gait,
was also proposed by Alexander & Jayes (1983). From the theoretical point of view, the
discrete-state similarity determined by equal Froude constants has been therefore suggested
to be generalized to the continuous-state dynamic similarity, determined by the dynamic similarity
functions provided by continuous data on the limb duty factors β(Fr) and the Strouhal
numbers St(Fr) obtained by Alexander & Jayes (1983).
In this study, the theory of continuous dynamic similarity is developed and tested by the
continuous dynamic similarity states revealed in walking and running mammals on the basis
of systematic experimental data on the limb duty factor and relative stride length available
for quadrupedal (Alexander & Jayes, 1983; Hutchinson et al., 2006) and bipedal (Gatesy &
Biewener, 1991) animals. The developed concept of dynamic similarity hopefully provides

1 Earlier, the continues dynamically similar states were established by Alexander & Jayes (1983) in
trotting and galloping cursorial quadrupeds through the Froude numbers lying in the domain 2 ≤ Fr ≤
3. The corresponding local-state trot-gallop transition was estimated at Frtrot−gall = 2.5 (Alexander &
Jayes, 1983; Alexander, 2003).
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further generalizations of the patterns of dynamic similarity revealed in animals across speed
and taxa.

2. Materials and methods

2.1 Systematic experimental data
The available experimental data on gait-dependent characteristics of walking and running
terrestrial animals based on the study of dimensionless numbers of dynamic similarity,
are conventionally separated in two groups, represented by the discrete-state constant and
continuous-state variable Froude parameters.

2.1.1 Discrete similarity data
The study by Farley et al. (1993) of the dynamic similarity in trotting quadrupeds (form a
rat to a horse through a dog and a goat) extended by hopping bipeds (tammar wallaby and
red kangaroo) has been performed near the trot-to-gallop transient states, whose dynamic

similarity was revealed by closely spaced Froude numbers Fr(exp)
trans (= V2

trans/gLb, where Lb is

hip height), limb duty factors β
(exp)
trans (= ΔT/T , with ΔT is the ground contact time of one foot,

and T is the stride period), and peak force output F(exp)
trans , represented here as

Fr(exp)
trans = 2.25 ± 0.13, St(pred)

trans = 0.40, β
(exp)
trans = 0.41 ± 0.2, with μ

(max)
trans /g = 3.10. (1)

The statistically averaged data for the mean Froude number and the limb duty factor were
reported by Farley et al. (1993, p. 74). The relative force output is estimated here on the

basis of F(exp)
trans discussed in Eq. (17) in Kokshenev (2011) and the failing Strouhal number is

predicted below (Fig. 1).
More recently, the discrete-state dynamic similarity was established in 21 trotting horses by

Bullimore & Burn (2006) at three constant Froude numbers Fr(exp)
trot (= 0.5, 0.75, and 1). In

their Table 4, the authors have shown that besides the stabilization across body mass of two

determinants Fr(exp)
trot ∝ M0 and St(exp)

trot ∝ M0, the similar dynamic states are also indicated by

the invariable duty factor β
(exp)
trot ∝ M0. The omitted scaling factors in statistically observed

scaling relations are schematically reproduced here as
⎛
⎜⎝

Fr(exp)
trot

St(exp)
trot

β
(exp)
trot

⎞
⎟⎠ =

⎛
⎝

0.50 0.75 1.00
0.70 0.67 0.60
0.47 0.44 0.39

⎞
⎠ · M0. (2)

2.1.2 Continuous similarity data
Treating the estimated Froude numbers as a dynamic variable, changing with speed in
walking and running terrestrial animals, the data on the measured gait-dependent mechanical
characteristics were obtained by a number of researches. The available systematic data on
continuous dynamic similarity in quadrupeds (from a small rodent to a rhinoceros, Alexander
& Jayes, 1983), modern elephants (Hutchinson et al., 2006), land-dwelling birds (from a
bobwhite to an ostrich) and two humans (Gatesy & Biewener, 1991) are provided in Table

1 in terms of the duty-factor similarity function β
(exp)
gait and the Strouhal similarity function

St(exp)
gait scaled by Froude variable Fr.
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In the previous chapter, the pattern of efficient runners in quadrupeds, unifying trotting and
galloping quadrupeds (from a mice to a horse), was theoretically observed by both the
basic scaling rules at well experimentally distinguished "equivalent" speeds (Heglund et al.,
1974), "preferred" trotting and galloping speeds (Heglund & Taylor, 1988; Perry et al., 1988),
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When extended by bipeds and described by a whole spectrum of scaling rules, the latter
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transition running quadrupeds (from a rat to a horse) and hopping bipeds (tammar wallaby
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of both two basic scaling rules is equivalent to the theoretical observation of the uniformity
of the underlaid muscular field, i.e., μ f ast � Vf astT
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rules for, respectively, frequency and speed measured in bipeds, including humans (Gatesy
& Biewener, 1991) and other terrestrial mammals (from the smallest bipedal rodent to the
largest quadrupedal elephant, Garland, 1983). Likewise, the dynamic similarity in efficient
flyers and swimmers associated with the fast dynamic regime of locomotion was established for
dolphins, birds, and bats cruising with a high power efficiency (Taylor et al., 2003).
In the previous chapter, Alexander’s hypothesis on the dynamic similarity between running
different-sized animals, equalling Froude numbers (Alexander, 1976; Alexander & Jayes,
1983; Alexander, 1989), has been studied in the context of discrete-state dynamic similarity.
These dynamically similar states of animate systems, moving in either the stationary-speed
slow-muscle regime or the non-stationary fast-muscle regime, have been specified by
optimal-speed, transient-mode, and transient-gait states, resulted in the mentioned above
dynamic similarity patterns. Besides the central hypothesis on discrete-state dynamic
similarity, the possible existence of gait-dependent characteristic similarity functions (of the
Froude variable Fr) unifying animals across body mass, speed, and taxa at a certain gait,
was also proposed by Alexander & Jayes (1983). From the theoretical point of view, the
discrete-state similarity determined by equal Froude constants has been therefore suggested
to be generalized to the continuous-state dynamic similarity, determined by the dynamic similarity
functions provided by continuous data on the limb duty factors β(Fr) and the Strouhal
numbers St(Fr) obtained by Alexander & Jayes (1983).
In this study, the theory of continuous dynamic similarity is developed and tested by the
continuous dynamic similarity states revealed in walking and running mammals on the basis
of systematic experimental data on the limb duty factor and relative stride length available
for quadrupedal (Alexander & Jayes, 1983; Hutchinson et al., 2006) and bipedal (Gatesy &
Biewener, 1991) animals. The developed concept of dynamic similarity hopefully provides

1 Earlier, the continues dynamically similar states were established by Alexander & Jayes (1983) in
trotting and galloping cursorial quadrupeds through the Froude numbers lying in the domain 2 ≤ Fr ≤
3. The corresponding local-state trot-gallop transition was estimated at Frtrot−gall = 2.5 (Alexander &
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further generalizations of the patterns of dynamic similarity revealed in animals across speed
and taxa.
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2.1 Systematic experimental data
The available experimental data on gait-dependent characteristics of walking and running
terrestrial animals based on the study of dimensionless numbers of dynamic similarity,
are conventionally separated in two groups, represented by the discrete-state constant and
continuous-state variable Froude parameters.

2.1.1 Discrete similarity data
The study by Farley et al. (1993) of the dynamic similarity in trotting quadrupeds (form a
rat to a horse through a dog and a goat) extended by hopping bipeds (tammar wallaby and
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2.1.2 Continuous similarity data
Treating the estimated Froude numbers as a dynamic variable, changing with speed in
walking and running terrestrial animals, the data on the measured gait-dependent mechanical
characteristics were obtained by a number of researches. The available systematic data on
continuous dynamic similarity in quadrupeds (from a small rodent to a rhinoceros, Alexander
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bobwhite to an ostrich) and two humans (Gatesy & Biewener, 1991) are provided in Table
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Animals a(Fr)b a(exp)
walk b(exp)

walk ±Δb(exp)
walk a(exp)

run b(exp)
run ±Δb(exp)

run

Quadrupeds curs. β
(exp)
gait 0.52 −0.16 0.07 0.53 −0.28 0.03

Quadrupeds curs. St( exp )−1
gait 2.4 0.34 0.10 1.9 0.40 0.03

Bipeds a(Fr)b a(exp)
walk b(exp)

walk r(exp)2
walk a(exp)

run b(exp)
run r(exp)2

run

Birds β
(exp)
gait 0.60 −0.09 0.69 0.56 −0.20 0.69

Humans β
(exp)
gait 0.58 −0.08 0.93 0.40 −0.29 0.90

Bipeds β
(exp)
gait 0.59 −0.09 −− 0.47 −0.25 −−

Birds St( exp )−1
gait 2.34 0.16 0.72 2.42 0.31 0.72

Humans St( exp )−1
gait 2.48 0.28 0.80 2.48 0.38 0.76

Bipeds St( exp )−1
gait 2.41 0.22 −− 2.45 0.35 −−

Elephants a+blog(Fr) a(exp)
A f rican b(exp)

A f rican r(exp)2
A f rican a(exp)

Asian b(exp)
Asian r(exp)2

Asian

Elephants β
(exp)
eleph 0.53 −0.16 0.89 0.51 −0.16 0.84

Elephants a(Fr)b a(exp)
A f rican b(exp)

A f rican r(exp)2
A f rican a(exp)

Asian b(exp)
Asian r(exp)2

Asian

Elephants St−1
eleph 2.0 0.18 0.84 2.1 0.17 0.86

Table 1. The equations of linear least squares regression for the limb duty factor (β) and
relative stride length (= St−1, see, e.g., Table 2 below) obtained from walking and running
animals. The data on African and Asian elephants are by Hutchinson et al. (2006, Table 3).
The data on cursorial quadrupeds (a dog, a sheep, a camel, and a rhinoceros) are by
Alexander & Jayes (1983, Table II). For quadrupeds, the limb duty factor data are the
arithmetic means of forelimb and hindlimb data. The dynamic similarity functions for birds
and humans are obtained here by the standard least squares regression of the
continuous-state data reproduced from Figs. 5 and 7 in Gatesy & Biewener (1991). The
scaling equations for bipeds are approximated by the geometric mean of those for birds and
humans.2

2.2 Theory of continuous similarity
2.2.1 Statement of the problem
When Alexander’s central hypothesis exemplified in Eq. (2) is applied to the efficiently
trotting dogs, a question arises whether the dogs observed at the same three constant Froude
numbers will show the same Strouhal numbers and limb duty factors as in the horses?
In other words, whether the equivalent dynamic similarity states chosen at certain fixed
numbers Fr determine the same dynamic similarity states in horses indicated by the same
equalized magnitudes of St and β? Moreover, if a chosen small trotting horse and an estimated
big trotting dog show the same Froude number, does it mean that other corresponding
determinants and indicators of the dynamic similarity should be equal in magnitudes? All
these questions are concern with the concept of continuous-state dynamic similarity justified
by the universal gait-dependent dynamic similarity functions hypothesized by Alexander &
Jayes (1983).

2 For example, for the two similarity functions y1 = a1xb1 and y2 = a2xb2 the geometric mean function
results in y =

√
y1y2, with the corresponding scaling factor a =

√
a1a2 and exponent b = (b1 + b2)/2.
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Strictly speaking, the theory developed in the previous chapter tells us that the observation
across body mass of a certain dynamically universal state through equal determinants is a
sufficient, but not necessary condition for realization of the same or dynamically similar
state in different-sized animals. Indeed, it has been demonstrated that the continues-state
similarity pattern of efficient runners in quadrupeds can be equally observed through the
close spaced discrete similar states indicated by non-equal Froude numbers in the domain1

2 ≤ Fr ≤ 3. Since the spectrum of scaling rules of the dynamic similarity theory establishes
the universality for solely scaling exponents, leaving aside the problem of scaling factors,
the scaling equations empirically established for speed and frequency in dogs and horses
may broadly differ in scaling factors, eventually providing different magnitudes in the set
of determinants of discrete-state similarity (Fr, St, β) discussed above. Hence, this qualitative
analysis suggests the dynamically equivalent states established in different-sized animals can
be observed not by solely equal, but also different, generally closely spaced dimensionless
numbers unified by the domains of continuous equivalent states distinguished via continues
similarity patterns. The developed below theory is discussed in terms of the continuously
similar states revealed via the extended set of determinants and indicators of similarity, such
as the set (Fr, St, μ, β) exemplified by the transient mode-state continuous similarity pattern
shown in Eq. (1).

2.2.2 Continuous similarity states
In this study, the discrete states of similarity unified by the generic regime of fast locomotion,
are going to be generalized to continuous dynamic states described in Table 2.

Fast gait characteristics Frequency Length Speed Force Mass

T−1
opt , T−1

res ∼
√

K/M T−1 μ
1
2 · L− 1

2
b μ · V−1 (ρbμ2 A)

1
2 ·F− 1

2 ρ
1
6
b μ

1
2 · M− 1

6

L(max)
gait = L μ · T2 L μ−1 · V2 (ρbμA)−1 · F ρ

− 1
3

b · M
1
3

V(max)
gait = LT−1 μ · T μ

1
2 · L

1
2 V (ρb A)− 1

2 · F
1
2 ρ

− 1
6

b μ
1
2 · M

1
6

K(max)
gait = ΔF/ΔLb T0 L0 V0 F0 ρ

− 1
3

b μ · M
2
3

μ
(max)
gait /g = ΔF/gM T0 L0 V0 F0 M0

Stgait = Lb/L T0 LbL−1 V0 F0 M0

Frgait = V2/gLb T0 L0 V0 F0 M0

Table 2. The determinants suggested for dynamically similar states in animals moving in fast
similar gaits. The data are reproduced from Table 2 in Kokshenev (2011). Here L is the
dynamic (stride or stroke) length and Lb is the static (leg or wing) length in animals; A is the

body’s cross-sectional area; ρb is the body density; K(max)
run is the maximum amplitude of body

stiffness. Other notations are described in the text. The abbreviation for the fast muscular
field μ = μ

(max)
run is adopted.

Before further advancement of the discrete-state similarity theory, it is noteworthy that when a
theoretical concept is applied to the real animate systems, several precautions should be taken.
The relevant perfect and imperfect qualification in the application of dynamic similarity to real
animals was discussed by Alexander (1989). From the theoretical point of view, deviations
from the "perfect" uniformity in the dimensionless determinants and the indicators of discrete
dynamically similar states may be exemplified by weak body-mass dependence of the swept
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gait 0.52 −0.16 0.07 0.53 −0.28 0.03

Quadrupeds curs. St( exp )−1
gait 2.4 0.34 0.10 1.9 0.40 0.03

Bipeds a(Fr)b a(exp)
walk b(exp)

walk r(exp)2
walk a(exp)

run b(exp)
run r(exp)2

run

Birds β
(exp)
gait 0.60 −0.09 0.69 0.56 −0.20 0.69

Humans β
(exp)
gait 0.58 −0.08 0.93 0.40 −0.29 0.90

Bipeds β
(exp)
gait 0.59 −0.09 −− 0.47 −0.25 −−

Birds St( exp )−1
gait 2.34 0.16 0.72 2.42 0.31 0.72

Humans St( exp )−1
gait 2.48 0.28 0.80 2.48 0.38 0.76

Bipeds St( exp )−1
gait 2.41 0.22 −− 2.45 0.35 −−

Elephants a+blog(Fr) a(exp)
A f rican b(exp)

A f rican r(exp)2
A f rican a(exp)

Asian b(exp)
Asian r(exp)2

Asian

Elephants β
(exp)
eleph 0.53 −0.16 0.89 0.51 −0.16 0.84

Elephants a(Fr)b a(exp)
A f rican b(exp)

A f rican r(exp)2
A f rican a(exp)

Asian b(exp)
Asian r(exp)2

Asian

Elephants St−1
eleph 2.0 0.18 0.84 2.1 0.17 0.86

Table 1. The equations of linear least squares regression for the limb duty factor (β) and
relative stride length (= St−1, see, e.g., Table 2 below) obtained from walking and running
animals. The data on African and Asian elephants are by Hutchinson et al. (2006, Table 3).
The data on cursorial quadrupeds (a dog, a sheep, a camel, and a rhinoceros) are by
Alexander & Jayes (1983, Table II). For quadrupeds, the limb duty factor data are the
arithmetic means of forelimb and hindlimb data. The dynamic similarity functions for birds
and humans are obtained here by the standard least squares regression of the
continuous-state data reproduced from Figs. 5 and 7 in Gatesy & Biewener (1991). The
scaling equations for bipeds are approximated by the geometric mean of those for birds and
humans.2

2.2 Theory of continuous similarity
2.2.1 Statement of the problem
When Alexander’s central hypothesis exemplified in Eq. (2) is applied to the efficiently
trotting dogs, a question arises whether the dogs observed at the same three constant Froude
numbers will show the same Strouhal numbers and limb duty factors as in the horses?
In other words, whether the equivalent dynamic similarity states chosen at certain fixed
numbers Fr determine the same dynamic similarity states in horses indicated by the same
equalized magnitudes of St and β? Moreover, if a chosen small trotting horse and an estimated
big trotting dog show the same Froude number, does it mean that other corresponding
determinants and indicators of the dynamic similarity should be equal in magnitudes? All
these questions are concern with the concept of continuous-state dynamic similarity justified
by the universal gait-dependent dynamic similarity functions hypothesized by Alexander &
Jayes (1983).

2 For example, for the two similarity functions y1 = a1xb1 and y2 = a2xb2 the geometric mean function
results in y =

√
y1y2, with the corresponding scaling factor a =

√
a1a2 and exponent b = (b1 + b2)/2.
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Strictly speaking, the theory developed in the previous chapter tells us that the observation
across body mass of a certain dynamically universal state through equal determinants is a
sufficient, but not necessary condition for realization of the same or dynamically similar
state in different-sized animals. Indeed, it has been demonstrated that the continues-state
similarity pattern of efficient runners in quadrupeds can be equally observed through the
close spaced discrete similar states indicated by non-equal Froude numbers in the domain1

2 ≤ Fr ≤ 3. Since the spectrum of scaling rules of the dynamic similarity theory establishes
the universality for solely scaling exponents, leaving aside the problem of scaling factors,
the scaling equations empirically established for speed and frequency in dogs and horses
may broadly differ in scaling factors, eventually providing different magnitudes in the set
of determinants of discrete-state similarity (Fr, St, β) discussed above. Hence, this qualitative
analysis suggests the dynamically equivalent states established in different-sized animals can
be observed not by solely equal, but also different, generally closely spaced dimensionless
numbers unified by the domains of continuous equivalent states distinguished via continues
similarity patterns. The developed below theory is discussed in terms of the continuously
similar states revealed via the extended set of determinants and indicators of similarity, such
as the set (Fr, St, μ, β) exemplified by the transient mode-state continuous similarity pattern
shown in Eq. (1).

2.2.2 Continuous similarity states
In this study, the discrete states of similarity unified by the generic regime of fast locomotion,
are going to be generalized to continuous dynamic states described in Table 2.

Fast gait characteristics Frequency Length Speed Force Mass

T−1
opt , T−1

res ∼
√

K/M T−1 μ
1
2 · L− 1

2
b μ · V−1 (ρbμ2 A)

1
2 ·F− 1

2 ρ
1
6
b μ

1
2 · M− 1

6

L(max)
gait = L μ · T2 L μ−1 · V2 (ρbμA)−1 · F ρ

− 1
3

b · M
1
3

V(max)
gait = LT−1 μ · T μ

1
2 · L

1
2 V (ρb A)− 1

2 · F
1
2 ρ

− 1
6

b μ
1
2 · M

1
6

K(max)
gait = ΔF/ΔLb T0 L0 V0 F0 ρ

− 1
3

b μ · M
2
3

μ
(max)
gait /g = ΔF/gM T0 L0 V0 F0 M0

Stgait = Lb/L T0 LbL−1 V0 F0 M0

Frgait = V2/gLb T0 L0 V0 F0 M0

Table 2. The determinants suggested for dynamically similar states in animals moving in fast
similar gaits. The data are reproduced from Table 2 in Kokshenev (2011). Here L is the
dynamic (stride or stroke) length and Lb is the static (leg or wing) length in animals; A is the

body’s cross-sectional area; ρb is the body density; K(max)
run is the maximum amplitude of body

stiffness. Other notations are described in the text. The abbreviation for the fast muscular
field μ = μ

(max)
run is adopted.

Before further advancement of the discrete-state similarity theory, it is noteworthy that when a
theoretical concept is applied to the real animate systems, several precautions should be taken.
The relevant perfect and imperfect qualification in the application of dynamic similarity to real
animals was discussed by Alexander (1989). From the theoretical point of view, deviations
from the "perfect" uniformity in the dimensionless determinants and the indicators of discrete
dynamically similar states may be exemplified by weak body-mass dependence of the swept
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angle Θ(exp)
run (= 0.60M−0.03) and the relative body length change ε

(exp)
run (= 0.17M−0.04), revealed

by the leg-spring model in quadrupeds and bipeds (Farley et al., 1993). The plausible reasons
of deviations from the universality in dimensionless determinants of the similarity are (i)
uncompensated external ground reaction forces and internal body reaction forces, resulting in
deviation in body’s rigidity, (ii) deviations from the condition of maximal locomotor efficiency
and (iii) from the isometrically approximated scaling rules for muscle and bone masses with
body mass. The latter effects are caused by small but finite mass allometric exponents (Prange
et al., 1979) discussed in the problem of the primary locomotor functions of long skeletal bones
(Kokshenev et al. 2003; Kokshenev, 2003, 2007) and striated and cardiac muscles (Kokshenev,
2008, 2009).
Following the original version of the dynamic similarity theory (Kokshenev, 2011), the
similarity between equivalent discrete states established by the dimensionless determinants
is also indicated by the uniform dimensionless scaling parameters, e.g., β, ε, or Θ, generally
omitted in the scaling rules (e.g., Table 2). In the version of continuous-state dynamic
similarity driven by continuous Froude variable, all other dimensionless parameters are
also state-dependent continuous functions, e.g., St(Fr), β(Fr), or Θ(Fr). Following the
concept of the unique similarity criterion (Kokshenev, 2011), each of these functions
ambiguously determines the dynamic similarity between animals moving in certain gait.
Hence, extending scaling relations from the discrete states to continues states, the omitted
in Table 2 dimensionless parameters should be restored.
Using the basic definitive equations for resonant frequency and optimum speed (Table 2), one
obtains the basic gait-dependent relations of the continuous dynamic similarity, namely

T−1
res ∼

√
μgait

εb
L− 1

2
b , Vgait ∼

√
μgait

εb
LgaitL− 1

2
b , with εb =

ΔLb
Lb

, (3)

where Lgait is the dynamic length. In turn, two corresponding dimensionless numbers

Frgait ∼ ε−1
b

μgait

g

( Lgait

Lb

)2

, Stgait =

( Lgait

Lb

)−1

, with εb ∼
Lgait

Lb
, (4)

follow from Table 2, along with the relative static length change εb approximated here by the
basic relation ΔLb ∼ L, common in linear scaling theory.
When the determinant Fr is chosen as an independent dynamic variable of continuous
similarity, Eq. (4) yields muscle-field similarity function

μgait(Fr) ∼ gFrStgait(Fr), (5)

where the omitted numerical factor is not universal and therefore insignificant in scaling
theory. Bearing in mind the experimental data (Table 1), the Strouhal similarity function

St(exp)
gait (Fr) and the duty-factor similarity function β

(exp)
gait (Fr) can be presented as

St(exp)
gait (Fr) ∼ (Fr)−b1 and β

(exp)
gait (Fr) ∼ (Fr)b2 , (6)

where the exponents b1 and b2 (observed experimentally in Table 1) are generally constrained
by the basic definitive equations. One can therefore infer that the dynamic similarity between
animate systems is controlled by the scaling exponents of the gait-dependent similarity
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functions, determining continuous similarity. Using the experimental data for the exponents,
one obtains a scaling prediction for the muscle-field determinant

μ
(pred)
gait (Fr) ∼ gFrb3 , with b3 = 1 − b1, (7)

straightforwardly following from Eqs. (5) and (6).

3. Results and discussion

The continuous dynamic similarity theory is applied below to the data from running
quadrupeds and bipeds (Table 1) on the basis of determinants (Table 2) already specified by
the optimum-speed, crossover-gait (walk-to-run), and transient-run (trot-to-gallop) discrete
states. The analysis is provided in terms of the continuous-state similarity determinants
(Fr, St, β, μ) exemplified in Eq. (1) and in part in Eq. (2).

3.1 Quadrupeds including elephants
As mentioned,1 the continuous dynamic similarity was first observed by Alexander & Jayes
(1983) within the domain 2 ≤ Fr ≤ 3 of transient trot-to-gallop dynamically similar states
in running cursorial quadrupeds (Table 1). Following the authors, quadrupeds move in
dynamically similar way, changing their fashion of locomotion at equal Froude numbers. The
trot-to-gallop dynamic transitions were determined by the phase difference between the fore
feet, indicating a transition between symmetrical (trot or pace) and asymmetrical (gallop or
canter) modes of the run gait (Alexander & Jayes, 1983, Fig. 1). Although all transitions
between mode patterns of locomotion are indicated by quantities at which one or more
change discontinuously (Alexander & Jayes, 1983; Alexander, 1989, 2003), the symmetry-mode
transitions are considered here as continuous, at least within the scope of relative stride
length and limb duty factor functions, for which no abrupt changes were indicated. The
continuous trot-to-gallop transition, associated in the cursorial quadrupeds (Table 1) with
constant1 Frtrot−gall = 2.5, was re-discovered in quadrupeds (form a rat to a horse) by Farley
et al. (1993) as shown in Eq. (1) and re-analyzed in Eq. (17) in Kokshenev (2011) by a number
of scaling rules equally validating for discrete and continuous similar states (Table 2).
In contrast to run-mode transitions, a walk-to-run crossover in quadrupeds is associated with
discontinues transient-gait states. In quadrupeds, excluding elephants, a gradual increasing
of speed provokes abrupt changes in both the relative stride length and limb duty factors.

These changes revealed in the domain 0.61 ≤ β
(exp)
walk−run ≤ 0.67 indicate the universal (mass

independent) discontinues transition from a walk to a run determined by the dynamic

similarity variable Fr(exp)
walk = Fr(exp)

run = 0.40 (Alexander & Jayes, 1983, Figs. 3 and 4). In Fig. 1,
the scaling data on continuous dynamic similarity in quadrupeds by Alexander & Jayes (1983)

are reproduced and the discontinues walk-to-run transition at Fr(exp)
walk−run = 0.40 is shown by

unstable-state points 1 and 2 (shown by closed stars), whereas the continuous trot-to-gallop
transition is shown by the continuous-state points 4 and 5 (shown by open stars).
In the case of cursorial quadrupeds, the duty-factor similarity function (Fig. 1) established for
trotting and galloping quadrupeds by Alexander & Jayes (1983) is remarkably consistent with
the trot-to-gallop continuous transition states statistically described by Farley et al. (1993) and
shown in Eq. (1). These transient-mode states, likely first revealed by Heglund et al. (1974),
suggest a stabilization of the characteristic Strouhal number (Table 3) unifying quadrupeds
and bipeds within the domain 2 ≤ Fr ≤ 3 associated with the continuous similarity pattern of
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functions, determining continuous similarity. Using the experimental data for the exponents,
one obtains a scaling prediction for the muscle-field determinant

μ
(pred)
gait (Fr) ∼ gFrb3 , with b3 = 1 − b1, (7)

straightforwardly following from Eqs. (5) and (6).

3. Results and discussion

The continuous dynamic similarity theory is applied below to the data from running
quadrupeds and bipeds (Table 1) on the basis of determinants (Table 2) already specified by
the optimum-speed, crossover-gait (walk-to-run), and transient-run (trot-to-gallop) discrete
states. The analysis is provided in terms of the continuous-state similarity determinants
(Fr, St, β, μ) exemplified in Eq. (1) and in part in Eq. (2).

3.1 Quadrupeds including elephants
As mentioned,1 the continuous dynamic similarity was first observed by Alexander & Jayes
(1983) within the domain 2 ≤ Fr ≤ 3 of transient trot-to-gallop dynamically similar states
in running cursorial quadrupeds (Table 1). Following the authors, quadrupeds move in
dynamically similar way, changing their fashion of locomotion at equal Froude numbers. The
trot-to-gallop dynamic transitions were determined by the phase difference between the fore
feet, indicating a transition between symmetrical (trot or pace) and asymmetrical (gallop or
canter) modes of the run gait (Alexander & Jayes, 1983, Fig. 1). Although all transitions
between mode patterns of locomotion are indicated by quantities at which one or more
change discontinuously (Alexander & Jayes, 1983; Alexander, 1989, 2003), the symmetry-mode
transitions are considered here as continuous, at least within the scope of relative stride
length and limb duty factor functions, for which no abrupt changes were indicated. The
continuous trot-to-gallop transition, associated in the cursorial quadrupeds (Table 1) with
constant1 Frtrot−gall = 2.5, was re-discovered in quadrupeds (form a rat to a horse) by Farley
et al. (1993) as shown in Eq. (1) and re-analyzed in Eq. (17) in Kokshenev (2011) by a number
of scaling rules equally validating for discrete and continuous similar states (Table 2).
In contrast to run-mode transitions, a walk-to-run crossover in quadrupeds is associated with
discontinues transient-gait states. In quadrupeds, excluding elephants, a gradual increasing
of speed provokes abrupt changes in both the relative stride length and limb duty factors.

These changes revealed in the domain 0.61 ≤ β
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independent) discontinues transition from a walk to a run determined by the dynamic

similarity variable Fr(exp)
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run = 0.40 (Alexander & Jayes, 1983, Figs. 3 and 4). In Fig. 1,
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are reproduced and the discontinues walk-to-run transition at Fr(exp)
walk−run = 0.40 is shown by

unstable-state points 1 and 2 (shown by closed stars), whereas the continuous trot-to-gallop
transition is shown by the continuous-state points 4 and 5 (shown by open stars).
In the case of cursorial quadrupeds, the duty-factor similarity function (Fig. 1) established for
trotting and galloping quadrupeds by Alexander & Jayes (1983) is remarkably consistent with
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suggest a stabilization of the characteristic Strouhal number (Table 3) unifying quadrupeds
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Fig. 1. The comparative analysis of the run-mode and walk-mode dynamic similarity
functions in quadrupeds. The solid lines are regression data by Alexander & Jayes (1983)
described in Table 1. The dashed lines are continuously extrapolated data. The dashed-dotted
lines are the smoothed discrete-state data from trotting horses (shown by open squares) by
Bullimore & Burn (2006) shown in Eq. (2). The closed squares represent those data by Farley et
al. (1993, Table 1) for trotting quadrupeds and hopping bipeds (distinguished by italic style),
which are limited by the experimental error shown in Eq. (1). The open squares tentatively
represent the data on Strouhal numbers in cruising birds and fish by Taylor et al. (2003). The
closed triangles are the averaged data from Asian and African elephants (Table 1) by
Hutchinson et al. (2006). The open and closed stars indicate, respectively, continuous (stable)
and discontinues (unstable) dynamic states. For more complete description of these and
other characteristic points, see Table 3.

efficient trotters and hoppers (Table 3), evidently including the transient and optimal continuous
states established at preferred trotting and preferred galloping speeds (Heglund & Taylor,
1988; Perry et al., 1988).
In the special case of trotting horses, the discrete-state data by Bullimore & Burn (2006),
discussed in Eq. (2) and shown Fig. 1 by the open squares, are extended here by the data
from a horse by Farley et al. (1993), as shown in Fig. 1 by the closed square. Although the
smoothed data on trotting horses (shown by dashed point line in Fig. 1) coincide neither

with the duty-factor function β
(exp)
run nor the Strouhal function St(exp)

run , which were suggested
to be universal (Alexander & Jayes, 1983), the dynamic continuous similarity between
trotting quadrupeds (excluding non-trotting elephants) and trotting horses can theoretically
be established. Indeed, the corresponding smoothed lines in Fig. 1 are drawn by the same
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Point Mode states and patterns in animals Fr St(exp)
gait β

(exp)
gait μ

(pred)
gait /g

1 unstable walk in quadrupeds 0.40 0.57 0.61 0.55
2 unstable run in quadrupeds 0.40 0.76 0.67 1.10
3 efficient runners in quadrupeds 1.00 0.53 0.52 1.91
4 trans. moderate run in quadrupeds 2.00 0.40 0.43 2.90
5 transient fast run in quadrupeds 3.00 0.34 0.38 3.69

4→5 efficient trotters and hoppers(∗) 2.25 0.40 0.41 3.10
3 successful fast walkers (elephants) 1.00 0.49 0.52 1.00

1 efficient walkers in bipeds (birds) 0.52 0.48 0.64 1.00
1 unstable fast walk in humans 0.40 0.52 0.62 0.85
1 unstable fast walk in bipeds 0.45 0.50 0.63 0.93
2 unstable slow run in humans 0.60 0.49 0.46 1.00
2 unstable slow run in bipeds 0.55 0.50 0.56 1.00
3 efficient runners in bipeds 1.00 0.41 0.47 1.47
4 efficient fast runners in bipeds 1.61 0.35 0.43 2.00
5 successful hoppers in bipeds 4.66 0.24 0.33 4.00

Table 3. The characteristic points, determining continuous and discontinues dynamically
similar states in different-sized and different-taxa animals, are analyzed on the basis of the
walk similarity and run similarity functions from cursorial quadrupeds (Figs. 1-5). The

predictions for relative force output μ
(pred)
gait /g are from in Table 4. (∗)The transient-state

pattern introduced via Eq. (1).

μ
(pred)
gait /g = a(Fr)b a(pred)

walk b(pred)
walk a(pred)

run b(pred)
run Discussed in

Quadrupeds cursorial 1.00 0.72 1.91 0.60 Fig. 2
Birds 1.73 0.84 1.57 0.69 Fig. 5
Humans 1.57 0.72 1.37 0.62 Fig. 5
Bipeds 1.65 0.78 1.47 0.65 Fig. 5
Elephants modern 1.00 0.82 1.00 0.83 Fig. 2
Elephants extinct −− −− 0.29 0.30 Fig. 2

Table 4. The predicted relative force-output similarity function determined in Eq. (7) and
described in the text. The equations for bipeds are approximated by geometric mean of the
data for birds and humans.2 The data on the body mobility for extinct elephants are obtained
with the help of Eqs. (13) and (14) in Kokshenev & Christiansen (2011).

scaling equations unifying trotting quadrupeds, namely

β
(exp)
trot (Fr) = 0.4β

(exp)
run (Fr) and St(exp)

trot (Fr) = 1.6St(exp)
run (Fr), (8)

which differ in insignificant scaling parameters discussed in Eq. (6).
As mentioned in the Introduction, the revealed continuous dynamic similarity states is
expected to provide further generalizations about movements of animals of different size and
taxa. The continuous similarity patterns of efficient flapping flyers and efficient hovering flyers
established within the domain 0.2 ≤ St ≤ 0.4 for fast and slow flight modes by Taylor et
al. (2003, Table 2) in cruising birds are schematically shown in Fig. 1, using, respectively,

the run-mode St(exp)
run and walk-mode St(exp)

walk universal Strouhal functions from running and
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al. (1993, Table 1) for trotting quadrupeds and hopping bipeds (distinguished by italic style),
which are limited by the experimental error shown in Eq. (1). The open squares tentatively
represent the data on Strouhal numbers in cruising birds and fish by Taylor et al. (2003). The
closed triangles are the averaged data from Asian and African elephants (Table 1) by
Hutchinson et al. (2006). The open and closed stars indicate, respectively, continuous (stable)
and discontinues (unstable) dynamic states. For more complete description of these and
other characteristic points, see Table 3.

efficient trotters and hoppers (Table 3), evidently including the transient and optimal continuous
states established at preferred trotting and preferred galloping speeds (Heglund & Taylor,
1988; Perry et al., 1988).
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discussed in Eq. (2) and shown Fig. 1 by the open squares, are extended here by the data
from a horse by Farley et al. (1993), as shown in Fig. 1 by the closed square. Although the
smoothed data on trotting horses (shown by dashed point line in Fig. 1) coincide neither

with the duty-factor function β
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run , which were suggested
to be universal (Alexander & Jayes, 1983), the dynamic continuous similarity between
trotting quadrupeds (excluding non-trotting elephants) and trotting horses can theoretically
be established. Indeed, the corresponding smoothed lines in Fig. 1 are drawn by the same
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Point Mode states and patterns in animals Fr St(exp)
gait β

(exp)
gait μ

(pred)
gait /g

1 unstable walk in quadrupeds 0.40 0.57 0.61 0.55
2 unstable run in quadrupeds 0.40 0.76 0.67 1.10
3 efficient runners in quadrupeds 1.00 0.53 0.52 1.91
4 trans. moderate run in quadrupeds 2.00 0.40 0.43 2.90
5 transient fast run in quadrupeds 3.00 0.34 0.38 3.69

4→5 efficient trotters and hoppers(∗) 2.25 0.40 0.41 3.10
3 successful fast walkers (elephants) 1.00 0.49 0.52 1.00

1 efficient walkers in bipeds (birds) 0.52 0.48 0.64 1.00
1 unstable fast walk in humans 0.40 0.52 0.62 0.85
1 unstable fast walk in bipeds 0.45 0.50 0.63 0.93
2 unstable slow run in humans 0.60 0.49 0.46 1.00
2 unstable slow run in bipeds 0.55 0.50 0.56 1.00
3 efficient runners in bipeds 1.00 0.41 0.47 1.47
4 efficient fast runners in bipeds 1.61 0.35 0.43 2.00
5 successful hoppers in bipeds 4.66 0.24 0.33 4.00

Table 3. The characteristic points, determining continuous and discontinues dynamically
similar states in different-sized and different-taxa animals, are analyzed on the basis of the
walk similarity and run similarity functions from cursorial quadrupeds (Figs. 1-5). The

predictions for relative force output μ
(pred)
gait /g are from in Table 4. (∗)The transient-state

pattern introduced via Eq. (1).

μ
(pred)
gait /g = a(Fr)b a(pred)

walk b(pred)
walk a(pred)

run b(pred)
run Discussed in

Quadrupeds cursorial 1.00 0.72 1.91 0.60 Fig. 2
Birds 1.73 0.84 1.57 0.69 Fig. 5
Humans 1.57 0.72 1.37 0.62 Fig. 5
Bipeds 1.65 0.78 1.47 0.65 Fig. 5
Elephants modern 1.00 0.82 1.00 0.83 Fig. 2
Elephants extinct −− −− 0.29 0.30 Fig. 2

Table 4. The predicted relative force-output similarity function determined in Eq. (7) and
described in the text. The equations for bipeds are approximated by geometric mean of the
data for birds and humans.2 The data on the body mobility for extinct elephants are obtained
with the help of Eqs. (13) and (14) in Kokshenev & Christiansen (2011).

scaling equations unifying trotting quadrupeds, namely

β
(exp)
trot (Fr) = 0.4β

(exp)
run (Fr) and St(exp)

trot (Fr) = 1.6St(exp)
run (Fr), (8)

which differ in insignificant scaling parameters discussed in Eq. (6).
As mentioned in the Introduction, the revealed continuous dynamic similarity states is
expected to provide further generalizations about movements of animals of different size and
taxa. The continuous similarity patterns of efficient flapping flyers and efficient hovering flyers
established within the domain 0.2 ≤ St ≤ 0.4 for fast and slow flight modes by Taylor et
al. (2003, Table 2) in cruising birds are schematically shown in Fig. 1, using, respectively,

the run-mode St(exp)
run and walk-mode St(exp)

walk universal Strouhal functions from running and
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walking quadrupeds by Alexander & Jayes (1983). As the result, the theoretically observed

muscle duty factor β
(pred)
f lap ≈ 1/3 predicting in turn the muscle timing ΔT(pred)

f lap ≈ Tf lap/3 (see
Eq. (9) in Kokshenev, 2011), indicates that the wing muscle, driving the flap mode in a flight,
is activated during one third time of the cycle period Tf lap. This finding can be explained by
the three-step cycling of the flight-motor individual muscles in birds, as clearly revealed by
workloop technics (see e.g., Fig. 3B in Dickinson et al., 2000).
Coming back to terrestrial animals, the dynamic similarity predicted by inverted-pendulum

model for the walk-to-run crossover was expected to be determined by Fr(mod)
walk-run = 1 (e.g.,

Hildebrand, 1980; Cartmill et al., 2002). Also, the universal discrete state indicated by the

model-independent duty factor β
(pred)
walk-run = 0.5 (e.g., Alexander & Maloiy, 1989; Alexander,

1992; Usherwood, 2005) could be generally expected, besides the muscular transient field

μ
(pred)
walk-run = g (Kokshenev, 2011). However, such a continuous-state transition has been

observed neither in bipeds, including humans, nor in quadrupeds, excluding elephants.
As indicated by the walk-instability and run-instability points 1 and 2 in Fig. 1, the
fast walk mode is avoided by cursorial quadrupeds. But if the fast walk mode would
conventionally be activated by the continuous extrapolation of the universal walk-mode
similarity function, the desirable continuous walk-to-run transition might be theoretically
observable, as shown by the dashed line in Fig. 1. Surprisingly, the hypothetical continuous
transition was remarkably in vivo established by Hutchinson et al. (2006) in modern African

and Asiatic elephants, through the dynamic similarity determinant Fr(exp)
walk-run ≈ 1 and the

limb duty factor β
(exp)
walk-run ≈ 0.5, indicating dynamic similarity in elephants during the

fast-walk-to-moderate-run continuous-state transition. In contrast with other quadrupeds,
elephants, having the hindlimb more compliant than the forelimb (Kokshenev & Christiansen,
2010, Fig. 5) are able to avoid abrupt changes in the mean-limb duty factor during the
fast-walk-to-run dynamic crossover. Moreover, elephants, being good walkers, most likely
can achieve gradually the highest instability point in the fast-walk trajectory of body’s center

of mass, indicated in the theory of similarity by the transient muscular field μ
(pred)
walk-run = g.

Hence, the transient similarity state, shown by point 3 in Fig. 1, unifying a gait-crossover
transient continuous state in the elephants and a mode-transient continuous state in other
quadrupeds, suggests two different patterns of similarity: successful walkers and efficient
runners. The last pattern in quadrupeds is in addition indicated by the universal muscular

field evaluated as μ
(exp)
run ≈ 2g (for details, see Table 3) characteristic of more extent pattern of

efficient fast animals, including fast running mammals, reptiles, insects; flapping birds, bats,
and insects; swimming fish and crayfish, as reported by Bejan & Marden (2006, Fig. 2C).
When searching for continuous dynamic similarity states through the muscle-force field on the

basis of Eq. (7), one obtains the scaling exponent b(pred)
run = 0.60 using b(exp)

run = 0.40 from Table

1, in the case of running cursorial quadrupeds. The corresponding scaling factor a(pred)
run = 1.91

follows from the pattern efficient trotters and hoppers (Table 3) reliably established by Taylor et
al. (1993) and employed as a reference point in Eq. (7). The resulted universal similarity

function μ
(pred)
run (Fr) shown in Fig. 2 in turn predicts the data μ

(pred)
run = 1.91g failing for efficient

runners in quadrupeds (Table 3).
In the case of fast walking (virtual) quadrupeds, the relative-force continuous similarity

function μ
(pred)
walk (Fr)/g is obtained by a continuous extrapolation of the moderate-walk mode
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Fig. 2. Locomotor ability similarity function predicted for quadrupeds by the relative
force-output. The solid lines are estimates for walking and running quadrupeds obtained via
Eq. (7) with the help of the corresponding experimental data on the Strouhal similarity
function (Tables 1 and 4). The dashed line extrapolates the data on slow-walk to fast-walk
modes. The dashed-dotted line adjusted with open squares is a sketched estimate for trotting
horses, also discussed in Fig. 1. The characteristic points and the pattern points are those
shown in Fig. 1 and described in Table 3. The comparative data for bipeds are indicated by
italic style. The closed triangles and open triangles are respectively the predicted data on the
body ability in modern elephants and the body mobility in extinct elephants (Table 4).

to the fast-walk mode, where a transient state for the walk-to-run determinant μ
(pred)
walk-run = g

predicted in Fig. 1 at Fr(mod)
walk-run = 1 is employed as a reference point (Table 4). Likewise, in

the case of slow running modern elephants, the relative-force similarity function is obtained

on the basis of the data St(exp)
eleph (Fr) by Hutchinson et al. (2006) shown in Table 1, with the

help of the same transient state in the walk-to-run continuous transition, also employed

as the reference point determining the dynamic similarity at Fr(mod)
walk-run = 1. One can

therefore observe (Fig. 2) the dynamic similarity between poorly running (no trotting) modern
elephants (shown by the closed triangles) and other hypothetical quadrupeds using the
inverse gradient in the fore-hind limb locomotion function, common to both extant and extinct
elephants (Kokshenev & Christiansen, 2010, Fig. 5). The data on low level mobility of largest
extinct elephants (Kokshenev & Christiansen, 2011, Figs. 4 and 5), shown by open triangles in
Fig. 2, are obtained by evaluation of the torsional and bending limb bone elastic forces, acting
in running giants (Table 4).

3.2 Bipeds including humans
In humans, a discontinues walk-to-run crossover is generally observed at Froude numbers

Fr(exp)
walk-run ≈ 0.5 (Thorstensson & Roberthson, 1987, Kram et al., 1997; Alexander, 1989;
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walking quadrupeds by Alexander & Jayes (1983). As the result, the theoretically observed

muscle duty factor β
(pred)
f lap ≈ 1/3 predicting in turn the muscle timing ΔT(pred)

f lap ≈ Tf lap/3 (see
Eq. (9) in Kokshenev, 2011), indicates that the wing muscle, driving the flap mode in a flight,
is activated during one third time of the cycle period Tf lap. This finding can be explained by
the three-step cycling of the flight-motor individual muscles in birds, as clearly revealed by
workloop technics (see e.g., Fig. 3B in Dickinson et al., 2000).
Coming back to terrestrial animals, the dynamic similarity predicted by inverted-pendulum

model for the walk-to-run crossover was expected to be determined by Fr(mod)
walk-run = 1 (e.g.,

Hildebrand, 1980; Cartmill et al., 2002). Also, the universal discrete state indicated by the

model-independent duty factor β
(pred)
walk-run = 0.5 (e.g., Alexander & Maloiy, 1989; Alexander,

1992; Usherwood, 2005) could be generally expected, besides the muscular transient field
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(pred)
walk-run = g (Kokshenev, 2011). However, such a continuous-state transition has been

observed neither in bipeds, including humans, nor in quadrupeds, excluding elephants.
As indicated by the walk-instability and run-instability points 1 and 2 in Fig. 1, the
fast walk mode is avoided by cursorial quadrupeds. But if the fast walk mode would
conventionally be activated by the continuous extrapolation of the universal walk-mode
similarity function, the desirable continuous walk-to-run transition might be theoretically
observable, as shown by the dashed line in Fig. 1. Surprisingly, the hypothetical continuous
transition was remarkably in vivo established by Hutchinson et al. (2006) in modern African

and Asiatic elephants, through the dynamic similarity determinant Fr(exp)
walk-run ≈ 1 and the

limb duty factor β
(exp)
walk-run ≈ 0.5, indicating dynamic similarity in elephants during the

fast-walk-to-moderate-run continuous-state transition. In contrast with other quadrupeds,
elephants, having the hindlimb more compliant than the forelimb (Kokshenev & Christiansen,
2010, Fig. 5) are able to avoid abrupt changes in the mean-limb duty factor during the
fast-walk-to-run dynamic crossover. Moreover, elephants, being good walkers, most likely
can achieve gradually the highest instability point in the fast-walk trajectory of body’s center

of mass, indicated in the theory of similarity by the transient muscular field μ
(pred)
walk-run = g.

Hence, the transient similarity state, shown by point 3 in Fig. 1, unifying a gait-crossover
transient continuous state in the elephants and a mode-transient continuous state in other
quadrupeds, suggests two different patterns of similarity: successful walkers and efficient
runners. The last pattern in quadrupeds is in addition indicated by the universal muscular

field evaluated as μ
(exp)
run ≈ 2g (for details, see Table 3) characteristic of more extent pattern of

efficient fast animals, including fast running mammals, reptiles, insects; flapping birds, bats,
and insects; swimming fish and crayfish, as reported by Bejan & Marden (2006, Fig. 2C).
When searching for continuous dynamic similarity states through the muscle-force field on the

basis of Eq. (7), one obtains the scaling exponent b(pred)
run = 0.60 using b(exp)

run = 0.40 from Table

1, in the case of running cursorial quadrupeds. The corresponding scaling factor a(pred)
run = 1.91

follows from the pattern efficient trotters and hoppers (Table 3) reliably established by Taylor et
al. (1993) and employed as a reference point in Eq. (7). The resulted universal similarity

function μ
(pred)
run (Fr) shown in Fig. 2 in turn predicts the data μ

(pred)
run = 1.91g failing for efficient

runners in quadrupeds (Table 3).
In the case of fast walking (virtual) quadrupeds, the relative-force continuous similarity

function μ
(pred)
walk (Fr)/g is obtained by a continuous extrapolation of the moderate-walk mode
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force-output. The solid lines are estimates for walking and running quadrupeds obtained via
Eq. (7) with the help of the corresponding experimental data on the Strouhal similarity
function (Tables 1 and 4). The dashed line extrapolates the data on slow-walk to fast-walk
modes. The dashed-dotted line adjusted with open squares is a sketched estimate for trotting
horses, also discussed in Fig. 1. The characteristic points and the pattern points are those
shown in Fig. 1 and described in Table 3. The comparative data for bipeds are indicated by
italic style. The closed triangles and open triangles are respectively the predicted data on the
body ability in modern elephants and the body mobility in extinct elephants (Table 4).

to the fast-walk mode, where a transient state for the walk-to-run determinant μ
(pred)
walk-run = g

predicted in Fig. 1 at Fr(mod)
walk-run = 1 is employed as a reference point (Table 4). Likewise, in

the case of slow running modern elephants, the relative-force similarity function is obtained

on the basis of the data St(exp)
eleph (Fr) by Hutchinson et al. (2006) shown in Table 1, with the

help of the same transient state in the walk-to-run continuous transition, also employed

as the reference point determining the dynamic similarity at Fr(mod)
walk-run = 1. One can

therefore observe (Fig. 2) the dynamic similarity between poorly running (no trotting) modern
elephants (shown by the closed triangles) and other hypothetical quadrupeds using the
inverse gradient in the fore-hind limb locomotion function, common to both extant and extinct
elephants (Kokshenev & Christiansen, 2010, Fig. 5). The data on low level mobility of largest
extinct elephants (Kokshenev & Christiansen, 2011, Figs. 4 and 5), shown by open triangles in
Fig. 2, are obtained by evaluation of the torsional and bending limb bone elastic forces, acting
in running giants (Table 4).

3.2 Bipeds including humans
In humans, a discontinues walk-to-run crossover is generally observed at Froude numbers

Fr(exp)
walk-run ≈ 0.5 (Thorstensson & Roberthson, 1987, Kram et al., 1997; Alexander, 1989;
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Fig. 3. The limb duty-factor similarity functions in bipeds. The points are the data by Gatesy
& Biewener (1991) explained in the inset. The solid lines are statistical data from walking and
running humans, birds, and bipeds as group (Table 1). The dotted line represents the
continuous-state data from running cursorial quadrupeds (Fig. 1), excluding those for a slow
run; other discrete-state data for quadrupeds are shown in italic style. The dashed lines
indicate regions of the unstable slow run. The open and closed stars indicate, respectively,
stable and unstable transient dynamic states. These and other patterns of similarity are
described in the text and Table 3.

Ahlborn & Blake, 2002) and stabilization of the run mode is likely determined by the vertical

component of muscular field μ
(pred)
walk-run = g (Ahlborn & Blake, 2002). Unlike elephants and

other quadrupeds (Fig. 1), humans and birds expose similar behavior in a number of dynamic
characteristics with changes in speed and gait (Gatesy & Biewener, 1991). Although a general
consistency between patterns of gaits in humans and birds has been generally established, no
clear characterization of the walk-to-run crossover was revealed (Gatesy & Biewener, 1991).
The standard least squares analysis of the experimental data on limb duty factor and relative
stride length (Gatesy & Biewener, 1991, Figs. 5 and 7) provided here (Table 1) is expected to
shed light on the problem of the walk-to-run crossover in bipeds.
In Fig. 3, evident dynamic similarity between the walk modes in humans and birds is
observed through the duty-factor similarity functions. Within the domains of continuous
states (the solid lines in Fig. 3) treated within context of scaling relations shown in Eq.
(6), the dynamic similarity between running humans and running birds can approximately
be established on the basis of corresponding experimental data on duty-factor similarity
functions (Table 3). As for the walk-to-run discontinues crossover in bipeds, the instability

of walk modes generally occurs at Froude numbers Fr(exp)
biped = 0.45 ± 0.05 (the closed stars and
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Fig. 4. The comparative analysis of the walk–to-run crossover in bipeds and quadrupeds.
The pointed lines are the experimental data on duty-factor similarity functions (Table 1). Other
notations are the same as in Figs. 1 and 3.

point 1 in Fig. 3), whereas the run modes show features of stabilization at Fr(exp)
biped = 0.55± 0.05

(the closed stars and point 2 in Fig. 3). However, when the birds are presented by the
smoothed experimental data, they exhibit a common point of dynamic-state stabilization

determined by a kink in the duty-factor similarity function revealed at Fr(exp)
bird = 0.52 (the

open star at point 1 in Fig. 3). Although elephants do not show such a kink at the walk-to-run
continuous crossover (Fig. 1), the birds as group likely also exhibit a higher leg compliance
than humans and most likely also may continuously pass the absolute instability point in
the walk-mode trajectory (Kokshenev, 2011), as generally was expected by Ahlborn & Blake

(2002) from the elastic-type-pendulum model considered at the conditions Fr(mod)
walk-run = 0.5

and μ
(pred)
walk-run = g. Since the experimental scaling data on stride frequency in fast walking and

slow running birds (1/T(exp)
trans ∝ M−0.178, Gatesy & Biewener, 1991) obey the scaling criterion

of dynamic similarity (Table 2), a new similarity pattern efficient walkers may be suggested for
birds continuously passing the universal walk-to-run crossover (Table 3).

Specifying the muscle-field similarity functions μ
(pred)
run (Fr) through Eq. (7), the continuous

similarity transient state determined by μ
(pred)
run = g is adopted as a reference point, observed

in starting to run humans, birds, and bipeds at Fr(exp)
run = 0.60, 0.52, and 0.55, respectively

(Table 3). In order to obtain the slow-muscle-field similarity function μ
(pred)
walk (Fr) for birds, one

uses a kink point equaling both the run and walk similarity functions. In the case of bipeds,
the obtained run mode similarity function was interpolated to the corresponding walk mode
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Fig. 3. The limb duty-factor similarity functions in bipeds. The points are the data by Gatesy
& Biewener (1991) explained in the inset. The solid lines are statistical data from walking and
running humans, birds, and bipeds as group (Table 1). The dotted line represents the
continuous-state data from running cursorial quadrupeds (Fig. 1), excluding those for a slow
run; other discrete-state data for quadrupeds are shown in italic style. The dashed lines
indicate regions of the unstable slow run. The open and closed stars indicate, respectively,
stable and unstable transient dynamic states. These and other patterns of similarity are
described in the text and Table 3.

Ahlborn & Blake, 2002) and stabilization of the run mode is likely determined by the vertical

component of muscular field μ
(pred)
walk-run = g (Ahlborn & Blake, 2002). Unlike elephants and

other quadrupeds (Fig. 1), humans and birds expose similar behavior in a number of dynamic
characteristics with changes in speed and gait (Gatesy & Biewener, 1991). Although a general
consistency between patterns of gaits in humans and birds has been generally established, no
clear characterization of the walk-to-run crossover was revealed (Gatesy & Biewener, 1991).
The standard least squares analysis of the experimental data on limb duty factor and relative
stride length (Gatesy & Biewener, 1991, Figs. 5 and 7) provided here (Table 1) is expected to
shed light on the problem of the walk-to-run crossover in bipeds.
In Fig. 3, evident dynamic similarity between the walk modes in humans and birds is
observed through the duty-factor similarity functions. Within the domains of continuous
states (the solid lines in Fig. 3) treated within context of scaling relations shown in Eq.
(6), the dynamic similarity between running humans and running birds can approximately
be established on the basis of corresponding experimental data on duty-factor similarity
functions (Table 3). As for the walk-to-run discontinues crossover in bipeds, the instability

of walk modes generally occurs at Froude numbers Fr(exp)
biped = 0.45 ± 0.05 (the closed stars and

296 Theoretical Biomechanics Physical Insights Into Dynamic Similarity in Animal Locomotion. II. Observation of Continuous Similarity States 13

0.1 1 10
0.35

0.4

0.45

0.5

0.55

0.6

0.65

0.7

0.75
D

ut
y 

fa
ct

or
 fu

nc
tio

n,
  

Walk

Run

1

3

Froude variable,  Fr
5

Cursorial
quadrupeds

Slow run
2

0.5

Cursorial
quadrupeds 

Fast walk

4

5
Birds & 
humans

Birds & 
humans

Slow run

3

1

2

1

4

3

Fig. 4. The comparative analysis of the walk–to-run crossover in bipeds and quadrupeds.
The pointed lines are the experimental data on duty-factor similarity functions (Table 1). Other
notations are the same as in Figs. 1 and 3.

point 1 in Fig. 3), whereas the run modes show features of stabilization at Fr(exp)
biped = 0.55± 0.05

(the closed stars and point 2 in Fig. 3). However, when the birds are presented by the
smoothed experimental data, they exhibit a common point of dynamic-state stabilization

determined by a kink in the duty-factor similarity function revealed at Fr(exp)
bird = 0.52 (the

open star at point 1 in Fig. 3). Although elephants do not show such a kink at the walk-to-run
continuous crossover (Fig. 1), the birds as group likely also exhibit a higher leg compliance
than humans and most likely also may continuously pass the absolute instability point in
the walk-mode trajectory (Kokshenev, 2011), as generally was expected by Ahlborn & Blake

(2002) from the elastic-type-pendulum model considered at the conditions Fr(mod)
walk-run = 0.5

and μ
(pred)
walk-run = g. Since the experimental scaling data on stride frequency in fast walking and

slow running birds (1/T(exp)
trans ∝ M−0.178, Gatesy & Biewener, 1991) obey the scaling criterion

of dynamic similarity (Table 2), a new similarity pattern efficient walkers may be suggested for
birds continuously passing the universal walk-to-run crossover (Table 3).

Specifying the muscle-field similarity functions μ
(pred)
run (Fr) through Eq. (7), the continuous

similarity transient state determined by μ
(pred)
run = g is adopted as a reference point, observed

in starting to run humans, birds, and bipeds at Fr(exp)
run = 0.60, 0.52, and 0.55, respectively

(Table 3). In order to obtain the slow-muscle-field similarity function μ
(pred)
walk (Fr) for birds, one

uses a kink point equaling both the run and walk similarity functions. In the case of bipeds,
the obtained run mode similarity function was interpolated to the corresponding walk mode
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(the dashed line in Fig. 3), providing scaling parameter in the desirable function μ
(pred)
walk (Fr).

Then, the relevant data for humans have been obtained as the data adjusting these from birds
and bipeds by the geometric mean (Table 4).
The discussed above features of duty-factor similarity functions obtained from walking and
running bipeds, including humans, and quadrupeds, including elephants, are reproduced in
Fig. 4. One also may infer that bipeds and quadrupeds, showing overall (qualitative) dynamic
similarity in a walk and a run gaits, are also generally similar when showing the activation of
a slow-run mode within the transient domain, approximated by 0.4 ≤ Fr ≤ 1.1. The exception
is not running in a classical sense elephants (Hutchinson et al., 2006), continuously exploiting
a fast-walk mode during the walk-to-run crossover.
In Fig. 5, the efficient fast runners in bipeds (Table 3) expose transient universal dynamic
states close to those in the efficient fast runners in quadrupeds (point 4 in Fig. 5), thereby
indicating the universal continuous slow-run-to-fast-run dynamic transition in terrestrial
animals. These two patterns are therefore represent the fast running mammals, which belong
to the generalized similarity pattern of efficient fast animals (Figs. 1 and 2). Likewise, another
dynamic pattern of the continuous fast-walk-to-slow-run dynamic transition is presented by
efficient walkers in birds shown by the transient-state point 1 in the inset in Fig. 5.
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Fig. 5. The observation of the relative force-output similarity function in bipeds. The solid
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drawn by the corresponding scaling equations (Table 4). The experimental points,
corresponding to those in Fig. 3, are drawn through the scaling equations for a run and a
walk gaits in birds and humans (Table 4). The characteristic points are described in Table 3.
The inset reproduces the enlarge data near the walk-to-run crossover approximated by
continuous similarity states.
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One may infer from the provided tentative analysis of continuous similarity states (Table 3)
that animals patterned through the one similarity function can be observed slightly different
through another one similarity function. Such deviations can be understood by the absence
of the reliably established continuous similarity functions, as shown in Fig. 4. Further
experimental studies of the domains of equivalent continuous similarity states in animals,
moving in dynamically equivalent gaits, statistically searching for the similarity functions
controlled by fixed scaling exponents, are needed.

4. Conclusion

Strictly speaking, different-sized animals are not geometrically similar. Moreover,
different-taxa animals moving in a certain (slow or fast) gait cannot be patterned by the
concept of dynamic similarity until the dynamic conditions unifying running, flying, and
swimming are clearly established. In the case of terrestrial animals, when the experimental
data from bipeds and quadrupeds, moving in two well distinguished (walk and run) gaits, are
compared as two groups of biomechanical systems, no complete dynamic similarity neither
inside of each group nor between the two groups can be established. Indeed, inside the bipeds
as group, humans contrast to birds, since they are likely unable to explore the slow-run mode
continuously near the walk-to-run crossover (Fig. 3). Likewise, cursorial mammals contrast to
elephants, compared inside the group of geometrically similar quadrupeds (Fig. 1). When the
dynamic similarity is considered between bipeds and quadrupeds, the crossover from a walk
gait to a run gait does not occur at the dynamic conditions common to all terrestrial animals
(Fig. 4). Less experimental data are available on locomotor mode patterns from flying animals
and much less is known about swimming animals. One of the goals of the provided research
is to clarify conditions of observation of the dynamic similarity in animals in light of the basic
concepts proposed in theoretical biomechanics.
As demonstrated in the first part of this study (Kokshenev, 2011), the dynamic similarity in
animals arises from the mechanical similarity existing between frictionlessly moving closed
inanimate systems. When mapped onto efficiently moving weakly open dynamically similar
biomechanical systems, the animals are conventionally represented (i) as dimensionless
center of mass points, possessing a certain body mass M, (ii) propagating with speeds of

amplitudes V(max)
gait optimized by the variational principle of minimum muscle-field action

and (iii) accomplishing rotations at the resonant rate T−1
gait. Within the framework of dynamic

similarity concept, the geometric similarity between different-sized animals is introduced
through the body static length Lb, related (isometrically) to body mass as Lb ∝ M1/3,
that in turn introduces the geometric similarity between linear dimensions of all body’s
appendages (leg, wing, or tail). The dynamic similarity between animals is thus not
due to nonexisting geometric similarity between body’s shapes, but is determined by the
dynamic-parameter similarity between the compared body’s center of mass trajectories
(Kokshenev, 2011). When attributed to the similarity temporal uniformity is already
established by the resonant conditions, unifying moving animals across mass and taxa, the
unique requirement, determining the observable similarity criterion, emerges as a condition
of the linearity between the dynamic and static lengths, i.e., L ∼ Lb, where L plays the role
of the primary "geometric" parameter of dynamic trajectories. The accomplished uniformity
in the spatial space of dynamic variables is therefore observed through the universal Strouhal
numbers Sgait = Lb/L. Moreover, the scaling rules controlling the dynamic parameters of
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In Fig. 5, the efficient fast runners in bipeds (Table 3) expose transient universal dynamic
states close to those in the efficient fast runners in quadrupeds (point 4 in Fig. 5), thereby
indicating the universal continuous slow-run-to-fast-run dynamic transition in terrestrial
animals. These two patterns are therefore represent the fast running mammals, which belong
to the generalized similarity pattern of efficient fast animals (Figs. 1 and 2). Likewise, another
dynamic pattern of the continuous fast-walk-to-slow-run dynamic transition is presented by
efficient walkers in birds shown by the transient-state point 1 in the inset in Fig. 5.
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One may infer from the provided tentative analysis of continuous similarity states (Table 3)
that animals patterned through the one similarity function can be observed slightly different
through another one similarity function. Such deviations can be understood by the absence
of the reliably established continuous similarity functions, as shown in Fig. 4. Further
experimental studies of the domains of equivalent continuous similarity states in animals,
moving in dynamically equivalent gaits, statistically searching for the similarity functions
controlled by fixed scaling exponents, are needed.

4. Conclusion

Strictly speaking, different-sized animals are not geometrically similar. Moreover,
different-taxa animals moving in a certain (slow or fast) gait cannot be patterned by the
concept of dynamic similarity until the dynamic conditions unifying running, flying, and
swimming are clearly established. In the case of terrestrial animals, when the experimental
data from bipeds and quadrupeds, moving in two well distinguished (walk and run) gaits, are
compared as two groups of biomechanical systems, no complete dynamic similarity neither
inside of each group nor between the two groups can be established. Indeed, inside the bipeds
as group, humans contrast to birds, since they are likely unable to explore the slow-run mode
continuously near the walk-to-run crossover (Fig. 3). Likewise, cursorial mammals contrast to
elephants, compared inside the group of geometrically similar quadrupeds (Fig. 1). When the
dynamic similarity is considered between bipeds and quadrupeds, the crossover from a walk
gait to a run gait does not occur at the dynamic conditions common to all terrestrial animals
(Fig. 4). Less experimental data are available on locomotor mode patterns from flying animals
and much less is known about swimming animals. One of the goals of the provided research
is to clarify conditions of observation of the dynamic similarity in animals in light of the basic
concepts proposed in theoretical biomechanics.
As demonstrated in the first part of this study (Kokshenev, 2011), the dynamic similarity in
animals arises from the mechanical similarity existing between frictionlessly moving closed
inanimate systems. When mapped onto efficiently moving weakly open dynamically similar
biomechanical systems, the animals are conventionally represented (i) as dimensionless
center of mass points, possessing a certain body mass M, (ii) propagating with speeds of

amplitudes V(max)
gait optimized by the variational principle of minimum muscle-field action

and (iii) accomplishing rotations at the resonant rate T−1
gait. Within the framework of dynamic

similarity concept, the geometric similarity between different-sized animals is introduced
through the body static length Lb, related (isometrically) to body mass as Lb ∝ M1/3,
that in turn introduces the geometric similarity between linear dimensions of all body’s
appendages (leg, wing, or tail). The dynamic similarity between animals is thus not
due to nonexisting geometric similarity between body’s shapes, but is determined by the
dynamic-parameter similarity between the compared body’s center of mass trajectories
(Kokshenev, 2011). When attributed to the similarity temporal uniformity is already
established by the resonant conditions, unifying moving animals across mass and taxa, the
unique requirement, determining the observable similarity criterion, emerges as a condition
of the linearity between the dynamic and static lengths, i.e., L ∼ Lb, where L plays the role
of the primary "geometric" parameter of dynamic trajectories. The accomplished uniformity
in the spatial space of dynamic variables is therefore observed through the universal Strouhal
numbers Sgait = Lb/L. Moreover, the scaling rules controlling the dynamic parameters of
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similarly moving animals are eventually scaled by the body static length, as explicitly shown
in Eq. (16) in Kokshenev (2011).
In this chapter, the discrete-state theoretical approach to the dynamic similarity in animals is
generalized to the continuous similarity concept on the basis of continuous Froude variable,
playing the role of scaling (similarity) parameter. In the discrete-state similarity theory,
treating the body mass as scaling parameter, the scaling rules for fundamental observables and
some part of dimensionless universal parameters are the determinants of discrete similarity.
Another part of dimensionless universal parameters, playing the role of the indicators of
discrete-state similarity, is commonly omitted in basic scaling relations of the theory, besides
other insignificant scaling factors. In the continuous-state similarity theory, scaling relations
should be substituted by more detail dynamically equivalent scaling equations, because all
dimensionless indicators, being functions of continuous states through the Froude variable,
now turn into the functions of determinants of continuous similarity. Given that the only one
determinant is necessary for the observation of dynamically similar states in animals, each
observable function of the only one continuous universal variable can determine the dynamic
similarity behavior. It has been therefore shown that the surmise by Alexander & Jayes (1983)
on the existence of the gait-similarity functions, determining the dynamic similarity in animals
at a certain gait, is generally corroborated by the dynamic similarity theory.
The dynamic similarity patterns established in the previous chapter for running, flying,
and swimming animals considered in certain localized dynamic states, are re-analyzed here
through the experimental data on continuous dynamic similarity functions established for
walking and running bipeds and quadrupeds. The three well distinguished domains of
continuous dynamic states in terrestrial animals are now suggested to be explored in animals
across taxa. These are the domains of optimum-speed (preferred-run, -flight, or -swim)
continuous states, the crossover-gait domain of (walk-to-run, hover-to-flap) transient states,
and transient-run domain of (moderate-run-to-fast-run, trot-to-gallop etc.) transient states.
The analysis of available experimental data in terms of the four-parameter set of determinants
of dynamic similarity (Table 3) resulted in further generalizations in patterns of continuous
similarity. One evidently generalized pattern suggests to unify efficient trotters in horses and
other trotters in cursorial quadrupeds (Fig. 1). Less evident patterns of dynamic similarity are
(i) the efficient trotters unified with bipedal hoppers (Figs. 1, 2, 3, and 5) and (ii) the efficient
runners in bipeds unified with those in quadrupeds (Fig. 2) and with all other fast flying
and swimming animals (Figs. 1, 2, and 5). Another one tentative pattern is proposed for the
efficient flapping flyers in birds and the efficient undulating swimmers unified with efficient
gallopers in quadrupeds (Fig. 1).
As a predictive preliminary theoretical result, the dynamic similarity function for locomotor
ability in animals (associated with the related body force output) is suggested for quadrupeds,
including elephants and bipeds, including humans. The locomotor ability in large
quadrupeds is twice as many as that in giant quadrupeds, presented by African and Asian
elephants (Fig. 2). In turn, the locomotor ability of the 3-5-ton efficient modern adult elephants
is expected to be three-five times as many as the corresponding body mobility for 10-20-ton
low-level efficient extinct elephants, running at critical conditions, when compared at close
spaced Froude variables (Fig. 2). Likewise, the birds, humans, cursorial and saltatorial
mammals show surprisingly close in magnitude muscle-field similarity (Fig. 5), which is twice
as many as poorly running modern elephants (Fig. 2).
The discontinuous changes revealed in continuous similarity functions from quadrupeds and
bipeds (Figs. 1, 3, and 4) can also be expected in the corresponding relative force-output
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similarity functions (Figs. 2 and 5). One may figure out that gait-dependent similarity
functions in animals are generally piecewise functions, whose continuous-state domains are
separated by discontinues transient dynamically similar states attributed to the gait-crossover
transient states (Fig. 4). The suggested universal features revealed by continuous similarity
approach challenge further experimental and theoretical studies of dynamic similarity in
walking, running, hopping, flying, and swimming animals.
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similarly moving animals are eventually scaled by the body static length, as explicitly shown
in Eq. (16) in Kokshenev (2011).
In this chapter, the discrete-state theoretical approach to the dynamic similarity in animals is
generalized to the continuous similarity concept on the basis of continuous Froude variable,
playing the role of scaling (similarity) parameter. In the discrete-state similarity theory,
treating the body mass as scaling parameter, the scaling rules for fundamental observables and
some part of dimensionless universal parameters are the determinants of discrete similarity.
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should be substituted by more detail dynamically equivalent scaling equations, because all
dimensionless indicators, being functions of continuous states through the Froude variable,
now turn into the functions of determinants of continuous similarity. Given that the only one
determinant is necessary for the observation of dynamically similar states in animals, each
observable function of the only one continuous universal variable can determine the dynamic
similarity behavior. It has been therefore shown that the surmise by Alexander & Jayes (1983)
on the existence of the gait-similarity functions, determining the dynamic similarity in animals
at a certain gait, is generally corroborated by the dynamic similarity theory.
The dynamic similarity patterns established in the previous chapter for running, flying,
and swimming animals considered in certain localized dynamic states, are re-analyzed here
through the experimental data on continuous dynamic similarity functions established for
walking and running bipeds and quadrupeds. The three well distinguished domains of
continuous dynamic states in terrestrial animals are now suggested to be explored in animals
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continuous states, the crossover-gait domain of (walk-to-run, hover-to-flap) transient states,
and transient-run domain of (moderate-run-to-fast-run, trot-to-gallop etc.) transient states.
The analysis of available experimental data in terms of the four-parameter set of determinants
of dynamic similarity (Table 3) resulted in further generalizations in patterns of continuous
similarity. One evidently generalized pattern suggests to unify efficient trotters in horses and
other trotters in cursorial quadrupeds (Fig. 1). Less evident patterns of dynamic similarity are
(i) the efficient trotters unified with bipedal hoppers (Figs. 1, 2, 3, and 5) and (ii) the efficient
runners in bipeds unified with those in quadrupeds (Fig. 2) and with all other fast flying
and swimming animals (Figs. 1, 2, and 5). Another one tentative pattern is proposed for the
efficient flapping flyers in birds and the efficient undulating swimmers unified with efficient
gallopers in quadrupeds (Fig. 1).
As a predictive preliminary theoretical result, the dynamic similarity function for locomotor
ability in animals (associated with the related body force output) is suggested for quadrupeds,
including elephants and bipeds, including humans. The locomotor ability in large
quadrupeds is twice as many as that in giant quadrupeds, presented by African and Asian
elephants (Fig. 2). In turn, the locomotor ability of the 3-5-ton efficient modern adult elephants
is expected to be three-five times as many as the corresponding body mobility for 10-20-ton
low-level efficient extinct elephants, running at critical conditions, when compared at close
spaced Froude variables (Fig. 2). Likewise, the birds, humans, cursorial and saltatorial
mammals show surprisingly close in magnitude muscle-field similarity (Fig. 5), which is twice
as many as poorly running modern elephants (Fig. 2).
The discontinuous changes revealed in continuous similarity functions from quadrupeds and
bipeds (Figs. 1, 3, and 4) can also be expected in the corresponding relative force-output
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separated by discontinues transient dynamically similar states attributed to the gait-crossover
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1. Introduction 

A knowledge of how muscle forces produce joint rotations is fundamental in all fields of 
human movement science, including rehabilitation and sports biomechanics. Such 
knowledge is necessary for improving the diagnosis and treatment of persons with 
movement disabilities and analyzing the techniques used by high-performance athletes 
(Zajac and Gordon, 1989). However, it is difficult to intuitively understand how muscle 
forces produce joint rotations in multi-joint movements because of the complexity of inter-
joint interactions, especially in three-dimensional (3D) movements. Therefore, although 
muscle activities, joint torques, and joint rotations themselves have been examined 
extensively in many sports movements (Barrentine et al., 1998; Elliott et al., 2003; Feltner and 
Dapena, 1986; Fleisig et al., 1995; Fleisig et al., 1996b; Glousman et al., 1988; Hirashima et al., 
2002; Marshall and Elliott, 2000; Matsuo et al., 2001; Nunome et al., 2002; Putnam, 1991; 
Sakurai et al., 1993; Sakurai and Ohtsuki, 2000; Sprigings et al., 1994), the knowledge about 
the cause-and-effect relationships between these variables is insufficient.  
The purpose of this chapter is to provide the framework to properly understand the cause-
and-effect relationship between joint torques and rotations during sports movements. In fast 
sports movements such as baseball pitching and soccer kicking, joint rotations occur 
sequentially from proximal joints to distal joints. This kinematic sequence itself or the 
underlying kinetic mechanism is often called the “proximal-to-distal sequence,” “kinetic 
chain,” or “whip-like effect” (Atwater, 1979; Feltner, 1989; Fleisig et al., 1996a; Kibler, 1995; 
Kindall, 1992; Putnam, 1991). However, the kinetic mechanism has not been properly 
understood, because previous studies on sports movements have not focused on the fact 
that a joint rotation is caused by two different mechanisms: instantaneous and cumulative 
effects. The instantaneous effect is an instantaneous angular acceleration induced by a joint 
torque at that instant, whereas the cumulative effect is an angular acceleration induced by 
the entire joint torque and gravity torque history until that instant (Hirashima et al., 2008; 
Zajac et al., 2002). Because the mechanical causes are clearly different between the two 
effects in terms of time, clear differentiation is necessary to understand the original cause of 
each joint rotation and develop effective training programs.  
In section 2, I will explain the instantaneous effects produced by a joint torque by 
systematically presenting examples of single-joint movements, multi-joint movements in a 
two-dimensional (2D) space, and multi-joint movements in a three-dimensional (3D) space. I 
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1. Introduction 

A knowledge of how muscle forces produce joint rotations is fundamental in all fields of 
human movement science, including rehabilitation and sports biomechanics. Such 
knowledge is necessary for improving the diagnosis and treatment of persons with 
movement disabilities and analyzing the techniques used by high-performance athletes 
(Zajac and Gordon, 1989). However, it is difficult to intuitively understand how muscle 
forces produce joint rotations in multi-joint movements because of the complexity of inter-
joint interactions, especially in three-dimensional (3D) movements. Therefore, although 
muscle activities, joint torques, and joint rotations themselves have been examined 
extensively in many sports movements (Barrentine et al., 1998; Elliott et al., 2003; Feltner and 
Dapena, 1986; Fleisig et al., 1995; Fleisig et al., 1996b; Glousman et al., 1988; Hirashima et al., 
2002; Marshall and Elliott, 2000; Matsuo et al., 2001; Nunome et al., 2002; Putnam, 1991; 
Sakurai et al., 1993; Sakurai and Ohtsuki, 2000; Sprigings et al., 1994), the knowledge about 
the cause-and-effect relationships between these variables is insufficient.  
The purpose of this chapter is to provide the framework to properly understand the cause-
and-effect relationship between joint torques and rotations during sports movements. In fast 
sports movements such as baseball pitching and soccer kicking, joint rotations occur 
sequentially from proximal joints to distal joints. This kinematic sequence itself or the 
underlying kinetic mechanism is often called the “proximal-to-distal sequence,” “kinetic 
chain,” or “whip-like effect” (Atwater, 1979; Feltner, 1989; Fleisig et al., 1996a; Kibler, 1995; 
Kindall, 1992; Putnam, 1991). However, the kinetic mechanism has not been properly 
understood, because previous studies on sports movements have not focused on the fact 
that a joint rotation is caused by two different mechanisms: instantaneous and cumulative 
effects. The instantaneous effect is an instantaneous angular acceleration induced by a joint 
torque at that instant, whereas the cumulative effect is an angular acceleration induced by 
the entire joint torque and gravity torque history until that instant (Hirashima et al., 2008; 
Zajac et al., 2002). Because the mechanical causes are clearly different between the two 
effects in terms of time, clear differentiation is necessary to understand the original cause of 
each joint rotation and develop effective training programs.  
In section 2, I will explain the instantaneous effects produced by a joint torque by 
systematically presenting examples of single-joint movements, multi-joint movements in a 
two-dimensional (2D) space, and multi-joint movements in a three-dimensional (3D) space. I 
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will not only introduce a mathematical method called “induced acceleration analysis” to 
derive the joint rotations induced by a joint torque but also provide concrete examples with 
effective graphics so that the meaning of the mathematical formulations can be easily 
understood by patients, athletes, and coaches, as well as biomechanics researchers. In 
section 3, I will explain the difference between instantaneous and cumulative effects. Then, 
in section 4, by applying the induced acceleration analysis to baseball pitching motions, I 
will demonstrate that such a distinction is helpful to gain insight into the chain of causation 
for sports movements and the control strategy adopted by high-performance athletes. 

2. Instantaneous effect 
2.1 Single-joint movements 
I begin the explanation with a single-joint movement in which only one joint is free to rotate 
around a single axis (e.g., elbow flexion-extension movement in a horizontal plane). Because 
only one joint angle (θ) is necessary to specify the posture of the system, the number of 
degrees of freedom (DOF) is one. In such a 1-DOF system, the effect of a torque on the joint 
rotation is very simple because there is only one equation of motion. The angular 
acceleration (θ ) produced by the joint torque (τ) is determined by the magnitude of that 
torque and the moment of inertia (I) about the joint axis as follows: 

 
I
τθ =  (1) 

2.2 Multi-joint movements in 2D 
However, the relation between the torque and acceleration become more complex when 
multiple joints are involved in the movement. For example, we now consider a 2-DOF (e.g., 
θ1, shoulder joint angle; θ2, elbow joint angle) movement in a vertical plane (Fig. 1). The 
equations of motion for the upper-arm (Eq. 2) and forearm (Eq. 3) can be written as follows: 
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 (3) 

where Ii = moment of inertia about the center of gravity, ri = distance to center of mass from 
proximal joint of the segment, li = length, mi = mass, τi = joint torque (i = 1: upper arm, 2: 
forearm).  
 

 

Fig. 1. Two-joint system in a vertical plane. 
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By using some substitutions, these can be written in the following form: 

 11 1 12 2 1 1 1( , ) ( )I I V gθ θ τ+ = + +θ θ θ   (4) 

 21 1 22 2 2 2 2( , ) ( )I I V gθ θ τ+ = + +θ θ θ   (5) 

where 1 2( )Tθ θ=θ  is the joint angle vector, 1 2( )Tθ θ=θ    is the angular velocity vector, ( , )iV θ θ  
is the angular-velocity-dependent torque, and ( )ig θ  is the gravity torque. Now consider the 
question of how large the angular accelerations ( 1θ  and 2θ ) are if joint torques (τ1 and τ2) 
are applied at the two joints when the system is in the state of θ  and θ . Because unknown 
variables ( 1θ  and 2θ ) are present in both equations (Eq. 4 and Eq. 5), we must solve them as 
simultaneous equations in the following way: 

 
1

11 12 1 1 11

21 22 2 22 2

( , ) ( )
( )( , )

I I V g
I I gV

τθ
τθ

−           = + +                      

θ θ θ
θθ θ


   (6) 

Accordingly, the angular accelerations of the joints caused by the joint torques can be 
obtained as follows: 

 1 11 1 1 1 12 2 2 2

2 21 1 1 1 22 2 2 2

( ( , ) ( )) ( ( , ) ( ))
( ( , ) ( )) ( ( , ) ( ))

A V g A V g
A V g A V g
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θ θ θ θ θ θ
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   (7) 

where 11A , 12A , 21A , and 22A are the component of the matrix 1( )−I θ : 

 
1

11 12 11 12 1

21 22 21 22
( )

A A I I
A A I I

−
−   

= =   
   

I θ   (8) 

2.2.1 Joint torque accelerates all joints in multi-joint system 
The first important point shown by Eq. 7 is that the angular accelerations of both joints depend 
on both joint torques. This indicates that, for example, a shoulder joint torque (τ1) induces 
angular accelerations not only at the shoulder joint but also at the elbow joint. Figure 2a shows 
a simulation result where only the shoulder flexor torque is exerted on the 2-DOF (shoulder 
and elbow) system in a horizontal plane. It is intuitively understandable that the shoulder 
flexor torque induces the shoulder flexion acceleration, but it should be noted that it also 
induces the elbow extension acceleration, even though the elbow joint torque is zero. Similarly, 
an elbow joint torque (τ2) induces angular accelerations at both joints. Figure 2b shows a 
simulation result where only the elbow flexor torque is exerted; the elbow flexor torque 
induces not only elbow flexion acceleration but also shoulder extension acceleration.  
Why does a joint torque accelerate not only its own joint but also another remote joint? In 
fact, interaction forces between body segments occur at the same time as a joint torque is 
exerted at a certain joint if the body segments are linked by the joints. These interaction 
forces are the causes of the angular accelerations arising at the remote joints. Because the 
interaction forces arise instantaneously at the exertion of the joint torque, the angular 
acceleration at the remote joint also arises at that instant. This phenomenon arising from the 
mechanical constraint of the joint is called “dynamic coupling” (Zajac and Gordon, 1989).  
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where Ii = moment of inertia about the center of gravity, ri = distance to center of mass from 
proximal joint of the segment, li = length, mi = mass, τi = joint torque (i = 1: upper arm, 2: 
forearm).  
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The first important point shown by Eq. 7 is that the angular accelerations of both joints depend 
on both joint torques. This indicates that, for example, a shoulder joint torque (τ1) induces 
angular accelerations not only at the shoulder joint but also at the elbow joint. Figure 2a shows 
a simulation result where only the shoulder flexor torque is exerted on the 2-DOF (shoulder 
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forces are the causes of the angular accelerations arising at the remote joints. Because the 
interaction forces arise instantaneously at the exertion of the joint torque, the angular 
acceleration at the remote joint also arises at that instant. This phenomenon arising from the 
mechanical constraint of the joint is called “dynamic coupling” (Zajac and Gordon, 1989).  
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Fig. 2. Simulated motions of two-joint (shoulder and elbow) system in a horizontal plane. 
Fig. 2a shows angular accelerations induced only by the shoulder flexion torque. Fig. 2b 
shows angular accelerations induced only by the elbow flexion torque. 

2.2.2 Joint torque action depends on system posture 
The second important point shown by Eq. 7 is that the angular accelerations produced by a 
joint torque depend on the system inertia matrix ( ( )I θ ), namely the posture of the system. This 
indicates that even though the same joint torque is exerted, the angular acceleration induced 
by the joint torque will vary based on the system’s posture when the joint torque is exerted. 
Figure 3 shows the simulation results when the shoulder flexor torque is exerted on two 
different postures. The shoulder flexor torque induces the shoulder flexion and elbow extension 
for posture (a), whereas it induces the shoulder flexion and elbow flexion for posture (b). 
Thus, in order to estimate the angular accelerations induced by joint torques in multi-joint 
movements, we need to pay attention, not only to the joint torques, but also to the posture of 
the system. Mathematically speaking, the instantaneous accelerations ( 1 2( )Tθ θ=τ τ τθ   ) 
induced by a joint torque can be calculated by multiplying the inverse of the system inertia 
matrix ( 1( )−I θ ) to the torque vector (τ = (τ1 τ2)T) as follows: 1( )−=τθ I θ τ . This method is often 
called “induced acceleration analysis.” This induced acceleration analysis has been mainly 
used in gait analysis to determine how individual muscle forces contribute to the forward 
and vertical acceleration of the body during walking (Anderson and Pandy, 2003; Fox and 
Delp, 2010; Kepple et al., 1997). 

2.3 n-DOF system in 2D 
The two properties described above (2.2.1 and 2.2.2) are applicable to a system with more 
than 2 DOFs. Although the equation of motion with more than 2 DOFs is much more  
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Fig. 3. Simulated motions of two-joint (shoulder and elbow) system in a horizontal plane 
when the same shoulder flexor torque is exerted on two different postures. 

complex than Eq. 2 and Eq. 3, the equation for an n-DOF system (n ≥ 3) can always be 
written in the following form: 
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It can be written more simply as follows: 

 { }1( ) ( , ) ( )−= + +θ I θ τ V θ θ g θ    (10)  

Because this equation has the same form as Eq. 6 in the 2-DOF system, we can discuss the 
cause-and-effect relation between joint torques and accelerations in a way similar to the 
discussion for the 2-DOF system. In general, the mechanism by which joint torques induce 
angular accelerations can be graphically summarized as shown in Fig. 4. This figure 
indicates that: 
1. A joint torque at each joint induces acceleration not only at its own joint (i.e., direct 

effect, solid line) but also at the other joints (i.e., remote effect, dotted line). 
2. The effects induced by a joint torque depend on the posture of the whole system. 
Thus, for example, in the case of a 3-DOF system (shoulder, elbow, and wrist joints), a 
shoulder joint torque instantaneously accelerates not only the shoulder but also the elbow 
and wrist joints.  
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Fig. 4. Schematic figure of how joint torque at each joint induces angular accelerations at all 
joints in n-DOF system.  

2.4 n-DOF system in 3D 
The equation of motion for a multi-joint system in 3D is much more complicated than the 
equation in 2D. Fortunately, however, the equations for 3D movements can also be written 
in the same form as the equations for 2D movements (Eqs. 9 and 10). The mathematical 
derivation is described in a reference (Hirashima and Ohtsuki, 2008). It indicates that, 
similar to 2D multi-joint movements, a joint torque at a certain DOF induces accelerations at 
all DOFs in 3D multi-DOF movements. Now, let us consider 3D movements, including 3-
DOF shoulder joint rotations. In this case, τ1, τ2, and τ3 in Fig. 4 can be regarded as the 
shoulder joint torques about the internal-external rotation axis, adduction-abduction axis, 
and horizontal flexion-extension axis, respectively, while 1θ , 2θ , and 3θ  can be regarded as 
the angular accelerations about the three axes, respectively. Thus, the 3D version of Fig. 4 
indicates that, when only the joint torque about the internal-external rotation axis (τ1) is 
exerted, it can induce angular accelerations not only about the internal-external rotation axis 
( 1θ ) but also about the other two axes ( 2θ  and 3θ ). This might seem counterintuitive to 
some readers, because people tend to intuitively and wrongly believe that the “shoulder 
internal rotation torque“ can only produce a shoulder internal rotation. Actually, however, 
such a 1-to-1 causal relationship occurs in only a few cases (see below). In almost every case, 
a joint torque accelerates all of the joint rotations. 

2.4.1 Inertial property of 3D objects 
To understand this from a mechanical point of view, it is necessary to deepen our 
understanding of the inertial property of 3D objects. Any object has three orthogonal 
principal axes of inertia (Zatsiorsky, 2002). If the inertia matrix is expressed in the 
orthogonal coordinate system (X,Y,Z) whose axes correspond to the principal axes of inertia 
(Fig. 5a), it can be written as follows: 
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Then, the angular accelerations induced by the torque about the X axis can be expressed as 
follows: 
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  (12)  

Thus, in a case where the axis of the torque vector corresponds to the principal axis of 
inertia, the torque vector induces angular acceleration about this axis alone. For a human 
upper limb, this situation occurs only in an ideal simple case where the upper arm, forearm, 
and hand are linked in line (Fig. 5a) and one of the principal axes of inertia for the entire 
kinematic chain exactly corresponds to the longitudinal axis of the upper arm. In this case, a 
torque about the longitudinal axis of the upper arm causes internal-external rotation alone.  
On the other hand, when the elbow is at a flexed position (Fig. 5b), the principal axes of 
inertia for the entire kinematic chain distal to the shoulder deviate from the shoulder joint 
coordinate system (X,Y,Z). When the inertia matrix is expressed in a coordinate system 
whose axes do not correspond to the principal axes of inertia, it is written as follows: 
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Then, the angular accelerations induced by the torque about the X axis can be expressed as 
follows: 
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  (14)  

Thus, when the axis of the joint torque does not correspond to the principal axis of inertia, 
the torque induces angular accelerations about all three joint axes.  
 

 

Fig. 5. Schematic drawings of upper arm, forearm and hand with elbow angle at 0° (A) and 
90° (B). The shoulder joint coordinate axes (XYZ) and the principal axes of inertia for the 
entire kinematic chain are drawn [Adapted from (Hirashima et al., 2007a)]. 

2.4.2 Examples of 3D multi-DOF movements 
Computer simulations were used to observe these two situations (Eqs. 12 and 14). Figure 6a 
shows the simulation results when a shoulder internal rotation torque is exerted on the ideal 
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Fig. 4. Schematic figure of how joint torque at each joint induces angular accelerations at all 
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Then, the angular accelerations induced by the torque about the X axis can be expressed as 
follows: 
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Thus, in a case where the axis of the torque vector corresponds to the principal axis of 
inertia, the torque vector induces angular acceleration about this axis alone. For a human 
upper limb, this situation occurs only in an ideal simple case where the upper arm, forearm, 
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Thus, when the axis of the joint torque does not correspond to the principal axis of inertia, 
the torque induces angular accelerations about all three joint axes.  
 

 

Fig. 5. Schematic drawings of upper arm, forearm and hand with elbow angle at 0° (A) and 
90° (B). The shoulder joint coordinate axes (XYZ) and the principal axes of inertia for the 
entire kinematic chain are drawn [Adapted from (Hirashima et al., 2007a)]. 
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shows the simulation results when a shoulder internal rotation torque is exerted on the ideal 



 
 Theoretical Biomechanics 

 

310 

simple case in which the principal axes of inertia correspond to the shoulder joint coordinate 
axes. For simplicity, the simulation was conducted in a zero gravity environment. In this 
case, the shoulder internal rotation torque produces only the shoulder internal rotation. 
However, when the shoulder internal rotation torque is exerted on a system whose principal 
axes of inertia do not correspond to the shoulder joint coordinate axes (Fig. 6b), the shoulder 
internal rotation torque produces not only the internal rotation but also abduction and 
horizontal extension.  
Figure 7 shows another example of exerting the shoulder horizontal flexion torque, which 
approximately simulates the situation where the anterior deltoid is activated. In a case 
where the principal axes of inertia correspond to the shoulder joint coordinate axes (Fig. 7a), 
the shoulder horizontal flexion torque produces only horizontal flexion. However, in the 
case of the posture shown in Fig. 7b, the shoulder horizontal flexion torque produces not 
only horizontal flexion but also external rotation. This might be surprising for some readers, 
because anatomy textbooks never describe the external rotation as a function of the anterior 
deltoid. Here, I would like to call attention to the fact that anatomy textbooks describe the 
torque vector produced by each muscle, not the rotation produced by the muscle: this is a 
blind spot for novices in the field of biomechanics and motor control. It should be kept in 
mind that, in order to know how each muscle force produces angular accelerations, we need 
to consider both the torque vector produced by the muscle (τ) and the inertial property of 
the system ( )I θ  to which the torque is applied.  
 

 

Fig. 6. Simulated motions in zero gravity environment when shoulder internal rotation 
torque is exerted on two different postures. 

3. Cumulative effect 
So far, I have explained how a joint torque at a certain instant induces angular accelerations 
on the system at that instant. However, the effect of the joint torque is not limited to these 
instantaneous accelerations because the accelerations accumulate and remain in the system 
as a velocity. The velocity-dependent torques ( ( , )V θ θ ) such as Coriolis and centrifugal 
torques can also induce angular accelerations. The angular acceleration induced by velocity-
dependent torques at a certain instant is expressed as follows: 

 1( ) ( , )−=Vθ I θ V θ θ    (15)  
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Fig. 7. Simulated motions in zero gravity environment when shoulder horizontal flexion 
torque is exerted on two different postures. 

It should be noted that because the angular velocity is integrated from the angular 
acceleration, the acceleration induced by the velocity-dependent torque at a certain instant 
(Eq. 15) reflects the cumulative effects from the history of all the muscles and gravity 
torques that have been applied to the system until that instant.  
In summary, the induced acceleration analysis suggests that the angular acceleration at a 
certain instant is the sum of 1) the instantaneous effect induced by the joint torques and 
gravity torque at that instant and 2) the cumulative effect from the history of the joint 
torques and gravity torque applied to the system until that instant (Fig. 8).  
 

 
Fig. 8. Block diagram of generation mechanism for multi-DOF human motion [Adapted 
from (Hirashima et al., 2008)]. 
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4. Application to sports movements 
Understanding the cause-and-effect relation between the kinetics (e.g., muscle force, joint 
torque) and kinematics (e.g., joint rotation) is difficult in multi-joint movements because of 
the complexity of inter-joint interactions. The induced acceleration analysis provides the 
framework to show that joint angular acceleration is induced by two different mechanisms 
(i.e., instantaneous and cumulative effects). Determining whether a joint angular 
acceleration is caused by the instantaneous or cumulative effect is very important because 
the original causes of these accelerations are clearly different in terms of time. The cause of 
the instantaneous effect is the joint torque and gravity torque at that instant, whereas the 
cause of the cumulative effect is the entire history of the joint torques and gravity torque 
applied to the system until that instant. However, previous studies on fast sports 
movements such as baseball pitching and soccer kicking have not clearly differentiated 
these two effects, and hence the causes of the joint rotations have not been properly 
understood. In section 4, I apply the induced acceleration analysis to the baseball pitching 
motion to understand the kinetic mechanism used by skilled baseball players to generate a 
large ball velocity.  

4.1 Kinematic analysis 
The first step in understanding how skilled baseball players generate a large ball velocity at 
ball release is to determine the joint angular velocities that are mostly responsible for the 
translational velocity of the ball. Here, we consider a serially linked four-segment model of 
the trunk and upper limb that has 13 degrees of freedom (DOFs) (Fig. 9a). There are three 
translational DOFs and three rotational DOFs for the trunk, three rotational DOFs for the 
shoulder, two rotational DOFs for the elbow, and two rotational DOFs for the wrist (for 
details see the legend of Fig. 9). Suppose the joint rotates only about the i-th DOF axis at an 
angular velocity of iθ  (Fig. 9b). The translational velocity of the fingertip ( ir ) produced by 
this rotation is expressed as 

 i i i= ×r θ p   (16)  

where ( )i i iθ=θ u   is the angular velocity vector ( iu  is the unit vector of the joint axis) and ip  
is the vector from the joint center to the fingertip. Because joints actually rotate about all 
DOFs, the actual translational velocity of the fingertip ( r ) is expressed as the sum of their 
effects.  

 
13

1
i

i=
=r r    (17)  

We can determine the contribution of each angular velocity to the magnitude of the fingertip 
translational velocity by projecting each vector ( ir ) onto the unit vector ( ur ) of the 
translational velocity of the fingertip (Feltner and Nelson, 1996; Miyanishi et al., 1996; 
Sprigings et al., 1994).  

 
13

1
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i=
= ⋅r r r     (18)  

Figure 9c shows the contributions of the 13 DOF velocities to the fingertip velocity at the 
time of ball release in skilled baseball players (Hirashima et al., 2007b). This analysis reveals 
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that it is mainly produced by the leftward rotation of the trunk, internal rotation of the 
shoulder, elbow extension, and wrist flexion.  
 

 
Fig. 9. (a) 13-DOF model. (b) Schematic figure of the relation between joint angular velocity 
vector iθ  at one joint coordinate axis and the translational velocity vector of the fingertip 
( ir ). (c) Contributions to the translational velocity of the fingertip at the time of ball release. 
There are 13 contributors to the fingertip velocity: C, translation of the trunk including three 
degrees of freedom (DOFs) (forward-backward, upward-downward, and right-left); AP, 
anterior (+)-posterior (-) lean; ML, medial (+)-lateral (-) tilt; TW, left (+)-right (-) twist of the 
trunk; IE, internal (+)-external (-) rotation; ED, elevation (+)-depression (-); k, third-axis 
rotation of the shoulder; EF, extension (+)-flexion (-); PS, pronation (+)-supination (-) of the 
elbow; FE, flexion (+)-extension (-); and UR, ulnar (+)-radial (-) deviation of the wrist 
[Adapted from (Hirashima et al., 2007b)]. 

4.2 Induced acceleration analysis 
The next step is to understand how baseball players generate a large angular velocity at 
these joint rotations by coordinating the joint torque and velocity-dependent torque. As 
described in the above section (2.4), angular accelerations can be calculated by the following 
equation: 

 { }1( ) ( , ) ( )−= + +θ I θ τ V θ θ g θ    (19)  
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shoulder, elbow extension, and wrist flexion.  
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where θ , τ , ( , )V θ θ , and ( )g θ  are the 13-dimensional vectors, and ( )I θ  is the 13-by-13 
matrix for the 13-DOF model used here. This equation tells us that the j-th angular 
acceleration ( jθ ) is produced by the instantaneous direct effect ( j

j
τθ ), instantaneous remote 

effect ( ( )k
j k jτθ ≠ ), cumulative effect ( V

jθ ), and instantaneous effect from gravity torque 
( g

jθ ) as expressed in the following: 
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where Aji is the (j, i) component of the matrix, 1( )−I θ . 
In baseball pitching, the fastest possible speed at the hand is required, and eventually large 
angular accelerations are required. Because the instantaneous accelerations induced by the 
muscle force are limited by the muscle force-producing capacity (i.e., physical capacity), 
additional utilization of the velocity-dependent torque is a very effective strategy for 
producing larger angular accelerations than the muscle torque could produce on its own. To 
what extent do skilled players utilize the velocity-dependent torque? Do they utilize the 
velocity-dependent torque at all joints? 
Figure 10 shows the contributions of the 13 joint torques, velocity-dependent torque, and 
gravity torque to the trunk forward motion, trunk leftward rotation, shoulder internal 
rotation, shoulder horizontal flexion, elbow extension, and wrist flexion. This figure 
indicates that the motions of the trunk (Figs. 10a and b) and shoulder (Figs. 10c and d) are 
produced by respective joint torques (i.e., instantaneous direct effect): for example, the trunk 
leftward rotation is accelerated by the trunk leftward rotation torque (Fig. 10b). In contrast, 
the elbow extension and wrist flexion are mainly produced by the velocity-dependent 
torque (Figs. 10e and f).  
I further examined which segment motion is the source of the velocity-dependent torque 
acting on the elbow and wrist accelerations by decomposing the velocity-dependent torque 
into some kinematic sources. The results show that the velocity-dependent torques at the 
shoulder, elbow, and wrist were produced by the forearm angular velocity that was 
originally produced by the trunk and shoulder joint torques in an earlier phase (for more 
details, see Hirashima et al., 2008).  

5. Discussion 
5.1 Kinetic chain 
Taken together, the kinetic chain of baseball pitching can be summarized as follows. First, 
the trunk forward motion and leftward rotation are accelerated by respective joint torques 
(instantaneous direct effect) produced by relatively large muscles located at the lower 
extremity and trunk (Fig. 11a). The shoulder horizontal flexion torque and internal rotation 
torque during this phase prevent the upper arm from lagging behind relative to the trunk. 
As a result, the angular velocity of the upper arm also increases with that of the trunk (Fig. 
11b). Thus, the motions of the trunk and upper arm in the early phase are produced by the 
instantaneous direct effect from large proximal muscles. The angular velocities of the trunk 
and upper arm produced by the above mechanism are the sources of the velocity-dependent 
torque acting for the elbow extension (Figs. 11c and d). As a result, the elbow joint angular 
velocity increases, and concurrently, the forearm angular velocity relative to the ground also 
increases. The forearm angular velocity subsequently accelerates the elbow extension  
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Fig. 10. Contributions of 13 joint torques, velocity-dependent torque, and gravity torque to 
the trunk forward motion (a), trunk leftward rotation (b), shoulder internal rotation (c), 
shoulder horizontal flexion (d), elbow extension (e), and wrist flexion (f) during baseball 
pitching [Adapted from (Hirashima et al., 2008)]. 

(Fig. 11e) and wrist flexion (Fig. 11f). Thus, the angular velocities of the trunk and upper 
arm produced by the proximal muscles in the early phase remain in the cumulative effect 
loop and accelerate the distal joint rotations in the later phase.  



 
 Theoretical Biomechanics 

 

314 

where θ , τ , ( , )V θ θ , and ( )g θ  are the 13-dimensional vectors, and ( )I θ  is the 13-by-13 
matrix for the 13-DOF model used here. This equation tells us that the j-th angular 
acceleration ( jθ ) is produced by the instantaneous direct effect ( j

j
τθ ), instantaneous remote 

effect ( ( )k
j k jτθ ≠ ), cumulative effect ( V

jθ ), and instantaneous effect from gravity torque 
( g

jθ ) as expressed in the following: 

 

13 13 13

1 1 1
1 2 13( )

j ji i ji i ji i
i i i

gV
j j j j j

A A V A g

τ τ τ

θ τ

θ θ θ θ θ
= = =

= + +

= + + + + +

  

    

  (20)  

where Aji is the (j, i) component of the matrix, 1( )−I θ . 
In baseball pitching, the fastest possible speed at the hand is required, and eventually large 
angular accelerations are required. Because the instantaneous accelerations induced by the 
muscle force are limited by the muscle force-producing capacity (i.e., physical capacity), 
additional utilization of the velocity-dependent torque is a very effective strategy for 
producing larger angular accelerations than the muscle torque could produce on its own. To 
what extent do skilled players utilize the velocity-dependent torque? Do they utilize the 
velocity-dependent torque at all joints? 
Figure 10 shows the contributions of the 13 joint torques, velocity-dependent torque, and 
gravity torque to the trunk forward motion, trunk leftward rotation, shoulder internal 
rotation, shoulder horizontal flexion, elbow extension, and wrist flexion. This figure 
indicates that the motions of the trunk (Figs. 10a and b) and shoulder (Figs. 10c and d) are 
produced by respective joint torques (i.e., instantaneous direct effect): for example, the trunk 
leftward rotation is accelerated by the trunk leftward rotation torque (Fig. 10b). In contrast, 
the elbow extension and wrist flexion are mainly produced by the velocity-dependent 
torque (Figs. 10e and f).  
I further examined which segment motion is the source of the velocity-dependent torque 
acting on the elbow and wrist accelerations by decomposing the velocity-dependent torque 
into some kinematic sources. The results show that the velocity-dependent torques at the 
shoulder, elbow, and wrist were produced by the forearm angular velocity that was 
originally produced by the trunk and shoulder joint torques in an earlier phase (for more 
details, see Hirashima et al., 2008).  

5. Discussion 
5.1 Kinetic chain 
Taken together, the kinetic chain of baseball pitching can be summarized as follows. First, 
the trunk forward motion and leftward rotation are accelerated by respective joint torques 
(instantaneous direct effect) produced by relatively large muscles located at the lower 
extremity and trunk (Fig. 11a). The shoulder horizontal flexion torque and internal rotation 
torque during this phase prevent the upper arm from lagging behind relative to the trunk. 
As a result, the angular velocity of the upper arm also increases with that of the trunk (Fig. 
11b). Thus, the motions of the trunk and upper arm in the early phase are produced by the 
instantaneous direct effect from large proximal muscles. The angular velocities of the trunk 
and upper arm produced by the above mechanism are the sources of the velocity-dependent 
torque acting for the elbow extension (Figs. 11c and d). As a result, the elbow joint angular 
velocity increases, and concurrently, the forearm angular velocity relative to the ground also 
increases. The forearm angular velocity subsequently accelerates the elbow extension  
 

Induced Acceleration Analysis of Three-Dimensional  
Multi-Joint Movements and Its Application to Sports Movements 

 

315 

 
Fig. 10. Contributions of 13 joint torques, velocity-dependent torque, and gravity torque to 
the trunk forward motion (a), trunk leftward rotation (b), shoulder internal rotation (c), 
shoulder horizontal flexion (d), elbow extension (e), and wrist flexion (f) during baseball 
pitching [Adapted from (Hirashima et al., 2008)]. 

(Fig. 11e) and wrist flexion (Fig. 11f). Thus, the angular velocities of the trunk and upper 
arm produced by the proximal muscles in the early phase remain in the cumulative effect 
loop and accelerate the distal joint rotations in the later phase.  
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Fig. 11. Kinetic chain of baseball pitching. The number in parentheses indicate the time [msec]. 

5.2 Instantaneous remote effect vs. cumulative effect 
It should be noted that the mechanism for the cumulative effect is different from the 
mechanism for the “torque reversal” examined by (Chowdhary and Challis, 2001) and 
(Herring and Chapman, 1992). They demonstrated, using simulations, that the braking of a 
proximal segment accelerated the distal segment and was effective at generating the fastest 
throw. In baseball pitching, the elbow joint torque reversed its direction from extension to 
flexion at about -40 ms (Hirashima et al., 2008). While the elbow flexion torque decelerated 
the elbow extension, it accelerated the distal wrist flexion (Fig. 11h). Thus, the positive effect 
of the torque reversal is one of the instantaneous effects from the remote joint torques 
(dotted line in Fig. 4). Therefore, this effect is not influenced by the proximal joint torques in 
the early phase, in contrast to the cumulative effect. Until now, however, these two effects 
have been considered similar because they are caused by torques other than the direct joint 
torque. Because the original cause of the instantaneous remote effects is clearly different 
from that of the cumulative effect in terms of time, in order to develop effective training 
programs, coaches and athletes should clearly discriminate between these two effects. 

5.3 Sequence that does not obey proximal-to-distal sequence 
In baseball pitching, almost all of the joint rotations obey the proximal-to-distal sequence. 
However, one exceptional sequence does not obey the rule. The shoulder internal rotation 
occurs after the elbow extension. Although this distal-to-proximal sequence has been 
observed for 20 years, it has been unclear why this sequence is adopted by skilled throwers. 
One possible reason is that extending the elbow before the shoulder internal rotation can 
decrease the moment of inertia about the shoulder internal rotation axis. The other reason is 
that the velocity-dependent torque arising from the elbow extension accelerates the 
shoulder internal rotation (Fig. 11g): cumulative effects do not always have the proximal-to-
distal sequence. Although it has long been believed that the throwing motion is controlled 
by the role of the proximal-to-distal sequence, here we propose that the throwing motion is 
controlled by the role of utilizing the cumulative effect. This idea can explain the sequence 
of joint rotations during the throwing movement without exception.  
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6. Conclusions 
Until now, the kinetic aspect of sports movements has primarily been examined using the 
inverse dynamics technique, which calculates the joint torques that are required to achieve a 
focused movement. These findings are helpful for specifying the body parts receiving 
excessive loads and understanding the mechanism underlying sports disorders (Fleisig et al., 
1995). However, the cause-and-effect relationship for how these kinetic parameters (joint 
torque) accelerate joint rotations and how joint rotations affect each other has been unclear. In 
this chapter, I have shown that the “induced acceleration analysis” method can greatly assist 
us in understanding the cause-and-effect relationship between joint torques and rotations. In 
particular, clearly discriminating between the instantaneous direct effect, instantaneous remote 
effect, and cumulative effect is very important for coaches and athletes, as well as 
biomechanics researchers, because their causes are clearly different in terms of time and space.  
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Fig. 11. Kinetic chain of baseball pitching. The number in parentheses indicate the time [msec]. 
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1. Introduction 
Arboreal locomotion – traveling on the branches, twigs, and trunks of trees and woody 
shrubs – is very common among mammals. Most primates, many rodents, marsupials, 
carnivores, and even an occasional artiodactyl travel on arboreal substrates to forage, escape 
predators, and acquire shelter. Arboreal supports are usually far enough from the ground 
that a slip or fall could cause serious injury or death, or deprive the animal of a mate, food, 
or energy. Thus, stability is of great importance for an animal traveling on arboreal 
supports. The considerable variation among arboreal supports makes stability during 
locomotion a mechanical challenge. Supports vary in diameter, slope, compliance, texture, 
direction (that is, bends or curves in a branch), and number and distribution. Furthermore 
there may be interaction among these variables; for example, compliance varies with 
diameter – thinner branches are more compliant than thick branches. Also, the thin branches 
frequently have leaves that act like sails in the wind, causing even more movement in the 
substrate. Substrate texture often varies with diameter, where narrow twigs have smoother 
bark than large branches or trunks. Therefore one might expect a considerable number of 
morphological, behavioral, and biomechanical mechanisms to enhance stability on arboreal 
supports. 
Stability can be divided into two categories: static and dynamic. Static stability is the 
process by which objects at rest remain stable, i.e., neither move (translation) nor rotate 
about a point or axis. For example, a table is statically stable because the forces and 
moments (torques) produced by gravity (weight) are balanced by ground reaction forces 
and the moments generated by them. One way an animal might remain stable is by not 
moving and adhering to or gripping the support; this definition is the ultimate example of 
static stability in an animal. Although this strategy allows no movement, it is nevertheless 
a valid locomotor strategy for an animal attempting to travel on an arboreal support 
subjected to a sudden gust of wind or other disturbance (Stevens, 2003). This analysis also 
applies when the animal walks very slowly, but fails when it walks or runs at 
considerable speed. Because the distribution of the mass is changing from one instant to 
the next, the forces and torques necessary to maintain static stability would also change 
with time. That is, it requires an active control by the nervous system. Because stability is 
critical, it is very likely that the animal employs both active and passive control (Full et al., 
2002). Passive control can be due to dynamic processes of the animal’s body, and is 
referred to as dynamic stability. For example, a hiker might cross a stream or river by 
running across a fallen log; the rotation of the limbs around the hips and shoulder 
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1. Introduction 
Arboreal locomotion – traveling on the branches, twigs, and trunks of trees and woody 
shrubs – is very common among mammals. Most primates, many rodents, marsupials, 
carnivores, and even an occasional artiodactyl travel on arboreal substrates to forage, escape 
predators, and acquire shelter. Arboreal supports are usually far enough from the ground 
that a slip or fall could cause serious injury or death, or deprive the animal of a mate, food, 
or energy. Thus, stability is of great importance for an animal traveling on arboreal 
supports. The considerable variation among arboreal supports makes stability during 
locomotion a mechanical challenge. Supports vary in diameter, slope, compliance, texture, 
direction (that is, bends or curves in a branch), and number and distribution. Furthermore 
there may be interaction among these variables; for example, compliance varies with 
diameter – thinner branches are more compliant than thick branches. Also, the thin branches 
frequently have leaves that act like sails in the wind, causing even more movement in the 
substrate. Substrate texture often varies with diameter, where narrow twigs have smoother 
bark than large branches or trunks. Therefore one might expect a considerable number of 
morphological, behavioral, and biomechanical mechanisms to enhance stability on arboreal 
supports. 
Stability can be divided into two categories: static and dynamic. Static stability is the 
process by which objects at rest remain stable, i.e., neither move (translation) nor rotate 
about a point or axis. For example, a table is statically stable because the forces and 
moments (torques) produced by gravity (weight) are balanced by ground reaction forces 
and the moments generated by them. One way an animal might remain stable is by not 
moving and adhering to or gripping the support; this definition is the ultimate example of 
static stability in an animal. Although this strategy allows no movement, it is nevertheless 
a valid locomotor strategy for an animal attempting to travel on an arboreal support 
subjected to a sudden gust of wind or other disturbance (Stevens, 2003). This analysis also 
applies when the animal walks very slowly, but fails when it walks or runs at 
considerable speed. Because the distribution of the mass is changing from one instant to 
the next, the forces and torques necessary to maintain static stability would also change 
with time. That is, it requires an active control by the nervous system. Because stability is 
critical, it is very likely that the animal employs both active and passive control (Full et al., 
2002). Passive control can be due to dynamic processes of the animal’s body, and is 
referred to as dynamic stability. For example, a hiker might cross a stream or river by 
running across a fallen log; the rotation of the limbs around the hips and shoulder 
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generates a gyroscopic effect. This gyroscopic effect helps prevent the hiker from toppling 
off the log. In this chapter we will review the mechanics of static stability during arboreal 
locomotion. We will then expand on the mechanics of dynamic stability and its 
importance in arboreal locomotion. 

2. Static stability 
Slow lorises, as their name implies, usually move very slowly (although see Nekaris and 
Stevens, 2007). One of the mechanisms these primates use to avoid toppling from narrow 
arboreal supports is the same method used by the table. At all times the center of mass of 
the table or slow loris is supported by three or four legs, making toppling less likely (Fig. 1; 
Hildebrand, 1980).  
 

Left hindlimb 
at touchdown

Right hindlimb 
close to liftoff

Right forelimb 
at midstance

Left forelimb is in 
swing phase, not 

supporting weight

Center  
of mass

 
Fig. 1. Base of support (blue triangles) generated by the limbs in contact with the ground or 
substrate (based on Hildebrand, 1980). The footfall pattern illustrated here is a lateral 
sequence singlefoot gait (left hind, left fore, right hind, right fore, with footfalls spaced fairly 
evenly in time). The duty factor is approximately 75%. Note that the center of mass (black 
and white circle) is supported by three limbs at all times. 

Footfall pattern can affect whether the center of gravity passes through the polygon of 
support. First, at slow speeds, the duty factor usually increases (Fig. 2). Duty factor is the 
duration of time that a foot or hand contacts a substrate divided by the total stride cycle 
time. A duty factor of 100% indicates a hand or foot that never leaves the substrate 
(therefore no movement occurs); a zero duty factor means the animal is flying. Intermediate 
duty factors indicate how much time within each stride a hand or foot is in contact with the 
substrate. At slow speeds, when duty factor is high (Fig. 2), the likelihood is higher that 
three or four limbs are in contact with the substrate at any given moment. Three or four 
limbs create a support polygon through which the center of gravity may pass, maintaining 
stability against toppling due to the acceleration of gravity on the animal’s mass. However if 
the branch the animal travels on is very narrow, then the support polygon may be so narrow 
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that the center of mass is frequently outside the polygon. When this occurs, the weight of the 
animal will create a torque that can make the animal topple. 
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Fig. 2. Duty factor versus speed for gray short-tailed opossums walking and running on 
branches (red circles) and a flat trackway (blue Xs). 

The sequence of footfalls can also affect where the center of gravity falls within a support 
polygon (Fig. 1). The variation in footfall patterns among taxa, the possible adaptive benefits 
of different footfall patterns, and the relationship of footfall patterns and walking/running 
mechanics are elaborated upon by Hildebrand (1976, 1980), Cartmill et al., (2002, 2007), and 
Reilly and Biknevicius (2003). When animals walk, trot, or pace, the right and left hindlimbs 
and right and left forelimbs are perfectly out of phase (Fig. 3). For example: assume a stride 
begins at the time of right lower extremity touchdown, and ends just before the next 
touchdown of the same limb. At the time the person’s right lower extremity touches down 
while walking, the left lower extremity is halfway through the stride cycle. This also occurs 
with the right/left hindlimbs and forelimbs of quadrupeds. The phase relationship (limb 
phase) between the right hindlimb and right forelimb (or left hind and left fore) can be 
compared as a percentage of synchronization (Fig. 3). For example, if the right hindlimb and 
forelimb are synchronized (footfall and liftoff occur at the same time), the limb phase is 0%, 
and the animal is pacing. During a trot, the limb phase is 50% and the right forelimb is 50% 
ahead or behind whatever the right hindlimb is doing. During a lateral-sequence gait, the 
limb phase is between 0-50%. (Note: in this chapter, the word gait means footfall pattern, 
which is the definition typically used for non-human locomotor biomechanics. For human 
locomotor biomechanics, gait is any locomotion). After a right hindlimb lands, the right 
forelimb is the next limb to land. During this gait the center of gravity always passes 
through the support polygon (as long as three or four limbs are in contact with the ground. 
The diagonal-sequence gait features a limb phase between 50-100%. After a right hindlimb 
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generates a gyroscopic effect. This gyroscopic effect helps prevent the hiker from toppling 
off the log. In this chapter we will review the mechanics of static stability during arboreal 
locomotion. We will then expand on the mechanics of dynamic stability and its 
importance in arboreal locomotion. 

2. Static stability 
Slow lorises, as their name implies, usually move very slowly (although see Nekaris and 
Stevens, 2007). One of the mechanisms these primates use to avoid toppling from narrow 
arboreal supports is the same method used by the table. At all times the center of mass of 
the table or slow loris is supported by three or four legs, making toppling less likely (Fig. 1; 
Hildebrand, 1980).  
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Fig. 1. Base of support (blue triangles) generated by the limbs in contact with the ground or 
substrate (based on Hildebrand, 1980). The footfall pattern illustrated here is a lateral 
sequence singlefoot gait (left hind, left fore, right hind, right fore, with footfalls spaced fairly 
evenly in time). The duty factor is approximately 75%. Note that the center of mass (black 
and white circle) is supported by three limbs at all times. 

Footfall pattern can affect whether the center of gravity passes through the polygon of 
support. First, at slow speeds, the duty factor usually increases (Fig. 2). Duty factor is the 
duration of time that a foot or hand contacts a substrate divided by the total stride cycle 
time. A duty factor of 100% indicates a hand or foot that never leaves the substrate 
(therefore no movement occurs); a zero duty factor means the animal is flying. Intermediate 
duty factors indicate how much time within each stride a hand or foot is in contact with the 
substrate. At slow speeds, when duty factor is high (Fig. 2), the likelihood is higher that 
three or four limbs are in contact with the substrate at any given moment. Three or four 
limbs create a support polygon through which the center of gravity may pass, maintaining 
stability against toppling due to the acceleration of gravity on the animal’s mass. However if 
the branch the animal travels on is very narrow, then the support polygon may be so narrow 
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that the center of mass is frequently outside the polygon. When this occurs, the weight of the 
animal will create a torque that can make the animal topple. 
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Fig. 2. Duty factor versus speed for gray short-tailed opossums walking and running on 
branches (red circles) and a flat trackway (blue Xs). 

The sequence of footfalls can also affect where the center of gravity falls within a support 
polygon (Fig. 1). The variation in footfall patterns among taxa, the possible adaptive benefits 
of different footfall patterns, and the relationship of footfall patterns and walking/running 
mechanics are elaborated upon by Hildebrand (1976, 1980), Cartmill et al., (2002, 2007), and 
Reilly and Biknevicius (2003). When animals walk, trot, or pace, the right and left hindlimbs 
and right and left forelimbs are perfectly out of phase (Fig. 3). For example: assume a stride 
begins at the time of right lower extremity touchdown, and ends just before the next 
touchdown of the same limb. At the time the person’s right lower extremity touches down 
while walking, the left lower extremity is halfway through the stride cycle. This also occurs 
with the right/left hindlimbs and forelimbs of quadrupeds. The phase relationship (limb 
phase) between the right hindlimb and right forelimb (or left hind and left fore) can be 
compared as a percentage of synchronization (Fig. 3). For example, if the right hindlimb and 
forelimb are synchronized (footfall and liftoff occur at the same time), the limb phase is 0%, 
and the animal is pacing. During a trot, the limb phase is 50% and the right forelimb is 50% 
ahead or behind whatever the right hindlimb is doing. During a lateral-sequence gait, the 
limb phase is between 0-50%. (Note: in this chapter, the word gait means footfall pattern, 
which is the definition typically used for non-human locomotor biomechanics. For human 
locomotor biomechanics, gait is any locomotion). After a right hindlimb lands, the right 
forelimb is the next limb to land. During this gait the center of gravity always passes 
through the support polygon (as long as three or four limbs are in contact with the ground. 
The diagonal-sequence gait features a limb phase between 50-100%. After a right hindlimb 
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lands, the left forelimb is the next to land. This gait has frequently been observed among 
arboreal primates, the marsupials Monito del Monte and woolly opossum, and the carnivore 
kinkajou (Pridmore, 1994; Schmitt and Lemelin, 2002; Lemelin and Cartmill, 2010), although 
not in the arboreal sugar glider (Petaurus breviceps; Shapiro and Young, 2010). The 
prevalence of diagonal-sequence gaits among arboreal quadrupeds, and the strong lack of 
prevalence among terrestrial animals, demands an explanation. Cartmill et al. (2002, 2007) 
suggest that the diagonal sequence gait is an adaptation for increasing stability while 
walking on narrow arboreal supports. They demonstrate that the diagonal sequence 
diagonal-couplets gait increases the likelihood that opposing limbs will simultaneously 
grip the narrow arboreal support (Cartmill et al., 2002, 2007) instead of ipsilateral limbs 
(limbs on the same side of the body). An animal using this gait will follow a hindlimb 
contact with a forelimb contact on the opposite side (thus, diagonal sequence). If the 
hindlimb and diagonal forelimb strike the substrate closely in time, the diagonal sequence 
gait is also a diagonal couplet gait. Furthermore, Lemelin and Cartmill (2010) point out 
that the diagonal sequence diagonal couplet gait maximizes the spatial distance between 
contralateral limbs, which might limit the vertical oscillation of the center of mass. When 
the opposing limbs of a diagonal sequence diagonal couplet gait (or a trot) apply 
medially-directed force (Schmitt, 2003; Lammers and Biknevicius, 2004; Schmidt and 
Fischer, 2010), they squeeze the branch and increase normal force. Friction force is 
therefore increased, which makes slipping less likely. Furthermore, opposing mediolateral 
impulses and angular impulses generated by opposing limbs might reduce the 
mediolateral deviation from the long axis of the branch (Shapiro and Raichlen, 2007). It is 
also possible, however, that the prevalence of diagonal sequence gaits among many 
arboreal taxa results from differences in duty factor and stance durations between fore- 
and hindlimbs (Stevens, 2006).  
It is also possible that the stability of an arboreal animal could be affected by the running 
gait it uses. During bounding locomotion, the forelimbs land simultaneously, followed by 
simultaneous contact of the hindlimbs (or vice-versa). If hindlimbs land simultaneously, but 
the forelimbs land at separate times, such a gait is referred to as a half-bound. A gallop is 
where forelimbs and hindlimbs land at different times; it differs from the gaits described in 
previous paragraphs (e.g., lateral sequence gait) because although the right and left 
hindlimbs (or right and left forelimbs) do not land at the same time, the hindlimb footfall 
contacts both occur before the forelimb contacts occur (or forelimbs can both land before 
hindlimbs; Bertram and Gutmann, 2008). During any footfall, energy is transmitted from the 
body of the animal to the substrate. If the animal runs on a narrow branch, the transfer of 
energy could cause the branch to oscillate, which could destabilize the running animal. 
Bertram and Gutmann (2008) suggest that a gallop, with its four separate footfalls, can 
reduce the amount of energy imparted to the ground or branch. We therefore predict that 
when an arboreal animal’s mass relative to branch diameter is substantial enough to cause a 
branch to oscillate and destabilize the animal, that animal will run with a gallop or half-
bound instead of a bounding gait. This prediction is supported by data presented by Young 
(2009), who showed that running marmosets and squirrel monkeys increase the lead time 
between right and left limb pairs when running on a narrow cylindrical trackway. For 
example, if the left forelimb lands first, the time interval (relative to stride duration) between 
left forelimb and right forelimb touchdowns is greater on the arboreal trackway. It appears 
that increasing duty factor and crouching during walking gaits has a similar effect of 
decreasing the vertical oscillation of a narrow arboreal support. Schmitt (1999) found that a 
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wide variety of arboreal primates crouch and walk with a large duty factor, which reduces 
the peak vertical force and vertical oscillation of the branch; Young (2009) found similar 
results among running marmosets and squirrel monkeys. 
 

Li
m

b 
ph

as
e

(%
 o

f s
tri

de
 w

he
n 

ip
si

la
te

ra
l f

or
el

im
b 

to
uc

hd
ow

n 
oc

cu
rs

 a
fte

r h
in

dl
im

b 
to

uc
hd

ow
n)

0%

25%

50%

75%

100%

Pace

Trot

Lateral sequence 
singlefoot

Diagonal sequence 
singlefoot

RH+RF, LH+LF

RH, RF, LH, LF

RH+LF, LH+RF

RH/RF, LH/LFLateral sequence, lateral couplet

Lateral sequence, diagonal couplet RH, LF/LH, RF/

Diagonal sequence, diagonal couplet RH/LF, LH/RF 

RH, LF, LH, RF

RH, LF/LH, RFDiagonal sequence, lateral couplet

 
Fig. 3. Limb phase. Note that the configuration of the hindlimbs is the same in each drawing, 
and that the timing of the forelimb footfalls differs. Right limbs are shown as light gray and 
left limbs are dark gray. To the right of the quadruped drawings are footfall sequences (R = 
right, L = left, H = hindlimb, F = forelimb; + indicates footfalls occurring simultaneously, / 
indicates footfalls occurring close together in time, and a comma designates footfalls 
occurring relatively far apart in time. In the lateral sequence and diagonal sequence 
singlefoot gaits, all four footfalls are more or less evenly spaced in time. Each of the eight 
footfall patterns is defined by a limb phase (e.g., 25%) ± 6.25%. See Hildebrand (1976, 1980) 
for further detail. 

Many arboreal primates, the wooly opossum, and the kinkajou reduce the vertical 
oscillation of the center of mass while walking on branches (Schmitt, 1999; Schmitt and 
Lemelin, 2002; Schmitt et al., 2006; Young, 2009; Lemelin and Cartmill, 2010). A gait 
frequently employed to reduce vertical oscillation is the amble, first termed by Schmitt et al. 
(2006). During ambling locomotion, the duty factor is less than 50% and the footfall pattern 
is trot-like or diagonal sequence, but there is no aerial phase. In other words, at least one 
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lands, the left forelimb is the next to land. This gait has frequently been observed among 
arboreal primates, the marsupials Monito del Monte and woolly opossum, and the carnivore 
kinkajou (Pridmore, 1994; Schmitt and Lemelin, 2002; Lemelin and Cartmill, 2010), although 
not in the arboreal sugar glider (Petaurus breviceps; Shapiro and Young, 2010). The 
prevalence of diagonal-sequence gaits among arboreal quadrupeds, and the strong lack of 
prevalence among terrestrial animals, demands an explanation. Cartmill et al. (2002, 2007) 
suggest that the diagonal sequence gait is an adaptation for increasing stability while 
walking on narrow arboreal supports. They demonstrate that the diagonal sequence 
diagonal-couplets gait increases the likelihood that opposing limbs will simultaneously 
grip the narrow arboreal support (Cartmill et al., 2002, 2007) instead of ipsilateral limbs 
(limbs on the same side of the body). An animal using this gait will follow a hindlimb 
contact with a forelimb contact on the opposite side (thus, diagonal sequence). If the 
hindlimb and diagonal forelimb strike the substrate closely in time, the diagonal sequence 
gait is also a diagonal couplet gait. Furthermore, Lemelin and Cartmill (2010) point out 
that the diagonal sequence diagonal couplet gait maximizes the spatial distance between 
contralateral limbs, which might limit the vertical oscillation of the center of mass. When 
the opposing limbs of a diagonal sequence diagonal couplet gait (or a trot) apply 
medially-directed force (Schmitt, 2003; Lammers and Biknevicius, 2004; Schmidt and 
Fischer, 2010), they squeeze the branch and increase normal force. Friction force is 
therefore increased, which makes slipping less likely. Furthermore, opposing mediolateral 
impulses and angular impulses generated by opposing limbs might reduce the 
mediolateral deviation from the long axis of the branch (Shapiro and Raichlen, 2007). It is 
also possible, however, that the prevalence of diagonal sequence gaits among many 
arboreal taxa results from differences in duty factor and stance durations between fore- 
and hindlimbs (Stevens, 2006).  
It is also possible that the stability of an arboreal animal could be affected by the running 
gait it uses. During bounding locomotion, the forelimbs land simultaneously, followed by 
simultaneous contact of the hindlimbs (or vice-versa). If hindlimbs land simultaneously, but 
the forelimbs land at separate times, such a gait is referred to as a half-bound. A gallop is 
where forelimbs and hindlimbs land at different times; it differs from the gaits described in 
previous paragraphs (e.g., lateral sequence gait) because although the right and left 
hindlimbs (or right and left forelimbs) do not land at the same time, the hindlimb footfall 
contacts both occur before the forelimb contacts occur (or forelimbs can both land before 
hindlimbs; Bertram and Gutmann, 2008). During any footfall, energy is transmitted from the 
body of the animal to the substrate. If the animal runs on a narrow branch, the transfer of 
energy could cause the branch to oscillate, which could destabilize the running animal. 
Bertram and Gutmann (2008) suggest that a gallop, with its four separate footfalls, can 
reduce the amount of energy imparted to the ground or branch. We therefore predict that 
when an arboreal animal’s mass relative to branch diameter is substantial enough to cause a 
branch to oscillate and destabilize the animal, that animal will run with a gallop or half-
bound instead of a bounding gait. This prediction is supported by data presented by Young 
(2009), who showed that running marmosets and squirrel monkeys increase the lead time 
between right and left limb pairs when running on a narrow cylindrical trackway. For 
example, if the left forelimb lands first, the time interval (relative to stride duration) between 
left forelimb and right forelimb touchdowns is greater on the arboreal trackway. It appears 
that increasing duty factor and crouching during walking gaits has a similar effect of 
decreasing the vertical oscillation of a narrow arboreal support. Schmitt (1999) found that a 
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wide variety of arboreal primates crouch and walk with a large duty factor, which reduces 
the peak vertical force and vertical oscillation of the branch; Young (2009) found similar 
results among running marmosets and squirrel monkeys. 
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Fig. 3. Limb phase. Note that the configuration of the hindlimbs is the same in each drawing, 
and that the timing of the forelimb footfalls differs. Right limbs are shown as light gray and 
left limbs are dark gray. To the right of the quadruped drawings are footfall sequences (R = 
right, L = left, H = hindlimb, F = forelimb; + indicates footfalls occurring simultaneously, / 
indicates footfalls occurring close together in time, and a comma designates footfalls 
occurring relatively far apart in time. In the lateral sequence and diagonal sequence 
singlefoot gaits, all four footfalls are more or less evenly spaced in time. Each of the eight 
footfall patterns is defined by a limb phase (e.g., 25%) ± 6.25%. See Hildebrand (1976, 1980) 
for further detail. 

Many arboreal primates, the wooly opossum, and the kinkajou reduce the vertical 
oscillation of the center of mass while walking on branches (Schmitt, 1999; Schmitt and 
Lemelin, 2002; Schmitt et al., 2006; Young, 2009; Lemelin and Cartmill, 2010). A gait 
frequently employed to reduce vertical oscillation is the amble, first termed by Schmitt et al. 
(2006). During ambling locomotion, the duty factor is less than 50% and the footfall pattern 
is trot-like or diagonal sequence, but there is no aerial phase. In other words, at least one 
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foot is always in contact with the substrate. The lack of an aerial phase means that the center 
of mass is limited in its dorsal and ventral accelerations, which reduces peak vertical force, 
which in turn should reduce the vertical oscillation of thin branches (Young, 2009). The 
effects of branch oscillation or compliance on locomotor kinematics or kinetics are largely 
unexplored. Stevens (2003) demonstrated that primates change the movements of the limbs 
very little when a horizontal artificial branch trackway was oscillated in dorsoventral or 
mediolateral directions. However when the branch underwent twisting (rotating around the 
long axis), the quadrupedal primates stopped walking and appeared to freeze while branch 
movement was occurring (Stevens, 2003). Such rotational movement in thin branches could 
occur during strong winds, with the foliage acting like a sail. 
The height of the center of mass over the substrate only matters when the gravitational 
acceleration vector passing through the center of mass (that is, the center of gravity) falls 
outside the base of support created by the limbs. The probability of this occurring decreases 
if the animal crouches. If the center of gravity does leave the base of support, then 
gravitational acceleration acts on the mass, creating a force. The horizontal distance between 
the center of mass and the outside of the base of support multiplied by the force is a torque 
that could cause the animal to topple from the support. There are at least three possible 
solutions (Cartmill, 1985): 
1. Generate an opposing torque or other compensation; this requires a strong grip using 

opposable digits or opposing limbs. The tail may also contribute to reducing the total 
moment at any given instant (Larson and Stern, 2006). 

2. Hang upside-down under the branch; in doing so, the animal will not fall as long as its 
grip on the branch (via opposable digits, opposable limbs, or both) does not give out. 
But now the world appears upside down, and the animal must either exert constant 
force with its musculature, or possess anatomy that allows the grip to be maintained 
with claws and/or a locking mechanism.  

3. Reduce the length of the moment arm by crouching. (Cartmill, 1985, also points out that 
toppling moment can be reduced over evolutionary time by decreasing overall body 
size). 

Many arboreal taxa grip the supports with long fingers and toes, including an opposable 
thumb and/or hallux (Cartmill, 1972, 1974, 1985). Strong gripping allows the animal to 
exert powerful torques on the branch, and the reaction torques stop the animal from 
toppling off the sides of the branch (Cartmill, 1985). (Strong gripping and exerting torques 
to keep the center of mass within the base of support formed by the limbs could also be 
classified as dynamic stability because the torque and gripping forces may need to be 
adjusted as the animal moves). To avoid slipping, arboreal taxa must increase friction 
force or generated some form of adhesion. Many arboreal taxa have claws to create  
new contact surfaces that allow normal force to be more efficiently generated (Cartmill, 
1985). Some increase friction via pads that possess dermatoglyphic ridges (fingerprints) or 
other complex micro-structures that interact with the substrate to increase friction  
force (Cartmill, 1974; Hamrick, 2001)  Suction, capillary action, or dry adhesion are other 
ways that an arboreal animal can make slipping less likely (Cartmill, 1985; Autumn et  
al., 2006). 
The condition of static equilibrium depends on the details of the footfall pattern, details of 
the anatomy, and the direction and magnitude of the substrate reaction force and torque. 
This means that the force and torque components necessary for the condition of static 
stability at one instant during a stride would not provide stability at any other instant. 
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Therefore the condition of static stability will, in general, be violated except at very slow 
speeds. Thus another mechanism – dynamic stability – is responsible for the animal’s 
stability when the forces and torques are not fully balanced.  

3. Dynamic stability 
Dynamic stability can be divided into two categories for analysis: the interaction of the 
whole, moving body with the substrate, and the internal movements of the various body 
parts (rotation of the hindlimbs around the hip joints or flexion and extension of the torso, 
for example). As the whole body moves over an arboreal substrate, the substrate reaction 
forces act to rotate the body around the center of mass (except during the instances where 
the substrate reaction force passes directly through the center of mass). Thus the body 
rotates around the roll, yaw, and pitch axes (Lammers and Zurcher, 2011). Any rotation of 
the body will increase the likelihood of toppling from a narrow support, especially rotation 
around the roll axis (around the anteroposterior or craniocaudal axis). Therefore it is 
necessary that a moment rotating the body in one direction (rolling to the left, for example) 
is balanced by a moment rolling the body back to the right. This can be quantified by 
integrating torque or moment during step time (angular momentum or angular impulse). 
As long as the angular impulse averaged over a stride is zero (or nearly zero), the rotational 
dynamics prevents the toppling of the animal and it will remain stable. Some data suggest 
that net zero angular impulses are often not maintained within a single stride, and that two 
or more strides are necessary to maintain dynamic stability (Belli et al, 1995; Forner-Cordero 
et al., 2006; Lammers and Zurcher, 2011). Another caveat with maintaining net zero angular 
impulses is that at any instant, it is necessary that moment is non-zero (positive or negative). 
The condition that the sum of the forces and moments about the center of mass over a stride 
is tiny or zero is not sufficient to maintain stability because the equilibrium configuration 
can either be stable, unstable, or indifferent/neutral (Fig. 4; Full et al., 2002). In an unstable 
equilibrium condition, non-zero moments must be applied to maintain stability. An example 
of this condition is riding a bicycle. 
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Fig. 4. In the stable configuration, a ball always rolls toward the equilibrium point at the 
bottom of the valley. In the indifferent or neutral configuration, the ball can roll anywhere 
and remain equally stable or unstable. In the unstable equilibrium condition, the ball is 
stable only if it remains perfectly balanced at the top of the hill. (See Full et al., 2002, for 
further detail). 
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foot is always in contact with the substrate. The lack of an aerial phase means that the center 
of mass is limited in its dorsal and ventral accelerations, which reduces peak vertical force, 
which in turn should reduce the vertical oscillation of thin branches (Young, 2009). The 
effects of branch oscillation or compliance on locomotor kinematics or kinetics are largely 
unexplored. Stevens (2003) demonstrated that primates change the movements of the limbs 
very little when a horizontal artificial branch trackway was oscillated in dorsoventral or 
mediolateral directions. However when the branch underwent twisting (rotating around the 
long axis), the quadrupedal primates stopped walking and appeared to freeze while branch 
movement was occurring (Stevens, 2003). Such rotational movement in thin branches could 
occur during strong winds, with the foliage acting like a sail. 
The height of the center of mass over the substrate only matters when the gravitational 
acceleration vector passing through the center of mass (that is, the center of gravity) falls 
outside the base of support created by the limbs. The probability of this occurring decreases 
if the animal crouches. If the center of gravity does leave the base of support, then 
gravitational acceleration acts on the mass, creating a force. The horizontal distance between 
the center of mass and the outside of the base of support multiplied by the force is a torque 
that could cause the animal to topple from the support. There are at least three possible 
solutions (Cartmill, 1985): 
1. Generate an opposing torque or other compensation; this requires a strong grip using 

opposable digits or opposing limbs. The tail may also contribute to reducing the total 
moment at any given instant (Larson and Stern, 2006). 

2. Hang upside-down under the branch; in doing so, the animal will not fall as long as its 
grip on the branch (via opposable digits, opposable limbs, or both) does not give out. 
But now the world appears upside down, and the animal must either exert constant 
force with its musculature, or possess anatomy that allows the grip to be maintained 
with claws and/or a locking mechanism.  

3. Reduce the length of the moment arm by crouching. (Cartmill, 1985, also points out that 
toppling moment can be reduced over evolutionary time by decreasing overall body 
size). 

Many arboreal taxa grip the supports with long fingers and toes, including an opposable 
thumb and/or hallux (Cartmill, 1972, 1974, 1985). Strong gripping allows the animal to 
exert powerful torques on the branch, and the reaction torques stop the animal from 
toppling off the sides of the branch (Cartmill, 1985). (Strong gripping and exerting torques 
to keep the center of mass within the base of support formed by the limbs could also be 
classified as dynamic stability because the torque and gripping forces may need to be 
adjusted as the animal moves). To avoid slipping, arboreal taxa must increase friction 
force or generated some form of adhesion. Many arboreal taxa have claws to create  
new contact surfaces that allow normal force to be more efficiently generated (Cartmill, 
1985). Some increase friction via pads that possess dermatoglyphic ridges (fingerprints) or 
other complex micro-structures that interact with the substrate to increase friction  
force (Cartmill, 1974; Hamrick, 2001)  Suction, capillary action, or dry adhesion are other 
ways that an arboreal animal can make slipping less likely (Cartmill, 1985; Autumn et  
al., 2006). 
The condition of static equilibrium depends on the details of the footfall pattern, details of 
the anatomy, and the direction and magnitude of the substrate reaction force and torque. 
This means that the force and torque components necessary for the condition of static 
stability at one instant during a stride would not provide stability at any other instant. 
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Therefore the condition of static stability will, in general, be violated except at very slow 
speeds. Thus another mechanism – dynamic stability – is responsible for the animal’s 
stability when the forces and torques are not fully balanced.  

3. Dynamic stability 
Dynamic stability can be divided into two categories for analysis: the interaction of the 
whole, moving body with the substrate, and the internal movements of the various body 
parts (rotation of the hindlimbs around the hip joints or flexion and extension of the torso, 
for example). As the whole body moves over an arboreal substrate, the substrate reaction 
forces act to rotate the body around the center of mass (except during the instances where 
the substrate reaction force passes directly through the center of mass). Thus the body 
rotates around the roll, yaw, and pitch axes (Lammers and Zurcher, 2011). Any rotation of 
the body will increase the likelihood of toppling from a narrow support, especially rotation 
around the roll axis (around the anteroposterior or craniocaudal axis). Therefore it is 
necessary that a moment rotating the body in one direction (rolling to the left, for example) 
is balanced by a moment rolling the body back to the right. This can be quantified by 
integrating torque or moment during step time (angular momentum or angular impulse). 
As long as the angular impulse averaged over a stride is zero (or nearly zero), the rotational 
dynamics prevents the toppling of the animal and it will remain stable. Some data suggest 
that net zero angular impulses are often not maintained within a single stride, and that two 
or more strides are necessary to maintain dynamic stability (Belli et al, 1995; Forner-Cordero 
et al., 2006; Lammers and Zurcher, 2011). Another caveat with maintaining net zero angular 
impulses is that at any instant, it is necessary that moment is non-zero (positive or negative). 
The condition that the sum of the forces and moments about the center of mass over a stride 
is tiny or zero is not sufficient to maintain stability because the equilibrium configuration 
can either be stable, unstable, or indifferent/neutral (Fig. 4; Full et al., 2002). In an unstable 
equilibrium condition, non-zero moments must be applied to maintain stability. An example 
of this condition is riding a bicycle. 
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Fig. 4. In the stable configuration, a ball always rolls toward the equilibrium point at the 
bottom of the valley. In the indifferent or neutral configuration, the ball can roll anywhere 
and remain equally stable or unstable. In the unstable equilibrium condition, the ball is 
stable only if it remains perfectly balanced at the top of the hill. (See Full et al., 2002, for 
further detail). 
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In the static case, a person sitting on a bicycle will not topple if the person and bicycle are 
perfectly aligned along the vertical. However the person will fall if he/she and bicycle 
deviate even slightly from the upright position. On the other hand, a person riding a bicycle 
does not have any difficulty navigating even a rough terrain. This dynamic stability of the 
bicycle originates from the angular momentum of the wheels. The wheels rotate about their 
axis so that their angular momenta are approximately horizontal and perpendicular to the 
forward motion. If the bicycle is tilted away from the vertical position, the weight exerts a 
non-zero moment in the horizontal plane and directed in the forward direction. This 
moment drives the system back towards the equilibrium position. This is sometimes 
referred to as the “gyroscope effect.” The vector of the angular motion of the wheels rotates, 
or precesses, about the vector of the angular momentum with the angular frequency Ω (Fig. 
5). The spinning of the wheel provides a constant angular momentum for the bicycle. There is, 
of course, no analogue of a spinning wheel for animal locomotion. For dynamic stability 
during arboreal locomotion, the non-zero angular momentum stems from small distortions 
 

 
Fig. 5. A., a non-spinning bicycle wheel falls around axis y because mg exerts torque τ. B. 
When the bicycle wheel spins, it precesses around the z axis because of angular momentum 
L. (Adapted from Goldenstein, 2001). 
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of the animal’s body. This includes the rotation of the limbs around the hip joint or center of 
rotation of the scapula; it is possible that the flexion and extension of the animal’s trunk 
during galloping or bounding locomotion can also be included as a source of angular 
momentum. In human locomotion the angular momentum is due largely to the pendulum 
motion of legs and arms so the angular momentum must be different in the first and second 
half of a stride. In this manner, the average angular momentum during a stride is 
(approximately) zero. Indeed, Herr and Popovic (2008) analyzed the role of angular 
momentum in human walking, and found it to be highly regulated during a stride. The 
average angular momentum is nearly zero in all three spatial dimensions, but follows a 
distinct pattern during different phases that contributes to the stability. They found that 
angular momentum is important for the dynamic stability of human locomotion. Because 
the mass of the limbs of many quadrupedal arboreal animals (relative to their overall body 
mass) is small, the pendulum-like motion of the limbs might produce only a small angular 
momentum. For example, each forelimb of the Siberian chipmunk comprises about 4% of 
the total body mass, and hindlimbs are each about 6%. However many quadrupedal 
arboreal primates do possess relatively massive fore- and hind limbs, with much of the mass 
concentrated at the distal ends (Raichlen, 2006). Arboreal primates rely heavily on grasping 
hands and feet (Cartmill, 1972), and Raichlen (2006) suggests that the distal concentration of 
muscle mass contributes to the ability of primates’ grasping ability. We agree with Raichlen 
(2006), but we suggest that the distal mass concentration also has the effect of increasing 
arboreal stability via increased angular momentum of the limbs.   

4. Modeling 

In the following, we use the convention that vector quantities, e.g., velocity, are printed in 
bold face. To use our model, we collected kinematic data from Siberian chipmunks (Tamias 
sibiricus) running on a cylindrical trackway 2 cm in diameter. The chipmunks were 
videotaped using two high-speed video cameras (210 Hz). Each camera captured a different 
view, and we then used the APAS motion analysis system to digitize 14 points on the head, 
body, tail, and the right forelimb and hindlimb. Thus we obtained a dataset of 14 three-
dimensional points which described the position of the head, body, tail, and limbs every 
210th of a second. We chose trials where the chipmunks bounded so that right and left limb 
pairs were moving more or less synchronously, and their position and movement is 
symmetrical on either side of the sagittal plane. Using estimates of segment masses obtained 
from a dead specimen, each segment is assigned a mass ( im ) with coordinate vectors r ( )i n at 
the time nt . Thus the motion of each segment (e.g., body segments, limb segments, etc,) can 
be described. The digitized coordinates between consecutive video frames determine the 
coordinate vectors. The velocity vectors are then obtained: v r 1 r( ) [ ( ) ( )]/i i in n n t= + − Δ , 
where 1n nt t t+Δ = − . 
The center of mass [ R ( )CM n ] is then found: 
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In the static case, a person sitting on a bicycle will not topple if the person and bicycle are 
perfectly aligned along the vertical. However the person will fall if he/she and bicycle 
deviate even slightly from the upright position. On the other hand, a person riding a bicycle 
does not have any difficulty navigating even a rough terrain. This dynamic stability of the 
bicycle originates from the angular momentum of the wheels. The wheels rotate about their 
axis so that their angular momenta are approximately horizontal and perpendicular to the 
forward motion. If the bicycle is tilted away from the vertical position, the weight exerts a 
non-zero moment in the horizontal plane and directed in the forward direction. This 
moment drives the system back towards the equilibrium position. This is sometimes 
referred to as the “gyroscope effect.” The vector of the angular motion of the wheels rotates, 
or precesses, about the vector of the angular momentum with the angular frequency Ω (Fig. 
5). The spinning of the wheel provides a constant angular momentum for the bicycle. There is, 
of course, no analogue of a spinning wheel for animal locomotion. For dynamic stability 
during arboreal locomotion, the non-zero angular momentum stems from small distortions 
 

 
Fig. 5. A., a non-spinning bicycle wheel falls around axis y because mg exerts torque τ. B. 
When the bicycle wheel spins, it precesses around the z axis because of angular momentum 
L. (Adapted from Goldenstein, 2001). 
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where M is the total mass. In the following notations, we suppress the discrete time 
dependence [that is, we eliminate the term n to make the expressions less cumbersome; e.g., 
RCM  rather than R ( )CM n ]. The total linear momentum ( P ) is: 

P V v ,CM i i
i

M m= =  

where VCM  is the velocity of the center of mass. The relative coordinates and velocities are 
defined, 

r R r
v V v

,
,

i CM i

i CM i

δ
δ

= +
= +  

where riδ  and viδ  are coordinate and velocity vectors with respect to the center of mass. 
The total angular momentum ( L ) has a contribution from the center of mass motion and the 
relative motion of the body segments (Goldstein et al., 2001). 

L R V r vCM CM i i i
i

M mδ δ= × + ×  

When the center of pressure falls beyond the substrate, the animal is less likely to topple if 
the angular momentum around the mediolateral axis induces a precession-like rotation of 
the animal around the vertical axis.  
Our preliminary data from Siberian chipmunks running on a narrow (2 cm diameter) 
cylinder (Fig. 6) suggest that the movement of the head and torso generates very little 
rolling angular momentum, and that it is largely centered around the zero axis (that is, 
above the central axis of the cylindrical trackway). Pitch and yaw momentum are relatively 
large. The pitch momentum results from the flexion and extension of the body, which 
should contribute to the gyroscopic effect. The yaw momentum is quite unexpected. We 
noticed that the chipmunks often ran on the left side of the branch trackway, perhaps to 
avoid the lights or experimenters. The large pitch angular momentum observed here is 
supported by data from Lammers and Zurcher (2011), which were obtained via a force pole 
and digitized 240 Hz videography (Fig. 7). Our data show that pitch angular momentum 
(the area enclosed by the pitch torque versus step time plot) is considerably greater than 
yaw and rolling angular momenta. 
Full et al (2002) argue that neural control best enhances stability when it works with the 
natural, passive dynamics of the mechanical system. Our preliminary results show that the 
relative motion of the head, body, and limbs of the chipmunk generate the angular 
momentum, and thereby replace, partially at least, the role of legs and arms for human 
locomotion. We believe that the gyroscope effect associated with a non-zero angular 
momentum is critical for the initial response to a sudden external perturbation (e.g., sway or 
jerking of a branch) before the hands and feet have a chance to change their grip. Such a 
passive control is essential for the stability of the animal because it prevents the center of 
mass from deviating too much outside the base of support. Otherwise the body weight 
could produce a torque that is too large to be balanced by torques produced by substrate 
reaction forces and torques generated by the limb musculature. 
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Fig. 6. Torque around three axes during one stride of the Siberian chipmunk. A, right 
forelimb; B, right hindlimb. Blue triangles represent pitch torque (around a mediolateral 
axis); red squares represent yaw, and black diamonds are rolling torque. The data points are 
smoothed by using a moving average; points 1 and 2 are averaged, then 2 and 3, etc. The 
portions of the stride where yaw torque is large are the swing phases of the limbs, where the 
limb most likely moves laterally and medially more than during stance phase. Pitch torque 
reflects the flexion and extension of the limbs and body. Rolling torque remains relatively 
small. 
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where M is the total mass. In the following notations, we suppress the discrete time 
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When the center of pressure falls beyond the substrate, the animal is less likely to topple if 
the angular momentum around the mediolateral axis induces a precession-like rotation of 
the animal around the vertical axis.  
Our preliminary data from Siberian chipmunks running on a narrow (2 cm diameter) 
cylinder (Fig. 6) suggest that the movement of the head and torso generates very little 
rolling angular momentum, and that it is largely centered around the zero axis (that is, 
above the central axis of the cylindrical trackway). Pitch and yaw momentum are relatively 
large. The pitch momentum results from the flexion and extension of the body, which 
should contribute to the gyroscopic effect. The yaw momentum is quite unexpected. We 
noticed that the chipmunks often ran on the left side of the branch trackway, perhaps to 
avoid the lights or experimenters. The large pitch angular momentum observed here is 
supported by data from Lammers and Zurcher (2011), which were obtained via a force pole 
and digitized 240 Hz videography (Fig. 7). Our data show that pitch angular momentum 
(the area enclosed by the pitch torque versus step time plot) is considerably greater than 
yaw and rolling angular momenta. 
Full et al (2002) argue that neural control best enhances stability when it works with the 
natural, passive dynamics of the mechanical system. Our preliminary results show that the 
relative motion of the head, body, and limbs of the chipmunk generate the angular 
momentum, and thereby replace, partially at least, the role of legs and arms for human 
locomotion. We believe that the gyroscope effect associated with a non-zero angular 
momentum is critical for the initial response to a sudden external perturbation (e.g., sway or 
jerking of a branch) before the hands and feet have a chance to change their grip. Such a 
passive control is essential for the stability of the animal because it prevents the center of 
mass from deviating too much outside the base of support. Otherwise the body weight 
could produce a torque that is too large to be balanced by torques produced by substrate 
reaction forces and torques generated by the limb musculature. 
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Fig. 6. Torque around three axes during one stride of the Siberian chipmunk. A, right 
forelimb; B, right hindlimb. Blue triangles represent pitch torque (around a mediolateral 
axis); red squares represent yaw, and black diamonds are rolling torque. The data points are 
smoothed by using a moving average; points 1 and 2 are averaged, then 2 and 3, etc. The 
portions of the stride where yaw torque is large are the swing phases of the limbs, where the 
limb most likely moves laterally and medially more than during stance phase. Pitch torque 
reflects the flexion and extension of the limbs and body. Rolling torque remains relatively 
small. 
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Fig. 7. Torques (MGH = mass · acceleration of gravity · center of mass height) around the 
center of mass versus percent of step time during forelimb contacts (A, C, and E) and 
hindlimb contacts (B, D, and F). 

 
Stability During Arboreal Locomotion 

 

331 

5. Dynamic stability analysis 
We discuss two different methods of stability analysis. First, we consider only the angular 
momentum of the center of mass without considering the mass and velocities of the 
individual parts (L'):  

L R V' CM CMM= × . 

Some aspects of the dynamic stability of a bicycle can be used to understand stability during 
arboreal locomotion. Replacing total angular momentum L  with the term L '  from the 
center of mass motion would correspond to a bicycle sliding on a frictionless surface. The 
wheels do not spin, and the bicycle is mechanically unstable. The body is easily perturbed – 
if the center of pressure of the hand or foot of the animal or the wheel of the bicycle falls 
outside the support, a fall or stumble will probably occur. The system (arboreal mammal or 
bicycle) is dynamically stable if all internal degrees of freedom are included (that is, the 
mass, positions, and movements of each segment). Here we can add or subtract different 
modeled parts of the animal to determine their contributions to the angular momentum 
(and hence, to the dynamic stability): 

L R V r v''

, , ...
CM CM i i i

i k l m
M mδ δ

≠
= × + × . 

In the expression above, the angular momentum of the center of mass and the angular 
momenta of individual parts are taken into account, but we can remove body segments, tail 
segments, limbs, etc. to determine their contribution. The second term 

L r v
, , ...

i i i
i k l m

mδ δ δ
≠

= ×  provides the necessary angular momentum so that the animal’s 

center of mass precesses around the vertical axis, and thereby prevents the animal from 
falling from the branch.  
The second type of stability analysis uses tools to investigate the stability of dynamic 
systems for which the underlying equations of motion are not known (Strogatz, 1994). This 
method is based on the time-dependence of the dynamic variable Q at discrete times 

nt , ( )Q Q n= . For the present study, either the craniocaudal or mediolateral component of 
the angular momentum are useful choices for the quantity Q . In the phase portrait, the 
quantity 1( )Q n +  at time 1nt + is plotted versus the same quantity ( )Q n  at time nt . If we 
choose CCQ L=  (angular momentum around the craniocaudal axis), the phase portrait will 
consist of approximate circles, which is the signature of oscillatory motion. Circles in the 
phase portrait are referred to as “limit cycles” in the mathematical description of dynamic 
systems. Because the angular momentum (in this example, around the craniocaudal axis of 
the animal and the branch trackway) maintains a cycle, dynamic stability is maintained. 
Mathematical tools have been developed to quantify the stability of the system from limit 
cycles. This method has been used by Blickhan and coworkers (e.g., Seyfarth et al., 2002) to 
quantify the dynamic stability of human locomotion.  

6. The impact of understanding stability during arboreal locomotion 
Understanding how arboreal animals utilize static and dynamic stability during arboreal 
locomotion can provide insights to engineers attempting to build robots with legs. 
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Fig. 7. Torques (MGH = mass · acceleration of gravity · center of mass height) around the 
center of mass versus percent of step time during forelimb contacts (A, C, and E) and 
hindlimb contacts (B, D, and F). 
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outside the support, a fall or stumble will probably occur. The system (arboreal mammal or 
bicycle) is dynamically stable if all internal degrees of freedom are included (that is, the 
mass, positions, and movements of each segment). Here we can add or subtract different 
modeled parts of the animal to determine their contributions to the angular momentum 
(and hence, to the dynamic stability): 
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systems for which the underlying equations of motion are not known (Strogatz, 1994). This 
method is based on the time-dependence of the dynamic variable Q at discrete times 
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the angular momentum are useful choices for the quantity Q . In the phase portrait, the 
quantity 1( )Q n +  at time 1nt + is plotted versus the same quantity ( )Q n  at time nt . If we 
choose CCQ L=  (angular momentum around the craniocaudal axis), the phase portrait will 
consist of approximate circles, which is the signature of oscillatory motion. Circles in the 
phase portrait are referred to as “limit cycles” in the mathematical description of dynamic 
systems. Because the angular momentum (in this example, around the craniocaudal axis of 
the animal and the branch trackway) maintains a cycle, dynamic stability is maintained. 
Mathematical tools have been developed to quantify the stability of the system from limit 
cycles. This method has been used by Blickhan and coworkers (e.g., Seyfarth et al., 2002) to 
quantify the dynamic stability of human locomotion.  

6. The impact of understanding stability during arboreal locomotion 
Understanding how arboreal animals utilize static and dynamic stability during arboreal 
locomotion can provide insights to engineers attempting to build robots with legs. 
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Biologically-inspired robots might use dynamic stability strategies rather than static 
stability (Ritzmann et al., 2004). Also, the evolution of an arboreal animal’s morphology, 
behavior, and central nervous system probably assumes dynamic stability mechanisms 
are used at high speed. This is especially true among animals whose center of mass is 
relatively far from the ground or substrate. The limb posture of primitive tetrapods was 
considerably less upright than many modern mammals (including humans); thus we 
expect that dynamic stability mechanisms were less important to such sprawling animals. 
A thorough grounding in the importance of dynamic stability during locomotion might 
help to understand the anatomy and function of motor control systems and brains in 
general.  
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1. Introduction  

Sportsmen as well as workers are subject to contract musculoskeletal injuries. For instance, 
shoulder injuries are frequent in relation to physical activity in sports and at work with 
overhead or repetitive arm movements (Hume et al, 2006). Common injuries for the 
shoulders are for instance rotator cuff injury and impingement syndrome. Rotator cuff 
injury/impingement syndrome may occur after unaccustomed high intensity repetitive 
movements (e.g., swimming) or low load repetitive work (e.g., deboning work). The risk of 
musculoskeletal damage is correlated to the physical and psychological attributes of the 
performed movement. The known physical external risks include a fixed erected posture, 
repetitive arm movement, heavy load, insufficient rest, temperature and static posture 
(Madeleine, 2010). Moreover, internal individual risk factors such as anthropometry (age, 
height and body mass for instance), gender, physical capacities (muscle force, endurance 
and fitness for instance) and personality also play a role in these injuries. Psychological 
risk factors including e.g., stress and pain behaviour are also recognised as important in 
relation to physical activity. Some sports-related overload injuries are relatively easy to 
diagnose while an important part of work-related musculoskeletal disorders (MSD) often 
remains undiagnosed. Thus, despite important scientific efforts the pathophysiology 
behind most MSD is still unknown. MSD are often accompanied by sensory 
manifestations such as muscle fatigue and pain located in muscles, tendons, cartilage and 
ligaments (Madeleine, 2010). 
Biomechanical analyses have to date contributed to enhance our knowledge of the 
underlying causes of movement (McGinnis, 2005). This is supported by the fact that the sole 
use of observation methods correlate weakly with quantitative biomechanical measures. 
Biomechanics has indeed enabled a precise quantification of motor strategies in order to 
optimize, maintain or develop high level human performances while preventing MSD in 
sports and ergonomics (McGinnis, 2005). This is exemplified by the general agreement 
concerning the important role of the muscles of the shoulder girdle in the development of 
rotator cuff injury/impingement syndrome (Escamilla et al, 2009). Thus, biomechanical 
assessments of human performance contribute to delineate damageable load patterns to the 
musculoskeletal system in relation to physical activity (Madeleine, 2010). The development 
of sensor and recording technology has also contributed to the democratisation of 
biomechanical assessments to a larger part of the population. This is demonstrated by the 
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expansion of objective performance assessment in leisure sports, e.g., running shoes 
mounted with accelerometer and GPS for the detection of the running distance, speed and 
running path. This evolution is also remarkable in ergonomics with a number of newly 
developed devices enabling long lasting physical recording.  
 

Movement to investigate:
• Sport performance
• Working situation
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Fig. 1. Scientific approaches to test a hypothesis in experimental, intervention and 
simulation setup in sports and ergonomics 

Usually the extracted variables during a biomechanical analysis will both provide temporal, 
load and position information. These variables can then be examined in relation to muscle 
fatigue development as it is suggested to be a precursor of injuries (Madeleine, 2010). This 
chapter will focus on single bipolar and multi-channels surface electromyography (EMG) or 
mechanomyography (MMG). The muscle activation pattern provides key information about 
the onset and the level of muscle activation (muscular load) as well as insight into muscle 
coordination. Kinetic recordings are primordial for the quantitative assessment of reaction 
forces and/or pressure distribution profile. Kinematics recordings are performed by means 
of accelerometer/gyroscope, angular sensor and optical imaging systems and provide 
information of the movement pattern. The kinetic and kinematics recordings are often 
combined to estimate joint load (energy, work and power) using an inverse dynamics 
approach. Further, new trends in biomechanical data analysis like e.g., non-linear dynamics 
are becoming more common (Madeleine & Madsen, 2009; Rathleff et al, 2010). Finally, 
biomechanical modelling for the estimation of the musculoskeletal load is becoming more 
popular in known motor tasks (Erdemir et al, 2007) as modelling approaches enable the 
assessment of e.g., rescaling of ergonomics or sports equipment. EMG, kinetic and 
kinematics recordings are used as input or as a validation tool to the applied models 
investigating human movement (Fig. 1).  
Biomechanical measurements can be made in laboratory or field settings (McGinnis, 2005). 
Advanced measurements including 3D kinematics are easier to perform in a laboratory. The 
core of the body literature within biomechanics consists of data recorded in laboratories. 
This has undeniable advantages as the experimenter can use the battery of available 
methods to assess human movement in what may be considered as an ideal recording 
environment. Electrical noise affecting EMG recording, location of force platform and 
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cameras for kinetic and kinematics recordings, lights resulting in ghost markers and 
temperature can be controlled in laboratories. Therefore, laboratory studies usually provide 
data of high reliability and validity. A number of factors related to the physical environment 
like the type of movement and some psychosocial factors such as perceived time pressure 
can indeed be controlled in a laboratory setting (Madeleine et al, 2008a). However, 
laboratory recording also have limitations as the recording environment is changed; the 
athlete or worker is not performing in his or her real environment (a pitch for a football 
game or a slaughterhouse for a butcher). The investigated motor task under laboratory 
conditions usually simulates some attributes of the motor task of interest. The attached 
equipment consisting of for instance EMG electrodes, accelerometers, reflective markers as 
well as the presence of cameras and experimenters can modify the movement measured.  
In order to circumvent this, the subjects are usually asked to perform a number of trials 
prior to the recording sessions to get familiarised with the mounted equipment and the 
laboratory setting. 
Field or in-situ measurements enable the biomechanical assessment of the real task. 
However, researchers might not have the possibility of using advanced equipment for 
biomechanical assessment due to limited portability and fragility of these devices. 
Moreover, the quality of the recordings may be altered by many noise sources (electrical, 
light and temperature) and by the presence of other competitors/workers, coaches or 
audience. The planning of such recordings should therefore be made very cautiously. In 
ergonomics, kinematics recordings from video recordings and inclinometers are made in 
real working conditions (Hansson et al, 2006; Madeleine & Madsen, 2009). In sports, timing 
devices and 2D video recordings are often collected in relation to physical activity 
(McGinnis, 2005). Such assessments do most likely not interfere with the performance of the 
worker or athlete. Here too, the current new technological era combining wireless EMG 
systems and inertial & magnetic measurement systems is an interesting alternative in 
ambulatory field settings. It may therefore be expected that advanced biomechanical 
measurements will be performed more and more in field settings as the athlete or worker is 
placed in the real environment. 
The aim of this chapter is to report the existing biomechanical recordings and non-invasive 
analysis methods of human movement. The focus is directed towards physiological, kinetic 
and kinematics recordings during muscular fatigue development and in presence of injuries. 
Further, the existing technology and analysing methods are discussed in relation to 
examples in sports and ergonomics used to delineate basic aspects of human movement. 
Computer simulation and modelling approaches based on inverse dynamics will also be 
presented. 

2. Physiological recordings 
Physiological assessments are often used to assess the physical and muscular load during 
physical activity using heart rate, EMG and MMG recordings. EMG and MMG recordings 
are more relevant in relation to biomechanics as these signals reflect the muscle force 
produced during movement. The electrical and mechanical activity of a contraction muscle 
can thus be investigated in sports and ergonomics. The recordings and analysis of EMG and 
MMG data in fresh, fatigued and injured conditions provide important insight into adaption 
mechanisms. Such an understanding is required for the interpretation of the changes in the 
motor control and the validation of computer simulation and modelling. 
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2.1 Surface electromyography 
The application of EMG has become a standard method in biomechanics since J.V. 
Basmajian published his book “Muscles alive - their functions revealed by 
electromyography”. The EMG signal represents the electrical activity of the sum of active 
motor units and reflects indirectly the produced muscle (DeLuca, 1997; McGinnis, 2005; 
Winter, 1990). Given the properties of EMG, it is now considered as an integral part of 
biomechanical assessments in relation to physical activity. EMG recordings are employed to 
delineate changes in muscle activation during force exertion, muscle fatigue or 
musculoskeletal injuries. 

2.1.1 Origin and detection of the surface electromyography signal 
A motor unit is comprised of a motor neuron, the axon of the motor neuron and all the 
muscle fibres innervated by the neuron. The train of the motor unit action potentials 
(MUAPs) travels through the muscle, fat and skin tissues before being recorded as EMG by 
a pair of bipolar electrodes on the surface of the skin. The tissues act as a low-pass filter on 
the electrical potentials; therefore, EMG is comprised of the summed effect of several 
MUAPs which have been low-pass filtrated. There is an approximately linear relationship 
between isometric muscular force and so-called integrated EMG (explained later in this 
section). Moreover, EMG is well-suited for studying the muscle activation profile and global 
muscle properties such as the amplitude of a contraction. Thus, EMG assessments are 
valuable as they can reveal muscle fatigue development as well as altered activation profile 
within a muscle or among muscles in relation to muscle injuries. 
It should be noted that a number of factors may alter the quality of the EMG recordings 
including electrical noise (50/60 Hz from electrical lines), cross-talk from adjacent muscles, 
anatomical properties of the muscle, electrode locations, muscle length changes as well as 
type of contraction (isometric or anisometric). EMG is usually recorded using classic bipolar 
surface electrodes. The electrodes are aligned (inter-electrode distance 2 cm) on abraded 
ethanol-cleaned skin along the direction of the muscle fibres. The electrodes are placed with 
respect to anatomical landmarks (Hansson et al, 1992; Hermens et al, 2000). A reference 
electrode is usually placed over a non-electrically active location. Prior to digitisation the 
EMG signals are usually pre-amplified/amplified (close to the recording site), band-pass 
filtered (e.g., 5-500 Hz) and sampled at a frequency higher than 1 kHz. A/D conversion is 
performed with a 12/16 bit acquisition board. For further details see Standards for 
Reporting EMG Data in the Journal of Electromyography and Kinesiology. 

2.1.2 Processing and interpretation of the electromyogram signal 
In sports and ergonomics the EMG processing starts with the extraction of relevant features 
from the raw EMG signal and continues with data reduction by fitting the outcome to a 
statistical model. There are a number of methods to process EMG in this respect, and all of 
them reflect all or some of the main characteristics of the exposure: onset, duration, level 
and repetitiveness. The applied methodologies of the EMG processing can be categorised 
into linear and nonlinear approaches. The linear approaches simply assume that EMG is the 
output of a linear system which has been stimulated with a random process whereas the 
nonlinear approaches do not rely on this assumption. The advantage of linear approaches is 
that the processing methods are very well-established and understood whereas the 
nonlinear approaches face some technical difficulties such as a need for long time-series, the 
spurious effect of the noise and the curse of dimensionality. 
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The relevant linear features can be extracted by amplitude and frequency-oriented methods. 
The amplitude features are extracted from rectified EMG. Rectified data undergo a moving 
or weighted averaging over a suitable time window.  
The choice of the duration of the time window is a compromise between demands on 
consistency and bandwidth of the signal. The most commonly adopted duration is 100 ms 
but it is usual to take shorter or considerably longer windows if the contraction is performed 
more rapidly or slowly (up to 1-2 s.). This is strongly dependent on the degree of the 
stationarity of the signal. Typical amplitude features are the average rectified value (ARV, 
mean of rectified values), the integrated EMG (IEMG, the linear envelopment of the EMG 
signal) and the root mean square (RMS, mean of squared signal). In the frequency domain 
the features are derived from the frequency spectrum of the EMG signal (DeLuca, 1997). 
Typical examples of these features are the mean power frequency (MNF or MPF) and 
median power frequency (MDF). The number of zero crossings of the raw EMG per time 
unit has also been shown to be associated with the MNF and MDF (Hägg, 1991).  
The absolute EMG amplitude depends on a large number of individual factors acting as 
confounding variables which may invalidate any inter-subject comparison. The 
normalisation of the EMG signal has been suggested to minimize the effect and inter-subject 
variability (Mathiassen et al, 1995). The normalisation of the EMG relates all measurements 
to the electrical activity of the muscles involved in a particular condition. The task is very 
often a maximum voluntary contraction (MVC). However, there are situations where a 
reliable and safe MVC is difficult to obtain, for example when the MVC is obtained from 
upper trapezius or in injured subjects. In such cases the normalisation can be performed 
using a standardised reference contraction. In the MVC case the EMG amplitude is reported 
in percentage of maximal voluntary electrical activation (% MVE). Alternatively, if the 
normalisation is performed with respect to a reference contraction, the EMG amplitude is 
reported in percentage of the reference voluntary electrical activation (% RVE). The 
normalisation procedure also induces variance and mask potential differences (Jackson et al, 
2009). This point becomes more significant if the healthy subjects are compared with the 
patient group. (van Dieën et al, 2003). 
The amplitude normalisation of the EMG amplitude should not be mixed with 
normalisation in time performed to investigate cyclic tasks such as the gait cycle. Cyclic 
tasks consist of a particular temporal pattern repeated over time. However, the repetitions 
are not exactly identical in length. To achieve a consistent time profile for the cycles, its time 
profile is slightly expanded or squeezed using an interpolation algorithm. After equalizing 
the cycle duration to 100% of the stride for gait, the time can be reported as a percentage of 
the cycle duration. This procedure is defined as the normalisation in time.  
During a fatiguing contraction the amplitude of EMG gradually increases while the EMG 
spectrum is compressed towards lower frequencies. Temporal and spectral changes in the 
EMG signal are attributed to variations in muscular and neural mechanisms (Madeleine & 
Farina, 2008). Muscular mechanisms consist of a decrease in muscle fibre conduction velocity, 
an increase in duration and a decrease in amplitude of the intracellular action potential while 
neural mechanisms include additional motor unit recruitment, changed motor unit discharge 
rates (DeLuca, 1997), probably due to reflex inhibition from small diameter muscle afferents 
(Gandevia, 2001), and motor unit substitution (Westgaard & De Luca, 2001). For example, it 
has been shown that the endurance time can be fairly predicted by the slope of the MNF or 
MDF initial drop. However, one of the drawbacks is that the decreasing slope tends to be 
inconsistent at load levels below approximately 20% MVE (Hansson et al, 1992). 
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2.1 Surface electromyography 
The application of EMG has become a standard method in biomechanics since J.V. 
Basmajian published his book “Muscles alive - their functions revealed by 
electromyography”. The EMG signal represents the electrical activity of the sum of active 
motor units and reflects indirectly the produced muscle (DeLuca, 1997; McGinnis, 2005; 
Winter, 1990). Given the properties of EMG, it is now considered as an integral part of 
biomechanical assessments in relation to physical activity. EMG recordings are employed to 
delineate changes in muscle activation during force exertion, muscle fatigue or 
musculoskeletal injuries. 

2.1.1 Origin and detection of the surface electromyography signal 
A motor unit is comprised of a motor neuron, the axon of the motor neuron and all the 
muscle fibres innervated by the neuron. The train of the motor unit action potentials 
(MUAPs) travels through the muscle, fat and skin tissues before being recorded as EMG by 
a pair of bipolar electrodes on the surface of the skin. The tissues act as a low-pass filter on 
the electrical potentials; therefore, EMG is comprised of the summed effect of several 
MUAPs which have been low-pass filtrated. There is an approximately linear relationship 
between isometric muscular force and so-called integrated EMG (explained later in this 
section). Moreover, EMG is well-suited for studying the muscle activation profile and global 
muscle properties such as the amplitude of a contraction. Thus, EMG assessments are 
valuable as they can reveal muscle fatigue development as well as altered activation profile 
within a muscle or among muscles in relation to muscle injuries. 
It should be noted that a number of factors may alter the quality of the EMG recordings 
including electrical noise (50/60 Hz from electrical lines), cross-talk from adjacent muscles, 
anatomical properties of the muscle, electrode locations, muscle length changes as well as 
type of contraction (isometric or anisometric). EMG is usually recorded using classic bipolar 
surface electrodes. The electrodes are aligned (inter-electrode distance 2 cm) on abraded 
ethanol-cleaned skin along the direction of the muscle fibres. The electrodes are placed with 
respect to anatomical landmarks (Hansson et al, 1992; Hermens et al, 2000). A reference 
electrode is usually placed over a non-electrically active location. Prior to digitisation the 
EMG signals are usually pre-amplified/amplified (close to the recording site), band-pass 
filtered (e.g., 5-500 Hz) and sampled at a frequency higher than 1 kHz. A/D conversion is 
performed with a 12/16 bit acquisition board. For further details see Standards for 
Reporting EMG Data in the Journal of Electromyography and Kinesiology. 

2.1.2 Processing and interpretation of the electromyogram signal 
In sports and ergonomics the EMG processing starts with the extraction of relevant features 
from the raw EMG signal and continues with data reduction by fitting the outcome to a 
statistical model. There are a number of methods to process EMG in this respect, and all of 
them reflect all or some of the main characteristics of the exposure: onset, duration, level 
and repetitiveness. The applied methodologies of the EMG processing can be categorised 
into linear and nonlinear approaches. The linear approaches simply assume that EMG is the 
output of a linear system which has been stimulated with a random process whereas the 
nonlinear approaches do not rely on this assumption. The advantage of linear approaches is 
that the processing methods are very well-established and understood whereas the 
nonlinear approaches face some technical difficulties such as a need for long time-series, the 
spurious effect of the noise and the curse of dimensionality. 
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The relevant linear features can be extracted by amplitude and frequency-oriented methods. 
The amplitude features are extracted from rectified EMG. Rectified data undergo a moving 
or weighted averaging over a suitable time window.  
The choice of the duration of the time window is a compromise between demands on 
consistency and bandwidth of the signal. The most commonly adopted duration is 100 ms 
but it is usual to take shorter or considerably longer windows if the contraction is performed 
more rapidly or slowly (up to 1-2 s.). This is strongly dependent on the degree of the 
stationarity of the signal. Typical amplitude features are the average rectified value (ARV, 
mean of rectified values), the integrated EMG (IEMG, the linear envelopment of the EMG 
signal) and the root mean square (RMS, mean of squared signal). In the frequency domain 
the features are derived from the frequency spectrum of the EMG signal (DeLuca, 1997). 
Typical examples of these features are the mean power frequency (MNF or MPF) and 
median power frequency (MDF). The number of zero crossings of the raw EMG per time 
unit has also been shown to be associated with the MNF and MDF (Hägg, 1991).  
The absolute EMG amplitude depends on a large number of individual factors acting as 
confounding variables which may invalidate any inter-subject comparison. The 
normalisation of the EMG signal has been suggested to minimize the effect and inter-subject 
variability (Mathiassen et al, 1995). The normalisation of the EMG relates all measurements 
to the electrical activity of the muscles involved in a particular condition. The task is very 
often a maximum voluntary contraction (MVC). However, there are situations where a 
reliable and safe MVC is difficult to obtain, for example when the MVC is obtained from 
upper trapezius or in injured subjects. In such cases the normalisation can be performed 
using a standardised reference contraction. In the MVC case the EMG amplitude is reported 
in percentage of maximal voluntary electrical activation (% MVE). Alternatively, if the 
normalisation is performed with respect to a reference contraction, the EMG amplitude is 
reported in percentage of the reference voluntary electrical activation (% RVE). The 
normalisation procedure also induces variance and mask potential differences (Jackson et al, 
2009). This point becomes more significant if the healthy subjects are compared with the 
patient group. (van Dieën et al, 2003). 
The amplitude normalisation of the EMG amplitude should not be mixed with 
normalisation in time performed to investigate cyclic tasks such as the gait cycle. Cyclic 
tasks consist of a particular temporal pattern repeated over time. However, the repetitions 
are not exactly identical in length. To achieve a consistent time profile for the cycles, its time 
profile is slightly expanded or squeezed using an interpolation algorithm. After equalizing 
the cycle duration to 100% of the stride for gait, the time can be reported as a percentage of 
the cycle duration. This procedure is defined as the normalisation in time.  
During a fatiguing contraction the amplitude of EMG gradually increases while the EMG 
spectrum is compressed towards lower frequencies. Temporal and spectral changes in the 
EMG signal are attributed to variations in muscular and neural mechanisms (Madeleine & 
Farina, 2008). Muscular mechanisms consist of a decrease in muscle fibre conduction velocity, 
an increase in duration and a decrease in amplitude of the intracellular action potential while 
neural mechanisms include additional motor unit recruitment, changed motor unit discharge 
rates (DeLuca, 1997), probably due to reflex inhibition from small diameter muscle afferents 
(Gandevia, 2001), and motor unit substitution (Westgaard & De Luca, 2001). For example, it 
has been shown that the endurance time can be fairly predicted by the slope of the MNF or 
MDF initial drop. However, one of the drawbacks is that the decreasing slope tends to be 
inconsistent at load levels below approximately 20% MVE (Hansson et al, 1992). 
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The idea of applying nonlinear time-series processing grew in different fields (Chen, 1988; 
Roerdink et al, 2006) as discerning deterministic chaos and noise became important.  
The analysis of deterministic chaos provides information on the system complexity and 
can explain a complex behaviour using a low-dimensional model (Fraser, 1989).  
The algorithm for nonlinear processing was developed in the seventies and eighties  
and has received noticeable attention in biomedical signal processing a decade later. 
However, in ergonomics and sport only a few studies have utilised the methods despite a 
promising potential (Granata & Gottipati, 2008; Madeleine & Madsen, 2009; Søndergaard 
et al, 2010). 
Nonlinear methods can potentially be used to investigate the variability of the exposure. The 
linear methods do not reveal proper information about the true structure of variability 
(Buzzi et al, 2003; Slifkin & Newell, 1999). Alternatively, nonlinear methods provide some 
information on the occurrence of recurrent patterns throughout the same time-series 
(Webber Jr & Zbilut, 2005) and attain further insight into the structural variability of the 
exposure. The approximate and the sample entropy are probably the most common indices 
of complexity (or irregularity) applied to process the EMG. It is worth noting that a change 
in the complexity may or may not be associated with a change in amplitude; thus, in theory 
the complexity may independently change from the amplitude. 
A number of studies reported a loss of complexity in physiological data among patients or 
elderly people (Lipsitz, 2006; Madeleine et al, 2011; Sung et al, 2005). Therefore, it could be 
expected that an intact and healthy system would be characterised by a higher complexity 
compared with patients and elderly people. Although there has been some criticism on this 
general statement (Slifkin & Newell, 1999), the higher complexity of the EMG may be 
inferred as a diversity in the paradigm of the motor unit activation. The diversity may 
delineate a beneficial phenomenon because continuous activity of the same motor units may 
damage them (Hägg & Åström, 1997). As an alternative some studies argue for a 
“complexity trade-off” meaning that the loss of the complexity in one part of the system will 
be compensated by gaining the complexity in some other parts. This has been reported in 
some experimental studies as well (Rathleff et al, 2010). 
As a subcategory of the nonlinear approaches the recurrence quantification analysis (RQA) 
has been used to detect changes in EMG due to fatigue. The method even over-performed 
the conventional spectral and amplitude analysis (Felici et al, 2001). Some modelling studies 
have verified that the RQA can provide some information on the conduction velocity and 
the degree of synchronization of the motor units (Farina et al, 2002). 

2.1.3 High density surface EMG 
As mentioned earlier, the bipolar EMG is recorded over one spot on the muscle. This gives a 
poor representation of the whole muscle activity. Additionally, the bipolar EMG has a very 
poor spatial selectivity which hinders the decomposition of the EMG into MUAPs.  
Due to new advancement in technology it is now possible to record the EMG over a large 
part of the muscle from several channels simultaneously. Figure 2 shows an example of 
high-density EMG recorded over the upper trapezius during bilateral shoulder abduction. 
This gives a more comprehensive representation compared to the bipolar EMG, and the 
decomposing of the EMG signal seems feasible by utilizing advanced processing techniques. 
The EMG is recorded from several channels which compose a grid of electrodes over the 
surface of the muscle. 
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Fig. 2. Example of a high density surface electromyography amplitude map (root mean 
square values) recorded over upper trapezius 

A more detailed spatial selectivity may not be urgently needed in ergonomics and sport, but 
an improved representation may give some valuable global information to quantify the 
exposure (Samani et al, 2010). For example, estimating the amplitude indices gives a two-
dimensional image of the activity of a muscle. The topological properties of the image may 
indicate changes in exposure. The centre of the gravity and the modified entropy have been 
shown to be affected by fatigue and pain development (Farina et al, 2008; Madeleine et al, 
2006). 

2.1.4 Muscular synergy 
The notion of a synergy implies teamwork among the elements of a system; for example, the 
muscles work together to perform a physical task. This requires the muscles to be coupled as 
the agonist and antagonist. The quantification of the degree of the coupling between the 
involved muscles may provide for prognoses of an unhealthy activation pattern (Escamilla 
et al, 2009). The information theory provides some processing tools which can quantify the 
coupling and common information between the EMG signals recorded from the involved 
muscles in a task. This has been done rarely in this kind of context (Madeleine et al, 2011); 
for example, the mutual information detects both linear and nonlinear dependencies so it 
can reveal the functional connectivity between the influential elements. 
Some studies have described a complex task only by using a few components which are 
called muscle synergy. These studies utilize different methods of data reduction such as the 
PCA, non-negative matrix factorization and independent component analysis to find out the 
minimum number of components which describe the whole task in an optimal way. Using 
this approach they try to find out how the central nervous system chooses a particular 
strategy to perform a motor task (Tresch, 2006). 
However, some other studies define the synergy in a more elaborate framework. According 
to them not all co-varying elements work in a synergy, but the co-variation should i) 
contribute to the same task (sharing) ii) compensate for the error interactively (flexibility) 
and iii) be task dependent. If co-varying elements meet all these requirements, they are 
working in a synergy (Latash, 2008). To translate this understanding of synergy into practice 
the framework of uncontrolled manifold (UCM) has been introduced (Scholz & Schöner, 
1999). The UCM assumes that the central nervous system selects a subspace (a manifold) in 
the space of the controlling elements in which the performance is optimum. Then it arranges 
co-variations among the elements in such a way that their variation has relatively little effect 
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The idea of applying nonlinear time-series processing grew in different fields (Chen, 1988; 
Roerdink et al, 2006) as discerning deterministic chaos and noise became important.  
The analysis of deterministic chaos provides information on the system complexity and 
can explain a complex behaviour using a low-dimensional model (Fraser, 1989).  
The algorithm for nonlinear processing was developed in the seventies and eighties  
and has received noticeable attention in biomedical signal processing a decade later. 
However, in ergonomics and sport only a few studies have utilised the methods despite a 
promising potential (Granata & Gottipati, 2008; Madeleine & Madsen, 2009; Søndergaard 
et al, 2010). 
Nonlinear methods can potentially be used to investigate the variability of the exposure. The 
linear methods do not reveal proper information about the true structure of variability 
(Buzzi et al, 2003; Slifkin & Newell, 1999). Alternatively, nonlinear methods provide some 
information on the occurrence of recurrent patterns throughout the same time-series 
(Webber Jr & Zbilut, 2005) and attain further insight into the structural variability of the 
exposure. The approximate and the sample entropy are probably the most common indices 
of complexity (or irregularity) applied to process the EMG. It is worth noting that a change 
in the complexity may or may not be associated with a change in amplitude; thus, in theory 
the complexity may independently change from the amplitude. 
A number of studies reported a loss of complexity in physiological data among patients or 
elderly people (Lipsitz, 2006; Madeleine et al, 2011; Sung et al, 2005). Therefore, it could be 
expected that an intact and healthy system would be characterised by a higher complexity 
compared with patients and elderly people. Although there has been some criticism on this 
general statement (Slifkin & Newell, 1999), the higher complexity of the EMG may be 
inferred as a diversity in the paradigm of the motor unit activation. The diversity may 
delineate a beneficial phenomenon because continuous activity of the same motor units may 
damage them (Hägg & Åström, 1997). As an alternative some studies argue for a 
“complexity trade-off” meaning that the loss of the complexity in one part of the system will 
be compensated by gaining the complexity in some other parts. This has been reported in 
some experimental studies as well (Rathleff et al, 2010). 
As a subcategory of the nonlinear approaches the recurrence quantification analysis (RQA) 
has been used to detect changes in EMG due to fatigue. The method even over-performed 
the conventional spectral and amplitude analysis (Felici et al, 2001). Some modelling studies 
have verified that the RQA can provide some information on the conduction velocity and 
the degree of synchronization of the motor units (Farina et al, 2002). 

2.1.3 High density surface EMG 
As mentioned earlier, the bipolar EMG is recorded over one spot on the muscle. This gives a 
poor representation of the whole muscle activity. Additionally, the bipolar EMG has a very 
poor spatial selectivity which hinders the decomposition of the EMG into MUAPs.  
Due to new advancement in technology it is now possible to record the EMG over a large 
part of the muscle from several channels simultaneously. Figure 2 shows an example of 
high-density EMG recorded over the upper trapezius during bilateral shoulder abduction. 
This gives a more comprehensive representation compared to the bipolar EMG, and the 
decomposing of the EMG signal seems feasible by utilizing advanced processing techniques. 
The EMG is recorded from several channels which compose a grid of electrodes over the 
surface of the muscle. 
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Fig. 2. Example of a high density surface electromyography amplitude map (root mean 
square values) recorded over upper trapezius 

A more detailed spatial selectivity may not be urgently needed in ergonomics and sport, but 
an improved representation may give some valuable global information to quantify the 
exposure (Samani et al, 2010). For example, estimating the amplitude indices gives a two-
dimensional image of the activity of a muscle. The topological properties of the image may 
indicate changes in exposure. The centre of the gravity and the modified entropy have been 
shown to be affected by fatigue and pain development (Farina et al, 2008; Madeleine et al, 
2006). 

2.1.4 Muscular synergy 
The notion of a synergy implies teamwork among the elements of a system; for example, the 
muscles work together to perform a physical task. This requires the muscles to be coupled as 
the agonist and antagonist. The quantification of the degree of the coupling between the 
involved muscles may provide for prognoses of an unhealthy activation pattern (Escamilla 
et al, 2009). The information theory provides some processing tools which can quantify the 
coupling and common information between the EMG signals recorded from the involved 
muscles in a task. This has been done rarely in this kind of context (Madeleine et al, 2011); 
for example, the mutual information detects both linear and nonlinear dependencies so it 
can reveal the functional connectivity between the influential elements. 
Some studies have described a complex task only by using a few components which are 
called muscle synergy. These studies utilize different methods of data reduction such as the 
PCA, non-negative matrix factorization and independent component analysis to find out the 
minimum number of components which describe the whole task in an optimal way. Using 
this approach they try to find out how the central nervous system chooses a particular 
strategy to perform a motor task (Tresch, 2006). 
However, some other studies define the synergy in a more elaborate framework. According 
to them not all co-varying elements work in a synergy, but the co-variation should i) 
contribute to the same task (sharing) ii) compensate for the error interactively (flexibility) 
and iii) be task dependent. If co-varying elements meet all these requirements, they are 
working in a synergy (Latash, 2008). To translate this understanding of synergy into practice 
the framework of uncontrolled manifold (UCM) has been introduced (Scholz & Schöner, 
1999). The UCM assumes that the central nervous system selects a subspace (a manifold) in 
the space of the controlling elements in which the performance is optimum. Then it arranges 
co-variations among the elements in such a way that their variation has relatively little effect 
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on the performance. This means that the variation is mostly confined to the UCM. This 
approach has been applied to functional tasks; however, the method has never been applied 
to ergonomics and sport applications. 

2.2 Mechanomyography 
MMG recordings can be regarded as an alternative non-invasive method to EMG enabling 
the study of muscle excitation-contraction coupling in vivo. MMG most likely reflects the 
intrinsic mechanical activity of muscle contraction (Orizio, 1993). MMG has been widely 
used to assess e.g.,, signal-force relationship, muscle fatigue, post exercise muscle soreness, 
muscle pain as well as neuromuscular diseases. 

2.2.1 Origin and detection of the mechanomyogram signal 
Despite the fact that the MMG signal has been known for more than two centuries 
(Wollaston, 1810), the mechanisms of its generation are still not fully understood. Slow bulk 
movement of the muscle, excitation into ringing of the muscle at its own resonance 
frequency, and pressure waves due to dimensional changes of the active muscle fibres 
generate oscillations recorded as the MMG signal (Orizio, 1993).  Recent studies have 
confirmed that MMG mainly originates from muscle fibre displacement underlining a 
bending mode due to contraction (Cescon et al, 2008; Farina et al, 2008). The MMG may 
reflect motor unit recruitment, discharge rate, synchronisation and, to some extent, factors 
which affect the physical muscle milieu, such as intra-muscular pressure, stiffness, and 
osmotic pressure (Orizio, 1993). The exact contribution of changes in the physical muscle 
milieu to the MMG signal is not known but it seems less important compared with neural 
and muscular factors.  
Similar to EMG, MMG is usually analysed as an interference signal during voluntary 
contraction. Its characteristics are determined by all active muscle fibres as linear or non-
linear (Orizio et al, 1996) summation of the individual contributions.  
Over the last decades different types of transducers have been applied to detect MMG 
signals, including piezoelectric contact sensor, microphones, accelerometers, and laser 
distance sensors.  The different transduction modes inherent to these sensors result in MMG 
signals having different temporal and frequency characteristics (Orizio, 1993). Piezoelectric 
contact sensors are mostly obsolete due their weight, and the applied pressure to obtain a 
mechanical coupling dampens the recorded MMG signal. Condenser microphones acting as 
a displacement meter are still used from time to time but they also require a coupling, e.g., 
air or gel between the muscle and the microphone (Watakabe et al, 2001). Further, the 
volume of the air-chamber influences the amplitude and the frequency content of the 
recorded MMG signal. Accelerometers reflecting the acceleration of body surface vibration 
are currently the most applied sensors for MMG recording due to their small weight and 
size, easy attachment, and high reliability (Watakabe et al, 2003). Microphones are 
considered more reliable than accelerometers for the assessment of the MMG signal during 
dynamic contractions even though accelerometers can be used during dynamic muscle 
action (Kawczynski et al, 2007). More recently laser displacement sensors have also been 
used to study muscle dimensional changes without additional inertial load. However, light 
accelerometers (< 5 g) do not interfere with muscle surface dynamics and provide accurate 
MMG recordings (Watakabe et al, 2003). Accelerometers are still considered as the golden 
standard for MMG recordings as the outcome signal is measured in physical units (ms-2) 
enabling comparison between different studies.  
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MMG assessment has followed EMG development, i.e. from single channel and multi-
channel MMG recordings (Cescon et al, 2004; Madeleine et al, 2007) enabling to report the 
topography of the activation profile. Sensors are placed over the bulk of the muscles of 
interest and are attached to the skin using double adhesive tape. The placement of the 
sensors is preferably defined in relation to anatomical landmarks. Orizio (1993) recommends 
sensors with a linear transmission within a [1- 800 Hz] frequency range. The sampling 
frequency is in general set to 1 or 2 kHz as it enables comparison with EMG recordings. 
A/D conversion is performed with a 12/16 bit acquisition board. Multi-channel recordings 
have mainly been performed using a light micro-machined accelerometer size (typically 
with the following specifications: weight < 5 g and linear transmission [DC-100 Hz]). The 
accelerometers are arranged in a complete or incomplete grid to cover the muscle of interest. 
The inter-accelerometer distance is defined in relation to anatomical landmarks. 

2.2.2 Processing and interpretation of the mechanomyogram signal 
The analysis of the MMG signals mostly consists of the extraction of linear features. The 
linear features (see section 2.1.2) are related to the computation of amplitude and frequency 
estimators. RMS/ARV and MNF/MDF values are computed over a 0.5-1 s epoch without 
overlapping. Absolute amplitude and frequency estimators are normalised with respect to 
the values obtained at 100% MVC (short duration contractions) or during a reference 
contraction. Amplitude normalisation is also common as it may reduce inter-subject 
variability of the estimators due to e.g., skin fold thickness or muscle size. However, the 
normalisation procedure can also mask the variability between groups and changes during 
sustained contraction (Madeleine et al, 2002; van Dieën et al, 1993). The normalisation of 
temporal and frequency MMG estimators can result in a lack of changes over time and 
spatial dependency (Madeleine & Farina, 2008). 
Moreover, it should be noted that the spectral contents of the MMG signal also undergo 
changes during sustained contraction in the power spectral variance (2nd order moment) 
and skewness (3rd order moment) indicating a complex modification of the shape of the 
power spectrum (Madeleine et al, 2007). These changes are most likely due to the additional 
motor unit recruitment of motor units during fatigue development and to the non-linear 
summation of motor unit contributions to the MMG signal (Orizio et al, 1996). Amplitude 
and frequency estimator values are averaged to decrease the amount of data and to obtain 
values corresponding to, e.g.,, 0-100% of the time to task failure or endurance time.  
Muscle fatigue development is usually characterised by a shift of the MMG spectrum 
towards lower frequencies and an increase of the MMG amplitude (Orizio, 1993; Orizio et al, 
2003). However, the relationship between temporal and spectral MMG changes and the 
underlying physiological phenomenon related to fatigue is still not fully understood. A 
number of factors including the type, intensity and duration of exercise as well as fibre type 
composition, recruitment pattern, level of training and environmental conditions such as 
temperature influence the MMG signals (Orizio, 1993). Temporal and spectral changes in the 
MMG signal follow the changes observed in the EMG signal attributed to variations in 
muscular and neural mechanisms (Madeleine & Farina, 2008). In presence of delayed onset 
muscle soreness and acute muscle pain, the amplitude of the MMG is reported to increase 
(Kawczynski et al, 2007; Madeleine & Arendt-Nielsen, 2005). This increase can be explained 
by a larger twitch force needed to maintain a constant force output and/or a change in 
muscle stiffness due to repetitive eccentric exercise.  
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on the performance. This means that the variation is mostly confined to the UCM. This 
approach has been applied to functional tasks; however, the method has never been applied 
to ergonomics and sport applications. 

2.2 Mechanomyography 
MMG recordings can be regarded as an alternative non-invasive method to EMG enabling 
the study of muscle excitation-contraction coupling in vivo. MMG most likely reflects the 
intrinsic mechanical activity of muscle contraction (Orizio, 1993). MMG has been widely 
used to assess e.g.,, signal-force relationship, muscle fatigue, post exercise muscle soreness, 
muscle pain as well as neuromuscular diseases. 

2.2.1 Origin and detection of the mechanomyogram signal 
Despite the fact that the MMG signal has been known for more than two centuries 
(Wollaston, 1810), the mechanisms of its generation are still not fully understood. Slow bulk 
movement of the muscle, excitation into ringing of the muscle at its own resonance 
frequency, and pressure waves due to dimensional changes of the active muscle fibres 
generate oscillations recorded as the MMG signal (Orizio, 1993).  Recent studies have 
confirmed that MMG mainly originates from muscle fibre displacement underlining a 
bending mode due to contraction (Cescon et al, 2008; Farina et al, 2008). The MMG may 
reflect motor unit recruitment, discharge rate, synchronisation and, to some extent, factors 
which affect the physical muscle milieu, such as intra-muscular pressure, stiffness, and 
osmotic pressure (Orizio, 1993). The exact contribution of changes in the physical muscle 
milieu to the MMG signal is not known but it seems less important compared with neural 
and muscular factors.  
Similar to EMG, MMG is usually analysed as an interference signal during voluntary 
contraction. Its characteristics are determined by all active muscle fibres as linear or non-
linear (Orizio et al, 1996) summation of the individual contributions.  
Over the last decades different types of transducers have been applied to detect MMG 
signals, including piezoelectric contact sensor, microphones, accelerometers, and laser 
distance sensors.  The different transduction modes inherent to these sensors result in MMG 
signals having different temporal and frequency characteristics (Orizio, 1993). Piezoelectric 
contact sensors are mostly obsolete due their weight, and the applied pressure to obtain a 
mechanical coupling dampens the recorded MMG signal. Condenser microphones acting as 
a displacement meter are still used from time to time but they also require a coupling, e.g., 
air or gel between the muscle and the microphone (Watakabe et al, 2001). Further, the 
volume of the air-chamber influences the amplitude and the frequency content of the 
recorded MMG signal. Accelerometers reflecting the acceleration of body surface vibration 
are currently the most applied sensors for MMG recording due to their small weight and 
size, easy attachment, and high reliability (Watakabe et al, 2003). Microphones are 
considered more reliable than accelerometers for the assessment of the MMG signal during 
dynamic contractions even though accelerometers can be used during dynamic muscle 
action (Kawczynski et al, 2007). More recently laser displacement sensors have also been 
used to study muscle dimensional changes without additional inertial load. However, light 
accelerometers (< 5 g) do not interfere with muscle surface dynamics and provide accurate 
MMG recordings (Watakabe et al, 2003). Accelerometers are still considered as the golden 
standard for MMG recordings as the outcome signal is measured in physical units (ms-2) 
enabling comparison between different studies.  
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MMG assessment has followed EMG development, i.e. from single channel and multi-
channel MMG recordings (Cescon et al, 2004; Madeleine et al, 2007) enabling to report the 
topography of the activation profile. Sensors are placed over the bulk of the muscles of 
interest and are attached to the skin using double adhesive tape. The placement of the 
sensors is preferably defined in relation to anatomical landmarks. Orizio (1993) recommends 
sensors with a linear transmission within a [1- 800 Hz] frequency range. The sampling 
frequency is in general set to 1 or 2 kHz as it enables comparison with EMG recordings. 
A/D conversion is performed with a 12/16 bit acquisition board. Multi-channel recordings 
have mainly been performed using a light micro-machined accelerometer size (typically 
with the following specifications: weight < 5 g and linear transmission [DC-100 Hz]). The 
accelerometers are arranged in a complete or incomplete grid to cover the muscle of interest. 
The inter-accelerometer distance is defined in relation to anatomical landmarks. 
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Most of the studies assessing muscle fatigue development have used a single sensor for 
MMG recordings (Orizio et al, 2003). This can lead to erroneous interpretation of MMG 
changes in the time and frequency domain (Cescon et al, 2004). For instance, during 
sustained contraction the reported changes in EMG amplitude topographical maps are 
associated to the dependence of fibre membrane properties on fibre location into the muscle, 
inhomogeneous motor unit recruitment and substitution (Farina et al, 2008). This 
redistribution is also found in the MMG RMS and MNF maps during sustained 
contraction in the upper trapezius muscle (Madeleine & Farina, 2008). This emphasises 
the potential of two-dimensional multi-channel MMG recordings to delineate 
heterogeneities in muscle activation during both short and sustained contractions (Cescon 
et al, 2008; Farina et al, 2008; Madeleine et al, 2007). Similar to EMG, a non-linear 
approach has been used to characterize the distribution of the activation profile. For that 
purpose, modified entropy has been computed from multi-channel MMG recordings 
(Madeleine et al, 2007). Heterogeneities reported in the upper trapezius MMG activation 
maps depict different degrees of activation of muscle regions as well as changes in 
contractile properties, muscle architecture and irregular effect of dampening including 
cross-talk from adjacent muscles (Orizio et al, 2003). The various extents of spatial MMG 
changes among subjects may explain the controversial results already reported during 
static contractions (Madeleine et al, 2002; Mathiassen et al, 1995). Interestingly, a 
heterogeneous MMG activation pattern is positively correlated with time to task failure 
underling functional relevance in the upper trapezius (Madeleine & Farina, 2008). A 
variable activation pattern could also contribute to avoiding the development of MSD as a 
higher variability in motor strategies is reported in healthy subjects compared with 
patients with chronic neck-shoulder pain (Madeleine et al, 2008b). 

3. Kinetic recordings 
Kinetics is the term given to forces generating movement. Internal forces are generated by 
e.g., muscle activation, ligaments and joints while external forces are issued from the ground 
or external loads. The internal forces are in most cases extremely difficult or even impossible 
to measure and are normally estimated by using computer model (see part 5). The external 
forces, on the other hand, can be recorded by various types of sensors and analysed in many 
ways. The recordings and analysis of kinetic data are of great importance as it enables a 
sound interpretation of the mechanisms involved in movement strategies (McGinnis, 2005; 
Nigg & Herzog, 2007). 

3.1 Force sensor types 
In biomechanical applications, forces are mainly quantified using strain gauge, piezoelectric 
or capacitive transducers. Strain gauge is the most common type of force transducers. Strain 
gauge measurement relies on the fact that structures subjected to external forces deform (see 
Part 3.2). Such deformation results in a change in length called strain. The change leads to 
changes in electricial properties of the material that can be measured. Resistive and 
piezoresistive transduction modes are by far the most common when using electrical type 
strain gauges. Resistive strain gauges usually consist of a wire or a foil bonded to an 
insulated substrate. The strain causes a change in resistance connected to a bridge circuit 
ideally consisting of four resistors (active and dummy/Poisson strain gauge) enabling 
temperature compensation, cross-talk diminution and increased sensitivity. Strain gauges 
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are often used in sports and ergonomics applications (Komi, 1990; Madeleine et al, 1999; 
McGorry et al, 2003) as they enable reaction force measurement during movement (knife, 
pedals) and in vivo stress and strain measurements (bone or tendon). The advantages of 
resistive strain gauges are numerous including high accuracy, high sensitivity, low cost, 
portability, eases of use as well as the possibility to record static and dynamic loads. 
However, they also have drawbacks including the need for calibration, a limited range of 
measure, a risk of damage (e.g., by chock), the cross-talk as well as temperature and 
pressure sensitivity. Piezoelectric sensors require deformations of the atomic structure 
within a block of special crystalline material (e.g., quartz). The deformation of the quartz 
crystalline structure changes the electrical characteristics altering the electric charge. Such a 
change is then translated via a charge amplifier into a signal proportional to the applied 
force. Piezoelectric sensors are especially sensitive and reliable for dynamic force recordings 
over a wide range of measure. Drift changes preventing static recordings and costs are the 
main drawbacks of piezoelectric sensors. Capacitive transducers consist of two electrically 
conducting plates parallel to each other. These two plates are separated by a space filled 
dielectric material (non-conductive elastic material). The application of a force will produce 
a change in the thickness of the dielectric inversely proportional to the measured current. 
Capacitors are often used for the assessment of the pressure distribution or of the force 
between two surfaces (see part 3.3). After amplification, forces and moments are sampled at 
frequencies (≥ 100 Hz) corresponding to a multiple of the sampling frequency used for 
EMG. Force recordings are often made to, e.g.,, determine task failure in relation to physical 
activity, set a level of contraction in relation to MVC and to assess force steadiness or size of 
variability (Kawczynski et al, 2007; Madeleine et al, 2002; Svendsen & Madeleine, 2010). 

3.2 Force platforms 
Force platforms are probably the most important devices for assessment of performance in a 
biomechanics laboratory. Force platforms are integrated in walkways and/or handles. Force 
platforms can be used based on piezoelectric, Hall effect and strain gauge sensing 
technology. Force platforms are rectangular with force transducers (resistive or 
piezoresistive strain gauges) mounted in each corner resulting in four coordinate systems. 
Force platforms using strain gauges are the most suitable for balance or postural studies, are 
cheaper and can be custom-built. Force platforms are generally mounted on a flat and rigid 
support to obtain suitable forces during human movement. For postural studies, this is less 
critical since shear forces have low magnitude. The construction of force platform with force 
transducers enables the determination of the resulting forces in two horizontal and one 
vertical component. In accordance with the International Society of Biomechanics (ISB), Fx is 
the friction force in the direction of movement (anterior-posterior for gait), Fy is the normal 
contact force in the vertical direction and Fz is the friction force in the direction 
perpendicular to movement (medio-lateral for gait). The devices are providing resultant 
forces. The vertical component describes the change in momentum of the centre of mass of 
the subject in the vertical direction. The anterior-posterior and medial-lateral components 
correspond to the two other horizontal directions (anterior-posterior and medial-lateral). 
The reaction forces are expressed in absolute values and/or with respect to the subject’s 
body weight during e.g., jump or pole-vault. 
Furthermore, force measurements in the four corners of a force platform can be used to 
determine the moments Mx, My and Mz produced by Fx, Fy and Fz at the origin of the force 
platform coordinate system (centre of the force platform). The use of Newton’s laws of 
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motion enables the computation of the displacement of the centre of pressure. The 
displacement of the centre of pressure in the anterior-posterior direction (CoPx) can be 
roughly estimated by dividing the moment of rotation in the medio-lateral direction by the 
force in the vertical direction (Winter, 1990). It is important to note that the computation of 
the CoP is only accurate as long as the exerted vertical force is higher than 0 N (typically 
25 N). The digitisation process after amplification enables off-line analysis of impact and 
active forces from the ground reaction forces measured during locomotion (walking or 
running) over a number of trials in relation to, e.g.,, footwear (Kersting et al, 2005). The 
rate of force development is also often computed in relation to explosive force exertion. 
The displacement of the CoP is often also quantified by computing for instance the sway 
amplitude, sway path, size of variability and power spectral density function in normal or 
altered sensory conditions (Baratto et al, 2002; Madeleine et al, 2004; Madeleine et al, 
2011). Recently, the combination of linear and non-linear analyses (approximate and/or 
sample entropy) has gained some attention. The methods depict subtle changes in the 
dynamics of biomechanical time series. Non-linear analysis provides new insight into the 
dynamics of force control by underlining important changes in sitting postural control 
(Søndergaard et al, 2010), patients (Roerdink et al, 2006) and gender effects (Svendsen & 
Madeleine, 2010). 

3.3 Pressure sensors 
Expressing the ratio between an exerted force over a known area, pressure measurement is 
providing key information for the assessment of pressure distribution between two surfaces 
like for instance foot and shoe. The type of sensors used for measuring the pressure 
distribution is similar to the ones for sensing force (see part 3.1). The sensor types used most 
often are capacitor, conductor and pressure sheet (Nigg & Herzog, 2007). Capacitor 
elements are integrated in pressure distribution mats or insoles consisting of a matrix of m ˟ 
n stripes of conducting material. Multiplexing techniques are usually applied to assess the 
force acting on each element. The construction of the conductor sensors is similar to 
capacitor one (three layers are used), the applied force or pressure is determined as a change 
in the resistance due to the deformation of the conductive elastomers using Ohm’s law. The 
pressure sheet or foil (fuji foil) is made of two sheets separated by a layer containing 
microcapsules with a colouring agent. The obtained colour intensity can then be analysed 
(optical density) in relation to, e.g.,, endurance sports after total knee replacement (Kuster et 
al, 2000). However, the latter solution does not enable reliable dynamic measurements. 
Pressure distribution measurements are often made in sports (saddle, shoe insole, ski-boot 
shaft) and ergonomics (handgrip, seat comfort). Some recent examples encompass the 
assessments of plantar pressure distribution measurements during normal gait, among elite 
rugby league athletes and tennis players during the first serve on various surfaces (Girard et 
al, 2010; Gurney et al, 2008; Gurney et al, 2009). It is worth noting that these devices are in 
general rather costly, not very flexible and only measure normal forces. Most commercial 
pressure mapping systems are now versatile and can be used in a wide number of 
applications in sports and ergonomics such as handgrip, foot-ware and sitting. These 
devices can provide real-time information recorded in 3D during both static and dynamic 
movement. Pressure, force and area profile can be analysed by obtaining e.g., isobar 
distribution and path of the centre of force enabling a 3D quantification of loading pattern 
during human movement. 
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4. Kinematics recordings 
The image series presented by Muybridge (e.g. Muybridge, 1984) are, likely, the most cited 
reference dealing with assessments of segmental motion in human or animal movement. 
One possible reason for this may be that we still use photogrammetric techniques to a large 
extent. This becomes particularly obvious when looking across all continents where most 
biomechanics research facilities consider a, typically 3D, camera system as part of their 
standard measurement equipment. While Muybridge never provided quantitative analyses 
on segmental movement derived from his image series, the approach in itself is regarded 
highly relevant as minimum constraints are put on the subjects.  

4.1 Accelerometers and gyroscopes 
Accelerometers have been used widely in various areas of biomechanics (see also part 2.2). 
They are typically small, light and can be mounted to equipment or the human body itself. 
When mounted to equipment such as rackets or bats they can be used to describe the 
movement of the tool itself, identify phases within a certain technique as well as characterize 
vibrations elicited by, e.g.,, impacting an object (Andrew et al, 2003). They have also been 
used to characterize shock transmission to and within the human body in order to 
characterize internal loads. In most applications they were attached to the skin and held in 
place by tape and/or elastic straps (Shung et al, 2009). Data from skin-mounted 
accelerometers are, despite their inherent precision, sometimes difficult to interpret as their 
fixation is critical due to the fact that soft tissue movement does not generally follow that of 
the underlying skeleton. This may not be a problem if the soft tissue vibrations in itself are 
the object of the measurement (Boyer & Nigg, 2006) but make data interpretation difficult if 
accelerometry is used to infer on skeletal movement or loading.  
Some research groups have mounted accelerometers directly to the bone to overcome these 
restrictions (Lafortune et al, 1995a). However, such solutions are not generally applicable 
due to ethical reasons. Most importantly, they may serve to validate other approaches of 
measurement. One example is a study where bone-mounted accelerometer signals were 
compared to skin-mounted devices to assess tibial shock during running. Of the five 
subjects used in this study some showed good agreement between signals recorded by both 
methods while others displayed non-coherent results. This indicates the non-systematic 
effects introduced by soft tissue movement and sensor attachment which underlines the 
necessity to be cautious with interpretations and generalisations. However, the authors 
found that after applying a frequency correction method the skin-mounted accelerometers 
can be used to estimate shock transmitted to the tibia (Lafortune et al, 1995b). Additional 
work from the same group (Lafortune & Hennig, 1991) clearly demonstrated the effect of 
rotational movement and gravity on measured accelerations, further complicating 
interpretation. However, with regard to the context used as an example here, it was 
repeatedly shown that accelerometers attached to the tibia of a runner give reasonable 
estimates of the impact peak of the ground reaction force and therefore an easily applicable 
method to evaluate the effects of footwear or running style. Parameters typically extracted 
are maximum amplitude, acceleration rate, the timing of these values with respect to, e.g.,, 
initial contact of the object of interest, the frequency of elicited vibrations or other measures 
derived from the frequency spectrum of the signal. 
An area where accelerometers can be used very well is as a trigger signal in high velocity 
movements (Andrew et al, 2003) where the amplitude is of minor importance (Kersting et al, 
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2005). They also find numerous applications in the field of activity monitoring as 
accelerometer signals can be utilised to infer of body position in static or slow movements as 
well as identify counts and rates of repetitive movements, i.e., estimate the number of 
loading cycles. Such data sets can be recorded over long time periods and algorithms have 
been presented to extract activity profiles for various groups of subjects or workers over 
long time intervals (Hansson et al, 2006; Rosenbaum et al, 2008).  
Gyroscopes are sensors which measure angular velocity. They exist in one-dimensional as 
well as multidirectional configurations and are similarly easy to apply as accelerometers. 
They are often used in combination with accelerometers, magnetic or other sensors and 
provide estimates for movement of segments in a kinematic chain (Brodie et al, 2008; Greene 
et al, 2010) using e.g., Kalman filter technique (Luinge & Veltink, 2005). A considerable 
advantage of this approach is that one can measure full body kinematics in virtually any 
environment (Cloete & Scheffer, 2010). Despite very promising developments in this area 
there are still limitations to the precision of such devices such that laboratory measurements 
are still considered superior (Roetenberg et al, 2007).  

4.2 Angular sensors 
Angular movement sensors are, in many cases, implemented as uniaxial goniometers which 
allow for a direct measure of a joint’s excursion. Limitations are that joint excursion can only 
be assessed in a single plane with such devices. Another requirement for precise 
measurements is that there should not be any parallax which gives an inherent problem 
when assessing joints with shifting axes as it is known, e.g.,, for the knee joint. There are 
various suggested mechanical solutions to compensate for parallax or tissue deformations in 
specifically constructed goniometers, i.e., for a specific joint (Hennig et al, 1998). To 
overcome this limitation, flexible two-dimensional angular sensors have been introduced 
which connect to fixation blocks by a flexible wire. If a joint allows for movement about two 
degrees-of-freedom its excursions can be fully covered. The flexible connection of the two 
mounting blocks is independent of translational movement such that variability in 
mounting the device or any parallax with regard to the joint axis would not affect angular 
measures. However, any information about translational movement will be lost. Most 
protocols where goniometers are employed require a reference measurement in an 
anatomically defined position to account for variations in mounting. After subtracting this 
offset, parameters such as the extremes of joint excursions can be derived. Joint angle can be 
expressed in relation to key events characterizing the motion and the range of movement or 
rate of movement can be extracted. 
To the authors’ perception, goniometers are easy to use and allow for immediate feedback if 
required. Their limitations should be kept in mind when designing a study using such 
devices. One example from research on running mechanics comparing two goniometer 
approaches is given by Hennig et al. (Hennig et al, 1998). It was shown that an in-shoe 
goniometer gave smaller amplitudes and angular velocities of movement about the subtalar 
joint axis while providing less variability from step to step. This study underlines the 
importance of using the best suitable device when investigating kinematic descriptors of 
motion. Another example is given by one of the authors (Kersting, 2011) where goniometer 
and accelerometer measurements where used in combination. 
Inclinometers measure the angle against the gravity field by containing a mechanism similar 
to our vestibular system. They are highly precise and can be used to monitor posture and 
relatively slow movements as they are limited with regard the frequency of the motion 
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under consideration. In contrast to goniometers, which typically measure the relative angle 
of two adhering segments inclinometers determine the absolute segment orientation in 
space. By combining an inclinometer and goniometer it becomes easy to imagine a setup 
where, e.g.,, pelvis inclination and hip and knee flexion-extension can be used to monitor 
indicators for e.g., lower back loading in lifting tasks (Morlock, 2000). In ergonomics, 
statistical descriptors such as 10th, 50th and 90th percentile are computed to express the 
properties of the exposure (Hansson et al, 2006). 

4.3 Optical imaging systems 
Optical systems are the most commonly used devices in laboratory-based movement 
analysis. In its simplest form, a one-camera system can be used to analyse the movements 
which are mainly executed in one plane, i.e., which are 2D. The camera could be any digital 
video camera with sufficient resolution in time and space, depending on the movement 
under consideration. Its imaging plane should be parallel to the main plane of the 
movement under investigation. Typically, a recording of a known distance aligned within 
this plane is sufficient for generating a calibration (Madeleine & Madsen, 2009; Nolan & 
Lees, 2007). The ratio of pixels on the digital image to the reference distance is then used to 
calculate a scaling factor. Depending on the quality of the lens and the required precision, 
lens correction files may be used to compensate for lens errors. Some software packages 
allow for using point grids during calibration which also allow for a lens correction. In 
certain cases a four point calibration grid can be used if, e.g.,, the camera cannot be set up in 
a parallel plane. Up to a certain angular deviation, the distortion can be compensated when 
assessing e.g., jump performances at international competitions with cameras set up on the 
stands of a stadium.  
Walking and running are the classical examples of two-dimensional movement analysis 
(van Woensel, 2011). Further applications from sports science are athletic jumps where 2D 
video analyses have been used. From these recordings joint angles and angular velocities 
can be derived. Another easily accessible parameter is the location and velocity of the body’s 
centre of mass, which can be used for estimates of energetic changes in certain phases of 
carrying out a sports technique. The analysis of athletic jumps or gymnastics movements 
may be used as examples for applying this technique (Arampatzis & Bruggemann, 1999). 
The extension of this approach is a multi-camera setup which allows to record objects from 
several perspectives. By reference to a calibration recording the method of direct linear 
transformation can be applied to reconstruct the position of a point in space from a 
minimum of two camera perspectives (Abdel-Aziz & Karara, 1971). Such setups are 
nowadays realised using several synchronised video cameras which can be sampled by up 
to 10 000 Hz at spatial resolutions of up to 4 Megapixels. Each camera is typically equipped 
with its own light source and an optic filter to suppress reflections from items other than a 
number of retro-reflective markers which are fixed to anatomically defined locations on a 
person’s or animal’s body. Marker occlusion can make the analysis of segmental movement 
difficult. The above mentioned advances in camera technology allow for residuals of less 
than 0.5 mm in a typical gait laboratory setting.  
The analysis of human gait may be considered as one of the most common applications of 
laboratory based video systems with simultaneous measurement of ground reaction force as 
described above. Several studies have established their repeatability and reliability with 
addressing issues such as marker placement and data processing (Laroche et al, 2011). 
Numerous examples can be found where these methods build a major contribution in 
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under consideration. In contrast to goniometers, which typically measure the relative angle 
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space. By combining an inclinometer and goniometer it becomes easy to imagine a setup 
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video camera with sufficient resolution in time and space, depending on the movement 
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movement under investigation. Typically, a recording of a known distance aligned within 
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clinical decision making or allow for the assessment of operation techniques or other 
interventions (Beaulieu et al, 2010). Within ergonomics research field, the motion capture 
system is commonly used to analyse the exposure variation and motor variability. 
Particularly, the size of cycle-to-cycle variability is of relevance in relation to injuries 
(Madeleine et al, 2008a).  
A continued problem in this area are the errors introduced by mainly skin movement 
artefacts, especially when it comes to inverse dynamics analyses where deformations and 
noise may produce substantial deviations of marker motion from the movement of the 
underlying skeleton. Various approaches have been suggested to apply optimisation 
procedures to account for the named error source (Andersen et al, 2009; Charlton et al, 
2004). The results from these studies are promising and will, presumably, soon become 
standard in most camera-based methods for motion measurement.  
When using video systems outdoors the use of reflective markers is often not possible such 
that manual digitization becomes necessary. Recently, new active filtering methods have 
been implemented and become commercially available now, which seem to allow for the 
use of retro-reflective markers outdoors in full sunlight.  
Other approaches are active marker systems where each marker is a made up out of a small 
light source, typically a light-emitting diode. The effects of muscle fatigue development and 
MSD injury have been assessed during repetitive hammering tasks using such system (Cote 
et al, 2005). In some cases, the higher demand in applying the markers due to cable 
connections may be overcome by a reduced requirement for manual editing work during 
the tracking process. It may depend on the specific research question and environment to 
decide which system is most suitable for a planned experiment. 
Finally, from the area of computer graphics more and more marker-less tracking systems 
have sprung off (Corazza et al, 2006) which have partly been validated with respect to high-
resolution laboratory based systems (Rosenhahn et al, 2006). Results are very promising, 
while there is still a gap in resolution between marker-less and marker based systems. 
Parameters derived from 3D motion capture are, obviously, rotational and translational 
measures about all six kinematic degrees of freedom. Mathematically, there are various 
approaches of describing 3D rotations (Woltring, 1994). While it is, theoretically, equivalent 
to use attitudes, Euler angles or helical axes it was suggested to relate to anatomical 
terminology when joint motion in humans is concerned (Madeleine et al, 1999). To unify the 
systems used for kinematic (and kinetic) data reporting, similarly making parameters 
comparable across studies, standards were proposed supported by the ISB (Wu et al, 2002; 
Wu et al, 2005). Similar to kinetic analysis, non-linear approaches have been employed to 
reveal e.g., complexity and dimensionality changes in relation to human movement (Buzzi 
et al, 2003; Madeleine & Madsen, 2009; Rathleff et al, 2010; Søndergaard et al, 2010). 
Kinematic data together with external reaction forces are typically used as input to 
biomechanical modelling approaches as they are described in the following section. 

5. Modelling musculoskeletal load 
As already mentioned the quantification of the mechanical loads on the human body in e.g., 
working situations and sports situations is of interest. However, in experimental sessions it 
is normally only possible to assess external loads on the body while the internal loads on 
muscles and joint remain unknown. Joint moments are regularly calculated via an inverse 
dynamics approach using motion capture and measured external forces. This will not give 
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information on individual muscle forces and joint reaction forces. The only feasible way to 
obtain these parameters is to make use of advanced musculoskeletal models based on the 
laws of physics. Traditionally the methods behind musculoskeletal modelling fall into two 
categories, inverse dynamics and forward dynamics, which are opposite approaches. For a 
complete overview of the different modelling methods see the review by Erdemir et al. 
(Erdemir et al, 2007). In this paragraph the focus will be on musculoskeletal modelling based 
on inverse dynamics. 
In inverse dynamics solutions the movement and external forces are input into the 
musculoskeletal model. Normally, the system has many more muscles than strictly 
necessary to balance the joint degrees of freedom. The solution of the muscle recruitment 
problem is therefore subject to the so-called redundancy problem. One of the common ways 
is that the muscles in the model are recruited by an optimality criterion minimizing fatigue.  
Mathematically the optimization problem can be stated as follows: 
 Minimize f 

  (M)( )G f  (1) 

 Subject to 

 =Cf d  (2) 

 { }(M) (M)0,      1,...,if i n≥ ∈  (3) 

where G is the objective function of the recruitment strategy stated in terms of the muscle 
forces, f(M). Subsequently G will be minimised with respect to all unknown forces in the 
problem, f=[f(M) T f(R) T]T, which are divided into muscle forces, f(M), and joint reactions, f(R). 
Equation (2) is the dynamic equilibrium equation, which enter into the optimization 
problem as constraints. C is the coefficient-matrix for the unknown forces, and the right-
hand side, d, contains all known applied loads and inertia forces. The last constraint (3) 
indicates that muscles can only pull, and not push. 
The choice of the objective function has always been debated in the literature. Basically the 
objective function has to reflect the strategy our central nervous system would choose for 
recruiting our muscles for a given task. Many of the objective functions have been reviewed 
by Tsirakos et al. (Tsirakos et al, 1997). The most successful criteria so far are the functions of 
the normalised muscle forces, fi(m)/N i, where Ni is some measure of the muscle strength, 
which can be made dependent on the working conditions of the muscle (i.e. force-length 
relationship and force-velocity relationship). It has been shown that a criterion of 
minimization of muscle effort gives good results for a set of skilled movements like cycling 
and gait (Prilutsky and Zatsiorsky, 2002), but it also implies that that these kind of models 
are limited to the so-called skilled movements. In sports and in working situations there are 
though many of those skilled movements available to analyse. 
Rasmussen et al. (2001) showed that many of the criteria are asymptotically equivalent to a 
minimum fatigue criterion, the so-called min/max criterion, where there is a maximum 
cooperation between the muscles, which can be written as follows: 
 Minimize 
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clinical decision making or allow for the assessment of operation techniques or other 
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2004). The results from these studies are promising and will, presumably, soon become 
standard in most camera-based methods for motion measurement.  
When using video systems outdoors the use of reflective markers is often not possible such 
that manual digitization becomes necessary. Recently, new active filtering methods have 
been implemented and become commercially available now, which seem to allow for the 
use of retro-reflective markers outdoors in full sunlight.  
Other approaches are active marker systems where each marker is a made up out of a small 
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et al, 2005). In some cases, the higher demand in applying the markers due to cable 
connections may be overcome by a reduced requirement for manual editing work during 
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Finally, from the area of computer graphics more and more marker-less tracking systems 
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Parameters derived from 3D motion capture are, obviously, rotational and translational 
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approaches of describing 3D rotations (Woltring, 1994). While it is, theoretically, equivalent 
to use attitudes, Euler angles or helical axes it was suggested to relate to anatomical 
terminology when joint motion in humans is concerned (Madeleine et al, 1999). To unify the 
systems used for kinematic (and kinetic) data reporting, similarly making parameters 
comparable across studies, standards were proposed supported by the ISB (Wu et al, 2002; 
Wu et al, 2005). Similar to kinetic analysis, non-linear approaches have been employed to 
reveal e.g., complexity and dimensionality changes in relation to human movement (Buzzi 
et al, 2003; Madeleine & Madsen, 2009; Rathleff et al, 2010; Søndergaard et al, 2010). 
Kinematic data together with external reaction forces are typically used as input to 
biomechanical modelling approaches as they are described in the following section. 
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As already mentioned the quantification of the mechanical loads on the human body in e.g., 
working situations and sports situations is of interest. However, in experimental sessions it 
is normally only possible to assess external loads on the body while the internal loads on 
muscles and joint remain unknown. Joint moments are regularly calculated via an inverse 
dynamics approach using motion capture and measured external forces. This will not give 

 
Biomechanical Assessments in Sports and Ergonomics 

 

351 

information on individual muscle forces and joint reaction forces. The only feasible way to 
obtain these parameters is to make use of advanced musculoskeletal models based on the 
laws of physics. Traditionally the methods behind musculoskeletal modelling fall into two 
categories, inverse dynamics and forward dynamics, which are opposite approaches. For a 
complete overview of the different modelling methods see the review by Erdemir et al. 
(Erdemir et al, 2007). In this paragraph the focus will be on musculoskeletal modelling based 
on inverse dynamics. 
In inverse dynamics solutions the movement and external forces are input into the 
musculoskeletal model. Normally, the system has many more muscles than strictly 
necessary to balance the joint degrees of freedom. The solution of the muscle recruitment 
problem is therefore subject to the so-called redundancy problem. One of the common ways 
is that the muscles in the model are recruited by an optimality criterion minimizing fatigue.  
Mathematically the optimization problem can be stated as follows: 
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problem, f=[f(M) T f(R) T]T, which are divided into muscle forces, f(M), and joint reactions, f(R). 
Equation (2) is the dynamic equilibrium equation, which enter into the optimization 
problem as constraints. C is the coefficient-matrix for the unknown forces, and the right-
hand side, d, contains all known applied loads and inertia forces. The last constraint (3) 
indicates that muscles can only pull, and not push. 
The choice of the objective function has always been debated in the literature. Basically the 
objective function has to reflect the strategy our central nervous system would choose for 
recruiting our muscles for a given task. Many of the objective functions have been reviewed 
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the normalised muscle forces, fi(m)/N i, where Ni is some measure of the muscle strength, 
which can be made dependent on the working conditions of the muscle (i.e. force-length 
relationship and force-velocity relationship). It has been shown that a criterion of 
minimization of muscle effort gives good results for a set of skilled movements like cycling 
and gait (Prilutsky and Zatsiorsky, 2002), but it also implies that that these kind of models 
are limited to the so-called skilled movements. In sports and in working situations there are 
though many of those skilled movements available to analyse. 
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minimum fatigue criterion, the so-called min/max criterion, where there is a maximum 
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 Subject to 

 =Cf d  (5) 

 { }(M) (M)0,      1,...,if i n≥ ∈  (6) 

This min/max criterion, which is effectively a minimum fatigue criterion, is a useful 
criterion for sport performance and ergonomic design optimization. It will enable us to 
compare the minimal muscle effort necessary in many situations, which would otherwise 
require enormous experimental resources. 
 

 
Fig. 3. Example of musculoskeletal models built in the AnyBody Modeling System. 

The min/max criterion has been implemented in the AnyBody Modeling System 
(Damsgaard et al, 2006), which was originally developed at Aalborg University. Several 
musculoskeletal models (Fig. 3.) are available in the public domain AnyScript Model 
Repository (www.anyscript.org). An application within ergonomics investigated the 
influence of seat pan inclination and friction on muscle activity and spinal joint forces using 
a full-body model of the musculoskeletal system (Rasmussen et al, 2009). By a systematic 
change of the inclination and friction in the model one gets an impression of the complex 
relationship between changing these variables and the muscle activity and spinal joint 
forces. One of the main findings was that the combination of high friction and a backwards 
inclining seat pan will maximize the spinal forces while minimizing the muscle activity. This 
means that the seated posture that minimizes the fatigue and hence may be experienced as 
more comfortable also maximizes the spinal load. 
Simulations give the possibility of changing the parameters in a systematic way while 
monitoring an output measure as a function of those parameters. An example could be to 
find the optimum position of the saddle for a cyclist while minimizing the muscle activity 
for a given power output. However, this would require a person-specific model of the 
athlete if this would be used in elite sports. But with the enormous development going on 
in the imaging field it is anticipated that person-specific modelling will be feasible in the 
near future which would make it very attractive for optimizing performance for an 
individual athlete. 

6. Conclusion 
The present chapter presents in a concise manner the existing and novel approaches for 
biomechanical assessments of human movement. Only the combination of physiological, 
kinetic and kinematic recordings provide a full picture of the musculoskeletal loads in 
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relation to physical activity. Experimental and computational approaches are thus extremely 
valuable to assess and improve human performances without increasing the risk of injury. 
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criterion for sport performance and ergonomic design optimization. It will enable us to 
compare the minimal muscle effort necessary in many situations, which would otherwise 
require enormous experimental resources. 
 

 
Fig. 3. Example of musculoskeletal models built in the AnyBody Modeling System. 

The min/max criterion has been implemented in the AnyBody Modeling System 
(Damsgaard et al, 2006), which was originally developed at Aalborg University. Several 
musculoskeletal models (Fig. 3.) are available in the public domain AnyScript Model 
Repository (www.anyscript.org). An application within ergonomics investigated the 
influence of seat pan inclination and friction on muscle activity and spinal joint forces using 
a full-body model of the musculoskeletal system (Rasmussen et al, 2009). By a systematic 
change of the inclination and friction in the model one gets an impression of the complex 
relationship between changing these variables and the muscle activity and spinal joint 
forces. One of the main findings was that the combination of high friction and a backwards 
inclining seat pan will maximize the spinal forces while minimizing the muscle activity. This 
means that the seated posture that minimizes the fatigue and hence may be experienced as 
more comfortable also maximizes the spinal load. 
Simulations give the possibility of changing the parameters in a systematic way while 
monitoring an output measure as a function of those parameters. An example could be to 
find the optimum position of the saddle for a cyclist while minimizing the muscle activity 
for a given power output. However, this would require a person-specific model of the 
athlete if this would be used in elite sports. But with the enormous development going on 
in the imaging field it is anticipated that person-specific modelling will be feasible in the 
near future which would make it very attractive for optimizing performance for an 
individual athlete. 

6. Conclusion 
The present chapter presents in a concise manner the existing and novel approaches for 
biomechanical assessments of human movement. Only the combination of physiological, 
kinetic and kinematic recordings provide a full picture of the musculoskeletal loads in 
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relation to physical activity. Experimental and computational approaches are thus extremely 
valuable to assess and improve human performances without increasing the risk of injury. 
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There is a vast amount of literature available discussing the movements of the knee joint 
and the function of the ligaments controlling these movements. 

(Brantigan & Voshell, 1941) 

1. Introduction 
The anterior cruciate ligament (ACL) continues to be a major topic in orthopaedics and 
biomechanics. This is due to the high incidence of injury and its disabling consequences. 
That the disabling consequences have not yet been completely overcome guarantees 
continued interest. 
Injury to the ACL is associated with a range of problems, such as pain, instability, meniscal 
damage and osteoarthritis (Noyes et al., 1983; Segawa et al., 2001). This can be due to injury 
to other structures at the time of ACL injury, e.g. meniscus and articular cartilage, as well as 
developments secondary to the initial injury (Segawa et al., 2001). Although isolated injury 
to the ACL is considered uncommon, surgical transection of the ACL induces cartilage 
degeneration so reliably it is used to induce osteoarthritis in experimental animals 
(Desrochers et al., 2010). 
Simple repair is effective for some ligaments, but such repair of the ACL has had poor 
results, and the orthopaedic world currently awaits the development of a useful scaffold 
that can be placed between the torn ends of the ligament to promote effective healing 
(Murray, 2009). In the interim a popular choice of treatment with positive results is surgical 
reconstruction (replacement), using a graft fashioned typically from the patellar ligament or 
from hamstring tendons (Woo et al., 2002). But despite positive outcomes from ACL 
reconstruction problems still persist after ‘successful’ surgery, especially osteoarthritis 
(Øiestad et al., 2010). It is only possible to speculate that kinematic differences that remain 
after, or are caused by, surgical reconstruction lead to osteoarthritis (Scanlan et al., 2010), but 
post-surgical kinematic differences may lead to cartilage loading differences, which then 
predispose the knee to osteoarthritis (Andriacchi et al., 2004, 2006). These loading 
differences may lead to cartilage areas subsequently sustaining higher or lower loads or 
loads of a different nature (e.g. tension, compression) (Chaudhari et al., 2008). 
Development of a suitable ligament substitute is a straightforward matter: (1) determine the 
nature of the ligament, and (2) design a replacement that replicates this nature tolerably 
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and the function of the ligaments controlling these movements. 

(Brantigan & Voshell, 1941) 
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differences may lead to cartilage areas subsequently sustaining higher or lower loads or 
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well. But straightforward is not simple, and the following review will highlight what is 
known, and what yet to be known, about the ACL and its substitutes. 

2. Anatomy 
The ACL spans the tibiofemoral joint space, and forms a cross with the posterior cruciate 
ligament. The proximal attachment is located posteriorly on the medial side of the lateral 
femoral condyle in a semilunar area with the straight border facing forward and slightly 
down. The ligament attaches distally on the anterior aspect of the tibia, just anterior and 
lateral to the anterior tibial spine (Fuss, 1989; Girgis et al., 1975). 
There is some variation in the description of separate parts of the ligament at the 
macroscopic level. The pattern with greatest acceptance shows two bundles, anteromedial 
and posterolateral (Furman et al., 1976; Harner et al., 1999; Inderster et al., 1993; Katouda et 
al., 2011; Steckel et al., 2007). Harner et al. (1999) and Steckel et al. (2007) described the 
anteromedial bundle as arising from the proximal part of the femoral attachment, with the 
posterolateral bundle arising from the distal portion. On the tibia the anteromedial bundle 
attaches medially and the posterolateral bundle attaches laterally.  
But these findings are not unchallenged. Fuss (1989) and Odensten and Gillquist (1985) 
found no such subdivisions by dissection and histological examination. Clark and Sidles 
(1990) referred to anteromedial and posterolateral bands but found them “indistinct”, and 
described an anterior furrow that gave the ligament the appearance of being bifid. In the 
other direction, Amis and Dawkins (1991) and Norwood and Cross (1979) reported three 
bundles, anteromedial, intermediate and posterolateral. 
The acceptance of the two bundle anatomy is so widespread today as to probably make  
any alternative claim go largely unnoticed. Nevertheless, without rejecting or accepting  
the preceding descriptions it is biomechanically meaningful to describe anteromedial  
and posterolateral ligament fibres, without assuming a plane of separation, as the cross-
sectional shape of the ligament has an anteromedial-posterolateral long axis (Harner et  
al., 1995). 

3. Normal function 
The function of a ligament is to resist movement by resisting elongation caused by that 
movement, which may be rotational, translational or both. To understand the function of a 
ligament during a rotational movement, some consideration must be given to the 
relationship of the ligament to the axis of rotation. It is fundamental then to understand 
normal knee kinematics and ACL behaviour during knee motion. 

3.1 Kinematics of the normal knee 
The principal motion at the knee joint is flexion-extension in the sagittal plane, with a 
normal passive range of 130 to 140° and an associated 5 to 10° of hyperextension (Nordin & 
Frankel, 1989). The knee also has smaller ranges of motion in the horizontal and coronal 
planes, with passive and active ranges of approximately 70° of combined internal-external 
rotation in the horizontal plane, and minimal valgus-varus rotation in the coronal plane, 
although these figures are dependent upon the amount of flexion and extension in the joint 
(Hollister et al., 1993). The ranges of internal and external rotation are minimal and maximal 
at zero and 90° of flexion, respectively (Bull & Amis, 1998). 
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With reference to flexion-extension, there is still debate about the exact location of this axis 
of rotation (Smith et al., 2003). However, four schools of thought have emerged that present 
different arguments as to the nature and location of this axis. 
The instantaneous axis is thought to lie in both the coronal and horizontal planes and moves 
in a curved or elliptical pathway as the knee undergoes rotation and translation. This 
approach positions the centre of mass of the joint and the movement of the joint primarily 
within the sagittal plane. The articular surface of the lateral femoral condyle has a greater 
variation than that of the medial femoral condyle. In the fully flexed position this axis is 
closest to the joint surface, which allows the ligaments of the joint (ACL and collateral 
ligaments) to slacken. In extension the axis is further away from the joint line and the same 
ligaments become tense (Brantigan & Voshell, 1941). The major criticism of this approach 
resides in the fact that condyles of the femur are varied in three dimensions rather than two 
dimensions, the latter of which is the only way to place the axis of rotation purely in the 
sagittal plane. 
More recently a fixed axis of rotation offset to both the frontal and horizontal planes has been 
proposed (Hollister et al., 1993; Martelli & Pinskerova, 2002). The first of two fixed axes, the 
posterior condylar axis, runs from the medial to the lateral side of the joint and is also 
inclined posteriorly and distal to the joint centre. This first axis is effective from 15 to 150° of 
knee flexion and is defined as passing through the origins of both the medial and lateral 
collateral ligaments and the intersection of the anterior and posterior cruciate ligaments. 
This axis is considered to also be inclined at an angle of 7° to the sagittal plane, thus closely 
equating its position to the epicondylar line of the joint (Churchill et al 1998). As the  
knee moves into extension this axis changes to a second fixed axis of rotation, the distal 
condylar axis, that is located proximal to the distal aspect of the intercondylar notch (Elias et 
al., 1990). 
The helical axis of rotation can perhaps be more easily described and understood as 
simultaneous rotation around and translation along a specified axis, like the action of a 
nut rotating and translating along a threaded bolt. This axis defines motion of the joint  
as a series of displacements rather than relative positions (Bull & Amis, 1998). This 
approach represents an instantaneous axis that the joint can both translate and rotate 
about  (Blankevoort et al., 1988; Soudan et al., 1979). The screw-home mechanism of the 
joint, where there is an internal rotation and posterior translation of the femur on the tibia 
during extension is an example of the need for a helical axis of rotation. The main 
criticism with the helical axis approach to joint motion is one associated with accuracy. 
For example, for the helical axis to be consistent there would be a requirement that the 
motion of the joint is firstly described precisely in order to determine the exact location  
of the helical axis. However, in order to define exact movement of a joint (flexion-
extension, internal-external rotation or abduction-adduction rotation) an axis of rotation is 
required. 
The final school of thought incorporates an infinite axis of rotation theory where the exact 
knee motion depends on a number of factors such as ligament and soft tissue restraints, 
bony architecture, passive motions and external loads and forces during weight bearing. 
Blankevoort et al. (1988) and La Fortune et al. (1992) found no screw-home mechanism 
during weight bearing in vivo, and suggested that the knee has a range of motion that is 
specifically dependent upon passive characteristics. For example, the screw-home 
mechanism can be found to be overcome by external passive forces during movement 
(Sanfridsson et al., 2001; Smith et al., 2003). 
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The choice of axis for the principal motion of knee depends largely on the degree of 
accuracy that is needed in whatever application it is being used. For the installation of total 
knee joint prosthesis the complex axis of rotation of the knee is usually replaced by a fixed 
axis of rotation. However, in this application careful selection of the type of prosthesis is 
required (Kurosawa et al., 1985; Siu et al., 1996). Alternatively, if the accuracy of 
determining the axes is not so stringent, as in the case of a clinical test, then the first 
approach, an instantaneous axis in the frontal and transverse plane, is seen as acceptable. 
In the horizontal plane the knee joint rotates about a longitudinal axis that extends through 
the tibia, however variations in the understanding of the location of this axis still exist 
within the scientific literature. This axis does not intersect with the flexion-extension axis of 
the knee and it is firmly located within the tibia. This axis runs close to the medial inter-
condylar tubercle (Lehmkuhl & Smith, 1983) and also very close to the ACLs tibial 
attachment. Furthermore, it is directed posteromedially close to the femoral attachment site 
of the posterior cruciate ligament (Zatsiorski, 2002). Rotations around this axis are termed 
internal and external rotations of the tibia and are specified as such unless the coupled 
motions of the femur are also included (Smith et al., 2003). This axis of rotation is present 
due to the incongruence of the femoral and tibial articulating surfaces and is affected by 
ligamentous insufficiency. With the knee in full extension rotation around this axis is 
minimal as the ligaments are taut and the menisci are firmly held between the articulating 
surfaces. In addition, the tibial spines are lodged in the intercondylar notch (Levangie & 
Norkin, 2001). During knee flexion the complex arrangement changes and the condyles of 
the tibia and femur are free to move. At approximately 90° of knee flexion around 30° 
internal and 45° external rotation is present at the joint (Nordin & Frankel, 1989). 
Several variations exist as to the exact location of this axis. Some research (Brantigan & 
Voshell, 1941; Hollister et al., 1993; Matsumoto et al., 2001; Shaw & Murray, 1974) has 
suggested that the axis is either fixed, passing through the medial femoral condyle or the 
intercondylar eminence, or as an instantaneous centre of rotation. Such wide contrasting 
opinion has resulted from the fact that the longitudinal axis of rotation in the knee is 
dependent upon many other factors than bony architecture. 

3.2 ACL behaviour 
The kinematics of the knee are complex and the ACL crosses the joint obliquely in three 
planes. There is the potential then that the function of the ACL is also complex, and this is 
shown by a voluminous literature. To try to impose order on a vast body of knowledge, the 
main movements relevant to ACL function are presented below first as separate, then 
combined where appropriate. 

3.2.1 Flexion-extension 
The ACL is not usually considered a restraint at end of range flexion or extension, but its 
load or strain behaviour is influenced by the knee’s position within these limits and is 
therefore of interest. The findings presented here do not relate to the entire ligament, as 
many authors have found the behaviour to differ between the anteromedial and 
posterolateral bands. 
Several studies show reciprocal behaviour of the two bands, in that flexion causes the 
anteromedial band to lengthen and the posterolateral band to slacken, at least up to 120° 
(Amis & Dawkins, 1991; Bach et al., 1997; Hollis et al., 1991; Takai et al., 1993; Wang et al., 
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1973). But this picture of simple reciprocity may be an over-simplification. Two of the above 
studies show that the anteromedial band length decreases in the first 10 to 30° of flexion 
before increasing further into flexion (Amis & Dawkins, 1991; Bach et al., 1997). And Bach 
and Hull (1998) showed the strains in both bundles dropped in initial flexion (15 to 30°), and 
then remained at zero; only after 90° did the anteromedial band strain increase. Inderster 
and coworkers' (1993) results show that the length of the anteromedial band remains 
roughly constant to 90°, with the posterolateral band slackening from full extension.  

3.2.2 Anterior translation 
The ACL is the primary restraint to anterior translation, bearing 80 to 90% of the load 
(Abbott et al., 1944; Butler et al., 1980; Furman et al., 1976; Takai et al., 1993). Ligament strain 
(Ahmed et al., 1987; Bach & Hull, 1998; Berns et al., 1992; Beynnon et al., 1992; Beynnon et 
al., 1997; Fleming et al., 2001; Gabriel et al., 2004; Sakane et al., 1997; Takai et al., 1993; 
Torzilli et al., 1994) or load (Livesay et al., 1995; Markolf et al., 1995) increases with an 
anterior force on the tibia. When the ACL is cut anterior translation increases (Diermann et 
al., 2009; Fukubayashi et al., 1982; Hsieh & Walker, 1976; Markolf et al., 1976; Oh et al., 2011; 
Reuben et al., 1989; Wroble et al., 1993; Yoo et al., 2005; Zantop et al., 2007), or a given 
translation is resisted by a lesser force (Butler et al., 1980; Li et al., 1999; Lo et al., 2008; Wu et 
al., 2010). 
And while the function of the whole ligament is beyond question here, that of the two bands 
is another matter. Studies have shown that posterolateral band loading on anterior force is 
either greater than or equal to that in the anteromedial band in extension, and with 
slackening of the posterolateral band in flexion a greater proportion of load is borne by the 
anteromedial band (Amis & Dawkins, 1991; Gabriel et al., 2004; Sakane et al., 1997; Takai et 
al., 1993). In support of this concept of the posterolateral band being more functional in 
flexion than extension, Zantop et al. (2007) measured the anterior translation on anterior 
force in a series of cadaveric knees before and after resection of either the anteromedial or 
posterolateral band. Deficiency of the posterolateral band led to greater translation increase 
at 30° flexion, with greater increases seen with anteromedial band deficiency at 60 and 90°. 
The findings of two other studies make the relation between the two bundles less clear. Bach 
and Hull (1998) found no difference in strain between bands on anterior force through 
flexion. Wu and colleagues (2010) calculated that ligament forces were greater in the 
anteromedial band than the posterolateral band at all flexion angles, with the peak 
anteromedial band force at 30° flexion, and the posterolateral band contribution peaking full 
extension. So although Wu and co-workers’ findings on the posterolateral band function 
reflected those above, their finding that anteromedial band force was greatest at low flexion 
led them to conclude that the sharing of load bearing is not so much reciprocal, with the 
anteromedial and posterolateral bands functioning in high and low flexion, respectively, but 
complementary, meaning here that peaks and troughs are much more similar. 

3.2.3 Internal rotation 
The ACL may act as a restraint to internal rotation, but there is no widespread agreement. 
Studies where ACL-intact knees have been subjected to an internal rotation torque have 
shown increases in ACL strain, both in vitro (Ahmed et al., 1987; Bach & Hull, 1998) and in 
vivo (Fleming et al., 2001), and ACL force in vitro (Kanamori et al., 2000; Markolf et al., 
1990). Results from an in vivo patient study, as well as transection studies in cadaver knees 
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have shown an increase in internal rotation range compared to the ACL-intact state 
(Hemmerich et al., 2011; Kanamori et al., 2000; Lipke et al., 1981; Markolf et al., 2009; Oh et 
al., 2011; Wroble et al., 1993). These differences though were typically small though 
statistically significant; Wroble et al. (1993) concluded their results were “clinically 
unimportant”. 
However other transection studies in cadaver knees have not shown an increase in internal 
rotation range (Lane et al., 1994; Reuben et al., 1989; Wünschel et al., 2010), and Lo et al. 
(2008) showed no increase in ACL force on internal rotation in vitro. In an in vivo study, 
Hemmerich and colleagues (2011) found that ACL-deficient patients showed an increase in 
internal rotation range, but at 0° flexion and not at 30°. 
So the effect of the ACL on the range of internal rotation is unclear. Lane et al. (1994) and Oh 
et al. (2011) concluded that the ACL is unlikely to resist rotation as its central position in the 
knee is too close to the rotational axis. Interestingly then, Lipke et al. (1981) transected the 
lateral collateral ligament and posterolateral structures in addition to the ACL. While 
cutting these other structures in the ACL-intact knee had no effect on internal rotation 
range, after they were cut in the ACL-deficient knee there was an increase in range. They 
concluded that cutting the ACL shifted the rotation axis medially. This is supported by other 
findings that show a medial shift of the rotation axis in the ACL-deficient knee (Mannel et 
al., 2004; Matsumoto, 1990), although not by others that show no change in position (Shaw & 
Murray, 1974). 
Studies addressing function of the two bands also conflict. Bach and Hull (1998) found no 
difference in band strain on internal rotation, whereas Lorbach et al. (2010) found that 
transection of the posterolateral band increased internal rotation on rotational torque at 30° 
flexion, and was not significantly increased by transecting the anteromedial band. 

3.2.4 Combined anterior translation/internal rotation 
There is an apparent link between anterior translation and internal rotation of the tibia. 
Fukubayashi and co-workers (1982) found in a series of cadaver knees that an anterior force 
of up to 125N applied to the tibia resulted in anterior translation and internal rotation, and 
that the rotation ceased after the ACL was cut. When the knees were constrained to move 
only in anterior translation the measured translation was substantially less. In other 
cadaveric studies, application of a 100N anterior force produced coupled internal rotation 
(Hollis et al., 1991), and simulated 200N quadriceps contraction caused anterior tibial 
translation coupled with internal rotation (Li et al., 1999). Internal rotation due to anterior 
force is not a universal finding, with Lo et al. (2008) showing a 50N anterior force (with a 
100N joint compressive force) did not elicit a significant increase in rotation. 
Many authors have measured the opposite of this, i.e. anterior translation resulting from 
applied internal rotation torque; most of these also applied a valgus torque, and they will be 
reviewed later. Kanamori et al. (2000) measured an anterior translation on internal rotation 
torque (10N·m) that increased significantly after ACL transection. Two studies investigated 
tibial translation with internal rotational torque and joint compression force. Lo and 
colleagues (2008) found no significant increase in anterior translation on a 5N·m rotational 
torque, although it was at the same level as with a 50N anterior force. Oh et al. (2011) found 
that anterior translation upon large internal rotational torque (17N·m, with an 800N 
compressive force) doubled after ACL transection, and concluded that internal rotation 
torque loads the ACL due to anterior tibial translation. 
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The issue of coupled anterior translation and internal rotation  is clearly the major kinematic 
issue in ACL reconstruction research, so it is well to discuss this here. Anterior force causes 
anterior translation that is increased if the tibia is allowed to internally rotate. We propose 
that pure anterior translation is possible with a low load in the ACL, but with higher load 
the ACL tethers the medial tibial condyle, and if unconstrained produces internal rotation. 
(While Nordt et al. (1999) suggested that the increased resistance of medial compared to 
lateral structures gives rise to internal rotation in this case, and we agree that these 
structures must allow rotation, Fukubayashi et al. (1982) showed loss of internal rotation 
when only the ACL was cut.) An imaginary horizontal line across both tibial condyles 
would then translate anteriorly initially, then with a larger load may appear to translate 
anteriorly, but would actually diverge laterally. This case is illustrated in Figure 1(a). 
 

 
Fig. 1. The articular surface of the proximal tibia, having undergone (a) anterior translation 
and internal rotation around a central axis, and (b) pure internal rotation around a medially 
placed axis 

Internal rotation torque causes internal rotation, and appears to cause a measurable anterior 
translation. But neither Kanamori et al. (2000) nor Oh et al. (2011) measured rotation with 
translation constrained. Fukubayashi et al. (1982) showed that pure anterior translation was 
restricted compared to anterior translation with unconstrained internal rotation, and it will 
be seen in 3.2.5 that valgus rotation is greater with internal rotation allowed than 
constrained. We know of no other studies that have measured rotation this way, so we 
hesitate to call rotation and translation coupled. Furthermore we know of no explanation of 
coupled translation that allows us to understand why it occurs. But the effect appears to be 
greater with ACL deficiency, and as such it is something better to be understood. We think 
the published data are consistent with a simpler interpretation provided by Lipke et al. 
(1981), Mannel et al. (2004) and Matsumoto (1990), in that ACL transection causes a medial 
shift of the rotational axis. Figure 1(a) shows the result of anterior translation and internal 
rotation about a central axis, but it also looks like the tibia has rotated about an axis just 
medial to its medial border; Figure 1(b) shows the end result of such a rotation. We ask 
whether it is possible to detect the difference between these two tibial movements on an 
actual knee. As the centre of the tibia in Figure 1(b) is travelling along an arc, it should come 
to rest slightly more medially than in Figure 1(a). Results of studies in vivo (DeFrate et al., 
2006) and in vitro (Li et al., 2007; Seon et al., 2010; Van de Velde et al., 2009) show that 
transection or rupture of the ACL increases medial tibial translation. So the ACL-deficient 
knee appears to either combine anterior translation, internal rotation and medial translation, 
or the more parsimonious alternative of internally rotating about a medially shifted axis. 
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have shown an increase in internal rotation range compared to the ACL-intact state 
(Hemmerich et al., 2011; Kanamori et al., 2000; Lipke et al., 1981; Markolf et al., 2009; Oh et 
al., 2011; Wroble et al., 1993). These differences though were typically small though 
statistically significant; Wroble et al. (1993) concluded their results were “clinically 
unimportant”. 
However other transection studies in cadaver knees have not shown an increase in internal 
rotation range (Lane et al., 1994; Reuben et al., 1989; Wünschel et al., 2010), and Lo et al. 
(2008) showed no increase in ACL force on internal rotation in vitro. In an in vivo study, 
Hemmerich and colleagues (2011) found that ACL-deficient patients showed an increase in 
internal rotation range, but at 0° flexion and not at 30°. 
So the effect of the ACL on the range of internal rotation is unclear. Lane et al. (1994) and Oh 
et al. (2011) concluded that the ACL is unlikely to resist rotation as its central position in the 
knee is too close to the rotational axis. Interestingly then, Lipke et al. (1981) transected the 
lateral collateral ligament and posterolateral structures in addition to the ACL. While 
cutting these other structures in the ACL-intact knee had no effect on internal rotation 
range, after they were cut in the ACL-deficient knee there was an increase in range. They 
concluded that cutting the ACL shifted the rotation axis medially. This is supported by other 
findings that show a medial shift of the rotation axis in the ACL-deficient knee (Mannel et 
al., 2004; Matsumoto, 1990), although not by others that show no change in position (Shaw & 
Murray, 1974). 
Studies addressing function of the two bands also conflict. Bach and Hull (1998) found no 
difference in band strain on internal rotation, whereas Lorbach et al. (2010) found that 
transection of the posterolateral band increased internal rotation on rotational torque at 30° 
flexion, and was not significantly increased by transecting the anteromedial band. 

3.2.4 Combined anterior translation/internal rotation 
There is an apparent link between anterior translation and internal rotation of the tibia. 
Fukubayashi and co-workers (1982) found in a series of cadaver knees that an anterior force 
of up to 125N applied to the tibia resulted in anterior translation and internal rotation, and 
that the rotation ceased after the ACL was cut. When the knees were constrained to move 
only in anterior translation the measured translation was substantially less. In other 
cadaveric studies, application of a 100N anterior force produced coupled internal rotation 
(Hollis et al., 1991), and simulated 200N quadriceps contraction caused anterior tibial 
translation coupled with internal rotation (Li et al., 1999). Internal rotation due to anterior 
force is not a universal finding, with Lo et al. (2008) showing a 50N anterior force (with a 
100N joint compressive force) did not elicit a significant increase in rotation. 
Many authors have measured the opposite of this, i.e. anterior translation resulting from 
applied internal rotation torque; most of these also applied a valgus torque, and they will be 
reviewed later. Kanamori et al. (2000) measured an anterior translation on internal rotation 
torque (10N·m) that increased significantly after ACL transection. Two studies investigated 
tibial translation with internal rotational torque and joint compression force. Lo and 
colleagues (2008) found no significant increase in anterior translation on a 5N·m rotational 
torque, although it was at the same level as with a 50N anterior force. Oh et al. (2011) found 
that anterior translation upon large internal rotational torque (17N·m, with an 800N 
compressive force) doubled after ACL transection, and concluded that internal rotation 
torque loads the ACL due to anterior tibial translation. 
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The issue of coupled anterior translation and internal rotation  is clearly the major kinematic 
issue in ACL reconstruction research, so it is well to discuss this here. Anterior force causes 
anterior translation that is increased if the tibia is allowed to internally rotate. We propose 
that pure anterior translation is possible with a low load in the ACL, but with higher load 
the ACL tethers the medial tibial condyle, and if unconstrained produces internal rotation. 
(While Nordt et al. (1999) suggested that the increased resistance of medial compared to 
lateral structures gives rise to internal rotation in this case, and we agree that these 
structures must allow rotation, Fukubayashi et al. (1982) showed loss of internal rotation 
when only the ACL was cut.) An imaginary horizontal line across both tibial condyles 
would then translate anteriorly initially, then with a larger load may appear to translate 
anteriorly, but would actually diverge laterally. This case is illustrated in Figure 1(a). 
 

 
Fig. 1. The articular surface of the proximal tibia, having undergone (a) anterior translation 
and internal rotation around a central axis, and (b) pure internal rotation around a medially 
placed axis 

Internal rotation torque causes internal rotation, and appears to cause a measurable anterior 
translation. But neither Kanamori et al. (2000) nor Oh et al. (2011) measured rotation with 
translation constrained. Fukubayashi et al. (1982) showed that pure anterior translation was 
restricted compared to anterior translation with unconstrained internal rotation, and it will 
be seen in 3.2.5 that valgus rotation is greater with internal rotation allowed than 
constrained. We know of no other studies that have measured rotation this way, so we 
hesitate to call rotation and translation coupled. Furthermore we know of no explanation of 
coupled translation that allows us to understand why it occurs. But the effect appears to be 
greater with ACL deficiency, and as such it is something better to be understood. We think 
the published data are consistent with a simpler interpretation provided by Lipke et al. 
(1981), Mannel et al. (2004) and Matsumoto (1990), in that ACL transection causes a medial 
shift of the rotational axis. Figure 1(a) shows the result of anterior translation and internal 
rotation about a central axis, but it also looks like the tibia has rotated about an axis just 
medial to its medial border; Figure 1(b) shows the end result of such a rotation. We ask 
whether it is possible to detect the difference between these two tibial movements on an 
actual knee. As the centre of the tibia in Figure 1(b) is travelling along an arc, it should come 
to rest slightly more medially than in Figure 1(a). Results of studies in vivo (DeFrate et al., 
2006) and in vitro (Li et al., 2007; Seon et al., 2010; Van de Velde et al., 2009) show that 
transection or rupture of the ACL increases medial tibial translation. So the ACL-deficient 
knee appears to either combine anterior translation, internal rotation and medial translation, 
or the more parsimonious alternative of internally rotating about a medially shifted axis. 
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This also concurs with Reuben and colleagues' (1989) conclusion that ACL deficiency causes 
anterior translation “about a pivot point that is medially based”. Translation around a pivot, 
or axis, is of course rotation. 
We suggest that the ACL prevents the wrong sort of rotation, that being potentially any 
rotation about an axis to which the knee is not accustomed. In this case, the ACL appears to 
prevent anterior translation of the medial tibial condyle, that is rotation about a medial axis. 

3.2.5 Valgus rotation 
The knee joint is most restricted in motion in the coronal plane, but interesting findings have 
emerged from studies involving the application of torque in this plane. Inoue and co-
workers (1987) subjected a series of canine knees to 0.6N·m valgus-varus torques and 
measured the resultant rotations with internal-external rotation and anterior-posterior 
translation first constrained, then unconstrained. Valgus-varus rotation was increased by 
220% in the latter case, valgus being coupled with internal rotation and varus with external 
rotation, and anterior-posterior translation was effectively zero. The effects of ACL 
transection on these findings were again dependent on constraint: in the constrained state 
the valgus range increased by 10%, but by 186% when unconstrained, and both valgus and 
varus were coupled with anterior translation. These results are corroborated by those of 
Hollis et al. (1991), who found coupled internal and external rotation with applied valgus 
and varus torques, respectively. 

3.2.6 Combined internal rotation/valgus rotation – the ‘pivot shift’ 
Internal rotation and valgus torques are commonly combined in a clinical test for ACL 
function called the pivot shift, which, subject to variations, consists of the application of these 
torques such that the lateral tibial condyle subluxes anteriorly in extension, and then with 
flexion the condyle abruptly slides posteriorly at around 30° (Galway & MacIntosh, 1980). 
Galway and MacIntosh (1980) described the subluxation as involving the whole tibia, but 
predominantly the lateral condyle was involved. 
The usefulness of the clinical pivot shift test as an indicator of ACL deficiency is beyond the 
scope of this review. It continues to be of biomechanical interest due to an association 
between a positive test and poorer outcome after ACL reconstruction (Jonsson et al., 2004), 
although Noyes et al. (1991) found too much operator subjectivity in the movements 
produced to recommend the manual pivot shift as an objective test. 
To better understand the biomechanics of the pivot shift, studies have measured knee 
kinematics while subjecting cadaveric knees to combined torques to simulate the 
manoeuvre. Markolf et al. (1995) showed that the combination of internal rotation/valgus 
torque (10N·m/10N·m) increased ACL force, whereas varus torque with either internal or 
external rotation did not. Kanamori et al. (2000) showed that anterior translation in the ACL-
deficient knee resulting from a 10N·m internal rotation torque increased when that torque 
was combined with a 10N·m valgus torque; also ACL forces were greater with the combined 
torque. The most consistent finding in the ACL-deficient knee is an increase in anterior 
translation, where internal rotation was either not measured (Herbort et al., 2010; Yagi et al., 
2002; Zantop et al., 2007), was found to be unchanged (Diermann et al., 2009; Seon et al., 
2010) or increased (Kondo et al., 2010; Yamamoto et al., 2004). Studies have also sought to 
uncover the role of the ACL bands on combined internal rotation/valgus torque. On 
combined torque (5N·m/10N·m), Gabriel et al. (2004) calculated greater force borne by the 
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anteromedial band than the posterolateral at 15 and 30° flexion, with a greater posterolateral 
band contribution at 15°, and Wu et al. (2010) found no difference in load borne by either 
band at 0°, and greater load borne by the anteromedial band at 30°. This is consistent with a 
picture of lessening posterolateral band contribution to resistance to combined rotation and 
valgus as flexion increases, and that by 30° the force in the anteromedial band is larger. So it 
is interesting to note that Zantop and colleagues (2007) found greater anterior translation on 
combined torque (4N·m/10N·m) when the posterolateral band was cut, compared to the 
anteromedial band, at 0 and 30° flexion. 
The results of kinematic studies suggest that the function of the ACL, even in response to 
combined torques, is to limit anterior tibial translation. Such findings have led Diermann et 
al. (2009) to conclude: 
To assess the rotational instability of the knee joint during the clinical examination, the observer 
needs to quantify rather the anterior tibial translation of the tibia than the internal tibial rotation of 
the tibial head. 
So rotational instability is evinced not by rotation but by translation. These results are 
similar to those seen in 3.2.3. In Lane and co-workers' (1994) cadaveric transection study, 
which found no increase in internal rotation, the pivot shift test was positive. This was 
supported by Reuben and colleagues' (1989) findings, with pivot shift-like motion of the 
knee in the absence of recorded internal rotation change. Lane et al. (1994) concluded that 
the pivot shift reflected increased anterior translation in the presence of normal rotation. 
An alternative explanation is that what is observed in the pivot shift sign is internal rotation 
about a medially-shifted axis. This was concluded by Matsumoto (1990), who located the 
rotation axis in cadaveric ACL-deficient knees as lying at the site of the medial collateral 
ligament, and recalls the findings of Lipke et al. (1981) and Mannel et al. (2004) (3.2.3). 
Galway and MacIntosh's (1980) description of the phenomenon (above) certainly looks to 
describe a rotation. Bull et al. (2002) too described a translation and rotation, but both about 
a medial axis. Noyes et al. (1991) measured the kinematics of an ACL- (and medial collateral 
ligament-) deficient cadaveric knee subjected to the pivot shift test by 11 orthopaedic 
surgeons. They recorded concurrent anterior translation and internal rotation, but the 
amount of movement depended on technique: for example, if initial internal rotation was 
increased then the medial tibial condyle projected less anteriorly than did the lateral. 
Musahl et al. (2011) showed that ACL-deficiency (1) increased lateral tibial condyle anterior 
translation, and (2) changed medial condyle movement from posterior translation to 
anterior. Why there is a seeming reluctance to describe an instability pattern where the 
lateral condyle subluxes anteriorly more than the medial as a rotation is unclear. We believe 
that measuring anterior translation and internal rotation, the latter about a central tibial axis, 
has led to some researchers as treating these as separate. 

3.2.7 In vivo external forces – quadriceps load and body weight 
Quadriceps load 
Because in extension the quadriceps femoris muscles, acting via the patellar ligament, exert 
an anterior force on the tibia, contraction of the quadriceps is seen to load the ACL. In 
higher degrees of flexion the patellar ligament pulls the tibia posteriorly and this effect is 
lost. Studies using cadaveric knees (Bach & Hull, 1998; DeMorat et al., 2004; Renström et al., 
1986) have shown that simulated quadriceps activity significantly increases ACL strain with 
the knee in up to 60° of flexion, and that ACL force peaks around 30° flexion (Li et al., 1999; 
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This also concurs with Reuben and colleagues' (1989) conclusion that ACL deficiency causes 
anterior translation “about a pivot point that is medially based”. Translation around a pivot, 
or axis, is of course rotation. 
We suggest that the ACL prevents the wrong sort of rotation, that being potentially any 
rotation about an axis to which the knee is not accustomed. In this case, the ACL appears to 
prevent anterior translation of the medial tibial condyle, that is rotation about a medial axis. 

3.2.5 Valgus rotation 
The knee joint is most restricted in motion in the coronal plane, but interesting findings have 
emerged from studies involving the application of torque in this plane. Inoue and co-
workers (1987) subjected a series of canine knees to 0.6N·m valgus-varus torques and 
measured the resultant rotations with internal-external rotation and anterior-posterior 
translation first constrained, then unconstrained. Valgus-varus rotation was increased by 
220% in the latter case, valgus being coupled with internal rotation and varus with external 
rotation, and anterior-posterior translation was effectively zero. The effects of ACL 
transection on these findings were again dependent on constraint: in the constrained state 
the valgus range increased by 10%, but by 186% when unconstrained, and both valgus and 
varus were coupled with anterior translation. These results are corroborated by those of 
Hollis et al. (1991), who found coupled internal and external rotation with applied valgus 
and varus torques, respectively. 

3.2.6 Combined internal rotation/valgus rotation – the ‘pivot shift’ 
Internal rotation and valgus torques are commonly combined in a clinical test for ACL 
function called the pivot shift, which, subject to variations, consists of the application of these 
torques such that the lateral tibial condyle subluxes anteriorly in extension, and then with 
flexion the condyle abruptly slides posteriorly at around 30° (Galway & MacIntosh, 1980). 
Galway and MacIntosh (1980) described the subluxation as involving the whole tibia, but 
predominantly the lateral condyle was involved. 
The usefulness of the clinical pivot shift test as an indicator of ACL deficiency is beyond the 
scope of this review. It continues to be of biomechanical interest due to an association 
between a positive test and poorer outcome after ACL reconstruction (Jonsson et al., 2004), 
although Noyes et al. (1991) found too much operator subjectivity in the movements 
produced to recommend the manual pivot shift as an objective test. 
To better understand the biomechanics of the pivot shift, studies have measured knee 
kinematics while subjecting cadaveric knees to combined torques to simulate the 
manoeuvre. Markolf et al. (1995) showed that the combination of internal rotation/valgus 
torque (10N·m/10N·m) increased ACL force, whereas varus torque with either internal or 
external rotation did not. Kanamori et al. (2000) showed that anterior translation in the ACL-
deficient knee resulting from a 10N·m internal rotation torque increased when that torque 
was combined with a 10N·m valgus torque; also ACL forces were greater with the combined 
torque. The most consistent finding in the ACL-deficient knee is an increase in anterior 
translation, where internal rotation was either not measured (Herbort et al., 2010; Yagi et al., 
2002; Zantop et al., 2007), was found to be unchanged (Diermann et al., 2009; Seon et al., 
2010) or increased (Kondo et al., 2010; Yamamoto et al., 2004). Studies have also sought to 
uncover the role of the ACL bands on combined internal rotation/valgus torque. On 
combined torque (5N·m/10N·m), Gabriel et al. (2004) calculated greater force borne by the 
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anteromedial band than the posterolateral at 15 and 30° flexion, with a greater posterolateral 
band contribution at 15°, and Wu et al. (2010) found no difference in load borne by either 
band at 0°, and greater load borne by the anteromedial band at 30°. This is consistent with a 
picture of lessening posterolateral band contribution to resistance to combined rotation and 
valgus as flexion increases, and that by 30° the force in the anteromedial band is larger. So it 
is interesting to note that Zantop and colleagues (2007) found greater anterior translation on 
combined torque (4N·m/10N·m) when the posterolateral band was cut, compared to the 
anteromedial band, at 0 and 30° flexion. 
The results of kinematic studies suggest that the function of the ACL, even in response to 
combined torques, is to limit anterior tibial translation. Such findings have led Diermann et 
al. (2009) to conclude: 
To assess the rotational instability of the knee joint during the clinical examination, the observer 
needs to quantify rather the anterior tibial translation of the tibia than the internal tibial rotation of 
the tibial head. 
So rotational instability is evinced not by rotation but by translation. These results are 
similar to those seen in 3.2.3. In Lane and co-workers' (1994) cadaveric transection study, 
which found no increase in internal rotation, the pivot shift test was positive. This was 
supported by Reuben and colleagues' (1989) findings, with pivot shift-like motion of the 
knee in the absence of recorded internal rotation change. Lane et al. (1994) concluded that 
the pivot shift reflected increased anterior translation in the presence of normal rotation. 
An alternative explanation is that what is observed in the pivot shift sign is internal rotation 
about a medially-shifted axis. This was concluded by Matsumoto (1990), who located the 
rotation axis in cadaveric ACL-deficient knees as lying at the site of the medial collateral 
ligament, and recalls the findings of Lipke et al. (1981) and Mannel et al. (2004) (3.2.3). 
Galway and MacIntosh's (1980) description of the phenomenon (above) certainly looks to 
describe a rotation. Bull et al. (2002) too described a translation and rotation, but both about 
a medial axis. Noyes et al. (1991) measured the kinematics of an ACL- (and medial collateral 
ligament-) deficient cadaveric knee subjected to the pivot shift test by 11 orthopaedic 
surgeons. They recorded concurrent anterior translation and internal rotation, but the 
amount of movement depended on technique: for example, if initial internal rotation was 
increased then the medial tibial condyle projected less anteriorly than did the lateral. 
Musahl et al. (2011) showed that ACL-deficiency (1) increased lateral tibial condyle anterior 
translation, and (2) changed medial condyle movement from posterior translation to 
anterior. Why there is a seeming reluctance to describe an instability pattern where the 
lateral condyle subluxes anteriorly more than the medial as a rotation is unclear. We believe 
that measuring anterior translation and internal rotation, the latter about a central tibial axis, 
has led to some researchers as treating these as separate. 

3.2.7 In vivo external forces – quadriceps load and body weight 
Quadriceps load 
Because in extension the quadriceps femoris muscles, acting via the patellar ligament, exert 
an anterior force on the tibia, contraction of the quadriceps is seen to load the ACL. In 
higher degrees of flexion the patellar ligament pulls the tibia posteriorly and this effect is 
lost. Studies using cadaveric knees (Bach & Hull, 1998; DeMorat et al., 2004; Renström et al., 
1986) have shown that simulated quadriceps activity significantly increases ACL strain with 
the knee in up to 60° of flexion, and that ACL force peaks around 30° flexion (Li et al., 1999; 
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Li et al., 2004). This was corroborated by in vivo studies, showing that actual quadriceps 
contraction causes ACL strain increases to 30° flexion (Beynnon et al., 1992), and that ACL-
deficient knees show increased anterior translation on quadriceps contraction in the same 
range (Bach & Hull, 1998; Barrance et al., 2006; DeMorat et al., 2004).  
Studies examining the behaviour of the two bundles of the ACL on quadriceps contraction 
have shown equal band strain throughout flexion range (Bach & Hull, 1998; Wu et al., 2010). 
Weight-bearing  
It is clear that ligament function in the knee is sensitive to weight-bearing status. This has 
meaning beyond the laboratory: what obtains on the clinician’s couch may not obtain on the 
street. Cadaveric studies have measured anterior translation with the knee unloaded and 
loaded with a compressive force. Hsieh and Walker (1976) found that a 98N load reduced 
anteroposterior translation, and Ahmed et al. (1987) showed a decreased range of anterior 
translation in the presence of a 900N preload, and a decrease in ACL strain with 
compression. In contrast, Torzilli et al. (1994) found anterior translation of the tibia in 
response to a joint compressive load (up to 444N), as did Oh et al. (2011), who found 
translation coupled with internal rotation with a compressive load of 800N. These findings 
were corroborated in vivo: Beynnon et al. (1997) and Fleming et al. (2001) found an increase 
in ACL strain with the simple change from non-weight-bearing to weight-bearing. Weight-
bearing may increase ACL loading due to the posteroinferior slope of the proximal tibial 
surface (Hashemi et al., 2008) inducing an anterior shift on tibiofemoral compression 
(Fleming et al., 2001; Torzilli et al., 1994). 
These indings can then help to explain the coupling of internal rotation with other 
movements. In 3.2.5 the application of valgus-varus torque was seen to induce coupled 
internal-external rotation (Inoue et al., 1987). The effect of these torques can now be seen in 
terms of weight-bearing through the lateral and medial condyles, respectively. Valgus 
torque opposes the lateral femoral and tibial condyles, and due to the slope of the tibial 
condyle there is relative posterior translation of the femoral condyle i.e. internal tibial 
rotation. Varus loading would then oppose the medial condyles, causing external tibial 
rotation. This is supported by Inoue’s results following ACL transection: both valgus and 
varus torques resulted in anterior tibial translation. That the slope is greater on the lateral 
side (Hashemi et al., 2008) may help to explain the internal rotation found on compressing 
the knee joint (Meyer & Haut, 2008). 

4. Anterior cruciate ligament injury and reconstruction 
Loss of function of the ACL leads to kinematic changes that threaten the well-being of the 
knee and patient, and that may call for surgical reconstruction to combat them. But 
replacing a native ligament in order to replicate its function, when that function is not 
completely known, necessitates ongoing evaluation of the kinematics before and after 
surgery. 

4.1 Kinematics of the ACL-deficient knee 
In section 3 results of studies were discussed where the kinematics of ACL-deficient knees, 
both cadaveric and in living patients, were studied where external influences such as 
simulated weight-bearing and muscle forces were controlled. Studies have also been 
conducted where those influences were less controlled, in which living patients performed 
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weight-bearing activities closer to normal everyday function, especially gait. These studies 
are beyond the scope of this review, not due to relevance but complexity: the kinematics of 
the ACL-deficient knee in walking will be a result of both the deficiency as well as the 
person’s responses to that deficiency. 

4.2 Kinematics of the ACL-reconstructed knee 
Reconstruction of the ACL typically replaces the ligament with a graft from either a central 
strip of patellar ligament or one or more hamstring tendons. Studies addressing the 
kinematics of the ACL-reconstructed knee, comparing reconstructed knees with ACL-intact, 
and –deficient knees have increased our understanding of the success of attempts to restore 
knee function after injury. Given the lack of clarity of just what ACL deficiency causes, 
unsurprisingly these studies have also thrown up questions that remain unanswered. 
Given the primacy of the ACL in resisting anterior translation on anterior force, this function 
has been a focus of ACL reconstruction research. Yoo et al. (2005) investigated the 
kinematics of reconstructed cadaveric knees under anterior force (130N) and simulated 
quadriceps load (400N). Anterior translation was restored to intact levels at flexion greater 
than 30°, but at 30° or less the translation was greater than the intact state. 
The effects of reconstruction on knee rotation have of course been another focus. In an in 
vivo study, Nordt et al. (1999) measured internal and external rotation on rotational torque 
(5N·m) on ACL-reconstructed knees and compared values with the uninjured side. Internal 
rotation was decreased and external rotation increased in the reconstructed knees, leading 
the authors to conclude that internal rotation had been over-constrained. Yoo et al. (2005) 
did not apply a torsional load but they did measure rotation on anterior force (130N) and 
quadriceps load (400N). Interestingly internal rotation showed no difference between ACL-
intact and –deficient knees, but was decreased in reconstructed compared to intact knees. 
This again suggested an over-constraint to internal rotation. On a combined internal 
rotation/valgus torque (10N·m/10N·m) in a cadaveric study, Woo et al. (2002) found  
that reconstructed knees showed reduced anterior translation compared to the deficient 
state, but increased compared to the intact state. Woo and coworkers thus suggested  
that reconstruction was unable to adequately limit rotational laxity, but with these  
few studies we see evidence of decreased and increased laxity associated with internal 
rotational torques. 
So with problems with rotational laxity, alternative methods have been sought to improve 
results. One possible problem with the standard ACL reconstruction procedure is that the 
graft is somewhat vertical, with the femoral end just lateral to the summit of the roof of the 
intercondylar notch, and obliquity may affect rotational stability (Yamamoto et al., 2004). A 
potential improvement is a more laterally placed femoral tunnel to increase the obliquity of 
the graft. (As this reflects the original femoral attachment of the ligament better this has 
been termed an “anatomic” reconstruction (e.g. Kondo et al., 2011), but as this is also used to 
describe the effect of a double bundle reconstruction (e.g. Yamamoto et al., 2004) we will use 
the term laterally placed.) The notch with the knee in extension is open posteriorly, so the 
summit of the roof is anterior. With the knee in the surgical position of flexion, the summit 
is at the top of view, or at 12 o’clock, and the lateral wall of the notch in the right knee 
merges with the posterior articular cartilage at 9 o’clock (Seon et al., 2011). So the standard 
femoral placement is at 11 o’clock (Markolf et al., 2002); from the previous paragraph at least 
Woo et al. (2002) and Yoo et al. (2005) used the 11 o’clock position. Another effort to mimic 
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Li et al., 2004). This was corroborated by in vivo studies, showing that actual quadriceps 
contraction causes ACL strain increases to 30° flexion (Beynnon et al., 1992), and that ACL-
deficient knees show increased anterior translation on quadriceps contraction in the same 
range (Bach & Hull, 1998; Barrance et al., 2006; DeMorat et al., 2004).  
Studies examining the behaviour of the two bundles of the ACL on quadriceps contraction 
have shown equal band strain throughout flexion range (Bach & Hull, 1998; Wu et al., 2010). 
Weight-bearing  
It is clear that ligament function in the knee is sensitive to weight-bearing status. This has 
meaning beyond the laboratory: what obtains on the clinician’s couch may not obtain on the 
street. Cadaveric studies have measured anterior translation with the knee unloaded and 
loaded with a compressive force. Hsieh and Walker (1976) found that a 98N load reduced 
anteroposterior translation, and Ahmed et al. (1987) showed a decreased range of anterior 
translation in the presence of a 900N preload, and a decrease in ACL strain with 
compression. In contrast, Torzilli et al. (1994) found anterior translation of the tibia in 
response to a joint compressive load (up to 444N), as did Oh et al. (2011), who found 
translation coupled with internal rotation with a compressive load of 800N. These findings 
were corroborated in vivo: Beynnon et al. (1997) and Fleming et al. (2001) found an increase 
in ACL strain with the simple change from non-weight-bearing to weight-bearing. Weight-
bearing may increase ACL loading due to the posteroinferior slope of the proximal tibial 
surface (Hashemi et al., 2008) inducing an anterior shift on tibiofemoral compression 
(Fleming et al., 2001; Torzilli et al., 1994). 
These indings can then help to explain the coupling of internal rotation with other 
movements. In 3.2.5 the application of valgus-varus torque was seen to induce coupled 
internal-external rotation (Inoue et al., 1987). The effect of these torques can now be seen in 
terms of weight-bearing through the lateral and medial condyles, respectively. Valgus 
torque opposes the lateral femoral and tibial condyles, and due to the slope of the tibial 
condyle there is relative posterior translation of the femoral condyle i.e. internal tibial 
rotation. Varus loading would then oppose the medial condyles, causing external tibial 
rotation. This is supported by Inoue’s results following ACL transection: both valgus and 
varus torques resulted in anterior tibial translation. That the slope is greater on the lateral 
side (Hashemi et al., 2008) may help to explain the internal rotation found on compressing 
the knee joint (Meyer & Haut, 2008). 

4. Anterior cruciate ligament injury and reconstruction 
Loss of function of the ACL leads to kinematic changes that threaten the well-being of the 
knee and patient, and that may call for surgical reconstruction to combat them. But 
replacing a native ligament in order to replicate its function, when that function is not 
completely known, necessitates ongoing evaluation of the kinematics before and after 
surgery. 

4.1 Kinematics of the ACL-deficient knee 
In section 3 results of studies were discussed where the kinematics of ACL-deficient knees, 
both cadaveric and in living patients, were studied where external influences such as 
simulated weight-bearing and muscle forces were controlled. Studies have also been 
conducted where those influences were less controlled, in which living patients performed 
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weight-bearing activities closer to normal everyday function, especially gait. These studies 
are beyond the scope of this review, not due to relevance but complexity: the kinematics of 
the ACL-deficient knee in walking will be a result of both the deficiency as well as the 
person’s responses to that deficiency. 

4.2 Kinematics of the ACL-reconstructed knee 
Reconstruction of the ACL typically replaces the ligament with a graft from either a central 
strip of patellar ligament or one or more hamstring tendons. Studies addressing the 
kinematics of the ACL-reconstructed knee, comparing reconstructed knees with ACL-intact, 
and –deficient knees have increased our understanding of the success of attempts to restore 
knee function after injury. Given the lack of clarity of just what ACL deficiency causes, 
unsurprisingly these studies have also thrown up questions that remain unanswered. 
Given the primacy of the ACL in resisting anterior translation on anterior force, this function 
has been a focus of ACL reconstruction research. Yoo et al. (2005) investigated the 
kinematics of reconstructed cadaveric knees under anterior force (130N) and simulated 
quadriceps load (400N). Anterior translation was restored to intact levels at flexion greater 
than 30°, but at 30° or less the translation was greater than the intact state. 
The effects of reconstruction on knee rotation have of course been another focus. In an in 
vivo study, Nordt et al. (1999) measured internal and external rotation on rotational torque 
(5N·m) on ACL-reconstructed knees and compared values with the uninjured side. Internal 
rotation was decreased and external rotation increased in the reconstructed knees, leading 
the authors to conclude that internal rotation had been over-constrained. Yoo et al. (2005) 
did not apply a torsional load but they did measure rotation on anterior force (130N) and 
quadriceps load (400N). Interestingly internal rotation showed no difference between ACL-
intact and –deficient knees, but was decreased in reconstructed compared to intact knees. 
This again suggested an over-constraint to internal rotation. On a combined internal 
rotation/valgus torque (10N·m/10N·m) in a cadaveric study, Woo et al. (2002) found  
that reconstructed knees showed reduced anterior translation compared to the deficient 
state, but increased compared to the intact state. Woo and coworkers thus suggested  
that reconstruction was unable to adequately limit rotational laxity, but with these  
few studies we see evidence of decreased and increased laxity associated with internal 
rotational torques. 
So with problems with rotational laxity, alternative methods have been sought to improve 
results. One possible problem with the standard ACL reconstruction procedure is that the 
graft is somewhat vertical, with the femoral end just lateral to the summit of the roof of the 
intercondylar notch, and obliquity may affect rotational stability (Yamamoto et al., 2004). A 
potential improvement is a more laterally placed femoral tunnel to increase the obliquity of 
the graft. (As this reflects the original femoral attachment of the ligament better this has 
been termed an “anatomic” reconstruction (e.g. Kondo et al., 2011), but as this is also used to 
describe the effect of a double bundle reconstruction (e.g. Yamamoto et al., 2004) we will use 
the term laterally placed.) The notch with the knee in extension is open posteriorly, so the 
summit of the roof is anterior. With the knee in the surgical position of flexion, the summit 
is at the top of view, or at 12 o’clock, and the lateral wall of the notch in the right knee 
merges with the posterior articular cartilage at 9 o’clock (Seon et al., 2011). So the standard 
femoral placement is at 11 o’clock (Markolf et al., 2002); from the previous paragraph at least 
Woo et al. (2002) and Yoo et al. (2005) used the 11 o’clock position. Another effort to mimic 
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the natural anatomy is the double bundle method, where anteromedial and posterolateral 
bands of the original ligament are replaced separately (Zaricznyj, 1987). 
Effect of femoral tunnel site 
In a study to compare a laterally placed single bundle reconstruction with the ACL-deficient 
state, Lie et al. (2007) compared anterior translation and internal rotation in cadaveric knees 
before and after ACL transection and after reconstruction (in the half-past 10 position). They 
also varied the graft tension, and examined its effect on kinematics. Anterior translation on 
anterior force (150N) was reduced from the deficient state up to that of the intact state with 
increasing graft tension. The pivot shift test was simulated by applying a “specific and 
unique combination of loads”, meaning the results cannot be replicated but the combination 
of loads was kept constant for each knee. Increasing graft tension again reduced anterior 
translation, but not internal rotation. 
Markolf and colleagues (2002) tested the laxity and ligament graft forces in a series of 
cadaveric knees with femoral attachment sites at the 10, 11 and 12 o’clock positions. Anterior 
translation on a 200N anterior force was not affected by tunnel position, and neither was 
graft force (on 100N anterior force or 5 and 10N·m internal-external rotational and valgus-
varus force), between full extension and full flexion. 
Seon et al. (2011) compared single bundle in vivo reconstructions with femoral attachments 
at 11 o’clock (“high“) and 10 o’clock (“low“). Both methods reduced anterior translation on 
100N anterior force to the same degree, agreeing with Markolf et al. (2002). The main 
departure from both Markolf et al. (2002) and Lie et al. (2007) was that the low group 
showed significantly less internal rotation on 10N·m torque than the high group, and 
without preinjury or contralateral knee range data, the authors declared this result “better”. 
Single (standard) versus double 
Yagi et al. (2002) compared an anatomic double bundle method with a single bundle (11 
o’clock) method in a series of cadaveric knees. The double bundle method led to increased 
anterior translation on a 134N anterior force at 0 and 30° flexion, compared to the intact 
state, but this translation was significantly less than for the single bundle reconstruction. 
Ligament force measured was at the intact level for the double bundle method and 
significantly greater than for the single bundle method up to 60° flexion, and the forces 
measured in the single bundle were less than in the intact state up to 30°. Single and double 
bundle reconstructions were both unable to reduce anterior translation on combined 
internal rotation/valgus torque (5N·m/10N·m), but the double bundle method reduced it 
more. Kondo et al. (2010) performed a similar study. Both reconstructions showed 
significant decreases from deficient values in anterior translation on 90N anterior force, with 
the double bundle method showing significantly less translation, and values were not 
compared with the intact state. On 5N·m internal rotation torque the double bundle method 
reduced internal rotation to intact levels, but the single bundle method did not. On 
combined internal rotation/valgus torque (1N·m/5N·m), both reconstructions lowered 
anterior translation. Under the combined torque, only the double bundle method reduced 
internal rotation, but to below intact levels i.e. internal rotation on pivot shift was over-
constrained, but not on internal rotation torque. 
Single (lateral) versus double 
Several studies have attempted to compare the effectiveness of one development over the 
other i.e. laterally placed single bundle versus double bundle. Yamamoto et al. (2004) 
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compared a series of cadaveric knees in the ACL-intact, -deficient and –reconstructed 
(laterally placed [10 o’clock] single bundle and “anatomical” double bundle) states. Anterior 
translation on 134N anterior force was restored to normal levels in the double bundle 
method, and was greater than in the intact state in the single bundle method at 60 and 90° 
flexion. Forces borne by the two ligament grafts reflected these results, those in the single 
bundle graft being lower than in the intact state at 60 and 90°. Combined internal 
rotation/valgus torque (5N·m/10N·m) produced anterior translation that was reduced to 
intact levels by both methods, and graft forces measured were the same with each method. 
Combined torque produced internal rotation that was restored to intact levels by both 
methods at 15°, and was greater with both methods at 30°. These results suggest that a 
single bundle reconstruction may achieve the same rotational stability as a double bundle 
reconstruction, with a shift in the femoral tunnel location. 
Bedi et al. (2010) compared anterior translation of the tibia on anterior force and mechanized 
pivot shift in cadaveric knees in the ACL-intact, -deficient (including of menisci) and 
reconstructed states. The reconstruction methods were double bundle and single bundle, the 
femoral tunnel for the latter being placed in between the tunnel sites for former. They 
measured movement of the lateral and tibial condyles and a central point independently. 
Both reconstructions restored translation to the intact level on anterior force (68N). Both 
reconstructions reduced lateral condyle movement during a “mechanized pivot shift” 
(torques not given), but the double bundle method reduced it more.  
Seon et al. (2010) compared anterior and medial translation and internal rotation ranges in a 
series of cadaveric knees in the intact, deficient and reconstructed (single [half-past 10] and 
double bundle) states. They found reconstruction reduced anterior translation on anterior 
force (134N), simulated quadriceps load (400N) and combined internal rotation/valgus 
torque (5N·m/10N·m) from the deficient state, but the single bundle method did not 
reduce translation back to the intact level. Tibial medial translation was increased in the 
deficient state and was reduced to the intact level by both methods. Internal rotation on 
quadriceps load was reduced from the intact level by both reconstruction methods, more 
so with the double bundle, and the double bundle method reduced internal rotation on 
combined torque compared to the intact state. So although anterior tibial translation was 
improved with the double bundle method, this method also appears to have over-
constrained internal rotation. 
In an in vivo patient study comparing laterally placed single bundle and double bundle 
reconstructions, Aglietti et al. (2010) found an increase in anterior translation on 134N 
anterior force with the single bundle method, but only at 1- and 2-year follow-up. This 
reflects the findings of Seon et al. (2010) and Yamamoto et al. (2004), and is a useful 
reminder that the post-operative phase is only the start of an actual ACL reconstruction. 
Hemmerich et al. (2011) compared internal rotation range on internal rotation torque 
(indexed to body weight) before and after single (10.30) or double bundle in vivo 
reconstruction. Although internal rotation in the deficient knee was shown to be increased 
at 0° (and not 30°) flexion, the only significant change in rotation after reconstruction was an 
over-constraint in the double bundle knees at 30°. 
Standard single versus lateral single versus double 
Kondo et al. (2011) compared translation and rotation in cadaver knees in the ACL-intact, -
deficient, and –reconstructed (single bundle [11 o’clock], laterally-placed single bundle 
[10.30], and double bundle) states. While all reconstructions restored anterior translation on 
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the natural anatomy is the double bundle method, where anteromedial and posterolateral 
bands of the original ligament are replaced separately (Zaricznyj, 1987). 
Effect of femoral tunnel site 
In a study to compare a laterally placed single bundle reconstruction with the ACL-deficient 
state, Lie et al. (2007) compared anterior translation and internal rotation in cadaveric knees 
before and after ACL transection and after reconstruction (in the half-past 10 position). They 
also varied the graft tension, and examined its effect on kinematics. Anterior translation on 
anterior force (150N) was reduced from the deficient state up to that of the intact state with 
increasing graft tension. The pivot shift test was simulated by applying a “specific and 
unique combination of loads”, meaning the results cannot be replicated but the combination 
of loads was kept constant for each knee. Increasing graft tension again reduced anterior 
translation, but not internal rotation. 
Markolf and colleagues (2002) tested the laxity and ligament graft forces in a series of 
cadaveric knees with femoral attachment sites at the 10, 11 and 12 o’clock positions. Anterior 
translation on a 200N anterior force was not affected by tunnel position, and neither was 
graft force (on 100N anterior force or 5 and 10N·m internal-external rotational and valgus-
varus force), between full extension and full flexion. 
Seon et al. (2011) compared single bundle in vivo reconstructions with femoral attachments 
at 11 o’clock (“high“) and 10 o’clock (“low“). Both methods reduced anterior translation on 
100N anterior force to the same degree, agreeing with Markolf et al. (2002). The main 
departure from both Markolf et al. (2002) and Lie et al. (2007) was that the low group 
showed significantly less internal rotation on 10N·m torque than the high group, and 
without preinjury or contralateral knee range data, the authors declared this result “better”. 
Single (standard) versus double 
Yagi et al. (2002) compared an anatomic double bundle method with a single bundle (11 
o’clock) method in a series of cadaveric knees. The double bundle method led to increased 
anterior translation on a 134N anterior force at 0 and 30° flexion, compared to the intact 
state, but this translation was significantly less than for the single bundle reconstruction. 
Ligament force measured was at the intact level for the double bundle method and 
significantly greater than for the single bundle method up to 60° flexion, and the forces 
measured in the single bundle were less than in the intact state up to 30°. Single and double 
bundle reconstructions were both unable to reduce anterior translation on combined 
internal rotation/valgus torque (5N·m/10N·m), but the double bundle method reduced it 
more. Kondo et al. (2010) performed a similar study. Both reconstructions showed 
significant decreases from deficient values in anterior translation on 90N anterior force, with 
the double bundle method showing significantly less translation, and values were not 
compared with the intact state. On 5N·m internal rotation torque the double bundle method 
reduced internal rotation to intact levels, but the single bundle method did not. On 
combined internal rotation/valgus torque (1N·m/5N·m), both reconstructions lowered 
anterior translation. Under the combined torque, only the double bundle method reduced 
internal rotation, but to below intact levels i.e. internal rotation on pivot shift was over-
constrained, but not on internal rotation torque. 
Single (lateral) versus double 
Several studies have attempted to compare the effectiveness of one development over the 
other i.e. laterally placed single bundle versus double bundle. Yamamoto et al. (2004) 
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compared a series of cadaveric knees in the ACL-intact, -deficient and –reconstructed 
(laterally placed [10 o’clock] single bundle and “anatomical” double bundle) states. Anterior 
translation on 134N anterior force was restored to normal levels in the double bundle 
method, and was greater than in the intact state in the single bundle method at 60 and 90° 
flexion. Forces borne by the two ligament grafts reflected these results, those in the single 
bundle graft being lower than in the intact state at 60 and 90°. Combined internal 
rotation/valgus torque (5N·m/10N·m) produced anterior translation that was reduced to 
intact levels by both methods, and graft forces measured were the same with each method. 
Combined torque produced internal rotation that was restored to intact levels by both 
methods at 15°, and was greater with both methods at 30°. These results suggest that a 
single bundle reconstruction may achieve the same rotational stability as a double bundle 
reconstruction, with a shift in the femoral tunnel location. 
Bedi et al. (2010) compared anterior translation of the tibia on anterior force and mechanized 
pivot shift in cadaveric knees in the ACL-intact, -deficient (including of menisci) and 
reconstructed states. The reconstruction methods were double bundle and single bundle, the 
femoral tunnel for the latter being placed in between the tunnel sites for former. They 
measured movement of the lateral and tibial condyles and a central point independently. 
Both reconstructions restored translation to the intact level on anterior force (68N). Both 
reconstructions reduced lateral condyle movement during a “mechanized pivot shift” 
(torques not given), but the double bundle method reduced it more.  
Seon et al. (2010) compared anterior and medial translation and internal rotation ranges in a 
series of cadaveric knees in the intact, deficient and reconstructed (single [half-past 10] and 
double bundle) states. They found reconstruction reduced anterior translation on anterior 
force (134N), simulated quadriceps load (400N) and combined internal rotation/valgus 
torque (5N·m/10N·m) from the deficient state, but the single bundle method did not 
reduce translation back to the intact level. Tibial medial translation was increased in the 
deficient state and was reduced to the intact level by both methods. Internal rotation on 
quadriceps load was reduced from the intact level by both reconstruction methods, more 
so with the double bundle, and the double bundle method reduced internal rotation on 
combined torque compared to the intact state. So although anterior tibial translation was 
improved with the double bundle method, this method also appears to have over-
constrained internal rotation. 
In an in vivo patient study comparing laterally placed single bundle and double bundle 
reconstructions, Aglietti et al. (2010) found an increase in anterior translation on 134N 
anterior force with the single bundle method, but only at 1- and 2-year follow-up. This 
reflects the findings of Seon et al. (2010) and Yamamoto et al. (2004), and is a useful 
reminder that the post-operative phase is only the start of an actual ACL reconstruction. 
Hemmerich et al. (2011) compared internal rotation range on internal rotation torque 
(indexed to body weight) before and after single (10.30) or double bundle in vivo 
reconstruction. Although internal rotation in the deficient knee was shown to be increased 
at 0° (and not 30°) flexion, the only significant change in rotation after reconstruction was an 
over-constraint in the double bundle knees at 30°. 
Standard single versus lateral single versus double 
Kondo et al. (2011) compared translation and rotation in cadaver knees in the ACL-intact, -
deficient, and –reconstructed (single bundle [11 o’clock], laterally-placed single bundle 
[10.30], and double bundle) states. While all reconstructions restored anterior translation on 
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anterior force (90N) to intact levels, there were differences in rotation. The single bundle (11 
o’clock) method was unable to decrease the internal rotation range on internal rotation 
torque (5N·m) to intact levels, unlike the laterally-placed single bundle and double bundle 
methods. A mechanized pivot shift test, delivering combined internal rotation/valgus 
torque (1N·m/5N·m), showed no changes to rotation, even in the deficient state 
(presumably due to lower rotational torque). Interestingly though, the combined torque 
caused an anterior translation that was (a) increased in deficient knees, (b) normal in the 11 
o’clock single bundle reconstruction, and (c) decreased (i.e. over-constrained) in the 
laterally-placed single bundle and double bundle reconstructions. 
So overall the laterally placed and double bundle methods may improve anterior translation 
but over-constrain internal rotation, when the specific nature of the rotational function of the 
ACL is unclear. It is useful at this point to look more closely at some of these data. Kondo et 
al. (2011) showed that laterally placed single bundle and double bundle reconstructions 
restored anterior translation on anterior force to normal levels, but over-constrained anterior 
translation on simulated pivot shift. There was no general over-constraint on rotation, as 
internal rotation range on rotational torque was normal. If pivot shift does measure anterior 
translation due to internal rotation, it would appear that the ACL has a greater role in 
restraining this anterior translation, as there was no over-constraint in translation on 
anterior force. Anterior translation should therefore be greater on pivot shift after 
transection than an equivalent anterior force, but we know of no models that allow 
calculation of an anterior force resulting from an internal rotation torque in the knee. 
Bedi et al. (2010) showed mean measurements of movement of different parts of the tibia, 
and while many of these means were not statistically significantly different, they did derive 
from only five knees, and the pattern of differences provides us with a possible alternative 
explanation to Kondo and others' (2011) results. In the ACL-intact state, Bedi et al. (2010) 
showed that the pivot shift test elicited a zero mean anterior-posterior shift for the central 
point, with a posterior shift of the medial condyle and an anterior shift of the lateral 
condyle. In terminology appropriate to a situation where the degree of movement is 
dependent on position, the tibia rotated around a roughly central axis (Fig. 2(a)). The 
deficient state (again, the menisci were excised) showed anterior shift of the three measured 
points, lateral > central > medial, i.e. the tibia rotated around a medially placed axis (Fig. 
2(b)). The change from posterior to anterior movement of the medial condyle on pivot shift 
was also shown in Musahl and coworkers (2011) results (3.2.6). The single bundle 
reconstruction showed movement of roughly equal magnitude of medial and lateral 
condyles, posteriorly and anteriorly respectively, but greater than in the intact state. That is, 
the tibia rotated about a central axis but with greater range than the intact state (Fig. 2(c)). 
Finally, the double bundle reconstruction led to posterior movement of the medial condyle 
and the central point (medial > central) and the lateral condyle moved anteriorly, i.e. rotated 
around a laterally placed axis (Fig. 2(d)). In this way Kondo and colleagues' (2011) posterior 
translation may have been less an over-constraint than a response to a shifted axis. 

5. Future research 
Over the last 30 or more years there has been much written about the ACL and its function 
and treatment, and although results of treatment are overall very good, it is surprising that 
there is still so much confusion regarding the role of the ligament, and there is no 
meaningful consensus statement about what precisely surgery should be trying to mimic.  
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Fig. 2. The articular surface of the proximal tibia, having undergone internal rotation around 
an axis positioned (a) centrally, (b) medially, (c) centrally, but with greater range than (a), 
and (d) laterally. 

One issue that we believe stands in the way of such consensus is a black and white 
atmosphere of false dichotomies encouraged by the statistically significant/non-significant 
divide, almost as if, for example, any increase in rotational laxity after ACL injury is the 
same as any other. What is required is a series of larger high-powered studies where 
meaningful estimates of laxities can be made. It is quite conceivable that reconstruction can 
never be perfect, but that a residual laxity is tolerable following reconstruction. But a 
statistical test with sufficient power to show a statistically significant, yet minor, difference 
results in a conclusion of abnormality; one where n is low enough and/or variance is high 
enough to mask a larger difference indicates that the situation is normal. We believe that a 
goal of reconstruction research should be, after stoically accepting that there will be an 
intact-reconstructed difference, to estimate that difference with confidence intervals and 
then to determine its clinical significance. Otherwise too much influence is placed in 
statistical inferences, with not enough in biological ones. 
The data in the literature are consistent with a change to knee joint kinematics resulting from a 
change in position of the axis of knee joint rotation following ACL injury, and possibly also 
reconstruction. Just as an increase or decrease in rotational range may oppose articular regions 
not accustomed to opposing each other, and thereby initiate degenerative changes, so too may 
a change in position of the axis of rotation. We are embarking on research to investigate the 
range of offset-axis rotation, and the effect on that range of ACL transection. We believe this 
research will extend current knowledge and thinking that is focussed on central axis rotation, 
and possibly registers change in axis as increase in translation. 
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anterior force (90N) to intact levels, there were differences in rotation. The single bundle (11 
o’clock) method was unable to decrease the internal rotation range on internal rotation 
torque (5N·m) to intact levels, unlike the laterally-placed single bundle and double bundle 
methods. A mechanized pivot shift test, delivering combined internal rotation/valgus 
torque (1N·m/5N·m), showed no changes to rotation, even in the deficient state 
(presumably due to lower rotational torque). Interestingly though, the combined torque 
caused an anterior translation that was (a) increased in deficient knees, (b) normal in the 11 
o’clock single bundle reconstruction, and (c) decreased (i.e. over-constrained) in the 
laterally-placed single bundle and double bundle reconstructions. 
So overall the laterally placed and double bundle methods may improve anterior translation 
but over-constrain internal rotation, when the specific nature of the rotational function of the 
ACL is unclear. It is useful at this point to look more closely at some of these data. Kondo et 
al. (2011) showed that laterally placed single bundle and double bundle reconstructions 
restored anterior translation on anterior force to normal levels, but over-constrained anterior 
translation on simulated pivot shift. There was no general over-constraint on rotation, as 
internal rotation range on rotational torque was normal. If pivot shift does measure anterior 
translation due to internal rotation, it would appear that the ACL has a greater role in 
restraining this anterior translation, as there was no over-constraint in translation on 
anterior force. Anterior translation should therefore be greater on pivot shift after 
transection than an equivalent anterior force, but we know of no models that allow 
calculation of an anterior force resulting from an internal rotation torque in the knee. 
Bedi et al. (2010) showed mean measurements of movement of different parts of the tibia, 
and while many of these means were not statistically significantly different, they did derive 
from only five knees, and the pattern of differences provides us with a possible alternative 
explanation to Kondo and others' (2011) results. In the ACL-intact state, Bedi et al. (2010) 
showed that the pivot shift test elicited a zero mean anterior-posterior shift for the central 
point, with a posterior shift of the medial condyle and an anterior shift of the lateral 
condyle. In terminology appropriate to a situation where the degree of movement is 
dependent on position, the tibia rotated around a roughly central axis (Fig. 2(a)). The 
deficient state (again, the menisci were excised) showed anterior shift of the three measured 
points, lateral > central > medial, i.e. the tibia rotated around a medially placed axis (Fig. 
2(b)). The change from posterior to anterior movement of the medial condyle on pivot shift 
was also shown in Musahl and coworkers (2011) results (3.2.6). The single bundle 
reconstruction showed movement of roughly equal magnitude of medial and lateral 
condyles, posteriorly and anteriorly respectively, but greater than in the intact state. That is, 
the tibia rotated about a central axis but with greater range than the intact state (Fig. 2(c)). 
Finally, the double bundle reconstruction led to posterior movement of the medial condyle 
and the central point (medial > central) and the lateral condyle moved anteriorly, i.e. rotated 
around a laterally placed axis (Fig. 2(d)). In this way Kondo and colleagues' (2011) posterior 
translation may have been less an over-constraint than a response to a shifted axis. 

5. Future research 
Over the last 30 or more years there has been much written about the ACL and its function 
and treatment, and although results of treatment are overall very good, it is surprising that 
there is still so much confusion regarding the role of the ligament, and there is no 
meaningful consensus statement about what precisely surgery should be trying to mimic.  
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Fig. 2. The articular surface of the proximal tibia, having undergone internal rotation around 
an axis positioned (a) centrally, (b) medially, (c) centrally, but with greater range than (a), 
and (d) laterally. 

One issue that we believe stands in the way of such consensus is a black and white 
atmosphere of false dichotomies encouraged by the statistically significant/non-significant 
divide, almost as if, for example, any increase in rotational laxity after ACL injury is the 
same as any other. What is required is a series of larger high-powered studies where 
meaningful estimates of laxities can be made. It is quite conceivable that reconstruction can 
never be perfect, but that a residual laxity is tolerable following reconstruction. But a 
statistical test with sufficient power to show a statistically significant, yet minor, difference 
results in a conclusion of abnormality; one where n is low enough and/or variance is high 
enough to mask a larger difference indicates that the situation is normal. We believe that a 
goal of reconstruction research should be, after stoically accepting that there will be an 
intact-reconstructed difference, to estimate that difference with confidence intervals and 
then to determine its clinical significance. Otherwise too much influence is placed in 
statistical inferences, with not enough in biological ones. 
The data in the literature are consistent with a change to knee joint kinematics resulting from a 
change in position of the axis of knee joint rotation following ACL injury, and possibly also 
reconstruction. Just as an increase or decrease in rotational range may oppose articular regions 
not accustomed to opposing each other, and thereby initiate degenerative changes, so too may 
a change in position of the axis of rotation. We are embarking on research to investigate the 
range of offset-axis rotation, and the effect on that range of ACL transection. We believe this 
research will extend current knowledge and thinking that is focussed on central axis rotation, 
and possibly registers change in axis as increase in translation. 
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6. Conclusion 
The ACL is considered a bipartite ligament, consisting of anteromedial and posterolateral 
bands, a description that contradicts some sound anatomical research and will live on 
undaunted. But the ligament is large and complex and there are sound functional reasons 
for overlooking such quibbles. 
A much more significant issue is the function of the ACL. There is no clear understanding of 
the function of the ACL beyond a role in restricting anterior motion of the tibia, and any 
brief statement of function either does not aspire to great accuracy or claims unwarranted 
certainty. Without doubt the ligament opposes anterior translation in response to an anterior 
force, but any effect on internal tibial rotation, especially about a centrally-placed axis, 
appears small and variable. Perhaps if injury to the ACL were not quite so frequent and/or 
disabling the discussion might end there. But less than ideal outcomes from reconstructive 
surgery, and an association of poor outcomes and a positive pivot shift test, indicate an issue 
with rotational stability. 
But the nature of that instability is poorly characterized. In 1981 it was reasonably argued 
that ACL deficiency causes a shift in axis of internal rotation, and results since support this, 
yet 30 years later there is still a tacit rejection of this notion and a continued presumption 
that rotation always occurs around an axis passing centrally through the tibia. 
Given that the ACL does restrict anterior translation and may or may not restrict internal 
rotation, it is interesting that post-reconstruction kinematics show increased laxity on 
translation and not enough on rotation. Restoration of function and avoidance of joint 
degeneration are important enough goals to require that our descriptions of function are as 
accurate as possible. But despite evidence that reconstruction may over-constrain internal 
rotation, the principle of less is good so even less is better is sometimes invoked in the goal to 
simply reduce internal rotation range. 
We suggest that, just as ACL deficiency may alter the position of the axis of internal-external 
rotation, reconstruction may have effects on rotational axis location that we do not 
understand, and we provide a possible explanation for some of the kinematic changes seen 
after reconstructive surgery. This speculative explanation has too few data to give this 
confident support, but we believe that axis position on injury and reconstruction deserve 
more scientific investigation. 
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1. Introduction 
From a mechanical and structural point of view, the human neck is a very complex 
mechanism, containing vital neurologic, vascular, and respiratory structures as well as the 
cervical vertebrae and spinal cord. The incidence of neck injuries in traffic accidents appears 
to be relatively low compared to for instance head injuries, except for specific accident 
configurations like a rear end collision where more than 50% of the injuries appear to be in 
the neck area. However, the vehicle injury priority rating data indicated that neck injuries 
became the fifth most important injury category (after head, face, chest and abdomen). 
Knowledge on the mechanism causing neck injuries is still rather limited. Therefore, various 
biomechanical models (i.e. animal/human models and numerical models), injury 
mechanisms and injury tolerance of the neck will be presented in this chapter. 

2. Neck biomechanics models 
2.1 Animal models 
2.1.1 Goat in vivo model 
An in vivo goat model (Cavanaugh et al., 2006; Chen et al., 2005; Lu et al., 2005a, 2005b) was 
developed to investigate the injury threshold of cervical facet joint capsules (FJC) in vivo. 
The method incorporated a custom-fabricated testing frame for facet joint loading, a 
stereoimaging system, and a template-matching technique to obtain single afferent 
response. The C5 articular process was then pulled via a computer-controlled actuator at a 
rate of 0.5 mm/sec to simultaneously stretch the C5-6 capsule, record sensory nerve activity 
due to stretch and record strain by tracking targets on the capsule. In these studies Lu et al 
(2005b) demonstrated a quantitative relationship between capsule sensory discharges and 
applied capsule stretch from cervical facet joints. Neural responses of all mechanosensitive 
units showed statistically significant correlations (all P<<0.05) with both capsular load (r2 = 
0.744 ± 0.109) and local strain (r2 = 0.868 ± 0.088). Most of the capsular neural receptors 
responded in the physiologic range of capsule stretch and fired at strains of (10.2 ± 4.6)% 
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1. Introduction 
From a mechanical and structural point of view, the human neck is a very complex 
mechanism, containing vital neurologic, vascular, and respiratory structures as well as the 
cervical vertebrae and spinal cord. The incidence of neck injuries in traffic accidents appears 
to be relatively low compared to for instance head injuries, except for specific accident 
configurations like a rear end collision where more than 50% of the injuries appear to be in 
the neck area. However, the vehicle injury priority rating data indicated that neck injuries 
became the fifth most important injury category (after head, face, chest and abdomen). 
Knowledge on the mechanism causing neck injuries is still rather limited. Therefore, various 
biomechanical models (i.e. animal/human models and numerical models), injury 
mechanisms and injury tolerance of the neck will be presented in this chapter. 

2. Neck biomechanics models 
2.1 Animal models 
2.1.1 Goat in vivo model 
An in vivo goat model (Cavanaugh et al., 2006; Chen et al., 2005; Lu et al., 2005a, 2005b) was 
developed to investigate the injury threshold of cervical facet joint capsules (FJC) in vivo. 
The method incorporated a custom-fabricated testing frame for facet joint loading, a 
stereoimaging system, and a template-matching technique to obtain single afferent 
response. The C5 articular process was then pulled via a computer-controlled actuator at a 
rate of 0.5 mm/sec to simultaneously stretch the C5-6 capsule, record sensory nerve activity 
due to stretch and record strain by tracking targets on the capsule. In these studies Lu et al 
(2005b) demonstrated a quantitative relationship between capsule sensory discharges and 
applied capsule stretch from cervical facet joints. Neural responses of all mechanosensitive 
units showed statistically significant correlations (all P<<0.05) with both capsular load (r2 = 
0.744 ± 0.109) and local strain (r2 = 0.868 ± 0.088). Most of the capsular neural receptors 
responded in the physiologic range of capsule stretch and fired at strains of (10.2 ± 4.6)% 
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that typically do not signal pain. However, higher capsular strains of (47.2 ± 9.6)% triggered 
discharges from higher threshold receptors which were most likely from nociceptors. 
Nociceptors transmit signals to the central nervous system to signal pain. Afterdischarges 
were reported in these goat studies after capsular strains of (45.0 ± 15.1)% and may be 
related to tissue injury and release of inflammatory mediators into the surrounding tissue. 
These changes may lead to central sensitization of pain pathways in the spinal cord which 
may lead to persistent or chronic whiplash pain. 

2.1.2 Rat in vivo model 
A rat model was used by Quinn et al (2007) who conducted a study to quantify the structural 
mechanics of the cervical facet capsule and define the threshold for altered structural 
responses in this ligament during distraction. Tensile failure tests were performed using 
isolated C6/C7 rat facet capsular ligaments (n = 8); gross ligament failure, the occurrence of 
minor ruptures and ligament yield were measured. Gross failure occurred at (2.45 ± 0.60)N 
and (0.92 ± 0.17)mm. However, the yield point occurred at (1.68 ± 0.56)N and (0.57 ± 0.08)mm, 
which was significantly less than gross failure (P < 0.001 for both measurements). Maximum 
principal strain in the capsule at yield was (80 ± 24)%. Energy to yield was (14.3 ± 3.4)% of the 
total energy for a complete tear of the ligament. Ligament yield point occurred at a distraction 
magnitude in which pain symptoms begin to appear in vivo in the rat.  
Findings presented here suggest a relationship between structural damage of the facet 
capsular ligament and potential mechanisms of pain for subfailure distraction. Quinn et al 
(2007)’s data show ligament yield at a significantly lower distraction than gross failure. 
While these subfailure distractions may not produce visible ligament tears, detection of the 
ligament’s altered structural response may provide an indication of an injury sufficient to 
elicit sustained nociceptor firing, pain symptoms, and persistent activity in the nervous 
system. Given the evidence that painful joint distractions begin near ligament yield, this 
study may suggest that the physiologic range of the facet joint is actually limited to prior to 
yield. This mechanical study provides a framework for future in vivo studies in determining 
a mechanical threshold for persistent pain, and also provides data for quantitative scaling to 
other animal models and to the human. These findings provide mechanical definition of 
altered ligament behavior corresponding with a loading condition known to produce pain, 
linking mechanical damage and persistent pain for the first time. 

2.2 Human models 
2.2.1 Human cadaveric models 
A bench-top trauma sled was used to apply four intensities of whiplash trauma to human 
cadaveric cervical spine specimens and to measure resultant intervertebral rotations using 
high-speed cinematography (Grauer & Panjabi, 1997). Objectives were to determine the 
cervical spine levels most prone to injury from whiplash trauma and to hypothesize a 
mechanism for such injury. Six occiput to T1 (or C7) fresh cadaveric human spines were 
studied. Physiologic flexion and extension motions were recorded with a motion analysis 
system by loading up to 1.0 N  m. Specimens then were secured in a trauma sled, and a 
surrogate head was attached. Flags were fixed to the head, and individual vertebrae were 
monitored with high-speed cinematography (500 frames/sec). Data were collected for 12 
traumas in four classes defined by the maximum sled acceleration. The trauma classes were 
2.5 G, 4.5 G, 6.5 G, and 8.5 G (G: acceleration of gravity). In the whiplash traumas, the peak 
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intervertebral rotations of C6-C7 and C7-T1 significantly exceeded the maximum 
physiologic extension of all trauma classes studied. The maximum extension of these lower 
levels occurred significantly before full neck extension. The upper cervical levels were 
consistently in flexion at the time of maximum lower level extension. It was concluded that 
in whiplash, the neck forms an S-shaped curvature, with lower level hyperextension and 
upper level flexion. A subsequent C-shaped curvature with extension of the entire cervical 
spine produced less lower level extension. 

2.2.2 Volunteer models 
The volunteers sat on a seat mounted on a sled that simulated actual car impact acceleration 
(Ono et al., 1997). Impact speeds (4, 6, and 8 km/h), seat stiffness, neck muscle tension, and 
alignment of the cervical spine were selected for a parametric study of the head-neck-torso 
kinematics and cervical spine responses. The effects of these parameters were studied 
without the headrest. Muscle activity was measured with surface electromyography. The 
cervical vertebrae motions were recorded by cineradiography (90 frames/sec radiograph) 
and analyzed to quantify the rotations and translations of cervical vertebrae during impact. 
Furthermore, the motion patterns of cervical vertebrae during impact were compared with 
the normal motions. A subject's muscles in the relaxed state did not affect the head-neck-
torso kinematics on rear-end impact. The ramping-up motion of the subject's torso was 
observed, caused by the inclination of the seat back. An axial compression force occurred. 
The lower cervical vertebral segments extended and rotated before the motions of the upper 
segments. These motions were beyond the normal physiologic cervical motions, which 
could trigger the facet joint injury mechanism. In addition, the more rigid the seat cushion, 
the greater the axial compression force. In contrast, the torso rebounding caused by the 
softer seat cushion tended to intensify the shearing force applied to the upper vertebrae. It 
was also deduced that the initial posture of the cervical spine affected the impact responses 
of head and neck markedly. Based on the differences in the alignment of the cervical spine 
between male and female occupants, it was deduced that the female neck injury incidence 
may be higher than that of the male, because the female cervical spine takes the kyphosis 
position more often than does the male cervical spine. 

2.3 Numerical models 
2.3.1 Two-joint neck models 
Two-joint neck models were proposed in the 1970’s and 1980’s (Bowman & Robbins, 1972; 
Seemann et al., 1984; Bosio and Bowman, 1986; Wismans et al., 1987). These are relatively 
simple models in which the head, neck and torso were linked by two pivots or ball-socket 
joints, depending on whether the model was 2-D or 3-D. The upper joint was normally 
located near the occipital condyles, and the lower joint was usually situated near the first 
thoracic (T1) vertebra. Although fairly simple, these models contributed greatly to the 
analysis of the global kinematics of the head-neck complex during frontal, lateral and 
oblique impacts, over the past 30 years. For example, Wismans et al. (1987) used this type 
of model to simulate the head-neck motion. In these studies, the neck was modeled as a 
rigid body, and the geometrical and mechanical properties of the joints were determined 
based on those test data. Performance requirements for future dummy neck designs were 
also defined by means of this model. Similar models have been proposed as well by Bosio 
& Bowman (1986), except an extensible neck was used instead of a rigid one. In these two 
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that typically do not signal pain. However, higher capsular strains of (47.2 ± 9.6)% triggered 
discharges from higher threshold receptors which were most likely from nociceptors. 
Nociceptors transmit signals to the central nervous system to signal pain. Afterdischarges 
were reported in these goat studies after capsular strains of (45.0 ± 15.1)% and may be 
related to tissue injury and release of inflammatory mediators into the surrounding tissue. 
These changes may lead to central sensitization of pain pathways in the spinal cord which 
may lead to persistent or chronic whiplash pain. 

2.1.2 Rat in vivo model 
A rat model was used by Quinn et al (2007) who conducted a study to quantify the structural 
mechanics of the cervical facet capsule and define the threshold for altered structural 
responses in this ligament during distraction. Tensile failure tests were performed using 
isolated C6/C7 rat facet capsular ligaments (n = 8); gross ligament failure, the occurrence of 
minor ruptures and ligament yield were measured. Gross failure occurred at (2.45 ± 0.60)N 
and (0.92 ± 0.17)mm. However, the yield point occurred at (1.68 ± 0.56)N and (0.57 ± 0.08)mm, 
which was significantly less than gross failure (P < 0.001 for both measurements). Maximum 
principal strain in the capsule at yield was (80 ± 24)%. Energy to yield was (14.3 ± 3.4)% of the 
total energy for a complete tear of the ligament. Ligament yield point occurred at a distraction 
magnitude in which pain symptoms begin to appear in vivo in the rat.  
Findings presented here suggest a relationship between structural damage of the facet 
capsular ligament and potential mechanisms of pain for subfailure distraction. Quinn et al 
(2007)’s data show ligament yield at a significantly lower distraction than gross failure. 
While these subfailure distractions may not produce visible ligament tears, detection of the 
ligament’s altered structural response may provide an indication of an injury sufficient to 
elicit sustained nociceptor firing, pain symptoms, and persistent activity in the nervous 
system. Given the evidence that painful joint distractions begin near ligament yield, this 
study may suggest that the physiologic range of the facet joint is actually limited to prior to 
yield. This mechanical study provides a framework for future in vivo studies in determining 
a mechanical threshold for persistent pain, and also provides data for quantitative scaling to 
other animal models and to the human. These findings provide mechanical definition of 
altered ligament behavior corresponding with a loading condition known to produce pain, 
linking mechanical damage and persistent pain for the first time. 

2.2 Human models 
2.2.1 Human cadaveric models 
A bench-top trauma sled was used to apply four intensities of whiplash trauma to human 
cadaveric cervical spine specimens and to measure resultant intervertebral rotations using 
high-speed cinematography (Grauer & Panjabi, 1997). Objectives were to determine the 
cervical spine levels most prone to injury from whiplash trauma and to hypothesize a 
mechanism for such injury. Six occiput to T1 (or C7) fresh cadaveric human spines were 
studied. Physiologic flexion and extension motions were recorded with a motion analysis 
system by loading up to 1.0 N  m. Specimens then were secured in a trauma sled, and a 
surrogate head was attached. Flags were fixed to the head, and individual vertebrae were 
monitored with high-speed cinematography (500 frames/sec). Data were collected for 12 
traumas in four classes defined by the maximum sled acceleration. The trauma classes were 
2.5 G, 4.5 G, 6.5 G, and 8.5 G (G: acceleration of gravity). In the whiplash traumas, the peak 
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intervertebral rotations of C6-C7 and C7-T1 significantly exceeded the maximum 
physiologic extension of all trauma classes studied. The maximum extension of these lower 
levels occurred significantly before full neck extension. The upper cervical levels were 
consistently in flexion at the time of maximum lower level extension. It was concluded that 
in whiplash, the neck forms an S-shaped curvature, with lower level hyperextension and 
upper level flexion. A subsequent C-shaped curvature with extension of the entire cervical 
spine produced less lower level extension. 

2.2.2 Volunteer models 
The volunteers sat on a seat mounted on a sled that simulated actual car impact acceleration 
(Ono et al., 1997). Impact speeds (4, 6, and 8 km/h), seat stiffness, neck muscle tension, and 
alignment of the cervical spine were selected for a parametric study of the head-neck-torso 
kinematics and cervical spine responses. The effects of these parameters were studied 
without the headrest. Muscle activity was measured with surface electromyography. The 
cervical vertebrae motions were recorded by cineradiography (90 frames/sec radiograph) 
and analyzed to quantify the rotations and translations of cervical vertebrae during impact. 
Furthermore, the motion patterns of cervical vertebrae during impact were compared with 
the normal motions. A subject's muscles in the relaxed state did not affect the head-neck-
torso kinematics on rear-end impact. The ramping-up motion of the subject's torso was 
observed, caused by the inclination of the seat back. An axial compression force occurred. 
The lower cervical vertebral segments extended and rotated before the motions of the upper 
segments. These motions were beyond the normal physiologic cervical motions, which 
could trigger the facet joint injury mechanism. In addition, the more rigid the seat cushion, 
the greater the axial compression force. In contrast, the torso rebounding caused by the 
softer seat cushion tended to intensify the shearing force applied to the upper vertebrae. It 
was also deduced that the initial posture of the cervical spine affected the impact responses 
of head and neck markedly. Based on the differences in the alignment of the cervical spine 
between male and female occupants, it was deduced that the female neck injury incidence 
may be higher than that of the male, because the female cervical spine takes the kyphosis 
position more often than does the male cervical spine. 

2.3 Numerical models 
2.3.1 Two-joint neck models 
Two-joint neck models were proposed in the 1970’s and 1980’s (Bowman & Robbins, 1972; 
Seemann et al., 1984; Bosio and Bowman, 1986; Wismans et al., 1987). These are relatively 
simple models in which the head, neck and torso were linked by two pivots or ball-socket 
joints, depending on whether the model was 2-D or 3-D. The upper joint was normally 
located near the occipital condyles, and the lower joint was usually situated near the first 
thoracic (T1) vertebra. Although fairly simple, these models contributed greatly to the 
analysis of the global kinematics of the head-neck complex during frontal, lateral and 
oblique impacts, over the past 30 years. For example, Wismans et al. (1987) used this type 
of model to simulate the head-neck motion. In these studies, the neck was modeled as a 
rigid body, and the geometrical and mechanical properties of the joints were determined 
based on those test data. Performance requirements for future dummy neck designs were 
also defined by means of this model. Similar models have been proposed as well by Bosio 
& Bowman (1986), except an extensible neck was used instead of a rigid one. In these two 
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studies, model validations were performed in the –Gx and +Gy directions. A nonlinear 
joint stiffness and a neck elongation stiffness were found to be necessary to obtain 
satisfactory simulation results. Very similar models were also used to perform a 
parametric study by Bowman & Robbins (1972) to investigate the injury mechanism of the 
human neck in frontal impact, as well as to test another theory by Seemann et al. (1984), 
who proposed that some volunteers “locked” their neck joints in anticipation of sled 
firing. Because two-joint models were originally developed for describing the global 
motion of the head and neck relative to the torso, they were not adequate to describe 
vertebral kinematics and cervical soft tissue deformation. It is apparent that more detailed 
models would be needed. 

2.3.2 Multi-body (MB) neck models 
MB neck models were the second category of numerical models of the human cervical spine. 
In these models, the head and vertebrae were modeled as rigid bodies, while the soft tissues 
were modeled as either nonlinear viscoelastic intervertebral joints or by a detailed 
arrangement of spring-damper elements to represent the intervertebral discs, ligaments, 
facet joints, and muscles. For instance, De Jager et al. (1994) developed a MADYMO-based 3-
D MB model of the head-neck based on the model of Deng & Goldsmith (1987). In this 
model, the rigid head and vertebrae were connected by linear viscoelastic intervertebral 
joints and nonlinear elastic muscle elements. A sensitivity analysis was also performed in 
this study, and it was found that head mass, joint stiffness and damping coefficients for 
rotational deformations had a major influence on model response. Subsequently, De Jager et 
al. (1996) developed a more detailed version of this model, in which linear viscoelastic discs, 
nonlinear viscoelastic ligaments, frictionless facet joints and contractile muscles were 
simulated. Model responses to 15-G frontal and 7-G lateral impacts were validated against 
volunteer data. This model was then modified by Van der Horst et al. (1997) who included 
more muscles, and divided the muscles into segments to simulate muscle curvature. 
Volunteer frontal impact data at reduced G-levels were used for model validation. 

2.3.3 FE neck models 
In the past 20 years, several FE models of the human cervical spine were developed by 
Camacho et al (Kleinberger, 1993; Dauvilliers et al., 1994; Camacho et al., 1997; Kumaresan 
et al., 1997; Yang et al., 1998; Halldin et al., 2000; Chancey et al., 2003; Meyer et al., 2004). 
Because FE models allowed for a more detailed and realistic representation of the neck 
geometry and its material behavior, more detailed neck injury mechanisms could be studied 
using this kind of model. 
The first FE neck model presented at The STAPP Car Crash Conference was made by 
Kleinberger (1993). In this model, the geometries of the vertebrae and the skull were highly 
simplified, and the atlanto-occipital articulation was represented by a pin joint. Only the 
model responses to axial stiffness and neck versus head angle curve during an 8-G frontal 
sled test were compared with experimental data. No detailed validations were conducted at 
that time. 
Dauvilliers et al. (1994) proposed another FE neck model, which was also fairly simple by 
current standards. In this model, each vertebra consisted of only 12 solid elements, and 
spring-damper elements were used to simulate the major ligaments. The model responses 
were compared to volunteer kinematics during frontal and lateral impacts. Head 
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accelerations responses of the model matched the experimental data fairly well; However, 
the head displacement and angle data were not close to the reference data. One limitation of 
this model was that muscles which could have a significant influence on model response 
during frontal and lateral impacts were not simulated. 
Kumaresan et al. (1997) presented a set of detailed FE models of a one-year old, three-year 
old, and six year old pediatric human cervical spine from C4 to C6 vertebrae. Although their 
study only focused on the pediatric neck, the development and validation of the adult FE 
model were also provided. Compared to other neck models, this model had complicated 
geometries and consisted of several very detailed anatomical structures, such as the 
endplate, uncovertebral joint and synovial fluid. The adult model flexibilities under quasi-
static loading conditions were validated against experimental data. However, this model 
only simulated 3 vertebrae; and thus head-neck response during impact could not be 
simulated. For modeling the pediatric neck, it has been found that the inclusion of the local 
geometry and material property changes produced higher changes in the flexibilities than 
pure structural scaling. This finding emphasized the need to consider the local geometry 
and material property changes to better predict the biomechanical responses of the pediatric 
human cervical spine. 
Camacho et al. (1997) proposed an FE head-neck model to investigate the dynamic 
responses of the head and neck to near-vertex head impact. In this model, highly simplified 
rigid vertebrae were connected by nonlinear spring elements, the stiffness of which was 
measured from quasi-static flexion-extension tests. To simulate head impact, a deformable 
head was defined and linked to the C1 vertebra. Strictly speaking, their model should be 
classified as a MB neck model coupled with an FE head model. The results showed that this 
model could accurately predict resultant neck forces, resultant head forces and accelerations 
measured in cadaveric near-vertex head impact tests with impact surfaces at -15 deg, 0 deg 
and +15 deg with respect to the horizontal. Although the model produced higher neck 
forces than the validation corridors during the latter portions of the simulations, the authors 
explained that this was because at that time some of the cadaveric specimens had suffered 
cervical spine injuries, and thus possessed decreased load carrying capacity. This model was 
also used to estimate human neck tensile tolerance (Chancey et al., 2003), but no further 
validations were conducted. 
Yang et al. (1998) developed a detailed FE neck model the geometry of which was taken 
from an MRI. It incorporated a previously developed head and brain model, so that head-
neck response could be simulated during impact. All the bony structures, articular surfaces, 
relevant ligaments and intervertebral discs were described. It should be noted that it was the 
first model that included the ligaments in the upper vertebrae (Occiput-C2). Near-vertex 
head impact test data with impact surface at 0° deg to the horizontal and cadaveric rear 
impact sled test data were used to validate the model. Model responses matched the 
experimental data fairly well. However, for the rear impact, only head kinematics from the 
model and test were compared. Although model results of facet capsule stretch percentage 
were presented, such results have not been validated as yet due to the limited experimental 
data available. The validated model has also been integrated into a skeleton torso model to 
study the neck response during head-torso-airbag interaction. 
Another FE head-neck complex model was developed by Halldin et al. (2000), who 
attempted to use the model to evaluate a new car roof design concept. This was also a fairly 
detailed model, slightly smaller in size than the model developed by Yang et al. (1998). 
Component compression tests and near-vertex head impact tests with impact surface at  
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studies, model validations were performed in the –Gx and +Gy directions. A nonlinear 
joint stiffness and a neck elongation stiffness were found to be necessary to obtain 
satisfactory simulation results. Very similar models were also used to perform a 
parametric study by Bowman & Robbins (1972) to investigate the injury mechanism of the 
human neck in frontal impact, as well as to test another theory by Seemann et al. (1984), 
who proposed that some volunteers “locked” their neck joints in anticipation of sled 
firing. Because two-joint models were originally developed for describing the global 
motion of the head and neck relative to the torso, they were not adequate to describe 
vertebral kinematics and cervical soft tissue deformation. It is apparent that more detailed 
models would be needed. 

2.3.2 Multi-body (MB) neck models 
MB neck models were the second category of numerical models of the human cervical spine. 
In these models, the head and vertebrae were modeled as rigid bodies, while the soft tissues 
were modeled as either nonlinear viscoelastic intervertebral joints or by a detailed 
arrangement of spring-damper elements to represent the intervertebral discs, ligaments, 
facet joints, and muscles. For instance, De Jager et al. (1994) developed a MADYMO-based 3-
D MB model of the head-neck based on the model of Deng & Goldsmith (1987). In this 
model, the rigid head and vertebrae were connected by linear viscoelastic intervertebral 
joints and nonlinear elastic muscle elements. A sensitivity analysis was also performed in 
this study, and it was found that head mass, joint stiffness and damping coefficients for 
rotational deformations had a major influence on model response. Subsequently, De Jager et 
al. (1996) developed a more detailed version of this model, in which linear viscoelastic discs, 
nonlinear viscoelastic ligaments, frictionless facet joints and contractile muscles were 
simulated. Model responses to 15-G frontal and 7-G lateral impacts were validated against 
volunteer data. This model was then modified by Van der Horst et al. (1997) who included 
more muscles, and divided the muscles into segments to simulate muscle curvature. 
Volunteer frontal impact data at reduced G-levels were used for model validation. 

2.3.3 FE neck models 
In the past 20 years, several FE models of the human cervical spine were developed by 
Camacho et al (Kleinberger, 1993; Dauvilliers et al., 1994; Camacho et al., 1997; Kumaresan 
et al., 1997; Yang et al., 1998; Halldin et al., 2000; Chancey et al., 2003; Meyer et al., 2004). 
Because FE models allowed for a more detailed and realistic representation of the neck 
geometry and its material behavior, more detailed neck injury mechanisms could be studied 
using this kind of model. 
The first FE neck model presented at The STAPP Car Crash Conference was made by 
Kleinberger (1993). In this model, the geometries of the vertebrae and the skull were highly 
simplified, and the atlanto-occipital articulation was represented by a pin joint. Only the 
model responses to axial stiffness and neck versus head angle curve during an 8-G frontal 
sled test were compared with experimental data. No detailed validations were conducted at 
that time. 
Dauvilliers et al. (1994) proposed another FE neck model, which was also fairly simple by 
current standards. In this model, each vertebra consisted of only 12 solid elements, and 
spring-damper elements were used to simulate the major ligaments. The model responses 
were compared to volunteer kinematics during frontal and lateral impacts. Head 
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accelerations responses of the model matched the experimental data fairly well; However, 
the head displacement and angle data were not close to the reference data. One limitation of 
this model was that muscles which could have a significant influence on model response 
during frontal and lateral impacts were not simulated. 
Kumaresan et al. (1997) presented a set of detailed FE models of a one-year old, three-year 
old, and six year old pediatric human cervical spine from C4 to C6 vertebrae. Although their 
study only focused on the pediatric neck, the development and validation of the adult FE 
model were also provided. Compared to other neck models, this model had complicated 
geometries and consisted of several very detailed anatomical structures, such as the 
endplate, uncovertebral joint and synovial fluid. The adult model flexibilities under quasi-
static loading conditions were validated against experimental data. However, this model 
only simulated 3 vertebrae; and thus head-neck response during impact could not be 
simulated. For modeling the pediatric neck, it has been found that the inclusion of the local 
geometry and material property changes produced higher changes in the flexibilities than 
pure structural scaling. This finding emphasized the need to consider the local geometry 
and material property changes to better predict the biomechanical responses of the pediatric 
human cervical spine. 
Camacho et al. (1997) proposed an FE head-neck model to investigate the dynamic 
responses of the head and neck to near-vertex head impact. In this model, highly simplified 
rigid vertebrae were connected by nonlinear spring elements, the stiffness of which was 
measured from quasi-static flexion-extension tests. To simulate head impact, a deformable 
head was defined and linked to the C1 vertebra. Strictly speaking, their model should be 
classified as a MB neck model coupled with an FE head model. The results showed that this 
model could accurately predict resultant neck forces, resultant head forces and accelerations 
measured in cadaveric near-vertex head impact tests with impact surfaces at -15 deg, 0 deg 
and +15 deg with respect to the horizontal. Although the model produced higher neck 
forces than the validation corridors during the latter portions of the simulations, the authors 
explained that this was because at that time some of the cadaveric specimens had suffered 
cervical spine injuries, and thus possessed decreased load carrying capacity. This model was 
also used to estimate human neck tensile tolerance (Chancey et al., 2003), but no further 
validations were conducted. 
Yang et al. (1998) developed a detailed FE neck model the geometry of which was taken 
from an MRI. It incorporated a previously developed head and brain model, so that head-
neck response could be simulated during impact. All the bony structures, articular surfaces, 
relevant ligaments and intervertebral discs were described. It should be noted that it was the 
first model that included the ligaments in the upper vertebrae (Occiput-C2). Near-vertex 
head impact test data with impact surface at 0° deg to the horizontal and cadaveric rear 
impact sled test data were used to validate the model. Model responses matched the 
experimental data fairly well. However, for the rear impact, only head kinematics from the 
model and test were compared. Although model results of facet capsule stretch percentage 
were presented, such results have not been validated as yet due to the limited experimental 
data available. The validated model has also been integrated into a skeleton torso model to 
study the neck response during head-torso-airbag interaction. 
Another FE head-neck complex model was developed by Halldin et al. (2000), who 
attempted to use the model to evaluate a new car roof design concept. This was also a fairly 
detailed model, slightly smaller in size than the model developed by Yang et al. (1998). 
Component compression tests and near-vertex head impact tests with impact surface at  
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-15 deg, 0 deg, and +15 deg to the horizontal were used to validate the model. Most of the 
model responses matched the experimental data fairly well. 
Meyer et al. (2004) presented another detailed FE head-neck complex model. Because the 
aim of their study was not to reproduce bony fracture, but to simulate more moderate 
lesions, the vertebrae were modeled by rigid shell elements. The major contribution of this 
model was the model validation procedure. The model responses were validated against 
volunteer and/or cadaveric impacts in frontal, lateral, oblique, and rear directions. 
Moreover, frequency domain information was also taken into account to improve model 
responses. To the best of our knowledge, this was the first time researchers validated the FE 
neck model in both the time and frequency domains. 

3. Neck injury mechanisms 
Because the neck is a slender column that can be subjected to a variety of bending loads in 
association with an axial load, the injury modes can be classified as compression, tension-
extension, tension-flexion, compression-extension, compression-flexion, and lateral bending. 

3.1 Compression injuries 
These injuries result from crown impacts to the head which produce a high compressive 
load on the neck accompanied by bending loads that can depend on the initial orientation of 
the head, initial configuration of the neck, and surface friction. They are not common 
automotive injuries but can occur in ejections and rollovers. The compression comes from 
the mass of the body following the head, which is stopped by a resisting surface. 
In order to understand the injury mechanisms of this kind compression loading, this chapter 
summarizes a numerical investigation of factors affecting cervical spine injuries during 
rollover crashes by Hu et al (2008). In fact, rollover crashes are the most hazardous vehicular 
crashes to the human cervical spine. The incidence rate of AIS 3+ (AIS: Abbreviated Injury 
Scale) cervical spine injuries in rollovers was nearly 4 times that occurring in frontal and 
side crashes (Yoganandan et al., 1989). The cervical spine was also the third most commonly 
injured body region during rollovers after the head and thorax (Hu et al, 2005), and injuries 
to the cervical spine may often lead to permanent disabilities. 
Previous experimental (Bahling et al., 1990) and numerical (Hu, 2007) studies have shown 
that cervical spine injuries in rollovers were mainly caused by the inertia of the occupant’s 
torso compressing the head into the roof/ground, which is often referred to as “the diving 
mechanism.” In the past 3 decades, several cadaveric experiments were conducted to 
investigate cervical spine injuries under diving type of impacts. The injury mechanism 
under sagittal plane loading (combined compression and flexion/extension) is reasonably 
well understood, and many important and widely acknowledged conclusions have been 
drawn, including: (1) neck injury mechanisms are dependent on the neck orientation and 
impact direction, (2) padding will add constraints to the head which, in turn, will increase 
the risk of neck injury, and (3) if the neck can escape from the direction of impact 
momentum, the risk of neck injury will be greatly reduced. 
However, during rollovers, the centrifugal force tends to maintain a belted occupant erect 
with his/her head upward and outboard (Bahling et al., 1990), thus it is common that an 
impact to the occupant’s head would come from the upper and lateral sides of the vehicle. 
Therefore, a combined lateral bending, compression, and flexion/extension could be a very 
common neck loading mode during rollovers. Because of the complex nature of rollover 
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crashes, there is no typical rollover scenario that can be specified easily (Hu et al, 2007). To 
investigate the neck injury mechanism under this complex combined loading condition, 
multiple experiments under different loading directions have to be conducted to mimic 
different rollover scenarios. Because of the difficulty in securing test samples and the high 
cost associated with performing cadaveric experiments, this research strategy needs to be 
modified. With recent advancement in computing technology and software, numerical 
modeling could provide a cost-effective way to perform this type of research. Recently, 
several published finite element (FE) human head-neck models (Camacho et al., 1997; 
Halldin et al., 2000; Zhang et al., 2005) have been validated under diving type of impact 
conditions, but until now none has simulated the combined lateral bending and loading in 
the sagittal plane–a loading condition similar to real rollover scenarios. Furthermore, 
although many risk factors have been identified in previous studies to be associated with 
cervical spine injuries, no study has systematically analyzed those factors. Therefore, Hu et 
al. (Hu et al., 2008) carried out a study to investigate neck responses under various complex 
loading conditions similar to real-world rollover scenarios using a detailed FE head-neck 
model. The effects of changing the coefficient of friction (COF), impact velocity, padding 
material thickness and stiffness, and muscle force on the risk of neck injuries were analyzed 
in 16 different impact orientations based on a Taguchi array of design of experiments. 
In summary, the following primary simulation results were found: (1) Impact velocity is the 
most important factor in determining the risk of cervical spine fracture (P = 0.000). (2) 
Decreases in the COF between the head and impact surface can effectively reduce the risk of 
cervical spine fracture (P = 0.038). (3) If the COF is not 0, an impact with lateral force 
component could sometimes increase the risk of cervical spine fracture; and the larger the 
angle of the impact surface, the more important it becomes to reduce the COF to protect the 
neck. (4) Soft (P = 0.033) and thick (P = 0.137) padding can actually decrease the neck 
fracture risk, which is in contrast to previous experimental data. Furthermore, Hu et al. 
(2008) concluded that a careful selection of proper padding stiffness and thickness, along 
with a minimized COF between the head and impact surface or between the padding and its 
supporting structure, may simultaneously decrease the risk of head and neck injuries during 
rollover crashes. 

3.2 Tension-extension injuries 
Tension-extension loading is common and is responsible for a group of injuries including 
whiplash, hangman’s fractures, and structural injury to the anterior column of the spine. 
Tension-extension loading can occur in three primary ways: 
• Fixation of the head with continued forward displacement of the body. This occurs 

commonly in unbelted occupants hitting the windshield and as a result of falls and dives. 
• Inertial loading of the neck following an abrupt forward acceleration of the torso, as 

would occur in a rear-end collision (whiplash mechanism (Chen et al., 2009)). 
• Forceful loading below the chin directed postersuperiorly (as in a judicial hanging). 
Herein, this chapter summarizes research aimed at providing some kinematics responses 
and injury mechanisms of the neck in the rear-end collision. 

3.2.1 Neck kinematics responses in the rear-end collision 
Yang and King (2003) carried out a study to document the kinematics of the neck during 
low-speed rear-end impacts. In a series of experiments reported by Deng et al. (2000), a 
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-15 deg, 0 deg, and +15 deg to the horizontal were used to validate the model. Most of the 
model responses matched the experimental data fairly well. 
Meyer et al. (2004) presented another detailed FE head-neck complex model. Because the 
aim of their study was not to reproduce bony fracture, but to simulate more moderate 
lesions, the vertebrae were modeled by rigid shell elements. The major contribution of this 
model was the model validation procedure. The model responses were validated against 
volunteer and/or cadaveric impacts in frontal, lateral, oblique, and rear directions. 
Moreover, frequency domain information was also taken into account to improve model 
responses. To the best of our knowledge, this was the first time researchers validated the FE 
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crashes, there is no typical rollover scenario that can be specified easily (Hu et al, 2007). To 
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3.2 Tension-extension injuries 
Tension-extension loading is common and is responsible for a group of injuries including 
whiplash, hangman’s fractures, and structural injury to the anterior column of the spine. 
Tension-extension loading can occur in three primary ways: 
• Fixation of the head with continued forward displacement of the body. This occurs 

commonly in unbelted occupants hitting the windshield and as a result of falls and dives. 
• Inertial loading of the neck following an abrupt forward acceleration of the torso, as 

would occur in a rear-end collision (whiplash mechanism (Chen et al., 2009)). 
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Herein, this chapter summarizes research aimed at providing some kinematics responses 
and injury mechanisms of the neck in the rear-end collision. 

3.2.1 Neck kinematics responses in the rear-end collision 
Yang and King (2003) carried out a study to document the kinematics of the neck during 
low-speed rear-end impacts. In a series of experiments reported by Deng et al. (2000), a 
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pneumatically driven mini-sled was used to study cervical spine motion using six cadavers 
instrumented with metallic markers at each cervical level, a 9-accelerometer mount on the 
head, and a tri-axial accelerometers on the thorax. A 250-Hz x-ray system was used to 
record marker motion while acceleration data were digitized at 10,000 Hz. Results show 
that, in the global coordinate system, the head and all cervical vertebrae were primarily in 
extension during the entire period of x-ray data collection. In local coordinate systems, 
upper cervical segments were initially in relative flexion while lower segments were in 
extension. Facet joint capsular stretch ranged from 17% to 97%. In the vertical direction, the 
head and T1 accelerated upward almost instantaneously after impact initiation while there 
was delay for the head in the horizontal direction. This combination was the result of a force 
vector which was pointed in the forward and upward direction to generate an extension 
moment. Upward ramping of the torso was larger in tests with a 20-deg seatback angle. The 
study concluded that the kinematics of the neck is rather complicated and greatly influenced 
by the large rotations of the thoracic spine. Significant posterior shear deformation was 
found, as evidenced by the large facet capsular stretch. Although the neck forms a "mild" S-
shaped curve during whiplash, using its shape as an injury mechanism can be misleading 
because the source of pain is likely to be located in the facet capsules. 

3.2.2 Axial compression hypothesis 
In volunteer tests, McConnell et al (1993) found that a vertical acceleration can be measured 
during a low speed rear-end impact. This ramping up phenomenon was due to the 
straightening of the spine or the mechanical interaction between the seatback and the torso. 
This same phenomenon was also reported in a high-speed X-rays study of the neck for 
volunteers subjected to rear impact forces (Matsushita et al, 1994) and in Hybrid II dummy 
tests by Viano (1992). However, the measured vertical acceleration and movement were 
rather small and McConnell et al later reported it to be insignificant compared to that 
measured horizontally (McConnell et al, 1995). 
Although the vertical acceleration may seem small, it plays a significant role in the cervical 
spine biomechanics. The head generally possesses about 4.5 kg of inertial mass. Even a small 
acceleration could generate a significant compressive force at the neck. In a rear-end impact, 
the car seat pushes (shears) the torso forward while the neck is subjected to this axial 
compression. Based on this observation, Yang and Begeman (1996) proposed a new 
hypothesis to explain the rear-end neck injury mechanism stating that axial compression can 
cause loosening of ligaments and make it easier for the cervical facet joint capsule and other 
tissues to be injured. Because these injuries occur in soft tissues, this new theory explains 
why there is generally no objective evidence. 
The facet joint geometry of the cervical spine also plays an important role. In frontal 
impacts, the upper vertebra will shear anteriorly, relative to the lower vertebra. By 
observing the anatomy of the facet joints, it is evident that contact of the facet joints can 
protect against excessive frontal shear. However, in a rear-end impact, the lower vertebra 
shears anteriorly, the facet joint offers no protection to such a motion. This can be the reason 
that the rate of neck injury is much lower in frontal impacts of the same or even higher 
severity. 
To test this hypothesis, an in vitro experiment was designed to investigate the theory that 
axial compression reduces the shear stiffness when the cervical spine is moved due to a rear-
end impact (Yang et al., 1997). 
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Cervical spine specimens from C1-T1 were dissected from the entire spine. The C1 vertebra 
was fixed to an aluminum plate with screws. The other end (T1) was potted in epoxy and 
attached to a six-axis load cell. Two LED markers were attached to each vertebral body from 
C2-C7. One additional LED maker was attached to the frame of the Instron as reference. 
During the test, the actuator moves upward to simulate the seat back pushing from behind.  
Five tests were done for each specimen. In the first test, the T1 was moved anteriorly to 
stimulate a rear-end impact for 20 mm displacement at a quasi-static speed of 0.04 mm/s. In 
the next four tests, an axial compression of 44.5 N, 89.0 N, 133.5 N and 178 N of dead weight 
were applied through a cable-pulley system. The same procedure as in the first test was then 
reported. Shear stiffness values were calculated from the load cell and motion data. 
Result showed that shear stiffness values were reduced significantly with increased axial 
compression. Based on the total shear force vs the shear deflection data for a typical C5-C6 
motion segment, it can be clearly seen that the shear stiffness decreased as the applied axial 
compression increased. The shear force vs deflection curves were nonlinear due to coupling 
rotations of vertebrae. The shear stiffness, defined as the final linear portion of the force-
deflection curve, was reduced significantly with increased axial compression. For example, 
for the C2-C3 portion of the specimen No. 715, shear stiffness was only 50% of that without 
axial preload (Table 1). 
 

 Stiffness (N/mm) 
 C2-C3 C3-C4 C4-C5 C5-C6 
No preload 14.9 9.0 10.9 18.6 
178 N preload 7.5 4.5 6.3 5.0 

Table 1. Shear stiffness values calculated at each vertebra level (Specimen No. 715) 

It should be noted that in previous typical static tests, the shear stiffness is expected to increase 
as the axial compression increase. Yang (1997)’s experimental data show the opposite trend. 
This explain why the neck injury rate is higher in a rear-end impact than that of a frontal 
impact. The axial compression presented in rear-end impact reduce the shear stiffness of the 
cervical spine and make it easier to be injured. Dynamic tests can give researchers more insight 
into the neck injury mechanism. Those data can be useful in the design of new equipment such 
as head restraints to protect the neck from rear-end impact injury. 

3.2.3 Axial pretorque hypothesis 
Whiplash victims who had their head turned at impact have more severe and persistent 
symptoms than patients who were facing forward (Sturzenegger et al., 1994; Sturzenegger et 
al., 1995). These findings have prompted biomechanical studies using human cadaveric 
necks to investigate why a head-turned posture increases injury potential. Dynamic rear-
impact tests of prerotated ligamentous spines (occiput-T1) produce increased neck flexibility 
(interpreted as injury) in extension, lateral bending and axial rotation (Panjabi et al., 2006). 
Though concentrated in the lower cervical spine, these “injuries” were not isolated to 
particular spinal ligaments. Detailed measurements of the strain field in the facet capsule 
have also shown that a head-turned posture generates higher capsular strains than a neutral 
head posture, but the quasi-static loads applied during those tests were limited to pure 
flexion/extension moments and did not include the axial compression or posterior shear 
present during whiplash loading (Winkelstein et al, 2000). Thus the question of how a head-
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turned posture combined with multiaxial whiplash loads affects facet capsular ligament 
strain has yet to be answered. 
For this reason, Siegmund et al. (2008) used human cadaveric motion segments to: (1) 
quantify the intervertebral kinematics and facet capsule strains under whiplash-like loads in 
the presence of an initial axial rotation, and (2) compare the capsule strains generated by 
these combined loads to the previously-published strains needed to injure these ligaments 
in isolated shear failure (Siegmund et al, 2001). Their overall hypothesis was that capsular 
strains during this simulated whiplash exposure are similar to those needed to injure the 
capsular ligament (Siegmund et al, 2008). 
According to Siegmund et al. (2008), thirteen motion segments were used from 7 women 
donors (50 ± 10 years). Axial pretorques (±1.5 N  m), axial compressive preloads (45, 197, 
and 325 N), and quasi-static shear loads (posteriorly-directed horizontal forces from 0 to 135 
N) were applied to the superior vertebral body to simulate whiplash kinematics with the 
head turned. Three-dimensional displacements of markers placed on the right facet capsular 
ligament were used to estimate the strain field in the ligament during loading. The effects of 
pretorque direction, compression, and posterior shear on motion segment motion and 
maximum principal strain in the capsule were examined using repeated-measures analyses 
of variance. 
Results showed that axial pretorque affected peak capsule strains more than axial 
compression or posterior shear. Peak strains reached 34%±18% and were higher for 
pretorques toward rather than away from the facet capsule (i.e., head rotation to the right 
caused higher strain in the right facet capsule). 
Similarly, based on a validated intact head to first thoracic vertebra (T1) computational 
model, parametric analysis was used to assess effects of increasing axial head rotation 
between 0° and 60° and increasing impact severity between 8 and 24 km/h on facet joint 
capsule strains (Storvik et al., 2011). Rear impacts were simulated by horizontally 
accelerating the T1 vertebra. Characteristics of the acceleration pulse were based on the 
horizontal T1 acceleration pulse from a series of simulated rear impact experiments using 
full-body post mortem human subjects. Joint capsule strain magnitudes were greatest in 
ipsilateral facet joints for all simulations incorporating axial head rotation (i.e., head rotation 
to the left caused higher ligament strain at the left facet joint capsule). Strain magnitudes 
increased by 47%–196% in simulations with 60° head rotation compared to forward facing 
simulations. These findings indicate that axial head rotation prior to rear impact increases 
the risk of facet joint injury. 

3.2.4 Facet joint impingement hypothesis 
Ono et al. (1997) and Yoganandan et al. (1998) both proposed a facet joint impingement 
hypothesis. Specifically, Ono et al (1997) theorized that the facet synovium or a portion of 
the facet capsule could be trapped between the facet joint surfaces and pinched, causing 
pain. However, there is no biomechanical evidence that the capsule is loose enough to be 
trapped between the facet joint and even if it was trapped, evidence is lacking to show that 
nociceptors are present in the synovium or the trapped portion of the capsule that is indeed 
set off by the pressure. Kaneoka et al (1999) hypothesized that the center of rotation moved 
superiorly during a whiplash and caused the tip of the inferior facet (of the upper vertebra) 
to impact the superior facet surface (of the lower vertebra). This proposition that 
compression of the facet surfaces can produce pain is probably untenable since cartilage is 
devoid of nociceptors and there is no neurophysiological evidence that the nociceptors in 
the subchondral bone can be made to fire by this presumed compression. 
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3.2.5 Transient pressure gradient hypothesis 
Aldman (1986) proposed a neck injury hypothesis for rear impact which states that  
injuries to the nerve root region in the cervical spine are a result of transient pressure 
gradients in the spinal canal during rapid neck extension (Svensson et al., 2000). In 
experimental neck trauma research on animals, pressure gradients were observed and 
indications of nerve cell membrane dysfunction were found in the dorsal root ganglia 
(DRG) of the cervical spine ganglia. The experiments covered neck extension, flexion and 
lateral bending. A theoretical model in which fluid flow was predicted to cause the 
transient pressure gradients was developed and a neck injury criterion based on Navier-
Stokes Equations was applied on the flow model. The theory behind the Neck Injury 
Criterion indicates that the neck injury occurs early on in the rearward motion of the head 
relative to the torso in a rear-end collision. Thus the relative horizontal acceleration and 
velocity between the head and the torso should be restricted during the early head-neck 
motion to avoid neck injury. The flaw in this theory is that the observed transient pressure 
should affect all DRG’s in the neck but whiplash pain is generally limited to the lower 
cervical spine. Furthermore, injury to nerve roots leads to radiculopathy (pain in the 
extremities) and not pain in the neck. 

3.3 Tension-flexion injuries 
These are relatively uncommon because complaints of chronic or persistent neck pain by 
belted occupants involved in frontal crashes are rare. In very severe frontal crashes, atlanto-
occipital and C2/C3 separation can occur. Thomas & Jessop (1983) produced these injuries 
in subhuman primates that were fully restrained and were subjected to a frontal 
deceleration of 120 G. 

3.4 Compression-extension injuries 
These injuries can occur to unrestrained front seat occupants involved in a frontal crash. 
When the head impacts the windshield, the neck is placed into extension and compression 
simultaneously. Such occupants are likely to sustain fracture of one or more spinous 
processes as well as symmetrical lesions of the pedicles, facets, and laminae. If there is a 
fracture-dislocation, the inferior facet is displaced posteriorly and upward and appears to be 
more horizontal than normal on X-ray (Viano & King, 1997). 

3.5 Compression-flexion injuries 
Wedge compression fractures of the vertebral bodies are the results of a combination of a 
flexion bending moment and compressive loading of the vertebral motion segment resulting 
in greater compressive stresses and failures in the anterior of the vertebral body. This type 
of injury is classified as compression-flexion and may be produced by compressive loading 
of the head, with or without actual head rotation. 

3.6 Lateral bending injuries 
Lateral bending occurs when there is a side or oblique impact. This is usually accompanied 
by shear and axial loading. Injuries characteristic of this type of loading are lateral wedge 
fractures of the vertebral body and fractures to the posterior elements on one side of the 
vertebral column. Avulsion of the brachial plexus can also occur. When the neck is subjected 
to twisting, unilateral facet dislocations or unilateral locked facets are seen (Moffat et al., 
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fracture-dislocation, the inferior facet is displaced posteriorly and upward and appears to be 
more horizontal than normal on X-ray (Viano & King, 1997). 
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1978). However, pure torsional loads on the neck are rarely encountered in automotive 
crashes. 

4. Neck injury tolerance 
There is no widely accepted tolerance for the various loading modes on the neck. The 
reasons for this inability to set tolerance levels are many. The spine is a multisegmented 
column with nonlinear structural properties. Its geometry is complex, it produces large 
strains at physiologic loading, and its constituent elements have nonlinear material 
properties. Cervical injury mechanisms have been shown to be sensitive to the initial 
position of the neck, the direction of loading, the degree of constraint imposed by the 
contact surface, and possibly the rate of loading. These factors are in addition to the normal 
biological variation in the strength of human tissue and the level of injury we are willing to 
tolerate. For example, serious neck problems are not encountered in frontal crashes unless 
the G-level of impact is very high. However, in rear-end collisions, long-term neck pain can 
result, even though the impact is of low level. 

4.1 Tolerance of the neck in flexion-extension 
There is ample evidence that the neck can take a fairly high frontal deceleration without 
injury. Ryan (Ryan, 1962), using himself as a test subject, withstood a 23-G impact without 
injury. He was wearing a single belt with tighteners. Ewing et al. (1969) conducted volunteer 
tests at 10 G and reported only belt contusions from the military harness used. Head 
accelerations at the mouth mount reached (38:6 ± 6:8) G. Similar tests with male volunteers 
performed by Cheng et al. (1979) reached a maximum sled deceleration of 10 G with no 
reported injuries. However, in the same series, only one of three female volunteers was 
willing to reach the 10-G level. The main reason given for discontinuing the tests was the 
intolerable whipping of the head due to weakness in the neck. Volunteer test results 
reported by Mertz & Patrick (1967, 1971) are the most frequently cited and widely used. The 
only volunteer was Prof. Patrick himself. He withstood a flexion moment of 59.4 N  m 
(Newton-meters) with neck pain. This was defined as the pain threshold. At 87.8 N  m, he 
had an immediate onset of pain and prolonged soreness. This was defined as a flexion 
injury threshold. 
Many cadaveric studies on neck flexion have been reported. Lange (1971) produced a 
variety of neck injuries at high levels of sled deceleration in both frontal and rear-end 
impacts. The injuries were above human tolerance, and the only reason for citing this paper 
is to emphasize the fact that the observed “disc ruptures” were, in fact, disc separations 
from the endplates or transvers cleavage through the centre of the disc, accompanied by 
rupture of the longitudinal ligaments. 

4.2 Tolerance of the neck in extension 
A large number of studies has been conducted to study the problem of whiplash-
associated disorders (WAD). These were mostly at low impact levels aimed at 
understanding the causes of neck pain resulting from minor rear-end crashes. On the 
other hand, there were the studies by Clemens & Burow (1972), who created disc injuries 
that were frequently associated with anterior longitudinal ligamentous rupture. There 
were also some joint capsular tears and bony fractures. Because of the overly severe input 
used (approximate sled acceleration of 25 G), it was not possible to establish a threshold 
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for any of the injuries that were documented. Returning to the work of Mertz & Patrick 
(1967, 1971), we find that the static limit for Prof. Patrick was 23.7 N  m and the average 
static limit from 10 volunteers was 21.2 N  m. Their dynamic results show that the 
moment tolerated at the base of the skull was 16.7 N  m for Prof. Patrick. The proposed 
noninjurious limit is 47.4 N  m or twice the static limit of Prof. Patrick, and the proposed 
ligamentous injury limit is 57 N  m. This limit is based on ligamentous damage to a small 
cadaver at 33.4 N  m, which when scaled to the size of Prof. Patrick was 57 N  m. The 
scaling method used was proposed by Mertz & Patrick (1967). These limits may be too 
high for neck pain associated with whiplash. Pain can occur without any visible damage 
to the soft tissue. Microscopic examination of the tissue may be necessary to establish a 
basis for whiplash-induced pain. 

4.3 Tolerance of the neck in lateral bending 
There do not appear to be much tolerance data of the neck in lateral bending. Analysis of 
volunteer data obtained by Ewing et al. (1977) by Wismans & Spenny (1983) show that there 
were no obvious injuries from runs made at 5 to 10 G. These tests resulted in a lateral 
bending moment of 20 to 60 N  m and lateral rotations of 52 deg. Cadaveric studies have 
been conducted by Kallieris et al. (1987) simulating three-point belted near-side occupants. 
The 58 cadavers tested ranged in age from 19 to 65 years and the impact speeds were 
between 40 and 60 km/h. A variety of injuries, ranging from AIS 1 soft tissue damage to AIS 
3 or higher bony fractures were found, frequently at the C6 level. The maximum head 
resultant acceleration for these tests was 163 G. Far-side lateral impacts were studied by 
Horsch et al. (1979) and by Kallieris & Schmidt (1990). When an in-board shoulder beltwas 
used, some AIS 1 cervical injuries were found in both studies. However, in the older 
cadavers used by Horsch et al. (1979), they found transverse clefts of cervical discs as 
described above. It is not clear whether the tolerance values from this study are valid or not. 
The delta V for the Horsch experiments was between 33 and 37 km/h. In the second study 
by Kallieris & Schmidt (1990), the cadavers used were younger and only AIS 1 injuries were 
found for a delta V of 50 km/h. 

5. Conclusions 
Neck injuries can range from mild to catastrophic. Generally, the injuries involving the 
spinal cord at the higher cervical levels are life threatening whereas those at the lower levels 
can result in paralysis. To injure the cord, it is necessary to disrupt the alignment or integrity 
of the cervical column. Burst fractures of cervical vertebral bodies can propel fragments into 
the cord and cause permanent cord damage. Subluxation of one vertebra over another 
decreases the size of the spinal canal, again causing cord damage. It is not necessary to sever 
the cord to produce quadriplegia. If the cord is impacted or crushed temporarily, sufficient 
damage can be done to paralyze the extremities. In the upper cervical area, separation of the 
atlas from the occiput is generally a fatal injury. Other life-threatening injuries to the upper 
column are multiple fractures of the arches of C1 and fractures through the pars 
interarticularis of C2 (hangman’s fracture). Milder forms of cervical injury include the so-
called whiplash syndrome caused by a rear-end collision. Although clinical literature 
frequently describes it as a real injury, the picture is confused by a multitude of claims of an 
injury for which the etiology is unknown. 



 
 Theoretical Biomechanics 

 

396 

1978). However, pure torsional loads on the neck are rarely encountered in automotive 
crashes. 

4. Neck injury tolerance 
There is no widely accepted tolerance for the various loading modes on the neck. The 
reasons for this inability to set tolerance levels are many. The spine is a multisegmented 
column with nonlinear structural properties. Its geometry is complex, it produces large 
strains at physiologic loading, and its constituent elements have nonlinear material 
properties. Cervical injury mechanisms have been shown to be sensitive to the initial 
position of the neck, the direction of loading, the degree of constraint imposed by the 
contact surface, and possibly the rate of loading. These factors are in addition to the normal 
biological variation in the strength of human tissue and the level of injury we are willing to 
tolerate. For example, serious neck problems are not encountered in frontal crashes unless 
the G-level of impact is very high. However, in rear-end collisions, long-term neck pain can 
result, even though the impact is of low level. 

4.1 Tolerance of the neck in flexion-extension 
There is ample evidence that the neck can take a fairly high frontal deceleration without 
injury. Ryan (Ryan, 1962), using himself as a test subject, withstood a 23-G impact without 
injury. He was wearing a single belt with tighteners. Ewing et al. (1969) conducted volunteer 
tests at 10 G and reported only belt contusions from the military harness used. Head 
accelerations at the mouth mount reached (38:6 ± 6:8) G. Similar tests with male volunteers 
performed by Cheng et al. (1979) reached a maximum sled deceleration of 10 G with no 
reported injuries. However, in the same series, only one of three female volunteers was 
willing to reach the 10-G level. The main reason given for discontinuing the tests was the 
intolerable whipping of the head due to weakness in the neck. Volunteer test results 
reported by Mertz & Patrick (1967, 1971) are the most frequently cited and widely used. The 
only volunteer was Prof. Patrick himself. He withstood a flexion moment of 59.4 N  m 
(Newton-meters) with neck pain. This was defined as the pain threshold. At 87.8 N  m, he 
had an immediate onset of pain and prolonged soreness. This was defined as a flexion 
injury threshold. 
Many cadaveric studies on neck flexion have been reported. Lange (1971) produced a 
variety of neck injuries at high levels of sled deceleration in both frontal and rear-end 
impacts. The injuries were above human tolerance, and the only reason for citing this paper 
is to emphasize the fact that the observed “disc ruptures” were, in fact, disc separations 
from the endplates or transvers cleavage through the centre of the disc, accompanied by 
rupture of the longitudinal ligaments. 

4.2 Tolerance of the neck in extension 
A large number of studies has been conducted to study the problem of whiplash-
associated disorders (WAD). These were mostly at low impact levels aimed at 
understanding the causes of neck pain resulting from minor rear-end crashes. On the 
other hand, there were the studies by Clemens & Burow (1972), who created disc injuries 
that were frequently associated with anterior longitudinal ligamentous rupture. There 
were also some joint capsular tears and bony fractures. Because of the overly severe input 
used (approximate sled acceleration of 25 G), it was not possible to establish a threshold 

 
Biomechanics of the Neck 

 

397 

for any of the injuries that were documented. Returning to the work of Mertz & Patrick 
(1967, 1971), we find that the static limit for Prof. Patrick was 23.7 N  m and the average 
static limit from 10 volunteers was 21.2 N  m. Their dynamic results show that the 
moment tolerated at the base of the skull was 16.7 N  m for Prof. Patrick. The proposed 
noninjurious limit is 47.4 N  m or twice the static limit of Prof. Patrick, and the proposed 
ligamentous injury limit is 57 N  m. This limit is based on ligamentous damage to a small 
cadaver at 33.4 N  m, which when scaled to the size of Prof. Patrick was 57 N  m. The 
scaling method used was proposed by Mertz & Patrick (1967). These limits may be too 
high for neck pain associated with whiplash. Pain can occur without any visible damage 
to the soft tissue. Microscopic examination of the tissue may be necessary to establish a 
basis for whiplash-induced pain. 

4.3 Tolerance of the neck in lateral bending 
There do not appear to be much tolerance data of the neck in lateral bending. Analysis of 
volunteer data obtained by Ewing et al. (1977) by Wismans & Spenny (1983) show that there 
were no obvious injuries from runs made at 5 to 10 G. These tests resulted in a lateral 
bending moment of 20 to 60 N  m and lateral rotations of 52 deg. Cadaveric studies have 
been conducted by Kallieris et al. (1987) simulating three-point belted near-side occupants. 
The 58 cadavers tested ranged in age from 19 to 65 years and the impact speeds were 
between 40 and 60 km/h. A variety of injuries, ranging from AIS 1 soft tissue damage to AIS 
3 or higher bony fractures were found, frequently at the C6 level. The maximum head 
resultant acceleration for these tests was 163 G. Far-side lateral impacts were studied by 
Horsch et al. (1979) and by Kallieris & Schmidt (1990). When an in-board shoulder beltwas 
used, some AIS 1 cervical injuries were found in both studies. However, in the older 
cadavers used by Horsch et al. (1979), they found transverse clefts of cervical discs as 
described above. It is not clear whether the tolerance values from this study are valid or not. 
The delta V for the Horsch experiments was between 33 and 37 km/h. In the second study 
by Kallieris & Schmidt (1990), the cadavers used were younger and only AIS 1 injuries were 
found for a delta V of 50 km/h. 

5. Conclusions 
Neck injuries can range from mild to catastrophic. Generally, the injuries involving the 
spinal cord at the higher cervical levels are life threatening whereas those at the lower levels 
can result in paralysis. To injure the cord, it is necessary to disrupt the alignment or integrity 
of the cervical column. Burst fractures of cervical vertebral bodies can propel fragments into 
the cord and cause permanent cord damage. Subluxation of one vertebra over another 
decreases the size of the spinal canal, again causing cord damage. It is not necessary to sever 
the cord to produce quadriplegia. If the cord is impacted or crushed temporarily, sufficient 
damage can be done to paralyze the extremities. In the upper cervical area, separation of the 
atlas from the occiput is generally a fatal injury. Other life-threatening injuries to the upper 
column are multiple fractures of the arches of C1 and fractures through the pars 
interarticularis of C2 (hangman’s fracture). Milder forms of cervical injury include the so-
called whiplash syndrome caused by a rear-end collision. Although clinical literature 
frequently describes it as a real injury, the picture is confused by a multitude of claims of an 
injury for which the etiology is unknown. 



 
 Theoretical Biomechanics 

 

398 

This chapter summarized research aimed at providing some biomechanical characteristics of 
the neck in a form that will be useful in the design of protective systems and in the 
development of societal strategies to reduce the number of cervical spine injuries. To this 
end, various biomechanical models (i.e. animal/human models and numerical models), 
injury mechanisms and injury tolerance of the neck were presented. 
Much work remains to be done. Improvements in numerical models of neck dynamics has 
been dramatic and remains promising. Future research to develop injury prevention 
strategies that capitalize on these results will be required. Understanding the effects of the 
spinal musculature, tensile neck injuries, and the unique features of the pediatric spine also 
remain as goals for the next decade. 

6. Acknowledgements 
This work was supported by grants from the National Natural Science Foundation of China 
(No. 30928005), the Chongqing Natural Science Foundation of China (No. 
CSTC2009BB5013), and the Third Military Medical University Research Foundation of China 
(No. 2009XHG16). 

7. References  
Aldman, B (1986). An Analytical approach to the impact biomechanics of head and neck. 

Proc.30th AAAM Conf., pp. 439-454. 
Bahling, GS.; Bundorf, RT. & Kaspzyk, GS. (1990). Rollover and drop tests – The influence of 

roof strength on injury mechanics using belted dummies, Proc. 34th Stapp Car Crash 
Conference, Vol. 34, (October 1990), pp. 101-112, ISSN 0148-7191. 

Bosio, AC. & Bowman, BM. (1986). Simulation of head-neck dynamic response in -Gx and 
+Gy. Proc. 30th Stapp Car Crash Conference, Vol. 30, (October 1986), pp. 345-378, 
ISSN 0148-7191. 

Bowman, BM. & Robbins, DH. (1972). Parameter study of biomechanical quantities in 
analytical neck models. Proc. 16th Stapp Car Crash Conference, Vol. 16, (November 
1972), pp. 14-44, ISSN 0585-086X. 

Camacho, DL.; Nightingale, RW.; Robinette, JJ.; Vanguri, SK.; Coates, DJ. & Myers, BS. 
(1997). Experimental flexibility measurements for the development of a 
computational head-neck model validated for near-vertex head impact. Proc. 41 
Stapp Car Crash Conference, Vol. 41, (November 1997), pp. 473-486, ISSN 0148-7191. 

Cavanaugh, JM.; Lu, Y.; Chen, C. & Kallakuri, S. (2006). Pain generation in lumbar and 
cervical facet joints. J Bone Joint Surg Am, Vol. 88 Suppl 2, (April 2006), pp. 63-67, 
ISSN 0021-9355. 

Chancey, VC.; Nightingale, RW.; Ee, CA.; Knaub, KE. & Myers, BS. (2003). Improved 
estimation of human neck tensile tolerance: Reducing the range of reported 
tolerance using anthropometrically correct muscles and optimized physiologic 
initial conditions. Proc. 47th Stapp Car Crash Conference, Vol. 47, (October 2003), pp. 
135-153, ISSN 1532-8546. 

Chen, C.; Lu, Y.; Cavanaugh, JM.; Kallakuri, S. & Patwardhan, A. (2005). Recording of 
neural activity from goat cervical facet joint capsule using custom-designed 
miniature electrodes. Spine, Vol. 30, (June 2005), pp. 1367-1372, ISSN 1528-1159. 

 
Biomechanics of the Neck 

 

399 

Chen, HB.; Yang, KH. & Wang, ZG. (2009). Biomechanics of whiplash injury. Chin J 
Traumatol, Vol. 12, No. 5, (October 2009), pp. 305-314, ISSN 1008-1275. 

Cheng, R.; Mital, NK.; Levine, RS. & King, AI. (1979). Biodynamics of the living human 
spine during−Gx impact acceleration. Proc. 23rd Stapp Car Crash Conference, Vol. 23, 
(February 1979), pp. 723-764, ISSN 0585-086X. 

Clemens, HJ. & Burow, K. (1972). Experimental investigations on injury mechanisms of 
cervical spine at frontal and rear-front vehicle impacts. Proc. 16th Stapp Car Crash 
Conference, Vol. 16, (November 1972), pp. 76-104, ISSN 0585-086X. 

Dauvilliers, F., Bendjellal, F., Weiss, M., Lavaste, F. & Tarriere, C. (1994). Development of a 
finite element model of the neck. Proc. 38th Stapp Car Crash Conference, Vol. 38, 
(November 1994), pp. 77-91, ISSN 0148-7191. 

Deng, YC. & Goldsmith, W. (1987). Response of a Human Head/Neck/Upper-Torso Replica 
to Dynamic Loading-II Analytical/Numerical Model. Journal of Biomechanics, Vol. 
20, No. 5, (February 1987), pp. 487-497, ISSN 0021-9290. 

Deng, B.; Begeman, PC.; Yang, KH., Tashman, S. & King, AI. (2000). Kinematics of human 
cadaver cervical spine during low speed rear-end impacts. Proc. 44th Stapp Car 
Crash Conference, Vol. 44, (November 2000), pp.171-188, ISSN 1532-8546. 

Ewing, CL.; Thomas, DJ.; Patrick, LM.; Beeler, GW. & Smith, MJ. (1969). Living human 
dynamic response to−Gx impact acceleration II, accelerations measured on the 
head and neck. Proc. 13th Stapp Car Crash Conference, Vol. 13, (December 1969), pp. 
400–415, ISSN 0585-086X. 

Ewing, CL.; Thomas, DJ.; Lustik, L.; Muzzy, WH.; Willems, GC. & Majewski, P. (1977). 
Dynamic response of the human head and neck to CGy impact acceleration. Proc. 
21st Stapp Car Crash Conference, Vol. 21, (October 1977), pp. 547–586, ISSN 0585-
086X. 

Grauer, JN. & Panjabi, MM. (1997). Whiplash produces an S-shaped curvature of the neck 
with hyperextension at lower levels. Spine, Vol. 22, (November 1997), pp. 2489-2494, 
ISSN 0362-2436. 

Halldin, PH.; Brolin, K.; Kleiven, S.; Holst, HV.; Jakobsson, L. & Palmertz, C. (2000). 
Investigation of conditions that affect neck compression-flexion injuries using 
numerical techniques. Proc. 44th Stapp Car Crash Conference, Vol. 44, (November 
2000), pp. 127-138, ISSN 1532-8546. 

Horsch, JD.; Schneider, DC.; Kroell, CK. & Raasch, FD. (1979). Response of belt restrained 
subjects in simulated lateral impact. Proc. 23rd Stapp Car Crash Conference, Vol. 23, 
(February 1979), pp. 69–104, ISSN 0585-086X. 

Horst, MJ.; Thunnissen, JG.; Happee, R.; Haaster, RM. & Wismans, JS. (1997). The influence 
of muscle activity on head-neck response during impact. Proc. 41st Stapp Car Crash 
Conference, Vol. 41, (November 1997), pp. 487–508, ISSN 0148-7191. 

Hu, JW.; Lee, JB. & Yang, KH. (2005). Injury patterns and sources of non-ejected occupants 
in trip-over crashes: a survey of NASS-CDS database from 1997 to 2002. In: 49th 
Association for the Advancement of Automotive Medicine Annual Conference, Vol. 49, 
(September 2005), pp. 119–132, ISSN 1540-0360. 

Hu, JW.; Chou, CC. & Yang, KH. (2007). A weighted logistic regression analysis for 
predicting the odds of head/face and neck injuries during rollover crashes. In: 51st 
Association for the Advancement of Automotive Medicine Annual Conference, Vol. 51, 
(November 2007), pp. 363–379, ISSN 1540-360. 



 
 Theoretical Biomechanics 

 

398 

This chapter summarized research aimed at providing some biomechanical characteristics of 
the neck in a form that will be useful in the design of protective systems and in the 
development of societal strategies to reduce the number of cervical spine injuries. To this 
end, various biomechanical models (i.e. animal/human models and numerical models), 
injury mechanisms and injury tolerance of the neck were presented. 
Much work remains to be done. Improvements in numerical models of neck dynamics has 
been dramatic and remains promising. Future research to develop injury prevention 
strategies that capitalize on these results will be required. Understanding the effects of the 
spinal musculature, tensile neck injuries, and the unique features of the pediatric spine also 
remain as goals for the next decade. 

6. Acknowledgements 
This work was supported by grants from the National Natural Science Foundation of China 
(No. 30928005), the Chongqing Natural Science Foundation of China (No. 
CSTC2009BB5013), and the Third Military Medical University Research Foundation of China 
(No. 2009XHG16). 

7. References  
Aldman, B (1986). An Analytical approach to the impact biomechanics of head and neck. 

Proc.30th AAAM Conf., pp. 439-454. 
Bahling, GS.; Bundorf, RT. & Kaspzyk, GS. (1990). Rollover and drop tests – The influence of 

roof strength on injury mechanics using belted dummies, Proc. 34th Stapp Car Crash 
Conference, Vol. 34, (October 1990), pp. 101-112, ISSN 0148-7191. 

Bosio, AC. & Bowman, BM. (1986). Simulation of head-neck dynamic response in -Gx and 
+Gy. Proc. 30th Stapp Car Crash Conference, Vol. 30, (October 1986), pp. 345-378, 
ISSN 0148-7191. 

Bowman, BM. & Robbins, DH. (1972). Parameter study of biomechanical quantities in 
analytical neck models. Proc. 16th Stapp Car Crash Conference, Vol. 16, (November 
1972), pp. 14-44, ISSN 0585-086X. 

Camacho, DL.; Nightingale, RW.; Robinette, JJ.; Vanguri, SK.; Coates, DJ. & Myers, BS. 
(1997). Experimental flexibility measurements for the development of a 
computational head-neck model validated for near-vertex head impact. Proc. 41 
Stapp Car Crash Conference, Vol. 41, (November 1997), pp. 473-486, ISSN 0148-7191. 

Cavanaugh, JM.; Lu, Y.; Chen, C. & Kallakuri, S. (2006). Pain generation in lumbar and 
cervical facet joints. J Bone Joint Surg Am, Vol. 88 Suppl 2, (April 2006), pp. 63-67, 
ISSN 0021-9355. 

Chancey, VC.; Nightingale, RW.; Ee, CA.; Knaub, KE. & Myers, BS. (2003). Improved 
estimation of human neck tensile tolerance: Reducing the range of reported 
tolerance using anthropometrically correct muscles and optimized physiologic 
initial conditions. Proc. 47th Stapp Car Crash Conference, Vol. 47, (October 2003), pp. 
135-153, ISSN 1532-8546. 

Chen, C.; Lu, Y.; Cavanaugh, JM.; Kallakuri, S. & Patwardhan, A. (2005). Recording of 
neural activity from goat cervical facet joint capsule using custom-designed 
miniature electrodes. Spine, Vol. 30, (June 2005), pp. 1367-1372, ISSN 1528-1159. 

 
Biomechanics of the Neck 

 

399 

Chen, HB.; Yang, KH. & Wang, ZG. (2009). Biomechanics of whiplash injury. Chin J 
Traumatol, Vol. 12, No. 5, (October 2009), pp. 305-314, ISSN 1008-1275. 

Cheng, R.; Mital, NK.; Levine, RS. & King, AI. (1979). Biodynamics of the living human 
spine during−Gx impact acceleration. Proc. 23rd Stapp Car Crash Conference, Vol. 23, 
(February 1979), pp. 723-764, ISSN 0585-086X. 

Clemens, HJ. & Burow, K. (1972). Experimental investigations on injury mechanisms of 
cervical spine at frontal and rear-front vehicle impacts. Proc. 16th Stapp Car Crash 
Conference, Vol. 16, (November 1972), pp. 76-104, ISSN 0585-086X. 

Dauvilliers, F., Bendjellal, F., Weiss, M., Lavaste, F. & Tarriere, C. (1994). Development of a 
finite element model of the neck. Proc. 38th Stapp Car Crash Conference, Vol. 38, 
(November 1994), pp. 77-91, ISSN 0148-7191. 

Deng, YC. & Goldsmith, W. (1987). Response of a Human Head/Neck/Upper-Torso Replica 
to Dynamic Loading-II Analytical/Numerical Model. Journal of Biomechanics, Vol. 
20, No. 5, (February 1987), pp. 487-497, ISSN 0021-9290. 

Deng, B.; Begeman, PC.; Yang, KH., Tashman, S. & King, AI. (2000). Kinematics of human 
cadaver cervical spine during low speed rear-end impacts. Proc. 44th Stapp Car 
Crash Conference, Vol. 44, (November 2000), pp.171-188, ISSN 1532-8546. 

Ewing, CL.; Thomas, DJ.; Patrick, LM.; Beeler, GW. & Smith, MJ. (1969). Living human 
dynamic response to−Gx impact acceleration II, accelerations measured on the 
head and neck. Proc. 13th Stapp Car Crash Conference, Vol. 13, (December 1969), pp. 
400–415, ISSN 0585-086X. 

Ewing, CL.; Thomas, DJ.; Lustik, L.; Muzzy, WH.; Willems, GC. & Majewski, P. (1977). 
Dynamic response of the human head and neck to CGy impact acceleration. Proc. 
21st Stapp Car Crash Conference, Vol. 21, (October 1977), pp. 547–586, ISSN 0585-
086X. 

Grauer, JN. & Panjabi, MM. (1997). Whiplash produces an S-shaped curvature of the neck 
with hyperextension at lower levels. Spine, Vol. 22, (November 1997), pp. 2489-2494, 
ISSN 0362-2436. 

Halldin, PH.; Brolin, K.; Kleiven, S.; Holst, HV.; Jakobsson, L. & Palmertz, C. (2000). 
Investigation of conditions that affect neck compression-flexion injuries using 
numerical techniques. Proc. 44th Stapp Car Crash Conference, Vol. 44, (November 
2000), pp. 127-138, ISSN 1532-8546. 

Horsch, JD.; Schneider, DC.; Kroell, CK. & Raasch, FD. (1979). Response of belt restrained 
subjects in simulated lateral impact. Proc. 23rd Stapp Car Crash Conference, Vol. 23, 
(February 1979), pp. 69–104, ISSN 0585-086X. 

Horst, MJ.; Thunnissen, JG.; Happee, R.; Haaster, RM. & Wismans, JS. (1997). The influence 
of muscle activity on head-neck response during impact. Proc. 41st Stapp Car Crash 
Conference, Vol. 41, (November 1997), pp. 487–508, ISSN 0148-7191. 

Hu, JW.; Lee, JB. & Yang, KH. (2005). Injury patterns and sources of non-ejected occupants 
in trip-over crashes: a survey of NASS-CDS database from 1997 to 2002. In: 49th 
Association for the Advancement of Automotive Medicine Annual Conference, Vol. 49, 
(September 2005), pp. 119–132, ISSN 1540-0360. 

Hu, JW.; Chou, CC. & Yang, KH. (2007). A weighted logistic regression analysis for 
predicting the odds of head/face and neck injuries during rollover crashes. In: 51st 
Association for the Advancement of Automotive Medicine Annual Conference, Vol. 51, 
(November 2007), pp. 363–379, ISSN 1540-360. 



 
 Theoretical Biomechanics 

 

400 

Hu, JW.; Yang, KH.; Chou, CC. & King, AI. (2008). A numerical investigation of factors 
affecting cervical spine injuries during rollover crashes. Spine, Vol. 33, No. 23, 
(November 2008); pp. 2529-2535, ISSN 1528-1159. 

Jager, MD.; Sauren, A.; Thunnissen, J. & Wismans, J. (1994). A three-dimensional head-neck 
model: Validation for frontal and lateral impacts. Proc. 38th Stapp Car Crash 
Conference, Vol. 38, (November 1994), pp. 93-109, ISSN 0148-7191. 

Jager, MD.; Sauren, A.; Thunnissen, J. & Wismans, J. (1996). A Global and a Detailed 
Mathematical Model for Head-Neck Dynamics. Proc. 40th Stapp Car Crash 
Conference, Vol. 40, (November 1996), pp. 269–281, ISSN 0148-7191. 

Kallieris, D. & Schmidt, G. (1990). Neck response and injury assessment using cadavers and 
the US-SID for far-side lateral impact of rear seat occupants with inboardanchored 
shoulder belts. Proc. 34th Stapp Car Crash Conference, Vol. 34, (October 1990), pp. 93–
100, ISSN 0148-7191. 

Kaneoka, K.; Ono, K.; Inami, S. & Hayashi, K. (1999). Motion analysis of cervical vertebrae 
during whiplash loading. Spine, Vol. 24, No. 8, (April 1999), pp. 763-769, ISSN 0362-
2436. 

Kleinberger, M. (1993). Application of Finite Element Techniques to the Study of Cervical 
Spine Mechanics. Proc. 37th Stapp Car Crash Conference, Vol. 37, (November 1993), 
pp. 261-272, ISSN 0148-7191. 

Kumaresan, S.; Yoganandan, N. & Pintar, FA. (1990). Finite element analysis of the cervical 
spine: a material property sensitivity study. Clin Biomech, Vol. 14, No. 1, (January 
1999), pp. 41-53, ISSN. 0268-0033 

Lu, Y.; Chen, C.; Kallakuri, S.; Patwardhan, A. & Cavanaugh, JM. (2005a). Development of 
an in vivo method to investigate biomechanical and neurophysiological properties 
of spine facet joint capsules. Eur Spine J, Vol. 14, No. 16, (August 2005a), pp.565-572, 
ISSN 0940-6719. 

Lu, Y.; Chen, C.; Kallakuri, S.; Patwardhan, A. & Cavanaugh, JM. (2005b). 
Neurophysiological and biomechanical characterization of goat cervical facet joint 
capsules. J Orthop Res, Vol. 23, No. 4, (July 2005b), pp. 779-787, ISSN 0736-0266. 

Matsushita T.; Sato TB.; Hirabayashi K. & Fujimura S. (1994). X-ray study of the human neck 
motion due to head inertial loading. Proc. 39th Stapp Car Crash Conf, Vol. 39, 
(November 1994), pp.55-64, ISSN 0148-7191. 

Svensson, MY.; Ola, B.; Johan, D.; Hans, AH.; Yngve, H.; Per, L.; Anders, S. & Anette, S. 
(2000). Neck injuries in car collisions- a review covering a possible injury 
mechanism and the development of a new rear-impact dummy. Accident Analysis 
and Prevention, Vol. 32, No. 2, (March 2000), pp.167-175, ISSN 0001-4575. 

McConnell, WE.; Howard, RP.; Guzman, HM.; Bomar, JB.; Raddin, JH.; Benedict, JV. & 
Smith, HL. (1993). Analysis of human test subject kinematic responses to low 
velocity rear end impacts. Society for Automobile Engineers, (March 1993), pp.21–30, 
ISSN 0418-7191. 

McConnell, WE.; Howard, RP.; Van, PJ.; Krause, R.; Guzman, HM.; Bomar, JB.; Raddin, JH.; 
Benedict, JV. & Hatsell, CP. (1995). Human head and neck kinematics after low 
velocity rear-end impacts-understanding 'whiplash'. Proc. 39th Stapp Car Crash Conf, 
Vol. 39, (November 1995), pp. 215-238, ISSN 0148-7191. 

 
Biomechanics of the Neck 

 

401 

Mertz, HJ. & Patrick, LM. (1967). Investigation of the kinematics and kinetics of whiplash. 
Proc. 11th Stapp Car Crash Conference, Vol. 11, (November 1967), pp.267–317, ISSN 
0585-086X. 

Mertz, HJ. & Patrick, LM. (1971). Strength and response of the human neck. Proc. 15th Stapp 
Car Crash Conference, (February 1971), pp. 207–255, ISSN 0585-086X. 

Meyer, F.; Bourdent, N.; Deck, C.; Willinger, R. & Raul, JS. (2004). Human Neck Finite 
Element Model Development and Validation against Original Experimental Data. 
Proc. 48th Stapp Car Conference, Vol. 48, (November 2004), pp. 177-206, ISSN 1523-
8546. 

Moffat, EA.; Siegel, AW. & Huelke, DF. (1978). The biomechanics of automotive cervical 
fractures. Proc. Conf. AAAM, 22nd, Vol. 22, pp. 151–168. 

Myers, BS. & Winkelstein, BA. (1995). Epidemiology, classification, mechanisms, and 
tolerance of human cervical spine injuries. In: Critical Reviews in Bioengineering, Vol. 
23, (March 1995), pp. 307–410, ISSN 0278-940X. 

Ono, K.; Kaneoka, K.; Wittek, A. & Kajzer, J. (1997). Cervical injury mechanism based on the 
analysis of human cervical vertebral motion and head-neck-torso kinematics 
during low speed rear impacts. Proc. 41st Stapp Car Crash Conference, Vol. 41, 
(November 1997), pp. 339-356, ISSN 0148-7191. 

Panjabi, MM.; Ivancic, PC. & Maak, TG. (2006). Multiplanar cervical spine injury due to 
head-turned rear impact. Spine, Vol. 31, No. 4, (February 2006), pp. 420–429, ISSN 
1528-1159. 

Quinn, KP. & Winkelstein, BA. (2007). Cervical facet capsular ligament yield defines the 
threshold for injury and persistent joint-mediated neck pain. J Biomech, Vol. 40, No. 
10, (October 2007), pp. 2299-2306, ISSN 0021-9290. 

Ryan, JJ. (1962). Human crash deceleration tests on seat-belts. Aerosp. Med, Vol. 3, (February 
1962) pp. 167–174, ISSN 0001-9402. 

Seemann, MR.; Lustick, LS. & Frisch, GD. (1984). Mechanism for control of head and neck 
dynamic response. Proc. 28th Stapp Car Crash Conference, Vol. 28, (October 1984), pp. 
207-222, ISSN 0148-7191. 

Siegmund, GP.; Davis, MB.; Quinn, KP.; Hines, E.; Myers, BS.; Ejima, S.; Ono, K.; Kamiji, K.; 
Yasuki, T. & Winkelstein, BA. (2008). Head-turned postures increase the risk of 
cervical facet capsule injury during whiplash. Spine, Vol. 33, No. 15, (July 2008), pp. 
1643-1649, ISSN 1528-1159. 

Siegmund GP.; Myers BS. & Davis MB. (2001). Mechanical evidence of cervical facet capsule 
injury during whiplash: a cadaveric study using combined shear, compression, and 
extension loading. Spine, Vol. 26, No. 19, (October 2001), pp. 2095–2101, ISSN 0362-
2346. 

Storvik, SG. & Stemper, BD. (2011). Axial head rotation increases facet joint capsular 
ligament strains in automotive rear impact. Med Biol Eng Comput, Vol. 49, No. 2, 
(February 2011), pp. 153-161, ISSN 1741-0444. 

Sturzenegger, M.; DiStefano, G. & Radanov, BP. (1994). Presenting symptoms and signs after 
whiplash injury: the influence of accident mechanisms. Neurology, Vol. 44, No. 4, 
(April 1994), pp. 688–693, ISSN 0028-3878. 

Sturzenegger, M.; Radanov, BP. & Di Stefano, G. (1995).The effect of accident mechanisms 
and initial findings on the long-term course of whiplash injury. J Neurol, Vol. 242, 
No. 7, (July 1995), pp. 443–449, ISSN 0340-5354. 



 
 Theoretical Biomechanics 

 

400 

Hu, JW.; Yang, KH.; Chou, CC. & King, AI. (2008). A numerical investigation of factors 
affecting cervical spine injuries during rollover crashes. Spine, Vol. 33, No. 23, 
(November 2008); pp. 2529-2535, ISSN 1528-1159. 

Jager, MD.; Sauren, A.; Thunnissen, J. & Wismans, J. (1994). A three-dimensional head-neck 
model: Validation for frontal and lateral impacts. Proc. 38th Stapp Car Crash 
Conference, Vol. 38, (November 1994), pp. 93-109, ISSN 0148-7191. 

Jager, MD.; Sauren, A.; Thunnissen, J. & Wismans, J. (1996). A Global and a Detailed 
Mathematical Model for Head-Neck Dynamics. Proc. 40th Stapp Car Crash 
Conference, Vol. 40, (November 1996), pp. 269–281, ISSN 0148-7191. 

Kallieris, D. & Schmidt, G. (1990). Neck response and injury assessment using cadavers and 
the US-SID for far-side lateral impact of rear seat occupants with inboardanchored 
shoulder belts. Proc. 34th Stapp Car Crash Conference, Vol. 34, (October 1990), pp. 93–
100, ISSN 0148-7191. 

Kaneoka, K.; Ono, K.; Inami, S. & Hayashi, K. (1999). Motion analysis of cervical vertebrae 
during whiplash loading. Spine, Vol. 24, No. 8, (April 1999), pp. 763-769, ISSN 0362-
2436. 

Kleinberger, M. (1993). Application of Finite Element Techniques to the Study of Cervical 
Spine Mechanics. Proc. 37th Stapp Car Crash Conference, Vol. 37, (November 1993), 
pp. 261-272, ISSN 0148-7191. 

Kumaresan, S.; Yoganandan, N. & Pintar, FA. (1990). Finite element analysis of the cervical 
spine: a material property sensitivity study. Clin Biomech, Vol. 14, No. 1, (January 
1999), pp. 41-53, ISSN. 0268-0033 

Lu, Y.; Chen, C.; Kallakuri, S.; Patwardhan, A. & Cavanaugh, JM. (2005a). Development of 
an in vivo method to investigate biomechanical and neurophysiological properties 
of spine facet joint capsules. Eur Spine J, Vol. 14, No. 16, (August 2005a), pp.565-572, 
ISSN 0940-6719. 

Lu, Y.; Chen, C.; Kallakuri, S.; Patwardhan, A. & Cavanaugh, JM. (2005b). 
Neurophysiological and biomechanical characterization of goat cervical facet joint 
capsules. J Orthop Res, Vol. 23, No. 4, (July 2005b), pp. 779-787, ISSN 0736-0266. 

Matsushita T.; Sato TB.; Hirabayashi K. & Fujimura S. (1994). X-ray study of the human neck 
motion due to head inertial loading. Proc. 39th Stapp Car Crash Conf, Vol. 39, 
(November 1994), pp.55-64, ISSN 0148-7191. 

Svensson, MY.; Ola, B.; Johan, D.; Hans, AH.; Yngve, H.; Per, L.; Anders, S. & Anette, S. 
(2000). Neck injuries in car collisions- a review covering a possible injury 
mechanism and the development of a new rear-impact dummy. Accident Analysis 
and Prevention, Vol. 32, No. 2, (March 2000), pp.167-175, ISSN 0001-4575. 

McConnell, WE.; Howard, RP.; Guzman, HM.; Bomar, JB.; Raddin, JH.; Benedict, JV. & 
Smith, HL. (1993). Analysis of human test subject kinematic responses to low 
velocity rear end impacts. Society for Automobile Engineers, (March 1993), pp.21–30, 
ISSN 0418-7191. 

McConnell, WE.; Howard, RP.; Van, PJ.; Krause, R.; Guzman, HM.; Bomar, JB.; Raddin, JH.; 
Benedict, JV. & Hatsell, CP. (1995). Human head and neck kinematics after low 
velocity rear-end impacts-understanding 'whiplash'. Proc. 39th Stapp Car Crash Conf, 
Vol. 39, (November 1995), pp. 215-238, ISSN 0148-7191. 

 
Biomechanics of the Neck 

 

401 

Mertz, HJ. & Patrick, LM. (1967). Investigation of the kinematics and kinetics of whiplash. 
Proc. 11th Stapp Car Crash Conference, Vol. 11, (November 1967), pp.267–317, ISSN 
0585-086X. 

Mertz, HJ. & Patrick, LM. (1971). Strength and response of the human neck. Proc. 15th Stapp 
Car Crash Conference, (February 1971), pp. 207–255, ISSN 0585-086X. 

Meyer, F.; Bourdent, N.; Deck, C.; Willinger, R. & Raul, JS. (2004). Human Neck Finite 
Element Model Development and Validation against Original Experimental Data. 
Proc. 48th Stapp Car Conference, Vol. 48, (November 2004), pp. 177-206, ISSN 1523-
8546. 

Moffat, EA.; Siegel, AW. & Huelke, DF. (1978). The biomechanics of automotive cervical 
fractures. Proc. Conf. AAAM, 22nd, Vol. 22, pp. 151–168. 

Myers, BS. & Winkelstein, BA. (1995). Epidemiology, classification, mechanisms, and 
tolerance of human cervical spine injuries. In: Critical Reviews in Bioengineering, Vol. 
23, (March 1995), pp. 307–410, ISSN 0278-940X. 

Ono, K.; Kaneoka, K.; Wittek, A. & Kajzer, J. (1997). Cervical injury mechanism based on the 
analysis of human cervical vertebral motion and head-neck-torso kinematics 
during low speed rear impacts. Proc. 41st Stapp Car Crash Conference, Vol. 41, 
(November 1997), pp. 339-356, ISSN 0148-7191. 

Panjabi, MM.; Ivancic, PC. & Maak, TG. (2006). Multiplanar cervical spine injury due to 
head-turned rear impact. Spine, Vol. 31, No. 4, (February 2006), pp. 420–429, ISSN 
1528-1159. 

Quinn, KP. & Winkelstein, BA. (2007). Cervical facet capsular ligament yield defines the 
threshold for injury and persistent joint-mediated neck pain. J Biomech, Vol. 40, No. 
10, (October 2007), pp. 2299-2306, ISSN 0021-9290. 

Ryan, JJ. (1962). Human crash deceleration tests on seat-belts. Aerosp. Med, Vol. 3, (February 
1962) pp. 167–174, ISSN 0001-9402. 

Seemann, MR.; Lustick, LS. & Frisch, GD. (1984). Mechanism for control of head and neck 
dynamic response. Proc. 28th Stapp Car Crash Conference, Vol. 28, (October 1984), pp. 
207-222, ISSN 0148-7191. 

Siegmund, GP.; Davis, MB.; Quinn, KP.; Hines, E.; Myers, BS.; Ejima, S.; Ono, K.; Kamiji, K.; 
Yasuki, T. & Winkelstein, BA. (2008). Head-turned postures increase the risk of 
cervical facet capsule injury during whiplash. Spine, Vol. 33, No. 15, (July 2008), pp. 
1643-1649, ISSN 1528-1159. 

Siegmund GP.; Myers BS. & Davis MB. (2001). Mechanical evidence of cervical facet capsule 
injury during whiplash: a cadaveric study using combined shear, compression, and 
extension loading. Spine, Vol. 26, No. 19, (October 2001), pp. 2095–2101, ISSN 0362-
2346. 

Storvik, SG. & Stemper, BD. (2011). Axial head rotation increases facet joint capsular 
ligament strains in automotive rear impact. Med Biol Eng Comput, Vol. 49, No. 2, 
(February 2011), pp. 153-161, ISSN 1741-0444. 

Sturzenegger, M.; DiStefano, G. & Radanov, BP. (1994). Presenting symptoms and signs after 
whiplash injury: the influence of accident mechanisms. Neurology, Vol. 44, No. 4, 
(April 1994), pp. 688–693, ISSN 0028-3878. 

Sturzenegger, M.; Radanov, BP. & Di Stefano, G. (1995).The effect of accident mechanisms 
and initial findings on the long-term course of whiplash injury. J Neurol, Vol. 242, 
No. 7, (July 1995), pp. 443–449, ISSN 0340-5354. 



 
 Theoretical Biomechanics 

 

402 

Viano, DC. (1992). Influence of seatback angle on occupant dynamics in stimulated rear-end 
impacts. SAE , Vol. 242, (September 1992), pp. 177–217, ISSN 0148-7191. 

Winkelstein, BA.; Nightingale, RW. & Richardson, WJ. (2000). The cervical facet capsule and 
its role in whiplash injury: a biomechanical investigation. Spine, Vol. 25, No. 10, 
(May 2000), pp. 1238–1246, ISSN 0362-2346 

Wismans, J. & Spenny, DH. (1983). Performance requirements for mechanical necks in 
lateral flexion. Proc. 27th Stapp Car Crash Conference, Vol. 27, (October 1983), pp.137–
148, ISSN 0148-7191. 

Wismans, J.; Philippens, M.; Oorschot, Ev.; Kallieris, D. & Mattern, R. (1987). Comparison of 
human volunteer and cadaver head-neck response in frontal flexion. Proc. 31st 
Stapp Car Crash Conference, Vol. 31, (November 1987), pp.1-13, ISSN 0148-7191. 

Yang, KH.; Zhu, F.; Luan, F.; Zhao, L. & Begeman, PC. (1998). Development of a finite 
element model of the human neck. Proc. 42nd Stapp Car Crash Conference, Vol. 42, 
(November 1998), pp. 1-11, ISSN 0148-7191. 

Yang, KH. & Begman, PC. (1996). A proposed role for facet joints in neck pain in low to 
moderate speed rear end impacts. Part I: Biomechanics. In: 6th Injury Prevention 
Through Biomechanics Symposium, WSU, Vol. 6, (May 1996), pp. 59-63, ISSN 1028-
6586. 

Yang, KH.; Begeman, PC.; Muuser, M.; Niederer P. & Walz, F. (1997). On the Role of 
Cervical Facet Joints in Rear End Impact Neck Injury Mechanisms. SAE, Vol. 6, 
(February 1997), pp. 59-63, ISSN 0148-7191. 

Yang KH. & King AI. (2003). Neck kinematics in rear-end impacts. Pain Res Manage, Vol. 8, 
No. 2, (Summer 2003), pp. 79-85, ISSN 1203-6765. 

Yoganandan, N.; Haffner, M. & Maiman, DJ. (1989). Epidemiology and injury biomechanics 
of motor vehicle related trauma to the human spine. Proc. 33rd Stapp Car Crash 
Conference, Vol. 33, (October 1989), pp. 79-85, ISSN 0148-7191. 

Yoganandan, N.; Pintar, FA. & Klienberger M. (1998). Cervical spine vertebral and facet joint 
kinematics under whiplash. J Biomech Eng, Vol. 120, No. 2, (April 1998), pp. 305-307, 
ISSN 0148-0731. 

Zhang, QH.; Teo, EC. & Ng, HW. (2005). Development and validation of a CO-C7 FE 
complex for biomechanical study. J Biomech Eng, Vol. 127, No. 5, (October 2005), pp. 
729–735, ISSN 0148-0731. 



 
 Theoretical Biomechanics 

 

402 

Viano, DC. (1992). Influence of seatback angle on occupant dynamics in stimulated rear-end 
impacts. SAE , Vol. 242, (September 1992), pp. 177–217, ISSN 0148-7191. 

Winkelstein, BA.; Nightingale, RW. & Richardson, WJ. (2000). The cervical facet capsule and 
its role in whiplash injury: a biomechanical investigation. Spine, Vol. 25, No. 10, 
(May 2000), pp. 1238–1246, ISSN 0362-2346 

Wismans, J. & Spenny, DH. (1983). Performance requirements for mechanical necks in 
lateral flexion. Proc. 27th Stapp Car Crash Conference, Vol. 27, (October 1983), pp.137–
148, ISSN 0148-7191. 

Wismans, J.; Philippens, M.; Oorschot, Ev.; Kallieris, D. & Mattern, R. (1987). Comparison of 
human volunteer and cadaver head-neck response in frontal flexion. Proc. 31st 
Stapp Car Crash Conference, Vol. 31, (November 1987), pp.1-13, ISSN 0148-7191. 

Yang, KH.; Zhu, F.; Luan, F.; Zhao, L. & Begeman, PC. (1998). Development of a finite 
element model of the human neck. Proc. 42nd Stapp Car Crash Conference, Vol. 42, 
(November 1998), pp. 1-11, ISSN 0148-7191. 

Yang, KH. & Begman, PC. (1996). A proposed role for facet joints in neck pain in low to 
moderate speed rear end impacts. Part I: Biomechanics. In: 6th Injury Prevention 
Through Biomechanics Symposium, WSU, Vol. 6, (May 1996), pp. 59-63, ISSN 1028-
6586. 

Yang, KH.; Begeman, PC.; Muuser, M.; Niederer P. & Walz, F. (1997). On the Role of 
Cervical Facet Joints in Rear End Impact Neck Injury Mechanisms. SAE, Vol. 6, 
(February 1997), pp. 59-63, ISSN 0148-7191. 

Yang KH. & King AI. (2003). Neck kinematics in rear-end impacts. Pain Res Manage, Vol. 8, 
No. 2, (Summer 2003), pp. 79-85, ISSN 1203-6765. 

Yoganandan, N.; Haffner, M. & Maiman, DJ. (1989). Epidemiology and injury biomechanics 
of motor vehicle related trauma to the human spine. Proc. 33rd Stapp Car Crash 
Conference, Vol. 33, (October 1989), pp. 79-85, ISSN 0148-7191. 

Yoganandan, N.; Pintar, FA. & Klienberger M. (1998). Cervical spine vertebral and facet joint 
kinematics under whiplash. J Biomech Eng, Vol. 120, No. 2, (April 1998), pp. 305-307, 
ISSN 0148-0731. 

Zhang, QH.; Teo, EC. & Ng, HW. (2005). Development and validation of a CO-C7 FE 
complex for biomechanical study. J Biomech Eng, Vol. 127, No. 5, (October 2005), pp. 
729–735, ISSN 0148-0731. 



Theoretical Biomechanics
Edited by Václav Klika

Edited by Václav Klika

During last couple of years there has been an increasing recognition that problems 
arising in biology or related to medicine really need a multidisciplinary approach. For 

this reason some special branches of both applied theoretical physics and mathematics 
have recently emerged such as biomechanics, mechanobiology, mathematical biology, 

biothermodynamics. This first section of the book, General notes on biomechanics 
and mechanobiology, comprises from theoretical contributions to Biomechanics 

often providing hypothesis or rationale for a given phenomenon that experiment or 
clinical study cannot provide. It deals with mechanical properties of living cells and 

tissues, mechanobiology of fracture healing or evolution of locomotor trends in extinct 
terrestrial giants. The second section, Biomechanical modelling, is devoted to the 

rapidly growing field of biomechanical models and modelling approaches to improve 
our understanding about processes in human body. The last section called Locomotion 
and joint biomechanics is a collection of works on description and analysis of human 

locomotion, joint stability and acting forces.

Photo by diuno / iStock

ISBN 978-953-307-851-9

Th
eoretical Biom

echanics

ISBN 978-953-51-6721-1


	Theoretical Biomechanics
	Contents
	Preface
	Part 1
General Notes on Biomechanics and Mechanobiology
	Chapter 1
Mechanical Properties of Living Cells and Tissues Related to Thermodynamics, Experiments and Quantitative Morphology – A Review
	Chapter 2
Mechanobiology of Fracture Healing: Basic Principles and Applications in Orthodontics and Orthopaedics
	Chapter 3
Evolution of Locomotor Trends in Extinct Terrestrial Giants Affected by Body Mass

	Part 2
Biomechanical Modelling
	Chapter 4
Functional Data Analysis for Biomechanics
	Chapter 5
Biomechanical Computer Models
	Chapter 6
Biomechanics and Modeling of Skeletal Soft Tissues
	Chapter 7
Biomechanical Models of Endodontic Restorations
	Chapter 8
Development and Validation of a Three-Dimensional Biomechanical Model of the Lower Extremity
	Chapter 9
Feasible Simulation of Diseases Related to Bone Remodelling and of Their Treatment
	Chapter 10
Towards a Realistic and Self-Contained Biomechanical Model of the Hand

	Part 3
Locomotion and Joint Biomechanics
	Chapter 11
Estimating Lower Limb Skeletal Loading
	Chapter 12
Physical Insights Into Dynamic Similarity in Animal Locomotion. I. Theoretical Principles and Concepts
	Chapter 13
Physical Insights Into Dynamic Similarity in Animal Locomotion. II. Observation of Continues Similarity States
	Chapter 14
Induced Acceleration Analysis of Three-Dimensional Multi-Joint Movements and Its Application to Sports Movements
	Chapter 15
Stability During Arboreal Locomotion
	Chapter 16
Biomechanical Assessments in Sports and Ergonomics
	Chapter 17
The Biomechanics of the Anterior Cruciate Ligament and Its Reconstruction
	Chapter 18
Biomechanics of the Neck




