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Preface 
 

The word "viscoelastic" means the simultaneous existence of viscous and elastic 
responses of a material. Hence, neither Newton's law (for linear viscous fluids) nor 
Hooke's law (for pure elastic solids) suffice to explain the mechanical behavior of 
viscoelastic materials. Strictly speaking all materials are viscoelastic and their 
particular response depends on the Deborah number, that is to say the ratio between 
the natural time of the material (relaxation time) and the time scale of the experiment 
(essay time). Thus, for a given material, if the experiment is slow, the material will 
appear to be viscous, whereas if the experiment is fast it will appear to be elastic. 
Many materials exhibit a viscolastic behavior at the observation times and the area is 
relevant in many fields of study from industrial to technological applications such as 
concrete technology, geology, polymers and composites, plastics processing, paint 
flow, hemorheology, cosmetics, adhesives, etc. 

In this book, 16 chapters on various viscoelasticity related aspects are compiled. A 
number of current research projects are outlined as the book is intended to give the 
readers a wide picture of current research in viscoelasticity balancing between 
fundamentals and applied knowledge. For this purpose, the chapters are written by 
experts from the Industry and Academia.  

The first part of the book is dedicated to theory and simulation. The first chapter, by 
Dávalos-Orozco is a review of the theory of linear and nonlinear natural convection of 
fluid layers between two horizontal walls under an imposed vertical temperature 
gradient. Chapter 2 by Tsukahara and Kawaguchi deals with the turbulent flow of 
viscoelastic fluids through complicated geometries such as orifice flows. Next, in 
chapter 3, Narahari and Hanneken describe a microscopic formulation of fractional 
theory of viscoelasticity. Finally, in chapter 4, Kejian revisits the die swell problem of 
viscoelastic polymeric systems. 

The second part of the book covers important aspects of viscoelasticity in biological 
systems. The first chapter by Sasaki highlights the importance of viscoelasticity in the 
mechanical properties of biological materials. Next, Dahms and coworkers summarize 
the current techniques used to probe viscoelasticity with special emphasis on the 
application of Atomic Force Microscopy to microbial cell mechanics. In chapters 7 and 
8 Zenzo and Xi and coworkers focus on the viscoelastic properties of human dermis 



X Preface 
 

and epithelial cells. Last chapter in this section cover aspects related to the blood flow, 
where Kitawaki proposes a numerical model for the viscoelasticity of arterial walls. 

The third part of the book is devoted to the study of the viscoelastic properties of food 
colloids. Chapter 10 is an attempt to clarify the relationship between the viscoelastic 
properties of starches, and their mixtures, and texture in real foods. In chapter 11 
Ramirez-Wong and coworkers determine the effect of xantham gum on viscoelastic 
and textural characteristics of masa and tortilla from extruded nixtamalized corn flour. 
Finally, in chapter 12, stress-relaxation and dynamic tests are performed to evaluate 
the viscoelastic properties of dough from soft wheat cultivars. 

The last part of the book deals with other miscellaneous applications. Tang and Gao 
perform a micro-rheological study of fully exfoliated organoclay modified 
thermotropic liquid crystalline polymers (TLCP). Chapter 14 is an attempt to estimate 
the thermal deformation in laminated printed circuit boards by the application of a 
layered plate theory that includes energy transport. In the next chapter, chapter 15, 
Ibrahim and coworkers describe an approach for the dynamic characterization of 
passive viscoelasticity of a paraplegic's knee joint. This last section finishes with 
chapter 16, by Hayssam, and describes a nonlinear viscoelastic model to be applied on 
compressed plastic films for light-weight embankment. 

The format of this book is chosen to enable fast dissemination of new research, and to 
give easy access to readers. The chapters can be read individually. 

I would like to express my gratitude to all the contributing authors that have made a 
reality this book. I wish to thank also InTech staff and their team members for the 
opportunity to publish this work, in particular, Ana Pantar, Dimitri Jelovcan, Romana 
Vukelic and Marina Jozipovic for their support which has made my job as editor an 
easy and satisfying one.  

Finally, I gratefully acknowledge financial support by the Ministerio de Ciencia e 
Innovación (MICINN MAT 2010-15101 project, Spain), by the European Regional 
Development Fund (ERDF), and by the projects P10-RNM-6630 and P11-FQM-7074 
from Junta de Andalucía (Spain). 
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Chapter 0

Viscoelastic Natural Convection

L. A. Dávalos-Orozco

Additional information is available at the end of the chapter

http://dx.doi.org/10.5772/49981

1. Introduction

Heat convection occurs in natural and industrial processes due to the presence of temperature
gradients which may appear in any direction with respect to the vertical, which is determined
by the direction of gravity. In this case, natural convection is the fluid motion that occurs
due to the buoyancy of liquid particles when they have a density difference with respect
the surrounding fluid. Here, it is of interest the particular problem of natural convection
between two horizontal parallel flat walls. This simple geometry brings about the possibility
to understand the fundamental physics of convection. The results obtained from the research
of this system may be used as basis to understand others which include, for example, a more
complex geometry and a more complex fluid internal structure. Even though it is part of our
every day life (it is observed in the atmosphere, in the kitchen, etc.), the theoretical description
of natural convection was not done before 1916 when Rayleigh [53] made calculations under
the approximation of frictionless walls. Jeffreys [27] was the first to calculate the case including
friction in the walls. The linear theory can be found in the monograph by Chandrasekhar [7].
It was believed that the patterns (hexagons) observed in the Bénard convection (see Fig. 1,
in Chapter 2 of [7] and the references at the end of the chapter) were the same as those of
natural convection between two horizontal walls. However, it has been shown theoretically
and experimentally that the preferred patterns are different. It was shown for the first time
theoretically by Pearson [45] that convection may occur in the absence of gravity assuming
thermocapillary effects at the free surface of a liquid layer subjected to a perpendicular
temperature gradient. The patterns seen in the experiments done by Bénard in the year
1900, are in fact only the result of thermocapillarity. The reason why gravity effects were
not important is that the thickness of the liquid layer was so small in those experiments that
the buoyancy effects can be neglected. As will be shown presently, the Rayleigh number,
representative of the buoyancy force in natural convection, depends on the forth power of
the thickness of the liquid layer and the Marangoni number, representing thermocapillary
effects, depends on the second power of the thickness. This was not realized for more than
fifty years, even after the publication of the paper by Pearson (as seen in the monograph
by Chandrasekhar). Natural convection may present hexagonal patterns only when non

©2012 Dávalos-Orozco, licensee InTech. This is an open access chapter distributed under the terms of
the Creative Commons Attribution License (http://creativecommons.org/licenses/by/3.0),which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited.

Chapter 1

© 2012 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons 
Attribution License http://creativecommons.org/licenses/by/3.0), which permits unrestricted use, distribution, 
and reproduction in any medium, provided the original work is properly cited.
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2 Will-be-set-by-IN-TECH

Boussinesq effects [52] occur, like temperature dependent viscosity [57] which is important
when temperature gradients are very large. The Boussinesq approximation strictly assumes
that all the physical parameters are constant in the balance of mass, momentum and energy
equations, except in the buoyancy term in which the density may change with respect to
the temperature. Any change from this assumption is called non Boussinesq approximation.
When the thickness of the layer increases, gravity and thermocapillary effects can be included
at the same time [40]. This will not be the subject of the present review. Here, the thickness of
the layer is assumed large enough so that thermocapillary effects can be neglected.

The effects of non linearity in Newtonian fluids convection were taken into account by Malkus
and Veronis [33] and Veronis [65] using the so called weakly non linear approximation, that is,
the Rayleigh number is above but near to the critical Rayleigh number. The small difference
between them, divided by the critical one, is used as an expansion parameter of the variables.
The patterns which may appear in non linear convection were investigated by Segel and Stuart
[57] and Stuart [61]. The method presented in these papers is still used in the literature. That
is, to make an expansion of the variables in powers of the small parameter, including normal
modes (separation of horizontal space variables in complex exponential form) of the solutions
of the non linear equations. With this method, an ordinary non linear differential equation
(or set of equations), the Landau equation, is obtained for the time dependent evolution of
the amplitude of the convection cells. Landau used this equation to explain the transition to
turbulent flow [31], but never explained how to calculate it. For a scaled complex A(t), the
equation is:

dA
dt

= rA − |A|2 A. (1)

In some cases, the walls are considered friction free (free-free case, if both walls have no
friction). One reason to make this assumption is that the nonlinear problem simplifies
considerably. Another one is that the results may have relevance in convection phenomena
in planetary and stellar atmospheres. In any way, it is possible that the qualitative results
are similar to those of convection between walls with friction, mainly when the interest is
on pattern formation. This simplification has also been used in convection of viscoelastic
fluids. To describe the nonlinear envelope of the convection cells spatial modulation, it is
possible to obtain a non linear partial differential equation by means of the multiple scales
approximation [3], as done by Newell and Whitehead [39] and Segel [56]. This equation is
called the Newell-Whitehead-Segel (NWS) equation. For a scaled A(X,Y,T), it is:

∂A
∂T

= rA − |A|2 A +

(
∂

∂X
− 1

2
i

∂2

∂Y2

)2

A. (2)

Here, X, Y and T are the scaled horizontal coordinates and time, respectively. In the absence of
space modulation it reduces to the Landau Equation 1. It is used to understand the non linear
instability of convection flow. However, it has been found that this equation also appears in
the description of many different physical phenomena. The non linear stability of convection
rolls depends on the magnitude of the coefficients of the equation. If the possibility of the
appearance of square or hexagonal patterns is of interest, then the stability of two coupled or
three coupled NWS equations have to be investigated. They are obtained from the coupling
of modes having different directions (see [22] and [23]).
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The shear stress tensor of Newtonian fluids have a linear constitutive relation with respect
to the shear rate tensor. The constitutive equation of that relation has as constant of
proportionality the dynamic viscosity of the fluid, that is

τij = 2η0eij. (3)

Here, the shear rate tensor is

eij =
1
2

(
∂vi
∂xj

+
∂vj

∂xi

)
, (4)

Any fluid whose stress tensor has a different constitutive relation, or equation, with respect
to the shear rate tensor is called non Newtonian. That relation might have an algebraic
or differential form. Here, only natural convection of viscoelastic fluids will be discussed
[4, 9] as non Newtonian flows. These fluids are defined by constitutive equations which
include complex differential operators. They also include relaxation and retardation times.
The physical reason can be explained by the internal structure of the fluids. They can be
made of polymer melts or polymeric solutions in some liquids. In a hydrostatic state, the
large polymeric chains take the shape of minimum energy. When shear is applied to the
melt or solution, the polymeric chains deform with the flow and then they are extended or
deformed according to the energy transferred by the shear stress. This also has influence
on the applied shear itself and on the shear stress. When the shear stress disappears, the
deformed polymeric chains return to take the form of minimum energy, carrying liquid with
them. This will take a time to come to an end, which is represented by the so called retardation
time. On the other hand, there are cases when shear stresses also take some time to vanish,
which is represented by the so called relaxation time. It is possible to find fluids described by
constitutive equations with both relaxation and retardation times. The observation of these
viscoelastic effects depend on different factors like the percentage of the polymeric solution
and the rigidity of the macromolecules.

A simple viscoelastic model is the incompressible second order fluid [10, 16, 34]. Assuming
τij as the shear-stress tensor, the constitutive equation is:

τij = 2η0eij + 4βeikekj + 2γ
Deij

Dt
. (5)

and DPij

Dt
=

DPij

Dt
+ Pik

∂vk
∂xj

+
∂vk
∂xi

Pkj, (6)

for a tensor Pij and where
D
Dt

=
∂

∂t
+ vk

∂

∂xk
, (7)

is the Lagrange or material time derivative. The time derivative in Equation 6 is called the
lower-convected time derivative, in contrast to the following upper convected time derivative

DPij

Dt
=

DPij

Dt
− Pik

∂vk
∂xj

− Pjk
∂vk
∂xi

, (8)
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τij = 2η0eij. (3)

Here, the shear rate tensor is

eij =
1
2

(
∂vi
∂xj

+
∂vj

∂xi

)
, (4)

Any fluid whose stress tensor has a different constitutive relation, or equation, with respect
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or differential form. Here, only natural convection of viscoelastic fluids will be discussed
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large polymeric chains take the shape of minimum energy. When shear is applied to the
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deformed according to the energy transferred by the shear stress. This also has influence
on the applied shear itself and on the shear stress. When the shear stress disappears, the
deformed polymeric chains return to take the form of minimum energy, carrying liquid with
them. This will take a time to come to an end, which is represented by the so called retardation
time. On the other hand, there are cases when shear stresses also take some time to vanish,
which is represented by the so called relaxation time. It is possible to find fluids described by
constitutive equations with both relaxation and retardation times. The observation of these
viscoelastic effects depend on different factors like the percentage of the polymeric solution
and the rigidity of the macromolecules.

A simple viscoelastic model is the incompressible second order fluid [10, 16, 34]. Assuming
τij as the shear-stress tensor, the constitutive equation is:
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Deij

Dt
. (5)

and DPij

Dt
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DPij

Dt
+ Pik

∂vk
∂xj

+
∂vk
∂xi

Pkj, (6)

for a tensor Pij and where
D
Dt

=
∂

∂t
+ vk

∂

∂xk
, (7)

is the Lagrange or material time derivative. The time derivative in Equation 6 is called the
lower-convected time derivative, in contrast to the following upper convected time derivative

DPij

Dt
=

DPij

Dt
− Pik

∂vk
∂xj

− Pjk
∂vk
∂xi

, (8)
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and to the corrotational time derivative

DPij

Dt
=

DPij

Dt
+ ωikPkj − Pikωkj, (9)

where the rotation rate tensor is

ωij =
1
2

(
∂vi
∂xj

− ∂vj

∂xi

)
. (10)

These time derivatives can be written in one formula as

DPij

Dt
=

DPij

Dt
+ ωikPkj − Pikωkj − a

(
eikPkj + Pikekj

)
, (11)

where the time derivatives correspond to the upper convected for a = 1, the corrotational
for a = 0 and the lower convected for a = −1, respectively [47]. These time derivatives are
invariant under a change of reference frame. In Equations 3 and 5 η0 is the viscosity and in
Equation 5 β and γ are material constants. The second order model Equation 5 has limitations
in representing fluid motion. It is an approximation for slow motion with small shear rate
[4]. Linear and nonlinear convection of second order fluids has been investigated by Dávalos
and Manero [12] for solid walls under the fixed heat flux boundary condition. The same fluid
has been investigated looking for the possibility of chaotic motion (aperiodic and sensitive to
initial conditions [28]) by [58] for the case of free boundaries and fixed temperature boundary
condition.

The Maxwell model [4] is used to describe motion where it is possible to have shear stress
relaxation. The constitutive equation of this model is:

τij + λ
Dτij

Dt
= 2η0eij. (12)

where λ is the relaxation time. A characteristic of this equation is that for λ small the fluid
nearly behaves as Newtonian. For large λ it tends to behave as an elastic solid as can
be seen if eij is considered as the time derivative of the strain. In the limit of very large
λ, the approximate equation is integrated in time to get Hook’s law, that is, the stress is
proportional to the strain. This constitutive equation has three versions, the upper convected,
the lower convected and the corrotational Maxwell models, depending on the time derivative
selected to describe the fluid behavior. The natural convection of the Maxwell fluid has been
investigated by Vest and Arpaci [66] for free-free and solid-solid walls with fixed temperature.
Sokolov and Tanner [59] investigated the linear problem of the Maxwell fluid, among other
viscoelastic fluids, using an integral form of the stress tensor. The non linear problem has been
investigated for free-free boundaries by Van Der Borght et al. [64], using the upper convected
time derivative. Brand and Zielinska [5] show that nonlinear traveling waves appear for
different Prandtl numbers in a convecting Maxwell fluid with free-free walls. The Prandtl
number Pr is the ratio of the kinematic viscosity over the thermal diffusivity. The chaotic
behavior of convection of a Maxwell fluid has been investigated by Khayat [29]. The effect of
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the thickness and thermal conductivity of the walls has been taken into account in the linear
convection of a Maxwell fluid by Pérez-Reyes and Dávalos-Orozco [46].

The Oldroyd’s fluid model [4, 41] includes, apart from a relaxation time, a retardation time.
The linear version of this model is called the Jeffreys model (but the non linear model is
sometimes called by this name). The constitutive equation is

τij + λ
Dτij

Dt
= 2η0

(
eij + λ1

Deij

Dt

)
. (13)

where λ1 is the retardation time. Notice that when λ1 = 0 this contitutive equation reduces
to that of a Maxwell fluid. Therefore, a number of papers which investigate the convection
in Oldroyd fluids also include results of the Maxwell fluid. When λ = 0, the equation
reduces to that of the second-order fluid with a zero coefficient γ. Linear convection of
Oldroyd fluids has been investigated by Green [21], Takashima [62], Kolkka and Ierley [30],
Martínez-Mardones and Pérez-García [35] and Dávalos-Orozco and Vázquez-Luis [14] for
free upper surface deformation. Nonlinear calculations of the Oldroyd fluid where done
first by Rosenblat [55] for free-free boundaries. The non linear problem of solid-solid and
solid-free boundaries was investigated by Park and Lee [43, 44]. Nonlinear problems were
investigated by Martínez-Mardones et al. for oscillatory and stationary convection [36], to
study the stability of patterns in convection [37] and to investigate the convective and absolute
instabilities by means of amplitude equations [38].

The following section presents the balance equations suitable for natural convection. Section
3 is an introduction to Newtonian fluids convection. The Sections 4, 5, and 6 correspond
to reviews of convection of second-order, Maxwell and Oldroyd fluids, respectively. Finally,
some conclusions are given in the last Section 7.

2. Equations of balance of momentum, mass and energy

Here, the basic equations of balance of momentum, mass and energy for an incompressible
fluid are presented. In vector form, they are

ρ

[
∂u∗
∂t∗ + (u∗ · ∇∗) u∗

]
= −∇∗p∗ +∇∗ · τττ∗ + ρg (14)

∇∗ · u∗ = 0 (15)

ρCV

[
∂T∗
∂t∗ + (u∗ · ∇∗) T∗

]
= XF∇∗2T∗ (16)

The dimensional variables are defined as follows. ρ is the density, u∗ = (u∗, v∗, w∗) is the
velocity vector, p∗ is the pressure, τττ∗ is the stress tensor which satisfies one of the constitutive
equations presented above. T∗ is the temperature, CV is the specific heat at constant volume
and XF is the heat conductivity of the fluid. Use is made of ∇∗ = (∂/∂x∗ , ∂/∂y∗ , ∂/∂z∗). g =
(0, 0,−g) = −gk̂ is the vector of the acceleration of gravity with g its magnitude and k̂ a unit
vector in the direction opposite to gravity. Equation 15 means that the fluid is incompressible
and that any geometric change of a fluid element volume in one direction is reflected in the
other the directions in such a way that the volume is preserved according to this equation.
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If the thickness and conductivity of the walls are taken into account, the temperature in each
wall satisfies the equation

ρWCVW
∂T∗

W
∂t∗ = XW∇∗2T∗

W (17)

where TW is the temperature of one of the walls (TL for the lower wall and TU for the upper
wall). ρW , CVW and XW are the density, specific heat at constant volume and heat conductivity
of one of the walls (ρL, CVL, XLW for the lower wall and ρU , CVU , XUW for the upper wall).
The variables are subjected to boundary conditions. The velocity has two types of conditions:
for friction free walls and for solid walls with friction. They are, respectively:

n · u∗ = 0 and n · ∇∗u∗ = n · ∇∗v∗ = 0 at z∗ = z1 and z∗ = z1 + d f ree boundary (18)

u∗ = 0 at z∗ = z∗1 and z∗ = z∗1 + d solid boundary

where n is the unit normal vector to one of the walls, z1 is a particular position of the lower
wall in the z-axis and d is the thickness of the fluid layer. The conditions in the first line of
Equation 18 mean that the fluid can not penetrate the wall and that the wall does not present
any shear due to the absence of friction. The condition of the second line means that the fluid
sticks to the wall due to friction.

The temperature satisfies the boundary conditions of fixed temperature and fixed heat at the
walls, respectively,

T∗ = T0 at z∗ = z∗1 and z∗ = z∗1 + d f ixed temperature (19)

n · ∇∗T∗ =
q0

XF
at z∗ = z∗1 and z∗ = z∗1 + d f ixed heat f lux

where q0 is a constant heat flux normal and through one of the walls.

If the thickness and heat conductivity of the walls are taken into account, the temperature has
to satisfy the conditions

T∗
L = TBL at z∗ = z∗1 − dL (20)

T∗
U = TAU at z∗ = z∗1 + d + dU

T∗
L = T∗, XLnL · ∇∗T∗ = nL · ∇∗T∗

L at z∗ = z∗1
T∗

U = T∗, XUnU · ∇∗T∗ = nU · ∇∗T∗
L at z∗ = z∗1 + d

where XL = XLW/XF and XU = XUW/XF . TBL and TAU are the temperatures below the
lower wall and above the upper wall. dL and dU are the thicknesses of the lower and the
upper walls, respectively. The normal unit vectors to the upper and lower walls are nU and
nL. The two conditions in the third and forth lines of Equation 20 mean the continuity of
temperature and the continuity of the heat flux between the fluid and each wall, respectively.

The equations and boundary conditions can be made non dimensional by means of
representative magnitudes for each of the dependent and independent variables. For example,
the distance is scaled by the thickness of the fluid layer d or a fraction of it, the time is
scaled with d2/κ, where the thermal diffusivity is κ = XF/ρ0CV , the velocity with κ/d, the
pressure and the stress tensor with ρ0κ2/d2. ρ0 is a representative density of the fluid. The
temperature is made non dimensional with a characteristic temperature difference or with
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a quantity proportional to a temperature difference. The time can also be scaled with d2/ν,
where the kinematic viscosity is ν = η0/ρ0 and the velocity with ν/d. Then, the pressure and
the stress tensor can be scaled in two ways, by means of ρ0κν/d2 or by ρ0ν2/d2. The difference
stems on the importance given to the mass diffusion time d2/ν or to the heat diffusion time
d2/κ.

It is assumed that before a perturbation is applied to the Equations 14 to 16 the system is in a
hydrostatic state and that the variables satisfy

0 = −∇∗P∗
0 + ρ0 [1 − αT (T∗

0 − T∗
R)] g (21)

∇∗2T∗
0 = 0 (22)

The solution of these two equations will be the main pressure P0 and the main temperature
profile T∗

0 of the system before perturbation. Here, ρ0 is a reference density at the reference
temperature T∗

R which depends on the boundary conditions. αT is the coefficient of volumetric
thermal expansion of the fluid. These two solutions of Equations 21 and 22 are subtracted from
Equations 14 to 16 after introducing a perturbation on the system. In non dimensional form,
the equations of the perturbation are

1
Pr

(
∂u
∂t

+ (u · ∇) u
)
= −∇p +∇ · τττ + Rθk̂ (23)

∇ · u = 0 (24)
∂θ

∂t
+ (u · ∇) θ − u · k̂ = ∇2θ (25)

κ

κW

∂θW

∂t
= ∇2θW (26)

The non dimensionalization was based on the heat diffusion time and the scaling of the
pressure and shear stress with ρ0κν/d2. u, p, τ, θ and θW are the perturbations of velocity,
pressure, shear stress, fluid temperature and walls temperature (θL and θU for the lower and
upper walls), respectively. R = gαTΔTd3/νκ is the Rayleigh number and Pr = ν/κ is the
Prandtl number. ΔT is a representative temperature difference. κW is the thermal diffusivity
of one of the walls (κL for the lower wall and κU for the upper wall).

The last term in the left hand side of Equation 25 appears due to the use of the linear
temperature solution of Equation 22. If the temperature only depends on z∗ in the form
T∗

0 = a1z∗+ b1, this solution is introduced in a term like u∗ ·∇∗T∗
0 . Here, a1 is a constant which

is proportional to a temperature difference or an equivalent if the heat flux is used. In these
equations, the Boussinesq approximation has been taken into account, that is, in Equations
14 to 16 the density was assumed constant and equal to ρ0 everywhere except in the term
ρg where it changes with temperature. The other parameters of the fluid and wall are also
assumed as constant. These conditions are satisfied when the temperature gradients are small
enough.

The constitutive Equations 3, 5, 12, 13 are perturbed and also have to be made non
dimensional. For the perturbation shear stress tensor τij and shear rate tensor eij, they are

τij = 2eij. (27)
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τij = 2eij + 4Beikekj + 2Γ
Deij

Dt
. (28)

τij + L
Dτij

Dt
= 2eij. (29)

τij + L
Dτij

Dt
= 2

(
eij + LE

Deij

Dt

)
. (30)

where B = βκ/ρνd, Γ = γκ/ρνd2, L = λκ/d2 and E = λ1/λ < 1.

The boundary conditions of the perturbations in non dimensional form are

n · u = 0 and n · ∇u = n · ∇v = 0 at z = z1 and z = z1 + 1 f ree boundary (31)

u = 0 at z = z1 and z = z1 + 1 solid boundary

θ = 0 at z = z1 and z = z1 + 1 f ixed temperature (32)

n · ∇θ = 0 at z = z1 and z = z1 + 1 f ixed heat f lux

θL = 0 at z = z1 − DL (33)

θU = 0 at z = z1 + 1 + DU

θL = θ, XLnL · ∇θ = nL · ∇θL at z = z1

θU = θ, XUnU · ∇θ = nU · ∇θU at z = z1 + 1

Here, DL and DU are the ratios of the thickness of the lower and upper walls over the fluid
layer thickness, respectively. The meaning of the conditions Equation 32 is that the original
temperature and heat flux at the boundary remain the same when θ = 0 and n · ∇θ = 0. The
same can be said from the first two Equations 33, that is, the temperature below the lower wall
and the temperature above the upper wall stay the same after applying the perturbation.

3. Natural convection in newtonian fluids

The basics of natural convection of a Newtonian fluid are presented in this section in order to
understand how other problems can be solved when including oscillatory and non linear flow.
The section starts with the linear problem and later discuss results related with the non linear
equations. The system is a fluid layer located between two horizontal and parallel plane walls
heated from below or cooled from above. Gravity is in the z-direction. As seen from Equations
23 to 25, the linear equations are

1
Pr

∂u
∂t

= −∇p +∇2u + Rθk̂ (34)

∇ · u = 0 (35)
∂θ

∂t
− w = ∇2θ (36)

In Equation 34 use has been made of Equations 3, 4 and 35. The first boundary conditions
used will be those of free-free and fixed temperature at the wall [7]. These are the simplest
conditions which show the qualitative behavior of convection in more complex situations.
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To eliminate the pressure from the equation it is necessary to apply once the curl operator to
Equation 34. This is the equation of the vorticity and its vertical component is independent
from the other components of the vorticity vector. Applying the curl one more time, it is
possible to obtain an equation for the vertical component of the velocity independent of the
other components. The last and the first equations are

1
Pr

∂∇2w
∂t

= ∇4w + R∇2
⊥θ (37)

∂ζZ

∂t
= ∇2ζZ (38)

Here, ∇2
⊥ = (∂2/∂2x, ∂2/∂2y) is the horizontal Laplacian which appears due to the unit vector

k̂ in Equation 34. The third component of vorticity is defined by ζZ = [∇× u]Z. The three
components of ζ are related with the three different elements of the rotation tensor Equation
10 multiplied by 2.

These Equations 37, 38 and 36 are partial differential and their variables can be separated in
the form of the so called normal modes

f (x, y, z, t) = F(z)exp
(
ikxx + ikyy + σt

)
(39)

F(z) is the amplitude of the dependent variable. The wavevector is defined by�k = (kx , ky),

kx and ky are its x and y-components and its magnitude is
∣∣∣�k
∣∣∣ = k. When the flow is time

dependent, σ = s + iω where s is the growth rate and ω is the frequency of oscillation. Then,
using normal modes and assuming that the system is in a neutral state where the growth rate
is zero (s = 0), the equations are

iω
Pr

(
d2

dz2 − k2
)

W =

(
d2

dz2 − k2
)2

W − Rk2Θ (40)

iωZ =

(
d2

dz2 − k2
)

Z (41)

iωΘ − W =

(
d2

dz2 − k2
)

Θ (42)

dW
dz

+ ikxU + ikyV = 0 (43)

The last equation is the equation of continuity and U and V are the z- dependent amplitudes
of the x and y-components of the velocity. Θ, W and Z are the z-dependent amplitudes of
the temperature and the vertical components of velocity and vorticity, respectively. If the heat
diffusion in the wall is taken into account with a temperature amplitude ΘW , Equation 26
becomes

iω
κ

κW
ΘW =

(
d2

dz2 − k2
)

ΘW (44)
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)
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In normal modes the boundary conditions Equations 31 to 33 change into those for the
amplitude of the variables. They are

W = 0 ,
d2W
dz2 = 0 ,

dZ
dz

= 0 at z = 0 and z = 1 f ree boundary (45)

W = 0 ,
dW
dz

= 0 , Z = 0 at z = 0 and z = 1 solid boundary

Θ = 0 at z = 0 and z = 1 f ixed temperature (46)

dΘ
dz

= 0 at z = 0 and z = 1 f ixed heat f lux

ΘL = 0 at z = −DL (47)

ΘU = 0 at z = 1 + DU

ΘL = Θ, XL
dΘ
dz

=
dΘL

dz
at z = 0

ΘU = Θ, XU
dΘ
dz

=
dΘU

dz
at z = 1

where the two free boundary conditions n · ∇u = n · ∇v = 0 where replaced by d2W/dz2 = 0
using the z-derivative of the continuity Equation 43 and the x and y-components of the solid
boundary condition u = 0 are replaced by dw/dz = 0 using Equation 43. The conditions of
the z-component of vorticity Z are obtained from its definition using the x and y-components
of the boundary condition u = 0 for a solid wall and the derivative for the free wall. Notice
that in the linear problem, in the absence of a source of vorticity (like rotation, for example)
for all the conditions investigated here, the vorticity Z = 0. Vorticity can be taken into account
in the non linear problem (see for example Pismen [49] and Pérez-Reyes and Dávalos-Orozco
[48]). Equations 40 and 42 are independent of the vorticity Z. They can be combined to give

(
d2

dz2 − k2
)(

d2

dz2 − k2 − iω
)(

d2

dz2 − k2 − iω
Pr

)
W + Rk2W = 0 (48)

The first boundary conditions used will be those of Equations 45 and 46 of free-free and
fixed temperature at the wall [7]. These are the simplest conditions, important because they
allow to obtain an exact solution of the problem and may help to understand the qualitative
behaviour of convection in more complex situations. Using Equations 40 and 42 evaluated at
the boundaries, these conditions can be translated into:

W = D2w = D4w = D6w = . . . and Θ = D2Θ = D4Θ = D6Θ = . . . (49)

where D = d/dz. These are satisfied by a solution

W = A sin(nπz) (50)

Here, n is an integer number and A is the amplitude which in the linear problem can not be
determined. In this way, substitution in Equation 48 leads to an equation which can be written
as

R =
1
k2

(
n2π2 + k2

) [(
n2π2 + k2

)2 − ω2

Pr

]
+

1
k2

(
n2π2 + k2

)2
(

1 +
1

Pr

)
iω (51)
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The Rayleigh number must be real and therefore the imaginary part should be zero. This
condition leads to the solution ω = 0. That is, under the present boundary conditions, the
flow can not be oscillatory, it can only be stationary. Thus, the marginal Rayleigh number for
stationary convection is

R =
1
k2

(
n2π2 + k2

)3
(52)

From this equation it is clear that n represents the modes of instability that the system may
show. If the temperature gradient is increased, the first mode to occur will be that with n = 1.
Here, the interest is to calculate the lowest magnitude of R with respect to k because it is
expected that the mode n = 1 will appear first for the wavenumber that minimizes R. Thus,
taking the derivative of R with respect to k and solving for k, the minimum is obtained for

k = π/
√

2 (53)

This critical wavenumber is substituted in Equation 52 to obtain the critical Rayleigh number
for free-free walls and fixed temperature

R =
27
4

π4 = 657.51 (54)

This may be interpreted as the minimum non dimensional temperature gradient needed for
the beginning of linear convection. The space variables were made non dimensional using
the thickness of the layer. Therefore, the result of Equation 53 shows that, under the present
conditions, the size (wavelength) of the critical convection cells will be Λ = 2

√
2d.

Now, the solid-solid conditions and the fixed temperature conditions are used. In this case too,
it has been shown that convection should be stationary [7]. The problem is more complicated
and numerical methods are needed to calculate approximately the proper value problem for
R. From Equation 48 and ω = 0 the equation for W is :

(
d2

dz2 − k2
)3

W + Rk2W = 0 (55)

Due to the symmetry of the boundary conditions it is possible to have two different solutions.
One is even and the other is odd with respect to boundary conditions located symmetrically
with respect to the origin of the z-coordinate. That is, when z1 = −1/2. Assume W ∝ exp(mz)
in Equation 55 to obtain (

m2 − k2
)3

+ Rk2 = 0 (56)

This is a sixth degree equation for m (or a third degree equation for m2) which has to be solved
numerically. The solutions for Equation 55 can be written as

W = A1em1z + A2e−m1z + A3em2z + A4e−m2z + A5em3z + A6e−m3z (57)

one of this coeficients Ai has to be normalized to one. The mi’s contain the proper values R and
k. Three conditions for W are needed at each wall. They are W = DW = D4W − 2k2D2W at
z = ±1/2. The last one is a result of the use of the condition for Θ in Equation 40 with ω = 0.
As an example of the even and odd proper value problem, the evaluation of the conditions of
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W at z = ±1/2 will be presented. They are

0 = A1e
m1
2 + A2e−

m1
2 + A3e

m2
2 + A4e−

m2
2 + A5e

m3
2 + A6e−

m3
2 (58)

0 = A1e−
m1
2 + A2e

m1
2 + A3e−

m2
2 + A4e

m2
2 + A5e−

m3
2 + A6e

m3
2

Addition and subtraction of both conditions give, respectively

0 = 2 (A1 + A2) cosh
(m1

2

)
+ 2 (A3 + A4) cosh

(m2
2

)
+ 2 (A5 + A6) cosh

(m3
2

)
(59)

0 = 2 (A1 − A2) sinh
(m1

2

)
+ 2 (A3 − A4) sinh

(m2

2

)
+ 2 (A5 − A6) sinh

(m3

2

)

The same can be done with the other boundary conditions. The important point is that two
sets can be separated, each one made of three conditions: one formed by the addition of the
conditions and another one made of the subtraction of the conditions, that is, the even and the
odd modes of the proper value problem. It has been shown numerically [7] that the even mode
gives the smaller magnitude of the marginal proper value of the Rayleigh number. The odd
mode gives a far more larger value and therefore it is very stable in the present conditions of
the problem. However, there are situations where the odd mode can be the first unstable one
(see Ortiz-Pérez and Dávalos-Orozco [42] and references therein). Recently, Prosperetti [51]
has given a very accurate and simple formula for the marginal Rayleigh number by means of
an improved numerical Galerkin method. That is

R =
1
k2

(
(π2 + k2)5(sinh(k) + k)

(π2 + k2)2(sinh(k) + k)− 16π2kcosh(k/2)2

)
(60)

The marginal curve plotted from this equation gives a minimum R = 1715.08 at k = 3.114.
These critical values are very near to those calculated by means of very accurate but complex
numerical methods. The accepted values are R = 1707.76 at k = 3.117 [7]. From the critical
wavenumber it is possible to calculate the size (wavelength) of the cell at onset of convection.
That is, Λ = 2πd/3.117, which is smaller than that of the free-free case. This is due to the
friction at the walls. Walls friction also stabilizes the system increasing the critical Rayleigh
number over two and a half times the value of the free-free case.

Linear convection inside walls with fixed heat flux has been investigated by Jakeman [26].
Hurle et al. [25] have shown that the principle of exchange of instabilities is valid for a number
of thermal boundary conditions, that is, oscillatory convection is not possible and ω = 0,
including the case of fixed heat flux. Jakeman [26] used a method proposed by Reid and
Harris [7, 54] to obtain an approximate solution of the proper value of R. This is a kind
of Fourier-Galerkin method [17, 18]. From the expresion obtained, the critical Rayleigh and
wavenumber were calculate analytically by means of a small wavenumber approximation.
The reason is that it has been shown numerically in the marginal curves, that the wavenumber
of the smallest Rayleigh number tends to zero. The critical Rayleigh number for the free-free
case is R = 120 = 5! (k = 0) and for the solid-solid case R = 720 = 6! (k = 0). It is
surprising that the critical Rayleigh numbers are less than half the magnitude of those of
the fixed temperature case. This can be explained by the form of the temperature boundary
condition, that is Dθ = 0. From the condition it is clear that the perturbation heat flux can
not be dissipated at the wall and therefore the perturbation remains inside the fluid layer.
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This makes the flow more unstable and consequently the critical Rayleigh number is smaller.
The linear problem was generalized by Dávalos [11] to include rotation and magnetic field,
and obtained explicit formulas for the critical Rayleigh number depending on rotation and
magnetic field and a combination of both. Notice that the method by Reid and Harris [54] is
very effective and it is still in use in different problems of convection. However, as explained
above, it has been improved by Prosperetti [51].

The nonlinear problem for the fixed heat flux approximation has been done by Chapman and
Proctor [8]. They improved the methods of calculation with respect to previous papers. The
method to obtain a nonlinear evolution equation is to make an scaling of the independent
and dependent variables taking into account that, if the Rayleigh number is a little far
above criticality (weak nonlinearity), the wavenumber of the convection cell is still small.
Consequently, the motion will be very slow because the cell is very large. Then, the scaling
used in the nonlinear Equations 23 to 25 is as follows

R = RC + μ2�2, μ = O(1),
∂

∂x
= �

∂

∂X
,

∂

∂y
= �

∂

∂Y
,

∂

∂t
= �4 ∂

∂τ
(61)

They solve a two-dimensional problem using the stream function by means of which the
velocity vector field satisfies automatically Equation 24. The velocity with the scaling is
defined as u = (∂ψ/∂z, 0,−�∂ψ/∂X). The stream function is also scaled as ψ = �φ. The
expansion of the functions in terms of � is

θ = θ0(X, z, τ) + �2θ2(X, z, τ) + · · · φ = φ0(X, z, τ) + �2φ2(X, z, τ) + · · · (62)

The reason for this expansion is that the substitution of the scaling in Equations 23 to 25 only
shows even powers of �. The problem is solved in different stages according to the orders of �
subjected to the corresponding scaled boundary conditions. The critical value of R is obtained
from a solvability condition at O(�2). Notice that they locate the walls at z = ±1 and obtain
Rc = 15/2 and Rc = 45 for the free-free and the solid-solid cases, respectively. If the definition
of the Rayleigh number includes the temperature gradient it depends on the forth power of
the thickness of the layer. Therefore, the Rayleigh number defined here is sixteen times that
defined by Chapman and Proctor [8]. The evolution equation is obtained as a solvability
condition at O(�4). That is, with θ0 = f (X, τ)

∂ f
∂τ

+
μ2

RC

∂2 f
∂X2 + B

μ4

RC

∂2 f
∂X4 + C

∂

∂X

[(
∂ f
∂X

)3
]
= 0 (63)

This equation is valid for free-free and solid-solid boundary conditions and the constants B
and C have to be calculated according to them. Chapman and Proctor found that the patterns
of convection cells are rolls but that they are unstable to larger rolls. Therefore, the convection
will be made of only one convection roll. An extension of this problem was done by Proctor
[50] including the Biot number Bi in the thermal boundary conditions. The Biot number is a
non dimensional quantity that represents the heat flux across the interface between the fluid
and the wall. The fixed heat flux boundary condition is obtained when the Bi is zero. When
Bi is small but finite, the critical convection cells are finite and therefore more realistic.
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(π2 + k2)2(sinh(k) + k)− 16π2kcosh(k/2)2

)
(60)

The marginal curve plotted from this equation gives a minimum R = 1715.08 at k = 3.114.
These critical values are very near to those calculated by means of very accurate but complex
numerical methods. The accepted values are R = 1707.76 at k = 3.117 [7]. From the critical
wavenumber it is possible to calculate the size (wavelength) of the cell at onset of convection.
That is, Λ = 2πd/3.117, which is smaller than that of the free-free case. This is due to the
friction at the walls. Walls friction also stabilizes the system increasing the critical Rayleigh
number over two and a half times the value of the free-free case.

Linear convection inside walls with fixed heat flux has been investigated by Jakeman [26].
Hurle et al. [25] have shown that the principle of exchange of instabilities is valid for a number
of thermal boundary conditions, that is, oscillatory convection is not possible and ω = 0,
including the case of fixed heat flux. Jakeman [26] used a method proposed by Reid and
Harris [7, 54] to obtain an approximate solution of the proper value of R. This is a kind
of Fourier-Galerkin method [17, 18]. From the expresion obtained, the critical Rayleigh and
wavenumber were calculate analytically by means of a small wavenumber approximation.
The reason is that it has been shown numerically in the marginal curves, that the wavenumber
of the smallest Rayleigh number tends to zero. The critical Rayleigh number for the free-free
case is R = 120 = 5! (k = 0) and for the solid-solid case R = 720 = 6! (k = 0). It is
surprising that the critical Rayleigh numbers are less than half the magnitude of those of
the fixed temperature case. This can be explained by the form of the temperature boundary
condition, that is Dθ = 0. From the condition it is clear that the perturbation heat flux can
not be dissipated at the wall and therefore the perturbation remains inside the fluid layer.
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This makes the flow more unstable and consequently the critical Rayleigh number is smaller.
The linear problem was generalized by Dávalos [11] to include rotation and magnetic field,
and obtained explicit formulas for the critical Rayleigh number depending on rotation and
magnetic field and a combination of both. Notice that the method by Reid and Harris [54] is
very effective and it is still in use in different problems of convection. However, as explained
above, it has been improved by Prosperetti [51].

The nonlinear problem for the fixed heat flux approximation has been done by Chapman and
Proctor [8]. They improved the methods of calculation with respect to previous papers. The
method to obtain a nonlinear evolution equation is to make an scaling of the independent
and dependent variables taking into account that, if the Rayleigh number is a little far
above criticality (weak nonlinearity), the wavenumber of the convection cell is still small.
Consequently, the motion will be very slow because the cell is very large. Then, the scaling
used in the nonlinear Equations 23 to 25 is as follows

R = RC + μ2�2, μ = O(1),
∂

∂x
= �

∂

∂X
,

∂

∂y
= �

∂

∂Y
,

∂

∂t
= �4 ∂

∂τ
(61)

They solve a two-dimensional problem using the stream function by means of which the
velocity vector field satisfies automatically Equation 24. The velocity with the scaling is
defined as u = (∂ψ/∂z, 0,−�∂ψ/∂X). The stream function is also scaled as ψ = �φ. The
expansion of the functions in terms of � is

θ = θ0(X, z, τ) + �2θ2(X, z, τ) + · · · φ = φ0(X, z, τ) + �2φ2(X, z, τ) + · · · (62)

The reason for this expansion is that the substitution of the scaling in Equations 23 to 25 only
shows even powers of �. The problem is solved in different stages according to the orders of �
subjected to the corresponding scaled boundary conditions. The critical value of R is obtained
from a solvability condition at O(�2). Notice that they locate the walls at z = ±1 and obtain
Rc = 15/2 and Rc = 45 for the free-free and the solid-solid cases, respectively. If the definition
of the Rayleigh number includes the temperature gradient it depends on the forth power of
the thickness of the layer. Therefore, the Rayleigh number defined here is sixteen times that
defined by Chapman and Proctor [8]. The evolution equation is obtained as a solvability
condition at O(�4). That is, with θ0 = f (X, τ)

∂ f
∂τ

+
μ2

RC

∂2 f
∂X2 + B

μ4

RC

∂2 f
∂X4 + C

∂

∂X

[(
∂ f
∂X

)3
]
= 0 (63)

This equation is valid for free-free and solid-solid boundary conditions and the constants B
and C have to be calculated according to them. Chapman and Proctor found that the patterns
of convection cells are rolls but that they are unstable to larger rolls. Therefore, the convection
will be made of only one convection roll. An extension of this problem was done by Proctor
[50] including the Biot number Bi in the thermal boundary conditions. The Biot number is a
non dimensional quantity that represents the heat flux across the interface between the fluid
and the wall. The fixed heat flux boundary condition is obtained when the Bi is zero. When
Bi is small but finite, the critical convection cells are finite and therefore more realistic.
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The effect of the thickness and heat conductivity of the wall on natural convection has been
investigated by Cericier et al. [6]. The goal is to be able to obtain more realistic critical values
of the Rayleigh number and wavenumber. Here it is necessary to use the thermal conditions
Equations 22 and 33 for the main temperature profile and the perturbation of temperature,
respectively. The main temperature profile is linear with respect to z but is more complex
due to the presence of terms which depend on all the new extra parameters coming from
the geometry and properties of the walls. From Equation 33 it is possible to calculate a new
condition which only has the amplitude of the fluid temperature perturbation. In the present
notation it has the form

DΘ − q
XLtanh (qDL)

Θ = 0 at z = 0, DΘ +
q

XUtanh (qDU)
Θ = 0 at z = 1, (64)

where the coefficients of Θ in both conditions might be considered the Biot numbers of each
wall. Here, q =

√
k2 + iω. Now there are four new parameters which influence the convective

instability, the heat conductivities ratio XL and XU and the thicknesses ratio DL and DU .
Assuming that X = XL = XU and d = DL = DU the problem has some simplification.

Figure 1 shows results for the case when the properties of both walls are the same. Notice
that when X increases the critical values in both figures change from the fixed temperature
case to the fixed heat flux case. The results are similar to those of Cericier et al. [6] and were
plotted using a formula calculated from a low order Galerkin approximation. It is important to
observe that in the middle range of X the thickness of the walls play a relevant roll producing
large differences between the critical values, for fixed X.

The problem of surface deformation in convection requires lower conditions for free or solid
walls and an upper condition of a free deformable surface. The stationary linear problem was
first investigated by V. Kh. Izakson and V. I. Yudovich in 1968 and their work is reviewed
in [19]. The stationary problem with rotation and a variety of thermal boundary conditions
was investigated by Dávalos-Orozco and López-Mariscal [13]. The problem of oscillating
convection was first investigated by Benguria and Depassier [2]. They found that when
the wall is solid, due to the restriction R/PrG < 1 (discussed presently) it is not possible
for oscillatory convection to have a smaller critical Rayleigh number than that of stationary
convection with surface deformation. Therefore, only the free wall case presents oscillatory
convection as the first unstable one. G = gd3/ν2 is the Galileo number, representative of the
surface restoration due to the gravitational force. The deformation of the surface is due to
a pressure difference which is balanced by the shear stresses at the fluid surface, that is, the
dimensional zero stress jump at the surface

(p∗ − p∞) n∗
i = τ∗

ikn∗
i at z∗ = z∗1 + d + η∗ (x, t) . (65)

When the surface is flat the pressure condition is p∗ − p∞ = 0 (no pressure jump), where p∞
is the pressure of the ambient gas whose viscosity is neglected. This problem requires the
kinematic boundary condition of the surface deformation which in two-dimensions and in
non dimensional form is

w =
∂η

∂t
+ u

∂η

∂x
at z = z1 + 1 + η (x, t) (66)
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Figure 1. Critical Rayleigh number and wavenumber vs conductivities ratio for two thicknesses ratio

which means that a fluid particle remains on the fluid interface and that the time variation of
the convected surface deflection moves with the same vertical velocity as that of the fluid
particle. η is an extra dependent variable representing the amplitude of the free surface
deformation. The non dimensional normal and tangent vectors are defined as

n =
(−ηx, 1)

N (67)

t =
(1, ηx)

N (68)

where N = (η2
x + 1)1/2 and the subindexes mean partial derivative. Other conditions, like

Equations 18 to 20, defined using the normal and tangential vectors to the free deformable
surface have to be modified with the definitions given in Equations 67 and 68. Equation 66
has to be multiplied by n to obtain the normal stress boundary condition and by t to calculate
the tangential stress boundary condition. Here, the problem is assumed two-dimensional, but
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Figure 1. Critical Rayleigh number and wavenumber vs conductivities ratio for two thicknesses ratio
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when it is three-dimensional it is necessary to define another tangential vector to the surface,
perpendicular to both n and t. The problem simplifies if z1 = −1 and the boundary conditions
at the free surface are set at z = η (x, t). For the linear problem η (x, t) is assumed small. This
gives the possibility to make a Taylor expansion of the variables at the free surface, that is,
around z = 0, and simplify the boundary conditions. From this expansion, it is found that the
fixed heat flux and the fixed temperature conditions remain the same in the linear problem.
In two-dimensional flow it is possible to use the stream function. In this case, as a result of
the expansion and use of normal modes, the kinematic, tangential stress and normal stress
boundary conditions, respectively, are

iωη + ikΨ = 0 at z = 0 (69)
(

D2 + k2
)

Ψ = 0 at z = 0 (70)

iωD3Ψ
G

− iω
G

(
3k2 +

iω
Pr

)
DΨ − k2 Pr Ψ = 0 at z = 0 (71)

Ψ is the amplitude of the stream function. The approximations done here are only valid
when the Galileo number satisfies R/PrG < 1. The reason is that the density and the
temperature perturbations, related by ρ� = (R/PrG)θ, should be ρ� < θ in order to satisfy the
Boussinesq approximation, which, among other things, neglects the variation of density with
temperature in front of the inertial term of the balance of momentum equation. Consequently,
the approximation is valid when the critical Rayleigh numbers satisfy RC < PrG. In the
stationary problem the new parameter is in fact PrG due to the condition Equation 71 (see
[19],[13]). However, in the oscillatory problem, Pr is an independent parameter, as seen in
Equation 48, but it appears again in the condition Equation 71. Notice that in the limit of
PrG → ∞ condition Equation 71 reduces to that of a flat wall. Then, the product PrG has two
effects when it is large: 1) it works to guarantee the validity of the Boussinesq approximation
under free surface deformation and 2) it works to flatten the free surface deformation.

The problem of oscillatory convection was solved analytically by Benguria and Depassier
[2] when it occurs before stationary convection, that is, when the flat wall is free with fixed
temperature and the upper deformable surface has fixed heat flux. They found that the cells
are very large and took the small wavenumber limit. The critical Rayleigh number is Rc = 30
and kc = 0.

Nonlinear waves for the same case of the linear problem, have been investigated by Aspe
and Depassier [1] and by Depassier [15]. In the first paper, surface solitary waves of the
Korteweg-de Vries (KdV) type were found. In the other one, Depassier found a perturbed
Boussinesq evolution equation to describe bidirectional surface waves.

4. Natural convection in second-order fluids

The methods used in natural convection of Newtonian fluids can also be used in non
Newtonian flows. Linear and non linear natural convection of second order fluids was
investigated by Siddheshwar and Sri Krishna [58]. They assumed the flow is two-dimensional
and used the free-free and fixed temperature boundary conditions. Here, the constitutive
Equation 5 is used in the balance of momentum equation.
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For the linear problem use is made of normal modes. The amplitudes of the stream function
and the temperature are assumed of the form sin nπz which satisfies the boundary conditions.
As before, the substitution in the governing equations leads to the formula for the marginal
Rayleigh number of a second order fluid

R =
1
k2

(
n2π2 + k2

) [(
n2π2 + k2

)2 − ω2

Pr

(
1 + Q

(
n2π2 + k2

))]
(72)

+
1
k2

(
n2π2 + k2

)2
[

1 +
1

Pr
+

Q
Pr

(
n2π2 + k2

)]
iω

Here, Q = γ/ρ0d2 is the elastic parameter. The Rayleigh number is real and the imaginary
part should be zero. The only way this is possible is that ω = 0. Therefore, the flow can not
be oscillatory and this reduces to Equation 52 for the marginal Rayleigh number and to the
critical one of a Newtonian fluid for free-free convection, that is, RC = 27π4/4 at kC = π/

√
2.

By means of the energy method for the linear problem, Stastna [60] has shown that, in the
solid-solid case and fixed temperature at the walls, the convection can not be oscillatory and
ω = 0. Therefore, again the linear critical Rayleigh number and wavenumber are the same as
those of the Newtonian fluid.

In their paper, Siddheshwar and Sri Krishna [58] also investigated the possibility of chaotic
behaviour to understand the role played by the elastic parameter Q. They use the doble
Fourier series method of Veronis [65] to calculate, at third order, a nonlinear system of Lorenz
equations [32] used to investigate possible chaotic behavior in convection. In particular, the
form selected by Lorenz for the time dependent amplitudes of the stream function and the
temperature are

Ψ(x, z, t) = X(t) sin kx sin πz (73)

Θ(x, z, t) = Y(t) cos kx sin πz + Z(t) sin 2πz

which satisfy the boundary conditions. These are used in the equations to obtain the nonlinear
coupled Lorenz system of equations for the amplitudes X(t), Y(t) and Z(t)

dX(t)
dt

= q1X(t) + q2Y(t), (74)

dY(t)
dt

= q3X(t) + q4Y(t) + q5X(t)Z(t),

dZ(t)
dt

= q6Z(t) + q7X(t)Y(t),

where the qi (1 = 1, · · · , 7) are constants including parameters of the problem. According to
[58] the elastic parameter Q appears in the denominator of the constants q1 and q2. In the
system of Equations 74 the variables can be scaled to reduce the number of parameters to
three. The results of [58] show that random oscillations occur when the parameters Q and Pr
are reduced in magnitude. Besides, they found the possibility that the convection becomes
chaotic for the magnitudes of the parameters investigated.

When the walls are solid and the heat flux is fixed, results of the nonlinear convective
behaviour of a second-order fluid have been obtained by Dávalos and Manero [12]. They used
the method of Chapman and Proctor [8] to calculate the evolution equation that describes the
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instability. A small wavenumber expansion is done like that of Equation 61 and62. However,
in contrast to [8], their interest was in a three-dimensional problem and instead of using the
stream function, use was made of a function defined by u = ∇ × ∇ × φk̂. The boundary
condition of this function φ at the walls is φ = 0. It is found, by means of the solvability
condition at first order, that the critical Rayleigh number is the same as that of the Newtonian
case, that is, RC = 720 at kC = 0 and that convection can not be oscillatory. At the next
approximation level, the solvability condition gives the evolution equation for the nonlinear
convection. The result was surprising, because it was found that the evolution equation is
exactly the same as that of the Newtonian fluid, that is, Equation 63 but in three-dimensions.
The only difference with Newtonian fluids will be the friction on the walls due to the second
order fluid. As explained above, the flow under the fixed heat flux boundary condition
is very slow and the convection cell is very large. Therefore, this result may be related
with the theorems of Giesekus, Tanner and Huilgol [20, 24, 63] which say that the creeping
flow of a second-order incompressible fluid, under well defined boundary conditions, is
kinematically identical to the creeping flow of a Newtonian fluid. The results presented here
are a generalization of those theorems for three-dimensional natural convection evolving in
time.

5. Natural convection in Maxwell fluids

In order to investigate the convection of a Maxwell fluid Equations 12 and 29 have to be
used in the balance of momentum equation. The linear problem was investigated by Vest
and Arpaci [66] for both free and solid walls and by Sokolov and Tanner [59] who present an
integral model for the shear stress tensor which represent a number of non Newtonian fluids,
including that of Maxwell. The linear equations in two-dimension use the stream function. In
normal modes they are expressed as:

(
D2 − k2 − Niω

Pr

)(
D2 − k2

)
Ψ = ikNRΘ (75)

(
D2 − k2 − iω

)
Θ = ikΨ (76)

where N = (1+ iωL) is a complex constant which depends on the viscoelastic relaxation time
and the frequency of oscillation.

The combination of these two equations gives:
(

D2 − k2 − Niω
Pr

) (
D2 − k2 − iω

)(
D2 − k2

)
Ψ + k2 NRΨ = 0 (77)

The free-free linear problem of [66] is illustrative. Assuming that the amplitudes are
proportional to sin nπz, the Equation 77 is transformed into a complex algebraic equation
for ω

− iω3 − ω2A1 + iωA2 + A3 = 0 (78)

where

A1 =
1
L

[
L
(

n2π2 + k2
)
+ 1

]
, A2 =

[
1 + Pr

L

(
n2π2 + k2

)
− PrRk2

n2π2 + k2

]
, (79)
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A3 =
Pr
L

[(
n2π2 + k2

)2 − Rk2

n2π2 + k2

]
.

In Equation 75 the real and imaginary parts have to be zero. Then

iω
(
−ω2 + A2

)
= 0, −ω2A1 + A3 = 0 (80)

There are two possibilities. 1) From the first ω = 0 and from the second A3 = 0. 2) From
the first ω �= 0 with ω2 = A2 and from the second, after substitution of ω, A1A2 − A3 = 0.
From 1), A3 gives the marginal stationary Rayleigh number for different modes n. The critical
value for mode n = 1 has already been given above. From 2), the marginal Rayleigh number
for oscillatory convection can be calculated for different modes n. Vest and Arpaci show
that, when the relaxation time parameter has a magnitude large enough, it is possible to
have oscillatory convection as the first unstable one, with RC smaller than that of stationary
convection. Also, they show that an increase of Pr decreases considerably RC making
convection very unstable. A similar behavior at criticality can be found for the solid-solid
case. However, the solution is far more complex because it has to be solved numerically
ensuring that the proper value of the Rayleigh number is real. The frequency is obtained form
the numerical solution of the imaginary part and it is substituted into the real part, which
still contains the frequency. The marginal Rayleigh number is obtained from the real part.
Variation of the wavenumber leads to the minimum of the Rayleigh number, the critical one,
with its corresponding wavenumber and frequency. The conclusions obtained by Vest and
Arpaci [66] are that the solid-solid case is more stable than the free-free case but qualitatively
the response to the parameters L and Pr is similar.

The problem of a viscoelastic fluid layer with free and deformable surface will be discussed in
detail in the section for Oldroyd fluid convection. The Maxwell fluid case is included in that
problem.

The effect of the thickness and thermal conductivity of the walls on linear convection of a
Maxwell fluid layer was investigated by Pérez-Reyes and Dávalos-Orozco [46]. They found
that, by making some algebra, those effects can be included in a kind of Biot number which
appears in the thermal boundary conditions of the upper and lower walls. The difference
with respect to the Newtonian problem is that here it is necessary to calculated numerically
the frequency of oscillation in the same way as explained in the last paragraph for the
solid-solid case. The number of parameters in the equations increased and therefore the
ratio κ/κW which appears in the heat diffusion Equation 26 of the walls is assumed equal
to one. Besides, it is supposed that the ratios of conductivities and thicknesses of the upper
and lower walls are the same. With this in mind, some results are presented in Fig. 2.
Notice that in the figures F is used instead of L, for the relaxation time, and that D is used
instead of d. Note that here the curves of RC increase with X instead of decreasing as in
the Newtonian case for both magnitudes of D. Then, in this case it is easier to reach a
codimension-two point where stationary convection competes with oscillatory convection to
be the first unstable one. In the figure, the dashed lines correspond to stationary convection.
This codimension-two point depends on the Prandtl number. When Pr increases there is a
magnitude after which oscillatory convection is always the first unstable one (see [46]). In
contrast, for other magnitudes of the relaxation time the behavior is similar to that of the
Newtonian fluid (see Fig. 1) but with far more smaller magnitudes of RC, as seen in Fig. 3.
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The free-free linear problem of [66] is illustrative. Assuming that the amplitudes are
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Thus, the oscillatory flow is very unstable for the new magnitude of F = 100. It is of interest
to observe the different reaction the flow instability has with respect to X and D for both
magnitudes of F.

Figure 2. Pr=1 and F=0.1. A) Critical Rayleigh number vs X. B) Critical wavenumber vs X

Nonlinear convection of a Maxwell fluid was investigated by Van Der Borght [64] using
the ideal free-free boundary conditions. They calculated the heat dissipation of nonlinear
stationary hexagonal convection cells by means of the Nusselt number. It was found that,
for a given Rayleigh number, viscoelasticity effects only produce a slightly higher Nusselt
number than Newtonian convection. Nonlinear traveling waves in a Maxwell fluid were
investigated by Brand and Zielinska [5] using free-free boundary conditions. They obtain
one Landau equation for stationary convection and other one for oscillatory convection (see
Equation1). They found that standing waves are preferred over traveling waves for Pr < 2.82
at a codimension-two point. They also investigated the wave modulation in space by means
of an equation similar to Equation 2 but of higher nonlinear order. Irregular and sensitive
to initial conditions behavior of a convecting Maxwell fluid was investigated by Khayat [29]
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Figure 3. Pr=1 and F=100. A) Critical Rayleigh number vs X. B) Critical wavenumber vs X

using the free-free boundary conditions. The variables are written in the form of Equations
73, in addition to those of the shear and the two normal stresses. In this way, instead of
three coupled Lorenz Equations 74, he obtains a system of four coupled equations which
include as new time dependent variable, a linear combination of the amplitude of the normal
stresses difference and the shear stress. In the limit L → 0, the new system reduces to that
of Lorenz. He found that above a critical magnitude of the relaxation time LC the flow is
oscillatory. For an L below the critical one, the route to chaotic motion is different from that
of a Newtonian fluid, even in the case where L is very small. Viscoelasticity produces chaos
when the Newtonian fluid still is non chaotic.

6. Natural convection in Oldroyd fluids

The Maxwell model of viscoelastic fluids presented above, shows an extreme (violent)
mechanical behavior in comparison to other models. Mainly, this occurs when the relaxation
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time is large and the flow shows a more elastic behavior. The most elementary correction to
this model is the Oldroyd fluid model which includes the property of shear rate retardation.
That means that the fluid motion relaxes for a time interval even after the shear stresses have
been removed. The representative magnitude of that time interval is called retardation time.
This characteristic moderates the mechanical behavior of the Oldroyd fluid. The equations of
motion require the constitutive Equation 13 or 30 (in non dimensional form). The ratio of the
retardation time over the relaxation time E appears as an extra parameter which satisfies E < 1
(see [4], page 352). Notice that when E = 0 the Maxwell constitutive equation is recovered.
Therefore, for very small E the behavior of the Oldroyd fluid will be similar to that of the
Maxwell one.

The linear problem requires the same Equations 75 to 77, but here N = (1+ iωL)/(1+ iωLE).
The convection with free-free boundary conditions was investigated by Green [21] who
obtained an equation similar to Equation 78. In the same way, from the solution of the real
and imaginary parts, it is possible to calculate the marginal Rayleigh number and frequency of
oscillation. In this case it is also possible to find a magnitude of L and E where the stationary
and oscillatory convection have the same Rayleigh numbers, the codimension-two point. The
Prandtl number plays an important role in this competition to be the first unstable one. The
solid-solid problem was solved numerically by Takashima [62]. He shows that the critical
Rayleigh number is decreased by an increase of L and increased by an increase of E. The
numerical results show that an increase of Pr decreases drastically the magnitude of RC for
the Maxwell fluid, but it is not very important when E > 0. Oscillatory convection is the first
unstable one after a critical magnitude LC is reached, which depends on the values of Pr and
E. For small Pr, LC is almost the same for any E. However, for large Pr the LC for the Maxwell
fluid is notably smaller than that of the Oldroyd fluid. This fluid was also investigated by
Sokolov and Tanner [59] using an integral model. In contrast to the papers presented above,
Kolkka and Ierley [30] present results including the fixed heat flux boundary condition. They
also give some corrections to the results of Vest and Arpaci [66] and Sokolov and Tanner
[59]. The qualitative behavior of convection with fixed heat flux is the same, for both free-free
and solid-solid boundaries, but with important differences in the magnitude of RC. The
codimension-two point also occurs for different parameters. Interesting results have been
obtained by Martínez-Mardones and Pérez-García [35] who calculated the codimension-two
points with respect to L and E for both the free-free and the solid-solid boundary conditions.
Besides, they calculated the dependance these points have on the Prandtl number. They show
that for fixed E, the LC of codimension-two point decreases with Pr.

When natural convection occurs with an upper free surface it is every day experience to see
that the free surface is deforming due to the impulse of the motion of the liquid coming
in the upward direction. The assumption that the free surface is deformable in the linear
convection of an Oldroyd viscoelastic fluid was first investigated by Dávalos-Orozco and
Vázquez-Luis [14]. Under this new condition, the description of linear convection needs
the same Equations 75 to 77 and N = (1 + iωL)/(1 + iωLE). However, the free boundary
conditions have to change because the surface deformation produces new viscous stresses due
to viscoelasticity. The problem is assumed two-dimensional and the stream function appears
in the boundary conditions of the upper free deformable surface. The mechanical boundary
conditions Equations 69 and 70 are the same. However, the normal stress boundary condition
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Equation 71 changes into

iωD3Ψ
GN

− iω
G

(
3k2

N
+

iω
Pr

)
DΨ − k2 Pr Ψ = 0 at z = 0 (81)

which includes the viscoelastic factor N. Note that here the reference frame locates the free
surface at z = 0, that is z1 = −1. The advantages of doing this were explained above. The
thermal boundary conditions remain the same. Numerical calculations were done for free and
solid lower walls. In both cases, the fixed temperature boundary condition was used in the
lower wall and the fixed heat flux boundary condition was used in the upper surface. In all the
calculations the Prandtl number was set equal to Pr = 1. The goal was to compare with the
paper by Benguria and Depassier [2]. Under these conditions, the results were first compared
with those of the Newtonian flat surface solid-free convection (RCS = 669, kCS = 2.09 see [2]),
the Newtonian deformable surface oscillatory solid-free convection (RON = 390.8, kCS = 1.76
see [2]) and with the viscoelastic (Oldroyd and Maxwell) flat surface solid-free convection
(presented in the figures with dashed lines). The results were calculated for different Galileo
numbers G. However, here only some sample results are presented (see [14] for more details).

Figure 4 shows results for the solid-free case with G = 100. The dashed lines are extended
until the stationary curve RCS = 669 to show points of codimension-two. The curves of
viscoelastic convection with deformable surface (solid lines) always have smaller RC than
RON = 390.8 and than those of the flat surface (dashed lines). When L increases both solid and
dashed curves tend to the same value. Then, surface deformation is irrelevant for very large
L. The Maxwell fluid is always the most unstable one. It was found that when L decreases
below a critical value, RC increases in such a way that it crosses above the line RON , reaches a
maximum (around L = 0.03, RC = 393.19 for E = 0.1 and RC = 393.27 for E = 0.01, 0.001, 0.0)
and then decreases until it reaches the line RON again for very small L. This means that
there is a range of values of L where RC ≥ RON = 390.8. Then, inside this rage, viscoelastic
convection with deformable surface is more stable than that of the Newtonian convection with
deformable surface. The result was verified with different numerical methods (see [14]). This
phenomenon was explained by means of the double role played by the Galileo number as an
external body force on convection (like rotation, see [13]) and as restoring force of the surface
deformation.

In Figure 5 shown are the results of the free-free case for G = 1000, which represents a larger
restoration force of the surface deformation. This results were compared with those of the
Newtonian flat surface free-free convection (RCS = 384.7, kCS = 1.76 see [2]), the Newtonian
deformable surface oscillatory free-free convection (RON = 30.0, kCS = 0.0 see [2]) and with
the viscoelastic (Oldroyd and Maxwell) flat surface free-free convection (presented in the
figures with dashed lines). The behavior of the curves is similar but, except for very small
E (nearly Maxwell fluid) and large L, it is found that G has no influence on the instability of
the free-free convection under the present conditions. The curve of the Maxwell fluid is the
more unstable. The jumps found in the curves of kC are also explained due to the dual role
played by G on the instability. The results presented for the solid-free and free-free boundary
conditions show the importance that free surface deformation has on the natural convection
instability of viscoelastic fluids.
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Figure 4. Solid-free case. Curves of criticality for G = 100 and different values of E. The upper
deformable free surface case has solid curves and the undeformable one has dashed curves. A) Rc
against Γ(here L). B) kc against Γ (here L).

The nonlinear problem for an Oldroyd fluid was investigated by Rosenblat [55] for free-free
boundary conditions. He found results for the three time derivatives Equations 6, 8 and 9.
The weakly nonlinear approximation is used where the Rayleigh number is very near to the
critical one. He found conditions for subcriticality and supercriticality calculating an algebraic
quantity K which includes non dimensional parameters of all the fluids investigated. The
conclusion for stationary convection is that the corotational Oldroyd model has subcritical
bifurcation (and therefore is unstable) and that the upper and lower convected Oldroyd
models can not have this bifurcation and are stable, as the Newtonian model. For oscillatory
convection the problem is more complex and it is resolved numerically with plots of L vs
E. However, the results are reviewed as follows. The corotational Oldroyd model has
supercritical bifurcation and is stable. The upper and lower convected Oldroyd models have
subcritical bifurcation and are unstable. A system of four coupled differential equations is
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Figure 5. Free-free case. Curves of criticality for G = 1000 and different values of E. The upper
deformable free surface case has solid curves and the undeformable one has dashed curves. A) Rc
against Γ(here L). B) kc against Γ (here L).

proposed to investigate chaotic behavior which generalize the Lorenz system of Equations
74. He found the possibility of chaotic behavior. The solid-solid and solid-free boundary
conditions were used by Park and Lee [43, 44]. Important results are that the amplitude
of convection and heat dissipation increase with L and for E small. The rigid walls cause
more easily the subcritical bifurcation than free walls for the same viscoelastic parameters.
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Figure 4. Solid-free case. Curves of criticality for G = 100 and different values of E. The upper
deformable free surface case has solid curves and the undeformable one has dashed curves. A) Rc
against Γ(here L). B) kc against Γ (here L).

The nonlinear problem for an Oldroyd fluid was investigated by Rosenblat [55] for free-free
boundary conditions. He found results for the three time derivatives Equations 6, 8 and 9.
The weakly nonlinear approximation is used where the Rayleigh number is very near to the
critical one. He found conditions for subcriticality and supercriticality calculating an algebraic
quantity K which includes non dimensional parameters of all the fluids investigated. The
conclusion for stationary convection is that the corotational Oldroyd model has subcritical
bifurcation (and therefore is unstable) and that the upper and lower convected Oldroyd
models can not have this bifurcation and are stable, as the Newtonian model. For oscillatory
convection the problem is more complex and it is resolved numerically with plots of L vs
E. However, the results are reviewed as follows. The corotational Oldroyd model has
supercritical bifurcation and is stable. The upper and lower convected Oldroyd models have
subcritical bifurcation and are unstable. A system of four coupled differential equations is
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Figure 5. Free-free case. Curves of criticality for G = 1000 and different values of E. The upper
deformable free surface case has solid curves and the undeformable one has dashed curves. A) Rc
against Γ(here L). B) kc against Γ (here L).

proposed to investigate chaotic behavior which generalize the Lorenz system of Equations
74. He found the possibility of chaotic behavior. The solid-solid and solid-free boundary
conditions were used by Park and Lee [43, 44]. Important results are that the amplitude
of convection and heat dissipation increase with L and for E small. The rigid walls cause
more easily the subcritical bifurcation than free walls for the same viscoelastic parameters.
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They conclude that Oldroyd fluid viscoelastic convection is characterized both by a Hopf
bifurcation (for very large value of L) and a subcritical bifurcation.

Analytical and numerical methods were used by Martínez-Mardones et al. [36] to calculate
the nonlinear critical parameters which lead to stationary convection as well as traveling and
standing waves. By means of coupled Landau amplitude equations Martínez-Mardones et al.
[37] investigated the pattern selection in terms of the viscoelastic parameters. They fix Pr and
E and show that increasing L stationary convection changes into standing waves by means
of a subcritical bifurcation. The convective and absolute instabilities for the three model time
derivatives of the Oldroyd fluid were investigated by Martínez- Mardones et al. [38]. If the
group velocity is zero at say k = k0 and the real part of σ, s, in Equation 39 is positive, it is
said that the instability is absolute. In this case, the perturbations grow with time at a fixed
point in space. If the perturbations are carried away from the initial point and at that point
the perturbation decays with time, the instability is called convective. By means of coupled
complex Ginzburg-Landau equations (Landau equations with second derivatives in space and
complex coefficients) they investigated problems for which oscillatory convection appears
first. Besides, they investigated the effect the group velocity has on oscillatory convection.
It is found that the conductive state of the fluid layer is absolutely unstable if L > 0 or E > EC
and therefore, when 0 < E < EC, the state is convectively unstable. They also show that there
is no traveling wave phenomena when passing from stationary convection to standing waves.

7. Conclusions

In this chapter many phenomena have been discussed in order to show the variety of
problems which can be found in natural convection of Newtonian and viscoelastic fluids.
One of the goals was to show that the different boundary conditions may give results which
differ considerably from each other. Sometimes, the results are qualitatively the same and
this is taken as an advantage to solve "simpler" problems as those corresponding to the
linear and nonlinear equations with free-free boundary conditions. A change in the setting
of the problem may produce large complications, as in the case of the free-free boundary
conditions, but with one of them being deformable. In this case a new parameter appears,
the Galileo number G, which complicates not only the number of numerical calculations, but
also the physical interpretation of the results, as explained above. As have been shown, the
introduction of viscoelasticity complicates even more the physics of convection. Depending
on the boundary conditions, there can be stationary and oscillatory cells in linear convection.
Nonlinear convection can be stationary but for other magnitudes of the parameters, traveling
and standing waves may appear as the stable fluid motion. The problem is to find the
conditions and magnitudes of the viscoelastic parameters when a particular convection
phenomenon occurs. This is the thrilling part of viscoelastic convection. It is the hope of
the present author that this review may motivate a number of readers to work in this rich area
of research.
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conditions and magnitudes of the viscoelastic parameters when a particular convection
phenomenon occurs. This is the thrilling part of viscoelastic convection. It is the hope of
the present author that this review may motivate a number of readers to work in this rich area
of research.

Acknowledgements

The author would like to thank Joaquín Morales, Cain González, Raúl Reyes, Ma. Teresa
Vázquez and Oralia Jiménez for technical support.

28 Viscoelasticity – From Theory to Biological Applications Viscoelastic Natural Convection 27

Author details

L. A. Dávalos-Orozco
Instituto de Investigaciones en Materiales, Departamento de Polímeros,
Universidad Nacional Autónoma de México,
Ciudad Universitaria, Circuito Exterior S/N,
Delegación Coyoacán, 04510 México D. F., México

8. References

[1] Aspe, H. & Depassier, M. C. (1990). Evolution equation of surface waves in a convecting
fluid. Physical Review A, Vol. 41, No. 6, 3125 - 3128.

[2] Benguria, R. D. & Depassier, M. C. (1987). Oscillatory instabilities in the
Rayleigh-Bénard problem with a free surface. Physics of Fluids A, Vol. 1, No. 7, 1123 -
1127.

[3] Bhattacharjee, J. K. (1987). Convection and Chaos in Fluids, World Scientific, ISBN
9971-50-224-0 , Singapore.

[4] Bird, R. B., Armstrong, R. C. & Hassager, O. (1987). Dynamics of Polymeric Liquids, Vol. 1,
Wiley, ISBN 0-471-80245-X, New York.

[5] Brand, H. R. & Zielinska B. J. A. (1986). Tricritical codimension-2 point near the onset of
convection in viscoelastic liquids. Physical Review Letters, Vol. 57, No. 25, 3167 - 3170.

[6] Cericier, P., Rahal, S., Cordonnier J. & Lebon, G. (1998). Thermal influence of boundaries
on the onset of Rayleigh-Bénard convection. International Journal of Heat and Mass
Transfer, Vol. 41, No. 21, 3309 - 3320.

[7] Chandrasekhar, S. (1981). Hydrodynamic and Hydromagnetic Stability, Dover, ISBN
0-486-64071-X, New York.

[8] Chapman, C. J. & Proctor, M. R. E., (1980). Rayleigh-Bénard convection between poorly
conducting boundaries. Journal of Fluid Mechanics, Vol. 101, No. 4, 759 - 782.

[9] Coleman, B. D. & Noll, W., (1961). Foundations of linear viscoelasticity. Review of Modern
Physics, Vol. 33, No. 2, 239 - 249.

[10] Coleman, B. D. & Markovitz, H., (1964). Normal stress effects in second-order fluids.
Journal of Applied Physics, Vol. 35, No. 1, 1 - 9.

[11] Dávalos, L. A. O. (1984). Magnetoconvection in a rotating fluid between walls of low
thermal conductivity. Journal of the Physical Society of Japan, Vol. 53, No. 7, 2173 - 2176.

[12] Dávalos, L. A. O. & Manero O. (1986). Thermoconvective instability of a second order
fluid. Journal of the Physical Society of Japan, Vol. 55, No. 2, 442 - 445.

[13] Dávalos-Orozco, L. A. & López Mariscal P. G. (1995). Natural convection in a rotating
fluid layer with deformable free surface. Geophysical and Astrophysical Fluid Dynamics,
Vol. 80, No. 1, 75 - 102.

[14] Dávalos-Orozco, L. A. & Vázquez-Luis, E. (1999). Natural convection of a viscoelastic
fluid with deformable free surface. Journal of Non-Newtonian Fluid Mechanics, Vol. 85,
No. 2, 257 - 271.

[15] Depassier, M. C. (2006). Evolution equation for bidirectional surface waves in a
convecting fluid. Physics of Fluids, Vol. 18, No. 107102, 1 - 6.

[16] Dunn, J. E. & Rajagopal, K. R. (1995). Fluids of differential type: Critical review and
thermodynamic analysis. International Journal of Engineering Science, Vol. 33, No. 5, 689 -
729.

29Viscoelastic Natural Convection



28 Will-be-set-by-IN-TECH

[17] Finalyson, B. A. (1968). The Galerkin Method applied to convective instability problems.
Journal of Fluid Mechanics, Vol. 33, No. 1, 201 - 208.

[18] Finlayson, B. A. (1972). The Method of Weighted Residuals and Variational Principles,
Academic Press, ISBN 978-0-122-57050-6, New York.

[19] Gershuni, G. Z. & Zhukhovitskii, E. M. (1976). Convective Stability of Incompressible Fluids,
Keter Publishing House Jerusalem Ltd., ISBN 0-7065-1562-5, Jerusalem.

[20] Giesekus, H. (1963). Die simultane Translations- und Rotationsbewegun einer Kugel in
einer elastoviscosen flussigkeit. Rheologica Acta, Vol. 03, No. 1, 59 - 71.

[21] Green III, T. (1968). Oscillating convection in an elasticoviscous liquid. Physics of Fluids,
Vol. 11, No. 7, 1410 - 1412.

[22] Hoyle, R. B. (1998). Universal instabilities of rolls, squares and hexagones, In:
Time-Dependent Nonlinear Convection, Tyvand, P. A., (Ed.), 51 - 82, Computer Mechanics
Publications, ISBN 1-85312-521-0, Southampton.

[23] Hoyle, R. B. (2006). Pattern Formation, An Introduction to Methods, Cambridge University
Press, ISBN 978-0-521-81750-9, Cambridge.

[24] Huilgol, R. R. (1973). On the solution of the Bénard problem with boundaries of finite
conductivity. SIAM Journal of Applied Mathematics, Vol. 24, No. 2, 226 - 233.

[25] Hurle, D. T. J., Jakeman, E. & Pike E. R. (1967). On the solution of the Bénard problem
with boundaries of finite conductivity. Proceeding of the Royal Society of London A, Vol.
296, No. 1447, 469 - 475.

[26] Jakeman, E (1968). Convective instability in fluids of high thermal diffusivity. Physics of
Fluids, Vol. 11, No. 1, 10 - 14.

[27] Jeffreys, H. (1926). The stability of a layer of fluid heated from below. Philosophical
Magazine Series 7, Vol. 2, No. 10, 833 - 844.

[28] Kapitaniak, T. (2000). Chaos for Engineers, Springer-Verlag, ISBN 3-540-66574-9, Berlin.
[29] Khayat, R. E. (1995). Fluid elasticity and the transition to chaos in thermal convection.

Physical Review E, Vol. 51, No. 1, 380 - 399.
[30] Kolkka, R. W. & Ierley, G. R. (1987). On the convected linear instability of a viscoelastic

Oldroyd B fluid heated from below. Journal of Non-Newtonian Fluid Mechanics, Vol. 25,
No. 2, 209 - 237.

[31] Landau, L. D. & Lifshitz, E. M. (1987). Fluid Mechanics, Pergamon Press, ISBN
0-08-033933-6 , New York.

[32] Lorenz, E. N. (1963). Deterministic non- periodic flows. Journal Atmospheric Science, Vol.
20, No. 2, 130 - 141.

[33] Malkus, W. V. R. & Veronis, G. (1958). Finite amplitude cellular convection. Journal of
Fluid Mechanics, Vol. 4, No. 3, 225 - 260.

[34] Markovitz, H. & Coleman, B. D. (1964). Incompressible Second-Order Fluids, In:
Advances in Applied Mechanics Volume 8, Dryden, H. L. & von Kármán, T., (Ed.), 69 -
102, Academic Press, ISBN 978-0120020089, London.

[35] Martínez-Mardones, J. & Pérez-García, C. (1990). Linear instability in viscoelastic fluid
convection. Journal of Physics: Condensed Matter, Vol. 2, No. 5, 1281 - 1290.

[36] Martínez-Mardones, J., Tiemann, R., Zeller, W. & Pérez-García, C. (1994). Amplitude
equation in polymeric fluid convection. International Journal of Bifurcation and Chaos, Vol.
4, No. 5, 1347 - 1351.

30 Viscoelasticity – From Theory to Biological Applications Viscoelastic Natural Convection 29

[37] Martínez-Mardones, J., Tiemann, R., Walgraef, D. & Zeller, W.(1996). Amplitude
equations and pattern selection in viscoelastic convection. Physical Review E, Vol. 54,
No. 2, 1478 - 1488.

[38] Martínez-Mardones, J., Tiemann, R., Walgraef, D.(1999). Convective and absolute
instabilities in viscoelastic fluid convection. Physica A, Vol. 268, No. 1, 14 - 23.

[39] Newell, A. C. & Whitehead, J. A. (1969). Finite bandwidth, finite amplitude convection.
Journal of Fluid Mechanics, Vol. 38, No. 2, 279 - 303.

[40] Nield, D. A. (1964). Surface tension and buoyancy effects in cellular convection. Journal
of Fluid Mechanics, Vol. 19, No. 3, 341 - 352.

[41] Oldroyd, J. G. (1950). On the formulation of rheological equations of state. Proceedings
of the Royal Society of London A, Vol. 200, No. 1063, 523 - 541.

[42] Ortiz-Pérez A. S. & Dávalos-Orozco, L. A. (2011). Convection in a horizontal fluid layer
under an inclined temperature gradient. Physics of Fluids, Vol. 23, No. 084107, 1 - 11.

[43] Park, H. M. & Lee, H. S. (1995). Nonlinear hydrodynamic stability of viscoelastic fluids
heated from below. Journal of Non-Newtonian Fluid Mechanics, Vol. 60, No. 1, 1 - 26.

[44] Park, H. M. & Lee, H. S. (1996). Hopf bifurcation of viscoelastic fluids heated from
below. Journal of Non-Newtonian Fluid Mechanics, Vol. 66, No. 1, 1 - 34.

[45] Pearson, J. R. A. (1958). On convection cells induced by surface tension. Journal of Fluid
Mechanics, Vol. 4, No. 5, 489 - 500.

[46] Pérez- Reyes, I. & Dávalos-Orozco, L. A. (2011). Effect of thermal conductivity and
thickness of the walls in the convection of a viscoelastic Maxwell fluid layer. International
Journal of Heat and Mass Transfer, Vol. 54, No. 23, 5020 - 5029.

[47] Petrie, C. J. S. (1979). Elongational Flows, Pitman Publishing Limited, ISBN 0-273-08406-2
, London.

[48] Pérez- Reyes, I. & Dávalos-Orozco, L. A. (2012). Vertical vorticity in the non- linear long
wavelength instability of a viscoelastic fluid layer. To be submitted.

[49] Pismen, L. M. (1986). Inertial effects in long-scale thermal convection. Physics Letters A,
Vol. 116, No. 5, 241 - 244.

[50] Proctor, M. R. E. (1981). Planform selection by finite-amplitude thermal convection
between poorly conducting slabs. Journal of Fluid Mechanics, Vol. 113, 469 - 485.

[51] Prosperetti, A. (2011). A simple analytic approximation to the Rayleigh-Bénard stability
threshold. Physics of Fluids, Vol. 23, No. 124101, 1 - 8.

[52] Rajagopal, K. R., Ruzicka, M. and Srinivasa, A. R. (1996) On the Oberbeck-Boussinesq
approximation. Mathematical Models and Methods in Applied Sciences, Vol. 6, No. 8, 1157 -
1167.

[53] Lord Rayleigh (1916). On convective currents in a horizontal layer of fluid when the
higher temperature is on the under side. Philosophical Magazine Series 6, Vol. 32, No. 192,
529 - 546.

[54] Reid, W. H. & Harris, D. L. (1958). Some further results on the Bénard problem. Physics
of Fluids, Vol. 1, No. 2, 102 - 110.

[55] Rosenblat, S. (1986). Thermal convection in a viscoelastic liquid. Journal of
Non-Newtonian Fluid Mechanics, Vol. 21, No. 2, 201 - 223.

[56] Segel, L. A. (1969). Distant side-walls cause slow amplitude modulation of cellular
convection. Journal of Fluid Mechanics, Vol. 38, No. 1, 203 - 224.

[57] Segel, L. A. & Stuart, J. T. (1962). On the question of the preferred mode in cellular
thermal convection. Journal of Fluid Mechanics, Vol. 13, No. 2, 289 - 306.

31Viscoelastic Natural Convection



28 Will-be-set-by-IN-TECH

[17] Finalyson, B. A. (1968). The Galerkin Method applied to convective instability problems.
Journal of Fluid Mechanics, Vol. 33, No. 1, 201 - 208.

[18] Finlayson, B. A. (1972). The Method of Weighted Residuals and Variational Principles,
Academic Press, ISBN 978-0-122-57050-6, New York.

[19] Gershuni, G. Z. & Zhukhovitskii, E. M. (1976). Convective Stability of Incompressible Fluids,
Keter Publishing House Jerusalem Ltd., ISBN 0-7065-1562-5, Jerusalem.

[20] Giesekus, H. (1963). Die simultane Translations- und Rotationsbewegun einer Kugel in
einer elastoviscosen flussigkeit. Rheologica Acta, Vol. 03, No. 1, 59 - 71.

[21] Green III, T. (1968). Oscillating convection in an elasticoviscous liquid. Physics of Fluids,
Vol. 11, No. 7, 1410 - 1412.

[22] Hoyle, R. B. (1998). Universal instabilities of rolls, squares and hexagones, In:
Time-Dependent Nonlinear Convection, Tyvand, P. A., (Ed.), 51 - 82, Computer Mechanics
Publications, ISBN 1-85312-521-0, Southampton.

[23] Hoyle, R. B. (2006). Pattern Formation, An Introduction to Methods, Cambridge University
Press, ISBN 978-0-521-81750-9, Cambridge.

[24] Huilgol, R. R. (1973). On the solution of the Bénard problem with boundaries of finite
conductivity. SIAM Journal of Applied Mathematics, Vol. 24, No. 2, 226 - 233.

[25] Hurle, D. T. J., Jakeman, E. & Pike E. R. (1967). On the solution of the Bénard problem
with boundaries of finite conductivity. Proceeding of the Royal Society of London A, Vol.
296, No. 1447, 469 - 475.

[26] Jakeman, E (1968). Convective instability in fluids of high thermal diffusivity. Physics of
Fluids, Vol. 11, No. 1, 10 - 14.

[27] Jeffreys, H. (1926). The stability of a layer of fluid heated from below. Philosophical
Magazine Series 7, Vol. 2, No. 10, 833 - 844.

[28] Kapitaniak, T. (2000). Chaos for Engineers, Springer-Verlag, ISBN 3-540-66574-9, Berlin.
[29] Khayat, R. E. (1995). Fluid elasticity and the transition to chaos in thermal convection.

Physical Review E, Vol. 51, No. 1, 380 - 399.
[30] Kolkka, R. W. & Ierley, G. R. (1987). On the convected linear instability of a viscoelastic

Oldroyd B fluid heated from below. Journal of Non-Newtonian Fluid Mechanics, Vol. 25,
No. 2, 209 - 237.

[31] Landau, L. D. & Lifshitz, E. M. (1987). Fluid Mechanics, Pergamon Press, ISBN
0-08-033933-6 , New York.

[32] Lorenz, E. N. (1963). Deterministic non- periodic flows. Journal Atmospheric Science, Vol.
20, No. 2, 130 - 141.

[33] Malkus, W. V. R. & Veronis, G. (1958). Finite amplitude cellular convection. Journal of
Fluid Mechanics, Vol. 4, No. 3, 225 - 260.

[34] Markovitz, H. & Coleman, B. D. (1964). Incompressible Second-Order Fluids, In:
Advances in Applied Mechanics Volume 8, Dryden, H. L. & von Kármán, T., (Ed.), 69 -
102, Academic Press, ISBN 978-0120020089, London.

[35] Martínez-Mardones, J. & Pérez-García, C. (1990). Linear instability in viscoelastic fluid
convection. Journal of Physics: Condensed Matter, Vol. 2, No. 5, 1281 - 1290.

[36] Martínez-Mardones, J., Tiemann, R., Zeller, W. & Pérez-García, C. (1994). Amplitude
equation in polymeric fluid convection. International Journal of Bifurcation and Chaos, Vol.
4, No. 5, 1347 - 1351.

30 Viscoelasticity – From Theory to Biological Applications Viscoelastic Natural Convection 29

[37] Martínez-Mardones, J., Tiemann, R., Walgraef, D. & Zeller, W.(1996). Amplitude
equations and pattern selection in viscoelastic convection. Physical Review E, Vol. 54,
No. 2, 1478 - 1488.

[38] Martínez-Mardones, J., Tiemann, R., Walgraef, D.(1999). Convective and absolute
instabilities in viscoelastic fluid convection. Physica A, Vol. 268, No. 1, 14 - 23.

[39] Newell, A. C. & Whitehead, J. A. (1969). Finite bandwidth, finite amplitude convection.
Journal of Fluid Mechanics, Vol. 38, No. 2, 279 - 303.

[40] Nield, D. A. (1964). Surface tension and buoyancy effects in cellular convection. Journal
of Fluid Mechanics, Vol. 19, No. 3, 341 - 352.

[41] Oldroyd, J. G. (1950). On the formulation of rheological equations of state. Proceedings
of the Royal Society of London A, Vol. 200, No. 1063, 523 - 541.

[42] Ortiz-Pérez A. S. & Dávalos-Orozco, L. A. (2011). Convection in a horizontal fluid layer
under an inclined temperature gradient. Physics of Fluids, Vol. 23, No. 084107, 1 - 11.

[43] Park, H. M. & Lee, H. S. (1995). Nonlinear hydrodynamic stability of viscoelastic fluids
heated from below. Journal of Non-Newtonian Fluid Mechanics, Vol. 60, No. 1, 1 - 26.

[44] Park, H. M. & Lee, H. S. (1996). Hopf bifurcation of viscoelastic fluids heated from
below. Journal of Non-Newtonian Fluid Mechanics, Vol. 66, No. 1, 1 - 34.

[45] Pearson, J. R. A. (1958). On convection cells induced by surface tension. Journal of Fluid
Mechanics, Vol. 4, No. 5, 489 - 500.

[46] Pérez- Reyes, I. & Dávalos-Orozco, L. A. (2011). Effect of thermal conductivity and
thickness of the walls in the convection of a viscoelastic Maxwell fluid layer. International
Journal of Heat and Mass Transfer, Vol. 54, No. 23, 5020 - 5029.

[47] Petrie, C. J. S. (1979). Elongational Flows, Pitman Publishing Limited, ISBN 0-273-08406-2
, London.

[48] Pérez- Reyes, I. & Dávalos-Orozco, L. A. (2012). Vertical vorticity in the non- linear long
wavelength instability of a viscoelastic fluid layer. To be submitted.

[49] Pismen, L. M. (1986). Inertial effects in long-scale thermal convection. Physics Letters A,
Vol. 116, No. 5, 241 - 244.

[50] Proctor, M. R. E. (1981). Planform selection by finite-amplitude thermal convection
between poorly conducting slabs. Journal of Fluid Mechanics, Vol. 113, 469 - 485.

[51] Prosperetti, A. (2011). A simple analytic approximation to the Rayleigh-Bénard stability
threshold. Physics of Fluids, Vol. 23, No. 124101, 1 - 8.

[52] Rajagopal, K. R., Ruzicka, M. and Srinivasa, A. R. (1996) On the Oberbeck-Boussinesq
approximation. Mathematical Models and Methods in Applied Sciences, Vol. 6, No. 8, 1157 -
1167.

[53] Lord Rayleigh (1916). On convective currents in a horizontal layer of fluid when the
higher temperature is on the under side. Philosophical Magazine Series 6, Vol. 32, No. 192,
529 - 546.

[54] Reid, W. H. & Harris, D. L. (1958). Some further results on the Bénard problem. Physics
of Fluids, Vol. 1, No. 2, 102 - 110.

[55] Rosenblat, S. (1986). Thermal convection in a viscoelastic liquid. Journal of
Non-Newtonian Fluid Mechanics, Vol. 21, No. 2, 201 - 223.

[56] Segel, L. A. (1969). Distant side-walls cause slow amplitude modulation of cellular
convection. Journal of Fluid Mechanics, Vol. 38, No. 1, 203 - 224.

[57] Segel, L. A. & Stuart, J. T. (1962). On the question of the preferred mode in cellular
thermal convection. Journal of Fluid Mechanics, Vol. 13, No. 2, 289 - 306.

31Viscoelastic Natural Convection



30 Will-be-set-by-IN-TECH

[58] Siddheshwar, P. G. & Sri Krishna C. V. (2002). Unsteady non-linear convection in a
second- order fluid. International Journal of Non-Linear Mechanics, Vol. 37, No. 2, 321 -
330.

[59] Sokolov, M. & Tanner, R. I., (1972). Convective stability of a general viscoelastic fluid
heated from below. Physics of Fluids, Vol. 15, No. 4, 534 - 539.

[60] Stastna, J. (1985). Convection and overstability in a viscoelastic fluid. Journal of
Non-Newtonian Fluid Mechanics, Vol. 18, No. 1, 61 - 69.

[61] Stuart, J. T. (1964). On cellular patterns in thermal convection. Journal of Fluid Mechanics,
Vol. 18, No. 4, 481 - 498.

[62] Takashima, M (1972). Thermal instability of a viscoelastic fluid layer. I Journal of the
Physical Society of Japan, Vol. 33, No. 2, 511 - 518.

[63] Tanner, R. I., (1966). Plane Creeping Flows of Incompressible Second-Order Fluids.
Physics of Fluids, Vol. 9, No. 8, 1246 - 1247.

[64] Van Der Borght, R., Murphy, J. O. & Steiner J. M. (1974). A theoretical investigation of
finite amplitude thermal convection in non-Newtonian fluids. Zeitschrift für Angewandte
Mathematik und Mechanik, Vol. 36, No. 3, 613 - 623.

[65] Veronis, G. (1966). Large amplitude Bénard convection. Journal of Fluid Mechanics, Vol.
26, No. 1, 49 - 68.

[66] Vest, C. M. & Arpaci, V. S. (1969). Overstability of a viscoelastic fluid layer heated from
below. Journal of Fluid Mechanics, Vol. 36, No. 3, 613 - 623.

32 Viscoelasticity – From Theory to Biological Applications Chapter 0

Turbulent Flow of Viscoelastic Fluid
Through Complicated Geometry

Takahiro Tsukahara and Yasuo Kawaguchi

Additional information is available at the end of the chapter

http://dx.doi.org/10.5772/52049

1. Introduction

Viscoelastic liquids with very small amounts of polymer/surfactant additives can, as well
known since B.A. Toms’ observation in 1948, provide substantial reductions in frictional drag
of wall-bounded turbulence relative to the corresponding Newtonian fluid flow. Friction
reductions of up to 80% compared to the pure water flow can be occasionally achieved with
smooth channel/pipe flow of viscoelastic surfactant solution [11, 54]. This friction-reducing
effect, referred to as turbulent drag reduction (DR) or Toms effect, has been identified
as an efficient technology for a large variety of applications, e.g. oil pipelines [25] and
heating/cooling systems for buildings [43], because of major benefits in reducing energy
consumption.

It has been known that long, high-molecular-weight, flexible polymers or rod-like micelle
networks of surfactant are particularly efficient turbulence suppressor, so that those solutions
lead to different turbulent states both qualitatively and quantitatively, resulting in dramatic
DRs. One of promising additives, which may allow their solutions to induce DR, is a
cationic surfactant such as “cetyltrimethyl ammonium chloride (CTAC)” under appropriate
conditions of surfactant chemical structure, concentration, counter-ion, and temperature to
form micellar networks in the surfactant solution. Those resulting micro-structures give rise
to viscoelasticity in the liquid solution. The properties and characteristics of the viscoelastic
fluids measured even in simple shear or extensional flows are known to exhibit appreciably
different from those of the pure solvent. From a phenomenological perspective, their turbulent
flow is also peculiar as is characterized by extremely elongated streaky structures with
less bursting events. Therefore, the viscoelastic turbulence has attracted much attention of
researchers during past 60 years. Intensive analytical, experimental, and numerical works
have been well documented and many comprehensive reviews are available dealing with this
topic: [cf., 18, 19, 26, 35, 51, , and others].

Although the mechanism of DR is still imperfectly understood, but some physical insights
have emerged. In particular, with the aid of recent advanced supercomputers, direct

©2012 Tsukahara and Kawaguchi, licensee InTech. This is an open access chapter distributed under the
terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/3.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original
work is properly cited.

Chapter 2

© 2012 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons 
Attribution License http://creativecommons.org/licenses/by/3.0), which permits unrestricted use, distribution, 
and reproduction in any medium, provided the original work is properly cited.



30 Will-be-set-by-IN-TECH

[58] Siddheshwar, P. G. & Sri Krishna C. V. (2002). Unsteady non-linear convection in a
second- order fluid. International Journal of Non-Linear Mechanics, Vol. 37, No. 2, 321 -
330.

[59] Sokolov, M. & Tanner, R. I., (1972). Convective stability of a general viscoelastic fluid
heated from below. Physics of Fluids, Vol. 15, No. 4, 534 - 539.

[60] Stastna, J. (1985). Convection and overstability in a viscoelastic fluid. Journal of
Non-Newtonian Fluid Mechanics, Vol. 18, No. 1, 61 - 69.

[61] Stuart, J. T. (1964). On cellular patterns in thermal convection. Journal of Fluid Mechanics,
Vol. 18, No. 4, 481 - 498.

[62] Takashima, M (1972). Thermal instability of a viscoelastic fluid layer. I Journal of the
Physical Society of Japan, Vol. 33, No. 2, 511 - 518.

[63] Tanner, R. I., (1966). Plane Creeping Flows of Incompressible Second-Order Fluids.
Physics of Fluids, Vol. 9, No. 8, 1246 - 1247.

[64] Van Der Borght, R., Murphy, J. O. & Steiner J. M. (1974). A theoretical investigation of
finite amplitude thermal convection in non-Newtonian fluids. Zeitschrift für Angewandte
Mathematik und Mechanik, Vol. 36, No. 3, 613 - 623.

[65] Veronis, G. (1966). Large amplitude Bénard convection. Journal of Fluid Mechanics, Vol.
26, No. 1, 49 - 68.

[66] Vest, C. M. & Arpaci, V. S. (1969). Overstability of a viscoelastic fluid layer heated from
below. Journal of Fluid Mechanics, Vol. 36, No. 3, 613 - 623.

32 Viscoelasticity – From Theory to Biological Applications Chapter 0

Turbulent Flow of Viscoelastic Fluid
Through Complicated Geometry

Takahiro Tsukahara and Yasuo Kawaguchi

Additional information is available at the end of the chapter

http://dx.doi.org/10.5772/52049

1. Introduction

Viscoelastic liquids with very small amounts of polymer/surfactant additives can, as well
known since B.A. Toms’ observation in 1948, provide substantial reductions in frictional drag
of wall-bounded turbulence relative to the corresponding Newtonian fluid flow. Friction
reductions of up to 80% compared to the pure water flow can be occasionally achieved with
smooth channel/pipe flow of viscoelastic surfactant solution [11, 54]. This friction-reducing
effect, referred to as turbulent drag reduction (DR) or Toms effect, has been identified
as an efficient technology for a large variety of applications, e.g. oil pipelines [25] and
heating/cooling systems for buildings [43], because of major benefits in reducing energy
consumption.

It has been known that long, high-molecular-weight, flexible polymers or rod-like micelle
networks of surfactant are particularly efficient turbulence suppressor, so that those solutions
lead to different turbulent states both qualitatively and quantitatively, resulting in dramatic
DRs. One of promising additives, which may allow their solutions to induce DR, is a
cationic surfactant such as “cetyltrimethyl ammonium chloride (CTAC)” under appropriate
conditions of surfactant chemical structure, concentration, counter-ion, and temperature to
form micellar networks in the surfactant solution. Those resulting micro-structures give rise
to viscoelasticity in the liquid solution. The properties and characteristics of the viscoelastic
fluids measured even in simple shear or extensional flows are known to exhibit appreciably
different from those of the pure solvent. From a phenomenological perspective, their turbulent
flow is also peculiar as is characterized by extremely elongated streaky structures with
less bursting events. Therefore, the viscoelastic turbulence has attracted much attention of
researchers during past 60 years. Intensive analytical, experimental, and numerical works
have been well documented and many comprehensive reviews are available dealing with this
topic: [cf., 18, 19, 26, 35, 51, , and others].

Although the mechanism of DR is still imperfectly understood, but some physical insights
have emerged. In particular, with the aid of recent advanced supercomputers, direct

©2012 Tsukahara and Kawaguchi, licensee InTech. This is an open access chapter distributed under the
terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/3.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original
work is properly cited.

Chapter 2

© 2012 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons 
Attribution License http://creativecommons.org/licenses/by/3.0), which permits unrestricted use, distribution, 
and reproduction in any medium, provided the original work is properly cited.



2 Viscoelasticity

numerical simulations (DNSs) of viscoelastic fluid as well as the Newtonian fluid have been
increasingly performed [e.g., 1, 7, 17, 41, 44]. Some progresses in the model of DR and in
the understanding of modulated turbulent structures have been made by L’vov et al. [20]
and Roy et al. [39]. Later, Kim et al. [16] carried out DNS to examine interactions between
the coherent structures and the fluid viscoelasticity. They reported a dependency of the
vortex-strength threshold for the auto-generation of new hairpin vortices in the buffer layer
on the viscoelasticity. Most of DNS studies in the literature are performed on flows over
smooth wall surface and other simple flow configurations, such as channel flow, boundary
layer, isotropic turbulence, and shear-driven turbulence.

As well as smooth turbulent flows in plane channel and pipe, the turbulent flow through
complex geometries has both fundamental scientific interest and numerous practical
applications: such flows are associated with the chemical, pharmaceutical, food processing,
and biomedical engineering, where the analysis and designing for their pipe-flow systems are
more difficult than for its Newtonian counterpart. This is mainly because severe limitations
in the application of ideal and Newtonian flow theories to these relevant flow problems.
Most of the previous work presented in the literature concerning this subject has been done
with flows either through sudden expansion or over backward-facing step. The flow even in
such relatively simple cases of complex geometries exhibits important features that partain
to complex flows containing flow separation, reattachment, and often an extremely high
level of turbulence. A better understanding of viscoelastic-fluid behavior and turbulent
flow properties of those flows should lead to both the design and the development of
hydrodynamically more efficient processes in various pipe-flow systems and to an improved
quality control of the final products. Consequently, in situations of both practical and
fundamental importance, we have investigated the detailed mechanism and efficiency of DR
for viscoelastic turbulent flow through roughened channel, or an orifice flow, that is one of
canonical flows involving separation and reattachment. The goal of a series of our works is to
better understand the physics of viscoelastic turbulent flow in complicated flow geometry.

The following subsections give a brief introduction to the preceding studies that motivated
us to further investigate the viscoelastic turbulent orifice flow and describe the more specific
purpose of the study reported in this chapter.

1.1. Related studies

As far as we know there exist no other DNS studies on the viscoelastic turbulent orifice flow
than those carried out by authors’ group recently. However, there are a few experimental and
numerical works on sudden expansion and backward-facing step owing to their geometrical
simplicity. Table 1 summarizes several earlier works.

As for the Newtonian fluid, Makino et al. [22, 23] carried out DNSs of the turbulent orifice
flow, and investigated also the performance of heat transfer behind the orifice. They reported
several differences in turbulent statistics between the orifice flow and other flows of the
sudden expansion and the backward-facing step. Recently, the authors’ group investigated
the viscoelastic fluid in the channel with the same rectangular orifice using DNS [46, 49]. We
found phenomenologically that the fluid viscoelasticity affected on various turbulent motions
in just downstream of the orifice and attenuated spanwise vortices.

By means of experiments, we confirmed the turbulence suppression in the region behind
the orifice and analyzed the flow modulation with respect to the turbulent structures by
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Configuration Author(s) Method Expansion ratio
Orifice Present Sim. 1:2

Tsurumi et al. [50] Exp. 1:2
Sudden expansion Pak et al. [29] Exp. 1:2, 3:8

Castro & Pinho [3] Exp. 1:1.54
Escudier & Smith [8] Exp. 1:1.54
Poole & Escudier [32, 33] Exp. 1:2, 1:4
Oliveira [28] Sim. 1:2
Manica & De Bortoli [21] Sim. 1:3
Dales et al. [5] Exp. 1:1.5
Poole et al. [34] Sim. 1:3

Backward-facing step Poole & Escudier [31] Exp. 1:1.43

Table 1. Relevant previous studies on viscoelastic turbulent flow: Exp., experiment; Sim., numerical
simulation.
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Figure 1. Snapshots of flow fields behind the orifice, taken by PIV measurement: vector, (u, v); contour,
the swirling strength λciωz

/|ωz| (positive, anti-clockwise rotation; negative, clockwise). The main flow
direction is from left to right. Cited from [50].

using PIV (particle image velocimetry) [50]. Figure 1 shows the instantaneous velocity
vectors in a plane of interest. Also shown is the contour of swirling strength, by which
the vortex core can be extracted by plotting iso-surface of λci > 0, the imaginary part of
complex conjugate eigenvalue of velocity-gradient tensor in the two-dimensional plane, and
the rotational direction be evaluated by the sign of spanwise rotation ωz. As can be seen in
the figure, the sudden expansion of the orifice leads to generation of strong separated shear
layers just behind the orifice-rib edges. This shear layer enhances turbulence dominantly
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Figure 2. Outline of experimental apparatus with PIV system.

in the water flow, while the viscoelastic flow seems rather calm. Here, the viscoelastic
fluid they employed was the CTAC solution with 150 ppm of weight concentration. A
schematic of the experimental set up is depicted in Fig. 2. The Reynolds number based on
the actual bulk mean velocity passing the orifice were Rem = 8150 for water and 7840 for the
viscoelastic fluid (CTAC solution), which were obtained under the same pumping power. It is
interesting to note that the hydrodynamic drag throughout the channel including the orifice
is rather increased in the viscoelastic flow despite the presence of turbulence-suppression
phenomenon. We conjectured that, in the experiment, any DR did not apparently occur
because an increment of the skin friction by an extra shear stress due to viscoelasticity
exceeded a decrement of the Reynolds shear stress. It might be difficult to determine
the individual contribution of either turbulence, viscosity, or viscoelasticity in such an
experimental study. To achieve clearer pictures of the role of viscoelasticity and turbulence
modulations affecting on DR, we should re-examine the viscoelastic turbulent orifice flow
with emphasis on the viscoelastic force (stress) exerted on the fluctuating flow motion.

1.2. Purpose

In the present study, we will focus on an instantaneous field of the viscoelastic turbulent
flow past the rectangular orifice and discuss mainly the interaction between the turbulent
fluid motion and the (polymer/surfactant) additive conformation field, i.e. the balance of
the inertia, viscous, and viscoelastic forcing terms in the governing momentum equation. We
have made some preliminary studies which have shown that this flow exhibits a change in
the augmentation of the local heat transfer dependently on the streamwise distance from
the orifice [49]. Therefore, we propose in this chapter that this streamwise variation of

36 Viscoelasticity – From Theory to Biological Applications Turbulent Flow of Viscoelastic Fluid Through Complicated Geometry 5

Figure 3. Configuration of the roughened-channel flow for the simulation, where a sequence of
regularly-spaced, rectangular, orifices is considered.

the heat-transfer augmentation would be deeply related to the turbulence-viscoelasticity
interaction, and suggest its scenario.

We performed DNSs without any turbulence model but with the Giesekus’ viscoelastic-fluid
model, valid for a polymer/surfactant solution, which is generally capable of reducing the
turbulent frictional drag in a smooth channel. The geometry considered here is periodic
orifices with the 1:2 expansion ratio.

2. Problem formulation

In this section, the equations governing incompressible viscoelastic-fluid flows are presented
in their dimensional and non-dimensional forms. Rheological properties relating to a
model we employed here to calculate the polymer/surfactant, or the fluid-viscoelasticity,
contribution to the extra-stress tensor are also described.

2.1. Flow configuration

Prior to introducing the equations, let us depict the configuration of the computational domain
in Fig. 3. In the three dimensional Cartesian coordinate system, x, y, and z indicate the
streamwise, wall-normal, and spanwise directions, respectively. The main flow is driven by
the streamwise mean pressure gradient. The flow that we analyzed by DNS was assumed
to be fully-developed turbulent flow through an obstructed channel, of height Ly = 2h,
with periodically repeating two-dimensional orifices (i.e., transverse rectangular orifices):
namely, in the simulations, the periodic boundary condition was adopted in the x direction
as well as the z direction to allow us to demonstrate an infinite channel and regularly-spaced
obstructions Note that, by contrast with the above-mentioned experiment, where transient
flows past only one orifice were studied, we numerically investigated the fully-developed
flows through a sequence of orifices. As illustrated in Fig. 3, the transverse orifices are placed
in every Lx in the x direction.

The height of each rib is chosen as 0.5h—the channel half height is h—and thus the expansion
ratio of the orifice is 1:2, that is equivalent to the experimental condition but the thickness in
the x direction is small as 0.1h. These present conditions relating to the orifice installation are
the same as those studied by Makino et al. [22]. The no-slip boundary condition is used on all
the wall surfaces including the faces of the orifice.

The domain size in the streamwise direction (Lx = 12.8h) was not sufficiently long that the
effects of the orifice on the flow approaching next one could be neglected. The domain size
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along the spanwise direction was chosen as Lz = 6.4h, which was confirmed to be adequate
based on the convergence of the spanwise correlation to almost zero at this domain size.

2.2. Governing equations

In this study, the governing equations for the three velocity components u = {u, v, w} and
pressure p take the form:

∇ · u = 0, (1)

ρ
Du
Dt

= −∇p + ηs∇2u +∇ · τp, (2)

with t the time, ρ the fluid density, and ηs the Newtonian-solvent viscosity. These fluid
properties are assumed to be constant, irrespective of the flow fields. In the last term, there
exists an additional stress-tensor component τp, which is related with kinematic quantities by
an appropriate constitutive equation. A model which has proved effective in reproducing
a power-law region for viscosity and normal-stress coefficients as well as a reasonable
description of the elongational viscosity for viscoelastic surfactant solutions was proposed
by Giesekus [10]. This model assumes that the extra stress τp due to additives in the solution
satisfies

τp + λ
�
τp + α

λ

ηa

(
τp · τp

)
= 2ηaS, (3)

where λ is the relaxation times,
�
τp is the upper convected derivative of the stress tensor, and

S is the deformation tensor. The parameter ηa has dimensions of viscosity (but note that ηa
represents the additive contribution to the zero-shear-rate solution viscosity: η0 = ηs + ηa).
For the mobility parameter representing magnitude of the non-linearity of the fluid elasticity,
α = 0.001 was given as our previous studies [45, 46, 52, 53].

From several kinds of the non-Newtonian fluid model, such as FENE-P model and Oldroyd-B
model, we chose the Giesekus model to properly resolve the evolution of extra stress due to
the deformation of macromolecules in the surfactant solution. One can find in the literature
[14, 42] that measured rheological properties of the surfactant solution agree well with those
of a Giesekus fluid.

To re-write Equations (2) and (3) in their non-dimensional forms, we should introduce a
dimensionless conformation tensor c = cij given by an explicit function of

τp =
ηa

λ
(c − I) . (4)

and derive the dimensionless forms as follows:
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= 0. (6)

Quantities with a superscript, �+, indicate that they are normalized by the friction velocity
uτ0, that is given by the force balance between the wall shear stress and the mean pressure
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gradient through the computational volume in the case of the plane channel without any
orifice nor obstruction, i.e.,

uτ0 =

√
τw0

ρ
=

√
− δ

ρ
· Δp

Lx
. (7)

Here, τw0 is the averaged wall shear stress for a smooth plane channel flow and Δp is the
time-averaged pressure drop between x = −Lx/2 and Lx/2. The other superscript, or �∗,
represents non-dimensionalization by the channel half width: e.g., x∗ = x/h. As for the three
non-dimensional parameters of Reτ0, Weτ0, and β, their definitions and specific values will be
described in Section 2.3

In order to mimic the solid body of the orifice in the fluid flow, the direct-forcing immersed
boundary method [9, 24] was applied on the surface of the orifice ribs and their inside. The
additional term of Fi in Equation (5) represents the body force vector per unit volume for this
method.

2.3. Rheological and flow parameters

We executed two simulations of the orifice flows for either viscoelastic fluid or Newtonian
fluid, for comparison. All present DNSs were run under a constant pressure drop: Δp/Lx was
constant and it enabled us to define a constant friction Reynolds number Reτ0 = ρuτ0h/η0.
In this work, Reτ0 was fixed at 100 for each simulation. The friction Weissenberg number
representing the ratio between the relaxation time and the viscous time scale was chosen to
be Weτ0 = ρλu2

τ0/η0 = 20 in the viscoelastic flow. The viscosity ratio of the solvent viscosity
to the solution viscosity at a state of zero shear stress was taken as β = ηs/η0 = 0.8. These
rheological conditions would provide a noticeable drag-reducing effect to turbulent flows in
a smooth channel. Actually, our previous DNS result that pertained to the similar condition
(Reτ0 = 150, Weτ0 = 10, and β = 0.8) provided a moderate drag reduction more than 10%
[45]. As for the Newtonian fluid, these parameters corresponds to Weτ0 = 0 and β = 1, which
leads to Equation (5) in the common form for the Newtonian fluid.

In our previous works [46, 49], while the friction Reynolds number and the Weissenberg
number were ranged, respectively, from 100 to 200 and from 0 to 30, the drag reduction rates
of 15–20% were achieved in the viscoelastic flows. Unfortunately, to the authors’ knowledge,
there has never been any other DNS study of viscoelastic turbulent orifice flow, partly due to
numerical difficulty, namely, the Hadamard instability [12] in viscoelastic-flow calculations.

3. Numerical procedure

3.1. spatial discretization

The finite difference method was adopted for the spatial discretization. Two different grid
numbers of 256 × 128 × 128 and 128 × 128 × 128 in (x, y, z) were used for the Newtonian
and the viscoelastic flows, respectively, since the Newtonian turbulent flow is basically
accompanied by finer eddies that need to be resolved. For the coarser mesh, the spatial
resolutions were Δx+ = 10 and Δz+ = 5 with the computational domain size of Lx × Ly ×
Lz = 12.8h × 2h × 6.4h and were reasonable to capture flow variations and small-scale eddies
behind the orifice. According to the results shown later, the orifice flow of the viscoelastic fluid
indeed has exhibited relatively-large turbulent structures and offered reasonable statistics. In
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Figure 4. Computational grids with emphasis on the orifice ribs, viewed from the spanwise direction.

the wall-normal direction, the density of the computational mesh is not uniform so that dense
grids appear at the height of the orifice rib and near the walls, as shown in Fig. 4. Using a
hyperbolic tangent stretching factor, we employed the resolutions of Δy+ = 0.31–3.01.

In the x and z directions, the central difference scheme with the 4th-order accuracy was
employed, while the 2nd-order accuracy was in the y direction. It should be noted, however,
that the ‘minmod’ flux-limiter scheme as a TVD (total-variation diminishing) method was
adopted to the non-linear term in Equation (6): details of this numerical method can be found
in the authors’ papers [48, 52].

3.2. Time integration

The SMAC (simplified marker and cell) method was applied for coupling between
Equations (1) and (5); and the time advancement was carried out by the 3rd-order
Runge-Kutta (RK) scheme, but the 2nd-order Crank-Nicolson scheme was used for the viscous
term in the y direction, although of course several alternatives to these methods for the
coupling and time integration may be available. Regarding the issue to ensure proper
methods, we preliminarily tested a variety of combinations with the same flow geometry
and conditions and evaluated their availability with emphasis on the orifice rib. Before
showing this verification result, let us note again that we employed the immersed-boundary
technique for the orifice ribs, or the rigid solid phase in fluid circumstance. The idea of this
technique, firstly proposed by Peskin [30], is to employ a regular Cartesian grid, but to apply
additional suitable momentum source within the domain in order to satisfy the requisite
conditions at the interface and inside of the solid phase [36]. In the present simulation with
the Cartesian grid, the velocities defined either at the surface or the inside of the orifice
ribs were required to be zero. Hence, we should appropriately calculate the additional
term Fi in Equation (5) to drive those velocities to the desired value, when compute the
set of the governing equations. We examined two coupling methods—the SMAC method
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Figure 5. Dependence on numerical methods: streamwise distribution of a velocity in the vicinity of the
upper wall for the Newtonian-fluid flow at Reτ0 = 100.

and the fractional-step (FS) method—and two time-integration scheme—the RK scheme and
the 2nd-order Adams-Bashforth (AB) scheme. Figure 5 compares the results obtained by
the different combinations of them. We choose to show only the curves for the near-wall
distribution of the mean streamwise velocity, U+ at y∗ = 0.0053 (y+ = 0.53) from the upper
wall. Focusing on the location of the rib, you can find considerable variability of the value
dependently on the scheme combination: see the inset of Fig. 5. As might be expected, the RK
scheme with higher accuracy gave near-zero U at the rib, indicating a better performance than
the AB scheme. Moreover, the marked reduction in the U pertaining to the SMAC method
can be also clearly seen. It reflects the fact that, when combined with appropriate choice of
coupling method and time-integration scheme, this immersed-boundary method leads to a
reasonable simulation.

One may observe other locations where scheme-dependent variability seems to be significant.
For instance, the reattachment point at which the near-wall U changes its sign was apparently
found to vary according to numerical schemes, as seen in Figure 5. This might be true, but a
large deviation of the reattachment point by the combination of AB and SMAC is attributed to
a straightening phenomena in the mean flow, which is essentially bended to one wall by the
Coanda effect. Although not shown in figure, the same verification of U in the core region
was also done, but revealed no remarkable variation between different methods at every
streamwise position. It implies that the scheme-dependency can be ignorable except for the
near-wall region at the orifice. The undesirable non-zero U through the rib in the case of
AB-FS is thought of as a main reason for the weaken Coanda effect and the straightened flow.

In the following, instantaneous flow fields and several turbulence statistics obtained by the
DNS with RK-SMAC are shown.

4. Results

4.1. Instantaneous flow field: Kelvin-Helmholtz and turbulent eddies

A major difference between the present study and published works on the smooth channel
is related to the streamwise variation of the flow state and the main turbulence-producing
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In the following, instantaneous flow fields and several turbulence statistics obtained by the
DNS with RK-SMAC are shown.
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4.1. Instantaneous flow field: Kelvin-Helmholtz and turbulent eddies

A major difference between the present study and published works on the smooth channel
is related to the streamwise variation of the flow state and the main turbulence-producing
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area. Although the flow past an orifice is one of the simplest reattaching flows, the flow field
is still very complex compared to the smooth channel flow. The contracted flow passing the
orifice detaches at its leading edge, forming a separated shear layer. Even if the the contracted
flow is laminar-like, transition begins soon after separation unless the Reynolds number is
very low as Rem < 400 for the backward-facing step flow [2, 27] and the same orifice flow
[22]. The present bulk Reynolds numbers as low as Rem = 579 and 646 for the Newtonian
and viscoelastic flows, respectively, exceed this critical value and are in the transitional
regime. As a consequence of the increase in Rem, the viscoelastic flow is determined as it
offers a lower drag by about 20%, which corresponds to the ‘drag reduction rate.’ Most of
drag-reduced turbulent flows over smooth wall differ from the Newtonian flows in the same
general way [51]: for instance, the fluid viscoelasticity inhibits transfer of kinetic energy from
the streamwise to the wall-normal velocity fluctuations, and vorticity fluctuations inducing
production of turbulence in near-wall region disappear in the highly drag-reduced flow, even
as the bulk Reynolds number is raised from that for the Newtonian flow with the same
pressure drop. In these contexts, the instantaneous vortex structures both within the strong
shear layer just downstream of the orifice and in the downstream after the reattachment point
should be of interest for investigation of viscoelastic-fluid behaviors. Actually, the DNS study
on the turbulent heat transfer [49] demonstrated a heat-transfer augmentation in the region of
x > 6h (i.e., area after the reattachment) even with drag reduction, when compared with the
Newtonian case: we will discuss again regarding this phenomenon in Section 5.3.

Figure 6 presents an instantaneous snapshot of eddies in each of the Newtonian flow and
viscoelastic flow, viewed three-dimensionally with emphasis on the orifice downstream. Here,
eddies are visualized by the second invariant of the fluctuating velocity-gradient tensor:

II ′ =
∂u′

i
∂xj

∂u′
j

∂xi
. (8)

Additionally, the contours in the figures show the instantaneous streamwise velocity (u = U +
u′) distribution in an arbitrary x-y plane and its distribution near the bottom wall, revealing
the adverse flow region just behind the orifice and high and low momentum patches on the
wall surface below eddies. The orifice flows presented in Fig. 6 are highly unsteady and
turbulent in region behind the orifice for both fluids. However, the viscoelastic flow seems
to involve turbulent structures very similar to those in the Newtonian flow, but the number
of eddies is drastically reduced. The spanwise vortices, especially Kelvin-Helmholtz (K-H)
vortices, in the strong shear layer released from the orifice edge are less remarkable, which is
qualitatively consistent with the experimental observation mentioned in Section 1. This vortex
suppression phenomenon is expected to be induced by the viscoelasticity.

It is interesting to note that the near-wall streaks becomes highly intermittent but still occurs
in the region far downstream of the reattachment point. The mean reattachment point locates
at x = 4.3h on the lower-side wall surface. Because of the bulk Reynolds number as low
as 650, it is naturally expected that no apparent turbulent eddies should not be observed in
far-downstream region away from the orifice, where the flow would be laminar similar to the
smooth channel flow at the same Reynolds number. However, as can be seen in the figure,
the velocity distributions both of the Newtonian and the viscoelastic flows are far from those
in the laminar state. In particular, the viscoelastic flow exhibits larger vortices far from the
orifice: elongated longitudinal vortical structures are observed intermittently at x = 5–7h,
as given in Fig. 6(b). Those large-scale structures may induce velocity fluctuations and also
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(a) Newtonian fluid

(b) Viscoelastic fluid

Figure 6. Visualized instantaneous flow fields of the obstructed turbulent channel flows. Green
iso-surfaces indicate negative regions of the second invariant of the deformation tensor, representing
vortical structures. The contours show instantaneous streamwise velocity distribution in an arbitrary x-y
plane and in the x-z plane at y∗ = 0.05 from the lower wall.

significant transports of momentum/heat between the near-wall region and the core region.
As demonstrated later (in Section 4.2), the near-wall sweep/ejection motions that pertain to
longitudinal vortex are prone to be encouraged by the viscoelastic force. Therefore, it can be
conjectured that instability due to the viscoelastic process causes velocity fluctuations as well
as vortices in the far downstream region.
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in the region far downstream of the reattachment point. The mean reattachment point locates
at x = 4.3h on the lower-side wall surface. Because of the bulk Reynolds number as low
as 650, it is naturally expected that no apparent turbulent eddies should not be observed in
far-downstream region away from the orifice, where the flow would be laminar similar to the
smooth channel flow at the same Reynolds number. However, as can be seen in the figure,
the velocity distributions both of the Newtonian and the viscoelastic flows are far from those
in the laminar state. In particular, the viscoelastic flow exhibits larger vortices far from the
orifice: elongated longitudinal vortical structures are observed intermittently at x = 5–7h,
as given in Fig. 6(b). Those large-scale structures may induce velocity fluctuations and also
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(a) Newtonian fluid

(b) Viscoelastic fluid

Figure 6. Visualized instantaneous flow fields of the obstructed turbulent channel flows. Green
iso-surfaces indicate negative regions of the second invariant of the deformation tensor, representing
vortical structures. The contours show instantaneous streamwise velocity distribution in an arbitrary x-y
plane and in the x-z plane at y∗ = 0.05 from the lower wall.

significant transports of momentum/heat between the near-wall region and the core region.
As demonstrated later (in Section 4.2), the near-wall sweep/ejection motions that pertain to
longitudinal vortex are prone to be encouraged by the viscoelastic force. Therefore, it can be
conjectured that instability due to the viscoelastic process causes velocity fluctuations as well
as vortices in the far downstream region.
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Figure 7. Instantaneous velocity-vector field of the viscoelastic flow, viewed in an arbitrary x-y plane.
The main flow moves from left to right. Green contour denotes II� ≤ −0.005. The small areas
surrounded by red borders are shown in enlarged views of the following figures. (a–d) Enlarged views
of the instantaneous field of the viscoelastic flow: (a1–d1), same as the top figure, the vector of u� and w�
and the contour of II� ≤ −0.005; (a2–d2) the vector denotes the force contributed by the viscous term (Fx ,
Fy); (a3–d3) the force by the viscoelastic term (Ex , Ey). The position of (a) focuses on a spanwise vortical
motion near the orifice, and the symbol of (×) indicates the vortex center: (b), another location in the
core region without determinate vortical motion; (c), another vortical motion far from the orifice: (d), a
near-wall turbulent motion (sweep and ejection) downstream of the reattachment point.

Regarding the facts that the K-H vortices as well as subsequent eddies were quickly damped
but the quasi-streamwise vortices away from the orifice were sustained in the viscoelastic
flow, we will consider these vortical motions in the frame of x-y plane and investigate their
relationships to the conformation-stress (polymer or surfactant-micellar network stress) field.

4.2. Viscoelastic force exerted on fluid motions

As indicated in Fig. 7, four different small areas are chosen and compared with the vector
patterns of the viscous and the viscoelastic body forcing terms in the governing equation
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for the fluctuating velocity, namely, the second and third terms in the right-hand side of
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In Fig. 7(a), we extract a spanwise swirling motion that persist to a K-H vortex in a separated
shear layer. As clearly described in Fig. 7(a1), the velocity vectors present a clockwise vortical
motion and the contour of II � also implies the existence of an eddy. The distributions of
viscous and viscoelastic force vectors are displayed in the successive figures, (a2) and (a3),
respectively. It is clear that, the both force vectors show an anti-clockwise pattern that is
opposite in direction to the fluid swirling, although the center of the viscoelastic force pattern
deviate slightly from the center of the flow votex. The viscous force (Fx, Fy) is intensified
(either positively or negatively) where the velocity gradient of du/dy drastically changes.
The viscous force inherently inhibits the flow vortical motion.

As for a non-rotating fluid motion, shown in Figs. 7(b1) and (b2), the behavior of the viscous
force field is similar to the rotating case. However, when compared to the distribution of (Ex,
Ey), the flow in the core region without the shear of du/dy is found to be somewhat stimulated
by the viscoelastic force: see the consistency in the direction of the force and velocity in the
region enclosed by the red line in (b3). It may be relevant to the earlier findings that, away
from the orifice (x > 4.5h), the mean velocity in the core region of the viscoelastic flow became
significantly larger than that of the Newtonian flow: cf. Fig. 2 in the paper of [46] and Fig. 6
of [33]. The cause of the accelerated core flow is probably related to the extensional viscosity,
the magnitude of which is accentuated by high levels of viscoelasticity but not varied for
the Newtonian fluid. With the high extensional viscosity, the flow motion is hard to alter in
the longitudinal direction. This effect should be responsible also for the attenuation of the
Coanda effect that would cause the asymmetry in the mean flow past the orifice: for details to
Section 6.

Next, let us consider the region away from the orifice. It is clearly seen in Fig. 6(c) that
both (Fx, Fy) and (Ex, Ey) vectors oppose the velocity vector of (u�, v�) with respect to
a spanwise vortex, as similar to the trend observed in (a). Considering the locations of
upwelling and downwelling flows associated with the vortex, the distribution of (Ex, Ey)
shows the viscoelastic force directly counteracting the fluid motions. The weakening of the
spanwise vortices may also be attributed to this effect. It may be interesting to note that the
anti-correlated swirling vector pattern of (Ex, Ey) is shifted slightly downstream with respect
to the center of the swirling fluid motion. Such slight discordances between the velocity and
viscoelastic force in terms of the rotational center are frequently observed not only in Fig. 6(a),
but also other viscoelastic flows [15]. Further investigations are needed to clarify its cause and
importance for the vortex retardation by viscoelasticity.

In the downstream of the reattachment point, quasi-streamwise vortices become more
common than spanwise vortices, as seen in Fig. 6(b). Figure 7(d1) shows an impingement of
the ejection (Q2) and the sweep (Q4) motions, the so-called ‘bursting,’ which generally occurs
in the buffer layer of the wall turbulence. It is demonstrated that a quasi-streamwise vorticity

45Turbulent Flow of Viscoelastic Fluid Through Complicated Geometry



12 Viscoelasticity
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core region without determinate vortical motion; (c), another vortical motion far from the orifice: (d), a
near-wall turbulent motion (sweep and ejection) downstream of the reattachment point.

Regarding the facts that the K-H vortices as well as subsequent eddies were quickly damped
but the quasi-streamwise vortices away from the orifice were sustained in the viscoelastic
flow, we will consider these vortical motions in the frame of x-y plane and investigate their
relationships to the conformation-stress (polymer or surfactant-micellar network stress) field.

4.2. Viscoelastic force exerted on fluid motions

As indicated in Fig. 7, four different small areas are chosen and compared with the vector
patterns of the viscous and the viscoelastic body forcing terms in the governing equation
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In Fig. 7(a), we extract a spanwise swirling motion that persist to a K-H vortex in a separated
shear layer. As clearly described in Fig. 7(a1), the velocity vectors present a clockwise vortical
motion and the contour of II � also implies the existence of an eddy. The distributions of
viscous and viscoelastic force vectors are displayed in the successive figures, (a2) and (a3),
respectively. It is clear that, the both force vectors show an anti-clockwise pattern that is
opposite in direction to the fluid swirling, although the center of the viscoelastic force pattern
deviate slightly from the center of the flow votex. The viscous force (Fx, Fy) is intensified
(either positively or negatively) where the velocity gradient of du/dy drastically changes.
The viscous force inherently inhibits the flow vortical motion.

As for a non-rotating fluid motion, shown in Figs. 7(b1) and (b2), the behavior of the viscous
force field is similar to the rotating case. However, when compared to the distribution of (Ex,
Ey), the flow in the core region without the shear of du/dy is found to be somewhat stimulated
by the viscoelastic force: see the consistency in the direction of the force and velocity in the
region enclosed by the red line in (b3). It may be relevant to the earlier findings that, away
from the orifice (x > 4.5h), the mean velocity in the core region of the viscoelastic flow became
significantly larger than that of the Newtonian flow: cf. Fig. 2 in the paper of [46] and Fig. 6
of [33]. The cause of the accelerated core flow is probably related to the extensional viscosity,
the magnitude of which is accentuated by high levels of viscoelasticity but not varied for
the Newtonian fluid. With the high extensional viscosity, the flow motion is hard to alter in
the longitudinal direction. This effect should be responsible also for the attenuation of the
Coanda effect that would cause the asymmetry in the mean flow past the orifice: for details to
Section 6.

Next, let us consider the region away from the orifice. It is clearly seen in Fig. 6(c) that
both (Fx, Fy) and (Ex, Ey) vectors oppose the velocity vector of (u�, v�) with respect to
a spanwise vortex, as similar to the trend observed in (a). Considering the locations of
upwelling and downwelling flows associated with the vortex, the distribution of (Ex, Ey)
shows the viscoelastic force directly counteracting the fluid motions. The weakening of the
spanwise vortices may also be attributed to this effect. It may be interesting to note that the
anti-correlated swirling vector pattern of (Ex, Ey) is shifted slightly downstream with respect
to the center of the swirling fluid motion. Such slight discordances between the velocity and
viscoelastic force in terms of the rotational center are frequently observed not only in Fig. 6(a),
but also other viscoelastic flows [15]. Further investigations are needed to clarify its cause and
importance for the vortex retardation by viscoelasticity.

In the downstream of the reattachment point, quasi-streamwise vortices become more
common than spanwise vortices, as seen in Fig. 6(b). Figure 7(d1) shows an impingement of
the ejection (Q2) and the sweep (Q4) motions, the so-called ‘bursting,’ which generally occurs
in the buffer layer of the wall turbulence. It is demonstrated that a quasi-streamwise vorticity
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(a) Velocity (u, v) versus viscous force (Fx, Fy)

(b) Velocity (u, v) versus viscoelastic force (Ex, Ey)

Figure 8. Instantaneous distributions of the inner product of the velocity vector and the vector of either
viscous force or the viscoelastic force, viewed in the same x-y plane and at the same instance with Fig. 7:
(a) u · F, (b) u · E. The arrows represent the velocity vectors u.

induces negative streamwise velocity fluctuations (below the red line in the figure), which
results in a low-speed streak, and blowing down of high momentum fluid to the wall (above
the red line). The vector fields of the viscous force and the viscoelastic force around them are
shown in (d2) and (d3), respectively. Negative Fx is detected above the red line, where positive
u� is induced, while positive Fx is observed very close to the wall. It is worth to note that this
trend is not, however, consistent with the viscoelastic force (Ex, Ey) which has the almost same
sign with (u�, v�) except for far from the wall, indicating that the viscoelastic force assists flow
in some extent. This is presumably consistent with positive correlation between Ex and u� in
the vicinity of the wall, as reported for the turbulence on smooth wall [1, 16].

4.3. Alignment between flow and force vectors

In order to see the variation in the relationship between the fluid motions and the viscoelastic
force behaviors, we examine here the alignment between the flow vector and individual force.
Figures 8(a) and (b) show the contour of the following inner product of two vectors—the
velocity and either force of viscosity and viscoelasticity:

u · F = |u||F| cos θF , (11)

u · E = |u||E| cos θE. (12)

If the vectors of the flow and the viscous/viscoelastic force are parallel and have the same
sign (θF , θE ≈ 0 ), the contour is given with red in the contour. If they have the opposite sign
(θF , θE ≈ π ), the contour becomes blue. Note that, when either velocity or force vector is
negligible or their vectors align in perpendicular, the inner product should approach zero.
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Figure 9. Initial field of laminar plane Couette flow with an immersed Rankine vortex.

As discussed in the preceding section, the plot of u · E in Fig. 8(b) shows that the viscoelastic
force is anti-correlated with the spanwise vorticity just behind the orifice and in recirculation
zone except for the core region. On the other hands, some consistency is observed in
the near-wall region, but away from the reattachment point (x > 6h), where the sweep
flows associated with the quasi-streamwise vortex motion are indeed confirmed to be
stimulated by the viscoelastic force. As for the u · F, Fig. 8(a) indicates that the viscous force
inherently inhibits characterized fluid motions that we focus on here. The present concept of
modification in vortical structures are qualitatively similar to those observed in the smooth
wall-bounded turbulence [e.g., 6, 16].

Despite the rather phenomenological insight revealed by the above study, much further
qualitative assessment should be required before understanding of the turbulent vortex
modulation in the orifice flow for viscoelastic fluid is achieved.

5. Discussions

5.1. Simple test case: response to Rankine vortex in Couette flow

It would be instructive to examine the behavior of the viscoelastic body force in a simple test
case, in the absence of any turbulent disturbance and downstream propagation. In this section,
we investigate a localized spanwise eddy in a wall-bounded simple shear flow. In particular,
the objective field is an incompressible plane Couette flow, which is driven by the relative
movement of two parallel walls with the velocity of ±Uw (in x). The flow state is assumed
to be basically laminar with a Reynolds number as low as Re = ρUwh/η0 = 60, so that
two-dimensional simulations have been performed both for Newtonian fluid and viscoelastic
fluid. We focus on structures initially consisting of a Rankine-like vortex with its axis parallel
to the z axis, no radial velocity (ur = 0), and the tangential velocity of

uθ =

{
Γr/(2πr2

0) (0 ≤ r ≤ r0)

Γ/(2πr) (r0 < r)
. (13)

Here, (r, θ) and (ur, uθ) are the radial and circumferential coordinates and velocities that
pertain to the vortex, respectively, r0 the radius of the vortex, and Γ its circulation. While
the gap between the walls is 2h, the Rankine-line vortex with the diameter of 2r0 = 0.4h was
superimposed on the laminar Couette flow. The vortex center was set at the channel center,
y = 0, so that the vortex would stay in position because of the net-zero bulk velocity. Figure 9
shows diagram of the flow configuration and the vortex, which has the rotational direction
same with that of the mean flow vorticity. The governing equations and the relevant numerical
scheme we used in this section were identical with those already introduced in Section 3. The
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sign with (u�, v�) except for far from the wall, indicating that the viscoelastic force assists flow
in some extent. This is presumably consistent with positive correlation between Ex and u� in
the vicinity of the wall, as reported for the turbulence on smooth wall [1, 16].
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force behaviors, we examine here the alignment between the flow vector and individual force.
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u · F = |u||F| cos θF , (11)

u · E = |u||E| cos θE. (12)

If the vectors of the flow and the viscous/viscoelastic force are parallel and have the same
sign (θF , θE ≈ 0 ), the contour is given with red in the contour. If they have the opposite sign
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Figure 9. Initial field of laminar plane Couette flow with an immersed Rankine vortex.
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force is anti-correlated with the spanwise vorticity just behind the orifice and in recirculation
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the near-wall region, but away from the reattachment point (x > 6h), where the sweep
flows associated with the quasi-streamwise vortex motion are indeed confirmed to be
stimulated by the viscoelastic force. As for the u · F, Fig. 8(a) indicates that the viscous force
inherently inhibits characterized fluid motions that we focus on here. The present concept of
modification in vortical structures are qualitatively similar to those observed in the smooth
wall-bounded turbulence [e.g., 6, 16].

Despite the rather phenomenological insight revealed by the above study, much further
qualitative assessment should be required before understanding of the turbulent vortex
modulation in the orifice flow for viscoelastic fluid is achieved.

5. Discussions

5.1. Simple test case: response to Rankine vortex in Couette flow

It would be instructive to examine the behavior of the viscoelastic body force in a simple test
case, in the absence of any turbulent disturbance and downstream propagation. In this section,
we investigate a localized spanwise eddy in a wall-bounded simple shear flow. In particular,
the objective field is an incompressible plane Couette flow, which is driven by the relative
movement of two parallel walls with the velocity of ±Uw (in x). The flow state is assumed
to be basically laminar with a Reynolds number as low as Re = ρUwh/η0 = 60, so that
two-dimensional simulations have been performed both for Newtonian fluid and viscoelastic
fluid. We focus on structures initially consisting of a Rankine-like vortex with its axis parallel
to the z axis, no radial velocity (ur = 0), and the tangential velocity of
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Here, (r, θ) and (ur, uθ) are the radial and circumferential coordinates and velocities that
pertain to the vortex, respectively, r0 the radius of the vortex, and Γ its circulation. While
the gap between the walls is 2h, the Rankine-line vortex with the diameter of 2r0 = 0.4h was
superimposed on the laminar Couette flow. The vortex center was set at the channel center,
y = 0, so that the vortex would stay in position because of the net-zero bulk velocity. Figure 9
shows diagram of the flow configuration and the vortex, which has the rotational direction
same with that of the mean flow vorticity. The governing equations and the relevant numerical
scheme we used in this section were identical with those already introduced in Section 3. The
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(a) t∗ = 1

(b) t∗ = 20

(c) t∗ = 40

(d) t∗ = 60

(e) t∗ = 80

(f) t∗ = 100

Figure 10. Temporal variation of a Rankin-like vortex in plane laminar Couette flow: (left-side column)
Newtonian fluid, (right) viscoelastic fluid. Contour denotes the spanwise vorticity.

rheological parameters related to the Giesekus model were chosen as We = ρλuθ
2
max/η0 = 720

(uθmax is comparable to Uw), β = 0.8, and α = 0.001. The conformation tensor was initially
given as zero at every point.
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Figure 11. Time developments of the maximum vorticity at the vortex core and of the magnitude of the
viscoelastic force.

The calculated vorticity and velocity fields show a rapid destruction, or decay, of the vortex in
the viscoelastic fluid, which corresponds to the attenuation of spanwise K-H vortex shedding
from the orifice edge. Figure 10 displays its decay process of the (clockwise) vortex for
each fluid as a function of time, t∗ = tUw/(2h). In the figure, the general flow pattern is
characterized well by the swirling velocity vectors and seems to be not varied significantly
in times, but their magnitude and the vorticity are remarkably reduced for t∗ = 40–60 in the
viscoelastic fluid flow. One may also observe that the vortex in this fluid is elongated along
the mean flow, while the near-circular vortex stays in shape for the Newtonian fluid. This
distortion is probably due to the high extensional viscosity of the viscoelastic fluid.

Figure 11 shows the temporal variation of the maximum vorticity (at the vortex center), ωmax,
for each fluid and the included within the graph is the trace of viscoelastic stress, cxx + cyy +
czz, as an indicator of viscoelastic force magnitude. In the initial stage of development, ωmax
fluctuates remarkably maybe because of the artificiality of the given initial flow field with
immersed vortex, irrespective of the fluid. After that, both fluid flows are settled similarly for
a while. From t∗ = 20, the magnitude of viscoelastic-force becomes increased at an accelerated
rate that exhibits some sort of peak during t∗ = 30–40. A consequence of increased viscoelastic
force is that the vortex has been attenuated significantly, as seen in the visualization of Fig. 10
and in Fig. 11. From t∗ = 50, both of ωmax and tr(cij) take on somewhat moderate attitude:
ωmax gradually decreases as slowly as that for the Newtonian fluid; and tr(cij) increases
linearly, at least until t∗ = 100. It is conjectured that the viscoelasticity acts to resist flow
and obtain elastic energy from the kinetic energy of the vortex: this phenomenon is thought
to occur as a delayed response with a lag that should be relevant to the fluid relaxation time
λ.

To investigate further details of the relationship between the flow structure and the fluid
viscoelasticity, we study the viscoelastic-force distribution as the way in which the turbulent
orifice flow was analyzed in Section 4.3. Figure 12 shows streamlines for the viscoelastic
flow at the same instances in time as given in Fig. 10. The background color map shows
the inner product of the velocity vector and the viscoelastic body force, u · E, as similar to
the manner in Fig. 8. As already mentioned, the streamlines are practically unchanged or
slightly distorted into the shape of an ellipse. It is interesting to note that the inner-product
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Figure 10. Temporal variation of a Rankin-like vortex in plane laminar Couette flow: (left-side column)
Newtonian fluid, (right) viscoelastic fluid. Contour denotes the spanwise vorticity.
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The calculated vorticity and velocity fields show a rapid destruction, or decay, of the vortex in
the viscoelastic fluid, which corresponds to the attenuation of spanwise K-H vortex shedding
from the orifice edge. Figure 10 displays its decay process of the (clockwise) vortex for
each fluid as a function of time, t∗ = tUw/(2h). In the figure, the general flow pattern is
characterized well by the swirling velocity vectors and seems to be not varied significantly
in times, but their magnitude and the vorticity are remarkably reduced for t∗ = 40–60 in the
viscoelastic fluid flow. One may also observe that the vortex in this fluid is elongated along
the mean flow, while the near-circular vortex stays in shape for the Newtonian fluid. This
distortion is probably due to the high extensional viscosity of the viscoelastic fluid.

Figure 11 shows the temporal variation of the maximum vorticity (at the vortex center), ωmax,
for each fluid and the included within the graph is the trace of viscoelastic stress, cxx + cyy +
czz, as an indicator of viscoelastic force magnitude. In the initial stage of development, ωmax
fluctuates remarkably maybe because of the artificiality of the given initial flow field with
immersed vortex, irrespective of the fluid. After that, both fluid flows are settled similarly for
a while. From t∗ = 20, the magnitude of viscoelastic-force becomes increased at an accelerated
rate that exhibits some sort of peak during t∗ = 30–40. A consequence of increased viscoelastic
force is that the vortex has been attenuated significantly, as seen in the visualization of Fig. 10
and in Fig. 11. From t∗ = 50, both of ωmax and tr(cij) take on somewhat moderate attitude:
ωmax gradually decreases as slowly as that for the Newtonian fluid; and tr(cij) increases
linearly, at least until t∗ = 100. It is conjectured that the viscoelasticity acts to resist flow
and obtain elastic energy from the kinetic energy of the vortex: this phenomenon is thought
to occur as a delayed response with a lag that should be relevant to the fluid relaxation time
λ.

To investigate further details of the relationship between the flow structure and the fluid
viscoelasticity, we study the viscoelastic-force distribution as the way in which the turbulent
orifice flow was analyzed in Section 4.3. Figure 12 shows streamlines for the viscoelastic
flow at the same instances in time as given in Fig. 10. The background color map shows
the inner product of the velocity vector and the viscoelastic body force, u · E, as similar to
the manner in Fig. 8. As already mentioned, the streamlines are practically unchanged or
slightly distorted into the shape of an ellipse. It is interesting to note that the inner-product
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(a) (d)

(b) (e)

(c) (f)

Figure 12. Streamlines and contour of the inner product of the velocity vector u and the viscoelastic
force vector E at the same instance with Fig. 10 for the viscoelastic fluid.

distribution drastically alters in time and implies a mutual relation between the flow and
viscoelasticity. If emphases are placed on the top-left and bottom-right parts with respect to
the vortex center and on the top-right and bottom-left parts, a flow contraction and expansion,
respectively, occur in gaps between each wall and the vortex. We find that the viscoelastic
force in Fig. 12 assists flow in regions of strong extension (contraction) area around the vortex,
where u · E > 0, corresponding to red contour (see online version). On the other hand, most
other parts of the vortex are found to be exerted resisting force mainly in regions of extension
as well as the vortex core. Both these observations might be consistent with the trends
observed in the orifice flow discussed earlier: that is, the wake past the orifice contraction
would be sustained, whereas the expanding motion, or entrainment to the wall, be rather
inhibited in viscoelastic fluid. These viscoelastic-fluid reaction can be confirmed to intensify
during a finite time, in particular, t∗ = 30–50 in the case of the present condition.

Although the vortex ranges in terms of size and magnitude and the relaxation time are not
equivalent to those for the orifice flow discussed in Section 4, the concept of spanwise-vortex
suppression should be, at least qualitatively, valid for those turbulent flows.

5.2. Vortex structures behind rib

Based on the discussions presented above, we propose a scenario of development of vortex
structures and the difference between the two fluids. Figure 13 illustrates diagrams with
emphasis on the Kelvin-Helmholtz vortices and successive longitudinal vortices. In the
Newtonian fluid flow, the K-H vortices, which emanate from the edge of a rib and align
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Figure 13. Conceptual scenario of the development of vortices in turbulent orifice flow for Newtonian
fluid (a) and viscoelastic fluid (b).

parallel to the rib, propagate downstream with developing and inducing small eddies. Then,
an intensive turbulent production arises above the reattachment zone. Moreover, once
the three-dimensional disturbance reaches some finite amplitude, it produces a bending of
spanwise K-H vortices and gives rise to additional eddies, the so-called rib vortices (labelled
as QSV1 in the figure), extending in the streamwise direction, which bridge a sequence of
the K-H vortices, as in the mixing layer [40]. Comte et al. [4] named this vortex pattern
as a vortex-lattice structure, which was actually confirmed also in the present Newtonian
orifice flow. In the downstream of the reattachment, quasi-streamwise vortices (QSV2) are
expected to be dominant, as in the smooth channel flow. Basically, QSV1 and QSV2 may
not the same structure in terms of generation process: the QSV1 should be generated in the
separated shear layer and dissipated around the reattachment zone, while the QSV2 may be
somewhat intensified structures of those observed in the smooth turbulent channel flow.

As demonstrated in Sections 4 and 5.1, spanwise vortices tend to be preferentially suppressed
by the viscoelasticity, so that the K-H vortices rapidly decay, as schematically shown in
Fig. 13(b). Accordingly, the longitudinal vortices (QSV1) become dominant structure but
sparse even in a region above the recirculation and reattachment zone. The shift downstream
of the reattachment zone occurs by the effect of viscoelasticity, as in agreement with the
earlier experiments [29, 33]. This increase in the reattachment length inherently results in
an expanse of the separated shear layer, i.e., the area of intensive turbulent production, in
the downstream region. However, this expanded production area would not significantly
contribute in regard to the net turbulent kinetic energy. For reference, the two-dimensional
budget for the transport equation of the turbulent kinetic energy is presented in Section 6. In
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spanwise K-H vortices and gives rise to additional eddies, the so-called rib vortices (labelled
as QSV1 in the figure), extending in the streamwise direction, which bridge a sequence of
the K-H vortices, as in the mixing layer [40]. Comte et al. [4] named this vortex pattern
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orifice flow. In the downstream of the reattachment, quasi-streamwise vortices (QSV2) are
expected to be dominant, as in the smooth channel flow. Basically, QSV1 and QSV2 may
not the same structure in terms of generation process: the QSV1 should be generated in the
separated shear layer and dissipated around the reattachment zone, while the QSV2 may be
somewhat intensified structures of those observed in the smooth turbulent channel flow.
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by the viscoelasticity, so that the K-H vortices rapidly decay, as schematically shown in
Fig. 13(b). Accordingly, the longitudinal vortices (QSV1) become dominant structure but
sparse even in a region above the recirculation and reattachment zone. The shift downstream
of the reattachment zone occurs by the effect of viscoelasticity, as in agreement with the
earlier experiments [29, 33]. This increase in the reattachment length inherently results in
an expanse of the separated shear layer, i.e., the area of intensive turbulent production, in
the downstream region. However, this expanded production area would not significantly
contribute in regard to the net turbulent kinetic energy. For reference, the two-dimensional
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Figure 14. Comparison of Newtonian and viscoelastic flows in terms of streamwise distribution of local
skin-frictional coefficient and Nusselt number. The orifice locates at x∗ = 0–0.1. Cited from [49].
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Figure 15. Experimental result for streamwise variations of the ratio between the local Nusselt number
for the orifice flow and that for the smooth channel flow. The Reynolds number used here is based on the
bulk mean velocity, the channel width 2h, and the solvent kinematic viscosity. The orifice rear surface
locates at x∗ = 0. Cited from [13].

the downstream of the reattachment zone, much elongated QSV2 occurs and sustains for a
longer period compared to that in the Newtonian flow. This is also a phenomenon affected
by the fluid viscoelasticity, which is prone to assist some sort of elongational flows. It may
be concluded that the viscoelastic flow would avoid rapid transition into turbulence just
behind the orifice, whereas that flow be accompanied by long-life longitudinal vortices far
downstream of the orifice.

5.3. Heat-transfer augmentation by orifice

In the context of above discussion on flow structures, their variations due to viscoelasticity are
generally expected to significantly influence on heat and mass transfers. Better understanding
of the thermal fields in the viscoelastic turbulent flow through complicated geometry is
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practically important for their applications, such as heat exchanger working with coolant of
polymer/surfactant solution liquids [37, 38].

For the purpose of briefly describing the phenomena characterized by heat-transfer
augmentation/reduction in the viscoelastic orifice flow, the local Nusselt-number (Nu) profile
as a function of x∗ is plotted in Fig. 14. Here, a constant temperature difference between the
top and bottom walls was adopted as for the thermal boundary condition, the other fluid
conditions were same as those given in Section 2, and we numerically solved the energy
equation for passive scalar with a constant Prandtl number of Pr = 1.0 in the absence
of any temperature dependency. For details, please see our recent paper [49]. Contained
within Fig. 14 is the local skin-frictional coefficient Cf . In a some extent behind the orifice,
Cf is broadly negative until the reattachment point locating around x∗ = 4, at which
Cf = 0. In this region, both Cf and Nu are decreased in the viscoelastic flow, because
turbulent motions as well as the K-H vortices are damped, as concluded in Section 5.2. This
phenomenon corresponds to what is termed either DR (drag reduction) or HTR (heat-transfer
reduction). It is noteworthy that, for the viscoelastic flow, Nu locally exceeds that for the
Newtonian flow, while Cf keeps a lower value: see a range of x∗ = 6–10 in Fig. 14. This
implies a feasibility of highly-efficient heat exchanger with ribs that provides simultaneously
heat-transfer enhancement and less momentum loss. We may presume that this paradoxical
phenomenon is caused by the mutual interference between QSV2 and the fluid viscoelasticity.

We have also experimentally confirmed the fact that an orifice in the channel flow would
significantly promote the heat transfer in its downstream, especially for the case of viscoelastic
liquid [13]. The CTAC solution with 150 ppm was used as the test fluid. One of the channel
walls was heated to maintain a constant temperature. As seen in Fig. 15, the installation of
an orifice induced a drastic increase of Nu in and after the reattachment zone. This effect was
found to be more pronounced for higher Reynolds numbers.

6. Conclusions

The effects of viscoelastic force on vortical structures in turbulent flow past the rectangular
orifice have been numerically investigated. We confirmed that the viscoelastic force tended
to play a role in the attenuation of spanwise vortices behind the orifice. As found in the
viscoelastic turbulence through a smooth channel by Kim et al. [16], the counter viscoelastic
force reduces the spanwise vortex strength by opposing the vortical motions, which may
result in the suppression of the auto-generation of new spanwise vortices and intensive
turbulence behind the orifice. On the other hands, in the downstream of the reattachment
zone, the flows associated with the quasi-streamwise vortex motion are stimulated by the
viscoelastic force. This may lead to longer life-time of longitudinal vortex and the heat-transfer
augmentation in far downstream of the orifice, as compared to the Newtonian counterpart. It
can be concluded that turbulent kinetic energy is transferred to the elastic energy through the
vortex suppression, and the opposite exchange from the elastic energy to the turbulent kinetic
energy occurs apart from the orifice.

Appendix: Several turbulence statistics

The streamlines of the mean flow for the viscoelastic fluid we dealt with in the present study
and several turbulence statistics are given in Fig. 16. The turbulent intensities of u�+

rms, v�+rms,
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the downstream of the reattachment zone, much elongated QSV2 occurs and sustains for a
longer period compared to that in the Newtonian flow. This is also a phenomenon affected
by the fluid viscoelasticity, which is prone to assist some sort of elongational flows. It may
be concluded that the viscoelastic flow would avoid rapid transition into turbulence just
behind the orifice, whereas that flow be accompanied by long-life longitudinal vortices far
downstream of the orifice.

5.3. Heat-transfer augmentation by orifice

In the context of above discussion on flow structures, their variations due to viscoelasticity are
generally expected to significantly influence on heat and mass transfers. Better understanding
of the thermal fields in the viscoelastic turbulent flow through complicated geometry is
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practically important for their applications, such as heat exchanger working with coolant of
polymer/surfactant solution liquids [37, 38].

For the purpose of briefly describing the phenomena characterized by heat-transfer
augmentation/reduction in the viscoelastic orifice flow, the local Nusselt-number (Nu) profile
as a function of x∗ is plotted in Fig. 14. Here, a constant temperature difference between the
top and bottom walls was adopted as for the thermal boundary condition, the other fluid
conditions were same as those given in Section 2, and we numerically solved the energy
equation for passive scalar with a constant Prandtl number of Pr = 1.0 in the absence
of any temperature dependency. For details, please see our recent paper [49]. Contained
within Fig. 14 is the local skin-frictional coefficient Cf . In a some extent behind the orifice,
Cf is broadly negative until the reattachment point locating around x∗ = 4, at which
Cf = 0. In this region, both Cf and Nu are decreased in the viscoelastic flow, because
turbulent motions as well as the K-H vortices are damped, as concluded in Section 5.2. This
phenomenon corresponds to what is termed either DR (drag reduction) or HTR (heat-transfer
reduction). It is noteworthy that, for the viscoelastic flow, Nu locally exceeds that for the
Newtonian flow, while Cf keeps a lower value: see a range of x∗ = 6–10 in Fig. 14. This
implies a feasibility of highly-efficient heat exchanger with ribs that provides simultaneously
heat-transfer enhancement and less momentum loss. We may presume that this paradoxical
phenomenon is caused by the mutual interference between QSV2 and the fluid viscoelasticity.

We have also experimentally confirmed the fact that an orifice in the channel flow would
significantly promote the heat transfer in its downstream, especially for the case of viscoelastic
liquid [13]. The CTAC solution with 150 ppm was used as the test fluid. One of the channel
walls was heated to maintain a constant temperature. As seen in Fig. 15, the installation of
an orifice induced a drastic increase of Nu in and after the reattachment zone. This effect was
found to be more pronounced for higher Reynolds numbers.

6. Conclusions

The effects of viscoelastic force on vortical structures in turbulent flow past the rectangular
orifice have been numerically investigated. We confirmed that the viscoelastic force tended
to play a role in the attenuation of spanwise vortices behind the orifice. As found in the
viscoelastic turbulence through a smooth channel by Kim et al. [16], the counter viscoelastic
force reduces the spanwise vortex strength by opposing the vortical motions, which may
result in the suppression of the auto-generation of new spanwise vortices and intensive
turbulence behind the orifice. On the other hands, in the downstream of the reattachment
zone, the flows associated with the quasi-streamwise vortex motion are stimulated by the
viscoelastic force. This may lead to longer life-time of longitudinal vortex and the heat-transfer
augmentation in far downstream of the orifice, as compared to the Newtonian counterpart. It
can be concluded that turbulent kinetic energy is transferred to the elastic energy through the
vortex suppression, and the opposite exchange from the elastic energy to the turbulent kinetic
energy occurs apart from the orifice.

Appendix: Several turbulence statistics

The streamlines of the mean flow for the viscoelastic fluid we dealt with in the present study
and several turbulence statistics are given in Fig. 16. The turbulent intensities of u�+
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Figure 16. Mean-flow streamlines (a–d) and contours of various turbulence statistics: (a–c) turbulent
intensities, (d) Reynolds shear stress, and (e, f) production and dissipation of turbulent kinetic energy.
Note that ranges of accompanying color bars are different in each figure. For each statistic, the
Newtonian flow and the viscoelastic flow are presented in the upper and lower figures, respectively. The
budget terms in (e, f) are non-dimensionalized by ρu4

τ0/η0.

and w�+
rms represent the root-mean-square of velocity fluctuation in the x, y, and z direction,

respectively. Only a major Reynolds shear stress of −u�v�+ is also shown in Fig. 16(d).

The balance equation for the turbulent kinetic energy k = u�
iu

�
i/2 in a fully-developed flow

can be expressed as
dk
dt

= P − ε + Dp + Dt + Dν + A + E = 0, (14)
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where

production, P = −u�
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; (15)

dissipation, ε =
ηs

ρ
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i

∂xk

∂u�
i

∂xk
; (16)

Dp, Dt, and Dν, the diffusion terms by pressure, turbulence, and viscous, respectively; A,
the advectional contribution; and E, the viscoelastic contribution. An overbar and capital
letter represent average values: U, the streamwise mean velocity. Figures 16(e) and (f) show
in-plane distributions of P and ε in a range of x∗ ∈ [0, 6.4] and y∗ ∈ [0, 2].

From the results given in Fig. 16, we have obtained the following insights: (1) the viscoelastic
fluid would provide rather symmetric streamlines with respect to the channel center, while
the asymmetry due to the Coanda effect occurs clearly despite the symmetric geometry, (2)
the intensive turbulence region as well as the turbulence-producing area at the separated
shear layer are shifted downstream in the viscoelastic fluid, (3) the suppression of the
Kelvin-Helmholtz vortices results in a significant reduction in v�+rms just behind the orifice,
and (4) the region where relatively high dissipation occurs shifted far downstream as similar
to the turbulence-producing area.

For further information, one may refer to [46], although a detailed discussion including
analysis of the energy/stress budget will be presented in the near future.

Acknowledgements

All of the present DNS computations were carried out with the use of supercomputing
resources of Cyberscience Center at Tohoku University and those of Earth-Simulator Center
of JAMSTEC (Japan Agency for Marine-Earth Science and Technology). We also gratefully
acknowledge the assistances of our Master’s course student at Tokyo University of Science:
Mr. Tomohiro Kawase for his exceptional works in DNS operation; and Mr. Daisei Tsurumi
and Ms. Shoko Kawada for their contribution to the experimental part of this study. The
authors would like to thank Prof. H. Kawamura, President of Tokyo University of Science,
Suwa, for stimulating discussions.

This chapter is a revised and expanded version of a paper entitled “Numerical investigation
of viscoelastic effects on turbulent flow past rectangular orifice,” presented at the 22nd
International Symposium on Transport Phenomena [47].

Author details

Takahiro Tsukahara and Yasuo Kawaguchi
Tokyo University of Science, Japan

7. References

[1] de Angelis, E., Casciola, C.M., & Piva, R. (2002). DNS of wall turbulence: Dilute polymers
and self-sustaining mechanisms, Computers & Fluids, Vol. 31, 495–507.

55Turbulent Flow of Viscoelastic Fluid Through Complicated Geometry



22 Viscoelasticity

(a) Streamwise turbulent intensity, u�+
rms (b) Wall-normal turbulent intensity, v�+rms

(c) Spanwise turbulent intensity, w�+
rms (d) Reynolds shear stress, −u�v�+

(e) Production, P (f) Dissipation, ε

Figure 16. Mean-flow streamlines (a–d) and contours of various turbulence statistics: (a–c) turbulent
intensities, (d) Reynolds shear stress, and (e, f) production and dissipation of turbulent kinetic energy.
Note that ranges of accompanying color bars are different in each figure. For each statistic, the
Newtonian flow and the viscoelastic flow are presented in the upper and lower figures, respectively. The
budget terms in (e, f) are non-dimensionalized by ρu4

τ0/η0.

and w�+
rms represent the root-mean-square of velocity fluctuation in the x, y, and z direction,

respectively. Only a major Reynolds shear stress of −u�v�+ is also shown in Fig. 16(d).

The balance equation for the turbulent kinetic energy k = u�
iu

�
i/2 in a fully-developed flow

can be expressed as
dk
dt

= P − ε + Dp + Dt + Dν + A + E = 0, (14)

54 Viscoelasticity – From Theory to Biological Applications Turbulent Flow of Viscoelastic Fluid Through Complicated Geometry 23

where

production, P = −u�
iu

�
k

∂Ui
∂xk

; (15)

dissipation, ε =
ηs

ρ

∂u�
i

∂xk

∂u�
i

∂xk
; (16)

Dp, Dt, and Dν, the diffusion terms by pressure, turbulence, and viscous, respectively; A,
the advectional contribution; and E, the viscoelastic contribution. An overbar and capital
letter represent average values: U, the streamwise mean velocity. Figures 16(e) and (f) show
in-plane distributions of P and ε in a range of x∗ ∈ [0, 6.4] and y∗ ∈ [0, 2].

From the results given in Fig. 16, we have obtained the following insights: (1) the viscoelastic
fluid would provide rather symmetric streamlines with respect to the channel center, while
the asymmetry due to the Coanda effect occurs clearly despite the symmetric geometry, (2)
the intensive turbulence region as well as the turbulence-producing area at the separated
shear layer are shifted downstream in the viscoelastic fluid, (3) the suppression of the
Kelvin-Helmholtz vortices results in a significant reduction in v�+rms just behind the orifice,
and (4) the region where relatively high dissipation occurs shifted far downstream as similar
to the turbulence-producing area.

For further information, one may refer to [46], although a detailed discussion including
analysis of the energy/stress budget will be presented in the near future.

Acknowledgements

All of the present DNS computations were carried out with the use of supercomputing
resources of Cyberscience Center at Tohoku University and those of Earth-Simulator Center
of JAMSTEC (Japan Agency for Marine-Earth Science and Technology). We also gratefully
acknowledge the assistances of our Master’s course student at Tokyo University of Science:
Mr. Tomohiro Kawase for his exceptional works in DNS operation; and Mr. Daisei Tsurumi
and Ms. Shoko Kawada for their contribution to the experimental part of this study. The
authors would like to thank Prof. H. Kawamura, President of Tokyo University of Science,
Suwa, for stimulating discussions.

This chapter is a revised and expanded version of a paper entitled “Numerical investigation
of viscoelastic effects on turbulent flow past rectangular orifice,” presented at the 22nd
International Symposium on Transport Phenomena [47].

Author details

Takahiro Tsukahara and Yasuo Kawaguchi
Tokyo University of Science, Japan

7. References

[1] de Angelis, E., Casciola, C.M., & Piva, R. (2002). DNS of wall turbulence: Dilute polymers
and self-sustaining mechanisms, Computers & Fluids, Vol. 31, 495–507.

55Turbulent Flow of Viscoelastic Fluid Through Complicated Geometry



24 Viscoelasticity

[2] Armaly, B.F., Durst, F., Pereira, J.C.F., & Schönung, B. (1983). Experimental and theoretical
investigation of backward-facing step flow, Journal of Fluid Mechcanics, Vol. 127, 473–496.

[3] Castro, O.S. & Pinho, F.T. (1995). Turbulent expansion flow of low molecular weight
shear-thinning solutions, Experiments in Fluids, Vol. 20, 42–55.

[4] Comte, P., Lesieur, M., & Lamballais, E. (1992). Large- and small-scale stirring of vorticity
and a passive scalar in a 3-D temporal mixing layer, Physics of Fluid A, Vol. 4, 2761–2778.

[5] Dales, C., Escudier, M.P., & Poole, R.J. (2005). Asymmetry in the turbulent flow of a
viscoelastic liquid through an axisymmetric sudden expansion, Journal of Non-Newtonian
Fluid Mechanics, Vol. 125, 61–70.

[6] Dubief, Y., White, C.M., Terrapon, V.E., Shaqfeh, E.S.G., Moin, P., & Lele, S.K. (2004).
On the coherent drag-reducing and turbulence-enhancing behaviour of polymers in wall
flows, Journal of Fluid Mechanics, Vol. 514, 271–280 .

[7] Dimitropoulos, C.D., Sureshkumar, R., Beris, A.N., & Handler, R.A. (2001). Budgets
of Reynolds stress, kinetic energy and streamwise enstrophy in viscoelastic turbulent
channel flow, Physics of Fluids, Vol. 13, 1016–1027.

[8] Escudier, M.P. & Smith, S. (1999). Turbulent flow of Newtonian and shear-thinning
liquids through a sudden axisymmetric expansion. Experiments in Fluids, Vol. 27, 427–434.

[9] Fadlun, E.A., Verzicco, R., Orlandi, P., & Mohd-Yusof, J. (2000). Combined immersed-
boundary finite-difference methods for three-dimensional complex flow simulations,
Journal of Computational Physics, Vol. 161, 35–60.

[10] Giesekus, H. (1982). A simple constitutive equation for polymer fluids based on the
concept of deformation-dependent tensorial mobility, Journal of Non-Newtonian Fluid
Mechanics, Vol. 11, 69–109.

[11] Gyr, A. & Bewersdorff, H.-W. (1995). Drag reduction of turbulent flows by additives, Kluwer
Academic Publisher, ISBN 978-90-481-4555-3, Dordrecht.

[12] Joseph, D.D. (1990). Fluid dynamics of viscoelastic liquids, Springer-Verlag, ISBN
978-0387971551, New York.

[13] Kawada, S., Tsurumi, D., Kawase, T., Tsukahara, T., & Kawaguchi, Y. (2012).
Experimental study on heat transfer augmentation in viscoelastic turbulent channel flow
by two-dimensional orifice, In: Turbulent, Heat and Mass Transfer 7, Begell House, Inc., in
press.

[14] Kawaguchi, Y., Wei, J.J., Yu, B., & Feng, Z.P. (2003). Rheological characterization of
drag-reducing cationic surfactant solution: shear and elongational viscosities of dilute
solutions, Proceedings of ASME/JSME 2003 4th Joint Fluids Summer Engineering Conference
, pp. 721–728, Honolulu, Hawaii, USA, July 6–10, 2003.

[15] Kim, K., Li, C.-F., Sureshkumar, R, Balachandar, S., & Adrian, R.J. (2007). Effects of
polymer stresses on eddy structures in drag-reduced turbulent channel flow, Journal of
Fluid Mechcanics, Vol. 584, 281–299.

[16] Kim, K., Adrian, R.J., Balachandar, S., & Sureshkumar, R. (2008). Dynamics of hairpin
vortices and polymer-induced turbulent drag reduction, Physical Review Letter, Vol. 100,
134504, 4 pp.

[17] Li, C.-F., Sureshkumar, R., & Khomami, B. (2006). Influence of rheological parameters on
polymer induced turbulent drag reduction, Journal of Non-Newtonian Fluid Mechcanics,
Vol. 140, 23–40.

[18] Li, F.-C., Yu, B., Wei, J.J. & Kawaguchi, Y. (2012). Turbulent drag reduction by surfactant
additives, John Wiely & Sons, Inc., ISBN 978-1-118-18107-2, Singapore.

[19] Lumley, J.L. (1969). Drag reduction by additives, Annual Review of Fluid Mechanics, Vol. 1,
367–384.

56 Viscoelasticity – From Theory to Biological Applications Turbulent Flow of Viscoelastic Fluid Through Complicated Geometry 25

[20] L’vov, V.S., Pomyalov, A., Procaccia, I., & Tiberkevich, V. (2004). Drag reduction by
polymers in wall-bounded turbulence, Physical Review Letter, Vol. 92, 244503, 4 pp.

[21] Manica, R. & De Bortoli, A.L. (2004). Simulation of sudden expansion flows for
power-law fluids. Journal of Non-Newtonian Fluid Mechanics, Vol. 121, 35–40.

[22] Makino, S., Iwamoto, K., & Kawamura, H. (2008a). Turbulent structures and statistics
in turbulent channel flow with two-dimensional slits, International Journal Heat and Fluid
Flow, Vol. 29, 602–611.

[23] Makino, S., Iwamoto, K., & Kawamura, H. (2008b). DNS of turbulent heat transfer
through two-dimensional slits, Progress in Computational Fluid Dynamics, Vol. 8, 397–405.

[24] Mohd-Yusof, J. (1998). Development of immersed boundary methods for complex
geometries, Center for Turbulence Research Annual Research Briefs 1998, NASA Ames,
Stanford University, 325–336.

[25] Motier, J.F. & Carrier, A.M. (1989). Recent studies in polymeric drag reduction in
commercial pipelines. Drag reduction in fluid flows: techniques for friction control, eds. Sellin,
R.H.J. & Moses, R.T., Halsted Press, New York, 197–204.

[26] Nadolink, R.H. & Haigh, W.W. (1995). Bibliography on skin friction reduction with
polymers and other boundary-layer additives, Applied Mechanics Reviews, Vol. 48,
351–460.

[27] Nie, J.H. & Armaly, B.F. (2004). Reverse flow regions in three-dimensional
backward-facing step flow. International Journal of Heat and Mass Transfer, Vol. 47,
4713–4720.

[28] Oliveira, P.J. (2003). Asymmetric flows of viscoelastic fluids in symmetric planar
expansion geometries. Journal of Non-Newtonian Fluid Mechanics, Vol. 114, 33–63.

[29] Pak, B., Cho, Y.I., & Choi, S.U.S. (1990). Separation and reattachment of non-newtonian
fluid flows in a sudden expansion pipe. Journal of Non-Newtonian Fluid Mechanics, Vol. 37,
175–199.

[30] Peskin, C.S. (1977). Numerical analysis of blood flow in the heart. Journal of Computational
Physics, Vol. 25, 220–252.

[31] Poole, R.J. & Escudier, M.P. (2003a). Turbulent flow of non-Newtonian liquids over
a backward-facing step: Part II. Viscoelastic and shear-thinning liquids, Journal of
Non-Newtonian Fluid Mechanics, Vol. 109, 193–230.

[32] Poole, R.J. & Escudier, M.P. (2003b). Turbulent flow of a viscoelastic shear-thinning liquid
through a plane sudden expansion of modest aspect ratio, Journal of Non-Newtonian Fluid
Mechanics, Vol. 112, 1–26.

[33] Poole, R.J. & Escudier, M.P. (2004). Turbulent flow of viscoelastic liquids through an
asymmetric sudden expansion, Journal of Non-Newtonian Fluid Mechanics, Vol. 117, 25–46.

[34] Poole, R.J., Alves, M.A., Oliveira, P.J., & Pinho, F.T. (2007). Plane sudden expansion flows
of viscoelastic liquids, Journal of Non-Newtonian Fluid Mechanics, Vol. 146, 79–91.

[35] Procaccia, I., L’vov, V.S., & Benzi, R. (2008). Colloquium: Theory of drag reduction by
polymers in wall-bounded turbulence, Reviews of Modern Physics, Vol. 80, 225–247.

[36] Prosperetti, A. & Tryggvason, G. (2007). Computational methods for multiphase flow,
Cambridge University Press, ISBN 978-0-521-84764-3, Cambridge.

[37] Qi, Y., Kawaguchi, Y., Lin, Z., Ewing, M., Christensen, R.N., & Zakin, J.L. (2001).
Enhanced heat transfer of drag reducing surfactant solutions with fluted tube-in-tube
heat exchanger, International Journal Heat and Mass Transfer, Vol. 44, 1495–1505.

[38] Qi, Y., Kawaguchi, Y., Christensen, R.N., & Zakin, J.L. (2003). Enhancing heat transfer
ability of drag reducing surfactant solutions with static mixers and honeycombs,
International Journal Heat and Mass Transfer, Vol. 46, 5161–5173.

57Turbulent Flow of Viscoelastic Fluid Through Complicated Geometry



24 Viscoelasticity

[2] Armaly, B.F., Durst, F., Pereira, J.C.F., & Schönung, B. (1983). Experimental and theoretical
investigation of backward-facing step flow, Journal of Fluid Mechcanics, Vol. 127, 473–496.

[3] Castro, O.S. & Pinho, F.T. (1995). Turbulent expansion flow of low molecular weight
shear-thinning solutions, Experiments in Fluids, Vol. 20, 42–55.

[4] Comte, P., Lesieur, M., & Lamballais, E. (1992). Large- and small-scale stirring of vorticity
and a passive scalar in a 3-D temporal mixing layer, Physics of Fluid A, Vol. 4, 2761–2778.

[5] Dales, C., Escudier, M.P., & Poole, R.J. (2005). Asymmetry in the turbulent flow of a
viscoelastic liquid through an axisymmetric sudden expansion, Journal of Non-Newtonian
Fluid Mechanics, Vol. 125, 61–70.

[6] Dubief, Y., White, C.M., Terrapon, V.E., Shaqfeh, E.S.G., Moin, P., & Lele, S.K. (2004).
On the coherent drag-reducing and turbulence-enhancing behaviour of polymers in wall
flows, Journal of Fluid Mechanics, Vol. 514, 271–280 .

[7] Dimitropoulos, C.D., Sureshkumar, R., Beris, A.N., & Handler, R.A. (2001). Budgets
of Reynolds stress, kinetic energy and streamwise enstrophy in viscoelastic turbulent
channel flow, Physics of Fluids, Vol. 13, 1016–1027.

[8] Escudier, M.P. & Smith, S. (1999). Turbulent flow of Newtonian and shear-thinning
liquids through a sudden axisymmetric expansion. Experiments in Fluids, Vol. 27, 427–434.

[9] Fadlun, E.A., Verzicco, R., Orlandi, P., & Mohd-Yusof, J. (2000). Combined immersed-
boundary finite-difference methods for three-dimensional complex flow simulations,
Journal of Computational Physics, Vol. 161, 35–60.

[10] Giesekus, H. (1982). A simple constitutive equation for polymer fluids based on the
concept of deformation-dependent tensorial mobility, Journal of Non-Newtonian Fluid
Mechanics, Vol. 11, 69–109.

[11] Gyr, A. & Bewersdorff, H.-W. (1995). Drag reduction of turbulent flows by additives, Kluwer
Academic Publisher, ISBN 978-90-481-4555-3, Dordrecht.

[12] Joseph, D.D. (1990). Fluid dynamics of viscoelastic liquids, Springer-Verlag, ISBN
978-0387971551, New York.

[13] Kawada, S., Tsurumi, D., Kawase, T., Tsukahara, T., & Kawaguchi, Y. (2012).
Experimental study on heat transfer augmentation in viscoelastic turbulent channel flow
by two-dimensional orifice, In: Turbulent, Heat and Mass Transfer 7, Begell House, Inc., in
press.

[14] Kawaguchi, Y., Wei, J.J., Yu, B., & Feng, Z.P. (2003). Rheological characterization of
drag-reducing cationic surfactant solution: shear and elongational viscosities of dilute
solutions, Proceedings of ASME/JSME 2003 4th Joint Fluids Summer Engineering Conference
, pp. 721–728, Honolulu, Hawaii, USA, July 6–10, 2003.

[15] Kim, K., Li, C.-F., Sureshkumar, R, Balachandar, S., & Adrian, R.J. (2007). Effects of
polymer stresses on eddy structures in drag-reduced turbulent channel flow, Journal of
Fluid Mechcanics, Vol. 584, 281–299.

[16] Kim, K., Adrian, R.J., Balachandar, S., & Sureshkumar, R. (2008). Dynamics of hairpin
vortices and polymer-induced turbulent drag reduction, Physical Review Letter, Vol. 100,
134504, 4 pp.

[17] Li, C.-F., Sureshkumar, R., & Khomami, B. (2006). Influence of rheological parameters on
polymer induced turbulent drag reduction, Journal of Non-Newtonian Fluid Mechcanics,
Vol. 140, 23–40.

[18] Li, F.-C., Yu, B., Wei, J.J. & Kawaguchi, Y. (2012). Turbulent drag reduction by surfactant
additives, John Wiely & Sons, Inc., ISBN 978-1-118-18107-2, Singapore.

[19] Lumley, J.L. (1969). Drag reduction by additives, Annual Review of Fluid Mechanics, Vol. 1,
367–384.

56 Viscoelasticity – From Theory to Biological Applications Turbulent Flow of Viscoelastic Fluid Through Complicated Geometry 25

[20] L’vov, V.S., Pomyalov, A., Procaccia, I., & Tiberkevich, V. (2004). Drag reduction by
polymers in wall-bounded turbulence, Physical Review Letter, Vol. 92, 244503, 4 pp.

[21] Manica, R. & De Bortoli, A.L. (2004). Simulation of sudden expansion flows for
power-law fluids. Journal of Non-Newtonian Fluid Mechanics, Vol. 121, 35–40.

[22] Makino, S., Iwamoto, K., & Kawamura, H. (2008a). Turbulent structures and statistics
in turbulent channel flow with two-dimensional slits, International Journal Heat and Fluid
Flow, Vol. 29, 602–611.

[23] Makino, S., Iwamoto, K., & Kawamura, H. (2008b). DNS of turbulent heat transfer
through two-dimensional slits, Progress in Computational Fluid Dynamics, Vol. 8, 397–405.

[24] Mohd-Yusof, J. (1998). Development of immersed boundary methods for complex
geometries, Center for Turbulence Research Annual Research Briefs 1998, NASA Ames,
Stanford University, 325–336.

[25] Motier, J.F. & Carrier, A.M. (1989). Recent studies in polymeric drag reduction in
commercial pipelines. Drag reduction in fluid flows: techniques for friction control, eds. Sellin,
R.H.J. & Moses, R.T., Halsted Press, New York, 197–204.

[26] Nadolink, R.H. & Haigh, W.W. (1995). Bibliography on skin friction reduction with
polymers and other boundary-layer additives, Applied Mechanics Reviews, Vol. 48,
351–460.

[27] Nie, J.H. & Armaly, B.F. (2004). Reverse flow regions in three-dimensional
backward-facing step flow. International Journal of Heat and Mass Transfer, Vol. 47,
4713–4720.

[28] Oliveira, P.J. (2003). Asymmetric flows of viscoelastic fluids in symmetric planar
expansion geometries. Journal of Non-Newtonian Fluid Mechanics, Vol. 114, 33–63.

[29] Pak, B., Cho, Y.I., & Choi, S.U.S. (1990). Separation and reattachment of non-newtonian
fluid flows in a sudden expansion pipe. Journal of Non-Newtonian Fluid Mechanics, Vol. 37,
175–199.

[30] Peskin, C.S. (1977). Numerical analysis of blood flow in the heart. Journal of Computational
Physics, Vol. 25, 220–252.

[31] Poole, R.J. & Escudier, M.P. (2003a). Turbulent flow of non-Newtonian liquids over
a backward-facing step: Part II. Viscoelastic and shear-thinning liquids, Journal of
Non-Newtonian Fluid Mechanics, Vol. 109, 193–230.

[32] Poole, R.J. & Escudier, M.P. (2003b). Turbulent flow of a viscoelastic shear-thinning liquid
through a plane sudden expansion of modest aspect ratio, Journal of Non-Newtonian Fluid
Mechanics, Vol. 112, 1–26.

[33] Poole, R.J. & Escudier, M.P. (2004). Turbulent flow of viscoelastic liquids through an
asymmetric sudden expansion, Journal of Non-Newtonian Fluid Mechanics, Vol. 117, 25–46.

[34] Poole, R.J., Alves, M.A., Oliveira, P.J., & Pinho, F.T. (2007). Plane sudden expansion flows
of viscoelastic liquids, Journal of Non-Newtonian Fluid Mechanics, Vol. 146, 79–91.

[35] Procaccia, I., L’vov, V.S., & Benzi, R. (2008). Colloquium: Theory of drag reduction by
polymers in wall-bounded turbulence, Reviews of Modern Physics, Vol. 80, 225–247.

[36] Prosperetti, A. & Tryggvason, G. (2007). Computational methods for multiphase flow,
Cambridge University Press, ISBN 978-0-521-84764-3, Cambridge.

[37] Qi, Y., Kawaguchi, Y., Lin, Z., Ewing, M., Christensen, R.N., & Zakin, J.L. (2001).
Enhanced heat transfer of drag reducing surfactant solutions with fluted tube-in-tube
heat exchanger, International Journal Heat and Mass Transfer, Vol. 44, 1495–1505.

[38] Qi, Y., Kawaguchi, Y., Christensen, R.N., & Zakin, J.L. (2003). Enhancing heat transfer
ability of drag reducing surfactant solutions with static mixers and honeycombs,
International Journal Heat and Mass Transfer, Vol. 46, 5161–5173.

57Turbulent Flow of Viscoelastic Fluid Through Complicated Geometry



26 Viscoelasticity

[39] Roy, A., Morozov, A., van Saarloos, W., & Larson, R.G. (2006). Mechanism of polymer
drag reduction using a low-dimensional model, Physical Review Letter, Vol. 97, 234501,
4pp.

[40] Schmid, P.J. & Henningson, D.S. (2001). Stability and Transition in Shear Flows,
Springer-Verlag, ISBN 978-0-387-98985-3, New York.

[41] Sureshkumar, R. & Beris, A.N. (1995). Effect of artificial stress diffusivity on the stability
of numerical calculations and the flow dynamics of time-dependent viscoelastic flows,
Journal of Non-Newtonian Fluid Mechanics, Vol. 60, 53–80.

[42] Suzuki, H., Ishihara, K., & Usui, H. (2001). Numerical study on a drag reducing flow with
surfactant additives, Proceedings of 3rd Pacific Rim Conference on Rheology, Paper No. 019,
Vancouver, Canada, 8–13 July, 2001.

[43] Takeuchi, H. (2012). Demonstration test of energy conservation of central air conditioning
system at the Sapporo City Office Building., Synthesiology, English edition, Vol. 4, 136–143.

[44] den Toonder, J.M.J., Hulsen, M.A., Kuiken, G.D.C., & Nieuwstadt, F.T.M. (1997). Drag
reduction by polymer additives in a turbulent pipe flow: numerical and laboratory
experiments, Journal of Fluid Mechanics, Vol. 337, 193–231.

[45] Tsukahara, T., Ishigami, T., Yu, B., & Kawaguchi, Y. (2011a). DNS study on viscoelastic
effect in drag-reduced turbulent channel flow, Journal of Turbulence, Vol. 12, No. 13, 13 pp.

[46] Tsukahara, T., Kawase, T., & Kawaguchi, Y. (2011b). DNS of viscoelastic turbulent
channel flow with rectangular orifice at low Reynolds number, International Journal of
Heat and Fluid Flow, Vol. 32, 529–538.

[47] Tsukahara, T., Kawase, T., & Kawaguchi, Y. (2011c). Numerical investigation of
viscoelastic effects on turbulent flow past rectangular orifice, In: Proceedings of the 22nd
International Symposium on Transport Phenomena, Paper #129 (USB), 7pp., Delft, The
Netherlands, 8–11 November 2011.

[48] Tsukahara, T. & Kawaguchi, Y. (2011). Turbulent heat transfer in drag-reducing channel
flow of viscoelastic fluid, Evaporation, Condensation and Heat transfer (ed., A. Ahsan),
InTech, Rijeka, Croatia, pp. 375-400.

[49] Tsukahara, T. & Kawaguchi, Y. (2012). DNS on turbulent heat transfer of viscoelastic fluid
flow in a plane channel with transverse rectangular orifices, Progress in Computational
Fluid Dynamics, in press.

[50] Tsurumi, D., Kawada, S., Kawase, T., Tsukahara, T., & Kawaguchi, Y. (2012).
Experimental analysis of turbulent structure of viscoelastic fluid flow in downstream
of two-dimensional orifice. In: Turbulent, Heat and Mass Transfer 7, Begell House, Inc., in
press.

[51] White, C.M. & Mungal, M.G. (2008). Mechanics and prediction of turbulent drag
reduction with polymer additives, Annual Review Fluid Mechacnics, Vol. 40, 235–256.

[52] Yu, B. & Kawaguchi, Y. (2004). Direct numerical simulation of viscoelastic drag-reducing
flow: a faithful finite difference method, Journal of Non-Newtonian Fluid Mechanics, Vol.
116, 431–466.

[53] Yu, B., Li, F., & Kawaguchi, Y. (2004). Numerical and experimental investigation of
turbulent characteristics in a drag-reducing flow with surfactant additives, International
Journal of Heat and Fluid Flow, Vol. 25, 961–974.

[54] Zakin, J.L., Myska, J., & Chara, Z. (1996). New limiting drag reduction and velocity
profile asymptotes for nonpolymeric additives systems, AIChE Journal, Vol. 42,
3544–3546.

58 Viscoelasticity – From Theory to Biological Applications Chapter 3 

 

 

 
 

© 2012 Achar and Hanneken, licensee InTech. This is an open access chapter distributed under the terms of 
the Creative Commons Attribution License (http://creativecommons.org/licenses/by/3.0), which permits 
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. 

Microscopic Formulation of  
Fractional Theory of Viscoelasticity 

B.N. Narahari Achar and John W. Hanneken 

Additional information is available at the end of the chapter 

http://dx.doi.org/10.5772/51493 

1. Introduction 

Viscoelasiticity refers to the phenomenon in which a material body, when deformed 
exhibits both elastic (akin to solids)and viscous (akin to liquids) behavior. The body stores 
mechanical energy (elastic behavior) and dissipates it simultaneously(viscous behavior). 
Linear theory of viscoelasticity treats the body as a linear system which when subjected to 
an excitation responds with a response function. If the excitation is a stress, the response 
is a strain and if the excitation is a strain, the response is a stress. Mechanical models 
involving a spring-mass connected to a dashpot have been used to explain the elastic and 
viscous behavior.The mathematical structure of the theory and the spring-dash-pot type 
of mechanical models used and the so called Standard Linear Solid have all been only too 
well known [1-4]. In recent years methods of fractional calculus have been applied to 
develop viscoelastic models especially by Caputo and Mainardi [5,6] , Glockle and 
Nonenmacher [7], and  Gorenflo and Mainardi [8]. A recent monograph by Mainardi[9] 
gives extensive list of references to the literature connecting fractional calculus, linear 
viscoelasticity and wave motion.All these works treat the phenomenon of viscoelasticity 
as a macroscopic phenomenon exhibited by matter treated as an elastic continuum albeit 
including a viscous aspect as well. It should be recognized that matter has an atomic 
structure and is fundamentally discrete in nature. A microscopic approach would 
recognize this aspect and a theoretical model would yield the results for the continuum as 
a limit. 

It is well established that lattice dynamics provides a microscopic basis for understanding a 
host of phenomena in condensed matter physics, including mechanical, thermal, dielectric 
and optical phenomena, which are macroscopic, generally described from the continuum 
point of view. Since the pioneering work of Born and Von Karman [10], lattice dynamics has 
developed into a veritable branch of condensed matter physics. Lucid treatment of various 
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aspects of lattice dynamical theory of condensed matter can be found in renowned treatises 
[11-13]. Of particular interest to the present paper is the work of Askar [14] on the lattice 
dynamical foundations of continuum theories of elasticity, piezoelectricity, viscoelasticity 
and plasticity. 

The objective of the chapter is to develop a lattice dynamical model based on the methods of 
fractional calculus so as to provide a microscopic basis for the theory of viscoelasticity. The 
plan of the chapter is as follows. First a brief review of the mechanical models of 
viscoelasticity is given. This is followed by an account of conventional lattice dynamical 
theory of viscoelaticity based on a model of linear chain of coupled oscillators with 
dissipative elements is given [14]. In the next section, lattice dynamical methods are 
extended to the model of linear chain of coupled fractional oscillators (requiring no 
additional dissipative elements) developed by the authors [15]. The response to sinusoidal 
forcing of the linear chain of fractional oscillators starting from a quiescent state is studied in 
the continuum limit and expressions for phase velocity, absorption and dispersion and 
specific dissipation function are derived. The results are discussed and numerical 
applications are presented in the final section 

2. Mechanical models of viscoelasticity 

According to the linear theory of viscoelasticity, the body may be considered to be a system 
responding linearly to an excitation. A fundamental aspect of the theory both from a 
mathematical and a physical point of view is the response of the system to an excitation 
usually applied as a Heaviside step function. If a unit step of stress σ(t), is applied the 
material responds by undergoing a strain ε(t). The test is called creep test and the material 
function characterizing the response is called the creep compliance and is denoted by J(t). If 
on the other hand, if a unit strain is applied and the system responds with a stress σ(t), the 
test is called a relaxation test and the material function characterizing the system response, 
G(t), is called the relaxation modulus. The creep compliance and the relaxation modulus are 
defined through linear hereditary integrals of the Stieltjes type: 
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Simple mechanical models consisting of springs and dashpots incorporating elastic and 
dissipative functions have been advanced to explain the behaviour of viscoelastic solids and 
a good summary of the models of viscoelasticity can be found in the works of Caputo and 
Mainardi [5,6], Gorenflo and Mainardi[8], and Mainardi[9]. A simple model constituted by a 
spring in parallel with a dashpot, known as the Kelvin-Voigt model is characterized by the 
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where /b met =  is referred to as the retardation time. 

A model consisting of a spring in series with a dashpot known as the Maxwell model is 
characterized by the constitutive relation 
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where ast = is referred to as the relaxation time. 

Another model introduced by Zener [4], known as the Standard Linear Solid model is a 
combination of the above two models and is characterized by the constitutive relation 

 1 ( ) 1 ( )d da t t
dt dt

s e
é ù é ù
ê ú ê ú+ = +ê ú ê úë û ë û

 (6) 

and by the material functions 

 
/

/

( ) 1 (a)

( ) (b)

t
g

t
e

J t J e

G t G e

e

s

t

t

c

c

-
+

-
-

é ù= + -ê úë û
= +

 (7) 

Here gJ  and eG are known as the glass compliance and the equilibrium modulus 
respectively, and c+  and c-  are the limiting values of creep for t ¥  and of relaxation 
for 0t =  respectively. 

More recently methods of fractional calculus have been used [5-8] to generalize these 
models leading to the so-called Scott-Blair model characterized by the operator equation 
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aspects of lattice dynamical theory of condensed matter can be found in renowned treatises 
[11-13]. Of particular interest to the present paper is the work of Askar [14] on the lattice 
dynamical foundations of continuum theories of elasticity, piezoelectricity, viscoelasticity 
and plasticity. 
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fractional calculus so as to provide a microscopic basis for the theory of viscoelasticity. The 
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The details of the characteristic material functions and their behavior with respect to time 
are discussed in detail in reference [8]. 

3. Lattice dynamical theory of viscoelasticity 

3.1. The elastic continuum 

Consider a one dimensional string of mass density ρ per unit length and E the Young’s 
modulus. If the string is homogeneously stressed and released, elastic forces set up 
vibrations in the string corresponding to elastic waves propagating in the string. The 
equation governing this propagation is given by 9a and these waves propagate with a 
velocity given by 9b 
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The conventional model of lattice dynamics consists of a chain of N identical masses m 
connected by springs of spring constant k, shown in Figure 1. The equation of motion for the 
nth mass is given in the standard notation by 
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where nu  is the displacement from the equilibrium position of the nth mass. The right hand 
side represents the elastic restoring force on the nth atom. The atoms n=1 and n= N define 
the boundaries. 

The frequency of oscillation is given by 2
0 /k mw = . 

 
Figure 1. Linear chain of coupled oscillators  

The elastic behavior of a continuous chain in equation (9a) can be obtained from the 
equation of motion of the linear chain of masses connected to each other by springs 
considered above in equation (9). In the limit when the number of masses N and the 
separation between the masses a0, such that the product Na L, a finite length, the linear 
chain of coupled oscillators reduces to a continuous loaded string and is referred to as the 
long wavelength limit.  
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This process of taking the continuum limit is illustrated by considering the term on the right 
hand side of equation (10):  

the factor 
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yielding the equation of motion of a continuum, equation 

(9a) 

3.2. Viscoelasticity: Lattice dynamical approach 

In order to develop a theory of viscoelasticity, the model of linear chain of atoms has been 
generalized to include dissipative effects [14] by incorporating dashpots  either in parallel to 
the springs as shown in figure 2 to yield the lattice dynamical version of the Kelvin-Voigt 
model, or the dashpots in series with the springs as shown in figure 3 to yield the lattice 
dynamical version of the Maxwell model. 

 
Figure 2. Kelvin-Voigt model for viscoelasticity 

 
Figure 3. Maxwell model for viscoelasticity 

It has been shown [14] that the models in the continuum limit lead to the stress-strain 
relations 
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respectively for the two models. Harmonic waves are found to propagate with decaying 
amplitude indicating dissipation. The details can be found in reference [14]. 

4. Fractional calculus approach 

In this paper, the lattice dynamical approach is generalized by using the methods of 
fractional calculus, leading to the so-called linear chain of coupled fractional oscillators. 
However, this generalization does not require the dissipative elements, namely the dashpots 
to be explicitly considered, for the dissipation is intrinsic to the fractional oscillators [16-19]. 
As the method of approach is quite different, further reference will be made not to the work 
of Askar [14], but to the work of the authors on a linear chain of coupled fractional 
oscillators [19] and the approach is outlined below. 

4.1. Linear chain of fractional oscillators 

Instead of starting with equation (10), we consider the integral equation of motion for the 
nth mass interacting with only its nearest neighbors, which can be written without loss of 
generality as: 

 ( )2
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Here (0)nu  and (0)nu refer to the displacement from equilibrium and velocity of the nth 
mass at t=0. For the masses at the ends of the chain, the equations of motion are given by 
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respectively. Of course, it is  2
0 /k mw = , in the usual notation. The last term in equation (13) 

indicates a periodic forcing on the end atom. 

The integrals on the right hand side of equations (11) -(13) are generalized to fractional 
integrals of order a  (defined by equation (19) below) to yield the equations of motion of 
a chain of coupled fractional oscillators. However, as has been well known that a 
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fractional oscillator behaves like a damped harmonic oscillator [15-18], the oscillations of 
the linear chain of fractional oscillators can be sustained only if it is driven by an external 
force. Hence a periodic force, taken to be sinusoidal without loss of generality, acting 
only on the first member of the chain is included. Thus the equations of motion are given 
by 
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The last term on the right hand side of equation (16) represents the effect of the periodic 
forcing as already noted.  

4.2. Formal solution 

The set of equations (15) through (17) can be solved formally by using the Laplace transform 
technique [20-24]. In the standard notation, the Laplace transform is defined by 
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The Laplace transform of a fractional integral of order , (Re 0)a a> defined by [20] and can 
be evaluated by considering the fractional integral as a convolution of two functions (19b), 

  

1
0

0
1

1( ) ( )( ) (a)
( )

( ) and ( ) (b)
( )

t

I f t f t d

tt f t

a a

a

t t t
a

f
a

-
+

-

= -
G

=
G

ò
 (19) 

 i.e., 

  1
0

0

1( ) ( )( ) ( ) * ( ),
( )

t

I f t f t d t f ta at t t f
a

-
+ = - =

G ò , (20) 

and using the formula for the Laplace transform of the convolution. Thus 
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But as discussed in [23], 
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Taking Laplace transforms on both sides of the set of equations (15) through (17) yields 
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respectively. It may be noted that among the four column vectors, only the first and the last 
refer to Laplace transformed quantities, but the middle two refer to constants describing the 
initial conditions. The solution to Eq. (25) can be formally written as  
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Then the set of linear equations can be explicitly written down and the inverse Laplace 
transform applied to these equations on both sides term by term to obtain the displacements 
as functions of time. This formal procedure appears to be straight enough, however, it is not 
possible to carry out further simplifications in closed form of the expressions in equation. 
(28). Nevertheless, this set of equations can be numerically solved for specific values of N, 
the number of oscillators in the chain. Such calculations have been carried out and the 
details of numerical applications may be found in [19]. In the next section, the continuum 
limit of these equations is studied.  

5. The continuum limit   

It would appear to be a straight forward procedure to extend the same considerations to the 
equations of motion of a chain of coupled fractional oscillators given in equations (15)-(17).  

However, it is not so straight forward and due caution has to be exercised in extending such 
a procedure. The reason is the occurrence of time derivatives of fractional order. Douglas 
has shown [25] that in the context of fractals, inhomogeneity in space results in the 
appearance of fractional order time derivatives and inhomogeneity in time implies 
fractional order derivatives of space. Since fractional order time dependence is being 
investigated in the present work, the question arises whether inhomogenneity in space can 
be ignored and whether space derivatives can be taken. The question is one of scale. The 
long wavelength limit implies that the lengths involved are very much larger than the 
separation distance between masses. On this scale the inhomogeneity in space can be 
ignored and space derivative can be interpreted as an average of some sort and a hand 
waving justification can be made. The limiting form of the equations (12) through (14) can be 
considered. 

Thus the following factor in equation (15) 

( )0 1 1(2 ( ) ( ) ( )n n nu u uaw t t t+ -- - -
   

can be written as  

 2 1 1
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a t t t t

w + -
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 (30) 

and  

 2 2
0 /

k kaa a
m m a

aw = =  (31) 

In the limit a 0, ( )nu t  becomes a continuous variable ( , )u x t  and the expression in 

parenthesis in (30) reduces to 
2

2
( , )u x

x
t¶

¶
 and , /ka m ak r   represent the tension and 
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But as discussed in [23], 
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Taking Laplace transforms on both sides of the set of equations (15) through (17) yields 
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and the N x 1 column vectors are given by 
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In the limit a 0, ( )nu t  becomes a continuous variable ( , )u x t  and the expression in 
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the mass density respectively. The expression in (30) can be written in terms of a quantity 

0ca , where 0c  has the dimensions of ‘velocity’. Assuming that at t=0 the displacement at the 
free end is subject to sinusoidal forcing, (0, ) ( ) sin( )u t f t A tw= = , the equation of motion 
reduces in the continuum limit to 
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10
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-¶
= -

G ¶ò  (32) 

with the initial conditions 

 ( ,0) 0 and ( ,0) 0 for 0 and (0, ) ( ).u x u x x u t f t= = > =  

Taking the Laplace transform on both sides of equation. (32) yields 
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a
=

  (33) 

The equation. (33) can be rewritten as 

 
2

2
0

( , ) ( , ) 0 for 0 and (0, ) ( )d u x s s u x s x u s f s
dx c

a

a
- = ¹ =

    (34) 

This is an ordinary differential equation and can be solved to yield 

 0( , ) ( )
s x
cu x s f s e

a

a
-

=   (35) 

Substituting for 2 2( ) Af s
s

w

w
=

+
  corresponding to a sinusoidal forcing ( ) sin( )f t A tw= ,  

The eq. (35) can be inverted as a Bromwich integral 
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w
p w

-

=
+ò  (36) 

The Bromwich integral in eq.(36) can be evaluated by appealing to the theory of complex 
variables [22-24]. By considering a Hankel-Bromwich path, it can be evaluated as the sum of 
two contributions: 

 ( , ) ( , ) ( , )tr stu x t u x t u s t= +  (37) 

representing a transient part and a steady state part respectively. 
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The transient part, ( , )tru x t , arises from the Hankel loop consisting of the small circle and 
two lines parallel to the negative x-axis (as shown in  figure 1in [17]) and is given by 

 0
0

( , ) ( , , , )rt
tru x t e K r c x dra

a w
¥

-= ò  (38) 

with 
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  (39) 

The steady part, ( , )stu x t , arises from the residues of the poles of the integrand in eq. (36) at 
s iw=  and is given by   

 

/2

0

/2cos( /4)

0
( , ) sin ( sin( / 4))
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st
xu x t Ae t

c

a
w apa w

w pa
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æ ö÷ç ÷ç- ÷ç ÷ç ÷çè ø
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 (40) 

This completes the formal analysis of the response to sinusoidal forcing of a chain of 
fractional oscillators in the continuum limit. Numerical results will be presented in the next 
section. 

6. Results and discussion 

The results of the last section in equations (36)-(40) are new. Applications of fractional 
calculus to oscillation and dissipation problems and solutions to integral and fractional 
order differential equations can be found in Gorenflo and Mainardi [8] Impulse response 
functions are also discussed in their work. The same methodology has been extended to 
sinusoidal forcing of a linear chain in the present work. The response of a chain of fractional 
oscillators in the continuum limit, when subject to a sinusoidal forcing starting from a 
quiescent state consists of a transient part and a steady part. The transient part decays in 
time and approaches zero as t ¥ . In the limit 2a the transient part vanishes entirely. 
Furthermore, it exhibits attenuation as a function of distance from the end as indicated by 
the spatial dependence of the kernel in eq. (39). No simple closed form expressions can be 
obtained, the only recourse is through numerical integration. Closed form solutions are not 
available even for simple mechanical models such as the standard linear solid, which are not 
based on fractional calculus, for the reason that the solutions are deemed mathematically 
cumbersome as has been discussed by Caputo and Mainardi [5]. These authors have applied 
methods of fractional calculus to the linear theory of viscoelasticity based on mechanical 
models and have discussed the propagation of viscoelastic waves[6]. Their work is 
macroscopic in its approach and is not based on the continuum limit of lattice dynamics. 
However, some concepts developed by these authors are quite insightful and the results of 



 
Viscoelasticity – From Theory to Biological Applications 

 

68 

the mass density respectively. The expression in (30) can be written in terms of a quantity 

0ca , where 0c  has the dimensions of ‘velocity’. Assuming that at t=0 the displacement at the 
free end is subject to sinusoidal forcing, (0, ) ( ) sin( )u t f t A tw= = , the equation of motion 
reduces in the continuum limit to 

 
2

10
2

0

( , )( , ) ( )
( )

tc u xu x t t d
x

a
at

t t
a

-¶
= -

G ¶ò  (32) 

with the initial conditions 

 ( ,0) 0 and ( ,0) 0 for 0 and (0, ) ( ).u x u x x u t f t= = > =  

Taking the Laplace transform on both sides of equation. (32) yields 

 
2

0
2

( , )( , )
c d u x su x s
s dx

a

a
=

  (33) 

The equation. (33) can be rewritten as 

 
2

2
0

( , ) ( , ) 0 for 0 and (0, ) ( )d u x s s u x s x u s f s
dx c

a

a
- = ¹ =

    (34) 

This is an ordinary differential equation and can be solved to yield 

 0( , ) ( )
s x
cu x s f s e

a

a
-

=   (35) 

Substituting for 2 2( ) Af s
s

w

w
=

+
  corresponding to a sinusoidal forcing ( ) sin( )f t A tw= ,  

The eq. (35) can be inverted as a Bromwich integral 

 
0

2 2( , )
2 ( )

s x
cst

Br

A e e dsu x t
i s

a

a

w
p w

-

=
+ò  (36) 

The Bromwich integral in eq.(36) can be evaluated by appealing to the theory of complex 
variables [22-24]. By considering a Hankel-Bromwich path, it can be evaluated as the sum of 
two contributions: 

 ( , ) ( , ) ( , )tr stu x t u x t u s t= +  (37) 

representing a transient part and a steady state part respectively. 

 
Microscopic Formulation of Fractional Theory of Viscoelasticity 

 

69 

The transient part, ( , )tru x t , arises from the Hankel loop consisting of the small circle and 
two lines parallel to the negative x-axis (as shown in  figure 1in [17]) and is given by 

 0
0

( , ) ( , , , )rt
tru x t e K r c x dra

a w
¥

-= ò  (38) 

with 

 

/2

0
( ) cos( /2)

/2
0 2 2

0
( , , , ) sin ( ) sin( / 2)

( )

r x
cA rK r c x e x

cr

a pa
a a

a
w

w pa
p w

- æ ö÷ç ÷ç= ÷ç ÷ç ÷+ è ø
  (39) 

The steady part, ( , )stu x t , arises from the residues of the poles of the integrand in eq. (36) at 
s iw=  and is given by   

 

/2

0

/2cos( /4)

0
( , ) sin ( sin( / 4))

x
c

st
xu x t Ae t

c

a
w apa w

w pa
w

æ ö÷ç ÷ç- ÷ç ÷ç ÷çè ø
æ ö÷ç ÷ç= - ÷ç ÷ç ÷è ø

 (40) 

This completes the formal analysis of the response to sinusoidal forcing of a chain of 
fractional oscillators in the continuum limit. Numerical results will be presented in the next 
section. 

6. Results and discussion 

The results of the last section in equations (36)-(40) are new. Applications of fractional 
calculus to oscillation and dissipation problems and solutions to integral and fractional 
order differential equations can be found in Gorenflo and Mainardi [8] Impulse response 
functions are also discussed in their work. The same methodology has been extended to 
sinusoidal forcing of a linear chain in the present work. The response of a chain of fractional 
oscillators in the continuum limit, when subject to a sinusoidal forcing starting from a 
quiescent state consists of a transient part and a steady part. The transient part decays in 
time and approaches zero as t ¥ . In the limit 2a the transient part vanishes entirely. 
Furthermore, it exhibits attenuation as a function of distance from the end as indicated by 
the spatial dependence of the kernel in eq. (39). No simple closed form expressions can be 
obtained, the only recourse is through numerical integration. Closed form solutions are not 
available even for simple mechanical models such as the standard linear solid, which are not 
based on fractional calculus, for the reason that the solutions are deemed mathematically 
cumbersome as has been discussed by Caputo and Mainardi [5]. These authors have applied 
methods of fractional calculus to the linear theory of viscoelasticity based on mechanical 
models and have discussed the propagation of viscoelastic waves[6]. Their work is 
macroscopic in its approach and is not based on the continuum limit of lattice dynamics. 
However, some concepts developed by these authors are quite insightful and the results of 



 
Viscoelasticity – From Theory to Biological Applications 

 

70 

the present study can be related to these concepts as follows. Equation (38) can be rewritten 
by changing the variable  1 /r t  as 

 
/
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( ) t
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Au R e d
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t
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to bring out clearly the decay in time. It is obvious that the decay in time is characterized by 
a distribution of relaxation times. The relaxation spectrum is given by  
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It may be noted that the relaxation spectrum depends also on the distance x , which appears 

in a similarity combination /2
0/ ( )x c at and that the factor in the exponent, cos( / 2)pa , may 

become negative. Hence caution should be exercised in a strict interpretation in terms of 
relaxation times. The relaxation spectrum is displayed in figure 4 for several values of the 
parameter a . The values of the other parameters have been chosen to be 01.0, 1.0x c= =  
and 1.88w=  for this display. 

The steady state solution given by equation (40) can be written as  
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Au x t e t x v
c

d
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w-= -  (43) 

explicitly showing that it as an attenuated wave, propagating with a velocity (phase 
velocity) 
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and characterized by an absorption parameter 
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0
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a
w
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 (45) 

In the limit 02 , and 0v c  a d    as can be seen from equations (44) and  (45).  

Phase velocity as a function of frequency for several values of a is shown in Fig. 5. The 
variation of the absorption parameter as a function of the driving frequency is shown in 
Fig.6. 
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Figure 4. Relaxation Spectrum for different values of a  
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Figure 5. Phase  velocity  as  a   function   of   driving frequency (in arbitrary units).  
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Figure 6. Absorption  parameter  d  as  a function  of driving Frequency (in arbitrary units).  

According to equation. (40), the amplitude of the response wave decays with distance as
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æ ö÷ç ÷ç- ÷ç ÷ç ÷çè ø and hence the energy as
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æ ö÷ç ÷ç- ÷ç ÷ç ÷çè ø . The specific dissipation  

function can be defined in terms of the distance over which the energy decays by a factor 
1e- , which is given by 
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The specific dissipation function is given by 1Q-  where Q is defined (in analogy with the 
quality factor ‘Q’ of harmonic oscillators) as the phase change in radians experienced as the 
wave travels the distance x  in equation. (45) and is given by 
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2

Q x
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a
w

pa pa
æ ö÷ç ÷ç= =÷ç ÷ç ÷è ø

  (47) 

An alternate definition of ‘ 1Q- ’ has been given [6] by Caputo and Mainardi, who 
introduced in analogy with the optical case, a complex ‘refractive index, r in n in= - . The 
real and imaginary parts of the refractive index for the wave in eq. (40) are given by  
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and   
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 (49) 

According to Caputo and Mainardi [6], the specific dissipation function is given by 

 1 2
2cot( / 4)i

r

n
Q

n
pa- = =  (50) 

which is equivalent to the expression in equation (47).  

Kolsky’s definition [26, equation 5.22] of 1 , ( 2 /Q vd w- = , in our notation), also yields the 
same expression as in equation  (50). 

6.1. Further discussion 

As explained earlier, the classical theory of viscoelasticity is based on the so called 
Standard Linear Solid Model characterized by the constitutive relation given in equation 
(6). This model gives a good qualitative description of the deformation behavior of 
viscoelastic solids, but has been found to be inadequate to give quantitative account as 
has been discussed in detail by Gorenflo and Mainardi [8]. More complex mechanical 
models lead to difficulties in formulation and solution of the resulting complicated 
differential equations and no satisfactory resolution has been possible [8]. Quantitative 
agreement is secured only when recourse is made to the so called fractional viscoelastic 
models. The stress-strain relations are then expressed in terms of fractional order 
integrals in both creep- and relaxation- representations mentioned earlier and further 
details can be obtained in reference [9]. In the space-time domain, the approach based on 
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Figure 6. Absorption  parameter  d  as  a function  of driving Frequency (in arbitrary units).  
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The specific dissipation function is given by 1Q-  where Q is defined (in analogy with the 
quality factor ‘Q’ of harmonic oscillators) as the phase change in radians experienced as the 
wave travels the distance x  in equation. (45) and is given by 
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An alternate definition of ‘ 1Q- ’ has been given [6] by Caputo and Mainardi, who 
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According to Caputo and Mainardi [6], the specific dissipation function is given by 
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which is equivalent to the expression in equation (47).  
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same expression as in equation  (50). 
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viscoelastic solids, but has been found to be inadequate to give quantitative account as 
has been discussed in detail by Gorenflo and Mainardi [8]. More complex mechanical 
models lead to difficulties in formulation and solution of the resulting complicated 
differential equations and no satisfactory resolution has been possible [8]. Quantitative 
agreement is secured only when recourse is made to the so called fractional viscoelastic 
models. The stress-strain relations are then expressed in terms of fractional order 
integrals in both creep- and relaxation- representations mentioned earlier and further 
details can be obtained in reference [9]. In the space-time domain, the approach based on 
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fractional calculus leads to the propagation of viscoelastic waves and the details can be 
found in Mainardi[9]. The approach developed in the present work is based on lattice 
dynamics and hence is a dynamical model. It is microscopic in approach and hence 
macroscopic properties are described in the so called long wave limit. Further 
deformation properties which are ‘static’ in nature are described in the zero frequency 
limit. As has been shown above the microscopic approach leads to the macroscopic 
properties in the appropriate limit. It has been noted [26] that the presence of spatial in-
homogeneity in polymeric materials gives rise to fractional differential operators in time 
in the relevant evolution equations, while temporal in-homogeneity leads to fractional 
differential operators in space. Since only fractional order operation in time has been 
considered in the present work, there is an implicit in-homogeneity in space which 
results in a tendency of the particles to cluster and move in a collective fashion. Such 
collective motion can be considered as elastic waves of very large wavelength, much 
larger than the scale of the in-homogeneity. This provides a sort of justification for the 
limiting long wavelength approximation employed. 

7. Summary 

A microscopic approach based in lattice dynamics, but from the fractional calculus point of 
view has been developed for the theory of viscoelasticity. The system considered is a linear 
chain of fractional oscillators subject to a sinusoidal forcing at one end. For the system 
starting from a quiescent state, the response to sinusoidal forcing consists of a transient and 
a steady state part. The decay of the transient is characterized by a distribution of relaxation 
times and the expression for the relaxation spectrum has been obtained. The steady state is 
essentially a attenuated sinusoidal wave, whose phase velocity and attenuation have been 
studied and an expression for the specific dissipation function has been obtained. The 
results obtained are consistent with the results obtained by Mainardi and others from a 
macroscopic point of view. 
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1. Introduction 

Die swell is a common phenomenon in polymer extrusion. When a viscoelastic fluid flows 
out of a die, the extrudate diameter is usually greater than the channel size. This is called 
die-swell, extrudate swell or the Barus effect. The degree of extrudate swell is usually 
expressed by the die-swell ratio (B) of extrudate diameter versus die diameter. A better 
understanding of such flow behavior will be beneficial for the optimization of processing 
parameters and the design of extrusion equipment, both of which affect product quality and 
production cost. 

Innumerable valuable experimental data of die swell have been published, each focusing on 
different aspects affecting extrudate swell. There have been various interpretations of the 
extrusion swell of viscoelastic fluids from the macroscopic view of polymer rheology, such 
as a normal stress effect, an elastic energy effect, an entropy enlargement effect, an 
orientation effect and a memory effect. In fact, these interpretations are all related to each 
other[1,2]. It is generally believed that die swell is an important characteristic of the fluid 
elasticity during flow. The most common technique used to study rheological properties of 
polymer melts is capillary rheometry. In a capillary, polymer flows from the reservoir 
through a die and finally swells out of the exit. Under the action of extension, shear and 
compression, some molecular chains become disentangled, uncoiled or oriented in the 
convergent region resulting in an entry effect. During die flow, the resultant stress and 
strain cannot be relaxed completely. Simultaneously, some chains continue to be sheared 
and elongated during extrusion. On emerging from the die exit, the molecules are relaxed in 
elastic deformation by reentanglement and recoiling. The extrudate tends to contract in the 
flow direction and to grow in the normal direction, leading to extrudate swell[3]. As it does 
inside the capillary, the swelling evolves with time outside the capillary to reach a 
maximum at a certain extrusion distance. Graessley et al.[4] have reported that die swell 
occurs in two steps: (1) a very rapid swelling with a relatively large swell ratio very close to 
the die exit, which is known as running die swell; (2) a subsequent slow expansion to give 
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an equilibrium die swell. Thus, the extent of the swelling will depend on both external 
factors as well as the intrinsic characteristics of the polymer[5]. The former include the 
geometry (contraction ratio and angle, die length and diameter as well as their ratio L/D) of 
the extrusion system (reservior, entry and die) [6,7] and the capillary operating conditions 
(the applied shear rate, stress and temperature) [8,9] and the external environment 
medium[10]. Extrudate swell can be used to assess the polymer viscoelasticity upon melt 
extrusion. Through rheological characterization, extrudate swell can also be correlated with 
the molecular structure of the polymer (molecular weight, and extents of crosslinking and 
long chain branching)[11].  

Precise polymer processing requires an adequate quantitative description of flow. The 
viscous behavior determines the throughput, while the elastic properties are important for 
dimensional stability. Many theoretical studies have been conducted to improve our 
understanding and prediction of extrudate swell[12], in which a very critical aspect is the 
choice of an appropriate constitutive model[13,14]. In simulations, specific values of the 
model parameters—especially material parameters—must be defined. Some of these 
parameters can be measured by rheological experiments. Thus, quantitative analyses are 
able to relate extrudate swell to the viscoelasticity of polymer melts. 

Extrudate swell was initially exploited to study the effects of die swell on processability and 
its correlation with the relevant rheological properties of polymer melts and the early work 
has been reviewed by Kontos and White[15] and Graessley[4]. In these early studies[16–18], 
a wide range of experiments on polymer melt swelling were performed. Some workers have 
reported that die swell varies with temperature[19], pressure during processing[20], 
molecular weight and its distribution[21–23], as well as molecular structure[24–27] and 
compounding ingredients[28]. Studies of die swell as a function of length to diameter ratio 
of die (L/D), entry speed and shape of the die have been reported by Han [29], Cotten[30], 
Lenk [31] and Vinogradov and Malkin[32]. Recently, the die swell of particle-filled polymers 
has attracted more attention because of their wider engineering applications[33,34]. These 
experiments have generated various valuable data of extrudate swell which need to be 
rationalized by theoretical studies.  

Previous examinations of the existing data have identified some semi-empirical correlations 
relating the swell ratio to rheological parameters. In the 1970s, Bagley and Duffey[35], 
Graessley et al.[4], Han[36] and Tanner[37] proposed expressions for the relationship 
between the swell ratio B and the first normal stress difference or shear stress, on the 
supposition that polymer melt shear flow obeyed a simple law. One of the most famous 
approaches is that of Tanner[38] based on elastic recovery theory. In this model, the 
maximum diameter of the extrudate is related to the recoverable shear strain at the capillary 
wall.  

Such continuum mechanics studies have been regularly reported from the early 1980s 
onwards. Investigations of the swelling phenomenon have been carried out using numerical 
simulations, especially by using the finite element method when considering complicated 
boundary conditions[39,40]. Most of the analyses have been conducted for laminar flow or 
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at low Reynolds number, in which the swell ratio is greater than one. However, at higher 
Reynolds numbers, the dimensions of the extrudate are possibly smaller than those of the 
die. Few data have been published concerning the effect of Reynolds number on the die 
swell[41,42]. Han[29] suggested that the equilibrium die swell measurements are 
independent of rheometer geometry for common extrusion at relatively low flow rate 
through a capillary where the ratio of reservoir diameter to capillary die diameter is less 
than 10, and length to diameter ratio of the capillary die is greater than 20. Such a capillary 
is termed a long capillary, in which the effects of the entry flow from the reservoir on the die 
exit region flow can be neglected. Most theoretical models have been derived for a long 
capillary[43–47]. However, there have been few quantitative predictions of die swell in 
actual polymer processing operations in which the ratio of width to length in the die flow 
channel is relatively short[48-58]. The die swell behavior of polymeric materials should be 
very important in short capillary flow. However, entrance effects in the short tube flow of 
polymer melts are relatively complicated. Thus, it is necessary to extend the theoretical 
models of the die swell in a long capillary to that in a short capillary. This is one purpose of 
this paper.  

On the other hand, particulate-filled polymer composites are widely used in engineering to 
improve polymer properties. Their flow properties are important when molding various 
products. Some swell experiments have been conducted on filled polymers in which it was 
noticed that the die swell was related to the filler shape, size, dispersion, concentration and 
interfacial modification of the inclusions in the matrix[59,60]. However, there are few 
quantitative theories of the swelling in composites, in contrast to the situation for pure 
polymer melts[37,61]. Thus, it is necessary to explore how the swell behaviors of composites 
differ from those of a pure polymer. A second aim of this paper is to develop a single 
unified quantitative extrudate swell model for both pure polymers and their composites. 

The following sections first present a unified theoretical equation to describe extrusion swell 
in both long capillaries and short capillaries. The evolution of the finite distance of extrudate 
swelling and the particular features of the swelling of filled composites are also detailed. 
Finally, comparisons are made between the predictions of the model and experimental data. 

2. Theoretical Model 

2.1. The extrudate swell theory for a long capillary 

Up to now, most of the extrudate swell models have been established on the basis of the 
analysis of long capillary flow. The swell ratio B has been related to the recoverable shear 
strain (SR) or elastic strain energy[62]. One most pertinent systematic theories of extrudate 
swell of entangled polymeric liquids is that of Tanner, who first based his model on the K-BKZ 
constitutive equation and the free recovery from Poiseuille flow with the aspect ratio of length 
L  to diameter D  being very large[37]. The correlation was later confirmed for a wide class of 
constitutive equations, including PTT, pom–pom and general network type models for fully-
developed tube flow[63]. It was found that the extrudate swelling ratio  B  may be expressed 



 
Viscoelasticity – From Theory to Biological Applications 78 

an equilibrium die swell. Thus, the extent of the swelling will depend on both external 
factors as well as the intrinsic characteristics of the polymer[5]. The former include the 
geometry (contraction ratio and angle, die length and diameter as well as their ratio L/D) of 
the extrusion system (reservior, entry and die) [6,7] and the capillary operating conditions 
(the applied shear rate, stress and temperature) [8,9] and the external environment 
medium[10]. Extrudate swell can be used to assess the polymer viscoelasticity upon melt 
extrusion. Through rheological characterization, extrudate swell can also be correlated with 
the molecular structure of the polymer (molecular weight, and extents of crosslinking and 
long chain branching)[11].  

Precise polymer processing requires an adequate quantitative description of flow. The 
viscous behavior determines the throughput, while the elastic properties are important for 
dimensional stability. Many theoretical studies have been conducted to improve our 
understanding and prediction of extrudate swell[12], in which a very critical aspect is the 
choice of an appropriate constitutive model[13,14]. In simulations, specific values of the 
model parameters—especially material parameters—must be defined. Some of these 
parameters can be measured by rheological experiments. Thus, quantitative analyses are 
able to relate extrudate swell to the viscoelasticity of polymer melts. 

Extrudate swell was initially exploited to study the effects of die swell on processability and 
its correlation with the relevant rheological properties of polymer melts and the early work 
has been reviewed by Kontos and White[15] and Graessley[4]. In these early studies[16–18], 
a wide range of experiments on polymer melt swelling were performed. Some workers have 
reported that die swell varies with temperature[19], pressure during processing[20], 
molecular weight and its distribution[21–23], as well as molecular structure[24–27] and 
compounding ingredients[28]. Studies of die swell as a function of length to diameter ratio 
of die (L/D), entry speed and shape of the die have been reported by Han [29], Cotten[30], 
Lenk [31] and Vinogradov and Malkin[32]. Recently, the die swell of particle-filled polymers 
has attracted more attention because of their wider engineering applications[33,34]. These 
experiments have generated various valuable data of extrudate swell which need to be 
rationalized by theoretical studies.  

Previous examinations of the existing data have identified some semi-empirical correlations 
relating the swell ratio to rheological parameters. In the 1970s, Bagley and Duffey[35], 
Graessley et al.[4], Han[36] and Tanner[37] proposed expressions for the relationship 
between the swell ratio B and the first normal stress difference or shear stress, on the 
supposition that polymer melt shear flow obeyed a simple law. One of the most famous 
approaches is that of Tanner[38] based on elastic recovery theory. In this model, the 
maximum diameter of the extrudate is related to the recoverable shear strain at the capillary 
wall.  

Such continuum mechanics studies have been regularly reported from the early 1980s 
onwards. Investigations of the swelling phenomenon have been carried out using numerical 
simulations, especially by using the finite element method when considering complicated 
boundary conditions[39,40]. Most of the analyses have been conducted for laminar flow or 
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at low Reynolds number, in which the swell ratio is greater than one. However, at higher 
Reynolds numbers, the dimensions of the extrudate are possibly smaller than those of the 
die. Few data have been published concerning the effect of Reynolds number on the die 
swell[41,42]. Han[29] suggested that the equilibrium die swell measurements are 
independent of rheometer geometry for common extrusion at relatively low flow rate 
through a capillary where the ratio of reservoir diameter to capillary die diameter is less 
than 10, and length to diameter ratio of the capillary die is greater than 20. Such a capillary 
is termed a long capillary, in which the effects of the entry flow from the reservoir on the die 
exit region flow can be neglected. Most theoretical models have been derived for a long 
capillary[43–47]. However, there have been few quantitative predictions of die swell in 
actual polymer processing operations in which the ratio of width to length in the die flow 
channel is relatively short[48-58]. The die swell behavior of polymeric materials should be 
very important in short capillary flow. However, entrance effects in the short tube flow of 
polymer melts are relatively complicated. Thus, it is necessary to extend the theoretical 
models of the die swell in a long capillary to that in a short capillary. This is one purpose of 
this paper.  

On the other hand, particulate-filled polymer composites are widely used in engineering to 
improve polymer properties. Their flow properties are important when molding various 
products. Some swell experiments have been conducted on filled polymers in which it was 
noticed that the die swell was related to the filler shape, size, dispersion, concentration and 
interfacial modification of the inclusions in the matrix[59,60]. However, there are few 
quantitative theories of the swelling in composites, in contrast to the situation for pure 
polymer melts[37,61]. Thus, it is necessary to explore how the swell behaviors of composites 
differ from those of a pure polymer. A second aim of this paper is to develop a single 
unified quantitative extrudate swell model for both pure polymers and their composites. 

The following sections first present a unified theoretical equation to describe extrusion swell 
in both long capillaries and short capillaries. The evolution of the finite distance of extrudate 
swelling and the particular features of the swelling of filled composites are also detailed. 
Finally, comparisons are made between the predictions of the model and experimental data. 

2. Theoretical Model 

2.1. The extrudate swell theory for a long capillary 

Up to now, most of the extrudate swell models have been established on the basis of the 
analysis of long capillary flow. The swell ratio B has been related to the recoverable shear 
strain (SR) or elastic strain energy[62]. One most pertinent systematic theories of extrudate 
swell of entangled polymeric liquids is that of Tanner, who first based his model on the K-BKZ 
constitutive equation and the free recovery from Poiseuille flow with the aspect ratio of length 
L  to diameter D  being very large[37]. The correlation was later confirmed for a wide class of 
constitutive equations, including PTT, pom–pom and general network type models for fully-
developed tube flow[63]. It was found that the extrudate swelling ratio  B  may be expressed 
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as a function of the first normal difference 1N  and the shear stress 12 . Regardless of the fact 
that this clearly shows how the swell is related to the elasticity of viscoelastic polymeric fluids, 
the viscous heating and the time-dependent nature of swell are not considered.  

More recently, Wang et al.[64,65] extensively exploited the variations of extrudate swell 
with both polymer characteristics ( nM , /n WM M  and eM ) and the operational processing 
conditions. A double molecular mechanism of disentanglement-reentanglement and decoil-
recoil was proposed to rationalize variations of polymer elasticity during flow with chain 
conformation. The die swell behavior essentially results from the molecular dynamics of the 
system. Thus, it is desirable to establish a single primary theoretical framework to relate the 
extrudate swell to the intrinsic viscoelasticity and external conditions.  

There are three kinds of polymer segments and chains in the extrudates, which have been 
defined by Song[66] as extending chain, coil chain and entangled polymeric chain. Besides the 
change in chain conformation and the degree of reorganization of the constituent chains, the 
extension and flow can also induce the dynamic and reversible disentanglement and 
reentanglement between polymeric chains, such that the polymeric melts then undergo a partial 
stress relaxation leading to extrudate swelling at the die exit. The swell ratio is affected by the 
length to diameter ratio and the residence time. Based on such a viewpoint of dynamics, Song 
developed a novel molecular theory of such multiple entangled constituent chains in order to 
analyze non-linear viscoelasticity for the polymeric melts. His derived constitutive equations 
and material functions in a multiple-flow field were subsequently quantitatively verified[67]. 
Based on the O-W-F constitutive equation and the multiple transient-network model as well as 
the double relaxation dynamics of the reentanglement-disentanglement transition (RE-DT) and 
recoil-uncoil transition (RC-UCT) from the Poiseuille flow, Song proposed that swell evolves in 
three stages (instantaneous swelling, delayed swelling and ultimate extrudate swelling)[68]. A 
new set of swelling equations incorporating molecular parameters, operational parameters and 
growth time in both the steady state and dynamic state were developed. Song’s model 
successfully described the die swell through a long capillary of both linear polyethylene 
(HDPE) and linear polybutadiene (PBD) with the different molecular weights and different 
processing variables[69]. In this paper, Song’s extrudate swell theory will be extended in order 
to analyze both the die swell out of a short capillary and the swell of polymer composites.  

In the steady shear flow, the shear viscosity can be written as 
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The above expression is verified by experimental data, and can also be deduced from the O-
W-F constitutive equation together with molecular dynamics[69]. The coefficient of the first 
normal-stress difference 1  in the steady shear flow is 
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From experimental data of   and 1( )  , the molecular parameters of the zero shear 
viscosity 0 , the equilibrium modulus 0G , and the exponents n  and a  can be determined. 
The approximate value of the ultimate extrudate swell B  was obtained as Eq. (3) by 
Song[69]: 
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B  depends on both the molecular parameters and the operational variables [the capillary 
length to diameter ratio /L D  and the shear rate   or shear stress  ]. (1 )W  is the fraction 
of the recoverable conformation of the entangled polymeric chain in the flow, which can be 
calculated from the experimental swell ratio data by Eq. (4).  
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Details of the derivation of the above equations (3) and (4) and their application to the 
extrudate swell of HDPE and PDB are given by Song[69]. Eq.3 may also be expressed in the 
form as shown in Eq. (5), where equB  is the die swell ratio at /L D   , and m is the shear 

rate-dependent constant. 
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2.2. Finite extrudate swell distance 

As discussed above, the swelling evolves with time after the polymer is extruded from the 
capillary, during which time the molecules continue to exhibit similar disentanglement-
reentanglement transitions and uncoil-recoil transitions to those occurring whilst it is still 
inside the capillary. To describe this phase, Eq. (3) can be reformulated as Eq. (6) by 
introducing two parameters tk  and wf :  
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Here wf  is a variable which replaces the fixed value of 0.5 used by Song[69] in Eq. (3) and 
the coefficient tk describes the evolution of the extrudate swell with time. tk  may be written 
as 
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as a function of the first normal difference 1N  and the shear stress 12 . Regardless of the fact 
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More recently, Wang et al.[64,65] extensively exploited the variations of extrudate swell 
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conformation. The die swell behavior essentially results from the molecular dynamics of the 
system. Thus, it is desirable to establish a single primary theoretical framework to relate the 
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There are three kinds of polymer segments and chains in the extrudates, which have been 
defined by Song[66] as extending chain, coil chain and entangled polymeric chain. Besides the 
change in chain conformation and the degree of reorganization of the constituent chains, the 
extension and flow can also induce the dynamic and reversible disentanglement and 
reentanglement between polymeric chains, such that the polymeric melts then undergo a partial 
stress relaxation leading to extrudate swelling at the die exit. The swell ratio is affected by the 
length to diameter ratio and the residence time. Based on such a viewpoint of dynamics, Song 
developed a novel molecular theory of such multiple entangled constituent chains in order to 
analyze non-linear viscoelasticity for the polymeric melts. His derived constitutive equations 
and material functions in a multiple-flow field were subsequently quantitatively verified[67]. 
Based on the O-W-F constitutive equation and the multiple transient-network model as well as 
the double relaxation dynamics of the reentanglement-disentanglement transition (RE-DT) and 
recoil-uncoil transition (RC-UCT) from the Poiseuille flow, Song proposed that swell evolves in 
three stages (instantaneous swelling, delayed swelling and ultimate extrudate swelling)[68]. A 
new set of swelling equations incorporating molecular parameters, operational parameters and 
growth time in both the steady state and dynamic state were developed. Song’s model 
successfully described the die swell through a long capillary of both linear polyethylene 
(HDPE) and linear polybutadiene (PBD) with the different molecular weights and different 
processing variables[69]. In this paper, Song’s extrudate swell theory will be extended in order 
to analyze both the die swell out of a short capillary and the swell of polymer composites.  
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From experimental data of   and 1( )  , the molecular parameters of the zero shear 
viscosity 0 , the equilibrium modulus 0G , and the exponents n  and a  can be determined. 
The approximate value of the ultimate extrudate swell B  was obtained as Eq. (3) by 
Song[69]: 
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B  depends on both the molecular parameters and the operational variables [the capillary 
length to diameter ratio /L D  and the shear rate   or shear stress  ]. (1 )W  is the fraction 
of the recoverable conformation of the entangled polymeric chain in the flow, which can be 
calculated from the experimental swell ratio data by Eq. (4).  
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Details of the derivation of the above equations (3) and (4) and their application to the 
extrudate swell of HDPE and PDB are given by Song[69]. Eq.3 may also be expressed in the 
form as shown in Eq. (5), where equB  is the die swell ratio at /L D   , and m is the shear 
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2.2. Finite extrudate swell distance 

As discussed above, the swelling evolves with time after the polymer is extruded from the 
capillary, during which time the molecules continue to exhibit similar disentanglement-
reentanglement transitions and uncoil-recoil transitions to those occurring whilst it is still 
inside the capillary. To describe this phase, Eq. (3) can be reformulated as Eq. (6) by 
introducing two parameters tk  and wf :  
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Here wf  is a variable which replaces the fixed value of 0.5 used by Song[69] in Eq. (3) and 
the coefficient tk describes the evolution of the extrudate swell with time. tk  may be written 
as 
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As the swell approaches a maximum at t t   , tk  approaches unity corresponding to the 
model used by Song[69]. However in contrast to Song’s model, in practice t is not infinite 
and actually has a finite value which can be determined experimentally[70], i.e., the 
maximum ultimate swelling will be realized at time t  along the extrusion distance. If the 
extrusion distance is expressed as Z D , where D is the capillary diameter and Z is a 
numerical factor, t and Z can be correlated as follows from the shear rate, 

 8 /nt k Z       (8) 

where nk is a constant for a given material, whose approximate value is 

 (1 3 ) / 4nk n n     (9) 

where n  is the constitute exponent of the fluid. From Eqs. (7)–(9), it can be shown that 
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Eq. (10) can be rewritten as Eq. (11). 
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Thus, either Eq. (10) or Eq. (11) can be used to predict the time of maximum swelling and 
the corresponding swell distance. 

2.3. Extrudate swell theory for a short capillary 

The above model is based on the assumption that the chain elongation incurred on reservoir 
entry is fully relaxed in the capillary. This is only approximately true for extrusion in a long 
capillary and a very poor assumption for a short capillary where the the entry flow is more 
complicated and the entry effect is more prominent[71]. Liang[72] reported the results of 
many swelling experiments using a short capillary and some quantitative empirical 
relations between the swell ratio and the material characteristics and operational parameters 
have been obtained[37,70,73]. In this paper, we attempt to modify Song’s model in order to 
describe the swelling behavior in short capillary extrusion.  

Liang[74] described the die swell ratio as follows, 
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where RS  is the recoverable shear strain; l  shows the elastic strain induced by the stored 
energy in the capillary reservoir, which is related to the capillary geometry and the fluid 
viscoelasticity; l  is a function of the entry converging flow parameter; 0  is the half-entry 
convergence angle of a viscoelastic fluid, which is given by a function of the constitute 
exponent n  of the fluid, the entry pressure drop P  and the ratio of the capillary diameter 
D  to its reservoir diameter rD . The pressure loss in the entry region can be approximately 
expressed in terms of the Bagley entrance correction factor ( e ).  
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The total die swell ratio in Eq. (3) can be approximated as Eq. (17), which has the same form 
as Eq. (12). 
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Eq. (17) can be modified to describe the extrudate swell out of a short capillary, as shown in 
Eq. (18), 
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shows the effects of capillary length, i.e., the degree of 

relaxation. / 4M is the recoverable effect from the stored energy in the capillary reservoir. It 
may be ca. 1 for a sufficiently long capillary while it may be l  for a very short capillary as 
defined by Eq. (14). Thus, Eq. (18) may be used for both long and short capillaries since it 
includes sufficient variables, whereas Eq. (3) is only appropriate for long capillaries. 

2.4. Extrudate swell theory of filled composites 

In particle-filled composites, the filler is distributed in an entangled matrix network and the 
filling affects the network relaxation[74]. Regardless of the variation in viscoelastic 
properties, it has been found experimentally that the values of  and 1( )   for filled 
composites are similar to those of the pure polymer matrix, i.e., the above extrudate swell 
theory may be modified for use with filled composites.  

However, experiments have shown that the die swell is usually weakened with increasing 
filler concentration [75]. This suggests that the die swell of a composite can be expressed by 
Eq. (19), 
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As the swell approaches a maximum at t t   , tk  approaches unity corresponding to the 
model used by Song[69]. However in contrast to Song’s model, in practice t is not infinite 
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Thus, either Eq. (10) or Eq. (11) can be used to predict the time of maximum swelling and 
the corresponding swell distance. 

2.3. Extrudate swell theory for a short capillary 
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entry is fully relaxed in the capillary. This is only approximately true for extrusion in a long 
capillary and a very poor assumption for a short capillary where the the entry flow is more 
complicated and the entry effect is more prominent[71]. Liang[72] reported the results of 
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where RS  is the recoverable shear strain; l  shows the elastic strain induced by the stored 
energy in the capillary reservoir, which is related to the capillary geometry and the fluid 
viscoelasticity; l  is a function of the entry converging flow parameter; 0  is the half-entry 
convergence angle of a viscoelastic fluid, which is given by a function of the constitute 
exponent n  of the fluid, the entry pressure drop P  and the ratio of the capillary diameter 
D  to its reservoir diameter rD . The pressure loss in the entry region can be approximately 
expressed in terms of the Bagley entrance correction factor ( e ).  
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The total die swell ratio in Eq. (3) can be approximated as Eq. (17), which has the same form 
as Eq. (12). 
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relaxation. / 4M is the recoverable effect from the stored energy in the capillary reservoir. It 
may be ca. 1 for a sufficiently long capillary while it may be l  for a very short capillary as 
defined by Eq. (14). Thus, Eq. (18) may be used for both long and short capillaries since it 
includes sufficient variables, whereas Eq. (3) is only appropriate for long capillaries. 

2.4. Extrudate swell theory of filled composites 

In particle-filled composites, the filler is distributed in an entangled matrix network and the 
filling affects the network relaxation[74]. Regardless of the variation in viscoelastic 
properties, it has been found experimentally that the values of  and 1( )   for filled 
composites are similar to those of the pure polymer matrix, i.e., the above extrudate swell 
theory may be modified for use with filled composites.  

However, experiments have shown that the die swell is usually weakened with increasing 
filler concentration [75]. This suggests that the die swell of a composite can be expressed by 
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 ( , ) ( , 0) ( )B B F          (19) 

where ( , )B    and ( , 0) mB B    are the die swell of the composite with a filler content of 
  and the die swell of the pure matrix, respectively, and ( )F   is the filling effect. Eq. (19) 
implies that the viscoelastic behavior of the filled composites is dominated by the elasticity 
of the composite matrix in the high shear rate range. Liang[75] found that (1 )wB    , 
where w was the wall shear stress, and   and   were constants related to the elasticity of 
the matrix melt and the geometry of the filler particles, respectively. The function ( )F   is 
analogous to those used for the viscosity of a suspension of spheres, and may be called a 
‘concentration shift factor’[76]. There are several forms for ( )F  . Here we use the form 
shown in Eq. (20), 

 ( ) [1 ( / ) ]pk
cF        (20) 

 ( / )q
c c        (21) 

where k , p and q  are constants which depend on the filler-polymer system and the flow 
field; c  is the percentage decrease of the network elasticity caused by filling with the 
particles, which is directly related to the shear rate   as described by Eq. (21); c  is the 
limiting shear rate when the network is almost completely destroyed, in accordance with 
percolation theory. An approximation to Eq. (21) may be rewritten in stress form as Eq. (22). 
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3. Comparison of die swell given by the model with experiment 

3.1. Experimental data 

For comparison of the predicted swell ratios using the model described above with 
experimental data, several sets of raw swell data were taken from the literature and 
replotted in appropriate formats.  

In testing the validity of the model for a system with large L/D, the rheometric and swell 
data of a pure IUPAC-LDPE standard was used as shown in Figures 1 and 2 [77,78]. The 
capillary had die diameter 3.00D mm  and experiments were carried out at 150℃.  

To show whether the model is valid in analyzing the maximum extrusion distance 
during swelling, we used the data for a semi-dilute polymer solution of a partially 
hydrolyzed polyacrylamide manufactured by Rhone Poulenc (Rhodoflood AD37, Mw= 6 
x 106, degree of hydrolysis = 24%)[70]. Purified water containing 20 g/l of NaCl was 
employed as a solvent for the polymer. The polymer concentration was 3000 ppm. The 
swell tests were conducted in a stainless steel capillary with length of 51 mm and inner 
diameter of 0.60 mm. 
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The swell data for a rubber compound[73] were used to verify the effectiveness of the 
suggested equations for polymer extrusion in a short capillary. Sample SI was a calcium 
carbonate (CaCO3) filled natural rubber (NR) compound, in which the content of CaCO3 was 
20 phr. Sample SII was a carbon-black (CB)-filled NR/styrene-butadiene rubber SBR) /cis-
1,4-butadiene rubber (CBR) compound. The blending ratio of NR/SBR/CBR was 45/10/45, 
and the content of CB was 56 phr. Both the rubber compounds included some additives. An 
Instron capillary rheometer (model 3211) was used in the tests. Two capillary dies with 
different lengths were selected in order to measure the rheological properties of the sample 
materials. The length of the long die was 40 mm, the length of the short die was 0.2 mm, and 
the diameter of both dies was 1 mm. 

Another set of data was for a polypropylene/glass bead composite[75]. The matrix resin was 
a common polypropylene (Pro-fax 6331). The melt flow rate (2.16 kg, 230 oC) and density 
were 12 g/10 min and 0.9 g/cm3, respectively. The glass bead filler had a mean diameter of 
219 nm and density of 2.5 g/cm3. Rheological experiments with these samples were carried 
out using a Rosand capillary rheometer with twin cylinders. Two dies of different length 
with the same diameter (1 mm) were selected in order to measure the entry pressure losses. 
The length/diameter of the short die was << 1 and the other was 16. The test temperature 
was 190 oC, and apparent shear rates were varied from 50 to10–4s–1. 

 
 
 
 

 
 
 
 
 

Figure 1. Plots of ln  versus 1ln  and 1 1ln( / ln(( / )) / )d d      versus ln  from the 

experimental data for LDPE[77] of ~   and 1 ~N  . 
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where ( , )B    and ( , 0) mB B    are the die swell of the composite with a filler content of 
  and the die swell of the pure matrix, respectively, and ( )F   is the filling effect. Eq. (19) 
implies that the viscoelastic behavior of the filled composites is dominated by the elasticity 
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3.1. Experimental data 

For comparison of the predicted swell ratios using the model described above with 
experimental data, several sets of raw swell data were taken from the literature and 
replotted in appropriate formats.  

In testing the validity of the model for a system with large L/D, the rheometric and swell 
data of a pure IUPAC-LDPE standard was used as shown in Figures 1 and 2 [77,78]. The 
capillary had die diameter 3.00D mm  and experiments were carried out at 150℃.  

To show whether the model is valid in analyzing the maximum extrusion distance 
during swelling, we used the data for a semi-dilute polymer solution of a partially 
hydrolyzed polyacrylamide manufactured by Rhone Poulenc (Rhodoflood AD37, Mw= 6 
x 106, degree of hydrolysis = 24%)[70]. Purified water containing 20 g/l of NaCl was 
employed as a solvent for the polymer. The polymer concentration was 3000 ppm. The 
swell tests were conducted in a stainless steel capillary with length of 51 mm and inner 
diameter of 0.60 mm. 
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The swell data for a rubber compound[73] were used to verify the effectiveness of the 
suggested equations for polymer extrusion in a short capillary. Sample SI was a calcium 
carbonate (CaCO3) filled natural rubber (NR) compound, in which the content of CaCO3 was 
20 phr. Sample SII was a carbon-black (CB)-filled NR/styrene-butadiene rubber SBR) /cis-
1,4-butadiene rubber (CBR) compound. The blending ratio of NR/SBR/CBR was 45/10/45, 
and the content of CB was 56 phr. Both the rubber compounds included some additives. An 
Instron capillary rheometer (model 3211) was used in the tests. Two capillary dies with 
different lengths were selected in order to measure the rheological properties of the sample 
materials. The length of the long die was 40 mm, the length of the short die was 0.2 mm, and 
the diameter of both dies was 1 mm. 

Another set of data was for a polypropylene/glass bead composite[75]. The matrix resin was 
a common polypropylene (Pro-fax 6331). The melt flow rate (2.16 kg, 230 oC) and density 
were 12 g/10 min and 0.9 g/cm3, respectively. The glass bead filler had a mean diameter of 
219 nm and density of 2.5 g/cm3. Rheological experiments with these samples were carried 
out using a Rosand capillary rheometer with twin cylinders. Two dies of different length 
with the same diameter (1 mm) were selected in order to measure the entry pressure losses. 
The length/diameter of the short die was << 1 and the other was 16. The test temperature 
was 190 oC, and apparent shear rates were varied from 50 to10–4s–1. 

 
 
 
 

 
 
 
 
 

Figure 1. Plots of ln  versus 1ln  and 1 1ln( / ln(( / )) / )d d      versus ln  from the 

experimental data for LDPE[77] of ~   and 1 ~N  . 
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3.2. Comparison of the predicted values of swell ratio with the experimental data 

3.2.1. Swelling simulations for pure LDPE extruded from capillaries with different L/D 
ratios 

The dashed curves in Figure 2 present the experimental data[77] of extrudate swell ratio for 
LDPE for different capillary /L D  ratio and shear rates from which (1 )W  can be 
calculated assuming 1tk   using Eq. (4), as listed in Table 1. wf  is determined by fitting B  
against /L D under different shear rates.  

In addition, the swell ratio was also fitted by 0 ( / )BB B k L D   as suggested by Liang[75] (as 
shown by the dotted curves in Figure 2) and by Eq. (5) (as shown by the solid curves in Figure 
2). The resulting values of key parameters for the three cases are compared in Table 1. 

 

n  0G  /Pa a  0  /Pa.s 

0.57243 3784728 0.74712 6811860 

IUPAC-LDPE 

Dashed curves 
By Eq. (3) ( 1tk  ) 

Dotted curves 
by 0 ( / )BB B k L D   

Solid curves 
by / (1 ( / ) )a

equB B b L D    

  1 W  wf  0B  Bk  equB  b  

10 0.74 0.36 1.83 0.0021 1.573 2.4906 

1 0.64 0.39 1.70 0.00185 1.561 1.9614 

0.63 0.58 0.43 1.69 0.00125 1.557 1.6841 

0.1 0.45 0.47 1.38 0.00030 1.316 0.7806 

Table 1. Values of parameters for LDPE obtained from the plots in Figures 1 and 2 

 
Figure 2. Predicted curves and experimental data of extrudate swell ratio for LDPE with different 
capillary L/D ratio and shear rates. 
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The comparisons of swell ratio predicted by Eq. (3), 0 ( / )BB B k L D  and Eq. (5) are also 
compared with experimental data (points) in Figure 2. All three models predict that the swell 
ratio decreases with increasing capillary L/D ratio and increases with increasing shear rate. It is 
also found that all three equations describe well the approximate linear relationship between 
the experimental swell ratio and L/D at larger values of L/D, i.e., in long capillaries. However, 
below a certain critical value of L/D, B increases rapidly with decreasing L/D. This trend is well 
predicted by Eq. 5 only. Liang’s model[77] 0 ( / )BB B k L D   gives a completely different 
picture to experiment. Song’s model Eq. (3) underestimates the swell ratio compared with 
experiment, showing that Eqs. (3) and (4) are only appropriate for swelling on extrusion from a 
long capillary, because of the assumption in Song’s theory[69] that the entry effect is almost 
relaxed in capillary flow. In a short capillary, the chain elongation on entry cannot be 
neglected. The critical L/D ratio, which determines whether a capillary behaves as ‘long’ or 
‘short’, increases with shear rate. This may be explained by the more incomplete relaxation of 
the elongated chains in the entry region at higher shear rate. The degree of relaxation depends 
on both the capillary length and the strength of the flow field as described by Eq. (5). 

3.2.2. Extrusion distance giving the maximum swell ratio for semi-dilute polymer solutions 

For a capillary with a L/D ratio of 85, the swelling of polyacrylamide solution was observed 
to reach a maximum at a given time t at a given distance (expressed as a multiple Z of 
capillary diameter D ) from the capillary[70], i.e., the swelling is finite. In the simulations, n , 
a  and 0  were obtained by fitting the experimental ~   curve[70] using Eqs. (1) and (2). 

tK  and (1 )W can be fitted using Eq. (3). t and Z  were subsequently calculated from Eq. 
(11) and compared with the experimental data as shown in Figure 3. The calculated swell 
ratio B is close to the experimental data for 3.5468tK   and (1 ) 0.5964W  . The simulated 
value of t decreases as a power law function of shear rate as observed from the 
experimental data in Figure 4a, as does Z  as shown in Figure 4b.  

 
Figure 3. Calculated plots of B  versus   from the experimental data for a semi-dilute polymer solution 
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The comparisons of swell ratio predicted by Eq. (3), 0 ( / )BB B k L D  and Eq. (5) are also 
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Figure 4. Curves of ln( / )t Z   and Z  versus   calculated from the experimental data. 

3.2.3. Verification of the swelling equation for rubber in a short capillary 

The recoverable strain can be calculated by Eq. (23) due to Tanner[37]. 

 6 0.5[2( 1) 2]RS B     (23) 

Eq. (24) can be approximately fitted to give values of / 4tMk , a  and 1 W when 0.5wf  . 

 (1 ) 0.51 1 ( ) 5.098( ( ) )
2 4 41 ( / )

a
Wt

Ra

Mk
B S

L D
 

 



  (24) 

The experimental swell ratios[73] are shown in Figure 5, from which the values of the 
parameters in Eq. (24) can be obtained by fitting and they are listed in Table 2. Figure 5 also 
illustrates that the swell ratios predicted by Eq. (24) are in good agreement with the 
experimental data. It should be noted that the swell ratios reported in the literature[73] were 
measured when the extrudate was naturally cooled to ambient temperature. The swell ratio 
is considerably larger for extrusion from a very short capillary than from a long capillary. A 
larger fraction of the relaxation occurs in the melt state at higher temperature in the longer 
capillary than in the short capillary. The unrelaxed energy is not easily released from the 
capillary at low temperature. The fitted value of (1 )W is larger for swelling on extrusion 
from the short capillary than from the long capillary, which reflects a greater amount of 
retained elasticity in the former case. 

(a) (b) 
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Figure 5. Plots of fitted swell ratio versus shear stress compared with experimental data. 

The filler content of sample SI with a matrix of NR rubber is lower than that of sample SII 
with a matrix of NR/SBR/CBR blend[73]. As seen from Table 2, the average relaxation time 
  is shorter, and the values of a  and (1 )W are lower for sample SI than for sample SII 
containing a higher filler content. 

 

Samples L/D / 4tk M    a  (1 )W  

SI 
0.2 0.32 

0.12 0.26 
0.64 

40 0.18 0.56 

SII 
0.2 0.22 

0.72 0.53 
0.72 

40 0.48 0.70 

Table 2. Values of the parameters in Eq. (24) for rubber compounds 

3.2.4. Application of the swelling equations for a PP/glass bead composite 

As shown in Figure 6, the viscosity of the PP/glass bead composite can be calculated from 
the experimental data of stress versus shear rate in the literature[75]. Eq. (1) accurately 
predicts the variation of viscosity with shear rate for composites with different filler 
percentages. The fitted values of 0 , 0 , a  and n  are listed in Table 3; all of these values 
increase with increasing filler content in the composite while shear thinning becomes more 
marked when increasing the filler content. 



 
Viscoelasticity – From Theory to Biological Applications 88 

 
 
 
 

 
 
 
 

Figure 4. Curves of ln( / )t Z   and Z  versus   calculated from the experimental data. 
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The experimental swell ratios[73] are shown in Figure 5, from which the values of the 
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illustrates that the swell ratios predicted by Eq. (24) are in good agreement with the 
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larger fraction of the relaxation occurs in the melt state at higher temperature in the longer 
capillary than in the short capillary. The unrelaxed energy is not easily released from the 
capillary at low temperature. The fitted value of (1 )W is larger for swelling on extrusion 
from the short capillary than from the long capillary, which reflects a greater amount of 
retained elasticity in the former case. 
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The filler content of sample SI with a matrix of NR rubber is lower than that of sample SII 
with a matrix of NR/SBR/CBR blend[73]. As seen from Table 2, the average relaxation time 
  is shorter, and the values of a  and (1 )W are lower for sample SI than for sample SII 
containing a higher filler content. 
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3.2.4. Application of the swelling equations for a PP/glass bead composite 

As shown in Figure 6, the viscosity of the PP/glass bead composite can be calculated from 
the experimental data of stress versus shear rate in the literature[75]. Eq. (1) accurately 
predicts the variation of viscosity with shear rate for composites with different filler 
percentages. The fitted values of 0 , 0 , a  and n  are listed in Table 3; all of these values 
increase with increasing filler content in the composite while shear thinning becomes more 
marked when increasing the filler content. 
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Figure 6. Experimental data for variation of viscosity with shear rate and the simulated values for the 
composites. 

Filler content n  0  /s a  0  /kPa.s 

5% 0.2071 1.31785 1.6011 2.2607 
10% 0.2175 1.47162 1.6849 2.8496 
15% 0.3812 1.85625 1.7210 3.5809 

Table 3. Structural parameters for PP/glass bead composites 

 
Figure 7. Comparison of predicted swell ratio with experimental data for PP/glass bead composites. 

Eq. (6) can be used to predict the extrudate swell ratio of the composites with the fitted 
structural parameters listed in Table 3. Comparison of the predicted data with the 
experimental values are shown in Figure 7, assuming 1tk  . The modified theory shows 
better agreement at higher shear rate which indicates its validity for particulate-filled 
composites. Table 4 shows that (1 )W , which is the residual fraction of the recoverable 
entanglement in polymeric chains after flow shear, decreases with increasing filler content. 
Smaller values of (1 )W  correspond to lower elastic recovery, i.e., swell ratios are lower for 
composites with higher filler content. Furthermore, it can be seen that wf  decreases (from 
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0.5137 0.5wf    for the pure matrix melt) to lower values with increasing filler 
concentration. This shows that recovery is harder for an entangled network with higher 
filler content than for the corresponding matrix network. 
 

Dashed curves given by Eq. (3) Dotted curves given by ( / ) bm
cbB      

Filler content 1 W  wf  cb  Bm  
0 0.56165 0.5137 127.51 0.16 
5% 0.55176 0.5003 138.73 0.1307 
10% 0.53287 0.4400 153.45 0.09821 
15% 0.49195 0.4217 169.62 0.08876 

Table 4. Values of model parameters in the equations for the composite in Figure 7 

In addition, it is interesting that the swell is well depicted by one simple equation 
( / ) bm

cbB     . cb  may be related to the composite rigidity or the density while Bm  is 
sensitive to the shear, reflecting the recovery capability of the composites. When increasing 
the filler content in the composite, cb becomes larger while Bm  becomes smaller, showing 
that the elasticity is weakened while the rigidity becomes stronger, which corresponds to the 
observed decrease in swell ratio. 

 
Figure 8. Comparison of plots of ( , ) / ( , 0)B B       versus shear rate with experimental data. 

Plots of ( , ) / ( , 0)B B       against shear rate based on the experimental data in Figures 6 and 
7 are shown in Figure 8. The concentration shift factor ( ) [1 / ]cF      (here k  and p  in 
Eq. (20) are both unity) illustrates the reinforcement effect while reflecting the weaker 
swelling capability. In our opinion, there are two levels of network structure. The 
microscopic one involves molecular entanglement, whilst the other involves mesoscopic 
particles dispersed in the compound melt. The concentration shift factor shows that the 
swelling functions of the two levels may be separated. The mesoscopic network probably 
shrinks, counteracting part of the microscopic melt swelling. The offset effect can be 
described by the concentration shift factor. However, the filler is far larger than the polymer 
chains and does not vary the basic molecular relaxation dynamics of the melt matrix except 
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at the interfacial region around the particles. The dispersed particles perturb the flow of the 
melt. It is interesting that this is consistent with previous publications showing that the 
dimensions of the extrudate were possibly smaller than those of the die at higher Reynolds 
numbers[41,42].  

In addition, Eq. (21) is also successful in fitting the plots of ( , ) / ( , 0)B B       against   as 

Figure 8. c  increases while q  decreases when adding more glass beads to the 

polypropylene. To a certain degree, c  represents a critical shear rate when the melt 
swelling is completely offset by the shrinkage of the mesoscopic network.  

 
Filler content c  q

5% 1.249E10 0.2616 

10% 2.945E13 0.1694 

15% 6.188E15 0.1482 

Table 5. Parameters in Eq. (19) (p=1) for the composite in Figure 5 

Plots of die swell versus filler concentration[75] are shown in Figure 9. Eq. (20) well 
demonstrates this correlation. In fitting the data with Eq. (20), it is found that with 
increasing shear rate the critical content c  decreases, while the die swell ratio at 0   
increases. Larger die swell ratios are observed for pure PP at higher shear rates, since more 
elastic energy is stored. 

 
Figure 9. Extrudate swell ratio of PP/glass bead composites with different filler contents. 

( , 0) ( , ) / ( )B B F       is also appropriate for correlating shear stress and filler content for 
the composite as shown in Figure 10. In this case, in the expression '( / )q

c c    c  
increases while 'q  decreases with increasing filler content. More importantly, ( , ) / ( )B F   , 
i.e., ( , 0)B     is almost a linear function of shear stress. It can be written as 

0( , ) / ( ) ( / )B F B F k       where 0B   and k  decrease with increasing amount of filler 
in the PP melt. 
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Figure 10. Plots of ( , ) / ( )B F   versus shear stress from experimental data for PP/glass bead 
composites. 

4. Conclusions 

Two limitations of Song’s polymer extrudate swell theory have been identified for the first 
time. Song’s model has been modified in order to predict the finite distance at which the 
swelling reaches a maximum. Furthermore, the model was extended to describe the die 
swell on extrusion from a short capillary by considering the entry effect in Song’s molecular 
dynamics model and incorporating Liang’s expression. The resulting modified model can be 
applied to extrusion swelling for both long and short capillaries, whereas Song’s model is 
only appropriate for long capillaries. More importantly, the modified model is also suitable 
for analysis of the swelling of particle-filled composites which cannot be treated by Song’s 
model. The composite swell ratio can be separated into the product of the matrix swell ratio 
and the concentration shift factor. The excellent agreements between the values predicted by 
the modified model and experimental data reported in the literature for a variety of 
different systems demonstrate its viability for a wide range of materials and experimental 
conditions.  
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and the concentration shift factor. The excellent agreements between the values predicted by 
the modified model and experimental data reported in the literature for a variety of 
different systems demonstrate its viability for a wide range of materials and experimental 
conditions.  
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1. Introduction 

Almost all of biological tissues are viscoelastic and their viscoelastic mechanical properties 
are important in their characteristic functions. This is because constituents of tissues  cells, 
extracellular matrices, structural proteins, and so on  are viscoelastic. Even hard tissues 
have been shown to be viscoelastic. For long, main sample material for investigating the 
viscoelasticity has been amorphous polymeric materials, which brought about the 
remarkable development in phenomenological theories. Constructing mechanistic images, 
on the other hand, of the viscoelasticity of polymeric materials had been difficult because of 
dearth of the materials structural information. Contrary to these materials, for biological 
tissues, many structural investigations have been made and as a result detailed structural 
information is available. Making use of the information, it will be possible to investigate the 
viscoelastic properties of biological materials on the basis of their structure. Such a study 
will contribute to the construction of molecular theory for the viscoelasticity in amorphous 
materials.      

In this chapter, some examples of viscoelastic nature of biological materials and then their 
relevance to the structure would be presented. In some cases, a mechanistic model for the 
viscoelasticity will be presented. As measuring method varies depending on the modulus 
value of the specimens, the various methods used in studying viscoelastic properties of 
biological materials will be illustrated.   

2. A Brief introduction to viscoelasticity 

2.1. Introduction to elasticity and viscosity 

Elasticity is a material property that generates recovering force at an application of an 
external force to deform the material. When an external force is applied to a material and the 
material is in an equilibrium deformation, the external force is balanced by an inner force. 
The inner force is the recovering force. The recovering force divided by the cross sectional 
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area that the external force is working on is defined as stress, σ. Suppose the material is 
initially in a shape of rod of length L0 and cross-sectional area, A0. The force is applied to the 
length direction and the length after the deformation is L. The deformation is generally 
normalized as, 

 0

0
,

L L
ε

L


                                        (1) 

where  is called the engineering strain or the Caushy strain. This is used for small 
deformations. For small strains, a Hookean relation, 

 σ ε                     (2) 

has been known to hold. The proportionality factor is defined as a modulus and the 
modulus is a material’s constant. If the material was deformed by a tensile force, the 
modulus is defined as Young’s modulus (Fig. 1 (a)). If the deformation was caused by a 
shear  

 
Figure 1. Deformation modes and corresponding moduli. (a) Elongation and Young’s modulus, and (b) 
shear deformation and the shear modulus. 

shear force, the modulus is the shear modulus (Fig. 1(b)). In each case, the Hookean 
constitutive equations are written as, 

    :  Young’s modulusσ E ε E            (3) 

and 

   :  shear modulusσ G γ G                            (4) 

where γ is the shear strain. After eliminating the external force, the recovering force and the 
deformation are completely diminished. Elasticity is a property of a material to resist the 
deformation by the external force. 

Viscosity is a characteristic nature of a fluid. When a fluid is constantly flowing on an 
infinitively wide plain, the flow velocity is largest on the fluid surface. On the plain bottom 
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the flow velocity is zero. Every part of the fluid is sheared (Fig. 2). The shear is generated by 
an applied force causing the flow and an internal force against the former. The internal force 
is also transformed into a stress generated in the flow. Newton postulated the quantitative 
relationship between the stress and the shear rate as, 

 .dγσ
dt

                                                   (5)  

The proportionality factor is defined as a viscosity coefficient, , also a materials constant of 
a fluid. Then the constitutive relation for the viscosity is 

 .dγσ η
dt

  (6) 

Viscosity is a property of a fluid to resist the force for flow. The fluid described by the 
equation is classified as Newtonian. After stopping the flow, the fluid maintains its 
deformation strain at the time of stopping. There is a saying that water conforms to the shape 
of the vessel that contains it.  

 
Figure 2. Shear strain in a fluid. A velocity gradient perpendicular to the bottom emerged. 

2.2. Introduction to viscoelasticity  

When a step strain excitation is applied to an idealistically elastic material, the response of 
the material will be that shown in Fig. 3(a). This response can be easily expected from the 
Hookean constitutive equation. If the same strain excitation is applied to an idealistically 
viscous material, the response will be those as shown in the Fig. 3(b) and (c), which is also 
expectable from the Newtonian constitutive equation. Materials that exhibit viscoelastic 
properties can be considered as having both elastic and viscous components. Then, in the 
case of viscoelastic materials, the response is expected to have both characteristics of 
elasticity and viscosity. Schematic drawing of the stress response according to many 
experimental results is shown in Fig. 4. Here we define the stress relaxation as follows. Fig. 5 
shows a step strain excitation and a stress response to it for a viscoelastic material. The 
instantaneous and equilibrium moduli, mg and me, respectively, are material’s constants. The 
relaxation function (t) is a material’s function. Phenomenological investigation of materials 
from the stand point of viscoelastic properties is to determine these material’s constants and 
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relationship between the stress and the shear rate as, 

 .dγσ
dt

                                                   (5)  

The proportionality factor is defined as a viscosity coefficient, , also a materials constant of 
a fluid. Then the constitutive relation for the viscosity is 

 .dγσ η
dt

  (6) 

Viscosity is a property of a fluid to resist the force for flow. The fluid described by the 
equation is classified as Newtonian. After stopping the flow, the fluid maintains its 
deformation strain at the time of stopping. There is a saying that water conforms to the shape 
of the vessel that contains it.  

 
Figure 2. Shear strain in a fluid. A velocity gradient perpendicular to the bottom emerged. 
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Hookean constitutive equation. If the same strain excitation is applied to an idealistically 
viscous material, the response will be those as shown in the Fig. 3(b) and (c), which is also 
expectable from the Newtonian constitutive equation. Materials that exhibit viscoelastic 
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function and, then, deduce the molecular mechanism corresponding to the viscoelastic 
behavior. For this purpose, more generalized tool shall be introduced. Any given strain 
excitation can be constructed by a linear combination of many small step strains applied to 
the material at every Δt seconds. According to the linear response theory, stress response to 
the excitation also can be a linear combination of responses to small step strains applied to 
the material (Fig. 6). From any given strain excitation (t), stress response (t) would be 
obtained through the Boltzmann’s superposition equation,  

   ( ) ( ) .
t dε uσ t m t u du

du
                           (7) 

 

 
 

Figure 3. Responses of idealistically elastic materials (a) and that of idealistic viscous materials (b) and 
(c) to step strain and stress excitations, respectively. 
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Figure 4. Response of viscoelastic materials to a box-shaped strain excitation. 

 
Figure 5. Definition of the response of a viscoelastic material to a step strain excitation. 

 
Figure 6. Generalized strain excitation and the stress response of viscoelastic materials to the former. 
From the relationship between the excitation and the response, Boltzmann’s equation, eq. 7, was 
derived. 
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For stress relaxation experiments, a step strain excitation is needed. But, actually, it is 
difficult to realize such an excitation strain. The realistic one should be a lamp followed by a 
plateau strain. An acceptable lamp width can be determined from the Boltzmann equation 
above. If the relaxation function is described as  

   1 exp( / )φ t t τ     (8) 

where τ is a characteristic relaxation time of a material, the stress response will be  

    1 1// .t τt τσ t Aτe e   (9) 

In this equation, A is a constant and t1 is the lamp width. If t1≪τ, it is rewritten as 

    1 exp /σ t At t τ                                        (10) 

which is a usual relaxation modulus form of materials with single relaxation time τ as a 
response to the step strain excitation.  

2.3. Viscoelastic investigation   

As indicated above, the objective of the viscoelastic studies of materials is to understand the 
molecular mechanism corresponding to the viscoelastic behavior. For this purpose, to know 
the relaxation function of the material is needed. Almost all actual relaxation data, however, 
cannot be described by a relaxation function with single relaxation time as shown by eq. 8. 
In order to describe the relaxation modulus, then the relaxation function, the following 
methods have been traditionally employed: (A) multi relaxation time analysis, (B) relaxation 
time distribution analysis (Ferry, 1980), and (C) analysis using specific functions.  

(A) and (B) are substantially similar analyses. For the analysis (A), experimental relaxation 
modulus, E(t), is fitted by  

    
1

exp /
N

e i i
i

E t E a t τ


                              (11) 

where Ee is an equilibrium modulus. If N is large and ai is a continual function of τ, a(τ), eq. 
11 can be described as  

    exp( / ) .
t

eE t E a τ t τ dτ


     (12) 

This description represents the relaxation time distribution analysis and a(t) is a relaxation 
time spectrum. By a numerical transformation of the experimental data, the relaxation 
spectrum will be obtained. At this point, relaxation spectrum does not have any more 
information than the original relaxation data. It is still difficult to deduce molecular events 
underlying the relaxation.   
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For (C), it has been established that the non-single relaxation timed relaxation process can be 
well described by a power law relation or stretched exponential function, depending on the 
materials and their state; 

   0 0 (  1)n
eE t E t E n      (13) 

or  

   0 0exp[ ( / ) ]  (  1).βE t E t τ b                            (14) 

One of the advantages of using these functions for describing the relaxation process is easily 
to establish the mechanistic model for the relaxation process. As these two functions have 
been found to describe well the mechanical or electric relaxation phenomena in many 
amorphous glassy materials, they are regarded as universal functions.  

When there is a dynamic structural inhomogeneity in glassy materials, Jonscher proposed 
that the power in the power law relation, eq. 13, indicates the correlation of molecular 
motions among motional groups and the variation in the number of motional unit in each 
molecular motional group (Jonscher, 1983). On the other hand, for explanation of the 
exponent value in the stretched exponential function, eq. 14, a diffusion-trap model is 
proposed (Klafter et al., 1986; Philips, 1996). When a step strain is applied to a material, 
many excited sites will emerge inside the material. In amorphous glassy materials, 
molecular motion of constituents could be regarded as a diffusion of a free volume of the 
constituents. When the free volume comes to an excited site, the site will be relaxed. This 
would be an elementary process of the relaxation. If the excited sites in the material is 
distributing on a fractal lattice, total relaxation of the material is expected to be described by 
the stretched exponential function, eq. 14. The exponent value, β, is strongly related the 
geometry of the exciting site distribution (Potuzak et al., 2011).       

3. Stress relaxation experiments   

In the introductory section, only the stress response of materials to strain excitation was 
explained. This is because our viscoelastic study of biological materials mainly has been 
employing the stress relaxation experiments. Therefore, in this chapter, the relaxation 
modulus of biological materials is discussed in conjunction with their structural 
information. In this section, the empirical determination of the relaxation modulus of 
materials would be explained.  

3.1. Apparatus and equipments 

Figure 7 shows a schema for the stress relaxation experiments. By moving the load cell (LC), 
Kyowa Electric Works LTS series, strain is applied to the specimen through an equipped 
attachment mounted on a probe and the stress response to the excitation is detected by LC. 
LC is mounted on an auto micro-stage, Sigma Koki CTS-50X, derived by a stage controller 
Sigma Koki MARK-12. The sensitivity of LC and the attachments are chosen depending on 
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the specimens. Soft materials are examined by a tension or indentation methods depending 
on the specimen. When the specimen can be shaped in a sheet, relaxation modulus was 
measured by the tensile strain application.  

 
Figure 7. Block diagram for stress relaxation measuring apparatus. 

 
Figure 8. (a) shows the attachments for tension measurements. Cell-seeded gels are examined by the 
indentation. Fig. 8(b) shows the indenter for this measurement. Hard materials are shaped in beam and 
examined by a bending method. Fig. 8(c) shows three point bending equipment used for stress 
relaxation of bone specimens. In both measurements, specimens are soaked in Ringer’s solution at 37oC 
during the relaxation experiments. Detected LC signals were passed to adata logger, Kyowa Electric 
Works PCD-300B, and finally stored into a PC.  

3.2. Measurements 

At each measuring mode, prior to the start of the stress relaxation experiment, an upper 
clump in the case of tensile strain application and an indenter head in the cases of 
indentation and beam bending must be placed at a zero strain point. For this procedure, the 

(a) (b) (c)
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clump or indenter head were derived in 5 μm step. The judgment for an initial touch of the 
probe head on the specimen was made on the indication of signals from LC starting to 
change to more than a few με. The stress relaxation experiments were started one hour after 
the zero strain state detection, waiting for stress relaxations brought about by the zero point 
detecting procedures. For the stress relaxation measurement, strain values less than 1/2 of 
yield strain value were applied to the specimen at the deformation rate of 3.3 mm sec-1.  

4. Viscoelastic properties of agarose gel and cell-seeded agarose gel   

Agarose gel is a material of multi-purpose use. For example, it has been used widely as a 
cell culture matrix. In the following sections, how cultured cells in agarose gel change the 
mechanical properties of matrix agarose gel by precipitating extracellular matrix would be 
shown. For the precise estimation of the change in mechanical properties of the matrix, 
those of agarose gel itself must be quantitatively estimated. Here results obtained for pure 
agarose gel at first and then cell-seeded ones would be presented. Agarose used in this 
experiment and those in the following sections is type VII agarose for cell culture use 
purchased from Sigma.  

4.1. Agarose gel 

Recent investigation on the agarose gelation revealed that a phase separation takes place 
slightly below the gelation temperature, where the gelation process was expected to proceed 
competitively with the phase separation of the solution (Morita et al., 2008). It is expected 
that the mechanical properties of so prepared agarose gel depend remarkably on the 
thermal history during the preparation. For the reproducible data, gel preparation must be 
carefully conducted. Agarose type VII powder (Sigma Co. Ltd) was dissolved in distilled 
and deionized water and stirred for 12 hrs at room temperature. The aqueous solution was 
then incubated at 90oC for 5 hrs. The incubated solution was quenched from 90oC to 4oC, 
where the gelation temperature was determined to be 32oC. Before mechanical test, the gel 
specimens were swollen with the distilled and deionized water. Quench temperature 4oC is 
far below the spinodal point curve in the phase diagram. Fig. 9 shows the relaxation 
modulus of 2% (w/v) of Type VII agarose gel plotted against time. The modulus value was 
estimated by using the Hayes equation,  
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where F is the recovering force of gel applied to the indenter surface, a is the radius of the 
indenter and d is the deformation depth (Hayes et al., 1972). For a specimen of thickness h,  
is a function of the ratio, a/h, and Poisson’s ratio, , of the gel. Following Watase et al., 
Poisson’s ratio of our agarose gel was considered to be very close to 0.5 because of its near 
incompressibility (Watase et al., 1983).  comes from the solution of the integral equation, 
and its value is numerically calculated and tabulated (Hayes et al., 1972). The radius of the 
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indenter head used in this work was a = 3 mm, and the average thickness of specimens was 
h = 3 mm. Since Poisson’s ratio was assumed to be 0.5,  of 3.609 was employed. There is a 
large relaxation up to 104 sec followed by a plateau which is characteristic of gels. As both 
axes are scaled in logarithm, it is clear that the relaxation modulus is not described by a 
power law relation. After examining the data, the empirical equation 

    0 0exp /    (  1)β
eE t E t τ E      

                  (16) 

has been found suitable. In the Fig. 9, determined parameter values are listed. Recent 
investigation on the stretched exponential function revealed that β value suggests the 
relaxation mechanism at molecular level for homogenous systems: β=3/5 for relaxation 
arising from short-range forces and β=3/7 for relaxation dominated by long-range forces 
(Philips, 1996). According to β∼0.4 obtained here for agarose gel, the driving force for the 
relaxation would be long-range ones.  
 

 
 

Figure 9. Relaxation modulus curve for agarose gel fabricated by quenching to 4oC. 

4.2. Osteoblast seeded agarose gel 

On the basis of the relaxation of agarose gel indicated above, how cells change their matrix 
by precipitating organic and inorganic materials has been investigated (Hanazaki et al., 
2011). As seeded cells were osteoblast-like cells, MC3T3-E1, the system can be regarded as a 
model system of osteogenesis. MC3T3-E1 cells precipitate collagenous proteins and 
hydroxyl apatite (HAp)-like minerals. Fig.10 shows stress relaxation curves for osteoblasts 
seeded agarose gel cultured up to 18 days. Relaxation curve for agarose gel is also plotted as 
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a control. All specimens showed the characteristic stress relaxation curve of agarose gel; a 
large relaxation up to 104 sec followed by a gel plateau where the former was attributed to 
molecular motions of polymer chains between two adjacent cross-links of the gel and the 
latter to the elasticity of the gel network. Each relaxation modulus curve was able to be 
described well by eq.16, and parameter determined by the fitting was listed in Table 1. 
Change in modulus value both E0 and Ee as a function of culturing period was not so simple. 
Up to day 15, the change was not significant and at day 18, both modulus values 
significantly increased. The relaxation time τ and its distribution β did not change 
significantly through the cultivation period. Fig. 11 shows X-ray diffraction profiles of the 
cell-agarose gel composite specimens cultured for the indicated periods. The profile for a 
sintered HAp is also shown as a reference (Okazaki et al., 1997). There is a large peak at 
about 2θ20o, which was attributed to the diffraction peaks related to the agarose gel matrix 
(Foord & Atkins, 1989). The diffraction profile of the specimen after 9 days of culture 
showed diffraction peaks attributable to HAp crystal, where the peak at 2θ25o was indexed 
as (002) and those at 32o were indexed as (211), (112), and (300) (Okazaki et al., 1997). With 
further extension of culturing time, the intensities of peaks corresponding to HAp crystal 
gradually increased. In Figs. 12(a) and 12(b), E0 and Ee values are respectively plotted 
against culture days. Relative integrated diffraction intensity in Fig. 11 is also plotted against 
days, defined as the ratio of intensity from 002 plan at each culture day against that at the 
day 18, I002/I002(18). The diffraction intensity is generally proportional to the amount of 
crystals, provided that the state of crystals in each specimen is not greatly different (Kakudo 
& Kasai, 1972). In Fig. 11, the half width of each (002) peak was almost the same throughout 
the culture time up to 18 days. In this case, the intensity can be considered to be 
proportional to the amount of HAp crystals in the specimen. The I002/I002(18) vs. culture time 
plot indicates that the amount of HAp crystals increases monotonically with culture period. 
The result indicates that even though HAp content proportionally increases with culture 
time, modulus values increment started only from the day 18. To explain this discrepancy 
between HAp increment and modulus values increment, the efficiency of the reinforcement 
of agarose gel matrix by precipitated mineral particles was appreciated. Fig. 13 shows a 
schema of the precipitation process of mineral particles into agarose gel matrix. In the early 
stage of HAp particle precipitation by MC3T3-E1 cells, the number of mineral particles 
increases inside a gel network [schema (a) in Fig. 13]. In this state of a cell-seeded agarose 
gel system, precipitated mineral particles do not contribute to the composite modulus. 
When a mineral particle cluster percolates inside the gel network, the modulus of the 
composite will increase [schema (b) in Fig. 13]. The percolation could occur almost 
simultaneously in every network around each cell. The effect of this percolation is 
considered to be similar to the increase in the crosslink density, which will lead to the 
increase in Ee. At the same time, the stiffness of network chains around the mineral 
percolation would be increased and their mobility would be decreased by the precipitated 
mineral particles. The empirical equation employed in this study, eq. 16, basically assumes 
that a relaxing entity can be described by a serial combination of a spring and a dashpot, 
where the former represents an elasticity, , and the latter a viscosity, , in a material. The 
relaxation time, τ, is expressed as  
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An increase in the stiffness of the network chain implies an increase in  and a decrease in 
their mobility, that is, an increase in , which would result in an increased E0 with relaxation 
time almost unchanged. Above the percolation threshold, the increase in the modulus of the 
system, (both E0 and Ee values) with culture time would become remarkable. In our case, the 
percolation was considered to take place between days 15 and 18 of culture.   
 

culture 
period (day) 

sample size E0 (kPa)  τ (sec) β Ee (kPa) 

agarose 4 16.7 ± 0.6 162 ± 17 0.49 ± 0.01 2.19 ± 0.32 
1 4 15.1 ± 2.4 178 ± 61 0.43 ± 0.03 2.36 ± 0.38 
9 4 13.9 ± 3.0 144 ± 54 0.44 ± 0.04 2.56 ± 0.40 
12 4 12.4 ± 2.0 168 ± 59 0.48 ± 0.03 2.21 ± 0.41 
15 4 15.0 ± 2.0 136 ± 27 0.46 ± 0.01 2.22 ± 0.13 
18 4 21.3 ± 3.6 173 ± 41 0.49 ± 0.02 3.38 ± 0.16 

(From Hanazaki et al., J. Biorheology. In press. DOI 10.1007/s12573-011-0043-2. With permission.) 

*All the parameter values are presented as the average value ± the standard error. 

Table 1. Parameter values determined by fitting equation (16) to experimental data. 

 
Figure 10. Relaxation modulus curves for MC3T3-E1 seeded agarose gels cultured for 1 day (○), 9 days 
(△), 12 days (□), 15 days (┼), and 18 days (х). Relaxation modulus for agarose gel (●) is also shown as a 
control. (From Hanazaki et al., J. Biorheology. In press. DOI 10.1007/s 12573 -011- 0043-2. With permission.) 
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Figure 11. X-ray diffraction profiles for cell-seeded agarose gel cultured for indicated days. That for 
HAp powder is also shown for reference (Okasaki at al., 1997). (From Hanazaki et al., J. Biorheology.  In 
press. DOI 10.1007/s12573 -011- 0043-2. With permission.) 

 
 
 

 
 
 

Figure 12. Comparison of E0 (a) and Ee (b) values with diffraction intensity for HAp 002 as a function of 
culture period. (From Hanazaki et al., J. Biorheology. In press. DOI 10.1007/s12573-011-0043-2. With 
permission.) 



 
Viscoelasticity – From Theory to Biological Applications 110 

 .ητ
ε

               (17) 

An increase in the stiffness of the network chain implies an increase in  and a decrease in 
their mobility, that is, an increase in , which would result in an increased E0 with relaxation 
time almost unchanged. Above the percolation threshold, the increase in the modulus of the 
system, (both E0 and Ee values) with culture time would become remarkable. In our case, the 
percolation was considered to take place between days 15 and 18 of culture.   
 

culture 
period (day) 

sample size E0 (kPa)  τ (sec) β Ee (kPa) 

agarose 4 16.7 ± 0.6 162 ± 17 0.49 ± 0.01 2.19 ± 0.32 
1 4 15.1 ± 2.4 178 ± 61 0.43 ± 0.03 2.36 ± 0.38 
9 4 13.9 ± 3.0 144 ± 54 0.44 ± 0.04 2.56 ± 0.40 
12 4 12.4 ± 2.0 168 ± 59 0.48 ± 0.03 2.21 ± 0.41 
15 4 15.0 ± 2.0 136 ± 27 0.46 ± 0.01 2.22 ± 0.13 
18 4 21.3 ± 3.6 173 ± 41 0.49 ± 0.02 3.38 ± 0.16 

(From Hanazaki et al., J. Biorheology. In press. DOI 10.1007/s12573-011-0043-2. With permission.) 

*All the parameter values are presented as the average value ± the standard error. 

Table 1. Parameter values determined by fitting equation (16) to experimental data. 

 
Figure 10. Relaxation modulus curves for MC3T3-E1 seeded agarose gels cultured for 1 day (○), 9 days 
(△), 12 days (□), 15 days (┼), and 18 days (х). Relaxation modulus for agarose gel (●) is also shown as a 
control. (From Hanazaki et al., J. Biorheology. In press. DOI 10.1007/s 12573 -011- 0043-2. With permission.) 

 
Viscoelastic Properties of Biological Materials 111 

 
 
 

 
 
 

Figure 11. X-ray diffraction profiles for cell-seeded agarose gel cultured for indicated days. That for 
HAp powder is also shown for reference (Okasaki at al., 1997). (From Hanazaki et al., J. Biorheology.  In 
press. DOI 10.1007/s12573 -011- 0043-2. With permission.) 
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Figure 13. A model explaining the discrepancy of the mechanical behavior from the X-ray diffraction 
profiles as a function of culture period. (a) Precipitation of HAp in agarose gel up to day 15. (b) Partial 
percolation of HAp precipitates in a agarose net work area after day 18. (From Hanazaki et al., J. 
Biorheology. In press. DOI 10.1007/s12573-011-0043-2. With permission.) 

4.3. Chondrocyte seeded agarose gel  

Chondrocytes are responsible for the synthesis, maintenance, and gradual turnover of an 
extracellular matrix (ECM) composed principally of a hydrated collagen fibril network 
enmeshed in a gel of highly charged proteoglycan molecules. Each chondrocyte is 
surrounded by a narrow tissue region of pericellular matrix (PCM), the elastic modulus of 
which has been regarded to be larger than that of a chondrocyte and smaller than those of 
territorial matrix (TM) and inter territorial matrix (ITM). The unit consisting of a 
chondrocyte with PCM is generally termed a chondron. Since the volume fraction of 
chondrocytes in articular cartilage has been reported to be about 5-10%, chondrons will 
occupy more than this volume fraction. Even though the modulus of a chondron is much 
smaller than those of TM and ITM, the contribution of chondrons as mechanical elements to 
the mechanical function of articular cartilage is not negligible. To clarify the contribution of 
the viscoelastic nature of chondrons to that of articular cartilage tissue, relaxation modulus 
for chondrocyte-seeded agarose gel and that cultured for three weeks were measured as a 
model system of articular cartilage (Sasaki et al., 2009). The relaxation modulus curves for 
chondrocyte-seeded agarose gel were compared with that for agarose gel (AG). Fig. 14(a) 
shows a microscopic image of chondrocytes-seeded in agarose gel (AGC0) that was 
obtained immediately before mechanical measurements. The density of chondrocytes was 
30  106 cell/ml and the average size of a chondrocyte was about 10 μm in diameter. 
Chondrocytes were shown to be dispersed almost homogeneously. Fig. 14(b) shows a 
microscopic image of chondrocyte-seeded agarose gel after 21 days of cultivation (AGC3). 
The magnification is the same as that in Fig. 14(a). Toluidine Blue staining was performed. 
Material was synthesized around each cell after 21 days of cultivation. Fig. 15 shows the 
relaxation modulus of AGC3 compared with those of AGC0 and AG. The relaxation 
modulus of AGC0 was increased by cultivation to be that of AGC3. In a short time region, 
up to 102 sec, the increment was not statistically significant. After103 sec, the relaxation 
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modulus value of AGC0 significantly increased (*p<0.05). In order to analyse the change in 
the viscoelastic properties of chondrocyte-agarose composite originated from the PCM-like 
material production by chondrocytes, the differences in the relaxation modulus values 
among three samples were calculated. Fig. 16 shows the difference in the relaxation 
modulus values between AG and AGC0 (○), 

0 0AGC AG AGC AG ,E E E    

AGC3 and AGC0 (▲),  

0 0AGC3 AGC AGC3 AGC ,E E E     

 
Figure 14. Microscopic images of chondrocyte-seeded agarose gel (a) before culture and (b) cultured for 
21 days.(From Sasaki et al., J. Biorheology 23, 95-101 (2009). With permission.) 

 
Figure 15. Relaxation modulus curves for chondrocyte seeded agarose gel immediately after seeded (○) 
and that cultured for 3 weeks (△). Relaxation modulus curve for agarose gel is also shown as a reference 
(●). (From Sasaki et al., J. Biorheology 23, 95-101 (2009). With permission.) 
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modulus value of AGC0 significantly increased (*p<0.05). In order to analyse the change in 
the viscoelastic properties of chondrocyte-agarose composite originated from the PCM-like 
material production by chondrocytes, the differences in the relaxation modulus values 
among three samples were calculated. Fig. 16 shows the difference in the relaxation 
modulus values between AG and AGC0 (○), 
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Figure 14. Microscopic images of chondrocyte-seeded agarose gel (a) before culture and (b) cultured for 
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Figure 15. Relaxation modulus curves for chondrocyte seeded agarose gel immediately after seeded (○) 
and that cultured for 3 weeks (△). Relaxation modulus curve for agarose gel is also shown as a reference 
(●). (From Sasaki et al., J. Biorheology 23, 95-101 (2009). With permission.) 
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Figure 16. Differences of relaxation modulus curves. EAGC0(t)  EAG(t) (○), EAGC3(t)  EAG(t) (●), and 
EAGC3(t)  EAGC0(t) (┼). (From Sasaki et al., J. Biorheology 23, 95-101 (2009). With permission.) 

and AGC3 and AG (◆), 

AGC3 AG AGC3 AGE E E    

where subscript letters AG, AGC0, and AGC3, indicate the relaxation modulus observed for 
AG, AGC0, and AGC3 specimens, respectively. The difference was remarkable in the gel 
viscoelasticity region. In ΔEAGC0-AG, as the modulus of AG is larger than that of AGC0, the 
difference was negative, showing the reduction of relaxation modulus by the seeding of 
chondrocytes. In the Figure, the modulus value difference looks to become levelled off in the 
short time region from 1 sec to more than 10 sec. The characteristic relaxation time of 
agarose gel has been reported to be around 102 sec (Watase et al., 1980), while that of a 
chondrocyte was determined to be 1 30 sec (Leipzig et al., 2005; Jones et al., 1999; Shieh et 
al., 2006). The behaviour of ΔEAGC0-AG in the short time region may be a reflection of the 
viscoelastic chondrocyte contribution as an elastic component in short time region of the 
relaxation process. ΔEAGC3-AGC0 represents the modulus increase by the PCM-like material 
production by chondrocytes. The modulus generally increased throughout the relaxation 
process. However, the increment also seems to be levelled off in the short time region as the 
reduction in ΔEAGC0-AG. ΔEAGC3-AG (◆) shows the re-increase in the relaxation modulus from 
AGC0 by the production of PCM-like material by chondrocytes. The plateau modulus value 
of AGC3 at times larger than 103 sec almost completely recovered the value of AG (the 
horizontal axis of ΔE=0), indicating that the gel modulus value once reduced by the 
chondrocyte seeding was increased with the PCM-like material production by chondrocytes 
after 21 days of cultivation. On the other hand, as ΔEAGC3-AG =ΔEAGC0-AG + ΔEAGC3-AGC0, the 
increment fromΔEAGC0-AG was also shown to be significant in both the plateau (t larger than 
103 sec) and the relaxation region (less than 10 sec) (*p<0.05 and **p<0.01, respectively). The 

-20

-15

-10

-5

0

5

10

15

20

0.1 1 10 100 1000 10000 100000

time (sec)

 (k
Pa

)

 
Viscoelastic Properties of Biological Materials 115 

change in the relaxation modulus in ΔEAGC3-AGC0 can be attributed to the material produced 
by chondrocytes after 21 days of cultivation. For the increase in gel modulus value in 
general, two possibilities would be responsible; (1) the increase in the modulus of gel 
network conforming polymer chain and (2) the increase in the cross-link density. The case 
(1) would result in a shortened relaxation time and the case (2) would provide a larger 
equilibrium modulus. In AGC3, the specimen seems to obtain a larger value of equilibrium 
modulus by the production of PCM-like material. According to Bushmann et al. (1995), the 
PCM-like material produced by chondrocytes was firstly deposited in the intra-network 
space of agarose gel in the vicinity of each chondrocyte surface in early cultures and with 
the cultivation period the material deposition area extended. From the stress relaxation 
results above, it is deduced that the PCM-like material in AGC3 could provide apparent 
cross-link points, which would contribute to the increase in the apparent cross-link density 
as compared with that in AGC0. 

5. Stress relaxation of bones 

In the previous section, viscoelastic properties of model systems of cartilaginous and 
osteogenesis tissues were shown. In this section, viscoelastic mechanical properties of actual 
tissues, in particular bones, would be described. 

5.1. Relaxation modulus of cortical bone 

Bone has been often regarded mechanically as a composite material of hydrated organic 
matrix mainly composed of collagen and hydroxyapatite (HAp)-like mineral phase. It is 
thought that the pliant collagen is reinforced by stiff mineral particles, and, as a composite, 
the brittleness of the mineral is compensated for by the viscoelasticity of the collagen. 
Recently, the existence of non-collagenous glue proteins that connect mineralized collagen 
fibres has been revealed (Fantner et al., 2005). These organic phases have been suggested to 
be responsible for the toughness of bone. Because of this viscoelasticity of collagen fibres 
and non-fibrous proteins in the bone matrix, bone itself has noticeable viscoelasticity 
(Currey, 1965; Sasaki, 2000). Detailed experimental studies on the viscoelasticity of bone 
have been carried out only recently, despite the fact that it has been known for a long time 
that bone is viscoelastic (Currey, 1964; Lakes et al., 1979). According to the results of those 
experimental studies, the relaxation modulus of bone could not be adequately described by 
a single relaxation time and was found, unlike synthetic polymeric materials, to be thermo-
rheologically complex (Vincent, 1982). 

In our previous papers, as a new empirical equation for the description of stress relaxation 
of cortical bone, we proposed that stress relaxation of cortical bone could generally be 
described by a linear combination of two Kohlraush-Williams-Watts (KWW) functions (Iyo 
et al., 2004; Iyo et al., 2006), 

     0 0                 1 2 exp ( / ) 1 exp ( / ) ,  , , 1 ,β γE t E A t τ A t τ A β γ   (18) 
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Figure 16. Differences of relaxation modulus curves. EAGC0(t)  EAG(t) (○), EAGC3(t)  EAG(t) (●), and 
EAGC3(t)  EAGC0(t) (┼). (From Sasaki et al., J. Biorheology 23, 95-101 (2009). With permission.) 
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change in the relaxation modulus in ΔEAGC3-AGC0 can be attributed to the material produced 
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cross-link points, which would contribute to the increase in the apparent cross-link density 
as compared with that in AGC0. 
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In the previous section, viscoelastic properties of model systems of cartilaginous and 
osteogenesis tissues were shown. In this section, viscoelastic mechanical properties of actual 
tissues, in particular bones, would be described. 

5.1. Relaxation modulus of cortical bone 

Bone has been often regarded mechanically as a composite material of hydrated organic 
matrix mainly composed of collagen and hydroxyapatite (HAp)-like mineral phase. It is 
thought that the pliant collagen is reinforced by stiff mineral particles, and, as a composite, 
the brittleness of the mineral is compensated for by the viscoelasticity of the collagen. 
Recently, the existence of non-collagenous glue proteins that connect mineralized collagen 
fibres has been revealed (Fantner et al., 2005). These organic phases have been suggested to 
be responsible for the toughness of bone. Because of this viscoelasticity of collagen fibres 
and non-fibrous proteins in the bone matrix, bone itself has noticeable viscoelasticity 
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have been carried out only recently, despite the fact that it has been known for a long time 
that bone is viscoelastic (Currey, 1964; Lakes et al., 1979). According to the results of those 
experimental studies, the relaxation modulus of bone could not be adequately described by 
a single relaxation time and was found, unlike synthetic polymeric materials, to be thermo-
rheologically complex (Vincent, 1982). 

In our previous papers, as a new empirical equation for the description of stress relaxation 
of cortical bone, we proposed that stress relaxation of cortical bone could generally be 
described by a linear combination of two Kohlraush-Williams-Watts (KWW) functions (Iyo 
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where E0 is the initial modulus value, E(0).τ1 and τ2 ( τ1) are characteristic times of the 
relaxation processes, A is the fractional contribution of the fast relaxation to the whole 
relaxation process, and β and γ are parameters describing the shape of the relaxation 
modulus. It has been revealed that the first term represents the relaxation in the collagen 
matrix in bone and the second term is related to the change in a higher-order structure of 
bone that is responsible for the anisotropic mechanical properties (Iyo et al., 2004). It 
seems to be possible to relate the viscoelastic properties and the hierarchical structure of 
bone by investigating these mechanical parameters. In this section, the effect of the 
structural anisotropy on the relaxation modulus of cortical bone would be presented, 
where relaxation parameters in eq. 18 will be analyzed in conjunction with the structural 
information of bone. 

The bone samples used in this study were obtained from the mid-diaphysis of a 36-month-
old bovine femur. Optical microscopic examination showed that all of the samples were 
generally plexiform but partly transformed into Haversian bone. The samples were cut 
using a band saw under tap water. In order to examine Young's moduli parallel and normal 
to the BA, we cut out specimen plates whose longer axes were parallel and normal to the 
BA, respectively. The cut sections were shaped into rectangular plates with approximate 
dimension of 0.5 cm (width), 3.2 cm (length), and 0.1 cm (thickness) by using emery paper 
under tap water. A plate with the longer edge parallel to the BA was coded specimen P, and 
a plate with the longer edge normal to the BA was coded specimen N. Fig. 17 shows the 
geometry of specimens.  

 
Figure 17. Bone specimens cut parallel (P) and perpendicular (N) to the bone axis.(Iyo et al., J. 
Biomechanics 37, 1433-1437 (2004). With permission.) 

Fig. 18 shows the average values of relaxation Young’s modulus, E(t), plotted against time 
for specimens of P and N. At several points, standard errors are shown by vertical bars and 
are listed in Table 2. As mentioned above, stress relaxation of cortical bone has been 
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revealed to be expressed by a combination of two relaxation processes according to eq. 18: a 
fast process (KWW1 process) with a relaxation time, 1, no more than 100 sec and a slow 
process (KWW2 process) with a relaxation time, 2, in the order of 106 sec. In this 
experiment, fitting of the average data to eq. 18 was performed. The relaxation modulus 
results obtained were described well by eq. 18. The relaxation parameters determined by the 
fitting, as well as the coefficient of determination, R2, and the mean square error, s, are listed 
in Table 2. The average initial value of the relaxation Young’s modulus, E(0), of P was 
significantly larger than that of N (p<0.05, ANOVA).  

 

 
 

Figure 18. Relaxation modulus curves for P (○) and N (●) bone specimens. (a) Decomposition into the 
fast relaxation and slow relaxation processes are shown in lines for each relaxation curve. (b) 
Magnification of decomposed fast relaxation modulus curves. (Iyo et al., J. Biomechanics 37, 1433-1437 
(2004). With permission.) 
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Fig. 18 shows the average values of relaxation Young’s modulus, E(t), plotted against time 
for specimens of P and N. At several points, standard errors are shown by vertical bars and 
are listed in Table 2. As mentioned above, stress relaxation of cortical bone has been 
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revealed to be expressed by a combination of two relaxation processes according to eq. 18: a 
fast process (KWW1 process) with a relaxation time, 1, no more than 100 sec and a slow 
process (KWW2 process) with a relaxation time, 2, in the order of 106 sec. In this 
experiment, fitting of the average data to eq. 18 was performed. The relaxation modulus 
results obtained were described well by eq. 18. The relaxation parameters determined by the 
fitting, as well as the coefficient of determination, R2, and the mean square error, s, are listed 
in Table 2. The average initial value of the relaxation Young’s modulus, E(0), of P was 
significantly larger than that of N (p<0.05, ANOVA).  

 

 
 

Figure 18. Relaxation modulus curves for P (○) and N (●) bone specimens. (a) Decomposition into the 
fast relaxation and slow relaxation processes are shown in lines for each relaxation curve. (b) 
Magnification of decomposed fast relaxation modulus curves. (Iyo et al., J. Biomechanics 37, 1433-1437 
(2004). With permission.) 
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In the figure, lines represent the relaxation modulus of the KWW1 process, E1(t), and that of 
the KWW2 process, E2(t), for P and N specimens decomposed from the data according to eq. 
18 using parameters of the best fit results listed in Table 2. Despite a difference in structural 
anisotropy of the specimens, the KWW1 relaxation process of a P specimen is 
indistinguishable from that of an N specimen at this magnification. In order to quantify the 
anisotropic mechanical properties of cortical bone, anisotropy ratio  (AR) has been defined 
as the ratio of Young's modulus of bone in the direction parallel to the BA, EP, against that 
normal to the BA, EN, AR=EP/EN (Hasegawa et al., 1994). AR values estimated from our 
results using average values are listed in Table 3, where the AR value for E0 was listed as 
AR0, and AR values for E1, AR1= EP1/EN1, and E2, AR2=EP2/EN2, were also estimated.  
 

Standard Error (GPa) 
sample 

code 
sample 

size 
E0 

(GPa) 
A1 τ1 (sec) β 

τ2  

(X106 sec) 
γ 10 sec 102 sec 103 sec 104 sec R2 s 

P 7 14.2 0.08 49 0.28 9.3 0.35 0.67 0.66 0.66 0.65 0.99989 0.0086 
N 5 11.6 0.11 50 0.26 6.4 0.37 0.64 0.63 0.62 0.63 0.99986 0.0195 

(Iyo et al., J. Biomechanics 37, 1433-1437 (2004). With permission.) 

Table 2. Relaxation parameters according to the empirical equation (18) determined for the average 
relaxation modulus curve. 

 

sample code E0 (GPa) E1(GPa) E2(GPa) AR0 AR1 AR2 
P 14.2 1.19 13.0 

1.22 0.93 1.26 
N 11.6 1.28 10.3 

(Iyo et al., J. Biomechanics 37, 1433-1437 (2004). With permission.) 

Table 3. Decomposition of initial Young's modulus value into those of the KWW1 and KWW2 
processes and anisotropic parameters.  

The E1 value for a P specimen was almost equal to that for an N specimen (p>0.6, ANOVA), 
and AR1 (=0.93) was close to 1, indicating that relaxation Young's modulus in the KWW1 
process was insensitive to anisotropic morphology of bone. An elementary process of 
KWW1 relaxation processes was thought to be attributed to a component of bone that was 
mechanically isotropic. 

AR2 (=1.26) for the KWW2 process was similar to that of AR0 (=1.22) for the whole  
bone, indicating that an elementary process of the KWW2 relaxation process originates from 
a component causing the anisotropy of the whole bone. The difference between the whole 
relaxation Young's modulus value of a P sample from that of an N sample is represented  
by the difference in the respective KWW2 relaxation modulus values. The relaxation  
time for the KWW2 process, τ2, for P-specimen was larger than that for N-specimen. Values 
of  for P and N specimens were similar but larger than β values. This indicates that the 
KWW2 process is attributable to a mode that is governed by the structural anisotropy in 
bone. 

 
Viscoelastic Properties of Biological Materials 119 

5.2. Change in the relaxation modulus of cortical bone by the change in the 
mineral fraction 

It has been regarded that the stiffness of bone is originated from minerals because modulus 
value of HAp minerals is almost 100 times larger than that of collagen. In the application as 
artificial bone materials, materials are required to have bio-compatibility, resistance to 
corrosion, adequate fracture toughness and fatigue strength.  As for the bio-mechanical-
compatibility, in order to obtain the matching in modulus, it is possible to fabricate a 
composite material of stiff materials with pliant matrix. Changing the stiff component, we 
will be able to have materials with similar modulus as bone. At the same time, with the 
change in stiff component, reinforcement state of the matrix can be changed. This means the 
viscoelastic properties of the matrix changes with the stiff component. We aimed to 
investigate the viscoelastic properties of bone with changing mineral content (Sasaki & 
Yoshikawa, 1993).  Demineralization of bone specimens was performed in 0.5 M EDTA, 
pH8.0 at 4oC. Mineral fraction was determined by weighing EDTA treated bone specimens. 
Fig. 19 shows the relaxation moduli for bovine femoral cortical bone specimens of five 
different mineral contents. The set of relaxation modulus curves appear to be different parts  

 
Figure 19. Relaxation modulus curves for bone specimens with various mineral contents; B φM =0.41 
(volume fraction), B1 φM =0.35, B2 φM =0.33, B3 φM =0.24, and BC =0 (bone collagen). (Sasaki et al., J. 
Biomechanics 26, 77-83 (1993). With permission.) 
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In the figure, lines represent the relaxation modulus of the KWW1 process, E1(t), and that of 
the KWW2 process, E2(t), for P and N specimens decomposed from the data according to eq. 
18 using parameters of the best fit results listed in Table 2. Despite a difference in structural 
anisotropy of the specimens, the KWW1 relaxation process of a P specimen is 
indistinguishable from that of an N specimen at this magnification. In order to quantify the 
anisotropic mechanical properties of cortical bone, anisotropy ratio  (AR) has been defined 
as the ratio of Young's modulus of bone in the direction parallel to the BA, EP, against that 
normal to the BA, EN, AR=EP/EN (Hasegawa et al., 1994). AR values estimated from our 
results using average values are listed in Table 3, where the AR value for E0 was listed as 
AR0, and AR values for E1, AR1= EP1/EN1, and E2, AR2=EP2/EN2, were also estimated.  
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a component causing the anisotropy of the whole bone. The difference between the whole 
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5.2. Change in the relaxation modulus of cortical bone by the change in the 
mineral fraction 

It has been regarded that the stiffness of bone is originated from minerals because modulus 
value of HAp minerals is almost 100 times larger than that of collagen. In the application as 
artificial bone materials, materials are required to have bio-compatibility, resistance to 
corrosion, adequate fracture toughness and fatigue strength.  As for the bio-mechanical-
compatibility, in order to obtain the matching in modulus, it is possible to fabricate a 
composite material of stiff materials with pliant matrix. Changing the stiff component, we 
will be able to have materials with similar modulus as bone. At the same time, with the 
change in stiff component, reinforcement state of the matrix can be changed. This means the 
viscoelastic properties of the matrix changes with the stiff component. We aimed to 
investigate the viscoelastic properties of bone with changing mineral content (Sasaki & 
Yoshikawa, 1993).  Demineralization of bone specimens was performed in 0.5 M EDTA, 
pH8.0 at 4oC. Mineral fraction was determined by weighing EDTA treated bone specimens. 
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different mineral contents. The set of relaxation modulus curves appear to be different parts  

 
Figure 19. Relaxation modulus curves for bone specimens with various mineral contents; B φM =0.41 
(volume fraction), B1 φM =0.35, B2 φM =0.33, B3 φM =0.24, and BC =0 (bone collagen). (Sasaki et al., J. 
Biomechanics 26, 77-83 (1993). With permission.) 
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of a single large master curve, suggesting the reduced variable method, that is, the time-
mineral content superposition principle could be applicable. Fig. 20 shows the synthetic 
master curve constructed for bone specimens with different mineral contents. The synthetic 
curve looks smooth and the scatter of the data points is small. Fig. 21 shows the vertical shift 
factor, bm, plotted against the mineral content. The filled circles are taken from the mineral 
content dependence of the elastic modulus of bone after Katz (1971). Mineral content 
dependence of bm accords well with that of elastic modulus itself. This fact indicates that the 
superposition procedure was carried out correctly. Then, the result indicates the time-
mineral content superposition principle. A polymer-filler system has been considered to 
have the same reinforcing mechanism as the model discussed. But in the usual polymer-
filler system, the time-filler-fraction superposition principle does not hold. The size of the 
commercially available filler is at least of the order of a few μm. By the analysis of the 
horizontal shift factor, the reinforcing effect depends on the filler-matrix surface area, not on 
the filler size. The mineral particle in bone, where the time-mineral content reduction was 
concluded to be applicable, has been recognized to be of the size of a few hundred Å at 
most. The reason why the time-filler fraction superposition principle does not hold in the 
polymer-filler system is deduced to be related to the very large filler size compared with the 
mineral particles in bone, as well as an adhesive weakness between filler and matrix. This 
fact leads to the suggestion that, in order to improve the relaxation properties of mineral-
resin composite as artificial bone, the mineral size should be reduced to, say, submicron 
level. 

 

 
 

Figure 20. A master curve constructed by superimposing the relaxation modulus curves in Fig. 19. For 
the successful superposition, both the vertical and horizontal shifts were needed. (Sasaki et al., J. 
Biomechanics 26, 77-83 (1993). With permission.) 
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Figure 21. Vertical shift factor as a function of mineral content φM (volume fraction) (○). Mineral 
content dependence of elastic modulus is also plotted (●). (Sasaki et al., J. Biomechanics 26, 77-83 (1993). 
With permission.) 
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1. Introduction 

Over billions of years of evolution, living organisms have developed into complex 
biosystems, of which the basic unit is the cell. Cells have a complex molecular structure with 
a certain level of rigidity. Living cells, whether isolated or part of a larger collective, live 
under constant mechanical stress from their external environments. Cells have developed 
adaptive mechanisms to maintain homeostasis and viability, which interestingly follow the 
basic principles of classical mechanics.  

Cell mechanical properties have myriad biological significance and so there has been 
significant interest in the past decade to measure the response of cells to external mechanical 
signals. Cellular mechanics and rheological properties (e.g. stress-strain relationships) are 
known to play a role in biological processes such as cell growth, stem cell differentiation, 
cell crawling, wound healing, protein regulation, cell malignancy and even apoptosis 
(programmed cell death) [1,2].  

A living cell is a complex dynamic system, far from static, which constantly undergoes 
remodeling to adapt to varying environmental conditions. The mechanical changes in cells 
under normal conditions and in response to external signals are highly complex and 
extremely difficult to measure in vitro. The interplay of cellular constituents enables 
adaptation to changing demands of mechanical strength and stability. The field of 
rheological science deals with the mechanical behavior of biological materials and over the 
past decade several rheological methods have been developed to quantify the mechanical 
behavior of cells in response to external conditions and forces.  

To understand cell mechanics we first need an appreciation of how cells operate in a 
mechanical context. Firstly, how do cells maintain their shape and flexibility to 
accommodate cellular requirements? Cell surface layers are strong, playing a crucial 
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adaptive mechanisms to maintain homeostasis and viability, which interestingly follow the 
basic principles of classical mechanics.  

Cell mechanical properties have myriad biological significance and so there has been 
significant interest in the past decade to measure the response of cells to external mechanical 
signals. Cellular mechanics and rheological properties (e.g. stress-strain relationships) are 
known to play a role in biological processes such as cell growth, stem cell differentiation, 
cell crawling, wound healing, protein regulation, cell malignancy and even apoptosis 
(programmed cell death) [1,2].  

A living cell is a complex dynamic system, far from static, which constantly undergoes 
remodeling to adapt to varying environmental conditions. The mechanical changes in cells 
under normal conditions and in response to external signals are highly complex and 
extremely difficult to measure in vitro. The interplay of cellular constituents enables 
adaptation to changing demands of mechanical strength and stability. The field of 
rheological science deals with the mechanical behavior of biological materials and over the 
past decade several rheological methods have been developed to quantify the mechanical 
behavior of cells in response to external conditions and forces.  

To understand cell mechanics we first need an appreciation of how cells operate in a 
mechanical context. Firstly, how do cells maintain their shape and flexibility to 
accommodate cellular requirements? Cell surface layers are strong, playing a crucial 
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mechanical role in maintaining cellular shape and resisting turgor pressure, yet at the same 
time flexible enough to allow cell growth and division. Multi-cellular eukaryotes are 
arranged into specialized structures of varied composition (e.g. tissues) which protect them 
from harsh environments. Single-celled prokaryotes or eukaryotes can also form 
sophisticated structures, such as biofilms or mycelia, but even as single cells they are able to 
bear mechanical stress and maintain integrity which is quite astonishing. Cells range from 
soft mammalian tissue cells to those with very firm plant cellulosic fibers, so understanding 
how different cellular components provide diverse mechanical properties is of great interest. 
Further, how do mechanical properties support locomotion? Active movements depend on 
cell type and ultimate function within tissues or the greater environment, and their 
associated mechanical properties change according to environmental demands. Another 
question relates to how external factors, such as temperature, pH, aridity and xenobiotics 
affect cell mechanical properties. Further, what is the role of cell mechanics in processes 
such as active and passive diffusion, adhesion, community formation and evolution of 
complex tissues in higher eukaryotes, and how do the mechanics of isolated components 
work in concert within dynamic live systems that are far from equilibrium?  

Several of these questions remain unanswered, however early success studying the 
rheological properties of non-living materials has provided a strong foundation for studying 
biological systems. Over the past decade, several obstacles have been overcome and thus a 
new perspective of cellular mechanics is emerging [2]. 

1.1. Viscoelasticity in biology  

If cellular metabolism could be frozen at any given moment, disrupting the production of 
metabolites and supra-molecular structures, the cell would simply become fluid-like with 
the associated mechanical properties. Living cells behave both as an elastic solid and as a 
viscous fluid, and so are considered viscoelastic. Such materials, including biological 
molecules and cells, cannot be fit using classical models of either elasticity or viscosity. 
Cellular viscoelasticity arises from the combination of high water content conflated with a 
polymerized structural matrix. On the one hand, the biopolymers which support cell shape 
provide strong enough mechanical properties to resist environmental pressures, but on the 
other hand their organization is highly dynamic and linked to metabolic conditions. 

Cellular mechanical properties can be characterized using viscosity, elasticity and creep 
compliance. Herein we focus on viscoelasticity studies measuring either biological sample 
deformation induced by an external force or the force resulting from sample deformation. 
The cell cytosol, which contains the majority of cell fluid, can be treated as the coexistence of 
liquid and solid phases. The latter is composed of proteins, DNA, RNA and cytoskeleton 
filaments as well as organelles suspended in the viscous buffered saline, saturated with 
metabolites and proteins. The liquid component has a high compression modulus, meaning 
that without the structural components and macromolecules it would be very fluid (less 
viscous). In contrast, the solid phase has a lower compression modulus, exhibiting more 
elastic properties. In cells as a whole, the viscosity of the cytoplasm dominates the transport 
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and movement of subcellular macromolecules (such as DNA and proteins), elasticity 
controls the response of the cytoplasm to mechanical stresses at shorter timescales (seconds), 
organelles and cytoskeleton elements over long timescales (minutes), and the contractile 
mechanical regime governs responses at even longer time scales (minutes to hours). 

The quantitative characterization of elastic material is the elastic modulus, described as the 
ratio of stress to strain, but the deformation (strain) of a fluid under an external stress 
changes as a function of time and is referred to as strain rate. Thus fluid viscosity is the ratio 
of stress to strain rate. The mechanical responses of biopolymers fall into a category between 
that of an elastic solid and a fluid, defined as viscoelasticity. 

In this chapter we will describe the methods to measure viscoelasticity in biological systems 
and their significance. We generalize the mechanical properties of prokaryotic and 
eukaryotic cells since it has been argued that viscoelastic properties are universal across cell 
types and species, however the mechanistic basis of this phenomenon is not well 
understood [4]. This chapter is organized into four main sections: (i) a brief summary of 
various rheological methods used for cell micromanipulation and the novel application of 
atomic force microscopy to measure cell mechanical properties, (ii) the main mechanical 
load bearing components of cells and associated studies that have helped to establish a 
consensus understanding of cell mechanical properties, (iii) a survey of the various factors 
that affect cell viscoelastic properties, but which currently lack clear interpretation, and 
finally (iv) a future perspective on the significance of cellular viscoelasticity. 

2. Methods of measuring cellular viscoelasticity  

In microrheological studies, several experimental techniques and theoretical models are 
combined to accurately quantify cellular mechanics. Several methods that are routinely used 
for cell rheology are briefly reviewed in the following section. Micropipette aspiration, 
microplate rheometry, and optical stretching are used to probe whole cell mechanics, while 
probe- or particle-based techniques such as magnetic probes, optical tweezers and particle 
tracking cell rheology only measure local mechanical properties. The probes or particles 
within a structure are subjected to an external force and the subsequent response measured, 
usually by tracking their displacement, to characterize associated mechanical properties. 
Atomic force microscopy uses a probe, but attached to the end of a cantilever with well-
defined rigidity able to the mechanics of whole cells and their surface layers. A schematic 
diagram of various devices is shown in Figure 1.  

The mechanical properties measured by a probe or particle technique are highly dependent 
on the strength of, and relationship between the particle/probe and the structure being 
studied. This relationship is highly complex, varies with cell type and can lead to significant 
misjudgement of the stiffness. Probes can be modified with different molecules such as 
antibodies, peptides and cadherins to target antigens, integrins and cytoskeletal 
components. However these measurements do not account for interactions between the 
probes and cells which can lead to confounding results [5]. Cells have a heterogeneous 
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and movement of subcellular macromolecules (such as DNA and proteins), elasticity 
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composition and their various compartments have diverse mechanical properties. If only 
one cell position is probed, as is common, the mechanical properties of the whole cell will 
not be well represented. Comprehensive methods have been developed for measuring the 
mechanical properties of mammalian cells and precise methods have not yet been 
adequately developed for prokaryotes. A summary of the advantages and disadvantages are 
listed in the Table 1.  
 

Methods Applications Drawbacks References 

Micropipette 
aspiration  

Measurements of non-linear 
deformations with high 
accuracy 
Both soft and rigid cells can 
be used 

Quantitative measurements
rely heavily on theoretical 
models 
Pipette geometry can limit 
measurements 

[6,7] 

Microplate 
rheometer 

Several manipulations in the 
same instrument are possible
A large range of forces are 
measurable (1nN - 1μN)  
Control of cellular pre-stress 

No subcellular resolution [8,9] 

Optical stretcher  

No physical contact required 
and non-destructive 
Less time consuming with 
simple setup 

Causes heating of cells
Extensive modeling is 
required to obtain force 
profiles 

[10,11] 

Magnetic probes 

Large range of frequencies 
[0.01–1,000 Hz] 
Parallel measurements of 
large number of cells possible
High timescale resolution  

Can only probe 
microenvironment inside the 
cell 

[12,13] 

Particle tracking 
microrheology 

Quantitative measurements 
of shear modulus possible 
Can be used under 
physiological conditions 

Used only for soft tissue cells [14-16] 

Optical tweezers 
High timescale resolution  
Force and position can be 
controlled more accurately 

Local heating and 
prototoxicity can result 
Can only be used at low 
forces in the linear regime 

[17,18] 

Atomic force 
microscopy 

High spatial resolution
Measures large range of 
forces 
More precise and easy to 
control cantilever position 

Slow scan rate [19, 20] 

Table 1. Comparison summary of different methods to measure cell rheology. 
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Figure 1. Schematics for the common methods used to measure cell rheology. 

2.1. Micropipette aspiration  

Micropipette aspiration is a widely used method and offers a versatile way of measuring the 
mechanical properties of living cells. A cell is aspired onto the end of a micropipette by a 
negative pressure gradient, and the aspiration length of the cell inside the micropipette is 
recorded as a function of time [21]. Cells experience large non-linear deformations in 
response to aspiration suction pressure (0.1 pN/μm2), giving rise to forces (10 - 104 pN) that 
allow tracking of edges with high accuracy (± 25 nm). This method can measure the elastic 
and viscous properties of very soft materials like red and white blood cells, and stiffer cells 
such as endothelial (skin) cells and chondrocytes (cartilage) [7]. Measurements are 
interpreted using basic continuum models to solve for elasticity and viscosity parameters.  

In most cases, cells suspended in buffer or saline solution that are aspirated appear round, 
but shape and degree of deformation depends on cell type. Many mammalian cells are 
naturally spherical (e.g. white blood cells) or spontaneously adopt this shape when detached 
from a surface. Recall that cells can behave as liquids and/or solids [7], the response of 
which is similar until a hemispherical projection is formed in the pipette. Beyond that point, 
a further increase in the suction pressure causes constant cortical tension, creating a liquid-
like cell able to flow completely into the pipette [22]. On the other hand, the surface of a 
solid cell will extend into the pipette to a new equilibrium position. Under constant 
pressure, the mechanical properties of the cell determine how far it is pulled inside the 
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micropipette. The measurement of suction pressure, location of the cell and movement of its 
edge in the micropipette can be used to calculate the viscous and elastic parameters [7]. 

There are several draw-backs associated with this method since quantitative measurement 
of cell stiffness relies heavily on theoretical models [6]. The most recent application of 
micropipette aspiration is to capture and hold cells for manipulation [7].  

2.2. Microplate rheometry  

Over the past decade there has been much progress in the study of rheological behaviour for 
single cells, including the development of several models which explain the mechanical 
properties of cytoskeletal networks. A microplate rheometer, invented by Thoumine and Ott 
in 1997 [8], consists of two parallel microplates that support cell adhesion and spreading. 
The plates can be made flexible and in some cases are coated with an adhesive material. A 
whole cell is stretched or compressed between the two plates while the flexible microplate is 
used as a nN-scale force sensor. Integration with an inverted microscope allows cells that 
are being manipulated to be directly observed. Several adaptations to the instrumentation 
allow measurement of creep function, area of expansion modulus, contraction forces of 
single cells, adhesive interactions and stress-strain responses. The latter can be used to 
measure viscoelasticity.  

The force applied to the cell is directly proportional to the relative stiffness of the 
microplate, hence measurement of cell deformation offers valuable information on cell 
mechanical properties. Measureable forces range between 1 nN – 1 μN, and several 
manipulation modes are possible, including compression, traction, aspiration and adhesive 
rupture. Following their invention, microplate rheometers have been improved by a number 
of scientists. The behaviour of cells in response to compression, traction, aspiration or 
adhesion, for which elastic, viscous and contractile regimes can be distinguished based on 
time scale, can be used to calculate the viscoelastic modulus of living cells. The instrument 
has been modified for probing single layers of cells at once using the novel cell monolayer 
rheology (CMR) technique, making possible harmonic oscillation experiments and step 
shear or step stress experiments which reveal different viscoelastic regimes [9].  

2.3. Optical cell stretcher  

The optical stretcher is a non-destructive tool that can be used to quantify cell deformation. 
The optical stretcher was first developed by Guck et al. [23] based on the principle that a 
dielectric object, when placed between two opposed and non-focused laser beams, 
experiences a net force. The cell is suspended or “optically trapped” and is stable only if the 
total force is zero. Additive surface forces are capable of stretching an object, such as a cell, 
along the beam axes [11]. Both the exerted force and corresponding time-dependent 
deformations can be quantified. An optical stretcher allows the measurement of cell 
mechanics without physical contact, but the intense laser exposure tends to heat cells [24]. 
Recently, however, it has been demonstrated that heating does not affect cell cytoskeletal 
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structure, proliferation, motility, or viability [25]. Another potential limitation is the 
complexity of the force profiles, which require extensive theoretical modeling. Nonetheless, 
the optical stretcher has proven to be an effective way of measuring the contribution of 
cytoskeletal filaments to cell viscoelasticity since single suspended cells are probed as well-
defined viscoelastic objects [25].  

2.4. Optical tweezers 

Optical tweezers can be used to capture tiny dielectric particles with a highly focused 
laser beam [17]. The movement of dielectric particles can be controlled with two  
main optical forces. The scattering force acts along the direction of beam propagation, 
while the electric field induces a dipole in the dielectric particles, producing an  
electric field gradient that pulls particles towards the focus. When the gradient force 
dominates, the dielectric particles can be confined in a stable three-dimensional optical 
trap. The trap is then moved to manipulate the bead, so the applied force and resultant 
particle displacement are interpreted in terms of mechanical response [26]. To obtain 
viscoelastic information, an oscillatory force is applied to the dielectric bead by oscillating 
the laser position with a movable external mirror. The resultant amplitude of the bead 
motion and the phase shift are interpreted in terms of viscoelastic response. The 
experimental data from optical tweezers can only be used to study the viscoelastic 
responses at low force in the linear regime [18]. Local heating and phototoxicity 
(“opticution” as coined by Block) can result from the intense laser powers required to trap 
biological samples. 

2.5. Magnetic probes  

Another way to explore the viscoelasticity of cells involves manipulation of their movement 
through an externally applied magnetic field. The earliest application of this technique was 
pioneered by Freundlich and other researchers [12,27], in which magnetic particles were 
embedded in the material of interest (e.g. cells). The viscoelasticity can then be probed using 
magnetic tweezers or magnetic twisting. The ability to functionalize magnetic colloidal 
beads allows for their specific localization within the cell [28, 29]. 

The magnetic tweezer technique involves the manipulation of a super paramagnetic bead 
with an applied magnetic field generated by four pairs of soft ferromagnetic cores, each 
wound with a separate field coil arranged at special angles [30]. The movement of the 
bead is monitored by its induced magnetic dipole as it interacts with the field gradient of 
the strong magnet to which it is exposed. The corresponding displacement of the 
magnetic bead is used to measure cell properties. The movement of magnetic beads can 
also be controlled, albeit only in one direction, by a strong magnetic field gradient arising 
from electromagnets generated by axis-symmetrically arranged magnetic coils on a sharp 
iron tip [31]. Multiple pairs of electromagnetic tips are required for more complex 
movements of the magnetic bead, which for these experiments are smaller than the size of 
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micropipette. The measurement of suction pressure, location of the cell and movement of its 
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structure, proliferation, motility, or viability [25]. Another potential limitation is the 
complexity of the force profiles, which require extensive theoretical modeling. Nonetheless, 
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the laser position with a movable external mirror. The resultant amplitude of the bead 
motion and the phase shift are interpreted in terms of viscoelastic response. The 
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iron tip [31]. Multiple pairs of electromagnetic tips are required for more complex 
movements of the magnetic bead, which for these experiments are smaller than the size of 
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the cell, and thus are limited to probing the viscoelastic response of a microenvironment 
rather than the whole cell. 

Twisting magnetometry [32] and the more recently developed magnetic twisting 
cytometry [33] can also be used to measure the movement of magnetic beads, which 
usually consist of colloidal metal or polycrystalline iron oxide. The cell is deformed under 
a twisting magnetic field that is applied perpendicularly to the initial magnetic field once 
it has been turned off [34]. The change in the magnetic field direction causes reorientation 
of the magnetic bead towards the twisting field, and once both are turned off, the rate of 
magnetic bead rotation and the amount of recoil are measured to interpret local 
viscoelasticity.  

2.6. Particle-tracking microrheology 

In particle-tracking microrheology, fluorescent microbeads are injected into live cells and 
diffused randomly in their cytoplasm. These beads are so small (< 1μm) that their inertial 
forces are negligible and they move according to Brownian motion. The movement of the 
fluorescent beads can be observed by fluorescence microscopy, and route distance can be 
converted to bead displacement which is used to calculate frequency-dependent viscoelastic 
moduli and/or the creep compliance of the cytoplasm [14]. For particle-tracking 
microrheology of living cells, the applied deformation and resultant stress is not oscillatory 
and is used to probe the mechanical properties of adherent cells on planar substrates, 
showing strong elastic responses over short timescales but with dominant viscous responses 
over longer time periods [15].  

Particle-tracking microrheology has been used to study the viscoelastic responses of live 
cells and their cytoplasm under pharmacological treatment, serum starvation and at the 
edge of tissue wounds, as well as the mechanical responses of their nuclei [35-37]. For these 
studies, target cells can be deeply embedded in a 3D matrix, a condition more similar to cells 
in their physiological environment and difficult to probe by other methods. 

2.7. Atomic force microscopy 

The advent of atomic force microscopy (AFM) provided a valuable tool to image  
cell surface structure at sub-nm resolution and to probe the global and local  
nano-mechanical properties of cells. Such a non-invasive method makes it possible to 
investigate live cells under physiological conditions. The key component of AFM is a sharp 
tip mounted on a cantilever (usually silicon or silicon nitride), which is raster-scanned over 
the sample surface by piezoelectric micropositioners (Figure 2). Lateral or vertical 
displacement of the cantilever is detected by a position sensitive photodiode, which signals 
the fast feedback loop to maintain a constant relationship (e.g. force or distance) between tip 
and sample and the computer which is used to generate an image of the sample surface. 
AFM can be operated in many different modes, including force spectroscopy (FS) which is 
used to probe the mechanical properties of the cell surface layer or whole cell [38]. 
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Figure 2. A schematic representation of the atomic force microscope. Printed with permission 
(Springer, USA). 

AFM offers the further advantage of being able to correlate sample topography with 
mechanical properties across the sample surface using indentation forces as small as 10 pN. 
With force spectroscopy (single point) or force mapping (multiple points), the tip 
approaches the sample, indents the sample and then retracts at each point, generating a 
force versus distance curve at a specific point on the cell surface (Figure 3). Cantilever 
deflection as a function of distance of the tip from the cell surface is initially represented by 
photodiode voltage as function of piezo displacement. This voltage is then converted to 
cantilever deflection and finally a force or indentation distance. The extent to which the 
sample is deformed depends on its viscoelastic properties. 

Cantilever deflection can be converted to force using Hook’s law: 

  (1) 

where k is the cantilever spring constant, and d is cantilever deflection. 

Force spectroscopy and mapping are used to quantify the mechanical behavior of the cell 
with the help of theoretical models. The indentation of the biological sample can be 
determined by subtracting the difference between cantilever deflection on hard surfaces and 
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where k is the cantilever spring constant, and d is cantilever deflection. 

Force spectroscopy and mapping are used to quantify the mechanical behavior of the cell 
with the help of theoretical models. The indentation of the biological sample can be 
determined by subtracting the difference between cantilever deflection on hard surfaces and 
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on soft biological surfaces. Based on the Hertz model, Sneddon [40] developed a theory 
describing the relationship between loading force and indentation. Most commercially 
available AFM tips are either conical or parabolic, and hence these two types of AFM tips 
are considered during modeling. The relationship between loading force and indentation 
are given by following equations [41]:  

 ����������	 � 	 ��√�
������� ���� (2) 

 F��� � ��	����
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where R is radius of curvature for a parabolic AFM tip, α is the half opening angle of conical tip, 
δ is the indentation of the cell as a result of loading force F, ‘E’ is the Young’s modulus of the 
sample, which describes the magnitude of elasticity and � is Poisson ratio, which is assumed to 
be 0.5 for soft biological materials. The Young’s modulus of microbial cells is determined from 
the non-linear portion of the force indentation curve with equations 2 or 3 [41].  

 
Figure 3.  A representative force-distance curve taken on the surface of an Aspergillus nidulans cell wall. 
Solid and dashed lines represent approach and retract cycles respectively. Point b indicates jump into 
contact of the AFM tip to the sample. Section b-c represents the force required to indent the sample a 
given distance, and is used to measure cantilever deflection and to calculate sample indentation [39]. 

The spring constant of a fungal cell wall can be determined using the following equation: 

 k�	 � ���
��� (4) 

where k�	 is the spring constant of the hyphal cell wall, also called relative rigidity, K� is the 
spring constant of the cantilever and m is the slope of the approach curve, corrected for that 
of a hard surface. This equation can also be used to determine the spring constant of 
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cylindrical bacterial cells [42]. Models developed by Zhao et al. [20] can be used directly to 
calculate the Young’s modulus of fungal hyphal walls. Fungal cell wall elasticity depends 
not only on the spring constant, but also hyphal radius (R), and cell wall thickness (h): 

 � � �������� ��
�
����� (5) 

Since the slope of the approach portion of the force curve provides information on sample 
stiffness, the spring constant determined from the equation 4 can also be used to determine 
the elastic modulus of round-shaped fungal spores using the following equation [43]: 

 k� � ���������� (6) 

where E is the elastic modulus of the spore and A is the contact area between the AFM tip 
and sample. The contact area between an AFM tip and spore sample can be determined 
from the following equation [44]: 

  2
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where δ� is the indentation below the circle of contact calculated the from following equation: 

 δ� � ������� � (8) 

where δ� is the maximum indentation and δ� is the residual depth of indentation. These 
values are determined experimentally from the force versus distance curve.  

In the above section we have outlined how to quantify the elastic behavior of microbial cells, 
and most of the available literature describes bacteria elastic properties with Young’s 
modulus. However, biological samples are not purely elastic but viscoelastic. Therefore, the 
microbial cell can be modeled as a combination of both properties.  

 
Figure 4. A schematic representation of standard solid model used to determine viscoelastic 
parameters. Adapted from [19] with permission.  
k1 is the instantaneous elastic response, k2 is the delayed elastic response as a function of creep and η is 
the viscocity. 
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Vadillo-Rodrigue et al. (2009) [19] explained the viscoelastic properties of bacterial cell walls 
using a standard solid model which describes both an instantaneous and a delayed elastic 
deformation. Based on this model they have derived the following equation that describes 
the experimentally obtained creep response data:  

   (9) 

where,  is the position of the z piezoelectric transducer as a function of time t, K1 is the 
spring constant that represents initial deformation, K2 is the spring constant after creep 
response, and η2 is viscosity. 

The contribution of elastic and viscous components can be determined from the force-time 
curve taken at the center of cells when applying a constant force, F0, for at least a 10 second 
period. Cantilever deflection is determined and using equation 1 is converted to force and then 
to an indentation-time curve, which is also called creep response. The indention of the cell over 
time at a constant force can be theoretically determined from equation 4 and fitted to the 
indentation-time curve shown in Figure 5. The experimentally determined data fit very well 
with the theoretical data obtained from the model. Microbial cells in particular exhibit two 
types of responses when a force is exerted on their surface. The first is the instantaneous linear 
relationship of the force versus distance curve, attributed to whole cell turgor pressure, while 
the non-linear region is thought to correspond to the response of the cell envelope.  

 

 
 

Figure 5. A typical creep deformation of an Escherichia coli cell at a constant force as a function of  
time. Adapted from [45] with permission. 
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AFM has been employed to measure the elasticity of a wide variety of cells ranging from 
bacteria, fungi, cancer cells, stem cells, osteoblasts, fibroblasts, leukocytes, cardiocytes 
developing embryos, cells at different cell cycle stages, and those treated with drugs. A broad 
spectrum of new measurements is possible by exploiting and manipulating the interaction 
between tip and sample in a quantitative way. Elasticity is most often measured with conical 
AFM tips. Spherical tips give rise to elasticity measurements 2-3 times that of conical tips, 
likely based on the large contact surface area. In comparison with other methods, AFM is more 
advantageous based on its ability to image the sample surface at high resolution while 
measuring an indentation map of the sample. The combination of imaging and force 
spectroscopy provides information about how cell surface structure affects elasticity and 
viscoelasticity. However, measurements depend on tip shape, which cannot be determined 
during sample scanning. Despite some limitations, AFM applications are rapidly developing. 
New instrumental designs and modification of the associated theoretical models will ensure an 
effective way to measure the elasticity and viscoelasticity for a wide variety of biological 
samples.  

3. Viscoelastic cellular components and super structures 

Although several methods have been developed to quantify cellular responses to 
deformation during locomotion, adhesion and mitosis, reliable tools are not available to 
quantify the distribution of mechanical forces between the various sub-cellular components 
[26]. Biological cells range in size between 1-100 μm and are comprised of constituents that 
provide mechanical strength, such as the cell envelope composed of multiple complex  
and distinct structures, cell walls composed primarily of polysaccharides interspersed with 
proteins, the cell membrane composed of phospholipid bilayers and membrane proteins, 
complex cell organelles of different sizes and shapes made of a variety of macromolecules, 
the cytoskeleton composed of microtubule networks, actin and intermediate filaments,  
other proteins and macromolecules such as DNA and RNA. The structure and function of 
each of these constituents may vary depending upon cell type. For instance, fungi are 
encased in cell walls, whereas bacteria have more elaborate cell envelopes with a 
peptidoglycan (polysaccharides cross-linked with peptides) layer and one or more cell 
membranes. Human cells, generally by virtue of being part of more elaborate structures, 
have only a cell membrane. It is not well understood how cells and their associated 
components sense mechanical forces or deformation, and convert such signals into 
biological responses [46].  

The small size of prokaryotes, in comparison with larger eukaryotic cells, was a considerable 
obstacle in the development of methods for directly measuring their mechanical properties 
[47], solved largely by FS methods now routinely used. Cellular mechanical strength mainly 
relies on the outermost layers, such as the cell wall, envelope, or membrane, in addition to 
internal structural components such as the cytoskeleton. Extracellular components, such as 
those used to help form elaborate community structures (e.g. biofilms) also contribute to 
viscoelasticity and mechanical strength. There has been a major focus on the viscoelastic 
properties imbued to the cell by its cytoskeleton, which has been highly conserved 
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throughout evolution and influences not only internal cell dynamics but overall function. 
Nonetheless, external cellular components also play a significant role in mechanics despite 
their limited study. 

3.1. Cell envelopes, walls and membranes  

The bacterial (prokaryotic) envelope is a structurally remarkable cell component that defines 
a cell from its external environment and serves a protective function. The envelope also 
helps maintain cell shape and mechanical integrity and is responsible for important 
biological functions, such as the selective transfer of material in and out of the cell, and 
necessary changes accommodating cell growth and division. The envelope has a multilayer 
geometry which withstands positive turgor pressure exerted by the cytoplasmic fluid from 
the cell interior, and so protects the cell from osmotic swelling and burst. Thus quantifying 
the cell envelope mechanical properties of prokaryotes that contribute to their mechanical 
strength is of interest. 

The mechanical properties of the cell envelope relate to its structural composition, 
comprised of distinct layers made up of polysaccharides, lipids and proteins (Figure 6). 
Structural differences in the two different types of prokaryotic cell envelopes led to the 
classification of two distinct groups of bacteria namely, Gram-positive and Gram-negative. 
The former is named for the Gram stain retained by the thick peptidoglycan layer outside 
the cytoplasmic membrane (Figure 6A), while the latter having a relatively thin 
peptidoglycan layer sandwiched between inner cytoplasmic and outer membranes (Figure 
6B) does not retain Gram stain. Many researchers have studied the flexibility of the bacterial 
cell envelope [48-50], for which the majority of its viscoelastic nature is attributed to the 
peptidoglycan layer.  

Cell stiffness, required to maintain bacterial shape, is dependent on the cell envelope. When 
the peptidoglycan layer is removed from rod-shaped whole cells by chemical treatment, 
soft, highly deformable and osmotically sensitive spherical cells (spheroplasts) are the result, 
indicating that the elastic response of cells is largely dominated by the peptidoglycan matrix 
[51,52]. In isolation, peptidoglycan is very flexible, exhibiting purely elastic properties with a 
modulus of 25 MPa [53]. However, bacterial cell envelopes show a time dependent response 
to externally applied forces, meaning that their overall mechanical properties are more 
accurately described as viscoelastic [45]. 

Cell envelope composition makes a major contribution to viscoelasticity. The cell envelope of 
the Gram-positive bacterium Bacillus subtilis is significantly stiffer than the Gram-negative E. 
coli, attributed to the difference in their peptidoglycan layer thickness. FS measurements of 
local viscoelasticity for live bacterial cells show that the time required for B. subtilis to reach 
asymptotic creep deformation is higher than that of the Gram-negative E. coli and that covalent 
crosslinking increases cell envelope stiffness. The same study also showed a difference in the 
deformability of wild type E. coli (lpp+) and its Lpp mutant lpp- (Lpp a major peptidoglycan-
associated lipoprotein and one of the most abundant outer membrane proteins in E. coli cells). 
Thus lipopolysaccharides, peptidoglycan thickness, the bound form of the peptidoglycan–
lipoprotein complex and stabilizing cations all play an important role in maintaining 
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viscoelasticity [19]. A micromanipulation study using optical fiber probes to test bursting 
strength also showed E. coli to have a weaker envelope than the Gram-positive Staphylococcus 
epidermis, more susceptible to mechanical stress [47]. Researchers thus attribute the elastic 
component of the cell envelope to the peptidoglycan layer and the viscous component to the 
liquid phase of the membranes [19,45]. The viscoelasticity of the bacterial cell envelope has 
also been shown to depend on its degree of hydration [19] and is thought to play an important 
role during cell division. During cell division, polymerization−depolymerization reactions in 
the FtsZ assembly cause softening and fluidization, reducing viscoelasticity and reflecting the 
more dynamic and active motion of individual FtsZ filaments in the lipid membrane [54].  

 
Figure 6. Simple models of (A) Gram-positive and (B) Gram-negative bacteria. 

Earlier work on several fungi showed that the viscoelasticity of cell wall components allow for 
growth, cell division and spore germination [55-57]. The mechanical strength of fungal cells is 
largely attributed to their rigid but flexible cell walls which contain four major structural 
components: β-(1,3)-glucan, β-(1,6)-glucan, chitin (N-acetylglucosamine) and glycoproteins. 
The β-[1, 3]-glucan and β-[1,6]-glucan are more fibrous components whereas glycoproteins 
form a gel-like matrix, thought to impart viscoelasticity to the fungal cell wall. The mature cell 
wall has covalent cross-links formed between the chitin and glucan residues to provide the 
wall with sufficient strength and viscoelasticity. A study of the fungi A. nidulans showed that 
the immature hyphal wall region, having less well ordered wall components, and those devoid 
the cell wall component β-galactofuranose have lower viscoelasticity than wild type mature 
regions [58, 59] and this was conjectured to relate to reduced cross-linking. Determining the 
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the Gram-positive bacterium Bacillus subtilis is significantly stiffer than the Gram-negative E. 
coli, attributed to the difference in their peptidoglycan layer thickness. FS measurements of 
local viscoelasticity for live bacterial cells show that the time required for B. subtilis to reach 
asymptotic creep deformation is higher than that of the Gram-negative E. coli and that covalent 
crosslinking increases cell envelope stiffness. The same study also showed a difference in the 
deformability of wild type E. coli (lpp+) and its Lpp mutant lpp- (Lpp a major peptidoglycan-
associated lipoprotein and one of the most abundant outer membrane proteins in E. coli cells). 
Thus lipopolysaccharides, peptidoglycan thickness, the bound form of the peptidoglycan–
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viscoelasticity [19]. A micromanipulation study using optical fiber probes to test bursting 
strength also showed E. coli to have a weaker envelope than the Gram-positive Staphylococcus 
epidermis, more susceptible to mechanical stress [47]. Researchers thus attribute the elastic 
component of the cell envelope to the peptidoglycan layer and the viscous component to the 
liquid phase of the membranes [19,45]. The viscoelasticity of the bacterial cell envelope has 
also been shown to depend on its degree of hydration [19] and is thought to play an important 
role during cell division. During cell division, polymerization−depolymerization reactions in 
the FtsZ assembly cause softening and fluidization, reducing viscoelasticity and reflecting the 
more dynamic and active motion of individual FtsZ filaments in the lipid membrane [54].  

 
Figure 6. Simple models of (A) Gram-positive and (B) Gram-negative bacteria. 

Earlier work on several fungi showed that the viscoelasticity of cell wall components allow for 
growth, cell division and spore germination [55-57]. The mechanical strength of fungal cells is 
largely attributed to their rigid but flexible cell walls which contain four major structural 
components: β-(1,3)-glucan, β-(1,6)-glucan, chitin (N-acetylglucosamine) and glycoproteins. 
The β-[1, 3]-glucan and β-[1,6]-glucan are more fibrous components whereas glycoproteins 
form a gel-like matrix, thought to impart viscoelasticity to the fungal cell wall. The mature cell 
wall has covalent cross-links formed between the chitin and glucan residues to provide the 
wall with sufficient strength and viscoelasticity. A study of the fungi A. nidulans showed that 
the immature hyphal wall region, having less well ordered wall components, and those devoid 
the cell wall component β-galactofuranose have lower viscoelasticity than wild type mature 
regions [58, 59] and this was conjectured to relate to reduced cross-linking. Determining the 
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mechanical properties for cell walls of live fungal hyphae is challenging [60] and so there have 
been few studies measuring their mechanical properties.  

Cell wall mechanical properties of the budding yeast Saccharomyces cerevisiae were 
determined through compression in a micromanipulator. Individual cells were compressed 
between two parallel surfaces and elastic parameters extracted from the force-deformation 
data [52]. A FS study of Termitomyces clypeatus showed an increase in cell wall rigidity and 
elasticity until the organism reached the stationary phase, followed by a decrease in these 
parameters at the onset of the death phase. The adsorption of chromium was also found to 
significantly affect the surface nano-mechanical properties of T. clypeatus [61].  

Spores, another morphological form of fungi, appear in several studies describing their 
surface morphology [56,62,63] and adhesive properties [3,64] however, little information is 
available regarding their mechanical properties. Changes in the cell wall mechanical 
properties are a key factor in the emergence of the germ tube [55,56]. Both rodlet-covered 
and rodlet-free spores of A. nidulans were subjected to nano-indentation measurements by 
FS in air, showing that the rodlet layer is significantly softer than the underlying portion of 
the cell wall [43]. 

The nano-mechanical properties of whole human cells has been a topic of great interest for 
the past few decades and the viscoelastic properties of epithelial cells [4,65], stem cells [66], 
red cells [67,68] and cancer cells [69,70] are well-studied but beyond the scope of this 
chapter. The microbial cytoskeleton is less well studied, so the next section highlights 
significant data from isolated cytoskeletal components and those in the context of human cells.  

3.2. Cell cytoskeleton 

The filamentous network inside eukaryotic cells is a major contributor to the 3D 
morphology of a cell, acting as a scaffold to support the cell interior (Figure 7). This cross-
linked biopolymer network has a role in cell mechanics, resisting deformation in response to 
external mechanical stresses. Besides being the determining factor for cellular shape, the 
cytoskeleton is involved in cell division, cell movement, adhesion and locomotion. Cellular 
viscoelastic responses can be largely dependent on the cytoskeleton, composed of three 
major groups of elements: microtubules, intermediate filaments and microfilaments. With 
the tremendous progress in biophysics, the structures of each cytoskeletal components are 
now well understood even at the molecular level, but we are just beginning to determine 
their contribution to cell mechanics. 

3.2.1. Microtubules 

Microtubules are the largest of the filamentous structures making up the cytoskeleton, for 
which the basic building block is tubulin heterodimers made up of α and β subunits. 
Structural analysis shows that the α and β tubulins alternately line up to form proto-
filaments, which are further laterally arranged into a small lattice and closed to form a 25 
nm wide cylindrical structure [71]. The α subunit forms the end of the microtubule localized 
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to the centrosome, close to the center of the cell, and the microtubule grows out to 
peripheral regions of the cell ending with a β tubulin. The alternating α and β tubulins 
render the microtubule polar and its orientation guides the unidirectional movement of 
microtubule motor proteins from the kinesin and dynein families [72,73]. Microtubule 
aggregation is dependent on temperature and the relative amount of tubulin-GTP dimers [74]. 
The inherent dynamic instability caused by the hydrolysis of tubulin-GTP dimers puts 
microtubules in a state of continuous and rapid assembly and disassembly, depending on cell 
cycle phase. Given the limited generation of cellular microtubules, they are expected to play a 
minor role in cell mechanical responses and a major role in cell shape. Nevertheless, they do 
indirectly influence the mechanical properties of cells by regulating the actin network through 
myosin-II. In neural cells, axons, dendrites and microtubules play a more direct role in cell 
mechanics, because they form tight bundles in which microtubule-associated proteins (MAPs) 
bind and stabilize parallel arrayed microtubular filaments [75-77]. 

Experiments carried out on gels and cross-linked networks made of microtubules 
demonstrate that they exhibit the strongest bending stiffness among all the cytoskeletal 
components. Therefore, elasticity dominates over viscosity when microtubules are deformed 
under an external force. Under a low external load, microtubule network stiffness exhibits a 
linear elastic response as a function of microtubulin unit concentration [78], which closely 
relates to microtubule polymerization rate and the final microtubule length of tubulin 
dimers formed [79,80]. Fast growing microtubules are more likely to form short filaments, 
based on defects in the microtubule lattice that further influence the tubulin dimer bonds 
and make the microtubules more flexible. Microtubule viscoelasticity also depends on the 
intermolecular interactions between tubulin dimers, but their lateral and longitudinal 
interactions along the microtubule do not equally contribute to the total mechanical 
response. Both the shear and circumferential moduli of the longitudinal bonds in 
microtubule protofilaments are several orders of magnitude higher than those of lateral 
bonds. Since microtubules exhibit a mechanical response with enthalpic elasticity arising 
from the bending and stretching of microtubule filaments, factors influencing the tubulin 
spacings play a critical role in determining microtubule viscoelasticity [78]. Among these 
factors, the microtubule-associated proteins are an important contributor as they bind to the 
microtubule surface through electrostatic interactions. In the presence of MAPs, the spacing 
of adjacent microtubules is doubled creating a cushion against compression. There is also 
evidence to show that the elastic modulus increases with the addition of crosslinkers to the 
microtubule networks [81]. Factors affecting microtubule stiffness, such as taxol and GTP 
analogs, also influence their mechanical properties by stabilizing and preventing their 
depolymerization [82]. Therefore, microtubule viscoelasticity is a function of both subunit 
concentration and crosslinking.  

3.2.2. Intermediate filaments 

Intermediate filaments are the non-polarized cylindrical fibrils of the cytoskeleton named 
for their size with a diameter of around 10 nm, intermediate to microtubules and 
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mechanical properties for cell walls of live fungal hyphae is challenging [60] and so there have 
been few studies measuring their mechanical properties.  

Cell wall mechanical properties of the budding yeast Saccharomyces cerevisiae were 
determined through compression in a micromanipulator. Individual cells were compressed 
between two parallel surfaces and elastic parameters extracted from the force-deformation 
data [52]. A FS study of Termitomyces clypeatus showed an increase in cell wall rigidity and 
elasticity until the organism reached the stationary phase, followed by a decrease in these 
parameters at the onset of the death phase. The adsorption of chromium was also found to 
significantly affect the surface nano-mechanical properties of T. clypeatus [61].  

Spores, another morphological form of fungi, appear in several studies describing their 
surface morphology [56,62,63] and adhesive properties [3,64] however, little information is 
available regarding their mechanical properties. Changes in the cell wall mechanical 
properties are a key factor in the emergence of the germ tube [55,56]. Both rodlet-covered 
and rodlet-free spores of A. nidulans were subjected to nano-indentation measurements by 
FS in air, showing that the rodlet layer is significantly softer than the underlying portion of 
the cell wall [43]. 

The nano-mechanical properties of whole human cells has been a topic of great interest for 
the past few decades and the viscoelastic properties of epithelial cells [4,65], stem cells [66], 
red cells [67,68] and cancer cells [69,70] are well-studied but beyond the scope of this 
chapter. The microbial cytoskeleton is less well studied, so the next section highlights 
significant data from isolated cytoskeletal components and those in the context of human cells.  

3.2. Cell cytoskeleton 

The filamentous network inside eukaryotic cells is a major contributor to the 3D 
morphology of a cell, acting as a scaffold to support the cell interior (Figure 7). This cross-
linked biopolymer network has a role in cell mechanics, resisting deformation in response to 
external mechanical stresses. Besides being the determining factor for cellular shape, the 
cytoskeleton is involved in cell division, cell movement, adhesion and locomotion. Cellular 
viscoelastic responses can be largely dependent on the cytoskeleton, composed of three 
major groups of elements: microtubules, intermediate filaments and microfilaments. With 
the tremendous progress in biophysics, the structures of each cytoskeletal components are 
now well understood even at the molecular level, but we are just beginning to determine 
their contribution to cell mechanics. 

3.2.1. Microtubules 

Microtubules are the largest of the filamentous structures making up the cytoskeleton, for 
which the basic building block is tubulin heterodimers made up of α and β subunits. 
Structural analysis shows that the α and β tubulins alternately line up to form proto-
filaments, which are further laterally arranged into a small lattice and closed to form a 25 
nm wide cylindrical structure [71]. The α subunit forms the end of the microtubule localized 

 
Viscoelasticity in Biological Systems: A Special Focus on Microbes 139 

to the centrosome, close to the center of the cell, and the microtubule grows out to 
peripheral regions of the cell ending with a β tubulin. The alternating α and β tubulins 
render the microtubule polar and its orientation guides the unidirectional movement of 
microtubule motor proteins from the kinesin and dynein families [72,73]. Microtubule 
aggregation is dependent on temperature and the relative amount of tubulin-GTP dimers [74]. 
The inherent dynamic instability caused by the hydrolysis of tubulin-GTP dimers puts 
microtubules in a state of continuous and rapid assembly and disassembly, depending on cell 
cycle phase. Given the limited generation of cellular microtubules, they are expected to play a 
minor role in cell mechanical responses and a major role in cell shape. Nevertheless, they do 
indirectly influence the mechanical properties of cells by regulating the actin network through 
myosin-II. In neural cells, axons, dendrites and microtubules play a more direct role in cell 
mechanics, because they form tight bundles in which microtubule-associated proteins (MAPs) 
bind and stabilize parallel arrayed microtubular filaments [75-77]. 

Experiments carried out on gels and cross-linked networks made of microtubules 
demonstrate that they exhibit the strongest bending stiffness among all the cytoskeletal 
components. Therefore, elasticity dominates over viscosity when microtubules are deformed 
under an external force. Under a low external load, microtubule network stiffness exhibits a 
linear elastic response as a function of microtubulin unit concentration [78], which closely 
relates to microtubule polymerization rate and the final microtubule length of tubulin 
dimers formed [79,80]. Fast growing microtubules are more likely to form short filaments, 
based on defects in the microtubule lattice that further influence the tubulin dimer bonds 
and make the microtubules more flexible. Microtubule viscoelasticity also depends on the 
intermolecular interactions between tubulin dimers, but their lateral and longitudinal 
interactions along the microtubule do not equally contribute to the total mechanical 
response. Both the shear and circumferential moduli of the longitudinal bonds in 
microtubule protofilaments are several orders of magnitude higher than those of lateral 
bonds. Since microtubules exhibit a mechanical response with enthalpic elasticity arising 
from the bending and stretching of microtubule filaments, factors influencing the tubulin 
spacings play a critical role in determining microtubule viscoelasticity [78]. Among these 
factors, the microtubule-associated proteins are an important contributor as they bind to the 
microtubule surface through electrostatic interactions. In the presence of MAPs, the spacing 
of adjacent microtubules is doubled creating a cushion against compression. There is also 
evidence to show that the elastic modulus increases with the addition of crosslinkers to the 
microtubule networks [81]. Factors affecting microtubule stiffness, such as taxol and GTP 
analogs, also influence their mechanical properties by stabilizing and preventing their 
depolymerization [82]. Therefore, microtubule viscoelasticity is a function of both subunit 
concentration and crosslinking.  

3.2.2. Intermediate filaments 

Intermediate filaments are the non-polarized cylindrical fibrils of the cytoskeleton named 
for their size with a diameter of around 10 nm, intermediate to microtubules and 
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microfilaments [83,84]. Intermediate filaments are constructed by a group of related 
proteins, which have been divided into five subgroups according to their sequence identity. 
All of the proteins associated with type I, II, III, and IV immediate filaments are localized to 
the cytoplasm, while those of type V (e.g. lamins) localize to the cell nucleus and form a 
network underneath the nuclear membrane. Similar to microtubules, intermediate filaments 
are composed of protein dimers, but in this case elongated ones. 

Intermediate filaments have been discovered in diverse cell types, with more than 60 
associated genes coded in humans [85,86]. They are found to be highly extensible compared 
to filamentous actin (F-actin) and microtubules, which are able to retain enormous strains 
while sustaining the intact filament structure [87,88]. Their unique extensibility implies their 
it could play a special role in cell mechanics, which would set it apart from other 
cytoskeletal elements. Since most genes associated with intermediate filaments are 
responsible for coding keratins, keratin-based intermediate filaments are considered an 
important player in cellular mechanics [89,90], regulating viscoelastic properties and the 
motility of cancer cells. The architecture of the keratin filament is regulated by 
phosporylation, accounting for the viscoelastic responses of carcinoma cells during large 
deformations, and the actin network is also regulated by phosphorylation under the 
regulation of kinases [91-93], phosphatases and other regulatory proteins [89,94]. 

The mechanical properties of intermediate filament networks have been studied by 
applying classical models to homogeneous and isotropical samples, which link the elastic 
shear modulus to the mean mesh size of the cytoskeleton [95]. This means that the 
viscoelastic response of the network is dependent upon its subcellular organization, 
filament composition, and overall protein concentration. The nonlinear relationship 
between the mesh size of these networks and the elastic shear modulus [96] underscores 
whole cell mechanical properties, elasticity and viscoelasticity of the network, which can 
be significantly changed by small perturbations [97]. In the non-polar network, the 
intermediate filaments branch in an attempt to adapt to the cellular demands of the micro-
environment [98]. 

The crosslinking interactions between proteins making up intermediate filaments are 
postulated to be vital for cell mechanics, inspiring the study of the associated protein tail. 
Mutation of the desmin proteins at the filament tail causes slight changes in network 
flexibility, but does not have a significant effect on the mesh size or shear modulus [99]. The 
crosslinking interaction may be expected to rely on electrostatic interactions between 
filament proteins, and by extension the salt concentration in their local micro-environment. 
Indeed, an increase in cations enhances the stiffness of the intermediate filament network. In 
the case of small external stresses, the elasticity of the network shifts from the linear to 
nonlinear state as a function of stress magnitude. On the other hand, under greater stress the 
network has a modified nonlinear elasticity [100]. Intermediate filament networks with a 
greater number of bundles have higher persistence lengths and flexural stiffness, in contrast 
to those with a lower number of bundles, demonstrating the importance of bundle number 
and thus protein type on cell elasticity. 
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Figure 7. Schematic of a cytoskeleton as a dynamic 3-dimensional scaffold made up of actin filaments, 
intermediate filaments and microtubules. 

3.2.3. Actin filaments 

Actin filaments are the thinnest (≈ 8nm) and most plentiful among all the components of the 
eukaryotic cytoskeleton [101]. Under physiological conditions, actin filaments grow by 
polymerization of the ATP-bound actin monomers, addition of monomers to the end of the 
severed filament fragments, or by branching out of the existing filaments. Actin filaments 
are polar fibers, with helically arranged actin monomers all pointed in the same direction, 
which can form a cortex underneath the cytoplasmic membrane to support cell movement. 
More than 100 proteins promote the formation of a single actin filament, filament cross-
linking, networks and bundle formation. Actin filaments are continuously assembled and 
disassembled in response to cell signaling. 

F-actin exhibits viscoelasticity as a semi-flexible polymer with linear and nonlinear 
responses to external forces [102,103]. To quantitatively evaluate the contribution of F-
actins to cytoskeleton mechanics, such networks have been reconstituted in vitro with 
purified protein. The reconstituted F-actin forms a gel-like network in which the mesh 
size is dependent on the F-actin concentration [104]. Under a low applied force, 
semiflexible networks only composed of F-actins deform in a manner proportional to the 
force load, but under a larger force which affects F-actin filament contour length, the 
deformation can be described as strain-stiffening [95]. The mechanical properties of F-
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microfilaments [83,84]. Intermediate filaments are constructed by a group of related 
proteins, which have been divided into five subgroups according to their sequence identity. 
All of the proteins associated with type I, II, III, and IV immediate filaments are localized to 
the cytoplasm, while those of type V (e.g. lamins) localize to the cell nucleus and form a 
network underneath the nuclear membrane. Similar to microtubules, intermediate filaments 
are composed of protein dimers, but in this case elongated ones. 

Intermediate filaments have been discovered in diverse cell types, with more than 60 
associated genes coded in humans [85,86]. They are found to be highly extensible compared 
to filamentous actin (F-actin) and microtubules, which are able to retain enormous strains 
while sustaining the intact filament structure [87,88]. Their unique extensibility implies their 
it could play a special role in cell mechanics, which would set it apart from other 
cytoskeletal elements. Since most genes associated with intermediate filaments are 
responsible for coding keratins, keratin-based intermediate filaments are considered an 
important player in cellular mechanics [89,90], regulating viscoelastic properties and the 
motility of cancer cells. The architecture of the keratin filament is regulated by 
phosporylation, accounting for the viscoelastic responses of carcinoma cells during large 
deformations, and the actin network is also regulated by phosphorylation under the 
regulation of kinases [91-93], phosphatases and other regulatory proteins [89,94]. 

The mechanical properties of intermediate filament networks have been studied by 
applying classical models to homogeneous and isotropical samples, which link the elastic 
shear modulus to the mean mesh size of the cytoskeleton [95]. This means that the 
viscoelastic response of the network is dependent upon its subcellular organization, 
filament composition, and overall protein concentration. The nonlinear relationship 
between the mesh size of these networks and the elastic shear modulus [96] underscores 
whole cell mechanical properties, elasticity and viscoelasticity of the network, which can 
be significantly changed by small perturbations [97]. In the non-polar network, the 
intermediate filaments branch in an attempt to adapt to the cellular demands of the micro-
environment [98]. 

The crosslinking interactions between proteins making up intermediate filaments are 
postulated to be vital for cell mechanics, inspiring the study of the associated protein tail. 
Mutation of the desmin proteins at the filament tail causes slight changes in network 
flexibility, but does not have a significant effect on the mesh size or shear modulus [99]. The 
crosslinking interaction may be expected to rely on electrostatic interactions between 
filament proteins, and by extension the salt concentration in their local micro-environment. 
Indeed, an increase in cations enhances the stiffness of the intermediate filament network. In 
the case of small external stresses, the elasticity of the network shifts from the linear to 
nonlinear state as a function of stress magnitude. On the other hand, under greater stress the 
network has a modified nonlinear elasticity [100]. Intermediate filament networks with a 
greater number of bundles have higher persistence lengths and flexural stiffness, in contrast 
to those with a lower number of bundles, demonstrating the importance of bundle number 
and thus protein type on cell elasticity. 
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actin filaments are affected by thermal fluctuations, which cause transverse bending, 
decreasing its end to end distance [105]. When an F-actin filament is under strain, 
fluctuations in the F-actin filament cause straightening with an associated consumption of 
energy. Thus, F-actin filaments exhibit an entropic elastic response. The magnitude of F-
actin deformation reflects the reduction in the number of fluctuations in the actin filament 
[106]. 

Since the elastic response of F-actin filaments is length dependent, the concentration of 
actin and crosslinking proteins are closely related to the magnitude of the filament elastic 
modulus. The characterization of F-actin filament mechanical properties is also 
convoluted with actin concentration, the type and concentration of crosslinking protein, 
and the magnitude of the applied force. If the fluctuations are deconvoluted, the inherent 
elastic modulus of the filament dominates its mechanical response [106]. Crosslinking 
proteins covalently link individual subunits, allowing the actin filament to form a 
bundled structure with a larger diameter. Therefore, F-actin networks in combination 
with cross-linking proteins could behave differently from networks formed by only F-
actins, the mechanical properties of which are more akin to the properties of cells. Once 
the actin filament becomes stiffer with the addition of crosslinkers, its elasticity 
dominates, and contributions from thermal fluctuations play a smaller role in the total 
mechanical response [106]. The entropic elasticity is reduced as actin and cross linker 
concentrations increase. In this case, the deformation of the actin filament depends on the 
bending and stretching of the filament itself [106]. The rigidly cross-linked actin filament 
has a more linear response and tends to break under small strains [107,108], and such 
filaments can sustain much larger stresses compared to pure F-actin networks, providing 
a reasonable explanation for their ability to resist a broad range of external stresses or 
internal tension. 

3.3. Biofilms contribute to viscoelasticity 

Biofilms have serious implications in industry, medicine and environmental systems 
making the study of their physical properties imperative to shed light on their growth 
mechanisms and adhesion properties, key factors in biofilm control. A biofilm is a surface-
associated three dimensional consortia of microbial communities, surrounded by a matrix of 
protective biopolymers, macromolecular debris, sediment and precipitate, making it a 
highly complex mechanical, compliant, and viscoelastic structure. Biofilms can also be 
highly heterogeneous consisting of mixed populations of bacteria, fungi, protozoa [112] with 
interspersed pores and channels. Biofilms exhibit enormous resistance to external stress 
factors, with exopolysaccharides (EPS) contributing to their overall mechanical stability and 
enabling them to withstand external forces. Hydrodynamic forces can have a strong 
influence on biofilm formation, structure and thickness, EPS production, mass and 
metabolic activities [109-111].  Their dynamic structure ultimately affects how we view, 
model and study their mechanical behaviour. A schematic presentation of biofilm dynamic 
behavior is depicted in Figure 8. 
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Figure 8. A model of biofilm growth and their dynamic behaviors. 

Several attempts have been made to study the rheological properties of biofilms, yet they 
remain understudied, likely for the following reasons: (i) biofilms are extremely complex 
and heterogeneous with no defined geometry, making the use of conventional techniques 
difficult, (ii) their size and diverse nature make sample handling difficult and underscore 
the need to study biofilms in the natural environment to best represent their complexity 
(Figure 8). Studies have shown that biofilms formed under low shear conditions (laminar 
flow) are characterized by spherical micro-colonies divided by water channels [109]. It has 
also been shown that biofilms formed under higher detachment forces (e.g. shaking) 
produce more EPS to increase mechanical strength and to withstand shear stress [113].  

A decade ago it was demonstrated that biofilms are effectively viscoelastic, a property that 
plays a major role in the various stages of biofilm growth [109,112,114-117]. Biofilms, all of 
which exhibit classic viscoelastic behaviours [109,115,116,118,119], can grow in a wide 
variety of environments including laboratory conditions, under flow and even in hot 
springs, demonstrating their ability to absorb elevated changes in shear stresses. Biofilms 
are elastic for shorter periods, can resist shear stresses and detachment, and over longer 
periods of time they flow as viscous fluids and become streamlined [109,112,114]. 
Viscoelasticity of the biofilm matrix has been shown to determine its structural integrity, 
resistance to stress, and ease of dispersion [120]. Simple stress-strain and creep tests of 
mixed culture and single species biofilms showed that the deformation of individual cell 
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actin filaments are affected by thermal fluctuations, which cause transverse bending, 
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and the magnitude of the applied force. If the fluctuations are deconvoluted, the inherent 
elastic modulus of the filament dominates its mechanical response [106]. Crosslinking 
proteins covalently link individual subunits, allowing the actin filament to form a 
bundled structure with a larger diameter. Therefore, F-actin networks in combination 
with cross-linking proteins could behave differently from networks formed by only F-
actins, the mechanical properties of which are more akin to the properties of cells. Once 
the actin filament becomes stiffer with the addition of crosslinkers, its elasticity 
dominates, and contributions from thermal fluctuations play a smaller role in the total 
mechanical response [106]. The entropic elasticity is reduced as actin and cross linker 
concentrations increase. In this case, the deformation of the actin filament depends on the 
bending and stretching of the filament itself [106]. The rigidly cross-linked actin filament 
has a more linear response and tends to break under small strains [107,108], and such 
filaments can sustain much larger stresses compared to pure F-actin networks, providing 
a reasonable explanation for their ability to resist a broad range of external stresses or 
internal tension. 

3.3. Biofilms contribute to viscoelasticity 

Biofilms have serious implications in industry, medicine and environmental systems 
making the study of their physical properties imperative to shed light on their growth 
mechanisms and adhesion properties, key factors in biofilm control. A biofilm is a surface-
associated three dimensional consortia of microbial communities, surrounded by a matrix of 
protective biopolymers, macromolecular debris, sediment and precipitate, making it a 
highly complex mechanical, compliant, and viscoelastic structure. Biofilms can also be 
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interspersed pores and channels. Biofilms exhibit enormous resistance to external stress 
factors, with exopolysaccharides (EPS) contributing to their overall mechanical stability and 
enabling them to withstand external forces. Hydrodynamic forces can have a strong 
influence on biofilm formation, structure and thickness, EPS production, mass and 
metabolic activities [109-111].  Their dynamic structure ultimately affects how we view, 
model and study their mechanical behaviour. A schematic presentation of biofilm dynamic 
behavior is depicted in Figure 8. 
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variety of environments including laboratory conditions, under flow and even in hot 
springs, demonstrating their ability to absorb elevated changes in shear stresses. Biofilms 
are elastic for shorter periods, can resist shear stresses and detachment, and over longer 
periods of time they flow as viscous fluids and become streamlined [109,112,114]. 
Viscoelasticity of the biofilm matrix has been shown to determine its structural integrity, 
resistance to stress, and ease of dispersion [120]. Simple stress-strain and creep tests of 
mixed culture and single species biofilms showed that the deformation of individual cell 
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clusters was related to the fluid shear stress, and that both mixed species biofilms and those 
from pure cultures behaved like viscoelastic fluids [114]. It has been proposed that the 
viscoelasticity of biofilms allows them to resist detachment as demonstrated for 
Staphylococcus aureus biofilms [117]. Lieleg et al. [121] showed that high shear stress may 
transiently fragment the biofilm but does not cause it to detach from the surface. This 
resilience has been attributed to the viscoelastic behavior of the bacterial biofilm. Biofilms of 
various Pseudomonas aeruginosa strains subjected to physical deformations in fluid were 
shown to be viscoelastic fluids, which behave like elastic solids over periods of a few 
seconds but like linear viscous fluids over longer times. Therefore in several studies, 
bacterial biofilms have been reported to behave as viscoelastic materials [38,122,123], while 
in other studies they are described as elastic [124,125]. Chemical perturbations can reduce 
biofilm viscoelasticity and hence slow down recovery to their original state [126]. 

Several experimental models have been generated to help understand the rheology and 
mechanical behaviour of biofilms. Rheology of undisturbed dental plaque biofilms made up 
of Streptococcus mutans and those from pond water showed a linear viscoelastic behaviour 
for which the Burger model was successfully applied to study creep compliances [127]. 
There are a large number of studies in the literature that have used different techniques to 
measure various material properties of biofilms, each of which provide information about 
their mechanics. Some of the most common methods used to measure the tensile strength of 
biofilms include cone and plate rheometry [128] and later the centrifugation method [125]. 
Particle-tracking microrheology has been successfully used to measure the strength of single 
species biofilms of S. aureus and P. aeruginosa [129]. The strength and apparent viscoelastic 
modulus of P. aeruginosa biofilms grown on membrane filters has also been investigated 
using a uniaxial compression experimental device and a film rheometer [118]. Directly 
applied and controlled loading forces have been used to quantify various biofilm 
viscoelasticity parameters, usually without a hydrodynamic flow, for example microbead FS 
[120], the micro-cantilever technique [130,131], indenters [122] or T-shaped probes [75], 
which are used to pull (tensile testing under a normal load) or push (compression testing 
under a normal load) the biofilm (see review 38 and references therein). On the other hand, 
there are several methods that use hydrodynamic loading, where biofilms are subjected to a 
fluid flow in flow cells [109,112,132], or Couette–Taylor type reactors [133,134]. Real time 
monitoring of cell growth and proliferation corresponding to viscoelasticity changes within 
a biofilm have been investigated in Streptococcus mutans biofilms using a Quartz crystal 
microbalance with a dissipation monitoring device [135].  

Although there have been a large number of techniques developed to measure various 
biofilm parameters, a fully effective method is pending. The diverse magnitude of 
viscoelasticity parameters might reflect diverse biofilm properties, growth environments 
and source organisms. The viscoelastic properties of biofilms are adaptations to stress 
factors and shear forces, and are achieved through modifications to the secreted EPS. A 
better understanding of biolfilm mechanical properties and viscoelastic behaviours may 
inform effective strategies for biofilm removal or control. 
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4. Factors affecting viscoelasticity of biological materials 

Cell components imparting viscoelastic properties to the entire cell are well studied, but 
there are very few examples in the literature in which external factors are shown to affect 
cell viscoelasticity. The structural integrity of biological systems is partially dependent on 
the degree of hydration. Humidity affects the mechanical properties of biopolymers, but the 
intensity of this effect depends on the type of biopolymer. For example, effects of humidity 
on cellulose are much less severe than on peptidoglycan. Thwaites et al. [136] demonstrated 
that the viscoelastic behavior of Bacillus subtilis depends on humidity, which affects the 
viscoelasticity of the peptidoglycan layer. Increasing humidity gives rise to cell wall 
hydration, allowing water to form hydrogen bonds with peptides and other cell wall 
components, making the cell wall more pliable [136]. Bacterial and fungal spores are very 
rigid under dry conditions, but increased humidity leads to removal of the outer spore 
hydrophobic layer, making it softer than under dry conditions and leading to changes in 
viscoelasticity and eventually germination [20, 136]. 

Cells also require optimal temperature conditions for their survival. Temperature affects the 
proper function and conformation of biomolecules, and hence indirectly affects cell 
mechanical properties. The rigidity of E. coli has been found to increase as a function of 
temperature, attributed to the folding of lipoproteins in the outer membrane leading to an 
increase in turgor pressure [136]. An earlier study showed that a temperature sensitive 
mutant of B. subtilis (indole- and thymine-) was converted to a spherical shape from the wild 
type rod shape, attributed to loosening of the cell wall strength [137]. Hochmuth et al. [7] 
demonstrated that for red blood cells the time dependent viscoelastic behavior was reduced 
with increasing temperature. 

The elastic behavior of the bacterial cell surface depends on the cell volume and ionic 
strength of the surrounding medium, which is related to its osmolarity. Abu-Lail and 
Camesano [138] observed that the elasticity of E. coli increased with reduced solvent 
polarity, and that bacteria in the least polar solvent have the highest Young’s modulus [138]. 
Further, the spring constant of bacteria in a high ionic strength solvent of is higher than that 
in low ionic strength.  

5. Summary 

In summary, the viscoelastic properties of biological structures are responsible for their 
mechanical behavior which in turn is required for normal cell function. Viscoelasticity of 
whole biological cells is the combined contribution of cellular components, and several 
creative methods have been put forward to measure the associated parameters. Emerging 
experimental tools enable quantitative deformation studies of individual cells, biological 
polymers and macromolecules, which have led to understanding the relationship between 
mechanical properties and function. Nonetheless, studying the mechanical behavior of 
cellular components remains challenging. There are several theoretical models to determine 
the mechanical properties of cells and their components, but based on diverse findings and 
the different cell types used to determine viscoelastic parameters, it is difficult to compare 
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cell rheology measurements. There are uncertainties associated with the methods developed 
to determine mechanical properties, and any single method cannot be used for all cell types. 
To date, atomic force microscopy appears to be the most effective method for measuring the 
viscoelasticity of biological materials.  

It is certain that cellular viscoelasticity plays a great role in normal cell function such as 
cellular homeostasis, cell-cell communication, stress adaptive mechanisms, tissue formation, 
and locomotive functions. The most basic requirement of cells is their mechanical strength, 
which has potentially led to the evolution of complex multicellular organization in higher 
animals and even molecular evolution in the most primitive prokaryotes. Vital components 
of any given cell, such as its envelope, cytoskeleton and EPS, are devoted to maintaining a 
unique viscoelasticity, making the significance of this property in biological systems of great 
importance. Considering the diversity of living cells in nature, viscoelasticity remains 
universal, making its study exceptionally important, but nonetheless the study of cellular 
viscoelasticity remains in its infancy. The contribution of the cell cytoskeleton to 
viscoelasticity remains the most well studied, but there are still unresolved issues regarding 
its contribution, such as how mechanical force propagates through the cell cytoskeleton 
without a change in its composition. Although it is widely thought that the mechanical 
characteristics of cell components are significantly affected by external physical factors, our 
knowledge in this area is inadequate.  

6. Conclusions and outlook  

Through constant adaptation and survival, cells have acquired sophisticated structures 
made up of simple biomolecules which have remarkable mechanical integrity. Recent 
progress in the development of novel experimental techniques provides almost unlimited 
opportunities in the field of cell mechanics. By applying the basic rheology principles of 
non-living materials to live cells we can establish strong connections between cellular 
mechanics and function. More emphasis on the viscoelastic materials of cells such as the cell 
membrane, wall, envelope, and elaborate structures adopted by multiple cells including 
biofilms and tissues, will provide further insight into their contribution to cell mechanics. 
Combining the powerful experimental techniques discussed in this chapter, the wealth of 
knowledge from biochemistry with theoretical models (not discussed here, see [139] for a 
review) will allow us to further explore the importance of cellular viscoelasticity. In future, 
the resolution of several remaining gaps will lead to a fundamental and novel 
understanding of cellular function associated with cytomechanics. 
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1. Introduction 

Skin is the largest organ in humans and protects the body from environmental factors. The 
dermis is a layer that acts to protect the body from external physical force. Viscoelasticity is 
essential to facilitate the physical function of the skin. However, the clinical-biological-physical 
relevance of dermal connective tissue has not been fully investigated. In this chapter, we 
review past studies in this vast field and attempt to elucidate the combined clinical-biological-
physical relevance of dermal connective tissue. In addition, we discuss Tarumi disease, which 
is characterized by impaired viscoelasticity and stiffness in connective tissues. 

2. Extracellular matrices contribute to the viscoelastic properties of 
connective tissues including the dermis 

The viscoelastic properties of human tissues are principally governed by the nature of the 
extracellular matrix (ECM). The ECM comprises secreted proteins that are deposited into the 
extracellular space. Although cell-ECM interaction and growth factor-ECM interactions 
have recently been investigated, the ECM represents the fundamental architecture of tissue. 
Some ECM proteins supply the connective tissues with hydration and resiliency through 
their characteristic molecular properties and assembly. ECM proteins such as collagen, 
proteoglycans, and glycoproteins are classified by their biochemical properties rather than 
their physical properties. Numerous ECM proteins are currently known and have been well 
characterized biologically. However, the contribution of each ECM protein to the 
viscoelastic properties of tissues has not been fully investigated due to the lack of a proper 
experimental system. Therefore, the contribution of each ECM protein to viscoelasticity in 
human tissue should be determined based on biological, physical, and clinical studies.  
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3. Connective tissue elements in the dermis: Collagen fiber, elastic fiber, 
and ground substance 

As the dermis is the layer that protects the body from physical stress, understanding the 
nature of dermal connective tissues is vital. In this section, 3 components of connective 
tissues and the ECM are briefly introduced. ECM molecules are produced primarily by 
fibroblast cells. 

Collagen fibers are major elements of the dermis and collagens are the most abundant 
protein in the human body; the dermis alone is composed of approximately 75% collagen 
proteins in dry weight. Twenty-eight collagen species have presently been identified. It has 
been reported that skin contains collagen types I, III, IV-VII, XIII, and XIV, with the major 
collagen in the dermis being type I collagen. Collagens that associate with the type I collagen 
fiber are classified as FACIT collagens and can provide additional mechanical properties to 
tissues. Collagens are characterized by repeated glycine-X-Y sequences and form triple-
helical structures that are extensively modified after their secretion into the extracellular 
space. In immature tissues, such as those found in wound healing and fibrosis, type III 
collagen is expressed; however, it is not yet strong enough to support mature connective 
tissues. As the wound matures, type I collagen becomes dominant. Heterotypic type I and 
type III collagen fibrils are present in the dermis. Type VI collagen individually forms a 
unique filament called a microfilament (1,2).  

Elastic fiber comprises elastin and microfibrils. As the dermis has to be stretched to adapt to 
the movement of body parts, elasticity is a critical property of the dermis. Elastin—a unique 
molecule that stretches and shrinks—is secreted as tropoelastin (the soluble precursor of 
mature elastin) and is subsequently processed and cross-linked within the extracellular 
space. Cross-linking by lysyl oxidase and desmosine formation is a crucial step for the 
stabilization of elastin within tissues. Another element in elastic fibers is fibrillin-microfibril. 
Microfibrils are fibrous elements that are 10 nm in width and are comprised mainly of 
fibrillins. Fibrillin is a large glycoprotein that is rich in cysteine residues and homotypically 
assembles into a microfibril in a well-regulated manner (3, 4). Fibrillins align in a parallel 
manner, from head to tail, in a staggered fashion within extracellular microfibrils (5). Other 
ECM molecules, including microfibril-associated glycoproteins (MAGPs), latent TGF-beta 
binding proteins (LTBPs), type XVI collagen, emilin, and versican, can associate with 
microfibrils through their binding affinity with fibrillins. Fibulins are yet another elastic 
fiber component, which can bridge elastin and microfibrils by their binding properties. 
Interestingly, fibulin-5 knock-out mice exhibit skin looseness (6, 7), indicating that this 
molecule may be essential for the development of elastic tissue. 

Thick elastic fiber distributes horizontally in the reticular dermis, whereas thinner elastic 
fiber, including elaunin and oxytalan fibers, are seen to distribute in the papillary dermis. 
Oxytalan fibers are formed by bundled microfibrils without amorphous elastin. The staining 
of fibrillin in the skin shows horizontal distribution in the reticular dermis and vertical 
orientation in the papillary dermis (Figure 1). This complex elastic fiber meshwork confers 
the dermis with the ideal viscoelasticity to effectively protect the human body.  
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Figure 1. Immunohistochemical staining of fibrillin-1 in the human dermis. The distinct alignment of 
elastic fiber elements differs between the layers of the dermis 

Proteoglycans are glycosaminoglycans (GAGs) that are covalently linked to a core protein. 
GAGs can be chondrotin/dermatan sulfate, heparan sulfate, heparin, and hyaluronan. GAGs 
hold a large amount of water within connective tissue, whereas free water in connective 
tissue is observed as edema. In particular, hyaluronan (HA) has a high affinity to water 
through its charge and, in general, is a high molecular weight linear GAG that distributes 
ubiquitously in connective tissue. Proteoglycans are major components of ground substance 
and are occasionally associated with fiber components in the dermis. Therefore, GAG is 
essential for maintaining the tissue viscosity of dermal connective tissue. In dermal 
connective tissues, decorin and versican are the major proteoglycans (8). Decorin is a small 
dermatan sulfate proteoglycan that binds to type I collagen. In the dermis, decorin is 
abundant in the papillary and the reticular dermis. Scott et al. have proposed that, through 
their charge, GAG chains of decorin can play a role in the viscoelastic property of connective 
tissue (9, 10). These models highlight the importance of GAG chains to the viscoelastic 
properties of connective tissues.  

The supramolecular organization of the ECM in the dermis has been investigated using 
biochemical, biophysical, and ultrastructural methods. Connective tissues are not 
composed of a simple mixture of ECM molecules; therefore, the manner in which the 
ECM molecules assemble into fibrous components should be further investigated (11). In 
the dermis, each ECM molecule assembles into either elastic fiberous elements or ground 
substance. This can be observed in the electron micrograph of dermal connective tissue 
shown in Figure 2. Collagen and elastic fiber distribute distinctly, whereas the “empty 
space” is believed to be filled by ground substance. Thus, collagen and elastic fiber is 
embedded within ground substance, which itself is comprised of proteoglycans and 
hyaluronan. 
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collagen in the dermis being type I collagen. Collagens that associate with the type I collagen 
fiber are classified as FACIT collagens and can provide additional mechanical properties to 
tissues. Collagens are characterized by repeated glycine-X-Y sequences and form triple-
helical structures that are extensively modified after their secretion into the extracellular 
space. In immature tissues, such as those found in wound healing and fibrosis, type III 
collagen is expressed; however, it is not yet strong enough to support mature connective 
tissues. As the wound matures, type I collagen becomes dominant. Heterotypic type I and 
type III collagen fibrils are present in the dermis. Type VI collagen individually forms a 
unique filament called a microfilament (1,2).  

Elastic fiber comprises elastin and microfibrils. As the dermis has to be stretched to adapt to 
the movement of body parts, elasticity is a critical property of the dermis. Elastin—a unique 
molecule that stretches and shrinks—is secreted as tropoelastin (the soluble precursor of 
mature elastin) and is subsequently processed and cross-linked within the extracellular 
space. Cross-linking by lysyl oxidase and desmosine formation is a crucial step for the 
stabilization of elastin within tissues. Another element in elastic fibers is fibrillin-microfibril. 
Microfibrils are fibrous elements that are 10 nm in width and are comprised mainly of 
fibrillins. Fibrillin is a large glycoprotein that is rich in cysteine residues and homotypically 
assembles into a microfibril in a well-regulated manner (3, 4). Fibrillins align in a parallel 
manner, from head to tail, in a staggered fashion within extracellular microfibrils (5). Other 
ECM molecules, including microfibril-associated glycoproteins (MAGPs), latent TGF-beta 
binding proteins (LTBPs), type XVI collagen, emilin, and versican, can associate with 
microfibrils through their binding affinity with fibrillins. Fibulins are yet another elastic 
fiber component, which can bridge elastin and microfibrils by their binding properties. 
Interestingly, fibulin-5 knock-out mice exhibit skin looseness (6, 7), indicating that this 
molecule may be essential for the development of elastic tissue. 

Thick elastic fiber distributes horizontally in the reticular dermis, whereas thinner elastic 
fiber, including elaunin and oxytalan fibers, are seen to distribute in the papillary dermis. 
Oxytalan fibers are formed by bundled microfibrils without amorphous elastin. The staining 
of fibrillin in the skin shows horizontal distribution in the reticular dermis and vertical 
orientation in the papillary dermis (Figure 1). This complex elastic fiber meshwork confers 
the dermis with the ideal viscoelasticity to effectively protect the human body.  
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Figure 1. Immunohistochemical staining of fibrillin-1 in the human dermis. The distinct alignment of 
elastic fiber elements differs between the layers of the dermis 

Proteoglycans are glycosaminoglycans (GAGs) that are covalently linked to a core protein. 
GAGs can be chondrotin/dermatan sulfate, heparan sulfate, heparin, and hyaluronan. GAGs 
hold a large amount of water within connective tissue, whereas free water in connective 
tissue is observed as edema. In particular, hyaluronan (HA) has a high affinity to water 
through its charge and, in general, is a high molecular weight linear GAG that distributes 
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The supramolecular organization of the ECM in the dermis has been investigated using 
biochemical, biophysical, and ultrastructural methods. Connective tissues are not 
composed of a simple mixture of ECM molecules; therefore, the manner in which the 
ECM molecules assemble into fibrous components should be further investigated (11). In 
the dermis, each ECM molecule assembles into either elastic fiberous elements or ground 
substance. This can be observed in the electron micrograph of dermal connective tissue 
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Figure 2. Electron microscopic image of dermal connective tissues. Col: collagen fiber, El: elastin core, 
MF: microfibrils (Bar = 200 nm) 

4. Versican is a chondroitin sulfate proteoglycan and is critical for dermal 
viscoelasticity 

Among the ECM molecules in the dermis, versican appears to be the most important molecule 
for tissue viscoelasticity. Versican (also called PG-M) is a large chondroitin sulfate 
proteoglycan that was originally characterized in a mesenchymal condensation in chick limb 
bud (12). Versican binds to hyaluronan via its amino-terminal G1 domain and to fibrillin-1, 
fibulin-1 and fibulin-2 via its carboxyl terminal G3 domain. The distribution of versican is 
similar to that of elastic fiber in the dermis and in other tissues (13, 14) and is immunolocalized 
to microfibrils through its binding affinity to fibrillin-1 (15) as observed in Figure 3. 

Thus, versican plays critical roles in the viscoelastic properties of skin. Versican 1) connects 
with elastic microfibrils by binding to fibrillin via its G3 domain; 2) has chondroitin sulfate 
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chains that hold a large amount of water within the ECM space; and 3) binds to HA, which 
holds a large quantity of water. Figure 4 shows the proposed structural model of the elastic-
hydrated matrix in the dermis. Furthermore, the fibrillin-versican-hyaluronan network is 
also observed in the ciliary body (16). 

 
Figure 3. Versican co-localizes with fibrillin-1 in the dermis. Immunofluorescent staining using specific 
antibodies against versican and fibrillin-1 show co-localization. 

 
Figure 4. Schematic presentation of the dermal viscoelastic network linked by versican. Versican links 
elastic fibers to ground substance. 
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5. Biophysical examination of the skin and subcutaneous tissues 

The fundamental role of human skin is to protect the body from invasion by external factors. 
Biological and chemical invasions of the body could be prevented by the skin, which include 
circulating cells of the innate immune system. Furthermore, protection from physical 
invasions—such as mechanical force and thermo injuries—are also important to maintain 
the homeostasis of the human body.  

Skin consists of 3 layers, which include the epidermis, dermis, and subcutaneous tissue. Skin 
covers most of the body’s surface, except for some “holes such as oral cavity”. Thus, the physical 
barrier that skin provides is crucial to protect the human musculoskeletal system and internal 
organs. The physical properties of skin have been measured using several devices (17). In this 
study, the authors measured the mechanical properties of the skin by dynamic indentation. This 
study noted that the measurement of these mechanical properties by indentation is not well 
correlated with that by suction. (17). Furthermore, they also reported the aging-associated 
alteration of mechanical properties of the skin (18). The CutemeterTM has been used to measure 
the viscoelasticity of skin. Additionally, we have recently established a novel method to measure 
the viscoelasticity of skin using a rheometer (AR instrument, AR 550) (Figure 5).  

 
Figure 5. A rheometer can be used to determine the viscoelasticity of skin.  

Using this method, skin is treated as a complex of different materials. The skin surface at the 
bottom of an appendage is immobilized so that deformity is only obtained by the external 
force generated from the upper probe. From the results shown in Figure 6, viscoelasticity of 
skin (and subcutaneous tissues) was estimated to be approximately 30 kPa. This data was 
not influenced by muscle contraction, thus indicating that the origin of the physical 
properties of skin could be the fascia (19).  

Next, we developed a physical model for pressure ulcers and mechanical force around the 
ulcer was measured using our new device, real time skin strain monitor (RTSSM). A 
pressure ulcer is characterized as a skin and soft tissue injury caused by an external force on 
a bony prominence. However, it is not clear how a pressure ulcer is strained by external 
force. Previous studies have reported the similarity in strain properties of human soft tissue 
and industrial buffer materials. Therefore, we utilized a cell sponge as a testing material for 
its physically similar attributes to soft tissues. As shown in Figure 7, a physical model for 
pressure ulcers was developed. Strain gauge probes were stitched around the pressure ulcer 
model as indicated. 
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Figure 6. Viscoelasticity measurement by muscle contraction. 

 
Figure 7. The composition of a pressure ulcer model and the positions of strain gauge probes. The 
physical model for the pressure ulcer is made of sponges; the probes are placed around the hole 
mimicking pressure ulcer. 

Figure 8 shows the data observed from RTSSM when a tensile load is applied toward the 
channel 2–4 direction. From the results, it can be observed that this method is able to 
measure the strain force during the loaded state (0–0.3 seconds) and the relaxed state (after 
0.3 seconds). 

We further examined our model by testing the strain force around a pressure ulcer in a 
patient. This study was approved by the ethics committee of our institution and performed 
following written informed consent was obtained from the patients. As shown in Figure 9, 
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the probe was adhered onto the dressing and the strained force was measured in the 
bedridden patients.  

 
Figure 8. RTSSM measured by the strain distribution of a pressure ulcer model. The loading force is 
increased by 100 μ strain/s from the initial load at 50 μ strain/s and a maximum force of 250 μ strain/s is 
maintained.  

 
Figure 9. Measurement of strain force around pressure ulcers. 

It has been noted that the head lifting position of the patient can occasionally worsen a 
pressure ulcer. Therefore, the manner in which positioning changes influence a pressure 
ulcer is an important issue for the care of a patient. To address this issue, we measured 
strain forces around the pressure ulcer during positioning changes. Measurement using 
RTSSM indicates that a positioning change can generate a strain force around the wound 
(Figure 10).  

Point A 
(Right) 

Point B 
(Left) 
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Figure 10. Changes in strain force at the buttocks are dependent on a positional change in head lifting. 

Using the RTSSM, we next determined the direction of force by coordinating data from 
several probes. To this end, multiple probes can be adhered around the wound (Figure 11) 
and the measured force can be generated. In this case, it was reasoned that the different 
vectors, representing the strain force between the right and left sides, were generated due to 
the contracture of the right leg. Thus, the data obtained can be used to determine the 
positioning change that is ideal in the care of the patient with a pressure ulcer (20).  

 
Figure 11. Positioning changes generate strain force on a pressure ulcer toward a specific direction. 
When the position of head is lifted at the indicated degree (15 or 30) a strain force is promptly changed.  
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6. Diseases caused by impaired viscoelastic properties of connective 
tissues 

We discuss aging-associated diseases that result in impaired physical properties of 
connective tissues based on a review of genetic diseases that cause impairment in the 
physical properties of connective tissues.  

Marfan syndrome (MFS) is a relatively common genetic connective tissue disease. MFS is an 
autosomal dominant connective tissue disease that affects the aorta, lungs, ciliary zonule, 
muscles, and other organs. However, most phenotypes appear only in the later stages of life. 
The primary cause of MFS appears to be due to mutations in the microfibrillar molecule 
fibrillin-1, although some phenotypes observed in various organs are believed to develop 
from the dysregulation of TGF-beta. One explanation for the genotype-phenotype 
correlation is due to the aberrant activation of TGF-beta stored within microfibrils through 
the binding between fibrillin-1 and LTBPs (21) (Figure 4). Recent studies have highlighted 
the importance of proper modulation of non-canonical TGF-beta signaling (22). The role of 
versican in MFS is currently unknown. Interestingly, the tissue phenotype resulting from 
MFS shows similarities to that of aging. For instance, aneurysm, emphysema, hernia, and 
muscle atrophy are all common features of MFS patients and also of elderly patients. 
However, the correlation between MFS and aging connective tissue phenotypes is currently 
unknown. MFS appears to be a model for impaired viscoelasticity of human tissues, which 
is discussed in the following section.  

7. Aging-dependent changes of versican in the dermal connective tissues 

The dermis changes prominently with age; for example, the thickness of the dermis becomes 
thin and wrinkles appear. Biochemical collagen content and histological density of collagen 
fiber is reduced (23). We have shown that versican is a key molecule for viscoelasticity of the 
dermis. The amount of versican extracted from the dermis decreases with age and its GAG 
composition is also altered (24, 25). Therefore, as described above, we hypothesize that loss 
or reduction of versican, or in the HA binding ability of versican, may lead to impaired 
viscoelasticity of the dermis. Versican is heavily accumulated within solar elastosis, which is 
a hallmark of photo-aged skin and where elastic fiber components, including elastin and 
fibrillin-1, have accumulated (26). Clinically, photo-aged skin is not viscoelastic and shows 
deep wrinkles, as observed in Figure 12.  

Using recombinant versican G1 proteins and specific antibodies, we have indicated that a 
loss in the HA binding affinity of versican is characteristically observed in the region of solar 
elastosis (27). Versican specifically loses its HA binding domain (6084) in solar elastosis, 
whereas the carboxyl terminal domain (2B1) remains present. Therefore, the HA binding 
ability of elastic fibers is lost and microfibrils in solar elastosis are unable to bind to HA 
(Figure 13). Therefore, loss of the HA binding region of versican disrupts the fibrillin-
versican-hyaluronan (Fi-Ver-Hy) network in the dermis. 
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Figure 12. Clinical appearance of photo-aged skin. Deep wrinkles and comedo (black dots) are observed. 

 
Figure 13. Histochemical results of solar elastosis. Versican is detected by its anti-fibrillin binding 
region (2B1) or its anti-HA binding region (6084). HA is detected using a biotin-conjugated link protein 
(biotin LP). 

8. Tarumi disease 

Based on the physical properties of skin and other connective tissues, we propose “Tarumi 
disease” as an aging-associated, connective tissue loosening disease. Tarumi diseases are 
preferentially found in the elderly population, with some exceptions. Tarumi is a Japanese 
word that represents tissue loosening. Aging-associated loosening of connective tissue is a 
major pathogenesis for emphysema, aneurysm, skin wrinkles, pelvic organ, and hernias. 
The Tarumi diseases that we are proposing are listed in the table below (Table 1). In 2001, an 
interesting association between pseudoexfoliation syndrome and abdominal aortic 
aneurysm was reported (28). However, it should be noted that this report has not been 
supported by the subsequent studies on the prevalence of these conditions.  
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Common pathogenesis among each Tarumi disease is currently unclear. Smoking is 
considered to be a precipitating factor in the common pathogenesis of aortic aneurysm and 
chronic obstructive pulmonary disease (COPD) (29, 30). However, other factors should be 
investigated for the Tarumi diseases. Tarumi disease may provide a novel perspective of 
tissue aging in geriatrics. 

Therefore, studying Tarumi disease may be a useful step toward understanding common 
pathogenesis among these diseases. Future directions in Tarumi disease research require 
pathological, biochemical, and physical studies. Methods presented in this chapter may 
evaluate the looseness of tissues. Furthermore, surgical intervention using a tissue filler may 
be a useful method to improve these diseases. Finally, the phenotypical relationship 
between MFS and Tarumi disease may lead to understanding their common pathogenesis. 
 

Organ Proposed diseases
Aorta Aortic aneurysm 
Lung  Chronic obstructive pulmonary disease 
Pelvis Pelvis organ prolapse 
Vein Varicose vein 
Skin  Wrinkles, Pressure ulcer 
Abdomen  Hernia 
Esophagus Esophageal hiatal hernia 

Table 1. Proposed Tarumi diseases.  

9. Conclusion 

Viscoelastic properties of the skin can be measured by various methods and are dependent on 
the connective tissue architecture formed by ECM molecules. In order to measure the actual 
viscoelasticity of the skin, we have developed a novel device that can monitor the external 
forces on the skin in real time. The device can be used for treatment and prevention of pressure 
ulcers that are affected by viscoelasticity and external force. Among the ECM molecules, 
versican—a chondroitin sulfate proteoglycan—is an important ECM molecule for 
viscoelasticity because it constitutes the fibrillin-versican-hyaluronan network. In human 
pathogenic conditions such as solar elastosis, loss of viscoelastic properties of the dermis is 
found to occur because of the loss of hyaluronan-binding versican. Marfan syndrome—a 
genetic connective tissue disease—is also characterized by loss of viscoelasticity in elastic 
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1. Introduction 

1.1. Mechanical properties of cells and their biological significances. 

As a viscoelastic body, the cell exhibits both elastic and viscous characteristics (Kasza, 07). 
Although these mechanical properties have not been attributed wholly to a single element, 
such as the cytoskeletal network, the cytoplasm, the cell membrane, or the extracellular 
network (Janmey et al., 2007), it is agreed that they are determined predominantly by the 
cytoskeleton, a network of biopolymers in the form of actin filaments, microtubules, and 
intermediate filaments. The dynamic assembly and disassembly of these biopolymers give 
the cell the ability to move and to modulate its shape, elasticity, and mechanical strength in 
responses to mechanical and chemical stimuli from the external environment (Fletcher & 
Mullins, 2010). Among these cytoskeletal polymers, actin filaments are known to be 
primarily responsible for the rigidity of the cell. An increase in the concentration of actin 
filaments typically results in an increase in the rigidity of the cell, which can be 
characterized by Young’s modulus (Satcher Jr & Dewey Jr, 1996).     

The cytoskeleton is also essential in regulation of cell signaling and trafficking (Janmey, 
1998; Papakonstanti & Stournaras, 2008). In particular, the structure of the cytoskeleton 
plays an essential role in EGFR signaling and trafficking that is initiated by the binding of 
epidermal growth factor (EGF) to the EGF receptor (EGFR) (Ridley, 1994; Song et al., 2008). 
EGF is a protein molecule known to play a crucial role in the regulation of cell growth, 
proliferation, differentiation and motility. EGFR is a transmembrane receptor that consists of 
an extracellular ligand-binding domain, a transmembrane domain, an intracellular tyrosine 
kinase domain, and a C-terminal regulatory domain (Scaltriti & Baselga, 2006). Binding of 
EGF to the extracellular domain of EGFR leads to the dimerization of EGFR, which in turn 
stimulates tyrosine kinase activity of the receptors and triggers autophosphorylation of 

© 2012 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons 
Attribution License http://creativecommons.org/licenses/by/3.0), which permits unrestricted use, distribution, 
and reproduction in any medium, provided the original work is properly cited.



 
Viscoelasticity – From Theory to Biological Applications 170 

[16] Ohno-Jinno A, Isogai Z, Yoneda M, Kasai K, Miyaishi O, Inoue Y, Kataoka T, Zhao JS, Li 
H, Takeyama M, Keene DR, Sakai LY, Kimata K, Iwaki M, Zako M (2008) Versican and 
Fibrillin-1 Form a Major Hyaluronan-Binding Complex in the Ciliary Body. Invest 
Ophthalmol Vis Sci. 49: 2870-2877.  

[17] Boyer G, Laquièze L, Le Bot A, Laquièze S, Zahouani H (2009) Dynamic Indentation on 
Human Skin in Vivo: Ageing Effects. Skin Res Technol. 15: 55-67. 

[18] Boyer G, Pailler Mattei C, Molimard J, Pericoi M, Laquieze S, Zahouani H (2012) Non 
Contact Method for in Vivo Assessment of Skin Mechanical Properties for Assessing 
Effect of Ageing. Med Eng Phys. 34: 172-178.  

[19] Nemoto T, Isogai Z, Koide K, Itoh Y, Nogata F, Shimamoto A, Matsuura H (2007) 
Viscoelasticity Measurement of Skin in Vivo by Rheometer. J. Achievements in Mat. 
Manufactur. Eng. 21(2): 33-36 

[20]  Kubota R, Nemoto T, Ito Y, Isogai Z, Furuta K, Shimamoto, Matsuura H (2011) 
Examination of the Skin Characteristic Evaluation Using Skin Strain Measuring 
Method. Jpn. Soc. Exp. Mechanics. 11: 30-34 (in Japanese) 

[21] Isogai Z, Ono RN, Ushiro S, Keene DR, Chen Y, Mazzieri R, Charbonneau NL, 
Reinhardt DP, Rifkin DB, Sakai LY. (2003) Latent Transforming Growth Factor Beta-
Binding Protein 1 Interacts with Fibrillin and Is a Microfibril-Associated Protein. J Biol 
Chem. 24;278 :2750-2757. 

[22] Holm TM, Habashi JP, Doyle JJ, Bedja D, Chen Y, van Erp C, Lindsay ME, Kim D, 
Schoenhoff F, Cohn RD, Loeys BL, Thomas CJ, Patnaik S, Marugan JJ, Judge DP, Dietz 
HC. (2011) Noncanonical TGFβ Signaling Contributes to Aortic Aneurysm Progression 
in Marfan Syndrome Mice. Science. 15: 358-361. 

[23] Waller JM, Maibach HI (2006) Age and Skin Structure and Function, A Quantitative 
Approach (II): Protein, Glycosaminoglycan, Water, and lipid content and structure. Skin 
Res Technol. 12: 145-54. 

[24] Carrino DA, Onnerfjord P, Sandy JD, Cs-Szabo G, Scott PG, Sorrell JM, Heinegård D, Caplan 
AI. (2003) Age-Related Changes in the Proteoglycans of Human Skin. Specific Cleavage of 
Decorin to Yield A Major Catabolic Fragment in Adult Skin. J Biol Chem. 278: 17566-17572.  

[25] Carrino DA, Calabro A, Darr AB, Dours-Zimmermann MT, Sandy JD, Zimmermann 
DR, Sorrell JM, Hascall VC, Caplan AI (2011) Age-Related Differences in Human Skin 
Proteoglycans. Glycobiology. 21: 257-268.  

[26] Bernstein EF, Fisher LW, Li K, LeBaron RG, Tan EM, Uitto J (1995) Differential 
Expression of the Versican and Decorin Genes in Photoaged and Sun-Protected Skin. 
Comparison by Immunohistochemical and Northern Analyses. Lab Invest. 72: 662-669. 

[27] Hasegawa K, Yoneda M, Kuwabara H, Miyaishi O, Itano N, Ohno A, Zako M, Isogai Z 
(2007) Versican, A Major Hyaluronan-Binding Component in the Dermis, Loses its 
Hyaluronan-Binding Ability in Solar Elastosis. J Invest Dermatol. 127: 1657-1663.  

[28] Schumacher S, Schlötzer-Schrehardt U, Martus P, Lang W, Naumann GO. (2001) 
Pseudoexfoliation Syndrome and Aneurysms of the Abdominal Aorta. Lancet. 357: 359-360. 

[29] Aggarwal S, Qamar A, Sharma V, Sharma A (2011) Abdominal Aortic Aneurysm: A 
Comprehensive Review. Exp Clin Cardiol. ;16:11-5. 

[30] Brusselle GG, Joos GF, Bracke KR (2011) New Insights into the Immunology of Chronic 
Obstructive Pulmonary Disease. Lancet. 378: 1015-1026. 

Chapter 8 

 

 

 
 

© 2012 Xi et al., licensee InTech. This is an open access chapter distributed under the terms of the Creative 
Commons Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use, 
distribution, and reproduction in any medium, provided the original work is properly cited. 

Dynamic Mechanical Response of  
Epithelial Cells to Epidermal Growth Factor 

Jun Xi, Lynn S. Penn, Ning Xi, Jennifer Y. Chen and Ruiguo Yang 

Additional information is available at the end of the chapter 

http://dx.doi.org/10.5772/49977 

1. Introduction 

1.1. Mechanical properties of cells and their biological significances. 

As a viscoelastic body, the cell exhibits both elastic and viscous characteristics (Kasza, 07). 
Although these mechanical properties have not been attributed wholly to a single element, 
such as the cytoskeletal network, the cytoplasm, the cell membrane, or the extracellular 
network (Janmey et al., 2007), it is agreed that they are determined predominantly by the 
cytoskeleton, a network of biopolymers in the form of actin filaments, microtubules, and 
intermediate filaments. The dynamic assembly and disassembly of these biopolymers give 
the cell the ability to move and to modulate its shape, elasticity, and mechanical strength in 
responses to mechanical and chemical stimuli from the external environment (Fletcher & 
Mullins, 2010). Among these cytoskeletal polymers, actin filaments are known to be 
primarily responsible for the rigidity of the cell. An increase in the concentration of actin 
filaments typically results in an increase in the rigidity of the cell, which can be 
characterized by Young’s modulus (Satcher Jr & Dewey Jr, 1996).     

The cytoskeleton is also essential in regulation of cell signaling and trafficking (Janmey, 
1998; Papakonstanti & Stournaras, 2008). In particular, the structure of the cytoskeleton 
plays an essential role in EGFR signaling and trafficking that is initiated by the binding of 
epidermal growth factor (EGF) to the EGF receptor (EGFR) (Ridley, 1994; Song et al., 2008). 
EGF is a protein molecule known to play a crucial role in the regulation of cell growth, 
proliferation, differentiation and motility. EGFR is a transmembrane receptor that consists of 
an extracellular ligand-binding domain, a transmembrane domain, an intracellular tyrosine 
kinase domain, and a C-terminal regulatory domain (Scaltriti & Baselga, 2006). Binding of 
EGF to the extracellular domain of EGFR leads to the dimerization of EGFR, which in turn 
stimulates tyrosine kinase activity of the receptors and triggers autophosphorylation of 

© 2012 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons 
Attribution License http://creativecommons.org/licenses/by/3.0), which permits unrestricted use, distribution, 
and reproduction in any medium, provided the original work is properly cited.



 
Viscoelasticity – From Theory to Biological Applications 172 

specific tyrosine residues within the cytoplasmic regulatory domain. The activation of 
tyrosine kinases initiates multiple downstream signaling pathways such as Ras/Raf-
1/MAPK (Scaltriti & Baselga, 2006), PI3Kinase/Akt/mTOR (Ono & Kuwano, 2006), Src/NFKb 
(Lee C.-W. et al., 2007; Silva, 2004), catenin/cytoskeleton (Yasmeen et al., 2006) and PAK-1 
/Rac pathways (McManus et al., 2000).  

It is known that EGFR signaling induces drastic morphological changes, such as rounding of 
cells, induction of membrane ruffling and extension of filopodia (Bretscher, 1989; Chinkers 
et al., 1981). These changes can be attributed to the remodeling of cytoskeletal structures 
(Rijken et al., 1991), which may also alter mechanical properties of the cells (Kasza et al., 
2007; Stamenovic, 2005). Currently, the connection between cell signalling and alterations of 
the mechanical properties of cells is still not fully understood in general. Information 
concerning the effects of EGF stimulation on the mechanical properties of cells will certainly 
provide insights into this connection. In addition, since EGFR is highly expressed in a 
variety of human tumors (Dei Tos & Ellis, 2005) and mutations in EGFR can produce 
aberrant cell signaling that often leads to uncontrolled cell growth and a malignant 
phenotype, such information will also shed light on the link between cell mechanical 
properties and human diseases (Bao & Suresh, 2003).   

Many highly sensitive techniques have been developed over the years to assess mechanical 
properties of cells (Addae-Mensah & Wikswo, 2008). These include atomic force microscopy 
(Smith et al., 2005), magnetic twisting cytometry (Wang et al., 1993), micropipette aspiration 
(Alexopoulos et al., 2003), optical tweezers (Svoboda & Block, 1994), Shear-flow methods 
(Usami et al., 1993), particle-tracking microrheology (Wirtz, 2009), cantilever beams 
(Galbraith & Sheetz, 1997), and others. Each technique probes a cell or cells in a different 
manner and does not necessarily measure the same aspects of a cell as another technique. 
Thus, the use of more than one technique to study the same object (i.e., cell) may prove 
useful. This chapter describes the application of two sensitive techniques, the atomic force 
microscopy and the quartz crystal microbalance with dissipation monitoring, to the study of 
the mechanical properties of cells in response to exposure to EGF.  

1.2. Probing mechanical response of cells with atomic force microscopy 

Atomic force microscopy (AFM) is one of the most popular choices for probing the 
mechanical properties of cells, because individual cells can be probed in high sensitivity and 
resolution with a minimum of force (Radmacher Manfred, 2007). To measure the mechanical 
properties of the cell with AFM, the top surface of a live cell is indented with the sharp tip  
located at the end of a cantilever (a probe). The cantilever is mounted on a piezoelectric tube 
that moves the cantilever down and up in the vertical direction toward and away from the 
surface of the cell. The deflection in the cantilever is typically measured by a laser that tracks 
a spot on the tip of the cantilever. From the position of the cantilever and its deflection, 
force-displacement curves during the indentation of the cell by the probe are generated as 
shown in Figure 1 (Radmacher M., 1997). 
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Figure 1. Typical force-displacement curves generated for the approach and retraction of the AFM 
probe. Approach and retraction correspond to mechanical loading and unloading of the AFM probe on 
the top surface of the cell.  

To indent epithelial cells that are being treated with biologically active molecules, the force 
applied on the cells by the AFM probe is often kept approximately 50 nN or slightly lower to 
minimize the adverse effects on the cells caused by the probe. With the force at this level, the 
probe can have the probing depth that is sufficiently deep (100 to 500 nm) to register the 
cytoskeleton remodeling (Schillers et al., 2010) but is still shallow enough to avoid influence 
from the nucleus and the solid substrate on which the cells rest (Melzak et al., 2011). In 
addition to a low magnitude of loading, the velocity of loading should be kept low enough 
so that the transient friction interactions between the probe tip and the cell surface are 
avoided (Alcaraz et al., 2003).   

Force-displacement curves acquired with all of these precautions in place then can be used 
to estimate values for Young’s modulus and energy dissipation of the cell. The Young’s 
modulus of a cell can be extracted from a curve of unloading force displacement with the 
aid of the Herzian elastic contact model for a conically shaped tip indenting an elastic body 
(Touhami et al., 2003): 
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where F is the applied force, d is the deflection of the cantilever, and k is the spring constant 
of the cantilever. Also, α is the half angle of the cone-shaped tip, υ is the Poisson ratio (taken 
to be 0.5, for an incompressible material), δ is the indentation depth, and E is Young’s 
modulus. It should be noted that the force-displacement curves are dependent on the 
frequency of the probe (Hoffman & Crocker, 2009); this means that the estimated values of 
modulus are not unique. 

In the estimation of the Young's modulus, the cell is assumed to be an elastic body, i.e., to 
return all of the energy deposited during the loading portion of the indentation process. 
However, in reality, the cell is not perfectly elastic but exhibits some dissipative behaviour. 
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specific tyrosine residues within the cytoplasmic regulatory domain. The activation of 
tyrosine kinases initiates multiple downstream signaling pathways such as Ras/Raf-
1/MAPK (Scaltriti & Baselga, 2006), PI3Kinase/Akt/mTOR (Ono & Kuwano, 2006), Src/NFKb 
(Lee C.-W. et al., 2007; Silva, 2004), catenin/cytoskeleton (Yasmeen et al., 2006) and PAK-1 
/Rac pathways (McManus et al., 2000).  

It is known that EGFR signaling induces drastic morphological changes, such as rounding of 
cells, induction of membrane ruffling and extension of filopodia (Bretscher, 1989; Chinkers 
et al., 1981). These changes can be attributed to the remodeling of cytoskeletal structures 
(Rijken et al., 1991), which may also alter mechanical properties of the cells (Kasza et al., 
2007; Stamenovic, 2005). Currently, the connection between cell signalling and alterations of 
the mechanical properties of cells is still not fully understood in general. Information 
concerning the effects of EGF stimulation on the mechanical properties of cells will certainly 
provide insights into this connection. In addition, since EGFR is highly expressed in a 
variety of human tumors (Dei Tos & Ellis, 2005) and mutations in EGFR can produce 
aberrant cell signaling that often leads to uncontrolled cell growth and a malignant 
phenotype, such information will also shed light on the link between cell mechanical 
properties and human diseases (Bao & Suresh, 2003).   

Many highly sensitive techniques have been developed over the years to assess mechanical 
properties of cells (Addae-Mensah & Wikswo, 2008). These include atomic force microscopy 
(Smith et al., 2005), magnetic twisting cytometry (Wang et al., 1993), micropipette aspiration 
(Alexopoulos et al., 2003), optical tweezers (Svoboda & Block, 1994), Shear-flow methods 
(Usami et al., 1993), particle-tracking microrheology (Wirtz, 2009), cantilever beams 
(Galbraith & Sheetz, 1997), and others. Each technique probes a cell or cells in a different 
manner and does not necessarily measure the same aspects of a cell as another technique. 
Thus, the use of more than one technique to study the same object (i.e., cell) may prove 
useful. This chapter describes the application of two sensitive techniques, the atomic force 
microscopy and the quartz crystal microbalance with dissipation monitoring, to the study of 
the mechanical properties of cells in response to exposure to EGF.  

1.2. Probing mechanical response of cells with atomic force microscopy 

Atomic force microscopy (AFM) is one of the most popular choices for probing the 
mechanical properties of cells, because individual cells can be probed in high sensitivity and 
resolution with a minimum of force (Radmacher Manfred, 2007). To measure the mechanical 
properties of the cell with AFM, the top surface of a live cell is indented with the sharp tip  
located at the end of a cantilever (a probe). The cantilever is mounted on a piezoelectric tube 
that moves the cantilever down and up in the vertical direction toward and away from the 
surface of the cell. The deflection in the cantilever is typically measured by a laser that tracks 
a spot on the tip of the cantilever. From the position of the cantilever and its deflection, 
force-displacement curves during the indentation of the cell by the probe are generated as 
shown in Figure 1 (Radmacher M., 1997). 
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Figure 1. Typical force-displacement curves generated for the approach and retraction of the AFM 
probe. Approach and retraction correspond to mechanical loading and unloading of the AFM probe on 
the top surface of the cell.  

To indent epithelial cells that are being treated with biologically active molecules, the force 
applied on the cells by the AFM probe is often kept approximately 50 nN or slightly lower to 
minimize the adverse effects on the cells caused by the probe. With the force at this level, the 
probe can have the probing depth that is sufficiently deep (100 to 500 nm) to register the 
cytoskeleton remodeling (Schillers et al., 2010) but is still shallow enough to avoid influence 
from the nucleus and the solid substrate on which the cells rest (Melzak et al., 2011). In 
addition to a low magnitude of loading, the velocity of loading should be kept low enough 
so that the transient friction interactions between the probe tip and the cell surface are 
avoided (Alcaraz et al., 2003).   

Force-displacement curves acquired with all of these precautions in place then can be used 
to estimate values for Young’s modulus and energy dissipation of the cell. The Young’s 
modulus of a cell can be extracted from a curve of unloading force displacement with the 
aid of the Herzian elastic contact model for a conically shaped tip indenting an elastic body 
(Touhami et al., 2003): 
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where F is the applied force, d is the deflection of the cantilever, and k is the spring constant 
of the cantilever. Also, α is the half angle of the cone-shaped tip, υ is the Poisson ratio (taken 
to be 0.5, for an incompressible material), δ is the indentation depth, and E is Young’s 
modulus. It should be noted that the force-displacement curves are dependent on the 
frequency of the probe (Hoffman & Crocker, 2009); this means that the estimated values of 
modulus are not unique. 

In the estimation of the Young's modulus, the cell is assumed to be an elastic body, i.e., to 
return all of the energy deposited during the loading portion of the indentation process. 
However, in reality, the cell is not perfectly elastic but exhibits some dissipative behaviour. 
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This dissipative behavior is manifested as a loss (as heat to the surroundings) of some of the 
energy stored during loading, and can be seen in the indentation process as hysteresis in a 
cycle of force displacement (Figure 1). In a cell, energy dissipation is believed to be 
accomplished by internal friction and/or viscous damping mechanisms (Alcaraz et al., 2003; 
Smith et al., 2005). In AFM, the mechanical energy dissipated per cycle of indentation is 
given quantitatively by the area of the hysteresis loop enclosed by the approach and 
retraction curves (Alcaraz et al., 2003), as shown in Figure 1. 

1.3. Probing mechanical response of cells with quartz crystal microbalance with 
dissipation monitoring 

In contrast to AFM, the quartz crystal microbalance with dissipation monitoring (QCM-D) 
has not been widely used in characterization of cell mechanics. The QCM-D is an 
ultrasensitive piezoelectric device (Hook F. et al., 1998; Rodahl Michael et al., 1996; Rodahl 
M. & Kasemo, 1996) that is able to detect mass coupled (adsorbed or adhered) to the surface 
of the sensing element. The sensing element is a single piezoelectric quartz crystal in the 
form of a thin disc with a metal electrode deposited on its underside. This sensor crystal is 
set into free vibration in shear mode by means of a pulse of current. In air, the sensor crystal 
has a characteristic resonant frequency; this frequency is changed when any material, liquid 
or solid, is coupled or attached to it by adsorption or adhesion. 

The mass of an ultrathin and elastic adsorbed layer, which exhibits negligible dissipation, is 
given by the Sauerbrey equation:  
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where ∆m is mass, C is the instrument sensitivity constant in ng/cm2 of the crystal surface 
area, n is the frequency overtone number (n = 1, 3, 5, …), and ∆f is the simplified 
representation of ∆fn, the change in resonant frequency at the overtone number n, caused by 
the attached mass (Sauerbrey, 1959). The acoustic shear wave from the vibrating sensor 
penetrates the attached layer without disrupting it and the instrument monitors ∆f of the 
layer at multiple overtones (Hook Fredrik et al., 2001) as a function of time. The instrument 
simultaneously monitors the change in dissipation factor, ∆D, which is defined as the ratio 
of the dissipated energy to the stored (elastic) energy per vibrational cycle. An ultrathin, 
elastic layer exhibits a negligible value of ∆D, but a layer that is viscoelastic exhibits a non-
negligible and measureable value of ∆D. Both ∆f and ∆D provide information about the 
mechanical response of a layer attached to the surface of the sensor crystal, and any type of 
change in the layer produces changes in these quantities. 

The QCM has been used to assess the changes in mass and mechanical properties of a layer 
of biomolecules immobilized on the surface of the quartz crystal (Dixon, 2008). Specific 
examples include the use of the QCM to show  protein adsorption (Hook F. et al., 1998), to 
indicate changes in an immobilized layer caused by ligand–receptor interactions (Janshoff et 
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al., 1997; Lee H. et al., 2010), to detect nucleic acid hybridization (Furtado & Thompson, 
1998), and to study immunoresponse (Aizawa et al., 2001).     

 
Figure 2. Diagram of a layer of cells attached to the surface of a sensor crystal in the QCM-D technique. 
The vibrational wave originating from the piezoelectric sensor crystal penetrates the cells from the 
bottom and diminishes with distance above the sensor surface. This figure is adapted with permission 
from (Chen et al., 2011). Copyright 2011, American Chemical Society. 

In the field of cell biology, the QCM technique has become particularly attractive for its 
capability to study cells in a label-free manner (Heitmann et al., 2007; Janshoff et al., 1996; 
Matsuda et al., 1992; Redepenning et al., 1993; Wegener et al., 1998). Importantly, the 
technique is non-invasive to mammalian cells when the amplitude of shear oscillation is 
kept under 1 nm (Heitmann & Wegener, 2007). It has been used for determining the kinetics 
of cell attachment and spreading (Fredriksson et al., 1998; Nimeri et al., 1998) and for 
monitoring the long term growth of cells (Otto et al., 1999; Reipa et al., 2006). More recently, 
the QCM has been applied to characterization of cell viscoelasticity (Alessandrini et al., 2006; 
Galli Marxer et al., 2003; Li et al., 2008; Marx et al., 2005; Pax et al., 2005; Voinova et al., 
2004). When the instrument used has the capability for monitoring the change in dissipation 
factor as well as frequency, the technique is termed QCM-D (QCM with dissipation 
monitoring). Because the acoustic signal diminishes exponentially with distance above the 
surface of the quartz crystal oscillator on which the cells are deposited, the QCM probes 
primarily the basal area of the cell monolayer (Heitmann et al., 2007; Le Guillou-Buffello et 
al., 2011). The test configuration is shown in Figure 2. Thus, ∆f and ∆D, for adherent cells 
measured by the QCM-D technique can be expected to be related to mechanical changes in 
basal area of the cells and may be related to strength and quality of adhesion between the 
cell and the surface it contacts (Fredriksson et al., 1998; Rodahl M. et al., 1997).  

2. Investigation of the dynamic mechanical response of an A431 cell 
monolayer in response to EGF 

2.1. Mechanical behavior of an A431 cell monolayer probed with AFM 

An example of the use of the AFM to assess change in the mechanical response of cells upon 
exposure to a biologically active molecule is illustrated in this section. Figure 3 shows the 
Young’s moduli, obtained at a probe speed of 5.8 µm/s and indentation depth of ~500 nm, 
for two hundred randomly selected A431 cells before and after the treatment with a 40-nM 
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This dissipative behavior is manifested as a loss (as heat to the surroundings) of some of the 
energy stored during loading, and can be seen in the indentation process as hysteresis in a 
cycle of force displacement (Figure 1). In a cell, energy dissipation is believed to be 
accomplished by internal friction and/or viscous damping mechanisms (Alcaraz et al., 2003; 
Smith et al., 2005). In AFM, the mechanical energy dissipated per cycle of indentation is 
given quantitatively by the area of the hysteresis loop enclosed by the approach and 
retraction curves (Alcaraz et al., 2003), as shown in Figure 1. 

1.3. Probing mechanical response of cells with quartz crystal microbalance with 
dissipation monitoring 

In contrast to AFM, the quartz crystal microbalance with dissipation monitoring (QCM-D) 
has not been widely used in characterization of cell mechanics. The QCM-D is an 
ultrasensitive piezoelectric device (Hook F. et al., 1998; Rodahl Michael et al., 1996; Rodahl 
M. & Kasemo, 1996) that is able to detect mass coupled (adsorbed or adhered) to the surface 
of the sensing element. The sensing element is a single piezoelectric quartz crystal in the 
form of a thin disc with a metal electrode deposited on its underside. This sensor crystal is 
set into free vibration in shear mode by means of a pulse of current. In air, the sensor crystal 
has a characteristic resonant frequency; this frequency is changed when any material, liquid 
or solid, is coupled or attached to it by adsorption or adhesion. 

The mass of an ultrathin and elastic adsorbed layer, which exhibits negligible dissipation, is 
given by the Sauerbrey equation:  
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where ∆m is mass, C is the instrument sensitivity constant in ng/cm2 of the crystal surface 
area, n is the frequency overtone number (n = 1, 3, 5, …), and ∆f is the simplified 
representation of ∆fn, the change in resonant frequency at the overtone number n, caused by 
the attached mass (Sauerbrey, 1959). The acoustic shear wave from the vibrating sensor 
penetrates the attached layer without disrupting it and the instrument monitors ∆f of the 
layer at multiple overtones (Hook Fredrik et al., 2001) as a function of time. The instrument 
simultaneously monitors the change in dissipation factor, ∆D, which is defined as the ratio 
of the dissipated energy to the stored (elastic) energy per vibrational cycle. An ultrathin, 
elastic layer exhibits a negligible value of ∆D, but a layer that is viscoelastic exhibits a non-
negligible and measureable value of ∆D. Both ∆f and ∆D provide information about the 
mechanical response of a layer attached to the surface of the sensor crystal, and any type of 
change in the layer produces changes in these quantities. 

The QCM has been used to assess the changes in mass and mechanical properties of a layer 
of biomolecules immobilized on the surface of the quartz crystal (Dixon, 2008). Specific 
examples include the use of the QCM to show  protein adsorption (Hook F. et al., 1998), to 
indicate changes in an immobilized layer caused by ligand–receptor interactions (Janshoff et 
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al., 1997; Lee H. et al., 2010), to detect nucleic acid hybridization (Furtado & Thompson, 
1998), and to study immunoresponse (Aizawa et al., 2001).     

 
Figure 2. Diagram of a layer of cells attached to the surface of a sensor crystal in the QCM-D technique. 
The vibrational wave originating from the piezoelectric sensor crystal penetrates the cells from the 
bottom and diminishes with distance above the sensor surface. This figure is adapted with permission 
from (Chen et al., 2011). Copyright 2011, American Chemical Society. 

In the field of cell biology, the QCM technique has become particularly attractive for its 
capability to study cells in a label-free manner (Heitmann et al., 2007; Janshoff et al., 1996; 
Matsuda et al., 1992; Redepenning et al., 1993; Wegener et al., 1998). Importantly, the 
technique is non-invasive to mammalian cells when the amplitude of shear oscillation is 
kept under 1 nm (Heitmann & Wegener, 2007). It has been used for determining the kinetics 
of cell attachment and spreading (Fredriksson et al., 1998; Nimeri et al., 1998) and for 
monitoring the long term growth of cells (Otto et al., 1999; Reipa et al., 2006). More recently, 
the QCM has been applied to characterization of cell viscoelasticity (Alessandrini et al., 2006; 
Galli Marxer et al., 2003; Li et al., 2008; Marx et al., 2005; Pax et al., 2005; Voinova et al., 
2004). When the instrument used has the capability for monitoring the change in dissipation 
factor as well as frequency, the technique is termed QCM-D (QCM with dissipation 
monitoring). Because the acoustic signal diminishes exponentially with distance above the 
surface of the quartz crystal oscillator on which the cells are deposited, the QCM probes 
primarily the basal area of the cell monolayer (Heitmann et al., 2007; Le Guillou-Buffello et 
al., 2011). The test configuration is shown in Figure 2. Thus, ∆f and ∆D, for adherent cells 
measured by the QCM-D technique can be expected to be related to mechanical changes in 
basal area of the cells and may be related to strength and quality of adhesion between the 
cell and the surface it contacts (Fredriksson et al., 1998; Rodahl M. et al., 1997).  

2. Investigation of the dynamic mechanical response of an A431 cell 
monolayer in response to EGF 

2.1. Mechanical behavior of an A431 cell monolayer probed with AFM 

An example of the use of the AFM to assess change in the mechanical response of cells upon 
exposure to a biologically active molecule is illustrated in this section. Figure 3 shows the 
Young’s moduli, obtained at a probe speed of 5.8 µm/s and indentation depth of ~500 nm, 
for two hundred randomly selected A431 cells before and after the treatment with a 40-nM 
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EGF solution (Yang et al., 2012). The focus is on the comparison, rather than on the modulus 
values themselves. The two samples show a statistically significant increase (p < 0.05) in 
average modulus as a result of the treatment: 11.2 ± 2.8 kPa for untreated cells and 18.7 ± 2.0 
kPa for treated cells. 

 
Figure 3. Histograms of the distributions of the Young’s modulus of two hundred randomly selected 
A431 cells before (A) and after (B) the treatment with  a 40-nM EGF solution in buffer (Yang et al., 2012).  

Figure 4 shows changes in amount of the dissipated energy of cells upon EGF stimulation. It 
is evident that energy dissipation of a cell, as indicated by the area of the hysteresis loop, 
increases after the treatment with 40 nM EGF (Figures 4A and 4B). Figure 4C summarize the 
distribution of such differences exhibited by one hundred randomly selected cells. A 
statistically significant difference (p < 0.05) in energy dissipation per cycle is shown: 3.09 ± 
0.79 fJ before the treatment and 5.10 ± 0.71 fJ after the treatment.   

 
Figure 4. Force-displacement curves for a single cell before (A) and after (B) the treatment with 40 nM 
EGF. Histograms (C) of energy dissipation for one hundred randomly selected cells before (blue) and 
after (red) the treatment with EGF.   

The underlying meaning of a simultaneous increase in both stiffness (Young’s modulus) and 
energy dissipation of the cells upon the EGF treatment can be better understood with the 
soft glassy rheology (SGR) model (Fabry et al., 2001). In this model, the cell is considered as 
a soft glassy material that is structurally disordered and metastable (Sollich, 1998). The 
hysteresivity of the cell, η, defined as the fraction of the elastic (input) energy that is 
dissipated as heat, is frequency insensitive and remains constant in the low frequency 
regime (Fredberg & Stamenovic, 1989).  
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Although both stiffness and dissipation of the cells increase simultaneously, the 
hysteresivity of the cells, which is determined based on the ratio of area within the 
hysteresis loop to area under the approach curve (Figure 1) (Collinsworth et al., 2002; 
Fung, 1984; Smith et al., 2005), is not constant but increases as a function of time, shown in 
Figure 5. According to the SGR model, upon a non-thermal stimulation (e.g., ATP 
depletion, or cell relaxing agent), the cell can undergo a change in mechanical ordering 
state either toward the glass transition as hysteresivity decreases or away from the glass 
transition as hysteresivity increases. So the cell can modulate its mechanical state between 
a more solid-like state and a more liquid-like state (Smith et al., 2005). The increase in 
hysteresivity in Figure 5 implies that the mechanical state of the EGF-treated cells moves 
away from the glass transition and possibly takes on a more fluidic behavior. This 
interpretation is consistent with morphological changes observed in A431 cells 
responding to EGF stimulation, where the cells undergo cell rounding, membrane 
ruffling, and filopodia extension, all of which might be facilitated by a more fluid-like 
state of the cells (Chinkers et al., 1981).   

 
Figure 5. Hysteresivity versus time for exposure of A431 cells to EGF at 0, 10 nM, 20 nM, and 40 nM 
(Yang et al., 2012). A 30-min baseline was established for each measurement prior to the addition of 
EGF. Trend lines were used to connect each data point to illustrate the trend for each response curve.  

2.2. Mechanical behavior of an A431 cell monolayer probed with QCM-D 

An example of the use of QCM-D to assess change in the mechanical response of cells upon 
exposure to a biologically active molecule is shown in Figure 6. This figure shows ∆f and ∆D 
obtained simultaneously in response to addition of a solution of EGF. The spike at 5 min is 
an artifact of the manual addition of the solution with a pipette. After the initial spike, ∆D 
goes down and then slowly recovers, while ∆f steadily increases with time (Chen et al., 
2011). Because ∆D was substantially more sensitive than ∆f to dosage of EGF, we focus the 
descriptions primarily on the changes in ∆D. 

Figure 7 shows the QCM-D measurement of ∆D for a monolayer of A431 cells exposed to 
buffer alone and to EGF. Figure 7A reveals that, after the spike caused by manual addition 
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EGF solution (Yang et al., 2012). The focus is on the comparison, rather than on the modulus 
values themselves. The two samples show a statistically significant increase (p < 0.05) in 
average modulus as a result of the treatment: 11.2 ± 2.8 kPa for untreated cells and 18.7 ± 2.0 
kPa for treated cells. 

 
Figure 3. Histograms of the distributions of the Young’s modulus of two hundred randomly selected 
A431 cells before (A) and after (B) the treatment with  a 40-nM EGF solution in buffer (Yang et al., 2012).  

Figure 4 shows changes in amount of the dissipated energy of cells upon EGF stimulation. It 
is evident that energy dissipation of a cell, as indicated by the area of the hysteresis loop, 
increases after the treatment with 40 nM EGF (Figures 4A and 4B). Figure 4C summarize the 
distribution of such differences exhibited by one hundred randomly selected cells. A 
statistically significant difference (p < 0.05) in energy dissipation per cycle is shown: 3.09 ± 
0.79 fJ before the treatment and 5.10 ± 0.71 fJ after the treatment.   

 
Figure 4. Force-displacement curves for a single cell before (A) and after (B) the treatment with 40 nM 
EGF. Histograms (C) of energy dissipation for one hundred randomly selected cells before (blue) and 
after (red) the treatment with EGF.   

The underlying meaning of a simultaneous increase in both stiffness (Young’s modulus) and 
energy dissipation of the cells upon the EGF treatment can be better understood with the 
soft glassy rheology (SGR) model (Fabry et al., 2001). In this model, the cell is considered as 
a soft glassy material that is structurally disordered and metastable (Sollich, 1998). The 
hysteresivity of the cell, η, defined as the fraction of the elastic (input) energy that is 
dissipated as heat, is frequency insensitive and remains constant in the low frequency 
regime (Fredberg & Stamenovic, 1989).  
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Although both stiffness and dissipation of the cells increase simultaneously, the 
hysteresivity of the cells, which is determined based on the ratio of area within the 
hysteresis loop to area under the approach curve (Figure 1) (Collinsworth et al., 2002; 
Fung, 1984; Smith et al., 2005), is not constant but increases as a function of time, shown in 
Figure 5. According to the SGR model, upon a non-thermal stimulation (e.g., ATP 
depletion, or cell relaxing agent), the cell can undergo a change in mechanical ordering 
state either toward the glass transition as hysteresivity decreases or away from the glass 
transition as hysteresivity increases. So the cell can modulate its mechanical state between 
a more solid-like state and a more liquid-like state (Smith et al., 2005). The increase in 
hysteresivity in Figure 5 implies that the mechanical state of the EGF-treated cells moves 
away from the glass transition and possibly takes on a more fluidic behavior. This 
interpretation is consistent with morphological changes observed in A431 cells 
responding to EGF stimulation, where the cells undergo cell rounding, membrane 
ruffling, and filopodia extension, all of which might be facilitated by a more fluid-like 
state of the cells (Chinkers et al., 1981).   

 
Figure 5. Hysteresivity versus time for exposure of A431 cells to EGF at 0, 10 nM, 20 nM, and 40 nM 
(Yang et al., 2012). A 30-min baseline was established for each measurement prior to the addition of 
EGF. Trend lines were used to connect each data point to illustrate the trend for each response curve.  

2.2. Mechanical behavior of an A431 cell monolayer probed with QCM-D 

An example of the use of QCM-D to assess change in the mechanical response of cells upon 
exposure to a biologically active molecule is shown in Figure 6. This figure shows ∆f and ∆D 
obtained simultaneously in response to addition of a solution of EGF. The spike at 5 min is 
an artifact of the manual addition of the solution with a pipette. After the initial spike, ∆D 
goes down and then slowly recovers, while ∆f steadily increases with time (Chen et al., 
2011). Because ∆D was substantially more sensitive than ∆f to dosage of EGF, we focus the 
descriptions primarily on the changes in ∆D. 

Figure 7 shows the QCM-D measurement of ∆D for a monolayer of A431 cells exposed to 
buffer alone and to EGF. Figure 7A reveals that, after the spike caused by manual addition 
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of the solution, the control cells (0 nM EGF) showed a small decrease in ∆D, while the 
experimental cells (10 nM EGF) exhibited a large decrease. This difference represents the 
change in mechanical energy dissipation of the basal areas of the cells induced by EGF.   

 
Figure 6. Typical response of A431 cells to EGF.  Both ∆f and ∆D are shown as a function of time. 

 
Figure 7. Real-time QCM-D measurements of the ΔD response of a monolayer of A431 cells to exposure 
to EGF (Chen et al., 2011). (A) ΔD response of the cells in the presence (bottom) and absence (top) of 10 
nM EGF. (B) ΔD response of the cells pretreated with an inhibitor of actin polymerization, cytochalasin 
D, showing suppression of the EGF-induced response. Both figures are adapted with permission from 
(Chen et al., 2011). Copyright 2011, American Chemical Society. 

A likely cause of the reduction in ∆D upon exposure to EGF was the remodeling of the 
cytoskeleton, a process integral to the mechanical response of the cell. This remodeling can 
be interfered with if the polymerization of actin is inhibited. Figure 7B shows that 
pretreatment of the monolayer of cells with a 0.6 µM solution of cytochalasin D, a potent, 
cell-permeable inhibitor of actin polymerization (Schliwa, 1982), diminished the magnitude 
of the response of the cells to EGF. This result supports the remodeling of the cytoskeleton 
as the cause of the ∆D response, which echoes the previous finding of Heitmann and 
coworkers’ (Heitmann et al., 2007). 

It is desirable to connect the EGF-induced changes in ∆D to EGFR-mediated cell signaling.  
As already mentioned, one of the domains of EGFR, the receptor for EGF, is the intracellular 
tyrosine kinase domain. This domain is integral to the signaling pathway within the cell that 
transmits the effects of EGF to other parts of the cell, and if this domain is inhibited, the 
signaling pathway is disrupted. PD158780 has been shown to be a potent inhibitor of the 
tyrosine kinase domain for EGFR (Rewcastle et al., 1996). With a pretreatment with this 
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inhibitor, the cells showed a greatly suppressed ∆D response upon exposure to EGF, while 
the cells without pretreatment showed the expected decrease in ∆D (Figure 8). These results 
are evidence that the EGF-induced the ∆D response is due to EGFR-mediated cell signaling. 

 
Figure 8. The ΔD response of the cells pretreated with EGFR tyrosine kinase inhibitor, PD158780, 
showing suppression of 10 nM EGF-induced response.  This figure is adapted with permission from 
(Chen et al., 2011). Copyright 2011, American Chemical Society.  

2.3. Remodeling of cytoskeleton probed with fluorescence imaging 

The change in mechanical properties of cells has been attributed to remodeling of the 
cytoskeleton (Kuznetsova et al., 2007), which can be induced by EGF treatment (Rijken et al., 
1995; Rijken et al., 1998). Direct evidence of remodeling of the cytoskeleton can be obtained 
with fluorescence imaging. For this, the cells were first treated with a 10-nM EGF solution 
for 60 min under the same conditions used for both AFM and QCM-D measurements. The 
actin filaments of the cytoskeleton were then stained with fluorescently labeled phalloidin 
and imaged with an inverted fluorescence microscope.  

 
Figure 9. Remodeling of actin filaments in a monolayer of A431 cells induced by the treatment of 10 nM 
of EGF at 37°C. (A) and (B) show fluorescence-stained actin cortex at the top-half of the cell layer before 
and after the 60-min treatment with EGF solution, respectively (Yang et al., 2012).  

As shown in Figures 9A and B, the top portion of the membrane skeleton exhibited an 
increase in brightness after the 60-min EGF treatment, indicating an increase of the number 
and size of the cortical actin filaments. Considering that the cortical actin provides cells with 
a structural framework, the increase in cortical actin can be assumed responsible for the 
increased rigidity of the cells, which is manifested as the increase in Young’s modulus 
measured by AFM. In addition, because both energy dissipation and hysteresivity were 
derived from the same set of force-displacement curves used for determining Young’s 
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of the solution, the control cells (0 nM EGF) showed a small decrease in ∆D, while the 
experimental cells (10 nM EGF) exhibited a large decrease. This difference represents the 
change in mechanical energy dissipation of the basal areas of the cells induced by EGF.   

 
Figure 6. Typical response of A431 cells to EGF.  Both ∆f and ∆D are shown as a function of time. 

 
Figure 7. Real-time QCM-D measurements of the ΔD response of a monolayer of A431 cells to exposure 
to EGF (Chen et al., 2011). (A) ΔD response of the cells in the presence (bottom) and absence (top) of 10 
nM EGF. (B) ΔD response of the cells pretreated with an inhibitor of actin polymerization, cytochalasin 
D, showing suppression of the EGF-induced response. Both figures are adapted with permission from 
(Chen et al., 2011). Copyright 2011, American Chemical Society. 

A likely cause of the reduction in ∆D upon exposure to EGF was the remodeling of the 
cytoskeleton, a process integral to the mechanical response of the cell. This remodeling can 
be interfered with if the polymerization of actin is inhibited. Figure 7B shows that 
pretreatment of the monolayer of cells with a 0.6 µM solution of cytochalasin D, a potent, 
cell-permeable inhibitor of actin polymerization (Schliwa, 1982), diminished the magnitude 
of the response of the cells to EGF. This result supports the remodeling of the cytoskeleton 
as the cause of the ∆D response, which echoes the previous finding of Heitmann and 
coworkers’ (Heitmann et al., 2007). 

It is desirable to connect the EGF-induced changes in ∆D to EGFR-mediated cell signaling.  
As already mentioned, one of the domains of EGFR, the receptor for EGF, is the intracellular 
tyrosine kinase domain. This domain is integral to the signaling pathway within the cell that 
transmits the effects of EGF to other parts of the cell, and if this domain is inhibited, the 
signaling pathway is disrupted. PD158780 has been shown to be a potent inhibitor of the 
tyrosine kinase domain for EGFR (Rewcastle et al., 1996). With a pretreatment with this 
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inhibitor, the cells showed a greatly suppressed ∆D response upon exposure to EGF, while 
the cells without pretreatment showed the expected decrease in ∆D (Figure 8). These results 
are evidence that the EGF-induced the ∆D response is due to EGFR-mediated cell signaling. 

 
Figure 8. The ΔD response of the cells pretreated with EGFR tyrosine kinase inhibitor, PD158780, 
showing suppression of 10 nM EGF-induced response.  This figure is adapted with permission from 
(Chen et al., 2011). Copyright 2011, American Chemical Society.  

2.3. Remodeling of cytoskeleton probed with fluorescence imaging 

The change in mechanical properties of cells has been attributed to remodeling of the 
cytoskeleton (Kuznetsova et al., 2007), which can be induced by EGF treatment (Rijken et al., 
1995; Rijken et al., 1998). Direct evidence of remodeling of the cytoskeleton can be obtained 
with fluorescence imaging. For this, the cells were first treated with a 10-nM EGF solution 
for 60 min under the same conditions used for both AFM and QCM-D measurements. The 
actin filaments of the cytoskeleton were then stained with fluorescently labeled phalloidin 
and imaged with an inverted fluorescence microscope.  

 
Figure 9. Remodeling of actin filaments in a monolayer of A431 cells induced by the treatment of 10 nM 
of EGF at 37°C. (A) and (B) show fluorescence-stained actin cortex at the top-half of the cell layer before 
and after the 60-min treatment with EGF solution, respectively (Yang et al., 2012).  

As shown in Figures 9A and B, the top portion of the membrane skeleton exhibited an 
increase in brightness after the 60-min EGF treatment, indicating an increase of the number 
and size of the cortical actin filaments. Considering that the cortical actin provides cells with 
a structural framework, the increase in cortical actin can be assumed responsible for the 
increased rigidity of the cells, which is manifested as the increase in Young’s modulus 
measured by AFM. In addition, because both energy dissipation and hysteresivity were 
derived from the same set of force-displacement curves used for determining Young’s 
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modulus of the top region of the cells, it is reasonable to assume that the increases in 
dissipation and hysteresivity were also related to the increase in cortical actin filaments. 

The basal area of the cell monolayer, i.e., the area probed by the QCM-D, was also examined 
by means of fluorescence imaging. In this case, the stress fibers, which are actin filaments that 
reside in the bottom portion of the cells and are involved in the formation of focal adhesions 
attaching the cell to the substrate, were studied. As shown in Figures 10A and 10B, the cells 
displayed a decrease in amount and size of stress fibers after 60 min of exposure to EGF. Thus 
the decrease in dissipation observed by means of the QCM-D technique can be reasonably 
assumed to be related to a reduction in number and size of the actin stress fibers in the basal 
region of the cells. In addition, this reduction in stress fibers suggests a loss of adhesion and/or 
contact between the cells and the solid substrate, which is consistent with the EGF-induced cell 
rounding and retracting that has been reported previously (Chinkers et al., 1979; 1981).   

 
Figure 10. Remodeling of actin filaments in a monolayer of A431 cells induced by the treatment of 10 
nM of EGF at 37°C.  (A) and (B) show fluorescence-stained stress fibers at the basal area of the cell layer 
before and after the 60-min EGF treatment, respectively. 

2.4. Comparison of AFM with QCM-D results  

The two sensitive techniques, AFM and QCM-D, described in this chapter probe two 
different regions of cells in a monolayer on a solid surface. The nature of the AFM limits it to 
probing the top surface and immediately underlying volume of individual cells. The nature 
of the QCM-D limits it to probing the basal areas of the cells in a monolayer. The AFM 
technique revealed an increase in Young’s modulus, energy dissipation, and hysteresivity in 
response to EGF, while the QCM-D technique revealed a decrease in energy dissipation 
factor. The fluorescence studies of the changes in actin in the top and bottom surfaces upon 
exposure to EGF corroborate the differences observed in mechanical properties.   

Because both hysteresivity (η) and the change in energy dissipation factor (∆D) represent the 
ratio between the dissipated energy and the elastic energy, these two quantities are 
analogous to each other (Collinsworth et al., 2002). The fact that the opposite trends in them 
were obtained upon exposure of the cells to EGF is perhaps not unexpected (Figure 5 and 
7A). For a monolayer of cells on a solid surface, the bottoms of the cells are restricted in 
shape by contact with a solid surface, while the tops of the cells have no such restrictions. 
The bottom surfaces of the cells may therefore exhibit unique responses to the presence of 
the solid surface and the tops of the cells may not. Thus, contrasts in mechanical properties 
and in the number, size, and form of actin filaments signify that the mechanical responses of 
cells to EGFR signaling are regionally specific.   
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Interestingly, both hysteresivity (η) and the change in energy dissipation factor (∆D) 
required about approximately the same amount of time (30 to 40 min) to reach each 
respective maxima or minimum after the addition of 10 nM of EGF. Such a similarity 
suggests that both of these regional mechanical responses (∆D and η) were mediated by 
closely coupled cell signaling pathway(s) of EGFR.   

3. Conclusions 

In this chapter, the examples were provided to illustrate how to employ a combination of 
AFM and QCM-D to characterize the mechanical behavior of cells in response to exposure to 
EGF. This unique combination allowed the comparative assessment of the upper volume of 
the cell bodies as well as the basal areas of the cells. Results from both parts of the A431 cells 
reveal a regionally specific mechanical behavior of the cells, which can be attributed to the 
distinct cytoskeleton structures utilized by the cells to alter the local structure in response to 
EGF stimulation. The signaling pathways that mediate the remodeling of the cytoskeleton in 
the upper volume of the cell bodies are likely closely coupled to those in the basal areas of 
the cells. There is a clear correlation between the time-dependent mechanical response and 
the dynamic process of EGFR signaling. 

Overall, the combination of AFM and QCM-D is able to provide a more complete and 
refined mechanical profile of the cells during the dynamic cell signaling process than either 
technique alone. The use of combined techniques to track real-time cell signaling based on 
the measurement of cellular mechanical response in a label-free manner is a powerful 
approach for investigating the role of EGFR in causing abnormal cell behavior. This 
combined, real-time approach may have the potential to be applied to the study of other 
types of receptor-mediated cell signaling and trafficking. This approach should contribute to 
the fundamental understanding of the correlation between cell function and cell mechanical 
properties. 
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1. Introduction 

1.1. Numerical analysis of intravascular flow 

Numerical flow simulation is useful for understanding fluid phenomena such as blood flow 
or pulse wave propagation in the systemic arteries. For numerical analysis of intravascular 
flow, it is important to consider not only incompressible assumption and blood viscosity but 
also the viscoelasticity of the blood vessel wall; however, blood flow in vivo is complicated 
because of the unsteadiness of pulsatile flow and complex viscoelastic properties of the 
blood vessel wall. In order to conduct such numerical flow analysis in a viscoelastic blood 
vessel, it is effective to use the one-dimensional distributed parameter model, which can 
analyze flow along with the blood vessel axis. This distributed parameter model, pressure, 
flow volume and cross-section of the tube for every section element are defined and the time 
change is analyzed.  

According to previous research, quantitative numerical simulation requires a model which 
take in both effects of unsteady viscous friction and viscoelasticity of the vessel wall in case 
flow unsteadiness is large (Reuderink et al., 1989). Conventional one-dimensional numerical 
simulation models can be classified into a linear distributed parameter model (Snyder et al., 
1968; Avolio et al., 1980) and a nonlinear distributed parameter model (Anliker & Rockwall, 
1971; Schaaf & Abbrecht, 1972; Porenta et al., 1986). The linear distributed parameter model 
has the feature that is easy to take in the influence of viscoelasticity and to conduct 
numerical analysis of the flow unsteadiness, since superposition of a periodic solution is 
possible; however, the influence of fluid nonlinearity cannot be disregarded. On the other 
hand, the conventional nonlinear distributed parameter model does not involve the effects 
of such flow unsteadiness and the viscoelastic behavior of the blood vessel wall 
concurrently with the difficulty of model construction. Hence, these models can be used 
only for qualitative discussion.  
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1. Introduction 

1.1. Numerical analysis of intravascular flow 

Numerical flow simulation is useful for understanding fluid phenomena such as blood flow 
or pulse wave propagation in the systemic arteries. For numerical analysis of intravascular 
flow, it is important to consider not only incompressible assumption and blood viscosity but 
also the viscoelasticity of the blood vessel wall; however, blood flow in vivo is complicated 
because of the unsteadiness of pulsatile flow and complex viscoelastic properties of the 
blood vessel wall. In order to conduct such numerical flow analysis in a viscoelastic blood 
vessel, it is effective to use the one-dimensional distributed parameter model, which can 
analyze flow along with the blood vessel axis. This distributed parameter model, pressure, 
flow volume and cross-section of the tube for every section element are defined and the time 
change is analyzed.  

According to previous research, quantitative numerical simulation requires a model which 
take in both effects of unsteady viscous friction and viscoelasticity of the vessel wall in case 
flow unsteadiness is large (Reuderink et al., 1989). Conventional one-dimensional numerical 
simulation models can be classified into a linear distributed parameter model (Snyder et al., 
1968; Avolio et al., 1980) and a nonlinear distributed parameter model (Anliker & Rockwall, 
1971; Schaaf & Abbrecht, 1972; Porenta et al., 1986). The linear distributed parameter model 
has the feature that is easy to take in the influence of viscoelasticity and to conduct 
numerical analysis of the flow unsteadiness, since superposition of a periodic solution is 
possible; however, the influence of fluid nonlinearity cannot be disregarded. On the other 
hand, the conventional nonlinear distributed parameter model does not involve the effects 
of such flow unsteadiness and the viscoelastic behavior of the blood vessel wall 
concurrently with the difficulty of model construction. Hence, these models can be used 
only for qualitative discussion.  
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Consequently, in order to construct a numerical simulation model of intravascular flow for 
quantitative analysis with viscoelasticity of the blood vessel wall, it is necessary to use a 
nonlinear distributed parameter model to be able to include the viscoelasticity. 

1.2. Clinical significance of blood vessel stiffness  

Arterial stiffness indexes, such as PWV (pulse wave velocity: velocity of pressure wave 
propagation in circulatory systems), PP (pulse pressure: systolic blood pressure minus 
diastolic blood pressure), and AIx (augmentation index: index showing the effect of 
reflecting waves coming from peripheries) have received a lot of attention because they can 
indicate the risks for cardiovascular diseases (Oliver & Webb, 2003). These clinical indexes, 
which are obtained by analyzing blood pressure pulse waveforms in vivo, are used for 
predicting the prognosis of cardiovascular diseases and thus analyses of pulse waveform are 
clinically important. In order to understand the basis of these indexes, it is necessary to 
understand how changes in mechanical properties, such as blood vessel viscoelasticity, can 
affect pulse waveforms in the systemic arteries. 

1.3. Research purpose and contents of this chapter 

We thereby proposed a nonlinear one-dimensional numerical simulation model which can 
accurately calculate the viscous resistance of unsteady flow and the viscoelasticity of the 
tube wall. We have shown that the numerical model can describe well wave propagation in 
silicone tubes representing blood vessels (Kitawaki et al., 2003). The result showed that the 
viscoelasticity of the vessel wall plays an important role in the form of a pulsatile wave 
(Kitawaki & Shimizu, 2005); therefore, it is necessity to consider the viscoelastic effect 
accurately in the quantitative investigation of changes in pulsatile waves in vivo.  

In section 2, we construct a one-dimensional numerical simulation model that takes into 
account unsteady viscosity and the generalized viscoelastic model from the theory of the 
fluid equation (Kitawaki et al., 2003; Kitawaki & Shimizu, 2006). In addition, the high-speed 
calculation method is described. When the wall of a blood vessel deforms finitely due to 
changes in the internal pressure, the wall’s physical properties, such as deformation 
compliance and viscoelasticity, change nonlinearly (Hayashi et al., 1980; Sato & Ohshima, 
1985). In section 3, it was checked whether our one-dimensional model would be able to 
simulate the pulse wave propagation of small pressure waves in silicone tubes even when 
their deformation compliance and viscoelasticity changed independently, using appropriate 
values of the viscoelastic parameter of the silicone rubber tube for numerical simulation 
(Kitawaki & Shimizu, 2006). In section 4, the influence of viscoelasticity change on periodic 
pulsatile wave propagation was studied (Kitawaki & Shimizu, 2009). The purpose of the 
section was to investigate the effect of viscoelasticity change on periodic pulsatile wave 
quantitatively. For this purpose, we studied the pulse wave propagation of periodic small 
pressure waves using a silicone tube connected with terminal resistance, and obtained the 
waveform changes of pulsatile waves due to the change of mechanical properties, including 
the viscoelasticity of the tube. We then compared the experimental results with numerically 
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calculated results using a one-dimensional numerical simulation model with terminal 
resistance treatment. Finally, we studied the effect of vessel wall viscoelasticity on the 
propagation of a periodic pulsatile wave by comparing numerical simulation results 
between the difference of viscoelastic models and viscoelastic parameters. The final section 
5, describes the conclusion of this chapter. 

2. Theory 

2.1. Basic equations 

When constructing the numerical model, we neglect the effects of bends of vessels. We also 
assume that the tube does not leak and that the flow is axisymmetric and incompressible. 
Under these conditions, the equations of continuity and momentum conservation of the one-
dimensional model are given by (Olufsen, 1999),  
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where A is the cross-section of the tube, Q is the mean sectional flow volume, p is the mean 
pressure, t is time, x is distance along the vessel axis, ρ is the fluid density, and Ft is the 
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By assuming that we are dealing with a Newtonian fluid, and an oscillating flow velocity 
distribution in a cylindrical tube, using the Womersley model, the viscous resistance Ft is 
given by (Zielke, 1968), 
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where V is the mean sectional velocity, ν is the kinematic viscosity, and W(t) is a weight 
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For a long wavelength, the flow velocity distribution in a distensible tube is similar to that in a 
rigid tube. Therefore, the weight function in a distensible tube can be approximated by Eq. (4), 
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calculated results using a one-dimensional numerical simulation model with terminal 
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regardless of changes in the tube’s cross-section induced by the internal pressure. Note that the 
radius expressed as the Womersley number becomes a function of position and time, and 
consequently the weight function itself also becomes a function of position and time. 

2.2. Deformation models of a wall 

The tube law that describes the relationship between the tube cross-section and the internal 
pressure can be described by an elastic model and two viscoelastic models as below. In 
actuality, for a silicone tube, the relationship varies with internal pressure change, and 
shows nonlinearity. However, by assuming small local transformations, the following 
models can be used to approximate a linear model. 

2.2.1. Elastic model 

When the tube is perfectly elastic, the tube law of the elastic model can be expressed by,  
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 is tube deformation compliance at reference cross-section A0. 

2.2.2. Voigt model 

By assuming that the viscoelasticity of the tube causes a phase lag between the applied 
pressure and resulting change in cross-section of the tube, from the Voigt model, the tube 
deformation law can be expressed by, 
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where τV is the relaxation time that accounts for the phase lag.  

2.2.3. Generalized viscoelastic model 

For complex viscoelasticity, as is the case for blood vessels, the generalized viscoelastic 
model can be applied (Westerhof and Noordergraaf, 1970). The following tube law of the 
generalized viscoelastic model can be derived, as shown in the next paragraph. 
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The viscoelastic property of the tube wall is reflected in the second term of Eq. (7), which 
contains both the dynamic viscoelasticity parameter fi and the relaxation time parameter τi.  
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2.3. Generalized viscoelastic model 

In order to obtain the tube law in one-dimensional flow analysis, the tube law of the 
generalized viscoelastic model is derived from the complex viscoelastic coefficient as 
follows. The complex viscoelastic coefficient of the generalized viscoelastic model E(s) can 
be expressed by (Westerhof and Noordergraaf, 1970), 
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where E0 is the static elastic coefficient, s is angular frequency (=iω), and τi and, τ'i are 
relaxation time parameters which express the viscoelasticity of the tube wall. This equation 
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Using this formula, the tube law in the frequency domain becomes  

 0

10
( ) ( ) 1

2 1 /

n

i
i i

hE sp s A s f
RA s 

        
  

  (10) 

where h is the tube wall thickness, Δp(s) and ΔA(s) are Laplace transformations of the 
pressure and cross-section from a reference value. The compliance of the tube deformation 
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By transforming Eq. (10) back to the time domain by inverse Laplace transformation, we 
obtain the tube law of the generalized viscoelastic model.  
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2.4. High-speed calculation method 

The following high-speed calculation method that was obtained for the viscous resistance term 
of rigid tube (Kagawa et al., 1983) was applied to the convolution integrals which appeared in 
the viscous resistance term in Eq. (3) and the viscoelastic terms in Eq. (7). By approximating the 
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where τ=νt/R2 and Δτ=νΔt/R2 are normalized time and time step, respectively. 

We need to determine the value of term number k in the Eq. (12) from the value of Δτ with 
consideration of approximation accuracy. In present experimental condition, the term 
number k was 10, because Δτ was calculated to be 1.2x10-5. 

The weight function of the convolution integral in the tube law of Eq. (7) can be expressed as 
a summation of the exponential function. Therefore, the tube law of the recursive 
formulations is as follows,  
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It is possible to determine the term number n in Eq. (14) from the viscoelastic characteristics. 

3. Application to the fluid experiment of a computational model: In case 
of a difference in viscoelasticity 

3.1. Method 

3.1.1. Experimental model  

Experimental apparatus 

Figure 1 shows a schema of the experimental apparatus used in this study. The experiment 
tube consisted of two silicone tubes which was different form previous experiments 
(Kitawaki et al., 2003; Kitawaki & Shimizu 2005) with an inner diameter of 9 mm, a thickness 
of 0.5 mm, and a length of 1.45 m, connected by a rigid brass tube 5 cm in length and 9 mm 
in inner diameter. A piston pump was connected to one end of the tube via a 5-cm long 
brass tube, and a water tank with a valve was connected to the other end via another 5-cm 
long brass tube. The three brass tubes were fixed to a metal plate upon which the complete 
tube rested without longitudinal tension, allowing the silicone tubes to change shape freely. 
A pressure sensor (Nihon Koden, DX-100) was connected to the middle of each brass tube.  
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Figure 1. Experimental apparatus 

Figure 2(a) is a schema of the piston pump. The piston pump was driven by a computer-
controlled stepping motor, and was capable of generating various waveforms with various 
flow volumes. The piston cylinder receives the backpressure from the water inside the tube. 
Therefore, displacement of the inner cylinder was measured by a laser displacement sensor 
(Keyence, LK-030). 

 
Figure 2. Piston pump 

Experimental conditions 

The tube, piston pump, and water tank were filled with water. Baseline internal pressures 
were set by adjusting the water head of the tank. The piston pump generated a single 
impulse. The flow volume at the inlet of the experiment tube was determined as shown in 
Fig. 2(b); when the impulse time ti was set to 0.1 s, and the maximum flow volume Qm was 
5.0 ml/s. As seen in Fig. 2(c) which shows the Fourier transformation of the flow volume 
when a single impulse was generated, the highest frequency component of the flow volume 
was 30 Hz. Signals from the three pressure sensors and the displacement sensor were 
recorded for 10 seconds by a PC at a sampling rate of 1 kHz. The trials, that is, generation of 
a single impulse by the pump, were performed at increasingly higher baseline pressures of 
2.5, 5.0, 7.5 and 10.0 kPa at 90-minute intervals. The trials were generated more than 70 
minutes after changing the baseline pressures because 30 minutes were necessary for the 
viscoelasticity to return to a steady state. The baseline pressures were established by 
opening the valve, and the valve was closed just before the start of each trial. 

Pressure sensors

Water tank

P1

valve

Piston pump

P3P2

0.05m brass rigid tube 
(with pressure sensor at the center of the tube) 

1.45m silicone tube 

Time (s)

2

2

2

5{8( / 0.1) } ( 0.025)
5{1 2 (2 / 0.1 1) } (0.025 0.075)

( )
5{8( / 0.1 1) } (0.025 0.1)
0 (0.1 )

t t
t tQ t

t t
t

 
     

  
 

Flow
(ml/s)

(a) a cross section of piston pump

(b) movement of piston pump

barrel

Stepping Motor

(Controlled by PC)

Pressure sensor
(P1)

Displacement

sensor

Inner cylinder

0.025        0.075
0.050           0.1

5.0

2.5
-0.2

0

0.2

0.4

0.6

0.8

1

0 10 20 30 40 50
Frequency (Hz)

N
or

m
al

iz
ed

 F
ou

rie
r  

co
m

po
ne

nt

(c) Frequency component of the movement



 
Viscoelasticity – From Theory to Biological Applications 192 

 
0

( ) 4 2 ( ) ( )
k

t i
i

F t V t y t


    
  

  (12) 

 
( /2)

( ) 0 ( 0)

( ) ( )
( 0)

{ ( ) ( )}

i

i

i
n

i i
n

i

y t t

y t t e y t
t

m e V t t V t





 

 

  
    

   

 (13) 

where τ=νt/R2 and Δτ=νΔt/R2 are normalized time and time step, respectively. 

We need to determine the value of term number k in the Eq. (12) from the value of Δτ with 
consideration of approximation accuracy. In present experimental condition, the term 
number k was 10, because Δτ was calculated to be 1.2x10-5. 

The weight function of the convolution integral in the tube law of Eq. (7) can be expressed as 
a summation of the exponential function. Therefore, the tube law of the recursive 
formulations is as follows,  

 0 0
1

1( ) ( )
n

i
i

p t p A A z
Cs 

      
  

  (14) 

 /

/2

( ) 0 ( 0)

( ) ( )
( 0)

{ ( ) ( )}

i

i

i
t

i i
t

i

z t t

z t t e z t
t

f e A t t A t









  
    

   

 (15) 

It is possible to determine the term number n in Eq. (14) from the viscoelastic characteristics. 

3. Application to the fluid experiment of a computational model: In case 
of a difference in viscoelasticity 

3.1. Method 

3.1.1. Experimental model  

Experimental apparatus 

Figure 1 shows a schema of the experimental apparatus used in this study. The experiment 
tube consisted of two silicone tubes which was different form previous experiments 
(Kitawaki et al., 2003; Kitawaki & Shimizu 2005) with an inner diameter of 9 mm, a thickness 
of 0.5 mm, and a length of 1.45 m, connected by a rigid brass tube 5 cm in length and 9 mm 
in inner diameter. A piston pump was connected to one end of the tube via a 5-cm long 
brass tube, and a water tank with a valve was connected to the other end via another 5-cm 
long brass tube. The three brass tubes were fixed to a metal plate upon which the complete 
tube rested without longitudinal tension, allowing the silicone tubes to change shape freely. 
A pressure sensor (Nihon Koden, DX-100) was connected to the middle of each brass tube.  

 
Numerical Simulation Model with Viscoelasticity of Arterial Wall 193 

 
Figure 1. Experimental apparatus 

Figure 2(a) is a schema of the piston pump. The piston pump was driven by a computer-
controlled stepping motor, and was capable of generating various waveforms with various 
flow volumes. The piston cylinder receives the backpressure from the water inside the tube. 
Therefore, displacement of the inner cylinder was measured by a laser displacement sensor 
(Keyence, LK-030). 

 
Figure 2. Piston pump 

Experimental conditions 

The tube, piston pump, and water tank were filled with water. Baseline internal pressures 
were set by adjusting the water head of the tank. The piston pump generated a single 
impulse. The flow volume at the inlet of the experiment tube was determined as shown in 
Fig. 2(b); when the impulse time ti was set to 0.1 s, and the maximum flow volume Qm was 
5.0 ml/s. As seen in Fig. 2(c) which shows the Fourier transformation of the flow volume 
when a single impulse was generated, the highest frequency component of the flow volume 
was 30 Hz. Signals from the three pressure sensors and the displacement sensor were 
recorded for 10 seconds by a PC at a sampling rate of 1 kHz. The trials, that is, generation of 
a single impulse by the pump, were performed at increasingly higher baseline pressures of 
2.5, 5.0, 7.5 and 10.0 kPa at 90-minute intervals. The trials were generated more than 70 
minutes after changing the baseline pressures because 30 minutes were necessary for the 
viscoelasticity to return to a steady state. The baseline pressures were established by 
opening the valve, and the valve was closed just before the start of each trial. 

Pressure sensors

Water tank

P1

valve

Piston pump

P3P2

0.05m brass rigid tube 
(with pressure sensor at the center of the tube) 

1.45m silicone tube 

Time (s)

2

2

2

5{8( / 0.1) } ( 0.025)
5{1 2 (2 / 0.1 1) } (0.025 0.075)

( )
5{8( / 0.1 1) } (0.025 0.1)
0 (0.1 )

t t
t tQ t

t t
t

 
     

  
 

Flow
(ml/s)

(a) a cross section of piston pump

(b) movement of piston pump

barrel

Stepping Motor

(Controlled by PC)

Pressure sensor
(P1)

Displacement

sensor

Inner cylinder

0.025        0.075
0.050           0.1

5.0

2.5
-0.2

0

0.2

0.4

0.6

0.8

1

0 10 20 30 40 50
Frequency (Hz)

N
or

m
al

iz
ed

 F
ou

rie
r  

co
m

po
ne

nt

(c) Frequency component of the movement



 
Viscoelasticity – From Theory to Biological Applications 194 

3.1.2. Tube wall properties 

Static tube law 

Tube wall properties were determined for recent silicone tube. The static tube law and 
compliance of the silicone tube was obtained from the relationship between the volume of 
the piston pump and the internal pressure, as shown in Fig. 3, while performing one stroke 
of the piston pump over a period of about 30 minutes. The compliances, reference pressure, 
and reference cross-section of local tube deformation to the numerical calculation of each 
trial were determined from the collinear approximation of the pressure range of the 
experimental conditions. For example, a range of 2.5 - 4.3 kPa was used when the baseline 
pressure was 2.5 kPa, because the pressure pulse amplitude of a single impulse was about 
1.8 kPa. These local compliances, assumed constant under the flow experimental conditions, 
are shown by squares in Fig. 3. These local compliances were used in all the wall viscoelastic 
models. 

 
Figure 3. Static relation between pressure and cross section of the silicone tube 

Dynamic viscoelastic property of the tube 

Dynamic viscoelasticity of a strip of the silicone tube was measured by a device (TA 
Instruments DMA2980). The measurement conditions were determined as initial strain of 
0.18% and amplitude of 0.145%. These values correspond to a baseline pressure of 0.28 kPa 
and a wave amplitude of 1.8 kPa, respectively. The measured viscoelastic properties are in 
Fig. 4. This figure shows the dynamic modules of viscoelasticity normalized against the 
static modules in Fig. 4(a) and the loss tangent in Fig. 4(b), respectively. These results mean 
that, in the measurement range 0.1~30 Hz, the dynamic viscoelasticity property of the silicon 
tube, both the real parts and loss tangent, tends to increase gradually with increase in the 
frequency.  
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Figure 4. Dynamic viscoelastic modules of silicone tube.(a) Ratio of dynamic and static modulus of 
viscoelasticity 

The procedure used to decide the value of the viscoelastic tube parameter for the 
experimental condition change (Kitawaki & Shimizu, 2006) is described below. (1) First, the 
relaxation time parameter τi was determined so that it could cover the frequency range 0.1-
30 Hz and it could increase between 0.01 and 200 Hz at regular intervals on a logarithmic 
scale. The term number n in Eq. (7) was set to 7 to keep the term number to a minimum and 
to show that the viscoelastic properties tended to increase smoothly. (2) The values of the 
dynamic viscoelasticity parameter fi were then determined to keep the difference between 
the experimental results and calculation results to a minimum from the low frequency term 
(i=1) to the high frequency term (i=7), using the different effect of each term on the numerical 
calculation results. (3) By changing the experimental conditions, the viscoelastic parameter 
was fitted by fixing the relaxation time parameter and changing only the dynamic 
viscoelasticity parameter. 

Relaxation time τV of the Voigt model was determined as 2.5 ms from measurements of the 
delay time of the displacement of the outer diameter for the internal pressure change of the 
silicon tube.  

3.1.3. Numerical calculation 

The basic equations of the numerical calculation were digitized using a staggered grid 
system in space. For the calculation, Jameson-Baker’s 4th order 4 step method as a time 
differential and 4th order central differential with numerical friction as space was used 
(Jameson & Baker, 1983). Flow volume and cross-section of the next time step were obtained 
from an equation of continuity and momentum conservation, and then the pressure was 
calculated from the tube law as a function of time (Kitawaki et al., 2003). Convolution 
integrals appear in the viscous resistance term in Eq. (3) and in the viscoelastic term in Eq. 
(7). Since calculation of the convolution integrals requires a lot of computer memory to hold 
past velocity and cross-section values, and takes a lot of computational time, a high-speed 
calculation method for the viscous resistance term of a rigid tube (Kagawa et al., 1983) was 
applied, as shown in section 2.4.  

The following conditions were used in the calculation.  
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from an equation of continuity and momentum conservation, and then the pressure was 
calculated from the tube law as a function of time (Kitawaki et al., 2003). Convolution 
integrals appear in the viscous resistance term in Eq. (3) and in the viscoelastic term in Eq. 
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1. Baseline pressure was determined as an initial pressure by the water head of the tank. 
2. No flow in the initial state. 
3. Flow volume calculated by displacement sensor was used as an input boundary 

condition. 
4. No flow boundary condition was applied to the distal end.  

Time step Δt and grid interval Δx were set at 0.5 ms and 0.05 m, respectively. The Courant 
number was 0.18~0.21 because the propagation velocity of the pressure wave was about 
18~21 m/s, and the CFL condition (numerical stability condition) was satisfied. Actual 
calculation was performed on a workstation computer.  

3.2. Results and discussions 

3.2.1. Difference between calculated and experimental results  

Experimental results of pressure propagation 

The internal pressure waves measured at the 3 positions in the tube, and the flow volume 
are shown in Fig. 5, for a baseline pressure of 2.5 kPa. The flow volume was calculated from 
the measured displacement data of the piston pump by using LPF (FIR 25 Hz) and 
derivative filter.  

 
Figure 5. Time profiles of the pressure waves at three positions in the tube. The distance between input 
piston pump and measurement position are indicated on the left. The flow volume into the tube are 
given in the lower curve. 

We can see that the pressure wave of the single impulse, generated by the movement of the 
piston pump, propagates towards the distal end, from where it is reflected. Upon returning 
to the proximal end, it is reflected again, back towards the distal end. The amplitude of the 
propagating pressure wave gradually attenuates, and the width of the pressure wave 
gradually increases because of the viscosity of the fluid and the viscoelasticity of the tube. 
The mean pressure rises for the fluid pushed by the piston pump. Both ends of the 
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experimental tube are closed after the first pressure wave is generated by the piston pump. 
However, we can see an oscillatory wave when the pressure wave is returning back to the 
proximal end. This wave shows that the piston cylinder receives backpressure from the 
reflected pressure wave inside the tube.  

Reynold's numbers and the wavelengths of the pressure waves were calculated from the 
measured value of the maximum velocity and pressure data from these experiments. 
Inspection of the Reynold's numbers (about 700) shows that laminar flow occurred under all 
experimental conditions. The wavelengths of the pressure waves (2.1 m) were sufficiently 
longer than the 4.5-mm radius of the tube, validating the long wavelength assumption and 
the assumptions of the Womersley model. Compared with the wavelength of the pressure 
wave, the length of the central rigid brass tube (5 cm) is sufficiently short, and because the 
rigid brass tube has a very small effect on the propagating pressure wave, it can be 
neglected in the calculation. The reproducibility of the pressure and flow volumes was 
good. Additionally, repeated measurements were virtually identical, so viscoelasticity 
changes such as memory effect did not happen.  

 
Figure 6. Calculated pressure waves (thin line) compared with the measured waves (bold line) at three 
location in the tube. Difference in viscoelastic models. 
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experimental tube are closed after the first pressure wave is generated by the piston pump. 
However, we can see an oscillatory wave when the pressure wave is returning back to the 
proximal end. This wave shows that the piston cylinder receives backpressure from the 
reflected pressure wave inside the tube.  

Reynold's numbers and the wavelengths of the pressure waves were calculated from the 
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longer than the 4.5-mm radius of the tube, validating the long wavelength assumption and 
the assumptions of the Womersley model. Compared with the wavelength of the pressure 
wave, the length of the central rigid brass tube (5 cm) is sufficiently short, and because the 
rigid brass tube has a very small effect on the propagating pressure wave, it can be 
neglected in the calculation. The reproducibility of the pressure and flow volumes was 
good. Additionally, repeated measurements were virtually identical, so viscoelasticity 
changes such as memory effect did not happen.  
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Comparison between calculated and experimental results 

The numerical calculations were performed for a baseline pressure of 2.5 kPa and then 
compared with the experimental values of measurements of the pressure at the three 
positions along the experimental tube. The calculation results of combinations of the 
Womersley model with the elastic model, Voigt model and generalized viscoelastic model 
were compared, as shown in Fig. 6. 

When the Womersley model was combined with all models, the initial pressure waves were 
close to the experimental value. However, when the Womersley model was combined with 
the elastic or Voigt models, the difference between the calculated and experimental results 
gradually increased because the calculated propagation velocities and attenuation level 
were underestimated. On the other hand, when combined with the generalized viscoelastic 
model together with the optimized viscoelastic parameter, the calculated results agreed well 
with the experimental results for all the experimental period. In the elastic model or Voigt 
model, when the tube deformation compliance or relaxation time τv was changed, the 
calculation result did not agree with the experimental result. These results show that the 
one-dimensional model using Womersley model combined with the generalized viscoelastic 
model are necessary in order for the numerically calculated result to agree with the 
experimental result. 

3.2.2. Difference of viscoelasticity by the change of baseline pressure  

Difference between pressure propagation experiments of baseline pressure difference 

The flow volume of the inlet and the pressure waveform at the inlet position with changes 
in the baseline pressure are shown in Fig. 7. The flow volume in Fig. 7(a) are well controlled, 
and the movements of the piston are almost the same. As seen in Fig. 7(b), the pressure 
waveform changed differently when the baseline pressure was 2.5 kPa compared with other 
baseline pressures, because the propagation velocity was different. At baseline pressures of 
5.0, 7.5 and10.0 kPa, the propagation is very similar during the first 0.8 seconds. 

 
Figure 7. Flow volume and pressure waves at beginning of the tube. Difference in initial pressures 
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Determination of viscoelastic properties 

Because the experimental results for the baseline pressures of 5.0, 7.5 and 10.0 kPa are very 
similar, the optimized value of the viscoelastic parameter for baseline pressure of 5.0 kPa 
was used for the three experimental conditions, and comparisons of the calculated results 
using this viscoelastic parameter and the experimental results are shown in Fig. 8. As can be 
seen, the experimental and calculated results agreed well throughout the experimental 
period when the baseline pressure was 5.0 kPa. In contrast, at baseline pressures of 7.5 and 
10.0 kPa, the agreement is good for the first 0.2 seconds, and gradually depreciates 
thereafter, because of the slight difference in their propagation velocities. Therefore, the 
experimental result for baseline pressure of 7.5 and 10.0 kPa cannot be simulated using the 
viscoelastic parameter optimized for baseline pressure of 5.0 kPa.  

 
Figure 8. Calculated pressure waves (thin line) compared with the measured waves (bold line) using 
viscoelastic parameter optimized for a baseline pressure of 5.0 kPa. 
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According to this result, the optimized value of the viscoelastic parameter for baseline 
pressure of 7.5 and 10.0 kPa were obtained respectively and calculations were conducted 
again. As shown in Fig. 9, the calculated and experimental results agree well. In the first 0.4 
seconds, a clear difference between the two results can be seen, especially at higher baseline 
pressures. The differences could not be decreased by changing the viscoelastic parameters. 
Even with these differences, the agreement between the two results is good. 

 
Figure 9. Calculated pressure waves (thin line) compared with the measured waves (bold line) using 
optimized viscoelastic parameter for each experimental condition. 
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i τi (s) f(Hz) 
fi

2.5kPa 5.0kPa 7.5kPa 10.0kPa

1 17.0 0.009 0.089 0.165 0.130 0.112

2 3.75 0.042 0.031 0.033 0.058 0.087

3 0.7 0.227 0.057 0.061 0.086 0.110

4 0.15 1.061 0.068 0.073 0.098 0.119

5 0.03 5.305 0.090 0.096 0.121 0.138

6 0.005 31.83 0.170 0.170 0.183 0.190

7 0.0008 198.9 0.220 0.220 0.223 0.224

Table 1. Optimized viscoelastic parameters for each baseline pressure 

 
Figure 10. Change in dynamic viscoelastic module. 
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According to this result, the optimized value of the viscoelastic parameter for baseline 
pressure of 7.5 and 10.0 kPa were obtained respectively and calculations were conducted 
again. As shown in Fig. 9, the calculated and experimental results agree well. In the first 0.4 
seconds, a clear difference between the two results can be seen, especially at higher baseline 
pressures. The differences could not be decreased by changing the viscoelastic parameters. 
Even with these differences, the agreement between the two results is good. 

 
Figure 9. Calculated pressure waves (thin line) compared with the measured waves (bold line) using 
optimized viscoelastic parameter for each experimental condition. 

These results show that the one-dimensional model using the Womersley model combined 
with the generalized viscoelastic model can accurately simulate the effect of changes in the 
silicon tube’s viscoelasticity due to changes in the internal pressure when the viscoelastic 
parameter is appropriately determined. Additionally, the viscoelastic properties express the 
viscoelastic property change which depend the internal pressure of viscoelastic tube. 

3.2.3. Relationship between viscoelasticity and static elasticity 

The viscoelastic properties, both of the dynamic viscoelasticity parameters and the 
relaxation time parameters shown in Table 1 including the frequency f calculated from the 
relaxation time parameters, and the viscoelastic properties calculated from optimized values 
are plotted in Fig. 10. The squares in Fig. 10 indicate the measured values of the silicone tube 
viscoelasticity, and are close to the values obtained when the baseline pressure was 2.5 kPa, 
though a small error in the high frequency area of the loss tangent. This may be because the 
corresponding baseline pressure of the dynamic viscoelasticity measurement (0.28 kPa) is 
closer to the experimental baseline pressure of 2.5kPa than to the other experimental 
conditions.  

From Fig. 10, it seems that the viscoelastic property change may be related to the baseline 
pressure. For example, when the baseline pressure increases from 2.5 to 5.0 kPa, the increase 
in the dynamic modules is steady at all frequencies. On the other hand, when the baseline 
pressure is 5.0 kPa or greater, the dynamic modules increase with increasing baseline 
pressure by increasing the frequency. Because the normalized dynamic modulus in the high 
frequency region changes with baseline pressure, the viscoelastic change can be said to be 
independent of the deformation compliance.  

0.2s

2.
0k

Pa

0m

1.45m

2.9m

(c) 7.5kPa 0.2s

2.
0k

Pa

0m

1.45m

2.9m

(d) 10.0kPa 

 
Numerical Simulation Model with Viscoelasticity of Arterial Wall 201 

i τi (s) f(Hz) 
fi

2.5kPa 5.0kPa 7.5kPa 10.0kPa

1 17.0 0.009 0.089 0.165 0.130 0.112

2 3.75 0.042 0.031 0.033 0.058 0.087

3 0.7 0.227 0.057 0.061 0.086 0.110

4 0.15 1.061 0.068 0.073 0.098 0.119

5 0.03 5.305 0.090 0.096 0.121 0.138

6 0.005 31.83 0.170 0.170 0.183 0.190

7 0.0008 198.9 0.220 0.220 0.223 0.224

Table 1. Optimized viscoelastic parameters for each baseline pressure 

 
Figure 10. Change in dynamic viscoelastic module. 

Accordingly, the one-dimensional numerical model, which takes into account unsteady 
viscosity and the generalized viscoelastic model, is good for simulating the propagation of 
small pressure waves in silicone tubes even when their deformation compliance and 
viscoelastic properties change independently. 

3.3. Conclusion of this section 

For the numerical analysis of the viscoelastic tubes, a nonlinear one-dimensional numerical 
model was investigated by including the unsteady viscous resistance and the effect of the 
tube wall viscoelasticity. By comparing the calculated results using these models with 
experimental results of a viscoelastic silicone tube, we can make the following conclusions.  

1. The approximation error of the numerical simulation model is satisfactory small when 
the Womersley model is combined with the generalized viscoelastic model for the flow 

1

1.2

1.4

1.6

1.8

frequency(Hz)

2.5kPa
5.0kPa
7.5kPa
10.0kPa
Experiment

0.1                                          1.0                                         10.0

N
or

m
al

iz
ed

 st
or

ag
e 

m
od

ul
us

(a) Ratio of dynamic and static modulus of viscoelasticity  

0

0.05

0.1

0.15

frequency(Hz)

2.5kPa
5.0kPa
7.5kPa
10.0kPa
Experiment

Lo
ss

 ta
ng

en
t  

ta
n(

)

0.1                                          1.0                                         10.0
(b) loss tangent



 
Viscoelasticity – From Theory to Biological Applications 202 

analysis of the viscoelastic tube even their deformation compliance and viscoelasticity 
change independently. 

2. The relationship between the deformation compliance and viscoelasticity, which 
depends on the internal pressure, can be analyzed using this numerical model by 
appropriately choosing the value of the viscoelastic parameter. 

4. Application to the fluid experiment of a computational model: In case 
of periodic pulsatile flow 

4.1. Method 

4.1.1. Experimental model 

Experimental apparatus 

Figure 11 shows a schema of the experimental apparatus used in this study in order to 
generate the periodic pressure pulse wave. A silicone tube with an inner diameter of 9.0 
mm, 0.5 mm thick, and a 2.04 m long (L) was connected by three pressure sensors (Nihon 
Koden, DX-200), one each 2 cm from both ends of the tube and one in the center. These 
sensors were connected at intervals of 1.0 m. The experiment tube and each pressure sensor 
were connected by a narrow connecting tube made of silicone with an inner diameter of 3.0 
mm, 0.5 mm thick, and 3 cm long. The frequency characteristics of each pressure sensor 
system, including these connecting tubes were sufficiently higher than those of the 
frequency component of the periodic pulsatile flow rate described later; hence, the sensor 
system can accurately measure the internal pressure of the experiment tube. A piston pump 
was connected to the proximal end of the experiment tube through the flow sensor (Nihon 
Koden, MFV-1100) and a tank was connected to the distal end of the tube through the 
terminal resistance. The experiment tube was placed on a metal plate without longitudinal 
tension, allowing the silicone tube to change shape freely. Figure 11(b) is a scheme of the 
piston pump connected to the proximal end of the experiment tube. The piston pump was 
driven by a computer-controlled stepping motor and was capable of generating various 
waveforms with various flow rates. Actual flow rate was measured at the proximal end of 
the tube by the flow sensor, as shown in Fig. 11.  

 

 
 

Figure 11. Experimental apparatus 
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The terminal resistance installed at the distal end of the tube simulated the peripheral 
arterioles in vivo. This terminal resistance, shown in Fig. 12, was filled with a bundle  
of around 200 thin stainless capillary tubes (26 G: with an outer diameter of 0.51 mm, inner 
diameter of 0.3 mm, and 50 mm long) in a rigid brass tube with an inner diameter of  
8.0 mm. 

 

 
 

Figure 12. Terminal resistance 
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analysis of the viscoelastic tube even their deformation compliance and viscoelasticity 
change independently. 

2. The relationship between the deformation compliance and viscoelasticity, which 
depends on the internal pressure, can be analyzed using this numerical model by 
appropriately choosing the value of the viscoelastic parameter. 

4. Application to the fluid experiment of a computational model: In case 
of periodic pulsatile flow 

4.1. Method 

4.1.1. Experimental model 

Experimental apparatus 

Figure 11 shows a schema of the experimental apparatus used in this study in order to 
generate the periodic pressure pulse wave. A silicone tube with an inner diameter of 9.0 
mm, 0.5 mm thick, and a 2.04 m long (L) was connected by three pressure sensors (Nihon 
Koden, DX-200), one each 2 cm from both ends of the tube and one in the center. These 
sensors were connected at intervals of 1.0 m. The experiment tube and each pressure sensor 
were connected by a narrow connecting tube made of silicone with an inner diameter of 3.0 
mm, 0.5 mm thick, and 3 cm long. The frequency characteristics of each pressure sensor 
system, including these connecting tubes were sufficiently higher than those of the 
frequency component of the periodic pulsatile flow rate described later; hence, the sensor 
system can accurately measure the internal pressure of the experiment tube. A piston pump 
was connected to the proximal end of the experiment tube through the flow sensor (Nihon 
Koden, MFV-1100) and a tank was connected to the distal end of the tube through the 
terminal resistance. The experiment tube was placed on a metal plate without longitudinal 
tension, allowing the silicone tube to change shape freely. Figure 11(b) is a scheme of the 
piston pump connected to the proximal end of the experiment tube. The piston pump was 
driven by a computer-controlled stepping motor and was capable of generating various 
waveforms with various flow rates. Actual flow rate was measured at the proximal end of 
the tube by the flow sensor, as shown in Fig. 11.  
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The terminal resistance installed at the distal end of the tube simulated the peripheral 
arterioles in vivo. This terminal resistance, shown in Fig. 12, was filled with a bundle  
of around 200 thin stainless capillary tubes (26 G: with an outer diameter of 0.51 mm, inner 
diameter of 0.3 mm, and 50 mm long) in a rigid brass tube with an inner diameter of  
8.0 mm. 
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Figure 13. Movement of piston pump 

4.1.2. Numerical simulation 
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Figure 14. Static relation between pressure and cross-section of the silicone tube 
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Viscoelasticity of a strip of the silicone tube was measured by a dynamic viscoelasticity 
measuring device. The measured viscoelastic properties are same as shown in section 3.1.2. 
This result indicates that both the dynamic modulus viscoelasticity ratio and loss tangent, 
tends to increase gradually with the increase in frequency. This trend is similar to the 
viscoelasticity property of blood vessels (Learoyd et al., 1966), and the dynamic modulus 
viscoelasticity ratio of the blood vessels is similar to or slightly more than that of the 
experiment tube. The procedure used to decide the values of the viscoelastic tube parameter 
are same as shown in section 3.1.2. 

Terminal resistance 

The viscous resistance of flow in the capillary tube of terminal resistance can be approximated 
by Poiseuille flow, as the terminal resistance occurred from rigid pipe flow and its inside 
diameter was sufficiently small. The ratio of the flow rate in the capillary tube to the pressure 
difference between both ends of the capillary tube (terminal resistance) seemed to be constant 
regardless of the flow rate; therefore, terminal resistance RT (1.80 kPa/ml/s) was determined 
from the pressure difference and the flow rate obtained by moving the piston pump at a 
constant speed so as to generate a constant flow (about 1.1 ml/s). 

Numerical simulation method 

As initial conditions, baseline internal pressure and a cross-section which corresponded to 
the baseline internal pressure were used. It was assumed that there was no flow in the initial 
state inside the tube. Hence, the initial conditions can be shown as follows, 
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 (16) 

The flow rate measured by a flow sensor was used as the input boundary condition, and 
terminal resistance RT was used as the output boundary condition. Hence, the boundary 
conditions can be shown as follows, 
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 (17) 

We used the same numerical simulation methods as in a previous paper (Kitawaki & 
Shimizu, 2006), including calculation schemes, computational algorithms, and fast 
calculation methods. The basic equations of the numerical simulation were digitized using a 
staggered grid system in space. For the calculation, Jameson-Baker’s 4th order 4-step 
method as a time differential and 4th order central differential as space with numerical 
friction was used (Jameson & Baker, 1983). The flow rate and cross-section of the next time 
step were obtained from equations of continuity and momentum conservation, and then 
pressure was calculated from the tube law as a function of time. Convolution integrals 
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Viscoelasticity of a strip of the silicone tube was measured by a dynamic viscoelasticity 
measuring device. The measured viscoelastic properties are same as shown in section 3.1.2. 
This result indicates that both the dynamic modulus viscoelasticity ratio and loss tangent, 
tends to increase gradually with the increase in frequency. This trend is similar to the 
viscoelasticity property of blood vessels (Learoyd et al., 1966), and the dynamic modulus 
viscoelasticity ratio of the blood vessels is similar to or slightly more than that of the 
experiment tube. The procedure used to decide the values of the viscoelastic tube parameter 
are same as shown in section 3.1.2. 

Terminal resistance 

The viscous resistance of flow in the capillary tube of terminal resistance can be approximated 
by Poiseuille flow, as the terminal resistance occurred from rigid pipe flow and its inside 
diameter was sufficiently small. The ratio of the flow rate in the capillary tube to the pressure 
difference between both ends of the capillary tube (terminal resistance) seemed to be constant 
regardless of the flow rate; therefore, terminal resistance RT (1.80 kPa/ml/s) was determined 
from the pressure difference and the flow rate obtained by moving the piston pump at a 
constant speed so as to generate a constant flow (about 1.1 ml/s). 

Numerical simulation method 

As initial conditions, baseline internal pressure and a cross-section which corresponded to 
the baseline internal pressure were used. It was assumed that there was no flow in the initial 
state inside the tube. Hence, the initial conditions can be shown as follows, 
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The flow rate measured by a flow sensor was used as the input boundary condition, and 
terminal resistance RT was used as the output boundary condition. Hence, the boundary 
conditions can be shown as follows, 
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We used the same numerical simulation methods as in a previous paper (Kitawaki & 
Shimizu, 2006), including calculation schemes, computational algorithms, and fast 
calculation methods. The basic equations of the numerical simulation were digitized using a 
staggered grid system in space. For the calculation, Jameson-Baker’s 4th order 4-step 
method as a time differential and 4th order central differential as space with numerical 
friction was used (Jameson & Baker, 1983). The flow rate and cross-section of the next time 
step were obtained from equations of continuity and momentum conservation, and then 
pressure was calculated from the tube law as a function of time. Convolution integrals 
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appear in the viscous resistance term in Eq. (3) and in the viscoelastic term in Eq. (7). A high-
speed calculation method was applied, since calculation of the convolution integrals 
requires significant computer memory to hold past velocity and cross-section values and 
requires much computational time. 

Time step Δt and grid interval Δx were set at 0.5 ms and 0.04 m, respectively. The Courant 
number was 0.325 because the propagation velocity of the pressure wave was about 26 m/s 
at maximum. As a result, the CFL condition (numerical stability condition) was satisfied.  

4.2. Results and discussions 

4.2.1. Experimental results of pressure propagation 

As an example of experimental results, the internal pressure measured at three points in  
the experiment tube, and the flow rate at the proximal end are shown in Fig. 15, at the 
baseline pressure of 5.6 kPa. The change in the whole time experiment is shown in Fig. 15(a), 
and an enlarged view of the last but one full-cycle pulsation is shown in Fig. 15(b). The 
pressure value shown here was set to be a differential pressure from the baseline internal 
pressure.  

As shown in Fig. 15(a), there is a rise in the mean pressure or waveform change up to the 
first three pulses, but then it converges in the steady state. Also, there are oscillating 
pressure waves at the proximal and distal ends of the initial pulsation, due to wave 
reflections at both ends of the experiment tube; however, these oscillatory waves 
disappeared after the second pulsation, because this phenomenon is caused by the 
remaining reflected wave of the previous pulse. 

As shown in Fig. 15(b) of the steady state of the pressure waveform, part of the waveform 
measured at the proximal end becomes almost flat in its upper portion for about 0.3 
seconds, and then the pressure exponentially decreases. It is thought that this flat portion is 
generated by the progressive wave, which is produced by the movement of the piston 
pump, overlapping the reflected wave coming from the distal end of the tube. At the same 
time, the pressure waveform measured at the distal end has a pointed peak shape and a 
small reflected wave at the shoulder. The maximum pressure gradually increases from the 
proximal end of the tube towards the distal end, and the phenomenon is similar to the 
Peaking phenomenon in vivo.  

4.2.2. Comparison between calculated results and experimental results 

The calculated results in each tube law model were compared with experimental results in 
order to confirm the effect of the difference of the tube law model on the experimental 
results. Figure 16 shows examples of steady-state pulse waveforms at the baseline internal 
pressure of 5.6 kPa. Experimental results are shown by a bold black line, and calculated 
results are shown as a thin red line. In the Voigt model, calculated results in which the 
relaxation time parameter is multiplied by 4 (10.0ms) are also shown as a dotted line. 
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Figure 15. Time profiles of pressure waves at three positions in the tube and flow volume into the tube. 

In the calculated results using the elastic model and the Voigt model, the calculated 
maximum pressure is lower than that of the experimental results, and the calculated 
minimum pressure is higher than that of the experimental results; therefore, the difference 
between the calculated results and experimental results is large. Also, it is shown that the 
difference between the elastic model and the Voigt model is small, indicating that in the 
periodic change of waveforms, the Voigt model is not sufficiently effective. In addition, the 
calculated results did not agree with the experimental results in the Voigt model, because 
the effect is too small even when the value of the relaxation time parameter is varied as 
shown in Fig. 16(b). 
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appear in the viscous resistance term in Eq. (3) and in the viscoelastic term in Eq. (7). A high-
speed calculation method was applied, since calculation of the convolution integrals 
requires significant computer memory to hold past velocity and cross-section values and 
requires much computational time. 

Time step Δt and grid interval Δx were set at 0.5 ms and 0.04 m, respectively. The Courant 
number was 0.325 because the propagation velocity of the pressure wave was about 26 m/s 
at maximum. As a result, the CFL condition (numerical stability condition) was satisfied.  

4.2. Results and discussions 

4.2.1. Experimental results of pressure propagation 

As an example of experimental results, the internal pressure measured at three points in  
the experiment tube, and the flow rate at the proximal end are shown in Fig. 15, at the 
baseline pressure of 5.6 kPa. The change in the whole time experiment is shown in Fig. 15(a), 
and an enlarged view of the last but one full-cycle pulsation is shown in Fig. 15(b). The 
pressure value shown here was set to be a differential pressure from the baseline internal 
pressure.  

As shown in Fig. 15(a), there is a rise in the mean pressure or waveform change up to the 
first three pulses, but then it converges in the steady state. Also, there are oscillating 
pressure waves at the proximal and distal ends of the initial pulsation, due to wave 
reflections at both ends of the experiment tube; however, these oscillatory waves 
disappeared after the second pulsation, because this phenomenon is caused by the 
remaining reflected wave of the previous pulse. 

As shown in Fig. 15(b) of the steady state of the pressure waveform, part of the waveform 
measured at the proximal end becomes almost flat in its upper portion for about 0.3 
seconds, and then the pressure exponentially decreases. It is thought that this flat portion is 
generated by the progressive wave, which is produced by the movement of the piston 
pump, overlapping the reflected wave coming from the distal end of the tube. At the same 
time, the pressure waveform measured at the distal end has a pointed peak shape and a 
small reflected wave at the shoulder. The maximum pressure gradually increases from the 
proximal end of the tube towards the distal end, and the phenomenon is similar to the 
Peaking phenomenon in vivo.  

4.2.2. Comparison between calculated results and experimental results 

The calculated results in each tube law model were compared with experimental results in 
order to confirm the effect of the difference of the tube law model on the experimental 
results. Figure 16 shows examples of steady-state pulse waveforms at the baseline internal 
pressure of 5.6 kPa. Experimental results are shown by a bold black line, and calculated 
results are shown as a thin red line. In the Voigt model, calculated results in which the 
relaxation time parameter is multiplied by 4 (10.0ms) are also shown as a dotted line. 
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Figure 16. Calculated pressure waves (thin red line) compared with the measured waves (bold black 
line) at three locations in the tube 

On the other hand, the calculated results using the generalized viscoelastic model almost 
completely agreed with the experimental results in the whole region. As mentioned above, it 
was proven that numerical simulation using the generalized viscoelastic model could 
express the experimental result accurately. 
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4.2.3. Difference in the viscoelastic parameter 

In order to find out how many changes in the viscoelastic property of the tube were 
accompanied by baseline internal pressure change, and how this change influenced pulse 
wave propagation, the value of the viscoelastic parameter was determined under different 
conditions of baseline internal pressure. Initially, pressure waveforms at the baseline 
internal pressure of 8.4 kPa and 11.2 kPa were calculated using the value of the 
viscoelastic parameter at a baseline internal pressure of 5.6 kPa (hereinafter, this 
viscoelastic parameter is referred to as GVM(1)). The change in tube deformation 
compliance was incorporated into these calculations. As an example, a comparison of the 
calculated results and experimental results at the proximal and distal ends at a baseline 
internal pressure of 11.2 kPa is shown in Fig. 17. PP at the proximal end using GVM(1) 
was smaller than the experimental value, and it was proven that the viscoelastic effect of 
GVM(1) was not sufficient. 

 
Figure 17. Calculated pressure waves (dotted red line) compared with the measured waves (bold black 
line) at two locations in the tube 

Based on this result, the value of the viscoelastic parameter was adjusted. We changed the 
value of the dynamic viscoelastic parameter in the low frequency region (i=1) so that the 
dynamic modulus elasticity ratio increased with the increase in baseline internal pressure in 
the experiment tube, and the value of the dynamic viscoelastic parameter in other frequency 
regions (i=2-7) was adjusted to a fixed ratio. The special evaluation function was not used to 
decide parameters but we took it into consideration to agree with the pulse waveform and 
the PWV. The viscoelastic parameter value decided in this way (hereinafter referred to as 
GVM(2)) is described in Table 2 and Fig. 18. The squares in Fig. 18 are the measured 
viscoelastic values of Fig. 4. 

Agreement of the calculated results and experimental results using GVM(2), although not 
shown, was the same level as that in Fig. 16 (c).  
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Figure 18. Change in viscoelastic properties of silicone tube 

 

i τi (s) f(Hz) 
fi 

5.6kPa 8.4kPa 11.2kPa 

1 17.0 0.009 0.095 0.169 0.227 

2 3.75 0.042 0.033 0.034 0.036 

3 0.7 0.227 0.061 0.063 0.066 

4 0.15 1.061 0.073 0.076 0.079 

5 0.03 5.305 0.096 0.100 0.104 

6 0.005 31.83 0.170 0.177 0.184 

7 0.0008 198.9 0.220 0.229 0.238 

Table 2. Optimized viscoelastic parameters for each baseline pressure 

4.2.4. Effect of difference in viscoelasticity on pulse wave propagation  

The effect of the difference in viscoelastic properties on pulse wave propagation was 
considered by analyzing the calculated results in which the viscoelastic model and the 
viscoelastic parameter were changed. PWV and PP were obtained from the calculated and 
experimental results. The relationship of these indexes with the baseline internal pressure is 
shown in Fig. 19. These indexes were obtained from mean values in four pulsations in the 
latter half in the steady state. Defining the maximum value of the second order differential 
waveform of the pulse waveform as an initial rise of the pulse wave, PWV was calculated by 
dividing the distance between calculation points (at the proximal and distal ends) by the 
time difference in the initial rise of these pulse waves. The error range of PWV is shown as 

(a) Dynamic modulus viscoelasticity ratio (b) loss tangent  

1

1.2

1.4

1.6

1.8

frequency(Hz)

5.6kPa
8.4kPa

11.2kPa
Experiment

0.1                                          1.0                                         10.0

D
yn

am
ic

 m
od

ul
us

 e
la

st
ic

ity
 ra

tio

0

0.05

0.1

frequency(Hz)

5.6kPa
8.4kPa

11.2kPa
Experiment

Lo
ss

 ta
ng

en
t  

ta
n(
)

0.1                                          1.0                                         10.0

 
Numerical Simulation Model with Viscoelasticity of Arterial Wall 211 

an error in propagation velocity by a quantize error in calculating the propagation time. PP 
was obtained from the pulse wave at the proximal end. 

Effect of dynamic elasticity modulus ratio 

Figure 19(a) also shows the elastic tube theoretical velocity (Moens-Korteweg’s theoretical 
velocity) calculated from the tube inner diameter and tube deformation compliance. The 
theoretical velocity decreased by 5.8% as a result of the influence of the increase in tube 
deformation compliance, when the baseline internal pressure increased from 5.6 kPa to 11.2 
kPa. On the other hand, PWV calculated from the experimental results was bigger than the 
elastic tube theoretical velocity, and the increasing ratio against the elastic theoretical 
velocity gradually increased with the rise in baseline internal pressure.  

 
Figure 19. PWV and PP change with internal pressure change 

18

19

20

21

22

23

24

25

26

27

0 2 4 6 8 10 12

Internal Pressure (kPa)

P
W

V
(m

/
s)

Experiment

Theoretical Value 

Elastic model

Voigt model

GVM(1)

GVM(2)

0.8

0.9

1

1.1

1.2

1.3

0 2 4 6 8 10 12

Internal Pressure (kPa)

P
P

(k
P

a
)

Experiment

Elastic model

Voigt model

GVM(1)

GVM(2)

(a) PWV change

(b) PP change



 
Viscoelasticity – From Theory to Biological Applications 210 

 
Figure 18. Change in viscoelastic properties of silicone tube 

 

i τi (s) f(Hz) 
fi 

5.6kPa 8.4kPa 11.2kPa 

1 17.0 0.009 0.095 0.169 0.227 

2 3.75 0.042 0.033 0.034 0.036 

3 0.7 0.227 0.061 0.063 0.066 

4 0.15 1.061 0.073 0.076 0.079 

5 0.03 5.305 0.096 0.100 0.104 

6 0.005 31.83 0.170 0.177 0.184 

7 0.0008 198.9 0.220 0.229 0.238 

Table 2. Optimized viscoelastic parameters for each baseline pressure 

4.2.4. Effect of difference in viscoelasticity on pulse wave propagation  

The effect of the difference in viscoelastic properties on pulse wave propagation was 
considered by analyzing the calculated results in which the viscoelastic model and the 
viscoelastic parameter were changed. PWV and PP were obtained from the calculated and 
experimental results. The relationship of these indexes with the baseline internal pressure is 
shown in Fig. 19. These indexes were obtained from mean values in four pulsations in the 
latter half in the steady state. Defining the maximum value of the second order differential 
waveform of the pulse waveform as an initial rise of the pulse wave, PWV was calculated by 
dividing the distance between calculation points (at the proximal and distal ends) by the 
time difference in the initial rise of these pulse waves. The error range of PWV is shown as 

(a) Dynamic modulus viscoelasticity ratio (b) loss tangent  

1

1.2

1.4

1.6

1.8

frequency(Hz)

5.6kPa
8.4kPa

11.2kPa
Experiment

0.1                                          1.0                                         10.0

D
yn

am
ic

 m
od

ul
us

 e
la

st
ic

ity
 ra

tio

0

0.05

0.1

frequency(Hz)

5.6kPa
8.4kPa

11.2kPa
Experiment

Lo
ss

 ta
ng

en
t  

ta
n(
)

0.1                                          1.0                                         10.0

 
Numerical Simulation Model with Viscoelasticity of Arterial Wall 211 

an error in propagation velocity by a quantize error in calculating the propagation time. PP 
was obtained from the pulse wave at the proximal end. 

Effect of dynamic elasticity modulus ratio 

Figure 19(a) also shows the elastic tube theoretical velocity (Moens-Korteweg’s theoretical 
velocity) calculated from the tube inner diameter and tube deformation compliance. The 
theoretical velocity decreased by 5.8% as a result of the influence of the increase in tube 
deformation compliance, when the baseline internal pressure increased from 5.6 kPa to 11.2 
kPa. On the other hand, PWV calculated from the experimental results was bigger than the 
elastic tube theoretical velocity, and the increasing ratio against the elastic theoretical 
velocity gradually increased with the rise in baseline internal pressure.  

 
Figure 19. PWV and PP change with internal pressure change 
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PWV using the elastic model approximately agreed with the theoretical elastic tube velocity, 
since the viscosity of the tube was not included. Using the Voigt model, the small effect by 
the viscoelasticity on the increase in PWV and PWV was slightly larger than the theoretical 
elastic tube velocity; however, the calculated and experimental results agreed well with the 
generalized viscoelastic model in GVM(2). 

PP in the calculated results of the elastic model and the Voigt model was 90% of that in the 
experimental results. In the generalized viscoelastic model, the calculated results of GVM(2) 
agreed well with the experimental results. 

This results show that, with the influence of viscoelastic change shown in Fig. 18, PWV 
increased by around 20-30% more than theoretical elastic tube velocity and PP increased by 
approximately 10% because increasing the elastic modulus by the effect of the low 
frequency component of viscoelasticity is more effective than the energy dissipation effect 
by the high frequency component of viscoelasticity. Furthermore, it can be said that the 
increase of viscoelasticity compensated for the influence caused by the change in tube 
deformation compliance. 

Effect of the viscoelastic parameter 

The effect of the viscoelastic parameter was examined from the difference in the calculated 
results between GVM(2) and GVM(1) for the baseline internal pressure of 11.2 kPa. The 
dynamic modulus elasticity ratio of GVM(1) was nearly 10.1% lower than that of GVM(2) 
within 1–10 Hz, as shown in Fig. 18. By this effect, PWV using GVM(1) was 6.6% lower than 
that using GVM(2), as shown in Fig. 19, and PP with GVM(1) was 6.4% lower than that with 
GVM(2). Considering the results with a baseline internal pressure of 8.4kPa, the difference 
of PWV and PP caused by the viscoelastic parameters was almost proportional to the change 
of baseline internal pressure; therefore, it might be necessary to determine the dynamic 
modulus elasticity ratio with accuracy below 4% in order to keep the accuracy of PWV and 
PP below 5%. 

As described above, it was clarified that tube viscoelasticity played an important role in 
pulse wave propagation under periodic pulsatile conditions and had a significant effect on 
clinical arterial stiffness indexes, including PWV and PP. 

4.3. Conclusion of this section 

Using the one-dimensional numerical simulation model of a viscoelastic tube, the effect of 
tube viscoelasticity on periodic pulse wave propagation was examined by comparing the 
experimental results with the calculated results with a viscoelastic silicone tube. As a result, 
we can reach the following conclusions. 

1. Numerical simulation using the generalized viscoelastic model can accurately express 
the experimental results with periodic pulsation of pressure waves. 

2. When the dynamic modulus elasticity ratio increases, both PWV and PP increase, 
because increasing the elastic modulus is more effective than the energy dissipation 
effect by viscoelasticity change. 
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3. It is necessary to measure the dynamic modulus elasticity ratio with accuracy below 4% 
in order to estimate the values of PWV and PP with accuracy below 5%.. 

5. Conclusion 

In this chapter, a nonlinear one-dimensional numerical model was constructed by including 
the effect of tube wall viscoelasticity and unsteady viscous resistance for numerical analysis 
of the viscoelastic tubes. This model can analyze the effect of viscoelasticity on intravascular 
flow that few previous papers have considered. Using a one-dimensional numerical 
simulation model of a viscoelastic tube, the effect of tube viscoelasticity on a pulsatile wave 
and periodic pulse wave propagation were examined by comparing the experimental results 
with the calculated results using a viscoelastic silicone tube.  

Clinical blood vessel stiffness indexes vary with viscoelasticity change, because the elastic 
modulus is more effective than the energy dissipation effect by viscoelasticity change. This 
result showed that the viscoelasticity of the vessel wall plays an important role in the form 
of a pulsatile wave; therefore, it is important to consider the viscoelastic effect accurately in 
quantitative investigations using intravascular flow analysis. 
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PWV using the elastic model approximately agreed with the theoretical elastic tube velocity, 
since the viscosity of the tube was not included. Using the Voigt model, the small effect by 
the viscoelasticity on the increase in PWV and PWV was slightly larger than the theoretical 
elastic tube velocity; however, the calculated and experimental results agreed well with the 
generalized viscoelastic model in GVM(2). 

PP in the calculated results of the elastic model and the Voigt model was 90% of that in the 
experimental results. In the generalized viscoelastic model, the calculated results of GVM(2) 
agreed well with the experimental results. 

This results show that, with the influence of viscoelastic change shown in Fig. 18, PWV 
increased by around 20-30% more than theoretical elastic tube velocity and PP increased by 
approximately 10% because increasing the elastic modulus by the effect of the low 
frequency component of viscoelasticity is more effective than the energy dissipation effect 
by the high frequency component of viscoelasticity. Furthermore, it can be said that the 
increase of viscoelasticity compensated for the influence caused by the change in tube 
deformation compliance. 

Effect of the viscoelastic parameter 

The effect of the viscoelastic parameter was examined from the difference in the calculated 
results between GVM(2) and GVM(1) for the baseline internal pressure of 11.2 kPa. The 
dynamic modulus elasticity ratio of GVM(1) was nearly 10.1% lower than that of GVM(2) 
within 1–10 Hz, as shown in Fig. 18. By this effect, PWV using GVM(1) was 6.6% lower than 
that using GVM(2), as shown in Fig. 19, and PP with GVM(1) was 6.4% lower than that with 
GVM(2). Considering the results with a baseline internal pressure of 8.4kPa, the difference 
of PWV and PP caused by the viscoelastic parameters was almost proportional to the change 
of baseline internal pressure; therefore, it might be necessary to determine the dynamic 
modulus elasticity ratio with accuracy below 4% in order to keep the accuracy of PWV and 
PP below 5%. 

As described above, it was clarified that tube viscoelasticity played an important role in 
pulse wave propagation under periodic pulsatile conditions and had a significant effect on 
clinical arterial stiffness indexes, including PWV and PP. 

4.3. Conclusion of this section 

Using the one-dimensional numerical simulation model of a viscoelastic tube, the effect of 
tube viscoelasticity on periodic pulse wave propagation was examined by comparing the 
experimental results with the calculated results with a viscoelastic silicone tube. As a result, 
we can reach the following conclusions. 

1. Numerical simulation using the generalized viscoelastic model can accurately express 
the experimental results with periodic pulsation of pressure waves. 

2. When the dynamic modulus elasticity ratio increases, both PWV and PP increase, 
because increasing the elastic modulus is more effective than the energy dissipation 
effect by viscoelasticity change. 
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3. It is necessary to measure the dynamic modulus elasticity ratio with accuracy below 4% 
in order to estimate the values of PWV and PP with accuracy below 5%.. 

5. Conclusion 

In this chapter, a nonlinear one-dimensional numerical model was constructed by including 
the effect of tube wall viscoelasticity and unsteady viscous resistance for numerical analysis 
of the viscoelastic tubes. This model can analyze the effect of viscoelasticity on intravascular 
flow that few previous papers have considered. Using a one-dimensional numerical 
simulation model of a viscoelastic tube, the effect of tube viscoelasticity on a pulsatile wave 
and periodic pulse wave propagation were examined by comparing the experimental results 
with the calculated results using a viscoelastic silicone tube.  

Clinical blood vessel stiffness indexes vary with viscoelasticity change, because the elastic 
modulus is more effective than the energy dissipation effect by viscoelasticity change. This 
result showed that the viscoelasticity of the vessel wall plays an important role in the form 
of a pulsatile wave; therefore, it is important to consider the viscoelastic effect accurately in 
quantitative investigations using intravascular flow analysis. 
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1. Introduction 

Design of new food products is one of the most important tasks in the food industry. 
Improving or controlling texture of foodstuffs leads to products with advanced 
functionalities e.g. creation of nursing-care foods, ‘’ready-to swallow foods’’, soft or hard 
gels etc. (Funami, 2011). 

Texture change can be achieved by adding hydrocolloids that in small quantities bind large 
amounts of water and can then control both structure and texture. Starches belong to the 
same category of hydrocolloids, although they are used in a wide range of products either as 
raw materials or as food additives. Starches can differ with respect to the amylose content 
depending on their origin, or can be structurally modified. Native starches could have 
negative aspects such as gel syneresis, retrogradation, breakdown, cohesive, rubbery pastes 
and undesirable gels formation (Whistler & BeMiller, 1997), but this is not the case with 
modified starches. Moreover, modified food starches are less expensive and are more 
widely available than gums or other food stabilizers. A way to overcome shortcomings of 
native starches is their blending with polysaccharide hydrocolloids. Native or modified 
starches, and non-starch hydrocolloids are increasingly important ingredients in the modern 
health-conscious food industry (Techawipharat et al., 2008), considering that specific starch 
types such as resistant starch can be considered insoluble fibers as well. 

This chapter aims at highlighting recent research in the field of viscoelastic properties of 
starches and their mixtures with some selected hydrocolloids. Furthermore, these 
interactions will be linked to the final rheological characteristics of specific products aimed 
at successful product development. 

The control of texture in real foods with several ingredients can be achieved through 
viscoelasticity measurements of carbohydrate mixtures at low concentrations. This research 
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can result in new products development that aims at specific texture characteristics. 
Examples are focused on oscillatory experiments and in some case correlations to viscous 
properties are presented. The role of rheology in current research is further shown and 
discussed through these examples. 

2. Oscillatory rheological method and hydrocolloids behavior 

Among different techniques used to distinguish between the solid and liquid-like 
characteristics of a food colloid, the best technique is to use an oscillatory rheological 
method (Dickinson, 1992). In an oscillatory rheological experiment, both stress and strain 
commonly present a sinusoidal variation. This is the most popular method to characterize 
viscoelasticity, since relative contributions of viscous and elastic response of materials can 
be measured. The cycle time, or frequency of oscillation, defines the timescale of these tests. 
By observing material response as a function of frequency, material can be tested at different 
timescales. The observation of material response at different frequencies is also referred to 
as mechanical spectroscopy (Stanley et al., 1996). Linear viscoelasticity is known as the 
region where stress and strain waves are set at such low values that stress is proportional to 
strain. This type of tests is also known as small amplitude oscillatory shear (SAOS). The 
relationship between stress and strain is then described and storage, loss modulus, complex 
shear modulus as well as dynamic viscosity can be measured. The storage dynamic 
modulus (G’) is a measure of the energy stored in the material and recovered from it per 
cycle while the loss modulus (G’’) is a measure of the energy dissipated or lost per cycle of 
sinusoidal deformation (Ferry, 1980, Stanley et al., 1996 ). The ratio of the energy lost to the 
energy stored for each cycle can be dened by tanδ. 

The viscoelastic behavior of a simple or more complex structure can be determined in the 
above way. Furthermore, as structure is not disrupted, changes including sol-gel transition, 
gel curing, aggregation, flocs creation etc. can be monitored. Generally speaking, rheological 
properties could be of high interest in a) product quality characterization b) process design 
and flow conditions analysis (e.g. pump sizing, filtration, extrusion etc.) c) design of new 
foodstuffs d) basic research on ingredients’ interactions. 

According to Roos-Murphy (1984) solutions and gels belong to the categories of 
entanglement solutions, weak gels and strong gels. Hydrocolloids including starch can 
belong to all of the three categories revealing the wide spectrum of structures they can adopt 
according to their own natural state and the environmental conditions found. 

Entanglement solutions (e.g. guar gum solutions) present a strong dependence of both 
storage and loss modulus on frequency. Weak gels behavior (e.g. xanthan gum) is 
characterized by gel-type mechanical spectrum, whereas strong gels (e.g. amylopectin, 
amylose gels) present high storage modulus values irrespective of frequency, as junction 
zones among macromolecules are stable on a relatively long time scale. The spectrum of 
hydrocolloids can vary at different concentrations.  

When at low frequency the loss modulus G’’ is higher than the storage modulus G’, both 
parameters vary sharply with frequency: G’’(ω) and G’(ω2). This behavior is said to be 
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typical of a liquid-like material. As frequency increases, G’(ω) crosses G’’(ω), the response of 
the material beyond this cross-over frequency is said to be solid-like. Entanglements of 
macromolecular solutions can result in such behavior. When G’ is higher than G’’ over most 
of the frequency range investigated, a weak gel behavior is observed due to the formation of 
a weak three-dimensional network of ordered chain segments.  

Thus, viscoelastic structures of hydrocolloids may differ considerably. So, recent data about 
their behavior in mixtures with starch or model foods is discussed. 

3. Starch under heating 

Dynamic rheological tests allow continuous measurement of dynamic moduli during 
temperature and frequency sweep testing of a starch suspension. The rheological properties 
of starches differ, because their composition and granules’ morphology is different. Thus, the 
identification of native starch sources is required in order to achieve the desired functionality 
and unique properties (Duxbury, 1989). Furthermore, concentration effects, temperature, 
heating rate and shear rate effects can be found and measured by rheological properties. 

Concerning starch the following changes under heating can be measured using oscillatory 
experiments. 

 Gelatinization 
 Pasting 
 Gelling and 
 Retrogradation, which can be distinguished in short-term by network formation and 

long-term retrogradation that lasts several weeks 

3.1. Dynamic rheology and gelatinization 

During this first stage of heating, starch granules swell during the process of gelatinization. 
Soluble polymer molecules leach from the swollen granules and the rheological properties, 
such as storage modulus (G’) and loss modulus (G’’) of the starch increase to a maximum. A 
sharp increase in G’ may occur between 60-80°C (Ahmed et al., 2008) caused by the 
formation of three-dimensional (3D) gel network developed by leached out amylose and 
reinforced by strong interactions among swollen starch particles (Fig. 1). Similar changes 
can occur when viscosity is measured.  

The swelling of the granules is important for both viscosity increase and viscoeleasticity of 
the produced dispersions. Granules’ morphology and rigidity, complexes with other 
components (e.g. lipid-amylose), amylose content, protein content are some factors that 
determine both peak values of the viscoelastic parameters and their breakdown thereafter. 

Concerning their botanical source, among native starches (corn, rice, wheat and potato), 
potato starches exhibit the highest swelling power and final viscoelastic values. Their shape 
and size differs with respect to starches of other botanical sources. Starch granules of potato 
are smooth-surfaced and of different shapes form oval and irregular to cube-shaped. Starch 
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typical of a liquid-like material. As frequency increases, G’(ω) crosses G’’(ω), the response of 
the material beyond this cross-over frequency is said to be solid-like. Entanglements of 
macromolecular solutions can result in such behavior. When G’ is higher than G’’ over most 
of the frequency range investigated, a weak gel behavior is observed due to the formation of 
a weak three-dimensional network of ordered chain segments.  

Thus, viscoelastic structures of hydrocolloids may differ considerably. So, recent data about 
their behavior in mixtures with starch or model foods is discussed. 

3. Starch under heating 

Dynamic rheological tests allow continuous measurement of dynamic moduli during 
temperature and frequency sweep testing of a starch suspension. The rheological properties 
of starches differ, because their composition and granules’ morphology is different. Thus, the 
identification of native starch sources is required in order to achieve the desired functionality 
and unique properties (Duxbury, 1989). Furthermore, concentration effects, temperature, 
heating rate and shear rate effects can be found and measured by rheological properties. 

Concerning starch the following changes under heating can be measured using oscillatory 
experiments. 
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During this first stage of heating, starch granules swell during the process of gelatinization. 
Soluble polymer molecules leach from the swollen granules and the rheological properties, 
such as storage modulus (G’) and loss modulus (G’’) of the starch increase to a maximum. A 
sharp increase in G’ may occur between 60-80°C (Ahmed et al., 2008) caused by the 
formation of three-dimensional (3D) gel network developed by leached out amylose and 
reinforced by strong interactions among swollen starch particles (Fig. 1). Similar changes 
can occur when viscosity is measured.  

The swelling of the granules is important for both viscosity increase and viscoeleasticity of 
the produced dispersions. Granules’ morphology and rigidity, complexes with other 
components (e.g. lipid-amylose), amylose content, protein content are some factors that 
determine both peak values of the viscoelastic parameters and their breakdown thereafter. 

Concerning their botanical source, among native starches (corn, rice, wheat and potato), 
potato starches exhibit the highest swelling power and final viscoelastic values. Their shape 
and size differs with respect to starches of other botanical sources. Starch granules of potato 
are smooth-surfaced and of different shapes form oval and irregular to cube-shaped. Starch 
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granules of corn are angular-shaped, while those of rice are pentagonal and angular-shaped. 
Finally, wheat starch granules are spherical (B-granules) and lenticular-shaped (A-granules). 

Moreover, potato starch granules are the largest (<110μm) in size followed by wheat 
(<30μm), corn (<25μm) and rice (<20μm) starches. Τhe granule size of potato starch is 
variable and ranges form 1 to 20μm for small and from 20 to 110 μm for large potato 
granules, whereas rice starch granules commonly range from 3 to 5μm in size (Hoover, 2001; 
Singh et al., 2003). Large and cubical or irregularly shaped granules in potato starch exhibit 
higher storage and loss modulus and lower tanδ than the small and oval granules (Singh & 
Singh, 2001). Thus, potato starch shows higher G’, G’’ and lower tanδ than corn, rice and 
wheat starches during the heating cycle. Furthermore, starch dispersions may exhibit 
significantly higher G’ values (~100 times) as compared to flour dispersions at the first 
period of heating (40-60 °C) (Ahmed et al., 2008). 

Amylose amount is also quite important for controlling the viscoelastic properties of starch 
dispersions. Amylose results in higher G’ indicating a well-cross-linked nature. Specifically 
G’ can increase exponentially as a function of amylose content (Biliaderis & Juliano, 1993). 
Concentration effects are also linear for wheat and maize starch in the range of 6-30% (Ring, 
1985) and follow a power law in the case of rice starches (8-40%). 

Starch is a complicated viscoelastic structure. Under heating it can be described as a 
composite system, in which gelatinization may be regarded as an example of a phase-
separated composite gel, primarily governed by the volume fraction occupied by the 
swollen particles, whereas the continuous phase makes an additional contribution due to its 
own viscoelastic properties (Alloncle & Doublier, 1991; Dickinson,1992). 

 
Figure 1. Viscoelastic changes of starch suspensions under heating and further cooling. Curves can shift 
to both axes accordingly to the factors that are mentioned. Changes in starch granules are also shown. 
Peak and plateau values can be seen at maximum starch swelling. Thereafter network breakdown and 
paste formation is shown. (Modification according to data from Ahmed et al., 2008, Food Hydrocolloids 
22, pp 278-287 and Singh et al, 2007a, Starch/Stärke, 59, pp. 10-20) 
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3.2. Pasting and viscoelastic properties 

After gelatinization the process of pasting follows. Under continuing heating, granules are 
further swollen and finally disrupted (Fig.1). A hot paste is then created consisting of swollen 
granules, granule fragments, and soluble materials. The botanical source of the starch, water 
content, temperature and shearing during heating determine the consistency of this paste. 
The network created consists of dissolved starch polymers (amylose and amylopectin) and a 
discontinuous phase of swollen granules, empty (ghost) ones and fragments.  

Rheologically, a peak value of both viscosity and G’, G’’ is reached resulting mainly from 
maximum swelling. Furthermore a plateau e.g. constant values may occur (from 80-85°C) 
due to irreversible swelling and solubilisation of amylose (Ahmed et al., 2008) followed by a 
sudden drop of G’ under extensive heating and shear and time. Granules disintegrate. At 
this point a hot paste is created (Fig. 1). The height of the peak at a given concentration 
reflects the ability of the granules to swell freely before their physical breakdown. Α sudden 
drop after the maximum indicates the breakdown on cooking as well as a great ability to 
swell (Adebowale & Lawal, 2003). 

G’ decrease indicates the gel structure disruption due to the ‘’melting’’ of the crystalline 
regions or disentanglements of the amylopectin molecules in the swollen particles that 
softens the particles (Tsai et al., 1997). The network collapses due to the loss of interactions 
between the particles (Ahmend et al., 2008). 

3.3. Retrogradation and viscoelastic properties 

The distinction between a paste and a gel is not always evident. A paste usually refers to the 
hot freshly cooked system and gel is formed after cooling. Both are viscoelastic materials. As 
the hot pastes, especially of amylose –containing starches, begin to cool they become more 
elastic and develop solid properties. The transition from a viscous to an elastic gel can be 
determined by storage and loss moduli thus the setback can be found as a transition point 
from viscous to solid one (BeMiller, 2011). This setback is known as retrogradation (Atwell 
et al., 1988). At this critical gel point the system is wall-to-wall connected (percolation 
threshold) and is characterized by a critical behavior with G’(ω) and G’’(ω) obeying the 
same power law: G’(ω)~ G’’(ω) ~ ωn (Doublier & Cuvelier, 2006). 

The first phase of retrogradation begins as the paste cools and a formation of entanglements 
and/or junction zones is created between amylοse molecules resulting in an elastic gel. This 
phase may last up to 48 h. The second phase of retrogradation involves amylopectin 
changes, which is a much slower process that may proceed for several weeks depending on 
the storage temperature. Both G’ and G’’ increase upon cooling and during short-storage, G’ 
and G’’ increase indicating that the gels become firmer. 

4. Modified starches 

Briefly, chemical modification leads to a considerable change in the rheological and pasting 
properties of starches. Storage (G’) and loss modulus (G’’) of acetylated, hydroxypropylated 
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granules of corn are angular-shaped, while those of rice are pentagonal and angular-shaped. 
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separated composite gel, primarily governed by the volume fraction occupied by the 
swollen particles, whereas the continuous phase makes an additional contribution due to its 
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3.2. Pasting and viscoelastic properties 
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further swollen and finally disrupted (Fig.1). A hot paste is then created consisting of swollen 
granules, granule fragments, and soluble materials. The botanical source of the starch, water 
content, temperature and shearing during heating determine the consistency of this paste. 
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sudden drop of G’ under extensive heating and shear and time. Granules disintegrate. At 
this point a hot paste is created (Fig. 1). The height of the peak at a given concentration 
reflects the ability of the granules to swell freely before their physical breakdown. Α sudden 
drop after the maximum indicates the breakdown on cooking as well as a great ability to 
swell (Adebowale & Lawal, 2003). 

G’ decrease indicates the gel structure disruption due to the ‘’melting’’ of the crystalline 
regions or disentanglements of the amylopectin molecules in the swollen particles that 
softens the particles (Tsai et al., 1997). The network collapses due to the loss of interactions 
between the particles (Ahmend et al., 2008). 

3.3. Retrogradation and viscoelastic properties 

The distinction between a paste and a gel is not always evident. A paste usually refers to the 
hot freshly cooked system and gel is formed after cooling. Both are viscoelastic materials. As 
the hot pastes, especially of amylose –containing starches, begin to cool they become more 
elastic and develop solid properties. The transition from a viscous to an elastic gel can be 
determined by storage and loss moduli thus the setback can be found as a transition point 
from viscous to solid one (BeMiller, 2011). This setback is known as retrogradation (Atwell 
et al., 1988). At this critical gel point the system is wall-to-wall connected (percolation 
threshold) and is characterized by a critical behavior with G’(ω) and G’’(ω) obeying the 
same power law: G’(ω)~ G’’(ω) ~ ωn (Doublier & Cuvelier, 2006). 

The first phase of retrogradation begins as the paste cools and a formation of entanglements 
and/or junction zones is created between amylοse molecules resulting in an elastic gel. This 
phase may last up to 48 h. The second phase of retrogradation involves amylopectin 
changes, which is a much slower process that may proceed for several weeks depending on 
the storage temperature. Both G’ and G’’ increase upon cooling and during short-storage, G’ 
and G’’ increase indicating that the gels become firmer. 

4. Modified starches 

Briefly, chemical modification leads to a considerable change in the rheological and pasting 
properties of starches. Storage (G’) and loss modulus (G’’) of acetylated, hydroxypropylated 
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and cross-linked starches from different sources increase to a maximum and then drop 
during heating following the same general rheological pattern as native starches (Singh et 
al., 2007b). 

The temperature of maximum G’ drops significantly on acetylation or hydroxypropylation, 
while it increases after cross- linking (Kaur et al., 2004, 2006; Singh et al., 2004). Acetylated 
corn and potato starches showed greater values of G’ and G’’ under heating but lower 
compared to their native starch gels upon cooling of heated starch gels, confirming their 
lower tendency to retro gradate. 

Strengthening bonding between starch chains by cross-linking will increase resistance of the 
granules towards swelling resulting in lower G’ values in a high degree of cross-linking. 
Cross-link concentration and location could lead to different rheology. Botanical source also 
influences cross-linking and potato starches show a higher susceptibility towards cross-
linking than other kinds of starches (Kaur et al., 2004). 

5. Interactions with other hydrocolloids 

According to an excellent review of BeMiller (2011) twenty-one different native starches in 
combination with thirty two different hydrocolloids have been investigated in different 
studies. Thus there is an increased interest in starch-hydrocolloid systems as well as a 
significant amount of scientific work in this area. New research works are mainly presented 
in this section, enhancing the knowledge about such systems.  

5.1. Hydrocolloids influence in starch pastes 

Starch pastes have typical biopolymer gel behavior. In typical biopolymer gel behavior 
greater G’ values than G’’ along the frequency sweep are observed, however in starch pastes 
both moduli are frequency dependent. Hydrocolloids modify the dynamic spectra of starch, 
although different trends can be observed.  

First assumption: Hydrocolloids lead to weaker structures with less gel-like character. 

With their addition, starch network shifts from an elastic-like to a more viscous-like one 
(Rosell et al., 2011). Starch-hydrocolloid systems can be considered as biphasic systems. 
When starch granules are swollen, the hydrocolloid is located entirely in the continuous 
phase. The concentration of hydrocolloid will then increase as the volume of the phase 
accessible to the hydrocolloid is reduced. This fact changes the viscoelasticity of the starch. 
Thus, cellulose derivatives and carrageenans can lead to less solid-like pastes than the 
control paste (Techawipharat et al., 2008). This assumption depends on starch type as well. 
In waxy starches, due to an absence of amylose, short-term retrogradation does not occur 
and therefore, the addition of hydrocolloids could not alter the viscoelastic characteristics of 
these starch pastes. 

Second assumption: Hydrocolloids addition leads to associations with starches resulting in 
increased G’, G’’ values. 
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Several hydrocolloids can promote associations with starches and as a result, when they are 
added in starch pastes, an increase in G’, G’’ is often observed, see examples: Mandala et 
al.(2004a); Achayuthakan & Suphantharika, (2008); Wang et al., (2008). In such systems the 
question is which ingredient predominates in the overall rheology, starch or hydrocolloid. 
In wheat starch-hydrocolloid systems, it is the hydrocolloid that predominates in the whole 
system, according to the shift factors found.  

 
(a) In water of xanthan 0.1 wt% (□, ■) and 0.5 wt% (○, ●), starch 2 wt%/xanthan 0.5 wt% (∆, ▲), amylose 0.3 
wt%/xanthan 0.1 wt% (◊, ♦), amylose 0.3 wt%/xanthan 0.5 wt% (    ,▼).  
(b) In 0.1 M NaCl of xanthan 0.1 wt% (□, ■), 0.5 wt% (○, ●) and 0.8% (◊, ♦), starch 2 wt%/xanthan 0.5 wt% (∆, ▲), 
amylose 0.3 wt%/xanthan 0.5 wt%,(     ,▼). (From Mandala et al, 2004a. Carbohydrate Polymers 58, pp 285–292, with 
permission). 

Figure 2. Superimposed shifted spectra.  

Furthermore, except G’, G’’ values, tanδ may be important in interpretations of the behavior 
of starch-hydrocolloids interactions. Thus, although some hydrocolloids promote an 
increase in G’, G’’ by their addition, in fact they lead to a less solid-like system (higher tanδ 
values) as described above. On the contrary, in some cases, hydrocolloid addition may lead 
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and cross-linked starches from different sources increase to a maximum and then drop 
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significant amount of scientific work in this area. New research works are mainly presented 
in this section, enhancing the knowledge about such systems.  
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Starch pastes have typical biopolymer gel behavior. In typical biopolymer gel behavior 
greater G’ values than G’’ along the frequency sweep are observed, however in starch pastes 
both moduli are frequency dependent. Hydrocolloids modify the dynamic spectra of starch, 
although different trends can be observed.  

First assumption: Hydrocolloids lead to weaker structures with less gel-like character. 

With their addition, starch network shifts from an elastic-like to a more viscous-like one 
(Rosell et al., 2011). Starch-hydrocolloid systems can be considered as biphasic systems. 
When starch granules are swollen, the hydrocolloid is located entirely in the continuous 
phase. The concentration of hydrocolloid will then increase as the volume of the phase 
accessible to the hydrocolloid is reduced. This fact changes the viscoelasticity of the starch. 
Thus, cellulose derivatives and carrageenans can lead to less solid-like pastes than the 
control paste (Techawipharat et al., 2008). This assumption depends on starch type as well. 
In waxy starches, due to an absence of amylose, short-term retrogradation does not occur 
and therefore, the addition of hydrocolloids could not alter the viscoelastic characteristics of 
these starch pastes. 

Second assumption: Hydrocolloids addition leads to associations with starches resulting in 
increased G’, G’’ values. 
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Furthermore, except G’, G’’ values, tanδ may be important in interpretations of the behavior 
of starch-hydrocolloids interactions. Thus, although some hydrocolloids promote an 
increase in G’, G’’ by their addition, in fact they lead to a less solid-like system (higher tanδ 
values) as described above. On the contrary, in some cases, hydrocolloid addition may lead 
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to a more solid-like system as noticed in systems of maize starch with flaxseed gum (Wang 
et al., 2008).  

In this research work, the variation of the G’ with frequency for the maize starch alone and 
the flaxseed gum-maize starch mixtures with different flaxseed gum concentrations was not 
significant. This suggests that both the maize starch and its mixture with flaxseed gum have 
a typical biopolymer gel network, but flaxseed gum helps the formation of stronger gels. 
Concerning temperature effects, at a temperature range of 25-75°C, flaxseed gum addition 
shows more significant temperature dependence compared to that of maize starch alone. An 
increase in temperature results in a decrease in G’ of the mixture, indicating that the 
addition of flaxseed gum affects the thermal stability of the mixture (Wang et al., 2008). 

5.2. Influence of hydrocolloids during storage 

Gelation and short- or long-term retrogradation of starch can be influenced by 
hydrocolloids. The addition of a hydrocolloid can accelerate gelation and reduce 
retrogradation (Kim & Yoo, 2006, Lee et al., 2002; Mandala & Palogou, 2003; Fumami et al., 
2005, 2008) but this depends on many parameters, some of which are discussed extensively 
in the following text. 

Concerning gelation, starch-hydrocolloid mixtures may display weak gel-like behavior 
(Funami et al., 2008; Kim & Yoo, 2006; Lee at al., 2002). According to time-dependent curves 
of the mixtures of rice starch-xanthan gum, G’ values increase rapidly during the first few 
hours at low temperature aging (5°C) and remained steady afterwards. Gelation could be 
considerably shortened by the presence of xanthan gum. Increasing xanthan gum 
concentration increased G’ values during aging, indicating that the elastic character of 
xanthan gum influences the reinforcement of the overall gel properties during aging. A 
rapid increase and subsequent plateau of G’ can be shown by xanthan gum addition (Fig. 3). 
This is due to the rapid aggregation of amylose chains at the early stage and the slow 
aggregation of amylopectin chains at the late stage respectively (Kim & Yoo, 2006). 

First-order kinetics for structure development of starch-xanthan mixtures during aging 
(recrystallization) and further retarding during longer storage can be developed. The rate of 
G’ increase (structure development) due to the retrogradation of rice starch during cold 
storage is apparently affected by the presence of xanthan gum and greatly dependent on the 
xanthan gum concentration. The same was observed for wheat starch-xanthan mixtures 
aging (Mandala & Palogou, 2003). 

In the long-term retrogradation of different hydrocolloid-starch mixtures (Funami et al., 
2008; Kim & Yoo, 2006; Lee at al., 2002) molecular associations between the gum and the 
amylopectin fraction inhibit the formation of crystalline structures during storage. As 
another factor to inhibit long-term retrogradation, gums can stabilize water molecules, 
therefore they can act as water binder effectively depriving amylose or amylopectin of 
usable water for crystallization as described in the case of corn starch fenugreek gum 
mixtures (Funami et al., 2008). 
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Figure 3. Changes in storage modulus (G’) during aging at 4°C for 10h. Close symbol rice starch. Open 
symbols rice starch-xanthan gum mixtures (XG:0.2-0.8%). (From Kim & Yoo, 2006, Journal of Food 
Engineering 75, pp. 120-128, with permission). 

Gelation and retrogradation can be also influenced by the molecular size of the hydrocolloid in 
a starch-gum mixture. Thus, the molecular mass and size of guar gum influences 
gelatinization and retrogradation behaviour of corn starch according to Funami et al. (2005a, 
2005b). Viscosity and viscoelastic properties can be measured. Molecular interactions between 
guar gum and amylose are responsible for an earlier onset of viscosity increase for the 
composite system of starch-guar gum, whereas molecular interactions between guar gum and 
amylopectin are responsible for the increase in peak viscosity of the composite system. 
Moreover, the addition of guar gum accelerates the gelation of starch, in particular when the 
amylose fraction increases. Concerning the control of retrogradation by adding guar gum, 
storage modulus (G’) for starch systems increases rapidly at very early stage of storage at 4°C.  

Short-term retardation of retrogradation is also suggested, because the gelled fraction in the 
system is reduced with the addition of guar gum (loss targent increase). This happens due to 
the decrease in the amount of amylose leached out of the starch granules during 
gelatinization. There is a critical Mw up to which the amount of leached amylose can be 
influenced, which is 15.0x105 g/mol. The effect of guar gum on the inhibition of short-term 
retrogradation becomes less Mw-dependent at above this Mw value. On the other hand, the 
higher the Mw of guar gum, the easier the guar interacts with amylopectin. 

G’ becomes less-frequency dependent with decreasing Mw of guar gum. These results 
suggest that the interactions between guar gum and amylose should hardly contribute to 
forming a gelled or ordered structure (Funami, 2005). Furthermore, the ability of guar gum 
to inhibit long-term retrogradation is enhanced markedly when the Mw of the guar is over 
30.0x105 g/ml. Thus, above this molecular weight guar gum can act easily on either amylose 
or amylopectin to retard starch crystallization. 

Concluding: 

 Hydrocolloid addition may decrease or increase the gel-like character of starch pastes 
depending on hydrocolloid and starch type as well as on gum concentration. The most 
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hours at low temperature aging (5°C) and remained steady afterwards. Gelation could be 
considerably shortened by the presence of xanthan gum. Increasing xanthan gum 
concentration increased G’ values during aging, indicating that the elastic character of 
xanthan gum influences the reinforcement of the overall gel properties during aging. A 
rapid increase and subsequent plateau of G’ can be shown by xanthan gum addition (Fig. 3). 
This is due to the rapid aggregation of amylose chains at the early stage and the slow 
aggregation of amylopectin chains at the late stage respectively (Kim & Yoo, 2006). 
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(recrystallization) and further retarding during longer storage can be developed. The rate of 
G’ increase (structure development) due to the retrogradation of rice starch during cold 
storage is apparently affected by the presence of xanthan gum and greatly dependent on the 
xanthan gum concentration. The same was observed for wheat starch-xanthan mixtures 
aging (Mandala & Palogou, 2003). 

In the long-term retrogradation of different hydrocolloid-starch mixtures (Funami et al., 
2008; Kim & Yoo, 2006; Lee at al., 2002) molecular associations between the gum and the 
amylopectin fraction inhibit the formation of crystalline structures during storage. As 
another factor to inhibit long-term retrogradation, gums can stabilize water molecules, 
therefore they can act as water binder effectively depriving amylose or amylopectin of 
usable water for crystallization as described in the case of corn starch fenugreek gum 
mixtures (Funami et al., 2008). 

 
Viscoelastic Properties of Starch and Non-Starch Thickeners in Simple Mixtures or Model Food 225 

 
Figure 3. Changes in storage modulus (G’) during aging at 4°C for 10h. Close symbol rice starch. Open 
symbols rice starch-xanthan gum mixtures (XG:0.2-0.8%). (From Kim & Yoo, 2006, Journal of Food 
Engineering 75, pp. 120-128, with permission). 
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a starch-gum mixture. Thus, the molecular mass and size of guar gum influences 
gelatinization and retrogradation behaviour of corn starch according to Funami et al. (2005a, 
2005b). Viscosity and viscoelastic properties can be measured. Molecular interactions between 
guar gum and amylose are responsible for an earlier onset of viscosity increase for the 
composite system of starch-guar gum, whereas molecular interactions between guar gum and 
amylopectin are responsible for the increase in peak viscosity of the composite system. 
Moreover, the addition of guar gum accelerates the gelation of starch, in particular when the 
amylose fraction increases. Concerning the control of retrogradation by adding guar gum, 
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Short-term retardation of retrogradation is also suggested, because the gelled fraction in the 
system is reduced with the addition of guar gum (loss targent increase). This happens due to 
the decrease in the amount of amylose leached out of the starch granules during 
gelatinization. There is a critical Mw up to which the amount of leached amylose can be 
influenced, which is 15.0x105 g/mol. The effect of guar gum on the inhibition of short-term 
retrogradation becomes less Mw-dependent at above this Mw value. On the other hand, the 
higher the Mw of guar gum, the easier the guar interacts with amylopectin. 

G’ becomes less-frequency dependent with decreasing Mw of guar gum. These results 
suggest that the interactions between guar gum and amylose should hardly contribute to 
forming a gelled or ordered structure (Funami, 2005). Furthermore, the ability of guar gum 
to inhibit long-term retrogradation is enhanced markedly when the Mw of the guar is over 
30.0x105 g/ml. Thus, above this molecular weight guar gum can act easily on either amylose 
or amylopectin to retard starch crystallization. 

Concluding: 

 Hydrocolloid addition may decrease or increase the gel-like character of starch pastes 
depending on hydrocolloid and starch type as well as on gum concentration. The most 
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common observation was the increase in both viscous and elastic character with more 
pronounced effects on the viscous one. 

 Regarding gelation, it is induced by adding hydrocolloids. Short-term retrogradation is 
also related to this gelation acceleration, as well as to amylose amount.  

 Gelation acceleration does not mean retrogradation acceleration as well, since a more 
viscous character is maintained by hydrocolloid addition in many cases.  

 Concerning long-term retrogradation, it is clearly reduced by hydrocolloid addition. 
Factors that may contribute are the associations of hydrocolloid-amylopectin, the 
stabilization of water molecules and last but not least the molecular weight of the gum. 

6. Applications to foodstuffs 

In a food system, many other ingredients influence the process of gelatinization, pasting, 
breakdown and retrogradation/setback of starch pastes (BeMiller, 2011). Recent data about 
starch pastes and gels as governed by their ingredients and the interactions with other 
hydrocolloids is presented. Furthermore, the role of these interactions in controlling 
rheology in model food is discussed. Examples given include stability issues of ready to eat 
white sauces, soups and caramel sauces.  

6.1. White sauces 

Béchamel sauce or ‘’white sauce’’ is used in a lot of preparations or as a basis for other more 
complex sauces (Heyman et al., 2010). Sauces often exhibit stability problems during 
prolonged storage either caused by emulsion instability or by changing polymer interactions 
(Mandala et al., 2004b; Mc Clemments, 2006). 

Non-starch hydrocolloids added in starch paste can alter the continuous phase of the system 
which contains them. In a complex system like that of a sauce, apart from rheology, they can 
also alter water holding capacity of the sauces. The effects of partially replacing modified 
starch by hydrocolloids (guar gum, xanthan gum and carboxymethylcellulose) on the 
rheological behavior and the physicochemical stability of the sauces is discussed. 

Oscillatory spectra of all sauces are very similar to those of starch gels (example model sauce 
and guar gum at different concentrations, (Fig. 4)). All samples exhibit a dominant elastic 
behavior since G’ is larger than G’’ over the studied frequency range.  

When different hydrocolloids such as xanthan, guar or CMC gum are added, xanthan gum 
causes the greatest increase in G’ compared to the model system. Guar gum and CMC also 
shift the G’ curve to higher values (Fig.4), but in a less pronounced way than xanthan gum 
does. White sauces present similarities between their values and those of starch gels alone 
supporting the hypothesis of a strong influence of both native and modified starches present 
in the system (Caisawang & Suphantharika 2006). Same conclusions are reached by 
Mandala et al. (2004b). During preservation at 7°C for 30 days the overall profile of the 
frequency curves does not change. Slight reductions in both G’ and G’’ are noticed with the 
most significant changes to occur the first 2 weeks. 
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Figure 4. Effect of guar addition on oscillatory measurement of béchamel sauces. (From Heyman et al. 
(2010). Journal of Food Engineering 99, 115-120, with permission). 

6.1.1. White sauce and freeze-thaw stability 

Starches combined with different hydrocolloids are used in white sauces and the 
freeze/thaw stability of the produced samples is investigated. In a typical white sauce, after 
a freeze/thaw cycle, an increase in the viscoelastic functions is observed as a consequence of 
extensive starch retrogradation. By adding hydrocolloids this increase is reduced, leading to 
a less structured system. This can be justified by hydrocolloid interaction with solubilised 
amylose that reduces amylose - amylose interactions, preventing also structure ordering and 
hence reducing the extent of retrogradation (Arocas et al., 2009). 

6.1.1.1. Ambient conditions’ thawing 

Specifically, the viscoelastic properties of fresh and thawed white sauces containing 
different corn starches (native waxy corn starch (NWS), native corn starch (NS), 
hydroxypropyl distarch phosphate waxy corn starch (HPS) and pregelatinized acetylated 
distarch adipate waxy corn starch (AAS)) are compared. Samples are frozen at -18°C and 
thawed at room temperature until 20°C. 

A different behavior is found among the modified and the native starch sauces (Fig. 5). 

The fresh modified starch sauces show higher G’ and G’’ values than the fresh native starch 
sauces, HPS being the one with the highest capacity and NWS the one with the lowest 
capacity. A high thickening capacity is ascribed to the fact that modified starches present 
high starch granule stability in comparison to the native starches and their granules do not 
break down in the thermal and shear conditions. 

Moreover, a temperature increase from 20 to 80°C does not affect the values of G’ and G’’ 
either in the fresh or freeze/thaw samples. On the contrary, in native starch sauces a slight 
decrease in the values of the viscoelastic moduli is observed after 50°C, particularly 
pronounced after the freeze/thaw cycle. Furthermore, the values of the G’, G’’ of samples 
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prepared with native starches after freeze/thaw cycle are much greater than those of the 
fresh samples due to retrogradation phenomena occurring during the freezing process. 

 
Figure 5. G′ and G″ as a function of increasing temperature for : a) freshly prepared sauces and b) 
freeze/thawed sauces. NS sauce (G′:●, G″:○), NWS sauce (G′:♦, G″: ◊), AAS sauce (G′:(▲, G″:∆) and HPS 
sauce (G′:■, G″:□). Frequency: 1 Hz. γ: 0.001. Heating rate: 1.5 °C/min. (From Arocas et al., 2009, Food 
Hydrocolloids, 23, pp 901-907, with permission). 

Concerning mechanical spectra, all samples behave as soft gels with values of G’ higher than 
values of G’’. A weak dependence on frequency is observed, as well as in starch-
hydrocolloid mixtures. After freeze/thaw, as it was expected, structural changes occur 
mainly in sauces containing native starches. As a consequence, great values of G’ and G’ are 
observed and these samples presented a spongy structure depending also on freezing rate 
(the lower the freezing rate, the more pronounced the spongy structure). Thus, chemical 
modification is effective in providing freezing and thermal structure stability. 

6.1.1.2. Microwave and water bath thawing 

Differences between conductive heating and MW heating of starch dispersions are found 
not in the mechanism of gelatinization but on the starch crystallinity, which disappears 
at a higher rate when samples were heated by microwaves. Furthermore, the attainment 
of a certain viscosity required longer time in the conduction-heated samples. 
Microwaving can cause incomplete gelatinization of the starch in comparison to 
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convection heating and potato starch can be influenced much more than corn starches 
(An et al., 2008). 

The effects of microwave thawing and water bath thawing on white sauces prepared with 
two different native starches (potato and corn) and a modified waxy maize starch are 
compared. Starch retrogradation is strongly affected by freezing and thawing. Thus, 
possible reduction of starch retrogradation upon different thawing methods could be 
beneficial for the quality characteristics of the final product. 

Furthermore, microwave treated samples are quite similar to the freshly prepared sauces 
compared to the water bath-thawed ones. In this regard, microwaving could be considered 
more suitable than the water bath for diminishing the loss of quality associated with the 
freezing step (Table 1). 

The differences in the viscoelastic properties of the microwave-and water bath-thawed 
native starch sauce can be explained because of the shorter heating time required in the 
microwave, which reduces the time available for the retrogradation occurring from -5 to 
20°C. Furthermore, the big local temperature and the differences occurring during 
microwave heating can lead to an improved localized melting of amylopectin and eventual 
melting of amylose (at temperatures near 100°C).  

 
Starch type Treatment G′ (Pa) G* (Pa) tanδ

Corn 

WB 326.0 A 328.0 A 0.114 C

MW 265.2 B 267.0 B 0.118 C

Fresh 80.4 E 81.9 E 0.189 B

Potato 

WB 177.6 C 179.8 C 0.158 BC

MW 114.7 D 116.7 D 0.183 B

Fresh 97.6 DE 101.0 DE 0.265 A

Modified waxy corn

WB 270.7 B 272.5 B 0.118 C

MW 264.7 B 267.7 B 0.149 BC

Fresh 206.6 C 210.5 C 0.194B 

Table 1. Influence of starch type and treatment in the rheological parameters G′, G*  
and tan δ. Frequency: 1 Hz. ABCDE Means with the same letter are not significantly different  
(p < 0.05) according to the Tukey’s multiple range test. WB water bath thawed samples, MW  
microwave thawed samples. (From Arocas et al, 2011, Food Hydrocolloids 25, pp 1554- 1562, with 
permission).  

This can lead to new starch/water interactions and consequent water adsorption. Generally, 
heating during thawing improves the quality of frozen sauces as amylose bonds formed 
during retrogradation are broken accompanied with re-absorption of the previously 
released water. Furthermore, the modified starch resists the heating applied during the 
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beneficial for the quality characteristics of the final product. 
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more suitable than the water bath for diminishing the loss of quality associated with the 
freezing step (Table 1). 

The differences in the viscoelastic properties of the microwave-and water bath-thawed 
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sauce preparation as well as during the thawing process. Although the modified starch 
granules swell, little release of the starch components occurs. Thus, the differences between 
thawing techniques are related to their effect on structure changes related to starch 
retrogradation (Arocas et al., 2011). 

6.2. Chilli sauce 

Chilli sauces investigated presented a dominant elastic behavior compared to the viscous 
behavior typically observed in suspensions with network-like structure (Gamonpilas et al., 
2011). Weak gel-like characteristics are found in chilli sauces containing starch and 
hydrocolloids, as well as in white sauces mentioned above. The presence of starch/xanthan 
mixture in the commercial chilli sauces promotes their elastic properties. Furthermore, the 
sauce with low solid content and without xanthan gum has weak network structure and 
inferior flow properties. The addition of xanthan gum and/or modified starch can provide a 
network-like characteristic of the sauce. 

6.3. Soup formulation 

In a soup formulation corn starch was gradually replaced with fenugreek gum (FG) till 0.9% 
wt. Pure systems of corn starch and fenugreek gum dispersions are also tested. Pure corn 
starch-FG mixtures and soups are subjected to rheological measurements after preparation. 
(Matia-Merino & Ravindran, 2009). 

Final viscosities increase with increasing FG replacement levels. Soup containing FG 
(without starch) exhibit a dose–related pasting pattern and different pasting profiles than 
starch-FG soup formulations. Combined addition of starch-FG results in a synergistic effect 
of starch and FG. Thus, the viscosity increase is much greater than when the two ingredients 
are added individually. The viscoelasticity of the starch-FG systems and soups containing 
them is shown at the frequency of 1 Hz (Fig 7.a, Fig 7b). The viscous or loss modulus shows 
slightly more dependency with the elastic component being frequently independent and 
always over the viscous modulus through the entire frequency range. The main differences 
between starch-FG systems and soups containing them is: a) the higher viscoelasticity 
developed in all the soups with both G’ and G’’ being greater in value than in the pure 
starch/fenugreek mixtures, measured under similar conditions and b) both elastic and 
viscous moduli gradually increase with the substitution of starch by FG for all formulations.  

6.4. Caramel sauces 

Caramel sauces can have tailored sensory, rheological and textural characteristics by using 
potato starch and xanthan gum combinations (Krystyjan et al., 2012). Potato starch and 
xanthan gum are selected among other starch-hydrocolloid combinations taking into 
account transparency and clear appearance for further use in caramel sauces as thickeners. 
Commercial sauce without any stabilisers received the lowest score in sensory evaluation. 
Samples were stored and among other rheological characteristics, storage and loss moduli  
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(a) 5% standard corn starch (P1), gradually replaced with fenugreek at 0.1% (P2), 0.15% (P3), 0.2% (P4), 0.25% (P5), 
0.3% (P6), 0.5% (P7), 0.7% (P8), 0.9% (P9).  
(b) soup formulations with 5% standard corn starch (S1), gradually replaced with fenugreek at 0.1% (S2),  
0.15% (S3), 0.2% (S4), 0.25% (S5) and 0.3% (S6), 0.5% (S7), 0.7% (S8), 0.9% (S9). All measurements were  
carried out at 25 °C (From Matia-Merino & Ravindran, 2009, Food Hydrocolloids, 23(3), pp 1047-1053, with 
permission).   

Figure 6. Storage modulus (G′), loss modulus (G″), and tan δ measured at 1 Hz and 1% strain 

were measured. On the contrary to the assumptions in previous examples, the storage 
moduli of all sauces are much lower than their loss moduli. Sauces have very weak elastic 
and very strong plastic properties. This feature is considered disadvantageous, because the 
sauce can very easily flow down from the surface of the glazed products. An increase in 
xanthan gum amount results in moduli increase, both before and after storage. Controlled 
rheology can be achieved improving caramel sauces performance. 

Concluding: 

 Sauces and soups containing starch and hydrocolloids behave like weak gel-like 
products with good network structure. 

 Caramel sauces containing starch and hydrocolloids are fluid-like with viscous 
character much more pronounced than the elastic one. 
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 Viscocelastic behavior of soups is similar to that of simple hydrocolloid-starch systems. 
However, viscous–like behavior is more pronounced in final soups than in starch-
hydrocolloids’ systems. 

 Thawing under heating of frozen ready to eat starch white sauces results in  
improved rheological characteristics of the final samples. In particular, thawing  
under microwaves leads to better products than those being thawed in a water  
bath. 

7. Conclusions 

In this chapter oscillatory rheological data are presented to highlight the structural changes 
of starch suspensions during heating and further storage. Furthermore, the viscoelastic 
behavior of different starch types with selected hydrocolloids is presented in order to 
understand and control rheology in food processing. Moreover, the rheological behavior of 
starch-hydrocolloid mixtures is described in complex systems, they contain them that aim at 
successful food product development. 

Starches undergo significant changes under heating that are related to structural changes and 
can be determined using small amplitude oscillatory shear (SAOS) tests. In many research 
works these tests are also combined with rapid visco analyser (RVA measurements), viscosity 
values, texture analyses, microscopic observations, DSC thermographs.  

Hydrocolloids alter the viscoelastic character of starch pastes and different mechanisms are 
proposed, some of them based on their interactions with starch polymers. Hydrocolloids are 
found in the continuous phase of the starch pastes changing the effective concentration of 
starch in the final mixtures. They can also immobilize the water available, or they can 
interact with starch polymers. Pastes containing hydrocolloids may be less structured and 
less solid-like than the control pastes. Specific interest presents their role in gelation and 
retrogradation, since they are considered anti-staling agents and can prohibit retrogradation 
effects, specifically those of amylopectin. 

Controlled rheological properies can be achieved by changing hydrocolloid-starch mixtures 
in selected products such as sauces, soups and caramel sauces, e.g. the final quality of native 
starches white sauces can be maintained when appropriate thawing process under fast 
heating (microwaves) is used. 

New kinds of hydrocolloids are going to be used and starch role especially that of native 
starches is re-defined. The interest about such systems is going to increase and research on 
this field will be continued. 
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 Viscocelastic behavior of soups is similar to that of simple hydrocolloid-starch systems. 
However, viscous–like behavior is more pronounced in final soups than in starch-
hydrocolloids’ systems. 

 Thawing under heating of frozen ready to eat starch white sauces results in  
improved rheological characteristics of the final samples. In particular, thawing  
under microwaves leads to better products than those being thawed in a water  
bath. 

7. Conclusions 

In this chapter oscillatory rheological data are presented to highlight the structural changes 
of starch suspensions during heating and further storage. Furthermore, the viscoelastic 
behavior of different starch types with selected hydrocolloids is presented in order to 
understand and control rheology in food processing. Moreover, the rheological behavior of 
starch-hydrocolloid mixtures is described in complex systems, they contain them that aim at 
successful food product development. 

Starches undergo significant changes under heating that are related to structural changes and 
can be determined using small amplitude oscillatory shear (SAOS) tests. In many research 
works these tests are also combined with rapid visco analyser (RVA measurements), viscosity 
values, texture analyses, microscopic observations, DSC thermographs.  

Hydrocolloids alter the viscoelastic character of starch pastes and different mechanisms are 
proposed, some of them based on their interactions with starch polymers. Hydrocolloids are 
found in the continuous phase of the starch pastes changing the effective concentration of 
starch in the final mixtures. They can also immobilize the water available, or they can 
interact with starch polymers. Pastes containing hydrocolloids may be less structured and 
less solid-like than the control pastes. Specific interest presents their role in gelation and 
retrogradation, since they are considered anti-staling agents and can prohibit retrogradation 
effects, specifically those of amylopectin. 

Controlled rheological properies can be achieved by changing hydrocolloid-starch mixtures 
in selected products such as sauces, soups and caramel sauces, e.g. the final quality of native 
starches white sauces can be maintained when appropriate thawing process under fast 
heating (microwaves) is used. 

New kinds of hydrocolloids are going to be used and starch role especially that of native 
starches is re-defined. The interest about such systems is going to increase and research on 
this field will be continued. 
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1. Introduction 
Corn plays an important role in the diet of many countries, especially México (Serna-
Saldivar et al 1990), where corn tortilla is the principal ancestral food, and its consumption 
per capita is approximately 120 kg (Martínez et al. 2004). Corn tortilla can be produced with 
fresh masa using the traditional nixtamalization process, or with instant nixtamalized corn 
flour (Arámbula et al. 1999). Both processes result in industrial effluents known as nejayote 
(Serna-Saldivar 1996). An alternative process to avoid such contamination is extrusion 
which is defined as a continous process in which mechanical cutting is combined with heat 
to obtain gelatinization of the starch and denaturation of the proteins. It yields a plastified 
and restructured product with new shapes and textures. Some of the characteristics for 
which extrusion has gained popularity are versatility, reduced costs, high productivity, 
high-quality products, different product shapes, energy efficiency, and generation of new 
products and absence of effluents (Harper 1989). 

Extrusion has been utilized as a continuous process of nixtamalization to produce instant 
flour, then to make corn tortillas, giving good product such as that of fresh masa obtained 
from the traditional process (Arámbula et al. 1998; Arámbula et al. 2002; Galicia 2005; 
González 2006; Martínez-Flores et al. 1998; Milán-Carrillo et al. 2006; Reyes-Moreno et al. 
2003). However, during its storage, tortilla became hard and diminishes in flexibility. This 
can be due to fact that after its preparation starch reorganizes, and as a consequence 
produce crystalline structures, which is known as retrogradation, altering the texture and 
nutritional characteristics of tortillas (Aguirre-Cruz et al. 2005).  

To improve and preserve the quality of tortillas made from nixtamalized corn flour during 
their storage, new alternative have been studied. Among these alternatives is the use of 
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some additives such as hydrocolloids which are water-soluble, high-molecular weight 
heteropolysaccharides. These compounds vary in shape and function and add flexibility to 
the tortillas produced, acting as a fat replacement, water binder, texturizer and adhesive. 
Among the main hydrocolloids utilized in tortillas is carboxymethylcelullose (CMC), guar 
gum, alginates, carrageenans and xanthan gum (Gurkin 2002).  

Roman-Brito et al (2007) studied the effect of xanthan gum on nixtamalized corn flour 
with 0.25%(w/w), 0.50%(w/w), and 0.75%(w/w) of xanthan gum to make tortillas. These 
authors observed a decrease in hardness and increase in flexibility in the tortillas during 
their storage at 4°C. Yau et al. (1994) also extended the stability of tortillas made from corn 
flour during their storage at 25°C with xanthan gum at 1% (w/w), along with other 
additives. Arämbula et al. (1999), prepared tortillas with extruded corn flour with the 
addition of hydrocolloids: CMC, arabic gum, guar gum and xanthan gum at 0.5% (w/w) 
with different concentrations of lime. Tortillas were obtained with good results regarding 
to their textural characteristics (rollability, extensibility and shear force) with masa 
containing 0.2 %( w/w) of lime and xanthan gum added before extrusion. The unique 
structure and properties of xanthan gum account for its potential in versatile applications 
in the food industry (Hanna et al. 1997). The effect of hydrocolloids has not been studied 
at any concentration or mixture of them in the production of tortillas from extruded corn 
flour. It could help to keep a soft texture of tortillas during storage. The addition of 
hydrocolloids can modify the rheological (viscoelasticity) properties of corn masa, which 
are important in the tortilla making process. The understanding of these parameters is 
crucial for the design of equipment and definition of operation parameters in the tortilla 
industry (Aguirre-Cruz et al. 2005). 

On the other hand, one of the methods most frequently utilized for the study of 
viscoelastic properties of masa is the dynamic method. In this test, results obtained refer 
to parameters that help to characterize appropriately the materials whose rheological 
behavior is complex, such as dynamic moduli of storage and loss, respectively the energy 
stored elastically and that dissipated as heat during a cycle of deformation (Faubion and 
Hoseney 1990).  

The storage modulus Gʹ is an indicator of the elastic component of the material, and the loss 
modulus Gʹʹ is an indicator of the viscous component. The storage and loss moduli are 
usually reported as a function of frequency. The phase angle represents a simple mean of 
elastic and viscous natures of the material. On some occasions, this property is expressed as 
the tangent of the phase angle (Tan δ), that is, the ratio between the loss and storage moduli 
(Gʹʹ/Gʹ). Moisture content is an important element in the determination of viscoelastic 
properties of cereals, which are reduced proportionally with moisture content (Masi et al. 
Measurement of viscoelastic characteristics have been utilized in dispersions in masas of 
nixtamalized corn dehydrated with hydrocolloids (Aguirre-Cruz et al. 2005), and of 
commercial corn flour at different moisture content: 35%, 40% and 50%, respectively 
(Broulliet-Fourmann et al. 2003). 
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The aim of this research was to determine the effect of xanthan gum on viscoelastic  
and textural characteristics of masa and tortilla from extruded nixtamalized corn flour, 
and to find the best combination of extrusion process factors to produce corn flour with 
xanthan gum to make tortillas with the best texture. We use response surface 
methodology (RSM). 

2. Experimental procedure  

2.1. Raw material 

White corn (Dekalb variety) from Sinaloa de Leyva, Sinaloa, México was used. Corn was 
cleaned using a vibrating cleaner (Blount, model M2BC. Bluffon, IN, USA), and stored at  
5 °C until used.  

2.2. Extrusion process  

Samples of corn (2 kg) were ground in a mill (Pulvex, model 200, Mexico, D.F.), with a 0.8-
mm sieve. The ground corn was mixed with commercial grade lime (Ca (OH2)) at 0.3 % 
(w/w) and xanthan gum (Spectrum Chemical, Gardena, CA, USA) at different 
concentrations (0.3-0.7 % of corn weigth) and using an industrial mixer (Hobart, model 
AS200T. Troy, Ohio, USA). Next, distilled water was added to this blend up to reach the 
moisture content appropriated (range 25-35 % of the corn weight). To obain a complete 
hydration of the ground corn particles, samples were packed in a polyethylene bag and 
stored for 12 h at 5 °C. Before extrusion, samples were tempered at 25°C during 4 h. 

The extrusion process was carried out in a single-screw laboratory extruder (Brabender, 
model 837416. Duisburg, Germany) with a 19 mm screw-diameter, length-to-diameter 25:1, 
nominal compression ratio 1:1, and a die opening of 3 mm. The first three zones of the 
extruder were maintained at 60 ºC, and the fourth zone was varied (110-130 °C), with a 
screw speed of 112 rpm. A screw-operated feed hopper fed the extruders at 45 rpm. 
Extrudates were dried at 60 °C for 1 h in a tunnel type dryer (no brand), and cooled at room 
temperature (25°C). To obtain the extruded nixtamalized corn flour (ENCF), the extrudates 
were ground in a mill (Pulvex, model 200, Mexico, D.F.) with a sieve 0.8-mm diameter, and 
packed in plastic bag at 5°C. 

2.3. Corn flours evaluation 

The ENCFs were analyzed for water absorption index (WAI) and subjective water 
absorption capacity (WAC). These response variables are the most critical for making 
tortillas at commercial level. WAI was measured using the method of Anderson et al. (1969) 
with a modification: The distilled water temperature was 25 °C instead of 30 °C, and 
theWAI was expressed as g of gel / g of dry matter. WAC was determined using the method 
described by Flores-Farías et al. (2002). The quantity of water added was recorded as the 
capacity for water absortion of the flour in mL of water / 100 g of flour. 
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some additives such as hydrocolloids which are water-soluble, high-molecular weight 
heteropolysaccharides. These compounds vary in shape and function and add flexibility to 
the tortillas produced, acting as a fat replacement, water binder, texturizer and adhesive. 
Among the main hydrocolloids utilized in tortillas is carboxymethylcelullose (CMC), guar 
gum, alginates, carrageenans and xanthan gum (Gurkin 2002).  

Roman-Brito et al (2007) studied the effect of xanthan gum on nixtamalized corn flour 
with 0.25%(w/w), 0.50%(w/w), and 0.75%(w/w) of xanthan gum to make tortillas. These 
authors observed a decrease in hardness and increase in flexibility in the tortillas during 
their storage at 4°C. Yau et al. (1994) also extended the stability of tortillas made from corn 
flour during their storage at 25°C with xanthan gum at 1% (w/w), along with other 
additives. Arämbula et al. (1999), prepared tortillas with extruded corn flour with the 
addition of hydrocolloids: CMC, arabic gum, guar gum and xanthan gum at 0.5% (w/w) 
with different concentrations of lime. Tortillas were obtained with good results regarding 
to their textural characteristics (rollability, extensibility and shear force) with masa 
containing 0.2 %( w/w) of lime and xanthan gum added before extrusion. The unique 
structure and properties of xanthan gum account for its potential in versatile applications 
in the food industry (Hanna et al. 1997). The effect of hydrocolloids has not been studied 
at any concentration or mixture of them in the production of tortillas from extruded corn 
flour. It could help to keep a soft texture of tortillas during storage. The addition of 
hydrocolloids can modify the rheological (viscoelasticity) properties of corn masa, which 
are important in the tortilla making process. The understanding of these parameters is 
crucial for the design of equipment and definition of operation parameters in the tortilla 
industry (Aguirre-Cruz et al. 2005). 

On the other hand, one of the methods most frequently utilized for the study of 
viscoelastic properties of masa is the dynamic method. In this test, results obtained refer 
to parameters that help to characterize appropriately the materials whose rheological 
behavior is complex, such as dynamic moduli of storage and loss, respectively the energy 
stored elastically and that dissipated as heat during a cycle of deformation (Faubion and 
Hoseney 1990).  

The storage modulus Gʹ is an indicator of the elastic component of the material, and the loss 
modulus Gʹʹ is an indicator of the viscous component. The storage and loss moduli are 
usually reported as a function of frequency. The phase angle represents a simple mean of 
elastic and viscous natures of the material. On some occasions, this property is expressed as 
the tangent of the phase angle (Tan δ), that is, the ratio between the loss and storage moduli 
(Gʹʹ/Gʹ). Moisture content is an important element in the determination of viscoelastic 
properties of cereals, which are reduced proportionally with moisture content (Masi et al. 
Measurement of viscoelastic characteristics have been utilized in dispersions in masas of 
nixtamalized corn dehydrated with hydrocolloids (Aguirre-Cruz et al. 2005), and of 
commercial corn flour at different moisture content: 35%, 40% and 50%, respectively 
(Broulliet-Fourmann et al. 2003). 
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described by Flores-Farías et al. (2002). The quantity of water added was recorded as the 
capacity for water absortion of the flour in mL of water / 100 g of flour. 
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2.4. Corn masa viscoelasticity 

Corn masa was prepared from each ENCF using 100 g sample and adding distilled water. 
The quantity of water utilized corresponded to the WAC. Once prepared masas, they were 
allowed to stand for 30 min in a plastic bag at room temperature (25 °C). Samples of 2 g of 
masa each were weighed out to be utilized in the rheometer.  

The oscillatory dynamic scanning test was performed utilizing a dynamic mechanical 
spectrometer (Rheometrics Scientific, model RSF III. Piscataway, NJ, USA) equipped with 
parallel plates of 25 mm diameter and a chamber for temperature control (peltier). A 
sample was placed between the plates separated by a gap of 2.5 mm. The excess of masa 
was cut off using a plastic instrument. Next, petroleum jelly was applied where the 
sample was air exposed to prevent loss of moisture. The frequency sweep test was carried 
out using a software (RSI Orchestrator, Rheometrics Scientific). Each test was run to a 
deformation of 0.04% and at 25°C, which gave a minimum of structure disorder and with 
sufficient assurance of the level of torsion (Broulliet-Fourmann et al. 2003). The 
deformation used was previously determined to work in the viscoelastic linear region in a 
frequency range from 0.1 to 100 rad/s. The viscoelastic parameters obtained in the 
frequency range used were the storage modulus (Gʹ) and loss modulus (Gʹʹ) in kPa, and 
the tangent of the phase angle (Tan δ).  

2.5. Corn tortilla preparation  

Two kg of masa from each ENCF were mixed with distilled water to obtain masa. The 
amount of water was based on the WAC of each extruded treatment. Masas from ENCF 
were transported to a commercial factory. A roller machine (Rodotec, model RT-100, 
Guadalupe, N.L., México) was used with a mold of 14 cm diameter, and was adjusted to a 
masa weight of 25 g. Tortillas were baked in an oven (integrated to the roller machine) 
with 3 temperature zones: zone 1, 270 ± 10 °C; zone 2, 320 ± 30 °C; and zone 3, 300 ± 25°C, 
with a residence time of 60 s. The baked tortillas were cooled at room temperature (25 °C).  

2.6. Corn tortilla textural evaluation  

To determine firmmess and rollability, tortillas packaged in plastic bags were placed at 
room temperature (25°C). Firmness and rollability were measured at 2 h, 24 h and 48 h 
after baking. The firmness test was carried out according to the procedure reported by 
Ramírez-Wong et al. (2007), modifying the cross head speed of the texturometer (Instron, 
model 4465. Canton, MA, USA) to 50 cm/min. Firmness was expressed as maximal force 
(MF) in kPa. Regarding tortilla rollability, three strips 2 cm wide were cut from each 
tortilla and individually tested (Waniska 1976). Each strip of tortilla was rolled up in a 
wooden cylinder 2 cm in diameter, and was examined for degree of rupture, which was 
established on a scale of 1 to 5, where 5 indicated no tear of the tortilla (maximum 
rollability), 3 partial tear, and 1 complete tearing. Five tortillas were used for each 
treatment in each test. 
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2.7. Experimental design and statistical analysis 

Response surface methodology (RSM) was used, and the process variables were: 
temperature of the fourth zone of the extruder (T, 110-130 °C), moisture content of 
conditioned ground corn (MC, 25-35 % of the corn weight), and concentration of xanthan 
gum (XG, 0.3-0.7 % of corn weigth). A central composite rotatable design was utilized (Table 
1), with three factors and 5 levels (Montgomery 2001; Myers 1971). In order to observe the 
difference between specific treatments, Tukey’s test was used at a level of significance of p= 
0.05 . To find the best variables combination of the process to obtain the extruded corn flour, 
the conventional graphical method was used and maximizing WAI, Tan δ; minimizing Gʹ, 
Gʹʹ and MF. To obtain contour plots for the visualization and selection of the best 
combination of T, MC and XG to prepare the extruded nixtamalized corn flour, the contour 
plots of each of the response variables were utilized, by means of the method of 
superimposition of surfaces. Data analysis and the elaboration of surface response and 
contour plots were performed using Design Expert version 6.0.7 software (Design Expert, 
2002).  

3. Results and discussion 

3.1. Corn flours evaluation  

WAI is a parameter that gives an idea of the absorption of water of corn flour, and is an 
indicator of yield of fresh masa (Molina et al. 1977). The highest value of WAI in ENCFs was 
of 3.6 g of gel/g of dry matter, and was obtained at high concentration (0.84%) of xanthan 
gum (treatment 14, Table 1), which would indicate the capacity of the gum to form gels.  
This could be due to the high affinity of hydrocolloids for water, because of its  
branched structure. During hydration, water molecules hydrogen bond with hydroxyl (or 
carboxyl) groups found in the unit components (sugars) of hydrocolloid molecules, 
inducing this association with increased capacity for water retention (Dickinson 2003). 
Aguirre-Crus et al. (2005) observed in their research an increase in the capacity for water 
retention in suspensions of masa of corn dehydrated with hydrocolloids at different 
temperatures.  

WAC is the quantity of water that is absorbed by the flour to obtain a masa of appropriate 
consistency for the preparation of tortillas and is a subjective test. WAC was affected  
very significantly (p < 0.01) By the treatment. The WAC range in the ENCFs was between 
74.8 - 89 mL water/100 g flour (Table 1). Arámbula et al. (1999) reported in extruded flours 
with xanthan gum a high WAC value of 88.5 mL/100g. However, the value for extruded 
flour reported by González (2006) was 72 mL water/100 g flour, which was low; probably 
due to that none type of gum was added. Arámbula et al. (2002) found in extruded flour a 
WAC of 70 mL/100g with 0%, and 80 mL/100g with 3% of addition of corn pericarp, 
respectively.  
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2.4. Corn masa viscoelasticity 

Corn masa was prepared from each ENCF using 100 g sample and adding distilled water. 
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sample was air exposed to prevent loss of moisture. The frequency sweep test was carried 
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frequency range from 0.1 to 100 rad/s. The viscoelastic parameters obtained in the 
frequency range used were the storage modulus (Gʹ) and loss modulus (Gʹʹ) in kPa, and 
the tangent of the phase angle (Tan δ).  

2.5. Corn tortilla preparation  

Two kg of masa from each ENCF were mixed with distilled water to obtain masa. The 
amount of water was based on the WAC of each extruded treatment. Masas from ENCF 
were transported to a commercial factory. A roller machine (Rodotec, model RT-100, 
Guadalupe, N.L., México) was used with a mold of 14 cm diameter, and was adjusted to a 
masa weight of 25 g. Tortillas were baked in an oven (integrated to the roller machine) 
with 3 temperature zones: zone 1, 270 ± 10 °C; zone 2, 320 ± 30 °C; and zone 3, 300 ± 25°C, 
with a residence time of 60 s. The baked tortillas were cooled at room temperature (25 °C).  

2.6. Corn tortilla textural evaluation  

To determine firmmess and rollability, tortillas packaged in plastic bags were placed at 
room temperature (25°C). Firmness and rollability were measured at 2 h, 24 h and 48 h 
after baking. The firmness test was carried out according to the procedure reported by 
Ramírez-Wong et al. (2007), modifying the cross head speed of the texturometer (Instron, 
model 4465. Canton, MA, USA) to 50 cm/min. Firmness was expressed as maximal force 
(MF) in kPa. Regarding tortilla rollability, three strips 2 cm wide were cut from each 
tortilla and individually tested (Waniska 1976). Each strip of tortilla was rolled up in a 
wooden cylinder 2 cm in diameter, and was examined for degree of rupture, which was 
established on a scale of 1 to 5, where 5 indicated no tear of the tortilla (maximum 
rollability), 3 partial tear, and 1 complete tearing. Five tortillas were used for each 
treatment in each test. 
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2.7. Experimental design and statistical analysis 

Response surface methodology (RSM) was used, and the process variables were: 
temperature of the fourth zone of the extruder (T, 110-130 °C), moisture content of 
conditioned ground corn (MC, 25-35 % of the corn weight), and concentration of xanthan 
gum (XG, 0.3-0.7 % of corn weigth). A central composite rotatable design was utilized (Table 
1), with three factors and 5 levels (Montgomery 2001; Myers 1971). In order to observe the 
difference between specific treatments, Tukey’s test was used at a level of significance of p= 
0.05 . To find the best variables combination of the process to obtain the extruded corn flour, 
the conventional graphical method was used and maximizing WAI, Tan δ; minimizing Gʹ, 
Gʹʹ and MF. To obtain contour plots for the visualization and selection of the best 
combination of T, MC and XG to prepare the extruded nixtamalized corn flour, the contour 
plots of each of the response variables were utilized, by means of the method of 
superimposition of surfaces. Data analysis and the elaboration of surface response and 
contour plots were performed using Design Expert version 6.0.7 software (Design Expert, 
2002).  

3. Results and discussion 

3.1. Corn flours evaluation  

WAI is a parameter that gives an idea of the absorption of water of corn flour, and is an 
indicator of yield of fresh masa (Molina et al. 1977). The highest value of WAI in ENCFs was 
of 3.6 g of gel/g of dry matter, and was obtained at high concentration (0.84%) of xanthan 
gum (treatment 14, Table 1), which would indicate the capacity of the gum to form gels.  
This could be due to the high affinity of hydrocolloids for water, because of its  
branched structure. During hydration, water molecules hydrogen bond with hydroxyl (or 
carboxyl) groups found in the unit components (sugars) of hydrocolloid molecules, 
inducing this association with increased capacity for water retention (Dickinson 2003). 
Aguirre-Crus et al. (2005) observed in their research an increase in the capacity for water 
retention in suspensions of masa of corn dehydrated with hydrocolloids at different 
temperatures.  

WAC is the quantity of water that is absorbed by the flour to obtain a masa of appropriate 
consistency for the preparation of tortillas and is a subjective test. WAC was affected  
very significantly (p < 0.01) By the treatment. The WAC range in the ENCFs was between 
74.8 - 89 mL water/100 g flour (Table 1). Arámbula et al. (1999) reported in extruded flours 
with xanthan gum a high WAC value of 88.5 mL/100g. However, the value for extruded 
flour reported by González (2006) was 72 mL water/100 g flour, which was low; probably 
due to that none type of gum was added. Arámbula et al. (2002) found in extruded flour a 
WAC of 70 mL/100g with 0%, and 80 mL/100g with 3% of addition of corn pericarp, 
respectively.  
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Treatmenta 
Process Factorsb Response Variablesc,d 

T(X 1) MC (X2) XG(X3 ) WAC WAI Gʹ Gʹʹ Tan δ MF 
1 110 (-1) 25 (-1) 0.30 (-1) 76.9 3.0 274.3 58.3 0.21 53.3 
2 130 (+1) 25 (-1) 0.30 (-1) 77.0 2.8 269.3 59.8 0.22 59.0 
3 110 (-1) 35 (+1) 0.30 (-1) 76.3 3.2 223.0 54.8 0.25 47.0 
4 130 (+1) 35 (+1) 0.30 (-1) 78.6 3.3 302.0 60.0 0.20 48.5 
5 110 (+1) 25 (-1) 0.70 (+1) 74.8 2.6 231.0 51.6 0.22 58.5 
6 130 (-1) 25 (-1) 0.70 (+1) 79.6 2.2 270.3 63.3 0.23 58.6 
7 110 (-1) 35 (+1) 0.70 (+1) 79.0 3.4 213.3 48.2 0.23 54.3 
8 130 (+1) 35 (+1) 0.70 (+1) 79.6 3.2 234.0 51.2 0.22 41.8 

9 
103.18 (-

1.681) 
30 (0) 0.50 (0) 82.8 3.5 231.0 50.7 0.22 44.9 

10 
136.82 

(+1.681) 
30 (0) 0.50 (0) 76.6 3.4 219.3 52.7 0.24 51.0 

11 120 (0) 
21.59 (-
1.681) 

0.50 (0) 80.1 2.5 257.0 61.6 0.24 61.3 

12 120 (0) 
38.41 

(+1.681) 
0.50 (0) 79.0 2.9 294.7 72.1 0.24 55.9 

13 120 (0) 30 (0) 
0.16 (-
1.681) 

83.1 3.0 243.7 50.7 0.21 49.7 

14 120 (0) 30 (0) 
0.84 

(+1.681) 
89.0 3.6 211.0 47.8 0.23 43.7 

15 120 (0) 30 (0) 0.50 (0) 87.3 3.4 218.7 54.7 0.25 46.0 
16 120 (0) 30 (0) 0.50 (0) 87.0 3.2 190.3 45.7 0.24 43.6 
17 120 (0) 30 (0) 0.50 (0) 87.3 3.5 225.3 55.8 0.25 46.5 
18 120 (0) 30 (0) 0.50 (0) 87.0 3.5 218.7 49.3 0.23 49.1 
19 120 (0) 30 (0) 0.50 (0) 87.3 3.2 176.6 46.5 0.26 41.2 
20 120 (0) 30 (0) 0.50 (0) 87.0 3.1 210.3 53.5 0.25 41.2 

aNumbers do not correspond to the order of processing. bT, extrusion temperature (°C); MC, moisture content  
(%, w/w); XG, xanthan gum (%, w/w); values in parentheses are the coded levels. cWAC, subjetive water absorption 
capacity (mL water/100/g flour; WAI, water absorption index (g gel/g dry matter); Gʹ, storage modulus (kPa), Gʹʹ, loss 
modulus (Kpa); Tan δ, tangent of the phase angle; MF, maximal force (kPa). dMean of three replicates. 

Table 1. Experimental designa used to obtein different combinations of extrusion temperature/moisture 
content/xanthan gum for production of extrusion-nixtamalized corn flour. 

3.2. Masa viscoelasticity evaluation 

In Figures 1(a, b), 2(a, b) and 3(a, b) are presented the storage modulus (Gʹ), loss modulus 
(Gʹʹ) and tangent of the phase angle (Tan δ), respectively. It is observed that all of these 
viscoelastic parameters increased with frequency. The range 0.1-10 rad/s was the most 
susceptible to structural changes (Broulliet-Fourmann et al. 2003). In this frequency range, 
there was a considerable increase in the viscoelastic parameters Gʹ, Gʹʹ and Tan δ, whereas 
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small gradual changes occurred at high frequencies. Hence, the values of the viscoelastic 
parameters of 10 rad/s were selected for the optimization of the variables of the process for 
making tortillas from ENCFs. Values of Gʹ were higher than those of Gʹʹ (Table 1), indicating 
that the elastic behavior predominated over the viscous behavior of masas. Similar trend 
was found by Aguirre-Cruz et al. (2005) in samples of suspension of corn masa at 10% (w/w) 
of solids in their heating/cooling kinetics, and by Broulliet-Fourmann et al. (2003) in corn 
flours at different moisture contents (35%, 40% and 50%). 
 

 
Figure 1. Storage modulus (Gʹ) vs frequency for extruded nixtamalized corn flours in treatments:  
(a) 1-10 and (b) 11-20. Error bars indicate standard error of means. 
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aNumbers do not correspond to the order of processing. bT, extrusion temperature (°C); MC, moisture content  
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capacity (mL water/100/g flour; WAI, water absorption index (g gel/g dry matter); Gʹ, storage modulus (kPa), Gʹʹ, loss 
modulus (Kpa); Tan δ, tangent of the phase angle; MF, maximal force (kPa). dMean of three replicates. 

Table 1. Experimental designa used to obtein different combinations of extrusion temperature/moisture 
content/xanthan gum for production of extrusion-nixtamalized corn flour. 

3.2. Masa viscoelasticity evaluation 

In Figures 1(a, b), 2(a, b) and 3(a, b) are presented the storage modulus (Gʹ), loss modulus 
(Gʹʹ) and tangent of the phase angle (Tan δ), respectively. It is observed that all of these 
viscoelastic parameters increased with frequency. The range 0.1-10 rad/s was the most 
susceptible to structural changes (Broulliet-Fourmann et al. 2003). In this frequency range, 
there was a considerable increase in the viscoelastic parameters Gʹ, Gʹʹ and Tan δ, whereas 
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small gradual changes occurred at high frequencies. Hence, the values of the viscoelastic 
parameters of 10 rad/s were selected for the optimization of the variables of the process for 
making tortillas from ENCFs. Values of Gʹ were higher than those of Gʹʹ (Table 1), indicating 
that the elastic behavior predominated over the viscous behavior of masas. Similar trend 
was found by Aguirre-Cruz et al. (2005) in samples of suspension of corn masa at 10% (w/w) 
of solids in their heating/cooling kinetics, and by Broulliet-Fourmann et al. (2003) in corn 
flours at different moisture contents (35%, 40% and 50%). 
 

 
Figure 1. Storage modulus (Gʹ) vs frequency for extruded nixtamalized corn flours in treatments:  
(a) 1-10 and (b) 11-20. Error bars indicate standard error of means. 
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Figure 2. Loss modulus (Gʹʹ) vs frequency for extruded nixtamalized corn flours in treatments: (a) 1-10 
and (b) 11-20. Error bars indicate standard error of means. 
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Figure 3. Tangent of the phase angle (Tan δ) vs frequency for extruded nixtamalized corn flours in 
treatments: (a) 1-10 and (b) 11-20. Error bars indicate standard error of means. 
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In the storage modulus (Gʹ), the lowest value (176.6 kPa) was with treatment 19 (Table 1) 
with no significant difference (p < 0.05) with treatment 16, whose conditions were the same. 
When the concentration of xanthan gum increased, at the same conditions of temperature 
and moisture content, Gʹ decreased. It probably was due to that the water molecules and 
bound components (amylose-hydrocolloid) of masas with hydrocolloids formed a gel with a 
softer structure, which affected Gʹ values (Aguirre-Cruz et al. 2005). Regarding to the loss 
modulus (Gʹʹ), the lowest value (45.7 kPa) was obtained for treatment 16 (Table 1), however, 
there were not significant diferences (p < 0.05) with treatments 7, 14 and 19. The highest 
value of Tan δ was observed in treatment 19 with 0.26 (Table 1), which differed significantly 
(p < 0.05) to the rest of the treatments. Since Tan δ values for all masas were in the range of 
0.2-0.3, it is corresponding to that of an amorphous polymer (Ferry 1980). Similar values 
were obtained by Aguirre-Cruz et al. (2005) during cooling of diluted corn masa.  

3.3. Corn tortilla evaluations 

Values for the physical characteristics of tortillas from ENCFs after two hours they were 
made, time at which they are eaten, were similar to those of commercial tortillas. The 
physical characteristics evaluated were: weight, (range 21.3-25.2 g); diameter (range 12.2-12-
7 cm); and thickness (range of 1.4-1.9 cm). Similar results were reported by Ramirez-Wong 
(1989) who evaluated corn tortillas obtained by the traditional process of nixtamalization. 

Figure 4 presents the tortilla firmness as maximum force (MF) to rupture the tortillas made 
from the different ENCFs after 2 h, 24 h and 48 h of storage at room temperature (25°C). In 
general, for all the treatments (Table 1), as time progressed tortilla firmness increased. At 2 h 
of storage time, the lowest MF (41.2 kPa), which is the best value for tortilla firmness (softer) 
were observed in treatments 8, 9, 14, 15, 16, 17, 19 and 20 (Table 1), and they were not 
significantly different (p > 0.05). At 24 h of storage time the lowest MF (62.8 kPa) was 
observed for treatment 20. At 48 h of the storage time the lowest value (62.3 kPa) was similar 
to that of 24 h, corresponding to the same treatment (20), where there was a significant 
difference (p<.05) compared to all other treatments. The lowest values of firmness in tortillas 
during storage corresponded to high concentrations of xanthan gum (0.5% to 0.84%). 
Treatments with high xanthan gum concentrations retained the tortilla moisture and 
improving its textural characteristics. This finding is similar to that reported by Arámbula et 
al. (1999), who obtained better results when utilizing xanthan gum compared to other 
addtitives such as guar gum, CMC and Arabic gum. 

Tortillas made with extruded nixtamalized corn flours showed an increase in their MF 
during their storage at 25°C. Regarding to texture, the most important changes during 
storage occurred the first 24 h (Fernández et al. 1999;  Ramírez-Wong 1989). Since some 
starch crystals are retained after baking of the tortilla, they serve as nuclei which facilitate 
the rapid association of starch molecules, and structural changes occur during the initial 24 
h following baking, which in turn leads to rapid retrogradation or increasing the texture of 
this product (Fernández et al. 1999). A similar tendency for MF was obtained by Roman-
Brito et al. (2007) for tortillas made with nixtamalized flour containing xanthan gum and 
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stored for 3 days at 4°C; however, the increase was less due to the lower storage 
temperature. Results obtained for tortillas made from ENCFs are similar to those reported 
by Galicia (2005) and Gonzalez (2006) after 2 h of storage. Neverthaless, at 24 h and 48 h of 
storage the MF values obtained in the present study were lower than those reported for 
these authors because they did not use gum in masas preparation.  

 
In each storage time, MF values with the same letter are not statistically significant (p > 0.05). 

Figure 4. Effect of storage time on the maximum force (MF) to rupture for tortillas made from extruded 
nixtamalized corn flours.  

Figure 5 presents tortilla rollability for all ENCF treatments after 2 h, 24 h and 48h of storage at 
room temperature (25°C). In general, for all the treatments (Table 1), as time progressed tortilla 
rollability decreased. For all ENCF treatments, the best tortilla rollability was obtained at the 2 
h of storage. The most rapid loss of tortilla rollability occureed within 24 h of storage time, 
such as in the study of tortillas made from corn flour with xanthan gum added and stored at 
4°C by Roman-Brito et al. (2007). It could be due to the very rapid association (retrogradation) 
of amylose and of amylose and amylopectin in starch (Fernández et al. 1999). At 2 h of storage 
time, the highest rollability (a value of 5) was obtained for all treatments, except for 11 and 12 
(Table 1). At 24 h of storage, treatments 15, 19 and 20 showed the highest rollability values (3.6-
3.8). For 48 h of storage, treatment 15 showed the highest value (3.6). The highest values for 
rollability during storage corresponded to the xanthan gum concentration of 0.5%, which 
offers greater flexibility to the tortillas as in the study made by Arámbula et al. (1999), who 
used the same concentration and the same gum. 
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general, for all the treatments (Table 1), as time progressed tortilla firmness increased. At 2 h 
of storage time, the lowest MF (41.2 kPa), which is the best value for tortilla firmness (softer) 
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to that of 24 h, corresponding to the same treatment (20), where there was a significant 
difference (p<.05) compared to all other treatments. The lowest values of firmness in tortillas 
during storage corresponded to high concentrations of xanthan gum (0.5% to 0.84%). 
Treatments with high xanthan gum concentrations retained the tortilla moisture and 
improving its textural characteristics. This finding is similar to that reported by Arámbula et 
al. (1999), who obtained better results when utilizing xanthan gum compared to other 
addtitives such as guar gum, CMC and Arabic gum. 
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during their storage at 25°C. Regarding to texture, the most important changes during 
storage occurred the first 24 h (Fernández et al. 1999;  Ramírez-Wong 1989). Since some 
starch crystals are retained after baking of the tortilla, they serve as nuclei which facilitate 
the rapid association of starch molecules, and structural changes occur during the initial 24 
h following baking, which in turn leads to rapid retrogradation or increasing the texture of 
this product (Fernández et al. 1999). A similar tendency for MF was obtained by Roman-
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stored for 3 days at 4°C; however, the increase was less due to the lower storage 
temperature. Results obtained for tortillas made from ENCFs are similar to those reported 
by Galicia (2005) and Gonzalez (2006) after 2 h of storage. Neverthaless, at 24 h and 48 h of 
storage the MF values obtained in the present study were lower than those reported for 
these authors because they did not use gum in masas preparation.  
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time, the highest rollability (a value of 5) was obtained for all treatments, except for 11 and 12 
(Table 1). At 24 h of storage, treatments 15, 19 and 20 showed the highest rollability values (3.6-
3.8). For 48 h of storage, treatment 15 showed the highest value (3.6). The highest values for 
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used the same concentration and the same gum. 
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In each storage time, rollability values with the same letter are not statistically significant (p > 0.05). 

Figure 5. Effect of storage time on the rollability of tortillas made from extruded nixtamalized corn 
flours.  

3.4. Extrusion process optimization  

To find the best variables combination of the process (T, MC and XG) to obtain the extruded 
nixtamalized corn flour, response surface methodology (RSM) was used. The evaluations to 
optimize the extrusion process were: WAI, G’, G’’, Tan δ and MF.  

Water absorption index. Analysis of variance showed that WAI of extruded flours depended 
on the linear term of the conditioning moisture content (MC, p < 0.01), quadratic term of MC 
[(MC)2, p < 0.01] and combined term of moisture content with xanthan gum [(MC)(XG),  
p < 0.10]. The prediction model in terms of original variables for WAI was: 

      0 0 0 0 2
WAIY   4.37  .583MC  .137 MC  GX  . 1 MC      (1) 

The regression model explained 75% of the total variation (p<0.01) in WAI of extruded 
nixtamalized corn flours. Figs. 6 (a,b,c) show the effect of WAI extruded flours as a function 
of T, MC and XG, noting that an increase conditioning moisture content of flour increase the 
water absorption index, as it does the increase in xanthan gum concentration at high levels 
of moisture content. Vargas-López (1987) mentioned that extruded grits of corn-sorghum 
and corn starch exhibit a maximum WAI at high temperatures and high moisture content. 
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The highest value of WAI (3.34 g gel/g dry matter) was observed at T=110-
120.94°C/MC=29.68-35% (w/w)/XG=0.48-0.70% (w/w) (Figs. 6 (a,b,c)). Similar values of WAI 
for extruded flours were obtained by Reyes-Moreno et al. (2003) 

Storage modulus. The linear term of xanthan gum (XG, p<0.01) and quadratic term of 
moisture content [(MC)2, p < 0.01) affected significantly G’ in masa of ENCFs. The prediction 
model in terms of original variables for G’ was:  

  0 0 2Y  1 35 –  64XG  .97 MCG    (2)  

The regression model explained 70% of the total variation (p < 0.05) in G’ of extruded 
nixtamalized corn flours. Figs. 7 (a,b,c) show the effect of G’ in masa of ENCFs as a 
function of T, MC and XG, observing that with any value of moisture content from 
approximately the central point (30%), G’ increaces, due to its quadratic effect, and that 
increasing the concentration of XG decreases Gʹ, because of its linear effect. The lowest 
value (214.58 kPa) was observed at T=110-130°C/MC=28-32.1% (w/w)/GX=0.57-0.70% 
(w/w) (Figs. 7 (a,b,c). 

Loss modulus. The viscous modulus Gʹʹ in masa of ENCFs depended on the quadratic term 
of moisture content [(MC)2, p < 0.01)]. The prediction model in terms of original variables for 
G’’ was:  

  0 2Y  235  .22 MCG      (3) 

The regression model explained 72% of the total variation (p < 0.01) in G’’ of masa from 
extruded nixtamalized corn flours. Figs. 8 (a,b,c) show the effect of G’’ in masa from ENCFs 
as a function ot T, MC and XG, noting that for any value of moisture content starting at the 
central point (30%), Gʹʹ increased due to the quadratic effect. The lowest value (49.35 kPa) 
was observed at T=110-128.32°C/MC=27.4-32.72% (w/w)/XG=0.52-0.70% (w/w)/ (Figs. 8 
(a,b,c)). 

Tangent of the phase angle. Analysis of variance showed that Tan δ of masa from ENCFs 
depended on the quadratic terms of temperature (T2, p < 0.05) and xanthan gum [(XG)2, p < 
0.01], and on the interaction temperature-moisture content [(T)(MC), p < 0.05)]. The 
prediction model in terms of orginal variables for Tan δ was:  

       0 000 0 0000 02 2
TanY   1.59  . 2 T MC   . 7 T  .31 XGδ        (4) 

The regression model explained 71% of the total variation (p < 0.05) in Tan δ of masa from 
extruded nixtamalized corn flours. Figs. 9 (a,b,c) show the effect of Tan δ of masa from 
ENCFs as a function of T, MC and XG, observing that at any concentration of xanthan gum 
from approximately the central point (0.5%), Tan δ decreases due to its quadratic effect. The 
highest value (0.239) was shown at T=116.61-124.55°C/MC=0.25-0.35% (w/w)/XG=0.47-0.59% 
(w/w) (Figs. 9(a,b,c)). 
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Figure 6. Response surface and contour plots for the effect of extrusion process factors on water 
absortion index (WAI) from extruded nixtamalized corn flour. (a) Effect of moisture content (MC, % ) 
and extrusion temperature (T, °C ) on WAI; (b) Effect of xanthan gum (XG, % ) and T on WAI; (c) Effect 
of XG and MC on WAI. 

 
Viscoelastic and Textural Characteristics of Masa and Tortilla from Extruded Corn Flours with Xanthan Gum 251 

 
Figure 7. Response surface and contour plots for the effect of extrusion process factors on storage 
modulus (Gʹ) of masa from extruded nixtamalized corn flours. (a) Effect of moisture content (MC, %) 
and extrusion temperature (T, °C) on Gʹ; (b) Effect of xanthan gum (XG, %) and T on Gʹ; (c) Effect of XG 
and MC on Gʹ. 
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Figure 7. Response surface and contour plots for the effect of extrusion process factors on storage 
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Figure 8. Response surface and contour plots for the effect of extrusion process factors on loss modulus 
(Gʹʹ) of masa from extruded nixtamalized corn flour. (a) Effect of moisture content (MC, %) and extrusion 
temperature (T, °C) on Gʹʹ; (b) Effect of xanthan gum (XG, %) and T on Gʹʹ; (c) Effect of XG and MC on Gʹʹ.  
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Figure 9. Response surface and contour plots for the effect of extrusion process factors on tangent of the 
phase angle (Tan δ) of masa from extruded nixtamalized corn flour. (a) Effect of moisture content  
(MC, %) and extrusion temperature (T, °C) on Tan δ; (b) Effect of xanthan gum (XG, %) and T on Tan δ; 
(c) Effect of XG and MC on Tan δ. 
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Figure 10. Response surface and contour plots for the effect of extrusion process factors on maximum 
force (MF) for tortilla made from extruded nixtamalized corn flour. (a) Effect of moisture content (MC, %) 
and extrusion temperature (T, °C) on MF; (b) Effect of xanthan gum (XG, %) and T on MF; (c) Effect of 
XG and MC on MF. 
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Figure 11. Regions of best combinations of process factors for producing optimized extruded 
nixtamalized corn flour, using a single-screw extruder. (a) Effect of moisture content (MC, % ) and 
extrusion temperature (T, °C ); (b) Effect of xanthan gum (XG, % ) and T; (c) Effect of XG and MC. 
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and extrusion temperature (T, °C) on MF; (b) Effect of xanthan gum (XG, %) and T on MF; (c) Effect of 
XG and MC on MF. 
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Figure 11. Regions of best combinations of process factors for producing optimized extruded 
nixtamalized corn flour, using a single-screw extruder. (a) Effect of moisture content (MC, % ) and 
extrusion temperature (T, °C ); (b) Effect of xanthan gum (XG, % ) and T; (c) Effect of XG and MC. 
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Maximum force. Changes in MF of tortilla made from ENCFs were affected by the linear 
term of moisture content (MC, p < 0.01), quadratic of moisture content (MC)2, p < 0.01) and 
the combinations of temperature-moisture content [(T)(MC), p < 0.10] and temperature-gum 
[(T)(XG), p < 0.01]. The prediction model in terms of original variables for MF was:  

        0 0 0 2
MFY  14.75 –  7.36MC –  . 4 T MC  –  1.17 T XG  .2 MC     (5) 

The regression model explained 82% of the total variation (p < 0.01) of MF of tortilla made 
from ENCFs. Figs. 10(a,b,c) show the effect of MF in tortilla made from ENCFs as a function 
of T, MC and XG, observing that at any value of moisture content for conditioning starting 
at approximately the midpoint of the matrix, the maximum force is increased due to the 
quadratic effect. The lowest value (46.16 kPa) was shown at T=115 - 130°C/MC=30.69-34.87% 
(w/w)/GX=0.42-0.7% (w/w) (Figs. 10 (a,b,c).  

The superimposition of contour plots of the effect of variables of the extrusion process (T, 
MC and XG) on WAI of flour, Gʹ, Gʹʹ and Tan δ of masa, and MF of tortilla made from 
ENCFs, was used to obtain Figs. 11 (a,b,c), which in turn was utilized to determine the best 
combinations of the extrusion process variables. The central points of the regions of 
optimization in Figs. 11 (a,b,c) correspond to the values of the process variables of 
T=111.77°C/MC=28.84%, XG=0.66%/T=122.17°C and XG=0.65%/MC=29.42%, respectively. 
The optimal combination for the operation conditions of the single-screw extruder derived 
from the averages of those values were: T=116.67°C/MC= 29.13%/XG = 0.65%. The optimal 
conditions were validated using experiments, which were similar to those values predicted 
by RSM. These values can be used to obtain ENCF with the highest WAI and WAC, and 
tortillas with less firmness (softer) and more flexibility (more rollable). 

4. Conclusions 
The viscoelastic parameters (Gʹ, Gʹʹ, and Tan δ) were affected by xanthan gum concentration, 
inducing a weakening of the existing structure of masas from extruded nixtamalized corn 
flour. Tortillas from masas with high values of Tan δ improved their textural characteristics. 
The optimal combination of variables to obtain ENCF using a single-screw extruder was: 
T=116.67°C/MC= 29.13% / XG= 0.65%. The optimal conditions were validated experimentally, 
and results were similar to those values predicted by RSM. Besides the information of basic 
nature that can be obtained with the dynamic method, it can be considered a practical 
rhelogical tool capable of differentiating masa from extruded nixtamalized corn flours.  
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1. Introduction 

Wheat is the only cereal capable of produce strong and cohesive dough, qualities 
responsible for the wide variety of food products made from it. In Mexico, wheat is 
classified into five groups based on functionality; those wheat varieties in group three are 
called soft, and they are used in products such as cakes and cookies.  

Wheat dough is classified as viscoelastic material (Faubion & Hoseney, 1990) which has 
elastic and viscous characteristics conferred by gluten. Gluten network is formed by 
hydrophobic interactions between water and protein polymers of the flour (mainly 
glutenins and gliadins). The nature of the glutenin mainly influences the functional 
properties of strength and elasticity, while the gliadin fraction provides extensibility and 
viscosity to the dough (Lu & Grant, 1999). Studies have been conducted in search of those 
factors that influence dough’s viscoelastic properties to better understand the behavior of 
dough, so it can be handled and utilized properly. 

Smith et al. (1970) utilized the dynamic test in a gluten-starch-water system and found that 
high protein content is reflected in high values of the storage module (G´) and loss module 
(G´´). Besides protein content, it has been found that the soluble protein fraction is a 
determinant factor for the rheological properties of dough by acting as a lubricating agent 
(Rouille et al., 2005). The importance of the total gliadin fraction in the structure of gluten 
was observed by Lee & Mulvaney (2003). Gupta et al. (1993) utilized an extensograph to 
evaluate doughs and found a high correlation between unextractable proteins and 
maximum resistance (Rmax), which led them to believe that a high molecular weight 
fraction of glutenin contributes to the resistance of the dough.  
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(Rouille et al., 2005). The importance of the total gliadin fraction in the structure of gluten 
was observed by Lee & Mulvaney (2003). Gupta et al. (1993) utilized an extensograph to 
evaluate doughs and found a high correlation between unextractable proteins and 
maximum resistance (Rmax), which led them to believe that a high molecular weight 
fraction of glutenin contributes to the resistance of the dough.  
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Another factor affecting the rheological properties of dough is starch. It has been seen that 
damage to starch and the presence of other minor components affect rheological properties 
(Dexter et al., 1994; Lynn & Stark, 1995). Campos et al. (1997) and Chiotelli et al. (2004) 
suggested that the rheological changes observed in dough subjected to low heating tests 
may be due to starch molecules present. Zeng et al. (1997) found that 80% of the variation in 
the viscosity of starch paste of 13 cultivars of wheat was due to the concentration of amylose 
and amylopectin, and Morris et al. (1997) observed that this variation is due to the presence 
of isoenzymes synthesized in relation to the starch granule. Georgopulus (2006) observed 
that the rheological properties of dough are affected more by the removal of the native 
lipids of the flour than for its gluten. 

Rheological properties of wheat flour are determinants of the desired characteristics in the 
final product, as well as for the design of equipment and processes. Therefore, it is necessary 
to find reliable rheological tests that are a useful tool for characterizing dough of wheat 
flours (Safari-Ardi & Phan-Thien, 1998). Rheology of wheat dough is broad, and the tests 
utilized are diverse. Initially, empirical tests were more used than the fundamental tests, but 
disadvantages were seen such as: dependence on the instrument, the form and quantity of 
the sample utilized and lack of theoretical basis (Faubion & Hoseney, 1990), which led to the 
development of fundamental tests. The most important fundamental viscoelastic tests 
utilized for wheat dough are the force-deformation ratio, creep test, the dynamic test and 
stress-relaxation test (Mohsenin, 1978).  

Recently, the dynamic test and the stress relaxation test have been used to characterize the 
dough viscoelasticity. Safari-Ardi & Phan-Thien (1998), utilizing the dynamic test observed 
that there were no differences among dough elaborated with different flours, probably due 
to the small deformation used (<1%). Therefore, it was decided to evaluate viscoelastic 
properties of dough applying a stress-relaxation test. In this technique, the dough is rapidly 
deformed at a predetermined level and the stress is measured over time, where 
deformations are >1% (Faubion & Hoseney, 1990; Mohsenin, 1978; Rao et al., 2000). 

Several researches have utilized and recommended the stress-relaxation test (Lee and 
Mulvaney, 2003; Rao et al., 2000; Uthayakumuran et al., 2002; Wikström & Eliasson,, 1998; 
Yadav et al., 2005). Safari-Ardi et al. (1997) found when using the stress-relaxation test, it 
was possible to differentiate dough from distinct wheat flours, and demonstrated that 
besides the method being consistent, the data of the stress-relaxation test obtained at high 
amplitudes (1-15% deformation in 3x103 s) were very precise (Safari-Ardi & Phan-Thien, 
1998). Utilizing the stress-relaxation test, it has been found that the distribution of the 
quantity of protein (high molecular weight glutenin) and its molecular weights are related 
to the relaxation time (Rao et al., 2000; Uthayakumaran et al., 2002). In addition, it has been 
shown that moisture content and strain affect the relaxation characteristics of dough by 
doing them no linear (Yadav et al., 2005). Similarly, Smith et al. (1970) observed that the 
relaxation time increases with mixing, and Rao et al., (2000) concluded that this parameter is 
less for strong dough than that moderately strong.  
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The study of viscoelastic properties of flour from different wheat cultivars has been reported 
for different authors (Larsson & Eliasson, 1996a, 1996b; Wikström & Eliasson, 1998; Safari-
Ardi & Phan-Thien, 1997, 1998; Van Bockstaele et al., 2008), nevertheless, none of them 
specifically study the viscoelastic characteristics of soft wheat, and this could be important 
for the cookies and baked industry. The purpose of this research was to evaluate the 
rheological properties of soft wheat dough from some cultivars in order to determine in the 
most appropriate manner its final use and in particular its quality. The viscoelastic 
properties of soft wheat dough were evaluated by applying the stress-relaxation and the 
dynamic test, and relate them with empirical rheological measurements and 
physicochemical characteristics.  

2. Experimental procedure 

2.1. Raw material 

Samples of soft wheat from four cultivars were used: Barcenas, Cortazar, Salamanca and 
Saturno. Samples were obtained in the Central part of Mexico (El Bajío Zone), and they were 
sent to the Departamento de Investigación y Posgrado en Alimentos from the University of 
Sonora at Hermosillo Sonora, México, where was carried out this study.  

2.2. Flours elaboration  

Wheat samples of the four cultivars were cleaned (Blount/Ferrell-Ross, model M2BC), and 
placed in plastic bags, which were stored at refrigeration temperature (4°C) until use. Wheat 
samples were conditioned based on the international approved method number 26-95 
(American Asociation of Cereal Chemists, [A.A.C.C], 2000), at a moisture content of 16%, 
utilizing a conditioner (Chopin Instruments, Villeneuve-La-Garenne, France). Samples were 
allowed to stand for a period of 24 h before preparation of flours. The conditioned samples 
were milled using the approved method number 26-10 (A.A.C.C., 2000), and an 
experimental mill (Brabender, model Quadrumat Senior, South Hackensack, NJ). For 
maturation, flours were allowed to stand for a period of 15 days.  

2.3. Flours quality analysis 

For proximate chemical analysis of flours, the official methods of the A.A.C.C. International 
(2000) were used, and the following determinations were made: protein content (approved 
method number 46-13) using a nitrogen analyzer (LECO, model FP-528, MI, USA), and the 
protein factor was N x 5.7; ash content (approved method number 08-03); and moisture 
content (approved method number 44-40). 

Wet gluten content was determined utilizing the approved method number 38-11 (A.A.C.C., 
2000) and the apparatus Glutomatic (Falling Number, model 2100, Huddinge, Sweden). 
Sedimentation volume was determined using the approved method number 56-61A 
(A.A.C.C., 2000). The falling number was measured utilizing approved method number 56-
81b (A.A.C.C., 2000) and the apparatus Falling Number (model 1400, Huddinge, Sweden). 
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Another factor affecting the rheological properties of dough is starch. It has been seen that 
damage to starch and the presence of other minor components affect rheological properties 
(Dexter et al., 1994; Lynn & Stark, 1995). Campos et al. (1997) and Chiotelli et al. (2004) 
suggested that the rheological changes observed in dough subjected to low heating tests 
may be due to starch molecules present. Zeng et al. (1997) found that 80% of the variation in 
the viscosity of starch paste of 13 cultivars of wheat was due to the concentration of amylose 
and amylopectin, and Morris et al. (1997) observed that this variation is due to the presence 
of isoenzymes synthesized in relation to the starch granule. Georgopulus (2006) observed 
that the rheological properties of dough are affected more by the removal of the native 
lipids of the flour than for its gluten. 

Rheological properties of wheat flour are determinants of the desired characteristics in the 
final product, as well as for the design of equipment and processes. Therefore, it is necessary 
to find reliable rheological tests that are a useful tool for characterizing dough of wheat 
flours (Safari-Ardi & Phan-Thien, 1998). Rheology of wheat dough is broad, and the tests 
utilized are diverse. Initially, empirical tests were more used than the fundamental tests, but 
disadvantages were seen such as: dependence on the instrument, the form and quantity of 
the sample utilized and lack of theoretical basis (Faubion & Hoseney, 1990), which led to the 
development of fundamental tests. The most important fundamental viscoelastic tests 
utilized for wheat dough are the force-deformation ratio, creep test, the dynamic test and 
stress-relaxation test (Mohsenin, 1978).  

Recently, the dynamic test and the stress relaxation test have been used to characterize the 
dough viscoelasticity. Safari-Ardi & Phan-Thien (1998), utilizing the dynamic test observed 
that there were no differences among dough elaborated with different flours, probably due 
to the small deformation used (<1%). Therefore, it was decided to evaluate viscoelastic 
properties of dough applying a stress-relaxation test. In this technique, the dough is rapidly 
deformed at a predetermined level and the stress is measured over time, where 
deformations are >1% (Faubion & Hoseney, 1990; Mohsenin, 1978; Rao et al., 2000). 

Several researches have utilized and recommended the stress-relaxation test (Lee and 
Mulvaney, 2003; Rao et al., 2000; Uthayakumuran et al., 2002; Wikström & Eliasson,, 1998; 
Yadav et al., 2005). Safari-Ardi et al. (1997) found when using the stress-relaxation test, it 
was possible to differentiate dough from distinct wheat flours, and demonstrated that 
besides the method being consistent, the data of the stress-relaxation test obtained at high 
amplitudes (1-15% deformation in 3x103 s) were very precise (Safari-Ardi & Phan-Thien, 
1998). Utilizing the stress-relaxation test, it has been found that the distribution of the 
quantity of protein (high molecular weight glutenin) and its molecular weights are related 
to the relaxation time (Rao et al., 2000; Uthayakumaran et al., 2002). In addition, it has been 
shown that moisture content and strain affect the relaxation characteristics of dough by 
doing them no linear (Yadav et al., 2005). Similarly, Smith et al. (1970) observed that the 
relaxation time increases with mixing, and Rao et al., (2000) concluded that this parameter is 
less for strong dough than that moderately strong.  
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The study of viscoelastic properties of flour from different wheat cultivars has been reported 
for different authors (Larsson & Eliasson, 1996a, 1996b; Wikström & Eliasson, 1998; Safari-
Ardi & Phan-Thien, 1997, 1998; Van Bockstaele et al., 2008), nevertheless, none of them 
specifically study the viscoelastic characteristics of soft wheat, and this could be important 
for the cookies and baked industry. The purpose of this research was to evaluate the 
rheological properties of soft wheat dough from some cultivars in order to determine in the 
most appropriate manner its final use and in particular its quality. The viscoelastic 
properties of soft wheat dough were evaluated by applying the stress-relaxation and the 
dynamic test, and relate them with empirical rheological measurements and 
physicochemical characteristics.  

2. Experimental procedure 

2.1. Raw material 

Samples of soft wheat from four cultivars were used: Barcenas, Cortazar, Salamanca and 
Saturno. Samples were obtained in the Central part of Mexico (El Bajío Zone), and they were 
sent to the Departamento de Investigación y Posgrado en Alimentos from the University of 
Sonora at Hermosillo Sonora, México, where was carried out this study.  

2.2. Flours elaboration  

Wheat samples of the four cultivars were cleaned (Blount/Ferrell-Ross, model M2BC), and 
placed in plastic bags, which were stored at refrigeration temperature (4°C) until use. Wheat 
samples were conditioned based on the international approved method number 26-95 
(American Asociation of Cereal Chemists, [A.A.C.C], 2000), at a moisture content of 16%, 
utilizing a conditioner (Chopin Instruments, Villeneuve-La-Garenne, France). Samples were 
allowed to stand for a period of 24 h before preparation of flours. The conditioned samples 
were milled using the approved method number 26-10 (A.A.C.C., 2000), and an 
experimental mill (Brabender, model Quadrumat Senior, South Hackensack, NJ). For 
maturation, flours were allowed to stand for a period of 15 days.  

2.3. Flours quality analysis 

For proximate chemical analysis of flours, the official methods of the A.A.C.C. International 
(2000) were used, and the following determinations were made: protein content (approved 
method number 46-13) using a nitrogen analyzer (LECO, model FP-528, MI, USA), and the 
protein factor was N x 5.7; ash content (approved method number 08-03); and moisture 
content (approved method number 44-40). 

Wet gluten content was determined utilizing the approved method number 38-11 (A.A.C.C., 
2000) and the apparatus Glutomatic (Falling Number, model 2100, Huddinge, Sweden). 
Sedimentation volume was determined using the approved method number 56-61A 
(A.A.C.C., 2000). The falling number was measured utilizing approved method number 56-
81b (A.A.C.C., 2000) and the apparatus Falling Number (model 1400, Huddinge, Sweden). 
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2.4. Rheological tests  

2.4.1. Empirical test 

The farinographic parameters of water absorption, stability and time of development were 
obtained based on the farinographic approved method number 54-21 (A.A.C.C., 2000), and 
utilizing a farinograph (Brabender Instruments, type 810143, South Hackensack, NJ).  

To characterized flour-water dough for extensibility and resistance to extension, it was used 
approved method number 54-30A (A.A.C.C., 2000), and the Alveograph (Chopin 
Instruments, Villeneuve-La-Garenne, France). 

2.4.2. Fundamental test 

Sample preparation. Dough was prepared with 100 g of flour of each cultivar, and adding 
distilled water corresponding to the absorption obtained from the farinograph. Flour was 
placed and mixed in a mixer with 300 g capacity (National MFG, Lincoln, NE, USA) without 
the distilled water. Then it was mixed for 1 min with one afterward; the dough was allowed 
to stand for 30 min in a proofing chamber (National MFG, Lincoln, NE, USA) with a 
controlled environment (30°C, 95% relative humidity). Next, samples of dough weighing 
individually 2.7 g were placed in plastic bag, hermetically sealed, and left at room 
temperature (25°C) until use in the rheometer.  

Dynamic method. Oscillatory measurements were conducted at 0.1% strain within the linear 
viscoelastic regime (previously carried out), over a frequency range of 0.1 to 100 rad/s. 
Frequency sweep experiments were conducted in a Rheometer (Rheometrics Scientific, 
model RSF III, Piscataway, NJ, USA). The rheometer was equipped with 25-mm diameter 
parallel plates that were maintained at 25° C. A dough sample of 2.7 g was round by hand 
and placed between the plates of the rheometer. Sample was gently flattened to fit the plate 
geometry using a Teflon-coated spatula. The upper plate was lowered to a fixed gap 
between plates of 2 mm. The exposed edges of dough were trimmed, and to avoid drying, 
petroleum jelly was injected around the plates. Sample was allowed to rest for a period of 20 
min before the test. The rheometer was run in the frequency scanning in oscillatory mode, 
and at a controlled temperature. The viscoelastic parameters determined were: the storage 
modulus (G´, Pa), the loss modulus (G´´, Pa) and tangent of phase angle (δ=G´´/G´). These 
parameters were obtained using the software analysis program of the rheometer (RSI 
Orchestrator, Rheometrics Scientific) (Magaña-Barajas et al., 2011). 

Stress-relaxation test. Sample of dough was prepared and placed in the rheometer in 
manner similar to that utilized in the dynamic test. After placing the sample in the 
rheometer, it was allowed to rest for a period of 20 min before the test. Based on preliminary 
tests and some researches (Li et al., 2003; Rao et al., 2000; and Safari-Ardi & Phan-Thien 
1998), stress relxation was measured at intervals of 0.1 s applying a 15% shear strain for 30 
min at a controlled temperature of 25ºC operating in shear stress mode. The parameters 
determined were maximum stress at 15% strain (G0) and the relaxation time (τ).  
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2.5. Experimental design and statistical analysis 

A completely randomized experimental design was performed, where the factor was the 
wheat cultivar: (Barcenas, Cortazar, Salamanca and Saturno). For the purpose of 
determining the effect of the factor on the different determinations, analysis of variance 
(ANOVA) was used with a 95% confidence interval. In addition, simple correlations (r) 
between different determinations were carried out. ANOVA was carried out with the 
Statistical Analytical System Software (SAS Institute, Inc. Cary, NC, 2002). 

3. Results and discussion 

3.1. Flours quality  

Analysis of variance showed that the wheat cultivar affected significantly (p<0.05) the 
proximate chemical analysis of flours. Table 1 presents mean values for protein, moisture, 
ash and wet gluten content, sedimentation volume, and falling number each flour from the 
soft wheat cultivars. Cultivar Barcenas showed the highest values of protein content, ash 
content, wet gluten, sedimentation volume and falling number. Moisture content was 
similar for all the cultivars.  

In general, it has been observed that wheat cultivar affected the physical and chemical 
properties of flours (Lin & Czuchajowska, 1997). In some investigations (Carrillo et al., 1990; 
Chiotelli et al., 2004; Yamamoto et al., 1996), marked physicochemical differences have been 
observed in cultivars of soft wheat, and that falling number has been seen to influence the 
rheological properties of dough. Sedimentation volume indicates the quality of the proteins 
presents; in hard wheat the close values to 70 mL indicates high baking quality (A.A.C.C., 
2000; Pomeranz, 1988). Falling number values greater than 400 s have been reported that the 
amylolytic activity is low. Therefore, wheat is considered that has been exposed to low 
rainfall during growth up to harvest time, consequently resulting in healthy grains (Carcea 
et al., 2006; Pomeranz, 1988). In this study, for all the flours, the Falling number was greater 
than 400 s, which indicate that flours were obtained from healthy soft wheat cultivars. 

3.2. Rheological tests 

3.2.1. Empirical test 

Table 2 shows the mean values for water absorption, stability and developing time each 
flour. Salamanca had the highest values of water absorption and developing time, while 
cultivar Barcenas had the greatest stability. Values for water absorption, stability and 
developing time are directly proportional with protein content. In addition, water 
absorption is directly proportional to the diameter of the cookie (Bloksma, 1990; Bloksma & 
Bushuk, 1988; Farrand, 1969; Yamamoto et al., 1996). 

Table 2 shows also the alveographic parameters for flours from the soft wheat cultivars. 
Cultivar Salamanca showed the highest values of W, P and P/L. These high values probably 
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2.4. Rheological tests  

2.4.1. Empirical test 

The farinographic parameters of water absorption, stability and time of development were 
obtained based on the farinographic approved method number 54-21 (A.A.C.C., 2000), and 
utilizing a farinograph (Brabender Instruments, type 810143, South Hackensack, NJ).  

To characterized flour-water dough for extensibility and resistance to extension, it was used 
approved method number 54-30A (A.A.C.C., 2000), and the Alveograph (Chopin 
Instruments, Villeneuve-La-Garenne, France). 

2.4.2. Fundamental test 

Sample preparation. Dough was prepared with 100 g of flour of each cultivar, and adding 
distilled water corresponding to the absorption obtained from the farinograph. Flour was 
placed and mixed in a mixer with 300 g capacity (National MFG, Lincoln, NE, USA) without 
the distilled water. Then it was mixed for 1 min with one afterward; the dough was allowed 
to stand for 30 min in a proofing chamber (National MFG, Lincoln, NE, USA) with a 
controlled environment (30°C, 95% relative humidity). Next, samples of dough weighing 
individually 2.7 g were placed in plastic bag, hermetically sealed, and left at room 
temperature (25°C) until use in the rheometer.  

Dynamic method. Oscillatory measurements were conducted at 0.1% strain within the linear 
viscoelastic regime (previously carried out), over a frequency range of 0.1 to 100 rad/s. 
Frequency sweep experiments were conducted in a Rheometer (Rheometrics Scientific, 
model RSF III, Piscataway, NJ, USA). The rheometer was equipped with 25-mm diameter 
parallel plates that were maintained at 25° C. A dough sample of 2.7 g was round by hand 
and placed between the plates of the rheometer. Sample was gently flattened to fit the plate 
geometry using a Teflon-coated spatula. The upper plate was lowered to a fixed gap 
between plates of 2 mm. The exposed edges of dough were trimmed, and to avoid drying, 
petroleum jelly was injected around the plates. Sample was allowed to rest for a period of 20 
min before the test. The rheometer was run in the frequency scanning in oscillatory mode, 
and at a controlled temperature. The viscoelastic parameters determined were: the storage 
modulus (G´, Pa), the loss modulus (G´´, Pa) and tangent of phase angle (δ=G´´/G´). These 
parameters were obtained using the software analysis program of the rheometer (RSI 
Orchestrator, Rheometrics Scientific) (Magaña-Barajas et al., 2011). 

Stress-relaxation test. Sample of dough was prepared and placed in the rheometer in 
manner similar to that utilized in the dynamic test. After placing the sample in the 
rheometer, it was allowed to rest for a period of 20 min before the test. Based on preliminary 
tests and some researches (Li et al., 2003; Rao et al., 2000; and Safari-Ardi & Phan-Thien 
1998), stress relxation was measured at intervals of 0.1 s applying a 15% shear strain for 30 
min at a controlled temperature of 25ºC operating in shear stress mode. The parameters 
determined were maximum stress at 15% strain (G0) and the relaxation time (τ).  
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2.5. Experimental design and statistical analysis 

A completely randomized experimental design was performed, where the factor was the 
wheat cultivar: (Barcenas, Cortazar, Salamanca and Saturno). For the purpose of 
determining the effect of the factor on the different determinations, analysis of variance 
(ANOVA) was used with a 95% confidence interval. In addition, simple correlations (r) 
between different determinations were carried out. ANOVA was carried out with the 
Statistical Analytical System Software (SAS Institute, Inc. Cary, NC, 2002). 

3. Results and discussion 

3.1. Flours quality  

Analysis of variance showed that the wheat cultivar affected significantly (p<0.05) the 
proximate chemical analysis of flours. Table 1 presents mean values for protein, moisture, 
ash and wet gluten content, sedimentation volume, and falling number each flour from the 
soft wheat cultivars. Cultivar Barcenas showed the highest values of protein content, ash 
content, wet gluten, sedimentation volume and falling number. Moisture content was 
similar for all the cultivars.  

In general, it has been observed that wheat cultivar affected the physical and chemical 
properties of flours (Lin & Czuchajowska, 1997). In some investigations (Carrillo et al., 1990; 
Chiotelli et al., 2004; Yamamoto et al., 1996), marked physicochemical differences have been 
observed in cultivars of soft wheat, and that falling number has been seen to influence the 
rheological properties of dough. Sedimentation volume indicates the quality of the proteins 
presents; in hard wheat the close values to 70 mL indicates high baking quality (A.A.C.C., 
2000; Pomeranz, 1988). Falling number values greater than 400 s have been reported that the 
amylolytic activity is low. Therefore, wheat is considered that has been exposed to low 
rainfall during growth up to harvest time, consequently resulting in healthy grains (Carcea 
et al., 2006; Pomeranz, 1988). In this study, for all the flours, the Falling number was greater 
than 400 s, which indicate that flours were obtained from healthy soft wheat cultivars. 

3.2. Rheological tests 

3.2.1. Empirical test 

Table 2 shows the mean values for water absorption, stability and developing time each 
flour. Salamanca had the highest values of water absorption and developing time, while 
cultivar Barcenas had the greatest stability. Values for water absorption, stability and 
developing time are directly proportional with protein content. In addition, water 
absorption is directly proportional to the diameter of the cookie (Bloksma, 1990; Bloksma & 
Bushuk, 1988; Farrand, 1969; Yamamoto et al., 1996). 

Table 2 shows also the alveographic parameters for flours from the soft wheat cultivars. 
Cultivar Salamanca showed the highest values of W, P and P/L. These high values probably 
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were due to its protein content, a factor that also results in high water absorption (Unbehend 
et al., 2004; Yamamoto et al., 1996).  

 

Cultivar 
Moisture 
Content 

Protein 
Contenta 

Ash
Contenta 

Wet
Glutena 

Sedimentati
on Volumea

Falling 
Number 

(%) (%) (%) (%) (mL) (s) 
       
Barcenas 14.08 ± 0.33b 11.81 ± 0.50 0.84 ± 0.18 34.87 ± 4.82 32.03 ± 1.62 476.60 ± 31.73 
Cortazar 14.06 ± 0.23 10.58 ± 0.31 0.69 ± 0.21 31.77 ± 2.47 22.04 ± 1.18 422.51 ± 9.51 
Salamanca 14.10 ± 0.45 11.27 ± 0.49 0.76 ± 0.18 33.00 ± 1.02 28.92 ± 8.66 449.67 ± 27.54 
Saturno 14.05 ± 0.61 10.32 ± 0.41 0.55 ± 0.04 30.86 ± 2.46 25.46 ± 1.94 409.98 ± 13.85 
a Dry basis   b Standard Deviation 

Table 1. Physicochemical characteristics of flour from soft wheat cultivars 

Cultivar 

Farinograph Alveograph
Water

Absorption
(%) 

Stability 
(min) 

Developing
Time 
(min) 

Wb 
(10-4J) 

Pc 

(mm H20) P/Ld 

       
Barcenas 54.04 ± 3.84a 4.28 ± 2.01 3.70 ± 0.66 114.75 ± 14.25 49.76 ± 5.04 0.46 ± 0.11 
Cortazar 56.16 ± 1.48 1.96 ± 0.59 3.39 ± 0.39 85.50 ± 10.22 52.63 ± 7.54 0.57 ± 0.05 
Salamanca 56.39 ± 1.70 3.75 ± 2.14 4.54 ± 1.67 139.62 ± 66.88 67.01 ± 16.41 0.70 ± 0.15 
Saturno 53.28 ± 1.51 3.51 ± 0.68 3.14 ± 0.54 106.33 ± 17.58 48.69 ± 4.13 0.52 ± 0.10 
a Standard Deviation; bW= Deformation energy of dough; cP= Maximum overpressure, tenacity;  
dP/L= Curve configuration ratio, extensibility 

Table 2. Rheological characteristics of flour from soft wheat cultivars 

3.2.2. Fundamental test  

Two techniques were used to characterize the viscoelasticity of dough from soft wheat 
cultivars: a) the dynamic method; and b) the stress-relaxation test, which were performed in 
a rheometer.  

Dynamich method. The viscoelastic properties of dough obtained from the soft wheat 
cultivars were the storage modulus (G´), loss modulus (G´´) and tangent of angle phase 
(Tan δ) (Figures 1, 2 y 3, respectively). To evaluate if there were statistically differences 
among the viscoelastic properties of dough from the different wheat cultivars, an analysis 
of variance was performed on the G´, G´´ and Tan δ values at a frequency of 5 rad/s, 
where the dough viscoelasticity was in the linear viscoelastic domain (Figures 1, 2 and 3). 
According to the ANOVA, G´, G´´ and Tan δ obtained with the dynamic test at a 
frequency of 5 rad/s had similar values (p>0.05), indicating that dough from the soft 
wheat cultivars were in the same values of viscoelasticity (Table 3). For all the soft wheat 
cultivars, the G´ values were greater than those for G´´, and Tan δ was greater than 0.50. 
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This indicates that in soft wheat cultivars dough prevailed the viscous behavior over the 
elastic behavior.  

Figures 1 and 2 show the dependence of G´ and G´´ with frequency (Hibber & Wallace, 
1966). In both figures, values of G´ and G´´ are increasing, which could indicate that dough 
hardness increase, and it could be due to content of gluten (Chiotelli et al., 2004) and protein 
quality, resulting in the gluten of wheat dough not as weak as expected (since soft wheat 
flour contains a weak gluten). Several authors (Huebner et al., 1999; Yamamoto et al., 1996) 
agreed that content and quality of protein and gluten content are factors affecting positively 
these viscoelastic parameters. 

In Figure 3 is presented the behavior of Tan δ with frequency for dough from all soft 
wheat cultivars. Initially, Tan δ shows a slight decrease; at intermediate levels (1-10 rad/s) 
values at a given frequency are similar; and at high frequencies this parameter shows the 
same initial phenomenon that at low frequency values. Tan δ for all the soft wheat 
cultivars is higher than 0.5, which indicates that viscous behavior is higher than the elastic 
behavior.  

Stress-relaxation test. Dough was subjected to a deformations much greater than that in the 
dynamic test (>1%). The parameters evaluated from this test were the initial (maximum) 
stress at 15% strain (G0), and the relaxation time (τ). This last parameter is related to the 
process of flow occurring when dough is relaxed, and is defined as the time required for the 
force to fall 1/e times, or by 36.8% of its original value (Smith et al., 1970).  
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Figure 1. Storage modulus (G´) evaluated with the dynamic test for dough made of soft wheat 
cultivars. 
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were due to its protein content, a factor that also results in high water absorption (Unbehend 
et al., 2004; Yamamoto et al., 1996).  

 

Cultivar 
Moisture 
Content 

Protein 
Contenta 

Ash
Contenta 

Wet
Glutena 

Sedimentati
on Volumea

Falling 
Number 

(%) (%) (%) (%) (mL) (s) 
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Salamanca 14.10 ± 0.45 11.27 ± 0.49 0.76 ± 0.18 33.00 ± 1.02 28.92 ± 8.66 449.67 ± 27.54 
Saturno 14.05 ± 0.61 10.32 ± 0.41 0.55 ± 0.04 30.86 ± 2.46 25.46 ± 1.94 409.98 ± 13.85 
a Dry basis   b Standard Deviation 

Table 1. Physicochemical characteristics of flour from soft wheat cultivars 

Cultivar 

Farinograph Alveograph
Water

Absorption
(%) 

Stability 
(min) 

Developing
Time 
(min) 

Wb 
(10-4J) 

Pc 

(mm H20) P/Ld 
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Saturno 53.28 ± 1.51 3.51 ± 0.68 3.14 ± 0.54 106.33 ± 17.58 48.69 ± 4.13 0.52 ± 0.10 
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Table 2. Rheological characteristics of flour from soft wheat cultivars 

3.2.2. Fundamental test  

Two techniques were used to characterize the viscoelasticity of dough from soft wheat 
cultivars: a) the dynamic method; and b) the stress-relaxation test, which were performed in 
a rheometer.  
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cultivars, the G´ values were greater than those for G´´, and Tan δ was greater than 0.50. 
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This indicates that in soft wheat cultivars dough prevailed the viscous behavior over the 
elastic behavior.  

Figures 1 and 2 show the dependence of G´ and G´´ with frequency (Hibber & Wallace, 
1966). In both figures, values of G´ and G´´ are increasing, which could indicate that dough 
hardness increase, and it could be due to content of gluten (Chiotelli et al., 2004) and protein 
quality, resulting in the gluten of wheat dough not as weak as expected (since soft wheat 
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agreed that content and quality of protein and gluten content are factors affecting positively 
these viscoelastic parameters. 

In Figure 3 is presented the behavior of Tan δ with frequency for dough from all soft 
wheat cultivars. Initially, Tan δ shows a slight decrease; at intermediate levels (1-10 rad/s) 
values at a given frequency are similar; and at high frequencies this parameter shows the 
same initial phenomenon that at low frequency values. Tan δ for all the soft wheat 
cultivars is higher than 0.5, which indicates that viscous behavior is higher than the elastic 
behavior.  

Stress-relaxation test. Dough was subjected to a deformations much greater than that in the 
dynamic test (>1%). The parameters evaluated from this test were the initial (maximum) 
stress at 15% strain (G0), and the relaxation time (τ). This last parameter is related to the 
process of flow occurring when dough is relaxed, and is defined as the time required for the 
force to fall 1/e times, or by 36.8% of its original value (Smith et al., 1970).  
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Figure 1. Storage modulus (G´) evaluated with the dynamic test for dough made of soft wheat 
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Figure 2. Storage modulus (G´) evaluated with the dynamic test for dough made of soft wheat 
cultivars. 
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Figure 3. Tangent of angle phase (Tan δ) evaluated with the dynamic test for dough made of soft wheat 
cultivars. 

An ANOVA was carried out to see if there were differences between the viscoelastic 
properties of the different soft wheat cultivars determined with the stress-relaxation test. It 
was shown that the soft wheat cultivar affected only to τ (p<0.05).  
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Figure 4 shows the behavior and mean values for the viscoelastic parameters of τ and initial 
maximum stress (G0) of dough from the soft wheat cultivars, obtained in the stress-
relaxation test. Initially, dough was subjected a high deformation (15%) yielding in response 
a high initial stress, and as time progress, dough relaxed and stress diminished. It is 
observed that all curves present a single maximum stress coinciding with Rao et al. (2000). 
Li et al (2003) found that relaxation process occur in two steps: the first, correspond at the 
increase of distribution of protein polymers short chain (gliadin and glutenins of low 
molecular weight). The second peak corresponds at the protein polymers of large chain like 
glutenins of high molecular weight. In this case, the soft wheat cultivars evaluated had slow 
protein content (9.9%) and the content of protein polymers short chain (44.22% of gliandins, 
of total) is highest than the content of protein polymers short chain (data not showed), 
changing the ratio glutenins/gliadins. 
 

Cultivar 
                     Dynamic Testg                                         Stress Relaxation Testh 

G´b (Pa) G´´c (Pa) Tan δd G0e (Pa) f (s) 
      
Barcenas 29080 ± 3384a 16378 ± 1926 0.56 ± 0.03 510.42 ± 119.61 0.36 ± 0.07 
Cortazar 28445 ± 11489 15621 ± 1114 0.54 ± 0.02 466.00 ± 55.61 0.38 ± 0.02 
Salamanca 28246 ± 4174 16007 ± 2714 0.56 ± 0.01 484.28 ± 130.50 0.33 ± 0.07 
Saturno 29750 ± 2967 17121 ± 1524 0.057 ± 0.02 462.45 ± 56.50 0.41 ± 0.02 
a Standard Deviation; b G´: Storage modulus; cG´´: Loss modulus; dTan δ: Tangent of phase angle; eG0: 
Initial maximum stress; τf: Relaxation time; g: the viscoelastic parameters were evaluated at frequency 
of 5 rad/s; h: the viscoelastic parameters were measured at 15% shear strain 

Table 3. Viscoelastic characteristics of dough made from soft wheat cultivars evaluated with the 
dynamic and stress relaxation tests 

In Table 3 is presented G0 and τ values for all flours. The wheat cultivar Saturno had the 
highest value of τ (0.41 s). The high values of τ indicates that the recovery of deformed 
dough structure is slow, reflecting a weak gluten. That wheat cultivar presents the lowest 
values of moisture, protein content, ash content, wet gluten and falling number, which 
probably caused a lesser strength in gluten. This could explain the strength of the dough. 
Dough of cultivars Salamanca and Barcenas had the lowest τ values (0.33 y 0.36 s, 
respectively). These varieties have high values in almost all the physicochemical properties. 
Low values of τ correspond at strong gluten. For this reason when dough is subject to a 
deformation quickly recovers its original form. In general, variation of values of τ (range 
0.33 s to 0.41 s) was probably attributed at the content and type of protein, and moisture 
content of the wheat cultivar. This has been observed in several investigations, where it has 
been found that moisture and gluten properties (such as gluten strength) affect the 
parameters of this test (Fu et al., 1997; Larsson & Eliasson, 1996a; Li et al., 2003; Yadav et al., 
2005).  

Results obtained show an inverse relationship between the values of G0 and τ. Applying a 
high strain to dough with three-dimensional network structure of strong gluten, values of 
G0 are obtained almost immediately after deformation. 
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of total) is highest than the content of protein polymers short chain (data not showed), 
changing the ratio glutenins/gliadins. 
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Table 3. Viscoelastic characteristics of dough made from soft wheat cultivars evaluated with the 
dynamic and stress relaxation tests 

In Table 3 is presented G0 and τ values for all flours. The wheat cultivar Saturno had the 
highest value of τ (0.41 s). The high values of τ indicates that the recovery of deformed 
dough structure is slow, reflecting a weak gluten. That wheat cultivar presents the lowest 
values of moisture, protein content, ash content, wet gluten and falling number, which 
probably caused a lesser strength in gluten. This could explain the strength of the dough. 
Dough of cultivars Salamanca and Barcenas had the lowest τ values (0.33 y 0.36 s, 
respectively). These varieties have high values in almost all the physicochemical properties. 
Low values of τ correspond at strong gluten. For this reason when dough is subject to a 
deformation quickly recovers its original form. In general, variation of values of τ (range 
0.33 s to 0.41 s) was probably attributed at the content and type of protein, and moisture 
content of the wheat cultivar. This has been observed in several investigations, where it has 
been found that moisture and gluten properties (such as gluten strength) affect the 
parameters of this test (Fu et al., 1997; Larsson & Eliasson, 1996a; Li et al., 2003; Yadav et al., 
2005).  

Results obtained show an inverse relationship between the values of G0 and τ. Applying a 
high strain to dough with three-dimensional network structure of strong gluten, values of 
G0 are obtained almost immediately after deformation. 
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Figure 4. Relaxation modulus, G (t) vs time of dough from soft wheat cultivars, at 15% of deformation. 
τ: relaxation time. 

The relaxation time was the parameter showing the greatest difference among the soft wheat 
cultivars. However, the differences obtained in τ among dough from the soft wheat cultivars 
were less than estimated. This despite to the range of low protein content of the soft wheat 
cultivars (10 to 12%, approximately), and besides, the fraction of gliadin and glutenin were 
of low molecular weight and approximately similar in all the samples (70% gliadin and 30% 
glutenin of low molecular weight, data not shown). This could indicate that tests used to 
evaluate the viscoelasticity in dough were high sensibility being capable to characterize 
dough from different soft wheat cultivars. Characterization and differentiation of dough 
was better with the stress-relaxation test than with the dynamic test, coinciding with others 
authors (Lee and Mulvaney, 2003; Rao et al., 2000; Uthayakumuran et al., 2002; Wikström & 
Eliasson,, 1998; Yadav et al., 2005; Safari-Ardi et al., 1997).  

3.2.3. Correlations between viscoelastic characteristics and other determinations 

To determine if there were significant relations among the viscoelastic properties of dough 
from soft wheat cultivars, and physicochemical and rheological evaluations in flours, simple 
correlations (r) were performed. 

Five significant correlations were found among the viscoelastic characteristics and 
physicochemical determinations. Regarding to the stress-relaxation test, there were four 
highly significant correlations (p<0.01). The relaxation time (τ) showed a strong correlation 
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with developing time (farinograph) (r=-0.959), which indicates indirectly a high protein 
content and strong gluten, resulting in a rapid response upon deformation, as a consequence 
lower τ values. G0 showed a strong correlation with protein (r=0.984), which could be 
reflected in the greater strength of gluten, thereby a high resistance upon deformation. A 
second correlation of G0 was with wet gluten (r=0.987), which probably is due to the fact that 
a greater amount of gluten causes greater resistance to deformation, and this is in agreement 
the study carried out by (Li et al., (2003). Finally, the last correlation of G0 was with falling 
number (r=0.986).  

The dynamic test only yielded a highly significant negative correlation (p<0.01) for the 
viscoelastic parameter of G´ (storage modulus) with water absorption (r=-0.975), which 
could be explained by the fact that high water absorption can give indirect evidence of a 
high moisture content, which in turn has a negative effect on G´ (Faubion & Hoseney, 1990). 
No correlations were found between the stress-relaxation test and dynamic test utilized to 
determine the viscoelastic properties of the dough of soft wheat cultivars. 

4. Conclusions 

The viscoelastic characterization of dough made from flours of soft wheat cultivars was 
achieved by fundamental tests. The soft wheat cultivar showed to be a determinant factor in 
all characteristics of the flour. Apparently, the strength of the gluten network is critical in 
the rheological and viscoelastic characteristics of dough. All the cultivars presents more 
viscous behavior than elastic behavior (Tan δ>0.5). Wheat varieties evaluated showed a 
range τ of between 0.33 to 0.41 s.  

The stress-relaxation test was better than the dynamic test in differentiating the viscoelastic 
characteristics of the soft wheat dough. This is confirmed by the highest number of 
correlations relative to the stress relaxation test, compared with the dynamic method. In our 
case, τ offers more information than that of G0, making it an important parameter for 
characterizing dough. Parameters most affecting τ was content and quality of the protein 
moisture content and falling number in flours. The stress-relaxation test is a simple and 
rapid method to perform viscoelastic evaluations, and it is believed to be a technique 
suitable for the characterization and differentiation of viscoelastic characteristic among 
dough made from soft wheat cultivars, which is important for determining the final use.  
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1. Introduction 

Molten thermotropic liquid crystalline polymers have physical properties that are 
dependent on both small molecule liquid crystals and flexible chain polymers. Liquid 
crystalline polymers (LCPs) are typical examples of self-ordered polymeric systems, due 
largely to their intrinsic molecular anisotropy. The properties of LCPs are strongly 
influenced by flow-induced changes in the degree of molecular orientation during 
processing [1]. 

Blends containing small amounts of a thermotropic liquid crystalline polymer (TLCP) in a 
matrix of thermoplastic have attracted technical interest in recent years for two main 
reasons. Firstly, by the use of TLCP to enhance the mechanical properties of the matrix 
polymer through in situ formation of fibrous TLCP dispersion during processing, it may be 
possible to develop ‘self-reinforced’ composites that exploit the outstanding tensile 
properties of fibres made from LCPs. Secondly, it is known that TLCP can act as a flow 
modifier, resulting in a substantial reduction in pressure drop during melt extrusion. 
Previous studies by Chan et al.[2] have shown that a small amount of TLCP (1.0 wt %) 
added to high molecular weight polyethylene (HMMPE, Chevron Phillips Marlex® HXM 
TR570) caused drastic bulk viscosity reduction (> 95.0%) to occur at 190 oC, when TLCP was 
in its nematic phase. A significant improvement in extrudate surface smoothness has also 
been observed, coupled with an increase in the processing window from 34 1/s to up to 1000 
1/s. Whitehouse et al. [3] blended 0.2%, 0.5% and 2.0% TLCP with high density polyethylene 
(HDPE, Chevron Phillips Marlex® HMN 6060), and the blends were then rheologically 
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characterized at 185 oC when the TLCP was in the nematic regime; substantial viscosity 
reductions of between 85% and 90% compared with pure HDPE were observed. 

It is worth noting that even in early studies of polymer blends containing TLCP, researchers 
had already attempted to introduce inorganic reinforcements into such blend systems [4]. 
The addition of inorganic fillers not only enhanced the mechanical properties of the blends 
but also reduced the anisotropy of the resulting materials [5]. Rheological characterization 
revealed that TLCP could reduce the melt viscosity of glass-filled thermoplastics [6]. Much 
work has been published on TLCP systems containing different inorganic solid 
reinforcements, such as glass fibres [7], carbon black [8], whiskers [9] and silica [10]. Most of 
the studies have used high inorganic solid reinforcement content and have focused on the 
balance between the mechanical properties and processability of such blends. 

Layered silicates have long been used as fillers in polymeric systems to improve mechanical, 
thermal and other properties in the resulting polymer composites. In layered silicate itself, 
the local interaction between layers causing the presence of domains similar to those found 
in studies of liquid crystalline and ordered block copolymer systems have been analyzed by 
many researchers [11-14]. 

It seems that intercalation or exfoliation of layered silicates in polymers should induce 
nanocomposites to exhibit similar rheological behaviour to that found in the nematic state 
structures in LCPs. Nanocomposites based on thermotropic liquid crystalline polymer and 
organically modified layered silicate have been studied by several groups with different 
foci. Zhang et al. [15] synthesized a series of liquid-crystalline copolyester/organically 
modified montmorillonite nanocomposites by intercalation polycondensation with different 
surfactant modified clay in LCP. X-ray diffraction and transmission electron microscope 
studies indicated that, after ion exchange with suitable surfactants, clay formed delaminated 
morphology and was well dispersed in LCP. Chang et al. [16] reported nanocomposites of 
TLCP with an alkoxy side-group and an organoclay (Closite 25 A) prepared by the melting 
intercalation method above the melt transition temperature of TLCP, with liquid 
crystallinity of the hybrids being lost when the organoclay content exceeded 6.0 %. Vaia et 
al. [17] directly annealed a powder mixture of TLCP and clay within the nematic region of 
TLCP under high hydraulic pressure. Reversible intercalation formed, with a loss of liquid 
crystallinity which was attributed to the confinement of LCP chains on the clay pseudo-2D 
geometry. An extensive study of a series of nanocomposites with a segmented main-chain 
liquid crystalline polymer having a pendent pyridyl group (PyHQ12) or a pendent 
phenylsulfonyl group (PSHQ12) and commercial Closite 20 A or 30B clays by examining 
rheological and other properties was reported by Huang and Han [18, 19] to demonstrate 
whether functionality of TLCP was essential to obtain highly dispersed clay in 
nanocomposites with TLCP as matrix. Only intercalated morphology formed when the 
nanocomposites were based on a TLCP without functionality. The formation of hydrogen 
bonds caused a very high degree of dispersion but a considerable loss in the degree of liquid 
crystallinity in a PyHQ12/30B nanocomposite. From the above studies, it can be seen that 
functionality in TLCP is necessary to obtain highly dispersed nanocomposites, but at the 
same time, there is the possibility of loss some degree of liquid crystallinity in the TLCP. 
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In this study, the organoclay-modified TLCP (TC3 white) is prepared by a method 
combining ultra-sonication, centrifugation, solution casting and heating-shearing 
separation. TC3 white has a very high degree of dispersion of organoclay but without 
any loss in the degree of liquid crystallinity of TLCP. The effects of the fully exfoliated 
organoclay on the thermal and rheological properties of TLCP are investigated in detail. 
Based on this material, we characterize the rheological behaviour of purified TLCP and 
TC3 white with 1 wt% in HMMPE matrix by a capillary rheometer at 190 oC and 230 oC, 
where the TLCP has its nematic and nematic-isotropic biphase structures. Schematic 
drawings of the conformation of organoclay, TLCP molecules and polyethylene 
molecules before and after yielding are shown. A binary flow pattern model with 
simulated results is presented and the predicted results show good consistency with 
experimental data. 

2. Experimental 

2.1. Materials and samples preparation  

2.1.1. Materials 

The HMMPE, Chevron Phillips Marlex® HXM TR571, with a melt flow index (MFI) of 
2.5g/10 min (ASTM D1238, 190 ºC/21.6 kg) was kindly supplied by Phillips Petroleum 
International Inc., USA. The TLCP, a copolymer containing 30% p-hydroxybenzoic acid, 
35% hydroquinone and 35% sebacic acid (HBA/HQ/SA), used here was synthesized and 
kindly supplied by B. P. Chemicals Ltd, UK. The as-received TLCP is a light brown 
powder that has been characterized previously [20]. The Organoclay, Closite 20A 
modified by dimethyl dihydrogenated tallow ammonium ions, was kindly supplied by 
Southern Clay Products.  

2.1.2. Purification of as-received TLCP  

The as-received dried TLCP powder was dissolved into chloroform and followed by 
mechanically stirred at room temperature overnight. The deionized water was added to the 
mixture and was mechanically stirred for several minutes. Water extraction was repeated 
several times to remove any water soluble content, e.g. pure sebacic acid; the subsequent 
solution was subjected to centrifugal separation (KUBOTA 2010, Japan) at a speed of 3,800 
rpm for 1800 seconds. Three layers of solution were obtained. The bottom layer was a 
brownish precipitate which was believed to be a mixture of HBA, HBA rich TLCP, catalyst 
or other heavier components in the TLCP powder. The top layer was a white cloudy layer, 
which was believed to be a SA rich TLCP component. The middle colorless portion was 
extracted. To obtain more thorough purification, the whole centrifugal separation and 
extraction processes were repeated several times. The TLCP powder was precipitated out by 
dropping the extracted solution into methanol. The TLCP fine powder was filtered out and 
dried at 120 oC for 3 days to remove any residual solvent contents. 
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2.1.2. Purification of as-received TLCP  

The as-received dried TLCP powder was dissolved into chloroform and followed by 
mechanically stirred at room temperature overnight. The deionized water was added to the 
mixture and was mechanically stirred for several minutes. Water extraction was repeated 
several times to remove any water soluble content, e.g. pure sebacic acid; the subsequent 
solution was subjected to centrifugal separation (KUBOTA 2010, Japan) at a speed of 3,800 
rpm for 1800 seconds. Three layers of solution were obtained. The bottom layer was a 
brownish precipitate which was believed to be a mixture of HBA, HBA rich TLCP, catalyst 
or other heavier components in the TLCP powder. The top layer was a white cloudy layer, 
which was believed to be a SA rich TLCP component. The middle colorless portion was 
extracted. To obtain more thorough purification, the whole centrifugal separation and 
extraction processes were repeated several times. The TLCP powder was precipitated out by 
dropping the extracted solution into methanol. The TLCP fine powder was filtered out and 
dried at 120 oC for 3 days to remove any residual solvent contents. 
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2.1.3. Organoclay-modified as-recieved TLCP (TC3 white) preparation 

Initially, TLCP was dried in a vacuum oven at 120 oC for 2 days and organoclay in an oven 
at 100 oC overnight. The materials were dissolved and dispersed in chloroform respectively 
with a TLCP/organoclay weight ratio 97:3. The solutions were then stirred for about 4 hours 
at room temperature. After that, TLCP and organoclay were mixed together and the mixture 
was sonicated by ultrasonic pin vibration (Branson digital sonifier 450, USA) with 45% 
power for about 2 hours at room temperature. Subsequently, the mixture was centrifuged 
with a speed of 3,800 rpm for 45 minutes to separate the bottom layer precipitate which was 
believed to be redundant organoclay and unsolvable TLCP, and the top layer, if any, which 
was believed to be impurities in TLCP, from the middle portion; then the solvent was 
volatilized at room temperature. A nanocomposite was obtained, which was dried in an 
oven at 60 oC for 12 hours and in a vacuum oven at 120 oC for 2 days. The nanocomposite 
showed severe shear-induced phase separation phenomenon at 190 oC or higher 
temperatures and can be effectively separated by a capillary rheometer at 190 oC at a low 
speed (5.0 1/s) [21]. The extruded material was named TC3 white because of its white color, 
which will be used here for study. 

2.1.4. Polyethylene blends preparation  

For HMMPE blends, the dried 1.0 wt% TC3 white (or purified TLCP) in powder form and 
HMMPE in pellet form were mechanically pre-mixed at room temperature until 
macroscopically homogeneous. The mixture was then extruded using a Dr. Collin twin 
screw extruder (Dr. Collin GMBH, Germany) at 190 oC with two-time extrusion at different 
speeds (75 rad/s and 300 rad/s respectively). The extrudate was palletized and kept dry 
inside an oven overnight to remove moisture generated during the process.  

2.2. Characterizations 

2.2.1. Wide angle X-ray diffraction 

Wide angle X-ray diffraction (WAXD) was conducted at room temperature on a Philips 
powder X-ray diffraction system (Model PW 1830, The Netherlands). TLCP and TC3 white 
were first dried in a vacuum oven for 2 days, then hot pressed at 170 oC to form films with 
thickness of 300 µm; the organoclay was characterized in powder form. WAXD was 
conducted with Cu k  radiation of wavelength 1.5406 A


.  

2.2.2. Fourier transform infraRed & nuclear magnetic resonance spectra  

A Fourier transform infrared (FTIR) spectrometer (Bio-Rad FTS 6000, USA) was used at 
room temperature with a liquid cell container for solutions. Spectral resolution was 
maintained at 2 cm-1. Dry nitrogen gas was used to purge the sample compartment to 
reduce the interference of water and carbon dioxide in the spectrum. The solutions were the 
TLCP chloroform and the TLCP/organoclay chloroform solutions before evaporation 
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procedure. The 13C nuclear magnetic resonance (NMR) spectra were measured at room 
temperature on a Bruker ARX 300 NMR spectrometer using chloroform-d as the solvent, 
and the chemical shifts were reported on the  scale using tetramethylsilane (TMS) as the 
internal reference.  

2.2.3. Polarized optical microscopy 

The mesophase structures of the liquid-crystalline phase of TLCP and its nanocomposite 
were investigated by polarized optical microscopy (POM) using an Olympus microscope BX 
50 with a Cambridge shear system CSS450 connecting a hot stage. The most outstanding 
feature of this setup is that it allows investigation of texture changes at different 
temperatures and under varying shear rates. Mesophase structure images were obtained at 
185 oC after preshearing samples with a low shear rate i.e. 0.5 1/s for more than 3600 seconds 
to remove any shear history and anchored defects, and to give a common shear history or 
structure to samples before isothermal treatment in a quiescent condition for sufficient time. 

2.2.4. Thermogravimetric analysis & differential scanning calorimetry 

Thermal stability analysis was carried out by using a Hi-Res TGA 2950 thermogravimetric 
analysis (TGA) apparatus (TA instruments, USA). The test was carried out in air with a 
heating rate of 20.0 oC/min from 50.0 oC to 600.0 oC, and then isothermally treated for 30 
minutes at 600.0 oC. The phase transition temperature of the nanocomposite based on TLCP 
was determined via differential scanning calorimetry (DSC) (PYRIS diamond DSC, Perkin-
Elmer Instruments, USA), using indium as the calibration standard, with heating or cooling 
rate of 10.0 oC/min under nitrogen atmosphere.  

2.2.5. Advanced rheometric expansion system and capillary rheometer 

Controlled strain rheological measurements were carried out using an advanced 
rheometric expansion system (ARES) (TA instruments, USA) with a 200 g-cm transducer 
within the resolution limit of 0.02 g-cm. 50 mm cone and plate fixtures with nominal cone 
angle 0.04 rad and nominal gap 0.0508 mm, as well as 50 mm parallel plate fixtures were 
used for TLCP and its nanocomposite reported here. All measurements were performed at 
185 C in N2 atmosphere, where TLCP had been shown to exhibit stable rheological 
properties under the nematic phase. Care was taken to ensure a controlled 
thermomechanical history as follows: the rheometer was heated to the testing temperature 
and allowed to reach equilibrium. Fresh samples, dried in a vacuum oven for 2 days at 120 
oC, were loaded in the preheated rheometer, heated up to 185 oC then held for 10 minutes. 
Decreased gap to the testing gap and kept isotherm for 30 minutes to reach thermal and 
deformation equilibrium before measurements were started. The experiments were 
repeated no less than three times to check reproducibility. In each case, a fresh sample was 
used. For all tests reported here on HMMPE blends, 25 mm parallel plate fixtures were 
used. All measurements were performed at 190 C with a 2000 g-cm transducer within the 
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2.1.3. Organoclay-modified as-recieved TLCP (TC3 white) preparation 

Initially, TLCP was dried in a vacuum oven at 120 oC for 2 days and organoclay in an oven 
at 100 oC overnight. The materials were dissolved and dispersed in chloroform respectively 
with a TLCP/organoclay weight ratio 97:3. The solutions were then stirred for about 4 hours 
at room temperature. After that, TLCP and organoclay were mixed together and the mixture 
was sonicated by ultrasonic pin vibration (Branson digital sonifier 450, USA) with 45% 
power for about 2 hours at room temperature. Subsequently, the mixture was centrifuged 
with a speed of 3,800 rpm for 45 minutes to separate the bottom layer precipitate which was 
believed to be redundant organoclay and unsolvable TLCP, and the top layer, if any, which 
was believed to be impurities in TLCP, from the middle portion; then the solvent was 
volatilized at room temperature. A nanocomposite was obtained, which was dried in an 
oven at 60 oC for 12 hours and in a vacuum oven at 120 oC for 2 days. The nanocomposite 
showed severe shear-induced phase separation phenomenon at 190 oC or higher 
temperatures and can be effectively separated by a capillary rheometer at 190 oC at a low 
speed (5.0 1/s) [21]. The extruded material was named TC3 white because of its white color, 
which will be used here for study. 

2.1.4. Polyethylene blends preparation  

For HMMPE blends, the dried 1.0 wt% TC3 white (or purified TLCP) in powder form and 
HMMPE in pellet form were mechanically pre-mixed at room temperature until 
macroscopically homogeneous. The mixture was then extruded using a Dr. Collin twin 
screw extruder (Dr. Collin GMBH, Germany) at 190 oC with two-time extrusion at different 
speeds (75 rad/s and 300 rad/s respectively). The extrudate was palletized and kept dry 
inside an oven overnight to remove moisture generated during the process.  

2.2. Characterizations 

2.2.1. Wide angle X-ray diffraction 

Wide angle X-ray diffraction (WAXD) was conducted at room temperature on a Philips 
powder X-ray diffraction system (Model PW 1830, The Netherlands). TLCP and TC3 white 
were first dried in a vacuum oven for 2 days, then hot pressed at 170 oC to form films with 
thickness of 300 µm; the organoclay was characterized in powder form. WAXD was 
conducted with Cu k  radiation of wavelength 1.5406 A


.  

2.2.2. Fourier transform infraRed & nuclear magnetic resonance spectra  

A Fourier transform infrared (FTIR) spectrometer (Bio-Rad FTS 6000, USA) was used at 
room temperature with a liquid cell container for solutions. Spectral resolution was 
maintained at 2 cm-1. Dry nitrogen gas was used to purge the sample compartment to 
reduce the interference of water and carbon dioxide in the spectrum. The solutions were the 
TLCP chloroform and the TLCP/organoclay chloroform solutions before evaporation 
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procedure. The 13C nuclear magnetic resonance (NMR) spectra were measured at room 
temperature on a Bruker ARX 300 NMR spectrometer using chloroform-d as the solvent, 
and the chemical shifts were reported on the  scale using tetramethylsilane (TMS) as the 
internal reference.  

2.2.3. Polarized optical microscopy 

The mesophase structures of the liquid-crystalline phase of TLCP and its nanocomposite 
were investigated by polarized optical microscopy (POM) using an Olympus microscope BX 
50 with a Cambridge shear system CSS450 connecting a hot stage. The most outstanding 
feature of this setup is that it allows investigation of texture changes at different 
temperatures and under varying shear rates. Mesophase structure images were obtained at 
185 oC after preshearing samples with a low shear rate i.e. 0.5 1/s for more than 3600 seconds 
to remove any shear history and anchored defects, and to give a common shear history or 
structure to samples before isothermal treatment in a quiescent condition for sufficient time. 

2.2.4. Thermogravimetric analysis & differential scanning calorimetry 

Thermal stability analysis was carried out by using a Hi-Res TGA 2950 thermogravimetric 
analysis (TGA) apparatus (TA instruments, USA). The test was carried out in air with a 
heating rate of 20.0 oC/min from 50.0 oC to 600.0 oC, and then isothermally treated for 30 
minutes at 600.0 oC. The phase transition temperature of the nanocomposite based on TLCP 
was determined via differential scanning calorimetry (DSC) (PYRIS diamond DSC, Perkin-
Elmer Instruments, USA), using indium as the calibration standard, with heating or cooling 
rate of 10.0 oC/min under nitrogen atmosphere.  

2.2.5. Advanced rheometric expansion system and capillary rheometer 

Controlled strain rheological measurements were carried out using an advanced 
rheometric expansion system (ARES) (TA instruments, USA) with a 200 g-cm transducer 
within the resolution limit of 0.02 g-cm. 50 mm cone and plate fixtures with nominal cone 
angle 0.04 rad and nominal gap 0.0508 mm, as well as 50 mm parallel plate fixtures were 
used for TLCP and its nanocomposite reported here. All measurements were performed at 
185 C in N2 atmosphere, where TLCP had been shown to exhibit stable rheological 
properties under the nematic phase. Care was taken to ensure a controlled 
thermomechanical history as follows: the rheometer was heated to the testing temperature 
and allowed to reach equilibrium. Fresh samples, dried in a vacuum oven for 2 days at 120 
oC, were loaded in the preheated rheometer, heated up to 185 oC then held for 10 minutes. 
Decreased gap to the testing gap and kept isotherm for 30 minutes to reach thermal and 
deformation equilibrium before measurements were started. The experiments were 
repeated no less than three times to check reproducibility. In each case, a fresh sample was 
used. For all tests reported here on HMMPE blends, 25 mm parallel plate fixtures were 
used. All measurements were performed at 190 C with a 2000 g-cm transducer within the 
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resolution limit of 0.2 g-cm and a 200 g-cm transducer within the resolution limit of 0.02 g-
cm. Before testing, equipment was preheated and equilibrated at the test temperature for at 
least 30 minutes [22].  

The rheological behaviors of the HMMPE blends were also characterized by a capillary 
rheometer (CR) (Göttfert Rheograph 2003A, Germany) at 190 oC and 230 oC. Here, the 
controlled piston speed mode was used with the round hole capillary dies (nominal L/D 
ratio equal to 30/1 and die entrance angle 180°). The real die diameters used here were 
recalibrated before use (Calibrated dies diameters D = 0.924 mm and 0.542 mm for the 
nominal D = 1.0 and 0.7 mm dies). 

2.2.6. Scanning electron microscopy & transmission electron microscopy 

The TC3 white film embedded in epoxy was ultra-microtomed with glass knives on an 
ultracut microtome (Leica ultracut-R ultramicrotomed, Germany) at room temperature to 
give sections with a nominal thickness of 75 nm. Transmission electron microscopy (TEM) 
images were obtained with a transmission electron microscope at 200 kV (JEOL 2010, Japan).  

The morphology of the extrudates generated during the capillary rheometric experiment 
was examined by high resolution scanning electron microscopy (SEM) (JEOL 6700F, Japan) 
with the acceleration voltage 5 kv. All samples were sputter-coated with a ~200 A



 layer of 
gold to minimize charging. The samples were quenched by compressed air from a hose 
placed near the die exit, providing a cooling ring. This ‘froze’ the structure of the TLCP 
droplets or fibrils before they could relax completely. Micrographs of the surfaces of these 
samples were taken after etching with a 10 wt% aqueous sodium hydroxide solution at 75 oC 
for 30 minutes. 

The extrudate embedded in epoxy was ultra-microtomed with glass knives on an ultracut 
microtome at room temperature to produce sections with a nominal thickness of 100 nm. 
The sections were transferred to Cu grids. To enhance the phase contrast, the sections were 
stained with a ruthenium tetraoxide vapor for 2 hrs. TEM images were obtained with a 
transmission electron microscope at 200 KV (JEOL 2010, Japan). The ‘frozen’ extrudate for 
SEM was used for ultra-microtome. All images were obtained from sample sections 
microtomed along the flow direction. 

3. Results and discussion 

3.1. Dispersion and morphology of organoclay 

The structures or morphologies of polymer-layered silicate nanocomposites depend on 
interaction of the polymer with the layered silicate and the dispersion of layered silicate in 
the polymer matrix. WAXD is a useful and simple measurement to characterize clay 
morphologies in nanocomposites. The (001) plane diffraction peak observed in the WAXD 
pattern of TC3 white disappeared, compared with the pattern of layered silicate having d-
spacing 2.35 nm, as shown in Figure 1. The clay dispersion in the polymeric matrix was 
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further examined using TEM. Typical TEM photographs for the TC3 white nanocomposite 
are shown in Figure 2. The dark plates, 15-25 nm in length, are the organoclays with surfaces 
paralleling the observed plane. The organoclays were fully exfoliated and well dispersed in 
the TLCP matrix without any agglomeration.  

 
Figure 1. WAXRD patterns of organoclay, TLCP and TC3 white at room temperature. 

 
Figure 2. TC3 white TEM micrographs. 

3.2. Molecular interactions in nanocomposite 

IR spectroscopy is very sensitive to polymer microstructure and has been widely used in 
the investigation of hydrogen bonding, macromolecular orientation and crystallinity in 
polymer materials. FTIR with liquid cell was used with chloroform as background. Figure 
3 shows the FTIR spectra for chloroform solutions with TLCP and TC3 white under 
ultrasonic irradiation at room temperature. It can be seen that the peak at the 
wavenumber of 1060 cm-1 in TLCP shifts to the wavenumber of 1045 cm-1 in TC3 white. 
The absorption peak at 1060 cm-1 is believed to represent C O    in the TLCP molecules. 
The peak shift is the result of weak interaction between the positively changed N+ ion in 
the surfactant 2M2HT residing on the surface of the organoclay Closite 20A with C O  
group in the TLCP molecules. 
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further examined using TEM. Typical TEM photographs for the TC3 white nanocomposite 
are shown in Figure 2. The dark plates, 15-25 nm in length, are the organoclays with surfaces 
paralleling the observed plane. The organoclays were fully exfoliated and well dispersed in 
the TLCP matrix without any agglomeration.  

 
Figure 1. WAXRD patterns of organoclay, TLCP and TC3 white at room temperature. 

 
Figure 2. TC3 white TEM micrographs. 

3.2. Molecular interactions in nanocomposite 

IR spectroscopy is very sensitive to polymer microstructure and has been widely used in 
the investigation of hydrogen bonding, macromolecular orientation and crystallinity in 
polymer materials. FTIR with liquid cell was used with chloroform as background. Figure 
3 shows the FTIR spectra for chloroform solutions with TLCP and TC3 white under 
ultrasonic irradiation at room temperature. It can be seen that the peak at the 
wavenumber of 1060 cm-1 in TLCP shifts to the wavenumber of 1045 cm-1 in TC3 white. 
The absorption peak at 1060 cm-1 is believed to represent C O    in the TLCP molecules. 
The peak shift is the result of weak interaction between the positively changed N+ ion in 
the surfactant 2M2HT residing on the surface of the organoclay Closite 20A with C O  
group in the TLCP molecules. 
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Figure 3. FTIR of TLCP and TC3 white chloroform at room temperature with liquid cell. 

Figure 4 shows 13C NMR spectra obtained from TLCP and TC3 white at room temperature. 
It is well known that a chemical shift between 0-40 pm corresponds to C C   coupling. 
After careful analysis of these regions, it was determined that the peaks at 25.2, 29.4 and 34.7 
ppm shown in Figure 4(a), 4(b) and 4(c) belong to the spacer 2 8( )CH  in TLCP. No 
chemical shift occurred but the peaks width increased after addition of the organoclay. The 
relatively broad peaks are probably due to the shielding effects of the layered silicate gallery 
on the alkyl chains.  

 
Figure 4. 13C NMR spectroscopes of TLCP and TC3 white in CDCl3 at room temperature. 

3.3. Liquid crystalline mesophase 

Figure 5 displays the in-situ microstructure evolution of TLCP and TC3 white using 
polarization transmission optical microscopy. The incident polarization was oriented along 
the flow direction and the analyzer was oriented perpendicular to this polarization. The first 
images are the microstructures of the melted TLCP (Figure 5 (a)) and TC3 white (Figure 
5(b)) in the quiescent state at 185 oC. The TLCP micrograph shows textures surrounding 
different colors (blue, yellow and pink) regions, which indicate domains of different 
orientations. Compared with TLCP, TC3 white shows the domains (mainly darker yellow) 
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with few other colors because of the lower light intensity. Upon startup of the shear flow, 
the domain textures became deformed, stretched and aligned along the shear direction. A 
gradual increase in the light intensity was observed. During shearing, TLCP (in Figure 5(c)) 
exhibited colorful textures (yellow, red and blue with some dark areas). TC3 white (Figure 
5(d)) exhibited a mainly color (yellow with a few blue and red areas). With the polarized 
light, darkening may result from the structure becoming either completely isotropic or 
perfectly oriented along the principal axes. However, the darkening was not observed 
without the use of a polarizer; therefore isotropy can be ruled out as the primary cause for 
this darkening phenomenon.  

 
Figure 5. POM images of TLCP (a, c, e) and TC3 white (b, d, f) at 185 oC (a) and (b) before steady shear 
(X4); (c) and (d) during steady shear at 0.5 1/s (X20); (e) and (f) after steady shear and relax to steady 
state (X20). 

The microstructures relaxation after the flow cessation is illustrated in Figure 5 (e) and 5(f). 
Once a steady flow was reached, a monodomain with a few defect structures was formed. 
After the same shear history, TLCP and TC3 white showed different colors. The areas of 
high Frank elasticity around the ±1/2 strength defects showed the highest and lowest 
retardation colors, whereas the bulk of the texture showed an intermediate retardation color. 
The static texture of the nanocomposite after steady shear is similar to that of the 
homopolymer. The existence of the fully exfoliated organoclays did not affect the 
mesophase structure of the TLCP molecules, which may due to the good dispersion of 
organoclays and their small sizes. 
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high Frank elasticity around the ±1/2 strength defects showed the highest and lowest 
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homopolymer. The existence of the fully exfoliated organoclays did not affect the 
mesophase structure of the TLCP molecules, which may due to the good dispersion of 
organoclays and their small sizes. 
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3.4. Thermal properties 

The thermal stability of polymeric material is usually studied by thermogravimetric 
analysis. Generally, the incorporation of clay into the polymer matrix is found to enhance 
thermal stability, as the clay acts as a superior insulator and mass transport barrier to 
oxygen during oxidation in the air condition. 

The TGA curves of clay, TLCP, and TC3 white in the air flow condition are shown in Figure 
6. No weight loss occurred below 200 oC in any of the samples. Because of the presence of 
some organic molecules in interlayer spaces, the clay began to lose weight at 230 oC; at 600 
oC, the clay weight loss was 30 %, similar to the result reported by Chiu et al. [23] 
Comparing TLCP with TC3 white, the thermal stability of TC3 white increased. For 
example, for TLCP, the temperature at which the weight loss started was 335 oC whereas for 
TC3 white, it was 349 oC. For TLCP, the temperature at which the weight loss was halved 
was 530 oC and for the nanocomposite, it was 549 oC. 

 
Figure 6. TGA of organoclay, TLCP and TC3 white in air. 

TLCP used here was a semicrystalline nematic forming TLCP. From the DSC results, as 
shown in Figure 7(a), the endothermic peak appearing at ~ 125.5 oC represented the glass 
transition temperature of TLCP. Due to the broad sequential distribution of the HBA and 
SA-HQ segments in TLCP [24], two broad endothermic peaks at ~152 oC and ~164 oC 
represented the melting temperatures of the crystalline phase of TLCP with different 
segments. With the introduction of the well-dispersed nanoclay into the system, the glass 
transition temperature shifted to a higher temperature, peaking at ~ 142 oC, and the two 
melting temperatures peaked at ~ 159 oC and ~ 167 oC. The exothermic peaks are exhibited in 
Figure 7(b). The exothermic peak positions also changed and became sharper with the 
introduction of clay. For TLCP, there were two peaks, at ~166 oC and ~159 oC, corresponding 
to the different crystalline peaks with different molecular chain lengths as shown. With the 
introduction of the exfoliated layered silicates, the sharp exothermic peak was followed by a 
broad peak in the nanocomposite at corresponding temperatures of 163.5 oC and 169 oC 
respectively. With the effect of the layered structure, the arrangement of liquid-crystalline 
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polymer chains became more ordered. There is no doubt that the transition temperatures in 
the heating and cooling curves increased in TC3 white.  

 
Figure 7. Second heating (a) and cooling (b) curves of TLCP and TC3 white at N2 atmosphere. 

3.5. Rheological properties 

3.5.1. Organoclay modified TLCP nanocomposite 

Linear viscoelasticity  

Dynamic frequency sweeps at strains well within the linear viscoelastic regime of each 
material were performed in a range of frequencies covering 5 decades (0.01 – 1000 rad/s). 
The results shown in Figure 8 exhibit the storage modulus 'G , loss modulus ''G  and 
complex viscosity * for TLCP and TC3 white. For TLCP, 'G , ''G  and *  became too small 
and scattered for accurate measurement at lower frequencies (in the region of 0.04 rad/s to 
0.25 rad/s ). This was due to the low viscosity of the melt at 185 oC, which led to torque 
values beyond the limits of the transducer. In the low frequency region (0.04 rad/s to 0.25 
rad/s), TC3 white had dependable data but the TLCP data was scattered. In this region, 
slopes for G and G were 0.12 and 0.31 for TC3 white, and 0.30 and 0.55 for TLCP. The 
corresponding slope values for *  were 0.83 and 0.58. Pseudo-solidlike behaviors existed in 
TLCP and TC3 white, with TC3 white exhibiting more solidlike behavior than TLCP. The 
polydomain structure in the bulk state of TLCP is the reason for TLCP behavior [25]. The 
percolated network formed by the exfoliated organoclay with the TLCP molecules enhanced 
those polydomain structures, causing more solidlike behavior and higher *  in the lower 
frequency region in TC3 white. In the middle frequency region, both showed plateaus of 
nearly constant viscosity. The TC3 white curve paralleled the x-axis and TLCP had a small 
slope value of -0.15. At high frequencies, TC3 white showed a gradual change of slope to -
0.21, whereas TLCP maintained the same slope. In this region, the slopes of G and G for 
TLCP were 0.70 and 0.86 but for TC3 white, they were 1.83 and 0.92. There were dramatic 
differences between the two materials. The slopes for TC3 white approached the theoretical 
values for polymers with flexible chains, which are 2 and 1, respectively. With the help of 
exfoliated clay in high frequencies, TC3 white performed like flexible chains, whereas TLCP 
still showed some entanglement behavior.  
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3.4. Thermal properties 
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Figure 6. TGA of organoclay, TLCP and TC3 white in air. 
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introduction of the exfoliated layered silicates, the sharp exothermic peak was followed by a 
broad peak in the nanocomposite at corresponding temperatures of 163.5 oC and 169 oC 
respectively. With the effect of the layered structure, the arrangement of liquid-crystalline 
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polymer chains became more ordered. There is no doubt that the transition temperatures in 
the heating and cooling curves increased in TC3 white.  
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Figure 8. Storage modulus 'G , loss modulus ''G  and complex viscosity Eta* in dynamic frequency 
sweep for TLCP and TC3 white at 185 oC.  

It has been claimed that the Cole-Cole plot of storage modules vs. loss modulus can provide 
information about structures. The Cole-Cole plot for TLCP and TC3 white is shown in 
Figure 9. From a log-log plot of ''G  vs. 'G , we can determine that the slope   in 'G  ~ ''( )G  . 
For a single Maxwell element, 2  , however, complex systems with associations often 
deviate from the single element, and this can be seen by an exponent   that deviates from 
2. For TLCP, the slope was constant with a value of 0.776 in the whole region, which has a 
large deviation with flexible chain polymers ( 2  ). This is due to TLCP intrinsic 
anisotropic properties. For TC3 white, with the loss modulus increasing, the slope changed 
dynamically from almost zero (pseudo-percolation behavior or solid-like behavior), 
gradually approaching the theatrical flexible chain value, 2. This plot showed that there 
were different structural responses for TC3 white in different frequency regions. 

 
Figure 9. The cole-cole plot of loss modulus ''G  vs. storage modulus 'G for TLCP and TC3 white  
at 185 oC. 

Cox-Merz rule 

Figure 10 provides global view of TLCP and TC3 white viscosities as a function of frequency 
or steady shear rate. Unlike other organoclay based polymeric nanocomposites, the 
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measured viscosity of TC3 white is similar to that of the TLCP matrix at the same frequency 
or shear rate. The curves, especially the TC3 white curve, are reminiscent of the three-region 
viscosity curve reported by Onogi and Asada [25] for lyotropic polymer. The phenomenon 
can be explained by polydomain structures. With the addition of the organoclay, the three-
region viscosity phenomenon was enhanced. TC3 white performs more like lyotropic 
polymer, with a more rigid structure than the semi-rigid TLCP. The TC3 white curves fitted 
the Cox-Merz rule, i.e. *( ) ( )


    , where 


   . However, the Cox-Merz rule failed for 

TLCP, a finding which has also been reported by other researchers [26]. 

 
Figure 10. Cox-Merz rule on TLCP and TC3 white at 185 oC. 

The first normal stress difference measurement 

The cone and plate fixture, with its constant rate of shear and direct measurement of the first 
normal stress difference N1 by total thrust, is probably the most popular rotational geometry 
for studying non-Newtonian effects. Figure 11 shows the total thrust (normal force) for TLCP 
and TC3 white at different shear rates at 185 oC using a 50 mm diameter cone and plate 
fixture. The normal force evolution at a particular constant shear rate was clearly exhibited 
with a few peaks (or shoulders) at small strain before reaching a steady state. These peaks 
corresponded to the structure being broken and aligning during shear [27]. 

 
Figure 11. Normal force for TLCP and TC3 white at different shear rates with cone and plate fixture at 
185 oC. 
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For the total thrust data measured in the cone and plate fixture, some equations can be used 
to calculate the N1 for TLCP and TC3 white [28].  

For the cone and plate fixture: 

 1 2
2 zF

N
R

   (1) 

Where, Fz is the total thrust measured in the cone and plate fixture. R is the radius of the 
cone and plate fixture. 

Due to the inertia and secondary flow effect, i.e. in cone and plate rheometers, inertia forces 
tend to pull the plates together rather than push them apart, a corrected term must be 
introduced to eliminate this effect: 

 2 4( ) 0.075z inertF R    (2) 

Where, ρ is the density of the material, Ω is the angular rotation rate. 

After this correction the N1 can be calculated: 

 2 2
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     (3) 

The steady state N1 at different shear rates at 185 oC can then be calculated. The graph is 
shown in Figure 12. Due to the low viscosity, the maximum shear rate that could be 
measured was 300 1/s for TLCP and 600 1/s for TC3 white. The sample spun out with a 
dramatic and continuous decrease in stress and viscosity when the shear rate was larger 
than the above value. In Figure 12, N1s are positive for TLCP and TC3 white with 
comparable values.  

 
Figure 12. Shear rate dependence of shear viscosity Eta and first normal stress difference N1 for TLCP 
and TC3 white at 185 oC. 
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For N1, molecular theory, especially the Doi theory (for rod-like nematics) [29] predicts that 
the director (or local average orientation) will rotate or tumble with the flow. At low shear 
rates, N1 will be positive. At intermediate rates (when the flow rate is a little slower than the 
reciprocal of the longest molecular relaxation time), nonlinear effects are important, 
producing competition between tumbling and steady alignment of the director along the 
flow. As a result, the director oscillates about a steady value [30]. In this “wagging” regime, 
which is peculiar to tumbling, polymeric nematics and the local molecular order are 
significantly weakened, and N1 is negative. At very high rates of shear, the director aligns in 
the flow direction, and N1 is again positive. The Doi molecular theory for rod-like nematics 
was remarkably applicable with experimental data for PBG solutions [31]. Although a 
similar coupling between flow and liquid-crystalline order is conceivable in thermotropics, 
experiments have not yielded a corresponding agreement with theory. In fact, the expected 
pattern of sign changes in N1 has not been observed [32]. The N1 curves in Figure 12 for 
these two systems are in the high-shear-rate region, with N10. Figure 12 displays the shear 
rate dependence of  and N1 for TLCP and TC3 white at 185 oC. From comparison of the N1 
values between TLCP and TC3 white, it can be observed that the values of N1 for TC3 white 
are a little lower than those for TLCP, but the rate of the N1 increase in TC3 white is higher. 
Combined with the viscosity variations with shear rate, these phenomena indicate that the 
presence of exfoliated clay increases elasticity in a flow-aligning state, and the exfoliated 
clay is oriented along the shear direction, even assisting the neighboring TLCP molecules to 
align in the flow direction, with the result that there is a decrease of viscosity and an 
increase of N1 slope, as shown in Figure 12.  

The dispersion of the exfoliated clay in the TLCP matrix without and with deformation is 
depicted schematically in Figure 13(a) and 13(b), respectively, where the dark ellipses 
represent clay platelets, the wavy lines and cylinders represent TLCP chains with flexible 
and rigid components, and the short dashed lines represent the interaction between TLCP 
and clay. It should be noted that in the conformation of TLCP, the phenyls in HBA and HQ 
are not coplanar, and hence the SA flexible segments connected to the HQ are not in a line 
with HBA. In the schematic diagram, the effect of the exfoliated clay on TLCP is clearly 
delineated. Without deformation (Figure 13(a)), the disordered dispersion of the exfoliated 
clays in the TLCP matrix is presented. On the other hand, with deformation (Figure 13(b)), 
shear-induced molecular alignment in both TLCP and TC3 white occurs along the shear 
direction. 

 
Figure 13. Schematic drawing of TLCP molecular chains influenced by the exfoliated organoclays  
(a) without and (b) with deformation. 
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3.5.2. High molecular mass polyethylene blends 

Shear deformation  

The linear viscoelasticity and large amplitude stress relaxation tests were performed by an 
ARES at 190 oC. Complex viscosities in frequency sweep and stress relaxation modulus with 
strain 300.0 % are exhibited in Figure 14(a) and (b) separately. In Figure 14(a), little 
difference is shown between the curves, indicating that the purified TLCP and TC3 white 
had little influence on the HMMPE matrix in the linear viscoelastic region. Large amplitude 
stress relaxation tests were performed in the nonlinear region. The curves in Figure 14(b) 
show no difference over the entire relaxation periods. All the information demonstrates that 
the purified TLCP and TC3 white had little effect on the shear deformation of the HMMPE 
at the above particular conditions. 

 
Figure 14.  (a) Dynamic frequency sweep and (b) stress relaxation in nonlinear region with strain = 
300.0 % of HMMPE [TR571], HMMPE/TLCP 1.0 wt% [PT1] and HMMPE/(TC3 white 1.0 wt %) [P(TC3 
white 1%)] at 190 oC. 

Elongation deformation 

The effects of purified TLCP and TC3 white on the HMMPE matrix were also characterized 
using a pressure-driven rheometer. Here, the controlled piston speed mode with the round 
hole capillary dies at 190 oC and 230 oC was used. Capillary flows are usually considered as 
simple shear flows. The shear stress is highest near the capillary die wall, where the polymer 
chains are most likely to be stretched to an extended configuration. This is valid only if the 
melt shows negligible entrance effects. Entrance effects are caused by the elongational flow 
due to the converging melt flowing from the reservoir into the capillary die with large 
contraction ratios. The polymer melt along the centerline will experience the highest 
stretching rate. It has been observed that such effects are extremely important when 
anisotropic melts such as TLCPs are studied. 

Rheological behavior at 190 oC.  

Apparent shear viscosities as a function of shear stress at wall for HMMPE [TR571], 
HMMPE/(purified TLCP 1.0 wt%) [PT1] and HMMPE/(TC3 white 1.0 wt %) [P(TC3 white 
1%)] with the same L/D ratio (30) and different diameters (0.7 mm and 1.0 m) at 190 oC are 
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shown in Figure 15. At this temperature, TLCP shows the nematic structures [20]. 
Significant viscosity reductions are initially observed in different die diameter tests. Based 
on an equivalent wall stress of 510 Pa , the viscosity reductions at 190 oC with L = 21 mm and 
die radius equal to 0.271 mm for the different blends are: for PT1, a similar viscosity to that 
of HMMPE, because no yielding occurred; for P(TC3 white 1%), 98.5 % viscosity reduction 
compared to HMMPE (corresponding apparent shear rate 317.6 1/s). For the maximum 
processing rate, HMMPE is ~ 39 1/s, PT1 is ~ 318 1/s, whereas P(TC3 white 1%) is up to ~ 700 
1/s. P(TC3 white 1%) can achieve a shear rate almost 20 times higher than that of HMMPE 
and twice as high as that of PT1. 

 
Figure 15. Apparent shear viscosities as a function of shear stress at wall for HMMPE [TR571], 
HMMPE/TLCP 1.0 wt% [PT1] and HMMPE/(TC3 white 1.0 wt %) [P(TC3 white 1%)] with the same L/D 
ratio (30) and different diameters (0.7 mm and 1.0 m) at 190 oC with capillary rheometer. (The points 
were measured data and the lines were simulated data). 

A yielding-like behavior is shown by all blends when the wall stress is almost constant over 
a region of rapidly decreasing viscosity. However, yielding stresses and the corresponding 
beginning and ending apparent shear rates are different for each blend. Table 1 details the 
yielding behaviors of the blends. From the table, it is clear that with the organoclay 
modified, much lower values of yielding stress were needed. Moreover, the apparent shear 
rate of all blends at the beginning of transition is much lower than that of PT1. This explains 
why it is difficult to obtain the first power-law region in capillary rheometer tests for P(TC3 
white 1%) in simulation, as we describe later in this study. Due to the low yield stress and 
the initial transition shear rate, the blend can easily move through the transition zone and 
reach the zone with lower viscosity. The low energy input needed to process the blend holds 
promising potential for industrial application. 

Rheological behavior at 230 oC 

The rheological behaviors of three materials at 230 oC are presented with a plot of apparent 
shear viscosities as a function of shear stress at wall in Figure 16. At this temperature, TLCP 
shows nematic/isotropic biphasic structures. Based on an equivalent wall stress of 510 Pa , 
for PT1, the yielding stress is higher than 510 Pa , and has similar viscosity to that of 
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shown in Figure 15. At this temperature, TLCP shows the nematic structures [20]. 
Significant viscosity reductions are initially observed in different die diameter tests. Based 
on an equivalent wall stress of 510 Pa , the viscosity reductions at 190 oC with L = 21 mm and 
die radius equal to 0.271 mm for the different blends are: for PT1, a similar viscosity to that 
of HMMPE, because no yielding occurred; for P(TC3 white 1%), 98.5 % viscosity reduction 
compared to HMMPE (corresponding apparent shear rate 317.6 1/s). For the maximum 
processing rate, HMMPE is ~ 39 1/s, PT1 is ~ 318 1/s, whereas P(TC3 white 1%) is up to ~ 700 
1/s. P(TC3 white 1%) can achieve a shear rate almost 20 times higher than that of HMMPE 
and twice as high as that of PT1. 

 
Figure 15. Apparent shear viscosities as a function of shear stress at wall for HMMPE [TR571], 
HMMPE/TLCP 1.0 wt% [PT1] and HMMPE/(TC3 white 1.0 wt %) [P(TC3 white 1%)] with the same L/D 
ratio (30) and different diameters (0.7 mm and 1.0 m) at 190 oC with capillary rheometer. (The points 
were measured data and the lines were simulated data). 

A yielding-like behavior is shown by all blends when the wall stress is almost constant over 
a region of rapidly decreasing viscosity. However, yielding stresses and the corresponding 
beginning and ending apparent shear rates are different for each blend. Table 1 details the 
yielding behaviors of the blends. From the table, it is clear that with the organoclay 
modified, much lower values of yielding stress were needed. Moreover, the apparent shear 
rate of all blends at the beginning of transition is much lower than that of PT1. This explains 
why it is difficult to obtain the first power-law region in capillary rheometer tests for P(TC3 
white 1%) in simulation, as we describe later in this study. Due to the low yield stress and 
the initial transition shear rate, the blend can easily move through the transition zone and 
reach the zone with lower viscosity. The low energy input needed to process the blend holds 
promising potential for industrial application. 

Rheological behavior at 230 oC 

The rheological behaviors of three materials at 230 oC are presented with a plot of apparent 
shear viscosities as a function of shear stress at wall in Figure 16. At this temperature, TLCP 
shows nematic/isotropic biphasic structures. Based on an equivalent wall stress of 510 Pa , 
for PT1, the yielding stress is higher than 510 Pa , and has similar viscosity to that of 
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HMMPE; for P(TC3 white 1%), a viscosity reduction of > 93% was achieved at 230 oC. The 
maximum processing shear rates are ~ 66 1/s for HMMPE, ~ 315 1/s for PT1 and ~ 904 1/s for 
P(TC3 white 1%). Table 2 lists the experimental data for yielding stress and transition shear 
rates for the blends at 230 oC. Similar with the parameters at 190 oC, lower yielding stresses 
are obtained in PT1 and P(TC3 white 1%). A more obvious phenomenon concerns the 
transition zone, which is narrow in the range of 8 1/s to 23 1/s for P(TC3 white 1%) and still 
cannot obtain transition ending shear rate for PT1. A small force can be used to pass through 
the narrow transition zone to arrive at the low viscosity region at this temperature for P(TC3 
white 1%). 

Yielding 
behaviors 

Stress (Pa) 
Beginning ap


 (1/s) Ending ap


(1/s) 

Dia. (mm) 0.7  1.0  0.7  1.0  0.7  1.0  
PT1 1.63 510  1.34 510  41.0 24.1 855.8 476.9 

1.61 510  1.36 510  39.8 22.9 --- --- 

P(TC3 white 1%) 7.22 510  5.78 510  5.6 3.3 215.7 120.1 

7.08 510  5.90 510  6.0 3.5 207.4 110.8 

Table 1. Typical parameters with experimental and simulated tests for HMMPE blends at 190 oC (Bold 
data are predicted results). 

 
Figure 16. Apparent shear viscosities as a function of shear stress at wall for HMMPE [TR571], 
HMMPE/TLCP 1.0 wt% [PT1] and HMMPE/(TC3 white 1.0 wt %) [P(TC3 white 1%)] with L/D ratio = 30 
and diameter = 1.0 mm at 230 oC with capillary rheometer.  

The yielding-like behavior in P(TC3 white 1%) presents an obvious negative gradient. We 
suggest that the negative gradient is due to TLCP phase transition in the TLCP/organoclay 
hybrid from isotropic to nematic, or maintaining the isotropic phase at that temperature. 
TLCPs are known and theoretically understood to undergo shear-induced phase transitions 
when the domain orientation is sufficient high [33, 34]. Chan et al. [2] have presented the 
results of optical microscopy/shearing experiments demonstrating a phase transition from 
isotropic to nematic for this type of TLCP. A pre-transitional order in the isotropic phase of a 
homologous series of liquid crystals close to the isotropic-to-nematic transition has also been 
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experimentally observed. De Schrijver et al. [35] used a transmission ellipsometric technique 
to observe this surface-induced isotropic ordering. For the P(TC3 white 1%) blend, since 
fully exfoliated organoclay structures were formed in the TLCP, no confinement existed to 
hold an ordered structure and cause phase transition, but there were interactions, such as 
long-range non-bond forces, which also gave structures more order and retained the 
orientation even during the relaxation period [22]. 
 

Yielding behaviors Stress (Pa) 
Beginning ap


 (1/s) Ending ap


(1/s) 

PT1 1.27 510  13.6 --- 

P (TC3 white 1%) 0.56 510  8.0 22.9 

Table 2. Typical parameters with experimental tests for HMMPE blends at 230 oC. 

3.6. Morphological studies 

The SEM diagrams of etched extrudates are shown in Figure 17 with magnification 20,000. 
For the HMMPE, as shown in Figure 17(a), the etched stand gives a rough and highly 
topological contrast. Moreover, a fine line texture is disclosed after NaOH etching. This 
indicates that some surface materials or even layers are removed during the etching 
process. PE is a material that strongly resists attack by NaOH. Therefore, the detached 
material is thought not to be pure PE. It would be too difficult for NaOH to diffuse into 
the PE lattice and remove it from the surface. As has already been illustrated by Chan et 
al. [36] the material removed is an anti-oxidant enrich polyethylene layer, which is caused 
by migration of anti-oxidant during shear. The surfaces of the blends are smooth at those 
apparent shear rates. At higher magnification, some interesting features are revealed. 
Long and thin cavities are seen, with the long dimension paralleling to the flow direction. 
These cavities are due to the removal of TLCP filaments. In these well defined 
morphologies: a PT1 strand (Figure 17(b)) shows only fibrillar structures aligned along the 
flow direction; also within a P(TC3 white 1%) strand (Figure 17(c)) only longitudinal 
fibrillar striations exist. Both images show that in situ fibril formation occurs during 
elongation in both blends.  

 
Figure 17. SEM images of (a) HMMPE [TR571], (b) HMMPE/TLCP 1.0 wt% [PT1] and (c) HMMPE/(TC3 
white 1.0 wt %) [P(TC3 white 1%)] with magnification 20,000X. 
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experimentally observed. De Schrijver et al. [35] used a transmission ellipsometric technique 
to observe this surface-induced isotropic ordering. For the P(TC3 white 1%) blend, since 
fully exfoliated organoclay structures were formed in the TLCP, no confinement existed to 
hold an ordered structure and cause phase transition, but there were interactions, such as 
long-range non-bond forces, which also gave structures more order and retained the 
orientation even during the relaxation period [22]. 
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flow direction; also within a P(TC3 white 1%) strand (Figure 17(c)) only longitudinal 
fibrillar striations exist. Both images show that in situ fibril formation occurs during 
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Figure 17. SEM images of (a) HMMPE [TR571], (b) HMMPE/TLCP 1.0 wt% [PT1] and (c) HMMPE/(TC3 
white 1.0 wt %) [P(TC3 white 1%)] with magnification 20,000X. 
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TEM images of P(TC3 white 1%) are exhibited in Figure 18 with different magnifications. 
Global alignment of PE lamellae can be clearly seen in Figure 18(a), with typical row-
nucleated shish-kebab structures (a schematic drawing in the insert of Figure 18(a)), a 
structure which is usually observed when PE crystallization takes place under stress [37, 38]. 
The long fiber crystals formed by the extended high molecular mass fractions act as 
nucleation sites for the growth of folded PE crystals. Detail micrographs (Figure 18(b) and 
5(c)) clearly show the strong interfacial compatibilities between the aligned TC3 white 
filament and the adjacent PE matrix. Also the embedded TC3 white fiber exhibits a regular 
banded structure, all the bands being perpendicular to the direction of chain alignment. The 
above observations are similar to those in our earlier studies of PT1 systems [39], indicating 
that they have a similar viscosity reduction mechanism [40]. 

 
Figure 18. TEM micrographs of the lateral section of the HMMPE/ (TC3 white 1.0 wt %) [P(TC3 white 
1%)] blend extrudate surface prepared parallel to the flow direction at different magnifications. 

3.7. Texture studies 

The textures of purified TLCP and TC3 white at 230 oC and 250 oC are presented in Figure 19 
with different magnifications. These samples all underwent the same thermal history with 
the following steps: (1) sheared at shear rate 0.5 1/s for 3600 seconds at 185 oC; (2) 
maintained at this temperature to obtain stable texture; (3) temperature ramped to 230 oC at 
5.0 oC/min; (4) obtained texture structure after structure evolution for a specified period. 
From previous results [22] the purified TLCP and TC3 white displayed a similar texture 
after steps (1) and (2) at 185 oC. The fully exfoliated organoclay did not affect the liquid 
crystallinity and mesophase structure at the nematic state at 185 oC. In Figure 19(a) and (b), 
an isotropic phase is clearly presented alongside the nematic phase after steady shear at 0.5 
1/s for 600 seconds at 230 oC and relaxation for 600 seconds for purified TLCP. The nematic 
phase exists in dispersed and discrete regions containing defect lines, which are highly 
birefringent and contain domains of anisotropy. The isotropic phase is continuous. There is 
a distinctly biphasic, nematic/isotropic, texture in purified TLCP at 230 oC. With the elapse 
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of time, a spherical shaped nematic region with a more relaxed state (indicated by the 
presence of fewer line defects inside the sphere) occurs. Figure 19(c) presents an image of 
purified TLCP after shearing at 5.0 1/s for 60 seconds followed by relaxation for 600 seconds 
at 230 oC. The area of continuous isotropic phase has become larger than the nematic phase. 
With increased of temperature to 250 oC, as Figure 19(d) shows, the nematic phase gradually 
diminishes in size and population within the isotropic phase matrix. For TC3 white, as 
shown in Figure 19(e) and (f), after steady shearing at 0.5 1/s for 600 seconds followed by 
relaxation for 600 seconds, a dominant nematic texture occurs with few dispersed isotropic 
regions at 230 oC. The defects which were stable at 185 oC become unstable at 230 oC, due to 
the effect of the high temperature. As time elapses, the isotropic phase occurs in a minority 
of discrete regions, and the nematic phase is still dominant. Even after steady shearing at a 
high shear rate 5.0 1/s for 60 seconds followed by relaxation for 600 seconds at 230 oC, the 
nematic phase still exists as a continuous structure with a few discrete isotropic structures, 
as shown in Figure 19(g). The exfoliated organoclays enhance the rigidity of the TLCP 
molecules and keep them in ordered structures at the high temperature. The competition 
between the high thermal energy and the internal molecular interactions of the organoclay 
and TLCP molecules causes the nematic phase to be dominated by biphasic structures for 
TC3 white at 230 oC. Even at a higher temperature, i.e. 250 oC, after 5.0 1/s shearing for 60 
seconds followed by relaxation for 300 seconds, the nematic phase is still in continuous 
mode, as Figure 19(h) shows. 

For the organoclay-modified TLCP, i. e. TC3 white, the combination of the above mentioned 
nematic dominated structure and shear-induced isotropic-nematic transition had the effect 
that its rheological behavior at 230 oC was similar to that at 190 oC, with even a higher 
processing window and a lower transition region. 
 

 
Figure 19. Polarized optical microscope images of (a)(b) purified TLCP and (e)(f) TC3 white relaxed for 
600 seconds at 230 oC after steady shear with 0.5 1/s for 600 seconds; (c)purified TLCP and (g) TC3 white 
relaxed for 600 seconds at 230 oC after steady shear with 5.0 1/s for 60 seconds; (d)purified TLCP and (h) 
TC3 white relaxed for 300 seconds at 250 oC after steady shear with 5.0 1/s for 60 seconds (all samples 
have been sheared with shear rate 0.5 1/s for 3600 seconds and relaxed to steady state at 185 oC). 
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of time, a spherical shaped nematic region with a more relaxed state (indicated by the 
presence of fewer line defects inside the sphere) occurs. Figure 19(c) presents an image of 
purified TLCP after shearing at 5.0 1/s for 60 seconds followed by relaxation for 600 seconds 
at 230 oC. The area of continuous isotropic phase has become larger than the nematic phase. 
With increased of temperature to 250 oC, as Figure 19(d) shows, the nematic phase gradually 
diminishes in size and population within the isotropic phase matrix. For TC3 white, as 
shown in Figure 19(e) and (f), after steady shearing at 0.5 1/s for 600 seconds followed by 
relaxation for 600 seconds, a dominant nematic texture occurs with few dispersed isotropic 
regions at 230 oC. The defects which were stable at 185 oC become unstable at 230 oC, due to 
the effect of the high temperature. As time elapses, the isotropic phase occurs in a minority 
of discrete regions, and the nematic phase is still dominant. Even after steady shearing at a 
high shear rate 5.0 1/s for 60 seconds followed by relaxation for 600 seconds at 230 oC, the 
nematic phase still exists as a continuous structure with a few discrete isotropic structures, 
as shown in Figure 19(g). The exfoliated organoclays enhance the rigidity of the TLCP 
molecules and keep them in ordered structures at the high temperature. The competition 
between the high thermal energy and the internal molecular interactions of the organoclay 
and TLCP molecules causes the nematic phase to be dominated by biphasic structures for 
TC3 white at 230 oC. Even at a higher temperature, i.e. 250 oC, after 5.0 1/s shearing for 60 
seconds followed by relaxation for 300 seconds, the nematic phase is still in continuous 
mode, as Figure 19(h) shows. 

For the organoclay-modified TLCP, i. e. TC3 white, the combination of the above mentioned 
nematic dominated structure and shear-induced isotropic-nematic transition had the effect 
that its rheological behavior at 230 oC was similar to that at 190 oC, with even a higher 
processing window and a lower transition region. 
 

 
Figure 19. Polarized optical microscope images of (a)(b) purified TLCP and (e)(f) TC3 white relaxed for 
600 seconds at 230 oC after steady shear with 0.5 1/s for 600 seconds; (c)purified TLCP and (g) TC3 white 
relaxed for 600 seconds at 230 oC after steady shear with 5.0 1/s for 60 seconds; (d)purified TLCP and (h) 
TC3 white relaxed for 300 seconds at 250 oC after steady shear with 5.0 1/s for 60 seconds (all samples 
have been sheared with shear rate 0.5 1/s for 3600 seconds and relaxed to steady state at 185 oC). 
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4. Predictions based on a phenomenological model 

A binary flow pattern model, previously used for prediction of the effects of a small amount 
of TLCP in HMMPE (TR570) [40] was used to simulate the rheological responses of the 
blends in this study.  

4.1. Model 

To account for the structural effects due to elongational flow along the centerline region in 
the capillary die, the overall melt flow characteristics are divided into three regions 
depending on the magnitude of the maximum fluid velocity in the capillary that is usually 
along the centerline in converging flows. This critical fluid velocity corresponds to the 
maximum stretching rate of the TLCP (or TC3 white) domains at which irreversible TLCP 
(or TC3 white) domain elongation into slender filament occurs. The three regimes are:  

Region I: The fluid velocity is below the critical velocity for irreversible TLCP (or TC3 white) 
domain elongation, and the flow of the blends is dominated by the melt flow behavior of the 
matrix polymer HMMPE melt, independent of TLCP (or TC3 white). A schematic 
illustration of the melt structure during flow in Region I is shown in Figure 20(a). PE chains 
formed random coiled conformation and TLCP (or TC3 white) has ellipse shapes with 
uniformed dispersion in PE matrix. The insert in Figure 20(a) shows the organoclay and 
TLCP chain conformation at this region. Organoclays of uniform size were well and 
irregularly dispersed in the nematic phase TLCP. 

 
Figure 20. Schematic drawing of HMMPE chains, TLCP chains and organoclay morphological change 
in capillary die at 190 oC (a) before and (b) after critical shear rates. 

Region II: The maximum fluid velocity within the capillary reaches the critical velocity at 
the entrance of the capillary and irreversible elongational deformation of the TLCP (or TC3 
white) domains into long slender fibrous forms begin to occur. This causes a rapid chain 
elongation and disengagement in the PE melt adjacent to the TLCP (or TC3 white) domains. 
Consequently, a region of low viscosity melt is formed in the center core of the capillary die. 
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This center region expands as the flow rate increases until all fluid within the capillary is 
filled with such melt. The simulated velocity profile developments of fluid flowing through 
a capillary die to describe the above phenomenon will be presented later in this study. A 
schematic illustration of the melt structure during flow in Region II is shown in Figure 20(b). 
The insert in Figure 20(b) shows the chain conformations of TLCP molecules with help of 
organoclay. Shear-induced molecular alignment occurs with TLCP molecules and 
organoclay oriented along the elongation direction. 

Region III: After all low viscosity fluid is formed across the entire capillary die diameter, a 
homogeneous melt flow corresponding to the low viscosity melt may be assumed again.  

4.2. Velocity profiles 

The velocity profile developments of fluid flowing through capillary dies are shown in 
Figure 21.  

 
Figure 21. Velocity profile development in region II of flow at R = 0.462 mm for (a) HMMPE/TLCP 1.0 
wt% and (b)HMMPE/TC3 white 1.0 wt% at 190 oC by simulation. 

As shear rate increases, the center core region characterized by low viscosity melt flow 
characteristics expands from the center core towards the die wall. Close to the wall, the 
velocity profiles are independent of apparent shear rates. This implies that the shear rates at 
the wall are independent of flow rates of fluid during the melt structure transition period. 
Consequently, the wall shear stresses will remain constant throughout this transition period. 
In the velocity profiles for the different blends, the real die diameters were used instead of the 
nominal diameters. For nominal diameters 1.0 mm and 0.7 mm, the real calibrated diameters 
were 0.924 mm and 0.542 mm. Table 1 shows the predicted yielding stress and transition shear 
rates with the experimental data. The predicted data coincide well with the experimental 
results. The prediction results also give the end transition shear rates for PT1 at 190 oC with 
different die diameters, which cannot be obtained experimentally due to the flow oscillation. 

4.3. Flow curves simulation 

The flow curves are divided into three regimes as described above. In Regions (I) and (III), 
simple power-law constitutive relations are assumed. In Region (I), because of the relatively 
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the entrance of the capillary and irreversible elongational deformation of the TLCP (or TC3 
white) domains into long slender fibrous forms begin to occur. This causes a rapid chain 
elongation and disengagement in the PE melt adjacent to the TLCP (or TC3 white) domains. 
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This center region expands as the flow rate increases until all fluid within the capillary is 
filled with such melt. The simulated velocity profile developments of fluid flowing through 
a capillary die to describe the above phenomenon will be presented later in this study. A 
schematic illustration of the melt structure during flow in Region II is shown in Figure 20(b). 
The insert in Figure 20(b) shows the chain conformations of TLCP molecules with help of 
organoclay. Shear-induced molecular alignment occurs with TLCP molecules and 
organoclay oriented along the elongation direction. 

Region III: After all low viscosity fluid is formed across the entire capillary die diameter, a 
homogeneous melt flow corresponding to the low viscosity melt may be assumed again.  

4.2. Velocity profiles 

The velocity profile developments of fluid flowing through capillary dies are shown in 
Figure 21.  

 
Figure 21. Velocity profile development in region II of flow at R = 0.462 mm for (a) HMMPE/TLCP 1.0 
wt% and (b)HMMPE/TC3 white 1.0 wt% at 190 oC by simulation. 

As shear rate increases, the center core region characterized by low viscosity melt flow 
characteristics expands from the center core towards the die wall. Close to the wall, the 
velocity profiles are independent of apparent shear rates. This implies that the shear rates at 
the wall are independent of flow rates of fluid during the melt structure transition period. 
Consequently, the wall shear stresses will remain constant throughout this transition period. 
In the velocity profiles for the different blends, the real die diameters were used instead of the 
nominal diameters. For nominal diameters 1.0 mm and 0.7 mm, the real calibrated diameters 
were 0.924 mm and 0.542 mm. Table 1 shows the predicted yielding stress and transition shear 
rates with the experimental data. The predicted data coincide well with the experimental 
results. The prediction results also give the end transition shear rates for PT1 at 190 oC with 
different die diameters, which cannot be obtained experimentally due to the flow oscillation. 

4.3. Flow curves simulation 

The flow curves are divided into three regimes as described above. In Regions (I) and (III), 
simple power-law constitutive relations are assumed. In Region (I), because of the relatively 
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lower yielding shear rates for these blends, dynamic frequency sweep data performed on 
ARES were used combined with data from CR for simulation. The flow curves in Region (II) 
were obtained using the velocity profiles together with the power-law parameters in 
Regions (I) and (III). Figure 22 shows the schematic drawing of apparent shear viscosity as a 
function of shear stress at wall at the different stages in capillary die. Precise flow curves 
with Matlab program simulation for the blends are plotted in Figure 15 together with 
experimental data. Excellent agreement between the model prediction and the 
experimentally measured flow curves are obtained. 

 
Figure 22. Schematic drawing of apparent shear viscosity evolution as a function of stress at wall at 
different stages in capillary die at 190 oC. 

5. Conclusions 

An organoclay-modified TLCP nanocomposite (TC3 white) with the organoclays of uniform 
size 15-25 nm in length well dispersed in thermotropic liquid crystalline polymer (TLCP) 
with fully exfoliated structures was designed and prepared by a combination method. 
Polarized optical microscope images showed that the organoclay did not affect the liquid 
crystallinity and mesophase structures of the TLCP matrix. However, thermal stability and 
thermal properties were affected by the organoclay, enhancing the thermal stability of TLCP 
and shifting the transition temperatures to the high ends. The presence of organoclays 
caused the nanocomposite to present different rheological behaviours with TLCP at the 
nematic temperature, i.e. 185 oC. Dynamic experiments demonstrated that TC3 white 
displayed higher pseudo-solidlike behaviour than TLCP alone in the low frequency region. 
TC3 white had a similar but even lower viscosity and the first normal stress difference (N1) 
than TLCP, but the rate of N1 increase in TC3 white was greater than that in TLCP. When 
enhanced with organoclays, TLCP became more rigid, and with a slight deformation in the 
TC3 white melt, organoclay helped the TLCP molecules to align in the shear direction and to 
retain the orientation. 

The rheological behaviours of purified TLCP and TC3 white in high molecular mass 
polyethylene (HMMPE) were characterized by capillary rheometer (CR) with nominal dies 
of L/D = 30 and diameters 0.7 mm and 1.0 mm at 190 oC, where purified TLCP and TC3 
white showed similar nematic phase structures. At 230 oC, purified TLCP presented as a 
continuous isotropic phase with a minority of discrete nematic phase, whereas TC3 white 
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displayed a continuous nematic phase with a few isotropic phases. The interactions between 
organoclays with TLCP molecules at the molecular level enhanced the rigidity of the TLCP 
molecules, displaying the nematic order structure even at higher temperature. The 
rheological experiments using CR with a nominal die of L/D = 30 and diameter 1.0 mm 
showed even higher viscosity reduction ability with a wider processing window for TC3 
white than for the purified TLCP in the PE matrix. In addition, a much lower yielding stress 
with a narrower transition window was obtained in the TC3 white/PE blend than in the 
purified TLCP/PE blend. These findings have promising potential for industrial application 
to save energy and increase processing efficiency when used in processing such 
thermoplastics. Mechanism study confirmed that the binary flow model can be applied to 
describe the rheological behaviours of both blends and shear induced phase transitions and 
alignment of in-situ formation of fibrils are the primary reasons for viscosity reduction. 
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1. Introduction 

Along with rapid assembly for the purpose of creating thinner printed circuit boards, the 
side effect of warping during the reflow process is inevitable. As a result, the assembly 
process encounters serious challenges, such as difficulty in implementing a highly 
integrated assembly, as well as degradation in the reliability of connectivity. Aside from 
attempts to simulate these issues employing the FE analysis method, it is also necessary to 
conduct an estimation of the warpage at the early stage of design, for which development of 
more simplified estimation tools is strongly desired. From a material behavior point of view, 
if any glass transition points exist within the temperature range of the reflow process, the 
relaxation effect (due to viscoelastic characteristics of the material of the boards) appears as 
a deformation, which acts as a barrier to achieving a distinct estimation of the amount of 
warpage. Generally speaking, the viscoelastic behavior of resin materials exhibits very 
sensitive temperature dependency. This makes it difficult to accurately capture the 
characteristics of resin materials in actual experiments, and accordingly, to build numerical 
models based on such an experimental measurement. There have been many analysis cases 
published using sophisticated FE approaches (Shrotriya et al., 2005 and Valdevitet al., 2008), 
but these approaches have not extended beyond applications as a handy design tool. 

To easily estimate the thermal deformation in the laminated structure, some approaches 
employ the multilayered beam theory (Lim, 2008 and Yuju, 2003). The method proposed in 
this paper enhances these approaches to incorporate the layered plate theory, and includes 
the effect from the temperature-dependent viscoelasticity and the temperature-dependent 
coefficient of thermal expansion of resin materials. The program, which is equipped with the 
developed method, can give an arbitrary temperature history to a multilayered plate 
consisting of an arbitrary number of layers. As well, the practical approach for measurement 
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of viscoelasticity characteristics has been specifically developed by the author’s group, with 
the aim of performing measurements to obtain highly accurate data (Kobayashi, 2008). The 
method proposed herein was verified using the achievements from this development. 
Verification results are also shown in this paper. This method instantly calculates the 
amount of warpage and stress in a multilayered plate by giving the values of the thickness 
and material constants of the plate. Advantages of the proposed method may cover a wide 
range of real world applications, such as design optimization problems. 

2. Viscoelasticity theory and its incremental form solution 

In order to incorporate viscoelasticity into the multilayered plate theory, the one-
dimensional linear viscoelasticity theory can be expanded into the plane stress field, and 
then treated as an incremental form of solution. The generalized Maxwell model is applied 
to exhibit linear viscoelastic behavior. This model is composed of a parallel series of 
multiple Maxwell models, each of which is assembled with a serial connection of a dashpot 
and a spring defined by: 
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where Er(t’) is called the relaxation modulus of longitudinal elasticity defining the stress 
relaxation keeping the strain constant. En, τn, and N are the material constants denoting the 
coefficient to the Prony series, the relaxation time, and the number of terms in the Maxwell 
model, respectively; t' is the reduced time. Where the reduction rule of time-temperature is 
applicable, the time-temperature conversion factor, aT(T), is obtainable from the following 
formula: 
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where t is the real time and T is the temperature. 

Using Eq. (1) and Eq. (2), the one-dimensional behavior of the viscoelastic material with 
temperature dependency can be represented. Considering the plane stress state, where 
uniform in-plane deformation is assumed to take place, the stress-strain (σ-ε) relation can be 
represented with the relaxation form as follows: 

      
0

1
1

t
r

ε τ
σ t E t τ dτ

ν τ


  
    (3) 

where ν is the Poisson’s ratio. This study is conducted in accordance with the plate theory of 
shin shells assuming the thicknesses of a circuit board are not relatively large. Based on this 
pre-condition, the effect from the out-of-plane shear deformation of the plate is not taken 
into consideration. Therefore, the bending behavior of the plate is mainly governed by only 
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the Young’s modulus. Note that Poisson’s ratio is incorporated into Eq. (3) for the purpose 
of expanding the use of the beam theory into the plate theory. Accordingly, the Poisson’s 
ratio in this study is treated as constant value. Further, the Poisson’s ratio of viscoelastic 
materials in its strict sense is allowed to have its own time-dependency independent of the 
Young’s modulus, such that the Poisson’s ratio can be experimentally measured and the 
measured Poisson’s ratio becomes available for the associated analysis.  

Equation (3) should be converted into an incremental form so that it can be treated 
numerically. Taking tm as arbitrary time, and assuming that the strain varies with a constant 
gradient of Δε(tm)/Δtm during a time increment of Δtm= tm-tm-1, the relationship between the 
stress increment, Δσ(tm), and the strain increment, Δε(tm), can be represented using Eq. (1) 
and Eq. (3) by following the expression below (Eq. (4)). Equation (4) takes a form with 
respect to the strain increment; in the multilayered plate theory described in the section 
below, necessary equations are derived with respect to the continuity of the strain in each 
layer, where σn is the stress in the n-th term of the Maxwell model. 
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3. Multilayered plate theory including viscoelasticity 

3.1. Assumptions 

For modeling a printed circuit board with a multilayered plate as illustrated in Fig. 1, the 
following assumptions were made: 

 The in-plane property of the plate is homogeneous and isotropic.  
 The thickness of the plate is sufficiently thin to generate a no stress component in the 

direction normal to the surface. 
 The plate is not subjected to any constraint.  
 The plate will warp under the uniformly distributed temperature.  
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the Young’s modulus. Note that Poisson’s ratio is incorporated into Eq. (3) for the purpose 
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3. Multilayered plate theory including viscoelasticity 

3.1. Assumptions 

For modeling a printed circuit board with a multilayered plate as illustrated in Fig. 1, the 
following assumptions were made: 

 The in-plane property of the plate is homogeneous and isotropic.  
 The thickness of the plate is sufficiently thin to generate a no stress component in the 

direction normal to the surface. 
 The plate is not subjected to any constraint.  
 The plate will warp under the uniformly distributed temperature.  



 
Viscoelasticity – From Theory to Biological Applications 306 

The bending moment to deform the plate convexly is defined as positive; the deflection 
along this direction is also defined as positive. Hi and νi in the figure denote the plate 
thickness and the Poisson’s ratio, respectively. The curvature induced under temperature 
variation becomes identical in all in-plane directions of the xy plane, since isotropicity and 
non-constraint are assumed. Therefore, the warpage of the multilayered plate can be 
calculated only on the deformation within the xz plane, as shown in Fig. 2.  

 
Figure 1. Multilayered plate 

 
Figure 2. Deformation in xz plane 

In multilayered plate theory, global warpage is calculated based on the assumption that the 
strain in each layer is independent and the respective interface is continuous; the strain 
generated in each of the layers is composed of three components:  

a. Thermal strain 
b. Strain due to in-plane force in the plate 
c. Strain due to bending moment on the plate 

Each strain component is classified as follows: 

a. Thermal strain 

When the temperature-dependent thermal expansion coefficient of the i-th layer at an 
arbitrary temperature, T, is expressed as αi(T), the thermal strain is expressed as the 
following equation: 
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where T1 represents the initial temperature in the analysis. The temperature-dependent 
thermal expansion coefficient is the average thermal expansion coefficient based on a 
reference temperature, T0. The second term in Eq. (6) is necessary in order to prevent strain 
at the initial temperature from being generated. In order to express it as an incremental 
form, Eq. (6) is differentiated by T.  

 0
( )

( ) ( )i i
i

dε dα T
T T α T

dT dT

      (7) 

Therefore, the thermal-strain increment in a given temperature change, ΔT (tm), can be 
obtained from the following equation: 
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b. Strain due to in-plane force in the plate  

On each layer of the multilayered plate illustrated in Fig. 2, generation of in-plane force and 
bending moment are considered. Taking the in-plane force in the i-th layer as Pi(tm), the 
incremental force can be expressed with Eq. (9). Hi and B are the thickness and width of each 
layer, respectively; σ’’i(tm) indicates the stress due to the in-plane force. 

    i m i i mP t H B σ t       (9)  

Introducing the effect from viscoelasticity using Eq. (4), as previously derived, Eq. (8) can be 
written in the incremental form as follows; 
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c. Strain due to bending moment  

The incremental strain due to the bending moment in each layer can be similarly expressed 
by Eq. (13); iz is the distance measured from the neutral plane of the i-th layer. 
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where T1 represents the initial temperature in the analysis. The temperature-dependent 
thermal expansion coefficient is the average thermal expansion coefficient based on a 
reference temperature, T0. The second term in Eq. (6) is necessary in order to prevent strain 
at the initial temperature from being generated. In order to express it as an incremental 
form, Eq. (6) is differentiated by T.  
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On each layer of the multilayered plate illustrated in Fig. 2, generation of in-plane force and 
bending moment are considered. Taking the in-plane force in the i-th layer as Pi(tm), the 
incremental force can be expressed with Eq. (9). Hi and B are the thickness and width of each 
layer, respectively; σ’’i(tm) indicates the stress due to the in-plane force. 
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where 
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The strain increment, Δε’’’i(tm), can be represented as Eq. (15).  

    i m i i mε t z C t      (15) 

where ΔCi(tm) is the increment of the curvature,  
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3.2. Strain continuity and equilibrium equation 

The global in-plane strain generated at each layer is expressed as the sum of the above-
mentioned strain components a. through c. As this global strain must be kept continuous 
across the interface on each layer, the following expression can be written: 
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The applied load must also satisfy the following equilibrium equations:  
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Assuming the thickness of each layer is negligibly small compared with its resultant 
curvature, the respective curvature on each layer is identical as Eq. (20). Therefore  
ΔPi (tm), ΔMi(tm) and ΔCi(tm) are obtainable by simultaneously resolving Eq. (17), Eq. (18), 
and Eq. (19). 
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3.3. Derivation of stress and deflection 

By way of the above-mentioned procedure, in-plane forces and curvatures are obtained. 
Using these results, stress and deflection can be derived following the steps below. Firstly, 
the stress generated in each layer is calculated as the sum of the in-plane stress and the 
bending stress, as follows:  
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As this model is assumed to be isotropic and unconstrained, the curvature must be identical 
in all directions within the xy plane. As per Fig. 3, L is taken as the distance from the center 
to the corner of each layer; the cross-section of each layer is assumed to have the shape 
shown in Fig. 4, and θ is taken as the slope at the tip of each layer. Accordingly, the 
maximum tip deflection, δ(tm), is obtained as follows: 

      1 cos /m mδ t θ C t    (22) 

Assuming θ is relatively small and in-plane elongation is also small, resulting in L = L’, the 
following expression can be obtained: 
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Figure 3. Definition of L  

 
Figure 4. Deformation of the cross section 
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where 
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The strain increment, Δε’’’i(tm), can be represented as Eq. (15).  
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The applied load must also satisfy the following equilibrium equations:  
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Assuming the thickness of each layer is negligibly small compared with its resultant 
curvature, the respective curvature on each layer is identical as Eq. (20). Therefore  
ΔPi (tm), ΔMi(tm) and ΔCi(tm) are obtainable by simultaneously resolving Eq. (17), Eq. (18), 
and Eq. (19). 
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3.3. Derivation of stress and deflection 

By way of the above-mentioned procedure, in-plane forces and curvatures are obtained. 
Using these results, stress and deflection can be derived following the steps below. Firstly, 
the stress generated in each layer is calculated as the sum of the in-plane stress and the 
bending stress, as follows:  
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As this model is assumed to be isotropic and unconstrained, the curvature must be identical 
in all directions within the xy plane. As per Fig. 3, L is taken as the distance from the center 
to the corner of each layer; the cross-section of each layer is assumed to have the shape 
shown in Fig. 4, and θ is taken as the slope at the tip of each layer. Accordingly, the 
maximum tip deflection, δ(tm), is obtained as follows: 

      1 cos /m mδ t θ C t    (22) 

Assuming θ is relatively small and in-plane elongation is also small, resulting in L = L’, the 
following expression can be obtained: 
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Figure 3. Definition of L  

 
Figure 4. Deformation of the cross section 
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4. Measurement of viscoelastic material properties 
Aside from the fact that thermal stress analysis taking viscoelasticity into account has not 
been adequately carried out to date, one must recognize that it is difficult, in practice, to 
obtain sufficient accuracy in such experimental measurements. Accordingly, any data 
measured in such experiments is not accurate enough to relate to the viscoelastic numerical 
model. Viscoelastic materials exhibit very sensitive temperature dependency, particularly in 
the vicinity of the glass transition point. Thus, intricate temperature control is required 
throughout the entire duration of the measurement operation. In addition, the time-domain 
constants obtained usually span a wide range of digits, in the range of 20 to 30. This leads to 
the additional task of determining desirable factors, which may prove difficult unless 
advanced optimization techniques are applied. 

This paper also presents a test case for obtaining the characteristics of epoxy resin material. 
A device for measuring dynamic viscoelasticity, RSA III (TA Instruments), was used. 
Dynamic viscoelasticity characteristics were measured for angular velocities 3.16, 10, 31.6, 
and 100 rad/sec with an ascending temperature rate of 2 °C/min, in the temperature range of 
-40 to 60 °C. As shown in Fig. 5 and Fig. 6, the storage modules, E’, and the loss modulus, 
E’’, of the epoxy resin material were measured. This measurement device is equipped with a 
temperature-controlled oven with a solid structure and a large volume flow rate, providing 
excellent performance in temperature control.  

Figure 7 shows the master curve, representing the relationship between the storage/loss 
modulus and reduced angular velocity, for the reference temperature, TR. To create the master 
curve, the WLF formula as shown below was applied for the temperature-time reduction. 
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In this study, a simple optimization technique was employed in which generally 
recommended values for C1 and C2 were used, and Tg was estimated using the quasi-
Newton method (Kobayashi, 2008). As a result, a single smooth master curve could be used 
to cover the wide range of angular velocities. The coefficients for the Maxwell model were 
obtained from the master curve by the optimization approach so that the relaxation curve 
from Eq. (1) could be calculated numerically. The result is shown in Fig. 8. The relationship 
between time-domain constants and frequency-domain constants is expressed by Eq. (25). 
Using this formula, the numerical model that gives a close approximation of the actual 
measurement data can be obtained, as seen in Fig. 8.  

    
2 2

2 2 2 2
1 11 1

N N
n n

e n n
n nn n

τ ω τ ω
E E E E E

τ ω τ ω 

 
   

       (25) 

These procedures for identification have been organized in Excel; please refer to the Appendix. 
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Figure 5. Storage modulus of epoxy resin 

 
Figure 6. Loss modulus of epoxy resin 

 
Figure 7. Master curve for Storage/Loss modulus 
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Figure 8. Master curve for relaxation modulus 

5. Numerical verification by FEM 

To verify the calculation method proposed in this study, a three-layered plate—40 mm in 
length and 20 mm in width (Fig. 9), consisting of epoxy resin with 0.5 mm thickness 
(viscoelastic, Tg = 105 °C), FR-4 substrate with 0.5 mm thickness (viscoelastic, Tg = 120 °C), 
and aluminum with 0.1 mm thickness (elastic)—was analyzed. The initial temperature of the 
laminated plate was set at 180 °C, and it was cooled to 25 °C within 2,000 sec, as shown in 
the temperature history (Fig. 10). Because the laminated plate was gradually cooled, its 
inside temperature was assumed to be uniform. 

Figure 11 shows the master curves of the relaxation moduli of the epoxy and FR-4 
substrates. The temperature-dependent viscoelasticity was assumed to be in accordance 
with the Arrhenius formula, as expressed by Eq. (26).  
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Figure 9. Three-layered plate model 
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The values of the coefficients for Epoxy resin shown in Eq. (26) were as follows: ΔH1 = 2.4420 
× 105 (before T0); ΔH2 = 3.0480 × 105 (after T0); and T0 = 97.7 °C. Those for the FR-4 substrate 
were as follows: ΔH1 = 8.8300 × 104 (before T0); ΔH2 = 4.3220 × 105 (after T0); and T0 = 113.2 °C. 

 
Figure 10. Applied temperature history 

 
Figure 11. Relaxation modulus 

Please note that the material constants of the epoxy resin used for this verification analysis 
differ from those expressed in the measurement example in the preceding section. Figure 12 
shows the thermal expansion coefficients of the epoxy and FR-4 substrates. The aluminum 
that composed Layer 3 was an elastic body with the Young’s modulus E = 70,000 MPa and 
the thermal expansion coefficient α 3 = 23.2 × 10-6/°C.  

For comparison with the multilayered plate theory developed in this study, an FE analysis 
of the same model was performed using the shell elements of Abaqus ver. 6.8. Figure 13 
shows the deformation of the plate obtained by the FE analysis. Figure 14 shows the 
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relationship between the deformation and temperature. Figure 15 shows the relationship 
between stress and temperature for each layer. As shown in Figs. 14 and 15, the deformation 
and stress of the laminated plate obtained by the multilayered plate theory were confirmed 
to be identical to those obtained by the FE analysis. 

 
Figure 12. Thermal Expansion curves 

 
Figure 13. Deformation of plate (FEM)   

 
Figure 14. History of plate deflection 
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relationship between the deformation and temperature. Figure 15 shows the relationship 
between stress and temperature for each layer. As shown in Figs. 14 and 15, the deformation 
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6. Conclusions 

We were able to establish a simplified and easy-to-use tool for estimating the warpage in 
printed circuit boards based on the multilayered plate theory combined with the effects 
from the temperature-dependent thermal expansion coefficient and the temperature-
dependent viscoelastic characteristics of the resin material. The results derived from this 
method are confirmed to be in agreement with the FE analysis results. 

Appendix (Identification of the generalized Maxwell model and 
development of a curve fit program) 

When the generalized Maxwell model for time domain is identified based on the master 
curve in frequency domain using Eq. (25), the following three points should be noted. 

Ee, En, τn of positive definite 

Since the generalized Maxwell model is regarded as a mechanical model, it is preferable that 
all the values of these coefficients are always positive. However, the input rule for them is 
different among general purpose FEMs. For example, some codes allow negative value 
input, while others strictly prohibit negative value input. Hence, there is no unified rule 
among all the codes. Since it is empirically observed that master curves may oscillate due to 
the affect of terms with negative values, it is considered reasonable to control the input data 
to make them positive definite. 

Number of terms in the generalized Maxwell model 

It is common practice to give the abscissas of a master curve, i.e., frequencies using a 
logarithmic scale covering a range of 20 to 30 digits. To make this master curve 
approximate a smooth curve, it is said that the number of terms (number of two-element 
Maxwell models) should be selected so they are equal to or above the number of digits of 
the frequencies. In order to confirm this, a simple calculation was carried out using a 
single two-element Maxwell model. The calculation was performed under the following 
conditions. 

Elastic model: E = 100 Pa 
Viscoelastic model: E1 = 100 Pa, τ1 = 1 sec 

The relaxation modulus calculated using this model is shown in Fig. 16. In the figure, the 
curve with the solid line in the relaxation module is noted to decay one digit over time. It 
shows that a single Maxwell model is capable of representing relaxation behavior over a 
time domain of about one digit. Accordingly, when each dashpot is provided with the 
sequence of τn such that the next one has an order of time greater by one digit than the 
former, the relaxation behavior over the full range of a time domain can be expressed 
without a break. If the abscissa of a master curve, for example, is represented with a time 
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domain of 20 digits, the number of terms in the generalized Maxwell model may be selected 
to include 20 or more. 

 
Figure 16. Relaxation behavior of single two-element Maxwell model 

Smoothness of relaxation spectra 

The next task is to organize the model so that the contribution from each term is 
approximately smoothed. In accordance with the knowledge derived by Emri et al. (1993), 
keeping the smoothness of discrete relaxation spectra is effective in securing the desirable 
accuracy of approximation results. The Kronecker’s delta in the expression is denoted by δ. 
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An example of these relaxation spectra is shown in Fig. 17. An attempt was made in this 
example such that the envelope for these discrete spectra is approximated to be piecewise 
quadratic so that the smoothness can be maintained subject to the curvature change along 
this envelope being not too large. Through the testing of such provisions, followed by an 
approximate calculation, it becomes possible to perform a curve fit operation for a master 
curve even though data is missing. For viscoelastic materials with sharp temperature 
dependency, it becomes very difficult for the temperature control in the measurement 
device to catch up with the actual material response, and as a result, critical defects are 
bound to occur (Fig. 18(b)); therefore, smoothing manipulation for those relaxation spectra is 
a highly effective measure. 

In the curve fit program developed by the author’s company, the generalized Maxwell 
model is identified based on the master curve shown in Fig. 7. This program is designed to 
completely fulfil the constraint conditions discussed in the preceding section. A sample 
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6. Conclusions 

We were able to establish a simplified and easy-to-use tool for estimating the warpage in 
printed circuit boards based on the multilayered plate theory combined with the effects 
from the temperature-dependent thermal expansion coefficient and the temperature-
dependent viscoelastic characteristics of the resin material. The results derived from this 
method are confirmed to be in agreement with the FE analysis results. 

Appendix (Identification of the generalized Maxwell model and 
development of a curve fit program) 

When the generalized Maxwell model for time domain is identified based on the master 
curve in frequency domain using Eq. (25), the following three points should be noted. 

Ee, En, τn of positive definite 

Since the generalized Maxwell model is regarded as a mechanical model, it is preferable that 
all the values of these coefficients are always positive. However, the input rule for them is 
different among general purpose FEMs. For example, some codes allow negative value 
input, while others strictly prohibit negative value input. Hence, there is no unified rule 
among all the codes. Since it is empirically observed that master curves may oscillate due to 
the affect of terms with negative values, it is considered reasonable to control the input data 
to make them positive definite. 

Number of terms in the generalized Maxwell model 

It is common practice to give the abscissas of a master curve, i.e., frequencies using a 
logarithmic scale covering a range of 20 to 30 digits. To make this master curve 
approximate a smooth curve, it is said that the number of terms (number of two-element 
Maxwell models) should be selected so they are equal to or above the number of digits of 
the frequencies. In order to confirm this, a simple calculation was carried out using a 
single two-element Maxwell model. The calculation was performed under the following 
conditions. 

Elastic model: E = 100 Pa 
Viscoelastic model: E1 = 100 Pa, τ1 = 1 sec 

The relaxation modulus calculated using this model is shown in Fig. 16. In the figure, the 
curve with the solid line in the relaxation module is noted to decay one digit over time. It 
shows that a single Maxwell model is capable of representing relaxation behavior over a 
time domain of about one digit. Accordingly, when each dashpot is provided with the 
sequence of τn such that the next one has an order of time greater by one digit than the 
former, the relaxation behavior over the full range of a time domain can be expressed 
without a break. If the abscissa of a master curve, for example, is represented with a time 
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domain of 20 digits, the number of terms in the generalized Maxwell model may be selected 
to include 20 or more. 

 
Figure 16. Relaxation behavior of single two-element Maxwell model 

Smoothness of relaxation spectra 

The next task is to organize the model so that the contribution from each term is 
approximately smoothed. In accordance with the knowledge derived by Emri et al. (1993), 
keeping the smoothness of discrete relaxation spectra is effective in securing the desirable 
accuracy of approximation results. The Kronecker’s delta in the expression is denoted by δ. 
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An example of these relaxation spectra is shown in Fig. 17. An attempt was made in this 
example such that the envelope for these discrete spectra is approximated to be piecewise 
quadratic so that the smoothness can be maintained subject to the curvature change along 
this envelope being not too large. Through the testing of such provisions, followed by an 
approximate calculation, it becomes possible to perform a curve fit operation for a master 
curve even though data is missing. For viscoelastic materials with sharp temperature 
dependency, it becomes very difficult for the temperature control in the measurement 
device to catch up with the actual material response, and as a result, critical defects are 
bound to occur (Fig. 18(b)); therefore, smoothing manipulation for those relaxation spectra is 
a highly effective measure. 

In the curve fit program developed by the author’s company, the generalized Maxwell 
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calculation. The optimization operation uses the quasi-Newton method. For the quasi-
Newton method, it is necessary to set up the initial condition in the vicinity of the optimized 
value. However, this program incorporates an algorithm that can automatically estimate, 
from the test results, an initial condition that easily converges.  

The master curve for epoxy resin material shown in Fig. 8 covers a range of about 12 digits 
in terms of angular frequency, so the number of terms in the Maxwell model is set to 12. As 
previously mentioned, positive values for all of Ee, En, and τn are maintained during the 
calculation. The coefficients of the identified Maxwell model are automatically written into 
the respective format of the input file for Abaqus, Marc, or LS-DYNA. 
 

 
Figure 17. Smoothing manipulation for relaxation spectra 

 

 
Figure 18. Examples of measured master curve 
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Figure 19. Viscoelastic curve fit program using Excel 
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calculation. The optimization operation uses the quasi-Newton method. For the quasi-
Newton method, it is necessary to set up the initial condition in the vicinity of the optimized 
value. However, this program incorporates an algorithm that can automatically estimate, 
from the test results, an initial condition that easily converges.  

The master curve for epoxy resin material shown in Fig. 8 covers a range of about 12 digits 
in terms of angular frequency, so the number of terms in the Maxwell model is set to 12. As 
previously mentioned, positive values for all of Ee, En, and τn are maintained during the 
calculation. The coefficients of the identified Maxwell model are automatically written into 
the respective format of the input file for Abaqus, Marc, or LS-DYNA. 
 

 
Figure 17. Smoothing manipulation for relaxation spectra 

 

 
Figure 18. Examples of measured master curve 
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Figure 19. Viscoelastic curve fit program using Excel 

Author details 

Takaya Kobayashi, Masami Sato and Yasuko Mihara  
Mechanical Design & Analysis Corporation, Japan 

7. References 

Emri, I. & Tschoegl, N. W. (1993), Generating line spectra from experimental responses. Part 
I: Relaxation modulus and creep compliance, Rheologica Acta, Vol. 32, pp. 311-322. 

Kobayashi, T.; Mikami, T. & Fujikawa, M. (2008), Application of Abaqus for Advanced 
Inelastic Analysis (I: Linear Viscoelastic Materials), 2008 Abaqus Users’ Conference 
Proceedings, Dassault Systems Simulia Corp., pp. 360-373. 

Lim, J. H.; Han, M.; Lee, J.; Earmme, Y. Y.; Lee, S. & Im, S. (2008), A study on the 
thermomechanical behavior of semiconductor chips on thin silicon substrate, Journal of 
Mechanical Science and Technology, Vol. 22, pp. 1483-1489. 

Shrotriya, P. & Sottos, N. R. (2005), Viscoelastic response of woven composite substrates, 
Composites Science and Technology, Vol.65, pp.621-634.  

Valdevit, L.; Khanna, V.; Sharma, A.; Sri-Jayantha, S.; Questad, D. & and Sikka, K. (2008), 
Organic substrates for flip-chip design: A thermo-mechanical model that accounts for 
heterogeneity and anisotropy, Microelectronics Reliability, Vol.48, pp.245-260. 

Number of Terms( Prony)
12 G' G'' w Gr t Gi τi ｔ Gr(t)

9.95E+08 9.26E+07 1.00E+11 9.95E+08 1.00E-11 1.55E+08 1.00E-11 1.00E-11 1.07E+09
Relative Error 8.85E+08 1.15E+08 5.42E+10 8.50E+08 1.00E-10 1.24E+08 1.00E-10 2.00E-11 1.02E+09
1.940E+00 9.47E+08 9.79E+07 2.65E+10 7.35E+08 1.00E-09 2.12E+08 1.00E-09 3.00E-11 9.93E+08
Variance 8.78E+08 1.22E+08 2.52E+10 5.28E+08 1.00E-08 2.17E+08 1.00E-08 4.00E-11 9.76E+08
9.846E-03 9.00E+08 1.05E+08 1.23E+10 3.29E+08 1.00E-07 2.25E+08 1.00E-07 5.00E-11 9.63E+08

8.50E+08 1.12E+08 5.72E+09 1.48E+08 1.00E-06 1.51E+08 1.00E-06 6.00E-11 9.52E+08
Frequency Range 8.56E+08 1.20E+08 2.76E+09 5.05E+07 1.00E-05 4.30E+07 1.00E-05 7.00E-11 9.43E+08

8.00E+08 1.27E+08 2.65E+09 2.76E+07 1.00E-04 1.40E+07 1.00E-04 8.00E-11 9.34E+08
8.02E+08 1.21E+08 1.28E+09 1.68E+07 1.00E-03 7.25E+06 1.00E-03 9.00E-11 9.26E+08
7.46E+08 1.33E+08 1.23E+09 1.29E+07 1.00E-02 5.16E+06 1.00E-02 1.00E-10 9.19E+08

Minimum Frequency ωmin 7.35E+08 1.30E+08 5.95E+08 9.62E+06 1.00E-01 3.02E+06 1.00E-01 2.00E-10 8.68E+08
1.00E-01 6.67E+08 1.40E+08 2.76E+08 7.62E+06 1.00E+00 8.86E+05 1.00E+00 3.00E-10 8.38E+08

Maximum Frequency　ωmax 5.97E+08 1.50E+08 1.28E+08 7.33E+06 1.00E+01 7.33E+06 Ge 4.00E-10 8.17E+08
1.00E+11 5.88E+08 1.54E+08 1.14E+08 5.00E-10 8.00E+08

5.28E+08 1.57E+08 5.95E+07 6.00E-10 7.86E+08
Poisson's Ratio 5.15E+08 1.56E+08 5.28E+07 7.00E-10 7.73E+08
4.00000E-01 4.55E+08 1.61E+08 2.76E+07 8.00E-10 7.61E+08

4.34E+08 1.58E+08 2.45E+07 9.00E-10 7.50E+08
Modulus 3.53E+08 1.55E+08 1.14E+07 1.00E-09 7.40E+08

3.29E+08 1.55E+08 8.00E+06 2.00E-09 6.72E+08
2.77E+08 1.44E+08 5.28E+06 3.00E-09 6.35E+08
2.51E+08 1.40E+08 3.71E+06 4.00E-09 6.11E+08
2.07E+08 1.27E+08 2.45E+06 5.00E-09 5.92E+08

Initial Value 1.81E+08 1.18E+08 1.72E+06 6.00E-09 5.76E+08
1.53E+08 1.07E+08 1.14E+06 7.00E-09 5.61E+08
1.48E+08 1.05E+08 9.23E+05 8.00E-09 5.49E+08
1.27E+08 9.41E+07 8.00E+05 9.00E-09 5.37E+08
1.01E+08 7.85E+07 4.28E+05 1.00E-08 5.26E+08

Experimental Data (Fig.1) Proney Series Master Curve (Fig.2)

Fig.1　Master Curve (Frequency)

1.E+05

1.E+06

1.E+07

1.E+08

1.E+09

1.E+10

1E-01 1E+02 1E+05 1E+08 1E+11
Angular Frequency

St
or

ag
e 

an
d 

Lo
ss

 M
od

ul
us

Experimental Data

Proney Series Approximation

Input
Tensile Test (E)  or Shear Test (G)

Initial Value
Auto or Manual

Output Output

Fig.2　Master Curve (Time)

1.E+05

1.E+06

1.E+07

1.E+08

1.E+09

1.E+10

1E-11 1E-08 1E-05 1E-02 1E+01

Time
R

el
ax

at
io

n 
M

od
ul

us

Relaxation Modulus ApproximationE

G

Auto  

Manual 

Auto 

Manual

Optimization



 
Viscoelasticity – From Theory to Biological Applications 320 

Yuju, W. & Basaran, C. (2003), Thermomechanical Stress Analysis of Multi-Layered 
Electronic Packaging, Journal of Electronic Packaging, Vol. 125, pp. 134-138. 

Chapter 15 

 

 
 

© 2012 Ibrahim et al., licensee InTech. This is an open access chapter distributed under the terms of the 
Creative Commons Attribution License (http://creativecommons.org/licenses/by/3.0), which permits 
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. 

An Approach for Dynamic Characterisation  
of Passive Viscoelasticity and Estimation  
of Anthropometric Inertia Parameters  
of Paraplegic’s Knee Joint 

B.S. K. K. Ibrahim, M.S. Huq, M.O. Tokhi and S.C. Gharooni 

Additional information is available at the end of the chapter 

http://dx.doi.org/10.5772/45994 

1. Introduction 

Functional electrical stimulation (FES) is a promising way to restore mobility to individuals 
paralyzed due to spinal cord injury (SCI). Modelling and parameter identification of both 
the passive and active joint properties are needed to improve control of this nonlinear time 
varying system. In order to develop a suitable control strategy for the FES to move of the leg 
correctly, a proper model of stimulated muscle has to be used. The muscle is assumed to 
consist of two components: an active force generator and parallel passive properties. Riener 
and Edrich (1999) suggested passive muscle properties should be identified separately from 
active muscle properties because it is easier to consider the passive elastic forces as 
contributions to the total joint moment. Other researchers such as Zajac (1989) and Pandy et 
al. (1990) used a musculo-tendon model, in which the passive and the active forces are 
generated by single muscles. However, such models have too many parameters that cannot 
be identified non-invasively due to the muscle-joint redundancy of the musculoskeletal 
system (Riener and Edrich, 1999).  

Conventionally the joint passive resistance is modelled as an elastic element like a torsion 
spring and a viscous element like a rotary damper (Lamb et al., 1991). These two resistances 
are non-linear, but the viscous resistance is often approached as a linear function of the joint 
angular velocity (Chizeck et. al., 1999; Mansour and Audu, 1986). These characteristics are 
important to estimate muscle load or fatigue during motion, especially in the field of 
biomechanics. Some researchers have shown further that these resistances influence the 
basis of motion effectively. For example, the resistance imposed by passive joint properties 
can impede the functionality of FES systems during limb movements (Amankwah, 2001). 
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Segment mass of human body is an elementary inertial parameter for kinetic analyses of 
human motion. Many methods exist to estimate body segment properties. In the past, the 
most popular approach used to estimate segment parameters has been based on data 
obtained from elderly male cadavers. This database is quite limited in that a small number 
of cadavers have been studied. Thus, the database for making inertial estimates is not 
representative of the subjects often under investigation in many exercise and sport 
biomechanics studies. Dempster (1956) addressed the problem of mass model using 
cadaveric studies to establish segmental masses expressed as a percentage of total body 
mass (Winter, 1990). Other techniques have been developed in which inertial properties are 
directly measured for an individual. Zatsiorsky and Seluyanov (1985) used gamma mass 
scanning as a means of quantifying mass distribution in analyzing human body segment 
inertial characteristics. Both of these methods were promising and widely used but gave 
different measurement of the segment mass since calculated properties can vary drastically 
depending on the method used. Segment properties can significantly affect such variables, 
especially during swing phase (Doane and Quesada, 2006).  

The pendulum test of Wartenberg is a technique commonly applied to evaluate passive 
properties in which the leg is allowed to drop from an initially extended position under the 
influence of gravity and then allowed to oscillate freely (Wartenberg, 1951). The test is very 
attractive in that it requires no special equipment and is very simple and the oscillatory 
movements of the lower leg recorded at the knee joint, are captured with electro-
goniometers (Bajd and Vodovnik, 1984; Le Cavorzin et al., 2001), uniplanar video-based 
methods (Jamshidi and Smith, 1998) and 3D motion analysis systems (White et al., 2007). 
Most of the analyses of the pendulum motion depend on a second-order linear model to 
extract the elastic and viscous moments from the recorded leg oscillations. However a 
second order linear model does not provide an adequate description of the motion for either 
spastic or normal legs (Lin and Rymer, 1991).  

In this paper a new approach for estimating passive properties of the paraplegic’s knee joint 
based on pendulum test is described. On the basis of these experimental and optimization 
results, a non-linear fuzzy model is proposed which can be used to estimate the passive 
viscoelastic knee joint moment as a function of knee angle and knee velocity. The model of a 
dynamic system of the lower limb is derived using Kane’s equations (Josephs and Huston, 
2002) with accessibility to estimate of the foot mass, shank mass, moment of inertia about 
COM and position of COM along the segmental length of the subject.  

2. Material and methods 

The passive behaviour of the knee joint depends on the knee joint elastic moment ( sM ) and 
the viscous moment ( dM ). Considering the inertial ( iM ) and gravitational ( gM ) moments, 
a moment balance equation can be written as (Ferrarin and Pedotti, 2000): 

  i g s dM M M M      (1) 
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or  

  i s dgM M M M     (2) 

In this research the iM Mg represented by equation of motion for dynamic model of the 
lower limb and s dM M represented by fuzzy model as viscoelasticity. The subject was a 48 
year-old T2&T3 incomplete paraplegic male with 20 years post-injury with height = 173cm 
and weight = 80kg. Informed consent was obtained from the subject. 

In this section, first the procedure to perform the pendulum test is presented to get the 
experimental data. Second, the equations of motion for dynamic model of the lower limb are 
introduced. Third, the estimations of anthropometric inertia parameters lower limb model 
are described briefly. Forth, the optimization of fuzzy model as passive viscoelasticity is 
outlined. Lastly new method for estimation and optimization of passive properties using 
GA by comparing with experimental data is elaborated. The procedure for estimation of the 
anthropometric inertia parameters and optimisation of FIS as passive viscoelasticity of the 
knee joint model are shown in Figure 1.  

2.1. Pendulum test  

Pendulum test can be used to evaluate passive properties such as viscosity and elasticity 
moments of the knee. Viscoelasticity is combination of elasticity and viscosity and 
represents passive resistances to joint motion associated with the structural properties of the 
joint tissue and of the muscular-tendon complex. Elasticity can be considered as an intrinsic 
property of the tissue to resist deformation, while viscosity is related to cohesive forces 
between adjacent layers of tissues. Both parameters may influence the joint range of motion 
affecting knee angle (Valle et. al, 2006). A genetic optimization algorithm is used to identify 
the unknown viscoelasticity by minimizing the error between the data obtained 
experimentally and from the simulation model. The pendulum test was conducted to 
measure the passive knee motion of an SCI patient. The subject sat on a chair, which 
allowed the lower leg to swing freely, while ankle joint was monitored to be at 0°. Reflexive 
or voluntary activation of muscles acting on the knee occurred during the pendulum test 
has been monitored to avoid the influence of pendulum movements. 

In the pendulum test the knee was slowly extended, by having the experimenter lift it with 
minimal acceleration at the starting position (1) and then it was released as shown in Figure 
3. The knee angle was recorded using electro-goniometer until the final position (2). A 
Biometric electro-goniometer was used to measure knee movements with sampling time of 
0.05s. The electro-goniometer arrangement is shown in Figure 4. 

2.2. Equations of motion for dynamic model of the lower limb 

The inertial ( iM ) and gravitational ( gM ) moments are represented by mathematical model 
of a dynamic system of the lower limb based on Kane’s equations as follows:-  
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Figure 2. Limb oscillation during pendulum test (Valle et. al, 2008) 

 

 
 
Figure 3. Electro-goniometer arrangement for pendulum test 
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where,  

1m = shank mass, 2m =foot mass, 1I = moment of inertia about COM, 2q = shank length  

1r = position of COM along the shank, 2r = position of COM along the foot, 1 =knee angle, 

1 =knee velocity, 1 =knee acceleration, 2 =ankle angle g =gravity. 

The lower limb model with the angles sign convention is shown in Figure 4. 
Anthropometric measurements of length of the lower limb were made as shown in Table 1.  
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Figure 4. Lower limb model 

 

Segment Length (m) 
Shank 0.4256 
Foot 0.0675 
Approximated position of COM of shank  0.2128 
Approximated position of COM of soot 0.03375 

Table 1. Anthropometric data of subject 

2.3. Estimation of anthropometric inertia parameters  

The lower limb dynamics is complex and less well defined because the form is not 
composed of simple geometrical shapes. Indeed, even the location of the mass center of 
elemental parts is imprecise, and comprehensive analyses of joint kinematics are extremely 
difficult (Josephs and Huston, 2002). To quantify limb dynamics, accurate estimates are 
needed of anthropometric inertia parameters (mass, COM location, and moments of inertia). 
Therefore these equations have accessed to optimise mass, moment of inertia about COM 
and position of COM along the segmental length of the subject using GA tuning method to 
fit the experimental data. 

2.3.1. Moments of Inertia 

Moments of inertia are fundamental parameters describing the mass distribution of body 
segments which enter into all computations involving segmental rotations. Methods based 
on the geometrical segment body models and appropriate anthropometric measures were 
used in measuring the moment of inertia of various segments in cadavers and in living 
subject (Dempster, 1955; Hatze, 1980; Jensen, 1986; Schneider and Zernicke, 1992). Different 
procedures were applied to identify the segment moment of inertia from the dynamic 
equation of motion. There is no unique way of calculating the moment of inertia To obtain 
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more accurate moment of inertia of the knee, the minimum (0.32 2Nm ) and maximum (0.58
2Nm ) range as reported by M. K. Lebiedowska (2003) is optimized using GA. 

2.3.2. Mass and position of COM of shank and foot 

Vatnsdal et al (2008) addressed the masses and positions of the COM of the lower limb are 
possible error source in the lower limb model. Dempster (1956) estimated the mass from the 
total height and weight of the person using standard human dimensions (Winter, 1990). 
Zatsiorski and Seluyanov (1983) estimated the mass on the basis of regression equations 
based on statistics obtained from measuring cadavers. However, both of the methods give 
different measurements for a selected subject as shown in Table 2. Therefore they can 
potentially introduce large errors, especially while modelling the passive properties, as the 
pendulum test results may be affected by those parameters. Thus, fine tuning these 
parameters around the predicted values with an efficient stochastic search algorithm such as 
GA could lead to good solution with immense potential of extracting accurate subject 
specific results. GA is used to optimise the foot and shank mass between the two 
measurements with ±10% tolerance. While the approximated positions of COM along the 
segment length are assumed as in the centre of the segment length. To get the accurate 
positions, the position of the COM of shank and foot are optimised between ±10% 
tolerances.  
 

Segment Mass Zatsiorski and 
Seluyanov’s Method 

Dempster’s 
Method 

Shank 1.0499kg 1.16kg 
Foot 3.3973kg 3.72kg 

Table 2. Mass of patient using different methods 

2.4. Optimization of fuzzy model as passive viscoelasticity  

Modelling based on conventional mathematical tools is not well suited for dealing with 
complex and nonlinear nature systems. By contrast, a fuzzy inference system employing 
fuzzy ‘if–then’ rules can model the qualitative aspects of human knowledge and reasoning 
processes without employing precise quantitative analyses (Dinakaran, 2009). Besides that, 
the purpose of modeling passive viscoelascity is to be used as a part of the simulation 
platform and need to integrate with the active properties of the knee joint model for the 
controller application. Controller such as fuzzy control, neural network does not require the 
mathematical model of the plant. Therefore fuzzy model are well suited for modeling non-
linear models such as passive viscoelasticity. The passive viscoelastic joint moment is 
represented as a non-linear function of knee angle and knee angular velocity in a fuzzy 
model. An automatic Mamdani fuzzy system design method integrates three stages; 
determines membership functions, the rule-consequent parameters, and scaling factor at the 
same time. Gaussian membership functions are preferred, because of their continuously 
differentiable curves and smooth transitions. There are 58 parameters to optimise including 
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more accurate moment of inertia of the knee, the minimum (0.32 2Nm ) and maximum (0.58
2Nm ) range as reported by M. K. Lebiedowska (2003) is optimized using GA. 
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30 parameters that determine the centre and width of the 15 Gaussian membership 
functions, 25 weights associated with the fuzzy rules, and 3 scaling factors for the 
normalization and denormalization of 2 inputs and 1 output of fuzzy model respectively. 
The weights of the 25 fuzzy rules have been optimised between 0 and 1. The rules are 
identified based on expert knowledge that refers to relationship between knee angle and 
velocity and passive torque. Table 3 summarizes the rule base for the fuzzy model 
encompassing possible AND combinations of the input fuzzy values.  
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Figure 5. A fuzzy expert system model 

The configuration of the fuzzy expert system model is shown in Figure 5. In the fuzzification 
step, crisp inputs are fuzzified into linguistic values to be associated to the input linguistic 
variables. After fuzzification, the inference engine refers to the fuzzy rule base containing 
fuzzy IF-THEN rules to derive the linguistic values for the intermediate and output 
linguistic variables. Once the output linguistic values are available, the defuzzifier produces 
the final crisp values from the output linguistic values. The defuzzification method was 
based on calculating the centre of gravity of the fuzzy output. Scaling factors is applied to 
ensure that the domain of discourse covers the whole range (Reznik, 1997). Therefore, two 
input scaling factors are used to transform the crisp inputs into the normalised inputs so as 
to keep their value within -1 and +1. The scaling factors are S1 for knee angle,  and S2 for 
knee angular velocity, . An output scaling factor S3 provides a transformation of the 
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defuzzified crisp output from the normalised universe of the model output into an actual 
physical output (passive torque, pas ). These scaling factors influence the performance of the 
model and optimise simultaneously using GA. The ranges of the scaling factors are set as 
follows:- 

a. S1 is between max1  and min1  of the experimental data.  

b. S2 is between max1  and min1  of the experimental data.  

c. S3 is between 1 and 50.  

2.5. Estimation and optimization of passive properties using GA 

The GA is based on natural selection and population genetics theory (Goldberg, 1989). This 
evolutionary algorithm is chosen to estimate passive knee joint properties of paraplegic 
because the search space is large and complex. The advantage of the GA approach is robust, 
searches many points simultaneously, and is able to avoid local optima that the traditional 
algorithms might get stuck in (Lee, 1993).  

GA is used to estimate a dynamic characterization of passive viscoelasticity of the knee joint 
using fuzzy model and estimation of the anthropometric inertia parameters such as foot 
mass, shank mass, moment of inertia about COM and positions of COM along the 
segmentals length of the lower limb as shown in Figure 6. The goal of GA optimization 
process is to minimize the error between the knee angle obtained experimentally and and 
from the model. The output prediction error is defined as:- 

 ˆ( ) ( ) ( )e t y t y t    (4)  

where ( )y t is the experimental data and ˆ( )y t is the estimated current output of knee angle. 
The ‘goodness of fit’ of the identified model is determined using the objective function by 
minimizing the mean-squared error (MSE); 
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The GA optimization procedure is shown in Figure 7 and implemented in MATLAB with 
GA Toolbox. First, an initial population of individuals is generated. Each individual 
corresponds to a chromosome, which is a set of specific genes from the biological point of 
view. Then, the performance of each member of the population is assessed through an 
objective function imposed by the problem. This fires the process of selecting pairs of 
individuals which will be mated together during reproduction. Selection is based 
probabilistically on a gene’s fitness value; the higher the fitness of a gene, the more likely it 
can reproduce. After selecting two parents, crossover is performed according to a crossover 
probability. If crossover is to be performed, offspring are constructed by copying portions of  
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Figure 7. The GA optimization procedure 
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parent genes designated by random crossover points. Otherwise, an offspring copies its 
entire gene from one of the parents. As each bit is copied from parent to offspring, the bit 
has the probability of mutating. Mutation is believed to help in reinjection of any 
information that may have been lost in previous generations (Goldberg, 1989). 

3. Results  

In this section, the results of the new method to model the passive viscoleasticity and 
estimate the anthropometric inertia parameters by GA optimization process are 
presented. Population size of GA was set to 50 and crossover and mutation probabilities 
were 0.8 and 0.001 respectively. The automatic GA optimization process was generated up 
to 200 generations of solutions. The best solution was kept and the rest were discarded 
until there is no significant change in the mean square error (MSE) was observed after the 
165th generation. The minimum MSE achieved was 1.87. The response of the model was 
tested and the result is shown in Figure 8. The results showed that the model parameters 
were estimated well and that the fit between the model and the experimentally data was 
good.  

 
Figure 8. Responses of the pendulum test and the model response 
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3.1. Optimised value of anthropometric inertia parameters 

The optimized value of the anthropometric inertia parameters such masses, moment of 
inertia about COM and positions of COM along the segmentals length of the subject’s lower 
limb are tabulated in Table 4. The accuracy of these optimised anthropometric inertia 
parameters been validated through repeated process of optimisation. 

 

Parameter  Optimised Value 
Foot Mass  0.95 kg 
Shank Mass  3.5 kg 
Moment of Inertia  0.35823Nm2 
Position of COM of Foot  0.035 m 
Position of COM of Shank  0.22 m 

Table 4. Optimised Value ofAnthropometric Inertia Parameters 

3.2. Optimised Fuzzy Model as Viscoelasticity  

The vicoelasticity is represented by a fuzzy model. The GA optimization is used to optimise 
48 parameters including 30 associated with the membership function, 15 weights associated 
with the minimized fuzzy rules and 3 scaling factors of fuzzy model. The scaling factor for 
the normalization and denormalization of two inputs and output were 0.0091247, 0.0053982 
and 35 respectively. The fuzzy model takes into account the nonlinear component of passive 
viscoelasticity. A three-dimensional plot that represents the mapping from knee angle and 
knee angular velocity to viscoelastic moment is shown in Figure 9. This surface plot shows 
the normalised viscoelasticity (unit less) changes as a function of the normalised knee angle 
(unit less) and normalised velocity (unit less). The presence of the non-linearities in the 
viscoelasticity can be noted on this uneven surface shape from both angles. The valley for 
knee angle between 0.5 and 1 gives high viscoelasticity could be due to the high stiffness 
near extended knee joint.  

3.3. Model validation  

Model validation is possibly the most important step in the modelling process. The model 
and the optimised parameters obtained from the optimization process were validated in 
terms of consistency and the prediction error. Two different approaches of model validity 
are conducted. Different sets of experimental conditions are usually required to define the 
domain of a model’s intended applicability. Therefore, in the first validation process, the 
model is validated with a different set of data than the training data. To avoid any change in 
the actual plant, the validation data is obtained in the same experimental arrangement but 
with a different initial knee joint angle. The responses of the optimised model and new 
experimental data are shown in Figure 10. It is noted that the two agree closely with one 
another.  
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Second, the optimised segmental masses are validated by repeating the same optimization 
process for further four times. The five sets of the optimised parameters emanating from five 
different runs of the GA routines are shown in Table 5. The results of the optimised 
anthropometric inertia parameters from different simulation runs exhibit acceptable 
repeatability with only a slight difference between each other with small standard deviation. 
Therefore, it can be concluded that the optimised masses obtained are valid.  
 

 Iteration Foot 
Mass 
(kg) 

Shank 
Mass 
(kg) 

Moment of 
inertia ( 2Nm ) 

Position of 
COM of 
Foot (m) 

Position of 
COM of 

Shank (m) 
1 0.95 3.5 0.35823 0.0350 0.220 
2 0.948 3.51 0.35830 0.0352 0.221 
3 0.951 3.49 0.35828 0.0355 0.220 
4 0.949 3.51 0.35815 0.0351 0.222 
5 0.952 3.49 0.35820 0.0345 0.221 

Mean 0.95 3.5 0.3582 0.0351 0.2208 
Standard 
deviation 

0.0016 0.01 0.00006 0.00036 0.00083 

Table 5. Five sets of the optimised parameters 

4. Discussion  

In this approach the passive properties have been divided into two parts; First, 
mathematical model is used to represent the combination of knee joint inertial ( iM ) and 
gravitational ( gM ) moments. Second, fuzzy model is applied to represent the combination 
of the elastic moment ( sM ) and the viscous moment ( dM ) as viscoelastic moment of the 
knee joint. Mathematical model has been used because of the availability of this model and 
accessibility to estimate anthropometric inertia parameters. This could be an easy method to 
estimate these parameters without go through complicated clinical experiment since these 
parameters vary for each subject. The system such as viscoelasticity could be difficult to 
model due to complexity and nonlinerity. Therefore, fuzzy model is used to eliminate the 
development of complex mathematical model and helps to simplify the modelling task. 
These passive properties model then need to be integrated with active properties of the knee 
joint model to have a complete model of the knee joint. Finally, these models can be utilized 
as platform for the simulation purpose of the control system development.  

5. Conclusion 

A new approach of estimation of the anthropometric inertia parameters and model of the 
passive viscoelasticity of the knee joint has been presented. Fuzzy model has been used to 
model the passive viscoelasticity and could be an effective tool for the modeling of uncertain 
nonlinear systems without represents using complicated mathematical model. The 
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anthropometric inertia parameters of the lower limb such as foot mass, shank mass, moment 
of inertia about COM and positions of COM along the segmental length of the lower limb 
have been optimized between the given ranges to obtain the accurate value of the equations 
of motion. These optimizations have been performed simultaneously using GA with the 
objective to minimize the error between prediction model and the experimental data. Each 
person has a unique composition of muscle tissue in their body therefore this passive 
properties are not generally applicable.  
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1. Introduction 

This present study aims to identify the behavior of a new cellular material, including a 
biphasic structure (air + solid plastic films) which consists of a flexible plastic film. The 
finished product is in the form of compressed and attached cubic blocks whose volume is 
about 1m and whose density is ranging from 0.3 to 0.6. 

This material has diverse applications in Civil Engineering and Public Works. It can be used 
as a light weight embankment on poor mechanical characteristics soils, to minimize the 
loads on buried pipelines (Marston effect) and to make soundproof wall or dams to protect 
from falling stones. 

This research was initiated by a thorough understanding of the physical reality of the 
material. Then, the behavior of this material has been identified by targeted experiments, 
and finally a theoretical model is developed.  

The first form of this model is nonlinear which was modified to be able to take into account 
the hardening of material while loading. Finally, this model was linearized to be applied in 
special cases in a field of stresses which can reach 200 kPa and covers the main domain of 
real applications. 

2. Manufacturing mode 

The raw materials used in the manufacture of flexible films are mainly made out of 
polyethylene. 
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As the volume and the density are fixed, we put the necessary quantity of plastic in a 
parallelepiped shape press. After being compressed under high pressure (about 7 bar), and 
legated the resulting block stayed in shape after it is released. [1].(Fig.1) 

 
Figure 1. Photo of a block 

3. Physical reality of material 

After the manufacturing process which is at unidirectional pressing, the material is in the form 
of stacked almost identical layers. A certain volume of air is trapped inside the plastics sheets 
and forms more or less closed cells. This action gives lightness and makes the material alveolar. 

In reality, the material is anisotropic and discontinuous, but macroscopically, it may be 
considered an orthotropic, continuous material with a revolution case whose axis coincides 
with the direction of pressing during manufacturing. (fig.2). In this case, we will be able to 
apply the principles of the Continum Mechanics 

On the other hand, the internal structure of the material is formed by a network of cells 
which are filled with air and have irregular geometric shapes. The flexible Walls of cells are 
not airtight. 

The global deformation of loaded material is the superposition of the proper deformation of 
the plastic sheets and the deformation due to the changing of the volume of air including 
into the cells, by compressibility or and by fleeing. 
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A first apparatus is intended to perform simple compression tests (Fig. 3). The load applied by a 
bar, was transmitted by a rigid plate that moves while remaining horizontal. This system that 
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Secondly, a biaxial apparatus is developed (Fig. 4). In a direction, the applied load using the 
weight is transmitted through a rigid plate. In the other direction, the stress is measured by 
a dynamometer attached to another plate of the same nature. Its movement has 
approximately the same deformation of the ring. Other strains are measured by 
conventional means (comparator). The guidance system consists of four lubricated rigid 
rods. 

The choice of biaxial testing was justified by the inability to perform simple compression 
tests, at the same time in the directions (1) and (2). In fact, the material is in the form of a 
stack of sheets clamped by metal wires. The stress in the direction, parallel to the layers 
causes an increase in tension in the wires and the behavior of material will be managed by 
their rigidity and their number. From a mechanical point of view, the sample will be 
charged on certain places on time (in contact with the wire) and the deformation will not be 
uniform on both open sides [6]. 

 

 
Figure 4. Biaxial apparatus 
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4.1. Testing 

After testing and verifying the proper functioning of both apparatus, wide open test 
campaigns are made. 

The carried out tests are : 

- Compression and creep tests corresponding to the revolution axis of material. 
- Cyclical and monodirectionnal tests with constante deformation velocity. 
- Biaxial tests. 

For all kind of test, real blocks and reduced samples of the same or different densities are 
tested according to a path of applied stresses step by step. This approach helps us to 
understand more the behavior of this discontinuous and anisotropic material. 

4.2. Simple compression test (creep) 

Simple compression tests along the axis of revolution of the material are carried out on real 
size blocks as on samples of small size with different densities (0.4, 0.5 or 0.6). The stress is 
applied through stages. Each strain is maintained long enough to highlight the phenomenon 
of creep (Fig. 5, 6, 7) [2]. 

 
 

 
Figure 5. Deformation- time curve in logarithmic scale, under constant stress, initial density 0.4, loading 
by steps. Real blocks size. 
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Figure 6. Deformation- time curve in logarithmic scale, under constant stress, initial density 0.5, loading 
by steps. Reduced size sample. 

 
Figure 7. Stress – strain curves under constant deformation velocity (0.0003/s) 
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The examination and analysis of the experimental results enabled us to identify the behavior 
of the material and to find the necessary characteristics and parameters in order to begin the 
theoretical modeling: 

The material behavior is a viscoelastic and nonlinear one. The deformation variation 
according to compression and creep tests under constant stress can be considered linear 
according to time in logarithmic scale (Fig. 6, 7): 
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In this scale, the slope and the ordinate at origin (instantaneous deformation) are variable 
according to the initial density and applied stress (fig. 8, 9). 

 
Figure 8. Stress – elastic strain curves for different initial densities 

The behavior depends too much on the initial density (fig.7). 

Many complex rheological phenomena are observed (hardening, aging, recovery….) (fig.7). 

The proper plastic deformation can be neglected in comparison with the total one (fig.10). 
This result was confirmed by a test realized on solid block of plastic (polyethylene whose 
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density is 0.94). Then, the deformation is the direct result of air volume variation by 
compressibility or expulsion or by both. 

 

 
Figure 9. Slope (A) - Stress curves for different initial densities 

 

 
Figure 10. Stress – strain curves with constant velocity deformation for the material) in comparison 
with the curve of solid block of polyethylene.  
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4.3. Biaxial tests 

This test campaign is initiated by long test duration. Then, eighteen samples of four different 
initial densities are tested. The same stress path of the unidirectional tests is adopted. The 
residual stress is measured at the time of manufacture. The variation of the stress 
perpendicular to the layers according to the stress in the parallel direction and the time is 
not significant (Fig. 11, 12). 

The variation of the deformation parallel to the layers can be considered as linear with the 
logarithm of time (Fig.13):  
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In this scale, the slope A2 and the ordinate at origin ε0,2 (instantaneous deformation) are 
variable according to the initial density and applied stress (fig. 14, 15,16,17). 

 

 
Figure 11. Stress (σ3) – time curve in logarithmic scale for initial density 0.41 
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Figure 12. Stress (σ3) – Stress (σ2) for different densities 

 

 
Figure 13. Deformation- time curve in logarithmic scale, under constant stress according to direction 2, 
initial density 0.32 
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Figure 14. Instantaneous deformation (direction 2) – stress curves at constant initial density 

 
Figure 15. Instantaneous deformation (direction 2) – initial density curves at constant stress  
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Figure 14. Instantaneous deformation (direction 2) – stress curves at constant initial density 

 
Figure 15. Instantaneous deformation (direction 2) – initial density curves at constant stress  
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Figure 16. Slope A2 (direction 2) – stress curves at constant initial density 

 
Figure 17. Initial residual stress (3) - initial density curve 
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5. Rheological Behavior and Modeling in the case of mono dimensional 
loading according to direction (3), perpendicular to the layers 

Test campaigns on real blocks and small size samples [2] are able to show that the 
viscoelastic behavior is nonlinear (Fig. 5). Moreover, it is the subject of several rheological 
complex phenomena (hardening, aging, accommodation...) (Fig. 7) [3]. 

Initial density is an important parameter which influences behavior. In fact, the more great it 
is the more the behavior improves. The same density changes during the solicitation 
resulting hardening. 

At first glance, the complex reality of the material makes it difficult to apply principles of 
mechanics of continuous materials. This is made possible by the adoption of some 
simplifying assumptions. 

The assumptions are:  

First, we assume that there is no slippage or detachment between the elementary leaves and 
the volume used is large enough to be able to erase the influence of microscopic details. 
Then, it is considered that the material is continuous, homogeneous and orthotropic 
revolution. 

Finally, the aging process can be ignored.  

On the other hand, specific plastic deformation is negligible compared to the overall 
deformation of material due to the change in volume of air trapped into the cells, or by 
compressibility and evacuation (fig.10).  

Because the material is assimilated to the alveolar one, the behavior is represented by the 
following model (fig. 18) [8]: 

The material is the subject of superposition of tow behaviors: 

- Compression of the gas into closed cells 
- Deformation of the walls of cells 

In the case of alveolar material with open cells, the behavior of gas does not take place.  

When the stress is applied quickly (case of variable stress or imposed deformation velocity), 
the material can be considered as alveolar with closed cells. But, when it is maintained 
constant for a long time (case of creep), the material can be considered as alveolar with open 
cells.  

In conclusion, the alveolar material is characterized by an elastic limit σe.  

For the material under study, the elastic limit was identified by simple compression tests 
with constant deformation velocity (fig. 19). 

The variation of elastic limit (σe) of this material was identified experimentally and can be 
assimilated by a straight line whose equation is: 
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Pa :  atmospheric pressure
d0 :  initial density

  
 

 
Figure 18. Rheological model of alveolar material with closed cells  

 
Figure 19. Stress-strain curve of material in case of closed cells 
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5.1. Nonlinear model with no hardening 

Based on a simple analogical model (spring + dash-pot + skate), the behavior may be in the 
form:  

 

� � 	 �� � �� � �� � ��� �	�� 

The skate limits the elastic behavior on maximum value (σe). Above this value the 
viscoelastic phase is activated and the behavior is described by Maxwell analogical model 
characterized by the Young modulus E1 and the viscosity η[2]. 

The nonlinear behavior is taken into account by the nonlinear form of E1 and η [2]. 

Then  
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Figure 19. Stress-strain curve of material in case of closed cells 
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5.2. Nonlinear model with hardening 

Until now, the initial density is taken as constant. To be able to take into account the 
hardening phenomenon, we will introduce the density as a function according to the strain. 
Necessary analysis and calculation are done. The new version of the model is presented a 
differential equation as the following [1]: 
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5.3. Linearized model with no hardening 

The simplification of the nonlinear model is carried out in two ways [7]: 

Adoption of linear forms of the elastic and the delayed deformations according to the 
stress. 

Adoption of linear forms of the elastic and a constant delayed one according to the stress. In 
another word, the linear viscoelasticity is applied.  

In any case, the initial density is taken as a parameter and the model is presented as the 
following [5]: 
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The experimental results enabled us to identify all necessary parameters. 

5.4. Validation 

The comparison of theoretical and experimental results becomes possible by numerical 
resolution of the differential equation in its three forms. The concordance between reality 
and theory is good and the simplification gives us reasons of satisfaction.(fig.20, fig.21, 
fig.22, fig.23) [1],[3],[7]. 

 
Figure 20. Non linear model, compression with constant deformation velocity 

6. Three-dimensional model, constant stress 

The hypothesis of non-aging behavior is adopted. The relation "stress-strain" in case of 
constant stress and small strain is represented by: 
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Figure 21. Non linear model, creep tests by stages  

 

 
Figure 22. Non linear hardening model, settlement of embankment.  

 

 
Figure 23. Linearized model. Measured and calculated deformations for an initial density: 0.493, creep 
tests by stages. 
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F is a matrix composed by f1, f12, f3, f13, f4, five functions to be identified. They are a function 
of time, stress and initial density. The role of the stress perpendicular to the layers (σ3) is 
paramount. It marks the nonlinearity of the behavior. For the other stresses, the linearization 
of the behavior is adopted with a quite acceptable accuracy [6]. 
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The identification of the functions is carried out from experimental results: 

f1 and f13 identified by performing tests of simple compression along the axis of revolution. 

f2 and f12 are determined by simple compression tests according to the two other axes or by 
biaxial testing. 

f4 is equal to  where G13 is the shear modulus around the directions (1) and (2). It is 
identifiable by a distortion test. Without this test, it can be approached by assuming that the 
material is isotropic respectively with the characteristics specified in the directions (1) and 
(3).... 

After necessary calculation, the characteristic functions take the following forms [6]:  
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Figure 21. Non linear model, creep tests by stages  

 

 
Figure 22. Non linear hardening model, settlement of embankment.  

 

 
Figure 23. Linearized model. Measured and calculated deformations for an initial density: 0.493, creep 
tests by stages. 
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F is a matrix composed by f1, f12, f3, f13, f4, five functions to be identified. They are a function 
of time, stress and initial density. The role of the stress perpendicular to the layers (σ3) is 
paramount. It marks the nonlinearity of the behavior. For the other stresses, the linearization 
of the behavior is adopted with a quite acceptable accuracy [6]. 
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Given the approximation of 4f , we can neglect 1 and 3  by comparison to (1) and 4f  
becomes: 
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t: time, 
t0: initial time, 
dp: density of plastic 
d0: initial density 
A, B, k, l: parameters depending on the initial density 

 

 
Figure 24. One of realized projects in France 
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7. Conclusion 

The development of mono axial and biaxial testing, the design and implementation of an 
appropriate apparatus helped us to perform many tests. Therefore, the characteristic 
functions of the material were determined satisfactorily. This allowed us to identify the 
essential parameters to the theoretical models developed. 

In a particular field of stress up to 200 kPa, the simplified model gives good satisfaction. The 
results are acceptable and the difference between theoretical and experimental ones does not 
overstep the bounds of uncertainty both in physical measurement and caracteristics 
variability due to the material anisotropy.  

However, in several cases of application, the model in its many forms helps us to conceive 
and design structures by using this technique. Indeed, many projects were conceived and 
realized in France (fig.24).  
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