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Preface
Superconductivity is a fascinating field of the solid state physics. For more than four
decades since the discovery in 1911 of the first superconductor, Hg, by Heike
Kamerlingh Onnes its origin was unclear. This uncommon situation was changed by
the appearance of the Cooper pair concept and the creation in 1957 of the BardeenCooper-Schrieffer (BCS) theory of superconductivity. Subsequent years were full of
other significant discoveries in this area so that now one can consider
superconductivity as the scientific industry with plenty of applications as well as the
testing ground for new theories and investigation methods. Number of books devoted
to the phenomenon concerned, superconducting materials and devices is enormous. A
question arises: why do we need more textbooks and monographs?
The answer consists in extremely rapid progress of the materials science quickly
making preceding volumes obsolete. Moreover, new ideas emerge stimulated by novel
materials and the intrinsic logic of the developing theoretical physics. Note, that the
branches of the latter are interconnected so that, e.g., the field theory and the
condensed matter physics help one another inventing sophisticated tools and bold
concepts. At the same time, the experimental capabilities even of well-known
methods, such as photoemission ones, steadily expand making possible to study
microscopic details of the superconducting energy gap structures or magnetic vortex
patterns. Thus, the represented book is an attempt (we hope, a successful one) to
describe most recent events in this field.
The book includes 17 chapters written by noted scientists and young researchers and
dealing with various aspects of superconductivity, both theoretical and experimental.
The authors tried to demonstrate their original vision and give an insight into the
examined problems. A balance between theory and experiment was preserved at least
from the formal viewpoint (9 and 8, respectively). I am not going to describe each of
the chapters because “the proof of the pudding is in the eating”. Nevertheless, it is my
duty to warn the readers that many of the problems studied here are far from being
solved. In particular, it concerns my favorite pseudogap concept. It is investigated in
several chapters with quite different conclusions. The reason is that such is the state of
the art!

X

Preface

I hope the book will be useful for undergraduates, postgraduates and professionals
as a collection of important results and deep thoughts in the vast field of
superconductivity.
Alex Gabovich
Leading Research Associate of Crystal Physics Department,
Institute of Physics of the Ukrainian
National Academy of Sciences (NAS),
Ukraine

Section 1

Experiment

Chapter 1

Field-Induced Superconductors:
NMR Studies of λ–(BETS)2FeCl4
Guoqing Wu and W. Gilbert Clark
Additional information is available at the end of the chapter
http://dx.doi.org/10.5772/48361

1. Introduction
It has been widely known in condensed matter and materials physics that the application of
magnetic field to a superconductor will generally destroy the superconductivity as a usual
scenario. There are two reasons responsible for this.
One is the Zeeman effect [1-2], where the alignment of the electron spins by the applied
magnetic field can break apart the electron pairs for a spin-singlet (but not a spin-triplet)
state. In this case, the electron spin pairs have opposite spins (such as the s-wave spins
typical in type I superconductors). The applied magnetic field attempts to align the spins of
both electrons along the field, thus breaking them apart if strong enough. In terms of energy,
one electron gains energy while the other (as a pair) loses energy. If the energy difference is
larger than the amount of energy holding the electrons together, then they fly apart and thus
the superconductivity disappears. But this does not apply to the spin triplet
superconductivity (p-wave superconductors) where the electron pairs already have their
spins aligned (along the field) in a p-wave state.
The other is the orbital effect [3], which is a manifestation of the Lorentz force from the
applied magnetic field since the electrons (as a pair) have opposite linear momenta, one
electron rotating around the other in their orbitals. The Lorentz force on them acts in
opposite directions and is perpendicular to the applied magnetic field, thus always pulling
the pair apart. This does not matter with their spin pairing symmetries (s-wave, p-wave or dwave). In type-II superconductors, the Meissner screening currents associated with the
vortex penetration in the applied magnetic field can also increase the electron kinetic energy
(and momentum). Once this energy becomes greater than the energy that unites the two
electrons, the electron pairs break apart and thus superconductivity is suppressed.
Therefore, the orbital effect could be even more important in type-II superconductors.
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However, in certain complex compounds, especially in some low-dimensional materials,
superconductivity can be enhanced [4 - 5] by the application of magnetic field. The enhancement
of superconductivity by magnetic field is a counter-intuitive unusual phenomenon.
In order to understand this interesting phenomenon, different theoretical mechanisms have
been proposed, while there are still debates and experimental evidence is needed. The first
theory is the Jaccarino-Peter compensation effect [6], the second theory is the suppression
effect of the spin fluctuations [7-9], and the third theory is the anti-proximity effect (in
contrary to the proximity effect [10]) found in the nanowires recently [11]. These theories
will be briefly described in Section 3.
Experimentally, there are several effective techniques that can be used to the study of the
superconductivity of the materials with magnetic field applications. They include electrical
resistivity measurements, Nernst effect measurements, SQUID magnetic susceptibility
measurements, and nuclear magnetic resonance (NMR) measurements, etc.
Among these experimental techniques, NMR is one of the most powerful ones and it is a
versatile local probe capable of directly measuring the electron spin dynamics and
distribution of internal magnetic field including their changes on the atomic scale. It has
been widely used as a tool to investigate the charge and spin static and dynamic properties
(including those of the nano particles). It is able to address a remarkably wide range of
questions as well as testing the validity of existing and/or any proposed theories in
condensed matter and materials physics.
The authors have extensive experience using the NMR and various other techniques for the
study of the novel condensed matter materials. This chapter focuses on the NMR studies of
the quasi-two dimensional field-induced superconductor λ–(BETS)2FeCl4. This is a chance to
put some of the work together, with which it will help the science community for the
understanding of the material as well as for the mechanism of superconductivity. It will also
help materials scientists in search of new superconductors.

2. Field-induced superconductors
The discovery of field-induced superconductors is about a decade earlier than the discovery of
the high-Tc superconductors (which have been found since 1986), while not many fieldinduced superconductors have been found. Both types of materials, field-induced
superconductors and high-Tc superconductors, are highly valuable in science and engineering
due to their important physics and wonderful potentials in technical applications.
Here are typical field-induced superconductors found so far, with chemical compositions as
shown in the following
1.
2.
3.

EuxSn1-xMo6S8-ySey, EuxLa1-xMo6S8, PbGd0.2Mo6S8, etc.[5, 7].
λ–(BETS)2FeCl4, λ–(BETS)2FexGa1-xBryCl4-y, κ–(BETS)2FeBr4, etc.[4, 8, 9].
Al-nanowires (ANWs), Zinc-nanowires (ZNWs), MoGe nanowires, and Nb nanowires,
etc. [10-13].
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3. Theory for field-induced superconductors
In this section, we will briefly describe the theoretical aspects for the field-induced
superconductors regarding their mechanisms of the field-induced superconductivity. We
will mainly discuss the theory of Jaccarino-Peter effect, the theory of spin fluctuation effect,
and the theory of anti-proximity effect.

3.1. Theory of Jaccarino-Peter effect
This theory was proposed by Jaccarino, V. and Peter, M. in 1962 [6]. It means that if there is
an existence of localized magnetic moments at a state and conduction electrons as well at the
same state in a material, then it could lead to a negative exchange interaction J between the
conduction electrons and the magnetic moments when an external magnetic field (H) is
applied. This negative exchange interaction J is formed due to the easy alignment of the
localized magnetic moments (along the external magnetic field direction) while the external
magnetic field H is applied. Thus the spins of the conduction electrons will experience an
internal magnetic field (HJ), HJ = J<S>/gμB, created by the magnetic moments [proportional to
the average spins (<S>) of the moments]. Here the internal magnetic field HJ is called the
exchange field and the direction of the exchange field HJ is opposite to the externally applied
magnetic field H. This picture is sketched as that shown in Fig. 1.

Figure 1. Schematic of Jaccarino-Peter effect [8]

In some cases, this HJ could be very strong. Therefore, if the exchange field HJ is strong
enough to cancel the externally applied magnetic field H, i.e., HJ = − H, then the resultant
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field in total that the conduction electron spins experience becomes zero (also a complete
suppression of the Zeeman effect), and thus the superconductivity is induced in this case.
Certainly, superconductivity could also be possible in this case (as a stable phase), even if
without the external field H (i.e. H = 0). This is because the magnetic moments point to
random directions (without H) and cancel each other, i.e., HJ = 0, and thus the conduction
electron spins also feel zero in total field.

3.2. Theory of spin fluctuation effect
This theory was mainly reported by Maekawa, S. and Tachiki, M. [7] in 1970s, with the
discovery of field-induced superconductors EuxSn1-xMo6S8-ySey. These types of materials
have rare-earth 4f-ions and paired conduction electrons from the 4d-Mo-ions. The rare-earth
4f-ions have large fluctuating magnetic moments, while the conduction electrons from the
4d-Mo-ions have strong electron–electron interactions and they form Cooper pairs.
Without externally applied magnetic field (H = 0), the fluctuating magnetic field from the
rare-earth 4f-ion moments at the 4d-Mo conduction electrons are so strong that it weakens
the BCS coupling of the Mo-electrons. Thus there is no superconductivity without externally
applied magnetic field.
However, when external magnetic field is applied (H ≠ 0) it suppresses the spin uctuation,
causing an increase of the BCS coupling among the conduction electrons. Thus,
superconductivity appears in the presence of an applied magnetic field. This scenario can be
seen from a typical H-T phase diagram shown in Fig. 2.

Tc (K)

0

H (T)

Figure 2. A possible H-T phase diagram for the spin fluctuation effect. The thin-red line represents a
case without local spin fluctuation moments as a reference.

3.3. Theory of anti-proximity effect
3.3.1. Superconductivity in nanowires enhanced by applied magnetic field
Unlike the bulk superconductors, a nanoscale system can have externally applied magnetic
field H to penetrate it with essentially no attenuation at all throughout the whole sample.
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But it has been observed that the application of a small magnetic field H can decrease the
resistance in even simple narrow superconducting wires (i.e., negative magnetoresistance)
[12, 13], while larger applied magnetic field H can increase the critical current (IC)
significantly [14]. These indicate an enhancement of superconductivity in nanowires by the
application of magnetic field. But to understand the enhancement of superconductivity by
magnetic field in nanoscale systems is very challenging currently in the science community.

3.3.2. Proximity effect
On the other hand, when a superconducting nanowire is connected to two normal metal
electrodes, generally a fraction of the wire is expected to be resistive, especially when the
wire diameter is smaller than the superconducting coherence length. This is called the
proximity effect [10].
Similarly, when a superconducting nanowire is connected to two bulk superconducting (BS)
electrodes, the combined sandwiched system is expected to be superconducting (below the
TC of the superconducting nanowire and the BS electrodes), and the superconductivity of the
nanowire is then expected to be more supportive and more robust through its coupling with
the superconducting reservoirs. This is also actually what is theoretically expected [15].

3.3.3. Anti-proximity effect
Contrary to the proximity effect, it has been found in 2005 [11, 16] that, in a system
consisting of 2 μ long, 40 nm diameter Zinc nanowires sandwiched between two BS
electrodes (Sn or In), superconductivity of Zinc nanowires is completely suppressed (or
partially suppressed) by the BS electrodes when the BS electrodes are in the
superconducting state under zero applied magnetic field. However, when the BS electrodes
are driven normal by an applied magnetic field (H), the Zinc nanowires re-enter their
superconducting state at ~ 0.8 K, unexpectedly. This is called ‘‘anti-proximity effect’’.

BS – bulk superconducting electrode; ZNWs – Zinc nanowires;
PM – porous membranes; I – current; V – voltage.

Figure 3. Schematic of the Zinc nanowires sandwiched between two BS electrodes [11].

This is also a counterintuitive unusual phenomenon, never reported before 2005.
The schematic of the electrical transport measurement system exhibiting the anti-proximity
effect with the Zinc nanowires sandwiched between two BS electrodes is shown in Fig. 3.
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3.3.4. Theory of anti-proximity effect
There are several theoretical models that could be used for the theoretical explanation of the
magnetic field-induced or -enhanced superconductivity in nanowires, while some of which
were proposed long before the anti-proximity effect was reported. Thus they are not
generally accepted.
a.

Phase fluctuation model

This model proposes that there is an interplay between the superconducting phase
fluctuations and dissipative quasiparticle channels [17].
The schematic diagram of this model regarding the anti-proximity effect experiment (Fig. 3)
can be re-illustrated as that shown in Fig. 4.

(a)

(b)

(c)

R/2

R

V

N

C
R/2

Figure 4. (a) Schematic of the anti-proximity effect experiment (Fig. 3). (b) Simplification of (a).
(c) Phase fluctuations in a dissipative environment. R – resistance of the bulk electrodes, C – circuit
capacitance (between the electrodes), V – voltage, I – current, σL and σR – superfluid (surface vortex
densities) [17].

When the bulk electrodes are superconducting, there is a supercurrent flowing between the
nanowire and BS electrodes, and the contact resistances (R) vanish (R = 0). Thus the circuit
frequency becomes low, and the quantum wire is shunted by the capacitor (C) if the energy
(frequency f) is less than the bulk superconducting gap energy of the electrodes. In this case,
the quantum fluctuations of the superconducting phase drive the superfluid density (σ) of
the zinc nanowire to zero (even when temperature T = 0). As soon as the superfluid density
vanishes, the Cooper pairs dissociate and the nanowire becomes normal (with a normal
resistor with resistance RN). Thus this explains the resistive behavior at zero applied
magnetic field (H= 0).
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When the bulk electrodes are driven normal by the applied magnetic field (H ≥ 30 mT), the
contact resistances R ≠ 0. Similarly, if the electrodes are normal but the nanowire is
superconducting (or vice versa), there will be a resistance due to charge conversion
processes [10]. This results in a high circuit frequency f = 1/(2πRC) ~ 1 GHz, with a behavior
like a pure resistor (i.e., impedance XC =1/2πfC → 0). If this shunting resistance is less the
quantum of resistance (h/4e2 ~ 6.4 kΩ), then it will damp the superconducting phase
fluctuations, and thus stabilizing the superconductivity. On the other hand, in a dissipation
environment [Fig. 4 (c)], the superfluid density (σ) of the zinc nanowire cannot screen the
interaction between bulk vortices completely. As a result, the superconducting phase
becomes stable for sufficiently small shunt resistance [17].
In order words, when the magnetic field is applied (H ≠ 0) to the bulk electrodes, the
dissipations between the two ends of the electrodes will be enhanced and meanwhile the
superconducting phase fluctuations are damped. This leads to the stabilization of the
superconductivity of the nanowires between the bulk electrodes.
b.

Interference model

The interference model proposes that there is an interference between junctions of two
superconducting grains, with random Josephson couplings J and J' associated with
disorder, as sketched shown in Fig. 5. It produces a configuration-averaged critical current
<IC> as [18]

(

I C = J 2 + J ′2

)

1/2

 1

Φ
JJ′
cos 2 (2π
) + ...
1 −
2
2
Φ0
 2 J + J′


(1)

J

Φ
J'
Here Φ represents for the magnetic flux through an array of each holes due to existence of disorder.

Figure 5. Schematic of interference between junctions with Josephson couplings J and J'

This is a periodic function of Φ [cos2(2πΦ/Φ0)] with a period of half flux quantum (Φ 0/2 =
hc/4e), where Φ is the magnetic flux through each hole due to the existence of disorder in
the sample (note, the sample has an array of holes through each of which there has a
flux Φ).
Thus when Φ is small, <IC> increases as Φ increases, and this corresponds to a negative
magnetoresistance, i.e., when applied magnetic field H increases, the electrical resistivity of
the nanowires drops down. Thereby the superconductivity is enhanced.
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c.

Charge imbalance length model

This model proposes that there is a charge-imbalance length (or relaxation time) associated
with the normal metal - superconductor boundaries of phase-slip centers [20]. Applying
magnetic field reduces the charge-imbalance length (or relaxation time), resulting in a
negative magnetoresistance at high currents and near Tc. Thus the superconductivity in the
nanowires is enhanced.
d.

Impurity model

The impurity model deals with the superconductivity for nanoscale systems that have
impurity magnetic moments with localized spins as magnetic superconductors [14], in
which there is a strong Zeeman effect. According to this model, superconductivity is
enhanced with the quenching of pair-breaking magnetic spin fluctuations by the applied
magnetic field.
These are major theoretical models for the explanation of the anti-proximity effect in
nanoscale systems. Their validity needs more experimental evidence.

4. Field-induced superconductor λ–(BETS)2FeCl4
The field-induced superconductor λ–(BETS)2FeCl4 is a quasi-two dimensional (2D) triclinic
salt (space group P ) incorporating large magnetic 3d-Fe3+ ions (spin Sd = 5/2) with the
BETS-molecules inside which have highly correlated conduction electrons (π-electrons, spin
Sπ = 1/2) from the Se-ions, where BETS is bis(ethylenedithio)tetraselenafulvalene
(C10S4Se4H8). It was first synthesized in 1993 by Kobayashi et al. [4, 8, 9, 19].
λ–(BETS)2FeCl4 is one of the most attractive materials in the last two decades for the
observation of interplay of superconductivity and magnetism and for the synthesis of
magnetic conductors and superconductors.
We expect it to show strong competition between the antiferromagnetic (AF) order of the
Fe3+ magnetic moments and the superconductivity of the material, where the properties of
the conduction electrons are significantly tunable by the external magnetic field, together
with the internal magnetic field generated by the local magnetic moments from the Fe3+
ions as well. Thus it has been of considerable interest in condensed matter and materials
physics.
This interplay originates from the role of the magnetic 3d-Fe3+ ions moments including the
effect of their strong interaction with the conduction π-electrons. Because of this interplay,
λ–(BETS)2FeCl4 has an unusual phase diagram [Fig. 5 (c)], including an antiferromagnetic
insulating (AFI) phase, a paramagnetic metallic (PM) phase, and a field-induced
superconducting (FISC) phase [4, 8].
The crystal structure of λ–(BETS)2FeCl4 in a unit cell is shown in Fig. 6 (a) [20]. In each unit
cell, there are four BETS molecules and two Fe3+ ions. The BETS molecules are stacked along
the a and c axes to form a quasi-stacking fourfold structure.

Field-Induced Superconductors: NMR Studies of λ–(BETS)2FeCl4 11

(c)

Figure 6. (a) Crystal structure of λ–(BETS)2FeCl4 in a unit cell. (b) BETS molecule [20]. (c) Phase diagram
of λ–(BETS)2FeCl4 [8].

Noticeably, the conducting layers comprised of BETS are sandwiched along the b axis by the
insulating layers of FeCl4− anions. The least conducting axis is b, the conducting plane is ac,
and the easy axis of the antiferromagnetic spin structure is ~30° away from the c axis
(parallel to the needle axis of the crystal) [21, 22].
At the room temperature (298 K), the lattice constants are: a = 16.164(3), b = 18.538(3),
c = 6.592(4) Angstrom (Ao), α = 98.40(1)o, β = 96.69(1)o, and γ = 112.52(1)o. The shortest
distance between Fe3+ ions is 10.1 Ao within a unit cell, which is along the a-direction, and
the nearest distance of Fe3+ ions between neighboring unit cells is 8.8 Ao [21].

5. NMR studies of λ–(BETS)2FeCl4
In order to study the mechanism of the superconductivity in λ–(BETS)2FeCl4 and to test the
validity of the Jaccarino-Peter effect, as well as to understand the multi-phase properties of
the material as show in the unusual phase diagram [Fig. 6 (c)], we successfully conducted a
series of nuclear magnetic resonance (NMR) experiments.
These include both 77Se-NMR measurements and proton (1H) NMR measurements, as a
function of temperature, magnetic field and angle of alignment of the magnetic field [20, 23, 24].

12 Superconductors – Materials, Properties and Applications

5.1. 77Se-NMR measurements in λ–(BETS)2FeCl4
5.1.1. 77Se-NMR spectrum

H = 9 T || a’
0

Figure 7. 77Se-NMR absorption spectrum at various temperatures with applied magnetic field

H0 = 9 T || a’ in λ–(BETS)2FeCl4 [23].
The 77Se-NMR spectra of λ–(BETS)2FeCl4 at various temperatures are shown in Fig. 7. The
spectrum has a dominant single-peak feature which is reasonable as a spin I = 1/2 nucleus
for the 77Se, while it broadens inhomogeneously and significantly upon cooling (the
linewidth increases from 90 kHz to 200 kHz as temperature is lowered from 30 K to 5 K).
What the77Se-NMR spectrum measures is the local field distribution in total at the Se sites.
Apparently, these spectrum data indicate that all the Se sites in the unit cell are essentially
identical.
The sample used for the 77Se-NMR measurements was grown using a standard method [22]
without 77Se enrichment (the natural abundance of 77Se is 7.5%). The sample dimension is
a*× b*× c = 0.09 mm × 0.04 mm × 0.80 mm corresponding to a mass of ~ 7 μg with ~ 2.0 × 1015
77Se nuclei.
Due to the small number of spins, a small microcoil with a filling factor ~ 0.4 was used. For
most acquisitions, 104–105 averages were used on a time scale of ~ 5 min for 104 averages.
The sample and coil were rotated on a goniometer (rotation angle φ) whose rotation axis is
along the lattice c-axis (the needle direction) and it is also perpendicular to the applied field
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H0 = 9 T. According to the crystal structure of λ–(BETS)2FeCl4, our calculation indicates that
the direction of the Se-electron pz orbital is 76.4° from the c-axis. Thus the minimum angle
between pz and H0 during the rotation of the goniometer is φmin=13.6°.

5.1.2. Temperature dependence of the 77Se-NMR resonance frequency
The temperature (T) dependence of the 77Se-NMR resonance frequency (ν) from the above
experiment is shown in Fig. 8 (a). In order to understand the origin of this resonance
frequency, we also plotted it as a function of the 3d-Fe3+ ion magnetization (Md), which is a
Brillouin function of temperature T and the total magnetic field (HT) at the Fe3+ ions. This is
shown in Fig. 8 (b), where the solid lines show the fit to the Md.
The resonance frequency ν is counted from the center of the 77Se-NMR spectrum peak
(maximum). What it measures is the average of the local field in magnitude in total,
including the direct hyperfine field from the conduction electrons and the indirect hyperfine
field that coupled to the Fe3+ ions at the Lamar frequency of the 77Se nuclei (see details in
Section 5.1.4).
Figure 8 indicates that in the PM state above ~ 7 K at the applied field H0 = 9 T, a good fit to
frequency ν (uncertainty ± 3 kHz) is obtained using

ν (T , H0 ) ≈ a − bMd (T , HΤ ),

(2)

where the fit parameters a = 73.221 MHz and b = 3.0158 [(mol.Fe/emu) .MHz].
This result is a strong indication that the temperature T dependence of the77Se-NMR
resonance frequency ν is dominated by the hyperfine field from the Fe3+ ion magnetization
Md.
It is important to notice that the sign of the contribution from Md is negative in Eq. (2). Thus,
this also indicates that the hyperfine field from the Fe3+ ion magnetization is negative, i.e.,
opposite to applied magnetic field H0, as needed for the Jaccarino-Peter compensation
mechanism.
Now, to verify to validity of the Jaccarino-Peter mechanism, we need to find the field from
the 3d Fe3+ ions at the Se π-electrons is (i.e., the π-d exchange field Hπd) which is the central
goal of our 77Se-NMR measurements.
According to the H-T phase diagram of λ–(BETS)2FeCl4 [Fig. 6 (c)], the magnitude of Hπd = 33
T (tesla) at temperature T = 5 K.

5.1.3. Angular dependence of the 77Se-NMR resonance frequency
The angular dependence of the 77Se-NMR resonance frequency ν from our experiments is
shown in Fig. 9, which is plotted as a function of angle φ at several temperatures. The angle
φ basically describes the alignment direction of the applied magnetic field H0 relative to the
sample lattice.
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H = 9 T || a’
0

H = 9 T || a’
0

Figure 8. (a) 77Se-NMR frequency shift as a function of temperature, and (b) 77Se-NMR frequency shift
vs the Fe3+ magnetization, with applied magnetic field B0 = 9 T || a’ in λ–(BETS)2FeCl4 [23].

To understand the complexity of these sets of data, we need clarify the angle φ first as there
are many other directions involved here as well. First, the crystal lattice has its a, b and c
axes which have their own fixed directions. Second, the z component of the BETS molecule
π-electron orbital moment, pz, also has a fixed direction, which is perpendicular to the BETS
molecule Se-C-S loop plane. Third, there is a direction of sample rotation which is along c
(the needle direction) in the applied magnetic field H0.
To distinguish each of these directions, we used the Cartesian xyz reference system and
choose the reference z axis to be parallel to the lattice c axis, then the direction of pz is
determined to have angle 76.4o from the c axis through our calculation according to the
X-ray data of λ–(BETS)2FeCl4. All these are clearly drawn as that shown in the inset of
Fig. 9.
Thus during a sample rotation the direction of H0 is always in the xy-plane, where x-axis is
chosen to be in the c-pz plane, and the angle φ is counted from the x-axis.
Therefore, an angle φ = 0° corresponds to H0 to be in the c-pz plane with the smallest angle
between H0 and pz as φmin= 13.6° as mentioned in Section 5.1.1.
Based on these data shown in Figs. 8 - 9, we can determine the magnitude of the π-d
exchange field Hπd precisely.
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Figure 9. Angular dependence of the 77Se-NMR resonance frequency ν plotted at several temperatures
for the rotation of H0 = 9 T about the c axis in λ–(BETS)2FeCl4 [23].

5.1.4. Determination of the π-d exchange field
(between the Se-π and Fe3+-d electrons)
From the theory of NMR [25], we can express the contributions to the Hamiltonian (HI) of
the 77Se nuclear spins as
hf
H I ≈ H IZ + H Ihfπ + H Id
+ Hddip ,

(3)

where HIZ is from the Zeeman contribution due the applied magnetic field, H Ihfπ is from the
hf
direct hyperfine coupling of the 77Se nucleus to the BETS π-electrons, while H Id
is from the
indirect hyperfine coupling via the π-electrons to the 3d Fe3+ ion spins, and the last term
Hddip is from the dipolar coupling to the Fe3+ spins.
hf
The π-d exchange field Hπd comes from H Id
, and the term Hddip produces dipolar field Hdip.
We calculated Hdip from the summation of the near dipole, the bulk demagnetization and
the Lorentz contributions. The cartoon of the π-d exchange interaction for the JaccarinoPeter mechanism and the sample rotation direction in the magnetic field are shown in Fig.
10.
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From Eq. (3) the corresponding 77Se NMR resonance frequency ν is

ν (φ ', H0 ,T )
=

77

γ  H0 + Hdip ( H0 ,T )  1 + Kc + Ks (φ ')  +

77

γ Ks (φ ')Hπ d ( H0 ,T ),

(4)

where φ’ is the angle between H0 and the pz directions, and Kc and Ks(φ’) are, respectively, the
chemical shift and the Knight shift of the BETS Se π-electrons.

Hπd

H0

H0
Figure 10. (a) Cartoon of the interactions for the Jaccarino-Peter mechanism. (b) Sketch of the sample
rotation direction used for the 77Se-NMR measurements [23].

Here,
Ks (φ ') = Kiso + Kan (φ ') = Kiso + Kax  3cos2 φ cos2 φmin − 1 ,



(5)

where Kiso and Kan (φ’) are the isotropic and axial (anisotropic) parts of the Knight shift,
respectively. Kiso(ax) is a constant determined by the isotropic (axial) hyperfine field produced
by the 4pπ spin polarization of the BETS Se π-electrons [26].
The dashed lines in Fig. 8 are the fit to Eqs. (4) – (5). The gyromagnetic ratio of Se nucleus is
γ = 8.131 MHz/T. The value of Kax= 15.3 × 10-4 can be obtained precisely from the BETS
molecule magnetic susceptibility and the π-electron spin polarization configuration [20, 26].
From the fit, now we can obtain the value of the π-d exchange field Hπd.

77
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Alternatively, for better accuracy we obtained the following expression for the π-d exchange
field Hπd from Eqs. (4) – (5) to be,

Hπ d ( H0 ,T0 ) =

Δν (T0 ,φ1 ,φ 2 )

77

γΔKan (φ1 ,φ2 )

−

Hdip (φ1 ) − Hdip (φ2 )
ΔKan (φ1 ,φ2 )

− H0 .

(6)

Thus from the data T0 = 5 K, φ1 = 90°, and φ2 = 0° as shown from Fig. 8, it gives
Δν (5K , 90 , 0 ) = 880 ± 26 kHz, and ΔKan (90 , 0 ) = 4.42 × 10−3 . The value of
H dip (90 ) − H dip (0 ) = 3.63 × 10 −3 T is calculated with H0 = 9.0006 T. With these values we
obtained Hπd = (- 32.7 ± 1.5) T at temperature T = 5 K and applied field H0 = 9 T. This is very
close to the expected value of −33 T obtained from the electrical resistivity measurement [27,
28] and the theoretical estimate [29].
If the applied field is H0 = 33 T, by using our modified Brillouin function with the average of
the Fe3+ spins, we expected the value of the Hπd (33 T, 5 K) = (- 34.3 ± 2.4) T.
This large value of negative π-d exchange field felt by the Se conduction electrons obtained
from our NMR measurements verifies the effectiveness of the Jaccarino-Peter compensation
mechanism responsible for the magnetic-field-induced superconductivity in the quasi-2D
superconductor λ–(BETS)2FeCl4.

6. Summary
We have presented briefly the information about the field-induced-superconductors
including the theories explaining the mechanisms for the field-induced superconductivity.
We also summarized our 77Se-NMR studies in a single crystal of the field-induced
superconductor λ–(BETS)2FeCl4, while most of our detailed research NMR work including
both proton NMR and 77Se-NMR were reported in refs.[20, 23, 24].
Our 77Se-NMR experiments revealed large value of negative π-d exchange field (Hπd ≈ 33 T
at 5 K) from the negative exchange interaction between the large 3d-Fe3+ ions spins and
BETS conduction electron spins existing in the material. This result directly verified the
effectiveness of the Jaccarino-Peter compensation mechanism responsible for the magneticfield-induced superconductivity in this quasi-2D superconductor λ–(BETS)2FeCl4.
Future high field NMR experiments (H0 ≥ 30 T) would be of interest, and NMR
measurements with the alignment of applied magnetic field along the c-axis and sample
rotation in the ac-plane (conducting plane) would further improve our understanding of this
novel field-induced superconductor.
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1. Introduction
A recent study that identified high temperature superconductivity in Fe-based quatenary
oxypnictides has generated a considerable amount of activity closely resembling the cuprate
superconductivity discovered in the 1980s (Kamihare et al., 2008; Takahashi et al., 2008; Ren
et al., 2008). This system is the first in which Fe plays an essential role in the occurrence of
superconductivity. Fe generally has magnetic moments, tending to form an ordered
magnetic state. Neutron-scattering experiments have demonstrated that mediated
superconducting pairing may originate from magnetic fluctuations, similar to our
understanding of that in high-Tc cuprates (de la Cruz et al., 2008; Xu et al., 2008). Binary
superconductor FeSex is another example of a Fe-based superconductor with a less toxic
property, leading to the discovery of several superconducting compounds (Hsu et al., 2008).
The Tc value of FeSe is ~8 K in bulk form and exhibits a compositional dependence such that
Tc decreases for over-doping or under-doping of compounds (McQueen et al., 2009; Wu et
al., 2009), as does that of high-Tc cuprates. FeSe has received a significant amount of
attention owing to its simple tetragonal symmetry P4/nmm crystalline structure, comprising
a stack of layers of edge-sharing FeSe4 tetrahedron. The phase of FeSe heavily depends on Se
deficiency and annealing temperature. While 400 °C annealing reduces the nonsuperconducting NiAs-type hexagonal phase and increases the PbO-type tetragonal
superconducting phase (Hsu et al., McQueen et al., 2009; Wu et al., 2009; Mok et al., 2009),
the role of Se deficiency remains unclear. Notably, this binary system is isostructural with
the FeAs layer in quaternary iron arsenide. Also, band-structure calculations indicate that
FeSe- and FeAs-based compounds have similar Fermi-surface structures (Ma et al., 2009),
implying that this simple binary compound may significantly contribute to efforts to
elucidate the origin of high-temperature superconductivity in these emerging Fe-based
compounds. Therefore, although the electronic structure is of great importance in this
respect, spectroscopic measurements are still limited.
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According to investigations on how fluorine doping (Kamihara et al., 2008; Dong et al., 2008)
and rare earth substitutions (Yang et al., 2009) influence the superconductivity in LaO1xFxFeAs compounds, x-ray absorption spectroscopy (Kroll et al., 2008), x-ray photoemission
spectroscopy (Malaeb et al., 2008) and resonant x-ray inelastic scattering (Yang et al., 2009)
results, Fe 3d states hybridize with the As 4p states, leading to a situation in which itinerant
charge carriers (electrons) are responsible for superconductivity. Most of these studies
suggest moderate to weak correlate correlations in this system. Photoemission spectroscopy
(PES) measurements (A. Yamasaki et al., 2010) support the density of state (DOS)
calculations on the FeSex system. These results indicate the Fe-Se hybridization and
itinerancy with weak to moderate electronic correlations (Yoshida et al., 2009), while recent
theoretical calculations have suggested strong correlations (Aichhorn et al., 2010; Pourret et
al., 2011). While fluorine substitution leads to electron doping in the LaO1-xFxFeAs system,
exactly how Se deficiency may bring in the mobile carriers in the FeSex system to ultimately
lead to superconductivity remains unclear. Therefore, this study elucidates the electronic
structure of FeSex (x=1~0.8) crystals by using XAS Fe and Se K-edge spectra. Powder x-ray
diffraction (XRD) measurements confirm the lattice distortion. Analytical results further
demonstrate a lattice distortion and Fe-Se hybridization, which are responsible for
producing itinerant charge carriers in this system.
As mentioned earlier, although band-structure calculations indicate that FeSe and FeAsbased compounds have similar Fermi-surface structures, the poor quality of crystals arising
from serious oxidization at their surfaces inhibit spectral measurements on pure
(stoichiometric) FeSe. Also, FeSe exhibits an unstable crystalline structure. Therefore,
investigating the effect of chemical substitution, at either the Se or Fe site, is a promising
means of maintaining or improving the superconducting behavior on one hand and
stabilizing the crystal structure on the other. Te doping of the layered FeSe with the PbO
structure modifies its superconducting behavior, with a maximum Tc of ~ 15 K when Te
replaces half of the Se. The improvement of Tc, which is correlated with the structural
distortion that originates from Te substitution, is owing to the combined effect of lattice
disorder, arising from the substitution of larger ions, and electronic interaction. Since
layered FeSe1-yTey crystals are readily cleaved and highly crystalline, x-ray spectra of layered
FeSe1-yTey crystals can provide clearer information about the electronic structure than those
of FeSe crystals. Therefore, this study investigates the electronic properties of FeSe1-yTey
(y=0~1) single crystals by using XAS and RIXS. XAS is a highly effective means of probing
the crystal field and electronic interactions. The excitation-induced energy-loss features in
RIXS can reflect the strength of the electron correlation. During their experimental and
theoretical work on Fe-pnictides, Yang et al. (2009) addressed the issues regarding the Febased quaternary oxypnictides. However, few Fe-Se samples of this class have been
investigated from a spectroscopic perspective. Angle-resolved photoemission (ARPES)
combined with DFT band structure calculation on "11" Fe-based superconductor
FeSe0.42Te0.58 reveals effective carrier mass enhancement, which is characteristic of a strongly
electronic correlation (Tamai et al., 2010). This finding is supported by a large Sommerfeld
coefficient, ~ 39 mJ/mol K (de la Cruz et al., 2008; Sales et al., 2009) from specific heat
measurement. This phenomenon reveals that the FeSe "11" system is regarded as a strongly
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correlated system. Moreover, its electronic correlation differs markedly from that of "1111"
and "122" compounds, perhaps due to the subtle differences between the p-d hybridizations
in the Fe-pnictides and the FeSe "11" system. This postulation corresponds to the
observation of p-d hybridization, as discussed later. This postulation is also supported by
recent DMFT calculations, which demonstrate that correlations are overestimated largely
owing to an incomplete understanding of the hybridization between the Fe d and pnictogen
p states (Aichhorn et al., 2009). Nakayama et al. (2010) discussed the pairing mechanism
based on interband scattering, which has a signature of Fermi surface nesting in ARPES.
Based on the SC gap value, their estimations suggest that the system is highly correlated
(Nakayama et al., 2010). Moreover, a combined electron paramagnetic resonance (EPR) and
NMR study of FeSe0.42Te0.58 superconductor has indicated the coexistence of electronic
itinerant and localized states (Arčon et al., 2010). The coupling of the intrinsic state with
localized character to itinerant electrons exhibits similarities with the Kondo effect, which is
regarded as a typical interaction of a strongly correlated electron system. The localized state
is characteristic of strong electron correlations and makes the FeSe "11" family a close
relative of high-Tc superconductors. Comparing the XAS and RIXS spectra reveals that
FeSe1-yTey is unlikely a weakly correlated system, thus differing from other Fe-based
quaternary oxypnictides. The charge transfer between Se-Te and the Se 4p hole state induced
by the substitution is strongly correlated with the superconducting behavior. Above results
suggest strong electronic correlations in the FeSe "11" system, as discussed later in detail.

2. Experiments
FeSex crystals were grown by a high temperature solution method described elsewhere (Wu
et al., 2009; Mok et al., 2009). Crystals measuring 5 mm x 5 mm x 0.2 mm with (101) plate
like habit could be obtained by this method. Three compositions results of FeSex crystals
(x=0.91, 0.88 and 0.85) are presented here for comparison and clarity. Additionally, large
layered single crystals of high-quality FeSe1-yTey were grown using an optical zone-melting
growth method. Elemental powders of FeSe1−yTey were loaded into a double quartz
ampoule, which was evacuated and sealed. The ampoule was loaded into an optical
floating-zone furnace, in which 2 x 1500 W halogen lamps were installed as infrared
radiation sources. The ampoule moved at a rate of 1.5 mm/h. As-grown crystals were
subsequently homogenized by annealing at 700 ~800 °C for 48 hours, and at 420 °C and for
another 30 hours. Chemical compositions of FeSe1-yTey single crystals were determined by a
Joel scanning electron microscope (SEM) coupled with an energy dispersive x-ray
spectrometer (EDS) (Yeh et al., 2009; Yeh et al., 2008). In the Te substitution series, the
composition of nominal y=0.3 was FeSe0.56Te0.41; that of nominal y=0.5 was FeSe0.39Te0.57; that
of nominal y=0.7 was FeSe0.25Te0.72, and that of nominal y=1.0 was FeTe0.91. The grown
crystals were characterized by a Philips Xpert XRD system; Tc was confirmed by both
transport and magnetic measurements (Wu et al., 2009; Mok et al., 2009).
X-ray absorption spectroscopy (XAS) provides insight into the symmetry of the unoccupied
electronic states. The measurements at the Fe K-edge of chalcogenides were carried out at
the 17C1 and 01C Wiggler beamlines at the National Synchrotron Radiation Reach Center
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(NSRRC) in Taiwan, operated at 1.5GeV with a current of 360mA. Monochromators with Si
(111) crystals were used on both the beam lines with an energy resolution ∆E/E higher than
2x10-4. Absorption spectra were recorded by the fluorescence yield (FY) mode at room
temperature by using a Lytel detector (Lytle et al., 1984). All spectra were normalized to a
unity step height in the absorption coefficient from well below to well above the edges,
subsequently yielding information of the unoccupied states with p character. Standard Fe
and Se metal foils and oxide powders, SeO2, FeO, Fe2O3 and Fe3O4 were used not only for
energy calibration, but also for comparing different electronic valence states. Since surface
oxidation was assumed to interfere with the interpretation of the spectra, the FeSex crystals
were cleaved in situ in a vacuum before recording the spectra.
The unoccupied partial density of states in the conduction band was probed using XAS,
while information complementing that obtained by XAS was obtained using XES. Those
results reveal the occupied partial density of states associated with the valence band.
Detailed x-ray absorption and emission studies were conducted. Next, tuning the incident xray photon energies at resonance in XAS yields the RIXS spectrum, which is used primarily
to probe the low-excited energy-loss feature which is symptomatic of the electron
correlation. XAS and XES measurements of the Fe L2,3-edges were taken at beamlines 7.0.1
and 8.0 at the Advanced Light Source (ALS) at Lawrence Berkeley National Laboratory
(LBNL). In the Fe L-edge x-ray absorption process, the electron in the Fe 2p core level was
excited to the empty 3d and 4s states and, then, the XES spectra were recorded as the signal
associated partial densities of states with Fe 4s as well as Fe 3d character. The RIXS spectra
were obtained by properly selecting various excitation energies to record the XES spectra,
based on the x-ray absorption spectral profile. The XAS spectra were obtained with an
energy resolution of 0.2 eV by recording the sample current. Additionally, the x-ray
emission spectra were recorded using a high-resolution grazing-incidence grating
spectrometer with a two-dimensional multi-channel plate detector with the resolution set to
0.6 eV (Norgdren et al., 1989). Surface oxidization is of priority concern in Fe-based
superconductors; to prevent oxidation of the surface, all data were gathered on a surface of
the sample that was cleaved in situ in a vacuum with a base pressure of 2.7 x10-9 torr.

3. Results and discussion
3.1. Microstructure of FeSe and FeTe
Figure 1 (a) shows the tetragonal crystal structure of FeSe and its building blocks, i.e. Se-Fe
tetrahedra and Fe-Se pyramidal sheets. Figure 1 (b) shows the electronic energy level of the
individual constituent elements and FeSex (indicating the hybridization band). Figure 2
shows the XRD patterns of the FeSex (x=0.9, 0.88 and 0.85) crystals, which represent the
superconducting FeSe phase. The patterns are correlated with the P4/nmm and indexed in
the figure. Weak hexagonal reflections are also observed. According to this figure, the main
diffraction peak (101) shown expanded in the inset shifts to a lower 2θ as x decreases,
indicating an increase in the lattice parameters. The lattice parameters calculated from these
patterns are a=b=3.771Å, c=5.528Å for x=0.9, a=b=3.775Å, c=5.528Å for x=0.88 and a=b=3.777Å,
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c=5.529 Å for x=0.85. Experimental results indicate that the a=b parameter increases
incrementally as x decreases. Simultaneously, a markedly smaller change occurs in the cparameter. Thus, the a-b plane variation is surpasses that of the c axis. These lattice
parameters are very close to those described in the literature for Se deficient powders (Hsu
et al., 2008).

Figure 1. (a) Illustration of the crystal structure of tetragonal FeSex, where the blue (small balls) and red
(large balls) denote Fe and Se, respectively; the pyramid chain and tetrahedral arrangements are
marked in color in the unit cell. Hybridization is shown in two color bonds; (b) the local symmetry of Se
atom (in pyramid chain) and Se atom (in tetrahedral geometry) shown separately; (c) energy level
diagram of the FeSex system along with individual elements. The hybridization and unoccupied states
in the FeSe are highlighted by a circle.

Figure 2. Powder XRD patterns of FeSex crystals with x= (i) 0.85, (ii) 0.88 and (iii) 0.9. The patterns are
fitted to the P4/nmm space group and indexed. Hexagonal phase reflections are denoted by a prefix H.

Conversely, FeTe with the same tetragonal crystal structure is stable up to a significantly
higher temperature, ∼1200 K. As is expected, replacing Se atoms within FeSe with Te
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stabilizes the tetragonal phase at a synthetic temperature close to or above 731 K. This
observation correlates well with our X-ray diffraction analysis. This phenomenon is likely
owing to that Te, which has a larger atomic size than Se, inhibits interatomic diffusion in the
FeSe lattice. In contrast, Se atoms move easily in the larger FeTe lattice. The lattice
parameters calculated from FeSe1-yTey patterns are increased with a increasing y (Yeh et al.,
2009; Yeh et al., 2008). Analysis results indicate that Tc and gamma angle of the distorted lattice
both reach a maximum value at FeSe0.56Te0.41 (~50% Te substituted). This correlation between
the gamma angle and Tc indicates that Tc heavily depends on the level of lattice distortion and
the distance of the Fe-Fe bond in the Fe-plane. Results of above studies correspond to the
electron-orbital symmetry based on the XAS measurements, as discussed below.

3.2. Electronic structure results based on X-ray spectroscopy
3.2.1. FeSex crystals
XAS spectra of the transition metal Fe K-edge (1s → 4p) in Fig. 3(a) are mostly related to the
partial density of 4p states of the iron site (Fig. 1(c)). Unoccupied states in the 3d (due to
quadruple transition) and 4sp bands are sensitive to the local structure and the type of the
nearest neighbors (de Groot et al., 2009; Chang et al., 2001; Longa et al., 1999). Above spectra
can therefore obtain information about the changes in the electronic states possibly
originating from changes in the environment of the Fe ions such as Se vacancies in the
present case. Figure 3 shows the Fe K-edge absorption spectra of FeSex crystals along with
the standards Fe, FeO, Fe2O3 and Fe3O4. All spectra are normalized at the photon energy
~100 eV above the absorption edge at E0 = 7,112 eV (the pure Fe K absorption edge energy).
The spectra of the crystals appear to be close to the Fe metal foil, indicating that the crystals
are free from oxidation. The recent Fe L-edge (2p2/3 → 3d transition) spectra measured before
and after cleaving the samples in UHV further confirm this observation, as shown in the
inset of Fig 3(a). The oxidation peak is observed in the crystal before cleaving but it does not
appear after cleaving, indicating the possible formation of a thin oxide layer on the surface
during handling. Such a thin layer may negligibly impact the deeper penetrating K-edge
measurements. Since our measurements are made after cleaving the crystals under vacuum
this possibility of surface oxidation is even eliminated. The following section describes in
more detail the FeSex electronic structure of the 3d states obtained by XAS measurements
and resonant inelastic x-ray scattering (RIXS) at the Fe L2,3 edges. The observations agree
with those of Yang et al. (2009) on Fe-pnictides 1111 and 122 systems, as well as those of Lee
et al. (2008) when using first principles methods to study FeSex system. Therefore, our results
on the oxygen free FeSex crystals eliminate the possibility of oxygen in superconductivity, as
is case in the LaO1-xFxFeAs system.
These spectra reveal three prominent features, A1, A2 and A3 (Fig. 3(a)), of which, A1 could
be assigned to the 3d unoccupied states originating from the Fe-Fe bonds in metallic iron.
The features A2 and A3 refer to the unoccupied Fe 4sp states. The rising portion of the broad
feature A2 (~7,118.8 eV) appears as a broad peak labeled e1 at ~7,116.8 eV, which appears to
be well separated in the first derivative plots of the spectra shown in Fig. 3(b). While not
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observed in the spectra of the reference Fe metal foil or oxides, this broad peak is a part of
the Fe 4sp band. The e1 feature appears at an energy between those of the Fe metal and FeO
and, therefore, originates from a different interaction, as discussed later. Based on these first
derivative plots, this study also evaluates a formal charge of Fe, in conjunction with the
three standards FeO (Fe2+), Fe2O3 (Fe3+) and Fe3O4 (Fe2.66+). Extrapolating the energy of
FeSe0.88 with those of the standards allows us to obtain a formal charge of ~1.8+ for Fe in
these crystals, thus establishing the electronic charge of Fe in the covalency (2+). Our results
further indicate that the peak (energy) position does not increase in energy with a
decreasing x, implying that the effective charge (valence) of Fe does not change with x. This
finding is consistent with the above Fe L-edge spectra as well as RIXS analysis (Tamai et al.,
2010). Thus, the possible electronic configurations of Fe in the ground state can be written as
3d6.2 or 3d64s0.2, indicating a mixture of monovalency (3d64s1 or 3d7) and divalency (3d6).

Figure 3. (a) Fe K-edge (1s → 4p) absorption spectra of FeSex with different Se contents, and the inset
shows the XAS Fe L3-edge spectra of FeSe0.88 crystal before and after cleaving in situ in a vacuum (b) the
first derivative plots of the same spectra. The spectra of the standards - Fe-metal foil, FeO, Fe2O3 and
Fe3O4 are also given alongside the sample spectra. (c)The Se K-edge (1s → 4p) absorption spectra FeSex
with different Se contents, along with the standards Se metal and SeO2 and (d) the first derivative plots
of the same spectra.

Figure 3(c) shows the Se K-edge spectra of the FeSex crystals and Se and SeO2 standards,
while Fig. 3(d) displays the corresponding first derivative plots to highlight energy changes
in the spectra. The spectra represent mainly Se character without any trace of SeO2,
indicating the absence of oxidation, even in the deeper layers of the FeSex crystals. The
spectra exhibit two peaks B1 and B2. The B1 feature at photon energy around 12,658 eV,
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formally assigned to the transitions 1s → 4p, increases slightly in intensity as well as shifts to
a higher energy as x is decreased. This suggests an increase in the Se 4p unoccupied states i.
e. in the upper Hubbard band (UHB). According to the first derivative plots, a formal charge
of ~2.2- is obtained for Se in the x=0.88 crystal by interpolation with the energies of the
standards Se and SeO2 (as in the case of Fe). This finding agrees with a total charge of 0
when the formal charges of Fe and Se are added (Fe1.8+ Se0.882.2-), thus establishing the role of
the electronic charge of Se in the covalency (2-).
The excess negative charge of -0.2 found in Se can be explained as follows. The electronic
charge of Fe in the covalent FeSex should be 2+. However, in this work, a formal charge of
1.8+ is obtained, implying that some electronic charge is returned to Fe due to the Se
deficiency. However, the covalent charge of Se should be 2- yet 2.2- is obtained here, which
is beyond the 6 electron occupancy of the 4p state orbitals. The Se K-edge spectra reveal a
hole increase with a decreasing x; however, no change in the Fe K-edge suggests a change in
valence. According to the soft x-ray photoemission spectroscopy (XPS) measurements of
Yamasaki et al. (2010), the close distance between Se and Fe may increase the covalence of
the Fe-Se bond due to the hybridization of Se 4p and Fe 3d states. Yoshida et al. (2009) also
observed an adequate correlation between their DOS calculations and the XPS spectra,
which show a feature corresponding to the Fe 3d-Se 4p hybridization. Theoretical
calculations of Subede et al. (2008) also suggest this Fe-Se hybridization. From the above
discussion, we can infer that the B1 feature (Fig. 3(c)) represents the Fe 3d-Se 4p
hybridization band (Fig. 1(c)). Additionally, the increased electronic charge on Fe mentioned
above is due to itinerant electrons in the Fe-Se hybridization bond and appears as a hole
increase in the Se K-edge spectra. Correlating this finding with the decreasing transition
width in the resistance measurements (Mok et al., 2009) obviously reveals that the charge
carriers responsible for superconductivity are itinerant electrons in a manner similar to the
itinerant holes in the case of cuprates. Oxygen annealing in case of YBa2Cu3O6+, oxidizes
Cu2+ to Cu3+ through the hybridization of Cu 3d-O 2p states. A previous study (Grioni et al.,
1989; Merz et al., 1998) assigned the Cu3+ state to the empty state in the Cu-O bonds, which
is also referred to as the 3d9L ligand state, where a hole is located in the oxygen ions
surrounding a ‘Cu site’ (L, a ligand hole, tentatively label this as 3d8-like). These itinerant
holes are responsible for superconductivity. Similarly, in the case of FeSex, the Se deficiency
is bringing about Fe 3d-Se 4p hybridization leading to itinerant electrons. According to
Mizuguchi et al. (2008), changes in bond lengths likely result in a reduction in the width of
the resistive transition due to external pressure.
Experimental results indicate that the intensity of the A2 feature diminishes as x is
decreased, indicating a lattice distortion that increases with a decreasing x. Additionally, the
change in the A2 feature is larger than that of the A3 feature. Notably, the A2 feature could be
associated with pxy (σ) and A3 to pz (π) orientations since multiple scattering in the XAS
from p orbitals could reveal different orbital orientations, and also owing to the nature of
the p orbitals, i.e. pxy and pz. We thus speculate that a larger distortion occurs in the a-b plane
(Fe-Fe distance) than in the c axis. This is also seen from the XRD measurements (Fig. 2)
where the change in the a=b parameter is more profound than that of the c parameter (Fe-Se
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distance). Therefore, the Fe orbital structure changes from 4p to a varying (modulating)
coordination with a decreasing x. The broad feature B2, at ~ 20 eV above the Se K-edge
appears at the same energy in the entire FeSex spectra, is not affected by the Se deficiency
and is assigned to the multiple scattering from the symmetrical Se 4p states in the
coordination sphere that are correlated to the local structure of the Se ions (de Groot et al.,
2009). This finding correlates with the XRD results where the c parameter remains nearly
unchanged. This occurrence becomes obvious when examining Fig. 1, where Se is found at
the tip of the Fe-Se pyramid.
Since Se is located at the apex of the tetrahedral pyramid chain in the FeSex lattice (Fig. 1),
removing a Se ion with a formal negative charge (-2) from the lattice would result in a Se
vacancy with an effective positive charge and also repulse the surrounding positively
charged Fe atoms. This finding corresponds to the distortion in the ab plane, as discussed
above. Additionally, according to Lee et al. (2008), the Fe atoms around the vacancy may
function similar to magnetic clusters.

3.2.2. Electron correlations of FeSe1-yTey
As discussed above, due to the unstable phase of stoichiometry FeSe and efforts to more
thoroughly understand the origin of superconductivity in this class of materials, of
worthwhile interest is to investigate the effect of chemical substitution on FeSe in order to
maintain or improve the superconducting property and stabilize the crystal structure.
Figure 4(a) compares Fe L2,3-edges XAS spectra of FeSe1-yTey before and after cleavage in situ,
in which an oxidized iron foil is used as a reference sample. Of the two XAS lines, A1 and B1,
at the L3-edge of the oxidized iron foil, B1 are prominent from the uncleaved samples,
indicating that the sample surface is seriously contaminated by oxygen. The shoulder-like
line B1, which originates from Fe-O bonding in cleaved samples, is smeared. As is well
known, iron oxide yields B1. However, this line is missing from the spectra of cleaved FeSe1yTey samples, indicating that iron oxide is only a very minor constituent. This finding reflects
the importance of cleavage in situ for making spectral measurements of samples in this class.
Figure 4(b) further illustrates how sensitive the FeSe (without Te doping) is, in which it
oxidizes very easily, even in an ultra-high vacuum chamber with a base pressure of ~2.7x109
torr. The study of FeSe0.88 crystal in an earlier section observed this phenomenon. In this
work, XAS of pure FeSe is obtained, and the pure compound oxidizes within 12 hours, as
indicated by a comparison with a doped sample (FeSe1-yTey, y=0.5). The high-energy
shoulder structure, as denoted by a dash line, is associated with the Fe-O bond; it is absent
right after in-situ cleavage of either sample. This structure appears again in the FeSe sample
when placed in a vacuum for 12 hr, yet does not reappear in the doped samples. This
finding demonstrates that pure FeSe suffers from serious surface oxidization. Capable of
enhancing the Tc value, Te doping can also stabilize the crystal structure. Figure 4(c)
presents Fe L2,3-edges XAS spectra of FeSe1-yTey, by using Fe metal, oxidized foil and Fe2O3 as
reference samples. Unoccupied Fe 3d orbitals are probed using XAS. The spectra reveal two
major transitions. Governed by the dipole selection rule, the transition is mainly due to
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2p63d6-2p53d7 transition, in which an Fe 2p electron is excited into an empty 3d state. Spinorbit splitting separates the 2p state into 2p3/2 and 2p1/2 states, yielding two prominent
absorption features around 707 eV (L3) and 720 eV (L2). XAS at the transition-metal L-edge
probed unoccupied 3d states, which are sensitive to the chemical environment, valence state,
crystal field and 3d electronic interactions. The ratio of intensities of the two major
absorption features is largely determined by the high- or low-spin ground states through the
crystal-field effect. XAS of Fe2O3 reveals a strongly split structure at both L2 and L3
absorption edges, which is formed by the interplay of crystal field and electronic interactions.
Fe-O does not contribute to the FeSe1-yTey spectra, and no spectral profile resembles that of
Fe2O3 or oxidized foil. As is generally assumed, the shoulder at the high-energy tail (dotted
portion) of the Fe L3 line in the FeSe1-yTey samples is associated with covalent sp3 bonds
between Fe 3d and Se 4p/Te 5p states (Bondino et al., 2008). FeSe1-yTey yields no observable line
splitting or change in intensity ratio, implying a weak crystal-field effect and also that the Fe
ion favors a high-spin ground state. Line shapes in the spectra of these cleaved crystals in the
UHV chamber resemble those of iron metal, indicating metallic nature and a localized 3d band
(Yang et al., 2009). As is anticipated, the variation in the full width at half maximum (FWHM)
of the Fe L3 peak in the XAS and the width of the Fe 3d band with localized character is smaller
than those of Fe because the Fe-Fe interaction is stronger (Nekrasov et al., 2008).
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Figure 4. (a) Comparison of Fe L2,3-edge XAS of FeSe1-yTey before and after cleavage in situ, using
oxidized iron foil as a reference. (b) FeSe is highly sensitive, even in the vacuum; in addition, it oxidizes
within 12 hours. (c) Fe L2,3-edge XAS of FeSe1-yTey cleaved in situ. Samples of Fe metal, oxidized foil and
Fe2O3 serve as references.

Figure 5(a) describes the RIXS (lower part) obtained at selected energies (letters a-g), as
denoted by arrows in XAS (upper part). The upper RIXS spectrum is obtained at an
excitation photon energy of 735 eV , far above the Fe L3-edge absorption threshold. This
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spectrum is commonly referred to as the so-called non-resonant normal emission spectrum.
This non-resonant spectrum reveals two main fluorescent features around 704 eV and 717
eV, resulting from de-excitation transitions from occupied 3d states to the 2p3/2 and 2p1/2
holes, respectively, which are thereby refilled. The RIXS recorded with various excitation
energies, a-f, include the strong 704 eV peak, as observed in the non-resonant spectrum. At
an excitation energy close to that of the L2 absorption feature, the line at 717 eV emerges and
remains at the same energy as the excitation energy increases beyond the L2 edge. As
indicated by arrows in spectra d and e, small bumps appear at energies of approximately
710 and 716 eV. These energies track well the excitation energies and, therefore, are caused
by elastic scattering. As magnified in the inset, the fluorescent feature of both samples does
not follow the excitation energy and well overlaps the line at 704 eV in the non-resonant
spectrum. Notably, RIXS includes no energy loss feature, which is generally associated with
electron correlation and excitations.
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Figure 5. (a) RIXS (lower part) obtained at selected energies (a-g), as denoted by arrows in XAS (upper
part). Inset shows the fluorescent feature of both samples, which overlaps well with the line at 704 eV in
the non-resonant spectrum. (b) Comparison of RIXS resonantly excited at 708 eV for samples with y=0.5
and 0.7 and reference samples Fe2O3 and pure iron metal.

Figure 5(b) compares RIXS obtained with resonant excitation at 708 eV from samples with
y=0.5 and 0.7 and from reference samples Fe2O3 and pure iron metal. They are displayed
with an energy loss scale; elastic scattering produces the feature at an energy loss of zero.
Notably, Fe2O3 RIXS exhibit more complex energy-loss features, which are marked by short
vertical lines. These features are enhanced at particular excitation energies because of inter-
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electronic transitions, and are identified as d-d excitations (Duda et al., 2000). Fe metal yields
one main fluorescent line and a more symmetric profile. Spectra of FeSe1-yTey are also
obviously dominated by only a single line and resemble that of Fe metal, implying metallic
character. Analysis results of the Coulombic interaction and Fe 3d bandwidth indicate the
lack of excitation-induced energy-loss features in RIXS of iron-pnictide samples, implying a
weak correlation in the iron-pnictide system (Yang et al., 2009). Therefore, known metallic
iron and insulating iron oxide must be compared further to reveal the importance of
electron correlation and metallicity.
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Just as XAS demonstrates the density of unoccupied states (DOS) in d orbitals, non-resonant
XES are interpreted simply as revealing the occupied DOS of d states, which is dominated
by Fe 3d orbitals near the Fermi level. Figure 6 (a) shows the non-resonant Fe L2,3-XES of
Fe2O3, FeSe1-yTey and Fe metal. The spectra of FeSe1-yTey and Fe are nearly identical in both
shape and energy, indicating that the experimental determination of the contribution of
occupied Fe 3d states in FeSe1-yTey closely resembles that of Fe metal. The ratio of intensities
of L2 and L3 XES should equal 1/2 for free atoms, reflecting the statistical populations of the
2p1/2 and 2p3/2 energy levels. However, in metals, Coster-Kronig transitions markedly reduce
this ratio, revealing the correlations and metallicity of a system (Raghu et al., 2008). Figure
3(b) presents ratio I2/I3, i.e. the ratio of integrated intensities of the XES L2 and L3 lines. FeSe1yTey samples with y=0.5 and y=0.7 have almost identical I2/I3 intensity ratios. These ratios are
closer to that of correlated Fe2O3 than to that of the metal, indicating that the character of
FeSe1-yTey more closely resembles that of correlated Fe2O3. This finding corresponds to that
of the Fe 3d states in FeSe1-yTey systems, which exhibit more localized than itinerant
character, as denoted by a smaller FWMH in XAS than that of Fe-pnictides.
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Figure 6. (a) Comparison of non-resonant Fe L2,3-XES of Fe2O3, FeSe1-yTey and Fe metal. (b) Ratio of
integrated intensities (I2/I3) of XES L2 and L3 lines.
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The similarity between XAS and XES of FeSe1-yTey and those of Fe metal signifies the
importance of metallicity in this system. This metallicity is further and directly ascertained
from absorption-emission spectra, which, with a carefully calibrated energy scale, can reveal
both the occupied and the unoccupied electronic densities of states around the Fermi level.
Figure 7(a) displays the absorption-emission spectra, revealing the DOS of Fe 3d states
across the Fermi level. An arrow indicates the intersection of XAS and XES, indicating that
FeSe1-yTey can be regarded as metallic in nature. Figure 7(b) shows the overlain spectra of
FeSe1-yTey and Fe. The Fe spectrum has a single line, which is narrower than the
corresponding line of FeSe1-yTey. This dominant line in the spectrum of FeSe1-yTey is slightly
broader than that of Fe, perhaps owing to Se hybridization state in the lower-energy region
(Yamasaki et al., 2010; Subede et al., 2008).
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Figure 7. (a) Absorption-emission spectrum of FeSe1-yTey (y=0.5 and 0.7). Intersection yields denotes EF.
(b) Spectra of FeSe1-yTey (y=0.5 and 0.7) and Fe metal. A deviation originates from Fe-Se hybridized
states. (c) Fe L3-XES line is fitted by two components (dotted lines). The dashed lines refer to calculated
DOS (from Subede et al., 2008).

Iron pnictides are weakly correlated systems, unlike high-Tc cuprates. However, a
theoretical work has established that Fe-Se may not be correlated as weakly as Fe
pnictides (Aichhorn et al., 2010). An important question that arises concerns whether
compounds in the FeSe family exhibit a weak correlation, like that of iron pnictides, or a
strong correlation, similar to that in high-Tc cuprates. Therefore, information concerning
bandwidth of the Fe 3d states must be obtained from spectral results. An estimate of the
FWHM in FeSe1-yTey XES yields a width of 4.1 eV. This value reflects the fact that corehole lifetime and multiplet broadening, and are not associated with the Fe 3d bandwidth.
Figure 7 (c) displays a deconvoluted spectrum that includes a single dominant line (C1)
and a low-energy contribution (C2), which is consistent with published x-ray data (Freelon
et al., 2010). The main line is associated primarily with Fe 3d bands; in addition, the
contribution in the low-energy region is interpreted as originating from the hybridization
of Fe 3d and Se 4p states (Kurmaev et al., 2009). The low-energy shoulder originates from
hybridization of Fe 3d and As 4p states in the FeAsFO "1111" system. Analytical results
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indicate that the FeSe "11" system is simpler than the "1111" system: the low-energy
contribution therefore originates from hybridization of Fe 3d-Se 4p without calculation
forecasts. This hybridization of Fe 3d-Se 4p is also consistent with recent density
functional calculations (Subede et al., 2008). According to the projected density of states
(adopted from Subede et al, (2008)) in the bottom of Fig. 7(c), peak C1 is mainly due to the
Fe 3d states. Peak C2 lies far below the Fermi level, and can be ascribed to the hybridized
Fe 3d-Se 4p states. Width of the dominant peak in Fe L3 XES is ~3 eV. Given the
instrumentation resolution, this value is taken as a guide for an upper limit of the Fe 3d
bandwidth. Estimation results of ~3 eV for the Fe 3d bandwidth correlate with the on-offresonance photoemission results, revealing that Fe dominates the binding energy range of
0-3 eV (Yamasaki et al., 2010). The low-energy contribution at 4.3 eV below EF is attributed
to Se 4p states, which corresponds to the on-off-resonance photoemission results
(Yamasaki et al., 2010) and DOS calculation (Subede et al., 2008). The degree of electron
correlation implies the relative magnitudes of the Coulomb interaction U and bandwidth
W. Additionally, U is simply taken as the energy difference between the occupied and
unoccupied states near EF, and is estimated to be ~4 eV. This value matches values
presented in another work, in which U of the FeSe system has been predicted to be ~4 eV
(Aichhorn et al., 2010). The values imply that the magnitude of U is larger than that of the
upper limit of the estimated Fe 3d bandwidth. The result U/W>1 in this work reflects a
strong electronic correlation due to competition between the localized effect of U and the
itinerant character of W (Zaanen et al., 1985).
Various experiments and theoretical calculations have been undertaken, especially for the
"1111" and "122" systems, to elucidate electron correlation in these Fe-based compounds. Now,
the results herein concerning the "11" system are compared with those obtained elsewhere for
"1111" and "122" compounds. Comparing the photoemission spectrum (PES) of Fe with the Cu
2p core-level spectra of CeFeAsO0.89F0.11 (1111) (Bondino et al., 2008) and high-Tc cuprates (La2xSrxCuO4 and Nd2-xCexCuO4-δ) (Steeneken et al., 2003) reveals the absence of satellite structures
with higher binding energies in the Fe 2p spectra. This finding implies the presence of strongly
itinerant Fe 3d electrons, which contrasts with the observation from the Cu 2p spectra in highTc cuprate. Further comparing the Fe L3 XAS spectra reveals the lack of a well-defined
multiplet structure, which is indicative of the delocalization of 3d band states, and
subsequently providing complementary evidence of the itinerant character of Fe 3d electrons.
Strongly itinerant 3d electrons are thus an important characteristic of the Fe-based
superconductor, implying that it does not exhibit as strong correlations as a high-Tc cuprate. A
previous study has examined the extent of electron correlations in PrFeAsO by using coupled
x-ray absorption and emission spectroscopy (Freelon et al., 2010). From the spectroscopic
results herein, the bandwidth of the Fe 3d states is estimated to be ~ 2eV, which is similar to or
larger than the theoretical Coulomb parameter U≤2 eV. The relative magnitudes of U and W
thus simply suggest that the "1111" system exhibits weak to intermediate electron correlations
(Freelon et al., 2010). A detailed study involving the theoretical calculations for both "1111" and
"122" Fe-pnictides was performed, with its results correlating well with experimental x-ray
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spectroscopic results (Yang et al., 2009). A cluster calculation was performed to highlight the
role of strong Coulomb correlations; spectral features associated with strong correlations are
shown in the theoretical results, yet are suppressed in the experimental data. Based on a direct
comparison of the energy position of this feature in the experimental data and that in the
cluster simulation, an upper limit of the Hubbard U of 2 eV is determined; this value is
markedly smaller than the Fe 3d bandwidth. This finding suggests that Fe-pnictides should be
viewed as a weakly correlated system. Although the XAS results herein resemble those in
previous studies for Fe-pnictides and do not show the well-defined multiplet structure that is
exhibited by Fe ionic oxides, two important differences are observed upon closer inspection:
(a) the high-energy shoulder intensity of FeSe1-yTey is lower than that of Fe-pnictides, and (b)
the linewidth of the main peak in the XAS spectrum of Fe metal is smaller than that of Fepnictides (Yang et al., 2009). The weak and broad shoulder is owing to hybridization of Fe 3dZ np states ( Z: sp element). Thus, this reduction in intensity implies less hybridization than
exhibited by other Fe-based "1111" and "122" systems. This finding is consistent with the
observation that the linewidth of the Fe 3d main peak from FeSe is narrower than those from
the "1111" and "122" systems. The presence of localized Fe 3d electrons in the FeSe system is
also confirmed by XES, which can extract information about the bandwidth of the Fe 3d states.
As is estimated, the bandwidth in this work is ~ 3 eV, although this value is larger than that, ~
2eV, found in a previous study of the "1111" system (Bondino et al., 2008). However, according
to our spectroscopic results, the Coulomb parameter U is estimated to be ~ 4eV, which exceeds
values reported elsewhere, which range from 0.8 eV to 2 eV (Yang et al., 2009; Bondino et al.,
2008; Nekrasov et al., 2008). Recent calculation studies also support the Coulomb parameter
U~ 4eV in this work. Above differences suggest that the FeSe system differs from "1111" and
"122" compounds, and the FeSe "11" system is probably not a weakly correlated system.
The electronic properties discussed above concern Fe 3d orbitals. The correlation between
the superconducting behavior and the band structures, as well as interaction of the d-d and
d-p states, may also play a vital role in these systems, as revealed by the XANES tests on
FeSex single crystals at section 3.3.1. As mentioned earlier, although doping of Te (y=0.5)
enhances the Tc value, under- or over-doping decreases this value. Origin of the
enhancement must be clarified. The Fe K-edge spectral profiles of the FeSe1-yTey are identical
and appear to remain unaffected by Te doping (Fig. 8), which is consistent with
observations of Fe L-edge XAS and RIXS. This finding suggests that the valence state and
the electronic structure around the iron sites resemble each other. Additionally, the
electronic configuration depends heavily on the hybridization between the orbitals of the Fe
(3d) – Se(4p)/Te(5p) states. Accordingly, the electronic properties of 4p(5p)-character, which
are identified from the Se (Te) K-edge XAS spectra, must be further examined. Figures 9 (a)
and 9 (b) display the Se and Te K-edge spectra, respectively. The insets highlight the energy
shifts in these spectra. Se K-edge spectra have a spectral line shape resembling that in FeSex
series. The spectra are explained by a projection to the local electronic transition from the Se
inner 1s to the outer 4p state. The spectra reveal two peaks, A2 and B2. Peak A2 at a photon
energy of around 12,658 eV originates from Fe-Se hybridized states. The peak of the doped
sample has an increased intensity and shifts to a higher energy. According to related
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investigations (Joseph et al, 2010), the increase in peak A2 intensity is owing to an increase in
the strength of Fe 3d-Se 4p hybridization. The upward shift in energy is the result of an
increase in the valence states. The measured energies of the absorption edge follow the
order of increasing photon energy y=0.3, 0.7 and 0.5, as displayed in the inset. Figure 10
plots those values. Notably, the position of the absorption edge is related to the valence
state; the valence state is highest at y=0.5, implying that the carriers between Fe and Se are
itinerant electrons in the Fe-Se hybridization band, causing a valence change upon Te
substitution. This increase in the valence is an indication of the change in coordination
geometry and the increase in the number of 4p holes. The spectra thus provide evidence that
the 4p holes are increased the most upon Te substitution when y=0.5. The change in the
number of holes that is caused by the variation in the strength of the Fe 3d-Se 4p
hybridization band is also confirmed in the x-ray absorption study of the Se deficiencies in
the FeSex system. Additionally, the number of holes changes with the superconductivity
(Fig. 10) in a manner resembling that in cuprate, whose itinerant holes, via the hybridization
of Cu 3d-O 2p states, are responsible for superconductivity. Consequently, the change in
valence implies a change in the number of holes by Fe 3d-Se 4p hybridization, subsequently
forming itinerant holes, as occurs in Se-deficient FeSe. Notably, the broad feature B2 appears
around 20 eV above the absorption threshold in all spectra. According to the earlier
discussion of section 3.2.1 and Joseph et al., (2010) this feature is attributed to multiple
scatterings from symmetrical Se 4p states in the coordination sphere, which is related to the
local structure of the Se site. This broad feature appears at the same energy in all of the FeSex
spectra and remains unaffected by the Se deficiency. This finding implies similar multiple
scattering from Se 4p states and the same local structure around Se ions.
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Figure 8. Fe K-edge XAS spectral profiles of FeSe1-yTey are identical and appear to remain unaffected by
Te doping. Insets show details of 1st differential spectra, which suggest a similar electronic state around
Fe site.
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However, this broad feature does not appear at the energy at which it occurred in the work
of Joseph et al., (2010) because of the change in the local geometry around the Se site upon
Te substitution. This finding suggests local inhomogeneity, which correlates with the local
inhomogeneity that was evident in XANES and EXAFS studies (Joseph et al., 2010). EXAFS
analysis results indicate that the Fe-Se and Fe-Te bond lengths in FeSe0.5Te0.5 differ from each
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other, revealing a distinct site occupation and local in-homogeneity. A detailed polarization
study of the Se K-edge demonstrates changes in the A2 and B2 peaks with the xy and z
characteristic of the p states (Joseph et al., 2010). Owing to the natural characteristic of the p
orbitals, the multiple scattering in the XAS results that are associated with p orbital
symmetry reveals their different orbital orientations, thus reflecting pxy and pz character. This
feature shifts to a lower energy owing to local inhomogeneity caused by doping. This
finding is supported by the work of Joseph et al., (2010) and implies distortion of the
tetrahedral symmetry at the Se sites. Te K-edge spectra in Fig. 9 (b) include one edge feature
that is associated with 1s to 5p transitions in the coordination sphere, which reflect the local
envelopment of the Te ions. The inset in Fig. 9 (b) describes details of the absorption edge.
The photon energy associated with the chemical shifts increases in the order y=0.5, 0.7 and
0.3, i.e. a trend which contradicts the Se K-edge observations. The y=0.5 substitution exhibits
the lowest valence state, a finding which contrasts with the Se K-edge results, possibly
owing to that the charge is gained in the 5p orbital at the Te site. The critical and
corresponding energy shift in the Se and Te K-edge features upon Te substitution is
consequently indicative of an increase in the 4p holes and a decrease in the 5p holes at y=0.5.
The tetragonal phase of FeSe has a planar sub-lattice layered structure with Se ions at the
tips of the pyramid chain and an Fe plane between Se ions. The substituted Te has an ionic
radius which exceeds that of Se, subsequently increasing the hybridization of Fe 3d-Se 4p/Te
5p. Comparing Se and Te K-edges reveals an expected charge transfer between Se and Te: as
Te is doped into tetragonal FeSe crystals, the number of 4p holes is increased by Fe 3d–Se
4p/Te 5p hybridization. These results are consistent with an earlier study of the structural
distortion that is associated with variation in the angle γ and electron-transport properties
(Yeh et al., 2008). Importantly, the change in the number of p holes between Fe-Se and Fe-Te
may determine superconducting behavior.
Te doping causes structural distortions in FeSe, as revealed by detailed x-ray refinement
(Yeh et al., 2008). Doping expands the lattice because the ionic radius of Te exceeds that of
Se. As the doping concentration increases, angle γ varies, subsequently increasing the bond
length along the c-axis and altering the density of states at the Fermi level (Yeh et al., 2008),
which corresponds to density-functional calculations (Subede et al., 2008). Tc and angle γ
display a similar trend: both reach their maxima at y=0.5. Figure 6 plots Tc against Te doping
(Tc is denoted by a red star); a simple sketch of the varying γ angle is also shown. Since the
electronic structure around the Fe site in FeSe1-yTey does not significantly change, exactly
how Se 4p holes affect superconductivity should be examined. Either the energy shift or the
area under the absorption feature of XAS yields the hole concentration. Therefore, in this
study, the energy shift with respect to pure FeSe is determined from the Se K-edge of FeSe1yTey and is presented in Fig. 10 as a black circle. Evolution of the edge shift reasonably
estimates the hole concentration. Variation in the number of Se 4p holes is closely related to
the change in transition temperature. The correlation between the Se 4p hole concentration
and Tc suggests that Tc depends more heavily on the variation in the number of 4p holes
than on the Fe-Fe interaction in the Fe plane, a claim which is consistent with the absence of
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a significant change in the Fe XAS and RIXS. This finding is also consistent with the
asymmetric expansion of the tetragonal lattice in relation to the structure of FeSe0.5Te0.5 – by
8 % along the c-axis, but only about 0.6% along the a-axis (Yeh et al., 2008); the Fe-Fe
interaction in the Fe plane has negligible impact herein. Conversely, the role of the ligand
holes and the subsequent effect of charge transfer are important. These effects may originate
from Fe acting as a superexchange medium, which does not observably change from the
perspective of the Fe site, a finding which is consistent with previous studies (Fang et al.,
2008; Yildrim et al., 2008; Si et al., 2008).This finding may provide an important foundation
for understanding the origin of superconductivity in the family of compounds considered in
this study.

4. Conclusion
This study elucidates the electronic properties related to the electron correlation and
superconductivity of FeSex and FeSe1-yTey, with reference to measurements of XAS and RIXS.
Spectroscopic data exhibit the signature of Fe 3d localization and different hybridization
effects from those of "1111" and "122" systems. The charge balance considerations from phole also result in itinerant electrons. Fluctuation in the number of ligand 4p holes may arise
from the charge transfer between Se and Te in the FeSe1-yTey crystals. Analysis results
indicate that the superconductivity in Fe-based compounds of this class is strongly
associated with the ligand 4p hole state. Additionally, the variation of Tc correlates well
with the structural deformation and the change in the Se 4p holes. Moreover, the symmetry
of Fe in the ab plane changes from the 4p orbital to modulating (varying) coordination
geometry. XRD measurements indicate that this lattice distortion that increases with Se
deficiency and the Te doped. Tetragonal FeSe with a PbO structure not only has the same
planar sub-lattice as layered Fe-based quaternary oxypnictides, but also exhibits a structural
stability upon Te substitution; it is a promising candidate for determining the origin of Tc in
Fe-based superconductors. A fundamental question concerning the role of Fe magnetism in
these superconductors is yet to be answered. The importance of charge transfer and the
ligand 4p hole state should be considered as well.
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1. Introduction
More than 24,000 inorganic phases are known. Of these phases approximately 16,000 are
binary or pseudobinary while about 8,000 are ternary or pseudo-ternary. However, it is
surprising to note that the observation of superconductivity in these alloys is a rare
phenomenon. Superconductivity is ubiquitous but sparsely distributed and can be
considered a rare phenomenon among the known alloys. BCS theory has been enormously
successful in explaining the superconducting phenomena from the microscopic view point.
The fundamental idea of this theory is the formation of Cooper pairs of electrons, mediated
by phonons, the quantum of vibration of the crystal lattice [1]. Thus maximizing the critical
temperature is involved with maximizing the electron-phonons coupling. Among the
intermetallic materials, the binary cubic (A3B) so-called A15 compounds displayed the
highest Tc, until the discovery of superconducting cuprates. Among these materials in
particular, Nb3Sn and V3Si with critical temperatures of 18.0 K and 17.1 K respectively have
lattice instabilities of martensitic-type occurring at temperatures Tm very close to the
maximum Tc. In the phase diagram of Tm and Tc versus Pressure (P) of V3Si, the martensitic
phase line intersects and stops exactly at the superconducting phase boundary. A qualitative
example of this kind of the behavior can be observed in the Figure 1. Data exists beyond the
extrapolated intersection shown and finds that there is no martensitic distortion occurring
below Tc in this pressure regime. One way to think about this behavior is in terms of a lattice
softening arising from strong electron-phonon coupling. Both the martensitic distortion and
superconductivity arise from this coupling, and when the superconductivity Tc occurs at
higher temperature than that of the lattice distortion, the energy gap that opens in the
superconducting state gaps out at the same time phonon fluctuations that give rise to the
lattice distortion [2-3]. One has, then, two phases that are competing for the same resource.
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A similar type behavior is observed in heavy Fermion (HF) superconducting materials. Here
antiferromagnetic order competes with the superconducting transition, both phases arising
from electronic coupling to magnetic fluctuation in the heavy electron liquid.
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Figure 1. Schematic representation of the temperature dependence with pressure showing the critical
temperature and martensitic temperature for V3Si.

With the heavy Fermions, all superconductors are found in the vicinity of a quantum critical
point, where the antiferromagnetic order has been driven to zero Kelvin (T = 0K). The
general characteristics of high critical temperature cuprates are often discussed in terms of
the kind of phase diagram found in the HF materials. A line known as the pseudogap
intersects the maximum Tc in a superconducting dome in the temperature control parameter
phase diagram, in general doping level being the control parameter [3]. There continues
debate as to whether the pseudogap line represents a true phase transition. However, it is
arguably the temperature setting the critical superconducting transition temperature upper
limit. Again, the similarities with other instabilities discussed here are evident, with the
temperature of the pseudogap intercepting the maximum of Tc against a control parameter
that in this case is the doping level. This same discussion is also relevant to recent Fe-based
pnictide superconductors. In this set of materials two competing phases are observed in the
phase diagram, the non-superconducting one a structural instability or an SDW. Their
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transition temperatures intersect the superconducting transition temperature curve in the
phase diagram versus pressure and/or composition. At the pressure suppressing the
structural or SDW transition down to the superconducting Tc superconductivity does not
appear to coexist with the SDW or structurally distorted phase. However, the data are not
sufficient to say that the critical temperature of the superconducting transition is maximized
at the intercept of the SDW transition, but the results seem to suggest that this may occur. In
addition, the organic superconductors show similar behavior to that which occurs in high
critical temperature cuprates. In all these cases maximizing the superconducting
temperature appears to involve suppressing a secondary phase which competes with the
phenomenon of superconductivity, whether CDW, SDW, Tm or other competitive instability.
These experiments all suggest that superconducting pairs are utilizing the same fluctuation
spectrum that supports the order of the phases it competes with. The key to
superconductivity is to be found in frustrating the competing order so that the
superconducting instability of the Fermi surface can gap out parts of the fluctuation
spectrum favoring the second phase. Even in one-dimensional systems instabilities play a
role in the superconducting behavior [4-5]. The superconducting critical temperature
increases upon applying hydrostatic pressure while simultaneously suppressing the
electronic CDW. Within this general scenario is the superconductivity of compounds which
can crystallize in AlB2 prototype structure. Our discussion of superconductivity in this
structure-type is based on the defect structures that these compounds may have.

1.1. Superconductivity in compounds with AlB2 prototype structure
The first superconductor found to crystallize in the AlB2 prototype structure was discovered
by A. S. Cooper et. al. [6] In this paper the authors showed that NbB2 as well MoB2 can
exhibit superconductivity. However, stoichiometric NbB2 was not superconducting, but
adding excess boron for a nominal composition of NbB2.5 yielded bulk superconductivity
observed at 3.87 K, determined from the measurement of the specific heat. In the same
article the authors discussed the high temperature phase MoB2. When a nominal
composition MoB2.5 was splat-melted forcing excess boron into lattice the material had a
superconducting transition close to 7.45 K. These results were not confirmed by other
authors and remained of little interest to the scientific community until the discovery of
superconductivity in MgB2 with critical temperature close to 40.0 K [7]. In the Nb-B system
the NbB2 phase shows a wide range of boron stoichiometry where a defect structure can
explain this large range of solubility. Recently C. A. Nunes et. al. [8] made a systematic
study of the B-solubility in NbB2. The homogeneity of the phases obtained was determined
by neutron diffraction and a maximum critical temperature was found to be 3.9 K. This
study raises anew the question of the nature of defects that can be generated in these
compounds. The stability of the phase NbB2 spans a wide range of composition as shown in
the diagram in Figure 2.
At the solubility limit the Nb-B inter-atomic distance in NbB2 phase is constant. This indicates
that variations in lattice parameters "a" and "c" inside of the stability range do not occur
randomly but are such as to maintain a constant Nb-B distance of 2.43Å. To explain the wide
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stability range of the NbB2 phase, some authors propose a superstructure of defect vacancies
in the crystal lattice [10]. This defect structure is based on the cohesive forces in layers exerted
by expansive forces in the Nb layers. Certainly this defect structure strongly influences the
electronic structure, making it highly dependent on stoichiometry. The MoB2 compound was
also revisited for L. E. Muzzy et al. in [11] which reported a systematic study of the
substitution of Mo by Zr in the (Mo0.96Zr0.04)0.88B2 where the AlB2 structure is stabilized and
superconductivity can exist in the range of critical temperature between 5.9 and 8.2 K. In this
case the authors claim that the superconductivity is strongly dependent on a specific defect
structure such as occurs in NbB2 compound. Another interesting compound that presents a
relatively high superconducting critical temperature is CaSi2. The equilibrium phase is
hexagonal with space group R-3mh. However when this compound is submitted to the high
pressure 15 GPa, an allotropic transformation occur into the AlB2 prototype structure with sp2
graphite-like planes, with superconducting critical temperature close to 14.0 K [12].

Figure 2. Phase diagram of the Nb – B system which show the wide solubility range of the NbB2 phase.
Adapted from reference [9].

Within this context we will discuss an example where an extremely stressed lattice of AlB2
prototype yields superconductivity while the matrix compound is non-superconducting.
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1.1.1. Superconductivity in a supersaturated solid solution of Zr1-xVxB2
Since the discovery of superconductivity in MgB2 with superconducting critical temperature
close to 40 K, MB2 materials (M = Transition Metal) with the same prototype structure as
MgB2 are considered as candidates for multiband superconductivity. As mentioned above,
superconductivity in this class of material is relatively rare. Theoretical articles in the
literature suggest that some member compounds are good candidates to exhibit high
superconducting critical temperature. Among the suggested compounds are AuB2, AgB2,
LiB2, ZnB2 and CaB2 [13-17]. However, these theoretical predictions have not been confirmed
and some of the suggested compounds do not exist in the equilibrium phase diagram. As
example we mention ZnB2 that does not exist in the Zn-B binary system in thermodynamic
equilibrium. In the binary system (Zn-B) system no solubility exists between Zn and boron
atoms and no intermetallic phase is observed. In our opinion the most important criterion
for superconductivity in the AlB2-type structure is defect creation such as occurs in NbB2.
Superconductivity was reported in ZrB2 with superconducting critical temperature close to
5.5 K [18]. However, this surprising result was not confirmed by other groups. In fact single
crystals of this compound (ZrB2) are not superconducting [19]. This apparent paradox can be
attributed to the possible existence of ZrB12 as contaminante in the sample prepared by
Gasparov et. al. [18]. A careful analysis of the Zr-B phase diagram suggests that this kind of
the contamination is quite possible, ZrB12 is a superconductor known for a long time, with
superconducting critical temperature 5.94 K [20]. ZrB2 also was studied at high pressure (50
Gpa) and superconductivity was not observed [21].
In order to address this problem we made a systematic study of ZrB2 where Zr is substituted
for V in VB2 and V for Zr in ZrB2. In both the Zr-B and V-B systems the AlB2 structure exists
and a solid solution is possible. We prepared Zr1-xVxB2 compositions with x for 0.01 ≤ x ≤ 0.1.
All the samples were prepared by arc-melting together the high purity elements taken in the
appropriate amounts in a Ti gettered arc furnace on a water-cooled Cu hearth under high
purity argon. The samples were remelted five times to ensure good homogeneity. Due to the
low vapor pressure of these constituent elements at their melting temperatures, the weight
losses during arc melting were negligible (˂ 0.5%). The samples were characterized by x-ray
diffraction with CuKα radiation. The results of x-ray diffractometry are show in Figure 3.
All peaks can be indexed as belonging to AlB2 prototype structure until x = 0.05 V content.
For composition with x > 0.05, a segregation of secondary phase is observed, this secondary
phase being interpreted as VB. These results indicate that the solubility limit is low. The
lattice parameter as a function of V content is shown in Figure 4.
A small but consistent variation is observed indicating that the “c” lattice parameter
systematically decreases with the substitution of Zr for V. However, the “a” lattice
parameter is essentially constant as a function of V content. These results are consistent with
the radius of V relative to Zr and indicates that V occupies the positions (0,0,0). The
substitution of Zr for V yields a contraction in the Zr layers in the AlB2 prototype structure.
Indeed VB2 presents a ~ 3.0 Å and c ~ 3.05 Å, while ZrB2 has a ~ 3.16 Å and c ~ 3.53 Å. Thus
the difference between both lattices parameters is about 5% relative to the “a” parameter
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and about 16% relative to the “c” parameter. These differences explain the larger variation
of the “c” lattice parameter than “a” lattice parameter shown in Figure 4. The contraction in
the crystalline structure occurs until x ~ 0.05 in the global composition indicating that the
solubility limit is quite limited. This suggests that the integrity of unit cell strongly affects
the electronic structure in this material and may change radically the electronic properties in
the matrix compound (ZrB2). The magnetization dependence with temperature is show in
Figure 5 in which a superconducting transition emerges even at very low substitution of Zr
by V at 6.4 K (x=0.01).

Figure 3. X-ray sequence of the samples with 0.01 ≤ x ≤ 0.1 interval of composition in Zr1-xVxB2.

In the inset the characteristic type II superconducting behavior is seen. These results are
especially interesting because they suggest that the isoelectronic V can radically affect the
electronic structure and is able to induce superconductivity in a non-superconducting
matrix (ZrB2). Indeed for the composition with x = 0.04 the superconducting critical
temperature reaches the maximum value close to 8.52K. The dependence of magnetization
with the temperature and applied magnetic field at 2.0K is shown in Figure 6. Once again
clear superconducting behavior is observed close to 8.52K and the inset again reveals the
type II superconducting behavior.
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Figure 4. Lattice parameter variation as a function of vanadium content. The c lattice parameter
displays a small and consistent variation with vanadium content. The a lattice parameter is essentially
constant.

Figure 5. M vs T behavior which shows the critical temperature close to 6.4 K. The inset shows typical
type II superconducting behavior.

52 Superconductors – Materials, Properties and Applications

Figure 6. M vs T behavior which shows the critical temperature close to 8.52K. The inset shows typical
type II superconducting behavior.

For compositions higher than x = 0.04 the critical temperature reaches a saturation value
consistent with the solubility limit. For example, for a sample with composition Zr0.95V0.05B2
the critical temperature is close to 8.2K as shown in Figure 7 where the dependence of the
critical temperature as a function of V content is shown up to the solubility limit.
In samples with composition higher than x = 0.05 the critical temperature remains at 8.2K.
Although the critical temperature does not change with higher V content, a decrease of the
superconductor fraction is observed which is consistent with the appearance of a secondary
phase.
This behavior is consistent with the solubility limit shown in Figure 4. The superconducting
fraction estimate from figure 6 is about 45% of total volume of the sample indicating bulk
superconductivity. The resistive behavior is shown in figure 8 where the superconducting
critical temperature is consistent with the magnetization measurement shown in figure 6.
The inset shows the resistivity behavior in applied magnetic field for 0 ≤ μoH ≤ 6.0 T. These
results suggest that the upper critical field is very high since even with applied magnetic
field of μoH = 6.0 T the material is superconducting with critical temperature close to 6.9 K.
Using the onset critical temperature it is possible to make an estimative of the upper critical
field using the WHH formula [22] in the limit of short electronic mean-free path (dirty limit)
given by:
μoHc2(0) = -0.693Tc (dHc2/dT)T=Tc.

(1)

Using this formula the upper critical field at zero Kelvin is estimated to be μoHc2(0) ~ 17.9 T,
a surprisingly high upper critical field for this class of the material. Figure 9 shows the solid
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line expected in the WHH model, which fits the data very well and leads to the μoHc2(0)
value of 17.9 T. Hence, pair breaking in this compound (Zr0.96V0.04B2) is probably caused by
orbital fields.

Figure 7. Superconducting critical temperature as a function of vanadium content.

Figure 8. Resistivity as a function of temperature showing essentially the same critical temperature seen
in M vs T. The inset shows the dependence of the critical temperature on applied magnetic field.
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Figure 9. Hc2 versus temperature extracted from resistivity measurements which show good agreement
with WHH model (red line).

Bulk superconductivity is demonstrated by the heat capacity measurement shown in
Figure 10. A clear jump is observed in C/T plotted against T2 at zero magnetic field and the
critical temperature is consistent in both resistivity and magnetization measurements. The
normal state fit to the expression Cn = γT + βT3 by a least-squares analysis yields the values
γ = 3.8 (mJ/molK2) and β = 0.034 (mJ/molK4). This result shows unambiguously that
Zr0.96V0.04B2 is a bulk superconductor. The subtraction of the phonon contribution allows us
to evaluate the electronic contribution to the specific-heat, plotted as Ce/T vs T in the inset
of figure 10.
An analysis of the jump yields ΔCe/γnTc ~ 0.49 which is about 45% of the 1.43 value that is
weak-coupling BCS prediction. This superconducting fraction is consistent with the
estimative of fraction revealed by magnetization measurements displayed in Figure 6. Thus,
these results show unambiguously that the substitution of Zr for V in the matrix ZrB2 is able
to induce bulk superconductivity in a matrix that is not a superconductor.
When this sample is annealed at 2000oC for 24 hours, the superconducting behavior
disappears. This result strongly suggests that the original samples produced by arcmelting produce a supersaturated solution with V that does not exist in thermodynamic
equilibrium. This supersaturation is close to a structural instability which probably is
responsible for the superconducting behavior found in all as-cast samples. This
interpretation provides an example of superconductivity that can emerge in the vicinity of
some instability such as in A15 materials or other examples presented in introduction to
this chapter.
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Figure 10. Cp/T against T2 showing the clear jump close to the superconducting transition. The inset is
shows the electronic contribution to the specific-heat.

1.1.2. Superconductivity in quasi-1D systems
During the last years great attention has been given to the study of superconductivity in
low-dimensional (D) systems. This was motivated by the discovery of highly anisotropic
behavior in high critical temperature cuprate and pnictide superconductors [22-24]. 1D
systems are interesting because they are supposed to be simpler than 2D and 3D systems
with regard to the electrical transport mechanisms. They offer a possibility to be compared
with theoretical models for 1D conductors such as Luttinger Liquid (LL) theory [25,26] and
Charge Density Wave (CDW) transition [6,7].
Generally, CDW transition exists in 1D systems as a consequence of the Peierls instability
which is marked by the metal–insulator transition seen in electrical resistivity curves as a
function of temperature [27]. One good example is the K0.3MoO3 compound [28]. On the
other hand, LL behavior has been found only in special cases [29-30]. The best example
recognized nowadays for the LL physics is the Li0.9Mo6O17 purple bronze compound
[31,32]. The electrical resistance behavior of this compound is well described by two
power law temperature terms. The origin of the 1D electrical behavior of this compound
is associated with Mo-O-Mo channels running along the b-axis of the monoclinic
structure (for a good view of the crystalline structure see Fig. 2 of the reference [33]. The
1D behavior observed in the compound has been associated with the superconductivity
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with TC = 1.9 K [34]. Furthermore, the 1D electrical conductivity, the charge hopping
between 1D channels, the observation of Bose metal in the superconducting state, and
the suppression of the metal-insulator transition at 25 K with increasing hydrostatic
pressure along with consequent increasing of the superconducting critical temperature
has been carefully discussed [31,34]. This has lead to a new discussion concerning
whether the correlation between 1D behavior and superconductivity could exist in other
compounds.
Based upon those observations in the purple bronze compound, our group has directed
attention to the search for superconductivity in other molybdate oxides with low-D
electrical conductivity. One example is the AxMoO2-δ compound with A = K or Na and x ≤
0.3. Samples of this compound were prepared by solid state diffusion reaction using Mo,
MoO3, K2MoO4, and Na2MoO4 in appropriate amounts, encapsulated in quartz tube under
vacuum or argon atmosphere, and heat treated at 400°C for 24 h followed by 700°C for 72
h. X-ray powder diffractometry showed that the samples are single phase and can be
indexed with monoclinic structure of the space group P21/c (14) and lattice parameters
a = 5.62, b = 4.85, c = 5.63 Å , and β = 120.92°. The crystalline structure of the compound is
shown in Fig. 12.

Figure 11. Crystalline structure of the AxMoO2-δ with A = Na or K.

1D channels of Mo-O-Mo run along a-axis which is responsible for the anisotropic electrical
behavior of this compound. In fact, samples with A = Na and/or K show anomalous metallic
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behavior at low temperatures. Figure 13 displays the electrical resistance as a function of
temperature for the Na0.2MoO2-δ samples.
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Figure 12. Typical anomalous electrical behavior observed in the Na0.2MoO2-δ compound.

A clearly anomalous non-linear behavior can be seen below 70 K. The electrical behavior can
be well fit based upon the LL theory [4,5] using a single power law temperature term, R ~ Tn
with n = 0.468 ± 0.002 which is closed to the value expected in the LL theory (n = 0.5) [35].
The excellent quality of the fit suggests that the compound shows a quasi-1D electrical
conductivity. All the samples studied in the (Na,K)xMoO2-δ system show similar power law
temperature dependence below 70 K.
One of the most interesting aspects associated with this anomalous behavior is the existence
of superconductivity in some samples. Figure 14 shows the magnetization as a function of
temperature measured in the zero field cooled (ZFC) and field cooled (FC) condition in the
K0.05MoO2-δ sample.
A superconducting temperature can be clearly observed at TC = 4 K in the sample.
Furthermore, a magnetic ordering is noticed at TM = 65 K. The coexistence of the
anomalous behavior, magnetic ordering, and superconductivity are common effects
observed in several samples of AxMoO2-δ system. The correlation between the quasi-1D
conductivity, superconductivity, and weak ferromagnetism is still under investigation
[35-38].
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Figure 13. Magnetization as a function of temperature measured in the ZFC and FC procedures
measured in the K0.05MoO2-δ sample.

2. Conclusions
This chapter reported the influence of the defects in the crystalline structure on the
superconducting properties of intermetallic and low-dimensional compounds. The
superconducting critical temperature of the materials can be associated with the electronic
properties of the normal state. CDW, SDW, anisotropic behavior, structural phase transition,
and doping content play important role on the superconducting properties of the
compounds. Results about the influence of the crystalline structure on the superconducting
properties for the MeB2 and AxMoO2-δ compounds have been reported.
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Chapter 4

Improvement of Critical Current Density and
Flux Trapping in Bulk High-Tc Superconductors
Mitsuru Izumi and Jacques Noudem
Additional information is available at the end of the chapter
http://dx.doi.org/10.5772/46197

1. Introduction
The present chapter describes an overview of flux trapping with enhancement of the critical
current density (Jc) of a melt-growth large domain (RE)Ba2Cu3O7-d, where RE is a light rare
earth ions such as Y, Gd or Sm. These high-Tc superconductor bulks have attracted much
interest for a variety of magnet applications, since high density and large volume materials
potentially provide an intensified magnetic flux trapping, thanks to the optimized
distribution of pinning centres. The melt growth process and material processing to
introduce well-defined flux pinning properties are overviewed. As a first step, we
summarize an effort to achieve a growth of homogeneous large grains with the second
phase RE211 in the RE123/Ag matrix. RE-Ba-Cu-O material has a short coherence length and
a large anisotropy, and thus any high-angle grain boundary acts as a weak link and
seriously reduces the critical current density [1, 2]. In engineering applications, high texture
and c-axis-orientated single grains/domains are required. Large-sized, high-performance
RE-Ba-Cu-O single grains are now commercially available. The trapped flux density (Btrap)
due to flux pinning or associated superconducting currents flowing persistently in a RE-BaCu-O grain is expressed in a simple model, such as:
Btrap = Aµ0Jcr,
where A is a geometrical constant, µ0 is the permeability of the vacuum and r is the radius of
the grain [1]. There are two approaches to enhancing the trapped flux of the grain. One is to
enhance the critical current density and the other is to increase the radial dimension of the
crystals. Increasing the dimension requires the formation of homogeneous grain growth,
and the enhancement of the critical current density is encouraged with the improvement of
flux pinning properties.
The top-seeded melt-growth (TSMG) method has been widely used to fabricate large,
single-grain RE-Ba-Cu-O superconducting bulks that show a considerable ability in
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magnetic flux trapping and great potential for large-scale applications [1]. Hot seeding and
cold seeding procedures have been studied. For hot-seeding processes, Nd-Ba-Cu-O or SmBa-Cu-O crystals with a high decomposition temperature are put on the matrix during the
growth of the bulk, around a peritectic temperature (Tp), which is not convenient for the
batch process and often brings problems for reproducibility. Cardwell et al. have introduced
a cold-seeding process with Mg-doped Nd-Ba-Cu-O crystals as generic seeds whose
decomposition temperature is higher than the pure substance [3, 4]. Nd-Ba-Cu-O and SmBa-Cu-O thin films grown on MgO substrates have been examined as cold seeds [5, 6].
Thanks to the superheating phenomenon of Nd-Ba-Cu-O thin films, the maximum
temperature (Tmax) is increased up to even 1090 C [7, 8]. Muralidhar et al. have reported a
batch process of Gd-Ba-Cu-O bulks [9, 10]. Recently, it has been reported that a buffer pellet
inserted between the seed and the matrix effectively suppresses the chemical contamination
caused by the dissolution of the seed, without affecting the texture growth, and the Tmax is
increased to 1096 C [8, 11].
An idea for the novel cold-seeding of a top-seeded melt-growth with a RE-Ba-Cu-O bulk has
been worked on by employing an MgO crystal seed and a buffer pellet [12]. The growth
process is composed of two stages. The MgO seed was for the texture-growth of the small
RE-Ba-Cu-O pellet with a high melting point (Tp), and the textured pellet induced the
texture growth of the bulk at a lower temperature. Undercooling and the RE211 content of
the pellet were adjusted to avoid the misorientation caused by lattice mismatch between
MgO and the RE-Ba-Cu-O matrix. Bulk samples prepared with this method show good
growth sections and superconducting performance. One of the promising advantages of this
method is in the processing of high Tp RE-Ba-Cu-O bulks with a cold seeding method, for
example Nd-Ba-Cu-O bulks.
Detailed information for the preparation of the samples is described elsewhere [12].
GdBa2Cu3O7-δ (3N, Gd123), Gd2BaCuO5 (3N, Gd211) powders were employed with 40 mol%
of Gd211 for Gd123. 10 wt.% Ag2O and 0.5 wt.% Pt were added. A small buffer pellet of
Gd123 contained a certain amount of Gd211. A single (100)-oriented MgO seed was placed
onto the small pellet.
According to the results of the differential thermal analysis (DTA) measurements [12], we
used the heat treatment profile shown in Fig. 1. The sample was heated within 10 hours to
Tmax, 90 C higher than the Tp-matrix (for the matrix with the addition of Ag2O). After one hour,
the temperature was reduced to Tp-buffer – ΔT within 30 minutes so as to begin the growth of
the buffer pellet. ΔT stands for the undercooling. After that the temperature was reduced
over 30 minutes to Tp-matrix and further slowly decreased by 30 C with a cooling rate of 0.3
C/h. Eventually, the temperature was decreased to room temperature within 10 hours. The
following post-annealing process has been reported in our previous studies [13, 14].
Fig. 2 shows the appearance of the bulk samples prepared by conventional hot-seeding (a),
cold-seeding using a Nd123 thin film (b), and cold-seeding in association with a MgO-buffer
pellet (c). The c-axis oriented single-grain growth for the buffer pellet is of importance.
Cardwell et al. and Babu et al. have reported that the geometry of Nd-Ba-Cu-O single
grains, texture-processed by MgO seeds, will vary from rectangular (ΔT < 10 C) to
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rhombohedral (high values of ΔT) under different growth temperatures [15, 16] Cima et al.
have demonstrated that the so called “faced plane growth front” type of solidification
interface morphologies is largely dependent on the growth rate [17]. The undercooling is
directly related to the growth rate. Meanwhile, the RE211 content affects the growth rate. A
slow cooling between 1030 C and 1025 C with 10 mol % Gd211 content is suitable for the
buffer pellet’s texture growth.

Tmax, 1100, 1h
Tp-buffer-ΔT, 1030 C
0.5 C/h, 10h
High Tp pellet
(during growth)
Low Tp pellet
(Gd211+Liqid source,
high Gd 3+ concentration)

Tp-matrix, 1010 C
0.3 C/h, 100h

Figure 1. Schematic illustration of thermal profile for the cold-seeding growth of Gd-Ba-Cu-O bulk
superconductors [12].

The present cold-seeding method can be used for growth with a high Tp bulk in the air, for
example in a Nd-Ba-Cu-O bulk. The same progress for detecting a suitable undercooling
and Nd422 content has been carried out in the Nd-Ba-Cu-O system. A slow cooling between
1067 C and 1062 C with rate of 0.5 C/h and 10 mol% Nd422 content have been proven to
offer the best growth conditions for the Nd-Ba-Cu-O buffer pellet [12].
The growth can be transferred from a high-Tp pellet to a low-Tp pellet. As illustrated in Fig.
1, during the growth of the high-Tp part, the low-Tp part is kept at a relatively high
temperature, which means that a high RE concentration may exist. It is promising for
extending the growth window and benefits of a larger scale bulk superconductor from the
viewpoint of homogeneity. The addition of silver as well as the mixture of two or three
kinds of RE123 powders may change Tp. Recently, we have found that by doping 30 mol%
Nd123 into the Gd123 precursor powders, the Tp is increased by 6 C while keeping texture
growth.
Fig. 3 shows the microstructure of the portion at the buffer/matrix interface. The boundary is
denoted by the broken line. A different contrast of Gd211 density was observed below and
above the boundary. Because of the push effect of Gd211, a high Gd211 density area is
formed at the interface. The composition of the matrix was measured by EPMA for points
indicated by green closed circles in Fig. 3 (a). There is Gd1+0.02Ba2-0.02Cu2.72 in the composition
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of the buffer side and it is approximately close to Gd1+0.09Ba2-0.09Cu2.64 in the matrix side. We
suspect that because of the large undercooling and growth rate, the Gd/Ba substitution is
inhibited at the buffer side.

Figure 2. Gd-Ba-Cu-O single-grain bulk of 16 mm in diameter prepared by (a) a hot-seeding process, (b)
a cold-seeding process using a Nd123 thin film seed, (c) a cold-seeding growth with a MgO crystal seed
and a buffer pellet [12].

Secondly, we emphasize how to launch additional pinning centres into the RE123/Ag
matrix. There are several strategies which are partly analogue to the implantation of pinning
centres in thin film forms. Partial atomic substitutions of the Ba2+ site with RE3+ in RE123
induce a so-called “peak effect” around 1.5-2.0 T in the Jc-B curves. The substitution of 1D
Cu site in the RE123 structure with other ions results in an enhanced peak effect [18]. Many
kinds of additions of non-superconducting metal oxides have been studied in the Gd123 /Ag
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Figure 3. The microstructure of Gd-Ba-Cu-O bulk sample processed by a cold-seeding method using a
MgO-buffer pellet observed by SEM. (a) Buffer/matrix interface, (b) C1: under the seed, (c) B1:
periphery in the growth sector, (d) C4 position [12], (e) B4 position [12].

matrix with Gd211. Gd211 tends to form domains of a large size inside Gd123. Various
kinds of oxides and RE2Ba4MCuO11 (RE2411 particles, M = Zr, U, Mo, W, Ta, Hf, Nb) are
introduced into the RE-Ba-Cu-O matrix as second phase particles so as to enhance flux
pinning [19-20]. Up to now, the record of Jc reaches 640 kA/cm2 and 400 kA/cm2 at 77 K in
the self field and 2 T, respectively. This record was achieved in the (Nd,Eu,Gd)-Ba-Cu-O
bulk combining the benefits of dense regular arrays of a RE-rich RE123 solid solution, the
initial Gd211 particles that were 70 nm in diameter and the formed small (< 10 nm) Nb (or
Mo, Ti)-based nanoparticles [21]. Systematic research of the doping effect has been also
carried out in our laboratory. Jc of 100 kA/cm2, 68 kA/cm2 and 80 kA/cm2 were obtained at
77 K in a self field by doping with ZrO2, ZnO and SnO2 particles, respectively [22, 23]. It is
interesting that the addition of nano-sized metal oxides - such as SnO and/or ZrO2, for
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example - provides not only the simple in situ formation of BaSnO3 and BaZrO3 but also
the fining of the size of Gd211 distributed inside the matrix, as shown in Fig. 4. These
effects are classified with the in situ formation of the nano-sized flux pinning centres
during the growth process. To make for strong flux pinning, the introduction of nanosized inclusions in textured bulk HTSs constitutes an effective means. Apart from making
a fine second phase particle, dilute impurity doping is even more important for
improving flux pinning. The increased Jc in such a dilute doping bulk is even several
times larger than that in the reference sample. Therefore, at present, we focus on the
chemical approach of dilute impurity doping. Different additives such as BaO2, ZrO2,
ZnO, NiO, SnO2, Co3O4, Fe3O4, Ga2O3 and Fe-B alloy [20, 22,23, 24-30], which lead to a
slight decrease of Tc in the bulk RE-123, except for a few kinds of additives like Gd2411
and titanium oxide.

Gd211
BaZrO3

Figure 4. The microstructure of Gd-Ba-Cu-O bulk sample processed by the hot-seeding method
observed by SEM. (a) ZrO2 addition [22] and (b) SnO2 addition [23].
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Cardwell et al. [4] and Muralidhar et al. [10] have developed general process routes to grow
batches of RE-Ba-Cu-O single domain superconductors with good pinning performance.
The flux pinning and Jc performance of a RE-Ba-Cu-O bulk yield remarkable improvements
by dispersing the non-superconducting secondary pinning phase into the RE-123 matrix.
Successful attempts have been made to add nano-sized impurities [22, 23, 31], the fined RE211s [32, 33] and Pt, Ce additives to prevent the Ostwald ripening of RE-211 inclusions into
the precursors and to enhance flux pinning. On the other hand, compared with core pinning
by normal non-superconducting particles, the use of ferromagnetic pinning centres results
in interactions between a magnetic dipole moment and flux lines, which yields a potential
Upin proportional to –mb, where m is the moment of magnetic dipole and b is the field of the
vortex at the distance of the dipole [34]. The deeper potential wells may reduce the Lorentz
force on the vortices [35-37].
Xu Yan et al. have found that Fe-B quenched amorphous magnetic alloy particles with small
amounts of Cu-Nb-Si-Cr may be a useful additive for flux trapping properties [25, 26]. The
results show that the Jc was enhanced under both low- and high-magnetic fields with the
addition of 0.4 mol% of Fe-B particles [25, 26, 38].
SEM observations were also carried out to confirm the information of the Fe-rich region
obtained from TEM. The representative back scattered electron image is shown in Fig. 5 (a),
where the larger particles represent silver, and the homogeneous distributed small particles
are Gd-211 embedded in the Gd-123 matrix, according to the EDX analysis. Consistent with
the results from TEM, the Fe element was only found in the vicinity of silver, as shown in
Fig. 5(b). This may be attributed to the following three reasons:
First, silver and Fe3O4 possess a cubic structure with a lattice mismatch: a = 8.397 A for Fe3O4
and a = 4.090 A for silver. Two unit cells of silver may be nearly equi-length with that of one
unit cell of Fe3O4, giving a small lattice mismatch of 2.65%. Second, the oxidization
temperature of Fe-B additives obtained in our DTA results is identified at around 960 °C,
very close to the melting point of silver 961.9 °C. Meanwhile, the Fe-B additives were
oxidized into Fe-containing components with porous structures, as confirmed by our
experiment of annealing Fe-B alloy separately. As a result, the melted silver may fill these
voids at high temperatures. Third, this oxidation process is an exothermal reaction, which
accelerates the melting of adjacent silver particles. Fourth, the released oxygen from Ag2O
would be the source of the oxidization of Fe-B additives. The release of oxygen might
provide a potential channel for the flowing of melted silver to Fe3O4. The advantage of the
present materials process is in eliminating the proximity effect between magnetic Fe3O4 and
the Gd-123 superconducting matrix by the silver as a buffer layer.
Besides this, in the growth process, the added Pt may exist around the boundary between
Gd123 and Ag, for example. Fe is known to be with Ag. The addition of magnetic oxide,
such as Fe2O3 or other kinds of Fe alloys, has been investigated from the viewpoint of the
magnetic pinning effect. Tsuzuki et al. have reported that Fe2O3 was introduced into the
Gd123 matrix [39]. The maximum trapped flux increased by over 30 %. In the case of Fe-B
particles addition, Jc is increased in both center and edge of the samples. However, no
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enhancement of Jc was observed at the edge with the Fe2O3 addition. Here, there is the
difference of the integrated flux between Fe-B addition and Fe2O3 addition from the spatial
distribution of Jc. The origin of homogeneous Jc and the effect of in-situ formation of Fe2O3 in
the Fe-B added Gd123 bulks are the keys to improve the performance of the magnetic field
trapping [40].
Separately, the optimal addition of these magnetic particles induces an increase of the
number of Gd211 particles while decreasing the size. We emphasize the current issues
concerning the homogeneity of the distribution of these particles together with TEM
observations [38].

Figure 5. (a) Low magnification of an SEM image of a 1.4 mol% Fe-B doped Gd-Ba-Cu-O C1 specimen.
(b) SEM image of a Fe-rich region [26].

Another unique aspect concerning flux trapping is to distribute holes drilled within the bulk
pack. The recently reported [41-45] hole-patterned YBa2Cu3Oy (Y123) bulks with improved
superconducting properties are highly interesting from the points of view of material
quality and their variety of application. It is well known that the core of plain bulk
superconductors needs to be fully oxygenated, and some defects like cracks, pores and
voids [46, 47] must be suppressed in order that the material can trap a high magnetic field or
else carry a high current density. Some previous studies [48-51] demonstrated that, by filling
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the cracks, enhancing thermal conductivity or by reinforcing the YBCO bulk material, the
properties can be improved and a trap field of up to 17 T at 29 K can be reached. One of the
interests of this new sample geometry is in increasing specific areas for thermal exchange,
shortening the oxygen diffusion path, and offering the possibility of reinforcing the
superconductor materials. To minimize the above defects, we propose the improvement of
the superconducting material with an innovative approach - “material by design” based on
the concept of a YBa2Cu3Oy (Y123) bulk with multiple holes.

Figure 6. (a) The Jc-B curves of specimens cut from different positions of MP doped and un-doped bulk
samples. (b) The trapped magnetic field of 46-mm MP-doped and un-doped bulks [25].

The details of the multiple holes process of YBa2Cu3Oy (Y123) are reported elsewhere [41,
42]. Basically, the holes in the pre-sintered bulk were realized by drilling cylindrical cavities
with different diameters, 0.5-2 mm through the circular or square shaped sample. The holes
are arranged in a regular network on the plane of the samples. A SmBa2Cu3Ox (Sm123) seed
used as a nucleation centre was placed (between the holes close to the centre) on the top so
as to obtain the single domain of the samples. The seed orientation was chosen to induce a
growth with the c-axis parallel to the pellet axis. The elaboration of single domains through
the drilled pellets is then conducted in a manner similar to the plain pellets. But how to
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claim a single domain on the drilled sample? The demonstration of the growth of single
domains from the perforated structure is shown by Fig. 7(a). The growth lines of faceted
growth on the surface of the drilled single domain half are not clearly observed, but they
exist when compared to the plain half. This shows that the pre-formed holes do not seem to

(a)

(b)
Figure 7. (a). Macrograph of the single domain pellet sample where only half has been drilled [44]. (b).
Pictures of the surfaces of a drilled (left) and a plain (right) pellet taken at an intermediate stage of the
growth process. The bright square is the growing domain with a seed at its centre. The steps and streaks
result from the interaction of the holes with the growth front (left) [44].
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disturb the growth of the single domain, which is confirmed by the top seed melt growth
process of other perforated samples prepared by Chaud et al. [42]. Basically, the ability of a
growth front to proceed through an array of holes or a complex geometry is not evident a
priori. In situ video monitoring of the surface growth confirms that it proceeds as for a plain
pellet. The growth starts from the seed. A square pattern typical of the growth front of the
tetragonal Y123 phase in the a- and b- directions appears below the seed and increases
homothetically until it reaches the edges of the sample. Intermediate pictures of the growth
are shown in Fig. 7(b) for a drilled pellet (left) and for a plain pellet (right). The square
pattern is distinguishable in both cases with the seed at its centre. Note that the seeds were
cut with edges parallel to the a- or b- directions, which is why they coincide with the
growing domain borders.
The various square or circular-shaped Y123 were grown into a single domain including an
interconnected structure. Optical macrographs of as-grown samples with holes are shown in
Fig. 8. Fig. 9 (a and b) illustrate the cross sections of plain and perforated samples. The
porosity is drastically reduced for the drilled sample. For the plain sample, a large porosity
and crack zones are noticeable. Scanning Electron Microscopy between two holes shows (i)
the compact, crack–free microstructure and (ii) a uniform distribution of fine Y211 particles
into the Y123 matrix [41].
Fig. 10 presents the flux trapping obtained on plain and perforated samples (36 mm in
diameter and 15 mm in height) after conventional oxygenation at 450 °C for 150 hours. The
samples (Fig. 4c) were previously magnetized at 1 T, 77 K, using an Oxford Inc.
superconducting coil. The 3D representation of the magnetic flux shows the single dome in
the both cases corresponding to the signature of a single-domain. The network of the holes
has not affected the current loops at the large scale. This result was confirmed by the
neutron diffraction measurements (D1B line at ILL, France) showing [52] only one single
domain bulk orientation with mean c-axes parallel to the pellet axis. The trapped field value
is higher in the perforated pellet (583 mT) than in the plain one (443 mT). This represents an
increase of 32% for the drilled sample compared with the plain one, in agreement with our
previous report [42]. This increasing of the trapped field value is probably due to: (i) better
oxygenation and/or less cracks and porosities for the drilled pellet, as illustrated by Fig. 3b,
(ii) strong pinning, because the hole could be favourable to the vortices’ penetration, (iii)
enhancement of the cooling, because the sample with holes offers a large and favourable
surface exchange into the liquid nitrogen bath.
On the other hand, pulse magnetization was used on the drilled and plain pellets. Both
samples (16 mm diameter samples, 8 mm thick) were tested with a series of pulse
magnetization experiments. A Helmholtz coil was used to generate a homogeneous
magnetic field. The maximum amplitude of the magnetic field is 1 T and the raising time of
the pulse was 1 ms while the decay time was 10 ms. After the pulse, the trapped field was
mapped with a hall sensor probe at 0.5 mm above the sample. The result shows that for the
application of a 1 T pulse the trapped field increases by up to 60% for a drilled pellet [44] as
compared with to the plain one. This is an interesting result for such a form of new
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geometry, demonstrating the ability of the textured Y123 with multiple holes to trap a high
field.

(a)

(b)

(c)

Figure 8. A batch of different as-grown drilled bulk samples (a) pellets, (b) square form and (c)
interconnected samples.
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Figure 9. Microstructures of the (a) thin-wall and (b) plain samples, respectively.
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(b)

(a

(c)

Figure 10. (a and b) Flux trapped measurements on (c) plain and multiple hole single domain pellets.

According to their thin wall geometry, the drilled bulk should be well oxygenated in
comparison with the plain samples. The oxygen diffuses easily through the tube channels.
The thermogravimetry technique was selected to compare the oxygenation quality of
different pellets. The oxygen uptake was related to the increase of the sample weight. In this
study, pellets of 16 and 24 mm diameter were used and a network of 30 holes was
perforated. For each diameter, five drilled and five plain pellets were processed with the
same heat treatment. All of the samples were weighted before and after the oxygenation,
and the percentage of the weight gain was evaluated according to the following relation:
m (%) = 100 (mfinal-minitial)/minitial
The measurements were realized twice to check reproducibility. For that, the samples after
the first measurement were de-oxygenated at 900 °C, after half an hour, and followed by the
quench step and then re-oxygenated. After the second measurement, the average values of
the weight were estimated and plotted in Fig. 11. It was difficult to oxygenate the bulk
sample with a big diameter and in this case the oxygen should diffuse into the core of the
bulk. Generally, the big samples are annealed under oxygen at 400-450 °C between 150 to
600 hours [42, 46, 53, 54]. These annealing dwell times are so long in order to allow for
oxygen diffusion until the core of the monolith bulk materials. The drilled samples seem to
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offer an advantage (a saving of time) for annealing under oxygen of the superconductor
bulk. This advantage is clearly shown in Fig. 11 where 25 hours is sufficient to obtain the full
oxygenated sample; in the other word, maximum weight gain is quickly achieved. In
addition, thin-wall geometry was introduced to reduce the diffusion paths and to enable a
progressive oxygenation strategy [54]. As a consequence, cracks are drastically reduced. In
addition, the use of a high oxygen pressure (16 MPa) further speeds up the process by
displacing the oxygen–temperature equilibrium towards the higher temperature of the
phase diagram. The advantage of thin-wall geometry is that such an annealing can be
applied directly to a much larger sample during a shorter time (72 hrs compared with 150
hrs for the plain sample). Remarkable results have been obtained by the combination of thin
walls and high oxygen pressure. Fig. 13 shows the 3D distribution of the trapped flux
mapping measured at 77 K on the perforated thin wall pellet. The maximum trapped field
value of 0.8 T is almost twice that obtained on the plain sample (0.33 T).

Figure 11. The influence of oxygen annealing on the oxygen uptake in the drilled and plain samples
[44].

On the other hand, the effect of the number of the holes has been investigated and reported
[56]. Table 1 summarizes the sample characteristics and the maximal trapped field values.
We can clearly note that, for the samples having the same diameter and the same size of
hole, the trapped field increases with the increase of the number of holes. An explanation
could be that the better oxygenation is due to the large surface exchange with the density of
the thin wall.
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The Y123 domain with open holes could be reinforced, e.g. by infiltration with a low
temperature melting alloy, so as to improve the mechanical properties that are useful for
levitation applications or trapped field magnets. The perforated Y123 bulks with 1 or 2 mm
diameter holes were dipped into the molten Sn/In alloy or an epoxy wax at 70 °C for 30
minutes in a vessel after evacuating it with a rotary pump and venting air to enable the
molten alloy or liquid resin to fill up the holes. After cooling, the impregnated bulk
materials were polished. Some samples were impregnated with a BiPbSnCd-alloy using the
process described elsewhere [49]. Fig. 12 shows the top surface and the cross-sectional view
of the impregnated Y123 bulk samples. We can see the dense and homogeneous infiltration
of the wax epoxy and the Sn/In alloy. The magnetic flux mapping of the sample filled with a
BiPbSnCd-alloy has been investigated. The same trapped field of 250 mT before and after
impregnation has been measured. Presently, it is important to develop the specific shapes of
bulk superconductors with mechanical reinforcement [52] for any practical application.

Figure 12. Flux-trapped measurements of the high pressure oxygenated thin wall sample.

sample ∅ (mm)

20.8

20.7

20.7

20.6

sample thickness (mm)

7.6

7.6

7.8

7.5

number of holes

20

37

21

85

hole ∅ (mm)

0.7

0.7

1.1

1.0

Bmax (T)

0.33

0.34

0.30

0.48

Table 1. Sample characteristics and maximal trapped field values in liquid nitrogen.

Multiple holes or porous ceramic materials, such as alumina and zirconia, are established
components in a number of industrial applications such as inkjet printers, fuel injection
systems, filters, structures for catalysts, elements for thermal insulation and flame barriers.
The combination of a high specific surface with the ability to be reinforced in order to
improve mechanical and thermal properties makes the perforated YBCO superconductors
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interesting candidates both for a variety of novel applications and for fundamental studies.
As an example, the artificial drilled Y123 in a desired structure [43, 57] is a good candidate
for resistive elements in superconducting fault current limiters (FCL) [58, 59]. In this
application, the thin wall between the holes allows more efficient heat transfer between a
perforated superconductor and cryogenic coolant during an over-current fault compared
with conventional bulk materials. The high surface area of the perforated materials, which
may be adjusted by varying the hole diameter, makes them interesting candidates for
studying fundamental aspects of flux pinning, since the extent of surface pinning, and hence
Jc, are expected to differ significantly from bulk YBCO grains of a similar microstructure.
This new structure has great potential for many applications with improved performance in
place of Y123 hole-free bulks, since it should be easier to oxygenate and to maintain at liquid
nitrogen temperature during application, avoiding the occurrence of hot spot. For
meandering FCL elements, cutting is a crucial step as cracks appear during this stage. This
can be solved by the in situ zigzag shape processing of holes, as we demonstrated the
feasibility of elsewhere [43].

(b)

(a)

(c)

Figure 13. Reinforcement of the drilled samples. (a) The top view of the samples filled with a
BiPbSnCd-alloy, (b) with wax resin and (c) a cross-section impregnated with wax resin.

Finally, we highlight the examples among recent progress of HTS bulk applications,
flywheel, power devices as motors and generators, magnetic drug delivery systems and
magnetic resonance devices as well.. As shown in Fig. 14, a variety of Gd123 bulks have
been tested for the employment of field pole magnets as a way of intensifying flux trapping
applications. The bulk magnets are cooled down to 30 K with step-by-step pulsed-field
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magnetization using a homemade large dc current source. A large pulsed current is
momentary applied to armature copper windings by which a pulsed magnetic field is
formed and applied to the bulk field poles [60-63].

(a)

(b)

Figure 14. (a) A prototype bulk HTS motor designed for a specification of 30 kW 720 rpm and (b) a
homemade pulsed-field magnetization system (TUMSAT-OLCR). This is an axial-type machine with a
thermosyphon cooling system using Ne.

In summary, for the application of bulk HTS rotating machines, the enhancement of the
trapped flux is a crucial task for achieving practical applications with high torque density.
The increase of critical current density using artificial pinning centres marks an efficient
technique for the enhancement of the properties of flux trapping. We attempted to enhance
both the Jc and the trapped flux in bulk HTS with the addition of magnetic/ferromagnetic
particles. An Fe-B-Si-Nb-Cr-Cu amorphous alloy was introduced into the Gd123 matrix. The
melt growth of single-domain bulks with different magnetic particles was performed in air.
The enhancement of the critical current density Jc at 77 K was derived in those bulks with
the addition of Fe-B-Si-Nb-Cr-Cu, while the superconducting transition temperature of 93 K
was not degraded significantly. The experiment of magnetic flux trapping was then
conducted under static magnetic field magnetization with liquid nitrogen cooling. In the
bulk with 0.4 mol% of Fe-B-Si-Nb-Cr-Cu, the integrated trapped flux exceeds over 35%
compared with the one without the addition of magnetic particles. On the other hand, the
addition of CoO particles resulted in a reduction of both Jc and trapped magnetic flux. The
recent results indicate that the introduction of magnetic particles gives significant effect to
the flux pinning’s performance.
By inserting a buffer pellet with a higher Tp when compared with the matrix between the
MgO seed and the bulk precursor, the lattice mismatch and low reactivity between the REBa-Cu-O matrix and the MgO seed have been overcome. The undercooling and
Gd211(Nd422) content for buffer pellet processing have systematically proven that the GdBa-Cu-O and Nd-Ba-Cu-O bulks (16 mm in diameter) are successfully grown by this coldseeding method. Cold-seeding melt-growth, not limited by the maximum temperature, is
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realized by the present new method. It was demonstrated that the texture growth can be
transferred from a high-Tp pellet to a low-Tp pellet, which may be promising for extending
the growth window and processing large bulk superconductors.
The single domain of Y123 bulks with multiple holes has been processed and characterized.
SEM investigations have shown that the holes’ presence does not hinder the domain growth.
The perforated samples exhibit a single domain character evidenced by a single dome trappedfield distribution and neutron diffraction studies. This new structure has great potential for
many applications, with improved performances in place of Y123 hole free bulks, since it
should be easier to maintain at liquid nitrogen temperature and/or to improve thermal
conductivity during application, avoiding the appearance of hot spot. It is clear that the Y123
bulks with an artificial pattern of holes are useful for evacuating porosity from the bulk and
assisting the uptake the oxygen. The ability of the Y123 material with multiple holes to trap a
high field has been demonstrated. Using high pressure oxygenation, the trapped field
increases up to 0.8 T at 77 K for the thin wall pellet, corresponding to 50% more than the bulk
material without holes. Using pulse magnetization, the trapped fields increases by up to 60%
for the drilled pellet with respect to the plain one. Superconducting bulks with an artificial
array of holes can be filled with metal alloys or high strength resins to improve their thermal
properties without any important decrease of the hardness [50], so as to overcome the built-in
stresses in levitation and quasi-permanent magnet applications. The thin wall bulks
superconducting on extruded shapes for portative permanent magnets are under development
for the introduction at the large scale of this innovative approach of “material by design”.
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1. Introduction
The development of superconducting magnet science and technology is dependent on
higher magnetic field strength and better field quality. The high magnetic field is an exciting
cutting-edge technology full of challenges and also essential for many significant discoveries
in science and technology, so it is an eternal scientific goal for scientists and engineers.
Combined with power-electronic devices and related software, the entire magnet system can
be built into various scientific instruments and equipment, which can be found widely
applied in scientific research and industry. Magnet technology plays a more and more
important role in the progress of science and technology. The ultra-high magnetic field helps
us understand the world much better and it is of great significance for the research into the
origins of life and disease prevention. Electromagnetic field computation and optimization
of natural complex magnet structures pose many challenging problems. The design of
modern magnets no longer relies on simple analytical calculations because of the complex
structure and harsh requirements. High-level numerical analysis technology has been
widely studied and applied in the large-scale magnet system to decide the electromagnetic
structure parameters. Since different problems have different properties, such as
geometrical features, the field of application, function and material properties, there is no
single method to handle all possible cases. Numerical analysis of the electromagnetic field
distribution with respect to space and time can be done by solving the Maxwell’s equations
numerically under predefined initial and boundary conditions combined with all kinds of
mathematic optimal technologies.
In this chapter, basic magnet principles, methods of generating a magnetic field, magnetic
field applications and numerical methods for the magnet structure design are briefly
introduced and reviewed. In addition, the main numerical optimal technology is
introduced.
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2. Magnet classification
A magnet is a material or object which produces a magnet field. Magnets can be classified as
permanent magnets and electromagnets. A permanent magnet is made of magnetic material
blocks, has a simple structure and lower costs. However, the magnetic field strength
produced by permanent magnets is weak. Electromagnets can operate under steady-state
conditions or in a transient (pulse) mode and electromagnets can also be subdivided into
resistance and superconducting magnet. A resistance magnet is usually solenoid wound by
resistance conductors normally with cooper or aluminum wires and the magnetic field
strength is also relatively weaker, but larger than the field generated by permanent magnet.
The volume, however, is huge and the magnet system needs a cooling system to transfer the
heat generated by the coils’ Joule heat. A superconducting magnet is wound by
superconducting wires and there is almost no power dissipation due to the zero resistance
characteristics of superconductors. The magnetic field strength generated by a
superconducting magnet is strong, but limited by the critical parameters of the particular
superconducting material. Scientists are trying to improve the performance of
superconductors in order to construct superconducting magnets with high critical current
density and low operating temperature.

3. Applied superconducting magnet
With the development of superconducting magnets and cryogenic technology, the magnetic
field strength of superconducting magnet systems is increasing. A high magnetic field can
provide technical support for scientific research, industrial production, medical imaging,
electrical power, energy technology etc. Up to now, magnetic fields of about 23 T have been
mainly based on low temperature superconductors (LTS), such as NbTi, Nb3Sn, and/or
Al3Sn. Superconducting magnets with a magnetic field of 35 T are operated in superfluid
helium combined with a high temperature superconductor operated at 4.2 K. Magnets with
magnetic fields above 40 T are hybrid magnets, consisting of a conventional Bitter magnet
and a LTS magnet. Superconducting magnets based on the second generation of YBCO high
temperature superconductors may produce a 26.8-35 T magnetic field, while a magnetic
field of up to 25 T is possible based on Bi2212 and Bi2223 superconducting magnets.
Therefore, research on high magnetic field applications based on superconducting magnet
technology has already reached a relatively mature stage.

3.1. Magnet in energy science
With the global growth of economics and an ever increasing population, energy
requirements have been growing fast. Up to now, the available sources of energy around the
world are nuclear fission, coal, petroleum, natural gas and various forms of renewable
energy. Fusion energy has great potential to replace traditional energy in the future because
it is clean and economical. The magnetic field is used to balance the plasma pressure and to
confine the plasma. The main magnetic confinement devices are the tokomak, the stellarator
and the magnetic mirror, as well as the levitated dipole experiment (LDX). Tokamak has
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become the most popular thermonuclear fusion device in all countries around the world
since the Soviet Tokamak T-3 made a significant breakthrough on the limitation of plasma
confined time. The magnetic field strength should be strong enough for the fusion energy to
be converted to power and superconducting magnet technology is the best solution to
achieve high field strength. The superconducting magnet system of Tokamak consists of
Toroidal Field (TF) Coils, Poloidal Field (PF) Coils and Correction Coils (CC) (Peide Weng et
al., 2006). There are several famous large devices including T-3, T-7 and T-15 in Russia,
EAST in China, KSTAR in Korea, JT-60SC in Japan, and JET in UK which have been
developed and ITER in France will be installed in the future. Fig. 1 illustrates the main
technical parameters for the development of some fusion devices.

Figure 1. The technical parameters for the development of some fusion devices

A magnetohydrodynamics (MHD) generator is an approach to coal-fired power generation
with significant efficiency and lower emissions than the conventional coal-fired power
plant. The MHD-steam combined cycle power plant could increase the efficiency up to 5060%, which will result in a fuel saving of about 35%. Its applications could provide great
potential in improving coal-fired electrical power production. Since the middle of the 1970s,
MHD superconducting magnet development has been ongoing and a series of model saddle
magnets have been designed, constructed, and tested (Luguang Yan, 1987).
With the commercialization of high temperature superconductors (HTS), various countries
and high-tech companies have made great efforts to strengthen their investment in research
on superconductivity, and HTS applications have developed rapidly from 1986. At present,
HTS cables, current limiters, transformers, and electric motors have already entered the

86 Superconductors – Materials, Properties and Applications

demonstration phase, while experimental prototypes for HTS magnetic energy storage
systems have already appeared. Superconducting Magnetic Energy Storage (SMES)
technology is needed to improve power quality by preventing and reducing the impact of
short-duration power disturbances. In a SMES system, energy is stored within a
superconducting magnet that is capable of releasing megawatts of power within a fraction
of a cycle to avoid a sudden loss of line power. SMES has branched out from its original
application of load leveling to improving power quality for utility, industrial, commercial
and other applications. In recent years superconducting SMES systems equipped with HTS
have been developed. A HTS magnet with solid nitrogen protection was developed and
used for high power SMES in 2007 by IEECAS (Qiuliang Wang et al., 2008), and 1 MJ/0.5
MVA HTS SMES was developed and put into operation in a live power grid of 10 kV in late
2006 at a substation in the suburb of Beijing, China (Liye Xiao et al., 2008). The LTS magnet
fabricated with compact structure for 2 MJ SMES consists of 4 parallel solenoids to obtain
good electromagnetic compatibility for the special applications. The SMES are shown in Fig.
2 (Qiuliang Wang et al., 2010).

a

b

Figure 2. (a) The magnets (a) and (b) The magnetic field distribution 2 MJ SMES

3.2. Ultra-high superconducting magnet in condensed physics
In order to develop a 25-30 T complete high magnetic field superconducting magnet with an
HTS magnet system, NHMFL and Oxford Superconductivity Technology (OST) established
a collaboration to develop a 5 T high temperature superconducting insert combined with a
water-cooled magnet system. They achieved a central field of 25 T in August 2003 (H. W.
Weijer et al., 2003). By using an YBCO HTS magnet as an insert coil in 2008, the total field
was increased to 32.1 T, and a 35.4 T layer-wound YBCO magnet has subsequently been
fabricated and tested. The German Institut für Technische Physik (ITEP) at the Karlsruhe
Institute for Technology (KIT) (M. Beckenbach et al, 2005) used Bi2223 to successfully
develop a 5 T insert coil, which operates under a 20 T background magnetic field. The
development of this technology provided the technological basis for the development of a
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high field NMR system. The low temperature required to operate a 20 K HTS magnet can be
obtained through a Gifford-McMahon (GM) refrigerator. Because the specific heat at 20 K
increases about by two orders of magnitude compared with that at 4.2 K, HTS magnets have
higher stability compared with LTS. The HTS magnets with fields of 3.2−5 T were developed
and operated as insert coils in a 8-10 T/100 mm split-pair system in China (Yinming Dai et
al., 2010), the configuration is shown in Fig. 3. The largest HTS magnet project in that
laboratory is focused on developing a 1 GHz insert coil (W. Denis Markiewicz et al., 2006).
Although the field threshold of Bi2223 and Bi2212 HTS tapes is over 30 T, operation with
HTS tapes is limited due to the Lorentz forces. In order to obtain stable HTS magnets, the
persistent current mode is used for HTS inserts, with the aim of obtaining field stability
smaller than 10-8/h and field uniformity below 10-9 in the region of Φ10 mm × 20 mm. The
solenoid-type configuration has more advantages than the double pancake structure.

NbTi
NbTi
NbTi
HTSC
Warm bore
100 mm
Warm bore
split gap
100 mm

(a)

(b) (unit : Tesla)

Figure 3. Configuration of 8-10 T/100 mm split-pair (a) and (b) The field distribution

The 40 T hybrid magnet system will be designed and constructed at the High Magnet Field
Laboratory, Chinese Academy of Sciences (HMFLCAS), and the construction of the hybrid
magnet is planned to be completed in 2013. The hybrid magnet consists of a resistive insert
providing 29 T and a superconducting coil providing 11 T on the axis over a 32 mm bore (W.
G. Chen et al., 2010). The outsert with 580 mm room temperature bore consists of two subcoils, the inner one (coil C) is a layer wound of Nb3Sn conductor and the outer one (coil D) is
a layer wound of NbTi conductor. Both conductors adopt a cable-in-conduit conductor and
will be cooled by 4.5 K force-flowed supercritical helium. For the future upgrade, two Nb3Sn
sub-coils (coil A and coil B) will be inserted into the 11 T superconducting outsert coils and
the maximum field in the superconducting magnet will be more than 14 T. Moreover, the
resistive insert will be upgraded to 31 T and the total system central field will be above 45 T.
Fig.4 shows the overall configuration and a cross-section of the outsert of the 40 T hybrid
magnet system.
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Figure 4. The overall configuration and cross-section of superconducting outsert of the 40 T hybrid
magnet system at HMFLCAS

3.3. Magnet in NMR, MRI and MSS
Since the first Nuclear Magnetic Resonance (NMR) spectrometer magnet system was
invented in 1950, NMR has been widely used in leading laboratories all over the world as
an effective tool for materials research and it has become the most important analysis tool
for modern biomedicine, chemistry and materials science. The use of a superconducting
coil for the NMR system (instead of a resistive one) has the advantages of low energy
consumption, compact coil structure, stable current and magnetic field, good field
uniformity, and high magnetic field. Appropriate superconductors for high field
application are now Nb3Sn or the ternary compound (NbTa)3Sn. HTS materials, such as
YBCO and Bi2212, will be the main superconductors in the future. At present, the
standard NMR magnet has an aperture of 52 mm and the magnetic field range is from 4.7
T to 23.5 T. The corresponding frequency is between 200 and 1000 MHz, and the stored
energy ranges from 18 kJ to 26 MJ (Bernd Seeber, 1998). High field NMR systems need
field stability better than 10-8/h and a magnetic field uniformity of 2 × 10-10 in a 0.2 cm3
spherical volume. In 2010, the Bruker Corporation developed a 1000 MHz LTS NMR
spectrometer, demonstrating that the LTS conductors NbTi and Nb3Sn have reached their
limit. A 400MHz NMR superconducting magnet system was designed, fabricated and
tested at IEECAS (Qiuliang Wang et al. 2011). To meet the requirements of 400 MHz high
magnetic field nuclear magnetic resonance, the superconducting magnets are fabricated
with 17 coils with various diameters of superconducting wire to improve the performance
and reduce the weight of the magnet. In order to reduce the liquid helium evaporation, a
two-stage 4 K pulse tube refrigerator is employed. The superconducting magnet with
available bore of Φ54 mm is shown in Fig.5.
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Figure 5. Configuration of 400 MHz superconducting magnet with cryostat

Since 1980, magnetic resonance imaging system (MRI) magnet technology has made
continuous progress in medical diagnosis. In the past 30 years, MRI has developed into one
of the most important medical diagnosis tools. Due to the clear soft tissue imaging, MRI
technology maintains its leading status in medical applications. The key issue in designing
and constructing a MRI superconducting magnet is obtaining a highly uniform and stable
magnetic field over an imaging volume. The trend in MRI development, therefore, is toward
short length of coils, high magnetic field and a fully open, rather than tunnel-like, structure.
The shortest coil length up to now is 1.25 m to reduce the patient's incarceration sickness
and achieve lower helium consumption.

Figure 6. Configuration of cryostat and the field distribution over the DSV region

At present, the designs of open-style MRI systems use permanent (field range from 0.35 T to
0.5 T) or superconducting magnets. Magnets with fields below 0.7 T can use the combination
of a superconducting coil and an iron yoke, which produces a highly uniform field.
Standard clinical 1.5 T and 3 T MRI scanners have developed rapidly and now installed in
many hospitals. The higher filed devices, may be 7 T MRI, will become the next generation
clinical scanner and are supported by three big commercial companies (GE, Philips, and
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Siemens). The first 7 T whole body scanner with passive shielding was installed in 1999. The
first actively shielding 7 T device was designed by Varian and Bruker will soon launch a
similar one. The first 9.4 T, which is equivalent to 400MHz functional MRI, was
manufactured in 2003 by Magnex Scientific Ltd, a company which was incorporated into
Varian. An 11.75 T/900 mm superconducting magnet system is in the process of being
fabricated in France; it will be used in neuroscience research in the Commissariat à l’Ènergie
Atomique (CEA) in France. Since 2011, a 9.4 T superconducting magnet for metabolic
imaging has been undergoing development in the Institute of Electrical Engineering,
Chinese Academy of Sciences (IEECAS) (Qiuliang Wang et al. 2012). The magnet has a
warm bore that is 800 mm in diameter and cryogenics with zero boil-off of liquid helium
will be used for cooling the superconductors. The overall configuration and the field
distribution over the DSV region are shown in Fig.6, respectively.
A magnetic surgery system (MSS) (Qiuliang Wang et al. 2007) is a unique medical device
designed to deliver drugs and other therapies directly into deep brain tissues. This approach
uses superconducting coils to manipulate a small permanent magnet pellet attached to a
catheter through the brain tissues. The movement of the small pellet is controlled by a
remote computer and displayed on a fluoroscopic imaging system. The magnets of the
previous generations were composed of three pairs of orthogonal superconducting solenoid
coils. The control strategies are complex because of the magnetic field distribution of
solenoids. A novel type of spherical coils can generate linear gradient field over a large
spherical volume. This type of modified spherical coils with a constant current distribution
model is easy to fabricate in engineering. A prototype of this spherical magnet has already
been constructed with copper conductors. According to the key research problems of MSS
and the disadvantages of the current MSS, we present a novel type of superconducting
magnets structure. The first domestic model MSS has also been constructed and a series of
experiments have been performed to simulate the real operation situations on this basis.

3.4. Magnet in scientific instrument and industry
Initially, superconducting magnets were used as scientific instruments in laboratory. With
the improvement of magnetic field strength and performance, superconducting magnet
technology has been applied in many fields such as accelerators, industry and so on.
Accelerators are the most important tools for high energy physics research. The investment
costs of the accelerator rings are determined by the ring size and the operating costs by the
power consumption of the magnets. Superconducting magnets with high current density
and lower costs were widely applied to accelerator fields. There are several large, famous
accelerators equipped with superconducting magnets such as Tevatron at Fermilab, Hadron
Elektron Ringanlage (HERA) at the Deutsches Elektronen-Synchroton (DESY) and the Large
Hadron Collider (LHC) at the European Organization for Nuclear Research (CERN). The
accelerator superconducting magnet system includes dipole magnets for particle deflection,
quadrupoles for particle focusing and sextupole and octupole magnets for correction
purposes. It is difficult to design and construct this magnet system because the field
distribution is more complex and all magnets need a high effective current density to get the
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high field strength. In addition, the required high field quality, which means uniformity in
the case of a dipole and exact gradient in the case of a quadrupole, and the required
repeatability for the series of magnets operated in a high radiation environment are
challenges in the design and construction of these magnets.
The Fermilab Tevatron Proton-Antiproton Collider (D. McGinnis. 2005) is the highest energy
hadron collider in the world. The superconducting Tevatron dipole magnet has a magnetic
length of 6.116 m and a radial mechanical aperture of 0.0381 m. The coil package is
assembled with an upper coil and a lower coil each of which has an inner layer of 35 turns
and an outer layer of 21 turns. The Rutherford-style cable is composed of 23 strands, 12
coated with ebanol and 11 with Stabrite. Each of these strands has 2050 NbTi filaments with
the diameter of about 9 μm. The filament separation to diameter ratio is 0.35 and the ratio of
copper to non-cooper is 1.8. The coil package is enclosed in a cylindrical cryostat inserted
into a warm iron yoke.
The HERA (R. Meinke. 1991) installed at DESY consists of 650 superconducting main
magnets (dipoles and quadrupoles) and approximately the same number of
superconducting correcting elements (dipoles, quadrupoles and sextupoles). The system
consists of two independent accelerators designed to store 30 GeV electrons and 820 GeV
protons, respectively. These magnets formed a continuous cold string through the 6.3 km
long HERA tunnel interrupted only by warm sections around the interaction regions. The
superconducting dipoles with the central field of 4.68 T and the magnetic length of 8.824 m,
and the superconducting quadrupoles with the central gradient field of 91.2 T/m and the
magnetic length of 1.861 m are of the cold bore and cold yoke type.
The LHC (L. Rossi. 2003) is a gigantic scientific instrument near Geneva, where it spans the
border between Switzerland and France about 100 m underground. It is a particle
accelerator used by physicists to study the smallest known particles – the fundamental
building blocks of all things. Most of its 27 km underground tunnel was filled with
superconducting magnets, mainly 15 m long dipoles and 3 m long quadrupoles. The LHC
magnets are operated at the field strength of 8.36 T at an operating temperature of 1.9 K,
which is approaching the 11.45 T mark that is considered to be the upper limit for a
niobium-titanium superconductor. In the LHC accelerator, the stronger the magnetic field is,
the tighter the arc of the beam is in its 27 km tunnel. With stronger dipole magnets, an
accelerator can push particles to much higher relativistic energies around the same-sized
circular beam path.
The Superconducting Solenoid Magnet (SSM) is designed to provide a uniform 1.0 T axial
field in a warm volume of 2.75 m diameter. It is the first superconducting magnet of this
type built in China. The 0.7 mm diameter NbTi/Cu strands are formed into a Rutherford
cable sized 1.26 mm × 4.2 mm. The Rutherford cable is embedded in the center of a stabilizer
made of high purity (99.998 %, RRR 500) aluminum with outer dimensions of 3.7 mm × 20.0
mm. One layer of 0.075 mm thick Upilex-Glassfibre (glass fiber reinforced polyimide) film is
used for turn-to-turn insulation of the coil winding. The superconducting magnet is
indirectly cooled by a forced flow of two phase helium at an operating temperature of 4.5 K
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through cooling tubes wound on the outside surface of the support cylinder (B. Wang et al.
2005). The Superconducting IR Magnets (SIM) for the BEPC upgrade (BEPC-II) are installed
completely inside the BES-III detector and operated in the detector solenoid field of 1.0 T. In
BEPCII, a pair of superconducting quadrupole magnets (SCQ) (L. Wang et al. 2008) with
high focusing strength is used, which will squeeze the β function at the interaction point and
provide a strong and adjustable magnet field. Both of the two SCQs are inserted into the
BESIII detector symmetrically with respect to the interaction to produce an axial steady
magnetic field of 1.0~1.2 T over the tracking volume and to meet the requirements of particle
momentum resolution to particle detectors. Fig.7 shows the components and fabrication at
the site of the SCQ.

Figure 7. (a) SCQ system components and (b) SCQ fabrication on site

The MICE coupling magnet (D. Li et al. 2005) consists of a single 285 mm long
superconducting solenoid coil developed by the Harbin Institute of Technology. The
superconducting coil is wound on a 6061 aluminum mandrel that is fitted into a cryostat
vacuum vessel. The inner radius of the coil is 750 mm and its thickness is 110 mm at room
temperature. The coil assembly is comprised of the coil with electrical insulation and epoxy,
and the coil case is made of 6061-T6-Al, including the mandrel, end plates, banding, and
cover plate. The length of the coil case is 329 mm. The coupling solenoid will be powered by
a single 300 A/0−20 V power supply connected to the magnet through a single pair of leads
that are designed to carry a maximum current of 250 A. It is cooled by liquid helium flow
through cooling tubes embedded in the coil cover plate by two 1.5 W cryocoolers.

Figure 8. (a) Cryostat and (b) Prototype of dipole magnet for GSI CR ring.
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The super-ferric dipole prototype of the Super Fragment Separator (Super-FRS) has a width
of 2200 mm, a central length of 2020 mm and a height of 725 mm, respectively. The Collector
Ring (CR) magnet has been built by the Facility for Antiproton and Ion Research (FAIR)
China Group (FCG), including IMPCAS, IPPCAS, and IEECAS, in cooperation with the GSI
Helmholtz Center for Heavy Ion Research (GSI) (Hanno Lei brock et al. 2010). IEECAS is
contributing to the design of the coils, IPPCAS is responsible for the fabrication of the
superconducting coils and cryostat and IMPCAS is responsible for the testing of the whole
system, the magnetic field optimization and the development of the 50 ton laminated iron
yoke. The dipole magnet has a homogeneous region 380 mm in width and 140 mm in
height, while the homogeneity reaches ±3 × 10-4. The passive air slot and chamfered
removable end poles guarantee that the magnetic field distribution is homogeneous at both
low and high field levels. The Super-FRS superconducting dipole is a super-ferric
superconducting magnet with a warm iron yoke which is laminated due to magnetic field
ramping and the H type yoke is made of laminated electrical steel 0.5 mm in thickness,
which was stamped and glued to blocks, and machined to the 15 degree angle sector shape.
The superconducting coils were wound from multi-filamentary NbTi wires with a higher
than usual the ratio of copper to non-copper and are operated at liquid helium temperature.
The coils are positioned in the helium cryostat with a multi-layer insulation structure. The
total weight of the magnet is more than 52 tons. The magnetic field measurements indicate
that the field homogeneity is about ±2 × 10-4 at different magnetic field levels (0.16 T - 1.6 T),
which is better than the design requirements. The cryostat at the test facility in IPPCAS and
prototype dipole at the test facility of IMPCAS are shown in Fig. 8.
For the requirements of microwave devices, a conduction-cooled magnet has been
fabricated for the microwave experiments used in Gyrotron. A magnet system with a center
field of 1.3∼9 T and warm bore of Φ 100 mm has been designed and fabricated (Qiuliang
Wang et al. 2007). The electromagnetic structure of the magnet is designed on the basis of
the hybrid genetic optimal method. The length of homogeneous region of the
superconducting magnet is adjustable from 200 mm to 250 mm. Also the superconducting
magnet can generate multi-homogeneous regions with the length of 200, 250 and 320 mm.
The homogeneity of the magnetic field is about ±0.5% with a constant homogenous length
and ±1.0% for adjusting homogenous length. All of the homogeneous regions start at the
same point and the field decays to 1/15-1/20 from the front point of a homogeneous region
to 200 mm. The superconducting magnet is cooled by one GM refrigerator with cooling
power of 1.5 W at 4 K. The configuration of the superconducting magnet with
superconducting coils and copper coils is illustrated in Fig.9 (a). The homogeneous region
length of 320 mm with maximum center field of 1.3T is generated by main coils 1, 2 and
compensating coils 3 and 5. In order to extend the magnetic field decay from 200 mm to 300
mm, we need to use the normal copper coils. Therefore, the homogeneous region length of
320mm with a field of 1.3 T is generated by the main and compensating coils of 1, 2, 3, 5, 6
and 7 for superconducting coils and 8, 9 and 10 for copper coils. The homogeneous region
length of 250 mm with the field of 4 T, and the magnetic field decay can be adjustable
through the main and compensating coils of 1, 2, 3, 5, 6 and 7. The magnetic field decay can
be controlled through the adding cathode compensation coils of 6 and 7, and the coils are
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connected to an assisting power supply to adjust the operating current. The total
superconducting coil set-up should have five high temperature superconducting current
leads. The copper adjustment coils 8, 9, and 10 are used to change the operating current to
correct the magnetic field distribution in the homogeneous region. The main field
distributions are illustrated in Fig.9 (b). For the requirements of IEECAS customers,
superconducting magnets with all kinds of magnetic field distribution are fabricated.
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Figure 9. Superconducting magnet with 10 coils arranged with the same axis: the superconducting coils
are installed in the cryostat; the copper coils are located outside of the cryostat and fixed on its flange,
where they are cooled by air convection. The superconducting coils are cooled by a GM cryocooler (a),
Magnetic field distribution for various lengths of homogeneous region (b).

4. Structure and function of magnets
The desired magnetic field produced by superconducting coils and the shape of field is
predetermined by the users and its special application. The magnetic field distribution
depends on the size and shape of coils and final system structure. The common shapes of
superconducting coils are solenoid, saddle coils, race-track coils, toroid coils, baseball coils
and yin-yang coils for different applications.

4.1. Configuration of solenoid magnet
The most efficient and economic coil is the solenoid structure, and normal solenoids are
symmetric consisting of a single solenoid or several coaxial solenoids based on the field
distribution and homogeneity demands. The solenoid coil is wound layer by layer with
round or rectangular cross-section wires on a cylindrical bobbin. The basic parameters for a
solenoid are inner radius rinner, router radius router, the length L and the current density J. The
current density J = NIop/[L(router-rinner)], where the number of windings and operating current
are N and Iop, respectively. The conductor current density is higher due to the electrical
insulation and the eventual mechanical reinforcement. By these parameters, the magnetic
field can be calculated by the popular equation (Martin N. Wilson. 1983). By this method, in
theory, we can design all symmetric field distribution magnet system.
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4.2. Racetrack and saddle-shaped magnet
The racetrack-shaped coil has two linear segments and two semicircular arc segments. The
saddle coil has two linear segments and six small circular segments. The coil structure of
racetrack-shaped and saddle coils are shown in Fig. 10. The racetrack-shaped magnet may
be used in electrical machinery, magnetic levitation trains, dipole or multipole magnets for
an accelerator, wiggler and undulator magnets, large-scale MHD magnets, space detector
magnets and in space astronaut radiation shield and accelerator detector magnets, such as
the ATLAS magnet at CERN. Sometimes, accelerator magnets, electrical machinery magnets
and MHD magnets employ saddle shaped coils. Transverse magnetic field distribution can
be produced by combining with the saddle coils and change the current direction. Saddle
coils are also used to correcting the magnetic field distribution for magnetic resonance
magnets and magnetohydrodynamics.

Figure 10. Configurations of a racetrack magnet and a saddle magnet.

4.3. Structure of other complicated magnet
Baseball coils and yin-yang coils is used to confine the plasma as magnetic mirror. The
baseball coils with U-shaped structure produce a magnetic field magnitude increasing in
every direction outwards from the plasma and the structure is more economic than the same
mirror field produced by a pair of solenoid. A yin-yang magnet consists of two orthogonal
baseball coils which generally produce a deeper magnetic well than a single baseball coils
and also use fewer conductors. The magnet structure of a magnetic mirror is even more
complex, as for the stellarator shown in Fig.11 (a). The magnet current distribution forms a
yin-yang structure. Force-free magnets are ones in which the current density J is parallel to
the field H everywhere, i.e. J = αH, where α is a scale function called the force-free function
or factor. The Lorentz force f is therefore equal to zero since f = μJ × H = 0. However, from
the virtual work theorem of mechanics, it can be verified that it is impossible to be force-free
everywhere in a finite electromagnetic system without magnetic coupling with other
systems (Yanfang Bi & Luguang Yan. 1983). Furthermore, it is also unnecessary to construct
a fully force-free magnet, as shown in Fig.11 (b), since the solid coil itself could withstand
certain forces. So we need practically to develop some quasi-force-free magnets in which J
and H are approximately parallel, so that although the Lorentz forces are not zero, they are
reduced significantly. With the development of accelerator magnet technology in recent
years, the so-called snake-shaped dipole magnet, shown in Fig.11(c), has been proposed,
which can deliver good magnetic field uniformity. This kind of magnet can be used in
accelerators for particle focusing.
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Figure 11. Configuration of (a) stellarator, (b) force-free, and (c) snake-shaped magnets.

5. Numerical methods for magnet design
Due to the complex structure of electromagnetic devices and the compact design
requirements, the design of modern magnets no longer relies on simple analytical
calculations. Usually, the designers employ complex high-level numerical analysis
technology to decide the electromagnetic structure parameters. With the geometry, the
material distribution and the driven sources given, the numerical analysis of the
electromagnetic field distribution with respect to space and time can be conducted by
solving the Maxwell's equations numerically under predefined initial and boundary
conditions. During the design of magnet devices, the designer should propose a
configuration satisfying the functional needs as far as possible. The inverse problem is:
given the magnetic field distribution in space and time, one must find the geometric
parameters and the material distribution, as well as the field source (K. Huang & X. Zhao.
2005). Magnet design is such an electromagnetic field inverse problem. Its task is to find the
field source (current distribution or permanent magnet material distribution) on the basis of
a given magnetic field spatial distribution. The inverse problem has two different aspects:
the design optimization itself and the parameter identification. (Ye Bai et al. 2006; W. Zhang,
H. He & A. P. Len. 2005).
The deterministic method is doing the search gradually during the iterative process
according to the search direction determined by each step of the iteration, so that the
objective function value of the current step iterative solution is certain to be smaller than the
preceding values. Different deterministic methods have different search directions, such as
the “steepest decent”, the “conjugating gradient method”, the “Quasi-Newton law”
(Chunzhong Wang, Q. Wang & Q. Zhang. 2010), the "Levenberg-Marquard algorithm", etc.
The deterministic method depends on the neighborhood characteristics of the current search
position to determine the next step search position (with partial linearization in a non-linear
problem). Therefore it is local optimization and the efficiency of seeking for the local optimal
solution is very high, but it does not have global optimization capability in a multi-extreme
value problem. Another shortcoming of the deterministic method is that it is necessary to
know the first- or second-order partial derivative of the objective function and it usually
requires the objective function to not be too complex and to have an analytic expression,
which increases the computing time and cost. On the other hand, the ill-posed inverse
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problem is often inherited with an optimization problem. Therefore, the regularization
processing should be added to each iteration step of the deterministic method, as otherwise
big errors will occur, and the iteration may not work.
In order to avoid the limits of the deterministic method, the stochastic method (Monte
Carlo) is suggested (N. Metropolis & S. M. Ulam. 1949). The Monte Carlo method works in
such a way that each iteration step is determined by a random number. The traditional
Monte Carlo method carries on a completely stochastic blind search, assuming that all
possible solutions have equal probability. In contrast, the modern Monte Carlo methods,
such as the well-known simulated annealing method (S. C. Kirkpatrick, D. Gelatt & M. P.
Vecchi. 1983), the genetic algorithm (Qiuliang Wang et al. 2009), the evolutionary algorithm
(ant colony algorithm and particle swarm optimization), the taboo search method, and the
neural network and other stochastic algorithms, carry on the random search in a more
instructive way, giving the different possible solutions with different probabilities. The
merits of the Monte Carlo method are: it is universally serviceable and no target problems
need to be differentiated as to whether they are linear or non-linear, ill-posed or well-posed.
A problem can be processed by the Monte Carlo method, even if its operator is very
complex and cannot be expressed with an analytical formula. Besides, the method has a
strong optimization capability in all situations. Its shortcoming is that the calculation time is
usually very large, growing inordinately with the order of the problem, while the
convergence rate is very slow.
In order to combine the respective merits of the above algorithms, many researchers have
been striving to work for the unification of these methods. In order to reduce the computing
time, a new kind of optimizing strategy has emerged in recent years – the unification of the
response surface model and the stochastic optimized algorithm (J. H. Holland. 1992; C.W.
Trowbridge. 1991). This method firstly separates the space of the target variable for a series
of sampling points and then applies the numerical calculus method to compute the value of
the objective function on these sampling points; with these values, it uses a response model
to reconstruct the objective function and then the optimization computation is carried out
using the optimizing algorithm on the restructured objective function. Because it is only
necessary to calculate the value of the electromagnetic field objective function on the
sampling points, the algorithm efficiency is enhanced greatly. Sometimes in the
optimization design of an electromagnetic installation, unifying the Moving Least Squares
method with the simulated annealing method has very good results (Chao Wang et al.
2006). The convergence rate of these algorithms, however, still cannot satisfy the
requirements for computing complex large-scale systems, for example, three-dimensional
calculations, transient processes or coupled systems, at present. In magnet design, a
combination of the deterministic and the stochastic algorithms has been adopted.

6. Design example of high homogeneous magnet
A high homogeneous magnet system is the most important and expensive component in an
MRI or NMR system. A superconducting magnet with the distribution of coils in single

98 Superconductors – Materials, Properties and Applications

layer, two layers and even more layers is the best solution to achieve the high magnetic field
strength and homogeneity requirements. The challenge for designing a MRI magnet system
is to search the positions and sizes of coils to meet the field strength and homogeneity over
the interesting volume and stray field limitation.

6.1. Mathematical model for a hybrid optimization algorithm
The parameters of the system, including length, inner and outer radius of feasible region of
coils, radius of DSV region and the axial and radial radius of 5 Gauss stray field line, are
predetermined by designer based on the actual applications. Fig. 12 illustrates an example
for the design of a symmetric solenoid magnet system. The required parameters of the
feasible rectangular region for arrange coils are inner and outer radius (rmin, rmax) and the
length (L), the interesting imaging volume is commonly sphere and the stray field is limited
to smaller than 5 Gauss outside the scope of an ellipse. A hybrid optimization algorithm by
combination of Linear Programming (LP) and Nonlinear Programming (NLP) was
developed by IEECAS. This approach is very flexible and efficient for designing any
symmetric and asymmetric solenoid magnet system with any filed distribution over any
shape volume.

Figure 12. The region of feasible coils, interesting volume and stray field

Firstly, the feasible rectangular region can be meshed as 2-D continuous elements with Nr
elements for radial direction and Nz elements for axial direction, and each element served as
an ideal current loop. The surface of the sphere and the ellipse for homogenous filed and
stray field limitation were evenly divided into Nd and Ns parts along the elevator from 0 to
π, respectively. The field distribution at all target points including Nd and Ns points
produced by all ideal current loops with unit current amplitude calculated, and the unit
current field contribution matrices Ad and As were formed. A LP algorithm was built up with
the objective functions totaling the volume of superconducting wires, the field distributions
at all target points and the maximum current aptitude for all current elements were
constrained. The LP mathematical model is formulated as following:
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Minimum:

Nz + Nr


i =1

ri I i

 Ad * I − B0 B0 ≤ ε

Subject to:  As * I ≤ 5Gauss

I ≤ I m ax


(1)

(2)

The current map with sparse nonzero clusters were calculated by first LP stage, the
positions of nonzero clusters can be discretized into several solenoids with the size of inner
radius (rinner), outer radius (router), and the z position of two ends (zleft, zright). Secondly, a NLP
algorithm was built up, and the objective function and constraints of the algorithm are
similar to the LP stage, and added current margin constraint into the algorithm which based
on the maximum magnetic field within the superconducting coils and the relationship of
critical current and magnetic field. The NLP mathematical model is formulated as following:
Minimum:

Ncoils


i =1

Vi

  max( Bzdsv ) − min( Bzdsv ) / mean( Bzdsv ) ≤ H

 2
2
Subject to:  Bzstray
+ Brstray
≤ 5Gauss

 I / Ic( Bmax ) ≤ η

(3)

(4)

here, the Ncoils is the number of discretized solenoids, Vi is the volume of the ith solenoid,
Bzdsv, Bzstray and Brstray are the magnetic field on DSV region and stray field ellipse region,
respectively. η is the current margin, B0 is the target field over the DSV and H is the
homogeneity level for design.
Many cases were studied by this hybrid algorithm, and the results show the method is
flexible and efficient for the first LP stage which took about 5 minutes and the second NLP
stage which took about 30 minutes, respectively. The resultant coil distributions were simple
and easy to fabricate.

6.2. Design cases
6.2.1. 1.5 T actively shielded symmetric solenoid MRI
The actively shielded symmetric MRI system with the length of 1.15 m, the central magnetic
field of 1.5 T and the field quality of 10 ppm over 500 mm DSV and the radial inner and
outer radius of 0.40m and 0.80 m, the stray field of 5 Gauss outside the scope of an ellipse
with axial radius of 5 m and radial radius of 4 m, and the current margin of 0.8. The Nr, Nz,
Nd, and Ns were set as 40, 40, 51 and 51, respectively. The current map by LP and the final
actual coils sizes and positions are shown in Fig. 13. The coils distribution with two layers,
the inner layer with four pairs of positive and one pair of negative current direction coils for
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producing the required magnetic strength and the homogeneity. The outer layer with a pair
of negative current direction coils for reduces the stray field strength. The homogeneities
and stray field distributions are shown in Fig. 14. The coils parameters are shown in Table I.
The operating current density and actual current margin are 148 MA/m2 and 0.7546, the
maximum magnetic field and hoop stress are 5.43 T and 145.16 MPa, respectively.
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Figure 13. The current map and coils distribution of half model
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6.2.2. 1.0 T open biplanar MRI
The unshielded open biplanar MRI system has a central field strength of 1.0 T, inner and
outer radius of 0.0 and 0.90m, lower and upper z positions for two ends of 0.40m and 0.45
m, and field quality of 15ppm over 450 mm DSV.
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Figure 15. A quarter model current map and coils distribution

The Nr, Nz, Nd, and Ns were set as the same as the design of 1.5 T actively shielded MRI
system. A quarter model current map for the LP stage and the coils distribution are shown
in Fig. 15. The coils distributions with single layer have six coils, the largest coils with
maximum field of 5.26 T are the outermost coils with positive current direction. The coils
parameters are shown in Table II. The operating current density and actual current margin
are 150 MA/m2 and 0.74, the hoop stress is 128.2 MPa, respectively.

7. Conclusion
In this chapter we described the basic physical concepts of magnet design and the
classification of magnet, then illustrated the magnet applications in the field of energy
science, condensed physics, medical devices, scientific instruments and industry.
Electromagnetic design is very important for the design of a magnet system with optimal
coils distribution. Numerical methods are the best solution to designing complex field
distribution magnet systems. A hybrid optimization algorithm combined with linear
programming and nonlinear programming was presented and studied.
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Chapter 6

Development and Present Status of
Organic Superconductors
Gunzi Saito and Yukihiro Yoshida
Additional information is available at the end of the chapter
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1. Introduction
Since the first observation of superconductivity by K. Ones with a critical temperature of
superconductivity (Tc) of 4.2 K on mercury (1911), many researchers have persuaded such
exciting system on organic materials with vain. Even metallic behavior was hardly seen on
the organic materials. Little’s theoretical proposal (1964) for high Tc superconductivity (Tc >
1000 K) was based on a polymer system having both a conduction path and highly polarizable
pendants, which mediate the formation of Cooper pairs in the conduction path by electronexciton coupling [1]. There are at least two inorganic polymer superconductors without
doping (graphite and diamond are superconductors by doping: see Section 5), poly(sulfur
nitride) (SN)x (1975, Tc ≤ 3 K) [2] and black phosphorus (1984, Tc ~ 6 K at 16 GPa and 10.7 K at
29 GPa) [3], with crystalline forms. However, so far no organic polymers have been confirmed
to show superconductivity which is easily destroyed by a variety of disorder. Only crystalline
polymers were reported to exhibit metallic behavior: a doped polyaniline by chemical
oxidation of monomers [4] and MC60 (Scheme 1) having linearly polymerized C60•– with onedimensional (M = Rb, Cs) or three-dimensional (M = K) metallic behavior [5].
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The Little’s model accelerated the exploration of the conducting organic materials of low
molecular weight, that had been started by the finding of highly conductive
perylene•halides charge-transfer (CT) solids (100–10–3 S cm–1) in early 1950s [6] and TCNQ
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CT solids from the 1960s [7]. The first metallic CT solid TTF•TCNQ appeared in 1973 [8] based
on the two main requirements for the conductivity, namely, (1) a uniform segregated stacking
of the same kind of component molecules, and (2) the fractional CT state (uniform partial CT)
of the molecules. Since TTF•TCNQ has a low-dimensional segregated stacking, it showed a
metal-insulator (MI) transition (Peierls transition) below about 60 K. For TTF•TCNQ, the
Peierls transition occurs by the nesting of the one-dimensional Fermi surface causing lattice
distortion associated with the strong electron-phonon interaction and forms charge density
wave (CDW). There are also several one-dimensional organic metals which show MI
transitions by the formation of spin density wave (SDW) when the periodicity of the SDW
coincides with the nesting vector of Fermi surface and no lattice distortion occurs in this case.
An increase in the electronic dimensionality is inevitable to prevent the nesting of Fermi
surfaces and develop superconductors. Several attempts have been made through "pressure",
"heavy atom substitution", or "peripheral addition of alkylchalcogen groups" (Fig. 1). The latter
two correspond to the enhancement of the self-assembling ability of the molecules.
Appropriate examples taking TTF derivatives are shown in Fig. 1. Based on TMTSF molecules
several superconductors under pressure have been prepared with warped one-dimensional
Fermi surface since 1980 (a in Fig. 1) [9–14]. In general, the ratio of transfer energies (t// / t⊥) is
larger than 3 for one-dimensional Fermi surface and a closed two-dimensional Fermi surface is
formed when t// ≤ 3t⊥, where t// and t⊥ are the transfer energies along the directions of the largest
and second largest intermolecular interactions. The BO (BEDO-TTF) molecules afforded stable
two-dimensional metals having two-dimensional Fermi surface (b in Fig. 1) owing to the strong
self-assembling ability by intermolecular S∙∙∙S and hydrogen-bonds [15], and only two
superconductors are known since 1990 (Tc ≤ 1.5 K). The substitution of an ethylenedioxy group
with an ethylenedithio group (BO → ET (BEDT-TTF)) destabilized the metallic state of BO
compounds and provided unstable two-dimensional conductors (c in Fig. 1). Consequently,
variety of superconductors and other functional solids have been developed based on twodimensional metals of ET since 1982 (Tc ≤ 13.4 K) [16–20] and its analogues (Tc ≤ 10 K) [21].

Figure 1. Strategy for chemical modification of the TTF molecule to increase (arrows) or decrease
(dotted arrow) the electronic dimensionality by the aid of enhancement or suppression of the selfassembling ability of the molecules, respectively [16]. Typical Fermi surfaces of TMTSF (a:
(TMTSF)2NbF6), BO (b: (BO)2.4I3), and ET (c: β-(ET)2I3) CT solids are depicted.
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In this review, we mainly introduce the development and present status of organic
superconductors of CT type based on electron donor molecules such as ET, electron acceptor
molecules such as C60 (highest Tc = 38 K at 0.7 GPa), aromatic hydrocarbons (highest Tc = 33
K at ambient pressure (AP)), M(dmit)2 (highest Tc = 8.4 K at 0.45 GPa //b) and graphite
(highest Tc = 15.1 K at 7.5 GPa), carbon nanotube (Tc ~ 15 K in zeolite), and B doped diamond
(Tc = 11 K at AP). Besides those, single component organic compounds show
superconductivity (Tc ≤ 2.3 K at 58 GPa). The most reported Tc values of CT solids of C60,
aromatic hydrocarbons, those recently prepared, and those under pressure are the on-set
values that are approximately 0.5–1 K higher than the mid-point Tc values. All donor based
superconductors are stable in open air, however, only M(dmit)2 superconductors are stable
among the acceptor based superconductors.
Most of the superconducting phases of TMTSF, ET, and C60 materials and also of oxide
superconductors reside spin-ordered phases such as SDW and antiferromagnetic (AF)
phases. We briefly describe the recent development of superconductors having
superconducting phase next to spin-disorder state (quantum spin liquid state).

2. Preparation of organic superconductors
CT solids are prepared mainly by the following three redox reactions: (1)
electrocrystallization (galvanostatic and potentiostatic), (2) direct reaction of donors (D) and
acceptors (A) in the gaseous, liquid, or solid phase, and (3) metathesis usually in solution
(D•X + M•A → D•A + MX, M: cation, X: anion). In the latter two cases, single crystals are
produced by the diffusion, concentration, slow cooling, or slow cosublimation methods.
Electrocrystallization (main procedures in detail and corresponding references are described
in Section 11 of Ref. 17) is performed with a variety of glass cells, as shown in Fig. 2. Strictly
speaking, the potentiostatic method is the proper way, in which a three-compartments cell is
employed and one of the compartments contains the reference electrode, such as saturated
calomel or Ag/AgCl electrode. However, this method is troublesome when a large number
of crystal-growth runs are performed for a long period of time due to the following: 1) the
contamination through the use of a reference electrode cell, and 2) the limited space for the
experiment. The galvanostatic method is much more convenient than the potentiostatic one
from these points of view. An H-cell (20 ml or 50 ml capacity) and an Erlenmeyer-type cell
(100 ml) with a fine- porosity glass-frit equipped with two platinum wire electrodes (1–5
mm in diameter) have been used (Fig. 2).
There are many factors and tricks to grow single crystals of good quality. The important
factors besides both the purity and the concentration of the component materials are the
kinds of solvent and electrolyte, the surface of the electrode, the current (0.5–5 μA), and
temperature. THF (tetrahydrofuran), CH2Cl2, TCE (1,1,2-trichloroethane), chlorobenzene,
CH3CN, and benzonitrile are commonly utilized solvents. The addition of 1–10 v/v% ethanol
occasionally accelerates the crystal growth. As for the electrolyte, solubility in organic
solvent is an important factor and usual electrolytes are tetrabutylammonium (TBA) or
tetraphenylphosphonium salt of anion X. Sometimes, the electrolyte is a combination of
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soluble and insoluble materials. For example, single crystals of κ-(ET)2Cu(NCS)2 were
prepared using 1) CuSCN + KSCN + 18-crown-6-ether, 2) TBA•SCN + CuSCN, or 3)
Cu(NCS)2•K(18-crown-6-ether). Low solubility of the components of the electrolyte in the
specific solvent usually retarded single crystal growth. Ionic liquids such as 1-ethyl-3methylimidazolium (EMI, Scheme 2) salts of X were found to afford single crystals of high
quality, recently. Regarding the surfaces of electrodes each research group has special
treatments such as burning (but not melting) or polishing with very fine powder. The
electrode surface can be treated by applying a current to switch the polarity in a 1 M H2SO4
solution. When the radical species are unstable in solution, CT solids can be grown by
applying a high current at very low temperatures; e.g., salts of fluoranthene (–30 °C, 2 mA,
Ni electrode), naphthalene, and azulene.
(a)

(c

(b)

(d)

(e)

Figure 2. (a) Galvanostatic electrocrystallization using 20 ml cells on the desk. Under the desk the
diffusion method is seen. (b) Single crystals of κ-(ET)2Cu(NCS)2 on the electrode in 100 ml cell and (c)
showing two-dimensional conducting plane (bc). (d) Single crystal of (TMTSF)2ClO4 with four gold
wires connected by gold paste. (e) Typical glass cells for electrocrystallization.

Scheme 2.

Besides the electrocrystallization, superconducting single crystals of good quality were
prepared by direct chemical oxidation of ET with iodine in gas or with TBA•I3 or TBA•IBr2
in solution. Better-quality single crystals of (TTF)[Ni(dmit)2]2 were obtained by the diffusion
method of the metathesis reaction rather than electrocrystallization. No single crystals of the
electron acceptor based superconductors were obtained except for the M(dmit)2 system.
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The earliest route for reductive intercalation of C60 solids by alkali or alkaline-earth metals is
the vapor-solid reaction by vacuum annealing. Almost all superconductors based on
graphite and polyaromatic hydrocarbons have been obtained in accordance with this
synthetic route. Besides pristine alkali metals, sodium mercury amalgams, sodium
borohydride, alkali azides, and alkali decamethylmanganocene have been utilized for
source of alkali metal vapors to reduce C60 solids. Disproportionation reaction between C60
and M6C60 (M: alkali metal) has been sometimes utilized to obtain superconducting M3C60 or
non-superconducting M4C60. For a low-temperature solution route, liquid ammonia and
methylamine have been sometimes utilized for the reaction media. Especially, Cs3C60 with
the highest Tc among the C60 superconductors can be obtained only when the stoichiometric
amounts of cesium metal and C60 were reacted in the dissolved methylamine media (see
Section 3-2), while the conventional vapor-solid reaction gives energetically stable Cs1C60
and Cs4C60 instead of Cs3C60 with nominal composition.

3. Structures and properties
3.1. Superconductors based on electron donors
3.1.1. One-dimensional superconductors (TMTSF and TMTTF families)
TMTSF [9–14] has provided eight quasi-one-dimensional superconductors; (TMTSF)2X with
highest Tc ~ 3 K [11] (Table 1). Most of them were prepared by electrocrystallization using
TBA•X as electrolyte except the NbF6 salt which can be only prepared by using ionic liquid
EMI∙NbF6 [12]. They are isostructural to each other and the crystal structure of
(TMTSF)2NbF6 is depicted in Fig. 3, where TMTSF molecules form a zigzag dimer that forms
a segregated column along the face-to-face direction (a-axis) with no short Se∙∙∙Se atomic
contacts (Fig. 3a,3b). Along the side-by-side direction (b-axis), rather short Se∙∙∙Se atomic
contacts were seen (Fig. 3c), however, those less than the sum of the van der Waals radii
(3.80 Å) are present only for X = ClO4 and FSO3. For the PF6 salt, ta and tb were estimated to
be 0.25–0.30 eV and 0.031 eV, respectively. Consequently, the Fermi surface of (TMTSF)2X is
not closed, but open with fair warping due to the lack of adequate side-by-side transfer
interactions (Fig. 1a).
(a)

(b)

(c)

(d)

Figure 3. Crystal structure of (TMTSF)2NbF6 [12]. (a) Segregated column of TMTSF molecules. The
numbers indicate the overlap integrals in 10–3 units. (b) Zigzag stacking of the TMTSF column. (c) Se∙∙∙Se
atomic contacts (d7, d9) along the side-by-side direction. (d) Temperature dependence of resistivity
under pressure.
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Salts with octahedral anions exhibited MI transition at 11–17 K at AP due to SDW, and a
superconductivity appeared with on-set Tc of ca. 1 K at 0.6–1.2 GPa (Fig. 3d). Salts with
(pseudo)tetrahedral anions, on the other hand, exhibited order-disorder (OD) transition of
anion molecules when the superlattice created was coincide with the nesting vector of the
warped Fermi surface (2a × 2b, Fig. 1a).
The isomorphous (TMTTF)2X (TMTTF: Scheme 3) salts displayed superconductivity under
high pressure of 2.6–9 GPa with Tc less than 3 K for X = Br, BF4, PF6, and SbF6 [22–25]. Table 1
summarizes superconductors of (TMTSF)2X and (TMTTF)2X showing σRT, temperature at
which conductivity shows maximum (Tmax) due to an MI transition, critical pressure to
induce superconductivity (Pc), Tc, phenomena which cause the MI transition (transition
temperature), and superlattice after the ordering of the anion molecules.
(TMTSF)2ClO4 is the only AP superconductor among them and shows no Hebel-Slichter
coherence peak [26], which should be observed just below Tc for a normal BCS-type
superconductor having an isotropic gap [27], in the early measurements of relaxation rate of
1H NMR absorption. Later, the thermal conductivity suggested a fully-gapped order
parameter [28]. The superconducting coherent lengths are 710 (//a), 340 (//b), and 20 Å (//c),
indicating a quasi-one-dimensional character. The application of magnetic field breaks the
superconducting state and induces a sequence of SDW (field-induced SDW: FISDW) states
above 3 T. Upper critical magnetic field Hc2 of the PF6 salt (Hc2 = 6 (//b'), 4 (//a) T at 0.1 K) is
far beyond the Pauli limit (HPauli) for the BCS-type superconductor with weak coupling [10].
A generalized phase diagram including (TMTSF)2X and (TMTTF)2X indicates that the
superconducting phase neighbors the magnetic SDW phase (Fig. 4) [29].

Figure 4. Generalized phase diagram for the (TMTSF)2X and (TMTTF)2X [29]. CL, SP, and SC refer to
charge-localized (which corresponds to charge-ordered state), spin-Peierls, and superconducting states,
respectively. The salts a–d at AP locates in the generalized diagram. a: (TMTTF)2PF6, b: (TMTTF)2Br, c:
(TMTSF)2PF6, d: (TMTSF)2ClO4.

Scheme 3.
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σRT

Pc
/ GPa

Tcb)
/K

Characteristicsc)

12-15
12-15
12-17
12
15
–

0.65
0.95
1.05
1.2
1.1
0

1.1
1.1
0.38
1.26
1.35
1.4

–
300
ReO4 tetrahedral
FSO3 pseudo-tetrahedral 1000

5
~182
~88

–
0.95
0.5

–
1.2
3

SDW (12 K), FISDW
SDW (12 K, J = 604 K)
SDW (17 K)
SDW (12 K)
SDW (11 K)
OD (24 K, a × 2b × 2c), FISDW,
(γ = 10.5, β = 11.4, Θ = 213)
SDW (5 K) by rapid cool
OD (177 K, a × 2b × 2c)
OD (88 K, a × 2b × 2c)

TMTTF system
PF6 octahedral
SbF6 octahedral
BF4 tetrahedral
Br
spherical

245
150
190
100

5.2-5.4
5.4-9
3.35-3.75
2.6

1.4-1.8
2.8
1.38
1.0

spin-Peierls (15 K)
charge-order, AF (8 K)
OD (40 K), SDW and SC (coexist)
AF (15 K)

X

Symmetry

TMTSF system
PF6 octahedral
AsF6 octahedral
SbF6 octahedral
NbF6 octahedral
TaF6 octahedral
ClO4 tetrahedral

Tmaxa)
/ S cm–1 / K
540
430
500
120
300
700

20
8
50
260

a) Tmax: temperature at maximum conductivity. b) Tc: on-set. c) SDW: spin density wave, OD: order-disorder transition
of anion and newly formed superlattice. FISDW: field-induced SDW. γ and β are important quantities experimentally
determined to obtain D(εF) (eq. 1) and Θ (eq. 2) which are related with Tc by eq. 3 for the BCS-type superconductors.

Table 1. Organic superconductors of (TMTSF)2X and (TMTTF)2X

γ: Sommerfeld coefficient, mJ mol–1 K–2
γ = π2kB2D(εF)/3

(1)

β = 48πNkB/5Θ 3

(2)

Tc ∝ Θ exp(−1/Vel-phD(εF))

(3)

β: mJ mol–1 K–4

Θ: Debye temperature, K

kB: Boltzmann constant, g: coupling constant, Vel-ph: electron-phonon coupling potential,
D(εF): density of states at Fermi level per one spin.

3.1.2. Two-dimensional superconductors (BO, ET, and BETS families)
3.1.2.1. BO superconductors
TTF derivatives with “peripheral addition of alkylchalcogeno groups” were found to be
effective to increase dimensionality of CT solids and suppress the Peierls-type MI transition
for many BO [15] and ET [16–20] conductors. The robust intermolecular interactions in the
BO complexes have provided a metallic state even in the strongly disordered systems. The
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strong two-dimensionality in the BO complexes hardly exhibited any phase transition
including the superconductivity (only two superconductors with Tc ≤ 1.5 K were found)
[30,31].
3.1.2.2. ET superconductors
The first ET two-dimensional organic metal down to low temperatures is (ET)2(ClO4)(TCE)
[32]. Since then, hundreds of ET solids have been prepared. ET molecules tend to pile up
one after the other with sliding to each other so as to minimize the steric hindrance caused
by the terminal ethylene groups. A neutral ET molecule is non-planar and becomes almost
flat on formation of the partial CT complex except the terminal ethylene groups which are
thermally disordered at high temperatures. Segregated packing of such molecules leaves
cavities along the molecular long axis, where counter anions and sometimes solvent
molecules occupy. It was pointed out that the ethylene conformation is one of the key
parameters determining the physical and structural properties including the
superconductivity [33]. ET molecule also has a strong tendency to form proximate
intermolecular S∙∙∙S contacts along the side-by-side direction leading to an increment of the
side-by-side transfer integrals t⊥ (Fig. 5). The ET conductors are composed of alternating
structures of two-dimensional conducting layer and insulating anion layer. Significant
donor∙∙∙anion interactions arise from the short atomic contacts between the ethylene
hydrogen atoms of ET and anion atoms around the anion openings in the anion layer as
schematically shown in Fig. 5b [34].

Figure 5. (a) Schematic figure of an example of S∙∙∙S atomic contacts observed in ET salts. Thick dotted
lines: Sin∙∙∙Sout. Thin dotted lines: Sout∙∙∙Sout. (b). Schematic view of κ-(ET)2Cu(NCS)2 indicating anion
openings and transfer interactions (t//, t⊥, and t'⊥) [34]. ET dimers are nearly orthogonally aligned ( κ-type
packing). For κ-type salt, t// ~ t⊥ >> t'⊥.

The steric hindrance exerted by bulky six-membered rings of ET molecules prevents the
formation of intermolecular Sin∙∙∙Sin contacts (Sin: sulfur atom in the TTF skeleton, Fig. 5a). No
particular patterns of intermolecular Sin∙∙∙Sout (Sout: sulfur atom in the six-membered ring) are
favorable as well. As a consequence various kinds of S∙∙∙S contacts are produced depending
on the donor packing patterns (α-, β-, θ-, κ-phases, and so forth, see Section 3-1-2-5), and are
comparable to the other intermolecular interactions; i.e., face-to-face (π-π) and donor∙∙∙anion
interactions. Any interactions could not solely determine the donor packing picture. It is
thus much more difficult to predict the donor packing pattern for the ET system compared
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to those for TMTSF, especially for salts with small and discrete anions such as I3, ClO4, PF6,
etc., where polymorphic isomers are frequently afforded. In the salts with discrete linear
anions such as I3 and I2Br, the component molecules have great freedom of motion and the
donor packing pattern can be changed by thermal or pressure treatment [35,36]. Scanning
tunneling microscope (STM) measurements [37–39] revealed that the surface structure of β(ET)2I3 crystals contains many defects, voids, and reconstruction of donor packing attributed
to the unstable structure of the anion layers, while the surface structures of salts with
polymerized anions such as κ-(ET)2Cu(NCS)2 (Fig. 7b in Section 3-1-2-3) and α(ET)2MHg(SCN)4 (M = NH4 and K) are stable with no defects.
The polymerized anions in κ-(ET)2Cu(NCS)2 form the insulating layer having openings as
seen in Fig. 5b. Two ET molecules form a dimer unit which fits into each opening. In more
accurate description, the hydrogen atom of one ethylene group of ET molecule fits into the
core created by anion molecules, like a key-keyhole relation. The position of such an
ethylene hydrogen atom projected onto the anion cores produces unique patterns; called αtype (5 superconductors), β-type (6 superconductors), θ-type (1 superconductor), and κ-type
(about 31 superconductors) [40]. It means that the ET molecules arrange according to the
anion core or opening pattern created by polymerized anions.
Different kinds of ET⋅⋅⋅ET (π-π, S⋅⋅⋅S) and ET⋅⋅⋅anion (hydrogen bonds) intermolecular
interactions, large conformational freedom of ethylene groups, flexible molecular
framework, fairly narrow bandwidth (W), and strong electron correlations, which are
represented by on-site Coulomb repulsion energy U, gave a rich variety of complexes with
different crystal and electronic structures ranging from insulators to superconductors
(corresponding references are cited in Ref. 16): Mott insulators (including spin-Peierls
systems, antiferromagnets, spin-ladder systems, and quantum spin liquid), one-dimensional
metals with CDW transition, two-dimensional metals with CDW transition, twodimensional metals with FISDW transition, charge-ordered insulators, monotropic complex
isomers, and two-dimensional metals down to low temperatures.
About 60 ET superconductors have so far been known. Table 2 summarizes selected ET
superconductors and related salts. They are classified into three classes based on the
transport behavior at AP: 1) Salts in Class I are metallic down to rather low Tc. 2) Salts in
Class II are close to a Mott insulator and a poor metal showing Tc > 10 K. 3) Salts in Class III
are insulators (Mott, CDW, or charge order). Figure 6 compares the temperature
dependence of resistivity for several κ-(ET)2X with that of β-(ET)2AuI2 (6, Class I) which
exhibited metallic behavior down to Tc at 4.9 K [48]. κ-(ET)2Cu(CN)[N(CN)2] [49] (1, Class II)
showed a monotonous decrease of resistivity with upper curvature down to Tc. κ(ET)2Cu[N(CN)2]Br [55] (3, Class II) exhibited similar behavior to that of κ-(ET)2Cu(NCS)2
[51] (2, Class II) except a metallic regime near RT in 2. They have a semiconductive region
down to 70–80 K followed by a metallic behavior down to Tc. κ-(ET)2Cu[N(CN)2]Cl [57–60]
(4, Class III) ia a Mott insulator and showed a semiconductor (εg = 24 meV)-semiconductor
(εg = 104 meV) transition at ca. 42 K due to an AF fluctuation resulting in a weak
ferromagnet below 27 K (Néel temperature TN = 27 K). Under a low pressure, it showed a
similar temperature dependence to that of κ-(ET)2Cu[N(CN)2]Br. κ-(ET)2Cu2(CN)3 [61–65] (5,
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Class III) is semiconductive (a Mott insulator) and under pressure it also behaves similarly
to 4 (semiconductor-metal-superconductor).

Figure 6. Temperature dependences of resistivity of 10 K class superconductors κ(ET)2Cu(CN)[N(CN)2] (1), κ-(ET)2Cu(NCS)2 (2), κ-(ET)2Cu[N(CN)2]Br (3), and κ-(ET)2Cu[N(CN)2]Cl (4),
which are compared with that of a good metal with low Tc β-(ET)2AuI2 (6) and a Mott insulator κ(ET)2Cu2(CN)3 (5) at AP.
Class, Salt

I

CuL1L2 σRT/ Tca) / K
L1, L2 S cm–1 H-salt

κ-(ET)2I3

30

β-(ET)2I3

60

3.6*

−

t'/t

3 κ-(ET)2Cu[N(CN)2]Br N(CN)2, 5–50
Br
2
2–7

Ground Characteristics,
Ref
state Quantum oscillations
at AP b)

SC

γ = 18.9, β = 10.3, Θ
= 218, SdH, dHvA
SdH, dHvA, AMRO

[42–47]

0.87

SC
SC

SdH, dHvA
AMRO

[48]
[49,50]

γ = 25, β = 11.2, Θ = [51–54]
215, SdH, dHvA,
AMRO
γ = 22, β = 12.8, Θ = [55,56]

SC

10.4*

11.2* 0.82–0.86

0.94

SC

11.8*

11.2* 0.68

0.92

SC

0.75

0.90

AF

1.06

0.9

SL

12.8/0.0 13.1
3 GPa
6.8–
7.3**

β'-(ET)2AuCl2

10
3×10–2 14.2/8.2
GPa
~10–1

β'-(ET)2BrICl

~10

–2

U/W

0.58

1.5, 2.0, −
0.55
8.1
−
−
20–60 4.9
5–50 11.2*
12.3* 0.66–0.71

6 β-(ET)2AuI2
II 1 κ-(ET)2Cu(CN)[N(CN)2] CN,
N(CN)2
2 κ-(ET)2Cu(NCS)2
SCN,
5–40
NCS

III 4 κ-(ET)2Cu[N(CN)2]Cl N(CN)2,
Cl
5 κ-(ET)2Cu2(CN)3
CN,
CN/NC
ET•TCNQ
β'-(ET)2ICl2

D-salt

7.2/8.0
GPa

[41]

−
−

AF
AF

210, SdH, AMRO
SdH, AMRO, TN = 27 [57–60]
K
SdH, AMRO
[49,61–
65]
TN = 3 K
[66]
TN = 22 K
[67,68]

−

AF

TN = 28 K

[68]

AF

TN = 19.5 K

[69]

a) *: mid-point. **on-set under uniaxial strain (see Fig. 9a). Others are the on-set values under hydrostatic pressure. b)
SC: superconductor, SL: spin liquid.

Table 2. Selected ET conductors and superconductors. Except ET•TCNQ, the compound is represented by
Greek alphabet-(ET)2X (Greek alphabet: type of donor stacking, L1, L2: ligand). a) Class I : good metal with
low Tc, II: 10 K class AP superconductor, III: Mott insulator. 1–6 are the numbers in Fig. 6.
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Scheme 4.

Table 2 summarizes Tc of H- and D-salts (salt using h8-ET and d8-ET, respectively; Scheme
4). The calculated U/W values close to unity suggest that those salts have strong electron
correlation. Currently β'-(h8-ET)2ICl2 (on-set Tc = 14.2 K at 8.2 GPa [68], mid-point Tc of 13.4
K is estimated) and D-salt of 4 (Tc = 13.1 K at 0.03 GPa) [58] show the highest Tc under
pressure, while both are Mott insulators at AP. At AP, D-salt of 1 shows the highest Tc of
12.3 K [50] followed by H-salt of 3 (Tc = 11.8 K) [55,56]. These salts are electronically clean
metals as evidenced by the observation of quantum oscillations (Shubnikov-de Haas (SdH),
de Haas-van Alphen (dHvA)), and geometrical oscillations: angular dependent
magnetoresistance oscillation (AMRO), which afford topological information for the Fermi
surface [19,20,70].
Next, we will focus mainly on the κ-type superconductors with polymerized anions.
3.1.2.3. κ-type ET conductors
The κ-type superconductors κ-(ET)2CuL1L2 (1–5 in Table 2) share some common structural
and physical properties [49–65]. Figure 7 shows the crystal structure of the prototype H-salt
of 2, anion structures, donor packing pattern, and calculated Fermi surface [51–54]. Table 2
summarizes the two kinds of ligand (L1, L2) in a salt and ratio t’/t for triangle geometry of ET
dimers. These salts have polymerized anions in which ligand L1 forms infinite chain by
coordinating to Cu1+ and ligand L2 coordinates to Cu1+ as pendant. ET molecules form a
dimer and the ET dimers are arranged nearly orthogonally to each other forming twodimensional conducting ET layer in the bc-plane which is sandwiched by the insulating
anion layers along the a-axis (Fig. 7a). Cu1+ and SCN form Cu⋅⋅⋅SCN⋅⋅⋅Cu⋅⋅⋅SCN⋅⋅⋅ zigzag
infinite chain along the b-axis and other ligand SCN coordinates to Cu1+ by N atom to make
an open space (indicated by ellipsoid in Fig. 7b, also see Fig. 5) to which an ET dimer fits. An
ET dimer has one spin, and the dimers form triangle (Fig. 7c) whose shape is represented by
the ratio t’/t (Fig. 7d).
H-salt of 4 showed a complicated T-P phase diagram (Fig. 8a) [72–76]. Thoroughgoing
studies under pressure showed a firm evidence of the coexistence of superconducting (I-SC2 phase: I-SC = incomplete superconducting) and AF phases [72–78], where the radical
electrons of ET molecules played both roles of localized and itinerant ones. Under a pressure
of ca. 20–30 MPa another incomplete superconducting phase (I-SC-1) appeared and the
complete superconducting (C-SC) phase neighbored to this phase at higher pressures.
Below these superconducting phases, reentrant nonmetallic (RN) phase was observed.
Similar T-P phase diagrams were obtained for κ-(d8-ET)2X (X = Cu[N(CN)2]Cl and
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Cu[N(CN)2]Br) with a parallel shift of pressure. They occur at the higher and lower pressure
sides of the κ-(h8-ET)2Cu[N(CN)2]Cl for the Br and Cl salts, respectively. Contrary to the Hsalt, κ-(d8-ET)2Cu[N(CN)2]Cl exhibited no coexistence of the superconducting and AF
phases. At AP, κ-(ET)2Cu[N(CN)2]I is a semiconductive and becomes superconducting
under hydrostatic pressure above 0.12 GPa with Tc of 7.7 K (on-set Tc = 8.2 K), though the
magnetic ordering was not clarified at AP [79].

Figure 7. κ-(ET)2Cu(NCS)2: (a) Crystal structure. (b) Anion layer viewed along the a-axis has anion
openings (indicated by ellipsoid) to which an ET dimer fits. Picture is the dextrorotatory form. (c)
Packing pattern (κ-type) of ET dimers along the a-axis. (d) Schematic view of triangular lattice of ET
dimers which has one spin. White and black circles represent ET molecule and ET dimer, respectively.
The t’/t represents the shape of the triangle. (e) Calculated Fermi surfaces of the P21 salts (κ(ET)2Cu(NCS)2, κ-(ET)2Cu(CN)[N(CN)2]) showed the certain energy gap between a one-dimensional
electron like Fermi surface (//kc) and a two-dimensional cylindrical hole-like one (α-orbit), while such a
gap is absent in the Pnma salts (κ-(ET)2Cu[N(CN)2]Br, κ-(ET)2Cu[N(CN)2]Cl). For κ-(ET)2Cu(NCS)2,
electrons move along the closed ellipsoid (α-orbit) to exhibit SdH oscillations [53], and at higher
magnetic field (> 20 T) electrons hop from the ellipsoid to open Fermi surface to show circular trajectory
(β-orbit, magnetic breakdown oscillations) [71].

(a)

(b)

a b c d

e

f

Figure 8. (a) Phase diagram of κ-(h8-ET)2Cu[N(CN)2]Cl determined from electrical conductivity and
magnetic measurements [72–76]. N1–N4: non-metallic phases, M: metallic phase, RN: reentrant nonmetallic phase, I-SC-I and I-SC-II: incomplete superconducting phases. N3 shows growth of threedimensional AF ordered phase. N4 is a weak ferromagnetic phase. (b) Proposed simplified phase
diagram [80]. a: β-(ET)2I3, b: κ-(ET)2Cu(NCS)2, c: H-salt of κ-(ET)2Cu[N(CN)2]Br, d: D-salt of κ(ET)2[N(CN)2]Br, e: κ -(ET)2[N(CN)2]Cl, f: β’-(ET)2ICl2.
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Alternating mixed donor packing motifs were observed in two phases of α’-κ(ET)2Ag(CF3)4(TCE), Tc (on-set) of which are 9.5 K and 11.0 K for the phase having twolayered (α’ + κ) and four-layered (α’ + κ1 + α’ + κ2) phase, respectively [81,82]. Since α’packing generally imparts semiconducting state, both systems have nano-scale hetero
junction of semiconductive/superconductive interface, which is thought to give higher Tc in
these systems in comparison with κl-(ET)2Cu(CF3)4(TCE) (Tc = 4.0 K). If this explanation is
correct, this is an example of interface superconductivity [83,84].
With increasing the distance between the ET dimers in Fig. 7a–d, the transfer interactions
between ET dimers decrease; this may correspond to the decrease of W and to increase of
D(εF), and consequently Tc is expected to increase. According to this line of thought, higher
Tc is expected for the salt having a larger anion spacing. Such a κ-type salt may be found
near the border between poor metals and Mott insulators. It is true not only for κ-type but
also for other types, e.g., β'-(ET)2X (X = ICl2 [67,68] and BrICl [69]) having high Tc in the ET
family are Mott insulators at AP.
Topological structures of their Fermi surfaces studied by SdH, dHvA, and AMRO (Table 2)
[19,20,53,70,71,85–87] show that the area of the closed Fermi surface relative to the first
Brillouin zone and cyclotron mass calculated from SdH oscillations are 15.7% (α-orbit in Fig.
7e, 3.5me) and 105% (β-orbit in Fig. 7e, 6.5me) for 2 at AP, 4.4% (0.95me) at 0.9 GPa and ca.
100% (6.7me) at AP for 3, and 15.5% (1.7me) and 102% (3.5me) at 0.6 GPa for 4. Fermi surface
of 2 (Fig. 7e) calculated based on the crystal structure is in good agreement with these
observed data.
The followings are the superconducting characteristics of κ-type ET superconductors, some
of which differ from those of the conventional BCS superconductors.
1.
2.

3.

4.

Upper critical magnetic field Hc2: 2 gave higher Hc2 values for the magnetic field parallel
to the two-dimensional plane than HPauli based on a simple BCS model [88,89].
Coherent length ξ: The superconducting coherent lengths are 29 and 3.1 Å for 2 at 0.5 K
along the two-dimensional plane (ξ//) and perpendicular to the plane (ξ⊥). The ξ// is
larger than the lattice constants, however, the ξ⊥ is much smaller than the lattice
constant indicating the conducting layers along this direction is Josephson coupled.
Symmetry of superconducting state: No Hebel-Slichter coherence peak was observed in
both 2 and 3 in 1H NMR measurements, ruling out the BCS s-wave state. The symmetry
of the superconducting state of 2 had been controversially described as normal BCStype or non-BCS type, however, STM spectroscopy showed the d-wave symmetry with
line nodes along the direction near π/4 from the ka- and kc-axes (dx2–y2) [90], and thermal
conductivity measurements were consistent with that [91]. STM on 3 also showed the
same symmetry [92]. A recent specific heat measuremen on 2 and 3 was consistent with
these results [93].
Inverse isotope effect: Inverse isotope effect has so far been observed for 1 [50], 2 [54],
and 4 [58], while normal isotope effect for 3 [56]. The reason of the observed isotope
effects is not fully understood yet consistently.
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5.

A very simplified T-P phase diagram for κ-(ET)2X was proposed (Fig. 8b), where only
the parameter U/W is taken into account. Fig. 8b includes the salts 2, 3, 4, β-(ET)2I3, and
β’-(ET)2ICl2 [80], however, the metallic behavior of 2 above 270 K and that of 1, whole
behavior of 5, and low-temperature reentrant behavior of 3 and 4 (Fig. 8a) cannot be
allocated in this diagram. The β-(ET)2I3 in Fig. 8b should be βH-phase (Tc ~ 8 K, see
Section 3-1-2-5) and other two β-(ET)2I3 salts of Tc ~ 1.5 K and ~2 K phases cannot be
allocated though they should have the same U/W values. Tc of 4 is higher than that of β’(ET)2ICl2 in Fig. 8b contrary to the experimentally observed Tc results. This phase diagram
and "geometrical isotope effect" [94] point out that Tc’s of β-(ET)2I3, 2, and 3 decrease with
increasing pressure if only the parameter U/W or D(εF) is taken into account. This
tendency has been observed under hydrostatic pressure but not under uniaxial pressure
(see Sections 3-1-2-4, 3-1-2-5, 3-1-3). Thus the phase diagram in Fig. 8b remains
incomplete, despite it is frequently used to explain the general trends for these salts.

3.1.2.4. Quantum spin liquid state in κ-(ET)2Cu2(CN)3 and neighboring superconductivity
As mentioned, κ-type packing is characterized by the triangular spin-lattice (Fig. 7c,7d)
where an ET dimer is a unit with S = 1/2 spin [95,96]. The line shape of 1H NMR absorption
of κ-(ET)2Cu[N(CN)2]Cl [60] exhibited a drastic change below 27 K owing to the formation
of three-dimensional AF ordering. On the other hand, the absorption band of κ(ET)2Cu2(CN)3 remains almost invariant down to 32 mK indicating non-spin-ordered state:
quantum spin liquid state [63]. The appearance of spin liquid state in κ-(ET)2Cu2(CN)3 is the
consequence of significant spin frustration in this salt (t’/t = 1.06) in comparison with the less
frustrated AF state in κ-(ET)2Cu[N(CN)2]Cl (t’/t = 0.75).
It has long been predicted that the geometrical spin frustration of antiferromagnets caused
by the spin correlation in particular spin geometry (triangle, tetrahedral, Kagome (Scheme
5), etc.) prevents the permanent ordering of spins. So the spins of Ising system with AF
interaction in the equilateral triangle spin lattice will not show any long-range order even at
0 K, and hence the phase, namely quantum spin liquid phase, has high degeneracy [97]. Such
spin liquid state has only been predicted theoretically [98], and a variety of ideal materials
have been designed and examined for long [99–102]. Since the discovery of the spin liquid
state in κ-(ET)2Cu2(CN)3, several materials have been reported to have such exotic spin state:
EtMe3Sb[Pd(dmit)2]2 [103], ZnCu3(OH)6Cl2 [104,105], Na4Ir3O8 [106], and BaCu3V2O8(OH)2
[107,108]. Some inorganic materials reported as spin liquid candidates were eliminated owing
to the spin ordering at extremely low temperatures, etc [109–113]. Na4Ir3O8 and two organic
compounds (κ-(ET)2Cu2(CN)3, EtMe3Sb[Pd(dmit)2]2) may be recognized as “soft” Mott
insulators and have metallic state under pressure. Only κ-(ET)2Cu2(CN)3 has the
superconducting phase next to spin-liquid state so far as described below.
The phase diagrams of TMTSF (Fig. 4), ET (Fig. 8), C60 [114] families and also electroncorrelated cuprate and iron pnictide high Tc systems [115] indicate that a magnetic ordered
state (SDW, AF) is allocated next to the superconducting state. Figure 9a shows the T-P
phase diagram of κ-(ET)2Cu2(CN)3 at low temperature region by applying uniaxial strain
along c- (t’/t decreases in this direction) and b- (t’/t increases in this direction) axes with
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epoxy-method [62,65]. In both cases, a superconducting state readily appeared nearly above
0.1 GPa since the t'/t deviates from unity; i.e., strong spin frustration was released. It is very
noteworthy that the spin liquid phase is neighboring to the superconducting state and its Tc
is fairly anisotropic as shown in Fig. 9b. A plot of Tc vs. TIM, which is a Mott insulator-metal
transition temperature, indicates that in comparison with the hydrostatic pressure results,
the uniaxial method afforded: 1) a much higher Tc value, 2) an increase of Tc at the initial
pressure region, 3) an anisotropic pressure dependence, and 4) superconducting phase
remains at higher pressure. The uniaxial strain experiments including other κ-type
superconductors clearly revealed that the Tc increased as the U/W approaches unity and as
the t’/t departs from unity [116].

Scheme 5.

(a)

(b)

Figure 9. a) Temperature-uniaxial pressure phase diagram in the low temperature region of κ(ET)2Cu2(CN)3 [62,65]. The strain along the c-axis corresponds to a decrease of t’/t (left side), while the
strain along the b-axis increases t’/t (right side). b) Pressure dependence of on-set Tc by the uniaxial
strain and hydrostatic pressure methods. TIM: a Mott insulator-metal transition temperature [65].

3.1.2.5. Other ET superconductors
One of the most intriguing ET superconductors is the salt with I3 anion, which afforded α-,
αt-, βL-, βH-, δ-, ε-, γ-, θ-, and κ-type salts with different crystal and electronic structures.
Among them, α-, αt-, βL-, βH-, γ-, θ-, and κ-type salts are superconductors with Tc = 7.2, ~8,
1.5, 8.1, 2.5, 3.6, and 3.6 K, respectively [36,41,42,44,45,117–120]. The βL-salt was converted to
the βH-salt by pressurizing (hydrostatic pressure) above 0.04 GPa and then by
depressurizing while keeping the sample below 125 K [45,46]. The βH-salt returned to βL-salt
when the salt was kept above 125 K at AP. The βL-salt is characterized by having a
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superlattice appearing at 175 K with incommensurate modulations of ET and I3 to each other
[121]. The formation of the superlattice was suppressed by the pressure above 0.04 GPa.
Then the two ethylene groups in an ET molecule were fixed in the eclipsed conformation to
give rise to more than 5 times higher Tc in βH-salt. The Tc of βH-salt decreased with
increasing hydrostatic pressure monotonously, however, under the uniaxial stress the
further Tc increase taking a maximum at a piston pressure of 0.3–0.4 GPa is observed for
both directions parallel and perpendicular to the donor stack [120]. The superconducting
coherent lengths are ξ// = 630 (//a) – 610 Å (//b’) and ξ⊥ = 29 Å (//c*) for the βL-salt, and ξ// = 130
Å and ξ⊥ = 10 Å for the βH-salt.
The α-(ET)2I3 exhibited nearly temperature independent resistivity down to 135 K, at which
charge-ordered MI transition occurred [122,123]. It has been claimed that α-(ET)2I3 has a
zero-gap state with a Dirac cone type energy dispersion like graphene [124,125]. Under
hydrostatic pressure it became two-dimensional metal down to low temperatures (2 GPa),
however, it became superconductor under the uniaxial pressure along the a-axis (0.2 GPa,
on-set Tc = 7.2 K), though along the b-axis it remained metal down to low temperature (0.3–
0.5 GPa) [117]. α-(ET)2I3 was able to be converted to mosaic polycrystal with Tc ~ 8 K by
tempering at 70–100 °C for more than 3 days, giving αt-salt which exhibited similar NMR
pattern to that of the βH-salt [36]. Other α-type superconductors (α-(ET)2MHg(SCN)4: M = K,
NH4, Rb, Tl) seem to have charge-ordered state near or next to the superconducting state
with low Tc (highest Tc = 1.7 K for M = NH4). Uniaxial strain increased Tc anisotropically (6 K
at 0.5 GPa //c, 4.5 K at 1 GPa //b* for M = NH4) [126]. The salts α-(ET)2MHg(SCN)4 were
confirmed to retain their donor packing patterns under pressure at low temperature by the
SdH observation. However, for α-(ET)2I3 under pressure at low temperature, no exact
information is reported for the donor packing in the superconducting state.
Only one θ-type superconductor, θ-(ET)2I3, is known, however, one third of the obtained
crystals are superconducting and others remain metallic [127]. Several θ-type salts are
arranged by their inter-column transfer interactions, and the dihedral angle between
columns in a phase diagram showing superconducting θ-(ET)2I3 is next to both the charge
ordered state of θ-(ET)2MM’(SCN)4 (M = Tl, Rb, Cs, M’ = Zn, Co) and metallic phase of θ(ET)2Ag(CN)2 [128]. It is not clear which point the non-superconducting θ-(ET)2I3 occupies in
this phase diagram. Tempering (70 °C, 2 h) all crystals of θ-(ET)2I3 induced
superconductivity with higher Tc (named θΤ-(ET)2I3: sharp drop of resistivity at 7 K and dull
drop at ~5 K) [129]. The tempering changed the ethylene conformation and position of I3
from disordered state in θ-phase to ordered state in θΓ-phase. Therefore, the phase diagram
of the θ-type salts needs further parameters concerning with the structure of the salts
(ethylene conformation and position or disorder of anions).
3.1.2.6. BETS superconductors
The most intriguing phenomenon among the 8 BETS (Scheme 6) superconductors (highest Tc
= 5.5 K) is the reentrant superconductor-insulator-superconductor transition under magnetic
field for (BETS)2FeCl4. The λ- or κ-type BETS salts formed with tetrahedral anions FeX4 (X:
Cl and Br) were studied in terms of the competition of magnetic ordering and
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superconductivity [130–136]. The λ-(BETS)2FeCl4 exhibited coupled AF and MI transitions at
8.3 K. For the FeCl4 salt, a relaxor ferroelectric behavior in the metallic state below 70 K [133]
and a firm nonlinear electrical transport associated with the negative resistance effect in the
magnetic ordered state have been observed [135]. Moreover it has been found that the FeCl4
salt shows the field-induced superconducting transition under a magnetic field of 18–41 T
applied exactly parallel to the conducting layers [132]. The λ-(BETS)2FexGa1–xX4 passes
through a superconducting to insulating transition on cooling [135]. The κ-(BETS)2FeX4
(X = Cl, Br) are AF superconductors (TN = 2.5 K, Tc = 1.1 K for X = Br: TN = 0.45 K, Tc = 0.17 K
for X = Cl) [136]. Similar phenomena, namely AF, ferromagnetic, or field-induced
superconductivity, have been observed in several inorganic solids such as Chevrel phase
[137] and heavy-fermion system [138]. Recently it has been reported that λ-(BETS)2GaCl4 (Tc
= 8 K(on-set), 5.5 K(mid-point)) exhibited superconductivity in the minute size of four pairs
of (BETS)2GaCl4 based on the STM study [139]. This salt has two-dimensional
superconducting character (ξ// = 125 Å, ξ⊥ = 16 Å).

Scheme 6.

3.1.3. Superconductors of other electron donor molecules
Besides TMTSF, TMTTF, BO, ET, and BETS superconductors, there are other
superconductors (Scheme 7, numbers in bracket are the total members of each
superconducting family and the highest Tc) of CT salts based on symmetric (BEDSe-TTF
[140] and BDA-TTP [141–144]) and asymmetric donors (ESET-TTF [145], S,S-DMBEDT-TTF
[146], meso-DMBEDT-TTF [147,148], DMET [149], DODHT [150], TMET-STF [151], DMETTSF [152], DIETS [153], EDT-TTF [154], MDT-TTF [155,156], MDT-ST [157,158], MDT-TS
[159], MDT-TSF [160–163], MDSe-TSF [164], DTEDT [165], and DMEDO-TSeF [166,167]).

Scheme 7. Donor molecules for organic superconductors except TMTSF, TMTTF, BO, ET, and BETS
systems. Numbers in bracket are the total members of each superconductor and the highest Tc.
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κ-(MDT-TTF)2AuI2 (Tc = 3.5 K) exhibited a Hebel-Slichter coherent peak just below Tc,
indicating a BCS-type gap with s-symmetry [156]. On the other hand, d-wave like
superconductivity has been suggested for β-(BDA-TTP)2SbF6 [143,144]. β-(BDA-TTP)2X (X =
SbF6, AsF6) exhibited a slight Tc increase at the initial stage of uniaxial strain parallel to the
donor stack and interlayer direction while Tc decreased perpendicular to the donor stack
[142]. θ-(DIETS)2[Au(CN)4] exhibited superconductivity under uniaxial strain parallel to the
c-axis (Tc = 8.6 K at 1 GPa), though under hydrostatic pressure a sharp MI transition
remained even at 1.8 GPa [153]. MDT-ST, MDT-TS, and MDT-TSF superconductors [157–
163] have non-integer ratio of donor and anion molecules such as (MDT-TS)(AuI2)0.441
making the Fermi level different from the conventional 3/4 filled band for TMTSF and ET 2:1
salts. The Fermi surface topology of (MDT-TSF)X (X = (AuI2)0.436, (I3)0.422) and (MDT-ST)(I3)0.417
has been studied by SdH and AMRO [158,161–163]. DMEDO-TSeF afforded eight
superconductors. Six of them are κ-(DMEDO-TSeF)2[Au(CN)2](solvent) and the Tc’s of them
(1.7–5.3 K) are tuned by the use of cyclic ethers as solvent of crystallization [167]. The
superconducting coherent lengths indicate that β-(BDA-TTP)2SbF6 has two-dimensional
character (ξ// = 105 Å, ξ⊥ = 26 Å) while (DMET-TSeF)2AuI2 has quasi-one-dimensional
character (1000, 400, and 20 Å).

3.2. Superconductors based on electron acceptors
Icosahedral C60 molecule with Ih symmetry has triply degenerate LUMO and LUMO+1
orbitals with t1u and t1g symmetries, respectively. In 1991, superconducting phase was
observed below 19 K for the potassium-doped compounds prepared by a vapor-solid
reaction [168], immediately after the isolation of macroscopic quantities of C60 solid [169].
Powder X-ray diffraction profile revealed that the composition of the superconducting
phase is K3C60 and the diffraction pattern can be indexed to be a face-centered cubic (fcc)
structure [170]. The lattice constant (a = 14.24 Å) is apparently expanded relative to the
undoped cubic C60 (a = 14.17 Å). The superconductivity has been observed for many M3C60
(M: alkali metal), e.g., Rb3C60 (Tc = 29 K [171]), Rb2CsC60 (Tc = 31 K [172]), and RbCs2C60 (Tc =
33 K [172]), and their structures determined to be analogous to that of K3C60 with varying
lattice constants. The Tc varies monotonously with lattice constant, independently of the
type of the alkali dopant (Fig. 10) [172,173]. The observation of a Hebel-Slichter peak in
relaxation rate just below Tc in NMR [174] and μSR [175] indicate the BCS-type isotopic gap.
The decrease in Tc due to the isotopic substitution [176] also supports the phonon-mediated
pairing in M3C60, where the α value in Tc ∝ (mass)–α (ideal value of α predicted by the BCS
model is 0.5) is estimated to be 0.30(6) for K313C60 and 0.30(5) for Rb313C60.
Keeping the C60 valence invariant (–3), the intercalation of NH3 molecules (e.g., (NH3)K3C60)
results in the lattice distortion from cubic to orthorhombic accompanied by the appearance
of AF ordering instead of superconductivity [177]. Changing the valence in cubic system
also has a pronounced effect on Tc. For example, Tc in Rb3–xCsxC60 prepared in liquid
ammonia gradually increases as the mixing ratio approaches to x = 2 [178]. Further
increasing the nominal ratio of Cs leads to a sizable decrease of Tc, despite the lattice keeps
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the fcc structure for x < 2.65. Such a band-filling control has been realized for Na2CsxC60 (0 ≤
x ≤ 1) [179] and LixCsC60 (2 ≤ x ≤ 6) [180], and shows that the Tc decreases sharply as the
valence state on C60 deviates from –3.

Figure 10. Tc as a function of volume occupied per C603– in cubic M3C60 (M: alkali metal). a: K3C60, b:
Rb3C60, c: Rb2CsC60, d: RbCs2C60, e: fcc Cs3C60 at 0.7 GPa, f: A15 Cs3C60 at 0.7 GPa, g: fcc Cs3C60 at AP, h:
A15 Cs3C60 at AP.

In 2008, A15 or body-centered cubic (bcc) Cs3C60 phase, which shows the bulk
superconductivity under an applied hydrostatic pressure, was obtained together with a
small amount of by-products of body-centered orthorhombic (bco) and fcc phases, by a
solution process in liquid methylamine [181]. Interestingly, the lattice contraction with
respect to pressure results in the increase in Tc up to around 0.7 GPa, above which Tc
gradually decreases. The trend in the initial pressure range is not explicable within the
simple BCS theory. At AP, on the other hand, the A15 Cs3C60 shows an AF ordering below
46 K, verified by means of 133Cs NMR and μSR [182]. Very recently, it has been found that
the fcc phase also shows an AF ordering at 2.2 K at AP and superconducting transition at
35 K under an applied hydrostatic pressure of about 0.7 GPa [183]. We note that Tc of the
both phases follows the universal relationship for M3C60 superconductors in the vicinity of
the Mott boundary, as seen in Fig. 10. So far about 40 superconductors were prepared
with the highest Tc of 33 K (RbCs2C60) at AP and 38 K (A15 Cs3C60) under pressure (0.7
GPa).

4. Polyaromatic hydrocarbon superconductors
Doping of alkali metals in picene (Scheme 8), that has a wider band gap (3.3 eV) than 1.8 eV
for pentacene, introduced superconductivity [184]. The bulk superconducting phase was
observed below 7 K and 18 K for K3picene, and 7 K for Rb3picene, which are comparable to
that of K3C60 (Tc = 19 K). Since the energy difference between LUMO and LUMO+1 is very
small (< 0.1 eV), the three electrons reside in the almost two-fold degenerate LUMO.
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Considering the fact that Ca1.5picene also shows a superconducting phase below 7 K [185],
three-fold charge transfer from dopants to one picene molecule would be responsible for
emergence of the superconductivity. At present, although the crystal structures of the doped
compounds are unclear, the refined lattice parameters are indicative of the deformation of
the herringbone structure of pristine picene and the intercalation of dopants within the twodimensional picene layers. After the discovery of the picene-based superconductors, several
superconductors have been found for alkali metal (Tc = 7 K) [186] and alkaline-earth metal
(Tc ~ 5.5 K) [187] doped phenanthrene, potassium-doped 1,2:8,9-dibenzopentacene (Tc = 33
K; partially decomposed) [188], and potassium-doped coronene (Tc < 15 K) [185]. Among
them, phenanthrene-based superconductors shows an enhancement of Tc with increasing
pressure, which is indicative of the non-BCS behavior.

Scheme 8.

Contrary to the electron-doped system above described, it has been found that a cation
radical salt (perylene)2Au(mnt)2, in which each perylene has an average charge of +0.5 and
form segregated columns, show a superconductivity with Tc = 0.3 K when the hydrostatic
pressure above 0.5 GPa was applied to suppress CDW phase [189]. So far 8 aromatic
hydrocarbon superconductors were prepared with the highest Tc of 33 K at AP.

5. Carbon nanotubes, graphite, and diamond superconductors
In 2001, first superconducting carbon nanotubes were discovered for ropes of singlewalled carbon nanotubes (SWNTs) with diameters of the order of 1.4 nm (Tc = 0.4 K) [190],
and immediately after that SWNT with diameters of 0.4 nm embedded in a zeolite matrix
(Tc = 15 K) [191,192]. The drop in magnetic susceptibility is more gradual than expected
for three-dimensional superconductors, and superconducting gap estimated from the I-V
plot shows the temperature dependency characteristic of one-dimensional fluctuations. It
is apparent that the isolation of carbon nanotubes from each other is responsible for the
realization of the almost ideal one-dimensional system. Multi-walled carbon nanotubes
(MWNTs) also show the superconductivity; namely, MWNT with diameters of 10–17 nm
that were grown in nanopores of alumina templates was found to show superconductivity
with Tc = 12 K [193]. We note that this superconducting system is classified into single
component superconductors, contrary to the C60 and graphite (vide infra) based
superconductors.
Graphite has a layered structure composed of infinite benzene-fused π-planes (graphenes)
with sp2 character. First-stage alkali metal doped graphite intercalation compounds (GICs)
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were known to superconduct with Tc = 0.15 K for KC8 [194]. In 1980s and 1990s, further
efforts were poured to synthesize GICs with higher Tc, such as LiC2 with Tc = 1.9 K [195]. In
2005, these efforts culminated in the discovery of CaC6 with Tc as high as 11.5 K at AP [196],
which goes up to 15.1 K under pressures up to 7.5 GPa [197]. In other alkaline-earth metal
doped GICs, the superconducting phase was observed below 1.65 K for SrC6 and 6.5 K for
YbC6 [198]. The apparent reduction of Tc strongly suggests that the interlayer states of
graphite have an impact on the electronic state of GIC, which was supported by theoretical
calculations [199]. The conventional phonon mechanism in the framework of conventional
BCS theory is generally accepted, due mainly to the observation of the Ca isotope effect with
its exponent α = 0.5 [200].
A typical sp3 covalent system, diamond, is an electrical insulator with a wide band gap of 5.5
eV, and is well known for its hardness as well as its unique electronic and thermal
properties. Superconductivity in diamond was achieved through heavy p-type doping by
boron in 2004 (Tc = 4 K), which was performed under high pressure (8–9 GPa) and high
temperatures (2500–2800 K) [201]. Enhanced Tc in homoepitaxial CVD films has been
achieved as high as 11 K [202]. Doped boron introduces an acceptor level with a hole
binding energy of 0.37 eV and results in a metallic state above a critical boron concentration
in the range of a few atoms per thousand. The Tc varies between 1 and 10 K with the doping
level [203]. Superconducting gap estimated from STM [204] and isotopic substitution of
boron and carbon [205] follow the BCS picture, as MgB2 (Tc = 39 K).
Accordingly, all of the carbon polymorphs, namely zero-dimensional C60 (sp2/sp3 character),
one-dimensional carbon nanotube (sp2 character), two-dimensional graphite (sp2 character),
and three-dimensional diamond (sp3 character) could provide superconductors, despite
their covalent character being different. The superconductors with sp2/sp3 or sp2 carbons
were realized either in themselves or by doping of metal atoms, while those with sp3
carbons were realized by substitution of boron for carbon.

6. Single component superconductors
Since the discovery of the first metallic CT solid, TTF•TCNQ, in 1973 [8], much attention for
organic (super)conductors has been devoted to plural component CT solids. Besides
numerous studies on multi-component CT solids, several single-component organic
conductors have been developed. Even though pentacene is known to be the first organic
metal (semimetal) showing a decrease of resistivity down to ca. 200 K at 21.3 GPa [206], no
superconductivity was reported so far on the solids composed of aromatic hydrocarbon
solely. Electric conductivity increases by the enhancement of intermolecular interactions by
appropriate use of hetero-atomic contacts. There are two single-component superconductors
under extremely high pressure, p-iodanil (σRT = 1 × 10–12 S cm–1 at AP, σRT = 2 × 10 S cm–1 at 25
GPa, and superconductor at Tc ~ 2 K at 52 GPa) [207,208] and hexaiodobenzene (Tc = 0.6–0.7
K at around 33 GPa and ca. 2.3 K at 58 GPa) [209]. Both have peripheral chalcogen atoms,
iodine, which may cause the increased electronic dimensionality of the solid under pressure
owing to intermolecular iodine∙∙∙iodine contacts.
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Scheme 9.

Abbreviations
AF: antiferromagnetic
AMRO: angular dependent magnetoresistance oscillation
AP: ambient pressure
BCS: Bardeen-Cooper-Schrieffer
CDW: charge density wave
CT: charge transfer
D(εF): density of states at Fermi level (εF) per spin
dHvA: de Haas-van Alphen
FISDW: field induced spin-density-wave
GIC：graphite intercalation compound
Hc2: upper critical magnetic field
HPauli: Pauli limited magnetic field
LUMO: lowest unoccupied molecular orbital
MI: metal-insulator
MWNT: multi-walled carbon nanotubes
OD: order-disorder
Pc: critical pressure for superconductivity
SdH: Shubnikov-de Haas
SDW: spin density wave
STM: scanning tunneling microscope
SWNT: single-walled carbon nanotubes
t: transfer integral
Tc: critical temperature for superconductivity
TN: Néel temperature (temperature for AF order)
U (Ueff): on-site Coulomb repulsion energy (effective U)
W: band width
Θ: Debye temperature
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1. Introduction
The discovery of superconductivity in copper oxides with an active CuO2 plane [1] at
temperatures of the order of 100 K is undoubtedly one of the most important achievements
of the modern solid state physics. However, even more than twenty six years later since
the discovery the physics of the electronic processes and interactions in high-temperature
superconductors (HTS’s) and, in particular, the superconducting (SC) pairing mechanism,
resulting in such high Tc ’s, where Tc is the superconducting transition (critical) temperature,
still remain controversial [2]. This state of affairs is due to the extreme complexity of the
electronic conﬁguration of HTS’s, where quasi-two-dimensionality is combined with strong
charge and spin correlations [3, 4, 6–12].
Gradually it became clear that the physics of superconductivity in HTS’s can be understood,
ﬁrst and foremost, by studying their properties in the normal state, which are well known to
be very peculiar [4, 6–12]. It is believed at present that the HTS’s possess at least ﬁve speciﬁc
properties [2, 7, 8, 11–13]. First of all it is the high Tc itself which is of the order of 91 K
in optimally doped (OD, oxygen index (7 − δ) ≈ 6.93) YBa2 Cu3O7−δ (YBCO, or Y123), of
the order of 115 K in OD Bi2 Sr2 Ca2 Cu3O8+δ (Bi2223) and in corresponding Tl2223 [8, 9, 12],
and arises up to Tc ≈ 135K in OD HgBa2 Ca2 Cu3O8+δ (Hg1223) cuprates [14]. The next and
the most intrigueing property is a pseudogap (PG) observed mostly in underdoped cuprates
below any representative temperature T ∗ � Tc [2, 8]. As T decreases below T ∗ , these HTS’s
develop into the PG state which is characterized by many unusual features [2, 8, 12, 13, 15, 16].
The other property is the strong electron correlations observed in the underdoped cuprates too
[3, 5, 12, 16]. However, existence of the such correlations in, e.g., FeAs-based superconductors
still remains controversial [17–21]. The next property is pronounced anisotropy [6–9, 11, 12]
observed both in cuprates [2, 9, 12] and FeAs-based superconductors (see Refs. [17–19] and
references therein). As a result, the inplane resistivity, ρ ab ( T ) is much smaller than ρc ( T ), and
the coherence length in the ab plane, ξ ab ( T ), is about ten times of the coherence length along
the c-axis, ξ c ( T ). The last but not least property is a reduced density of charge carriers n f .
n f is zero in the antiferromagnetic (AFM) parent state of HTS’s and gradually increases with
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doping [2, 8, 9, 11, 12]. But even in an optimally doped YBCO it is an order of magnitude less
than in conventional superconductors [2, 8, 9, 11, 12, 15]. There is growing evidence that just
the reduced density of charge carriers may be a key feature to account for all other properties
of HTS’s [2, 6, 7, 13, 22–26].
The Chapter addresses the problem of the PG which is believed to appear most likely due to
the ability of a part of conduction electrons to form paired fermions (so-called local pairs) in a
high-Tc superconductor at T ≤ T ∗ [6, 13, 22–27]

2. Theoretical background
There are two different approaches to the question of the mechanisms for SC pairing of
charge carriers in cuprates and therefore the physical nature of the PG [2, 27]. In the ﬁrst
approach, pairing of charge carriers in HTS’s is of a predominantly electronic character,
and the inﬂuence of phonons is inessential [3–5, 28, 29]. In the second approach, pairing
in HTS’s can be explained within the framework of the Bardeen-Cooper Shieffer (BCS)
theory, if its conclusions are extended to the case of strong coupling [12, 30–32]. However,
it gradually became clear that aside from the well-known electron-phonon mechanism
of superconductivity, due to the inter-electronic attraction by means of phonon exchange
[33, 34], other mechanisms associated with the inter-electronic Coulomb interaction can also
exist in HTS’s [3–8, 10, 12, 35, 36]. That is why it is not surprising that the systems of
quasiparticle electronic excitations, where factors other than phonons and excitons resulting
in inter-electronic attraction and pairing are considered, are studied in a considerable number
of theoretical investigations of HTS’s. Some examples are charge-density waves [7, 37, 38],
spin ﬂuctuations [3, 11, 39–41], ”spin bag” formation [42, 43], and the speciﬁc nature of
the band structure - ”nesting” [44]. The main distinguishing feature of these investigations
compared to the conventional superconductors is the more detailed study of the models
based on the existence of strong interelectronic repulsion in the Hubbard model which can
result in anisotropic d-pairing [35, 45]. Attempts have also been made to construct anisotropic
models of high-temperature superconducting (HTS) systems with different mechanisms of
interelectronic attraction [12, 46, 47]. Unfortunately, the consensus between both approaches
has not been found. As a result, up to now there is still no completed fundamental theory to
describe high-Tc superconductivity as a whole and to clarify ﬁnally the PG phenomenon [2].

2.1. Pseudogap in HTS’s
Gradually it became evident that a high critical temperature is by no means the only property
that distinguishes HTS’s from conventional low-temperature superconductors. Another,
property of cuprates, which attracts much attention, is the PG state [2, 8, 15, 26, 36]. All
experiments convincingly show [8] that as the charge-carrier density decreases relative to its
value in OD samples, a completely unusual state, where the properties of the normal and
superconducting phases appear together [48], arises in HTS systems in a sizable temperature
interval above Tc [8, 15, 26, 27, 49–54]. From the very discovery of the PG state some authors
called this state a ”pseudogap phase”. However, for example, as Abrikosov notes [55], this
state actually cannot be interpreted as some new phase state of matter, since the PG is not
separated from the normal state by a phase transition. At the same time it can be said that
HTS system undergoes a crossover at T ≤ T ∗ [56]. Below T ∗ >> Tc , for reasons which have
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still not been ﬁnally established, the density of quasiparticle states at the Fermi level starts to
decrease [57–59]. That is why the phenomenon has been named a ”pseudogap”
The number of papers devoted to the problem of the pseudogap in HTS’s is extraordinarily
large (see Refs. [6–8, 12, 15, 84] and [40, 49, 50, 53, 54, 56, 59] and references therein) and
new papers are constantly appearing [38, 41, 47, 60–63]. It seems to be reasonable as it
is completely clear that a correct understanding of this phenomenon can also provide an
answer to the question of the nature of high-temperature superconductivity as a whole.
Among many other papers it is worth to mention the most radical model as for the nature
of high-temperature superconductivity and a PG in cuprates. It is the Resonating Valence
Bonds (RVB) model proposed by Anderson [64, 65], which describes a spin liquid of singlet
electronic pairs. In this model, largely relies on the results obtained using one-dimensional
models of interacting electrons, the low-temperature behavior of electrons differs sharply from
the standard behavior in ordinary three-dimensional (3D) systems. An electron possessing
charge and spin is no longer a well-deﬁned excitation. So-called charge and spin separation
occurs. It is supposed that spin is transferred by an uncharged fermion, called a spinon and
charge - a spinless excitation - by a holon. In the RVB model both types of excitations - spinons
and holons - contribute to the resistivity. However, the holon contribution is considered to
be determining, while spinons, which are effectively coupled with a magnetic ﬁeld H, must
determine the temperature dependence of the Hall effect. Even though the RVB model led to
a series of successes [65, 66], it is diﬁcult to think up the physics behind the processes which
could lead to the charge and spin separation especially in quasi-two-dimensional systems,
which cuprate HTS’s are. Nevertheless, the RVB model contains at lest one rational idea,
namely, it is supposed that two kinds of quasi-particles with different properties have to exist
in the high-temperature superconducting (HTS) system at T below T ∗ . In the RVB model such
particles are spinons and holons.
However, even though researchers have made great efforts in this direction, the physics of
the PG phenomenon is still not entirely understood (see Ref. [2] and references therein). That
is why, we have eventually to propose our own Local Pair (LP) model [13, 27] developed to
study a pseudogap Δ ∗ ( T ) in high-temperature superconductors and based on analysis of the
excess conductivity derived from resistivity experiments. We share the idea of the RVB model
as for existence of two kinds of quasi-particles with different properties in HTS’s below T ∗ .
But in our LP model these are normal electrons and local pairs, respectively. I will frame our
discussion in terms of the local pairs, and try to show that this approach allows us to get a set
of reasonable and self-consistent results and clarify many of the above questions.

2.2. The main considerations as for local pair existence in HTS’s
There are several considerations leading to the understanding of the possibility of paired
fermions existence in HTS’s at temperatures well above Tc which I am going to discuss now.
It is well known, that a pseudogap in HTS’s is manifested in resistivity measurements as a
downturn of the longitudinal resistivity ρ xx ( T ) at T ≤ T ∗ from its linear behaviour above T ∗
(Fig.1). This results in the excess conductivity σ� ( T ) = σ( T ) − σN ( T ), which can be written as
σ� ( T ) = [ ρ N ( T ) − ρ( T )] /[ ρ( T )ρ N ( T )].

(1)

Here ρ( T ) = ρ xx ( T ) and ρ N (T)=αT+b determines the resistivity of a sample in the normal
state extrapolated toward low temperatures.
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Figure 1. Resistivity ρ versus temperature T (•) for YBCO ﬁlm F1 (Table I); dashed line represents ρ N ( T ).

This way of determining ρ N ( T ), which is widely used for calculation σ� ( T ) in HTS’s [2], has
found validation in the Nearly Antiferromagnetic Fermi Liquid (NAFL) model [11]. The
question of whether the appearance of excess conductivity σ� ( T ) in cuprates can be wholly
attributed to ﬂuctuating Cooper pairing or whether there are other physical mechanisms
responsible for the decrease of ρ xx ( T ) at T < T ∗ is one of the central questions in the modern
physics of HTS’s. To clarify the issue it seems reasonable to probe the PG by studying the
ﬂuctuation (induced) conductivity (FLC). The study of FLC provides the relatively easy but
rather effective method which directly examines the possibility of paired fermions arising at
temperatures preceding their transition into the SC state [67, 68].
Both Aslamasov-Larkin (AL) [69] and Maki-Thompson (MT) [70, 71] coventional FLC theories
have been modiﬁed for the HTS’s by Hikami and Larkin (HL) [72]. In the absence of a
magnetic ﬁeld the AL contribution to the FLC is given by the expression
� =
σAL

e2
(1 + 2 α)−1/2 ε−1 ,
16 h̄ d

Correspondingly, the HL theory gives for the MT ﬂuctuation contribution the equation


√
e2
1+α+ 1+2α
1
�
√
σMT =
ln (δ/α)
ε −1 .
8 d h̄ 1 − α/δ
1+δ+ 1+2δ
In both equations

α = 2 [ ξ 2c ( T ) / d2 ] = 2 [ ξ c (0) / d]2 ε−1

(2)

(3)

(4)

is the coupling parameter, d�11.7 Å in YBCO, is the distance between conducting layers,

2
l 16 ξ c (0)
k B T τφ
δ = 1, 203
ξ ab π h̄
d

(5)

is the pair-breaking parameter, and ξ c is the coherence length along the c-axis, i.e.
perpendicular to the CuO2 conducting planes. The factor β = 1.203(l / ξ ab ), where l is the
electron mean-free path, and ξ ab is the coherence length in the ab plane, takes account of the
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approach to the clean limit introduced in the Bierei, Maki, and Thompson (BMT) theory [73].
Correspondingly,
mf

mf

ε = ln ( T/Tcm f ) ≈ ( T − Tc ) / Tc

(6)

mf
Tc

is the reduced temperature in HTS’s. Here
> Tc is the critical temperature in
the mean-ﬁeld approximation, which separates the FLC region from the region of critical
ﬂuctuations or ﬂuctuations of the order parameter Δ directly near Tc , neglected in the
Ginzburg-Landau (GL) theory [74, 75]. Hence it is evident that the correct determination of
mf

Tc

is decisive in FLC calculations.

Equation (3) actually reproduces the result of the Lawrence-Doniach (LD) model [76], which
examines the behavior of the FLC in layered superconductors, which cuprates and FeAs-based
superconductors actually are. In the LD model, and hence in the HL theory, it is proposed
that a Josephson interaction is present between the conducting layers. This occurs in the
3D temperature region, i.e., near Tc , where ξ c ( T ) > d. Thus, according to the HL theory
the AL ﬂuctuation contribution predominates near Tc . Correspondingly, the MT mechanism
mf

predominates for k( T − Tc ) >> h̄/τφ , where two-particle tunnelling between conducting
layers is impossible, since ξ c ( T ) < d (2D ﬂuctuation region) [77]. Thus, the HL theory predicts
the alteration of the electronic dimensionality of the HTS sample leading to a 2D-3D crossover,
as T approaches Tc . Simultaneously the physical mechanism of superconducting ﬂuctuations
changes too resulting in MT-LD crossover. In accordance with the HL theory, the 2D-3D
crossover occurs at
T0 = Tc {1 + 2[ ξ c (0)/d]2 }
(7)
where it is assumed that α=1/2, i.e.

ξ c (0) = (d/2)

√

ε0 .

(8)

Thus, now ξ c (0) can be determined, since ε 0 is a measured reduced crossover temperature.
Correspondingly, the MT-LD crossover occurs at a temperature at which δ � α [72], which
gives
(9)
ε 0 = (π h̄)/[1.203(l/ξ ab )(8 k B T τφ )]
In accordance with our results [67], it should be the same temperature T0 . It makes it
possible to determine τφ which is the phase relaxation time (lifetime) of ﬂuctuating pairs. The
evaluation of τφ in comparison with transport relaxation time τ of charge carriers measured
by electrical conductivity, is a principal contribution to understanding the physics of transport
properties. Whether τφ > τ or τφ ≈ τ is important in view of the controversy over the
Fermi-liquid or non-Fermi-liquid nature of the electronic state in HTS’s [9, 64, 77]. Thus, the
study of FLC can yield information about the scattering and ﬂuctuating pairing mechanisms
in HTS’s as T draws near Tc .
As it was shown in our study of FLC [2, 67, 68], for optimally doped YBCO the interval
Tc < T < Tc0 = (110 ± 5) K is precisely that temperature region in which the temperature
dependence of the resistivity, and consequently of the excess conductivity, is governed by
the superconducting ﬂuctuations leading to the onset of ﬂuctuation conductivity which is
described by the conventional ﬂuctuation theories [69–72], as mentioned above. It means that
ﬂuctuating Cooper pairs have to exist in cooprates up to very high temperatures, namely, up
to ∼ 130 K in YBCO [27, 67, 68, 78] and up to ∼ (140 − 150) K in Bi compounds [16, 52, 53].
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The conclusion has subsequently been shown to be consistent with results of several other
research groups which will be brieﬂy discussed now. 1. Kawabata et al. [78] has made
a number of small (D ∼ 3μkm) holes in the slightly underdoped YBCO ﬁlm by means of
photolithography and then applied a magnetic ﬁeld. Expected magnetic ﬂux quantization
was observed up to Tpair ∼ 130 K. The important point here is that period of oscillations
corresponds to the charge of Q = 2e evidently suggesting the electronic pairing in this
temperature range. 2. In tunneling experiments by, e.g., Renner et al. [79], the peculiarities
of measured differential conductivity dI/dV observed in the SC part of the PG in Bi2212
compounds [13] were found to persist up to temperatures well above Tc , and disappeared
only at T = Tpair ≈ 140 K. But the wide maximum corresponding to the non-SC part
of the PG was observed up to T ∗ ≈ 210 K. 3. It has subsequently been shown to be
consistent with results of other groups dealing with the tunneling measurements [50–54].
Thus, in tunneling experiments by Yamada et al. performed on Bi compounds too [52],
the temperature dependencies of the SC gap and PG, equal to the positions of the tunnel
conductivity peaks, similar to that obtained in Ref [79], were studied for the three Bi2223
samples with different doping level. The noticeable increase of the PG in temperature interval
from Tc up to Tpair ≈ 150 K (SC part of the PG), similar to that obtained in our experiments
with YBCO ﬁlms [27], was found for all three samples [52]. However, in accordance with the
LP model [13, 27], the peaks, which have the SC nature, as well as corresponding PG values,
are smeared out above Tpair , suggesting expected transition into non-SC part of the PG.

Figure 2. STM image of Bi2212 with Tc =93 K at different temperatures [[16]].

4. Eventually, Yazdani [16] was able to get the direct image of the local pair SC clusters
in Bi compounds up to approximately 140 K using the novel STM technique (Fig. 2). As
it is clearly seen in the ﬁgure obtained for an optimally doped Bi2212 sample (Tc = 93 K),
the state of the system at 100 K is almost the same as that below Tc . At 120 K the picture
evidently changes, but the local pairs still form the SC cluster which determines the collective
(superconducting-like) behavior of the system in this SC part of the PG. Even at 140 K the
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SC nuclei are distinctly seen in the ﬁgure. But there are no closed clusters now. As a result,
no collective behavior of the system is observed above Tpair ≥ 140 K, as it was shown in the
tunneling experiments [52]. In accordance with the LP model, it is a non-SC part of a PG above
Tpair [13]. Taking all these experimental results into account, the existence of paired fermions
(local pairs) in the SC part of the PG, i.e, in the temperature interval from Tc up to Tpair , is
believed to be well established now [13]. Additionally, Tpair is found to amount to � 130, 140
and 150 K for Y123, Bi2212, and Bi2223, respectively [13, 80].
2.2.1. Properties of the systems with low and reduced current-carrier density
Before to proceed with a question what would happen with the local pairs in the non-SC
part of the PG above Tpair [13], let us have a look once again at the resistivity curve (Fig.1)
obtained for our slightly underdoped YBCO ﬁlm (sample F1, Table I). Three representative
temperatures, at which ρ( T ) noticeably changes it slop, are distinctly seen on the plot. The
ﬁrst temperature is T ∗ = 203 K at which the local pairs are believed to appear [2, 27]. The
second one is Ton ≈ 89, 4 K corresponding to the onset of the superconducting transition. The
last one is Tc = 87.4 K at which the local pairs have to condense [6, 23, 24]. One basic question
is whether any particularities affect the slop of the experimental curve around Tpair ∼ 130 K.
The answer is completely negative. Indeed, the resistivity smoothly evolves with temperature
and shows no peculiarities up to T ∗ . The fact suggests that nothing happens with the pairs at
Tpair . Thus, one may draw a conclusion that if there are paired fermions in the sample below
Tpair they also have to exist at T > Tpair , i.e., up to the very T ∗ . The point of view where
the appearance of a PG in HTS’s is due to the paired fermions formation at Tc < T < T ∗
gradually gaining predominance [15, 27, 47, 81–84]. The possibility of the long-lived pair
states formation in HTS’s in the PG temperature range was justiﬁed theoretically in Refs. [26,
85, 86]. Nevertheless, the question of whether or not paired fermions can form in HTS’s in the
whole PG temperature range still remains very controversial. Indeed, it seems unlikely that
conventional ﬂuctuating Cooper pairs [33] are formed at temperatures T ∗ > 200 K [13, 27]
especially considering the fact that the coherence length in HTS’s is extremely short (ξ ab ( T ≤
T ∗ ) � (10 ÷ 15) Å) [2, 6, 8, 11, 12, 15].

We have, however, to keep in mind that we are dealing with the systems with low and
reduced charge-carrier density n f , as mentioned above. It has been shown theoretically
[6, 23–26, 85] that such systems acquire some unusual properties compared to conventional
superconductors. In conventional superconductors it is assumed that the chemical potential
μ = ε F , where ε F = EF is the Fermi energy, and their relation actually depends on nothing.
In the systems with low and reduced n f the chemical potential μ becomes a function of n f ,
T and the energy of a bound state of two fermions, ε b = −(m ξ 2b )−1 [23–26]. Here ξ b is the
scattering length in the s channel, and m is the mass of fermions with a quadratic dispersion
law ε(k) ∼ k2 [23–25]. In the case of HTS’s it is believed that ξ b ( T ) equals to the coherence
length of a superconductor in the ab plane, ξ ab ( T ), and m = m∗ which is an effective mass
of quasi-particles [11, 47]. (m∗ ∼ 4.7m0 in nearly optimally doped (OD) YBCO [9, 11, 67, 68].
Thus, the ε b becomes an important physical parameter of a Fermi liquid and determines a
quantitative criterion for dense (ε F � | ε b |) or dilute (ε F � | ε b |) Fermi liquid. Accordingly,
k F ε b � 1 and μ = ε F in the ﬁrst case, and k F ε b �1 and μ = −| ε b |/2 (�= ε F ) in the second
one which correspond to the strong coupling [61, 84, 86]. Consequently, in the strong-coupling
limit μ is to be equal to approximately ε b /2. It should be also noted, that in this case the paired
fermions have to appear in the form of so-called strongly bound bosons (SBB) which satisfy
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Bose-Einstein condensation (BEC) theory [6, 23–26, 84–89]. In accordance with the theory,
the SBB are extremely short but very tightly coupled pairs. As a result, the SBB have to be
local (i.e. not interacting with one another) objects since the pair size is much less than the
distance between the pairs. Besides, they cannot be destroyed by thermal ﬂuctuations, and
consequently may form at very high temperatures.
mf

It is clear that some other parameters, including the mean-ﬁeld critical temperature Tc
and temperature dependence of the SC order parameter Δ ( T ) have to change too. Analysis
mf

shows that in conventional superconductors with a high fermion density Tc

≈ Tc , i.e. it
<< ε F in this case. For
is identical to the BCS theory value [6, 23, 24, 33]. Moreover,
mf
mf
the systems with low density Tc ∼ | ε b |, whence Tc >> ε F [6, 24, 25]. The latter relation
mf
means that in this case Tc characterizes not the condensation temperature Tc but rather the
temperature at which the fermions start to bind into pairs, i.e., T ∗ . An equation for Δ ( T ) in
a form convenient for comparing with experiment was obtained in Ref [87]. In this case the
temperature dependence Δ ( T ) was calculated on the basis of the crossover from BCS to BEC
limit for different values of the parameter μ/Δ (0) = x0 , where Δ (0) is the value of the SC
order parameter at T=0:




√ 
2
2
1/2
3/2
(10)
exp −(μ + Δ (0)) /T
Δ ( T ) = Δ (0) − (8 π ) − x0 (Δ (0)/T )
mf
Tc

Equation (2) determines how the character of Δ ( T ) changes when the parameter x0 changes
from 10 (BCS limit) to -10 (BEC limit) (Fig. 12). As it is shown in Ref. [88] the character of the
pseudogap temperature dependence Δ ∗ ( T ) in HTS’s has to change in the same manner as the
charge-carrier density decreases.
2.2.2. The model of the local pairs (Local Pair model)
For obvious reasons, the question of which density should be regarded as low or high has not
been posed for ordinary metals, and for a long time the question of a supposed BCS-BEC
transition with decreasing n f [74] was only of theoretical interest. The situation changed
dramatically after the discovery of HTS’s [1], where the charge-carrier density n f is much
lower than in conventional superconductors [8, 9, 11, 12, 15, 27], as discussed above. It
means that in HTS’s the mentioned above strongly bound bosons have to exist. Besides,
the coherence length in the ab plane, ξ ab ( T ) is extremely short in HTS’s, especially at high
temperatures [2, 6, 8, 11, 12, 15] (ξ ab ( T ≤ T ∗ ) � 13Å in YBCO [67, 68]). It leads to
the very strong bonding energy ε b in the pair [23–25] which is an additional requirement
for the formation of the SBB [6, 24–26]. Taking all above considerations into account, one
may draw a conclusion that at high temperatures (T ≤ T ∗ ) the local pairs in HTS’s, which
are believed to generate a pseudogap [2, 6, 13, 26, 89], have to be in the form of the SBB
[2, 6, 13, 26, 27, 47, 81, 85–89]. This is the ﬁrst basic assumption of the LP model [2, 27]. This
condition is realized just in the underdoped cuprates (see Ref. [2] and references therein) and
new FeAs-based superconductors [17, 20]. But, strictly speaking, the presence or absence of a
PG in FeAs-based HTS’s still remain controversial [17, 21].
This assumption is supported by the fact that in accordance with the theory [6, 23, 24, 26]
fermions start to bind into pairs at T ∗ , whereas the local pairs (or SBB) formed in the process
may condense only for Tc << T ∗ , which at ﬁrst glance seems to be in complete agreement
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with experimental observations [2, 12, 80, 90, 91]. But, the non-interacting SBB cannot be
condensed at all [6, 23, 24, 85, 86], and this is a point. Eventually, just the value of ξ ab ( T ) =
ξ ab (0) ( T/Tc − 1)−1/2 will determine the system behavior below T ∗ [2, 6, 24, 25, 86–89]. As
temperature lowers, ξ ab ( T ) has to noticeably increase whereas the bonding energy ε b in the
pair has to decrease. As a result, the paired fermions have to change their state from the SBB
into ﬂuctuating Cooper pairs which behave in a good many ways like those of conventional
superconductor [2, 6, 13, 26, 85, 89]. It is just that we call the local pairs. Thus, with decrease
of temperature there must be a transition from BEC to BCS state, which is a consequence of a
very short ξ ab at high temperatures and its noticeable temperature dependence. The possibility
of a such transition is the main assumption of the LP model [2, 13, 27]. Precisely how this happens
is one of the challenging questions in strongly correlated electron systems. Nevertheless, the
transition was predicted theoretically in Refs. [23–25, 89] and approved in our experimental
studies [2, 27].
Within the LP model a new approach to the analysis of the FLC and PG in HTS’s was
developed [2, 13, 27, 67]. First, it was convincingly shown that FLC measured for all
without exception HTS’s always demonstrates a transition from 2D (ξ c ( T ) < d) into 3D
(ξ c ( T ) > d) state, as T draws near Tc . The result is most likely a consequence of Gaussian
ﬂuctuations of the order parameter in 2D metals [6, 23–25, 84], which HTS compounds
with pronounced quasi-two-dimensional anisotropy of conducting properties actually are
[2, 6, 9]. The Gaussian ﬂuctuations were found to prevent any phase coherency organization
in 2D compounds. As a result, the critical temperature of an ideal 2D metal is found
to be zero (Mermin-Wagner-Hoenberg theorem), and a ﬁnite value is obtained only when
three-dimensional effects are taken into account [6, 23, 24, 85, 87]. That is why, the FLC in
the 3D state is always extrapolated by the standard 3D equation of the AL theory, which
determines the FLC in any 3D system:
�
σAL3D
=

e2
ε −1 / 2 ,
32 h̄ ξ c (0)

(11)

This means that the conventional 3D FLC is realized in HTS’s as T → Tc [67, 77]. Above the
crossover temperature T0 (Eq. (7)) the FLC in well-structured YBCO ﬁlms was found to be of
the MT FLC type [2, 67], in a good agreement with the HL theory [72]. The LD model was
found to describe the experimental FLC only in the case of HTS compounds with pronounced
structural defects [92, 93]. Therefore, we denote the observed 2D-3D crossover also as MT-AL
[2, 67], unlike the MT-LD one predicted by the HL theory. It is clear on physical grounds that
with increasing temperature the 3D ﬂuctuation regime will persist until ξ c > d [77]. Thus, in
this case the crossover should occur at ξ c ∼
= d, i.e., at
√
(12)
ξ c (0) = d ε 0 ,
which is larger by a factor of two than is predicted by the LD and HL theories. ξ c (0) is one of
the important parameters of the PG analysis.
Second, observation of the 2D-3D (MT-AL) crossover allows us to determine ε 0 quite
accurately and, using Eq.(12), to obtain reliable values of ξ c (0) [2, 67, 68]. However, τφ [(see
Eq.(9)] still remains unknown, since neither l nor ξ ab (0) is measured experimentally in a study
of FLC. To ﬁnd τφ we proceed as follows: we denote
β = [1.203 (l/ξ ab )];

(13)

146 10
Superconductors – Materials, Properties and Applications

Will-be-set-by-IN-TECH

we assume as before that τφ ( T ) ∝ 1/T [11, 67], and for our subsequent estimate of τφ (100 K )
we assume that τφ T =const. Finally, equation (9) can be rewritten as
τφ β T = (π h̄)/(8 k B T ε 0 ) = A ε 0 ,

(14)

where A = (π h̄)/(8 k B ) = 2.988 × 10−12 . Now the parameter τφ (100 k) β is also clearly
determined by the measured value of ε 0 and eventually enables us to determine τφ (100 k)
[2, 67, 68].
Third, now as a PG analysis is concern. It is clear, to get information about the PG we need
an equation which describes the whole experimental curve from Tc up to T ∗ and contains
PG in the explicit form. Besides, the dynamics of pair-creation and pair-breaking above Tc
must be taken into account [2, 32, 45, 72, 84]. However, the conventional ﬂuctuation theories
[72] well ﬁt the experiment up to approximately 110 K only, whereas T ∗ � 200 K even in
slightly underdoped cooprates [2, 27, 67], as discussed above. Unfortunately, so far there is
no completed fundamental theory to describe the high-Tc superconductivity as a whole and
in particular the pseudogap phenomenon. For lack of the theory, such equation for σ� (ε) has
been proposed in Ref. [27] with respect to the local pairs:




∗
e2 A4 1 − TT∗
exp − ΔT

σ� (ε) =
,
(15)
(16 h̄ ξ c (0) 2 ε∗c0 sinh(2 ε / ε∗c0 )
mf

where ε is a reduced temperature given by Eq. (6), and Tc > Tc is the mean-ﬁeld critical
temperature, as discussed above. Besides, the dynamics of pair-creation ((1 − T/T ∗ )) and
pair-breaking (exp(− Δ ∗ /T )) above Tc have been taken into account in order to correctly
describe the experiment [2, 13, 27]. Here A4 is a numerical factor which has the meaning of the
C-factor in the FLC theory [2, 92]. All other parameters, including the coherence length along
the c-axis, ξ c (0), and the theoretical parameter ε∗c0 [2, 27], directly come from the experiment.
The way of ε∗c0 determination is shown in the insert to Fig. 4 and explained below. Thus, the
only adjustable parameter remains the coefﬁcient A4 . To ﬁnd A4 we calculate σ� (ε) using Eq.
(15) and ﬁt the experiment in a range of 3D AL ﬂuctuations near Tc where lnσ� (lnε) is the
linear function of ε with a slope λ = −1/2 (Eq. (11)). Solving Eq. (15) for the pseudogap Δ ∗ ( T )
one can readily obtain [27]
Δ ∗ ( T ) = T ln

e2 A4 (1 − TT∗ )

,
σ� ( T ) 16 h̄ ξ c (0) 2 ε∗c0 sinh(2 ε / ε∗c0 )

(16)

where σ� (T) is the experimentally measured excess conductivity over the whole temperature
mf

interval from T ∗ down to Tc .

3. Experimental results with respect to the Local Pair model
3.1. YBCO ﬁlms with different oxygen concentration
Within proposed LP model the FLC and PG in YPrBCO ﬁlms [94], in slightly doped
HoBa2 Cu3O7−δ single-crystals [95], and evev in FeAs-based superconductor SmFeAsO0.85
with Tc =55 K [20] (see division 3.4 below) were successfully studied for the ﬁrst time. As
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a result, convincing set of self-consistent and reproducible results was obtained which has to
corroborate the LP model approach. But the basic results have been obtained from the analysis
of the resistivity data for the set of four YBCO ﬁlms with different oxygen concentration
[2, 27, 67, 68]. The ﬁlms were fabricated at Max Plank Institute (MPI) in Stuttgart by pulse
laser deposition technique [96]. All samples were the well structured c-oriented epitaxial
YBCO ﬁlms, as it was conﬁrmed by studying the correspondent x-ray and Raman spectra
[93]. The sample F1 (Tc =87.4 K) close to optimally doped systems, the sample F6 (Tc =54.2
K) which represents weakly doped HTS systems, and the samples F3 and F4 with Tc near
80 K were investigated to obtain the required information. Fig. 3 displays the temperature
dependencies of the longitudinal resistivity ρ xx ( T ) = ρ( T ) of the experimental ﬁlms with
parameters shown in Table I, where d0 is the sample thickness.

Figure 3. Temperature dependencies of ρ xx for the samples F1(1), F3 (2), F4 (3), and F6 (4). Inset: ρ xx (T)
for sample F4 (Tc =80.3 K) in zero magnetic ﬁeld (1) and for H = 0.6 T (2).

The inset shows ρ( T ) for the sample F4 (Tc =80.3 K) in zero magnetic ﬁeld H=0 (curve 1),
showing how Tc was determined, and at H = 0.6T (curve 2), conﬁrming the phase uniformity
of the samples. Comparing the results with similar dependencies obtained for single crystals
[97], the oxygen index of our samples can be estimated as follows: Δ y = (7 − y) ∼
= 6.85 (F1),
Δy ∼
= 6.8 (F3), Δ y ∼
= 6.78 (F4), and Δ y ∼
= 6.5 (F6). The resistivity parameters of the ﬁlms are
listed in Table I.
To simplify our discussion a little bit, I will consider only the sample F1, as an example. The
similar results were obtained for all other YBCO ﬁlms being studied and compared with those
obtained for HoBa2 Cu3O7−δ [95] and SmFeAsO0.85 [20]. Besides, I will consider mainly the
basic aspects of the PG analysis only and touch on the FLC results as far as is necessary. To
look for more details, one can see Refs.[2, 13, 20, 27, 67, 68, 94, 95].
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Sample d0
()
F1
1050
F3
850
F4
850
F6
650

Tc
(K )
87.4
81.4
80.3
54.2

mf

Tc ρ(100K ) ρ(300K )
(K ) (μΩcm) (μΩcm)
88.46 148
476
84.55 237
760
83.4
386
1125
55.88 364
1460

Will-be-set-by-IN-TECH

T*
(K )
203
213
218
245

ξ c (0)
()
1.65
1.75
1.78
2.64

Table 1. The parameters of the YBCO ﬁlms with different oxygen concentration (sample F1−F6).

3.2. Pseudogap in YBCO ﬁlms with different oxygen concentration
We proceed from the fact that the excess conductivity σ� ( T ) arises as a result of the formation
of paired fermions (local pairs) at temperatures Tc < T < T ∗ [2, 6, 13, 23, 26, 47]. It is believed
that formation of such pairs gives rise to their real binding energy, ε b , which the quantity Δ ∗
characterizes [27]. As a result, the density of states of the normal excitations in this energy
range decreases [57], which is referred to as the appearance of a pseudogap in the excitation
spectrum [59, 61, 84, 98].
Since the PG is not measured directly in our experiments, the problem reduces to determining
Δ ∗ ( T ) from the experimental dependence σ� ( T ) and comparing it with those obtained from
Eq. (10). To perform the analysis, the excess conductivity of every studied YBCO ﬁlm,
measured in the whole temperature interval from T ∗ down to Tc , was treated in the framework
of the LP model using Eq. (15) and Eq. (16) [2, 13, 27]. Aside from the parameters, which
directly come from experiment (Tables I), we substitute into Eq. (15) the values of Δ ∗ ( Tc ).
Here, by analogy to the superconducting state, Δ ∗ ( Tc ) is the value of the PG in the limit
T → Tc . As it was shown in Ref. [15], Δ ∗ ( Tc ) ∼
= Δ (0) and, correspondingly, Δ ∗ satisﬁes
∗
the condition 2Δ ∼ k B Tc , as it was demonstrated in Ref’s. [99–101]. The conclusion has
subsequently been conﬁrmed by the tunneling experiments in Bi compounds [52]. To justify
the values of Δ ∗ ( Tc ) used in our analysis we applied an approach proposed in Ref. [88]
in which, however, the ﬂuctuation contributions into σ� ( T ) are neglected. But a deﬁnite
advantage of their representation of the experimental data in the coordinates lnσ� versus (1/T)
is the fact that the rectilinear part of the resulting plot has turned out to be very sensitive to
the value of Δ ∗ ( Tc ), which makes it possible to adjust the value chosen for this parameter.
As expected, matching is achieved for values of Δ ∗ ( Tc ) which are determined by the relation
2Δ ∗ ( Tc )/k B Tc ∼
= 5 [99–101]. For the sample F4 Δ ∗ ( Tc ) ≈ 190K, i.e., 2Δ ∗ ( Tc )/(k B Tc ) � 4.75
[2, 27].
mf

∗ =0.233, ξ (0) = 1.65 Å, T
The curve constructed for F1 using Eq. (15) with the parameters ξ c0
c
c
∗
∗
=88.46 K, T =203 K, Δ ( Tc )=218 K, and A4 = 20 is labeled with the number 4 in Fig. 4. As one
can see from the ﬁgure, the equation (15) describes well the experimental curve (thick solid
line marked by I) over the whole temperature interval from T ∗ down to Tc . Similar results
were obtained for the all other ﬁlms studied.

Curve numbered 3 in the ﬁgure reproduces result of Ref. [102] in which, however, both the
dynamics of pair-creation and pair-breaking above Tc were neglected. But, in accordance to
our knowledge, the authors of the Ref. [102] were the ﬁrst who have paid attention to the
experimental fact that in YBCO compounds the reciprocal of the excess conductivity σ�−1 ( T )
is an exponential function of ε in a certain temperature range above Tc0 . Correspondingly, the
adjustable coefﬁcient A3 [102] is chosen so that the computed curve matches experiment in the
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Figure 4. σ� ( T ) in the coordinates lnσ� versus lnε (solid curve I) for sample F1 for T from Tc to T ∗ in
comparison with theory: curve 1-Maki-Thompsom contribution; 2-Aslamasov-Larkin contribution; 3 theory [102]; 4 - Eq. (15) (short dashed segment). Inset: ln σ�−1 versus ε (solid line); dashed line extrapolation of the rectilinear section [2, 27].

region of exponential behavior of σ�−1 ( T ) (usually from Tc01 ≈ 100 K up to Tc02 ≈ 150 K). It is
clear that lnσ�−1 is to be the linear function of ε, as shown in the insert of Fig. 4. The advantage
of this approach is that it enables us to determine the parameter ε∗c0 which is reciprocal of the
slope α of this linear function: ε∗c0 = 1/α [2, 102].
The same experimental dependencies of σ� ( T ), as shown in Fig. 4, were obtained for all
studied compounds, including HoBa2 Cu3O7−δ [95] and SmFeAsO0.85 [20], suggesting the
similar local pairs behavior in different HTS’s. The fact enabled us to analyze the FLC and PG
in HoBa2 Cu3O7−δ single crystals [95] and in SmFeAsO0.85 FeAs-based superconductor [20]
also in terms of the LP model, as will be discussed in the next divisions. Note, the complete
coincidence of the given by Eq. (15) theoretical curve and the data (Fig. 4) is not necessary. We
ﬁt experiment by the theory to determine mostly the coefﬁcient A4 [2, 27], and coincidence
in the 3D ﬂuctuation region near Tc is only important, as discussed above. Nevertheless,
the good coincidence of both theoretical and experimental curves obtained for all studied
compounds [20, 67, 94, 95] means, in turn, that substituting into Eq. (16) the experimentally
measured values of the σ� ( T ) with the corresponding set of parameters, we should obtain
a result which reﬂects the real behavior of Δ ∗ ( T ) quite closely in the experimental samples.
The values of Δ ∗ ( T ) calculated using Eq. (16) for all YBCO ﬁlms with the similar sets of
parameters, as designated above for the ﬁlm F1, are shown in Fig. 5 which actually displays
our principal result. Indeed, despite the rather different Δ ∗ ( Tc ) and all other parameters, very
similar Δ ∗ ( T ) behavior is observed for all studied ﬁlms. The main common feature of every
plot is a maximum of Δ ∗ ( T ) observed at the same Tmax ≈ 130 K. The important point here is
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that the coherence length ξ ab ( Tmax ) was found to be the same for every studied ﬁlm, namely,
ξ ab ( Tmax ) ≈ 18Å [2, 27].

Figure 5. Dependencies of Δ ∗ /k B on T calculated by Eq. (16) for samples F1 (upper curve, circles), F3
(squares), F4 (dots) and F6 (low curve, triangles). Tmax = Tpair ≈ 130 K.

Let us discuss the obtained results (Fig. 5) now. Above 130 K ξ ab (T) is very small (ξ ab ( T ∗ ) ≈ 13
Å), whereas the coupling energy ε b is very strong. It is just the condition for the formation
of the SBB [6, 24–26]. It was found [27] that over the temperature interval Tmax = Tpair <
T < T ∗ every experimental Δ ∗ ( T )/Δ ∗ ( Tmax ) curve shown in Fig. 5 can be ﬁtted by the
Babaev-Kleinert (BK) theory [87] in the BEC limit (low n f ) in which the SBB have to form
[6, 24–26, 85, 87]. (See also Fig. 13 as an example). The ﬁnding has to conﬁrm the presence of
the local pairs in the ﬁlms at T ≤ T ∗ which are supposed to exist at these temperatures just
in the form of SBB. As SBB do not interact with one another, the local pairs demonstrate no
SC (collective) behavior in this temperature interval. It has subsequently been shown to be
consistent with the tunneling experiments in Bi compounds [52] in which the SC tunneling
features are smeared out above Tpair . Thus, above Tmax (Fig. 5), which is also called Tpair in
accordance with, e.g., Ref. [80], it is the so-called non-superconducting part of the PG.
But the pairs have already formed and exist in the sample even in this temperature range, this
is a point. There a few evidences as for paired fermions existence in temperature interval
from T ∗ down to Tpair [2]. Firstly, from studying the nuclear magnetic resonance (NMR)
in weakly doped Y123 systems [57], the anomalous decrease of the Knight shift K(T) was
observed on cooling just at T ≤ T ∗ (Fig. 6). In Landau theory [75] K ∼ ρn (ε) ≡ ρ F , where
ρn (ε) is the energy dependence of the density of Fermi states in the normal phase, which in
classical superconductors actually remains constant in the whole temperature range of the
normal phase existence, i.e., approximately down to Tc . Thus, the decrease of K(T) directly
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Figure 6. Temperature dependence of the Knight shift K(T) in classical superconductors (solid line) and
in HTS’s (dashed line) [[57]].

points out at the decrease of density of states most likely because of the local pair formation.
Secondly, in measurements of the Hall effect noticeable enhancement of the Hall coefﬁcient
R H ( T ) ∼ 1/e n f was found on cooling just below T ∗ [2, 81, 97]. Obviously, the increase of
R H directly points out at the decrease of the normal charge-carrier density n f . It is believed
that it is because of the fact that any part of electrons transform into the local pairs. Thirdly,
studying the behavior of the Nb-YBCO point contacts in high-frequency ﬁelds, we observed
the pair-breaking effect of the microwave power up to T ∗ ≈ 230 K [103]. It is clear, the
observation of the pair-breaking effect naturally implies the existence of the paired fermions in
the sample at such high temperatures. And, ﬁnally, very recently the polar Kerr effect (PKE) in
Bi2212 was reported which also appears just below T ∗ ≈ 130 K [90]. To be observable the PKE
evidently acquires the presence of two different kinds of the quasi-particles in the sample. It
is believed that such particles are most likely the normal electrons and local pairs.
Let us turn back to Fig. 5. With decreasing temperature below Tmax , ξ ab ( T ) continues to
increase whereas ε b ( T ) becomes smaller. Ultimately, at T ≤ Tmax = Tpair ≈ 130 K, where
ξ ab ( T ) > 18Å, the local pairs begin to overlap and acquire the possibility to interact. Besides,
they do can be destroyed by the thermal ﬂuctuations now, i.e. transform into ﬂuctuating
Cooper pairs, as mentioned above. The SC (collective) behavior of the local pairs in this
temperature region is distinctly observed in many experiments [52, 67, 78–80], as discussed in
details in div. 2.2. Eventually, the direct imaging of the local pair SC clusters persistence up
to approximately 140 K in Bi compounds is recently reported in Ref. [16] (Fig.2). Thus, below
Tmax it is the SC part of the pseudogap. Moreover, we consider ξ ab ( Tmax ) ≈ 18Å to be the
critical size of the local pair, at least in the YBCO [2, 27]. In fact, the local pairs behave like SBB
when ξ ab ( T ) < 18Å, and transform into ﬂuctuating Cooper pairs when ξ ab ( T ) > 18Å below
Tmax , thus resulting in the BEC-BCS transition [2, 27]. That is why, I will call Tmax as Tpair now,
as it becomes of common occurrence in the literature [80].
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3.3. Fluctuation conductivity and pseudogap in HoBa2 Cu3 O7−δ single crystals
under pressure
To proceed with further understanding of physical nature of HTS’s, it seemed to be rather
interesting to compare above results for YBCO ﬁlms, where no noticeable magnetism is
expected, with any other HTS’s in which magnetic subsystem could play signiﬁcant role.
One of a such system is HoBa2 Cu3O7−δ which has magnetic moment μ e f f ≈ 9,7μ B , due to
magnetic moment of pure Ho which is μ e f f ≈ 10.6μ B [95]. Thus, when Y is substituted
by Ho a qualitatively another behavior of the system is expected because of Ho magnetic
properties. Besides, in HTS compounds of the ReBa2 Cu3O7=δ (Re = Y, Ho, Dy · · · ) type with
reduced n f the speciﬁc non-equilibrium state can be realized under change of temperature
[104] or pressure [105]. In our experiments effect of hydrostatic pressure up to 5 kbar on the
ﬂuctuation conductivity σ� (T) and pseudogap Δ ∗ (T) of weakly doped high-Tc single crystals
HoBa2 Cu3 O7−δ (HoBCO) with Tc ≈ 62 K and oxygen index 7-δ ≈ 6,65 was studied [95].
The comparison of results with those obtained for YBa2 Cu3 O7−δ (div. 3.2) and FeAs-based
superconductor SmFeAsO0.85 (div. 3.4) is to shed more light on the role of magnetic subsystem
in the HTS’s.
Measurements were carried out with current ﬂowing in parallel to the twin boundaries when
their inﬂuence on the charge carriers scattering is minimized [95]. Obtained results are
analyzed within the Local Pair model [27]. The FLC and PG analysis of the sample under
pressure is mainly discussed, and all results are summarized in the end. As usual, below the
PG temperature T ∗ � Tc resistivity of HoBCO, ρ(T), deviates down from linearity resulting
in the appearance of the excess conductivity σ� ( T ) = σ( T ) − σN ( T ) (Eq.(1)). Resulting ln σ� as
a function of ln ε near Tc is displayed in Fig. 7.

Figure 7. ln σ� vs ln � for P = 4.8 kbar (dots). Curve 1 - AL term; 2 - MT term with d1 = 2.95Å; 3 - MT
term with d = 11.68Å. Arrows designate T0 and T01 .
mf

As expected in the LP model, above the mean ﬁeld critical temperature Tc ≈ 65.4 K and
up to T0 ≈ 67.3 K (ln ε 0 ≈ −3.55), experimental lnσ� (lnε) can be well extrapolated by the
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3D ﬂuctuation term of the AL theory (Eq.(11)) (Fig. 7, dashed line 1). Above T0 , up to
T01 ≈ 95 K (ln ε 01 ≈ −0.8), the experimental data are well extrapolated by the MT ﬂuctuation
contribution (Eq. (3)) (Fig. 7, curve2) of the HL theory [72]
Here I would like to emphasize that curve 2 in Fig. 7 is plotted with d1 = 2.95Å, where d1
is the distance between conducting CuO2 planes in HoBaCuO [106], and with τφ (100K) β =
(0.665 ± 0.002)×10−13 s which is deﬁned by a formula τφ β T = Aε 01 (Eq. (14)). Accordingly,
d1 corresponds to T01 ≈ 95 K (ln ε 01 ≈ −0.8) marked by the right arrow in the ﬁgure. At
T ≤ T01 , ξ c ( T ) ≥ d1 is believed to couple the CuO2 planes by Josephson interaction, and 2D
FLC has to appear [67, 77]. This scenario of the FLC appearance reminds that observed for the
SmFeAsO0.85 sample (see div. 3.4), and found lnσ� (lnε) is close to that shown in Fig. 10. If we
choose d ≈ 11.7Å = c, which is a dimension of the unit sell along the c-axis, as in the case of
YBCO ﬁlms [67], the theory noticeably deviates from experiment (curve 3). Strictly speaking,
this curve reﬂects the temperature dependence of the FLC being close to that obtained for the
YBCO ﬁlm F1 shown in Fig. 4.

Figure 8. Δ ∗ /k B as a function of T. Curve 1 - P = 0; 2 - P = 4.8 kbar. Arrows designate maxima
temperatures at P = 0: Tm1 and Tm2 .

Thus, compare results one may conclude that HoBaCuO obviously demonstrates the
enhanced 2D ﬂuctuation contribution, compared to YBCO, and behaves in a good many
ways like the SmFeAsO0.85 (Fig. 10), most likely due to inﬂuence of its magnetic subsystem.
Nevertheless, at T = T0 ≈ 67.3 K (ln ε 0 ≈ −3.55), at which ξ c ( T ) = d, the habitual
dimensional 2D-3D (AL - MT) crossover is distinctly seen on the plot. Below T0 ξ c ( T ) >c, and
3D ﬂuctuation behavior is realized in which the ﬂuctuating pairs interact in the whole volume
of the sample [67]. It should be emphasized that, as well as it was found for the SmFeAsO0.85
1/2
[20], at both T01 and T0 (arrows in Fig. 7) ξ c (0) = d1 ε1/2
= (1.98 ± 0.005)Å. The
01 = dε 0
ﬁnding is believed to conﬁrm the validity of our analysis.
The similar ln σ� vs ln ε was also obtained for P = 0 (Tc = 61.4 K, ρ(100K) = 200μΩcm,
T0 = 63.4 K, T01 = 79.4 K, τφ (100K) β = 1.13 · 10−13 s and d1 = 3.2Å). Thus, the pressure
leads to increase in T0 and T01 , i.e. increases the interval of 3D and especially 2D ﬂuctuations.
Most likely, it is due to decrease of the phase stratiﬁcation of the single crystal under pressure
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[104, 105]. The value of the C-factor also points out at this effect: C3D = 1.1 and = 0.53 at
P = 4.8 kbar and P = 0 kbar, respectively. The closer C3D to 1.0, the more homogeneous is the
sample structure [2, 67].
The experimental dependence of σ� ( T ) in the whole temperature interval from T ∗ and down
mf

to Tc turned out to be very close to that, shown in Fig. 4. The ﬁnding enables us to calculate
Δ ∗ ( T ) using Eqs. (15) and (16). Resulting temperature dependence of the PG is shown in
Fig. 8. In the ﬁgure curve 1 is plotted for P = 0 using Eq.(16) with the following parameters

mf
derived from experiment: ε∗c0 = 0.88, ξ c (0) = 1.57Å, Tc = 62.3 K, T ∗ = 242 K, A4 = 4.95
and Δ ∗ ( T)/k = 155 K. Curve 2 is plotted for P = 4.8 kbar with ε∗c0 = 0.67, ξ c (0) = 1.98Å,
mf

Tc = 65.4 K, T ∗ = 243 K, and A4 = 18, Δ ∗ ( T)/k = 160 K, respectively. In this case Tc = 64 K
and ρ(100)K = 172μΩcm.
When P = 0, Δ ∗ ( T ) exhibits two unexpected maxima at Tm1 ≈ 195 K and at Tm2 ≈
210 K (Fig. 8, curve 1), most likely because of two-phase stratiﬁcation of the single crystal
[104, 105]. Pressure-induced enhancement of the rising diffusion processes is assumed to
cause a redistribution of labile oxygen from the low-temperature phase poor in charge carriers
to the high-temperature one [105]. It results in the disappearance of both peaks and linear
Δ ∗ ( T ) dependence with a positive slope at high T (Fig. 8, curve 2). Simultaneously, the
sample resistivity, ρ, noticeably decreases, whereas Tc and ξ c (0) somewhat increase. Note
that the maxima of Δ ∗ ( T ) and initial values of ρ, Tc and ξ c (0) are restored when the pressure
is removed suggesting the assumption. Thus, both σ� ( T ) and Δ ∗ ( T ) are markedly different
from those obtained for the YBCO ﬁlms [27, 67]. They resemble similar curves obtained for
FeAs-based superconductor SmFeAsO0.85 [20] (see div. 3.4). The result can be explained by
the inﬂuence of paramagnetism in HoBa2 Cu3 O7−δ [95, 104, 105]. Additionally, the linear drop
of the PG, found for both HoBa2 Cu3 O7−δ [95] and SmFeAsO0.85 [20], is believed to reﬂect the
inﬂuence of weak magnetic ﬂuctuations in such compounds [21, 107, 108], as will be discussed
in more details in the next division.

3.4. Fluctuation conductivity and pseudogap in SmFeASO0.85
Despite of a huge amount of papers devoted to FeAs-based superconductors, there is an
evident lack of the FLC and PG studies in these compounds [20]. This state of affairs is
most likely due to the extreme complexity of the electronic conﬁguration of the FeAs-based
compounds, where the strong inﬂuence of magnetism, being changed with doping, is
observed [17–19]. It is well known that upon electron or hole doping with F substitution
at the O site [17, 113], or with oxygen vacancies [17, 18] all properties of parent RFeAsO
compounds drastically change and evident antiferromagnetic (AFM) order has to disappear
[17–19]. However, recent results [107–110] point toward an important role of low-energy spin
ﬂuctuations which emerge on doping away from the parent antiferromagnetic state which is of
a spin-density wave (SDW) type [107, 108, 110]. Thus, below TS ∼ 150K the AFM ﬂuctuations,
being likely of spin wave type, are believed to noticeably affect the properties of doped
RFeAsO1− x Fx systems (Fig. 9). As shown by many studies [108–110] the static magnetism
persists well into the SC regime of ferropnictides. In SmFeAsO1− x strongly disordered but
static magnetism and superconductivity both are found to coexist in the wide range of doping,
and prominent low-energy spin ﬂuctuations are observed up to the highest achievable doping
levels where Tc is maximal [21, 107, 108].
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The interplay between superconductivity and magnetism has been a long-standing
fascinating problem [111, 112], and relation between the SDW and SC order is a central topic
in the current research on the FeAs-based high-Tc superconductors. However, the clear nature
of the complex interplay between magnetism and superconductivity in FeAs-based HTS’s is
still rather controversial [112]. As a result, rather complicated phase diagrams for different
FeAs-based high-Tc systems [17, 109, 110], and especially for SmFeAsO1− x [113–116] (Fig. 9)
are reported.

Figure 9. Phase diagram of SmFeAsO1− x Fx [[113]].

Naturally, rather peculiar normal state behavior of the system upon T diminution is expected
in this case [109, 110, 113], when x is of the order of 0.15, as it is in our sample [20].
3.4.1. Experimental details
To shed more light on the problem, analysis of the FLC and PG was carried out within
the LP model using results of resistivity measurements of SmFeAsO0.85 polycrystal (Tc = 55
K) performed on fully computerized set up [20]. The width of the resistive transition into
superconducting (SC) state is Δ T ≤ 2K suggesting good phase and structural uniformity of
the sample. In accordance with the LP model approach the resistivity curve above T ∗ ∼ 170K
is extrapolated by the straight line to get σ� ( T ) = σ( T ) − σN ( T ) using Eq.(1).

The crossing of measured σ�−2 ( T ) with T-axis denotes the mean-ﬁeld critical temperature
mf
mf
Tc ∼
= 57K. This is the usual way of Tc determination within the LP model [2, 67]. Resulting
lnσ� versus lnε is displayed in Fig. 10 in the temperature interval relatively close to Tc (dots)
and compared with the HL theory [72] in the clean limit (curves 1-3). As expected, up to T0 ≈
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Figure 10. lnσ� as a function of lnε near Tc (dots) in comparison with the HL theory: 1-MT contribution
(d = 3.05Å); 2 - 3D AL contribution; 3-MT contribution (d = 8.495Å).

58.5 K (lnε 0 =-3.6) the data are well extrapolated by the AL ﬂuctuation contribution (Eq. 11)
for any 3D system (straight line 2 in the ﬁgure). As mentioned above, this 3D ﬂuctuation
behavior was found to be typical for all without exception HTS compounds [2, 20, 67, 80, 95].
Accordingly, above T0 , up to Tc0 ≈ 69K (lnε c0 ∼
= −1.55), this is 2D MT term (Eq. (3)) of
the HL theory (Fig. 10, curve 1) which dominates well above Tc in the 2D ﬂuctuation region
is the coherence length
[2, 67], as discussed in details in div. 2.2. As before, ξ c (0) = d ε1/2
0
along the c-axis, i.e. perpendicular to the conducting planes, and d is the distance between
conducting layers in SmFeAsO1− x . Thus, expected MT-AL (2D-3D) crossover is clearly seen
in Fig. 10 at lnε 0 =-3.6. The fact enables us to determine T0 (Eq. (7)) and therefore the ε 0
(Eq. (7, 9)) with adequate accuracy. Now, proceeding in the usual way, i.e., using Eqs. (12,
14), and set d = 8.495Å, which is a dimension of the SmFeAsO0.85 unit sell along the c-axis
[114], ξ c (0) = (1.4 ± 0.005)Å, and τφ (100K ) β = (11 ± 0.03) × 10−13 s are derived from the
experiment. As it is seen from the ﬁgure, Eq. (11) with measured value of ξ c (0) and the
mf

scaling factor C3 D = 0.083 describes the data fairly well just above Tc
suggesting 3D ﬂuctuation behavior of SmFeAsO0.85 near Tc .

(Fig. 10, dashed line 2)

Till now the FeAs-based superconductor behaves like the YBCO ﬁlms. However, the
discrepancy appears when MT contribution is analyzed (Fig. 10, curve 3). Indeed, substituting
the measured values of ξ c (0) and τφ (100K ) β into Eq. (3) we obtain curve 3 which looks like
that found for YBCO ﬁlms but apparently does not match the data. The ﬁnding suggests that
our choice of d is very likely wrong in this case. To proceed with the analysis we have to
suppose that SmFeAsO1− x becomes quasi-two-dimensional just when ξ c ( T ), getting rise with
temperature diminution, becomes equal to d1 = 3.05 Å at T = Tco ≈ 69K (lnε c0 ∼
= −1.55).
It is worth to emphasize that (3.1 ÷ 3.0)Å is the distance between As layers in conducting
As − Fe − As planes in SmFeAsO1− x [18, 114]. Below this temperature ξ c ( T ) is believed to
couple the As layers in the planes by Josephson interaction [95]. This approach gives the
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same value of ξ c (0) = d ε1/2
c0 = (1.4 ± 0.005)Å as calculated above using the usual crossover
temperature T0 . We think this fact is to conﬁrm the supposition. At the same time the phase
relaxation time changes noticeably and amounts τφ (100K ) β = (1.41 ± 0.03) × 10−13 s in this
case. Substitution of measured values of ξ c (0) and this new τφ (100K ) β into Eq. (3) enables us
to ﬁt the experimental data by the MT term just up to Tc0 which is about 15 K above Tc (Fig.
10, curve 1). The result suggests enhanced 2D MT ﬂuctuations in SmFeAsO1− compared to
YBCO ﬁlms. Recall, the similar enhanced 2D MT ﬂuctuations are found for HoBa2 Cu3 O7−δ
[95] (div. 3.3)
3.4.2. Pseudogap analysis
Somehow surprisingly, lnσ� versus lnε measured for the SmFeAsO0.85 in the whole
mf

temperature range from T ∗ down to Tc was found to be very close to that of YBCO ﬁlms
(Fig. 4). Even the exponential dependence of the reciprocal of the excess conductivity σ�−1 ( T )
still occurs between lnε c0 and lnε c02 ((69 - 100)K). As a result, the function lnσ�−1 versus ε
appears to be linear in this temperature range (similar to that shown in insert in Fig. 4), and its
slope 1/α still determines the parameter ε∗c0 used in the PG analysis [20, 27]. Taking obtained
results into account, one can draw a conclusion that the LP model approach can be applied
to analyze the temperature dependence of the PG. To proceed with the PG analysis the value
of the coefﬁcient A4 must be found. As before, to determine A4 we ﬁt the experimental σ� (ε)
by the theoretical curve (Eq. (15)) in the region of 3D ﬂuctuations near Tc [20, 27]. All other
parameters directly come from experiment, as discussed above. The theoretical σ� (ε) curve is
∗
constructed using Eq. (15) with the reasonable set of experimentally measured parameters: ξ c0
mf

= 0.616, ξ (0) = 1.4Å, Tc = 56.99 K, T ∗ = 175K, A4 = 1.98 and optionally chosen Δ ∗ ( Tc )/k B =
160 K and found to describe the experimental data well in the whole temperature interval from
mf

T ∗ down to Tc [95]. The only exception is the 2D MT region where relatively small deviation
down from experiment, negligible in the case of YBCO ﬁlms [67], is observed. It is due
to enhanced MT ﬂuctuation contribution in the 2D ﬂuctuation region, as mentioned above.
Compare results with those obtained for magnetic superconductor Dy0.6 Y0.4 Rh3.85 Ru0.15 B4
[117] we assume this enhancement to be the consequence of weak magnetic ﬂuctuations in
SaFeAsO1− x [107–110], as will be discussed below.

Now we have almost all parameters to calculate the temperature dependence of PG using
Eq.(16) except the value of Δ ∗ ( Tc ) which actually is responsible for the A4 . The problem is,
the value of Δ ∗ ( Tc ) and in turn the ratio 2Δ ∗ ( Tc )/k B Tc in Fe-based superconductors remain
uncertain. Reported in the literature values for Δ (0) and 2Δ (0)/Tc in SmFeAsO1− x range from
2Δ (0) ≈ 37 meV (2Δ/Tc ∼ 8, strong-coupling limit) obtained in measurements of far-infrared
permittivity [17], down to Δ = (8 - 8.5) meV (2Δ/Tc ∼ (3.55 - 3.8)) measured by a scanning
tunneling spectroscopy [118, 119] which is very close to standard value 3.52 of the BCS theory
(weak-coupling limit). It is believed at present that SmFeAsO1− x has two superconducting
gaps Δ1 (0) ≈ 6.7 meV and Δ2 (0) which ranges from ≈ 15 meV up to ≈ 21 meV [120]. Besides
we still think that Δ ∗ ( Tc ) ≈ Δ (0) [20], as is was justiﬁed in Ref. [15]. To feel more ﬂexible,
four curves are ﬁnally plotted in Fig. 11 with Δ ∗ ( Tc )/k B = 160 K (2Δ ∗ ( Tc )/Tc ∼
= 5.82), = 140 K
∗ ( T )/T ∼ 4.36) and = 100 K (2Δ ∗ ( T )/T ∼ 3.63) from top to
5.0),
120
K
(2Δ
(2Δ ∗ ( Tc )/Tc ∼
=
c
c =
c
c =
bottom, respectively. Naturally, different values of coefﬁcients A4 correspond to each curve,
whereas the other above parameters remain unchangeable.

158 22
Superconductors – Materials, Properties and Applications

Will-be-set-by-IN-TECH

Figure 11. Δ ∗ /k B versus T dependencies for SmFeAsO0.85 with four different values of Δ ∗ ( Tc ) /k B (see
the text).

Very unexpected Δ ∗ ( T ) behavior is observed (Fig. 11). The most striking result is a sharp drop
of Δ ∗ ( T ) at Ts ≈ 147 K, as clearly illustrates the curve with Δ ∗ ( Tc )/k B =140 K plotted without
symbols. Usually Ts is treated as a temperature at which a structural tetragonal-orthorhombic
transition occurs in parent SmFeAsO. In the undoped FeAs compounds it is also expected
to be a transition to SDW ordering regime [17–19]. Below TS the pseudogap Δ ∗ ( T ) drops
linearly down to TAFM ≈ 133 K (Fig. 11), which is attributed to the AFM ordering of the Fe
spins in a parent SmFeAsO compounds [17, 121]. Below TAFM the slop of the Δ ∗ ( T ) curves
apparently depends on the value of Δ ∗ ( Tc ) [20]. Strictly speaking it is difﬁcult to say at present
is TAFM = TN of the whole system or not because the AFM ordering of Sm spins occurs at
≈ 5K only [17, 121].
Found Δ ∗ ( T ) behavior is believed to be explained in terms of the theory by Machida, Nokura
and Matsubara (MNM) [111] developed for AFM superconductors in which the AFM ordering
with a wave vector Q may coexist with the superconductivity. This assumption was supported
in, eg., the theory by Chi and Nagi [122]. In the MNM theory the effect of the AFM molecular
ﬁeld h Q ( T ) (|h Q | � ε F ) on the Cooper pairing was studied. It was shown, that below TN
the BCS coupling parameter Δ ( T ) is reduced by a factor [1 − const · | h Q ( T )| /ε F ] due to the
formation of energy gaps of SDW on the Fermi surface along Q. As a result the effective
attractive interaction ğ N (0) or, equivalently, the density of states at the Fermi energy ε F is
diminished by the periodic molecular ﬁeld that is
ğ N (0) = g N (0) [1 − α m( T )].

(17)

Here m( T ) is the normalized sublattice magnetization of the antiferromagnetic state and α
is a changeable parameter of the theory. Between Tc and TN (Tc > TN is assumed) the
order parameter is that of the BCS theory. Since below TN the magnetization m( T ) becomes
nonvanishing, ğ N (0) is weakened that results in turn in a sudden linear drop of Δ ( T )
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Figure 12. Δ ∗ ( T ) /Δ max in SmFeAsO0.85 : (red ◦) - Δ ∗ ( Tc ) /k B =130 K; (◦) - 135 K. Solid curves Δ ( T ) /Δ max
correspond to MNM theory with the different α ∼ 1/[ ğ N (0)]: (1) - α = 0.1, (2) - α = 0.2, (3) - α = 0.3, (4) - α
= 0.6 , (5) - α = 1.0; TN /Tc = 0.7 [[111]].

immediately below TN . As m( T ) saturates at lower temperatures, Δ ( T ) gradually recovers
its value with increasing the superconducting condensation energy (Fig. 12, solid curves).
This additional magnetization m( T ) was also shown to explain the anomaly in the upper
critical ﬁeld Hc2 just below TN observed in studying of RMo6 S8 (R = Gd, Tb, and Dy) [111].
However, predicted by the theory decrease of Δ ( T ) at T ≤ TN was only recently observed
in AFM superconductor ErNi2 B2 C with Tc ≈ 11 K and TN ≈ 6 K, below which the SDW
ordering is believed to occur in the system [123]. The result evidently supports the prediction
of the MNM theory. Our results are found to be in a qualitatively agreement with the MNM
theory as shown in Fig. 12, where the data for Δ ∗ ( Tc )/k B = 130 K (red ◦) and Δ ∗ ( Tc )/k B = 135
K (◦) are compared with the MNM theory (solid lines).

The curves are scaled at T/Tc = 0.7 and demonstrate rather good agreement with the theory
below T/Tc = 0.7. Note, that the upper scale is T/T ∗ . Both shown Δ ∗ ( T ) dependencies
suggest the issue that just Δ ∗ ( Tc )/k B = 133 K, which is just TAFM , would provide the best
ﬁt with the theory. Above T/Tc = 0.7 the data evidently deviate from the BCS theory. It
seems to be reasonable seeing SmFeAsO0.15 as well as any other ferropnictides is not a BCS
superconductor.

It is important to emphasize that in our case we observe the particularities of Δ ∗ ( T ) in the PG
state, i. e. well above Tc but just at T ≈ Ts , below which the SDW ordering in parent SmFeAsO
should occur. However, it seems to be somehow surprising as no SDW ordering in optimally
doped SmFeAsO0.15 is expected. The found very speciﬁc Δ ∗ ( T ) can be understood taking
mentioned above weak AFM ﬂuctuations (low-energy spin ﬂuctuations), which should exist
in the system, into account. At the singular temperature Ts these ﬂuctuations are believed
to enhance AFM in the system likely in the form of SDW. After that, in accordance with the
MNM theory scenario, the SDW has to suppress the order parameter of the local pairs as
shown by our results. Thus, the results support the existence both weak AFM ﬂuctuations
and the paired fermions (local pairs) in the PG region, which order parameter is apparently
suppressed by these ﬂuctuations [20].
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Figure 13. Δ ∗ ( T ) /Δ ∗max in SmFeAsO0.85 with Δ ∗ ( Tc ) /k B = 160 K (•) and in YBCO ﬁlm with Tc = 87.4 K
(blue •) [27] as a function of T/T ∗ (T/Tc in the case of the theory). Curves 1 · · · 4 correspond to BK
theory with different x0 = μ/Δ (0): 1 - x0 = 10.0 (BSC limit), 2 - x0 = -2.0, 3- x0 = -5.0, 4 - x0 = -10.0 (BEC
limit) [[87]].

To conﬁrm the conclusion, relation Δ ∗ ( T )/Δ ∗max as a function of T/T ∗ ( T/Tc in the case of the
theory) is plotted in Fig. 13. Black dots represent the studied SmFeAsO0.85 with Δ ∗ ( Tc)/k B
= 160 K, which corresponds to the strongly coupled limit (2Δ ∗ ( Tc )/Tc ∼
= 5.82). Blue dots
display the data for YBCO ﬁlm F1 [27]. The solid and dashed curves display the results of the
Babaev-Kleinert (BK) theory [87] developed for the SC systems with different charge carrier
density n f . For the different curves the different theoretical parameter x0 = μ/Δ (0) is used,
where μ is the chemical potential. Curve 1, with x0 = +10, gives the BCS limit. Curve 4 with x0
= -10 represents the strongly coupled BEC limit, which corresponds to the systems with low
n f in which the SBB must exist [23, 25, 85, 87]. As well as in the YBCO ﬁlm, the Δ ∗ ( T )/Δ ∗max
in SmFeAsO0.85 evidently corresponds to the BEC limit (Fig. 13) suggesting the local pairs
presence in the FeAs-based superconductor. Below T/T ∗ ≈ 0.4 both experimental curves
demonstrate the very similar temperature behavior suggesting the BEC-BCS transition from
local pairs to the ﬂuctuating Cooper pairs to be also present in FeAS-based superconductors
[20]. But, naturally, no drop of Δ ∗ ( T ) is observed for the YBCO ﬁlm (Fig. 13, blue dots)
at high temperatures, as no antiferromagnetism is expected in this case. This fact can be
considered as an additional evidence of the AFM nature of the Δ ∗ ( T ) linear reduction below
Ts in SmFeAsO0.85 found in our experiment.
It has to be emphasized that recently reported phase diagrams [113–116] (Fig. 9) apparently
take into account a complexity of magnetic subsystem in SmFeAsO1− x Fx and are in much
more better agreement with our experimental results. But it has to be also noted that we
study the SmFeAsO1− x system whereas the phase diagrams are mainly reported for the
SmFeAsO1− x Fx compounds. Is there any substantial difference between the both compounds
has yet to be determined. Evidently more experimental results are required to clarify the
question.
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3.5. Angle-resolved photoemission measurements of the energy pseudogap of
high-Tc ( Bi, Pb)2 (Sr, La)2 CuO6+δ superconductors: A model evidence of local
pairs
Taking all above consideration into account, it can be concluded that the FLC and PG
description in terms of local pairs gives a set of reasonable and self-consistent results.
However, to justify the conclusion it would be appropriate to test the LP model approah using
independent results of other research groups who have measured straightforwardly the PG
or any other related effects. But for a long time there was a lack of indispensable data.
Fortunately, analysis of the pseudogap in ( Bi, Pb )2 (Sr, La)2 CuO6+δ (Bi2201) single-crystals
with various Tc ’s by means of ARPES spectra study was recently reported [80]. The study
of Bi2201 allows avoid the complications resulting from the bilayer splitting and strong
antinodal bosonic mode coupling inherent to Bi2212 and Bi2223 [90, 91]. Symmetrized energy
distribution curves (EDCs) were found to demonstrate the opening of the pseudogap on
cooling below T ∗ . It was shown that T ∗ , obtained from the resistivity measurements, agrees
well with one determined from the ARPES data using a single spectral peak criterion [80].
Finally, from the ARPES experiments information about the temperature dependence of the
loss of the spectral weight close to the Fermi level, W ( EF ), was derived [80]. W ( EF ) versus
T measured for optimally doped OP35K Bi2201 (Tc =35 K, T ∗ = 160 K) turned out to be rather
unexpected, as shown in Fig. 14a taken from Ref. [80]. Above T ∗ the W ( EF ) is nonlinear
function of T. But below T ∗ , over the temperature range from T ∗ to Tpair = (110 ± 5) K
(Fig. 14a), the W ( EF )( T ) decreases linearly which is considered as a characteristic behavior
of the "proper" PG state [80]. However, no assumption as for physical nature of this linearity
as well as for existence of the paired fermions in the PG region is proposed. Below Tpair the
W ( EF ) vs T noticeably deviates down from the linearity (Fig. 14a). The deviation suggests the
onset of another state of the system, which likely arises from the pairing of electrons, since the
W ( EF )( T ) associated with this state smoothly evolves through Tc (Fig. 14a).
To compare results and justify our Local Pair model, the ρ ab vs T of the OP35K Bi2201, reported
in Ref. [80], was studied within the LP model [13]. The Δ ∗ ( T ) was calculated by Eq. (16) with
mf

the following reasonable set of parameters: Tc = 35 K, Tc = 36,9 K, T ∗ =160 K, ξ c (0)= 2.0Å,
ε∗c0 = 0.89, and A4 = 59. σ� ( T ) is the experimentally measured excess conductivity derived
from the resistivity data using Eq. (1). Resulting Δ ∗ ( T )/Δ ∗max is plotted in Fig. 14b (green
dots). As expected, the shape of the Δ ∗ ( T ) curve is similar to that found for YBCO ﬁlms
(Fig. 5). Besides, the maximum of Δ ∗ ( T )/Δ ∗max at Tmax ≈ 100K actually coincides with the
change of the W ( EF )( T ) slop at Tpair , measured by ARPES, which seems to be reasonable. In
fact, in accordance with our logic, Tmax is just the temperature which divides the PG region
on SC and non-SC parts depending on the local pair state, as described above. Recall, that
above Tmax the local pairs are expected to be in the form of SBB. Most likely just the speciﬁc
properties of SBB cause the linear W ( EF )( T ) over this temperature region (Fig. 14a). The two
following facts are believed to conﬁrm the conclusion. Firstly, when SBB disappear above T ∗ ,
the linearity disappears too. Secondly, below Tmax , or below Tpair in terms of Ref. [80], the SBB
have to transform into ﬂuctuating Cooper pairs giving rise to the SC (collective) properties of
the system. This argumentation coincides with the conclusion of Ref. [80] as for SC part of
the pseudogap below Tpair . As SBB are now also absent, the linearity of W ( EF )( T ) again
disappears. Thus, we consider the Δ ∗ ( T ), calculated within our Local Pair model (Fig. 14b),
to be in a good agreement with the temperature dependence of the loss of the spectral weight
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Figure 14. a. Spectral weight W(EF ) vs T (blue dots) for OP35K Bi2201. The solid line is the guidance for
eyes only [[80]]. b. Pseudogap Δ ∗ ( T ) /Δ ∗max (green dots) and spectral gap SG/SGmax (red dots) [[80]] as
the functions of temperature for the same sample.

W(EF ) (Fig. 14a) obtained from the ARPES experiments performed on the same sample. In
this way, the results of ARPES experiments reported in Ref. [80] are believed to conﬁrm our
conclusion as for existence of the local pairs in HTS’s, at least in Bi2201 compounds.
Also plotted in Fig 14b is the normalized spectral gap (SG ( T )) (red dots) equals to the energy
of the spectral peaks of EDCs measured by ARPES [80]. Important in this case is that SG ( T )
smoothly evolves through both Tpair and Tc . The fact is believed to conﬁrm assumed in the LP
model the local pair existence above Tpair . Despite the evident similarity there are, however, at
least two differences between the curves shown in Fig. 14b. First, there is no direct correlation
between the SG ( T ) and the W ( EF )( T ) (Fig. 14 a, b). Why the maximum of SG ( T ) is shifted
toward low temperatures compared to Tpair , has yet to be understood. The second difference
is the absolute value of the SG compared to the pseudogap. The spectral gap has SGmax ≈
40 meV and SG ( Tc ) ≈ 38 meV [80]. It gives 2SG ( Tc )/k B Tc ≈ 26 which is apparently too
high. The PG values are Δ ∗max ≈ 16.5 meV and Δ ∗ ( Tc ) ≈ 6.96 meV, respectively. It gives
2Δ ∗ ( Tc )/k B Tc ≈ 6.4 which is a common value for the Bi compounds [124] with respect to
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relatively low Tc in this case. Thus, there is an unexpected lack of coincidence between the SG
and PG.

4. Conclusion
The Chapter presents a detailed consideration of the LP model developed to study the PG in
HTS’s. In accordance with the model the local pairs have to be the most likely candidate for
the PG formation. At high temperatures (Tpair < T ≤ T ∗ ) we believe the local pairs to be
in the form of SBB which satisfy the BEC theory (non-SC part of a PG). Below Tpair the local
pairs have to change their state from the SBB into ﬂuctuating Cooper pairs which satisfy the
BCS theory (SC part of a PG). Thus, with decrease of temperature there must be a transition
from BEC to BCS state [2, 27]. The possibility of such a transition is considered to be one of
the basic physical principals of the high-Tc superconductivity. The transition was predicted
theoretically in Ref. [23, 24, 74] and experimentally observed in our experiments [2, 20, 27, 95].
A key test for our consideration is the comparison of the Δ ∗ ( T ), calculated within the LP
model, with the temperature dependence of the loss of the spectral weight close to the Fermi
level W ( EF )( T ), measured by ARPES for the same sample [80]. The resulting Δ ∗ ( T ) is found
to be in a good agreement with the W( EF )( T ) obtained for OP35K Bi2201 (Fig. 14). It allows
us to explain reasonably the W( EF )( T ) dependence, both above and below Tpair , in terms of
local pairs.
The obtained results are also in agreement with the conclusions of Ref’s. [16, 90, 91] as for SC
and non-SC parts of the PG in Bi systems. Besides, formation of the local pairs is also believed
to explain the rise of the polar Kerr effect and response of the time-resolved reﬂectivity, both
observed for Bi systems just below T ∗ [90]. While, the Nernst effect [16], which is likely due to
the SC properties of the local pairs, is observed only below Tpair , or below Tmax in terms of our
model. All the facts have to support the local pair existence in HTS’s at T ≤ T ∗ , Thus, we may
conclude, that on the basis of the developed LP model the self-consistent picture of the PG
formation in HTS’s is obtained. At the same time the issue concerning the pairing mechanism
in HTS’s still remains controversial [22].
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1. Introduction
The magnetic field is an efficient tool for characterizing materials but also for elaborating them
with a determined magnetic and crystallographic microstructure. The main effect of a
magnetic field is to align crystallites embedded in the liquid along their easy magnetization
axis [1,2]. The texturing is successful when the force exerted on the crystal gives rise to a
rotation thanks to the presence of a liquid around the particle. The possibility to texture under
a magnetic field is nowadays known and is still studied worldwide. However, in this paper,
we aim to focus the attention on the role of the overheating above the liquidus temperature
where our experiments and calculations show that nuclei are surviving above this temperature
[3-7]. This assumption contradicts the classical nucleation model where intrinsic nuclei are not
present above the melting temperature Tm and cannot act as growth nuclei while cooling down
the temperature below Tm [8-10]. Furthermore, melts can usually be supercooled below their
melting or liquidus temperatures (Tm). The degree of supercooling (ΔT-), measured by the
difference between the onset temperature of solidification and Tm, is affected by various
factors, including the level of overheating and the time. The relations between the overheating
(ΔT+), and the supercooling (ΔT-) were studied in Sn and Sn-Pb [11].The dependence of (ΔT+)
on (ΔT-) is a function of the holding time. It is well known that the cooling rate plays an
important role in establishing the degree of supercooling since the nucleation of solid
structures and thus solidification requires a certain period of time. Reversibly, melting also
takes a certain period of time to destroy the order structures. Furthermore, it is worth noting
that as long as some residual solid particles (nuclei) exist above the melting temperature, the
energy barrier for the nucleation of crystallization during cooling can be reduced and thus the
level of supercooling will be nil. As soon as the solid structures in the melt are completely
destroyed, a substantial surface energy barrier exists for the nucleation of solid particles upon
cooling. Consequently, each supercooling temperature can be associated with a nucleation
time. In congruent material, such as Bi, only few crystals are obtained after an overheating of
80°C [1,7]. Then, the magnetic field can act on these remaining nuclei embedded in the liquid
above the melting point.
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The magnetic field was successfully used to improve texturing in crystals and alloys. The
texturing of several alloys under a magnetic field was carefully studied |12]. It depends on
the magnetic properties of the crystallizing nuclei and those of the melt. The mechanical
force moment allowing the rotation of crystals along the direction of the magnetic field also
depends on the degree of homogeneity of the magnetic field. In a homogeneous field, the
texture can be induced in a magnetic isotropic crystal due to the moment of forces deriving
from the demagnetizing factor and the shape anisotropy of the nucleus. However, at high
temperatures and for low susceptibility, this contribution will be neglected. On the contrary,
in an anisotropic crystal, the orientation arises from the anisotropic crystal characterized by
an difference of magnetic susceptibility Δχ along two mutually perpendicular axes and the
moment of forces can be expressed as:
ܭൌ

௱ఞ

ଶఓబ

ܤଶ ܸߙʹ݊݅ݏ

(1)

where α is the angle between B and the axis with maximum χ. Under real conditions, there
will be a competition between magnetic orientation forces, viscous forces, convective flows
in the melt and interactions between crystals or interaction with the crucible. In some cases,
the orienting effect may be limited or even negligible. The window in which the orientation
can be induced must be carefully found. For an alloy, Mikelson and al. found that the
temperature interval in which the orienting actions of the magnetic field are effective lies
below the liquidus line and to 20% of the crystallization interval.
In this article, we will focus on the texturing of high-Tc superconductors under a magnetic
field where the main conditions exposed below are taken into account. The main difficulties
of superconductors texturing reside in a non congruent melting of the compounds. It is the
limiting factor of overheating since the phase diagram is generally complex involving a lot
of transformations even above the liquidus temperature. A large overheating above the
liquidus will usually lead to the formation of unwanted secondary phases during
crystallization and prevent the recombination of the superconducting phase. The latter is
usually taken as the critical value for the limit of overheating. The texturing under a
magnetic field consist of finding the interval of overheating temperatures preventing the
transformation of superconducting-phase nuclei in secondary phases and allowing a
sufficient amount of liquid. Usually, the allowable overheating is a dozen of degrees above
the melting temperature [7]. As will be shown below, this amount of applied overheating
does not destroy the presence of nuclei.

2. Magnetic texturing
2.1. Case of Y1Ba2Cu3O7-δ
Rare earth-Ba2Cu3O7-δ crystals are aligned in a magnetic field at room temperature [13] and
also when they are imbedded in liquid silver at high temperature [14]. A sufficient
paramagnetic anisotropy remains at temperature superior to 1000 °C and the residual
anisotropy energy of the crystals is larger than the energy associated with thermal
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disordering effects [15]. As mentioned previously, the anisotropy energy must also
compensate the viscous force in the surrounding liquid where the crystal is free to rotate in a
liquid with low resistance. The temperature window inducing a magnetic orientation lies
between 1040°C and 1060°C under atmospheric pressure of O2. Below 1040°C, a solid matrix
made up of Y1Ba2Cu3O7-δ (Y123) and Y2Ba1Cu1O5 (Y211) remains throughout the annealing
treatment while the melting of Y123 above 1040°C leads to a liquid containing precipitates of
Y211. Grains containing inclusions of this secondary phase are partially aligned below 1040
°C with their ab-plane perpendicular to the direction of the annealing field, indicating that a
partial melting of the precursor takes place during processing. Both X-ray and
magnetization reveal that a weak orientation occurs. For samples prepared at temperature
above 1040°C, the texturing is very efficient. The sample is cut and oriented to reveal faces
perpendicular to the direction of the magnetic field. X-ray spectrum is taken as a first
indication of the orientation. A measure of the orientation P00l is given in Figure 1 as a
function of annealing temperature [16].
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Figure 1. R and P versus annealing temperature in Y1Ba2Cu3O7-δ bulk textured sample, where
R=∆MH//HA/∆MH┴HA (∆M=M+-M- is the hysteresis in the sample magnetization, M+ and M- the values of
the magnetization measured in an increasing and decreasing field respectively) and P00l =1-Γ where
Γ=(Ihkl/I00l)o/( Ihkl/I00l)u. Ihkl is the intensity of the strongest forbidden non-(00l)line and I00l the intensity of
a (00l) line in a X-ray diffraction spectrum. The superscripts o and u indicate that measurements were
performed on oriented and unoriented samples respectively [16].

In Figure 1, one can note the sharp increase of the orientation for a temperature above
1040°C while the latter gradually decreases above 1050°C. The orientation is deduced from
the comparison of R, the hysteresis in sample magnetization ratio between parallel and
perpendicular field. R=∆MH//HA/∆MH┴HA and ∆M=M+-M- is the hysteresis in the sample
magnetization where M+ and M- are the values of the magnetization measured in an
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increasing and decreasing field respectively. Large samples can be oriented by magnetic
texturing. Superconducting critical current properties of such bulk materials were studied
[17-20]. The irreversible magnetization data also indicates steady improvement in the
superconducting properties of the material with increasing annealing temperature up to
1055°C. The induced orientation within the sample is directly dependent on the magnetic
field value as shown in Figure 2. In order to obtain a large degree of induced anisotropy, the
magnetic field must be applied continuously in the appropriate temperature regime (from
the maximal temperature down to a temperature below the liquidus line), during which
crystals are still free to rotate. Steady increase in the induced anisotropy is observed when
the magnetic field is increased.
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Figure 2. Variation in the magnitude of the magnetization hysteresis ΔMmax(●) and the ratio R(◊) with
the strength of the annealing field at TA=1055°C in Y1Ba2Cu3O7-δ bulk textured sample. The magnetic
field was applied at all temperatures above 800°C [16].

It was also shown that the magnetic force exerted on a sample (mχHa×dHa/dz ) placed in a
field gradient (dHa/dz) allows the measurement of the magnetic susceptibility via the weight
measurement on an electronic balance. The resulting curves provide information on the
fusion, the solidification and the oxygen exchange. A typical curve presenting the magnetic
susceptibility variations corrected from the oxygen weight change as a function of
temperature is given in Figure 3.
When the sample is heated, the susceptibility first decreases following a Curie law behavior.
When Y123 melts, between 1000 °C and 1040°C, the susceptibility increases because the melt
is more paramagnetic than the phase. In the liquid state, above 1040°C, the oxygen
stoichiometry changes and the mean ratio of copper valence is changed in the melt. The
magnetic Cu2+ ions are progressively reduced in non-magnetic ions Cu+ through the reaction
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: 2CuO→Cu2O +1/2O2 resulting in a rapid decrease of the susceptibility. When the reduction
of the magnetic copper is taken into account via the mole fraction loss of oxygen, the
susceptibility corrected obeys a classical Curie law as a function of temperature.
Consequently above 1070°C, largely above the peritectic temperature, the nuclei
composition changes since the melt is transformed and non-superconducting nuclei of
secondary phases appear. It is the reason why the magnetic field is no more effective at very
high temperature. The value of the supercooling can also be measured while cooling down.
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Figure 3. Magnetic susceptibility χ of Y1Ba2Cu3O7-δ at high temperature. Usually a change in the slope is
attributed to a change of phase or to a change in composition.

Nowadays, top-seed melt texturing is mainly used to texture Y123 pellet where the
crystallographic orientation is given by the crystal seed. The largest intrinsic nuclei which
are involved in magnetic texturing are melted with an overheating temperature of about
1080 °C in order to be sure that crystallization is induced by the seed and not by intrinsic
nuclei. In this technique, the growth of a main Y123 grain starts from a seed which has a
higher peritectic decomposition temperature and crystallographic parameters close to Y-123.
Pellets up to 10 cm of diameter were grown with this technique [21].

2.2. Case of Bi2Sr2CaCu2O8+x
2.2.1. Pellets of Bi2Sr2CaCu2O8+x
In Bi2Sr2CaCu2O8+x (Bi2212), the achievement of the primary phase after melting is not easy.
The system Bi2O3-SrO-CaO-CuO is composed of 4 elements. The phase equilibrium is
complex and the recombination of the primary phase from the melt is not always reversible
when the composition in the liquid is too much changed. Small variations of composition or
temperature induce large changes in the equilibrium and distributions of phases. Bi2212
phase can be in equilibrium with most of the system composites Bi2O3-SrO-CaO-CuO. Up to
fifteen four-phase equilibriums were mentioned in the literature. The melting give rises to
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secondary non-superconducting phases that are not entirely consumed during solidification.
There is a change in the liquid structure about 30 °C above the melting temperature of
Bi2212 and Bi2223 in air as shown in Figure 4. [22,23]. The solidification of Bi2212 from the
melt requires a precise control of the temperature and composition.

Figure 4. Part of the phase diagram of Bi1.6Pb0.4Sr2Can-1CunOx as described in [23] for n varying between
1.5 and 3 and temperatures between 800 and 950°C.Phase {1} Bi2Sr2Ca0Cu1Ox (n=1) ; phase {2}
Bi2Sr2Ca1Cu2Ox (n=2) ; phase {3} Bi2Sr2Ca2Cu3Ox (n=3); phase {2:1} (Sr,Ca)2Cu1 ;phase {14:24}
(Sr,Ca)14Cu24 ; phase {1:2} (Sr,Ca)1Cu2.

In BSSCO bulk compounds, several methods can be used and eventually mixed to induce
alignment in the c-axis and overcome weak links. The magnetic field was successfully
applied in this compound and important critical current densities were obtained [24-27]. A
technique combining magnetic melt processing and hot forging was developed to improve
the critical current densities in Bi2212 [28]. The magnetic field acts as an orienting tool while
the pressing reinforces the orientation and the density. The addition of MgO in Bi2212
allows the material to keep high viscosity in the melt state at high temperature, making it
compatible with a magnetic field texturing followed by hot forging. Moreover the MgO or
Ag addition induces an improvement of superconducting properties.
Bi2212 powder added with 10 wt.% MgO is used as a starting powder. This mixture is cold
pressed under an uniaxial pressure of 1 GPa in 20-mm diameter pellet with a thickness of 5
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to 7 mm. The sample is melt-processed in a furnace inserted in the room temperature bore of
a magnet. The melting temperature is determined by measuring the magnetic susceptibility
as a function of temperature [6, 24,28].
The study of the magnetic susceptibility represented as a function of temperature in Figure 5
indicates the beginning of the melting process at 877°C and the end of the decomposition of
the Bi2212 phases at 905°C [24]. Above 905°C, the liquid composition is stable and no phase
is transformed so the magnetic susceptibility follows the classical Curie law and is
proportional to 1/T. At 905°C, formation of the phases CuO and (Sr,Ca)O are observed.
When the temperature is decreased, the susceptibility first increases before reaching a
plateau. The beginning of the solidification can be seen when χ suddenly decreases. During
cooling, the phase transformation at 740°C can be noted on the graph and corresponds to the
solidification of the eutectic Cu2O/(Sr,Ca)3Bi2O6. In the inset figures, the susceptibility cycle
was done for different maximal temperatures. One can observe that the susceptibility
plateau is reached only for a maximal temperature of 892°C. Below 871°C, the susceptibility
decreases during the cooling because the solidification process immediately takes place. The
overheating temperature is not large enough in the interval 877-892°C. When the
temperature is superior to 892°C, the susceptibility will reach the plateau before decreasing
at the solidification. The liquidus temperature is equal to 892 °C [6].
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Figure 5. Magnetic susceptibility of Bi2Sr2CaCu2O8+x at high temperature. Inset: magnetic susceptibility
for different maximal temperatures. When the maximal temperature reached is inferior to 892°C, the
magnetic susceptibility χ decreases during cooling. When the temperature reached is superior to 892°C,
the susceptibility is first constant during cooling before decreasing [24].
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The melting temperature being defined, the process can be optimized. In the process, the
temperature can reach 1100°C and the vertical magnetic field used was 5.7 Tesla. The
maximal processing temperature of 892°C was consequently defined as the optimum
annealing temperature. Hot forging can be applied to bulk Bi2212/MgO magnetic melt
processed. Hot Forging at 25 MPa during 2 hours at 880°C induces an increase in the
orientation degree and of the density [28].
The magnetic melt processing performed 15°C above the onset of melting leads to the best
orientation degree and thus to the best Jc. At this temperature, as was seen previously with
YBaCuO the remaining magnetic susceptibility is still large enough to overcome the thermal
disordering effect and there is enough liquid to allow free rotation of the crystallites. The
anisotropy of susceptibility at 800 °C is equal to 4×10-8 emu/g [6]. For a magnetic field of
5.7T, and a temperature of 800°C, the crystals which are aligned in magnetic fields below
892 °C are larger than 10-21m3 as determined by (1). Above this temperature, the texture is
gradually lost because of the transformation of Bi2212 nuclei in secondary phases leading to
a difficulty in recombining the 2212 phase.
The results are consistent with the one of H. Maeda et al. where Bi2212 bulks and tapes were
processed by the MMP in magnetic fields up to 15 T following the heat treatment shown in
figure 6 [26]. A texture is also developed due to the anisotropy of magnetic susceptibility.
The degree of texture and the anisotropy factor in magnetization increase almost linearly
with the magnetic field strength during MMP. The anisotropy factor in magnetization
reaches 3.2 and 6.5 at 13 T in Bi(Pb)2212 bulks and Ag-doped Bi2212 bulks respectively. For
bulk materials, the doping of some fine particles, which induce melting and crystal
nucleation, is required to achieve highly textured structures by MMP. The transport critical
current density Jc and the transport critical current Ic of Bi2212 tapes increase with increasing
Ha due to the texture development. These results indicate that MMP is effective to enhance
the texture development and Jc values for Bi2212 bulks and tapes with thick cores, making it
possible to fabricate tapes with high Ic.
These observations are also consistent with the fact that above the melting point, remaining
nuclei subsist that tend to be aligned in the direction of the magnetic field when they are
cooled in the window of solidification. However, leaving aside the difficulty to form
different phases and to lose the initial composition when the overheating is too large,
exceeding too much the melting temperature reduces the presence of the intrinsic nuclei
which cannot act as growth crystals during solidification and the orientation and texture are
progressively lost when the temperature is 30 °C above 892 °C.

2.2.2. Ag-sheated tapes of Bi2Sr2CaCu2O8+x
Magnetic texturing of Ag-sheathed tapes was studied in very high fields and lead to high
critical current densities [27,29-32]. E. Flahaut demonstrated in his PhD the possibility to
texture highly homogeneous Bi2212 tapes by moving the tape in the furnace and using a
continuous melting process with large critical currents (Jc = 230kA/cm2 at 4.2K, self field)
[33].
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Figure 6. Generalized temperature profile for MMP Bi2Sr2CaCu2O8+x tapes in magnetic field up to 15T
[26]. Tmax is the maximal annealing temperature. The magnetic field is applied at Tmax and shut down at
Tmax - 40°C. The atmosphere is flowing O2.
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It was shown that the critical current density can be improved with this method compared
to a standard static heat treatment. The continuous process is applied to the fusion stage, the
most sensitive treatment where the temperature must be carefully controlled, in order to
improve the homogeneity of the sample. There are two reasons why a continuous process
improves the critical current. Firstly, it allows the whole tape to be subjected to the same
maximal temperature which is not the case in a furnace where the temperature must be
perfectly homogeneous along the sample volume. Secondly, the texture can be improved by
the thermal gradient that induces an orientation of the crystallites along the silver sheath of
each filament. The engineering critical current density of Bi2212 tapes at 4.2K is plotted as a
function of maximum annealing temperature used in the melting process in figure 7 [34].
The critical current is measured by a classical four point method. It is a good representation
of the superconducting and crystallographic properties of the samples. Usually, a poor
critical current is coming from a poor connectivity between the grains resulting from a lack
of orientation and accumulation of secondary phases at the grain boundaries. The critical
current density is maximal at the melting temperature and in a very narrow window of
temperatures above the melting temperature. The Bi2212 nuclei acting in the magnetic
texturing are also present in the narrow sheaths and induce the crystal growth. When the
overheating temperature is too large, the critical current density progressively decreases for
all the reasons mentioned above.

2.2.3. Magnetic field texturing of 2212 tapes using a continuous displacement in the furnace
Bi2212 multilament tapes were processed by the well-established powder-in-tube (PIT)
technique. The tape is composed of 78 laments embedded in a Ag–Mg (0.2% Mg) sheath
[35]. The tapes are different from the ones before. A dynamic heating process was inserted
into a superconducting coil to enable a dynamic heat treatment under a magnetic eld (5 T)
in order to obtain homogeneous and high critical current densities (figure 8).
The thermal treatment consists in a melting step for 250 s and a slow temperature decrease
(0.1 °C s− 1). The atmosphere is 40% owing O2. The maximum applied eld is 5T. Critical
current densities in Bi2212 tapes were measured in self field at 4.2K to compare the benefit
of a magnetic field during the dynamic heat treatment. An increase of the critical current
density is obtained under the application of a magnetic eld at T= 894 °C as can be seen in
figure 9. The processing speed is around 1cm/min. The results are reproducible and this gain
in current densities is observed for temperature around 894°C. The results are consistent
with the ones previously presented for Y123 and Bi2212 bulk samples. The rotation of the
crystallites under a magnetic field is possible when the liquid at the interface of the grains is
sufficient and its viscosity is high which implies a relatively high temperature of the melt.
Above 896°C, the refractory and non-superconductive phases tend to grow rapidly, limiting
the critical current density. The dynamic heat treatment under a magnetic field offers
several benefits. Firstly, the temperature is highly homogeneous. Secondly, no long
treatments are necessary and the texture can be obtained homogenously and rapidly. This is
also due to the facts that the nuclei causing the growth of the right phase subsist in the melt
and don’t need the recombination in the solid state that requires long time.
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Figure 8. Dynamic heat process under a magnetic field. A multizone furnace is inserted in a
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important parameters that can be controlled [35].
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2.3. Case of Bi2Sr2Ca2Cu3O8+x
2.3.1. Pellets of Bi2Sr2Ca2Cu3O8+x
J. Noudem demonstrates the possibility to form the Bi2Sr2Ca2Cu3O8+x (Bi2223) phase after a
liquid transformation above the melting temperature [36 - 38]. As seen previously in the
Bi2212 compounds, the phase diagram is complex which requires a precise control of the
temperature and composition [23].
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Figure 10. Critical current density in Bi2223 textured bulk compounds measured at 77K as a function of
the maximal annealing temperature [38].

The texture along the c-axis is induced by means of a magnetic field. Pellets of Bi2223 were
first uniaxialy pressed before annealing. The heating cycle took place in a vertical furnace
placed in a superconducting magnet reaching 8T. The optimum maximum temperature lies
within the range 855° and 900°C and is followed by a slow decrease in temperature of 2°C/h.
A maximal value of critical current density of 1450 A/cm2 was obtained for a temperature
reaching 860°C during 1 hour. Below this value, the proportion of liquid phase is too small
to allow rotation of the platelets under the influence of the magnetic field and the critical
current consequently sharply decreases. Above this optimum processing temperature, the
transformation of Bi2223 nuclei in secondary phases (Ca/Sr)14Cu24Oy, CuO and (Ca/Sr)2CuO3
prevent the recombination of Bi2223. Thus, the critical current density gradually decreased
until zero around 900°C as shown in Figure 10 in agreement with the phase diagram of
Figure 4.

2.3.2. Ag-sheated tapes of Bi2Sr2Ca2Cu3O8+x
The possibility to obtain high critical current and a good homogeneity in Ag-sheathed
Bi2223 tapes could follow accordingly to the previous results However, the complexity of
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the Bi,Pb(2223) phase diagram and the presence of numerous secondary phases coexisting
with the Bi,Pb(2223) phase as shown in Figure 4 has led to a standard route of tapes
preparation where precursor powders are calcined and pre-reacted before the cold
deformation inside the Ag tubes. This route implies the use of Bi2212 phase as the
predominant phase and a series of cold deformations (swaging, drawing and rolling) before
heat-treated the Ag-sheathed tapes to achieve Bi,Pb(2223) phase. However, intrinsic limits to
this route seem to come from the formation mechanisms where the transient liquid assisting
the Bi,Pb(2223) formation is not stable and results in a poor structural homogeneity. E.
Giannini et al showed that it is possible to form the Bi,Pb(2223) phase from a liquid close to the
equilibrium conditions following a reversible melting of the Bi,Pb(2223) phase exactly in the
same way as J. Noudem et al. did in bulk samples [39]. Then, Bi2223 intrinsic nuclei exist in the
melt. This new route is extremely sensitive to the temperature profile and is dependent of the
local Pb content [40]. This result confirms the possibility to texture Ag-sheathed Bi,Pb(2223)
tapes by means of a scrolling continuous heat treatment under a magnetic field.

3. Magnetic texturing induced by intrinsic growth nuclei surviving above
the melting temperature
3.1. Intrinsic nuclei surviving above the melting temperature
Undercooling temperatures of liquid alloys depend on the overheating rate above the
melting temperature Tm of liquid alloys and elements [41-43]. The experiments presented in
section 2 lead to the conclusion that intrinsic nuclei exist above Tm and are aligned in
magnetic field during the growth time evolved in the solidification window between
liquidus and solidus temperatures [7]. These results are in contradiction with the idea [8-10]
that all crystals have to disappear at the melting temperature Tm by surface melting. The
classical equation of Gibbs free energy change associated with crystal formation also
predicts that the critical radius for crystal growth becomes infinite at Tm and all crystals are
expected to melt [8-10]. It has been recently proposed to add an energy saving εv produced
by the equalization of Fermi energies of out-of-equilibrium crystals and their melt in this
equation [5,6].
Transformation of liquid-solid always induces changes of the conduction electron number
per volume unit, and sometimes per atom. The equalization of Fermi energies of a
spherical particle having a radius R smaller than a critical value R*2ls (θ) produces an
unknown energy saving −εv per volume unit. The εv value is equal to a fraction εls of the
fusion heat ΔHm per molar volume Vm. This energy was included in the classical Gibbs
free energy change ΔG1ls (θ,R) associated with crystal formation in metallic melts [5,6,10].
The modified free energy change is ΔG2ls(R,θ) given by (2) and ΔG1ls(θ,R) is obtained with
εls = 0:

ΔG 2ls (R, θ) =

12k B Vm ln K ls 1/ 3
ΔHm
ΔH m
R3
(θ − ε ls )4 π
+ 4 πR 2
(1 + εls )(
)
Vm
3
Vm
432 π × ΔS m

(2)
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where ΔSm is the molar fusion entropy, θ = (T-Tm)/Tm the reduced temperature, R the growth
nucleus radius, εls×ΔHm/Vm the energy saving εv, NA the Avogadro number, kB the
Boltzmann constant. The lnKls given in (3) depends on the viscosity through the VogelFulcher-Tammann (VFT) temperature T0m of the glass-forming melt which corresponds to
the free volume disappearance temperature [44,45]:
ln(K lg s ) = ln(

Aη0
B
) = (ln A) ± 2 −
η
(T − T0m )

(3)

where lnA is equal to 87±2, B/(Tg-T0m) = 36-39, Tg being the vitreous transition temperature
[46,47]. The critical radius and the critical energy barrier are respectively given versus
temperature by (4) and (5) assuming that a minimum value of εv exists at each temperature
T ≤ Tm and εls = 0 for R > R*2ls:
R *2ls (θ) =

−2(1 + εls ) Vm 1/ 3 12k BN A ln K ls 1/ 3
(
) (
)
θ − ε ls
NA
432 π × ΔS m
ΔG *2ls 12(1 + εls )3 ln K ls
=
k BT 81( θ − ε ls )2 (1 + θ)

(4)

(5)

The critical radius at the melting temperature is no longer infinite at Tm (θ = 0) because εls0 is
not nil. Out-of-equilibrium crystals having a radius smaller than R*2ls are not melted because
their surface energy barrier is too high. The thermal variation of εls is an even function of θ
given by (6):
ε v = ε ls

ΔH m
θ2 ΔH m
= ε ls0 (1 − 2 )
Vm
θ0m Vm

(6)

where θ0m corresponds to the free-volume disappearance temperature T0m [5]. The fusion
entropy is always equal to the one of the bulk material regardless of the crystal radius R and
of εls0 value as shown in (7) because dεls/dT = 0 at the melting temperature Tm of the crystal :
3  d  ΔG 2ls (θ)  


dT
4 πR 3 


=−
T = Tmc

ΔS m
Vm

(7)

All crystals outside a melt generally have a fusion temperature depending on their radius;
they melt by surface melting. Here, they melt by homogeneous nucleation of liquid droplets.
These properties are analogous to that of liquid droplets coated by solid layers that are
known to survive above Tm [48,49]. The crystal stability could be enhanced by an interface
thickness of several atom layers [50] or these entities could be super-clusters which could
contain magic numbers of atoms [51,52]. They could melt by liquid homogeneous nucleation
instead of surface melting. The presence of super-clusters in melts being able to act as
growth nuclei was recently confirmed by simulation and observation in glass-forming melts
and liquid elements [53-55].
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The equalization of Fermi energies of out-of-equilibrium crystals and melts does not
produce any charge screening induced by a transfer of electrons from the crystal to the melt
as assumed in the past [5,6,47]. It is realized by a Laplace pressure p given by (8) [56,57]
depending on the critical radius R*2ls and the surface energy σ defined by the coefficient of
4πR2 in (2):
p=

2 × σ ΔH m
=
[θ − εls (θ)]
Vm
R *2ls

(8)

The energy saving coefficient εls and consequently p can be determined from the knowledge of
the vitreous transition T*g in metallic and non-metallic glass-forming melts [56,57]. The liquidglass transformation is accompanied by a weakening of the free volume disappearance
temperatures from θ0m to θog, of energy saving coefficients at Tm from εls0 to εlg0 and
consequently of VFT temperatures from T0m to T0g [56]. The vitreous transition T*g occurs at a
crystal homogeneous nucleation temperature T2lg giving rise, in a first step, to vitreous clusters
during a transient nucleation time equal to the glass relaxation time. The energy saving
coefficients εls0 and εlg0 are determined by θ*g respectively given by (9) and (10):
εlg 0 = εlg ( θ = 0) = 1.5 * θg* + 2

(9)

εls0 = εls (θ = 0) = θg* + 2

(10)

The free-volume disappearance reduced temperature θ0m of the melt above T*g which is
equal to its VFT temperature [45] is given by (11)]:
8
4 2
2
θ0m
= εls0 − εls0
9
9

(11)

These formulae are applied to Bi2212 with θ*g = −0.42 (T*g = 676 K); T*g is assumed to be 50 K
below the first-crystallization temperature observed at 723 K [58]. Using (10), we find ε ls0 =
1.58 and T0m = 532 K with a liquidus temperature of 1165 K [59]. The lnKls is equal to 76.4
with lnA = 85 and B/(Tm-T0m) = 8.6. The fusion heat ΔHm is chosen to be equal to the mean
value of 11 measurements depending on composition minus the heat produced by an
oxygen loss of 1/3×mole [22,25,60]. We obtain ΔHm = 7100 -2000 = 5100 J/at.g, a molar volume
Vm = 144*10-6 m3 and a fusion entropy 4.38 J/K/at.g. Another evaluation of ΔHm leads to 4600
J using a measured oxygen loss of 2.1% of the sample mass in a magnetic field gradient
maximum at the liquidus temperature T = 1165 K and a measured heat of 8000 J/at.g for a
composition 2212 [60]. The critical radius R*2ls (θ = 0) in the two cases are respectively equal
to 8.94×10-10 and 9.27×10-10 m; these critical nuclei contain 188 and 209 atoms (Bi, Sr, Ca, Cu
and O). Surviving nuclei have a smaller radius and contain less atoms. The energy saving
coefficient εnm0 of non-melted crystals has to be determined in order to explain why growth
nuclei are of the order of 1024-1025 per m3 as shown by nano-crystallization of glass-forming
melts and are able to induce solidification at Tm when the applied overheating rate remains
weak [47,61].
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3.2. Melting temperature of surviving intrinsic nuclei as a function of their
radius
The radius R of liquid droplets which are created by homogeneous nucleation inside an outof-equilibrium crystal of radius Rnm as a function of the overheating rate θ is calculated from
the value of ΔG2sl given by (12); (12) is obtained by replacing θ by –θ in (2) because the
transformation occurs now from crystal to melt instead of melt to crystal:
ΔG 2sl (R , θ) =

12k B Vm ln K ls 1/ 3
ΔH m
R3
ΔH m
( −θ − ε nm0 )4π
+ 4 πR 2
(1 + ε nm 0 )(
)
Vm
3
Vm
432 π × ΔS m

(12)

where εls given by (6) is replaced by εnm0 when θ ≥ 0 because the Fermi energy difference
between crystal and melt is assumed to stay constant above Tm. A crystal melts at T > Tm
when its radius Rnm is smaller than the critical values 0.894 or 0.927 nm. The equation (13) of
liquid homogeneous nucleation in crystals with the nucleation rate J = (1/v.tsn) is used to
determine ΔG2sl/kBT as a function of Rnm [7,10,47,62]:
ln(J.v.t sn ) = ln(K sl .v.t sn ) −

ΔGsl (R nm , θ)
=0
k BT

(13)

where v is the surviving crystal volume of radius Rnm and tsn the steady-state nucleation
time evolved at the overheating temperature T. The radius Rnm being smaller than 1
nanometer and tsn chosen equal to 1800 s, ln(Ksl.v.tsn) is equal to 32-35 with lnKsl being given
by (3).
The equalization of Fermi energies in metallic melts is accomplished through Laplace
pressure. We have imagined another way of equalizing the Fermi energies of nascent
crystals and melt instead of applying a Laplace pressure [5,6,47]. Free electrons are virtually
transferred from crystal to melt. The quantified energy savings of crystals having a radius
Rnm equal or smaller than the critical value would depend on the number of transferred free
electrons. A spherical attractive potential would be created and would bound these s-state
conduction electrons. This assumption implies that the calculated energy saving εnm0 at T =
Tm is quantified, depends on the crystal radius Rnm which corresponds to the first energy
level of one s-electron moving in vacuum in the same spherical attractive potential. These
quantified values of εnm0 have been already used to predict the undercooling temperatures
of gold and other liquid elements in perfect agreement with experiments [63,64]. As already
shown, the attractive potential –U0 defined by (14) is a good approximation for n×Δz >> 1,
n = 4πΝΑR3/3Vm being the atom number per spherical crystal of radius Rnm and Δz the
fraction of electron per atom which would be transferred in vacuum from crystal to melt, e
the electron charge, εnm0×ΔHm the quantified electrostatic energy saving per mole at Tm, ε0
the vacuum permittivity:
U0 =

nε ΔH
nΔz e 2
≥ Eq = nm 0 m
8 πε0 R nm
NA

(14)
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The potential energy U0 is nearly equal to the quantified energy Eq with εls0 = 1.58 at T = Tm
and Δz = 0.1073 with a critical radius of 0.894 nm, ΔHm = 5100 J/atom.g, using (14). We find
Δz = 0.0994 with a critical radius of 0.927 nm and ΔHm = 4600 J. Schrödinger’s equation (15) is
written with wave functions ψ only depending on the distance r from the potential centre
for a s-state electron [65]:
1 d2
1
(rψ ) + k 2ψ = 0 , where k = [2m(U 0 − E q )]1/ 2
r dr 2


(15)

The quantified solutions
Eq =

nε nm 0 ΔH m
NA

are given by the k value and by (16) as a function of the potential U0 associated with a crystal
radius R = Rnm , n varying with the cube of Rnm:

sin kR nm
=
kR nm


2mR 2nm U 0

, where U 0 =

nΔze 2
8 πε0 R nm

(16)

The quantified values of Eq at Tm and consequently of εnm0 are calculated as a function of Rnm
from the knowledge of Uo using a constant Δz. The free-energy change given by (12) is
plotted versus Rnm in Figure 11 and corresponds to a liquid droplet formation of radius Rnm
at various overheating rates θ. Crystals are melted when (13) is respected with ΔG2sl/kBT
equal or smaller than ln(Kls.v.tsn). All crystals having a radius larger than the critical value
0.894 nm and smaller than 0.36 nm are melted at Tm while those with 0.36 < Rnm< 0.894 nm
are not melted. It is predicted that, for the two ΔHm values, they would disappear at
temperatures respecting θ > 0.93 assuming that all atoms are equivalent. It is known that a
consistent overheating has to be applied to glass-forming melts in order to eliminate a
premature crystallization during cooling [41]. A glass state is obtained when Bi-2212 melts
are quenched from 1473-1523 K (0.264 < θ < 0.307) after 1800 s evolved at this temperature
[60,61]. Many nuclei survive after an overheating at θ = 0.264. Bi2201 grains of diameter 10
nm are obtained after annealing the quenched undercooled state at 773 K during 600 s [61].
Consequently, the nuclei number is still larger than 1024/m3 in spite of an overheating at 1473
K (θ = 0.264) in agreement with the curves ΔG2sl/kBT which are larger than ln(Ksl.v.tsn) ≅ 20
with t = 1800 s and v < 1 nm3 .

3.3. Crystallization of melts induced by intrinsic nuclei at T ≤ Tm
These intrinsic nuclei act as growth nuclei during a solidification process. The firstcrystallization will occur when (17) will be respected at the temperature T:
 ΔG* (θ) ΔG nm (θ) 
ln(J.v.t sn ) = ln(K sl .v s .t sn ) −  sl
−
=0
k BT 
 k BT

(17)
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where ΔG*2ls/kBT is given by (5) and ΔGnm/kBT is the contribution of unmelted crystal of
radius Rnm to the reduction of ΔG*2ls/kBT given by (2).

Figure 11. Values of ΔG2sl given by (12) divided by kBT and calculated with a radius R equal to an
intrinsic nucleus radius Rnm smaller than the critical radius equal to 0.894 nanometer are plotted versus
Rnm for θ = (T-Tm)/Tm = 0, 0.1, 0.15, 0.264 and 0.93. The straight line nearly parallel to the Rnm axis
represents ln(Kls.v.tsn) with v equal to the volume of a sphere having a radius Rnm. All nuclei with
ΔG2sl/kBT > ln(Kls.v.tsn) are not melted. The lower radius below which all nuclei melt slowly increases
with θ. All nuclei would disappear after 1800 s at T = 2248 K (θ = 0.93).

The lnKls given by (3) is equal to 76.4 at Tm while the volume sample vs is assumed to be
equal to 10-6 and 10-24 m3 respectively leading to ln(Kls.vs.tsn) = 70.1 and ln(Kls.vs.t) = 28.6 with
tsn = 1800 s. In Figure 12, (ΔG*2ls/kBT−ΔGnm/kBT) = ΔGeff/kBT, ln(Kls.vs.tsn) = 70.1 and 28.6 are
plotted as a function of Rnm at T = Tm. Nuclei with 0.45 < Rnm< 0.894 nm could act as growth
nuclei at Tm. Nuclei with Rnm smaller than 0.45 nm contain about one or two layers of atoms
surrounding a centre atom. All metallic glass-forming melts contain the same type of
clusters that govern their time-temperature-transformation (TTT) diagram above Tg [47].
The Bi2212 TTT diagram has to exist even if it is not known. In contradiction with our model
of identical atoms, intrinsic nuclei having a radius Rnm respecting 0.45 < Rnm < 0.894 nm have
to be melted after an overheating up to 1473 K (θ = 0.264) because a weak cooling rate leads
to a vitreous state in this type of glass-forming melt after applying an overheating rate θ =
0.264 [61].
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Figure 12. The difference (ΔG*2ls/kBTm−ΔGnm/kBTm=ΔGeff/kBTm), the ln(Kls.vs.t) = 70.1 with v = 10-6 m3, Kls=
76.4, tsn = 1800 s, and ln(Kls.v.t) = 28.6 with Kls = 76.4, v = 10−24 m3 and tsn = 1800 s are represented as a
function of the surviving nucleus radius Rnm. All nuclei with 0.45 < Rnm <0.894 nm can grow at T = Tm in
a sample volume of 10-24 m3 using our model of identical atoms.

The calculation of the first-crystallization nucleation total time t has to take into account not
only the steady-state nucleation time tsn but also the time-lag τns in transient nucleation [44]
with:
t = t sn +
Jτns =

π2
π2
τns , when t >> τns
6
6

a *0 N
ΔG *eff
a *0 N
32 π × α 32ls
1 ΔG *2ls 1/ 2 ns
exp( −
) , where Γ = (
,
τ
=
and
j
=
)
c
2 πΓ
k BT
3πk BT jc2
2 πK ls Γ
3(θ − ε nm )3

(18)

(19)

The time lag τns is proportional to the viscosity η while the steady-state nucleation rate J is
proportional to η-1; the Jτns in (19) is not dependent on η [44]; Γ is the Zeldovitch factor, a*0 =
π2/6, N the atom number per volume unit, jc the atom number in the critical nucleus; Kls is
defined by (3). Equation (17) is also applied when tsn is small compared with the time lag τns. A
very small value of tsn/τns undervalues the time t by a factor 2 or 3 and has a negligible effect in
a logarithmic scale. The first crystallization occurs when J = (v.tsn)-1 in the presence of one
intrinsic growth nuclei in the sample volume v. The critical energy barrier is obtained using (5)
and the values of εnm as a function of θ2; tsn is deduced from (20) with ln(Kls) given by (3).
Assuming that the intrinsic nuclei are very numerous regardless the sample volume v, the
steady-state nucleation rate J per volume unit and per second is given by:
ln(J.v.t sn ) = ln(K ls v.t sn ) −

ΔG *eff
ΔG *eff ΔG *2ls ΔG nm
, where
=
−
k BT
k BT
k BT
k BT

(20)
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where tsn is the steady-state nucleation time and ΔGnm the free-energy change associated
with the previous solidification of non-melted crystals [8-10,44,62]].

Figure 13. The logarithm of the nucleation full time t is plotted as a function of the nucleus radius Rnm
using three values of lnA, ΔHm = 5100 J. and the corresponding values of lnKls at Tx = 773 K. The
shortest nucleation times are equal to 584, 79 and 11 s as compared to an experimental value of 600 s.
This nucleation time is dominated by the transient time τns which becomes much larger at Tg = 676 K
and equal to 2×1018 s. These results lead to (T x –Tg) ≅ 97 K measured with a heating rate of 10K/mn.
Similar curves are obtained using ΔHm = 4600 J and are not represented.

The steady–state homogeneous-nucleation time tsn (ΔGnm = 0) necessary to observe a first
crystallization would be equal to 1024 seconds with a sample volume v =10-24 m3. The energy
barrier ΔGnm of intrinsic nuclei is calculated using (2); the radius Rnm of intrinsic nuclei is
temperature-independent down to the growth temperature; εnm (θ) is assumed to vary as
εls (θ) given by (3) with εls0 replaced by εnm0 which is calculated using (14-16). A unique
nucleus in a volume vs = 10-24 m3 still acts as growth nucleus and produces a nanocrystallization process of the undercooled melt as shown in Figure 13.
The Bi2212 melt contains more than 1024 nuclei per m3 in full agreement with
nanocrystallization experiments [61]. The values of lnA are equal to 87 ± 2 as already shown
for glass-forming melts having about the same Tg/Tm and Vm. The total nucleation time t is
calculated by adding tsn and τns with (18). The shortest nucleation time is equal to 584, 79 and
11 s for lnA = 85, 87 and 89 respectively. The nanocrystallization has been observed at
T = 773 K after 600 s in perfect agreement with the curve lnA = 85. The model developed
above has already predicted the time-temperature transformation diagram of several glassforming melts [47].
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Surviving intrinsic nuclei have been called non-melted crystals. These clusters exist in the
melt above Tm and they have a stability only expected in super-clusters which could
correspond to a complete filling of electron shells [51,52]. This assumption might be correct
if the structural change of surviving crystals in less-dense superclusters occurs without
complementary Gibbs free energy. The Gibbs free energy change (12) induced by a volume
increase would remain constant because it only depends on R/(Vm/NA)1/3. An increase of the
cluster molar volume would be followed by an increase of R without change of εnm0 and U0
in (15), (16) and (8). Then, surviving intrinsic nuclei could be super-clusters already
observed in liquid aluminium by high energy X-rays [55]. We develop here the idea that the
super-clusters are solid residues instead of belonging to the melt structure.
The model described here also predicts the undercooling temperatures of liquid elements
[64]. It only requires the knowledge of the melting temperature of each nucleus as a function
of their radius, the fusion heat of a bulk multicomponent material, its molar volume, its
melting temperature and its vitreous transition temperature. Adjustable parameters are not
required. There is an important limitation to its use because all atoms are considered as
being identical. Thus, it cannot describe the behaviour at high temperatures of clusters
which have a composition strongly different from that of the melt. We did not find any
publication about the existence of a vitreous state of Y123. This could be due to a much
smaller viscosity of this melt. Nevertheless, this material can be magnetically textured due
to the presence of intrinsic clusters above Tm. Its unknown energy saving coefficient εls0
could be smaller than 1 and could not be determined using equations only governing fragile
glass-forming melts. The growth of nuclei occurs inside the temperature interval between
liquidus and solidus. The magnetic field can give a direction to the free crystals when their
size depending on their magnetic anisotropy is sufficiently large; the processing time below
the liquidus temperature has to be adapted to their growth velocity.

4. Conclusion
Magnetic texturing experiments using pre-reacted powders of Bi2212, Bi2223 or Y123 show
that crystal alignment in magnetic field is successful when the annealing temperature is
slightly superior to the critical temperature Tm. This temperature corresponds to the liquidus
temperature Tm above which there is no solid structure except isolated growth nuclei
imbedded in the melt having radii smaller than a critical value. The growth around nuclei
occurs in a window of solidification extending from Tm and leads to crystals which become
free to align in the magnetic field when their anisotropy energy becomes larger than kBT.
The thermal cycle has to use an annealing temperature a little larger than Tm in order to be
sure that crystallisation will start from surviving nuclei of superconducting phases and not
from polycrystalline entities. The overheating temperature has to be limited to a few degrees
Celsius up to a few tens of degrees above Tm depending on the amplitude of the magnetic
field. This will insure that the number of nuclei per volume unit remains important and that
the composition of nuclei is not progressively transformed into non-superconducting
secondary phase nuclei accompanying the oxygen loss.
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Short and long lengths of Bi2212 conductors obtained from pre-reacted powders of Bi2212
were textured using the same thermal cycle with a maximal annealing temperature a little
larger than Tm and a relatively small annealing time. This thermal cycle is to be compared to
the usual long annealing time imposed at lower temperatures in order to form the
superconducting phase from non-reacted precursors. This process is successful even without
magnetic field because the melt already contains surviving nuclei of this phase acting as growth
nuclei inside the silver-sheathed filaments having a section sufficiently small to accommodate
the platelets obtained after growth. The alignment of these platelets and consequently the
superconducting critical current are improved by using a dynamic process reproducing the
thermal cycle presented above where the wire moves through the magnetic field.
We have used a model which predicts glass-forming melt properties without using
adjustable parameters and only knowing the fusion heat of a bulk multicomponent material,
its molar volume, its melting temperature and its vitreous transition temperature Tg. The
Bi2212 and Bi2223 ceramics are known to lead to a vitreous state after quenching. The
knowledge of Tg leads to the homogeneous nucleation temperature of crystal and to the
energy saving associated with the complementary Laplace pressure acting on a critical
radius crystal which is associated with the Fermi energies equalization of this crystal and
melt at all temperatures T larger than Tg. The melting temperature of each nucleus above Tm
depends on its radius which is smaller than its critical value at Tm. A simple method of
quantification is used to determine the complementary Laplace pressure depending on the
crystal radius. This energy saving of surviving crystals is calculated assuming that the
equalization of Fermi energies between crystal and melt virtually occurs by free electron
transfer from crystal to melt. A bound state of a s-state electron would be produced in the
electrostatic spherical potential of radius Rnm; the energy saving depending on Rnm would be
equal to its first energy level. This energy is constant above Tm at constant radius and
decreases with θ2 = (T-Tm)2/Tm2 below Tm. The transient and steady-state nucleation times of
the Bi2212 nano-crystallized state are predicted in agreement with the observed values.
There is a limitation to the model since we consider all atoms to be identical. Consequently,
it cannot describe the behaviour at too high temperatures of clusters which have a
composition strongly different from that of the melt. The model predicts that the highest
melting temperature of surviving crystals occurs at θ = 0.93. This value is too high because
the vitreous state is obtained by quenching the melt from θ ≅ 0.3. In addition, Bi2212 and,
Bi2223 nuclei are rapidly transformed in secondary phase clusters which govern the nanocrystallization of the melt. We did not find any publication about the existence of a vitreous
state of YBCO. This could be due to a much smaller viscosity of this melt. Nevertheless, this
material can be magnetically textured due to the presence of intrinsic clusters above Tm. Its
unknown energy saving coefficient εls0 could be smaller than 1 and could not be determined
using equations only governing fragile glass-forming melts.
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1. Introduction
The SC gap, which characterizes the energy cost for breaking a Cooper pair, is an important
quantity when clarifying the SC mechanism. The gap size and its momentum dependence
reﬂect the strength and anisotropy of the pairing interactions, respectively. Some experiment
executed by Li et al. [1] in response to a suggestion by Klemm [2] tested the phase of
the wave function in Bi2 Sr2 CaCu2 O8 and revived the s-wave viewpoint [3, 4]], which,
although championed by Dynes’s group [4], had been out of favor even for Bi2 Sr2 CaCu2 O8 ,
although not disproven. This experiment once more created uncertainty over whether
the superconducting pairs are consistent with s-wave or d-wave superconductivity (Van
Harlingen [5], Ginsberg [6], Tsuei and Kirtley [7]).
The discovery of Fe-based superconductors [8] generated intensive debate on the
superconducting (SC) mechanism. Motivated by high-Tc values up to 56 K [9], the possibility
of unconventional superconductivity has been intensively discussed. A plausible candidate is
the SC pairing mediated by antiferromagnetic (AFM) interactions. Two different approaches,
based on the itinerant spin ﬂuctuations promoted by Fermi-surface (FS) nesting [10, 11],
and the local AFM exchange couplings [12], predict the so-called s± -wave pairing state, in
which the gap shows a s-wave symmetry that changes sign between different FSs. Owing to
the multiorbital nature and the characteristic crystal symmetry of Fe-based superconductors,
s++ -wave pairing without sign reversal originating from novel orbital ﬂuctuations has also
been proposed [13, 14]. The unconventional nature of the superconductivity is supported by
experimental observations such as strongly FS-dependent anomalously large SC gaps [15–17]
and the possible sign change in the gap function [18, 19] on moderately doped BaFe2 As2 ,
NdFeAsO and FeTe1− x Sex . However, a resonance like peak structure, observed by neutron
scattering measurements [18], is reproduced by considering the strong correlation effect via
quasiparticle damping, without the necessity of sign reversal in the SC gap [20]. Although
the s± -wave state is expected to be very fragile as regards impurities due to the interband
scattering [21], the superconducting state is remarkably robust regarding impurities and
α-particle irradiation [22].
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There is growing evidence that the superconducting gap structure is not universal in the
iron-based superconductors [23, 24]. In certain materials, such as optimally doped BaKFe2 As2
and BaFeCo2 As2 , strong evidence for a fully gapped superconducting state has been observed
from several low-energy quasiparticle excitation probes, including magnetic penetration
depth [25, 26], and thermal conductivity measurements [27]. In contrast, signiﬁcant
excitations at low temperatures due to nodes in the energy gap have been detected in several
Fe-pnictide superconductors. These include LaFePO (Tc = 6 K) [28, 29], BaFe2 AsP2 (Tc = 31
K) [30–32], and KFe2 As2 (Tc = 4 K) [33, 34].
At a very early stage, it was realized that electron and hole doping can have qualitatively
different effects in the pnictides [35]. Hole doping should increase the propensity to a nodeless
(s± ) SC phase. The qualitative picture applies to both the "122" as the "1111" compounds: As
the Fermi level is lowered, the M h pocket becomes more relevant and the M ↔ X scattering
adds to the (π, 0)/(0, π ) scattering from Γ to X. As such, the anisotropy-driving scattering,
such as interelectron pocket scattering, becomes less relevant and yields a nodeless, less
anisotropic, and more stable s± [36]. This picture is qualitatively conﬁrmed by experiments.
While thermoelectric, transport, and speciﬁc heat measurements have been performed for
Kx Ba1− x Fe2 As2 from x = 0 to the strongly hole-doped case x = 1 [37, 38], more detailed
studies have previously focused on the optimally doped case x = 0.4 with Tc = 37 K,
where all measurements such as penetration depth and thermal conductivity ﬁnd indication
for a moderately anisotropic nodeless gap [39, 40]. Similarly, angle-resolved photoemission
spectroscopy (ARPES) on doped BaFe2 As2 reveals a nodeless SC gap [16, 41].
The experimental ﬁndings for the SC phase in KFe2 As2 were surprising. Thermal conductivity
[33], penetration depth [34], and NMR [42] provide a clear indication of nodal SC. The critical
temperature for KFe2 As2 is ∼ 3 K, an order of magnitude less than the optimally doped
samples. ARPES measurements [43] show that the e pockets have nearly disappeared, while
the h pockets at the folded Γ point are large and have a linear dimension close to π/a. A
detailed picture of how the SC phase evolves under hole doping in Kx Ba1− x Fe2 As2 was found
and that the nodal phase observed for x = 1 is of the (extended) d-wave type [44]. The
functional renormalization group was used to investigate how the SC form factor evolves
under doping from the nodeless anisotropic s± in the moderately hole-doped regime to a
d-wave in the strongly hole-doped regime, where the e pockets are assumed to be gapped
out. The d-wave SC minimizes the on-pocket hole interaction energy. It was found that the
critical divergence scale to be of an order of magnitude lower than for the optimally doped s±
scenario, which is consistent with experimental evidence [44].
The synthesis of another iron superconductor immediately attracted much attention for
several reasons [9, 45]. LiFeAs is one of the few superconductors which does not require
additional charge carriers and is characterized by Tc approaching the boiling point of
hydrogen. Similar to AeFe2 As2 ( Ae = Ba, Sr, Ca "122") and LnOFeAs ("1111") parent
compounds, LiFeAs (Tc = 18 K) consists of nearly identical (Fe2 As2 )2− structural units
and all three are isoelectronic, though the former do not superconduct. The band structure
calculations unanimously yield the same shapes for the FS, as well as very similar densities of
states, and low energy electronic dispersions [46, 47]. Moreover the calculations even ﬁnd in
LiFeAs an energetically favorable magnetic solution which exactly corresponds to the famous
stripelike antiferromagnetic order in "122" and "1111" systems [46, 48]. The experiments,
however, show a rather different situation. The structural transition peculiar to "122" and
"1111" families is remarkably absent in LiFeAs and is not observed under an applied pressure
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of up to 20 GPa [49]. Resistivity and susceptibility as well as μ-spin rotation experiments
show no evidence of magnetic transition [50, 51]. Only a weak magnetic background [51]
and ﬁeld induced magnetism in the doped compound have been detected [50]. What was
identiﬁed was a notable absence of the Fermi surface nesting, a strong renormalization of
the conduction bands by a factor of 3, a high density of states at the Fermi level caused by
a van Hove singularity, and no evidence of either a static or a ﬂuctuating order; although
superconductivity with in-plane isotropic energy gaps have been found implying the s++
pairing state [52]. However, a gap anisotropy along the Fermi surface up to ∼ 30% was
observed in Ref. [53]. Thus, the type of the superconducting gap symmetry in LiFeAs is still
an open question.
The aim of our paper is to apply quasiclassical Eilenberger approach to the vortex state
considering s± , s++ and d x2 −y2 -wave pairing symmetries as presumable states for the
different levels of impurity scattering rates Γ ∗ , to calculate the cutoff parameter ξ h [54, 55]
and to compare results with experimental data for iron pnictides. As described in Ref. [56],
ξ h is important for the description of the muon spin rotation (μSR) experiments and can be
directly measured.
The London model used for the analysis of the experimental data does not account for the
spatial dependence of the superconducting order parameter and it fails down at distances of
the order of coherence length from the vortex core center, i.e., B(r ) logarithmically diverges as
r → 0. To correct this, the G sum in the expression for the vortex lattice free energy can be
truncated by multiplying each term by a cutoff function F ( G ). Here, G is a reciprocal vortex
lattice vector. In this method the sum is cut off at high Gmax ≈ 2π/ξ h , where ξ h is the cutoff
parameter. The characteristic length ξ h accommodates a number of inherent uncertainties of
the London approach; the question was discussed originally by de Gennes group [57] and
discussed in some detail in Ref. [58]. It is important to stress that the appropriate form of
F ( G ) depends on the precise spatial dependence of the order parameter in the the vortex core
region, and this, in general, depends on the temperature and the magnetic ﬁeld.
A smooth Gaussian cutoff factor F ( G ) = exp(− αG2 ξ 2 ) was phenomenologically suggested.
Here, ξ is the Gizburg-Landau coherence length. If there is no dependence of the
superconducting coherence length on temperature and magnetic ﬁeld, then changes in the
spatial dependence of the order parameter around a vortex correspond to changes in α. By
solving the Ginzburg-Landau (GL) equations, Brandt determined that α = 1/2 at ﬁelds
near Bc2 [59], and arbitarily determined it to be α ≈ 2 at ﬁelds immediately above Bc1
[60]. For an isolated vortex in an isotropic extreme (the GL parameter κ GL � 1) s-wave
superconductor, α was obtained by numerical calculation of GL equations. It was found
that α decreases smoothly from α = 1 at Bc1 to α ≈ 0.2 at Bc2 [61]. The analytical GL
expression was obtained by [62] for isotropic superconductors at low inductions B � Bc2 .
Using a Lorentzian trial function for the order parameter of an isolated vortex, Clem found
for large κ GL � 1 that F ( G ) is proportional to the modiﬁed Bessel function. In Ref. [63],
the Clem model [62] was extended to larger magnetic ﬁelds up to Bc2 through the linear
superposition of the ﬁeld proﬁles of individual vortices. In this model, the Clem trial function
[62] is multiplied by a second variational parameter f ∞ to account for the suppression of the
order parameter due to the overlapping of vortex cores. This model gave the method for
calculating the magnetization of type-II superconductors in the full range Bc1 < B < Bc2 .
Their analytical formula is in a good agreement with the well-known Abrikosov high-ﬁeld
result and considerably corrects the results obtained with an exponential cutoff function at
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low ﬁelds [64]. This approximation was widely used for the analysis of the experimental data
on magnetization of type-II superconductors (see references 27-29 in Ref. [65]). The improved
approximate Ginzburg-Landau solution for the regular ﬂux-line lattice using circular cell
method was obtained in Ref. [65]. This solution gives better correlation with the numerical
solution of GL equations.
The Ginzburg-Landau theory, strictly speaking, is only valid near Tc but it is often used in
the whole temperature range taking the cutoff parameter ξ h and penetration depth λ as a
ﬁtting parameters. Recently, an effective London model with the effective cutoff parameter
ξ h ( B ) as a ﬁtting parameter was obtained for clean [54] and dirty [55] superconductors, using
self-consistent solution of quasiclassical nonlinear Eilenberger equations. In this approach, λ
is not a ﬁtting parameter but calculated from the microscopical theory of the Meissner state.
As was shown in Ref. [66], the reduction of the amount of the ﬁtting parameters to one,
considerably simpliﬁes the ﬁtting procedure. In this method, the cutoff parameter obtained
from the Ginzburg-Landau model was extended over the whole ﬁeld and temperature ranges.
In this case, the effects of the bound states in the vortex cores lead to the Kramer-Pesch
effect [67], i.e. delocalization between the vortices [68, 69], nonlocal electrodynamic [58] and
nonlinear effects [70] being self-consistently included.
Following the microscopical Eilenberger theory, ξ h can be found from the ﬁtting of the
calculated magnetic ﬁeld distribution h E (r) to the Eilenberger - Hao-Clem (EHC) ﬁeld
distribution h EHC (r) [54, 55]
h EHC (r) =

Φ0
S

F ( G )eiGr

∑ 1 + λ2 G 2 ,

(1)

G

where
F (G) = uK1 (u ),

(2)

where K1 (u ) is modiﬁed Bessel function, u = ξ h G and S is the area of the vortex lattice unit
cell. It is important to note that ξ h in Eq. (1) is obtained from solving the Eilenberger equations
and does not coincide with the variational parameter ξ v of the analytical Ginzburg-Landau
(AGL) model.
In chapter 2 and 3 we solve the Eilenberger equations for s± , s++ and d x2 −y2 -wave pairing
symmetries, ﬁt the solution to Eq. (1) and ﬁnd the cutoff parameter ξ h . In this approach
all nonlinear and nonlocal effects connected with vortex core and extended quasiclassical
states are described by one effective cutoff parameter ξ h . The nonlocal generalized London
equation with separated quasiclassical states was also developed as regards the description
of the mixed state in high-Tc superconductors such as YBa2 Cu3 O7−δ compounds (the
Amin-Franz-Afﬂeck (AFA) model) [70, 71]. In this case, fourfold anisotropy arises from
d-wave pairing. This theory was applied to the investigation of the ﬂux line lattice (FLL)
structures [72] and effective penetration depth measured by μSR experiments [73]. This
approach will be considered in chapter 4.

2. The cutoff parameter for the ﬁeld distribution in the mixed states of s± and s++ -wave pairing symmetries
In this chapter, we consider the model of the iron pnictides, where the Fermi surface is
approximated by two cylindrical pockets centered at Γ (hole) and M (electron) points of the
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Figure 1. (Color online) The temperature dependence of superﬂuid density ρS ( T ) /ρS0 at (a) interband
scattering rate Γ π = 0 with different values of intraband scattering Γ0 and (b) intraband scattering rate
Γ0 = 3 with different values of interband scattering Γ π .

Fermi surface, i.e. a two dimensional limit of the ﬁve-band model [74]. In Eq. (1) λ( T ) is the
penetration depth in the Meissner state. In this model λ( T ) is given as
λ2L0
Δ̄2n
=
2πT
,
∑
2
2 3/2
λ2 ( T )
ωn >0 ηn ( Δ̄ n + ω n )

(3)

where λ L0 = (c2 /4πe2 v2F N0 )1/2 is the London penetration depth at T = 0 including
the Fermi velocity
 v F and the density of states N0 at the Fermi surface and ηn = 1 +
2π (Γ0 + Γ π )/( Δ̄2n + ω n2 ). Here, Γ0 = πn i NF | u0 |2 and Γ π = πn i NF | u π |2 are the intraand interband impurity scattering rates, respectively (u0,π are impurity scattering amplitudes
with correspondingly small, or close to π = (π, π ), momentum transfer). In this work,
we investigate the ﬁeld distribution in the vortex lattice by systematically changing the
impurity concentration in the Born approximation, and analyzing the ﬁeld dependence of
the cutoff parameter. In particular, we consider two limits: small Γ ∗ � 1 (referred to as
the "stoichiometric" case) and relatively high Γ ∗ ≥ 1 ("nonstoichiometric" case). Here, Γ ∗
is measured in the units of 2πTc0 . We consider Γ ∗ as intraband scattering Γ0 with constant
interband scattering Γ π = 0.

In Eq. (3), Δ̄ n = Δ ( T ) − 4πΓ π Δ̄ n / Δ̄2n + ω n2 for the s± pairing and Δ̄ n = Δ ( T ) for the
s++ pairing symmetry. The order parameter Δ ( T ) in Meissner state is determined by the
self-consistent equation
V SC Δ̄ n

.
(4)
Δ ( T ) = 2πT ∑
Δ̄2n + ω n2
0< ω n < ω c

Experimentally, λ( T ) can be obtained by radio-frequency measurements [75] and
magnetization measurements of nanoparticles [76]. Fig. 1 shows the calculated temperature
dependence of the superﬂuid density ρS ( T )/ρS0 = λ2L0 /λ2 ( T ), with different values of
impurity scattering Γ for s± -wave pairing symmetry. With the Riccati transformation of
the Eilenberger equations, quasiclassical Green functions f and g can be parameterized via
functions a and b [77]
2a
2b
1 − ab
f¯ =
, f† =
, g=
,
(5)
1 + ab
1 + ab
1 + ab
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Figure 2. (Color online) (a) The temperature dependence of the upper critical ﬁeld Bc2 at interband
scattering Γ π = 0 with different values of intraband scattering values Γ0 . (b) The calculated temperature
dependence of Bc2 at intraband scattering rate Γ0 = 3 with different values of interband scattering Γ π .

satisfying the nonlinear Riccati equations. In Born approximation for impurity scattering we
have
u · ∇ a = − a [2(ω n + G ) + iu · As ] + (Δ + F ) − a2 (Δ ∗ + F ∗ ),

(6)

u · ∇b = b [2(ω n + G ) + iu · As ] − (Δ ∗ + F ∗ ) + b2 (Δ + F ),

(7)

where ω n = πT (2n + 1), G = 2π � g �(Γ0 + Γ π ) ≡ 2π � g �Γ ∗ , F = 2π � f �(Γ0 − Γ π ) for
s± pairing symmetry and F = 2π � f �Γ ∗ for the s++ pairing symmetry. Here, u is a unit
vector of the Fermi velocity. In the new gauge vector-potential As = A − ∇φ is proportional
to the superﬂuid velocity. It diverges as 1/r at the vortex center (index s is put to denote
its singular nature). The FLL creates the anisotropy of the electron spectrum. Therefore, the
impurity renormalization correction in Eqs. (6) and (7), averaged over the Fermi surface, can
be reduced to averages over the polar angle θ, i.e. �. . .� = (1/2π ) . . . dθ.
To take into account the inﬂuence of screening the vector potential A(r) in Eqs. (6) and (7) is
obtained from the equation

∇ × ∇ × AE =

4
J,
κ2

(8)

where the supercurrent J(r) is given in terms of g(ω n , θ, r) by
J(r) = 2πT

∑

 2π
dθ k̂

ω n >0 0

2π i

g(ω n , θ, r).

(9)

Here A and J are measured in units of Φ0 /2πξ 0 and 2ev F N0 Tc , respectively. The spatial
variation of the internal ﬁeld h(r) is determined through

∇ × A = h ( r ),
where h is measured in units of Φ0 /2πξ 02 .

(10)
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The self-consistent condition for the pairing potential Δ (r) in the vortex state is given by
Δ (r) = V SC 2πT

ωc  2π

∑

ω n >0 0

dθ
f (ω n , θ, r),
2π

(11)

where V SC is the coupling constant and ω c is the ultraviolet cutoff determining Tc0 [55].
Consistently throughout our paper energy, temperature, and length are measured in units
of Tc0 and the coherence length ξ 0 = v F /Tc0 , where v F is the Fermi velocity. The magnetic
ﬁeld h is given in units of Φ0 /2πξ 02 . The impurity scattering rates are in units of 2πTc0 . In
calculations the ratio κ = λ L0 /ξ 0 = 10 is used. It corresponds to κ GL = 43.3 [77].
To obtain the quasiclassical Green function, the Riccati equations [Eq. (6, 7)] are solved by the
Fast Fourier Transform (FFT) method for triangular FLL [55]. This method is reasonable for
the dense FLL, discussed in this paper. In the high ﬁeld the pinning effects are weak and they
are not considered in our paper. To study the high ﬁeld regime we needed to calculate the
upper critical ﬁeld Bc2 ( T ). This was found from using the similarity of the considered model
to the model of spin-ﬂip superconductors from the equations [78]
ln(

Tc0
) = 2πT ∑ [ ω n−1 − 2D1 (ω n , Bc2 )],
T
n ≥0

(12)

where
D1 (ω n , Bc2 ) = J (ω n , Bc2 ) × [1 − 2(Γ0 − Γ π ) J (ω n , Bc2 )] −1 ,
J (ω n , Bc2 ) = (

4 1/2
)
×
πBc2

 ∞
0

dy exp (− y) arctan [

( Bc2 y)1/2
],
α

(13)

(14)

where α = 2(ω n + Γ0 + Γ π ).
Fig. 2 shows Bc2 ( T ) dependences at (a) Γ π = 0, Γ0 = 0, 1, 2, 3, 4, 5, 6 and (b) Γ0 = 3, Γ π =
0.01, 0.02, 0.03, 0.04, 0.05, 0.06 calculated from Eqs. (12-14). In Fig. 2 the different inﬂuence of
the intraband and interband scattering on Bc2 ( T ) dependence can be seen. The Bc2 ( T ) curve
increases with Γ0 (ξ c2 decreases with Γ0 ), but Γ π results in decreasing Bc2 ( T ) (increasing of
ξ c2 ).
Fig. 3 (a) shows magnetic ﬁeld dependence ξ h ( B ) in reduced units at T/Tc0 = 0.5 for the s±
pairing with Γ0 = 3, Γ π = 0.02 and Γ0 = 0.5, Γ π = 0.03 and "clean" case (solid lines) and for
the s++ pairing with Γ ∗ = 0.5 and Γ ∗ = 3 (dotted lines). The dashed line shows the analytical
solution of the AGL theory [63]

√
0.75
ξ v = ξ c2 ( 2 −
)(1 + b4 )1/2 [1 − 2b(1 − b )2 ]1/2 .
κ GL

(15)

This dependence with ξ c2 as a ﬁtting parameter is often used for the description of the
experimental μSR results [56, 79]. As can be seen from Fig. 3 (a), the magnetic ﬁeld dependence
of ξ h /ξ c2 is nonuniversal because it depends not only on B/Bc2 (as in the AGL theory, dashed
line in Fig. 3 (a)), but also on interband and intraband impurity scattering parameters. In
the cases where Γ0 = Γ π = 0, the results are the same for s± and s++ pairing symmetries.
We indicated that this curve is "clean" one. In this ﬁgure, the case Γ0 � Γ π is considered
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Figure 3. (Color online) (a) The magnetic ﬁeld dependence of ξ h /ξ c2 for superconductors with impurity
scattering. The solid lines represent our solution of Eilenberger equations at T/Tc0 = 0.5 for "clean" case
(Γ0 = Γ π = 0) and s ± model (Γ0 = 0.5, Γ π = 0.03 and Γ0 = 3, Γ π = 0.02). The dotted lines show result
for s ++ model (Γ ∗ = 0.5 and Γ ∗ = 3). Dashed line demonstrates the result of the AGL theory for ξ v from
Eq. 15. The inset shows the magnetic ﬁeld dependence of mean square deviation of the h EHC distribution
from the Eilenberger distribution normalized by the variance of the Eilenberger distribution, ε, for
T/Tc0 = 0.5 at Γ0 = Γ π = 0 ("clean"); Γ0 = 3, Γ π = 0.02 and Γ0 = 0.5, Γ π = 0.03. (b) The interband
scattering Γ π dependence of ξ h /ξ c2 at different temperatures T/Tc0 (intraband scattering Γ0 = 0.5 and
B = 5) for the s ± pairing.

and the value of ξ h is reduced considerably in comparison with the clean case. One can
compare the observed behavior with that in s++ pairing model. In s++ pairing symmetry
the intraband and interband scattering rates act in a similar way and ξ h /ξ c2 decreases always
with impurity scattering. In contrast, in s± model ξ h /ξ c2 ( B/Bc2 ) dependences show different
forms of behavior with Γ π . Here, ξ h /ξ c2 increases with Γ π at B/Bc2 < 0.8 and decreases
at higher ﬁelds, i.e. the curves become more ﬂattened. A crossing point appears in the
dependences ξ h /ξ c2 ( B/Bc2 ) for s± and s++ pairing. We also calculated the magnetic ﬁeld
dependence of mean square deviation of h EHC distribution of the magnetic ﬁeld from the
Eilenberger
distribution normalized by the variance of the Eilenberger distribution ε =


(h E − h EHC )2 /(h E − B)2 , where · · · is the average over a unit vortex cell. The inset to Fig. 3
(a) demonstrates ε( B ) dependence for T/Tc0 = 0.5 at Γ0 = 0, Γ π = 0; Γ0 = 3, Γ π = 0.02
and Γ0 = 0.5, Γ π = 0.03. From this ﬁgure, it can be seen that the accuracy of effective
London model is deteriorating as the magnetic ﬁeld increases; however, in superconductors
with impurity scattering the accuracy is below 6% even when it is close to the second critical
ﬁeld (the inset to Fig. 3 (a)).

In Fig. 3 (b), the interband scattering Γ π dependences of ξ h are presented in low ﬁelds for the
s± pairing at different temperatures T. As can be seen ξ h /ξ c2 increases with the interband
scattering rate Γ π . Strong decreasing of ξ h /ξ c2 with a decrease in the temperature can be
explained by the Kramer-Pesch effect [67]. It should be noted that the normalization constant
ξ c2 increases with Γ π because Γ π suppress Tc similar to superconductors with spin-ﬂip
scattering (violation of the Anderson theorem). Thus, the rising ξ h /ξ c2 implies more strong
growth of ξ h than ξ c2 (from GL theory one can expect ξ h /ξ c2 = Const). Qualitatively, it can
be explained by the strong temperature dependence of ξ h ( B, T/Tc ), which is connected to the
Kramer-Pesch effect [67]. Increasing Γ π results in suppression of Tc , i.e. effective increasing of
T and ξ h ( T/Tc ). ξ c2 ( T/Tc ) has not such a strong Tc dependence, thus leading to the increasing
of the ratio ξ h /ξ c2 with Γ π .

Eilenberger
Eilenberger Approach to the Vortex State in Iron Pnictide Superconductors

Approach to the Vortex State in Iron Pnictide Superconductors9 207

Figure 4. (Color online) (a) The magnetic ﬁeld dependence of cutoff parameter ξ h /ξ c2 at different
temperatures (T/Tc0 = 0.2, 0.3, 0.4, 0.5) for s ± pairing with Γ0 = 3, Γ π = 0.04. (b) The magnetic ﬁeld
dependence of ξ h /ξ c2 for s ± model (Γ0 = 3, Γ π = 0.04, solid line) and s ++ model (Γ ∗ = 3, dotted line) at
T/Tc0 = 0.5.

The superﬂuid density in iron pnictides often shows a power law dependence with
theexponent, which is approximately equal to two at low temperatures [39, 74]. This law
was explained by s± model with parameters Γ0 = 3 and Γ π = 0.04 − 0.06. Fig. 4 (a) shows
ξ h /ξ c2 ( B/Bc2 ) dependence with Γ0 = 3 and Γ π = 0.04 at different temperatures. All curves
demonstrate rising behavior with values much less than one in the whole ﬁeld range, i.e. they
are under the AGL curve of ξ v . The small value of the cutoff parameter was observed in iron
pnictide BaFe1.82 Co0.18 As, where ξ h /ξ c2 (∼ 0.4) < 1 [80]. Fig. 4 (b) shows ξ h /ξ c2 ( B/Bc2 ) for
Γ0 = 3, Γ π = 0.04 (s± pairing) and Γ ∗ = 3 (s++ pairing). It can be seen from the graph that
ξ h /ξ c2 is strongly suppressed in s± pairing with comparison to the s++ pairing. This can be
explained by the fact that in superconductors, without interband pair breaking, the increase
in high ﬁeld is connected with the ﬁeld-dependent pair breaking, as the upper critical ﬁeld
is approached. The physics of unconventional superconductors depends on impurity pair
breaking and introducing characteristic ﬁeld B ∗ in the ﬁeld dependence by the substitution
B/Bc2 → ( B + B ∗ (Γ π ))/Bc2 (Γ π ). The crossing point between s± and s++ curves depends on
Γ π and it shifts to the lower ﬁeld in comparison with case Γ π = 0.02 shown in Fig. 3 (a).

Figure 5. (Color online) The magnetic ﬁeld dependence of the cutoff parameter at T/Tc0 = 0.15 with the
same values of intraband Γ0 and interband Γ π scattering rate Γ (Γ = 0 for "clean" case and
Γ = 0.05, 0.06, 0.065 for the s ± pairing). Dotted line shows result for s ++ model (Γ ∗ = 0.25).
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The case of weak intraband scattering was also studied. This case can be realized in
stoichiometrical pnictides such as LiFeAs. Fig. 5 presents the magnetic ﬁeld dependence of
ξ h /ξ c2 with scattering parameters Γ0 = Γ π = Γ equal to 0, 0.05, 0.06 and 0.065 at T/Tc0 = 0.15.
The dotted line shows the result for s++ model (Γ ∗ = 0.25). The ξ h ( B ) dependence shifts
upward from the "clean" curve and has a higher values in s± model. In contrast, the ξ h /ξ c2
curve shifts downward with impurity scattering in s++ model. The high values of ξ h observed
in μSR measurements in LiFeAs [81] supports the s± pairing.

3. The cutoff parameter in the mixed state of dx2 −y2 -wave pairing
symmetry
A nontrivial orbital structure of the order parameter, in particular the presence of the gap
nodes, leads to an effect in which the disorder is much richer in d x2 −y2 -wave superconductors
than in conventional materials. For instance, in contrast to the s-wave case, the Anderson
theorem does not work, and nonmagnetic impurities exhibit a strong pair-breaking effect.
In addition, a ﬁnite concentration of disorder produces a nonzero density of quasiparticle
states at zero energy, which results in a considerable modiﬁcation of the thermodynamic and
transport properties at low temperatures. For a pure superconductor in a d-wave-like state
at temperatures T well below the critical temperature Tc , the deviation Δλ of the penetration
depth from its zero-temperature value λ(0) is proportional to T. When the concentration n i of
strongly scattering impurities is nonzero, Δλ ∝ T n , where n = 2 for T < T ∗ � Tc and n = 1
for T ∗ < T � Tc [24]. Unlike s-wave superconductor, impurity scattering suppresses both the
transition temperature Tc and the upper critical ﬁeld Hc2 ( T ) [82].
The presence of the nodes in the superconducting gap can also result in unusual properties of
the vortex state in d x2 −y2 -wave superconductors. At intermediate ﬁelds Hc1 < H � Hc2 ,
properties of the ﬂux lattice are determined primarily by the superﬂuid response of the
condensate, i.e., by the relation between the supercurrent �j and the superﬂuid velocity �vs . In
conventional isotropic strong type-II superconductors, this relation is to a good approximation
that of simple proportionality,
�j = − eρs�vs ,
(16)

where ρs is a superﬂuid density. More generally, however, this relation can be both nonlocal
and nonlinear. The concept of nonlocal response dates is a return to the ideas of Pippard [83]
and is related to the fact that the current response must be averaged over the ﬁnite size of the
Cooper pair given by the coherence length ξ 0 . In strongly type-II materials the magnetic ﬁeld
varies on a length scale given by the London penetration depth λ0 , which is much larger than
ξ 0 and, therefore, nonlocality is typically unimportant unless there exist strong anisotropies in
the electronic band structure [84]. Nonlinear corrections arise from the change of quasiparticle
population due to superﬂow which, to the leading order, modiﬁes the excitation spectrum by
a quasiclassical Doppler shift [85]
(17)
ε k = Ek + �v f �vs ,

where Ek = �2k + Δ2k is the BCS energy. Once again, in clean, fully gapped conventional
superconductors, this effect is typically negligible except when the current approaches the pair
breaking value. In the mixed state, this happens only in the close vicinity of the vortex cores
that occupy a small fraction of the total sample volume at ﬁelds well below Hc2 . The situation
changes dramatically when the order parameter has nodes, such as in d x2 −y2 superconductors.
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Nonlocal corrections to Eq. (16) become important for the response of electrons with momenta
on the Fermi surface close to the gap nodes, even in strongly type-II materials. This can be
understood by realizing that the coherence length, being inversely proportional to the gap
[85], becomes very large close to the node and formally diverges at the nodal point. Thus, quite
generally, there exists a locus of points on the Fermi surface where ξ � λ0 and the response
becomes highly nonlocal. This effect was ﬁrst discussed in Refs. [72, 86] in the mixed state.
Similarly, the nonlinear corrections become important in a d-wave superconductors. Eq. (17)
indicates that ﬁnite areas of gapless excitations appear near the node for arbitrarily small vs .
Low temperature physics of the vortex state in s-wave superconductors is connected with
the nature of the current-carrying quantum states of the quasiparticles in the vortex core
(formed due to particle-hole coherence and Andreev reﬂection [87]). The current distribution
can be decomposed in terms of bound states and extended states contributions [88]. Close
to the vortex core, the current density arises mainly from the occupation of the bound
states. The effect of extended states becomes important only at distances larger than the
coherence length. The bound states and the extended states contributions to the current
density have opposite signs. The current density originating from the bound states is
paramagnetic, whereas extended states contribute a diamagnetic term. At distances larger
than the penetration depth, the paramagnetic and diamagnetic parts essentially cancel out
each other, resulting in exponential decay of the total current density. The vortex core
structure in the d-wave superconductors can be more complicated because there are important
contributions coming from core states, which extend far from the vortex core into the nodal
directions and signiﬁcantly effect the density of states at low energy [89]. The possibility of
the bound states forming in the vortex core of d-wave superconductors was widely discussed
in terms of the Bogoliubov-de Gennes equation. For example, Franz and Teŝanoviĉ claimed
that there should be no bound states [90]. However, a considerable number of bound states
were found in Ref.[91] which were localized around the vortex core. Extended states, which
are rather uniform, for | E | < Δ where E is the quasiparticle energy and Δ is the asymptotic
value of the order parameter, were also found far away from the vortex. In the problem of
the bound states, the conservation of the angular momentum around the vortex is important.
In spite of the strict conservation of the angular momentum it is broken due to the fourfold
symmetry of Δ (k), however, the angular momentum is still conserved by modulo 4, and this
is adequate to guarantee the presence of bound states.
Taking into account all these effects, the applicability of EHC theory regarding the description
of the vortex state in d x2 −y2 -wave superconductors is not evident apriori. In this chapter, we
numerically solve the quasiclassical Eilenberger equations for the mixed state of a d x2 −y2 -wave
superconductor for the pairing potential Δ (θ, r) = Δ (r) cos (2θ ), where θ is the angle between
the k vector and the a axis (or x axis). We check the applicability of Eq. (1) and ﬁnd the cutoff
parameter ξ h . The anisotropic extension of Eq. (1) to Amin-Franz-Afﬂeck will be discussed in
chapter 4.
To consider the mixed state of a d-wave superconductor we take the center of the vortex as the
origin and assume that the Fermi surface is isotropic and cylindrical. The Riccatti equations
for d x2 −y2 -wave superconductivity are [92]
u · ∇ a = − a [2(ω n + G ) + iu · As ] + Δ − a2 Δ ∗ ,

(18)

u · ∇b = b [2(ω n + G ) + iu · As ] − Δ ∗ + b2 Δ,

(19)
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where G = 2π � g �Γ with d-wave pairing potential Δ (r )
Δ (θ, r) = VdSC2

x −y

where VdSC2

x − y2

2πT cos (2θ )
2

ωc  2π

dθ̄
f (ω n , θ̄, r)cos(2θ̄ ),
2π

∑

ω n >0 0

(20)

is a coupling constant in the d x2 −y2 pairing channel. The obtained solution is

ﬁtted to Eq. (1) giving the value of cutoff parameter ξ h for d x2 −y2 -wave pairing symmetry.

Figure 6. (Color online) (a) The temperature dependence of superﬂuid density ρS ( T ) /ρS0 with different
values of impurity scattering Γ. (b) The temperature dependence of the upper critical ﬁeld Bc2 with
different values of impurity scattering Γ.

In d x2 −y2 -wave superconductor λ( T ) in Eq. (1) is given as [85]
λ2L0
= 2πT
λ2 ( T )



dθ
2π

2
ωn >0 ( ω̃ n

where
ω̃ n = ω n + Γ � 

ω̃ n
ω̃ n2

�

+ | Δ̃(�p f ; ωn )|2

Δ (�p f ) =

�

�

(21)

��p� ,

(22)

f

�

Δ̃ (�p f ; ω n ) = Δ (�p f ) + Γ � 


| Δ̃(θ )|2
,
+ | Δ̃(θ )|2 )3/2

∑

d�p f V (�p f , �p f )πT

Δ̃(�p f ; ω n )
ω̃ n2 + | Δ̃(�p f ; ω n )|2
�

| ωn |< ωc

∑
ωn

��p� ,

(23)

f

�



Δ̃ (�p f )
ω̃ n2 + | Δ̃(�p f )|2
�

.

(24)

Because of the symmetry of d x2 −y2 -wave pairing the impurity induced corrections for the
pairing potential in Eq. (23) are zero and Δ̃ = Δ. This is different from the s± - and s++ cases,
where the corrections are not zero. Fig. 6 (a) shows the calculated temperature dependence of
the superﬂuid density ρS ( T )/ρS0 = λ2L0 /λ2 ( T ) with different values of impurity scattering Γ
for d x2 −y2 -wave pairing symmetry.
To study high the ﬁeld regime we need to calculate the upper critical ﬁeld Bc2 ( T ). For
d x2 −y2 -wave Bc2 ( T ) is given as [82]
ln(

T
1
v
1
v
3
) − Ψ( +
) + Ψ( + ) =
Tc
2 2tc
2 2t
2

 ∞

du 1
0

shu

0

v

dz(1 − z2 )[ e− x (1 − 2xc)−1 ] e− t u ,

(25)
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Figure 7. (Color online) Normalized differences between the ﬁelds calculated with the London model
and the Eilenberger equation for d x2 −y2 -wave pairing with Γ = 0.03, B/Bc2 = 0.1 and T/Tc0 = 0.3.

c[ln(

=

3
2

 ∞
du
0

shu

x

 1
0

T
1
v
1
v
) − Ψ( +
) + Ψ( + )] =
Tc
2 2tc
2 2t

v

dz|(1 − z2 )[ e− x (− x + c(1 − 4x + 2x2 )) − c] e− t u ,

(26)

where v = 2Γ, t = T/Tc0 , tc = Tc /Tc0 and x = ρu2 (1 − z2 ), ρ = B/(4πt)2 . Fig. 6 (b)
depicts the temperature dependence of the upper critical ﬁeld Bc2 with different values of
impurity scattering Γ. Figs. 6 (a) and (b) are similar to those in s± -wave superconductors.
Tc is suppressed by impurity scattering resulting in the same expressions for s± and d-wave
superconductors with replacing Γ π → Γ/2.

Figure 8. (Color online) (a) The magnetic ﬁeld dependence of the cutoff parameter ξ h /ξ c2 with different
temperatures (T/Tc0 = 0.2, 0.3, 0.4, 0.5, 0.7, 0.8) for d x2 −y2 pairing with Γ = 0. (b) The impurity scattering
Γ dependence of ξ h /ξ c2 at different temperatures for d x2 −y2 pairing with B = 5.

Fig. 7 shows the normalized differences between the ﬁelds calculated with the London model
and the Eilenberger equations for d x2 −y2 -wave pairing symmetry for the values of Γ = 0.03,
B/Bc2 = 0.1 and T/Tc0 = 0.3. The accuracy of the ﬁtting is better than 2%.
Fig. 8 (a) demonstrates the magnetic ﬁeld dependence of cutoff parameter ξ h /ξ c2 at different
temperatures (T/Tc0 = 0.2, 0.3, 0.4, 0.5, 0.7, 0.8) for d x2 −y2 pairing with Γ = 0. Fig. 8 (b)
shows the impurity scattering Γ dependence of ξ h /ξ c2 at different temperatures for d x2 −y2
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pairing with B = 5. For clean superconductors (Fig. 8 (a)) ξ h /ξ c2 has a minimum in
its ﬁeld dependence similar to usual s-wave superconductors [93]. However, this ratio
decreases with temperature due to Kramer-Pesch effect. It was demonstrated theoretically and
experimentally that the low energy density of states N ( E ) is described by the same singular
V-shape form N ( E ) = N0 ( H ) + α| E | + O( E2 ) for all clean superconductors in a vortex state,
irrespective of the underlying gap structure [94]. This explains the similarity in the behavior
between s- and d-wave pairing symmetries.
The difference between pairing symmetries reveals itself in impurity scattering dependence
ξ h /ξ c2 . In s++ symmetry ξ h /ξ c2 always decreases with impurity scattering rate Γ (Fig. 3
(a)), in s± symmetry its behavior depends on the ﬁeld range and relative values of intraband
and interband impurity scattering rates: it can be a decreasing function of Γ π (Fig. 4 (b)) or an
increasing function of Γ π (Fig. 3 (b)). In d-wave superconductors ξ h /ξ c2 always increases with
Γ (Fig. 8 (b)) similar to the case of s± symmetry with Γ0 = Γ π ( Fig. 5). This can be understood
from the comparison of the Ricatti equations of the s± and d-wave pairing. In both cases the
renormalization factor F = 0 due to a cancelation of the intraband and interband impurity
scattering rates in s± pairing or symmetry reason � f � = 0 for d-wave pairing.

4. The quasiclassical approach to the Amin-Franz-Afﬂeck model and the
effective penetration depth in the mixed state in dx2 −y2 -wave pairing
symmetry
In this chapter, we construct a model where the nonlinear corrections arising from the Doppler
energy shift of the quasiparticle states by the supercurrent [85] and effects of the vortex
core states are described by an effective cutoff function. Nonlocal effects of the extended
quasiparticle states are included in our model explicitly, i. e. instead of λ( T ) in Eq. (1)
we use an analytically obtained anisotropic electromagnetic response tensor [70, 72, 73].
Because the nonlocal effects are assumed to be effective in clean superconductors we limit
our consideration to the case Γ = 0.
For a better comparison with the nonlocal generalized London equation (NGLE) and√the AGL
theory we used another normalization of the cutoff parameter in Eq. (1), u = k1 2ξ BCS G.
This form of F ( G ) correctly describes the high temperature regime. We compare our results
with those obtained from the NGLE theory in a wide ﬁeld and temperature range considering
k1 as the ﬁtting parameter.
The magnetic ﬁeld distribution in the mixed state in the NGLE approximation is given by [72]
h NGLE (r) =

Φ0
S

F ( G )eiGr

∑ 1 + Lij (G)Gi Gj ,

(27)

G

where

Qij (G)

.
detQ̂(G)
The anisotropic electromagnetic response tensor is deﬁned by
L ij (G) =

Qij (G) =

4πT
λ2L0

∑

 2π
dθ

ω n >0 0

2π



Δ (θ )2 v̂ Fi v̂ Fj
ω n2 + | Δ (θ )2 |(ω n2 + | Δ (θ )2 | + γ2G )

(28)

,

(29)

Eilenberger
Eilenberger Approach to the Vortex State in Iron Pnictide Superconductors

Approach to the Vortex State in Iron Pnictide Superconductors
15 213

Figure 9. (Color online) The temperature dependence of the coefﬁcient k1 in the NGLE model obtained
at κ = 10 and B = 0.1, 1, 2, 3, 5 from a ﬁtting made with the solution of the Eilenberger equations.

where γG = v F · G/2. In Eq. (29) the term with γG describes the nonlocal correction to the
London equation. Putting γG = 0 we obtain the London result L ij (G) = λ( T )2 δij . We use
the same shape of the cutoff function as in Eq. (1) but the values of the cutoff parameters are
different because of ﬁtting them to the various ﬁeld distributions. In presentation of h NGLE
the anisotropy effects of the Eilenberger theory remain.

Figure 10. (Color online) Field dependence of k1 at T = 0.75 and 0.8 obtained from the ﬁtting to the
Eilenberger equations. The inset shows k1 ( B ) calculated from the Hao-Clem theory at T = 0.95.

Fig. 9 shows the k1 ( T ) dependence in the NGLE model obtained at κ = 10 and B =
0.1, 1, 2, 3, 5 from the ﬁtting to the solution of the Eilenberger equations. As can be seen
from Fig. 9 the coefﬁcient k1 is strongly reduced at low temperatures. This is a reminiscent
of the Kramer-Pesch result for s-wave superconductors (shrinking of the vortex core with
decreasing temperature) [95]. It is also found that k1 is a decreasing function of B. This
can be explained by reduction of the vortex core size by the ﬁeld [68]. The topmost curve
in Fig. 9 gives the values of k1 calculated for a single vortex [96]. At high temperatures the
Ginzburg-Landau theory can be applied. Using √
the values of the parameters of this theory
for d-wave superconductors [97] ξ GL = ξ BCS π/ 3 is obtained. A variational
√ approach of
the Ginzburg-Landau equations for the single vortex [62] gives k1 = π/ 3 ≈ 1.81 is in
reasonable agreement with the high temperature limit of k1 for a single vortex in Fig. 9.
Another interesting observation is the nonmonotonic behavior of k1 ( B ) in low ﬁelds at high
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Figure 11. (Color online) Normalized differences between the ﬁelds calculated with the London model
(NGLE) and the Eilenberger equation (ELENB) for B = 1 and T = 0.6. The scales of lengths are those of
the ﬂux line lattice unit vectors.

temperatures. Fig. 10 depicts the ﬁeld dependence of k1 at T = 0.75 and 0.8 showing a
minimum which moves to lower ﬁelds with increasing of the temperature. This result agrees
qualitatively with the Hao-Clem theory [63] which also predicts a minimum in the k1 ( B )
dependence. This is demonstrated in the inset to Fig. 10, where k1 ( B ) is shown at T = 0.95.

Figure 12. (Color online) Temperature dependence of the ratio of the second moment of the magnetic
ﬁeld distributions obtained from the NGLE model with the ﬁxed and ﬁtted parameter k1 (see the text
below). The inset shows the mean-square deviation of the magnetic ﬁeld distribution from the origin for
parameter k1 set to unity (solid line) and ﬁtted (dotted line).

The quality of the ﬁtting can be seen from Fig. 11 where the normalized difference between
the ﬁelds calculated in the NGLE model and the Eilenberger equations at B = 1, T = 0.6 and
κ = 10 is shown. The accuracy of the ﬁtting is about 1 percent. Thus, there is only a little
improvement in the Eilenberger equations ﬁtting to NGLE theory in comparison with local
London theory (Eq. (1)). The similarity of the ﬁeld and temperature dependences of the cutoff
parameter in these theories are shown in Fig. 9 and Fig. 10.
To show the inﬂuence of the magnetic ﬁeld and temperature on k1 dependence, we calculate
the values of δh2NGLE  using the ﬁeld distribution obtained in the Eq. 27. Fig. 12 shows
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the temperature dependence of the ratio �δh2NGLE � with the cutoff parameter obtained from
the solution of the Eilenberger equations to that with k1 = 1. From the data presented in
Fig. 12, it can be sen that this ratio deviates considerably from unity when the temperature
is lowered, which points to the importance of the proper determination of the value for the
cutoff parameter. For the magnetic ﬁeld distribution, obtained from solving the NGLE, we
also calculate the mean-square deviation of this distribution from the origin (the Eilenberger
equations solution). The inset demonstrates this deviation for ﬁxed and ﬁtted parameter k1 .

Figure 13. (Color online) The ratio of λ0 to λe f f calculated from the NGLE equation with k1 = 1 and k1
from Fig. 9.

This consideration proves that the nonlocal generalized London model with h NGLE (r)
distribution also needs the properly determined cutoff parameter k1 , i.e. introducing only
nonlocal extended electronic states does not allow the avoidance of the problem of vortex
core solving.
In the analysis of the experimental μSR and SANS data the ﬁeld dependent penetration depth
λe f f ( B ) is often introduced [56]. It has physical sense even if it is not dependent on the core
effects, i.e. it should be an invariant of the cutoff parameter. One such way of doing this was
suggested in the AFA model [70, 73]:
λe f f
λ

=(

| δh20 | 1/4
) .
| δh2NGLE |

(30)

Here, | δh20 | is the variance of the magnetic ﬁeld h0 (r) obtained by applying the ordinary
London model with the same average ﬁeld B and λ and with the same cutoff parameter as
in the ﬁeld distribution h NGLE (r).
In Fig. 13 establishes the temperature dependence of the ratio λ20 /λ2e f f calculated from the
h NGLE distribution with k1 = 1 and with Fit k1 from the solution of Eilenberger equations
for the different ﬁeld value. The obtained λe f f ( B ) dependences are quite similar in these
cases. The low-ﬁeld result (B/B0 = 0.1) for λe f f is close to λ( T ) in the Meissner state. This
demonstrates that λe f f is determined by a large scale of the order of FLL period and is not
very sensitive to details of the microscopical core structure and the cutoff parameter [98]. The
AFA model was originally developed in order to explain the structural transition in FLL in
d-wave superconductors where anisotropy and nonlocal effects arise from nodes in the gap
at the Fermi surface and the appearance there of the long extending electronic states [72].
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The obtained anisotropy of superconducting current around the single vortex in AFA theory
agrees reasonably with that found from the Eilenberger equations [96]. Extending electronic
states also results in the observed ﬁeld dependent ﬂattening of λe f f ( B ) at low temperatures
[73]. Thus, our microscopical consideration justiﬁes the phenomenological AFA model and
the separation between localized and extended states appears to be quite reasonable.

5. Conclusions
The core structure of the vortices is studied for s± , d x2 −y2 symmetries (connected with
interband and intraband antiferromagnetic spin ﬂuctuation mechanism, respectively) and
s++ symmetry (mediated by moderate electron-phonon interaction due to Fe-ion oscillation
and the critical orbital ﬂuctuation) using Eilenberger approach and compared with the
experimental data for iron pnictides. It is assumed [99] that the nodeless s± pairing state
is realized in all optimally-doped iron pnictides, while nodes in the gap are observed in the
over-doped KFe2 As2 compound, implying a d x2 −y2 -wave pairing state, there are also other
points of view [10, 13]. The stoichiometrical LiFeAs, without antifferomagmetic ordering, is
considered as a candidate for the implementation of the s++ symmetry. Different impurity
scattering rate dependences of cutoff parameter ξ h are found for s± and s++ cases. In the
nonstoichiometric case, when intraband impurity scattering (Γ0 ) is much larger than the
interband impurity scattering rate (Γ π ) the ξ h /ξ c2 ratio is less in s± symmetry. When Γ0 ≈ Γ π
(stoichiometric case) opposite tendencies are found, in s± symmetry the ξ h /ξ c2 rises above the
"clean" case curve (Γ0 = Γ π = 0) while it decreases below the curve in the s++ case. In d-wave
superconductors ξ h /ξ c2 always increases with Γ. For d x2 −y2 pairing the nonlocal generalized
London equation and its connection with the Eilenberger theory are also considered. The
problem of the effective penetration depth in the vortex state for d-wave superconductors
is discussed. In this case, the ﬁeld dependence of λe f f is connected with the extended
quasiclassical state near the nodes of the superconducting gap.
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Chapter 10

Effective Models of Superconducting
Quantum Interference Devices
R. De Luca
Additional information is available at the end of the chapter
http://dx.doi.org/10.5772/48483

1. Introduction
It is well known that the electrodynamic properties of SQUIDs (Superconducting
Quantum Interference Devices) are obtained by means of the dynamics of the Josephson
junctions in these superconducting system (Barone & Paternò, 1982; Likharev, 1986;
Clarke & Braginsky, 2004). Due to the intrinsic macroscopic coherence of
superconductors, r. f. SQUIDs have been proposed as basic units (qubits) in quantum
computing (Bocko et al., 1997). In the realm of quantum computing non-dissipative
quantum systems with small (or null) inductance parameter and finite capacitance of the
Josephson junctions (JJs) are usually considered (Crankshaw & Orlando, 2001). The
mesoscopic non-simply connected classical devices, on the other hand, are generally
operated and studied in the overdamped limit with negligible capacitance of the JJs and
small (or null) values of the inductance parameter. Nonetheless, r. f. SQUIDs find
application in a large variety of fields, from biomedicine to aircraft maintenance (Clarke &
Braginsky, 2004), justifying actual scientific interest in them.
As for d. c. SQUIDs, these systems can be analytically described by means of a single
junction model (Romeo & De Luca, 2004). The elementary version of the single-junction
model for a d. c. SQUID takes the inductance L of a single branch of the device to be
negligible, so that β = LIJ/Φ0 ≈0, where Φ0 is the elementary flux quantum and IJ is the
average value of the maximum Josephson currents of the junctions. In this way, the
Josephson junction dynamics is described by means of a nonlinear first-order ordinary
differential equation (ODE) written in terms of the phase variable φ, which represents the
average of the two gauge-invariant superconducting phase differences, φ1 and φ2, across the
junctions in the d. c. SQUID. By considering a device with equal Josephsons junction in each
of the two symmetric branches, the dynamical equation of the variable φ can be written as
follows (Barone & Paternò, 1982):
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i
n
dφ
+ ( −1) cos πψ ex sin φ = B
dτ
2

(1)

where n is an integer denoting the number of fluxons initially trapped in the
superconducting interference loop, τ=2πRIJt/Φ0=t/τφ , R being the intrinsic resistive junction
parameter, ψex=Φex/Φ0 is the externally applied flux normalized to Φ0 and iB= IB/IJ, is the bias
current normalized to IJ. In what follows we shall consider zero-field cooling conditions,
thus taking n=0. Eq. (1) is similar to the non-linear first-order ODE describing the dynamics
of the gauge-invariant superconducting phase difference across a single overdamped JJ with
field-modulated maximum current IJF (IJF=|cosπψex|) in which a normalized bias current iB/2
flows. This strict equivalence comes from the hypothesis that the total normalized flux
ψ=Φ/Φ0 linked to the interferometer loop can be taken to be equal to ψex. However, being

ψ = ψ ex + β ( i1 − i2 ) ,

(2)

we may say that the above hypothesis may be stated merely by means of the following
identity: β=0. Therefore, for finite values of the parameter β, Eq. (1) is not anymore valid and
the device behaves as if the equivalent Josephson junction possessed a non-conventional
current-phase relation (CPR). In fact, for small finite values of β, one can see that the
following model may be adopted (Romeo & De Luca, 2004):
i
dφ
+ Xex sin φ + πβ Yex 2 sin 2φ = B
dτ
2

(3)

where Xex= cosπψex and Yex= sinπψex. A second-order harmonic in φ thus appears in addition
to the usual sinφ term. The sin2φ addendum, however, arises solely from electromagnetic
coupling between the externally applied flux and the system, as described by Eq. (2), when
β≠0. Therefore, the non-conventional CPR of the equivalent JJ in the SQUID model cannot be
considered as a strict consequence of an intrinsic non-conventional CPR of the single JJs. The
Josephson junctions in the device, in fact, could behave in the most classical way, obeying
strictly to the Josephson current-phase relation; the interferometer, however, would still
show the additional sin2φ term for finite values of β. In order to understand how the
reduction in the dimensional order of the dynamical equations is possible, it is noted that
the quantities τφ = Φ0/2πRIJ and τψ = L/R, denoting the characteristic time scales of the
variables φ and of the number of fluxons ψ in the superconducting SQUID loop,
respectively, are intimately linked to the parameter β, since τψ/τφ = 2πβ. In this way, for
constant applied magnetic fields, the flux dynamics for small values of β can be considered
very fast with respect to the equivalent junction dynamics given in Eq. (3). As a
consequence, the superconducting phase φ can be assumed to be adiabatic and the equation
of motion for ψ in terms of the quasi-static variable φ can be solved by perturbation analysis.
When the information for ψ is substituted back into the effective dynamical equation for φ,
Eq. (3) is finally obtained.
The single-junction model can be adopted also when dealing with more complex systems,
as one-dimensional Josephson junction arrays. In fact, by assuming small inductance
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values in the N current loops of a one-dimensional array containing N+1 identical
overdamped Josephson junctions, the dynamical equations for the gauge-invariant
superconducting phase differences can be reduced to a single non linear differential
equation (Romeo & De Luca, 2005). The resulting time-evolution equation is seen to be
similar to the single-junction dynamical equation with an appropriately defined currentphase relation. As specified before, the critical current, the I-V characteristics and the fluxvoltage curves of the array can be determined analytically by means of the effective
model. Furthermore, a one dimensional array of N cells of 0- and π-junctions in parallel
can be considered (De Luca, 2011). In this case, by assuming that junctions parameters and
effective loop areas alternate as one moves along the longitudinal direction of the array,
going from 0- to π-junctions, an effective single junction model for the system can be
derived. It can be shown that, by this model, interference patterns of the critical current as
a function of the applied magnetic flux can be analytically found and compared with
existing experiments (Scharinger et al., 2010).
Finally, a single-junction model for a d.c. SQUID is derived when we consider the effect of
rapidly varying applied fields whose frequency ω is comparable with τψ −1 . By letting the
applied magnetic flux have, in addition to a constant term A, an a. c. component, we can
find, by similar reasoning as in the case of a constant applied magnetic flux, the effective
reduced single-junction model for the system. In particular, for β = 0, the critical current of
the device is seen to depend on A, and on the frequency ω and the amplitude B of the a. c.
component of the applied magnetic flux in a closed analytic form. From the analysis of the
voltage vs. applied flux curves it can be argued that the quantities ω and B can play the role
of additional control parameters in the device.
The work will thus be organized as follows. In Section 2 the derivation of an effective singlejunction model for a symmetric d. c. SQUID containing two equal junctions will be briefly
reviewed. In Section 3 the extension to this model to Josephson junction arrays with equal
junctions in all branches will be considered. In Section 4 the case of the alternate presence of
0- and π-junctions in the array is considered, the system being similar to multifacets
Josepshon junctions. In Section 5 the effective single-junction model for a d. c. SQUID in the
presence of rapidly varying field is derived. Finally, in Section 6 conclusions are drawn and
further investigations are suggested.

2. Two-junction quantum interference devices
Let us consider a symmetric two junction interferometer with equal junctions of negligible
capacitance, as shown in fig. 1. The dynamical equations for the variables φ and ψ
characterizing this system, can be written in the following form (Romeo & De Luca, 2004):
i
n
dφ
+ ( −1) cos (πψ ) sin φ = B ;
(a)
dτ
2
n
dψ
ψ ψ ex
+ ( −1) sin (πψ ) cos φ +
=
. (b)
π
dτ
2β 2β

(4)
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where n is the number of initially trapped fluxons in the superconducting loop. Let us
R
τ
consider a new time variable θ =
= t and write the solutions for φ a and ψ in the
2πβ L
following form: φ ( β ,τ ) ≈ φ0, β (τ ) + βφ1, β (τ ); ψ ( β ,τ ) ≈ ψ 0 (θ ) + βψ 1 (θ ) . For simplicity, set n=0.

JJ2

Ι2
ΙΒ

ΙΒ
Ι1

JJ1

Figure 1. Schematic representation of a two-junction quantum interferometer

This approach allows us not only to account for the regular part of the solution, as seen in
(Grønbech-Jensen et al., 2003) and in (Romeo & De Luca, 2004), but also to consider its
singular part. Moreover, as we shall see, the role of the two time variables will become
evident in what follows, since one time scale is defined for Eq. (4a) and one for Eq. (4b).
Consider then φ ( β ,τ ) and ψ ( β ,τ ) to be bounded, differentiable functions, and expand the
sine and cosine functions appearing in Eqs. (4a-b) to first order in β . By then collecting all
coefficients of identical power of β, we can obtain a system of equations for the functions
φk , β (τ ) and ψ k (θ ) , with k = 0, 1, describing the k-th order solutions for φ and ψ,
respectively. These approximate solutions are determined according to the following
sequential scheme. As a first step, we use Eq. (4b) to determine ψ 0 (θ ) . We adopt the
solution found and substitute it in Eq. (4a) to determine φ0, β (τ ) . The latter solution, on its
turn, is substituted in Eq. (4b) to find ψ 1 (θ ) and, finally, this solution is used in Eq. (4a) to
find φ1, β (τ ) . Note, therefore, that for defining first order solutions, knowledge of zero-th
order solutions is required. Furthermore, we assume that the initial conditions are the
following:

φ ( β ,0) = φ0, β (0) + βφ1, β (0); ψ ( β ,0) = ψ 0 (0) + βψ 1 (0) .

(5)

As for initial conditions, from Eq. (4b) we may notice that ψ 0 (τ ) = ψ ex for β = 0 , in which
case we cannot even define the time variable θ. This condition, however, is inherited by the
function ψ 0 (θ ) , since the following equalities are satisfied:
τ 
= ψ 0 (θ )θ →∞ = ψ ex .

 β β =0

ψ0 

(6)

τ 
Furthermore, we may also notice that ψ k (θ )θ = 0 = ψ k   = ψ k ( 0 ) , for k = 0, 1.
 β τ = 0

By the general procedure described above we get the following differential equations for the
superconducting phase variables:
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dφ0, β
dτ

dφ1, β
dτ

(

)

+ cos πψ 0 (θ ) sin φ0, β (τ ) =

(

iB
,
2

(a)

)

(

)

+ φ1, β (τ ) cos πψ 0 (θ ) cos φ0, β (τ ) = πψ 1 (θ ) sin πψ 0 (θ ) sin φ0, β (τ ) ; (b)

(7)

and the following for the flux number variables:
dψ 0
+ ψ 0 (θ ) = ψ ex ,
(a)
dθ
dψ 1
+ ψ 1 (θ ) = −2 sin πψ 0 (θ ) cos φ0, β ( 2πβθ ) . (b)
dθ

(

)

(8)

In Eqs. (7a-b) and (8a-b) we may notice the appearance of two different time scales the first,
Φ0
L
,
τψ = , linked to flux motion in and out the superconducting ring, the second, τ φ =
2π RI J
R
pertaining to the dynamics of the superconducting phase difference value φ. We have
τ
already noticed that ψ = 2πβ , so that, for negligible values of this ratio, the system behaves
τφ
effectively as if the adiabatic time evolution of the superconducting phase difference
variable φ could be studied by taking asymptotic solutions of ψ. In this case, therefore, we
may first let the flux variable evolve, so that a stationary magnetic state is reached, and then
solve for the superconducting phase difference time evolution of the system. This is exactly
τψ
, in (Grønbechwhat is done, under the assumptions of negligible value of the ratio r =
τφ
Jensen et al., 2003) and in (Romeo & De Luca, 2004). However, if one were to acquire the
regular solution for the system dynamics, even when considering the approximate solution
for the variables φ and ψ, one would follow the more general perturbation analysis
described above, where the ratio r might not a priori be considered as negligible.
Furthermore, considering that this ratio is proportional to the perturbation parameter β, one
might wish to generalize the procedure described above to higher order in β to acquire a
wider range of validity of the analysis.
Despite the fact that the more general approach allows extension to higher order
approximations of the perturbation solutions, we wish to limit our analysis to the study of
the electrodynamic properties of a two-junction or a multi-junction quantum interferometer
with very small parameter β. Therefore, while in the present section we shall only be
concerned with a single time scale, namely τ φ , by assuming that the transient of the flux
variable rapidly vanishes (

τψ
τφ

<< 1 ), in Section 5 we shall consider both evolution time, by

introducing a rapidly varying external magnetic field.
By considering, for the time being, only the time scale τ φ , the dynamical equations for the
flux variable (Eqs. (8a-b)) give the following steady-state solution for ψ 0 and ψ 1 :
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ψ 0 = ψ ex ,

(a)

ψ 1 = −2 sin (πψ ex ) cos φ0 − 2π

(9)

dψ ex
, (b)
dτ

dψ ex
has been inserted in Eq. (9b), in order to correctly take account of
dτ
first order contributions in β, and the subscript β in φ0, β (τ ) has been elided, as it will be

where the term 2π

done for φ1, β (τ ) from this point on, since these functions will not depend on β in this limit.
In order to obtain some preliminary results, we start by considering ψ ex as constant. By the
general procedure schematized above we get the following differential equations for the
superconducting phase variables:
dφ0
i
+ cos (πψ ex ) sin φ0 (τ ) = B ,
(a)
2
dτ
dφ1
+ φ1 (τ ) cos (πψ ex ) cos φ0 (τ ) = πψ 1 (τ ) sin (πψ ex ) sin φ0 (τ ) , (b)
dτ

(10)

and the following for the flux number variables:

ψ 0 = ψ ex ,

(a)

(11)

ψ 1 (τ ) = −2 sin (πψ ex ) cos φ0 (τ ) . (b)

According to the scheme described above, by having already set ψ 0 = ψ ex , we may now

solve for φ0 (τ ) in Eq. (10a). Let us therefore briefly discuss how to obtain this solution. In
the case

iB

2 cos (πψ ex )

=

1
> 1 , which characterizes the running state of the junctions, we
a

have

(

)

φ0 (τ ) = 2 tan −1  a + 1 − a2 tan γτ + tan −1 ξ0  . + 2kπ


where k is an integer, γ =

2

1 iB
− cos 2 (πψ ex )
2 4

On the other hand, in the case

(12)

 φ (0) 
tan  0
−a
 2 


and ξ 0 =
.
2
1− a
iB

2 cos (πψ ex )

=

1
< 1 , which characterizes the
a

superconducting state of the junctions, we have

(

)

 + tanh −1 ( χ 0 )  ,
φ0 (τ ) = 2 tan −1  a + a2 − 1 tanh γτ


(13)
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where γ =

2

i
1
cos 2 (πψ ex ) − B
2
4

 φ (0) 
tan  0
−a
 2 


and χ 0 =
.
2
a −1

Finally, in the case a = 1 , we have


 iBτ
±  π
+ ω0( )  −  ,
2

 2 

φ0 (τ ) = sgn ( a )  2 tan −1 


(14)


φ (0) π 
±
where ω0( ) = tan  sgn ( a ) 0
+  . Having found the time dependence of the variable φ0 ,

2
4 

ψ 1 can be found by Eq. (11b) by substitution. Finally, by knowledge of ψ 0 , φ0 and ψ 1 , the

function φ1 can be found by Eq. (10b), which is a standard first order linear differential

equation. Solutions for φ0 are shown for cos (πψ ex ) = 0.3 in figs. 2a, 2b, and 2c for iB = 1.6 ,
iB = 0.4 , and iB = 0.6 , respectively, along with the solution obtained by numerically

integrating Eqs. (4a-b). In figs. 2b-c the first order approximation of the solution is shown as
a dotted line.
Solutions for φ1 are shown in figs. 3a-c for cos (πψ ex ) = 0.3 and iB = 1.6 , iB = 0.4 and
iB = 0.6 , respectively. The above analysis thus leads to a solution in a closed form, to first
order in the parameter β. Notice that in the case of time-dependent bias currents one should
adopt a more general procedure.
As a simple application, let us calculate, to first order in the parameter β, the circulating
current iS in the circuit, normalized to I J , given by (Barone & Paternò, 1982):
iS =

ψ − ψ ex
.
β

(15)

For an arbitrary value n, which represents the number of fluxons initially trapped in the
superconducting ring, we have
iS = ψ 1 (τ ) = −2 sin (πψ ex ) cos φ0 (τ ) .

(16)

Graphs of circulating currents are shown in figs. 4a, 4b, 4c for n even, iB = 2.2 and for
ψ ex = 0.1 and 0.3 , ψ ex = 0.5 , ψ ex = 0.7 and 0.9 , respectively. The period T of these curves is
equal to the pseudo-period of φ0, β which is given by the following expression in terms of
ψ ex and iB :
T=

2π
2

 iB 
2
  − cos (πψ ex )
2
 

.

(17)
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Notice that the lowest value of the period is obtained for ψ ex = 0.5 and that the curves for
ψ ex = 0.1 and 0.9 and for ψ ex = 0.3 and 0.7 , although having the same period, as it can be
argued from Eq. (17), are not equal.
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Figure 2. Average phase difference for cos (πψ ex ) = 0.3 and: a) iB = 1.6 ; b) iB = 0.4 ; c) iB = 0.6 . Dotted

blue lines represent φ0 (τ ) for β = 0.02, full red lines represent φ (τ ) as calculated to first order for

β = 0.02, and the dashed black lines represents the numerical solution of the complete system. In a) the

first order approximation of the solution is not shown, for clarity reasons.
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Figure 3. First order correction to φ0 (τ ) as calculated by the procedure described in the text by setting
β=0.02, cos (πψ ex ) = 0.3 and: a) iB = 1.6 ; b) iB = 0.4 ; c) iB = 0.6 .
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Figure 4. Circulating current iS as a function of the normalized time for null values of the initially

trapped flux and for iB = 2.2 and: a) ψ ex = 0.1 (orange), ψ ex = 0.3 (cyan) ; b) ψ ex = 0.5 ; c) ψ ex = 0.7
(cyan), ψ ex = 0.9 (orange).

The above results have been obtained for the magnetic response of the system in the
presence of a constant applied flux. In the following we shall analyze the electrodynamic
response of the two junction quantum interferometer in the presence of a time-dependent
external flux. For this purpose, we shall take a sinusoidal forcing term, in such a way that
ψ ex ( t ) = A + B cos ωt , where A is the normalized d. c. component of the applied flux and B is
the normalized amplitude of the a. c. signal.
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Figure 5. Circulating current iS in the presence of an oscillating applied magnetic field shown as a function

of the normalized time for A=0, B=0.1, i = 2.5 , β=0.01 and for normalized frequencies equal to: a)
B
ω = 0.03 ; b) ω = 0.06 ; c) ω = 0.09 . No initially trapped flux in the superconducting loop is present.

Now, since t =

Φ0

2π RI J

τ , we can write
 ,
ψ ex (τ ) = A + B cos ωτ

(18)
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where ω =

Φ0

2π RI J

ω . By considering normalized frequencies of the order of τ φ −1 , we

may still use the analysis described above. In Section 5 we shall relax the latter
hypothesis. As also specified above, a different approach, which will be developed in
Section 5, needs to be used when very rapidly varying applied fields are applied to the
system. We shall assume that the normalized amplitude B of the oscillating signal is much
less than one (B<<1). The perturbation analysis is then carried out in a way at all similar as
done above.
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Figure 6. (a) Time average value ic of the critical current ic as a function of the amplitude B of the
oscillating magnetic flux for A=0.1 (blue) and A=0.5 (orange). (b) Time average value ic of the critical
current ic as a function of A for B=0.1 (blue) and B=0.5 (orange). Both figures are obtained by taking
null values of the initially trapped flux.

 )
We start by setting, by Eq. (9a) and (9b), ψ 0 (τ ) = ψ ex (τ ) = A + B cos (ωτ

ψ 1 = −2 sin (πψ ex (τ ) ) cos φ0 − 2π

dψ ex
and solve the equations for the phase differences
dτ

and
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dφ0
i
+ cos πψ ex (τ ) sin φ0 (τ ) = B ,
(a)
2
dτ
dφ1
+ φ1 (τ ) cos πψ ex (τ ) cos φ0 (τ ) = −π sin 2 πψ ex (τ ) sin 2φ0 (τ ) (b)
dτ

(

)

(

By

noticing,

however,

)

that

(

(

) (

)

(19)

)

 ) ≈ cos (π A ) − π B sin ,
cos πψ ex (τ ) = cos (π A + π B cos ωτ

 Eq. (19a) can be written in the following form:
(π A ) cos ωτ

dφ0
i
 ) sin φ0 (τ ) = B ,
+ ( a − b cos ωτ
dτ
2

(20)

where a = cos (π A ) and b = π B sin (π A ) . In Eq. (20) we find a perturbed solution in terms of
the parameter b, so that, by setting φ0 (τ ) = η0 (τ ) + bη1 (τ ) , we can write:
dη0
i
+ a sinη0 (τ ) = B ,
(a)
2
dτ
dη1
 ) (b)
+ a cosη0 (τ )η1 (τ ) = sinη0 (τ ) cos (ωτ
dτ

(21)

Notice then that the solutions to the above equations can be found by exactly the same
procedure described for the case of constant applied fields. Once the solution for φ0 ( τ ) is
found, by substituting in Eq. (19b), the solution for φ1 (τ ) can be determined by solving a
first order linear differential equation with time-dependent coefficients. Assuming thus
φ0 (τ ) = η0 (τ ) + bη1 (τ ) to be a known expression, we can then write:

(

) (

)


iS = −2sin πψ ex (τ ) cos η0 (τ ) + bη1 (τ ) + 2πω B sin ωτ

(22)

As before, the above expression is equal to ψ 1 (τ ) and represents the circulating current iS in
the circuit. In figs. 5a, 5b, and 5c the time dependence of the current iS for normalized
frequency values ω = 0.03, 0.06, 0.09 , respectively, and for A=0, β=0.01 and iB = 2.5 is
represented. In these graphs we notice that the oscillating patterns, which we have already
detected in the constant applied field case, are modulated by the externally applied
oscillating signal.
Another important quantity to be measured in these systems is the critical current ic ,
defined as the maximum value of the current bias iB which can be injected in the two
junction interferometer without giving rise to dissipation. By considering the stationary case
of Eq. (21a) we write:

(

)

iB = 2cos πψ ex (τ ) sin φ0 (τ ) .

(23)

Therefore, we have

(

)

 ) .
ic = 2 cos πA + πB cos ( ωτ

(24)
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Noticing that the time-averaged value <ic> of the critical current does not depend on the
normalized frequency, it can be calculated in terms of solely A and B, the results being
shown in fig. 6a and fig. 6b for null values of the initially trapped flux. In particular, in fig.
6a <ic> is shown as a function of the applied magnetic field amplitude B, for A=0.1 and A=0.4,
while in fig. 6b, <ic> vs. A curves are shown for B=0.1 and B=0.2. In the curves in fig. 6a we
notice Fraunhofer-like oscillations, while ordinary cosinusoidal oscillations are present in
fig. 6b.
For what seen above, the electrodynamic properties of a symmetric quantum interferometer
containing two identical junctions with negligible capacitance can be studied by means of a
perturbation approach in the parameter β, whose value gives the strength of the
electromagnetic coupling between the two junction in the system. The analysis is rather
similar to what done in other works in the literature (Grønbech-Jensen et al., 2003; Romeo &
De Luca, 2004). However, in the present section we have presented a rather general
procedure to obtain the solution to the problem to first order in the parameter β.

Considering at first transient solutions, we have noticed that the function ψ ( β ,θ ) governs
fluxon dynamics, where θ is the ordinary time t, normalized to the characteristic circuital
L
time constant τ Ψ = . By this more general approach it becomes evident that the
R
Φ0
of the dynamics of the average superconducting
characteristic time constant τ φ =
2π RI J

phase difference φ is different from the fluxon dynamics characteristic time τ Ψ , so that the
asymptotic solution for the system, proposed in the analyses carried out in (GrønbechJensen et al., 2003) and in (Romeo & De Luca, 2004), acquires a more precise meaning in this
context. Indeed, when the parameter β is sufficiently small to allow, for finite values of τ, an
asymptotic evaluation of ψ 0

( ) and ψ ( ) , the general solution given in the present
τ

2πβ

τ

1 2πβ

work coincides with the asymptotic perturbed solution proposed in (Grønbech-Jensen et al.,
2003) and in (Romeo & De Luca, 2004) in the limit of negligible junction capacitance.
The perturbation analysis has been first carried out for a constant applied magnetic flux.
Successively, since it could be experimentally possible to force the system with a timedependent magnetic field, it is noted that the perturbed solution for the flux number ψ,
obtained for a sinusoidal magnetic flux, needs careful evaluation. In order to exhibit
experimentally detectable quantities, the circulating current iS is evaluated as a function of
time, for different values of the frequency of the forcing field, whose a. c. component is
assumed to be small. Finally, the time average <ic> of the critical current of the device has
been studied both as a function of the d. c. component A and of the small amplitude B of the
oscillating part of the applied flux. In these curves two characteristic behaviors have been
detected: A Fraunhofer-like pattern in <ic> vs. B curves; independence of <ic> from ω . We
shall see in Section 5 of the present Chapter that dependence from ω appears in a more
general case, i. e., when ω ≈ 1 and the coefficient B is not assumed to be small.
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3. Multi-junction quantum interference devices
In this section we shall consider the one-dimensional Josephson junction array (1D-JJA)
represented in fig. 7, consisting of N+1 identical overdamped junctions connected in
parallel. In this figure we notice that the bias current I B is evenly applied to the two
external branches of the array. By assuming perfectly identical overdamped Josephson
junctions with resistive parameter R and maximum Josephson current I J , we take the
inductance L of the horizontal upper branches to be such that β =

LI J
Φ0

<< 1 , where Φ 0 is

the elementary flux quantum. This parameter has been defined as each single loop could
be compared to a two-junction quantum interference device. By fluxoid quantization, the
Φ
normalized magnetic flux Ψ k = k linked to the k-th cell of the array is related to the
Φ0
superconducting phase differences φk −1 and φk across the two junctions in the cell, so
that:

φk −1 − φk + 2πΨ k = 2π nk ,

(25)

where nk is an integer and k = 1, 2,..., N .
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Figure 7. Schematic representation of a one-dimensional array of equal Josephson junctions.

When an external magnetic field H , orthogonal to the plane of the array, is applied to the
system so that the normalized geometric applied flux through each cell is
Φ
μ HS
Ψ ex = ex = 0 0 , where S0 is the cell area, we may set
Φ0
Φ0
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k

Ψ k = β  im − β
m =1

for k = 1, 2,..., N , where ik =
and iB =

Ik
IJ

iB
+ Ψ ex ,
2

(26)

is the normalized current flowing in the k-th branch

IB
. The dynamical equation for each Josephson junction in the array is written
IJ

by means of the resistively shunted junction (RSJ) model (Barone & Paternò, 1982) as
follows:
dφk
+ sin φk = ik ,
dτ

where k = 0, 1, 2,..., N and τ =

2πRI J
Φ0

(27)

t . Eqs. (25-27) can be used to define the dynamics of the

gauge-invariant superconducting phase difference φk in terms of the forcing parameters
Ψ ex and iB =

IB N
=  i . In addition, the instantaneous voltage v (τ ) of the system can be
I J k =0 k

obtained by setting:

v (τ ) =

1 N dφk
 .
N + 1 k =0 dτ

(28)

Define now the partial sum sn ( 1 ≤ n ≤ N ) of the normalized fluxes as follows:
n

sn =  Ψ k .

(29)

k =1

By fluxoid quantization (Eq. (25)), setting all nk ’s to zero (under the hypothesis of zero
initially trapped flux in the array), we can write:

φk = φ0 + 2π sk ,

(30)

for k = 1, 2,..., N , so that the dynamical equations (Eq. (27)) can be rewritten as follows:
dφ0
(a)
+ sin φ0 = i0 ,
dτ
ds
2π n + sin (φ0 + 2π sn ) = in − i0 + sin φ0 (b)
dτ

(31)

where n = 1, 2,..., N in the second equation. Expressing now, by means of Eq. (26), the
currents i0 and in in terms of the forcing terms Ψ ex and iB and of the partial sums of the
flux variables sn , we may finally rewrite Eqs. (31a-b) as follows:
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dφ0
s − Ψ ex
i
+ sin φ0 = B + 1
,
(a)
β
2
dτ
ds
s − 2sn + sn−1 Ψ ex − s1 iB
2π n + sin (φ0 + 2π sn ) − sin φ0 − n +1
=
− , (b)
β
β
2
dτ
dsN
sN − sN −1 Ψ ex s1 − Ψ ex
2π
(c)
+ sin (φ0 + 2π sN ) − sin φ0 +
=
−
β
β
β
dτ

(32)

where n = 1, 2,..., N − 1 in Eq. (32b).
The above analysis has been carried out essentially to write the dynamical equations in
terms of the effective superconducting phase difference φ0 and of the N partial sums sn .
We shall now develop a reduction of these variables to one, by assuming small values of the
parameter β. Therefore, start by considering the dynamical equations of the system as
written in Eqs. (32a-b). For small values of the parameter β we can set:
sn ≈ sn(0) + β sn(1) .

(33)

By substituting the above expression in Eq. (32b) and, after having multiplied both
members by β, by setting the coefficients of β m ( m = 0, 1 ) equal to zero, we obtain, for
n = 1, 2,..., N :
sn(0) = nΨ ex .

(34)

For the first order corrections, on the other hand, we need to solve the following set of
equations:

iB
(1)
(1)
 y1 − y0 = s2 − 3s1 −
2

i

(1)
(1)
B
 y2 − y0 = s3 − 2 s2 − 2

 y − y = s(1) − 2 s(1) + s(1) − s(1) − iB
.
 3
0
4
3
2
1
2

....

iB
(1)
(1)
(1)
 y N −1 − y0 = s(1)
N − 2 sN −1 + sN − 2 − s1 −
2

 y − y = s(1) − s(1) − s(1)
0
1
N −1
N
 N

(35)

where yn = sin (φ0 + 2π nΨ ex ) , n = 0, 1, 2,..., N . By solving for s1(1) , which is the quantity
required in Eq. (32a), we have:

s1(1) = −

N − 1 iB
1 N
−
 ( y − y0 ) ,
N + 1 2 N + 1 k =1 k

Substitution of the above results into Eq. (32a) gives:

(36)
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N
dφ0
iB
1
+
,
y =

dτ ( N + 1) n = 0 n ( N + 1)

(37)

The above differential equation represents the effective model for the 1D-JJA represented in
Fig. 7, containing N + 1 identical over-damped junctions connected in parallel. We notice
that the reduced model in Eq. (37), even being of first order in β, does not explicitly contain a
β 1 term, given that Eq. (32a) contains β −1 terms.
We can now explicitly perform the sum in Eq. (37), so that we write:

dφ0
B
iB
+ N +1 sin (φ0 + NπΨ ex ) =
,
dτ ( N + 1)
N
( + 1)
where the absolute value of BN +1 =

(

sin ( N + 1) πΨ ex
sin (πΨ ex )

)

(38)

is the normalized critical current of the

device in this approximation, as already known from the literature (Likharev, 1986). We
start by finding the voltage , as defined in Eq. (28), under the assumption that Eqs. (32b-c)
can be replaced by the effective model given by first-order perturbation analysis above.
Therefore, we may set:

v (τ ) =

dφ0
B
iB
=
− N +1 sin (φ0 + NπΨ ex ) .
dτ ( N + 1) ( N + 1)

(39)

In this way, we can find the I-V characteristics by simply integrating Eq. (39), recalling the
well-known procedure for a single overdamped junction. Indeed, noticing that
v =

1 T dφ0
2π
dτ =
,

0
T
dτ
T

(40)

where T is the period for the instantaneous voltage curve and a pseudo-period for the
superconducting phase difference φ0 (i.e., φ0 (τ + T ) = φ0 (τ ) + 2π ), we first find the
expression for ϕ0 from Eq. (39), for iB > BN +1 and k integer, so that
B

φ0 (τ ) + NπΨ ex = 2 tan −1 

N +1

 i
 B

−

iB2 − BN2 + 1
iB



1
tan 
iB2 − BN2 +1τ   + 2 kπ .


 2 ( N + 1)


(41)

The pseudo-period T of the above solution can be found by inspection, so that:
T=

2π ( N + 1)
iB2 − BN2 +1

.

(42)

Therefore, by Eqs. (40) and (42), the I-V characteristics are given by the following expression:
iB =

( N + 1)

2

v

2

+ BN + 1 2 ,

(43)
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where only the positive branch has been chosen.
In Figs. 8a-b BN +1 vs. Ψ ex curves are shown. In particular, in Fig. 8a the number of JJ’s in the
system ( N + 1) is taken to be equal to 10, while in Fig. 8b it is set equal to 15. We notice that,
when the normalized flux approaches the first zero in the BN + 1 vs. Ψ ex curve for
( N + 1) = 10 , namely Ψ ex = 1 / 10 , the system goes toward a purely resistive behaviour. In
Fig. 8b, the same resistive behaviour is expected for Ψ ex = 1 / 15 , given that the BN + 1 vs.
Ψ ex curve for ( N + 1) = 15 reaches its first zero exactly at Ψ ex = 1 / 15 .
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Figure 8. Critical current iC = BN +1 as a function of the applied magnetic flux for an array of 10 (a) and

15 (b) Josephson junctions.

In Figs. 9a-b I-V characteristics for different externally applied flux values are shown. In Fig.
9a the number of JJ’s is taken to be equal to 10, while in Fig. 9b it is set equal to 15. Starting
from Fig. 9a, we notice that, as the normalized flux approaches the first zero in the BN +1 vs.
Ψ ex curve for ( N + 1) = 10 , namely Ψ ex = 1 / 10 , the behaviour of the system indeed becomes
purely resistive. In Fig. 8b, the same resistive behaviour is obtained at Ψ ex = 1 / 15 , as
predicted.
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Figure 9. (a) I-V characteristics of an array of 10 Josephson junctions for the following values of the

applied magnetic flux Ψ ex : 0.05 (blue); 0.075 (cyan); 0.10 (orange); 0.15 (red). (b) I-V characteristics of an
array of 15 Josephson junctions for the following values of the applied magnetic flux Ψ ex : 0.025 (blue);
0.05 (cyan); 0.075 (orange); 0.10 (red).

For fixed bias current values, the voltage versus flux curves can be obtained by Eq. (43) and
is given by the following:

v =

iB 2 −  BN +1 ( Ψ ex ) 

( N + 1)

2

.

(44)

The above expression is similar to the homologous d. c. SQUID v vs. Ψ ex curves.
In Figs. 10a and 10b we report the v vs. Ψ ex curve for ( N + 1) = 10 and for ( N + 1) = 15 ,
respectively. The normalized bias current values are iB = 4.0, 10.0, 16.0 (from bottom to
top) for Fig. 10a and iB = 4.0, 10.0, 15.0 (from bottom to top) for Fig. 10b. Notice that the
zero-voltage state regions on the Ψ ex -axis disappear at values of the bias current greater or
equal to the critical current of the system. In Fig. 10a, indeed, we see that disappearance of
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zero-voltage states occurs, for increasing normalized flux values, exactly at iB = 10.0 . On the
other hand, in Fig. 10b, the same behaviour is detected at iB = 15.0 . Notice also that, for
relatively high bias currents, the Ψ ex intervals in which finite-voltage states are present
tend to be flatter than in the case of a low number of Josephson junctions. This feature is
more evident in Fig. 10b, where the region of zero-voltage states is narrower than in Fig.
10a. Therefore, for high enough values of the the number of Josephson junction in the array
and of the bias current, away from integer values of the normalized applied flux, the
interval in which finite-voltage states spread can be approximated by a horizontal segment.
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Figure 10. Average voltage vs. applied magnetic flux for an array of 10 (a) and 15 (b) Josephson
junctions for three different values of the normalized bias current iB . In (a) iB = 4.0, 10.0, 16.0 (from

bottom to top). In (b) iB = 4.0, 10.0, 15.0 (from bottom to top).

In conclusion, by considering the dynamical equations of one-dimensional arrays containing
N+1 identical overdamped Josephson junctions, the system of N+1 nonlinear first-order
ordinary differential equation equations can be broken into two coupled subsystems, one
consisting of only one equation for the superconducting phase of one junction in the array
(arbitrarily chosen to be the first), the second describing the time evolution of N opportunely
defined normalized flux variables.
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When a solution of the latter N equations is found, by means of a perturbative approach to
first order in the parameter β, the dynamical properties of the system are described by a
single time-evolution equation. In this way, we may affirm that, for small values of β, the
system may be described by an equivalent single-junction model, where the maximum
Josephson current is appropriately defined in terms of the normalized applied flux Ψ ex .
When we compare our present analysis to equivalent studies carried out for a two-junction
interferometer, we realize that the degree of approximation of the present model in β is one
order less than the first-order perturbation analysis carried out for the simplest two-junction
system. This is a consequence of the approach followed in the present work, where we had to
appropriately define partial sums of flux variables in order to separate the dynamical
equations into two subsystems. When we refer to the SQUID case, then, we might state that
the present analysis corresponds exactly to the β = 0 limit. Further work is therefore needed
to carry out more detailed information on the system behaviour for finite values of β.
Even though part of the present analysis reproduces known results, as, for example, the
expression for the maximum Josephson current, it still represents a simple way of
approaching the problem of the electrodynamic response of one-dimensional arrays of
overdamped Josephson junctions by an equivalent single-junction model. In fact, by starting
with the simple representation of the dynamics of the system given in Eq. (38), all the results
obtained for a single Josephson junction can be reproduced for an array of N+1 equal
overdamped Josephson junctions. In addition, in case the solutions of the normalized flux
variable would be extended to second order in the parameter β, following the same analysis
as in the present section, effects due to finite β values in the electrodynamic properties of the
system would be detected. Finally, considering that the present analysis has been carried out
in the absence of flux fluctuations, its extension to noise effects can be obtained by means of
already known results obtained for a single overdamped Josephson junction (Ambegaokar
& Halperin, 1969; Bishop & Trullinger, 1978). In this case, however, care must be taken in
considering the stochastic terms on all branches of the array.

4. Parallel connections of N × (0-π) overdamped Josephson junctions
In the previous section we have considered an array of N+1 overdamped 0-junctions,
without considering the possibility of inserting π-junctions in the system. We briefly
recall that π-junctions (Bulaevskii et al., 1977; Geshkenbein et al., 1987; Baselman et al.,
1999; Ryazanov et al., 2001 M. Weides et al., 2006), when compared to 0-junctions, possess
an intrinsic phase difference exactly equal to π. By inserting a 0-junction and a π-junction
in the same superconducting loop, π-SQUIDs may be realized. These non-conventional
SQUIDs can be fabricated either by exploiting the symmetry properties of d-wave
superconductors (Chesca, 1999; Schultz et al., 2000) or by utilizing both s-wave and dwave superconductors (Wollman et al., 1993; Smilde et al., 2004). A π-SQUID can thus be
viewed as an elementary cell of a N×(0-π) one-dimensional array of overdamped
Josephson junctions shown in fig. 11.
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Figure 11. Schematic representation of a Josephson junction array with alternate parameters. In the
branches of the parallel connections overdamped 0-junctions (green circles) and π-junctions (red
diamonds) are alternately present.

Therefore, π-SQUIDs can be viewed as the building block of discretized models of
multifacets Josephson junctions (MJJs) (Scharinger et al., 2010), in which the critical current
density alternates between two opposite values along the junction length. However, even
though some characteristic features of MJJs can be qualitatively reproduced by N×(0-π) onedimensional arrays, one should bear in mind that the latter are, in general, less complex
systems than MJJs.
For conventional arrays of overdamped Josephson junctions we have already shown that,
for small enough values of the characteristic parameter β a series solution for the magnetic
flux variable can be found by perturbation analysis. In this way, the multi-junction
interferometer model reduces to a single non-linear ordinary differential equation. The same
perturbation approach will be proposed again in the present section to derive the equivalent
single-junction model of N×(0-π) one-dimensional arrays of overdamped Josephson
junctions. Therefore, we start by considering the model system represented in fig. 11,
consisting of identical overdamped junctions connected in parallel. In this system one half of
the bias current I B is evenly applied to the two external branches of the array. This
condition is obtained, for example, by injecting the current by means of a superconducting
bar of width w equal to the length of the array. In order to have well focused bias, the
penetration length of the superconducting bar would be much smaller than its width w.

4.1. The homogeneous case
Consider, as a first approach to the problem, the loop areas Sk , the junctions resistive
parameters Rk and maximum Josephson currents I Jk , and the inductances Lk in the
horizontal upper branches to be all equal. In this way one may write Sk = S0 , Rk = R0 ,
I Jk = I J 0 , Lk = L0 , for all allowed values of k. Define, as in the previous section in this case,
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β=

L0 I J 0
Φ0

. Consider, finally, as also represented in fig. 11, that 0-junctions (green circles)

occupy even positions ( k = 0, 2, 4,.., M − 1 ) and π-junctions (diamonds) occupy odd
positions ( k = 1, 3,.., M ). The reader will notice very many similarities with the analysis in
the previous section. However, due to the higher degree of complexity of the problem, we
need to proceed step by step.
By fluxoid quantization, the normalized magnetic flux Ψ k =

Φk
linked to the k-th cell of the
Φ0

array is related to the superconducting phase differences φk−1 and φk across the two

junctions in the cell as follows:



φk −1 − φk + 2πΨ k = 2π nk +



− 1
,

4


( −1)

k

(45)

where nk is an integer and k = 1, 2,..., M (notice that the number of loops is one less the

number of junctions). If an external magnetic field H , orthogonal to the plane of the array,
is applied to the system, the normalized geometric applied flux through each cell now is
Φ
μ HS
Ψ ex = ex = 0 0 . By considering Φ k as the sum of the applied and induced flux, we may
Φ0
Φ0
write:
 k −1
i 
Ψ k = β   im − B  + Ψ ex ,

2 
 m=0

for k = 1, 2,..., M , where ik =
iB =

(46)

Ik
is the normalized current flowing in the k-th branch and
IJ0

IB
. The dynamical equation for each Josephson junction in the array can be written by
IJ0

means of the RSJ model (Barone & Paternò, 1982), so that:
dφk
+ sin φk = ik ,
dτ

where k = 0, 1, 2,..., M and τ =

2π R0 I J 0
Φ0

(47)

t . Eqs. (45-47) can be used to define the dynamics of

the gauge-invariant superconducting phase difference φk in terms of the forcing parameters
Ψ ex and iB =

as follows:

IB M
=  i . Define now the partial sum sn ( 1 ≤ n ≤ M ) of the normalized fluxes
I J k =0 k
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n

sn =  Ψ k .

(48)

k =1

By fluxoid quantization, setting all nk ’s to zero in Eq. (45) under the hypothesis of zero
initially trapped flux in the array, we can write:
 1 − −1 k 
( ) ,


2



φk = φ0 + 2π sk + π 

(49)

for k = 1, 2,..., M , so that the dynamical equations can be rewritten as follows:
dφ0
+ sin φ0 = i0 ,
dτ
ds
2π 2 n + sin (φ0 + 2π s2n ) = i2 n − i0 + sin φ0 , ( k = 2n )
dτ
ds2 n−1
2π
− sin (φ0 + 2π s2 n−1 ) = i2 n−1 − i0 + sin φ0 , ( k = 2n − 1)
dτ
where n = 1, 2,...,

(a)
(b)

(50)

(c)

M −1
M +1
in (50b), and n = 1, 2,...,
in (50c). Expressing now, by means of
2
2

Eq. (46), the currents i0 , i2n , and i2 n −1 in terms of the forcing terms Ψ ex and iB and of the
partial sums of the flux variables sk defined in Eq. (48), we may finally rewrite Eqs. (50a-c)
as follows:

dφ0
s − Ψ ex
i
+ sin φ0 = B + 1
,
β
2
dτ
ds
s
− 2s2 n + s2 n−1 Ψ ex − s1 iB
2π 2n + sin (φ0 + 2π sn ) − sin φ0 − 2 n+1
=
− ,
β
β
2
dτ
ds
s − 2 s2n −1 + s2 n − 2 Ψ ex − s1 iB
2π 2n−1 − sin (φ0 + 2π s2 n−1 ) − sin φ0 − 2 n
=
− ,
dτ
2
β
β
Ψ
ds
s −s
s − Ψ ex
2π M − sin (φ0 + 2π sM ) − sin φ0 + M M −1 = ex − 1
,
β
β
β
dτ

where now n = 1, 2,...,

(a)
(b)
(c)

(51)

(d)

M −1
in Eqs. (51b) and (51c) and where it has been set s0 = 0 .
2

Considering the dynamical equations of the system as written in Eqs. (51a-d), for small
values of the parameter β we may assume that the solution, to first order in this perturbation
parameter, can be written as follows:
sn ≈ sn(0) + β sn(1) .

(52)
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By substituting the above expression in Eqs. (51b-d) and, after having multiplied both
members by β, by setting to zero the coefficients of β m ( m = 0, 1 ), we obtain:
sn(0) = nΨ ex .

(53)

For the first order corrections, on the other hand, we need to solve the following set of
equations:

iB
(1)
(1)
− y1 − y0 = s2 − 3s1 −
2

iB

(1)
(1)
 y2 − y0 = s3 − 2 s2 − 2

− y − y = s(1) − 2 s(1) + s(1) − s(1) − iB
0
4
3
2
1
 3
2

.
....

iB
(1)
(1)
(1)
− y M − 2 − y0 = s(1)
M −1 − 2 sM − 2 + sM −1 − s1 −
2


i
(1)
(1)
(1)
B
 y M −1 − y0 = s(1)
M − 2 sM −1 + sM − 2 − s1 −
2

− y − y = s(1) − s(1) − s(1)
0
1
M −1
M
 M


(54)

where yn = sin (φ0 + 2π nΨ ex ) , n = 0, 1, 2,..., M . By solving for s1(1) , which is the required
quantity in Eq. (51a), we have:

s1(1) = −

k
M − 1 iB
1 M
−
−1) yk − y0  ,
(



M + 1 2 M + 1 k =1 

(55)

Substitution of the above result into Eq. (51a) gives:
M
dφ0
i
k
1
+
( −1) sin (φ0 + 2π kΨ ex ) = M B+ 1 .

dτ ( M + 1) k = 0
(
)

(56)

It is now possible to explicitly calculate the finite sum in Eq. (56) to get, in terms of the
M +1
of the individual (0-π) cells:
number N =
2
dφ0 A2 N
i
−
cos φ0 + (2 N − 1)πΨ ex  = B ,
dτ
2N
2N

where A2 N =

sin ( 2 NπΨ ex )
cos (πΨ ex )

(57)

. The above equation represents the equivalent single-junction

model for the homogeneous array consisting of N cells, each one containing one 0-junction
and one π-junction.
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4.2 The non-homogeneous case
Consider, next, a non-homogeneous array with alternating 0-π Josephson junctions. We
shall take the parameters of all 0-junctions equal. The parameters of π-junctions, even being
equal among them, are assumed to be different from those of the 0-junctions. In this case we
can omit some of the calculations, having already treated the problem in detail in the
previous subsection.
Considering again the 1D-JJA represented in fig. 11, we now assume that the loop areas Sk ,
the junctions resistive parameters Rk and maximum Josephson currents I Jk , and the
inductances Lk of the horizontal upper branches alternate in their values, as we go along the
array. In this way we write
S
Sk =  0
S1 = σ S0

k even
k odd

 R
Rk =  0
 R1 = α S0
 I J 0
I Jk = 
 I J 1 = ε I J 0
 L
Lk =  0
 L1 = σ S0

, (a)

k even
k odd
k even
k odd

(58)
, (c)

k even
k odd

, (b)

, (d)

for all allowed values of k. In this way, the additional parameters α, ε, and σ are implicitly
2π R0 I J 0
L1I J 1
LI
defined. As before, we set τ =
= εαβ .
t and β = 0 J 0 ; therefore, we may define β1 =
Φ0

Φ0

Φ0

Fluxoid quantization give the same relation as in Eq. (45) between the superconducting
phases and the normalized magnetic flux Ψ k linked to the k-th cell of the array. However,
Eq. (46) is modified as follows

  k −1
i 
 β   im − B  + Ψ ex k even
2
  m=0
Ψk = 
 k −1
iB 

 βσε   im − 2  + σΨ ex k odd
 m=0



(59)

for k = 1, 2,..., M . The equations of the motion for the superconducting phases can now be
written as follows:

dφ2 n
+ sin φ2 n = i2 n ,
(a)
dτ
dφ2 n−1
+ εα sin φ2n−1 = α i2 n−1 , (b)
dτ
where n runs over all allowed k-values also in all following equations.

(60)
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By adopting a first-order perturbation analysis in the parameter β, we set:
(1)
(1)
s2 n ≈ s(0)
2 n + β s2 n = n (σ + 1) Ψ ex + β s2 n ,

s2 n −1 ≈

s(0)
2 n −1

+

β s2(1)n−1

(a)

= n (σ + 1) − 1 Ψ ex +

β s(1)
2 n −1 ,

(b)

(61)

By substituting the above expression in Eqs. (49) to obtain the superconducting phases φk
we then write the differential equations (60a-b) in terms of the sole phase variable φ0 and of
the 2N normalized flux variables sk . By following the same steps as in the previous section,
we obtain the following equivalent single-junction model for the superconducting array:
dφ0
α A N
α iB
sin φ0 − ε sin φ0 + 2πσΨ ex  =
+
 ( α + 1) N ,
dτ (α + 1) N 

(

 =
Where here A
N

(

sin π N (σ + 1) Ψ ex

(

sin π (σ + 1) Ψ ex

)

)

)

(62)

and φ0 = φ0 + π ( N − 1)(σ + 1) Ψ ex . Naturally, for α, ε,

and σ all equal to one, the ordinary differential equation (62) reduces to Eq. (57).

4.3. Critical current
In order to find the critical current of arrays with alternating 0-π Josephson junctions, we
proceed as follows. First, consider the homogeneous array described in Section 4.1. We look for
the maximum value of the bias current iB which can be injected in the system at zero voltage
(

dφ0
= 0 in Eq. (57)). Therefore, by maximizing with respect to φ0 the following expression
dτ
iB = − A2 N cos φ0 + (2 N − 1)πΨ ex  ,

(63)

we can express the critical current of the homogeneous device as follows:
sin ( 2 NπΨ ex )

ic = A2 N =

cos (πΨ ex )

.

(64)

In order to understand the origin of the patterns we are going to show for the non
homogeneous case, let us consider the result in Eq. (64) as the product of the envelop function

E ( Ψ ex ) = 1 + ε 2 − 2ε cos ( 2πσΨ ex ) ,

(65)

( ε = 1, σ = 1 in this case) and of the rapidly oscillating function
F ( Ψ ex ) =

(

sin Nπ (σ + 1) Ψ ex

(

sin π (σ + 1) Ψ ex

)

),

(66)
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with σ = 1 , giving rise to secondary peaks in the overall curves. The functions N ⋅ E ( Ψ ex )
and 2 F ( Ψ ex ) are separately shown in fig. 12a for ε = 1, σ = 1 and N=10. The factors in front
of these functions are chosen in such a way that they can attain the same maximum value of
the product E ( Ψ ex ) ⋅ F ( Ψ ex ) .
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Figure 12. (a) Envelope function N E ( Ψ ex ) as a function of 2 F ( Ψ ex ) . (b) Critical current as a function
of the normalized applied flux for a homogeneous parallel array with N=12, ε=1, σ=1.

One notices that regular primary peaks of F ( Ψ ex ) appear at integer and half integer values
of Ψ ex . By multiplying the functions E ( Ψ ex ) and F ( Ψ ex ) as reported in fig. 12b, we notice
that primary peaks positioned at half-integer Ψ ex values are left unchanged, while those
appearing at integer Ψ ex values are depressed to zero.
By proceeding in the same way for the non-homogeneous case, starting from Eq. (62) we
find that the critical current of the non homogeneous array described in Section 3 can be
written as follows:
ic = E ( Ψ ex ) F ( Ψ ex ) .

(67)
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Notice that the resulting pattern does not depend on α, which can be absorbed, in the
effective dynamical equation, by a rescaling of the normalized time τ. Notice also that the
periodicity of the envelop function E ( Ψ ex ) may now not be commensurable with that of the
 . Consider, in fact, the case reported in figs. 13a and 13b, where
rapidly oscillating term A
N
the pattern is shown, as a full line, for a non homogeneous array with N=12, ε = 1.3 and
σ = 1.5 .
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Figure 13. Critical current as a function of Ψ ex for a non-homogeneous parallel array with N=12, ε=1.3,
σ=1.5 in the following ranges: (a) [-1.25, 1.25]; (b) [-2.5, 2.5]. In (a) the envelope function N E ( Ψ ex ) is
shown as a dotted line.

In fig. 13a the envelop curve N ⋅ E ( Ψ ex ) is shown as a dotted line. In the interference pattern
in fig. 13a we may notice the finiteness of the small peak at Ψ ex = 0 due to the nonvanishing value of E ( 0 ) = ε − 1 . Also, notice the reduction in height of the primary peaks

close to half-integer values as compared to those in fig. 12b. Finally, notice the appearance of
two extra peaks of equal height in between two successive primary peaks. In fig. 13b, where
the range of Ψ ex is increased, we notice that this feature repeats over a period ΔΨ ex = 2 , as
it can be directly confirmed by inspection of Eqs. (65-67). Differently from fig. 13a and 13b,
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when we consider an array with N=12, ε = 1.3 and σ = 2 , as in figs. 14a-c, the

fundamental periods of the functions E ( Ψ ex ) and F ( Ψ ex ) are incommensurable, so that the
overall pattern is not periodic. This feature can be detected by gradually increasing the
range of the pattern, as it is done in fig. 14a and fig. 14b. In this way, when looking for the
σ +1
conditions giving periodicity, one realizes that the ratio
needs to be a rational
σ
number. Therefore, when the parameter σ is a rational number, one has periodicity in the ic
vs. Ψ ex curves; otherwise, irregular patterns, like those shown in figs. 14a-b, are found.
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Figure 14. Critical current as a function of Ψ ex for a non-homogeneous parallel array with N=12, ε=1.3,

σ = 2 in the following ranges: (a) [-1.75, 1.75]; (b) [-5.5, 5.5]. In (a) the envelope function N E ( Ψ ex ) is
shown as a dotted line.

We have seen that a reduced single-junction model can be adopted to describe the overall
dynamics of a one-dimensional arrays with alternating parameters of N×(0-π) Josephson
junctions. This effective model is very useful, since it allows to obtain the critical current vs.
normalized magnetic flux curves in closed analytic form. The interference patterns are seen
to be qualitatively similar to recently obtained experimental results on multifacets Josephson
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junctions (Scharinger et al., 2010) in which the critical current density alternates many times
between two opposite values along the junction length. Discrete Josephson junction arrays,
even presenting some analogies with the latter devices, are much too simple systems to
describe the complete behaviour of MJJs. As a matter of fact, shielding current effects is not
taken into account by analysis carried out in this section in the lowest order approximation
in β. Nevertheless, the analytic results obtained for the interference patterns shed some light
on the causes of the presence or absence of periodicity and on the nature of primary and
secondary peaks in the ic vs. Ψ ex curves. We finally notice that the analysis relies on the
choice of an even number of Josephson junction in the array. Different patterns are expected
for an odd number of alternating junctions in the array, depending also on which type (0 or
π) of junctions is predominant. Further work is therefore necessary to address this problem
in its fullest extent.

5. Quantum interferometers in the presence of rapidly varying fields
In Section 2 we have analyzed the effective model for a two-junction quantum
interferometer in the presence of an oscillating magnetic flux under the hypothesis that the
frequency of oscillation is comparable with the inverse of the characteristic time evolution τφ
of the superconducting time variable φ. In this way, the quasi-static approach described in
Section 2 has been proven to be applicable. In the present section, on the other hand, we
shall consider rapidly varying externally applied fluxes, whose frequency ω is comparable
with τψ−1 , so that ω >> τ φ−1 .
Let us therefore consider an externally applied flux having d. c. component A and a. c.
amplitude B, so that

ψ ex ( t ) = A + B sin ωt

(68)

where ω ≈ τψ−1 >> τ φ−1 is the frequency of the sinusoidal term. Let us again consider Eqs. (4ab) rewritten, for n=0, as follows:
i
dφ
+ cos πψ sin φ = B ,
dτ
2
ψ −ψ
dψ
π
+ sin πψ cos φ = ex
dτ
2β

where the normalization τ =

2π RI J
Φ0

t=

t
τφ

(a)

(69)

(b)

prescribes a τ-dependence of the externally

applied flux as written in Eq. (18) with a normalized frequency ω =

Φ0
ω = ωτ φ . We
2π RI J

therefore need to consider again all steps in Section 2, having care to integrate opportunely
the right hand side term of (69b), in order to obtain a solution for Ψ in terms of the
superconducting phase by perturbation analysis on β for arbitrary values of A and B. In this
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way, the effective dynamics for φ can be found when the solution for Ψ is substituted in the
cosine term of (69a).
Start by considering the cosine term in (69b) as a quasi-static quantity (i. e., it does not vary
appreciably over an interval of time of the order of τψ ). This hypothesis is confirmed by what
already stated in the previous section; i. e., while the variables φ varies on a characteristic time
interval Δτφ, the variable Ψ varies within a time interval ΔτΨ= 2πβΔτφ «Δτφ. Within the former
time interval Δτφ it is then possible to choose a subinterval, of the order of Δτψ, in which the
variable φ does not vary appreciably. We can thus solve (69b), by perturbation analysis, by
first setting τ=2πβθ and by rewriting it as follows:
dψ
+ 2 β sin πψ cos φ + ψ (θ ) = ψ ex (θ ) .
dθ

(70)

ψ (θ ) = ψ 0 (θ ) + βψ 1 (θ )

(71)

By now setting

we again find the ODEs for ψ0 and ψ1 in (8a) and (8b). Recall that an ODE of the type
df
+ f (θ ) = g (θ ) ,
dθ

(72)

has solution f(θ)=e−θ θg(x)exdx. By now considering (68), by taking the non-decaying
solutions of the system of ordinary differential equations (8a-b) and by considering the nonvanishing solution of (8a) for ψ0 at large values of θ, we have

ψ0 = A +

B
1 + ω 2

 + ω sin ωθ
 ).
( cos ωθ

(73)

Having found the solution to (8a), we can find the solution to (8b) by the same type of
reasoning. After some rather long calculations one finds

ψ 1 = −2 h (θ ) cos φ ,

(74)

where

h (θ ) =
with

gn , k =

Jn ( γ ) Jn ( γω )

1 + ( n + k ) ω 2
2

,

 +n
α n , k (θ ) = π A + ( n + k ) ωθ

π

+∞

+∞

  gn,k sinαn,k (θ ) − ω cosαn,k (θ ) ,

(75)

n =−∞ k =−∞

Jn ( x )

being

the

Bessel

function

of

order

n,

and

. Therefore, the SQUID dynamics can be described, to first
2
order in β, by the following ODE:
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dφ
+ X0 (θ ) sin φ + πβ h (θ ) Y0 (θ ) sin 2φ = iB 2 m,
dτ

(76)

where X0 (θ ) = cos πψ 0 and Y0 (θ ) = sin πψ 0 .
Equation (76) thus represents the differential equation describing the dynamics of the
superconducting phase difference φ in a d. c. SQUID in the presence of a time-varying
externally applied flux, whose frequency ω is considered to be comparable with τψ-1 , in such
a way that ω = ωτψ ≈ 1 . For slowly varying fields ( ω << 1 ) one can readily verify from (8a)
and (8b) that ψ 0 (θ ) → ψ ex (θ ) and ψ 1 → −2 sinψ ex cos φ , respectively. In this way, the
dynamics described by the quasi-static d. c. SQUID in (3) holds.
For ω = ωτψ ≈ 1 , time evolution of the two variables, φ and ψ, still occurs with two completely
different time scales. In fact, as already stated, one has τψ= 2πβτφ «τφ. Therefore, flux motion is
very fast with respect to the dynamics of the phase variable φ. The only difference, here, is that
the externally applied flux ψ ex (θ ) is able to follow this fast dynamics. Having carefully solved
(8a) and (8b), and having found the effective single-junction dynamical equation for a d. c.
SQUID, we can determine the effective time-averaged equation, by taking the time average
over the fast variable ψ. Therefore, we may write
dφ
+ X 0 (θ ) sin φ + πβ h (θ ) Y0 (θ ) sin 2φ = i B 2 ,
dτ

(77)

where the symbol <x> stands for the time average of the variable x. Equation (77) can thus be
considered an effective single-junction model for a d. c. SQUID in the presence of a rapidly
varying magnetic field ( ω = ωt L ≈ 1 ). The average values X0 (θ ) and h (θ ) Y0 (θ ) can be
calculated as follows. First of all, set
X0 (θ ) = Re {exp( iπψ 0 )} .

(78)

Let us next express the exponential of a cosine and a sine terms in exp(iπψ 0 ) through the
following Bessel function identities
e ia cos x =
e

ia sin x

=

+∞

 in Jn ( a ) e inx , (a)

n =−∞
+∞

 Jn ( a ) e

inx

.

(79)

(b)

n =−∞

In this way, (78) becomes

X0 (θ ) = Re

{

J
n,k n

(γ ) Jk (γω )

e

iα n ,k (θ )

}.

(80)

It is now easy to show that

e

iα n ,k (θ )

= e iπ Ai nδ n,− k ,

(81)
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where the symbol δ n ,m is the Kronecker delta. By inserting (81) in (80), we have
X0 (θ ) = cos π A ρ (ω , B ) ,

(82)

with
+∞

ρ (ω , B ) = J0 (γ ) J0 ( γω ) + 2  ( −1) J2n ( γ ) J2n ( γω ).
n

(83)

n =1

Proceeding in a similar way in finding the effective coefficient of the sin2φ term , we find:
h (θ ) Y0 (θ ) =

1 +∞
 ξ g J (γ ) Jn+ m −l (γω ).
2 n ,m ,l =−∞ n ,m ,l n , m l

(84)

where

ξ n , m ,l

 −1 n − l
( )
=
n − l −1
 − ( n + k )( −1) 2


for ( n - l ) even
for ( n - l ) odd

.

(85)

Having expressed the effective time-averaged terms in (77) in a closed analytic form, we can
understand the effect of a high-frequency field on the electrodynamic behaviour a d. c.
SQUID with extremely small value of the parameter β, for instance. The critical current ic of
the device in this case (β = 0) can be expressed as follows:

iC (ω , A , B ) = 2 cos π A ρ (ω , B ) ,

(86)

where the quantity ρ (ω ,B ) is the extra-factor modifying the usual form of a d. c. SQUID,
expressed, in terms of a constant applied flux A, as 2 cos π A . The above expression can be
derived by inspection from Eq. (77), by setting β = 0 and getting the maximum stationary
value for iB with respect to φ.
In fig. 15a-b we thus show the critical current ic in terms of the a. c. component B of the
applied flux. In particular, in fig. 15a, we report the ic vs. B curves for various values of the
d. c. component A of the applied flux. normalized frequency ω . In fig. 15b, on the other
hand, the ic vs. B curves are shown for various values of the normalized frequency ω .
From figs. 15a-b we notice Fraunhofer-like patterns of the critical current as shown as a
function of the a. c. amplitude B.
The particular shape of these patterns in figs. 15a-b depends on the value of the normalized
frequency ω . When the d. c. component A and the time-varying portion of the magnetic
flux attain fixed values, and we let the normalized frequency vary with continuity, the ω
critical current of the device is the same as that of the quantity ρ (ω ,B ) . The ic vs. ω
curves are represented in fig. 16 for A=0.1 and for various values of B. In this respect, we
notice that, while for small fixed B values the quantity ρ (ω ,B ) is always increasing for
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increasing values of ω (see orange line in fig. 16) for values of B approaching 1.0, this
character is lost (see brown and cyan lines in fig. 16).
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Figure 15. Critical current ic as a function of the oscillating amplitude B . (a) The normalized frequency
is fixed at ω = 1.0 and various values of the d. c. component A are represented: A=0.1 (orange); A=0.2

(brown); A=0.3 (cyan). (b) The d. c. component A is fixed at A=0.1 and the normalized frequency attains
the following values: ω = 0.5 (orange); ω = 1.0 (brown); ω = 1.5 (cyan).
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Figure 16. Critical current ic as a function of the normalized frequency ω for A=0.1 and for various

values of the oscillating amplitude B: B=0.4 (orange); B=0.8 (brown); B=1.2 (cyan).
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We can now calculate, for β=0, the flux-voltage curves (v vs. A) by the following well known
expression (Barone & Paternò, 1982):
v=

i 2
dφ
= B − cos 2 (π A ) ρ 2 (ω , B ) ,
dτ
4

(87)

for iB > 2 cos (π A ) ρ (ω , B ) . The important feature in this expression is that these curves
depend both on B and ω though the extra-factor ρ (ω ,B ) . Because of this dependence, the
amplitude of the v vs. A curves can be varied and B and ω can be viewed as control
parameters. In figs. 17a-b we thus report the v vs. A curves for iB = 2.5 , for ω = 0 (a) and
ω = 1.0 (b), and for various values of B. In particular, in fig. 17a we notice that the amplitude
of the v vs. A curves obtained at B=0 and ω = 0 (orange line) decreases as we let B increase
to 0.15 first (brown line) and to 0.30 next (cyan line). The same decreasing behavior is
detected in fig. 17b for ω = 0.1 when B increases from 0.0 (orange line) to 0.15 (brown line)
and to 0.30 (cyan line).
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Figure 17. Voltage v versus the d. c. component A of the applied flux for iB = 2.5 and B=0.0 (orange);
B=0.15 (brown); B=0.30 (cyan). In (a) the normalized frequency values is ω = 0 , in (b) ω = 1.0 .
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In fig. 18a-b, finally, by fixing the value of B first to 0.5 (a) and then to 1.0 (b), we notice that
the amplitude of the v vs. A curves increases for increasing values of ω , as shown for
ω = 0.5 (orange line), ω = 1.0 (brown line), and ω = 1.5 (cyan line).
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Figure 18. Voltage v versus the d. c. component A of the applied flux for iB = 2.5 and ω = 0.5 (orange);
ω = 1.0 (brown); ω = 1.5 (cyan). In (a) the a. c. component of the applied magnetic flux is B=0.50, in (b)
B=1.0.

6. Conclusion
We have studied the dynamical properties of quantum interferometers consisting of single
or multiple superconducting loops, each containing two Josephson junctions.
A symmetric quantum interferometer containing two identical junctions with negligible
capacitance has been considered first. The analysis of the system has been carried out by
means of a perturbation approach in the parameter β, whose value gives the strength of the
electromagnetic coupling between the two junction in the system. We have noticed that the
flux-number function ψ ( β ,θ ) governs fluxon dynamics, where θ is the laboratory time t
normalized to the characteristic circuital time constant τψ =

L
. By this general approach it
R
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becomes evident that the characteristic time constant τ φ =

Φ0

2π RI J

of the dynamics of the

average superconducting phase difference φ is different from the characteristic time τψ . The
perturbation analysis has been carried out for both a constant and a time-dependent applied
magnetic flux. The circulating current iS and the time average of the critical current <ic> as a
function of the d. c. and a. c. components of the applied flux are evaluated in the adiabatic
limit, assuming that the oscillation frequency ω of the applied flux is much less then τψ −1 .
In this limit the Fraunhofer-like pattern in <ic> vs. B curves are shown to be independent
from the normalized frequancy ω = ωτψ .
Next, the dynamical equations of one-dimensional arrays containing N+1 identical
overdamped Josephson junctions are considered. It has been noticed that the system of N+1
nonlinear first-order ordinary differential equations can be broken into two coupled
subsystems, one consisting of only one equation for the superconducting phase of one
junction in the array (arbitrarily chosen to be φ0), the second describing the time evolution of
N opportunely defined normalized flux variables. When a solution of the latter N equations
is found, by means of a perturbative approach to first order in the parameter β, the
dynamical properties of the system are described by a single time-evolution equation for φ0.
In this way, we may affirm that, for small values of β, the system may be described by an
equivalent single-junction model, where the maximum Josephson current is appropriately
defined. The analysis represents a simple way of approaching the problem of the
electrodynamic response of one-dimensional arrays of overdamped Josephson junctions by
an equivalent single-junction model.
The same approach is followed for one-dimensional arrays with alternating parameters of
N×(0-π) Josephson junction. Even in this case an effective single-junction model can be
adopted to describe the overall dynamics of the system. This model is very useful, since it
allows us to obtain the critical current vs. normalized magnetic flux curves in closed analytic
form. The interference patterns are seen to be qualitatively similar to recently obtained
experimental results on multifacets Josephson junctions (Scharinger et al., 2010) in which the
critical current density alternates many times between two opposite values along the
junction length. The analytic results for the interference patterns clarify the presence or
absence of periodicity and the nature of primary and secondary peaks in these curves.
Further investigation on the dependence of ic on different distributions of the JJs in the array
can be of interest.
Finally, by allowing the magnetic flux, applied to a two-junction superconducting quantum
interference device, to have an a. c. component in addition to a constant term A, we derive
the effective reduced single-junction model describing the dynamics of the average
superconducting phase difference φ of the two junctions in the device. The difference
between this case and the one previously treated is that the alternating flux now varies with
a frequency ω of the same order of magnitude of τψ −1 , so that the adiabatic approach does
not apply. The single-junction model for the system is again obtained by perturbation
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analysis to first order in the parameter β. Averaging of the rapidly varying quantities in the
differential equation for φ gives the effective dynamics of the two junctions in the system. In
particular, for β = 0, the critical current of the device is seen to depend on A, on the
frequency ω and the amplitude B of the a. c. component of the applied magnetic flux in a
closed analytic form. From the analysis of the voltage vs. applied flux curves it can be
argued that the quantities ω and B can play the role of additional control parameters in the
device. Further work in extending the present analysis to finite values of β is necessary.
Experimental work confirming the predictions of the present analysis needs to be
performed. As far as non-normalized quantities are concerned, for direct experimental
confirmation of the present results, we finally notice that the junction dynamics evolves with
characteristic frequencies the order of 1 THz. Therefore one needs to run the experiment
with very rapidly oscillating signals (10 THz or more) in such a way that normalized
frequencies of ω = 1.0 can be achieved.

Author details
R. De Luca
Dipartimento di Fisica “E. R. Caianiello”, Università degli Studi di Salerno, Italy

7. References
Ambegaokar, V. & Halperin, B. I. (1969). Voltage Due to Thermal Noise in the dc
Josephson Effect. Phys. Rev. Lett., Vol.22, No.25, (June 1969), pp. 1364-1366, ISSN 00319007
Barone, A. & Paternò, G. (1982). Physics and Applications of the Josephson Effect, John Wiley &
Sons, ISBN 0471014699, New York, USA
Baselmans, J. J.; Morpurgo, A. F.; Van Wees, B. J. & Klapwijk, M. (1999). Vortices with Half
Magnetic Flux Quanta in “Heavy Fermion” Superconductors . Nature, Vol.397, No.6714,
(January 1999), pp. 43-45, ISSN 0028-0836
Bishop, A. R. & Trullinger, S. E. (1978). Josephson Junction Threshold Viewed as a Critical
Point. Phys. Rev. B, Vol.17, No.5, (March 1978), pp. 2175-2182, ISSN 1098-0121
Bocko, M. F.; Herr, A. M. & Feldman, M. J. (1997). Prospect for Quantum
Coherence Computation Using Superconducting Electronics. IEEE Transactions
on Applied Superconductivity, Vol.7, No.2, (June 1997), pp. 3638-3641, ISSN 10518223
Bulaevkii, L. N.; Kuzii, V. V. & Sobyanin, A. A. (1977). Superconducting System with Weak
Coupling to the Current in the Ground State. JETP Lett., Vol.25, No.7, (April 1997), pp.
290-294, ISSN 0021-3640
Chesca, B. (1999). Magnetic field dependencies of the critical current and of the resonant
modes of dc SQUIDs fabricated from superconductors with s+idx2-y2 order parameter
symmetries. Ann. Phys.(Leipzig), Vol.8, No.6, (September 1999), pp. 511-522, ISSN 15213889

Effective Models of Superconducting Quantum Interference Devices 261

Clarke, J. & Braginsky, A. I. (2004). The SQUID Handbook, Vol. I, Wiley-VCH, ISBN 3-52740229-2, Weinheim, Germany
Crankshaw, D. S. & Orlando, T. P. (2001). Inductance Effect in the Persistent Current Qubit.
IEEE Transactions on Applied Superconductivity, Vol.11, No.1, (March 2001), pp. 10061009, ISSN 1051-8223
De Luca, R. (2011). Quantum interference in parallel connections of N×(0–π) overdamped
Josephson junctions. Supercon. Sci. Technol., Vol.24, No.6, (June 2011), pp. 065026 1-5,
ISSN 0953-2048
Geshkenbein, V. B.; Larkin, A. I. & Barone, A. (1987). Vortices with Half Magnetic Flux
Quanta in “Heavy Fermion” Superconductors . Phys. Rev. B, Vol.36, No.1, (July 1987),
pp. 235-238, ISSN 1098-0121
Grønbech-Jensen, N.; Thompson, D. B.; Cirillo, M. & Cosmelli, C. (2003). Thermal escape
from zero-voltage states in hysteretic superconducting interferometers. Phys. Rev. B,
Vol.67, No.22, (June 2003), pp. 224505 1-6, ISSN 1098-0121
Likharev, K. K. (1986). Dynamics of Josephson Junctions and Circuits, Gordon and Breach, ISBN
2881240429, Amsterdam, The Netherlands
Romeo, F. & De Luca, R. (2004). Effective Non-Sinusoidal Current-Phase Relations in
Conventional d. c. SQUIDs. Physics Letters A, Vol.328, No.4-5, (August 2004), pp. 330334, ISSN 0375-9601
Romeo, F. & De Luca, R. (2005). A reduced model for one-dimensional arrays of
overdamped Josephson junctions. Physica C, Vol.432, No.3-4, (November 2005), pp. 159166, ISSN 0921-4534
Ryazanov, V. V.; Oboznov, V. A.; Rusanov, A. Yu.; Veretennikov, A. V.; Golubov, A. A. &
Aarts, J. (2001). Coupling of Two Superconductors Through a Ferromagnet: Evidence
for a π Junction. Phys. Rev. Lett., Vol.86, No.11, (March 2001), pp. 2427-2430, ISSN 00319007
Scharinger, S.; Gürlich, C.; Mints, R. G.; Weides, M.; Kohlstedt, H.; Goldobin, E.; Koelle, D. &
Kleiner, R. (2010). Interference patterns of multifacet 20x(0-π) Josephson junctions with
ferromagnetic barrier. Phys. Rev. B, Vol.81, No.17, (May 2010), pp. 174535 1-4, ISSN
1098-0121
Schultz, R. R.; Chesca, B.; Goetz, B.; Schneider, C. W.; Schmehl, A.; Bielefeldt, H.;
Hilgenkamp, H.; Mannhart, J. & Tsuei, C. C. (2000). Design and Realization of an all dwave dc π Superconducting Quantum Interference Device. Appl. Phys. Lett., Vol.76,
No.7, (February 2000), pp. 912-914, ISSN 0003-6951
Smilde, H. J. H.; Ariando; Blank, D. H. A.; Hilgenkamp, H. & Rogalla, H. (2004). π SQUIDs
based on Josephson Contacts Between High-Tc and Low-Tc Superconductors . Phys. Rev.
B, Vol.70, No.2, (July 2004), pp. 024519 1-12, ISSN 1098-0121
Weides, M.; Kemmler, M.; Goldobin, E.; Koelle, D., Kleiner, R.; Kohlstedt, H. &
Buzdin, A. (2006). High quality ferromagnetic 0 and π Josephson tunnel junctions,
Appl. Phys. Lett., Vol.89, No.12, (September 2006), pp. 122511 1-3, ISSN 00036951

262 Superconductors – Materials, Properties and Applications

Wollman, D. A.; Van Harlingen, D. J.; Lee, W. C.; Ginsberg, D. M. & Leggett, A. J. (1993).
Experimental Determination of the Superconducting Pairing State in YBCO from the
phase coherence of YBCO-Pb dc SQUIDs. Phys. Rev. Lett., Vol.71, No.13, (September
1993), pp. 2134-2137, ISSN 0031-9007

Chapter 11

Microwave Absorption by Vortices in
Superconductors with a Washboard
Pinning Potential
Valerij A. Shklovskij and Oleksandr V. Dobrovolskiy
Additional information is available at the end of the chapter
http://dx.doi.org/10.5772/48358

1. Introduction
1.1. The essential physical background
It is well-known that a type-II superconductor, while exposed to a magnetic ﬁeld B whose
magnitude is between the lower and upper critical ﬁeld, is penetrated by a ﬂux-line array
of Abrikosov vortices, or ﬂuxons [1–3]. Each vortex contains one magnetic ﬂux quantum,
Φ0 = 2.07 × 10−15 Wb, and the repulsive interaction between√vortices makes them to arrange
in a triangular lattice, with the vortex lattice parameter a L � Φ0 /B where B = | B|. A vortex
is often simpliﬁed by the hard-core model [4], where the core is a cylinder of normal material
with a diameter of the order of the coherence length. In this model, the magnetic ﬁeld is
constant in the core but decays exponentially outside the core over a distance of the order of
the effective magnetic penetration depth.
In an ideal material, the vortex array would move with average velocity v under the action
of the Lorentz force F L essentially perpendicular to the transport current. Due to the nonzero
viscosity experienced by the vortices when moving through a superconductor, a faster vortex
motion corresponds to a larger dissipation. In experiments, inhomogeneities are usually
present or can intentionally be introduced in a sample [5] which may give rise to local
variations of the superconducting order parameter. This may cause the vortices to be pinned.
By this way, the resistive properties of a type-II superconductor are determined by the vortex
dynamics, which due to the presence of pinning centers can be described as the motion of
vortices in some pinning potential (PP) [6]. In particular, randomly arranged and chaotically
distributed point-like pinning sites give rise to an ubiquitous, isotropic (i) pinning contribution,
as said of the "background nature". Depending on the relative strength between the Lorentz
and pinning forces, the vortex lattice can be either pinned or on move, with a nonlinear
transition between these regimes. Thus, the current-voltage characteristics (CVC) of such a
sample is strongly nonlinear.
©2012
and
Dobrovolskiy,
licensee
InTech.
This is
a paper
under
the terms
of the under
Creative
©2012Shklovskij
Shklovskij
and
Dobrovolskiy,
licensee
InTech.
This
is an distributed
open access
chapter
distributed
the
terms of the
CreativeLicense
Commons
Attribution License (http://creativecommons.org/licenses/by/3.0),
Commons
Attribution
(http://creativecommons.org/licenses/by/3.0),
which permits unrestricted use,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original
distribution, and reproduction in any medium, provided the original work is properly cited.
work is properly cited.

264 2Superconductors – Materials, Properties and Applications

The importance of ﬂux-line pinning in preserving superconductivity in a magnetic ﬁeld and
the reduction of dissipation via control of the vortex motion has been in general recognized
since the discovery of type-II superconductivity [1, 2, 7, 8]. Later on, it has been found that
the dissipation by vortices can be suppressed to a large degree if the intervortex spacing
a L geometrically matches the period length of the PP [9]. Moreover, artiﬁcially created
linearly-extended pinning sites are known to be very effective for the reduction of the
dissipation by vortices in one [10, 11] or several particular directions. Indeed, if the PP ensued
in a superconductor is anisotropic (a), the direction of vortex motion can be deﬂected away
from the direction of the Lorentz force. In this case, the nonlinear vortex dynamics becomes
two-dimensional (2D) so that v ∦ F L . The non-collinearity between v and F L is evidently
more drastic the weaker the background i pinning is [12], which can otherwise mask this
effect [13]. The most important manifestation of the pinning anisotropy is known as guided
vortex motion, or the guiding effect [14], meaning that vortices tend to move along the PP
channels rather than to overcome the PP barriers. As a consequence of the guided vortex
motion, an even-in-ﬁeld reversal transverse resistivity component appears, unlike the ordinary
Hall resistivity which is odd regarding the ﬁeld reversal. A guiding of vortices can be achieved
with different sorts of PP landscapes [15, 16] though it is more strongly enhanced and can be
more easily treated theoretically when using PPs of the washboard type (WPP).
One more intriguing effect appears when the PP proﬁle is asymmetric. In this case the
reﬂection symmetry of the pinning force is broken and thus, the critical currents measured
under current reversal are not equal. As a result, while subjected to an ac current drive of
zero mean a net rectiﬁed motion of vortices occurs. This is known as a rocking ratchet effect
and has been widely used for studying the basics of mixed-state physics, e.g., by removing
the vortices from conventional superconductors [17], as well as to verify ideas of a number of
nanoscale systems, both solid state and biological [18, 19].

1.2. Experimental systems with a washboard pinning potential
The ﬁrst experimental realization of a WPP used a periodic modulation of the thickness of
cold-rolled sheets of a Nb-Ta alloy [14]. In this work the inﬂuence of isotropic pointlike
disorder on the guiding of vortices was discussed for the ﬁrst time. Later on, lithographic
techniques have been routinely employed to create periodic pinning arrays consisting of
practically identical nanostructures in the form of, e.g, microholes [20, 21], magnetic dots [22],
and stripes [23]. The main idea all these works share is to suppress periodically the
superconducting order parameter.
With regard to a theoretical description it has to be stated that a full and exact account of the
nonlinear vortex dynamics in superconducting devices proposed in these works [20–23] in a
wide range of external parameters is not available due to the complexity of the periodic PP
used in these references. Due to this reason it has been proposed by the authors in a number
of articles to study a simpler case, such as a WPP periodic in one direction [12, 24–27] or
bianisotropic [28]. The main advantage of these approaches implies the possibility to describe
the phenomenon of guided vortex motion along the WPP channels, i.e., the directional
anisotropy of the vortex velocity, if the transport current is applied under various in-plane
angles. For instance, self-organization has been used [10, 29] to provide semi-periodic, linearly
extended pinning "sites" by spontaneous facetting of m-plane sapphire substrate surfaces on
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which Nb ﬁlms have been grown. It has been demonstrated that pronounced guiding of
vortices occurs. Experimental data [10] were in good agreement with theoretical results [12]
that allowed to estimate both, the i and a PP parameters.
From the viewpoint of theoretical modeling, saw-tooth and harmonic PPs represent the most
simple forms of the WPP. On the one hand, these simple forms of the WPP allow one to
explicitly calculate the dc magneto-resistivity and the ac impedance tensor as the physical
quantities of interest in the problem. On the other hand, these WPP’s forms are highly
realistic in the sense of appropriate experimental realizations which range from naturally
occurring pinning sites in high temperature superconductors (HTSCs) to artiﬁcially created
linearly-extended pinning sites in high-Tc and conventional superconductors, more often in
thin ﬁlms. Some experimental systems exhibiting a WPP are exempliﬁed in Fig. 1. The
experimental geometry of the model discussed below implies the standard four-point bridge
of a thin-ﬁlm superconductor with a WPP placed into a small perpendicular magnetic ﬁeld
with a magnitude B � Bc2 such that our theoretical treatment can be performed in the
single-vortex approximation.
Summarizing what has been said so far, by tuning the intensity, form, and asymmetry of the
WPP in a superconductor, one can manipulate the ﬂuxons via dynamical, directional, and
orientational control of their motion. Evidently, a number of more sophisticated phenomena
arise due to the variety of the dynamical regimes which the vortex ensemble passes through.
In the next sections we will consider a particular problem in the vortex dynamics when the
vortices are subjected to superimposed subcritical dc j0 < jc and small ac j1 → 0 current
drives at frequencies ω in the microwave range. What is discussed below can be directly
employed to the wide class of thin superconductors with a WPP, including but not limited
to those examples shown in Fig. 1. In particular, by looking for the dc magneto-resistivity
and the ac impedance responses, we will elucidate: a) how to derive the absorbed power by
vortices in such a superconductor as function of all the driving parameters of the problem
and b) how to solve the inverse problem, i.e., to reconstruct the coordinate dependence of a
PP from the dc current-induced shift in the depinning frequency ω p [30], deduced from the
curves P(ω | j0 ). The importance and further aspects of this issue are detailed next.

1.3. Which information can be deduced from microwave measurements?
The measurement of the complex impedance response accompanied by its power absorption
P (ω ) in the radiofrequency and microwave range represents a powerful approach to
investigate pinning mechanisms and the vortex dynamics in type-II superconductors.
The reason for this is that at frequencies ω � ω B , substantially smaller than those
invoking the breakdown of the zero-temperature energy gap (ω B = 2Δ (0)/h̄ ≈
100 GHz for a superconductor with a critical temperature Tc of 10 K), high-frequency
and microwave impedance measurements of the mixed state yield information about ﬂux
pinning mechanisms, peculiarities in the vortex dynamics, and dissipative processes in a
superconductor. It should be stressed that this information can not be extracted from the
dc resistivity data obtained in the steady state regime when pinning is strong in the sample.
This is due to the fact that in the last case when the critical current density jc is rather large,
the realization of the dissipative mode, in which the ﬂux-ﬂow resistivity ρ f can be measured,
requires j0  jc . This is commonly accompanied by a non-negligible electron overheating in
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Figure 1. Examples of selected experimental systems exhibiting a washboard pinning potential
re-printed after original research papers: a) In-2% Bi foil imprinted with diffraction grating [31]. b)
Parallel lines of Ni prepared by electron-beam lithography on a Si substrate onto which a Nb ﬁlm was
sputtered [32]. c) Superconducting microbridge (1) with an overlaying magnetic tape (2) containing a
pre-recorded magnetization distribution [33]. d) Nb ﬁlm deposited onto faceted α − Al2 O3 substrate
surface [10]. e) Nb ﬁlm surface with an array of ferromagnetic Co stripes fabricated by focused electron
beam-induced deposition [11]. f) Nb ﬁlm surface with an array of grooves etched by focused electron
beam milling [34]. In addition, there is a large number of HTSC-based experimental systems with a WPP,
ranging from uniaxially twinned ﬁlms to the usage of the intrinsic layers within a HTSC [35–39].
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the sample [40, 41] which changes the value of the sought ρ f . At the same time, measurements
of the absorbed power by vortices from an ac current with amplitude j1 � jc allow one to
determine ρ f at a dissipative power level of P1 ∼ ρ f j12 which can be many orders of magnitude
smaller than P0 ∼ ρ f j02 . Consequently, measurements of the complex ac response versus
frequency ω probe the pinning forces virtually in the absence of overheating effects which
are otherwise unavoidable at overcritical steady-state dc current densities.
The multitude of experimental works published recently utilizing the usual four-point
scheme [42], strip-line coplanar waveguides (CPWs) [43], the Corbino geometry [44, 45],
or the cavity method [46] to investigate the microwave vortex response in as-grown
thin-ﬁlm superconductors or in those containing some nano-tailored PP landscape reﬂects
the explosively growing interest in the subject. In connection with this, from the microwave
power absorption further insight into the pinning mechanisms can be gained. In particular,
artiﬁcially fabricated pinning nanostructures provide a PP of unknown shape that requires
certain assumptions concerning its coordinate dependence in order to ﬁt the measured data.
At the same time, in a real sample a certain amount of disorder is always presented, acting
as pinning sites for a vortex as well. By this way, an approach how to reconstruct the
form of the PP experimentally realized in a sample is of self-evident importance for both,
application-related and fundamental reasons. A scheme how to reconstruct the coordinate
dependence of a PP has been recently proposed by the authors [47] and will be elucidated in
Sec. 3.3.

1.4. Development of the theory in the ﬁeld
A very early model to describe the absorbed power by vortices refers to the work of Gittleman
and Rosenblum (GR) [30]. GR measured the power absorption by vortices in PbIn and NbTa
ﬁlms over a wide range of frequencies ω and successfully analyzed their data on the basis of a
simple model for a 1D parabolic PP. In their pioneering work, a small ac excitation of vortices
in the absence of a dc current was considered. Later on, GR have supplemented their equation
of motion for a vortex with a dc current and have introduced a cosine PP [48]. The GR results
have been obtained at T = 0 in a linear approximation for the pinning force and will be
presented here not only for their historical importance but rather to provide the foundation
for the subsequent generalization of the model.
Later on, the theory accounting also for vortex creep at non-zero temperature in a 1D cosine
PP has been extended by Coffey and Clem (CC) [49]. In the following, the CC theory
has been experimentally proved to be very successful [16] to describe the high-frequency
electromagnetic properties of superconductors. However, it had been developed for a small
microwave current and in the absence of a dc drive.
Recently, the CC results have been substantially generalized by the authors [25, 27] for a 2D
cosine WPP. The washboard form of the PP allowed for an exact theoretical description of the
2D anisotropic nonlinear vortex dynamics for any arbitrary values of the ac and dc current
amplitudes, temperature, and the angle between the transport current direction with respect
to the guiding direction of the WPP. The inﬂuence of the Hall effect and anisotropy of the
vortex viscosity on the absorbed power by vortices has also been analyzed [50, 51]. Among
other nontrivial results obtained, an enhancement [25] and a sign change [27] in the power
absorption for j0  jc have been predicted.
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Whereas the general exact solution of the problem [25, 27] has been obtained for non-zero
temperature in terms of a matrix continued fraction [52], here we treat the problem analytically
in terms of only elementary functions which allow a more intuitive description of the main
effects. Solving the equation of motion for a vortex at T = 0, j0 < jc , and j1 → 0 in the
general case, we also consider some important limiting cases of isotropic vortex viscosity and
zero Hall constant provided it substantially helps us to elucidate the physical picture. The
theoretical treatment of the problem is provided next.

2. General formulation of the problem to be solved
Let the x axis with the unit vector x (see Fig. 2) be directed perpendicular to the washboard
channels, while the y axis with the unit vector y is along these channels. The equation of
motion for a vortex moving with velocity v in a magnetic ﬁeld B = Bn, where B ≡ | B|,
n = nz, z is the unit vector in the z direction,and n ± 1, has the form
η̂v + α H v × n = F + F p ,

(1)

where F = (Φ0 /c)j × n is the Lorentz force, j = j0 + j1 (t), and j1 (t) = j1 exp iωt, where j0
and j1 are the densities of dc and small ac currents, respectively, and ω is the ac frequency. Φ0
is the magnetic ﬂux quantum and c is the speed of light. η̂ is the vortex viscosity tensor and
α H is the Hall coefﬁcient. In Eq. (1) F p = −∇U p ( x ) is the anisotropic pinning force, where
U p ( x ) is some periodic pinning potential (PP).

Figure 2. The system of coordinates xy with the unit vectors x and y is associated with the WPP
channels which are parallel to the vector y. The transport current density vector j = j0 + j1 exp iωt is
directed at an angle α with respect to y. β is the angle between the average velocity vector v and j. F p is
the average pinning force provided by the WPP and F L is the Lorenz force for a vortex. Inset: a
schematic sample conﬁguration in the general case. A thin type-II superconductor (foil, thin ﬁlm, or thin
layer of crystal) is placed into a small perpendicular magnetic ﬁeld B. A WPP is formed in the sample
and the direction of the WPP channels is shown by hatching. Experimentally deducible values are the dc
voltages E� and E⊥ as well as the ac impedances Z� and Z⊥ .
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If x and y are the coordinates along and across the anisotropy axis, respectively, tensor η̂ is
diagonal in the xy representation, and it is convenient to deﬁne η0 and γ by the formulas
�
√
γ = ηxx /ηyy ,
ηxx = γη0 ,
ηyy = η0 /γ,
(2)
η0 = ηxx ηyy ,

where η0 is the averaged viscous friction coefﬁcient, and γ is the anisotropy parameter.

Since U p ( x ) depends only on the x coordinate and is periodic, i.e., U p ( x ) = U p ( x + a), where
a is the period of the PP, the pinning force F p is directed always along the anisotropy axis x
and has no component along the y axis, i.e., Fpy = 0. As usually [25, 27, 48, 49, 53, 54], we use
a WPP of the cosine form
U p ( x ) = (U p /2)(1 − cos kx ),
(3)
where k = 2π/a, F p = −(dU p /dx )x = Fpx x, and Fpx = − Fc sin kx, where Fc = U p k/2
is the maximum value of the pinning force. Because F ≡ F (t) = F0 + F1 (t), where F0 =
(Φ0 /c)j0 × n is the Lorentz force invoked by the dc current and F1 = (Φ0 /c)j1 (t) × n is the
Lorentz force invoked by the small ac current, we assume that v (t) = v0 + v1 (t), where v0 is
time-independent, while v1 (t) = v1 exp iωt.
Our goal is to determine v from Eq. (1) and to substitute it then in the expression for the
electric ﬁeld. To accomplish this, Eq. (1) can be rewritten in projections on the coordinate axes
⎧
⎨ γ [ v0x + v1x (t)] + δ[ v0y + v1y (t)] = [ F0x + F1x (t) + Fpx ] /η0 ,
⎩

(4)

(1/γ)[ v0y + v1y (t)] − δ[ v0x + v1x (t)] = [ F0y + F1y (t)] /η0 ,

where � = α H /η0 and δ = n�.

However, instead of to straightforwardly proceed with the solution of Eqs. (4), we ﬁrst
consider some physically important limiting cases in which Eq. (1) is substantially simpliﬁed.
Later on, in Sec. 4.3, Eq. (1) will be dealt with in its general form.

3. The Gittleman-Rosenblum model
3.1. Dynamics of pinned vortices on a small microwave current
Let us consider the case of an isotropic vortex viscosity, i.e., γ = 1 while η0 = η in the absence
of Hall effect, i.e., � = 0. We restrict our analysis to the consideration of the vortex motion
with velocity v(t) only along the x-axis. This case corresponds to α = 0 when the vortices
move across the PP barriers. Furthermore, we ﬁrst assume that j0 = 0. Then Eq. (1) can be
rewritten in the form originally used [30] for a parabolic pinning potential
η ẋ + k p x = f L ,

(5)

where x is the vortex displacement, η is the vortex viscosity, k p is the constant which
characterizes the restoring force f p in the PP well U p ( x ) = (1/2)k p x2 and f p = − dU p /dx =
− k p x. In Eq. (5) f L = (Φ0 /c) j1 (t) is the Lorentz force acting on a vortex, and j1 (t) = j1 exp iωt
is the density of a small microwave current with the amplitude j1 . Looking for the solution
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Figure 3. The frequency dependences of a) real and b) imaginary parts of the ac impedance calculated
for a cosine pinning potential U p ( x ) = (U p /2)(1 − cos kx ) at a series of dc current densities, as indicated.
In the absence of a dc current, the GR results are revealed in accordance with Eqs. (9).

of Eq. (5) in the form x (t) = x exp iωt, where x is the complex amplitude of the vortex
displacement, one immediately gets ẋ (t) = iωx (t) and
x=

(Φ0 /ηc) j1
,
iω + ω p

(6)

where ω p ≡ k p /η is the depinning frequency. This frequency ω p determines the transition
from the non-dissipative to dissipative regimes in the vortex dynamics in response to a small
microwave signal, as will be elucidated in the text later. To calculate the magnitude of the
complex electric ﬁeld arising due to the vortex on move, one takes E = B ẋ/c. Then
E (ω ) =

ρ f j1
1 − iω p /ω

≡ Z (ω ) j1.

(7)

Here ρ f = BΦ0 /ηc2 is the ﬂux-ﬂow resistivity and Z (ω ) ≡ ρ f /(1 − iω p /ω ) is the microwave
impedance of the sample.
In order to calculate the power P absorbed per unit volume and averaged over the period of
an ac cycle, the standard relation P = (1/2)Re( E · J ∗ ) is used, where E and J are the complex
amplitudes of the ac electric ﬁeld and current density, respectively. The asterisk denotes the
complex conjugate. Then, from Eq. (7) it follows
P(ω ) = (1/2)ReZ (ω ) j12 = (1/2)ρ f j12 /[1 + (ω p /ω )2 ].

(8)

For the subsequent analysis, it is convenient to write out real and imaginary parts of the
impedance Z = ReZ + iImZ, namely
ReZ (ω ) = ρ f /[1 + (ω p /ω )2 ],

ImZ (ω ) = ρ f (ω/ω p )/[1 + (ω/ω p )2 ].

(9)

The frequency dependences (9) are plotted in dimensionless units Z/ρ f and ω/ω p in Fig. 3
(see the curve for j0 /jc = 0). From Eqs. (5), (6), and (8) it follows that pinning forces dominate
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Figure 4. Modiﬁcation of the effective pinning potential Ũi ( x ) ≡ U p ( x ) − f 0i x, where
U p ( x ) = (U p /2)(1 − cos kx ) is the WPP, with the gradual increase of f 0 such as
0 = f 0 < f 01 < f 02  f 03 = f c , i.e., a vortex is oscillating in the gradually tilting pinning potential well in
the vicinity of the rest coordinate x0i .

at low frequencies, i.e., when ω � ω p and Z (ω ) is mainly nondissipative with ReZ (ω ) ≈
(ω/ω p )2 � 1, whereas frictional forces dominate at higher frequencies, i.e., when ω � ω p and
Z (ω ) is dissipative with ReZ (ω ) ≈ ρ f [1 − (ω p /ω )2 ]. In other words, due to the reduction
of the amplitude of the vortex displacement with the increase of the ac frequency, a vortex is
getting not inﬂuenced by the pinning force. This can be seen from Eq. (6) where x ∼ 1/ω for
ω � ω p ; this is accompanied, however, with the independence of the vortex velocity of ω in
this regime in accordance with Eq. (7).

3.2. Inﬂuence of a dc current on the depinning frequency
The GR model can be generalized for an arbitrary PP and can also account for an arbitrary
dc current superimposed on a small microwave signal. For determinacy, let us consider a
subcritical dc current with the density j0 < jc , where jc is the critical current density in the
absence of a microwave current. Our aim now is to determine to which changes in the effective
PP parameters the superimposition of the dc current leads, because Ũ ( x ) ≡ U p ( x ) − x f 0 in
the presence of j0 �= 0. Here U p ( x ) is the x-coordinate dependence of the PP when j0 = 0.
The modiﬁcation of the effective PP with the gradual increase of f 0 is illustrated in Fig. 4 for
the WPP by Eq. (3). Note also that f 0 < f c , where f 0 and f c are the Lorentz forces which
correspond to the current densities j0 and jc , respectively.
In the presence of an arbitrary dc current, the equation of motion for a vortex (5) has the form
ηv(t) = f (t) + f p ,

(10)

where f (t) = (Φ0 /c) j(t) is the Lorentz force with j(t) = j0 + j1 (t), where j1 (t) = j1 exp iωt,
and j1 is the amplitude of a small microwave current. Due to the fact that f (t) = f 0 + f 1 (t),
where f 0 = (Φ0 /c) j0 and f 1 (t) = (Φ0 /c) j1 (t) are the Lorentz forces for the subcritical dc
and microwave currents, respectively, one can naturally assume that v(t) = v0 + v1 (t), where
v0 is time-independent, whereas v1 (t) = v1 exp iωt. In Eq. (10) the pinning force is f p =
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− dU p ( x )/dx, where U p ( x ) is some PP. Our aim is to determine v(t) from Eq. (10) which,
taking into account the considerations above, acquires the next form
η [ v0 + v1 (t)] = f 0 + f p + f 1 (t),

(11)

Let us consider the case when j1 = 0. If j0 < jc , i.e., f 0 < f c , where f c is the maximal value
of the pinning force, then v0 = 0, i.e., the vortex is in rest. As it is seen from Fig. 4 the rest
coordinate x0 of the vortex in this case depends on f 0 and is determined from the condition of
equality to zero of the effective pinning force f˜( x ) = − dŨ ( x )/dx = f p ( x ) + f 0 , which reduces
to the equation f p ( x0 ) + f 0 = 0, or
f0 =

dU p ( x )
| x = x0 ,
dx

(12)

the solution of which is the function x0 ( f 0 ).
Let us now add a small oscillation of the vortex in the vicinity of x0 under the action of the
small external alternating force f 1 (t) with the frequency ω. For this we expand the effective
pinning force f˜( x ) in the vicinity of x = x0 into a series in terms of small displacements
u ≡ x − x0 which gives
f˜( x − x0 ) � f˜( x0 ) + f˜� ( x0 )u + . . .
(13)
�
��
˜
˜
Then, taking into account that f ( x0 ) = 0 and f ( x0 ) = U ( x0 ), Eq. (11) acquires the form
p

η u̇1 + k̃ p u = f 1 ,

(14)

where k̃ p ( x0 ) = U p�� ( x0 ) is the effective constant characterizing the restoring force f˜(u ) at
small oscillations of a vortex in the effective PP Ũ ( x ) close by x0 ( f 0 ), and v1 = u̇ = iωu.
Equation (14) for the determination of v1 is physically equivalent to GR Eq. (5) with the only
distinction that the vortex depinning frequency ω̃ p ≡ k̃ p /η now depends on f 0 through
Eq. (12), i.e., on the dc transport current density j0 . Thereby, all the results of Sec. 3.1 [see
Eqs. (6)-(9)] can be repeated here with the changes x → u and ω p → ω̃ p . It should be noted,
that all the described till now did not require one to know the actual form of the PP. In order
to discuss the changes in the dependences ReZ (ω ) and ImZ (ω ) caused by the dc current,
the PP must be speciﬁed. We take the cosine WPP determined by Eq. (3); though any other
non-periodic PP can also be used.
 For the curves ReZ (ω | j0 ) and ImZ (ω | j0 ) plotted in Fig. 3,
the dependence ω̃ p ( j0 /jc ) = ω p 1 − ( j0 /jc )2 for the cosine WPP is used [50]. Its derivation
will also be outlined in Sec. 3.3.
Now we turn to the discussion of the ﬁgure data from which it is evident that with increase
of j0 the curves ReZ (ω | j0) and ImZ (ω | j0) shift to the left. The reason for this is that with
increase of j0 the PP well while tilted is broadening, as illustrated in Fig. 3. Thus, during
the times shorter than τp = 1/ω p , i.e., for ω > ω p , a vortex can no longer non-dissipatively
oscillate in the PP’s well. As a consequence, the enhancement of ReZ (ω ) occurs at lower
frequencies. At the same time, the curves in Fig. 3 maintain their original shape. Thus, the
only universal parameter to be found experimentally is the depinning frequency ω p . For a ﬁxed
frequency and different j0 , real part of Z (ω ) always acquires larger values for larger j0 ,
whereas the maximum in imaginary part of Z (ω ) precisely corresponds to the middle point
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of the nonlinear transition in ReZ (ω ). It should be noted that in the presence of j0 �= 0 the
dissipation remains non-zero even at T = 0, though it is very small at very low frequencies.

3.3. Reconstruction of a pinning potential from the microwave absorption data
3.3.1. General scheme of the pinning potential reconstruction
We now turn to the detailed analytical description how to reconstruct the coordinate
dependence of a PP experimentally ensued in the sample, on the basis of microwave power
absorption data in the presence of a subcritical dc transport current. It will be shown that from
the dependence of the depinning frequency ω̃ p ( j0 ) as a function of the dc transport current j0
one can determine the coordinate dependence of the PP U p ( x ). The physical background for
the possibility to solve such a problem is Eq. (12) which gives the correlation of the vortex rest
coordinate x0 with the value of the static force f 0 acting on the vortex and arising due to the
dc current j0 .
From Eq. (12) it follows that while increasing f 0 from zero up to its critical value f c one in
fact "probes" all the points in the dependence U p ( x ). Taking the x0 -coordinate derivative in
Eq. (12), one obtains
dx0 /d f 0 = 1/U p�� ( x0 ) = 1/k̃ p ( x0 ),
(15)
where the relation U �� ( x0 ) = k̃ p ( x0 ) has been used [see Eq. (14) and the text below]. By
substituting x0 = x0 ( f 0 ), Eq. (15) can be rewritten as dx0 /d f 0 = 1/k̃ p [ x0 ( f 0 )], and thus,
1
dx0
=
.
d f0
η ω̃ p ( f 0 )

(16)

If the dependence ω̃ ( f 0 ) has been deduced from the experimental data, i.e., ﬁtted by a known
function, then Eq. (16) allows one to derive x0 ( f ) by integrating
x0 ( f 0 ) =

1
η

 f0
0

df
.
ω̃ p ( f )

(17)

Then, having calculated the inverse function f 0 ( x0 ) to x0 ( f 0 ) and using the relation f 0 ( x0 ) =
U p� ( x0 ), i.e., Eq. (12), one ﬁnally obtains
Up (x) =

 x
0

dx0 f 0 ( x0 ).

(18)

3.3.2. Example procedure to reconstruct a pinning potential
Here we would like to support the above-mentioned considerations by giving an example
of the reconstruction procedure for a WPP. Let us suppose that a series of power absorption
curves P (ω ) has been measured for a set of subcritical dc currents j0 . Then for determinacy,
let us imagine that each i −curve of P (ω | j0 ) like those shown in Fig. 3 has been ﬁtted with
its ﬁtting parameter ω̃ p so that one could map the points [(ω̃ p /ω p )i , ( j0 /jc )i ], as shown by
triangles in Fig. 5.
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Figure 5. The pinning potential reconstruction procedure: step 1. A set of [( ω̃ p /ω p ) i , ( j0 /jc ) i ] points ()

has been deduced from the supposed measured data and ﬁtted as ω̃ p /ω p = 1 − ( j0 /jc )2 (solid line).
Then by Eq. (17) x0 ( f 0 ) = ( f c /k p ) arcsin ( f 0 / f c ) (dashed line).

Figure 6. The pinning potential reconstruction procedure: step 2. The inverse function to x0 ( f 0 ) is
f 0 ( x0 ) = f c sin ( x0 k p / f c ) (dashed line). Then by Eq. (18) U p ( x ) = (U p /2)(1 − cos kx ) is the PP sought
(solid line).


We ﬁt the ﬁgure data in Fig. 5 by the function ω̃ p /ω p = 1 − ( j0 /jc )2 and then substitute it
into Eq. (17) from which one calculates x0 ( f 0 ). In the case, the function has a simple analytical
form, namely x0 ( f 0 ) = ( f c /k p ) arcsin( f 0 / f c ). Evidently, the inverse to it function is f 0 ( x0 ) =
f c sin( x0 k p / f c ) with the period a = 2π f c /k p (see also Fig. 6). By taking the integral (18) one
ﬁnally gets U p ( x ) = (U p /2)(1 − cos kx ), where k = 2π/a and U p = 2 f c2 /k p .

3.4. Concluding remarks on the reconstruction scheme of a pinning potential
The problem to reconstruct the actual form of a potential subjected to superimposed constant
and small alternation perturbations arises not only in the vortex physics but also in related
ﬁelds such as charge-density-wave pinning [55] and Josephson junctions [56]. In the vortex
physics, an early scheme how to reconstruct the coordinate dependence of the pinning
force from measurements implying a small ripple magnetic ﬁeld superposed on a larger dc
magnetic ﬁeld had been previously reported [57]. Also, due to the closest mathematical
analogy should be also mentioned the Josephson junction problem wherein a plenty of
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non-sine current-phase relations is known to occur [56] and which could in turn beneﬁt from
the results reported here.
A respective experiment can be carried out at T � Tc and implies a small microwave current
density j1 � jc . Though the potential reconstruction scheme has been exempliﬁed for a
cosine WPP, i.e., for a periodic and symmetric PP, single PP wells [43] can also be proven
in accordance with the provided approach. In the general case, the elucidated here procedure
does not require periodicity of the potential and can account also for asymmetric ones. If this is the
case, one has to perform the reconstruction procedure under the dc current reversal, i.e., two
times: for + j0 and − j0 .

Here, our consideration was limited to T = 0, j0 < jc , and j1 → 0 because this has
allowed us to provide a clear reconstruction procedure in terms of elementary functions
accompanying with a simple physical interpretation. Experimentally, adequate measurements
can be performed, i.e., on conventional thin-ﬁlm superconductors (e.g., Nb, NbN) at T � Tc .
These are suitable due to substantially low temperatures of the superconducting state and
that relatively strong pinning in these materials allows one to neglect thermal ﬂuctuations of
a vortex with regard to the PP’s depth U p � 1000 ÷ 5000 K [10]. It should be stressed that
due to the universal form of the dependences P (ω | j0 ), the depinning frequency ω p plays a
role of the only ﬁtting parameter for each of the curves P (ω | j0 ), thus ﬁtting of the measured
data seems to be uncomplicated. However, one of most crucial issues for the experiment is
to adequately superimpose the applied currents and then, to uncouple the picked-up dc and
microwave signals maintaining the matching of the impedances of the line and the sample.
Quantitatively, experimentally estimated values of the depinning frequency in the absence of
a dc current at a temperature of about 0.6Tc are ω p ≈ 7 GHz for a 20 nm-thick [45] and a
40 nm-thick [46] Nb ﬁlms. This value is strongly suppressed with increase of both, the ﬁeld
magnitude and the ﬁlm’s thickness.
Concerning the general validity of the results obtained, one circumstance should be recalled.
The theoretical consideration here has been performed in the single-vortex approximation, i.e.,
is valid only at small magnetic ﬁelds B � Bc2 , when the distance between two neighboring
vortices, i.e., the period of a PP is larger as compared with the effective magnetic ﬁeld
penetration depth, a  λ.

4. Solution of the problem in the general case
4.1. General remarks on the Hall parameter and anisotropy of the vortex viscosity
Now, the extent to which the Hall term in the equation of motion of the vortex and a possible
anisotropy of the viscous term affect the 2D dynamics and the resistive properties of the
vortex ensemble both, at a direct (subcritical) current and at a small microwave ac current,
will be investigated. It should be pointed out that, even though the Hall angle θ H and,
consequently, the dimensionless Hall coefﬁcient � is small for most superconductors, i.e.,
� � 1, anomalously large values of � are observed in YBCO, NbSe2 , and Nb ﬁlms in a
number of cases at sufﬁciently low temperatures [58]; i.e., tan θ H ≥ 1. In the absence of
pinning (Sec. 4.2), this means that the vortex velocity v in this case is directed predominantly
along the direction of j1 (t), whereas, with a small Hall angle (tan θ H ), the directions of v
and j1 (t) are virtually orthogonal. The inﬂuence of the Hall term on the vortex dynamics is
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taken into consideration because, as will be shown below, the absorption by vortices at an ac
current substantially depends on both the magnitude of � and the frequency ω, and angle α.
Moreover, the analysis shows that the resistive characteristics of a sample at a subcritical dc is
independent of the value of the Hall constant. In other words, it is impossible to extract the
value of � from experimental data at a dc, while � can be determined from an analysis of the power
absorption at an ac (Sec. 4.3). The physical cause of such a behavior of the transverse resistive
response at a subcritical dc current is associated with the suppression of the Hall response as
a consequence of vortex pinning in the transverse with respect to the WPP channels direction
of their possible motion.
The viscosity anisotropy is taken into consideration because the anisotropy in the ab plane is
fairly large in most HTSC crystals: for example, for YBCO crystals, the magneto-resistivity as
the vortices move along the a or b axis can differ by more than a factor of 2 [35].

4.2. The case of zero pinning strength and arbitrary currents
4.2.1. Computing the dc resistivities
Let the Hall constant now be arbitrary (� �= 0), while the vortex viscosity is arbitrary and
anisotropic (γ �= 1). We ﬁrst consider the 2D vortex motion in the absence of pinning, i.e.,
when F p = 0. Note, that both the dc and the microwave ac currents are of arbitrary densities.
The equation of motion for a vortex has the form
η̂v + α H v × n = F.

(19)

E (t) = [ B × v (t)] /c = (nB/c)[− vy (t)x + v x (t)y ].

(20)

In this case, projections of the vortex velocity on the xy axes at constant current are v0x =
F̃0x /η̃0 and v0y = F̃0y /η̃0 , where η̃0 = η0 γ (1 + δ2 ), F̃0x = F0x − γδF0y , and F̃0y =
γ2 F0y + γδF0x . The main physical quantity that makes is possible to determine the resistive
characteristics of the sample, i.e., its dc resistivity tensor ρ̂0 and the ac impedance tensor Ẑ1 at
frequency ω, is the electric ﬁeld E (t) induced by the moving vortex system

We note that E (t) = E0 + E1 (t), where E0 is the dc electric ﬁeld, while E1 (t) = E1 exp iωt,
where E1 is the complex amplitude of the ac electric ﬁeld E1 (t). We next recall that
the experimentally measurable resistive responses (longitudinal E� and transverse E⊥ with
respect to the current direction) are associated with the responses Ex and Ey in the xy
coordinate system by the relations E� = Ex sin α + Ey cos α and E⊥ = − Ex cos α + Ey sin α,
where Ex = − n ( B/c)vy and Ey = n ( B/c)v x . At dc current, E0� and E0⊥ are respectively
determined by

E0� = [ ρ f j0 /γΔ ](γ2 sin2 α + cos2 α) ≡ j0 ρ0� ,
(21)
E0⊥ = [ ρ f j0 /γΔ ](γδ + (1 − γ2 ) sin α cos α) ≡ j0 ρ0⊥ ,
where ρ f ≡ BΦ0 /η0 c2 is the ﬂux-ﬂow resistivity and Δ = 1 + δ2 . Separating the even and
odd in n components in Eqs. (21) one ﬁnally obtains
ρ0+� = (ρ f /γΔ )(γ2 sin2 α + cos2 α),
ρ0+⊥

= (ρ f

/γΔ )(1 − γ2 ) sin α cos α,

− = 0,
ρ0,
�

ρ0−⊥ = ρ f δ/Δ.

(22)
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It should be pointed out that Eqs. (22) are independent of j0 , i.e., the corresponding dc CVCs
are linear. In other words, all three nonzero resistive responses correspond to the ﬂux-ﬂow
regime of the vortex dynamics. The difference between them consists only in different
dependences of the magnetoresistivities ρ0+� , ρ0+⊥ , and ρ0−⊥ on parameters α, γ, and �. The
presence of pinning (see Sec. 4.3.1) substantially changes these ﬁnal conclusions.
4.2.2. Limiting cases of isotropic viscosity and/or zero Hall constant
Let us now consider several simple, physically different limiting cases which follow from
Eq. (22). If there is no viscosity anisotropy (γ = 1) and no Hall effect (� = 0), the vortex
dynamics is isotropic, i.e., is independent of the angle α. In this case, the vortex dynamics
corresponds to the ﬂux-ﬂow mode which is independent of the ﬁeld reversal. As expected, the
only nonzero component is ρ0+� = ρ f which is even with respect to the change B → − B.

However, if γ = 1 and only the Hall effect � �= 0 is to be considered, the vortex dynamics
becomes anisotropic in the sense that the directions of F0 and v0 no longer coincide. This
odd-in-ﬁeld anisotropy is of a Hall origin and can be quantitatively characterized by the Hall
angle, θ H , determined as
tan θ H = ρ0−⊥ /ρ0+� = δ,
(23)
where ρ0−⊥ is the new transverse odd (Hall) component of the magneto-resistivity. If | δ| � 1,
the Hall anisotropy is weak, and the vortex velocity v0 is virtually perpendicular to the dc
density j0 , whereas, if | δ| � 1, the directions of v0 and j0 virtually coincide.

The presence of a viscosity anisotropy γ �= 1 even in the absence of the Hall effect (� = 0)
results in the appearance of one more new magneto-resistivity ρ0+⊥ . This component is even
with respect to the inversion B → − B and, like the Hall effect, causes the vortex motion to
be anisotropic, i.e., it causes the directions of F0 and v0 not to coincide. It is convenient to
characterize the corresponding even-in-ﬁeld anisotropy by the angle β deﬁned as
cot β = − ρ0+⊥ /ρ+
= (γ2 − 1)/(γ2 tan α + cot α).
�

(24)

By analogy with the appearance of directed motion of the vortices in the presence of a WPP,
when there is no Hall effect and no viscosity anisotropy, the angle β deﬁned by Eq. (24) can be
treated similarly to that for the guiding effect in the problem with pinning.
4.2.3. Computing the ac impedance
Carrying out an analysis for ac current in the same way like for dc current, one has v1x (t) =
F̃1x (t)/η̃0 and v1y (t) = F̃1y (t)/η̃0 , where F̃1x (t) = F1x − γδF1y , and F̃1y (t) = γ2 F1y + γδF1x .
Then
⎧
2
2
2
⎨ E1� = [ ρ f j1 (t)/γΔ ](γ sin α + cos α) ≡ j1 (t) Z� ,
(25)
⎩
E1⊥ = [ ρ f j1 (t)/γΔ ](γδ + (1 − γ2 ) sin α cos α) ≡ j1 (t) Z⊥ .
Longitudinal (�) and transverse (⊥) components are determined here with respect to the
direction of j1 . Separating the even and odd with respect to n components in Eqs. (25), one
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ﬁnally gets

Z�+ = (ρ f /γΔ )(γ2 + sin2 α + cos2 α),
Z⊥ = (ρ f /γΔ )(1 − γ2 ) sin α cos α,

Z�− = 0,

(26)

−
Z⊥
= ρ f δ/Δ.

It should be pointed out that, as it can be seen from Eqs. (26) and (22), the relationships for the
transverse and longitudinal resistive responses at dc current formally coincide with those for
the corresponding impedances in the absence of pinning, i.e., the impedance components are
real. However, it should be recalled that ρ�,⊥ = Re[ Z�,⊥ exp iωt].
4.2.4. Microwave absorption by vortices in the absence of pinning
To compute the absorbed power P in the ac response per unit volume and averaged over the
period of an ac cycle, we use the standard expression P = (1/2)Re(E1 · j1∗ ), where E1 and j1
are the complex amplitudes of the ac electric ﬁeld and the current density, respectively. Then,
using Eqs. (25), it can be shown that
P = ( j12 /2)ρ̄ ≡ ( j12 /2)ReZ� = P0 (γ2 sin2 α + cos2 α)/γΔ,

(27)

where P0 = ρ f ( j12 /2). When γ = 1, the absorbed power becomes isotropic and depends only
on the dimensionless Hall constant �, i.e., P = P0 /Δ with P decreasing as � increases. This
is physically associated with the already established fact that, as � increases, the direction of
vector v1 approaches closer and closer to the direction of vector j1 , so that the corresponding
component of the longitudinal ac electric ﬁeld E1� decreases in amplitude as θ H increases,
while the absorbed power falls off. According to the physical picture and as it follows from
Eq. (27), the power absorption is maximal and equals P0 when γ = 1 and � = 0.
However, if γ �= 1 and � �= 0, one has P = P (α, γ, �), i.e., the absorbed power is anisotropic.
Figure 7 shows the dependence of P/P0 as a function of the anisotropy parameter γ at the
Hall parameter δ = 0.1 for various values of the angle α. It follows from Eq. (27) that the
inﬂuence of parameter � on P (α, γ, �) for any α and γ reduces to a reduction of the absorption
with increasing �, as well as the fact that the absorption anisotropy when γ �= 1 is determined
by the value of the nonlinear with respect to α and γ combination γ sin2 α + (1/γ ) cos2 α. The
latter implies that the term (1/γ ) cos2 α increases as α → 0 and γ → 0, and that the term
γ sin2 α increases as α → π/2 and γ � 1. All these features are easy to see in Fig. (7).

4.3. The case of arbitrary pinning strength and subcritical currents
4.3.1. Computing the dc resistivities
Let us ﬁrst consider the case in which there is no ac current, i.e., j1 = 0. It then follows from
Eq. (4) that
⎧
⎨ γv0x + δv0y = ( F0x + Fpx )/η0 ,
(28)
⎩
(1/γ)v0y − δv0x = F0y /η0 .

Microwave
Absorption
by Pinning
Vortices
in Superconductors
Microwave Absorption by Vortices
in Superconductors
with a Washboard
Potential

with a Washboard Pinning Potential
17 279

Figure 7. Dependence of the absorbed power P/P0 on the anisotropy parameter γ at the Hall parameter
δ = 0.1 for a series of values of the angle α, as indicated.

The solution of this system of equation is
v0x = ( F̃0x + Fpx )/η̃0 ,

v0y = γF0y /η̃0 + γδ( F̃0x + Fpx )/η̃0 .

(29)

The motion of a vortex along the x axis will differ, depending on the values of the anisotropy
parameter γ, the Hall coefﬁcient �, and the force F̃0x . If F̃0x < Fc , the vortex comes to rest in
this direction, i.e., V0x = 0. As follows from Fig. 4, the vortex’s rest coordinate x0 in this case
depends on the value of F̃0x . It then follows from Eq. (29) that, to determine the dependence
x0 ( F̃0x ), it is necessary to solve the equation F̃0x + Fpx = 0. For the WPP given by Eq. (3), the
solution is
x0 = (1/k) arcsin( F̃0x /Fc ),
(30)
where F̃0x /Fc = j̃0y /jc , j̃0y = n ( j0y + γδj0x ), and jc is the critical current when α = 0.
We now add a small ac signal j1 (t) with frequency ω and consider how a small ac force F1 (t)
affects the vortex dynamics in the subcritical dc current regime, i.e., when j̃0y < jc . It follows
from Eq. (20) that, when j1 = 0, the value of E0 can be obtained by averaging E1 (t) over time,
� t +T
taking into account the periodicity of F1 (t). Then E = �E (t)�, where �. . .� = 1/T t00 . . . dt,
and T = 2π/ω. We note that v0x = 0 when j0y < jc . As a result, one gets
E0 =

nB
nB γF0y
v0y x =
x.
c
c η0

(31)

Here F0y = − n (Φ0 /c) j0x , and therefore E0 = − γρ f j0x x and E0x = − γρ f j0x .

It follows from Eq. (20) that

⎧
2
⎨ E0� = E0x sin α = − γρ f j0 sin α ≡ j0 ρ0� ,
Finally,

⎩

(32)

E0⊥ = − E0x cos α = γρ f j0 sin α cos α ≡ j0 ρ0⊥ .

ρ0� = − γρ f sin2 α,

ρ0⊥ = γρ f sin α cos α,

(33)
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from which it immediately follows that these responses are independent of the B-reversal.
The only information which can be extracted from Eq. (33) is concerning the angle α for the
given sample, from the relation tan α = − ρ0� /ρ0⊥ and the value of the product γρ f . From
Eq. (33) it also follows that the longitudinal and transverse responses are nondissipative only
when α = 0; this is caused by the subcritical nature of the transport current. A dissipation
arises when α �= 0 due to the appearance of a component of the driving force F0y that does not
contain the Hall constant [see Eq. (29) for V0y , taking into account that V0x = 0] and is directed
along the WPP channels. Thus, when F̃0x < Fc , the vortex motion and the resistive response
of the sample are independent of �, i.e., the Hall parameter can not be determined from experiment
at a constant subcritical current, unlike the case already described in Sec. 4.2.1.
4.3.2. Computing the ac impedance tensor
Let us now proceed to an analysis of the responses to an ac current, using the relationship
E1 (t) = E (t) − E0 = E (t) − �E (t)�. From this and from Eq. (4) one has that
⎧
⎨ γv1x (t) + δv1y (t) = [ F̃0x + F1x (t) + Fpx ] /η0 ,
(34)
⎩
v1y (t)/γ − δv1x (t) = F1y (t)/η0 ,

where F1x (t) ≡ (nΦ0 /c) j1y (t) and F1y (t) ≡ −(nΦ0 /c) j1x (t), where j1x (t) = j1 (t) sin α,
j1y (t) = j1 (t) cos α, and j1 (t) = j1 exp iωt. We use the fact that F̃0x + Fpx ≡ F̃px =
− dŨ p ( x )/dx, where Ũ p ( x ) ≡ U p ( x ) − x F̃0x is the effective PP, taking into account the driving
force component along the x axis (see Fig. 4). In this case, the rest coordinate for a vortex is
given by Eq. (30). The effective PP Ũ p ( x ) can be expanded in series in the small difference
( x − x0 ) like it was done in Sec. 3.2, and using Eq. (30) one gets
�
F̃px /η0 = − ω̃ p ( x − x0 ), where ω̃ p = ω p 1 − ( j̃0y /jc )2 , and ω p ≡ k p /η0 .
(35)
Now it is possible to rewrite Eq. (34) as
⎧
⎨ (γ + ω̃ p /iω )v1x (t) + δv1y (t) = F1x (t)/η0 ,
⎩

(36)

− δv1x (t) + (1/γ)v1y (t) − δv1x (t) = F1y (t)/η0 .

The solution of this system of equation is
v1x (t) = ( F1x /γ − δF1y )/(η0 Δ γ ),

v1y (t) = [ γF1y (1 + ω̃ pγ /iω ) + δF1x ] /(η0 Δ γ ),

(37)

where ω̃ pγ ≡ ω̃ p /γ and Δ γ ≡ Δ + ω̃ pγ /iω. From the relation E1 (t) = Ẑj1 (t), where the
components of the ac impedance tensor Ẑ are measured in the xy coordinate system (see
Fig. 2), Eqs. (4), and (37), the longitudinal and transverse (with respect to the direction of j1 )
impedances Z� and Z⊥ are determined as
⎧
2
2
2
2
⎨ Z� = (ρ f /γΔ )[ γ (Δ − δ Z1 ) sin α + Z1 cos α],
⎩

Z⊥ = (ρ f /γΔ ){δγZ1 + [ Z1 − γ2 (Δ − δ2 Z1 ) sin α cos α]},

(38)
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where Z1 ≡ Δ/Δ γ = 1/(1 − iω q /ω ), and

�
�
ω q = ω̃ pγ /Δ = [ ω p /γΔ ] 1 − ( j̃0y /jc )2 = [ ω p /γΔ ] 1 − ( j0y /jc )2 (cos α + δγ sin α)2

(39)

The quantity ω q in Eq. (39) a generalization to the case γ �= 1 and � �= 0, and is physically
analogous to the depinning frequency ω p introduced in Seq. 3.1 and dependent on the
subcritical transport current. However, it should be emphasized that, unlike the depinning
frequency ω p which is independent on the B-inversion, the value of the ω q changes with the
replacement n → − n, i.e., δ → − δ because the Hall effect is present.

Having separated even and odd parts in the impedance components, ﬁnally the
experimentally deducible, ﬁeld orientation-independent quantities are
⎧ +
Z� = (ρ f /γΔ )[ γ2 (Δ − δ2 Z1+ ) sin2 α + Z1+ cos2 α],
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪ Z − = (ρ /γΔ ) Z − (cos2 α − δ2 γ2 sin2 α),
⎪
⎨ �
f
1

⎪
⎪
+
⎪
= (ρ f /γΔ ){ Z1+ − γ2 (Δ − δ2 Z1+ )] sin α cos α},
Z⊥
⎪
⎪
⎪
⎪
⎪
⎪
⎩ −
Z⊥ = (ρ f /γΔ ){δγZ1+ + Z1− (1 + δ2 γ ) sin α cos α},

(40)

4.3.3. Determination of the Hall constant from microwave measurements

satisﬁes the condition F̃0x < Fc .
Let us assume that γ = 1 and the Hall constant is arbitrary but �
Then Z̄1 ≡ Z1 (γ = 1) = 1/(1 − i ω̄ q /ω ), where ω̄ q ≡ (ω p /Δ ) 1 − ( j0 /jc )2 (cos α + δ sin α)2 .
In this case, the expressions for the real part of the longitudinal and transverse impedances
ReZ̄�,⊥ are determined by
⎧
2
⎨ ReZ̄� = (ρ f /Δ )[ReZ̄1 + Δ (1 − ReZ̄1 ) sin α],
⎩

(41)

ReZ̄⊥ = (ρ f /Δ )[ δReZ̄1 − Δ (1 − ReZ̄1 ) sin α cos α],

where ReZ̄1 = 1/[1 + (ω̄ q /ω )2 ].
The culmination of this subsection is an analysis of the dependence ReZ̄�±,⊥ as a function of
ω at large or small frequencies. If ω → ∞, one has (ω̄ q /ω ) → 0, i.e., Re Z̄1 = 1. Then in
the main approximation with respect to 1/ω one has Re Z̄� = ρ f /Δ, (i.e., ReZ̄�+ = ReZ̄� and
+
−
ReZ̄�− = 0), and ReZ̄⊥ = ρ f δ/Δ, i.e., ReZ̄⊥
= 0 and ReZ̄⊥
= ReZ̄⊥ . Thus, as the Hall
constant � increases (i.e., δ increases), the absorbed power P decreases as ω → ∞ (P = P0 /Δ).
−
Moreover, as ω → ∞, for any α, there is a relationship of the form δ = ReZ̄⊥
/ReZ̄�− . Now

let ω → 0 (i.e., ReZ̄1 = 1). Then, in the main approximation with respect to ω, the Hall effect
is unmeasurable, since ReZ̄� = ρ f sin2 α and P = P0 sin2 α, while Re Z̄⊥ = − ρ f sin α cos α;
i.e., δ has been canceled out of the results. It follows from this that ρ f = ReZ̄� / sin2 α; i.e.,
η0 = BΦ0 sin2 α/Re Z̄� c2 .
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Thus, the high-frequency limit ω � ω̄ q (ω → ∞) is needed to determine � = α H /η0 , whereas
the low-frequency limit ω � ω̄ q (ω → 0) is sufﬁcient to determine η0 . Because of the
dependence ω̄ q ( j), appropriate measurements can be performed even at one ﬁxed frequency
ω  ω p . Thus, for any � and α = π/2, the Hall constant in a periodic PP from microwave
absorption by vortices is determined by

(42)
α H = ( BΦ0 /ρ̄(0)c2 ρ̄(0)/ρ̄ (∞) − 1,
where ρ̄(0) = ρ f sin2 α for ω → 0 and ρ̄(∞) = ρ f /Δ for ω → ∞.

4.3.4. Microwave absorption by vortices in a washboard pinning potential
By analogy with Sec. 4.2.4, the absorbed power is P = ( j12 /2)ReZ� ≡ ( j12 /2)ρ̄, where now
ρ̄ = (ρ f /γΔ ){Δγ2 sin2 α + [1 − (1 + δ2 γ2 ) sin2 α]ReZ1 }

(43)

If δ = 0 and γ = 1, Eq. (43) reduces to ρ̄ = ρ f (sin2 α + ReZ1 cos2 α) which has been dealt with
previously [50]. Let Z1 ≡ 1 − iG1 , where G1 = −(ω q /ω )/(1 − iω q /ω ), and consequently
ReZ1 = 1 − Re(iG1 ) = 1 + ImG1 . Then from Eq. (43) one has that
ρ̄ = (ρ f /γΔ ){γ2 sin2 α + cos2 α + [1 − (1 + δ2 γ2 ) sin2 α]ImG1 }

(44)

where ImG1 = −1/[1 + (ω/ω q )2 ]. When γ = 1, Eq. (44) reduces to Eq. (85) in our previous
work [25]. Finally,
P = P0 {1 + (γ2 − 1) sin α + [1 − (1 + δ2 γ2 ) sin2 α]ImG1 }/γΔ,

(45)

where P0 = ρ f ( j12 /2)/ Unlike the case in which is no pinning (Sec. 4.2.4), the absorbed power
P in this case not only depends on angle α, anisotropy parameter γ, and Hall constant �, but
also depends on frequency ω and current density j0 .
It is essential to point out, that in that case under consideration, the absorbed power contains
both even and odd parts with regards to the change B → − B; this is because of the
dependence of ImG1 through ω q on n [see Eq. (39)]. Thus, the experimentally observed P ( B )
changes under the reversal of the direction of B. Therefore, it is convenient to represent the
absorbed power as P ( B ) = P + ( B ) + P − ( B ), where P ± ( B ) ≡ [ P ( B ) ± P (− B )] /2 are moduli
that do not change their quantities under inversion of B.

5. Conclusion
5.1. Summary
The microwave absorbtion by vortices in a superconductor with a periodic (washboard-type)
pinning potential in the presence of the Hall effect and viscosity anisotropy has been studied
theoretically. Two groups of results have been discussed. First, it has been shown how the
Gittleman-Rosenblum model can be generalized for the case when a subcritical dc current is
superimposed on a weak ac current. It has been elucidated how the coordinate dependence
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of a pinning potential can be reconstructed from the microwave absorption data measured at
a set of subcritical dc currents. Second, the dependences of the longitudinal and transverse
dc resistivity and ac impedance tensors, as well as of the absorbed power on the subcritical
constant current density j0 , the ac frequency ω, the dimensionless Hall parameter δ, the
anisotropy coefﬁcient γ, and the angle α between the direction of the collinear currents j0
and j1 (t) with respect to the channels of the WPP have been derived for the general case. The
physics of the vortex motion in a pinning potential subjected to superimposed dc an ac drives
has been elucidated. In particular, it has been shown that the results are most substantially
affected not by the value of γ but by the value of the Hall parameter �. At a constant subcritical
current j0 < jc , it turns out that � does not appear in the resistive responses, whereas, at a small
ac current, two new effects result from the presence of �, namely (i) a falloff of the absorbtion
as � increases at any subcritical current j0 < jc , and (ii) the appearance of an odd-in-ﬁeld
component P − (ω ) when α �= 0; 90, and this increases with increasing �.

Figure 8. Dependence of the absorbed power P/P0 on the dimensionless frequency ω/ω p calculated on
the basis of a stochastic model [25]. In the presence of a dc current j0 = 1 and a series of dimensionless
inverse temperatures g = U p /2T, as indicated, P ( ω ) demonstrates (i) an enhanced power absorption by
vortices at low frequencies, (ii) a pronounced temperature-dependent minimum at intermediate
frequencies and (iii) a sign change at certain conditions [27]. Experimentally, U0 � 1000 ÷ 5000 K
typically [10], and ω p usually ensues in the microwave range [16, 30, 42]. In the limit of zero dc current
j0 = 0, the curves coincide with the well-known results of Coffey and Clem (dashed line) [49].

Our discussion has been limited by the consideration of j0 < jc and j1 → 0 mainly for two
reasons. First, at a steady-state dc current j0 > jc the dissipated power P0 ∼ ρ f j02 may be
signiﬁcant and because of this the overheating of the sample is unavoidable and as a result
the heat release in the ﬁlm should be properly analyzed. We note, however, this difﬁculty
can be overcome provided high-speed current sweeps [59] or short-pulse measurements [60]
are employed. The second reason is that at j0 > jc a running mode in the vortex dynamics
appears [25], when the vortex moves in a tilted WPP with instantaneous velocity oscillating
with frequency ω i . Due to the presence of the two frequencies, i.e., intrinsic ω i and external ω,
the problem of their synchronization arises. Though an analytical treatment of this issue could
be presented, to work out a clear physical picture for this problem would be more complicate.
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5.2. Extension of the theory for non-zero temperature
Finally, let us compare the results presented in the chapter with the analogous but more
general results obtained by the authors [25] on the basis of a stochastic model for arbitrary
temperature T and densities j0 and j1 . In that work, the Langevin equation (1), supplemented
with a thermoﬂuctuation term, has been exactly solved for γ = 1 in terms of a matrix continued
fraction [52] and, depending on the WPP’s tilt caused by the dc current, two substantially
different modes in the vortex motion have been predicted. In more detail, at low temperatures
and relatively high frequencies in a nontilted pinning potential each pinned vortex is conﬁned
to its pinning potential well during the ac period. In the case of superimposed strong ac and
dc driving currents a running state of the vortex may appear when it can visit several (or
many) potential wells during the ac period. As a result, two branches of new ﬁndings have
been elucidated [25, 27]. First, the inﬂuence of an ac current on the usual E0 ( j0 ) and ratchet
E0 ( j1 ) CVCs has been analyzed. Second, the inﬂuence of a dc current on the ac nonlinear
impedance response and nonlinear power absorption has been investigated. In particular,
the appearance of Shapiro-like steps in the usual CVC and the appearance of phase-locking
regions in the ratchet CVC has been predicted. At the same time, it has been shown that
an anomalous power absorption in the ac response is expected at close-to critical currents
j0  jc and relatively low frequencies ω  ω p . Figure 8 shows the main predictions of
these works. Namely, predicted are (i) an enhanced power absorption at low frequencies,
(ii) a temperature- and current-dependent minimum at intermediate frequencies. (iii) At
substantially low temperatures, the absorption can acquire negative values which physically
corresponds to the generation by vortices. However, a more general and formally precise
solution of the problem in terms of a matrix-continued fraction does not allow the main
physical results of the problem to be investigated in the form of explicit analytical functions of
the main physical quantities (j0 , j1 , ω, α, T, �, and γ) which, we believe, has helped us greatly
to elucidate the physics in the problem under consideration.
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1. Introduction
The discovery and further development of superconductivity is extremely interesting
because of its pragmatic (practical) and purely academic reasons. At the same time,
the superconductivity science is very remarkable as an important object for the study
in the framework of the history and methodology of science, since all the details are
well documented and well-known to the community because of numerous interviews by
participants including main heroes of the research and the ﬁerce race for higher critical
temperatures of the superconducting transition, Tc . Moreover, the whole science has
well-documented dates, starting from the epoch-making discovery of the superconducting
transition by Heike Kamerlingh-Onnes in 1911 [1–7], although minor details of this and,
unfortunately, certain subsequent discoveries in the ﬁeld were obscured [8–11]. As an
illustrative example of a senseless dispute on the priority, one can mention the controversy
between the recognition of Bardeen-Cooper-Schrieffer (BCS) [12] and Bogoliubov [13]
theories.
If one looks beyond superconductivity, it is easy to ﬁnd quite a number of controversies
in different ﬁelds of science [14, 15]. Recent attempts [16–18] to contest and discredit
the Nobel Committee decision on the discovery of graphene by Andre Geim and Kostya
Novoselov [19, 20] are very typical. The reasons of a widespread disagreement concerning
various scientiﬁc discoveries consist in a continuity of scientiﬁc research process and a tense
competition between different groups, as happened at liquefying helium and other cryogenic
gases [9, 21–24] and was reproduced in the course of studying graphite ﬁlms [25, 26]. At the
same time, the authors and the dates of major discoveries and predictions in the science of
superconductivity are indisputable, fortunately to historians and teachers.
Macroscopic manifestations of the superconducting state and diverse properties of the
plethora of superconductors are consequences of main fundamental features: (i) zero
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resistivity found already by Kamerlingh-Onnes (sometimes the existence of persistent
currents discovered by him in 1914 is considered more prominent and mysterious [27]), (ii)
expulsion of a weak magnetic ﬁeld (the Meissner effect [28]), and (iii) the Josephson effects
[29–37], i.e. the possibility of dc or ac super-currents in circuits, containing thin insulating
or normal-metal interlayers between macroscopic superconducting segments. Of course, the
indicated properties are interrelated. For instance, a macroscopic superconducting loop with
three Josephson junctions can exhibit a superposition of two states with persistent currents of
equal magnitudes and opposite polarity [38].
We note that those ﬁndings, reﬂecting a cooperative behavior of conducting electrons
(later interpreted in terms of a quantum-mechanical wave function [12, 39–43]), had to
be augmented by the observed isotope dependence of Tc [44, 45] in order that the ﬁrst
successful semi-microscopic (it is so, because the declared electron-phonon interaction was,
in essence, reduced to the phenomenological four-fermion contact one) BCS theory of
superconductivity [12] would come into being. Sometimes various ingenious versions of
the BCS theory, explicitly taking into account the momentum and energy dependences of
interaction matrix elements, as well as the renormalization of relevant normal-state properties
by the superconducting reconstruction of the electron spectrum [46–50], are called “the BCS
theory”. Nevertheless, such extensions of the initial concept, explicitly related to Ref. [12]
and results obtained therein, are inappropriate. This circumstance testiﬁes that one should
be extremely accurate with scientiﬁc terms, since otherwise it may lead to reprehensible
misunderstandings [51].
Whatever be a theory referred to as “the BCS one” or as “the theory of superconductivity” [52],
we still lack a true consistent microscopic picture scenario (scenarios?) of superconducting
pairing in different various classes of superconductors. As a consequence, all existing
superconducting criteria [53–72] are empirical rather than microscopic, although based on
various relatively well-developed theoretical considerations. Hence, materials scientists must
rely on their intuition to ﬁnd new promising superconductors [73–78], although bearing also
in mind a deep qualitative theoretical reasoning [43, 79–83].
It is no wonder that unusual transport properties of superconductors together with their
magnetic-ﬁeld sensibility led to a number of practically important applications. Namely,
features (i) and (ii) indicated above made it possible to manufacture large-scale power
cables, ﬂy-wheel energy storage devices, bearings, high ﬁeld magnets, fault current limiters,
superconductor-based transformers, levitated trains, motors and power generators [84–93].
At the same time, the Josephson (weak-coupling) feature (iii) became the basis of small-scale
superconducting electronics [88, 94–98], which also uses the emergence of half-integer
magnetic ﬂux quantization in circuits with superconducting currents [99, 100]. Smartly
designed SQUID devices with several Josephson junctions and a quantized ﬂux serve as
sensible detectors of magnetic ﬁeld and electromagnetic waves, which, in their turn, are
utilized in industry, research, and medicine [95–98, 101]. Recently oscillatory effects inherent
to superﬂuid 3 He [102–104] and 4 He [103–105], which are similar to the Josephson one, were
used to construct superﬂuid helium quantum interference devices (SHeQUIDs) [106].
High-Tc oxide superconductors found in 1986 [107] and including large families of materials
with Tc ≤ 138 K [108–112] extended the application domain of superconductivity, because,
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ﬁrst, liquid-nitrogen temperatures were achieved and, second, the predominant d x2 −y2 - order
parameter symmetry (at least in hole-doped oxides) made possible applications in electronics
and quantum computation more diverse [37, 113–122].
While studying high-Tc cuprates, superconductivity was shown to compete with charge
density waves (CDWs), so that the observed properties in the superconducting state must
be modiﬁed by CDWs [123–128]. It should concern Josephson currents phenomenon too
[129–134], although this topic has not been properly developed so far.
Of course, other superconducting materials found after the discovery of high-Tc oxide
materials are also very remarkable, because of their non-trivial electron spectra, so that
Josephson currents through junctions involving those materials should possess interesting
features. We mean, in particular, MgB2 with Tc ≤ 40 K [135] and a multiple energy-gap
structure [136, 137], as well as Fe-based pnictides and chalcogenides with Tc ≤ 56 K
and concomitant spin density waves (SDWs) suspected to have deep relations with
superconductivity in those materials [78].
In this paper, we present our theoretical studies of dc Josephson currents between
conventional superconductors and partially CDW-gapped materials with an emphasis
on cuprates, although the gross features of the model can be applied to other CDW
superconductors as well. The next Section 2 contains the justiﬁcation of the approach and the
formulation of the problem, whereas numerical results of calculations, as well as the detailed
discussion, are presented in Section 3. Section 4 contains some general conclusions concerning
dc Josephson currents across junctions involving partially gapped CDW superconductors.
A more involved case of Josephson junctions between two CDW superconductors with
various symmetries of superconducting pairing will be treated elsewhere.

2. Theoretical approach
2.1. d-wave versus s-wave order parameter symmetry
Coherent properties of Fermi liquids in the paired state are revealed by measurements
of dc or ac Josephson tunnel currents between two electrodes possessing such properties.
The currents depend on the phase difference between superconducting order parameters
of the electrodes involved [30, 31, 119]. Manifestations of the coherent pair tunneling are
more complex for superconductors with anisotropic order parameters than for those with
an isotropic energy gap. In particular, it is true for d-wave superconductors, where the
order parameter changes its sign on the Fermi surface (FS) [119, 138–143]. As was indicated
above, high-Tc oxides are usually considered as such materials, where the d x2 −y2 pairing is
usually assumed at least as a dominating one [117, 144–152]. However, conventional s-wave
contributions were also detected in electron tunneling experiments [153–160] and, probably, in
nuclear magnetic resonance (NMR) and nuclear quadrupole resonance measurements [161].
Therefore, only a minority of researchers prefer to accept the isotropic s-wave (or extended
s-wave) nature of superconductivity in cuprates [162–175]. Notwithstanding the existing
fundamental controversies, the d-wave speciﬁcity of high-Tc oxide superconductivity has
already been used in technical devices [95, 116, 118–120, 122].
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2.2. Pseudogaps as a manifestation of non-superconducting gapping
In addition to the complex character of superconducting order parameter, cuprates reveal
another intricacy of their electron spectrum. Namely, the pseudogap is observed both
below and above Tc [176–180]. Here, various phenomena manifesting themselves in
resistive, magnetic, optical, photoemission (ARPES), and tunnel (STM and break-junction)
measurements are considered as a consequence of the “pseudogap”-induced depletion in
the electron density of states, in analogy to what is observed in quasi-one-dimensional
compounds above the mean-ﬁeld phase-transition temperature [181, 182].
Notwithstanding large theoretical and experimental efforts, the pseudogap nature still
remains unknown [126–128, 133, 178, 183–201]. Namely, some researchers associate them
with precursor order parameter ﬂuctuations, which might be either of a superconducting or
some other competing (CDWs, SDWs, etc.) origin. Another viewpoint consists in relating
pseudogaps to those competing orderings, but treating them, on the equal footing with
superconductivity, as well-developed states that can be made allowance for in the mean
ﬁeld approximation, ﬂuctuation effects being non-crucial. We believe that the available
observations support the latter viewpoint (see, e.g., recent experimental evidences of CDW
formation in various cuprates [202–205]). Moreover, although undoped cuprates are
antiferromagnetic insulators [206], the CDW seems to be a more suitable candidate responsible
for the pseudogap phenomena, which competes with Cooper pairing in doped high-Tc
oxide samples [123–127], contrary to what is the most probable for iron-based pnictides and
chalcogenides [78, 207]. Nevertheless, the type of order parameter competing with Cooper
pairing in cuprates is not known with certainty. For instance, neutron diffraction studies of
a number of various high-Tc oxides revealed a nonhomogeneous magnetic ordering (usually
associated with SDWs) in the pseudogap state [208, 209].

2.3. Superconducting order parameter symmetry scenarios
Bearing in mind all the aforesaid, we present here the following scenarios of dc Josephson
tunneling between a non-conventional partially gapped CDW superconductor and an
ordinary s-wave one. The Fermi surface (FS) of the former is considered two-dimensional with
a d x2 −y2 -, d xy - or extended s-wave (with a constant order parameter sign) four-lobe symmetry
of superconducting order parameter and a CDW-related doping-dependent dielectric order
parameter. The CDWs constitute a system with a four-fold symmetry emerging inside the
superconducting lobes in their antinodal directions for cuprates (the d x2 −y2 -geometry of
the superconducting order parameter, see Figure 1) or in the nodal directions for another
possible conﬁguration allowed by symmetry (the d xy -geometry of the superconducting order
parameter). (Below, for the sake of brevity, when considering the extended s-wave geometries
for the superconducting order parameter, we use the corresponding mnemonic notations
sext
and sext
xy .) Thus, the CDW order parameter Σ competes with its superconducting
x 2 − y2
counterpart Δ over the whole area of their coexistence, which gives rise to an interesting
phenomena of temperature- (T-) reentrant Σ [126–128, 210, 211]. In this paper, the main
objective of studies are the angular dependences, which might be observed in the framework
of the adopted model. Of course, any admixture of Cooper pairing with a symmetry different
from d x2 −y2 -one [148, 154, 160, 212, 213] may alter the results. Moreover, the superconducting
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order parameter symmetry might be doping-dependent [214]. To obtain some insight into
such more cumbersome situations, we treat here the pure isotropic s-wave case as well.
Other possibilities for predominantly d-wave superconductivity coexisting with CDWs lie
somewhere between those pure s- and d- extremes.

2.4. Formulation of the problem
The dc Josephson critical current through a tunnel junction between two superconductors,
whatever their origin, is given by the general equation [30, 35]


  2
+
Ic ( T ) = 4eT ∑  T
pq  ∑FHTSC ( p;ω n )FOS ( q; −ω n ),
pq

(1)

ωn

pq are matrix elements of the tunnel Hamiltonian corresponding to various
Here, T
combinations of FS sections for superconductors taken on different sides of tunnel junction, p
and q are the transferred momenta, e > 0 is the elementary electrical charge, FHTSC (p;ω n ) and
FOS (q; − ω n ) are Gor’kov Green’s functions for d-wave (CDW gapped!) and ordinary s-wave
superconductor, respectively, and the internal summation is carried out over the discrete
fermionic “frequencies” ω n = (2n + 1) πT, n = 0, ±1, ±2, . . .. The external summation
should take into account both the anisotropy of electron spectrum ξ (p ) in a superconductor
in the manner suggested long time ago for all kinds of anisotropic superconductors [215], the
directionality of tunneling [216–220], and the concomitant dielectric (CDW) gapping of the
nested FS sections [129].
Hereafter, we shall assume that the ordinary superconductor has the isotropic order parameter
Δ ∗ ( T ). At the same time, the superconducting order parameter of the high-Tc CDW
superconductor has the properly rotated (see Figure 1) pure d-wave form Δ ( T ) cos [2 (θ − γ )],
the angle θ being reckoned from the normal n to the junction plane and γ is a tilt angle between
n and the bisectrix of the nearest positive lobe. Note that, for the sext -symmetry, the gap proﬁle
is the same as in the d-case, but the signs of all lobes are identical rather than alternating (for
deﬁniteness, let this sign be positive).
The dielectric order parameter Σ( T ) corresponds to the checkerboard system of mutually
perpendicular CDWs (observed in various high-Tc oxides [221–223]). In the adopted model, it
is nonzero inside four sectors, each of the width 2α, with their bisectrices rotated by the angle
β with respect to the bisectrices of superconducting order parameter lobes [126–128, 210, 211].
Actually, we shall assume β to be either 0 or π/4. Since the nesting vectors are directed along
the k x - and k y -axes in the momentum space [126, 224], the adopted choice corresponds to the
choice between d x2 −y2 - and d xy -symmetry. Another possible, unidirectional CDW geometry
is often observed in cuprates as well [225–227]. It can be treated in a similar way, but we shall
not consider it in this work.
Note also that, in agreement with previous studies [216–220, 228], the tunnel matrix elements
pq in Eq. (1) should make allowance for the tunnel directionality (the angle-dependent
T
probability of penetration through the barrier) [140, 229, 230]. We factorize the corresponding
directionality coefﬁcient w (θ ). The weight factor w (θ ) effectively disables the FS outside a
certain given sector around n, thus governing the magnitude and the sign of the Josephson
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Figure 1. Geometry of the junction between a conventional s-wave superconductor (s-BCS) and a d-,
s-extended (sext ) or s-superconductor partially gapped by charge density waves (CDWs, induced by
dielectric, i.e. electron-hole, pairing). The angle α denotes the half-width of each of four angular sectors
at the Fermi surface, where the CDW gap appears. The gap proﬁles for the parent CDW insulator (Σ), s(Δ s ), d- (Δ d ), and s-extended (Δ sext ) superconductors, and conventional superconductor (Δ ∗ ) are shown.
β is a misorientation angle between the nearest superconducting lobe and CDW-gapped sector, γ is a tilt
angle of superconducting lobe with respect to the junction plane determined by the normal n, θ0 is a
measure of tunneling directionality (see explanations in the text).

tunnel current. Speciﬁcally, we used the following model for w (θ ):
 
 
tan θ 2
,
w (θ ) = exp −
tan θ0

(2)

where θ0 is an angle describing the effective width of the directionality sector. We emphasize
that, for tunneling between two anisotropic superconductors, two different coefﬁcients w (θ )
associated with p- and q-distributions in the corresponding electrodes come into effect [216].
In accordance with the previous treatment of partially gapped s-wave CDW superconductors
[123–125, 129, 130, 132, 231–234] and its generalization to their d-wave counterparts [126–
128, 210, 211, 235] and in line with the basic theoretical framework for unconventional
superconductors [236, 237], the anomalous Gor’kov Green’s functions for high-Tc oxides are
assumed to be different for angular sectors with coexisting CDWs and superconductivity (d
sections of the FS) and the “purely superconducting” rest of the FS (nd sections)
Δ ( T ) cos [2 (θ − γ )]
,
ω n2 + Δ2 ( T ) cos2 [2 (θ − γ )] + ξ 2nd (p )

(3)

Δ ( T ) cos [2 ( θ − γ )]
.
ω n2 + Δ2 ( T ) cos2 [2 (θ − γ )] + Σ2 ( T ) + ξ 2d (p )

(4)

FHTSC,nd (p;ω n ) =
FHTSC,d (p;ω n ) =
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Here, we explicitly took into account a possible angle deviation γ of the Δ-lobe direction,
which is governed by the crystal lattice geometry, from the normal n to the junction plane;
the latter is created artiﬁcially and, generally speaking, can be not coinciding with a crystal
facet. The concomitant rotation of the CDW sectors is made allowance for implicitly. The
quasiparticle spectra ξ d (p ) and ξ nd (p ) correspond to “hot” and “cold” spots of the cuprate
FS, respectively (see, e.g., Refs. [176, 238–240]).
Substituting Eqs. (2), (3), and (4) into Eq. (1) and carrying out standard transformations [30,
35], we obtain
Δ (0) Δ ∗ (0)
i c ( T ),
2eR N




1
w(θ ) cos [2 (θ − γ )] P Δ ∗ ( T ), Σ2 + Δ2 ( T ) cos2 [2 (θ − γ )] dθ
ic (T ) =
2π θd

1
+
w(θ ) cos [2 (θ − γ )] P [ Δ ∗ ( T ) , | Δ ( T ) cos 2 (θ − γ )|] dθ.
2π θnd

Ic ( T ) =

(5)

(6)



  2
Here, R N is the normal-state resistance of the tunnel junction, determined byT
pq  without the

factorized multiplier w ( θ ), the integration is carried out over the CDW-gapped and CDW-free
FS sections (the FS-arcs θd and θnd , respectively, in the two-dimensional problem geometry),
Δ ∗ ( T ) is the order parameter of the ordinary isotropic superconductor, whereas the function
P (Δ1 , Δ2 ) is given by the expression [129, 215]
P (Δ1 , Δ2 ) =

max{
Δ1 ,Δ2 }

min{Δ1 ,Δ2 }



x
dx tanh 2T

.
x2 − Δ21 Δ22 − x2

(7)

Modiﬁed Eqs. (3)-(6) turn out valid for the calculation of dc Josephson current through a
tunnel junction between an ordinary s-wave superconductor and a partially gapped CDW
superconductor with an extended s-symmetry of superconducting order parameter [142, 241].
For this purpose, it is enough to substitute the cosine functions in Eqs. (3)-(6) by their absolute
values.
At w (θ ) ≡ 1 (the absence of tunnel directionality), Σ ≡ 0 (the absence of CDW-gapping),
and putting cos 2 (θ − γ ) ≡ 1 (actually, it is a substitution of an isotropic s-superconductor for
the d-wave one), Eq. (6) expectedly reproduces the famous Ambegaokar–Baratoff result for
tunneling between s-wave superconductors [30, 31, 35, 242].
Note that, in Eq. (6), the directionality is made allowance for only by introducing the
angular function w ( θ ) reﬂecting the angle-dependent tunnel-barrier transparency. On the
other
hand,
the tunneling
process, in principle, should also take into account the factors







v g,nd · n  and v g,d · n , responsible for extra directionality [140, 219, 230], where v g,nd =
∇ξ nd and v g,d = ∇ξ d are the quasiparticle group velocities for proper FS sections. Those
factors can be considered as proportional to a number of electron attempts to penetrate
the barrier [139]. They were introduced decades ago in the framework of general problem
dealing with tunneling in heterostructures [243–245]. Nevertheless, we omitted here the
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group-velocity-dependent multiplier, since it requires that the FS shape should be speciﬁed,
thus going beyond the applied semi-phenomenological scheme, as well as beyond similar
semi-phenomenological approaches of other groups [138, 139, 141, 236, 246]. We shall take the
additional directionality factor into account
publications, still being fully aware
 in subsequent

of the phenomenological nature of both v g · n  and w (θ ) functions.

It is well known [143] that, in the absence of directionality, the Josephson tunneling between
d- and s-wave superconductors is weighted-averaged over the FS, with the cosine multiplier
in Eq. (6) playing the role of weight function. In this case, the Josephson current has to be
strictly equal to zero. However, it was found experimentally that the dc Josephson current
between Bi2 Sr2 CaCu2 O8+δ and Pb [155], Bi2 Sr2 CaCu2 O8+δ and Nb [247], YBa2 Cu3 O7−δ and
PbIn [248], Y1− x Pr x Ba2 Cu3 O7−δ and Pb [153] differ from zero. Hence, either a subdominant
s-wave component of the superconducting order parameter does exist in cuprate materials, as
was discussed above, or the introduction of directionality is inevitable to reconcile any theory
dealing with tunneling of quasiparticles from (to) high-Tc oxides and the experiment.
We restrict ourselves mostly to the case T = 0, when formula (7) is reduced to elliptic
functions [30, 249], although some calculations will be performed for T �= 0 as well. The
reason consists in the smallness of Tc for conventional s-wave superconductors (in our
case, it is Nb, see below) as compared to Tc of anisotropic d-wave oxides. Hence, all
effects concerning T-dependent interplay between Δ and Σ including possible reentrance
of Σ( T ) [126–128, 210, 211, 235] become insigniﬁcant in the relevant T-range cut off by the
s-wave-electrode order parameter. On the contrary, in the symmetrical case, when one studies
tunneling between different high-Tc -oxide grains, T-dependences of the Josephson current are
expected to be very interesting. This more involved situation will be investigated elsewhere.

3. Results and discussion
3.1. Total currents
In what follows, we shall consider in parallel the dc Josephson currents between a more or less
conventional (weak-coupling BCS s-wave) Nb with a zero-T energy gap Δ ∗ (0) = 1.4 meV and
Tc = 9.2 K [247] and either a d x2 −y2 - or a d xy - superconductor (β = 0 and π/4, respectively).
The latter is also possible from the symmetry viewpoint, but have not yet been found among
existing classes of CDW superconductors.
The dependences of the dimensionless current ic ( T = 0) on the tilt angle γ are shown
in Figure 2(a) for α = 15◦ and various values of the parameter θ0 describing the
degree of directionality. Since T = 0, there is no need to solve the equation set for
Σ( T ) and Δ ( T ) for partially CDW-gapped s-wave [233] or d-wave [128] superconductors
self-consistently. Instead, for deﬁniteness, we chose the experimental values Σ(0) = 36.3 meV
and Δ (0) = 28.3 meV appropriate to slightly overdoped Bi2 Sr2 CaCu2 O8+δ samples [250] as
input parameters. The half-width α of each of the four CDW sectors was rather arbitrarily
chosen as 15◦ . In fact, it is heavily dependent on the doping extent and cannot be
unambiguously extracted even from the most precise angle-resolved photoemission spectra
(ARPES) [200, 251, 252]. Thus, hereafter we consider the parameter of dielectric FS gapping α
as a phenomenological one on the same footing as the tunneling directionality parameter θ0 .
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(a)

(b)

Figure 2. (a) Zero-temperature (T = 0) dependences on γ of the dimensionless dc Josephson current ic
for the tunnel junction between an s-wave superconductor and a CDW d x2 −y2 -wave one (β = 0◦ ) for
various θ0 ’s. The speciﬁc gap values for electrodes correspond to the experimental data for Nb
(Δ ∗ ( T = 0) = 1.4 meV) and Bi2 Sr2 CaCu2 O8+δ (Σ( T = 0) = 36.3 meV and Δ ( T = 0) = 28.3 meV). The
calculation parameter α = 15◦ . See further explanations in the text. (b) The same as in panel (a), but for a
CDW d xy -superconductor (β = 45◦ ).

It is evident that, if the sector θ0 of effective tunneling equals zero, the Josephson current
vanishes. It is also natural that, in the case of d-wave pairing and the absence of tunneling
directionality (θ0 = 90◦ ), the Josephson current disappears due to the exactly mutually
compensating contributions from superconducting order parameter lobes with different signs
[119, 138, 143]. Intermediate θ0 ’s correspond to non-zero Josephson tunnel current of either
sign (conventional 0- and π-junctions [120, 122, 253]) except at the tilt angle γ = 45◦ , when
ic = 0. In this connection, one should recognize that the energy minimum for non-conventional
anisotropic superconductors can occur, in principle, at any value of the order parameter phase
[254]. As is seen from Figure 2(a), the existence of CDWs in cuprates (α �= 0, Σ �= 0) inﬂuences
the γ-dependences of ic , which become non-monotonic for θ0 close to α demonstrating a
peculiar resonance between two junction characteristics. The effect appears owing to the
actual d x2 −y2 - pattern with the coinciding bisectrices of CDW sectors and superconducting
lobes (β = 0◦ ). This circumstance may ensure the ﬁnding of CDWs (pseudogaps) by a set of
relatively simple transport measurements.
At the same time, for the hypothetical d xy order parameter symmetry (β = 45◦ , Figure 2(b)),
when hot spots lie in the nodal regions, the dependences ic (γ ) become asymmetrical relative
to γ = 90◦ and remain monotonic as for CDW-free d-wave superconductors.
The role of superconducting-lobe and CDW (governed by the crystalline structure) orientation
with respect to the junction plane (the angle γ) is most clearly seen for varying α, which
is shown in Figure 3. The indicated above “resonance” between θ0 and α is readily seen
in Figure 3(a). One also sees that the Josephson current amplitude is expectedly reduced
with the increasing α, since CDWs suppress superconductivity [123–127, 255]. For β = 45◦
(Figure 3(b)), the curves ic (γ ) are non-symmetrical, and their form is distorted by CDWs
relative to the case of “pure” superconducting d-wave electrode.
The dependence of ic on the CDW-sector width, i.e. the degree of dielectric FS gapping, is
a rapidly dropping one, which is demonstrated in Figures 4(a) (for β = 0◦ , i.e. for d x2 −y2
or sext
symmetries) and 4(b) (for β = 45◦ , i.e. for d xy or sext
xy symmetries) calculated for
x 2 − y2
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(b)

Figure 3. The same as in Figure 2, but for θ0 = 15◦ and various α’s.

γ = 0◦ and θ0 = 15◦ . Indeed, for cuprates, where the directions of superconducting lobes
and CDW sectors coincide, an extending CDW-induced gap reduces the electron density of
states available to superconducting pairing until α becomes equal to θ0 (see Figure 4(a)). A
further increase of the pseudogapped FS arc has no inﬂuence on ic , since it falls outside the
effective tunneling sector. We note that the α-dependence of ic for cuprates can be, in principle,
non-linearly mapped onto the doping dependence of the pseudogap [200, 251, 252]. It is
remarkable that, qualitatively, the results are the same for the extended s-symmetry (denoted
as sext ) of the superconducting order parameter and are very similar to those for the assumed
s-wave order parameter (curves marked by s).

(a)

(b)

Figure 4. Dependences ic ( α) for γ = 0◦ and θ0 = 15◦ for d-, s-extended, and s-symmetries of
superconducting order parameter.

At the same time, if the CDW sectors are rotated in the momentum space by 45◦ with respect
to the superconducting lobes and/or the directional-tunneling θ0 -cone (see Figure 4(b)), the
dependences ic (α) are very weak at small α and become steep for α > θ0 . This result is true
for the d xy -, rotated extended s-, and isotropic s-symmetries of the superconducting order
parameter coexisting with its dielectric counterpart.
One sees from Figure 4 that, for small θ0 = 15◦ , the d- and extended s-order parameters
result in the same ic (α). Of course, it is no longer true for larger θ0 , when contributions from
different lobes into the total Josephson current start to compensate each other for d-wave
superconductivity, whereas no compensation occurs for the extended s-wave scenario. To
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make sure that this assertion is valid, we calculated the dependences ic (θ0 ) for γ = 0◦ ,
α = 15◦ , and β = 0◦ and 45◦ . The results are presented in Figure 5. Indeed, for θ0 ≥ 30◦ ,
the curves corresponding to d-wave and extended s-wave superconductors come apart, as it
has to be. Thus, Josephson currents between isotropic and CDW d-wave superconductors,
similarly to the CDW-free case, are non-zero only because the tunneling is non-isotropic.

Figure 5. Dependences ic ( θ0 ) for γ = 0◦ , β = 0◦ , and α0 = 15◦ for various symmetries of
superconducting order parameter.

It is instructive to compare the tilt-angle-γ dependences of the Josephson currents ic for
possible superconducting order parameter symmetries, which are considered, in particular,
for cuprates. The results of calculations are displayed in Figure 7 for α = θ0 = 15◦ .
For an s-wave CDW-free superconductor, ic (γ ) = const. The reference curve ic (γ ) for a
CDW-free d x2 −y2 -wave superconductor (Figure 7(a)) is periodic and alternating. CDWs distort
both curves. Namely, the CDW d x2 −y2 -wave superconductor demonstrates a non-monotonic
behavior of ic (γ ), as was indicated above, whereas ic (γ ) for the s-wave CDW superconductor
becomes a periodic dependence of a constant sign. The curve ic (γ ) for the extended
s-wave CDW superconductor has a different form than in the s-wave case, although being
qualitatively similar. The presented data demonstrate that CDWs can signiﬁcantly alter
angle dependences often considered as a smoking gun,when determining the actual order
parameter symmetry for cuprates or other like materials.

(a)

(b)

Figure 6. The same as in Figure 2, but for θ0 = 15◦ and various symmetries of superconducting order
parameter.
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(b)

Figure 7. The same as in Figure 2, but for θ0 = 15◦ and various symmetries of superconducting order
parameter.

The results for β = 45◦ (Figure 7(b)) differ quantitatively from their counterparts found for
β = 0◦ , but qualitative conclusions remain the same.
As was indicated above, the temperature behavior of ic between ordinary superconductors
and cuprates is determined by the order parameter dependence Δ ∗ ( T ) for the material with
much lower Tc , Nb in our case. This is demonstrated in Figure 8 for d-, extended s- and
s-wave CDW high-Tc superconductors. One sees that all curves ic ( T ) are similar, differing
only in magnitudes.

Figure 8. Dependences ic ( T ) for γ = 0◦ , θ0 = 30◦ , α0 = 15◦ and various symmetries of superconducting
order parameter.

3.2. Analysis of current components
In Figure 9, the dependences ic (γ ) resolved into d and nd components are shown for CDW
d-wave superconductors with β = 0◦ , α = 15◦ , and various θ0 ’s. Note that the order
parameter amplitudes at T = 0 are the same throughout the paper! It comes about that, for
a narrow directionality cone θ0 , the contribution of the nested (d) FS sections has quite a
different tilt (γ) angle behavior as compared to their nd counterparts. All that gives rise to
a non-monotonic pattern seen, e.g., in Figure 2(a).
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(a)

(b)

(c)
Figure 9. Dependences of ic and its d and nd components on γ for d x2 −y2 order parameter symmetry,
α0 = 15◦ , and various θ0 ’s (panel a to c).

(a)

(b)

(c)
Figure 10. The same as in Figure 9, but for d xy order parameter symmetry.
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In Figure 10, the same dependences as in Figure 9 are shown, but for β = 45◦ . One sees that,
whatever complex is the γ-angle behavior of d contribution to the overall tunnel currents
between a d xy -superconductor and Nb, the CDW inﬂuence is much weaker in governing the
dependences ic (γ ).
It is illustrative to carry out the same analysis in the scenario, when the high-Tc CDW
superconductor is assumed to be an extended s-wave one, i.e. when the sign of
superconducting order parameter is the same for all lobes. In the case β = 0◦ , the
corresponding results can be seen in Figure 11, where the γ-dependences of d and nd
components of ic , as well as the total ic (γ ) dependences, are depicted for the same parameter
set as in Figure 9. We see that the d and nd contributions oscillate with the varying γ almost
in antiphase, remaining, nevertheless, positive. For large θ0 = 30◦ (Figure 11(c)), oscillations
largely compensate each other making the curve ic (γ ) almost ﬂat, which mimics the behavior
appropriate to CDW-free isotropic s-wave superconductors. However, we emphasize that
this, at the ﬁrst glance, dull result obtained for a relatively wide CDW sector is actually a
consequence of a peculiar superposition involving the periodic dependences of d and nd
components on γ with rapidly varying amplitudes.

(a)

(b)

(c)
Figure 11. The same as in Figure 9, but for sext
order parameter symmetry.
x2 − y2

The same plots as in Figure 11 were calculated for β = 45◦ and depicted, in Figure 12. Here,
the directionality angle θ0 is the main factor determining the amplitude of ic , the role of CDWs
being much weaker than in the case β = 0◦ . It is natural, because now CDW-gapping is
concentrated in the nodal regions.
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(a)
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Figure 12. The same as in Figure 11, but for sext
xy order parameter symmetry.

4. Conclusions
The results obtained conﬁrm that the dc Josephson current, probing coherent superconducting
properties [30, 31, 33, 37, 119, 256–258], is always suppressed by the electron-hole CDW
pairing, which, in agreement with the totality of experimental data, is assumed here to
compete with its superconducting electron-electron (Cooper) counterpart [129, 130, 132,
259–262]. We emphasize that, as concerns the quasiparticle current, the results are
more ambiguous. In particular, the states on the FS around the nodes of the d-wave
superconducting order parameter are engaged into CDW gapping [126–128, 210, 211, 235,
263], so that the ARPES or tunnel spectroscopy feels the overall energy gaps being larger than
their superconducting constituent.
Our examination demonstrates that the emerging CDWs should distort the dependences
ic (γ ), whatever is the symmetry of superconducting order parameter. It is easily seen
that, for equal (or almost equal) θ0 and α, CDWs make the ic (γ ) curves non-monotonic
and quantitatively different from their CDW-free counterparts. In particular, i c values are
conspicuously smaller for Σ = 0. The required resonance between θ0 and α can be ensured by
the proper doping, i.e. a series of samples and respective tunnel junctions should be prepared
with attested tilt angles γ, and the Josephson current should be measured for them. Of course,
such measurements could be very cumbersome, although they may turn out quite realistic to
be performed.
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At the same time, when an s-wave contribution to the actual order parameter in a cuprate
sample is dominant up to the complete disappearance of the d-wave component, the ic (γ )
dependences for junctions involving CDW superconductors are no longer constant as in the
CDW-free case. This prediction can be veriﬁed for CDW superconductors with a fortiori
s-wave order parameters (such materials are quite numerous [123–128]).
In this paper, our approach was purely theoretical. We did not discuss unavoidable
experimental difﬁculties to face with in fabricating Josephson junctions necessary to check
the results obtained here. We are fully aware that the emerging problems can be solved on the
basis of already accumulated knowledge concerning the nature of grain boundaries in high-Tc
oxides [37, 115–119, 122, 264–268]. Note that required junctions can be created at random in
an uncontrollable fashion using the break-junction technique [250]. This method allows to
comparatively easily detect CDW (pseudogap) inﬂuence on the tilt-angle dependences.
To summarize, measurements of the Josephson current between an ordinary superconductor
and a d-wave or extended s-wave one (e.g., a high-Tc oxide) would be useful to detect a
possible CDW inﬂuence on the electron spectrum of the latter. Similar studies of iron-based
superconductors with doping-dependent spin density waves (SDWs) would also be of beneﬁt
(see, e.g., recent Reviews [78, 269–275]), since CDW and SDW superconductors have similar,
although not identical, properties [123–125].
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1. Introduction
Superconductivity is a macroscopic quantum phenomenon [1]. Therefore it shows quite
interesting properties because of its quantum nature. Such properties are described by a
macroscopic complex wave function of the superconductivity. Especially, a phase of the
macroscopic wave function play an important role in these properties. For example,
superconducting devices, such as, superconducting charge, flux and phase qubits,
superconducting single flux quantum device, and intrinsic Josephson junction Terahertz
emitter of high Tc cuprate superconductors, use such quantum nature of superconductivity.
They have attracted much attention recently.
In conventional superconductors, there is only single phase φ of the superconducting order
iφ
parameter or the macroscopic wave function Δ = Δ e . This phase causes interference
effect, such as, Josephson effect, and quantization of vortices in the superconductor. But
unconventional and anisotropic superconductivity have different phase that comes from
internal degree of freedom of the superconducting order parameter. Because in the
superconductors, electrons are paired and if their paring symmetry is an s-wave, as in the
conventional superconductors, the order parameter is just a single complex number. But if
the symmetry is other one such as p-wave or d-wave, then the order parameter has an
internal phase [2,3]. For example, d-wave superconductors, especially d x2 − y 2 -wave
superconductors have a symmetry that is shown in Fig. 1. This symmetry is internal and it
appears in momentum space that means the wave function of the Cooper pair moving along
the x-axis has + sign and that moving along y-axis has – sign. This is also another phase of
superconducting order parameter and it affects the interference phenomena in the
superconductors.
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Figure 1. The symmetry of

d x2 − y 2

-wave superconductivity. The color shows the sign of wave function

(order parameter) and the shape shows the amplitude of the wave function (order parameter).

The high-Tc cuprate superconductors are typical example of d-wave superconductors. Since
the discovery of the high-Tc superconductors, the pairing symmetry, as well as its origin,
has been controversial, but phase-sensitive experiment is crucial for determining the
symmetry of the Cooper pairs. One such phase-sensitive experiment is a corner junction
experiment [4,5]. In this experiment, a square-shaped high-Tc superconductor is connected
with a conventional s-wave superconductor with two Josephson junctions A and B, around
a corner and each junction is perpendicular to either of the x or the y axes of the high-Tc
superconductor, as shown in Fig. 2.

Figure 2. Configuration of corner junction between d- and s-wave superconductors. There are two
junctions, A and B.

In such geometry if the Cooper pair tunnels through junction A has phase 0, then the
Cooper pair tunnels through junction B has phase π. The critical current between the s- and
the d-wave superconductors through these two junctions is zero under zero external
magnetic field because each supercurrent cancels with each other. This is in apparent
contrast with a corner junction between both s-wave superconductors for which the critical
current is largest under zero external field. Therefore, from this experiment, the symmetry

Composite Structures of d-Wave and s-Wave Superconductors (d-Dot):
Analysis Using Two-Component Ginzburg-Landau Equations 321

of the Cooper pairs in high-Tc superconductors was determined as d-wave, especially
d x2 − y 2 .
In addition, this experiment showed that the critical current become smax when the total
magnetic flux through the corner junction was Φ 0 2 . Here, Φ 0 = hc 2e is the flux quantum.
Because the phase difference π between two Josephson currents through junctions A and B,
is compensated by additional phase,

χ =

C

2e
2e
2e
Φ
A ⋅ ds = 
curlA ⋅ dS = 2π Φ = 2π
s c
c
ch
Φ0

(1)

where C is a contour around the corner junction and S is the area surrounded by the C and
Φ is the total magnetic flux through the junctions. When total magnetic flux Φ = Φ 0 2 , this
phase becomes χ = π . With this phase, total phase difference becomes 0 or 2π. Therefore
two Josephson currents now are reinforced with each other.
This result shows, the stable superconducting state under zero external current and zero
external field becomes nontrivial. For such stable state, the free energy of whole system,
especially the superconducting condensation energies of both d- and s-wave
superconductors should be low. Therefore the order parameter should become continuous
across both of junctions. And then the phase of order parameter cannot be uniform because
of the phase difference π between two junctions. This phase difference π should be
compensated by changing the phase of the order parameter spatially in both s- and d-wave
superconducting regions because of single valuedness of the order parameter. This spatial
variation of the order parameter causes the supercurrent around the corner junction and
then spontaneous magnetic flux is created at the corner without an external field. Because
the associated phase change of this supercurrent is not 2π but only π, the spontaneous
magnetic flux is not singly quantized magnetic flux Φ 0 , but half-flux quantum magnetic
flux ( Φ 0 2 ).
An experiment showing this property was done by Higenkamp et al., who made a zigzag
junction between conventional s-wave superconductor Nb and high-Tc d-wave
superconductor YBCO, which consists of successive corner junctions [6]. And they observed
spontaneous magnetic fluxes at every corner under a zero external field, using scanning
SQUID microscope. The spontaneous magnetic fluxes aligned antiferromagnetically,
because of the attractive vortex-anti-vortex interaction. They also made small ring with two
junctions between Nb and YBCO, which is called π-rings, and controlled the spontaneous
half-quantum magnetic fluxes [7].
When spontaneous magnetic flux appears in the zero external magnetic field, this state does
not have the time reversal symmetry, which the original system has. Therefore there are
always two degenerate stable states. In these states, supercurrent directions are opposite and
henceforth directions of spontaneous magnetic fluxes are opposite. This spontaneously
appeared magnetic flux is useful and can be used as a spin or a bit by it self. Ioffe et al. [8]
proposed a quantum bit using this half-quantum flux. Using the spontaneous magnetic flux
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as an Ising spin system, Kirtley et al. made a frustrated triangular lattice of π-rings [7]. In
their systems, the π-rings were isolated and interacted with each other purely by the
electromagnetic force.

Figure 3. Schematic diagram of a d-dot.

In contrast to the previous approach for using the spontaneous half-flux quantum, we
considered nano-sized d-wave superconductor embedded in an s-wave matrix, as shown in
Fig. 3 [9-11]. We want to consider the whole d-dot system as a single element, not the
individual half-quantum fluxes. As in the single half-quantum system, our d-dot has two
degenerate states if the spontaneous magnetic fluxes appear, because the state with
spontaneous magnetic fluxes under zero external field also breaks time-reversal symmetry.
This property is independent from the shape, and the d-dot in any shape always has two
degenerate stable states. Therefore, the d-dot as a whole can be considered as a single
element with two level states and it might be used as a spin or a bit also as a qubit. It has
better properties than those of single flux quantum element, which will be shown in
following sections.
In the following, we first show a phenomenological superconducting theory, which
describes the spontaneous magnetic fluxes in these composite structures, especially in d-dot
systems and then we discuss the basic properties of this d-dot, based on this
phenomenological theory. Also, we discuss the difference between a single half-quantum
flux system and our d-dot system.

2. Model: two components Ginzburg-Landau free energy
In order to discuss the basic properties of the d-dot, especially to describe the appearance of
spontaneous magnetic fluxes, we use the phenomenological Ginzburg-Landau (GL) theory.
However, for anisotropic superconductors, such as the d x2 − y 2 -wave high-Tc cuprate

Composite Structures of d-Wave and s-Wave Superconductors (d-Dot):
Analysis Using Two-Component Ginzburg-Landau Equations 323

superconductors, their anisotropy cannot be treated by the simple GL theory. This is
because using only up to quartic term and quadratic term of gradients of the single order
parameters in free energy, there are no anisotropic terms. Anisotropy of the vortices in dwave superconductors within the phenomenological theory was treated by Ren et al., who
used a two-component GL theory [12-15]. Here, two components mean the two components
of the order parameter of with s and d symmetries. They derived the two-component GL
free energy from the Gor'kov equations.
Multi-components GL equations were used for exotic superconductors, e.g. heavy fermion
superconductors[16-18] and Sr2RuO4[19,20]. Also, recently, two components GL equations
are studied for two-band or two-gap superconductors, such as MgB2 [21,22].
The model by Ren.et al. especially emphasize the anisotropy of d-wave superconductivity.
Therefore, we use the following two-component Ginzburg-Landau (GL) free energy for dwave superconductors;
2
 3α 
4ln (Tcd T ) 
αs
2
2
 4

Fd ( Δ s , Δ d , A ) = 
λd  Δ d −
 + αλd  Δ s + 2 Δ s 
Ω 8
3α
α
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2
+ αλd vF2  Π Δ∗d + 2 ΠΔ s + ( Π ∗x Δ s Π x Δ∗d − Π ∗y Δ s Π y Δ∗d + H.c.) 
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where Π = ∇ − A is a generalized momentum operator that is gauge invariant and
i
c
7ζ ( 3)
α=
. Δ d and Δ s are the d-wave and the s-wave components of the order parameter,
2
8 (π T )

respectively. λd = Vd N ( 0 ) is the strengths of the coupling constants for the d-wave
1+

interaction channel and α s =

Vs
Vd

λd

. Here, N ( 0 ) is the density of states of electrons at the

Fermi energy and Vd and Vs are interaction constants between electrons for d- and s-wave
channels, respectively. We assume attractive and repulsive interactions for the d- and the swave channels, respectively. Tcd is the transition temperature of the d-wave
superconductivity under zero-external field. H is an external field and h = curl A . We take
the London gauge i.e. ∇ ⋅ A = 0 and A ⋅ n = 0 at the surface of superconductor. The term

(∇ ⋅ A)

2

in the integrand of Eq. 2 is added for fixing the gauge.

Also, for s-wave superconductors, we use the following two-component GL equation
with attractive and repulsive interactions for the s-wave and the d-wave channels,
respectively:
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Here λs = Vs N ( 0 ) is the strengths of the coupling constants for the s-wave interaction
2

channeland α d =

Vs
−1
Vd

λs

.

In these free energies, the anisotropy of the d-wave superconductivity appears in the
coupling terms of the gradient of both components of order parameters,
( Π∗x Δ sΠ x Δ∗d − Π∗y Δ sΠ y Δ∗d + H.c.) , where the two terms that contain the gradients along the x
and the y directions have different signs.

Figure 4. (a) Triangle elements of superconductors. (b) Nodes of a triangle element and the value of
physical quantities at the nodes.

By minimizingthe sum of these free energies, we obtain the Ginzburg-Landau (GL)
equations. For this purpose, we use the finite-element method [23-25], because we want to
investigate variously shaped d-dots. Hereafter we consider two-dimensional system and
ignore the variation of physical quantities along the direction perpendicular to the two
dimensional system. In the finite-element method for two-dimensional system, we divide
the superconductor region into small triangular elements (see Fig. 4 (a)) and then expand
the order parameters and the vector potential in each element by using the area coordinate,
which is defined as,
 1
( ai + bi x + ci y ) inside of element

N ie ( x, y ) =  2 Se
0
outside of element


( i = 1, 2,3)

(4)
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Se is an area of e-th element and the coefficients are defined as,
ai = x ej yke − xke y ej

(5)

bi = y ej − yke

(6)

ci = xke − x ej

(7)

where ( i, j, k ) is a cyclic permutation of (1,2,3) and ( xie , yie ) is the coordinate of the i-th
nodes of the e-th element (see Fig. 4(b)).These area coordinates are localized functions as
shown in Fig. 5.Also the area coordinate N ie ( x, y ) represents normalized area of a triangular
of which nodes are P, Pj and Pk in Fig. 5 (b), where ( i, j , k ) is a cyclic permutation of
(1,2,3) . And then they have following properties;
3

e
 N i ( x, y ) = 1

(8)

N ie ( x ej , y ej ) = δ ij

(9)

i =1

Figure 5. (a) A bird's-eye view of an area coordinate N i ( x, y ) . (b) Area coordinates represent
e

normalized area of triangular elements.

Using these properties, the order parameters are expanded as
3

Δ d ( x, y ) =  Δ edi N ie ( x, y )
e

i =1

(10)
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3

Δ s ( x, y ) =  Δ esi N ie ( x, y )
e

(11)

i =1

and also the magnetic vector potential is expanded as,
3

A ( x, y ) =  A ie N ie ( x, y )
e

(12)

i =1

where Δ edi and Δ esi are the value of the d-wave and the s-wave order parameters at the i-th
vertex of e-th element, respectively (see Fig. 4 (b)). Also, Aie is the value of the vector
potential at the i-th vertex of the e-th element (see Fig. 4 (b)). Inserting these expansions into
the free energies Eqs. 2 and 3, the free energies are expressed by those values, Δ edi , Δ esi and Aie .
Then, minimizing the free energies, we get following GL equations. For the d-wave
superconducting order parameter,
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And for the s-wave superconducting order parameter,
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Coefficients for d-wave region and s-wave region are different and are given in Appendix.
Also for the vector potential following equations are obtained as follows,
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Here coefficients are also given in Appendix. At the boundary of d- and s-wave
superconductors, because the wave function is continuous, following boundary conditions
are applied:
Δ1 s Δ 2 s
=
V1s V2 s

(19)

Δ1d Δ 2 d
=
V1d V2 d

(20)

In this model, d- and s-wave components of the order parameter interfere anisotropically
with each other in the both of d-wave and s-wave superconductors. And the boundaries
between both superconductors are assumed clean. But we cannot take into account the
roughness of the boundary.

Figure 6. Mesh partition used in the finite element method. Red, blue and grey regions are d-wave and
s-wave superconducting and junction regions, respectively.

For treating roughness of the junctions, we consider second model. In contrast to the first
model, in the second model, the s-wave superconductor is connected to the d-wave
superconductor through a thin metal or an insulator layers. In the second model, we
consider only the d-wave (s-wave) component of the order parameter in the d-wave (swave) superconducting region, but in the thin metal layer, we take both components. So,
free energies are given as,
2
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}

Here Fd ( Δ d , A ) , Fs ( Δ s , A ) and FM ( Δ s , Δ d , A ) are the free energies for d-wave, s-wave
superconducting and junction regions respectively. A typical division of superconducting
region to d- and s-wave superconducting and junction regions is given in Fig. 6. In the
junction region, order parameters and the vector potential vary rapidly and therefore
smaller mesh sizes are taken. At the boundary, we assume that each component of the order
parameter is continuous.

3. Appearance of the half-quantum magnetic flux in d-dot
Using the two models in Section 2, the spontaneous magnetic flux can be described. In Fig.7, the
s-wave and d-wave order parameters and magnetic field distribution are shown for a corner
junction between s-wave and d-wave superconductors under zero external magnetic field.

Figure 7. Appearance of spontaneous half-quantum magnetic flux at a corner junction. (a) Amplitude
of s-wave component of order parameter. (b) Amplitude of s-wave component of order parameter. (c)
Magnetic field distribution at zero external field.
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In this calculation, the physical parameters, such as the GL parameters and the transition
temperatures, for Nb and YBCO in the s- and the d-wave superconducting regions are used,
and system size is set as L = 25ξ d 0 . Here, ξ d 0 is the coherence length of the d-wave
superconductors at zero temperature. In Fig.7 (c), right-lower part is the d-wave
superconductor and other part is s-wave superconductor. Both components of the order
parameter exist in both of s- and d-wave superconductors. Especially, s-wave component
penetrates into the d-wave superconducting region and interferes with d-wave component.
Such interference causes the spontaneous magnetic field, which is perpendicular to the
plane. In Fig. 7 (c), blue color means magnetic field H z is positive. Total magnetic flux
around the corner is approximately Φ 0 2 . So a half-quantum magnetic flux appears
spontaneously. In this figure, the size of d-wave superconductor is 10ξ d 0 × 10ξ d 0 . The
coherence length of high-Tc superconductors is rather small ( ξ d 0 = 2 ~ 4 nm for YBCO) and
the size of d-wave region is 40 nm, which is rather small compare to the experiments by
Hilgencamp et al. [6]. But for such nano-sized d-wave superconductors, half-quantum
magnetic fluxes appear, as this result shows. For larger d-wave region, the spontaneous
magnetic flux is expected to appear easily.

Figure 8. Superconducting order parameter and magnetic field structures for a square d-wave
superconductor in an s-wave superconductor. (a) Amplitude of d-wave component of the order
parameter. (b) Amplitude of s-wave component of the order parameter. (c) Magnetic field distribution.
Blue means H z < 0.
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How such spontaneous magnetic flux appears, when a square d-wave superconductor is
embedded in an s-wave superconductor? In Fig.8, the typical magnetic flux structure of such
square d-dot in which edge of square is parallel to the x- or y-directions, under zero
magnetic field is shown. In this figure, red color means H z < 0. Magnetic fluxes appear at
four corners of the square d-dot, and they order antiferromagnetically. Such
antiferromagnetic order is already obtained by the experiment for zigzag junctions by
Hilgencamp et al. [6]. The reason of this antiferromagnetic order can be understood by
considering the interaction between vortices. Usual theory of vortex interaction tells us that
parallel vortices repel each other and antiparallel vortices attract each other because of the
current around the vortices and Lorentz force by this current. For the d-dot in Fig.8, the
spontaneous current flows form top-center of the d-wave superconductors, turns right and
left and flows into left and right sides of d-wave superconductor. So this current naturally
creates upward flux at the left-top corner and downward flux at the right-top corner. Fluxes
at the lower two corners can be explained similarly.

Figure 9. The d-wave superconducting order parameter amplitudes ( (a) and (c)) and magnetic field
distribution ( (b) and (c) ) for smaller d-dot with d=1.7ξ. ( (a) and (b)) with d=1.3 ξ ((c) and (d)).
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The second model of d-dots (Eqs.21-23) also describes these spontaneous half-quantum
magnetic fluxes. Using this model, we argue the size-dependence of these magnetic fluxes.
Question is: The d-dot in Fig.8 have four half-quantum magnetic fluxes, but if the size of ddot becomes small, then what happens? In Fig.9, the typical size dependences of the order
parameter structure and the magnetic fluxes are shown. In these figures, for smaller d-dots
the amplitudes of d-wave order parameter and magnetic field distributions are shown.
When the size of the d-dot becomes small, then the amplitude of d-wave component of the
order parameter becomes small, and the spontaneous magnetic field becomes small. This is
because the spontaneous current, which flows around each corner, does not decrease much
at the center of the edge of the square when the size of the d-dot is comparable to the
coherence length. Then, the total magnetic flux becomes less than the half-flux quantum,
although the fluxoid is still a half-flux quantum.
The temperature dependences of amplitude of order parameters and the spontaneous
magnetic fluxes also show similar tendency, because in this case, the coherence length
increases with increasing temperature.

Figure 10. Order parameter ((a) d-wave and (b) s-wave) and magnetic field (c) distribution for an s-dot.
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These spontaneous magnetic fluxes do not appears for the geometry for a square d-wave
superconductor embedded in an s-wave superconducting matrix, but they appear for a
square s-wave superconductor embedded in d-wave superconducting matrix and various
shaped d-wave superconductors embedded in the s-wave superconducting matrix. The swave superconducting dot case is called “s-dot”. For an s-dot, order parameter structures
and field distribution are shown in Fig. 10. There appear spontaneous magnetic fluxes
around the corners antiferromagnetically. These magnetic fluxes also are explained similarly
by the phase anisotropy of d-wave superconductivity. But the distribution of magnetic field
is opposite to the d-dot case, where magnetic field appears mainly outside of inner
superconducting region, but in this case, magnetic field appears mainly inside of inner
superconducting region. The s-dot is also useful but in the following we focus on the d-dot
case, which is more easily fabricated, we think.
Next we discuss the shape dependence of the d-dot. Even if the shape of the d-wave
superconducting region is different from the square that is parallel to the crystal axis or xand y-axis, the spontaneous magnetic field is also expected. In Fig. 11, distributions of the
order parameters and magnetic field for an equilateral triangle plate are shown. For this case
the spontaneous magnetic fluxes appear along the upper edges connected to the top corner.
The spontaneous current flows the top corner and return to the intermediate points of upper
edges. Also spontaneous magnetic fluxes appear around the lower corners. These
spontaneous magnetic field along the edge also appear for rotated or diagonal squares, as
shown in Fig. 12. In these figures, the spontaneous currents across the junction mainly flow
along x- or y- directions. And direction of junction between d- and s-wave superconductors
is important for the appearance of magnetic flux.

Figure 11. Spatial distribution of d-wave component of the order parameter (a) and magnetic field for
a triangular d-dot.

Also we note that not only square d-dots that is parallel to the x- and y-axis but also
arbitrary shaped d-dots that show spontaneous magnetic field, such as in Figs. 11 and 12,
have doubly degenerate stable states. And the shape of d-dot controls 15 the magnetic field
distribution.
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Figure 12. Spatial distribution of d-wave component of the order parameter (a) and magnetic field for a
rotated square d-dot.

2

Figure 13. Spatial distribution of magnetic field for a square d-dot. (a) H = 0 , (b) H = 0.02 Φ 0 2π L ,
2

2

2

(c) H = 0.05 Φ 0 2π L , (d) H = 0.1 Φ 0 2π L , and (e) H = 0.2 Φ 0 2π L .

These doubly degenerate states have good properties for applications. First they remain
under weak external magnetic field. In Fig. 13, external field dependence of spontaneous
magnetic field distributions for a square d-dot is shown. The spontaneous magnetic flux
parallel (anti-parallel) to the external field becomes large (small), respectively. Although the
degeneracy from broken time reversal symmetry is lifted under the external magnetic field,
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the state with π/2 rotated magnetic field distributions are equally stable. These doubly
degenerate states come from the broken four-fold symmetry of the square shape. This
property depends on the shape of d-dots. For asymmetric shaped d-dots, one of the doubly
degenerate states becomes more stable than another state. This means that we can control
these degenerate states using the magnetic field for asymmetric d-dots.

Figure 14. Magnetic field distributions of (a) the most stable state (udud) and (b) an excited state
(udud).

Figure 15. Free energies of (a) the most stable state (udud) and (b) an excited state (uudd). Econd is the
condensation energy of the superconductor and Tcs is the critical temperature of the s-wave
superconductor.

Second property is the stability of the degenerate stable states. For the square d-dots, most
stable states show antiferromagnetic order of spontaneous magnetic fluxes, and we call
these state udud (up down up down) (Fig. 4 (a)). There are other states, which have higher
free energy. In Fig. 14 (b), one of such states is shown. In this state, spontaneous magnetic
fluxes do not show antiferromagnetic order, but parallel magnetic fluxes align at the upper
or lower edges. We call this state uudd (up up down down). The free energies of the udud
and uudd states are shown in Fig. 15. Well below the critical temperature of the s-wave
superconductor Tcs, free energy difference between udud (a) and uudd (b) states becomes
comparable to the condensation energy of the superconductor. Therefore we can treat them
as two-level systems.
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4. Interaction between d-dots
As shown in previous section, the d-dots have double degenerate stable states. So we can
use them as bits or 1/2 spins. In order to use them as artificial spins, the d-dots will be placed
periodically or randomly. Then the interaction between them is important for these spin
systems. For using the d-dots as computational bits, they are also placed to transform the
information. Therefore interaction between d-dots also important for these applications.

Figure 16. Pairs of d-dots in a parallel (a) or a diagonal (b) positions.

How the d-dots interact with each other? Interaction between d-dots basically comes from
the interaction between spontaneous magnetic fluxes or vortices. If the spontaneous vortices
are independent from each other, that is, if there is no current flow between the vortices,
then via a purely electromagnetic interaction, they interact. This is the case of the π-ring
system of Kirtley et al. [4]. If the vortices are interacting in the same superconductors, there
is a supercurrent flow around the vortices and ordinary vortices interact with each other
through this current. The current distribution around a singly quantized vortex is given by
the first order Bessel function. And therefore the interaction force to vortex 1 from vortex 2
is given as,
f12 =

(Φ0 )1 (Φ0 )2
8π 2λ 3

r 
K1  12  rˆ12
λ

(24)

Where r12 and r̂12 are distance between two vortices and a unit vector from the vortex 2 to
the vortex 1, respectively, and K1 is the first order modified Bessel function. Directions of
vortices are expressed by (Φ0 )i and if two vortices are parallel (anti-parallel) then interaction
is repulsive (attractive), respectively.
For d-dots, there is an s-wave region between d-wave islands, and the spontaneous currents
around the corners affect each other as usual supercurrent around singly quantized vortices,
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mentioned above. Then, an interaction between d-dots arises through the spontaneous
currents in the s-wave region. If two square d-dots are in a line (Fig. 16 (a)), nearest vortex
pair should be antiparallel (e.g. right-upper flux in the left d-dot and left upper vortex in the
right d-dot should be antiparallel). And then we can expect that two d-dots will have a same
spontaneous magnetic flux distribution, as shown in Fig. 16 (a). Therefore when we regard a
d-dot as a spin, they interact ferromagnetically. In contrast to this configuration, if two
square d-dots are placed diagonally (Fig. 16 (b)), then we expect an antiferromagnetic
interaction by the same argument. In Fig. 17, stable states for parallel two d-dots are shown.
For short distance ((e)), the nearest magnetic fluxes disappear and the flux distributions of
two d-dots are same. Increasing the distance, the nearest magnetic fluxes appear and
becomes gradually large ((f)-(h)) and the states of the d-dots are still same.Therefore
ferromagnetic states are always stable, as we expected, and this is independent from the
distance.

Figure 17. Stable states for parallel two d-dots. (a)-(d) : configurations of d- and s-wave
superconductors. (e)-(h): Stable magnetic field distributions.
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Figure 18. Stable magnetic field distribution around a pair of d-dots, which are placed diagonally. The
states of these d-dots are same and therefore they interact ferromagnetically.

Figure 19. Free energies for Ferromagnetic (F) and Antiferromagnetic states in diagonally placed two ddots.

However, for diagonally placed two d-dots, the magnetic field distribution is not so simple.
In Fig. 18, the stable state is shown for short distance between two diagonally placed d-dots.
Unlike to the expectation from the usual vortex-vortex interaction, ferromagnetic state
becomes stable. This is because two adjacent half-quantum fluxes are connected and form
broad single quantum flux and this can occur when two fluxes are parallel. Therefore the
ferromagnetic state becomes stable. It seems that the energy of this configuration becomes
lower when two half-quantum fluxes are closer to each other. This property does not appear
for ordinary vortices and we call this a fusion of half-quantum vortices. In Fig. 19, distance
dependence of the free energies for the ferromagnetic and antiferromagnetic states are
plotted. When distance between two d-dots is short, the ferromagnetic state has much lower
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free energy than that of the antiferromagnetic state. For longer distance, free energies of
these states are almost same, because the spontaneous magnetic fluxes become almost
independent as shown in the insets of Fig. 19.
These interactions between d-dots can be used for changing the state of the d-dots [26].
Using these interactions, the d-dots have a potential applicability to the superconducting
devices[27].

5. Conclusions
We showed that the anisotropic pairing of superconductivity causesinteresting phenomena
when two different superconductors are combined. Spontaneous half-quantized magnetic
flux around the junction between d-wave and s-wave superconductors is one of such
phenomena. It is simulated by the two-components Ginzburg-Landau equations, which can
treat the anisotropy of d-wave superconductivity. This half-quantum magnetic state for the
d-wave superconductors embedded in the s-wave superconductor has good properties for
applications to superconducting devices, especially for classical bits or qubits.

Appendix
In this appendix, the coefficients in Eqs. 13-18 aregiven. For d-wave superconducting
regions, they are defined as,
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For s-wave superconducting regions, they are defined similarly.
The coefficients in Eqs. 17 and 18 in the d-wave superconducting region are given as,
2
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1. Introduction
One of the most important properties of superconductors is their perfectly diamagnetic
response to an external magnetic ﬁeld, the Meissner-Ochsenfeld effect. It is a pure
quantum effect and therefore reveals the existence of a macroscopic quantum state with
a pair condensate. A special manifestation of the diamagnetic response is observed for
superconducting rings threaded by a magnetic ﬂux: ﬂux quantization and a periodic current
response.
Persistent currents and periodic ﬂux dependence are also known in normal metal rings and
best known in form of the Aharonov-Bohm effect predicted theoretically in 1959 [4]. Since the
wavefunction of an electron moving on a ring must be single valued, the phase of the wave
function acquired upon moving once around the ring is a integer multiple of 2π.
 A magnetic
ﬂux threading the ring generates an additional phase difference 2πϕ = (e/c) C dr · A(r) =
(2πe/hc) Φ, where C is a closed path around the ring and A(r) the vector potential generating
the magnetic ﬂux Φ threading the ring. Here, e is the electron charge, c the velocity of light,
and h is Planck’s constant. Thus, the electron wave function is identical whenever ϕ has an
integer value and therefore the system is periodic in the magnetic ﬂux Φ with a periodicity of
Φ0 =

hc
,
e

(1)

the ﬂux quantum in a normal metal ring. In particular, the persistent current J ( ϕ) induced by
the magnetic ﬂux is zero whenever ϕ = Φ/Φ0 is an integer.
The periodic response of a superconducting ring to a magnetic ﬂux is of similar origin as
in a normal metal ring, though the phase winding of the condensate wavefunction has
to be reconsidered. On account of the macroscopic phase coherence of the condensate,
ﬂux oscillations must be more stable in superconductors, and London predicted their
existence in superconducting loops already ten years before the work of Aharonov and
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Figure 1. Scheme of the pairing of angular-momentum eigenstates in a one dimensional metal loop for
(a) Φ = 0 and (b) Φ = Φ0 /2, as used by Schrieffer in [43] to illustrate the origin of the Φ0 /2 periodicity
in superconductors. Paired are always electrons with equal energies, leading to center-of-mass angular
momenta q = 0 in (a) and q = 1 in (b).

Bohm [35]. London expected that the magnetic ﬂux threading a loop is quantized in
multiples of Φ0 because the interior of an ideal superconductor was known to be current
free. Although London the pairing theory of superconductivity was not known yet, he
anticipated the existence of electron pairs carrying the supercurrent and speculated that the
ﬂux quantum in a superconductor might be Φ0 /2. This point of view became generally
accepted with the publication of the ‘Theory of Superconductivity’ by Bardeen, Cooper, and
Schrieffer (BCS) in 1957 [8]. Direct measurements of magnetic ﬂux quanta Φ0 /2 trapped
in superconducting rings followed in 1961 by Doll and Näbauer [18] and by Deaver and
Fairbank [17], corroborated later by the detection of ﬂux lines of Φ0 /2 in the mixed state
of type II superconductors [1, 22].
It is tempting to explain the Φ0 /2 ﬂux periodicity of superconducting loops simply by
the charge 2e of Cooper pairs carrying the supercurrent, but pairing of electrons alone is
not sufﬁcient for the Φ0 /2 periodicity. The Cooper-pair wavefunction extends over the
whole loop, as does the single-electron wavefunction, and it is not obvious whether the
electrons forming the Cooper pair are tightly bound or circulate around the ring separately. A
microscopic model on the basis of the BCS theory is therefore indispensable for the description
of the ﬂux periodicity of a superconducting ring. In this chapter, we analyze this problem in
detail and focus on a previously neglected aspect: how do the Φ0 periodic ﬂux oscillations in
a normal metal ring transform into the Φ0 /2 periodic oscillations in a superconducting ring?
A theoretical description of the origin of the half-integer ﬂux quanta was ﬁrst found
independently in 1961 by Byers and Yang [13], by Onsager [38], and by Brenig [10] on the
basis of BCS theory. They realized that there are two distinct classes of superconducting
wavefunctions that are not related by a gauge transformation. An intuitive picture illustrating
these two types can be found in Schrieffer’s book on superconductivity [43], using the energy
spectrum of a one-dimensional metal ring. The ﬁrst class of superconducting wavefunctions,
which London had in mind in his considerations about ﬂux quantization, is related to pairing
of electrons with angular momenta k and −k, which have equal energies in a metal loop
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without magnetic ﬂux, as schematically shown in ﬁgure 1 (a). The Cooper pairs in this
state have a center-of-mass angular momentum (pair momentum) q = 0. The pairing
wavefunctions of the superconducting state for all ﬂux values Φ, which are integer multiples
of Φ0 and correspond to even pair momenta q = 2Φ/Φ0 , are related to the wavefunction
for Φ = 0 by a gauge transformation. For a ﬂux value Φ0 /2, pairing occurs between the
electron states with angular momenta k and (−k + 1), which have equal energies in this
case [ﬁgure 1 (b)]. This leads to pairs with momentum q = . The corresponding pairing
wavefunction is again related by a gauge transformation to those for ﬂux values Φ which are
half-integer multiples of Φ0 and correspond to the odd pair momenta q = 2Φ/Φ0 .
For the system to be Φ0 /2 periodic, it is required that the free energies of the two types
of pairing states are equal. Byers and Yang, Onsager as well as Brenig showed that this
is in fact the case in the thermodynamic limit. The free energy consists then of a series of
parabolae with minima at integer multiples of Φ0 (corresponding to even pair momenta) and
half integer multiples of Φ0 (corresponding to odd pair momenta). If the arm of the ring is
wider than the penetration depth λ, the ﬂux is quantized and the groundstate is given by the
minimum closest to the value of the external ﬂux. However, in microscopic ﬁnite systems this
degeneracy of the even and odd q minima is lifted, although their position is ﬁxed by gauge
invariance to multiples of Φ0 /2. The restoration of the Φ0 /2 periodicity in the limit of large
rings was studied only much later [26, 31, 45, 52]. We study the revival of the Φ0 /2 periodicity
in sections 2.1 and 2.2 for a one-dimensional ring at zero temperature and investigate the
effects of many channels and ﬁnite temperatures in section 2.3.
From the ﬂux periodicity of the free energy, the same ﬂux periodicity can be derived
for all other thermodynamic quantities [44]. A clear and unambiguous observation of
ﬂux oscillations is possible in the ﬂux dependence of the critical temperature Tc of small
superconducting cylinders. Such experiments have been performed ﬁrst by Little and Parks
in 1962 [29, 30, 39]. They measured the resistance R of the cylinder at a ﬁxed temperature
T within the ﬁnite width of the superconducting transition and deduced the oscillation
period of Tc from the variation of R. These experiments conﬁrmed the Φ0 /2 periodicity
in conventional superconductors very accurately. At this stage the question of the ﬂux
periodicity in superconductors seemed to be settled and understood. The interest then
shifted to the amplitude of the supercurrent and also the normal persistent current and their
dependence on the ring size, the temperature, and disorder [11, 15, 21, 27, 47]. However,
the inﬂuence of ﬁnite system sizes on the ﬂux periodicity remained unaddressed. Earlier,
certain experiments had already indicated some unexpected complications. E.g., Little and
Parks pointed out in reference [29] that in tantalum cylinders they could not detect any ﬂux
oscillations in R at all. Even more peculiar were the oscillations observed in an indium
cylinder where signs of an additional Φ0 /8 periodicity were clearly visible [29]. This was
surprising because indium is a perfectly conventional superconductor otherwise. These
results remained unexplained and drew attention only years later, when ﬂux oscillations of
unconventional superconductors were studied.
In the meantime a new type of ﬂux sensitive systems was advanced: superconducting
quantum-interference devices (SQUIDs). The measurement of ﬂux oscillations in SQUIDs
is similar to the Little-Parks experiment. Here the ﬂux dependence of the critical current Jc
through a superconducting loop including one or two Josephson junctions is measured. This
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Figure 2. (a) Fourier transform Jc (Γ) of the critical current Jc ( H ) measured by Schneider et al. on a 24◦
grain boundary SQUID at T = 77 K as a function of the applied magnetic ﬁeld where Φ0 /2 = 6.7 μT [41].
The red arrow points out the Fourier peak corresponding to a Φ0 periodic current contribution.
(b) Critical current Jc ( H ) over a 24◦ grain boundary SQUID at T = 4.2 K, where Φ0 /2 = 2.7 μT. Clearly
visible is the abrupt change of periodicity at μ0 H ≈ ±5 μT [42].

has the advantage that ﬂux oscillations can be observed at any temperature T < Tc , and
they are most clearly visible in the critical current Jc . SQUIDs fabricated from conventional
superconductors have been used in experiments and applications for ﬁve decades, and they
proved to oscillate perfectly with the expected ﬂux period Φ0 /2. It was therefore a surprise
that ﬂux oscillations with different periodicities were found in 2003 by Lindström et al. [28]
and Schneider et al. [41, 42] in SQUIDs fabricated from ﬁlms of the high-Tc superconductor
YBa2 Cu3 Oy (YBCO) where the Josephson junctions arise from grain boundaries. Flux
trapping experiments in loops showed that ﬂux quantization in the cuprate class of high-Tc
superconductors occurs in units of Φ0 /2 [23], identically to what has been observed with
conventional superconductors. In addition, Schneider et al. observed a variety of oscillation
periods, depending on the geometry of the SQUID loop, the grain-boundary angle, the
temperature, and the magnetic-ﬁeld range of the SQUID.
Two distinct patterns of unconventional oscillations in YBCO SQUIDs have to be discerned.
The ﬁrst kind consists of oscillations which have a basic period of Φ0 /2, overlaid by other
periodicities, such that the Fourier transform Jc (Γ) of Jc (Φ) contains peaks appear which do
not correspond to the period Φ0 /2 [41]. An example for such a measurement are shown
in ﬁgure 2 (a). The peaks at integer values of Γ correspond to higher harmonics of Φ0 /2,
and their appearance is natural. However, there are clear peaks at Γ = 1/2 (red arrow)
and Γ = 5/2, which correspond to Φ0 periodicity and higher harmonics thereof. The
origin of the Φ0 periodicity in those experiments is so far not conclusively explained. There
was, however, extensive research on the ﬂux periodicity of unconventional (mostly d-wave)
superconductors, which revealed that the periodicity of the normal state persists in the
superconducting state if the energy gap symmetry allows for nodal states [6, 25, 32, 34, 51].
This effect derives directly from the analysis in this book chapter and is discussed in detail in
reference [32].

from hc/e
Flux-Periodicity Crossover from Flux-Periodicity
hc/e in Normal Metallic toCrossover
hc/2e in Superconducting
Loopsin

Φ

Normal Metallic to hc/2e in Superconducting Loops5 347

a
R

Figure 3. The simplest description of the many-particle state in a ﬂux threaded loop, we use a
tight-binding model on a discrete, one-dimensional ring with N lattice sites, lattice constant a and radius
R = Na/2π. The magnetic ﬂux Φ is conﬁned to the interior of the ring and does not touch the ring itself.

The second kind of unconventional oscillations is more intriguing. In several different YBCO
SQUIDs, the periodicity of sinusoidal oscillations changes abruptly with increasing magnetic
ﬂux. In the measurement shown in ﬁgure 2 (b), the period is Φ0 /4 for small ﬂux, and changes
to Φ0 /2 at a critical ﬂux. As a possible explanation for the appearance of Φ0 /4 periodicity, an
unusually pronounced second harmonic in the critical current Jc of transparent Josephson
junctions was proposed or, more fundamentally, an effect of interactions between Cooper
pairs, leading to the formation of electron quartets [42]. The observation of similar abrupt
changes to other fractional periodicities like Φ0 /6 and Φ0 /8 render this ﬁnding even more
striking since it could indicate a transition into a new, non-BCS type of superconductivity.
This concept, which we sketch brieﬂy in the Conclusions, is a complex and promising topic
for future research on unconventional superconductors.

2. The periodicity crossover
In this section we introduce the periodicity crossover and consider ﬁrst the simplest model
containing the relevant physics: a one dimensional ring consisting of N lattice sites and a
lattice constant a (ﬁgure 3). The ring is threaded by a magnetic ﬂux Φ focused through
the center and not touching the ring itself. We use a tight-binding description with
nearest-neighbor hopping parameter t, which sets the energy scale of the system. We
start from the ﬂux periodicity of the normal metal state of the ring, which varies for
different numbers of electrons in the ring. On this basis we introduce a superconducting
pairing interaction and investigate the ﬂux periodicity of the groundstate upon increasing
the interaction strength. For a ring with a ﬁnite width (an annulus) we investigate the ﬂux
dependence of the self-consistently calculated superconducting order parameter and study
the temperature driven periodicity crossover when cooling the ring through the transition
temperature Tc .

2.1. Normal state
The tight-binding Hamiltonian for an electronic system including a magnetic ﬁeld is
† for an
straightforwardly formulated using the annihilation and creation operators cis and cis
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electron with spin s on the lattice site i:

H0 = − t

∑

�i,j�,s

†
†
eiϕij cis
c js − μ ∑ cis
cis .

(2)

i,s

Here �i, j� denotes all nearest-neighbor pairs i and j, s =↑, ↓. The magnetic ﬁeld B = ∇ × A
j
enters into the Hamiltonian (2) through the Peierls phase factor ϕij = (e/hc) i dl · A. The
chemical potential μ controls the number of electrons in the ring. The ﬂux periodicity is easiest
to discuss for a particle-hole symmetric situation with μ = 0, for which the Fermi energy is
EF = 0. We will later address the changes introduced through an arbitrary μ.
We assume that the N lattice sites are equally spaced along a ring with circumference 2πR =
Na (ﬁgure 3). It follows that the Peierls phase factor for a magnetic ﬁeld focused through the
center of the ring simpliﬁes to ϕij = 2πϕ/N, where ϕ = Φ/Φ0 is the dimensionless magnetic
ﬂux. The Hamiltonian (2) is then written in momentum space as:

H0 = ∑ �k ( ϕ)c†ks cks

(3)

k,s

where c†ks creates an electron with angular momentum k. The energy dispersion is
�k ( ϕ) = −2t cos



k−ϕ
R/a



− μ.

(4)

The eigenenergies depend on the ﬂux only in the combination k − ϕ, as is shown in ﬁgure 4
for three different cases: (a) N/4 is an integer, (b) N/4 is a half integer, and (c) N is an odd
number. The ϕ dependent shift in �k ( ϕ) is known as the Doppler shift since it is proportional
to the velocity of the corresponding electron. In all three cases, the spectrum has obviously the
periodicity 1 with respect to ϕ. However, the ﬂux values, for which an energy level crosses
EF , are different. This number dependence, sometimes referred to as the “parity effect” , is
characteristic for discrete systems and not restricted to one dimension. It was discussed in
detail in the context of the persistent current in metallic loops [15, 27, 47] and also in metallic
nano clusters [36]; it is also essential for the discussion of superconducting rings.
Physical quantities of the normal metal ring can be expressed through the thermal average
ns (k) of the number of electrons with angular momentum k and spin s: ns (k) = �c†ks cks � =
f (�k ( ϕ)), with the Fermi distribution function f (�) = 1/(1 + e�/kB T ) for the temperature T.
The groundstate is given by the minimum of the total energy E of the system
E( ϕ) = �H0 � = ∑ �k ( ϕ)ns (k),

(5)

k,s

which is a piecewise quadratic function of the magnetic ﬂux. The momentum distribution
function ns (k) also depends on the magnetic ﬂux only in the combination k − ϕ. The sum
over k in equation (5) directly renders the Φ0 ﬂux periodicity of E( ϕ). However, the position
of the minima of E( ϕ) depends on the highest occupied energy level and therefore also shows
a parity effect (see ﬁgure 5).
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Figure 4. Energy spectrum of a discrete one-dimensional ring with N lattice sites, μ = 0 and (a) N/4 is
an integer, (b) N/4 a half integer, and (c) N an odd number. In (a) and (b), levels cross EF = 0 at integer
(a) or half-integer (b) values of ϕ. For odd N, two different spectra are possible [N = 4n + 1 (left) and
N = 4n − 1 (right)], and for both, two levels cross EF within one ﬂux period (red points). �D denotes the
maximum value of the Doppler shift.

The energy E( ϕ) is maximal for those values of ϕ where an energy level reaches EF (red points)
and has minima in between. If N/4 is an integer, then the minima of E( ϕ) are at half-integer
values of ϕ (ﬁgure 5 (a), light blue curve), whereas if N/4 is a half-integer, the minima are at
integer values of ϕ (ﬁgure 5 (a), dark blue curve). If N is odd, two different (but physically
equivalent) spectra for N = 4n ± 1 are possible, and for both, two levels cross EF in one ﬂux
period. This results in a superposition of the two previous cases and there are minima of E( ϕ)
for both integer and half-integer values of ϕ; E( ϕ) is therefore Φ0 /2 periodic.
The normal persistent current J ( ϕ) = −(e/hc) ∂E( ϕ)/∂ϕ (see equation 12 below) jumps
whenever an energy level crosses EF , because the population of left and right circulating states
changes abruptly [ﬁgure 5 (b)]. The occupied state closest to EF contributes dominantly to
the current, because all other contributions tend to almost cancel in pairs. The Doppler shift
decreases with the ring radius like 1/R [c.f. equation (4)] and so does the persistent current.

2.2. Superconducting state: Emergence of a new periodicity
The theory of ﬂux threaded superconducting loops was ﬁrst derived by Byers and Yang [13],
Brenig [10], and Onsager [38] on the basis of the BCS theory. They showed the thermodynamic
equivalence of the two superconducting states discussed above in the thermodynamic limit.
However, in a strict thermodynamic limit the persistent (super-) current vanishes, and
therefore a more precise statement is necessary with respect to the Φ0 /2 periodicity of the
supercurrent. Here we analyze the crossover from Φ0 periodicity in the normal metal loop
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Figure 5. (a) Total energy E( ϕ) of a ring with N sites as a function of the magnetic ﬂux ϕ. If N/4 is an
integer, then the minima are at half-integer values of ϕ (dark blue). If N/4 is a half-integer, the parabolae
are shifted by 1/2 (light blue). The gray lines above the crossing points of the parabolae correspond to
possible excited states. (b) Persistent current J ( ϕ) corresponding to the systems described in (a). The
purple curve shows the current obtained for odd N.

to the Φ0 /2 periodicity in the superconducting loop upon turning on the pairing interaction.
The discussion of this crossover enables precise statements about the periodicity.
For a one-dimensional superconducting loop (or any loop thinner than the penetration depth
λ), ﬁnite currents ﬂow throughout the superconductor.
The magnetic ﬂux is consequently

not quantized, only the ﬂuxoid Φ� = Φ + (Λ/c) dr · J(r) is, which was introduced by F.
London [35]. The ﬂux Φ is the total ﬂux threading the loop, including the current induced
ﬂux, and Λ = 4πλ2 /c2 . In the absence of ﬂux quantization, ϕ is a continuous variable also in
a superconducting system with a characteristic periodicity in ϕ.
In this section we focus on the emergence of a new periodicity when a superconducting order
parameter arises. We therefore include an attractive on-site interaction of the general form 1

H = H0 −

V
2N 2

∑� ∑ c†k↑ c†−k+q↓ c−k� +q↓ ck� ↑ ,

k,k q

(6)

where V > 0 is the interaction strength. In BCS theory it is assumed that electron pairs
have zero center-of-mass (angular) momentum, i.e., the pairs are condensed in a macroscopic
quantum state with q = 0, similar to a Bose-Einstein condensate of bosonic particles. In the
case of a ﬂux threaded ring, Byers and Yang [13], Brenig [10], and Onsager [38] showed that
q is generally ﬁnite and has to be chosen to minimize the kinetic energy of the Cooper pairs
in the presence of a magnetic ﬂux. Nevertheless it is still assumed that pairing occurs only
for one speciﬁc angular momentum q. For conventional superconductors, this assumption is
generally true, although for superconductors with gap nodes, the situation may be different,
as was shown for d-wave pairing symmetry in reference [33]. In this section, we use the
1

In the literature the symmetric Hamiltonian H̃ = H0 + (V/2N 2 ) ∑k,k� ∑q c†k+q/2↑ c†−k+q/2↓ c−k� +q/2↓ ck� +q/2↑ is often
used [37]. H̃ is naturally hc/e periodic in ϕ, but it is not well deﬁned, although it yields the same physical quantities
as H. The introduction of half-integer angular momenta in H̃ leads to two different limits Δ → 0 for even or odd q,
corresponding to the two spectra for N/2 even or odd. Therefore the symmetric H̃ is unsuitable for the discussion of
the ﬂux periodicity.
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assumption of condensation into a state with one selected angular momentum q for all pairs,
which allows us to write H in the decoupled form

 Δ2 ( ϕ )
q
H = H0 + ∑ Δ∗q ( ϕ)c−k+q↓ ck↑ + Δq ( ϕ)c†k↑ c†−k+q↓ +
,
V
k

(7)

where the order parameter is deﬁned as Δq ( ϕ) = (V/2) ∑k �ck↑ ck↓ �. The mean-ﬁeld
Hamiltonian (7) is diagonalized with the standard Bogoliubov transformation
ck↑ = u(k) ak+ + v(k) a†k− ,

c−k+q↓ = u(k) a†k− − v(k) ak+

with the coherence factors


�(k, ϕ)
2
u (k) = 1 +
E(k, ϕ)

2

and

which depend on ϕ and q through E(k, ϕ) =

v (k) =




�(k, ϕ)
1−
E(k, ϕ)

(8)


,

(9)

Δ2q + �2 (k, ϕ) and �(k, ϕ) = [�k ( ϕ) +

�−k+q ( ϕ)]/2. The energy spectrum splits into the two branches
E± (k, ϕ) =

�k ( ϕ ) − �− k + q ( ϕ )
2

±



Δ2q + �2 (k, ϕ),

(10)

where the Doppler shift term arises from the different energies of the two paired states with
momenta k and −k + q. The order parameter Δq ( ϕ) is determined self-consistently from
1
N

∑
k

f ( E− (k, ϕ)) − f ( E+ (k, ϕ))
1

= .
V
2
2
2 Δq ( ϕ) + � (k, ϕ)

(11)

For the discussion of the periodicity of this system, we ﬁrst disregard the self-consistency
condition for the order parameter and set Δq ( ϕ) ≡ Δ to be constant. Importantly, while H0 is
strictly Φ0 periodic, H is not periodic in ϕ if Δ > 0. The question of periodicity is therefore:
which periodicity is restored by minimizing E( ϕ) = �H� with respect to q and how is this
achieved?
Figure 6 shows E( ϕ) for two different values of Δ for q = 0 and q = 1. For small Δ, E( ϕ) is still
a series of parabolae with minima at integer values of ϕ, but the degeneracy of the minima is
lifted [ﬁgure 6 (a) and (b)]. For even q, the energy minimum at ϕ = q/2 is lowered relative
to the other minima, whereas for odd q, one new minimum emerges at ϕ = q/2, which is
absent in the normal state. If Δ exceeds a certain threshold Δc , this new odd q minimum
becomes deeper than the neighboring ones [ﬁgure 6 (d)]. We have thus identiﬁed the second
class of states with minima in E( ϕ) at half-integer ﬂux values anticipated above and we ﬁnd
that the even and odd q minima become equal if Δ becomes large compared to Δc , a ring size
dependent value which we will determine below. It is to be understood that the energies E( ϕ)
in ﬁgure 6 are not periodic in ϕ because the q-values are ﬁxed, either to q = 0 in (a, c) or
to q = 1 in (b, d). In loops thicker than the penetration depth, screening currents drive the
system always into an energy minimum. In this case, the ﬂux is then quantized in units of
Φ0 /2.
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Figure 6. Energy E( ϕ) in the superconducting state with q = 0 (a, c) and q = 1 (b, d) for N = 50. The
upper panels (a, b) show the “small gap” case with Δ = 0.05 t and the lower panels (c, d) the “large gap”
case with Δ = 0.2 t.

Let us for the moment assume that the ﬂux value, at which the energy minimizing q changes
from one integer to the next, is well approximated by the half way between two minima:
q = ﬂoor(2ϕ + 1/2) (ﬂoor( x ) is the largest integer smaller than x, e.g., ϕ = 0 → q = 0;
ϕ = 1/4 → q = 1; ϕ = 3/4 → q = 2). Small deviations from these values will be discussed
for the self-consistent solution in section 2.3. The energy spectrum is then Φ0 periodic, but
discontinuous at the ﬂux values where q changes, as shown in ﬁgure 7. Clearly distinguishable
are now the “small gap” (a) and the “large gap” (b) regime: Δc represents the maximum of the
ﬂux-induced shift of the energy levels close to EF , before q changes. If Δ < Δc , the energy gap
closes at certain values of ϕ, whereas if Δ > Δc , an energy gap persists for all ϕ.
Although the spectra are Φ0 periodic both in ﬁgure 7 (a) and (b), the closing of the gap in the
“small gap” regime has signiﬁcant effects on the periodicity of physical quantities like E( ϕ).
Even more prominent is the periodicity crossover for the persistent current in the ring. The
supercurrent is given by J ( ϕ) = J+ ( ϕ) + J− ( ϕ) = (e/h)∂E( ϕ)/∂ϕ, where
J± ( ϕ) =

e
hc

∑
k

∂�k ( ϕ)
n± (k )
∂k

(12)

with n+ (k) = u2 (k) f ( E+ (k, ϕ)) and n− (k) = v2 (k) f ( E− (k, ϕ)). J+ ( ϕ) and J− ( ϕ), as well as
J ( ϕ), are plotted in ﬁgure 8. The contribution J− ( ϕ) forms a Φ0 /2 periodic saw-tooth pattern,
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Figure 7. Eigenenergies E± (k, ϕ) (10) as a function of ﬂux ϕ for N = 50 and a ﬁxed order parameter: (a)
“large gap” regime with Δ = 0.2 t, (b) “small gap” regime with Δ = 0.05 t. Blue lines: occupied states,
grey lines: unoccupied states. The bold line marks the highest occupied state for all ϕ. In the blue shaded
areas in (a), the energy gap has closed due to the Doppler shift.

both in the normal and in the superconducting state. The Φ0 periodic part in the normal
state is contained exclusively in J+ ( ϕ). A ﬂux window where E+ (k, ϕ) is partially occupied
exists in each q sector when the energy gap has closed [shaded blue areas in ﬁgure 7 (a)].
These windows decrease for increasing Δ until J+ ( ϕ) vanishes for Δ = Δc . In the “large
gap" regime, the supercurrent is carried entirely by J− ( ϕ) and is therefore Φ0 /2 periodic and
essentially independent of Δ. The discontinuities in J− ( ϕ) are not caused by energy levels
crossing EF , but by the reconstruction of the condensate when the pair momentum q changes
to the next integer at the ﬂux values ϕ = (2n − 1)/4. Figure 9 shows the periodicity crossover
of the persistent current in four different steps from the Φ0 periodic normal current to the
Φ0 /2 periodic supercurrent. A very similar type of crossover was discussed earlier for loops
consisting of a normal and a superconducting part. The ﬂux periodicity of such a system
changes from Φ0 to Φ0 /2 with an increasing ratio of superconducting to normal conducting
parts [12, 14].
Further insight into the current periodicity is obtained by analyzing Δc . Close to EF , the
maximum energy shift is �D = at/2R, and the condition for a direct energy gap (or
E+ (k, ϕ) > 0 for all k, ϕ) and a Φ0 /2-periodic current pattern is therefore Δ > Δc = �D . The
corresponding critical ring radius is Rc = at/2Δ. It is instructive to compare Rc with the BCS
coherence length ξ 0 = vF /πΔ, where vF is the Fermi velocity and Δ the BCS order parameter
at T = 0. On the lattice we identify vF = kF /m with kF = π/2a and m = 2 /2a2 t, and obtain
ξ 0 = at/Δ and thus 2Rc = ξ 0 . This signiﬁes that the current response of a superconducting
ring with a diameter smaller than the coherence length, is generally Φ0 periodic [34]. In these
rings the Cooper-pair wavefunction is delocalized around the ring.
We have hereby identiﬁed the basic mechanism underlying the crossover from Φ0 periodicity
in the normal state to Φ0 /2 periodicity in the superconducting state. It is the crossing of
EF of energy levels as a function of the magnetic ﬂux that leads to kinks in the energy and
to discontinuities in the supercurrent (or the persistent current in the normal state). If the
superconducting gap is large enough to prevent all energy levels from crossing the Fermi
energy, the kinks and jumps occur only where the pair momentum q of the groundstate

354 12
Superconductors – Materials, Properties and Applications

Superconductors

1

J±(φ)

J-(φ) + J+(φ)

1

0

J+

0

J_
-1
-1

-1/2

0

1/2

φ

-1
-1

1

-1/2

(a)

0

1/2

φ

1

(b)

Figure 8. (a) The Φ0 periodic persistent current J ( ϕ) (in units of t/Φ0 ) in the normal state. (b) The
contribution J− ( ϕ) (dark blue) is Φ0 /2 periodic and identical in the normal and the superconducting
state. The Φ0 periodicity in the “small gap” regime is entirely due to J− ( ϕ) (light blue), which vanishes
in the “large gap” regime.
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Figure 9. Crossover from the Φ0 -periodic normal persistent current to the Φ0 /2-periodic supercurrent in
a ring with N = 26 at T = 0. J ( ϕ) is in units of t/Φ0 . For this ring size Δc ≈ 0.24 t. The discontinuities
occur where the ϕ-derivative of the highest occupied state energy changes sign. From left to right:
Δ = 0, 0.08 t, 0.16 t, 0.24 t.

changes. The latter is true, if the ring diameter is larger than the coherence length ξ 0 of the
superconductor.
To conclude the discussion of the supercurrent we mention an issue raised by Little and
Parks [39]. A simple theoretical model to predict the amplitude of the oscillations of Tc is
the following: For all non-integer or non-half-integer values of ϕ, there is a persistent current
J ( ϕ) circulating in the cylinder. The kinetic energy Ekin ( ϕ) associated with this current is
proportional to J 2 ( ϕ), as is the energy E( ϕ) in ﬁgure 5 (a). It is therefore suggestive to
subtract Ekin ( ϕ) from the condensation energy of the superconducting state and deduce the
oscillations of Tc from those of E( ϕ). This was done in a ﬁrst approach by Little and Parks [30],
by Tinkham [44], and by Douglass [19] within a Ginzburg-Landau ansatz, yet it was later
shown to be incorrect by Parks and Little in a subsequent article [39]. They wrote that “the
microscopic theory [i.e., the BCS theory] shows that it is not the kinetic energy of the pairs which
raises the free energy of the superconducting phase ..., but rather it is due to the difference in
the energy of the two members of the pairs", i.e., �k ( ϕ) − �−k+q ( ϕ). It is remarkable that the
results of Tinkham and Douglass are nevertheless identical to the microscopic result [40]. The
notion whether it is the kinetic energy of the screening current that causes the oscillations,
or rather an internal cost in condensation energy in the presence of a ﬁnite ﬂux, is important
insofar as it provides an explanation for an intriguing problem: In the same way as the pairing
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Figure 10. Flux threaded annulus with inner radius R1 and outer radius R2 . For a magnetic ﬂux
threading the interior of the annulus, the radial part of the Bogoliubov - de Gennes equations is solved
numerically with a discretized radial coordinate.

of electrons leads to a reduction of the fundamental ﬂux period Φ0 to Φ0 /2, the pairing
of pairs to quartets would lead to the quarter-period Φ0 /4. Then the saw-tooth pattern of
the supercurrent becomes Φ0 /4 periodic and the maximum current is only half the value for
unpaired Cooper pairs. If the oscillation in E( ϕ) were due to the kinetic energy of the pairs,
then the formation of quartets and the Φ0 /4 periodicity would be energetically favorable. The
fact that it is Φ0 /2 periodic illustrates the remark by Parks and Little.

2.3. Multi channels and self consistency
Although the one-dimensional ring discussed above comprises all the qualitative features of
the periodicity crossover at T = 0 upon entering the superconducting state, some additional
issues need to be considered. First, the spectrum of a one dimensional ring is special insofar
as only two energy levels exist that cross the Fermi energy in one ﬂux period. This situation is
ideal to investigate persistent currents, because there are maximally two jumps in one period.
In an extended loop all radial channels contribute at the Fermi energy and have to be taken
into account. Second, the self-consistency condition of the superconducting order parameter
leads to corrections of the results obtained above, and third, the periodicity crossover upon
entering the superconducting state by cooling through the transition temperature Tc is
somewhat different from the T = 0 crossover. These points are addressed in this section.
Here we extend the ring to an annulus with an inner radius R1 and an outer radius R2 , as
shown in ﬁgure 10. For such an annulus, we choose a continuum approach on the basis of the
Bogoliubov - de Gennes (BdG) equations, for which no complications arise from the parity
effect. For spin singlet pairing the BdG equations are [16]


2
1 
e
En un (r) =
i∇ + A(r) − μ un (r)+ Δ(r) vn (r),
2m
c
(13)


2

1
e
En vn (r) = −
i∇ − A(r) − μ vn (r)+ Δ∗ (r)un (r),
2m
c
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with the self-consistency condition (gap equation) for the order parameter Δ(r):


En
Δ(r) = V ∑ un (r)v∗n (r) tanh
,
2kB T
n

(14)

where V is the local pairing potential. For an annulus of ﬁnite width we separate the angular
part of the quasi-particle wavefunctions un (r), vn (r) using polar coordinates r = (r, θ ) with
the ansatz
i

un (r, θ ) = un (r )e 2 (k+q)θ ,
i

vn (r, θ ) = vn (r )e 2 (k−q)θ ,

(15)

where k and q are either both even or both odd integers. Thus k is the angular momentum
as for the one dimensional ring and n = (k, ρ) with a radial quantum number ρ. The order
parameter factorizes into Δ(r, θ ) = Δ(r )eiqθ where the radial component


En
Δ(r ) = V0 ∑ un (r )v∗n (r ) tanh
(16)
2kB T
n
is real. For a magnetic ﬂux ϕ threading the interior of the annulus we choose the vector
potential A(r, θ ) = eθ ϕ/(2πr ), where eθ is the azimuthal unit vector. With


−i∇ ±

ϕ 2
1
1
= − ∂r (r∂r ) + 2 (−i∂θ ± ϕ)2
e
r θ
r
r

(17)

the BdG equations therefore reduce to radial differential equations for un (r ) and vn (r ):

 2
2 lu2
 ∂r
(r∂r )−
+
μ
un (r )+ Δ(r )vn (r ),
En un (r ) = −
2m r
2mr2

 2
2 lv2
 ∂r
En vn (r ) =
(r∂r )−
+
μ
vn (r )+ Δ(r )un (r ),
2m r
2mr2

(18)

with the canonical angular momenta


(k + q − 2ϕ),
2

lv = (k − q + 2ϕ).
2

l u =

(19)
(20)

For integer and half-integer ﬂux values, equations (18) can be solved analytically whereas for
an arbitrary magnetic ﬂux a numerical solution is required (for details, see reference [31]).
Within this procedure, the radial coordinate is discretized into N⊥ values rn separated by the
distance a⊥ = ( R2 − R1 )/N⊥ . The number q plays the same role as in the previous section.
Here we choose q for each value of the ﬂux to minimize the total energy of the system. The
ﬂux for which q changes to the next integer can therefore deviate from the values (2n − 1)/4,
at which we ﬁxed the jump to the next q for the one-dimensional model.
In the normal state (Δ = 0), the number of eigenstates sufﬁciently close to EF which may
cross EF as a function of ϕ is controlled by the average charge density n and is approximately
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Figure 11. Self-consistent calculations for a discretized annulus with an inner radius R1 = 100a⊥ and an
outer radius R2 = 150a⊥ . The (super-) current (a) J ( ϕ) jumps whenever an energy level crosses EF . The
energy levels �( ϕ) of the normal state are indicated by the grey lines. (b) displays the self-consistent
order parameter Δ as a function of ϕ. The lines correspond to the pairing interaction V = 0 (orange),
V = 0.28 t (green), V = 0.32 t (light blue), and V = 0.38 t (dark blue). The black arrows mark the
positions of the q-jump for V = 0.38 t. Here the energy units are t = 2 /2me a⊥ .

( R2 − R1 )/a⊥ for n = 1. For each crossing, a jump appears in the current as a function of ϕ, as
shown in ﬁgure 11 (a). The persistent current is therefore proportional to the level spacing at
EF for each ﬂux value, i.e., it is small for a large density of states and large for a small density
of states and vanishes in the limit of a continuous density of states (c.f. reference [32]). The
amplitude of the normal persistent current is thus a measure for the difference of the energy
spectrum at integer and half integer ﬂux values. It is maximal for the one dimensional case,
but might be very small in real metal loops (c.f. measurements of the Aharonov-Bohm effect
in metal rings [4]).
Upon entering the superconducting state, an energy gap develops around EF preventing
energy levels from crossing EF . Thus the persistent supercurrent arises as in the one
dimensional ring independent of the density of states. The large jumps in the supercurrent
appear at the value of ϕ where the energies of the even-q and odd-q states become degenerate
and q switches to the next integer. In the ﬂux regimes with no crossings of EF the supercurrent
is linear and the total energy quadratic in ϕ. For the largest value shown (Δ = 0.006 t), there
is a direct gap for all values of ϕ. Even for this large Δ, the current and the energy are not
precisely Φ0 /2-periodic because of the energy difference of the even and odd q states in ﬁnite
systems [34, 45]. The offset of the q-jump is only relevant for values of the pairing interaction
V for which Δ is ﬁnite for all ϕ. In ﬁgure 11 (b), the offset is clearly visible for the largest two
values of V (marked with black arrows). Its sign depends on the shape of the annulus and the
value of V— the offset changes sign for increasing V (cf. reference [45]).
The introduction of self-consistency for the order parameter does not fundamentally change
these basic observations [ﬁgure 11 (b)]. One ﬁnds that Δ( R1 ) < Δ( R2 ), but if ( R2 − R1 )/R1 
1, the difference is small. In the following, we denote the average of Δ(r ) by Δ. The crossover
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Figure 12. The order parameter Δ( ϕ) and the persistent current J ( ϕ) for the temperature driven
transition from the normal to the superconducting state in an annulus with inner radius R1 = 30a⊥ and
outer radius R2 = 36a⊥ . The pairing interaction is V0 = 0.7 t, with a critical temperature of
kB Tc ≈ 0.0523 t for zero ﬂux. For these parameters Δ( T = 0) ≈ 0.1 t. The lines (from top to bottom)
correspond to the temperatures kB T = 0.0513 t (dark blue), kB T = 0.0520 t (light blue), and
kB T = 0.0522 t (green). Notice that Δ is slightly different for the ﬂux values ϕ = 0 and ϕ = ±1/2.

is then controlled by the pairing interaction strength V, for which we chose such values as
to reproduce the crossover from the normal state to a state with direct energy gap for all
ﬂux values. The order parameter Δ is now also a function of ϕ. If Δ( ϕ = 0)  0.006 t
[c.f. ﬁgure 11 (b)], the gap closes with ϕ, and Δ decreases whenever a state crosses EF .
Unlike in a one dimensional ring, Δ does not drop to zero at the closing of the energy gap,
but decreases stepwise. This is because in two or three dimensions, Δ is stabilized beyond
the depairing velocity by contributions to the condensation energy from pairs with relative
momenta perpendicular to the direction of the current ﬂow; the closing of the indirect energy
gap does not destroy superconductivity [7, 50].
Experimentally more relevant is to control the crossover through temperature. With the
pairing interaction V sufﬁciently strong to produce a T = 0 energy gap much larger than
the maximum Doppler shift, the crossover regime is reached for temperatures slightly below
Tc . For the annulus of ﬁgure 10, the crossover proceeds within approximately one percent of
Tc . The crossover regime becomes narrower for larger rings, proportional to the decrease of
the Doppler shift. In the limit of a quasi one-dimensional ring of radius R we can be more
precise: If we deﬁne the crossover temperature T ∗ by Δ( T ∗ ) = Δc and assuming Δc � Δ, we
can use the Ginzburg-Landau form of the order parameter

T
Δ( T )
(21)
≈ 1.75 1 −
Δ (0)
Tc
and obtain
EF2
Tc − T ∗
Δ2c
t2
=
≈
=
,
2
2
2
Tc
3.1Δ (0)
12.4Δ (0)( R/a)
3.1(kB Tc )2 ( R/a)2

(22)
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where we used the relations Δc = at/2R and EF = 2t for a discretized one-dimensional ring
at half ﬁlling, and the BCS relation Δ2 (0) ≈ 3.1(kB Tc )2 . For a ring with a radius of 2500
lattice constants (≈ 10 μm) and Δ(0) = 0.01 t (≈ 3 meV) one ﬁnds the ratio ( Tc − T ∗ )/Tc ≈
1.3 × 10−4 . This is in reasonable quantitative agreement with the experimental results of
Little and Parks [30, 39], discussed also by Tinkham in reference [44]. Their prediction was
similar to equation (22), up to a factor in which they include a ﬁnite mean free path. But they
did not included the difference introduced through even and odd q states. This difference
was considered in calculations of Tc by Bogachek et al. [9] in the single-channel limit and
found to be exponentially small. A detailed study of the normal- to superconducting phase
boundary was also done by Wei and Goldbart in reference [49] in which they considered
the Φ0 periodic contributions. In equation (22) the value of Δ(0) is in fact different for even
and odd q. Although quantitative predictions of Tc − T ∗ of the theory presented here might
be too large as compared to the experiment, it serves as an upper limit because it describes
the maximum possible persistent current. Inhomogeneities and scattering processes in real
systems further reduce the difference of the energy spectra in the even- and odd-q ﬂux sectors
and thereby reduce Tc − T ∗ .
For temperatures close to Tc , the difference of the eigenenergies of even and odd q states is
less important than at T = 0. Thus the deviation from the Φ0 /2 periodicity of the current
and of the order parameter is smaller. Furthermore, persistent currents in the normal state
are exponentially small compared to the supercurrents below Tc . Their respective Φ0 periodic
behavior is therefore essentially invisible for the ﬂux values where Δ = 0. In ﬁgure 12, the
difference between Δ( ϕ = 0) and Δ( ϕ = 1/2) is still visible, but the corresponding differences
in the current are too small. Only for a superconductor with very small Tc , we expect the
periodicity crossover to be visible.
Although we found within the framework of the BCS theory, that the crossover to a Φ0 /2
periodic supercurrent takes place slightly below Tc , detailed studies by Ambegaokar and
Eckern [5] and by von Oppen and Riedel [48] including superconducting ﬂuctuations reveals
that the crossover might actually take place above Tc . This ﬂuctuation driven crossover
is broader than the BCS crossover with a similarly, exponentially suppressed Φ0 periodic
normal current contribution. For a superconductor with a Tc small enough to observe a
normal persistent current above Tc , Eckern and Schwab suggested that the crossover regime,
where both Φ0 and Φ0 /2 periodic current contributions are present, should be observable at
a temperature T ≈ 2Tc [20, 21].

The discussion of the periodicity crossover in a multi-channel loop also gives insight into the
ﬂux periodicity of loops of unconventional superconductors with gap nodes like a d-wave
superconductor. In nodal superconductors the density of states is ﬁnite arbitrarily close to
EF . Therefore some energy levels cross EF as a function of the ﬂux, regardless of the size
of the order parameter and consequently, the “small gap” situation extends to arbitrarily
large loops [6, 25, 32, 34]. Of course, the number of energy levels crossing EF decreases
with increasing ring size and thus also the Φ0 periodic contribution to the supercurrent. The
dependence of this Φ0 periodic contribution on the ring size depends on the order parameter
symmetry. The careful study in reference [32] revealed that for d-wave superconductors, the
relation between the Φ0 and Φ0 /2 periodic current contributions is proportional to 1/R1 . It
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was estimated that for a ring of a cuprate superconductor with a circumference of ∼ 1 μm,
this ratio is about 1% and should be observable experimentally.

3. Conclusion
We analyzed the crossover from the Φ0 periodic persistent currents as a function of magnetic
ﬂux in a metallic loop to the Φ0 /2 periodic supercurrent in the groundstate of the loop. We
considered conventional s-wave pairing in a one-dimensional as well as in a multi-channel
annulus. Although a one-dimensional superconducting ring is a rather idealized system, it
proves valuable for discussing the physics of this crossover, which includes the emergence of
a new minimum in the free energy for odd center-of-mass angular momenta q of the Cooper
pairs and the restoration of the ﬂux periodicity of the free energy. The physical concepts,
which we illustrated in a simpliﬁed form in section 2.2, remain thereby valid even in the more
complex context of the self consistent calculations on the annulus.
In the superconducting state, a distinguished minimum in the free energy develops at ϕ =
q/2. Choosing the proper value for q at each ﬂux value leads to a series of minima at integer
and half-integer ﬂux values which, however, differ in energy for ﬁnite systems. In rings with
a radius smaller than half the superconducting coherence length, the two electrons forming
a Cooper pair are not forced to circulate the ring as a pair, and the supercurrent shows a Φ0
periodicity. Only if the order parameter Δ is larger than the maximal Doppler shift �D , the
supercurrent is Φ0 /2 periodic. This is equivalent to the condition that the maximum ﬂux
induced current is smaller than the critical current Jc . Assuming that the relations obtained
from the one-dimensional model remain valid on a ring with ﬁnite thickness R2 − R1 �
R1 , as indeed suggested by the multi-channel model, the critical radius to observe Φ0 /2
periodicity, Rc = at/2Δ, would be of the order of 1 μm for aluminum rings. Within the
temperature controlled crossover upon cooling through Tc , Φ0 periodicity might by difﬁcult
to observe since the differences in the energy spectra for integer and half-integer ﬂux values
are exponentially suppressed by temperature. Φ0 periodicity is therefore only observable if a
normal persistent current would be observable at the same temperature if superconductivity
was absent.
In the introduction we referred to experiments where ﬂux oscillations with “fractional
periodicities”, i.e., fractions of Φ0 /2, were observed. Among various suggested origins, there
is one particularly elegant approach based on a standard two-electron interaction. Consider
the order parameter Δq ( ϕ) for electron pairs with center-of-mass angular momentum q. In
real space, q describes the phase winding of the order parameter Δ(θ, ϕ) = Δ( ϕ)eiqθ , where θ
is the angular coordinate in the ring and Δ( ϕ) is real. To ensure that Δ(θ, ϕ) is a single valued
and continuous function, q must be an integer number. If, however, Δ(θ, ϕ) is zero somewhere
on the ring, it can change sign. Such a sign changing order parameter is modeled as
Δ̃(θ, ϕ) =

 Δ q = Δ0
q 
1
Δ0 ( ϕ) + Δq ( ϕ)eiqθ −−−−→ Δ( ϕ)e−iqθ/2 cos
θ ,
2
2

(23)

which displays a phase-winding number q/2 if Δq = Δ0 , and consequently a vanishing
supercurrent at the fractional ﬂux value qΦ0 /4. In momentum space, Δ̃(θ, ϕ) is represented
by the two-component order parameter {Δ0 ( ϕ), Δq ( ϕ)}. Such a superconducting state
is typically referred to as a “pair-density wave” (PDW) state [3], since the real-space
order parameter is periodically modulated and therefore q can no longer be interpreted
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as an angular momentum. Agterberg and Tsunetsugu showed within a Ginzburg-Landau
approach, that a PDW superconductor indeed allows for vortices carrying a Φ0 /4 ﬂux
quantum [2, 3].
Based on a microscopic model, it was shown in reference [33] that a PDW state cannot result
from an on-site pairing interaction. However, the PDW state can be a stable alternative for
unconventional superconductors with gap nodes, speciﬁcally for d-wave superconductivity
as realized in the high-Tc cuprate superconductors. More work is, however, needed to
analyze under which conditions the PDW state indeed develops an energy minimum at
multiples Φ0 /4, and these minima become degenerate in the limit of large loops. The notion
of the absence of coexistence of Cooper pairs with different center-of-mass momenta for
conventional superconductors (as, e.g., in the PDW state) justiﬁes the reduction of the sum
over q in the Hamiltonian (6) in section 2.2 to one speciﬁc q in order to derive the periodicity
crossover in superconducting rings.
Here we mention a further system where a similar mechanism as described above may lead
to Φ0 /4 ﬂux periodicity: Sr2 RuO4 . Experimental evidence exists that Sr2 RuO4 is a spin triplet
p-wave superconductor. A triplet superconductor can be represented by the two-component
↑↑
↓↓
order parameter {Δq1 ( ϕ), Δq2 ( ϕ)}, with the center-of-mass momenta q1 and q2 for the sz = 1
and the sz = −1 condensates. This realizes a similar situation as for the PDW state where
Φ0 /4 periodicity is possible [46]. Indeed Jang et al. observed recently that the ﬂux through a
microscopic Sr2 RuO4 ring is quantized in units of Φ0 /4 [24].
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1. Introduction
Since their discovery in 1986 the high-Tc superconductors (HTSC) have been employed in
several applications.The expectation with the discover of new devices sparked the beginning
of an intense research to understand the parameters which control the physical properties of
these materials. With the goal to the practical applications, the critical current density (J c )
is one of the crucial parameters that must be optimized for HTSC [1]. Thus the aim of this
chapter is to describe he transport critical current behavior of polycrystalline superconductors
under the applied magnetic ﬁeld.
According to Gabovich and Mosieev [2], there is a dependence of the superconducting
properties on the macrostructure of ceramic. They studied the BaPb1− x Bix O3 metal oxide
superconductor properties which are a consequence of the granularity of the ceramic
macrostructure and the existence of weak Josephson links between the grains. In this case, the
superconductivity depends strongly on the presence of grain boundaries and on the properties
of the electronic states at the grain boundaries. This determines the kinetic characteristics of
the material. For instance, the temperature dependence of the electrical conductivity of oxide
superconductor is related to complex Josephson medium.
Nowadays it is well known that the Jc in polycrystalline superconductors is determined by
two factors: the ﬁrst is related to the defects within the grains (intragrain regions) such as
point defects, dislocations, stacking faults, cracks, ﬁlm thickness, and others [3, 4]. When
polycrystalline samples are submitted to magnetic ﬁeld, the intragranular critical current
can be limited by the thermally activated ﬂux ﬂow at high magnetic ﬁelds. Secondly the
critical current depends on the grain connectivity, that is, intergrain regions. Rosenblatt et
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al. [5] developed an idea to discuss the key concept of granularity and its implications for
localization in the normal state and paracoherence in the superconducting state. For arrays
formed by niobium grains imbedded in epoxy resin [6] the coherent penetration depth or
screening current are inﬂuenced by the intergrain regions. In fact, the main obstacles to
intergranular critical current ﬂow are weak superconductivity regions between the grains [7],
called weak links (WLs) [8]. Ceramic superconductor samples present a random network for
the supercurrent path, with the critical current being limited by the weakest links in each path.
This Josephson-type mechanism of conduction is responsible to the dependence of the critical
current density on the magnetic ﬁeld Jc ( H ), as noted in several experimental studies [9–11].
On the other hand, the intragranular critical current is limited by an activated ﬂux ﬂow at
high temperature and a high magnetic ﬁeld [9, 12, 13].
Considering these factors, Altshuler et al. [14] and Muller and Matthews [15] introduced
the possibility of calculating the Jc ( H ) characteristic under any magnetic history following
the proposal of Peterson and Ekin [16]. Basically the model considers that the transport
properties of the junctions are determined by an "effective ﬁeld" resulting from superposition
of a external applied ﬁeld and the ﬁeld associated with magnetization of the superconducting
grains.
Another theoretical approach to the Jc ( H ) dependence in a junction took into account
the effect of the magnetic ﬁeld within the grains. This study has revealed that the
usual Fraunhofer-like expression for Jc ( H ) [17, 18] should be written as Jc ( H ) ∝
sin (bH 1/2 )/(bH 1/2 ), which we call the modiﬁed Fraunhofer-like expression [19]. Mezzetti
et al. [20] and González et al. [21] also proposed models to describe Jc ( H ) behavior taking into
account the latter expression. In both studies the authors concluded that a Gamma-type WL
distribution controls the transport critical current density.
González et al. considered two different regimes [21]: for low applied magnetic ﬁeld, a
linear decrease in Jc with the ﬁeld was observed, whereas for high ﬁelds Jc ( H ) ∝ (1/B )0.5
dependence was found. Here we have decided to follow the same approach and extend the
analytical results to all applied magnetic ﬁelds.
Usually polycrystalline ceramics samples contain grains of several sizes and the junction
length changes from grain to grain. In addition, the granular samples may exhibit electrical,
magnetic or other properties which are distinct from those of the material into the grains [5].
The average Jc ( H ) is obtained by integrating Jc ( H ) for each junction and taking into account
a distribution of junction lengths in the sample. It was demonstrated that the WL width
follows a Gamma-type distribution [22]. This function yields positive unilateral values and is
always used to represent positive physical quantities. Furthermore, this Gamma distribution
is the classical distribution used to describe the microstructure of granular samples [23] and
satisfactorily reproduces the grain radius distribution in high-Tc ceramic superconductors
[24].

2. Basic properties
A superconductor exhibits two interesting properties: the ﬁrst one is the electrical resistance
of the material abruptly drops to zero at critical temperature T c . The superconductor is
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able to carry electrical current without resistance. This phenomenon is related to the perfect
diamagnetism. The second feature of superconductivity is also known as Meissner effect. In
this case a superconductor expels an external applied magnetic ﬁeld into its interior.
This struggle between superconductivity and magnetic ﬁeld penetration select two important
behaviors. If a superconductor does not permit any applied magnetic ﬂux, it is known as
Type I superconductor. In this case, if the superconducting state is put in the presence of a too
high magnetic ﬁeld, the superconductivity is destroyed when the magnetic ﬁeld magnitude
exceeds the critical value Hc . Other superconductor category is the Type II material in which
the magnetic properties are more complex. For this material the superconductor switches
from the Meissner state to a state of partial magnetic ﬂux penetration. The penetration of
magnetic ﬂux starts at a lower ﬁeld Hc1 to reach at an upper a higher ﬁeld Hc2 .
In addition to the two limiting parameters Tc and Hc , the superconductivity is also broken
down when the material carries an electrical current density that exceeds the critical current
density Jc . In the Ginzburg-Landau theory, the superconducting critical current density can
be written as
 2 2/3 H
c
.
(1)
Jc =
3
λ
The current density given by Eq. (1) is sometimes called the Ginzburg-Landau depairing current
density.
Once into the superconductor state, it is possible to cross the superconductor surface changing
only the current. In this case, even for T < Tc and H < Hc with the material reaching its
normal state, and with loss of its superconductor properties.

3. Josephson-type mechanism
Following the discovery of the electron tunneling (barrier penetration) in semiconductor,
Giaever [25] showed that electron can tunnel between two superconductors. Subsequently,
Josephson predicted that the Cooper pairs should be able to tunnel through the insulator from
one superconductor to the other even zero voltage difference such the supercurrent is given
by [26]
(2)
J = Jc sin(θ1 − θ2 )

where Jc is the maximum current in which the junction can support, and θi (i = 1, 2) is the
phase of wave function in ith superconductor at the tunnel junctions. This effect takes in
account dc current ﬂux in absence of applied electric and magnetic ﬁelds, called as the dc
Josephson effect.

If a constant nonzero voltage V is maintained across the Josephson junction (barrier or weak
link), an ac supercurrent will ﬂow through the barrier produced by the single electrons
tunneling. The frequency of the ac supercurrent is ν = 2eV/h̄. The oscillating current of
Cooper pairs is known as the ac Josephson effect. These Josephson effects play a special role in
superconducting applications.
It was mentioned that the behavior of a superconductor is sensitive to a magnetic ﬁeld, so
that the Josephson junction is also dependent. Therefore another mode of pair tunneling is a
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tunneling current with an oscillatory dependence on the applied magnetic ﬂux sin(πΦ/Φ0 ),
where Φ0 is the quantum of magnetic ﬂux. This phenomenon is known as macroscopic quantum
interference effect.

3.1. Basic equations of Josephson effect
As mentioned, the Josephson effect can occur between two superconductors weakly
connected. Some types of linkage are possible such as sketched in Figure (1). These
conﬁgurations depends on the application types in which the weak link can be:
1. an insulating, corresponding to a SIS junction, in which case the insulate layer can be in
order of 10 - 20 Å;
2. a normal metal, corresponding to a SNS junction of typical dimensions 102 - 104 Å;
3. a very ﬁne superconducting point presses on a ﬂat superconductor;
4. a narrow constriction (microbridge) of typical dimensions like the coherence length 1 μm.

Figure 1. Four types of Josephson junctions: (a) SIS with d1 = 10 - 20 Å, (b) SNS where d2 = 102 - 104 Å,
(c) Point of contact, and (d) microbridge with d3 ≈ 1μm [27].

Consider that two superconductors are separated from each other by an insulating layer. The
junction is of thickness d normal to the y-axis with cross-sectional dimensions a and c along
x and z, respectively. A voltage is applied between the superconductors and the junction is
thick enough so that one assumes the potential to be zero in the middle of the barrier. Figure
(2) displays Josephson junctions corresponding to a SIS junction.
In Feynman approach Ψ1 and Ψ2 are the quantum mechanical wavefunction of the
superconducting state in the left and the right superconductor, respectively. This system is
determined by coupled time-dependent Schroedinger equations:
∂Ψ1
= −2eV1 Ψ1 + KΨ2
∂t
∂Ψ
ih̄ 2 = −2eV2 Ψ1 + KΨ1 ,
∂t
ih̄

(3)
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Figure 2. Application of current through the Josephson junctions [28].

where K is a coupling constant for the wave functions across the barrier. The functions Ψ1 and
Ψ1 may be written as
Ψ1 = (n s1 )1/2 exp(iθ1 )
Ψ2 = (n s2 )1/2 exp(iθ2 ),

(4)

where n s1 and n s2 are their superelectrons densities. And substituting equation (4) into
equation (3) it obtains
h̄

√
∂n s1
= 2K n s1 n s2 sin(θ2 − θ1 )
∂t

h̄

√
∂n s2
= 2K n s1 n s2 sin(θ2 − θ1 )
∂t

(5)

Taking the time derivative of the Cooper pair density as being the supercurrent density can
be written as
∂
J = e (n s1 − n s2 ),
∂t
such that the result is
J = Jc sin(δ),
4eK ( n n )1/2

s1 s2
where Jc =
and δ = θ1 − θ2 . We interpret these results as describing a charge
h̄
transport, that is, a phase difference δ between either side of a superconductor junction causes
a dc current tunnel for this simple case.
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The behavior of Jc can also be analyzed the Ambegaokar and Baratoff theory [29].
Ambegaokar and Baratoff generalized the Josephson tunnel theory and derived the tunnelling
supercurrent on the basis of the BCS theory for a s-wave homogeneous superconductor. In
this approach, the temperature dependence of critical current is given with the following
expression:
 Δ(T ) 
π
Jc =
Δ ( T )tanh
(6)
2eR N S
2k B T

when T near Tc, Δ ( T ) � 1.74Δ0 (1 − T/Tc )1/2 is the superconducting gap parameter from
the BCS theory. R N is the normal-state resistance of the junction, S is the cross section
of a junction, and e and k B are electron charge and Boltzmann constant, respectively. For
temperature relatively close to Tc , we can suppose the condition Δ ( T ) � k B T and the
tanh[ Δ ( T )/2k B T ] ≈ Δ ( T )/2k B T. Taking this into account, Eq. (8) is transformed into [21]
Jc ≈
And in limiting T → 0,


π
T
.
Δ20 1 −
4eR N S
Tc

(7)

π Δ0
.
4eR N S e

(8)

Jc ≈

To calculate the Josephson coupling energy for cuprate superconductors that have a d-wave
order parameter with nodes, we recall the work of Bruder and co-workers [30]. They have
found that the tunneling current behaves in a similar fashion of s-wave superconductors
junction and the leading behavior is determined by tunneling from a gap node in one side
of a junction into the effective gap in the other side. Consequently, as a ﬁrst approximation to
the Josephson coupling energy EJ , we describe the theory of s-wave granular superconductors
[29] to an average order parameter Δ in the grains.
In 1974, Rosenblatt [31] also analysed the tunnelling supercurrent through Josephson barriers,
but in bulk granular superconductors (BGS). He proposed that the superconducting order
parameter of an assembly of superconducting grains in the absence of applied current can
be represented by a set of vectors in the complex plane Δ α = | Δ | exp(iφα ), where φα is the
superconducting phase in αth grain. He showed the arrays of Josephson junctions become
superconducting in two stages. At the bulk transition temperature To , the magnitude of the
order parameter of each grain becomes nonzero [32]. He considered two neighboring grains
along an axis with complex superconducting order parameters Δ1 and Δ2 . Therefore, the
Josephson junction can be modelled by [33]
Ht = − ∑ Jij Si+ S −
j

(9)

�ij�

±
is destruction and creation operators,
where Ht is pair tunnelling Hamilton, Si;j

Jij =

 Δ(T ) 
Rc
Δ ( T )tanh
,
2Rij
2k B T

(10)

the Josephson coupling energy between grains i and j, Rc = πh̄/2e2 and Rij is normal state
resistance of the junctions between grains i and j.
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Until now it was discussed Josephson junctions independent of magnetic ﬁeld. However the
Josephson contacts exhibit macroscopy quantum effects under magnetic ﬁeld. In order to
examine the effect of applying a magnetic ﬁeld into the junctions, considering the Josephson
junctions as sketched in Figure (3) with a magnetic ﬁeld B0k applied along the vertical z
direction,

Figure 3. Behavior of the magnetic ﬁeld in a Josephson junction. A1 is potential in the superconductor 1
and A2 is potential in the superconductor 2 [28].

It is assumed because of symmetry, the magnetic ﬁeld H(y) has no x- or z-direction
dependence, but it varies in y-direction insofar the ﬁeld penetrates into superconductor.

 = Hz (y)k.
H
 such that
 = ∇ × A,
It is known that magnetic ﬁeld is derived from potential vector H
 = A x (y)i
A
with | y| = d2 . Inside the barrier the material is not superconducting and Hz = H0 . Now it
must choose an integration contour as shown in Figure (4)
Consider the equation that relates the gradient of the phase of the wave function of the
superconducting state with the magnetic vector potential integration of a closed path where
the current is zero.


 Θ(r )dl = 2π A
 · dl.
∇
(11)
Φ0
For the integration path ABCD
 B
A

 Θ(r )dl +
∇

 C
B

 Θ(r )dl +
∇

 D
C


 Θ(r )dl = 2π
∇
Φ0

 B
A

 · dl +
A

 C
B

 · dl +
A

 D
C

 · dl.
The integrals in AB and CD are zero due to orthogonality of the vectors A
Θ1 − Θ10 =

2π
A ( x − x0 ).
Φ0 1∞


 · dl . (12)
A

(13)
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Figure 4. Path of integration around the Josephson junction. One superconductor SC1 is to the above of
the insulating barrier and the other superconductor SC2. It was considered a weak-link tunnel short
junction. [28]

To Θ2 ( x ) the integration result is similar, but it must be to consider the A’B’C’D’ path
Θ2 − Θ20 = −

2π
A ( x − x0 ).
Φ0 2∞

(14)

Since the aim is to obtain the phase difference δ( x ),
δ( x ) = Θ2 ( x ) − Θ1 ( x ) = δ0 +

2π
( A + A2∞ ) x,
Φ0 1∞

where δ0 = Θ20 − Θ10 is phase difference at x0 . The total magnetic ﬂux is given by
Φ=



 · dl =
A



 · dSn,
H

and then
Φ = a( A1∞ + A2∞ ).

(15)
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Thus the phase difference is given by
δ( x ) = δ0 +

2πΦ  x 
.
Φ0 a

(16)

Inserting equation (16) into equation (8) yields after integration over area S = ac cross section
of the barrier, the tunneling current is
I = Jc
Taking u = δ0 +

2πΦ ,
Φ0



sin(δ0 )dxdz = cJc

 + a/2
− a/2

sin(δ0 +

2πΦ
)dx.
Φ0

(17)

the tunneling current becomes
I = acJc

Φ0
πΦ
)
sin(δ0 ) sin(
πΦ
Φ0

(18)

When is this current maximum? The answer is for phase difference δ0 =


 sin(πΦ/Φ0 ) 
,
Imax = Ic 
(πΦ/Φ0 ) 

π
2.

Hence,
(19)

where Ic = acJc is the critical current. This is named the Josephson junction diffraction equation
and shows a Fraunhofer-like dependence of the magnetic ﬁeld as is displayed in Figure (5)
1.2

1

Imax/Ic

0.8

0.6

0.4

0.2

0
-10

-5

0
Φ/Φ0

5

Figure 5. Josephson Fraunhofer diffraction pattern dependence of magnetic ﬁeld [34].
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4. Critical current model
It is well known which ceramic superconductor samples present a random network for
the supercurrent path, with the critical current being limited by the weakest links in each
path. Moreover, magneto-optical studies have demonstrated that the magnetic ﬁeld ﬁrst
penetrates grains associated with these regions, even for very low values of H. Consequently,
it would be interesting to estimate the inﬂuence of the magnetic ﬁeld on the overall Jc of a
sample taking into account the previous remarks. There are some general hypotheses about
transport properties in polycrystalline ceramic superconductors on application of a magnetic
ﬁeld. (i) The electric current percolates through the material and heating begins to occur in
WLs and in channels between them. This means that the critical current measured in the
laboratory is an intergranular current. (ii) The junction widths among grains are less than
the Josephson length, and the magnetic ﬁeld penetrates uniformly into the junctions. (iii) The
sample temperature during transport measurement must be close to the critical temperature.
Under these conditions, the junction widths are less than the bulk coherence length and the
Cooper-pairs current is given by Josephson tunneling. (iv) Near the critical temperature the
magnetic ﬁeld ﬁrst penetrates WLs and, at practically the same time, the grains.
Normally polycrystalline ceramics samples contain grains of several sizes and the junction
length changes from grain to grain. The average Jc ( H ) is obtained by integrating Jc ( H ) for
each junction and taking into account a distribution of junction lengths in the sample. This
function yields positive unilateral values and is always used to represent positive physical
quantities. Furthermore, this Gamma distribution is the classical distribution used to describe
the microstructure of granular samples [23] and reproduces the grain radius distribution in
high-Tc ceramic superconductors [24].
Following the previous discussion, we can describe Jc ( H ) as a statistical average of the critical
current density through a grain boundary. In the same way as Mezzetti et al. [20] and González
et al. [21], we consider that the weak-link width ﬁts a Gamma-type distribution [35]. For
a magnetic ﬁeld higher or lower than the ﬁrst critical ﬁeld, the usual Fraunhofer diffraction
pattern or the modiﬁed pattern is used to describe Jc ( H ) for each grain boundary. Thus,


 +∞
 sin (πu/u0 ) 
 du
(20)
P (u ) 
Jc ( H ) = Jc0
πu/u0 
−∞
 m−1 (− u/η )
u
e
u≥0
η m Γ( m)
P(u ) =
0
u < 0,
where Γ (m) is the Gamma function which is widely tabulated [22, 36]:
Γ (m) =

 ∞
0

wm−1 e−w dw

when m is a real number. Or Γ (m) = (m − 1)! if m is a positive integer. The parameters m
and η, both positive integer, determine the distribution form and scale (width and height),
respectively [21]. The variable u represents the WL length. The quantity u0 is deﬁned as
u0 = φ0 /Λ0 H, where φ0 is the quantum ﬂux and Λ0 is the effective thickness of the WL.
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Following the same González et al. [21] procedure, we have:
Jc (α) = Jc0

αm (−1)m ∂m−2  coth(α/2) 
,
(m − 1)! ∂αm−2 α2 + π 2

(21)

where the variable α is deﬁned as α = u0 /η = φ0 /(ηΛ0 H ). To obtain a simpler expression for
the transport critical current density, we develop Eq. (21) in the ranges 0 < α < π/2 and
α ≥ π/2 [37].

4.1. Expression for Jc ( H ) for 0 < α < π/2
The function F (z) = [coth(z/2)] = (z2 + π 2 ) has singular points at z = ±iπ, but is analytical
at all remaining points on the disc | z| = π. Thus, we expanded F (z) for the disc | z| < π.
The hyperbolic cotangent has the expansion [36]
z coth(z/2) = 2



b2n 2n 
∑ 2n! z
n =0
∞

(22)

| z| < π,

where b2n are the Bernoulli numbers (b0 = 1, b2 = 1/6, b4 = −1/30, b6 = 1/42, . . .) given by
[36]:
b2n = [(−1)n−1 2(2n )!] /[(2π )2n ] ζ (2n ),
where ζ (2n ) is the Zeta Riemann function. The function [1/(z2 + π 2 )] is represented by the
Taylor series around zero:
1 ∞
z2j
1
= 2 ∑ (−1) j 2j .
(23)
2
2
z +π
π j =0
π
Now we can compute the Cauchy product of the series (22) and (23) to obtain:

∞  ∞ (−1) n+ j b 
2 
z coth(z/2)
2j
2n
z
=
+
1
.
∑
∑
2n−2j (2j ) !
z2 + π 2
π2
n =1 j =0 π

(24)

It is convenient to deﬁne
βn =



∞

(−1)n+ j b2j 

∑ π 2n−2j (2j)!

j =0

=


2  ∞ (−1)n−1
ζ
(
2j
)
.
∑
π 2n j=0 (2)2j

(25)

Thus, we can rewrite Eq. (24) as:

∞
2 1
z coth(z/2)
2n−1
=
+
β
z
n
∑
z2 + π 2
π 2 z n =1

z �= 0.

(26)

The critical current density Jc (α) is calculated by taking z = α in Eq. (26) and differentiating it
(m − 2) times, term by term. This yields:
Jc ( α ) =


∞
2Jc0
α 1 + (−1)m ∑
2
π ( m − 1)
n0



2n − 1
m−2



β n α2n

(0 < α < π/2),



(27)
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where n0 is the lower integer and n0 ≥ (m − 1)/2. This expression (27) for Jc is valid for the
range 0 < α < π. However, for more efﬁcient calculation, we suggest that it is only used for
the range 0 < α < π/2.
Finally, we can express Jc as a function of H by substituting the deﬁnition of α, α = u0 /η =
φ0 /(ηΛ0 H ) in Eq. (27). Thus [37],

H0∗ 
2Jc0
1.02
Jc ( H ) = 2
1+
H
π ( m − 1)


 H ∗ 2n 
∞
2n − 1
m
2n
2n
0
βn
(−1) ∑(1.02) (m)
,
(28)
H
m−2
n0
where H0∗ = φ0 (�mη � Λ0 ) = φ0 /ūΛ0 = φ0 /A is the effective magnetic ﬁeld characteristic
for each polycrystalline superconductor, and A is the area perpendicular to the magnetic ﬁeld
direction. It is important to emphasize that the ﬁrst term of Eq. (28) was determined by
González et al. [21] for high magnetic ﬁelds (α � 1).
The estimate errors for the series in Eq. (28) were calculated as [37]:
EN =

5π 2  4
12 3



2N − 1
m−2




(−1)m 
+ 1 + m −1
(1/2)2N ,
3

(29)

where E N is deﬁned as the N-order error of the series in Eq. (28).

4.2. Expression for Jc ( H ) for α ≥ π/2

The hyperbolic cotangent in Eq. (21) can also be written as:
coth(z/2) = 1 +

 2e−z 
∞
=
1
+
2
∑ e−kz
1 − e−z
k =1

(Re z > 0),

(30)

since the series in (30) is a Dirichlet type and is convergent at all semi-planes Rez > 0. Dividing
Eq. (30) by (z2 + π 2 ), we obtain:
∞
1
2
coth(z/2)
=
+
e−kz
∑
z2 + π 2
z2 + π 2
z2 + π 2 k =1
(Re z > 0).

(31)

The expression for the critical current density for α ≥ π/2 is obtained by differentiation of Eq.
(31) in Eq. (21) (m − 2) times. Thus,



∞
1
2
Jc0 zm (−1)m  m−2 
+ D m −2 2
e−kz ,
D
∑
2
2
2
( m − 1) !
z +π
z + π k =1


J zm (−1)m
Jc (z) = c0
f m −2 ( z ) + R ( z ) ,
( m − 1) !
Jc ( z ) =

(32)

A Description of the Transport Critical Current Behavior
the Applied Magnetic Field
13 377

of Polycrystalline
Superconductors
Under
A Description of the Transport Critical Current Behavior of Polycrystalline
Superconductors Under
the Applied Magnetic Field

where

�
f m−2 (z) = D m−2 1/(z2 + π 2 )

and

R(z) = D m−2 [2/(z2 + π 2

∞

∑ e−kz )].

k =1

For z = α
R (α) = 2

∞

� m −2

∑ ∑ (−1)

k =1

p =0

�

m−2
p

�

×

�
f p (α)km− p−2 e−kα

and f p (α) can be written as
f p ( p) =

m− p

(33)

(−1) p p! � ( p + 1)! p
( p + 1) ! 2 p − 2
+
α −
π α
p!
( p − 2)!3!
( α2 + π 2 ) p + 1
�
( p + 1) ! 4 p − 4
−... ,
π α
( p − 4)!5!

(34)

where p is greater than or equal to zero. It is advantageous to write f p (α) in this form because
it is ﬁnite for all α > 0. To obtain a expression for Jc ( H ) from Eq. (33), we express f p (α) and
R(α) as a function of H. Thus,
�
� H∗ �p
(−1) p p!
0
f p(H) =
a p0
−
�� ∗ �2
�
p
+
1
H
2
H
π
2p
+
2
0
m
+ m2
H
a p1
( p +1) ! p
p! m ,

� H ∗ � p −2

( p +1) !

0

H

+ a p2

� H ∗ � p −4
0

H

�

− ... ,

(35)

( p +1) !

a p1 = ( p−2) !3! π 2 m p−2 , a p2 = ( p−2) !5! π 4 m p−4 , and so on. It is worth
commenting again that f p ( H ) is ﬁnite for all values of H and is deﬁned for p > 0. R( H ) is
written as
⎞
⎛
m−2
∞ � m −2
⎠×
R( H ) = 2 ∑ ∑ (−1)m− p ⎝
k =1 p =0
p
where a p0 =

� −km
f p ( H ) k m − p −2 e

�

H0∗
H

�

.

(36)
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Now Eq. (16) can be expressed as [37]:
J ( )m
Jc ( H ) = c0 1
( m − 1) !



H0∗
H

m




f m −2 H + R ( H ) .

(37)

The series error estimated in R(α) [Eq. (34)] is [37]:

e ( m − 2) ! m − 2
1
×
EK + 1 ( α ) ≤
∑
( m− p −2) /2
2
2
π
p =0 ( α + π )

K p−l
∑ ( p − l )! αl +1 e−kα ,
l =0
p

(38)

where EK +1 is deﬁned as the K + 1-order error of the series in Eq. (34).
A low applied magnetic ﬁeld implies that α � 1, and Eq. (37) is transformed to:

π 2 ( m + 1) H 
,
Jc ( H ) ≈ Jc ( 0 ) 1 −
6m
Ho∗
where Ho∗ =

φ0
�ηm�2

=

φ0
ū2

(39)

is a characteristic ﬁeld that determines the behavior of Jc ( H ) in this

region. In addition, ū represents the mean of the width distribution function P (u ) involved
in the transport of Cooper pairs through the sample. Eq. (39) reproduces the quasi-linear
behavior that was also reported by Gonzalez et al. [21].

5. Critical current measurement
Typical Jc measurements are performed using the four-probe technique with automatic control
of the sample temperature, the applied magnetic ﬁeld and the bias current [14]. Details of
the technique and the experimental setup are in Ref. [14] and of the synthesis and sample
characterization were published elsewhere [13].
Figure (6) shows the experimental results of [38] for the critical current as a function of the
applied ﬁeld, together with the theoretical expression derived above for the critical ﬁeld H0∗ in
the ﬁgure and for m = 2 and 3. A very close ﬁt to the experimental data is evident for m = 2
for many different applied magnetic ﬁelds.
Theoretical models of the magnetic ﬁeld dependence of the transport critical current density
for a polycrystalline ceramic superconductor have been studied at last years [37, 39–41].
Here we have described a tunneling critical current between grains follows a Fraunhofer
diffraction pattern or a modiﬁed pattern . It is important to emphasize that we followed
the same approach as in [21] and extended the analytical results to all applied magnetic ﬁelds.
A characteristic ﬁeld (H ∗ ) was identiﬁed and different regimes were considered, leading to
analytical expressions for Jc ( H ): (i) analysis for low applied magnetic ﬁelds (α � 1) revealed
quasi-linear behavior for Jc ( H ) vs. H ∗ ; (ii) for high applied magnetic ﬁelds (α � 1), Jc ( H ) is
proportional to H −0.5 , as reported in [21].
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Figure 6. Critical current density as a function of the magnetic ﬁeld for the Hg0.80 Re0.20 Ba2 Ca2 Cu3 O8
sample (Tc = 132 K). The measurement was carried out at 125 K. The solid line and dot line are the
theoretical ﬁts.
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1. Introduction
Before we start applying path integration to treat Cooper pairing and superﬂuidity, it is a
good idea to quickly review the concepts behind path integration. There are many textbooks
providing plentiful details, such as Feynman’s seminal text [1] and Kleinert’s comprehensive
compendium [2], and other works listed in the bibliography [3–5]. We will assume that the
reader is already familiar with the basics of path-integral theory, so if the following paragraphs
are not merely reminders to you, it is probably better to ﬁrst consult these textbooks.
Quantum mechanics, according to the path-integral formalism, rests on two axioms. The
ﬁrst axiom, the superposition axiom, states that the amplitude of any process is a weighed
sum of the amplitudes of all possible possibilities for the process to occur. These “possible
possibilities” should be interpreted as the alternatives that cannot be distinguished by the
experimental setup under consideration. For example, the amplitude for a particle to go from
a starting point “A” to a ﬁnal point “B” is a weighed sum of the amplitudes of all the paths
that this particle can take to get to “B” from “A”. The second axiom assigns to the weight
the complex value exp{i S /h̄} where S is the action functional. In our example, each path
x (t) that the particle can take to go from A to B gets a weight exp {i S[ x (t)] /h̄} since the
action is the time integral of the Lagrangian. There is a natural link with quantum-statistical
mechanics: in the path-integral formalism, quantum statistical averages are expressed as the
same weighed averages but now the weight is a real value exp{−S[ x (τ )] /h̄} and the path is
taken in imaginary time τ = it.
In the example of the above paragraph, we considered a particle which could take many
different paths from A to B. However, the same axioms can be applied to ﬁelds. As an example
we take a complex scalar ﬁeld φx,t , where x and t denote position and time respectively. Let
us mentally discretize space-time, and to make things easy, we assume there are only ﬁve
moments in time and ﬁve places to sit. In this simple universe, the ﬁeld φx,t is represented
by a set of 25 complex numbers, i.e. an element of C25 if C is the set of complex numbers.
Summing over all possible realizations of the ﬁelds corresponds to integrating over C25 , a
25-fold integral over complex variables, or a 50-fold integral over real variables. Writing
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φx,t = u x,t + ivx,t with u and v real, the summation over all possible possibilities for φx,t is
written as


D φx,t :=

5

5 

∏∏

du x,t

x =1t=1



dvx,t .

(1)

The notation with calligraphic D indicates the path-integral sum, and we keep this notation for
actual continuous spacetime, that we may see as a limit of a ﬁner and ﬁner grid of spacetime
points (our 5x5 grid is obviously very crude). Although this is, strictly speaking, no longer a
sum over paths, it is still called a path integral because the description is based on the same
axiomatic view as outlined in the previous paragraph.
Each particular realization of φx,t again gets assigned a weight, where now we need a
functional of φx,t (or, in our example, a function of 25 complex variables). Again, we use
the action functional

S[ φx,t ] = L(φ̇x,t , φx,t )dt
(2)
to construct the weight, where L is the Lagrangian of the ﬁeld theory suitable for φx,t . A
central quantity to calculate is the statistical partition sum

Z=



D φx,τ exp {−S[φx,τ ] /h̄ } ,

(3)

where τ = it indicates imaginary times required for the quantum statistical expression,
running from τ = 0 to τ = h̄β with β = 1/(k B T ) the inverse temperature. Bose gases in
condensed matter are described by complex scalar ﬁelds like φx,t , and the path integral can
basically only be solved analytically when the action functional is quadratic in form, i.e. when

S[ φx,τ ] /h̄ =



dx



dt



dx�



dt� φx,τ A (x, t; x� , t� )φx� ,τ � .

(4)

In our simple universe, A would be a 25×25 matrix, and the path integral would reduce to a
product of 25 complex Gaussian integrals, leading to

Z∝

1
.
det (A )

(5)

The proportionality is written here because every integration also gives a (physically
unimportant) factor π that can be absorbed in the integration measure, if needed.
Fermionic systems, such as the electrons in a metal or ultracold fermionic atoms in a magnetic
trap, cannot be described by complex scalar ﬁelds: fermionic ﬁelds should anticommute [6].
If we axiomatically impose anticommutation onto scalar variables, we obtain Grassmann
variables [7]. Since there is also a spin degree of freedom, the fermionic ﬁelds require a spin
index σ as well as spacetime indices x, τ: ψx,τ,σ . As Grassmann variables anticommute, we
2
have ψx,τ,σ
=
 0. Integrals over Grassmann variables (“Berezin-Grassmann integrals” [8]) are
deﬁned by dψx,τ,σ = 0 and ψx,τ,σ dψx,τ,σ = 1. As was the case for bosonic ﬁelds, also
for fermionic ﬁelds there is only one generic path integration that can be done analytically,
namely that with a quadratic action. A quadratic action functional in Grassmann ﬁelds is
written in general form as
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S[ ψ̄x,τ,σ, ψx,τ,σ ] /h̄ = ∑
σ



dx



dt

∑�
σ



dx�



dt� ψ̄x,τ,σ A (x, t; x� , t� )ψx� ,τ � ,σ � ,

(6)

where ψ̄x,τ,σ and ψx,τ,σ are different Grassmann variables (so in our example, we would need
50 pairs of Grassmann elements). The result is

Z=



D ψ̄x,τ,σ



D ψx,τ,σ exp {−S [ ψ̄x,τ,σ , ψx,τ,σ ]} = det (A ) .

(7)

Despite having only analytic results for quadratic action functionals, the path-integral
technique is nevertheless a very versatile tool and has become in fact the main tool to
study ﬁeld theory [9]. The trick usually consists in ﬁnding suitable transformations and
approximations to bring the path integral into the same form as that with quadratic action
functionals.

2. The action functional for the atomic Fermi gas
In the study of superconductivity, ultracold quantum gases offer a singular advantage over
condensed matter systems in that their system parameters can be tuned experimentally with a
high degree of precision and over a wide range. For example, the interaction strength between
fermionic atoms is tunable by an external magnetic ﬁeld. This ﬁeld can be used to vary the
scattering length over a Feshbach resonance, from a large negative to a large positive value. In
the limit of large negative scatting lengths, a cloud of ultracold fermionic atoms will undergo
Cooper pairing, and exhibit superﬂuidity when cooled below the critical temperature. On
the other side of the resonance, at large positive scattering lengths, a molecular bound state
gets admixed to the scattering state, and a Bose-Einstein condensate (BEC) of fermionic
dimers can form. With the magnetically tunable s-wave scattering length, the entire crossover
region between the Bardeen-Cooper-Schrieffer (BCS) superﬂuid and the molecular BEC can
be investigated in a way that is thus far not possible in solids.
Also the amount of atoms in each hyperﬁne state can be tuned experimentally with
high precision. Typically, fermionic atoms (such as 40 K or 6 Li) are trapped in two
different hyperﬁne states. These two hyperﬁne spin states provide the “spin-up” and
“spin-down” partners that form the Cooper pairs. Unlike in metals, in quantum gases the
individual amounts of “spin-up” and “spin-down” components of the Fermi gas can be set
independently (using evaporative cooling and Rabi oscillations). This allows to investigate
how Cooper pairing (and the ensuing superﬂuidity) is frustrated when there is no equal
amount of spin ups and spin downs, i.e. in the so-called “(spin-)imbalanced Fermi gas”. In
a superconducting metal, the magnetic ﬁeld that would be required to provide a substantial
imbalance between spin-up and spin-down electrons is simply expelled by the Meissner effect,
so that the imbalanced situation cannot be studied. The particular question of the effect of
spin-imbalance is of great current interest [10], and we will keep our treatment general enough
to include this effect.
Finally, the geometry of the gas is adaptable. Counterpropagating laser beams can be used
to make periodic potentials for the atoms, called “optical lattices”. Imposing such a lattice
in just one direction transforms the atomic cloud into a stack of pancake-shaped clouds,
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with tunable tunneling amplitude between pancakes. The conﬁnement in the out-of-pancake
direction can be made tight enough to allow to study the physics of the two-dimensional
system effectively. Imposing an optical lattice in more than one direction, all manner of
crystals can be formed, and it becomes possible to engineer an experimental realization of
the Bose and Fermi Hubbard models, for example. The joint tunability of the number of
atoms, temperature, dimensionality, and interaction strength has in the past couple of decades
turned quantum gases into powerful quantum simulators of condensed matter models [11].
In this respect, ultracold quantum gases are also being used to enlarge our knowledge of
superconductivity, through the study of pairing and superﬂuidity.
A key aspect of ultracold quantum gases is that the interatomic interaction can be
characterized by a single number, the s-wave scattering length mentioned above. In fact,
the requirement to use the label “ultracold” is that the typical wave length associated with the
atomic motion is much larger than the range of the interatomic potential, so that higher partial
waves in the scattering process are frozen out. This aspect allows to simplify the treatment
of the interatomic interactions tremendously. Rather than using a complicated interatomic
potential, we can use a contact pseudopotential V (r − r� ) = gδ(r − r� ), and adapt its strength
g such that the model- or pseudopotential has the same s-wave scattering length as the true
potential. Doing so requires some care [12, 13], and using the Lippmann-Schwinger equation
up to second order results in the following expression for the renormalized strength g of the
contact interaction (in the three dimensional case):
1
m
=
−
g
4πh̄2 as



dk
1
.
(2π )3 h̄2 k2 /m

(8)

Moreover, for a Fermi gas there is an additional simpliﬁcation: due to the obligation of
antisymmetrizing the wave function the s-wave scattering amplitude between fermions with
the same (hyperﬁne) spin is zero. This means that in an ultracold Fermi gas, only atoms with
different spin states interact. This allows us to write the action functional for the Fermi gas of
atoms with mass m as

S [{ψ̄x,τ,σ , ψx,τ,σ }] =
+

h̄β

0
h̄β
0



dτ



dx ∑σ ψ̄x,τ,σ

dτ



dx





h̄2 2
∂
−
∇ − μσ
h̄
∂τ
2m x



ψx,τ,σ

dy ψ̄x,τ,↑ ψ̄y,τ,↓ gδ(x − y ) ψy,τ,↓ ψx,τ,↑ .


(9)

Here, β = 1/(k B T ) is again the inverse temperature. The quadratic term corresponds to
the free particle Lagrangian. The amounts of spin up σ =↑ and spin down σ =↓ are set by
the chemical potentials μ ↑ and μ ↓ , respectively. It is the total particle density n ↑ + n ↓ that
is used to deﬁne a Fermi wave vector: k F = (3π 2 (n ↑ + n ↓ ))1/3 in three dimensions, and
k F = (2π (n ↑ + n ↓ ))1/2 in two dimensions. The quartic term corresponds to the interaction
part, and we have used the contact pseudopotential.
To keep our notations simple and make integrals and variables dimensionless, we will
introduce natural units of k F , the Fermi wave number, and EF , the Fermi energy. Also we use
ω F = EF /h̄ for frequency unit and TF = EF /k B for temperature unit [so this all comes down
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to setting h̄, 2m, k F , k B = 1]. Note that since the ﬁelds have units of volume−1/2 , the action has
units of h̄. Moreover, g has units of energy times volume, since gδ(x − y ) is a potential energy.
Introducing the dimensionless space/time variables x� = xk F and τ � = EF τ/h̄, we get

S [{ψ̄x,τ,σ , ψx,τ,σ }] =

+

T�F /T
0

T�F /T
0

�

h̄dτ �
EF

�

dx ∑σ ψ̄x� ,τ � ,σ

h̄dτ �
EF

�

dx�

�

�

�

h̄2 k2F 2
∂
EF � −
∇ � − μσ
∂τ
2m x

�

ψx� ,τ � ,σ

�

�
�
dy � ψ̄x� ,τ � ,↑ ψ̄y� ,τ � ,↓ g k3F δ(x� − y � ) ψy� ,τ � ,↓ ψx� ,τ � ,↑ . (10)

Since ψ̄x,τ,σ ψx,τ,σ dx was dimensionless to start with, it must be equal to the corresponding
expression with the primed variables. Introducing μ �σ = μ σ /EF , β� = βEF and g� = gk3F /EF ,
and using that EF = (h̄k F )2 /(2m) we get

S [{ψ̄x,τ,σ , ψx,τ,σ }] = h̄

�β

�

dτ �

0

+ h̄g

�

�β
0

�
�
�
�
∂
2
�
�
�
ψ
dx� ∑σ ψ̄x� ,τ � ,σ
−
∇
−
μ
�
x ,τ ,σ
σ
x
∂τ �

�

�

dτ �

�

dx� ψ̄x� ,τ � ,↑ ψ̄x� ,τ � ,↓ ψx� ,τ � ,↓ ψx� ,τ � ,↑ .

(11)

Finally, note that, in our units (with k � = k/k F ) the renormalized strength of the contact
potential is
�
1
1
dk �
1
=
−
.
(12)
�
3
g
8πk F as
(2π ) 2(k� )2
Dropping the primes, we get the starting point of our treatment:

Z=

�

⎧ β
�
�
⎨ � �
∂
2
D ψ̄x,τ,σ D ψx,τ,σ exp − dτ dx ∑ ψ̄x,τ,σ
− ∇x − μ σ ψx,τ,σ
⎩
∂τ
σ
0

�β

�

− g dτ dx ψ̄x,τ,↑ ψ̄x,τ,↓ ψx,τ,↓ ψx,τ,↑
0

⎫
⎬
⎭

.

(13)

This is, if you will, the statement of the problem that we want to investigate. Working with
the operator version of quantum mechanics, you would state your starting Hamiltonian – in
the path-integral formalism, you have to state your starting action functional. Ours describes
a gas of fermionic particles, of two spin species (with the possibility of spin imbalance), with
contact interactions between particles of different spins. The goal of our calculation is to obtain
the free energy of the system (so that we have access to its thermodynamics), and to identify
the superﬂuid phase (and its order parameter). This is done in ﬁve main steps, and in the
following subsections we go through them in detail.
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Figure 1. Illustration of the Hubbard-Stratonovich transformation: the interaction term originally
comprised of a product of four fermion ﬁelds is decomposed in a term that represents two fermions
pairing up, a term for the propagation of the pairs (not shown) and a term for the pair breaking up into
two fermions.

3. Step 1: Hubbard-Stratonovich ﬁelds and the Nambu spinors
The Hubbard-Stratonovich transformation is based on the Gaussian integral formula for
completing the squares:
exp

exp

⎧
⎨
⎩

−g

⎧ β
⎨�
⎩

�β
0

dτ

0

dτ

�

�

dx

dx ψ̄x,τ,↑ ψ̄x,τ,↓ ψx,τ,↓ ψx,τ,↑
�

⎫
⎬
⎭

=

�

D Δ̄ x,τ D Δ x,τ

⎫
�⎬
Δ̄ x,τ Δ x,τ
+ Δ̄ x,τ ψx,τ,↓ ψx,τ,↑ + Δ x,τ ψ̄x,τ,↑ ψ̄x,τ,↓
.
⎭
g

(14)

In this formula, the auxiliary ﬁelds Δ̄ x,τ , Δ x,τ do not have a spin index and are complex bosonic
ﬁelds and not Grassmann variables. We interpret this bosonic ﬁeld as the ﬁeld of the fermion
pairs, as illustrated in ﬁgure (1).
Using this in our starting point, expression (13), we get
⎧ β
�
⎨ � �
Δ̄ x,τ Δ x,τ
Z = D ψ̄x,τ,σ D ψx,τ,σ D Δ̄ x,τ D Δ x,τ exp − dτ dx −
⎩
g
0
��
�
�
∂
2
.
+ ∑ψ̄x,τ,σ
− ∇x − μ σ ψx,τ,σ − Δ̄ x,τ ψx,τ,↓ ψx,τ,↑ − Δ x,τ ψ̄x,τ,↑ ψ̄x,τ,↓
∂τ
σ
�

�

(15)

The resulting action is quadratic in the fermion ﬁelds, and can be integrated out easily when
we introduce Nambu notation. This combines a spin-up and a spin-down Fermi ﬁeld into a
new spinor, the Nambu spinor, given by
�
�
ψx,τ,↑
�
�
(16)
and η̄x,τ = ψ̄x,τ,↑ ψx,τ,↓ ,
ηx,τ =
ψ̄x,τ,↓
or, in component form

�

ηx,τ,1 = ψx,τ,↑
ηx,τ,2 = ψ̄x,τ,↓

and

�

η̄x,τ,1 = ψ̄x,τ,↑
η̄x,τ,2 = ψx,τ,↓

.
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Note that we have to take care about the measure of integration. The Grassmann path integral
means by deﬁnition




D ψ̄x,τ,σ D ψx,τ,σ := ∏
dψ̄x,τ,σ dψx,τ,σ
x,τ,σ

=∏
x,τ



dψ̄x,τ,↑



dψx,τ,↑



dψ̄x,τ,↓




dψx,τ,↓ .

The factors (between brackets) in this product can be swapped as long as we keep the two
ﬁelds together: so if we keep dψ̄x,τ,σ dψx,τ,σ pairs together, the order of the {x, τ, σ} does not
matter. The Grassmann path integral over the η spinors means by deﬁnition






D η̄x,τ D ηx,τ := ∏
dη̄x,τ,1 dηx,τ,1 dη̄x,τ,2 dηx,τ,2 .
x,τ

Now replace component by component, to get






D η̄x,τ D ηx,τ = ∏
dψ̄x,τ,↑ dψx,τ,↑ dψx,τ,↓ dψ̄x,τ,↓
x,τ

 




= ∏ − dψ̄x,τ,↑ dψx,τ,↑ dψ̄x,τ,↓ dψx,τ,↓ .
x,τ

There is, for every x, τ, a minus sign when compared to the measure of D ψ̄x,τ,σ D ψx,τ,σ :


D ψ̄x,τ,σ D ψx,τ,σ →





D η̄x,τ D ηx,τ ∏x,τ (−1) .

This is important when taking the integrals. Indeed, for the Gaussian integral with coefﬁcients
A x,τ (these are 2 × 2 matrices since our Nambu spinors have 2 components):




D ψ̄x,τ,σ D ψx,τ,σ exp − ∑η̄x,τ · A x,τ · ηx,τ

=∏
x,τ



dψ̄x,τ,↑

= ∏ (−1)
x,τ





x,τ

dψx,τ,↑

dη̄x,τ,1





dψ̄x,τ,↓

dηx,τ,1

= ∏ (−1) detσ (A x,τ ) .





dψx,τ,↓ exp {− η̄x,τ · A x,τ · ηx,τ }

dη̄x,τ,2



dηx,τ,2 exp {− η̄x,τ · A x,τ · ηx,τ }

x,τ

Note that the determinant here is only the determinant over the 2 × 2 matrix between the
Nambu spinors, it is the "spinor determinant", indicated by a σ subscript. By exponentiating
the logarithm we can write this as



∏
x,τ

(−1) detσ (A x,τ ) = ∏ exp {ln [− detσ (A x,τ )]} = exp
x,τ

∑ ln [− detσ (Ax,τ )]
x,τ

,

where with the sum we mean the trace:
∑ ln [− detσ (A x,τ )] = Tr {ln [− detσ (A x,τ )]} ,

x,τ

(17)
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which really is nothing else but
�
�
�
�
�
D ψ̄x,τ,σ D ψx,τ,σ exp − ∑ η̄x,τ · A x,τ · ηx,τ = exp ∑ ln [− detσ (A x,τ )] .
x,τ

x,τ

(18)

So, the swap in order gives the minus sign in front of the determinant. Indeed, sometimes the
integration measure does matter.

4. Step 2: Performing the Grassmann integrations
Now we still have to ﬁgure out what the matrix between the Nambu spinors is before we can
perform the integrations over the Grassmann ﬁelds in (15). For reasons that become clear in
the light of Green’s functions, we will not call this matrix A, but instead we will call it −G −1 .
and prove that
⎛
⎞
∂
2−μ
−
∇
−
Δ
x,τ
↑
x
⎜
⎟
(19)
− G −1 = ⎝ ∂τ
⎠.
∂
− Δ̄ x,τ
+ ∇2x + μ ↓
∂τ
We do this by expanding as follows
⎛
⎞
∂
�
�
2−μ
�
�
−
∇
−
Δ
�
� ⎜
x,τ
↑
x
ψx,τ,↑
⎟
−1
∂τ
η̄x,τ · −G
· ηx,τ = ψ̄x,τ,↑ ψx,τ,↓ · ⎝
. (20)
⎠·
∂
ψ̄x,τ,↓
− Δ̄ x,τ
+ ∇2x + μ ↓
∂τ
This gives
�
�
�
�
∂
η̄x,τ · −G −1 · ηx,τ = ψ̄x,τ,↑
− ∇2x − μ ↑ ψx,τ,↑ − Δ x,τ ψ̄x,τ,↑ ψ̄x,τ,↓
∂τ
�
�
∂
− Δ̄ x,τ ψx,τ,↓ ψx,τ,↑ + ψx,τ,↓
+ ∇2x + μ ↓ ψ̄x,τ,↓ .
(21)
∂τ
The ﬁrst three terms in (21) are exactly as in the action in (15). The last term is more difﬁcult
since it involves a derivative that is positioned between two Grassmann variables. We know
that when two Grassmann variables are swapped, they get a minus sign. To see what we
should do with derivatives, we have to jump a bit ahead of ourselves and do the Fourier
transforms. Then we get rid of the operator character of the derivatives, and we can clearly
see what the rules are. Starting from (see next section):
1
ψx,τ,σ = �
βV

1
ψ̄x,τ,σ = �
βV

∑∑

e−iωn τ +ik ·x ψk,n,σ,

(22)

∑∑

eiωn τ −ik ·x ψ̄k,n,σ,

(23)

n

n

k

k

we know what the derivative will mean
� �
�
�
∂
ψ̄x,τ,σ → ψk,n,σ iω n ψ̄k,n,σ .
ψx,τ,σ
∂τ

Now there is no trouble in swapping the Grassmann variables, this just results in a minus
sign:
�
�
ψk,n,σ iω n ψ̄k,n,σ = ψ̄k,n,σ (−iω n ) ψk,n,σ.
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But now we ﬁnd that this is just equal to
� �
�
�
∂
ψ̄x,τ,σ
ψx,τ,σ → ψ̄k,n,σ −iω n ψk,n,σ .
∂τ

So the rule is: if there is an odd-degree derivative sandwiched between two conjugate
Grassmann variables, and these are swapped, there is no sign change. For second derivatives,
there is again a sign change, for third derivatives again no change,.... If we now apply this
newly gained knowledge to the fourth term of (21) we arrive at
�
�
�
�
�
�
∂
∂
ψx,τ,↓ − ψ̄x,τ,↓ ∇2x + μ ↓ ψx,τ,↓
ψx,τ,↓ ψ̄x,τ,↓ + ψx,τ,↓ ∇2x + μ ↓ ψ̄x,τ,↓ = − ψ̄x,τ,↓ −
∂τ
∂τ
�
�
∂
= ψ̄x,τ,↓
− ∇2x − μ ↓ ψx,τ,↓ .
∂τ
Now we see that the fourth term in (21) is indeed also equal to the corresponding term in (15).
−1
Note that in general, the inverse Green’s matrix −G x,τ
is not diagonal in x, τ (for interactions
other than the delta function). We should treat −G −1 as an operator in e.g. position
representation, and write
⎛
⎞
∂
2
�
�
� �
�
− ∇x − μ↑
− Δ x,τ
�⎜
⎟
�
�
(24)
x� , τ � �−G −1 � x, τ = x� , τ � | x, τ ⎝ ∂τ
⎠.
∂
2
− Δ̄ x,τ
+ ∇x + μ↓
∂τ

The matrix gives the operator �in position
(and
representation. If it were not diagonal
�
� time)
�
there would be terms like η̄x� ,τ � x� , τ � �−G −1 � x, τ ηx,τ in the Gaussian integral and we would
need to ﬁrst diagonalize the whole spacetime matrix. Luckily, we are using a contact potential.
Note that when the system is not interacting, there will be no pairs, and we get in position
representation
⎛
⎞
∂
2−μ
−
∇
0
↑
x
⎜
⎟
(25)
− G0−1 → ⎝ ∂τ
⎠.
∂
2
0
+ ∇x + μ↓
∂τ
So, in

Z=

�

D Δ̄ x,τ D Δ x,τ

�

⎧ β
⎫
�
�⎬
⎨ � �
�
�
Δ̄ x,τ Δ x,τ
−1
D ψ̄x,τ,σ D ψx,τ,σ exp − dτ dx −
+ η̄x,τ · −G x,τ
· ηx,τ
⎩
⎭
g
0

(26)

we can use our earlier result, expression (18) to obtain

Z=

�

⎧ β
⎫
�
⎨ � �
�
�
���⎬
Δ̄ x,τ Δ x,τ
−1
D Δ̄ x,τ D Δ x,τ exp − dτ dx −
− ln − det −G x,τ
.
σ
⎩
⎭
g

(27)

0

This result does not contain any approximation (apart from the choice of starting Lagrangian).
But, −G −1 depends on Δ x,τ and contains a bunch of derivatives too, so we have no way to
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calculate the logarithm of that (remember that the determinant is here the spinor determinant
over the 2 × 2 matrix but, as noted earlier, there is no problem with that). We will need to go
to reciprocal space. Rather than using the spacetime coordinates x, τ we work in the space of
wave numbers k and Matsubara frequencies ω n = (2n + 1)π/β for fermions and � n = 2nπ/β
for bosons (both with n ∈ Z).

5. Intermezzo 1: The long road to reciprocal space
The goal of this section is to rewrite (27) in reciprocal space, so that we can trace over the wave
numbers and (Matsubara) frequencies rather than positions and times. The starting point for
fermions is
exp {ik · x} e−iωn τ
√
 .
(28)
�x, τ | k, n � =
β
V
For bosons we replace ω n = (2n + 1)π/β by � n = 2nπ/β. The available wave numbers are
the same for bosons as for fermions, they are given by {k x , k y , k z } = (2π/L ) {n x , n y , n z } with
n x , n y , n z ∈ Z. There are various valid choices for normalizing the plane waves, and that tends
to lead to confusion in the results found in the literature. That is why we will go through quite
some detail to follow the effects of the choice of normalization that we have made here. We
basically want the reciprocal space kets to obey the completeness relation
I=

∑

k,n

|k, n � �k, n | .

(29)

The spacetime kets obey
I=

β
0



dτ dx | x, τ � �x, τ | .

This leads to the orthonormality relations


k, n | k � , n � = δ(k − k � )δnn� .

(30)

(31)

The consistency of these relations can be proven by inserting expression (30) for I between
β

the ket and the bra in (31), and using 0 dτ = β and dx = V. This gives us an integral
representation of the delta function,
β
0




dτ dx exp −i (ω n� − ω n )τ + i (k � − k ) · x = Vβ δ(k − k � )δnn� .

Similarly, we have the orthogonality relation


x, τ | x� , τ � = δ(x − x� )δ(τ − τ � ).

(32)

(33)

Enforcing the consistency of inserting expression (29) in between the bra and the ket in (33),
leads to the following integral for the delta function:
1
Vβ

∑

k,n



exp −iω n (τ − τ � ) + ik · (x − x� ) = δ(x − x� )δ(τ − τ � ).

(34)

Note the factor 1/( βV ) in front of the summation. It is easy to check, by the way, that the
deﬁnitions for the Fourier transform of the Grassmann variables in the previous paragraph
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are consistent with the deﬁnitions of the Fourier transforms given here. How do the ﬁelds
transform under this? If we introduce Δ q,m = � q, m| Δ � and assume that Δ x,τ = �x, τ | Δ � then
Δ x,τ =

e−i�m τ +iq ·x
�
Δ q,m
βV

∑

q,m

�β

⇔ Δ q,m =

�

dτ dx

0

(35)

ei�m τ −iq ·x
�
Δ x,τ .
βV

(36)

For the mind in need of consistency checks, note that substituting (35) in (36) gives back (34).
And substituting (36) into (35) gives back (32). The same relations hold between ψx,τ,σ and
ψk,n,σ – we used those already in (22). We also introduce Δ̄ q,m = �Δ | q, m� and assume that
Δ̄ x,τ = �Δ | x, τ � , then we have
Δ̄ x,τ =

∑

q,m

ei�m τ −iq ·x
�
Δ̄ q,m
βV

⇔ Δ̄ q,m =

�β

�

dτ dx

0

(37)

e−i�m τ +iq ·x
�
Δ̄ x,τ .
βV

(38)

Also here we have the same relations linking ψ̄x,τ,σ and ψ̄k,n,σ, cf. expression (23). Note that
�
here we have distributed the βV factors evenly over the Fourier and the inverse Fourier. As
�
a result, we will have to tag a factor βV along later. If we keep the βV completely in the
Fourier transform (38) or (36) then this does not appear.
Everything is now is set for the Fourier transformation of the partition function given in (26).
The ﬁrst term in the action of (26) is re-expressed with (37) and (35) as
�β

�

dτ dx Δ̄ x,τ Δ x,τ =

0

�β

�

dτ dx

0

�

∑

q,m

⎡

1
=∑ ∑ ⎣
q,m q � ,m � βV

=

∑

q,m

�β
0

Δ̄ q,m Δ q,m,

ei�m τ −iq ·x
�
Δ̄ q,m
βV
�

��

∑

q � ,m �

�

e−i�m� τ +iq ·x
�
Δ q � ,m�
βV
⎤

�

�

dτ dx ei( �m −�m� ) τ −i( q −q )·x ⎦ Δ̄ q,m Δ q �,m�

(39)

where we have used (32) in the last step. This is merely Parseval’s rule.
Now we want to calculate the reciprocal space representation of the second part of the action
in (26) given by
�β
0

�
�
�
�
�
−1
dτ dx η̄x,τ · −G x,τ
· ηx,τ

�

�
�
�
∂
∂
2
2
=
dτ dx ψ̄x,τ,↑
− ∇x − μ ↑ ψx,τ,↑ + ψx,τ,↓
+ ∇x + μ ↓ ψ̄x,τ,↓
∂τ
∂τ
0
�
− Δ x,τ ψ̄x,τ,↑ ψ̄x,τ,↓ − Δ̄ x,τ ψx,τ,↓ ψx,τ,↑ .
� β

�

�

(40)
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Every term in (40) can be transformed to reciprocal space using the rules and conventions that
we stated above. The ﬁrst term in (40) becomes


 β

∂
2
dτ dx ψ̄x,τ,↑
− ∇x − μ ↑ ψx,τ,↑
∂τ
0
 β





 2
�
1
=∑ ∑
dτ dx eiωn τ −ik.x ψ̄k,n,↑ −iω n� + k� − μ ↑ e−iωn� τ +ik .x ψk �,n� ,↑
βV 0
k,n k � ,n�


= ∑ −iω n + k2 − μ ↑ ψ̄k,n,↑ ψk,n,↑ .
(41)
k,n

The second term transforms completely analogously:


 β

∂
2
dτ dx ψx,τ,↓
+ ∇x + μ ↓ ψ̄x,τ,↓
∂τ
0


= ∑ iω n − k2 + μ ↓ ψk,n,↓ ψ̄k,n,↓ .

(42)

k,n

In the interaction terms, all three ﬁelds have to be transformed
 β



dx Δ x,τ ψ̄x,τ,↑ ψ̄x,τ,↓


 β



1
1
i (ωn + ωn � )τ − i (k + k� ).x
= −
Δ x,τ ψ̄k,n,↑ ψ̄k �,n� ,↓
∑ ∑  βV 0 dτ dx e
βV k,n k � ,n�

−

0

dτ

1
= −
βV

∑∑

k,n k � ,n�

Δ k +k� ,n+n� ψ̄k,n,↑ ψ̄k � ,n� ,↓ ,

(43)

and analogously for the fourth term we arrive at

−

 β
0

dτ



1
dx Δ̄ x,τ ψx,τ,↓ ψx,τ,↑ = − 
βV

∑∑

k,n k � ,n�

Δ̄ k +k� ,n+n� ψk,n,↓ ψk � ,n� ,↑ .

(44)

In (43) and (44) we used (36) and (38) respectively, together with the fact that the sum of two
fermionic Matsubara frequencies results in a bosonic Matsubara frequency. Putting all results
together, the partition sum in reciprocal space equals



Δ̄ q,m Δ q,m
Z = D ψ̄k,n,σ D ψk,n,σ D Δ̄ q,m D Δ q,m exp ∑
g
q,m





(45)
− ∑ ∑ η̄k � ,n� k� ,n �  −G −1 k�� ,n �� ηk ��,n�� ,
k � ,n� k �� ,n��

where the reciprocal space representation of the inverse Green’s function is given by:


 � �  −iω n + k2 − μ ↑

0
−1  � � 

k ,n = �k,n k ,n
�k,n | −G
0
iω n − k2 + μ ↓


− Δ k +k� ,n+n�
0
1
+
.
0
βV − Δ̄ k +k� ,n+n�

(46)
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where the following Nambu spinors were used




ψk,n,↑
en η̄k,n = ψ̄k,n,↑ ψk,n,↓ .
ηk,n =
ψ̄k,n,↓

(47)

Only the ﬁrst part, the non-interacting part, is diagonal. The part related to the fermion pair
ﬁeld is not diagonal in reciprocal space, in the sense that components of the inverse Green’s
function with k � , n � different from k, n are nonzero, so we cannot use the result (18). In
principle this is still a quadratic integral
 and we could
 do it, but it would involve taking
a determinant (or logarithm) of k � , n � −G −1  k �� , n �� . This is a ∞ × ∞ matrix with 2 × 2
matrices as its elements. So let us postpone this horror, and see if we can get somewhere with
approximations.

6. Step 3: the saddle-point approximation
We have performed step 2, the Grassmann integrations, and even have obtained two
equivalent expressions of the result, in position space and in reciprocal space. The result
still contains a path integral over the bosonic pair ﬁelds Δ̄ q,m , Δ q,m, and this integral cannot
be done analytically. Then why go through all the trouble of introducing these ﬁelds, and
doing the fermionic integrals, if in the end we are left with another path integral that cannot
be done exactly? The advantage of having rewritten the action into the form with the bosonic
ﬁelds, is that we can use additional information about this bosonic pair ﬁeld. Indeed, if we
want to investigate the superﬂuid state, where the pairs are Bose condensed, we know that
the ﬁeld will be dominated by one contribution, that of the q = 0 term. This is similar to
the assumption of Bogoliubov in his famous treatment of the helium superﬂuid. In that case,
Bogoliubov proposed to shift the bosonic operators over a q = 0 contribution, so that the
shifted operators could be seen as small ﬂuctuations. This scheme is what we will apply now
to treat the Bose ﬂuid of pairs described by Δ̄ q,m , Δ q,m .
As mentioned, the simplest approximation is to assume all pairs are condensed in the q = 0,
m = 0 state and set for the two pair ﬁelds

Δ q,m = βVδ(q )δm,0 × Δ
(48)

∗
(49)
Δ̄ q,m = βVδ(q )δm,0 × Δ .

We introduce the factor βV for the ease of calculation and to give Δ units of energy. By
applying the saddle point (48) and (49) the partition function (45) becomes




βV
Zsp = D ψ̄k,n,σ D ψk,n,σ exp
|Δ |2 − ∑ −iω n + k2 − μ ↑ ψ̄k,n,↑ ψk,n,↑
g
k,n





2
∗
− ∑ −iω n − k + μ ↓ ψ−k,−n,↓ ψ̄−k,−n,↓ + ∑ Δ ψ̄k,n,↑ ψ̄−k,−n,↓ + Δ ψ−k,−n,↓ ψk,n,↑
.
k,n

k,n

(50)

We explicitly write out the action without Nambu spinors here to make an important and
subtle point, which otherwise is quickly overlooked. The alert reader will have noticed that
we have re-indexed the indices in the spin-down two-particle term: k → − k and n → − n.
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This re-indexation is necessary in order to write the action in Nambu spinor notation. Here
the following Nambu spinors will be used




ψk,n,↑
(51)
ηk,n =
en η̄k,n = ψ̄k,n,↑ ψ−k,−n,↓ .
ψ̄−k,−n,↓

This then leads to the inverse Green’s function in the saddle-point approximation





 
 −iω n + k2 − μ ↑
−Δ

−1 
k � , n � −G sp
 k, n = k, n | k � , n �
−Δ∗
−iω n − k2 + μ ↓


�


−1
= k, n | k� , n �
−G sp
.

(52)

k,n

Our choice has made the inverse Green’s function diagonal, since none of the terms Δ k � +k,n� +n
with k � + k �= 0 or n � + n �= 0 survive due to the delta functions in (48), and similarly for Δ̄.

In the saddle-point approximation to the partition sum we no longer have to perform the
integrations over the bosonic degrees (it is this integration which was approximated):





βV
2
−1
(53)
Zsp = D ψ̄k,n,σ D ψk,n,σ exp
|Δ | − ∑ η̄k,n · −G sp · ηk,n .
g
k,n
We can now perform the Grassmann integration using expression (7):









−1
−1
D ψ̄k,n,σ D ψk,n,σ exp − ∑ η̄k,n · −G sp
· ηk,n = exp ∑ ln − detσ −G sp
k,n

k,n

k,n

k,n



.

(54)

This spinor-determinant is given by


−1
− detσ −G sp
Introducing

k,n



−iω n + k2 − μ ↑
−Δ
= − det
−Δ∗
−iω n − k2 + μ ↓



= − −iω n + k2 − μ ↑ −iω n − k2 + μ ↓ + |Δ |2 .
μ = (μ ↑ + μ ↓ )/2,

we can rewrite this as

ζ = (μ ↑ − μ ↓ )/2,

2
Ek = ( k 2 − μ ) + | Δ |2 ,



−1
− detσ −G sp

k,n

= (iω n + ζ − Ek ) (−iω n − ζ − Ek ) .

(55)

(56)
(57)
(58)

(59)

This can easily be checked by substituting and seeing that both expressions are indeed equal

2
(and equal to ω n2 + k2 − μ + |Δ |2 − ζ 2 − 2iω n ζ). So, the saddle-point partition sum becomes


βV
2
(60)
Zsp = exp
|Δ | + ∑ ln [(iω n + ζ − Ek ) (−iω n − ζ − Ek )] .
g
k,n
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The partition function is also linked to the thermodynamic potential through the well-known
formula
Zsp = e− βFsp ( T,V,μ↑,μ↓ ) .
(61)

Note that this is the free energy as a function of the chemical potentials. It is related to the
usual free energy through
F ( T, V, μ ↑ , μ ↓ ) = F ( T, V, N↑ , N↓ ) − μ ↑ N↑ − μ ↓ N↓
�
⎧
∂F ( T, V, μ ↑ , μ ↓ ) �
⎪
�
⎪
=
−
N
⎪ ↑
�
⎨
∂μ ↑
� T,V,μ↓ ,
with
�
∂F
(
T,
V,
μ
,
μ
)
⎪
↑
↓
⎪
�
⎪
⎩ N↓ = −
�
∂μ ↓
T,V,μ

(62)

(63)

F ( T, V, μ, ζ ) = F ( T, V, N, δN ) − μN − ζδN,

(64)

↑

or, in μ and ζ:

where N = N↑ + N↓ and δN = N↑ − N↓ . F is commonly referred to as the "thermodynamic
potential". In the following notations, we use Ω( T, V, μ, ζ ) = F ( T, V, μ, ζ )/V for the
thermodynamic potential per unit volume,
Ω( T, V, μ, ζ ) =

1
F ( T, V, N, δN ) − μn − ζδn,
V

where n = N/V and δn = δN/V are the total density and the density difference
�
∂Ω( T, V, μ, ζ ) ��
n=−
�
∂μ
T,V,ζ
�
∂Ω( T, V, μ, ζ ) ��
δn = −
.
�
∂ζ
T,V,μ

(65)

(66)
(67)

We give these expressions explicitly here to avoid the subtle difﬁculties related to identifying
the dependent variables. For the saddle-point action we get:

Zsp = e− βVΩsp ( T,μ,ζ ).

(68)

We dropped the explicit dependence on V because it also drops from the expression for Ωsp .
From (60) we get the saddle-point thermodynamic potential per unit volume
1
1
1
Ωsp ( T, μ, ζ; Δ ) = − |Δ |2 − ∑ ∑ ln [(iω n + ζ − Ek ) (−iω n − ζ − Ek )] .
g
V k β n

(69)

Note that since the density of k-states in reciprocal space is V/(2π )3 we can replace
1
→
V∑
k

�

dk
.
(2π )3

(70)

We do not have to take the Matsubara sums now. For example we might want to take
derivatives ﬁrst.
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In the sum over Matsubara frequencies we sum up terms with all n ∈ Z. We can re-order
the terms in this sum. In particular, we can set n � = −1 − n and sum over all n � . For this
substitution iω n� = iω −n−1 = −iω n . This means that in a general Matsubara summation
1 ∞
1 ∞
f (iω n ) =
∑
∑ f (−iωn)
β n=−∞
β n=−
∞

(71)

iνn = iω n + ζ

(72)

must hold. Introducing
k2

as shifted Matsubara frequencies, and ξ k = − μ, we get



1 ∞
1
dk
2
Ωsp ( T, μ, ζ; Δ ) = − |Δ | −
∑ ln [− (iνn + Ek ) (iνn − Ek )] − ξ k .
g
(2π )3 β n=−
∞

(73)

We use this notation to make an important point. The thermodynamic potential per unit
volume Ωsp will depend on our choice of saddle-point value, but this is not one of the
thermodynamic variables like T, μ and ζ. If we want to treat Δ as a separate input for Ωsp ,
we will write this as Ωsp ( T, μ, ζ; Δ ) to emphasize the distinction between Δ and the true
thermodynamic variables. We extract the dependence of Δ on the thermodynamic variables
from the gap equation

∂Ωsp ( T, μ, ζ; Δ ) 
= 0 −→ Δ ( T, μ, ζ )

∂Δ
T,μ,ζ
and we have to insert this result back into Ωsp ( T, μ, ζ; Δ ( T, μ, ζ )) = Ωsp ( T, μ, ζ ) when
applying thermodynamic relations. For example, the number equations are given by the
thermodynamic relations

∂Ωsp ( T, μ, ζ ) 

(74)
n sp = −

∂μ
T,ζ

∂Ωsp ( T, μ, ζ ) 
 .
(75)
δn sp = −

∂ζ
T,μ
If we want to treat Δ as a separate variable then we need to use the chain rule



∂Ωsp [ T, μ, ζ; Δ ] 
∂Ωsp [ T, μ, ζ; Δ ] 
∂Δ ( T, μ, ζ ) 
−
×
n sp = −


 .
∂μ
∂Δ
∂μ
T,ζ,μ
T,ζ,Δ
T,ζ

Now you might wonder what all the fuss is about, since we just imposed

∂Ωsp [ T, μ, ζ; Δ ] 
= 0,

∂Δ
T,ζ,μ
so that here

n sp = −


∂Ωsp [ T, μ, ζ; Δ ] 

.

∂μ
T,ζ,Δ

(76)

(77)

(78)

We have been cautious with the partial derivatives and thermodynamic relations, and
this might seem superﬂuous for the saddle-point approximation, but it will become very
important when we are adding ﬂuctuation corrections to the thermodynamic potential.
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7. Results at the saddle-point level
To obtain the results at the saddle-point level, we need to perform the Matsubara summations
in the thermodynamic potential:
 
∞
1 ∞
1
ln [−(iνn − Ek )(iνn + Ek )] = ln [2 cosh( βEk ) + 2 cosh( βζ )] + ∑ ln νn2 . (79)
∑
β n=−∞
β
n=− ∞
Due to the presence of the logarithm this Matsubara sum is divergent. Luckily however, the
divergent part, which does not depend on the system parameters, can be neatly isolated,
as shown in (79). This means that the free energy can be regularized by subtracting this
unphysical term. This then results in:


1
1
1
2
(80)
ln [2 cosh( βEk ) + 2 cosh( βζ )] − ξ k .
Ωsp ( T, μ, ζ; Δ ) = − |Δ | − ∑
g
V k β
Using the renormalized contact potential strength, this becomes


1
1
1
| Δ |2
2
Ωsp ( T, μ, ζ; Δ ) = −
ln [2 cosh( βEk ) + 2 cosh( βζ )] − ξ k − 2 .
|Δ | − ∑
8πk F as
V k β
2k
(81)
We kept (k F as ) as the measure of interaction strength, explicitly writing k F although we have
used it as a length unit, as if (k F as ) were a single symbol for the interaction strength. In three
dimensions, this is reduced to



1
1
dk
| Δ |2
2
Ωsp ( T, μ, ζ; Δ ) = −
ln [2 cosh( βEk ) + 2 cosh( βζ )] − ξ k − 2 .
|Δ| −
8πk F as
(2π )3 β
2k
(82)
Since we have isotropy, this is
1
1
Ωsp ( T, μ, ζ; Δ ) = −
| Δ |2 − 2
8πk F as
2π

∞

dk k

0

2



1
| Δ |2
ln [2 cosh( βEk )+ 2 cosh( βζ )]− ξ k − 2
β
2k



.

(83)

This result is shown in ﬁgure (2).
In the limit of low temperature we have a simpliﬁcation:
lim

β→ ∞

1
ln [2 cosh( βEk ) + 2 cosh( βζ )] = max ( Ek , | ζ |) .
β

(84)

Also note that in the limit of large k, the logarithm behaves as
lim ln [2 cosh( βEk ) + 2 cosh( βζ )] = ξ k +

k→∞

| Δ |2
+ O(k−4 ),
2k2

(85)

so that it is precisely the extra terms ξ k + |Δ |2 /(2k2 ) that keep the integrand from diverging
2
and keep the
 saddle-point free energy that we calculate here ﬁnite. Remember that ξ k = k − μ

and Ek =

ξ 2k + Δ2 .

400 18
Superconductors – Materials, Properties and Applications

Will-be-set-by-IN-TECH

Figure 2. The saddle-point free energy per unit volume is shown as a function of the gap parameter Δ,
for different values of the imbalance chemical potential ζ, at temperature T/TF = 0.01 and average
chemical potential μ = 1.3. As the imbalance chemical potential ζ is increased, the normal state
minimum at Δ = 0 develops and becomes the global minimum above a critical imbalance level. The
superﬂuid state minimum at Δ �= 0 is not inﬂuenced by ζ, indicating that the superﬂuid state is
balanced, i.e. has an equal amount of spin-up and spin-down components. The excess component in this
state must be expelled, leading to phase separation.

From this result, and from

Δ
∂Ek
=
∂Δ
Ek

we can obtain the gap equation:
∂Ωsp
=0
∂Δ
1
2
⇐⇒ −
=
k F as
π

∞

dk

0




k2
sinh( βEk )
−1 .
cosh( βEk ) + cosh( βζ ) Ek

(86)

(87)

For every temperature and every μ, ζ, this equation can be solved to obtain Δ sp ( T, μ, ζ ),
the value of Δ that indeed minimizes Ωsp (as can be checked from the sign of the second
derivative, or by visual inspection of the plot of Ωsp as a function of Δ at ﬁxed T, μ, ζ, see
ﬁgure (2)). The resulting saddle-point gap is illustrated in ﬁgure (3) and ﬁgure (4).
The presence of imbalance (ζ �= 0) only affects the energies Ek < ζ in the temperature zero
limit, since in that limit

sinh ( βEk )
1 for |ζ | < Ek
=
.
(88)
lim
0 for |ζ | > Ek
β→ ∞ cosh ( βζ ) + cosh ( βEk )
The presence of a gap results in Ek > Δ. Thus, as long as ζ < Δ, the imbalance (at T=0) will
not affect the gap equation, and we retrieve the Clogston limit for superconductivity. This
argument is only valid in the BCS limit, because for the BEC/BCS crossover we still need to
solve (independently) the number equation that is coupled to the gap equation. Results for
this are illustrated in ﬁgure (4). Only in the BCS limit we can set μ = EF (see ﬁgure 5)and not
worry about the overall chemical potential further.
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Figure 3. The value of the gap parameter that minimizes the saddle-point free energy is shown as a
function of the interaction strength 1/( k F as ) for ζ = 0. In the limit of ( k F as )−1 → − ∞, the
Bardeen-Cooper-Schrieffer (BCS) result is retrieved, whereas in the limit of (k F as ) −1 → + ∞, a
Bose-Einstein condensate (BEC) of tightly bound Cooper pairs is formed. The different curves show the
effect of increasing the temperature: the BCS state is more strongly affected than the BEC state. However,
in the BEC state, phase ﬂuctuations (discussed in the next sections) will become the dominant
mechanism to destroy superﬂuidity, rather than the breakup of the Cooper pairs as in BCS.

Figure 4. The value of the gap parameter that minimizes the saddle-point free energy is shown as a
function of the interaction strength 1/( k F as ), as in ﬁgure 3. In the current ﬁgure, the different curves
correspond to different values of the imbalance chemical potential ζ. At the saddle-point level, it
becomes clear that introducing imbalance between ‘spin-up’ and ‘spin-down’ components leads to the
appearance of a critical interaction parameter below which pairing is suppressed.
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When working with a ﬁxed number of particles, the chemical potentials need to be related
to these numbers of particles through the number equations. These are again found from the
thermodynamic potential, and from

−

∂Ek
ξ
= k
∂μ
Ek

(89)

we get
n sp = −
and




∞
∂Ωsp [ T, μ, ζ; Δ ] 
1
sinh( βEk )
ξk
2

=
dk
k
−
1

∂μ
cosh( βEk ) + cosh( βζ ) Ek
2π 2
T,ζ,Δ

δn sp

(90)

0


∞
∂Ωsp [ T, μ, ζ; Δ ] 
1
sinh( βζ )

=−
=
dk k2
.

2
∂ζ
cosh( βEk ) + cosh( βζ )
2π
T,μ,Δ

(91)

0

Now note that we did indeed work at a ﬁxed number of particles from the start, in introducing
our units k F = (3π 2 n )1/3 . Hence, these two number equations become
1
1
=
3π 2
2π 2

∞

1 δn sp
1
=
3π 2 n sp
2π 2

∞

0


dk k2 1 −
dk k2

0

sinh( βEk )
ξk
cosh( βEk ) + cosh( βζ ) Ek



(92)

sinh( βζ )
cosh( βEk ) + cosh( βζ )

(93)

and we have to solve the gap equation in conjunction with these two number equations: all
three have to be satisﬁed. The third one can be solved and merely ﬁxes ζ as a function of
δn sp , but the ﬁrst number equation together with the gap equation are coupled in the two
remaining unknowns μ, Δ. Solutions for Δ are shown in ﬁgures (3) and (4). Figure (5) shows
results for the chemical potential.

8. Intermezzo 2: Partition sum phase factor
Before we look at ﬂuctuations beyond mean ﬁeld, there is an important remark to be made:
we can no longer delay looking at non-diagonal Gaussian integrations. Remember, when we
do not restrict ourselves to the saddle-point value, we need to evaluate (see Eq. (45))








�
�
−
1
D ψ̄k,n,σ D ψk,n,σ exp − ∑ ∑ η̄k � ,n� · k , n −G  k, n · ηk,n

=



∏ (−1)
k,n



k,nk � ,n�



D η̄k,n D ηk,n exp − ∑ ∑ η̄k � ,n�
k,nk � ,n�





· k , n −G −1  k, n · ηk,n


�

�



.

(94)

Remember that the factors (−1) are coming from the change in integration measure. To keep
track of it, we will give it its own symbol

X = ∏ (−1) .
k,n

(95)
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Figure 5. The chemical potential μ is shown as a function of the interaction parameter 1/ ( k F as ), for a
low temperature and a balanced gas (ζ = 0). In the regime of negative as the chemical potential tends to
the Fermi energy, as in the BCS theory. For positive as , the chemical potential tends to the binding energy
of the strongly bound ‘Cooper molecules’ that Bose-Einstein condense to form a superﬂuid.

�
�
�
�
The matrix k � , n � �−G −1 � k, n has rows and columns indexed by k, n and k � , n � . Each element
�
�
�
�
in the matrix is itself a 2 × 2 matrix, and we could think of k � , n � �−G −1 � k, n = A k � ,n� ;k,n as
an N × N ‘metamatrix’ of matrices.

On the other hand, we could consider −G −1 as a 2N × 2N matrix of scalars, indexed by k, n, j
where j = 1, 2 indexes the spinor components. That way we need to consider the Nambu
integral
⎧
⎫
�
⎨
⎬
�
�
D η̄k,n D ηk,n exp − ∑ ∑ η̄k � ,n� ,j� −G −1 � � �
ηk,n,j ,
(96)
⎩ k,n,jk � ,n� ,j�
⎭
k ,n ,j ;k,n,j

but this is just a standard Gaussian Grassmann integration. We could solve it by diagonalizing
the 2N × 2N matrix −G −1 with some 2N × 2N unitary transformation matrix to prove
⎧
⎫
�
⎨
⎬
�
�
�
�
D η̄k,n D ηk,n exp − ∑ ∑ η̄k � ,n� ,j� −G −1 � � �
ηk,n,j = det −G −1 ,
(97)
⎩ k,n,jk � ,n� ,j�
⎭
k ,n ,j ;k,n,j

where the determinant is now of the 2N × 2N matrix. More matrix trickery is coming. We
start innocently, by claiming
�
� �
�
�
���
det −G −1 = exp ln det −G −1
(98)

Now, remember that

• The determinant of any matrix is equal to the product of its eigenvalues.
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• The logarithm of a 2N × 2N matrix B is another 2N × 2N matrix C such that B =
n
exp (C ) = I + ∑∞
n=1 (C ) /n!.
• The logarithm of a diagonal matrix is a diagonal matrix with the logarithm of the diagonal
elements.
From these statements it can be shown that the logarithm of the determinant of a matrix equals
the trace of the logarithm of the matrix. In other words


 


ln det −G −1 = Tr ln −G −1 ,
(99)

where the trace is taken over all k, n, j values. Combining (97) with (98) and (99), we get






  


 −1 
�
�
D ψ̄k,n,σ D ψk,n,σ exp −∑ ∑ η̄k � ,n� · k , n −G  k, n · ηk,n = X exp Tr ln −G −1
.
k,nk � ,n�

(100)
Expression (100) allows to write compactly the result of doing the Grassmann integrations in
(45) and obtain the following exact result



 

Δ̄ q,m Δ q,m
−1
Z = X D Δ̄ q,m D Δ q,m exp ∑
+ Tr ln −G
.
(101)
g
q,m

−1 gives back the saddle-point result,
Replacing −G −1 by −G sp

Zsp = X exp




 

βV |Δ |2
−1
+ Tr ln −G sp
.
g

(102)

9. Step 4: Adding ﬂuctuations beyond mean ﬁeld
If we want to improve on the saddle-point solution, we set

Δ q,m = βVδ(q )δm,0 Δ + φq,m

Δ̄ q,m = βVδ(q )δm,0 Δ ∗ + φ̄q,m .

(103)
(104)

This is like the Bogoliubov shift in the second quantized theory of helium or Bose gases. We
have a condensate contribution ∝ Δ and add to it small ﬂuctuations φq,m . Then we will
expand up to second order in the ﬂuctuations φq,m , φ̄q,m and get a quadratic (bosonic) path
integral that we can perform exactly. This line summarized the long tough program ahead in
a single sentence.

We can choose our ﬂuctuations around the saddle point differently. Rather than using two
conjugate ﬁelds, we can choose to vary amplitude and phase, and employ ﬁelds |φ|q,m eiθq,m
so that

Δ q,m = βVδ(q )δm,0 Δ + | φ|q,m eiθq,m
(105)

(106)
Δ̄ q,m = βVδ(q )δm,0 Δ ∗ + |φ| q,m e−iθq,m .
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This leads to a hydrodynamic description as a function of the density of ﬂuctuations and the
phase ﬁeld. Basically this is a change in the integration variables representing the Gaussian
ﬂuctuation contribution to the free energy, and we expect the same results. We will work here
with (103) and (104). Plugging this into the expression (46) for the inverse Green’s function we
can write
−1
− G −1 = −G sp
+ F,
(107)
with like before, a diagonal piece for the saddle-point contribution,




 

 −iω n + k2 − μ ↑
−Δ

−1 
k � , n � −G sp
 k, n = k, n | k � , n �
−Δ∗
−iω n − k2 + μ ↓

(108)

and now the additional piece

 � �

1
k , n |F | k, n = 
βV



0

− φ̄k −k� ,n−n�

− φk � −k,n� −n
0



.

(109)

Here again the change in sign in the index of the φ terms φ̄k +k� ,n+n� → φ̄k −k� ,n−n� is due to a
re-indexation
 of the k and n indices, similar to expression (50). Now we are ready to expand

ln −G −1 in the exact expression (101) for the partition function, using matrix algebra






−1
−1
−1
ln −G −1 = ln −G sp
+ F = ln −G sp
+ G sp
G sp F






−1 
−1
I − G sp F = ln −G sp
= ln −G sp
+ ln I − G sp F .
(110)

So, the result for the (quadratic approximation to the) partition sum using the "Bogoliubov
shifted ﬁelds" becomes


 

1 
Zq = X D φ̄q,m D φq,m exp ∑
βVΔ ∗ δ(q )δm,0 + φ̄q,m
βVΔδ(q )δm,0 + φq,m
q,m g
 




−1
+ Tr ln −G sp
+ Tr ln I − G sp F
.
(111)

We can bring all the stuff that does not depend on the ﬂuctuations in front of the integrals

 

βV | Δ |2
−1
Zq = X exp
+ Tr ln −G sp
g


 

φ̄q,m φq,m
βV ∗
× D φ̄q,m D φq,m exp
+ Tr ln I − G sp F
.
(Δ φ0,0 + Δ φ̄0,0 ) + ∑
g
g
q,m

(112)

The factor on the ﬁrst line is nothing else but Zsp , expression (102). This absorbs the nasty
factor X and results in exp − βVΩsp .
Only at this point we make an approximation and claim that F is small enough to state


1
ln I − G sp F ≈ −G sp F − G sp FG sp F
2

(113)
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3
We neglect the terms from G sp F and higher in orders of F. We get




βV ∗
Zq = Zsp D φ̄q,m D φq,m exp
(Δ φ0,0 + Δ φ̄0,0 ) − Tr G sp F
g


φ̄q,m φq,m
1 
+∑
− Tr G sp FG sp F .
g
2
q,m

(114)

What about the terms linear in the ﬂuctuation ﬁelds ? They have to vanish. If we correctly
determined the saddle point, then that means that the derivative (i.e. small derivations)
vanishes. This then results in:




φ̄q,m φq,m
1 
Zq = Zsp D φ̄q,m D φq,m exp ∑
− Tr G sp FG sp F
(115)
g
2
q,m



and so the quantity that we need to calculate is Tr G sp FG sp F . The remaining path integral
will be denoted by Z f l , the partition sum of ﬂuctuations, so that Zq = Zsp Z f l .

10. Intermezzo 3: More matrix misery
The trace is taken over all k, n values and over the Nambu components. We get






Tr G sp FG sp F = ∑ trσ k, n G sp FG sp F  k, n ,

(116)

k,n





 −1 
with trσ the trace of the 2 × 2 spinor matrix. The matrix k � , n � G sp
 k, n is not so hard to
invert, since it is diagonal in k, n indices. We start from




 

 iω n − k2 + μ ↑
Δ
� �  −1 
� �
.
(117)
k , n G sp  k, n = k , n | k, n
Δ∗
iω n + k2 − μ ↓

The diagonal elements in k, n need to be inverted. It is not hard to invert a two by two matrix:
 −1
Δ
iω n − k2 + μ ↑
Δ∗
iω n + k2 − μ ↓


�k� , n � | k, n �
−Δ
iω n + k2 − μ ↓
=
. (118)
−Δ∗
iω n − k2 + μ ↑
(iω n + Ek + ζ ) (iω n − Ek + ζ )


 
 � �

k , n G sp  k, n = k � , n � | k, n



We already had

Then,


 � �

1
k , n |F | k, n = 
βV



0

− φ̄k −k� ,n−n�

− φk � −k,n� −n
0



.




1
−1
k, n G sp F  k � , n � = 
βV (iω n + Ek + ζ ) (iω n − Ek + ζ )

 

0
φk −k� ,n−n�
−Δ
iω n + k2 − μ ↓
×
·
.
−Δ∗
iω n − k2 + μ ↑
0
φ̄k � −k,n� −n

(119)

(120)
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This equals





1
−1
k, n G sp F  k � , n � = 
βV (iω n + Ek + ζ ) (iω n − Ek + ζ )




− Δ φ̄k � −k,n� −n
iω n + k2 − μ ↓ φk −k� ,n−n�

× 
.
iω n − k2 + μ ↑ φ̄k � −k,n� −n
− Δ ∗ φk −k� ,n−n�

Now we can use this to calculate




k, n G sp FG sp F  k, n =

This is

∑
� �

k ,n









k, n G sp F  k � , n � k � , n � G sp F  k, n .




k, n G sp FG sp F  k, n =
1
1
1
=
�
βV k∑
iω
+
ζ
+
E
iω
+
ζ
−
E
iω
+
ζ
+
E
�
(
)
(
)
(
)
n
n
� ,n �
n
k
k
k (iω n� + ζ − Ek � )




− Δ φ̄k � −k,n� −n
iω n + k2 − μ ↓ φk −k� ,n−n�

× 
− Δ ∗ φk −k� ,n−n�
iω n − k2 + μ ↑ φ̄k � −k,n� −n




iω n� + k�2 − μ ↓ φk � −k,n� −n
− Δ φ̄k −k� ,n−n�

.
· 
− Δ ∗ φk � −k,n� −n
iω n� − k�2 + μ ↑ φ̄k −k� ,n−n�

(121)

(122)



(123)

Since we need to take the trace over the resulting 2 × 2 product, we only need to calculate the
upper left element of the matrix multiplication, namely




Δ2 φ̄k � −k,n� −n φ̄k −k� ,n−n� + iω n + k2 − μ ↓ φk −k� ,n� −n iω n� − k�2 + μ ↑ φ̄k −k� ,n−n�
(124)
and the lower right element




iω n − k2 + μ ↑ φ̄k � −k,n� −n iω n� + k�2 − μ ↓ φk � −k,n� −n + (Δ ∗ )2 φk −k� ,n−n� φk � −k,n� −n . (125)



We use iω n + k2 − μ ↓ = (iω n + ξ k + ζ ) with ξ k = k2 − μ, and the similar relations, to get




∑ trσ k, n Gsp FGsp F k, n
k,n

1
1
1
∑∑
�
�
βV k,n
iω
+
ζ
+
E
iω
+
ζ
−
E
iω
+
ζ
+
E
(
)
(
)
(
)
n
n
�
�
n
k
k
k (iω n� + ζ − Ek � )
k ,n

× Δ2 φ̄k � −k,n� −n φ̄k −k� ,n−n� + (iω n + ζ + ξ k ) (iω n� + ζ − ξ k � ) φk −k� ,n−n� φ̄k −k� ,n−n�

=


+ (iω n + ζ − ξ k ) (iω n� + ζ + ξ k � ) φ̄k � −k,n� −n φk � −k,n� −n + (Δ ∗ )2 φk −k� ,n−n� φk � −k,n� −n . (126)

This looks confusing. We rename some summation indices

q = k − k� → k = q + k�

m = n − n� → n = m + n�

(127)
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and introduce
iνn = iω n + ζ

(128)

to clear up the mess
�
�
�
�
∑ trσ k, n �Gsp FGsp F� k, n
k,n

1
1
1
�
��
�
∑∑
�
�
βV q,m
iν
+
E
(
)
n
k (iνn� − Ek � )
iνm+n� − Eq +k�
k � ,n� iνm + n� + Eq + k�
�
�
�
× Δ2 φ̄−q,−m φ̄q,m + iνm+n� + ξ q +k � (iνn� − ξ k � ) φq,m φ̄q,m
�
�
�
+ iνm+n� − ξ q +k � (iνn� + ξ k � ) φ̄−q,−m φ−q,−m + (Δ ∗ )2 φq,m φ−q,−m .

=

(129)

Now we drop the primes and see a bilinear form in between the square brackets (the order
does not matter for bosonic ﬁelds):
�
�
�
�
(130)
∑ trσ k, n �Gsp FGsp F� k, n
k,n

1
1
1
�
��
�
∑
∑
βV q,m k,n iνm+n + E
iνm+n − Eq +k (iνn + Ek ) (iνn − Ek )
q+k
⎛�
�
⎞
�
�
Δ2
iνm+n + ξ q +k (iνn − ξ k )
�
�
φq,m
⎠·
�
�
× φ̄q,m φ−q,−m · ⎝
.
φ̄−q,−m
( Δ ∗ )2
iνm+n − ξ q +k (iνn + ξ k )

=

Now we can calculate

Zfl =

�

�

�
�
φ̄q,m φq,m 1 �
D φ̄q,m D φq,m exp ∑
− Tr G sp FG sp F .
g
2
q,m

(131)

In the ﬁrst term the sum runs over positive and negative q but this can be symmetrized
through
�
φ̄q,m φq,m
1
1�
= ∑ φ̄−q,−m φ−q,−m + φ̄q,m φq,m
g
2 q,m g
q,m
�
�
� �
�
� 1 10
1
φq,m
.
= ∑ φ̄q,m φ−q,−m ·
·
φ̄−q,−m
2 q,m
g 01

∑

(132)

Using this result and (130) we can write the partition sum in the following "Gaussian integral"
form
�
�
��
��
�
�
� M11 (q, i� m ) M12 (q, i� m )
1
φq,m
Z f l = D φ̄q,m D φq,m exp − ∑ φ̄q,m φ−q,−m ·
·
,
M21 (q, i� m ) M22 (q, i� m )
φ̄−q,−m
2 q,m
(133)

where

�

�
+
ξ
iν
m
+
n
q
+
k
1
1
(iνn − ξ k )
��
�
−
M11 (q, i� m ) =
∑�
βV k,n
iν
+
E
iν
−
E
g
(
)
(
)
n
n
k
k
iνm+n + Eq +k iνm+n − Eq +k

(134)
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and




−
ξ
iν
m
+
n
q
+
k
1
1
(iνn + ξ k )


−
M22 (q, i� m ) =
∑
βV k,n
iν
+
E
iν
−
E
g
(
)
(
)
n
n
k
k
iνm+n + Eq +k iνm+n − Eq +k

and

(135)

1
Δ2
(136)
iν
+
E
iν
−
E
(
)
(
)
n
n
k
k
iνm+n − Eq +k
k,n iνm + n + Eq + k
1
1
1


M21 (q, i� m ) =
(Δ ∗ )2 . (137)
∑
βV k,n
iν
+
E
iν
−
E
(
)
(
)
n
n
k
k
iνm+n + Eq +k iνm+n − Eq +k
M12 (q, i� m ) =

1
βV

1


∑



You will have noticed that we let the matrix elements depend on the bosonic Matsubara
frequencies i� m = i (2πm/β). If we remember our short hand notations
(138)
(139)

iνm+n = i� m + iω n + ζ
iνn = iω n + ζ

then it is clear where these appear. The matrix M is at the heart of our treatment of the
ﬂuctuations. It acts like a bosonic Green’s function for the pair ﬁelds. It has some symmetry
properties which can be derived from (134)–(137) by shifting the summation variables. We
ﬁnd
M11 (q, i� m ) = M22 (− q, −i� m ).
(140)
Moreover, since our saddle-point result shows us that |Δ | is ﬁxed by the gap equation but we
can choose the phase independently, we put Δ real and get
M12 (q, i� m ) = M21 (q, i� m ) = M21 (− q, −i� m ) = M12 (− q, −i� m ).

(141)

We still need to take sums over fermionic Matsubara frequencies, and integrals over k in the
matrix elements, this will be a bundle of joy for those who love complex analysis and residue
calculus.
More generally, we will have to study the poles of the components Mij (q, z) in the complex
plane to ﬁnd excitations: poles in the Green’s functions give us the quasiparticle spectrum.

11. Step 5: Integrating out the ﬂuctuations
The bosonic path integral is easier than the fermionic one, since we do not have to worry about
the signs. We do have to worry not to double-count the ﬁelds. Since we sum over all q, and
seeing the symmetry properties of M, each term appears twice. We can restrict ourselves to
half the q, m space and still get all the terms:







1 
φq,m
φq,m
φ
φ
φ̄
φ̄
∑ q,m −q,−m · M (q, i�m )· φ̄−q,−m = ∑ q,m −q,−m · M (q, i�m ) · φ̄−q,−m .
2 q,m
q,m
q z 0

Similarly,


D φ̄q,m D φq,m =

∏

q,m



dφ̄q,m dφq,m =

∏

q,m
q z 0



dφ̄q,m dφq,m

(142)



dφ̄−q,−m dφ−q,−m.

(143)

410 28
Superconductors – Materials, Properties and Applications

Therefore, when we integrate

Zfl =
we get

�
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�

�
�
1
D φ̄q,m D φq,m exp − ∑ φ̄q,m φ−q,−m · M (q, i�m ) ·
2 q,m

Zfl =

�

φq,m
φ̄−q,−m

��

π4

∏ �M (q, i�m )� ,

(144)

(145)

q,m
q z 0

with

�M (q, i�m )� = M11 (q, i� m ) M22 (q, i�m ) − M12 (q, i� m ) M21 (q, i�m ) = Γ (q, i�m ).

This can be rewritten as
⎧
�⎫
�
�
⎬
⎨
π4
1
Z f l = exp
ln
= exp
⎭
⎩q,m,∑
Γ
(
q,
i�
)
2
m
( q 0)
z

�

π4
∑ ln Γ(q, i�m )
q,m

��

.

(146)

(147)

The π 4 , unlike the minus sign we had before, gives an irrelevant factor for the bosons, shifting
the overall free energy by a constant amount. We obtain
�
�
1
(148)
Z f l ∝ exp − ∑ ln [ Γ (q, i�m )] .
2 q,m

The total thermodynamic potential per unit volume Ω can now be divided in a saddle-point
contribution Ωsp and a ﬂuctuation contribution Ω f l : the latter satisﬁes
�
�
Z f l = exp − βVΩ f l
(149)
and since Z = Zsp Z f l leads to Ω = Ωsp + Ω f l we ﬁnd

1
∑ ln [Γ(q, i�m )]
2βV q,m
2 ( q, i� )
with Γ (q, i� m ) = M11 (q, i� m ) M11 (− q, −i� m ) − M12
m
Ωfl =

(150)

where we used the symmetry properties of the ﬂuctuation matrix (140) and (141).
The equations determining our system become the following. For the gap equation we still
have the saddle-point condition:
�
∂Ωsp ( T, μ, ζ; Δ ) �
�
=0
�
∂Δ
T,μ,ζ

−→

Δ ( T, μ, ζ ),

(151)

but we have to insert this in the full thermodynamic potential (including ﬂuctuations)
Ω( T, μ, ζ; Δ ( T, μ, ζ )) = Ω( T, μ, ζ ) to apply thermodynamic relations. For example, the
number equations are given by the thermodynamic relations
�
∂Ω( T, μ, ζ ) ��
(152)
n=−
�
∂μ
T,ζ
�
∂Ω( T, μ, ζ ) ��
δn = −
(153)
� .
∂ζ
T,μ
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Figure 6. This ﬁgure illustrates the importance of including ﬂuctuations. Nearly nowhere is this more
evident than in the case of a two-dimensional Fermi gas (see [15]). Without taking into account
ﬂuctuations, the saddle point result predicts pairing in the 2D Fermi gas at T ∗ . Including ﬂuctuations,
this temperature is reduced to Tp . But the mere presence of pairing is still insufﬁcient to guarantee
superﬂuidity. Indeed, superﬂuidity is further suppressed by phase ﬂuctuations and occurs only below
TBKT , the Berezinskii-Kosterlitz-Thouless temperature.

For the density n = n sp + n f l we derive the free energy with respect to μ keeping only ζ and
T constant, and for the density difference δn = δn sp + δn f l we derive to ζ keeping only μ and
T constant. Now remember our previous discussion: when we keep Δ as a variable we must
use
�
�
�
∂Ω [ T, μ, ζ; Δ ] ��
∂Ω [ T, μ, ζ; Δ ] ��
∂Δ ( T, μ, ζ ) ��
−
×
(154)
n=−
�
�
� .
∂μ
∂Δ
∂μ
T,ζ,μ
T,ζ,Δ
T,ζ
Only ∂Ωsp [ T, μ, ζ; Δ ] /∂Δ will vanish: the partial derivative of Ω f l will remain. So we get
�
�
�
∂Ω f l [ T, μ, ζ; Δ ] ��
∂Ω [ T, μ, ζ; Δ ] ��
∂Δ ( T, μ, ζ ) ��
n=−
−
×
(155)
�
�
� .
�
∂μ
∂Δ
∂μ
T,ζ,Δ

T,ζ

T,ζ,μ

We can write this as a sum of saddle-point density and ﬂuctuation density
n = n sp + n f l
⎧
�
∂Ωsp [ T, μ, ζ; Δ ] �
⎪
⎪
�
⎪
n
=
−
⎪ sp
�
⎨
∂μ
� T,ζ,Δ
�
with
�
∂Ω f l [ T, μ, ζ; Δ ] �
∂Ω f l [ T, μ, ζ; Δ ] ��
⎪
⎪
n =−
−
⎪
�
�
⎪
⎩ fl
�
�
∂μ
∂Δ
T,ζ,Δ

T,ζ,μ

×

�
.
∂Δ ( T, μ, ζ ) ��
�
∂μ
T,ζ

(156)

In these relations the derivatives are taken with respect to a thermodynamic variable while
keeping the others constant. Note that Δ is an order parameter but not a thermodynamic
variable for these relations.
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12. Conclusions
At this point, we can summarize the full set of equations for the problem, including
ﬂuctuations. As a function of temperature T (= 1/(k B β)), chemical potentials μ, ζ and gap Δ,
the thermodynamic potential per unit volume is given by
Ω( T, μ, ζ; Δ ) = Ωsp ( T, μ, ζ; Δ ) + Ω f l ( T, μ, ζ; Δ )

(157)

where the saddle-point and quadratic ﬂuctuation contributions are
1
1
Ωsp ( T, μ, ζ; Δ ) = − |Δ |2 −
∑ ln [− (iνn + Ek ) (iνn − Ek )] ,
g
βV k,n
Ω f l ( T, μ, ζ; Δ ) =

�
�
1
2
ln M11 (q, i� m ) M11 (− q, −i� m ) − M12
(q, i�m ) .
∑
2βV q,m

Here the ﬂuctuation matrix elements are
�
�
+
ξ
iν
m
+
n
q+k
1
��
M11 (q, i� m ) =
∑�
βV k,n
+E
−E
iν
iν
m+n

M12 (q, i� m ) =

1
βV

In these expressions

∑�

k,n

m+n

q+k

iνm+n + Eq +k

1
��

q+k

�

iνm+n − Eq +k

(158)

(159)

1
(iνn − ξ k )
− , (160)
(iνn + Ek ) (iνn − Ek ) g

�

1
Δ2 .
(iνn + Ek ) (iνn − Ek )

iνn = iω n + ζ = i (2n + 1)π/β + ζ

(161)

(162)

are the shifted fermionic Matsubara
� frequencies and � m = 2mπ/β are the bosonic Matsubara

frequencies. Furthermore, Ek = ξ 2k + | Δ |2 is the Bogoliubov dispersion with ξ k = k2 − μ.
Note that the Matsubara summations in the matrix elements can be performed, simplifying
the results so that only a k-integral is left. The fermionic Matsubara summation in M11 results
in
M11 (q, i� m ) = −

1
1
sinh( βEk )
1
+ ∑
g V k cosh( βEk ) + cosh( βζ ) 2Ek
�

�
i� m + ξ q +k − Ek ( Ek + ξ k )
��
�
× ⎝�
i� m + Eq +k − Ek i� m − Eq +k − Ek
⎛

�

�
⎞
i� m + Ek + ξ q +k ( Ek − ξ k )
��
�⎠.
−�
i� m + Ek + Eq +k i� m + Ek − Eq +k

(163)

Path-Integral Description of Cooper Pairing
31 413

Path-Integral Description of Cooper Pairing

The fermionic Matsubara summation in M12 results in
M12 (q, i� m ) = −
⎛

Δ2
sinh( βEk )
1
∑
V k cosh( βEk ) + cosh( βζ ) 2Ek

× ⎝�
+�

i� m + Eq +k − Ek

i� m + Eq +k + Ek

1
��

1
��

�
i� m − Eq +k − Ek
⎞

i� m − Eq +k + Ek

�⎠.

(164)

The above equations provide the necessary ingredients to calculate the free energy, which
in turn gives access to the thermodynamic variables of the system. Analyzing competing
minima or evolving minima in the free energy also allows to derive phase diagrams for the
system. In particular, from the saddle-point free energy (158) we derive the gap equation (the
saddle-point condition):
�
∂Ωsp ( T, μ, ζ; Δ ) ��
=0
(165)
�
∂Δ
T,μ,ζ

from which we can extract Δ ( T, μ, ζ ), and the number equations
�
�
�
∂Ω f l [ T, μ, ζ; Δ ] ��
∂Ω [ T, μ, ζ; Δ ] ��
∂Δ ( T, μ, ζ ) ��
−
n=−
�
�
�
�
∂μ
∂Δ
∂μ
T,ζ,Δ
T,ζ
T,ζ,μ
�
�
�
�
∂Ω f l [ T, μ, ζ; Δ ] �
∂Ω [ T, μ, ζ; Δ ] ��
∂Δ ( T, μ, ζ ) ��
−
δn = −
�
�
� .
�
∂ζ
∂Δ
∂ζ
T,μ,Δ
T,μ

(166)
(167)

T,ζ,μ

The gap and two number equations have to be fulﬁlled simultaneously, and need to be solved
together to determine Δ, μ, ζ from T, n, δn.

The different approaches to fermionic superﬂuidity can be catalogued through the gap and
number equations that they consider. The full set, shown here, corresponds to the so-called
“Gaussian pair ﬂuctuation” (GPF) approach advocated by Hu, Liu and Drummond [14]. If
the last terms in the number equations are dropped, we obtain the famous Nozières and
Schmitt-Rink results [16], ported to the path-integral formalism by Sá de Melo, Randeria and
Engelbrecht [17]. Finally, if also the ﬂuctuation part Ω f l is disregarded, we simply have the
mean-ﬁeld or saddle-point results discussed earlier [18]. The results that we summarized here
form the starting point of many on-going investigations: the effects of imbalance, the effects
of reducing the dimensionality (to study the Berezinskii-Kosterlitz-Thouless transitions [15])
and of optical potentials, the search for the Fulde-Ferrell-Larkin-Ovchinnikov state [19] and
other exotic pairing states,... We hope that the above derivation of the basic functional integral
formalism will be of use to the reader, not only to gain a deeper insight in these applications
of the formalism, but also to extend and modify it.
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1. Introduction
In the beginning of this century the unconventional superconductivity of spin-triplet
type had been experimentally discovered in several itinerant ferromagnets. Since then
much experimental and theoretical research on the properties of these systems has
been accomplished. Here we review the phenomenological theory of ferromagnetic
unconventional superconductors with spin-triplet Cooper pairing of electrons. Some
theoretical aspects of the description of the phases and the phase transitions in
these interesting systems, including the remarkable phenomenon of coexistence of
superconductivity and ferromagnetism are discussed with an emphasis on the comparison
of theoretical results with experimental data.
The spin-triplet or p-wave pairing allows parallel spin orientation of the fermion Cooper pairs
in superﬂuid 3 He and unconventional superconductors [1]. For this reason the resulting
unconventional superconductivity is robust with respect to effects of external magnetic
ﬁeld and spontaneous ferromagnetic ordering, so it may coexist with the latter. This
general argument implies that there could be metallic compounds and alloys, for which the
coexistence of spin-triplet superconductivity and ferromagnetism may be observed.
Particularly, both superconductivity and itinerant ferromagnetic orders can be created by the
same band electrons in the metal, which means that spin-1 electron Cooper pairs participate
in the formation of the itinerant ferromagnetic order. Moreover, under certain conditions the
superconductivity is enhanced rather than depressed by the uniform ferromagnetic order that
can generate it, even in cases when the superconductivity does not appear in a pure form as a
net result of indirect electron-electron coupling.
The coexistence of superconductivity and ferromagnetism as a result of collective behavior
of f -band electrons has been found experimentally for some Uranium-based intermetallic
compounds as, UGe2 [2–5], URhGe [6–8], UCoGe [9, 10], and UIr [11, 12]. At low temperature
( T ∼ 1 K) all these compounds exhibit thermodynamically stable phase of coexistence of
spin-triplet superconductivity and itinerant ( f -band) electron ferromagnetism (in short, FS
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phase). In UGe2 and UIr the FS phase appears at high pressure ( P ∼ 1 GPa) whereas in
URhGe and UCoGe, the coexistence phase persists up to ambient pressure (105 Pa ≡ 1bar ).

Experiments, carried out in ZrZn2 [13], also indicated the appearance of FS phase at T <
1 K in a wide range of pressures (0 < P ∼ 21 kbar). In Zr-based compounds the
ferromagnetism and the p-wave superconductivity occur as a result of the collective behavior
of the d-band electrons. Later experimental results [14, 15] had imposed the conclusion
that bulk superconductivity is lacking in ZrZn2 , but the occurrence of a surface FS phase at
surfaces with higher Zr content than that in ZrZn2 has been reliably demonstrated. Thus
the problem for the coexistence of bulk superconductivity with ferromagnetism in ZrZn2
is still unresolved. This raises the question whether the FS phase in ZrZn2 should be
studied by surface thermodynamics methods or should it be investigated by considering
that bulk and surface thermodynamic phenomena can be treated on the same footing.
Taking into account the mentioned experimental results for ZrZn2 and their interpretation
by the experimentalists [13–15] we assume that the uniﬁed thermodynamic approach can be
applied. As an argument supporting this point of view let us mention that the spin-triplet
superconductivity occurs not only in bulk materials but also in quasi-two-dimensional (2D)
systems – thin ﬁlms and surfaces and quasi-1D wires (see, e.g., Refs. [16]). In ZrZn2 and UGe2
both ferromagnetic and superconducting orders vanish at the same critical pressure Pc , a fact
implying that the respective order parameter ﬁelds strongly depend on each other and should
be studied on the same thermodynamic basis [17].
Fig. 1 illustrates the shape of the T − P phase diagrams of real intermetallic compounds.
The phase transition from the normal (N) to the ferromagnetic phase (FM) (in short, N-FM
transition) is shown by the line TF ( P ). The line TFS ( P ) of the phase transition from FM to
FS (FM-FS transition) may have two or more distinct shapes. Beginning from the maximal
(critical) pressure Pc , this line may extend, like in ZrZn2 , to all pressures P < Pc , including
the ambient pressure Pa ; see the almost straight line containing the point 3 in Fig. 1. A second
possible form of this line, as known, for example, from UGe2 experiments, is shown in Fig. 1
by the curve which begins at P ∼ Pc , passes through the point 2, and terminates at some
pressure P1 > Pa , where the superconductivity vanishes. These are two qualitatively different
physical pictures: (a) when the superconductivity survives up to ambient pressure (type I),
and (b) when the superconducting states are possible only at relatively high pressure (for
UGe2 , P1 ∼ 1 GPa); type II. At the tricritical points 1, 2 and 3 the order of the phase transitions
changes from second order (solid lines) to ﬁrst order (dashed lines). It should be emphasized
that in all compounds, mentioned above, TFS ( P ) is much lower than TF ( P ) when the pressure
P is considerably below the critical pressure Pc (for experimental data, see Sec. 8).
In Fig. 1, the circle C denotes a narrow domain around Pc at relatively low temperatures
(T  300 mK), where the experimental data are quite few and the predictions about the
shape of the phase transition are not reliable. It could be assumed, as in the most part of the
experimental papers, that ( T = 0, P = Pc ) is the zero temperature point at which both lines
TF ( P ) and TFS ( P ) terminate. A second possibility is that these lines may join in a single (N-FS)
phase transition line at some point ( T  0, Pc�  Pc ) above the absolute zero. In this second
variant, a direct N-FS phase transition occurs, although this option exists in a very small
domain of temperature and pressure variations: from point (0, Pc ) to point ( T  0, Pc�  Pc ).
A third variant is related with the possible splitting of the point (0, Pc ), so that the N-FM line
terminates at (0, Pc ), whereas the FM-FS line terminates at another zero temperature point
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Figure 1. An illustration of T − P phase diagram of p-wave ferromagnetic superconductors (details are
omitted): N – normal phase, FM – ferromagnetic phase, FS – phase of coexistence of ferromagnetic order
and superconductivity, TF ( P ) and TFS ( P ) are the respective phase transition lines: solid lines correspond
to second order phase transitions, dashed lines stand for ﬁrst order phase transition; 1 and 2 are
tricritical points; Pc is the critical pressure, and the circle C surrounds a relatively small domain of high
pressure and low temperature, where the phase diagram may have several forms depending on the
particular substance. The line of the FM-FS phase transition may extend up to ambient pressure (type I
ferromagnetic superconductors), or, may terminate at T = 0 at some high pressure P = P1 (type II
ferromagnetic superconductors, as indicated in the ﬁgure).

(0, P0c ); P0c  Pc . In this case, the p-wave ferromagnetic superconductor has three points of
quantum (zero temperature) phase transitions [18, 19].
These and other possible shapes of T − P phase diagrams are described within the framework
of the general theory of Ginzburg-Landau (GL) type [18–20] in a conformity with the
experimental data; see also Ref. [21]. The same theory has been conﬁrmed by a microscopic
derivation based on a microscopic Hamiltonian including a spin-generalized BCS term and
an additional Heisenberg exchange term [22].
For all compounds, cited above, the FS phase occurs only in the ferromagnetic phase domain
of the T − P diagram. Particularly at equilibrium, and for given P, the temperature TF ( P ) of
the normal-to-ferromagnetic phase (or N-FM) transition is never lower than the temperature
TFS ( P ) of the ferromagnetic-to-FS phase transition (FM-FS transition). This conﬁrms the
point of view that the superconductivity in these compounds is triggered by the spontaneous
magnetization M, in analogy with the well-known triggering of the superﬂuid phase A1
in 3 He at mK temperatures by the external magnetic ﬁeld H. Such “helium analogy" has
been used in some theoretical studies (see, e.g., Ref. [23, 24]), where Ginzburg-Landau (GL)
free energy terms, describing the FS phase were derived by symmetry group arguments.
The non-unitary state, with a non-zero value of the Cooper pair magnetic moment, known
from the theory of unconventional superconductors and superﬂuidity in 3 He [1], has been
suggested ﬁrstly in Ref. [23], and later conﬁrmed in other studies [7, 24]; recently, the same
topic was comprehensively discussed in Ref. [25].
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For the spin-triplet ferromagnetic superconductors the trigger mechanism was recently
examined in detail [20, 21]. The system main properties are speciﬁed by terms in the GL
expansion of form Mi ψ j ψk , which represent the interaction of the magnetization M = { M j ; j =
1, 2, 3} with the complex superconducting vector ﬁeld ψ = {ψ j ; j = 1, 2, 3}. Particularly, these
terms are responsible for the appearance of superconductivity (| ψ| > 0) for certain T and P
values. A similar trigger mechanism is familiar in the context of improper ferroelectrics [26].
A crucial feature of these systems is the nonzero magnetic moment of the spin-triplet Cooper
pairs. As mentioned above, the microscopic theory of magnetism and superconductivity
in non-Fermi liquids of strongly interacting heavy electrons ( f and d band electrons) is
either too complex or insufﬁciently developed to describe the complicated behavior in
itinerant ferromagnetic compounds. Several authors (see [20, 21, 23–25]) have explored
the phenomenological description by a self-consistent mean ﬁeld theory, and here we will
essentially use the thermodynamic results, in particular, results from the analysis in Refs. [20,
21]. Mean-ﬁeld microscopic theory of spin-mediated pairing leading to the mentioned
non-unitary superconductivity state has been developed in Ref. [17] that is in conformity with
the phenomenological description that we have done.
The coexistence of s-wave (conventional) superconductivity and ferromagnetic order is a
long-standing problem in condensed matter physics [27–29]. While the s-state Cooper pairs
contain only opposite electron spins and can easily be destroyed by the spontaneous magnetic
moment, the spin-triplet Cooper pairs possess quantum states with parallel orientation
of the electron spins and therefore can survive in the presence of substantial magnetic
moments. This is the basic difference in the magnetic behavior of conventional (s-state) and
spin-triplet superconductivity phases. In contrast to other superconducting materials, for
example, ternaty and Chevrel phase compounds, where the effect of magnetic order on s-wave
superconductivity has been intensively studied in the seventies and eighties of last century
(see, e.g., Refs. [27–29]), in these ferromagnetic compounds the phase transition temperature
TF to the ferromagnetic state is much higher than the phase transition temperature TFS from
ferromagnetic to a (mixed) state of coexistence of ferromagnetism and superconductivity. For
example, in UGe2 we have TFS ∼ 0.8 K versus maximal TF = 52 K [2–5]. Another important
difference between the ternary rare earth compounds and the intermetallic compounds (UGe2 ,
UCoGe, etc.), which are of interest in this paper, is that the experiments with the latter do not
give any evidence for the existence of a standard normal-to-superconducting phase transition
in zero external magnetic ﬁeld. This is an indication that the (generic) critical temperature Ts
of the pure superconductivity state in these intermetallic compounds is very low (Ts � TFS ),
if not zero or even negative.
In the reminder of this paper, we present general thermodynamic treatment of systems
with itinerant ferromagnetic order and superconductivity due to spin-triplet Cooper pairing
of the same band electrons, which are responsible for the spontaneous magnetic moment.
The usual Ginzburg-Landau (GL) theory of superconductors has been completed to
include the complexity of the vector order parameter ψ, the magnetization M and new
relevant energy terms [20, 21]. We outline the T − P phase diagrams of ferromagnetic
spin-triplet superconductors and demonstrate that in these materials two contrasting types
of thermodynamic behavior are possible. The present phenomenological approach includes
both mean-ﬁeld and spin-ﬂuctuation theory (SFT), as the arguments in Ref. [30]. We propose
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a simple, yet comprehensive, modeling of P dependence of the free energy parameters,
resulting in a very good compliance of our theoretical predictions for the shape the T − P
phase diagrams with the experimental data (for some preliminary results, see Ref. [18, 19]).
The theoretical analysis is done by the standard methods of phase transition theory [31].
Treatment of ﬂuctuation effects and quantum correlations [31, 32] is not included in this study.
But the parameters of the generalized GL free energy may be considered either in mean-ﬁeld
approximation as here, or as phenomenologically renormalized parameters which are affected
by additional physical phenomena, as for example, spin ﬂuctuations.
We demonstrate with the help of present theory that we can outline different possible
topologies for the T − P phase diagram, depending on the values of Landau parameters,
derived from the existing experimental data. We show that for spin-triplet ferromagnetic
superconductors there exist two distinct types of behavior, which we denote as Zr-type
(or, alternatively, type I) and U-type (or, type II); see Fig. 1. This classiﬁcation of the FS,
ﬁrst mentioned in Ref. [18], is based on the reliable interrelationship between a quantitative
criterion derived by us and the thermodynamic properties of the ferromagnetic spin-triplet
superconductors. Our approach can be also applied to URhGe, UCoGe, and UIr. The
results shed light on the problems connected with the order of the quantum phase transitions
at ultra-low and zero temperatures. They also raise the question for further experimental
investigations of the detailed structure of the phase diagrams in the high-P/low-T region.

2. Theoretical framework
Consider the GL free energy functional of the form




B2
F (ψ, B) =
dx f S (ψ ) + f F ( M ) + f I (ψ, M ) +
− B.M ,
8π
V

(1)

where the ﬁelds ψ, M, and B are supposed to depend on the spatial vector x ∈ V in the
volume V of the superconductor. In Eq. (1), the free energy density generated by the generic
superconducting subsystem (ψ) is given by
f S (ψ) = f grad (ψ ) + as | ψ|2 +

bs
us
vs 3
| ψ|4 + | ψ2 |2 +
| ψ j |4 ,
2
2
2 j∑
=1

(2)

with


f grad (ψ) = K1 ( Di ψ j )∗ ( Di D j ) + K2 ( Di ψi )∗ ( D j ψ j ) + ( Di ψ j )∗ ( D j ψi )

(3)

∗

+ K 3 ( D i ψi ) ( D i ψi ) ,

where a summation over the indices (i, j) is assumed, the symbol D j = (h̄∂/i∂x j + 2| e| A j /c)
of covariant differentiation is introduced, and K j are material parameters [1]. The free energy
density f F ( M ) of a standard ferromagnetic phase transition of second order [31] is
fF( M ) = c f

3

∑ |∇ M j |2 + a f M 2 +

j =1

bf
2

M4,

(4)
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with c f , b f > 0, and a f = α( T − T f ), where α f > 0 and T f is the critical temperature,
corresponding of the generic ferromagnetic phase transition. Finally, the energy f I (ψ, M )
produced by the possible couplings of ψ and M is given by
f I (ψ, M ) = iγ0 M.(ψ × ψ∗ ) + δ0 M 2 | ψ|2 ,

(5)

where the coupling parameter γ0 ∼ J depends on the ferromagnetic exchange parameter
J > 0, [23, 24] and δ0 is the standard M − ψ coupling parameter, known from the theory
of multicritical phenomena [31] and from studies of coexistence of ferromagnetism and
superconductivity in ternary compounds [27, 28].
As usual, in Eq. (2), as = ( T − Ts ), where Ts is the critical temperature of the generic
superconducting transition, bs > 0. The parameters u s and vs and δ0 may take some negative
values, provided the overall stability of the system is preserved. The values of the material
parameters μ = (Ts , T f , αs , α f , bs , u s , vs , b f , K j , γ0 and δ0 ) depend on the choice of the substance
and on intensive thermodynamic parameters, such as the temperature T and the pressure P.
From a microscopic point of view, the parameters μ depend on the density of states UF (k F )
on the Fermi surface. On the other hand UF varies with T and P. Thus the relationships
( T, P)  UF  μ, i.e., the functional relations μ [UF ( T, P)], are of essential interest. While
these relations are unknown, one may suppose some direct dependence μ ( T, P ). The latter
should correspond to the experimental data.
The free energy (1) is quite general. It has been deduced by several reliable arguments. In
order to construct Eq. (1)–(5) we have used the standard GL theory of superconductors and
the phase transition theory with an account of the relevant anisotropy of the p-wave Cooper
pairs and the crystal anisotropy, described by the u s - and vs -terms in Eq. (2), respectively.
Besides, we have used the general case of cubic anisotropy, when all three components ψ j of
ψ are relevant. Note, that in certain real cases, for example, in UGe2 , the crystal symmetry is
tetragonal, ψ effectively behaves as a two-component vector and this leads to a considerable
simpliﬁcation of the theory. As shown in Ref. [20], the mentioned anisotropy terms are not
essential in the description of the main thermodynamic properties, including the shape of the
T − P phase diagram. For this reason we shall often ignore the respective terms in Eq. (2).
The γ0 -term triggers the superconductivity (M-triger effect [20, 21]) while the δ0 M 2 | ψ |2–term
makes the model more realistic for large values of M. This allows for an extension of the
domain of the stable ferromagnetic order up to zero temperatures for a wide range of values
of the material parameters and the pressure P. Such a picture corresponds to the real situation
in ferromagnetic compounds [20].
The total free energy (1) is difﬁcult for a theoretical investigation. The various vortex and
uniform phases described by this complex model cannot be investigated within a single
calculation but rather one should focus on particular problems. In Ref. [24] the vortex phase
was discussed with the help of the criterion [33] for a stability of this state near the phase
transition line Tc2 ( B ), ; see also, Ref. [34]. The phase transition line Tc2 ( H ) of a usual
superconductor in external magnetic ﬁeld H = | H | is located above the phase transition line
Ts of the uniform (Meissner) phase. The reason is that Ts is deﬁned by the equation as ( T ) = 0,
whereas Tc2 ( H ) is a solution of the equation | as | = μ B H, where μ B = | e| h̄/2mc is the
Bohr magneton [34]. For ferromagnetic superconductors, where M > 0, one should use the
magnetic induction B rather than H. In case of H = 0 one should apply the same criterion with
respect to the magnetization M for small values of | ψ| near the phase transition line Tc2 ( M );
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M = | M |. For this reason we should use the diagonal quadratic form [35] corresponding
to the entire ψ2 -part of the total free energy functional (1). The lowest energy term in this
diagonal quadratic part contains a coefﬁcient a of the form a = ( as − γ0 M − δM2 ) [35]. Now
the equation a( T ) = 0 deﬁnes the critical temperature of the Meissner phase and the equation
| as | = μ B M stands for Tc2 ( M ). It is readily seen that these two equations can be written
in the same form, provided the parameter γ0 in a is substituted by γ0� = (γ0 − μ B ). Thus
the phase transition line corresponding to the vortex phase, described by the model (1) at
zero external magnetic ﬁeld and generated by the magnetization M, can be obtained from
the phase transition line corresponding to the uniform superconducting phase by an effective
change of the value of the parameter γ0 . Both lines have the same shape and this is a particular
property of the present model. The variation of the parameter γ0 generates a family of lines.
Now we propose a possible way of theoretical treatment of the TFS ( P ) line of the FM-FS phase
transition, shown in Fig. (1). This is a crucial point in our theory. The phase transition line of
the uniform superconducting phase can be calculated within the thermodynamic analysis of
the uniform phases, described by the free energy (1). This analysis is done in a simple variant
of the free energy (1) in which the ﬁelds ψ and M do not depend on the spatial vector x.
The accomplishment of such analysis will give a formula for the phase transition line TFS ( P )
which corresponds a Meissner phase coexisting with the ferromagnetic order. The theoretical
result for TFS ( P ) will contain a unspeciﬁed parameter γ0 . If the theoretical line TFS ( P ) is
ﬁtted to the experimental data for the FM-FS transition line corresponding to a particular
compound, the two curves will coincide for some value of γ0 , irrespectively on the structure
of the FS phase. If the FS phase contains a vortex superconductivity the ﬁtting parameter
γ0( e f f ) should be interpreted as γ0� but if the FS phase contains Meissner superconductivity,
γ0( e f f ) should be identiﬁed as γ0 . These arguments justify our approach to the investigation
of the experimental data for the phase diagrams of intermetallic compounds with FM and FS
phases. In the remainder of this paper, we shall investigate uniform phases.

3. Model considerations
In the previous section we have justiﬁed a thermodynamic analysis of the free energy (1) in
terms of uniform order parameters. Neglecting the x-dependence of ψ and M, the free energy
per unit volume, F/V = f (ψ, M ) in zero external magnetic ﬁeld ( H = 0), can be written in
the form
f (ψ, M ) = as | ψ|2 +

bf
bs
us
vs 3
| ψ | 4 + | ψ2 | 2 +
| ψ j |4 + a f M 2 + M 4
∑
2
2
2 j =1
2

(6)

+ iγ0 M · (ψ × ψ∗ ) + δ0 M 2 | ψ|2 .
Here we slightly modify the parameter a f by choosing a f = α f [ T n − T nf ( P )], where n =
1 gives the standard form of a f , and n = 2 applies for SFT [30] and the Stoner-Wohlfarth
model [36]. Previous studies [20] have shown that the anisotropy represented by the u s and
vs terms in Eq. (6) slightly perturbs the size and shape of the stability domains of the phases,
while similar effects can be achieved by varying the bs factor in the bs | ψ|4 term. For these
reasons, in the present analysis we ignore the anisotropy terms, setting u s = vs = 0, and
consider bs ≡ b > 0 as an effective parameter. Then, without loss of generality, we are free to
choose the magnetization vector to have the form M = (0, 0, M ).
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According to the microscopic theory of band magnetism and superconductivity the
macroscopic material parameters in Eq. (6) depend in a quite complex way on the density
of states at the Fermi level and related microscopic quantities [37]. That is why we can
hardly use the microscopic characteristics of these complex metallic compounds in order to
elucidate their thermodynamic properties, in particular, in outlining their phase diagrams in
some details. However, some microscopic simple microscopic models reveal useful results,
for example, the zero temperature Stoner-type model employed in Ref. [38].
We redeﬁne for convenience the free energy (6) in a dimensionless form by f˜ = f /(b f M04 ),
where M0 = [ α f T nf0 /b f ]1/2 > 0 is the value of the magnetization M corresponding to the pure
magnetic subsystem (ψ ≡ 0) at T = P = 0 and T f 0 = T f (0). The order parameters assume
the scaling m = M/M0 and ϕ = ψ/[(b f /b )1/4 M0 ], and as a result, the free energy becomes
φ4
m4
+ tm2 +
+ 2γmφ1 φ2 sinθ + γ1 m2 φ2 ,
(7)
f˜ = rφ2 +
2
2
where φj = | ϕ j |, φ = |ϕ|, and θ = (θ2 − θ1 ) is the phase angle between the complex ϕ1 =
φ1 eiθ1 and ϕ2 = φ2 eθ2 . Note that the phase angle θ3 , corresponding to the third complex ﬁeld
component ϕ3 = φ3 eiθ3 does not enter explicitly in the free energy f˜, given by Eq. (7), which
is a natural result of the continuous space degeneration. The dimensionless parameters t, r, γ
and γ1 in Eq. (7) are given by
t = T̃ n − T̃ nf ( P ),

r = κ ( T̃ − T̃s ),

(8)

1/2 T n−1 , γ = γ /[ α T n b ]1/2 , and γ = δ /( bb )1/2 . The reduced
where κ = αs b1/2
0
0
1
f f0
f
f0
f /α f b

temperatures are T̃ = T/T f 0 , T̃ f ( P ) = T f ( P )/T f 0 , and T̃s ( P ) = Ts ( P )/T f 0 .
The analysis involves making simple assumptions for the P dependence of the t, r, γ, and γ1
parameters in Eq. (7). Speciﬁcally, we assume that only T f has a signiﬁcant P dependence,
described by
T̃ f ( P ) = (1 − P̃ )1/n ,

(9)

where P̃ = P/P0 and P0 is a characteristic pressure deduced later. In ZrZn2 and UGe2
the P0 values are very close to the critical pressure Pc at which both the ferromagnetic and
superconducting orders vanish, but in other systems this is not necessarily the case. As we
will discuss, the nonlinearity (n = 2) of T f ( P ) in ZrZn2 and UGe2 is relevant at relatively high
P, at which the N-FM transition temperature TF ( P ) may not coincide with T f ( P ); TF ( P ) is
the actual line of the N-FM phase transition, as shown in Fig. (1). The form (9) of the model
function T̃ f ( P ) is consistent with preceding experimental and theoretical investigations of the
N-FM phase transition in ZrZn2 and UGe2 (see, e.g., Refs. [4, 24, 39]). Here we consider only
non-negative values of the pressure P (for effects at P < 0, see, e.g., Ref. [44]).
The model function (9) is deﬁned for P ≤ P0 , in particular, for the case of n > 1, but we should
have in mind that, in fact, the thermodynamic analysis of Eq. (7) includes the parameter t
rather than T f ( P ). This parameter is given by
t( T, P ) = T̃ n − 1 + P̃,

(10)
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and is well deﬁned for any P̃. This allows for the consideration of pressures P > P0 within the
free energy (7).
The model function T̃ f ( P ) can be naturally generalized to T̃ f ( P ) = (1 − P̃ β )1/α but the present
needs of interpretation of experimental data do not require such a complex consideration
(hereafter we use Eq. (9) which corresponds to β = 1 and α = n). Besides, other analytical
forms of T̃ f ( P̃ ) can also be tested in the free energy (7), in particular, expansion in powers of
P̃, or, alternatively, in (1 − P̃ ) which satisfy the conditions T̃ f (0) = 1 and T̃ f (1) = 0. Note,
that in URhGe the slope of TF ( P ) ∼ T f ( P ) is positive from P = 0 up to high pressures [8] and
for this compound the form (9) of T̃ f ( P ) is inconvenient. Here we apply the simplest variants
of P-dependence, namely, Eqs. (9) and (10).
In more general terms, all material parameters (r, t, γ, . . . ) may depend on the pressure. We
suppose that a suitable choice of the dependence of t on P is enough for describing the main
thermodynamic properties and this supposition is supported by the ﬁnal results, presented in
the remainder of this paper. But in some particular investigations one may need to introduce
a suitable pressure dependence of other parameters.

4. Stable phases
The simpliﬁed model (7) is capable of describing the main thermodynamic properties of
spin-triplet ferromagnetic superconductors. For r > 0, i.e., T > Ts , there are three stable
phases [20]: (i) the normal (N-) phase, given by φ = m = 0 (stability conditions: t ≥ 0,
r ≥ 0); (ii) the pure ferromagnetic phase (FM phase), given by m = (− t)1/2 > 0, φ = 0,
which exists for t < 0 and is stable provided r ≥ 0 and r ≥ (γ1 t + γ | t|1/2 ), and (iii) the
already mentioned phase of coexistence of ferromagnetic
order and superconductivity (FS
√
phase), given by sinθ = ∓1, φ3 = 0, φ1 = φ2 = φ/ 2, where
φ2 = κ ( T̃s − T̃ ) ± γm − γ1 m2 ≥ 0.

(11)

c3 m 3 ± c2 m 2 + c1 m ± c0 = 0

(12)

The magnetization m satisﬁes the equation

with coefﬁcients c0 = γκ ( T̃ − T̃s ),


γ2
c1 = 2 T̃ n + κγ1 ( T̃s − T̃ ) + P̃ − 1 −
,
2
c2 = 3γγ1 ,

c3 = 2(1 − γ12 ).

(13)
(14)

The FS phase contains two thermodynamically equivalent phase domains that can be
distinguished by the upper and lower signs (±) of some terms in Eqs. (11) and (12). The
upper sign describes the domain (labelled bellow again by FS), where m > 0, sinθ = −1,
whereas the lower sign describes the conjunct domain FS∗ , where m < 0 and sinθ = 1
(for details, see, Ref. [20]). Here we consider one of the two thermodynamically equivalent
phase domains, namely, the domain FS, which is stable for m > 0 (FS∗ is stable for m < 0).
This “one-domain approximation" correctly presents the main thermodynamic properties
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N
A
B
C
max

T̃N
T̃s
T̃s + γ2 (2 + γ1 )/4κ (1 + γ1 )2
T̃s + γ2 /4κ (1 + γ1 )
T̃s + γ2 /4κγ1

tN
γ2 /2
− γ2 /4(1 + γ1 )2
0
− γ2 /4γ12

Will-be-set-by-IN-TECH

P̃N (n )
1 − T̃sn + γ2 /2
1 − T̃Bn − γ2 /4(1 + γ1 )2
1 − T̃Cn
n − γ2 /4γ2
1 − T̃m
1

Table 1. Theoretical results for the location [( T̃, P̃ ) - reduced coordinates] of the tricritical points A
≡ ( T̃A , P̃A ) and B ≡ ( T̃B , P̃B ), the critical-end point C ≡ ( T̃C , P̃C ), and the point of temperature maximum,
max =( T̃m , P̃m ) on the curve T̃FS ( P̃) of the FM-FS phase transitions of ﬁrst and second orders (for details,
see Sec. 5). The ﬁrst column shows T̃N ≡ T̃( A,B,C,m ). The second column stands for t N = t( A,B,C,m ) . The
reduced pressure values P̃( A,B,C,m ) of points A, B, C, and max are denoted by P̃N ( n ): n = 1 stands for the
linear dependence T f ( P ), and n = 2 stands for the nonlinear T f ( P ) and t( T ), corresponding to SFT.

described by the model (6), in particular, in the case of a lack of external symmetry breaking
ﬁelds. The stability conditions for the FS phase domain given by Eqs.(11) and (12) are γM ≥ 0,
κ ( T̃s − T̃ ) ± γm − 2γ1 m2 ≥ 0,

(15)

and

γ2
≥ 0.
(16)
2
These results are valid whenever T f ( P ) > Ts ( P ), which excludes any pure superconducting
phase (ψ �= 0, m = 0) in accord with the available experimental data.
3(1 − γ12 )m2 + 3γγ1 m + T̃ n − 1 + P̃ + κγ1 ( T̃s − T̃ ) −

For r < 0, and t > 0 the models (6) and (7) exhibit a stable pure superconducting phase (φ1 =
φ2 = m = 0, φ32 = −r) [20]. This phase may occur in the temperature domain T f ( P ) < T < Ts .
For systems, where T f (0) � Ts , this is a domain of pressure in a very close vicinity of P0 ∼ Pc ,
where TF ( P ) ∼ T f ( P ) decreases up to values lower than Ts . Of course, such a situation is
described by the model (7) only if Ts > 0. This case is interesting from the experimental
point of view only when Ts > 0 is enough above zero to enter in the scope of experimentally
measurable temperatures. Up to date a pure superconducting phase has not been observed
within the accuracy of experiments on the mentioned metallic compounds. For this reason, in
the reminder of this paper we shall often assume that the critical temperature Ts of the generic
superconducting phase transition is either non-positive ( Ts ≤ 0), or, has a small positive value
which can be neglected in the analysis of the available experimental data.
The negative values of the critical temperature Ts of the generic superconducting phase
transition are generally possible and produce a variety of phase diagram topologies (Sec. 5).
Note, that the value of Ts depends on the strength of the interaction mediating the formation
of the spin-triplet Cooper pairs of electrons. Therefore, for the sensitiveness of such electron
couplings to the crystal lattice properties, the generic critical temperature Ts depends on the
pressure. This is an effect which might be included in our theoretical scheme by introducing
some convenient temperature dependence of Ts . To do this we need information either from
experimental data or from a comprehensive microscopic theory.
Usually, Ts ≤ 0 is interpreted as a lack of any superconductivity but here the same
non-positive values of Ts are effectively enhanced to positive values by the interaction
parameter γ which triggers the superconductivity up to superconducting phase-transition
temperatures TFS ( P ) > 0. This is readily seen from Table 1, where we present the reduced
critical temperatures on the FM-FS phase transition line T̃FS ( P̃ ), calculated from the present
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theory, namely, T̃m – the maximum of the curve TFS ( P ) (if available, see Sec. 5), the
temperatures T̃A and T̃B , corresponding to the tricritical points A ≡ ( T̃A , P̃A ) and B ≡ ( T̃B , P̃B ),
and the temperature T̃C , corresponding to the critical-end point C ≡ ( T̃C , P̃C ). The theoretical
derivation of the dependence of the multicritical temperatures T̃A , T̃B and T̃C on γ, γ1 , κ, and
T̃s , as well as the dependence of T̃m on the same model parameters is outlined in Sec. 5. All
these temperatures as well as the whole phase transition line TFS ( P ) are considerably boosted
above Ts owing to positive terms of order γ2 . If T̃s < 0, the superconductivity appears,
provided T̃m > 0, i.e., when γ2 /4κγ1 > | T̃s | (see Table 1).

5. Temperature-pressure phase diagram
Although the structure of the FS phase is quite complicated, some of the results can be
obtained in analytical form. A more detailed outline of the phase domains, for example, in
T − P phase diagram, can be done by using suitable values of the material parameters in the
free energy (7): P0 , T f 0 , Ts , κ, γ, and γ1 . Here we present some of the analytical results for the
phase transition lines and the multi-critical points. Typical shapes of phase diagrams derived
directly from Eq. (7) are given in Figs. 2–7. Figure 2 shows the phase diagram calculated from
Eq. (7) for parameters, corresponding to the experimental data [13] for ZrZn2 . Figures 3 and 4
show the low-temperature and the high-pressure parts of the same phase diagram (see Sec. 7
for details). Figures 5–7 show the phase diagram calculated for the experimental data [2, 4]
of UGe2 (see Sec. 8). In ZrZn2 , UGe2 , as well as in UCoGe and UIr, critical pressure Pc exists,
where both superconductivity and ferromagnetic orders vanish.
As in experiments, we ﬁnd out from our calculation that in the vicinity of P0 ∼ Pc the FM-FS
phase transition is of ﬁst order, denoted by the solid line BC in Figs. 3, 4, 6, and 7. At lower
pressure the same phase transition is of second orderq shown by the dotted lines in the same
ﬁgures. The second order phase transition line T̃FS ( P ) separating the FM and FS phases is
given by the solution of the equation
T̃FS ( P̃ ) = T̃s + γ˜1 t FS ( P̃ ) + γ̃ [− t FS ( P̃ )]1/2 ,

(17)

where t FS ( P̃ ) = t( TFS , P̃ ) ≤ 0, γ̃ = γ/κ, γ̃1 = γ1 /κ, and 0 < P̃ < P̃B ; PB is the pressure
corresponding to the multi-critical point B, where the line TFS ( P ) terminates, as clearly shown
in Figs. 4 and 7). Note, that Eq. (17) strictly coincides with the stability condition for the FM
phase with respect to appearance of FS phase [20].
Additional information for the shape of this phase transition line can be obtained by the
derivative ρ̃ = ∂ T̃FS ( P̃ )/∂ P̃, namely,
ρ̃ =

ρ̃s + γ˜1 − γ̃/2(− t FS )1/2

,
n −1 ˜
1 − n T̃FS
γ1 − γ̃/2[(− t FS )1/2

(18)

where ρ̃s = ∂ T̃s ( P̃ )/∂ P̃. Note, that Eq. (18) is obtained from Eqs. (10) and (17).
The shape of the line T̃FS ( P ) can vary depending on the theory parameters (see, e.g., Figs.3
and 6). For certain ratios of γ̃, γ̃1 , and values of ρ̃s , the curve T̃FS ( P̃ ) exhibits a maximum
T̃m = T̃FS ( P̃m ), given by ρ̃ (ρ̃s , Tm , Pm ) = 0. This maximum is clearly seen in Figs. 6 and 7. To
locate the maximum we need to know ρ̃s . We have already assumed Ts does not depend on
P, as explained above, which from the physical point of view means that the function Ts ( P ) is
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ﬂat enough to allow the approximation T̃s ≈ 0 without a substantial error in the results. From
our choice of P-dependence of the free energy [Eq. (7)] parameters, it follow that ρ̃s = 0.
Setting ρ̃s = ρ̃ = 0 in Eq. (18) we obtain
t( Tm , Pm ) = −

γ̃2
,
4γ̃12

(19)

namely, the value tm ( T, P ) = t( Tm , Pm ) at the maximum Tm ( Pm ) of the curve TFS ( P ).
Substituting tm back in Eq. (17) we obtain Tm , and with its help we also obtain the pressure
Pm , both given in Table 1, respectively.
We want to draw the attention to a particular feature of the present theory that the coordinates
Tm and Pm of the maximum (point max) at the curve TFS ( P ) as well as the results from
various calculations with the help of Eqs. (17) and (18) are expressed in terms of the reduced
interaction parameters γ̃ and γ̃1 . Thus, using certain experimental data for Tm , Pm , as well
as Eqs. (17) and (18) for TFS , Ts , and the derivative ρ at particular values of the pressure P, γ̃
and γ̃1 can be calculated without any additional information, for example, for the parameter
κ. This property of the model (7) is quite useful in the practical work with the experimental
data.

Figure 2. T − P diagram of ZrZn2 calculated for Ts = 0, T f 0 = 28.5 K, P0 = 21 kbar, κ = 10,
γ̃ = 2γ˜1 ≈ 0.2, and n = 1. The dotted line represents the FM-FS transition and the dashed line stands for
the second order N-FM transition. The dotted line has a zero slope at P = 0. The low-temperature and
high-pressure domains of the FS phase are seen more clearly in the following Figs. 3 and 4.

The conditions for existence of a maximum on the curve TFS ( P ) can be determined by
requiring P̃m > 0, and T̃m > 0 and using the respective formulae for these quantities, shown in
Table 1. This max always occurs in systems where TFS (0) ≤ 0 and the low-pressure part of the
curve TFS ( P ) terminates at T = 0 for some non-negative critical pressure P0c (see Sec. 6).
But the max may occur also for some sets of material parameters, when TFS (0) > 0 (see
Fig. 3, where Pm = 0). All these shapes of the line TFS ( P ) are described by the model (7).
Irrespectively of the particular shape, the curve TFS ( P ) given by Eq. (17) always terminates at
the tricritical point (labeled B), with coordinates ( PB , TB ) (see, e.g., Figs. 4 and 7).
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Figure 3. Details of Fig. 2 with expanded temperature scale. The points A, B, C are located in the
high-pressure part (P ∼ Pc ∼ 21 kbar). The max point is at P ≈ 0 kbar. The FS phase domain is shaded.
The dotted line shows the second order FM-FS phase transition with Pm ≈ 0. The solid straight line BC
shows the ﬁst-order FM-FS transition for P > PB . The quite ﬂat solid line AC shows the ﬁrst order N-FS
transition (the lines BC and AC are more clearly seen in Fig. 4. The dashed line stands for the second
order N-FM transition.

At pressure P > PB the FM-FS phase transition is of ﬁrst order up to the critical-end point
C. For PB < P < PC the FM-FS phase transition is given by the straight line BC (see, e.g.,
Figs. 4 and 7). The lines of all three phase transitions, N-FM, N-FS, and FM-FS, terminate
at point C. For P > PC the FM-FS phase transition occurs on a rather ﬂat smooth line of
equilibrium transition of ﬁrst order up to a second tricritical point A with PA ∼ P0 and TA ∼ 0.
Finally, the third transition line terminating at the point C describes the second order phase
transition N-FM. The reduced temperatures T̃N and pressures P̃N , N = (A, B, C, max) at the
three multi-critical points (A, B, and C), and the maximum Tm ( Pm ) are given in Table 1. Note
that, for any set of material parameters, TA < TC < TB < Tm and Pm < PB < PC < PA .
There are other types of phase diagrams, resulting from model (7). For negative values of
the generic superconducting temperature Ts , several other topologies of the T − P diagram
can be outlined. The results for the multicritical points, presented in Table 1, shows that,
when Ts lowers below T = 0, TC also decreases, ﬁrst to zero, and then to negative values.
When TC = 0 the direct N-FS phase transition of ﬁrst order disappears and point C becomes
a very special zero-temperature multicritical point. As seen from Table 1, this happens for
Ts = − γ2 T f (0)/4κ (1 + γ1 ). The further decrease of Ts causes point C to fall below the zero
temperature and then the zero-temperature phase transition of ﬁrst order near Pc splits into
two zero-temperature phase transitions: a second order N-FM transition and a ﬁrst order
FM-FS transition, provided TB still remains positive.
At lower Ts also point B falls below T = 0 and the FM-FS phase transition becomes entirely of
second order. For very extreme negative values of Ts , a very large pressure interval below Pc
may occur where the FM phase is stable up to T = 0. Then the line TFS ( P ) will exist only for
relatively small pressure values ( P � Pc ). This shape of the stability domain of the FS phase
is also possible in real systems.
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Figure 4. High-pressure part of the phase diagram of ZrZn2 , shown in Fig. 1. The thick solid lines AC
and BC show the ﬁrst-order transitions N-FS, and FM-FS, respectively. Other notations are explained in
Figs. 2 and 3.

6. Quantum phase transitions
We have shown that the free energy (6) describes zero temperature phase transitions. Usually,
the properties of these phase transitions essentially depend on the quantum ﬂuctuations of
the order parameters. For this reason the phase transitions at ultralow and zero temperature
are called quantum phase transitions [31, 32]. The time-dependent quantum ﬂuctuations
(correlations) which describe the intrinsic quantum dynamics of spin-triplet ferromagnetic
superconductors at ultralow temperatures are not included in our consideration but some
basic properties of the quantum phase transitions can be outlines within the classical limit
described by the free energy models (6) and (7). Let we brieﬂy clarify this point.
The classical ﬂuctuations are entirely included in the general GL functional (1)–(5) but the
quantum ﬂuctuations should be added in a further generalization of the theory. Generally,
both classical (thermal) and quantum ﬂuctuations are investigated by the method of the
renormalization group (RG) [31], which is specially intended to treat the generalized action of
system, where the order parameter ﬁelds (ϕ and M) ﬂuctuate in time t and space x [31, 32].
These effects, which are beyond the scope of the paper, lead either to a precise treatment of
the narrow critical region in a very close vicinity of second order phase transition lines or to
a ﬂuctuation-driven change in the phase-transition order. But the thermal ﬂuctuations and
quantum correlation effects on the thermodynamics of a given system can be unambiguously
estimated only after the results from counterpart simpler theory, where these phenomena
are not present, are known and, hence, the distinction in the thermodynamic properties
predicted by the respective variants of the theory can be established. Here we show that the
basic low-temperature and ultralow-temperature properties of the spin-triplet ferromagnetic
superconductors, as given by the preceding experiments, are derived from the model (6)
without any account of ﬂuctuation phenomena and quantum correlations. The latter might be
of use in a more detailed consideration of the close vicinity of quantum critical points in the
phase diagrams of ferromagnetic spin-triplet superconductors. Here we show that the theory
predicts quantum critical phenomena only for quite particular physical conditions whereas
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the low-temperature and zero-temperature phase transitions of ﬁrst order are favored by both
symmetry arguments and detailed thermodynamic analysis.
There is a number of experimental [9, 40] and theoretical [17, 41, 42] investigations of the
problem for quantum phase transitions in unconventional ferromagnetic superconductors,
including the mentioned intermetallic compounds. Some of them are based on different
theoretical schemes and do not refer to the model (6). Others, for example, those in
Ref. [41] reported results about the thermal and quantum ﬂuctuations described by the
model (6) before the comprehensive knowledge for the results from the basic treatment
reported in the present investigation. In such cases one could not be sure about the correct
interpretation of the results from the RG and the possibilities for their application to particular
zero-temperature phase transitions. Here we present basic results for the zero-temperature
phase transitions described by the model (6).

Figure 5. T − P diagram of UGe2 calculated taking Ts = 0, T f 0 = 52 K, P0 = 1.6 GPa, κ = 4, γ̃ = 0.0984,
γ˜1 = 0.1678, and n = 1. The dotted line represents the FM-FS transition and the dashed line stands for
the N-FM transition. The low-temperature and high-pressure domains of the FS phase are seen more
clearly in the following Figs. 6 and 7.

The RG investigation [41] has demonstrated up to two loop order of the theory that the
thermal ﬂuctuations of the order parameter ﬁelds rescale the model (6) in a way which
corresponds to ﬁrst order phase transitions in magnetically anisotropic systems. This result
is important for the metallic compounds we consider here because in all of them magnetic
anisotropy is present. The uniaxial magnetic anisotropy in ZrZn2 is much weaker than in
UGe2 but cannot be neglected when ﬂuctuation effects are accounted for. Owing to the
particular symmetry of model (6), for the case of magnetic isotropy (Heisenberg symmetry),
the RG study reveals an entirely different class of (classical) critical behavior. Besides, the
different spatial dimensions of the superconducting and magnetic quantum ﬂuctuations
imply a lack of stable quantum critical behavior even when the system is completely
magnetically isotropic. The pointed arguments and preceding results lead to the reliable
conclusion that the phase transitions, which have already been proven to be ﬁrst order in the
lowest-order approximation, where thermal and quantum ﬂuctuations are neglected, will not

430 16
Superconductors – Materials, Properties and Applications

Will-be-set-by-IN-TECH

undergo a ﬂuctuation-driven change in the phase transition order from ﬁrst to second. Such
picture is described below, in Sec. 8, and it corresponds to the behavior of real compounds.
Our results deﬁnitely show that the quantum phase transition near Pc is of ﬁrst order. This
is valid for the whole N-FS phase transition below the critical-end point C, as well as the
straight line BC. The simultaneous effect of thermal and quantum ﬂuctuations do not change
the order of the N-FS transition, and it is quite unlikely to suppose that thermal ﬂuctuations
of the superconductivity ﬁeld ψ can ensure a ﬂuctuation-driven change in the order of
the FM-FS transition along the line BC. Usually, the ﬂuctuations of ψ in low temperature
superconductors are small and slightly inﬂuence the phase transition in a very narrow critical
region in the vicinity of the phase-transition point. This effect is very weak and can hardly be
observed in any experiment on low-temperature superconductors. Besides, the ﬂuctuations
of the magnetic induction B always tend to a ﬂuctuation-induced ﬁrst-order phase transition
rather than to the opposite effect - the generation of magnetic ﬂuctuations with inﬁnite
correlation length at the equilibrium phase-transition point and, hence, a second order phase
transition [31, 43]. Thus we can quire reliably conclude that the ﬁrst-order phase transitions
at low-temperatures, represented by the lines BC and AC in vicinity of Pc do not change their
order as a result of thermal and quantum ﬂuctuation ﬂuctuations.

Figure 6. Low-temperature part of the T − P phase diagram of UGe2 , shown in Fig. 5. The points A, B,
C are located in the high-pressure part (P ∼ Pc ∼ 1.6 GPa). The FS phase domain is shaded. The thick
solid lines AC and BC show the ﬁrst-order transitions N-FS, and FM-FS, respectively. Other notations are
explained in Figs. 2 and 3.

Quantum critical behavior for continuous phase transitions in spin-triplet ferromagnetic
superconductors with magnetic anisotropy can therefore be observed at other
zero-temperature transitions, which may occur in these systems far from the critical
pressure Pc . This is possible when TFS (0) = 0 and the TFS ( P ) curve terminates at T = 0 at
one or two quantum (zero-temperature) critical points: P0c < Pm - “lower critical pressure",
� > P – “upper critical pressure." In order to obtain these critical pressures one should
and P0c
m
solve Eq. (17) with respect to P, provided TFS ( P ) = 0, Tm > 0 and Pm > 0, namely, when
� is bounded
the continuous function TFS ( P ) exhibits a maximum. The critical pressure P0c
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in the relatively narrow interval (Pm , PB ) and can appear for some special sets of material
� do not exists for T ≥ 0.
parameters (r, t, γ, γ1 ). In particular, as our calculations show, P0c
s

7. Criteria for type I and type II spin-triplet
ferromagnetic superconductors
� for the general case of T � = 0
The analytical calculation of the critical pressures P0c and P0c
s
� . The correct
leads to quite complex conditions for appearance of the second critical ﬁeld P0c
treatment of the case Ts �= 0 can be performed within the entire two-domain picture for the
phase FS (see, also, Ref. [20]). The complete study of this case is beyond our aims but here
we will illustrate our arguments by investigation of the conditions, under which the critical
pressure Poc occurs in systems with Ts ≈ 0. Moreover, we will present the general result for
� ≥ 0 in systems where T � = 0.
P0c ≥ 0 and P0c
s

Figure 7. High-pressure part of the phase diagram of UGe2 , shown in Fig. 4. Notations are explained in
Figs. 2, 3, 5, and 6.

Setting TFS ( P0c ) = 0 in Eq. (17) we obtain the following quadratic equation,
γ̃1 m20c − γ̃m0c − T̃s = 0,

(20)

m0c = [− t(0, P̃oc )]1/2 = (1 − P̃0c )1/2

(21)

for the reduced magnetization,

and, hence, for P̃0c . For Ts �= 0, Eqs. (20) and (21) have two solutions with respect to P̃0c . For
some sets of material parameters these solutions satisfy the physical requirements for P0c and
� and can be identiﬁed with the critical pressures. The conditions for existence of P and P �
P0c
0c
0c
can be obtained either by analytical calculations or by numerical analysis for particular values
of the material parameters.
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For Ts = 0, the trivial solution P̃0c = 1 corresponds to P0c = P0 > PB and, hence, does not
satisfy the physical requirements. The second solution,
P̃0c = 1 −
is positive for

γ̃2
γ̃12

(22)

γ1
≥1
γ

(23)

and, as shown below, it gives the location of the quantum critical point ( T = 0, P0c < Pm ). At
this quantum critical point, the equilibrium magnetization m0c is given by m0c = γ/γ1 and is
twice bigger that the magnetization mm = γ/2γ1 ([20]) at the maximum of the curve TFS ( P ).
To complete the analysis we must show that the solution (22) satisﬁes the condition P0c < P̃m .
By taking P̃m from Table 1, we can show that solution (22) satisﬁes the condition P0c < P̃m for
n = 1, if
γ1 < 3κ,

(24)

√
γ < 2 3κ.

(25)

and for n = 2 (SFT case), when

Finally, we determine the conditions under which the maximum Tm of the curve TFS ( P ) occurs
at non-negative pressures. For n = 1, we obtain that Pm ≥ 0 for n = 1, if

whereas for n = 2, the condition is

1
γ 1/2
γ1
≥
,
1+ 1
γ
2
κ

1
γ1
≥
γ
2



1+

γ2
4κ2

1/2

(26)

.

(27)

Obviously, the conditions (23)-(27) are compatible with one another. The condition (26) is
weaker than the condition Eq. (23), provided the inequality (24) is satisﬁed. The same is valid
for the condition (27) if the inequality (25) is valid. In Sec. 8 we will show that these theoretical
predictions are conﬁrmed by the experimental data.
Doing in the same way the analysis of Eq. (17), some results may easily obtained for Ts �= 0.
In this more general case the Eq. (17) has two nontrivial solutions, which yield two possible
values of the critical pressure


1/2 2
γ2
4T̃s κγ1
P̃0c (±) = 1 − 2 1 ± 1 +
.
γ2
4γ1

(28)

The relation P̃0c (−) ≥ P̃0c (+) is always true. Therefore, to have both P̃0c (±) ≥ 0, it is enough to
require P̃0c (+) ≥ 0. Having in mind that for the phase diagram shape, we study T̃m > 0, and
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according to the result for T̃m in Table 1, this leads to the inequality T̃s > − γ2 /4κγ1 . So, we
obtain that P̃0c (+) ≥ 0 will exist, if
γ1
κ T̃s
,
≥ 1+
γ
γ

(29)

which generalizes the condition (23).
Now we can identify the pressure P0c (+) with the lower critical pressure P0c , and P0c (−) with
� . Therefore, for wide variations in the parameters, theory (6)
the upper critical pressure P0c
describes a quantum critical point Poc , that exists, provided the condition (29) is satisﬁed.
The quantum critical point ( T = 0, P0c ) exists in UGe2 and, perhaps, in other p-wave
ferromagnetic superconductors, for example, in UIr.
�
Our results predict the appearance of second critical pressure – the upper critical pressure Poc
that exists under more restricted conditions and, hence, can be observed in more particular
systems, where Ts < 0. As mentioned in Sec. 5, for very extreme negative values of Ts , when
� > 0 occurs, whereas the lower critical pressure P >
TB < 0, the upper critical pressure P0c
0c
0 does not appear. Bue especially this situation should be investigated in a different way,
namely, one should keep TFS (0) different from zero in Eq. (17), and consider a form of the
� > 0, irrespective
FS phase domain in which the curve TFS ( P ) terminates at T = 0 for P0c
of whether the maximum Tm exists or not. In such geometry of the FS phase domain, the
maximum T ( Pm ) may exist only in quite unusual cases, if it exists at all.

Using criteria like (23) in Sec. 8.4 we classify these superconductors in two types: (i) type I,
when the condition (23) is satisﬁed, and (ii) type II, when the same condition does not hold.
As we show in Sec. 8.2, 8.3 and 8.4, the condition (23) is satisﬁed by UGe2 but the same
condition fails for ZrZn2 . For this reason the phase diagrams of UGe2 and ZrZn2 exhibit
qualitatively different shapes of the curves TF S ( P ). For UGe2 the line TF S ( P ) has a maximum
at some pressure P > 0, whereas the line TF S ( P ), corresponding to ZrZn2 , does not exhibit
such maximum (see also Sec. 8).
The quantum and thermal ﬂuctuation phenomena in the vicinities of the two critical pressures
� need a nonstandard RG treatment because they are related with the ﬂuctuation
P0c and P0c
behavior of the superconducting ﬁeld ψ far below the ferromagnetic phase transitions,
where the magnetization M does not undergo signiﬁcant ﬂuctuations and can be considered
uniform. The presence of uniform magnetization produces couplings of M and ψ which are
not present in previous RG studies and need a special analysis.

8. Application to metallic compounds
8.1. Theoretical outline of the phase diagram
In order to apply the above displayed theoretical calculations, following from free energy (7),
for the outline of T − P diagram of any material, we need information about the values of P0 ,
T f 0 , Ts , κ γ, and γ1 . The temperature T f 0 can be obtained directly from the experimental
phase diagrams. The pressure P0 is either identical or very close to the critical pressure
Pc , for which the N-FM phase transition line terminates at T ∼ 0. The temperature Ts
of the generic superconducting transition is not available from the experiments because, as
mentioned above, pure superconducting phase not coexisting with ferromagnetism has not
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been observed. This can be considered as an indication that Ts is very small and does not
produce a measurable effect. So the generic superconducting temperature will be estimated
on the basis of the following arguments. For T f ( P ) > Ts we must have Ts ( P ) = 0 at P ≥ Pc ,
where T f ( P ) ≤ 0, and for 0 ≤ P ≤ P0 , Ts < TC . Therefore for materials where TC is too small
to be observed experimentally, Ts can be ignored.
As far as the shape of FM-FS transition line is well described by Eq. (17), we will make use of
additional data from available experimental phase diagrams for ferroelectric superconductors.
For example, in ZrZn2 these are the observed values of TFS (0) and the slope ρ0 ≡
[ ∂TFS ( P)/∂P]0 = ( T f 0 /P0 )ρ̃0 at P = 0; see Eq. (17). For UGe2 , where a maximum (T̃m ) is
observed on the phase-transition line, we can use the experimental values of Tm , Pm , and P0c .
The interaction parameters γ̃ and γ˜1 are derived using Eq. (17), and the expressions for T̃m ,
P̃m , and ρ̃0 , see Table 1. The parameter κ is chosen by ﬁtting the expression for the critical-end
point TC .

8.2. ZrZn2
Experiments for ZrZn2 [13] gives the following values: T f 0 = 28.5 K, TFS (0) = 0.29 K, P0 ∼
Pc = 21 kbar. The curve TF ( P ) ∼ T f ( P ) is almost a straight line, which directly indicates that
n = 1 is adequate in this case for the description of the P-dependence. The slope for TFS ( P )
at P = 0 is estimated from the condition that its magnitude should not exceed T f 0 /Pc ≈ 0.014
as we have assumed that is straight one, so as a result we have −0.014 < ρ ≤ 0. This ignores
the presence of a maximum. The available experimental data for ZrZn2 do not give clear
indication whether a maximum at (Tm , Pm ) exists. If such a maximum were at P = 0 we
would have ρ0 = 0, whereas a maximum with Tm ∼ TFS (0) and Pm � P0 provides us with
an estimated range 0 ≤ ρ0 < 0.005. The choice ρ0 = 0 gives γ̃ ≈ 0.02 and γ̃1 ≈ 0.01,
but similar values hold for any | ρ0 | ≤ 0.003. The multicritical points A and C cannot be
distinguished experimentally. Since the experimental accuracy [13] is less than ∼ 25 mK in
the high-P domain (P ∼ 20 − 21 kbar), we suppose that TC ∼ 10 mK, which corresponds to
κ ∼ 10. We employed these parameters to calculate the T − P diagram using ρ0 = 0 and 0.003.
The differences obtained in these two cases are negligible, with both phase diagrams being in
excellent agreement with experiment.
Phase diagram of ZrZn2 calculated directly from the free energy (7) for n = 1, the above
mentioned values of Ts , P0 , T f 0 , κ, and values of γ̃ ≈ 0.2 and γ̃1 ≈ 0.1 which ensure ρ0 ≈ 0 is
shown in Fig. 2. Note, that the experimental phase diagram [13] of ZrZn2 looks almost exactly
as the diagram in Fig. 2, which has been calculated directly from the model (7) without any
approximations and simplifying assumptions. The phase diagram in Fig. 2 has the following
coordinates of characteristic points: PA ∼ Pc = 21.42 kbar, PB = 20.79 kbar, PC = 20.98 kbar,
TA = TF ( Pc ) = TFS ( Pc ) = 0 K, TB = 0.0495 K, TC = 0.0259 K, and TFS (0) = 0.285 K.
The low-T region is seen in more detail in Fig. 3, where the A, B, C points are shown and
the order of the FM-FS phase transition changes from second to ﬁrst order around the critical
end-point C. The TFS ( P ) curve, shown by the dotted line in Fig. 3, has a maximum Tm = 0.290
K at P = 0.18 kbar, which is slightly above TFS (0) = 0.285 K. The straight solid line BC in
Fig. 3 shows the ﬁrst order FM-FS phase transition which occurs for PB < P < PC . The solid
AC line shows the ﬁrst order N-FS phase transition and the dashed line stands for the N-FM
phase transition of second order.
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Although the expanded temperature scale in Fig. 3, the difference [ Tm − TFS (0)] = 5 mK is
hard to see. To locate the point max exactly at P = 0 one must work with values of γ̃ and
γ̃1 of accuracy up to 10−4 . So, the location of the max for parameters corresponding to ZrZn2
is very sensitive to small variations of γ̃ and γ̃1 around the values 0.2 and 0.1, respectively.
Our initial idea was to present a diagram with Tm = TFS (0) = 0.29 K and ρ0 = 0, namely,
max exactly located at P = 0, but the ﬁnal phase diagram slightly departs from this picture
because of the mentioned sensitivity of the result on the values of the interaction parameters
γ and γ1 . The theoretical phase diagram of ZrZn2 can be deduced in the same way for ρ0 =
0.003 and this yields Tm = 0.301 K at Pm = 6.915 kbar for initial values of γ̃ and γ̃1 which
differs from γ̃ = 2γ̃1 = 0.2 only by numbers of order 10−3 − 10−4 [18]. This result conﬁrms
the mentioned sensitivity of the location of the maximum Tm towards slight variations of
the material parameters. Experimental investigations of this low-temperature/low-pressure
region with higher accuracy may help in locating this maximum with better precision.
Fig. 4 shows the high-pressure part of the same phase diagram in more details. In this ﬁgure
the ﬁrst order phase transitions (solid lines BC and AC) are clearly seen. In fact the line AC is
quite ﬂat but not straight as the line BC. The quite interesting topology of the phase diagram
of ZrZn2 in the high-pressure domain (PB < P < PA ) is not seen in the experimental phase
diagram [13] because of the restricted accuracy of the experiment in this range of temperatures
and pressures.
These results account well for the main features of the experimental behavior [13], including
the claimed change in the order of the FM-FS phase transition at relatively high P. Within
the present model the N-FM transition is of second order up to PC ∼ Pc . Moreover, if the
experiments are reliable in their indication of a ﬁrst order N-FM transition at much lower P
values, the theory can accommodate this by a change of sign of b f , leading to a new tricritical
point located at a distinct Ptr < PC on the N-FM transition line. Since TC > 0 a direct
N-FS phase transition of ﬁrst order is predicted in accord with conclusions from de Haas–van
Alphen experiments [44] and some theoretical studies [40]. Such a transition may not occur in
other cases where TC = 0. In SFT (n = 2) the diagram topology remains the same but points
B and C are slightly shifted to higher P (typically by about 0.01 − −0.001 kbar).

8.3. UGe2
The experimental data for UGe2 indicate T f 0 = 52 K, Pc = 1.6 GPa (≡ 16 kbar), Tm = 0.75 K,
Pm ≈ 1.15 GPa, and P0c ≈ 1.05 GPa [2–5]. Using again the variant n = 1 for T f ( P ) and the
above values for Tm and P0c we obtain γ̃ ≈ 0.0984 and γ˜1 ≈ 0.1678. The temperature TC ∼ 0.1
K corresponds to κ ∼ 4.

Using these initial parameters, together with Ts = 0, leads to the T − P diagram of UGE2
shown in Fig. 5. We obtain TA = 0 K, PA = 1.723 GPa, TB = 0.481 K, PB = 1.563 GPa, TC =
0.301 K, and PC = 1.591 GPa. Figs. 6 and 7 show the low-temperature and the high-pressure
parts of this phase diagram, respectively. There is agreement with the main experimental
ﬁndings, although Pm corresponding to the maximum (found at ∼ 1.44 GPa in Fig. 5) is about
0.3 GPa higher than suggested experimentally [4, 5]. If the experimental plots are accurate
in this respect, this difference may be attributable to the so-called (Tx ) meta-magnetic phase
transition in UGe2 , which is related to an abrupt change of the magnetization in the vicinity
of Pm . Thus, one may suppose that the meta-magnetic effects, which are outside the scope of
our current model, signiﬁcantly affect the shape of the TFS ( P ) curve by lowering Pm (along
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with PB and PC ). It is possible to achieve a lower Pm value (while leaving Tm unchanged), but
this has the undesirable effect of modifying Pc0 to a value that disagrees with experiment. In
SFT (n = 2) the multi-critical points are located at slightly higher P (by about 0.01 GPa), as for
ZrZn2 . Therefore, the results from the SFT theory are slightly worse than the results produced
by the usual linear approximation (n = 1) for the parameter t.

8.4. Two types of ferromagnetic superconductors with spin-triplet electron
pairing
The estimates for UGe2 imply γ1 κ ≈ 1.9, so the condition for TFS ( P ) to have a maximum
found from Eq. (17) is satisﬁed. As we discussed for ZrZn2 , the location of this maximum can
be hard to ﬁx accurately in experiments. However, Pc0 can be more easily distinguished, as in
the UGe2 case. Then we have a well-established quantum (zero-temperature) phase transition
of second order, i.e., a quantum critical point at some critical pressure P0c ≥ 0. As shown
in Sec. 6, under special conditions the quantum critical points could be two: at the lower
� < P . This type of behavior
critical pressure P0c < Pm and the upper critical pressure P0c
m
in systems with Ts = 0 (as UGe2 ) occurs when the criterion (23) is satisﬁed. Such systems
(which we label as U-type) are essentially different from those such as ZrZn2 where γ1 < γ
and hence TFS (0) > 0. In this latter case (Zr-type compounds) a maximum Tm > 0 may
sometimes occur, as discussed earlier. We note that the ratio γ/γ1 reﬂects a balance effect
between the two ψ-M interactions. When the trigger interaction (typiﬁed by γ) prevails, the
Zr-type behavior is found where superconductivity exists at P = 0. The same ratio can be
expressed as γ0 /δ0 M0 , which emphasizes that the ground state value of the magnetization at
P = 0 is also relevant. Alternatively, one may refer to these two basic types of spin-triplet
ferromagnetic superconductors as "type I" (for example, for the "Zr-type compounds), and
"type II" – for the U-type compounds.
As we see from this classiﬁcation, the two types of spin-triplet ferromagnetic superconductors
have quite different phase diagram topologies although some fragments have common
features. The same classiﬁcation can include systems with Ts �= 0 but in this case one should
use the more general criterion (29).

8.5. Other compounds
In URhGe, T f (0) ∼ 9.5 K and TFS (0) = 0.25 K and, therefore, as in ZrZn2 , here the
spin-triplet superconductivity appears at ambient pressure deeply in the ferromagnetic phase
domain [6–8]. Although some similar structural and magnetic features are found in UGe2
the results in Ref. [8] of measurements under high pressure show that, unlike the behavior of
ZrZn2 and UGe2 , the ferromagnetic phase transition temperature TF ( P ) ∼ T f ( P ) has a slow
linear increase up to 140 kbar without any experimental indications that the N-FM transition
line may change its behavior at higher pressures and show a negative slope in direction of
low temperature up to a quantum critical point TF = 0 at some critical pressure Pc . Such a
behavior of the generic ferromagnetic phase transition temperature cannot be explained by
our initial assumption for the function T f ( P ) which was intended to explain phase diagrams
where the ferromagnetic order is depressed by the pressure and vanishes at T = 0 at some
critical pressure Pc . The TFS ( P ) line of URhGe shows a clear monotonic negative slope
to T = 0 at pressures above 15 kbar and the extrapolation [8] of the experimental curve
� ) = 0 at P
TFS ( P ) tends a quantum critical point TFS ( Poc
0c ∼ 25 − 30 kbar. Within the
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framework of the phenomenological theory (6, this T − P phase diagram can be explained
after a modiﬁcation on the T f ( P )-dependence is made, and by introducing a convenient
nontrivial pressure dependence of the interaction parameter γ. Such modiﬁcations of the
present theory are possible and follow from important physical requirements related with the
behavior of the f -band electrons in URhGe. Unlike UGe2 , where the pressure increases the
hybridization of the 5 f electrons with band states lading to a suppression of the spontaneous
magnetic moment M, in URhGe this effects is followed by a stronger effect of enhancement
of the exchange coupling due to the same hybridization, and this effect leads to the slow but
stable linear increase in the function TF ( P )[8]. These effects should be taken into account in
the modeling the pressure dependence of the parameters of the theory (7) when applied to
URhGe.
Another ambient pressure FS phase has been observed in experiments with UCoGe [9]. Here
the experimentally derived slopes of the functions TF ( P ) and TFS ( P ) at relatively small
pressures are opposite compared to those for URhGe and, hence, the T − P phase diagram
of this compound can be treated within the present theoretical scheme without substantial
modiﬁcations.
Like in UGe2 , the FS phase in UIr [12] is embedded in the high-pressure/low-temperature
part of the ferromagnetic phase domain near the critical pressure Pc which means that UIr is
certainly a U-type compound. In UGe2 there is one metamagnetic phase transition between
two ferromagnetic phases (FM1 and FM2), in UIr there are three ferromagnetic phases and
the FS phase is located in the low-T/high-P domain of the third of them - the phase FM3.
There are two metamagnetic-like phase transitions: FM1-FM2 transition which is followed
by a drastic decrease of the spontaneous magnetization when the the lower-pressure phase
FM1 transforms to FM2, and a peak of the ac susceptibility but lack of observable jump of the
magnetization at the second (higher pressure) “metamagnetic" phase transition from FM2 to
FM3. Unlike the picture for UGe2 , in UIr both transitions, FM1-FM2 and FM2-FM3 are far
from the maximum Tm ( Pm ) so in this case one can hardly speculate that the max is produced
by the nearby jump of magnetization. UIr seems to be a U-type spin-triplet ferromagnetic
superconductor.

9. Final remarks
Finally, even in its simpliﬁed form, this theory has been shown to be capable of accounting
for a wide variety of experimental behavior. A natural extension to the theory is to add a M 6
term which provides a formalism to investigate possible metamagnetic phase transitions [45]
and extend some ﬁrst order phase transition lines. Another modiﬁcation of this theory, with
regard to applications to other compounds, is to include a P dependence for some of the other
GL parameters. The ﬂuctuation and quantum correlation effects can be considered by the
respective ﬁeld-theoretical action of the system, where the order parameters ψ and M are not
uniform but rather space and time dependent. The vortex (spatially non-uniform) phase due
to the spontaneous magnetization M is another phenomenon which can be investigated by a
generalization of the theory by considering nonuniform order parameter ﬁelds ψ and M (see,
e.g., Ref. [28]). Note that such theoretical treatments are quite complex and require a number
of approximations. As already noted in this paper the magnetic ﬂuctuations stimulate ﬁrst
order phase transitions for both ﬁnite and zero phase-transition temperatures.
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