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Preface 

Finite Element Analysis originated from the need for solving complex elasticity and 
structural analysis problems in civil and aeronautical engineering, and its 
development can be traced back to 1941. It consists of a numerical technique for 
finding approximate solutions to partial differential equations as well as integral
equations, permitting the numerical analysis of complex structures based on their 
material properties.  

This book represents a selection of chapters exhibiting various investigation directions
in the field of Finite Element Analysis. It is composed of 20 different chapters, and they
have been grouped in three main sections: “Dentistry, Dental Implantology and Teeth
Restoration” (6 chapters), “Cardiovascular and Skeletal Systems” (4 chapters), and 
“Materials, Structures, Manufacturing Industry and Industrial Developments” (10 chapters). 

The chapters have been written individually by different authors, and each chapter 
can be read independently from others. This approach allows the selection of a chapter
the reader is most interested in, without being forced to read the book in its entirety. It
offers a colourful mix of applications of Finite Element Modelling ranging from
orthodontics or dental implants, to percutaneous heart valve devices, intervertebral
discs, thermal conductivity, elastic waveguides, and several other exciting topics. 

This book serves as a good starting point for anyone interested in the application of 
Finite Elements. It has been written at a level suitable for use in a graduate course on 
applications of finite element modelling and analysis (mechanical, civil and biomedical
engineering studies, for instance), without excluding its use by researchers or 
professional engineers interested in the field.

I would like to remark that this book complements another book from this same 
publisher (and this same editor) entitled “Finite Element Analysis”, which provides 
some other exciting subjects that the reader of this book might also consider
interesting to read.

Finally, I would like to acknowledge the authors for their contribution to the book and 
express my sincere gratitude to all of them for their outstanding chapters. 
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Part 1 

Dentistry, Dental Implantology
and Teeth Restoration 



1

Past, Present and Future of Finite
Element Analysis in Dentistry

Ching-Chang Ko1,2,*, Eduardo Passos Rocha1,3 and Matt Larson1 
1Department of Orthodontics,  

University of North Carolina School of Dentistry,  
2Department of Material Sciences and Engineering,  

North Carolina State University Engineering School, Raleigh,  
3Faculty of Dentistry of Araçatuba, UNESP,  

Department of Dental Materials and Prosthodontics, Araçatuba, Saõ Pauló,  
1,2USA 
3Brazil 

1. Introduction 
Biomechanics is fundamental to any dental practice, including dental restorations, 
movement of misaligned teeth, implant design, dental trauma, surgical removal of impacted 
teeth, and craniofacial growth modification. Following functional load, stresses and strains 
are created inside the biological structures. Stress at any point in the construction is critical 
and governs failure of the prostheses, remodeling of bone, and type of tooth movement. 
However, in vivo methods that directly measure internal stresses without altering the tissues 
do not currently exist. The advances in computer modeling techniques provide another 
option to realistically estimate stress distribution. Finite element analysis (FEA), a computer 
simulation technique, was introduced in the 1950s using the mathematical matrix analysis of 
structures to continuum bodies (Zienkiewicz and Kelly 1982). Over the past 30 years, FEA 
has become widely used to predict the biomechanical performance of various medical 
devices and biological tissues due to the ease of assessing irregular-shaped objects 
composed of several different materials with mixed boundary conditions. Unlike other 
methods (e.g., strain gauge) which are limited to points on the surface, the finite element 
method (FEM) can quantify stresses and displacement throughout the anatomy of a three 
dimensional structure.  

The FEM is a numerical approximation to solve partial differential equations (PDE) and 
integral equations (Hughes 1987, Segerlind 1984) that are formulated to describe physics of 
complex structures (like teeth and jaw joints). Weak formulations (virtual work principle) 
(Lanczos 1962) have been implemented in FEM to solve the PDE to provide stress-strain 
solutions at any location in the geometry. Visual display of solutions in graphic format adds 
attractive features to the method. In the first 30 years (1960-1990), the development of FEM 

* Corresponding Author 
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programs focused on stability of the solution including minimization of numerical errors 
and improvement of computational speed. During the past 20 years, 3D technologies and 
non-linear solutions have evolved. These developments have directly affected automobile 
and aerospace evolutions, and gradually impacted bio-medicine. Built upon engineering 
achievement, dentistry shall take advantage of FEA approaches with emphasis on 
mechanotherapy. The following text will review history of dental FEA and validation of 
models, and show two examples.  

2. History of dental FEA 
2.1 1970-1990: Enlightenment stage -2D modeling 

Since Farah’s early work in restorative dentistry in 1973, the popularity of FEA has grown. 
Early dental models were two dimensional (2D) and often limited by the high number of 
calculations necessary to provide useful analysis (Farah and Craig 1975, Peters et al., 1983, 
Reinhardt et al., 1983, Thresher and Saito 1973). During 1980-1990, the plane-stress and 
plane-strain assumptions were typically used to construct 2D tooth models that did not 
contain the hoop structures of dentin because typically either pulp or restorative material 
occupied the central axis of the tooth (Anusavice et al., 1980). Additional constraints (e.g., 
side plate and axisymmetric) were occasionally used to patch these physical deficiencies 
(hoop structures) to prevent the separation of dentin associated with the 2D models (Ko, 
1989). As such a reasonable biomechanical prediction was derived to aid designs of the 
endodontic post (Ko et al., 1992). Axisymmetric models were also used to estimate stress 
distribution of the dental implants with various thread designs (Rieger et al., 1990). 
Validation of the FE models was important in this era because assumptions and constraints 
were added to overcome geometric discontinuity in the models, leading to potential 
mathematical errors.  

2.2 “1990-2000” beginnings stage of 3D modeling 

As advancements have been made in imaging technologies, 3D FEA was introduced to 
dentistry. Computer tomography (CT) data provide stacks of sectional geometries of human 
jaws that could be digitized and reconstructed into the 3D models. Manual and semi-
automatic meshing was gradually evolved during this time. The 3D jaw models and tooth 
models with coarse meshes were analyzed to study chewing forces (Korioth 1992, Korioth 
and Versluis 1997, Jones et al., 2001) and designs of restorations (Lin et al., 2001). In general, 
the element size was relatively large due to the immature meshing techniques at that time, 
which made models time consuming to build. Validation was required to check accuracy of 
the stress-strain estimates associated with the coarse-meshed models. In addition to the 
detail of 3D reconstruction, specific solvers (e.g., poroelasticity, homogenization theory, 
dynamic response) were adapted from the engineering field to study dental problems that 
involved heterogeneous microstructures and time-dependent properties of tissues. 
Interfacial micromechanics and bone adaptation around implants were found to be highly 
non-uniform, which may dictate osseointegration patterns of dental implants (Hollister et 
al., 1993; Ko 1994). The Monte Carlo model (probability prediction), with incorporation of 
the finite element method for handling irregular tooth surface, was developed by Wang and 
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Ko et al (1999) to stimulate optical scattering of the incipient caries (e.g., white spot lesion). 
The simulated image of the lesion surface was consistent with the true image captured in 
clinic (Figure 1). Linear fit of the image brightness between the FE and clinical images was 
85% matched, indicating the feasibility of using numerical model to interpret clinical white 
spot lesions. The similar probability method was recently used to predict healing bone 
adaptation in tibia (Byrne et al., 2011). Recognition of the importance of 3D models and 
specific solutions were the major contributions in this era. 

 

  
(A)        (B)                (C) 

Fig. 1. A. Finite element mesh of in vivo carious tooth used for Monte Carlo simulation;  
B. Image rendered from Monte Carlo 3D simulation, C. True image of carious tooth 
obtained from a patient’s premolar using an intra-oral camera.  

2.3 “2000-2010” age of proliferation, 3D with CAD 

As advancements have been made in computer and software capability, more complex 3D 
structures (e.g., occlusal surfaces, pulp, dentin, enamel) have been simulated in greater 
detail. Many recent FE studies have demonstrated accurate 3D anatomic structures of a 
sectioned jaw-teeth complex using μCT images. Increased mathematical functions in 3D 
computer-aid-design (CAD) have allowed accurate rendition of dental anatomy and 
prosthetic components such as implant configuration and veneer crowns (Figure 2). Fine 
meshing and high CPU computing power appeared to allow calculation of mechanical fields 
(e.g., stress, strain, energy) accounting for anatomic details and hierarchy interfaces between 
different tissues (e.g., dentin, PDL, enamel) that were offered by the CAD program. It was 
also recognized that inclusion of complete dentition is necessary to accurately predict stress-
strain fields for functional treatment and jaw function (Field et al. 2009). Simplified models 
containing only a single tooth overlooked the effect of tooth-tooth contacts that is important 
in specified biomechanical problems such as orthodontic tooth movement and traumatic 
tooth injury. CAD software such as SolidWorks© (Waltham, MA, USA), Pro Engineering© 
(Needham, MA), and Geomagic (Triangle Park, NC, USA) have been adapted to construct 
dentofacial compartments and prostheses. These CAD programs output solid models that 
are then converted to FE programs (e.g., Abaqus, Ansys, Marc, Mimics) for meshing and 
solving. The automeshing capability of FE programs significantly improved during this era.  
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Ko et al (1999) to stimulate optical scattering of the incipient caries (e.g., white spot lesion). 
The simulated image of the lesion surface was consistent with the true image captured in 
clinic (Figure 1). Linear fit of the image brightness between the FE and clinical images was 
85% matched, indicating the feasibility of using numerical model to interpret clinical white 
spot lesions. The similar probability method was recently used to predict healing bone 
adaptation in tibia (Byrne et al., 2011). Recognition of the importance of 3D models and 
specific solutions were the major contributions in this era. 

 

  
(A)        (B)                (C) 

Fig. 1. A. Finite element mesh of in vivo carious tooth used for Monte Carlo simulation;  
B. Image rendered from Monte Carlo 3D simulation, C. True image of carious tooth 
obtained from a patient’s premolar using an intra-oral camera.  

2.3 “2000-2010” age of proliferation, 3D with CAD 
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Fig. 2. Fine finite element mesh generated for ceramics veneer simulation.  

3. Current development of 3D dental solid models using CAD programs 
Currently, solid models have been created from datasets of computer tomography (CT) 
images, microCT images, or magnetic resonance images (MRI). To create a solid model from 
an imaging database, objects first need to be segregated by identifying interfaces. This is 
performed through the creation of non-manifold assemblies either through sequential 2D 
sliced or through segmentation of 3D objects. For this type of model reconstruction, the 
interfaces between different bodies are precisely specified, ensuring the existence of 
common nodes between different objects of the contact area. This provides a realistic 
simulation of load distribution within the object. For complex interactions, such as bone-
implant interfaces or modeling the periodontal ligament (PDL), creation of these coincident 
nodes is essential.  

When direct engineering (forward engineering) cannot be applied, reverse engineering is 
useful for converting stereolithographic (STL) objects into CAD objects (.iges). Despite 
minor loss of detail, this was the only option for creation of 3D organic CAD objects until the 
development of 3D segmentation tools and remains a common method even today. The 
creation of STL layer-by-layer objects requires segmentation tools, such as ITK-SNAP 
(Yushkevich et al., 2006) to segment structures in 3D medical images. SNAP provides semi-
automatic segmentation using active contour methods, as well as manual delineation and 
image navigation. 

Following segmentation, additional steps are required to prepare a model to be imported 
into CAD programs. FEA requires closed solid bodies – in other words, each part of the 
model should be able to hold water. Typical CT segmentations yield polygon surfaces with 
irregularities and possible holes. A program capable of manipulating these polygons and 
creating solid CAD bodies is required, such as Geomagic (Triangle Park, NC, USA).  
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Although segmentations may initially appear very accurate (Figure 3A), there are often 
many small irregularities that must be addressed (Figure 3B). Obviously, organic objects 
will have natural irregularities that may be important to model, but defects from the 
scanning and segmentation process must be removed. Automated processes in Geomagic 
such as mesh doctor can identify problematic areas (Figure 3B) and fix many minor 
problems. For larger defects, defeaturing may be required. Once the gaps in the surface have 
been filled, some amount of smoothing is typically beneficial. Excess surface detail that will 
not affect results only increases the file size, meshing times, mesh density, and solution 
times. To improve surfacing, a surface mesh on the order of 200,000 polygons is 
recommended. Geomagic has a tool (“optimize for surfacing”) that redistributes the 
polygons nodes on the surface to create a more ideal distribution for surfacing (Figure 3C). 
Following these optimization steps, it is important to compare the final surface to the initial 
surface to verify that no significant changes were made. 

 
Fig. 3. Although initial geometry following segmentation can appear smooth (A), many 
small defects are present that Geomagic will highlight in red using "mesh doctor" as 
potentially problematic (B). Following closing gaps, smoothing, minor defeaturing, and 
optimization for surfacing, the polygon mesh is greatly improved (C). 

With the optimized surfaces prepared using the previous steps, closed solid bodies can be 
created. Although the actual final bodies with the interior and exterior surfaces can be 
created at this stage, we have observed that closing each surface independently and using 
Booleans in the CAD program typically improves results. For example, this forces the 
interior surface of the enamel to be the identical surface as the exterior of the dentin. If the 
Boolean operations are done prior to surfacing, minor differences in creating NURB surfaces 
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may affect the connectivity of the objects. Some research labs (Bright and Rayfield 2011) will 
simply transfer the polygon surfaces over to a FEA program for analysis without using a 
CAD program. This can be very effective for relatively simple models, but when multiple 
solid bodies are included and various mesh densities are required this process becomes 
cumbersome.  

To use a CAD program with organic structures, the surface cannot be a polygon mesh, but 
rather needs to have a mathematical approximation of the surface. This is typically done 
with NURB surfaces, so the solid can be saved as an .iges or .step file. This process involves 
multiple steps – laying out patches, creating grids within these patches, optimizing the 
surface detail, and finally creating the NURB surface (Figure 4). Surfacing must be done 
carefully as incorrectly laying out the patches on the surface or not allowing sufficient detail 
may severely distort the surface. In the end, the surfaced body should not have problematic 
geometry, such as sliver faces, small faces, or small edges.  

 
Fig. 4. Process of NURB surface generation using Geomagic. (A) Contour lines are defined 
that follow the natural geometry - in this case, line angles were used. (B) Patches are 
constructed and shuffled to create a clean grid pattern. (C) Grids are created within each 
patch. (D) NURB surfaces are created by placing control points along the created grids. 

CAD programs allow the incorporation of high definition materials or parts from geometry 
files (e.g. .iges, .step), such as dentures, prosthesis, orthodontics appliances, dental 
restorative materials, surgical plates and dental implants. They even allow partial 
modification of the solid model obtained by CT or μCT to more closely reproduce accurate 
organic geometry. Organic modeling (biomodeling) extensively uses splines and curves to 
model the complex geometry. FE software or other platforms with limited CAD tools 
typically do not provide the full range of features required to manipulate these complicated 
organic models. Therefore, the use of a genuine CAD program is typically preferred for 
detailed characterization of the material and its contact correlation with surrounding 
structures. This is especially true for models that demand strong modification of parts or 
incorporation of multiple different bodies.  

When strong modification is required, the basic parts of the model such as bone, skin or 
basic structures can be obtained in .stl format. They are then converted to a CAD file 
allowing modification and/or incorporation of new parts before the FE analysis. It is also 
possible to use the CT or microCT dataset to directly create a solid in the CAD program.  
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A.  

B.  

C.  

Fig. 5. The solid model of a maxillary central incisor was created through the following 
steps. (A) Multiple sketches were created in various slices of the microCT data. The sketch 
defined the contour of the root. (B) Sequential contours were used to reconstruct outer 
surface of dentin and other parts (e.g., enamel and pulp - not shown). (C) All parts (enamel, 
dentin and pulp) were combined to form the solid model of the central incisor. All 
procedures were performed using SolidWorks software. 
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Initially, this procedure might be time-consuming. However, it is useful for quickly and 
efficiently making changes in parts, resizing multiple parts that are already combined, and 
incorporating new parts. This also allows for serial reproduction of unaltered parts of the 
model, such as loading areas and unaltered support structures, keeping their dimensions 
and Cartesian coordinates. 

This procedure involves the partial or full use of the dataset, serially organized, to create 
different parts. (Figures 5 A & B) In models with multiple parts, additional tools such as 
lofts, sweeps, surfaces, splines, reference planes, and lines can be used to modify existing 
solids or create new solids (Figures 5C). Different parts may be combined through Boolean 
operations to generate a larger part, to create spaces or voids, or to modify parts. The parts 
can be also copied, moved, or mirrored in order to reproduce different scenarios without 
creating an entirely new model.  

4. Finite element analysis of the current dental models 
4.1 Meshing 

For descritization of the solid model, most FE software has automated mesh generating 
features that produce rather dense meshes. However, it is important to enhance the 
controller that configures the elements including types, dimensions, and relations to 
better fit the analysis to a particular case and its applications. Most of current FE software 
is capable of assessing the quality of the mesh according to element aspect ratio and the 
adaptive method. The ability of the adaptive method to automatically evaluate and 
modify the contact area between two objects overlapping the same region and to refine 
the mesh locally in areas of greater importance and complexity has profoundly improved 
the accuracy of the solution. Although automated mesh generation has greatly improved, 
note that it still requires careful oversight based on the specific analysis being performed. 
For example, when examining stresses produced in the periodontal ligament with 
orthodontic appliances, the mesh will be greatly refined in the small geometry of the 
orthodontic bracket, but may be too coarse in the periodontal ligament – the area of 
interest.  

The validation that was concerned with meshing errors and morphological inaccuracy 
during 1970 ─ 2000 is no longer a major concern as the CAD and meshing technology 
evolves. However, numerical convergence (Huang et al., 2007) is still required, which is 
frequently neglected in dental simulations (Tanne et al., 1987; Jones et al., 2001; Liang et 
al., 2009; Kim et al., 2010). Some biologists ignore all results from FEA, requesting an 
unreasonable level of validation for each model, but overlooking the valuable 
contributions of engineering principles. A rational request should recognize evolution of 
the advanced technologies but focus on numerical convergence. The numerical 
convergence is governed by two factors, continuity and approximation methods, and can 
be classified to strong convergence ||Xn||  ||X|| as n  ∞ and weak convergence 
∫(Xn)  ∫(X) as n  ∞ where Xn represents physical valuables such as displacement, 
temperature, and velocity. X represents the exact solution and ∫ indicates the potential 
energy. It is recommended that all dental FE models should test meshing convergence 
prior to analyses. 
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4.2 Validity of the models 

The validity of the dental FEA has been a concern for decades. Two review articles (Korioth 
and Versluis, 1997; Geng et al., 2001) in dentistry provided thorough discussions about 
effects of geometry, element type and size, material properties, and boundary conditions on 
the accuracy of solutions. In general these discussions echoed an earlier review by Huiskes 
and Cao (1983). The severity of these effects has decreased as the technologies and 
knowledge evolved in the field. In the present CAD-FEA era, the consideration of FEA 
accuracy in relation to loading, boundary (constraint) conditions, and validity of material 
properties are described as follows:  

4.2.1 Loading 

The static loading such as bite forces is usually applied as point forces to study prosthetic 
designs and dental restorations. The bite force, however, presents huge variations (both 
magnitude and direction) based on previous experimental measures (Proffit et al., 1983; 
Proffit and Field 1983). Fortunately, FEA allows for easy changes in force magnitudes and 
directions to approximate experimental data, which can serve as a reasonable parametric 
study to assess different loading effects. On the other hand, loading exerted by devices such 
as orthodontic wires is unknown or never measured experimentally, and should be 
simulated with caution (see the section 5.2)  

4.2.2 Boundary Condition (BC) 

The boundary condition is a constraint applied to the model, from which potential energy 
and solutions are derived. False solutions can be associated at the areas next to the 
constraints. As a result, most dental models set constraints far away from the areas of 
interest. Based on the Saint-Venant’s principle, the effects of constraints at sufficiently 
large distances become negligible. However, some modeling applies specific constraints 
to study particular physical phenomenon. For example, the homogenization theory was 
derived to resolve microstructural effects in composite by applying periodic constraints 
(Ko et al., 1996). It was reported that using homogenization theory to estimate bone-
implant interfacial stresses by accounting for microstructural effects might introduce up 
to 20% error (Ko 1994). 

4.2.3 Material properties 

Mechanical properties of biological tissues remain a major concern for the FE approach 
because of the viscoelastic nature of biological tissues that prevents full characterization of 
its time-dependent behaviors. Little technology is available to measure oral tissue 
properties. Most FE studies in dentistry use the linear elastic assumption. Data based on 
density from CT images can be used to assign heterogeneous properties. Few researches 
attempting to predict non-linear behaviors using bilinear elastic constants aroused risks for 
a biased result (Cattaneo et al., 2009). Laboratory tests excluding tissues (e.g., PDL) were 
also found to result in less accurate data than computer predictions (Chi et al., 2011). 
Caution must be used when laboratory data is applied to validate the model. To our 
knowledge, the most valuable data for validation resides on clinical assessments such as 
measuring tooth movement (Yoshida et al., 1998; Brosh et al., 2002). 
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4.3 Solution/principle 

The weak form of the equilibrium equation for classic mechanics is given below:  
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is the shape function and D is element stiffness matrix. The element stiffness matrix 
represents material property of either a linear or non-linear function. As mentioned above, 
mechanical properties of oral tissues are poorly characterized. The most controversial oral 
tissue is the PDL due to its importance in supporting teeth and regulating alveolar bone 
remodeling. To date, studies conducted to characterize non-linear behaviors of the PDL are 
not yet conclusive. One approximation of PDL properties assumes zero stiffness under low 
compression resulting in very low stress under compression (Cattaneo et al., 2009). 
Interpretation of such non-linear models must be approached with cautious. Consequently, 
linear elastic constants are frequently used for dental simulations to investigate initial 
responses under static loading. 

In addition to the commonly used point forces, the tractions (ti) in dental simulations should 
consider preconditions (e.g., residual stress, polymerization shrinkage and unloading of 
orthodontic archwire). Previously, investigation of composite shrinkage yielded valuable 
contributions to restorative dentistry (Magne et al., 1999). In the following section, we will 
demonstrate two applications using submodels from a full dentition CAD model: one with 
static point loading and the other with deactivated orthodontic archwire bending.  

5. Examples of dental FEA 
As described in Section 3, a master CAD model with full dentition was developed. The 
model separates detailed anatomic structures such as PDL, pulp, dentin, enamel, lamina 
dura, cortical bone, and trabecular bone. This state-of-the-art model contains high order 
NURB surfaces that allow for fine meshing, with excellent connectivity so the model can be 
conformally meshed with concurrent nodes at all interfaces. Many submodels can be 
isolated from this master model to study specified biomechanical questions. Two examples 
presented here are the first series of applications: orthodontic miniscrews and orthodontic 
archwires for tooth movement.  

5.1 Orthodontic miniscrews 

5.1.1 Introduction 

The placement of miniscrews has become common in orthodontic treatment to enhance 
tooth movement and to prevent unwanted anchorage loss. Unfortunately, the FE 
biomechanical miniscrew models reported to date have been oversimplified or show 
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incomplete reflections of normal human anatomy. The purpose of this study was to 
construct a more anatomically accurate FE model to evaluate miniscrew biomechanics. 
Variations of miniscrew insertion angulations and implant materials were analyzed.  

5.1.2 Methods 

A posterior segment was sectioned from the full maxillary model. Borders of the model 
were established as follows: the mesial boundary was at the interproximal region between 
the maxillary right canine and first premolar; the distal boundary used the distal aspect of 
the maxillary tuberosity; the inferior boundary was the coronal anatomy of all teeth ; and 
the superior boundary was all maxillary structures (including sinus and zygoma) up to 
15mm superior to tooth apices (Figure 6A). 

An orthodontic miniscrew (TOMAS®, 8mm long, 1.6mm diameter) was created using 
Solidworks CAD software. The miniscrew outline was created using the Solidworks sketch 
function and revolved into three dimensions. The helical sweep function was used to create a 
continuous, spiral thread. Subtraction cuts were used to create the appropriate head 
configuration after hexagon ring placement. The miniscrew was inserted into the maxillary 
model from the buccal surface between the second premolar and first molar using Solidworks. 
The miniscrew was inserted sequentially at angles of 90°, 60° and 45° vertically relative to the 
surface of the cortical bone (Figure 6B), and was placed so that the miniscrew neck/thread 
interface was coincident with the external contour of the cortical bone. For each angulation, the 
point of intersection between the cortical bone surface and the central axis of the miniscrew 
was maintained constant to ensure consistency between models. Boolean operations were 
performed and a completed model assembly was created at each angulation. 

 

 
      (A)                (B)           (C) 

Fig. 6. The FE model of the orthodontic miniscrew used in the present study. (A) The solid 
model of four maxillary teeth plus the miniscrew was created using SolidWorks. (B) Close 
look of the miniscrew inserted to the bone. (C) FE mesh was generated by Ansys Workbench 
10.0. F indicates the force (1.47 N = 150gm) applied to the miniscrew. 

The IGES format file of each finished 3D model was exported to ANSYS 10.0 Workbench 
(Swanson Analysis Inc., Huston, PA, USA), and FE models with 10-node tetrahedral h-
elements were generated for each assembly. The final FE mesh generated for each model 
contained approximately 91,500 elements, which was sufficient to obtain solution 
convergence. Following FE mesh generation, the model was fixed at the palatal, mesial, and 
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4.3 Solution/principle 

The weak form of the equilibrium equation for classic mechanics is given below:  
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incomplete reflections of normal human anatomy. The purpose of this study was to 
construct a more anatomically accurate FE model to evaluate miniscrew biomechanics. 
Variations of miniscrew insertion angulations and implant materials were analyzed.  

5.1.2 Methods 

A posterior segment was sectioned from the full maxillary model. Borders of the model 
were established as follows: the mesial boundary was at the interproximal region between 
the maxillary right canine and first premolar; the distal boundary used the distal aspect of 
the maxillary tuberosity; the inferior boundary was the coronal anatomy of all teeth ; and 
the superior boundary was all maxillary structures (including sinus and zygoma) up to 
15mm superior to tooth apices (Figure 6A). 

An orthodontic miniscrew (TOMAS®, 8mm long, 1.6mm diameter) was created using 
Solidworks CAD software. The miniscrew outline was created using the Solidworks sketch 
function and revolved into three dimensions. The helical sweep function was used to create a 
continuous, spiral thread. Subtraction cuts were used to create the appropriate head 
configuration after hexagon ring placement. The miniscrew was inserted into the maxillary 
model from the buccal surface between the second premolar and first molar using Solidworks. 
The miniscrew was inserted sequentially at angles of 90°, 60° and 45° vertically relative to the 
surface of the cortical bone (Figure 6B), and was placed so that the miniscrew neck/thread 
interface was coincident with the external contour of the cortical bone. For each angulation, the 
point of intersection between the cortical bone surface and the central axis of the miniscrew 
was maintained constant to ensure consistency between models. Boolean operations were 
performed and a completed model assembly was created at each angulation. 
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Fig. 6. The FE model of the orthodontic miniscrew used in the present study. (A) The solid 
model of four maxillary teeth plus the miniscrew was created using SolidWorks. (B) Close 
look of the miniscrew inserted to the bone. (C) FE mesh was generated by Ansys Workbench 
10.0. F indicates the force (1.47 N = 150gm) applied to the miniscrew. 

The IGES format file of each finished 3D model was exported to ANSYS 10.0 Workbench 
(Swanson Analysis Inc., Huston, PA, USA), and FE models with 10-node tetrahedral h-
elements were generated for each assembly. The final FE mesh generated for each model 
contained approximately 91,500 elements, which was sufficient to obtain solution 
convergence. Following FE mesh generation, the model was fixed at the palatal, mesial, and 
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superior boundaries. A 150 grams loading force to the mesial was then applied to the 
miniscrew to simulate distalization of anterior teeth (Figure 6C). All materials were linear 
and isotropic (Table 1), and the miniscrew/bone interface was assumed to be rigidly 
bonded. Three material properties (stainless steel, titanium, and composite) were used for 
the miniscrew. Each model was solved under the small displacement assumption. Two-way 
ANOVA was used to compare effects of angulation and material. 

 Cortical Trabecular PDL Dentin Enamel Pulp 
Stainless 

Steel 
(SS) 

Titanium 
(Ti) Composite 

Young’s 
Modulus 

(MPa) 
13,700 1370 175 18,000 77,900 175 190,000 113,000 20,000 

Poisson’s 
Ratio 0.3 0.3 0.4 0.3 0.3 0.4 0.3 0.3 0.3 

Table 1. Computer model component material properties (O’Brien, 1997) 

5.1.3 Results 

Angle effect 

Stress patterns in both cortical bone and the miniscrew from each simulation were concentrated 
in the second premolar/first molar area immediately around the implant/bone interface 
(Figure 7). Peak stress values for each model simulation are listed in Table 2. Peak maximum 
principal stress (MaxPS) within the miniscrew was greatest when angle placement was 45°. 
Peak MaxPS was lowest at the 60° placement angle. Peak MaxPS in cortical bone was greatest at 
45° angulation, except for the stainless steel implant. In each angulation, the location of greatest 
maximum principle stress was located at the distal aspect of the miniscrew/cortical bone 
interface. Similarly, peak minimum principal stress (MinPS) was lowest on the miniscrew at 60° 
and greatest at 45°. Figure 8 shows mean stress plots for all angulations and materials. 
Angulation difference was statistically significant for miniscrews at 45° compared to 60° and 90° 
for all stress types analyzed (MaxPS p=0.01, MinPS p=0.01, von Mises stress (vonMS) p=0.01). 
There is no significant difference in cortical bone stress at any angulation.  

  
Fig. 7. Stress distributions of the orthodontic miniscrew showed that stresses concentrated in 
the neck region of the miniscrew at the interface between bone and the screw.  
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Fig. 8. Plots of mean stress (MPa) averaged over angulations (left column), materials 
(middle), and cross-action between angulation and materials (right). Symbols - MaxPS: 
maximum principal stress; MinPS: minimum principal stress; S: screw; B: Bone.  
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superior boundaries. A 150 grams loading force to the mesial was then applied to the 
miniscrew to simulate distalization of anterior teeth (Figure 6C). All materials were linear 
and isotropic (Table 1), and the miniscrew/bone interface was assumed to be rigidly 
bonded. Three material properties (stainless steel, titanium, and composite) were used for 
the miniscrew. Each model was solved under the small displacement assumption. Two-way 
ANOVA was used to compare effects of angulation and material. 

 Cortical Trabecular PDL Dentin Enamel Pulp 
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Steel 
(SS) 

Titanium 
(Ti) Composite 

Young’s 
Modulus 

(MPa) 
13,700 1370 175 18,000 77,900 175 190,000 113,000 20,000 

Poisson’s 
Ratio 0.3 0.3 0.4 0.3 0.3 0.4 0.3 0.3 0.3 

Table 1. Computer model component material properties (O’Brien, 1997) 

5.1.3 Results 

Angle effect 

Stress patterns in both cortical bone and the miniscrew from each simulation were concentrated 
in the second premolar/first molar area immediately around the implant/bone interface 
(Figure 7). Peak stress values for each model simulation are listed in Table 2. Peak maximum 
principal stress (MaxPS) within the miniscrew was greatest when angle placement was 45°. 
Peak MaxPS was lowest at the 60° placement angle. Peak MaxPS in cortical bone was greatest at 
45° angulation, except for the stainless steel implant. In each angulation, the location of greatest 
maximum principle stress was located at the distal aspect of the miniscrew/cortical bone 
interface. Similarly, peak minimum principal stress (MinPS) was lowest on the miniscrew at 60° 
and greatest at 45°. Figure 8 shows mean stress plots for all angulations and materials. 
Angulation difference was statistically significant for miniscrews at 45° compared to 60° and 90° 
for all stress types analyzed (MaxPS p=0.01, MinPS p=0.01, von Mises stress (vonMS) p=0.01). 
There is no significant difference in cortical bone stress at any angulation.  

  
Fig. 7. Stress distributions of the orthodontic miniscrew showed that stresses concentrated in 
the neck region of the miniscrew at the interface between bone and the screw.  
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Fig. 8. Plots of mean stress (MPa) averaged over angulations (left column), materials 
(middle), and cross-action between angulation and materials (right). Symbols - MaxPS: 
maximum principal stress; MinPS: minimum principal stress; S: screw; B: Bone.  
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Angulation Material MaxPS MinPS vonMS 

  
Mini-
screw Bone Mini-

screw Bone Mini-
screw Bone 

45 Titanium 89.3 17.93 -117.63 -11.68 107.54 12.89 

 Composite 82.99 39.94 -102.34 -33.26 110.09 30.33 

 Stainless Steel 82.75 13.26 -109.24 -10.05 94.49 9.47 

60 Titanium 40.31 16.55 -32.18 -16.23 31.56 15.13 

 Composite 46.79 31.26 -40.29 -29.83 32.02 30.43 

 Stainless Steel 47.53 12.74 -32.24 -12.62 35.35 11.42 

90 Titanium 49.73 16.01 -75.82 -10.29 67.24 9.43 

 Composite 27.91 19.81 -39.67 -11.25 33.55 10.99 

 Stainless Steel 58.38 14.96 -88.9 -11.93 78.45 10 

Table 2. Peak mean stress for each model. 

Material effect 

There is a noticeable (p=0.05) difference between material types with composite miniscrews 
having a higher average MaxPS and MinPS in cortical bone than Ti or SS. Peak MinPS is 
lowest on the miniscrew at 60° for Ti and SS miniscrews, and similar at 60° and 90° for 
composite. MinPS is greatest at 45° for all three materials. Peak MinPS is approximately the 
same in cortical bone for all three miniscrew materials at 90° (range -10.29 to -11.93MPa) but 
at 45° and 60° MinPS in cortical bone is higher for composite than Ti or SS (-33.26 & -
29.83MPa respectively for composite vs. -11.68/-10.05MPa & -16.23/-12.62MPa for Ti/SS). 
When comparing the MinPS pattern generated for 45°, 60°, and 90° angulations, the 
composite miniscrew does not mimic the Ti or SS pattern. Rather, MinMS is substantially 
lower in both the miniscrew and bone at 90° than Ti or SS. Peak vonMS was lowest on the 
miniscrew at 60° for all three miniscrew materials relative to the other angulations. As with 
MinPS, the vonMS for the composite miniscrew differs from the Ti and SS pattern generated 
for 45°, 60°, and 90° angulations and is substantially lower in both miniscrew and bone at 
90° than Ti or SS. 

5.1.4 Discussion 

One of the primary areas of interest in the present study related to the construction of a 
human model that is both realistic and of sufficient detail to clinically valuable. Comparing 
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these results to other orthodontic studies using FEA is challenging due to several differences 
between models. Many of the studies available in the literature do not model human 
anatomy ( Gracco et al., 2009; Motoyoshi et al., 2005) and are not 3-dimensional (Brettin et 
al., 2008), or require additional resolution (Jones et al., 2001). Cattaneo et al (2009) produced 
a similar high-quality model of two teeth and surrounding bone for evaluation of 
orthodontic tooth movement and resulting periodontal stresses. Both linear and non-linear 
PDL mechanical properties were simulated. In a different study, Motoyoshi found peak 
bone vonMS in their model between 4-33MPa, similar to the levels in the current study 
(9.43-15.13MPa) However, Motoyoshi used a 2N (~203gm) force applied obliquely at 45°, 
different in both magnitude and orientation from that in this study.  

From the results of the present study, an angulation of 60° is more favorable than either 45° 
or 90° for all three stress types generated relative to the stress on the miniscrew. Conversely, 
all three stress types have levels at 60° which are comparable to 45° and 90° in bone, so 
varied angulation within the range evaluated in the present study may not have a marked 
effect on the bone. However, miniscrews at 60° do have slightly higher MinPS (compressive) 
values than either 45° or 90°, which could have an effect on the rate or extent of biological 
activity and remodeling.  

A third area of focus in the present study was the effect of using different miniscrew 
materials by comparing stress levels generated by popular titanium miniscrews with rarely- 
or never used stainless steel and composite miniscrews. Although no studies were found 
that compare Ti and/or SS miniscrews to composite miniscrews, one published study 
compared some of the mechanical properties of Ti and SS miniscrews (Carano et al., 2005). 
Carano et al reported that Ti and SS miniscrews could both safely be used as skeletal 
anchorage, and that Ti and SS miniscrew bending is >0.02mm at 1.471N (150gm) equivalent 
to the load applied in the present study. There was deformation of >0.01mm noted in the 
present study. However, the geometry in the study by Carano et al was otherwise not 
comparable to that in the present study. 

There are no studies available which compare Ti and SS stresses or stress pattern generation. 
Therefore, to compare stresses generated from the use of composite to Ti and SS in the 
present study, the modulus of the miniscrew in each Ti model was varied to reflect that of 
SS and composite, with a subsequent test at each angulation. The fact that the general stress 
pattern for composite is dissimilar to Ti and SS when the miniscrew angulation is changed 
may be of clinical importance (Pollei 2009). Because composite has a much lower modulus 
than Ti or SS, it may be that stress shielding does not happen as much in composite 
miniscrews, and therefore more stress is transferred to the adjacent cortical bone in both 
compression and tension scenarios. As a result of increased compressive and tensile forces, 
especially in the 45° model, biological activity related to remodeling may be increased 
relative to other models with lower stress levels, and therefore have a more significant 
impact on long-term miniscrew stability and success. Another potential undesirable effect of 
using composite miniscrews in place of either Ti or SS is the increased deformation and 
distortion that is inherent due to the decreased modulus of composite relative to titanium or 
steel. Mechanical or design improvements need to be made to allow for composite 
miniscrews to be a viable alternative in clinical practice. 
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Angulation Material MaxPS MinPS vonMS 
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 Stainless Steel 58.38 14.96 -88.9 -11.93 78.45 10 

Table 2. Peak mean stress for each model. 

Material effect 

There is a noticeable (p=0.05) difference between material types with composite miniscrews 
having a higher average MaxPS and MinPS in cortical bone than Ti or SS. Peak MinPS is 
lowest on the miniscrew at 60° for Ti and SS miniscrews, and similar at 60° and 90° for 
composite. MinPS is greatest at 45° for all three materials. Peak MinPS is approximately the 
same in cortical bone for all three miniscrew materials at 90° (range -10.29 to -11.93MPa) but 
at 45° and 60° MinPS in cortical bone is higher for composite than Ti or SS (-33.26 & -
29.83MPa respectively for composite vs. -11.68/-10.05MPa & -16.23/-12.62MPa for Ti/SS). 
When comparing the MinPS pattern generated for 45°, 60°, and 90° angulations, the 
composite miniscrew does not mimic the Ti or SS pattern. Rather, MinMS is substantially 
lower in both the miniscrew and bone at 90° than Ti or SS. Peak vonMS was lowest on the 
miniscrew at 60° for all three miniscrew materials relative to the other angulations. As with 
MinPS, the vonMS for the composite miniscrew differs from the Ti and SS pattern generated 
for 45°, 60°, and 90° angulations and is substantially lower in both miniscrew and bone at 
90° than Ti or SS. 

5.1.4 Discussion 

One of the primary areas of interest in the present study related to the construction of a 
human model that is both realistic and of sufficient detail to clinically valuable. Comparing 
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these results to other orthodontic studies using FEA is challenging due to several differences 
between models. Many of the studies available in the literature do not model human 
anatomy ( Gracco et al., 2009; Motoyoshi et al., 2005) and are not 3-dimensional (Brettin et 
al., 2008), or require additional resolution (Jones et al., 2001). Cattaneo et al (2009) produced 
a similar high-quality model of two teeth and surrounding bone for evaluation of 
orthodontic tooth movement and resulting periodontal stresses. Both linear and non-linear 
PDL mechanical properties were simulated. In a different study, Motoyoshi found peak 
bone vonMS in their model between 4-33MPa, similar to the levels in the current study 
(9.43-15.13MPa) However, Motoyoshi used a 2N (~203gm) force applied obliquely at 45°, 
different in both magnitude and orientation from that in this study.  

From the results of the present study, an angulation of 60° is more favorable than either 45° 
or 90° for all three stress types generated relative to the stress on the miniscrew. Conversely, 
all three stress types have levels at 60° which are comparable to 45° and 90° in bone, so 
varied angulation within the range evaluated in the present study may not have a marked 
effect on the bone. However, miniscrews at 60° do have slightly higher MinPS (compressive) 
values than either 45° or 90°, which could have an effect on the rate or extent of biological 
activity and remodeling.  

A third area of focus in the present study was the effect of using different miniscrew 
materials by comparing stress levels generated by popular titanium miniscrews with rarely- 
or never used stainless steel and composite miniscrews. Although no studies were found 
that compare Ti and/or SS miniscrews to composite miniscrews, one published study 
compared some of the mechanical properties of Ti and SS miniscrews (Carano et al., 2005). 
Carano et al reported that Ti and SS miniscrews could both safely be used as skeletal 
anchorage, and that Ti and SS miniscrew bending is >0.02mm at 1.471N (150gm) equivalent 
to the load applied in the present study. There was deformation of >0.01mm noted in the 
present study. However, the geometry in the study by Carano et al was otherwise not 
comparable to that in the present study. 

There are no studies available which compare Ti and SS stresses or stress pattern generation. 
Therefore, to compare stresses generated from the use of composite to Ti and SS in the 
present study, the modulus of the miniscrew in each Ti model was varied to reflect that of 
SS and composite, with a subsequent test at each angulation. The fact that the general stress 
pattern for composite is dissimilar to Ti and SS when the miniscrew angulation is changed 
may be of clinical importance (Pollei 2009). Because composite has a much lower modulus 
than Ti or SS, it may be that stress shielding does not happen as much in composite 
miniscrews, and therefore more stress is transferred to the adjacent cortical bone in both 
compression and tension scenarios. As a result of increased compressive and tensile forces, 
especially in the 45° model, biological activity related to remodeling may be increased 
relative to other models with lower stress levels, and therefore have a more significant 
impact on long-term miniscrew stability and success. Another potential undesirable effect of 
using composite miniscrews in place of either Ti or SS is the increased deformation and 
distortion that is inherent due to the decreased modulus of composite relative to titanium or 
steel. Mechanical or design improvements need to be made to allow for composite 
miniscrews to be a viable alternative in clinical practice. 
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5.2 Orthodontic archwire 

5.2.1 Introduction 

Currently, biomechanical analysis of orthodontic force systems is typically limited to simple 
2D force diagrams with only 2 or 3 teeth. Beyond this point, the system often becomes 
indeterminate. Recent laboratory developments (Badawi et al., 2009) allow investigation of 
the forces and moments generated with continuous archwires. However, this laboratory 
technique has 3 significant limitations: interbracket distance is roughly doubled, the PDL is 
ignored, and only a single resultant force and moment is calculated for each tooth.  

The complete dentition CAD model assembled in our lab includes the PDL for each tooth 
and calculates the resultant stress-strain at any point in the model, improving on the 
limitations of the laboratory technique. However, the accuracy of this technique depends on 
the 3 factors mentioned previously: material properties, boundary conditions, and loading 
conditions. The considerations for material properties and boundary conditions are similar 
to the other models discussed above, but loading conditions with orthodontic archwires 
deserves closer attention. 

Previously studies in orthodontics have typically used point-forces to load teeth, but fixed 
appliances rarely generate pure point-forces. In order to properly model a wide range of 
orthodontic movement, a new technique was developed which stores residual stresses 
during the insertion (loading) stage of the archwire, followed by a deactivation stage where 
the dentition is loaded equivalently to intraoral archwire loading. This method provides a 
new way to investigate orthodontic biomechanics (Canales 2011).  
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5.2.2 Methods 

To assess the effect of proper PDL modeling, two separate models were generated from our 
master model. In both models, the upper right central incisor, lateral incisor, canine, and first 
premolar were segmented from the full model. Brackets (0.022” slot) were ideally placed on 
the facial surface of each tooth and an archwire was created that had a 0.5 mm intrusive step 
on the lateral incisor. Passive stainless steel ligatures were placed on each bracket keep the 
archwire seated. For one model, all bodies were assumed to be stainless steel (mimicking the 
laboratory setup by Badawi and Major 2009), while suitable material properties were assigned 
to each body in the second model (Figure 9). Each model was meshed using tetrahedral 
elements, except for swept hexahedral elements in the archwire, and consisted of 238758 nodes 
and 147747 elements. The ends of the archwire and the sectioned faces of bone were rigidly 
fixed. The contacts between the wire and the brackets were assumed frictionless. 

5.2.3 Results and discussion 

The static equilibrium equations were solved under large displacement assumptions. The 
final displacement in each model is shown in Figure 10, showing dramatically increased 
displacement in the PDL model. Notice that in both models, the lateral experienced 
unpredicted distal displacement due to the interaction of the archwire. This highlights the 
importance of accurate loading conditions in FEA. In addition to increased overall 
displacement, the center of rotation of the lateral incisor also moves apically and facially in 
the stainless steel model (Figure 11). Therefore, any results generated without properly 
modeling the PDL should be taken with caution – this includes laboratory testing of 
continuous archwire mechanics (Badawi and Major 2009).  

 
Fig. 10. Displacement viewed from the occlusal in the A) PDL model and B) stainless steel 
model after placement of a wire with 0.5 mm intrusive step bend. Note the different color 
scales and that both models have 7.1 times the actually displacement visually displayed.  

The stress and strain distributions in the PDL also show variations in both magnitude and 
distribution (Figures 12 and 13). Unsurprisingly, the PDL shows increased strain when 
accurately modeled as a less stiff material than stainless steel. In this PDL model, the strain 
is also concentrated to the PDL, as opposed to more broadly distributed in the stainless steel 
model. Due to the increased rigidity in the stainless steel model, higher stresses were 
generated by the same displacement in the archwire.  
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The stress and strain distributions in the PDL also show variations in both magnitude and 
distribution (Figures 12 and 13). Unsurprisingly, the PDL shows increased strain when 
accurately modeled as a less stiff material than stainless steel. In this PDL model, the strain 
is also concentrated to the PDL, as opposed to more broadly distributed in the stainless steel 
model. Due to the increased rigidity in the stainless steel model, higher stresses were 
generated by the same displacement in the archwire.  
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The results clearly show the importance of the PDL in modeling orthodontic loading. We 
aim to further improve this model, adding additional teeth, active ligatures, and friction. 

Fig. 11. Displacement viewed from the distal in the A) PDL model and B) stainless steel 
model after placement of a wire with 0.5 mm intrusive step bend. Note the center of rotation 
(red dot) in the stainless steel model moves apically and facially.  

Fig. 12. Equivalent (von-Mises) elastic strain for the A) PDL model and B) stainless steel 
model after placement of a wire with 0.5 mm intrusive step bend. 
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Fig. 13. Equivalent (von-Mises) stress in MPa for the A) PDL model and B) stainless steel 
model after placement of a wire with 0.5 mm intrusive step bend.  

6. Future of dental FEA 
Although FEA techniques have greatly improved over the past few decades, further 
developments remain. More robust solid models, like the one demonstrated in Figure 14, 
with increased capability to manipulate CAD objects would allow increased research in this 
area. The ability to fix minor problematic geometry and easily create models with minor  
variations would greatly reduce the time required to model different biomechanical 

Fig. 14. Full Jaw Orthodontic Dentition (FJORD, UNC Copyright) Model: Isometric view of 
the solid models of mandible and maxillary arches and dentitions that was reconstructed 
and combined in SolidWorks software in our lab. The left image renders transparency of the 
gingiva and bone to reveal internal structures. 
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situations. Additionally, adding frictional boundaries conditions between teeth and active 
ligations for orthodontic appliances will continue to increase the accuracy of these models. 
Three dimensional dynamic simulations for assessing tooth injury, similar to those 
demonstrated in 2D studies (Huang et al., 2006; Miura and Maeda, 2008), should be re-
evaluated. While techniques will continually be optimized to improve numerical 
approximations, this does not negate the value of finite element techniques in dentistry. 
These techniques use proven engineering principles to model aspects of dentistry that are 
unable to be efficiently investigated using clinical techniques, and will continue to provide 
valuable clinical insights regarding dental biomechanics. 
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1. Introduction 
The primary function of the human dentition is preparation and processing of food through 
a biomechanical process of biting and chewing. This process is based on the transfer of 
masticatory forces, mediated through the teeth (Versluis & Tantbirojn, 2011). The intraoral 
environment is a complex biomechanical system. Because of this complexity and limited 
access, most biomechanical research of the oral environment such as restorative, prosthetic, 
root canal, orthodontic and implant procedures has been performed in vitro (Assunção et 
al., 2009). In the in vitro biomechanical analysis of tooth structures and restorative materials, 
destructive mechanical tests for determination of fracture resistance and mechanical 
properties are important means of analyzing tooth behavior. These tests, however, are 
limited with regard to obtaining information about the internal behavior of the structures 
studied. Furthermore, biomechanics are not only of interest at the limits of fracture or 
failure, but biomechanics are also important during normal function, for understanding 
property-structure relationships, and for tissue response to stress and strain. For a more 
precise interrogation of oral biomechanical systems, analysis by means of computational 
techniques is desirable.  

When loads are applied to a structure, structural strains (deformation) and stresses are 
generated. This is normal, and is how a structure performs its structural function. But if such 
stresses become excessive and exceed the elastic limit, structural failure may result. In such 
situations, a combination of methodologies will provide the means for sequentially 
analyzing continuous and cyclic failure processes (Soares et al., 2008). Stresses represent 
how masticatory forces are transferred through a tooth or implant structure (Versluis & 
Tantbirojn, 2011). These stresses cannot be measured directly, and for failure in complex 
structures it is not easy to understand why and when a failure process is initiated, and how 
we can optimize the strength and longevity of the components of the stomatognathic 
system. The relationship between stress and strain is expressed in constitutive equations 
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1. Introduction 
The primary function of the human dentition is preparation and processing of food through 
a biomechanical process of biting and chewing. This process is based on the transfer of 
masticatory forces, mediated through the teeth (Versluis & Tantbirojn, 2011). The intraoral 
environment is a complex biomechanical system. Because of this complexity and limited 
access, most biomechanical research of the oral environment such as restorative, prosthetic, 
root canal, orthodontic and implant procedures has been performed in vitro (Assunção et 
al., 2009). In the in vitro biomechanical analysis of tooth structures and restorative materials, 
destructive mechanical tests for determination of fracture resistance and mechanical 
properties are important means of analyzing tooth behavior. These tests, however, are 
limited with regard to obtaining information about the internal behavior of the structures 
studied. Furthermore, biomechanics are not only of interest at the limits of fracture or 
failure, but biomechanics are also important during normal function, for understanding 
property-structure relationships, and for tissue response to stress and strain. For a more 
precise interrogation of oral biomechanical systems, analysis by means of computational 
techniques is desirable.  

When loads are applied to a structure, structural strains (deformation) and stresses are 
generated. This is normal, and is how a structure performs its structural function. But if such 
stresses become excessive and exceed the elastic limit, structural failure may result. In such 
situations, a combination of methodologies will provide the means for sequentially 
analyzing continuous and cyclic failure processes (Soares et al., 2008). Stresses represent 
how masticatory forces are transferred through a tooth or implant structure (Versluis & 
Tantbirojn, 2011). These stresses cannot be measured directly, and for failure in complex 
structures it is not easy to understand why and when a failure process is initiated, and how 
we can optimize the strength and longevity of the components of the stomatognathic 
system. The relationship between stress and strain is expressed in constitutive equations 
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according to universal physical laws. When dealing with physically and geometrically 
complex systems, an engineering concept that uses a numerical analysis to solve such 
equations becomes inevitable. Finite Element Analysis (FEA) is a widely used numerical 
analysis that has been applied successfully in many engineering and bioengineering areas 
since the 1950s. This computational numerical analysis can be considered the most 
comprehensive method currently available to calculate the complex conditions of stress 
distributions as are encountered in dental systems (Versluis & Tantbirojn, 2009).  

The concept of FEA is obtaining a solution to a complex physical problem by dividing the 
problem domain into a collection of much smaller and simpler domains in which the field 
variables can be interpolated with the use of shape functions. The structure is discretized 
into so called “elements” connected through nodes. In FEA choosing the appropriate 
mathematical model, element type and degree of discretization are important to obtain 
accurate as well as time and cost effective solutions. Given the right model definition, FEA is 
capable of computationally simulating the stress distribution and predicting the sites of 
stress concentrations, which are the most likely points of failure initiation within a structure 
or material. Other advantages of this method compared with other research methodologies 
are the low operating costs, reduced time to carry out the investigation and it provides 
information that cannot be obtained by experimental studies (Soares et al. 2008).  

However, FEA studies cannot replace the traditional laboratory studies. FEA needs 
laboratory validation to prove its results. The properties and boundary conditions dentistry 
is dealing with are complex and often little understood, therefore requiring assumptions 
and simplifications in the modeling of the stress-strain responses. Furthermore, large 
anatomical variability precludes conclusions based on unique solutions. The most powerful 
application of FEA is thus when it is conducted together with laboratory studies. For 
example, the finite element method can be performed before a laboratory study as a way to 
design and conduct the experimental research, to predict possible errors, and serve as a pilot 
study for the standardization protocols. The use of this methodology can also occur after 
laboratory experimental tests in order to explain ultra-structural phenomena that cannot be 
detected or isolated. The identification of stress fields and their internal and external 
distribution in the specimens may therefore help answer a research hypothesis (Ausiello et 
al., 2001).  

The complexity of a FEA can differ depending on the modeled structure, research question, 
and available knowledge or operator experience. For example, FEA can be performed using 
two-dimensional (2D) or three-dimensional (3D) models. The choice between these two 
models depends on many inter-related factors, such as the complexity of the geometry, 
material properties, mode of analysis, required accuracy and the applicability of general 
findings, and finally the time and costs involved (Romeed et al., 2004; Poiate et al., 2011). 2D 
FEA is often performed in dental research (Soares et al., 2008; Silva et al., 2009; Soares et al., 
2010). The advantage of a 2D-analysis is that it provides significant results and immediate 
insight with relatively low operating cost and reduced analysis time. However, the results of 
2D models also have limitations regarding the complexity of some structural problems. In 
contrast, 3D FEA has the advantage of more realistic 3D stress distributions in complex 3D 
geometries (Fig. 1). However, creating a 3D model can be considered more costly, because it 
is more labor-intensive and time-consuming and may require additional technology for 
acquiring 3D geometrical data and generation of models (Santos-Filho et al., 2008).  
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Fig. 1. Upper central incisor restored with cast post-and-cores. A) 2D FEA model, B) 3D FEA 
model with different cutting planes, showing internal stress distributions (ANSYS 12 
Workbench - Ansys Inc., Houston, USA). (Santos-Filho, 2008).  

In dental research, FEA has been used effectively in many research studies. For example, 
FEA has been used to analyze stress generation during the polymerization process of 
composite materials and stress analyses associated with different restorative protocols like 
tooth implant, root post canal, orthodontic approaches (Versluis et al., 1996; Versluis et al., 
1998; Ausiello et al., 2001; Lin et al., 2001; Ausiello et al., 2002; Versluis et al., 2004; Misra et 
al., 2005; Meira et al., 2007; Witzel et al., 2007; Meira et al., 2010). This chapter will discuss 
the application and potential of finite element analysis in biomechanical studies, and how 
this method has been instrumental in improving the quality of oral health care. 

2. Application of finite element analysis in dentistry - Modeling steps: Geometry, 
properties, and boundary conditions 

The FEA procedure consists of three steps: pre-processing, processing and post-processing.  

2.1 Pre-processing: Building a model 

Pre-processing involves constructing the “model”. A model consists of: (1) the geometrical 
representation, (2) the definition of the material properties, and (3) the determination of 
what loads and restraints are applied and where. Model construction is often difficult, 
because biological structures have irregular shapes, consist of different materials and/or 
compositions, and the exact loading conditions can have a large effect on the outcome. 
Therefore, the correct construction of a model to obtain accurate results from a FEA is very 
important. The development of FEA models can follow different protocols, depending on 
the aim of the study. Models used to analyze laboratory test parameters, like microtensile 
bond tests, flexural tests, or push-out tests usually have the simplest geometries and can be 
generated directly into the FEA software (Fig. 2.). Modeling of 2D and 3D biological 
structures are often more intricate, and may have to be performed with Computer Aided 
Design (CAD) or Bio-CAD software. This chapter mainly discusses 3D Bio-CAD modeling. 
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Fig. 2. Finite element models of test specimens made directly in FEA software. 

2.2 Bio-CAD protocol for 3D modeling of organic structures 

The modeling technique often used in bioengineering studies is called Bio-CAD, and 
consists of obtaining a virtual geometric model of a structure from anatomical references 
(Protocol developed in the Center for Information Technology Renato Archer, Travassos, 
2010). The obtained geometrical model consists of closed volumes or solid shapes, in which 
a mesh distribution of discrete elements can be generated. The shape of the object of study 
can be reconstructed as close to reality as possible, for example, by reducing the size of the 
elements in regions that require more details. However, higher detail and thus reducing the 
element sizes will increase the total number of elements and consequently, the 
computational requirements. Modeling Bio-CAD involves the stages of obtaining the base-
geometry, creation of reference curves, construction of surface areas, union of surfaces for 
generation of solids and exportation of the model to FEA software. 

2.2.1 Obtaining the base-geometry 

References for model creation, whether 2D or 3D, are images of the structure that is 
modeled. Modeling of biological structures for the finite element method usually requires 
CAD techniques. For 2D models, the modeling is made from the images or planar sections 
of a structure (photograph, tomography or radiograph) (Fig. 3). 
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Fig. 3. Images used to build a two-dimensional model. A) Photographs, B) Section plane of 
computed tomography, C) Radiograph.  

These images can be imported into different software programs that can digitize reference 
points of the structure, such as Image J (available at http://imagej.nih.gov). These points 
can be exported as a list of coordinates, which can subsequently be imported into a finite 
element program, for example MENTAT-MARC package (MSC. Software Corporation, 
Santa Ana, CA, USA), or CAD software, such as Mechanical Desktop (Autodesk, San Rafael, 
CA, USA) that can generate IGES-files that can be read by most FEA software. The imported 
reference points can be used to outline the shape of the modeled structure or materials, and 
hence the finite element mesh.  

NURBS Modeling (Non Uniform Rational Bezier Spline) is one of several methods applied 
for building 3D models. This methodology involves a model creation from a base geometry 
in STL (stereolithography) format. Obtaining an STL-file, consisting of a mesh of triangular 
surfaces created from a distribution of surface points, is a critical step for 3D modeling. 
Several methods have been described in the literature (Magne, 2007; Soares et al., 2008). The  

 
Fig. 4. NURBS modeling. A) STL model (stereolithography), B) NURBS-based geometry 
created from the STL (Santos-Filho, 2008). 
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STL  file can be obtained by computed tomography, Micro-CT, magnetic resonance imaging 
(MRI) or optical, contact or laser scanning. Using CAD software, NURBS curves can be 
defined that follow the anatomical details of the structure. This transformation from surface 
elements to a NURBS-based representation allows for greater control of the shape and 
quality of the resulting finite element mesh (Fig. 4).  

Our research group has used this strategy to create models of the tooth. First the outer shape 
of an intact tooth is scanned using a laser scanner (LPX 600, Roland DG, Osaka, Japan). 
Next, the enamel is removed by covering the root surface with a thin layer of nail polish, 
and immersing the tooth in 10% citric acid for 10 minutes in an ultra-sound machine. Using 
a stereomicroscope (40X) the complete removal of enamel can be confirmed. Then the tooth 
is scanned again and the two shapes (sound tooth and dentin) are fit using PixForm Pro II 
software (Roland DG, Osaka, Japan). The pulp geometry is generated by two X-ray images 
obtained from the tooth positioned bucco-lingually and mesio-distally. These images are 
exported to Image J software where the pulp shapes are traced and digitized, and eventually 
merged with the scanned tooth and dentin surfaces.  

2.2.2 NURBS Modeling: Creation of the curves, surfaces and solids 

NURBS Modeling or irregular surface modeling begins with planning the number and 
position of curves that will represent the main anatomic landmarks of the models, justifying 
the level of detail in each case. From these curves surfaces and volumes (solids) will be 
created. The NURBS curves will determine the quality of the model, and consequently, the 
quality of the finite element mesh. The modeling strategy begins with knowledge of the 
anatomy of the structure to be studied. The curves should be as regular as possible, and 
should not form a very small or narrow area with sharp angles, as this would hinder the 
formation of meshes. The boundary conditions, defined by external restrictions, contact 
structures and loading definition, must already be defined at the time of construction of 
lines and surfaces. The curves should provide continuity to ensure that the model will result 
in closed volumes. If models are made up of multiple solids, NURBS curves from adjacent 
solids should have the same point of origin to facilitate the formation of a regular mesh 
across the solid boundaries. 

After curves have been defined, surfaces can be created using three or four curves each. The 
formation of surfaces should follow a chess pattern to prevent wrinkling of the end surfaces 
caused by the assigned tangency between the surfaces (Fig. 5). This makes it possible to 
choose the form of tangency between the surfaces and avoid creases in the models that 
would become areas of mesh complications and consequently locations of erroneous stress 
concentrations in the final finite element model. It is recommended that there is continuity 
of curvature between the surfaces. Finally the surfaces should be joined to form a closed 
NURBS volume.  

Most cases involve more than one solid, with different materials and contact areas defined, 
among other features. In these cases, a classification is assigned to multi-bodies. Another 
important requirement is that there can be no intersection between bodies. There should 
also be no empty spaces between solids in contact, which in contact analysis would cause 
single contacts with associated stress peaks, or would cause gaps for intended bonded 
interfaces. In order to avoid these problems, it is recommended that the contact surfaces of 
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both bodies are identical and coincide using commands such as Boolean Operations, or 
copying common surfaces. 

 
Fig. 5. Creation of surfaces and solids from reference curves in Rhinoceros 3D (Robert 
McNeel & Associates, USA). 

2.2.3 Exporting the solids 

The export model is usually saved in STEP (STP) format or IGES (IGS) format. The choice of 
format depends on the compatibility with the pre-processing software of the FEA program. 
Also be aware of the units (chosen at the beginning of modeling, usually in millimeters) 
before importing the model into the pre-processing software. Before exporting, it is 
recommended to carefully re-check the model to avoid rework: ensure that solids are closed, 
check for acute angles in surfaces or discontinuities, check for very short edges, check for 
surfaces that are too narrow or small, and inspect intersections between solids (Travassos, 
2010). 

2.3 Material properties 

Material properties can be determined by means of mechanical tests and applied for any 
material with the same characteristics. Specimens and procedures can be carried out 
following agreed testing standards (ASTM - American Society for Testing and Materials). 
The minimum properties required for most linear elastic isotropic finite element analyses 
are the elastic modulus and Poisson’s ratio.  

2.3.1 Methods for obtaining material properties used in FEA 

The elastic modulus (E) represents the inherent stiffness of a material within the elastic 
range, and describes the relationship between stress and strain. The elastic modulus can 
thus be determined from the slope of a stress/strain curve. Such relationship can be 
acquired by means of a uniaxial tensile test in the elastic regime (Chabrier et al., 1999). The 
modulus of elasticity is defined as:  
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Fig. 5. Creation of surfaces and solids from reference curves in Rhinoceros 3D (Robert 
McNeel & Associates, USA). 

2.2.3 Exporting the solids 

The export model is usually saved in STEP (STP) format or IGES (IGS) format. The choice of 
format depends on the compatibility with the pre-processing software of the FEA program. 
Also be aware of the units (chosen at the beginning of modeling, usually in millimeters) 
before importing the model into the pre-processing software. Before exporting, it is 
recommended to carefully re-check the model to avoid rework: ensure that solids are closed, 
check for acute angles in surfaces or discontinuities, check for very short edges, check for 
surfaces that are too narrow or small, and inspect intersections between solids (Travassos, 
2010). 

2.3 Material properties 

Material properties can be determined by means of mechanical tests and applied for any 
material with the same characteristics. Specimens and procedures can be carried out 
following agreed testing standards (ASTM - American Society for Testing and Materials). 
The minimum properties required for most linear elastic isotropic finite element analyses 
are the elastic modulus and Poisson’s ratio.  

2.3.1 Methods for obtaining material properties used in FEA 

The elastic modulus (E) represents the inherent stiffness of a material within the elastic 
range, and describes the relationship between stress and strain. The elastic modulus can 
thus be determined from the slope of a stress/strain curve. Such relationship can be 
acquired by means of a uniaxial tensile test in the elastic regime (Chabrier et al., 1999). The 
modulus of elasticity is defined as:  
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  E = /   (1) 

where () is the stress and () is the strain (ratio between amount of deformation and 
original dimension). 

Various methods have been used to measure the elastic modulus (Chung et al., 2005; Vieira 
et al., 2006; Boaro et al., 2010; Suwannaroop et al., 2011). For dental materials and tissues, the 
classical uniaxial tensile test is often problematic due to small specimen dimensions dictated 
by size, cost, and/or manufacturing limitations. Therefore, other methods such as 3-point 
bending, indentation, nanoindentation and ultrasonic waves have been used to determine 
the elastic modulus. Using a Knoop hardness setup, the elastic modulus of composites can 
be estimated with an empirical relationship, yielding a simple and low cost method 
(Marshall et al., 1982). Using the dimensions of the short and long diagonals of the 
indentation, the elastic modulus (GPa) can be determined using the following equation:  

  E = 0.45 KHN/((0.140647-d/D) 100)  (2) 

where KHN is the Knoop Hardness (kg/mm2), d is the short diagonal of the indentation, D 
is the long diagonal of the indentation, and 0.140647 is the ratio of the short and long 
diagonals of the Knoop indenter (1/7.11). Nanoindentation systems have also been used for 
this purpose. The elastic modulus from nanoindentation is obtained from the data generated 
in the load-displacement curve by means of the equation (Suwannaroop et al., 2011):  

  1/E*=(1-v2)/E+(1-v2)/E'  (3) 

where E* is the reduced modulus from the nanoindenter, E is the modulus of the Berkovich 
diamond indenter (1,050 GPa ), E’ is the modulus of the specimen, υ is the Poisson’s ratio for 
the indenter (0.07)28, and υ’ is the Poisson’s ratio for the specimens. 

The ISO 4049 (Dentistry - Resin based dental fillings) provides a standard for the use of 
three-point bending tests for determining the flexural modulus (elastic modulus) for 
composites. Generally, the preparation of specimens for microindentation tests is easier, 
specimen size is smaller and it has been suggested that their results are more consistent than 
with an ISO 4049 three-point bending test (Chung et al., 2005).  

The analysis of anisotropic materials (i.e., materials with different stress-strain responses in 
different directions) requires the application of elastic moduli and Poisson's ratios in 3 
directions (2 in case of orthotropy), as well as shear moduli in those directions. It is well 
accepted that enamel is not isotropic, but the anisotropy of dentin is less well established. 
Analyzing the effect of anisotropy in dentin, the presence and direction of dentinal tubules 
were not found to affect the mechanical response, indicating that dentin behaved 
homogeneous and isotropic (Peyton et al., 1952). More recently, some heterogeneity and 
anisotropy was demonstrated for dentin. However, the stiffness response seems to be only 
mildly anisotropic (Wang & Weiner, 1998; Kinney et al., 2004; Huo, 2005). Therefore, dentin 
properties in FEA are usually assumed to be isotropic. Potential simplifications such as the 
assumption of linear-elastic isotropic material behavior may be necessary in FEA 
simulations due to the difficulty of obtaining the correct directional properties, or the need 
to reduce the complexity of an analysis. As in other research approaches, some 
simplifications and assumptions are also common in FEA, and are permissible provided that 
their impact on the conclusions is carefully taken into account. It has been shown, for 
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example, that the assumption of isotropic properties for enamel did not change the 
conclusions of a shrinkage stress analysis (Versluis & Tantbirojn, 2011).  

The other mandatory property for a FEA, the Poisson's ratio, is the ratio of lateral 
contraction and longitudinal elongation of a material subjected to a uniaxial load (Chabrier 
et al., 1999). Among the static methods are tensile and compression tests, in which a uniaxial 
stress is applied to the material and the Poisson's ratio is calculated from the resulting axial 
and transverse strains. Another method uses ultrasound (resonance), where the Poisson's 
ratio is obtained from the speed or natural frequency of the generated longitudinal and 
transverse waves.  

2.3.2 Type of structural analysis: Linear and nonlinear analysis 

The type of structural analysis depends on the subject that is being modeled. Depending on 
the model, the FEA can be linear or nonlinear. Linear or nonlinear analysis refers to the 
proportionality of the solutions. A solution is linear if the outcome is independent of its 
loading history. For example, an analysis is linear if the outcome will be the same 
irrespective of if the load is applied in one or multiple increments. Some conditions are 
inherently nonlinear, such as nonlinear material responses (e.g., rate-dependent properties 
or viscoelasticity, plastic deformation), time-dependent boundary conditions (e.g., contact 
analysis where independent bodies interact), or geometric instabilities (e.g., buckling). 
Sometimes linear conditions become nonlinear when general assumptions become invalid. 
For example, the stress-strain responses are generally based on the assumption of small 
displacements. When large deformations occur, the numerical solution procedures must be 
adjusted. Most high-end FEA software programs have the capability to resolve nonlinear 
equation systems. For the end-user, the difference between submitting a linear or nonlinear 
analysis is minimal, and usually only involves the prescription of multiple increments or 
invoking an alternative solver for the ensuing nonlinear solution. Since nonlinear systems 
potentially have multiple solutions, nonlinear analyses should also be checked more 
thoroughly for the convergence to the correct solution. Nonlinear solutions require more 
computational iterations to converge to a final solution, therefore nonlinear analyses are 
more costly in terms of computation and time.  

Nonlinear FEA is a powerful tool to predict stress and strain within structures in situations 
that cannot be simulated in conventional linear static models. However the determination of 
elastic, plastic, and viscoelastic material behavior of the materials involved requires accurate 
mechanical testing prior to FEA. The experimental determination of mechanical properties 
continues to be a major challenge and impediment for more accurate FEA. For example, 
periodontal ligament (PDL) is a dental tissue structure with significant viscoelastic behavior, 
and simulation using nonlinear analysis would be more realistic. However, due to its 
complex structure; the exact mechanical properties of PDL must still be considered poorly 
understood. It such case it can be argued that using incorrect or questionable nonlinear 
mechanical properties in a FEA may be more obscuring than a well defined and understood 
simplification.  

An example of the need for a nonlinear analysis is the simulation of the mechanical behavior 
across an interface. Interfacial areas are among the most important areas for the 
performance of materials or structures. Interfaces between different materials can often be 
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example, that the assumption of isotropic properties for enamel did not change the 
conclusions of a shrinkage stress analysis (Versluis & Tantbirojn, 2011).  

The other mandatory property for a FEA, the Poisson's ratio, is the ratio of lateral 
contraction and longitudinal elongation of a material subjected to a uniaxial load (Chabrier 
et al., 1999). Among the static methods are tensile and compression tests, in which a uniaxial 
stress is applied to the material and the Poisson's ratio is calculated from the resulting axial 
and transverse strains. Another method uses ultrasound (resonance), where the Poisson's 
ratio is obtained from the speed or natural frequency of the generated longitudinal and 
transverse waves.  

2.3.2 Type of structural analysis: Linear and nonlinear analysis 

The type of structural analysis depends on the subject that is being modeled. Depending on 
the model, the FEA can be linear or nonlinear. Linear or nonlinear analysis refers to the 
proportionality of the solutions. A solution is linear if the outcome is independent of its 
loading history. For example, an analysis is linear if the outcome will be the same 
irrespective of if the load is applied in one or multiple increments. Some conditions are 
inherently nonlinear, such as nonlinear material responses (e.g., rate-dependent properties 
or viscoelasticity, plastic deformation), time-dependent boundary conditions (e.g., contact 
analysis where independent bodies interact), or geometric instabilities (e.g., buckling). 
Sometimes linear conditions become nonlinear when general assumptions become invalid. 
For example, the stress-strain responses are generally based on the assumption of small 
displacements. When large deformations occur, the numerical solution procedures must be 
adjusted. Most high-end FEA software programs have the capability to resolve nonlinear 
equation systems. For the end-user, the difference between submitting a linear or nonlinear 
analysis is minimal, and usually only involves the prescription of multiple increments or 
invoking an alternative solver for the ensuing nonlinear solution. Since nonlinear systems 
potentially have multiple solutions, nonlinear analyses should also be checked more 
thoroughly for the convergence to the correct solution. Nonlinear solutions require more 
computational iterations to converge to a final solution, therefore nonlinear analyses are 
more costly in terms of computation and time.  

Nonlinear FEA is a powerful tool to predict stress and strain within structures in situations 
that cannot be simulated in conventional linear static models. However the determination of 
elastic, plastic, and viscoelastic material behavior of the materials involved requires accurate 
mechanical testing prior to FEA. The experimental determination of mechanical properties 
continues to be a major challenge and impediment for more accurate FEA. For example, 
periodontal ligament (PDL) is a dental tissue structure with significant viscoelastic behavior, 
and simulation using nonlinear analysis would be more realistic. However, due to its 
complex structure; the exact mechanical properties of PDL must still be considered poorly 
understood. It such case it can be argued that using incorrect or questionable nonlinear 
mechanical properties in a FEA may be more obscuring than a well defined and understood 
simplification.  

An example of the need for a nonlinear analysis is the simulation of the mechanical behavior 
across an interface. Interfacial areas are among the most important areas for the 
performance of materials or structures. Interfaces between different materials can often be 
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modeled as a perfect bond, where nodes are shared across the interface (Wakabayashi et al., 
2008). The simulations of such interface can normally be conducted in a linear analysis. 
However, depending the actual conditions at a simulated interface, such perfect fusion can 
occasionally lead to unrealistic results. Fig. 6 shows a 2D FEA model of a root filled tooth 
restored with a cast post and core and a fiberglass post and composite core. When perfect 
bonding was assumed in a linear analysis, the stress distribution indicated higher stress 
concentrations in the cast post and core compared to the fiberglass post, while the stress 
distribution in the root dentin was nearly identical between these two models. Experimental 
failure data showed, however, that the failure modes of the cast post and core group were 
more catastrophic and involved longitudinal root fractures while all fractures of the root 
with fiberglass post were coronal fractures. Simulating the interface more realistically with 
friction between resin cement and cast post and core (requiring a nonlinear analysis) rather 
than a perfect fusion, the stress distribution changed substantially between the two post 
types (Fig. 6), and yielded more realistic results when compared with the experimental 
observations.  

 
Fig. 6. Nonlinear FEA of endodontic treated tooth restored with A. Cast post and core and B. 
Fiberglass post. 

2.4 Mesh generation  

In FEA the whole domain is divided into smaller elements. The collection and distribution 
of these elements is called a mesh. Elements are interconnected by nodes, which are thus the 
only points though which elements interact with each other. The process of creating an 
element mesh is referred to as “discretization” of the problem domain (Geng et al., 2001).  

There are many different types of elements. One of the differences can be their basic shape, 
such as triangular, tetrahedral, hexahedral, etc. Triangular or tetrahedral elements are 
popular because automatic meshing software routines are easier to develop and thus more 
advanced for those shapes. Automatic generation of element distributions is especially 
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useful in bioengineering, which often deals with irregular geometries. Since few modeled 
geometries have perfectly square dimensions or even straight edges, element shapes must 
be adapted to fit. Note that the accuracy of elements deteriorates the further they are 
distorted from their ideal basic shape. Besides their basic geometrical shapes, elements can 
differ in the way they are solved, such as linear or quadratic interpolation. This refers to 
how stress and strain is interpolated within an element.  

 
Fig. 7. Radiography of maxillary premolar (A); Lines plotted in the MARC/MENTAT 
software (B); Manual creation of mesh (C); Final subdivision for improving the mesh quality 
(D). 

Most FEA software provides automesh or automatic mesh generation options. The program 
may suggests the size and number of elements or allow manual control for generating the 
element meshes. Manual mesh generation can give good results for 2D models (Fig. 7). 
However, most 3D models rely on automated mesh generators because manual creation of 
3D models is very time-consuming. Still, various aspects of the 3D automeshing need to be 
controlled manually, such as the number of elements required in a given pre-selected area, 
the distribution of elements, the range of element sizes within a model, uniting or dividing 
elements, etc. The manual controls also allows selective distribution of elements, for 
example, more refined meshes in special regions of interest (contact interfaces, geometric 
discontinuities) while creating coarser mesh distributions in regions of less interest. 

In finite element modeling, a finer (denser) mesh should allow a more accurate solution. 
However, as a mesh is made finer and the element count increases, the computation time 
also increases. How can you get a mesh that balances accuracy and computing resources? 
One way is to perform a convergence study. This process involves the creation and analysis 
of multiple mesh distributions with increasing number of elements or refinements. When 
results with the various models are plotted, a convergence to a particular solution can be 
found. Based on this convergence data, an estimation of the error can be made for the 



 
Finite Element Analysis – From Biomedical Applications to Industrial Developments 34

modeled as a perfect bond, where nodes are shared across the interface (Wakabayashi et al., 
2008). The simulations of such interface can normally be conducted in a linear analysis. 
However, depending the actual conditions at a simulated interface, such perfect fusion can 
occasionally lead to unrealistic results. Fig. 6 shows a 2D FEA model of a root filled tooth 
restored with a cast post and core and a fiberglass post and composite core. When perfect 
bonding was assumed in a linear analysis, the stress distribution indicated higher stress 
concentrations in the cast post and core compared to the fiberglass post, while the stress 
distribution in the root dentin was nearly identical between these two models. Experimental 
failure data showed, however, that the failure modes of the cast post and core group were 
more catastrophic and involved longitudinal root fractures while all fractures of the root 
with fiberglass post were coronal fractures. Simulating the interface more realistically with 
friction between resin cement and cast post and core (requiring a nonlinear analysis) rather 
than a perfect fusion, the stress distribution changed substantially between the two post 
types (Fig. 6), and yielded more realistic results when compared with the experimental 
observations.  

 
Fig. 6. Nonlinear FEA of endodontic treated tooth restored with A. Cast post and core and B. 
Fiberglass post. 

2.4 Mesh generation  

In FEA the whole domain is divided into smaller elements. The collection and distribution 
of these elements is called a mesh. Elements are interconnected by nodes, which are thus the 
only points though which elements interact with each other. The process of creating an 
element mesh is referred to as “discretization” of the problem domain (Geng et al., 2001).  

There are many different types of elements. One of the differences can be their basic shape, 
such as triangular, tetrahedral, hexahedral, etc. Triangular or tetrahedral elements are 
popular because automatic meshing software routines are easier to develop and thus more 
advanced for those shapes. Automatic generation of element distributions is especially 

 
Finite Element Analysis in Dentistry – Improving the Quality of Oral Health Care 35 

useful in bioengineering, which often deals with irregular geometries. Since few modeled 
geometries have perfectly square dimensions or even straight edges, element shapes must 
be adapted to fit. Note that the accuracy of elements deteriorates the further they are 
distorted from their ideal basic shape. Besides their basic geometrical shapes, elements can 
differ in the way they are solved, such as linear or quadratic interpolation. This refers to 
how stress and strain is interpolated within an element.  

 
Fig. 7. Radiography of maxillary premolar (A); Lines plotted in the MARC/MENTAT 
software (B); Manual creation of mesh (C); Final subdivision for improving the mesh quality 
(D). 

Most FEA software provides automesh or automatic mesh generation options. The program 
may suggests the size and number of elements or allow manual control for generating the 
element meshes. Manual mesh generation can give good results for 2D models (Fig. 7). 
However, most 3D models rely on automated mesh generators because manual creation of 
3D models is very time-consuming. Still, various aspects of the 3D automeshing need to be 
controlled manually, such as the number of elements required in a given pre-selected area, 
the distribution of elements, the range of element sizes within a model, uniting or dividing 
elements, etc. The manual controls also allows selective distribution of elements, for 
example, more refined meshes in special regions of interest (contact interfaces, geometric 
discontinuities) while creating coarser mesh distributions in regions of less interest. 

In finite element modeling, a finer (denser) mesh should allow a more accurate solution. 
However, as a mesh is made finer and the element count increases, the computation time 
also increases. How can you get a mesh that balances accuracy and computing resources? 
One way is to perform a convergence study. This process involves the creation and analysis 
of multiple mesh distributions with increasing number of elements or refinements. When 
results with the various models are plotted, a convergence to a particular solution can be 
found. Based on this convergence data, an estimation of the error can be made for the 



 
Finite Element Analysis – From Biomedical Applications to Industrial Developments 36

various mesh distributions. A mesh convergence study can thus be used to find a balance 
between an efficient mesh distribution and an acceptably accurate solution within the 
limitations of the computing resources. Moreover, a convergence test can verify if an 
obtained solution is true or if it was an artifact of a particular element distribution.  

2.5 Boundary conditions 

The boundary conditions define the external influences on a modeled structure, usually 
loading and constraints. Boundary conditions are associated with six degrees of freedom 
(DOF). The combination of all boundary conditions of a FEA model must represent the 
procedural conditions to which the actual structure that is simulated is subjected. The choice 
and application of boundary conditions is extremely important, because they determine the 
outcome of the FEA.  

2.5.1 Prescribed displacement – Fixation and symmetry 

In a simple way, restrictions can be summarized as the imposition of displacements and 
rotations on a finite element model, which can be either null or have fixed values or rates. 
These restrictions concern three rotations (around X, Y, Z-axes) and three translations (in X, 
Y, Z-directions). Static analysis requires sufficient fixation of a model to remain in place. 
Insufficient fixation will lead to instability and failure to reach a numerical solution in the 
FEA. Since nodes are the points through which elements communicate, boundary conditions 
are usually applied to nodes, where in a 3D model each free node has 6 degrees of freedom 
(3 translations and 3 rotations). Although some FEA software may allow application of 
boundary conditions to element edges or surfaces, they are extrapolated to the associated 
nodes. To achieve the fixation mimicking a support system in real life, for example complete 
immobilization of a modeled specimen in a test fixture, displacement constraints can be 
applied to nodes located in a region equivalent to those of the real support system. 
Symmetry can be viewed as a form of fixation. Since all displacements are mirrored, the 
displacement across the symmetry-axis is zero.  

2.5.2 Load application 

The application of loads in a FEA model must also represent the external loading situations 
to which the modeled structure is subjected. These loads can be tensile, compressive, shear, 
torque, etc. To simulate the masticatory forces, loads have been applied using different 
methods, for example point loads, distributed loads across a specific area, and by means of a 
simulated opposing cusp of the antagonist tooth (Fig. 8). A point load application may result 
in high stress concentrations around the loaded nodes, creating unrealistic stress 
concentrations. In reality, a masticatory contact force is likely to be distributed across certain 
contact areas on both the buccal and lingual cuspal inclines. However, the most realistic 
load application is not always the best choice for all research questions. Contact areas move 
depending on stiffness and thus deformation of both opposing teeth. If contact areas change, 
contact loads change also, which can have significant effect on the stress distribution. When 
a research question requires well-defined load conditions, point loads or prescribed 
distributed loading may be better choices than the seemingly more realistic simulated tooth 
contact.  
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Fig. 8. Load application A. Contact analysis using antagonist tooth (Marc/Mentat software); 
B. Point load application (Ansys Inc., Houston, USA).  

3. Evaluation of finite element analysis  
FEA results can be intimidating, the amount of generated data (displacements, strains, 
stresses, temperatures, etc) is almost unlimited. However, one of the most powerful features 
of FEA is that results can be easily visualized and made accessible. Visualization of the 
results can be done by showing data distributions using a colour scale, where each colour 
corresponds to a range of values. Furthermore, deformations and displacements can be 
shown by comparing the original unstressed model outlines with the outline of the model 
under stress. Based on this immediate visualized output, the operator can investigate the 
displacement of the structure, the type of movement that was performed, which region has a 
higher dislodgement, or how to redistribute the stresses in the analyzed structure in either 
three dimensions or in two-dimensions. Such a structural analysis allows the determination 
of stress and strain resulting from external force, pressure, thermal change, and other 
factors. This section discusses how results from a finite element analysis should be 
evaluated, starting with a check of the model, followed by checking the outcome. Then the 
relationship between finite element and experimental will be discussed with respect to the 
limitations of either method.  

3.1 Analysis of coherency 

All finite element analyses should first be checked for coherence (or sanity). The first step of 
a coherence analysis is to visualize the displacements and deformations to verify that the 
simulated model moves in the expected direction. The second step of a coherence analysis is 
to analyze if the distribution stresses is as expected.  

3.2 Validation of the outcome 

After the model definition is confirmed to be sound, the validity of the outcome still has to 
be validated. A finite element analysis is modelled based on geometric, property, and 
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various mesh distributions. A mesh convergence study can thus be used to find a balance 
between an efficient mesh distribution and an acceptably accurate solution within the 
limitations of the computing resources. Moreover, a convergence test can verify if an 
obtained solution is true or if it was an artifact of a particular element distribution.  

2.5 Boundary conditions 

The boundary conditions define the external influences on a modeled structure, usually 
loading and constraints. Boundary conditions are associated with six degrees of freedom 
(DOF). The combination of all boundary conditions of a FEA model must represent the 
procedural conditions to which the actual structure that is simulated is subjected. The choice 
and application of boundary conditions is extremely important, because they determine the 
outcome of the FEA.  

2.5.1 Prescribed displacement – Fixation and symmetry 

In a simple way, restrictions can be summarized as the imposition of displacements and 
rotations on a finite element model, which can be either null or have fixed values or rates. 
These restrictions concern three rotations (around X, Y, Z-axes) and three translations (in X, 
Y, Z-directions). Static analysis requires sufficient fixation of a model to remain in place. 
Insufficient fixation will lead to instability and failure to reach a numerical solution in the 
FEA. Since nodes are the points through which elements communicate, boundary conditions 
are usually applied to nodes, where in a 3D model each free node has 6 degrees of freedom 
(3 translations and 3 rotations). Although some FEA software may allow application of 
boundary conditions to element edges or surfaces, they are extrapolated to the associated 
nodes. To achieve the fixation mimicking a support system in real life, for example complete 
immobilization of a modeled specimen in a test fixture, displacement constraints can be 
applied to nodes located in a region equivalent to those of the real support system. 
Symmetry can be viewed as a form of fixation. Since all displacements are mirrored, the 
displacement across the symmetry-axis is zero.  

2.5.2 Load application 

The application of loads in a FEA model must also represent the external loading situations 
to which the modeled structure is subjected. These loads can be tensile, compressive, shear, 
torque, etc. To simulate the masticatory forces, loads have been applied using different 
methods, for example point loads, distributed loads across a specific area, and by means of a 
simulated opposing cusp of the antagonist tooth (Fig. 8). A point load application may result 
in high stress concentrations around the loaded nodes, creating unrealistic stress 
concentrations. In reality, a masticatory contact force is likely to be distributed across certain 
contact areas on both the buccal and lingual cuspal inclines. However, the most realistic 
load application is not always the best choice for all research questions. Contact areas move 
depending on stiffness and thus deformation of both opposing teeth. If contact areas change, 
contact loads change also, which can have significant effect on the stress distribution. When 
a research question requires well-defined load conditions, point loads or prescribed 
distributed loading may be better choices than the seemingly more realistic simulated tooth 
contact.  
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B. Point load application (Ansys Inc., Houston, USA).  
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factors. This section discusses how results from a finite element analysis should be 
evaluated, starting with a check of the model, followed by checking the outcome. Then the 
relationship between finite element and experimental will be discussed with respect to the 
limitations of either method.  

3.1 Analysis of coherency 

All finite element analyses should first be checked for coherence (or sanity). The first step of 
a coherence analysis is to visualize the displacements and deformations to verify that the 
simulated model moves in the expected direction. The second step of a coherence analysis is 
to analyze if the distribution stresses is as expected.  

3.2 Validation of the outcome 

After the model definition is confirmed to be sound, the validity of the outcome still has to 
be validated. A finite element analysis is modelled based on geometric, property, and 
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boundary conditions, each of which may have required significant assumptions or 
simplifications. The purpose of validation is thus to confirm that the general response of the 
model is realistic. Unlike stress, which cannot be measured directly, deformation or 
displacement can be directly measured. Therefore, displacement is often a good choice for 
comparing the simulated behaviour with the behaviour observed in reality, even if the 
simulation was a “stress” analysis. Validation can be achieved by comparing the outcome 
with published results from validated analyses or with laboratory measurements. Examples 
are strain gauge measurement, cuspal flexure, bending displacements, etc. Effects of stresses 
can also be indirectly validated through the observation of their expected effects, such as 
crack initiation and fractures. It is not realistic to expect an exact fit between experimental 
and numerical results, because even between experimental results there will not be an exact 
fit due to natural and experimental variations. Therefore it is important to remember that it 
is not an exact fit that validates a finite element analysis but rather the similarity in general 
tendencies (Versluis et al., 1997).  

3.3 Interpretation of the results 

After a finite element analysis has been checked and validated, it can be used to interpret the 
research question. Most finite element analysis results should be interpreted qualitatively. 
Quantitative interpretation can sometimes be justified, provided all input is verifiable and 
quantitatively validated. The current state of the art of the use of finite element modelling in 
dentistry indicates that predictive results are still best viewed in a qualitative manner. It is 
the search for optimal balance between the objectives of a study, computational efforts 
(accuracy and efficiency), and practical limitations that ultimately determines the value of a 
finite element model. Since most finite element models are linear, errors in magnitudes of 
the loads will not have a direct effect on qualitative predictions. However, small changes in 
types of boundary conditions such as the location of the loading can substantially alter even 
the qualitative performance predictions.  

Biomechanical performance involves efficient function as well as failure. One of the failure 
mechanisms is loss of structural integrity, which can eventually result in loss of function. 
FEA can be used in the determination of fracture mechanics parameters, and examination of 
experimental failure test methods. In the dental FEA literature, failure is usually 
extrapolated from maximum stress values, where stress concentrations are identified as 
possible locations for failure initiation and relative concentration values are interpreted as 
related to the failure risk. When using this process for interpreting failure behaviour, it is 
important to carefully assess the stress concentration locations because they may depend 
heavily on the chosen modelling and boundary condition options (Korioth & Versluis, 1997). 
Furthermore, stress distributions change when a crack propagates. Therefore, researchers 
should be extremely cautious about extrapolating crack behaviour based on the distribution 
of stress concentrations from a static analysis.  

Interfacial stress was previously noted as an important area that needs careful interpretation 
in FEA. For example, stress analyses of the tooth–restoration complex have been performed 
to predict failure risks at the interfaces as well as stresses transferred across such interfaces. 
Usually such interfaces are modelled as perfectly bonded, where tooth and restoration 
elements share the same node. Depending on the accuracy of this assumption, this may lead 
to erroneous interpretation of the results of a finite element analysis (Srirekha & Bashetty, 
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2010). Sometimes interfacial interactions are more complex, such as areas where two 
materials may contact but do not bond. In such cases contact analysis needs to be simulated 
which will require FEA software that can perform nonlinear analyses.  

Most research protocols, including finite element analyses, will have limitations. Some 
limitations in finite element modelling are a deliberately choice. For example, although teeth 
are 3D structures, often they are modelled in 2D. Two-dimensional models offer excellent 
visual access for pre- and post-processing, improving their didactic potential. Furthermore, 
because of the reduced dimensions, more computational capacity can be preserved for 
improvements in element and simulation quality or functional processes such as 
masticatory movements. On the other hand, 3D models, although geometrically more 
realistic, may give a false impression of accuracy, because they are generally more coarse, 
contain elements with compromised shapes, and examination or improvement of the model 
is far more difficult (Korioth & Versluis, 1997). 

3.4 Relationship between finite element and experimental analysis 

The finite element method is sometimes viewed as a less time-consuming process than 
experimental research, and therefore could minimize laboratory testing requirements. For 
some applications, finite element analysis may provide faster solutions, for example for the 
testing of parameters, which can be changed more easily in FEA than in laboratory 
experiments. However, due to the complexity of shape, properties, and boundary conditions 
of dental structures, comprehensive modelling can also quickly becomes very complex and 
time-consuming. Finite element analysis should be viewed in combination with 
experimental methods, not as a substitute. Finite element analysis can provide information 
that would be difficult or impossible to obtain with experimental observations, but at the 
same time, finite element analysis cannot be performed without experimental input and 
validation.  

Compared with experiments, FEA has clear limitations. These limitations are mainly due to 
the many factors that contribute to the mechanical response but are still poorly understood. 
Such lack of understanding usually does not affect experiments, if their outcomes are simply 
considered as phenomena. However, FEA is the compilation of our understanding of 
physical laws and material properties, expressed in a theoretical model that describes the 
interactions between the various factors. Therefore, phenomena are no acceptable input for a 
theoretical model. Limitations in FEA therefore most often refer back to our own lack of 
understanding the reality. In other words, our own limitations in understanding are the 
cause of limitations in FEA. Our inability to accurately describe and simulate biomechanical 
dynamics and properties of a tooth and its supporting structures limits the accuracy of our 
FEA models. Fortunately, even imperfect experimental or FEA testing methods can improve 
our insight and continuously expand our understanding of reality. Therefore, although 
certain differences may remain between reality and the analyses we conduct using the finite 
element method, the numerical approach can approximate, for example, otherwise 
inaccessible stress distributions within a tooth-restoration complex. Furthermore, the ability 
to visualize many of the results from finite element analyses has also undoubtedly helped 
researchers to more clearly convey their data, and helped expand the discussion and 
dissemination of research findings that have contributed to improve oral health.  
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2010). Sometimes interfacial interactions are more complex, such as areas where two 
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which will require FEA software that can perform nonlinear analyses.  

Most research protocols, including finite element analyses, will have limitations. Some 
limitations in finite element modelling are a deliberately choice. For example, although teeth 
are 3D structures, often they are modelled in 2D. Two-dimensional models offer excellent 
visual access for pre- and post-processing, improving their didactic potential. Furthermore, 
because of the reduced dimensions, more computational capacity can be preserved for 
improvements in element and simulation quality or functional processes such as 
masticatory movements. On the other hand, 3D models, although geometrically more 
realistic, may give a false impression of accuracy, because they are generally more coarse, 
contain elements with compromised shapes, and examination or improvement of the model 
is far more difficult (Korioth & Versluis, 1997). 

3.4 Relationship between finite element and experimental analysis 

The finite element method is sometimes viewed as a less time-consuming process than 
experimental research, and therefore could minimize laboratory testing requirements. For 
some applications, finite element analysis may provide faster solutions, for example for the 
testing of parameters, which can be changed more easily in FEA than in laboratory 
experiments. However, due to the complexity of shape, properties, and boundary conditions 
of dental structures, comprehensive modelling can also quickly becomes very complex and 
time-consuming. Finite element analysis should be viewed in combination with 
experimental methods, not as a substitute. Finite element analysis can provide information 
that would be difficult or impossible to obtain with experimental observations, but at the 
same time, finite element analysis cannot be performed without experimental input and 
validation.  

Compared with experiments, FEA has clear limitations. These limitations are mainly due to 
the many factors that contribute to the mechanical response but are still poorly understood. 
Such lack of understanding usually does not affect experiments, if their outcomes are simply 
considered as phenomena. However, FEA is the compilation of our understanding of 
physical laws and material properties, expressed in a theoretical model that describes the 
interactions between the various factors. Therefore, phenomena are no acceptable input for a 
theoretical model. Limitations in FEA therefore most often refer back to our own lack of 
understanding the reality. In other words, our own limitations in understanding are the 
cause of limitations in FEA. Our inability to accurately describe and simulate biomechanical 
dynamics and properties of a tooth and its supporting structures limits the accuracy of our 
FEA models. Fortunately, even imperfect experimental or FEA testing methods can improve 
our insight and continuously expand our understanding of reality. Therefore, although 
certain differences may remain between reality and the analyses we conduct using the finite 
element method, the numerical approach can approximate, for example, otherwise 
inaccessible stress distributions within a tooth-restoration complex. Furthermore, the ability 
to visualize many of the results from finite element analyses has also undoubtedly helped 
researchers to more clearly convey their data, and helped expand the discussion and 
dissemination of research findings that have contributed to improve oral health.  
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4. Impact of finite element analysis on dentistry - How FE analyses have 
contributed to improved oral health  
Oral health is important to an individual’s well-being and overall health. In dentistry, most 
oral diseases are neither self-limiting nor self-repairing (Vargas & Arevalo, 2009). Therefore, 
prompt professional care is fundamental, given that oral diseases follow a downward spiral: 
incipient diseases requiring minimum dental care, if untreated, progress into diseases that 
require increasingly more complex and expensive treatments; increases in complexity and 
cost usually make the treatment even more out of reach for a large proportion of the 
population (Vargas & Ronzio, 2002). In this context, finite element analysis has been applied 
in various areas in dentistry (1) to improve the understanding of these complex processes 
and (2) to help to design better procedures.  

4.1 Non-Carious Cervical Lesions (NCCL) 

FEA has been used in the investigation of NCCL (Michael et al., 2009). Although the 
etiology of NCCL remains a controversial subject, there is a general consensus that the 
process is multi-factorial, and that stress can be one of the factors. Goel et al. (1991) 
investigated stresses arising at the dentino-enamel junction during function and noted that 
the shape of the dentino-enamel junction was different under working cusps than non-
working cusps. Tensile stresses were elevated toward cervical enamel where the mechanical 
inter-locking between enamel and dentin is weaker than in other areas of the tooth, making 
it susceptible to cracking, which could contribute to cervical caries (Goel et al., 1991). Finite 
element analyses have usually assumed the NCCL across the CEJ (Fig. 9). A recent study, 
however, did not find clinical evidence of enamel loss above the occlusal margin of NCCL,  

 
Fig. 9. A. 3D Model of FEA analysis of a non-carious cervical lesions not restored; B. 3D 
Model of FEA analysis of a non-carious cervical lesions restored with composite resin; C. 
Maximum principal stress distribution at the unrestored non-carious cervical lesion (Pereira 
FA, 2011). 
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except for fracture of enamel that was undermined by the NCCL (Hur et al., 2011). Since the 
location of the lesion will affect the stress conditions, combining clinical observations and 
finite element modeling will be essential to determine the stress factor in the initiation and 
development of NCCL.  

4.2 Endodontic treatment  

In the case of dental caries, the decay process can continue until the destruction of the tooth 
and the compromise of adjacent tissues. As the caries process progresses without some type 
of intervention, the pulp ultimately becomes involved and the root canal therapy is required 
(Vargas & Arevalo, 2009). One of the steps in root canal treatment is to completely fill the 
root canal system. During root canal preparation, many variables are outside the control of 
the clinician (natural root morphology, canal shape and size, dentine thickness) other factors 
can be addressed during treatment to reduce fracture susceptibility. Using finite element 
analysis, Versluis et al. (2006) demonstrated that the potential for fracture susceptibility may 
be reduced by ensuring round canal profiles and smooth canal taper (Fig. 10). Even when 
fins were not contacted by the instrument, stresses within the root were lower and more 
evenly distributed than before preparation. Rundquist & Versluis (2006) also used FEA to 
demonstrate that with increasing taper, root stresses decreased during root filling but 
tended to increase slightly during a masticatory load. Based on the simulation of vertical 
warm gutta-percha compaction and a subsequent occlusal load, they suggested that root 
fracture originating at the apical third was likely initiated during filling, whilst fracture 
originating in the cervical portion was likely caused by occlusal loads. Gutta-percha is the  

 
Fig. 10. Stress distribution during obturation pressure in a root with oval canal, cleaned with 
ProTaper F1 (Versluis et al., 2006).  
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most common core material used (Er et al., 2007). Although the softening of gutta-percha by 
heat is a widely used technique, the use of high levels of heat can lead to complications. 
When heat compaction techniques are used, the procedure should not harm the periodontal 
ligament (Budd et al., 1991). The use of the technique may result in an unintentional 
transmission of excessive heat to the surrounding periodontal tissues (Er et al., 2007). 
Excessive heat during obturation techniques may cause irreversible injury to tissues 
(Atrizadeh et al., 1971; Albrektsson et al., 1986). By using a three-dimensional thermal finite 
element analysis the distribution and temperatures were evaluated in a virtual model of a 
maxillary canine and surrounding tissues during a simulated continuous heat obturation 
procedure (Er et al., 2007).  

4.3 Restoration of root filled teeth 

Endodontically treated teeth are compromised by coronal destruction from dental caries 
(Ross, 1980), fractures (Soares et al., 2007), previous restorations (Schatz et al., 2001), and 
endodontic access (Soares et al., 2007). How these compromised teeth should be 
reconstructed to regain their original fracture resistance has been the subject of many studies 
investigating restoration types and benefits of posts (Fokkinga et al., 2005; Salameh et al., 
2006; Salameh et al., 2007). It is not sufficient to only measure an endpoint such as fracture 
resistance to fully understand the effect of restoration type and post application. A more 
comprehensive analysis is thus needed to determine the optimal procedures for 
reconstructing endodontically treated teeth (Soares et al., 2008). The biomechanical 
conditions that lead to fracture are characterized by the stress state in a tooth, which can be 
assessed by finite element analysis (Fig. 11). Soares et al. (2008) therefore used FEA to 
investigate the stress distribution in an endodontically treated premolar restored with 
composite resin with or without a glass fiber post system and concluded that the use of glass 
fiber posts did not reinforce the tooth-restoration complex. Intraradicular retention should  

 
Fig. 11. A. 3D Model of FEA analysis of a 3 elements fixed prosthesis regarding the effect of 
post type (B. fiber glass post; C. Cast post and core) (Silva GR, 2011). 
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thus be indicated for endodontically treated teeth that have suffered excessive coronary 
structure loss (Yu et al., 2006). Research studies using FEA concluded that the use of post 
systems that have an elastic modulus similar to that of dentine result in a mechanically 
homogenous units with better biomechanical performance (Barjau-Escribano et al., 2006; 
Silva et al., 2009). Some studies have concluded that the attributes of carbon and glass fiber 
dowels make them suitable for dowel restoration (Glazer, 2000; Lanza et al., 2005). Dowel 
length, size, and design have also been shown to influence the biomechanics and stress 
distribution of restored teeth (Barjau-Escribano et al., 2006). Using finite element analysis it 
is possible to evaluate the influence of the type of material (carbon and glass fiber) and the 
external configuration of the dowel (smooth and serrated) on the stress distribution of teeth 
restored with varying dowel systems (Soares et al., 2009). Moreover, the difference in elastic 
modulus between dentin, intraradicular retainers, and cements could result in stress 
concentrations at the restoration interface when the tooth is in function (Soares et al., 2010, 
Silva et al., 2011). 

4.4 Restorative procedures 

In the field of operative dentistry, FEA seems to be an appropriate method for obtaining 
answers about the interferences caused by the restorative process in a complete structure, 
for optimizing the design of dental restorations and for evaluating stress distributions in 
relation to different designs. Many materials are available for dental restorations. The 
selection and indications for direct and indirect restorative materials involve esthetic, 
financial, and anatomic considerations, as well as important factors such as analysis of the 
biomechanical characteristics of the restorative materials, and the amount and state of 
remaining tooth structure (Soares et al., 2008). In recent years, the demand for nonmetal 
dental restorations has grown considerably. Metal-free reinforced restorative systems have 
become popular because of the less favorable esthetic appearance of metal ceramic crowns 
(Gardner et al., 1997). The primary advantages of nonmetal alternatives (composite resins 
and ceramics) are improved esthetics, the avoidance of mercury, and cost effectiveness 
(Stein et al., 2005). Composite resin and ceramic restorations retained with an adhesive resin 
are the most popular restorations currently used. Composite resins have mechanical 
properties similar to dentin (Willams et al., 1992) while ceramic has an elastic modulus 
similar to that of enamel (Albakry et al., 2003). 

The conservation of dental structure is crucial to offering fracture resistance, since the 
removal of dentin reduces the structural integrity of a tooth and causes alteration in stress 
distributions (Soares et al., 2008b). In this context, the use of adhesive restorations is 
recommended for reinforcing remaining dental structure (Soares et al., 2008b, Versluis & 
Tantbirojn, 2011). By using the finite element analysis, stress distributions could be accessed 
within endodontically treated maxillary premolars that lost tooth structure and the effect of 
the type of restorative material used for restorations could be studied (Soares et al., 2008). 
The use of directly placed adhesive restorative materials, such as composite resin, and 
indirectly placed restorations, such as ceramic inlays, cemented with adhesive materials, 
generally reduced stress concentrations in comparison with amalgam restorations (Soares et 
al., 2008). Although indirect restorations may be recommended, the dentist still faces to the 
choice of geometric configuration of the cavity preparation (Soares et al., 2003).  
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the type of restorative material used for restorations could be studied (Soares et al., 2008). 
The use of directly placed adhesive restorative materials, such as composite resin, and 
indirectly placed restorations, such as ceramic inlays, cemented with adhesive materials, 
generally reduced stress concentrations in comparison with amalgam restorations (Soares et 
al., 2008). Although indirect restorations may be recommended, the dentist still faces to the 
choice of geometric configuration of the cavity preparation (Soares et al., 2003).  
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Inlays and onlays are the 2 technical choices for indirect restorations (Fig. 12). Some studies 
have shown that after endodontic treatment, teeth restored with intracoronal restorations 
show more severe fracture patterns (Hannig et al., 2005; Soares et al., 2008c). However, it is 
unclear whether bonded intracoronal restorations should be used for large defects and 
which material is the most indicated. In this context, Soares et al. (2003) evaluated the cavity 
preparation influence on the stress distribution of molar teeth restored with esthetic indirect 
restorations. The stress distribution pattern of the sound tooth was compared to several 
different extensions of preparation for inlay, onlay and overlay restored with ceramic or 
ceromer materials. The cavity preparation extension was significant only for onlays covering 
one cusp and for overlays. Ceramic restorations had higher stress concentrations, while 
ceromer restorations caused higher stresses in the tooth structure (Soares et al., 2003). 

 
Fig. 12. FEA of different cavity restoration designs for ceramic indirect restorations. A. Intact 
tooth, B. Inlay restoration; C. Onlay convering buccal cusps; D. Overlay ceramic. (Von mises 
Stress distribution) 

The routine use of metal-free crowns has resulted in an increasing number of fractured 
restorations (Bello & Jarvis, 1997). Increased fracture resistance of ceramic systems when 
metal reinforcement was eliminated, has been obtained by the addition of chemical 
components such as aluminum oxide, leucite, and lithium disilicate (Mak et al., 1997; 
Drummond et al., 2000). Considering that any restoration has a risk of fracture, the finite 
element analysis provides a method to evaluate stress distributions in different ceramic 
systems under occlusal forces. Various studies investigating the performance of ceramic 
restorations have been performed. Using the finite element analysis method, some 
investigators (Hubsch et al., 2000; Magne et al., 2002; Magne, 2007; Dejak & Mlotkowski, 
2008) demonstrated that ceramic inlays reduced tension at the dentin-adhesive interface and 
may offer better protection against debonding at the dentin restoration interface, compared 
with the composite resin inlay. In this context, Reis et al. (2010) investigated, through a 3D 
finite element analysis, the biomechanical behavior of indirect restored maxillary premolars 
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based on type of preparation (inlay or onlay), and restorative material (composite resin, 
resin laboratory, reinforced ceramic with lithium disilicate or reinforced ceramic with 
leucite). Materials with higher modulus of elasticity transfer less stress into the tooth 
structure. However, materials with modulus of elasticity much larger than the dental 
structure caused more severe stress concentrations. The models that used reinforced 
ceramics with leucite showed a behavior that was biomechanically closest to healthy teeth 
(Reis et al., 2010). 

4.5 Composite and resin cement shrinkage 

Resin-composite materials have been widely and increasingly used today in adhesive dental 
restorative procedures (Fagundes et al., 2009). An important advantage over metallic filling 
materials is the well-known possibility of bonding the restoration to dental tissues (Marques 
de Melo et al., 2008) and a significant disadvantage of many of these materials are still the 
polymerization shrinkage (Pereira et al., 2008). The clinical concern about polymerization 
shrinkage is evident from the large number of publications and large number of 
controversial opinions about this topic (Versluis et al., 2004). Shrinkage stress has been 
associated with various clinical symptoms, including fracture propagation, microleakage 
and post-operative sensitivity, none of which are direct measures of shrinkage stress. Since 
stress cannot be measured directly, the presence of shrinkage stresses can only be quantified 
through indirect manifestations, in particular tooth deformation (Tantbirojn et al., 2004).  

Various methods have been used to estimate residual shrinkage stresses, ranging from 
extrapolated shrinkage or load measurements in vitro to stress analyses in tooth shaped 
anatomies using photoelastic or finite element methods (Kinomoto et al., 1999; Ausiello et 
al., 2001). Determination of shrinkage stress is difficult, because it is a transient and 
nonlinear process. The amount of stress after polymerization therefore depends on the 
correct description of all changes in mechanical properties and their sequence. Moreover, 
stress is not a material property or even a structural value, because stress is a three-
dimensional local tensor (system of related vectors) that is determined by the combination 
of multiple material properties and local conditions. Since finite element analysis performs 
its calculation based on such input (mechanical properties, geometry, boundary conditions), 
it is eminently suitable for studying residual shrinkage stress in dental systems. On the other 
hand, as the input for especially the mechanical properties remains to be determined more 
comprehensively, any polymerization shrinkage predicted by finite element analysis should 
be validated experimentally using indirect factors that can be measured, such as 
displacement.  

Using such validated finite element analyses, shrinkage stresses in restored teeth (enamel 
and dentin) were found to increase with increasing restoration size, while stresses in the 
restoration and along the tooth-restoration interface decreased (Versluis et al., 2004). This 
outcome was explained by the change in tooth stiffness: removal of dental hard tissue 
decreases the stiffness of the tooth, causing the tooth to be deformed more by the shrinkage 
stresses (higher stress in the tooth) and causing less resistance to the composite shrinkage 
(lower stress in the composite). As this example shows, shrinkage stresses are generated in 
the adhesive interface as well as in the composite and in the residual tooth structure 
(Versluis et al., 2004; Ausiello et al., 2011).  
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stress cannot be measured directly, the presence of shrinkage stresses can only be quantified 
through indirect manifestations, in particular tooth deformation (Tantbirojn et al., 2004).  

Various methods have been used to estimate residual shrinkage stresses, ranging from 
extrapolated shrinkage or load measurements in vitro to stress analyses in tooth shaped 
anatomies using photoelastic or finite element methods (Kinomoto et al., 1999; Ausiello et 
al., 2001). Determination of shrinkage stress is difficult, because it is a transient and 
nonlinear process. The amount of stress after polymerization therefore depends on the 
correct description of all changes in mechanical properties and their sequence. Moreover, 
stress is not a material property or even a structural value, because stress is a three-
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hand, as the input for especially the mechanical properties remains to be determined more 
comprehensively, any polymerization shrinkage predicted by finite element analysis should 
be validated experimentally using indirect factors that can be measured, such as 
displacement.  

Using such validated finite element analyses, shrinkage stresses in restored teeth (enamel 
and dentin) were found to increase with increasing restoration size, while stresses in the 
restoration and along the tooth-restoration interface decreased (Versluis et al., 2004). This 
outcome was explained by the change in tooth stiffness: removal of dental hard tissue 
decreases the stiffness of the tooth, causing the tooth to be deformed more by the shrinkage 
stresses (higher stress in the tooth) and causing less resistance to the composite shrinkage 
(lower stress in the composite). As this example shows, shrinkage stresses are generated in 
the adhesive interface as well as in the composite and in the residual tooth structure 
(Versluis et al., 2004; Ausiello et al., 2011).  



 
Finite Element Analysis – From Biomedical Applications to Industrial Developments 46

Restoration placement, techniques are widely recognized as a major factor in the 
modification of shrinkage stresses. Various techniques, ranging from incremental composite 
placement to light-exposure regimes, have been advocated to reduce shrinkage stress effects 
on a restored tooth. Using finite element analysis, it was shown that even during restoration, 
cavities deform, and thus that incremental application of composite may end up with a 
higher tooth deformation than a bulk filling (Versluis et al., 1996). Recently the interaction 
between incremental filling technique, elastic modulus, and post-gel shrinkage of different 
dental composites was investigated in a restored premolar. Sixteen composites, indicated for 
restoring posterior teeth, were analyzed. Two incremental techniques, horizontal or oblique, 
were applied in a finite element model using experimentally determined properties. The 
calculated shrinkage stress showed a strong correlation with post-gel shrinkage and a 
weaker correlation was found with elastic modulus. The oblique incremental filling 
technique resulted in slightly lower residual shrinkage stress along the enamel/composite 
interface compared to the horizontal technique. However horizontal incremental filling 
resulted in slightly lower stresses along the dentin/composite interface compared to the 
oblique technique (Soares et al., 2011). FEA has been used also to analyze the residual 
shrinkage stress of resin cement used to cement a ceramic inlay, recently we proved that 
resin cement polymerized immediately after cementation produced significantly more 
residual stress than when was delayed for 5 minutes after setting ceramic inlay and 
polymerization (Fig. 13). 

 
Fig. 13. FEA of residual shrinkage stress of resin cement used to cement a ceramic inlay. A. 
resin cement polymerized immediately after cementation; B. Reduction of shrinkage stress 
with delay for 5 minutes after setting ceramic inlay and polymerization.  

An often used experimental test for measuring shrinkage forces uses a cylindrical composite 
specimen bonded between two flat surfaces of steel, glass, composite, or acrylic rods. Even 
for such seemingly simple experimental tests, understanding the outcome can be difficult. 
Although one may expect that for a specific experimental set-up, differences in the 
measured force could be attributed to the composite properties, particularly shrinkage and 
elastic modulus, it was found that the relative ranking of a series of materials was affected 
by differences in system compliance. As a result, different studies may show different 
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rankings and may draw contradictory conclusions about polymerization stress, shrinkage or 
modulus (Meira et al., 2011). Finite element analysis can help to better understand the test 
mechanics that cause such divergences among studies. Using an FEA approach, a 
commonly used test apparatus was simulated with different compliance levels defined by 
the bonding substrate (steel, glass, composite, or acrylic). The authors showed that when 
shrinkage and modulus increased simultaneously, stress increased regardless of the 
substrate. However, if shrinkage and modulus were inversely related, their magnitudes and 
interaction with rod material determined the stress response (Meira et al., 2011).  

4.6 Periodontology and implantology 

Another oral problem with high prevalence, mainly in adults, is periodontal disease. 
‘‘Periodontal disease’’ is a generic term describing diseases affecting the gums and tissues 
that support the teeth (Thomson et al., 2004). A periodontal compromised tooth can be 
diagnosed from probing depth, mobility, supporting bone volume, crown-to-root ratio, and 
root form (Grossmann & Sadan, 2005). It is generally accepted that a reduction of 
periodontal support worsens the prognosis of a tooth. However, the morphology of the 
periodontum with reduced structural support has not been well understood in relation to 
clinical functions, such as load-bearing capability (Ona & Wakabayashi, 2006). To determine 
the interaction of reduced periodontal support with mechanical function, one must 
determine the stress and strain created in the periodontum in accordance with the 
morphologic alteration of the structures (Ona & Wakabayashi, 2006). Finite element analysis 
can be used for such assessment, and of the influence of progressive reduction of alveolar 
support on stress distributions in periodontal structures (Ona & Wakabayashi, 2006). The 
stress in the periodontum could also predict the potential pain and damage that may occur 
under functional bite force (Kawarizadeh et al., 2004).  

 
Fig. 14. FEA analysis of implant prosthesis demonstrating the stress concentration on the 
mesial region of the interface between implant and prosthesis. B. FEA analysis of canine 
restored with fiber glass post and its effect on bone loss (Roscoe MG, 2010). 
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Historically, periodontal disease is one of the main causes of tooth loss (Deng et al., 2010). 
Traditionally, patients with severe periodontitis have ultimately had all teeth removed due 
to severe alveolar bone resorption and high risks for systemic infections (Deng et al., 2010). 
In this context implant therapy has been applied successfully for three decades, and proven 
to be a successful means for oral rehabilitation (Albrektsson et al., 1986). The knowledge of 
physiologic values of alveolar stresses provides a guideline reference for the design of 
dental implants and it is also important for the understanding of stress-related bone 
remodeling and osseointegration (Srirekha & Bashetty, 2010). Stiffness of the tissue-implant 
interface and implant-supporting tissues is considered the main determinant factor in 
osseointegration (Ramp & Jeffcoat, 2001; Turkyilmaz et al., 2009). Finite element analysis has 
been used extensively in the field of implant research over the past 2 decades (Geng et al., 
2001). It has been used to investigate the impact of implant geometry (Himmlova et al., 
2004), material properties of implants (Yang & Xiang, 2007), quality of implant-supporting 
tissues (Petrie & Williams, 2007), fixture-prosthesis connections (Akca et al., 2003), and of 
implant loading conditions (Natali et al., 2006). 

4.7 Trauma and orthodontics 

Beyond caries and periodontal disease, orofacial trauma is also considered a public health 
problem (Ferrari & Ferreria de Mederios, 2002). Finite element analysis has also been widely 
used for dental trauma analysis (Huang et al., 2005). In the real world traumatic injuries to 
teeth typically result from a dynamic force (Huang et al., 2005). Therefore, for traumatic 
analysis of a tooth, it has been recommended to simulate time-dependent behavior and 
analyze different rates of loading (Natali et al., 2004). Finite element analysis can provide 
insight into the process of impact stresses and fracture propagation in teeth subjected to 
dynamic impact loads in various directions.  

 
Fig. 15. FEA analysis of orthodontic intrusion movement of a maxillary canine.  
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Finite element analysis has also been used to study the biomechanics of tooth movement, 
which allows accurate assessment of appliance systems and materials without the need to 
go to animal or other less representative models (Srirekha & Bashetty, 2010). Orthodontic 
tooth movement is a biomechanical process, because the remodeling processes of the 
alveolar support structures that result in the tooth movement are triggered by orthodontic 
forces and moments and their consequences for the stress  strain distribution in the 
periodontium. The redistribution of stresses and strains causes site-specific resorption and 
formation of the alveolar bone and with it the translation and rotation of the associated 
tooth (Cattaneo et al., 2009). Finite element analysis can provide insight into the stress and 
strain distributions around teeth with orthodontic loading to help orthodontists define a 
loading regime that results in a maximal rate of tooth movement with a minimum of 
adverse side-effects. The main challenges for the application of finite element analysis in 
orthodontics has been the definition of the mechanical properties of the periodontal 
ligament (Toms et al., 2002) and to move beyond the currently most common practice of 
static finite element models.  

4.8 Summary: How FE analysis contributes to improve oral health 

It is often commented that finite element analysis is a powerful tool for the interpretation of 
complex biomechanical systems. Yet, all clinicians and dental researchers are acutely aware 
of the complexity of oral tissues and their interactions, and hence of the limitations of any 
theoretical model that depends on input from our incomplete knowledge. The reason why 
FEA is nonetheless considered such a powerful tool is that it does not need perfect input to 
be already extremely useful. FEA helps researchers and clinicians formulate the right 
research questions, design appropriate experiments, and through the underlying universal 
physics that form the basis of FEA it provides an almost instant insight into complex 
biomechanical relationships (cause and effect) that cannot be easily obtained or 
communicated with any other method. The expanded insight and understanding of 
mechanical responses have undeniably been of direct significance for justifying 
experimental questions and improving clinical treatments.  

As the preceding examples show, finite element analysis not only offers solutions for the 
engineering problems, but it has been instrumental in the progress in many areas of 
dentistry. Finite element analysis has improved the understanding of complex processes 
and has assisted researchers and clinicians in designing better procedures to maintain oral 
health. Finite element simulation provides unique advantages for dental research, such as its 
precision and its ability to solve complex biomechanical problems for which other research 
methods are too cumbersome or even impossible (Ersoz, 2000). Finite element simulation 
allows more comprehensive prediction and analysis of medical processes or treatments 
because in a process where many variables need to be considered, it allows for manipulation 
of single parameters, making it possible to isolate and study the influence of each parameter 
with more precision (Sun et al., 2008). Thanks to the highly graphic pre- and post-processing 
features, finite element analysis has also brought researchers and clinicians closer together. 
It can be argued that without such visualization, stress and strain development would 
remain mostly academic. The visual interface has improved the communication and 
collaboration between clinical and research expertise, and is likely to have had a significant 
impact on the current state of the art in dentistry.  
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Finite element analysis is not perfect. But we should not expect our theoretical models to be 
perfect because our understanding of dental properties and processes is still developing. 
Finite element analysis, however, will continue to improve along with our own 
understanding about reality. Such continuous improvement will happen as long as we keep 
comparing reality with theory, and use the insight we gain from these comparisons for 
improving the theory. The past decades have shown how finite element simulation, which is 
an expression of our theoretical understanding of biomechanics, has moved from mainly 
static and linear conditions to more dynamic or transient and nonlinear conditions 
(Wakabayashi et al., 2008; Srirekha & Bashetty, 2010), thus reflecting the gains that were 
made in dental science with support from finite element analysis.  
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1. Introduction  
The use of dental implants is widespread and has been successfully applied to replace 
missing teeth (Amoroso et al., 2006). Although high success rate has been reported by 
several clinical studies, early or late dental implants failures are still inevitable. During 
mastication, overstress around dental implants may cause bone resorption, which leads to 
infection on the peri-implant region and failure of oral rehabilitation (Kopp, 1990). The way 
in which bone is loaded may influence its response (Koca et al., 2005). The results of cyclic 
loading into the bone differ from those of static loading (Papavasiliou et al., 1996). In case of 
repetitive cyclic load application, stress microfractures in bone may occur (Koca et al., 2005) 
and may induce osteoclastic activity to remove the damaged bone (Papavasiliou et al., 1996). 
So far, it is imperative to understand where the maximum stresses occur during mastication 
around the implants in order to avoid these complications (Nagasao et al., 2003). 

Considering that stress/strain distribution at bone level is hard to be clinically assessed, the 
finite element analysis (FEA) has been extensively used in Dentistry to understand the 
biomechanical behavior of implant-supported prosthesis. To date, FEA was first used in the 
Implant Dentistry field by Weinstein et al. (1976) to evaluate the stress distribution of 
porous rooted dental implants. Nowadays, owing to the geometric complexity of implant-
bone-prosthesis system, FEA has been viewed as a suitable tool for analyzing stress 
distribution into this system and to predict its performance clinically. Such analysis has the 
advantage of allowing several conditions to be changed easily and allows measurement of 
stress distribution around implants at optional points that are difficult to be clinically 
examined. 

Therefore, this chapter provides the current status of using FEA to investigate the 
biomechanical behavior of implant-supported prosthesis. The modeling of complex 
structures that represents the oral cavity is described, and comparisons between two-
dimensional (2D) and three-dimensional (3D) modeling techniques are discussed. 
Additionally, the application of microcomputer tomography to develop complex and more 
realistic FE models are assessed. Some sensitive cases are also illustrated. 
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Therefore, this chapter provides the current status of using FEA to investigate the 
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structures that represents the oral cavity is described, and comparisons between two-
dimensional (2D) and three-dimensional (3D) modeling techniques are discussed. 
Additionally, the application of microcomputer tomography to develop complex and more 
realistic FE models are assessed. Some sensitive cases are also illustrated. 
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2. Biomechanical behavior of implant-supported prosthesis  
In order to enhance treatment longevity, it is important to understand the biomechanics of 
implant-supported prosthesis during masticatory loading. And the way that the 
stress/strain is transmitted and distributed to the bone tissue dictates whether the implant 
treatments will failure or succeed (Geng et al., 2001). Several variables affect the 
stress/strain distribution on the implant/bone complex such as prosthesis type, implant 
type, veneering and framework materials, bone quality, and presence of misfit.  

2.1 Prosthesis and implant types 

The implant-supported prosthesis can be classified as single- or multi- unit prosthesis. From 
a biomechanical point of view, the multi-unit prosthesis is subdivided into implant-
supported overdentures and implant-supported fixed prosthesis (cantilevered design or 
not). The nature of FEA studies for these prosthesis designs is much more complex than for 
single-unit design (Geng et al., 2001).  

Implant-retained overdentures are considered a simple, cost-effective, viable, less invasive 
and successful treatment option for edentulous patients (Assuncao et al., 2008; Barao et al., 
2009). However, controversies toward the design of attachment systems for overdentures 
still exist (Bilhan et al., 2011). Our previous study (Barao et al., 2009) used a 2D FEA to 
investigate the effect of different designs of attachment systems on the stress distribution of 
implant-retained mandibular overdentures. The bar-clip attachment system showed the 
greatest stress values followed by bar-clip associated with two distally placed o’ring 
attachment systems, and o’ring attachment system (Fig. 1). Other 2D (Meijer et al., 1992) and 
3D FEA studies (Menicucci et al., 1998) also showed stress optimization in overdenture with 
unsplinted implants (e.g. o’ring attachment system). The flexibility and resiliency provided 
by the o’ring rubber and the spacer in the o’ring system assembly may be the driven force 
toward the lower stress values with o’ring attachment system. Additionally, the stress 
breaking effect of the o’ring rubber can also decrease the stress in implants, prosthetics 
components and supporting tissues (Tokuhisa et al., 2003). 

Tanino et al. (2007) evaluated the effect of stress-breaking attachments at the connections 
between maxillary palateless overdentures and implants using 3D models with two and 
four implants. Stress-breaking materials (with elastic modulus ranging from 1 to 3,000 MPa) 
connecting the implants and denture were included around each abutment. As the elastic 
modulus of the stress-breaking materials increased, the stress increased at the implant-bone 
interface and decreased at the cortical bone surface. Additionally, the 3-mm-thick stress-
breaking material decreased the stress values at the implant-bone interface when compared 
to the 1-mm-thick material. Knowing that overdentures are retained by implants but are still 
supported by the mucosa, and facing the difference in displacement between implants (20-
30 µm) and soft tissue (about 500 µm), our previous study (Barao et al., 2008) investigated 
the influence of different mucosa thickness and resiliency on stress distribution of implant-
retained overdentures using a 2D FEA. Two models were designed: two-splinted-implants 
connected with bar-clip system and two-splinted-implants connected with bar-clip system 
associated with two-distally placed o’ring system. For each design, mucosa assumed three 
characteristics of thickness (1, 3 and 5 mm) varying its resiliencies (based on its Young’s 
modulus) in hard (680 MPa), resilient (340 MPa) and soft (1 MPa), respectively. In general, 
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the stress decreased at the supporting tissues as mucosa thickness and resiliency increased 
(Fig. 2). 

 
Fig. 1. First principal stress distribution (in MPa). (a) conventional complete denture.  
(b) overdenture – bar-clip system. (c) overdenture – o’ring system). (d) overdenture – bar-
clip associated with distally placed o’ring system. Colors indicate level of stress from dark 
blue (lowest) to red (highest). 

 
Fig. 2. Distribution of first principal stress (MPa) in supporting tissues for groups BC (bar-
clip) and BC-C (bar-clip associated with two-distally placed o’rings) considering different 
mucosa thickness (1, 3 and 5mm) and resilience (hard, resilient and soft).  
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30 µm) and soft tissue (about 500 µm), our previous study (Barao et al., 2008) investigated 
the influence of different mucosa thickness and resiliency on stress distribution of implant-
retained overdentures using a 2D FEA. Two models were designed: two-splinted-implants 
connected with bar-clip system and two-splinted-implants connected with bar-clip system 
associated with two-distally placed o’ring system. For each design, mucosa assumed three 
characteristics of thickness (1, 3 and 5 mm) varying its resiliencies (based on its Young’s 
modulus) in hard (680 MPa), resilient (340 MPa) and soft (1 MPa), respectively. In general, 
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the stress decreased at the supporting tissues as mucosa thickness and resiliency increased 
(Fig. 2). 

 
Fig. 1. First principal stress distribution (in MPa). (a) conventional complete denture.  
(b) overdenture – bar-clip system. (c) overdenture – o’ring system). (d) overdenture – bar-
clip associated with distally placed o’ring system. Colors indicate level of stress from dark 
blue (lowest) to red (highest). 

 
Fig. 2. Distribution of first principal stress (MPa) in supporting tissues for groups BC (bar-
clip) and BC-C (bar-clip associated with two-distally placed o’rings) considering different 
mucosa thickness (1, 3 and 5mm) and resilience (hard, resilient and soft).  
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In relation to the implant-supported fixed prosthesis, the variety of factors that affect the 
stress distribution into the bone-implant complex comprise implant inclination, implant 
number and position, framework/veneering material properties, and cross-sectional design 
of the framework (Geng et al., 2001). The use of tilted implants mostly affected the stress 
concentration in the peri-implant bone tissue when compared to vertical implants (Canay et 
al., 1996). However, tilted implants have been used in case of atrophic jaw, to avoid 
maxillary sinus, and to reduce the cantilever extension (Silva et al., 2010). Caglar et al. (2006) 
investigated the effects of mesiodistal inclination of implants on the stress distribution of 
posterior maxillary implant-supported fixed prosthesis using a 3D FEA. Inclination of the 
implant in the molar region resulted in increased stress. Similar results were found by a 
Iplikcioglu & Akca (2002) who investigated the effect of buccolingual inclination in implant-
supported fixed prosthesis applied to the posterior mandibular region using a 3D FEA. 
Bevilacqua et al. (2011) investigated the influence of cantilever length (13, 9, 5 and 0 mm) 
and implant inclination (0, 15, 30 and 45 degrees) on stress distribution in maxillary fixed 
dentures. This 3D FEA study showed that tilted implants, with consequent reduction of the 
posterior cantilevers, reduced the stress values in the peri-implant cortical bone. 

Zarone et al. (2003) evaluated the relative deformations and stress distributions in six 
different designs of full-arch implant-supported fixed mandibular denture (six or four 
implants, cantilevered designed or not, cross-arch or midline-divided bar into two free-
standing bridges) by means of 3D FEA. When the implants were rigidly connected by one-
piece framework, the free bending of the mandible was hindered. The flexibility of the 
mandible was increased as the more distal implant supports were more mesially located. 
The use of two free-standing bars also reduced the overall stress on the bone/implant 
interface, fixtures and superstructure. Contradicting these findings, Yokoyama et al. (2005) 
observed that the use of single-unit superstructure was more effective in relining stress 
concentration in the edentulous mandibular bone than 3-unit superstructure. Other study 
(Silva et al., 2010), using a 3D FEA, assessed the biomechanical behavior of the “All-on-four” 
system with that of six-implant-supported maxillary prosthesis with tilted implants. The 
stress values were greater to the “All-on-four” concept, and the presence of cantilever 
increased the stress values about 100% in both models.  

It is believed that loading distribution pattern in implant-retained overdentures differs from 
those in implant-supported fixed restorations (Tokuhisa et al., 2003). Our ongoing project 
has compared the effect of different designs of implant-retained overdentures and fixed full-
arch implant-supported prosthesis on stress distribution in edentulous mandible by using a 
3D-FEA based on a computerized tomography (CT). Four 3D FE models of an edentulous 
human mandible with mucosa and four implants placed in the interforamina area were 
constructed and restored with different designs of dentures. In the OR group, the mandible 
was restored with an overdenture retained by four unsplinted implants with O’ring 
attachment; in the BC-C and BC groups, the mandibles were restored with overdentures 
retained by four splinted implants with bar-clip anchor associated or not with two distally 
placed cantilevers, respectively; in the FD group, the mandible was restored with a fixed 
full-arch four-implant-supported prosthesis. The masticatory muscles and 
temporomandibular joints supported the models. A 100-N oblique load (30 degrees) was 
applied on the left first molar of each denture in a buccolingual direction. Qualitative and 
quantitative analysis based on the von Mises stress (σvM), the maximum (σmax) (tensile) and 
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minimum (σmin) (compressive) principal stresses (in MPa) were obtained. BC-C group 
exhibited the highest stress values (σvM = 398.8, σmax = 580.5 and σmin = -455.2) while FD 
group showed the lowest one (σvM = 128.9, σmax = 185.9 and σmin = -172.1) in the 
implant/prosthetic components. Within overdenture groups, the use of unsplinted implants 
(OR group) reduced the stress level in the implant/prosthetic components (59.4% for σvM, 
66.2% for σmax and 57.7% for σmin versus BC-C group) and supporting tissues (maximum 
stress reduction of 72% and 79.5% for σmax, and 15.7% and 85.7% for σmin on the cortical bone 
and the trabecular bone, respectively). The cortical bone exhibited greater stress 
concentration than the trabecular bone for all groups. We concluded that the use of fixed 
implant dentures and removable dentures retained by unsplinted implants to rehabilitate 
completely edentulous mandible reduced the stresses in the peri-implant cortical bone tissue 
(Fig. 3), mucosa and implant/prosthetic components. 

 

 
Fig. 3. von Mises stress (σvM), maximum (σmax) and minimum (σmin) principal stress 
distributions (in MPa) within cortical bone for o’ring (OR), bar-clip (BC), bar-clip with 
distally placed cantilever (BC-C) and fixed denture (FD) groups. 

Concerning the implant design, Ding et al. (2009) analyzed the stress distribution around 
immediately loaded implants of different diameters (3.3; 4., and 4.8 mm) using an accurate 
complete mandible model. The authors observed that with the increase of implant diameter, 
stress/strain on the implant-bone interface decreased, mainly when the diameter increased 
from 3.3 to 4.1 mm for both axial and oblique loading conditions. Other studies also showed 
more favorable stress distribution with the use of wide-diameter implants (Himmlova et al., 
2004; Matsushita et al., 1990). Huang et al. (2008) analyzed the peri-implant bone stress and 
the implant-bone sliding as affected by different implant designs and implant sizes of 
immediately loaded implant with maxillary sinus augmentation. Twenty-four 3D FE models 
with four implant designs (cylindrical, threaded, stepped and step-thread implants) and 
three dimensions (standard, long and wide threaded implants) with a bonded and three 
levels of frictional contact of implant-bone interfaces were analyzed. The use of threaded 
implants decreased the bone stress and sliding distance about 30% as compared with non-
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In relation to the implant-supported fixed prosthesis, the variety of factors that affect the 
stress distribution into the bone-implant complex comprise implant inclination, implant 
number and position, framework/veneering material properties, and cross-sectional design 
of the framework (Geng et al., 2001). The use of tilted implants mostly affected the stress 
concentration in the peri-implant bone tissue when compared to vertical implants (Canay et 
al., 1996). However, tilted implants have been used in case of atrophic jaw, to avoid 
maxillary sinus, and to reduce the cantilever extension (Silva et al., 2010). Caglar et al. (2006) 
investigated the effects of mesiodistal inclination of implants on the stress distribution of 
posterior maxillary implant-supported fixed prosthesis using a 3D FEA. Inclination of the 
implant in the molar region resulted in increased stress. Similar results were found by a 
Iplikcioglu & Akca (2002) who investigated the effect of buccolingual inclination in implant-
supported fixed prosthesis applied to the posterior mandibular region using a 3D FEA. 
Bevilacqua et al. (2011) investigated the influence of cantilever length (13, 9, 5 and 0 mm) 
and implant inclination (0, 15, 30 and 45 degrees) on stress distribution in maxillary fixed 
dentures. This 3D FEA study showed that tilted implants, with consequent reduction of the 
posterior cantilevers, reduced the stress values in the peri-implant cortical bone. 

Zarone et al. (2003) evaluated the relative deformations and stress distributions in six 
different designs of full-arch implant-supported fixed mandibular denture (six or four 
implants, cantilevered designed or not, cross-arch or midline-divided bar into two free-
standing bridges) by means of 3D FEA. When the implants were rigidly connected by one-
piece framework, the free bending of the mandible was hindered. The flexibility of the 
mandible was increased as the more distal implant supports were more mesially located. 
The use of two free-standing bars also reduced the overall stress on the bone/implant 
interface, fixtures and superstructure. Contradicting these findings, Yokoyama et al. (2005) 
observed that the use of single-unit superstructure was more effective in relining stress 
concentration in the edentulous mandibular bone than 3-unit superstructure. Other study 
(Silva et al., 2010), using a 3D FEA, assessed the biomechanical behavior of the “All-on-four” 
system with that of six-implant-supported maxillary prosthesis with tilted implants. The 
stress values were greater to the “All-on-four” concept, and the presence of cantilever 
increased the stress values about 100% in both models.  

It is believed that loading distribution pattern in implant-retained overdentures differs from 
those in implant-supported fixed restorations (Tokuhisa et al., 2003). Our ongoing project 
has compared the effect of different designs of implant-retained overdentures and fixed full-
arch implant-supported prosthesis on stress distribution in edentulous mandible by using a 
3D-FEA based on a computerized tomography (CT). Four 3D FE models of an edentulous 
human mandible with mucosa and four implants placed in the interforamina area were 
constructed and restored with different designs of dentures. In the OR group, the mandible 
was restored with an overdenture retained by four unsplinted implants with O’ring 
attachment; in the BC-C and BC groups, the mandibles were restored with overdentures 
retained by four splinted implants with bar-clip anchor associated or not with two distally 
placed cantilevers, respectively; in the FD group, the mandible was restored with a fixed 
full-arch four-implant-supported prosthesis. The masticatory muscles and 
temporomandibular joints supported the models. A 100-N oblique load (30 degrees) was 
applied on the left first molar of each denture in a buccolingual direction. Qualitative and 
quantitative analysis based on the von Mises stress (σvM), the maximum (σmax) (tensile) and 
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minimum (σmin) (compressive) principal stresses (in MPa) were obtained. BC-C group 
exhibited the highest stress values (σvM = 398.8, σmax = 580.5 and σmin = -455.2) while FD 
group showed the lowest one (σvM = 128.9, σmax = 185.9 and σmin = -172.1) in the 
implant/prosthetic components. Within overdenture groups, the use of unsplinted implants 
(OR group) reduced the stress level in the implant/prosthetic components (59.4% for σvM, 
66.2% for σmax and 57.7% for σmin versus BC-C group) and supporting tissues (maximum 
stress reduction of 72% and 79.5% for σmax, and 15.7% and 85.7% for σmin on the cortical bone 
and the trabecular bone, respectively). The cortical bone exhibited greater stress 
concentration than the trabecular bone for all groups. We concluded that the use of fixed 
implant dentures and removable dentures retained by unsplinted implants to rehabilitate 
completely edentulous mandible reduced the stresses in the peri-implant cortical bone tissue 
(Fig. 3), mucosa and implant/prosthetic components. 

 

 
Fig. 3. von Mises stress (σvM), maximum (σmax) and minimum (σmin) principal stress 
distributions (in MPa) within cortical bone for o’ring (OR), bar-clip (BC), bar-clip with 
distally placed cantilever (BC-C) and fixed denture (FD) groups. 

Concerning the implant design, Ding et al. (2009) analyzed the stress distribution around 
immediately loaded implants of different diameters (3.3; 4., and 4.8 mm) using an accurate 
complete mandible model. The authors observed that with the increase of implant diameter, 
stress/strain on the implant-bone interface decreased, mainly when the diameter increased 
from 3.3 to 4.1 mm for both axial and oblique loading conditions. Other studies also showed 
more favorable stress distribution with the use of wide-diameter implants (Himmlova et al., 
2004; Matsushita et al., 1990). Huang et al. (2008) analyzed the peri-implant bone stress and 
the implant-bone sliding as affected by different implant designs and implant sizes of 
immediately loaded implant with maxillary sinus augmentation. Twenty-four 3D FE models 
with four implant designs (cylindrical, threaded, stepped and step-thread implants) and 
three dimensions (standard, long and wide threaded implants) with a bonded and three 
levels of frictional contact of implant-bone interfaces were analyzed. The use of threaded 
implants decreased the bone stress and sliding distance about 30% as compared with non-
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threaded (cylindrical and stepped) implants. With the increase of implant’s length or 
diameter, the bone stress reduced around 13-26%. The immediately loaded implant with 
smooth machine surface increased the bone stress by 28-63% versus osseointegrated 
implants. The increase of implant’s surface roughness did not reduce the bone stress but 
decrease the implant-bone interfacial sliding. 

2.2 Veneering and framework material 

The literature is scarce about the best material to fabricate superstructures of implant-
supported prosthesis (Gomes et al., 2011). Originally, the protocol consisted of gold alloy 
framework and acrylic resin for denture base and acrylic resin or composite resin for 
artificial denture teeth (Zarb & Jansson, 1985 ). Rigid occlusal material such as porcelain on 
metal may increase the load transfer to the implant and surrounding bone tissue (Skalak, 
1983). So far, the use of occlusal veneering based on resin material is indicated to absorb 
shock and consequently to reduce the stress on the implant-bone complex (Skalak, 1983). 
Gracis et al. (1991) stated that the use of harder and stiffer materials to fabricated implant-
supported restorations increased the stress transmitted to the implant. On the other hand, 
some studies (Ciftci & Canay, 2001; Sertgoz, 1997) showed that the use of softer restorative 
materials lead to a higher stress on implants and supporting tissues.  

Our previous studies (Delben et al., 2011; Gomes et al., 2011) evaluated the influence of 
different superstructures on preload maintenance of retention screw of single implant-
supported crowns submitted to mechanical cycling and stress distribution through 3D FEA.  

Twelve replicas for each group and 3D FEA models were created to simulate a single crown 
supported by external hexagon implant in premolar region. Five groups were obtained: gold 
abutment veneered with ceramic (GC) and resin (GR), titanium abutment veneered with 
ceramic (TC) and resin (TR), and zirconia abutment veneered with ceramic (ZC). During 
mechanical cycling, the replicas were submitted to dynamic vertical loading of 50 N at 2 Hz 
for detorque measurement after each period of 1x105 cycles up to 1x106 cycles. The FEA 
software generated the stress maps after vertical loading of 100 N on the contact points of 
the crowns. Significant difference (P<.05) between group TC (21.4 ± 1.78) and groups GC 
(23.9 ± 0,91), GR (24.1 ± 1.34) and TR (23.2 ± 1.33); and between group ZC (21,9 ± 2,68) and 
groups GC and GR for initial detorque mean (in N.cm) was noted. After mechanical cycling, 
there was significant difference (P<.05) between groups GR (23.8 ± 1.56) and TC (22.1 ± 1.86), 
and between group ZC (21.7 ± 2.02) and groups GR and TR (23.6 ± 1.30) (Fig. 4). The stress 
values and distribution in bone tissue were similar for groups GC, GR, TC and ZC (1574.3 
MPa, 1574.3 MPa, 1574.3 MPa and 1574.2 MPa, respectively), except for group TR (1838.3 
MPa) (Fig. 5). Group ZC transferred lower stress to the retention screw (785 MPa) than the 
other groups (939 MPa for GC, 961 MPa for GR, 1010 MPa for TC, and 1037 MPa for TR) We 
concluded that detorque reduction occurred for all superstructure materials but torque 
maintenance was enough to maintain joint stability in this study. The different materials did 
not affect stress distribution in bone. However, group ZC presented the best stress 
distribution for the retention screw. Previous study conducted by our research group also 
found similar stress distribution to single implant-supported prosthesis regardless of the 
type of veneering/framework material through a 2D FEA (Assuncao et al., 2010). 
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Fig. 4. Detorque mean value (N.cm) before and after mechanical cycling for all groups. 
Within each period, mean followed by different letters represent statistically significant 
difference (P<.05, Fisher’s exact test ).*denotes statistically significant difference within the 
same group (P<.05, Student's t-test ).  

 

 
Fig. 5. von Mises stress distribution (MPa) within supporting bone for GP, GR, TP, TR and 
ZP groups. Colors indicate level of stress from dark blue (lowest) to red (highest). 
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threaded (cylindrical and stepped) implants. With the increase of implant’s length or 
diameter, the bone stress reduced around 13-26%. The immediately loaded implant with 
smooth machine surface increased the bone stress by 28-63% versus osseointegrated 
implants. The increase of implant’s surface roughness did not reduce the bone stress but 
decrease the implant-bone interfacial sliding. 
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supported restorations increased the stress transmitted to the implant. On the other hand, 
some studies (Ciftci & Canay, 2001; Sertgoz, 1997) showed that the use of softer restorative 
materials lead to a higher stress on implants and supporting tissues.  

Our previous studies (Delben et al., 2011; Gomes et al., 2011) evaluated the influence of 
different superstructures on preload maintenance of retention screw of single implant-
supported crowns submitted to mechanical cycling and stress distribution through 3D FEA.  

Twelve replicas for each group and 3D FEA models were created to simulate a single crown 
supported by external hexagon implant in premolar region. Five groups were obtained: gold 
abutment veneered with ceramic (GC) and resin (GR), titanium abutment veneered with 
ceramic (TC) and resin (TR), and zirconia abutment veneered with ceramic (ZC). During 
mechanical cycling, the replicas were submitted to dynamic vertical loading of 50 N at 2 Hz 
for detorque measurement after each period of 1x105 cycles up to 1x106 cycles. The FEA 
software generated the stress maps after vertical loading of 100 N on the contact points of 
the crowns. Significant difference (P<.05) between group TC (21.4 ± 1.78) and groups GC 
(23.9 ± 0,91), GR (24.1 ± 1.34) and TR (23.2 ± 1.33); and between group ZC (21,9 ± 2,68) and 
groups GC and GR for initial detorque mean (in N.cm) was noted. After mechanical cycling, 
there was significant difference (P<.05) between groups GR (23.8 ± 1.56) and TC (22.1 ± 1.86), 
and between group ZC (21.7 ± 2.02) and groups GR and TR (23.6 ± 1.30) (Fig. 4). The stress 
values and distribution in bone tissue were similar for groups GC, GR, TC and ZC (1574.3 
MPa, 1574.3 MPa, 1574.3 MPa and 1574.2 MPa, respectively), except for group TR (1838.3 
MPa) (Fig. 5). Group ZC transferred lower stress to the retention screw (785 MPa) than the 
other groups (939 MPa for GC, 961 MPa for GR, 1010 MPa for TC, and 1037 MPa for TR) We 
concluded that detorque reduction occurred for all superstructure materials but torque 
maintenance was enough to maintain joint stability in this study. The different materials did 
not affect stress distribution in bone. However, group ZC presented the best stress 
distribution for the retention screw. Previous study conducted by our research group also 
found similar stress distribution to single implant-supported prosthesis regardless of the 
type of veneering/framework material through a 2D FEA (Assuncao et al., 2010). 
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Fig. 5. von Mises stress distribution (MPa) within supporting bone for GP, GR, TP, TR and 
ZP groups. Colors indicate level of stress from dark blue (lowest) to red (highest). 
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2.3 Bone quality 

The bone quality is strongly correlated with the implant success as pointed out by several 
longitudinal clinical studies (Friberg et al., 1991; Jemt & Lekholm, 1995; van Steenberghe et 
al., 1990). The biomechanical behavior among the different types of bone (I, II, III or IV) 
differs substantially, which affect the ability of bone to support physiological loads (de 
Almeida et al., 2010). The poor quality bone type 4 has promoted greater failures of dental 
implants (Jaffin et al., 2004) owing to its reduced capability to bond the implant to the bone 
(Drage et al., 2007; Shapurian et al., 2006). 

de Almeida et al. (2010) investigated the influence of different types of bone (types I to IV) 
on the stress distribution on the supporting tissue of a fixed full-arch implant-supported 
mandibular prosthesis based on a prefabricated bar by using a 3D FEA. Three unilateral 
posterior loads of 150 N were applied on the prosthesis: L1 – axial loading; L2 – oblique 
loading (buccolingual direction, 30 degrees); L3 – oblique loading (linguobuccal direction, 30 
degrees). Type III and IV bones displayed the greatest stress values in the axial and 
buccolingual loading conditions, while stiffer bones (type I and II) exhibited the lowest. For 
the linguobuccal loading condition, the poorest quality cortical bone (type IV) had the 
highest stress concentration followed by types III, II and I. 

Tada et al. (2003) evaluated whether bone quality affect the stress/strain distribution of 
single-unit implant-supported mandibular prosthesis with different implant type and 
length. Screw and cylinder implants with 9.2, 10.8, 12.4 and 14.0 mm length were used and 
virtually placed in 4 types of bone. Two different loads (axial and buccolingual forces) were 
applied to the occlusal surface at the center of the abutment. As the bone density decreased, 
the stress/strain into the bone increased. Under axial loading, the stress in the cancellous 
bone was lower with the screw-type implant when compared with cylinder-type implant. 
Additionally, longer implants displayed lower stress values. The bone quality also 
influences the stress distribution under buccolingual load. According to the authors, low-
density bone presents reduced stiffness, which increases implant displacement. Under 
greater displacement, the bone is deformed and consequently higher stresses in the cortical 
and cancellous bone are expected.  

Another 3D FEA study (Sevimay et al., 2005) examined the effect of the bone quality on 
stress distribution for an implant-supported mandibular crown. A 3D FE model of a 
mandibular section of bone with a missing second premolar and an implant to receive a 
crown restoration was used. A total vertical force of 300 N was applied from the buccal cusp 
(150 N) and distal fossa (150 N) in centric occlusion. Low-density bone (types III and IV) 
displayed the greatest stress values (163 and 180 MPa, respectively) mainly at the peri-
implant cortical bone. On the other hand, type I and II bones exhibited the lowest levels of 
stresses (150 and 152 MPa, respectively). Other similar study (Holmes & Loftus, 1997) found 
that the placement of implants in type I bone resulted in less micromotion and reduced 
stress concentration. 

2.4 Presence of misfit 

An increase of clinical failures has been correlated with misfit of implant-supported 
prostheses (Klineberg & Murray, 1985; Skalak, 1983). In order to prevent mechanical (i.e. 
retention screw and abutment screw loosening and fracture, superstructure mobility, and 
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implant fracture) (Carlson & Carlsson, 1994; Dellinges & Tebrock, 1993) and biological (i.e. 
sensorial disturbances, soft tissue injuries, peri-implantitis, and bone loss) (Berglundh et al., 
2002) complications of the implant treatment, a passive fit between the crown and implant 
should be achieved (Sahin & Cehreli, 2001). Previous studies (Assuncao et al., 2011; 
Kunavisarut et al., 2002; Natali et al., 2006) have showed an increase of stress on peri-
implant bone tissue under the presence of misfit in implant-supported prostheses. 

Our previous study (Assuncao et al., 2011) used a 3D FEA to investigate the effect of vertical 
and angular misfit in three-piece implant-supported screwed crown on the biomechanical 
behavior of peri-implant bone, implants, and prosthetic components. A total of four 3D 
models were fabricated to represent a posterior mandibular section with one implant in the 
region of the second premolar and another in the region of the second molar. The implants 
were splinted by a three-piece implant-supported metal-ceramic prosthesis and differed 
according to the type of misfit, as represented by four different models: control - prosthesis 
with complete fit to the implants; unilateral angular misfit - prosthesis presenting unilateral 
angular misfit of 100 μm in the mesial region of the second molar; unilateral vertical misfit - 
prosthesis presenting unilateral vertical misfit of 100 μm in the mesial region of the second 
molar; and total vertical misfit - prosthesis presenting total vertical misfit of 100 μm in the 
platform of the framework in the second molar (Fig. 6). A vertical load of 400 N was 
distributed and applied on 12 centric points (a vertical load of 150 N was applied to each 
molar in the prosthesis and a vertical load of 100 N was applied at the second premolar). We 
observed that stress on the peri-implant cortical bone was slightly affected by the presence 
of misfit. Each type of misfit overloaded a specific region of the implant-supported system. 
The unilateral angular misfit was most harmful for the implant body and retention screw, 
the unilateral vertical misfit placed the most stress on the framework, and the total vertical 
misfit added stress to the implant hexagon. 

 
Fig. 6. Mesh of the main model: cortical bone, trabecular bone, implant and crown 
(framework, veneering material and retention screw). 

Another study conducted by our group (Gomes et al., 2009) assessed the influence misfit on 
the displacement and stress distribution in the bone-implant-prosthesis complex using a 2D 
FEA. A single-unit mandibular implant-supported prosthesis was fabricated. Different 
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al., 1990). The biomechanical behavior among the different types of bone (I, II, III or IV) 
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on the stress distribution on the supporting tissue of a fixed full-arch implant-supported 
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loading (buccolingual direction, 30 degrees); L3 – oblique loading (linguobuccal direction, 30 
degrees). Type III and IV bones displayed the greatest stress values in the axial and 
buccolingual loading conditions, while stiffer bones (type I and II) exhibited the lowest. For 
the linguobuccal loading condition, the poorest quality cortical bone (type IV) had the 
highest stress concentration followed by types III, II and I. 
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displayed the greatest stress values (163 and 180 MPa, respectively) mainly at the peri-
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2.4 Presence of misfit 
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prostheses (Klineberg & Murray, 1985; Skalak, 1983). In order to prevent mechanical (i.e. 
retention screw and abutment screw loosening and fracture, superstructure mobility, and 
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implant fracture) (Carlson & Carlsson, 1994; Dellinges & Tebrock, 1993) and biological (i.e. 
sensorial disturbances, soft tissue injuries, peri-implantitis, and bone loss) (Berglundh et al., 
2002) complications of the implant treatment, a passive fit between the crown and implant 
should be achieved (Sahin & Cehreli, 2001). Previous studies (Assuncao et al., 2011; 
Kunavisarut et al., 2002; Natali et al., 2006) have showed an increase of stress on peri-
implant bone tissue under the presence of misfit in implant-supported prostheses. 

Our previous study (Assuncao et al., 2011) used a 3D FEA to investigate the effect of vertical 
and angular misfit in three-piece implant-supported screwed crown on the biomechanical 
behavior of peri-implant bone, implants, and prosthetic components. A total of four 3D 
models were fabricated to represent a posterior mandibular section with one implant in the 
region of the second premolar and another in the region of the second molar. The implants 
were splinted by a three-piece implant-supported metal-ceramic prosthesis and differed 
according to the type of misfit, as represented by four different models: control - prosthesis 
with complete fit to the implants; unilateral angular misfit - prosthesis presenting unilateral 
angular misfit of 100 μm in the mesial region of the second molar; unilateral vertical misfit - 
prosthesis presenting unilateral vertical misfit of 100 μm in the mesial region of the second 
molar; and total vertical misfit - prosthesis presenting total vertical misfit of 100 μm in the 
platform of the framework in the second molar (Fig. 6). A vertical load of 400 N was 
distributed and applied on 12 centric points (a vertical load of 150 N was applied to each 
molar in the prosthesis and a vertical load of 100 N was applied at the second premolar). We 
observed that stress on the peri-implant cortical bone was slightly affected by the presence 
of misfit. Each type of misfit overloaded a specific region of the implant-supported system. 
The unilateral angular misfit was most harmful for the implant body and retention screw, 
the unilateral vertical misfit placed the most stress on the framework, and the total vertical 
misfit added stress to the implant hexagon. 

 
Fig. 6. Mesh of the main model: cortical bone, trabecular bone, implant and crown 
(framework, veneering material and retention screw). 

Another study conducted by our group (Gomes et al., 2009) assessed the influence misfit on 
the displacement and stress distribution in the bone-implant-prosthesis complex using a 2D 
FEA. A single-unit mandibular implant-supported prosthesis was fabricated. Different 
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unilateral angular misfit (0 µm – control, 50 µm, 100 µm, and 200 µm) was represented on 
the contact region between the implant and the crown. An oblique (30 degrees) load of 133 
N was applied at the opposite direction of misfit on the models. The greater the angular 
misfit, the higher the stress and displacement values in the bone-implant-prosthesis 
assembly. On the other hand, Spazzin et al. (2011) investigated the effect of different levels 
of vertical misfit (5, 25, 50, 100, 200 and 300 µm) between implant and bar framework in 
overdenture and showed that the presence of misfit did not influence the stress level at the 
peri-implant bone tissue, but stress on the prosthetic components (bar framework, retention 
screw) and implants increased with greater misfit levels. 

Spazzin et al. (2011) also assessed the influence of horizontal misfit (10, 50, 100 and 200 µm) 
and bar framework material (gold alloy, silver-palladium alloy, commercially pure titanium 
and cobalt-chromium alloy) on the stress distribution in implant-retained mandibular 
overdenture associated with bar attachment system using a 3D FEA. The increase in 
horizontal misfit promoted an enhancement of stress levels in the inferior region of the bar, 
retention screw neck, cervical and medium third of the implant, and peri-implant cortical 
bone. The stiffer the bar material was, the greater the stress on the framework.  

3. Modeling complex structures 
As the oral cavity is very complex in nature, it is very hard to represent this structure with 
high accuracy by means FE models. For this reason, several simplifications are necessary to 
our reality. Most of the FEA studies in Dental field consider the materials as isotropic, 
homogeneous and linearly elastic. The modeling of biological tissues (e.g. bone) is a very 
difficult task because of their inherent heterogeneous and anisotropic character (Cowin & 
editor, 2001 ). The use of isotropic properties instead of anisotropic properties for bone 
tissue may affect the overall results of stress distribution (O'Mahony et al., 2001). In 
addition, the ultimate strain and Young modulus of bone under compression is different 
than those under tension (Geng et al., 2001). A previous study (Liao et al., 2008) investigated 
in what extend the anisotropic elastic properties affect the stress and strain distribution 
around implants under physiologic load in a complete mandible model based on CT. 
Models were loaded obliquely, and the principal stress and strain values in the peri-implant 
bone tissue were recorded. The authors observed an increase of up to 70% of stress/strain 
values for the anisotropic model versus isotropic model. O'Mahony et al. (2001) compared 
implant-bone interface stresses and peri-implant principal strains in anisotropic versus 
isotropic 3D models of the posterior mandible. Anisotropy increased by 20 to 30% the stress 
and strain in the cortical bone when compared with isotropic case. In the trabecular bone, 
the anisotropy enhanced by 3- to 4-fold the stress level versus isotropic condition. So far, 
anisotropy has significant effects on peri-implant stress and strain; therefore, careful 
consideration should be given to its use in biomechanical FE studies (Liao et al., 2008; 
O'Mahony et al., 2001). 

The bone-implant contact in most of FEA studies is considered at a 100%; however, in the 
clinical scenario the implant-bone contact ranges from 30% to 70% (Geng et al., 2001). 
Additionally, the bone is not homogeneous and porosities are presented. Nowadays, it is 
possible to insert contact algorithms to simulate contacts (friction coefficients). In Dentistry, 
this factor is very important because it allows the representation of different degrees of 
osseointegration and the scenario of immediate loading. Huang et al. (2008) compared two 
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conditions of implant-bone contact (bonded interface and non-bonded interface – friction 
coefficient of 0.3) on peri-implant bone stress distribution and implant-bone interfacial 
sliding of different implant designs and implant sizes. The use of friction coefficient to 
represent the immediate loading condition of the implants increased the bone stress by 28-
63% when compared with the osseointegrated condition (bonded contact) for all implant 
designs and sizes. The interfacial sliding between bone and implant decreased with the 
presence of friction coefficient.  

Thread configuration is an important objective in biomechanical optimization of dental 
implants (Valen & Locante, 2000). However, several 2D and 3D FEA studies have not 
considered the threads modeling of implants and retention screws or have modeled them 
using only concentric rings owing to the difficulty in modeling the thread helix (Sertgoz, 
1997). Additionally, some justify the use of simplified model due to the difficulty in 
constructing a 3D complex model and the enormous increase in element numbers (Assuncao 
et al., 2009). As the oversimplication of implant complex geometry may affect the results of 
several FEA studies (Al-Sukhun et al., 2007), some authors (Lang et al., 2003; Sakaguchi & 
Borgersen, 1995) believe that the modeling of the perfect geometry of the implant, including 
the thread helix of the screw and the screw bore, is essential to finite element analysis 
simulation. Therefore, our previous study (Assuncao et al., 2009) investigated whether or 
not the representation of implant’s threads would affect the outcome of a 2D FEA. Two 
models reproducing a frontal section of edentulous mandibular posterior bone were 
constructed. In the first models, the implants threads were accurately simulated (precise 
model) and, on the other implants with a smooth surface (press-fit implant) were used 
(simplified model). A load of 133 N was obliquely (30 degrees) applied with on the models. 
Precise model (1,45 MPa) showed higher maximum stress values than simplified model (1,2 
MPa). Stress distribution and stress values in the cortical bone (292.95 MPa for precise 
model and 401.14 MPa for simplified model) and trabecular bone (19.35 MPa for precise 
model and 20.35 MPa for simplified) were similar, and the stresses were mostly located 
around implant neck and implant apex. We concluded that considering implant and screw 
analysis, remarkable differences in stress values were found between the models. Although 
models have showed differences on absolute stress values, the stress distribution was 
similar. 

4. Two-dimensional (2D) versus three-dimensional (3D) analysis 
The biomechanical performance of mandibular and maxillary bones associated to other 
natural (teeth, periodontal ligament, gingiva, etc.) and artificial (prostheses, dental implants, 
etc.) structures has been considered clinically and biologically relevant for modern 
Dentistry. In this sense, several tools have been developed for biomechanical evaluations, 
such as the finite element method.  

The first studies reported in the literature using the Finite Element Method in Dentistry 
presented simple 2D models (Takahashi et al., 1978; Weinstein et al., 1979; Yettram et al., 
1976). However, the complexity of the oral environment required the development of 3D 
models. Khera et al. (1988) were pioneers on 3D modeling for human mandible.  

Although the technological advancement allowed the use of accurate and fast software and 
hardware to obtain the images, the decision about 2D or 3D modeling for FEA remains 
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editor, 2001 ). The use of isotropic properties instead of anisotropic properties for bone 
tissue may affect the overall results of stress distribution (O'Mahony et al., 2001). In 
addition, the ultimate strain and Young modulus of bone under compression is different 
than those under tension (Geng et al., 2001). A previous study (Liao et al., 2008) investigated 
in what extend the anisotropic elastic properties affect the stress and strain distribution 
around implants under physiologic load in a complete mandible model based on CT. 
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the anisotropy enhanced by 3- to 4-fold the stress level versus isotropic condition. So far, 
anisotropy has significant effects on peri-implant stress and strain; therefore, careful 
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The bone-implant contact in most of FEA studies is considered at a 100%; however, in the 
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Additionally, the bone is not homogeneous and porosities are presented. Nowadays, it is 
possible to insert contact algorithms to simulate contacts (friction coefficients). In Dentistry, 
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conditions of implant-bone contact (bonded interface and non-bonded interface – friction 
coefficient of 0.3) on peri-implant bone stress distribution and implant-bone interfacial 
sliding of different implant designs and implant sizes. The use of friction coefficient to 
represent the immediate loading condition of the implants increased the bone stress by 28-
63% when compared with the osseointegrated condition (bonded contact) for all implant 
designs and sizes. The interfacial sliding between bone and implant decreased with the 
presence of friction coefficient.  

Thread configuration is an important objective in biomechanical optimization of dental 
implants (Valen & Locante, 2000). However, several 2D and 3D FEA studies have not 
considered the threads modeling of implants and retention screws or have modeled them 
using only concentric rings owing to the difficulty in modeling the thread helix (Sertgoz, 
1997). Additionally, some justify the use of simplified model due to the difficulty in 
constructing a 3D complex model and the enormous increase in element numbers (Assuncao 
et al., 2009). As the oversimplication of implant complex geometry may affect the results of 
several FEA studies (Al-Sukhun et al., 2007), some authors (Lang et al., 2003; Sakaguchi & 
Borgersen, 1995) believe that the modeling of the perfect geometry of the implant, including 
the thread helix of the screw and the screw bore, is essential to finite element analysis 
simulation. Therefore, our previous study (Assuncao et al., 2009) investigated whether or 
not the representation of implant’s threads would affect the outcome of a 2D FEA. Two 
models reproducing a frontal section of edentulous mandibular posterior bone were 
constructed. In the first models, the implants threads were accurately simulated (precise 
model) and, on the other implants with a smooth surface (press-fit implant) were used 
(simplified model). A load of 133 N was obliquely (30 degrees) applied with on the models. 
Precise model (1,45 MPa) showed higher maximum stress values than simplified model (1,2 
MPa). Stress distribution and stress values in the cortical bone (292.95 MPa for precise 
model and 401.14 MPa for simplified model) and trabecular bone (19.35 MPa for precise 
model and 20.35 MPa for simplified) were similar, and the stresses were mostly located 
around implant neck and implant apex. We concluded that considering implant and screw 
analysis, remarkable differences in stress values were found between the models. Although 
models have showed differences on absolute stress values, the stress distribution was 
similar. 

4. Two-dimensional (2D) versus three-dimensional (3D) analysis 
The biomechanical performance of mandibular and maxillary bones associated to other 
natural (teeth, periodontal ligament, gingiva, etc.) and artificial (prostheses, dental implants, 
etc.) structures has been considered clinically and biologically relevant for modern 
Dentistry. In this sense, several tools have been developed for biomechanical evaluations, 
such as the finite element method.  

The first studies reported in the literature using the Finite Element Method in Dentistry 
presented simple 2D models (Takahashi et al., 1978; Weinstein et al., 1979; Yettram et al., 
1976). However, the complexity of the oral environment required the development of 3D 
models. Khera et al. (1988) were pioneers on 3D modeling for human mandible.  

Although the technological advancement allowed the use of accurate and fast software and 
hardware to obtain the images, the decision about 2D or 3D modeling for FEA remains 
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uncertain. It is important to understand that the biomechanical performance of complex oral 
structures depends on several factors. Therefore, the accuracy of the results may be 
influenced by: 1- complex geometry of the model; 2 – materials properties, such as isotropy 
or anisotropy; 3 – type, size and quantity of elements in the mesh; 4 – boundary and loading 
conditions similar to clinical scenario; and 5 – analysis mode (static or dynamic). In addition, 
the choice between 2D or 3D models should be guided by the expectances and applicability 
of the results. Thus, the researcher should understand the advantages and limitations of 
both modeling types (Romeed et al., 2006). 

The 2D modeling has been continually applied in Dentistry since it is a simple, fast and low-
cost approach. On the other hand, the 3D model is more accurate and may represent the 
details of a real condition (Fig. 7). However, a complex model is not worthy if it is 
misinterpreted considering that the higher the complexity of the model, the higher the 
density of the elements mesh. Thus, the following question should be answered before 
starting a FEA study “How can I represent the model accurately to obtain results within the 
ideal parameters?” 

 
Fig. 7. Different types of FE implant models: Two-dimensional model and Three-
dimensional model from left to right, respectively. 

Several studies (Poiate et al., 2011; Romeed et al., 2006) were conducted to compare the 
different models applied from Engineering to Dentistry to verify the effect of 2D or 3D 
modeling on the analysis of the biomechanical performance of complex structures. Romeed 
et al. (2006) evaluated the mechanical behavior of a second maxillary premolar restored with 
full-coverage crown under different occlusal schemes and observed similar stress 
distribution and minor differences for the stress values. On the other hand, Poiate et al. 
(2011) compared the biomechanical performance of a maxillary central incisor between 2D 
and 3D modeling and concluded that 2D models can be safely applied only for qualitative 
analysis since these models showed overestimated values for the quantitative analysis of the 
stress. The differences between 2D and 3D models have been attributed to the geometric 
representation of the model. Although 2D models are simplified and easier to be obtained 
than 3D models, the biaxial state may influence the reliability of the results since some 
important biomechanical aspects may be not reproduced (Gao et al., 2006). 
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4.1 Case sensitive 

Two- and 3- D models were constructed to evaluate the behavior of different veneering 
materials of single implant-supported prostheses (Assuncao et al., 2010; Gomes et al., 2011). 
For both models, five types of finite element (FE) models were simulated according to the 
different framework (gold alloy, titanium, and zirconia) and veneering (porcelain and 
modified composite resin) materials. However, several differences between the models 
representation were introduced according to the limitations of each modeling process. First 
of all, it was observed differences about the geometry, mainly for the superstructure 
(veneering material and framework) and bone tissue (Fig. 8). In the 2D model, the 
superstructure was modeled with 8-mm in height and 8-mm in diameter and the 
surrounding bone model assumed the characteristic of a block. In the 3D model, the 
superstructure was modeled based on the characteristics of a left first premolar tooth and 
the bone tissue reproduced a segment of the maxilla with a missing left first premolar tooth. 
In relation to the loading, the load was applied at a 30-degree inclination and 2-mm off-axis 
in 2D simulation while a 100-N vertical force was applied to the contact points of the crowns 
in the 3D model. Additionally, the 3D model represented a contact element between the 
abutment and the implant to simulate the clinical situation. At the end, it was observed 
difference between the 2D and 3D models for both qualitative and quantitative analyses.  

 
Fig. 8. Differences about the geometry representation of the superstructure and bone tissue 
for single implant-supported prostheses: 2D and 3D model from left to right, respectively. 

Thus, the selection between 2D or 3D modeling should be guided by the researcher 
knowledge about both methods. The 3D models are similar to real structures but are time-
consuming for modeling and data processing even when powerful computers are used. The 
higher the model complexity, the higher the number of elements and the complexity of the 
analysis. Thus, a simple geometry may generate an accurate mesh with satisfactory results 
in a faster way.  

Two-dimensional models offer excellent access for pre- and post-processing, and because of 
the reduced dimensions, computational capacity can be preserved for improvements in 
element and simulation quality. On the other hand, 3D models, although more realistic with 
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respect to the dimensional properties, are generally more coarse, with elements that are far 
from their ideal shapes. Moreover, examination of the model is more difficult. Depending 
on the investigated structure and boundary conditions, 2D modeling may be justified as a 
reasonable or even sensible simplification (Korioth & Versluis, 1997). Additionally, 
combinations of 2D or 3D FEA may offer the best understanding of the biomechanical 
behavior of complex dental structures in certain situations (Romeed et al., 2006). 

5. Microcomputer tomography in FE models 
In the beginning, the FE models were obtained from sectional images of bone tissue, tooth, 
surrounding structures and other elements related with the study that would be executed. 
Khera et al. (1988) constructed a 3D human mandible based on a 2D model. Initially, a 2D 
model was obtained and, using the projection of several pictures in a magnifying monitor, a 
3D model was generated and an axial z-axis was defined. 

Another widely used technique to obtain 2D and 3D models is the embedment of structures 
in acrylic resin. Gomes et al. (2009) embedded a prosthesis/retention screw/implant system 
in resin and sectioned it longitudinally to investigate the effect of different levels of 
unilateral angular misfit prostheses in the assembly and surrounding bone using a 2D FEA. 
The embedded model was scanned to produce digitalized images that were imported into 
CAD image analysis software and placed within the supporting tissue based on literature 
data. The outline of the images was manually quoted and each point was converted into x 
and y coordinates. At the end, the coordinates were finally imported into the FE software as 
key points of the final images (Fig. 9). 

 
Fig. 9. Scanned embedded model and finite element model. 

Recently, microcomputer tomography (CT) images have been obtained as a useful tool to 
model the bone complex in FE models and have gained general consensus among 
researches. The 3D model simulated from CT images provides high fidelity to the 
anatomical dimensions and configuration of all oral structures because it is possible to 
define the geometry and the local tissue properties of the bone segment to be modeled. 

FEA in Dentistry: A Useful Tool to Investigate  
the Biomechanical Behavior of Implant Supported Prosthesis 71 

However, some caution should be taken when these data are used. The X-ray images in grey 
scale must be recorded by a CT in DICOM (Digital Imaging Communications in Medicine) 
format. Thus, the procedure should be carefully indicated for the patients due to the 
exposition to radiation and the research project should be approved by the ethics committee 
ensuring that physical and geometrical parameters within safety limits will be adopted. 
Furthermore, the patient should sign an informed consent form to authorize the 
reproduction of images and results.  

The processing techniques used to extract this information from the CT data may be also 
frequently affected by no negligible errors that propagate in an unknown way through the 
various steps of the model generation, affecting the accuracy of the model (Taddei et al., 
2006). The first source of geometric error and distortion is the resolution of the dataset that 
depends on the scan parameters setting (Taddei et al., 2006). The ones that yielded the best 
results for image quality were obtained in the regime of 120 kV, 150 mA, 512 × 512 matrix, 
14 cm × 14 cm field of view, and slice thickness of 0.5 mm (Poiate et al., 2011). The second 
error may result from the segmentation process of the region of interest. Several 
segmentation algorithms have been proposed, with various level of automation, starting 
from complete manual contours extraction to complex fully automatic algorithms (Taddei et 
al., 2006). Considering that several softwares are currently available in the market, the 
professional should be trained to accurately use the tools to convert CT images into FE 
models. 

5.1 Converting CT images into FEA models 

Some steps to convert CT images into solid models will be presented in this section 
considering the availability of softwares, such as Mimics (Materialise, Leuven, Belgium), 
Simpleware (Simpleware Ltd, United Kingdom), InVesalius (Brazilian Public Software, 
Brazil), and ITK Snap (General Public License, USA). 

The use of Simpleware software to convert a maxillary CT images into a maxillary FEA 
model will be discussed. After submission by the Ethic Committee in Research of Dental 
School of Ribeirão Preto, University of São Paulo (Process CAAE – 0038.0.138.000-11 and 
SISNEP – FR – 430209), the CT images obtained from patient imaging with 219 cross sections 
were imported into the Simpleware 4.1 software (Simpleware Ltd, United Kingdom) (Fig. 
10) at the ScanIP segment. 

In the ScanIP, the segmentation tool was used to identify the pixels value of the tomographic 
image. Then, it was possible to separate an object from other adjacent anatomical structures 
in different masks, such as cortical bone and trabecular bone (Fig. 11). According to its 
radio-density, expressed in Hounsfield unities, the program picked the values up and 
automatically created different masks. After that, fine adjustments were executed to further 
improve the quality of the model masks (Fig. 12). The program also provides tools to 
eliminate any interference of the tomographic image. By examining the image, a certain 
level of noise in the data could be corrected by filters. After obtaining the masks for the 
cortical and trabecular bone, the soft tissue was constructed with 2.0 mm in thickness for the 
whole model using a morphological filter tool in structuring element. Then, the step to 
convert the CT image into a solid model was completed (Figs. 13 and 14). 
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In the beginning, the FE models were obtained from sectional images of bone tissue, tooth, 
surrounding structures and other elements related with the study that would be executed. 
Khera et al. (1988) constructed a 3D human mandible based on a 2D model. Initially, a 2D 
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Fig. 9. Scanned embedded model and finite element model. 

Recently, microcomputer tomography (CT) images have been obtained as a useful tool to 
model the bone complex in FE models and have gained general consensus among 
researches. The 3D model simulated from CT images provides high fidelity to the 
anatomical dimensions and configuration of all oral structures because it is possible to 
define the geometry and the local tissue properties of the bone segment to be modeled. 
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SISNEP – FR – 430209), the CT images obtained from patient imaging with 219 cross sections 
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10) at the ScanIP segment. 
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level of noise in the data could be corrected by filters. After obtaining the masks for the 
cortical and trabecular bone, the soft tissue was constructed with 2.0 mm in thickness for the 
whole model using a morphological filter tool in structuring element. Then, the step to 
convert the CT image into a solid model was completed (Figs. 13 and 14). 
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Fig. 10. Tomographic image of an edentulous maxilla imported into ScanIP. 

 
Fig. 11. Tomographic image of an edentulous maxilla processed in ScanIP. Determination of 
the cortical bone tissue. 

 
Fig. 12. Tomographic image of an edentulous maxilla processed in ScanIP. Determination of 
the trabecular bone tissue. 
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Fig. 13. Tomographic image of an edentulous maxilla processed in ScanIP. Determination of 
the soft tissue with 2.0mm in thickness in the whole extension. 

 

 
Fig. 14. Edentulous maxilla generated in the ScanIP representing the cortical and medullary 
bone and the soft tissue. 

After obtaining the solid model, the finite elements mesh was generated. The mesh can be 
created either in the software for image conversion or in the FE software. In this study, the 
Simpleware software generated the mesh. A mix of tetrahedral and hexahedral elements 
was obtained using gallery elements + FE Free (Fig. 15). Afterwards, the meshed model is 
ready to be exported to a FEA software in order to conduct stress and displacement 
analysis. 
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Fig. 15. Generated mesh with parabolic tetrahedral interpolation solid elements by the 
Simpleware software. The meshed model is ready to be imported by the finite element 
analysis software to investigate de stress distribution into the bone tissue. 

6. Future perspectives 
Considering that computational power is exhibiting rapid progress and hardware costs are 
decreasing, the numerical techniques probably will increase its application over time. Thus, 
the finite element method will be increasingly applied in Dentistry to generate reliable 
results for the biomechanical investigation of dental and supporting structures at lower cost 
than other in vitro and in vivo approaches. In addition, this technique can be associated to 
clinical evaluations as a further tool for diagnosis and/or treatment planning. For instance, 
the numerical techniques of the finite element method are increasingly indicated to simulate 
dental movements induced by orthodontic force systems. Thus, this method may provide 
information to the orthodontist about the choice of individual therapy (Clement et al., 2004). 
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1. Introduction 
Dental implants have been widely used for the rehabilitation of completely and partially 
edentulous patients.  (Branemark et al. 1969; Branemark et al. 1977; Adell et al. 1990; van 
Steenberghe et al. 1990) Despite the high success rates reported by a vast number of clinical 
studies, early or late implant failures are still unavoidable. (Esposito et al. 1998) Mechanical 
complications and failures have frequently been reported during prosthetic treatment. 
(Roberts 1970; Randow et al. 1986; Walton et al. 1986; Levine et al. 1999)  

From a biomechanical point of view, forces occurring either from functional or 
parafunctional occlusal contact may result in a physiologic adaptation of the supporting 
tissues since implants are rigidly anchored to the bone. However, if the stress generated is 
beyond the adaptive capacity of the host, the response of the supporting tissues and 
prosthetic components may result in failures. Therefore, the load magnitude and duration 
employed to implant-restoration systems play a significant role in biomechanical stress 
dissipation on the implant-prosthesis system and surrounding tissues. (Menicucci et al. 
2002) Other factors that are known to affect the stress/strain distribution on bone 
surrounding implants are the implant position and angulations, implant-abutment 
connection and the magnitude and direction of the occlusal load. (Stanford and Brand 1999; 
Kozlovsky et al. 2007; Lin et al. 2009) 
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While randomized controlled clinical studies are strongly suggested (Bozini et al. 2011; Pieri 
et al. 2011; Turkyilmaz 2011) as the optimal approach to evaluate the performance of 
biomaterials and biomechanical aspects of dental implants and prosthetic components, often 
times these studies are not economically viable (especially in cases where multiple variables 
are to be included). Thus, well designed in vitro studies utilizing virtual models via finite 
element analysis (FEA) should be considered, as this method allows researchers to address a 
range of questions that are otherwise intractable due to the number of variations within 
clinical trials or the difficulty in solving analytically (Ross 2005).  

Although there are several implant dentistry studies using the FEA method, (Rayfield 2004; 
Yokoyama et al. 2005; Galantucci et al. 2006; Huang et al. 2007; Assuncao et al. 2008; Lim et 
al. 2008; de Almeida et al. 2011) each step of the method deserves discussion in order to 
facilitate its understanding when applied to implant/restoration/bone system. Thus, the 
aim of this chapter is to conduct a critical review of simulated biomechanical scenarios 
describing essential basic aspects and approaches currently used in implantology. 

2. Model creation 
The first step in creating a finite element (FE) model is to determine the appropriate number 
of dimension to be utilized for evaluation (1, 2, or 3D). While three dimensions are more 
realistic for the complex anatomy/implant/restoration biomechanical interaction, it is 
proportionally more challenging when CAD modeling, solving, and software output 
interpretation is considered. (Richmond et al. 2005) For selected situations, 2D analyses are 
often adequate for the questions at hand. (Rayfield 2004; Assuncao et al. 2008; Freitas et al. 
2010; Freitas Junior et al. 2010)  

The choice between 2D and 3D FEA for investigating the biomechanical behavior of 
complex structures depends on several factors, including the complexity of the geometry, 
the type of analyses required, expectations in terms of accuracy as well as the general 
applicability of the results. (Romeed et al. 2006)  

Two-dimensional FEA has previously been used in different areas of dental research. (Burak 
Ozcelik et al. ; Freitas, Rocha et al. 2010; Freitas Junior, Rocha et al. 2010) However, its main 
limitation is known to be the lower accuracy and reliability relative to 3D and its utilization 
has drastically fallen from favor when dental treatment biomechanical simulations are 
considered. (Yang et al. 1999; Yang et al. 2001) In contrast, 3D FEA has acceptable 
accuracy/reliability while properly capturing the geometry of complex structures. However, 
the higher the complexity of 3D FE models the higher the difficulty in generating 
appropriate mesh refinement for simulation, which is more easily achievable for 2D models. 
(Romeed, Fok et al. 2006)  

It is general consensus that 3D reconstruction is essential to study the interaction between 
anatomy and mechanical behavior of restorative components and dental implants. 
(Galantucci, Percoco et al. 2006) For that purpose, models may be manually constructed or 
may be generated from imaging methods such as computed tomography (Figures 1 A and 
B). The choice for building a model using either a manual or automatic technique depends 
on the purpose of the study and the structure of interest. Considering the specific 
morphology of biological structures, the non-uniform rational basis spline (NURBS) has 
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been commonly used for 3D modeling as it allows the achievement of reliable analytic or 
freeform parts based on an efficient management of curves and surfaces.  

 

 
Fig. 1. Models of maxilla (A) and mandible (B) implant supported prosthesis based on (A) 
model reconstruction from imaging techniques and (B) manual construction on CAD 
software (Solid Works Corp).  

The manual input technique generate structures in appropriate aided design software such 
as AutoCAD (Autodesk Inc, San Rafael, CA, USA), SolidWorks (SolidWorks Corp., 
Concord, MA, USA), Pro/Engineer (Wildfire, PTC, Needham, MA, USA), Rhino 3D 
(McNeel North America, Seatle, WA, USA) (Figure 1B).  

 

 
Fig. 2. CT scan data as seen in Mimics 13.0 (Materialise, Leuven, Belgium). (A-C) The 
maxilla is presented in three different cross-sectional views. Masks have been applied 
according to voxel density thresholding to determine the regions of interest. (D) 3D 
representation of maxilla as a result of segmentation in Mimics.  
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The imaging approach involves transforming available medical imaging files from 
computed tomography (CT) scans, magnetic resonance images (MRI), ultrasound, and laser 
digitizers into wireframe models that are then converted into FE models. (Romeed, Fok et al. 
2006) While laser scans offer a high-resolution representation of the outer surface, these lack 
information about internal geometry. (Kappelman 1998) Creating models from CT or MRI is 
often time-consuming but can provide accurate models with fine structural details based on 
image density thresholding. (Cohen et al. 1999; Ryan and van Rietbergen 2005) The 3D 
object is automatically created in the form of masks by thresholding the region of interest on 
the entire stack of scans (Figure 2A-D). The degree of automation and high resolution make 
this model creation method attractive, but determining the appropriate thresholding 
algorithms to the bone-air boundary reliably throughout a structure with varying bone 
thicknesses and density can be challenging. (Fajardo et al. 2002)  

When advanced imaging data is used to generate solid models, surface smoothing is 
advised in order to decrease the number of nodes and elements in the discretized FE model 
as such an approach generally decreases computation time. (Wang et al. 2005; Magne 2007) 
Fig. 3A shows an excessive number of elements in a dental implant that was subsequently 
reduced (Fig. 3B) by computer software (Materialise, Leuven, Belgium). However, it is also 
advisable that when surface smoothing is performed it does not over simplify the 
geometries, causing a decrease in solution accuracy.  

 
Fig. 3. (A) 3D CAD of the Nobel Speed TM RP Implant (Nobel Biocare, CA, USA) based on 
the micro-CT (µCT; CT40, Scanco Medical, Bassersdorf, Switzerland). (B) The Mimics 
Remesh (Materialise) function “quality preserving reduce triangle” and “reduce triangles” 
were used to reduce the number of elements at the implant CAD.  
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3. Material properties and software input limitation 
Material properties such as heat conductivity, linear and nonlinear elastic properties, and 
temperature-dependent elastic properties may be utilized in FEA. (Richmond, Wright et al. 
2005) In dentistry, the majority of previous FE scientific communications in implant 
prosthodontics has considered material properties to be isotropic, homogeneous, and linear 
elastic. (Huang et al. 2008; Canay and Akca 2009; Eser et al. 2009; Li et al. 2009; Chang et al. 
2010; Chou et al. 2010; Okumura et al. 2010; Sagat et al. 2010; Wu et al. 2010; Burak Ozcelik 
et al. 2011) An isotropic material indicates that the mechanical response is similar regardless 
of the stress field direction, requiring Young’s modulus (E) and Poisson's ratio (ν) values for 
the FE calculation. (Richmond, Wright et al. 2005)  

The elastic, or Young’s modulus (E), is defined as stress/strain (σ/Є) and is measured in 
simple extension or compression. It is a measure of material deformation under a given axial 
load. In other words, a numerical description of its stiffness. Poisson’s ratio (ν) is the lateral 
strain divided by axial strain, thus representing how much the sides of a material as it is 
tensile tested. (Richmond, Wright et al. 2005)  

Since bone is one of the structures to be simulated in FEA, (Peterson and Dechow 2003; 
Bozkaya et al. 2004; Danza et al. 2010; de Almeida et al. 2010) it is often treated as an 
anisotropic structure and three elastic modulus (E), three Poisson’s ratio (ν) and three shear 
modulus (Ԍ) are required (Table 1). (Chen et al. 2010; Sotto-Maior et al. 2010) Anisotropic 
materials are characterized by different stress responses under forces applied in varied 
directions within the structure. (O'Mahony et al. 2001; Natali et al. 2009; Eraslan and Inan 
2010) The elastic behavior in cortical bone approximates to orthotropic, which is a type of 
anisotropy in which the internal structure of the material results in unique elastic behavior 
along each of the three orthogonal axes of the material. In this case, three elastic (E) and 
shear modulus (Ԍ) and six Poisson’s ratios (ν) are necessary for model input. (Richmond, 
Wright et al. 2005; Natali et al. 2010)  

MATERIAL PROPERTIES TRABECULLAR BONE CORTICAL BONE 
EX (MPa) 1,148 12,600 
EY (MPa) 210 12,600 
EZ (MPa) 1,148 19,400 

GXY (MPa) 68 4,850 
GYZ (MPa) 68 5,700 
GXZ (MPa) 434 5,700 

νYX 0,010 0,300 
νZY 0,055 0,390 
νZX 0,322 0,390 
νXY 0,055 0,300 
νYZ 0,010 0,253 
νXZ 0,322 0,253 

Table 1. Material properties used in an anisotropic model. The material axes correspond to 
the global coordinate system. E = Young’s modulus. G = shear modulus. νyx = Poisson’s ratio 
for strain in the y-direction when loaded in the x-direction. 
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Since in dental implantology bone quality has been related to the structural efficiency of the 
cortical and trabecular bone architecture and ratio (lower bone quality results in 
biomechanically challenged treatments), mechanical simulations of poor bone quality 
critical as clinical studies have shown that dental implants placed in regions of the jaw 
bones with lower density have a higher chance to fail than implants placed at regions with 
higher bone density. (Genna 2003)  

To date, no consensus regarding the mechanical properties that are appropriate for 
simulating the different bone density scenarios clinically encountered in implant dentistry 
has been reached. For instance, the value of trabecular bone elastic modulus observed in the 
literature range from 0.3 to 9.5 GPa. (Zarone et al. 2003; Eskitascioglu et al. 2004; Sevimay et 
al. 2005; Yokoyama, Wakabayashi et al. 2005) A different approach has been employed by 
Tada and coworkers (Tada et al. 2003) who assigned different elastic moduli to bone 
depending on its density from most dense (Type 1) to least dense (Type IV). The moduli 
utilized were 9.5 GPa, 5.5 GPa, 1.6 GPa and 0.69 GPa for bone types I, II, III, and IV, 
respectively. Recent work has also been carried out using these bone property values for 
different simulations (Table 2).  

MATERIAL YOUNG’S 
MODULUS (GPa) 

POISSON’S 
RATIO REFERENCES 

Bone type I 9.5 0.3 Tada et al. (2003) 
Bone type II 5.5 0.3 Tada et al. (2003) 
Bone type III 1.6 0.3 Tada et al. (2003) 
Bone type III 0.69 0.3 Tada et al. (2003) 
Cortical bone 13.70 0.3 Shunmugasamy et al. (2011) 

Titanium 110 0.35 Huang et al. (2008) 

Table 2. Mechanical properties of the most used structures in implant prosthodontics 
research through finite element analysis.  

Considering the fact that the most common bone quality types in mandible are type I or II in 
the anterior region and type III in the posterior region, the elastic modulus that would best 
represent the mandible would be 9.5 GPa or 5.5 GPa for the anterior region and 1.6 GPa for 
the posterior region. For the maxillary bone, the most prevalent types of bone are type II or 
III in the anterior region and type IV in the posterior region. Therefore, the Young’s 
modulus that would best represent these sites would be 5.5 GPa or 1.6 GPa for the anterior 
region and 0.69 GPa for the posterior region, respectively. For cortical bone, studies typically 
use the elastic modulus (E) of 13.7 GPa and the Poisson ratio (ν) similar to 0.3 for the 
trabecular and cortical bone (Table 2). (Sevimay, Turhan et al. 2005; Huang, Hsu et al. 2008) 

4. Bone-implant interface 
In implant therapy, the fact that bone quantity and related biomechanical behavior differs 
for each patient implies a challenge to model the percentage of osseointegration. A critical 
issue when evaluating a study is to analyze the conditions specified for the interface. What 
is to be specified is the ability of the interface to resist three different types of stresses: 
compressive stresses at a right angle to the interface; tensile stresses, also at a right angle to 
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the interface; and shear stresses in parallel with the interface (Figure 4). (Hansson and 
Halldin 2009) 

 
Fig. 4. The different types of stresses occurring at the implant–bone interface. 

Linear static models have been employed extensively in previous FEA studies. (Kohal et al. 
2002; Menicucci, Mossolov et al. 2002; Romanos 2004; Van Staden et al. 2006; Lim, Chew et 
al. 2008; Eser, Akca et al. 2009; Hsu et al. 2009; Li, Kong et al. 2009; Faegh and Muftu 2010; 
Freitas Junior et al. 2010; Hasan et al. 2011) These analyses usually assumed that all modeled 
volumes were bonded as one unit, which indicates that the trabecular and cortical bone are 
perfectly bonded to the implant interface. (Winter et al. 2004; Maeda et al. 2007; Fazel et al. 
2009; Chang, Chen et al. 2010; Okumura, Stegaroiu et al. 2010). However, the validity of a 
linear static analysis may be questionable when the investigation aims to explore more 
realistic situations that are generally encountered in the dental implant field. Some actual 
implant clinical situations will give rise to nonlinearities, mainly related to the chang of 
interrelations between the simulated structures of a FE model. (Wakabayashi et al. 2008) 
Moreover, frictional contact mode potentially provides an improved accuracy with respect 
to the relative component’s micromotion within the implant system, and, therefore, a more 
reasonable representation of the real implant clinical condition. (Merz et al. 2000) This 
configuration allows minor displacements between all components of the model without 
interpenetration. Under these conditions, the contact zones transfer pressure and tangential 
forces (i.e. friction), but not tension. Some FE analyses have shown remarkable differences in 
the values and even in the distribution of stresses between “fixed bond” and “non-linear 
contact” interface conditions. (Brunski 1992; Van Oosterwyck et al. 1998; Huang, Hsu et al. 
2008) Not only the stress and strain levels but also the stress and strain highly affected by 
the interface state (Figure 5). Van Oosterwyck et al. (Van Oosterwyck, Duyck et al. 1998) 
argued that through the bonded interface the force was dissipated evenly in both the 
compressive and the tension site. However, on the contact interfaces, tensions are  
not transferred and force is only passed on through the compressive site, which results  
in excessive stresses. Additionally, the condition of the bone to implant interface  
also influences the strain distribution and level inside of the implant system. (Pessoa et al. 
2010) 
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Fig. 5. Equivalent strain (µe) distribution for 100N loaded implant in a superior central 
incisor region, in a median buccopalatal plane. The bone to implant interfaces were assumed 
as fixed bond ("glued") (A) and frictional contact (B). The arrows indicate the loading 
direction for clarity. 

Conventionally, the osseointegrated bone to implant interface is treated as fully bonded. 
(Kohal, Papavasiliou et al. 2002; Menicucci, Mossolov et al. 2002; Romanos 2004; Van Staden, 
Guan et al. 2006; Lim, Chew et al. 2008; Eser, Akca et al. 2009; Hsu, Fuh et al. 2009; Li, Kong et 
al. 2009; Faegh and Muftu 2010; Freitas Junior, Rocha et al. 2010; Hasan, Rahimi et al. 2011) 

This assumption is supported by experimental investigations in which removal of rough 
implants frequently resulted in fractures in bone distant from the implant surface, 
(Gotfredsen et al. 2000) suggesting the existence of an implant-bone “bond”. On the other 
hand, frictional contact elements are used to simulate a nonintegrated bone to implant 
interface (i.e. in immediately loaded protocols), which allows minor displacements between 
the implant and the bone. (Pessoa, Muraru et al. 2010) The occurrence of relative motion 
between implant and bone introduces a source of non-linearity in FEA, since the contact 
conditions will change during load application. 

The friction coefficient (µ) to be used in such simulations depends on many factors including 
mechanical properties and the roughness of the contact interface, exposure to interfacial 
contaminants (Williams 2000) and in some cases the normal load. A µ = 0.3 was measured 
for interfaces between a smooth metal surface and bone, while a µ = 0.45, for interfaces 
between a rough metal surface and bone. (Rancourt et al. 1990) Frequently, the friction 
coefficient between bone and implant is assumed as being µ = 0.3. Huang et al. (Huang, Hsu 
et al. 2008) investigated the effects of different frictional coefficients (µ = 0.3, 0.45 and 1) on 
the stress and displacement of an immediately loaded implant simulation. The authors 
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demonstrated that the value of µ shows no significant influence for increasing or decreasing 
the tensile and compressive stresses of bone. Nevertheless, increasing µ from 0.3 to 1, the 
interfacial sliding between implant and bone was mainly reduced from 20% to 30–60%, 
depending on the implant design. (Natali, Carniel et al. 2009) 

Moreover, when an implant is surgically placed into the jawbone, the implant is 
mechanically screwed into a drilled hole of a smaller diameter. Large stresses will occur due 
to the torque applied in the process of implant insertion. As the implant stability and stress 
state around an immediately loaded implant may be influenced by such conditions, this 
should be also considered in FE simulation of immediately loaded implants.  However, this 
phenomenon has not been thoroughly investigated to date. The implementation of such 
implant insertion stresses in FEA is still unclear and should therefore be a matter of further 
investigations. 

Another commonly observed assumption in dental implantology FE models, perfect 
bonding between implant, abutment and abutment screw also is not the most realistic 
scenario. Non-linear contact analysis was proven to be the most effective interface condition 
for realistically simulating the relative micromotions occurring between different 
components within the implant system. (Williams 2000; Pessoa, Muraru et al. 2010; Pessoa et 
al. 2010) Therefore, for correct simulation of an implant-abutment connection, frictional 
contact should be defined between the implant components. Accordingly, between implant, 
abutment and abutment screw regions in contact, a frictional coefficient of 0.5 was generally 
assumed in non-linear simulations of implant-abutment connection. (Merz, Hunenbart et al. 
2000; Lin et al. 2007; Pessoa, Muraru et al. 2010) When using a contact interface between 
implant components, for lateral or oblique loading conditions, specific parts can separate, or 
new parts that were initially not in contact can come into contact. Consequently, higher 
stress levels may be expected to occur in an implant-abutment connection simulated with 
contact interfaces, compared to a glued connection. In this regard, the pattern and 
magnitude of deformation in both periimplant bone and implant components will be 
influenced by the implant connection design. (Pessoa, Vaz et al. 2010)  

5. Mesh and convergence analysis 
Since the components in a dental implant-bone system are complex from a geometric 
standpoint, FEA has been viewed as the most suitable tool for mechanically analyzing them. 
A mesh is needed in FEA to divide the whole domain into elements. The process of creating 
the mesh, elements, their respective nodes, and defining boundary conditions is called 
“discretization” of the problem domain. (Geng et al. 2001; Richmond, Wright et al. 2005) 

The 2D structures are typically meshed with triangular or quadrilateral elements (Figure 
6A). These elements may possess two or more nodes per side, with one node at each vertex. 
If nodes are only placed at the vertices, the element is called linear because a line function 
describes the element geometry and how the displacement field will vary along an element 
edge.  (Richmond, Wright et al. 2005) 

Typical 3D elements include eight-node bricks, six-node wedges, five-node pyramids, and 
four-node tetrahedral (Figure 6B). With increasing numbers of elements and nodes, the 
model becomes more complex and computationally more difficult and lengthy. (Assuncao 
et al. 2009)  
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Fig. 6. (A) 2D Finite element model meshed with triangular elements. (B) 3D Finite element 
model meshed with tetrahedral elements.  

To address this problem, researchers often devise strategies to minimize computational 
expense, such as taking advantage of symmetry when possible by modeling only half the 
structure, using a generally coarse mesh with finer elements only near regions of geometric 
complexity or high stress and strain, and/or using a 2D model when it suffices. (Richmond, 
Wright et al. 2005) 

A convergence study of the model is always important to verify the mesh quality. A 
measurement of convergence is the degree of difference in the total strain energy between 
two successive mesh refinements. (Hasan, Rahimi et al. 2011) When the difference in energy 
is less than some tolerable limit specified by the user, the solution is considered converged  

 
Fig. 7. Maximum principal stress (σmax) in hypothetic convergence testing of mandible FE 
models meshed by 0.6 mm elements with no refinement (mesh 1) and with refinement levels 
2, 3, 4 and 5 at a posterior implant region (meshes 2, 3, 4 and 5, respectively).  
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(Figure 7). Some authors considered that the convergence criterion between meshes 
refinement was a change of less than 5 (Li, Kong et al. 2009; Lin et al. 2010) or 6% (Huang, 
Hsu et al. 2008; Huang et al. 2009) in the maximum simulated stress of the bone-implant 
edge. Alternatively, a mesh can be considered converged when the rate of density change 
was less than 10-5 between subsequent iterations. (Hasan, Rahimi et al. 2011)  

6. Loading and boundary conditions 
A attempting to successfully replicate the clinical situation that an implant might encounter 
in the oral environment, it is also important to understand and correctly reproduce the 
natural forces that are exerted throughout the system. These forces are mainly the result of 
the masticatory muscles action, and are related to the amount, frequency and duration of the 
masticatory function.   

Forces acting on dental implants possess both magnitude and direction, and are referred to 
as vector quantities. For accurate predictions on the implant-bone behavior, it is essential to 
determine realistic in vivo loading magnitudes and directions. However, at each specific bite 
point, bite forces can be generated in a wide range of directions. Also, although bite forces 
are generally act downward, toward the apex of the implant and thereby tending to 
compress the implant into the alveolar bone, tensile forces and bending moments may also 
be present depending on where the bite force is applied relative to the implant-supported 
prosthesis. This fact is even more important when the investigation aims to simulate 
multiple-implant treatment modalities, because of the geometric factors involving the 
restorations that are linking the implants, such as the existence of distal cantilevers. 
(Mericske-Stern et al. 1996; Fontijn-Tekamp et al. 1998) Nevertheless, although for implants 
used in single-tooth replacement simulations the in vivo forces ought to replicate the forces 
exerted on natural teeth, factors such as the width of the crown occlusal table, the height of 
the abutment above the bone level, and the angulation of the implant with respect to the 
occlusal plane will affect the value of the moment on the single-tooth implant.  

A significant amount of investigations have assumed the direction of the load applied to the 
implant to be horizontal, vertical and oblique. However, the rationale for use of an oblique 
loading condition is based on finding the vertical (axial) forces directed to the implant system 
that are relatively low and well tolerated in comparison to oblique forces, which generate 
bending moments (Figure 8A). The combination of axial and transverse loading, termed as 
mixed loading, simulates practical conditions where the actual applied force may be inclined 
with respect to the implant axis and components can be solved in the longitudinal and 
transverse directions. (Shunmugasamy et al. 2011) These oblique forces have been considered 
more clinically realistic in FEA than vertical ones. (Chun et al. 2002; Pierrisnard et al. 2002) 

Several investigators have tried to gain insight into implant loading magnitudes by 
performing tests using experimental, analytical, and computer-based simulations of various 
implant-supported prosthesis types. (Mericske-Stern, Piotti et al. 1996; Fontijn-Tekamp, 
Slagter et al. 1998; Duyck et al. 2000; Morneburg and Proschel 2002) Bite forces ranging from 
50 to 400 N in the molar regions and 25 to 170 N in the incisor areas have been reported. 
These variations are influenced by patient's gender, muscle mass, exercise, diet, bite 
location, parafunction, number of teeth and implants, type of implant-supported prosthesis, 
physical status and age. (Duyck, Van Oosterwyck et al. 2000; Morneburg and Proschel 2002; 
Eser, Akca et al. 2009)  
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Fig. 8. (A) Transversal loading being applied on the lingual surface of the anterior crown.  
(B) Boundary conditions of the anterior maxilla at the upper and lateral sides. The green 
region represent the fixed support constrained of x, y and z directions (displacement = 0). 

Ideally, the entire jawbone structure should be evaluated for its contribution to the force 
exerted onto the dental implant. However, since the simulation of the whole mandibular 
and maxillary bone is very elaborate, smaller models have been proposed. (Lin, Chang et al. 
2007; Lin et al. 2008; Natali, Carniel et al. 2010; Pessoa et al. 2010). (Pierrisnard et al. 2003; 
Tada, Stegaroiu et al. 2003) It can be explained by the Saint Venant principles, the actual 
force system may be replaced by a equivalent load system and the distribution of stress and 
strains are only affected near the region of loading. (Ugural 2003) Thus, if the interest in the 
study is on the biomechanical peri-implant environment, the modeling of no more than the 
relevant segment of the bone is required (Figure 9). This procedure allows saving computing 
and modeling time. In addition, Teixeira et al. (Teixeira et al. 1998) demonstrated by a 3D 
FEA that modeling the mandible at a distance greater than 4.2 mm medially or distally from 
the implant did not result in any significant improvement in accuracy. Hence, besides the 
application of a proper implant loading, the determination of restrictions to the model 
displacement compatible with the anatomic segment to be simulated is advised. Obviously, 
if necessary, expanding the domain of the model could reduce the effect of inaccurate 
modeling of the boundary condition. (Zhou et al. 1999)  

It has been common to apply fixed constraints to the uper region of the maxilla and to its 
lateral sides during the construction of the FE model to simulate the continuity of the bone 
(Figure 8B). (Van Staden, Guan et al. 2006) These fixed supports represent the constrained of 
x, y and z directions (displacement = 0). (Chaichanasiri et al. 2009; Hsu, Fuh et al. 2009; 
Faegh and Muftu 2010; Wu, Liao et al. 2010) 

Ishigaki and coworkers (Ishigaki et al. 2003) determined the directions of displacement 
constrains, which were applied to the jawbone according to the angles of the closing 
pathways of chopping type and grinding type chewing patters, where the models were 
constrained at the base of the maxillary first molar to avoid sliding of the entire model. 
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Shunmugasamy and coworkers (Shunmugasamy, Gupta et al. 2011) simulated different 
macro-geometries of unit implants and fixed the base of the outer sides of the cortical bone.  

 
Fig. 9. (A) 3D CT-based model of an upper central incisor extraction socket and an implant 
model positioned inside of the alveolus. (B) Proximal view. (C) Final model: only the 
relevant segment were included. 

7. Validation and interpretation of FE modeling 
The validation of the results is the final and most important step in FEA, depending on the 
degree to which the system reflects its biologic influence reality. (Richmond, Wright et al. 
2005) For instance, a model would be precise but inaccurate if the mesh is exceedingly dense 
but the loading and boundary conditions are unrealistic. (Richmond, Wright et al. 2005) 

Validation of FEA entails comparing the behavior of the model with in vivo or in vitro data 
gathered from parts of the modeled structures. A combination of in vitro and in vivo 
experimentation potentially offers the best validation. In vitro validation allows one to 
carefully control the loads and boundary conditions in order to assess the validity of the 
model’s geometry and elastic properties. (Richmond, Wright et al. 2005) Studies of the 
consistency of numeric models and their agreement with biologic data are scarce (Mellal et 
al. 2004; Ozan et al. 2010) and the level of agreement and consistency between different 
engineering methods, especially those regarding quantified stress/strain, remains a concern. 
(Iplikcioglu et al. 2003)  

8. Analysis criteria involved in steps of the FEA 
The analysis criteria widely used in implant prosthodontics are: (1) von Mises stress (σvM) 
(Yokoyama, Wakabayashi et al. 2005; Assuncao, Tabata et al. 2008; Huang, Hsu et al. 2008; 
Lim, Chew et al. 2008; Rubo and Souza 2008; Schrotenboer et al. 2008; Assuncao et al. 2009; 
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Muftu 2010; Gomes et al. 2010; Miyamoto et al. 2010; Okumura, Stegaroiu et al. 2010; Pessoa, 
Muraru et al. 2010; Sagat, Yalcin et al. 2010; Takahashi et al. 2010; Teixeira et al. 2010; Winter 
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et al. 2010; Bevilacqua et al. 2011; Burak Ozcelik, Ersoy et al. 2011; de Almeida, Rocha et al. 
2011; Okumura et al. 2011), (2) maximum and minimum principal elastic strain (Єmax and 
Єmin) (Saab et al. 2007; Qian, Todo et al. 2009; Chou, Muftu et al. 2010; Danza, Quaranta et al. 
2010; Eser, Tonuk et al. 2010; Limbert et al. 2010; Okumura, Stegaroiu et al. 2010; Pessoa, 
Muraru et al. 2010; de Almeida, Rocha et al. 2011) and (3) maximum and minimum principal 
stress (σmax and σmin). (de Almeida, Rocha et al. 2010; Degerliyurt et al. 2010; Hudieb et al. 
2010; Jofre et al. 2010; Wu, Liao et al. 2010; de Almeida, Rocha et al. 2011)  

Although the majority of the studies have used the σvM for evaluation of bone interface 
stress, several studies suggest that the magnitudes of the concentrations should be 
presented in the σmax for evaluation of stress distribution in a brittle structure as bone, (de 
Almeida, Rocha et al. 2010; Degerliyurt, Simsek et al. 2010; Wu, Liao et al. 2010) as this 
criterion offers the possibility of making a distinction between tensile stress and 
compressive stress. (Degerliyurt, Simsek et al. 2010) In addition, displacement components 
of specific points may provide information about the deformation of the model and facilitate 
interpretation of the results. Principal stress values of fragile compact bone can be compared 
with its ultimate compressive strength and ultimate tensile strength values. (Ciftci and 
Canay 2000; Furmanski et al. 2009)  

In fact, interfacial failure and bone resorption under different stress types are attributed to 
different mechanisms. Accordingly, it may be erroneous to emphasize the peak compressive 
or σvM without considering the risks of the tensile and the shear stresses at the interface. 
(Hudieb, Wakabayashi et al. 2010) However, when the titanium component is available as 
abutment, screw and implant, which are ductile structures, σvM is a recommended analysis 
criterion. (Cattaneo et al. 2005; Degerliyurt, Simsek et al. 2010; Wu, Liao et al. 2010)  

Considering the FEA characteristics described above, the main advantage is the virtual 
simulation of real structures that are difficult to be clinically evaluated, i.e. stress and strain 
distribution on periimplant bone. Moreover, it is a low cost alternative in comparison to 
other in vitro methods since only a virtual model is used. Limitations of the FEA models 
include mainly the patient specific anatomy, and parameters such as the wet environment 
and damage accumulation under repetitive loading.  

9. Summary and final remarks 
The success of a dental implant depends on a variety of biomechanical factors including the 
design and position of the implant, implant-abutment connection, cantilever length, surface 
roughness, bone quality and type, depth of insertion, arch configuration, the nature of bone-
implant interface, and occlusal conditions. (Randow, Glantz et al. 1986; Adell, Eriksson et al. 
1990; van Steenberghe, Lekholm et al. 1990; Bozkaya and Muftu 2004; Bozkaya, Muftu et al. 
2004; Misch et al. 2005; Yokoyama, Wakabayashi et al. 2005; De Smet et al. 2007; Abreu, 
Spazzin et al. 2010; Turkyilmaz 2011) All these biomechanical factors have been simulated 
by FEA in previous studies. While an increased number and quality of investigations has 
been published over the last decade, the results are often contradictory due to differences in 
model construction and meshing.  

The biomechanical behavior of all components used in implant prosthodontics has been 
regarded as an important factor in determining the life expectancy of the restoration. 
Although substantial improvement has been made concerning implant/restorative 
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component design, further improvement is achievable through better understanding the 
different dental implant treatment modalities’ biomechanical behavior. While the field has 
gained key knowledge in model fabrication (experimental designing) and improvements in 
all steps here described concerning the basic FEA experimental design, it is expected that all 
steps will be further refined based on future gains in computer power and correlations 
made between modeling results and clinical observation, ultimately providing improved 
care for patients in need of oral rehabilitation. 
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1. Introduction 
Technical and scientific developments, in the form of osseointegrated implants, have 
made Restorative Dentistry evolve to become a highly successful form of treatment 
(Adell et al., 1981; Binon, 2000), considered as an additional safe tool oral surgeons have 
at their disposal to rehabilitate partially and totally edentulous patients. However, many 
negative factors can interfere in the treatment, causing clinical and functional 
complications that may culminate in the loss of osseointegration (Adell et al., 1981; Jemt 
et al., 1989; Naert et al., 2001a, 2001b; Isidor, 2006). The attachment of the crown to the 
abutment and of the latter to the implant, the loosening of the fixation screw, and even 
its fracture may arise from a poor distribution of occlusal loads in the prosthesis-implant 
set (Binon, 1994). 

The finite element method (FEM) has been applied to the prognosis of stress distribution in 
both the implant and its interface with the adjacent bone, for a comparison not only of 
several geometries and applied loads (Hansson, 1999; Bozkaya, Muftu, Muftu, 2004), but 
also of different clinical situations (Van Oostewyck et al., 2002) and prosthesis designs 
(Papavasiliou et al., 1996). The study of stresses using the FEM is basically a virtual 
simulation of two- or three-dimensional mathematical models, in which all biological and 
material structures involved can be discretized, that is, subdivided into smaller structures 
that preserve individual anatomical and mechanical features. 

Considering the physical alterations in components and the peri-implant tissue alterations 
to which they are subject under an unbalanced distribution of occlusal loads, it is 
fundamental to evaluate the distribution of the stresses generated by functional and 
parafunctional masticatory loads on implant-supported restorations to reach a better 
understanding of their possible biomechanical etiologic agents. The purpose of this study 
was to analyze the stress distribution in single implant-supported restorations, as well as in 
the peri-implant bone tissue, by means of a three-dimensional model, using the finite 
element method. 



Finite Element Analysis – From Biomedical Applications to Industrial Developments 

 

106 

Winter, W., S. Mohrle, S. Holst, et al. (2010). Bone loading caused by different types of 
misfits of implant-supported fixed dental prostheses: a three-dimensional finite 
element analysis based on experimental results, The International journal of oral & 
maxillofacial implants, Vol.25, No.5, pp. 947-952, 0882-2786 (Print) 0882-2786 
(Linking). 

Wu, T., W. Liao, N. Dai, et al. (2010). Design of a custom angled abutment for dental 
implants using computer-aided design and nonlinear finite element analysis, 
Journal of biomechanics, Vol.43, No.10, pp. 1941-1946, 1873-2380 (Electronic) 0021-
9290 (Linking). 

Yang, H. S., L. A. Lang&D. A. Felton (1999). Finite element stress analysis on the effect of 
splinting in fixed partial dentures, J Prosthet Dent, Vol.81, No.6, pp. 721-728, 0022-
3913 (Print) 0022-3913 (Linking). 

Yang, H. S., L. A. Lang, A. Molina, et al. (2001). The effects of dowel design and load 
direction on dowel-and-core restorations, J Prosthet Dent, Vol.85, No.6, pp. 558-567, 
0022-3913 (Print) 0022-3913 (Linking). 

Yokoyama, S., N. Wakabayashi, M. Shiota, et al. (2005). Stress analysis in edentulous 
mandibular bone supporting implant-retained 1-piece or multiple superstructures, 
The International journal of oral & maxillofacial implants, Vol.20, No.4, pp. 578-583, 
0882-2786 (Print) 0882-2786 (Linking). 

Zarone, F., A. Apicella, L. Nicolais, et al. (2003). Mandibular flexure and stress build-up in 
mandibular full-arch fixed prostheses supported by osseointegrated implants, 
Clinical oral implants research, Vol.14, No.1, pp. 103-114, 0905-7161 (Print) 0905-7161 
(Linking). 

Zhou, X., Z. Zhao, M. Zhao, et al. (1999). [The boundary design of mandibular model by 
means of the three-dimensional finite element method], Hua xi kou qiang yi xue za 
zhi = Huaxi kouqiang yixue zazhi = West China journal of stomatology, Vol.17, No.1, pp. 
29-32, 1000-1182 (Print) 1000-1182 (Linking). 

5

Evaluation of Stress Distribution
in Implant-Supported Restoration
Under Different Simulated Loads 

Paulo Roberto R. Ventura1, Isis Andréa V. P. Poiate1,  
Edgard Poiate Junior2 and Adalberto Bastos de Vasconcellos1 

1Federal Fluminense University, 
 2Pontifical Catholic University, 

Brazil 

1. Introduction 
Technical and scientific developments, in the form of osseointegrated implants, have 
made Restorative Dentistry evolve to become a highly successful form of treatment 
(Adell et al., 1981; Binon, 2000), considered as an additional safe tool oral surgeons have 
at their disposal to rehabilitate partially and totally edentulous patients. However, many 
negative factors can interfere in the treatment, causing clinical and functional 
complications that may culminate in the loss of osseointegration (Adell et al., 1981; Jemt 
et al., 1989; Naert et al., 2001a, 2001b; Isidor, 2006). The attachment of the crown to the 
abutment and of the latter to the implant, the loosening of the fixation screw, and even 
its fracture may arise from a poor distribution of occlusal loads in the prosthesis-implant 
set (Binon, 1994). 

The finite element method (FEM) has been applied to the prognosis of stress distribution in 
both the implant and its interface with the adjacent bone, for a comparison not only of 
several geometries and applied loads (Hansson, 1999; Bozkaya, Muftu, Muftu, 2004), but 
also of different clinical situations (Van Oostewyck et al., 2002) and prosthesis designs 
(Papavasiliou et al., 1996). The study of stresses using the FEM is basically a virtual 
simulation of two- or three-dimensional mathematical models, in which all biological and 
material structures involved can be discretized, that is, subdivided into smaller structures 
that preserve individual anatomical and mechanical features. 

Considering the physical alterations in components and the peri-implant tissue alterations 
to which they are subject under an unbalanced distribution of occlusal loads, it is 
fundamental to evaluate the distribution of the stresses generated by functional and 
parafunctional masticatory loads on implant-supported restorations to reach a better 
understanding of their possible biomechanical etiologic agents. The purpose of this study 
was to analyze the stress distribution in single implant-supported restorations, as well as in 
the peri-implant bone tissue, by means of a three-dimensional model, using the finite 
element method. 
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2. Material and methods 
The finite element method is a technique to solve a complex problem subdividing it into a 
set of smaller and simpler problems (elements), which can be solved using numerical 
techniques. In other words, it is a method in which a formulation of equations for each finite 
element combines elements to get a solution for the whole problem, rather than solving it in 
just one operation (Holmgren et al., 1998). 

To divide the region of interest into elements, it is necessary to generate a mesh. The process 
to generate the mesh, the elements, their respective nodes, and the boundary conditions is 
referred to as the problem’s own “discretization” (Geng et al., 2001). 

The method of analysis with three-dimensional finite elements (3D FEA) was used. It is 
composed of three sequential and well-defined phases: pre-processing, processing, and 
post-processing, all described in detail below. 

2.1 Pre-processing 

In the pre-processing phase, a mathematical model of the object or structure under study is 
developed using computer-aided design (CAD). In the generation of the FEM, this geometry 
is discretized. Next, a physical phase is considered, in which properties equal to those of the 
materials or structures of the real model they represent are attributed to the elements of the 
mesh, and some hypotheses are formulated to make the analysis (linear elasticity) viable or 
just to address the lack of knowledge about the behavior of the material or structure 
represented (homogeneous and isotropic). Finally, the conditions of model fixation and the 
characteristics of force (load) are also applied. 

2.1.1 The development of a geometric model 

A model simulating a single implant-supported prosthesis was developed in the region of 
the second upper premolar. It is composed of a metallo-ceramic crown on a machined-
surface external hexagon implant of regular diameter (Master Screw, Conexão Sistemas de 
Prótese Ltda – SP, Brasil). The development of this prosthesis model and of the peri-implant 
support bone was carried out based on the sound tooth model constructed by Poiate (2007). 
The model was generated with the MSC/PATRAN 2005r2 software and the simulation was 
carried out with the MSC/NASTRAN 2005r1 software (The MacNeal-Schwendler 
Corporation - USA). To make the support structures, the anatomical dimensions of the 
cortical and cancelous bone were based on an image of a vestibulo-lingual cross-section of 
the upper premolar region presented by Berkovitz, Holland and Moxham (2004). This image 
was digitized with a high-resolution scanner. The vestibulo-lingual dimensions of the 
cortical and cancelous bone were taken by the DigXY 1.2 software, developed to digitize 
bitmap data, largely employed to digitize x,y coordinates from graphs. The model includes 
the geometries of cortical and cancelous bone, implant, screw, abutment, infrastructure, and 
of the crown’s ceramic layer. 

The dental structure of the original model was removed and models of abutment, fixation 
screw, and implant were imported, supplied by Conexão Sistemas de Prótese Ltda. The 
modeling carried out included components equivalent to one external hexagon implant 
Master Screw of 3.75 mm in diameter and 13 mm in length; one titanium straight abutment 
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for cemented prosthesis with a 2 mm cervical collar (sectioned at the occlusal end to obtain a 
final length of 3.55 mm); and one titanium fixation screw with a torque of 20 Ncm. 

The implant was installed with the platform cervical boundary coinciding with the 
boundary of the bone crest, and the axial, mesio-distal, and labio-palatine positions 
equivalent to the root portion of the original sound tooth. Thus, the prosthetic metallo-
ceramic crown could be constructed from a cervical prolongation of the sound tooth crown, 
also favoring the same spatial positioning. 

  
Fig. 1. Development of the model based on a sound tooth (Poiate, 2007). 

The model geometries were used to generate volumetric meshes using the tetrahedral 
element topology (Tet4), that is, a pyramidal element of four faces with six edges and one 
node on each edge. Elements with edges of 0.05 mm were used in regions of high curvature, 
small size, or regions of transition between structures of up to 0.3 mm. 

To create the volumetric meshes, it was necessary to proceed from the smaller or most 
internal structure to the larger or most external, that is, in this case the volumetric mesh was 
created first in the screw, and then the sequence adopted continued to the extremities, 
following the procedures in Poiate et al. (2008, 2009a, 2009b, 2011). This procedure assures 
perfect congruence in the FEM. The degree of discretization in the model derives from 
studies on the convergence of results and from the capacity of the computer used in the 
analyses, in order to assure adequate density in the finite element mesh for each model, 
describing the geometry of different components in a rather realistic way. The discretization 
detailed above corresponded to the maximum discretization established on a Pentium Core 
Duo 1.6 MHz computer, with 3.0 GB of RAM and a 160 GB hard disk. Thus, the model 
discretization generated 164,848 node points and 1,011,727 elements. 

2.1.2 Load conditions 

The occlusal pattern adopted in this study was the cusp-marginal ridge (one tooth to two 
teeth), thus justifying the positioning of the simulated occlusal loads. Therefore, four load 
conditions were applied, with different inclinations and points of application for a total 
static load of 291.36 N (Ferrario et al., 2004): 

a. load distributed among 38 node points, 19 of which on an area of 0.85 mm² of the 
vestibular cusp, and 19 on an area of 0.75 mm² of the lingual cusp (Kumagai et al., 1999), 
with an inclination of 45º, but with the resultant (291.36 N) parallel to the tooth long 
axis, aiming at evaluating the effect of the axial force. 
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b. oblique load, with an inclination of 45º, distributed among 19 node points on an area of 
0.85 mm² of the transverse ridge of the vestibular cusp, aiming at evaluating the 
vestibular lever effect. 

c. load with 0º of inclination distributed among 19 node points on an area of 0.80 mm² of 
the mesial marginal ridge, aiming at evaluating the proximal lever effect. 

d. oblique load, with an inclination of 45º in the vestibular direction, distributed among 19 
node points on an area of 0.80 mm² of the mesial marginal ridge, aiming at evaluating 
the effect of torsion on the long axis. 

 
                       a)                      b)          c)               d) 

Fig. 2.  a) axial load, b) vestibular lever, c) proximal lever and d) torsion. 

2.1.3 Fixation conditions 

Contour conditions, also called fixation or bonding conditions, are those determined for the 
edges or extremities of modeled structures, so that they have some spatial support, with 
displacement and/or rotation constraint, to allow for the analysis under the applied loads 
(Bathe, 1996). 

For the simulation, the following fixation conditions were applied: in the maxillary sinus, 
translation restricted to the directions x, y and z, and rotations restricted to the axes x, y and 
z; at the mesial and distal ends of the cortical and cancelous bone, translation restricted to 
the direction x and rotations restricted to the axes y and z. 

2.1.4 Definition of the mechanical properties of anatomic structures 

Mechanical properties were attributed to each element in the discretized model, such as the 
elastic modulus (E) and the Poisson’s ratio (), considering the particularities of all 
anatomical structures and materials represented by the elements in the composition of the 
three-dimensional model. Table 1 shows the values applied to each of these properties, as 
well as their respective bibliographical references. 

Structure/Material Elastic Modulus E   
(GPa) 

Poisson’s Ratio 
() Bibliographical Reference 

Cortical bone 13.70 0.30 Ko et al. (1992) 
Cancelous bone 1.37 0.30 Ko et al. (1992) 

Ni-Cr 188.00 0.33 Vasconcellos (1999) 
Titanium (implant, 

abutment and screw) 110.00 0.35 Iplikçioglu and Akça (2002) 

Feldspathic Ceramic 82.20 0.35 Peyton and Craig (1963) 

Table 1. Mechanical properties of structures and bibliographical references. 
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2.1.5 Formulated hypotheses 

As in any type of numerical analysis, some hypotheses needed to be formulated to make 
modeling and problem solving processes viable. It must be emphasized that the numerical 
tools available to analyze stresses are much more advanced than the knowledge about the 
mechanical properties of the structures involved. As in Poiate’s studies (2005, 2006), all 
constant structures in the model behaved isotropically (mechanical properties did not vary 
according to the direction), homogeneously (properties were constant independent of 
location), and were linearly elastic (strains were directly proportional to the force applied), 
characterized by two material constants, the Elastic Modulus (E) and the Poisson’s Ratio (�), 
with interfaces between structures presumed to be perfectly bonded. Therefore, the interface 
implant-bone was considered fully osseointegrated, and the cement layer regarded as 
negligible, since this study did not intend to analyze stresses on that structure nor its 
interrelation with the others (Çiftçi, Canay, 2000; Silva, 2005). 

2.2 Processing 

The software used in the analysis was MSC/NASTRAN (The MacNeal-Schwendler 
Corporation – USA), version 2005r1, on a Pentium Dual-Core computer, with a 1.7 GHz 
processor, a 160 Gb hard disk, and 2 Gb of RAM. This software takes information from the 
previous phase (pre-processing) into account. Based on the contact relationship among mesh 
elements, it makes a series of mathematical calculations organized in an algorithm, that is, a 
sequence of instructions logically ordered to solve a problem in a finite number of phases 
(Silva, 2005). What is mathematically analyzed, in general, is the displacement of element 
nodes according to the load applied (Holmgren et al., 1998). 

2.3 Post-processing 

The software MSC/PATRAN 2005r2 employed in the pre-processing was also used in the 
post-processing to visualize and evaluate results. 

2.3.1 Analysis of results 

The principal stresses peak values were compared to the values of tensile and compressive 
strength in the model structures to analyze whether these loads were potentially harmful to 
the structures. 

Structure/Material Tensile Strength  
(MPa) 

Compressive 
Strength (MPa) 

Bibliographical 
Reference 

Bone 121 167 Tanaka et al.  2003 / 
O’Brien, 2005 

Cortical Bone - 173 Reilly and Burstein, 
1975 

Cancelous Bone - 167 Çiftçi and Canay, 2000 
Ni-Cr 790 - O’Brien, 2005 

Titanium (implant, 
abutment and screw) 930 - O’Brien, 2005 

Feldspathic Ceramic 37.2 150 O’Brien, 2005 

Table 2. Tensile and compressive strength and bibliographical references. 
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The von Mises criterion, or theory of the maximum distortion energy, was also used in this 
study to analyze the results from the implant and its components. It is a rupture criterion to 
evaluate ductile materials, based on the determination of the maximum distortion energy of 
a structure, that is, of the energy related to changes in form (as opposed to the energy 
related to changes in the volume of material) (Beer and Johnston, 1995). The structure failure 
occurs when, at any point of the material, the distortion energy per unit of volume is higher 
than the yield strength value obtained for the material in a tensile test. 

The scale of stresses (which appear in different colors in the figures) does not have equal 
intervals. This is a result of the stresses in action on each group of models (different types of 
load). Thus, a single scale was defined for all models (except for the axially loaded models) 
to make the comparison easier. 

3. Results and discussion 
3.1 Axial load – Load with resultant parallel to the long axis 

In Figure 3 (perspective views), compressive stresses can be seen in the region of the 
abutment and in the cervical region of the implant, but not intense enough to cause harm 
(between 1 and 5 MPa). 

Again in Figure 3 (internal views), it can be observed the result of the internal maximum 
principal stresses. The concentration of tensile stresses on the region of the central groove of 
the occlusal surface (40 to 60 MPa), seen in Figure 4, shows a narrow strip on the external 
surface, which indicates a stronger tendency for rupture or formation of small cracks in the 
ceramic surface only, since the decreasing gradient of stresses reach a peak value of only 20 
MPa on the ceramic close to the infrastructure. These tensile stresses reach the infrastructure 
(Ni-Cr), but they are not harmful, given their low intensity, with a peak value of 20 MPa, 
well below the tensile strength of the material. 

 

  
 

Fig. 3. Perspective and internal views of all structures. Maximum principal stresses in model 
under longitudinal load. 
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Fig. 4. Occlusal view. Maximum principal stresses in model under longitudinal load. 

In Figure 4, it can be observed that the higher compressive stress values are located at points 
under the area where the load was applied (10 to 55 MPa, well below the tensile strength 
value of 150 MPa). On the other hand, the increasing tensile stress gradient, between 40 and 
60 MPa, concentrated on the region of the central groove, is higher than the tensile strength 
value (37.2 MPa), suggesting a stronger tendency for micro-cracks in the ceramic. 

To compare and discuss the results obtained by Poiate (2007), the stress values found in the 
cortical and cancelous bone of a sound tooth model are twice lower than the values found in 
the implant model (between 5 and 10 MPa), in consequence of the absence of periodontal 
ligament and tooth in the latter. 

In Figure 5, very low compressive stresses can be seen in the region of the cortical bone in 
contact with the implant platform, with a peak value of 8 MPa. 

 
Fig. 5. Perspective view of the cortical bone. Maximum principal stresses in model under 
longitudinal load. In A, disto-vestibular view; in B, mesio-palatine view. 

Figure 6 shows that the concentration of compressive stresses on the region in contact with 
the implant is on a narrow strip on the external surface of the cortical bone. Next to the 
cancelous bone, it shows a concentration of tensile stresses of 10 MPa. 
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Figure 6 shows that the concentration of compressive stresses on the region in contact with 
the implant is on a narrow strip on the external surface of the cortical bone. Next to the 
cancelous bone, it shows a concentration of tensile stresses of 10 MPa. 
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Fig. 6. Internal view of the cortical bone. Maximum principal stresses in model under 
longitudinal load. In A, mesio-distal section; in B, vestibulo-palatine section. 

In Figure 7, there is a concentration of bulb-shaped tensile stresses on the cancelous bone in 
contact with the implant, with values ranging from 0.5 to 2 MPa approximately. It is also 
possible to see that the compressive stresses in contact with the implant thread decrease 
towards the implant apex, even though the tensile stresses in contact with the implant 
thread are constant (2 to 4 MPa). 

  
Fig. 7. Perspective and internal view of the cancelous bone. Maximum principal stresses in 
model under longitudinal load. 

According to Lehmann and Elias (2008), to minimize this higher concentration of stresses, 
new implant forms should be employed, among them platform switching and micro-threads 
in the most cervical region of the implant. 

The implant and its components withstood the stress and did not reach the tensile strength 
of the material (Figure 8). Tensile stresses between 10 and 20 MPa can be seen in the most 
cervical region of the implant. The apical third of the implant shows lower tensile stresses 
(up to 1 MPa) as a result of its anatomy, with no threads in portions of each quadrant, thus 
minimizing stress concentration. Again in Figure 8, there are compressive stresses on the 
apex (between 1 and 10 MPa), as well as on the medium third of the implant, a region 
corresponding to the screw apex (between 1 and 10 MPa). Low tensile stresses are found in 
the region in contact with the apical third of the screw, in the medium third of the implant 
(between 10 and 60 MPa), which might result in the loss of stability of the fixation screw. 
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Fig. 8. Perspective and internal view of the implant. Maximum principal stresses in model 
under longitudinal load. 

According to Dinato (2001), occlusal forces with axial resultant produce a vertical load and 
do not exert force on the screw nor cause screw loosening. In Figure 9 (perspectives A and 
B), it can be seen a prevalence of low-intensity tensile stresses on the screw, with higher 
values concentrated on the apex, on the distal surface (74 MPa). Again in Figure 9 (sections 
A and B), compressive stresses between 1 and 10 MPa are seen on the coronal third, in the 
region without spindle. Tensile stresses from 20 to 60 MPa are seen on the screw apex. 

 

  
 
Fig. 9. Perspective and internal view of the screw. Maximum principal stresses in model 
under longitudinal load. 

To obtain uniform stress distribution in implants, it is necessary a precise adjustment of the 
abutment, since the unit closest to the load will be subject to the greatest stresses (Rangert, 
Jemt and Jörneus, 1989). Contrary to this statement, when under axial load the highest stress 
values are below the cervical third of the abutment (in contact with the screw, see Figure 10), 
in the medium third and in the platform of the implant (Figure 8). 
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Fig. 10. Perspective and internal view of the abutment. Maximum principal stresses in 
model under longitudinal load. 

The results of the longitudinal load revealed that there is a concentration of von Mises 
stresses, with a peak value of 80 MPa, on the implant head in contact with the cortical bone 
and on the abutment collar in contact with the implant, as well as on the screw apex, with a 
peak value of 130 MPa. 

3.2 Vestibular lever effect – Load of 45˚ on the vestibular cusp 

Mastication produces mainly vertical forces, but also transverse forces originating from the 
horizontal movement of the jaw and from the inclination of the cusps. These forces are 
transferred to the implant through the prosthesis, transforming occlusal forces into bone 
stresses (Rangert, Jemt e Jörneus, 1989). 

 
Fig. 11. Perspective and internal view of all structures. Maximum principal stresses in model 
with a load of 45 on the vestibular cusp. 

Applying load on the vestibular cusp (Figure 11) produces compression on the vestibular 
cusp, more concentrated on the region of contact with the cortical bone, which acts as a 
fulcrum. The tensile stress concentrates and reaches its maximum on the opposite side, the 
palatine. In Figure 11 (perspective B), tensile stresses between 300 and 740 MPa are seen in 
the abutment neck, but they are lower than the titanium tensile strength of 930 MPa. When 
analyzing the ceramic, a concentration of tensile stresses with peak value of 740 MPa can be 
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seen on the implant and on the abutment (Figure 11, section B). It was observed that stress 
concentration under the place where the load is applied is punctual and well located. In 
Figure 11 (section A), there is an accumulation of tensile stresses ranging from 50 to 100 MPa 
on the screw apex, in the medium third of the implant. 

 
Fig. 12. Occlusal view. Maximum principal stresses in model with a load of 45 on the 
vestibular cusp. 

In Figure 12, it can be seen that the highest compressive stress values are under the area of 
application of a load of approximately 156 MPa, rather higher than the values found in the 
model under axial load (between 10 and 55 MPa, see Figure 4), higher than the strength 
value (150 MPa). Also, as it occurred under axial load, the tensile stress values adjacent to 
the area of load application exceeded its strength value, suggesting the possibility of micro-
cracks in the ceramic. 

A study by Faulkner et al. (1998) showed, as this one does, that implants loaded with forces 
that are distant from their axis bear considerable stresses on the bone crest. In Figure 13, 
there are tensile stresses concentrated in the region of contact with the implant on the 
palatine surface, with a peak value of 300 MPa, higher than the bone tensile strength, 
suggesting that there will be a fracture in the cortical bone. 

 
Fig. 13. Perspective view of the cortical bone. Maximum principal stresses in model with a 
load of 45 on the vestibular cusp. In A, disto-vestibular view; in B, mesio-palatine view. 
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Figure 14 shows that only a narrow strip, close to the implant, exceeds the cortical bone 
tensile strength. However, the incidence of excess stresses on the cortical bone produces 
micro-fractures and consequent resorption (Burr et al., 1985; Papavasiliou et al., 1996; 
Holmgren et al., 1998). 

 
Fig. 14. Internal view of the cortical bone. Maximum principal stresses in model with a load 
of 45 on the vestibular cusp. In A, mesio-distal section; in B, vestibulo-palatine section. 

The maximum principal stresses on the cancelous bone are shown in Figure 15. 

 
Fig. 15. Perspective and internal view of the cancelous bone. Maximum principal stresses in 
model with a load of 45 on the vestibular cusp. 

Comparing the results from models with axial load and vestibular lever effect, it could be 
observed that the result from the internal maximum principal stresses on the cancelous bone 
differs in intensity and in the pattern of stress distribution. There is no concentration of 
bulb-shaped tensile stresses on the cancelous bone in contact with the implant, as occurred 
in the previous model. Moreover, the tensile stress peak value in the model with vestibular 
lever effect is 56.9 times higher. It is also possible to see that the compressive stresses in 
contact with the implant thread appear only on the vestibular surface, which was already 
expected, since the load was applied to the vestibular cusp, where the implant is being bent. 
It can be seen that stresses on the cancelous bone in contact with thread pitches or between 
them reach high values, especially in the coronal third (between 300 and 740 MPa), 
exceeding the bone tensile strength (121 MPa, Table 2) and suggesting the formation of 
micro-fractures and consequent resorption (Papavasiliou et al., 1996; Holmgren et al., 1998; 
De Tolla et al., 2000). 
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In Figure 16 (perspective B), there are tensile stresses on the medium and cervical third of 
the implant, which was expected, since the load was applied to the vestibular cusp. The 
implant is being bent, with a fulcrum in the region close to the cortical bone, where there is a 
decreasing dissipation of tensile stresses on the palatine surface. Again in Figure 16 (internal 
view), there are tensile stresses on the cervical third of the implant, on the lingual surface, 
which was expected as well, since the load was applied to the vestibular cusp, with a peak 
value of 300 MPa, rather lower than the tensile strength of the material (930 MPa). 

 
Fig. 16. Perspective and internal view of the implant. Maximum principal stresses in model 
with a load of 45 on the vestibular cusp. 

In Figure 17, there is a prevalence of tensile stresses on the cervical third of the screw, 
between the beginning of the thread and the head, on the palatine surface, which was 
already expected, since the load was applied to the vestibular cusp and the screw was being 
bent, with a fulcrum in the cervical region in contact with the implant (above the cortical 
bone). 

 
Fig. 17. Perspective and internal view of the screw. Maximum principal stresses in model 
with a load of 45 on the vestibular cusp. 

Understanding this pattern of stress distribution in the screw is important to explain the 
problems and complications encountered, such as screw fractures, as described by Zarb and 
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Schmitt (1990), although they seem slightly probable when we compare the stress values 
(150 MPa) with the amount necessary for a rupture (930 MPa). 

The results revealed in Figure 18 showed a narrow strip of tensile stresses between 300 and 
740 MPa on the external surface of the abutment neck, with dissipation to the palatine and 
internal surface, but not exceeding its tensile strength. There are tensile stress values (650 
MPa in the abutment collar in contact with the implant) rather higher than those in the 
model under longitudinal load (peak value of 80 MPa). 

 

  
 

Fig. 18. Perspective and internal view of the abutment. Maximum principal stresses in 
model with a load of 45 on the vestibular cusp. 

The results from the distribution of von Mises stresses in the implant and its components 
showed that higher stress values are found also in the implant head, when compared with 
the axial model. 

3.3 Proximal lever effect – Load of 0˚ on the mesial marginal ridge 

In Figure 19, there are tensile stresses between 150 and 300 MPa on the cortical bone in 
contact with the implant. They were already expected, given the direction of the force on the 
crown, which pulled the implant neck in this area. It is also possible to see tensile stresses (5 
MPa) on the line between the abutment and the ceramic, which could be explained by 
compression on materials of different rigidity. 

In Figure 19, it can also be seen that the highest compressive stress values are under the 
application area of a load ranging from approximately 60 to 120 MPa, slightly lower than the 
values found in the model with vestibular lever effect (150 MPa), and below the ceramic 
compressive strength (150 MPa, Table 2). It shows the place of load application with a well-
located and punctual stress concentration; however, this stress concentration does not 
transfer to the vestibular surface (Figure 19, perspective A) and transfers only slightly to the 
palatine surface (Figure 19, perspective B). On the other hand, there are tensile stresses close 
to the load application point, with values between 50 and 100 MPa, higher than the ceramic 
tensile strength, suggesting a possible formation of micro-cracks. 

Evaluation of Stress Distribution in 
Implant-Supported Restoration Under Different Simulated Loads 121 

  
Fig. 19. Perspective and internal view of all structures. Maximum principal stresses in model 
with a load of 0 on the mesial marginal ridge. 

According to Gross (2001), neither axial nor non-axial load generate stress concentration on 
the implant apex. Under the load that generates the proximal lever effect, these results are 
confirmed in this study. We could observe that the region of the apex does not concentrate 
compressive stresses, which are dissipated throughout the apical third of the model (with a 
peak value of 5 MPa). 

However, there is a concentration of tensile stresses on the screw apex, with a peak value of 
50 MPa (medium third of implant, Figure 19, section A), and tensile stresses on the distal 
surface of the implant and on the apical third of the abutment, with values between 50 and 
100 MPa. Although the tensile stress values found in the implant and its components are 
lower than their tensile strength value (Table 2), its presence is important, so that we 
understand complications, such as screw loss and/or loosening, caused by the micro-
movements generated between these two surfaces. Again in Figure 19, it is possible to see a 
concentration of low-intensity tensile stresses only on the cortical bone, in a mesio-distal 
section, in the occlusal distal region (5 to 10 MPa). 

 
Fig. 20. Occlusal view. Maximum principal stresses in model with a load of 0 on the mesial 
marginal ridge. 
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Fig. 20. Occlusal view. Maximum principal stresses in model with a load of 0 on the mesial 
marginal ridge. 
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In Figure 21, low-intensity tensile stresses can be seen in the distal cervical region. However, 
the internal surface of the cortical bone in contact with the implant shows tensile stresses 
between 50 and 150 MPa, exceeding the bone tensile strength (121 MPa, Table 2), which 
suggests the formation of micro-fractures and consequent resorption. 

 
Fig. 21. View of the cortical bone. Maximum principal stresses in model with a load of 0 on 
the mesial marginal ridge. In A, disto-vestibular view; in B, mesio-palatine view. 

In Figure 22, it is clear the presence of tensile stresses with intensity between 50 and 150 
MPa on the cortical bone in contact with the implant, on the distal surface (Figure 22B), 
exceeding the bone tensile strength (Table 2). In implant-supported restorations, stresses are 
close to the bone crest (Misch et al., 2001), altering the existing process of bone crest 
remodeling. 

 
Fig. 22. Internal view of the cortical bone. Maximum principal stresses in model with a load 
of 0 on the mesial marginal ridge. In A, mesio-distal section; in B, vestibulo-palatine section. 

In Figure 23, it can be observed that there is a dissipation of low-intensity tensile stresses in 
the distal cervical region from the cortical to the cancelous bone, as well as a concentration 
of stresses in contact with the implant. The bone anatomy itself leads to the concentration of 
local forces, given the existence of an external layer of rigid cortical bone and of an internal 
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layer of the more elastic cancelous bone. Natural teeth themselves under load generate 
higher stresses next to the cortical bone (Caputo and Standlee, 1987). 

  
Fig. 23. Perspective and internal view of the cancelous bone. Maximum principal stresses in 
model with a load of 0 on the mesial marginal ridge. 

Also in Figure 23, it can be observed that, with a force with inclination of 0º to the axial axis 
of the set, there was a higher concentration of tensile stresses on the side opposite to the 
applied force, but with stresses limited to the screw threads of the component, with a peak 
value of 300 MPa, exceeding the bone tensile strength (121 MPa, Table 2), which suggests 
the formation of micro-fractures and consequent resorption. 

In Figure 24, there is a concentration of tensile stresses only on the cervical third of the 
implant (with a peak value of 300 MPa). Comparing the models with vestibular and 
proximal lever effect, it can be considered that the area of tensile stress concentration is 
larger than in the model that produces a vestibular lever effect, suggesting a stronger 
possibility of osseointegration failure. The clinical success derived from osseointegration 
proves that implants resist firmly to the masticatory load; however, the concentration of 
stresses can result in the loss of osseointegration (Adell et al., 1981). 

Again in Figure 24 (internal view), there are tensile stresses located on the cervical third of 
the implant, on the distal surface, which was expected, since the load was applied to the 
mesial marginal ridge, with a peak value of 150 MPa, rather lower than the tensile strength 
of the material (930 MPa) and 50% lower than the peak value of tensile stresses found in the 
implant of the model that produces a vestibular lever effect. 

 
Fig. 24. Perspective and internal view of the implant. Maximum principal stresses in model 
with a load of 0 on the mesial marginal ridge. 
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implant (with a peak value of 300 MPa). Comparing the models with vestibular and 
proximal lever effect, it can be considered that the area of tensile stress concentration is 
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possibility of osseointegration failure. The clinical success derived from osseointegration 
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Again in Figure 24 (internal view), there are tensile stresses located on the cervical third of 
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mesial marginal ridge, with a peak value of 150 MPa, rather lower than the tensile strength 
of the material (930 MPa) and 50% lower than the peak value of tensile stresses found in the 
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Fig. 24. Perspective and internal view of the implant. Maximum principal stresses in model 
with a load of 0 on the mesial marginal ridge. 
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In Figure 25, there is a prevalence of tensile stresses on the cervical third of the screw, 
between the beginning of the thread and its head or platform, on the distal side, which was 
already expected, since the load was applied to the mesial marginal ridge and the screw is 
being bent, with a fulcrum in the cervical region, in contact with the implant (above the 
cortical bone). 

 
Fig. 25. Perspective and internal view of the screw. Maximum principal stresses in model 
with a load of 0 on the mesial marginal ridge. 

Sealing, obtained by the precise adjustment of the abutment surface to the implant, would 
prevent problems of a peri-implant nature and minimize the development of tangential 
forces harmful to the interface implant-bone tissue, which could lead to osseointegration 
failure (Adell et al., 1981). The maximum principal stresses on the abutment are shown in 
Figure 26. 

  
Fig. 26. Perspective and internal view of the abutment. Maximum principal stresses in 
model with a load of 0 on the mesial marginal ridge. 

The results revealed values of von Mises stresses (peak value of 300 MPa in the abutment 
collar in contact with the implant) lower than those found in the model that produces the 
vestibular lever effect (peak value of 650 MPa), but higher than those found in the model 
under longitudinal load (peak value of 80 MPa). Higher values of von Mises stresses are also 
found in the implant platform, when compared to the axial model. 
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3.4 Torsion effect – Load of 45˚ on the mesial marginal ridge 

Single implant-supported restorations can also be subject to rotational or torsion forces, 
whenever they are clinically demanded through the functional contacts cusp/marginal 
ridge, that is, in a one tooth to two teeth relation (Cohen et al., 1995). 

Figure 27 shows tensile stresses between 50 and 300 MPa on the abutment, which was 
already expected, in view of the direction of the force on the crown, which pulls the implant 
in this area. Again in Figure 27 (section B), it can be seen that there is a concentration of 
tensile stresses on the cervical and medium third of the implant (peak value of 300 MPa) on 
the palatine surface, lower than the mechanical strength. 

In Figure 28, it can be seen that the highest compressive stress values are under the area 
where the load was applied (10 to 80 MPa, lower than the strength value of 150 MPa), which 
is a stress concentration point with no transmission to the vestibular surface. However, the 
existence of tensile stresses close to the application of load (50 to 100 MPa) exceeds the 
ceramic strength (37.2 MPa) and suggests a localized micro-crack. 

 
Fig. 27. Perspective and internal view of all structures. Maximum principal stresses in model 
with a load of 45 on the mesial marginal ridge. 

 
Fig. 28. Occlusal view of all structures. Maximum principal stresses in model with a load of 
45 on the mesial marginal ridge. 
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In Figure 29, a dissipation of low-intensity compressive stresses can be seen in the vestibular 
surface of the cortical bone (5 to 20 MPa), and there are tensile stresses on the palatine 
surface (peak value of 10 MPa). However, high-intensity tensile stresses are present on the 
cortical bone in contact with the implant (palatine). This is better shown in Figure 30. 

 
Fig. 29. Perspective view of the cortical bone. Maximum principal stresses in model with a 
load of 45 on the mesial marginal ridge. In A, disto-vestibular view; in B, mesio-palatine 
view. 

 
Fig. 30. Internal view of the cortical bone. Maximum principal stresses in model with a load 
of  45 on the mesial marginal ridge. In A, mesio-distal section; in B, vestibulo-lingual 
section. 

  
Fig. 31. Perspective and internal view of the cancelous bone. Maximum principal stresses in 
model with a load of 45 on the mesial marginal ridge. 
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In Figure 31, there are tensile stresses on the cortical bone (on the palatine surface) in contact 
with the implant that exceed the tensile strength value and overload the implant. According 
to Rangert et al. (1995), in a retrospective analysis, this overload induces bone resorption, 
which seems to precede and contribute to the fracture of implant components. 

Also in Figure 31, there are distribution of low-intensity tensile stresses (5 to 10 MPa) and 
stress concentration on the palatine surface and around the implant. 

The concentration of tensile stresses on the cancelous bone in contact with the implant 
(especially on the threads) reaches the cervical (higher intensity) and medium (lower 
intensity) thirds on their palatine surface. This was expected, as a result of the direction of 
the load application. According to Rangert et al. (1989), threads reduce the shear stress on 
the implant-bone interface when it is under axial load. 

Tensile stresses between 50 and 100 MPa (Figure 32) on the implant platform are five times 
higher than the stresses found in the axial model (10 to 20 MPa). In Figure 32, it can also be 
observed that there is a concentration of tensile stresses on the medium and cervical third of 
the implant, as a consequence of load application, in addition to the torsion effect. 
Moreover, the implant is being bent, with a fulcrum in the region close to the cortical bone, 
where there is dissipation of decreasing tensile stresses on the palatine surface. Tensile 
stresses are also seen in the medium and cervical third of the implant, on the distal and 
lingual surface, a region corresponding to the fulcrum in the cortical bone and to the screw 
thread (between 50 and 150 MPa). Tensile stresses are found in the region in contact with the 
apical third of the screw, medium third of the implant. Although the tensile stress value at 
the end of the screw thread is lower than the mechanical strength of the material, it might 
contribute to the loss of stability in the fixation screw. 

   
Fig. 32. Perspective view of the implant. Maximum principal stresses in model with a load of 
45 on the mesial marginal ridge. 

In a disto-vestibular view, Figure 33 shows compressive stresses between approximately 5 
and 20 MPa, concentrated on the coronal third of the screw, in the region without spindle. 
Tensile stresses can also be seen in the apex (between 50 and 150 MPa) and in the screw 
thread (5 to 10 MPa), in a mesio-lingual view, suggesting the possibility of screw loosening 
in this region. In Figure 33 (sections A and B), there is a prevalence of tensile stresses 
between 50 and 150 MPa, but concentrated on the medium-coronal third of the screw, a 
region without thread, and not exceeding the tensile strength of the material. 
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Fig. 33. Perspective view of the screw. Maximum principal stresses in model with a load of 
45 on the mesial marginal ridge. 

In Figure 34, the prevalence of tensile stresses can be seen on the abutment external surface 
(it shows only a narrow strip of low-intensity compressive stresses, of up to 5 MPa, on the 
vestibular surface). This prevalence of tensile stresses on the abutment external surface is 
important to explain complications such as the loss and/or loosening of screws, since these 
stresses are directly related to the abutment-implant interface, as a result of the creation of 
micro-movements between the two surfaces when a non-axial load is applied to them. 

   
Fig. 34. Perspective and internal view of the abutment. Maximum principal stresses in 
model with a load of 45 on the mesial marginal ridge. 

The result of von Mises stresses revealed tensile stresses values in the abutment collar in 
contact with the implant (peak value of 600 MPa) that are higher than those found in the 
proximal lever model (peak value of 300 MPa) and close to those found in the model that 
produces a vestibular lever effect (peak value of 650 MPa), and considerably higher than 
those found in the model under longitudinal load (peak value of 80 MPa). 

4. Conclusions 
Taking into account that the results produced in this study, for all models, revealed a higher 
concentration of forces on the cervical region and higher stress values in the models under 

Evaluation of Stress Distribution in 
Implant-Supported Restoration Under Different Simulated Loads 129 

load with a lever effect, no load was able to fracture the components of the implant system 
simulated here. However, they may suggest loosening of the screw, micro-cracks in the 
ceramic, and bone micro-fractures (resorptions), except for the model under axial load, 
which proved to be the least harmful to the stability of the rehabilitating system under 
consideration. It can be stated that a careful observation of the criteria for rehabilitation 
using implant-supported restorations, as regards the direction of occlusal loads, is crucially 
important to achieve success in this therapy. 
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1. Introduction 
For the prosthetic reconstruction of endodontically treated teeth with large loss of tooth 
structure a lot of times become indispensable to obtain retention by the use of post and core 
systems. The retention loss and the dental fractures are the two failures more commonly 
described in this restoration type (Ferrari & Mannocci, 2000). 

The dental fracture tends to happen longitudinally with the end below the alveolar bone 
crest, what constitutes a no restorative failure and leads to the tooth’s loss. This failure type 
is attributed mainly to the use of posts with length and/or diameter incorrect and 
deficiencies in dental structure preservation1. 

The intra-radicular post is used to provide retention to a core, but would also have the 
function of distributing the functional load in a larger area of the remaining coronary 
structure and dental root. However, many authors (Assif & Gofil, 1994; Martinez-Insua et 
al., 1999; Rundquist & Versluis, 2006; Whitworth et al., 2002) have been demonstrating that 
this reconstruction method doesn't restore the original strength of a vital tooth, what is 
attributed to the wedge effect that this restoration type causes and to the stiffness difference 
between the post and the tooth. 

This effect appears when the load induces the post intrusion inside the dental root. When 
being pushed, the wedge tends to increase the perimeter of the remnant transversal section 
due to the tensile stress guided parallel to the circular outlines of the tooth’s transversal 
section. These tangent stresses can cause vertical fracture (Rundquist & Versluis, 2006). 

An attempt to increase the root strength front to the physiologic load is the ferrule making 
that is a metallic necklace of 360° that surrounds the axial walls of the remnant dentine and 
can be propitiated by the core or by the crown, and tends to produce the encirclement of the 
root. This “ferrule effect” would protect the pulpless tooth against fracture by counteracting 
spreading forces generated by the post. The core should extend apical to the shoulder of the 
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preparation to provide a 1.5 to 3.0 mm ferrule of the intact tooth structure (Tan et al., 2005; 
Pereira et al., 2006; Morgano, 1996; Morgano & Bracket, 1999).  

According to Loney et al (1990), the ferrule supplied by the core contributes for the most 
balanced stress distribution in the dental root and it could compress the remnant structure. 

The understanding of the biomechanical principles and restorations applicability is 
important to design restorations to provide larger strength and retention. The aim of this 
study was to evaluate the ferrule geometry formed by core on the stress developed in the 
dental root when a second superior premolar is submitted to four different load conditions. 

2. Materials and methods 
A natural healthy tooth model (H) was generated in the MSC/PATRAN 2005 (MSC 
Software Corporation, Santa Ana, CA, USA). On that model modifications were 
accomplished for the creation of five new models with retainer intra-radicular. 

The 3D model of the maxillary second premolar was built based on data presented by 
Shillinburg & Grace (1973), regarding the measures of the dentin thickness in the mesio-
distal and vestibular-lingual axis in four horizontal slices (with 3.5 mm interval) 
accomplished along the main axis of the dental root starting from the cementoenamel 
junction. The dentin’s thickness in the remnant of the root was built by the interpolation 
with a spline curve starting from the existent data, following the root anatomy. The pulp 
dimensions were built based on the data presented by Green & Brooklyn (1960), that it 
supplies the average diameter of the apical foramen and Shillinburg & Grace (1973), that it 
supplies the average dimensions in the cervical area. 

For the making of the crown geometry the enamel thickness and coronary dentin were 
based on the data presented by Shillinburg & Grace (1973), through slices of interval of  
1 mm, by Cantisano at al. (1987) and Ueti at al. (1997). The height of the vestibular cusp was 
considered larger than the lingual cusp in 0.9 mm (Shillinburg  et al., 1972). 

The lamina dura was represented with mechanical properties equal of the cortical bone and 
as a uniform layer of 0.25 mm thickness as well as the periodontal ligament (Lee et al., 2000). 

The models that represented intra-radicular retainer were built from the natural healthy tooth 
model already. Specify modifications were accomplished in the area corresponding to the pulp 
and to the dentin, in the places corresponding to the core and porcelain-faced crown. 

The dimension of the pulp was enlarged to reproduce the endodontic access stage (Cohen & 
Hargreaves 2005), the biomechanical prepare and the filling of the root canal. 

The porcelain-faced crown was represented with the same outline of the enamel, being 
average thickness of 1.5 mm in the vestibular face, 1.2 mm in the lingual face, 1.0 mm in the 
proximal face and 2.0 mm in the occlusal face, with an end in chamfer around the core. The 
minimum thickness of the metal (NiCr) in the restoration porcelain-faced was 0.3 mm 
(Yamamoto, 1985). 

The zinc phosphate cement was select because is usually used for cementation of the crown 
and of intra-radicular retainer with thickness from 50 to 100 m (Anusavice, 2003) and the 
gutta-percha height was of 5 mm (Morgano, 1996). 

Biomechanical Analysis of Restored Teeth with 
Cast Intra-Radicular Retainer with and Without Ferrule 135 

In four models with intra-radicular retainer was varied the ending line of the core 
preparation (with ferrule geometry given by the core) and another model was simulated 
with simple core (without ferrule), staying the same coronary restoration. 

The width and the height of the ferrule were determined as a proportion of the thickness of 
radicular dentine found in the cementoenamel junction region on the lingual side (1.85 mm), 
separated for three thirds. For other words, the ferrule with x height varying of 0.62 x 0.62 
(T1H1), 0.62 x 1.34 (T1H2), 1.34 x 0.62 (T2H1) and 1.34 x 1.34 mm (T2H2), (Fig. 1). 

All of the models with intra-radicular retainer presented the same characteristics in relation 
to the supporting structures, porcelain-faced crown, cement thickness and apical seal  
(Fig. 2). 

 
Fig. 1. Ferrule geometries of the radicular dentine in a premolar  root. 

With the measures of the thickness in each one of the structures (pulp, dentin, enamel) in 
each face (mesial, distal, lingual, vestibular) a coordinates system was generated with the 
origin in the pulpal apex and all the values of thickness of the structures were transformed 
in coordinates. As many coordinates existed to generate the points in the Finite Element (FE) 
program, a routine in PCL (Patran Command Language) was created to read the 
spreadsheet and to generate the points. After the points generation (Fig. 3a), the curves were 
generated and, soon afterwards, the surfaces. Starting from the dental structures surfaces 
built, the superficial meshes were generated with triangular linear elements (Tri3). After 
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that, volumetric meshes (Fig. 3d) with tetrahedral linear elements (Tet4) were generated, 
following the procedures in Poiate et al. (2008, 2009a, 2009b, 2011).  

 
Fig. 2. Structures of the models with intra-radicular retainer. 

 
Fig. 3. Sequence of procedures for 3D natural healthy tooth model generation, points 
generation, dental structures surfaces, superficial and volumetric mesh, respectively. 

The degree of discretization of the FE models (Table 1) was established from convergence 
studies of the results in computer modeling (Pentium 4 3.2 GHz computer with 2.0 Gb RAM 
memory) to ensure that a proper FE model mesh density was generated and in this way 
model a realistically anatomic geometry. 
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Code Ferrule Thickness x Height Number of 
nodes 

Number of 
elements 

H Natural healthy tooth 179403 1109929 
T1H1 1 x 1 

1 x 2 
2 x 1 
2 x 2 
0 x 0 

193034 1226486 
T1H2 179430 1142542 
T2H1 189438 1200778 
T2H2 180720 1148853 
T0H0 184750 1175175 

Table 1. Models and mesh size. 

It was assumed that all the structures in the models were, homogeneous, isotropic and 
linearly elastic behavior as characterized by two physical properties: Young´s Modulus (E) 
and Poisson’s Ratio (), Table 2. The interfaces between the structures were presumed to be 
perfectly united, because the aim was to provide a comparison of our approach, that this 
simplification was justified.  

Structure / Material Young´s Modulus 
(GPa) Poisson´s Ratio Reference 

Pulp 0.02 0.45 Farah & Craig (1974) 
Dentin 18.60 0.31 Ko et al. (1992) 
Enamel 41.00 0.30 Ko et al. (1992) 

Periodontal ligament 0.0689 0.45 Weinstein et al. (1980) 
Cortical bone 13.70 0.30 Ko et al. (1992) 
Spongy bone 1.37 0.30 Ko et al. (1992) 
Gutta-percha 0.00069 0.45 Friedman et al.(1975) 

NiCr 188.00 0.33 Black & Hastings (1998) 
Phosphate of Zinc Cement 13.00 0.35 Powers at al. (1976) 

Feldspathic Ceramic 82.80 0.35 Peyton & Craig (1963) 
Cast radicular retainer 

(ILOR56: gold-alloy post) 93.00 0.33 Pegoretti et al. (2002) 

Table 2. Physical properties of the anatomical structures and materials. 

Finally, boundary conditions or the model constraint and the loads are also applied. The 
constraint conditions applied were: in the maxillary sinus, translation in x, y and z directions 
and rotations in x, y and z axis, fully anchor; in the mesial and distal extremities of the cortical 
and spongy bone, translation in x direction (perpendicular to this faces) and rotations in y and 
z axis were anchor. Four load cases were built varying the site, inclination and the application 
area of a 291.36 N total static load, maximum masticatory force (Ferrario et al., 2004). 

Initially, all of the models received the resultant load intensity of 291.36 N parallel to the 
tooth’s long axis, with the aim to evaluate the wedge effect (Fig. 4). The load was applied on 
the lingual and vestibular cusp above the occlusal surface, at 45o in relation to the tooth’s 
long axis (Holmes et al. 1996), distributed in 19 nodal points of 0.85 mm2 area in vestibular 
cusp and in 19 nodal points of 0.75 mm2 area of in lingual cusp (Kumugai et al., 1999). 
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constraint conditions applied were: in the maxillary sinus, translation in x, y and z directions 
and rotations in x, y and z axis, fully anchor; in the mesial and distal extremities of the cortical 
and spongy bone, translation in x direction (perpendicular to this faces) and rotations in y and 
z axis were anchor. Four load cases were built varying the site, inclination and the application 
area of a 291.36 N total static load, maximum masticatory force (Ferrario et al., 2004). 

Initially, all of the models received the resultant load intensity of 291.36 N parallel to the 
tooth’s long axis, with the aim to evaluate the wedge effect (Fig. 4). The load was applied on 
the lingual and vestibular cusp above the occlusal surface, at 45o in relation to the tooth’s 
long axis (Holmes et al. 1996), distributed in 19 nodal points of 0.85 mm2 area in vestibular 
cusp and in 19 nodal points of 0.75 mm2 area of in lingual cusp (Kumugai et al., 1999). 
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After that, the model with ferrule that best minimized the wedge effect, as well as the 
models that represent natural healthy tooth and restored with simple core (T0H0, without 
ferrule, Fig. 1) were submitted to the following loads (Fig. 4): 

a. Oblique Load with 45o in relation to the tooth’s long axis distributed in 19 nodal points 
of 0.85 mm2 area in the vestibular cusp, with the aim to evaluate the vestibular lever 
effect; 

b. Load parallel to the tooth’s long axis distributed in 19 nodal points of 0.80 mm2 area in 
the mesial marginal ridge, with the aim to evaluate the proximal lever effect; 

c. Oblique Load with 45o in relation to the tooth’s long axis pointed to vestibular cusp, 
distributed in 19 nodal points of 0.80 mm2 area in the mesial marginal ridge, with the 
aim to evaluate the torsion effect. 

 
Fig. 4. Place, area and orientation of the load application, a)wedge effect, b)vestibular lever 
effect, c)proximal lever effect and d)torsion effect. 

The processing stage or the solution analysis was performed using MSC/NASTRAN 2005 
software (MSC Software Corporation, Santa Ana, CA, USA). The MSC/PATRAN 2005 
software, used in the pre-processing, was also used for the post-processing, visualization, 
and evaluation of the results. 

In this study, the maximum principal stress was used as the stress criterion to present the 
stress patterns distribution in the analyzed models. The cement and dentin’s tensile strength 
of 8.3 MPa (Powers at al., 1976) and 103 MPa (Tanaka et al., 2003), respectively, as well as 
dentin´s compressive strength of 282 MPa (Tanaka et al., 2003), respectively, will serve as 
reference for results comparison to evaluate if the loads would be potentially harmful to the 
studied structures. 

3. Results 
3.1 Wedge effect 

Under load with parallel resultant to the long axis, all of the models answered equally. The 
differences were just in the dentin area in contact with the ferrule (Fig. 5). The results 

Biomechanical Analysis of Restored Teeth with 
Cast Intra-Radicular Retainer with and Without Ferrule 139 

 

 

 
Fig. 5. MPS in all models loaded longitudinally with Vestibular (V)-Lingual (L) and Mesial 
(M)–Distal (D) slices. 
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Fig. 6. MPS vectors in the surfaces of the radicular dentine in the wedge effect in M-D and 
V-L slices. 

Biomechanical Analysis of Restored Teeth with 
Cast Intra-Radicular Retainer with and Without Ferrule 141 

obtained with models T1H1 and T2H1 presented similar pattern of stress distribution in 
Maximum Principal Stress (MPS), but different from models T1H2 and T2H2 (that present 
low tensile stress under the ferrule). In the model H, the dentin area between the bone and 
the enamel presents some tensile stress, but the Fig. 6 show that the stress vector direction is 
not totally tangential to the transversal section and it wouldn’t be deleterious, nor for the 
intensity nor for the direction. Similar stress appears in all the models with retainer 
immediately for apical of the ferrule and cannot are responsible for eventual root fracture. 

The Fig. 7 represents a perspective view of the distribution of the MPS in the cement 
between the retainer and dentin. The results obtained with models T2H1, T0H0 and T1H1 
presented a similar pattern of  stress distribution in cement below the ferrula, but different 
from the model T1H2, which shows higher tensile stresses (up to 4 MPa), which by direction 
(Fig. 6) suggests greater tendency to loosen or break the cement layer in the region, because 
the stresses are significantly higher, but the failure of the cement seems unlikely when 
comparing the absolute values of stress with the stress required to the cement cohesive 
failure (8.3 MPa). 

 

 
Fig. 7. Perspective view of the cement between the retainer and dentin, MPS in the wedge 
effect. 

3.2 Vestibular lever effect 

Under load with inclination of 45o in the vestibular cusp the T2H2, T0H0 and H models 
answered equally (Fig. 8), except in the radicular dentin that is being doubled and it is 
observed compressive stress in the vestibular, concentrated in the contact area with the 
cortical bone that acts as fulcrum (Fig. 9). The tensile stress concentrates and reaches the 
maximum on the opposite side, lingual, but, unexpectedly, it presents a larger extension in 
the model with ferrule, with maximum of 104, 110 and 109 MPa for H, T0H0 and T2H2 
models, respectively. 
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Fig. 8. Perspective view of all structures, MPS in the vestibular lever effect. 

 
Fig. 9. Perspective view of the dentin, MPS in the vestibular lever effect. 
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The Fig. 11 represents a perspective view of the distribution of the MPS in the cement 
between the retainer and dentin and the Fig. 10 shows the MPS vectors in the internal and 
external surfaces of the radicular dentine at the intersections with in M-D and V-L planes.  

 

 
Fig. 10. Perspective view of the cement between the retainer and dentin, MPS in the 
vestibular lever effect. 
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Fig. 11. MPS vectors in the surfaces of the radicular dentine in the vestibular lever effect in 
M-D and V-L slices. 
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3.3 Proximal lever effect 

The Fig. 12 shows the results under load parallel to the tooth’s long axis in the mesial 
marginal ridge. The maximum tensile stress in dentin (Fig. 13) at the distal edge are also 
much seemed (68, 68 and 67 MPa), smaller than in the vestibular lever effect.  

 
Fig. 12. Perspective view of all structures, MPS in the proximal lever effect. 
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Fig. 13. Perspective view of the dentin, MPS in the proximal lever effect. 

The Fig. 14 represents a perspective view of the distribution of the MPS in the cement 
between the retainer and dentin and the Fig.15 shows the MPS vectors in the internal and 
external surfaces of the radicular dentine at the intersections with in M-D and V-L planes. 
The stress orientation in all of the cases is similar. 

Fig. 14. Perspective view of the cement between the retainer and dentin, MPS in the 
proximal lever effect. 
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Fig. 15. MPS vectors in the surfaces of the radicular dentine in the proximal lever effect in 
M-D and V-L slices. 
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Fig. 15. MPS vectors in the surfaces of the radicular dentine in the proximal lever effect in 
M-D and V-L slices. 
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3.4 Torsion effect 

The Fig. 16 shows the MPS results in all structures under oblique load with 45o in relation to 
the tooth’s long axis pointed to vestibular cusp in the mesial marginal ridge. 

 
Fig. 16. Perspective view of all structures, MPS in the torsion effect. 

The MPS in dentin are present in Fig. 17. The Fig. 18 represents a perspective view of the 
distribution of the MPS in the cement between the retainer and dentin and the Fig.19 shows 
the MPS vectors in the internal and external surfaces of the radicular dentine at the 
intersections with in M-D and V-L planes.  
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Fig. 17. Perspective view of the dentin, MPS in the torsion effect. 

 
Fig. 18. Perspective view of the cement between the retainer and dentin, MPS in the torsion 
effect. 
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Fig. 17. Perspective view of the dentin, MPS in the torsion effect. 

 
Fig. 18. Perspective view of the cement between the retainer and dentin, MPS in the torsion 
effect. 
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Fig. 19. MPS vectors in the surfaces of the radicular dentine in the torsion effect in M-D and 
V-L slices. 
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3.5 Stress plot in wedge, vestibular lever, proximal lever and torsion effect 

The Figs 20 to 28 shows the MPS in a ridge A to B, indicated in the drawing corresponding 
to each graph, in the surface of root dentin (interface with periodontal ligament), depending 
on the relative position of the node under every load, due to the abcissa axis is adimensional 
(Distance/Total length),. 

The Fig. 20 shows the outside edge of the lingual surface. It is observed that the models that 
generate the wedge or proximal lever present in the lingual edge, very low stresses, all of 
the same order of magnitude. Since the models that generate vestibular lever and torsion 
have high tensile stresses in this edge, but below the dentin´s strenght limit. 

 
Fig. 20. MPS at the edge of the root dentin on the lingual surface, from the apex to the 
cervical direction. 

The Fig. 21 shows the outside edge of the vestibular surface. It is observed that the models 
that generate proximal wedge and proximal lever have the same order of magnitude of 
stresses acting on the vestibular edge with inflection behavior (tensile to compressive) from 
the apex to the cervical direction. In models that generate proximal lever, the tensile stresses 
near the apex are close to the wedge effect, however, near the neck, the stress tensile 
increase up to 5 MPa. 
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Fig. 19. MPS vectors in the surfaces of the radicular dentine in the torsion effect in M-D and 
V-L slices. 
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Fig. 21. MPS at the edge of the root dentin on the vestibular surface, from the apex to the 
cervical direction. 

The Fig. 22 shows the outside edge of the distal surface. We observed lowest stresses in 
wedge models, followed by vestibular lever models, torsion models and reaching the 
maximum stresses in proximal lever models. In models of proximal lever and torsion effect 
are generated stress peaks on the same nodes of the same models; the lower stress in torsion 
models could be due to the lower longitudinal component of the load in this case. 
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Fig. 22. MPS at the edge of the root dentin, the distal surface, from the apex to the cervical, 
under all loads 

The Fig. 23 shows the outside edge of the mesial surface. We observed lowest stresses in 
wedge models. The inversion of tensile to compression stress occurs so evident in the 
proximal lever models and so milder in torsion models.  
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Fig. 22. MPS at the edge of the root dentin, the distal surface, from the apex to the cervical, 
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The Fig. 23 shows the outside edge of the mesial surface. We observed lowest stresses in 
wedge models. The inversion of tensile to compression stress occurs so evident in the 
proximal lever models and so milder in torsion models.  
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Fig. 23. MPS at the edge of the root dentin in the mesial side, from the apex to the cervical, 
under all loads. 

The Fig. 24 shows the inner edge of the lingual surface. We observed lowest stresses in the 
models of wedge and tensile stresses up to 45 MPa in the models of vestibular lever, 
followed by models of torsion effect, but in both types of load, in models of healthy tooth 
the stresses are smaller. It seems important to note that the order of values is much lower 
than those in Fig. 20, corresponding to the outer surface, which leads to think that the 
fracture is expected to start on the outside, apparently motivated by folding of the tooth as a 
whole. Discard the possibility of fracture driven by stress concentration on the inside face, 
which could be motivated by the wedging effect promoted by the retainer. 

The Fig. 20 shows that the highest stress on the outside edge was achieved by the healthy 
tooth model. However, it is unlikely that the healthy tooth had a greater tendency to 
fracture: this is not what is observed in practice. 

On the other hand Fig. 24 shows the stress almost doubles in inner edge, for the cases of 
vestibular lever with retainer, compared to the healthy tooth. This suggests that the failure 
criterion should not be simply the value of the maximum principal stress, but must be 
influenced by the stress gradient. 
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Fig. 24. MPS at the edge of the root dentin on the lingual surface, from the apex to the 
cervical, under all loads 

The Fig. 25 shows the inner edge of the vestibular surface. Tensile stresses are observed up 
to 27 MPa in the region near the retainer apex in the models that generate vestibular lever, 
followed by models that generate torsion, but in both types of loading, the stresses are 
smaller in the healthy tooth models. Figure 11 shows that the direction of the peak tensile is 
radial and therefore not likely to cause longitudinal fracture but delamination in the dentin 
and detachment of the retainer apex. In fact, presents a direction parallel to the tensile stress 
on the edge of the external vestibular root, which appears to be motivated by the apical 
ligament region, to oppose the rotation of the tooth that is supported by the vestibular 
cortical bone. 
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Fig. 25. MPS at the edge of the root dentin on the vestibular surface, from the apex to the 
cervical, under all loads 

The Fig. 26 shows the inner edge of the distal surface. We observed lowest stresses in wedge 
models. Except the loading wedge models, all have tensile stresses, which shows that 
practically the entire thickness of the wall works in traction. Moreover, none of the models 
exceeded the stress developed by the model of healthy tooth with proximal lever load, 
which leads to the hypothesis that in no case has reached the stress level compatible with 
the fracture. 
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Fig. 26. MPS at the edge of the root dentin, the distal surface, from the apex to the cervical, 
under all loads. 

The Fig. 27 shows the inner edge of the mesial surface. We observed lowest stresses in 
wedge models. The highest tensile stress occur to the torsion effect, regardless of the 
presence or not of the ferrula, which also does not help to reduce the stress on the lever 
vestibular. 
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Fig. 27. MPS at the edge of the root dentin in the mesial side, from the apex to the cervical, 
under all loads. 

In Figure 28 shows the circular edge of the inner dentin around the apex of the retainer. The 
abscissa axis is adimensional (Distance/Total length), where the 0 and 1 represents the 
vestibular, 0.25 the mesial, 0.5 the lingual and 0.75 the distal aspect. We observed lowest 
stresses in wedge models, followed by models of proximal lever, torsion and vestibular 
lever models. The region that remains the most tensioned is the vestibular. 
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Fig. 28. MPS shown in the circular edge of the inner dentin (VMLDV) around the apex of the 
retainer under all loads. 

4. Discussion 
Several studies (Pierrisnard et al., 2002; Zhi-Yue & Yu-Xing, 2003) show that the ferrule 
creates a positive effect in the reduction of the stress concentration in the dentin-core 
junction and helps to maintain the integrity of the cement seal in the crown (Libman & 
Nicholls 1995). 

However, in spite of some authors recommend a coronary minimum height of ferrule (Tan 
et al., 2005; Pereira et al., 2006; Morgano, 1996; Morgano & Bracket, 1999; Aykent, 2006) to 
increase the fracture strength values, in this study the ferrule didn't influence on the stress 
distribution. An important observation should be made: for the perfect adhesion among the 
structures, it was not possible to notice a wedge effect appreciable.  

Under load with parallel resultant to the long axis, all of the models present compression 
stress in the root apex, but with very low intensity when compared with the compression 
strength of dentin. The light stress concentration found around of the post apex cannot are 
responsible by longitudinal fracture, because the orientation and the intensity would not 
justify the fracture. 
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In Figure 28 shows the circular edge of the inner dentin around the apex of the retainer. The 
abscissa axis is adimensional (Distance/Total length), where the 0 and 1 represents the 
vestibular, 0.25 the mesial, 0.5 the lingual and 0.75 the distal aspect. We observed lowest 
stresses in wedge models, followed by models of proximal lever, torsion and vestibular 
lever models. The region that remains the most tensioned is the vestibular. 
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Fig. 28. MPS shown in the circular edge of the inner dentin (VMLDV) around the apex of the 
retainer under all loads. 

4. Discussion 
Several studies (Pierrisnard et al., 2002; Zhi-Yue & Yu-Xing, 2003) show that the ferrule 
creates a positive effect in the reduction of the stress concentration in the dentin-core 
junction and helps to maintain the integrity of the cement seal in the crown (Libman & 
Nicholls 1995). 

However, in spite of some authors recommend a coronary minimum height of ferrule (Tan 
et al., 2005; Pereira et al., 2006; Morgano, 1996; Morgano & Bracket, 1999; Aykent, 2006) to 
increase the fracture strength values, in this study the ferrule didn't influence on the stress 
distribution. An important observation should be made: for the perfect adhesion among the 
structures, it was not possible to notice a wedge effect appreciable.  

Under load with parallel resultant to the long axis, all of the models present compression 
stress in the root apex, but with very low intensity when compared with the compression 
strength of dentin. The light stress concentration found around of the post apex cannot are 
responsible by longitudinal fracture, because the orientation and the intensity would not 
justify the fracture. 
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The results of models T1H1 and T2H1 show that the increase in the width of ferrule, 
keeping the height, it was important to the root protection with the ferrule effect, because 
the compressive stress increased four times. The model T2H2 presented compressive stress 
in the radicular dentin on the ferrule (0.5 to 2.0 MPa) and in the radicular dentin above the 
periodontal ligament (0.5 to 20 MPa), mesial and distal face (Fig. 4). 

On the other hand, the results of models T1H2 and T2H2 show that tensile stresses 
disappears in the dentine in contact with the ferrule, what can be attributed to the increase 
in the ferrule width, keeping the height. This characteristic confers to the ferrule design 
some superiority, because it can be inferred that it will be more difficult than the cement is 
unstuck in that area, since the tensile stress isn’t submitted. The model T2H2 seems also to 
minimize the tensile stress in the cervical dentine (compressive stress from 0.5 to 2.0 MPa) 
and in the radicular dentine near to the periodontal ligament, following by the model T2H1, 
T1H1 and T1H2.  

Posteriors teeth can be subject also to vestibular lever effects whenever requested eccentric 
efforts in lateral excursion. The contact oclusal on the work side in lateral excursion can 
reach the vestibular cusp in posteriors teeth, generating lever force on the involved roots 
that serve as guide for those movements. 

Under load with inclination of 45o in the vestibular cusp, the maximum stress value is 
compatible with the fracture occurrence. If the fracture begins at that place can follow a 
perpendicular plan to the tensile vector and to spread tending the uprighting that suggests a 
vertical radicular fracture would pass exactly in the bone crest limit. 

Fractures vertical appear as a result of stresses generated inside the root canal (Lertchirakarn 
et al., 2003), but the models showed tensile stress concentrated in the post apex, although of 
smaller magnitude that in the height of the bone crest. 

In all of the models, the root canal stress in the mesial-distal slice presented tensile stress 
(except for the area near to the post apex) and near to the bone crest presents change in the 
vector orientation due to the rotation of the same ones, that it seems related with the 
presence of cortical bone. Therefore, the fracture area not just depends on the post and 
ferrule, but also of location of the tooth in the alveolus. 

An interesting finding was the relatively small difference among the three models that could 
be attributed to the fact of the interfaces between the structures of the models was simulated 
with perfect adhesion. The perfect adhesion can losing in the course of time, what would 
explain that the failures didn’t use to happen in retainer recently cemented. On the other 
hand, the models showed high tensile stresses concentration in more than half of the cement 
layer, which could be responsible for cohesive fracture. 

Under the load area the tensile stresses on the ferrule generates 40 MPa, exceeding the 
cement’s tensile strength of 8.3 MPa and associated with the stress orientation (Fig. 11) 
suggests the tendency to the cement layer failure in this area. 

Under load parallel to the tooth’s long axis in the mesial marginal ridge, the tooth restored 
with post would present a tendency to the rupture similar to the one of the natural, what is 
not supported by the clinical observations. The explanation for this discrepancy could be 
again in the fact that the cement layer presented stresses much larger than the necessary 
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ones for cohesive fracture. After the cement failure the stress distribution change and could 
propitiate the root fracture.  

The intra-radicular retainers can be subject also to rotation force or torsion, whenever 
requested clinically through contacts functional cusp in the ridge, in other words, tooth 
relationship to two teeth (Hemmings et al., 1991). 

The occlusal contacts in the marginal ridge of the premolar could produce a torsion loads 
that tends to rotate the root along the tooth’s axis. For this reason is extremely important 
have in mind the use of retainers that offer larger safety to the radicular remnant in any 
situation of mechanical effort what the root is submitted. 

Under oblique load with 45o in relation to the tooth’s long axis pointed to vestibular cusp in 
the mesial marginal ridge, the maximum stress and orientation evidences again that cement 
layer is prone to failure and that the stress concentration is more serious in the ferrule case. 
When the cement around of the most coronary portion deteriorates, the fulcrum migrates to 
apical, what increases the lever arm progressively (Cohen et al., 1993). 

The modeling in this study considered all the components without setting out eventual contact 
problems, in other words, without cement failure, what couldn't happen in the clinic reality. 

Regarding the clinical significance of the results, it seems that the best way to protect the 
radicular remnant when restored with post would be to guarantee the occlusal adjustment, 
that don't happen loads different from the longitudinal. The most vulnerable part of the 
whole restorative system is the cement layer, that doesn't resist to the tensile stresses result 
from the loads application different from the longitudinal load. The post perfectly adhered 
doesn't seem lead to the occurrence of longitudinal fracture (below the bone crest), but 
probably to fracture that would begin in the vestibular in the height of the bone crest. 

5. Conclusions 
Within the limitations of this study, the following conclusions were drawn:  

1.  In spite of none of the simulated cases to evidence the wedge effect, the longitudinal 
load produced stresses that don't justify the rupture nor of the dentine nor of the 
cement layer and the stresses are very inferior to developed by all the other load types; 

2. The ferrule isn’t necessary to improve the stresses distribution, except for longitudinal 
load, in that presents discreet beneficial effect; 

3.  In the vestibular load were found, in the lingual face, tensile stresses guided parallel to 
the longitudinal axis and magnitude enough to induce vertical fractures above the bone 
crest. These stresses are associated to the tooth’s bend, leaning in the cortical bone that 
it acts as a fulcrum; 

4. In the cement layer were found stresses that are prone to fracture in all of the loads, 
except for the case of longitudinal load; 

5. A concerted effort to develop other FE models to improve the results may provide more 
reliable data about the non-linearly of the structures and the cement failures in the clinic 
reality; 

6.  The analyses help the field better understand the biomechanical analysis of restored 
teeth with cast intra-radicular retainer with and without ferrule.  
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The results of models T1H1 and T2H1 show that the increase in the width of ferrule, 
keeping the height, it was important to the root protection with the ferrule effect, because 
the compressive stress increased four times. The model T2H2 presented compressive stress 
in the radicular dentin on the ferrule (0.5 to 2.0 MPa) and in the radicular dentin above the 
periodontal ligament (0.5 to 20 MPa), mesial and distal face (Fig. 4). 

On the other hand, the results of models T1H2 and T2H2 show that tensile stresses 
disappears in the dentine in contact with the ferrule, what can be attributed to the increase 
in the ferrule width, keeping the height. This characteristic confers to the ferrule design 
some superiority, because it can be inferred that it will be more difficult than the cement is 
unstuck in that area, since the tensile stress isn’t submitted. The model T2H2 seems also to 
minimize the tensile stress in the cervical dentine (compressive stress from 0.5 to 2.0 MPa) 
and in the radicular dentine near to the periodontal ligament, following by the model T2H1, 
T1H1 and T1H2.  

Posteriors teeth can be subject also to vestibular lever effects whenever requested eccentric 
efforts in lateral excursion. The contact oclusal on the work side in lateral excursion can 
reach the vestibular cusp in posteriors teeth, generating lever force on the involved roots 
that serve as guide for those movements. 

Under load with inclination of 45o in the vestibular cusp, the maximum stress value is 
compatible with the fracture occurrence. If the fracture begins at that place can follow a 
perpendicular plan to the tensile vector and to spread tending the uprighting that suggests a 
vertical radicular fracture would pass exactly in the bone crest limit. 

Fractures vertical appear as a result of stresses generated inside the root canal (Lertchirakarn 
et al., 2003), but the models showed tensile stress concentrated in the post apex, although of 
smaller magnitude that in the height of the bone crest. 

In all of the models, the root canal stress in the mesial-distal slice presented tensile stress 
(except for the area near to the post apex) and near to the bone crest presents change in the 
vector orientation due to the rotation of the same ones, that it seems related with the 
presence of cortical bone. Therefore, the fracture area not just depends on the post and 
ferrule, but also of location of the tooth in the alveolus. 

An interesting finding was the relatively small difference among the three models that could 
be attributed to the fact of the interfaces between the structures of the models was simulated 
with perfect adhesion. The perfect adhesion can losing in the course of time, what would 
explain that the failures didn’t use to happen in retainer recently cemented. On the other 
hand, the models showed high tensile stresses concentration in more than half of the cement 
layer, which could be responsible for cohesive fracture. 

Under the load area the tensile stresses on the ferrule generates 40 MPa, exceeding the 
cement’s tensile strength of 8.3 MPa and associated with the stress orientation (Fig. 11) 
suggests the tendency to the cement layer failure in this area. 

Under load parallel to the tooth’s long axis in the mesial marginal ridge, the tooth restored 
with post would present a tendency to the rupture similar to the one of the natural, what is 
not supported by the clinical observations. The explanation for this discrepancy could be 
again in the fact that the cement layer presented stresses much larger than the necessary 
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ones for cohesive fracture. After the cement failure the stress distribution change and could 
propitiate the root fracture.  

The intra-radicular retainers can be subject also to rotation force or torsion, whenever 
requested clinically through contacts functional cusp in the ridge, in other words, tooth 
relationship to two teeth (Hemmings et al., 1991). 

The occlusal contacts in the marginal ridge of the premolar could produce a torsion loads 
that tends to rotate the root along the tooth’s axis. For this reason is extremely important 
have in mind the use of retainers that offer larger safety to the radicular remnant in any 
situation of mechanical effort what the root is submitted. 

Under oblique load with 45o in relation to the tooth’s long axis pointed to vestibular cusp in 
the mesial marginal ridge, the maximum stress and orientation evidences again that cement 
layer is prone to failure and that the stress concentration is more serious in the ferrule case. 
When the cement around of the most coronary portion deteriorates, the fulcrum migrates to 
apical, what increases the lever arm progressively (Cohen et al., 1993). 

The modeling in this study considered all the components without setting out eventual contact 
problems, in other words, without cement failure, what couldn't happen in the clinic reality. 

Regarding the clinical significance of the results, it seems that the best way to protect the 
radicular remnant when restored with post would be to guarantee the occlusal adjustment, 
that don't happen loads different from the longitudinal. The most vulnerable part of the 
whole restorative system is the cement layer, that doesn't resist to the tensile stresses result 
from the loads application different from the longitudinal load. The post perfectly adhered 
doesn't seem lead to the occurrence of longitudinal fracture (below the bone crest), but 
probably to fracture that would begin in the vestibular in the height of the bone crest. 

5. Conclusions 
Within the limitations of this study, the following conclusions were drawn:  

1.  In spite of none of the simulated cases to evidence the wedge effect, the longitudinal 
load produced stresses that don't justify the rupture nor of the dentine nor of the 
cement layer and the stresses are very inferior to developed by all the other load types; 

2. The ferrule isn’t necessary to improve the stresses distribution, except for longitudinal 
load, in that presents discreet beneficial effect; 

3.  In the vestibular load were found, in the lingual face, tensile stresses guided parallel to 
the longitudinal axis and magnitude enough to induce vertical fractures above the bone 
crest. These stresses are associated to the tooth’s bend, leaning in the cortical bone that 
it acts as a fulcrum; 

4. In the cement layer were found stresses that are prone to fracture in all of the loads, 
except for the case of longitudinal load; 

5. A concerted effort to develop other FE models to improve the results may provide more 
reliable data about the non-linearly of the structures and the cement failures in the clinic 
reality; 

6.  The analyses help the field better understand the biomechanical analysis of restored 
teeth with cast intra-radicular retainer with and without ferrule.  
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1. Introduction 
Percutaneous valve implantation is an innovative, successful alternative to open-heart 
surgery for the treatment of both pulmonary and aortic heart valve dysfunction (Bonhoeffer 
et al., 2000; Cribier et al., 2002; Leon et al., 2011; Lurz et al., 2008; McElhinney DB et al., 2010; 
Rodes-Cabau et al., 2010; Smith et al., 2011; Vahanian et al., 2008). However, this minimally-
invasive procedure still presents limitations related to device design: stent fracture, 
availability to a limited group of patients with very specific anatomy and conditions, and 
positioning and anchoring issues (Delgado et al., 2010; Nordmeyer et al., 2007; Schievano et 
al., 2007a). Computational simulations (Taylor & Figueroa, 2009), together with advanced 
cardiovascular imaging techniques can be used to help understand these limitations in order 
to guide the optimisation process for new device designs, to improve the success of 
percutaneous valve implantation, and ultimately to broaden the range of patients who could 
benefit from these procedures.  

In this Chapter, we review the applications of finite element (FE) analyses to study 
percutaneous heart valve devices. The current percutaneous pulmonary valve implantation 
(PPVI) device is first presented: FE analyses were used to understand stent fractures in the 
patient specific setting and to study a potential solution to this problem. The shortcomings 
of the present PPVI stent have created a need for the next generation device. The 
optimisation study performed on this device using FE analyses, together with the first-in-
man clinical application are described. The last part of this Chapter focuses on transcatheter 
aortic valve implantation (TAVI) and the innovative use of FE analyses to model patient 
specific implantation procedures. Computational analyses were used as a tool to assess the 
feasibility and safety of TAVI in patients who are currently considered unsuitable for this 
procedure.  

2. Percutaneous pulmonary valve implantation 
In the late 1990’s, Professor Philipp Bonhoeffer developed a new technique of heart valve 
replacement that avoided the need for surgery (Bonhoeffer et al., 2000). This was based on 
the concept that a heart valve sewn inside a stent could be reduced in size, by crimping it 
onto a balloon catheter, and then introduced through a peripheral vessel to the desired 
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implantation site in the heart (Fig. 1). Inflation of the balloon deployed the valved stent and 
anchored it within the old dysfunctional valve. Over the last 11 years, this simple technique 
has shown a marked learning curve with safety and efficacy improvements that have led to 
CE mark in 2006, Food and Drug Administration (FDA) approval in 2010, and successful, 
worldwide clinical use of this procedure in the pulmonary position (>2,000 implants to date) 
and thousands of implants in the aortic position.  

 
Fig. 1. a) Current PPVI device: Melody™, Medtronic, MN USA. Pulmonary angiograms b) 
pre- and c) post-PPVI in a patient. In this patient significant pulmonary regurgitation 
(contrast in the anterior right ventricle in b) has been completely abolished 

2.1 Current device 

The current PPVI device (Melody™, Medtronic, MN, USA) is constructed with a valve from 
a bovine jugular vein, sewn into a balloon-expandable, platinum-10%iridium stent (Fig. 1a). 
The stent is created by 6 wires, formed into a zig-zag shaped pattern, and welded together. 
Since the platinum welds were prone to fracture, this component of the PPVI was modified 
during the early clinical experience by introducing a gold braising process to reinforce the 
crowns. The bovine vein is attached to the stent by sutures around the proximal and distal 
rings and at each strut intersection. Bovine jugular venous valves are available only up to 22 
mm of diameter, thus limiting the use of this minimally-invasive technique to those patients 
who have a small implantation site. During the procedure in the catheterisation laboratory, 
the valved stent assembly is hand-crimped to a size of 6 mm onto a custom made delivery 
system, before being re-expanded inside the patient’s implantation site. 

2.1.1 Understanding and predicting stent fractures  

During the development phases of the current PPVI device, simple bench and animal 
experiments were performed as part of routine preclinical testing. These in-vitro and in-vivo 
experiments predicted valve degeneration with no stent fracturing. However, in our clinical 
practice, the opposite occurred – good valve function, ~20% stent fractures (Nordmeyer et 
al., 2007). These discrepancies were most likely due to the fact that in patients, the in-vivo 
loading conditions could not be correctly reproduced with experimental set-ups, where the 
boundary conditions are simplified and not representative of the real situation. For example, 
in the bench experiments for fatigue assessment, PPVI stents were placed in distensible 
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cylindrical tubes. However, the final shape of the PPVI stent in situ is a long way away from 
being uniformly cylindrical.  

In order to better understand and predict the stent mechanical performance and durability, 
the implantation site morphology has to be included into in-vitro testing. To demonstrate 
this concept, and to test that computational analysis can indeed predict where stent fractures 
will occur, we reproduced patient-specific procedures using computational analysis.  

Five patients (I to V) who underwent PPVI and experienced fracture between 1 and 6 
months after implantation were selected (Cosentino et al., 2011). Biplane, orthogonal, 
fluoroscopy images (Axiom Artis Flat Detector system, Siemens Medical Systems, Germany) 
from the actual PPVI procedures of these patients were used to reconstruct the 3D geometry 
of the stents in-situ (Rhinoceros CAD software, McNeel, WA, USA; Schievano et al., 2010b) 
at the end of balloon inflation, and at early systole and diastole (Fig. 2). From these 
reconstructions, the displacements of every strut junction of the stent from the end of 
balloon inflation through systole and diastole were calculated. Circumferential, radial and 
longitudinal asymmetries were measured for each time step and every patient. The stent 
expanded into the patients’ implantation sites resembled the outline of their arterial walls, 
resulting in asymmetry in all directions (Fig. 3top). In particular, some of the stent struts 
were at an early stage of expansion, while others were over-deployed compared to a 
uniformly deployed stent in a cylinder. The most expanded cells were located in 
correspondence to the fracture positions as detected from x-rays images in the patients. 
Furthermore, in all studied patients, the stents were non-circular in cross-section and the 
terminal rings were more expanded if compared to the central portions. 

 
Fig. 2. Superimposition of the stent fluoroscopy reconstructions for one patient at the end of 
balloon inflation, systole, and diastole compared to the initial crimped configuration (lateral 
and top views) 
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Fig. 3. Stent fluoroscopy reconstructions for the analysed patients at diastole (top panel) and 
corresponding FE deployed configurations (bottom panel) 

A FE model of the crimped stent in the catheter was created, with a structured hexahedral 
mesh of 119,360 elements to model the platinum-iridium wires. To reproduce the golden 
coverings, an additional set of elements was modelled around the junctions and a structured 
hexahedral mesh was generated using 36,320 elements. Stent geometrical and material 
properties were provided by the manufacturer (Table 1; Schievano et al., 2007c).  

PPVI stent 
Geometry  
Wire diameter 0.33 mm 
Crimped configuration internal diameter 4.00 mm 
Crimped configuration overall length 34.32 mm 
Central zig-zag segment length 5.78 mm 
Terminal zig-zag segment length 5.62 mm 
Platinum-10% Iridium  
Young modulus 224 GPa 
Poisson ratio 0.37 
Yield stress 285 MPa 
Ultimate strength 875 MPa 
Fatigue endurance strength 263 MPa 
Gold  
Young modulus 80 GPa 
Poisson ratio 0.42 

Table 1. Stent geometrical and material properties 
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Patient-specific stent deployments were replicated in Abaqus/Standard (Simulia, RI, USA) 
using nodal displacement boundary conditions (Fig. 3bottom). These displacements were 
those previously calculated from fluoroscopy reconstructions and were applied to the 
central node of each stent strut junction. Three displacement steps were performed to 
account for the full loading history of the stent and potential residual stresses: the first step 
resulted in the stent deployment from its initial crimped status to the end of balloon 
inflation; the second and the third steps replicated a cardiac cycle from systole to diastole. 
The elements surrounding the nodes of displacement application were subtracted from the 
model in the analysis of stress outcomes because they resulted distorted due to the type of 
displacement condition adopted. This was considered acceptable as fractures at the strut 
junctions have not been reported for the current stent after golden reinforcements were 
introduced.  

 
Fig. 4. Comparison of the stress distribution and Goodman diagrams between the stent 
deployed in a cylindrical configuration, as performed during conventional preclinical 
testing, and the stent deployed according to individual in-situ geometry from 1 of the 
studied patients. Goodman diagrams are a graphical representation of fatigue analysis  
(σm and σa = mean and alternating stresses, while Sult and Se = material ultimate and fatigue 
endurance strengths) 
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Stresses in the stents after deployment in patients’ configurations were higher if compared 
to the same stent uniformly expanded in a cylindrical geometry as done during 
conventional preclinical testing, and, therefore, the risk of reaching the endurance limit of 
the material was higher (Fig. 4). The highest stresses occurred close to the strut junctions, 
which were the most highly bent portions of the device. The peak σVM was reached during 
diastole in every patient, and its values ranged between 516.1 and 612.8 MPa. 

A fatigue analysis was performed by applying the Goodman method (Beden et al., 2009; 
Marrey et al., 2006) and the Sines criterion (Sines & Ohgi, 1981). The first uses a graphical 
approach to relate alternating stress (σa) and mean stress (σm) during the cardiac cycle with 
the material strength limits (Fig. 4), where σa and σm are calculated as follows: 
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stresses at the end of the systolic and diastolic phases respectively. 

The second is a multi-axial fatigue criterion that uses the equivalent Von Mises stress as 
control parameter. To evaluate the fatigue resistance with the Sines criterion, the equivalent 
Sines stress, for the comparison with the material fatigue endurance strength Se, was 
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J and σH,m are the amplitude of the mean square root of the second deviatoric 

stress invariant and the hydrostation pressure, respectively.  

During the cyclic loading condition, the stent in the patients worked at high σm and σa, if 
compared to a uniformly deployed stent, thus indicating a high number of areas at risk of 
fatigue failure as shown by the Goodman distributions (Fig. 4). The portions at highest 
potential for fracture were non-uniformly distributed amongst the different studied cases, 
with highest values in the areas close to the strut junctions, where indeed such fractures  

 
Fig. 5. X-ray image of the stent in-vivo in 1 of the analysed patients at 3 months follow-up 
compared to the Sines stress map in the corresponding patient FE simulation with areas at 
highest risk for fracture highlighted in red   
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occurred in the patients (Fig. 5). The Sines criterion predicted fractures in every case, with 
the most stressed regions in 3 cases close to the strut intersections between the first and the 
second ring from the proximal end; in one case it was at the lowest terminal crown and in 
the last patient it was detected between the second and the third crown.  

Reproducing patient-specific FE analysis with more realistic loading conditions can provide 
more accurate information regarding the stent mechanical performance and prediction of 
fatigue life compared to the conventional bench methodologies/FE analyses/ of 
free/cylindrically constrained expansion. Indeed, this computational analysis predicted 
failure and the locations of fractures were similar to the sites where the patients ultimately 
had stent damage. 

2.1.2 Stent-in-stent as a potential solution to stent fractures 

FE analysis can also give insight into improved clinical management. This is demonstrated by 
a FE analysis of stent mechanical performance for various combinations of stent designs. 
Inserting a separate stent into the pulmonary artery prior to the PPVI device (stent-in-stent 
technique, Nordmeyer et al., 2008) may reduce valved stent fractures. An optimised 
combination of different stent mechanical properties can help increase the strength of the 
device structure while at the same time reduce the stresses. This was computationally tested 
by expanding 2 PPVI stents 1 inside the other (Schievano et al, 2007c). The mechanical 
performance of the coupled device was compared with that of a single valved stent, expanded 
and cyclic loaded at the same conditions. The stresses in the outer stent of the coupled device 
were similar to those of the single valved stent. However, the stresses in the coupled device 
inner stent, which holds the valve, were lower when compared to the stresses in the single 
valved stent (Fig. 6), thus decreasing the risk of fracture for the valved stent. 

 
Fig. 6. Stress distributions in the single valved stent and in the inner valved stent when 2 
devices are coupled together (stent-in-stent)  
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The implantation of a previous device before the valved one acts functionally to bolster the 
vessel and reduce the stresses on the stent. This information, in combination with the 
computational modelling described above, suggests that pre-stenting may ensure the 
integrity of the valved device, thus enhancing the success of the percutaneous procedure. 
Indeed this is the case when we look at patients who undergo pre-stenting, where the risk of 
developing a stent fracture is reduced (Nordmeyer et al., 2011). However, this solution is 
still limited to those patients with suitable implantation sites and the current device does not 
fit all the sizes of patients requiring pulmonary valve treatment. New devices have to be 
developed to offer this minimally invasive procedure to the entire patient population.     

2.2 Next generation device 

Despite the success of the PPVI device, <15% of patients requiring pulmonary valve 
replacement can be treated with the current PPVI device, with the remaining 85% requiring 
open-heart surgery (Schievano et al., 2007a). The majority of these patients are those with 
dilated, dynamic pulmonary arteries in whom the current percutaneous device is too small. 
Importantly, for this morphological problem, animal testing is of very limited use, as there 
are no models that encompass the wide variations of anatomy seen in these patients with 
congenital heart disease. Hence development of a new device to deal with the clinical 
problem and its translation into man is difficult using the conventional pathway of bench 
followed by animal testing.  

Over the last 5 years, a new PPVI device for implantation into the dilated pulmonary artery 
has been developed in collaboration with Medtronic Cardiovascular. The device is made 
from self-expandable nitinol zig-zag rings, held together by a polyester graft in an hourglass 
shape (Fig. 7). The extremities of the stent, with larger diameters, would ensure the 
anchoring of the device against the pulmonary artery, while the central rings, with smaller 
diameter, would act as supporting structures for the valve. Nitinol is a shape memory alloy 
regularly used in bioengineering applications because it combines important qualities such 
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as biocompatibility, fatigue resistance, and magnetic resonance (MR) compatibility, with the 
peculiar mechanical behaviour to undergo large completely recoverable deformations 
(Petrini et al., 2005). The valve is made of porcine pericardium and is sutured in the central 
portion of the stent-graft. Conventional animal testing and bench testing had been 
undertaken for this device and demonstrated a good performance in the animal model 
(Bonhoeffer et al., 2008). This stent-graft design should guarantee a greater adaptability of 
the device to the wide range of possible implantation site morphologies, with long-term 
fatigue behaviour that dramatically outperforms conventional metals.  

2.2.1 First-in-man application 

During the final stages of the preclinical testing of the new device, a patient presented to our 
Institution requiring pulmonary valve replacement (Schievano et al., 2010a). This patient 
(42-year-old man with congenital heart disease) had previously undergone 4 open-heart 
operations and 2 additional thoracic procedures, and remained highly symptomatic with 
severe pulmonary insufficiency. A further cardiothoracic surgery was considered too high 
risk. In addition, the pulmonary artery was too dilated for the current PPVI device. 
Therefore, the patient was considered for implantation of the new device. An integrated 
strategy to pre-clinical testing, using patient imaging data, computer modelling and 
biomedical engineering was developed to influence the final device design for implantation. 

4D cardiovascular computed tomography (CT) was performed to acquire 3D volumes of the 
implantation site over 10 frames of the cardiac cycle (CT-SOMATOM Definition, Siemens 
Medical Systems) according to previously described methodologies (Schievano et al., 2007a), 
and to measure the 3D deformations in terms of diameter changes at different sections (Fig. 
8a; Schievano et al., 2011). Based on the CT implantation site reconstructions (Mimics, 
Materialise, Belgium), FE models (Fig. 8b) and 3D rapid prototyping (Fig. 8c) models were 
created (Schievano et al., 2007b; Schievano et al., 2010b). Multiple device shapes and sizes 
with varying wire stiffness and configurations were tested in the rapid prototyping models 
and using FE analysis to optimise the anatomical results in the specific patient: the FE 
analysis identified definitive areas of contact between the computer simulated stent-graft 
struts of the customized device and implantation site, predicting likely stability and safe 
anchoring in-vivo. The rapid prototyping models enabled simulation of the clinical 
implantation procedure and helped the implanters decide the approach for optimal device 
delivery. 

The final device (40 mm diameter in the distal and proximal ring, 22 mm diameter in the 
central portion holding the valve) underwent acute and chronic animal tests and bench 
testing. Based on these results, the UK Medicines and Healthcare products Regulatory 
Agency (MHRA), and the local ethical and industrial committees granted approval for the 
use of this device on humanitarian grounds. The patient gave informed consent for the 
procedure and for the anonymous use of his data and images for research.  

PPVI was successfully carried out in this patient with the new device in January 2009. 
During the catheterisation procedure, angiographic studies and balloon sizing of the 
pulmonary trunk were performed and confirmed that the CT and model dimensions were a 
true representation of the patient’s anatomy. The delivery strategy developed from the pre-
procedural trial implantation in the rapid prototyping models was followed and proved safe  
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as biocompatibility, fatigue resistance, and magnetic resonance (MR) compatibility, with the 
peculiar mechanical behaviour to undergo large completely recoverable deformations 
(Petrini et al., 2005). The valve is made of porcine pericardium and is sutured in the central 
portion of the stent-graft. Conventional animal testing and bench testing had been 
undertaken for this device and demonstrated a good performance in the animal model 
(Bonhoeffer et al., 2008). This stent-graft design should guarantee a greater adaptability of 
the device to the wide range of possible implantation site morphologies, with long-term 
fatigue behaviour that dramatically outperforms conventional metals.  

2.2.1 First-in-man application 

During the final stages of the preclinical testing of the new device, a patient presented to our 
Institution requiring pulmonary valve replacement (Schievano et al., 2010a). This patient 
(42-year-old man with congenital heart disease) had previously undergone 4 open-heart 
operations and 2 additional thoracic procedures, and remained highly symptomatic with 
severe pulmonary insufficiency. A further cardiothoracic surgery was considered too high 
risk. In addition, the pulmonary artery was too dilated for the current PPVI device. 
Therefore, the patient was considered for implantation of the new device. An integrated 
strategy to pre-clinical testing, using patient imaging data, computer modelling and 
biomedical engineering was developed to influence the final device design for implantation. 

4D cardiovascular computed tomography (CT) was performed to acquire 3D volumes of the 
implantation site over 10 frames of the cardiac cycle (CT-SOMATOM Definition, Siemens 
Medical Systems) according to previously described methodologies (Schievano et al., 2007a), 
and to measure the 3D deformations in terms of diameter changes at different sections (Fig. 
8a; Schievano et al., 2011). Based on the CT implantation site reconstructions (Mimics, 
Materialise, Belgium), FE models (Fig. 8b) and 3D rapid prototyping (Fig. 8c) models were 
created (Schievano et al., 2007b; Schievano et al., 2010b). Multiple device shapes and sizes 
with varying wire stiffness and configurations were tested in the rapid prototyping models 
and using FE analysis to optimise the anatomical results in the specific patient: the FE 
analysis identified definitive areas of contact between the computer simulated stent-graft 
struts of the customized device and implantation site, predicting likely stability and safe 
anchoring in-vivo. The rapid prototyping models enabled simulation of the clinical 
implantation procedure and helped the implanters decide the approach for optimal device 
delivery. 

The final device (40 mm diameter in the distal and proximal ring, 22 mm diameter in the 
central portion holding the valve) underwent acute and chronic animal tests and bench 
testing. Based on these results, the UK Medicines and Healthcare products Regulatory 
Agency (MHRA), and the local ethical and industrial committees granted approval for the 
use of this device on humanitarian grounds. The patient gave informed consent for the 
procedure and for the anonymous use of his data and images for research.  

PPVI was successfully carried out in this patient with the new device in January 2009. 
During the catheterisation procedure, angiographic studies and balloon sizing of the 
pulmonary trunk were performed and confirmed that the CT and model dimensions were a 
true representation of the patient’s anatomy. The delivery strategy developed from the pre-
procedural trial implantation in the rapid prototyping models was followed and proved safe  
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Fig. 8. a) 3D volume reconstruction of the patient’s implantation site from 4D CT and 
diameter change measurements over the cardiac cycle measured in the 8 selected planes  
(C-L). Examples of b) FE model, and c) plastic rapid prototyping model (guidewire in place) 
of the patient anatomy with the new PPVI device “implanted” to test different positions, 
anchoring, and delivery approaches 

and successful (Fig. 9a). The patient was symptomatically improved following the 
procedure. A post-implantation 4D CT confirmed that the device had the position, shape 
and safe anchoring as predicted by the FE models (Fig. 9b). These post implantation CT 
images were used to reconstruct the stent geometry in-situ and to assess the 3D 
displacements of the device rings over the cardiac cycle. This information was inputted in a 
FE analysis as explained above to predict the likelihood of stent fracture. The patient 
remains well 3 years following the procedure, with no fractures of the stent struts detected 
to date, as predicted by the FE study. 

 
Fig. 9. Lateral view of a) x-ray fluoroscopy, and b) 3D volume CT reconstruction of the new 
PPVI device, 2 days after implantation in the patient 

Whilst such a labour intensive method, which resulted in modifications in the device design 
prior to this first human case, was essential to enable us to safely transfer this new 
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technology into early clinical practice, this approach would not be necessary, or sustainable, 
for each patient in routine clinical practice. Ultimately, the aim for this new PPVI technology 
would be to have a small number of ‘off-the-shelf’ devices with varying sizes and shapes, 
which would be suitable for the vast majority of patients. In order to optimise the number of 
devices necessary to cover the whole range of patients’ morphologies, we used FE analysis 
taking into account patient specific anatomies (Capelli et al, 2010a). 

2.2.2 Optimisation of the next generation device  

FE modelling is a powerful tool to optimise device design without the need for many 
prototypes to be created and tested. In pulmonary valve dysfunction, each patient anatomy 
is completely individual in terms of size, shape and dynamics. FE can help select the most 
appropriate prosthesis for any individual patient taking into account their specific anatomy, 
thus enhancing the safety and success of the procedure. Furthermore, FE analysis can help 
predict how many devices may be needed to cover the whole range of patient morphologies. 

Three different potential designs for the new stent-graft were considered, with equivalent 
central ring diameters (22 mm), but different proximal and distal strut dimensions (Fig. 10; 
Capelli et al, 2010a): the first stent-graft (SG1) resembled the device that had already been 
successfully tested in animals (Bonhoeffer et al, 2008). The second stent-graft (SG2) was 
symmetrical, similar to the device implanted into the patient described in the previous 
paragraph (Schievano et al, 2010a). The third stent-graft (SG3) was similar to SG2, but with 
larger proximal and distal diameters. 1D beam elements were chosen to mesh the stent 
wires (696, 696 and 912 elements for SG1, SG2 and SG3, respectively). Surfaces were created 
in between the struts to model the polyester fabric, which was meshed using membrane 
elements that offer strength in the plane of the element, but have no bending stiffness (3850, 
3408 and 3909 elements for SG1, SG2 and SG3, respectively). A tight, rigid contact was 
assumed to simulate the suture between the stent and the graft. The shape memory alloy 
model implemented in Abaqus code was used to describe the nitinol behaviour of the stent 
wires. A hyperelastic, isotropic constitutive model based on a reduced polynomial strain  

 
Fig. 10. Models of the 3 stent-grafts SG1, SG2 and SG3 designed and tested using FE analysis 
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technology into early clinical practice, this approach would not be necessary, or sustainable, 
for each patient in routine clinical practice. Ultimately, the aim for this new PPVI technology 
would be to have a small number of ‘off-the-shelf’ devices with varying sizes and shapes, 
which would be suitable for the vast majority of patients. In order to optimise the number of 
devices necessary to cover the whole range of patients’ morphologies, we used FE analysis 
taking into account patient specific anatomies (Capelli et al, 2010a). 

2.2.2 Optimisation of the next generation device  

FE modelling is a powerful tool to optimise device design without the need for many 
prototypes to be created and tested. In pulmonary valve dysfunction, each patient anatomy 
is completely individual in terms of size, shape and dynamics. FE can help select the most 
appropriate prosthesis for any individual patient taking into account their specific anatomy, 
thus enhancing the safety and success of the procedure. Furthermore, FE analysis can help 
predict how many devices may be needed to cover the whole range of patient morphologies. 

Three different potential designs for the new stent-graft were considered, with equivalent 
central ring diameters (22 mm), but different proximal and distal strut dimensions (Fig. 10; 
Capelli et al, 2010a): the first stent-graft (SG1) resembled the device that had already been 
successfully tested in animals (Bonhoeffer et al, 2008). The second stent-graft (SG2) was 
symmetrical, similar to the device implanted into the patient described in the previous 
paragraph (Schievano et al, 2010a). The third stent-graft (SG3) was similar to SG2, but with 
larger proximal and distal diameters. 1D beam elements were chosen to mesh the stent 
wires (696, 696 and 912 elements for SG1, SG2 and SG3, respectively). Surfaces were created 
in between the struts to model the polyester fabric, which was meshed using membrane 
elements that offer strength in the plane of the element, but have no bending stiffness (3850, 
3408 and 3909 elements for SG1, SG2 and SG3, respectively). A tight, rigid contact was 
assumed to simulate the suture between the stent and the graft. The shape memory alloy 
model implemented in Abaqus code was used to describe the nitinol behaviour of the stent 
wires. A hyperelastic, isotropic constitutive model based on a reduced polynomial strain  
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energy density function (C10 = 0.38, C20 = 4.36, C30 = 80.56, C40= -134.72, C50 = 86.24, C60= 
-19.74) was used for the fabric graft material. The material FE models were validated using 
experimental tensile tests carried out for the nitinol wires and fabric samples. The valve was 
neglected in the FE analyses.  

Pre-operative 3D MR data (1.5 T Avanto, Siemens Medical Systems) from 62 patients who 
were morphologically or dimensionally unsuitable for the current Melody™ device were 
used to reconstruct rigid FE models of the implantation sites – rigid 3D shell elements with 
number of elements varying between 7,172 and 13,104 according to the complexity of the 
patient implantation site geometry (Capelli et al, 2010a).  

The 3 stent-grafts’ FE models were placed inside each patient’s outflow tract model, as close 
as possible to the bifurcation, without obstructing the pulmonary arteries. The implantation 
of the devices was carried out by crimping the stent-grafts down to 7 mm diameter (catheter 
dimensions) and then releasing them inside the patients’ outflow tract models 
(Abaqus/Explicit). A general contact algorithm was defined to allow interaction between 
the devices and the arterial wall. The stent-grafts adapted their shape to the implantation 
site of each specific patient (Fig. 11). The diameters after deployment were quantified in the 
proximal, central and distal sections of the stents to judge the safe anchoring of the device 
inside the artery, which was considered optimal if the proximal and distal diameters 
measured less than 80% of the original diameters, according to manufacturer’s 
specifications. Furthermore, the central portion of the device should be >18 mm so that the 
valve sewn inside can be fully deployed.  

 
Fig. 11. Percentage of suitable and not suitable patients for SG1, SG2, and SG3 and examples 
of patients in which device SG2 was virtually implanted. Unsuitable patients are subdivided 
according to the regions of the stent that did not respect the criteria of safe implantation 

0

10

20

30

40

50

60

70

SG1 SG2 SG3

Suitable
NO Proximal
NO Central
NO Distal

 
Finite Element Analysis to Study Percutaneous Heart Valves 179 

According to these criteria, successful implantation was achieved in 37% of the patients with 
SG1. 42% of the patients would be suitable for the SG2 device and 63% for the SG3 device 
(Fig. 11). Therefore, 37% of those patients who are currently still treated with surgery would 
potentially be suitable for PPVI with a new device. Furthermore, if the dimensions of this 
new device are theoretically increased at the distal end (SG2, as done for the first-in-man 
case) or both proximal and distal ends (SG3), the number of percutaneous procedures would 
increase by a further 5% and 36%, respectively. Importantly, these dimensions would be 
difficult to test in animals because of lack of relevant sizes in these settings. Although animal 
testing remains important, FE modelling could be integrated into preclinical testing to 
predict how such devices behave when implanted into the human situation. 

With the introduction in clinical practice of the new device in 3 sizes, the total number of 
patients requiring pulmonary valve replacement who could benefit from a percutaneous 
approach (current device + 3 sizes of the new device) would be approximately 70%. This 
would potentially have a big impact on the cost benefit for healthcare, by reducing hospital 
stay and improving the speed at which patients can get back to normal daily activities.  

3. Transcatheter aortic valve implantation 
In the past decade, TAVI has been shown to be a feasible and effective option for treatment 
of patients with symptomatic severe aortic stenosis and high operative risks (Leon et al., 
2011; Rodes-Cabau et al., 2010; Smith et al., 2011; Vahanian et al., 2008; Zajarias & Cribier, 
2009). Since the first-in-man experience in 2002 (Cribier et al., 2002), several advances in 
TAVI techniques have led to improved success rates, with acceptable procedure-related 
complication rates (Delgado et al., 2010). To date, 2 different devices have received CE mark 
approval – the balloon-expandable Edwards-Sapien® XT Valve (Edwards Lifesciences, CA, 
USA) and the self-expandable CoreValveReValving System® (Medtronic) – with many other 
devices emerging into the market (Fig. 12). The encouraging mid- and long-term results of  

 
Fig. 12. TAVI Edwards-Sapien® Valve and the self-expandable Medtronic CoreValve 
ReValving System®  
(http://mail.c2i2.org/web10-06/transcatheter_aortic_valve_implantation.asp) 
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According to these criteria, successful implantation was achieved in 37% of the patients with 
SG1. 42% of the patients would be suitable for the SG2 device and 63% for the SG3 device 
(Fig. 11). Therefore, 37% of those patients who are currently still treated with surgery would 
potentially be suitable for PPVI with a new device. Furthermore, if the dimensions of this 
new device are theoretically increased at the distal end (SG2, as done for the first-in-man 
case) or both proximal and distal ends (SG3), the number of percutaneous procedures would 
increase by a further 5% and 36%, respectively. Importantly, these dimensions would be 
difficult to test in animals because of lack of relevant sizes in these settings. Although animal 
testing remains important, FE modelling could be integrated into preclinical testing to 
predict how such devices behave when implanted into the human situation. 

With the introduction in clinical practice of the new device in 3 sizes, the total number of 
patients requiring pulmonary valve replacement who could benefit from a percutaneous 
approach (current device + 3 sizes of the new device) would be approximately 70%. This 
would potentially have a big impact on the cost benefit for healthcare, by reducing hospital 
stay and improving the speed at which patients can get back to normal daily activities.  

3. Transcatheter aortic valve implantation 
In the past decade, TAVI has been shown to be a feasible and effective option for treatment 
of patients with symptomatic severe aortic stenosis and high operative risks (Leon et al., 
2011; Rodes-Cabau et al., 2010; Smith et al., 2011; Vahanian et al., 2008; Zajarias & Cribier, 
2009). Since the first-in-man experience in 2002 (Cribier et al., 2002), several advances in 
TAVI techniques have led to improved success rates, with acceptable procedure-related 
complication rates (Delgado et al., 2010). To date, 2 different devices have received CE mark 
approval – the balloon-expandable Edwards-Sapien® XT Valve (Edwards Lifesciences, CA, 
USA) and the self-expandable CoreValveReValving System® (Medtronic) – with many other 
devices emerging into the market (Fig. 12). The encouraging mid- and long-term results of  
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this technique, together with increased patient comfort, shortened intensive care and 
hospital stay, and the avoidance of cardiopulmonary bypass, make this non-surgical 
technique extremely appealing (Ussia et al., 2009).  

Accurate multidisciplinary pre-procedural evaluation of patients who are considered 
candidates for TAVI is mandatory to plan the most adequate treatment and to minimise 
peri- and post-procedural complications (Smith et al., 2011; Vahanian et al., 2008). However, 
in this emerging field, several issues remain a source of debate. Device sizing and 
positioning are the main challenges, but vascular complications, electrical conduction 
abnormalities and post-procedural aortic regurgitation still remain major safety concerns. In 
addition, according to the current position statement, TAVI is indicated only in patients 
with severe symptomatic aortic stenosis, and who are considered at high or prohibitive risk 
for conventional surgery (Ussia et al., 2009, Leon et al., 2011).  

Extending TAVI to patients who still undergo conventional surgery poses new challenges, 
both for clinicians and device manufacturers, but “within 10 years, with further 
improvement of the devices and procedures, and depending on the long-term results of 
upcoming controlled trials in a broad population, TAVI may become the treatment of choice 
in a majority of patients with degenerative aortic stenosis” (Cribier, 2009). Indeed, highly 
experienced centres have already demonstrated the feasibility of TAVI in failed 
bioprosthetic heart valves (valve-in-valve procedure) in patients considered at very high-
risk or ineligible for surgery (Webb et al., 2010). Previous surgical valve implantations 
represent a well-defined landmark with rigid boundaries that increase ease of positioning 
and anchoring, thus making patients with bioprosthetic valves ideal candidates for TAVI 
(Walther et al., 2011). Conversely, younger patients, with less severe aortic valve stenosis or 
with valve insufficiency, often present implantation sites with different anatomical and 
dynamic characteristics that generate procedural and device related hurdles, which means 
that such patients are currently not suitable for or offered TAVI.  

Combining patient-specific imaging data and computational modelling offers a new method 
to obtain additional, predictive information about responses to cardiovascular device 
implantation in individual patients (Schoenhagen et al., 2011; Taylor & Figueroa, 2009). FE 
analyses were performed to explore the feasibility of TAVI using a model of the Edwards-
Sapien® device in specific patient morphologies which are currently borderline cases for a 
percutaneous approach. This method can help in both refining patient selection and 
characterising device mechanical performance, overall impacting on procedural safety and 
success in the early introduction of TAVI devices in new patient populations.  

3.1 Patients with previously implanted bioprosthetic valves 

Four patients with different stenotic bioprosthetic valves previously implanted (patients A – 
23 mm Carpentier-Edwards Perimount Magna valve, Edwards Lifesciences; B – 23 mm 
Soprano™ valve, Sorin Biomedica Cardio, Italy; C – 25 mm Carpentier-Edwards Perimount 
valve, Edwards Lifesciences; D – 25 mm Epic™ valve, St Jude Medical, MN, USA) and who 
were referred for surgical replacement of their failing bioprosthetic valve were analysed 
(Bosi et al., 2010; Migliavacca et al., 2011). Data about the anatomy of the aortic root, 
coronary arteries, AV leaflets and bioprostheses were acquired using CT imaging (CT-
SOMATOM Definition) and these data were used to reconstruct 3D geometries for FE 
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models of the selected patients’ implantation sites (Fig. 13). The aortic roots were assumed 
to be 2 mm thick, with density equal to 1,120 kg/m3 (Conti et al., 2010) for all models and 
meshed with 3D triangular shell general-purpose elements (Table 2). To describe the 
mechanical behaviour of the aortic roots, Mooney-Rivlin hyperelastic behaviour was 
adopted incorporating experimental stress-strain data for the ascending aorta (Okamoto et 
al., 2002) and taking into account the pre-stretching of the aortic root due to the aortic 
pressure during the cardiac circle.  

 
Fig. 13. CT image reconstruction of the selected patients’ aortic wall with previously 
implanted bioprosthetic valves. FE models of the deployment balloon and TAVI stent are 
placed inside the implantation site models 

Part Elements 
Patient-specific model  
 A 6,875 
 B 8,675 
 C 11,325 
 D 8,347 
Bioprosthesis (stent + leaflets)  
 Perimount Magna 44,048 + 29,021 
 Soprano 51,372 + 28,667 
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Table 2. Number of mesh elements for the different parts involved in the FE simulations 

The metal frames of the 4 bioprosthetic valves were reconstructed from the CT images to 
identify their position inside the patients’ outflow tracts. The bioprosthetic valve geometries 
were re-drawn using CAD software (Rhinoceros) to recreate a complete model of the 
corresponding commercial device used in the patients, and then placed in the same position 
as that identified from CT images. Connector elements were used to link the bioprosthetic 
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this technique, together with increased patient comfort, shortened intensive care and 
hospital stay, and the avoidance of cardiopulmonary bypass, make this non-surgical 
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in a majority of patients with degenerative aortic stenosis” (Cribier, 2009). Indeed, highly 
experienced centres have already demonstrated the feasibility of TAVI in failed 
bioprosthetic heart valves (valve-in-valve procedure) in patients considered at very high-
risk or ineligible for surgery (Webb et al., 2010). Previous surgical valve implantations 
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SOMATOM Definition) and these data were used to reconstruct 3D geometries for FE 
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models of the selected patients’ implantation sites (Fig. 13). The aortic roots were assumed 
to be 2 mm thick, with density equal to 1,120 kg/m3 (Conti et al., 2010) for all models and 
meshed with 3D triangular shell general-purpose elements (Table 2). To describe the 
mechanical behaviour of the aortic roots, Mooney-Rivlin hyperelastic behaviour was 
adopted incorporating experimental stress-strain data for the ascending aorta (Okamoto et 
al., 2002) and taking into account the pre-stretching of the aortic root due to the aortic 
pressure during the cardiac circle.  

 
Fig. 13. CT image reconstruction of the selected patients’ aortic wall with previously 
implanted bioprosthetic valves. FE models of the deployment balloon and TAVI stent are 
placed inside the implantation site models 
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Table 2. Number of mesh elements for the different parts involved in the FE simulations 

The metal frames of the 4 bioprosthetic valves were reconstructed from the CT images to 
identify their position inside the patients’ outflow tracts. The bioprosthetic valve geometries 
were re-drawn using CAD software (Rhinoceros) to recreate a complete model of the 
corresponding commercial device used in the patients, and then placed in the same position 
as that identified from CT images. Connector elements were used to link the bioprosthetic 
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valves with the aortic vessels to mimic the suture between the ring and the aortic root. Each 
prosthesis included different frame structures, sewing rings and artificial valve leaflets. The 
frames (metallic and polymeric) were meshed with 8-node linear hexahedral elements with 
reduced integration (Table 2), and modelled using an elasto-plastic constitutive behaviour 
obtained from the manufacturer’s data. Bovine and porcine valve leaflets were meshed with 
4-node, quadrilateral, shell elements with reduced integration and large-strain formulation 
(Table 2), while the material properties were simplified using a linear, elastic model (Lee et 
al., 1984; Zioupos et al., 1994). Calcification of the leaflets was created by increasing Young’s 
modulus and thickness in the region of the commissures (Loree et al., 1994), where a weld 
constraint was also applied (Schievano et al., 2009): 16 connector elements per commissure 
were added. An axial, rigid behaviour was assigned to the connectors, allowing them to 
maintain a fixed distance between the 2 nodes until a threshold force was reached – equal to 
0.92 N (Loree et al., 1994) along the direction joining the 2 nodes – and then fail after this 
threshold value was reached, mimicking calcification failure. The thickening and welding of 
the failing valve leaflets produced aortic valve geometric orifice areas equal to those 
measured in the selected patients (1.2 cm2 for A and B, and 1.4 cm2 for C and D).   

The Edwards-Sapien® stent is characterised by 12 units, each formed by 4 zigzag elements 
(Fig. 12). A vertical bar divides each unit and a perforated bar is positioned every 4 units. 
The CAD geometry of this stent was reproduced with a height, internal diameter and 
thickness of the expanded stent equal to 16.0, 25.4 and 0.3 mm, respectively.  The stent was 
mashed with hexahedral elements, following mesh sensitivity analysis. It is made of 
stainless steel which was modelled using Von Mises plasticity behaviour from manufacturer 
data.  

A semi-compliant balloon was designed to resemble the commercial balloon used in clinical 
practice (Z MED II™, NuMed Inc, NY, USA) and placed inside the TAVI stent in order to 
deploy the device (Capelli et al, 2010b; Gervaso et al., 2008). The balloon was meshed with 
0.03 mm thick membrane elements, and a homogeneous, isotropic, linear-elastic Nylon11 
was adopted according to manufacturer data. The stent was crimped down onto the balloon, 
from its original configuration to catheter dimension (8 mm diameter), using a coaxial 
cylindrical surface. 

The stent-balloon system was placed into the aortic root models according to the judgment 
of 2 clinicians (Fig. 13). Large deformation analysis of stent deployment in the patients’ 
implantation sites, performed with Abaqus/Explicit, was divided in 2 different steps: 
balloon pressurisation with resulting stent expansion in the aortic root, and balloon 
deflation with subsequent stent recoil. In all patients, the implantation site model 
extremities (upper and lower aortic sections and coronary terminal sections) were 
constrained in all directions (circumferential, radial and longitudinal) in order to mimic the 
connection with biological structures. Boundary conditions on the balloon were placed to 
mimic the bond with the catheter. 

Contact properties were defined to describe the interactions encountered in these multi-part 
analyses. Interactions included contact between surfaces belonging to balloon and TAVI 
stent, balloon and bioprosthetic aortic valve leaflets, TAVI stent and bioprosthetic aortic 
valve, bioprosthetic aortic valve and aortic wall. Friction between Nylon and stainless steel 
was included in the model with coefficient equal to 0.25 (De Beule et al., 2008). 

 
Finite Element Analysis to Study Percutaneous Heart Valves 183 

Mechanical performance of the stent and the impact of the TAVI device into patients’ 
implantation sites were evaluated by analysing: stent configurations at the end of balloon 
inflation, stent recoil after balloon deflation, stent and arterial stress distribution and peak 
values at the end of the expansion and recoil phases, degree of aortic valve stenosis assessed 
according to the post-TAVI geometrical orifice area, and evaluation of coronary artery 
obstruction. 

At the end of all simulations, the TAVI stent was virtually implanted inside the 
bioprostheses of the patient-specific aortic root model, with a position that was found in 
good agreement with available images from a TAVI follow-up case (Fig. 14, Webb et al., 
2010). 

 
Fig. 14. Result from the FE simulation of TAVI stent in a Carpentier-Edwards bioprosthesis, 
resembling the CT image reconstruction of a patient’s TAVI in the same bioprosthetic valve 
published by Webb et al., 2010 

After deployment, the stent assumed an asymmetrical configuration in the longitudinal 
direction, more expanded in the distal part. There was no contact with the native aortic wall 
and/or other cardiac structure. This was also demonstrated by the low stresses (<0.1 MPa) 
measured in the aortic wall, showing how the previously implanted bioprostheses act as a 
scaffold for the TAVI stent. After balloon deflation, the bioprosthetic valve leaflets partially 
recoiled forcing the TAVI stent to a more symmetrical shape, which could be defined almost 
cylindrical in all cases (Fig. 15). Maximum recoil was measured in the distal sections for all 
patients (A = 17.0%; B = 13.2%; C = 11.7%; D = 10.8%) with absent or low recoil at the level 
of the bioprosthetic valves’ annulus.  
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from its original configuration to catheter dimension (8 mm diameter), using a coaxial 
cylindrical surface. 

The stent-balloon system was placed into the aortic root models according to the judgment 
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connection with biological structures. Boundary conditions on the balloon were placed to 
mimic the bond with the catheter. 

Contact properties were defined to describe the interactions encountered in these multi-part 
analyses. Interactions included contact between surfaces belonging to balloon and TAVI 
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inflation, stent recoil after balloon deflation, stent and arterial stress distribution and peak 
values at the end of the expansion and recoil phases, degree of aortic valve stenosis assessed 
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After deployment, the stent assumed an asymmetrical configuration in the longitudinal 
direction, more expanded in the distal part. There was no contact with the native aortic wall 
and/or other cardiac structure. This was also demonstrated by the low stresses (<0.1 MPa) 
measured in the aortic wall, showing how the previously implanted bioprostheses act as a 
scaffold for the TAVI stent. After balloon deflation, the bioprosthetic valve leaflets partially 
recoiled forcing the TAVI stent to a more symmetrical shape, which could be defined almost 
cylindrical in all cases (Fig. 15). Maximum recoil was measured in the distal sections for all 
patients (A = 17.0%; B = 13.2%; C = 11.7%; D = 10.8%) with absent or low recoil at the level 
of the bioprosthetic valves’ annulus.  
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Fig. 15. TAVI stent final configuration (end of balloon deflation) in the patients’ models 

At the end of both the expansion and recoil phases, for all models, non-uniform stress 
distribution was recorded on the stent struts with the highest Von Mises stresses occurring 
at the strut junctions with the vertical bars (Fig. 16). At the same locations material 
plasticisation was reached that guaranteed final open configurations. If we compare the 
results from the patient-specific simulations with those of a stent uniformly deployed in a 
cylinder, which is the idealised implantation site used in conventional preclinical testing of  

 
Fig. 16. Von Mises stress distribution in the TAVI stent after balloon deployment and 
deflation in a cylindrical configuration and in patient C 
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such devices, the maximum stress reached in the stent deployed in the patients was 
significantly higher than the stress in the stent deployed in the cylinder (443 vs 270 MPa). In 
addition, the stent was uniformly deployed in the cylinder during the entire simulation: 
recoil between the steps of balloon inflation and deflation was low (1.5%) and uniform along 
the stent length. The non-uniform shape of the deployed configuration in the patients and, 
therefore, the asymmetric stress distribution might cause long-term stent failure due to the 
pulsatile loading conditions during the cardiac cycle that are not seen during conventional 
pre-clinical tests (Schievano et al., 2010b). 

After simulated TAVI, the connectors modelling calcification of the leaflet commissures 
were all broken, thus increasing the aortic valve geometrical orifice area to 3.43, 3.60, 3.72, 
and 3.73 cm2 for patient A, B, C and D respectively. Minimum distances between implanted 
TAVI device and coronary arteries (right and left) after the deflation of the balloon were 
10.9, 11.4, 10.5, and 5.5 mm for patient A, B, C and D respectively, with no direct obstruction 
of the ostia. 

In all cases, the virtual implantation of the TAVI device predicted a successful procedural 
outcome with an orifice area larger than the pre-implantation stenotic area, and no 
interference with other cardiac structures. Furthermore, patient-specific FE analyses showed 
no fractures of the stent immediately post-implantation. These methodologies might help 
engineers to better understand the mechanical behaviour of the stent when interacting with 
a wide variety of potential anatomies and, therefore, to optimise the device design for 
different potential clinical applications before actual procedures are performed.  

3.2 Patients with aortic incompetence 

A patient (E) diagnosed with congenital, moderate aortic valve stenosis, which was treated 
after birth with aortic balloon valvuloplasty, was selected. At 21 years of age, this patient 
was referred for surgical repair of her severe aortic valve regurgitation. FE model of TAVI in 
this patient specific native aortic root and valve leaflets was performed using the same TAVI 
stent model described above.  

CT image data (CT-SOMATOM Definition) from the patient corresponding to mid-systole 
(i.e. open aortic valve leaflets) were elaborated in the image post-processing software 
Mimics. A 3D model of the aortic root, coronary arteries and valve leaflets was obtained for 
the patient (Fig. 17). The native structures were meshed with 3D triangular shell general-
purpose elements (18,890 elements). Aortic wall and native valve leaflets were assumed to 
be respectively 2 and 0.5 mm thick (Conti et al., 2010) with density equal to 1,120 kg/m3, 
and Mooney-Rivlin hyperelastic constitutive law was adopted to describe the material 
behaviour. 

In model E, the TAVI stent/balloon was placed in 3 different positions within the aortic root 
to test the influence of the landing zone into safe anchoring, the interference with other 
cardiac structures, such as the mitral valve and the atrioventricular node, and potential 
occlusion of the coronary arteries. First, the central section of the stent was placed aligned to 
the leaflet commissures (EM; Fig 17), then it was moved 4.2 mm proximally towards the left 
ventricle (EP; Fig. 17), and 4.2 mm distally towards the aortic arch (ED; Fig. 17). 



 
Finite Element Analysis – From Biomedical Applications to Industrial Developments 184 

 
Fig. 15. TAVI stent final configuration (end of balloon deflation) in the patients’ models 

At the end of both the expansion and recoil phases, for all models, non-uniform stress 
distribution was recorded on the stent struts with the highest Von Mises stresses occurring 
at the strut junctions with the vertical bars (Fig. 16). At the same locations material 
plasticisation was reached that guaranteed final open configurations. If we compare the 
results from the patient-specific simulations with those of a stent uniformly deployed in a 
cylinder, which is the idealised implantation site used in conventional preclinical testing of  

 
Fig. 16. Von Mises stress distribution in the TAVI stent after balloon deployment and 
deflation in a cylindrical configuration and in patient C 

 
Finite Element Analysis to Study Percutaneous Heart Valves 185 

such devices, the maximum stress reached in the stent deployed in the patients was 
significantly higher than the stress in the stent deployed in the cylinder (443 vs 270 MPa). In 
addition, the stent was uniformly deployed in the cylinder during the entire simulation: 
recoil between the steps of balloon inflation and deflation was low (1.5%) and uniform along 
the stent length. The non-uniform shape of the deployed configuration in the patients and, 
therefore, the asymmetric stress distribution might cause long-term stent failure due to the 
pulsatile loading conditions during the cardiac cycle that are not seen during conventional 
pre-clinical tests (Schievano et al., 2010b). 

After simulated TAVI, the connectors modelling calcification of the leaflet commissures 
were all broken, thus increasing the aortic valve geometrical orifice area to 3.43, 3.60, 3.72, 
and 3.73 cm2 for patient A, B, C and D respectively. Minimum distances between implanted 
TAVI device and coronary arteries (right and left) after the deflation of the balloon were 
10.9, 11.4, 10.5, and 5.5 mm for patient A, B, C and D respectively, with no direct obstruction 
of the ostia. 

In all cases, the virtual implantation of the TAVI device predicted a successful procedural 
outcome with an orifice area larger than the pre-implantation stenotic area, and no 
interference with other cardiac structures. Furthermore, patient-specific FE analyses showed 
no fractures of the stent immediately post-implantation. These methodologies might help 
engineers to better understand the mechanical behaviour of the stent when interacting with 
a wide variety of potential anatomies and, therefore, to optimise the device design for 
different potential clinical applications before actual procedures are performed.  

3.2 Patients with aortic incompetence 

A patient (E) diagnosed with congenital, moderate aortic valve stenosis, which was treated 
after birth with aortic balloon valvuloplasty, was selected. At 21 years of age, this patient 
was referred for surgical repair of her severe aortic valve regurgitation. FE model of TAVI in 
this patient specific native aortic root and valve leaflets was performed using the same TAVI 
stent model described above.  

CT image data (CT-SOMATOM Definition) from the patient corresponding to mid-systole 
(i.e. open aortic valve leaflets) were elaborated in the image post-processing software 
Mimics. A 3D model of the aortic root, coronary arteries and valve leaflets was obtained for 
the patient (Fig. 17). The native structures were meshed with 3D triangular shell general-
purpose elements (18,890 elements). Aortic wall and native valve leaflets were assumed to 
be respectively 2 and 0.5 mm thick (Conti et al., 2010) with density equal to 1,120 kg/m3, 
and Mooney-Rivlin hyperelastic constitutive law was adopted to describe the material 
behaviour. 

In model E, the TAVI stent/balloon was placed in 3 different positions within the aortic root 
to test the influence of the landing zone into safe anchoring, the interference with other 
cardiac structures, such as the mitral valve and the atrioventricular node, and potential 
occlusion of the coronary arteries. First, the central section of the stent was placed aligned to 
the leaflet commissures (EM; Fig 17), then it was moved 4.2 mm proximally towards the left 
ventricle (EP; Fig. 17), and 4.2 mm distally towards the aortic arch (ED; Fig. 17). 
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Fig. 17. Balloon and TAVI stent in the 3 analysed positions inside the native aortic valve: in 
correspondence of the leaflet commissures (EM); moved 4.2 mm proximally towards the left 
ventricle (EP); and, 4.2 mm distally towards the aortic arch (ED). 

The same loading and boundary conditions as those described above for the study of TAVI 
in bioprosthetic valves were adopted. Also, the same quantities of interests were measured. 

In this patient, at the end of stent deployment and balloon deflation, the device assumed an 
asymmetrical configuration for all tested positions, more open distally than proximally (Fig. 
18). In all 3 cases, the interaction between the TAVI device and the native implantation site 
was well confined within the left ventricular outflow tract and aortic root portion of the 
patient’s morphology, thus reducing the potential risk of heart block and mitral valve leaflet 
entrapment. The stent implanted in this patient in the most distal position was the closest to 
the right coronary artery (3.1 mm). The TAVI device caused no direct obstruction of the 
coronary orifice; however, further fluid-dynamic studies could enhance our understanding 
of the effects of the TAVI device placement to the coronary flow.  

 
Fig. 18. TAVI stent final configuration (end of balloon deflation) in the 3 simulated positions. 
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At balloon deflation, the interaction with the native aortic valve and wall caused high recoil 
in the proximal section of the stent for all 3 tested positions EM = 14.9%; model EP = 20.2%; 
model ED = 11.4%. This may be considered a potential cause for obstruction of the left 
ventricular outflow tract and result in potential dislodgment of the TAVI device from its 
original position. However, the final geometric orifice areas for the analysed patient in the 3 
positions EM, EP, and ED – 4.7, 3.7 and 5.3 cm2 respectively – were same size or larger that the 
initial orifice area = 3.7 cm2. 

Direct interaction of TAVI stent with native tissue had impacts both on the device and on 
the implantation site. After recoil, the geometrical configuration of the stent was not 
uniform, with an asymmetrical stress distribution (max 477 MPa for EP). The ultimate stress 
value for the stent material (stainless steel AISI 316L ultimate strength = 515 MPa) was not 
reached; this means that no stent fractures were seen immediately after deployment. 
However, pulsatile compressions during cardiac cycle could affect the long-term 
performance of this stent due to the dynamic nature of the native, non-calcified implantation 
site. This may be particularly relevant for model EP where the distal portion of the device 
was in direct contact with the active muscular portion of the left ventricular outflow tract.  

The expansion of the TAVI stent within native tissue also caused high maximum principal 
stresses (1 MPa) in the arterial wall, in particular in the region of the leaflets for model ED, at 
commissure level (Fig. 19). This might induce damage or stimulate remodelling (e.g. 
stenosis).  

A careful balance between interrelated and sometimes contradictory requirements has to be 
achieved for optimal TAVI positioning and outcomes such as relief of valve dysfunction and 
safe anchoring with no tissue damage, no coronary obstruction, no interference with other 
cardiac structures and no device failure in both short- and long-term. Patient specific FE 
analysis can be used to help in this process of optimisation and represent an additional 
assessment tool for the selection of patients for TAVI.  

 
Fig. 19. Maximum principal stress distribution in the native aortic valve leaflets and aortic 
root after balloon deflation in models EP, EM and ED. 

4. Conclusion 
Engineering and computational methodologies, together with state of the art imaging 
technologies, can be used to replicate patient specific patho-physiological conditions in 
virtual models. Combining patient specific imaging data and computational modelling can 
improve our understanding of heart structures and the way devices interact with them. 
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Fig. 17. Balloon and TAVI stent in the 3 analysed positions inside the native aortic valve: in 
correspondence of the leaflet commissures (EM); moved 4.2 mm proximally towards the left 
ventricle (EP); and, 4.2 mm distally towards the aortic arch (ED). 

The same loading and boundary conditions as those described above for the study of TAVI 
in bioprosthetic valves were adopted. Also, the same quantities of interests were measured. 

In this patient, at the end of stent deployment and balloon deflation, the device assumed an 
asymmetrical configuration for all tested positions, more open distally than proximally (Fig. 
18). In all 3 cases, the interaction between the TAVI device and the native implantation site 
was well confined within the left ventricular outflow tract and aortic root portion of the 
patient’s morphology, thus reducing the potential risk of heart block and mitral valve leaflet 
entrapment. The stent implanted in this patient in the most distal position was the closest to 
the right coronary artery (3.1 mm). The TAVI device caused no direct obstruction of the 
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Fig. 18. TAVI stent final configuration (end of balloon deflation) in the 3 simulated positions. 
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stresses (1 MPa) in the arterial wall, in particular in the region of the leaflets for model ED, at 
commissure level (Fig. 19). This might induce damage or stimulate remodelling (e.g. 
stenosis).  

A careful balance between interrelated and sometimes contradictory requirements has to be 
achieved for optimal TAVI positioning and outcomes such as relief of valve dysfunction and 
safe anchoring with no tissue damage, no coronary obstruction, no interference with other 
cardiac structures and no device failure in both short- and long-term. Patient specific FE 
analysis can be used to help in this process of optimisation and represent an additional 
assessment tool for the selection of patients for TAVI.  

 
Fig. 19. Maximum principal stress distribution in the native aortic valve leaflets and aortic 
root after balloon deflation in models EP, EM and ED. 

4. Conclusion 
Engineering and computational methodologies, together with state of the art imaging 
technologies, can be used to replicate patient specific patho-physiological conditions in 
virtual models. Combining patient specific imaging data and computational modelling can 
improve our understanding of heart structures and the way devices interact with them. 
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Therefore, advanced FE analyses can become a fundamental tool during preclinical testing 
of new biomedical devices that could shorten the time for device development, minimise 
animal experimentation, and ensure greater patient safety during the delicate phase of 
testing clinical feasibility of novel cardiovascular technologies.  
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Therefore, advanced FE analyses can become a fundamental tool during preclinical testing 
of new biomedical devices that could shorten the time for device development, minimise 
animal experimentation, and ensure greater patient safety during the delicate phase of 
testing clinical feasibility of novel cardiovascular technologies.  

5. Acknowledgments 
This work has been supported by grant funding from the British Heart Foundation (BHF) 
(Dr. Schievano & Mr. Capelli – PhD Studenships), the Royal Academy of Engineering and 
the Engineering and Physical Sciences Research Council (EPSRC) (Dr. Schievano – Post-
doctoral Fellowship), the National Institute of Health Research (NIHR) (Professor Taylor – 
Senior Research Fellowship), the European Union (Ms. Cosentino – MeDDiCA PhD 
Studentship 7th Framework Programme, grant agreement 238113) and the Fondation 
Leducq. 

6. References 
Beden, S.M., Abdullah, S., Ariffin, A.K., AL-Asady, N.A., & Rahman, M.M. (2009). Fatigue 

life assessment of different steel-based shell materials under variable amplitude 
loading. European Journal of Scientific Research, Vol.29, No.1, pp. 157-169 

Bonhoeffer, P., Boudjemline, Y., Saliba, Z., Merckx, J., Aggoun, Y., Bonnet, D., Acar, P., Le 
Bidois, J., Sidi, D., & Kachaner, J. (2000). Percutaneous replacement of pulmonary 
valve in a right-ventricle to pulmonary-artery prosthetic conduit with valve 
dysfunction. Lancet, Vol.356, No.9239, (21 October 2000), pp. 1403-1405 

Bonhoeffer, P., Huynh, R., House, M., Douk, N., Kopcak, M., Hill, A., & Rafiee, N. (2008). 
Transcatheter pulmonic valve replacement in sheep using a grafted self-expanding 
stent with tissue valve. Circulation. Vol.118, pp. S_812 

Bosi, G.M., Cerri, E., Capelli, C., Migliavacca, F., Bonhoeffer, P., Taylor, A.M., & Schievano, 
S. (2010). Patient-specific study of transcatheter aortic valve implantation. 
Endocoronary Biomechanics Research Symposium, Marseille, France, May 2010  

Capelli, C., Taylor, A.M., Migliavacca, F., Bonhoeffer, P., & Schievano, S. (2010a). Patient-
specific reconstructed anatomies and computer simulations are fundamental for 
selecting medical device treatment: application to a new percutaneous pulmonary 
valve. Philosophical Transactions of the Royal Society A: Mathematical, Physical and 
Engineering Sciences, Vol.368, No.1921, (28 June 2010), pp. 3027-3038 

Capelli, C., Nordmeyer, J., Schievano, S., Lurz, P., Khambadkone, S., Lattanzio, S., Taylor, 
A.M., Petrini, L., Migliavacca, F., & Bonhoeffer, P. (2010b). How do angioplasty 
balloons work: a computational study on balloon expansion forces. 
EuroIntervention, Vol.6, No.5, (November 2010), pp. 638-642 

Cribier, A., Eltchaninoff, H., Bash, A., Borenstein, N., Tron, C., Bauer, F., Derumeaux, G., 
Anselme, F., Laborde, F., & Leon, M.B. (2002). Percutaneous transcatheter 
implantation of an aortic valve prosthesis for calcific aortic stenosis - first human 
case description. Circulation, Vol.106, No.24, (10 December 2002), pp. 3006-3008 

Cribier, A. (2009). Transcatheter Aortic Valve Implantation: What are the perspectives? at 
Innovations in Cardiovascular Interventions (ICI) Meeting 2009.  

 http://www.paragon-conventions.net/ICI_PDF/Alain%20Cribier.pdf 

 
Finite Element Analysis to Study Percutaneous Heart Valves 189 

Conti, C.A., Votta, E., Della Corte, A., Del Viscovo, L., Bancone, C., Cotrufo, M., & Redaelli, 
A. (2010). Dynamic finite element analysis of the aortic root from MRI-derived 
parameters. Medical Engineering & Physics, Vol.32, No.2, (March 2010), pp. 212-221 

Cosentino, D., Capelli, C., Pennati, G., Díaz-Zuccarini, V., Bonhoeffer, P., Taylor, A.M., 
Schievano, S. (2011). Stent Fracture Prediction in Percutaneous Pulmonary Valve 
Implantation: A Patient-Specific Finite Element Analysis. International Conference on 
Advancements of Medicine and Health Care through Technology, IFMBE Proceedings, 
Vol.36, Part 4, (01 January 2011), pp. 288-293 

De Beule, M., Mortier, P., Carlier, S.G., Verhegghe, B., Van Impe, R., & Verdonck, P. (2008). 
Realistic finite element-based stent design: The impact of balloon folding. Journal of 
Biomechanics, Vol.41, No.2, pp. 383-389 

Delgado, V., Ewe, S.H., Ng, A.C.T., van der Kley, F., Marsan, N.A., Schuijf, J.D., Schalij, M.J., 
& Bax, J.J. (2010) Multimodality imaging in transcatheter aortic valve implantation: 
Key steps to assess procedural feasibility. Eurointervention, Vol.6, No.5 (November 
2010), pp. 643-652 

Gervaso, F., Capelli, C., Petrini, L., Lattanzio, S., Di Virgilio, L., & Migliavacca, F. (2008). On 
the effects of different strategies in modelling balloon-expandable stenting by 
means of finite element method. Journal of Biomechanics, Vol.41, No.6, pp. 1206-1212 

Lee, J.M., Boughner, D. R., & Courtman, D.W. (1984). The glutaraldehyde-stabilized porcine 
aortic-valve xenograft .2. Effect of fixation with or without pressure on the tensile 
viscoelastic properties of the leaflet material. Journal of Biomedical Materials Research, 
Vol.18, No.1, (January 1984), pp. 79-98 

Leon, M.B., Piazza, N., Nikolsky, E., Blackstone, E.H., Cutlip, D.E., Kappetein, A.P., Krucoff, 
M.W., Mack, M., Mehran, R., Miller, C., Morel, M.A., Petersen, J., Popma, J.J., 
Takkenberg, J.J.M., Vahanian, A., van Es, G.A., Vranckx, P., Webb, J.G., Windecker, 
S., & Serruys, P.W. (2011). Standardized endpoint definitions for transcatheter 
aortic valve implantation clinical trials a consensus report from the valve academic 
research consortium. Journal of the American College of Cardiology, Vol.57, No.3, (18 
January 2011), pp. 253-269 

Loree, H.M., Grodzinsky, A.J., Park, S.Y., Gibson, L.J., Lee, R.T. (1994). Static circumferential 
tangential modulus of human atherosclerotic tissue. Journal of Biomechanics, Vol.27, 
No.2, (February 1994), pp. 195-204 

Lurz, P., Coats, L., Khambadkone, S., Boudjemline, Y., Schievano, S., Muthurangu, V., Lee, 
T.Y., Parenzan, G., Derrick, G., Cullen, S., Walker, F., Tsang, V., Deanfield, J., 
Taylor, A.M., & Bonhoeffer, P. (2008). Percutaneous pulmonary valve implantation 
- Impact of evolving technology and learning curve on clinical outcome. Circulation, 
Vol.117, No.15, (15 April 2008), pp. 1964-1972 

Marrey, R.V., Burgermeister, R., Grishaber, R.B., & Ritchie, R.O. (2006). Fatigue and life 
prediction for cobalt-chromium stents: a fracture mechanics analysis. Biomaterials, 
Vol.27, No.9, (March 2006), pp. 1988-2000 

McElhinney, D.B., Hellenbrand, W.E., Zahn, E.M., Jones, T.K., Cheatham, J.P., Lock, J.E., & 
Vincent, J.A. (2010). Short- and medium-term outcomes after transcatheter 
pulmonary valve placement in the expanded multicenter US melody valve trial. 
Circulation, Vol.122, No.5, (3 August 2010), pp. 507-516 

Migliavacca, F., Baker, C., Biglino, G., Bosi, G., Capelli, C., Cerri, E., Corsini, C., Cosentino, 
D., Hsia, T.Y., Pennati, G., & Schievano, S. (2011). Numerical simulations to study 



 
Finite Element Analysis – From Biomedical Applications to Industrial Developments 190 

aortic arch pathologies: application to hypoplastic left heart syndrome, aortic 
coarctation and aortic valve diseases. In “New endovascular technologies: from 
bench test to clinical practice”. Eds. Chakfé N, Durand B and Meichelboeck W. 
Europrot, Strasbourg, France, 9-22, 2011 

Nordmeyer, J., Khambadkone, S., Coats, L., Schievano, S., Lurz, P., Parenzan, G., Taylor, 
A.M., Lock, J.E., & Bonhoeffer, P. (2007). Risk stratification, systematic classification 
and anticipatory management strategies for stent fracture after percutaneous 
pulmonary valve implantation. Circulation, Vol.115, No.11 (20 March 2007), pp. 
1392-1397 

Nordmeyer, J., Coats, L., Lurz, P., Lee, T.Y., Derrick, G., Rees, P., Cullen, S., Taylor, A.M., 
Khambadkone, S., & Bonhoeffer, P. (2008). Percutaneous pulmonary valve-in-valve 
implantation: a successful treatment concept for early device failure. European Heart 
Journal, Vol. 29, No.6 (March 2008), pp. 810-815 

Nordmeyer, J., Lurz, P., Khambadkone, S., Schievano, S., Jones, A., McElhinney, D.B., 
Taylor, A.M., & Bonhoeffer, P. (2011). Pre-stenting with a bare metal stent before 
percutaneous pulmonary valve implantation: Acute and one-year outcomes. Heart, 
Vol.97, No.2, (January 2011), pp. 118-123 

Okamoto, R., Wagenseil, J.E., Delong, W.R., Peterson, S.J., Kouchoukos, N.T., & Sundt, T.M. 
(2002). Mechanical Properties of Dilated Human Ascending Aorta. Annals of 
Biomedical Engineering, Vol.30 No.5, (May 2002), pp. 624–635 

Petrini, L., Migliavacca, F., Massarotti, P., Schievano, S., Dubini, G., & Auricchio, F. (2005). 
Computational studies of shape memory alloy behavior in biomedical applications. 
Journal of Biomechanical Engineering, Vol.127, No.4 (August 2005), pp. 716-725 

Rodes-Cabau, J., Webb, J.G., Cheung, A., Ye, J., Dumont, E., Feindel, C.M., Osten, M., 
Natarajan, M.K., Velianou, J.L., Martucci, G., DeVarennes, B., Chisholm, R., 
Peterson, M.D., Lichtenstein, S.V., Nietlispach, F., Doyle, D., DeLarochelliere, R., 
Teoh, K., Chu, V., Dancea, A., Lachapelle, K., Cheema, A., Latter, D., & Horlick, E. 
(2010). Transcatheter aortic valve implantation for the treatment of severe 
symptomatic aortic stenosis in patients at very high or prohibitive surgical risk 
acute and late outcomes of the multicenter canadian experience. Journal of the 
American College of Cardiology, Vol.55, No.11, (16 March 2010), pp. 1080-1090 

Schievano, S.; Coats, L.; Migliavacca, F.; Norman, W.; Frigiola, A.; Deanfield, J.; Bonhoeffer, 
P., & Taylor, A.M. (2007a). Variations in right ventricular outflow tract morphology 
following repair of congenital heart disease: implications for percutaneous 
pulmonary valve implantation. Journal of cardiovascular magnetic resonance, Vol.9, 
No.4, (February 2007), pp. 687-695 

Schievano, S.; Migliavacca, F.; Coats, L.; Khambadkone, S.; Carminati, M.; Wilson, N.; 
Deanfield, J.E.; Bonhoeffer, P., & Taylor, A.M. (2007b). Percutaneous pulmonary 
valve implantation based on rapid prototyping of right ventricular outflow tract 
and pulmonary trunk from MR data. Radiology, Vol.242, No.2, (February 2007), pp. 
490-497  

Schievano, S., Petrini, L., Migliavacca, F., Coats, L., Nordmeyer, J., Lurz, P., Khambadkone, 
S., Taylor, A.M., Dubini, G., & Bonhoeffer, P. (2007c). Finite element analysis of 
stent deployment: understanding stent fracture in percutaneous pulmonary valve 
implantation. Journal Interventional Cardiology, Vol.20, No.6, (December 2007), pp. 
546-554 

 
Finite Element Analysis to Study Percutaneous Heart Valves 191 

Schievano, S., Kunzelman, K., Nicosia, M.A., Cochran, R.P., Einstein, D.R., Khambadkone, 
S., & Bonhoeffer, P. (2009). Percutaneous mitral valve dilatation: single balloon 
versus double balloon. A finite element study. Journal of Heart Valve Disease, Vol.18, 
No.1, (January 2009), pp. 28-34 

Schievano, S.; Taylor, A.M.; Capelli, C.; Coats, L.; Walker, F.; Lurz, P.; Nordmeyer, J.; 
Wright, S.; Khambadkone, S.; Tsang, V.; Carminati, M., & Bonhoeffer, P. (2010a). 
First-in-man implantation of a novel percutaneous valve: a new approach to 
medical device development. Eurointervention, Vol.5, No.6, (January 2010), pp. 745-
750 

Schievano, S., Taylor, A.M., Capelli, C., Lurz, P., Nordmeyer, J., Migliavacca, F., & 
Bonhoeffer, P. (2010b). Patient specific finite element analysis results in more 
accurate prediction of stent fractures: Application to percutaneous pulmonary 
valve implantation. Journal of Biomechanics, Vol.43, No.4, (3 March 2010), pp. 687-93 

Schievano, S., Capelli, C., Young, C., Lurz, P., Nordmeyer, J., Owens, C., Bonhoeffer, P., & 
Taylor, A.M. (2011). Four-dimensional computed tomography: a method of 
assessing right ventricular outflow tract and pulmonary artery deformations 
throughout the cardiac cycle. European Radiology, Vol.21,No.1, (January 2011), pp. 
36-45 

Schoenhagen, P., Hill, A., Kelley, T., Popovic, Z., & Halliburton, S.S. (2011). In vivo imaging 
and computational analysis of the aortic root. Application in clinical research and 
design of transcatheter aortic valve systems. Journal of Cardiovascular Translational 
Research, Vol.4, No. 4, (August 2011), pp. 459-469 

Sines, G., & Ohgi, G. (1981). Fatigue criteria under combined stresses or strains. Journal of 
Engineering Materials and Technology, Vol.103, No.2, (April 1981), pp. 82-90 

Smith, C.R., Leon, M.B., Mack, M.J., Miller, D.C., Moses, J.W., Svensson, L.G., Tuzcu, E.M., 
Webb, J.G., Fontana, G.P., Makkar, R.R., Williams, M., Dewey, T., Kapadia, S., 
Babaliaros, V., Thourani, V.H., Corso, P., Pichard, A.D., Bavaria, J.E., Herrmann, 
H.C., Akin, J.J., Anderson, W.N., Wang, D., Pocock, S.J., & Investigators PT (2011) 
Transcatheter versus surgical aortic-valve replacement in high-risk patients. New 
England Journal of Medidcine, Vol.364, No.23, (9 June 2011), pp. 2187-2198 

Taylor, C.A., & Figueroa, C.A. (2009). Patient-specific modeling of cardiovascular 
mechanics. Annual Review of Biomedical Engineering, Vol.11, pp. 109-134 

Ussia, G.P., Mulè, M., Barbanti, M., Cammalleri, V., Scarabelli, M., Immè, S., Capodanno, D., 
Ciriminna, S., & Tamburino, C. (2009). Quality of life assessment after percutaneous 
aortic valve implantation. European Heart Journal, Vol.30, No.14, (July 2009), pp. 
1790-1796 

Vahanian, A., Alfieri, O., Al-Attar, N., Antunes, M., Bax, J., Cormier, B., Cribier, A., De 
Jaegere, P., Fournial, G., Kappetein, A.P., Kovac, J., Ludgate, S., Maisano, F., Moat, 
N., Mohr, F., Nataf, P., Piérard, L., Pomar, J.L., Schofer, J., Tornos, P., Tuzcu, M., 
van Hout, B., Von Segesser, L.K., Walther, T. & European Association of Cardio-
Thoracic Surgery; European Society of Cardiology; European Association of 
Percutaneous Cardiovascular Interventions. (2008). Transcatheter valve 
implantation for patients with aortic stenosis: a position statement from the 
European Association of Cardio-Thoracic Surgery (EACTS) and the European 
Society of Cardiology (ESC), in collaboration with the European Association of 



 
Finite Element Analysis – From Biomedical Applications to Industrial Developments 190 

aortic arch pathologies: application to hypoplastic left heart syndrome, aortic 
coarctation and aortic valve diseases. In “New endovascular technologies: from 
bench test to clinical practice”. Eds. Chakfé N, Durand B and Meichelboeck W. 
Europrot, Strasbourg, France, 9-22, 2011 

Nordmeyer, J., Khambadkone, S., Coats, L., Schievano, S., Lurz, P., Parenzan, G., Taylor, 
A.M., Lock, J.E., & Bonhoeffer, P. (2007). Risk stratification, systematic classification 
and anticipatory management strategies for stent fracture after percutaneous 
pulmonary valve implantation. Circulation, Vol.115, No.11 (20 March 2007), pp. 
1392-1397 

Nordmeyer, J., Coats, L., Lurz, P., Lee, T.Y., Derrick, G., Rees, P., Cullen, S., Taylor, A.M., 
Khambadkone, S., & Bonhoeffer, P. (2008). Percutaneous pulmonary valve-in-valve 
implantation: a successful treatment concept for early device failure. European Heart 
Journal, Vol. 29, No.6 (March 2008), pp. 810-815 

Nordmeyer, J., Lurz, P., Khambadkone, S., Schievano, S., Jones, A., McElhinney, D.B., 
Taylor, A.M., & Bonhoeffer, P. (2011). Pre-stenting with a bare metal stent before 
percutaneous pulmonary valve implantation: Acute and one-year outcomes. Heart, 
Vol.97, No.2, (January 2011), pp. 118-123 

Okamoto, R., Wagenseil, J.E., Delong, W.R., Peterson, S.J., Kouchoukos, N.T., & Sundt, T.M. 
(2002). Mechanical Properties of Dilated Human Ascending Aorta. Annals of 
Biomedical Engineering, Vol.30 No.5, (May 2002), pp. 624–635 

Petrini, L., Migliavacca, F., Massarotti, P., Schievano, S., Dubini, G., & Auricchio, F. (2005). 
Computational studies of shape memory alloy behavior in biomedical applications. 
Journal of Biomechanical Engineering, Vol.127, No.4 (August 2005), pp. 716-725 

Rodes-Cabau, J., Webb, J.G., Cheung, A., Ye, J., Dumont, E., Feindel, C.M., Osten, M., 
Natarajan, M.K., Velianou, J.L., Martucci, G., DeVarennes, B., Chisholm, R., 
Peterson, M.D., Lichtenstein, S.V., Nietlispach, F., Doyle, D., DeLarochelliere, R., 
Teoh, K., Chu, V., Dancea, A., Lachapelle, K., Cheema, A., Latter, D., & Horlick, E. 
(2010). Transcatheter aortic valve implantation for the treatment of severe 
symptomatic aortic stenosis in patients at very high or prohibitive surgical risk 
acute and late outcomes of the multicenter canadian experience. Journal of the 
American College of Cardiology, Vol.55, No.11, (16 March 2010), pp. 1080-1090 

Schievano, S.; Coats, L.; Migliavacca, F.; Norman, W.; Frigiola, A.; Deanfield, J.; Bonhoeffer, 
P., & Taylor, A.M. (2007a). Variations in right ventricular outflow tract morphology 
following repair of congenital heart disease: implications for percutaneous 
pulmonary valve implantation. Journal of cardiovascular magnetic resonance, Vol.9, 
No.4, (February 2007), pp. 687-695 

Schievano, S.; Migliavacca, F.; Coats, L.; Khambadkone, S.; Carminati, M.; Wilson, N.; 
Deanfield, J.E.; Bonhoeffer, P., & Taylor, A.M. (2007b). Percutaneous pulmonary 
valve implantation based on rapid prototyping of right ventricular outflow tract 
and pulmonary trunk from MR data. Radiology, Vol.242, No.2, (February 2007), pp. 
490-497  

Schievano, S., Petrini, L., Migliavacca, F., Coats, L., Nordmeyer, J., Lurz, P., Khambadkone, 
S., Taylor, A.M., Dubini, G., & Bonhoeffer, P. (2007c). Finite element analysis of 
stent deployment: understanding stent fracture in percutaneous pulmonary valve 
implantation. Journal Interventional Cardiology, Vol.20, No.6, (December 2007), pp. 
546-554 

 
Finite Element Analysis to Study Percutaneous Heart Valves 191 

Schievano, S., Kunzelman, K., Nicosia, M.A., Cochran, R.P., Einstein, D.R., Khambadkone, 
S., & Bonhoeffer, P. (2009). Percutaneous mitral valve dilatation: single balloon 
versus double balloon. A finite element study. Journal of Heart Valve Disease, Vol.18, 
No.1, (January 2009), pp. 28-34 

Schievano, S.; Taylor, A.M.; Capelli, C.; Coats, L.; Walker, F.; Lurz, P.; Nordmeyer, J.; 
Wright, S.; Khambadkone, S.; Tsang, V.; Carminati, M., & Bonhoeffer, P. (2010a). 
First-in-man implantation of a novel percutaneous valve: a new approach to 
medical device development. Eurointervention, Vol.5, No.6, (January 2010), pp. 745-
750 

Schievano, S., Taylor, A.M., Capelli, C., Lurz, P., Nordmeyer, J., Migliavacca, F., & 
Bonhoeffer, P. (2010b). Patient specific finite element analysis results in more 
accurate prediction of stent fractures: Application to percutaneous pulmonary 
valve implantation. Journal of Biomechanics, Vol.43, No.4, (3 March 2010), pp. 687-93 

Schievano, S., Capelli, C., Young, C., Lurz, P., Nordmeyer, J., Owens, C., Bonhoeffer, P., & 
Taylor, A.M. (2011). Four-dimensional computed tomography: a method of 
assessing right ventricular outflow tract and pulmonary artery deformations 
throughout the cardiac cycle. European Radiology, Vol.21,No.1, (January 2011), pp. 
36-45 

Schoenhagen, P., Hill, A., Kelley, T., Popovic, Z., & Halliburton, S.S. (2011). In vivo imaging 
and computational analysis of the aortic root. Application in clinical research and 
design of transcatheter aortic valve systems. Journal of Cardiovascular Translational 
Research, Vol.4, No. 4, (August 2011), pp. 459-469 

Sines, G., & Ohgi, G. (1981). Fatigue criteria under combined stresses or strains. Journal of 
Engineering Materials and Technology, Vol.103, No.2, (April 1981), pp. 82-90 

Smith, C.R., Leon, M.B., Mack, M.J., Miller, D.C., Moses, J.W., Svensson, L.G., Tuzcu, E.M., 
Webb, J.G., Fontana, G.P., Makkar, R.R., Williams, M., Dewey, T., Kapadia, S., 
Babaliaros, V., Thourani, V.H., Corso, P., Pichard, A.D., Bavaria, J.E., Herrmann, 
H.C., Akin, J.J., Anderson, W.N., Wang, D., Pocock, S.J., & Investigators PT (2011) 
Transcatheter versus surgical aortic-valve replacement in high-risk patients. New 
England Journal of Medidcine, Vol.364, No.23, (9 June 2011), pp. 2187-2198 

Taylor, C.A., & Figueroa, C.A. (2009). Patient-specific modeling of cardiovascular 
mechanics. Annual Review of Biomedical Engineering, Vol.11, pp. 109-134 

Ussia, G.P., Mulè, M., Barbanti, M., Cammalleri, V., Scarabelli, M., Immè, S., Capodanno, D., 
Ciriminna, S., & Tamburino, C. (2009). Quality of life assessment after percutaneous 
aortic valve implantation. European Heart Journal, Vol.30, No.14, (July 2009), pp. 
1790-1796 

Vahanian, A., Alfieri, O., Al-Attar, N., Antunes, M., Bax, J., Cormier, B., Cribier, A., De 
Jaegere, P., Fournial, G., Kappetein, A.P., Kovac, J., Ludgate, S., Maisano, F., Moat, 
N., Mohr, F., Nataf, P., Piérard, L., Pomar, J.L., Schofer, J., Tornos, P., Tuzcu, M., 
van Hout, B., Von Segesser, L.K., Walther, T. & European Association of Cardio-
Thoracic Surgery; European Society of Cardiology; European Association of 
Percutaneous Cardiovascular Interventions. (2008). Transcatheter valve 
implantation for patients with aortic stenosis: a position statement from the 
European Association of Cardio-Thoracic Surgery (EACTS) and the European 
Society of Cardiology (ESC), in collaboration with the European Association of 



 
Finite Element Analysis – From Biomedical Applications to Industrial Developments 192 

Percutaneous Cardiovascular Interventions (EAPCI). European Heart Journal, Vol.29, 
No.11, (June 2008), pp. 1463-1470 

Walther, T., Dehdashtian, M.M., Khanna, R., Young, E., Goldbrunner, P.J., & Lee, W. (2011). 
Trans-catheter valve-in-valve implantation: in vitro hydrodynamic performance of 
the SAPIEN+cloth trans-catheter heart valve in the Carpentier-Edwards Perimount 
valves. European Journal of Cardio-thoracic Surgery, Vol.40, No.5, (November 2011), 
pp. 1120-1126 

Webb, J.G., Wood, D.A., Ye, J., Gurvitch, R., Masson, J.B., Rodés-Cabau, J., Osten, M., 
Horlick, E., Wendler, O., Dumont, E., Carere, R.G., Wijesinghe, N., Nietlispach, F., 
Johnson, M., Thompson, C.R., Moss, R., Leipsic, J., Munt, B., Lichtenstein, S.V., & 
Cheung, A. (2010). Transcatheter valve-in-valve implantation for failed 
bioprosthetic heart valves. Circulation, Vol.121, No.16, (27 April 2010), pp. 1848-
1857 

Zajarias, A., & Cribier, A.G. (2009). Outcomes and safety of percutaneous aortic valve 
replacement. Journal of the American College of Cardiology, Vol.53, No.20, (19 May 
2009), pp. 1829-1836 

Zioupos, P., Barbenel, J.C., & Fisher, J. (1994). Anisotropic elasticity and strength of 
glutaraldehyde fixed bovine pericardium for use in pericardial bioprosthetic 
valves. Journal of Biomedical Materials Research, Vol.28, No. 1, (January 1994), pp. 49-
57 

8

Finite Element Modeling and
Simulation of Healthy and

Degenerated Human Lumbar Spine 
Márta Kurutz1 and László Oroszváry2 

1Budapest University of Technology and Economics, 
2Knorr-Bremse Hungaria Ltd, Budapest, 

Hungary 

1. Introduction  
Numerical analyses are able to simulate processes in their progress that are impossible to 
measure experimentally, like aging and spinal degeneration processes. 3D finite element 
(FE) simulations of age-related and sudden degeneration processes of compression-loaded 
human lumbar spinal segments and their weightbath hydrotraction treatment are presented 
here. The goal is to determine the effect of the main mechanical degeneration parameters on 
the deformation and stress state of the lumbar functional spinal units (FSU) during long- 
and short-term degeneration processes. Moreover, numerical analysis of the effect of the 
special underwater traction method, the so-called weightbath hydrotraction therapy (WHT) 
for treating degenerated lumbar segments is also presented in this chapter.  

About 60-85 % of the human population is afflicted by lumbar disc diseases, by low back 
pain (LBP) problems, most of them the young adults of 40-45 years, due to the degeneration 
of the lumbar segments. Degeneration means an injurious change in the structure and 
function of FSU, caused by normal aging or by sudden accidental, often unexpected effects 
yielding mechanical overloading. Degeneration starts generally in the intervertebral discs: in 
the central kernel of it, in the nucleus pulposus. Aging degeneration of the disc is 
manifested in loss of hydration, a drying and stiffening procedure in the texture of nucleus, 
and a hardening of annulus as well, accompanied by the appearance of buckling, lesions, 
tears, fiber break in the annulus or disruption in the endplates, collapse of osteoporotic 
vertebral cancellous bone (Adams et al., 2002). Sudden accidental degeneration of overload 
yields the instant loss of hydrostatic compression in nucleus, accompanied or due to some 
other failures mentioned above. Several recent studies concluded that light degeneration of 
young discs leaded to instability of lumbar spine and the stability restored with further 
aging (Adams et al., 2002; Rohlmann et al., 2006), however, sudden accidental degeneration 
may be also dangerous in young age, thus, the present study aims to understand the 
biomechanical function of these degeneration processes.  

The first goal of this study was to obtain numerical conclusions for the mechanical effects of 
age-related and sudden degeneration processes of the lumbar spine under compression. The 
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and short-term degeneration processes. Moreover, numerical analysis of the effect of the 
special underwater traction method, the so-called weightbath hydrotraction therapy (WHT) 
for treating degenerated lumbar segments is also presented in this chapter.  
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of the lumbar segments. Degeneration means an injurious change in the structure and 
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manifested in loss of hydration, a drying and stiffening procedure in the texture of nucleus, 
and a hardening of annulus as well, accompanied by the appearance of buckling, lesions, 
tears, fiber break in the annulus or disruption in the endplates, collapse of osteoporotic 
vertebral cancellous bone (Adams et al., 2002). Sudden accidental degeneration of overload 
yields the instant loss of hydrostatic compression in nucleus, accompanied or due to some 
other failures mentioned above. Several recent studies concluded that light degeneration of 
young discs leaded to instability of lumbar spine and the stability restored with further 
aging (Adams et al., 2002; Rohlmann et al., 2006), however, sudden accidental degeneration 
may be also dangerous in young age, thus, the present study aims to understand the 
biomechanical function of these degeneration processes.  

The first goal of this study was to obtain numerical conclusions for the mechanical effects of 
age-related and sudden degeneration processes of the lumbar spine under compression. The 
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question is answered also why the young adults of 40-45 years have the most vulnerable 
lumbar discs, and why increases the stability of lumbar segments with further aging.  

On the other hand, for the degenerated lumbar spine, for the LBP problems, traction might 
be an effective treatment. Traction treatments have been well-known for a long time, 
however, as often happens, instead of stress relaxation, the compression increases in the 
discs due to the muscle activity (Andersson et al., 1983; White and Panjabi, 1990; Ramos and 
Martin, 1994). These observations verify the importance of the special Hungarian traction 
method, the so-called weightbath hydrotraction therapy (WHT), introduced by Moll (1956, 
1963), indications and contraindications described by Bene (1988). In WHT patients are 
suspended in water on a cervical collar for a period of 20 minutes, loaded by extra lead 
weights on ankles, when the patients are practically in sleeping position in the lukewarm 
water with completely relaxed muscles. WHT consists of instant elastic and viscous creeping 
phases. In this study the elastic phase will be analyzed. As far as the authors know, finite 
element analyses of lumbar FSUs in pure axial tension without the effect of muscles cannot 
be found in the literature. As White and Panjabi (1990) and Bader and Bouten (2000) 
established, tensile stresses and deformations are analyzed associated with flexion and 
extension only, without mentioning axial tension as a dominating loading effect.  

Thus, in this study, the latter case will be analyzed. By means of this study of WHT, the 
beneficial clinical impacts of the treatment are supported by numerical mechanical 
evidences.  

2. Short structural anatomy of the lumbar spine and spine segments 
The lumbar spine is the section of spinal column between the thorax and the sacrum. It 
consists of five vertebrae named L1 to L5 with their posterior elements and articular facet joints, 
of intervertebral discs, ligaments and the surrounding muscles. The clinical anatomy of the 
lumbar spine can be studied in the books of Bogduk and Twomey (1987), White and Panjabi 
(1990), Dvir (2000), Benzel (2001) and Adams et al. (2002).  

The lumbar vertebrae are quasi cylindrical with a lateral width of 40-50 mm and sagittal 
depth of 30-35 mm. The height of a lumbar vertebra is about 25-30 mm. The lumbar 
vertebrae are thicker anteriorly than posteriorly resulting in anteriorly convex curvature of 
the spine known as the lumbar lordosis. The vertebral body consists of an outer shell of high 
strength cortical bone and of the internal cancellous bone as a network of vertical and 
horizontal bone struts called trabeculae. The superior and inferior surface of the vertebral 
body is covered by the bony endplates of thin cortical bone perforated by many small holes as 
the passage of metabolites from bone to the discs. Towards the upper end of the posterior 
surface of the vertebral body the pedicles support the posterior elements, the lamina the 
neural arch, the vertebral foramen, the spinous process, the transverse processes, the 
superior and inferior articular processes, the synovial joints called articular facet joints.  

The intervertebral discs separate the adjacent vertebrae. They are quasi cylindrical with a 
lateral width of 40-45 mm and sagittal depth of 35-40 mm. The height of the lumbar disc is 
about 10 mm. The disc consists of three components: the nucleus pulposus, the annulus 
fibrosus and the superior and inferior endplates. The nucleus pulposus is a hydrated gel, a 
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semi-fluid mass, an incompressible sphere that exerts pressure in all directions. The annulus 
fibrosus consists of 15-25 concentric laminated layers of collagen lamellae tightly connected 
to each other in a circumferential form around the periphery of the disc. Each lamella 
consists of ground substance and collagen fibers. Within each lamella the collagen fibers are 
arranged in parallel, running at an average direction of 30° to the discs horizontal plane. In 
adjacent lamellae they run in opposite directions and are therefore oriented at 120° to each 
other. The cartilaginous endplates separate the nucleus and annulus from the vertebral bodies, 
they cover almost the entire surface of the adjacent vertebral bony endplates. The plates 
have a mean thickness of 0.6 mm.  

Seven types of ligaments are distinguished in the lumbar spine. The anterior longitudinal 
ligament covers the anterior surfaces of the vertebral bodies and discs, attached strongly to 
the vertebral bone and weakly to the discs. The posterior longitudinal ligament covers the 
posterior aspects of the vertebral bodies and discs, attached strongly to the discs and weakly 
to the bone. The ligamentum flavum, the most elastic ligament of the spine connects the lower 
and upper ends of the internal surfaces of the adjacent laminae. The intertransverse ligaments 
connect the transverse processes by thin sheets of collagen fibers. The interspinous ligaments 
connect the opposing edges of spinous processes by collagen fibers, while the supraspinous 
ligaments connect the peaks of adjacent spinous processes by tendinous fibers. The capsular 
ligaments connect the circumferences of the joining articular facet joints, being perpendicular 
to the surface of the joints.  

The muscles of the lumbar spine can be distinguished by their location around the spine. The 
postvertebral muscles can be divided to deep, intermediate and superficial categories. The 
prevertebral muscles are the abdominal muscles. The postvertebral deep muscles consist of 
short muscles that connect the adjacent spinous and transverse processes and laminae. The 
intermediate muscles are more diffused, arising from the transverse processes of each 
vertebra and attaching to the spinous process of the vertebra above. The superficial 
postvertebral muscles collectively are called the erector spinae. There are four abdominal 
muscles, three of them encircle the abdominal region, and the fourth is located anteriorly at 
the midline.  

A motion segment or functional spinal unit (FSU) is the smallest part of the spine that 
represents all the main biomechanical features and characteristics of the whole spine. Thus 
the entire spinal column can be considered as a series of connecting motion segments. The 
motion segment is a three dimensional structure of six degree of statical/kinematical 
freedom, consisting of the two adjacent vertebrae with its posterior elements and facet 
joints, and the intervertebral disc between them, moreover the seven surrounding ligaments, 
without muscles.  

3. Biomechanics of the lumbar spine and spine segments 
The spinal column is the main load bearing structure of the human musculoskeletal system. It 
has three fundamental biomechanical functions: to guarantee the load transfer along the spinal 
column without instability; to allow sufficient physiologic mobility and flexibility; and to protect 
the delicate spinal cord from damaging forces and motions.  
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question is answered also why the young adults of 40-45 years have the most vulnerable 
lumbar discs, and why increases the stability of lumbar segments with further aging.  
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Martin, 1994). These observations verify the importance of the special Hungarian traction 
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1963), indications and contraindications described by Bene (1988). In WHT patients are 
suspended in water on a cervical collar for a period of 20 minutes, loaded by extra lead 
weights on ankles, when the patients are practically in sleeping position in the lukewarm 
water with completely relaxed muscles. WHT consists of instant elastic and viscous creeping 
phases. In this study the elastic phase will be analyzed. As far as the authors know, finite 
element analyses of lumbar FSUs in pure axial tension without the effect of muscles cannot 
be found in the literature. As White and Panjabi (1990) and Bader and Bouten (2000) 
established, tensile stresses and deformations are analyzed associated with flexion and 
extension only, without mentioning axial tension as a dominating loading effect.  
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beneficial clinical impacts of the treatment are supported by numerical mechanical 
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The lumbar vertebrae are quasi cylindrical with a lateral width of 40-50 mm and sagittal 
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vertebrae are thicker anteriorly than posteriorly resulting in anteriorly convex curvature of 
the spine known as the lumbar lordosis. The vertebral body consists of an outer shell of high 
strength cortical bone and of the internal cancellous bone as a network of vertical and 
horizontal bone struts called trabeculae. The superior and inferior surface of the vertebral 
body is covered by the bony endplates of thin cortical bone perforated by many small holes as 
the passage of metabolites from bone to the discs. Towards the upper end of the posterior 
surface of the vertebral body the pedicles support the posterior elements, the lamina the 
neural arch, the vertebral foramen, the spinous process, the transverse processes, the 
superior and inferior articular processes, the synovial joints called articular facet joints.  

The intervertebral discs separate the adjacent vertebrae. They are quasi cylindrical with a 
lateral width of 40-45 mm and sagittal depth of 35-40 mm. The height of the lumbar disc is 
about 10 mm. The disc consists of three components: the nucleus pulposus, the annulus 
fibrosus and the superior and inferior endplates. The nucleus pulposus is a hydrated gel, a 

Finite Element Modeling and Simulation of Healthy and Degenerated Human Lumbar Spine 195 

semi-fluid mass, an incompressible sphere that exerts pressure in all directions. The annulus 
fibrosus consists of 15-25 concentric laminated layers of collagen lamellae tightly connected 
to each other in a circumferential form around the periphery of the disc. Each lamella 
consists of ground substance and collagen fibers. Within each lamella the collagen fibers are 
arranged in parallel, running at an average direction of 30° to the discs horizontal plane. In 
adjacent lamellae they run in opposite directions and are therefore oriented at 120° to each 
other. The cartilaginous endplates separate the nucleus and annulus from the vertebral bodies, 
they cover almost the entire surface of the adjacent vertebral bony endplates. The plates 
have a mean thickness of 0.6 mm.  

Seven types of ligaments are distinguished in the lumbar spine. The anterior longitudinal 
ligament covers the anterior surfaces of the vertebral bodies and discs, attached strongly to 
the vertebral bone and weakly to the discs. The posterior longitudinal ligament covers the 
posterior aspects of the vertebral bodies and discs, attached strongly to the discs and weakly 
to the bone. The ligamentum flavum, the most elastic ligament of the spine connects the lower 
and upper ends of the internal surfaces of the adjacent laminae. The intertransverse ligaments 
connect the transverse processes by thin sheets of collagen fibers. The interspinous ligaments 
connect the opposing edges of spinous processes by collagen fibers, while the supraspinous 
ligaments connect the peaks of adjacent spinous processes by tendinous fibers. The capsular 
ligaments connect the circumferences of the joining articular facet joints, being perpendicular 
to the surface of the joints.  

The muscles of the lumbar spine can be distinguished by their location around the spine. The 
postvertebral muscles can be divided to deep, intermediate and superficial categories. The 
prevertebral muscles are the abdominal muscles. The postvertebral deep muscles consist of 
short muscles that connect the adjacent spinous and transverse processes and laminae. The 
intermediate muscles are more diffused, arising from the transverse processes of each 
vertebra and attaching to the spinous process of the vertebra above. The superficial 
postvertebral muscles collectively are called the erector spinae. There are four abdominal 
muscles, three of them encircle the abdominal region, and the fourth is located anteriorly at 
the midline.  

A motion segment or functional spinal unit (FSU) is the smallest part of the spine that 
represents all the main biomechanical features and characteristics of the whole spine. Thus 
the entire spinal column can be considered as a series of connecting motion segments. The 
motion segment is a three dimensional structure of six degree of statical/kinematical 
freedom, consisting of the two adjacent vertebrae with its posterior elements and facet 
joints, and the intervertebral disc between them, moreover the seven surrounding ligaments, 
without muscles.  

3. Biomechanics of the lumbar spine and spine segments 
The spinal column is the main load bearing structure of the human musculoskeletal system. It 
has three fundamental biomechanical functions: to guarantee the load transfer along the spinal 
column without instability; to allow sufficient physiologic mobility and flexibility; and to protect 
the delicate spinal cord from damaging forces and motions.  
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The lumbar spine is the most critical part of the spine in aspect of instability and injury since 
this part is the maximally loaded part of spine and this part has the maximal mobility at the 
same time, moreover, this part has the minimal stiffening support from the surrounding 
organs.  

3.1 Loads acting on the lumbar spine 

The spinal loads based on biomechanical studies are summarized by Dolan and Adams 
(2001). The loads acting on the spine can be physiologic and traumatic loads. The physiologic 
loads due to the common, normal activity of the spine have further classes: short-term loads 
(in flexion, extension), long-term loads (in sitting, standing), repeated or cyclic loads (in gait, 
walk), dynamic loads (in running, jumping). The traumatic loads generally occur suddenly, 
unexpectedly with great amplitude (impact, whiplash).  

Each part of the body is subjected to gravity load, proportionally to its mass. The compressive 
gravity load increases towards the support of the body. This load can be multiplied in 
acceleration, during a fall, or other effects with acceleration or deceleration.  

Muscle loads depend on the muscle activity. The muscles are active tissues, they can contract, 
and their ability of contraction is governed by the nervous system. The back and abdomen 
muscles stabilize the spine in upright standing; moreover, they prevent the spine from 
extreme movements. At the same time, the muscle contraction causes high compressive 
forces to the lumbar spine. Nachemson (1981) and Sato et al. (1999) classified the muscle 
forces in different body postures.  

The intra-abdominal pressure decreases generally the spinal compression due to the abdominal 
muscle activity. Wide abdominal belts help to reduce the spinal compressive forces.  

Ergonomic loads afflict mostly the lumbar spine. By lifting and holding weights the lumbar 
spine is subjected to high compressive load, depending on the horizontal distance of the 
load from the lumbar spine. Long-term vibration and cyclical effects may increase the 
compression in the lumbar spine leading to structural changes and fatigue effects in the 
tissue of discs and vertebrae.  

Traumatic overload of the spine may cause damage in the discs and facet joints. Although 
muscles can save the spine from excessive injurious loads and movements, this protection 
works only if the neural system has time enough to activate the muscles. 

3.2 Internal forces arising in the lumbar spine 

The main internal force acting on the lumbar spine is the compressive normal force acting 
perpendicularly to the middle plane of the discs, causing the compression of the discs. It is 
accompanied by mainly sagittal and less lateral shear forces acting in the middle plane of the 
discs, causing the slope of the discs to each other. The moment components causing the 
forwards/backwards bending (flexion/extension) and the lateral bending of the spine are the 
sagittal and lateral bending moments, respectively; and the component that causes the spine to 
rotate about its long axis is the torque or torsional moment. The tensile force is also a normal force 
acting perpendicularly to the middle plane of the discs and causing the elongation of it. 
Although from physiologic loads there is no pure tensile force acting on the spine, since it acts 
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generally to a part of the discs only as a side effect of other internal forces, however, the aim of 
traction therapies is even to apply pure tensional force to the lumbar spine.  

3.3 Mobility of the lumbar spine 

The range of spinal movements can be measured both in vivo and in vitro. The spinal 
movement has six components: three deflections and three rotations. The physiologic 
movements are the flexion and extension in the sagittal plane, the lateral bending in the 
frontal plane and the rotation around the long axis of the spine. The spinal motions are 
generally characterized by three parameters: the neutral zone in which the spine shows no 
resistance, the elastic zone in which the spinal resistance works, and the range of motion, the 
sum of the two latter zones.  

The mobility of the spine depends on several factors. It depends first of all on the state of the 
intervertebral discs: the geometry, the stiffness, the fluid content, the degeneration and 
aging of it. The lumbar region of the spine has greater mobility than the thoracic spine. The 
range of motion is influenced also by the state of ligaments, the articular facet joints and the 
posterior bony elements. Viscoelastic properties of discs and ligaments also have an effect 
on the mobility.  

3.4 Biomechanics of the lumbar functional spinal units  

The three-dimensional FSU has six force and six motion components that depend highly on 
the mechanical properties, stiffness or flexibility, load bearing capacity of each structural 
component of the motion segment, that all depend on the age and degeneration state of 
them.  

Lumbar vertebral bodies resist most of the compressive force acting along the long axis of the 
spine. Most of this load must resisted by the dense network of trabeculae, and less by the 
cortical shell. The state of the cancellous bone is the main factor of compressive failure 
tolerance of vertebrae (McGill, 2000). Moreover, the cancellous bone of vertebrae acts as 
shock absorber of the spine in accidental injurious effects. The load bearing capacity of 
vertebrae depends on the geometry, mass, bone mineral density (BMD) and the bone 
architecture of the vertebra, which all are in correlation with aging sex and degeneration. 
Mosekilde (2000) demonstrated that age is the major determinant of vertebral bone strength, 
mass, and micro-architecture. The posterior elements of vertebrae have also important role 
in the load bearing capacity and mobility of segments. Facet joints work as typical contact 
structures, by limiting the spinal movements. They stabilize the lumbar spine in 
compression, and prevent excessive bending and translation between adjacent vertebrae, to 
protect the disc and the spinal cord.  

The intervertebral discs provide the compressive force transfer between the two adjacent 
vertebrae, and at the same time they allow the intervertebral mobility and flexibility. The 
arrangement of the collagen fibers in the annulus fibrosus is optimal for absorbing the 
stresses generated by the hydrostatic compression state nucleus pulposus in axial loading of 
the disc, and they play an important role in restricting axial rotation of the spine. Axial 
compressive stiffness is higher in the outer and posterior regions than in the inner and 
anterior regions. Tensile stiffness is higher in the anterior and posterior part than in the 
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The lumbar spine is the most critical part of the spine in aspect of instability and injury since 
this part is the maximally loaded part of spine and this part has the maximal mobility at the 
same time, moreover, this part has the minimal stiffening support from the surrounding 
organs.  

3.1 Loads acting on the lumbar spine 

The spinal loads based on biomechanical studies are summarized by Dolan and Adams 
(2001). The loads acting on the spine can be physiologic and traumatic loads. The physiologic 
loads due to the common, normal activity of the spine have further classes: short-term loads 
(in flexion, extension), long-term loads (in sitting, standing), repeated or cyclic loads (in gait, 
walk), dynamic loads (in running, jumping). The traumatic loads generally occur suddenly, 
unexpectedly with great amplitude (impact, whiplash).  

Each part of the body is subjected to gravity load, proportionally to its mass. The compressive 
gravity load increases towards the support of the body. This load can be multiplied in 
acceleration, during a fall, or other effects with acceleration or deceleration.  

Muscle loads depend on the muscle activity. The muscles are active tissues, they can contract, 
and their ability of contraction is governed by the nervous system. The back and abdomen 
muscles stabilize the spine in upright standing; moreover, they prevent the spine from 
extreme movements. At the same time, the muscle contraction causes high compressive 
forces to the lumbar spine. Nachemson (1981) and Sato et al. (1999) classified the muscle 
forces in different body postures.  

The intra-abdominal pressure decreases generally the spinal compression due to the abdominal 
muscle activity. Wide abdominal belts help to reduce the spinal compressive forces.  

Ergonomic loads afflict mostly the lumbar spine. By lifting and holding weights the lumbar 
spine is subjected to high compressive load, depending on the horizontal distance of the 
load from the lumbar spine. Long-term vibration and cyclical effects may increase the 
compression in the lumbar spine leading to structural changes and fatigue effects in the 
tissue of discs and vertebrae.  

Traumatic overload of the spine may cause damage in the discs and facet joints. Although 
muscles can save the spine from excessive injurious loads and movements, this protection 
works only if the neural system has time enough to activate the muscles. 

3.2 Internal forces arising in the lumbar spine 

The main internal force acting on the lumbar spine is the compressive normal force acting 
perpendicularly to the middle plane of the discs, causing the compression of the discs. It is 
accompanied by mainly sagittal and less lateral shear forces acting in the middle plane of the 
discs, causing the slope of the discs to each other. The moment components causing the 
forwards/backwards bending (flexion/extension) and the lateral bending of the spine are the 
sagittal and lateral bending moments, respectively; and the component that causes the spine to 
rotate about its long axis is the torque or torsional moment. The tensile force is also a normal force 
acting perpendicularly to the middle plane of the discs and causing the elongation of it. 
Although from physiologic loads there is no pure tensile force acting on the spine, since it acts 

Finite Element Modeling and Simulation of Healthy and Degenerated Human Lumbar Spine 197 

generally to a part of the discs only as a side effect of other internal forces, however, the aim of 
traction therapies is even to apply pure tensional force to the lumbar spine.  

3.3 Mobility of the lumbar spine 

The range of spinal movements can be measured both in vivo and in vitro. The spinal 
movement has six components: three deflections and three rotations. The physiologic 
movements are the flexion and extension in the sagittal plane, the lateral bending in the 
frontal plane and the rotation around the long axis of the spine. The spinal motions are 
generally characterized by three parameters: the neutral zone in which the spine shows no 
resistance, the elastic zone in which the spinal resistance works, and the range of motion, the 
sum of the two latter zones.  

The mobility of the spine depends on several factors. It depends first of all on the state of the 
intervertebral discs: the geometry, the stiffness, the fluid content, the degeneration and 
aging of it. The lumbar region of the spine has greater mobility than the thoracic spine. The 
range of motion is influenced also by the state of ligaments, the articular facet joints and the 
posterior bony elements. Viscoelastic properties of discs and ligaments also have an effect 
on the mobility.  

3.4 Biomechanics of the lumbar functional spinal units  

The three-dimensional FSU has six force and six motion components that depend highly on 
the mechanical properties, stiffness or flexibility, load bearing capacity of each structural 
component of the motion segment, that all depend on the age and degeneration state of 
them.  

Lumbar vertebral bodies resist most of the compressive force acting along the long axis of the 
spine. Most of this load must resisted by the dense network of trabeculae, and less by the 
cortical shell. The state of the cancellous bone is the main factor of compressive failure 
tolerance of vertebrae (McGill, 2000). Moreover, the cancellous bone of vertebrae acts as 
shock absorber of the spine in accidental injurious effects. The load bearing capacity of 
vertebrae depends on the geometry, mass, bone mineral density (BMD) and the bone 
architecture of the vertebra, which all are in correlation with aging sex and degeneration. 
Mosekilde (2000) demonstrated that age is the major determinant of vertebral bone strength, 
mass, and micro-architecture. The posterior elements of vertebrae have also important role 
in the load bearing capacity and mobility of segments. Facet joints work as typical contact 
structures, by limiting the spinal movements. They stabilize the lumbar spine in 
compression, and prevent excessive bending and translation between adjacent vertebrae, to 
protect the disc and the spinal cord.  

The intervertebral discs provide the compressive force transfer between the two adjacent 
vertebrae, and at the same time they allow the intervertebral mobility and flexibility. The 
arrangement of the collagen fibers in the annulus fibrosus is optimal for absorbing the 
stresses generated by the hydrostatic compression state nucleus pulposus in axial loading of 
the disc, and they play an important role in restricting axial rotation of the spine. Axial 
compressive stiffness is higher in the outer and posterior regions than in the inner and 
anterior regions. Tensile stiffness is higher in the anterior and posterior part than in the 
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lateral and inner regions. Thus, the inner annulus near the nucleus seems to be the weakest 
area of annulus, and the outer posterior part the strongest region. In sustained loading the 
spine shows viscoelastic features. In quasi-static compression the disc creep is 5-7 times 
higher than the creep in the bony structures of the segment. Thus, the main factor of 
segment viscosity is the disc, mainly the disc annulus. The creep of the disc depends on the 
fluid content of it, mainly on the diurnal variation of it, namely on the fluid loss of daily 
activity and the overnight bed rest with fluid recovery.  

The ligaments are passive tissues working against tension only. The primary action of the 
spinal ligaments lying posterior to the centre of sagittal plane rotation is to protect the spine 
by preventing excessive lumbar flexion. However, during this protection the ligaments may 
compress the discs by 100% or more. Indeed, the effectiveness of a ligament depends mainly 
on the moment arm through which it acts. The most elastic ligament, the ligamentum 
flavum being under pretension throughout all levels of flexion prevents any forms of 
buckling of spine. The interspinous and supraspinous ligaments may protect against 
excessive flexion. The capsular ligaments of facet joints restrict joint flexion and distraction 
of the facet surfaces of axial torsion.  

The muscles being active tissues governed by the neuromuscular control are required to provide 
dynamic stability of the spine in the given activity and posture, and to provide mobility 
during physiologic activity, moreover to protect the spine during trauma in the post-injury 
phase. Two mechanical characteristics are necessary to provide these physiologic functions: 
the muscles must generate forces isometrically and by length change (contraction and 
elongation), and they must increase the stiffness of the spinal system.  

The mechanical behaviour of the whole functional spinal units (FSU) depends on the physical 
properties of its components, mainly on the behaviour of the intervertebral disc, ligaments 
and articular facet joints. The average load tolerance of lumbar segments under quasi-static 
loading is about 5000 N for compression, 2800 N for tension, 150 N for shear and 20 Nm for 
axial rotation (Bader and Bouten, 2000). Flexibility of the FSU is the ability of the structure to 
deform under the applied load. Inversely, the stiffness is the ability to resist by force to a 
deformation. The stiffness of the spinal segments increases from cervical to lumbar regions 
for all loading cases. In lumbar region the stiffness is about 2000-2500 N/mm for 
compression, 800-1000N/mm for tension, 200-400 N/mm for lateral and 120-200 N/mm for 
anterior/posterior shear. The rotational stiffness is about 1.4-2.2 Nm/degree for flexion, 2.0-
2.8 Nm/degree for extension, 1.8-2.0 Nm/degree for lateral bending and 5 Nm/degree for 
axial torsion (White and Panjabi, 1990; Bader and Bouten, 2000). The stiffness of the lumbar 
spine depends on the age and degeneration. In advanced degeneration the stiffness is 
higher. The stiffness is influenced by the viscous properties of the segments and the load 
history as well.  

4. Degeneration of the lumbar spine and spine segments  
The lumbar part is the most vulnerable section of the spine since both the compressive loads 
and the spinal mobility are maximal in this area. Consequently, the lumbar discs are mostly 
endangered by degenerations that influence the load bearing capacity of the segments. 
Degeneration means an injurious change in the function and structure of the disc, caused by 
aging or by environmental effects, like mechanical overloading (Adams et al., 2000). 
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Degeneration of FSU starts generally in the intervertebral discs. The first age-related 
changes of disc occur within the nucleus. Changes to any tissue property of the disc 
markedly alter the mechanics of load transfer and stability of the whole segment (Ferguson 
and Steffen, 2003). The mechanical properties of the segment depend also on the state of the 
bony structures, first of all on the trabecular structure of the internal spongy bone of 
vertebrae. The osteoporotic changes may also decrease the load bearing capacity of FSU. 

Long-term age-related degeneration of the discs is manifested in the loss of hydration, a drying 
and stiffening procedure in the texture of mainly the nucleus (McNally and Adams 1992; 
Adams et al., 2002; Cassinelli and Kang, 2000). The functional consequences of aging are that 
the nucleus becomes dry, fibrous and stiff. The volume of nucleus and the region of 
hydrostatic pressure of it decrease, consequently, the compressive load-bearing of the disc 
passes to the annulus. The age-related changes of disc can be accompanied by the 
appearance of buckling, lesions, tears, fiber break in the annulus or disruption in the 
endplates, collapse of osteoporotic vertebral cancellous bone. Since the annulus becomes 
weaker with aging, so the overloading of it can lead to the inward buckling of the internal 
annulus, or to circumferential or radial tears, fiber break in the annulus, disc prolapse or 
herniation, or to large radial bulging of the external annulus, reduction of the disc height, or 
moreover, to endplate damages (Natarajan et al., 2004). The main cause of all these problems 
is that while the healthy disc has a hydrostatic nucleus, during aging, it becomes fibrous 
being no longer as a pressurized fluid. Several recent studies concluded that light 
degeneration of young discs leaded to instability of lumbar spine, while the stability 
restored with further aging (Adams et al., 2002). 

Sudden accidental, often unexpected traumatic degeneration or damage of overload may yield the 
sudden loss of hydrostatic compression in nucleus, accompanied or due to some other 
failures mentioned above. In these cases the material of nucleus remains changeless, 
depending on the actual aging state in which the accidental effect happened. For this reason, 
sudden traumatic degenerations may be also dangerous in younger age.  

Experimental analyses of spinal degenerations are very difficult, sometimes impossible. 
However, by means of numerical simulation, the effect of the main mechanical factors of 
degenerations can be analyzed.  

5. Finite element modeling of the lumbar spine  
Finite element modeling of any structure consists of five main steps: geometrical, material, 
element type and load modeling, and finally, validating the complete model.  

5.1 Geometrical modeling of the lumbar spine segments 

Geometrical modeling of the FSU must follow the anatomy of the segment. Beside the 
topology, additional data such as volume density, surface texture, etc. are needed. Different 
methods of medical image analyses can be used, like scanners, computer tomography, or 
magnetic resonance imaging methods.  

In geometrical modeling the vertebral body, its cortical shell, cancellous core, posterior bony 
elements and the bony endplates are generally distinguished. For the width of the 
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lateral and inner regions. Thus, the inner annulus near the nucleus seems to be the weakest 
area of annulus, and the outer posterior part the strongest region. In sustained loading the 
spine shows viscoelastic features. In quasi-static compression the disc creep is 5-7 times 
higher than the creep in the bony structures of the segment. Thus, the main factor of 
segment viscosity is the disc, mainly the disc annulus. The creep of the disc depends on the 
fluid content of it, mainly on the diurnal variation of it, namely on the fluid loss of daily 
activity and the overnight bed rest with fluid recovery.  

The ligaments are passive tissues working against tension only. The primary action of the 
spinal ligaments lying posterior to the centre of sagittal plane rotation is to protect the spine 
by preventing excessive lumbar flexion. However, during this protection the ligaments may 
compress the discs by 100% or more. Indeed, the effectiveness of a ligament depends mainly 
on the moment arm through which it acts. The most elastic ligament, the ligamentum 
flavum being under pretension throughout all levels of flexion prevents any forms of 
buckling of spine. The interspinous and supraspinous ligaments may protect against 
excessive flexion. The capsular ligaments of facet joints restrict joint flexion and distraction 
of the facet surfaces of axial torsion.  

The muscles being active tissues governed by the neuromuscular control are required to provide 
dynamic stability of the spine in the given activity and posture, and to provide mobility 
during physiologic activity, moreover to protect the spine during trauma in the post-injury 
phase. Two mechanical characteristics are necessary to provide these physiologic functions: 
the muscles must generate forces isometrically and by length change (contraction and 
elongation), and they must increase the stiffness of the spinal system.  

The mechanical behaviour of the whole functional spinal units (FSU) depends on the physical 
properties of its components, mainly on the behaviour of the intervertebral disc, ligaments 
and articular facet joints. The average load tolerance of lumbar segments under quasi-static 
loading is about 5000 N for compression, 2800 N for tension, 150 N for shear and 20 Nm for 
axial rotation (Bader and Bouten, 2000). Flexibility of the FSU is the ability of the structure to 
deform under the applied load. Inversely, the stiffness is the ability to resist by force to a 
deformation. The stiffness of the spinal segments increases from cervical to lumbar regions 
for all loading cases. In lumbar region the stiffness is about 2000-2500 N/mm for 
compression, 800-1000N/mm for tension, 200-400 N/mm for lateral and 120-200 N/mm for 
anterior/posterior shear. The rotational stiffness is about 1.4-2.2 Nm/degree for flexion, 2.0-
2.8 Nm/degree for extension, 1.8-2.0 Nm/degree for lateral bending and 5 Nm/degree for 
axial torsion (White and Panjabi, 1990; Bader and Bouten, 2000). The stiffness of the lumbar 
spine depends on the age and degeneration. In advanced degeneration the stiffness is 
higher. The stiffness is influenced by the viscous properties of the segments and the load 
history as well.  

4. Degeneration of the lumbar spine and spine segments  
The lumbar part is the most vulnerable section of the spine since both the compressive loads 
and the spinal mobility are maximal in this area. Consequently, the lumbar discs are mostly 
endangered by degenerations that influence the load bearing capacity of the segments. 
Degeneration means an injurious change in the function and structure of the disc, caused by 
aging or by environmental effects, like mechanical overloading (Adams et al., 2000). 
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Degeneration of FSU starts generally in the intervertebral discs. The first age-related 
changes of disc occur within the nucleus. Changes to any tissue property of the disc 
markedly alter the mechanics of load transfer and stability of the whole segment (Ferguson 
and Steffen, 2003). The mechanical properties of the segment depend also on the state of the 
bony structures, first of all on the trabecular structure of the internal spongy bone of 
vertebrae. The osteoporotic changes may also decrease the load bearing capacity of FSU. 

Long-term age-related degeneration of the discs is manifested in the loss of hydration, a drying 
and stiffening procedure in the texture of mainly the nucleus (McNally and Adams 1992; 
Adams et al., 2002; Cassinelli and Kang, 2000). The functional consequences of aging are that 
the nucleus becomes dry, fibrous and stiff. The volume of nucleus and the region of 
hydrostatic pressure of it decrease, consequently, the compressive load-bearing of the disc 
passes to the annulus. The age-related changes of disc can be accompanied by the 
appearance of buckling, lesions, tears, fiber break in the annulus or disruption in the 
endplates, collapse of osteoporotic vertebral cancellous bone. Since the annulus becomes 
weaker with aging, so the overloading of it can lead to the inward buckling of the internal 
annulus, or to circumferential or radial tears, fiber break in the annulus, disc prolapse or 
herniation, or to large radial bulging of the external annulus, reduction of the disc height, or 
moreover, to endplate damages (Natarajan et al., 2004). The main cause of all these problems 
is that while the healthy disc has a hydrostatic nucleus, during aging, it becomes fibrous 
being no longer as a pressurized fluid. Several recent studies concluded that light 
degeneration of young discs leaded to instability of lumbar spine, while the stability 
restored with further aging (Adams et al., 2002). 

Sudden accidental, often unexpected traumatic degeneration or damage of overload may yield the 
sudden loss of hydrostatic compression in nucleus, accompanied or due to some other 
failures mentioned above. In these cases the material of nucleus remains changeless, 
depending on the actual aging state in which the accidental effect happened. For this reason, 
sudden traumatic degenerations may be also dangerous in younger age.  

Experimental analyses of spinal degenerations are very difficult, sometimes impossible. 
However, by means of numerical simulation, the effect of the main mechanical factors of 
degenerations can be analyzed.  

5. Finite element modeling of the lumbar spine  
Finite element modeling of any structure consists of five main steps: geometrical, material, 
element type and load modeling, and finally, validating the complete model.  

5.1 Geometrical modeling of the lumbar spine segments 

Geometrical modeling of the FSU must follow the anatomy of the segment. Beside the 
topology, additional data such as volume density, surface texture, etc. are needed. Different 
methods of medical image analyses can be used, like scanners, computer tomography, or 
magnetic resonance imaging methods.  

In geometrical modeling the vertebral body, its cortical shell, cancellous core, posterior bony 
elements and the bony endplates are generally distinguished. For the width of the 
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cylindrical vertebral body, 40-45 mm, for the depth 30-35 mm, and for the height 25-29 mm 
is generally used. For the thickness of the vertebral cortical wall about 1-1.5 mm, and for the 
thickness of the cartilaginous endplates 0.5-1 mm, and for the thickness of the cartilage layer 
of facet joint 0.2 mm, for the area about 1.6 cm2 are generally used.  

In geometrical modeling the intervertebral disc, for the height of it about 8-12 mm are 
generally used, depending on the sex and body height of the subject. In the disc model, the 
nucleus, the annulus ground substance, the annulus fibers and the cartilaginous endplates 
are generally distinguished. For the volumetric relation between annulus and nucleus, ratio 
3:7 is generally used for the lumbar part L1-S1, and for the area ratio of nucleus 30-50% of 
the total disc area in cross section is generally used. The sagittal diameter length of the 
lumbar disc is about 36 mm, the lateral length is about 44 mm. For the orientation of 
annulus fibers to the mid cross-sectional area of the disc about 30° is used.  

As for the cross sectional area of the ligaments, for the anterior longitudinal ligaments about 
30-70 mm2, for the posterior longitudinal ligaments about 10-20 mm2, for the ligamentum 
flavum 40-100 mm2, for the capsular ligaments about 30-60 mm2, for the intertransverse 
ligaments 2-10 mm2, for the interspinous ligaments 30-40 mm2, for the supraspinous 
ligaments 25-40 mm2 are generally used.  

In modeling the degenerated segments, the height of both the vertebrae and the disc is 
reduced. Volume reduction of the nucleus during aging is also considered.  

5.2 Material modeling of the lumbar spine segments 

Since FSU is a highly heterogeneous compound structure, the material modeling must be 
related to the components of it. First the material models of the healthy components are 
considered.  

The detailed data of the material modeling based on the international literature can be 
studied in Kurutz (2010).  

5.2.1 Material models of the healthy lumbar segments 

The material models and constants of the components of FSU were generally obtained by 
experimental mechanical tests of certain specimens obtained from the given component.  

The high strength vertebral cortical shell is generally considered linear elastic isotropic or 
transversely isotropic, orthotropic material. In linear elastic isotropic case its Young 
modulus is considered about 5000-12000 MPa with the Poisson ratio about nu=0.2-0.3. In 
linear elastic, transversely isotropic case these data are E=12000-22000 MPa and G=3000-
5000 MPa with nu=0.2-0.4 in the compressive direction, and E=8000-12000 MPa and G=3000-
5000 MPa with nu=0.4-0.5 perpendicularly.  

The vertebral cancellous bone is modeled generally also as linear elastic isotropic or 
transversely isotropic, or orthotropic material. In linear elastic isotropic case its Young 
modulus is considered about 10-500 MPa with the Poisson ratio about nu=0.2-0.3. In linear 
elastic, transversely isotropic case these data are E=200-250 MPa and G=50-80 MPa with 
nu=0.3-0.35 in the compressive direction, and E=100-150 MPa and G=50-80 MPa with 
nu=0.3-0.45 perpendicularly.  
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The high strength bony endplate of vertebrae and the lower strenght cartiliginous endplate of 
disc can hardly be distinguished when specifying material properties. Both bony and 
cartilaginous endplates are considered generally linear elastic isotropic material, with 
E=100-12000 MPa and nu=0.3-0.4, and E=20-25 MPa with nu=0.4, respectively.  

The posterior bony elements are considered linear elastic isotropic material, generally by the 
same Young’s modulus E=2500-3000 MPa and Poisson’s coefficient nu=0.2-0.25.  

The articular facet joints are considered as unilateral friction or frictionless connections with 
an initial gap of generally 0.5-1 mm.  

Disc nucleus pulposus is the most important element in the compressive stiffness of the disc: 
the hydrostatic compression in it guarantees the stability of the whole disc and segment. The 
healthy young nucleus is generally modeled as an incompressible fluid-like material. In the 
case of fluid like linear elastic isotropic solid generally the material moduli E=1-4 MPa with 
nu=0.49-0.499 are considered. Several authors model the nucleus as incompressible fluid, 
quasi incompressible fluid, hyperelastic neo-Hookean, or Mooney-Rivlin type material, 
moreover, poroelastic or viscoelastic or osmoviscoelastic solid with the concerning material 
data (Kurutz, 2010). 

Disc annulus fibrosus is a typical composite-like material with a ground substance of many 
layers and fiber reinforcements. Material moduli of the ground substance are considered as 
E=2-10 MPa with nu=0.4-0.45, and of the fibers E=300-500 MPa depending of the radial 
position, with nu=0.3.  

Numerical modeling of ligaments, as typical exponentially stiffening soft tissues is not a 
simple task. Generally, the seven ligaments are incorporated to the FE models as tension 
only elements. In contrast to its strong nonlinear behaviour (White and Panjabi, 1990), most 
of the reported FEM studies have adopted linear or bilinear elastic models.  

5.2.2 Material models of the degenerated lumbar segments 

Aging type degeneration starts generally in the nucleus. A healthy young fluid-like nucleus is 
in a hydrostatic compression state. During aging, the nucleus loses its incompressibility and 
becomes even stiffer and stiffer, changing from fluid to solid material. This kind of nucleus 
degeneration can be modeled by decreasing Poisson’s ratio with increasing Young’s 
modulus. This behavior is generally accompanied by the stiffening process of the disc as a 
whole and by the volume reduction of the nucleus and volume extension of the annulus, 
furthermore, height reduction of the disc. Moreover, at the same time, annulus tears or 
internal annulus buckling, or break of the annular fibers, damage and crack or rupture of 
endplates, osteoporotic defects of vertebral cancellous bone can happen. Consequently, 
modeling age-related degeneration of FSU is a compound task; it must be done in progress, 
relating to a lifelong process.  

In contrast to the age-related degeneration, in sudden, often unexpected injurious degeneration 
the nucleus may lose its incompressibility without any stiffening and volume change 
process. In this case the nucleus may quasi burst out and the hydrostatic compression may 
suddenly stop in it. This kind of nucleus degeneration can be modeled by suddenly 
decreasing Poisson’s ratio with unchanged Young’s modulus of nucleus (Kurutz and 
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cylindrical vertebral body, 40-45 mm, for the depth 30-35 mm, and for the height 25-29 mm 
is generally used. For the thickness of the vertebral cortical wall about 1-1.5 mm, and for the 
thickness of the cartilaginous endplates 0.5-1 mm, and for the thickness of the cartilage layer 
of facet joint 0.2 mm, for the area about 1.6 cm2 are generally used.  

In geometrical modeling the intervertebral disc, for the height of it about 8-12 mm are 
generally used, depending on the sex and body height of the subject. In the disc model, the 
nucleus, the annulus ground substance, the annulus fibers and the cartilaginous endplates 
are generally distinguished. For the volumetric relation between annulus and nucleus, ratio 
3:7 is generally used for the lumbar part L1-S1, and for the area ratio of nucleus 30-50% of 
the total disc area in cross section is generally used. The sagittal diameter length of the 
lumbar disc is about 36 mm, the lateral length is about 44 mm. For the orientation of 
annulus fibers to the mid cross-sectional area of the disc about 30° is used.  

As for the cross sectional area of the ligaments, for the anterior longitudinal ligaments about 
30-70 mm2, for the posterior longitudinal ligaments about 10-20 mm2, for the ligamentum 
flavum 40-100 mm2, for the capsular ligaments about 30-60 mm2, for the intertransverse 
ligaments 2-10 mm2, for the interspinous ligaments 30-40 mm2, for the supraspinous 
ligaments 25-40 mm2 are generally used.  

In modeling the degenerated segments, the height of both the vertebrae and the disc is 
reduced. Volume reduction of the nucleus during aging is also considered.  

5.2 Material modeling of the lumbar spine segments 

Since FSU is a highly heterogeneous compound structure, the material modeling must be 
related to the components of it. First the material models of the healthy components are 
considered.  

The detailed data of the material modeling based on the international literature can be 
studied in Kurutz (2010).  

5.2.1 Material models of the healthy lumbar segments 

The material models and constants of the components of FSU were generally obtained by 
experimental mechanical tests of certain specimens obtained from the given component.  

The high strength vertebral cortical shell is generally considered linear elastic isotropic or 
transversely isotropic, orthotropic material. In linear elastic isotropic case its Young 
modulus is considered about 5000-12000 MPa with the Poisson ratio about nu=0.2-0.3. In 
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5000 MPa with nu=0.2-0.4 in the compressive direction, and E=8000-12000 MPa and G=3000-
5000 MPa with nu=0.4-0.5 perpendicularly.  
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The high strength bony endplate of vertebrae and the lower strenght cartiliginous endplate of 
disc can hardly be distinguished when specifying material properties. Both bony and 
cartilaginous endplates are considered generally linear elastic isotropic material, with 
E=100-12000 MPa and nu=0.3-0.4, and E=20-25 MPa with nu=0.4, respectively.  
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an initial gap of generally 0.5-1 mm.  
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the hydrostatic compression in it guarantees the stability of the whole disc and segment. The 
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nu=0.49-0.499 are considered. Several authors model the nucleus as incompressible fluid, 
quasi incompressible fluid, hyperelastic neo-Hookean, or Mooney-Rivlin type material, 
moreover, poroelastic or viscoelastic or osmoviscoelastic solid with the concerning material 
data (Kurutz, 2010). 

Disc annulus fibrosus is a typical composite-like material with a ground substance of many 
layers and fiber reinforcements. Material moduli of the ground substance are considered as 
E=2-10 MPa with nu=0.4-0.45, and of the fibers E=300-500 MPa depending of the radial 
position, with nu=0.3.  

Numerical modeling of ligaments, as typical exponentially stiffening soft tissues is not a 
simple task. Generally, the seven ligaments are incorporated to the FE models as tension 
only elements. In contrast to its strong nonlinear behaviour (White and Panjabi, 1990), most 
of the reported FEM studies have adopted linear or bilinear elastic models.  

5.2.2 Material models of the degenerated lumbar segments 

Aging type degeneration starts generally in the nucleus. A healthy young fluid-like nucleus is 
in a hydrostatic compression state. During aging, the nucleus loses its incompressibility and 
becomes even stiffer and stiffer, changing from fluid to solid material. This kind of nucleus 
degeneration can be modeled by decreasing Poisson’s ratio with increasing Young’s 
modulus. This behavior is generally accompanied by the stiffening process of the disc as a 
whole and by the volume reduction of the nucleus and volume extension of the annulus, 
furthermore, height reduction of the disc. Moreover, at the same time, annulus tears or 
internal annulus buckling, or break of the annular fibers, damage and crack or rupture of 
endplates, osteoporotic defects of vertebral cancellous bone can happen. Consequently, 
modeling age-related degeneration of FSU is a compound task; it must be done in progress, 
relating to a lifelong process.  

In contrast to the age-related degeneration, in sudden, often unexpected injurious degeneration 
the nucleus may lose its incompressibility without any stiffening and volume change 
process. In this case the nucleus may quasi burst out and the hydrostatic compression may 
suddenly stop in it. This kind of nucleus degeneration can be modeled by suddenly 
decreasing Poisson’s ratio with unchanged Young’s modulus of nucleus (Kurutz and 
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Oroszváry, 2010). This behaviour is generally caused or accompanied by the tear or buckling 
of the internal annulus, break of the annular fibers, fracture of endplates, or collapse of 
vertebral cancellous bone, depending on the age in which the sudden accidental event 
happens. Namely, accidental failures can happen in a young disc, as well, or in any age and 
aging degeneration phases. These effects can be modeled by sudden damage of tissues of 
the concerning components of the segment. In contrast to the long term aging degeneration, 
these kinds of damage instability occurs suddenly, generally due to a mechanical 
overloading (Acaraglou et al., 1995).  

The material modeling of segment degeneration can be studied in Kurutz (2010). 

5.3 Element type modeling of the lumbar segments 

The cancellous core and the posterior bony elements of vertebrae can be modeled as 3D solid 
continuum elements, as isoparametric 8-node hexahedral elements, or as 20- or 27-noded 
brick elements, moreover, as 10-noded tetrahedral elements. The cortical shell and the 
endplates can be modeled as thin shell elements, like 4-node shell elements. Quasi-rigid 
beam elements can connect the posterior vertebra with the medial transverse processes 
(pedicles) and from the medial transverse processes to the medial spinous process (lamina). 
Beam elements can also be used to represent the transverse and spinous processes. The bony 
surface of the facet joints can be represented by shell elements where beam elements link 
these facets to the lamina, simulating the inferior and superior articular processes. The facet 
joints can be modeled as 3D 8-noded surface-to-surface contact elements.  

The disc annulus ground substance is generally modeled as 3D continuum elements. The 
collagen fibers can be modeled as truss elements or as reinforced bar (rebar) type elements 
embedded in 3D solid elements. The nucleus pulposus can be modeled as hydrostatic fluid 
volume elements. 

The anterior and posterior longitudinal ligaments can be modeled as thin shell elements, or, 
the ligaments can be modeled as 2-noded axial elements, that is, tension only linear or 
nonlinear truss or cable or spring elements.  

5.4 Load models of the lumbar spine 

Loads on lumbar spinal motion segments depend on the aims of the analysis. The segment 
is generally supported rigidly along the inferior endplate of the lower vertebra, thus, the 
loads are generally applied on the superior endplate of the upper vertebra.  

The loads can be applied as static or dynamic or cyclic loads. Constant static loads or 
incrementally changing quasi-static loads are generally applied in lumbar spine analyses. In 
load history analyses the basic loading types are the force or displacement loads, in a load or 
displacement controlled device.  

For different loading, pre-compression is also applied for modeling the upper body weight 
as 700-1000 N, simulating the intervertebral pressure of standing position and additional 
compressive forces can be applied to the suitable areas of the endplates to simulate severe 
motions: 2000 N for lifting a load with straight legs in full flexion; 1000 N for full extension; 
1300 N for full lateral bending. For flexion and extension and for axial torsion generally 10-
15 Nm is applied.  
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The loading system of numerical simulation applied by several authors can be studied in 
Kurutz (2010).  

The compressive strength of the lumbar spine varies between 2 kN and 14 kN, depending 
on the sex, age and bodymass (Adams et al, 2002). For injurious accidental degeneration 
load for compression about 5 kN can be considered for young, and about 3 kN for old 
subjects. The lumbar facet joints can resist about 2 kN for shear before fracture occurs. For 
torsion, damage is initiated when the applied torque rises to about 10-30 Nm. A 
combination of full backwards bending and 1 kN of compressive load can cause damage in 
the relating facet joint. In forward bending, injury can occur when the bending moment rises 
to 50-80 Nm.  

5.5 Validation of the finite element models 

By using FE models in a numerical simulation, the results should be trustworthy. For this 
reason, the models to be applied must be checked. Correlation between FE and experimental 
results can lead to use the FE model predictions with confidence.  

In numerical simulations of biomechanics, for FE prediction accuracy assessment, a gold 
standard can be the experimental validation of numerical results. This enables the analyst to 
improve the quality and reliability of the FE model and the modeling methodology. If there 
is very poor agreement between the analytical and experimental data, by using certain 
numerical techniques for model updating allow the user to create improved models which 
represent reality much better than the original ones.  

Kurutz and Oroszváry (2010) validated the lumbar segment model for both compression 
and tension and for both healthy and degenerated disc. Distribution of vertical compressive 
stresses of healthy and degenerated discs in the mid-sagittal horizontal section of the disc 
was compared with the experimental results of Adams et al. (1996, 2002), obtained by stress 
profilometry. In axial tension, the calculated disc elongations were compared with the in 
vivo measured elongations of Kurutz et al. (2003) and Kurutz (2006a) for healthy and 
degenerated segments in weightbath hydrotraction treatment (Kurutz and Bender, 2010).  

6. Finite element simulation of the behaviour of healthy and degenerated 
lumbar spine and underwater spinal traction therapy  
Finite element analyses are able to simulate processes in progress that are impossible to 
measure experimentally, like spinal degeneration processes. 3D FE simulations of long-term 
age-related and sudden accidental degeneration processes of human lumbar spinal 
segments are presented to analyze the compression-related degeneration processes, 
moreover, to analyze the efficiency of the so-called weightbath hydrotraction treatment.  

A 3D geometrical model of a typical lumbar segment L4-5 was created (Fig. 1a). The 
geometrical data of the segment were obtained by the anatomical measures of a typical 
lumbar segment (Denoziere, 2004). Cortical and cancellous bones of vertebrae were 
separately modeled, including posterior bony elements. The thickness of vertebral cortical 
walls and endplates were 0.35 and 0.5 mm, respectively. For this simple model, we kept the 
disc height constant by applying 10 mm height. Annulus fibrous consisted of ground 
substance and elastic fibers (Fig. 1b). Annulus matrix was divided to internal and external 
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Oroszváry, 2010). This behaviour is generally caused or accompanied by the tear or buckling 
of the internal annulus, break of the annular fibers, fracture of endplates, or collapse of 
vertebral cancellous bone, depending on the age in which the sudden accidental event 
happens. Namely, accidental failures can happen in a young disc, as well, or in any age and 
aging degeneration phases. These effects can be modeled by sudden damage of tissues of 
the concerning components of the segment. In contrast to the long term aging degeneration, 
these kinds of damage instability occurs suddenly, generally due to a mechanical 
overloading (Acaraglou et al., 1995).  

The material modeling of segment degeneration can be studied in Kurutz (2010). 

5.3 Element type modeling of the lumbar segments 

The cancellous core and the posterior bony elements of vertebrae can be modeled as 3D solid 
continuum elements, as isoparametric 8-node hexahedral elements, or as 20- or 27-noded 
brick elements, moreover, as 10-noded tetrahedral elements. The cortical shell and the 
endplates can be modeled as thin shell elements, like 4-node shell elements. Quasi-rigid 
beam elements can connect the posterior vertebra with the medial transverse processes 
(pedicles) and from the medial transverse processes to the medial spinous process (lamina). 
Beam elements can also be used to represent the transverse and spinous processes. The bony 
surface of the facet joints can be represented by shell elements where beam elements link 
these facets to the lamina, simulating the inferior and superior articular processes. The facet 
joints can be modeled as 3D 8-noded surface-to-surface contact elements.  

The disc annulus ground substance is generally modeled as 3D continuum elements. The 
collagen fibers can be modeled as truss elements or as reinforced bar (rebar) type elements 
embedded in 3D solid elements. The nucleus pulposus can be modeled as hydrostatic fluid 
volume elements. 

The anterior and posterior longitudinal ligaments can be modeled as thin shell elements, or, 
the ligaments can be modeled as 2-noded axial elements, that is, tension only linear or 
nonlinear truss or cable or spring elements.  

5.4 Load models of the lumbar spine 

Loads on lumbar spinal motion segments depend on the aims of the analysis. The segment 
is generally supported rigidly along the inferior endplate of the lower vertebra, thus, the 
loads are generally applied on the superior endplate of the upper vertebra.  

The loads can be applied as static or dynamic or cyclic loads. Constant static loads or 
incrementally changing quasi-static loads are generally applied in lumbar spine analyses. In 
load history analyses the basic loading types are the force or displacement loads, in a load or 
displacement controlled device.  

For different loading, pre-compression is also applied for modeling the upper body weight 
as 700-1000 N, simulating the intervertebral pressure of standing position and additional 
compressive forces can be applied to the suitable areas of the endplates to simulate severe 
motions: 2000 N for lifting a load with straight legs in full flexion; 1000 N for full extension; 
1300 N for full lateral bending. For flexion and extension and for axial torsion generally 10-
15 Nm is applied.  
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The loading system of numerical simulation applied by several authors can be studied in 
Kurutz (2010).  

The compressive strength of the lumbar spine varies between 2 kN and 14 kN, depending 
on the sex, age and bodymass (Adams et al, 2002). For injurious accidental degeneration 
load for compression about 5 kN can be considered for young, and about 3 kN for old 
subjects. The lumbar facet joints can resist about 2 kN for shear before fracture occurs. For 
torsion, damage is initiated when the applied torque rises to about 10-30 Nm. A 
combination of full backwards bending and 1 kN of compressive load can cause damage in 
the relating facet joint. In forward bending, injury can occur when the bending moment rises 
to 50-80 Nm.  

5.5 Validation of the finite element models 

By using FE models in a numerical simulation, the results should be trustworthy. For this 
reason, the models to be applied must be checked. Correlation between FE and experimental 
results can lead to use the FE model predictions with confidence.  

In numerical simulations of biomechanics, for FE prediction accuracy assessment, a gold 
standard can be the experimental validation of numerical results. This enables the analyst to 
improve the quality and reliability of the FE model and the modeling methodology. If there 
is very poor agreement between the analytical and experimental data, by using certain 
numerical techniques for model updating allow the user to create improved models which 
represent reality much better than the original ones.  

Kurutz and Oroszváry (2010) validated the lumbar segment model for both compression 
and tension and for both healthy and degenerated disc. Distribution of vertical compressive 
stresses of healthy and degenerated discs in the mid-sagittal horizontal section of the disc 
was compared with the experimental results of Adams et al. (1996, 2002), obtained by stress 
profilometry. In axial tension, the calculated disc elongations were compared with the in 
vivo measured elongations of Kurutz et al. (2003) and Kurutz (2006a) for healthy and 
degenerated segments in weightbath hydrotraction treatment (Kurutz and Bender, 2010).  

6. Finite element simulation of the behaviour of healthy and degenerated 
lumbar spine and underwater spinal traction therapy  
Finite element analyses are able to simulate processes in progress that are impossible to 
measure experimentally, like spinal degeneration processes. 3D FE simulations of long-term 
age-related and sudden accidental degeneration processes of human lumbar spinal 
segments are presented to analyze the compression-related degeneration processes, 
moreover, to analyze the efficiency of the so-called weightbath hydrotraction treatment.  

A 3D geometrical model of a typical lumbar segment L4-5 was created (Fig. 1a). The 
geometrical data of the segment were obtained by the anatomical measures of a typical 
lumbar segment (Denoziere, 2004). Cortical and cancellous bones of vertebrae were 
separately modeled, including posterior bony elements. The thickness of vertebral cortical 
walls and endplates were 0.35 and 0.5 mm, respectively. For this simple model, we kept the 
disc height constant by applying 10 mm height. Annulus fibrous consisted of ground 
substance and elastic fibers (Fig. 1b). Annulus matrix was divided to internal and external 
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ring; with three layers of annulus fibers of 0.1 mm2 cross section. The geometry and 
orientation of facet joints were chosen according to Panjabi et al. (1993).  

FE mesh was created in three steps (Fig. 1c). First the geometrical model of FSU was created 
by using Pro/Engineer code; then the FE mesh was generated by ANSYS Workbench; 
finally, the several components were integrated to the FE model by ANSYS Classic.  

 

Annulus matrix

Annulus fibers

Nucleus

  
       a)         b)              c)  

Fig. 1. The geometrical model of a) the segment and b) the intervertebral disc and c) the 
finite element mesh of the segment 

The material moduli of the healthy segment (Table 1) were obtained from the literature 
(Rohlmann et al., 2006; Goel et al., 1995; Denoziere, 2004; Denoziere and Ku, 2006; Cheung et 
al., 2003; Antosik and Awrejcewicz, 1999; Noailly et al., 2007; Williams et al., 2007; Shirazi-
Adl et al, 1984, 1986; Shirazi-Adl, 1989; Lavaste et al., 1992; Zander et al., 2004). For the bony 
elements and endplates we considered linear elastic isotropic materials for both tension and 
compression. Annulus ground substance and nucleus were considered linear elastic for both 
compression and tension. For the fluid-like healthy nucleus and for the annulus matrix also 
linear elastic material was considered. 

Components 
of FSU 

Young’s mod 
[MPa] 

Poisson’s 
ratio 

Vertebral cortical bone 12000 0,3 
Vertebral cancellous bone 150 0,3 
Posterior elements, facet 3500 0,3 
Endplate 100 0,4 
Annulus ground substance 4 0,45 
Annulus fibers 500/400/300* - 
Nucleus 1 0,499 
Anterior longitud. ligament  8** 0,35 
Posterior longitud. ligament 10** 0,35 
Other ligaments 5** 0,35 

*external/middle/internal fibers, tension      **tension only 

Table 1. Material moduli of the components of healthy segment 
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Collagen fibers of the annulus were considered as bilinear elastic isotropic tension-only 
material. To simulate the radial variation of collagen in the fibers, the stiffness of them was 
increased outwards. All seven ligaments were integrated in the model with bilinear elastic 
tension-only material.  

For our numerical experiments, the basic data of Table 1 were modified.  

6.1 Finite element simulation of age-related degeneration processes of lumbar spine  

Age-related degeneration starts generally in the nucleus. A healthy young nucleus is in 
hydrostatic compression state. During aging, the nucleus loses its incompressibility by 
changing gradually from fluid-like to solid material. This kind of nucleus degeneration was 
modeled by decreasing Poisson’s ratio with increasing Young’s modulus. This behavior is 
generally accompanied by the hardening process of the disc as a whole and by tears, 
buckling or fiber break of the annulus, and damage of endplates or vertebral cancellous 
bone. The data of five grades of normal aging degeneration process from healthy to fully 
degenerated case are seen in Table 2, by gradually decreasing Poisson’s ratio with gradually 
increasing Young’s modulus of nucleus, accompanied by aging of other tissues of FSU.  

Grades of age-related 
degeneration* 

(Young’s mod/Poisson’s ratio) 

grade 1 
(healthy) grade 2 grade 3 grade 4 grade 5 

(fully deg.) 

nucleus 1/0.499 3/0.45 9/0.4 27/0.35 81/0.3 
annulus ground substance 4/0.45 4.5/0.45 5/0.45 5.5/0.45 6/0.45 
cancellous bone 150/0.3 125/0.3 100/0.3 75/0.3 50/0.3 
endplate 100/0.4 80/0.4 60/0.4 40/0.4 20/0.4 

* Bony elements and annulus fibers are seen in Table 1 

Table 2. Modeling of age-related degeneration process: material moduli of components of 
segments from healthy (1) to fully degenerated (5) phases 

Simulating aging degeneration processes, 1000 N axial compression load was applied, by 
considering that the lumbar compression load is about 60% of the total body weight, 
completed by the muscle forces being nearly the same (Nachemson, 1981; Sato et al., 1999). 

The compression load was distributed along the superior and inferior surface of the upper 
and lower vertebra of FSU, by applying rigid load distributor plates at both surfaces.  

Figure 2 illustrates the maximum stress rearrange in the mid-sagittal section of the disc 
during the degeneration process. While in a healthy disc in Fig. 2a, due to the hydrostatic 
compression stress state, the maximum compressive stresses occur in the middle of nucleus, 
in a fully degenerated disc in Fig. 2b, due to the lost hydrostatic compression, the maximum 
compressive stresses move outwards to the edge of nucleus, towards the annulus ring. 

Figure 3a shows the change of mid-sagittal vertical compressive stresses for aging 
degeneration models of Table 2, in the middle and border of nucleus and in the internal and 
external nucleus, for 1000 N axial compressive load. The vertical stresses in the center and 
border of nucleus first decreased and later increased with aging, yielding stress minimum in 
the nucleus in mildly degenerated state. In the internal annulus monotonous stress decrease 
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Collagen fibers of the annulus were considered as bilinear elastic isotropic tension-only 
material. To simulate the radial variation of collagen in the fibers, the stiffness of them was 
increased outwards. All seven ligaments were integrated in the model with bilinear elastic 
tension-only material.  

For our numerical experiments, the basic data of Table 1 were modified.  

6.1 Finite element simulation of age-related degeneration processes of lumbar spine  

Age-related degeneration starts generally in the nucleus. A healthy young nucleus is in 
hydrostatic compression state. During aging, the nucleus loses its incompressibility by 
changing gradually from fluid-like to solid material. This kind of nucleus degeneration was 
modeled by decreasing Poisson’s ratio with increasing Young’s modulus. This behavior is 
generally accompanied by the hardening process of the disc as a whole and by tears, 
buckling or fiber break of the annulus, and damage of endplates or vertebral cancellous 
bone. The data of five grades of normal aging degeneration process from healthy to fully 
degenerated case are seen in Table 2, by gradually decreasing Poisson’s ratio with gradually 
increasing Young’s modulus of nucleus, accompanied by aging of other tissues of FSU.  

Grades of age-related 
degeneration* 

(Young’s mod/Poisson’s ratio) 

grade 1 
(healthy) grade 2 grade 3 grade 4 grade 5 

(fully deg.) 

nucleus 1/0.499 3/0.45 9/0.4 27/0.35 81/0.3 
annulus ground substance 4/0.45 4.5/0.45 5/0.45 5.5/0.45 6/0.45 
cancellous bone 150/0.3 125/0.3 100/0.3 75/0.3 50/0.3 
endplate 100/0.4 80/0.4 60/0.4 40/0.4 20/0.4 

* Bony elements and annulus fibers are seen in Table 1 

Table 2. Modeling of age-related degeneration process: material moduli of components of 
segments from healthy (1) to fully degenerated (5) phases 

Simulating aging degeneration processes, 1000 N axial compression load was applied, by 
considering that the lumbar compression load is about 60% of the total body weight, 
completed by the muscle forces being nearly the same (Nachemson, 1981; Sato et al., 1999). 

The compression load was distributed along the superior and inferior surface of the upper 
and lower vertebra of FSU, by applying rigid load distributor plates at both surfaces.  

Figure 2 illustrates the maximum stress rearrange in the mid-sagittal section of the disc 
during the degeneration process. While in a healthy disc in Fig. 2a, due to the hydrostatic 
compression stress state, the maximum compressive stresses occur in the middle of nucleus, 
in a fully degenerated disc in Fig. 2b, due to the lost hydrostatic compression, the maximum 
compressive stresses move outwards to the edge of nucleus, towards the annulus ring. 

Figure 3a shows the change of mid-sagittal vertical compressive stresses for aging 
degeneration models of Table 2, in the middle and border of nucleus and in the internal and 
external nucleus, for 1000 N axial compressive load. The vertical stresses in the center and 
border of nucleus first decreased and later increased with aging, yielding stress minimum in 
the nucleus in mildly degenerated state. In the internal annulus monotonous stress decrease 
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was observed, demonstrating the possible internal annulus buckling. In the external annulus 
the stresses slightly changed.  

  
       a)             b) 

Fig. 2. Mid-sagittal vertical compressive stresses for a) healthy and b) fully degenerated disc 

   
         a)              b) 

Fig. 3. a) Mid-sagittal vertical compressive stresses in disc components during aging 
degeneration and b) stress divergence in nucleus center during the loss of hydrostatic 
compression state in nucleus (Kurutz and Oroszváry, 2010). 

In degenerated disc the pressure in the nucleus is not hydrostatic any more, being non-
uniform and direction-dependent. In Fig. 3b the stress divergence is seen in the nucleus 
center between vertical and horizontal stresses, increasing  rapidly and quasi linearly with 
the loss of hydrostatic compression in the nucleus. The initial stress divergence between 
vertical and horizontal stresses in hydrostatic state at nu=0.499 for the fluid-like nucleus of 
E=1 MPa was 8-10%, and naturally, for harder nucleus it was higher. By applying more 
fluid-like material for nucleus (E=0.1 MPa), the initial hydrostatic stress divergence could be 
decreased to 1-2%.  

Fig. 4a illustrates the disc shortening with aging, demonstrating that the maximum disc 
deformability occurred in mild degeneration. Similar behaviour was observed for the 
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maximum tensile forces in the outermost posterolateral annulus fibers in Fig 4b, that is, the 
maximum fiber forces belonged also to the mildly degenerated state. Fig. 5a and 5b illustrate 
the tensile forces in healthy and fully degenerated annulus fibers, respectively.  

  
          a)       b) 

Fig. 4. a) Height loss of disc and b) maximum fiber forces during aging degeneration 
(Kurutz and Oroszváry, 2010) 

  
          a)               b) 

Fig. 5. Annulus fiber forces for a) healthy and b) fully degenerated case 

Fig. 6a illustrate the change of posterior, anterior and lateral disc bulging during aging 
degeneration process, demonstrating that the bulging deformability is maximum in young 
age or mild degeneration, and it decreases with aging. Fig. 6b shows the change of the mean 
vertical compressive stiffness of disc components during the aging degeneration process. 
The minimum of each stiffness function belonged to the mildly degenerated state.  

The stiffness of the whole disc depends mainly on the stiffness of the nucleus. In the first 
period of aging, the dominant effect is the loss of incompressibility of nucleus when the 
other disc components are considerable soft. This yields that the stresses and the vertical 
load transfer through the nucleus is minimum (Fig. 3a) and the deformability of disc is 
maximum in young age (Fig. 4a) leading to the minimum vertical compressive stiffness of 
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was observed, demonstrating the possible internal annulus buckling. In the external annulus 
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maximum tensile forces in the outermost posterolateral annulus fibers in Fig 4b, that is, the 
maximum fiber forces belonged also to the mildly degenerated state. Fig. 5a and 5b illustrate 
the tensile forces in healthy and fully degenerated annulus fibers, respectively.  

  
          a)       b) 

Fig. 4. a) Height loss of disc and b) maximum fiber forces during aging degeneration 
(Kurutz and Oroszváry, 2010) 

  
          a)               b) 

Fig. 5. Annulus fiber forces for a) healthy and b) fully degenerated case 

Fig. 6a illustrate the change of posterior, anterior and lateral disc bulging during aging 
degeneration process, demonstrating that the bulging deformability is maximum in young 
age or mild degeneration, and it decreases with aging. Fig. 6b shows the change of the mean 
vertical compressive stiffness of disc components during the aging degeneration process. 
The minimum of each stiffness function belonged to the mildly degenerated state.  

The stiffness of the whole disc depends mainly on the stiffness of the nucleus. In the first 
period of aging, the dominant effect is the loss of incompressibility of nucleus when the 
other disc components are considerable soft. This yields that the stresses and the vertical 
load transfer through the nucleus is minimum (Fig. 3a) and the deformability of disc is 
maximum in young age (Fig. 4a) leading to the minimum vertical compressive stiffness of 
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discs and the risk of instability of FSUs in mildly degenerated state (Fig. 6b.) Consequently, 
the lumbar segments are most vulnerable in young age, and the segmental stability 
increases with further aging and degeneration.  

  
         a)       b) 

Fig. 6. a) Posterior, anterior and lateral disc bulging and b) mean compressive stiffness of 
disc components during aging degeneration (Kurutz and Oroszváry, 2010). 

6.2 Finite element simulation of sudden degeneration processes of lumbar spine  

In contrast to the age-related degeneration process that lasts during a lifelong time, the 
sudden degeneration has very short, sometimes unexpected, instant processes. For 
modeling sudden degeneration accompanied by other damaging phenomena, the data of 
the concerning tissues were modified in Table 1 and Table 2, depending on the actual aging 
degeneration phase in which the sudden accidental degeneration happened, considering  
also five phases of accidental degeneration process.  

For example, data in Table 3 show the model of sudden degeneration in young age with 
annulus fiber breaks and tears. In this case the sudden degeneration happened in the first 
aging degeneration phase of Table 2, when the sudden loss of hydrostatic compression was 
modeled by rapid immediate decrease of Poisson ratio of nucleus with changeless Young’s 
modulus of it. Annulus tears and fiber breaks were modeled by weakened annulus matrix 
and fibers, respectively, seen also in Table 3.  

Phases of sudden 
degeneration* 

(Young’s 
mod/Poisson’s ratio) 

grade 1 
 

grade 2 grade 3 grade 4 grade 5 
 

nucleus 1/0.499 1/0.45 1/0.40 1/0.35 1/0.3 
annulus ground 
substance 4/0.45 3.5/0.45 3/0.45 2.5/0.45 2/0.45 

annulus fibers 500/400/300 375/300/225 250/200/150 125/100/75 5/4/3 
 * Bony elements are seen in Table 1 

Table 3. Modeling of sudden degeneration process with annulus tears and fiber break in 
young age: modified material moduli of components of segments  
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Simulating sudden accidental degeneration processes, the 1000 N axial compression load 
was completed by an unexpected sudden overload of 1000 N, thus, 2000 N axial 
compression load was applied.  

Fig. 7a shows the sudden change of the mid-sagittal vertical compressive stresses in disc 
components, Fig. 7b illustrates the mid-sagittal central, posterior and anterior disc 
shortening during the sudden degeneration process in young age with annulus tears and 
fiber break (Table 3). The mean stress decreased strongly in the nucleus (by 70%), and 
moderately in the internal annulus (by 25%), while slightly increased in the external annulus 
(by 8-10%). Disc shortening radically increased during the process, finally by about 200-
230%.  

  
      a)                     b) 

Fig. 7. a) Mid-sagittal vertical compressive stresses in disc components and b) disc 
shortening during sudden degeneration process  

  
       a)       b) 

Fig. 8. a) Posterior, anterior and lateral disc bulging and b) mean compressive stiffness of 
disc components during sudden degeneration process  

Fig. 8a shows the sudden mid-sagittal anterior, posterior and lateral disc bulging. In Fig. 8b 
the mean compressive stiffness of disc components during the sudden degeneration process 
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are illustrated. Disc bulging radically increased in all directions (by 80-200%) due to the fiber 
breaks with radically decreasing maximum fiber forces from 1.38 N to 0.06 N. Significant 
stiffness loss was observed for the disc components (nucleus 91%, internal annulus 70%, 
external annulus 62%). The stiffness loss of the whole disc was 76%.  

During sudden degeneration process the vertical compressive load transfer moves from 
inside to outside, from the nucleus to the external annulus during the progress of 
degeneration. In the case of internal annulus buckling, the sudden overload of the external 
annulus may lead to annulus tears and injury. In the case of fiber break and annulus tears, 
the internal annulus is overloaded.  

In contrast to age-related degeneration processes where the disc deformability (shortening, 
bulging) decreases during aging, in sudden degeneration processes the deformability 
increases strongly that may lead to injury and pain mainly in younger age. Also in contrast 
to age-related degeneration processes where the vertical compressive stiffness of discs 
increases during aging, in sudden degeneration processes it decreases significantly leading 
to segmental instability and injury. In agreement with the literature we have found by 
numerical simulation of age-related degeneration that the young and mildly degenerated 
segments had the smallest stiffness and later the stiffness increased rapidly (Adams et al., 
2002; Rohlmann et al., 2006; Schmidt et al., 2006, 2007). Similarly to the age-related 
degeneration, accidental degeneration may be the most dangerous in young age, due to the 
sudden stiffness loss starting at the smallest stiffness level, consequently, accidental disc 
shortening and bulging may cause sudden injury and low back pain in young age again.  

6.3 Finite element simulation of weightbath hydrotraction treatment of lumbar spine  

Kurutz and Oroszváry (2010) analyzed by FE simulation the stretching effect of a special 
underwater traction treatment applied for treating degenerative diseases of the lumbar 
spine, when the patients are suspended cervically in vertical position in the water, 
supported on a cervical collar alone, loaded by extra lead weights on the ankles.  

The biomechanics of WHT has been reported first by Bene and Kurutz (1993). Elongations of 
lumbar segments during WHT have been measured in vivo by Kurutz et al. (2003). The 
clinical impacts of WHT have been analyzed by Oláh et al. (2008). The complex description 
of WHT has been given by Kurutz and Bender (2010) with its application, biomechanics and 
clinical effects. This numerical study aims to determine the disc elongation, bulging 
contraction, stress and fiber relaxation effects of WHT during age-related degeneration.  

In this underwater cervical suspension, the traction load consists of two parts: (1) the 
removal of the compressive preload of body weight and muscle forces in water, named 
indirect traction load; and (2) the tensile force of buoyancy with the applied extra lead loads, 
named direct traction load. Based on mechanical calculations, for the standard body weight of 
700 N, and the applied extra lead weights 40 N, the indirect and direct traction loads yields 
840 N and 50 N, respectively. Thus, for the numerical analysis of WHT we applied 840 N 
indirect and 50 N direct traction loads. 

In the finite element analysis of WHT the above detailed material, geometric and finite 
element model has been used. Annulus ground substance and nucleus were considered 
linear elastic in compression, and bilinear elastic in traction. Thus, for the five grades of age-
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related degeneration process, in the indirect phase of traction, the compressive material 
moduli were used, seen in Table 2; while for the direct phase of traction, special tensile 
Young’s moduli were applied, obtained by parameter identification (Kurutz and Tornyos, 
2004), seen in Table 4. For healthy nucleus we applied fluid-like incompressible material 
both for tension and compression.  

Grades of age-related 
degeneration for direct 

traction* 
(Young’s mod/Poisson’s ratio) 

grade 1 
(healthy) 

grade 2 grade 3 grade 4 grade 5 
(fully deg.) 

nucleus 0.4/0.499 1.0/0.45 1.6/0.4 2.2/0.35 2.8/0.3 
annulus ground substance 0.4/0.45 1.0/0.45 1.6/0.45 2.2/0.45 2.8/0.45 
cancellous bone 150/0.3 125/0.3 100/0.3 75/0.3 50/0.3 
endplate 100/0.4 80/0.4 60/0.4 40/0.4 20/0.4 

* Bony elements and annulus fibers are seen in Table 1 

Table 4. Modeling of age-related degeneration process for direct traction in WHT: material 
moduli of components of segments from healthy (1) to fully degenerated (5) phases 

The unloading effect of WHT in its instant elastic phase is illustrated in Fig. 9 and 10 in 
terms of aging degeneration. The term ‘unloading’ is relative: it is related to the compressed 
state of segments just before the treatment. Due to the bilinear behaviour of the disc during 
hydrotraction, the results of deformation and stress unloading are distinguished: caused by 
indirect and direct traction loads.  

  
     a)                     b) 

Fig. 9. Unloading effect of WHT on a) disc compression and b) posterior disc bulging 
(Kurutz and Oroszváry, 2010). 

In Fig. 9a the relative elongations of discs are seen compared with their compressed state 
before the treatment. These initial elastic elongations will be quasi doubled in the creeping 
phase of WHT (Kurutz, 2006b). The ratio of direct traction extensions versus total extensions 
is 32%, 19%, 20%, 28% and 47% for degeneration grades 1 to 5, respectively. The ratios of 
direct/indirect extensions are: 47%, 24%, 25%, 39% and 89%. The minimum ratio belongs to 
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are illustrated. Disc bulging radically increased in all directions (by 80-200%) due to the fiber 
breaks with radically decreasing maximum fiber forces from 1.38 N to 0.06 N. Significant 
stiffness loss was observed for the disc components (nucleus 91%, internal annulus 70%, 
external annulus 62%). The stiffness loss of the whole disc was 76%.  

During sudden degeneration process the vertical compressive load transfer moves from 
inside to outside, from the nucleus to the external annulus during the progress of 
degeneration. In the case of internal annulus buckling, the sudden overload of the external 
annulus may lead to annulus tears and injury. In the case of fiber break and annulus tears, 
the internal annulus is overloaded.  

In contrast to age-related degeneration processes where the disc deformability (shortening, 
bulging) decreases during aging, in sudden degeneration processes the deformability 
increases strongly that may lead to injury and pain mainly in younger age. Also in contrast 
to age-related degeneration processes where the vertical compressive stiffness of discs 
increases during aging, in sudden degeneration processes it decreases significantly leading 
to segmental instability and injury. In agreement with the literature we have found by 
numerical simulation of age-related degeneration that the young and mildly degenerated 
segments had the smallest stiffness and later the stiffness increased rapidly (Adams et al., 
2002; Rohlmann et al., 2006; Schmidt et al., 2006, 2007). Similarly to the age-related 
degeneration, accidental degeneration may be the most dangerous in young age, due to the 
sudden stiffness loss starting at the smallest stiffness level, consequently, accidental disc 
shortening and bulging may cause sudden injury and low back pain in young age again.  

6.3 Finite element simulation of weightbath hydrotraction treatment of lumbar spine  

Kurutz and Oroszváry (2010) analyzed by FE simulation the stretching effect of a special 
underwater traction treatment applied for treating degenerative diseases of the lumbar 
spine, when the patients are suspended cervically in vertical position in the water, 
supported on a cervical collar alone, loaded by extra lead weights on the ankles.  

The biomechanics of WHT has been reported first by Bene and Kurutz (1993). Elongations of 
lumbar segments during WHT have been measured in vivo by Kurutz et al. (2003). The 
clinical impacts of WHT have been analyzed by Oláh et al. (2008). The complex description 
of WHT has been given by Kurutz and Bender (2010) with its application, biomechanics and 
clinical effects. This numerical study aims to determine the disc elongation, bulging 
contraction, stress and fiber relaxation effects of WHT during age-related degeneration.  

In this underwater cervical suspension, the traction load consists of two parts: (1) the 
removal of the compressive preload of body weight and muscle forces in water, named 
indirect traction load; and (2) the tensile force of buoyancy with the applied extra lead loads, 
named direct traction load. Based on mechanical calculations, for the standard body weight of 
700 N, and the applied extra lead weights 40 N, the indirect and direct traction loads yields 
840 N and 50 N, respectively. Thus, for the numerical analysis of WHT we applied 840 N 
indirect and 50 N direct traction loads. 

In the finite element analysis of WHT the above detailed material, geometric and finite 
element model has been used. Annulus ground substance and nucleus were considered 
linear elastic in compression, and bilinear elastic in traction. Thus, for the five grades of age-
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related degeneration process, in the indirect phase of traction, the compressive material 
moduli were used, seen in Table 2; while for the direct phase of traction, special tensile 
Young’s moduli were applied, obtained by parameter identification (Kurutz and Tornyos, 
2004), seen in Table 4. For healthy nucleus we applied fluid-like incompressible material 
both for tension and compression.  

Grades of age-related 
degeneration for direct 

traction* 
(Young’s mod/Poisson’s ratio) 

grade 1 
(healthy) 

grade 2 grade 3 grade 4 grade 5 
(fully deg.) 

nucleus 0.4/0.499 1.0/0.45 1.6/0.4 2.2/0.35 2.8/0.3 
annulus ground substance 0.4/0.45 1.0/0.45 1.6/0.45 2.2/0.45 2.8/0.45 
cancellous bone 150/0.3 125/0.3 100/0.3 75/0.3 50/0.3 
endplate 100/0.4 80/0.4 60/0.4 40/0.4 20/0.4 

* Bony elements and annulus fibers are seen in Table 1 

Table 4. Modeling of age-related degeneration process for direct traction in WHT: material 
moduli of components of segments from healthy (1) to fully degenerated (5) phases 

The unloading effect of WHT in its instant elastic phase is illustrated in Fig. 9 and 10 in 
terms of aging degeneration. The term ‘unloading’ is relative: it is related to the compressed 
state of segments just before the treatment. Due to the bilinear behaviour of the disc during 
hydrotraction, the results of deformation and stress unloading are distinguished: caused by 
indirect and direct traction loads.  

  
     a)                     b) 

Fig. 9. Unloading effect of WHT on a) disc compression and b) posterior disc bulging 
(Kurutz and Oroszváry, 2010). 

In Fig. 9a the relative elongations of discs are seen compared with their compressed state 
before the treatment. These initial elastic elongations will be quasi doubled in the creeping 
phase of WHT (Kurutz, 2006b). The ratio of direct traction extensions versus total extensions 
is 32%, 19%, 20%, 28% and 47% for degeneration grades 1 to 5, respectively. The ratios of 
direct/indirect extensions are: 47%, 24%, 25%, 39% and 89%. The minimum ratio belongs to 
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the mild degeneration and increases rapidly with advanced degeneration and aging. The 
maximum ratio belongs to the fully degenerated cases.  

The unloading of posterior bulging, namely, the relative disc contractions can be seen in Fig. 
9b. The ratio of direct/total traction contractions decreases monotonously from 27% to 15% 
for posterior bulging for degeneration grades 1 to 5. The ratio of direct/indirect contractions 
changes from 37% to 18% in posterior bulging. The minimum ratio belongs to the fully 
degenerated case.  

Fig. 10a and 10b show the vertical stress relaxation in the centre of nucleus and in the 
annulus external ring. The ratio of direct/total and direct/indirect stress unloading is 
equally small, 7-8% in healthy and 2-4% in fully degenerated cases. Thus, in stress relaxation 
the dominant effect is the indirect traction load.  

  
       a)                   b) 

Fig. 10. Stress unloading effect of WHT a) in nucleus centre and b) in the external annulus  
(Kurutz and Oroszváry, 2010). 

It can be concluded that direct traction load with extra lead weights influences mainly the 
deformations that are responsible for nerve release, while stress relaxation is influenced 
mainly by the indirect traction load. The traction effect can be increased by applying larger 
extra lead weights. 

7. Conclusion  
After a short survey of the structural anatomy and biomechanics of healthy and 
degenerated lumbar spine, FE modeling and a systematic numerical analysis of the main 
mechanical features of lumbar spine degenerations was investigated to study the age-
related and sudden degeneration processes of it. The fact that mildly degenerated 
segments have the smallest stiffness both in aging and sudden degeneration processes 
was numerically proved by answering the question why the LBP problems insult so 
frequently the young adults.  

At the beginning of aging degeneration process, the effect of loss of incompressibility of 
nucleus, later the hardening of nucleus dominated, yielding the smallest compressive 
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stiffness of disc at mildly degenerated state. In sudden degeneration processes the smallest 
stiffness happened also in mildly degenerated state. The 2100 N/mm stiffness suddenly 
decreased by 75-80% to 400-500 N/mm for mild, and the 3600 N/mm stiffness decreased by 
60-65% to 1300 N/mm for severely degenerated case. Vertical intradiscal stresses showed 
significant change during aging degeneration, between 0.6-1.6 MPa. Disc deformability and 
bulging was maximum in mildly degenerated state and decreased during aging by 30-85%, 
while in sudden degeneration increased suddenly by 200-300%.  

As for conclusion, FE simulations of degeneration processes of lumbar segments and discs 
may help clinicians to understand the initiation and progression of disc degeneration and 
will help to improve prevention methods and treating tools for regeneration of disc tissues. 

In WHT, discs show a bilinear material behaviour with higher resistance in indirect and 
smaller in direct traction phase. Consequently, although the direct traction load is only 6% 
of the indirect one, direct traction deformations are 15-90% of the indirect ones, depending 
on the grade of degeneration. Moreover, the ratio of direct stress relaxation remains equally 
about 6-8% only. Consequently, direct traction controlled by extra lead weights influences 
mostly the deformations being responsible for the nerve release; while the stress relaxation 
is influenced mainly by the indirect traction load coming from the removal of the 
compressive body weight and muscle forces in the water. A mildly degenerated disc in 
WHT shows 0.15 mm direct, 0.45 mm indirect and 0.6 mm total extension; and 0.2 mm 
direct, 0.6 mm indirect and 0.8 mm total posterior contraction. A severely degenerated disc 
exhibits 0.05 mm direct, 0.05 mm indirect and 0.1 mm total extension; 0.05 mm direct, 0.25 
mm indirect and 0.3 mm total posterior contraction. These deformations are related to the 
instant elastic phase of WHT that are doubled during the creep period of the treatment. 

As for conclusion, WHT unloads the compressed disc: extends disc height, decreases 
bulging, stresses and fiber forces, increases joint flexibility, relaxes muscles, unloads nerve 
roots, relieves pain and may prevent graver problems. WHT is an effective non-invasive 
method to treat lumbar discopathy. By the presented numerical analysis its beneficial 
clinical impacts can be supported, moreover, the treatment could be planned, the 
magnitudes of extra loads could be determined by considering the patient’s clinical status.  
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stiffness of disc at mildly degenerated state. In sudden degeneration processes the smallest 
stiffness happened also in mildly degenerated state. The 2100 N/mm stiffness suddenly 
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1. Introduction 
Degenerative osteoarthritis and rheumatoid diseases lead to a severe destruction of the hip 
joint and to an important functional disability of the patient. Several attempts by many 
surgeons were documented, in the history of Orthopedic Surgery, to restore an adequate 
function of the pathologic joint. All these attempts failed due to the use of inadequate 
materials or due to technical problems. 

In the past 20th century, during the sixties, a successful replacement of a pathologic hip joint 
was finally achieved.  It was the first arthroplasty of the hip providing a good functional 
outcome. This new technique was described by Charnley in 1961 (Charnley, 1961). Two 
materials were then introduced in the orthopedic surgery, the polyethylene and the 
polymethyl methacrylate. This later is known as bone cement, and allowed a good fixation 
of the prosthetic implants into the femoral canal and the pelvic acetabulum. This technique 
represented one of the most important advances in the Orthopedic Surgery during the 20th 
century. 

Based on the original model developed by Charnley, total cemented hip implants have been 
improved with new materials and prosthetic designs. The most important advances have 
been described in the cements and cementation techniques (Mulroy & Harris, 1990; Noble et 
al., 1998; Reading et al., 2000), and in the sterilization and manufacture of the prosthetic 
polyethylene (Medel et al., 2004; Urries et al., 2004; D’Antonio et al, 2005; Oral et al., 2006; 
Faris et al., 2006; Gordon et al., 2006; Wolf et al., 2006). Nevertheless, the original stem 
design of Charnley remains unaltered and fully operational. 

First generation cemented prosthesis, inserted by manual techniques (first generation 
cement fixation), were associated with high rates of aseptic loosening and mechanical 
failures (Olsson et al., 1981; Stauffer, 1982; Harris et al., 1982; Halley & Wroblewski, 1986; 
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Mohler et al., 1995). Cementless implants were developed as an alternative for young and 
active patients. In the cementless hip replacement, there exists a direct contact between the 
prosthesis and the bone, and a primary rigid fixation of the implant is required for a proper 
outcome. This is obtained with a press-fit fixation technique, where for a perfect adjustment 
the implant is slightly larger than the surrounding bone. 

In the postoperative first months, a secondary fixation is achieved when the surrounding 
bone ingrowths into the implant (bone ingrowth fixation) (Herrera et al., 2001). The designs 
and materials of cementless femoral stems have evolved from the original, in order to obtain 
more physiologic load transmissions and a better fixation. In the earlier femoral stem 
models, the goal was to achieve a great fixation into the femoral diaphysis. Examples of 
these models were AML and Lord femoral implants, with large porous coating surfaces 
along their diaphyseal areas. Over the years, the osteointegration rates of these large porous 
coating stems were found to be only around 35% (Hennessy et al., 2009). A strong 
devitalization of the proximal femoral metaphysis, and the proximal diaphysis in the case of 
Lord stems, was also demonstrated with the use of these implants (Grant & Nordsletten, 
2004).   

These prostheses were found to be stable in the long term, but their distal diaphyseal 
fixation produced a removal of normal stress on the proximal bone, being the main cause of 
the proximal devitalization. This situation is known as stress shielding. New models were 
then designed taking into account not only mechanical concepts but also bone biology. In 
order to preserve proximal bone stock, modern femoral stems have a lesser diameter, and 
are coated only proximally with hydroxyapatite. Despite these improvements, the stress 
shielding is still found in the long term in all total hip replacements. 

Bone is living tissue undergoes a constant process of replacement of its structure, 
characterized by bone resorption and new bone formation, without changing their 
morphology. This process is called bone remodeling. On the other hand, bone adapts its 
structure, according to Wolff's Law, to the forces and biomechanical loads that receives 
(Buckwalter et al., 1995). In a normal hip joint, loads from the body are transmitted to the 
femoral head, then to the medial cortical bone of femoral neck towards the lesser trochanter, 
where they are distributed by the diaphyseal bone (Radin, 1980).   

Body weight is transmitted to the femoral head in a normal hip joint. This load goes through 
the cortical bone of the medial femoral neck down to the lesser trochanter, where it is 
distributed to the diaphyseal bone. The implantation of a cemented or cementless femoral 
stem involves a clear alteration of the physiological load transmission. Loads are now 
passed through the prosthetic stem in a centripetal way, from the central marrow cavity to 
cortical bone (Herrera & Panisello 2006). This alteration of the normal biomechanics of the 
hip results in a phenomenon called adaptive bone remodeling (Huiskes et al, 1989), which 
means that physiological remodeling takes place in a new biomechanical environment. 

The implantation of a cemented or cementless femoral stem produced a clear alteration of 
the physiological transmission of loads, as these are now passed through the prosthetic 
stem, in a centripetal way, from the central marrow cavity to the cortical bone (Marklof et 
al., 1980). These changes of the normal biomechanics of the hip bone leads to a phenomenon 
called adaptive remodeling (Huiskes et al., 1989), since bone has to adapt to the new 
biomechanical situation. Remodeling is a multifactorial process dependent on both 
mechanical and biological factors. Mechanical factors are related to the new distribution of 
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loads caused by implantation of the prosthesis in the femur, the physical characteristics of 
the implant (size, implant design and alloy), and the type of anchoring in the femur: 
metaphyseal, diaphyseal, hybrid, etc. (Summer & Galante, 1992; Sychter & Engh, 1996; 
Rubash et al., 1998; McAuley et al., 2000; Gibson et al., 2001; Glassman et al., 2001). Biologics 
are related to age and weight of the individual, initial bone mass, quality of primary fixation 
and loads applied to the implant. Of these biological factors, the most important is initial 
bone mass (Sychter & Engh, 1996). 

Orthopedic surgeons have taken many years to learn the biomechanics and biology of bone 
tissue. We began to focus on these sciences when long-term revisions of cemented and 
cementless femoral stems proved extensive atrophy of the femoral cortical bone, a 
pathological phenomenon caused by stress-shielding. Different models of cementless stems 
have tried to achieve perfect load transfer to the femur, mimicking the physiological 
transmission from the femoral calcar to the femoral shaft. The main objective was to avoid 
stress-shielding, since in absence of physiological transmission of loads, and lack of 
mechanical stimulus in this area, causes proximal bone atrophy. 

Cemented stem fixation is achieved by the introduction of cement into bone, forming a 
bone-cement interface. Inside the cement mantle a new interface is made up between cement 
and stem. It might seem that the cement mantle enables better load distribution in the 
femur; however the design, material and surface of prostheses, play an important role in 
transmission and distribution of charges, influencing bone remodeling (Ramaniraka et al., 
2000; Li et al., 2007)  

Long-term follow-up of different models of cementless stems have shown that this is not 
achieved, and to a greater or lesser extent the phenomenon of stress-shielding is present in 
all the models, and therefore the proximal bone atrophy. It is interesting to know, in 
cemented stems, not only the stress-shielding and subsequent proximal bone atrophy, but 
also the long-term behavior of cement-bone and stem-cement interfaces. This requires long-
term studies monitoring the different models of stems.  

Research in different fields concerning Orthopaedic Surgery and Traumatology requires a 
methodology that allows, at the same time, a more economic approach and the possibility of 
reproducing in an easy way different situations. Such a method could be used as a guide for 
research on biomechanics of the locomotor system, both in healthy and pathologic 
conditions, along with the study of performance of different prostheses and implants. To 
that effect, the use of simulation models, introduced in the field of Bioengineering in recent 
years, can undoubtedly mean an essential tool to assess the best clinical option, provided 
that it will be accurate enough in the analysis of specific physiological conditions concerning 
certain pathology. 

Finite element (FE) simulation has proved to be specially suitable in the study of the 
behaviour of any physiological unit, despite its complexity. Nowadays, it has become a 
powerful tool in the field of Orthopaedic Surgery and Traumatology, helping the surgeons 
to have a better understanding of the biomechanics, both in healthy and pathological 
conditions. FE simulation let us know the biomechanical changes that occur after prosthesis 
or osteosynthesis implantation, and biological responses of bone to biomechanical changes. 
It also has an additional advantage in predicting the changes in the stress distribution 
around the implanted zones, allowing preventing future pathologies derived from an 
unsuitable positioning of the prostheses. 
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In this sense, finite element simulation has made easier to understand how the load is 
transmitted after the implantation of a femoral stem, and to predict how the stem impacts 
on the biomechanics in the long-term. Finite Element method can find out the long-term 
behavior and the impact on biomechanics of any prosthetic models. Up to now, long clinical 
trials, with a follow-up of at least 10 years, were needed to achieve this knowledge. Design 
of new femoral stem models is another important application of the Finite Element 
simulation. New models can be pre-tested by simulation in order to improve the design and 
minimize the stress-shielding phenomenon. 

The Finite Element Method (FEM) was originally developed for solving structural analysis 
problems relating to Mechanics, Civil and Aeronautical Engineering. The paternity of this 
method is attributed to Turner, who published his first, historic, job in 1956 (Turner et al., 
1956). In 1967, Zienkiewicz OC published the book “The finite element method in structural 
and continuum mechanics” (Zienkiewicz, 1967) which laid down mathematical basis of the 
method. Other fundamental contributions to the development of Finite Element Method 
(FEM) took place on dates nearest (Imbert, 1979; Bathe, 1982; Zienkiewicz & Morgan, 1983; 
Hughes, 1987). 

2. Methodology for the finite element analysis of biomechanical systems 
One of the most significant aspects of biomechanical systems is its geometric complexity, 
which greatly complicates the generation of accurate simulation models. Classic models just 
suffered from this lack of geometrical precision, present even in recent models, which 
challenged, in most studies, the validity of the results and their extrapolation to clinical 
settings. 

 

 
Fig. 1. Real model of an implanted femur, 3D laser scanner and femoral stem 

Simulation by Finite Elements of Bone Remodelling After Implantation of Femoral Stems 221 

Currently, there are methodologies developed over recent years that avoid such problems, 
allowing the generation of models with the desired precision in a reasonable time and cost is 
not excessive. Thus, the use of 3D laser scanners (Fig. 1) together with three-dimensional 
images obtained by CT allow making geometric models that combine high accuracy in the 
external form with an excellent definition of internal interfaces. The method requires not 
only appropriate software tools, capable of processing images, but also its compatibility 
with the programs used later to generate the finite element model. For example, in Fig. 1 
(left) is shown the real model of an implanted femur and in Fig. 2 the result obtained by a 
three-dimensional laser scanner Roland Picza (after processing by Dr. Picza 3 and 3D Editor 
programs). 

 
Fig. 2. 3D scanning of the implanted femur shown in Fig. 1 

In these models, the characterization of the internal structure is made by 3D CT, from 
images like that shown in Figs. 3 and 4. An alternative to the above procedure is the use of 
3D geometrical reconstruction programs, for example, MIMICS (Mimics, 2010). In any case, 
the final result is a precise geometrical model which serves as a basis for the generation of a 
finite elements mesh.  
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In view of the difficulties experienced in living subjects, FE simulation models have been 
developed to carry out researches on biomechanical systems with high reproducibility and 
versatility. These models allow repeating the study as many times as desired, being a non-
aggressive investigation of modified starting conditions 

 
 

 

 

 

 

 

Fig. 3. CT images of a healthy femur 
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Fig. 4. CT images of an implanted femur 

However, work continues on the achievement of increasingly realistic models that allow 
putting the generated results and predictions into a clinical setting. To that purpose it is 
mainly necessary the use of meshes suitable for the particular problem, as regards both the 
type of elements and its size. It is always recommended to perform a sensitivity analysis of 
the mesh to determine the optimal features or, alternatively, the minimum necessary to 
achieve the required accuracy. In Fig. 5 is shown a FE mesh of healthy and implanted 
femurs, using tetrahedron type elements. It can be seen that the element size allows 
depicting, with little error, the geometry of the implanted femur, compared with Fig. 2. 
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Fig. 5. Meshing of proximal femur: a) Healthy femur; b) Implanted femur 

A key issue in FE models is the interaction between the different constitutive elements of the 
biomechanical system, especially when it comes to conditions which are essential in the 
behaviour to be analyzed. The biomechanical behaviour of a cementless stem depends 
basically on the conditions of contact between the stem and bone, so that the correct 
simulation of the latter determines the validity of the model. In Fig 6 can be seen the stem-
femur contact interface, defined by the respective surfaces and the frictional conditions 
needed to produce the press-fit which is achieved at surgery. 

Finally, in FE simulation models is essential the appropriate characterization of the 
mechanical behaviour of the different materials, usually very complex. So, the bone exhibits 
an anisotropic behaviour with different responses in tension and compression (Fig. 7). 
Moreover, it varies depending on the bone type (cortical or cancellous) and even along 
different zones in the same specimen. This kind of behaviour is reproducible in a reliable 
way in the simulation, but it leads to an excessive computational cost in global models. For 
this reason, in most cases, and specially in long bones, a linear elastic behaviour in the 
operation range concerning strains and stresses is considered. 
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Fig. 6. Contact interface femur-stem 

 
Fig. 7. Strain-stress curves for cortical bone 
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Fig. 7. Strain-stress curves for cortical bone 
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In soft tissues, the behaviour is even more complex, usually as a hyperelastic material. This 
is the case of ligaments, cartilages and muscles, also including a reologic effect with deferred 
strains when the load conditions are maintained (viscoelastic behaviour).  

This inherent complexity to the different biological tissues, reproducible in reduced or local 
models, is very difficult to be considered in global models as the used to analyse prostheses 
and implants, because the great amount of non-linearities do the convergence practically 
unfeasible. On the other hand, it leads to a prohibitive computational cost, only possible to 
undertake by supercomputers. 

3. Application to the behaviour of hip prostheses. Cementless stems 
In the last three decades, different designs of cementless stem have sought to obtain a 
physiological load transfer to the proximal femur so as to avoid stress-shielding and bone 
loss due to proximal atrophy. Nevertheless, most of the reports about this class of stems 
have proved that they do not completely prevent proximal bone atrophy (Tanzer et al., 1992; 
Bugbee et al., 1997; Hellmann et al., 1999; Engh et al., 2003; Sinha et al., 2004; Braun et al., 
2003; Herrera et al., 2004; Canales et al., 2006). More recently, several stems incorporated a 
hydroxyapatite coating (HA) in their metaphyseal zone, seeking to obtain a better proximal 
osteointegration (Tonino et al., 1999) as a way to achieve a better load transfer and avoid 
stress shielding (Nourissat et al., 1995).  However, the reports on this improvement showed 
a moderate increase in the amount of the implant surface with bone on-growth, which 
ranged between 35-50% in porous coated implants and between 45-60% in HA coated 
implants.  

Considering that a loss of 30-40% in bone mass is required for it to be observed in a serial X-
Ray (Engh et al., 2000), prospective studies using densitometry (DXA) are considered the 
ideal method for quantifying the changes of bone mass produced by different stems over the 
years (Kroger et al., 1996; Rosenthall et al., 1999; Schmidt et al., 2004). 

Long term studies of different cementless stems show a high incidence of stress-shielding, 
caused by the change in the distribution of loads on the femur (Engh et al., 2003; Glassman 
et al., 2006; Wick & Lester, 2004). The monitoring of an anatomic femoral stem with 
metaphyseal load-bearing and HA coating (ABG-I), that was carried out through a 
prospective, controlled study that included 67 patients (Group I) in the period 1994-99, has 
confirmed that even though the clinical results are very favourable, a high percentage of 
cases with stress-shielding are detected (Herrera et al., 2004). This results in a proximal 
atrophy which has been quantified with DXA (Panisello et al., 2009a). For that reason the 
stem has been redesigned (ABG-II) in an attempt to improve the proximal transfer of loads 
and reduce the phenomenon of stress-shielding. The main differences between both stems 
concern geometrical design and material. The overall length has been reduced by 8% and 
the proximal and distal diameters by 10%. The prosthesis shoulder has been modified. The 
material has changed from Wrought Titanium (Ti 6Al-4V) alloy to TMZF (Titanium, 
Molybdenum, Zirconium and Ferrous) alloy. 

A similar design study was done with the ABG-II stem in the period 2000-05, with 69 
patients of comparable demographic characteristics than the previous one (Group II). In 
both studies the surgical technique, post-operative rehabilitation program, densitometry 

Simulation by Finite Elements of Bone Remodelling After Implantation of Femoral Stems 227 

studies and statistical analysis were identical (Panisello et al., 2009b). The study confirmed 
less proximal atrophy, therefore one could ask if the new design has effectively improved 
the load transfer conditions in the proximal femur, producing less stress-shielding. The 
simulation with Finite Elements (FE) allows us to verify the correlation between the 
mechanical stimulus and the changes detected in the bone density. In order to do this, the 
evolution of the mechanical stimulus over a period of 5 years has been analysed, correlating 
the findings with the quantified Bone Mineral Density (BMD) evolution in the studies using 
DXA. 

Several objectives can be covered by the FE simulation: firstly, to determine the long-term 
changes of BMD in the femur after the implantation of ABG-I and ABG-II stems throughout 
the first five postoperative years, analysing the correlation between evolution of BMD and 
stress level, focussed on the average stresses (tension and compression) in cortical and 
cancellous bone for each one of the Gruen zones (Gruen et al., 1979) (Fig 8); secondly, to 
analyse the appropriate transfer of loads through contact between the bone and prosthesis. 
And finally, to analyse the long term differences between the implantation of an ABG-I and 
ABG-II prostheses to test if the changes in the design and alloy of the prosthesis produce a 
better transfer of loads in the proximal zone. 

 
Fig. 8. Gruen zones 

The development of the model of a healthy femur is crucial to make accurate the whole 
process of simulation, and to obtain reliable results. The development of the FE models was 
made following the same methodology as explained before. A cadaverous femur was used 
with two hip prostheses type ABG-I ad ABG-II, manufactured by Stryker (Fig. 9).  This 
cadaverous femur had originally belonged to a healthy 60 year old man and was only used 
in order to define the geometry of the model, without any relation with BMD measures. 
Firstly, each of the parts necessary to set the final model were scanned using a three 
dimensional scanner Roland Picza brand. As a result, a cloud of points which approximates 
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the scanned geometry was obtained. These surfaces must be processed through the 
programs Dr.Picza-3 and 3D-Editor. This will eliminate the noise and performs smooth 
surfaces, resulting in a geometry that reliably approximates to the actual geometry. 

From the scanned femur a geometric model of the outer geometry of the femur was 
obtained with no distinction between cortical bone, cancellous bone and bone marrow. To 
determine the geometry of the cancellous bone and medullar cavity 30 transverse direction 
(5 mm gap) tomographic cross-sections and eight longitudinal direction cross-sections were 
taken using CT scan (General Electric Brightspeed Elite). A three-dimensional mesh of 
healthy femur, based on linear tetrahedral elements (Fig. 5, healthy model), was made in I-
deas software (I-deas, 2009). So as to develop the pattern with prosthesis, an ABG-I 
prosthesis was scanned to obtain its geometry. Afterwards we proceeded with the operation 
on a cadaver femur with a prosthesis being implanted in the same way as a real hip 
replacement operation would be carried out. 

 
                  (a)                   (b)                 (c) 

Fig. 9. Material for the development of finite element model: a) Healthy femur;  
b) ABG-I stem; c) ABG-II stem  

Once the three meshes had been generated in I-deas (healthy femur, prosthesis ABG-I and 
operated femur), the prosthesis was positioned in the femur always taking the mesh of the 
operated femur as the base. From the previous process of modelling on the cadaveric femur, 
only the cortical bone was used, from which the cancellous bone was modelled again, in 
such a way that it fit perfectly to the contact with the prosthesis. Work with the ABG-II 
prosthesis was undertaken in the same way. 
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The program Abaqus 6.7 (Abaqus, 2009) was used for the calculation, with the Abaqus Viewer 
being used for the results post processing. It was necessary to undertake a contact 
simulation between the prosthesis and the cancellous bone for which a friction coefficient of 
0.5 was considered simulating the press-fit setting according with (Shirazi et al., 1993). In 
light of the former results a sensitivity analysis was carried out in order to determine the 
appropriate interface conditions, considering several friction coefficient values from 0.2 to 
0.5 in steps of 0.05, obtaining significant differences in the analyzed range, but with similar 
results from 0.4 to 0.5. An analysis with bonded interface was also realized. It was observed 
that the value of 0.5 for the friction coefficient corresponds practically to a bonded interface 
concerning the stem mobility, but with the advantage that allows moving apart the stem 
from the bone in higher tension zones, providing a more realistic stress distribution inside 
the bone. 

The final model for the healthy femur contains a total of 68086 elements (38392 for cortical 
bone, 27703 for cancellous bone and 1990 for bone marrow) (Fig. 10). The final model with 
ABG-I stem comprises a total of 60401 elements (33504 for cortical bone, 22088 for cancellous 
bone and 4809 for ABG-I stem) (Fig. 5b).  The final model with the ABG-II stem is made up 
of 63784 elements (33504 for cortical bone, 22730 for cancellous bone and 7550 for ABG-II 
stem) (Fig. 11). 

 
Fig. 10. FE model of healthy femur. Coronal section 
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Fig. 11. FE model after removal of the femoral head and positioning of the cementless stems 
ABG-II. 

Three boundary conditions were defined: clamped in the medial diaphyseal part of the 
femur, force on the prosthetic head due to the reaction of the hip caused by the weight of the 
person (400% body weight) and force on the greater trochanter (200% body weight) 
generated by the abductor muscles (Herrera et al., 2007).  

The values of the mechanical properties used in the prostheses as well as the biological 
materials are shown in Table 1. These values have been obtained from the bibliography 
specializing in the subject (Ashman and Rho, 1988; Ashman et al., 1984; Evans, 1973; Ionescu 
et al., 2003; Jacobs, 1994; Mat Web, 2009; Meunier et al., 1989; Turner et al., 1999; Van der Val 
et al., 2006) and they have been simplified considering an isotropic behaviour. In the design 
of the ABG-II second generation prosthesis a different titanium alloy was used to that of the 
ABG-I. The prosthetic ABG-I stem is made with a Wrought Titanium (Ti 6Al-4V) alloy, the 
elasticity modulus of which is 110 GPa.  On the other hand the TMZF alloy which is used on 
the ABG-II stem has a Young’s modulus of 74-85 GPa, according to the manufacturer 
information, using a mean value of 79.5 GPa in the different analyses. 
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  ELASTIC POISSON MAXIMUM MAXIMUM 
  MODULUS RATIO COMPRESSION TENSION 
  (MPa)  (MPa) (MPa) 
CORTICAL 
BONE               20000  15, 20, 21  0.30   16, 18   150     16, 18 90  16, 18 

CANCELLOUS 
BONE                  959   14  0.12   17   23     16, 18   

BONE 
MARROW                      1  16, 18  0.30   16, 18     

ABG-I STEM             110000   22  0.33   19   
ABG-II STEM  74000 - 85000   22  0.33   19     

Table 1. Mechanical properties of materials 

Taking various studies as reference (Kerner et al., 1999; Turner et al., 2005), a linear 
relationship between the bone mass values, which come from the medical study collected in 
Panisello (Panisello, 2009a), and the apparent density was established in addition to a cubic 
relationship between the latter and the elastic modulus, using a maximal Young’s modulus 
of 20 GPa, thereby obtaining the cortical bone modulus of elasticity values for each one of 
the 7 Gruen zones. To carry out the analysis of the results, the cortical bone of each model is 
divided into seven zones which coincide with the Gruen zones. The elastic modulus 
obtained from the values in Panisello (Panisello, 2009a) was used as an input in the cortical 
bone. These values are being successively adjusted for each one of the models (femur with 
ABG-I stem and femur with ABG-II stem) in different moments of time: post-operative, 6 
months, 1, 3 and 5 years. In addition, the initial data corresponding to the pre-operative 
moment are used as an input in the healthy model. The mechanical properties of the cortical 
bone have been calculated from the bone mass data from groups I and II respectively. 

For the complete comparative analysis of both stems, all of the possible combinations of 
bone mass (group I, ABG-I, 67 patients in the period 1994-99 and group II, ABG-II, 69 
patients in the period 2000-05) prosthetic geometry (ABG-I and ABG-II) and stem material 
(Wrought Titanium or TMZF) were simulated. This way it was possible to compare the 
mechanical performance of both prostheses in what refers to the transmission of loads and 
the interaction in the bone-prosthesis contact zone. It also makes possible to distinguish the 
most influential parameter (geometry or material) for the design of future prosthetic stems.  

The average von Mises stress is used, given that despite not distinguishing between tension 
and compression values, it is sufficiently indicative of the tendency of the mechanical 
stimulus and it is standard in FE software. 

The main features of each of the boundary conditions are:   

1. Clamped in the middle of the femoral shaft 

The middle zone has been clamped instead of distal zone because middle zone is considered 
enough away from proximal bone (Fig. 12). This model can be compared with other that 
have been clamped at a distal point, since the loads applied practically coincided with the 
femoral axis direction thus reducing the differences in final values. 
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2. Hip muscles Loads 

Forces generated by the abductor muscles are applied on the greater trochanter, in 
agreement with most authors' opinion (Weinans et al., 1994; Kerner et al., 1999). Generally, 
muscle strength generated in the hip joint is 2 times the body weight, and this produces a 
reaction in the femoral head that accounts for 2.75 times the body weight. However, when 
the heel impacts to the ground, and in double support stage of the gait, the load increases up 
to 4 times the body weight. The latter case, being the worst one, has been considered to 
impose the boundary conditions. It has also been considered a body weight of 79.3 kg for 
cementless stems, and 73 kg for cemented stems. Those were the average values obtained 
from the clinical sample to be contrasted with the simulation results. The load due to the 
abductor muscles, accounting for 2 times the corporal weight, is applied to the proximal 
area of the greater trochanter, at an angle of 21 degrees, as shown in Fig. 12. 

3. Reaction strength on the femoral head due to the body weight.  

As already mentioned, we have studied the case of a person to 79.3 kg in cementless stems, 
and 73 kg in cemented stems, in the worst case of double support or heel impact stages of 
the gait. The resultant force on the femoral head would be worth 4 times the body weight 
(Fig. 12). 

 
Fig. 12. Boundary conditions applied in the healthy femur model. Similar conditions are 
used in the implanted models 
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Both models with prostheses ABG-I and II have been simulated in five different moments of 
time coincident with the DXA measurements: postoperative, 6 months, 1, 3 and 5 years, in 
addition to the healthy femur as the initial reference. In both groups of bone mass an 
increase of stress in the area of the cancellous bone is produced, which coincides with the 
end of the HA coating, as a consequence of the bottleneck effect which is produced in the 
transmission of loads, and corresponds to Gruen zones 2 and 6, where no osteopenia can be 
seen in contrast to zones 1 and 7. 

BMD evolution in the operated and healthy hip is shown in Fig. 13 for both prostheses. For 
ABG-I, the preoperative measurements performed in both hips showed slightly higher BMD 
rates in the healthy hip, although these were not statistically significant. Postoperative 
values were taken as a reference for the operated hip. A decrease in BMD was detected in all 
zones except zone 4, six months after surgery. Between 6 and 12 postoperative months there 
was a slight additional loss of BMD in zones 1 and 7, but some bone recovery in the middle 
and distal areas around the implant. No significant changes in BMD were observed in zones 
1 to 6 from the end of the first year to the end of the fifth year. 

For ABG-II, the preoperative measurements performed in both hips showed again slightly 
higher bone density rates in the healthy hip, although these were not statistically significant. 
No changes or a minimal decrease in bone density was detected in zones 1 to 6, six months 
after surgery, attributed to rest period, partial weight bearing and the later effects of 
surgery. The bone loss was statistically significant only in zone 7.  A slight additional loss of 
bone density was observed in zone 7, as well as some bone recovery in the middle and distal 
areas around the implant. Minor changes in bone density were observed in zones 1 to 6 from 
the end of the first year to the end of the fifth year. The bone mass remains stable in this 
period, with a little bone recovery in zones 2 and 6. Nevertheless, there was some decrease 
in zone 7 in the period between the first and fifth year, when a loss of 23.88% can be 
reached. The bone density in the contra-lateral healthy hip (bone mass group II) showed 
some slight differences during the follow-up, with decreases between 1.4 and 2.7%, more 
evident in the proximal part of the femur, richer in cancellous bone. The values obtained for 
zones 3 to 5 were similar to those of the operated femurs; in zones 2 and 6 they were slightly 
superior; only zones 1 and 7 showed significant differences. 

Fig. 14 shows the results of the average von Mises stress (MPa), corresponding to the 
combinations of geometry (ABG-I, ABG-II) and prosthesis material for group I of bone mass 
at five years, and Fig. 15 shows the equivalent results for group II of bone mass. It can be 
confirmed that the global behaviour of the prostheses is the same in both models; however, 
in the case of the ABG-II stem higher stress values are reached on both the cancellous and 
cortical bones, fundamentally in the proximal zones. 

A tensional increase is noticeable in the whole area close to the lesser trochanter with the use 
of the ABG-II stem, as well as the tensional increase that the insertion of the ABG-II 
prosthesis involves with respect to the ABG-I. These differences can be observed in a more 
clear way in Figs. 14 and 15. In both figures it is clearly noticeable that the result 
corresponding to the two material for every stem are practically the same (superimposed 
lines); however, the results corresponding to both geometrical designs (ABG I, ABG II) are 
different, with a higher tensional level for the ABG II stem. 
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Fig. 13. Evolution of bone mass density for ABG I (bone mass group I) and ABG II  
(bone mass group II), corresponding to five years, in the Gruen zones. 
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It could be checked that in every case the stress corresponding to the ABG-II stem is greater 
than the one resulting from the insertion of the ABG-I stem (Figs. 14 and 15). In the figures it 
can be seen that in every zone and for any time the stress achieve higher values in ABG-II 
than in ABG-I stem. This way it is possible to confirm that with the second generation of 
stem (ABG-II) the stress increases in practically every zone with this increase being most 
evident in zone 7. 

 
 
 
 
 
 

 

 
 
 
 
 
 
 
 
 

Fig. 14. Comparison of the average von Mises stress as a function of design and material for 
bone mass group I 
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Fig. 15. Comparison of the average von Mises stress as a function of design and material for 
bone mass group II 

Figure 16 shows the evolution of the bone mass (%) and the average von Mises stress (%) for 
each one of the 7 Gruen zones in both models, considering the corresponding group and 
material for each stem. 
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Fig. 16. Bone mass (%) variation versus time and variation in average von Mises (%) stress 
versus time for the femur with prosthesis ABG-I and ABG-II in the Gruen zones 
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Fig. 15. Comparison of the average von Mises stress as a function of design and material for 
bone mass group II 

Figure 16 shows the evolution of the bone mass (%) and the average von Mises stress (%) for 
each one of the 7 Gruen zones in both models, considering the corresponding group and 
material for each stem. 
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4. Application to the behaviour of hip prostheses. Cemented stems 

In the case of cemented stems the process of modelling was similar, varying the surgical cut 
in the femoral neck of the healthy femur. Each stem was positioned into the femur, always 
taking the superimposed mesh of the operated femur as a base (Fig. 17). In the previous 
process of modelling, on the cadaveric femur, only the cortical bone was used. The 
cancellous bone was modelled again taking into account the cement mantle surrounding the 
prosthesis and the model of stem (ABG or Versys), so as to obtain a perfect union between 
cement and cancellous bone. The cement mantle was given a similar thickness, in mm, 
which corresponds to that usually achieved in patients operated on, different for each of the 
stem models studied and each of the areas of the prosthesis, so that the model simulation be 
as accurate as possible. Cemented anatomical stem ABG, and the Versys straight, polished 
stem, were used in the study. 

 

   (a)                     (b) 

Fig. 17. Removal of the femoral head and cemented prosthesis positioning:  
(a) ABG-cemented and (b) Versys 

In the models of cemented prostheses it is not necessary to define contact conditions 
between the cancellous bone and the stem. In this type of prosthesis the junction between 
these two elements is achieved by cement, which in the EF model should simulate 
conditions of perfect union between cancellous bone-cement and cement-stem. It has also 
been necessary to model the diaphyseal plug that is placed in actual operations to prevent 
the spread of the cement down to femoral medullary canal. Fig. 18 shows the coronal 
sections of the final models. 

Simulation by Finite Elements of Bone Remodelling After Implantation of Femoral Stems 239 

  
      (a)                                   (b) 

Fig. 18. Longitudinal section of the FE models with cemented femoral prostheses: (a) ABG-
cemented and (b) Versys. 

    

   (a)      (b) 

Fig. 19. FE model with cemented femoral prostheses: (a) ABG-cemented and (b) Versys. 
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Fig. 17. Removal of the femoral head and cemented prosthesis positioning:  
(a) ABG-cemented and (b) Versys 

In the models of cemented prostheses it is not necessary to define contact conditions 
between the cancellous bone and the stem. In this type of prosthesis the junction between 
these two elements is achieved by cement, which in the EF model should simulate 
conditions of perfect union between cancellous bone-cement and cement-stem. It has also 
been necessary to model the diaphyseal plug that is placed in actual operations to prevent 
the spread of the cement down to femoral medullary canal. Fig. 18 shows the coronal 
sections of the final models. 
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      (a)                                   (b) 

Fig. 18. Longitudinal section of the FE models with cemented femoral prostheses: (a) ABG-
cemented and (b) Versys. 

    

   (a)      (b) 

Fig. 19. FE model with cemented femoral prostheses: (a) ABG-cemented and (b) Versys. 
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Both models were meshed with tetrahedral solid elements linear type, with a total of 74192 
elements in the model for ABG-cemented prosthesis (33504 items cortical bone, cancellous 
bone 17859, 6111 for the ABG stem-cement, cement 13788 and 2930 for diaphyseal plug), and 
274651 in the model for prosthetic Versys (119151 items of cortical bone, cancellous bone 
84836, 22665 for the Versys stem, 44661 for the cement and 3338 in diaphyseal plug). In Fig. 
19 are shown both models for cemented stems. Boundary conditions were imposed in the 
same way as in the cementless stems (Fig. 20). 

 
Fig. 20. Boundary conditions 

Calculation was performed using again the program Abaqus 6.7. Both prostheses have been 
simulated with the same mechanical properties, thus, the result shows the influence of stem 
geometry on the biomechanical behavior. Figs. 21 and 22 show the variation (%) of bone 
mass and average von Mises stress (%) in each of the Gruen zones for each of the models of 
cemented prostheses, with reference to the preoperative time. It can be seen that for both 
stems, the maximum decrease in bone mass occurred in Zone 7. This decrease in bone mass 
is greater in the Versys model than in the ABG stem 
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Fig. 21. BMD and average von Mises stress evolution for ABG cemented stem 
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Fig. 21. BMD and average von Mises stress evolution for ABG cemented stem 
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Fig. 22. BMD and average von Mises stress evolution for Versys cemented stem 
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5. Conclusion 
Prior to the development of our FE models several long-term studies of bone remodeling 
after the implantation of two different cementless stems, ABG I and ABG II, were performed 
(Panisello et al., 2006; Panisello et al., 2009a; Panisello et al., 2009b). These studies were 
performed using DXA, a technique that allows an accurate assessment of bone density 
losses in the different Gruen zones. We take as a reference to explore this evolution the 
postoperative value obtained in control measurements and those obtained from 
contralateral healthy hip. New measurements were made at 6 months, one year and 5 years 
after surgery. The ABG II stem is an evolution of the ABG I, which has been modified both 
in its alloy and design. The second generation prosthesis ABG-II is manufactured with a 
different titanium alloy from that used in the ABG-I. The prosthetic ABG-I stem is made 
with a Wrought Titanium alloy (Ti 6Al-4V)  of which elasticity modulus  is 110 GPa.  
Meanwhile, the TMZF alloy, which is used on the ABG-II stem, has a Young’s modulus of 
74-85 GPa, according to the manufacturer information, using a mean value of 79.5 GPa in 
the different analyses. On the other hand, the ABG II stem has a new design with less 
proximal and distal diameter, less length and the shoulder of stem has been redesign to 
improve osteointegration in the metaphyseal area. 

In our DXA studies, directed to know the loss of bone mass in the different zones of Gruen 
caused by the stress-shielding, we found that ABG II model produces less proximal bone 
atrophy in post-operative measurements, for similar follow-up periods.  In the model ABG 
II, we keep finding in studies with DXA a proximal bone atrophy, mainly in zones 1 and 7 of 
Gruen, but with an improvement of 8.7% in the values obtained in ABG I series. We can 
infer that improvements in the design of the stem, with a narrower diameter  in the 
metaphyseal area, improve the load transfer to the femur and therefore minimizes the 
stress-shielding phenomenon, resulting in a lower proximal bone atrophy, because this area 
receive higher mechanical stimuli. These studies for determination of bone mass in Gruen 
zones, and the comparative study of their postoperative evolution during 5 years have 
allowed us to draw a number of conclusions: a) bone remodelling, after implantation of a 
femoral stem, is finished one year after surgery; b) variations in bone mass, after the first 
year, are not significant. 

The importance of these studies is that objective data from a study with a series of patients 
allow us to confirm the existence of stress-shielding phenomenon, and quantify exactly the 
proximal bone atrophy that occurs. At the same time they have allowed us to confirm that 
the improvements in the ABG stem design, mean in practice better load transfer and less 
stres-shielding phenomenon when using the ABG II stem. 

DXA studies have been basic to validate our FE models, because we have handled real 
values of patients' bone density, which allowed us to measure mechanical properties of real 
bone in different stages. Through computer simulation with our model, we have confirmed 
the decrease of mechanical stimulus in femoral metaphyseal areas, having a higher stimulus 
in ABG II type stem, which corresponds exactly with the data obtained in studies with DXA 
achieved in patients operated with both models stems. 

In the case of cemented stems, densitometric studies were performed with two different 
types of stem: one straight (Versys, manufactured in a cobalt-chromium alloy) and other 
anatomical (ABG, manufactured in forged Vitallium patented by Stryker Howmedica). It  
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Fig. 22. BMD and average von Mises stress evolution for Versys cemented stem 
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Fig. 23. Stress distributions in coronal plane: a) minimum principal (compression);  
b) maximum principal (tension) 
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was carried on the same methodology used in the cemented stems series. Densitometric 
studies previously made with cementless stems allow us to affirm that bone remodeling is 
done in the first postoperative year, a view shared by most of the authors. So, we accept that 
bone mineral density values obtained one year after surgery can be considered as definitive. 
As in cementless models, densitometric values have been used for comparison with those 
obtained in the FE simulation models. Our studies confirmed that the greatest loss of bone 
density affects the zone 7 of Gruen (Joven, 2007), which means that stress-shielding and 
atrophy of metaphyseal bone also occurs in cemented prostheses. This phenomenon is less 
severe than in non-cemented stems, therefore we can conclude that the load transfer is better 
with cemented stems than with cementless stems. The findings of proximal bone atrophy, 
mainly in the area 7, agree with those published by other authors (Arabmotlagh et al., 2006; 
Dan et al., 2006). We have also found differences in the rates of decrease in bone density in 
the area 7 of Gruen, wich were slightly lower in the anatomical ABG stem than in the Versys 
straight stem. This also indicates that the prosthesis design has influence in the remodeling 
process, and that mechanical stimuli are different and related to the design. 

From a mechanical point of view, in the case of cementless stems, the improvements in the 
design are limited for the intrinsic behaviour of the mechanical system stem-bone. So if the 
compression and tension distributions are depicted (Fig. 23), one can see that, at initial steps 
without osteointegration, compression stresses can be transmitted in the contact interface 
but not tension stresses. Therefore the bending moment due to the load eccentricity only can 
be equilibrated by means of a couple of forces acting at points A and B, respectively, as 
shown in Fig. 23b. This behaviour explain the proximal bone atrophy in zone 7 of Gruen, 
and depending on the actual position of point A the same effect in zone 1 of Gruen. A 
similar effect occurs in cemented stems when the debonding appears at the bone-cement 
interface in the tensioned zones. 
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1. Introduction 
Numerous methods for measuring intracranial pressure (ICP) have been described, and 
many of them are suitable for different clinical disorders [1-5]. One method for ICP 
monitoring is through the ventricular system [6,7], which requires stereotaxic techniques 
and may not be practical for surgical experiments in the brain regions. Ventricular 
monitoring of ICP is also associated with intracerebral hemorrhage and infection [6]. 
Another method to monitor ICP is through the subarachnoid space at the cisterna magna, in 
which catheter placement may be difficult and dangerous due to the anatomy [8,9]. Some 
studies monitored ICP via epidural [10,12], which has limitations in measuring acute 
changes in ICP and is inaccurate in some cases when compared with ventricular monitoring 
[8]. These methods have many disadvantages of invasion, low-accuracy, cross-infection, etc 
[13,14]. Although many efforts have recently been made to improve the minitraumatic or 
non-invasive methods [15-19], noninvasive means of measuring ICP do not exist 
unfortunately in clinic [20,21]. With the significance of raised ICP in the studies of 
intracranial pathophysiology, espacially in neurosurgical disorders, it would be valuable to 
have a simple and reliable method to monitor intracranial pressure (ICP) in clinic. Therefore, 
the minitraumatic or non-invasive, accurate and simple method to measure ICP is an 
important question of research in neurosurgery. In this study, we propose a new, 
minitraumatic, simple, and reliable measurable system that can be used to monitor ICP from 
the exterior surface of skull bone. 

The ‘Monro [22] – Kellie [23] doctrine’ states that an adult cranial compartment is 
incompressible, and the volume inside the cranium is a fixed volume thus creates a state of 
volume equilibrium, such that any increase of the volumes of one component (i.e. blood, 
CSF, or brain tissue) must be compensated by a decrease in the volume of another. If this 
cannot be achieved then pressure will rise and once the compliance of the intracranial space 
is exhausted then small changes in volume can lead to potentially lethal increases in ICP. 
The compensatory mechanism for intracranial space occupation obviously has limits. When 
the amount of CSF and venous blood that can be extruded from the skull has been 
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exhausted, the ICP becomes unstable and waves of pressure develop. As the process of 
space occupation continues, the ICP can rise to very high levels and the brain can become 
displaced from its normal position. Dr. Sutherland firstly perceived a subtle palpable 
movement within the bones of cranium. Dr. Upledger [24] discovered that the inherent 
rhythmic motion of cranial bones was caused by the fluctuation of CSF. Accordingly, the 
cranium can move and be deformed as the ICP fluctuates. By pasting strain foils on the 
exterior surface of skull bone, the skull strains can be measured with the strain gauge. ICP 
variation can be obtained through the corresponding processing based on the strains. So the 
ICP can be monitored by measuring the strains of skull bone [25]. 

2. Mechanical analysis of cranial cavity deformation 
2.1 Mechanical analysis of deformation of the skull as a whole 

There are two aspects of effects on forces on the objects. One can make objects produce the 
acceleration, another is make objects deform. In discussing the external force effect, the 
objects are assumed to be a rigid body not compressed. But in fact, all objects will deform 
under loading, but different with the degrees. Here, we will mechanically analyze the 
overall deformation of cranial cavity under the external force. 

(1) Two basic assumptions 

To simplify the analysis of deformation of human skull, we assume: 

1. Uniformly-continuous materials 

The human skull is presumed to be everywhere uniform, and the sclerotin is no gap in bone 
of cranial cavity. 

2. The isotropy 

The human skull is supposed to have the same mechanical properties in all directions. The 
thickness and curvature of human skull vary here and there. The external and internal 
boards are all compact bones, in which external board is thicker than internal board but the 
radian of external board is smaller than that of the internal board. The diploe is the 
cancellous bone between the external board and the internal board, which consists of the 
marrow and diploe vein. The parietal bone is the transversely isotropic material [26], 
namely, it has the mechanical property of rotational symmetry in any axially vertical planes 
of skull [27]. The tensile and compressive abilities of compact bone are strong. The 
important mechanical characteristics of cancellous bone are viscoelasticity [28], which is 
generally considered as the construction of semi-closed honeycomb composed of bone 
trabecula reticulation. The main composition of cerebral duramater, a thick and tough 
bilayer membrane, is collagenous fiber11, which is viscoelastic material [29]. And the 
thickness of duramater is obviously variable with the changing ICP [30]. The mechanical 
performance of skull is isotropic along tangential direction on the skull surface [31], in 
which the performance of compact bone in the external board is basically the same as that in 
the internal board [32], thus both cancellous bone and duramater can be regarded as 
isotropic materials [33]. And the elastic modulus of fresh duramater is variable with delay 
time [34]. And there are a number of sutures in the cranial cavity. But while a partial skull is 
studied on the local deformation, we can regard each partial skull as quasi-homogeneous 
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and quasi-isotropic. In addition, the sutures of cranial cavity are also the continuous 
integration with ages. 

(2) Two concepts 

1. stress ( ) 

Stress is the internal force per unit area. The calculation unit is 2kg/cm  or 2kg/mm . 

2. Transverse deformation coefficient 

When the objects are under tension, not only the length is drawn out from l  to 1l , but also 
the width is reduced from b  to 1b . This shows that there are the horizontal compressive 
stresses in the objects. Similarly, while the object is compressed, not only its length shortens 
but its width increases. It indicates that the horizontal tensile stress distributes in the objects. 

The horizontal absolute deformation is noted as 1b b b   , and the transverse strain is 

0 b b   . 

In mechanics of materials, the transverse strain 0  is proportional to the longitudinal strain 
  of the same material within the scope of the Hooke theorems’ application. The ratio of its 
absolute value 0    is a constant.   is known as the coefficient of lateral deformation, 
or Poisson ratio. The Poisson ratio of any objects can be detected by the experiment. 

While vertically compressed, the objects simultaneously have a horizontal tension. 
Therefore, when the head attacked in opposite directions force, the entire human skull will 
take place the longitudinal compression and transverse tension with the same direction of 
force. Then the longitudinal compressive stress and the horizontal tensile stress will be 
generated in the scelrotin. Thus, the stress of arbitrary section along radial direction in shell 
is just equal to the tangential pulling force along direction perpendicular to the normal 
vertical when ICP is raised. 

2.1.1 The finite-element analysis of strains by ignoring the viscoelasticity of cranial 
cavity 

The geometric shape of human skull is irregular and variable with the position, age, gender 
and individual. So the cranial cavity system is very complex. Moreover, the cranial cavity is 
a kind of viscoelactic solid with large elastic modulus, and the brain tissue is also a 
viscoelastic fluid with great bulk modulus. It is now almost impossible to accurately analyze 
the brain system. Only by some simplification and assumptions, the complex issues can be 
made. Considering the special structure of cranial cavity composed of skull, duramater, 
encephalic substance, etc, here we simplify the model of cranial cavity as a regular geometry 
spheroid of about 200mm external diameter, which is an hollow equal-thickness thin-wall 
shell. 

The craniospinal cavity may be considered as a balloon. For the purpose of our analysis, we 
adopted the model of hollow sphere. We presented the development and validation of a 3D 
finite-element model intended to better understand the deformation mechanisms of human 
skull corresponding to the ICP change. The skull is a layered sphere constructed in a 
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take place the longitudinal compression and transverse tension with the same direction of 
force. Then the longitudinal compressive stress and the horizontal tensile stress will be 
generated in the scelrotin. Thus, the stress of arbitrary section along radial direction in shell 
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made. Considering the special structure of cranial cavity composed of skull, duramater, 
encephalic substance, etc, here we simplify the model of cranial cavity as a regular geometry 
spheroid of about 200mm external diameter, which is an hollow equal-thickness thin-wall 
shell. 

The craniospinal cavity may be considered as a balloon. For the purpose of our analysis, we 
adopted the model of hollow sphere. We presented the development and validation of a 3D 
finite-element model intended to better understand the deformation mechanisms of human 
skull corresponding to the ICP change. The skull is a layered sphere constructed in a 



Finite Element Analysis – From Biomedical Applications to Industrial Developments 254 

specially designed form with a Tabula externa, Tabula interna, and a porous Diploe 
sandwiched in between. Based on the established knowledge of cranial cavity importantly 
composed of skull and dura mater (Fig2.1), a thin-walled structure was simulated by the 
composite shell elements of the finite-element software [35]. The thickness of skull is 6mm, 
that of duramater is 0.4mm, that of external compact bone is 2.0mm, that of cancellous bone 
is 2.8mm, and that of internal compact bone is 1.2mm. 

 
Fig. 2.1. Sketch of layered sphere. The thin-walled structure of cranial cavity is mainly 
composed of Tabula externa, Diploe, Tabula interna and dura mater. 

Above all, we should prove the theoretical feasibility of the strain-electrometric method to 
monitor ICP. We simplify the theoretical calculation by ignoring the viscoelasticity of 
cancellous bone and dura mater. And then we make the analysis of the actual deformation 
of cranial cavity by considering the viscoelasticity of human skull-dura mater system with 
the finite-element software. At the same time, we can determine how the viscoelasticity of 
human skull and dura mater influences the strains of human skull respectively by ignoring 
and considering the viscoelasticity of human skull and dura mater. 

2.1.2 The stress and strain analysis of discretized elements of cranial cavity 

In order to obtain the numerical solution of the skull strain, the continuous solution region 
of cranial cavity divided into a finite number of elements, and a group element collection 
glued on the adjacent node points. Then the large number of cohesive collection can be 
simulated the overall cranial cavity to carry out the strain analysis in the solving region. 
Based on the block approximation ideas, a simple interpolation function can approximately 
express the distribution law of displacement in each element. The node data of the selected 
field function, the relationship between the nodal force and displacement is established, and 
the algebraic equations of regarding the nodal displacements as unknowns can be formed, 
thus the nodal displacement components can be solved. Then the field function in the 
element collection can be determined by using the interpolation function. If the elements 
meet the convergence requirements, with the element numbers increase in the solving 
region with the shrinking element size, and the approximate solution will converge to exact 
solutions [36].  

The solving steps for the strains of cranial cavity with the ICP changes are shown in Fig2.2. 
The specific numerical solution process is: 

1. The discretized cranial cavity 

The three-dimensional hollow sphere of cranial cavity is divided into a finite number of 
elements. By setting the nodes in the element body, an element collection can replace the 
structure of cranial cavity after the parameters of adjacent elements has a certain continuity. 
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Fig. 2.2. Block diagram of numerical solution steps of cranial cavity with the finite-element 
method 

2. The selection of displacement mode 

To make the nodal displacement express the displacement, strain and stress of element 
body, the displacement distribution in the elements are assumed to be the polynomial 
interpolation function of coordinates. The items of polynomial number are equal to the 
freedom degrees number of elements, that is, the number of independent displacement of 
element node. The orders of polynomial contain the constant term and linear terms. 

According to the selected displacement mode, the nodal displacement is derived to express 
the displacement relationship of any point in the elements. Its matrix form is: 

     ef N   (2.1) 

Where:  f - The displacement array of any point within the element;  N - The shape 
function matrix, its elements is a function of location coordinates;  e - The nodal 
displacement array of element. 

The block approximation is adopted to solve the displacement of cranial cavity in the entire 
solving region, and an approximate displacement function is selected in an element, where 
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need only consider the continuity of displacement between elements, not the boundary 
conditions of displacement. Considering the special material properties of the middle 
cancellous and duramater, the approximate displacement function can adopt the piecewise 
function. 

3. Analyze the mechanical properties of elements, and derive the element stiffness matrix 
a. Using the following strain equations, the relationship of element strain (2.2) is 

expressed by the nodal displacements derived from the displacement equation (2.1): 

Strain equations
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     eB    (2.2)  

Where:[B]—The strain matrix of elements;   —The strain array at any points within the 
elements. 

b. The constitutive equation reflecting the physical characteristics of material is 
    D  , so the stress relationship of stress can be expressed with the nodal 
displacements derived from the strain formula (2.2): 

      eD B   (2.3) 

Where:   - The stress array of any points in the elements;  D - The elastic matrix related 
to the element material. 

c. Using the variational principle, the relationship between force and displacement of the 
element nodes is established: 

      ee eF k    (2.4) 

Where:  ek - Element stiffness matrix,        e Tk B D B dxdydz  ;  eF - Equivalent nodal 

force array,        e e ee
V S CF F F F   ;  e

VF - Equivalent nodal force on the nodes 

transplanted from the element volume force VP ,      e T
V V

V
F N P dV  ;  e

SF - Equivalent 

nodal force on the nodes transplanted from the element surface force, 
     e T

A S
A

F N P dA  ;  e
CF - Concentration force of nodes. 

4. Collecting all relationship between force and displacement, and establish the 
relationship between force and displacement of cranial cavity 
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According to the displacement equal principle of the public nodes in all adjacent elements, 
the relationship between force and displacement of overall cranial cavity collected from the 
element stiffness matrix: 

     F K     (2.5) 

Where:  F - Load array;  K - The overall stiffness matrix;   - The nodal displacement 
array of the entire cranial cavity. 

5. Solve the nodal displacement 

After the formula (2.1) ~ (2.5) eliminating the stiffness displacement of geometric boundary 
conditions, the nodal displacement can be solved from the gathered relationship groups 
between force and displacement. 

6. By classifying the nodal displacement solved from the formula (2.2) and (2.3), the strain 
and stress in each element can be calculated. 

In this paper, the studied cranial cavity is a hollow three-dimensional sphere, its external 
radius 100 mmR  , the curvature of hollow shell is 0 01 rad/mm. , the thickness of shell 
wall is 6mm, so the element body of hollow spherical can be treated as the regular 
hexahedron. The following is the stress and strain analyses in the three-dimensional 
elements in the cranial space. The 8-node hexahedral element (Fig2.3) is used to be the 
master element. The origin is set up as the local coordinate system ( , ,   ) in the element. 
Trough the transformation between rectangular coordinates and local coordinates, the space 
8-node isoparametric centroid element can be obtained. The relationship of coordinate 
transformation is: 

 
Fig. 2.3. The space 8-node isoparametric centroid element  
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According to the displacement equal principle of the public nodes in all adjacent elements, 
the relationship between force and displacement of overall cranial cavity collected from the 
element stiffness matrix: 

     F K     (2.5) 

Where:  F - Load array;  K - The overall stiffness matrix;   - The nodal displacement 
array of the entire cranial cavity. 

5. Solve the nodal displacement 

After the formula (2.1) ~ (2.5) eliminating the stiffness displacement of geometric boundary 
conditions, the nodal displacement can be solved from the gathered relationship groups 
between force and displacement. 

6. By classifying the nodal displacement solved from the formula (2.2) and (2.3), the strain 
and stress in each element can be calculated. 

In this paper, the studied cranial cavity is a hollow three-dimensional sphere, its external 
radius 100 mmR  , the curvature of hollow shell is 0 01 rad/mm. , the thickness of shell 
wall is 6mm, so the element body of hollow spherical can be treated as the regular 
hexahedron. The following is the stress and strain analyses in the three-dimensional 
elements in the cranial space. The 8-node hexahedral element (Fig2.3) is used to be the 
master element. The origin is set up as the local coordinate system ( , ,   ) in the element. 
Trough the transformation between rectangular coordinates and local coordinates, the space 
8-node isoparametric centroid element can be obtained. The relationship of coordinate 
transformation is: 

 
Fig. 2.3. The space 8-node isoparametric centroid element  



Finite Element Analysis – From Biomedical Applications to Industrial Developments 258 

 

 

 

 

8

1
8

1
8

1

i i
i

i i
i

i i
i

x N , , x

y N , , y

z N , , z

  

  

  












 


 








   (2.6) 

Then the displacement function of element is: 
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   (2.7) 

Where: ix , iy , iz  and iu , iv , iw  are respectively the coordinate values and actual 
displacement of nodes.  

The element displacement function with matrix is expressed as: 
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Where:  i - Nodal displacement array,   Ti i i iu v w   1 2 8i , , ,      ;  e - The 

nodal displacement array of entire element,        1 2 8
Te            ; iN - The 

uniform shape function of 8 nodes, which can be expressed as: 

    1 1 1 1
8i i i iN           1 2 8i , , ,       (2.9) 

Where: i , i , i  is the coordinates of node i  in the local coordinate system  , ,   . 

The derivative of composite function to local coordinates is: 
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The strain relationship of space elements is: 
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The strain matrix  B  of space element: 
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The shape function was derivative to be: 
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The matrix  J  is the three-dimensional Yake ratio matrix of coordinate transformation:  
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The stress-strain relationship of space elements is: 

         eD D B       (2.15) 

The elasticity matrix  D  is: 
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Then the displacement function of element is: 
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Where: ix , iy , iz  and iu , iv , iw  are respectively the coordinate values and actual 
displacement of nodes.  

The element displacement function with matrix is expressed as: 
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The strain relationship of space elements is: 
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The shape function was derivative to be: 
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The matrix  J  is the three-dimensional Yake ratio matrix of coordinate transformation:  
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The stress-strain relationship of space elements is: 
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The elasticity matrix  D  is: 
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The element stiffness matrix from the principle of virtual work is: 
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Where: 
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The equivalent nodal forces acting on the space element nodes are: 

      ee eF k     (2.19) 

Because the internal pressure in the cranial cavity is surface force, the equivalent load for the 
pressure acting on the element nodes is: 
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The relationship between force and displacement in the entire cranial cavity is: 

     F K     (2.21) 

Then after obtaining the nodal displacement, the stress and strain in each element can be 
calculated by combining the formula (2.11) and (2.15). 

2.2 The stress and strain analysis for complex structure of cranial cavity deformation 

Cranial cavity is the hollow sphere formed by the skull and the duramater. From the Fig2.2, 
there are obvious interfaces among the various parts of outer compact bone, middle 
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cancellous bone, inner compact bone and duramater, which is consistent with the 
characteristics of composite materials [37]. Four layered composite structure of cranial cavity 
is almost lamelleted distribution. Therefore, the lamelleted structure is adopted to establish 
and analyze the finite-element model of cranial cavity, and the laminated shell element is 
used to describe the thin cranial cavity made up of skull and duramater. Here the cranial 
cavity deformation of laminated structure is analyzed as follows: 

(1) The stress and strain analysis for the single layer of cranial deformation  

Each layers of cranial cavity are all thin flat film. The skulls are transversely isotropic 
material. The thickness of Tabula externa, diploe, Tabula interna, duramater is all very 
small. So compared with the components in the surface, the stress components are very 
small along the normal direction, and can be neglected. So the deformation analysis to 
single-layer cranial cavity can be simplified to be the stress problems of two-dimensional 
generalized plane. 

The stress-strain relationship of each single-layer structure in the cranial cavity: 

     Q     (2.22) 

Namely: 
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Where, 1,2 - The main direction of elasticity in the plane;  Q - Stiffness matrix, 
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; 1E , 2E - The elastic 

modulus of four independent surfaces in each layer structure; 12G - Shear modulus; 12 - 
Poisson's ratio of transverse strain along the 2 direction that the stress acts on the 1 direction. 

(2) The stress and strain analysis for the laminated deformation of cranial cavity 

The cranial cavity is as a whole formed by the four-layer structures. So the material, 
thickness and elastic main direction are all different. The overall performance of cranial 
cavity is anisotropic, macroscopic non-uniformity along the thickness direction and non-
continuity of mechanical properties. Thus, the assumptions need to be made before 
analyzing the overall deformation of cranial cavity [38]: 

1. The same deformation in each layer 

Each single layer is strong glued. There are the same deformation, and no relative 
displacement; 

2. No change of direct normal 

The straight line vertical to the middle surface in each layer before the deformation remains 
still the same after the deformation, and the length of this line remains unchanged whether 
before or after deformation; 
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cancellous bone, inner compact bone and duramater, which is consistent with the 
characteristics of composite materials [37]. Four layered composite structure of cranial cavity 
is almost lamelleted distribution. Therefore, the lamelleted structure is adopted to establish 
and analyze the finite-element model of cranial cavity, and the laminated shell element is 
used to describe the thin cranial cavity made up of skull and duramater. Here the cranial 
cavity deformation of laminated structure is analyzed as follows: 

(1) The stress and strain analysis for the single layer of cranial deformation  

Each layers of cranial cavity are all thin flat film. The skulls are transversely isotropic 
material. The thickness of Tabula externa, diploe, Tabula interna, duramater is all very 
small. So compared with the components in the surface, the stress components are very 
small along the normal direction, and can be neglected. So the deformation analysis to 
single-layer cranial cavity can be simplified to be the stress problems of two-dimensional 
generalized plane. 
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modulus of four independent surfaces in each layer structure; 12G - Shear modulus; 12 - 
Poisson's ratio of transverse strain along the 2 direction that the stress acts on the 1 direction. 

(2) The stress and strain analysis for the laminated deformation of cranial cavity 

The cranial cavity is as a whole formed by the four-layer structures. So the material, 
thickness and elastic main direction are all different. The overall performance of cranial 
cavity is anisotropic, macroscopic non-uniformity along the thickness direction and non-
continuity of mechanical properties. Thus, the assumptions need to be made before 
analyzing the overall deformation of cranial cavity [38]: 

1. The same deformation in each layer 

Each single layer is strong glued. There are the same deformation, and no relative 
displacement; 

2. No change of direct normal 

The straight line vertical to the middle surface in each layer before the deformation remains 
still the same after the deformation, and the length of this line remains unchanged whether 
before or after deformation; 
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3.  0z   

The positive stress along the direction of thickness is small compared to other stress, and can 
be ignored; 

4. The plane stress state in each single layer 

Each single-layer structure is similar to be assumed in plane stress state. 

From the four-layer laminated structure composed of Tabula externa, diploe, Tabula interna, 
duramater, the force of each single-layer structure is indicated in Fig2.4. The middle surface 
in the laminated structure of cranial cavity is the xy  coordinate plane. z axis is 
perpendicular to the middle surface in the plate. Along the z axis, each layer in turn will be 
compiled as layer 1, 2, 3, and 4. The corresponding thickness is respectively 1t , 2t , 3t , 4t . As 
a overall laminated structure, the thickness of cranial cavity is h , shown in Fig2.5. 

 
Fig. 2.4. The orientation relationship in each single-layer structure of cranial cavity  

 
Fig. 2.5. The sketch of four-layered laminated structure of cranial cavity  
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Then 
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The z  coordinates is respectively 1kz   and kz ,then 0 2z h   and 4 2z h . 

The displacement components at any point within the laminated structure of cranial cavity: 
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The strain is: 
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Where: u u(x,y ,z) , v v(x,y ,z) , w w(x,y ,z) - The displacement components at any 
point within the cranial cavity; 0u (x,y) , 0v (x,y) - The displacement components in the 
middle surface; w(x,y) - Deflection function, the deflection function of each layer is the 
same. 

Fomular (2.26) can be expressed to be in matrix form: 
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The mean internal force and torque acting on the laminated structure of cranial cavity in the 
unit width is: 
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Taking into account the discontinuous stress caused by the discontinuity along the direction 
of laminated structure in the cranial cavity, the formula (2.28) can be rewritten in matrix 
form: 
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After substituting the formula (2.22) and (2.27) into equation (2.29), the average internal 
force and internal moment of the laminated structure in the cranial cavity is: 
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Then the flexibility matrix of laminated structure in the cranial cavity is: 
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Where:                   
11 1 1 1a A A B D B A B B A
      ; 

              11 1b A B D B A B
    ;               

11 1 Tc D B A B B A b
     ; 

          11d D B A B
   

Thus, the stress-strain relationship of laminated structure in the cranial cavity is: 
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With the changing ICP, to determine how the viscoelasticity of human skull and duramater 
influences the strains of human skull respectively by ignoring and considering the 
viscoelasticity of human skull and duramater, we make the analysis of the actual 
deformation of cranial cavity by considering the viscoelasticity of human skull-duramater 
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system with the finite-element software MSC_PATRAN/NASTRAN and ANSYS. 
Considering the complexity to calculate the viscoelasticity of human skull and duramater, 
we can simplify the calculation while on-line analysis only considering the elasticity but 
ignoring the viscoelasticity of human skull and duramater after obtaining the regularity 
how the viscoelasticity influences the deformation of cranial cavity. 

2.2.1 The finite-element analysis of strains by ignoring the viscoelasticity of human 
skull and duramater 

The craniospinal cavity may be considered as a balloon. For the purpose of our analysis, we 
adopted the model of hollow sphere (Fig2.6). We presented the development and validation 
of a 3D finite-element model intended to better understand the deformation mechanisms of 
human skull corresponding to the ICP change. The skull is a layered sphere constructed in a 
specially designed form with a Tabula externa, Tabula interna, and a porous Diploe 
sandwiched in between. Based on the established knowledge of cranial cavity importantly 
composed of skull and duramater, a thin-walled structure was simulated by the composite 
shell elements of the finite-element software [39]. 

 
Fig. 2.6. The sketch of 3D cranial cavity and grid division 

Of course, the structure, dimension and characteristic parameter of human skull must be 
given before the calculation. The thickness of calvaria [40] varies with the position, age, 
gender and individual, so does dura mater [41]. Tabula externa and interna are all compact 
bones and the thickness of Tabula externa is more than that of Tabula interna. Diploe is the 
cancellous bone between Tabula externa and Tabula interna [42]. The parietal bone is the 
transversely isotropic material, namely it has the mechanical property of rotational 
symmetry in the axially vertical planes of skull [43]. The important mechanical characteristic 
of cancellous bone is viscoelasticity, which is generally considered as the semi-closed 
honeycomb structure composed of bone trabecula reticulation. The main composition of 
cerebral dura mater, a thick and tough bilayer membrane, is the collagenous fiber which has 
the characteristic of linear viscoelasticity [44]. And the thickness of dura mater obviously 
varies with the changing ICP [45]. The mechanical performance of skull is isotropic along 
the tangential direction on the surface of skull bone [46], in which the performance of 
compact bone in the Tabula externa is basically the same as that in the Tabula interna [47]. 
Thus both cancellous bone and dura mater can be regarded as isotropic materials. And the 
elastic modulus of fresh dura mater varies with the delay time [48]. 
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After substituting the formula (2.22) and (2.27) into equation (2.29), the average internal 
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Next we need determine the fluctuant scope of human ICP. ICP is not a static state, but one 
that influenced by several factors. It can rise sharply with coughing and sneezing, up to 50 
or 60mmHg to settle down to normal values in a short time. It also varies according to the 
activity the person is involved with. For these reasons single measurement of ICP is not a 
true representation. ICP needs to be measured over a period. Measured by means of a 
lumbar puncture, the normal ICP in adults is 8 mmHg to 18 mmHg. But so far there are 
almost no records of the actual human being’s ICP in clinic. The geometry and structure of 
monkey’s skull, mandible and cervical muscle are closer to those of human beings than 
other animals’. So the ICP of monkeys [49] can be taken as the reference to that of human 
beings’. The brain appears to be mild injury when ICP variation is about 2.5 kPa, moderate 
injury when ICP variation is about 3.5 kPa and severe injury when ICP variation is about or 
more than 5 kPa. Therefore, we carried out the following theoretical analysis with the ICP 
scope from 1.5 kPa to 5 kPa. 

In this paper, the finite-element software MSC_PATRAN/NASTRAN and ANSYS are 
applied to theoretically analyze the deformation of human skull with the changing ICP. The 
external diameter of cranial cavity is about 200 mm. The thickness of shell is the mean 
thickness of calvarias. The average thickness of adult’s calvaria is 6.0 mm, that of Tabula 
externa is 2.0 mm, diploe is 2.8 mm, Tabula interna is 1.2 mm and, dura mater in the parietal 
position is 0.4 mm. 

Considering the characteristic of compact bone, cancellous bone and dura mater, we adopt 
their elastic modulus and Poisson ratios as 1.5×104 MPa, 4.5×103 MPa [50], 1.3×102 MPa [51] 
and 0.21, 0.01, 0.23 respectively. 
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Fig. 2.7. The strain curves of finite-element simulation under the conditions of ignoring and 
considering the viscoelasticity of human skull and duramater with the changing ICP from 
1.5 kPa to 5 kPa 
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After ignoring the viscoelasticity of human skull and dura mater, the strains of cranial cavity 
are shown in Table 1 with the finite-element software MSC_PATRAN/NASTRAN as ICP 
changing from 1.5 kPa to 5.0 kPa (Fig2.7). There is the measurable correspondence between 
skull strains and ICP variation. The strains of human skull can reflect the ICP change. When 
ICP variation is raised up to 2.5 kPa, the stress and strain graphs of skull bone are shown in 
Fig2.8～Fig2.13. 

 

 

 

Fig. 2.8. Stress distribution 
The scope of stress change on the outside surface is from 22.1 kPa to 25.3 kPa when ICP 
variation is raised up to 2.5 kPa by ignoring the viscoelasticity of human skull and dura 
mater. 

 

 
 

Fig. 2.9. Strain distribution 
The scope of strain change on the outside surface is from 1.52 μ  to 1.57 μ  when ICP 
variation is raised up to 2.5 kPa by ignoring the viscoelasticity of human skull and dura 
mater. 
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Fig. 2.7. The strain curves of finite-element simulation under the conditions of ignoring and 
considering the viscoelasticity of human skull and duramater with the changing ICP from 
1.5 kPa to 5 kPa 
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After ignoring the viscoelasticity of human skull and dura mater, the strains of cranial cavity 
are shown in Table 1 with the finite-element software MSC_PATRAN/NASTRAN as ICP 
changing from 1.5 kPa to 5.0 kPa (Fig2.7). There is the measurable correspondence between 
skull strains and ICP variation. The strains of human skull can reflect the ICP change. When 
ICP variation is raised up to 2.5 kPa, the stress and strain graphs of skull bone are shown in 
Fig2.8～Fig2.13. 

 

 

 

Fig. 2.8. Stress distribution 
The scope of stress change on the outside surface is from 22.1 kPa to 25.3 kPa when ICP 
variation is raised up to 2.5 kPa by ignoring the viscoelasticity of human skull and dura 
mater. 

 

 
 

Fig. 2.9. Strain distribution 
The scope of strain change on the outside surface is from 1.52 μ  to 1.57 μ  when ICP 
variation is raised up to 2.5 kPa by ignoring the viscoelasticity of human skull and dura 
mater. 
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Fig. 2.10. The maximal stress vector distribution 
The maximal main stress is about 22.4 kPa when ICP variation is raised up to 2.5 kPa by 
ignoring the viscoelasticity of human skull and dura mater. 

 

Fig. 2.11. The maximal strain vector distribution 
The maximal main strain is about 2.2 μ  when ICP variation is raised up to 2.5 kPa by 
ignoring the viscoelasticity of human skull and dura mater. 

 
Fig. 2.12. Stress vector distribution 
The main stress vector is about 21.8 kPa when ICP variation is raised up to 2.5 kPa by 
ignoring the viscoelasticity of human skull and dura mater. 
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Fig. 2.13. Strain vector distribution 
The main strain vector is about 2.14 μ  when ICP variation is raised up to 2.5 kPa by 
ignoring the viscoelasticity of human skull and dura mater. 

2.2.2 The finite-element analysis of strains by considering the viscoelasticity of 
human skull and dura mater 

Human skull has the viscoelastic material [52]. Considering the viscoelasticity of human 
skull and dura mater, we use the viscoelastic option of the ANSYS finite-element program to 
analysis the strains on the exterior surface of human skull as ICP changing. According to the 
symmetry of 3D model of human skull, the preprocessor of the ANSYS finite-element 
program is used to construct a 1/8 finite-element model of human skull and dura mater 
consisting of 25224 nodes and 24150 three-dimensional 8-node isoparametric solid elements, 
shown in Fig2.14. 

 
Fig. 2.14. Finite element model of 1/8 cranial cavity shell 

The three-dimensional stress-strain relationships for a linear isotropic viscoelastic material 
are given by: 
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Here, ij —the Cauchy stress tensor; ije —the deviatoric strain tensor; ij —the Kronecker 

delta; G(t) —the shear relaxation function; K(t) —the bulk relaxation function; (t ) —the 
volumetric strain; t —the present time;  —the past time. 

Before the theoretical analysis of the minitraumatic strain-electrometric method, we need to 
set up the viscoelastic models to describe the relevant mechanical properties of human skull 
and dura mater. 

(1) Viscoelastic Model of human skull 

Under the constant action of stress, the strain of ideal elastic solid is invariable and that of 
ideal viscous fluid keeps on growing at the equal ratio with time. However, the strain of 
actual material increases with time, namely so-called creep. Generally, Maxwell and Kelvin 
models are the basic models to describe the performance of viscoelastic materials. Maxwell 
model represents in essence the liquid. Despite the representative of solid, Kelvin model 
can’t describe stress relaxation but only stress creep (Fig2.15). So the combined models made 
up of the primary elements are usually adopted to describe the viscoelastic performance of 
actual materials. The creep of linear viscoelastic solid can be simulated by the Kelvin model 
of three parameters or the generalized Kelvin model. 

 
Fig. 2.15. Three parameters Kelvin model of human skull. 

  
Fig. 2.16. The relaxation and creep train-time curves between experiment and three 
parameters Kelvin theoretical model of human skull. 

Kelvin model of three parameters is shown in Fig2.15. Fig2.16 (a) is the relaxation curves of 
human skull and Kelvin model of three parameters in the compressive experiment. 
Fig2.16(b) is the creep curves of human skull and Kelvin model of three parameters. It 
shows that the theoretical Kelvin model of three parameters can well simulate the 

Tissue Modeling and Analyzing for Cranium Brain with Finite Element Method 271 

mechanical properties of human skull in the tensile experiments. Thus the Kelvin model of 
three parameters is adopted to describe the viscoelasticity of human skull in this paper. 

For the Kelvin model of three parameters, the stress and strain of human skull are shown in 
equation (2.34), 
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After the calculation based on the equation (1), the elastic modulus of human skull is the 
Fig2.16, 
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Here,  —Direct stress acted on elastic spring or impact stress acted on viscopot;  —Direct 
strain of elastic spring; E —Elastic modulus of tensile compression;  —Viscosity coefficient 

of viscopot;  —strain ratio; 1
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(2) Viscoelastic Model of human duramater 

The generalized Kelvin model is shown in Fig2.17 (c). Fig2.17 (a) is the creep experimental 
curves of human duramater. Fig2.17 (b) is the curves of creep compliance for the generalized 
Kelvin model. It shows that the tendency of creep curve in the experiment is coincident with 
that of creep compliance for the generalized Kelvin model. Creep is the change law of 
material deformation with time under the invariable stress, so here   is constant. For the 
generalized Kelvin model, the stress-strain relationship is (t ) J(t)  . Thus the tendency of 
theoretical creep curve is totally the same as that of experimental one for human duramater. 
So in this paper, the generalized Kelvin model composed of three Kelvin-unit chains and a 
spring is adopted to simulate the viscoelasticity of human dura mater in this paper. 

 

  
      (a)      (b)          (c) 

Fig. 2.17. Creep train-time curves under different loads for fresh human duramater (L0=23 
mm, θ=37 ). Creep compliance curves of human duramatar Kelvin model. And the Kelvin 
model of the duramater. 
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mechanical properties of human skull in the tensile experiments. Thus the Kelvin model of 
three parameters is adopted to describe the viscoelasticity of human skull in this paper. 

For the Kelvin model of three parameters, the stress and strain of human skull are shown in 
equation (2.34), 
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material deformation with time under the invariable stress, so here   is constant. For the 
generalized Kelvin model, the stress-strain relationship is (t ) J(t )  . Thus the tendency of 
theoretical creep curve is totally the same as that of experimental one for human duramater. 
So in this paper, the generalized Kelvin model composed of three Kelvin-unit chains and a 
spring is adopted to simulate the viscoelasticity of human dura mater in this paper. 
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Fig. 2.17. Creep train-time curves under different loads for fresh human duramater (L0=23 
mm, θ=37 ). Creep compliance curves of human duramatar Kelvin model. And the Kelvin 
model of the duramater. 
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For the viscoelastic model of human dura mater composed of the three Kelvin-unit chains 
and a spring, the stress and strain of human dura mater are shown in equation (2.36), 
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After the calculation based on the equation (2.36), the creep compliance of human dura 
mater is equation (2.37), 
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Then the elastic modulus of human dura mater is equation (2.38), 
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Here,  ,  , E ,  ,  ——Ditto mark; 1 , 2 , 3 ——Lag time, that is 1 1 1/ E  , 

2 2 2/ E  , 3 3 3/ E  . 

In the finite-element software ANSYS, there are three kinds of models to describe the 
viscoelasticity of actual materials, in which the Maxwell model is the general designation for 
the combined Kelvin and Maxwell models. Considering the mechanical properties of human 
skull and dura mater, we adopt the finite-element Maxwell model to simulate the 
viscoelasticity of human skull-dura mater system. The viscoelastic parameters of human 
skull and dura mater are respectively listed in Table 2.1 and Table 2.2. 

 Elastic Modulus (GPa) Viscosity (GPa/s) Delay time  (s) 

 E0 E1     * d * 

Compression 5.69±0.26 42.24±2.09 26.9±1.5 2022±198 2292±246 

Tension 13.64±0.59 51.45±2.54 57.25±4.27 3180±300 4026±372 

*
1 2r E E

  ,
2d E

   

Table 2.1. Coefficients for the viscoelastic properties for human skull 

 Elastic modulus (MPa) Delay time  (s) 

 E0 E1 E2 E3  1  2  3 

Duramater 16.67 125.0 150.0 93.75 40 104 106 

Table 2.2. Creep coefficients for the viscoelastic properties for fresh human duramater 
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(3) The stress and strain distribution by the finite-element analysis  

Fig2.18 (a) ~ (e) are the analytic graphs of stress and strain with finite-element software 
ANASYS when ICP variation is raised up to 2.5 kPa. After considering the viscoelasticity of 
human skull and duramater, the stresses and strains of cranial cavity are shown in Fig2.18 
as the ICP changing from 1.5 kPa to 5kPa with the finite-element software ANSYS. It shows 
that the stress and strain distributions on the exterior surface of human skull are well-
proportioned and that the stress and strain variation on the exterior surface of cranial cavity 
is relatively small corresponding to the ICP change. The strains of cranial cavity are 
coincident with ICP variation. The deformation scope of human skull is theoretically from 
0.9 με  to 3.4 με  as the ICP changing from 1.5 kPa to 5.0 kPa. Corresponding to ICP of 2.5 
kPa, 3.5 kPa and 5.0 kPa, the strain of skull deformation separately for mild, moderate and 
severe head injury is 1.5 με , 2.4 με , and 3.4 με  or so. 

 

   
 Stress nephogram     Strain nephogram      XY shear stress nephogram 

 

   

XZ shear stress nephogram YZ shear stress nephogram Interbedded strain change 
nephogram in the human 

duramater and skull 

 

Fig. 2.18. The stress and strain distribution considering viscoelasticity of human skull and 
duramater 

From the relationships about total, elastic and viscous strains of human skull and dura 
mater in Fig2.19, the viscous strains account for about 40% and the elastic strains are about 
60% of total strains with the increasing ICP. 
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For the viscoelastic model of human dura mater composed of the three Kelvin-unit chains 
and a spring, the stress and strain of human dura mater are shown in equation (2.36), 

 

0 1 2 3

0
0

1 1 1 1 2 2 2 2 3 3 3 3

E
E E E

    


         

    

 

         

   (2.36) 

After the calculation based on the equation (2.36), the creep compliance of human dura 
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(3) The stress and strain distribution by the finite-element analysis  
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ANASYS when ICP variation is raised up to 2.5 kPa. After considering the viscoelasticity of 
human skull and duramater, the stresses and strains of cranial cavity are shown in Fig2.18 
as the ICP changing from 1.5 kPa to 5kPa with the finite-element software ANSYS. It shows 
that the stress and strain distributions on the exterior surface of human skull are well-
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is relatively small corresponding to the ICP change. The strains of cranial cavity are 
coincident with ICP variation. The deformation scope of human skull is theoretically from 
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Fig. 2.18. The stress and strain distribution considering viscoelasticity of human skull and 
duramater 

From the relationships about total, elastic and viscous strains of human skull and dura 
mater in Fig2.19, the viscous strains account for about 40% and the elastic strains are about 
60% of total strains with the increasing ICP. 
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Fig. 2.19. Curves among total, elastic and viscous strain when the ICP increment is 2.5 kPa. 
Here EPELX is elastic strain curve, EPPLX is viscous strain curve. The viscous strain is about 
40% of total strain. 

3. Finite-element model of human cranial cavity 
3.1 Materials and methods 

3.1.1 CT scan 

A healthy male volunteer, aged 40 years old, with body height 176 cm, weighing 75 kg, was 
included in this study. The volunteer explained no history of cranium brain. Common 
projections (posterior-anterior, lateral, dual oblique, hyperextension and hyperflexion) were 
made to exclude cranium brain degenerative disorders, cranial instability, and brain 
destruction.  

Spiral CT scans (1 mm thickness) were output in the JPG image file format and saved in the 
computer. Prior to experiment, informed consent was obtained from this volunteer, shown 
in Fig3.1. 

3.1.2 Experimental equipment 

High performance computer (Lenovo, X200) and mobile storage equipment were used. Solid 
modeling software Mimics 13.0 (Materiaise's interactive medical image control system) was 
used in this study. As a top software in computer aided design, Mimics 13.0 provides many 
methods of precise modeling and has been widely used for precise processing. Its equipped 
Ansys, Partron finite element analysis module sequence were used for finite element 
analysis, and then the strain and deformation regularity of the real human cranial cavity 
were simulated with the changing ICP. 
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Fig. 3.1. CT scan image of cranial cavity 

3.1.3 Flowchart of finite element method 

Methods 

Image boundary tracking 

A self-programmed image boundary automatic recorder was used to acquire cranial 
information along the superior border to inferior border of cranium brain. The spatial 
boundary was recorded layer by layer. Following point selection from interior and exterior 
border of images, two-dimensional space coordinates were automatically recorded and 
saved in the .CDB form. After conversion, this file can be directly input into Mimics or CAD 
software. 

Location 

A coordinate system was determined. The CT scanning image starting from the lowest layer of 
cranium brain was set as the working background. CT scan was performed based on a fixed 
coordinate axis, with a know layer interval and magnification proportion. The spatial three-
dimensional coordinate of each point in the image could be determined through drawing the 
horizontal coordinate of each point and referencing scanning interval. When CT machines 
recorded each layer of images, all images were in the same scanning range, which equaled to 
cranial location of two-dimensional CT images from each layer in the scanning direction. 
Calibration of two-dimensional images could be performed if the scar bar of CT scan images 
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were given. In addition, each layer of image was scanned with some interval in the 
longitudinal direction, which was equivalent to calibration in the third dimensional direction. 

Image reconstruction 

In accordance with the sequence of CT scans and according to the scale bar and scan interval 
of CT faulted image, geometry data of each layer were input into the pre-processing module 
of finite element software to establish a geometry model in the rectangular coordinate in the 
sequence of point, line, area, and solid. The transverse plane of CT scan was parallel to xy 
plane, and the longitudinal plane was along the z axis. Three-dimensional reconstruction 
process is shown in Fig3.2. 

 
Fig. 3.2. 3d model of cranial cavity 

3.2 Results 

3.2.1 Reconstruction results 

The fitted curves were assigned into different layers to construct the solid structure of bone 
(Tabula externa, Tabula interna, Diploe sandwiched in between), spongy durameter. During 
reconstruction of structure of Tabula externa, Tabula interna, Diploe sandwiched in 
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between, dura mater, solid of each part was generated independently, and the union of all 
parts was collected. The 3d finite-element models in each direction of cranial cavity are 
shown in Fig3.3. 

    
Fig. 3.3. Each view drawing on the 3d finite-element model in of cranial cavity 

3.2.2 Model validation 

Following type selection, finite element mesh generation was performed in the above-
mentioned models which were given material characteristics. Then, through simulating 
practical situation, boundary condition was exerted and proper numerical process. And the 
three-dimensional analysis was performed. Based on previously published manuscripts, the 
elastic modulus and the Poisson’s ratio of compact bone, cancellous bone and dura mater, 
we adopt their elastic modulus and Poisson ratios as 1.5×104 MPa, 4.5×103 MPa, 1.3×102 MPa 
and 0.21, 0.01, 0.23 respectively. 3d finite-element model of cranial cavity is meshed in 
Fig3.4. Simulation analysis of cranium brain three-dimensional finite element model is 
shown in Fig3.5. 

  
Fig. 3.4. 3d finite-element model of cranial cavity is meshed 

    
Fig. 3.5. Finite element model of 1/2 cranial cavity 
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In accordance with the sequence of CT scans and according to the scale bar and scan interval 
of CT faulted image, geometry data of each layer were input into the pre-processing module 
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plane, and the longitudinal plane was along the z axis. Three-dimensional reconstruction 
process is shown in Fig3.2. 

 
Fig. 3.2. 3d model of cranial cavity 

3.2 Results 
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The fitted curves were assigned into different layers to construct the solid structure of bone 
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between, dura mater, solid of each part was generated independently, and the union of all 
parts was collected. The 3d finite-element models in each direction of cranial cavity are 
shown in Fig3.3. 

    
Fig. 3.3. Each view drawing on the 3d finite-element model in of cranial cavity 
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and 0.21, 0.01, 0.23 respectively. 3d finite-element model of cranial cavity is meshed in 
Fig3.4. Simulation analysis of cranium brain three-dimensional finite element model is 
shown in Fig3.5. 
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Biomechanical model has been shown to play a key role in study of cranium brain, because 
it can be used to investigate the pathogenesis through model observation, thereby to 
propose the strategy of diagnosis and treatment. 

Owing to irregular geometry and non-uniform composition of cervical spine cranium bone 
as well as impossible human mechanical tests, increasing attention has been recently paid to 
finite element method included in the biological study of cranium brain injury because this 
method exhibits unique advantages in analysis of complex structure. 

 
Fig. 3.6. Loads on the finite element model of 1/2 cranial cavity 

  
Fig. 3.7. Strain graph when the ICP is 3.0 kPa  

  
Fig. 3.8. Strain graph when the ICP is 5.0 kPa 

Experimental results are the best method to verify model accuracy. When exerting persistent 
pressure to vertebral spine, non-linear computation is supplemented to the two-dimensional 
unit calculation of ligament structure, which more corresponds to human mechanical 
structure. Statics solver exhibits the self-testing function and can automatically analyze 
computation process, report errors, and control error range. The displacement graph, stress 
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graph, and isogram drawn by post-processor visualizing the distribution ranges of stress or 
strain loaded on each part of cranium brain with the changing ICP. When loads are 
vertically added, the stress on the posterior wall of cranium brain, as well as on the end 
plate and the posterior part of intervertebral discs, relatively centralizes.  

 
Fig. 3.9. Strains curve of cranial cavity with the ICP variation 

3.2.3 Strains on the external surface of cranial cavity 

Finite element analysis is an important mean to simulate human structural mechanical 
function in the field of biomechanics. A human finite element model with physical material 
characteristics under proper simulated in vivo condition can be used to effectively analyze 
the physical characteristics of human structure, for example, stress/strain of structure, 
modal analysis, exterior impact response, and fatigue test. With further understanding of 
cranium brain diseases, some complex models have not been developed, for example, finite 
element models of head and cranial cavity used to study the physio-pathological influences 
cervical spine loading in some complex exercises on cranium brain and soft tissue. Finite 
element analysis exhibits unexampled advantages in the biomechanical study of a severe 
medical brain problem. Theoretically, finite element method can simulate nearly all 
biomechanical experiments. Moreover, this method can better describe the interior changes 
of living body than practical study. Finite element method, as an emerging technique, has a 
broad developing space. However, it is a theoretical simulation analyses, only in conjunction 
with clinical detection and observation can it truly reflect the occurrence and progression of 
cranium brain disease and provide evidence for predicting curative effects, thereby 
exhibiting a synergic effect with clinical outcomes. The present model is only a represent. It 
can not reflect the changes between individual interior parts and between individuals in 
terms of bone contour and material characteristics. The present model is only a cranium 
brain motion segment. Its simulation analysis results might differ from the results from 
multiple motion segments. Actually, when much difference and many uncertainties exist 
between individuals, model simplification and idealization is to strengthen some research 
aspect, which removes experimental inherent difference. Of course, establishment of a finite 
element mechanical model is to provide mechanical methods for clinical and experimental 
studies. The present model needs further improvements due to some limitations, i.e., unable 
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to reflect some complex condition, but it ensures the geometry data and material 
characteristic approximation for application of multiple toolsequipped by various softwares 
during the process of model establishment. In addition, finite element method, as one of 
tools used in the biomechanical field, can qualitatively analyze the stress change of cranium 
brain interior parts when bearing forces. Only by changing local structure or materials can 
the present model established by finite element method simulate the common clinical 
situation and the effects of intervention on ICP force. The present model should be further 
improved in the clinical and experimental processes. 

4. Conclusion and discussion 
4.1 Conclusion 

We develop a new minitraumatic method for measuring ICP with strain-electrometric 
technology. The strains of skull bone can reflect the ICP change. The surgical procedures for 
this new method are easy, simple, safe and reliable. 

This paper carries respectively on the stress and strain analysis on both conditions of 
ignoring and considering the viscoelasticity of human skull and duramater by finite-element 
software MSC_PPATRAN/NASTRAN and ANSYS as ICP changing from 1.5 kPa to 5 kPa. 
The three-dimensional finite element model of cranial cavity and the viscoelastic models of 
human skull and duramater are constructed in this paper. At the same time, the ANSYS 
finite-element software is in this paper used to reconstruct the three-dimensional cranial 
cavity of human being with the mild hypothermia treatment. The conclusion is as follows:  

1. The human skull and duramater are deformed as ICP changing, which is corresponding 
with mechanical deformation mechanism. 

2. When analyzing the strain of human skull and duramater as ICP changing by the finite-
element software ANSYS, the strain by considering the viscoelasticity is about 14% less 
than that by ignoring the viscoelasticity of human skull and duramater. Because the 
viscoelasticity analysis by finite-element software ANSYS is relatively complex and the 
operation needs the huge memory and floppy disk space of computer, it is totally 
feasible to ignore the viscoelasticity while calculating the FEA strain of human skull and 
duramater as ICP changing. 

3. The viscosity plays an important role in the total deformation strain of human skull and 
duramater as ICP changing. In the strains analysis of human skull and duramater with 
the changing ICP by the finite-element software ANASYS, the viscous strain accounts 
for about 40% of total strain, and the elastic strain is about 60% of total strain. 

4. Because the strains of human skull are proportional to ICP variation and the 
caniocerebra characteristic symptoms completely correspond to different deformation 
strains of human skull, ICP can be completely obtained by measuring the deformation 
strains of human skull. That is to say, the minitraumatic method of ICP by strain 
electrometric technique is feasible. Furthermore, ICP variation is respectively about 2.5 
kPa when the strain value of human skull is about 1.4 µε, about 3.5 kPa when the strain 
value of human skull is about 2.1 µε, and about 5 kPa when the strain value of human 
skull is about 3.9 µε. 

5. The strains decreased under the mild hypothermia environment about 0.56% than those 
under the normal temperature conditions during the same circumstance of ICP changes. 
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6. The deformation scope of human skull is theoretically from 1.50 μ  to 4.52 μ  as the 
ICP changing from 2.0 kPa to 6.0 kPa under the normal situation, and from 1.50 μ  to 
4.49 μ  under the mild hypothermia environment. Accordingly, the strains of skull 
deformation for mild, moderate and severe head injuries are separately 1.87 μ , 2.62 
μ and 3.74 μ  or so corresponding to ICP of 2.5 kPa, 3.5 kPa and 5.0 kPa. 

4.2 Discussion 

In neurosurgery, one of the principle axes of treatment for neurosurgical disease is to control 
ICP. Because the skull bone is outside of and close to the brain, the surgical procedure in the 
strain-ICP monitoring system is relatively invasive and may affect experimental results from 
brain tissue. The strain-ICP monitoring has several advantages. First, the strain foil is far 
from the brain, and will not affect the surgery or experiments in the brain. Second, the 
wound surface on the parietal bone is very small and just about 11 mm2. Third, the surgical 
procedure is not extremely invasive for patients compared to the conventional monitoring. 
Fourth, it is possible to keep the strain foil for a longer time, the fixation of strain foil to the 
periosteum is much easier than other methods. Fifth, the operation is performed in the 
cephalic skin, the risk, difficulty, infection and trauma to patients are relatively small. Sixth, 
no special posture of patients is demanded, skull bone can be hardly influenced by any 
diseases and will be deformed as long as ICP is fluctuant in brain. ICP can be synchronously 
and continuously monitored based on the dynamic measurement of skull strains. Thus, this 
system is relatively safe, and it is easier to keep the strain foils in the cranial cavity for a 
longer period of time. 

In this paper, the finite-element simulation was carried out to analyze the deformation of 
cranial cavity. Many complex relationships and influencing factors lie in the actual 
deformation of cranial cavity with the changing ICP. Therefore, in order to obtain the 
accurate deformation tendency of cranial cavity, the precise simulation to the finite-element 
model and further experimental studies in vivo and clinic need to be carried on. 
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1. Introduction  
Due to the fact that modern materials are widely used in aerospace industry, automotive 
industry, medicine and many others it is very important to find out a way to meet all its 
needful parameters. There is a lot of composites, which arise from a combination of at least 
two different components on the macroscopic level and whose parameters are unknown. 
Therefore, it is difficult to get to know their possibilities and functionality. A kind of 
composite materials are Functionally Graded Materials (FGM). They are characterized by 
the fact that its composition and structure gradually change over the volume, which follows 
from changes in properties of material (Miyamoto et al., 1999). There are many works on 
this topic.  

Microstructure and thermal stress relaxation of ZrO2-Ni, which is an example of FGM, by 
hot-pressing was studied in (Jingchuan et al., 1996). The researches consisted of scanning, 
transmission electron microscopy and X-ray diffractometry shown that the chemical 
composition and microstructure of ZrO2-Ni FGM is distributed gradiently in stepwise way. 
The preliminary analyze of thermal stress distribution by means of Finite Element Method 
was also presented there. In other article the identification of the nonlinear thermal-
conductivity coefficient by gradient method was shown (Borukhov, 2005). Author puts his 
attention to the gradient methods of solution of the inverse heat-conduction problem of 
designation of the nonlinear coefficient λ(T), without preliminary finite-dimensional 
approximation. Review of the principal developments in Functionally Graded Materials, 
with an emphasis on the recent work published since 2000, are presented in (Birman&Byrd, 
2007). A various areas relevant to the different aspects of theory and applications of FGM 
are submitted there. 

As it was mentioned above the difficulty of working with composites is that many parameters 
cannot be directly determined. An example would be the relationship between composite 
properties and temperature variation. The study of these relationships can be done 
experimentally, which is costly because it requires proper equipment and sample preparation.  
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The effect of multi fibres filler in composite on thermal conductivity was examined in paper 
(Jopek&Strek, 2011). Three types of optimization were performed in terms of effective 
thermal conductivity: minimization, maximization and determination of arrangement which 
gives expected value of effective thermal conductivity. Hybrid method combining 
optimization with genetic algorithm and differential equation solver by finite element 
method was used to find optimal arrangement of fibers position in composite matrix.  

In this paper an attempt to perform simulation for comparison numerical results with 
experimental results was made. To carry out the simulation, the environment of the 
program COMSOL Multiphysics was used (Comsol, 2007). The code was written in 
COMSOL Script and combines Finite Element Method (Zienkiewicz&Taylor, 2000) with 
optimization Nelder-Mead algorithm (Nelder&Mead, 1965). This algorithm belongs to non-
gradient optimization methods of function of many variables (Weise, 2009). The 
computations are performed using the simplex, so that in each iteration value at several 
specific points is calculated. In this way we find the minimum of the function. It found its 
application in many studies and wide range of problems. 

This method was used for engineering optimization as a Globalized Bounded Nelder-Mead 
algorithm (GBNM) (Luersen&Le Riche, 2004). In that article a global approach to real 
optimization was shown by using restart procedure. The Globalized Bounded Nelder-Mead 
can be applied to discontinuous, non-convex functions. To speed up a global search an 
improved restart procedure was found. An example of this was shown in article where 
improved restart procedure was used for optimization of composite bracket (Hossein Ghiasi 
et al., 2007). This approach was changed by using a one-dimensional adaptive probability 
function and including nonlinear constraints. Thereby the Improved Globalized Nelder-
Mead Method became more efficient than evolutionary algorithm, as results confirmed. 
Some attempts of benchmarking the Nelder-Mead downhill simplex algorithm with many 
local restarts appeared in (Hansen, 2009). This method was also applied for Multiple Global 
Minima (Stefanescu, 2007). In that article author proves that Nelder-Mead heuristic 
procedure can detect successfully multiple global minima. 

Simplex method, mentioned above, can be also used as combined with genetic algorithm. In 
this way the genetic algorithm is used to find a global optimum area and then the Nelder-
Mead algorithm is used for a local optimization (Durand&Alliot, 1999). A hybrid genetic 
and Nelder-Mead algorithm (HGNMA) was also used for decoupling of Multiple Input 
Multiple Output (MIMO) system with application on two coupled distillation columns 
process (Lasheen et al., 2009). In that article a technique that uses relative gain array to 
choose proper pairing and HGNMA to find optimal elements’ values of the steady state 
decoupling compensator unit was proposed. That minimizes internal couplings of MIMO 
systems. Similar hybrid was presented for optimization in the variational methods of 
Boundary Value Problems (Mastorakis, 2009). Author presents a way of solution of p-
Laplacian equation. Next, it is discussed with other methods for the solution. Using the 
Nelder-Mead’s method also problems of identification of material parameters can be solved, 
as it is shown in article where investigation of processes in a rock mass is described (Blaheta 
et al., 2010).  

Simulation, which is carried out in this chapter, for the heat transfer in considered domains 
with the boundary conditions in the form of a heat flux on both ends or temperature allows 
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to determine parameters such as a thermal conductivity, a heat exchange surface area at the 
boundary or an outside temperature around both ends of the area. Modifying the program 
code simulations which optimize the temperature, in case when the thermal conductivity is 
dependent on the nonlinear function, can be also performed. The Nelder-Mead’s 
optimization algorithm combined with Finite Element Method calculations are performed in 
COMSOL Script environment. Considered modern composite consists of multiple materials 
with different properties in different sections. 

2. Heat transfer  
The heat transfer can be defined as a movement of energy which is caused of temperature 
difference. It can be provided by the three mechanisms. First of them is a conduction, which 
can be described as diffusion, which is held in a stationary medium and occurs because of 
temperature gradient. The mentioned medium can be in form of solid or fluid. Next is 
convective, which appears as a result of fluid motion. The last one is radiation, which 
follows from electromagnetic waves between two surfaces, on which different temperatures 
are. Additionally those surfaces must comply with a condition that the first surface is visible 
to an infinitesimally small observer on the second surface. 

The heat transfer by conduction can be defined by the heat equation 

 ρ·Cp· ∂T
∂t

-∇∘(k·∇T)=Q ,  (1) 

where: T – is the temperature, ρ – is the density, Cp - is the heat capacity at constant 
pressure, k – is the thermal conductivity and Q – is a heat source or heat sink. Taking into 
consideration a steady-state model the temperature does not change with time. 

The thermal conductivity describes a relationship between the heat flux vector q and the 
gradient of temperature ∇T (Bejan&Kraus, 2003), so it takes a form of 

 q=-k·∇T ,	 (2) 

The heat flux, mentioned above, is a kind of boundary condition, which can be described as 

 n∘(k·∇T)=q0+h·(T��� − T) + C����� ∙ �T���� − T�� ,  (3) 

where: q0 - is the input heat flux, h·(T��� − T) - is used for convective heat transfer, where h is 
the heat transfer coefficient and T��� is the ambient bulk temperature, C����� ∙ �T���� − T�� - is 
used for radiation heat transfer, where T��� is the temperature of surrounding radiation 
environment and C����� is a product of surface emissivity and the Stefan-Boltzmann constant. 

3. The Nelder-Mead algorithm  
The Nelder-Mead algorithm is a method that does not require to determine a derivative of 
an objective function. This function is determined in few specific points, different in each 
iteration. The first simplex algorithm was defined by Spendley in 1962. In 1965 Nelder and 
Mead improved it and turned the simplex search into an optimization algorithm by adding 
options like: reflection, expansion, contraction and shrinking. Thanks those operations, 
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which speed up the process of optimization, the simplex deforms in way that was suggested 
by Nelder and Mead to adapt better to the objective functions (Nelder & Mead, 1965). 

An n-dimensional simplex with n+1 vertices p0,p1,p2,…,pn is the smallest convex set which 
contains these points, where set {pj - p0 : 1 ≤ j ≤ n} must consist of linearly independent 
vector. In the two-dimensional space the simplex can be created from any triangle and in 
three-dimensional space from any tetrahedra. 

In this method selected initial simplex is modified by means of elementary geometric 
operations called: reflection, expansion, contraction and shrinking. As a result of each of 
them the vertex, where value of the objective function takes the highest value (the “worst” 
vertex), is replaced by another – “better”. In this way the simplex is coming more and more 
to local minimum of examined function. 

Finding the minimum of the objective function must be preceded by an analysis, where as a 
result the vertices, in which the objective function takes the smallest and the highest value, 
are marked in the following way (see Fig. 1a): 

 pmin – the vertex where the objective function takes the smallest value: 

 f(pmin) ≤ f(pi) for any 0 ≤ i ≤ n   (4) 

 pmax – the vertex where the objective function takes the highest value: 

 f(pmax) ≥ f(pi) for any 0 ≤ i ≤ n   (5) 

 �̅ – centroid of the points (the vertex pmax is excluded) see: 

 p�= 1
n
� �∑ pii≠max �  (6) 

After determining points pmin, p�, pmax, a procedure of minimization of the objective 
function can begin. In each iteration the following stages can be specified: reflection, 
expansion, contraction and shrinking, which are described below (Weise, 2009). 

Reflection – is based on determining a point which is symmetrical image of point pmax 
relative to point p�. New point is marked as podb (see Fig. 1b) and its coordinates are 
designed by formula: 

 podb=p�+α·�p�-pmax�  (7) 

  
Fig. 1. (a) Initial simplex with vertices p0, p1, p2 where (f(p0)>f(p2)>f(p1)), (b) Simplex: 
reflection stage 
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Value of reflection coefficient � is in the range of � � (����, but usually it is assumed that 
� = �. 

After reflection stage, depending on value of the objective function in reflection point 
f(podb), we consider few excluded cases (8), (9) and (10), which determine further 
investigation in given iterations:  

 f(pmin) ≤ f(podb) < f(pmax) ,  (8) 

 f(podb) < f(pmin) ,  (9) 

 f(max) ≤ f(podb) ,  (10) 

If in calculated point podb the objective function takes value (8) then the reflection is 
accepted. The new simplex is designed by replacing the vertex pmax with podb. Next 
indexes min, max and location of point p� are updated and if a stop condition, which is 
described later, is not fulfilled a new iteration begins with new reflection. 

Expansion – Assume that reflection inequality (9) was fulfilled, which means that a vertex 
which was found in reflection stage is better point than pmin (it is closer to minimum of 
objective function f). 

It suggests that next steps of finding the minimum should follow in this direction. Because 
of this the reflection is not accepted and the calculations are carried out by the expansion 
(see Fig. 2). A new point is calculated and marked as pe: 

 pe=p�+γ·�podb-p���  (11) 

where γ>1 is an expansion coefficient (usually γ = 2). Next, a value of the objective function 
in new point is calculated f(pe), and: 

 if f(podb) < f(pmin) then the expansion is successful, new simplex is designed by 
replacing pmax with pe (new simplex is designed by vertices pe,	p2, pmin – Fig. 2a); 
then indexes min and max and a location of point p� are updated and after checking the 
stop condition next iteration begins; 

 else when f(pe) ≥ f(podb), pmax is replaced by podb (new simplex is designed by 
vertices podb, p2, pmin – Fig. 2b) and it follows as previous (indexes are updated, stop 
condition is checked and next iteration begins) 

 
Fig. 2. Expansion stages: successful (a), unsuccessful (b) (new designed simplex is hatched) 
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are marked in the following way (see Fig. 1a): 

 pmin – the vertex where the objective function takes the smallest value: 

 f(pmin) ≤ f(pi) for any 0 ≤ i ≤ n   (4) 

 pmax – the vertex where the objective function takes the highest value: 

 f(pmax) ≥ f(pi) for any 0 ≤ i ≤ n   (5) 

 �̅ – centroid of the points (the vertex pmax is excluded) see: 

 p�= 1
n
� �∑ pii≠max �  (6) 

After determining points pmin, p�, pmax, a procedure of minimization of the objective 
function can begin. In each iteration the following stages can be specified: reflection, 
expansion, contraction and shrinking, which are described below (Weise, 2009). 

Reflection – is based on determining a point which is symmetrical image of point pmax 
relative to point p�. New point is marked as podb (see Fig. 1b) and its coordinates are 
designed by formula: 

 podb=p�+α·�p�-pmax�  (7) 

  
Fig. 1. (a) Initial simplex with vertices p0, p1, p2 where (f(p0)>f(p2)>f(p1)), (b) Simplex: 
reflection stage 
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Value of reflection coefficient � is in the range of � � (����, but usually it is assumed that 
� = �. 

After reflection stage, depending on value of the objective function in reflection point 
f(podb), we consider few excluded cases (8), (9) and (10), which determine further 
investigation in given iterations:  

 f(pmin) ≤ f(podb) < f(pmax) ,  (8) 

 f(podb) < f(pmin) ,  (9) 

 f(max) ≤ f(podb) ,  (10) 

If in calculated point podb the objective function takes value (8) then the reflection is 
accepted. The new simplex is designed by replacing the vertex pmax with podb. Next 
indexes min, max and location of point p� are updated and if a stop condition, which is 
described later, is not fulfilled a new iteration begins with new reflection. 

Expansion – Assume that reflection inequality (9) was fulfilled, which means that a vertex 
which was found in reflection stage is better point than pmin (it is closer to minimum of 
objective function f). 

It suggests that next steps of finding the minimum should follow in this direction. Because 
of this the reflection is not accepted and the calculations are carried out by the expansion 
(see Fig. 2). A new point is calculated and marked as pe: 

 pe=p�+γ·�podb-p���  (11) 

where γ>1 is an expansion coefficient (usually γ = 2). Next, a value of the objective function 
in new point is calculated f(pe), and: 

 if f(podb) < f(pmin) then the expansion is successful, new simplex is designed by 
replacing pmax with pe (new simplex is designed by vertices pe,	p2, pmin – Fig. 2a); 
then indexes min and max and a location of point p� are updated and after checking the 
stop condition next iteration begins; 

 else when f(pe) ≥ f(podb), pmax is replaced by podb (new simplex is designed by 
vertices podb, p2, pmin – Fig. 2b) and it follows as previous (indexes are updated, stop 
condition is checked and next iteration begins) 

 
Fig. 2. Expansion stages: successful (a), unsuccessful (b) (new designed simplex is hatched) 
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Contraction. Reflection cannot be accepted also in case when f(odb) ≥ f(pmax), see (10). In 
this situation occurs contraction of a simplex, whose new vertex is counted according to the 
formula: 

 pz=p�+β·�pmax-p��� (12) 

where a coefficient of contraction β takes a value β ∈ (0,1), usually β=0.5 (see Fig. 3a). If 
point pz leads to improvement, which means f(pz) < f(pmax), then point pmax is replaced 
by point pz and a new simplex is created (designated by pz, p2, pmin). Next indexes are 
updated, stop condition is checked and next iteration begins. 

Shrinking. This stage takes place when after contraction an inequality (13) is fulfilled:  

 f(pz) ≥ f(pmax)  (13) 

In this situation point pmin remains unchanged, and the whole simplex is shrinking 
according formula (14): 

 pi←δ·(pi+pmin), i=0, 1, …, n, i≠min (14) (14) 

where δ ∈ (0,1) is a shrinking coefficient and usually δ = 0,5 (see Fig. 3b). A simplex which 
is build of a new obtained points p0, …, pn is used in next iteration (if the stop condition is 
not fulfilled). 

  
Fig. 3. (a) Contraction stage (if contraction is successful the hatched simplex is chosen),  
(b) Shrinking stage (new designed simplex is hatched) 

In this papers two stop conditions were used. The first when an absolute value of difference 
between f(pmin) and f(pmax) is smaller than accuracy solution 

 abs �f(pmin)-f(pmax)�  < ε  (15) 

and the second when a number of iterations is bigger than maximum number of iterations 

 step > maxstep.  (16) 

Algorithm of Nelder-Mead method 

Input data: 

Initial simplex with vertices: p0, p1, ..., pn, 
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Coefficients:  
α – reflection, 
β – contraction, 
γ – expansion, 
δ – shrinking, 
ε - accuracy of solution, 

maxstep – maximum number of iterations. 

1. Repeat 
2. count a value of function in vertices of simplex: p0, p1, ..., pn 
3.  find pmin, pmax (min≠max) 
4. p�= 1

n
∙ (∑ pi����� ), 

5. podb=p�+α·�p�-pmax� 
6. if f(podb) < f(pmin) then 
7.     pe=p�+γ·�podb-p�� 
8.     if f(pe)<f(podb) then 
9.         pmax=pe   ► expansion 
10.     else 
11.        pmax=podb   ► reflection 
12.     end if 
13. else 
14.     if f(pmin)≤f(podb)<f(pmax) then 
15.         pmax=podb 
16.     else 
17.        pz=p�+β·�pmax-p�� 
18.        if f(pz)≥f(pmax) then 
19.           for i=0 to n do 
20.              if i≠min then 
21.                 pi=δ·(pi+pmin) ► shrinking 
22.             end if 
23.            end for 
24.      else 
25.           pmax=pz  ► contraction 
26.      end if 
27.    end if 
28.  end if 
29.  until abs �f(pmin)-f(pmax)�  < ε or step > maxstep  ► stop conditions 
30.  return x*= pmin     ► approximate solution 

4. Reconstruction of thermal parameters in 1-D domain  
As a first a reconstruction of thermal parameters was carried out. This simulation was made 
for heat transfer in 1-D space, in a domain which length was 1 m. The boundary condition 
was the heat flux at both ends of the domain. Basing on the temperature distribution in area 
�(�) thermal parameters of the issue were designated. Those parameters were: a thermal 
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Coefficients:  
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n
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4. Reconstruction of thermal parameters in 1-D domain  
As a first a reconstruction of thermal parameters was carried out. This simulation was made 
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was the heat flux at both ends of the domain. Basing on the temperature distribution in area 
�(�) thermal parameters of the issue were designated. Those parameters were: a thermal 
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conductivity (k), a transversal convective heat transfer coefficient (h1 and h2) and an external 
temperature around both ends of the domain (Tinf1 and Tinf2). The reconstruction of 
mentioned factors was performed by the optimization. 

4.1 Stage I  

In the first stage desired temperature distribution was defined as 

 T�(x)=18.75·x+287.5 ,  (17) 

and minimized integral have a form of 

 � � � Abs �T(x)-T�(x)�1
0 dx=� Abs �T(x)-(18.75·x+287.5)�1

0 dx.  (18) 

The start simplex for particular parameters is presented in Table 1. 
 

Vertices √� √ℎ1 √ℎ2 �����1 �����2 

p1 1 2 3 4 5 

p2 100 2 3 4 5 

p3 1 100 3 4 5 

p4 1 2 100 4 5 

p5 1 2 3 100 5 

p6 1 2 3 4 100 

Table 1. Start simplex for the stage I 

Numbers, placed in Table 1, are square roots of searched thermal parameters. This 
assumption guarantees that values will be positive. Results of the calculations are presented 
below in Table 2 and Table 3. Required accuracy of solution was obtained after 88 steps with 
F=0.0105 for following set of parameters. 

 

Parameter √� √ℎ1 √ℎ2 �����1 �����2 

pmin 53.1230 16.4196 42.9727 9.5704 -18.2983 

Table 2. Values of minimized square roots of pmin 

Parameter � ℎ1 ℎ2 ����1 ����2 

p2min 2800 269.6035 1800 91.5928 334.8276 

Table 3. Values of minimized parameters pmin 

The objective function F was minimized with the accuracy of solution ε=1e-2.  
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4.2 Stage II 

In the second stage of calculation some restrictions were imposed to the optimal parameters, 
as it is presented below: 

80 < k < 120, 

8 < h1 < 12, 

15 < h2 < 25, 

80 < Tinf1 < 120, 

350 < Tinf2 < 45. 
Thereby, we did not have to minimize the roots of objective function. 

The start simplex for particular parameters is presented in Table 4. 

k h1 h2 Tinf1 Tinf2 

80 8 15 80 350 

120 12 25 120 450 

82 9 18 90 360 

110 11 24 119 420 

101 8 17 89 360 

110 11 21 111 444 

Table 4. Start simplex for the stage II 

Numbers placed in Table 4 are not square roots of searched thermal parameters, but there 
are values which minimize the objective function. 

Required accuracy of solution was obtained after 45 steps with F=0.1801 for following set of 
parameters. 

Parameter � ℎ1 ℎ2 ����1 ����2 

pmin 101.0347 9.8034 20.0654 101.9420 396.8020 

Table 5. Values of minimized parameters pmin 

Values which were determined are within established limits. 

4.3 Stage III 

Next stage of the research was optimization of the thermal parameters of material in which 
coefficient of thermal conductivity was dependent on spatial variable x, like in the 
Functionally Graded Materials. In those composites temperature distribution with given 
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boundary conditions are usually nonlinear. In these paper it is assumed that parameter k(x) 
has polynomial form 

 k(x)=��+��x+����.  (19) 

In this stage the heat transfer equation takes a form of 

 ∇∘(k(x)·∇T)=0 ,  (20) 

where k(x) – thermal conductivity depends on spatial variable x. 

The following boundary conditions (different temperature on ends) was assumed for 
calculations 

 T=T01=283 K, (21) 

 T=T02=483 K.  (22) 

Now the vector of parameters have a form of: p=[p0, p1, p2]. 

There were two tasks solved for one function of T�(x), one integral and for two different start 
simplexes. 

The desired function T�(x) has a form of: 

 T�1(x)=286.25-170.513·x+2398.87 � ��-3898.57 � ��+2133.67·��-265 � ��.	 (23) 

Minimized integral was defined as: 

 I1=� Abs(T(x)-(1
0 286.25-170.513·x+2398.87 � ��-3898.57 � ��+2133.67·��-265 � ��))dx 	 (24) 

4.3.1 Task 1 

The calculation began with the start simplex described in Table 6. 

Vertices, pij pi0 pi1 pi2 
p1j 10 -150 100 
p2j 30 -50 200 
p3j 15 -120 120 
p4j 25 -80 180 

Table 6. Start simplex for the task 1 of stage III 

Results were achieved with solution accuracy of 1e-6. 

Required accuracy of solution was obtained after 61 steps with F=2.9492 for following set of 
parameters. 

Parameter p0 p1 p2 
pmin 21.1025 -106.6785 167.7030 

Table 7. Values of minimized parameters pmin 
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In Fig. 4 disparity between the expected and the obtained temperature distribution is 
presented. Distribution of the coefficient of thermal conductivity, for k(x, p���) is presented 
in Fig. 5.  

 

 
Fig. 4. Disparity between the expected and the obtained temperature distribution (task 1)  

 

 
Fig. 5. Distribution of the thermal conductivity coefficient for k(x,pmin) (task 1) 
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In Fig. 4 disparity between the expected and the obtained temperature distribution is 
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Fig. 5. Distribution of the thermal conductivity coefficient for k(x,pmin) (task 1) 
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4.3.2 Task 2 

In the second task the start simplex was (Table 8): 

Vertices, pij pi0 pi1 pi2 

p1j 19 -115 130 

p2j 16 -95 160 

p3j 18 -110 150 

p4j 21 -90 170 

Table 8. Start simplex for the stage III (task 2) 

Results were achieved with solution accuracy of 1e-6. 

Required accuracy of solution was obtained after 151 steps with F=2.9336 for the following 
set of parameters. 

Parameter p0 p1 p2 
pmin 22.9741 -114.6551 180 

Table 9. Values of minimized parameters pmin 

In Fig. 6 disparity between the expected and the obtained temperature distribution is 
presented. Distribution of the coefficient of thermal conductivity, for k(x, p���) is presented 
in Fig. 7. 

 
Fig. 6. Disparity between the expected and the obtained temperature distribution (task 2)  
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Fig. 7. Distribution of the thermal conductivity coefficient for k(x,pmin) (task 2) 

Despite the fact that the thermal conductivity coefficient seems to look identical in task 1 
and 2, there is some difference. In Fig. 8 the disparity in distribution of mentioned thermal 
conductivity is shown. Concluding, although in task 2 the start simplex was wider (bigger) 
than in task 1, the solution was found with the same accuracy. 

 
Fig. 8. Disparity between the thermal conductivity coefficient in task 2 and task 1 
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Summarizing, as it was shown above in this section, it is possible to provide a reconstruction 
of parameters using hybrid method (FEM with Neleder-Mead). Carrying out the simulation 
for 1-D domain with length 1 m and defined boundary condition the parameters (the 
thermal conductivity, the transversal convective heat transfer coefficient and the external 
temperature around both ends of the domain) can be designated. Values of those 
parameters can be calculated within some restrictions, which can be specified for material 
which is examined. It is also possible to designate the value of thermal conductivity 
parameter of FGM which has a polynomial form. 

5. Reconstruction of thermal parameters in 2-D space  
In this subsection calculations were made to designate the distribution of the thermal 
conductivity in 2-D domain. Cylinder with radius r=1m and height z=1m was analysed in 
2D axial symmetry model. An axis of symmetry is designated as r=0. In this case it was also 
assumed that the distribution of the thermal conductivity has a form of polynomial as: 

 k(z)=��+��·z+��·z2+��·z3.	 (25) 

A boundary condition, such that temperature at the top and at the bottom of the cylinder 
was equal in order that T01=400 K and T02=300 K. For axis r=0 axial symmetry was assumed 
and on the circumference of the cylinder was assumed a thermal insulation.  
In these calculations some restrictions have been imposed. An integral I, which contains 
sum of three integrals was minimized, as shown below 

 I=I1+5·�1-I2�+5·�1-I3�,	 (26) 

where: I is minimized integral, I1 – is an absolute value of difference between expected and 
obtained temperature distribution 

 I1 = � Abs �T(z)-T�(z)�1
0 dz,  (27) 

I2 – determined part of domain where a relationship such that k(z)>kmin, where kmin is a 
minimum value, is satisfied,  

I3 – determined part of domain where a relationship such that k(z)<kmax,, where kmax is a 
maximum value, is satisfied. 

There were two tasks computed, each for one function of expected temperature. Each task 
was calculated for two variants of values for kmin and kmax – each of them for three start 
simplexes, as it is presented in subsection below. 

5.1 Task 1 – First function of temperature distribution 

In this task the expected temperature distribution took a form of 

 T�1(z)=300.481+171.955·z-72.9167 � ��,  (28) 

and integral I1 was defined as 

 I1 = � Abs �T(z)-�300.481+171.955·z-72.9167·z2��1
0 dz.  (29) 
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 Vertices, pij pi0 pi1 pi2 pi3 

Start simplex A 
(the narrowest) 

p1j 20 110 -55 0 

p2j 30 120 -50 1 

p3j 40 130 -45 1 

p4j 50 140 -40 0 

p5j 25 140 -60 1 

Start simplex B 
(wider) 

p1j 50 200 -65 5 

p2j -40 -100 -90 15 

p3j 45 180 5 20 

p4j 80 90 -10 25 

p5j 70 180 -120 30 

Start simplex C 
(the widest) 

p1j 100 400 -70 10 

p2j -50 -200 -130 20 

p3j 50 250 20 100 

p4j 110 20 -150 250 

p5j 100 200 -300 70 

Table 10. Task 1 - Different start simplexes taken for calculation 

Three different start simplexes were assumed and collected in Table 10. As it was mentioned 
above there were two variants of calculations. Results and assumptions for them are 
presented in subsections 5.1.1 and 5.1.2. 

5.1.1 Variant 1 

For calculations below we defined restrictions as follows: kmin=20 and kmax=120. Which 
means that we were looking for k(z) distribution in this range: 20<k(z)<120. Numerical 
results are presented in table below. 

Simplex Steps pi0 pi1 pi2 pi3 Fmin 
A 255 1.98993e+1 2.71751e+1 -3.02331e+1 8.22635e+1 1.54875e-1 
B 208 2.11709e+1 1.24838e+1 1.17308e+1 4.99511e+1 3.02988e-1 
C 121 1.99063e+1 2.77594e+1 -3.17098e+1 8.33822e+1 1.50866e-1 

Table 11. Values of minimized parameters pmin for simplexes A, B, C 

For the start simplex A, distribution of the thermal conductivity for minimized value 
k(pmin) is shown in Fig. 9. Disparity between the expected and the obtained temperature 
distribution was also examined (see Fig. 10) and it varies between -0.5 and 0.47.  
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Summarizing, as it was shown above in this section, it is possible to provide a reconstruction 
of parameters using hybrid method (FEM with Neleder-Mead). Carrying out the simulation 
for 1-D domain with length 1 m and defined boundary condition the parameters (the 
thermal conductivity, the transversal convective heat transfer coefficient and the external 
temperature around both ends of the domain) can be designated. Values of those 
parameters can be calculated within some restrictions, which can be specified for material 
which is examined. It is also possible to designate the value of thermal conductivity 
parameter of FGM which has a polynomial form. 

5. Reconstruction of thermal parameters in 2-D space  
In this subsection calculations were made to designate the distribution of the thermal 
conductivity in 2-D domain. Cylinder with radius r=1m and height z=1m was analysed in 
2D axial symmetry model. An axis of symmetry is designated as r=0. In this case it was also 
assumed that the distribution of the thermal conductivity has a form of polynomial as: 

 k(z)=��+��·z+��·z2+��·z3.	 (25) 

A boundary condition, such that temperature at the top and at the bottom of the cylinder 
was equal in order that T01=400 K and T02=300 K. For axis r=0 axial symmetry was assumed 
and on the circumference of the cylinder was assumed a thermal insulation.  
In these calculations some restrictions have been imposed. An integral I, which contains 
sum of three integrals was minimized, as shown below 

 I=I1+5·�1-I2�+5·�1-I3�,	 (26) 

where: I is minimized integral, I1 – is an absolute value of difference between expected and 
obtained temperature distribution 

 I1 = � Abs �T(z)-T�(z)�1
0 dz,  (27) 

I2 – determined part of domain where a relationship such that k(z)>kmin, where kmin is a 
minimum value, is satisfied,  

I3 – determined part of domain where a relationship such that k(z)<kmax,, where kmax is a 
maximum value, is satisfied. 

There were two tasks computed, each for one function of expected temperature. Each task 
was calculated for two variants of values for kmin and kmax – each of them for three start 
simplexes, as it is presented in subsection below. 

5.1 Task 1 – First function of temperature distribution 

In this task the expected temperature distribution took a form of 

 T�1(z)=300.481+171.955·z-72.9167 � ��,  (28) 

and integral I1 was defined as 

 I1 = � Abs �T(z)-�300.481+171.955·z-72.9167·z2��1
0 dz.  (29) 
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 Vertices, pij pi0 pi1 pi2 pi3 

Start simplex A 
(the narrowest) 

p1j 20 110 -55 0 

p2j 30 120 -50 1 

p3j 40 130 -45 1 

p4j 50 140 -40 0 

p5j 25 140 -60 1 

Start simplex B 
(wider) 

p1j 50 200 -65 5 

p2j -40 -100 -90 15 

p3j 45 180 5 20 

p4j 80 90 -10 25 

p5j 70 180 -120 30 

Start simplex C 
(the widest) 

p1j 100 400 -70 10 

p2j -50 -200 -130 20 

p3j 50 250 20 100 

p4j 110 20 -150 250 

p5j 100 200 -300 70 

Table 10. Task 1 - Different start simplexes taken for calculation 

Three different start simplexes were assumed and collected in Table 10. As it was mentioned 
above there were two variants of calculations. Results and assumptions for them are 
presented in subsections 5.1.1 and 5.1.2. 

5.1.1 Variant 1 

For calculations below we defined restrictions as follows: kmin=20 and kmax=120. Which 
means that we were looking for k(z) distribution in this range: 20<k(z)<120. Numerical 
results are presented in table below. 

Simplex Steps pi0 pi1 pi2 pi3 Fmin 
A 255 1.98993e+1 2.71751e+1 -3.02331e+1 8.22635e+1 1.54875e-1 
B 208 2.11709e+1 1.24838e+1 1.17308e+1 4.99511e+1 3.02988e-1 
C 121 1.99063e+1 2.77594e+1 -3.17098e+1 8.33822e+1 1.50866e-1 

Table 11. Values of minimized parameters pmin for simplexes A, B, C 

For the start simplex A, distribution of the thermal conductivity for minimized value 
k(pmin) is shown in Fig. 9. Disparity between the expected and the obtained temperature 
distribution was also examined (see Fig. 10) and it varies between -0.5 and 0.47.  
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Fig. 9. Distribution of the thermal conductivity (variant 1, start simplex A)  

 
Fig. 10. Disparity between the expected and the obtained temperature distribution  
(variant 1, start simplex A) 

For the start simplex B, distribution of the thermal conductivity for minimized value 
k(pmin) is shown in Fig. 11. Disparity between the expected and the obtained temperature 
distribution was also examined (see Fig. 12) and it varies between -0.6 and 0.45. 
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Fig. 11. Distribution of the thermal conductivity (variant 1, start simplex B)  

 
Fig. 12. Disparity between the expected and the obtained temperature distribution  
(variant 1, start simplex B) 

For the start simplex C, distribution of the thermal conductivity for minimized value 
k(pmin) is shown in Fig. 13. Disparity between the expected and the obtained temperature 
distribution was also examined (see Fig. 14) and it varies between -0.48 and 0.46. 
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Fig. 9. Distribution of the thermal conductivity (variant 1, start simplex A)  

 
Fig. 10. Disparity between the expected and the obtained temperature distribution  
(variant 1, start simplex A) 

For the start simplex B, distribution of the thermal conductivity for minimized value 
k(pmin) is shown in Fig. 11. Disparity between the expected and the obtained temperature 
distribution was also examined (see Fig. 12) and it varies between -0.6 and 0.45. 
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Fig. 11. Distribution of the thermal conductivity (variant 1, start simplex B)  

 
Fig. 12. Disparity between the expected and the obtained temperature distribution  
(variant 1, start simplex B) 

For the start simplex C, distribution of the thermal conductivity for minimized value 
k(pmin) is shown in Fig. 13. Disparity between the expected and the obtained temperature 
distribution was also examined (see Fig. 14) and it varies between -0.48 and 0.46. 
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Fig. 13. Distribution of the thermal conductivity (variant 1, start simplex C)  

 
Fig. 14. Disparity between the expected and the obtained temperature distribution  
(variant 1, start simplex C) 
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In all cases the results were achieved with solution accuracy of 1e-5. Temperature 
distribution was similar for all simplexes. 

5.1.2 Variant 2 

For calculations below we defined restrictions as follows: kmin=10 and kmax=320. Which 
means that we were looking for k(z) distribution in this range: 10<k(z)<320. Numerical 
results are presented in table below. 

Simplex Steps pi0 pi1 pi2 pi3 Fmin 

A 91 7.81939e+1 2.99943e+2 -6.54279e+1 8.01293 2.21234 

B 156 9.98179 5.00957 9.61216 2.01388e+1 3.02264e-1 

C 117 3.98227e+1 8.07309e+1 -1.43192e+2 2.37720e+2 8.36632e-2 

Table 12. Values of minimized parameters pmin for simplexes A, B, C 

For the start simplex A, distribution of the thermal conductivity for minimized value 
k(pmin) is shown in Fig. 15. Disparity between the expected and the obtained temperature 
distribution was also examined (see Fig. 16) and it varies between -3.8 and 2.8.  

 
 

 
 

 

Fig. 15. Variant 2, start simplex A- Distribution of the thermal conductivity  
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Fig. 13. Distribution of the thermal conductivity (variant 1, start simplex C)  

 
Fig. 14. Disparity between the expected and the obtained temperature distribution  
(variant 1, start simplex C) 
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In all cases the results were achieved with solution accuracy of 1e-5. Temperature 
distribution was similar for all simplexes. 
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For calculations below we defined restrictions as follows: kmin=10 and kmax=320. Which 
means that we were looking for k(z) distribution in this range: 10<k(z)<320. Numerical 
results are presented in table below. 
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A 91 7.81939e+1 2.99943e+2 -6.54279e+1 8.01293 2.21234 

B 156 9.98179 5.00957 9.61216 2.01388e+1 3.02264e-1 

C 117 3.98227e+1 8.07309e+1 -1.43192e+2 2.37720e+2 8.36632e-2 

Table 12. Values of minimized parameters pmin for simplexes A, B, C 

For the start simplex A, distribution of the thermal conductivity for minimized value 
k(pmin) is shown in Fig. 15. Disparity between the expected and the obtained temperature 
distribution was also examined (see Fig. 16) and it varies between -3.8 and 2.8.  

 
 

 
 

 

Fig. 15. Variant 2, start simplex A- Distribution of the thermal conductivity  
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Fig. 16. Variant 2, start simplex A - Disparity between the expected and the obtained 
temperature distribution 

For the start simplex B, distribution of the thermal conductivity for minimized value 
k(pmin) is shown in Fig. 17. Disparity between the expected and the obtained temperature 
distribution was also examined (see Fig. 18) and it varies between -0.56 and 0.46.  

 
Fig. 17. Variant 2, start simplex B- Distribution of the thermal conductivity  
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Fig. 18. Variant 2, start simplex B - Disparity between the expected and the obtained 
temperature distribution 

For the start simplex C, distribution of the thermal conductivity for minimized value 
k(pmin) is shown in Fig. 19. Disparity between the expected and obtained temperature 
distribution was also examined (see Fig. 20) and it varies between -0.48 and 0.47.  

 
Fig. 19. Variant 2, start simplex C- Distribution of the thermal conductivity  
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Fig. 16. Variant 2, start simplex A - Disparity between the expected and the obtained 
temperature distribution 

For the start simplex B, distribution of the thermal conductivity for minimized value 
k(pmin) is shown in Fig. 17. Disparity between the expected and the obtained temperature 
distribution was also examined (see Fig. 18) and it varies between -0.56 and 0.46.  

 
Fig. 17. Variant 2, start simplex B- Distribution of the thermal conductivity  
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Fig. 18. Variant 2, start simplex B - Disparity between the expected and the obtained 
temperature distribution 

For the start simplex C, distribution of the thermal conductivity for minimized value 
k(pmin) is shown in Fig. 19. Disparity between the expected and obtained temperature 
distribution was also examined (see Fig. 20) and it varies between -0.48 and 0.47.  

 
Fig. 19. Variant 2, start simplex C- Distribution of the thermal conductivity  
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Fig. 20. Variant 2, start simplex C - Disparity between the expected and the obtained 
temperature distribution 

In all cases the results were achieved with solution accuracy of 1e-5. Temperature 
distribution was similar for all simplexes. 

5.2 Task 2 – Second function of temperature distribution 

The form of the second expected temperature distribution looks as follows: 

 T�1(z)=298.794+149.678·z-47.9503 � ��,	 (30) 

and integral I1 takes a form of 

 I1 = � Abs �T(z)-�298.794+149.678·z-47.9503 � ����1
0 dz .  (31) 

For this task another three different start simplexes were assumed and collected in Table 13. 

 Vertices, pij pi0 pi1 pi2 pi3 

Start simplex A 
(the narrowest) 

p1j 10 150 -80 0 
p2j 15 160 -90 1 
p3j 30 210 -110 1 
p4j 40 220 -120 0 
p5j 50 230 -130 1 

Start simplex B 
(wider) 

p1j 100 400 -90 20 
p2j -60 -300 -230 40 
p3j 90 350 60 200 
p4j 40 220 -120 0 
p5j 150 200 -300 90 
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 Vertices, pij pi0 pi1 pi2 pi3 

Start simplex C 
(the widest) 

p1j 150 150 -95 30 
p2j -80 -350 -290 50 
p3j 100 380 70 220 
p4j 50 280 -180 20 
p5j 200 250 -400 100 

Table 13. Task 2 - Different start simplexes taken for calculation 

For this function also two variants were calculated. Results and assumptions for them are 
presented in chapters 5.2.1 and 5.2.2. 

5.2.1 Variant 1 

The restrictions defined for these variants take a form of: kmin=20 and kmax=120. This 
means that we were looking for k(z) distribution in range like: 20<k(z)<120. Numerical 
results are presented in table below. 

Simplex Steps pi0 pi1 pi2 pi3 Fmin 
A 138 5.84429e+1 -1.02247e+2 3.68435e+2 -2.21308e+2 6.60791e-1 
B 111 3.95147e+1 5.94787e+1 -1.13091e+2 1.3497e+2 3.07911e-1 
C 240 4.55508e+1 1.59731e+1 7.83838 5.09419e+1 2.02351e-1 

Table 14. Values of minimized parameters pmin for simplexes A, B, C 

For the start simplex A, distribution of the thermal conductivity for minimized value 
k(pmin) is plotted in Fig. 21. Between the expected and the obtained temperature 
distribution was some disparity which is from -1.48 and 1.2 (see Fig. 22).  

 
Fig. 21. Variant 1, start simplex A- Distribution of the thermal conductivity 
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Fig. 20. Variant 2, start simplex C - Disparity between the expected and the obtained 
temperature distribution 
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(wider) 
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k(pmin) is plotted in Fig. 21. Between the expected and the obtained temperature 
distribution was some disparity which is from -1.48 and 1.2 (see Fig. 22).  

 
Fig. 21. Variant 1, start simplex A- Distribution of the thermal conductivity 
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Fig. 22. Variant 1, start simplex A - Disparity between the expected and the obtained 
temperature distribution 

For the start simplex B, distribution of thermal conductivity for minimized value k(pmin) is 
plotted in Fig. 23. It was some disparity, between the expected and the obtained temperature 
distribution, and value of it was from -0.45 to 1.21 (see Fig. 24).  

 
Fig. 23. Variant 1, start simplex B- Distribution of the thermal conductivity  
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Fig. 24. Variant 1, start simplex B - Disparity between the expected and the obtained 
temperature distribution 

For the start simplex C, distribution of the thermal conductivity for minimized value 
k(pmin) is plotted in Fig. 25. It was some disparity, between the expected and the obtained 
temperature distribution, and value of it was from -0.45 to 1.2 (see Fig. 26). 

 
Fig. 25. Variant 1, start simplex C- Distribution of the thermal conductivity  
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Fig. 22. Variant 1, start simplex A - Disparity between the expected and the obtained 
temperature distribution 

For the start simplex B, distribution of thermal conductivity for minimized value k(pmin) is 
plotted in Fig. 23. It was some disparity, between the expected and the obtained temperature 
distribution, and value of it was from -0.45 to 1.21 (see Fig. 24).  

 
Fig. 23. Variant 1, start simplex B- Distribution of the thermal conductivity  
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Fig. 24. Variant 1, start simplex B - Disparity between the expected and the obtained 
temperature distribution 

For the start simplex C, distribution of the thermal conductivity for minimized value 
k(pmin) is plotted in Fig. 25. It was some disparity, between the expected and the obtained 
temperature distribution, and value of it was from -0.45 to 1.2 (see Fig. 26). 

 
Fig. 25. Variant 1, start simplex C- Distribution of the thermal conductivity  



 
Finite Element Analysis – From Biomedical Applications to Industrial Developments 312 

 

 

 

 
Fig. 26. Variant 1, start simplex C - Disparity between the expected and the obtained 
temperature distribution 

5.2.2 Variant 2 

The restrictions defined for these variants take a form of: kmin=10 and kmax=320. This 
means that we were looking for k(z) distribution in range like: 10<k(z)<320. Numerical 
results are presented in table below. 

 
Simplex Steps pi0 pi1 pi2 pi3 Fmin 

A 129 1.34412e+2 -1.60382e+2 6.15741e+2 -3.19053e+2 4.65232e-1 

B 146 1.13668e+2 9.88941e+1 -1.36084e+2 2.45597e+2 2.31297e-1 

C 119 1.32751e+2 -2.95152e+1 2.27876e+2 -9.65976 2.4153e-1 

Table 15. Values of minimized parameters pmin for simplexes A, B, C 

In Fig. 27 the distribution of the thermal conductivity for minimized value k(pmin) is 
plotted for the start simplex A. It was some disparity, between the expected and the 
obtained temperature distribution, and value of it was from -1 to 1.2 (see Fig. 28). 
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Fig. 27. Variant 2, start simplex A- Distribution of the thermal conductivity  

 
Fig. 28. Variant 2, start simplex A - Disparity between the expected and the obtained 
temperature distribution 

In Fig. 29 distribution of the thermal conductivity for minimized value k(pmin) is plotted for 
the start simplex B. It was some disparity, between the expected and the obtained 
temperature distribution, and value of it was from -0.41 to 1.2 (see Fig. 30). 
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Fig. 26. Variant 1, start simplex C - Disparity between the expected and the obtained 
temperature distribution 
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obtained temperature distribution, and value of it was from -1 to 1.2 (see Fig. 28). 
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Fig. 27. Variant 2, start simplex A- Distribution of the thermal conductivity  

 
Fig. 28. Variant 2, start simplex A - Disparity between the expected and the obtained 
temperature distribution 

In Fig. 29 distribution of the thermal conductivity for minimized value k(pmin) is plotted for 
the start simplex B. It was some disparity, between the expected and the obtained 
temperature distribution, and value of it was from -0.41 to 1.2 (see Fig. 30). 
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Fig. 29. Variant 2, start simplex B- Distribution of the thermal conductivity  

 
Fig. 30. Variant 2, start simplex B - Disparity between the expected and the obtained 
temperature distribution 

In Fig. 31 the distribution of thermal conductivity for minimized value k(pmin) is plotted for 
the start simplex C. It was some disparity, between the expected and the obtained 
temperature distribution, and value of it was from -0.47 to 1.2 (see Fig. 32). 
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Fig. 31. Variant 2, start simplex C- Distribution of the thermal conductivity  

 
Fig. 32. Variant 2, start simplex C - Disparity between the expected and the obtained 
temperature distribution 
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Fig. 29. Variant 2, start simplex B- Distribution of the thermal conductivity  

 
Fig. 30. Variant 2, start simplex B - Disparity between the expected and the obtained 
temperature distribution 

In Fig. 31 the distribution of thermal conductivity for minimized value k(pmin) is plotted for 
the start simplex C. It was some disparity, between the expected and the obtained 
temperature distribution, and value of it was from -0.47 to 1.2 (see Fig. 32). 
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Fig. 31. Variant 2, start simplex C- Distribution of the thermal conductivity  

 
Fig. 32. Variant 2, start simplex C - Disparity between the expected and the obtained 
temperature distribution 
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In all cases the results were achieved with solution accuracy of 1e-5. For all simplexes the 
temperature distribution was similar. 

Summarizing, in this chapter some new possibilities of Identification of Thermal 
Conductivity of Modern Materials using the Finite Element Method and Nelder – Mead's 
Optimization Algorithm were proposed. Simulating heat transfer in 2-D axial symmetry 
model, made of the Functionally Graded Material, it is possible to designate its thermal 
conductivity distribution. This parameter can have the polynomial form. It is also possible to 
calculate its values within some restrictions. All solutions were found regardless of how far 
the start simplex was from the solution.  

6. Conclusion 
Because experimental evaluation of thermal parameters of composites is expensive and time 
consuming, computational methods have been found to be efficient alternatives for 
predicting the best parameters of composites. As it was presented in this chapter the Nelder-
Mead algorithm connected with the Finite Element Method can be used to optimize many 
different issues. It has its applicable in problems where it is difficult or impossible to 
designate the gradient of the objective function. The developed hybrid method can be used 
for optimization of the heat transfer problems.  

In the section 4 of this chapter reconstruction of parameters was provided. Some heat 
transfer parameters in one-dimensional domain with length 1m, for defined boundary 
conditions were designated using numerical calculations. The thermal conductivity, the 
transversal convective heat transfer coefficient and the external temperature around both 
ends of the domain were calculated within some defined restrictions. 

Next, in section 5 possibility of designation of the thermal conductivity was shown. The 2-D 
axial symmetry model was considered where heat transfer was simulated. The thermal 
conductivity was in polynomial form. There was also possible to put some restrictions on 
the searched parameters. 

The hybrid method, which was proposed here, can be very helpful in designating any 
parameters of modern materials like for example Functionally Graded Materials. Proposed 
method can be also used instead of destructive testing of materials. 
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In all cases the results were achieved with solution accuracy of 1e-5. For all simplexes the 
temperature distribution was similar. 

Summarizing, in this chapter some new possibilities of Identification of Thermal 
Conductivity of Modern Materials using the Finite Element Method and Nelder – Mead's 
Optimization Algorithm were proposed. Simulating heat transfer in 2-D axial symmetry 
model, made of the Functionally Graded Material, it is possible to designate its thermal 
conductivity distribution. This parameter can have the polynomial form. It is also possible to 
calculate its values within some restrictions. All solutions were found regardless of how far 
the start simplex was from the solution.  

6. Conclusion 
Because experimental evaluation of thermal parameters of composites is expensive and time 
consuming, computational methods have been found to be efficient alternatives for 
predicting the best parameters of composites. As it was presented in this chapter the Nelder-
Mead algorithm connected with the Finite Element Method can be used to optimize many 
different issues. It has its applicable in problems where it is difficult or impossible to 
designate the gradient of the objective function. The developed hybrid method can be used 
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In the section 4 of this chapter reconstruction of parameters was provided. Some heat 
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conditions were designated using numerical calculations. The thermal conductivity, the 
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Next, in section 5 possibility of designation of the thermal conductivity was shown. The 2-D 
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conductivity was in polynomial form. There was also possible to put some restrictions on 
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The hybrid method, which was proposed here, can be very helpful in designating any 
parameters of modern materials like for example Functionally Graded Materials. Proposed 
method can be also used instead of destructive testing of materials. 
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1. Introduction  
In machining processes, fixtures are used to accurately position and constrain workpiece 
relative to the cutting tool. As an important aspect of tooling, fixturing significantly 
contributes to the quality, cost, and the cycle time of production. Fixturing accuracy and 
reliability is crucial to the success of machining operations.  

Computerized fixture design &analysis has become means of providing solutions in 
production operation improvement. Although fixtures can be designed by using CAD 
functions, a lack of scientific tool and systematic approach for evaluating the design 
performance makes them rely on trial-and-errors, which leads to several problems, for 
instance, over design in functions, which is very common and sometimes depredates the 
performance (e.g., unnecessary heavy design); the quality of design that cannot be ensured 
before testing; the long cycle time of fixture design, fabrication, and testing, which may take 
weeks if not months; a lack of technical evaluation of fixture design in the production 
planning stage. 

Over past two decades, Computerized Aided Fixture Design (CAFD) has been recognized as 
an important area and studied from fixture planning, fixture design to fixturing 
analysis/verification. The fixture planning is to determine the locating datum surfaces and 
locating/clamping positions on the workpiece surfaces for a totally constrained locating and 
reliable clamping. The fixture design is to generate a design of fixture structure as an 
assembly, according to different production requirements such as production volume and 
machining conditions. And the design verification is to evaluate fixture design 
performances for satisfying the production requirements, such as completeness of locating, 
tolerance stack-up, accessibility, fixturing stability, and the easiness of operation.  

For many years, fixture planning has been the focus of fixture related academic research 
with significant progress in both theoretical and practical studies. Most analyses are based 
on strong assumptions, e.g., frictionless smooth surfaces in contact, rigid fixture body, and 
single objective function for optimization. Fixture design is a complex problem with 
considerations of many operational requirements. Four generations of CAFD techniques 
and systems have been developed: group technology (GT)-based part classification for 
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fixture design and on-screen editing, automated modular fixture design, permanent fixture 
design with predefined fixture components types, and variation fixture design for part 
families. The study on a new generation of CAFD just started to consider operational 
requirements. Both geometric reasoning, knowledge-based as well as case-based reasoning 
(CBR) techniques have been intensively studied for CAFD. How to make use of the best 
practice knowledge in fixture design and verify the fixture design quality under different 
conditions has become a challenge in the fixture design &analysis study. 

In fixture design verification, it was proved that when the fixture stiffness and machining 
force are known as input information, the fixturing stability problem could be completely 
solved. However most of the studies were focused on the fixtured workpiece model, i.e., 
how to configure positions of locators and clamps for an accurate and secured fixturing. 
FEA method has been extensively used to develop fixtured workpiece model (e.g., Fang, 
2002; Lee, 1987; Trappey, 1995) with an assumption of rigid or linear elastic fixture stiffness. 
The models and computational results cannot represent the nonlinear deformation in fixture 
connections identified in previous experiments. As Beards (1983) pointed out, up to 60% of 
the deformation and 90% of the damping in a fabricated structure can arise from various 
connections. The determination of fixture contact stiffness is the key barrier in the analysis 
of fixture stiffness. The existing work is very preliminary, by either simply applying the 
Hertzian contact model or considering the effective contact area. 

The development of fixture design &analysis tools would enhance both the flexibility and 
the performance of the workholding systems by providing a more systematic and analytic 
approach to fixture design. Fixture stationary elements, such as locating pads, buttons, and 
pins, immediately contact with the workpiece when loading the workpiece. Subsequent 
clamping (by moveable elements) creates pre-loaded joints between the workpiece and each 
fixture component. Besides, there may be supporting components and a fixture base in a 
fixture. In fixture design, a thoughtful, economic fixture-workpiece system maintains 
uniform maximum joint stiffness throughout machining while also providing the fewest 
fixture components, open workpiece cutting access, and shortest setup and unloading 
cycles. Both static and dynamic stiffness in this fixture-workpiece system rely upon the 
component number, layout and static stiffness of the fixture structure. These affect fixture 
performance and must be addressed through appropriate design solutions integrating the 
fixture with other process elements to produce a highly rigid system. This requires a 
fundamental understanding of the fixture stiffness in order to develop an accurate model of 
the fixture - workpiece system. 

2. Computer-aided fixture design with predictable fixture stiffness 
The research on fixture-workpeice stiffness is a crucial topic in fixture design field. 
Currently, based on the elastic body assumption, using FEA method to predict the fixture 
stiffness has been widely accepted. With the consideration on the contact and friction 
conditions, the validity and accuracy of the methodology was been illustrated by two cases 
simulation and experimental comparison (Zhu, 1993). 

The following is an introduction on the general methodology. 

First the stiffness of typical fixture units is studied with considerations of contact friction 
conditions. The results of the fixture unit stiffness analysis are integrated in fixture design as 
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a database with variation capability driven by parametric representations of fixture units. 
When a fixture is designed using fixture design &analysis tool, the fixture stiffness at the 
contact locations (locating and clamping positions) to the workpiece can be estimated 
and/or designed based on the machining operation constraints (e.g., fixture deformation 
and dynamic constraints). Fig. 1 shows a diagram of the integrated fixture design system. 

 
Fig. 1. Integrated Fixture Design System 

In order to study the fixture stiffness in a general manner, fixture structure is decomposed 
into functional units with fixture components and functional surfaces (Rong, 1999). In a 
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fixture unit, all components are connected one to another where only one is in contact 
directly with fixture base and one or more in contact with the workpiece serving as the 
locator, clamp, or support. Fig. 2 shows a sketch of the fixture units in a fixture design. 
When a workpiece was located and clamped in the fixture, the fixture units are subjected to 
the external loads that pass through the workpiece. If the external load is known and acting 
on a fixture unit, and the displacement of the fixture unit at the contact position is measured 
or calculated based on a finite element (FE) model, the fixture unit stiffness can be 
determined. 

The fixture unit stiffness is defined as the force required for a unit deformation of the fixture 
unit in normal and tangential directions at the contact position with workpiece. The stiffness 
can be static if the external load is static (such as clamping force), and dynamic if the 
external load is dynamic (such as machining force). It is the key parameter to analyze the 
relative performance of different fixture designs and optimize the fixture configuration. 

Analysis of fixture unit stiffness may be divided into three categories: analytical, 
experimental and finite element analysis (FEA). Conventional structural analysis methods 
may not work well in estimating the fixture unit stiffness. Preliminary experimental study 
has shown the nature of fixture deformation in T-slot based modular fixtures (Zhu, 1993). 
An integrated model of a fixture-workpiece system was established for surface quality 
prediction (Liao, 2001) based on the experiment results in (Zhu, 1993), but combining zhu’s 
experimental work and finite element analysis (FEA). Hurtado used one torsional spring, 
and two linear springs, one in the normal direction and the other in the tangential direction, 
to model the stiffness of the workpiece, contact and fixture element. (Hurtado, 2002) FEA 
method has not been studied for fixture unit stiffness due to the complexity of the contact 
conditions and the large computation effort for many fixture components involved. 

 
Fig. 2. Sketch of Fixture Units 
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3. Finite element model with frictional contact conditions 
3.1 Finite element formulation 

Consider a general fixture unit with two components I and J, as shown in Fig.3 (Zheng, 2005, 
2008). For multi-component fixture units, the model can be expanded. The fixture unit is 
discretized into finite element models using a standard procedure, except for the contact 
surfaces, where each nodes on the finite element mesh for the contact surface is modelled by 
a pair of nodes at the same location belonging to components I and J, respectively, which are 
connected by a set of contact elements. The basic assumptions include that material is 
homogenous and linearly elastic, displacements and strains are small in both components I 
and J, and the frictional force acting on the contact surface follows the Coulomb law of 
friction. 

The total potential energy p of a structural element is expressed as the sum of the internal 
strain energy U and the potential energy Ω of the nodal force; that is, 

 p U     (1) 

It is well known that the element strain energy can be expressed as, 

     1
2

TU q K q    (2) 

where  K is the element stiffness matrix; and q is the element nodal displacement vector. 

The potential energy of the nodal force is, 

    Tq R       (3) 

where  R is the vector of the nodal force. It includes internal force and external force. 

When the two components I and J are in contact, a number of three-dimensional contact 
elements are in effect on the contact surfaces. It should note that the problem is strongly 
nonlinear, partially due to the fact that the number of contact elements may vary with the 
change of contact condition. The original contacting nodes might separate or recontact after 
separation, based on the deformation condition on the contact surface; also contact stiffness 
may not constant either. The contact elements are capable of supporting a compressive load 
in the normal direction and tangential forces in the tangential directions. When the two 
components are in contact, and the displacements in the tangential directions and normal 
direction are assumed as independent, the element itself can be treated as three independent 
contact springs: two having stiffness kt and k in the tangential directions of the contact 
surface at the contact point and one having stiffness kn in the normal direction. 

Usually, there are two methods used to include the contact condition in the energy equation: 
the Lagrange multiplier and the penalty function methods. In order to understand these 
methods, a physical model of the contact conditions is presented, shown in Fig. 4. When two 
contact surfaces of fixture components, i.e., body J and I, are loaded together, they will 
contact at a few asperities. 
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Fig. 3. Contact Model of Two Fixture Components 

The contact criteria can be written as: 

0; 0; 0ni nif f     

Where,  
 is distance from a contact point i in body I to a contact point j on the body J in the normal 
direction of contact; fni is the contact force acting on point i of body I in the normal direction. 
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It shows the kinematic condition of no penetration and the static condition of compressive 
normal force. To prevent interpenetration, the separation distance  for each contact pair 
must be greater or equal to zero. If >0, the contact force fni=0. When =0, the points are in 
contact and fni<0. If <0, penetration occurs. In real physics, the actual contact area increases, 
and contact stiffness is enhanced when the load increases. Therefore, the contact 
deformation is nonlinear as a function of the preload as shown Figure 4(e). In the Lagrange 
multiplier method, the function w(, fni) represents the constraint, which prevents the 
penetration between contact pairs. In the penalty function method, an artificial penalty 
parameter is used to prevent the penetration between contact pairs. 
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Fig. 3. Contact Model of Two Fixture Components 
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Where,  
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       Ct K q Q    (4) 

Where {t} is the constraint equation,  CK  is the contact element stiffness matrix,  Q  is the 

contact force vector of the active contact node pairs. When    0t  , it means that the 
constraints are satisfied. So the constraint equation Eq. 4 becomes  

     CK q Q   (5) 

The total potential energy Πp  in Eq. 1 can be augmented by a penalty function     1
2

Tt t  

where    is a diagonal matrix of penalty value i . The total potential energy in the 
penalty function method becomes 
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where     T
C CK K  is the penalty matrix. 

On the other hand, in the Lagrange multiplier method, the contact constraint equation can 
be written as:  
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Cw K q Q    (8) 

where the components of the row vector i (i=1, 2, …, N), are often defined as Lagrange 
multipliers i .  

Adding Eq. 8 to the potential energy in Eq. 1, we have the total energy in the Lagrange 
multiplier method, 
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In a matrix form, Eqs. 10 and 11 can be expressed as, 
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While the constraints in Eq. 8 can be satisfied, the Lagrange multiplier method has 
disadvantages. Because the stiffness matrix in Eq. 12 may contain a zero component in its 
diagonal, there is no guarantee of the absence of the saddle point. In this situation, the 
computational stability problem may occur. In order to overcome that difficulty, a perturbed 
Lagrange multiplier method was introduced (Aliabadi, 1993). 
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where   is an arbitrary positive number. At the limit  goes to  , the perturbed solutions 
converge to the original solutions. The introduction of   will maintain a small force across 
and along the interface. This will not only maintain stability but also avoid the stiffness 
matrix being singular, due to rigid body motion. Similarly, the minimization of p

pL  with 

respect to  q  and    results in the following matrix, 
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Eq. 14 can be expressed as: 

         T
CK q R K     (15) 

        CK q Q     (16) 

Substitute Eq. 16 into Eq. 15, 

             T T
C C CK K K q R K Q      

For simplicity, let all i in [] of penalty function equal to  , i.e. i =  . Thus, the 
perturbed Lagrange multiplier is equivalent to the penalty function method. 

In the Lagrange multiplier method, both displacement and contact force are regarded as 
independent variables; thus, the constraint (contact) conditions can be satisfied and the 
contact force can be calculated. It has disadvantages. The stiffness matrix contains zero 
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components in its diagonal, and the Lagrange multiplier terms must be treated as additional 
variables. This leads to the construction of an augmented stiffness matrix, the order of which 
may significantly exceed the size of the original problem in the absence of constraint 
equations (Aliabadi, 1993). In comparison with the Lagrange multipliers method, the 
implementation of the penalty function method is relatively simple and does not require 
additional independent variables. It is often adopted in the practical analysis because of its 
simple implementation.  

3.2 Contact conditions 

Based on an iterative scheme (Mazurkiewicz, 1983), the contact conditions in FEA model are 
classified into the following three cases: 

1. Open condition: gap remains open; 
2. Stick condition: gap remains closed, and no sliding motion occurs in the tangential 

directions; and 
3. Sliding condition: gap remains closed, and the sliding occurs in the tangential 

directions. 

Let fji and uji be the contact nodal load vector and the nodal displacement, respectively, 
which are defined in the local coordinate system, where the subscript j indicates the 
component number ( j = I or J), and i indicates the coordinate (i = n, t, τ), as shown in Fig. 5. 
By equilibrium of the contact element, 0In It I Jn Jt Jf f f f f f      

     
. Fi (i = n, t, τ) is the 

external nodal load in i direction 
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 where x is the node number of body I or J. 

The displacement and force must satisfy the equilibrium equations in the three contact 
conditions (note that {n, t, τ} is the local coordinate system). 

 
   a)              b) 

Fig. 5. Sketch of Contact Force on the Contact Surface 
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3.2.1 Open condition 

When the normal nodal force Fn is positive (tension), the contact is broken, and no force is 
transmitted. The displacement change in the normal and tangential directions, denoted 
respectively by  , ,iu i n t  , then is 

  , 0 , ,n Jn In n Ji Iiu u u f f i n t          (17) 

where uJn and uIn are the current displacements of node J and node I in a normal direction, 
respectively. For each structural contact element, stiffness and forces are updated, based 
upon current displacement values, in order to predict new displacements and contact forces. 

n is the gap between a pair of the potential contact points. In each increment of load, the 
gap status and the stiffness values are iteratively changed until convergence. As the load is 
increased, n will change and hence should be adjusted as 0 T

n n n    , where 0
n is the 

initial gap before any deformation and T
n is the gap change caused by the total combined 

normal movement at the pair of points. 

3.2.2 Stick condition 

The force in the tangential direction  SF , which is the composition of the nodal force in t 
and  directions (Ft and F), is defined only when 0nF   (compression). When the absolute 
value of SF  is less than | |nF , where   is the Coulomb friction coefficient, there is no 
slide-motion in the interface, and the contact element responds like a spring. The stick 
condition exists if    | |n Jt t J It t IF u k u k u k u k        . That is,  

  , 0 , 0 ,Ii Ji Jn In n Ji Iif f u u u u i t            (18) 

where kt and k are the tangential contact stiffness in t and  directions, respectively. In the 
analysis of fixture unite stiffness, set tk k . 

3.2.3 Sliding condition 

Slide-motion will occur when the absolute value of SF  is more than | |nF . The slide-
motion may occur in both the element t and  directions. That is, if 

   | |n Jt t J It t IF u k u k u k u k        , then,  

    , , , 0It Jt n I J n In Jn In Jn ntf f F f f F f f u u                   (19) 

where  n tF and  nF   mean the maximum friction force in t and  directions. 

3.3 Solution procedure  

The model presented in the previous section can be implemented to determine the fixture 
unit stiffness in clamping and machining. Because the model involves high nonlinearity, the 
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components in its diagonal, and the Lagrange multiplier terms must be treated as additional 
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Newton-Raphson (N-R) approach is used to solve the problem. Considering the full 
Newton-Raphson iteration it is recognized that in general the major computational cost per 
iteration lies in the calculation and factorization of the stiffness matrix. Since these 
calculations can be quite expensive when large-order systems are considered, the modified 
Newton-Raphson algorithm is used in this research (Bathe, 1996).  

Given the applied load R and the corresponding displacement u, the applied load is divided 
into a series of load increments. At each load step, the contact stiffness and contact 
conditions remain constant. And several iterations may be necessary to find a solution with 
acceptable accuracy. The modified Newton-Raphson method is used first to evaluate the 
initial out-of-balance load vector at the beginning of the iteration at each load step. The out-
of-balance load vector is defined as the difference between the applied load vector R and the 
vector of restoring loads r

iR . When the out-of-balance load is non-zero, the program 
performs a linear solution, using the initial out-of-balance loads, and then checks for 
convergence. If the convergence criteria are not satisfied, the out-of-balance load vector is 
reevaluated, the new contact conditions and the stiffness matrix are updated, and a new 
solution is obtained. This iterative procedure continues until the solution converges. The 
modified Newton-Raphson method and its flowchart are outlined by Fig.6. 

 
 

 
 

Fig. 6. (a) Modified Newton-Raphson Method 
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Fig. 6. (b) Flow Chart of the Analysis Procedure 

4. Contact stiffness identification using a dynamic approach 
First, the dynamic method is studied for use in the estimation of normal contact stiffness. 
The results of the dynamic methods are compared with the results based on the static test of 
normal contact stiffness; then the validated dynamic test method is used in estimation of 
tangential contact stiffness. 

4.1 Theoretical formulation of 1-D normal contact stiffness 

The idea behind the identification of normal contact stiffness is that the contact interface is 
modeled by a discrete linear spring. When the preload is changed, contact stiffness will 
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change. When body I is in contact with the ground, the dynamic model of the entire 
structure can be shown as in Fig.7. According to this theoretical model the relationship 
between natural frequencies and normal contact stiffness can be established. When natural 
frequencies are obtained from impact test, along with a theoretical model, normal contact 
stiffness can be estimated. 

In the one-dimensional model of body I, m is the mass of body I, k is the contact stiffness, p 
is the preload, f(t) is impulse excitation, u(x,t) is the longitudinal displacement of the bar at 
distance x from a fixed reference. 

 

Fig. 7. One-Dimensional Model for Normal contact Stiffness 

With use of a bar in Fig.7, the governing equation of the longitudinal vibration of the bar can 
be expressed as 

    2

2
, ,u x t u x t

A EA
x xt
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The boundary conditions of the bar are: 

At x=0:   0,
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and at x=l:   ,
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u l t
EA k u
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                 (22) 

Initially, the system starts from rest, from the static equilibrium position of the bar, such that 
the initial displacement condition is: 

At t=0,   ,0 0u x    (23) 

The response of a system to an impulsive force can also be obtained by considering that the 
impulse produces an instantaneous change in the momentum of the system before any 
appreciable displacement occurs. The second initial condition is 

  ,0 1u x
t m





  (24) 

Assume       ,u x t X x q t      (25) 
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Substitute Eq. 25 into Eq. 20 to obtain 
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-2 is called the separation constant and is designated to be negative (De Silva, 1999). 

Therefore, the mode shapes X (x) satisfies 

    
2

2
2 0

d X x
X x

dx
    (27) 

whose general solution is    1 2sin cosX x C x C x       (28) 

According to the general solution and the modal boundary conditions, one can get  

 tan nkl
EA




   (29) 

Set the structure stiffness as * EAk
l

  and the ratio of the stiffness as *
nk

k
  . Since the 

structure stiffness k* is constant and known, the ratio of the stiffness  is proportional to the 
contact stiffness kn. Therefore Eq. 11 can be expressed as 

 
*

tan
nk

kl
l l


 

    (30) 

This transcendental equation has an infinite number of solutions i (i=1,2,…)that correspond 
to the modes of vibration. When  is changed, the solution of i will change. When  is 
changed from 0.1 to 10, one can get the corresponding il as shown in Fig.8. The natural 
frequencies can also be obtained using 

 i i i
Ec  


    (31) 

In an experimental study, the natural frequencies can be obtained by an impact test. i can 
calculated from Eq.31 since the natural frequencies are related to the system characteristics. 
Then  can be determined from Eq. 30. Finally, the contact stiffness, kn, can be estimated 
based on the definition of . According to the assumption that contact stiffness is a function 
of the preload, the natural frequencies can be determined in experiments under different 
preloads. The change of contact stiffness can then be identified based on the change of the 
preloads, through measurement of the natural frequency variation. It should be noted that 
although any mode of the natural frequency can be used to estimate the contact stiffness, 
some modes might be more sensitive than others to the change of the preloads. 



 
Finite Element Analysis – From Biomedical Applications to Industrial Developments 

 

332 

change. When body I is in contact with the ground, the dynamic model of the entire 
structure can be shown as in Fig.7. According to this theoretical model the relationship 
between natural frequencies and normal contact stiffness can be established. When natural 
frequencies are obtained from impact test, along with a theoretical model, normal contact 
stiffness can be estimated. 

In the one-dimensional model of body I, m is the mass of body I, k is the contact stiffness, p 
is the preload, f(t) is impulse excitation, u(x,t) is the longitudinal displacement of the bar at 
distance x from a fixed reference. 

 

Fig. 7. One-Dimensional Model for Normal contact Stiffness 

With use of a bar in Fig.7, the governing equation of the longitudinal vibration of the bar can 
be expressed as 

    2

2
, ,u x t u x t

A EA
x xt


   

  
   

  (20) 

The boundary conditions of the bar are: 

At x=0:   0,
0

u t
EA

x





                                 (21) 

and at x=l:   ,
n

u l t
EA k u

x


 


                 (22) 

Initially, the system starts from rest, from the static equilibrium position of the bar, such that 
the initial displacement condition is: 

At t=0,   ,0 0u x    (23) 

The response of a system to an impulsive force can also be obtained by considering that the 
impulse produces an instantaneous change in the momentum of the system before any 
appreciable displacement occurs. The second initial condition is 

  ,0 1u x
t m





  (24) 

Assume       ,u x t X x q t      (25) 

 
Contact Stiffness Study: Modelling and Identification 

 

333 

Substitute Eq. 25 into Eq. 20 to obtain 
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changed from 0.1 to 10, one can get the corresponding il as shown in Fig.8. The natural 
frequencies can also be obtained using 

 i i i
Ec  


    (31) 

In an experimental study, the natural frequencies can be obtained by an impact test. i can 
calculated from Eq.31 since the natural frequencies are related to the system characteristics. 
Then  can be determined from Eq. 30. Finally, the contact stiffness, kn, can be estimated 
based on the definition of . According to the assumption that contact stiffness is a function 
of the preload, the natural frequencies can be determined in experiments under different 
preloads. The change of contact stiffness can then be identified based on the change of the 
preloads, through measurement of the natural frequency variation. It should be noted that 
although any mode of the natural frequency can be used to estimate the contact stiffness, 
some modes might be more sensitive than others to the change of the preloads. 
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(a) First Mode

 
(b) Second Mode 

 
(c) Third Mode 

 
(d) Fourth Mode

Fig. 8. Relationships between the Nondimensional Natural Frequencies and the Stiffness 
Ratio  in the First Four Modes 

4.2 Experimental procedure and results 

The experiments were conducted in order to verify the method of identifying contact 
stiffness in the normal direction (Zheng, 2005, 2008). The measurement instrumentation 
includes the proximity, the impact hammer with a load cell, power supply, and a Fast 
Fourier transformation (FFT) analyzer, as shown in Fig.9. The experimental procedure can 
be expressed as follows: 

1. Frequency response function (FRF) of the bar is measured by using the hammer to 
excite the system. Thus, the natural frequencies of the bar can be obtained. 

2. According to the natural frequency equation i i
E 


 , i  is calculated. 

3. Based on the relationship between il and  of the first three modes in Fig.8, the  can be 
inferred from the comparison of experimental results and theoretical results. Then the 

normal contact stiffness can be obtained from the equation *
nk

k
  . 

When the natural frequencies are obtained from the experiment, along with the curves of 
the relationships between il and , contact stiffness can be determined from each mode of 
vibration. However, when the preload changes, the natural frequencies may not necessarily 
change significantly with the change of normal load for certain modes. Contact stiffness 
should be identified from the mode most sensitive to changes of a preload. Fig.10 shows the 
FRF of the test system under different preload. Fig.11 shows the relationships between the 
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natural frequencies and preload. The natural frequency of the third mode f3 is the most 
sensitive to changes in a preload. 

 
Fig. 9. Measurement Setup 

 

 
Fig. 10. A simplifed illustration on the Frequency Response Functions (FRF) of the Test 
System 
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Fig. 11. The relationships between the natural frequencies and preloads 

Once the natural frequency is obtained from the test, contact stiffness can be estimated by 
calculating il, , and kn. In order to verify the results, these calculations were compared 
with the previous static measurement results of contact stiffness. Under the same 
experimental condition, i.e., the same experimental device and preloads, contact stiffness is 
obtained and used in the calculation of natural frequencies, and then compared with the 
results of dynamic tests, as shown in Fig.12. 

 
 (a) Natural Frequency vs. Preloads       (b) Normal Contact Stiffness vs. Preloads 

Fig. 12. Comparisons between Experimental Result of Dynamic Test and Numerical Value 
Based on Static Test 
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It can be seen that the results from the dynamic tests are consistent with the numerical 
calculation results based on the static test results. When the results of the dynamic test are 
consistent with the static test results, the dynamic test method can be used in identifying 
tangential contact stiffness, for which the static tests are too difficult to conduct. 

4.3 Theoretical formulation of tangential contact stiffness 

Two fixture components are in contact at a certain number of asperities due to the inherent 
roughness of the surface. When they are subjected to tangential forces, the components are 
mutually constrained through frictional contacts. A friction model based on the Coulomb 
friction theory is shown in Fig.13. The tangential contact stiffness results from the elasticity 
of asperities of the contact surfaces, and the total resulting stiffness of these contact surfaces 
depends on their statistical topographical parameters. 

uP

-uP

Slide area Stick area Slide area

 
Fig. 13. A Friction Model 

Consider that body I is brought into contact with the flat surface of the support under a 
uniform preload, P, and is subjected to an small excitation, F, as shown in Figure 14. It is 
assumed that the tangential contact stiffness will change as the preload increases. The 
friction at each contact point is governed by Coulomb’s law. When force is applied in the 
tangential direction, the asperities in body I will also deform until the shear stress between 
the asperities exceeds the limit, then the contact surface will slide each other. The friction 
model of body I in contact is shown in the Fig.15. The friction force is given by Eq. 32. 

 
/t tK u u P K

f
P otherwise




  


  (32) 

The idea of the identification of the tangential contact stiffness is to compare the two sets of 
system natural frequencies: one set is identified from the measured impulse response in 
tangential direction under different preloads, and the other set is calculated from the FEA 
model of the system. Based on the numerical simulation, a relationship between tangential 
contact stiffness and the natural frequencies can be established. If the natural frequencies are 
measured in the experiments under different preloads, the contact stiffness can be calculated 
from the relationship obtained by the numerical simulation. 
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The idea of the identification of the tangential contact stiffness is to compare the two sets of 
system natural frequencies: one set is identified from the measured impulse response in 
tangential direction under different preloads, and the other set is calculated from the FEA 
model of the system. Based on the numerical simulation, a relationship between tangential 
contact stiffness and the natural frequencies can be established. If the natural frequencies are 
measured in the experiments under different preloads, the contact stiffness can be calculated 
from the relationship obtained by the numerical simulation. 
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Fig. 14. Body I on the Support 

 
Fig. 15. Friction Model of the Fixture Components in Contact 

In order to do the numerical simulation, the effect of the contact force needs to be included 
into FEA model of the system. The additional contact stiffness matrix will be introduced in 
the general FEA model. The derivation of contact stiffness matrix is briefly given as follows.  

Consider an elastic body I in Fig.15, the kinetic, strain, and potential energies of the system 
can be expressed respectively as: 
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where K is the kinetic energy; {u} is the displacement vector; V is the volume of the elastic 
body I;  is the mass density of the material; U is the strain energy;   and {}; are the strain 
and stress components, respectively. W is the potential energy of external forces;  F̂  is the 
external surface force vector specified on the boundary S1;  ˆ

cR  is the contact force vector 
on the contact surface Sc. Note that  1cS S  ; The body force is ignored. Using the 
above energy expressions the total potential energy of the system is 

  Π K W U     (36) 

Based on the well-known Hamilton’s principle, a discretized FEA formulation for a typical 
element can be expressed as  

           0e e e
CM d t K K d t F            

    (37) 

To obtain the matrix form, the displacement field of a typical element {u}, which is a 
function of both space and time, can be written as: 

                     u N x d t u N x d t u N x d t             
     (38) 

where [N(x)] is a vector of the space function; and {d(t)} is the nodal response vector. Using 
the interpolation relationship the element, 

Mass matrix is given by 

    
e

Te

V
M N x N x dV              (39) 

And the element stiffness matrix is 

     
e

Te
e

V
K B D B dV       (40) 

where [B] is the geometry matrix. 

Comparing to the standard FEA formulation an additional term of CK , referred as the 
contact stiffness matrix in included in Eq. (37). The term stems from the work done by the 
contact force on the contact surface. A brief derivation is presented as follows. 

The work done by the contact force on the contact surface can be written as 

    ˆ

Ce

T
ce ce

S
E u R dS    (41) 

Using the contact element, the contact force can be expressed as  

     ˆ
ce cR D u   (42) 

Substituting Eqs. (38) and (42) into (41) yields 
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where K is the kinetic energy; {u} is the displacement vector; V is the volume of the elastic 
body I;  is the mass density of the material; U is the strain energy;   and {}; are the strain 
and stress components, respectively. W is the potential energy of external forces;  F̂  is the 
external surface force vector specified on the boundary S1;  ˆ

cR  is the contact force vector 
on the contact surface Sc. Note that  1cS S  ; The body force is ignored. Using the 
above energy expressions the total potential energy of the system is 

  Π K W U     (36) 

Based on the well-known Hamilton’s principle, a discretized FEA formulation for a typical 
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contact stiffness matrix in included in Eq. (37). The term stems from the work done by the 
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S
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Therefore, the contact stiffness matrix can thus be defined as  

      
Ce

T
C c

S
K N x D N x dS             (44) 

where [Dc] is the contact property matrix. In the section, the displacements of contact 
element in the normal direction are assumed to keep stick. Therefore, the normal contact 
stiffness becomes infinity. The tangential contact stiffness is considered. 

The derived contact stiffness matrix should be added to the general FEA model for the 
fixture stiffness analysis to take into account the effects of the contact force. Followed the 
standard procedure of the eigenvalue problem, the system natural frequencies can be 
obtained using the FEA method to establish the relationship between the tangential contact 
stiffness and natural frequencies. For example, a specimen that has the dimensions 530.75 
in was used to measure dynamic characteristics. Fig.16 shows the FEA model of the 
specimen. Contact elements were modeled as separate springs on the top and bottom 
surfaces of the specimen. There are two nodes for each contact element. One node is on the 
contact surface of the specimen. The other node is constrained at all degrees of freedom. The 
impulse force was applied at the side of the specimen. The response was obtained at point 
M, at the other side of the specimen. 

 
Fig. 16. Finite Element Model of Specimen 

Fig.17 shows the relationships between tangential contact stiffness and natural frequencies 
of the first two vibration modes. The results are obtained through numerical simulation. 
From experiments, the frequency response is measured under the different preloads. The 
contact stiffness can be determined based on the relationships shown in Fig.17. 
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Fig. 17. The Relationship of Tangential Stiffness vs. the First Two Natural Frequencies 

5. Conclusions 
Forces in a workpiece-fixture system have a crucial impact on the deformation and accuracy 
of the system. In this chapter, an FEA model of fixture unit stiffness is proposed. A contact 
model between fixture components are utilized for solving the contact problem encountered 
in the study of fixture unit stiffness. By several simple experiments and comparison with the 
corresponding analytical solution and experimental results in the literature, this 
methodology is validated. This analytic approach also can be extended in the research of 
complex fixture system with multiple units and components, which will lead to a new 
progress in the design and verification of fixture-workpiece system study. 
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1. Introduction  
Lightweight construction strategies have become increasingly important in recent years for 
economic reasons and in terms of environmental protection. Some sheet material joining 
techniques, such as self-pierce riveting, mechanical clinching and structural adhesive 
bonding, have been developed for joining advanced lightweight sheet materials that are 
dissimilar, coated, and hard to weld (He et al., 2008, He, 2010b, 2011b, 2012). 

Traditionally, the mechanical behavior of a sheet material joint can be obtained by closed-
form equations or experiments. For a fast and easy answer, a closed-form analysis is 
appropriate. However, the mechanical behavior of sheet material joints is not only 
influenced by the geometry of the joints but also by different boundary conditions. The 
increasing complex joint geometry and its three-dimensional nature combine to increase the 
difficulty of obtaining an overall system of governing equations for predicting the 
mechanical properties of sheet material joints. In addition, material non-linearity due to 
plastic behavior is difficult to incorporate because the analysis becomes very complex in the 
mathematical formulation. The experiments are often time consuming and costly. To 
overcome these problems, the finite element analysis (FEA) is frequently used in sheet 
material joints in recent years. The FEA has the great advantage that the mechanical 
properties in a sheet material joint of almost any geometrical shape under various load 
conditions can be determined. 

For having a knowledge of the recent progress in FEA of the sheet material joints, latest 
literature relating to FEA of sheet material joints is reviewed in this chapter, in terms of 
process, strength, vibration characteristics and assembly dimensional prediction of sheet 
material joints. Some important numerical issues are discussed, including material 
modeling, meshing procedure and failure criteria. It is concluded that the FEA of sheet 
material joints will help future applications of sheet material joining by allowing system 
parameters to be selected to give as large a process window as possible for successful joint 
manufacture. This will allow many tests to be simulated that would currently take too long 
to perform or be prohibitively expensive in practice, such as modifications to joint geometry 
or material properties. The main goal of the chapter is to review recent progress in FEA of 
sheet material joining and to provide a basis for further research. 
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2. FEA of self-pierce riveting 

Self-pierce riveting (SPR) is used for high speed mechanical fastening of sheet material 
components. In this process, a semi-tubular rivet is pressed by a punch into two or more 
substrates of materials that are supported on a die. The die shape causes the rivet to flare 
inside the bottom sheet to form a mechanical interlock as shown in Fig. 1. Fig. 2 shows the 
SPR machine and the SPR tools in Innovative Manufacturing Research Centre of Kunming 
University of Science and Technology. 

 
Fig. 1. SPR operation with a semi-tubular rivet. 

 
Fig. 2. SPR machine and SPR tools. 

2.1 SPR process 

It is very difficult to get insight into the joint during forming process due to the complicacy 
of the SPR process. The effective way to analyze SPR joint during forming process is to 
perform finite element simulation. Several numerical techniques and different FEA software 
already allows the simulation of the SPR process. 

The riveting process has been numerically simulated using LS-DYNA (Yan et al., 2011). A 
2D axi-symmetric model was used with an implicit solution technique encompassing ‘r-
adaptivity’ and geometrical failure based on the change in thickness of the substrates. An 
extensive experimental program using aluminum alloy 5052 substrates generated a database 
for the validation of the numerical simulations. Good agreements between the simulations 
and laboratory test results were obtained, for both the force/deformation curves and the 
deformed shape of the rivet and substrates. Fig. 3 shows the FE simulation of the SPR 
process and Fig. 4 shows the cross section comparison between simulation and test. 
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Fig. 3. FE simulation of the SPR process (Yan et al., 2011). 

 
Fig. 4. Cross-section comparison between simulation and test (Yan et al., 2011). 

A study (Abe et al., 2006) investigated the joinability of aluminum alloy and mild steel with 
numerical and test results. The joining process was simulated by LS-DYNA 2D axi-
symmetric models. To shorten the calculation time for this explicit dynamic FEA code, the 
punch velocity was increased to about 25 times the real speed used for riveting. In this 
study, defects in the process were categorized as either penetration through the lower sheet, 
necking of the lower sheet or the separation of substrates (caused by different strains when 
substrates are made of different materials). The authors concluded that these defects were 
caused by the small total thickness, the small thickness of lower sheet and the large total 
thickness, respectively. 

Mori et al. (Mori et al., 2006) developed an SPR process for joining ultra-high-strength steel 
and aluminum alloy sheets. To attain better joining quality, the die shape was optimized by 
means of the FEA without changing mechanical properties of the rivet. Authors reported 
that the joint strength is greatly influenced by not only the strength of the sheets and rivets 
but also the ratio of the thickness of the lower sheet to the total thickness. Abe et al. (Abe et 
al., 2009) investigated the effects of the flow stress of the high-strength steel sheets and the 
combination of the sheets on the joinability of the sheets by FEA and an experiment. They 
found that as the tensile strength of the high-strength steel sheet increases, the interlock for 
the upper high-strength steel sheet increases due to the increase in flaring during the 
driving through the upper sheet, whereas that for the lower high-strength steel sheet 
decreases. 
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A 3D model was created by Atzeni et al. (Atzeni et al., 2007) in ABAQUS Explicit 6.4 and 
both the SPR process and the shear tests were simulated to take into account the strain and 
residual stress of the SPR joints. Comparisons with experimental results had shown good 
agreement, both in terms of deformed geometry and force-displacement curves. In another 
study, the same authors (Atzeni et al., 2009) presented a FEA model for the analysis of the 
SPR processes. Correct model parameters were identified and numerical model validated in 
2D simulations. In order to verify the capabilities of the software to predict joint resistance 
for given geometry and material properties, a 3D model was set up to generate a joint 
numerical model for simulating shearing tests. In Kato et al.’s paper (Kato et al., 2007), a SPR 
process of three aluminum alloy sheets was simulated using LS-DYNA to find joinable 
conditions. In addition, the cross-tension test was also simulated by FEA to evaluate the 
joint strength. 

Using Forge2005® FE software, Bouchard et al. (Bouchard et al., 2008) modeled large 
deformation of elastic–plastic materials for 2D and 3D configurations. They found that it is 
possible to export the mechanical fields of a 2D simulation onto a 3D mesh using an 
interpolation technique, and then to perform a 3D shearing test on the riveted structure. 
They also found that the mechanical history of the rivet/sheet assembly undergone during 
the SPR process plays a significant role in the numerical prediction of the final strength of 
the assembly. In order to evaluate the software robustness, numerical simulation of the SPR 
process was performed on three 1-mm-thick aluminum and steel sheets. Fig. 5 shows the 
four different stages of the SPR process of three sheets. 

 
Fig. 5. Four different stages of the SPR of three sheets (Bouchard et al., 2008). 

Casalino et al. (Casalino et al., 2008) proposed equations for governing the onset and 
propagation of crack, the plastic deformation, the space discretization, the time integration, 
and the contact evolution during the SPR process. A case study of the SPR of two sheets of 
the 6060T4 aluminum alloy with a steel rivet was performed using the LS-DYNA FE code. 
Some numerical problems entangled with the model setup and running were resolved and 
good agreement with experimental results was found in terms of joint cross-sectional shape 
and force–displacement curve. Fig. 6 shows the initial and final configuration of the joint. 

The SPR process currently utilizes high-strength steel rivets. The combination between steel 
rivets with an aluminum car body not only makes recycling time consuming and costly, but 
also galvanic corrosion. Galvanic corrosion occurs when dissimilar, conductive materials are 
joined and the ingress of water forms an electrolytic cell. In this type of corrosion, the 
material is uniformly corroded as the anodic and cathodic regions moves and reverses from 
time to time (He et al., 2008). Hoang et al. (Hoang et al., 2010) investigated the possibility of  
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Fig. 6. Initial and final configuration of the joint (Casalino et al., 2008). 

replacing steel self-piercing rivets with aluminum ones, when using a conventional die in 
accordance with the Boellhoff standards. An experimental program was carried out. The test 
results were exploited in terms of the riveting force–displacement curves and cross-sectional 
geometries of the riveted joints. The test data were also used to validate a 2D-axisymmetric 
FEA model. The mechanical behavior of a riveted connection using an aluminum rivet 
under quasi-static loading conditions was experimentally studied and compared with 
corresponding tests using a steel rivet. 

2.2 Static and fatigue behavior of SPR joints 

Sheet material joints are often the structural weakest point of a mechanical system. 
Consequently a considerable amount of FEAs have been carried out on the static and fatigue 
behavior of SPR joints. As SPR is considered to be an alternative to spot welding, most 
research studies have focused on comparisons of the mechanical behavior of joints 
manufactured by these techniques. Research in this area has shown that SPR gives joints of 
comparable static strength and superior fatigue behavior to spot welding, whilst also 
producing promising results in peel and shear testing. Fig. 7 compares the fatigue behavior 
of three typical joining techniques (Cai et al., 2005). 

 
Fig. 7. Fatigue behavior comparison of SPR, clinching and spot welding (Cai et al., 2005). 
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The fatigue behavior of single and double riveted joints made from aluminum alloy 5754-O 
has been studied by Iyer et al. (Iyer et al., 2005). A 3D elastic FEA showed that crack 
initiation occurred at the region of maximum tensile stress. This finding highlights the 
importance of the cold-formed geometric nonlinearities in determining joint’s mechanical 
strength. The authors also found that both the fatigue and static strength of double-riveted 
SPR joints was strongly dependent on the orientation (direction that the rivet is inserted; 
either both from the same side or one from each side) combination of the rivets. The study 
shows that the analyses were useful for interpreting experimental observations of fatigue 
crack initiation location, life and fretting damage severity. 

Porcaro et al. (Porcaro et al., 2004) developed a numerical model of a riveted structure 
with the finite element code LS-DYNA to investigate the behavior of a single-riveted joint 
under combined pull-out and static shear loading conditions. The rivet was represented 
using the *CONSTRAINED_SPOTWELD card and included failure criteria based on a 
critical plastic failure strain and the force envelope. Validation was achieved from static 
and dynamic laboratory test results. The numerical analyses of these components 
provided a direct check of the accuracy and robustness of the numerical model. The same 
authors also generated an accurate 3D numerical model of different types of riveted 
connections, subjected to various loading conditions (Porcaro et al., 2006). An algorithm 
was generated in order to transfer all the information from the 2D numerical model of the 
riveting process to the 3D numerical model of the connection. Again the model was 
validated against the experimental results. 

Kim et al. (Kim et al., 2005) tried to evaluate the structural stiffness and fatigue life of SPR 
joint specimens experimental and numerically by FEA modeling in accordance with the 
FEMFAT guidelines. The authors found that even though the joint stiffness was 
independent of substrate thicknesses, the fatigue life was dependant on substrate material 
and thickness. In research paper of Galtier and Duchet (Galtier & Duchet, 2007), the main 
parameters that influence the fatigue behavior of sheet material assemblies were presented 
and some comparisons were made within sheet material joining techniques. It was found 
that the SPR joint fatigue strength mainly depends on the grade and thickness of the sheet 
placed on the punch side. In Lim’s research paper (Lim, 2008), the simulations of various 
SPR specimens (coach-peel specimen, cross-tension specimen, tensile-shear specimen, pure-
shear specimen) were performed to predict the fatigue life of SPR connections under 
different shape combinations. FEA models of various SPR specimens were developed using 
a FEMFAT SPOT SPR pre-processor. 

The SPR process has the disadvantage of needing high setting forces typically around 10 
times those used for spot-welding. This large setting force can cause severe joint distortion 
and this will affect the assembly dimensions. SPR joint distortion was found to be much 
larger, about two to four times the magnitude, than that from resistance spot welding. It was 
suggested that the inclusion of SPR joint distortion is generally needed for accurate global 
assembly predictions. To include this localized SPR effect, Sui et al. (Sui et al., 2007) has built 
a FE model for simulating SPR process of 1.15 mm AA6016T4+1.5 mm AA5182O sheets. The 
results show that punching load was significantly affected by the deformation of rivet shank 
and the distortion of the joints was mainly affected by the binder force and the blankholder 
diameter. 
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The structural behavior of the SPR joints under static and dynamic loading conditions and how 
they are modeled in large-scale crash analyses are crucial to the design of the overall structure. 
Therefore, there is a need to perform dynamic testing on elementary joints in order to study its 
dynamic behavior. Porcaro et al. (Porcaro et al., 2008) investigated the SPR connections under 
quasi-static and dynamic loading conditions. Two new specimen geometries with a single rivet 
were designed in order to study the riveted connections under pull-out and shear impact 
loading conditions using a viscoelastic split Hopkinson pressure bar. 3D numerical simulations 
of the SPR connections were performed using the explicit finite-element code LS-DYNA. Static 
and dynamic tests were simulated using a simplified model that included only the specimen 
and the clamping blocks that connected the specimen to the bars.  

2.3 Vibration behavior of SPR joints 

Despite these impressive developments, unfortunately, research in the area of dynamic 
properties of the SPR joints is relatively unexplored. Hence there is a considerable need for 
contribution of knowledge in the understanding of the vibration characteristics of SPR joints. 
Research work by He et al. (He et al., 2006, 2007, Dong et al., 2010) investigated in detail the 
free vibration characteristics of single lap-jointed SPR beam. The focus of the analysis was to 
reveal the influence on the natural frequencies and mode shapes of the characteristics of the 
substrates. These investigations were performed by means of the 3D FEA. In order to obtain 
the sophisticated features such as design optimization, ANSYS Parametric Design Language 
(APDL) was used in the analysis. The natural frequencies (eigenvalues) and mode shapes 
(eigenvectors) of the free vibration of these beams were calculated for different combinations 
of the substrates’ Young’s modulus and Poisson’s ratio.  

By means of a parametric analysis, the influence of the Young’s modulus and Poisson’s ratio of 
the lightweight sheet materials on the natural frequencies, natural frequency ratios and mode 
shapes of the single lap-jointed SPR beams is deduced. Numerical examples show that the 
natural frequencies increase significantly as the Young’s modulus of the substrates increases, 
but very little change is encountered for change in the substrates’ Poisson’s ratio. Fig. 8 shows 
effects of mechanical properties of sheets on torsional natural frequency. It is clear that the 
torsional natural frequencies increase as the Young’s modulus of the sheet increases.  

 
Fig. 8. Torsional natural frequencies versus Young’s modulus of sheets for νs=0.30 (He et al., 
2006). 
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Fig. 9 shows the first six mode shapes of the single lap-jointed encastre SPR beam. The mode 
shapes show that there are different deformations in the jointed section of SPR beams. These 
different deformations may cause different natural frequency values and different stress 
distributions. This data will enable appropriate choice of the mechanical properties of the 
substrates, especially Young’s modulus, in order to achieve and maintain a satisfactory level 
of both static and dynamic integrity of the SPR structures.  

 
Fig. 9. First six mode shapes of the single lap-jointed SPR beam (He et al., 2006). 

3. FEA of mechanical clinching 
The mechanical clinching process is a method of joining sheet metal or extrusions by 
localized cold forming of materials. The result is an interlocking friction joint between two 
or more layers of material formed by a punch into a special die. Depending on the tooling 
sets used, clinched joints can be made with or without the need for cutting. By using a 
round tool type, materials are only deformed. If a square tool is used, however, both 
deformation and cutting of materials are required. The principle of clinching with a round 
tool is given in Fig. 10. Fig. 11 shows the clinching machine and clinching tools in Innovative 
Manufacturing Research Centre of Kunming University of Science and Technology. 

 

 
Fig. 10. Principle of clinching with a round tool. 
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Fig. 11. Clinching machine and clinching tools. 

3.1 Clinching process 

To fully understand the behavior of clinched joints, the FE model must include all the 
information from the clinching process. The information that can be obtained from the 
clinching process simulation includes: metal flow and details of die fill, distribution of 
strains, strain rate and stresses in the material, distribution of pressure at die–material 
interface, and the influence of properties like friction. The resolution of such problems is 
confronted with numerous nonlinear problems such as large deformations, material 
plasticity, and contact interactions. Several numerical techniques can be used for the 
simulation of such problems (dynamic or static implicit and explicit methods) and different 
industrial software (ABAQUS, ADINA, LS-DYNA, and MARC) already allows the 
simulation of the clinch forming process. 

Feng et al. (Feng et al., 2011) presented a LS-DYNA 2D axi-symmetric FE model to predict 
the magnitude and distribution of deformation associated with the clinching process. The 
flow stress of the work-material was taken as a function of strain and strain rate. The shape 
of the clinch joint and the stress, strain, and damage in substrates were determined. Fig. 12 
shows the FE simulation of the clinching process and Fig. 13 shows the cross section 
comparison between simulation and test. 

 
Fig. 12. FE simulation of the clinching process (Feng et al., 2011). 
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Fig. 9 shows the first six mode shapes of the single lap-jointed encastre SPR beam. The mode 
shapes show that there are different deformations in the jointed section of SPR beams. These 
different deformations may cause different natural frequency values and different stress 
distributions. This data will enable appropriate choice of the mechanical properties of the 
substrates, especially Young’s modulus, in order to achieve and maintain a satisfactory level 
of both static and dynamic integrity of the SPR structures.  

 
Fig. 9. First six mode shapes of the single lap-jointed SPR beam (He et al., 2006). 
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round tool type, materials are only deformed. If a square tool is used, however, both 
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tool is given in Fig. 10. Fig. 11 shows the clinching machine and clinching tools in Innovative 
Manufacturing Research Centre of Kunming University of Science and Technology. 

 

 
Fig. 10. Principle of clinching with a round tool. 
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Fig. 13. Cross-section comparison between simulation and test (Feng et al., 2011). 

A finite element procedure with automatic remeshing technique has been developed by 
Hamel et al. (Hamel et al., 2000) using ABAQUS FE software to specifically simulate the 
clinching process. The resolution of the updated Lagrangian formulation is based on a static 
explicit approach. The integration of the elastic–plastic behavior law is realized with a Simo 
and Taylor algorithm, and the contact conditions are insured by a penalty method. The 
results are compared with experimental data and numerical results calculated with a static 
implicit method as shown in Fig. 14.  

A new clinching process, namely flat clinching, has been introduced by Borsellino et al. 
(Borsellino et al., 2007). After a press clinching process, the joined sheets have been 
deformed by a punch with a lower diameter against a flat die. In this way, a new 
configuration is created with a geometry that has no discontinuity on the bottom surface. 
Tensile tests have been done to compare the joints strength among the various clinching 
processes. A FEA has been performed to optimize the process. 

Neugebauer et al. (Neugebauer et al., 2008) presented another new clinching method, 
namely dieless clinching, that works with a flat anvil as a counter tool, thus offering 
important benefits for the joining of magnesium. Dieless clinching allows mechanical joining 
of magnesium materials with very short process times because components are heated in 
less than 3 s. Deformation simulations with DEFORM were used to study the impact that 
modified punch geometry parameters have on dieless-clinched connections of various 
combinations of materials and component thicknesses.  

 
Fig. 14. Computed punch force variation (Hamel et al., 2000). 
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The information obtained from the process can not only lead to an improvement in die and 
process design achieving reduction in cost and improvement in the quality of the products 
but also be used to set initial parameters for a numerical model of the clinched joints used in 
further mechanical property studies such as static and fatigue analysis, crash analysis, and 
assembly dimensional prediction etc. 

3.2 Strength of clinched joints 

The strength of the clinching has been compared with other joining techniques, such as self-
pierce riveting and spot welding by researchers (Cai et al., 2005, Lennon et al., 1999). Although 
the static strength of clinched joints is lower than that of other joints, but the fatigue strength of 
clinched joints is comparable to that of other joints, and the strength of the clinched joints is 
more consistent with a significantly lower variation across a range of samples.  

Varis and Lepistö (Varis & Lepistö, 2003) proposed a procedure to select an appropriate 
combination of clinching tools, so that the maximum load under shearing test could be 
obtained. The calculations considered the final bottom thickness of the joint and the height 
of the bent area, for each of the analyzed tool combinations. FEAs were performed in order 
to verify the procedure, although both methods can be used either separately or together to 
establish optimal clinching parameters. 

Carboni et al.’s work (Carboni et al., 2006) focused on a deeper study of the mechanical 
behavior of clinching in terms of static, fatigue, and residual strength tests after fatigue 
damage. Fractographic observations showed three different failure modes whose occurrence 
depends on the maximum applied load and on the stress ratio. Results were supported by 
FEA showing that the failure regions of the clinched joints correspond to those with high 
stress concentrations as shown in Fig. 15.  

 
Fig. 15. FEA of clinched joints (Carboni et al., 2006): (a) brick modelling of an indentation 
point, (b) max principal stress in the bottom substrate and (c) maximum Von Mises stress 
around the neck of the indentation point. 

The FEA of the clinch joining of metallic sheets has been carried out by de Paula et al. (de 
Paula et al., 2007). The simulations covered the effect of these changes on the joint undercut 
and neck thickness. The relevant geometrical aspects of the punch/die set were determined, 
and the importance of an adequate undercut on the joint strength was confirmed. 

Clinching tools geometry optimization has been dealt systematically by Oudjene et al. 
(Oudjene et al., 2008). A parametrical study, based on the Taguchi's method, has been 
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The information obtained from the process can not only lead to an improvement in die and 
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assembly dimensional prediction etc. 
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the static strength of clinched joints is lower than that of other joints, but the fatigue strength of 
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more consistent with a significantly lower variation across a range of samples.  

Varis and Lepistö (Varis & Lepistö, 2003) proposed a procedure to select an appropriate 
combination of clinching tools, so that the maximum load under shearing test could be 
obtained. The calculations considered the final bottom thickness of the joint and the height 
of the bent area, for each of the analyzed tool combinations. FEAs were performed in order 
to verify the procedure, although both methods can be used either separately or together to 
establish optimal clinching parameters. 
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Paula et al., 2007). The simulations covered the effect of these changes on the joint undercut 
and neck thickness. The relevant geometrical aspects of the punch/die set were determined, 
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conducted to properly study the effects of tools geometry on the clinch joint resistance as well 
as on its shape. The separation of the sheets is simulated using ABAQUS/Explicit in order to 
evaluate the resistance of clinch joints. In a similar study (Oudjene et al., 2009), a response 
surface methodology, based on Moving Least-Square approximation and adaptive moving 
region of interest, is presented for shape optimization of clinching tools. The geometries of 
both the punch and the die are optimized to improve the joints resistance to tensile loading. 
Fig. 16 shows the FEA of equivalent plastic strain distribution in a clinched joint. 

 
Fig. 16. Equivalent plastic strain distribution (Oudjene et al., 2009): (a) without remeshing 
and (b) with remeshing .  

3.3 Vibration behavior of clinched joints 

Mechanical structures assembled by mechanical clinching are expected to possess a high 
damping capacity. However, few investigations have been carried out for clarifying the 
damping characteristics of clinching structures and to establish an estimation method for the 
damping capacity.  

Research papers by He et al. (He et al., 2009a, Gao et al., 2010, Zhang et al., 2010) 

investigated in detail the free vibration characteristics of single lap-joint clinched joints. Fig. 
17 shows the first eight transverse mode shapes of the single lap-joint encastre clinched joint 
corresponding to material Poisson's ratio 0.33, Young's modulus 70 GPa, and density 2700 
kg/m3 (He et al., 2009a).  

 
Fig. 17. First eight transverse mode shapes of the single lap-joint encastre clinched joint (He 
et al., 2009a).  
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It can be seen from Fig. 17 that the amplitudes of vibration at the midlength of the joints are 
different for the odd and even modes. For the odd modes (1, 3, 5, and 7), symmetry is seen 
about the midlength position. At these positions, the amplitudes of transverse free vibration 
are about equal to the peak amplitude. Thus, the geometry of the lap joint is very important 
and has a very significant effect on the dynamic response of the lap-jointed encastre clinched 
joints. Conversely, for the even modes 2, 4, 6, and 8, antisymmetry is seen about the 
midlength position, and the amplitude of transverse free vibration at this position is 
approximately zero. Hence, variations in the structure of the lap joint have relatively less 
effect on the dynamic response of the lap-jointed encastre clinched joints.  

4. FEA of structural adhesive bonding 
Adhesive bonding has come to be widely used in different industrial fields with the recent 
development of tough structural adhesives and the substantial improvement in the strength 
of adhesive joints. Up until 2009, for example, the market demand for automobile adhesives 
was viewed as increasing very fast and the average per-vehicle consumption of 
adhesives/sealants was around 20 kg. The structural automotive adhesives would have an 
average annual growth rate of greater than 7% over the next five years. In the aerospace 
industry, more and more adhesives have been used in the construction of the aircraft 
culminating in the Boeing 787 and the Airbus A350 both of which contain more than 50% 
bonded structure (Speth et al., 2010). 

 
Fig. 18. Four examples of smooth transition between the adherends and adhesive (He, 
2011c).  

The FEA has the great advantage and is frequently used in adhesive bonding since 1970s. In 
the case of FEA of adhesively bonded joints, however, the thickness of adhesive layer is 
much smaller than that of the adherends. The finite element mesh must accommodate both 
the small dimension of the adhesive layer and the larger dimension of the remainder of the 
whole model. Moreover, the failures of adhesively bonded joints usually occur inside the 
adhesive layer. It is essential to model the adhesive layer by a finite element mesh which is 
smaller than the adhesive layer thickness. The result is that the finite element mesh must be 
several orders of magnitude more refined in a very small region than is needed in the rest of 
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conducted to properly study the effects of tools geometry on the clinch joint resistance as well 
as on its shape. The separation of the sheets is simulated using ABAQUS/Explicit in order to 
evaluate the resistance of clinch joints. In a similar study (Oudjene et al., 2009), a response 
surface methodology, based on Moving Least-Square approximation and adaptive moving 
region of interest, is presented for shape optimization of clinching tools. The geometries of 
both the punch and the die are optimized to improve the joints resistance to tensile loading. 
Fig. 16 shows the FEA of equivalent plastic strain distribution in a clinched joint. 

 
Fig. 16. Equivalent plastic strain distribution (Oudjene et al., 2009): (a) without remeshing 
and (b) with remeshing .  
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It can be seen from Fig. 17 that the amplitudes of vibration at the midlength of the joints are 
different for the odd and even modes. For the odd modes (1, 3, 5, and 7), symmetry is seen 
about the midlength position. At these positions, the amplitudes of transverse free vibration 
are about equal to the peak amplitude. Thus, the geometry of the lap joint is very important 
and has a very significant effect on the dynamic response of the lap-jointed encastre clinched 
joints. Conversely, for the even modes 2, 4, 6, and 8, antisymmetry is seen about the 
midlength position, and the amplitude of transverse free vibration at this position is 
approximately zero. Hence, variations in the structure of the lap joint have relatively less 
effect on the dynamic response of the lap-jointed encastre clinched joints.  
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of adhesive joints. Up until 2009, for example, the market demand for automobile adhesives 
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adhesives/sealants was around 20 kg. The structural automotive adhesives would have an 
average annual growth rate of greater than 7% over the next five years. In the aerospace 
industry, more and more adhesives have been used in the construction of the aircraft 
culminating in the Boeing 787 and the Airbus A350 both of which contain more than 50% 
bonded structure (Speth et al., 2010). 
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the joint. Thus the number of degrees of freedom in an adhesively bonded joint is rather 
high. It is also important that a smooth transition between the adherends and adhesive be 
provided.  

Some finite element models have been created by He (He, 2011c) for analyzing the 
behaviour of bonded joints. Fig. 18 shows four finite element models of bonded joint. From 
the results of the comparison of the finite element models, it is clear that within the 4 models 
presented here, model 3 has a moderate size of elements and nodes. Meanwhile, smooth 
transition between the adherends and the adhesive was also obtained in both x and z 
directions. Model 3 is then expected to be the best of the 4 models. 

4.1 Static loading analysis of adhesive bonded joints 

Adhesively bonded joints occurring in practice are designed to carry a given set of loads. 
The subsequent loads on the adhesive are then a function of the geometry of the joint. A 
common type of mechanical loading encountered by adhesively bonded joints such as in 
civil engineering is static loading. In addition, static analysis of adhesively bonded joints 
will provide a basis for further fatigue, dynamic analyses of the joints. 

4.1.1 Stress distribution 

The adhesively bonded joints should be designed to minimize stress concentrations. Some 
stresses, such as peel and cleavage, should also be minimized since these stresses are 
ultimately responsible for the failure of the joints. In order to determine the physical nature 
of stress distribution in adhesively bonded joints, the single-lap joints (SLJs) have been 
investigated by many researchers owing to its simple and convenient test geometry. The 
lap-joint problem is three-dimensional although it has a simple geometry. The stress 
behavior of the SLJs is rather complex since bending is induced during the deformation. It is 
found that the highest stresses and strain in the SLJs occur in regions at the edge of the 
overlap. The use of the FEA enables the distributions in the critical regions to be predicted 
with reasonable accuracy. 

 

 
 

Fig. 19. A bonded joint with rubbery adhesive layer (He, 2011a).  
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The stress distribution in adhesively bonded joints with rubbery adhesives has been studied 
by He (He, 2011a). The 3-D FEA software was used to model the joint and predict the stress 
distribution along the whole joint. Fig. 19 shows a bonded joint with rubbery adhesive layer 
and Fig. 20 shows the distributions of 6 components of stresses in the lap section. The FEA 
results indicated that there are stress discontinuities existing in the stress distribution within 
the adhesive layer and adherends at the lower interface and the upper interface of the 
bonded section for most of the stress components. The FEA results also show that the stress 
field in the whole joint is dominated by the normal stresses components S11, S33 and the 
shear stress component S13. 

 
Fig. 20. Distributions of 6 components of stresses in the adhesively bonded joint (He, 2011a).  

4.1.2 Stress singularity 

Differences in mechanical properties between adherents and adhesive may cause stress 
singularity at the free edge of adhesively bonded joints. The stress singularity leads to the 
failure of the bonding part in joints. It is very important to analyze a stress singularity field 
for evaluating the strength of adhesively bonded joints. Although FEA is well suited to 
model almost any geometrical shape, traditional finite elements are incapable of correctly 
resolving the stress state at junctions of dissimilar materials because of the unbounded 
nature of the stresses. To avoid any adverse effects from the singularity point alternative 
approaches need to be sought.  

Kilic et al. (Kilic et al., 2006) presented a finite element technique utilizing a global (special) 
element coupled with traditional elements. The global element includes the singular 
behavior at the junction of dissimilar materials with or without traction-free surfaces. Goglio 
and Rossetto (Goglio & Rossetto, 2010) explored recently the effects of the main geometrical 
features of an adhesive SLJ (subjected to tensile stress) on the singular stress field near to the 
interface end. Firstly an analysis on a bi-material block was carried out to evaluate the 
accuracy obtainable from FEA by comparison with the analytical solution for the singularity 
given by the Bogy determinant. Then the study on the SLJs was carried out by varying both 
macroscopic (bond length and thickness) and local (edge shape and angle) parameters for a 
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the joint. Thus the number of degrees of freedom in an adhesively bonded joint is rather 
high. It is also important that a smooth transition between the adherends and adhesive be 
provided.  

Some finite element models have been created by He (He, 2011c) for analyzing the 
behaviour of bonded joints. Fig. 18 shows four finite element models of bonded joint. From 
the results of the comparison of the finite element models, it is clear that within the 4 models 
presented here, model 3 has a moderate size of elements and nodes. Meanwhile, smooth 
transition between the adherends and the adhesive was also obtained in both x and z 
directions. Model 3 is then expected to be the best of the 4 models. 

4.1 Static loading analysis of adhesive bonded joints 

Adhesively bonded joints occurring in practice are designed to carry a given set of loads. 
The subsequent loads on the adhesive are then a function of the geometry of the joint. A 
common type of mechanical loading encountered by adhesively bonded joints such as in 
civil engineering is static loading. In addition, static analysis of adhesively bonded joints 
will provide a basis for further fatigue, dynamic analyses of the joints. 

4.1.1 Stress distribution 

The adhesively bonded joints should be designed to minimize stress concentrations. Some 
stresses, such as peel and cleavage, should also be minimized since these stresses are 
ultimately responsible for the failure of the joints. In order to determine the physical nature 
of stress distribution in adhesively bonded joints, the single-lap joints (SLJs) have been 
investigated by many researchers owing to its simple and convenient test geometry. The 
lap-joint problem is three-dimensional although it has a simple geometry. The stress 
behavior of the SLJs is rather complex since bending is induced during the deformation. It is 
found that the highest stresses and strain in the SLJs occur in regions at the edge of the 
overlap. The use of the FEA enables the distributions in the critical regions to be predicted 
with reasonable accuracy. 
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The stress distribution in adhesively bonded joints with rubbery adhesives has been studied 
by He (He, 2011a). The 3-D FEA software was used to model the joint and predict the stress 
distribution along the whole joint. Fig. 19 shows a bonded joint with rubbery adhesive layer 
and Fig. 20 shows the distributions of 6 components of stresses in the lap section. The FEA 
results indicated that there are stress discontinuities existing in the stress distribution within 
the adhesive layer and adherends at the lower interface and the upper interface of the 
bonded section for most of the stress components. The FEA results also show that the stress 
field in the whole joint is dominated by the normal stresses components S11, S33 and the 
shear stress component S13. 

 
Fig. 20. Distributions of 6 components of stresses in the adhesively bonded joint (He, 2011a).  
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total of 30 cases. It was confirmed that the angle play an important party in reducing the 
singular stresses. Fig. 21 shows the finite element mesh of the joint. 

 
Fig. 21. Finite element mesh of the joint (Goglio & Rossetto, 2010): (a) straight edge;  
(b) fillet edge; (c) detail view of the elements near to the corner, representative of both cases  
(a) and (b).  

4.1.3 Damage modeling 

Damage modeling approach is being increasingly used to simulate fracture and debonding 
processes in adhesively bonded joints. The techniques for damage modeling can be divided 
into either local or continuum approaches. In the continuum approach the damage is 
modeled over a finite region. The local approach, where the damage is confined to zero 
volume lines and surfaces in 2-D and 3-D, respectively, is often referred to as cohesive zone 
approach. 

Martiny et al. (Martiny et al., 2008) carried out numerical simulations of the steady-state 
fracture of adhesively bonded joints in various peel test configurations. The model was 
based on a multiscale approach involving the simulation of the continuum elasto-plastic 
response of the adherends and the adhesive layer, as well as of the fracture process taking 
place inside the adhesive layer using a cohesive zone formulation. 

4.2 Environmental and fatigue behavior of adhesive bonded joints 

Structural adhesives are generally thermosets such as acrylic, epoxy, polyurethane and 
phenolic adhesives. They will be affected by environmental conditions and exhibit time 
dependent characteristics. The lifetime of adhesive joints are difficult to model accurately 
and their long-term performance cannot easily and reliably be predicted, especially under 
the combined effects of an aggressive environment and fatigue loading (He, 2011b). 

4.2.1 Moisture effects on adhesively bonded joints 

The adhesives absorb moisture more than most substrate materials and expand more 
because of the moisture. Water may affect both the chemical and physical characteristics of 
adhesives and also the nature of the interfaces between adhesive and adherends. 

Hua et al. (Hua et al., 2008) proposed a progressive cohesive failure model to predict the 
residual strength of adhesively bonded joints using a moisture-dependent critical equivalent 
plastic strain for the adhesive. A single, moisture-dependent failure parameter, the critical 

 
Application of Finite Element Analysis in Sheet Material Joining 

 

359 

strain, was calibrated using an aged, mixed-mode flexure (MMF) test. The FEA package 
ABAQUS was used to implement the coupled mechanical-diffusion analyses required. This 
approach has been extended to butt joints bonded with epoxy adhesive. This involves not 
only a different adhesive and joint configuration but the high hydro- static stress requires a 
more realistic yielding model (Hua et al., 2007). 

4.2.2 Temperature effects on adhesively bonded joints 

A detailed series of experiments and FEA were carried out by Grant et al. (Grant et al., 
2009a) to assess the effects of temperature that an automotive joint might experience in 
service. Tests were carried out at -40 and +90 0C. It was shown that the failure criterion 
proposed at room temperature is still validat low and high temperatures, the failure 
envelope moving up and down as the temperature increases or decreases, respectively. 

Apalak and Gunes (Apalak & Gunes, 2006) investigated 3D thermal residual stresses 
occurring in an adhesively bonded functionally graded SLJ subjected to a uniform cooling. 
They concluded that the free edges of adhesive–adherend interfaces and the corresponding 
adherend regions are the most critical regions, and the adherend edge conditions play more 
important role in the critical adherend and adhesive stresses. 

4.2.3 Fatigue damage modeling 

For adhesives, the presence of fatigue loading is found to lead to a much lower resistance to 
crack growth than under monotonic loading. The fatigue behavior of adhesively bonded 
joints needs a significant research improvement in order to understand the failure 
mechanisms and the influence of parameters such as surface pre-treatment, adhesive 
thickness or adherends thickness. 

 
Fig. 22. Extended L–N curves using UFM and fracture mechanics (Shenoy et al., 2010).  
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4.2.2 Temperature effects on adhesively bonded joints 

A detailed series of experiments and FEA were carried out by Grant et al. (Grant et al., 
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crack growth than under monotonic loading. The fatigue behavior of adhesively bonded 
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Fig. 22. Extended L–N curves using UFM and fracture mechanics (Shenoy et al., 2010).  
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A procedure to predict fatigue crack growth in adhesively bonded joints was developed by 
Pirondi and Moroni (Pirondi & Moroni, 2010) within the framework of Cohesive Zone 
Model (CZM) and FEA. The idea is to link the fatigue damage rate in the cohesive elements 
to the macroscopic crack growth rate through a damage homogenization criterion. In 
Shenoy et al.’s study (Shenoy et al., 2010), a unified fatigue methodology (UFM) was 
proposed to predict the fatigue behavior of adhesively bonded joints. In this methodology a 
damage evolution law is used to predict the main parameters governing fatigue life. The 
model is able to predict the damage evolution, crack initiation and propagation lives, 
strength and stiffness degradation and the backface strain (BFS) during fatigue loading. The 
model is able to unify previous approaches based on total life, strength or stiffness wearout, 
BFS monitoring and crack initiation and propagation modeling. Fig. 22 shows the extended 
L–N curve using UFM and fracture mechanics. It can be seen that the UFM approach, which 
accounts for both initiation and propagation can provide a good prediction of the total 
fatigue life at all loads. 

4.3 Dynamic loading analysis of adhesive bonded joints 

Adhesive bonding offers advantages on acoustic isolation and vibration attenuation 
relatively to other conventional joining processes. Mechanical structures assembled by 
adhesively bonding are expected to possess a high damping capacity because of the high 
damping capacity of the adhesives. 

4.3.1 Structural damping 

Investigations have been carried out for clarifying the damping characteristics of adhesively 
bonded structures and to establish an estimation method for the damping capacity. 
Research work by He (He, 2010a) studied the influence of adhesive layer thickness on the 
dynamic behavior of the single-lap adhesive joints. The results showed that the composite 
damping of the single-lap adhesive joint increases as the thickness of the adhesive layer 
increases. 

In a research paper by Apalak and Yildirim (Apalak & Yildirim, 2007), the 3D transient 
vibration attenuation of an adhesively bonded cantilevered SLJ was controlled using 
actuators. The transient variation of the control force was expressed by a periodic function 
so that the damped vibration of the SLJ was decreased. Optimal transient control force 
history and optimal actuator position were determined using the Open Loop Control 
Approach (OLCA) and Genetic Algorithm. 

4.3.2 Modes of vibration 

With the increase in the use of adhesively bonded joints in primary structures, such as 
aircraft and automotive structures, reliable and cost-effective techniques for structural 
health monitoring (SHM) of adhesive bonding are needed. Modal and vibration-based 
analysis, when combined with validated FEA, can provide a key tool for SHM of adhesive 
bonding.  

Gunes et al. (Gunes et al., 2010) investigated the free vibration behavior of an adhesively 
bonded functionally graded SLJ, which composed of ceramic (Al2O3) and metal (Ni) phases 
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varying through the plate thickness. The effects of the similar and dissimilar material 
composition variations through-the-thicknesses of both upper and lower plates on the 
natural frequencies and corresponding mode shapes of the adhesive joint were investigated 
using both the FEA and the back-propagation artificial neural network (ANN) method. A 
series of the free vibration analyses were carried out for various random values of the 
geometrical parameters and the through-the-thickness material composition so that a 
suitable ANN model could be trained successfully. 

 

 
 

Fig. 23. Location of nodes at the free edge of the beam (He, 2009).  

The ABAQUS FEA software was used by He (He, 2009) to predict the natural frequencies, 
mode shapes and frequency response functions (FRFs) of adhesively lap-jointed beams. In 
the case of forced vibration of the single lap-jointed cantilevered beam, some typical points 
on the free edge were chosen for response points because they can better represent the 
dynamical characteristic of the beams. Nodes 151, 153 and 155 in Fig. 23 are the nodes at the 
two corners and center of the free edge of the beam (the corresponding nodes in the FE 
mesh are 60621, 2060621 and 4060621, respectively).  

The overlay of the FRFs predicted using FEA and measured experimentally at the 2 corners 
and centre of the free edge of the beam are shown in Fig. 24. It can be seen that the measued 
FRFs are close to the predicted FRFs for the first few modes of vibration of the beam. For the 
higher order modes of vibration, there is considerable discrepancy between the measured 
and predicted FRFs. This discrepancy can be attributed to locations and additional masses of 
force transducer and accelerometer. In order to fully excite the beams, the force transducer 
was connected to the location which was 20% of the length of the beam from the clamped 
end and very close to a free edge. The accelerometer was connected to different locations of 
the beam for obtaining precise mode shapes. As a result, the natural frequencies from 
experiments are lower than those predicted using FEA and some complexity appear in the 
FRFs graphics. 

60621(151) 

2060621(153) 

4060621(155) 

Upper adherend Adhesive layer

Lower adherend 
0.2 

25

200

200

50



 
Finite Element Analysis – From Biomedical Applications to Industrial Developments 

 

360 

A procedure to predict fatigue crack growth in adhesively bonded joints was developed by 
Pirondi and Moroni (Pirondi & Moroni, 2010) within the framework of Cohesive Zone 
Model (CZM) and FEA. The idea is to link the fatigue damage rate in the cohesive elements 
to the macroscopic crack growth rate through a damage homogenization criterion. In 
Shenoy et al.’s study (Shenoy et al., 2010), a unified fatigue methodology (UFM) was 
proposed to predict the fatigue behavior of adhesively bonded joints. In this methodology a 
damage evolution law is used to predict the main parameters governing fatigue life. The 
model is able to predict the damage evolution, crack initiation and propagation lives, 
strength and stiffness degradation and the backface strain (BFS) during fatigue loading. The 
model is able to unify previous approaches based on total life, strength or stiffness wearout, 
BFS monitoring and crack initiation and propagation modeling. Fig. 22 shows the extended 
L–N curve using UFM and fracture mechanics. It can be seen that the UFM approach, which 
accounts for both initiation and propagation can provide a good prediction of the total 
fatigue life at all loads. 

4.3 Dynamic loading analysis of adhesive bonded joints 

Adhesive bonding offers advantages on acoustic isolation and vibration attenuation 
relatively to other conventional joining processes. Mechanical structures assembled by 
adhesively bonding are expected to possess a high damping capacity because of the high 
damping capacity of the adhesives. 

4.3.1 Structural damping 

Investigations have been carried out for clarifying the damping characteristics of adhesively 
bonded structures and to establish an estimation method for the damping capacity. 
Research work by He (He, 2010a) studied the influence of adhesive layer thickness on the 
dynamic behavior of the single-lap adhesive joints. The results showed that the composite 
damping of the single-lap adhesive joint increases as the thickness of the adhesive layer 
increases. 

In a research paper by Apalak and Yildirim (Apalak & Yildirim, 2007), the 3D transient 
vibration attenuation of an adhesively bonded cantilevered SLJ was controlled using 
actuators. The transient variation of the control force was expressed by a periodic function 
so that the damped vibration of the SLJ was decreased. Optimal transient control force 
history and optimal actuator position were determined using the Open Loop Control 
Approach (OLCA) and Genetic Algorithm. 

4.3.2 Modes of vibration 

With the increase in the use of adhesively bonded joints in primary structures, such as 
aircraft and automotive structures, reliable and cost-effective techniques for structural 
health monitoring (SHM) of adhesive bonding are needed. Modal and vibration-based 
analysis, when combined with validated FEA, can provide a key tool for SHM of adhesive 
bonding.  

Gunes et al. (Gunes et al., 2010) investigated the free vibration behavior of an adhesively 
bonded functionally graded SLJ, which composed of ceramic (Al2O3) and metal (Ni) phases 

 
Application of Finite Element Analysis in Sheet Material Joining 

 

361 

varying through the plate thickness. The effects of the similar and dissimilar material 
composition variations through-the-thicknesses of both upper and lower plates on the 
natural frequencies and corresponding mode shapes of the adhesive joint were investigated 
using both the FEA and the back-propagation artificial neural network (ANN) method. A 
series of the free vibration analyses were carried out for various random values of the 
geometrical parameters and the through-the-thickness material composition so that a 
suitable ANN model could be trained successfully. 

 

 
 

Fig. 23. Location of nodes at the free edge of the beam (He, 2009).  

The ABAQUS FEA software was used by He (He, 2009) to predict the natural frequencies, 
mode shapes and frequency response functions (FRFs) of adhesively lap-jointed beams. In 
the case of forced vibration of the single lap-jointed cantilevered beam, some typical points 
on the free edge were chosen for response points because they can better represent the 
dynamical characteristic of the beams. Nodes 151, 153 and 155 in Fig. 23 are the nodes at the 
two corners and center of the free edge of the beam (the corresponding nodes in the FE 
mesh are 60621, 2060621 and 4060621, respectively).  

The overlay of the FRFs predicted using FEA and measured experimentally at the 2 corners 
and centre of the free edge of the beam are shown in Fig. 24. It can be seen that the measued 
FRFs are close to the predicted FRFs for the first few modes of vibration of the beam. For the 
higher order modes of vibration, there is considerable discrepancy between the measured 
and predicted FRFs. This discrepancy can be attributed to locations and additional masses of 
force transducer and accelerometer. In order to fully excite the beams, the force transducer 
was connected to the location which was 20% of the length of the beam from the clamped 
end and very close to a free edge. The accelerometer was connected to different locations of 
the beam for obtaining precise mode shapes. As a result, the natural frequencies from 
experiments are lower than those predicted using FEA and some complexity appear in the 
FRFs graphics. 

60621(151) 

2060621(153) 

4060621(155) 

Upper adherend Adhesive layer

Lower adherend 
0.2 

25

200

200

50



 
Finite Element Analysis – From Biomedical Applications to Industrial Developments 

 

362 

 
Fig. 24. FRFs predicted by FEA and measured using the test rig (He, 2009).  

5. FEA of hybrid joints 
It is also important for one joining process to benefit from the advantages of other joining 
techniques. These can be done by combining one joining process with other joining 
techniques and are referred to as hybrid joining processes. A number of researchers have 
carried out mechanical performances of the hybrid joints in different materials with various 
load conditions. Their study shows that the combination produced a much stronger joint in 
both static and fatigue tests. 

5.1 Clinch-bonded hybrid joints 

Pirondi and Moroni (Pirondi & Moroni, 2009) simulated the failure behavior of clinch-
bonded and rivet-bonded hybrid joints using the FEA. The analyses were conducted using 
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Arbitrary Lagrangian–Eulerian (ALE) adaptive meshing to avoid excessive element 
distortion and mass scaling to increase the minimum time increment in explicit analyses. 
The authors concluded that different damage models, tuned with experiments performed on 
simple joints (riveted, clinched or adhesively bonded), can be combined in a unique model 
to simulate effectively the failure behavior of hybrid joints. A detailed series of tests and 
FEA were conducted by Grant et al. (Grant et al., 2009b) for clinch-bonded hybrid joints. The 
experimental results were compared with spot welded joints and adhesively bonded 
double-lap joints. It was concluded that this joint fails because of large plastic deformation 
in the adherend. By means of 3D ANSYS FEA, the influence of Young’s modulus and 
Poisson’s ratio of the structural adhesives on the natural frequencies, natural frequency 
ratios, and mode shapes of the single-lap clinch-bonded hybrid joints was deduced by He et 
al. (He et al., 2010b). 

5.2 SPR-bonded hybrid joints 

The torsional free vibration behavior of SLJ encastre hybrid SPR-bonded beams has been 
studied by He et al. (He et al., 2009b) using the commercially available ANSYS FEA 
program. The mode shapes showed that there are different deformations in the jointed 
section of the odd and even modes. These different deformations may result different 
dynamic response and different stress distributions. Another research work by the same 
authors investigated in detail the free transverse vibration characteristics of single-lap SPR-
bonded hybrid joints (He et al., 2010a). The FEA results showed that the stiffer adhesive is 
likely to suffer fatigue failure and debonding more often than the softer adhesive. These 
deformations may result in relatively high stresses in the adhesive layers and initiate local 
cracking and delamination failures. 

6. Conclusions 
Some joining techniques have become increasingly popular alternatives to traditional spot 
welding due to the growing use of alternative materials which are difficult or impossible to 
weld. Adequate understanding of the behavior of joints is necessary to ensure efficiency, 
safety and reliability of such joining structures. However, accurate and reliable modeling of 
joining structures is still a difficult task as the mechanical behavior of these joints is not only 
influenced by the geometric characteristics of the joint but also by different factors and their 
combinations.  

The information that can be obtained from the FEA of sheet material joints includes: 
differences in the basic mechanical properties, hygrothermal behavior, occurrences of high 
stress gradients in certain regions of the joints. An accurate FEA model of sheet material 
joint must be able to predict failure in the substrates and at the interfaces, and must also 
account for full non-linear material behavior. 

In this chapter the research and progress in FEA of sheet material joints are critically 
reviewed and current trends in the application of FEA are mentioned. It is concluded that 
the FEA of sheet material joints will help future applications of sheet material joining by 
allowing different parameters to be selected to give as large a process window as possible 
for joint manufacture. This will allow many tests to be simulated that would currently take 
too long to perform or be prohibitively expensive in practice, such as modifications to 
geometry or material properties. 
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allowing different parameters to be selected to give as large a process window as possible 
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1. Introduction 
In many industries, nickel-base alloys represent an important segment of structural 
materials. Critical components made of these alloys are relied upon to function satisfactorily 
in corrosive services. The demand for safe, reliable and cost-effective performance requires 
that these nickel-base alloys provide the anticipated corrosion resistance. Corrosion-resistant 
high alloy castings are often the subject of major concern because failures of cast 
components have led to significant downtime costs and operating problems [1]. Over the 
years, the nickel- chromium-molybdenum / tungsten alloys have proven to be among the 
most reliable and cost effective materials for aggressive seawater application and excellent 
resistance to localized corrosive attack (pitting, crevice corrosion).  

Among these alloys, Hestelloy C-types (C, C-4, C-276, and C-22) are used to serve the above 
mentioned purposes. As these alloys are commonly subject to further machining after 
casting, it becomes very vital to have an idea about the change in properties imparted to the 
machined surfaces after such cutting operations as end milling. For this reason, finite 
element methodology is used in this study to determine the machined surface stress 
characteristics. 

In the past decade, finite element method based on the updated-Lagrangian formulation has 
been developed to analyze metal cutting processes [1-7]. Several special finite element 
techniques, such as the element separation [1-7], modeling of worn cutting tool geometry [1, 
2, 4, 5, 6], mesh rezoning [3, 5], friction modeling [1-7], etc. have been implemented to 
improve the accuracy and efficiency of the finite element modeling. Detailed work-material 
modeling, which includes the coupling of temperature, strain-rate, and strain hardening 
effects, has been applied to model material deformation [3, 5, 6]. An early analytical model 
for predicting residual stresses was proposed by Okushima and Kakino [8], in which 
residual stresses were related to the cutting force and temperature distribution during 
machining. In another analytical model [9] a connection was made between residual stresses 
and the hardness of the workpiece. Shih and Yang [10] conducted a combined 
experimental/computational study of the distribution of residual stresses in a machined 
workpiece. More recently, Liu and Guo [11] used the finite element method to evaluate 
residual stresses in a workpiece. They also observed that the magnitude of residual stress 
reduces when a second cut is made on the cut surface. Liu and Barash [12] measured the 
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residual stress on the workpiece subsurface with consideration of tool flank wear. Their 
findings indicated that under the condition of a lower cutting speed, the mechanical load 
had a greater impact on residual stress, while the thermal effect become the major factor 
effecting residual stress at higher cutting speed. Lee and Shaffer [13] proposed a shear-angle 
model based on the slip-line field theory, which assumes a rigid-perfectly plastic material 
behavior and a straight shear plane. Kudo [14] modified the slip-line model by introducing a 
curved shear plane to account for the controlled contact between the curved chip and 
straight tool face. Henriksen [15] conducted a series of tests to understand residual stresses 
in the machined surface of steel and cast iron parts under various cutting conditions. Kono 
et al. [16] and Tonsoff et al. [17] revealed that residual stresses are dependent on the cutting 
speed. Matsumoto et al. [18] and Wu and Matsumoto [19] observed that the hardness of the 
workpiece material has a significant influence on the residual stress field. Konig et al. [20] 
showed that friction in metal cutting also contributes to the formation of residual stresses.  

2. Finite element model 
The finite element model is composed of a deformable workpiece and a rigid tool. The tool 
penetrates through the workpiece at a constant speed and constant feed rate. The model 
assumes plane-strain condition since generally depth of cut is much greater than feed rate. 
The finite model used in this study is based on the commercial finite element software. The 
software, called “Thirdwave AdvantEdge” uses six-noded quadratic triangular elements by 
default.  

 
Fig. 1. Thirdwave Advantedge model for milling. 
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AdvantEdge is an automated program and it is enough to input process parameters to make 
a two-dimensional simulation of orthogonal cutting operation. The boundary conditions are 
hidden to the user. Figure 1 shows the Thirdwave AdvantEdge model for milling operation 
and Figure 2 shows an example of visual simulation of residual stresses induced after 
milling. 

 
Fig. 2. Thirdwave Advantedge model for residual stress 

3. Workpiece and tool material modeling 
The workpiece material used for simulation is HASTELLOY C-22HS and the cutting tool is 
carbide coated with TiALN and 20o rake angle. Every one pass (80mm), the simulation was 
stopped. AdvantEdge uses an analytical formulation for material modeling. In a typical 
machining event, in the primary and secondary shear zones very high strain rates are 
achieved, while the remainder of the workpiece deforms at moderate or low strain rates. In 
order to account for this, Thirdwave AdvantEdge incorporates a stepwise variation of the 
rate sensitivity exponent: 
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where  is the effective von Mises stress, f  is the flow stress, p is the accumulated plastic 
strain, p

o is a reference plastic strain rate, 1m  is the strain-rate sensitivity exponents, 
and t is the threshold strain rate which separates the two regimes. In calculations, a local 
Newton – Raphson iteration is used to compute p

o according to the low – rate equation, and 
switches to the high rate equation if the result lies above t . 
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f , which is used in Equation (1) is given as: 

  
1

0
0

1
np

f pT
       
  

 (2) 

where T is the current temperature, 0 is the initial yield stress at the reference temperature 
T0, 0

p  is the reference plastic strain, n is the hardening exponent and  T  is the thermal 
softening factor. In the present study, it is assumed that the tool is not plastifying. Hence, it 
is considered as an absolutely rigid body. 

4. Results and discussion 
Finite Elements simulations were carried out according Table 2. In all simulations, it is made 
sure that steady- state has been reached and some more data are collected after that time. 
Therefore, all the results presented in this work were gathered under steady-state condition. 
From the simulations, variables like stresses, strains, strain rates and temperatures 
distribution can be obtained. However, all these are very difficult to measure 
experimentally. 

Cutting speed 
(m/min) 

Feedrate  
(mm/rev) 

Axial depth 
(mm) 

Avg. Von Mises stress 
(Mpa) 

140 0.1 2 2100 
140 0.2 1 2548 
100 0.15 1 1345 
100 0.15 2 1548 
140 0.15 1.5 2254 
100 0.1 1.5 1245 
180 0.1 1.5 3987 
180 0.15 2 4100 
180 0.2 1.5 4488 
140 0.2 2 2814 
180 0.15 1 4257 
140 0.15 1.5 2157 
140 0.1 1 1987 
100 0.2 1.5 1721 
140 0.15 1.5 2347 

Table 2: Average value Von mises stress at cutting tool edge 

5. Maximum shear stress, stress tensor, Von Mises stress and residual stress 

Von Mises stress, V , is used to estimate yield criteria for ductile materials. It is calculated 
by combining stresses in two or three dimensions, with the result compared to the tensile 

 
Modeling of Residual Stress 

 

373 

strength of the material loaded in one dimension. Von Mises stress is also useful for 
calculating the fatigue strength [21]. 

Von Mises stress in three dimensions is expressed as[21]: 

      2 22
1 2 2 3 3 1

2V
          

   (3) 

where 1 2 3, ,    are the principal stresses. In the case of plane stress, 3 is zero. 

Figure 3 shows the Von mises stress for simulation no.9 (Cutting speed 180 m/min, feedrate 
0.15 mm and axial depth 2.0 mm) after 80 mm. Most of the tensile V  appear at the cutting 
tool edge. Based on Von Mises criterion, it states that failure occurs when the energy of 
distortion reaches the same energy for yield/failure in uniaxial tension. Mathematically, this 
is expressed as [21], 

      2 22 2
1 2 2 3 3 1

1
2 y
               

 (4) 

 
Fig. 3. Von mises stress for simulation no.9. 

The yield strength and ultimate tensile strength for the coated carbide cutting tool used in 
this simulation are 600 MPa and 800 MPa respectively. Then Von Mises stress at at region 9 



 
Finite Element Analysis – From Biomedical Applications to Industrial Developments 

 

372 

f , which is used in Equation (1) is given as: 

  
1

0
0

1
np

f pT
       
  

 (2) 

where T is the current temperature, 0 is the initial yield stress at the reference temperature 
T0, 0

p  is the reference plastic strain, n is the hardening exponent and  T  is the thermal 
softening factor. In the present study, it is assumed that the tool is not plastifying. Hence, it 
is considered as an absolutely rigid body. 

4. Results and discussion 
Finite Elements simulations were carried out according Table 2. In all simulations, it is made 
sure that steady- state has been reached and some more data are collected after that time. 
Therefore, all the results presented in this work were gathered under steady-state condition. 
From the simulations, variables like stresses, strains, strain rates and temperatures 
distribution can be obtained. However, all these are very difficult to measure 
experimentally. 

Cutting speed 
(m/min) 

Feedrate  
(mm/rev) 

Axial depth 
(mm) 

Avg. Von Mises stress 
(Mpa) 

140 0.1 2 2100 
140 0.2 1 2548 
100 0.15 1 1345 
100 0.15 2 1548 
140 0.15 1.5 2254 
100 0.1 1.5 1245 
180 0.1 1.5 3987 
180 0.15 2 4100 
180 0.2 1.5 4488 
140 0.2 2 2814 
180 0.15 1 4257 
140 0.15 1.5 2157 
140 0.1 1 1987 
100 0.2 1.5 1721 
140 0.15 1.5 2347 

Table 2: Average value Von mises stress at cutting tool edge 

5. Maximum shear stress, stress tensor, Von Mises stress and residual stress 

Von Mises stress, V , is used to estimate yield criteria for ductile materials. It is calculated 
by combining stresses in two or three dimensions, with the result compared to the tensile 

 
Modeling of Residual Stress 

 

373 

strength of the material loaded in one dimension. Von Mises stress is also useful for 
calculating the fatigue strength [21]. 

Von Mises stress in three dimensions is expressed as[21]: 

      2 22
1 2 2 3 3 1

2V
          

   (3) 

where 1 2 3, ,    are the principal stresses. In the case of plane stress, 3 is zero. 

Figure 3 shows the Von mises stress for simulation no.9 (Cutting speed 180 m/min, feedrate 
0.15 mm and axial depth 2.0 mm) after 80 mm. Most of the tensile V  appear at the cutting 
tool edge. Based on Von Mises criterion, it states that failure occurs when the energy of 
distortion reaches the same energy for yield/failure in uniaxial tension. Mathematically, this 
is expressed as [21], 

      2 22 2
1 2 2 3 3 1

1
2 y
               

 (4) 

 
Fig. 3. Von mises stress for simulation no.9. 

The yield strength and ultimate tensile strength for the coated carbide cutting tool used in 
this simulation are 600 MPa and 800 MPa respectively. Then Von Mises stress at at region 9 



 
Finite Element Analysis – From Biomedical Applications to Industrial Developments 

 

374 

is 4488 MPa, which is higher than the yield strength and ultimate tensile strength of the 
coated cutting tool. This strees can cause permanent damage to the cutting tool since this 
stress is beyond the ultimate tensile strength and yield strength. Cutting speed, feedrate, 
and axial depth for this simulation is very high and this cause the high stress at the cutting 
edge, since high cutting speed, feedrate, and axial depth can cause high force in milling [22, 
23]. The radial depth for every simulation is 3.5 mm. This factor also contributes to higher 
stress. At region 1, at the cutting tool and chip contact, the Von mises stress is 501 MPa, 
where the yield strength and ultimate strength of the workpiece are 359 MPa and 759 MPa. 
The workpiece start to deform since the stress is above its yield strength.   

Figure 4 shows Von Mises stress for simulation no. 3 (Cutting speed 100 m/min, feedrate 0.2 
mm/rev, axial depth 1.5 mm). The stress at cutting tool edge (region 5) is 1345 MPa. The 
Von mises stress is lower compared to that in simulation run no. 9. Even though the stress 
still higher than yield strength and ultimate tensile strength, but the damage should be not 
severe compared to that of simulation no.9. At region 3, the stress for the contact point 
cutting tool and chip is 577 MPa. This value is almost the same as in simulation no.9.  

 
Fig. 4. Von Mises stress for simulation no. 3 

From the Von Mises stress distribution as shown in Figure 3 and 4, most of the tensile V  
locate at the edge of the cutting tool. The stress distribution also show the stress is lower at 
under the cut surface anFrom the Von Mises stress distribution as shown in Figure 3 and 4, 
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most of the tensile V  locate at the edge of the cutting tool. The stress distribution also 
show the stress is lower at under the cut surface and increases gradually near the cutting 
edge. High force is needed at the tool edge for workpiece penetration, and this is indirectly 
increase the stress at the tool edge. This distribution of the stress is same for both cases. The 
velocity vectors for simulation no.9 as shown in Figure 5 around the tool tip, clearly show 
the plastic flow of the material araound the cutting edge. The same trend of flow also was 
observed by M.S.Gadala et. al. [24]. Figure 6 shows the 3D picture for Von misses stress 
distribution for simulation no.9.  

d increases gradually near the cutting edge. High force is needed at the tool edge for 
workpiece penetration, and this is indirectly increase the stress at the tool edge. This 
distribution of the stress is same for both cases. The velocity vectors for simulation no.9 as 
shown in Figure 5 around the tool tip, clearly show the plastic flow of the material araound 
the cutting edge. The same trend of flow also was observed by M.S.Gadala et. al. [24].  
Figure 6 shows the 3D picture for Von misses stress distribution for simulation no.9.  

Table 2 show the average value Von mises stress at cutting tool edge for every simulation 
that already run. This value will be investigate through statistical method to find the 
relationship between  variables (cutting speed, feedrate and axial depth) with response (Von 
mises Stress). 

 

 

 
Fig. 5. The velocity vectors for simulation no.9. 

The deformation direction 
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Fig. 6. 3D picture for Von Misses stress distribution for simulation no.9.  

6. Conclusion 
In the milling operation, cutting speed, feedrate and axial depth play the major role in 
producing high stresses. The Von Mises stress distribution also show the stress is lower at 
under the cut surface  and increase gradually  when come at cutting edge. The highest 
compressive xx  appear at the cutting edge. Most of the tensile V  appear at the cutting 
tool edge. The stress distribution also show the stress is lower at under the cut surface and 
increases gradually near the cutting edge. High force is needed at the tool edge for 
workpiece penetration, and this is indirectly increase the stress at the tool edge. This 
distribution of the stress is same for both cases. From the first order model, one can easily 
notice that the response y (Von Mises stress) is affected significantly by the feed rate 
followed by axial depth of cut and then by cutting speed.  Generally, the increase in feed 
rate, axial depth and cutting speed will cause Von Mises stress to become larger. The 
increase in feed rate, axial depth and decrease in cutting speed will cause residual stress to 
become larger .Response surface method is very useful since with few simulations, a lot of 
information can be derived such as the relationship between the variables (cutting speed, 
feedrate and axial depth) with response (Von Mises stress and Residual stress). The 
combination of numerical analysis and statistical method are very useful to analysis the 
distribution of stresses in milling.  
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1. Introduction 
Due to the differential operating pressure of pressure vessels, they are potentially dangerous 
and accidents involving pressure vessels can be deadly and poses lethal dangers when 
vessels contents are flammable/explosive, toxic or reactive. Stress induced operating factors 
(e.g., process-upset, catalyst regeneration) and stress related defects (e.g., fatigue creep, 
embrittlement, stress corrosion cracking) accounts for approximately 24.4% of reoccurring 
catastrophic pressure vessels failures in process industries, many of which has resulted in 
loss of several lives, properties and in some cases preventive measures of evacuation of 
residents and community enforced ( Sirosh & Niedzwiecki 2008 ). Pressure vessels store 
large amounts of energy; the higher the operating pressure - and the bigger the vessel, the 
more the energy released in the event of a rupture and consequently the higher the extent of 
damage or disaster or the danger it poses, (American Petroleum Institute 2001). To prevent 
stress related vessel rupture and catastrophic failure, it is necessary to identify the main 
factors that contribute extensively to stress development in pressure vessels and how they 
can be mitigated. This work presents critical design analysis of stress development using 3D 
CAD models of cylindrical pressure vessels assembly and finite element engineering 
simulation of various stress and deformation tests at high temperature and pressure.  

2. Applications of pressure vessels 
Pressure vessels are air-tight containers used mostly in process industry, refinery and 
petrochemical plant to carry or hold liquid, gases or process fluids. The commonly used 
types of pressure vessels in the industry are heat exchangers, tanks, towers, boilers, drums, 
condensers, reactors, columns, air cool exchangers and the usual shape employed in their 
design are cylinders, cone and spheres as shown in figures below. 

Any pressure vessel in-service poses extreme potential danger due to the high pressure and 
varying operating temperature, hence there should be no complacency about the risks. 
Unfortunately, pressure vessels accidents happen much more than they should.  
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Subfigure 1: 3D Model of a Boiler (b) Subfigure 2: 3D Model of a Drum (c) Subfigure 3: 3D Model  of a 
Heat Exchanger 
Source: PM Projects & Services Pvt Ltd. 

Fig. 1. Subfigure with three images 

2. Rate of pressure vessels accidents 
Bulk Transporter (2009) reported that the National Board of Boiler and Pressure Vessel 
Inspectors in the US recorded the number of accidents involving pressure vessels at an 
increase of 24% over the course of a year between 1999 and 2000. These statistics include 
power boilers, steam heating boilers, water heating boilers, and unfired pressure vessels. 
However, the increased number of accidents was not reflected through to the number of 
fatalities, as these actually dropped by 33% over this period. By broadening this search, it 
can be seen that the reporting period of 1992 to 2001 saw a total of 23,338 pressure vessel 
related accidents which averages at 2,334 accidents per year. Reporting year 2000 saw the 
highest number of accidents at 2,686 with the lowest at 2,011 in 1998 (National Board of 
Boiler and Pressure Vessel Inspectors, 2002). 

The number of fatalities as a direct result of boiler and pressure vessel accidents has been 
recorded as 127 over the past 10 years (Air-conditioning, Heating, Refrigeration- The News 
(2002). During the reported period between 2001 and 2008, the statistics show that the rate of 
accidents that were directly linked to pressure vessels is not yet on the decline. 

3. Causes of pressure vessel failures 
The main causes of failure of a pressure vessel are as follows: 

 Stress  
 Faulty Design 
 Operator error or poor maintenance 
 Operation above max allowable working pressures  
 Change of service condition 
 Over temperature 
 Safety valve  
 Improper installation  
 Corrosion 
 Cracking  
 Welding problems  
 Erosion  
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 Fatigue 
 Improper selection of materials or defects 
 Low –water condition 
 Improper repair of leakage 
 Burner failure 
 Improper installation Fabrication error 
 Over pressurisation 
 Failure to inspect frequently enough 
 Erosion 
 Creep 
 Embrittlement 
 Unsafe modifications or alteration 
 Unknown or under investigation 

4. Stresses in pressure vessels 
Stress is the internal resistance or counterforce of a material to the distorting effects of an 
external force or load, which depends on the direction of applied load as well as on the 
plane it acts. At a given plane, there are both normal and shear stresses (Engineers Edge 
2010). However, there are planes within a structural component subjected to mechanical or 
thermal loads that contain no shear stress. Such planes are principal planes, the directions 
normal to those planes are principal directions and the stresses are principal stresses. For a 
general three-dimensional stress state there are always three principal planes along which 
the principal stresses. (Spence. J & Tooth.A.S. (1994). 

Different types of stresses as stated in Chattopadhyay. S. (2004) are as follows: 

i. Pressure stresses  
ii. Thermal stresses 
iii. Fatigue stresses  
iv. Local stresses  
v. External stresses  
vi. Compressive stresses  
vii. Bending stresses  
viii. Normal stress  
ix. Circumferential stresses  
x. Longitudinal stresses 
xi. Radial stresses 
xii. Tangential stresses  
xiii. Tensile stresses  
xiv. Shear stress  
xv. Bending stress  
xvi. Principal stress 

According to D. R. Moss (2004) stresses are generally categorised as primary, secondary or 
peak stresses. Primary stresses are stresses due to pressure (internal or external), mechanical 
loads and wind which can result in the rupture or total collapse of a pressure vessel, they 
are the most hazardous. Secondary stresses on the other hand are strain-induced stresses, 
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loads and wind which can result in the rupture or total collapse of a pressure vessel, they 
are the most hazardous. Secondary stresses on the other hand are strain-induced stresses, 
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and can be developed at the junction of major components of a pressure vessel (e.g. radial 
loads on nozzles) because of stresses caused by relenting load or differential thermal 
expansion. While Peak stresses are the maximum stress concentration point in addition to 
the primary and secondary stresses present in a region. Peak stresses are only significant in 
fatigue conditions and are the sources of fatigue cracks, which are applicable to membrane, 
bending and shear stresses (Rao. K. R. 2002). 

When a thin-walled cylinder is subjected to internal pressure, three mutually perpendicular 
principal stresses will be set up in the cylinder material, namely the circumferential or hoop 
stress, the radial stress and the longitudinal stress, (Sharma.S.C .2010). Provided that the ratio 
of thickness to inside diameter of the cylinder is less than 1/20, it is reasonably accurate to 
assume that the hoop and longitudinal stresses are constant across the wall thickness, and 
that the magnitude of the radial stress set up is so small in comparison with the hoop and 
longitudinal stresses that it can be neglected. This is obviously an approximation since, in 
practice, it will vary from zero at the outside surface to a value equal to the internal pressure 
at the inside surface (Hearn.E.J.1998).  

5. Vessel description 
The arrangement of a typical pressure vessel is shown in Fig. 2. A typical pressure vessel 
consists of shell (body of the vessel), closure heads, openings for inspection and 
instrumentations, and a combination of nozzles for pressure relief or other purpose and 
supports (Syed U. A. (2009). 

  
       Subfigure 1: Typical horizontal vessel  (b) Subfigure 2: Typical vertical arrangement  
Source:  Megyesy. E.F (2001) 

Fig. 2. Subfigure with two images  

6. Finite element model of pressure vessels 
In order to proceed with the analysis, three Finite element models were designed and 
denoted as design case one, two and three. A finite element model consists of boundary 
conditions, mesh of elements and nodes. Each component of pressure vessel analysed for 
stress and deformation at the design conditions of 137 MPa and 400oC for all the cases 
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considered. Wind loads and seismic loading were also taken into account. All finite element 
analyses were run using ANSYS 10.0. 

The design parameters taken are as follows: 

- Design Code  ASME BVPC 2007 
- Shell Material SA-723, grade 1, UNS No k23550, class 3 
- Design Pressure 137 MPa 
- Design Temperature  400 oC  
- Tensile Strength of Material 965 MPa 
- Material Rating at design temperature 806 MPa 
- The shell to be used is fully radiographed, hence E is 100% 
- Monobloc shell assumed. 

6.1 Model design case one 

 The pressure vessel model assumed a cylinder with semi ellipsoidal top head and hemi-
spherical bottom head capped. Considering the shell to be monobloc and the design rule 
that the design pressure PD should not exceed the limit set by article KD-251.1 (division 3 of 
ASME BPVC section 8) given as: 

  1 ( ) ln( )
1.732DP Sy Y    (1) 

1137 (965) ln( )
1.732

Y   

Y = 1.28 

Where Y is the ratio of outer diameter (Do) to the inner diameter (Di) of the shell, Y = Do/Di, 

and ratio of 2 is assumed for safety. Assumed Do =3048 mm, Di=1524 mm, Length = 3 x Do 

and flange thickness = 254 mm. The ellipsoidal top head is considered to be fully 
radiographed like shell, hence E = 1. Then using given equation: 
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Where K is the stress intensity factor by the equation below: 
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Thickness = 220 mm 
The required thickness of the bottom hemispherical head is normally one-half the thickness 
of an elliptical or torispherical head for the same design conditions, material, and diameter 
which will be 110 mm in this case.  
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  1 ( ) ln( )
1.732DP Sy Y    (1) 

1137 (965) ln( )
1.732

Y   

Y = 1.28 

Where Y is the ratio of outer diameter (Do) to the inner diameter (Di) of the shell, Y = Do/Di, 

and ratio of 2 is assumed for safety. Assumed Do =3048 mm, Di=1524 mm, Length = 3 x Do 

and flange thickness = 254 mm. The ellipsoidal top head is considered to be fully 
radiographed like shell, hence E = 1. Then using given equation: 
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Where K is the stress intensity factor by the equation below: 
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  (3) 

137 * 3048 * 1
2 * 965 * 1 0.2 * 137

t 


  

Thickness = 220 mm 
The required thickness of the bottom hemispherical head is normally one-half the thickness 
of an elliptical or torispherical head for the same design conditions, material, and diameter 
which will be 110 mm in this case.  
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For the openings and closures, which are an important requirement for safety, is given as:  

 Pr
0.6rnt

SE P



  (4) 

 137 * 1524
965 * 1 0.6 * 137rnt 


 

Where r is the inside radius of nozzle, assuming a 1524 mm nozzle, the required thickness 
comes out to be 254 mm.  

The CAD model of the pressure vessel is shown below:  

 

  
 Subfigure 1: Design model for case one    Subfigure 2: Meshing of pressure vessel 
       components  for case one   

 

Fig. 3. Subfigure with two images  

6.1.1 Element type 

Each model part was meshed with SOLID 45 element with a higher concentration of 
elements around the nozzles and stress concentration areas. Eight nodes having three 
degrees of freedom at each node define the element translations in the nodal x, y, and z 
directions. The element has plasticity, creep, swelling, stress stiffening, large deflection, 
and large strain capabilities. Subfigure 2 of Fig.3 above shows the meshing of the model 
parts. 

6.1.2 Boundary conditions 

Axis symmetric displacement boundary conditions was applied to the two axes to ensure 
that the body, bottom end of the shell and the head are fully constrained with internal 
pressure loadings of 137 MPa and temperature of 400 oC applied. The finite analysis results 
are shown in tables 1 and 2 below. 
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Table 1. Result of finite analysis for design case one 

Sections 1st Principal 
Stress (MPa)

Von Mises 
(MPa) 

Stress Intensity 
(MPa) 

Displacement 
(mm) 

Cylindrical Shell 2562.59 2541.21 2552.94 0.38605 
Ellipsoidal Head 704.35 623.94 720.15 0.09479 
Semi Hemispherical Head 726.73 744.73 770.86 0.11313 

Table 2. Summary of finite analysis result for design  

6.2 Case two design model 

1 ( ) ln( )
1.732DP Sy Y  

After the finite element analysis of design case one, large stress was found around the 
nozzle junction of the cylindrical shell and also found stress developed at the bottom and 
top head. Ways of mitigating the stress is addressed in the model design case two. The 
design parameters are kept the same as in Design case one except for the temperature rating 
tensile strength of the material that is 806 MPa. The diametric ratio Y assumed is 1.5 derived 
from equation (1): 

Outer and inner diameter assumed were 3048 mm and 2030 mm respectively. Reconsidering 
the nozzle thickness in design case two, the value of S is taken as 806 MPa using equation (4): 

Pr
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Thickness = 152 mm 

To mitigate the stress discovered during the finite element analysis of design case one, 
reinforcement pad is introduced to lower the stresses around the junction of shell and 
nozzle of the pressure vessel model. The total cross-sectional area of reinforcement A 
required in any given plane for a vessel under internal pressure should be not less than:  

 rA dt F   (5) 

Where  

d = diameter in the given plane of the finished opening, (mm). 

tr = minimum thickness which meets the requirements of KD-230 in the absence of the 
opening (mm). 

And F is calculated from the graph in non-mandatory appendix H of section 8 division 3 of 
ASME BPVC to be 1.  

Hence,  

2

1524 * 152 * 1

9144

A

A mm




  

Using the formula for the area of circular disc given as,  

 2 2( )disk o iA r r    (6) 

The outer diameter of the reinforcement pad = 1625 mm, while thickness = 101 mm. The top 
head is 2:1 ellipsoidal with thickness assumed calculated as 279 mm using equation (2): 

2 0.2
PDkt

SE P



 

Thick head with pressure on the concave side is used for the bottom hemispherical with 
given equation: 

 5 * 137 * 1524
6 * 806

t   (7) 

5
6
PLt
S

  

216.9t mm  

6.2.1 Element type 

SOLID 92 elements was used to mesh each model part in design case two, due to its 
quadratic displacement behaviour, its suitability to model irregular meshes and accuracy. 
Ten nodes having three degrees of freedom at each node define the elements: translations in 
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the nodal x, y, and z directions. In addition, symmetric boundary condition was used; hence, 
half of the cylindrical shell and quarter of heads model were used for the analysis. The result 
of the finite simulation is shown in table 3 and summarised in table 4 below: 

 

 

 
Table 3. Result of finite analysis for design case two  

Summary of FEA Results 1st Principal 
Stress (MPa)

Von Mises 
(MPa) 

Stress Intensity 
(MPa) 

Displacement 
(mm) 

Cylindrical Shell 792.31 695.74 780.40 0.15532 

Ellipsoidal Head 2106.58 1777.62 1946.97 0.38747 

Semi Hemispherical Head 2171.67 1653.04 1902.59 0.37863 

Table 4. Summary of finite element results  

6.3 Case three design model  

In design case 3, the shortcomings of both design cases 1 and 2 were considered from 
design point of view to lower the stresses to an acceptable range. Reinforcement pad is 
used along with the use of diametric ratio of 2.0, i.e. Y = 2 as calculated in design case 1. 
Outer diameter of 3048 mm and the inner diameter of 1524 mm with length of cylindrical 
shell being three times the outer diameter for structure stability. Nozzle thickness kept 
same as design case 2. 
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design point of view to lower the stresses to an acceptable range. Reinforcement pad is 
used along with the use of diametric ratio of 2.0, i.e. Y = 2 as calculated in design case 1. 
Outer diameter of 3048 mm and the inner diameter of 1524 mm with length of cylindrical 
shell being three times the outer diameter for structure stability. Nozzle thickness kept 
same as design case 2. 



 
Finite Element Analysis – From Biomedical Applications to Industrial Developments 388 

  
Fig. 4. Design model for case three 

6.3.1 Element type 

Each component of the pressure vessel is simplified using symmetry. Solid 3D Element was 
used to mesh the models with fine mesh around the nozzle and shell junction. Pressure and 
temperature of 137 MPa and 400 oC applied on the internal surface of the components. The 
results obtained from finite analysis are given below: 

  
Table 5. Result of finite analysis for design case three 

Sections of Pressure Vessel 1st Principal 
Stress (MPa) 

Von Mises 
(MPa) 

Stress Intensity 
(MPa) 

Strain 
(mm) 

Cylindrical Shell 509.99 499.92 568.98 0.1132 
Ellipsoidal Head 475.91 400.37 449.9 0.0895 
Semi Hemispherical Head 659.11 567.5 567.5 0.1129 

Table 6. Summary of finite element analysis result 
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7. Discussion 
Finite element analysis result in design case one was compared with the allowable stress 
intensities of ASME BVPC Division 3 and it was found that the stresses in the cylindrical 
shell exceeded the value of the allowable stress with almost 70 %. Also, the result shows 
higher stress development along the nozzle length away from the shell and at the bottom 
semi spherical head. However, the stresses developed in ellipsoidal enclosures head has a 
very less margin than the allowable stress of about 4%, which can be improved by using 
better thickness to diameter ratio.  

In the design case two model, the shell thickness was reduced and thickness of the nozzle 
increased as well as the addition of reinforcement pad of high alloy steel SA-705 grade XM-
13 around the nozzle to shell junction. The finite element analysis shows that less stresses 
were developed in the shell wall than the allowable and there was a reduction of stress from 
2552 MPa in design case one to 780 MPa in design case two; about 70% drop in stresses. 
However, despite the decline in the stresses to 780 MPa, it is still higher than the allowable 
stress by the ASME Code. Finally in the design case three, the cylindrical shell was modified 
and the reinforcement pad introduced in design case two retained to reduce stresses around 
the nozzle to shell junction and a skirt length of 254 mm was added around the enclosure 
heads. This is necessary due to the result of the analysis obtained in the design cases one 
and two which showed that highest stresses were concentrated on the lower end of the 
heads where there was formation of joins to the shell. The finite element analysis shows that 
with the addition of the skirt, there was lesser development of stresses in the lower ends of 
the heads. The table below shows the comparison of the stresses obtained from finite 
element analysis and the stresses allowed by the ASME Code. 

Sections Stress Intensity 
MPa Allowable Stress 

MPa 
 Min Max 

Cylindrical Shell 1.42 568.9 747 
Ellipsoidal Head 0.62 449.9 747 

Semi Hemispherical Head 0.951 567.5 747 

Table 7. Stress Intensity comparison of design case three 

8. Conclusion 
Three main factors are seen to contribute extensively to the development of stresses in 
pressure vessels. These are thickness, nozzle positions and the joints of the enclosure heads. 
From the model design cases used in this research, it could be seen that as the thickness of 
pressure vessel increases, the stresses decreases, however this is not a viable solution due to 
cost. Nozzles though are safety relief devices and important component of pressure vessels 
comes with its own disadvantages of increasing weak areas and stress concentration. 
However, this was mitigated by use of high alloy reinforcement pads as applied in the 
design case two and three of this work. The high strength reinforcement pad used has a 
chemical composition of titanium 0.4 to 1.20%; hollow disc shaped with rectangular section 
can also reduce the stresses concentration around the nozzle. 
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Finally, the joints of enclosure heads either welded or bolted were identified as areas with 
the highest concentration of stresses i.e. with peak stress. Addition of 254 mm skirt length at 
the end of enclosure heads provide more room for the stresses to develop slowly in the wall 
of the head regions, thus making the pressure vessels more resistant to the loadings. 
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1. Introduction 
1.1 Conception of multi-stable structures 

A structure that has at least two stable geometric configurations is called multi-stable. The 
critical load level has to be reached before snap-through occurs, which means the stable states 
can carry load. The multi-stable structure is a system owning more than two stable 
configurations. The first important aspect is that large shape change can be accomplished with 
small energy input and without complicated actuators. Instead of the power being supplied to 
elastically deform over its entire range, power is only needed to snap the structure from one 
stable configuration to another. A reduction in weight of the overall structure is possible, since 
the whole structure can serve as both the base structure and the control surface. 

It is receiving the attention of scientists in developing the multi-stable structure which 
enables a number of operational shapes (Hufenbach et al., 2002; Portela et al., 2008). It is 
potentially suitable for a wide variety of systems, such as morphing aircraft (Yokozeki et al., 
2006; Diaconu et al., 2008; Schultz, 2008), deployable structures (Lei & Yao, 2010) and 
mechanical switches. The studies of multi-stable structures reported in open literatures are 
dominated by the bi-stable unsymmetric composite laminates (Jun & Hong, 1992; Dano &  

First stable shape

Second stable shape  
Fig. 1. The bi-stable unsymmetric composite laminate 
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Hyer, 1998; Maenghyo et al.,1998; Hufenbach et al., 2002, 2006; Ren, & Parvizi-Majidi, 2003, 
2006; Gigliotti et al., 2004; Dai et al. 2007; Etches etal., 2009). A typical bi-stable composite 
laminate is shown as in Fig.1, which means that applying an external force the room 
temperature cylindrical shape can be snapped into another cylinder with curvature of equal 
magnitude and opposite sign. 

1.2 Design and analysis method 

How to design and analyse the multi-stable behaviour is still a challenging problem. It is 
actually a bifurcation problem. First issue about the multi-stable structures is to predict their 
multiple shape configurations. Second important issue is to simulate the snap-through 
behaviors of multi-stable structures.  

1.2.1 Analytical method  

Hyer observed the large deformation of thin [0/90] cross-ply unsymmetric composite 
laminates in curing experiments (Hyer, 1981). They found that the shapes of cured 
unsymmetric composite laminates were a part of cylinder, which were stable at room 
temperature. To take into account the large multi-stable deformations, which are often many 
times over the laminate thickness, the linear strain–displacement relations must be extended 
by non-linear terms. Since then, many researchers had employed the Rayleigh–Ritz 
approach proposed by Hyer to predict the shape of unsymmetric laminates (Hyer, 1982; 
Maenghyo & Hee, 2003). Jun (Jun & Hong, 1992) modified Hyer’s theory by including more 
terms in the polynomials to take plane shear strain into account. Dano (Dano & Hyer, 1998) 
used a higher-order polynomial to calculate the displacement field. Dai and Daynes (Dai 
etal., 2009; Daynes & Weaver 2010) predicted the cured shape of the bi-stable hybrid 
composite laminate. There is a very good agreement between the experimental and 
analytical shapes predicted by Rayleigh–Ritz method. The cured shape and bifurcation 
point can be obtained. An example of bistable analytical solutions is shown as in Fig.2 (Dai 
etal., 2009).It can be seen that there only exist one group of solutions when the side length is 
less than some critical value (35 mm), as the branch curve AB and A'B' plotted in Fig.2. Here 
the curvature in x-direction is opposite to that in y-direction. There exist three groups of 
solutions when the side length is more than some critical value, as shown with the branch   
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curves of BD and B'D', BC and B'C', BE and B'E'. The first group of solutions as shown with 
the branch curve of BD and B'D' mean a saddle shape, which is not in reality. The second 
and third group of solutions mean that snap-through phenomenon occurs. The curvature of 
curve BC is 6.49 and the corresponding value of curve B'C' is approximately 0. It indicates 
the cured shape of unsymmetric hybrid composite laminates is similar to a half cylinder. 

1.2.2 Finite element method 

In addition to analytical method, Finite Element Analysis (FEA) is found to be a robust way 
to study the bi-stable laminates. Snap through analysis of multi-stable structures requires 
the solution of a nonlinear system of equations. The iterative techniques are used to solve 
these equations, where small incremental changes in displacement are found by imposing 
small incremental changes in load on the structure. The arc length methods were commonly 
used to overcome the problem of tracing the equilibrium path in the neighborhood of limit 
points (Riks, 1979; Wempner, 1971).Schlecht employed the FEA to predict the cured shape of 
unsymmetric laminates with the commercial finite element code Marc (Schlecht et al., 
1995,1999). Giddings combined a finite element model of a Macro-Fiber Composite (MFC) 
with a bi-stable asymmetric laminate model. Both predicted shape and snap-through 
voltage of a piezo-actuated [0/90] laminate agreed well with experimental results (Giddings 
et al.m 2011) ).In recent years, another commercial finite element code ABAQUS is widely 
employed, which is also accurate enough in shape prediction of bi-stable laminates 
(Dai,2011; Mattioni,2008,2009; Portela et al., 2008). ABAQUS offers two procedures, namely 
RIKS and STABILIZE, both are capable of solving a nonlinear system of equations and 
hence suitable procedures for studying unstable post-buckling problems. The formulation 
behind each procedure is rather different and hence, requires different sensitivity of their 
respective input parameters. Tawfik systematically discussed the two methods (Tawfik et 
al., 2007), namely “RIKS” and “Stabilize”, both were capable of studying the snap-through 
of bi-stable laminates. Mattioni pointed out that the “Stabilize” algorithm is more suitable 
(Mattioni,  2008, 2009). Portela studied the snap-through of laminate with actuator (MFC) by 
FEA (Portela et al., 2008). 

2. Finite Element Analysis of bi-stable laminates 
There are two Finite Element Methods to solve the bi-stable bifurcation problem: one-step 
method and two-step method. In one-step method, the geometrical model without internal 
thermal stress is directly built, which is actually a stable structure. Then the loads are 
applied on the structure and the critical load can be solved. In two-step method, the cool-
down process is firstly simulated and the room temperature bi-stable geometrical models 
are built. Then, the snap-through simulation of the stable configurations can be conducted. 
The following section gives the detail examples for the both models. 

2.1 Experiments of bi-stable laminates 

The experimental set up is given as follows before performing finite element analysis. The 
testing specimen is [0/90] cross-ply epoxy matrix carbon fiber-reinforced composite 
laminate with the size of 140mm×140mm. The materials in the experiments are T300/Epoxy 
prepreg with longitudinal elastic modulus E1 of 137.47 GPa, transverse elastic modulus E2 of 
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Hyer, 1998; Maenghyo et al.,1998; Hufenbach et al., 2002, 2006; Ren, & Parvizi-Majidi, 2003, 
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composite laminate. There is a very good agreement between the experimental and 
analytical shapes predicted by Rayleigh–Ritz method. The cured shape and bifurcation 
point can be obtained. An example of bistable analytical solutions is shown as in Fig.2 (Dai 
etal., 2009).It can be seen that there only exist one group of solutions when the side length is 
less than some critical value (35 mm), as the branch curve AB and A'B' plotted in Fig.2. Here 
the curvature in x-direction is opposite to that in y-direction. There exist three groups of 
solutions when the side length is more than some critical value, as shown with the branch   

0 50 100 150 200 250 300
-8

-6

-4

-2

0

2

4

6

8

 Curvature b in first group of solutions
 Curvature b in second group of solutions
 Curvature b in third group of solutions 

 

 Curvature a in first group of solutions
 Curvature a in second group of solutions
 Curvature a in third group of solutions 

Length of Side L mm

C
ur

va
tu

re
 in

 y
-d

ire
ct

io
n 

b 
m

-1
C

ur
va

tu
re

 in
 x

-d
ire

ct
io

n 
a 

m
-1

A

B

C

D
C' E

D'

E'

B'

A'

 
Fig. 2. An example of analytical solution curves for bi-stable composite laminate 

 
Finite Element Analysis of Multi-Stable Structures 

 

393 

curves of BD and B'D', BC and B'C', BE and B'E'. The first group of solutions as shown with 
the branch curve of BD and B'D' mean a saddle shape, which is not in reality. The second 
and third group of solutions mean that snap-through phenomenon occurs. The curvature of 
curve BC is 6.49 and the corresponding value of curve B'C' is approximately 0. It indicates 
the cured shape of unsymmetric hybrid composite laminates is similar to a half cylinder. 

1.2.2 Finite element method 

In addition to analytical method, Finite Element Analysis (FEA) is found to be a robust way 
to study the bi-stable laminates. Snap through analysis of multi-stable structures requires 
the solution of a nonlinear system of equations. The iterative techniques are used to solve 
these equations, where small incremental changes in displacement are found by imposing 
small incremental changes in load on the structure. The arc length methods were commonly 
used to overcome the problem of tracing the equilibrium path in the neighborhood of limit 
points (Riks, 1979; Wempner, 1971).Schlecht employed the FEA to predict the cured shape of 
unsymmetric laminates with the commercial finite element code Marc (Schlecht et al., 
1995,1999). Giddings combined a finite element model of a Macro-Fiber Composite (MFC) 
with a bi-stable asymmetric laminate model. Both predicted shape and snap-through 
voltage of a piezo-actuated [0/90] laminate agreed well with experimental results (Giddings 
et al.m 2011) ).In recent years, another commercial finite element code ABAQUS is widely 
employed, which is also accurate enough in shape prediction of bi-stable laminates 
(Dai,2011; Mattioni,2008,2009; Portela et al., 2008). ABAQUS offers two procedures, namely 
RIKS and STABILIZE, both are capable of solving a nonlinear system of equations and 
hence suitable procedures for studying unstable post-buckling problems. The formulation 
behind each procedure is rather different and hence, requires different sensitivity of their 
respective input parameters. Tawfik systematically discussed the two methods (Tawfik et 
al., 2007), namely “RIKS” and “Stabilize”, both were capable of studying the snap-through 
of bi-stable laminates. Mattioni pointed out that the “Stabilize” algorithm is more suitable 
(Mattioni,  2008, 2009). Portela studied the snap-through of laminate with actuator (MFC) by 
FEA (Portela et al., 2008). 

2. Finite Element Analysis of bi-stable laminates 
There are two Finite Element Methods to solve the bi-stable bifurcation problem: one-step 
method and two-step method. In one-step method, the geometrical model without internal 
thermal stress is directly built, which is actually a stable structure. Then the loads are 
applied on the structure and the critical load can be solved. In two-step method, the cool-
down process is firstly simulated and the room temperature bi-stable geometrical models 
are built. Then, the snap-through simulation of the stable configurations can be conducted. 
The following section gives the detail examples for the both models. 

2.1 Experiments of bi-stable laminates 

The experimental set up is given as follows before performing finite element analysis. The 
testing specimen is [0/90] cross-ply epoxy matrix carbon fiber-reinforced composite 
laminate with the size of 140mm×140mm. The materials in the experiments are T300/Epoxy 
prepreg with longitudinal elastic modulus E1 of 137.47 GPa, transverse elastic modulus E2 of 
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10.07 GPa, Possion’s ratio ν12 of 0.23, the longitudinal linear expansion α１of 0.37×10-6/°C 
and transverse linear expansion α2 of 24.91×10-6/°C. 

As shown in Fig.3, the composite laminate is put on a pair of slippery orbits to ensure that 
the laminate is supported only at four corner points. A concentrated force is applied on the 
geometrical center of the laminate, by a special loading apparatus which can increase the 
load gradually. The concentrated force is gradually increased to the critical load of snap-
through and the height of the center point at every step is measured.  

 

Concentrated 

force at the center

 
Fig. 3. Schematics of concentrated force load experiments 

The load-displacement curve is shown in Fig.4. The displacement denotes the deflection at 
the middle of laminate’s span. It can be observed that the curve is almost straight up at the 
beginning, and the load reaches its maximum at the end of curve, which is the critical load 
of snap-through. The critical load is 1.32N and the corresponding displacement at the center 
of the laminate is 21mm, which denotes the critical deformation of snap-through. Because of 
the limitation of loading apparatus, the unloading part of the curve is not obtained. 
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2.2 Two-step FEA method 

In this section, the commercial finite element code ABAQUS is employed to simulate the 
snap-through of bi-stable laminate, and the predicted results such as critical load and 
deformation of the composite laminate are presented. 

The first step is to simulate the cool-down process of composite laminate with internal 
thermal stress. Although the practical composite laminate is a square plate with the side 
length of 140mm, a geometrical imperfection in the finite element model should be 
introduced. Otherwise the simulation result will be a saddle-shape rather than the expected 
cylindrical shape. The cool-down process in practice is time-consuming (a few hours 
depending on the curing cycle that the material requires). The first analysis step is “Static”. 
To perform the geometrical non-linear analysis, the option “NLGEOM” is employed. The 
element type is S4R and the center node of the FEA model is fully constrained. During the 
analysis, the model is cooled down from 160℃ to 20 ℃, and the deformation is merely 
generated by the temperature change, then first stable shape can be obtained. To get another 
stable shape, the “Static, Stabilized” step with an automatic stabilization which is based on 
the addition of viscous forces to the global equilibrium equation is used and the solution 
scheme is able to converge to another stable shape. 

The simulation results and the measured results are listed in Table 1. It can be seen that the 
numerical results agree well with the measured results. 

  Experimental Numerical Error (%) 

Deflection (mm) 25.90 27.268 -- 

Span (mm) 126.3 126.06 -- 

 К (m-1) 11.19 11.49 2.64 

Table 1. Experimental results and FEA results of cured bi-stable laminates 

After the cool-down simulation, the temperature is kept at 20℃ and the following boundary 
condition and displacement load are applied on the model. 

1. The center node of the laminate is fully constrained. 
2. Four same displacement loads are applied on the four corner nodes, parallel to the 

vertical axis, pointing to the opposite direction of the corner nodes’ current position. 

The “Static, Stabilize” step is employed here, under the boundary conditions above, the 
reaction force of the center node is the corresponding center load in experiment. The 
simulation process is shown in Fig-5. 

The curve of the reaction force of center node versus its relative displacement is presented in 
Fig-6.It is observed that the FEA results are greater than the experimental and the curve is 
more complex. The error of critical load is about 28% since finite element model is an ideal 
model while the specimen contains some defects which are generated in the manufacturing 
process. In FEA, the thickness of the model is 0.25mm, which is equal to the sum of two 
plies. However, the thickness of the specimen is not equal to 0.25mm exactly. The actual 
thickness is about 0.23±0.02mm. Therefore the modified thickness 0.23mm is used to 
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2.2 Two-step FEA method 

In this section, the commercial finite element code ABAQUS is employed to simulate the 
snap-through of bi-stable laminate, and the predicted results such as critical load and 
deformation of the composite laminate are presented. 

The first step is to simulate the cool-down process of composite laminate with internal 
thermal stress. Although the practical composite laminate is a square plate with the side 
length of 140mm, a geometrical imperfection in the finite element model should be 
introduced. Otherwise the simulation result will be a saddle-shape rather than the expected 
cylindrical shape. The cool-down process in practice is time-consuming (a few hours 
depending on the curing cycle that the material requires). The first analysis step is “Static”. 
To perform the geometrical non-linear analysis, the option “NLGEOM” is employed. The 
element type is S4R and the center node of the FEA model is fully constrained. During the 
analysis, the model is cooled down from 160℃ to 20 ℃, and the deformation is merely 
generated by the temperature change, then first stable shape can be obtained. To get another 
stable shape, the “Static, Stabilized” step with an automatic stabilization which is based on 
the addition of viscous forces to the global equilibrium equation is used and the solution 
scheme is able to converge to another stable shape. 

The simulation results and the measured results are listed in Table 1. It can be seen that the 
numerical results agree well with the measured results. 

  Experimental Numerical Error (%) 

Deflection (mm) 25.90 27.268 -- 

Span (mm) 126.3 126.06 -- 

 К (m-1) 11.19 11.49 2.64 

Table 1. Experimental results and FEA results of cured bi-stable laminates 

After the cool-down simulation, the temperature is kept at 20℃ and the following boundary 
condition and displacement load are applied on the model. 

1. The center node of the laminate is fully constrained. 
2. Four same displacement loads are applied on the four corner nodes, parallel to the 

vertical axis, pointing to the opposite direction of the corner nodes’ current position. 

The “Static, Stabilize” step is employed here, under the boundary conditions above, the 
reaction force of the center node is the corresponding center load in experiment. The 
simulation process is shown in Fig-5. 

The curve of the reaction force of center node versus its relative displacement is presented in 
Fig-6.It is observed that the FEA results are greater than the experimental and the curve is 
more complex. The error of critical load is about 28% since finite element model is an ideal 
model while the specimen contains some defects which are generated in the manufacturing 
process. In FEA, the thickness of the model is 0.25mm, which is equal to the sum of two 
plies. However, the thickness of the specimen is not equal to 0.25mm exactly. The actual 
thickness is about 0.23±0.02mm. Therefore the modified thickness 0.23mm is used to 
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calculate again. The results are shown in Fig.6. The results of modified model are much 
improved and agree well with experiment. The calculated critical load is 1.33N, and the 
error of critical load decreases to 0.7%. 

          
          (Initial) Δ              T(The end of curing)   (apply loads on four corner nodes) 

          
  (Critical state)     (the end of snap-through) 

Fig. 5. Different stages of snap-through simulation in two-step model 
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Fig. 6. Load-displacement curves of numerical simulation and experiment 

2.3 One-step FEA method 

Here, a part of cylindrical model with no internal thermal stress is directly built. The initial 
state of the model has the same geometrical configuration as the specimen in experiment, 
such as dimensions and curvature. The thickness is chosen to be 0.23mm. The snap-through 
process is shown in Fig.7. 

 
Finite Element Analysis of Multi-Stable Structures 

 

397 

.              
  initial          process     end 

Fig. 7. Different stages of snap-through simulation in one-step model 

The results of one-step model are compared with two-step model and experiments. In Fig.8, 
it can be observed that the curve of one-step model is almost linear and has no critical point. 
Interestingly, the load-displacement curves of one-step model and two-step model almost 
agree with each other when the deformation is small, however, as the displacement 
increases, the difference between the two kinds of models increases rapidly. Thus, to study 
an unsymmetric composite laminate, when the deformation is small, it is more convenient to 
directly build a model with the same curve, and the results will be accurate enough. 
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Fig. 8. Load-displacement curves in one-step model, two-step model and experiment 

3. Snap-through FEA of multi-stable lattice structures 
The studies of multi-stable structures are dominated by the bi-stable unsymmetric 
composite laminates. In some applications there may be a need to fabricate multi-stable 
structures with more than 2 stable configurations. One of important issue is how to fabricate 
the multi-stable structures. The additional constraint and the change of stresses distribution 
may cause the loss of multi-stable capability when the bi-stable laminates are bonded to 
other structural components. Here, the tri-stable lattice structures based on bi-stable 
laminates are presented and some simulation studies are given. 

3.1 Design and fabrication of tri-stable lattice structures 

The lattice structure is made up by four same rectangular composite laminates with the size 
of 140mm×35mm×0.25mm. The stacking sequence is [0/90]. Due to the fact that the size of 
laminates is too small, it is not convenient to manufacture the laminates. In experiment, we 
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calculate again. The results are shown in Fig.6. The results of modified model are much 
improved and agree well with experiment. The calculated critical load is 1.33N, and the 
error of critical load decreases to 0.7%. 
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Fig. 5. Different stages of snap-through simulation in two-step model 
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Fig. 6. Load-displacement curves of numerical simulation and experiment 
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first manufactured a square laminate with the size of 140mm×140mm×0.25mm. Then the 
square laminate is divided into four same rectangular laminates. The rectangular laminates 
have two stable configurations, namely configuration A and B in Fig.9. The lattice element is 
composed of four narrow rectangular bi-stable laminates. The measured average curvature 
of rectangular laminates is 8.85m-1. 

.   
       Configuration A         Configuration B 

Fig. 9. Two stable configurations of rectangular cross-ply composite laminate 

The four rectangular laminates are connected by the bolts. The narrow rectangular laminate 
has the same curvature in both the longitudinal and transvers directions. Thus it can offer 
the smooth and close contact between two laminates when the narrow rectangular laminate 
is bent along the longitudinal direction. The lattice structure, as presented in Fig.10, has 
three stable configurations without external constraint. The first stable shape is like a plane 
rectangular lattice. The second stable shape is like a concave lattice. The third stable shape is 
like a convex lattice. 

   
          (a) Plane configuration                (b) Concave configuration      (c) Convex configuration 

Fig. 10. Three stable configurations of lattice structures 

3.2 Experiments of tri-stable lattice structures 

The concave configuration is unable to directly transform to convex configuration. It has to 
transform to the plane configuration first, then to the convex configuration. So we can just 
investigate the snap-through between the plane configuration and the two curving 
configurations. We name the plane as configuration A, and name the convex configuration 
as configuration B, as seen in Fig.11 and 12. For loading scheme of configuration A, A 
concentrated force is applied on the center of rectangular laminate, and the two supports are 
set symmetrically. For the lattice structure, two same concentrated loads are applied 

 
Finite Element Analysis of Multi-Stable Structures 

 

399 

simultaneously on the two centers of rectangular laminates and the four supports are set 
symmetrically as well. The critical loads to snap through the rectangular laminate and the 
lattice structure are measured. The relationship between the critical loads and the position of 
supports is also investigated by changing the distance between the load and supports. For 
loading scheme of configuration B, the specimens are put on a slippery glass, and a 
concentrated load is also applied on the centers of rectangular laminates. 

  
Fig. 11. The loading scheme for configuration A 

  
Fig. 12. The loading scheme for configuration B 
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Fig. 13. Measured average critical loads of configuration A of both separate laminates and 
lattice structure 
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Fig. 10. Three stable configurations of lattice structures 

3.2 Experiments of tri-stable lattice structures 
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configurations. We name the plane as configuration A, and name the convex configuration 
as configuration B, as seen in Fig.11 and 12. For loading scheme of configuration A, A 
concentrated force is applied on the center of rectangular laminate, and the two supports are 
set symmetrically. For the lattice structure, two same concentrated loads are applied 
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simultaneously on the two centers of rectangular laminates and the four supports are set 
symmetrically as well. The critical loads to snap through the rectangular laminate and the 
lattice structure are measured. The relationship between the critical loads and the position of 
supports is also investigated by changing the distance between the load and supports. For 
loading scheme of configuration B, the specimens are put on a slippery glass, and a 
concentrated load is also applied on the centers of rectangular laminates. 

  
Fig. 11. The loading scheme for configuration A 

  
Fig. 12. The loading scheme for configuration B 
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Fig. 13. Measured average critical loads of configuration A of both separate laminates and 
lattice structure 
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For configuration A, when load slowly increases to the critical load, the rectangular 
laminates quickly snap from configuration A to B. Because of some unpredictable defects 
introduced in manufacture process, the mechanical properties of four rectangular laminates 
vary from each other, which give rise to difference of their critical loads. The average 
measured critical loads for configuration A are presented in Fig.13. In order to compare with 
the separate rectangular laminates, half of the critical loads of lattice structure are given. The 
experimental results reveal that the critical load increases as the distance from support to 
load decreases and the relationship is not linear. 

For configuration B, the experimental phenomenon is much different from configuration A. 
The deformations of separate laminates and lattice structures before snap-through are much 
greater than those of configuration A while the critical loads are much smaller. Under the 
loading scheme of configuration B, the measured critical loads of four separate laminates are 
presented in Table 1, and the measured critical loads of lattice structure are presented in 
Table 2. It shows that the average critical load of lattice structure, divided by 2, 0.177N, is 
6.8% smaller than the average critical loads of separate laminates, 0.190N. 

Lattice structure Test 1 Test 2 Test 3 Test 4 Average 
Critical load(N) 0.361 0.348 0.356 0.351 0.354 

Table 2. Measured critical load of lattice structure for configuration B 

3.3 Snap through FEA of tri-stable structures 

The commercial finite element code ABAQUS is used to simulate the snap-through of 
rectangular laminates and lattice structure. The parameters used in the simulation are same 
as the above. A two-step method is proposed. First, it is required to simulate the cool-down 
process to build the initial finite element models of laminates and lattice structure. It often 
takes hours for the laminates to cool down from the curing temperature to room 
temperature. So the cool-down process is thought to be a quasi-static process. In the 
simulation, the laminate is modeled using four-node-square shell elements (S4R). The four 
bi-stable laminates are numerically generated during cool-down process by applying an 
initial curing temperature and a final room temperature. For lattice structures, the four 
components are bonded together before the cool-down simulation by using four “tie” 
constraints in ABAQUS, which constrain the relative displacements of the bonding points. 
Calculated curvature and measured curvatures of separate laminates are listed in Table 3. 

Specimen 1 2 3 4 average 
Measured 

curvature m-1 8.44 8.70 9.21 9.06 8.85 

Simulated 
curvature m-1 9.18 

Error (%) 8.77 5.52 0.33 1.32 3.73 

Table 3. Simulated and measured curvatures 

In second step, after the cool-down simulation, the snap-through simulation of the stable 
configurations can be conducted. The snap-through problem of unsymmetric laminates is a 
buckling problem in essence, which can be unstable. However, if the instability is localized, 
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there will be a local transfer of strain energy from one region of the model to neighboring 
region, and global solution methods may not work. This problem has to be solved either 
dynamically or with the aid of artificial damping. Abaqus/Standard (Simulia 2009) provides 
an automatic mechanism for stabilizing unstable quasi-static problems through the 
automatic addition of volume-proportional damping to the model. To ensure an accurate 
solution is obtained with automatic stabilization, the ratio between the viscous damping 
energy and the total strain energy should not exceed the defined dissipated energy fraction 
or any reasonable amount. Fig.14 presents finite element models and the loading illustration 
for configuration A, which is used to simulate the snap-through and to compare with the 
experiments. According to loads and boundary conditions in experiments, a concentrated 
force is applied on the center point of finite element model, and vertical movements at 
supports are constrained. For lattice structures, two same concentrated forces are applied 
simultaneous on center points of two parts, vertical movements at supports are also 
constrained. 

  
Fig. 14. Illustration of finite element model and loading scheme for configuration A 

For configuration B, the snap-through simulation is a little more complicated, and it is 
required to build an analytical plane to simulate the glass plane in experiments. The surface 
to surface contact between the model of laminate and the analytical plane should be 
established to simulate the interaction between the specimens and the glass. Since the 
critical load of configuration B is very small, the gravity is considered here. The loading 
scheme is illustrated in Fig.15. In the models of both single laminate and lattice structure, 
concentrated forces are applied on the center points, and vertical movements at supports are 
constrained. 

  
Fig. 15. Illustration of finite model and loading scheme for configuration B 
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In experiments, the specimens are snapped too fast to observe the process clearly, but 
through the FEA we can observe every step of snap-through under the presented loading 
scheme. As shown in Fig.16, for configuration A, when loads increase to certain value, local 
instability is observed firstly in the center of model and snap-through starts from there. 
Regions between snapped and unsnapped regions turn to be unstable, then unstable regions 
gradually move towards short edges and snapped region spread. During the process of 
snap-through, unstable regions move smoothly toward short edge. When they get to short 
edges, the plane configuration is snapped to be a convex configuration. 

  
Fig. 16. Simulated snap-through process for configuration A 

Because the finite element model is ideal, the loads applied on the two components of lattice 
structures are the same. The applied load-displacement curve of configuration A according 
to the different positions of supports is shown in Fig.17. The peak points of the curvatures 
are the critical loads of snap-through for loading scheme of configuration A. When the load 
increases to critical load, central regions lose stability 
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 (a) Separate rectangular laminate                (b) Lattice structure 

Fig. 17. Calculated applied load vs. displacement curves for configuration A 

Under the loading scheme illustrated in Fig.15, the snap-through process of configuration B 
given by FEA is presented in Fig.18. The curvatures decrease with increasing loads. When 
the curvatures decrease to the critical value, and then center region starts to lose stability 
and snap-through also starts from the center region. Snap-through spreads gradually form 
the center region towards toward two short edges. Finally, the lattice structure is snapped to 
be a plane configuration when the unstable region spread to short edges. 
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Fig. 18. Simulated snap-through process for configuration B 

The calculated load-displacement curves of configuration B are given in Fig.19. The peak 
points of the two curves in Fig.13 are critical points of snap-through. As same as 
experiments, the calculated critical load of lattice structure is a little smaller than separate 
laminates, 0.1836N and 0.1942N respectively. 
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Fig. 19. Calculated applied load vs. displacement curves for configuration B 

Compared Fig.17 with Fig.19, it can be found that the deformation of configuration A before 
snap-through is smaller than that of configuration B, however the critical load of 
configuration A is much greater than that of configuration B. The lattice structure is made 
up by the four rectangular composite laminates, so its mechanical behaviours are mainly 
dominated by the mechanical behaviours of rectangular laminates. Since the critical loads of 
four components of lattice structure are different, the two components may not snap at the 
same time even under symmetric loads. The part with relative smaller critical load will snap 
first. Apparently, the slower the load increases, the greater the time lag is, this will weaken 
the continuity of snap-through process of lattice structure. It is needed to find a better way 
to snap the lattice structure more continuous as an integral structure instead of tied parts. 

The two configurations of rectangular bi-stable composite laminates curl along long edge 
and short edge respectively, and respond differently under centre load. In Fig.16 and Fig.18, 
it is found that both configurations snap locally in center first. In Fig.17, it shows that before 
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Fig. 17. Calculated applied load vs. displacement curves for configuration A 

Under the loading scheme illustrated in Fig.15, the snap-through process of configuration B 
given by FEA is presented in Fig.18. The curvatures decrease with increasing loads. When 
the curvatures decrease to the critical value, and then center region starts to lose stability 
and snap-through also starts from the center region. Snap-through spreads gradually form 
the center region towards toward two short edges. Finally, the lattice structure is snapped to 
be a plane configuration when the unstable region spread to short edges. 
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Fig. 18. Simulated snap-through process for configuration B 

The calculated load-displacement curves of configuration B are given in Fig.19. The peak 
points of the two curves in Fig.13 are critical points of snap-through. As same as 
experiments, the calculated critical load of lattice structure is a little smaller than separate 
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Fig. 19. Calculated applied load vs. displacement curves for configuration B 

Compared Fig.17 with Fig.19, it can be found that the deformation of configuration A before 
snap-through is smaller than that of configuration B, however the critical load of 
configuration A is much greater than that of configuration B. The lattice structure is made 
up by the four rectangular composite laminates, so its mechanical behaviours are mainly 
dominated by the mechanical behaviours of rectangular laminates. Since the critical loads of 
four components of lattice structure are different, the two components may not snap at the 
same time even under symmetric loads. The part with relative smaller critical load will snap 
first. Apparently, the slower the load increases, the greater the time lag is, this will weaken 
the continuity of snap-through process of lattice structure. It is needed to find a better way 
to snap the lattice structure more continuous as an integral structure instead of tied parts. 

The two configurations of rectangular bi-stable composite laminates curl along long edge 
and short edge respectively, and respond differently under centre load. In Fig.16 and Fig.18, 
it is found that both configurations snap locally in center first. In Fig.17, it shows that before 
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local snap the deformation is very small. In Fig.19, it shows the critical load is much smaller, 
and the deformation is much greater, and after the critical point the applied load does not 
decrease to zero as configuration A. The laminate has a displacement jump on a certain load 
then the load decreases to zero as snapped region spreads to the entire laminate. FEA results 
denote that the bending stiffness of configuration A is greater. The error between calculated 
curvature and measured curvature is 3.73%. It indicates that the initial finite element models 
are reasonable. The comparisons of critical loads of configuration A between FEA and 
experiments are given in Fig.14. The calculated critical loads under the same loading scheme 
are about 11-18% smaller than measured values. For configuration B, The calculated results 
are greater than the measured values. The measured critical load of separate rectangular 
laminate is 0.190N, while the calculated is 0.194N. The measured critical load of lattice 
structures is 0.177N, while the calculated is 0.183N. The error is about 3%~4%. 

The main reason giving rise to errors of calculated critical loads is that the finite element 
models are ideal while the specimens inevitably contain some defects, in addition, complex 
boundary constraints may be not fully characterized in numerical models. How to consider 
the defects and the constrain effects in the snap-through simulation is needed to be studied 
further. 

4. Conclusions 
The finite element analysis based on general purpose software of ABAQUS was successfully 
used to simulate the snap-through behaviors of multi-stable structures. The two-step model 
and the one-step model were introduced to predict the critical load. The results from two-
step model show a good agreement with experiment, the error of critical load decreases 
from 28% (ideal model) to 0.7% (modified model). The results of one-step model show that 
the model without internal thermal stress is not bi-stable. However, the comparison 
between the two kinds of models indicates that when the deformation is relative small 
(about half of the critical deformation), the results of the two kinds of models agreed well. 
Therefore, to study an unsymmetric bi-stable composite laminate, when the deformation is 
small, it is more convenient to directly build a model with the same curvature, and the 
results will be accurate enough. Otherwise, the model with internal thermal stress must be 
considered. 

It is undoubtedly very important and requisite in engineering how to fabricate multi-stable 
(more than 2) structures and to get different stable configurations. A method for assembling 
the bi-stable laminates to fabricate a multi-stable structure has been presented. The snap-
through of rectangular cross-ply composite laminates and a lattice structure was 
numerically and experimentally studied. The experiments to measure the snapping force 
levels of rectangular laminates and lattice structures were conducted. A two-step method 
based on commercial software ABAQUS to simulate the snap-through behaviors of lattice 
structures were presented. Snap through of lattice structures were successfully described 
with the use of this method. The same phenomenon between the FEA and experiments were 
observed. The predicted curvatures show a good agreement with experimental results while 
there are some errors between predicted and measured critical loads. The errors of critical 
loads are caused by unpredictable defects and complex boundary constrains. How to 
consider the defects and the constrain effects in the snap-through simulation is needed to be 
studied further. The proposed tri-stable structures and two-step method are instructive to 
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construct the multi-stable structures and to understand their snap-through behaviors. 
Finally, It should be noted that deep understanding of their behaviours will need to await 
more detailed studies, for example, the reliability and the fatigue properties, et al. 
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local snap the deformation is very small. In Fig.19, it shows the critical load is much smaller, 
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1. Introduction

The increasing interest to permanent magnet (PM) synchronous machines is due to the
high torque density and high efficiency that they may exhibit exploiting modern PMs. The
three–phase winding is supplied by a current–controlled voltage source inverter, which
imposes sinewave currents synchronous with the PM rotor. Such machines are more and
more used in several applications, with power rating ranging from fractions of Watts to some
Megawatts.

After a brief introduction on the PM characteristics, this Chapter illustrates the finite element
(FE) analysis of the synchronous PM machines. It summarizes the basic concepts dealing with
the electromagnetic analysis, and it describes proper analysis strategies in order to predict the
PM machine performance.

2. The permanent magnet machines

In synchronous PM machines, the stator is the same of the induction machines. The rotor
can assume different topologies, according to how the PM is placed in it. The machines
are distinguished in three classes: surface–mounted PM (SPM) machines, inset PM machine,
and interior PM (IPM) machine. Fig. 1(a) shows a cross–section of a four–pole 24–slot SPM
machine. There are four PMs mounted with alternate polarity on the surface of the rotor.
Fig. 1(b) shows a four–pole inset PM machine, characterized by an iron tooth between each
couple of adjacent PMs. Fig. 1(c) shows a four–pole IPM machine, whose rotor is characterized
by three flux–barriers per pole. The high number of flux–barriers per pole yield a high rotor
anisotropy (Honsinger, 1982).

When the IPM machine is characterized by high anisotropy and moderate PM flux, it is often
referred to as PM assisted synchronous reluctance (PMASR) machine. The machine exhibits
two torque components: the PM torque and the reluctance torque (Levi, 1984) .

Fig. 2 shows the pictures of a rotor with surface–mounted PMs (a), the lamination of an IPM
machine with three flux–barriers per pole (b) and an IPM rotor with two flux–barriers per pole
(c).
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(a) SPM machine (b) inset PM machine (c) IPM machine

Fig. 1. PM synchronous machines with (a) SPM, (b) inset PM, and (c) IPM rotor.

(a) (b) (c)

Fig. 2. PM machine prototypes: (a) an SPM rotor, (b) and (c) IPM machine laminations.

2.1 Hard magnetic material (permanent magnet)

The permanent magnets are hard magnetic materials (Bozorth, 1993) . They exhibit a very
wide magnetic hysteresis loop, as shown in Fig. 3(a). Once they are magnetized and required
to sustain a magnetic field, the PMs operate in quadrant II. Both the intrinsic (dashed line) and
normal (solid line) hysteresis loops are drawn in Fig. 3(a), as reported in most PM data sheets.
The intrinsic curve represents the added magnetic flux density that the PM material produces.
The normal curve represents the total magnetic flux density which is carried in combination
by the air and by the PM (Coey, 1996) . The recoil line of the demagnetization curve is usually
approximated by

Bm = Brem + μrecμ0Hm (1)

where the residual flux density (or remanence) is Brem and the coercive force is Hc (see
Fig. 3(a)). The differential relative magnetic permeability of the recoil line is μrec and is slightly
higher than unity.

When the flux density becomes lower than Bknee, where the hysteresis curve exhibits a knee in
quadrant II, the PM is irreversibly demagnetized and its next operating points move on a locus
with lower flux density versus field strength. The minimum flux density in the PMs has to be
verified during the magnetic analysis of the machine. Since Bknee depends on the temperature,
the worst operating condition has to be considered. Bknee increases with the temperature, see
Fig. 3(b).
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(a) (b)

Fig. 3. (a) Characteristic B–H curve of hard magnetic material, (b) example of
Neodymium-Iron-Boron PM including the variation of characteristic with the temperature.

Brem Hc Curie T Tmax density ΔBrem/ΔT ΔHci/ΔT
(T) (kA/m) (oC) (oC) (kg/m3) (%/oC) (%/oC)

Ferrite 0.38 250 450 300 4800 -0.20 0.40
SmCo 0.85 570 775 250 8300 -0.04 -0.20
NdFeB 1.15 880 310 180 7450 -0.12 -0.70

Table 1. Main properties of hard magnetic material

In order to avoid the irreversible demagnetization of the PM, it is imperative to verify that the
minimum flux density in the PM be always higher than the flux density of the knee Bknee.

The key properties of some common PM materials are listed in Table 1. Since the operating
temperature has a great impact on the PM characteristic, the rate of change of Brem and of Hc
versus temperature is also reported.

3. FE analysis pre–processing

In the most of cases, the the magnetic FE analysis is a two–dimensional (2D) analysis 1. The
three dimensional effects (e.g., leakage inductance of stator end winding, effect of the rotor
skewing, etc.) are not considered here. They have to be computed separately, and added to
the 2D field solution.

The simulations are carried out by assuming a planar symmetry: the magnetic field is the
same in each section of the machine for a z–axis length equal to the machine stack length Lstk.
The current density J and the vector magnetic potential A have only the component normal
to the x–y plane, that is, J = (0, 0, Jz) and A = (0, 0, Az). Therefore the magnetic field strength

1 Let us invite the interested reader to download FEMM (Finite Element Method Magnetics) freeware
software by David Meeker. Although FEMM exhibits some limitations (i.e., this means that not
all field solution problems can be analysed), it allows the most of electrical machine magnetic field
computations to be satisfactorily analyzed. It is very easy to be used, it is organized so as to easily
understand how the FE method works. For details about the software, please refer to "FEMM User’s
Manual"
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H and flux density B vectors have components only in the x–y plane, that is, H = (Hx, Hy, 0)
and B = (Bx, By, 0). Fig. 4(a) shows a cross section of a PM machine in the x–y plane.

(a) PM machine section (b) Reference frame

Fig. 4. Electrical machine section in the plane (x, y) and reference frame.

3.1 Reference conventions

Fig. 4(b) shows the two reference frames. The stator reference frame is characterized by the
a–, b–, and c–axis, which refer to the axis of the coils of the three phases. The rotor reference
frame is characterized by the d– and q–axis, with d–axis aligned with the PM axis.

The relative position between the rotor and the stator reference frames is the mechanical angle
ϑm, which corresponds to the electrical angle ϑe

m = p · ϑm, where p is the number of pole pairs.

3.2 Boundary conditions

In a magnetic field problem, there are four main boundary conditions:
Dirichlet: this condition prescribes a given value of the magnetic vector potential Az along a
line, typically Az = 0. Thus, the flux lines are tangential to this line. This condition is used to
confine the field lines into the domain.
As an example, the Dirichlet boundary condition Az = 0 is assigned to the outer periphery of
the stator as shown in Fig. 5(a).
Neumann: this condition imposes the flux density lines to be normal to a line. This condition
is a default condition in the field problem.
Periodic: this condition is assigned to two lines and imposes that the magnetic vector potential
behavior is the same along the two lines, i.e. Az,line1 = Az,line2.
Anti–periodic: this condition is assigned to two lines and imposes that the magnetic vector
potential behavior along one line is opposite to that along the other line, i.e. Az,line1 =
−Az,line2.

3.3 Current sources

In addition to the PMs in the rotor, further sources of magnetic field are the stator currents.
They are defined by ideal current generators, connected to stator slot surface. In order to
impose a prefixed current to each slot, it is convenient to define one generator per each slot
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(a) Boundary condition (b) Current assignment

Fig. 5. Assignment of boundary condition and current sources.

and to assign such a generator to the corresponding slot, as shown in Fig. 5(b).
Each current is defined by its amplitude and sign. Positive sign means that it is along the
direction of z–axis (from the sheet towards reader) and negative sign means that it is opposite
to the direction of z–axis (from reader towards the sheet). In magnetostatic analysis, only
real part of the current is necessary, while in time harmonic analysis (where symbolic phasor
notation is adopted) both real and imaginary components have to be assigned.

Alternatively, a current density can be assigned to the various stator slots. Each slot will
be characterized by a different current density, according to the total current flowing in the
corresponding slot. The peak value of current density in the slot is defined as

Ĵslot = k f ill
√

2 · Jc (2)

where k f ill is the slot fill factor and Jc is the rms value of the current density in the conductor.
For instance, with k f ill = 0.4, the actual current density Jc = 6 A/mm2 corresponds to an
equivalent current density Ĵslot = 3.4 A/mm2 assigned to the stator slot.

3.4 Winding definition

The definition of the winding of the electrical machine is extremely important. Fig. 6(a) shows
a two–pole three–phase single–layer winding, characterized by two slots per pole per phase.

The arrangement of the coil sides within the slots is described by means of the slot matrix,
whose dimension is m × Q, where m is the number of phases (i.e. m=3 in a three–phase
machine) and Q is the number of stator slots. The generic element kjq indicates how much the
q–th slot is filled by conductors of the j–th phase, where unity means a complete slot fill.

For instance, kjq = 1 means that the q–th slot is completely filled by conductors of the j–th
phase; kjq = 0.5 means that only 50% of the q–th slot is filled by conductors of the j–th phase;
and kjq = 0 means that no conductor of the j–th phase is in the q–th slot. The element kjq can
be either positive or negative sign. The sign refers to the orientation of the coil side.

According to the winding shown in Fig. 6(a), the slot matrix is where the first slot (i.e., q = 1) is
the slot in the first quadrant closer to the x–axis, and the other slots follow counterclockwise.
In order to meet the current Kirchhoff law, the element row sum to zero.
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(a) Winding drawing (b) Labels of stator slots

Fig. 6. Classical representation of the stator winding, and definition of the labels of the stator
slots.

q 1 2 3 4 5 6 7 8 9 10 11 12
ka 0 0 1 1 0 0 0 0 -1 -1 0 0
kb -1 -1 0 0 0 0 1 1 0 0 0 0
kc 0 0 0 0 -1 -1 0 0 0 0 1 1

In order to assign the proper current density in each slot, each of them has been defined by a
different label, as sketched in Fig. 6(b). The current in the q–th slot can be expressed as

Islot,q = ncs

(
ka,q Ia + kb,q Ib + kc,q Ic

)
(3)

where ncs is the number of series conductors per slot, Ia, Ib, and Ic are the currents of the phase
a, b, and c, respectively.

4. Post–processing

After the field solution is achieved, various quantities can be computed from the solved
structure.

4.1 Flux line plot

The flux lines of the solved structure, shown in Fig. 7(a), give an indication of the flux density
that is reached in the various parts of the structure, highlighting the iron saturation.

Similarly, flux density map gives a prompt view of the field solution, allowing to detect gross
and striking mistakes in the field problem setting.

4.2 Point quantities

In each point of the structure, it is possible to get the value of various electric and magnetic
quantities. Fig. 7(b) shows some quantities that can be detected in a generic point P of the
structure: magnetic vector potential Az, magnitude and components of flux density vector,
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(a) Flux lines (b) Point quantities

Fig. 7. Flux lines and and magnetic quantities detected in the point P of the solved structure.

|B|, Bx and By, magnitude and components of field strength vector, |H|, Hx and Hy, current
density Jz.

4.3 Magnetic flux

The magnetic flux crossing the air gap is computed by integrating along a line in the middle
of the air gap the radial flux density (i.e., the normal component to the line) and multiplying
by the z-axis length, that is,

Φ = Lstk

∫

line
B · ndl (4)

The integration line is shown in Fig. 8(a), starting from point S (start) and ending to point E
(end).

As an alternative to the line integration, the magnetic flux can be achieved from the magnetic
vector potential 2. In this case, it is necessary to compute Az only in the two ends of the line,
i.e., in points S and E. The flux results as

Φ = Lstk(Az,S − Az,E) (5)

4.4 Flux linkages

The flux linkage of the phase a is computed referring to the coils arrangement reported in
Fig. 6(a). The positive coil sides of the phase a are in the slots 3 and 4, while the negative coil
sides are within the slots 9 and 10, as highlighted in Fig. 8(b).

2 It is a direct consequence of the Stoke’s theorem. Considering the line lS bordering the surface S, since
B = curlA, it is ∫

S
B · n dS =

∮

lS
A · t dl
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(a) Line integral (b) Surface integral

Fig. 8. Magnetic flux computation from a line integration, and by means of surface integral in
the slots containing the coil sides of phase a.

Using the slot matrix defined in section 3.4, the flux linkage with the phase a results in

Λa = ncsLstk
1

Sslot

Q

∑
q=1

ka,q

∫

Sslot,q

AzdS (6)

where ka,q is the element of the matrix that describes the distribution of the coil sides of the
phase a within the q–th slot (see Section 3.4), Sslot is the cross–area of the slot.

4.5 Magnetic energy

There are three energy quantities that can be computed over the whole structure. The integral
of the product of current density by magnetic vector potential

WAJ = Lstk

∫

Sall

Az JzdS (7)

Of course, the last integral can be limited in the conductive parts Sc of the structure where the
current density is not zero. The magnetic energy is

Wm = Lstk

∫

Sall

(∫
HdB

)
dS (8)

The magnetic coenergy is

Wmc = Lstk

∫

Sall

(∫
BdH

)
dS (9)

Even if the magnetic coenergy has not an immediate physical meaning, it is very useful in
the magnetic analysis of the machine. Particular care is to define a proper magnetic coenergy
density in the PMs which can be defined as

wmc =
∫ Hm

0
Bm dHm (10)
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that results in a negative value. Alternatively, the magnetic coenergy density in the PMs can
be also defined as

wmc =
∫ Hm

H∗
c

Bm dHm (11)

that is a positive coenergy. Since the lower limit of integration does not affect the computation
of the exchange of magnetic coenergy, the "ideal" magnet characteristic is considered and
H∗

c = Brem/(μrecμ0) is used as the lower limit. Anyway, the rate of change of the magnetic
coenergy is the same regardless to the two definitions above, because the difference between
the two coenergy densities is the constant quantity 1

2 H∗
c Brem.

If the linear recoil line (1) is adopted for the PM, the magnetic coenergy density results in

wmc =
1
2

μrecμ0(Hm − H∗
c )

2

=
1

2μrecμ0
B2

m

(12)

The second form is particularly advantageous since it could be extended to any material type
of the system: hard and soft magnetic material as well as non magnetic material.

5. Magnetic analysis example

The magnetic finite element (FE) analysis is applied to a synchronous PM machine with Q=24
slots and p=2 pole pairs (Slemon & Straughen, 1980) . Thanks to the machine symmetry, only
one pole of the machine is analyzed.

5.0.1 Alignment of the rotor with the stator

The rotor angle is fixed to ϑe
m = 0 when the d–axis (i.e., the rotor reference axis) is coincident

with the a–phase axis (i.e., the stator reference axis). This is represented in Fig. 4(b).

Before starting the analysis under load, it is mandatory to adopt the correct reference, that is,
to know the correct position of the rotor with respect the stator reference frame.

From the space vector of the PM flux linkage (that is, at no load) the vector angle αe
λ is

computed, as shown in Fig. 9. If αe
λ=0 the rotor is in phase with the stator, otherwise the

rotor has to be rotated of a mechanical angle corresponding to the electrical angle of the flux
linkage vector, that is:

ϑm = − αe
λ

p
(13)

5.1 No load operation

Fig. 10(a) shows one pole of a 24–slot four–pole IPM machine. Fig. 10(b) shows the flux lines
at no load, that is, due to the PM only. The flux lines remain in the iron paths of rotor and
stator. Some flux lines cross the iron bridges so as to saturate them.
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(a) Line integral (b) Surface integral

Fig. 8. Magnetic flux computation from a line integration, and by means of surface integral in
the slots containing the coil sides of phase a.
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The magnetic finite element (FE) analysis is applied to a synchronous PM machine with Q=24
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one pole of the machine is analyzed.
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The rotor angle is fixed to ϑe
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Before starting the analysis under load, it is mandatory to adopt the correct reference, that is,
to know the correct position of the rotor with respect the stator reference frame.

From the space vector of the PM flux linkage (that is, at no load) the vector angle αe
λ is

computed, as shown in Fig. 9. If αe
λ=0 the rotor is in phase with the stator, otherwise the

rotor has to be rotated of a mechanical angle corresponding to the electrical angle of the flux
linkage vector, that is:

ϑm = − αe
λ
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(13)

5.1 No load operation

Fig. 10(a) shows one pole of a 24–slot four–pole IPM machine. Fig. 10(b) shows the flux lines
at no load, that is, due to the PM only. The flux lines remain in the iron paths of rotor and
stator. Some flux lines cross the iron bridges so as to saturate them.
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Fig. 9. Flux linkage space vector and its components.

The flux due to the PM is linked by stator winding. It varies according to the position of the
rotor. The flux linkage of the phase a is computed, as in (6). Similarly the flux linkages of the
phases b and c are computed.

(a) geometry (b) no–load

Fig. 10. Flux lines in an IPM machine at no load.

Then, the d– and q–axis flux linkages are computed adopting the Park transformation. For
convention, at no–load there is only d–axis flux linkage, while the q–axis flux linkage is equal
to zero. Therefore, at no load, the PM flux linkage is Λm = Λd.

The instant in which the d–axis is aligned to the a–axis represents a particular case. The phase
a links the maximum flux due to the PM, and thus Λm = Λa. Therefore the PM flux linkage
corresponds to the maximum flux linkage of each phase.

The computation can be repeated varying the rotor position.

5.1.1 Computation of the voltage under load

From the flux linkage waveform, it is possible to compute the induced voltage (also called
back EMF) waveform, assuming a constant mechanical speed ωm (i.e. electrical speed ω =
pωm). According with the machine convection, it is

e(t) =
dλ(t)

dt
=

dλ(ϑe
m)

dϑe
m

ω (14)

416 Finite Element Analysis – From Biomedical Applications to Industrial Developments Electromagnetic and Thermal Analysis of Permanent Magnet Synchronous Machines 11

-100
-50

0
50

100

0 50 100 150 200 250 300 350

B
ac

k 
EM

F 
(V

)

Electrical angle (degrees)

Back EMF (V)

-200
-150
-100
-50

0
50

100
150
200

0 50 100 150 200 250 300 350

B
ac

k 
EM

F 
(V

)

Electrical angle (degrees)

Back EMF (V) phase-to-phase

Fig. 11. No load phase and phase-to-phase EMF versus rotor position (at fixed speed).

The flux linkage waveform is expressed by means of its Fourier series expansion. Then, each
harmonic of the series is derived, and all harmonics of EMF are summed together. The final
EMF waveform is achieved. An example is reported in Fig. 11. A high distortion in the back
EMF waveform is evident in this case.

5.1.2 Flux density in the iron

From the field solution, it is important to verify the maximum flux density in the stator teeth
and the maximum flux density in the stator back iron. There are two alternative methods.

The first consists in drawing two circle lines centered in the origin of the axis, one crossing
the teeth and the other in the middle of the back iron. The maximum flux density is checked
along these two circles.

The second method is based on the hypothesis that the flux density in the stator teeth
has essentially radial direction, and the flux density in the stator back iron has essentially
azimuthal direction. Therefore, the average flux density in each teeth or in each portion of the
back iron can be achieved from the vector magnetic potential in the slots.

As an example, the average flux density in the tooth between slot 1 and 2 is

Bt =
(Az,slot1 − Az,slot2)

wt
(15)

The average flux density in the back iron portion above the slot 1 is

Bbi =
(Az,slot1)

hbi
(16)
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The flux linkage waveform is expressed by means of its Fourier series expansion. Then, each
harmonic of the series is derived, and all harmonics of EMF are summed together. The final
EMF waveform is achieved. An example is reported in Fig. 11. A high distortion in the back
EMF waveform is evident in this case.

5.1.2 Flux density in the iron

From the field solution, it is important to verify the maximum flux density in the stator teeth
and the maximum flux density in the stator back iron. There are two alternative methods.

The first consists in drawing two circle lines centered in the origin of the axis, one crossing
the teeth and the other in the middle of the back iron. The maximum flux density is checked
along these two circles.

The second method is based on the hypothesis that the flux density in the stator teeth
has essentially radial direction, and the flux density in the stator back iron has essentially
azimuthal direction. Therefore, the average flux density in each teeth or in each portion of the
back iron can be achieved from the vector magnetic potential in the slots.

As an example, the average flux density in the tooth between slot 1 and 2 is

Bt =
(Az,slot1 − Az,slot2)

wt
(15)

The average flux density in the back iron portion above the slot 1 is
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2p 2 2 2 2 4 4 4 8 8 8
Q 3 6 9 12 6 9 12 6 9 15
GCD 1 2 1 2 2 1 4 2 1 1
Np 2 1 2 1 2 4 1 4 8 8

Table 2. Number Np of cogging torque periods per slot pitch rotation

since Az = 0 along the external circumference of the stator, where wt is the tooth width and
hbi is the back iron height. In order to evaluate the maximum flux density, the computations
above have to be repeated for each slots.

5.1.3 Cogging torque

Fig. 12 shows the no–load torque versus the rotor position. This torque is due to the interaction
between the rotor PM flux and the stator anisotropy due to the teeth, and it is commonly called
cogging torque.
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Fig. 12. Cogging torque versus rotor position.

In a rotor with identical PM poles equally spaced the number of Np periods during a slot pitch
rotation is given by

Np =
2p

GCD{Q, 2p} (17)

where GCD means Greater Common Divisor. Thus, the mechanical angle corresponding to
each period is ατc = 2π/(NpQ). Higher number of Np periods lower the amplitude of the
cogging torque (Bianchi & Bolognani, 2002). Table 2 reports the values of Np for some common
combinations of Q and 2p.

5.1.4 Skewing

Skewing rotor PMs, or alternatively stator slots, is a classical method to reduce the cogging
torque. In PM machines, the skewing is approximated by placing the PM axially skewed by
Ns discrete steps (stepped skewing), as illustrated in Fig. 13. When the stepped skewing
is adopted, the FE analysis has to be repeated for each of the Ns section of the machine,
considering the correct angle between the stator and the rotor.

Adopting a stepped skewing, there is also a reduction of the back EMF harmonics and the
torque ripple.
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(a) (b)

Fig. 13. Stepped rotor skewing with three modules

5.2 Operation with stator currents

The analysis is carried out referring to d–q axis component of each electrical and magnetic
quantity.

5.2.1 Operation with q–axis stator current

The q–axis current produces a flux in quadrature to the flux due to the PM. When the IPM
machine is supplied by q–axis current only, the flux lines go through the rotor and the
flux–barrier does not obstruct the q–axis flux, as shown in Fig. 14(a) for a rotor without PM.
The q–axis inductance Lq exhibits a high value.

(a) only Iq (b) only Id

Fig. 14. Flux lines in an IPM machine with (a) Iq only and (b) Id only.

5.2.2 Operation with d–axis stator current

The d–axis current produces a flux along the d–axis, and thus the flux lines cross the
flux–barrier. A positive d–axis current is magnetizing, increasing the flux produced by the
PM. Conversely, a negative d–axis current is demagnetizing, since it weakens the PM flux.

Fig. 14(b) shows the flux plot due to the d–axis current Id only (is case of a rotor without
PMs). The flux lines are similar to the flux lines due to PMs, shown in Fig. 10(b). The d–axis
inductance Ld results lower than Lq. The analytical estimation of Ld is tightly dependent
on the geometry of the flux–barriers (Bianchi & Jahns, 2004) . The ratio between the two
inductances, i.e. ξ = Lq/Ld is the saliency ratio (Miller, 1989) .
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5.2.2 Operation with d–axis stator current

The d–axis current produces a flux along the d–axis, and thus the flux lines cross the
flux–barrier. A positive d–axis current is magnetizing, increasing the flux produced by the
PM. Conversely, a negative d–axis current is demagnetizing, since it weakens the PM flux.

Fig. 14(b) shows the flux plot due to the d–axis current Id only (is case of a rotor without
PMs). The flux lines are similar to the flux lines due to PMs, shown in Fig. 10(b). The d–axis
inductance Ld results lower than Lq. The analytical estimation of Ld is tightly dependent
on the geometry of the flux–barriers (Bianchi & Jahns, 2004) . The ratio between the two
inductances, i.e. ξ = Lq/Ld is the saliency ratio (Miller, 1989) .
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5.2.3 Magnetic model of the PM synchronous machine

The magnetic model is commonly expressed in the synchronous d–q reference frame. The
relationship between the d– and the q–axis flux linkages and currents is non linear, as shown
in Fig. 15. It is given by

λd = λd(id, iq)

λq = λq(id, iq)
(18)

They are single–valued functions, because it is assumed that energy stored in the
electromagnetic fields can be described by state functions (White & Woodson, 1959) . Such a
model is used for an accurate estimation of the machine performance: to precisely predict the
average torque, the torque ripple, the capability to sensorless detect the rotor position.

Fig. 15. d–q axis flux linkages versus currents.

From the d– and q–axis flux linkages, the d– and q–axis voltages are

vd = Rid +
dλd
dt

− ωλq

vq = Riq +
dλq

dt
+ ωλd

(19)

Assuming a linear characteristic of all iron parts, the d– and q–axis flux linkages simplify as

λd = Λm + Ldid

λq = Lqiq
(20)
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and the voltage components result in

vd = Rid + Ld
did
dt

− ωLqiq

vq = Riq + Lq
diq
dt

+ ω(Λm + Ldid)

(21)

Fig. 16 shows the steady–state 3 vector diagram of the PM synchronous machine in d–q
reference frame (Boldea & Nasar, 1999) .

6. The electromechanical torque

Adopting the FE model of the machine, the torque T can be computed by integrating the
Maxwell stress tensor along the rotor periphery:

T =
D2Lstk

4

∫ 2π

0

Bg,nBg,θ

μ0
dθm (22)

where Bg,n and Bg,θ are the normal and tangential component of the air gap flux density, and
ϑm is the rotor position (Ida & Bastos, 1992; Jin, 1992; Salon, 1995) . However, assuming the
rotor position ϑm and d– and q–axis currents id and iq as state variables, the machine torque is
also given by

T =
3
2

p
(
λdiq − λqid

)
+

∂Wmc

∂ϑm
(23)

where p is the number of pole pairs. Wmc is the magnetic coenergy, which is a state function
of ϑm, id and iq, i.e. Wmc = Wmc(ϑm, id, iq) (White & Woodson, 1959) . The first term of the
second member of (23) is labeled as Tdq, that is

Tdq =
3
2

p(λdiq − λqid). (24)

This torque term Tdq is slightly affected by the harmonics of the flux linkages and it results to
be suitable for the computation of the average torque. The torque ripple is mainly described
by the coenergy variation, that is the second term of (23).

6.0.4 Cogging torque

Cogging torque is the ripple torque due to the interaction between the PM flux and the stator
teeth. Since the stator currents are zero, it is Tdq=0 and, from (23), the cogging torque results
to be equal to

Tcog =
∂Wmc

∂ϑm
(25)

Fig. 12 shows the cogging torque versus rotor position of an SPM machine. Solid line refers
to the torque computation by means of the Maxwell stress tensor while the circles refer to the

3 Time derivatives are equal to zero and thus the currents are constant, id = Id and iq = Iq.
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Fig. 17. Torque behavior under load of the SPM machine. Solid line refers to the computation
using Maxwell stress tensor, dashed line refers to (24), circles refer to (23).

torque computation (25). A further comparison between predictions and measurements of
cogging torque is reported in (Bianchi & Bolognani, 2002) .

6.0.5 Computation under load

Fig. 17 shows the torque behavior versus rotor position of the SPM machine fed by q–axis
current only, while d–axis current is zero. Solid line refers to the Maxwell stress tensor
computation. The circles refer to the torque computation (23). The dashed line refers to the
torque computation Tdq, given by (24). As said above, the behaviour of Tdq is smooth and
close to the average torque. Similar results are found when an IPM machine is considered,
as the IPM machine shown in Fig. 1(c). Some torque behaviors and experimental results are
reported in (Barcaro et al., 2010A;C) .

6.1 Optimizing the torque behaviour

One of the purposes of the FE analysis is to optimize the torque of the machine: high average
torque and limited torque ripple (Fratta et al., 1993) . Many strategies exist so as to reduce the
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torque ripple, and FE analysis is a proper tool to optimize the machine geometry (Bianchi &
Bolognani, 2000; Sanada et al., 2004) .

Unusual geometries can be analyzed in order to improve the machine performance. As an
example, Fig. 18(a) shows an SPM rotor in which the PMs have been shifted with respect their
symmetrical position, so as to reduce the PM flux linkage and the torque harmonics (Bianchi
& Bolognani, 2000; 2002) . Fig. 18(b) shows the “Machaon” 4 rotor, proposed to reduce the
torque ripple in IPM machines (Bianchi et al., 2008; 2009) . It is formed by laminations with
flux–barriers of different geometry, large and small alternatively under the adjacent poles.

(a) PM shifting (b) Machaon rotor

Fig. 18. Photos of proper solutions to optimize the torque behavior.

6.2 Searching the MTPA trajectory

A proper control strategy is mandatory to achieve high performance of the PM synchronous
motors. Fig. 19 shows the key characteristics of the machine as a function of the current vector
angle αe

i , defined in Fig. 16, for given torque and speed. Normalized parameters are used, that
is, unity torque τpu = 1 and unity speed ωpu = 1 are fixed.

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

 90  100  110  120  130  140  150  160  170  180

C
ur

re
nt

 a
nd

 fl
ux

 li
nk

ag
e 

 (p
.u

.)

Current phase angle (deg)

minimum

minimum

Current amplitude

Flux linkage amplitude

(a)

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 90  100  110  120  130  140  150  160  170  180

Lo
ss

es
 a

nd
 e

ffi
ci

en
cy

 (p
.u

.)

Current phase angle (deg)

Efficiency

Total losses

Joule losses
Iron losses

min

max

(b)

Fig. 19. Stator current, flux–linkage, losses and efficiency as a function of current vector angle
αe

i under constant torque (τpu = 1) and constant speed (ωpu = 1) condition.
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angle αe

i , defined in Fig. 16, for given torque and speed. Normalized parameters are used, that
is, unity torque τpu = 1 and unity speed ωpu = 1 are fixed.

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

 90  100  110  120  130  140  150  160  170  180

C
ur

re
nt

 a
nd

 fl
ux

 li
nk

ag
e 

 (p
.u

.)

Current phase angle (deg)

minimum

minimum

Current amplitude

Flux linkage amplitude

(a)

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 90  100  110  120  130  140  150  160  170  180

Lo
ss

es
 a

nd
 e

ffi
ci

en
cy

 (p
.u

.)

Current phase angle (deg)

Efficiency

Total losses

Joule losses
Iron losses

min

max

(b)

Fig. 19. Stator current, flux–linkage, losses and efficiency as a function of current vector angle
αe

i under constant torque (τpu = 1) and constant speed (ωpu = 1) condition.

4 The name comes from a butterfly with two large and two small wings.

423Electromagnetic and Thermal Analysis of Permanent Magnet Synchronous Machines



18 Will-be-set-by-IN-TECH

For a given torque, there is an optimal operating point in which the current is minimum, as
shown in Fig. 19(a). Therefore, a maximum torque to current ratio exists. When such a ratio is
maximized with respect the current vector angle αe

i for any operating condition, the maximum
torque–per–Ampere (MTPA) control is achieved (Jahns et al., 1986) .

α

(a)

α

(b)

Fig. 20. Procedure of changing the current vector angle αe
i , searching the MTPA trajectory

and defining the flux–weakening capability.

The FE procedure to search the maximum torque per Ampere is illustrated in Fig. 20(a):

• the current amplitude is fixed,

• the current vector angle αe
i varies from 90 to 180 electrical degrees5,

• the torque is computed for each current vector.

The flux linkage corresponding to the point of maximum torque is the base flux linkage ΛB.

6.3 The flux–weakening operating region

Similarly, the flux–weakening capability of the machine can be investigated starting from the
MTPA trajectory, as shown in Fig. 20(b). For each current vector the torque and the d– and
q–axis flux linkage components are computed. According to the flux linkage amplitude, Λ,
imposing the voltage limit, Vn, the maximum electrical speed is computed as ω = Vn/Λ.
Then, the corresponding mechanical speed ωm = ω/p is related to the electromagnetic torque.

Repeating the computation for different current vector angle αe
i , the whole characteristic

torque versus speed is achieved. Fig. 21(a) shows the current trajectory, and Fig. 21(b) shows
the corresponding torque versus speed curve and power versus speed curve.

7. Prediction of sensorless capability of PM motors

The technique based on the high–frequency voltage signal injection is used for sensorless rotor
position detection of PM synchronous machines at zero and low speed (Ogaswara & Akagi,
1998) . It is strictly bound to the rotor geometry, requiring a synchronous PM machine with
anisotropic rotor, e.g. an IPM machine as in Fig. 1(c) or an inset machine as in Fig. 1(b).

A high–frequency stator (pulsating or rotating) voltage is added to the fundamental voltage,
then the corresponding high–frequency stator current is affected by the rotor saliency (Harke
et al., 2003; Linke et al., 2003) and information of the rotor position is extracted from current
measurement (Consoli et al., 2000; Jang et al., 2003) .

5 Actually, the search ends when the torque starts to decrease.
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(a) (b)

Fig. 21. Current trajectory (a) and torque and power versus speed (b).

Fig. 22. Phasor diagram with steady–state and high frequency components

An accurate magnetic model of the machine is mandatory to predict the capability of
the machine for the sensorless rotor position detection considering both saturation and
cross–saturation effect.

The magnetic model to predict the error signal ε(ϑe
err) is achieved by a set of finite element

simulations carried out so as to compute the d– and q–axis flux linkages as functions of the d–
and q–axis currents (Bianchi, 2005) .

Then, for a given operating point (defined by the fundamental d– and q–axis currents), a
small–signal model is built, defined by the incremental inductances

Ldd =
∂λd
∂id

Ldq =
∂λd
∂iq

Lqd =
∂λq

∂id
Lqq =

∂λq

∂iq

When a high frequency voltage vector is injected along the direction αe
v (i.e. the d– and

q–axis voltage components are Vh cos αe
v and Vh sin αe

v respectively), the small–signal model
(26) allows to compute the amplitude and the angle of current vector.

The phasor diagram is shown in Fig. 22, including both fundamental components (V0 and I0)
and high frequency components (Vh and Ih).

Such a study is repeated, varying the voltage vector angle αe
v, so as to estimate the rotor

position error signal ε. Let Imax and Imin the maximum and minimum of the high frequency
current (computed with the various voltage vector angles αe

v), and αe
Imax the angle where Imax

is found (defined with respect to the d–axis). Then, the rotor position estimation error signal
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Fig. 22. Phasor diagram with steady–state and high frequency components

An accurate magnetic model of the machine is mandatory to predict the capability of
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cross–saturation effect.

The magnetic model to predict the error signal ε(ϑe
err) is achieved by a set of finite element

simulations carried out so as to compute the d– and q–axis flux linkages as functions of the d–
and q–axis currents (Bianchi, 2005) .

Then, for a given operating point (defined by the fundamental d– and q–axis currents), a
small–signal model is built, defined by the incremental inductances

Ldd =
∂λd
∂id

Ldq =
∂λd
∂iq

Lqd =
∂λq

∂id
Lqq =

∂λq

∂iq
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q–axis voltage components are Vh cos αe
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v respectively), the small–signal model
(26) allows to compute the amplitude and the angle of current vector.
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is computed as

ε(αe
v) = kst

Imax − Imin
2

sin 2(αe
v − αe

Imax) (26)

where αe
v can be considered as the injection angle and (αe

v − αe
Imax) can be considered as the

error signal angle ϑe
err. Then, αe

Imax corresponds to the angular displacement due to the d–q
axis cross–saturation.

Fig. 23 compares experimental and predicted results, referring to the inset machine shown in
Fig. 1(b), whose rated current is Î = 2.5 A. The pulsating voltage vector technique has been
used, adopting a high–frequency voltage with amplitude Vh = 50 V, frequency fc = 500 Hz,
and a machine speed n = 0 rpm (Bianchi et al., 2007) . The satisfactory match between
predictions and measurements, confirms that a PM machine model can be profitably used to
predict the sensorless capability of the machine.

(a) (b)

Fig. 23. Rotor position error ϑe
err and estimation error signal ε with pulsating voltage injection

and inset PM machine (experimental test and prediction).

8. Losses in electrical machines

The computation of the losses in an electrical machine is a complex task, sometimes requiring
an involved model of the machine even though some uncertainties (e.g. about the material
used) prevent a precise estimation. Therefore, in many cases, simpler loss estimations are
quite adequate to predict the machine capabilities.

8.1 Stator winding losses

Stator resistance is a three–dimensional parameter of the electrical machine. It is generally
computed analytically on the basis of the wire diameter and the total length of the winding,
including stack length and end–winding length.

The copper conductivity is decreased according to the temperature. Such a temperature is
obtained and adjusted after the thermal computation. Sometime an analysis loop is necessary.
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Joule losses are computed multiplying the resistance by the square of the rms value of the
stator current: Pjs = 3Rs I2

s . When the current includes time harmonics, the equivalent
root–mean–square (rms) current is calculated as:

Irms =

√
I2
0 +

Î2
1 + Î2

2 + · · ·+ Î2
n

2
(27)

where I0 is the constant value (if any), and Î1 . . . În are the Fourier series coefficients (peak
value) of the current waveform.

8.2 Stator iron losses

The iron losses of a generic motor consist of the sum of the hysteresis loss, classical eddy
current loss and excess loss. Considering a magnetic flux density B̂ varying sinusoidally at
the frequency f , the iron loss density is commonly expressed in the following form (Boglietti
et al., 2003) as

piron = khy B̂β f + kec B̂2 f 2 + kex B̂
3
2 f

3
2 (28)

where khy and kec are the hysteresis and the classical eddy current constant, and β is the
Steinmetz constant, often approximated as β � 2. The kex is the eddy current excess losses
constant. These losses are due to the dynamic losses of the Weiss domains when a variable
magnetic field is applied to the magnetic material. The block walls discontinuous movements
produce fast Barkhausen jumps and then eddy currents.

These constants should be obtained from material data sheet, but the Epstein frame test does
not allow to segregate between the eddy currents due to the classical losses from the eddy
currents due to the excess losses. Even if the excess current loss component could be very
significant in many lamination materials (Bertotti, 1998) , in (Boglietti et al., 2003) the
difficulty to separate the excess losses contribution from the classical eddy current losses has
been highlighted. A single eddy current losses coefficient is defined, i.e. an increased kec, and
then applied neglecting the third addendum of (28).

Since the stator iron teeth and the stator back iron operate at different flux density values, the
iron loss density has to be computed separately referring to the two parts of the stator.

8.3 Tooth iron losses computation with distorted flux density

The equations above hold for sinusoidal flux density variations. When the flux density varies
in the iron paths with different waveforms, the computation of the stator iron losses is more
complex.

The flux distortions are mainly located in the stator teeth. Let Bt the tooth flux density
computed as a function of the time (or of the rotor position, when the speed is considered
to be constant). An example of the Bt waveform is shown in Fig. 24, referring to a four–pole
24–slot machine. Since the machine has two slots per pole per phase, therefore two teeth
are considered. It is worth noticing that the waveforms are quite different from sinusoidal
waveforms. The behavior of the tooth flux density is expressed by means of Fourier series
expansion:

Bt(θ) = ∑ B̂h sin(hθ + αh) (29)
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The computation of the losses in an electrical machine is a complex task, sometimes requiring
an involved model of the machine even though some uncertainties (e.g. about the material
used) prevent a precise estimation. Therefore, in many cases, simpler loss estimations are
quite adequate to predict the machine capabilities.

8.1 Stator winding losses

Stator resistance is a three–dimensional parameter of the electrical machine. It is generally
computed analytically on the basis of the wire diameter and the total length of the winding,
including stack length and end–winding length.

The copper conductivity is decreased according to the temperature. Such a temperature is
obtained and adjusted after the thermal computation. Sometime an analysis loop is necessary.
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Joule losses are computed multiplying the resistance by the square of the rms value of the
stator current: Pjs = 3Rs I2

s . When the current includes time harmonics, the equivalent
root–mean–square (rms) current is calculated as:

Irms =

√
I2
0 +

Î2
1 + Î2

2 + · · ·+ Î2
n

2
(27)

where I0 is the constant value (if any), and Î1 . . . În are the Fourier series coefficients (peak
value) of the current waveform.

8.2 Stator iron losses

The iron losses of a generic motor consist of the sum of the hysteresis loss, classical eddy
current loss and excess loss. Considering a magnetic flux density B̂ varying sinusoidally at
the frequency f , the iron loss density is commonly expressed in the following form (Boglietti
et al., 2003) as

piron = khy B̂β f + kec B̂2 f 2 + kex B̂
3
2 f

3
2 (28)

where khy and kec are the hysteresis and the classical eddy current constant, and β is the
Steinmetz constant, often approximated as β � 2. The kex is the eddy current excess losses
constant. These losses are due to the dynamic losses of the Weiss domains when a variable
magnetic field is applied to the magnetic material. The block walls discontinuous movements
produce fast Barkhausen jumps and then eddy currents.

These constants should be obtained from material data sheet, but the Epstein frame test does
not allow to segregate between the eddy currents due to the classical losses from the eddy
currents due to the excess losses. Even if the excess current loss component could be very
significant in many lamination materials (Bertotti, 1998) , in (Boglietti et al., 2003) the
difficulty to separate the excess losses contribution from the classical eddy current losses has
been highlighted. A single eddy current losses coefficient is defined, i.e. an increased kec, and
then applied neglecting the third addendum of (28).

Since the stator iron teeth and the stator back iron operate at different flux density values, the
iron loss density has to be computed separately referring to the two parts of the stator.

8.3 Tooth iron losses computation with distorted flux density

The equations above hold for sinusoidal flux density variations. When the flux density varies
in the iron paths with different waveforms, the computation of the stator iron losses is more
complex.

The flux distortions are mainly located in the stator teeth. Let Bt the tooth flux density
computed as a function of the time (or of the rotor position, when the speed is considered
to be constant). An example of the Bt waveform is shown in Fig. 24, referring to a four–pole
24–slot machine. Since the machine has two slots per pole per phase, therefore two teeth
are considered. It is worth noticing that the waveforms are quite different from sinusoidal
waveforms. The behavior of the tooth flux density is expressed by means of Fourier series
expansion:

Bt(θ) = ∑ B̂h sin(hθ + αh) (29)

427Electromagnetic and Thermal Analysis of Permanent Magnet Synchronous Machines



22 Will-be-set-by-IN-TECH

where h is the order of the harmonic of the tooth flux density.

Fig. 24. Tooth flux density versus rotor position.

Only eddy current losses are considered since they are the greatest part of total iron losses due
to the flux density harmonics, being proportional to f 2, see (28).

These losses are due to fluctuation of the tooth flux density. Then the tooth eddy current iron
loss density is given by:

pec =
kec

2 π2
ω2

2 π

∫ 2 π

0

(
∂Bt
∂θ

)2
dθ (30)

And after some manipulations, it is

pec = kec f 2 ∑ B̂2
h h2 (31)

In (Barcaro et al., 2010B) the effect of the IPM rotor structure on the tooth eddy current iron
loss density has been analyzed.

8.4 Rotor losses due to MMF harmonics

The discrete location of the coils within the stator slots causes space harmonics of the magneto
motive force (MMF) traveling in the air gap. These MMF harmonics move asynchronously
with respect to the rotor inducing currents in any conductive rotor parts (Atallah et al., 2000;
Shah & Lee, 2006) . The losses in the rotor volume due to the induced currents are given by:

Prl =
∫

vol

J2
r
σ

dVol =
∫

vol
σ

∂Az

∂t
(32)

where Jr is the current density induced in the rotor, Az is the magnetic vector potential, σ is
the material conductivity and t is the time.

These losses increase rapidly with the machine size. When the scaling law is apply the
flux density B results to be proportionally to the linear quantity l, the curl of B and the
induced current density Jr to l2. Since the volume increases as l3, the rotor losses result
to be proportionally to l7. Although these equations above do not consider skin effects
or iron saturation, they highlight how the rotor losses might increase with the size of the
machine. The rotor losses phenomenon can be neglected in small size PM machine, it has to
be considered compulsorily in large size PM machines.

A practical finite element computation of rotor losses is based on the superposition of the
effects: the total rotor losses Prl result as the sum of the rotor losses computed for each
harmonic order ν, that is Prl = ∑ν Prl,ν. To this aim, linear iron is considered assuming
an equivalent permeability or freezing the magnetic permeability after a magnetostatic field
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solution (Bianchi & Bolognani, 1998) . For each ν-th MMF harmonic, the following procedure
is adopted:

(1) The stator is substituted by an infinitesimal sheet placed at the stator inner diameter D, as
shown in Fig. 25. A linear current density Ksν(ϑ), sinusoidally distributed in space, is imposed
in such a stator sheet:

Ks,ν(θ) = K̂s,ν · sin(νθ + ωνrt) (33)

where ν is the harmonic order, ωνr/ν is the speed of such harmonic with respect to the rotor,
and K̂sν is the peak value of linear current density, achieved from the corresponding MMF
harmonic Ûsν. They are:

ωνr =

(
ω

sgn · ν
− ω

p

)
(34)

K̂sν = 2ν
Ûsν

D
(35)

where sgn is equal to +1 or −1 according to whether the harmonic speed is forward or
backward the rotor speed (Bianchi & Fornasiero, 2009) .

(2) The circumference is split in a high number of points, e.g. Np. In each point a prefixed
point current Ipν is assigned, as shown in Fig. 25(b), which is the integral of the distribution
of the linear current density over an arc length πD/Np. According to the ν-th harmonic, the
maximum current value is computed from the electric loading K̂sν, as Îpν = K̂sνπD/Np.
The linear current density waveform rotates along the air-gap at the speed ωνr in the rotor
reference frame. The points currents are alternating. Using the symbolic notation, in the
generic angular position ϑ, the point current is

İpν(ϑ) = Îpνejνϑ (36)

where the phase of the current (i.e. νϑ) is a function of the geometrical position ϑ of the point.

(3) The frequency of the simulation is computed as

fνr = f
(

sgn · ν

p
− 1

)
(37)

In each simulation step, the rotor losses due to a single MMF harmonic are computed (Shah
& Lee, 2009) . The simulation needs a particular care adopting a two–dimensional analysis.
In each object, electrically insulated by the others, a total current equal to zero is imposed
as a further constraint. In addition, when laminations are insulated, a conductivity equal
to zero is fixed. The iron conductivity is σFe = 3MS/m, and the magnet conductivity is
σPM = 1.16MS/m. Mesh size is chosen according to the penetration thickness.

According to the 12–slot 10–pole PM machine, with a single–layer winding, Fig. 26(a) shows
the amplitudes of the MMF harmonics, as percentage of the main harmonic highlighting the
presence of a subharmonic of order ν = 1. Fig. 26(b) shows their frequency. Fig. 27 shows
the flux lines in the rotor of the 12–slot 10–poles PM machine due to the MMF subharmonic
(ν = 1) and other two MMF harmonics of higher order (ν = 7 and ν = 11).
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where h is the order of the harmonic of the tooth flux density.

Fig. 24. Tooth flux density versus rotor position.

Only eddy current losses are considered since they are the greatest part of total iron losses due
to the flux density harmonics, being proportional to f 2, see (28).
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In (Barcaro et al., 2010B) the effect of the IPM rotor structure on the tooth eddy current iron
loss density has been analyzed.

8.4 Rotor losses due to MMF harmonics

The discrete location of the coils within the stator slots causes space harmonics of the magneto
motive force (MMF) traveling in the air gap. These MMF harmonics move asynchronously
with respect to the rotor inducing currents in any conductive rotor parts (Atallah et al., 2000;
Shah & Lee, 2006) . The losses in the rotor volume due to the induced currents are given by:
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where Jr is the current density induced in the rotor, Az is the magnetic vector potential, σ is
the material conductivity and t is the time.

These losses increase rapidly with the machine size. When the scaling law is apply the
flux density B results to be proportionally to the linear quantity l, the curl of B and the
induced current density Jr to l2. Since the volume increases as l3, the rotor losses result
to be proportionally to l7. Although these equations above do not consider skin effects
or iron saturation, they highlight how the rotor losses might increase with the size of the
machine. The rotor losses phenomenon can be neglected in small size PM machine, it has to
be considered compulsorily in large size PM machines.

A practical finite element computation of rotor losses is based on the superposition of the
effects: the total rotor losses Prl result as the sum of the rotor losses computed for each
harmonic order ν, that is Prl = ∑ν Prl,ν. To this aim, linear iron is considered assuming
an equivalent permeability or freezing the magnetic permeability after a magnetostatic field
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solution (Bianchi & Bolognani, 1998) . For each ν-th MMF harmonic, the following procedure
is adopted:

(1) The stator is substituted by an infinitesimal sheet placed at the stator inner diameter D, as
shown in Fig. 25. A linear current density Ksν(ϑ), sinusoidally distributed in space, is imposed
in such a stator sheet:

Ks,ν(θ) = K̂s,ν · sin(νθ + ωνrt) (33)

where ν is the harmonic order, ωνr/ν is the speed of such harmonic with respect to the rotor,
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where sgn is equal to +1 or −1 according to whether the harmonic speed is forward or
backward the rotor speed (Bianchi & Fornasiero, 2009) .

(2) The circumference is split in a high number of points, e.g. Np. In each point a prefixed
point current Ipν is assigned, as shown in Fig. 25(b), which is the integral of the distribution
of the linear current density over an arc length πD/Np. According to the ν-th harmonic, the
maximum current value is computed from the electric loading K̂sν, as Îpν = K̂sνπD/Np.
The linear current density waveform rotates along the air-gap at the speed ωνr in the rotor
reference frame. The points currents are alternating. Using the symbolic notation, in the
generic angular position ϑ, the point current is

İpν(ϑ) = Îpνejνϑ (36)

where the phase of the current (i.e. νϑ) is a function of the geometrical position ϑ of the point.

(3) The frequency of the simulation is computed as

fνr = f
(
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)
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In each simulation step, the rotor losses due to a single MMF harmonic are computed (Shah
& Lee, 2009) . The simulation needs a particular care adopting a two–dimensional analysis.
In each object, electrically insulated by the others, a total current equal to zero is imposed
as a further constraint. In addition, when laminations are insulated, a conductivity equal
to zero is fixed. The iron conductivity is σFe = 3MS/m, and the magnet conductivity is
σPM = 1.16MS/m. Mesh size is chosen according to the penetration thickness.

According to the 12–slot 10–pole PM machine, with a single–layer winding, Fig. 26(a) shows
the amplitudes of the MMF harmonics, as percentage of the main harmonic highlighting the
presence of a subharmonic of order ν = 1. Fig. 26(b) shows their frequency. Fig. 27 shows
the flux lines in the rotor of the 12–slot 10–poles PM machine due to the MMF subharmonic
(ν = 1) and other two MMF harmonics of higher order (ν = 7 and ν = 11).

429Electromagnetic and Thermal Analysis of Permanent Magnet Synchronous Machines



24 Will-be-set-by-IN-TECH

(a) Motor model (b) FE model

Fig. 25. Model used for FE computations.
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Fig. 26. Stator current MMF harmonic amplitudes and corresponding rotor frequency versus
harmonic order, according to a 12–slot 10–poles single–layer PM machine.

(a) ν = 1 (b) ν = 7 (c) ν = 11

Fig. 27. Flux lines due to MMF harmonics of order ν = 1 (subharmonic), ν = 7 and ν = 11.

9. Temperature rises computation

Once the losses of the electrical machine are estimated, it is possible to compute the
temperature rise in various parts of the electrical machine. It requires the knowledge of
the thermal properties of the material used in the machine, as well as the heat dissipation
conditions with the external environment. A two–dimension analysis is considered hereafter.
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9.1 Model of the machine

The FE model of a PM machine is shown in Fig. 28. Each material is characterized by a proper
thermal conductivity, and a volume heat generation proportional to its losses. Due to the
symmetry of the machine, only a portion of the machine can be analyzed.

Fig. 28. Detail of machine geometry and material properties adopted in the FE analysis.

When the higher losses are located in the stator, a portion formed by one slot and two
half–teeth is enough in the analysis. Fig. 28 shows one slot pitch of an interior PM machine.
On the stator external surface, there is an Aluminum frame. Between the external surface of
the stator lamination and the Aluminum frame, an air foil is added, so as to take into account
the roughness and the imperfect contact between the two surfaces. The thickness of such a
foil is in the range 0.02–0.05 mm.

Within the slot, between the stator lamination and the coil, a slot insulating lining is
considered. An insulating separator is added in the middle of these two coil layers to increase
the electrical insulation between different phases.

9.2 Material thermal properties

The thermal conductivity of the materials are reported in Table 3. As far as the thermal
conductivity of the air–gap is concerned, it refers to a fluido–dynamic calculations, using the
rotation speed of the machine, as will be described hereafter.

The quality of some materials is dependent on the temperature. Among the others, particular
attention is devoted to PMs. Both the residual flux density and the magnetic field of the knee
of the B − H curve are reduced, as reported in Fig. 3(b). As said previously the reduction of
the magnetic field increases the risk of an irreversible demagnetization of the PMs.

9.2.1 Air gap

The air flow in the air gap is turbulent. The heat transfer is described with an effective thermal
conductivity λgap that is defined as the thermal conductivity that the stationary air should
have in order to transfer the same amount of heat as the moving air (Mademlis et al., 2000) .
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(a) Motor model (b) FE model

Fig. 25. Model used for FE computations.
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Fig. 26. Stator current MMF harmonic amplitudes and corresponding rotor frequency versus
harmonic order, according to a 12–slot 10–poles single–layer PM machine.

(a) ν = 1 (b) ν = 7 (c) ν = 11

Fig. 27. Flux lines due to MMF harmonics of order ν = 1 (subharmonic), ν = 7 and ν = 11.
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conditions with the external environment. A two–dimension analysis is considered hereafter.
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half–teeth is enough in the analysis. Fig. 28 shows one slot pitch of an interior PM machine.
On the stator external surface, there is an Aluminum frame. Between the external surface of
the stator lamination and the Aluminum frame, an air foil is added, so as to take into account
the roughness and the imperfect contact between the two surfaces. The thickness of such a
foil is in the range 0.02–0.05 mm.

Within the slot, between the stator lamination and the coil, a slot insulating lining is
considered. An insulating separator is added in the middle of these two coil layers to increase
the electrical insulation between different phases.

9.2 Material thermal properties

The thermal conductivity of the materials are reported in Table 3. As far as the thermal
conductivity of the air–gap is concerned, it refers to a fluido–dynamic calculations, using the
rotation speed of the machine, as will be described hereafter.

The quality of some materials is dependent on the temperature. Among the others, particular
attention is devoted to PMs. Both the residual flux density and the magnetic field of the knee
of the B − H curve are reduced, as reported in Fig. 3(b). As said previously the reduction of
the magnetic field increases the risk of an irreversible demagnetization of the PMs.

9.2.1 Air gap

The air flow in the air gap is turbulent. The heat transfer is described with an effective thermal
conductivity λgap that is defined as the thermal conductivity that the stationary air should
have in order to transfer the same amount of heat as the moving air (Mademlis et al., 2000) .
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Material Symbol Value (W/m · K)

Insulating lining λins 0.15
Insulating separator λsep 0.25
Copper+Varnish λwnd 0.70—1.0
Aluminum λAl 100
Iron λFe 50
Air λair 0.026
Air gap λgap 0.130
Magnet λmag 9
Shaft λsh 50

Table 3. Thermal conductivity of the main materials

Its value depends on the relative speed ωm between stator and rotor as well as the air gap
width. It is calculated as

λgap = 0.0019 η−2.9084 Re0.4614 ln(3.3361 η) (38)

where
η =

Di − 2 g
Di

Re =
ωm g

ν

(39)

and ν is the cinematic viscosity of air. Obliviously, if the rotor is at standstill, the air gap
conductivity is equal to the stationary value, i.e. λair.

9.2.2 Slot

The actual slot contains many conductors, insulated each other by means of varnish. However,
the drawing of all conductors make no sense. Therefore, the coil winding is modeled as an
equivalent homogeneous material characterized by a proper thermal conductivity, as shown
in Fig. 29.

Fig. 29. Thermal equivalent model of the slot

The equivalent thermal conductivity is computed as suggested in (Mellor et al., 1991;
Schuisky, 1967) . It depends on the ratio between the copper diameter dc and the
varnish–insulated diameter dins. It is

λCu−ins = F λins (40)
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where λins is the varnish–insulating conductivity, and the F is a multiplier factor (Schuisky,
1967) calculated as F = 37.5 x2 − 43.75 x + 14 (x = dc/dins). Typical value of such a
conductivity is 4 to 5 times that of the insulation, for the wire dimensions adopted in practice.

9.3 Assigning the loss sources

In each part of the electrical machine in which the losses are generated, a heat generation is
imposed as a heat source. Therefore, each region of the model is characterized by specific
losses per volume (in W/m3).

The specific losses for the region within the stator slots are computed dividing the Joule losses
of the stator winding by the volume of the stator slots. The length Lstk of the model has to be
considered.

The specific losses for the stator iron region correspond to the stator iron losses divided by the
stator iron volume. When the iron tooth losses are quite different from the back iron losses, it
is convenient to consider two different regions where to assign the specific losses. In the PM
and rotor iron regions, the specific rotor losses are assigned.

9.4 Assign the boundary conditions

The temperatures of the winding in the slots, the stator iron and the PMs are referred to the
environment temperature, which is fixed to be Tenv = 0◦C. Therefore, the field solution yields
the temperatures rise with respect to the environment temperature.

A natural air convection is considered externally. This yields a thermal convection coefficient
equal to 6 W/(m2K). However, in the two–dimensional FE model, a higher thermal
convection coefficient is set taking into account of the surface increase due to the external
length of the frame as respect to the stator stack length, and the presence of fins, which are not
detailed in the model of Fig. 28. Typically a factor 3 is used, yielding the thermal convection
coefficient to be 18 W/(m2K). This is the boundary conditions at the outer surface of the
machine frame.

9.5 Thermal computation

Fig. 30(b) shows the result of the thermal FE analysis. The steady–state temperature rises are
indicated in the slots, in the PMs and in the stator iron. The thermal analysis refers to rated
conditions, considering only the Joule losses (standstill operations).

The higher temperature is reached in the slots. The maximum temperature rise reached is
about 90 K with respect to the environment temperature. The experimental measurements
(Barcaro et al., 2011) confirm the simulated results. According to an external temperature of
20 ◦C, the winding temperature reaches 110 ◦C, and the frame temperature 91 ◦C.

9.6 Overload and faulty operating conditions

Overload operations are typically required in many applications, where the operating mode
is discontinuous and repetitive accelerations and decelerations are demanded to the electrical

433Electromagnetic and Thermal Analysis of Permanent Magnet Synchronous Machines



26 Will-be-set-by-IN-TECH

Material Symbol Value (W/m · K)

Insulating lining λins 0.15
Insulating separator λsep 0.25
Copper+Varnish λwnd 0.70—1.0
Aluminum λAl 100
Iron λFe 50
Air λair 0.026
Air gap λgap 0.130
Magnet λmag 9
Shaft λsh 50

Table 3. Thermal conductivity of the main materials

Its value depends on the relative speed ωm between stator and rotor as well as the air gap
width. It is calculated as

λgap = 0.0019 η−2.9084 Re0.4614 ln(3.3361 η) (38)

where
η =

Di − 2 g
Di

Re =
ωm g

ν

(39)

and ν is the cinematic viscosity of air. Obliviously, if the rotor is at standstill, the air gap
conductivity is equal to the stationary value, i.e. λair.

9.2.2 Slot

The actual slot contains many conductors, insulated each other by means of varnish. However,
the drawing of all conductors make no sense. Therefore, the coil winding is modeled as an
equivalent homogeneous material characterized by a proper thermal conductivity, as shown
in Fig. 29.

Fig. 29. Thermal equivalent model of the slot

The equivalent thermal conductivity is computed as suggested in (Mellor et al., 1991;
Schuisky, 1967) . It depends on the ratio between the copper diameter dc and the
varnish–insulated diameter dins. It is

λCu−ins = F λins (40)

432 Finite Element Analysis – From Biomedical Applications to Industrial Developments Electromagnetic and Thermal Analysis of Permanent Magnet Synchronous Machines 27

where λins is the varnish–insulating conductivity, and the F is a multiplier factor (Schuisky,
1967) calculated as F = 37.5 x2 − 43.75 x + 14 (x = dc/dins). Typical value of such a
conductivity is 4 to 5 times that of the insulation, for the wire dimensions adopted in practice.

9.3 Assigning the loss sources

In each part of the electrical machine in which the losses are generated, a heat generation is
imposed as a heat source. Therefore, each region of the model is characterized by specific
losses per volume (in W/m3).

The specific losses for the region within the stator slots are computed dividing the Joule losses
of the stator winding by the volume of the stator slots. The length Lstk of the model has to be
considered.

The specific losses for the stator iron region correspond to the stator iron losses divided by the
stator iron volume. When the iron tooth losses are quite different from the back iron losses, it
is convenient to consider two different regions where to assign the specific losses. In the PM
and rotor iron regions, the specific rotor losses are assigned.

9.4 Assign the boundary conditions

The temperatures of the winding in the slots, the stator iron and the PMs are referred to the
environment temperature, which is fixed to be Tenv = 0◦C. Therefore, the field solution yields
the temperatures rise with respect to the environment temperature.

A natural air convection is considered externally. This yields a thermal convection coefficient
equal to 6 W/(m2K). However, in the two–dimensional FE model, a higher thermal
convection coefficient is set taking into account of the surface increase due to the external
length of the frame as respect to the stator stack length, and the presence of fins, which are not
detailed in the model of Fig. 28. Typically a factor 3 is used, yielding the thermal convection
coefficient to be 18 W/(m2K). This is the boundary conditions at the outer surface of the
machine frame.

9.5 Thermal computation

Fig. 30(b) shows the result of the thermal FE analysis. The steady–state temperature rises are
indicated in the slots, in the PMs and in the stator iron. The thermal analysis refers to rated
conditions, considering only the Joule losses (standstill operations).

The higher temperature is reached in the slots. The maximum temperature rise reached is
about 90 K with respect to the environment temperature. The experimental measurements
(Barcaro et al., 2011) confirm the simulated results. According to an external temperature of
20 ◦C, the winding temperature reaches 110 ◦C, and the frame temperature 91 ◦C.

9.6 Overload and faulty operating conditions

Overload operations are typically required in many applications, where the operating mode
is discontinuous and repetitive accelerations and decelerations are demanded to the electrical
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(a) geometry (b) temperature rise map

Fig. 30. Machine geometry and simulated temperature rise distribution over environment
temperature in healthy mode.

machine. Therefore, the electrical machine has to be designed so as to allow temporary
overload operations, according to the given cooling system of the system.

(a) DL1 configuration (b) DL2 configuration (c) DL3 configuration

(d) DL1 temp. rise map (e) DL2 temp. rise map (f) DL3 temp. rise map

Fig. 31. Machine geometry and simulated temperature rise distribution over environment
temperature in faulty mode: (a) and (d) DL1 configuration, (b) and (e) DL2 configuration, (c)
and (f) DL3 configuration.

Particular analysis deals with the faulty operating conditions, in which only a portion of the
machine is operating, while the other is disconnected from the power supply.
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Hereafter, a dual–three–phase machine is considered in which only half a coils are supplied
and the others are open circuited. The machine is fed by a phase current higher than the
nominal value, still satisfying the thermal insulating class limit. Referring to the 12–slot
10–pole double–layer PM machine this post–fault strategy has been proposed in (Barcaro
et al., 2011) .

9.6.1 Torque under faulty condition

The thermal analysis allows to compute which is the maximum torque that a machine can
exhibit according to the limit temperature rise and the fixed cooling system. Some results
are presented hereafter referring to the dual–three–phase machine, during faulty operating
conditions. Three different coil connections are considered. They are labeled as DL1, DL2,
and DL3, according to how the two sets of three–phase windings are placed within the stator.

Fig. 31(d) shows the temperature map in case of one open–circuited phase according to
the DL1 configuration of Fig. 31(a). Since the temperature rise of the winding is 52 K
(in comparison with 90 K of healthy operating conditions) the operating current could be
increased by a factor of

√
90/52 = 1.32.

Therefore, according to the thermal analysis, when the dual–three–phase machine is operated
under faulty operating conditions, it is possible to reach a torque about 70% of the healthy
value overloading the machine and without exceeding the limit temperature.

Fig. 31(e) shows the temperature map in case of one open–circuited phase according to
the DL2 configuration of Fig. 31(b). Fig. 31(f) shows the temperature map in case of one
open–circuited phase according to the DL3 configuration of Fig. 31(c).

9.7 Impact of the rotor losses

The rotor losses can have a strong impact on the temperature rises of the machine. Fig. 32
shows the temperature map for a PM machine and neglecting and considering rotor losses.
Colors from light blue to dark red show the temperature rise in the machine. In this example,
the temperature rises in PMs and Copper increase from 80 K to 100 K, and from 90 K to 98 K,
respectively. It is worth noticing how the rotor losses influence the thermal behavior of the two
machines. There is an evident increasing of the temperature both in PMs and in the winding,
that can cause magnet demagnetization as shown in Fig. 3(b).

(a) Without rotor losses (b) With rotor losses

Fig. 32. Effect of the rotor losses in the machine temperature
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(a) geometry (b) temperature rise map

Fig. 30. Machine geometry and simulated temperature rise distribution over environment
temperature in healthy mode.

machine. Therefore, the electrical machine has to be designed so as to allow temporary
overload operations, according to the given cooling system of the system.

(a) DL1 configuration (b) DL2 configuration (c) DL3 configuration

(d) DL1 temp. rise map (e) DL2 temp. rise map (f) DL3 temp. rise map

Fig. 31. Machine geometry and simulated temperature rise distribution over environment
temperature in faulty mode: (a) and (d) DL1 configuration, (b) and (e) DL2 configuration, (c)
and (f) DL3 configuration.

Particular analysis deals with the faulty operating conditions, in which only a portion of the
machine is operating, while the other is disconnected from the power supply.
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This means that the rotor losses can not be neglected, in order to avoid an underestimation of
the operating temperatures.
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1. Introduction  
Guided wave ultrasound is a promising technology for non-destructive inspection and 
monitoring of long slender structures such as pipes and rails. These structures are effectively 
one-dimensional waveguides and therefore a large length of the structure can be inspected 
from a single transducer location. A good introduction to guided wave inspection is 
available in (Rose, 2002). During the design of guided wave inspection systems it is 
advantageous to understand the modes of propagation, to predict how these modes interact 
with the damage to be detected and to be able to transmit and receive these modes 
independently (Lowe et al., 1998). Analytical solutions for wave propagation in circular 
cylinders are well known (Gazis, 1959) and may be used when developing pipe monitoring 
systems. When the cross-sectional geometry is more complex, such as in the case of rails, it 
becomes necessary to employ numerical solutions.  

It is possible to compute the wavenumber – frequency relations of propagating modes using 
conventional three – dimensional continuum finite element models, with appropriate 
boundary conditions, as was demonstrated by Thompson (1997). The advantage of this 
method is that it can be implemented using commercially available finite element codes, but 
requires significant user post processing, and the solution of many different model lengths. 
Alternately, semi-analytical finite elements (SAFE) can be specially formulated to efficiently 
analyse these problems. The formulation of these elements includes complex exponential 
functions to describe the wave propagation along the waveguide and conventional finite 
element interpolation functions across the cross-section. Therefore, only a two – dimensional 
mesh of the cross-section of the waveguide is required, which results in a significant 
reduction in the amount of computation required. These elements are sometimes called 
waveguide finite elements and have been implemented by a number of research groups 
(Aalami, 1973; Lagasse, 1973; Gavrić, 1995; Hayashi et al., 2003; Damljanović & Weaver, 
2004a; Bartoli et al., 2006; Predoi Mihai et al., 2007; Castaings & Lowe, 2008 and Ryue et al., 
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2008). In addition to computing dispersion properties of complex geometry waveguides, the 
SAFE approach has been applied to a number of other problems, including forced response 
computations (Damljanović & Weaver, 2004b), modelling of piezoelectric transducers 
attached to waveguides (Loveday, 2008), determining the power input to waveguides 
(Nilsson & Finnveden, 2007), and analysing the scattering of waves at discontinuities 
(Baronian et al., 2009). Authors use slightly different formulations and two popular 
formulations will be compared in Section 2. 

It is well known that the application of an axial load to a beam can influence the natural 
frequencies of the beam. Similarly, the application of an axial load to a waveguide can 
influence the wave propagation characteristics of the waveguide. In the case of 
continuously welded rail, the axial load in the rail is an important parameter. These rails 
are installed to generally be in tension but the amount of tension depends on the 
temperature. If the rail goes into compression there is a danger of buckling, which can 
lead to derailments while if the tension is excessive, the probability of fatigue cracks is 
increased and this can lead to rail breaks and derailments. A guided wave system was 
developed to continuously monitor rails for breaks (Loveday, 2000) and it would be a 
valuable addition if the same system could monitor the rail for compression in the rail 
before buckling. There has been considerable research into the possibility of using guided 
waves to measure the axial load in rails. Low frequency flexural waves were investigated 
by Damljanović & Weaver (2005) who proposed to use a scanning laser vibrometer to 
measure displacements of points along the rail and then to extract the wavenumber of the 
flexural wave at 200Hz (Damljanović & Weaver, 2004b). This method requires that the rail 
be released from the sleepers for a considerable length. Chen & Wilcox (2006) investigated 
the use of higher frequency guided waves for measuring loads in rods. Simulation results 
clearly demonstrated that the phase velocity and group velocity are sensitive to changes 
in load.  

The influence of the axial load on wave propagation characteristics may be analysed by 
three – dimensional finite element models, although the process is tedious and difficult at 
higher frequencies where numerous waves propagate (Chen & Wilcox, 2007). Recently the 
SAFE method was extended to include axial loads (Loveday, 2009) and it was demonstrated 
that the required modification to an existing SAFE code is trivial. This extension is described 
in Section 3 of this chapter. The use of SAFE to analyse the influence of axial loads on wave 
propagation in rails offers the advantage of computational efficiency. In addition because of 
the analytical nature of the method, it is possible to directly compute certain sensitivities 
that would otherwise have to be computed by a finite difference method (Loveday & 
Wilcox, 2010). These possibilities are described in Section 4 while numerical results are 
presented in Section 5.  

2. Semi-analytical finite element formulation for elastic waveguides 
The formulation presented here follows that of Gavrić (1995) who choose the complex 
exponential functions along the waveguide to have the axial terms phase shifted by π/2 
relative to the in-plane terms. This choice leads directly to symmetric matrices and is 
described in Section 2.1. Many of the other SAFE formulations used do not result in a 
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symmetric stiffness matrix, which is inconvenient for eigensolvers. These formulations will 
not be considered here. A different approach was adopted by Damljanović & Weaver 
(2004a) who used a transformation to obtain symmetric matrices. These matrices are the 
same as those obtained by Gavrić except that the sign of one matrix is reversed. A 
comparison of the two approaches is outlined in Section 2.2.  

2.1 Formulation by Gavrić  

The displacement field in an elastic waveguide, extending in the z direction, may be written 
as a complex exponential along the waveguide and a finite element approximation over the 
cross-section. The displacement fields (u, v, w) employed by are Gavrić (1995) were chosen 
to take the form: 
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where, z is the coordinate in the direction along the waveguide, κ the wavenumber and ω 
the frequency. u(x,y), v(x,y) and w(x,y) are the interpolated displacements in the x, y and z 
directions respectively. The strain energy of an infinitesimal element of the waveguide is, 
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where, * denotes complex transpose, 0k , 1k  and 2k  are defined below,   and c  are the 
strain and elasticity matrices defined in standard form as: 
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where ν is Poisson’s ratio and E is elastic modulus. The strains due to the displacement field 
in (1) are separated into a function over the cross-section, multiplied by the complex 
exponential. Furthermore, for convenience the terms that are dependent on the 
wavenumber are separated from those independent of wavenumber. The result is: 
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2008). In addition to computing dispersion properties of complex geometry waveguides, the 
SAFE approach has been applied to a number of other problems, including forced response 
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attached to waveguides (Loveday, 2008), determining the power input to waveguides 
(Nilsson & Finnveden, 2007), and analysing the scattering of waves at discontinuities 
(Baronian et al., 2009). Authors use slightly different formulations and two popular 
formulations will be compared in Section 2. 

It is well known that the application of an axial load to a beam can influence the natural 
frequencies of the beam. Similarly, the application of an axial load to a waveguide can 
influence the wave propagation characteristics of the waveguide. In the case of 
continuously welded rail, the axial load in the rail is an important parameter. These rails 
are installed to generally be in tension but the amount of tension depends on the 
temperature. If the rail goes into compression there is a danger of buckling, which can 
lead to derailments while if the tension is excessive, the probability of fatigue cracks is 
increased and this can lead to rail breaks and derailments. A guided wave system was 
developed to continuously monitor rails for breaks (Loveday, 2000) and it would be a 
valuable addition if the same system could monitor the rail for compression in the rail 
before buckling. There has been considerable research into the possibility of using guided 
waves to measure the axial load in rails. Low frequency flexural waves were investigated 
by Damljanović & Weaver (2005) who proposed to use a scanning laser vibrometer to 
measure displacements of points along the rail and then to extract the wavenumber of the 
flexural wave at 200Hz (Damljanović & Weaver, 2004b). This method requires that the rail 
be released from the sleepers for a considerable length. Chen & Wilcox (2006) investigated 
the use of higher frequency guided waves for measuring loads in rods. Simulation results 
clearly demonstrated that the phase velocity and group velocity are sensitive to changes 
in load.  

The influence of the axial load on wave propagation characteristics may be analysed by 
three – dimensional finite element models, although the process is tedious and difficult at 
higher frequencies where numerous waves propagate (Chen & Wilcox, 2007). Recently the 
SAFE method was extended to include axial loads (Loveday, 2009) and it was demonstrated 
that the required modification to an existing SAFE code is trivial. This extension is described 
in Section 3 of this chapter. The use of SAFE to analyse the influence of axial loads on wave 
propagation in rails offers the advantage of computational efficiency. In addition because of 
the analytical nature of the method, it is possible to directly compute certain sensitivities 
that would otherwise have to be computed by a finite difference method (Loveday & 
Wilcox, 2010). These possibilities are described in Section 4 while numerical results are 
presented in Section 5.  

2. Semi-analytical finite element formulation for elastic waveguides 
The formulation presented here follows that of Gavrić (1995) who choose the complex 
exponential functions along the waveguide to have the axial terms phase shifted by π/2 
relative to the in-plane terms. This choice leads directly to symmetric matrices and is 
described in Section 2.1. Many of the other SAFE formulations used do not result in a 
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symmetric stiffness matrix, which is inconvenient for eigensolvers. These formulations will 
not be considered here. A different approach was adopted by Damljanović & Weaver 
(2004a) who used a transformation to obtain symmetric matrices. These matrices are the 
same as those obtained by Gavrić except that the sign of one matrix is reversed. A 
comparison of the two approaches is outlined in Section 2.2.  

2.1 Formulation by Gavrić  

The displacement field in an elastic waveguide, extending in the z direction, may be written 
as a complex exponential along the waveguide and a finite element approximation over the 
cross-section. The displacement fields (u, v, w) employed by are Gavrić (1995) were chosen 
to take the form: 
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where, z is the coordinate in the direction along the waveguide, κ the wavenumber and ω 
the frequency. u(x,y), v(x,y) and w(x,y) are the interpolated displacements in the x, y and z 
directions respectively. The strain energy of an infinitesimal element of the waveguide is, 
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where, * denotes complex transpose, 0k , 1k  and 2k  are defined below,   and c  are the 
strain and elasticity matrices defined in standard form as: 
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where ν is Poisson’s ratio and E is elastic modulus. The strains due to the displacement field 
in (1) are separated into a function over the cross-section, multiplied by the complex 
exponential. Furthermore, for convenience the terms that are dependent on the 
wavenumber are separated from those independent of wavenumber. The result is: 
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The terms in the strain energy, which are independent, linearly and quadratically dependent 
can now be expressed as follows: 
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Four-noded isoparametric elements were used in this research although quadratic elements 
are more efficient (Andhavarapu et al., 2010). The standard interpolation matrix N, which is 
a function of local coordinate ( , )  , relates the nodal degrees of freedom to the coordinate 
and displacement distributions as follows: 

 1 1 1 2 2 2 3 3 3 4 4 4( , ) ( , ) ; [ ]Tu N u u u v w u v w u v w u v w     . (6) 

Where u is the vector of nodal displacements. The strains may now be written, 

 0 0 1 1( , ) ( , ) ; ( , ) ( , )B u B u           , (7) 

and the strains 0 1( , ), ( , )      are related to 0 1( , ), ( , )x y x y  by the Jacobian , J , as 
usual. Integration is performed over the area of the elements to give the elemental matrices. 
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The element matrices are assembled into the system equations of motion. For free vibration 
the equation of motion is: 
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 2
2 1 0 0MU K K K U        

 , (9) 

where capitals indicate the assembled counterpart of the lowercase elemental matrices. It 
should be noted that the mass ( M ) and stiffness ( 0 1 2, ,K K K ) matrices are all real and 
symmetric. 

2.2 Comparison with formulation by Damljanović and Weaver  

Damljanović & Weaver (2004a) employed the following functions to describe the 
displacement field:  
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After applying a procedure similar to that in Section 2.1 they obtain the system of equations 
of motion: 

 2
2 1 0 0MU K j K K U        

   (11) 

In this case the matrix 1K  is skew symmetric and they use the transformation matrix T to 
transform this matrix to a symmetric matrix. The matrix T has the form, 
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and can be thought of as a transformation from the physical coordinates to a transformed 
coordinate system, 

 t pU TU   (13) 

where, pU  are the displacements in the physical coordinates and tU  are the displacements 

in the transformed coordinates. The transformation has the properties * *T T TT I   and the 

reverse transformation is *
p tU T U . Applying this transformation to the matrices in (11) 

has the following result: 
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The terms in the strain energy, which are independent, linearly and quadratically dependent 
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the equation of motion is: 
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where capitals indicate the assembled counterpart of the lowercase elemental matrices. It 
should be noted that the mass ( M ) and stiffness ( 0 1 2, ,K K K ) matrices are all real and 
symmetric. 

2.2 Comparison with formulation by Damljanović and Weaver  

Damljanović & Weaver (2004a) employed the following functions to describe the 
displacement field:  
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After applying a procedure similar to that in Section 2.1 they obtain the system of equations 
of motion: 
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In this case the matrix 1K  is skew symmetric and they use the transformation matrix T to 
transform this matrix to a symmetric matrix. The matrix T has the form, 

 

1
1

1
1

j
T

j

 
 
 
 
 

  
 
 
 
 
 

  (12) 

and can be thought of as a transformation from the physical coordinates to a transformed 
coordinate system, 

 t pU TU   (13) 

where, pU  are the displacements in the physical coordinates and tU  are the displacements 

in the transformed coordinates. The transformation has the properties * *T T TT I   and the 

reverse transformation is *
p tU T U . Applying this transformation to the matrices in (11) 
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The transformation has no effect on the symmetric matrices, but the skew symmetric matrix 
is transformed to a symmetric matrix. The equations of motion in the transformed 
coordinates are then, 
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In order to compare the two formulations it is noted that the displacement functions used by 
Gavrić (1) may be written as,  

 p tU TU ,  (16) 

which is the conjugate of the transformation used by Damljanović & Weaver which was 
*

p tU T U . The result of the different transformations is that, in the transformed 

coordinates, the matrix 1K  in Garvić’s method is equal to 1K̂ in Damljanović & Weaver’s 
formulation. The other matrices are the same.  

If one were to start with the functions:  
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and follow Garvić’s method, the transformed matrices of Damljanović & Weaver would be 
obtained directly. 

3. Extension of SAFE to include axial load 
The presence of an initial stress or load introduces additional terms in the strain energy 
which therefore lead to additions to the stiffness matrix. The SAFE method is extended to 
include axial loads in one-dimensional waveguides in this section.  

When analysing small amplitude elastic waves we generally use the linear infinitesimal 
strain – displacement relations. However, when initial finite strains are present in the 
structure, it is necessary to make use of the full strain-displacement relation (Rose, 1999). 
The linear (  ) and full (E) strain - displacement relationships may be written as,  
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where u, v and w are displacements in the x, y and z directions respectively, as before. 

The potential energy per unit volume, k, may be written as the sum of the strain energy 
associated with the small amplitude elastic wave ( ) and the work performed by the initial 
stress ( (0) ). 

 (0)1
2

T Ts E E      (19) 

If we restrict our analysis to consider only an axial load on the waveguide, which extends in 
the z direction, we need only retain the initial stress (0)

zz . We can assume that the stresses 
associated with the small amplitude elastic wave are at least an order of magnitude smaller 
than the axial stress and therefore the product of these stresses and the non-linear strain 
terms are negligible.  

The strain energy can then be written as, 

 (0)1 [ ]
2 xx xx yy yy zz zz xy xy xz xz yz yz zz zzs E                          . (20) 

All of these terms except the term containing the initial load are already included in the 
linear strain energy used in the SAFE method. The term containing the initial load can be 
expanded as follows, 
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disappears when the variation of the Hamiltonian of the waveguide is 

taken as in Gavrić (1995) or alternatively when the Lagrange equations are applied as in 
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and follow Garvić’s method, the transformed matrices of Damljanović & Weaver would be 
obtained directly. 

3. Extension of SAFE to include axial load 
The presence of an initial stress or load introduces additional terms in the strain energy 
which therefore lead to additions to the stiffness matrix. The SAFE method is extended to 
include axial loads in one-dimensional waveguides in this section.  

When analysing small amplitude elastic waves we generally use the linear infinitesimal 
strain – displacement relations. However, when initial finite strains are present in the 
structure, it is necessary to make use of the full strain-displacement relation (Rose, 1999). 
The linear (  ) and full (E) strain - displacement relationships may be written as,  
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where u, v and w are displacements in the x, y and z directions respectively, as before. 

The potential energy per unit volume, k, may be written as the sum of the strain energy 
associated with the small amplitude elastic wave ( ) and the work performed by the initial 
stress ( (0) ). 

 (0)1
2

T Ts E E      (19) 

If we restrict our analysis to consider only an axial load on the waveguide, which extends in 
the z direction, we need only retain the initial stress (0)

zz . We can assume that the stresses 
associated with the small amplitude elastic wave are at least an order of magnitude smaller 
than the axial stress and therefore the product of these stresses and the non-linear strain 
terms are negligible.  

The strain energy can then be written as, 
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All of these terms except the term containing the initial load are already included in the 
linear strain energy used in the SAFE method. The term containing the initial load can be 
expanded as follows, 
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Damljanović & Weaver (2004a). This term represents the interaction of the initial stress with 
the linear strain, which does not feature in the equations of motion for linear systems. 
Therefore the only term we need to add to the linear strain energy expression, previously 
used in the SAFE, is, 
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Substituting the displacement interpolation functions and integrating as before produces the 
additional strain energy term with the form, 
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The form of this term is identical to that of the kinetic energy. Therefore the additional 
stiffness matrix is proportional to the mass matrix and the equations of motion can be 
written simply as, 

  (0)2
2 1 0 0Mu K K K K u        

 
 , (24) 

where,  

 
(0)
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 .  (25) 

As no new matrices have to be created it is trivial to extend existing software to analyse the 
influence of axial load on the wave propagation characteristics. 

4. Computation of dispersion characteristics 
If we consider free harmonic vibration (24) and (25) provide the eigenvalue problem, 

including the initial axial stress, 
(0)

0 zz  ,  
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. (26) 

To obtain the relationship between wavenumber and frequency it is necessary to specify one 
of these and solve the eigenvalue problem to obtain the other. If one is interested in the 
behaviour at a frequency or a range of frequencies these may be computed by 
complementing (26) with an identity as suggested by Hayashi et al. (2003) and then solving 
the following complex eigenvalue problem:  
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.  (27) 

The wavenumbers that are obtained, by solving this problem, can be real, imaginary or 
complex and occur in pairs with opposite sign corresponding to waves travelling in 
opposite directions. If the number of nodes in the model is denoted N, the eigensolution 
results in 6N eigenvalue-eigenvector pairs. 

If only the propagating modes are required the real wavenumber may be specified and the 
eigenvalue problem (26) may be solved. The propagating modes have real frequency,  and 
real mode shape  . The dispersion characteristics, of the propagating modes, may be 
obtained by solving this eigenvalue problem for a range of different real wavenumbers and 
collecting the real frequencies that are produced. This approach is used here. At each 
specified wavenumber a set of frequency points are obtained but there is no relationship 
between the frequencies at one wavenumber and those at the next wavenumber. If we want 
to plot the dispersion curves it is necessary to track the modes from one wavenumber to the 
next. A technique was developed to track the modes, utilizing the orthogonality property of 
the mode shapes, as expressed in (28). Equation 28 expresses the mass orthogonality of two 
arbitrary modes r and s but the stiffness orthogonality could have been used instead. 
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It is reasonable to assume that if small wavenumber steps are taken, the mode shapes will 
not change significantly between steps, and that a mode shape at one wavenumber would 
almost be mass-orthogonal to those at the next step. The mass-orthogonality of the mode 
shapes at wavenumber step k, to those at wavenumber step k+1, is computed, i.e.,  

 1( ) ( )T
k kM        .  (29) 

If the wavenumber versus frequency curves have not crossed in this wavenumber interval, 
the largest terms in the matrix Θ will be the diagonal terms. The presence of an off-diagonal 
term that is larger than the corresponding diagonal term, indicates that the curves have 
crossed. For example, if the terms Θi,i+1 and Θi+1,i are larger than the terms Θi,i and Θi+1,i+1 this 
indicates that the ith mode at wavenumber step k becomes the i+1th mode at wavenumber 
step k+1 and that the i+1th mode at wavenumber step k becomes the ith mode at 
wavenumber step k+1. This is then taken into account in the numbering of the modes so that 
a curve for each mode can be plotted. If the complex eigenvalue problem (27) is solved at a 
range of frequencies a similar approach may be used to plot the dispersion curves of the 
propagating modes (Loveday, 2008). 

The group velocities can be computed using an analytical expression similar to the one 
presented by Hayashi et al. (2003) for their element formulation. The analytical expression 
for the group velocity is obtained by differentiating the solution of the eigenvalue problem 
with respect to frequency, 
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Damljanović & Weaver (2004a). This term represents the interaction of the initial stress with 
the linear strain, which does not feature in the equations of motion for linear systems. 
Therefore the only term we need to add to the linear strain energy expression, previously 
used in the SAFE, is, 
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Substituting the displacement interpolation functions and integrating as before produces the 
additional strain energy term with the form, 
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The form of this term is identical to that of the kinetic energy. Therefore the additional 
stiffness matrix is proportional to the mass matrix and the equations of motion can be 
written simply as, 
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where,  
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As no new matrices have to be created it is trivial to extend existing software to analyse the 
influence of axial load on the wave propagation characteristics. 

4. Computation of dispersion characteristics 
If we consider free harmonic vibration (24) and (25) provide the eigenvalue problem, 

including the initial axial stress, 
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To obtain the relationship between wavenumber and frequency it is necessary to specify one 
of these and solve the eigenvalue problem to obtain the other. If one is interested in the 
behaviour at a frequency or a range of frequencies these may be computed by 
complementing (26) with an identity as suggested by Hayashi et al. (2003) and then solving 
the following complex eigenvalue problem:  
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The wavenumbers that are obtained, by solving this problem, can be real, imaginary or 
complex and occur in pairs with opposite sign corresponding to waves travelling in 
opposite directions. If the number of nodes in the model is denoted N, the eigensolution 
results in 6N eigenvalue-eigenvector pairs. 
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specified wavenumber a set of frequency points are obtained but there is no relationship 
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to plot the dispersion curves it is necessary to track the modes from one wavenumber to the 
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the mode shapes, as expressed in (28). Equation 28 expresses the mass orthogonality of two 
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a curve for each mode can be plotted. If the complex eigenvalue problem (27) is solved at a 
range of frequencies a similar approach may be used to plot the dispersion curves of the 
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presented by Hayashi et al. (2003) for their element formulation. The analytical expression 
for the group velocity is obtained by differentiating the solution of the eigenvalue problem 
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leading to an expression which can be rearranged to obtain the group velocity as the subject. 
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The analytical nature of the SAFE method also makes it possible to directly compute the 
sensitivity of the wavenumber to changes in axial load at a particular frequency as shown in 
(32). 
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In a similar way, the sensitivity of the wavenumber to changes in elastic modulus can be 
obtained  
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It is interesting to note the similar form and the role of the group velocity in these 
sensitivities. This feature was used to compare the change in wavenumber that would be 
expected to result from a change in temperature via these two mechanisms (Loveday & 
Wilcox, 2010). 

5. Results & discussion 
The influence of axial load on the wave propagation in an aluminium rod was computed 
and compared to an analytical solution. The analytical solution is based on Euler – Bernoulli 
beam theory and was presented by Chen and Wilcox (2007). The phase velocity vph, at 
frequency, ω, for a beam with Young’s modulus, E, second moment of area, I, mass per unit 
length, m, and subjected to a tensile axial load, T, is: 
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 .   (34) 

A 1 mm diameter aluminium rod was modelled with SAFE method without axial load and 
then with a tensile axial load corresponding to 0.1% axial strain. The results obtained are 
compared to the Euler-Bernoulli beam solution in fig 1. It is clear that the results of the SAFE 
analysis are practically identical to the Euler-Bernoulli beam model results. This result 
confirms the accuracy of the formulation and the numerical implementation of the method. 
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Fig. 1. Influence of strain on 1mm diameter aluminium rod computed by Euler-Bernoulli 
beam theory (top) and SAFE (bottom). 

The ability of the SAFE method to compute the influence of axial loads on complex shapes 
such as rails was demonstrated by computing the dispersion curves for a UIC60 rail profile. 
The model used a density of 7700 kg/m3, a Young’s modulus of 215 GPa and a Poisson’s 
ratio of 0.3. The axial load applied corresponds to 0.1% strain. This analysis was performed 
by setting the wavenumber and computing the frequencies of the propagating modes at this 
wavenumber. The wavenumber was increased in a number of steps and the orthogonality 
conditions were used to track the evolution of the modes. The wavenumber – frequency 
curves are shown in fig. 2, which shows numerous propagating modes. The case with no 
axial load is shown with dashed lines while the solid lines represent the case with axial load. 
The first four propagating modes, which propagate at all frequencies, are identified in the 
legend. It is difficult to see the influence of the axial load when the curves are plotted over 
50 kHz and 120 rad/m. The second plot shows a zoomed in view and the small influence 
can be observed in the fundamental horizontal and vertical bending modes in the frequency 
range between 5 kHz and 10 kHz.  
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leading to an expression which can be rearranged to obtain the group velocity as the subject. 
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The analytical nature of the SAFE method also makes it possible to directly compute the 
sensitivity of the wavenumber to changes in axial load at a particular frequency as shown in 
(32). 
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In a similar way, the sensitivity of the wavenumber to changes in elastic modulus can be 
obtained  
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It is interesting to note the similar form and the role of the group velocity in these 
sensitivities. This feature was used to compare the change in wavenumber that would be 
expected to result from a change in temperature via these two mechanisms (Loveday & 
Wilcox, 2010). 

5. Results & discussion 
The influence of axial load on the wave propagation in an aluminium rod was computed 
and compared to an analytical solution. The analytical solution is based on Euler – Bernoulli 
beam theory and was presented by Chen and Wilcox (2007). The phase velocity vph, at 
frequency, ω, for a beam with Young’s modulus, E, second moment of area, I, mass per unit 
length, m, and subjected to a tensile axial load, T, is: 

 
2 2

2

4
ph

EIv
T mEI T





 

 .   (34) 

A 1 mm diameter aluminium rod was modelled with SAFE method without axial load and 
then with a tensile axial load corresponding to 0.1% axial strain. The results obtained are 
compared to the Euler-Bernoulli beam solution in fig 1. It is clear that the results of the SAFE 
analysis are practically identical to the Euler-Bernoulli beam model results. This result 
confirms the accuracy of the formulation and the numerical implementation of the method. 
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Fig. 1. Influence of strain on 1mm diameter aluminium rod computed by Euler-Bernoulli 
beam theory (top) and SAFE (bottom). 

The ability of the SAFE method to compute the influence of axial loads on complex shapes 
such as rails was demonstrated by computing the dispersion curves for a UIC60 rail profile. 
The model used a density of 7700 kg/m3, a Young’s modulus of 215 GPa and a Poisson’s 
ratio of 0.3. The axial load applied corresponds to 0.1% strain. This analysis was performed 
by setting the wavenumber and computing the frequencies of the propagating modes at this 
wavenumber. The wavenumber was increased in a number of steps and the orthogonality 
conditions were used to track the evolution of the modes. The wavenumber – frequency 
curves are shown in fig. 2, which shows numerous propagating modes. The case with no 
axial load is shown with dashed lines while the solid lines represent the case with axial load. 
The first four propagating modes, which propagate at all frequencies, are identified in the 
legend. It is difficult to see the influence of the axial load when the curves are plotted over 
50 kHz and 120 rad/m. The second plot shows a zoomed in view and the small influence 
can be observed in the fundamental horizontal and vertical bending modes in the frequency 
range between 5 kHz and 10 kHz.  
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Fig. 2. Influence of strain on dispersion in UIC60 rail over a large frequency range (top) and 
zoomed in (bottom). 

The influence of axial load on the group velocities was computed using (31) and is shown in 
fig. 3. Again, the influence is small and the zoomed in view is necessary to see the influence. 
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The group velocity of the two fundamental flexural modes appears to be most sensitive in 
the frequency range from 3 kHz to 6 kHz. In this range the group velocity changes rapidly 
with frequency and significant dispersion would be observed in experiments. 

 
Fig. 3. Influence of strain on group velocity in UIC60 rail over a large frequency range (top) 
and zoomed in (bottom). 
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Finally, the sensitivity of the wavenumbers of the propagating modes to the axial load was 
computed using (32). The sensitivities are plotted in fig. 4 along with the relative 
sensitivities, which are the sensitivities normalised by the wavenumber.  

 
Fig. 4. Sensitivity (top) and relative sensitivity (bottom) of wavenumber to axial load in 
UIC60 rail. 
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These sensitivities indicate modes and frequencies where the axial load has an influence on 
the wavenumber or phase velocity more clearly than the curves in fig. 2. Again, the two 
fundamental flexural modes are the most sensitive. The relative wavenumber sensitivity 
provides a measure of how much the wavelength changes relative to the wavelength and if 
one considers transmitting and then receiving at a number of wavelengths further along the 
rail one could calculate the amount of phase change that would occur due to the axial load. 
The relative wavenumber sensitivity is highest at very low frequencies. At slightly higher 
frequencies the two fundamental flexural modes show maxima in the relative wavenumber 
sensitivities at approximately 5kHz and 6 kHz. It is interesting to note that these frequencies 
appear to correspond to minima in the group velocities of these two modes. This 
information would be useful when trying to design a system to exploit the wavenumber 
sensitivity to measure the axial load in a rail.  

6. Conclusion  
The SAFE method has become popular for analysing guided wave propagation in structures 
with complex geometries. The method, applied to one-dimensional waveguides, was 
extended to include the presence of an axial load. It was shown that the software 
modifications required for this extension are trivial. One of the advantages of the SAFE 
method is that it allows group velocities to be computed analytically. The analytical nature 
of the method can further be exploited to compute sensitivities analytically and the 
sensitivity of the wavenumber to axial load was computed in this manner. Results for 
propagating modes up to 50 kHz in UIC60 rail were computed.  
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1. Introduction 
The current interest in developing a manufacturing capability at the mixed scales is leading 
to a number of investigations concerned with the development of mesoscale machine tools 
(mMTs). The simulation of nanometric machining (Cook 1995, Inman 2001, Luo et al. 2003) 
and the effect of material microstructure (Komanduri et al. 2001 and Vogler et al. 2001) has 
led to the quest to construct machine tools capable of realizing ‘bottom-up’ fabrication 
processes in the general area of nanomanufacturing. The purpose of this paper is to 
investigate the use of a tetrahedral frame design to be used as a machine tool frame for meso, 
micro, and nanoscale machining applications. The problem with existing desk-top machine 
frames is the amount of vibration that is transmitted through the spindle, which affects the 
quality of surface finish and the dimensional accuracy imparted to the workpiece  
being machined. Owing to the way the spindle is mounted at the end of a cantilevered 
structure, low resonant frequencies can occur that are easily excited. In addition, the  

 
Fig. 1. Tetrahedral machine tool frame. 
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1. Introduction 
The current interest in developing a manufacturing capability at the mixed scales is leading 
to a number of investigations concerned with the development of mesoscale machine tools 
(mMTs). The simulation of nanometric machining (Cook 1995, Inman 2001, Luo et al. 2003) 
and the effect of material microstructure (Komanduri et al. 2001 and Vogler et al. 2001) has 
led to the quest to construct machine tools capable of realizing ‘bottom-up’ fabrication 
processes in the general area of nanomanufacturing. The purpose of this paper is to 
investigate the use of a tetrahedral frame design to be used as a machine tool frame for meso, 
micro, and nanoscale machining applications. The problem with existing desk-top machine 
frames is the amount of vibration that is transmitted through the spindle, which affects the 
quality of surface finish and the dimensional accuracy imparted to the workpiece  
being machined. Owing to the way the spindle is mounted at the end of a cantilevered 
structure, low resonant frequencies can occur that are easily excited. In addition, the  

 
Fig. 1. Tetrahedral machine tool frame. 
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amplitude of oscillation is more pronounced due to the geometry of the spindle mounting. 
An alternative approach is to design a vibration suppressing structure. When vibrations 
travel through a tetrahedral structure, they are canceled out or minimized due to the 
interference between the vibrating waves as they travel through the loops of the structure. 
The ability to minimize vibrations is needed because if the spindle oscillates during 
machining, an increase in the depth of cut will occur thus reducing the quality of surface 
finish, or dimensional accuracy of the machined part will be reduced significantly. Figure 1 
shows the tetrahedral structure constructed for the purpose of this investigation. Modal 
analysis experiments were performed to investigate the structural response of the structure. 
Modal analysis experiments consisted of measuring the natural frequencies of the structure 
and deducing frequency response functions (F.R.F.) to determine the mode shapes of the 
structure. In addition, a finite element model (F.E.A.) model was constructed to compare to 
the experimental data, which also may be used for modeling any alterations to the design.  

2. Analysis 
The tetrahedral frame was initially analyzed from a numerical viewpoint using a closed-
form solution and a numerical solution using finite element analysis.  

2.1 Finite element model 

Modal analysis of the tetrahedral structure using the finite element method was performed 
to obtain the natural frequencies and the mode shapes within the range of 0-8500 Hz, to 
compare to experimentally determined mode shapes. Modal analysis simulation was  

 
Fig. 2. Finite-element model of the machine tool frame. 
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performed using the finite element software package ANSYS 6.1. Model preparation was the 
first step in analyzing the modes of the tetrahedral structure (Stephenson 2002). This step 
involved creating a beam model of the structural members. The six bars that link the spheres 
and the reinforcement connections, which tie together the spindle sub-frame and the 
reinforcement bars were modeled using (ANSYS beam 188 elements), which have three 
translational degrees of freedom , ,x yU U and, zU at each node and three rotational degrees 
of freedom ,x y   and z . The three rotational degrees of freedom were needed to 
accurately simulate the boundary conditions at the vertices of the structure. The finite 
element model, shown in Figure 2 consists of 115 elements and 513 nodes. The material 
properties of cold rolled steel were used in the modal analysis. 

Each of the beam elements used enabled a geometric cross-section to be assigned. Each of 
the structural beams was given a circular cross-section of 0.75” diameter. The spindle holder 
was modeled by using a 3.5” O.D. 0.70” I.D. beam. This allowed the spindle holder to rotate 
and bend in a smooth manner. To simulate the spheres located at each of the vertices of the 
structure, a mass element (ANSYS mass 21) was used. The actual spheres of the structure 
were weighed and mass moments of inertia were calculated for them, and then input into 
the mass element model. Beam elements were chosen over solid elements to reduce the 
computation time required to solve the problem.  

2.2 Closed-form solution model 

Sample calculations were performed to approximate the dynamic response of the 
tetrahedral structure. The purpose of these calculations is to obtain a continuous model of 
the structure instead of a finite element approximation.  

The structure was modeled as four spheres at each of the vertices of the tetrahedron, with 
springs simulating the structural links between them. Equation 1 was the equation used to 
generate a mathematical model of the structure. 

 
..

[ ] * [ ] * 0M X K X   (1)  

Where, [ M ] is the matrix of masses for each sphere, 
..
X is the acceleration of each sphere, 

[ K ] is the stiffness matrix for all of the structural links, and X is the displacement of each 
sphere. Equation 2 was used to model the stiffness ( K ) of each connecting rod only (axial 
displacements are considered in this formulation to decrease the complexity of the solution), 

 *A EK
L

  where 
secA cross tionalarea

E ModulusofElasticity
L LengthofRods

 



  (2) 

Since this structure was modeled as a 9 degree-of-freedom (d.o.f.) system, the methods listed 
by Inman (2001) were used. This method assumes that each of the d.o.f.’s can be modeled by 
the superposition of several single d.o.f. systems. The structure is a three-dimensional 
structure, where each equation had to be related to a global coordinate system similar to the 
methods used in finite element formulations. There were three degrees of freedom for the 



 
Finite Element Analysis – From Biomedical Applications to Industrial Developments 

 

456 

amplitude of oscillation is more pronounced due to the geometry of the spindle mounting. 
An alternative approach is to design a vibration suppressing structure. When vibrations 
travel through a tetrahedral structure, they are canceled out or minimized due to the 
interference between the vibrating waves as they travel through the loops of the structure. 
The ability to minimize vibrations is needed because if the spindle oscillates during 
machining, an increase in the depth of cut will occur thus reducing the quality of surface 
finish, or dimensional accuracy of the machined part will be reduced significantly. Figure 1 
shows the tetrahedral structure constructed for the purpose of this investigation. Modal 
analysis experiments were performed to investigate the structural response of the structure. 
Modal analysis experiments consisted of measuring the natural frequencies of the structure 
and deducing frequency response functions (F.R.F.) to determine the mode shapes of the 
structure. In addition, a finite element model (F.E.A.) model was constructed to compare to 
the experimental data, which also may be used for modeling any alterations to the design.  

2. Analysis 
The tetrahedral frame was initially analyzed from a numerical viewpoint using a closed-
form solution and a numerical solution using finite element analysis.  

2.1 Finite element model 

Modal analysis of the tetrahedral structure using the finite element method was performed 
to obtain the natural frequencies and the mode shapes within the range of 0-8500 Hz, to 
compare to experimentally determined mode shapes. Modal analysis simulation was  

 
Fig. 2. Finite-element model of the machine tool frame. 

 
Finite Element Analysis of Desktop Machine Tools for Micromachining Applications 

 

457 

performed using the finite element software package ANSYS 6.1. Model preparation was the 
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involved creating a beam model of the structural members. The six bars that link the spheres 
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translational degrees of freedom , ,x yU U and, zU at each node and three rotational degrees 
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accurately simulate the boundary conditions at the vertices of the structure. The finite 
element model, shown in Figure 2 consists of 115 elements and 513 nodes. The material 
properties of cold rolled steel were used in the modal analysis. 

Each of the beam elements used enabled a geometric cross-section to be assigned. Each of 
the structural beams was given a circular cross-section of 0.75” diameter. The spindle holder 
was modeled by using a 3.5” O.D. 0.70” I.D. beam. This allowed the spindle holder to rotate 
and bend in a smooth manner. To simulate the spheres located at each of the vertices of the 
structure, a mass element (ANSYS mass 21) was used. The actual spheres of the structure 
were weighed and mass moments of inertia were calculated for them, and then input into 
the mass element model. Beam elements were chosen over solid elements to reduce the 
computation time required to solve the problem.  

2.2 Closed-form solution model 

Sample calculations were performed to approximate the dynamic response of the 
tetrahedral structure. The purpose of these calculations is to obtain a continuous model of 
the structure instead of a finite element approximation.  

The structure was modeled as four spheres at each of the vertices of the tetrahedron, with 
springs simulating the structural links between them. Equation 1 was the equation used to 
generate a mathematical model of the structure. 

 
..
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Where, [ M ] is the matrix of masses for each sphere, 
..
X is the acceleration of each sphere, 

[ K ] is the stiffness matrix for all of the structural links, and X is the displacement of each 
sphere. Equation 2 was used to model the stiffness ( K ) of each connecting rod only (axial 
displacements are considered in this formulation to decrease the complexity of the solution), 
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Since this structure was modeled as a 9 degree-of-freedom (d.o.f.) system, the methods listed 
by Inman (2001) were used. This method assumes that each of the d.o.f.’s can be modeled by 
the superposition of several single d.o.f. systems. The structure is a three-dimensional 
structure, where each equation had to be related to a global coordinate system similar to the 
methods used in finite element formulations. There were three degrees of freedom for the 
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top sphere and two degrees of freedom for the base spheres, which led to 9 possible natural 
frequencies. Damping was not considered in the mathematical modeling of this structure 
since it would create more difficulty in solving the equations. 

2.2.1 Boundary conditions 

The boundary conditions used for this structure had to allow the structure to translate along 
its base, but be constrained from movement in the vertical direction. To obtain these 
constraints, the top sphere was the only one that included a Z-axis component in the 
stiffness matrix, which allowed movement in the vertical direction. This allowed the vertical 
bars to move, which is required if the top sphere was allowed to oscillate. The base spheres 
did not include a vertical component since they were constrained from movement in the Z -
direction. Since the displacement constraints existed only in the vertical direction, rigid 
body motion was to be expected, which led to three of the eigenvalues to be zero.  

2.2.2 Free-body diagrams and derivation of equations of motion 

Each of the spheres was modelled using a free-body diagram. The effect of gravity was 
neglected since it is taken into account by the equilibrium displacement of each of the 
structural links. The spring stiffness vectors corresponding to the direction illustrated the 
directions of displacement for the spheres. Damping was not considered in the 
mathematical modeling of this structure since it would create more difficulty in solving the 
equations and because it would not dramatically alter the natural frequencies of the 
structure. The equations of motion were derived from the free-body diagrams that were  

 
Fig. 3. Free-body diagram of the tetrahedral structure. 
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created for each of the spheres. There were two equations for each of the base spheres, and 
three equations for the top sphere. Since each of the links transmits oscillatory waves 
between the spheres, Newton’s third law was used to simulate how each of the spheres 
responded to the force transmitted. Newton’s third law of motion states that a body acted 
upon by a force will respond with an equal and opposite force to achieve equilibrium.  

The first step to deriving a mathematical model was to relate the motion of each bar to a 
local X-Y-Z coordinate system. A brief example of how the equations for base sphere 1 were 
developed is shown. This example relates the motion for the links between sphere 1 and the 
spheres adjacent to it.  

The free-body diagram shown in Figure 3 can be described using a set of local co-ordinate 
systems for each sphere connected to a global co-ordinate system connected by a series of 
rods. The system is shown in Figure 4. 

 

 
 

Fig. 4. Local and global co-ordinate system describing the relationship between spheres and 
connecting rods in the tetrahedral machine tool structure. 

Figure 4 shows that, 

 1,4 cos(54.7 ) sin(54.7 )o o
xy zN e e      (3)  

 cos(30 ) sin(30 )o o
xy y xe e e     (4)  

Substituting for xye  yields, 
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Figure 4 shows that, 

 1,4 cos(54.7 ) sin(54.7 )o o
xy zN e e      (3)  

 cos(30 ) sin(30 )o o
xy y xe e e     (4)  

Substituting for xye  yields, 
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 4,1 ( cos(30 ) sin(30 )) cos(54.7 ) sin(54.7 )o o o o
y x zN e e e         (5)  

 1 1 1( )x yU e x e y   (6) 

 4 4 4( )x yU e x e y    (7)  

 1,4 1 1,4U U N   (8)  

 4,1 4 1,4U U N   (9) 

Equation 10 involves taking the dot product between the unit vector 1U  and 1,4N to give, 

1,4 1 1( ) (( cos(30 ) sin(30 )) cos(54.7 )

sin(54.7 ))

o o o
x y y x

o
z

U e x e y e e

e

         


 

 1,4 1 1( sin(30 ) cos(30 )) cos(54.7 )o o oU x y       (10) 

Equation 11 involves taking the dot product between the unit vector 4U  and 1,4N  and 
reducing to give, 

4,1 4 4 4( ) (( cos(30 ) sin(30 )) cos(54.7 )

sin(54.7 ))

o o o
x y z y x

o
z

U e x e y e z e e

e

           


 

That becomes, 

 4,1 4 4 4( sin(30 ) cos(30 )) cos(54.7 ) sin(54.7 )o o o oU x y z          (11) 

Now writing the force balance, 

 4,1 41 14( )F K U U   (12) 

Thus Equation 12 becomes, 

 4,1 4 1 4 1

4

[( ) sin(30 ) cos(54.7 ) ( ) cos(30 ) cos(54.7 )

sin(54.7 )]

o o o o

o

F K x x y y

z

         


 (13)  

The local equation of motion for the rod between sphere 1 and sphere 2 is shown in Figure 5. 

Figure 5 shows that, 

 1,2 sin(60 ) cos(60 )o o
x yN e e    

  (16) 

 2,1 sin(60 ) cos(60 )o o
x yN e e    

 (17) 
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Fig. 5. Local and global co-ordinate system describing the relationship between spheres 1 
and 2 and connecting rods in the tetrahedral machine tool structure. 

 1 1 1( )x yU e x e y   (18) 

 2 2 2( )x yU e x e y   (19) 

 1,2 1 1,2U U N   (20) 

 2,1 2 2,1U U N   (21) 

 1,2 1 1( ) ( sin(60 ) cos(60 ))o o
x y x yU e x e y e e          (22) 

 2,1 2 2( ) ( sin(60 ) cos(60 ))o o
x y x yU e x e y e e          (23) 

Equation 23 reduces to, 

 2,1 2 2( sin(60 ) cos(60 ))o oU x y      (24) 

Now writing the force balance: 

 2,1 2,1 1,2( )F K U U   (25) 
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Thus, Equation 25 becomes: 

 2,1 2 1 2 1[( ) sin(60 ) ( ) cos(60 )]o oF K x x y y        (26) 

The local equation of motion for the rod between sphere 1 and sphere 3 is shown in Figure 6. 

 
Fig. 6. Local and global co-ordinate system describing the relationship between spheres 1 
and 3 and connecting rods in the tetrahedral machine tool structure. 

 
Fig. 7. Global co-ordinate system representing the tetrahedral machine tool structure in the 
form of a rod and sphere free-body diagram. 

Now that the local equations of motion have been derived, the global system of equations 
must be defined. Summing forces in the X, and Y directions accomplish this task. The Z-
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direction is not considered since the sphere is restricted from movement in this direction. 
Figure 7 shows the arrangement for the definition of the global co-ordinates of rods and 
spheres. 

 3,1 3 1( )F K y y    (27) 

 
..

1 1,2 1,4 1cos(30 ) cos(54.7 ) sin(30 ) 1
o o o

xF F F M x          (28) 

Substituting equations Equation 13, and Equation 26 yields, 

 
2 1 2 1

4 1
..

4 1 4 1

cos(30 ) [( ) sin(60 ) ( ) cos(60 )]

cos(54.7 ) sin(30 ) [( ) sin(30 ) cos(54.7 )

( ) cos(30 ) cos(54.7 ) sin(54.7 )] 1

o o o

o o o o

o o o

K x x y y

K x x

y y z M x

        

        

      

  (29) 

D’Alembert’s Principle is used so that the equation will be in the correct form for 
substituting into the stiffness matrix, K, and into the mass matrix, M, thus, 

 
2 1 2 1

4 1
..

4 1 4 1

cos(30 ) [( ) sin(60 ) ( ) cos(60 )]

cos(54.7 ) sin(30 ) [( ) sin(30 ) cos(54.7 )

( ) cos(30 ) cos(54.7 ) sin(54.7 )] 01

o o o

o o o o

o o o

K x x y y

K x x

y y z M x

       

       

       

  (30) 

Summing forces in the Y-direction gives, 

 
..

1 1,2 1,3 1,4 1cos(60 ) cos(54.7 ) cos(30 ) 1
o o o

yF F F F M y         (31) 

Substituting equations Equation 13, and Equations 26 and 27 yields, 

 

2 1 2 1

3 1

4 1
..

4 1 4 1

cos(60 ) [( ) sin(60 ) ( ) cos(60 )]
[( )]

cos(54.7 ) cos(30 ) [( ) sin(30 ) cos(54.7 )

( ) cos(30 ) cos(54.7 ) sin(54.7 )] 1

o o o

o o o o

o o o

K x x y y
K y y

K x x

y y z M y

       
  

        

      

  (32) 

Again, D’Alembert’s Principle is used so that the equation will be in the correct form for 
substituting into the stiffness matrix, K, and the mass matrix, M, 

 

2 1 2 1

3 1

4 1
..

4 1 4 1

cos(60 ) [( ) sin(60 ) ( ) cos(60 )]
[( )]

cos(54.7 ) cos(30 ) [( ) sin(30 ) cos(54.7 )

( ) cos(30 ) cos(54.7 ) sin(54.7 )] 01

o o o

o o o o

o o o

K x x y y
K y y

K x x

y y z M y

        
  

        

       

  (33) 
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Thus, Equation 25 becomes: 
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form of a rod and sphere free-body diagram. 
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direction is not considered since the sphere is restricted from movement in this direction. 
Figure 7 shows the arrangement for the definition of the global co-ordinates of rods and 
spheres. 
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D’Alembert’s Principle is used so that the equation will be in the correct form for 
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Summing forces in the Y-direction gives, 
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Again, D’Alembert’s Principle is used so that the equation will be in the correct form for 
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Equations 30 and 33 may be substituted into the stiffness matrix K and the mass matrix M. 

2.2.3 Solution of matrices 

After the equations for the 9 degrees-of-freedom were written, they were solved to find 
the natural frequencies of vibration. Two matrices were built, one for the mass matrix 
[ M ], and a stiffness matrix [ K ]. Once the matrices were built the eigen function was used 
to solve the eigenvalues and eigenvectors. Once the eigenvalues were solved, the square 
root was taken followed by dividing by 2, which yielded the natural frequencies of the 
system in units of Hertz. There were three zero eigenvalues, which was expected since 
rigid-body motion in the X and Y  directions and rotation in the XY plane was allowed. 
There were also two repeated eigenvalues that occurred due to symmetry of the structure. 
This was considered to be trivial since the eigenvectors would not be used for generating 
mode shapes. A list of the natural frequencies found from the mathematical model is 
shown in Table 1. 

 

Mode set Frequency (Hertz) 

0 0 

1 0 

2 0 

3 0 

4 19.6 

5 19.6 

6 33.0 

7 34.6 

8 34.6 

9 50.2 

Table 1. Natural frequencies generated for the tetrahedral machine tool structure based on 
the results using the closed-form model. 

2.3 Model verification 

A comparison of the closed-form solution and the simplified finite-element model of the 
structure was performed. This was conducted to determine whether the finite element 
software, ANSYS, would yield accurate results that would be comparable to the 
mathematical model. The bar model from ANSYS consists of 6 bar elements and 4 mass 
elements, which are located at the vertices of the structure. The bar element was a beam 3 
element, which only allows movement along its axis, thus tension or compression. This was 
used since the mathematical model was formulated in this manner. The structure was 
constrained from movement in the Uy direction and rotations about the Z-axis, and the X 
axis. The model and the constraints are shown in Figure 8. 
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Fig. 8. A simple bar model to compare to the closed-form solution. 

Finite element bar model 
(ANSYS) 

Closed-form solution 
model 

% Difference Mode set Frequency Mode set Frequency

 (Hz)  (Hz) 

1 0 1 0 0% 
2 0 2 0 0% 
3 0 3 0 0% 
4 23.5 4 19.6 -20% 
 Not available 5 19.6 0% 
 Not available 6 33.0 0% 
5 37.1 7 34.6 -7% 
 Not available 8 34.6 0% 
6 51.4 9 50.2 -2% 

Table 2. Comparison of finite element bar model to the closed-form solution. 
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Fig. 9. Finite-element bar model showing displacement of the structure at a frequency of 23.5 
Hz. 

 
Fig. 10. Finite element bar model showing displacement of the structure at a frequency of 37 
Hz. 
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Table 2 lists the frequencies found from the finite element model and compares them to the 
closed-form solution. Both models show three rigid body modes and have three frequencies 
that are similar. Only six frequencies were found from ANSYS since it only had six degrees 
of freedom, one for each of the bar elements. In addition, it can be seen as the frequencies 
increase the percentage difference decreases. The finite element beam model built to 
compare with the measured model was not used to compare with the closed-form solution 
because it did not include any bending modes, therefore the two do not correlate. However 
the closed-form solution is useful, since it proved that ANSYS compares accurately using a 
simplified bar model, and should compare well to the measured model. 

Since the finite element model compares reasonably well with the closed-form solution, the 
mode shapes that were generated from ANSYS are shown in Figures 9-11.  

It can be shown from Figure 9 and Figure 10 that the top vertex oscillates along one of the 
rods. One of the upper rods shortens, whereas the opposing rods rotate about the base 
vertices. 
 

 
Fig. 11. Finite element bar model showing displacement of the structure at a frequency of 
51.3 Hz. 

Figure 11. Illustrates how the structure oscillates at 51.3 Hz. It can be seen that each of the 
upper rods elongates thus causing the top vertex to increase its height. 
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3. Experimental 
The impact hammer test has become a widely used device for determining mode shapes. 
The peak impact force is nearly proportional to the mass of the head of the hammer and its 
impact velocity. The load cell in the head of the hammer provides a measure of the impact 
force. This data is used to compute the frequency response function (F.R.F.). The use of an 
impact hammer avoids the mass-loading problem and is much faster to use than a shaker. 
An impact hammer consists of a hammer with a force transducer built into the head of the 
hammer. The hammer is used to impart an impact to the structure and excite a broad range 
of frequencies. The impact event is supposed to approximate a Dirac-delta function [2].  

3.1 Experimental method 

The tetrahedral structure [6] was placed on a granite table in order to gain accelerometer 
measurements, thus the structure was allowed to freely move longitudinally and 
transversely across the table. The roving accelerometer approach was used for all of the 
measurements. The center of the spindle frame was used as the excitation point for the 
structure. The accelerometer was placed at various points of interest about the structure. 

3.2 Experimental procedure 

The data acquisition system was set up to take data at a sampling frequency, Fs, of 17000 Hz 
for 8192 points with a delay of 100 points. The voltage range on both channels was set to +\- 
5 volts. Data was acquired in the time domain by averaging 8 ensembles and storing the 
data in binary format for use by Matlab software. This data was used to find the natural 
frequencies of the structure and their corresponding mode shapes. While applying the 
roving accelerometer technique, the structure was excited in the center of the spindle sub-
frame and data was acquired at points 1-28. Before the time domain data was stored, it was 
filtered to remove any aliasing that might have occurred from under-sampling. This was 
accomplished by installing an analog filter between the power supply and the P.C. The 
frequency was set at 8500 Hz, which corresponds to the Nyquist frequency of the measured 
data. After the data was recorded, it was translated into a binary file to be fed into Matlab 
software. The method used on the F.R.F. data of a multi-degree-of-freedom structure is the 
single-degree-of-freedom-curve-fit (S.D.O.F.). In this method the frequency response 
function for the compliance is sectioned off into frequency ranges bracketing each successive 
peak. Each peak is analyzed by assuming that it is the F.R.F. of a single-degree-of-freedom 
system. This assumes that in the vicinity of resonance the F.R.F. is dominated by that single 
mode. Once the frequency response function (F.R.F.) is completed for the chosen data points 
of a structure, it is then appropriate to compute the natural frequencies, damping ratios and 
modal amplitudes with each resonant peak. An example of one of the F.R.F.’s is shown in 
Figure 13. The damping ratio associated with each peak is assumed to be the modal 
damping ratio Zeta, . The modal damping ratio Zeta is related to the frequencies 
corresponding to Equation 34. 

 ( )
( ) ( )
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a b
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H H


     (34) 

And 2b a d    , so that 
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d  is the damped natural frequency at resonance such that a  and b  satisfy Equation 3. The 
condition of Equation 34 is termed the 3 dB down point. Both the natural frequency and the 
damping ratio Zeta may be found using this method. Once the values of a  and b  are 
determined, then   is found for the structure at the prescribed frequency (Equation 35). This 
method was used in the software to experimentally determine the damping and mode shapes. 
Figure 13 gives an example of F.R.F. data set that was found from the tetrahedral structure. 

 
Fig. 12. Magnitude of the frequency response function, illustrating the calculation of the 
modal damping ratio by using the quadrature peak-picking method for lightly damped 
systems. 

 
Fig. 13. Example of F.R.F. data set cut off at 5000 Hz. 
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3.3 Experimental analysis 

Using the measured data obtained from Me-Scope software, a model was constructed and 
the data was used to find structural damping and mode shapes. At first it was thought that 
the data was too low since the operating frequencies of the spindle are above 4500 Hz. 
However the operating frequencies of the spindle could excite lower frequencies while 
machining. Therefore, this data is useful if the structure is excited at these frequencies by 
some other means, such as localized impacts the structure might experience during a 
machining operation. This is shown in the following series of illustrations at the chosen 
frequencies (Figures 15 –20). The measured data for each node was adjusted such that the 
axis of orientation corresponded with the orientation of the accelerometer. 

 
Fig. 14. Schematic diagram of the tetrahedral machine tool structure showing experimental 
points-of-measurement for determining mode shapes. 
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Figure 14 illustrates where mode shape measurements were taken during the experimental 
phase of this study (numbers 1-28 represent actual data points, whereas the other numbers 
were used for interpolation between measurement points. 

4. Results and discussion 
The measured data compared accurately with the finite element results. It was found that 
the position of the centre of the spindle proved to be a point inside the structure that 
experienced minimal oscillations. It appeared that the structure was kinematically balanced 
such that different parts of the structure had oscillations that were out of phase with other 
parts. The tetrahedral structure was analyzed in its working orientation. The results are 
tabulated in Table 1.  

Measured data Finite element results  

(Me-Scope software) (ANSYS software) % Difference 
125 125 0% 
203 200 1% 
401 407 -1% 
534 535 0% 
601 600 0% 
1070 1085 -1% 
1820 1794 1% 

Table 3. Comparison between measured and finite element calculations. 

Not all of the results are listed, only those of interest. The first column is the measured 
natural frequency, followed by the finite element generated natural frequency in the second 
column. The observed modes of interest are shown in Figures 15-17. The following figures 
illustrate how the tetrahedral structure oscillates at various frequencies. The measured data 
mode shape is given first, followed by a corresponding finite element generated mode 
shape. As the frequency is increased, the results from the finite element model seem to 
diverge from the measured mode shapes. It is thought that as oscillation modes increase 
they tend to depart from Bernoulli beam theory upon which the finite element generated 
results depend. For most of the natural frequencies, the amount of oscillation of the spindle 
is small, or approximately zero, which is preferred since the amount of spindle oscillation 
from equilibrium is translated directly to the machined workpiece. The results from ANSYS 
above 1794 Hz did not coincide with what was measured, therefore no comparison was 
made. However, measured frequencies above 1820 Hz are shown because they are useful for 
future design revisions to the structure. Axial responses, as well as transverse responses, 
from the measured data were used to compare to the finite element results. Torsional data 
was ignored since it was not recorded using the accelerometer and the Me-Scope 
measurement software. It can be seen from the percent difference that the results from 
ANSYS have a natural frequency that resembles the measured results. However, they do not 
converge exactly instead the results oscillate about the measured data. 
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Fig. 15a. Me-Scope measured mode shape data (i.e., displacement) at a frequency of 125 Hz. 

 
Fig. 15b. Finite element generated model of mode shape data (displacement) at a frequency 
of 125 Hz. 

The measured mode shape data using ME-Scope software at a frequency of 125 Hz shows 
an axial deflection for the spindle frame. However, the spindle itself remains stationary. The 
ANSYS model shows bending in the spindle sub-frame. Both finite element models show 
axial bending modes in the structural bars. 
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Fig. 16a. Me-Scope measured mode shape data (displacement) at a frequency of 232 Hz. 

 
Fig. 16b. Finite element generated model of mode shape data (displacement) at a frequency 
of 222 Hz. 

The measured mode shape at 232 Hz illustrates how the structure cancels out oscillations 
that are transmitted through the spindle. It is apparent from the measured mode shape as 
well as the finite element model, how various structural members are out of phase, which 
prevents any displacement of the spindle from its equilibrium position thus achieving a 
preferred effect for machining. 
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Fig. 17a. Me-Scope measured mode shape data (displacement) at a frequency of 1820 Hz. 

 
Fig. 17b. Finite element generated model of mode shape data (displacement) at a frequency 
of 1794 Hz. 
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The measured data vaguely coincides with the finite element model once the frequencies 
reach approximately 1800 Hz, as illustrated from the images from Me-Scope at 1820 Hz and 
the finite element results at 1794 Hz. For this reason the finite element results have been 
omitted above 1820 Hz. This may be due to inadequate modeling of the structural 
connections, but most likely due to Bernoulli beam theory not being applicable at these 
frequencies. The only characteristic that is common to both of the models is the restricted 
oscillation of the spindle. It can readily be seen from the following Figures 18 – 20 that there 
is virtually zero oscillation in the spindle at most of the measured frequencies, this is 
accompanied by the finite element model as well. The reason for omitting results above 4460 
Hz is because the F.R.F. from the measured data was not clean, thereby resembling noise, 
which is not useful for an adequate conclusion to be made. This is because the impact 
hammer method of exciting a structure is limited to approximately 4000 Hz.  

 
Fig. 18. Me-Scope measured mode shape data (displacement) at a frequency of 2890 Hz. 

 

 
Fig. 19. Me-Scope measured mode shape data (displacement) at a frequency of 3400 Hz. 
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connections, but most likely due to Bernoulli beam theory not being applicable at these 
frequencies. The only characteristic that is common to both of the models is the restricted 
oscillation of the spindle. It can readily be seen from the following Figures 18 – 20 that there 
is virtually zero oscillation in the spindle at most of the measured frequencies, this is 
accompanied by the finite element model as well. The reason for omitting results above 4460 
Hz is because the F.R.F. from the measured data was not clean, thereby resembling noise, 
which is not useful for an adequate conclusion to be made. This is because the impact 
hammer method of exciting a structure is limited to approximately 4000 Hz.  

 
Fig. 18. Me-Scope measured mode shape data (displacement) at a frequency of 2890 Hz. 

 

 
Fig. 19. Me-Scope measured mode shape data (displacement) at a frequency of 3400 Hz. 
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Fig. 20. Me-Scope measured mode shape data (displacement) at a frequency of 4460 Hz. 

5. Conclusions 
It is concluded that the finite element model prediction compares well with measured data 
at low frequencies. Owing to this fact, the finite element model may be used for future 
design improvements to the structure. It can be seen from the experimental and the 
measurement results that multiple constraints on the spindle enhance the ability of the 
structure to resist excitation. One possible reason for the structure’s oscillation is probably 
due to the lack of passive damping. Therefore, it is recommended that improvements be 
made to improve passive damping of oscillations.  
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1. Introduction 
It is well understood that squirrel-cage induction motors are rugged, reliable, cheap, and 
thus widely used in industrial and manufacturing processes. However, electrical and 
mechanical faults pose a particular challenge to the industry and end users which often 
interrupts the productivity and requires maintenance. In literature, rotor faults have been 
shown to account for a large portion of induction motor failures, sometimes they are the 
single biggest cause of failure in the field. Rotor bar faults generally arise from repeated 
operating stresses which can be electrical, mechanical, thermal or environmental by nature. 
The causes of rotor bar and end-ring breakage include: (a) magnetic stresses caused by 
electromagnetic forces, (b) thermal stresses due to abnormal operating duty, including 
overload and unbalance, (c) inadequate casting, fabrication procedures or overloading, (d) 
contamination and abrasion of rotor because of poor operating conditions, (e) lack of 
maintenance. Most failures will increase the current and stress in the adjacent bars, 
progressively deteriorating the rotor part and degrading the motor’s overall performance. 
Without doubt, it is of great importance to appreciate the mechanisms and characteristic 
changes of broken bar faults. Furthermore, an online fault diagnostic system is highly 
desired to meet the reliability requirements, as well as reducing the costs of maintenance 
and increasing field efficiency. 

2. Broken bar faults in squirrel-cage induction motors 
During the past twenty years, there have been continuing efforts at studying and diagnosing 
faults in induction motors and, in particular, substantial research work is devoted to 
induction motor bar breakages and the development of non-intrusive diagnostic techniques 
(Elkasabgy et al., 1992; Bellini et al., 2001; Said et al., 2000). Some research work was based 
on the finite element (FE) techniques (Mohammed et al., 2006; Mirafzal & Demerdash, 2004; 
ying xie, 2009; Sprooten & Maun, 2009; Bentounsi & Nicolas, 1988; ying xie, 2010), and more 
information may be retrieved for diagnostic purpose. It is well established to use line 
currents as an indicative parameter (Kliman et al., 1988) which can provide insight into the 
basis of a non-invasive condition monitoring system for the early detection. Other research 
effort has been focused on the motor current signature analysis (Costa, et al., 2004; Walliser 
& Landy, 1994; Bacha et al., 2004; Thomson & Fenger, 2001) in order to detect electrical and 
mechanical faults in induction motors. Another issue reported in literature is the 
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It is well understood that squirrel-cage induction motors are rugged, reliable, cheap, and 
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Without doubt, it is of great importance to appreciate the mechanisms and characteristic 
changes of broken bar faults. Furthermore, an online fault diagnostic system is highly 
desired to meet the reliability requirements, as well as reducing the costs of maintenance 
and increasing field efficiency. 

2. Broken bar faults in squirrel-cage induction motors 
During the past twenty years, there have been continuing efforts at studying and diagnosing 
faults in induction motors and, in particular, substantial research work is devoted to 
induction motor bar breakages and the development of non-intrusive diagnostic techniques 
(Elkasabgy et al., 1992; Bellini et al., 2001; Said et al., 2000). Some research work was based 
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information may be retrieved for diagnostic purpose. It is well established to use line 
currents as an indicative parameter (Kliman et al., 1988) which can provide insight into the 
basis of a non-invasive condition monitoring system for the early detection. Other research 
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temperature-rise-related failure which has also received much research attention. For 
example, some research has been conducted on totally enclosed fan-cooled (TEFC) induction 
motors by thermal sensitivity analysis (Mueller et al., 1995; Boglietti et al., 2005; Staton et al., 
2005; ). In this reference, the thermal design issues were reviewed and optimisation design 
algorithms were also developed. References (Alberti & Bianchi, 2008) propose a coupled 
thermal–magnetic analysis of an induction motor with the primary goal of achieving a rapid 
and accurate prediction of the IM performance. The heating problem of a motor when one of 
rotor bars is totally broken was simulated in some papers (Casimir et al., 2004); and some 
papers investigated the heating characteristics and heat distribution of the motor with 
healthy and broken rotors (Cho et al., 1992; Lopez-Fdez et al., 1999; Antal & Zawilak, 2005). 
Indeed, there are some technical challenges when analysing electrical motor thermal fields 
under broken-bar fault conditions although many papers have covered this area of research. 
In particular, there is little work on the influence of breaking bars on the temperature-rise of 
electrical motors using quantitative methods. This chapter will bridge the gap. This chapter 
is also set out to discuss early diagnostic techniques to identify the faults. 

3. Experimental setup 
A dedicated experimental test bench has been designed for testing squirrel-cage induction 
motor faults. One stator and three originally identical rotors have been employed to study 
the behaviours of the induction motor with or without broken bars. Prior to the start of the 
testing process, two out of the three rotors are damaged deliberately by drilling holes in the 
bars on all their depth and used with the same stator to ensure the testing accuracy. The 
healthy rotor is considered here as a reference. The laboratory test setup and broken bar 
rotors are shown in Fig. 1. 

 
Fig. 1. The experimental setup and the three rotors. 

4. Search coil and voltage detection techniques 
The measured value of air-gap flux density can be obtained by the search coil technology, 
and it can be applied to motors operating under different loads. The search coil is inserted 
around the stator tooth tip, as is shown in Fig. 2. The value of air-gap flux density is 
obtained by analyzing the induced voltage waveform in the coil, which could help to detect 
the presence of broken bars. 

The technique uses a search coil mounted on the internal stator tooth tip and the analysis of 
the induced voltage waveform to detect the presence of broken bars. The induced voltage in 
search coil is given by 
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where imB is the amplitude of the fundamental component and the i th harmonic 
component, iE is the effective value of voltage induced by the fundamental air-gap flux and 
the i th harmonic air-gap flux, D is the inner diameter of the stator core, sn is the 
synchronous speed, L is the effective length of the search coil. 

rotor

airgap

stator slot

search coil 

   
  (a)                                             (b)  

Fig. 2. The search coil positions. (a) The sketch map of the search coil technology,  
(b) measuring position in the experiment 

Under rated load conditions, the air-gap field is dissymmetrical in the case of broken bars 
and the harmonic components of air-gap flux density vary significantly. The third harmonic 
components for the case of a faulty motor are pronouncedly higher and ripple more severely 
than that of the healthy condition. The appearance of a faulty third harmonic component is 
clearly an effective method of detecting broken bars, and the test results showed the faulty 
third harmonic component of air-gap flux density becomes more significant as the number 
of the broken bars is increased. The results of the first and third harmonic of the air-gap flux 
density are shown in Table I for the sample simulation and experiment. (The first harmonics 
for the case of normal and abnormal conditions from experiment are also fluctuated with 
time, and the maximal values are listed in the Table 1.) (Weili Li et al., 2007 ) 

 1th harmonic (t=1s) 3th harmonic (t=1s) 

 Experimental Simulated Experimental value 
range Simulated 

Healthy bars 0.6534 (T) 0.6414 (T) 0.0008-0.0168(T) 0.0113 (T) 
A broken bar 0.6601 (T) 0.6437 (T) 0.0034-0.0386(T) 0.0216 (T) 

Two adjacent broken 
bars 0.6887 (T) 0.6480 (T) 0.0042-0.0848(T) 0.0391 (T) 

Table 1. The fundamental and third harmonic component of air gap flux density comparison 
for simulation and experiment at rated load 
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5. Influence of broken bar faults on the magnetic field distribution 
The following assumptions have been made in the solution procedure. 

 Displacement current is neglected because the frequency of the source is very low. 
 The rotor bars are insulated from the rotor core, and there is no direct electrical contact 

between the rotor bars and the rotor core. 
 The leakage on the outer surface of the stator and the inner surface of the rotor is 

neglected. 
 The 2-D domain is considered, and the magnetic vector potential and the current 

density have only the axial z component. 

The 2-D model of the motor is employed, and the fundamental equation describing the 
space and time variations of the vector potential has the following form. 

 
z z z
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1 z

1 A 1 A AD : J σ
x μ x y μ y t
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where D  is the region of analysis, 1  is the outside circumferential of the stator and inside 
circumferential of the rotor (the Dirichlet boundary conditions), zJ  is current density, σ  is 
the conductivity of the conductors, zA  is magnetic vector potential, μ  is the permeability of 
the material (Ning Yuquan,2002; Tang Yunqiu,1998; Yan Dengjun et al., 2003; Bangura & 
Demerdash 1999; Gao Jingde et al., 1993; ying xie, 2009).  

The distribution of magnetic field of the motor for the case of no broken bars is symmetrical 
under the rated load conditions and the locked rotor conditions, while the symmetry of 
magnetic field distribution is distorted in the case of broken bars. Samples of flux density 
distributions across the cross-section of the motor are shown in Fig. 3-4. From them, we 
know that the magnetic saturation around the broken bars is more severe than that of the 
rated load. In addition to changes in the broken bar regions, the field distributions at other 
positions in the stator and rotor core are also distorted and increased to some extent, while 
these are less significant in the case of the rated load. 

 

   
                   (a)                              (b)                                  (c) 

 

Fig. 3. The flux density distribution at rated load. (a) healthy rotor, (b) one broken bar, (c) 
two bar broken  
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Fig. 4. The flux density distribution at standstill. (a) healthy rotor, (b) one broken bar fault, 
(c) two bar broken fault 

In order to study the higher degree of magnetic saturation around broken bars, the magnetic 
flux density waveforms of A, B and C points are given in this paper. The three different 
positions which are adjacent to broken bars in the stator and rotor core are shown in Fig.5.  

 
Fig. 5. The three different positions in the stator and rotor core. 

The typical time variation flux density waveforms of x and y component at positions A. B 
and C are shown in Fig.6. One can notice that the flux density change is periodic and calm 
on the condition of healthy rotor, however, the flux density fluctuations with time after 
broken bar fault. A comparison of flux density plot between the healthy cage and the broken 
bars fault demonstrates the harmonic components of the flux density on the different 
positions for broken bars are greater than those for healthy rotor. To specify this statement, 
the magnetic flux frequency spectrum at selected position B is analyzed by harmonic 
analysis procedure, see Fig.7. From it we can know that the flux density contains higher 
spatial harmonics in the case of broken bars. 
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Fig. 6. Typical time variation of flux density waveform of x and y component at rated load with 
and without broken bar fault. (a) positions A, (b) positions B , (c) positions C (ying xie,2009) 
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                   (a)                      (b)                                (c) 

Fig. 7. The flux density frequency spectrum at position B at rated load. (a) healthy motor 
cage, (b) a one-broken bar fault, (c) a continuous two-broken-bar 
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Fig. 8. Elliptical flux density vector waveform at position A, B and C at rated load.  
(a) healthy motor cage, (b) a one-broken bar fault, (c) a continuous two-broken-bar 
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Fig. 6. Typical time variation of flux density waveform of x and y component at rated load with 
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Investigation of Broken Rotor Bar Faults in Three-Phase Squirrel-Cage Induction Motors 

 

483 

       

       
                   (a)                      (b)                                (c) 

Fig. 7. The flux density frequency spectrum at position B at rated load. (a) healthy motor 
cage, (b) a one-broken bar fault, (c) a continuous two-broken-bar 

       
       (a)                              (b)        (c) 

          
     (a)          (b)          (c) 

       
    (a)            (b)           (c) 

Fig. 8. Elliptical flux density vector waveform at position A, B and C at rated load.  
(a) healthy motor cage, (b) a one-broken bar fault, (c) a continuous two-broken-bar 
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Fig. 8 is the elliptical flux density at positions A, B and C, from it, we can see that the trace of 
elliptical flux density in case of healthy motor is nearly the same; however it is disorderly 
and unsystematic when broken bar fault happened. All radii of elliptical flux density vector 
for broken bars are greater than those for the healthy case, which is due to the local heavy 
magnetic saturation appearing in the vicinity of the bar breakages. 

6. Operation characteristics of induction motors with broken bar fault 
The effect of the broken bar in three-phase cage-rotor induction motors on the motor’s 
operating performances is investigated under both the rated load conditions and the locked 
rotor conditions. A 2-D Time-Stepping Coupled Finite Element Method (TSCFEM) is 
employed for predictive characterization of rotor broken bars in induction motors. Simulation 
results based on detailed theoretical analysis are confirmed by the experimental results.  

6.1 Stator currents 

In the generalized rotating field theory, a backward-rotating field can be produced by the 
broken rotor bar faults and then lower sideband components in the stator current spectrum 
at double slip-frequency is introduced. Figs. 9-10 show experimental and simulated 
transient phase currents at rated load. One can notice that the amplitude of stator current 
fluctuations with time compared to that in the healthy cage. However, while the tests are 
performed at standstill, the fault-specific sideband components of stator currents do not 
appear near the fundamental component. Therefore, the stator current for healthy rotor at 
standstill is very similar to that for faulty rotors. Figs. 11-12 show experimental and 
simulated stator currents at standstill with healthy and faulty rotors for comparison.  
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Fig. 9. The experimental stator current profile at rated load. (a) healthy rotor, (b) one broken 
bar, (c) two broken bars 
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Fig. 11. The experimental stator current waveforms at standstill. (a) healthy rotor, (b) one 
broken bar, (c) two broken bars 
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Fig. 12. Simulated stator current waveforms at standstill. (a) healthy rotor, (b) one broken 
bar, (c) two broken bars 

6.2 Rotor-bar currents 

When the rotor is rotating, each rotor bar passes every stator slot, so that each bar will be 
equally influenced by all the stator-driven flux waves, and all the currents of the rotor bars 
at rated load are sensibly uniform around the rotor periphery. Fig. 13 shows rotor-bar 
currents at rated load. It can be seen that the amplitude of the adjacent bars has the highest 
value in the bars next to the broken ones, this explains why and how bar damage 
propagates. The currents in bars far away from the broken bars remain almost the same. 
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Fig. 8 is the elliptical flux density at positions A, B and C, from it, we can see that the trace of 
elliptical flux density in case of healthy motor is nearly the same; however it is disorderly 
and unsystematic when broken bar fault happened. All radii of elliptical flux density vector 
for broken bars are greater than those for the healthy case, which is due to the local heavy 
magnetic saturation appearing in the vicinity of the bar breakages. 

6. Operation characteristics of induction motors with broken bar fault 
The effect of the broken bar in three-phase cage-rotor induction motors on the motor’s 
operating performances is investigated under both the rated load conditions and the locked 
rotor conditions. A 2-D Time-Stepping Coupled Finite Element Method (TSCFEM) is 
employed for predictive characterization of rotor broken bars in induction motors. Simulation 
results based on detailed theoretical analysis are confirmed by the experimental results.  

6.1 Stator currents 
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broken rotor bar faults and then lower sideband components in the stator current spectrum 
at double slip-frequency is introduced. Figs. 9-10 show experimental and simulated 
transient phase currents at rated load. One can notice that the amplitude of stator current 
fluctuations with time compared to that in the healthy cage. However, while the tests are 
performed at standstill, the fault-specific sideband components of stator currents do not 
appear near the fundamental component. Therefore, the stator current for healthy rotor at 
standstill is very similar to that for faulty rotors. Figs. 11-12 show experimental and 
simulated stator currents at standstill with healthy and faulty rotors for comparison.  
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Fig. 11. The experimental stator current waveforms at standstill. (a) healthy rotor, (b) one 
broken bar, (c) two broken bars 
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Fig. 12. Simulated stator current waveforms at standstill. (a) healthy rotor, (b) one broken 
bar, (c) two broken bars 

6.2 Rotor-bar currents 

When the rotor is rotating, each rotor bar passes every stator slot, so that each bar will be 
equally influenced by all the stator-driven flux waves, and all the currents of the rotor bars 
at rated load are sensibly uniform around the rotor periphery. Fig. 13 shows rotor-bar 
currents at rated load. It can be seen that the amplitude of the adjacent bars has the highest 
value in the bars next to the broken ones, this explains why and how bar damage 
propagates. The currents in bars far away from the broken bars remain almost the same. 
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Fig. 13. The simulated rotor bar current at rated load.  

At standstill, however, the current amplitude of the trouble-free rotor varies with position 
around the rotor periphery and is not equal, which is different from the rated load. The 
variation of the rotor current in fault at standstill in accordance with it at rated load and the 
current amplitude at standstill increases more serious, which can be seen from Figure 14. 
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  (a)           (b)                   (c) 

Fig. 14. The simulated rotor current at standstill: (a) healthy cage, (b) one broken bar, (c) two 
broken bars 

6.3 Magnetic force on the rotor 

There have been a variety of methods for calculating local magnetic forces, i.e. the methods 
based on the virtual work principle, on the Maxwell stresses or on the forces acting on 
equivalent sources (magnetizing current or magnetic charges). In this section, the method of 
virtual work is employed in the process of the magnetic force calculation. There is the 
magnetic force on the rotor bars because of the induced current in the bars. In the two-
dimensional magnetic field, the magnetic force can be expressed as follows. 

 
kk kSf Jl B dS        (3) 

where k is unit number, kf is the magnetic force of the unit k , kS is the area of the unit k , J is 
the induced current density on the rotor bars, l is the length of the bars, kB is the magnetic 
flux density of the unit k . The magnetic force corresponding to Eq.3 may be simplified, and 
it becomes 
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where t,kf , n,kf are the tangential component and the normal component of magnetic 
force, t,kB and n,kB are the tangential component and the normal component of magnetic 
flux density respectively. Therefore, the magnetic force of the unit k is 

 k t,k n,kf if jf     (5) 

In this section, the magnetic force distribution on the rotor bar at rated load and at standstill 
is computed, and the position of broken bars is shown in the Fig.15. The magnetic force 
distributions on the rotor bar at rated load and at standstill are computed by the FE method 
and the results are shown in the Fig. 16-17 for comparison. It can be noticed that the bars 
with the highest magnetic force are those immediately adjacent to the broken bars, whether 
the motor operating under rated load conditions or standstill conditions. Consequently, 
such non-uniform distribution of the force inevitably leads to excessive mechanical stress in 
the bars, and the bars would become more susceptible to additional wearing and eventual 
breaking.  
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Fig. 15. The serial number of the stator tooth and rotor tooth.  
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Fig. 16. The magnetic force distribution of every rotor bar at rated load. (a)Tangential 
component, (b) Normal component 
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Fig. 13. The simulated rotor bar current at rated load.  

At standstill, however, the current amplitude of the trouble-free rotor varies with position 
around the rotor periphery and is not equal, which is different from the rated load. The 
variation of the rotor current in fault at standstill in accordance with it at rated load and the 
current amplitude at standstill increases more serious, which can be seen from Figure 14. 
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Fig. 14. The simulated rotor current at standstill: (a) healthy cage, (b) one broken bar, (c) two 
broken bars 

6.3 Magnetic force on the rotor 

There have been a variety of methods for calculating local magnetic forces, i.e. the methods 
based on the virtual work principle, on the Maxwell stresses or on the forces acting on 
equivalent sources (magnetizing current or magnetic charges). In this section, the method of 
virtual work is employed in the process of the magnetic force calculation. There is the 
magnetic force on the rotor bars because of the induced current in the bars. In the two-
dimensional magnetic field, the magnetic force can be expressed as follows. 

 
kk kSf Jl B dS        (3) 

where k is unit number, kf is the magnetic force of the unit k , kS is the area of the unit k , J is 
the induced current density on the rotor bars, l is the length of the bars, kB is the magnetic 
flux density of the unit k . The magnetic force corresponding to Eq.3 may be simplified, and 
it becomes 

 
Investigation of Broken Rotor Bar Faults in Three-Phase Squirrel-Cage Induction Motors 

 

487 

 t,k n,k k

n,k t,k k

f B S Jl
f B S Jl


 

    (4) 

where t,kf , n,kf are the tangential component and the normal component of magnetic 
force, t,kB and n,kB are the tangential component and the normal component of magnetic 
flux density respectively. Therefore, the magnetic force of the unit k is 

 k t,k n,kf if jf     (5) 

In this section, the magnetic force distribution on the rotor bar at rated load and at standstill 
is computed, and the position of broken bars is shown in the Fig.15. The magnetic force 
distributions on the rotor bar at rated load and at standstill are computed by the FE method 
and the results are shown in the Fig. 16-17 for comparison. It can be noticed that the bars 
with the highest magnetic force are those immediately adjacent to the broken bars, whether 
the motor operating under rated load conditions or standstill conditions. Consequently, 
such non-uniform distribution of the force inevitably leads to excessive mechanical stress in 
the bars, and the bars would become more susceptible to additional wearing and eventual 
breaking.  
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Fig. 15. The serial number of the stator tooth and rotor tooth.  
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Fig. 16. The magnetic force distribution of every rotor bar at rated load. (a)Tangential 
component, (b) Normal component 
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Fig. 17. The magnetic force distribution of every rotor bar at locked rotor. (a)Tangential 
component, (b) Normal component  

6.4 Torques 

The torque variation at rated load is given in Fig.18, and the torque is smooth at no fault, 
and torque ripple can be observed in faulty conditions. The torque tendency at rotor-locked 
conditions is different to that at rated load condition, see Fig. 19. The torque waveforms are 
almost identical. Through further observations, the average torque is reduced at locked-
rotor conditions (from 12.28, 11.23 to 10.22 Nm, respectively). It becomes clear that the 
average torque continues to decrease, impacting on the loading capability of the motor.  

       
               (a)      (b)               (c) 

Fig. 18. The torque at rated load. (a) healthy cage, (b) one broken bar, (c) two broken bars 
(ying xie, 2009) 

       
                (a)        (b)               (c) 

Fig. 19. The torque at standstill: (a) healthy cage, (b) one broken bar, (c) two broken bars 
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6.5 Core loss of the motor 

The variation of iron core loss at rated load with time is shown in Fig.20. For motor with 
healthy bars, the core loss of stator is stable under steady state. When broken bars fault 
happened, the starting core loss of stator is significantly higher than normal motor, and the 
core loss is fluctuant with time rather than smooth under steady state. The amplification of 
this distortion is directly related to the number of broken bars, and this was mainly due to 
deformation of electromagnetic field deduced by broken bars fault, and the magnetic 
saturation and higher harmonic component around the broken bars.  
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Fig. 20. Variations of stator core losses versus time before and after broken bars at rated 
load. (a) healthy motor cage, (b) a one-broken-bar fault, (c) a continuous two-broken- bar 
(ying xie, 2009) 

On figure 21-22, we present the variation of stator and rotor iron core loss with time at 
locked-rotor for healthy and broken bars faulty condition respectively. 
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Fig. 21. Typical time variation of stator core loss at locked rotor. (a) healthy motor cage, (b) a 
one-broken-bar fault, (c) a continuous two-broken- bars 
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Fig. 22. Typical time variation of rotor core loss at locked rotor. (a) healthy motor cage, (b) a 
one-broken-bar fault, (c) a continuous two-broken- bars 
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Fig. 17. The magnetic force distribution of every rotor bar at locked rotor. (a)Tangential 
component, (b) Normal component  

6.4 Torques 

The torque variation at rated load is given in Fig.18, and the torque is smooth at no fault, 
and torque ripple can be observed in faulty conditions. The torque tendency at rotor-locked 
conditions is different to that at rated load condition, see Fig. 19. The torque waveforms are 
almost identical. Through further observations, the average torque is reduced at locked-
rotor conditions (from 12.28, 11.23 to 10.22 Nm, respectively). It becomes clear that the 
average torque continues to decrease, impacting on the loading capability of the motor.  

       
               (a)      (b)               (c) 

Fig. 18. The torque at rated load. (a) healthy cage, (b) one broken bar, (c) two broken bars 
(ying xie, 2009) 
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Fig. 19. The torque at standstill: (a) healthy cage, (b) one broken bar, (c) two broken bars 
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6.5 Core loss of the motor 

The variation of iron core loss at rated load with time is shown in Fig.20. For motor with 
healthy bars, the core loss of stator is stable under steady state. When broken bars fault 
happened, the starting core loss of stator is significantly higher than normal motor, and the 
core loss is fluctuant with time rather than smooth under steady state. The amplification of 
this distortion is directly related to the number of broken bars, and this was mainly due to 
deformation of electromagnetic field deduced by broken bars fault, and the magnetic 
saturation and higher harmonic component around the broken bars.  
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Fig. 20. Variations of stator core losses versus time before and after broken bars at rated 
load. (a) healthy motor cage, (b) a one-broken-bar fault, (c) a continuous two-broken- bar 
(ying xie, 2009) 

On figure 21-22, we present the variation of stator and rotor iron core loss with time at 
locked-rotor for healthy and broken bars faulty condition respectively. 
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Fig. 21. Typical time variation of stator core loss at locked rotor. (a) healthy motor cage, (b) a 
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Fig. 22. Typical time variation of rotor core loss at locked rotor. (a) healthy motor cage, (b) a 
one-broken-bar fault, (c) a continuous two-broken- bars 
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From it we can note the stator and rotor core losses are fluctuant with time whatever the 
motor is normal or not, which is different from the rated load conditions, for motor with 
healthy bars, the core loss of stator and rotor is stable under steady state when the motor is 
operating in the rated load. When broken bars fault happens, the core losses of stator and 
rotor are significantly higher than normal motor at standstill, and the fluctuation is more 
intense. In addition, the rotor core losses can not be ignored at standstill. 

7. Influence of broken bar faults on the thermal field distribution 
For TEFC (Totally Enclosed Fan-Cooled) induction motor, the 2-D thermal analysis is well 
accepted. Then the difficulty in calculating the thermal field is reduced to some extent and 
the simulation time is beneficially reduced. In terms of the calculation results of 
electromagnetic field and some empirical formulas, the heat losses can be obtained. The 
steady temperature distributions of the motor operating at the rated load are calculated 
shown as Fig.23. 
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Fig. 23. Temperature distribution of solving region: (a) healthy motor cage; (b) Bar 1 broken; 
(c) Bar 1 and Bar 2 broken (ying xie 2010) 
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It can be seen that the rotor temperature is highest, and the temperature distribution 
tendencies of the faulty conditions are similar to that of the motor with healthy rotor. 
Therefore the broken bar fault has an unobvious influence on the total temperature 
distribution tendency of the motor. 

Fig.24 are the steady rotor temperature distributions of the motor at the above three states. 
The rotor temperature distribution of the motor with a healthy rotor is not complete 
symmetry because of the quasi-stationary-state treatment of the air-gap and the incomplete 
symmetry of the motor house. But the whole rotor solving region is quite small which is due 
to the large thermal conductivities of the rotor core and rotor bar. It can be found that the 
lowest temperatures are in the positions of broken bars in the whole rotor solving region 
from Fig.24 (b) and (c). It indicates that with the increase of the broken bar number, the 
temperature-rise at the same position of the motor increases. It can be predicted that the 
temperature-rises of the stator windings and the rotor will increase dramatically in the case 
of the motor with serious adjacent broken bars fault.  
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Fig. 24. Rotor temperature distribution. (a) healthy motor cage, (b) a bar 1 broken, (c) bar 1 
and bar 2 broken (ying xie 2010) 
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From it we can note the stator and rotor core losses are fluctuant with time whatever the 
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The air-gap temperature distribution along radial is given in Fig. 25. From it the temperature 
gradient of the air-gap along radial is rather large. The temperature distribution throughout 
stator slot along radial of the motor cross section is given as Fig. 26.  
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8. Conclusions 
In this chapter, the application of a Time-Stepping Coupled Finite Element Method for 
predictive characterization of effects of rotor broken bars has been presented in a 
comprehensive fashion. The FE analysis has clearly showed that the effect of the broken-bar 
fault on motor electromagnetic, mechanical performance, and temperature field. Core losses 
and current profiles of the stator and rotor, the magnetic force and torque in the rotor bar 
are also affected by the presence of broken bar faults and the motor performance would 
deteriorate as the number of broken rotor bars increases. Simulation results based on 
detailed theoretical analysis are validated by the experimental results. 

Experimental test and simulation results have illustrated the reason why the broken bar 
faults are severe and the likelihood of fault propagation to the adjacent bars. From the 
results in the work, one can appreciate that the broken bar position has a great impact on the 
motor’s operation, especially on the stator current and starting torque. This further confirms 
the capability of the proposed numerical models which have accounted for the impact of 
harmonic components of air-gap flux density. Clearly, this research has also highlighted a 
necessity for advanced online diagnostic techniques to detect the broken bar faults since 
these are a common and severe type of mechanical faults to break down the induction 
motors in service. 

However, it needs to point out that this chapter has taken use of a 2-D finite element method 
to analyze the induction motor’s electro-magnetic, thermal, mechanical performance, which 
is proved to be suitable. If more complex problems are involved such as overhang region 
bar faults, a 3-D finite element method may be required. This is the further work of this 
research. 
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