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Preface 

Bearings (both plain and rolling element) are used as important supporting elements
for locating rotating components and confining their motion in desired direction. In
order to ensure their operational reliability and desired life, these need to be properly
designed/selected for an application more so because of ever increasing operational 
speeds. This requires a careful performance evaluation of different types of bearings 
considering aspects such as thermal stability, lubrication, contaminants in lubricants
and controlling mechanism etc.

Traditionally, researchers have been focusing on both experimental as well as 
theoretical studies for the design and performance evaluation of bearings. However,
theoretical studies have so far dominated the scenario with development of modeling 
and computational techniques like finite difference, finite element, fuzzy logic and
neural networks and artificial intelligence. Apart from these techniques, scientists have 
the freedom to use different standard modeling and analysis tools developed from
time to time for design and evaluation of bearings.

The title of this book was specifically chosen as Performance Evaluation of Bearings.
The present book is a compilation of different aspects contributing towards the 
performance evaluation of plain bearings (both journal and thrust), rolling element 
bearings and magnetic bearings. The book is divided into three broad sections and
eight chapters presenting both theoretical and experimental work. Chapter 1 covers 
plain bearings, chapters 2 - 5 deal with rolling element bearings and chapters 6 - 8
present the treatment of magnetic bearings. The work presented in the book is quite 
relevant and useful to researchers working/intend to work in the area of design and
performance evaluation of bearings both fundamental and advanced. 

Dr. Rakesh Sehgal,
National Institute of Technology,  

Hamirpur 
India
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Thermal Studies of Non-Circular Journal Bearing 
Profiles: Offset-Halves and Elliptical 

Amit Chauhan and Rakesh Sehgal 

Additional information is available at the end of the chapter 

http://dx.doi.org/10.5772/51261 

1. Introduction 
Hydrodynamic journal bearings are defined as the mechanical components that support the 
external loads smoothly due to geometry and relative motion of mating surfaces in the 
presence of a thick film of lubricant. Hydrodynamic journal bearings are extensively used in 
high speed rotating machines because of their low friction, high load capacity, and good 
damping characteristics. Such bearings have many different designs to compensate for 
differing load requirements, machine speeds, cost, and dynamic properties. One unique 
disadvantage which consumes much time towards the research and experimentation is an 
instability which manifests itself as oil whip which is a vibration phenomenon. Oil whip is 
disastrous because the rotor cannot form a stable wedge and consequently this leads to 
metal to metal contact between the rotor and the bearing surface. Once surface contact exists 
the rotors begins to precess, in a reverse direction from the actual rotor rotation direction, 
using the entire bearing clearance. This condition leads to high friction levels which will 
overheat the bearing metal thus causing rapid destruction of the bearing, rotor journal and 
machine seals. Fuller [1956] has suggested that the fluid film bearings are probably the most 
important mechanical components in the recent technological development and are 
comparable in their significance to the effect of electricity. The development of fluid film 
lubrication mechanisms has been observed by Petrov [1883] in Russia and Tower [1883] in 
England. In 1886, Reynolds presented his classical analysis of bearing hydrodynamics, 
which forms the basis of present days bearing study. The overview of both the circular and 
non-circular hydrodynamic journal bearings and their design methodologies are discussed 
as follows: 

1.1. Circular journal bearing 

The basic configuration of the circular journal bearing consists of a journal which rotates 
relative to the bearing which is also known as bush (Fig. 1). Efficient operation of such 

© 2012 Chauhan and Sehgal, licensee InTech. This is a paper distributed under the terms of the Creative 
Commons Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.
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bearing requires the presence of a lubricant in the clearance space between the journal and 
the bush. In hydrodynamic lubrication it is assumed that the fluid does not slip at the 
interface with the bearing and journal surface i.e. the fluid in contact with the journal 
surface moves at the same speed as the journal surface. Over the thickness of the fluid there 
is a velocity gradient depending on the relative movement of the bearing surfaces.  If the 
bearing surfaces are parallel or concentric, the motion of the lubricant will not result in 
pressure generation which could support bearing load.  

 
Figure 1. Schematic of circular journal bearing 

However, if the surfaces are at a slight angle, the resulting lubrication fluid velocity 
gradients will be such that generation of pressure results from the wedging action of the 
bearing surfaces. Hydrodynamic lubrication depends upon this effect. The operation of 
hydrodynamic lubrication in journal bearings has been illustrated in Fig. 2. Before the 
rotation commences i.e. at rest the shaft rests on the bearing surface. When the journal starts 
to rotate, it will climb the bearing surface gradually as the speed is further increased; it will 
then force the lubricant into the wedge-shaped region. When more and more lubricant is 
forced into a wedge-shaped clearance space, the shaft moves up the bore until an 
equilibrium condition is reached and now, the shaft is supported on a wedge of 
lubricant. The moving surfaces are then held apart by the pressure generated within the 
fluid film. Journal bearings are designed such that at normal operating conditions the 
continuously generated fluid pressure supports the load with no contact between the 
bearing surfaces. This operating condition is known as thick film or fluid film lubrication 
and results in a very low operating friction. On the other hand if the lubricant film is 
insufficient between the relatively moving parts, it may lead to surface contact and the 
phenomenon is normally known as boundary lubrication. This occurs at rotation start-up, a 
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slow speed operation or if the load is too heavy. This regime results in bearing wear and a 
relatively high friction value. If a bearing is to be operated under boundary lubricating 
conditions, special lubricants must be used. Amongst hydrodynamic bearings, circular 
journal bearing is the most familiar and widely used bearing. Simple form of this bearing 
offers many advantages in its manufacturing as well as in its performance. However, the 
circular journal bearings operating at high speed encounter instability problems of whirl 
and whip. Instability may damage not only the bearings but also the complete machine. 

 
Figure 2. Schematic of operation of hydrodynamic lubrication in journal bearing [W1] 

Moreover, these bearings usually experience a considerable variation in temperature due to 
viscous heat dissipation. This significantly affects the bearing performance as lubricant 
viscosity is a strong function of temperature. Furthermore, excessive rise in temperature can 
cause oxidation of the lubricant and, consequently, lead to failure of the bearing. Pressure 
also influences the viscosity of the lubricant to certain extent. Usually viscosity increases 
exponentially as the pressure increases which in turn increases the load capacity of the 
journal bearing. Researchers have studied the behaviour of circular journal bearing by 
adopting various numerical approaches to simulate the performance in accordance with the 
real conditions. 

1.2. Non-circular journal bearing 

It has been reported in the literature that the temperature rise is quite high in circular 
journal bearings as they operate with single active oil film. This resulted in the 
development of bearings with non-circular profile which operate with more than one 
active oil film. This feature accounts for the superior stiffness, damping, and reduced 
temperature in the oil film as compared to the circular journal bearings. Almost all the non-
circular journal bearing geometries enhance the shaft stability and under proper conditions 
this will also reduce power losses and increase oil flow (as compared to an inscribed 
circular bearing), thus reducing the oil film temperature. Amongst non-circular journal 
bearings, offset-halves, elliptical, lemon bore, and three-lobe configurations are the most 
common.  
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The offset-halves journal bearing has been commonly used as a lobed bearing in which two 
lobes are obtained by orthogonally displacing the two halves of a cylindrical bearing. Offset-
halves journal bearings (Fig. 3) are frequently used in gear boxes connecting turbine and 
generator for the power generation industries. These also find applications where primary 
directions of force, constant direction of rotation are found or high bearing load capacity, 
long service life, high stiffness, and damping values are the main characteristics under 
consideration. If the equipment is operated at full power, these requirements can be met by 
lemon bore bearings. Lemon bore bearing is a variation on the plain bearing where the 
bearing clearance is reduced in one direction and this bearing has a lower load carrying 
capacity than the plain bearings, but is more susceptible to oil whirl at high speeds [W2]. 
However, equipment must often be operated at lower performance levels, particularly in the 
times of reduced current needs. It is precisely under these conditions that lemon bore 
bearings may provide unstable conditions, which may require equipment shut down to 
avoid damage. Offset-halves journal bearings have the durability equal to lemon bore 
bearings while these show stiffness and damping properties which permit light loads at 
high rotational speeds. It also offers the advantage of a long, minimally convergent inlet 
gap, resulting in high load carrying capacity. At the same time, the externally applied force 
and the compression resulting from the horizontal displacement of the bearing halves 
accurately holds the shaft in the lubricant film. This effect produces excellent hydrodynamic 
characteristics, such as elastic rigidity and damping by the oil film. Thus, the offset-halves 
journal bearings prove to be technical alternative to conventional lemon bore bearings 
[Chauhan and Sehgal: 2008].  

 

 
Figure 3. Schematic diagram of offset-halves journal bearing 

Upper Lobe 

Lower Lobe 
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The elliptical journal bearings (Fig. 4) are commonly used in turbo-sets of small and medium 
ratings, steam turbines, and generators. The so-called elliptical journal bearing is actually 
not elliptic in cross section but is usually made up of two circular arcs whose centers are 
displaced along a common vertical straight line from the centre of the bearing. The bearing 
so produced has a large clearance in the horizontal or split direction and a smaller clearance 
in the vertical direction. Elliptical journal bearings are slightly more stable toward the oil 
whip than the cylindrical bearings. In addition to this elliptical journal bearing runs cooler 
than a cylindrical bearing because of the larger horizontal clearance for the same vertical 
clearance. 

 
Figure 4. Schematic diagram of elliptical journal bearing 

2. Literature review 

This section of the chapter provides details of research carried out on hydrodynamic 
bearings in general and, offset-halves and elliptical journal bearings in particular. There is 
enormous information available on the theoretical and experimental work related to the 
circular journal bearings. However, such work pertaining to non-circular journal bearings 
especially offset-halves and elliptical journal bearings are limited and hence, the theoretical 
and experimental works pertaining to non-circular journal bearings have been summarized: 

Pinkus and Lynn [1956] have presented an analysis of elliptical journal bearings based on 
the numerical solution of Reynolds equation for finite bearings with the assumption that 
there is no heat loss to the surroundings. They have supplemented the solution of 
differential equation by additional work on the nature of the oil flow, power loss, and 
eccentricity in elliptical journal bearings. Wilcock [1961] has worked towards the possibility 

Upper Lobe 

Lower Lobe 
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of displacing the lobe centers of two-lobe journal bearings orthogonally with respect to the 
mid-radius of the lobe. The author shows that when the lobe displacement is in a direction 
opposite to the shaft surface motion, and the bearing is centrally loaded, shaft stiffness 
orthogonal to the load vector is substantially increased. At the same time, vertical stiffness 
essentially remains unchanged and minimum film thickness is decreased; particularly at 
low loads, while oil flow is increased. Author also carried out an analysis for a bearing 
having in cross-section two arcs (each subtending an angle of 1500), L/D=1/2, and with the 
arc centers each displaced from the geometric center by half the radial clearance. Singh et al. 
[1977] have reported that non-circular bearings are finding extensive use in high speed 
machinery as they enhance shaft stability, reduce power losses and increase oil flow (as 
compared to circular bearings), thus reducing bearing temperature. The authors had 
presented a solution to analyze the elliptical bearings, using a variational approach. Crosby 
[1980] has solved full journal bearing of finite length for thermohydrodynamic case in which 
the energy transmitted by conduction is included. The effect of temperature variation across 
the film thickness on bearing performance is investigated by the author. Singh and Gupta 
[1982] have considered the stability limits of elliptical journal bearings supporting flexible 
rotors. The Reynolds equation was solved numerically for several values of the eccentricity 
ratio, the L/D ratio and the dimensionless velocity of the journal centre. The authors 
observed that the operating load, ellipticity, L/D ratio and shaft flexibility significantly affect 
the limit of stable operation. The authors also reported that elliptical bearings are suitable 
for stiff and moderately flexible rotors. Tayal et al. [1982] have investigated the effect of non-
linear behavior of additive-fortified lubricants which behave as non-Newtonian fluid on the 
performance characteristics of the finite width elliptical journal bearing. The finite element 
method with Galerkin’s technique was used to solve the Navier-Stokes equations in 
cylindrical co-ordinates that represent the flow field in the clearance space of a bearing 
using Newtonian fluids, and then the non-Newtonian effect was introduced by modifying 
the viscosity term for the model in the iterations. Booker and Chandra et al. [1983] have 
compared the performance of different bearing configurations namely offset-halves, lemon-
bore, three-lobe and four-lobe bearing at the same load capacity and speed. During the 
comparison, the authors have considered the steady state and stability characteristics. 
Govindachar [1984] have suggested that Novel ‘offset’ designs offer attractive possibilities in 
several applications for which conventional journal bearings are only marginally 
satisfactory. They considered one such prototypical problem in rotating machinery (the 
support of a rigid rotor turning at high speed under gravity). The problem has been studied 
by the authors through a numerical example for both dimensional and non-dimensional 
parametric studies. The authors show that the stability of full journal bearing system is 
significantly improved by moderate offset and is fairly insensitive to small departures from 
optimal design values. Singh and Gupta [1984] have theoretically predicted the stability of a 
hybrid two-lobe bearing which is obtained by displacing the lobe centers of an elliptical 
bearing. It has been found that an orthogonally displaced bearing is more stable than the 
conventional bearings. Mehta and Singh [1986] have analytically analyzed the dynamic 
behaviour of a cylindrical pressure dam bearing in which centers of both halves are 
displaced. Authors observed that the stabilities of a cylindrical pressure dam bearing can be 
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increased many times by displacing the centers of two halves. It has been reported by the 
authors that the bearing so obtained is even superior to elliptical and half elliptical pressure 
dam bearings in stability. Read and Flack [1987] developed a test apparatus on which an 
offset-halves journal bearing of 70 mm diameter journal was tested at five vertical loads and 
two rotational speeds. Singh et al. [1989] have studied the effects of linear elastic 
deformation and lubricant viscosity with pressure and temperature for an elliptical bearing 
and solved 3-D equations for momentum, continuity and elasticity to obtain pressure in the 
lubricant flow-field and deformation in the bearing liner. Basri and Gethin [1990] have 
carried out a theoretical analysis of the thermal behaviour of orthogonally displaced, three-
lobe, and four-lobe bearing geometries. The thermal analysis illustrates the implication of 
the type selection with regards to the parameters of load-carrying ability, power loss, 
lubricant requirements, and operating temperatures. The comparisons presented by the 
authors, show that all profiles considered have inferior load-carrying ability and less 
extreme thermal effects when compared with the cylindrical geometry along with 
significantly larger lubricant supply requirements. Hussain et al. [1996] have predicted the 
temperature distribution in various non-circular journal bearings namely two-lobe, 
elliptical, and orthogonally displaced. The work reported by them is based on a two-
dimensional treatment following Mc Callion’s approach in which the Reynolds and energy 
equations in oil film are decoupled by neglecting all pressure terms in the energy equation. 
Ma and Taylor [1996] experimentally investigated the thermal behaviour of a two-axial-
groove circular bearing and an elliptical bearing, both 110mm in diameter. Both bearings 
were tested at specific loads upto 4 MPa and rotational frequencies up to 120 Hz. The 
authors have measured the power losses & flow rates directly, and the detailed temperature 
information was collected. The results presented by them show that the thermal effects are 
significant in both bearings. Banwait and Chandrawat [2000] have analyzed the effect of 
journal misalignment on the thermohydrodynamic performance characteristics of elliptical 
journal bearing and solved the generalized Reynolds equation for the oil-film pressure 
distribution. The energy and heat conduction equations are used by the authors for 
determining the oil-film, bush and journal temperature fields. This work has reported the 
important features observed in static performance characteristics of thermohydrodynamic 
analysis of misaligned elliptical bearing along with the isopressure curves, pressure profiles, 
isotherms and temperature profiles. Sehgal et al. [2000] have presented a comparative 
analysis of three types of hydrodynamic journal bearing configurations namely, circular, 
axial groove, and offset-halves. It has been reported by the authors that the offset bearing 
runs cooler than an equivalent circular bearing with axial grooves. A computer-aided design 
of hydrodynamic journal bearing is provided considering thermal effects by Singh and 
Majumdar [2005]. They have solved the Reynolds equation simultaneously along with the 
energy equation and heat conduction equations in bush and shaft to obtain the steady-state 
solution. A data bank is generated by the authors that consists of load, friction factor and 
flow rate for different L/D & eccentricity ratios. Sharma and Pandey [2007] have carried out 
a thermohydrodynamic lubrication analysis of infinitely wide slider bearing assuming 
parabolic and Legendre polynomial temperature profile across the film thickness. It was 
observed that the temperature approximation across the film thickness by Legendre 
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Polynomial yields more accurate results in comparison to Parabolic Profile approximation. 
However, the former is algebraically more complex to tackle in comparison to the later; the 
authors also observed that the film temperatures computed by Parabolic Profile 
approximation are lower in comparison to Legendre Polynomial approximation. Further, it 
has been concluded by them that the computational time taken in solution of coupled 
governing equation with both temperature profile approximation have only marginal 
difference. Mishra et al. [2007] have considered the non-circularity in bearing bore as 
elliptical and made a comparison with the circular case to analyse the effect of irregularity. It 
was reported that, with increasing non-circularity, the pressure gets reduced and 
temperature rise obtained is less. Chauhan et al. [2010] have presented a 
thermohydrodynamic study for the analysis of elliptical journal bearing with three different 
grade oils. The authors have made a comparative study of rise in oil-temperatures, thermal 
pressures, and load carrying capacity for three commercial grade oils. Rahmatabadi et al. 
[2010] have considered the non-circular bearing configurations: two, three and four-lobe 
lubricated with micropolar fluids. The authors have modified the Reynolds equation based 
on the theory of micropolar fluids and solved the same by using finite element methods. It 
has been observed by the authors that micropolar lubricants can produce significant 
enhancement in the static performance characteristics and the effects are more pronounced 
at larger coupling numbers.  

3. Numerical techniques for the thermal analysis of non-circular journal 
bearing 

In earlier works, the bearing performance parameters have been computed by solving the 
Reynolds equation only. Over the years, many researchers have proposed number of 
mathematical models. A more realistic thermohydrodynamic (THD) model for bearing 
analysis has been developed which treats the viscosity as a function of both the temperature 
and pressure. Moreover, it also considers the variation of temperature across the film 
thickness and through the bounding solids (housing and Journal). The 
thermohydrodynamic model also presents coupled solutions of governing equations by 
incorporating appropriate boundary conditions and considering the heat conduction across 
the bearing surfaces. Even the importance of THD studies in hydrodynamic bearings can be 
justified by looking at the large volumes of research papers that are being published by 
researchers using various models. The theoretical investigations have been carried out into 
the performance of hydrodynamic journal bearing by adopting various methods, which are 
classified in two categories as: First category is the methods which comprise a full numerical 
treatment of temperature variation across the lubrication film thickness in energy equation 
using Finite Difference Method (FDM) or Finite Element Method (FEM). Second one is the 
methods which incorporate polynomial approximation to evaluate the transverse 
temperature variation in the lubrication film thickness. Both approaches mentioned can be 
used for the analysis of hydrodynamic bearings and have certain merits. The first approach 
is relatively accurate at the expense of computational speed and time, whereas the second is 
relatively fast at the expense of accuracy.  
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In present chapter, the thermal studies of non-circular journal bearings: offset-halves and 
elliptical have been presented using thermohydrodynamic approach.  

3.1. Film thickness equation 

The film thickness equations for offset-halves journal bearing (Fig. 1 (a)) are given as Sehgal 
et al. [2000]: 
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In these equations, h  represents film thickness for circular journal bearing, C  represents 
radial clearance,   represents eccentricity ratio, and   represents angle measured from the 
horizontal split axis in the direction of rotation. mC  denotes minimum clearance when 
journal centre is coincident with geometric centre of the bearing,  denotes offset factor  
( /mC C ), and   denotes attitude angle. 

The film thickness equations for elliptical journal bearing (Fig. 1 (b)) are given as Hussain et 
al. [1996]: 
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In eqns. (3 and 4), h   represents film thickness for elliptical journal bearing, ME  represents 
elliptical Ratio, 1 2,   represents eccentricity ratio from 0-180 Deg. (upper lobe) and 180-360 
Deg. (lower lobe) respectively, 1 2,  represents attitude angles from 0-180 Deg. (upper lobe) 
and 180-360 Deg. (lower lobe) respectively and hC  represents horizontal clearance for 
elliptical journal bearing. Film thickness represented by eqns. 1, 3 corresponds to upper lobe 
whereas eqns. 2, 4 represents film thickness for lower lobe of the. 
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In eqns. (3 and 4), h   represents film thickness for elliptical journal bearing, ME  represents 
elliptical Ratio, 1 2,   represents eccentricity ratio from 0-180 Deg. (upper lobe) and 180-360 
Deg. (lower lobe) respectively, 1 2,  represents attitude angles from 0-180 Deg. (upper lobe) 
and 180-360 Deg. (lower lobe) respectively and hC  represents horizontal clearance for 
elliptical journal bearing. Film thickness represented by eqns. 1, 3 corresponds to upper lobe 
whereas eqns. 2, 4 represents film thickness for lower lobe of the. 
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3.2. Reynolds equation 

All the simplifying assumptions necessary for the derivation of the Reynolds equation are 
listed below Stachowiak and Batchelor [1993]: 

1. Body forces are neglected i. e. there are no extra outside fields of forces acting on the 
fluids. 

2. Pressure is constant through the film. 
3. No slip at the boundaries as the velocity of the oil layer adjacent to the boundary is the 

same as that of the boundary. 
4. Flow is laminar and viscous. 
5. Lubricant behaves as a Newtonian fluid. 
6. Inertia and body forces are negligible compared with the pressure and viscous terms. 
7. Fluid density is constant. Usually valid for fluids, when there is not much thermal 

expansion. 
8. There is no vertical flow across the film.  

For steady-state and incompressible flow, the Reynolds equation is Hussain et al. [1996]: 
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Here, P  represents film pressure,   represents absolute viscosity of the lubricant, and U  
represents velocity of journal.         

This equation is set into finite differences by using central difference technique. The final 
form is reproduced here. 
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Equation (6) assumes viscosity as constant and gives isothermal pressures, whereas eqn. (7) 
assumes viscosity as a variable quantity and gives thermal pressures. The coefficients 
appearing in eqn. (6 & 7) are given in Appendix-I. The variation of viscosity with 
temperature and pressure has been simulated using the following viscosity relation Sharma 
and Pandey [2007]: 

  0P T T
ref e

        (8) 

In eqn. (8), ref  represents absolute viscosity of the lubricant at oil inlet temperature,   
represents temperature-viscosity coefficient of lubricant,   represents Barus viscosity-
pressure index,  T  represents lubricating film temperature, and oT  represents oil inlet 
temperature. 

3.3. Energy Equation 

The energy equation for steady-state and incompressible flow is given as Sharma and 
Pandey [2007]: 
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Here, PC  represents specific heat of the lubricating oil, K  represents thermal conductivity of 
the lubricating oil, and ,u w  represents velocity components in X- and Z-directions. The term 
on the left hand side in eqn. (9) represents the energy transfer due to convection, and the first, 
second terms on right hand side of the eqn. (9) represents the energy transfer due to 
conduction and energy transfer due to dissipation respectively. In eqn. (9), x-axis represents 
the axis along the circumference of bearing, y-axis represents the axis along the oil film 
thickness and z-axis represents the axis across the width of bearing. The variation of 
temperature across the film thickness in equation (9) is approximated by parabolic 
temperature profile. It is pertinent to add here that the temperature computed by this 
approach have been reported to be on lower side in comparison to those obtained through 
Legendre polynomial temperature profile approximation by Sharma and Pandey [2006]. The 
temperature profile across the film thickness is represented by a second order polynomial as: 
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In order to evaluate the constants appearing in eqn. (10), the following boundary conditions 
are used: 

 At 0, Ly T T                     
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temperature. 

3.3. Energy Equation 

The energy equation for steady-state and incompressible flow is given as Sharma and 
Pandey [2007]: 
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Here, PC  represents specific heat of the lubricating oil, K  represents thermal conductivity of 
the lubricating oil, and ,u w  represents velocity components in X- and Z-directions. The term 
on the left hand side in eqn. (9) represents the energy transfer due to convection, and the first, 
second terms on right hand side of the eqn. (9) represents the energy transfer due to 
conduction and energy transfer due to dissipation respectively. In eqn. (9), x-axis represents 
the axis along the circumference of bearing, y-axis represents the axis along the oil film 
thickness and z-axis represents the axis across the width of bearing. The variation of 
temperature across the film thickness in equation (9) is approximated by parabolic 
temperature profile. It is pertinent to add here that the temperature computed by this 
approach have been reported to be on lower side in comparison to those obtained through 
Legendre polynomial temperature profile approximation by Sharma and Pandey [2006]. The 
temperature profile across the film thickness is represented by a second order polynomial as: 
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In order to evaluate the constants appearing in eqn. (10), the following boundary conditions 
are used: 
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After algebraic manipulations, the equation (10) takes the following form: 
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Where, LT , UT  and mT  represent temperatures of the lower bounding surface (journal), 
upper bounding surface (bearing), and mean temperature across the film respectively.   

Final form of the energy equation is represented as: 
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3.4. Heat conduction equation 

The temperature in bush is determined by using the Laplace equation within the bearing 
material as given below Hori [2006]: 
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   (13) 

In this equation, r stands for bush radius, and bT  stands for bush temperature. The equation 
(13) is then set into finite differences by using central difference technique. The final form is 
reproduced here. 
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Where, 2 2 2 2
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3.5. Computation procedure 

Coupled numerical solutions of Reynolds, energy and heat conduction equations are 
obtained for offset-halves and elliptical journal bearings. The temperature of upper and 
lower bounding surfaces have been assumed constant throughout and set equal to oil inlet 
temperature for first iteration. For subsequent iterations the temperatures at oil bush 
interface are computed using heat conduction equations and appropriate boundary 
conditions. The numerical procedure adopted for obtaining the thermohydrodynamic 
solution is discussed below. 

a. Reynolds Equation 

A suitable initial value of attitude angle is assumed and film thickness equations (1-4) are 
solved. Then equation (6) has been used to find isothermal pressures. The initial viscosity 
values are assumed to be equal to the inlet oil viscosity. 

b. Energy equation 

The solution for the determination of temperature begins with the known pressure 
distributions obtained by solution of Reynolds equation. Viscosity variation in the fluid film 
domain corresponding to computed temperatures and pressures is calculated using 
equation (8). With new value of viscosity, equation (7) has been solved for thermal pressure. 
These values of pressure and viscosity, are used to further solve energy equation (12). Mean 
temperatures obtained by solving equation (12) are substituted in equation (11) to find the 
temperature in the oil film. Now, this temperature is used to solve the equation (13) to 
obtain the temperature variation in the bush. The computation is continued till converged 
solutions for thermal pressure loop and temperature loop have been arrived. The load 
carrying capacity is obtained by applying the Simpson rule to the pressure distribution. In 
computation, wherever reverse flow arises in domain, upwind differencing has been 
resorted to. Power losses have been evaluated by the determination of shear forces, and then 
employing the Simpson rule. 

The boundary conditions used in the solution of governing equations are: 

0P                                at                0x               and                   x l  

Lu u                                 at                0y              and               0 x l   

0u                                    at                 y h            and               0 x l   

0T T                                 at                0x              and               0 x h   

LT T                                 at                0y             and               0 x l   

UT T                                 at                y h            and               0 x l   
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Where, sK  denotes thermal conductivity of bearing, ch  denotes convection heat transfer 
coefficient of bush, l  denotes length of the bearing, s  denotes bearing surface, t  denotes 
thickness of bearing, b denotes width of bearing, and aT  ambient temperature. 

The solution of governing equations has been achieved by satisfying the convergence 
criterion given below: 

For pressure: 
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For temperature: 
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Where, n represents number of iterations. 

Here, the authors have made an attempt to present some performance parameters of offset-
halves and elliptical journal bearing which have been evaluated using computer program 
developed by them based on method discussed in the previous articles of the chapter. Input 
parameters of offset-halves and elliptical journal bearing, and the properties of the grade 
oils and material used to manufacture the bearings are given in Tables 1, 2, and 3. The study 
has been carried at oil inlet temperature of 33 0C (which has been used as reference inlet 
temperature of the oil by most of the researchers) for the eccentricity ratios equal to 0.6 and 
speeds ranging from 3000 rpm -4000 rpm . 
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Parameter Dimension Tolerance Roughness 
Outer diameter of the bearing, OD 85mm ±0.2mm 10μm 
Inner diameter of the bearing, ID 65mm ±0.2mm 10μm 
Length, L 65mm ±0.2mm 10μm 
Radial Clearance, C 500 m ±50μm  
Minimum Clearance, Cm 200 m ±50μm  
Oil hole 6.35mm ±0.15mm  
Relative sensor position  45º ±1º  

Table 1. Input parameters used to study the performance characteristics of offset-halves journal bearing 
[Chauhan: 2011] 

 

Parameter Dimension Tolerance Roughness 
Outer diameter of the bearing, OD 85mm ±0.2mm 10μm 
Maximum inner diameter of the bearing, DImax 65.4mm ±0.2mm 10μm 
Minimum inner diameter of the bearing, DImin 65.2mm ±0.2mm 10μm 
Length, L 65mm ±0.2mm 10μm 
Radial Clearance, C 300 m ±50μm  
Minimum Clearance, Cm 200 m ±50μm  
Oil hole 6.35mm ±0.15mm  
Relative sensor position  45º ±1º  

Table 2. Input parameters used to study the performance characteristics of elliptical journal bearing 
[Chauhan: 2011] 

 

 Oil 1
(Hydrol 68) 

Oil 2
(Mak 2T) 

Oil 3 
(Mak Multigrade) 

Viscosity,   (at oT =33 0C ) 0.075 Pas  0.065 Pas  0.200 Pas  

Viscosity,   (at oT =100 0C ) 0.00771 Pas  0.004861 Pas  0.01239 Pas  

Density,   880 3/Kg m  868 3/Kg m  885 3/Kg m  

Thermal conductivity**, oilK  0.126 /W m 0C 0.126 /W m 0C 0.126 /W m 0C  
Viscosity index*  98 135 110 

Flash point*, 0C  230 94 200 

Pour point*, 0C   -9 -24 -21 

Barus viscosity-pressure index**,  2.3e-8 1Pa  
Temperature viscosity- coefficient**,  0.034 1K  
Thermal conductivity of bush**, bushK  0.22 /W m .Deg C  

Coefficient of thermal expansion of bush, bushh  75e-6 1K  

Table 3. Properties of the bush material (Methyl Methacrylite) and grade oils under study [Chauhan et 
al. 2011] 
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Where, sK  denotes thermal conductivity of bearing, ch  denotes convection heat transfer 
coefficient of bush, l  denotes length of the bearing, s  denotes bearing surface, t  denotes 
thickness of bearing, b denotes width of bearing, and aT  ambient temperature. 

The solution of governing equations has been achieved by satisfying the convergence 
criterion given below: 
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Where, n represents number of iterations. 
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halves and elliptical journal bearing which have been evaluated using computer program 
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oils and material used to manufacture the bearings are given in Tables 1, 2, and 3. The study 
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Figures 5, and 6, show the variation of oil film temperature in the central plane of the 
bearing for eccentricity ratio, 0.6   at oil inlet temperature of 33 0C  for all the three grade 
oils under study at speeds 4000 rpm  for offset-halves and elliptical journal bearing 
respectively. It has been observed that oil film temperature rise is very high in lower lobe in 
comparison to oil film temperature rise in upper lobe for offset-halves, and the oil film 
temperature rise is though high in lower lobe but it is comparable with the rise in upper 
lobe of the elliptical journal bearing. A high temperature rise in Oil 3 compared to the other 
grade oils has been observed which may be because of its high viscosity value. Similarly, 
figures 7 and 8, show the variation of thermal pressure in the central plane of the bearing for 
eccentricity ratio, 0.6   at oil inlet temperature of 33 0C  for all the three grade oils under 
study at speeds 4000 rpm  for offset-halves and elliptical journal bearing respectively. It has 
been observed that thermal pressure rise is very high in lower lobe in comparison to thermal 
pressure rise in upper lobe for both offset-halves and elliptical journal bearing. 

 
 
 
 
 

 
 
 
 

Figure 5. Variation of oil film temperatures in the central plane of the offset-halves bearing for different 
grade oils at 4000 rpm , oil inlet temperature=33 0C  and eccentricity ratio=0.6 
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Figure 6. Variation of oil film temperatures in the central plane of the elliptical bearing for different 
grade oils at 4000 rpm , oil inlet temperature=33 0C  and eccentricity ratio=0.6 

 

 
Figure 7. Variation of thermal pressure in the central plane of the offset-halves bearing for different 
grade oils at 4000 rpm , oil inlet temperature=33 0C  and eccentricity ratio=0.6 
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Figure 6. Variation of oil film temperatures in the central plane of the elliptical bearing for different 
grade oils at 4000 rpm , oil inlet temperature=33 0C  and eccentricity ratio=0.6 

 

 
Figure 7. Variation of thermal pressure in the central plane of the offset-halves bearing for different 
grade oils at 4000 rpm , oil inlet temperature=33 0C  and eccentricity ratio=0.6 



 
Performance Evaluation of Bearings 

 

20 

 
 
 
 

 
 
 

Figure 8. Variation of thermal pressure in the central plane of the elliptical bearing for different grade 
oils at 4000 rpm , oil inlet temperature=33 0C  and eccentricity ratio=0.6 

The comparative study of performance characteristics like oil film temperature, thermal 
pressure, load capacity, and power loss for the bearing configurations under study has also 
been presented in figures 9, 10, 11, and 12. Fig. 9 shows, that the oil film temperature rise is 
on much higher side for upper lobe of elliptical journal bearing when compared to the oil 
film temperature rise of same lobe of the offset-halves journal bearing, whereas the oil film 
temperature in lower lobe of offset-halves journal bearing is little higher the oil film 
temperature rise in lower lobe of elliptical journal bearing. Hence, the overall oil film 
temperature rise and thermal pressure has been observed high for elliptical journal bearing. 
The load capacity and power losses have been found on higher side for Oil 3 and on lower 
side for Oil 1. The trend remains same for both the journal bearings. The load capacity and 
power loss has also been observed high for elliptical journal bearing when compared with 
offset-halves journal bearing. It can be concluded from the above discussion that the 
lubricating oil with higher viscosity value results in high oil film temperature rise, high 
thermal pressure, high load capacity and also high power loss value, whereas the 
lubricating oil with low viscous value results in low oil film temperature rise, low thermal 
pressure, little low load capacity and power loss value.  
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Figure 9. Variation of oil film temperature in the central plane with circumferential angle for Oil 1 at 
eccentricity ratio=0.6 and speed=3000 rpm  for offset-halves and elliptical profile bearings (d= 0.1 m , 
l/d=1, C = 200 m , mC = 120 m , oT =33 0 C ) 

 
Figure 10. Variation of thermal pressure in the central plane with circumferential angle for Oil 1 at 
eccentricity ratio=0.6 and speed=3000 rpm  for offset-halves and elliptical profile bearings (d= 0.1 m , 
l/d=1, C = 200 m , mC = 120 m , oT =33 0 C ) 
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Figure 8. Variation of thermal pressure in the central plane of the elliptical bearing for different grade 
oils at 4000 rpm , oil inlet temperature=33 0C  and eccentricity ratio=0.6 
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Figure 10. Variation of thermal pressure in the central plane with circumferential angle for Oil 1 at 
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Figure 11. Variation of load capacity with speed for Oil 3 at eccentricity ratio=0.7 and speed=3000 rpm  
for offset-halves and elliptical profile bearings (d= 0.1 m , l/d=1, C = 200 m , mC = 120 m , oT =33 0C ) 

 
Figure 12. Variation of power loss with speed for Oil 3 at eccentricity ratio=0.7 and speed=3000 rpm  for 
offset-halves and elliptical profile bearings (d= 0.1 m , l/d=1, C = 200 m , mC = 120 m , oT =33 0C ) 

4. Conclusion 

This chapter deals with the thermal studies related to offset-halves and elliptical journal 
bearings. For each bearing configuration, the use of grade Oil 2 gives, the minimum 
temperature rise, and power losses which implies that the oil with low viscosity should be 
preferred as compared to high viscosity oil from thermal point of view and temperature rise 
is low for offset-halves bearing. An attempt has been made to compare the performance of 
two bearing configurations namely: offset-halves and elliptical journal bearings of same 
geometrical size by using three common commercial grade oils under similar operating 
conditions.  Further, load carrying capacity of elliptical journal bearing has been found high 
in comparison to offset-halves journal bearing for same operating conditions. Among the 
two bearing configurations power losses are found to be minimum in case of offset-halves 
journal bearing. The chapter presents different performance parameters like oil film 
temperature, thermal pressures, load carrying capacity, and power losses which will help 
the designer to design this type of non-circular journal bearings as well as analyze their 
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performance. The presently available design data/handbooks do not provide any direct 
analytical methods for the design and analysis of these non-circular journal bearings. 
However, the present methodology to a large extent has succeeded in standardizing the 
equations for design and analysis of these bearings.   
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Figure 11. Variation of load capacity with speed for Oil 3 at eccentricity ratio=0.7 and speed=3000 rpm  
for offset-halves and elliptical profile bearings (d= 0.1 m , l/d=1, C = 200 m , mC = 120 m , oT =33 0C ) 

 
Figure 12. Variation of power loss with speed for Oil 3 at eccentricity ratio=0.7 and speed=3000 rpm  for 
offset-halves and elliptical profile bearings (d= 0.1 m , l/d=1, C = 200 m , mC = 120 m , oT =33 0C ) 

4. Conclusion 

This chapter deals with the thermal studies related to offset-halves and elliptical journal 
bearings. For each bearing configuration, the use of grade Oil 2 gives, the minimum 
temperature rise, and power losses which implies that the oil with low viscosity should be 
preferred as compared to high viscosity oil from thermal point of view and temperature rise 
is low for offset-halves bearing. An attempt has been made to compare the performance of 
two bearing configurations namely: offset-halves and elliptical journal bearings of same 
geometrical size by using three common commercial grade oils under similar operating 
conditions.  Further, load carrying capacity of elliptical journal bearing has been found high 
in comparison to offset-halves journal bearing for same operating conditions. Among the 
two bearing configurations power losses are found to be minimum in case of offset-halves 
journal bearing. The chapter presents different performance parameters like oil film 
temperature, thermal pressures, load carrying capacity, and power losses which will help 
the designer to design this type of non-circular journal bearings as well as analyze their 
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performance. The presently available design data/handbooks do not provide any direct 
analytical methods for the design and analysis of these non-circular journal bearings. 
However, the present methodology to a large extent has succeeded in standardizing the 
equations for design and analysis of these bearings.   
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1. Introduction 

It is a well-known fact that the appropriate test method could be one of the crucial 
conditions of the correct evaluation of a simulated process. One might presume that in some 
cases in which the subject matter is well-researched, only widely recognized methods are 
applied. However, in less familiar cases, or where one needs to evaluate some unusual 
values, the question of the appropriate methodology becomes far more significant. There are 
a number of papers in literature dealing with the analysis of the same phenomenon or 
process where tests were based on completely different methodological approach. As a 
result most papers quoted different results which caused serious controversy. In addition, it 
appears that even when the research was conducted according to the same procedure, but at 
different research units the results were still divergent.  

As far as ball bearings are concerned there are numerous research methods to test these 
elements. For instance, using a four-ball pitting apparatus (T-03), a pitting ball-bearing tester 
(T-06), Amsler device or a ball-bearing testing platform. Most standards describe research 
methodology with the main focus on using particular testing devices, disregarding to a 
certain extent the very essence and purpose of the analysed object. The official standard for 
ball bearings in Poland is PN- 89/M-86410, however, it lacks a description of research 
methodology related to the external function of a ball bearing in „true-to-life” conditions. 
The description contains regulations concerning controlling the particular components of a 
ball bearing e.g. radial and axial run-out deviation, radial and axial clearance without 
paying any special attention to the working conditions of a ball bearing. Still, the standard 
allows applying other research methods which require prior acceptance of both the 
manufacturer and recipient of ball bearings.  

In this context, the authors of the present section conducted tests on two-set ball bearings 
according to two different methods: their own methodology and the methods 
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recommended by the manufacturer (FŁT PLC in Kraśnik - Poland). Should add that all of 
the test, later in this chapter bearings are factory items and their designations are in 
accordance with PN, PN-EN and ISO standards. All tests were performed for three 
replicates at each point. 

1.1. The metods of investigations 

Tribological tests were conducted with a widely-used friction tester SMT-1. Fig. 1 shows the 
apparatus and the structure of the friction node. 

Laboratory tests were conducted in two stages. In the first stage tribological tests were 
conducted according to the authors’ own methododology. Next the tests were conducted 
according to the method applied in FŁT in Kraśnik (Poland). These tests were meant to 
compare the two methods and evaluate their influence on test results. It should be noted 
that the load is strictly radial, without a longitudinal component which has been verified 
experimentally, and this is due to the construction SMT1. 

1.1.1. Authors’ own methodology (MB –1) 

In this section the following test parameters were assumed: constant normal pressure N = 
350 [kG] ≈ 3433 [N], changeable rotational speed of the bearing : n1= 300 [rpm], n2= 600 
[rpm], n3= 1200 [rpm]. Because of changeable rotational speed it was assumed that the 
number of bearing’s cycles will serve as the unit of its operation. Since the tests were treated 
as pilot ones, at this stage tests were conducted at 20,000 cycles of bearing’s operation. It 
should be noted that before each measurement the bearing was cooled in a stream of air for 
4 hours in normal conditions. All the measurements were recorded using a computer 
system. 
 

 
 

Figure 1. SMT-1 friction tester a) general view, b) friction node 
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1.1.2. Tests recommended by FŁT in Kraśnik (MB-2) 

Before the tests were started, in the initial stage, normal force of N= 350 [kG] ≈ 3433 [N] was 
applied to the bearing. Next the apparatus was switched on for t=30 [min] at the speed of n= 
1000 [rpm]. After that the rotational speed was increased to   n= 1400 [rpm] and as soon as 
the system became stable the moment of friction was measured (Mt). Then, the rotational 
speed was decreased by 200 [rpm] in each step, and on each occasion after the friction node 
became stable the measurements Mt were taken.  

1.2. Test results and discussion 

Due to the extensive research material, the present section does not contain the results of 
initial tests obtained with MB-1 and MB-2 methods, it only includes their description. 

As far as MB-1 method is concerned, it should be noted that its results indicate 
diversification of tribological characteristics of the examined elements in relation to 
rotational speed. There is also a certain analogy in the course of characteristics for the two 
groups of the evaluated bearings. In the initial stage of the process the maximum value of 
friction moment was obtained (for all rotational speeds). In the subsequent stages it 
decreases and, in the final stages, the resistance of motion becomes stable. One should note 
that at the beginning of the process the highest value of the moment of friction was obtained 
at the speed of n = 1200 [rpm] while the lowest at n = 300 [rpm]. In the final stage of the 
process the trend is reversed.  

In the case of MB-2 method general diversification of the moment of friction was also noticed. 
It is logical considering different conditions of the external function. However the lowest value 
of the moment of friction was recorded for the lowest rotational speed n = 200 [rpm], while the 
highest for n = 1000 [rpm]. Further measurements, at higher rotational speeds, indicate the 
decrease of the value of the moment of friction. However, the most controversial conclusions 
are drawn from the comparative analysis of the two research methods.       

Fig. 2 and 3 shows selected comparative graphs of the courses and values of the moment of 
friction obtained in tests according to MB-1 and MB-2 methods described above.  

The graphs above provide data concerning completely divergent results in the conducted 
tests. The analysis of the data in fig. 2. (MB-1 method) proves that both at the speed of n = 
300 [rpm], and especially  n = 1200, throughout the whole of the research cycle, one notices 
distinctly higher values of the moment of friction for the bearings from the 134-781TNG-2RS 
group. At the same time there are lower values of resistance to motion for the bearings from 
the CBK 441TNG group. Since these bearings have different dimensions of working 
elements one could assume that different values of the moment of friction is a natural 
phenomenon. When tests were carried out according to the other method similar trends in 
friction characteristics were expected. However, when the results obtained with MB-2 were 
analysed, quite contrary to expectations, they were in direct opposition to those obtained 
with MB-1 method. 



 
Performance Evaluation of Bearings 28 

recommended by the manufacturer (FŁT PLC in Kraśnik - Poland). Should add that all of 
the test, later in this chapter bearings are factory items and their designations are in 
accordance with PN, PN-EN and ISO standards. All tests were performed for three 
replicates at each point. 

1.1. The metods of investigations 

Tribological tests were conducted with a widely-used friction tester SMT-1. Fig. 1 shows the 
apparatus and the structure of the friction node. 

Laboratory tests were conducted in two stages. In the first stage tribological tests were 
conducted according to the authors’ own methododology. Next the tests were conducted 
according to the method applied in FŁT in Kraśnik (Poland). These tests were meant to 
compare the two methods and evaluate their influence on test results. It should be noted 
that the load is strictly radial, without a longitudinal component which has been verified 
experimentally, and this is due to the construction SMT1. 

1.1.1. Authors’ own methodology (MB –1) 

In this section the following test parameters were assumed: constant normal pressure N = 
350 [kG] ≈ 3433 [N], changeable rotational speed of the bearing : n1= 300 [rpm], n2= 600 
[rpm], n3= 1200 [rpm]. Because of changeable rotational speed it was assumed that the 
number of bearing’s cycles will serve as the unit of its operation. Since the tests were treated 
as pilot ones, at this stage tests were conducted at 20,000 cycles of bearing’s operation. It 
should be noted that before each measurement the bearing was cooled in a stream of air for 
4 hours in normal conditions. All the measurements were recorded using a computer 
system. 
 

 
 

Figure 1. SMT-1 friction tester a) general view, b) friction node 

 
Performance Evaluation of Rolling Element Bearings Based on Tribological Behaviour 29 

1.1.2. Tests recommended by FŁT in Kraśnik (MB-2) 

Before the tests were started, in the initial stage, normal force of N= 350 [kG] ≈ 3433 [N] was 
applied to the bearing. Next the apparatus was switched on for t=30 [min] at the speed of n= 
1000 [rpm]. After that the rotational speed was increased to   n= 1400 [rpm] and as soon as 
the system became stable the moment of friction was measured (Mt). Then, the rotational 
speed was decreased by 200 [rpm] in each step, and on each occasion after the friction node 
became stable the measurements Mt were taken.  

1.2. Test results and discussion 

Due to the extensive research material, the present section does not contain the results of 
initial tests obtained with MB-1 and MB-2 methods, it only includes their description. 

As far as MB-1 method is concerned, it should be noted that its results indicate 
diversification of tribological characteristics of the examined elements in relation to 
rotational speed. There is also a certain analogy in the course of characteristics for the two 
groups of the evaluated bearings. In the initial stage of the process the maximum value of 
friction moment was obtained (for all rotational speeds). In the subsequent stages it 
decreases and, in the final stages, the resistance of motion becomes stable. One should note 
that at the beginning of the process the highest value of the moment of friction was obtained 
at the speed of n = 1200 [rpm] while the lowest at n = 300 [rpm]. In the final stage of the 
process the trend is reversed.  

In the case of MB-2 method general diversification of the moment of friction was also noticed. 
It is logical considering different conditions of the external function. However the lowest value 
of the moment of friction was recorded for the lowest rotational speed n = 200 [rpm], while the 
highest for n = 1000 [rpm]. Further measurements, at higher rotational speeds, indicate the 
decrease of the value of the moment of friction. However, the most controversial conclusions 
are drawn from the comparative analysis of the two research methods.       

Fig. 2 and 3 shows selected comparative graphs of the courses and values of the moment of 
friction obtained in tests according to MB-1 and MB-2 methods described above.  

The graphs above provide data concerning completely divergent results in the conducted 
tests. The analysis of the data in fig. 2. (MB-1 method) proves that both at the speed of n = 
300 [rpm], and especially  n = 1200, throughout the whole of the research cycle, one notices 
distinctly higher values of the moment of friction for the bearings from the 134-781TNG-2RS 
group. At the same time there are lower values of resistance to motion for the bearings from 
the CBK 441TNG group. Since these bearings have different dimensions of working 
elements one could assume that different values of the moment of friction is a natural 
phenomenon. When tests were carried out according to the other method similar trends in 
friction characteristics were expected. However, when the results obtained with MB-2 were 
analysed, quite contrary to expectations, they were in direct opposition to those obtained 
with MB-1 method. 



 
Performance Evaluation of Bearings 30 

 
Figure 2. The course of the moment of friction in the function of time for two groups of bearings at 
different rotational speeds (MB1 method): a ) 300 [rpm], b) 1200 [rpm] 

 
Figure 3. The values of the moment of friction in the function of rotational speed – MB-2 method 
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Figure 4. Comparison of two research methods MB-1 and MB-2 (bearings) a) 134-781TNG-2RS b) 
CBK 441TNG 

This comparison is shown in fig.4. Fig. 4a refers to the test results for the bearings from the 
134-781TNG-2RS group, fig. 4b is related to the bearings from the CBK 441TNG group. No 
doubt, the results for the two groups of bearings are completely different. It should be noted 
that, in the 134-781TNG-2RS group, the differences in the recorded values of the moment of 
friction range from several to twenty-odd per cent, while in the CBK 441TNG group the 
differences are even two-fold. Moreover, one should note that in the case of bearings from the 
134-781TNG-2RS group at the speed of n = 600 [rpm] slightly higher values of the moment of 
friction were registered with MB-1 than with MB-2 method. In turn, at the speed of n = 1200 
[rpm] the situation is reversed. That means that when tribological tests are carried out, 
especially on such elements, one should bear in mind the significance of the selected research 
method. Choosing an arbitrary method may result in, as the evidence discussed in the present 
section suggests, obtaining entirely different or even unexpected test results. In consequence it 
may lead to wrong conclusions related to the tribological properties of such elements. At the 
same time one should remember it is often a complex task to select the right method that can 
reflect the real process of technical objects exploitation closely enough. 
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doubt, the results for the two groups of bearings are completely different. It should be noted 
that, in the 134-781TNG-2RS group, the differences in the recorded values of the moment of 
friction range from several to twenty-odd per cent, while in the CBK 441TNG group the 
differences are even two-fold. Moreover, one should note that in the case of bearings from the 
134-781TNG-2RS group at the speed of n = 600 [rpm] slightly higher values of the moment of 
friction were registered with MB-1 than with MB-2 method. In turn, at the speed of n = 1200 
[rpm] the situation is reversed. That means that when tribological tests are carried out, 
especially on such elements, one should bear in mind the significance of the selected research 
method. Choosing an arbitrary method may result in, as the evidence discussed in the present 
section suggests, obtaining entirely different or even unexpected test results. In consequence it 
may lead to wrong conclusions related to the tribological properties of such elements. At the 
same time one should remember it is often a complex task to select the right method that can 
reflect the real process of technical objects exploitation closely enough. 
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2. Selected energetic aspects of needle bearings work performance 

Shafts on  needle bearing can work at heavy load  accurately lateral. Durability of such a 
bearing is  guaranteed by suitable selection materials  which are made (roughness, 
microhardness, etc.) and  optimum lubrication conditions. The factors specified above have 
influence on reliable work and life of needle bearings. 

Wear equation presented in energetic form describes real processes occurring under various 
external influences on materials which lead to their damage and create wear products. The 
initial form of energetic approach to wear processes is as follows: 

 y wnE A V∂ =  (1) 

where: 

yE ∂ - specific energy of wear material of volume V when wear products are created, Awn - the 

work of external forces affecting the volume in time t or at N cycles of load. 

It is assumed that: 

 wn i iA A N A tω= =  (2) 

where: Ai – external work under single load of volume V,  ω - frequency of load. 

Equations (1) and (2) result in wear equation in the following form: 
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Equation (3) describes the wear when wear products are produced at a uniform rate i.e. 
linear wear. 

For non-linear wear: 
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where: the function f (ω t) may be presented (apart from the linear one) as power, 
exponential, logarithmic and as other relations. 

In dynamic character of load (impact, hydro-abrasive, cavitation wear) the equation (4) 
should consider the velocity of impact:  
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where: 

ϑi  - the average value of velocity of impact load, ϑkr  - critical velocity of impact which 
causes damage of wear material , Aiϑi – the flux of energy which enters a material in the 
course of separate impact, yE ∂ ϑkr – critical density of strain energy – critical density of strain 

power. 

Assuming Aiϑi = w  and yE ∂ ϑkr = Wkr* , we obtain: 

 ( )*
i

kr

w
V f t

W
ω=  (6) 

The numerator and denominator of this equation are reduced after the singularity of a given 
type of wear is taken into account. The flux of external energy w should be expressed by the 
friction force in external friction. Fig. 5 shows the model of distribution of the energy of 
plastic deformation. 

 
Figure 5. The model of the energy flux distribution in the deformed volume 

The criterion of resistance to wear Wkr* should consider the properties of materials 
(mechanical, physical, chemical and others), causing damage in given conditions of external 
influences. The value Wkr* depends on the character of external load and assumes the 
averaged values in the worn out volume (* the symbol of averaging). 

By presenting ϑkr as the sum of components of elastic and plastic deformation, ϑkrspr    ϑkrpl 
respectively, we shall obtain: 

 ( )* * *1 1
3 3

spr pl
kr y kr y kr krW E Eϑ ϑ ϑ∂ ∂= = +  (7) 

The specific strain energy Eya*, irreversibly absorbed by the material at the instant of creating 
wear products, can be determined according to the durability or hardness graph as an area 
below the curve  σ(ei) or H (ei),  restricted on the right side by the damage deformation ep 
determined in given wear conditions with the method of micro-hardness directly on the 
worn out surface of a material.    
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The elastic component ϑkrspr in the equation (7) is defined with the velocity of the elastic 
wave in deformation c0 and elastic deformation espr: 

 2
0
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kr spr spr
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Ec e eϑ
ρ

= =  (8) 

where: 

E – the module of elasticity, ρM  - density of a material being used. Plastic component ϑkrpl in 
(7) depends on the velocity of plastic deformation wave cpl and total plastic deformation 
accumulated in the course of wear: 
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where: dσ/de  - local slope of tangent to a curve of stretching determined with stress – strain 
coordinates (σ - ε). 

By expressing the right-hand side of equations (8) and (9) as the energy of brittle Ekr and 
plastic Epl damage we shall obtain: 

  
22 plkr

kr
M M

EE
ϑ

ρ ρ
= +  (10) 

where: Ekr = 2 2kr bE Eσ= , ( )2
2pl b TE Dσ σ= − , bσ , Tσ  - strength of a material and the limit 

of plasticity, D – module of consolidation (tg of inclination angle of tangent to a curve  σ(e) 
within the range of plastic deformations, with linear character of deformation consolidation 
of a material. The critical velocity of impact, connected with singularities of spreading in 
materials undergoing wear, elastic and plastic deformation waves, features resistance to 
material wear at dynamic, high-velocity stress and it can be expressed by durability 
characteristics of worn-out volumes, as shown in equations (8) – (10). 

Test data analyses proves that in conditions of stretching at impact (impact on the front 
surface of a rod) there exists an involution dependence (between krϑ  i bσ ): 

 n
kr bconstϑ σ=  (11) 

where: n = 2,5 for steel with 500bσ ≤  [MPa] 

const – a constant determined empirically, considering the specific test conditions or the 
proportional coefficient between the discussed characteristics. 

Taking into account  (11) the criterion of resistance to wear for iron-based alloys with      
500bσ ≤  [MPa], it will prove that ϑkr  and σb  cubed are proportional: 
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 * 3 3
kr kr bW const constϑ σ≈ ≈  (12) 

The particular dependencies (12) are of significant practical interest with a view of 
predicting the use of materials and coating. By substituting equation (10) for (7) we shall 
obtain:  
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 (13) 

In this equation, the total energy-consumption of a material Eya* and its components Ekr and 
Epl can be determined according to a microhardness (endurance) graph. If the graphs of 
hardness or endurance cannot determined, then the evaluation of resistance of materials to 
wear at external impact is possible as a result of analogy to Wkr* criterion.  

Still, it is observed that when the stiff impact stress is reduced and when external influence 
resemble static conditions, Wkr* criterion will assume very simple forms. For instance it can 
be expressed in reduction of indicator in the power at ϑkr and  σb or hardness  (12), [5, 6, 8]. 

2.1. The method of investigation  

Fig. 6 shows the scheme of the tribotester for the estimation of needle bearing. In this case, 
used the bath lubrication. Bearing designation are given in Fig. 6. 

Dd1d2

l1=36

l2
17 15

1614

2 3

11
13

10 9 5

184
12
6

7
8

1
 

Figure 6. The scheme of the tribotester: 1- frame, 2- cover, 3- investigated shaft, 4- reducer sleeve, 5- 
cylinder, 6- toothed gear, 7- transmission belt, 8- electric motor SZJe 3,5 [kW], 9- wedges, 10- oil, 11- 
needle bearing K28x33x13, 12- needle bearing K40x45x17, 13- screw gear, 14- thermoelement NiCrNi, 
15- shaft neck d= 28 [mm], 16- hub, 17- needle roller φ 2,5 [mm], l2= 13 [mm], 18- bearing head 
Parameters of investigation:surface stresses, p = 950 [MPa], rotational speed, n = 1500 [rpm]. 

2.2. The results of the investigations 

Fig. 7 shows the influence of energetic criterion on the wear of a shaft neck in the function of 
change of material and lubricating parameters. 
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Figure 6. The scheme of the tribotester: 1- frame, 2- cover, 3- investigated shaft, 4- reducer sleeve, 5- 
cylinder, 6- toothed gear, 7- transmission belt, 8- electric motor SZJe 3,5 [kW], 9- wedges, 10- oil, 11- 
needle bearing K28x33x13, 12- needle bearing K40x45x17, 13- screw gear, 14- thermoelement NiCrNi, 
15- shaft neck d= 28 [mm], 16- hub, 17- needle roller φ 2,5 [mm], l2= 13 [mm], 18- bearing head 
Parameters of investigation:surface stresses, p = 950 [MPa], rotational speed, n = 1500 [rpm]. 

2.2. The results of the investigations 

Fig. 7 shows the influence of energetic criterion on the wear of a shaft neck in the function of 
change of material and lubricating parameters. 
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Figure 7. Wear intensity of a shaft neck – energetic criterion: Ntw – relative density of friction power; 
Wkrw – relative critical density of strain power ; a shaft neck: 1 – 16MnCr5, 2 – 20MoCrS4 + carburising; 
welding : 3-80G; 4-35X5M1,5; 5-50X10GC1,5; P3 – addition to Acorox 88 oil, needle bearing K 40 x 45x17 

The analysis of test data shows that at general resistance to wear criterion for materials at 
external friction there occurs average critical density of friction power Wkr* , in worn out 
volumes. 

If chemical reactions, surface-active substance and other factors have significant influence 
on the processes of creating various secondary structures and products, then determining 
adequate reliability of criteria of resistance to wear proves to be a difficult problem, for 
instance at low-intensity oxidizing wear of a tribo-coupling.  Resistance criteria in such 
conditions might be: dislocation density in the thin surface layer of a material, activating 
energy of chemical reactions and durability characteristics [5 ,9, 10]. 

The list of materials resistance to wear criteria – invariants of universal criterion Wkr* (critical 
density of strain power) indicates huge variety and complexity of processes of materials 
surface damage. 

It ought to be noted that the properties which characterize deformed areas of materials at 
the moment of their destruction (the initial stage of creating wear products) show reactions 
of these areas to external influence. In order to point those reactions in the desired direction, 
in this case – to ensure high resistance to abrasion (endurance) of its elements, it is necessary 
to make the right choice of known materials or produce new ones, having structure of the 
highest resistance to cracking resulting from the influence of external (exploitation) factors. 
This means that materials science involving problems of tribotechnology should be based on 
the analysis of microstructures. 
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3. The influence of geometrical parameters on the friction process in the 
needle bearing 

The construction of the rolling bearing was initially based on the assumption that the 
friction loss during the bearing work is significantly smaller than during the sliding. 
However, during the work of the bearing in the operating conditions there exists both the 
bearing and the sliding friction. Different factors result in appearance of resistance to motion 
while the bearing is operating: 

- Hysteresis of deformations; 
- Interior friction in lubricant; 
- Sliding and microsliding caused by deformations, the geometry of contact area and the 

movement caused by the gyroscope moment; 
- Sliding between the bearing cage, the bearing elements and the bearing ring; 
- Sliding in the bearing seal. 

When bodies are deformed in the operating conditions, the phenomenon of pure bearing 
exists if the cooperating elements possess the same diameter, length, the properties of the 
material and parallel axes. Also, the roughness of the cooperating surfaces should be 
minimal. In such a case, when there is no lubricant, there appear only some losses caused by 
hysteresis of deformations [15]. This stems from the fact that the difference between the 
length of the contact arc and the corresponding arcs before deformations is identical for both 
bodies. As a result, there is no mutual sliding of the surfaces in the deformation area. 

If the curvatures of the cooperating surfaces are different, in the elastic deflection the length 
of  the contact arc for both bodies is identical, whereas before the deflection it was different. 
Consequently, the deformations in the contact area are accompanied by microsliding; if, 
however, the speed of both cooperating surfaces is identical, their mutual movement is 
called „bearing”. 

In a typical situation, in the process of bearing of two bodies with different peripheral speed 
there occurs the bearing with sliding; such a situation is the subject of examination here. The 
aim is to estimate of the extent to which the sliding friction matters in the overall balance of 
motion resistance. 

3.1. The analysis of contact areas of the needle bearing elements 

In the place of contact of two elastic bodies pressed against each other with some force, some 
contact stresses within a certain field of mutual contact occur. They reach significant values 
even in the situation when the pressing force is relatively small, which, as a consequence, may 
lead to exceeding the acceptable limit of the material effort. This is of paramount importance 
during the work of needle bearings which are under considerable load. Figure 8b shows a 
situation when the axis of the needle and the axis of the shaft neck are parallel. The stresses 
that occur (Fig. 8 a) are evenly spread along the length of the needle, and the area of contact 
between the two elements equals the field of the ellipse of the length which is the same as the 
length of the needle and the width 2b calculated by means of Hertz’s solution: 
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where P is the strength per each unit of the rollers length; D1, D2 are the diameters of the shaft 
neck and the needle respectively; v1,v2 are Poisson’s figures; E1,E2 are Young’s modulus. The 
indexes 1,2 refer to the roller 1 (the shaft neck) and 2 (the needle roller) respectively. 

In the case when the axes of the touching rollers (the shaft neck and the needle) are not 
parallel (Fig. 8 c), the whole load and the stress connected with it concentrate in a relatively 
small point [13].                               

 
Figure 8. The pictorial diagram of the roller bearing: a) the spread of stresses for the connecting rollers 
with parallel axes, b) the axes of the parallel elements, c) the axes of the elements shifted by an angle 

The area of the friction surface of the elements of bearing is influenced not only by the 
adequate mutual positioning of the cooperating elements, but also by the changeable 
relation of the diameters of the needle and the roller, changeable values of Young’s 
modulus, Poisson’s ratio of the materials used, and the change of load. 

The basic theoretical perspective assumed while calculating contact stresses and the width 
of the contact area between co-working bodies was based on Hertz’s theory, drawing on the 
following premises: the contacting elements are made from a homogenous, isotopic 
material; they are limited by the smooth surfaces with a regular curvature; and within the 
contact area some deformations occur [11, 12, 14]. 

The analysis of the change in the contact area of the elements of needle bearing presented 
below was prepared on the basis of all the premises of Hertz’s theory concerning the work 
of two rollers (the shaft neck, the needle roller) with parallel axes, working under static load 
in dry environment. In the examination of the factors which have an impact on the measure 
of contact area of the elements cooperating in the form of ‘the shaft neck – the needle roller’ 
interaction is particularly important as the contact area influences the change in the moment 
of motion resistance in the process of bearing. 
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In the first test eight different needles of 1,4 [mm] up to 2,5 [mm] in diameter were 
juxtaposed with four rollers of 10, 20, 30, 40 [mm] in diameter. The contact area of the 
cooperating elements  was calculated taking as an assumption the constant load of 200 
[N/mm]. Different combinations of elements (needles and rollers) were tested. The bigger 
the diameter of the needle, the bigger the contact area becomes – this tendency can be 
measured by means of power equations (Fig. 9.). 

 
Figure 9. The influence of the needle roller diameter (d) and the shaft neck diameter (D) on the contact 
area (S) of the elements of bearing. 

In the case demonstrated above, the biggest changes in the contact area can be observed 
while putting together the needles of bigger diameters with the given set of rollers, i.e. for 
the needle of 1,4 [mm] in diameter cooperating with the rollers of 10 and 40 [mm] in 
diameter the contact area increased by approximately 5%, while for the needle of 2,5 [mm] 
in diameter cooperating with the same rollers the contact area increased by approximately 9 
[%]. 

3.2. The mathematical model of the friction process in the needle bearing 

The state of the present studies, the information in scientific publications and the catalogues 
of leading producers of bearings show that the total moment of resistance in the work of a 
bearing can be understood as the sum of the elemental moments originating in the bearing 
friction, the sliding friction, the bearing seal friction and the friction occurring in oil 
environment. 

However, in order to estimate the moment of resistance in the friction sliding we suggest the 
mathematical model in which the total moment of different types of resistance to motion 
comprises firstly the moment resulting from the bearing friction, calculated as the product of 
the load – N and the rolling friction ratio - f , and the moment originating from the sliding 
friction, taking into account load, the sliding friction - µ and the radius of the roller – r (2). 
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where P is the strength per each unit of the rollers length; D1, D2 are the diameters of the shaft 
neck and the needle respectively; v1,v2 are Poisson’s figures; E1,E2 are Young’s modulus. The 
indexes 1,2 refer to the roller 1 (the shaft neck) and 2 (the needle roller) respectively. 

In the case when the axes of the touching rollers (the shaft neck and the needle) are not 
parallel (Fig. 8 c), the whole load and the stress connected with it concentrate in a relatively 
small point [13].                               

 
Figure 8. The pictorial diagram of the roller bearing: a) the spread of stresses for the connecting rollers 
with parallel axes, b) the axes of the parallel elements, c) the axes of the elements shifted by an angle 

The area of the friction surface of the elements of bearing is influenced not only by the 
adequate mutual positioning of the cooperating elements, but also by the changeable 
relation of the diameters of the needle and the roller, changeable values of Young’s 
modulus, Poisson’s ratio of the materials used, and the change of load. 

The basic theoretical perspective assumed while calculating contact stresses and the width 
of the contact area between co-working bodies was based on Hertz’s theory, drawing on the 
following premises: the contacting elements are made from a homogenous, isotopic 
material; they are limited by the smooth surfaces with a regular curvature; and within the 
contact area some deformations occur [11, 12, 14]. 

The analysis of the change in the contact area of the elements of needle bearing presented 
below was prepared on the basis of all the premises of Hertz’s theory concerning the work 
of two rollers (the shaft neck, the needle roller) with parallel axes, working under static load 
in dry environment. In the examination of the factors which have an impact on the measure 
of contact area of the elements cooperating in the form of ‘the shaft neck – the needle roller’ 
interaction is particularly important as the contact area influences the change in the moment 
of motion resistance in the process of bearing. 
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In the first test eight different needles of 1,4 [mm] up to 2,5 [mm] in diameter were 
juxtaposed with four rollers of 10, 20, 30, 40 [mm] in diameter. The contact area of the 
cooperating elements  was calculated taking as an assumption the constant load of 200 
[N/mm]. Different combinations of elements (needles and rollers) were tested. The bigger 
the diameter of the needle, the bigger the contact area becomes – this tendency can be 
measured by means of power equations (Fig. 9.). 

 
Figure 9. The influence of the needle roller diameter (d) and the shaft neck diameter (D) on the contact 
area (S) of the elements of bearing. 

In the case demonstrated above, the biggest changes in the contact area can be observed 
while putting together the needles of bigger diameters with the given set of rollers, i.e. for 
the needle of 1,4 [mm] in diameter cooperating with the rollers of 10 and 40 [mm] in 
diameter the contact area increased by approximately 5%, while for the needle of 2,5 [mm] 
in diameter cooperating with the same rollers the contact area increased by approximately 9 
[%]. 

3.2. The mathematical model of the friction process in the needle bearing 

The state of the present studies, the information in scientific publications and the catalogues 
of leading producers of bearings show that the total moment of resistance in the work of a 
bearing can be understood as the sum of the elemental moments originating in the bearing 
friction, the sliding friction, the bearing seal friction and the friction occurring in oil 
environment. 

However, in order to estimate the moment of resistance in the friction sliding we suggest the 
mathematical model in which the total moment of different types of resistance to motion 
comprises firstly the moment resulting from the bearing friction, calculated as the product of 
the load – N and the rolling friction ratio - f , and the moment originating from the sliding 
friction, taking into account load, the sliding friction - µ and the radius of the roller – r (2). 
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 TcM N f N rμ= ⋅ + ⋅ ⋅  (15) 

The recommended examination on a stand (the friction machine SMT-1) makes it possible to 
obtain the values of the moment of resistance created in the process of sliding friction from 
the total moment of resistance to motion in the bearing. The needle bearing with the outer 
ring is mounted directly on the shaft neck which is an interior bearing track for the needles. 
The outer ring is stationary, and the bearing is loaded with radius force. During the work of 
the roller turning with the rotational speed of 50-100 rotations per minute there exists only 
the resistance connected with bearing friction. The observations provided by a torque meter 
help estimate the moment of bearing friction and the value of the ratio f. Then, if the number 
of rotations of the roller is increased, in the total moment there will appear the already 
mentioned sliding friction, the value of which can be calculated as the difference between 
the total moment of resistance obtained in the trail work of the bearing and the value of  
bearing resistance established earlier. 

Such an examination helps to estimate the extent to which the  bearing friction and sliding 
friction matter in the overall balance of motion resistance. The next step in the examination 
may be to check the influence of load with constant rotational speeds, and the influence of 
the change in the lubricant environment.  

3.3. The analysis of the friction process as the function of the initial slackness 

The bearing slackness is a very important geometrical parameter which determines the 
intensity and the type of wear. In order to estimate the influence of slackness on the process 
of wear the examination was carried out for the nominal slackness of 0.065 [mm] and other 
slacknesses achieved as a sum of the nominal one and the value of reduction of the shaft 
neck diameter. The associations received in this way made it possible to examine the process 
of friction with slacknesses of 0.1, 0.2, 0.3, 0.4, 0.5 [mm] respectively. A hundred-hour 
examination was carried out (on the friction machine SMT-1) for each value of slackness in 
bearing; next, the micro-structure of the friction surface was examined under an optic 
microscope with magnification X300 (Fig. 10 b). On the basis of the results received it can 
established that the enlargement of slackness between the elements in the friction pair leads 
to a considerable enlargement of the intensity in the shaft neck wear, which, in turn, results 
in the worse durability of the connection.  

Fig. 11. shows the kinetic relations between the wear of the shaft neck and different 
slacknesses in the function of work time. The lines 1 and 2, corresponding to the 
slacknesses 0,5 [mm] and 0,4 [mm] respectively, indicate the group with a relatively high 
rate of wear. A significantly smaller rate of wear is represented by the lines 4-7, 
corresponding to the slacknesses 0,065 [mm] – 0,3 [mm] respectively (Fig. 11). The dotted 
line 3, typified as the critical slackness h = 0,325 [mm] characterizes the shift from the less 
intensive, mechano-chemical one, to the more intensive one. The increase of the slackness 
from the critical h = 0,325 [mm] to 0,4 [mm] results in the intensity which is approximately 
twice bigger. With the slackness 0,5 [mm] the durability of the needle bearing decreases 
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by 50 [%], if compared with the durability with the critical slackness. Fig. 10  shows the 
wear of the shaft neck understood as function of the initial slackness. Point A (Fig. 10 a) as 
the critical slackness with which the friction pair works in the conditions of normal wear 
was achieved as a result of crossing the tangents led to the curve of wear in areas I and III 
[13, 15]. 

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
Figure 10. Demonstration of the shaft wear: a) the shaft wear in the function of initial slackness where: I 
is normal wear, II is mechano-chemical wear, III is pathological wear, b) the structure of the worn 
surface of the shaft neck x 300 
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Figure 11. The kinetic relations in the wear of the needle bearing elements ( the operating conditions, 
different slacknesses in association) 

In real conditions, when the surfaces of the bodies in direct contact are uneven, and 
anisotropy of top layer occurs, the problem of body contact becomes a more complicated 
one. Further examination will focus on the analysis of friction surface of the needle bearing 
elements in real conditions, in the lubricated environment and under kinematic load. 

4. The analysis of friction surfaces of the needle bearing elements 

This part gives an analysis of the change in the contact area of elements cooperating under 
static load in dry environment when two rollers with parallel axes – the needle rollers and 
the shaft neck – work against each other [16, 17]. Since the nominal contact areas are 
relatively small – especially when compared with the overall dimensions of the 
aforementioned elements – pressure in contact areas are significant and accompanied by 
concentration of stresses. Hertz’s solution made it possible to establish the nature of mutual 
interaction between the bodies, namely the width of contact area and maximum pressure. 
Next, the area of contact surface was measured, taking into consideration various diameters 
of the needle and the shaft, various values of Young’s modulus and Poisson’s ratio and 
diversified load. The above mentioned will be borne in mind while examining the wear of 
bearing elements in the energetic perspective. Deformed areas of friction surfaces are 
characterised by specific features which directly influence the durability of the elements of a 
friction pair. This, in turn, means that it is essential to choose appropriate friction materials 
and to analyse their geometry. 

4.1. Description of the stand 

The examination stand (Fig. 12) consists of an apparatus responsible for loading F the bearing, 
the electric motor (1) with a fluent regulation of rotation speed 0 – 1500 rpm, the torque meter 
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(2) responsible for constant measurement of the friction moment, the rotation sensor: the shaft 
(7), the needle roller around the axis of the shaft (6) and its axis of symmetry (5), the thermo-
visional camera (8), the converter processing the above-mentioned parameters (9) and the 
computer for recording data (10). The needle bearing with a fixed, immobile outer ring is placed 
on the shaft neck and loaded with radius force F. The motor drives the shaft neck up to a certain 
speed and then the rotation sensors, the torque meter and the camera record the rotation speed 
of the shaft and the needle, the moment of friction and the heat emitted. 

 
Figure 12. The examination stand: 1 – the source of energy, 2 – the torque meter, 3 – the shaft neck of 
diameter D, 4 – the needle roller of diameter d, 5 – the rotation sensor n2 of the needle against the 
symmetry axis, 6 – the rotation sensor n3 of the needle around the axis of the roller, 7 – the rotation sensor 
n1 of the roller, 8 the thermo-visional camera, 9 – the converter, 10 – the computer for processing data 

4.2. The analysis of contact areas of friction elements 

In the place of contact of two elastic bodies pressed against each other with some force, 
some contact stresses within a certain field of mutual contact occur. They reach significant 
values even in the situation when the pressing force is relatively small, which, as a 
consequence, may lead to exceeding the acceptable limit of the material effort. This is of 
paramount importance during the work of needle bearings which are under considerable 
load. Needle bearing requires an adequate positioning of the needles in relation to the shaft 
neck; in the right position – i.e. when the axes of the elements are parallel – the contact area 
of these bodies equals the area of the ellipse of the length which is the same as the length of 
the needle and the width 2b calculated by means of Hertz’s solution: 
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where P is the strength per each unit of the rollers’ length, D1, D2 are the diameters of the 
shaft neck and the needle respectively, v1,v2 are Poisson’s  E1,E2 are Young’s modulus. The 
indexes 1,2 refer to the roller 1 (the shaft neck) and 2 (the needle roller) respectively. 
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4.2. The analysis of contact areas of friction elements 

In the place of contact of two elastic bodies pressed against each other with some force, 
some contact stresses within a certain field of mutual contact occur. They reach significant 
values even in the situation when the pressing force is relatively small, which, as a 
consequence, may lead to exceeding the acceptable limit of the material effort. This is of 
paramount importance during the work of needle bearings which are under considerable 
load. Needle bearing requires an adequate positioning of the needles in relation to the shaft 
neck; in the right position – i.e. when the axes of the elements are parallel – the contact area 
of these bodies equals the area of the ellipse of the length which is the same as the length of 
the needle and the width 2b calculated by means of Hertz’s solution: 

2 2
1 2 1 2

1 2 1 2

1 1D D v v
b P

D D E E
 ⋅ − −

= +  +  
, 

where P is the strength per each unit of the rollers’ length, D1, D2 are the diameters of the 
shaft neck and the needle respectively, v1,v2 are Poisson’s  E1,E2 are Young’s modulus. The 
indexes 1,2 refer to the roller 1 (the shaft neck) and 2 (the needle roller) respectively. 



 
Performance Evaluation of Bearings 44 

The area of the friction surface of the elements of bearing is influenced not only by the 
adequate mutual positioning of the cooperating elements, but also by the changeable 
relation of the diameters of the needle and the roller, changeable values of Young’s 
modulus, Poisson’s ratio of the materials used, and the change of load. 

The basic theoretical perspective assumed while calculating contact stresses and the width 
of the contact area between co-working bodies was based on Hertz’s theory, drawing on the 
following premises: the contacting elements are made from a homogenous, isotopic 
material; they are limited by the smooth surfaces with a regular curvature; and within the 
contact area some deformations occur (Dietrich, 2003). The analysis of the change in the 
contact area of the elements of needle bearing presented below was prepared on the basis of 
all the premises of Hertz’s theory concerning the work of two rollers (the shaft neck, the 
needle roller) with parallel axes, working under static load in dry environment. In the 
examination of the factors which have an impact on the measure of contact area of the 
elements cooperating in the form of “the shaft neck – the needle roller” interaction is 
particularly important as the contact area influences the change in the moment of movement 
resistance in the process of bearing. 

In the first test eight different needles of 1,4 [mm] up to 2,5 [mm] in diameter were 
juxtaposed with four rollers of 10, 20, 30, 40 [mm] in diameter. The contact area of the 
cooperating elements was calculated taking as an assumption the constant load of 200 
[N/mm]. Different combinations of elements (needles and rollers) were tested. The bigger 
the diameter of the needle, the bigger the contact area becomes – this tendency can be 
measured by means of power equations (Fig. 9). 

In the case demonstrated above, the biggest changes in the contact area can be observed 
while putting together the needles of bigger diameters with the given set of rollers, i.e. for 
the needle of 1,4 [mm] in diameter cooperating with the rollers of 10 and 40 [mm] in 
diameter the contact area increased by approximately 5 [%], while for the needle of 2,5 
[mm] in diameter cooperating with the same rollers the contact area increased by 
approximately 9 [%]. 

Fig. 13. shows the influence of Young’s modulus E, Poisson’s ratio v and the roller diameter 
D on the area S under a constant load. The range of Young’s modulus assumed in the test 
was identical with the one meant for the materials used in the construction of shafts and 
bearings.  The increase in the contact area of cooperating elements when E and v are 
changed is not significant; in the situation illustrated in Fig. 13, the increase approximates to 
mere 0.8 [%] when E is doubled. This is connected with the assumed load which is 
transmitted onto the whole length of the needle (the axes of the shaft and the needle roller 
are parallel). In case of materials that are characterized by Young’s modulus of 200 [GPa] 
and more, the assumed load of 200 [N/mm] does not enforce any deformation in the 
cooperating elements, i.e. the needle of 2 [mm] in diameter and a set of rollers of 20, 30, 40 
[mm] in diameter. 
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Figure 13. The influence of Young’s modulus – E of the material, Poisson’s ratio – v, the diameter of the 
shaft neck (D) on the contact area of the elements of bearing (S) 

Assuming that the task of loading is an indispensable factor in creating stresses and 
deformations in the needle roller and the shaft neck, the influence of radius strength P on 
the contact area becomes obvious. 

From the analysis of the diagram in Fig. 13 it is clear that the increase in the area S is directly 
proportional to the growing strength P. In the test a needle roller of 2 [mm] in diameter (E = 
210 [GPa], v = 0.3) was used as well as a set of four rollers of 10, 20, 30, 40 [mm] (E = 200 
[GPa], v = 0.25) in diameter. The diagram of the increase in the contact area with the load of 
bearing by radius force ranging from 200 to 450 [N/mm] is reflected by power function (Fig. 
14) which is connected z hardening of the contact area under the influence of growing force. 

 
Figure 14. The influence of load (P) and the diameter of the shaft neck (D) on the contact area of the 
elements of bearing (S) 

To model the process of friction, to calculate the rotational speed of the shaft and the needle 
roller, and to estimate the importance of slide resistance in the overall process of friction, the 
following examination stand was used [18,19]. 
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5. Summary 

The work refers to different aspects of research methodology and the difficulties in the 
interpretation of the durability and reliability of the bearings. The proposition of own 
methods of research and empirical descriptions was done. The material presented in the 
work was divided into four separate subsections: on research methodology, work, 
geometry, and the impact of these elements on the friction and wear. All tests were 
performed for three replicates at each point. The investigations were conducted with using 
different tribological testers and tribological stands. Should add that all of the test, later in 
this chapter bearings are factory items and their designations are in accordance with PN, 
PN-EN and ISO standards. All tests were performed for three replicates at each point. 

On the basis of the test results the following conclusions have been made: 

The results of tribological tests indicate different friction characteristics of the evaluated 
elements. Bigger resistance to motion is noticed at the beginning of the test. Afterwards it 
becomes stable – at minimal level, at the end of the process. The data included in this section 
indicate entirely different test results obtained with two different methods. This may lead to 
totally different conclusions concerning the tribological properties of tested elements. The data 
presented in fig. 2, 3 and 4 clearly indicate the lack of correlation between MB-1 and MB-2 
methods applied in the tests. This means that conducting a scientifically reliable evaluation of 
tribological properties of such elements requires applying one method. However, the results 
obtained with this method may not reflect the actual friction nodes when one is unable to 
faithfully reproduce their actual working conditions. The conducted examination and 
simulations have demonstrated the changes in the contact area of friction pair elements when 
two rollers with parallel axes (i.e. the needle roller and the shaft neck) press against each other. 
Examination of the factors that can have an influence on the contact area of cooperating 
elements, i.e.: changes in the needle roller diameter and the change in the shaft diameter, are of 
particular importance because the contact area alters the resistance moment of motion in the 
bearing. The suggested mathematical model and the examination on a stand help to estimate 
the extent to which the bearing friction and the sliding friction matter in the overall balance of 
motion resistance. While examining the shaft neck wear in the function of initial slackness, the 
conditions of movement from the normal wear to the pathological one were established by 
means of setting up the critical parameters: the slackness, the intensity of wear in the function of 
load. It has been observed that the movement from the normal wear to adhesion is 
characterized by a gradual increase of the intensity of the elements wear. The conducted 
examination and simulations have demonstrated the changes in the contact area of friction pair 
elements when two rollers with parallel axes (i.e. the needle roller and the shaft neck) press 
against each other. Examination of the factors that can have an influence on the contact area of 
cooperating elements, i.e.: changes in the needle roller diameter and the change in the shaft 
diameter, changes in the value of Young’s modulus, Poisson’s ratio of the materials used and 
changes of load are of particular importance because the contact area alters the resistance 
moment of movement in bearing. The analysis of the above-mentioned relations in the energetic 
perspective made it possible to conclude that deformed areas of friction surfaces are 
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characterized by specific properties which influence the durability of the elements of the friction 
pair. This means that the materials meant for friction pairs should be properly selected and their 
geometry carefully analyzed. While examining the shaft neck wear in the function of initial 
clearance, the conditions of movement from the normal wear to the pathological one were 
established by means of setting up the critical parameters: the clearance, the intensity of wear in 
the function of load. It has been observed that the movement from the normal wear to adhesion 
is characterized by a gradual increase of the intensity of the elements wear. The examination 
was carried out for the nominal clearance of 0.065 mm and other clearances achieved as a sum 
of the nominal one and the value of reduction of the shaft neck diameter. The associations 
received in this way made it possible to examine the process of friction with clearances of 0,1, 
0,2, 0,3, 0,4, 0,5 [mm] respectively. A hundred-hour examination was carried out for each value 
of clearance in bearing; next, the micro-structure of the friction surface was examined under an 
optic microscope with magnification ×300, which lead to the distinction of three different 
surfaces of wear characteristic for normal, mechano-chemical and pathological wearing (Fig. 10 
b). On the basis of the results received is can established that the enlargement of clearance 
between the elements in the friction pair leads to a considerable enlargement of the intensity in 
the shaft neck wear, which, in turn, results in the worse durability of the connection. Fig. 10 a 
shows the wear of the shaft neck understood as function of the initial clearance. Point A as a 
critical clearance with which the friction pair works in the conditions of normal wear was 
achieved as a result of crossing the tangents led to the curve of wear in areas I and III 
(Nachimowicz et al., 2007). In real conditions, when the surfaces of the bodies in direct contact 
are uneven, and anisotropy of top layer occurs, the problem of body contact becomes a more 
complicated one. Further examination will focus on the analysis of friction surface of the needle 
bearing elements in real conditions, in the lubricated environment and under kinematic load. 
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5. Summary 
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characterized by specific properties which influence the durability of the elements of the friction 
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of the nominal one and the value of reduction of the shaft neck diameter. The associations 
received in this way made it possible to examine the process of friction with clearances of 0,1, 
0,2, 0,3, 0,4, 0,5 [mm] respectively. A hundred-hour examination was carried out for each value 
of clearance in bearing; next, the micro-structure of the friction surface was examined under an 
optic microscope with magnification ×300, which lead to the distinction of three different 
surfaces of wear characteristic for normal, mechano-chemical and pathological wearing (Fig. 10 
b). On the basis of the results received is can established that the enlargement of clearance 
between the elements in the friction pair leads to a considerable enlargement of the intensity in 
the shaft neck wear, which, in turn, results in the worse durability of the connection. Fig. 10 a 
shows the wear of the shaft neck understood as function of the initial clearance. Point A as a 
critical clearance with which the friction pair works in the conditions of normal wear was 
achieved as a result of crossing the tangents led to the curve of wear in areas I and III 
(Nachimowicz et al., 2007). In real conditions, when the surfaces of the bodies in direct contact 
are uneven, and anisotropy of top layer occurs, the problem of body contact becomes a more 
complicated one. Further examination will focus on the analysis of friction surface of the needle 
bearing elements in real conditions, in the lubricated environment and under kinematic load. 
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1. Introduction 

The decisive criteria of the quality of machining tools are their productivity and working 
accuracy.  

One innovated method for improving the technological parameters of manufacturing 
machines (machine tools) is to optimise the structure of their nodal points and machine 
components. 

Because of the demands on machine tool productivity and accuracy, the spindle-housing 
system is the heart of the machine tool, Figure 1, [1]. Radial ball bearings with angular 
contact are employed in ever increasing arrays. The number of headstocks supported on ball 
bearings with angular contact is increasing proportionally with the increasing demands on 
the quality of the machine tool [2]. This is because these bearings can be arranged in various 
combinations to create bearing arrangements which can enable the reduction of both radial 
and axial loads. The possibility of varying the number of bearings, their preload value, 
dimensions and the contact angle of bearings used in the bearing nodes, creates a broad 
spectrum of combinations which enable us to achieve the adequate stiffness and high speed 
capabilities of the Spindle-Bearings System (SBS) [2], [3]. Adequate stiffness and revolving 
speed of the headstock are necessary conditions for meeting the manufacturing precision 
quality and machine tool productivity required by industry.   

When designing a machine tool headstock, the starting point is the design of the spindle 
support, as this limits the stability, accuracy and production capacity of the machine by its 
stiffness and revolving speed. However, the parameters influencing the stiffness and 
frequency can act in opposition to each other. The selection of the type of bearing has to take 
into consideration the optimization of its stiffness and revolving speed characteristics. The 
maximum turning speed of the bearings is a function of the maximum revolving speed of 
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the individual bearings, their number, pre-load magnitude, manufacturing precision, and 
the types of lubrication used. 

The stiffness of the SBS depends on the stiffness of the bearings and the spindle itself. There 
are several methods that can be employed for determining the static stiffness of the spindle 
system, e.g. [1] and [2]. 

 
Figure 1. Factors influencing the Quality of Machine Tools, [4]. 

However, one problem which has not yet been solved is the calculation of the stiffness of the 
bearings, (or nodes of bearings) in the individual housing. Accurate calculation of the 
stiffness of the bearing nodes requires the determination of the static parameters of each 
bearing. From a mathematical point of view, this can be solved by using a system of non-
linear differential equations, which requires the use of computers. To simplify the design, 
we need a static analysis which provides the basis for the dynamic characteristics of the 
mounting, and of the machine itself. Designers often prefer the conventional and proven 
methods of mounting, without taking into account the technical and technological 
parameters of the machine. 

For the design engineer, it is important to be able to undertake a quick evaluation of various 
SBS variants at the preliminary design stage. The success of the design will depend on the 
correct choice of suitable criteria for the SBS, and if the design engineer has adequate 
experience in this field. 
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1.1. Headstock – The heart of the machine tool 

The headstock, whether tool or workpiece carrier, has a direct influence on the static and 
dynamic properties of the cutting process, Figure 2. The spindle-bearing system (SBS) 
stiffness affects the surface quality, profile, and dimensional accuracy of the parts produced. 
It also has a direct influence on machine tool productivity because the width of cut 
influences the initiation of self-induced vibration; it is directly proportional to machine tool 
stiffness and damping.  

Complex analysis of the SBS is very difficult and complicated, [5]. The analysis requires an 
advanced understanding of mathematics, mechanics, machine parts, elasto-hydrodynamic 
theory, rolling housing techniques, and also programming skills. The results of our research 
into SBS have been divided into three parts: 

 
Figure 2. CNC profile milling machine, Carl Hurt Maschines, Germany; Work nodal point – 
3x7013ACGA/P4, Opposite nodal point – 2x7013ACGA/P4 

 Theoretical research - dealing with creating mathematical models  
 Experimental research - verifying theoretical hypotheses and results on testing devices 
 Application research - dealing with the special software application, Spindle Bearings for 

SBS design. 

2. Theoretical research 

A modular structure of the theoretical research is shown in Figure 3. 

2.1. Primary static analysis 

2.1.1. Speed 

The productivity of a machine tool, (Figure 1) can be increased in at least two different 
ways: 
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1. Externally - by shortening working time - within a working cycle 
2. Internally - by reducing machining times (increasing the cutting width) - technological 

issues. 

 
Figure 3. Modular structure of theoretical research, [5] 

The philosophy of intelligent manufacturing systems applied to production processes 
minimise lost time. Further reducing lost time is expensive and has limited effectiveness at 
current levels of technological development. It has been shown that increased productivity 
can be achieved for example by changing the cutting speed. However this has a direct effect 
on tool life and on the dynamic stability of the cutting process. 

The cutting speeds in machining processes depend on the technology applied, the cutting 
tool, and the workpiece material. The cutting speed also relates directly to the high-speed 
capability, and average diameter, of the bearings, the so-called factor N = nmax.dmid.. Thus, 
from the point of view of the required cutting speed, the most important factor is the 
revolving frequency capacity of a spindle which is supported on a bearing system.  

The calculation of the headstock’s maximum revolving speed is relatively simple. The 
highest revolving speed of a bearing node is calculated on the basis of the highest revolving 
speed of one bearing, multiplied by various coefficients reflecting the influence on the 
bearings, the bearing arrangement, bearing precision, their preloaded value, and lubrication 
and cooling conditions.  

2.1.2. Stiffness  

The total static stiffness of machine tools is, in almost all cases, limited by the stiffness of the 
weakest parts. Amongst all the elements, the Spindle-Bearings System of the machine tool 
plays the most important role.  

THEORETICAL RESEARCH 

MOUNTING ELEMENTS RESEARCH SH SYSTEM RESEARCH

bearing
nodes

spindle
noses

clamping
elements

supporting
elements

statical
models

dynamical
models

Matematical models

running accuracy

durability

stiffness

high - speedability

temperature

statical stiffness dyn. stiffness

natural

frequencies

spectrum

 
Radial Ball Bearings with Angular Contact in Machine Tools 53 

From results of structural analyses, the headstock can be considered as the heart of the 
whole machine tool. The design and quality of the machine tool must respect the quality of 
the drives and their features. 

The headstock (as tool, or workpiece carrier), has a direct influence on the static and 
dynamic properties of the cutting process. The Spindle-Bearing System‘s stiffness also 
influences the final surface quality, profile, and dimensional accuracy of the workpiece.  

The problem here is how quickly the headstock stiffness can be calculated with sufficient 
precision. The headstock stiffness must be calculated according to the deflection at the front 
end of the spindle, because the deflection at this point directly affects the precision of the 
finished product. The deflection at the spindle front end is the accumulation of various 
other, more or less important, partial distortions. The radial headstock stiffness can be 
calculated as follows: 

 r
rc
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The individual headstock parts, (spindle and bearing arrangement), create a serial spring 
arrangement and it is evident that the resulting stiffness Krc is limited by the stiffness of the 
weakest part. An expert can see which part should be improved, and which partial 
distortions need to be minimized. 

2.2. Simplified method of calculation 

The calculation of spindle front end deflection, which takes into consideration all the 
important parameters, can only be achieved by using powerful computers. The analysis can 
be carried out by standard or custom software programs.  

Calculating the many combinations of SBS arrangements is very demanding on time and 
money. Undertaking stiffness analysis using standard programs depends on the engineers’ 
experience. The results can be open to questionable even when a suitable mathematical 
method is used (finite element method, boundary element method, Castilian’s theorem, 
graphic Mohr’s method, etc). This is because the headstock box, bearings or bearings nodes 
are statically indefinite systems which produce a nonlinear deformation of the node when 
under load.  

Special software programmes are very expensive. They are developed using the most up-to-
date theoretical and practical knowledge. These programs have been developed by research 
institutions and bearing producers and the possibility of using such programs significantly 
influences their position on the SBS market. Taking the above into account, engineers would 
benefit from the existence of a simplified method of static analysis. Such a methodology 
would enable the engineer at the preliminary design stage to limit the number of possible 
spindle-bearing variants and determine the direction which would lead to the optimal SBS 
design, [6]. 
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1. Externally - by shortening working time - within a working cycle 
2. Internally - by reducing machining times (increasing the cutting width) - technological 

issues. 

 
Figure 3. Modular structure of theoretical research, [5] 
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From results of structural analyses, the headstock can be considered as the heart of the 
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date theoretical and practical knowledge. These programs have been developed by research 
institutions and bearing producers and the possibility of using such programs significantly 
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spindle-bearing variants and determine the direction which would lead to the optimal SBS 
design, [6]. 
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The main methodological advantage of computer analysis is the possibility of repeating 
single calculating algorithms in a matrix shape. To this end a special software package, 
“Spindle Headstock” was developed at the Department of Production Engineering in the 
Faculty of Mechanical Engineering at STU, Bratislava, [7]. 

The resulting radial deformation, yrc, of the front spindle end is shown in Figure 4.  

Resulting static distortion of the front-end spindle equals  

 0 l t a v sb hy  y  y  y  y  y  yrcy         (2) 

Our experience has shown that whatever mathematical method and software is used, the 
spindle distortion caused by bending moments y0 and by bearing compliances yl have the 
greatest influence on the resulting front end spindle distortion, [6].  

 
Figure 4. Factors influencing the resulting deflection 

Then 
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where the distortion caused by bending moments is as follows: 
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and the deflection caused by bearing compliance is as follows: 
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Increasing moments of inertia "Ja“, “JL" were calculated as follows: 
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The definition of the quantities is shown in Figure 5. The individual headstock parts 
(spindle, bearing arrangement,) create a serial spring arrangement, and it is evident that the 
resulting stiffness Krc is limited by the stiffness of the weakest part, [1] [2] and [9].  

At the same time, parameters "Fr", "a", "L" influence the value of both deflections. The 
spindle deflection caused by bending moments can be decreased by the following methods:  

- increasing the material modulus of elasticity "E", 
- increasing moments of inertia "Ja“, “JL" by a change of spindle diameters "Da“, “DL“, 

“da“, “dL". 

The resulting static distortion of the spindle front-end can be explicitly described by a multi-
parametrical equation in the form of: 

    F r a a a L L L A B,y  f [E,  F ,  a,  L,  J , ,  D ,  d J D ,  d ,  K ,  K ]   (7) 

- spindle material and dimensions  (E, Da, da, DL, dL) 
- loading forces position, orientation and magnitude (Fr, N, rF, b) 
- bearing arrangement configuration and stiffness (KA, KB,) 
- spindle and bearing arrangement space configuration  (L, a) 
- spindle box construction (k, ρ) 

There remains one significant problem with the calculation of the bearing nodes, and that is 
that they are statically indeterminate systems.      

 
Figure 5. Cross section scheme of the spindle-bearing system 
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2.3. Dynamic analysis 

While static analysis of SBS describes spindle behaviour in a static mode, dynamic analysis 
describes SBS behaviour under real conditions, in real running time, and so the real 
operational state is better represented. It is very important to know the dynamic 
characteristics, especially in high-speed headstocks. It is important to ensure that the 
operational revolving frequencies do not fall within the resonant zone. When this happens, 
the vibration amplitude of the spindle is considerably increased, and the spindle’s total 
stiffness falls to unacceptable levels. 

The most common determining dynamic characteristics of SBS are: 

- the spectrum of natural (resonant) frequencies (usually the first three frequencies), 
- the amplitudes of vibrations along the spindle independent of the revolving frequencies 

of the spindle, 
- the resonant amplitudes of vibrations, 
- the dynamic stiffness of the spindle (at the given speed of the spindle). 

The SBS dynamic properties (dynamic deflection of spindle front-end, natural frequencies 
spectrum) [5], are affected by factors shown in Figure 6. 

Mathematical models for determining the dynamic properties of a spindle 

Currently, the only reliable method for determining dynamic properties is to use 
experimental measurements. Therefore it is very useful to create reliable mathematical 
models for determining these dynamic properties. 

In line with spindle mass reduction, mathematical models are divided into: 

1/ discrete with 1º, 2º and Nº degrees of freedom, 
2/ continuous. 

The discrete mathematical model developed for measuring the revolving vibration of spindles 
with No degrees of freedom is worked out in [1], [5]. This mathematical model for calculating 
the dynamic properties of the spindle enables us to include in our calculation the effects of the 
materials, the dimensions of the rotating parts, the bearing node stiffness, and the radial forces 
generated by the cutting process and drive. The results calculated reflect a spectrum of natural 
frequencies and the dynamic deflection of the spindle under discrete masses. 

The deflection of spindle yi loaded with concentrated forces at the ith point can be expressed 
in the form: 

  i1 1o i2 2o ik ko in noyi  a F  a F   . . .   a F  . . .  a F   m       (8) 

where aik (m/N) is Maxwell’s affecting factor. Every mass point on the spindle produces 
centrifugal force 

  2
io i iF  m y      N  (9) 

where mi (kg) is mass ith discrete segment. 
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Figure 6. Factors affected by SBS dynamic properties 

The application of the aforementioned equations and their modification for masses of “n” 
value, will create a system of homogenised algebraic equations where the results of 
determinant D are angular natural frequencies of the transverse vibrations of the spindle i 
(rad.s-1). 

The procedure for determining the dynamic deflections yi, when the dimensions of the 
spindle, rotating parts, stiffness of bearing arrangement, and the external radial forces are 
taken into consideration, is very similar to the previous one. These procedures are described 
in [6].  

 

2 2 211   1   12  2  1n   n  

2 2 221   1   22   2  2n  n  

2 2 2n1   1   n2  2  nn   n  

1  .  .  .   

 1 .  .  .     =     =  0
.  .  . .  .  . .  .  . .  .  .

    .  .  . 1   

a m a m a m

a m a m a m

a m a m a m

  

  

  

  

  


  

 (10) 

It is relatively easy to transform this mathematical model into a computer readable format 
and the calculation of the dynamic characteristics can be quickly achieved. 

2.4. Theoretical research on bearing nodes  

2.4.1. Arrangements of nodal points 

Usually, radial ball bearings with angular contact arrangements in their nodal points contain 
2, 3 or more bearings, see Figure 7. 
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The application of the aforementioned equations and their modification for masses of “n” 
value, will create a system of homogenised algebraic equations where the results of 
determinant D are angular natural frequencies of the transverse vibrations of the spindle i 
(rad.s-1). 

The procedure for determining the dynamic deflections yi, when the dimensions of the 
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It is relatively easy to transform this mathematical model into a computer readable format 
and the calculation of the dynamic characteristics can be quickly achieved. 

2.4. Theoretical research on bearing nodes  

2.4.1. Arrangements of nodal points 

Usually, radial ball bearings with angular contact arrangements in their nodal points contain 
2, 3 or more bearings, see Figure 7. 
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2.4.2. Criteria for selecting the arrangement of bearings   

The number of spindle bearing systems supported on ball bearings with angular  contact 
increases proportionally with increasing demand on the machine tool. By  varying the 
bearings and their arrangement in the bearing nodes (DB, DF, DT, TBT,TTF, QBC, ..), the 
value of the contact angle, magnitude of preload, and type of flanges can be optimized to 
suit the required, resulting stiffness and speed-capability of the spindle-bearing system. 

In order to assess the maximum permissible speed of different types of spindle rotations, a 
parameter for the so-called high-speed characteristics has been introduced: N = nmax.dmid, 
where “nmax” denotes the maximum spindle revolutions and “dmid” the medial diameter of 
the bearings. Following this parameter, roller bearings of machine tool spindles can be 
divided into 3 basic groups, [10]: 

 

 
 

Figure 7. Arrangements in nodal points 

GROUP 1:  N = (0,1 – 0,5) .106:  Headstocks of heavy duty machines for turning, milling and 
drilling operations. In these machines the spindles are predominantly mounted using 
double-row roller bearings in combination with axial ball bearings, or tapered bearings. We 
can assume that the linearization of the deformation curve in roller bearings is sufficiently 
accurate, which simplifies the calculation of the radial stiffness of the nodal point, [2]. These 
mountings offer high stiffness and load-bearing capacity and quiet operation. 

GROUP 2: N = (0.4 – 1) .106  is characterized by bearings of medium size and  are found in 
smaller NC and CNC turning, milling, drilling and grinding machine tools. The maximum 
possible speed in bearings with linear joints is limited by the heat produced in the head, and 
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therefore they are used only for the mounting of spindles with the lowest values of 
coefficient N. Developments in the field of increased speed capability is focused on bearings 
with point contacts, as these have better friction characteristics. 

GROUP 3: Spindles mounted in bevelled radial bearings with optimized structure (design) 
and using new composite materials enabling high-speed operation, N = (0.8 – 2.5) x 106, 

which is typical for high-speed machining. 

Spindle mountings using only radial bevelled bearings, (table 1), [11] can be divided into 2 
basic types: 

- spindles mounted on bearing nodes with “directionally” arranged bearings, with equal 
orientation of contact angles in each nodal point  1, 2, 3, and 7, table 1. 

- spindles mounted on nodal points with bearings arranged according to shape. Bearings 
are arranged in “O” or (X) shape, in combination with “T”. 

A typical feature of the nodes of spindle bearings is the application of pre-stressing, which 
provides the stiffness of the nodal point and reduces any skidding of the rollers at high 
revolutions. 

Pre-stressing can be achieved through three flange design principles: 

a. Sprung flange: thermal expansion (dilatation) is eliminated by changing the length of 
the elastic materials positioned between the flange and the bearings, which ensures 
minimum change in the pre-stress value. 

b. Stiff (Rigid) flange: provided by a fixing nut or casing. This design provides better 
stiffness characteristics. The pre-stress value is changed due to the influence of thermal 
dilatation. 

c. Controllable flange: axially adjustable (by means of hydraulics), which ensures the 
required pre-stressing for different operational conditions. 

The highest values of the coefficient N can be achieved by using spindles mounted on nodes 
with a “directional” arrangement of bearings, 1, 2 and 3. When used in conjunction with the 
controllable flange, the correct types of lubrication and cooling, speeds which are 
comparable with the maximum revolutions of the bearings themselves can be achieved. 
Thus they can be applied in high-speed machining [11]. These mounting types, in 
combination with the sprung support, are mostly used for grinding. 

For difficult technological operations requiring considerably higher stiffness in the radial 
and axial directions, nodal points with bearings arranged according to shape, together with 
fixed supports are typical. 

There is negligible use of hybrids of the basic types of mounting (mounting 5), as shown in 
table 1. In such cases one nodal point has bearings arranged according to shape, while the 
other has directionally arranged bearings, (Figure 2). The pre-stressing in the front nodal 
point is ensured by a stiff flange, and in the rear nodal point by a sprung flange. 
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therefore they are used only for the mounting of spindles with the lowest values of 
coefficient N. Developments in the field of increased speed capability is focused on bearings 
with point contacts, as these have better friction characteristics. 

GROUP 3: Spindles mounted in bevelled radial bearings with optimized structure (design) 
and using new composite materials enabling high-speed operation, N = (0.8 – 2.5) x 106, 

which is typical for high-speed machining. 

Spindle mountings using only radial bevelled bearings, (table 1), [11] can be divided into 2 
basic types: 

- spindles mounted on bearing nodes with “directionally” arranged bearings, with equal 
orientation of contact angles in each nodal point  1, 2, 3, and 7, table 1. 

- spindles mounted on nodal points with bearings arranged according to shape. Bearings 
are arranged in “O” or (X) shape, in combination with “T”. 

A typical feature of the nodes of spindle bearings is the application of pre-stressing, which 
provides the stiffness of the nodal point and reduces any skidding of the rollers at high 
revolutions. 

Pre-stressing can be achieved through three flange design principles: 

a. Sprung flange: thermal expansion (dilatation) is eliminated by changing the length of 
the elastic materials positioned between the flange and the bearings, which ensures 
minimum change in the pre-stress value. 

b. Stiff (Rigid) flange: provided by a fixing nut or casing. This design provides better 
stiffness characteristics. The pre-stress value is changed due to the influence of thermal 
dilatation. 

c. Controllable flange: axially adjustable (by means of hydraulics), which ensures the 
required pre-stressing for different operational conditions. 

The highest values of the coefficient N can be achieved by using spindles mounted on nodes 
with a “directional” arrangement of bearings, 1, 2 and 3. When used in conjunction with the 
controllable flange, the correct types of lubrication and cooling, speeds which are 
comparable with the maximum revolutions of the bearings themselves can be achieved. 
Thus they can be applied in high-speed machining [11]. These mounting types, in 
combination with the sprung support, are mostly used for grinding. 

For difficult technological operations requiring considerably higher stiffness in the radial 
and axial directions, nodal points with bearings arranged according to shape, together with 
fixed supports are typical. 

There is negligible use of hybrids of the basic types of mounting (mounting 5), as shown in 
table 1. In such cases one nodal point has bearings arranged according to shape, while the 
other has directionally arranged bearings, (Figure 2). The pre-stressing in the front nodal 
point is ensured by a stiff flange, and in the rear nodal point by a sprung flange. 
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Seq. 
No. 

CONFIGURATION N= nmax.dmid. 106

[mm.min-1] 
Characteristic Use Rear bearing 

node Forward bearing node 

1. 

 

t1=1, t2=0               t1=0, t2=1

1,2 -2,5 

- single direction  of
rotation 

- light axial and 
radial loads 

- grinding 
internal holes 

2. 
 

t1=1, t2=0               t1=0, t2=2

0,8 – 1,6 

- suitable for 
extremely short 

spindles 

- medium axial 
loads 

- finishing 
machines 

- drilling of deep 
holes 

3. 
 

t1=2, t2=0              t1=0, t2=2

0,8 -1,4 

- medium radial 
loads 

- very common 
method of use 

- grinding 
internal holes 

- milling 

- drilling 

4. 

 

t1=1, t2=1              t1=1, t2=1

0,6 – 1 

- machining light 
metals 

- medium radial 
loads 

- grinding 

- precision 
drilling 

- turning/ lathe 

5. 

 

t1=1, t2=0             t1=1, t2=2

0,5 – 0,9 - medium axial 
loads 

- drilling of deep 
holes 

- milling 

6. 

 

t1=1, t2=1             t1=1, t2=2

0,4 – 0,9 

- medium axial 
loads 

- very common 
method of use 

- turning/ lathe 

- drilling 

7. 

 

t1=2, t2=0             t1=3, t2=0

0,3 – 0,6 

- high axial loads

medium radial 
loads 

- milling 

- boring 

Table 1. Type of SBS using radial ball bearings with angular contact [11] 
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2.4.3. Stiffness 

The stiffness of the bearing arrangement (KA, KB) is the specific parameter which influences 
the consequent spindle distortion. We have developed a simplified mathematical model for 
calculating radial and axial stiffness, [11], [12]. 

3. The calculation of radial stiffness of nodal points  

3.1. Assumptions of solution 

According to the Hertz assumptions [13], [14], there is a dependence between load ”P” and 
deformation “δ” at the contact point of the ball with the plane, given by the relationship  

 3/2P  k .   (11) 

a. the bearings in the nodal points are of the same type and dimensions,  with precise 
geometric dimensions   

b. the value of the contact angle is the same for all directionally-arranged bearings in the 
nodal point, which delivers  equal distribution of strain on these bearings  

c. radial load is equally distributed  onto all the bearings in the nodal point  

3.2. Stiffness of nodal points with directionally-arranged bearings 

The calculation of the stiffness of a nodal point is based on the stiffness of the bearing itself 
[15], which is defined as: 
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As radial displacement r0 is a function of contact deformation 0 of the ball with the highest 
load [13], the equation for calculating the stiffness of bevelled radial bearings will have the 
form:  
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When calculating stiffness, the distribution of load among the rollers must be determined, and 
the dependence between the load on the top ball and external load must be found. The 
distribution of load in the bearing can be derived from the balance under static conditions [14], 
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where 360
z

   is the spacing angle of the balls. 
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Seq. 
No. 

CONFIGURATION N= nmax.dmid. 106

[mm.min-1] 
Characteristic Use Rear bearing 

node Forward bearing node 

1. 

 

t1=1, t2=0               t1=0, t2=1

1,2 -2,5 

- single direction  of
rotation 

- light axial and 
radial loads 

- grinding 
internal holes 

2. 
 

t1=1, t2=0               t1=0, t2=2

0,8 – 1,6 

- suitable for 
extremely short 

spindles 

- medium axial 
loads 

- finishing 
machines 

- drilling of deep 
holes 

3. 
 

t1=2, t2=0              t1=0, t2=2

0,8 -1,4 

- medium radial 
loads 

- very common 
method of use 

- grinding 
internal holes 

- milling 

- drilling 

4. 

 

t1=1, t2=1              t1=1, t2=1

0,6 – 1 

- machining light 
metals 

- medium radial 
loads 

- grinding 

- precision 
drilling 

- turning/ lathe 

5. 

 

t1=1, t2=0             t1=1, t2=2

0,5 – 0,9 - medium axial 
loads 

- drilling of deep 
holes 

- milling 

6. 

 

t1=1, t2=1             t1=1, t2=2

0,4 – 0,9 

- medium axial 
loads 

- very common 
method of use 

- turning/ lathe 

- drilling 

7. 

 

t1=2, t2=0             t1=3, t2=0

0,3 – 0,6 

- high axial loads

medium radial 
loads 

- milling 

- boring 

Table 1. Type of SBS using radial ball bearings with angular contact [11] 
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2.4.3. Stiffness 

The stiffness of the bearing arrangement (KA, KB) is the specific parameter which influences 
the consequent spindle distortion. We have developed a simplified mathematical model for 
calculating radial and axial stiffness, [11], [12]. 

3. The calculation of radial stiffness of nodal points  

3.1. Assumptions of solution 

According to the Hertz assumptions [13], [14], there is a dependence between load ”P” and 
deformation “δ” at the contact point of the ball with the plane, given by the relationship  

 3/2P  k .   (11) 

a. the bearings in the nodal points are of the same type and dimensions,  with precise 
geometric dimensions   

b. the value of the contact angle is the same for all directionally-arranged bearings in the 
nodal point, which delivers  equal distribution of strain on these bearings  

c. radial load is equally distributed  onto all the bearings in the nodal point  

3.2. Stiffness of nodal points with directionally-arranged bearings 

The calculation of the stiffness of a nodal point is based on the stiffness of the bearing itself 
[15], which is defined as: 
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As radial displacement r0 is a function of contact deformation 0 of the ball with the highest 
load [13], the equation for calculating the stiffness of bevelled radial bearings will have the 
form:  
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When calculating stiffness, the distribution of load among the rollers must be determined, and 
the dependence between the load on the top ball and external load must be found. The 
distribution of load in the bearing can be derived from the balance under static conditions [14], 
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where 360
z

   is the spacing angle of the balls. 
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The values of contact deformations j  and angles j  differ from each other around the 
circumference of the bearing and can be expressed as follows, (Figure 8). 
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By loading the pre-stressed bearing with a radial force, the distance, OAOip, between the 
centre of the balls is constant, (Figure 8 b, c).  

    .sin .sin .p p rj rjl l konst    (17) 

The dependence between the deformation of the jth ball and the top ball can be determined 
by the relation  
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By derivation of equation (14) we get 
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The unknown derivatives in equation (19) can be calculated by changing the relations (11), 
(17), (18). 
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The interdependence of the contact deformation and radial displacement, Figure 8, can be 
determined from the relation 
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Figure 8. Detailed bearing scheme,   a – unloaded, b – pre-stressed, c – radial loaded 
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by inserting equations (24) and (22) into equation (23) 
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After inserting equations (25) and (19) into equation (13) we get the resulting relation for the 
stiffness of a pre-stressed nodal point with directionally-arranged bearings. 
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The values of contact deformations j  and angles j  differ from each other around the 
circumference of the bearing and can be expressed as follows, (Figure 8). 
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By loading the pre-stressed bearing with a radial force, the distance, OAOip, between the 
centre of the balls is constant, (Figure 8 b, c).  
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The dependence between the deformation of the jth ball and the top ball can be determined 
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Figure 8. Detailed bearing scheme,   a – unloaded, b – pre-stressed, c – radial loaded 

Where 
0

j

r

d
d



 is calculated from equation (15) 

 
    

    
 

22

2 1 cos cos . cos .1 . cos cos .
2

1 cos cos . 1 sin

j z z ro
j

ro
z z ro z z p

d j j
j

d
j

    
 


    


 

  
 (24) 

by inserting equations (24) and (22) into equation (23) 
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After inserting equations (25) and (19) into equation (13) we get the resulting relation for the 
stiffness of a pre-stressed nodal point with directionally-arranged bearings. 
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3.3. Stiffness of nodal point with bearings arranged according to shape 

When calculating the nodal point with bearings arranged according to shape, we divide the 
nodal point into part “1” and part “2” (Table 1), with the same orientation of contact angles 
in nodes with directionally-arranged bearings, and the stiffness of the parts is calculated as 
follows: 
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    (27) 

For example in Figure 9 the total numbers of bearings in the front node SBS is 5: i1 = 3, i2 = 2, 
contact angles α1 = α2 = 25.  

We determine the total stiffness of the nodal point by the addition of both parts of the node 
with the equation: 

 r r1 r2K K K        (28) 

In order to optimize the stiffness and load-bearing capacity for specified technological 
conditions, the manufacturers of machine tools have come out with a new, non-traditional 
solution for nodal points. By diminishing the contact angle of the bearing in Part 2, the axial 
stiffness of the nodal point is partially decreased, but at the same time, the value of the 
radial stiffness and boundary axial load is increased. 

3.4. Approximate calculation of stiffness 

When evaluating the overall stiffness of a spindle, the designer must take into account the 
approximate calculation of the stiffness of the nodal points. 

If all the balls are loaded, and there are more than 2 per bearing [14], the following equation 
can be applied: 
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  (29) 

If the bearing angle is loaded only in an axial direction by the pre-stressing force, then the 
load on the rollers is constant around the whole circumference and can be expressed, for the 
particular parts of the nodal point [11] in the form  
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Figure 9. Horizontal machining centre, Thyssen-Hüller Hille GmbH , Germany; Work nodal – 3x71914 
ACGB/P4 - 2x71914 ACGB/P4, Opposite side– 6011-2Z 

If the magnitude of the spindle bearing contact angles is not greater than 26 degrees, then 
the value of the second expression in equations (27a) and (27b) is negligible. 

Taking these assumptions into consideration, we obtain the relationship for the approximate 
calculation of the radial stiffness of a bearing angle with directionally placed bearings in the 
form: 
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and with bearings arranged according to shape in the form: 
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where the approximate value of the deformation constant is  

 510 . 1,25 . wc d   (33) 

dw – is the diameter  of  the balls.   

The pre-stressing value “Fp” can be calculated according to the standard, STN 02 46 15. 
Some foreign manufacturers (for example, SKF, FAG, SNFA ...) publish this value in their 
catalogues. The number of balls “z” and their diameters “dw“ of some types of bearings are 
quoted in the literature, e.g. [16].  

- Based on the equation for the calculation of a nodal point axial stiffness [17]  

 

2 5
2 2 2 1 53 3 3

2 13 3 3 3 3
1 1 2 5

3 3
1 2

sin3.10 sin 1
2

sin
a p

i
K z k i F

i








 
 

      
  

 (34) 



 
Performance Evaluation of Bearings 64 

3.3. Stiffness of nodal point with bearings arranged according to shape 

When calculating the nodal point with bearings arranged according to shape, we divide the 
nodal point into part “1” and part “2” (Table 1), with the same orientation of contact angles 
in nodes with directionally-arranged bearings, and the stiffness of the parts is calculated as 
follows: 
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For example in Figure 9 the total numbers of bearings in the front node SBS is 5: i1 = 3, i2 = 2, 
contact angles α1 = α2 = 25.  

We determine the total stiffness of the nodal point by the addition of both parts of the node 
with the equation: 

 r r1 r2K K K        (28) 

In order to optimize the stiffness and load-bearing capacity for specified technological 
conditions, the manufacturers of machine tools have come out with a new, non-traditional 
solution for nodal points. By diminishing the contact angle of the bearing in Part 2, the axial 
stiffness of the nodal point is partially decreased, but at the same time, the value of the 
radial stiffness and boundary axial load is increased. 

3.4. Approximate calculation of stiffness 

When evaluating the overall stiffness of a spindle, the designer must take into account the 
approximate calculation of the stiffness of the nodal points. 

If all the balls are loaded, and there are more than 2 per bearing [14], the following equation 
can be applied: 
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If the bearing angle is loaded only in an axial direction by the pre-stressing force, then the 
load on the rollers is constant around the whole circumference and can be expressed, for the 
particular parts of the nodal point [11] in the form  
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Figure 9. Horizontal machining centre, Thyssen-Hüller Hille GmbH , Germany; Work nodal – 3x71914 
ACGB/P4 - 2x71914 ACGB/P4, Opposite side– 6011-2Z 

If the magnitude of the spindle bearing contact angles is not greater than 26 degrees, then 
the value of the second expression in equations (27a) and (27b) is negligible. 

Taking these assumptions into consideration, we obtain the relationship for the approximate 
calculation of the radial stiffness of a bearing angle with directionally placed bearings in the 
form: 
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and with bearings arranged according to shape in the form: 
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where the approximate value of the deformation constant is  

 510 . 1,25 . wc d   (33) 

dw – is the diameter  of  the balls.   

The pre-stressing value “Fp” can be calculated according to the standard, STN 02 46 15. 
Some foreign manufacturers (for example, SKF, FAG, SNFA ...) publish this value in their 
catalogues. The number of balls “z” and their diameters “dw“ of some types of bearings are 
quoted in the literature, e.g. [16].  

- Based on the equation for the calculation of a nodal point axial stiffness [17]  
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and substituting  the equation in brackets 

 

2
2 1/33

2 2 1
1 2

2 1/33
1 1 2

cos sin
1 in equation

cos sin

i
T

i

 

 

    (35) 

and   

 

2
3

2
3

5
32 2

2 5
31 1

sin
1 in equation

sin

i
T

i





    (36) 

the dependence between the axial and radial stiffness can be expressed by the relation 
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When 1 2   in a nodal point with bearings arranged according to shape, or i = 0 in nodal 
points  with bearings arranged according to direction, the quotient of the constants T1, T2 
will be equal to 1 and the relation (37) will be simplified. Thus 
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Taking equations (32) and (34) into consideration, it is evident that the stiffness of the 
bearing arrangement depends on the number of bearings  (i1 and i2) in the arrangement, the 
dimensions of the bearings (z1, dw1  and  z2, dw2), the contact angle (α1 and α2) and the preload 
value Fp.  

3.5. Conclusions of the analysis 

The conclusions of the analysis [10] are as follows: 

 Radial stiffness increases proportionally with increasing values of "z", "dw", "i", "Fp" 
and decreases when "a" is prolonged, (Figure 10). 

 The parameters "z" and "dw" must be evaluated in mutual interaction because they 
characterize the size and dimensions of the bearings. Increasing both of these 
parameters, and producing the consequent increase of stiffness of the bearing 
arrangement, can be achieved by increasing the inner bearing diameter. The 
disadvantage here is that maximum revolving speed will be reduced. A more suitable 
solution is to decrease the width of the bearing, e.g. from B72 to B70, B719 or B718. In 
this case the number of rolling elements "z" will be increased and their diameter "dw" 
will be smaller. 

 Considering equations (31), (32) and (34), it is evident that "z" has a more important 
influence on stiffness than "dw". If the diameter of the rolling elements is smaller, their 
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weight will also be decreased, and this fact will allow an increase in the maximum 
revolving speed. 

 The number of bearings in bearing arrangement "i" is the significant factor which can 
favourably influence stiffness. But the increased number of bearings will reduce the 
maximum revolving frequency and therefore it is possible to use this solution only for 
low speed spindle-bearing systems. 

 The preload has a relatively small effect on the stiffness of bearing arrangements. The 
preload real value also depends on the type of flange used. When fixed flanges are used 
the preload value can exceed the nominal value by several times. This will cause 
excessive preload values which produce heat and the bearing arrangement will break 
down much sooner than expected. 

 The contact angle "α" has a significant influence on the variation of the stiffness of the 
bearing arrangement. When the value of the contact angle is increased, the radial 
stiffness and maximum revolving speed of the bearing arrangement is also decreased. 
On the other hand, the axial stiffness of the bearing arrangement will be significantly 
increased. 

4. Optimization of the spindle-bearing system in relation to  
temperature 

In addition to the bearing arrangements, the temperature properties of the bearing 
supporting node have an increasingly greater significance on the high-speed capability of 
the bearing. The main goal of this section is to show the SHS design under real operating 
conditions, taking into consideration the temperature-related behaviour of the spindle and 
bearing nodes.  

The value of the changes in SHS temperature depends on the temperature gradient, the type 
of bearing arrangement (DB, DF, DT, …), the contact angle of the bearing, and the distance 
between the bearings arranged in the node.  

The stiffness of the given example was analysed using the application software “Spindle 
Headstock” [3], developed in our department.  

The analysis identified the optimal stiffness, which was then applied to the headstock of the 
DB 24 fy. Ex-Cell-O GmbH., Eislinger precision boring machine, Figure 11, [18] 

The headstock used for analysis had the following parameters: 

Output power:     P = 3 kW 

Maximum speed:    nc max = 5500 min-1 
Shape inaccuracy at boring    Es  1,5 m 
Surface roughness:    Et = 1...1,5 m 

Bearings:    FAG B 7016 C.TPA.P4.UL in O arrangement  
Bearing lubrication:   grease  
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and substituting  the equation in brackets 
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Taking equations (32) and (34) into consideration, it is evident that the stiffness of the 
bearing arrangement depends on the number of bearings  (i1 and i2) in the arrangement, the 
dimensions of the bearings (z1, dw1  and  z2, dw2), the contact angle (α1 and α2) and the preload 
value Fp.  

3.5. Conclusions of the analysis 

The conclusions of the analysis [10] are as follows: 

 Radial stiffness increases proportionally with increasing values of "z", "dw", "i", "Fp" 
and decreases when "a" is prolonged, (Figure 10). 

 The parameters "z" and "dw" must be evaluated in mutual interaction because they 
characterize the size and dimensions of the bearings. Increasing both of these 
parameters, and producing the consequent increase of stiffness of the bearing 
arrangement, can be achieved by increasing the inner bearing diameter. The 
disadvantage here is that maximum revolving speed will be reduced. A more suitable 
solution is to decrease the width of the bearing, e.g. from B72 to B70, B719 or B718. In 
this case the number of rolling elements "z" will be increased and their diameter "dw" 
will be smaller. 

 Considering equations (31), (32) and (34), it is evident that "z" has a more important 
influence on stiffness than "dw". If the diameter of the rolling elements is smaller, their 
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weight will also be decreased, and this fact will allow an increase in the maximum 
revolving speed. 

 The number of bearings in bearing arrangement "i" is the significant factor which can 
favourably influence stiffness. But the increased number of bearings will reduce the 
maximum revolving frequency and therefore it is possible to use this solution only for 
low speed spindle-bearing systems. 

 The preload has a relatively small effect on the stiffness of bearing arrangements. The 
preload real value also depends on the type of flange used. When fixed flanges are used 
the preload value can exceed the nominal value by several times. This will cause 
excessive preload values which produce heat and the bearing arrangement will break 
down much sooner than expected. 

 The contact angle "α" has a significant influence on the variation of the stiffness of the 
bearing arrangement. When the value of the contact angle is increased, the radial 
stiffness and maximum revolving speed of the bearing arrangement is also decreased. 
On the other hand, the axial stiffness of the bearing arrangement will be significantly 
increased. 

4. Optimization of the spindle-bearing system in relation to  
temperature 

In addition to the bearing arrangements, the temperature properties of the bearing 
supporting node have an increasingly greater significance on the high-speed capability of 
the bearing. The main goal of this section is to show the SHS design under real operating 
conditions, taking into consideration the temperature-related behaviour of the spindle and 
bearing nodes.  

The value of the changes in SHS temperature depends on the temperature gradient, the type 
of bearing arrangement (DB, DF, DT, …), the contact angle of the bearing, and the distance 
between the bearings arranged in the node.  

The stiffness of the given example was analysed using the application software “Spindle 
Headstock” [3], developed in our department.  

The analysis identified the optimal stiffness, which was then applied to the headstock of the 
DB 24 fy. Ex-Cell-O GmbH., Eislinger precision boring machine, Figure 11, [18] 

The headstock used for analysis had the following parameters: 

Output power:     P = 3 kW 

Maximum speed:    nc max = 5500 min-1 
Shape inaccuracy at boring    Es  1,5 m 
Surface roughness:    Et = 1...1,5 m 

Bearings:    FAG B 7016 C.TPA.P4.UL in O arrangement  
Bearing lubrication:   grease  
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Figure 10. Variation of stiffness with bearing arrangement parameters 

 
Radial Ball Bearings with Angular Contact in Machine Tools 69 

 
 

 
Figure 11. The Headstock of the precision boring machine DB 24 fy. Ex-Cell-O GmbH., Eislinger, [18] 
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4.1. The optimisation of SHS with regard to temperature 

The temperature dilatation of the spindle can be described by the equation: 

 . .tL L t    (39) 

If the distance between the bearings in the DB arrangement is short (Figure 13a), the 
dilatations in a radial direction is greater, [18]. The temperature gradient causes the 
dilatation of the inner bearing rings to be greater than that of the outer rings. Consequently, 
the original preload increase in temperature will be higher in the bearing node. The elevated 
temperature will influence the temperature gradient, and the preload value could cause 
bearing node failure. 

The preload change was defined by the change in the distance between the centres of the 
radii of the rolling raceways: 

 0 A I wl r r d    (40) 

The distance tl  at given temperature gradient in accordance with Figure 13 is 
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Figure 13. Temperature deformation of bearing arrangement B 7016 C TPAP4UL in “DB“ 
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The magnitude of deformation will be 

 0 tl l    (44) 

and preload change in accordance with [18] will be 

 2/3 2/3 8/3. . .sinF z c     (45) 

where 

 510 . 1,25 . wc d   (33) 

In the twin bearings FAG B 7016 C.TPA.P4.UL with DB arrangement, at a temperature 
gradient of 10 C, and with bearing distance Bm = 29 mm, the preload will increase by 13,32 N. 

Conversely, if the distance of the bearing in O arrangement is long (Figure 13b), the 
dilatations in the axial direction prevail and cause a decrease in the value of the preload.  

In the twin bearings FAG B 7016 C.TPA.P4.UL with DB arrangement, at a temperature 
gradient of 10C , the preload will be decreased by 5,88 N. 

In DB arrangement, the main goal of temperature optimization is dependant on the 
determination of the optimum distance between the bearings at which a change in the 
preload at the given temperature gradient would be minimal. 

In accordance with Figure 13 the condition 

 0 tl l  (46) 

must be satisfied. 

By substituting equations (42) and (43) into (46), the optimal bearing separation distance 
from the point of view of temperature can be deduced from: 
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 (47) 

Figure 14 shows the change of optimal bearing distance at various values of the temperature 
gradient for the analysed SBS, Figure 11. 
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Figure 14. The inter - dependence of bearing preload change, ideal distance between bearings and 
change of temperature in the bearings arrangement system. 

4.2. Recommendation for improvements in construction 

The recommendations from the point of view of temperature optimisation for the  
DB 24 SHS boring machine are based on the results of the analysis undertaken. From the 
perspective of temperature, it can be seen that a change in bearing node arrangement to 
individual spindle supports from DB to DT would be advantageous, Figure 15. 

 
Figure 15. Model of the spindle 

Results for spindle with arrangement DB - DB. 

      Radial load:          Fr =1000 N 
       Axial load:             Fa = 200 N 
       Desired spindle speed:  nOt = 5500 min-1 
               No driving force  

Working conditions   

Lubrication:  Plastic grease    
Cooling:                 Good cooling       
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   Rear support                        Front  support 
Bearings 
- type.   2pc. [B 7016 CTB]   2pc. [B 7016 CTB] 
- dimensions [mm]:            D= 125  d= 80  B= 24  dW=13.49 D=125, d=80, B=24, dW=13.49  
- arrangement:    <>    <>  
- precision grade:       P4                                 P4          
Preload:    Light                         Light       
Flange:     Fixed flange                 Fixed flange     
Maximum speed:  Znmax = 5 256 min-1  Znmax = 5 256 min-1 
Pre-load:   ZFp = 404 N               PFp = 402 N 
Reactions:   RA = 205 N               RB = 1 205 N 
Radial stiffness:  KrA = 666 243 Nmm-1  KrB = 651 216 Nmm-1 
Axial stiffness:   KaA = 97 860 Nmm-1  KaA = 97 745 Nmm-1 
Durability:  TrvZ = 394 366 hours           TrvP = 225 577 hours 
 
Bearings distance:             L = 297 mm 
Total displacement at the end:        yr(L+a) = 0.00372931 mm 
Total stiffness:                           Krc = 268 146 Nmm-1 

Optimal calculated values  

Optimal bearing length:                   Lopt = 283.6 mm 
Optimal displacement at the end LOpt:  yrmin = 0.00372686 mm 
Optimal stiffness:                       Krcopt = 268 322 Nmm-1 

In comparison with the original bearing node arrangement, the radial stiffness of the 
rearranged spindle-bearing system will drop slightly, but its axial stiffness will increase. The 
advantage of the reconfigured SBS is that at real mean values of temperature gradient, the 
SBS stiffness will be almost fixed.  

4.3. Spindle headstock 

The application software is used for calculating the SBS of machine tools supported on 
rolling bearings. The programme enables us to determine all elements and calculate the 
properties of the spindles and shafts which are supported on rolling bearings. The 
application software enables very fast and user-friendly calculation of the radial spindle 
stiffness in the bearing arrangement in a bearing unit. 

The architecture of the programme contains a number of mathematical formulae which have 
been experimentally verified. These models respect the conditions of the spindle working 
accuracy in terms of the external load cutting forces, driving forces, and also spindle 
rotation speed. 

The basic interactive programme offers:  
1. The ability to input user-determined conditions for the calculation and optimisation of 

the spindle fitting system (Figure 16);  
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Figure 16. Entering the input data 

2. The ability to select the most appropriate bearing or bearing node arrangements (Figure 
17, Figure 18, Figure 19). Data about selected bearings can be ganed from extensive 
databases according to the users requirements within the bearing inner diameter range: 

 angular contact ball bearings, type 7       10..150 mm 
 single row cylindrical roller bearings, type N    50..120 mm 
 full cylindrical roller bearings, type NN     30..440 mm 
 axial angular contact bar, type 2344     25..380 mm 
 thrust ball bearings, single direction, type 51    10..360 mm 
 thrust ball bearings, double direction, type 52    10..190 mm 
 deep groove ball bearings, type 6     3..360 mm; 

 
Figure 17. Selection of the bearing arrangement and type of bearings 
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Figure 18. Dimensional design data of the spindle housing 

 
Figure 19. Changing data of the bearings mounting 

3. The identification and selection of the standardized spindle nose for turning, milling, 
grinding and boring;  

4. The choice of the design parameters and spindle suitability for different working conditions 
(working accuracy, preloading, flange type, lubrication system, cooling), Figure 20; 
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Figure 20. Entering preliminary data for the bearings conditions 

5. The calculation and optimization of the cutting parameters for the required material to 
be machined (cutting force, torque, feed , power), Figure 21; 

6. Calculation and optimization of the design and fitment with regard to the applied 
conditions (revolving speed, radial stiffness, axial stiffness, rating life) for the bearing 
units and the fitting as a whole, for all of the identified bearing types.  

Graphical output of partial deflections caused by bearing nodes distance are shown in 
Figure 21.   

 
Figure 21. Graphical output of the dependence of partial deflection on bearing node distance 

The results include: 
 applied entries 
 chosen bearing (unit) fit types 
 rotational speed limit 
 radial unit stiffness 
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Figure 18. Dimensional design data of the spindle housing 

 
Figure 19. Changing data of the bearings mounting 
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 axial unit stiffness 
 resultant stiffness for the chosen spindle fit system 
 load parameter and durability  
 graphical illustration of the chosen design (Table 1.). 

The "Spindle Headstock" software application product is a basic programme which can be 
modified according to the user's wishes. 

The programme has been written in the source code programming language, T-PASCAL 
v.7, with special additional modules for graphics. A number of interactive modules prepare 
user-specified data for use in AutoCAD utilising the DXF format. The programme can be 
used on any IBM/PC compatible computer using a HERCULES, EGA or VGA graphics 
adapter.  

The applied software technology has been used in the industry to improve the working 
accuracy of the machine tools made by TOS Trenčín-Slovakia, for SN and SPSI type lathes , 
(2), and to design the boring headstocks for the modular single-purpose machine tools made 
by TOS Kuřim-Czechoslovakia, (5) TOS Lipník, SKF, GMN and INA Skalica. The 
programme is very effective and reliable and comparison of the results between experiments 
and calculations show good correlation, never exceeding 10 %. 

5. Experimental research 

Theoretical results and hypotheses must be verified by experimental tests.  

5.1. Research of bearing nodes characteristics 

In some cases it is very difficult, or even impossible, to gain experimental results from actual 
machine tools. This led us to develop an experimental device for research into spindle 
bearing node arrangement characteristics. Our department has developed such a device that 
can measure: 

1.  changes in the bearing contact angle at its mounting point, changes in loading, and 
changes in revolving frequency, 

2.  deformation from axial and radial loading for various preload arrangements, contact 
angles and bearing node revolving speed settings 

3.  increases in the temperature in the bearing nodes at various settings 
4.  dimension of cutting forces in bearing nodes 

The variation in the stiffness of the bearing arrangement B7216 is shown in Figure 22, [19]. 
We can use the experimental measuring head for measuring the deflection and temperature 
of a varying number of bearings and bearing nodes (from 2 to 5), their preload value, 
dimensions, and the contact angle of the bearings with different radial and axial forces used, 
[19], [20].  
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We use this device to measure the deformation characteristics of the bearing node with 
different combinations of bearing arrangement, pre-stressed values, contact angles, loads 
and revolution frequencies. We use this experimental measuring head for verifying the 
theoretical calculation and real performances of the bearing node (stiffness, precision 
running and temperature).  
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We use this device to measure the deformation characteristics of the bearing node with 
different combinations of bearing arrangement, pre-stressed values, contact angles, loads 
and revolution frequencies. We use this experimental measuring head for verifying the 
theoretical calculation and real performances of the bearing node (stiffness, precision 
running and temperature).  
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Figure 22. Different variants of the experimental measuring head 

In Figure 23 we have compared the experimental stiffness measurement, with the  
accurate theoretical and simplified average calculated radial stiffness of the B7216 
AATBP4OUL bearing arrangement. The stiffness variation was examined with a 25% 
contact angle with nominal value of bearing arrangements: z1, z2= 14, dw1, dw2 = 19,05 mm,   

α1, α2 = 12º, Fp =340 N. 

When static, the experimental values of radial stiffness are higher than the theoretical 
values. The dependence of stiffness on loading exhibits a decreasing pattern. The decrease is 
nearly linear, until a certain critical force “Fkr” is reached, at which point the roller with the 
lightest load becomes unloaded. The deformation characteristic of the nodal point is 
influenced by the type of flange. The degree and gradation of the stiffness change under the 
given operational conditions depend on their construction. 

In this field the results of the precise and the approximate mathematical model are 
practically the same. Consequently it follows that in a preliminary mounting design, a 
simplified mathematical model for calculating the stiffness of the nodal points can be used, 
as suggested in this article. The convergence of the measured and calculated values provides 
good evidence for a wider application of the programme in practice. 
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Figure 23. Radial stiffness of the bearing arrangement B7216 AATB P4 O UL, a - experimental, b - 
accurate theoretical c- simplified average 

5.2. New design of headstock 

In the new design of a headstock which connects to a CNC system, the maximum width of 
cut is limited by the point at which self-exciting vibration starts. 

From a constructional point of view, the headstock design can be classified as  
follows: 

 classical headstock 
 headstock with an integrated drive unit 

The classical headstock is a mechanical unit, where a spindle is driven by a motor through a 
gearbox without any control system. 

The disadvantages of the classical construction are as follows: 

 problems with the gears at higher revolving frequencies, 
 actual cutting speeds are not continual because of the discontinuous nature of the 

gearboxes,  
 large dimensions of complete units 

New design "Duplo–Headstock“  

The "Duplo-headstock“ has been designed in order to achieve technological parameters 
comparable to the performance of standard electro-spindles, but at a lower production costs 
and with higher controllability. This particular headstock is assembled from readily 
available elements (bearings, single drives,). The demands on the other peripheral devices 
are reduced, as are the costs. 

The “Duplo-headstock” can be described as a spindle with double supports, driven by two 
separate motors which can operate independently or together. Figure 24 - 28 show a 
„Duplo–headstock“ design [20]. 
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Figure 24. High-speed headstock "Duplo" 

 
Figure 25. The stator engaged on spindle, Speed: n1max=6000 (min-1); n2=0, nc_spi=n1 Torque moment: 
Mkc_sp=Mk1=1,75 (Nm) by n1max, Power: Pc_sp=P1=1,1 (kW) 

 
Figure 26. The stator engaged on body, Speed: n1max=0; n2=6000 (min-1), nc_sp=n2, Torque moment: 
Mkc_sp=Mk2=3,5 (Nm) by n2max, Power: Pc_sp=P2=3,5 (kW) 
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Figure 27. Disengaged, Speed: n1max=6000 (min-1); n2=6000 (min-1), nc_sp= n1 + n2  by one direction of 
rotation, nc_sp= n1 - n2 by opposite direction of rotation, Torque moment: Mkc_sp=Mk1=1,75 (Nm) by n1max, 

Power: Pc_sp=P1=1,1 (kW) 

 
Figure 28. Stand of "Duplo" Headstock 

The spindle (1), with built-in armature (2), is supported by bearings (3), (4). The stator of the 
internal motor (5) is supported on bearings (7), (8). The clutch (9) connects a hollow shaft 
with an external electro-motor (10). The stator feeding rings (11) are located in the rear part 
of the shaft. The clutch (12) enabling switching between working modes is located in the 
front part of the shaft. The advantage of this innovative design, which is already in use, is 
that the headstock can work in three different modes:  

- stator is engaged on the spindle 
- stator is engaged on the body 
- no engagement 
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Figure 24. High-speed headstock "Duplo" 

 
Figure 25. The stator engaged on spindle, Speed: n1max=6000 (min-1); n2=0, nc_spi=n1 Torque moment: 
Mkc_sp=Mk1=1,75 (Nm) by n1max, Power: Pc_sp=P1=1,1 (kW) 

 
Figure 26. The stator engaged on body, Speed: n1max=0; n2=6000 (min-1), nc_sp=n2, Torque moment: 
Mkc_sp=Mk2=3,5 (Nm) by n2max, Power: Pc_sp=P2=3,5 (kW) 
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Figure 29. Scheme of Machine Tool Headstock Control  
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Connecting such a headstock with a suitable control system can provide optimal cutting 
conditions for various technological operations. The intelligent control system, Figure 29, 
can operate in any one of the working modes and ensure nominal or optimal technological 
parameters best suited to the machining process, [21]. Figure 30 shows the design for the 
construction of the "Duplo" Headstock. 

In the third mode, the clutch (12) is switched off. The spindle (1) is driven by both  
motors, (Figure. 27), providing the maximum speed, which is required, for example, in 
grinding. 

 

 

 

 
Figure 30. Design for the construction of "Duplo" Headstock 

6. Application research 

6.1. The new headstock construction for turning machine tools 

TRENS a. s. Trenčín, is a Slovak manufacturer of machine tools (mainly lathes) and offers a 
new generation of lathes implementing various technological advances in design, 
production, and control systems, [22]. The Department of Production Engineering has been 
asked to design an accurate running spindle for the SBL 500 CNC lathe (Figures 31 -33), [23]. 
All construction data and results of measurements were obtained from the producer. Table 
2. shows the calculated (Spindle Headstock Version 2.8) values [23] of the optimized design. 
Figure 34 shows the comparison between the original and optimized designs.   
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2. shows the calculated (Spindle Headstock Version 2.8) values [23] of the optimized design. 
Figure 34 shows the comparison between the original and optimized designs.   



 
Performance Evaluation of Bearings 86 

 
Figure 31. CNC Lathe SBL 500 

 

 
Figure 32. Original design of SBL 500 

 
Figure 33. Optimized design of SBL 500 
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 Unit Value Notice [%] 

Total axial stiffness             Ca  [N/μm] 372  

Total radial stiffness            Cr            [N/μm] 351  

Total spindle displacement  yr    
displacement forces resulting from  
               - the bending moments     yMo    
               - the bearing compliance  yL      
               - the skidding      yt       

[μm] 
[μm] 
[μm] 
[μm] 

18,45 
 

9,79 
6,16 
2,49 

 
 

53,0 
33,5 
13,5 

Limited frequency of rotation nc                     [min-1] 2695 unfit 

Life-time          Th                              [hour ] 5175 unfit 

Distance between supports  L                   [mm] 327  

Table 2. Calculated values of optimized design  

 

Figure 34. Headstock of SBL 500,    Original design,  Optimized design 

6.2. Dynamic analysis 

The most valuable advantage of this system is the possibility of calculating dynamic 
stiffness at different revolving frequencies of the spindle. The given mathematical model 
was verified on a number of spindles with programs which enabled the calculation of 
natural frequencies (COSMOS).The results were in good compliance [24]. 

The verified spindle, which complied with research findings, was reduced to a three discrete 
parts. The dynamic mathematical model described above was used to calculate the  
natural frequencies and dynamic deflections. Table 3 compares calculated and experimental 
values. 
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Frequency Calculated Experimental Difference 

f1 (Hz) 1 201 940 +27,8 % 

f2 (Hz) 1 727 1610 +7,3 % 

f3 (Hz) 10 605 - - 

Table 3. Experimental and calculated values of frequencies 

The results can be considered as correct, in spite of the relatively large difference in values 
(28 %) in the first frequency. This is as a result of the fact that the dimensions of the 
additional rotating parts are not included. If these parts were included in the calculation, the 
values of the calculated natural frequencies would be smaller.  

An example of the graphic output of calculated values is shown in Figure 35, [23]. The chart 
shows the dynamic deflection of the spindle reduced to three masses. The first two resonant 
frequencies of the optimized spindle are marked on the chart. 
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Figure 35. Dynamic deflections of the spindle according to research findings [7] 
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6.3. Conclusion 

One of the main requirements in designing new spindle housing systems is the ability of the 
design to be quickly applied to real world practice. The methodologies of calculation that 
were created must be verified, and models must be adapted into a suitable user friendly, 
computerized format. The models must illustrate the real characteristics of a spindle 
housing system. 

In this design process, only one variable or parameter was changed and the optimal 
configuration was identified. The results calculated for a static analysis of the SBL 
Headstock are presented in Table 2 and Figure 33. The dynamic analysis results are 
presented in Table 3 and Figure 35. The calculated results were verified with experimental 
measurements. The difference between measured and calculated values is relatively small.  

There is no doubt that the re-design has been a success story, and has proven to be highly 
effective in the identification of optimal SBS design. More detailed information can be read 
in [22], [23]  and its application can be seen in the machine tools made by TRENS Inc., The 
SBL Lathe was presented in the Mechanical Engineering Exhibition in Nitra in 2010 and in 
the EMO Exhibition in Düseldorf in 2011. 

7. Nomenclature 

N - high-speed ability  
δ –  elastic compression 
F – external load 
P - roller loading 
E - modulus of elasticity of the material 
J – quadratic moments of inertia  
i – number of bearings 
α – contact angle 
D, d – diameter 
n – high spindle revolutions 
l – distance of curvature centre 
K  - stiffness 
γ – pitch angle 
O – centre 

INDEXES 

a – axial direction 
r  radial direction 
z – built-in state 
l – referring to its bearing 
0 – roller loaded to the maximum 
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computerized format. The models must illustrate the real characteristics of a spindle 
housing system. 
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configuration was identified. The results calculated for a static analysis of the SBL 
Headstock are presented in Table 2 and Figure 33. The dynamic analysis results are 
presented in Table 3 and Figure 35. The calculated results were verified with experimental 
measurements. The difference between measured and calculated values is relatively small.  

There is no doubt that the re-design has been a success story, and has proven to be highly 
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in [22], [23]  and its application can be seen in the machine tools made by TRENS Inc., The 
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7. Nomenclature 

N - high-speed ability  
δ –  elastic compression 
F – external load 
P - roller loading 
E - modulus of elasticity of the material 
J – quadratic moments of inertia  
i – number of bearings 
α – contact angle 
D, d – diameter 
n – high spindle revolutions 
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z – built-in state 
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j – circumference roller 
A – external ring  
I – internal ring  
m – medium value 
w - roller bearing  
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1. Introduction 
Rolling elements, such as ball bearings and races, contain surface imperfections known as 
asperities. The height of surface asperities may be quantified through surface roughness 
analyses, which assigns a Ra number related the characteristics of the surface and asperities. 
The depth and width of the valleys between asperities is one significant characteristic of a 
surface that influences wear, friction, and contact fatigue life of the rolling element. 

Surface lubrication may be divided into three categories: i) full film, ii) boundary layer, and 
iii) mixed film and boundary lubrication (Bhushan, 1999). With full film lubrication, the film 
is sufficiently thick so that surface asperities do not protrude through the film and will not 
contact the mating surface. Boundary lubrication describes the condition in which a film is 
present, but load is transferred between asperity peaks on the surfaces and not the film. 
Mixed lubrication conditions assume that both film and asperity transmit contact load, and 
therefore both must be considered in the analysis. A numerical approach capable of 
modeling all three types using fluid lubrication may be found in (Hu and Zhu, 2000). The 
proposed model is found to work well over a specific range of film-thickness-ratios and 
surface RMS roughness. 

The need to quickly determine the fatigue life of rolling elements has given rise to rolling 
contact fatigue test methods that enable fatigue testing at reduced cost. Historically, RCF 
tests have used petroleum-based liquid-lubricants, which restrict rotational speed of the test 
due to liquid-lubrication churning. In comparison, RCF testing using solid film lubricants in 
ultra-high vacuum enables higher rotational speeds leading to test results in less time. For 
example, a rod composed of a candidate bearing material may accumulate over 10 million 
stress cycles in a few days running at 130Hz in ultra-high vacuum. The exact number of 
stress cycles accumulated on the rotating elements will depend on the specifics of the test 
configuration, such as ball diameter, rod diameter, and the number of balls present. In 
contrast, RCF testing in air using oil based liquid-lubrication is speed limited, usually to 60 
Hz or less, and is limited to a maximum of three ball-contact elements. RCF testing in air 
using liquid-lubrication requires more time to accumulate the same number of stress cycles. 
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Rolling contact bearings may have multiple and diverse layers of gaseous molecules 
accumulated on their surface that can significantly influence friction and wear behavior. 
Physisorption and chemisorption of external molecules on to the substrate surface effect 
wear and friction, particularly for thin-films used in high vacuum conditions. Surface 
texture has a significant influence on wear and friction behavior as well since it determines 
the nature of contact. Physisorption layers of atoms involve weak Van dar Waals bonds. 
These layers can begin to detach from the substrate at pressures below 10-4 Pa in a process 
described as surface out-gassing. The energy to initiate physisorption outgassing is roughly 
1-2 kCal/mol. Physisorbed layers of atoms do not share electrons with surface atoms and 
therefore may be easily removed when heat is applied in vacuum conditions. Chemisorbed 
layers however do share electrons with surface atoms and these bonds can be very strong 
with an associated energy of 10-100 kCal/mol. Physisoption occurs on all surfaces when 
exposed to air while chemisorption requires a chemical reaction with the substrate surface 
and is therefore heavily influenced by surface chemistry.  

Hertzian contact analysis considers the deformation of two elastic solid surfaces with the 
following assumptions: i) the surfaces are smooth, continuous, and nonconforming to each 
other, ii) the strains are small in the contact area, iii) each solid can be modeled as an elastic 
half space in the proximity of the contact, and iv) the surfaces are frictionless. The two 
contacting surfaces can be of general shape, but most often they are chosen to be convex. 
Maximum shear stress occurs below the surface in the location of the contact. The depth of 
maximum shear stress is related to the radius of curvature and Poisson ratio of the substrate 
material. For example, Hertzian contact analysis applied to a material with Poisson’s ratio of 
0.3 is calculated to have maximum shear stress at a depth of 0.48 times the radius of the 
contact. Maximum compressive stress occurs at the point of contact. Maximum tensile stress 
takes place just beyond the edge of the contact area on the surface. Considering RCF loading 
conditions, subsurface cracking that eventually leads to surface spall and flaking begins at the 
location of maximum shear stress below the surface of the ball. If a thin film is present, an 
interfacial spall may result at the location of either maximum compressive or tensile stress, 
while subsurface cracking will occur within the substrate below the contact zone. 

Understanding wear and friction requires knowledge of the type of contact between the two 
solid bodies. Incipient sliding occurs when two contacting bodies are pressed together such 
that a stick-point exists within the contact area and materials from each body slide relative 
to each other about that point. There is no imposed relative motion between the bodies 
during incipient sliding condition, rather sliding occurs due to elastic deformation of each 
surface around the stick-point. Friction between rolling contact elements is proportional to 
the shear strength of the base materials. Stresses in the contact area greater than the yield 
stress of the material are possible due to compression at the point of contact. 

One of the benefits of solid lubricant coatings such as silver, lead, gold, and MoS2 is their 
low shear strength to reduce subsurface stresses during incipient sliding. The compliant 
nature of these solid film lubricants helps to reduce subsurface stress by reducing shear 
loading in the substrate. However, if increased wear resistance is desired, then a hard and 
stiff layer is preferred which presents a trade-off when selecting a coating system: soft 
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compliant layer to reduce subsurface stress, or, a hard and stiff layer to increase wear 
resistance. The effective hardness of a thin solid film system is influenced by the hardness of 
its layers and substrate along with the elastic-plastic behavior of the coating system. If the 
film is very thin then the effective hardness is mostly influenced by substrate hardness, 
leading to an optimized lubricant coating that is thin and soft, applied over a hard-stiff 
coating bonded to the substrate. The soft lubricant reduces subsurface stress and the hard 
and stiff coating increases wear resistance. 

Solid to solid contact results in two broad categories of surface bonding: adhesive and 
cohesive. Cohesive bonding takes place in the bulk material and has chemical interactions 
with covalent bonding, metallic bonding, and ionic and electrostatic bonding. Adhesive 
bonding involves two dissimilar surfaces and includes physical interactions and Van der 
Waals bonding. Adhesion is a function of material combination, crystal structure, surface 
condition, ambient temperature, and crystallographic orientation. Indeed, good adhesion is 
desired between the solid film lubricant and the surface of the rolling element, and very 
little cohesion is desired within the solid lubricant itself to reduce friction. 

The technology of solid lubricants grew rapidly during the 1960s and 70s to meet the needs 
of the aerospace industry and for operation in ultra-high vacuum environment. Silver, gold, 
and lead along with compounds like MoS2 and graphite were needed for environments in 
which liquid oil-based and hydrocarbon out gassing could not be tolerated, such as, rotating 
devices within very high electrical potential or inside space satellite guidance equipment. 
Test equipment used to gather tribology data for solid lubrication systems were developed 
through NASA, and industry leaders such as Timken, Du Pont, and General Dynamics to 
name a few. Platforms were developed for high vacuum and high temperature applications 
that involved sliding-contact, rolling-contact ball bearings, metal disk and riders, and 
sliding contact of a sleeve on a cylindrical rod and may be found in (NASA SP-5059, 1972). 
Each of these test platforms was designed to test a specific load situation. 

Solid lubricants find unique application in systems with an operating pressure range of 10-4 
to 10-9 Pa and are also temperature resistant in high vacuum. Rotating anode x-ray tubes that 
use ball bearing elements are one example of a rolling contact configuration under high 
vacuum and at high temperature. Non-volatile thin-film lubrication is required due to 
operation in vacuum and in the presence of high electrical potential. Solid lubrication 
systems are greatly influenced by process history and operating conditions. It is strongly 
suggested that testing and evaluation involving any solid film be done using equipment 
known to correlate with the specific application for which the coating system is being 
considered. RCF testing of coating systems and ball-bearing materials is one example of a 
test method that closely simulates rolling element bearing systems.  

1.1. Current research 

Matthews et al. (2007) report that thin film coating survival is most dependent on adhesion 
and substrate subsurface bonding. Surface studies at the nano scale suggest that friction 
begins at the atomic level through mechanical vibrations within the lattice structure of the 



 
Performance Evaluation of Bearings 94 

Rolling contact bearings may have multiple and diverse layers of gaseous molecules 
accumulated on their surface that can significantly influence friction and wear behavior. 
Physisorption and chemisorption of external molecules on to the substrate surface effect 
wear and friction, particularly for thin-films used in high vacuum conditions. Surface 
texture has a significant influence on wear and friction behavior as well since it determines 
the nature of contact. Physisorption layers of atoms involve weak Van dar Waals bonds. 
These layers can begin to detach from the substrate at pressures below 10-4 Pa in a process 
described as surface out-gassing. The energy to initiate physisorption outgassing is roughly 
1-2 kCal/mol. Physisorbed layers of atoms do not share electrons with surface atoms and 
therefore may be easily removed when heat is applied in vacuum conditions. Chemisorbed 
layers however do share electrons with surface atoms and these bonds can be very strong 
with an associated energy of 10-100 kCal/mol. Physisoption occurs on all surfaces when 
exposed to air while chemisorption requires a chemical reaction with the substrate surface 
and is therefore heavily influenced by surface chemistry.  

Hertzian contact analysis considers the deformation of two elastic solid surfaces with the 
following assumptions: i) the surfaces are smooth, continuous, and nonconforming to each 
other, ii) the strains are small in the contact area, iii) each solid can be modeled as an elastic 
half space in the proximity of the contact, and iv) the surfaces are frictionless. The two 
contacting surfaces can be of general shape, but most often they are chosen to be convex. 
Maximum shear stress occurs below the surface in the location of the contact. The depth of 
maximum shear stress is related to the radius of curvature and Poisson ratio of the substrate 
material. For example, Hertzian contact analysis applied to a material with Poisson’s ratio of 
0.3 is calculated to have maximum shear stress at a depth of 0.48 times the radius of the 
contact. Maximum compressive stress occurs at the point of contact. Maximum tensile stress 
takes place just beyond the edge of the contact area on the surface. Considering RCF loading 
conditions, subsurface cracking that eventually leads to surface spall and flaking begins at the 
location of maximum shear stress below the surface of the ball. If a thin film is present, an 
interfacial spall may result at the location of either maximum compressive or tensile stress, 
while subsurface cracking will occur within the substrate below the contact zone. 

Understanding wear and friction requires knowledge of the type of contact between the two 
solid bodies. Incipient sliding occurs when two contacting bodies are pressed together such 
that a stick-point exists within the contact area and materials from each body slide relative 
to each other about that point. There is no imposed relative motion between the bodies 
during incipient sliding condition, rather sliding occurs due to elastic deformation of each 
surface around the stick-point. Friction between rolling contact elements is proportional to 
the shear strength of the base materials. Stresses in the contact area greater than the yield 
stress of the material are possible due to compression at the point of contact. 

One of the benefits of solid lubricant coatings such as silver, lead, gold, and MoS2 is their 
low shear strength to reduce subsurface stresses during incipient sliding. The compliant 
nature of these solid film lubricants helps to reduce subsurface stress by reducing shear 
loading in the substrate. However, if increased wear resistance is desired, then a hard and 
stiff layer is preferred which presents a trade-off when selecting a coating system: soft 

 
Rolling Contact Fatigue in Ultra High Vacuum 95 

compliant layer to reduce subsurface stress, or, a hard and stiff layer to increase wear 
resistance. The effective hardness of a thin solid film system is influenced by the hardness of 
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film is very thin then the effective hardness is mostly influenced by substrate hardness, 
leading to an optimized lubricant coating that is thin and soft, applied over a hard-stiff 
coating bonded to the substrate. The soft lubricant reduces subsurface stress and the hard 
and stiff coating increases wear resistance. 

Solid to solid contact results in two broad categories of surface bonding: adhesive and 
cohesive. Cohesive bonding takes place in the bulk material and has chemical interactions 
with covalent bonding, metallic bonding, and ionic and electrostatic bonding. Adhesive 
bonding involves two dissimilar surfaces and includes physical interactions and Van der 
Waals bonding. Adhesion is a function of material combination, crystal structure, surface 
condition, ambient temperature, and crystallographic orientation. Indeed, good adhesion is 
desired between the solid film lubricant and the surface of the rolling element, and very 
little cohesion is desired within the solid lubricant itself to reduce friction. 

The technology of solid lubricants grew rapidly during the 1960s and 70s to meet the needs 
of the aerospace industry and for operation in ultra-high vacuum environment. Silver, gold, 
and lead along with compounds like MoS2 and graphite were needed for environments in 
which liquid oil-based and hydrocarbon out gassing could not be tolerated, such as, rotating 
devices within very high electrical potential or inside space satellite guidance equipment. 
Test equipment used to gather tribology data for solid lubrication systems were developed 
through NASA, and industry leaders such as Timken, Du Pont, and General Dynamics to 
name a few. Platforms were developed for high vacuum and high temperature applications 
that involved sliding-contact, rolling-contact ball bearings, metal disk and riders, and 
sliding contact of a sleeve on a cylindrical rod and may be found in (NASA SP-5059, 1972). 
Each of these test platforms was designed to test a specific load situation. 

Solid lubricants find unique application in systems with an operating pressure range of 10-4 
to 10-9 Pa and are also temperature resistant in high vacuum. Rotating anode x-ray tubes that 
use ball bearing elements are one example of a rolling contact configuration under high 
vacuum and at high temperature. Non-volatile thin-film lubrication is required due to 
operation in vacuum and in the presence of high electrical potential. Solid lubrication 
systems are greatly influenced by process history and operating conditions. It is strongly 
suggested that testing and evaluation involving any solid film be done using equipment 
known to correlate with the specific application for which the coating system is being 
considered. RCF testing of coating systems and ball-bearing materials is one example of a 
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and substrate subsurface bonding. Surface studies at the nano scale suggest that friction 
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substrate. Substrate material properties influence spall behavior and RCF life as well. Micro-
tribology considers the mechanics of cracks and fracture in the material at the asperity level. 
Berthier et al. (1989) consider velocity differences between contact surfaces and suggests 
four mechanisms to accommodate these differences: elastic deformation, fracture, shear 
stress, and rolling contact. They report that although hard coatings are preferred for wear 
resistance, the addition of a thin compliant film that includes nano scale hard elements in 
the solid lubricant reduces friction as well. 

Sadeghi et al. (2009) report that subsurface failures usually occur during RCF testing due to 
fatigue. If a rolling element such as a ball-bearing is kept lubricated and clean, then the 
primary failure mode will be subsurface spall from fatigue. Fatigue failure beneath the 
substrate surface is thought to proceed as follows: i) work hardening, ii) elastic response, iii) 
material softening leading to yield. In a solid lubrication system that uses silver for example, 
work hardening of the substrate occurs within the run-in period in addition to silver transfer 
between the surfaces. If there is a sufficient amount of silver, the test will operate in the 
elastic response regime for as long as the silver is present. Material softening results in a 
larger volume of material that has yielded plastically. Plastic yielding begins the onset of 
subsurface cracking which then propagates to the surface resulting in a spall. Cracks and the 
onset of spall may also originate from inclusions or material defects, which, helps to explain 
the huge scatter in RCF life test data. 

Polonsky et al. (1998) confirm two types of RCF failures related to composite coatings: 
subsurface-initiated spall and near-surface coating failure. They report coating-cohesive 
failure of 750 nm thick TiN running against softer 12.7 mm diameter ANSI M50 steel balls 
due to interface initiated spall in the TiN coating. Rosado et al. (2010) sought more 
understanding of the spall growth process once a spall has occurred and identify material 
parameters to optimize and improve spall growth resistance. For contact stress of 2.41 GPa, 
they report slower spall growth in ANSI M50 compared with either ANSI M50NiL or ANSI 
52100 due to material composition and processing. Danyluk and Dhingra (2011) observe two 
types of failures related to RCF testing in ultra-high vacuum: coating depletion and surface 
spall. Solid film nickel-copper-silver lubrication was applied to ball bearings over a range of 
process voltage and pressure using a physical vapor deposition ion plating process. Coating 
depletion and surface spall failures were the two most common failure modes, and a unique 
spall-related non-precession type failure was also observed. The non-precession failure 
mode was associated with higher process voltages and with reduced RCF life. 

Higgs and Wornyoh (2008) use conservation of mass to model an in-situ mechanism for self 
replenishing powder lubrication on sliding contacts.  Application of Archard’s wear law and 
a third-body concept are used to formulate the conservation mass equation. The control-
volume-fraction-coverage (CVFC) model concept is applied to set the bounds of their 
theoretical approach. Wornyoh and Higgs (2011) extend the work of (Higgs and Wornyoh, 
2008) to an asperity-based fractional coverage (AFC) model derivation and analysis. The 
latter AFC model extends the surface applicability to tribo-surfaces using atomic force 
microscopy that enable inclusion of surface topology information in the film transfer model. 
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1.2. Chapter overview 

A review of the current literature indicates that ball-on-rod RCF testing in high vacuum and 
at high speeds (approaching 130 Hz) has not received much attention; the work presented 
here is meant to fill that gap related to high speed RCF testing of tribology coatings. A third-
body approximation that accounts for coating wear has been implemented as well for aid to 
predict test life based on contact stress. A Lundberg-Plamgren empirical model is also 
presented for comparison with the third-body approximation model. Surface and coating 
diagnostic tools are presented to show the relationship between coating composition and 
RCF life. 

2. Experimental procedure 

The RCF test rig in Figure 1 was assembled using off the shelf components purchased from 
leading vacuum and mechanical equipment vendors (Danyluk and Dhingra, 2012a). For 
example, a KollmorgenTM servo motor (model number AKM21E) is used to rotate the rod. 
The drive motor is mounted underneath the chamber and motor torque is delivered to the 
test rod inside the vacuum chamber using a ferro-fluidic rotary feed-through device similar 
to Kurt J. Lesker VacuumTM part number FE121099. High vacuum is applied using a 
VarianTM V-81M turbo pumping system as shown in the right panel of Figure 1. 

 
Figure 1. Support hardware and UHV-RCF chamber: turbo pumping system, residual gas analyzer, 
servo motor drive, and ferro-fluidic rotary feed through. 

The RCF hardware inside the chamber is a modification of the three-ball-rod test rig of 
reference (Hoo 1982). The test-head hardware components were fabricated from 304L 
stainless steel and are positioned inside the UHV chamber as shown in Figure 2c. A 
component view of the test chamber is shown in Figure 2a, with emphasis on hardware type 
and assembly order. The RCF test elements: the balls, rods, and races, are shown in Figure 
2b. The races are press fit into the test fixture and held stationary while the balls rotate 
between the fixed races and the rotating rod. A typical test consumes 5 or 6 balls depending 
on which ball size is used: 12.7 mm or 7.94 mm. For example, when testing with 12.7 mm 
diameter balls as shown in Figure 2c, five balls, two races and one rod will constitute a test. 
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substrate. Substrate material properties influence spall behavior and RCF life as well. Micro-
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servo motor drive, and ferro-fluidic rotary feed through. 

The RCF hardware inside the chamber is a modification of the three-ball-rod test rig of 
reference (Hoo 1982). The test-head hardware components were fabricated from 304L 
stainless steel and are positioned inside the UHV chamber as shown in Figure 2c. A 
component view of the test chamber is shown in Figure 2a, with emphasis on hardware type 
and assembly order. The RCF test elements: the balls, rods, and races, are shown in Figure 
2b. The races are press fit into the test fixture and held stationary while the balls rotate 
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on which ball size is used: 12.7 mm or 7.94 mm. For example, when testing with 12.7 mm 
diameter balls as shown in Figure 2c, five balls, two races and one rod will constitute a test. 
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If 7.94 mm balls are used then six balls are required. A description of test element 
combinations that may be carried out using this platform is presented in Table 1. 

 
Figure 2. RCF test chamber and hardware: a) chamber sections assembly order, b) Rex 20 and M50 
balls, races and rods, c) M50 balls against a Si3N4 rod with M50 outer races inside the vacuum chamber. 

Referring to Table 1, the Si3N4 rods were purchased from CeradyneTM Inc, and were 
processed using the EKasinTM method from Ceradyne. These rods were chosen for their high 
temperature and high thermal shock resistance. The Rex20 rods and races, along with the 
12.7 mm diameter M50 steel balls were purchased from TimkenTM and are used extensively 
for RCF testing with oil based lubrication. The 7.94 mm diameter ANSI T5 balls were 
purchased from KoyoTM. 
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Table 1. Test configurations for RCF testing of test elements shown in Figure 2b in ultra-high vacuum. 

2.1. Test material measurements 

Coating survival and RCF test life is dependent on coating and substrate material 
properties. For example, a thin film deposited onto an M50 Steel substrate is likely to spall if 
the applied contact stress during the RCF test exceeds the ultimate strength of the substrate. 
When considering the ultimate strength and hardness of rolling bearing elements it is best to 
directly measure surface hardness and then approximate the ultimate strength. Substrate 
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geometry influences surface hardness and it is to be expected that ball, rod, and race 
geometries will influence the hardness measurement as well. Table 2 presents hardness and 
material property data for the test elements presented in Figure 2b. Table 3 contains 
measured surface roughness data. When collecting hardness and surface roughness data, it 
is recommended to carryout repeated measurements over multiple samples. For example, 
the data presented in Tables 2 and 3 were repeated three times per sample on five samples 
and the average was taken based on 15 measurements of each test element. 
 

Material Property
9.53 mm 

Diameter Rex 
20 Rod 

9.53 mm 
Diameter 
Si3N4 Rod 

7.94 mm 
Steel ANSI 

T5 ball 

12.7 mm 
Steel M50 

ball 

Rex 20 
Race 

M50 
Race 

HRC (measured) 63.2 74.7 61.3 61.9 65.8 44.1 

Elastic Modulus 
(GPa) 

235 310 214 203 235 203 

Poisson Ratio 0.29 0.25 0.29 0.29 0.29 0.29 

Table 2. Hardness and material property data for RCF test elements in Figure 2b. 

 

12.7 mm M50 
Ball 
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Race 

7.94 mm T5 
Ball 

Rex20 
Race 

9.53 mm Si3N4 
Rod 

9.53 mm Rex20 
Rod 

0.31 0.32 0.04 0.15 0.05 0.11 

Table 3. Average surface roughness Ra data in microns for RCF test elements. 

2.2. Test preparation 

Preparation and process history of the test elements have significant influence on RCF life. 
Thin film coatings on the order of 500 nm thick are very susceptible to surface 
contamination from exposure to air, or contact with volatile substances such as organic 
compounds along with low melting temperature metals such as tin or indium for example. 
Component cleanliness and honest adherence to good vacuum procedures are required to 
ensure validity of test results. For example, prior to silver deposition all of the balls were 
cleaned in an ultrasonic bath in methylene chloride for 20 minutes to remove oil and 
particulates. Prior to coating, the balls were also outgassed inside a UHV chamber at 10-7 Pa for 
24 hours and then scrubbed with argon plasma before approximately 200 nm of silver was 
deposited on to the ball surface. Steps were taken to insure even coating thickness during 
deposition. The rods and races were cleaned similarly and all test components were stored in 
warm dry nitrogen. Pre-coated T5, 7.94 mm diameter balls that were purchased from Koyo 
were vacuum-packed and then stored in warm dry nitrogen until loaded into the test rig. Each 
time the test elements are exposed to air an out-gassing procedure should be applied prior to 
the start of the test. For example, after the balls and rod were loaded into the UHV-RCF test 
chamber, the system was outgassed for 12 hours at 10-7 Pa prior to starting the test. 
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2.3. Failure criterion 

Based on previous testing using the RCF rig in Figure 1, the onset of a spall on at least one 
ball is detectable over a vibration range of 0.22 g to 0.35 g with the accelerometer mounted 
on the top section of the test chamber. To be clear, each test chamber may have different 
vibration transmissibility based on its assembly. Therefore a new test rig should be 
characterized for the first detectable vibration of the onset of coating spall, and verified by 
post-test autopsy. The failure threshold for the rig presented in Figure 1 is 0.35 g, as 
measured by an accelerometer mounted on the top section. For the first 15 minutes of the 
test, a run-in period occurs and the vibration can reach 0.30 g, then settles to a steady state 
range of 0.06 g to 0.15 g for length of the test until failure. The test fixture temperature 
measurement shown in Figure 2c tends to increases with vibration and in general tended to 
increase over the length of the test. This is to be expected since as the test proceeds the solid 
lubrication is depleted and there is an increase in surface friction and ultimately increased 
vibration. Temperature at failure may vary based on coating system and contact stress 
loading. For the test rig shown in Figure 2c a thermocouple has been placed in contact with 
the top race to monitor temperature during the test. An optical temperature measurement 
may be taken as well from the large port in the top section. 

2.4. Thin film diagnostics 

Confirmation of thin film composition and thickness prior to RCF testing can give insight 
and predictability to the test results. RCF test results may be confounded due to unknown 
and unwanted constituents within the coating. Auger Electron Spectroscopy (AES) may be 
used to measure and sample atoms within the coating. The AES process uses a high energy 
electron beam to bore a small diameter hole, on the order of 1 – 2 nm, into the coating and 
ball surface. The material that is removed during the process is analyzed using an in-situ 
mass spectrometer to determine its species. Figure 3 presents constituent information 
related to a thin film of silver that was deposited onto a 7.94 mm diameter ANSI T5 steel 
ball. Starting from the left, which correlates to the surface of the coated-ball, carbon, oxygen, 
and silver are present in the coating. Moving to the far right in Figure 3, there is a strong 
transition from silver to iron and chromium, which are two constituents of T5.  Based on the 
known composition of T5 and the AES results of Figure 3 the coating thickness may be 
approximated as 190 nm. More interesting however is the composition of the coating 
through its thickness, specifically, the iron, oxygen, and nickel present throughout the silver 
layer. The results of Figure 4 illustrate element composition of a nickel-copper-silver coating 
deposited on to a Si3N4 ball using a physical vapor deposition ion plating process. Referring 
to Figure 4, there is a high concentration of nickel and iron near the ball-coating interface at 
about 120 nm. Since the ball itself does not contain Ni or Fe, the presence of those elements 
and their concentrations suggest that contamination occurred during the deposition process. 
The results of Figures 3 and 4 suggest interlayer mixing and coating contamination during 
the deposition process which is likely to influence the lubrication properties of the film, and 
ultimately the RCF life. For more information concerning thin film diagnostics and 
deposition plasma diagnostics related to RCF life, see (Danyluk and Dhingra, 2012b). 
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Figure 3. Auger electron spectroscopy depth profile of a silver film deposited on a 7.94 mm diameter 
ANSI T5 steel ball. 

 
Figure 4. Auger electron spectroscopy depth profile of a nickel-copper-silver film deposited on a 7.94 
mm diameter Si3N4 ball. 

3. Experimental results 
Statistical tools may be used to extract necessary information from RCF data.  For example, 
Weibull analysis and high-cycle fatigue software tools such as ReliasoftTM may be used to 
correlate and compare test results independent of the coating and test elements in the test. 
An inverse power law life model with Weibull distribution may be used to check the 
experimental setup by comparing the Weibull parameters against known test 
configurations. Historically, a Weibull shape factor in the range 1 4  is to be expected 
for bearing and gear type RCF failures. For comparison, a shape factor less than 1 would 
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indicate a flawed test method or infant failure. It is good practice to fit the RCF data to a 
Weibull distribution model starting after the fifth test so that one may confirm right away 
that the test results reflect coating and material performance and not a flawed assembly 
process or inadequate test preparation.  

3.1. RCF statistical data 

Cycles versus contact-stress for two RCF test loads using configuration 3 is presented in 
Figure 5. The shape factor shown in the legend of Figure 5 is within the expected range for 
bearing and gear type RCF testing and therefore the results reflect true film/coating 
performance. An eta-line has been added as well for extrapolation to testing at stress levels 
between the data presented in Figure 5. The shaded areas represent the fitted probability 
density function (PDF) based on the RCF data at that stress level.  

 
Figure 5. Cycles versus stress for 12.7 mm M50 steel balls with M50 races against a Si3N4 rod. Test 
rotation of 130 Hz in high vacuum with approximately 200 nm of silver on the balls. 

Figures 6 and 7 contain reliability prediction information for two thin film systems: 
evaporated silver and, ion plated nickel copper silver. The Weibull shape factor for each set 
of data in Figures 6 and 7 is shown in the upper right corner as 2.54 and 2.76, respectively. 
These beta-factors are within the expected range for bearing RCF testing and therefore the 
data is an accurate representation of coating and rod performance. The stress-use parameter 
used in the reliability calculation is also presented in the figures. The stress-use parameter is 
a modeling tool used to extrapolate reliability data to a loading other than those actually 
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tested. When choosing the stress-use parameter, make sure the data is collected over a 
sufficient range of contact stresses that includes the stress-use value. The data presented in 
Figures 6 and 7 was taken over a stress-use range of 1.4 to 3.5 GPa. The results in Figures 5 
through 7 strongly suggest rolling contact fatigue failure since the contact stresses for each 
of these tests are 1/3 less than the calculated tensile yield strength of each component as 
calculated from the hardness measurements presented in Table 2.  

 
Figure 6. Reliability data for RCF elements in configuration 1 of Table 1. 

 
Figure 7. Reliability data for RCF elements in configuration 2 of Table 1. 
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3.2. RCF post test autopsy 

Figures 8 through 10 present post-test photos of the ball, rod, and races for two types of 
failures and for two RCF loads. Configuration 1 of Table 1 was used for all three tests. 
Figure 8 contains results from a suspended test after 1.7 hours. A ball-rod-race model is 
presented in the center panel of Figure 8 to highlight the silver and the wear tracks on the 
ball and rotating rod. Inspection of the ball surface reveals that silver is still present on the 
ball surface, as illustrated by the scratch-test results shown in the right panel of Figure 8. 
Inspection of the rod surface shows traces of silver transfer to the rod wear track. Figure 9 
contains results from a life test that eventually failed for silver depletion after 20.6 hours of 
testing, corresponding to 9.6 x 106 stress cycles accumulated on the rod wear track. 
Information related to silver transfer and the movement of silver on the wear track is 
highlighted as in Figure 9. The significance of silver transfer from the ball surface to both the 
rod and race wear-tracks suggests that a third-body-transfer model may be used to model 
the UHV-RCF test method. Concerning the rod and race information in Figure 9, the solid 
silver lubricant was depleted by incipient sliding between the rod-ball and race-ball contacts 
such that all of the silver was transferred out of the third-body storage areas. For the RCF 
platform, the third-body storage areas may be represented on the rod and race wear tracks. 

 
Figure 8. Autopsy data for RCF elements in configuration 1 of Table 1 operated at 3.61 GPa loading. 
Suspension after 1.7 hours of rotation at 130 Hz, accounting for approximately 7.8 x 105 rod stress cycles. 

Figure 10 contains an early life spall failure of the silver coating and subsequent damage to 
the ball and rod surfaces. Enlargement of the rod wear track is to be expected for this failure 
mode since plastic yielding has occurred due to increased friction associated with spall 
failures. Once a coating spall occurred on at least one of the balls, the surface is damaged 
due to yielding and the resulting contact area with the rod increases rapidly. The test is 
halted after the stopping criteria, vibration levels in excess of 0.35 g, is exceeded for 1 
minute. With the rod rotating at 130 Hz and a deceleration time of about 3 seconds, 
approximately 390 rod-rotations will be added to the failed surfaces before the rod stops 
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rotating. The debris from the spall remains within the wear track resulting in significant plastic 
deformation of all contact surfaces before the test is stopped. Coating spall failure resulted in 
higher friction and stress leading ultimately to surface yielding. The silver depletion failure 
mode resulted in increased friction and vibration as well but without surface yielding before 
the test was stopped. However, if allowed to continue without lubrication the increased 
friction would accelerate the onset of subsurface spall of the ball and rod.   

 
Figure 9. Autopsy data for RCF elements in configuration 1 of Table 1 operated at 3.61 GPa loading. 
Silver depletion failure after 20.6 hours of rotation at 130 Hz, accounting for approximately 9.6 x 106 rod 
stress cycles. 

 
Figure 10. Autopsy data for RCF elements in configuration 1 of Table 1 operated at 4.0 GPa loading. 
Coating spall failure after 9.1 hours of rotation at 130 Hz, accounting for approximately 4.2 x 106 rod 
stress cycles 
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rotating. The debris from the spall remains within the wear track resulting in significant plastic 
deformation of all contact surfaces before the test is stopped. Coating spall failure resulted in 
higher friction and stress leading ultimately to surface yielding. The silver depletion failure 
mode resulted in increased friction and vibration as well but without surface yielding before 
the test was stopped. However, if allowed to continue without lubrication the increased 
friction would accelerate the onset of subsurface spall of the ball and rod.   

 
Figure 9. Autopsy data for RCF elements in configuration 1 of Table 1 operated at 3.61 GPa loading. 
Silver depletion failure after 20.6 hours of rotation at 130 Hz, accounting for approximately 9.6 x 106 rod 
stress cycles. 

 
Figure 10. Autopsy data for RCF elements in configuration 1 of Table 1 operated at 4.0 GPa loading. 
Coating spall failure after 9.1 hours of rotation at 130 Hz, accounting for approximately 4.2 x 106 rod 
stress cycles 
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Post-test autopsy and Scanning Electron Microscopy (SEM) results may be used to 
approximate the amount of silver remaining on the ball surface at the end of each test. Table 
4 presents element composition of one non-coated and two silver coated balls after testing. 
These balls account for three types of SEM test results: before coating, after silver depletion 
failure, and after early spall failure. The surface composition of each ball was derived from 
energy spectroscopy analyses attached to the SEM instrument. Concerning Table 4, post-test 
SEM data from a silver depletion failure is shown in column 3 with no silver present. All of 
the silver was transferred from the ball surface on to the rod and race surfaces, representing 
termination of the third body transfer mechanism suggested in (Higgs and Wornyoh, 2008). 
The results of column 4 however show some silver was still present on the ball surface 
following early spall failure after 9.1 hours. A theoretical analysis for a third-body transfer 
model using UHV-RCF data collected from suspended tests is presented in the next section. 
 

 Baseline M50 
Bearing Steel 

SEM 12.7 mm M50 ball, silver 
depletion failure. 

SEM 12.7 mm M50 ball, 
early spall failure. 

Carbon 0.97   
Chromium 4.18 1.58 2.07 

Iron 88.60 97.84 77.83 
Manganese 0.32   

Molybdenum 4.45   
Silicon 0.27 0.48 0.68 

Vanadium 1.21   
Silver 0.00  16.37 

Table 4. Element composition of one non-coated ball and two coated balls after testing. Composition 
derived from energy dispersive spectroscopy using a SEM. 

4. Thin film solid lubrication modelling 
Test life comparison using two modeling approaches is the focus of this section. The first 
model uses a conservation of mass approach and is based on the work presented in (Higg 
and Wornyoh, 2008), (Danyluk and Dhingra, 2012a). A third-body mass transfer concept is 
applied to account for the transport of the film from the ball surface to the rod and race 
contact surfaces as seen experimentally in Figures 8 and 9. The second modeling approach is 
similar to the Lundberg-Palmgren model in that the RCF data from the test configurations of 
Table 1 are used to fit a load-capacity parameter, C, to L10 data similar to that found in 
chapter 8 of (Bhushan, 1999). 

4.1. Third body transfer model 

The third-body model concept involves mass transfer of the solid film lubricant from its 
source to the contacting surfaces within the rolling-contact system. For example, if a 
specimen of silver that is stationary is pressed into contact with a rotating shaft the resulting 
contact will enable transfer of the soft silver from the specimen to the contact surface of the 
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shaft. The rate of silver transfer is related to: i) the force of the contact, ii) the surface 
roughness and speed of the shaft, and iii) the rate at which excess silver is pushed out of the 
contact area. Concerning the RCF tests in Figures 8 through 10, the source of the solid 
lubricant is the amount of thin-film coating on the balls at the beginning of the test, 
approximately 200 nm. The film lubricant is transferred to the rod and race contact areas, 
which are considered the third-body volumes. Depending on surface roughness, more or 
less lubricant may accumulate in the valleys between surface asperities on the rod and race 
surfaces. The solid lubricant on the ball surface represents the source or input to the third-
body concept.  

The control volume fraction coverage model (CVFC) has been presented and explained in 
(Higgs and Wornyoh ,2008), however, some parts of that formulation are presented here for 
clarity. The assumptions of the CVFC model for solid lubrication transfer to the third-body 
volumes are as follows: i) the ball/rod and ball/race contact surfaces are flat within their 
contact areas, ii) incipient sliding occurs between surfaces due to elastic deformation, iii) the 
fractional response and friction of the interfaces is primarily a function of the amount of 
silver present in the third-body volumes of the race and rod, and on the surface of the ball. 

A conservation of mass formulation for the transfer of film lubricant from the ball surface to 
the wear tracks of the race and rod is as, 

 .
Third Body Third Body Third Body
Storage Rate Input Rate Output Rate
     

           
     

 (1) 

The output rate in equation (1) is driven by the load between the ball-rod and ball-race that 
forces some of the solid silver out of the wear track. Examination of the wear tracks on the 
races and on the rod and race in Figures 8 through 10 illustrate that silver is pushed outside 
of the CVFC volume over time, and hence removed from the third-body storage volumes. 
The input rate to the third-body storage volumes of the rod and race contact zones is 
influenced by the fiction coefficient between the solid lubricant and contact area. 
Concerning RCF contact and Figures 8 through 10, incipient sliding between the ball-rod 
and ball-race is assumed throughout this formulation. 

Equation (1) may be described as the rate of change of the fractional coverage, X(t) of the 
third-bodies on both the rod and race wear tracks. For the present study, X(t) will be 
normalized to the average surface roughness of the race and rod as presented in Table 3, or 
approximately 250 nm and represents the maximum asperity height defined as, hmax. The 
asperity depth is about the same as the initial silver coating thickness on the balls as well, 
approximately 200 nm. Following the form of (Higgs and Wornyoh, 2008), and (Danyluk 
and Dhingra, 2012a) the fractional coverage variable is defined as, 
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,hX
h

  (2) 

where h is the local height of silver coating in the third-body volumes. Archard’s volume 
wear rate law is used to account for surface wear interactions and is defined as, 
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Post-test autopsy and Scanning Electron Microscopy (SEM) results may be used to 
approximate the amount of silver remaining on the ball surface at the end of each test. Table 
4 presents element composition of one non-coated and two silver coated balls after testing. 
These balls account for three types of SEM test results: before coating, after silver depletion 
failure, and after early spall failure. The surface composition of each ball was derived from 
energy spectroscopy analyses attached to the SEM instrument. Concerning Table 4, post-test 
SEM data from a silver depletion failure is shown in column 3 with no silver present. All of 
the silver was transferred from the ball surface on to the rod and race surfaces, representing 
termination of the third body transfer mechanism suggested in (Higgs and Wornyoh, 2008). 
The results of column 4 however show some silver was still present on the ball surface 
following early spall failure after 9.1 hours. A theoretical analysis for a third-body transfer 
model using UHV-RCF data collected from suspended tests is presented in the next section. 
 

 Baseline M50 
Bearing Steel 

SEM 12.7 mm M50 ball, silver 
depletion failure. 

SEM 12.7 mm M50 ball, 
early spall failure. 

Carbon 0.97   
Chromium 4.18 1.58 2.07 

Iron 88.60 97.84 77.83 
Manganese 0.32   

Molybdenum 4.45   
Silicon 0.27 0.48 0.68 

Vanadium 1.21   
Silver 0.00  16.37 

Table 4. Element composition of one non-coated ball and two coated balls after testing. Composition 
derived from energy dispersive spectroscopy using a SEM. 

4. Thin film solid lubrication modelling 
Test life comparison using two modeling approaches is the focus of this section. The first 
model uses a conservation of mass approach and is based on the work presented in (Higg 
and Wornyoh, 2008), (Danyluk and Dhingra, 2012a). A third-body mass transfer concept is 
applied to account for the transport of the film from the ball surface to the rod and race 
contact surfaces as seen experimentally in Figures 8 and 9. The second modeling approach is 
similar to the Lundberg-Palmgren model in that the RCF data from the test configurations of 
Table 1 are used to fit a load-capacity parameter, C, to L10 data similar to that found in 
chapter 8 of (Bhushan, 1999). 

4.1. Third body transfer model 

The third-body model concept involves mass transfer of the solid film lubricant from its 
source to the contacting surfaces within the rolling-contact system. For example, if a 
specimen of silver that is stationary is pressed into contact with a rotating shaft the resulting 
contact will enable transfer of the soft silver from the specimen to the contact surface of the 
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shaft. The rate of silver transfer is related to: i) the force of the contact, ii) the surface 
roughness and speed of the shaft, and iii) the rate at which excess silver is pushed out of the 
contact area. Concerning the RCF tests in Figures 8 through 10, the source of the solid 
lubricant is the amount of thin-film coating on the balls at the beginning of the test, 
approximately 200 nm. The film lubricant is transferred to the rod and race contact areas, 
which are considered the third-body volumes. Depending on surface roughness, more or 
less lubricant may accumulate in the valleys between surface asperities on the rod and race 
surfaces. The solid lubricant on the ball surface represents the source or input to the third-
body concept.  

The control volume fraction coverage model (CVFC) has been presented and explained in 
(Higgs and Wornyoh ,2008), however, some parts of that formulation are presented here for 
clarity. The assumptions of the CVFC model for solid lubrication transfer to the third-body 
volumes are as follows: i) the ball/rod and ball/race contact surfaces are flat within their 
contact areas, ii) incipient sliding occurs between surfaces due to elastic deformation, iii) the 
fractional response and friction of the interfaces is primarily a function of the amount of 
silver present in the third-body volumes of the race and rod, and on the surface of the ball. 

A conservation of mass formulation for the transfer of film lubricant from the ball surface to 
the wear tracks of the race and rod is as, 
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of the CVFC volume over time, and hence removed from the third-body storage volumes. 
The input rate to the third-body storage volumes of the rod and race contact zones is 
influenced by the fiction coefficient between the solid lubricant and contact area. 
Concerning RCF contact and Figures 8 through 10, incipient sliding between the ball-rod 
and ball-race is assumed throughout this formulation. 

Equation (1) may be described as the rate of change of the fractional coverage, X(t) of the 
third-bodies on both the rod and race wear tracks. For the present study, X(t) will be 
normalized to the average surface roughness of the race and rod as presented in Table 3, or 
approximately 250 nm and represents the maximum asperity height defined as, hmax. The 
asperity depth is about the same as the initial silver coating thickness on the balls as well, 
approximately 200 nm. Following the form of (Higgs and Wornyoh, 2008), and (Danyluk 
and Dhingra, 2012a) the fractional coverage variable is defined as, 
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where h is the local height of silver coating in the third-body volumes. Archard’s volume 
wear rate law is used to account for surface wear interactions and is defined as, 



 
Performance Evaluation of Bearings 108 

 ,N
dV KF U
dt

  (3) 

where V, K, FN, and U are the volume, wear coefficient, normal force, and sliding velocity, 
respectively. The wear coefficient K  is the probability that a surface is being worn due to 
sliding contact, and for this section incipient sliding assumed. Combining equations (1) 
through (3) gives the following differential equation for X(t) as, 

     max 1 ,bc c c br r r bEc c c bEr r r
dXAh K F U K F U X K F U K F U X
dt

      (4) 

where the first term on the right hand side accounts for third body input and the second 
term for third body removal. The solution of Eq. (4) is given as: 

  ( ) 1 exp .bc c c br r r

bc c c br r r bEc c c bEr r r

K F U K F U tX t
K F U K F U K F U K F U 

   
         

 (5) 

The constants Kbc and Kbr are the wear coefficients for silver between the ball-race and the 
ball-rod, respectively, and influence how the third body is filled with silver from incipient 
sliding during the test. The constants KbEc and KbEr are the wear coefficients for the silver that 
is pushed out of the wear track between the ball-race and ball-rod. The wear coefficients KbEc 
and KbEr influence how much silver is removed from the third-body due to ball sliding with 
the edge of the wear track during the test as shown in Figures 8 and 9. The time constant   
in equation 5 is defined as,  

 max ,
bc c c br r r bEc c c bEr r r

Ah
K F U K F U K F U K F U

 
  

 (6) 

and defines the time to steady state third-body thickness. It was found that  also correlates 
with the run-in time of the RCF test configurations in Table 1. The condition X(t) > 0 
signifies that silver is being transferred from the ball surface to the third-body volumes on 
the race and rod. When all of the silver has been transferred from the ball, the condition X(t) 
= 1 exists and the third body input rate goes to zero as defined in equation (4). As the third-
body volume becomes depleted, that is, as silver is pushed out of the wear track as defined 
in the second term on the right hand side of equation (4), the test results of Figure 9 and 
Table 4 column 3 begins to occur. As soon as the input to the third-body volumes ceases, the 
volume coverage X(t) diminishes resulting in asperity-to-asperity contact such that friction 
and vibration increase and the stopping threshold criteria of Section 2.3 is exceeded.   

Equation (5) is plotted in Figure 11 using the material properties, wear coefficients, and 
loads presented Tables 2, 5, and 6. The wear coefficients presented in Table 5 are within the 
range and order of magnitude of those tested between bearing steels like Rex20 and silver, 
and those tested between Si3N4 and silver under UHV conditions found in references 
(Holmberg and Matthews, 2009) and (NASA/TM 1999-209088, 1999). Table 6 contains 
normal load and contact area calculations from the RCF test rig of Figure 2c and are used in 
the calculations of equations (5) and (6). 
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Figure 11. Fractional coverage of the third body volume calculated using equations (5) and (6) with 
values from Tables 2, 5, and 6 for two test configurations from Table 1. 

 

K (m2/N) Kbc Kbr KbEc KbEr 
Test Configuration 3 1.0E-15 2.0E-16 1.0E-15 5.0E-17 

Test Configuration 1 1.0E-15 2.0E-15 1.0E-15 2.0E-17 

Table 5. Wear coefficients used in equations (5) and (6). 

 

Hertzian Contact Stress (GPa) Fr (N) Fc (N) 
Third Body Surface Area 

(m2) 

Test Configuration 3 
3.7 264 145 7.2E-05 
2.8 101 56 5.4E-05 

Test Configuration 1 
3.5 237 130 6.2E-05 
2.2 67 37 3.7E-05 

Table 6. Normal forces and third-body contact area calculations. 

Observation of the curves in Figure 11 suggests steady-state third-body coverage after 400 
seconds of RCF testing. For comparison, thickness measurements of the silver remaining on 
the balls of suspended RCF tests reveal a third-body-coverage steady state value, Xss, 
between 0.46 to 0.61 when testing in configuration 3 and, Xss between 0.68 and 0.89 when 
testing in configuration 1. This data was collected from suspended tests similar to Figure 8 
and do not include spall failures. These values represent a range of steady state fractional 
coverage for each configuration and are shown in Figure 11 as dashed lines with solid lines 
above and below indicating the range of measured coverage, Xss.  
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where V, K, FN, and U are the volume, wear coefficient, normal force, and sliding velocity, 
respectively. The wear coefficient K  is the probability that a surface is being worn due to 
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The constants Kbc and Kbr are the wear coefficients for silver between the ball-race and the 
ball-rod, respectively, and influence how the third body is filled with silver from incipient 
sliding during the test. The constants KbEc and KbEr are the wear coefficients for the silver that 
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and defines the time to steady state third-body thickness. It was found that  also correlates 
with the run-in time of the RCF test configurations in Table 1. The condition X(t) > 0 
signifies that silver is being transferred from the ball surface to the third-body volumes on 
the race and rod. When all of the silver has been transferred from the ball, the condition X(t) 
= 1 exists and the third body input rate goes to zero as defined in equation (4). As the third-
body volume becomes depleted, that is, as silver is pushed out of the wear track as defined 
in the second term on the right hand side of equation (4), the test results of Figure 9 and 
Table 4 column 3 begins to occur. As soon as the input to the third-body volumes ceases, the 
volume coverage X(t) diminishes resulting in asperity-to-asperity contact such that friction 
and vibration increase and the stopping threshold criteria of Section 2.3 is exceeded.   

Equation (5) is plotted in Figure 11 using the material properties, wear coefficients, and 
loads presented Tables 2, 5, and 6. The wear coefficients presented in Table 5 are within the 
range and order of magnitude of those tested between bearing steels like Rex20 and silver, 
and those tested between Si3N4 and silver under UHV conditions found in references 
(Holmberg and Matthews, 2009) and (NASA/TM 1999-209088, 1999). Table 6 contains 
normal load and contact area calculations from the RCF test rig of Figure 2c and are used in 
the calculations of equations (5) and (6). 
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Figure 11. Fractional coverage of the third body volume calculated using equations (5) and (6) with 
values from Tables 2, 5, and 6 for two test configurations from Table 1. 
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Test Configuration 3 1.0E-15 2.0E-16 1.0E-15 5.0E-17 

Test Configuration 1 1.0E-15 2.0E-15 1.0E-15 2.0E-17 

Table 5. Wear coefficients used in equations (5) and (6). 

 

Hertzian Contact Stress (GPa) Fr (N) Fc (N) 
Third Body Surface Area 

(m2) 

Test Configuration 3 
3.7 264 145 7.2E-05 
2.8 101 56 5.4E-05 

Test Configuration 1 
3.5 237 130 6.2E-05 
2.2 67 37 3.7E-05 

Table 6. Normal forces and third-body contact area calculations. 

Observation of the curves in Figure 11 suggests steady-state third-body coverage after 400 
seconds of RCF testing. For comparison, thickness measurements of the silver remaining on 
the balls of suspended RCF tests reveal a third-body-coverage steady state value, Xss, 
between 0.46 to 0.61 when testing in configuration 3 and, Xss between 0.68 and 0.89 when 
testing in configuration 1. This data was collected from suspended tests similar to Figure 8 
and do not include spall failures. These values represent a range of steady state fractional 
coverage for each configuration and are shown in Figure 11 as dashed lines with solid lines 
above and below indicating the range of measured coverage, Xss.  
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Comparison of the measured steady state coverage, Xss with that calculated from solution of 
equation (4) shows good agreement between measured and predicted third body fractional 
coverage using the wear coefficient values presented in Table 5. The trending of coverage, 
Xss, to the same steady state values for each of the configurations 1 and 3 is due to the 
material type and loading conditions related to the RCF test setup. The run-in time for each 
of the test configurations 1 and 3 is comparable with the transient portion of the curves in 
Figure 11, suggesting that the volumes between asperities on the rod and races fill-up within 
the first 10 minutes of the test rotating at 130 Hz. 

A steady state wear factor for the depletion of silver from the ball may be calculated using 
Archard’s wear equation integrated over time as, 

  
0

1 ( ) .
ft

ball ball ball ballV K F U X t dt   (7) 

Solution of equation (7) and application of equation (5), the ball steady state wear factor may 
be expressed as, 

 ,ball

ball f ball

V
g

F t U
   (8) 

where g is the gravitational constant and tf is the time to failure based on the stopping 
threshold criteria 0.35g. Table 7 contains evaluation of Equation (8) using RCF depletion-
failure data from Figures 6 and 7. Spall failures were not included in the wear factor 
calculations of Table 7. Configuration 2 shows the smallest wear factor and had the longest 
RCF test life. The wear factors of configurations 1 and 3 are about the same suggesting 
similar test-time results using either the Rex20 rod or the Si3N4 rod with 12.7 mm balls. The 
result that wear factors for configurations 1 and 3 are similar regardless of rod type suggests 
that most of the third-body storage volume resides on the race. This is confirmed from the 
autopsy results of Figures 9 and 10 in that silver has been pushed out of the wear track on 
the race. 
 

Table 1 Test 
Configuration 

Configuration 1 Configuration 2 Configuration 3 

Contact stress 3.5 GPa 2.2 GPa 4.1 GPa 3.5 GPa 3.7 GPa 2.8 GPa 
Wear Factor 

 3 1 1cm cm kg   3.47E-10 3.23E-10 7.49E-11 3.37E-11 3.12E-10 2.34E-10 

Table 7. Steady state wear factor of the ball, calculated using data from all non-spall RCF tests. 

4.2. Lundberg-Palmgren emperical model 

Empirical modeling with ex-situ data allows coating life prediction based on past 
performance. RCF data collected over a range of contact stresses may be used to extrapolate 
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coating-life within the range of the stresses tested. In this section a Lundberg-Palmgren 
model is used to back-calculate a basic load capacity parameter, C, for each of the test 
configurations of Table 1. The load capacity parameter may then be used to plan the length 
of any UHV-RCF test based on the test-load for each configuration. The load capacity 
calculation follows (Bhushan, 1999) chapter 8. The stress cycles corresponding to 10% failure 
maybe calculated as,  

 
3

10 ,CL
W

 
  
 

 (9) 

where the variable W corresponds to the radial load applied to the ball, and C is the basic 
load capacity of the test configuration with respect to a ball-bearing type system. The basic 
load capacity parameter, C may be calculated using the RCF cycles-to-failure results similar 
to those presented in Figures 5 through 7. The values of L10 and W were measured for each 
of the test configurations shown in Table 1. Using data from Table 6 the L10 life for each test 
configuration and loading is plotted as a function of load capacity in Figure 12. The 
measured L10 life for different contact stresses is also plotted in Figure 12 as well, 
represented as vertical lines (large and small dashed lines, and one dash-dot line). 

 
Figure 12. Plot of the natural log of L10 stress cycles verses load capacity parameter, C, using equation 
(9) for three test configurations in Table 1. Vertical lines represent measured L10 life for three test 
configurations and three loads (GPa). 

The Lundberg-Palmgren model in equation (9) may require life-adjustment factors to fit the 
model to experimental data. Concerning Figure 12, it is to be expected that the load capacity 
parameter, C, will be the same for each test configuration independent of loading. 
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Comparison of the measured steady state coverage, Xss with that calculated from solution of 
equation (4) shows good agreement between measured and predicted third body fractional 
coverage using the wear coefficient values presented in Table 5. The trending of coverage, 
Xss, to the same steady state values for each of the configurations 1 and 3 is due to the 
material type and loading conditions related to the RCF test setup. The run-in time for each 
of the test configurations 1 and 3 is comparable with the transient portion of the curves in 
Figure 11, suggesting that the volumes between asperities on the rod and races fill-up within 
the first 10 minutes of the test rotating at 130 Hz. 

A steady state wear factor for the depletion of silver from the ball may be calculated using 
Archard’s wear equation integrated over time as, 
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where g is the gravitational constant and tf is the time to failure based on the stopping 
threshold criteria 0.35g. Table 7 contains evaluation of Equation (8) using RCF depletion-
failure data from Figures 6 and 7. Spall failures were not included in the wear factor 
calculations of Table 7. Configuration 2 shows the smallest wear factor and had the longest 
RCF test life. The wear factors of configurations 1 and 3 are about the same suggesting 
similar test-time results using either the Rex20 rod or the Si3N4 rod with 12.7 mm balls. The 
result that wear factors for configurations 1 and 3 are similar regardless of rod type suggests 
that most of the third-body storage volume resides on the race. This is confirmed from the 
autopsy results of Figures 9 and 10 in that silver has been pushed out of the wear track on 
the race. 
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Table 7. Steady state wear factor of the ball, calculated using data from all non-spall RCF tests. 

4.2. Lundberg-Palmgren emperical model 

Empirical modeling with ex-situ data allows coating life prediction based on past 
performance. RCF data collected over a range of contact stresses may be used to extrapolate 
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coating-life within the range of the stresses tested. In this section a Lundberg-Palmgren 
model is used to back-calculate a basic load capacity parameter, C, for each of the test 
configurations of Table 1. The load capacity parameter may then be used to plan the length 
of any UHV-RCF test based on the test-load for each configuration. The load capacity 
calculation follows (Bhushan, 1999) chapter 8. The stress cycles corresponding to 10% failure 
maybe calculated as,  
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where the variable W corresponds to the radial load applied to the ball, and C is the basic 
load capacity of the test configuration with respect to a ball-bearing type system. The basic 
load capacity parameter, C may be calculated using the RCF cycles-to-failure results similar 
to those presented in Figures 5 through 7. The values of L10 and W were measured for each 
of the test configurations shown in Table 1. Using data from Table 6 the L10 life for each test 
configuration and loading is plotted as a function of load capacity in Figure 12. The 
measured L10 life for different contact stresses is also plotted in Figure 12 as well, 
represented as vertical lines (large and small dashed lines, and one dash-dot line). 

 
Figure 12. Plot of the natural log of L10 stress cycles verses load capacity parameter, C, using equation 
(9) for three test configurations in Table 1. Vertical lines represent measured L10 life for three test 
configurations and three loads (GPa). 

The Lundberg-Palmgren model in equation (9) may require life-adjustment factors to fit the 
model to experimental data. Concerning Figure 12, it is to be expected that the load capacity 
parameter, C, will be the same for each test configuration independent of loading. 
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Configuration 2 demonstrates this attribute. The dash-dotted vertical lines related to 
configuration 2 are very near to each other, suggesting that life-adjustment factors are not 
needed to fit the data related to configuration 2. Equation (9) alone may be used to predict 
RCF life based on W and C when testing in configuration 2. In contrast, configurations 1 and 
3 give different load capacity parameters for the same configurations as shown in Figure 12. 
The large and small dashed-lines related to Configurations 1 and 3 do not line up on the 
same load capacity parameter, C, suggesting that life-adjustment factors will be needed to 
accurately calculate L10 life for these test element combinations. 

5. Conclusions 

A ball-rod RCF test platform has been successfully demonstrated for testing thin solid film 
lubricants in ultra-high vacuum and at high rotational speeds. The film systems tested 
included silver and nickel-copper-silver and results indicate that film thickness initially 
present on the balls has the most influence over test life based on 118 tests and a thickness 
range of 180 to 200 nm. The Weibull shape factor for all test data was in the range of 2.5 to 
2.8, indicating typical bearing-type failure modes and test-times. A shape factor in this range 
suggests predictability of the test method, which enables repeatable conclusions concerning 
tribology testing of rolling bearing elements. 

For the two ball sizes investigated, the 7.94 mm ANSI T5 balls with nickel-copper-silver 
gave longer RCF test life than the 12.7 mm M50 steel balls for similar Hertzian contact stress 
loading. Surface finish of the balls and races also influenced test longevity, with longer life and 
higher load capability for the 7.94 mm T5 balls with a surface Ra of 0.04 compared to the 12.7 
mm M50 balls with a surface Ra of 0.32. The surface roughness of the races directly affects the 
volume of silver that may be stored within the wear track over the course of the test. Rod 
material and surface finish did not influence test time for the materials Rex 20 steel and Si3N4.  

Two types of failure modes were observed for all tests: i) early spall failure and, ii) silver 
film depletion. In the former, a film-spall on at least one ball resulted in increased friction 
and plastic yielding within the contact area leading to the onset of spall at the ball-film 
interface. In the latter failure mode, as the lubricant film became depleted the friction and 
vibration increased and the test was stopped. 

Surface finish of the rod and race elements influences the rate of solid film transfer from the 
ball surface to the rod and races. Inspection of the wear surfaces of suspended test components 
suggested a third-body transfer mechanism of the lubricating film could be used to predict test 
longevity. A third-body self-replenishing model approach was applied and there is good 
agreement with measured steady state film thickness and predicted film height.  

A Lundberg-Palmgren empirical model fit of the RCF test data for L10 life was used to 
calculate the load-capacity parameter for three test configurations. Stable prediction of a 
load capacity parameter will enable better planning for expanded used of the UHV-RCF test 
platform. The load capacity parameters for configurations involving 12.7 mm M50 balls with 
M50 races varied with applied load, suggesting that further work is needed to establish 
load-reduction correction factors for these configurations. Load-reduction factors for 
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configurations involving 7.94 mm T5 balls with nickel-copper-silver film are not required. 
Future work with the UHV-RCF platform will involve continued testing for influence of 
process parameters and deposition methods, such as magnetron, on RCF test life similar to 
Danyluk and Dhingra (2011, 2012a). Expansion of the platform for study of surface 
interaction with heat and fatigue under high vacuum will also be explored. 
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Configuration 2 demonstrates this attribute. The dash-dotted vertical lines related to 
configuration 2 are very near to each other, suggesting that life-adjustment factors are not 
needed to fit the data related to configuration 2. Equation (9) alone may be used to predict 
RCF life based on W and C when testing in configuration 2. In contrast, configurations 1 and 
3 give different load capacity parameters for the same configurations as shown in Figure 12. 
The large and small dashed-lines related to Configurations 1 and 3 do not line up on the 
same load capacity parameter, C, suggesting that life-adjustment factors will be needed to 
accurately calculate L10 life for these test element combinations. 
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included silver and nickel-copper-silver and results indicate that film thickness initially 
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range of 180 to 200 nm. The Weibull shape factor for all test data was in the range of 2.5 to 
2.8, indicating typical bearing-type failure modes and test-times. A shape factor in this range 
suggests predictability of the test method, which enables repeatable conclusions concerning 
tribology testing of rolling bearing elements. 

For the two ball sizes investigated, the 7.94 mm ANSI T5 balls with nickel-copper-silver 
gave longer RCF test life than the 12.7 mm M50 steel balls for similar Hertzian contact stress 
loading. Surface finish of the balls and races also influenced test longevity, with longer life and 
higher load capability for the 7.94 mm T5 balls with a surface Ra of 0.04 compared to the 12.7 
mm M50 balls with a surface Ra of 0.32. The surface roughness of the races directly affects the 
volume of silver that may be stored within the wear track over the course of the test. Rod 
material and surface finish did not influence test time for the materials Rex 20 steel and Si3N4.  

Two types of failure modes were observed for all tests: i) early spall failure and, ii) silver 
film depletion. In the former, a film-spall on at least one ball resulted in increased friction 
and plastic yielding within the contact area leading to the onset of spall at the ball-film 
interface. In the latter failure mode, as the lubricant film became depleted the friction and 
vibration increased and the test was stopped. 

Surface finish of the rod and race elements influences the rate of solid film transfer from the 
ball surface to the rod and races. Inspection of the wear surfaces of suspended test components 
suggested a third-body transfer mechanism of the lubricating film could be used to predict test 
longevity. A third-body self-replenishing model approach was applied and there is good 
agreement with measured steady state film thickness and predicted film height.  

A Lundberg-Palmgren empirical model fit of the RCF test data for L10 life was used to 
calculate the load-capacity parameter for three test configurations. Stable prediction of a 
load capacity parameter will enable better planning for expanded used of the UHV-RCF test 
platform. The load capacity parameters for configurations involving 12.7 mm M50 balls with 
M50 races varied with applied load, suggesting that further work is needed to establish 
load-reduction correction factors for these configurations. Load-reduction factors for 
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configurations involving 7.94 mm T5 balls with nickel-copper-silver film are not required. 
Future work with the UHV-RCF platform will involve continued testing for influence of 
process parameters and deposition methods, such as magnetron, on RCF test life similar to 
Danyluk and Dhingra (2011, 2012a). Expansion of the platform for study of surface 
interaction with heat and fatigue under high vacuum will also be explored. 
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1. Introduction

Rotating machinery is very common in industrial systems, and it plays an important role in
industrial development and economic development. With the rapid advancement in industry,
rotating machinery is becoming more and more complex and require constant attention.
Although the reliability and robustness of rotating machinery also have been improving, some
occasional failure events of components often lead to unexpected downtime while resulting
in huge losses. And rolling element bearing is often at the heart of these rotating machinery
which suffers from fault more frequently. These faults may cause the machine to break down
and decrease its level of performance [6]. So, it is urgent to diagnose the incipient errors
exactly in these bearings.

In traditional fault diagnosis, a single sensor is always used to get the operation conditions
of several machine components. The collected signal involves many correlated features [33].
During operating process, the machine set can generate many kinds of signals. And those
approaches based on the vibration signal analysis are advantageous because of their visual
feature, easy measurability, high accuracy and reliability [34]. Fault diagnosis using raw
vibration signals, a wide variety of techniques have been introduced in recent years. There
are mainly including signal processing methods and intelligent systems application. Signal
processing methods are traditional methods which are still common used, such as wavelet
and wavelet packet methods [23–25], empirical mode decomposition [15, 35], time-frequency
distributions [7], blind source separation [29]. While intelligent system approaches for fault
diagnosis are including artificial neural networks (ANNs) [36], support vector machines
(SVMs) [33], adaptive neuro-fuzzy inference system (ANFIS) [19] and fuzzy technique [28],
etc.. These approaches are based on one data source or individual decision system, and many
researchers have realized and shown that an individual decision system with a single data
source can only acquire a limited classification capability which may not be enough for a
particular application [22]. So, it is necessary to combine multiple decision systems to carry
on failure diagnosis.
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2 Will-be-set-by-IN-TECH

Multi-sensor information fusion is an emerging interdisciplinary beginning in the military
field, and it has already been successfully applied in many different areas. In the field of
industrial equipment fault diagnosis, multi-source information fusion technology application
is still in its early stage. Multi-sensor information fusion is divided into three levels: sensor
level, feature level and decision level. And multiple classifier ensemble approach belongs to
decision level information fusion. In the recent years, the use of multiple classifiers has gained
a lot of attention and researches have continuously showed the benefits of using multiple
classifiers to solve complex problems [4]. In contrast, the feature-level fusion has not probably
received the amount of attention it deserves [32].

By using information fusion theory, this chapter will introduce some bearing fault diagnosis
approaches. And these methods can divide into two categories: fault diagnosis based on
feature-level fusion [11] and fault diagnosis based on decision-level fusion [14]. In the
proposed fusion methods for bearing fault diagnosis, some intelligent algorithms are used
for feature dimension reduction or pattern recognition. The feature-level fusion approach for
bearing fault diagnosis is using gene expression programming (GEP), while the decision-level
fusion approach using multiple classifier ensemble method. And the decision-level fusion
approach is based on the new bearing fault diagnosis method [12] which uses empirical mode
decomposition (EMD) and fractal feature parameter classification.

2. Bearing fault diagnosis using fractal feature parameter classification

Faulty and normal machine conditions are always treated as classification problems based
on learning pattern from empirical data modeling in complex mechanical processes and
systems [31]. In this approach, a general framework for applying classification methods to
fault diagnosis problems includes two steps: representative feature extraction and pattern
classification. Feature extraction is a mapping process from the measured signal space
to the feature space. Representative features which demonstrate the information of fault
are extracted from the feature space. Pattern classification is the process of classifying
the extracted features into different categories by geometric, statistic, neural or fuzzy
classifiers. And recently, the development of artificial intelligence techniques has led to their
application in fault diagnosis area. Meanwhile, artificial neural networks (ANNs) and support
vector machines (SVMs) have been successfully applied to the intelligent fault diagnosis of
mechanical equipment [27].

In practice, the classical approach is not always reliable when the extracted features are
contaminated by noise. And most intelligent fault diagnosis approaches are complex,
especially in solving multiple fault diagnosis problems. In this section, a novel, simple, fast
and reliable intelligent method for solving multiple fault diagnosis problem will be proposed.
And this approach is based on EMD and fractal feature parameter extraction.

2.1. Methodology

Fractal dimension is considered right from its invention [21] to be a good parameter to
characterize time sequences of values of natural variables. And a simple, fast and accurate
method for calculating the fractal dimension of data’s time sequences was presented by
Sy-Sang liaw and Feng-Yuan Chiu [20]. This method considers that a time sequence of 2M + 1
values is separated by a constant time interval which is well fitted by a fractal function f (t) in
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the period [0, T]. Then, calculating the fractal dimension D of f (t) by using the known values
of f (t) at tj = jT/2M. To achieve this aim, Liaw and Chiu first defined Lk( f ), the piecewise
linear interpolation of level k(k = 0, 1, 2, ..., M), to f (t) as the union of the line segments
connecting the points [tj, f (tj)] and [tj+1, f (tj+1)], where tj = jT/2k, j = 0, 1, 2, ..., 2k (see
Figure 1). And then they checked out how poor the interpolation function Lk( f ) is relative to
the next level of interpolation Lk+1( f ). The error of Lk( f ) is defined as the sum of the absolute
value of the differences of Lk( f ) and Lk+1( f ) at all tj = jT/2k+1 ≡ jεk:

Δk ≡
2k+1

∑
j=0

|Lk+1( f (tj))− Lk( f (tj))| =
2k+1

∑
j=odd

| f (tj)−
f (tj − εk) + f (tj + εk)

2
|, tj = jεk (1)

Liaw and Chiu [20] found that the value Δk is proportional to (εk)
1−D when k is large enough.

L2(f)
Δ1Δ0

Δ1

L0(f)

L1(f)

Figure 1. Piecewise interpolation Lk( f ) to a function f (t) (grey) at level 0 (dotted), 1 (dashed), and 2
(solid). Δk (thick solid) denotes the error of the kth level interpolation with respect to the k + 1 level [20]

Thus, the fractal dimension D of f (t) can be obtained from the slope s of the log-plot of Δk
with respect to the level k by D = 1 + s/log2 for large enough k values.

In this bearing fault diagnosis method, raw vibration signal will be seen as a time sequences of
data. Raw vibration signal is often heavily clouded by various noises due to the compounded
effect of other machine elements’ interferences and background noises presenting in the
measuring device [2]. So, EMD is used to analysis raw vibration signal to filter noise before
extracting its fractal feature. As discussed by Huang et al. [10], the EMD method is designated
to deal with non-stationary and nonlinear signals. This method is based on the simple
assumption that any data consists of different simple intrinsic modes of oscillations. Using
the EMD method, complicated signals can be decomposed in a finite set of intrinsic mode
functions (IMFs). Each IMF should meet the following two conditions: (1) in the whole data
set of a signal, the number of extreme and the number of zero crossings must either equal or
differ at most by one, and (2) at any time point, the mean value of the envelope defined by the
local maxima and the envelope defined by the local minima is zero.

Assume x(t) is a vibration signal, and its empirical mode decomposition process can be
described by following steps:

Step 1. Initialize: r0(t) = x(t), i = 1.

Step 2. Extract the i-th intrinsic mode function (IMF) ci(t):
Step 2.1. Initialize: h0(t) = ri−1(t), j = 1.
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Step 2.2. Determine all the maximal values, minimal value points of hj−1(t) and fit
all extreme points into the upper and lower envelope of the original signal with the cubic
spline line.

Step 2.3. Determine the mean value of the upper and lower envelope of hj−1(t),
designated as mj−1(t).

Step 2.4. Calculate the difference between hj−1(t) and mj−1(t), hj(t): hj(t) = hj−1(t)−
mj−1(t).

Step 2.5. If hj(t) satisfies the conditions of IMF, then it is designated as ci(t) = hj(t).
Otherwise, update the value of j: j = j + 1, and return to Step 2.2.

Step 3. Get the remaining signal: ri(t) = ri−1(t)− ci(t), after decomposing the i-th IMF.

Step 4. When ci(t) or ri(t) satisfies the given termination condition, the cycle is ended.
Designate the final remaining signal as rn(t) (n = i). Otherwise, update the value of i:
i = i + 1, and return to Step 2.

Finally, raw vibration signal can be decomposed into n IMFs: ci(t), i = 1, ..., n and one residue
function rn(t):

x(t) =
n

∑
i=1

ci(t) + rn(t) (2)

In this work, representative feature is fractal feature parameter extracting from each IMF.
Because the method of fractal dimensions of time sequences needs k to be large enough, we
use fractal feature parameter. And fractal feature parameter of each IMF will be calculated
as Equation 3 shows. It is easy to know that the IMF’s numbers of different raw vibration
signal samples are different. And in the vibration signal examination, we find that the rich
operating condition information is inside the front IMFs. So, we can integrate the residual
IMFs into a component. In this new method, a parameter L is set to denote the number of IMF
using to extract representative feature. And the L-th IMF will be re-denoted as cr(t) whose
calculation form as Equation 4. Then, the feature set of each raw signal has L fractal feature
parameters. For example, we set the value of parameter L as L = 6. Figure 2 summarizes
all the IMFs and fractal features obtained from a bearing inner race fault signal sample. Table
1 presents the fractal feature parameters of IMFs of different operating condition vibration
signal samples. And from Table 1, it is clear that fractal feature parameter sets of the same
operating condition are similar, and it is easy to distinguish different operating conditions of
fractal feature parameter.

p =
M−1

∑
k=0

Δk (3)

cr(t) =
n

∑
i=L

ci(t) (4)

2.2. Results and discussion

By using fractal feature parameter classification, bearing fault diagnosis method is applied
to the bearing fault signal analysis from the Case Western Reserve University website [3].
The ball bearings are installed in a motor driven mechanical system, as shown in Figure 3.
By a self-aligning coupling, a three-phase induction motor is connected to a dynamometer
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Figure 2. The resulting empirical mode decomposition components and fractal features from the inner
race fault signal sample

Operating Sample p(c1) p(c2) p(c3) p(c4) p(c5) p(cr)
condition index
Normal 1 62.5909 26.8249 8.9951 6.6883 1.7284 0.6491

2 67.8337 25.7203 8.9875 5.9469 2.8435 0.4777
Outer race 1 442.1013 45.3849 17.8250 5.9114 3.0012 0.6935

2 479.2442 44.4325 19.1783 6.6492 3.4410 0.4973
Inner race 1 487.9925 151.8692 59.1485 14.1692 4.6696 1.5808

2 511.5880 149.7561 68.9864 28.0217 5.8445 2.6485
Ball 1 295.3898 32.5473 19.6932 4.1315 2.0519 0.3888

2 270.6188 33.8913 20.9217 4.4377 2.3469 0.3063

Table 1. Fractal feature parameters of different operating condition samples (defect size: 0.007inches)

and a torque sensor. The bearings are installed in a motor driven mechanical system. The
dynamometer is under control so that desired torque load levels can be achieved. Vibration
data is collected using accelerometer, which is attached to the housing with magnetic bases.
Accelerometer is placed at the 12 o’clock position at the driven end of the motor housing.
In machine condition monitoring, an accelerometer can provide rich information about
conditions of several machine components. For example, the measured data from the
accelerometer in this experiment is a mixture of signals reflecting conditions of the bearing
inner race, outer race and rolling elements. The vibration data are collected by a 16 channel
DAT recorder with 12,000 Hz.
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p =
M−1

∑
k=0

Δk (3)

cr(t) =
n

∑
i=L

ci(t) (4)

2.2. Results and discussion
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By a self-aligning coupling, a three-phase induction motor is connected to a dynamometer
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Figure 2. The resulting empirical mode decomposition components and fractal features from the inner
race fault signal sample
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Figure 3. Schematic diagram of the experimental setup

As we referred in Figure 3, in the mechanical system, single point faults were introduced to
the test bearings using electro-discharge machining with fault diameters of 7 mils, 14 mils
and 21 mils. Each bearing was tested under four different loads (0, 1, 2 and 3 hp). Three
bearing data sets (A-C) were obtained from the experimental system under the four different
operating conditions: (1) under normal condition, (2) with outer race fault, (3) with inner race
fault, (4) with ball fault. The detailed descriptions of the three data sets are shown in Table 2.

Data The number of The number of Defect size(inches) Operating Class
set training sample testing sample (training/testing) condition label
A 40 40 0/0 Normal 1

40 40 0.007/0.007 Outer race fault 2
40 40 0.007/0.007 Inner race fault 3
40 40 0.007/0.007 Ball fault 4

B 40 40 0/0 Normal 1
40 40 0.007/0.021 Outer race fault 2
40 40 0.007/0.021 Inner race fault 3
40 40 0.007/0.021 Ball fault 4

C 40 40 0/0 Normal 1
40 40 0.007/0.007 Outer race fault 2
40 40 0.007/0.007 Inner race fault 3
40 40 0.007/0.007 Ball fault 4
40 40 0.014/0.014 Outer race fault 5
40 40 0.014/0.014 Inner race fault 6
40 40 0.014/0.014 Ball fault 7
40 40 0.021/0.021 Outer race fault 8
40 40 0.021/0.021 Inner race fault 9
40 40 0.021/0.021 Ball fault 10

Table 2. Description of three data sets

Data set A is formed by 320 samples. These samples include 4 different operating information
under 4 conditions (0, 1, 2 and 3 hp), and among which the fault defect size is 0.007 inches.
Every operating condition has 80 data samples. The whole data set is divided into 2 parts: 160
samples for training and 160 for testing. So, the task can be viewed as a four-class classification
aimed at 4 different operating conditions. Data set B also contains 320 data samples. The
training samples are including samples with 0.007 inches fault defect, while testing samples
0.021 inches fault defect. Data set B is used to further investigate the performance of fault
diagnosis scheme. Data set C comprises 800 data samples including three different defect
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sizes of 0.007, 0.014 and 0.021 inches under four different loads. It covers four different
operating conditions, too. Each class data subset has been partitioned into two equal halves,
one partition is used for training, while the other for testing. The purpose of data set C is to
test the reliability of the novel approach in identifying the various grades of fault.

In order to evaluate the classification performance of the fractal feature parameter of IMF,
orthogonal quadratic discriminant function (OQDF-E) [9] is used to train and test on three
data sets showed in Table 2. Table 3 gives the classification performance on various data sets.
The new bearing fault diagnosis method can get good decision accuracy as Table 3 shows.
Table 4 extends the analysis of results and shows the classification performance between
normal and fault operating condition. From Table 4, we can see that the new method using
fractal feature parameter can get perfect performance in fault detection.

Data set A B C
Train accuracy (%) 100 100 78.25
Test accuracy (%) 100 78.13 80

Table 3. Classification performance

Data set A Data set B Data set C
Operating condition Normal Fault Normal Fault Normal Fault

Test accuracy (%) 100 100 100 100 100 100

Table 4. Fault detection performance

3. Decision-level fusion for bearing fault diagnosis

In above section, we have proposed a simple, fast and good performance fault diagnosis
approach. This approach is based on single sensor source and using individual classifier.
It can obtain high accuracy on the multiple fault types recognition problems under the same
fault degree. But when under multiple fault degrees, it declines in performance. To deal
with this problem, this section will introduce a new method based on decision-level fusion for
bearing fault diagnosis. The new fusion method includes four stages. These four stages are
vibration signal acquisition and decomposition, fractal feature parameter extraction, single
data source fault diagnosis and decision-level fusion for fault diagnosis. The first three stages
are the same with the method described in the above section. So, we only state the last step in
this section.

3.1. Methodology

Given a specific pattern recognition problem, different classifier has different classification
performance. Very satisfactory results can not always be got if we simply conduct a study
on a single classifier to improve its classification accuracy. Multiple classifier system (MCS)
can overcome limitations of individual classifier and enhance classification accuracy. The
techniques of combining the outputs of several classifiers have been applied to a wide range
of real problems and it has been shown that MCSs outperform the traditional approach of
using a single high-performance classifier [26].

The most often used classifiers combination approaches in MCS include the majority voting
[30], the weighted combination (weighted averaging) [18], the probabilistic schemes [16, 17],
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0.021 inches fault defect. Data set B is used to further investigate the performance of fault
diagnosis scheme. Data set C comprises 800 data samples including three different defect

120 Performance Evaluation of Bearings Bearing Fault Diagnosis Using Information Fusion and Intelligent Algorithms 7
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one partition is used for training, while the other for testing. The purpose of data set C is to
test the reliability of the novel approach in identifying the various grades of fault.

In order to evaluate the classification performance of the fractal feature parameter of IMF,
orthogonal quadratic discriminant function (OQDF-E) [9] is used to train and test on three
data sets showed in Table 2. Table 3 gives the classification performance on various data sets.
The new bearing fault diagnosis method can get good decision accuracy as Table 3 shows.
Table 4 extends the analysis of results and shows the classification performance between
normal and fault operating condition. From Table 4, we can see that the new method using
fractal feature parameter can get perfect performance in fault detection.
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Table 3. Classification performance
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3. Decision-level fusion for bearing fault diagnosis

In above section, we have proposed a simple, fast and good performance fault diagnosis
approach. This approach is based on single sensor source and using individual classifier.
It can obtain high accuracy on the multiple fault types recognition problems under the same
fault degree. But when under multiple fault degrees, it declines in performance. To deal
with this problem, this section will introduce a new method based on decision-level fusion for
bearing fault diagnosis. The new fusion method includes four stages. These four stages are
vibration signal acquisition and decomposition, fractal feature parameter extraction, single
data source fault diagnosis and decision-level fusion for fault diagnosis. The first three stages
are the same with the method described in the above section. So, we only state the last step in
this section.

3.1. Methodology

Given a specific pattern recognition problem, different classifier has different classification
performance. Very satisfactory results can not always be got if we simply conduct a study
on a single classifier to improve its classification accuracy. Multiple classifier system (MCS)
can overcome limitations of individual classifier and enhance classification accuracy. The
techniques of combining the outputs of several classifiers have been applied to a wide range
of real problems and it has been shown that MCSs outperform the traditional approach of
using a single high-performance classifier [26].

The most often used classifiers combination approaches in MCS include the majority voting
[30], the weighted combination (weighted averaging) [18], the probabilistic schemes [16, 17],
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the Bayesian approach (naïve Bayes combination) [1, 18, 30], the Dempster-Shafer (D-S) theory
of evidence [5, 30] and etc. This section will propose a new classifiers combination method
which treats the combination process as linear programming problem.

Assume that K base classifiers are used in MCS, and M kinds of fault states including normal
condition on the bearing fault diagnosis problem. Then, a decision matrix can be given as
follow in the process of multiple classifiers combination.

D(x) =

⎡
⎢⎢⎢⎣

P1(F1|x) P1(F2|x) . . . P1(FM|x)
P2(F1|x) P2(F2|x) . . . P2(FM|x)

...
...

. . .
...

PK(F1|x) PK(F2|x) . . . PK(FM|x)

⎤
⎥⎥⎥⎦ (5)

The new method introduced in this section will fuse those posterior probabilities in the
decision matrix for constructing a global classifier E to make final decision. The posterior
probability output of global classifier E for each fault state is calculated by following mode:

PE(Fi|x) =
K

∑
k=1

βkPk(Fi|x), ∀ i ∈ {1, 2, . . . , M}, (6)

where βk (∑K
k=1 βk = 1) is a dynamic association weight in MCS.

This new decision-level fusion method for bearing false diagnosis is based on the assumption:
the base classifier has higher real-time recognition accuracy, if its posterior probabilities of
all fault states are greater difference. That is to say, if individual decision system very
determines that current operating condition belongs to a certain type of fault states, the
posterior probability of the certain fault state will much higher than others. Using this
hypothesis, the problem of multiple classifiers combination can be converted into a linear
programming problem. And the objective function of this linear programming is defined as:�
[∑M

i=1(PE(Fi|x)− 1/M)2]/M.

In current using classifier ensemble methods, base classifier’s statistical performance is a
major consideration factor. But we find the realtime decision information also can be a
consideration factor. And in the new MCS method, we use within-class decision support
[13] which is defined as: within-class decision support indicates that base classifier individual
class recognition output gets the decision support degree from other same class recognition
outputs in MCS. This decision support degree is measured by the difference between current
output and its nearest output. For example, the within-class decision support of Pk(Fi|x)
which denotes posterior probability of the i-th state from the k-th base classifier is: 1 −

min
1≤k�≤K,k� �=k

|Pk(Fi|x)− Pk� (Fi|x)|.

Real-time decision support value (DSV) of base classifier in MCS is the sum of all class
recognition output’s within-class decision support value. And it is easy to get its calculation
formula as:

μk =
M

∑
i=1

(1 − min
1≤k�≤K,k� �=k

|Pk(Fi|x)− Pk� (Fi|x)|), ∀ k ∈ {1, 2, . . . , K} (7)
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In the proposed decision-level fusion method for bearing fault diagnosis, we set a rule: if the
real-time decision support value of base classifier is higher, its dynamic association weight of
it is bigger. And this rule can be described as follows:

i f μk < μk� then βk < βk� , ∀ k, k� ∈ {1, 2, . . . , K}, k� �= k (8)

i f μk = μk� then βk = βk� , ∀ k, k� ∈ {1, 2, . . . , K}, k� �= k (9)

i f μk > μk� then βk > βk� , ∀ k, k� ∈ {1, 2, . . . , K}, k� �= k (10)

That is to say, the relationship between dynamic association weights is determined by the
relationship between real-time decision support values of different base classifiers. And these
relationships will be used in the linear programming problem by the form of relationship
vectors. Relationship vectors are defined as Table 5 shows (for example, K = 3). From Table
5, it is clear that each real-time relationship between DSVs is re-expressed by one or two
relationship vectors. And it is also clear that each relationship vector is K dimensions. All
these relationship vectors compose a relationship matrix which is denoted as R.

Real-time relationship between DSVs Relationship vectors
μ1 < μ2 [1 − 1 0]
μ1 = μ2 [−1 1 0] & [1 − 1 0]
μ1 > μ2 [−1 1 0]

Table 5. Example for relationship vector construction (K=3)

In order to simplify the fusion formula, a K × 1 matrix β (β = [β1; β2; . . . ; βK ]) is used to
replace βk (k ∈ {1, 2, . . . , K}) for calculating the decision output of global classifier E. Then,
Equation 6 can be transformed into following simplified form: PE(x) = D(x)T β. And the

objective function
√
[∑M

i=1(PE(Fi|x)− 1/M)2]/M is simplified as:
√

∑M
i=1(PE(Fi|x)− 1/M)2,

then further simplified to: ||D(x)T β − 1
M ||2. Finally, use relationship matrix R to formulize

constraint rules by the form: Rβ ≤ 0. Now, we can give complete linear programming
problem description as Equation 11 shows, where N is the count of relationship vectors of
current relationship matrix.

max ||D(x)T β − 1
M

||2

subject to [1]1×K β = 1

[0]K×1 ≤ β ≤ [1]K×1

Rβ ≤ [0]N×1 (11)

Solving the linear programming problem as above, we can obtain the dynamic association
weight matrix β. Using this dynamic association weight matrix, the fusion decision vector of
global classifier E can be calculated. And the final decision of bearing fault diagnosis can be
got by:

E(x) = i with PE(Fi|x) = max
1≤i�≤M

PE(Fi� |x) (12)
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3.2. Results and discussion

The decision-level fusion method for bearing fault diagnosis is also applied to the rotating
machinery from the Case Western Reserve University website [3]. In this experiment,
vibration signals are collected from accelerometers which attached to the motor at different
positions as Figure 4 shows. And dynamometer is used to control the torque load level. In
this work, we study four different operating conditions recognition under four different loads
(0, 1, 2 and 3 hp) with fault diameters of 7 mils, 14 mils and 21 mils. And these four operating
conditions are normal condition, outer race fault, inner race fault and ball fault.

Figure 4. Schematic diagram of the experimental setup

Two data sets are constructed as Table 6 presents for testing the diagnosis performance of new
decision-level fusion method. Each data set samples cover four different operating conditions
and four different loads. And each class of two data sets has 160 data samples which are
divided into two equal halves, one for training and the other for testing. Data set A is a
four-class classification task corresponding to the four operating conditions. Data set B is a
ten-class classification task corresponding to various grades of different faults.

Data The number of The number of Defect size(inches) Operating Class
set training sample testing sample (training/testing) condition label
A 80 80 0/0 Normal 1

80 80 0.007/0.007 Outer race fault 2
80 80 0.007/0.007 Inner race fault 3
80 80 0.007/0.007 Ball fault 4

B 80 80 0/0 Normal 1
80 80 0.007/0.007 Outer race fault 2
80 80 0.007/0.007 Inner race fault 3
80 80 0.007/0.007 Ball fault 4
80 80 0.014/0.014 Outer race fault 5
80 80 0.014/0.014 Inner race fault 6
80 80 0.014/0.014 Ball fault 7
80 80 0.021/0.021 Outer race fault 8
80 80 0.021/0.021 Inner race fault 9
80 80 0.021/0.021 Ball fault 10

Table 6. Description of two data sets

These data samples are extracted from two different sensor sources. And the number of
samples from each sensor source is half of the total. If each sensor source’s samples are seen
as a subset of data set, each data set has two subsets. For example, data set A has two subsets:
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A1 and A2. A1 is composed by the samples from the driven end accelerometer, while A2 from
the fan end accelerometer. Table 7 gives the elements description of data set A in detail.

Data Class Sub Sensor The number of The number of
set label dataset source training sample testing sample
A 1 A1 driven end accelerometer 40 40

A2 fan end accelerometer 40 40
2 A1 driven end accelerometer 40 40

A2 fan end accelerometer 40 40
3 A1 driven end accelerometer 40 40

A2 fan end accelerometer 40 40
4 A1 driven end accelerometer 40 40

A2 fan end accelerometer 40 40

Table 7. The elements description of data set A

In this work, two different classifiers, k-NN (k = 7) and Parzen classifier, are used for fault
diagnosis task. And these two different classifiers identify rotating machinery operating
condition using vibration signals collected from driven end and fan end accelerometers
respectively. That is to say, each data set has four individual decision system results. And
MCS is composed by these four base classifiers.

Table 8 gives individual classifier recognition accuracy on subsets of data set A and B. It is
clear that individual classifiers can attain high bearing diagnosis accuracy on data set A, but
they can not maintain the same high-performance on data set B whose fault diagnosis task is
extended to various grades of different fault conditions.

Data set Subset Classifier Training accuracy Testing accuracy
A A1 k-NN classifier 100% 100%

Parzen classifier 100% 98.75%
A2 k-NN classifier 100% 100%

Parzen classifier 100% 99.38%
B B1 k-NN classifier 88% 87.5%

Parzen classifier 100% 85.75%
B2 k-NN classifier 91.75% 88%

Parzen classifier 100% 86.75%

Table 8. Fault diagnosis performance using base classifier

Table 9 shows the fault diagnosis performance of the novel decision-level fusion model using
multiple classifier system. It is clear that the novel decision-level fusion model can get high
recognition accuracy even in the difficult fault diagnosis task. In the testing phase of data set
B, fault diagnosis accuracy of the new fusion model is higher than all base classifiers’ accuracy
as Table 8 shows. And it increases 6.5 percentage points averagely.

Data set Training accuracy Testing accuracy
A 100% 100%
B 100% 93.5%

Table 9. Fault diagnosis performance using the new fusion model
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3.2. Results and discussion

The decision-level fusion method for bearing fault diagnosis is also applied to the rotating
machinery from the Case Western Reserve University website [3]. In this experiment,
vibration signals are collected from accelerometers which attached to the motor at different
positions as Figure 4 shows. And dynamometer is used to control the torque load level. In
this work, we study four different operating conditions recognition under four different loads
(0, 1, 2 and 3 hp) with fault diameters of 7 mils, 14 mils and 21 mils. And these four operating
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Figure 4. Schematic diagram of the experimental setup
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80 80 0.007/0.007 Ball fault 4
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80 80 0.021/0.021 Outer race fault 8
80 80 0.021/0.021 Inner race fault 9
80 80 0.021/0.021 Ball fault 10

Table 6. Description of two data sets

These data samples are extracted from two different sensor sources. And the number of
samples from each sensor source is half of the total. If each sensor source’s samples are seen
as a subset of data set, each data set has two subsets. For example, data set A has two subsets:
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A1 and A2. A1 is composed by the samples from the driven end accelerometer, while A2 from
the fan end accelerometer. Table 7 gives the elements description of data set A in detail.

Data Class Sub Sensor The number of The number of
set label dataset source training sample testing sample
A 1 A1 driven end accelerometer 40 40

A2 fan end accelerometer 40 40
2 A1 driven end accelerometer 40 40

A2 fan end accelerometer 40 40
3 A1 driven end accelerometer 40 40

A2 fan end accelerometer 40 40
4 A1 driven end accelerometer 40 40

A2 fan end accelerometer 40 40

Table 7. The elements description of data set A

In this work, two different classifiers, k-NN (k = 7) and Parzen classifier, are used for fault
diagnosis task. And these two different classifiers identify rotating machinery operating
condition using vibration signals collected from driven end and fan end accelerometers
respectively. That is to say, each data set has four individual decision system results. And
MCS is composed by these four base classifiers.

Table 8 gives individual classifier recognition accuracy on subsets of data set A and B. It is
clear that individual classifiers can attain high bearing diagnosis accuracy on data set A, but
they can not maintain the same high-performance on data set B whose fault diagnosis task is
extended to various grades of different fault conditions.

Data set Subset Classifier Training accuracy Testing accuracy
A A1 k-NN classifier 100% 100%

Parzen classifier 100% 98.75%
A2 k-NN classifier 100% 100%

Parzen classifier 100% 99.38%
B B1 k-NN classifier 88% 87.5%

Parzen classifier 100% 85.75%
B2 k-NN classifier 91.75% 88%

Parzen classifier 100% 86.75%

Table 8. Fault diagnosis performance using base classifier

Table 9 shows the fault diagnosis performance of the novel decision-level fusion model using
multiple classifier system. It is clear that the novel decision-level fusion model can get high
recognition accuracy even in the difficult fault diagnosis task. In the testing phase of data set
B, fault diagnosis accuracy of the new fusion model is higher than all base classifiers’ accuracy
as Table 8 shows. And it increases 6.5 percentage points averagely.

Data set Training accuracy Testing accuracy
A 100% 100%
B 100% 93.5%

Table 9. Fault diagnosis performance using the new fusion model
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To further analyze performance of the new fusion model, a new k-NN classifier (k = 3) is
added to multiple classifier system. The new multiple classifier system is used to test fault
diagnosis performance on data set B. And sum rule is used to compare with the new approach.
The comparison results are presented in Table 10. From Table 10, it is clear that the new
approach attains the highest diagnosis accuracy.

7-NN 7-NN Parzen Parzen 3-NN 3-NN Sum New
classifier classifier classifier classifier classifier classifier rule method

on B1 on B2 on B1 on B2 on B1 on B2
87.5% 88% 85.75% 86.75% 90% 87.75% 94.75% 95%

Table 10. Further comparison results of fault diagnosis performance

4. Feature-level fusion for bearing fault diagnosis
This section will propose a new multiple sources feature-level fusion model for bearing fault
diagnosis using GEP. At present, the research of fault diagnosis based on feature-level fusion
is still less, far from decision-level fusion attention. This is mainly because feature-level fusion
is more difficult. But feature-level fusion application for fault diagnosis can be more effective
to extract fault feature information. It is a way to improve the performance and robustness of
bearing fault diagnosis system.

4.1. Methodology

GEP was invented by Ferreira [8], and it is the natural development of genetic algorithms
and genetic programming. GEP uses linear chromosome which is composed of genes
containing terminal and non-terminal symbols. Chromosomes can be modified by mutation,
transposition, root-transposition, gene transposition, gene recombination, one-point and
two-point recombination. GEP genes are composed of a head and a tail. The head contains
function (non-terminal) and terminal symbols, while the tail contains only terminal symbols.
For each problem, the head length (denoted h) is chosen by users, and then the head length is
used to evaluate the tail length (denoted t) by: t = (n − 1)× h + 1, where n is the number of
arguments of the function with most arguments.

The flow of GEP is as follows:

Step 1. To set control parameters, select function classes, initialize population.

Step 2. To parse chromosome, evaluate population.

Step 3. To take use some operation such as selection, mutation, inserts sequence, recombine,
mutation of random constant and inserts sequence of random constant to create new
population.

Step 4. To implement best preservation strategy.

Step 5. If obtain most precision of computing, evolution would be finished, else turn to Step
2.

The new feature-level fusion model using GEP will be dealt with multiple sensors fusion
problem. Assume that there are I sensors used in machine condition monitoring. For each
sensor, the raw signal is divided into some signals by the same time segment. Each of these
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signals is processed to extract some features. In this chapter, machine operating signal features
only take into account the time-domain statistical characteristics. These feature parameters of
time-domain are presented in Eequations. (13-23), where x(t) is a signal series and N is its
number of data points.
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In the pattern recognition process of bearing fault diagnosis, we assume that there are M
conditions including normal condition. Let Si

m represents the set of all training samples
belonging to m-th condition (1 ≤ m ≤ M) from the i-th sensor source. Feature-level fusion
model is seek a way to fuse these features from different sensor sources. The new feature-level
fusion model using GEP fuses these features by looking for a feature recognition function ϕ
which maps the feature space to another space where samples in the same class are similarity
and samples dissimilarity otherwise. And then, the feature recognition function ϕ will direct
the building of a multi-source feature fusion model in reverse direction.

Functions +, −, ×, /, sqrt, exp are selected as input functions of GEP. The generation is set
5000, and fitness function is defined as:

Fitness =
∑M−1
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where σm is the mean of all m-th condition samples function mapping values, its formula is:
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To further analyze performance of the new fusion model, a new k-NN classifier (k = 3) is
added to multiple classifier system. The new multiple classifier system is used to test fault
diagnosis performance on data set B. And sum rule is used to compare with the new approach.
The comparison results are presented in Table 10. From Table 10, it is clear that the new
approach attains the highest diagnosis accuracy.

7-NN 7-NN Parzen Parzen 3-NN 3-NN Sum New
classifier classifier classifier classifier classifier classifier rule method

on B1 on B2 on B1 on B2 on B1 on B2
87.5% 88% 85.75% 86.75% 90% 87.75% 94.75% 95%

Table 10. Further comparison results of fault diagnosis performance

4. Feature-level fusion for bearing fault diagnosis
This section will propose a new multiple sources feature-level fusion model for bearing fault
diagnosis using GEP. At present, the research of fault diagnosis based on feature-level fusion
is still less, far from decision-level fusion attention. This is mainly because feature-level fusion
is more difficult. But feature-level fusion application for fault diagnosis can be more effective
to extract fault feature information. It is a way to improve the performance and robustness of
bearing fault diagnosis system.

4.1. Methodology

GEP was invented by Ferreira [8], and it is the natural development of genetic algorithms
and genetic programming. GEP uses linear chromosome which is composed of genes
containing terminal and non-terminal symbols. Chromosomes can be modified by mutation,
transposition, root-transposition, gene transposition, gene recombination, one-point and
two-point recombination. GEP genes are composed of a head and a tail. The head contains
function (non-terminal) and terminal symbols, while the tail contains only terminal symbols.
For each problem, the head length (denoted h) is chosen by users, and then the head length is
used to evaluate the tail length (denoted t) by: t = (n − 1)× h + 1, where n is the number of
arguments of the function with most arguments.

The flow of GEP is as follows:

Step 1. To set control parameters, select function classes, initialize population.

Step 2. To parse chromosome, evaluate population.

Step 3. To take use some operation such as selection, mutation, inserts sequence, recombine,
mutation of random constant and inserts sequence of random constant to create new
population.

Step 4. To implement best preservation strategy.

Step 5. If obtain most precision of computing, evolution would be finished, else turn to Step
2.

The new feature-level fusion model using GEP will be dealt with multiple sensors fusion
problem. Assume that there are I sensors used in machine condition monitoring. For each
sensor, the raw signal is divided into some signals by the same time segment. Each of these
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signals is processed to extract some features. In this chapter, machine operating signal features
only take into account the time-domain statistical characteristics. These feature parameters of
time-domain are presented in Eequations. (13-23), where x(t) is a signal series and N is its
number of data points.
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In the pattern recognition process of bearing fault diagnosis, we assume that there are M
conditions including normal condition. Let Si

m represents the set of all training samples
belonging to m-th condition (1 ≤ m ≤ M) from the i-th sensor source. Feature-level fusion
model is seek a way to fuse these features from different sensor sources. The new feature-level
fusion model using GEP fuses these features by looking for a feature recognition function ϕ
which maps the feature space to another space where samples in the same class are similarity
and samples dissimilarity otherwise. And then, the feature recognition function ϕ will direct
the building of a multi-source feature fusion model in reverse direction.

Functions +, −, ×, /, sqrt, exp are selected as input functions of GEP. The generation is set
5000, and fitness function is defined as:
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After GEP training, a perfect feature recognition function ϕ can be got. Using function ϕ, we
can calculate the mean mapping value of each operating condition samples from a certain
sensor source. For building the multi-source feature evaluation matrix, the samples which are
correctly classified are selected to calculate their mean. Multi-source feature evaluation matrix
is composed by these mean values as Equation 26 shows.

⎡
⎢⎢⎢⎢⎢⎢⎣

ρ1(1) ρ1(2) . . . ρ1(11)

ρ2(1) ρ2(2) . . . ρ2(11)

...
...

. . .
...

ρM(1) ρM(2) . . . ρM(11)

⎤
⎥⎥⎥⎥⎥⎥⎦

(26)

In Equation 26, each element represents the mean value of each feature component of each
operating condition. For example, ρ2(1) represents the mean of all correctly classified samples
of the first feature from the 2-th operating condition.

4.2. Results and discussion

In order to evaluate the proposed feature-level fusion model, we apply it to bearing fault
diagnosis. And data of this bearing fault diagnosis task are also take from a lab of the Case
Western Reserve University website [3]. In this work, three experiments over three data sets
are conducted as Table 11 shows. Those data are collected under various operating loads from
motor driven end and fan end accelerometers.

Data The number of The number of Defect size(inches) Operating Class

set training sample testing sample (training/testing) condition label

A 80 80 0/0 Normal 1

80 80 0.007/0.007 Outer race fault 2

80 80 0.007/0.007 Inner race fault 3

80 80 0.007/0.007 Ball fault 4

B 80 80 0/0 Normal 1

80 80 0.007/0.021 Outer race fault 2

80 80 0.007/0.021 Inner race fault 3

80 80 0.007/0.021 Ball fault 4

C 80 80 0/0 Normal 1

80 80 0.021/0.007 Outer race fault 2

80 80 0.021/0.007 Inner race fault 3

80 80 0.021/0.007 Ball fault 4

Table 11. Description of three data sets

Each data set covers four different operating conditions and four different loads (0, 1, 2 and
3 hp). And each class of data sets has 160 data samples which are divided into two equal
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halves, one for training and the other for testing. The task of data set A is to identify different
type of faults, while the experiment over data set B is carried out to further investigate the
diagnosis performance of developing faults when the fusion model is trained by incipient
faulty samples. And the experiment over data set C is to test the diagnosis performance of
incipient faults when the fusion model is trained by the serious faulty samples.

Table 12 gives the results of these three experiments. From Table 12, we can see that the new
feature-level fusion model using GEP can get stable, good diagnosis performance. And it is
clear that testing performance is higher than training performance in the experiment on data
set C. That is to say, when the new feature-level fusion model is trained by the serious faulty
samples, it can easily identify incipient faults.

Data set Training recognition accuracy Testing recognition accuracy
A 83.75% 81.25%
B 83.75% 72.50%
C 76.25% 81.88%

Table 12. Fault diagnosis performance using feature-fusion model

In order to observe the performance change when the new feature-fusion model uses multiple
source information instead of single source information, the new method is used to test
bearing fault diagnosis performance with single sensor source. Table 13 gives the performance
comparison result between more than one sensor (here using two sensors) and single sensor.
From Table 13, we can see multi-sensor testing performance is greatly higher than the single
sensor application using the new feature-level fusion model.

Data set A B C
Multi-sensor testing performance increasing 0.56 0.48 0.57

Table 13. Performance comparison between multi-sensor and single sensor

5. Conclusion

This chapter has introduced some new methods for bearing fault diagnosis. These new
approaches are using information fusion and intelligent algorithms. Bearing fault diagnosis
is still an ongoing research subject over a decade and attracting a huge number of researchers
in different areas. But most of those current using techniques mainly deal with single-source
data. Many researches have shown that an individual decision system with a single data
source can only acquire a limited classification capability which may not be enough for a
particular application. So, we study a new way for bearing fault diagnosis using information
fusion technology and intelligent algorithm.

Information fusion is a field still under research. Generally, information fusion process may
happen in three levels: sensor level, feature level and decision level. Here, we propose a
new feature level fusion method and a new decision level fusion method for bearing fault
diagnosis. The feature level fusion method is using GEP which is a new intelligent algorithm.
And it is a parallel fusion method. The decision level fusion approach is based on a new
multiple classifier ensemble method. It analyzes raw vibration signal, and completes the
feature extraction by using EMD and fractal feature parameter calculation. From experimental
results, we can see that these new fusion model for bearing fault diagnosis task can get good
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After GEP training, a perfect feature recognition function ϕ can be got. Using function ϕ, we
can calculate the mean mapping value of each operating condition samples from a certain
sensor source. For building the multi-source feature evaluation matrix, the samples which are
correctly classified are selected to calculate their mean. Multi-source feature evaluation matrix
is composed by these mean values as Equation 26 shows.
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In Equation 26, each element represents the mean value of each feature component of each
operating condition. For example, ρ2(1) represents the mean of all correctly classified samples
of the first feature from the 2-th operating condition.

4.2. Results and discussion

In order to evaluate the proposed feature-level fusion model, we apply it to bearing fault
diagnosis. And data of this bearing fault diagnosis task are also take from a lab of the Case
Western Reserve University website [3]. In this work, three experiments over three data sets
are conducted as Table 11 shows. Those data are collected under various operating loads from
motor driven end and fan end accelerometers.

Data The number of The number of Defect size(inches) Operating Class

set training sample testing sample (training/testing) condition label

A 80 80 0/0 Normal 1

80 80 0.007/0.007 Outer race fault 2

80 80 0.007/0.007 Inner race fault 3

80 80 0.007/0.007 Ball fault 4

B 80 80 0/0 Normal 1

80 80 0.007/0.021 Outer race fault 2

80 80 0.007/0.021 Inner race fault 3

80 80 0.007/0.021 Ball fault 4

C 80 80 0/0 Normal 1

80 80 0.021/0.007 Outer race fault 2

80 80 0.021/0.007 Inner race fault 3

80 80 0.021/0.007 Ball fault 4

Table 11. Description of three data sets

Each data set covers four different operating conditions and four different loads (0, 1, 2 and
3 hp). And each class of data sets has 160 data samples which are divided into two equal
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halves, one for training and the other for testing. The task of data set A is to identify different
type of faults, while the experiment over data set B is carried out to further investigate the
diagnosis performance of developing faults when the fusion model is trained by incipient
faulty samples. And the experiment over data set C is to test the diagnosis performance of
incipient faults when the fusion model is trained by the serious faulty samples.

Table 12 gives the results of these three experiments. From Table 12, we can see that the new
feature-level fusion model using GEP can get stable, good diagnosis performance. And it is
clear that testing performance is higher than training performance in the experiment on data
set C. That is to say, when the new feature-level fusion model is trained by the serious faulty
samples, it can easily identify incipient faults.

Data set Training recognition accuracy Testing recognition accuracy
A 83.75% 81.25%
B 83.75% 72.50%
C 76.25% 81.88%

Table 12. Fault diagnosis performance using feature-fusion model

In order to observe the performance change when the new feature-fusion model uses multiple
source information instead of single source information, the new method is used to test
bearing fault diagnosis performance with single sensor source. Table 13 gives the performance
comparison result between more than one sensor (here using two sensors) and single sensor.
From Table 13, we can see multi-sensor testing performance is greatly higher than the single
sensor application using the new feature-level fusion model.

Data set A B C
Multi-sensor testing performance increasing 0.56 0.48 0.57

Table 13. Performance comparison between multi-sensor and single sensor

5. Conclusion

This chapter has introduced some new methods for bearing fault diagnosis. These new
approaches are using information fusion and intelligent algorithms. Bearing fault diagnosis
is still an ongoing research subject over a decade and attracting a huge number of researchers
in different areas. But most of those current using techniques mainly deal with single-source
data. Many researches have shown that an individual decision system with a single data
source can only acquire a limited classification capability which may not be enough for a
particular application. So, we study a new way for bearing fault diagnosis using information
fusion technology and intelligent algorithm.

Information fusion is a field still under research. Generally, information fusion process may
happen in three levels: sensor level, feature level and decision level. Here, we propose a
new feature level fusion method and a new decision level fusion method for bearing fault
diagnosis. The feature level fusion method is using GEP which is a new intelligent algorithm.
And it is a parallel fusion method. The decision level fusion approach is based on a new
multiple classifier ensemble method. It analyzes raw vibration signal, and completes the
feature extraction by using EMD and fractal feature parameter calculation. From experimental
results, we can see that these new fusion model for bearing fault diagnosis task can get good
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decision performance which is higher than the performance from traditional single sensor
application.
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decision performance which is higher than the performance from traditional single sensor
application.
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1. Introduction 

Magnetic bearings can suspend rotating bodies without any mechanical contact. They have 
advantages such as being free of dust, noise, vibration and maintenance. Some magnetic 
bearings are already in commercial use in specific apparatuses such as high vacuum pumps 
or contamination free applications [1]. However, the high cost of the control apparatus for 
five degrees of freedom of the rotor prevents their wide application at present. It is thus 
necessary to develop a low-cost magnetic bearing system. 

The authors have previously reported on the characteristics of the magnetic force acting between 
a couple of permanent magnets [2]. A magnetic top, consisting of a couple of ring-shaped 
permanent magnets, can be levitated without any control while maintaining rotation by itself. 
This fact suggests that the magnetic top may be a potential candidate for a passive magnetic 
suspension system. Several efforts have been made to explain the levitation mechanism of the 
magnetic top. San Miguel proposed noble analytical method with complex formulas showing 
that a magnetic top can maintain levitation if it rotates with slight precession [3]. 

In this chapter, an intuitive and easy analytical method based on the equivalent coil currents 
model for a ring-shaped permanent magnet is proposed. 

A quasi-three-dimensional analysis, in which the three-dimensional shapes and layout of 
the ring-shaped permanent magnets are considered to estimate the magnetic forces acting 
on the levitating permanent magnet, is proposed. The principle of levitation of the magnetic 
top and the dimensions of the permanent magnets to realise levitation are discussed using 
the two-dimensional equations of motion for the magnetic top.  

Furthermore, simulations based on the three-dimensional equations of motion are 
performed to investigate the dynamic behaviour of the magnetic top. The simulated results 
well predict the dynamic behaviour observed in the experiments. The simulations based on 
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the three-dimensional analysis are used to investigate the effects of the key parameters on 
the levitating characteristics, such as the sizes of both the ground and rotating permanent 
magnets, mass of the levitating top, tilt angle of the levitating top, rotation speed and initial 
position related to the restoring centre. 

The ability and feasibility of the magnetic top as a magnetic bearing are also discussed. 

2. Analytical methods 

The magnetic top is composed of a couple of ring-shaped permanent magnets magnetised in the 
axial direction, as shown in Figure 1. The magnetic top, equipped with a smaller ring-shaped 
permanent magnet (a rotor magnet), can be levitated in the magnetic field generated by the 
larger ring-shaped permanent magnet (a stator magnet) situated at its base, if it can maintain its 
rotation within a certain speed range. The levitating height is determined by the shapes and 
magneto-motive forces of the permanent magnets. The authors propose two types of analytical 
methods: (1) a quasi-three-dimensional analysis to investigate the principle of levitation and the 
design parameters of the permanent magnets and (2) a three-dimensional dynamic analysis to 
simulate the behaviour of the levitating magnetic top. The ring-shaped permanent magnet is 
approximated to the equivalent coil currents model in both the analytical methods. 

2.1. The equivalent coil currents approximation 

In the equivalent coil currents approximation, a ring-shaped permanent magnet, magnetised 
in the axial direction, is assumed to exist by the set of circular coil currents located at the 
outer and inner side surfaces of the ring-shaped permanent magnet [4]. The directions of 
currents in the outer and inner equivalent coils are inversed with each other, describing the 
axial magnetization of the permanent magnet, as shown in Figure 2. The magnitude of these 
equivalent side currents is determined so as to coincide with the measured magnetic field 
density at the pole surface of the permanent magnet in relation to the number of the 
assumed equivalent coils. 

Figure 3 shows the analytical model based on the equivalent side currents model. The outer 
and inner diameters and the height of the ring-shaped permanent magnets are represented as 
dso, dsi and hs for the stator magnet and dro, dri and hr for the rotor magnet, respectively. The 
angle θ is the tilt angle of the rotor magnet. The origin is set at the centre of the stator magnet. 
The stator magnet is located in the horizontal x–y plane and z-axis is set as the vertical 
direction along the axis of the stator magnet. The numbers of the equivalent side currents in 
both the rotor and stator magnets, indicated as one and three in Figure 3, are decided 
considering both the accuracy of the calculated results and the required time for computation. 

2.2. Magnetic force acting on the rotor magnet 

Magnetic force acting on a magnetic top can be estimated by the interaction between the 
magnetic field generated by the stator magnet and the equivalent coil currents of the rotor 
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magnet. In an analysis based on the equivalent side currents approximation, magnetic forces 
acting on the magnetic top can be estimated by integrating magnetic forces acting between 
equivalent coil currents in the rotor and stator magnets. 

The magnetic force df [N] acting between two current elements dl1 [m] and dl2 [m] and  
two transporting currents I1 [A] and I2 [A] is estimated by the following Biot-Savart’s 
equation: 

 71 2 1 2
2 10 sin

I I dl dl
df

r
   (1) 

where r [m] is the distance between the two current elements and φ [rad] is the angle 
between the directions of the current elements. 

Then, the magnetic force f [N] acting between two ring-shaped coil currents is estimated by 
integrating Equation (1) along the coil sides of the two coil currents l1 and l2 as follows: 
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The magnetic forces acting on the rotor magnet are estimated by integrating Equation (2) for 
the equivalent side currents. The x, y and z components of the magnetic forces acting on the 
rotor magnet Fx, Fy and Fz are estimated based on Equation (2). 

 
Figure 1. Experimental magnetic top. 
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magnet. In an analysis based on the equivalent side currents approximation, magnetic forces 
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Figure 2. Equivalent side currents. 

 
Figure 3. Analytical model. 

2.3. Quasi-three dimensional analysis 

Because an ideal magnetic top is considered to levitate and rotate around the z-axis, basic 
information can be obtained by a simple discussion on the two-dimensional motion of the 
magnetic top in the vertical plane including the z-axis. Hence, the authors propose the 
quasi-three-dimensional analysis in which the magnetic force acting on the rotor magnet is 
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estimated using Equations (1) and (2), considering the circular shapes and layout of the 
equivalent coil currents. The behaviour of the levitating magnetic top in z–x plane is 
estimated by the following two-dimensional equations of motion for the rotor magnet: 

 
2

2x
d xF m
dt

  (3) 

 
2

2z
d zF m g
dt

 
   

 
 (4) 

where Fx and Fz [N] are the magnetic forces acting on the rotor magnet in x and z directions, 
respectively, m [kg] is the mass of the magnetic top, g [m/s2] is the acceleration due to 
gravity and (x, z) are the coordinates of the centre of the rotor magnet. Here, Equation (4) 
indicates that the vertical acceleration is derived from the difference between the vertical 
component of the magnetic force due to the stator magnet and the gravity force acting on 
the rotor magnet. 

The quasi-three-dimensional analysis is used to investigate the principle of levitation of the 
magnetic top and determine with a short computing time the parameters of the magnetic 
top such as the sizes of the stator and rotor magnets and the levitation height. 

2.4. Three-dimensional dynamic analysis 

Because the quasi-three-dimensional analysis provides the design parameters of a magnetic 
top, behaviour of the magnetic top is investigated by a simulation based on three-
dimensional dynamic analysis considering rotation of the magnetic top. Behaviour of the 
magnetic top can also be estimated by the equations of motion on the angular moment of the 
rotor magnet, considering three-dimensional layout of the stator and rotor magnets, the tilt 
angle of the rotor magnet and the mechanical inertia of the rotor magnet.  

When the magnetic top is rotating, the angular momentum force ITop will act around the axis 
of the rotating magnetic top. The momentum force ITop can be expressed as Equation (5), 
where m is the mass of the levitating magnetic top, rro and rri are the outer and inner radius 
of the ring-shaped rotor magnet. Angular momentum vector around the axis of the rotating 
magnetic top Ln at a time tn can be expressed as Equation (6), where ω is the angular velocity 
of the magnetic top. The incremental angular momentum dL


 in an infinitesimal time dt is 

expressed as Equation (7), where N


 is the moment caused by magnetic force acting on the 
rotor magnet. The angular momentum vector 1nL 


 at time tn + 1=tn + dt is expressed as 

Equation (8):  

  2 2 2Top ro riI m r r   (5) 

 n TopL I    (6) 
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information can be obtained by a simple discussion on the two-dimensional motion of the 
magnetic top in the vertical plane including the z-axis. Hence, the authors propose the 
quasi-three-dimensional analysis in which the magnetic force acting on the rotor magnet is 
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estimated using Equations (1) and (2), considering the circular shapes and layout of the 
equivalent coil currents. The behaviour of the levitating magnetic top in z–x plane is 
estimated by the following two-dimensional equations of motion for the rotor magnet: 
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where Fx and Fz [N] are the magnetic forces acting on the rotor magnet in x and z directions, 
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Figure 4. Angular momentum of a top 

The moment N


 in Equation (7) corresponds to torque and can be estimated by the magnetic 
force acting on the rotor magnet with a calculation based on the equivalent coil currents 
model. The motion of the magnetic top can be simulated using the following equations by 
the 4th order Runge-Kutta method: 

 tn+1 = tn + h (9) 

 k1 = h f(tn, vn) (10) 

 k2 = h f(tn+h/2, vn+k1/2) (11) 

 k3 = h f(tn+h/2, vn+k2/2) (12) 

 k4 = h f(tn+h, vn+k3) (13) 

 vn+1 = vn + (k1 + 2 k2 + 2 k3 + k4)/6 (14) 

where h is the incremental time. In this analysis, the aerodynamic damping effects are 
neglected for easy calculation. 

3. Levitating characteristics of a magnetic top based on quasi-three-
dimensional analysis 

3.1. Principle of levitation of a magnetic top 

To investigate levitation characteristics intuitively, the authors have proposed a so-called 
‘magnetic force map’ that shows the magnetic force acting on the rotor magnet at each mesh 
point in the magnetic field generated by the stator magnet. Magnetic forces at the mesh 
points above the stator magnet are shown in the vector diagram. Because the vertical 
component of the magnetic force is deducted by the weight of the levitating top, we can 
observe the net force acting on the top at a glance. 

 
Feasibility Study of a Passive Magnetic Bearing Using the Ring Shaped Permanent Magnets 141 

Table 1 shows the parameters of the analytical model used in this chapter. These parameters 
are for the experimental model introduced in Figure 1. The magnitude of current in each 
equivalent side current is determined to be equal to the magnetic field density at the surface 
of the permanent magnets and the measured values for the ferrite permanent magnets used 
in the experiments. Considering the thickness of the permanent magnets, the number of the 
equivalent current coils is set to be 2 for the rotor magnet and 24 for the stator magnet in the 
simulation. Each circular coil current is simulated as a set of 72 linear current elements. 
These parameters are determined considering the accuracy of calculated results and the 
required time for computation. 

 
Rotor magnet Stator magnet 

Outer diameter do [mm] 30 134 
Inner diameter di [mm] 12 75 

Thickness h [mm] 5 60 
Magnitude of equivalent current Ieq [A/mm] 286 286 

Mass m [g] 20.37 - 
Tilt angle θ [deg] - 1 

No. of equivalent coils 2 24 
No. of current elements in an equivalent coil 72 72 

Table 1. Parameters used in simulation 

Figure 5 shows the magnetic force map calculated for the parameters given in Table 1.  
The figure shows the distribution of the magnetic force acting on the rotor magnet at  
each mesh point in the vertical plane including the z–x plane. Although the magnetic  
force map displays the force distribution in a two-dimensional plane, the magnetic forces 
are calculated considering three-dimensional shapes and layout of the equivalent side 
currents. 

Figure 5(a) shows the magnetic force map in case the tilt angle of the rotor magnet is zero, 
that is, the rotor magnet is laid out horizontally in the area above the stator magnet. This 
figure shows that the force distribution is not uniform in the space above the stator magnet. 
There are two singular points along the z-axis: points A (0, 99.5) and B (0, 91.5) (Figure 5(a)). 
At point A, the magnetic forces acting on the rotor magnet are stable in the vertical direction 
but unstable in the horizontal direction. On the contrary, at point B, the magnetic forces 
acting on the rotor magnet are unstable in the vertical direction but stable in the horizontal 
direction. These results show that the magnetic top cannot levitate when its axis is parallel to 
the vertical axis; this result accords with the Earnshaw’s theorem. 

Figure 5(b) shows the magnetic force map when the tilt angle of the rotor magnet θ is set to 
1° in x < 0 to −1° in x > 0. This figure shows that there is a point where the magnetic forces 
acting on the rotor magnet are stable in the both horizontal and vertical directions, as shown 
by the point C (0, 99.5) in Figure 5(b). In other words, the magnetic forces will guide the 
rotor magnet to the equilibrium point C, named as the ‘restoring centre’ in this chapter. 
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neglected for easy calculation. 
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‘magnetic force map’ that shows the magnetic force acting on the rotor magnet at each mesh 
point in the magnetic field generated by the stator magnet. Magnetic forces at the mesh 
points above the stator magnet are shown in the vector diagram. Because the vertical 
component of the magnetic force is deducted by the weight of the levitating top, we can 
observe the net force acting on the top at a glance. 
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Table 1 shows the parameters of the analytical model used in this chapter. These parameters 
are for the experimental model introduced in Figure 1. The magnitude of current in each 
equivalent side current is determined to be equal to the magnetic field density at the surface 
of the permanent magnets and the measured values for the ferrite permanent magnets used 
in the experiments. Considering the thickness of the permanent magnets, the number of the 
equivalent current coils is set to be 2 for the rotor magnet and 24 for the stator magnet in the 
simulation. Each circular coil current is simulated as a set of 72 linear current elements. 
These parameters are determined considering the accuracy of calculated results and the 
required time for computation. 
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Magnitude of equivalent current Ieq [A/mm] 286 286 

Mass m [g] 20.37 - 
Tilt angle θ [deg] - 1 

No. of equivalent coils 2 24 
No. of current elements in an equivalent coil 72 72 

Table 1. Parameters used in simulation 

Figure 5 shows the magnetic force map calculated for the parameters given in Table 1.  
The figure shows the distribution of the magnetic force acting on the rotor magnet at  
each mesh point in the vertical plane including the z–x plane. Although the magnetic  
force map displays the force distribution in a two-dimensional plane, the magnetic forces 
are calculated considering three-dimensional shapes and layout of the equivalent side 
currents. 

Figure 5(a) shows the magnetic force map in case the tilt angle of the rotor magnet is zero, 
that is, the rotor magnet is laid out horizontally in the area above the stator magnet. This 
figure shows that the force distribution is not uniform in the space above the stator magnet. 
There are two singular points along the z-axis: points A (0, 99.5) and B (0, 91.5) (Figure 5(a)). 
At point A, the magnetic forces acting on the rotor magnet are stable in the vertical direction 
but unstable in the horizontal direction. On the contrary, at point B, the magnetic forces 
acting on the rotor magnet are unstable in the vertical direction but stable in the horizontal 
direction. These results show that the magnetic top cannot levitate when its axis is parallel to 
the vertical axis; this result accords with the Earnshaw’s theorem. 

Figure 5(b) shows the magnetic force map when the tilt angle of the rotor magnet θ is set to 
1° in x < 0 to −1° in x > 0. This figure shows that there is a point where the magnetic forces 
acting on the rotor magnet are stable in the both horizontal and vertical directions, as shown 
by the point C (0, 99.5) in Figure 5(b). In other words, the magnetic forces will guide the 
rotor magnet to the equilibrium point C, named as the ‘restoring centre’ in this chapter. 
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The quasi-three-dimensional analysis shows that there is no restoring centre when the tilt 
angle of the rotor magnet is 0, but a slight tilt angle such as 1° brings the restoring centre 
into existence. These results suggest that a magnetic top equipped with a ring-shaped 
permanent magnet can levitate in the space above a stator ring-shaped permanent magnet if 
it rotates with a slight precession. 

 
Figure 5. Magnetic force map for different tilt angles θ of a levitating magnetic top. 

3.2. Simulation to investigate the behaviour a magnetic top  

To confirm the validity and effectiveness of quasi-three-dimensional analysis using the 
magnetic force map, dynamic behaviour of the rotor magnet is investigated by computer 
simulation based on the equations of motion introduced in the previous section. To make 
intuitive discussions, a dynamic simulation using two-dimensional equations of motion, 
Equations (3) and (4), is performed. In this simulation, the tilt angle of the rotor magnet is 
set to θ = 1° in the area x < 0 and to −1° in the area x > 0.  

Figure 6 shows the simulated behaviour of the centre of the rotor magnet for 10 s starting 
from the point (1, 98.5), which is 1 mm apart in both x and z directions from the restoring 
centre (0. 99.5). The simulated time trajectory of the centre of the rotor magnet (Figure 6(a)) 
shows that the rotor magnet levitates in the area of ±1 mm in both vertical and horizontal 
directions from the restoring centre. The bottom left point of this rectangular space is the 
initial position of the rotor magnet. These results tell us that the magnetic top is swaying 
around the restoring centre and the range of swaying motion is determined by the initial 
position of the magnetic top with regard to the restoring centre. Figures 6 (b) and (c) show 
the time dependencies of radial and vertical motions of the centre of the rotor magnet. From 
these figures, we find that the frequencies of radial and vertical motions are 1.45 Hz and 1.13 
Hz, respectively.  

(a) θ = 0°, rotor magnet is horizontal.                      (b) θ = 1° with respect to z-axis. 
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Figure 6. Simulated behaviour of the centre of the rotor magnet based on two-dimensional analysis. 

3.3. Validity of the quasi-three-dimensional analysis 

To verify the validity of the above analytical results, experiments are performed using the 
test model. The dimensions of the rotor and stator magnets used in the test model are listed 
in Table 1. The weight of the top is adjusted to 20.37 g using a dummy weight. Behaviour of 
the levitating magnetic top is recorded using a video camera from the y direction. The 
levitation height of the centre of the rotor magnet is about 100 mm above the centre of the 
stator magnet. The digital image information is obtained using motion capture software ‘Pv 
Studio 2D demo’ and the software ‘Graph Scan 1.8’ are used to obtain Figure 7. The frame 
size and frame interval of the obtained video data are 640 × 480 pixels and 30 flames per 
second. However, finally obtained frame interval using the above software is 4 frames per 
second. 



 
Performance Evaluation of Bearings 142 

The quasi-three-dimensional analysis shows that there is no restoring centre when the tilt 
angle of the rotor magnet is 0, but a slight tilt angle such as 1° brings the restoring centre 
into existence. These results suggest that a magnetic top equipped with a ring-shaped 
permanent magnet can levitate in the space above a stator ring-shaped permanent magnet if 
it rotates with a slight precession. 

 
Figure 5. Magnetic force map for different tilt angles θ of a levitating magnetic top. 

3.2. Simulation to investigate the behaviour a magnetic top  

To confirm the validity and effectiveness of quasi-three-dimensional analysis using the 
magnetic force map, dynamic behaviour of the rotor magnet is investigated by computer 
simulation based on the equations of motion introduced in the previous section. To make 
intuitive discussions, a dynamic simulation using two-dimensional equations of motion, 
Equations (3) and (4), is performed. In this simulation, the tilt angle of the rotor magnet is 
set to θ = 1° in the area x < 0 and to −1° in the area x > 0.  

Figure 6 shows the simulated behaviour of the centre of the rotor magnet for 10 s starting 
from the point (1, 98.5), which is 1 mm apart in both x and z directions from the restoring 
centre (0. 99.5). The simulated time trajectory of the centre of the rotor magnet (Figure 6(a)) 
shows that the rotor magnet levitates in the area of ±1 mm in both vertical and horizontal 
directions from the restoring centre. The bottom left point of this rectangular space is the 
initial position of the rotor magnet. These results tell us that the magnetic top is swaying 
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To verify the validity of the above analytical results, experiments are performed using the 
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in Table 1. The weight of the top is adjusted to 20.37 g using a dummy weight. Behaviour of 
the levitating magnetic top is recorded using a video camera from the y direction. The 
levitation height of the centre of the rotor magnet is about 100 mm above the centre of the 
stator magnet. The digital image information is obtained using motion capture software ‘Pv 
Studio 2D demo’ and the software ‘Graph Scan 1.8’ are used to obtain Figure 7. The frame 
size and frame interval of the obtained video data are 640 × 480 pixels and 30 flames per 
second. However, finally obtained frame interval using the above software is 4 frames per 
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Figure 7. Measured behaviour of the magnetic top in the test model. 

Experiment is performed according to the following steps : (1) place a non-magnetic plate 
on the pole surface of a stator magnet, (2) rotate a magnetic top on the plate at the centre 
of a stator magnet, (3) lift the plate with rotating top slowly until a magnetic top is pulled 
into the restoring centre. There are some hurdles to clear these steps. A magnetic top 
should be rotate at the exact centre of the stator magnet in a certain rotating speed range 
to clear step (2). Lift force should be less than vertical magnetic force acting on a top from 
the stator magnet to clear step (3). A magnetic top is rotated by fingers and the plate is 
lifted by hand in our experiment. Then, it is difficult to obtain experimental data of the 
same conditions. 

Figure 7 shows the measured trajectory of the centre of the rotor magnet for 15 s. In Figure 7, 
the origin of x and z coordinates is the centre of the picture captured by the camera. In 
Figure 7(a), dots indicate the positions of the rotor magnet centre measured every 0.25 s, i.e. 
4 frames per second, and a smoothing line connects these dots in sequential order. The 
smoothing line in Figure 7(a) does not show the swaying motion correctly; however, we can 
observe that the rotor magnet levitates and sways in the range of ±3 mm in radial direction 
and ±2.3 mm in vertical direction. In the experiment, it is difficult to start rotation of the 
magnetic top at the designated initial point. Figure 7(a) suggests that the initial positions of 
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the rotor magnet in this experiment were 3 mm and 2.3 mm apart from the restoring centres 
in x and z directions, respectively. Figures 7 (b) and (c) demonstrate the time dependence of 
the radial and vertical motions in 15 s. These figures show that the frequencies of swaying 
motion are about 0.75 Hz in radial direction and about 1.05 Hz in vertical direction. These 
test results are compared to the calculated ones in Table 2.   

 
Measured Calculated 

Levitation height [mm] 100 99.5 
Frequency of radial swaying [Hz] 0.75 1.45 

Frequency of vertical swaying [Hz] 1.05 1.13 

Table 2. Comparison between analysis and experimental data 

In spite of low accuracy of the measured data and difficulties in reenacting experiments in 
the same condition, the analysed levitation height and the frequency of vertical swaying are 
well in accordance with the experimental values. However, the analysed frequency of radial 
swaying is about twice the experimental value. This difference seem to be derived from 
assumptions in the two-dimensional analysis such as the constant tilt angle of the rotor 
magnet. Simulated results for various tilt angles showed that the magnitude of the tilt angle 
significantly affects the radial motion, but does not affect the vertical motion of the rotor 
magnet. Furthermore, the analysis is based on two-dimensional equations of motion, and 
three-dimensional behaviour of the magnetic top in the experiment is measured as two-
dimensional video information. 

These results show that the fundamental parameters of a magnetic top, such as levitation 
height and dimensions of the permanent magnets, can be determined well using the quasi-
three-dimensional analysis. 

3.4. Levitating area and parameters of the magnets 

Figure 8 shows the magnetic force map for the test model shown in Table 1. The tilting angle 
of the rotor magnet is set as ±1°. This figure shows that a tilting magnetic top, located within 
the red dotted lines and named as the ‘levitating area’, will be guided by the magnetic force 
along the direction of vectors towards the restoring centre A (0, 0, 99.5). Although the 
levitating area is shown as a two-dimensional area in this figure, the real shape of the 
levitating area is conic. 

The size and shape of the levitating area are closely related to the dimensions of the 
permanent magnets and the tilting angle of the rotor magnet. Figure 9 shows the 
relationship between the shape and size of the levitating area and the parameters of the 
permanent magnets. The effects of precession are considered to set the tilt angle θ to −1° in x 
> 0 and to 1° in x < 0. The conical shape of the levitating area is approximated by the 
rectangular area bounded by the green coloured dotted line in Figure 8 [5]. 
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the rotor magnet in this experiment were 3 mm and 2.3 mm apart from the restoring centres 
in x and z directions, respectively. Figures 7 (b) and (c) demonstrate the time dependence of 
the radial and vertical motions in 15 s. These figures show that the frequencies of swaying 
motion are about 0.75 Hz in radial direction and about 1.05 Hz in vertical direction. These 
test results are compared to the calculated ones in Table 2.   
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swaying is about twice the experimental value. This difference seem to be derived from 
assumptions in the two-dimensional analysis such as the constant tilt angle of the rotor 
magnet. Simulated results for various tilt angles showed that the magnitude of the tilt angle 
significantly affects the radial motion, but does not affect the vertical motion of the rotor 
magnet. Furthermore, the analysis is based on two-dimensional equations of motion, and 
three-dimensional behaviour of the magnetic top in the experiment is measured as two-
dimensional video information. 

These results show that the fundamental parameters of a magnetic top, such as levitation 
height and dimensions of the permanent magnets, can be determined well using the quasi-
three-dimensional analysis. 

3.4. Levitating area and parameters of the magnets 

Figure 8 shows the magnetic force map for the test model shown in Table 1. The tilting angle 
of the rotor magnet is set as ±1°. This figure shows that a tilting magnetic top, located within 
the red dotted lines and named as the ‘levitating area’, will be guided by the magnetic force 
along the direction of vectors towards the restoring centre A (0, 0, 99.5). Although the 
levitating area is shown as a two-dimensional area in this figure, the real shape of the 
levitating area is conic. 

The size and shape of the levitating area are closely related to the dimensions of the 
permanent magnets and the tilting angle of the rotor magnet. Figure 9 shows the 
relationship between the shape and size of the levitating area and the parameters of the 
permanent magnets. The effects of precession are considered to set the tilt angle θ to −1° in x 
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Performance Evaluation of Bearings 146 

 

 

 

 

 

 

 
 
 

 
 

Figure 8. Levitating area of a magnetic top tilted by 1°. 

Figure 9(a) shows the levitating areas and the restoring points for the various inner 
diameters of the rotor magnet dri. When the inner diameter of the rotor magnet increases, the 
restoring point becomes higher and the levitating area becomes narrower in the radial 
direction and wider in the thrust direction. These results indicate that relatively well radial 
bearing characteristics can be obtained by a rotor magnet with a large inner diameter. On 
the contrary, relatively well thrust bearing characteristics can be obtained by a rotor magnet 
with a smaller inner diameter. 

A
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Figure 9. Relationship between the shape and size of the levitating area and the parameters of the 
permanent magnets. 

Figure 9(b) shows the levitating areas and the restoring points in the case where the outer 
diameter of the rotor magnet dro changes. When the outer diameter of the rotor magnet 
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increases, the restoring point becomes higher and the levitating area becomes narrower in 
the radial direction and wider in the thrust direction. These results state that relatively well 
radial bearing characteristics can be obtained by a rotor magnet with a large outer diameter. 
On the contrary, relatively well thrust bearing characteristics can be obtained by a rotor 
magnet with a smaller outer diameter. 

Figure 9(c) shows the levitating areas and the restoring points in case where the inner 
diameter of the stator magnet dsi changes. When the inner diameter of the stator magnet 
increases, the restoring point becomes lower and the levitating area becomes wider in the 
radial direction and narrower in the thrust direction. These results show that relatively well 
radial bearing characteristics can be obtained by a stator magnet with a smaller outer 
diameter. On the contrary, relatively well thrust bearing characteristics can be obtained by a 
stator magnet with a larger outer diameter. 

Figure 9(d) shows the levitating areas and the restoring points in the case where the outer 
diameter of the stator magnet dso changes. When the outer diameter of the stator magnet 
increases, the restoring point becomes higher and the levitating area becomes narrower in 
the radial direction. The outer diameter of the stator magnet hardly affects the axial height 
of the levitating area. These results indicate that relatively well radial bearing characteristics 
can be obtained by a stator magnet with a large outer diameter. The thrust bearing 
characteristics are not changed by the outer diameter of the stator magnet. 

3.5. Levitating area and tilt angle of the magnets 

As mentioned in the previous section, the tilting of a rotor magnet is essential in a magnetic 
top. In this section, relations between the shapes of the levitating area and the tilt angle of 
the rotor magnet are discussed. 

Figure 10 shows the magnetic force map with levitating areas for different tilt angles of the 
rotor magnet. Figure 10(a) shows the magnetic force map when the tilt angle of the rotor 
magnet is zero. The magnetic forces acting on the rotor magnet are stable in the vertical 
direction but unstable in the radial direction at the upper singular point (0, 99.5). On the 
contrary, the magnetic forces acting on the rotor magnet are unstable in the vertical 
direction but stable in the radial direction at the lower singular point (0, 91.5). In this case, 
there is no levitating area because there is no restoring centre. 

Figure 10(b) shows the magnetic force map when the tilt angle of the rotor magnet is θ = 0.4°, 
i.e. θ = 0.4 in the area x < 0 and θ = −0.4 in the area x > 0. Figures 10(c) and (d) show the 
magnetic force maps when the tilt angle of the rotor magnet is θ = 0.8° and θ = 1.2°, 
respectively. Figures 10 and 8, showing the case of θ = 1.0°, illustrate the fact that the 
levitating area becomes wider when the tilt angle becomes larger up to 1.2°, while the 
magnitude of restoring force around the restoring centre becomes saturated. We can 
intuitively observe considering the behaviour of a normal top that a magnetic top with a 
very large tilting angle will not levitate. Figure 10 also shows that the height of the restoring 
centre does not change by the tilt angle of the rotor magnet. 
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increases, the restoring point becomes higher and the levitating area becomes narrower in 
the radial direction and wider in the thrust direction. These results state that relatively well 
radial bearing characteristics can be obtained by a rotor magnet with a large outer diameter. 
On the contrary, relatively well thrust bearing characteristics can be obtained by a rotor 
magnet with a smaller outer diameter. 

Figure 9(c) shows the levitating areas and the restoring points in case where the inner 
diameter of the stator magnet dsi changes. When the inner diameter of the stator magnet 
increases, the restoring point becomes lower and the levitating area becomes wider in the 
radial direction and narrower in the thrust direction. These results show that relatively well 
radial bearing characteristics can be obtained by a stator magnet with a smaller outer 
diameter. On the contrary, relatively well thrust bearing characteristics can be obtained by a 
stator magnet with a larger outer diameter. 

Figure 9(d) shows the levitating areas and the restoring points in the case where the outer 
diameter of the stator magnet dso changes. When the outer diameter of the stator magnet 
increases, the restoring point becomes higher and the levitating area becomes narrower in 
the radial direction. The outer diameter of the stator magnet hardly affects the axial height 
of the levitating area. These results indicate that relatively well radial bearing characteristics 
can be obtained by a stator magnet with a large outer diameter. The thrust bearing 
characteristics are not changed by the outer diameter of the stator magnet. 

3.5. Levitating area and tilt angle of the magnets 

As mentioned in the previous section, the tilting of a rotor magnet is essential in a magnetic 
top. In this section, relations between the shapes of the levitating area and the tilt angle of 
the rotor magnet are discussed. 

Figure 10 shows the magnetic force map with levitating areas for different tilt angles of the 
rotor magnet. Figure 10(a) shows the magnetic force map when the tilt angle of the rotor 
magnet is zero. The magnetic forces acting on the rotor magnet are stable in the vertical 
direction but unstable in the radial direction at the upper singular point (0, 99.5). On the 
contrary, the magnetic forces acting on the rotor magnet are unstable in the vertical 
direction but stable in the radial direction at the lower singular point (0, 91.5). In this case, 
there is no levitating area because there is no restoring centre. 

Figure 10(b) shows the magnetic force map when the tilt angle of the rotor magnet is θ = 0.4°, 
i.e. θ = 0.4 in the area x < 0 and θ = −0.4 in the area x > 0. Figures 10(c) and (d) show the 
magnetic force maps when the tilt angle of the rotor magnet is θ = 0.8° and θ = 1.2°, 
respectively. Figures 10 and 8, showing the case of θ = 1.0°, illustrate the fact that the 
levitating area becomes wider when the tilt angle becomes larger up to 1.2°, while the 
magnitude of restoring force around the restoring centre becomes saturated. We can 
intuitively observe considering the behaviour of a normal top that a magnetic top with a 
very large tilting angle will not levitate. Figure 10 also shows that the height of the restoring 
centre does not change by the tilt angle of the rotor magnet. 
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Figure 10. Relationship between the levitating area and the tilt angle of the rotor magnet. 
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4. Study of the dynamic behaviour of a magnetic top by three-
dimensional analysis 

We can obtain approximate guidelines for the size and shape of the levitating area by quasi-
three-dimensional analysis. Although the static analysis gives the ‘levitating area’, a 
magnetic top in this area may not always continue to levitate, considering the dynamic 
motion of the top. Furthermore, the static analysis mentioned in the previous section 
showed that the magnitude of the restoring force acting on the rotor magnet was small. 
Because the quasi-three-dimensional static analysis provides an approximate design of the 
magnetic top, the three-dimensional dynamic analysis should be performed to confirm 
whether the rotating magnetic top can maintain levitation. 

In this section, how the parameters such as rotating speed, mass of the top and initial 
position with regard to the restoring centre affect the behaviour of the levitating magnetic 
top is discussed. 

4.1. Effects of rotating speed 

To realise a successful rotation of a magnetic top, the rotation speed is one of the most 
important parameters. Simulated results show that the magnetic top (Table 1) can maintain 
levitating while it rotates in the range of 18–50 rps, i.e. 1,080–3,000 rpm, when the initial 
position is 1 mm apart in both radial and vertical directions from the restoring centre. 

Figures 11(a) and (b) show the trajectories of the centre of the magnetic top rotating at 1020 
rpm and 3240 rpm, respectively. This characteristic is closely related to the tilt angle of the 
rotor magnet, that is, the rotor magnet with the shaft rotating at very low speed cannot 
maintain an adequate tilt angle because of the lack of mechanical inertia and the rotor 
magnet with the shaft rotating at a very high speed cannot maintain its tilt angle stable 
because of the increasing centrifugal force.  

Figure 12 shows the typical time dependency of the tilt angle of the rotor magnet. The tilt 
angle in this figure indicates the absolute values, i.e. the rotor magnet is tilting in a radial 
direction around z-axis. As shown in this figure, the tilt angle θ varies within 1.2° while the 
rotor magnet levitates with precession, as in this case. The maximum value of the tilt angle 
increases with increase in the rotation speed of the rotor magnet, as shown in Figure 13. In 
this analytical model, the gravity centre of the magnetic top is located at a little upper point 
along its shaft from the centre of the rotor magnet; therefore, the tilt angle becomes larger 
with an increase in the rotating speed. Then, the rotor magnet will be thrown in the radial 
direction, along the magnetic force vectors shown in Figure 10(a). If we design a magnetic 
top with the gravity centre located at the centre of the rotor magnet, the rotor magnet will 
rotate without tilting because of its mechanical inertia; however, such a rotor magnet cannot 
realise levitation, according to previous discussions. 

Figure 14 shows the simulated trajectories of a levitating magnetic top rotating at 1,080 rpm 
for 60 s after starting from point (1, 0, 98.5), which is 1 mm apart from the restoring centre in 
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both x and z directions. Figures 14(a) and (b) show the trajectories of the head of the 25 mm 
long shaft of the magnetic top and Figures 14(c) and (d) show the trajectories of the centre of 
the rotor magnet. Figures 14(a) and (b) show that the shaft head rotates with both smaller 
radius nutation and larger radius precession. On the other hand, Figures 14(c) and (d) show 
that the centre of the rotor magnet rotates with precession when the tilt angle varies 
periodically. Comparing these two figures, it is observed that a magnetic top, rotating at a 
low speed such as 1,080 rpm, is rotating in a complex motion with nutation mode in 
addition to precession mode [6]. 

 
Figure 11. Trajectories of the magnetic top for 5 s. 

 

 
Figure 12. Time dependency of the tilt angle of the rotor magnet.  
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Figure 13. The maximum tilt angle θ vs. rotating speed. 

Figure 15 shows the simulated trajectories of a levitating magnetic top rotating at 3,000 rpm 
for 60 s after starting at point (1, 0, 98.5). Figures 15(a) and (b) show the trajectories of the 
head of the 25 mm long shaft of the magnetic top and Figures 15(c) and (d) show the 
trajectories of the centre of the rotor magnet. From these figures, we can observe that both 
the trajectories of the shaft head and the centre of the rotor magnet are almost the same in 
shape. However, the shaft head rotates in a little wider range compared to the moving area 
of the centre of the rotor magnet. This means that a magnetic top rotating at a relatively 
higher speed, e.g. 3,000 rpm, maintains its levitation with precession mode. In this case, 
nutation mode is hardly observed. 

Although it is difficult to repeat the experiments in the same conditions, these simulated 
results showed good accordance with the experiments [6]. 
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Figure 14. Simulated trajectories of the levitating magnetic top rotating at 1,080 rpm. 

 

 
Figure 15. Simulated trajectories of the levitating magnetic top rotating at 3,000 rpm. 
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4.2. Effects of the mass of a magnetic top and thickness of the stator magnet 

In this section, the effects of the mass of a levitating top and the thickness of the stator 
magnet to the height of the restoring centre are discussed. 

Figure 16 shows the relationship between the height of the restoring centre zr [mm] and the 
mass of a levitating top m [g] when the thickness of the stator magnet is h = 60, 40 and 20 
mm. Calculated results show that the height of the restoring centre zr decreases with an 
increase in the mass of the top and a decrease in the thickness of the stator magnet. 

Calculations were made for various values of the mass of the top in the analytical model 
described in Table 1. However, there is no restoring centre or levitation area for a heavier or 
a lighter top than those shown in Figure 16. According to these results, a thin stator magnet 
may realise successful levitation for wider mass variations. 

 
Figure 16. Height of the restoring centre vs. mass of levitating top. 

4.3. Effects of the initial position 

Some experiments demonstrated that the initial position related to the restoring centre is 
one of the most important parameters. To realise successful rotation of a magnetic top, the 
initial position should be at least inside the levitating area defined in the previous section. 
The magnetic top shows various behaviours according to its initial point with regard to the 
restoring centre. 

Figure 17 shows the simulated trajectory of the centre of the rotor magnet for 60 s starting 
from (1, 0, 98.5), which is 1 mm apart in both x and z directions from the restoring centre. 
The mass of the top is 20.37 g and rotation speed is 23 rps, i.e. 1380 rpm. These results show 
that the rotating top is levitated in the area of ±1.6 mm in both x and y directions and of ±1 
mm in z direction, from the restoring centre. The maximum tilt angle is 1.26° with the z-axis. 



 
Performance Evaluation of Bearings 154 
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Figure 15. Simulated trajectories of the levitating magnetic top rotating at 3,000 rpm. 
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To investigate the effects of the initial point with regard to the restoring centre (0, 0, 99.5), 
simulations were performed for the case of the typical initial point of (1, 0, 99.5), i.e. 1 mm 
apart in x direction from the restoring centre, and (0, 0, 98.5), i.e. 1 mm apart in z direction 
from the restoring centre. Figures 18(a) and (b) show the simulated trajectories of the centre 
of the rotor magnet, rotating at 1,380 rpm for 60 s starting from (1, 0, 99.5) and (0, 0, 98.5), 
respectively.  

The magnetic top, starting from the point 1 mm apart in x direction from the restoring 
centre, levitates in the range of ±1.07 mm in both x and y directions and from +0.12 mm/ to 
0.06 mm in z direction around the restoring centre, as shown in Figure 18(a). The maximum 
tilt angle is 1.018°. 

 

 
Figure 17. Simulated trajectories of a magnetic top in 60 s starting from (1, 0, 98.5), 1380 rpm. 

 

 
Figure 18. Trajectories of the centre of the rotor magnet in z–x plane. 
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Figure 19. Trajectories of the rotor magnet centre for 60 s starting from the restoring centre (0, 0, 99.5) 

In contrast, the magnetic top, starting at the point 1 mm apart in z direction from the 
restoring centre, levitates in the range of ±0.002 mm in both x and y directions and ±1 mm in 
z direction around the restoring centre, as shown in Figure 18(b). The maximum tilt angle is 
0.001165°. 

Figure 19 shows the simulated trajectory of the centre of the rotor magnet, rotating at 1,380 
rpm for 60 s starting from the restoring centre (0, 0, 99.5). In this case, a magnetic top 
levitates in the area of ±0.0003 mm in x–y plane and +0.016 mm/−0.003 mm in z direction. 
These results show that a rotating magnetic top can maintain levitation within several 
micrometres displacements in both radial and vertical directions. 

Thus, the magnetic top has the ability to function as an entirely passive magnetic bearing [7]. 
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4.4. Effects of the air drag force 

In the previous analysis, the aerodynamic effects were neglected to simplify the discussion. 
If a magnetic top is rotating in air, rotating speed of the top will decay because of the 
pneumatic resistance acting on the surfaces of the top. In actual, the experiments showed 
that the rotating speed of the magnetic top decreases as time passes and the attitude of the 
top changes to a larger precession that leads it to fall down in a few minutes. Because there 
are no conducting materials in the magnetic top, there is no electrodynamic drag force 
caused by eddy currents. Hence, the aerodynamic drag force can be considered as the main 
reason for the decreasing rotation speed. In this section, some simulations are performed 
based on the equations of motion considering the aerodynamic drag force. 

The aerodynamic effects to the behaviour of a rotating magnetic top is estimated as the 
pneumatic resistance acting on the outer side surface of the magnetic top. Here, the 
aerodynamic drag effects caused by the pole surfaces of the magnetic top are neglected. The 
following expressions are added to estimate the aerodynamic effects to the rotating speed of 
the magnetic top: 

 1
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n n
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I
     (15) 
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2d d r r roF C A v r  (16) 

where ρ = 1.225 kg/m3 is the density of air, CD is the coefficient of pneumatic resistance, Ar = 
2πrroh is the area of the outer side surface of the top and vr = rroω is the velocity of the outer 
side surface of the rotating top [8]. 

 

 
Figure 20. Simulated trajectory of the levitating magnet centre, initial rotating speed is 1380 rpm. 
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Figure 21. Time dependence of rotating speed and tilt angle of a levitating magnetic top. 

 
 

 
Figure 22. Trajectories of a levitating magnetic top started at 1380 rpm and fall down at 275 s after start. 

Figure 20 shows the simulated trajectory of the centre of the levitating magnet starting from 
1 mm apart in both x and z directions from the restoring centre. Initial rotation speed is set 
to be 1,380 rpm. The coefficient of pneumatic resistance CD is set to be 0.5 for Figure 20(a) 
and 5.0 for Figure 20(b). Figure 20 shows that the magnetic top can levitate for 275 s or 28.4 
s, if the coefficient of pneumatic resistance CD is 0.5 or 5.0, respectively. Experiments showed 
that the magnetic top can be levitated for 3–4 min. Hence, in this study, the coefficient of 
pneumatic resitance CD is assumed to be 0.5.  

Figure 21 shows the time dependence of the rotation speed and the tilt angle of the 
levitating magnetic top. Figure 21(a) shows that the magnetic top started at 1,380 rpm and 
maintained levitation till 166 rpm at 275 s. 
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Figure 21(b) shows the time dependence of the tilt angle of the rotor magnet with respect to 
z-axis. This figure shows that the tilt angle varies within 1.4° while the top is levitating and 
indicates that precession is needed to maintain levitation for a magnetic top. 

Figure 22 shows the trajectories of the magnetic top at the last 15 s of its levitation. Figures 
22(a) and (b) demonstrate the trajectories of the shaft head and the centre of the levitating 
rotor magnet in its final 15 s levitation. These figures show that the precession quickly 
becomes larger once the magnetic top exits the levitating area.  

5. Conclusions 

A magnetic top levitates by itself, without any active control system, so long as it rotates in a 
certain speed range. The authors propose a simple and intuitive analysing method to predict 
characteristics of the magnetic top. 

The quasi-three-dimensional static analysis, considering shapes and layout of the ring-
shaped rotor and stator magnets, is used to explain the principle of levitation and obtain the 
preliminary design parameters of the rotor and stator magnets. The behaviour of the 
magnetic top is also investigated by dynamic simulations based on the three-dimensional 
equations of motion considering the moment of inertia for the rotating magnetic top. The 
following results are obtained: 

1. A magnetic top can levitate when it rotates in precession mode with a slight tilting 
angle and in a certain rotating speed range.  

2. The effects of the parameters, such as outer and inner diameters of the rotor and stator 
magnets, to the behaviour of the magnetic top can be discussed by the quasi-three-
dimensional static analysis. 

3. A magnetic top rotating at a low speed levitates in both precession and nutation modes. 
On the contrary, a magnetic top rotating at a high speed levitates with precession, and 
nutation mode is not observed. 

4. The lowest rotation speed is determined to maintain the attitude of the rotating magnet 
using its mechanical inertia. The maximum rotation speed is limited by the centrifugal 
force that increases the tilt angle of the shaft of the magnetic top. 

5. A magnetic top starting its rotation at the restoring centre will maintain its position 
with the accuracy of several micrometres. 

6. It is difficult to repeat experiments of a magnetic top in the same conditions. However, 
the proposed analytical results showed good accordance with the experimental data 
observed using a digital video camera. 

A magnetic top may be used as a rotating demonstration model in which some swaying 
motion can be permitted such as in toys or other relaxation items. When a magnetic top is 
used in commercial system, a rotor should be rotated by some non-contact drive mechanism 
such as electric motor or air turbine, etc. Furthermore, touch down bearing should be 
equipped to suspend a rotor while rotating speed is out of operating range. Fundamental 
requirements to design a magnetic bearing based on the principle of a magnetic top will be 
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rotor weight and rotation speed. A rotor shaft should be designed considering mechanical 
requirements such as torque. 

In the experimantal model, because ferrite magnets are used for the rotor and stator 
magnets, the restoring forces are very small for commercial applications. However, if rare 
earth permanent magnets and rigid suspension devices are used, sufficient restoring forces 
may be expected to be generated for use as a commercial passive magnetic  
bearing. 
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Figure 21(b) shows the time dependence of the tilt angle of the rotor magnet with respect to 
z-axis. This figure shows that the tilt angle varies within 1.4° while the top is levitating and 
indicates that precession is needed to maintain levitation for a magnetic top. 

Figure 22 shows the trajectories of the magnetic top at the last 15 s of its levitation. Figures 
22(a) and (b) demonstrate the trajectories of the shaft head and the centre of the levitating 
rotor magnet in its final 15 s levitation. These figures show that the precession quickly 
becomes larger once the magnetic top exits the levitating area.  

5. Conclusions 

A magnetic top levitates by itself, without any active control system, so long as it rotates in a 
certain speed range. The authors propose a simple and intuitive analysing method to predict 
characteristics of the magnetic top. 

The quasi-three-dimensional static analysis, considering shapes and layout of the ring-
shaped rotor and stator magnets, is used to explain the principle of levitation and obtain the 
preliminary design parameters of the rotor and stator magnets. The behaviour of the 
magnetic top is also investigated by dynamic simulations based on the three-dimensional 
equations of motion considering the moment of inertia for the rotating magnetic top. The 
following results are obtained: 

1. A magnetic top can levitate when it rotates in precession mode with a slight tilting 
angle and in a certain rotating speed range.  

2. The effects of the parameters, such as outer and inner diameters of the rotor and stator 
magnets, to the behaviour of the magnetic top can be discussed by the quasi-three-
dimensional static analysis. 

3. A magnetic top rotating at a low speed levitates in both precession and nutation modes. 
On the contrary, a magnetic top rotating at a high speed levitates with precession, and 
nutation mode is not observed. 

4. The lowest rotation speed is determined to maintain the attitude of the rotating magnet 
using its mechanical inertia. The maximum rotation speed is limited by the centrifugal 
force that increases the tilt angle of the shaft of the magnetic top. 

5. A magnetic top starting its rotation at the restoring centre will maintain its position 
with the accuracy of several micrometres. 

6. It is difficult to repeat experiments of a magnetic top in the same conditions. However, 
the proposed analytical results showed good accordance with the experimental data 
observed using a digital video camera. 

A magnetic top may be used as a rotating demonstration model in which some swaying 
motion can be permitted such as in toys or other relaxation items. When a magnetic top is 
used in commercial system, a rotor should be rotated by some non-contact drive mechanism 
such as electric motor or air turbine, etc. Furthermore, touch down bearing should be 
equipped to suspend a rotor while rotating speed is out of operating range. Fundamental 
requirements to design a magnetic bearing based on the principle of a magnetic top will be 
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rotor weight and rotation speed. A rotor shaft should be designed considering mechanical 
requirements such as torque. 

In the experimantal model, because ferrite magnets are used for the rotor and stator 
magnets, the restoring forces are very small for commercial applications. However, if rare 
earth permanent magnets and rigid suspension devices are used, sufficient restoring forces 
may be expected to be generated for use as a commercial passive magnetic  
bearing. 
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1. Introduction 

The conversion of energy in rotating machines is accompanied by phenomena that cause the 
additional dissipation of energy, affect technological processes, lower the endurance of 
machine elements and sometimes cause damages. Among these phenomena there are 
synchronous vibrations and self-excited lateral vibrations of the rotor and momentary 
pitches of amplitude of the rotor-bearings-foundation system vibrations.  

Among the machines used in power engineering, rotary machines (compressors, pumps, 
blowers and turbines) are the ones used most often. Recent studies have put emphasis on 
the dynamics of rotating machines. This allows us to minimise the vibrations of the machine 
both during the period of its construction and at the time of its operation. The growing 
demand for reliability of rotating systems (i.e. API code) makes it necessary to specify their 
vibration parameters (critical frequencies, separation margins, amplitude of synchronous 
vibrations, permissible unbalance, etc.). 

The search for new solutions of bearing systems in modern rotary machines that have to 
satisfy special performance demands has resulted in interest in rotor active magnetic 
suspension systems. The application of magnetic bearings as a system of shaft suspensions 
gives supplementary, unparalleled in classical solutions, diagnostic capabilities [10-14]. 
There are, however, also high requirements concerning the control system of the shaft 
position. New solutions in bearing systems have been more and more frequently applied in 
modern rotating machines. These include magnetic bearings that enable the active control of 
rotor vibrations. 

A machine with a rotor supported in magnetic bearings allows for: 
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- enhancement of the general efficiency due to the lack of a mechanical contact between 
the journal and the bush, and thus, a low level of power loss in comparison with 
classical slide bearings characterised by the same load carrying ability, and due to 
elimination of an oil system and seals connected with it, 

- maintenance of absolute cleanness of the working medium and a hermetic structure of 
the whole machine without the rotating end-piece of the shaft outside the casing in the 
case of an application of a high-speed electric engine integrated with the shaft, 

- operation under high rotational frequencies, in a wide range of temperatures (from –
1600 to 2500C) in chemically aggressive environments or in vacuum. 

An active magnetic bearing system is a qualitatively different technology in comparison 
with classical solutions and requires the co-operation of specialists from two branches of 
technology, as it is a combination of a mechanical system with an electronic automatic 
control system, which controls this mechanical system [1,10].  

A scheme in Figure 1 presents an active magnetic bearing as an automatic control system for 
one of the control axes - y. The voltage signal from the displacement transducer UDT is 
conditioned. A change in the position of the journal with respect to the reference position 
(URef -UDT) activates the control current flowing through the bearing bush winding 
(electromagnet) in the electronic control system. This control results in a change in the 
electromagnet forces Fm that brings the journal to the assigned position. 
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Figure 1. Scheme of the active magnetic bearing as an automatic control system (one of the control axes 
- y). 

A proper value of the current is generated by the power amplifier on the basis of the signal 
provided by the controller according to the assumed control algorithm as a function of the 
present position y of the journal, measured by means of displacement transducers (Figures 1, 2). 

Apart from disturbances connected with forces coming from e.g. unbalancing FZ and static 
loading forces Fstat, the bearing system is affected by accidental interference No (noise) 
introduced by displacement transducers and interference following from heterogeneity of 
the measuring path of the runout type Ru. A level of these disturbances has a very 
significant influence from the viewpoint of stable operation of the system. A structure and 
algorithm of the applied controller have to ensure the system resistance to their effects. 
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An active magnetic bearing comprises two distinct components:  

- a bearing itself, and 
- an electronic control system. 

A radial bearing comprises a rotor on which ferromagnetic laminations are fitted. The rotor 
is held in position by four electromagnets placed equally around the rotor, normally at 45 
degrees to the vertical axis (Figure 2). The position of rotor (1) is monitored constantly by 
sensors (3) that detect any deviation from the nominal position. Any such deviation results 
in a signal which, by means of electronic control system (4, 5), is compared to the reference 
value. The resulting signal increases or decreases the current flowing to electromagnets (2) 
and thus returns the rotor to its nominal position. Each electromagnet produces an attractive 
force acting on the rotor. 

An increase in high-speed turbomachinery applications has led to a significant progress in 
the research of rotor dynamics in the last decade. The evaluation of the dynamic stability 
and response to unbalance has become a standard calculation procedure for all new 
turbomachinery designs. 

In order to apply magnetic bearings to suspend rotors of real machines, proper design 
methods that account for a special character of their operation and that are adapted to the 
requirements the bearings are to satisfy are needed. There is a desirable tendency in 
rotating machines to design rigid rotors because of a relatively low level of vibrations in 
their whole operating range which is observed. This aim can also be achieved by using 
flexible rotors with auxiliary magnetic bearings whose adjustable characteristics may be 
used to exceed safely the critical frequency of the rotor - bearing system with low 
amplitude of vibrations.  

This work presents an idea of maintaining a low level of vibrations in the whole operating 
range of the rotating system of the flexible rotor (including critical speeds) by using an 
additional active magnetic bearing where the biggest anticipated dynamic deflection of the 
rotor occurs. What is achieved is the momentary operation of an additional magnetic 
bearing in the rotating system before a high level of the amplitude, which corresponds to the 
critical frequency of lateral vibrations. This causes a qualitative change in the dynamic 
properties of the system. It also allows one to reach the nominal revolutions of the machine 
without the dangerous effects connected with exceeding the critical frequencies of the 
flexible rotor.  

The realisation of the presented idea for the real rotating system requires a preparation of 
the theoretical and experimental methods of investigations and numerical simulations for 
the model of active magnetic suspension. 

In this work the theoretical and experimental investigations of the digitally controlled active 
magnetic bearing and the theoretical and experimental investigations the flexible rotor 
dynamics carried out on the test stands with an auxiliary active magnetic bearing with a 
digital control system are discussed [5,6,9]. 



 
Performance Evaluation of Bearings 164 

- enhancement of the general efficiency due to the lack of a mechanical contact between 
the journal and the bush, and thus, a low level of power loss in comparison with 
classical slide bearings characterised by the same load carrying ability, and due to 
elimination of an oil system and seals connected with it, 

- maintenance of absolute cleanness of the working medium and a hermetic structure of 
the whole machine without the rotating end-piece of the shaft outside the casing in the 
case of an application of a high-speed electric engine integrated with the shaft, 

- operation under high rotational frequencies, in a wide range of temperatures (from –
1600 to 2500C) in chemically aggressive environments or in vacuum. 

An active magnetic bearing system is a qualitatively different technology in comparison 
with classical solutions and requires the co-operation of specialists from two branches of 
technology, as it is a combination of a mechanical system with an electronic automatic 
control system, which controls this mechanical system [1,10].  

A scheme in Figure 1 presents an active magnetic bearing as an automatic control system for 
one of the control axes - y. The voltage signal from the displacement transducer UDT is 
conditioned. A change in the position of the journal with respect to the reference position 
(URef -UDT) activates the control current flowing through the bearing bush winding 
(electromagnet) in the electronic control system. This control results in a change in the 
electromagnet forces Fm that brings the journal to the assigned position. 

 
                
 
 
 
 
 
 

Displacement
Transducer 

Machine
Rotor 

Electro-
magnet 

Power
Ampl.Controller

  Fm  Y 

       4                         5                    2              Fz                      1   Ru 
URef 

UDT 

+ _ 
+ + + +

No                  3  
+ +

 
Figure 1. Scheme of the active magnetic bearing as an automatic control system (one of the control axes 
- y). 

A proper value of the current is generated by the power amplifier on the basis of the signal 
provided by the controller according to the assumed control algorithm as a function of the 
present position y of the journal, measured by means of displacement transducers (Figures 1, 2). 

Apart from disturbances connected with forces coming from e.g. unbalancing FZ and static 
loading forces Fstat, the bearing system is affected by accidental interference No (noise) 
introduced by displacement transducers and interference following from heterogeneity of 
the measuring path of the runout type Ru. A level of these disturbances has a very 
significant influence from the viewpoint of stable operation of the system. A structure and 
algorithm of the applied controller have to ensure the system resistance to their effects. 

Theoretical and Experimental Investigations of  
Dynamics of the Flexible Rotor with an Additional Active Magnetic Bearing 165 

An active magnetic bearing comprises two distinct components:  

- a bearing itself, and 
- an electronic control system. 

A radial bearing comprises a rotor on which ferromagnetic laminations are fitted. The rotor 
is held in position by four electromagnets placed equally around the rotor, normally at 45 
degrees to the vertical axis (Figure 2). The position of rotor (1) is monitored constantly by 
sensors (3) that detect any deviation from the nominal position. Any such deviation results 
in a signal which, by means of electronic control system (4, 5), is compared to the reference 
value. The resulting signal increases or decreases the current flowing to electromagnets (2) 
and thus returns the rotor to its nominal position. Each electromagnet produces an attractive 
force acting on the rotor. 

An increase in high-speed turbomachinery applications has led to a significant progress in 
the research of rotor dynamics in the last decade. The evaluation of the dynamic stability 
and response to unbalance has become a standard calculation procedure for all new 
turbomachinery designs. 

In order to apply magnetic bearings to suspend rotors of real machines, proper design 
methods that account for a special character of their operation and that are adapted to the 
requirements the bearings are to satisfy are needed. There is a desirable tendency in 
rotating machines to design rigid rotors because of a relatively low level of vibrations in 
their whole operating range which is observed. This aim can also be achieved by using 
flexible rotors with auxiliary magnetic bearings whose adjustable characteristics may be 
used to exceed safely the critical frequency of the rotor - bearing system with low 
amplitude of vibrations.  

This work presents an idea of maintaining a low level of vibrations in the whole operating 
range of the rotating system of the flexible rotor (including critical speeds) by using an 
additional active magnetic bearing where the biggest anticipated dynamic deflection of the 
rotor occurs. What is achieved is the momentary operation of an additional magnetic 
bearing in the rotating system before a high level of the amplitude, which corresponds to the 
critical frequency of lateral vibrations. This causes a qualitative change in the dynamic 
properties of the system. It also allows one to reach the nominal revolutions of the machine 
without the dangerous effects connected with exceeding the critical frequencies of the 
flexible rotor.  

The realisation of the presented idea for the real rotating system requires a preparation of 
the theoretical and experimental methods of investigations and numerical simulations for 
the model of active magnetic suspension. 

In this work the theoretical and experimental investigations of the digitally controlled active 
magnetic bearing and the theoretical and experimental investigations the flexible rotor 
dynamics carried out on the test stands with an auxiliary active magnetic bearing with a 
digital control system are discussed [5,6,9]. 



 
Performance Evaluation of Bearings 166 

2. Digitally controlled magnetic bearing  

Active magnetic suspension systems of machine rotors being built at present are equipped 
with digital control systems. Apart from a possibility of implementation of complex control 
algorithms, they provide also wide diagnostic possibilities resulting from an application of 
measurement techniques at different stages of the system design. Control systems of bearing 
responses decide about dynamic properties of the rotating system. Digital controllers allow 
for, e.g. a change in bearing dynamic properties during motion in different modes of the 
machine operation. 

 
Figure 2. System of the digitally controlled magnetic bearing (one of the control axes - y). 

The research on active magnetic bearing technology, including works on digital controllers 
and algorithms, actuators and magnetic bearing-rotor system dynamics, has been carried 
out for several years in the Institute of Turbomachinery of the Technical University of Łodz 
[4-9]. The mechanical structure of the built active magnetic bearing, consists of a journal and 
a bush with four pairs of electromagnets placed equally around the rotor. The position of 
ferromagnetic journal (1) with respect to bush (2) is controlled by means of eddy-current 
displacement transducers (3) made by Bently Nevada Corporation, with the diameter d=8 mm 
and the static sensitivity 7.870 V/mm. They are mounted on two control axes x, y that are 
perpendicular with respect to each other and displaced by the angle 450 with respect to the 
journal axis. The control axes interact with respective pairs of electromagnets (Figure 2). 

Each pair of the bush electromagnets of the journal bearing interacts with a digitally 
controlled power amplifier with a variable pulse width PWM (5). The control pulse-width 
modulation Wy and Wx is counted by controller (4) on the basis of measurements of the 
position y and x of the journal, respectively. The control current that supplies the windings 
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of individual electromagnets is an explicit function of this modulation. For the journal 
magnetic bearing, the differential control is used and it requires a generation of the bias 
current I0 . To obtain the bias current I 0 for the designed bearing, the pulse-width 
modulation WB, which determines its operating point on the characteristics, is used.  

3. Numerical model of the magnetic bearing system 

The basic assumption while developing the numerical model of the bearing system was to 
offer a tool that allows for tuning the parameters of its controller and for carrying out the 
investigations of the designed system dynamics in a wide range [4,14]. The condition to be 
met during the realisation of the idea of the numerical simulation of the bearing was to 
reproduce the algorithm of operation of the real bearing actuating system structure, and the 
measurement and control elements applied in this real system in the model. The fulfilment 
of this requirement has guaranteed the correctness of the operation of the model and 
feasibility of its design.  

A general scheme of the system that has been employed in order to develop the numerical 
model is presented in Figure 3a. In this model, a motion of the mass m concentrated in the 
geometrical center of the journal is analyzed.  

A controller used in the system controls both the axes x and y. For each axis, differential 
control with a programmed value of the pulse-width modulation of the so-called WB base has 
been applied. Figure 3b shows system of the position of the journal with respect to the 
bearing bush: EM1, EM2 – bush electromagnets interacting with the axis y, EM4, EM3 – bush 
electromagnets interacting with the axis x, FZ – rotating vector of residual unbalancing, Fm x – 
electromagnet force acting along the axis x, Fm y – electromagnet force acting along the axis y, 
Fg + Fstat – forces of gravity and static load. 

 
Figure 3. a. - Diagram of the model conception, b. - Distribution of forces (one of the control axes - y) 

An idea of this model assumes a possibility of numerical simulations of dynamic properties 
of the system, owing to three defined levels of data connected with the bearing system 
structure, namely: 
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- physical parameters of the bearing: mass supported in the bearing, radial clearance of 
the magnetic bearing, initial position of the journal with respect to the bush; 

- parameters of the controller structure and the control system structure: boundary 
values of the pulse-width modulation Wmin , Wmax, and WB which determines the 
operating point on the characteristics, feedback coefficient Kfb  

- parameters of the actuating systems: frequency of control pulses fPWM , power amplifier 
supply voltage UZ , inductance of the actuating system L, resistance of the actuating 
system R, value of the bearing constant K. 

The model gives also a possibility of analysis of permissible levels of disturbances FZ, Ru, No 
that provide a proper margin of the bearing system stability for a given type of the 
controller. Thus, in a sense, it constitutes the synthesis of a robust controller.  

The numerical procedures representing actual characteristics of the actuator were developed 
and verified, and then applied in the simulation model of the bearing. This allows for 
modelling the magnetic bearing system quickly and accurately. The numerical simulation of 
the active magnetic bearings system by means of the Hewlett-Packard HPVEE software was 
elaborated.  

In the designed digital control system of a journal active magnetic bearing, the suitable 
software that allows for investigations of the pulse-width modulation - control current 
characteristics that determine the bearing system properties while its actuators are built, has 
been applied. 

3.1. Numerical characteristics pulse-width modulation - control current  

Each pair of the bush electromagnets of the built journal bearing interacts with a digitally 
controlled power amplifier with a variable pulse width PWM. The control pulse-width 
modulation W is counted by the controller on the basis of measurements of the position of 
the journal with respect to the bush. The control current that supplies the windings of 
individual electromagnets is an explicit function of this modulation [4,9].  

Power transistors and discharging diodes have been used to build the amplifiers (Figure 4). 
They are characterized by specified values of operating parameters. The properties of 
transistors and diodes, as well as the winding inductance and resistance of a given pair of 
poles, determine the parameters of the whole bearing actuator path, in which control current 
is generated.  

The dynamics of changes of the current in windings is strictly dependent on the force 
generated by electromagnets in the gap between the journal and the bush and it affects 
directly the dynamics of the mass suspended in the bearing. The knowledge of actual 
characteristics of the actuator paths is an important factor in designing the structure and the 
algorithm of the controller, whose task is to ensure stable operation of the bearing. 

According to these assumptions, a development of the program that allows for numerical 
simulation of the theoretical equations describing the phenomena occurring in the actuator 
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electric circuit versus time (i.e., in subsequent periods of control pulses) for nominal 
parameters of the power amplifier elements, electromagnet windings, supply voltage and 
control frequency, was required. 

 

 
Figure 4. Power amplifier circuit and an idea of current changes in the bearing 

An operation of the actuator was analyzed. Each cycle of the control pulse PWM of a given 
frequency fPWM and a pulse-width modulation W forces two modes of the amplifier 
operation, namely: 

 charging, whose duration is equal to tchar = W / fPWM . Elements of the amplifier circuit 
operate then in the conduction mode, 

 discharging, whose duration is equal to tdischar = (1 - W) / fPWM . Elements of the amplifier 
circuit operate in the lockout mode. 

For a given pulse-width modulation, a value of the control current Iav i that generates the 
bearing magnetic force results from its averaged value in the PWM cycle and has been 
expressed by relation (1):  
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I0 i – initial current for the i – th cycle of the amplifier charging. 
I0 i+1 – initial current for the i+1 – th cycle of the amplifier charging.  

The coefficient Xi occurring in formula (1) determines a ratio of the discharging time for a 
given cycle to the time during which the power amplifier electronic elements cause that the 
control current value diminishes to zero. In the cycles in which the current discharges to Imin i 

= I 0 i+1 , the coefficient Xi =1. 

Individual operation sequences of the digitally controlled pulse power amplifier and the 
windings powered by it have to be analyzed. Numerically simulated sequences of the ideal 
actuator operation enable one to generate model characteristics, which are the basis for 
evaluation of an influence of changes in values of individual parameters of the actual system 
on their shape. 
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- physical parameters of the bearing: mass supported in the bearing, radial clearance of 
the magnetic bearing, initial position of the journal with respect to the bush; 

- parameters of the controller structure and the control system structure: boundary 
values of the pulse-width modulation Wmin , Wmax, and WB which determines the 
operating point on the characteristics, feedback coefficient Kfb  

- parameters of the actuating systems: frequency of control pulses fPWM , power amplifier 
supply voltage UZ , inductance of the actuating system L, resistance of the actuating 
system R, value of the bearing constant K. 
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the journal with respect to the bush. The control current that supplies the windings of 
individual electromagnets is an explicit function of this modulation [4,9].  

Power transistors and discharging diodes have been used to build the amplifiers (Figure 4). 
They are characterized by specified values of operating parameters. The properties of 
transistors and diodes, as well as the winding inductance and resistance of a given pair of 
poles, determine the parameters of the whole bearing actuator path, in which control current 
is generated.  

The dynamics of changes of the current in windings is strictly dependent on the force 
generated by electromagnets in the gap between the journal and the bush and it affects 
directly the dynamics of the mass suspended in the bearing. The knowledge of actual 
characteristics of the actuator paths is an important factor in designing the structure and the 
algorithm of the controller, whose task is to ensure stable operation of the bearing. 

According to these assumptions, a development of the program that allows for numerical 
simulation of the theoretical equations describing the phenomena occurring in the actuator 
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electric circuit versus time (i.e., in subsequent periods of control pulses) for nominal 
parameters of the power amplifier elements, electromagnet windings, supply voltage and 
control frequency, was required. 
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Numerical calculation procedures that allow for the generation of instantaneous and mean 
time histories of control currents in the assumed PWM cycles, for the following actuator 
parameters: amplifier supply voltage Uz, inductance of the bearing bush winding L, 
resistance of the power amplifier circuit R, frequency of control pulses fPWM as a function of 
values of the pulse-width modulation coefficient W of the control pulse, have been 
developed. 

In Figure 4 a and b exemplary pulse-width modulation - control current characteristics of the 
bearing actuator system calculated for selected values of its parameters are shown.  

Nominal, experimentally identified values of the parameters of the actuators assumed in the 
calculations were as follows: 

 inductance of the electromagnet winding L = 80mH,  
 resistance of the power amplifier circuit R = 3.1. 
 supply voltage of the power amplifier Uz = 80V, 
 frequency fPWM=1667Hz  TPWM= 600s.  

 
Figure 5. Pulse-width modulation – control current characteristics of the bearing actuator 
a. - as a function of the amplifier circuit resistance, b.- as a function of the power amplifier supply 
voltage 

The characteristics were calculated for experimentally identified parameters of the  
actuator systems in order to enable their verification for a real object at each stage of the 
calculations.  

To show a tendency of changes, the characteristics generated for bigger and smaller 
parameters than the nominal ones have been presented in the figures as well. This allows 
one to forecast and evaluate a possibility of introducing changes in the values of parameters 
of the designed bearing system actuator. It is of great practical importance. 

From the characteristics shown in Figure 5a and b, it follows that for the structure of the 
power amplifier under investigation and for the real parameters of bush windings, the 
actuator has to operate under pulse-width modulations W50% in order to ensure a suitable 
load capacity. 
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For a pulse-width modulation W50%, the dynamics of changes in the control current 
depends on resistance in the power amplifier circuit. The total value of resistance includes 
electromagnet winding resistance and dynamic resistance of the amplifier electronic 
elements in subsequent cycles of its pulsating operation, i.e. during charging and 
discharging (Figure 5a). An increase in the dynamics of the current changes in the bearing 
system under consideration, i.e. for given, actual parameters of the bush windings and the 
power amplifier, can be achieved through an increase in the value of the power amplifier 
supply voltage UZ (Figure 5b).  

3.2. Experimental characteristics pulse-width modulation - control current  

In order to identify the properties of each actuator path, suitable algorithms, software for a 
microprocessor of the measurement-control card and a host computer of the bearing system 
have had to be prepared. Independent auxiliary procedures that allow for experimental 
testing the actuator paths of the bearing have been developed. These procedures form a 
program for operation of the measurement-control card, which is the main element of the 
bearing digital control system [11].  

An active magnetic bearing system comprises actuators, which are realised in the form of 
windings of individual pairs of bush electromagnets that interact with digitally controlled 
power amplifiers. A scatter of real values of electric parameters of the winding for 
individual pairs of electromagnets, to which a technological scatter of the amplifier structure 
elements is added, will introduce the asymmetry of properties for the control axes. 

From the point of view of simplification of the structure designing and the controller 
parameter tuning in order to obtain the system stable operation, individual bearing 
actuators should be characterised by the symmetry of properties. A fulfilment of this 
condition will allow for making the mechanical characteristics of the bearing system 
independent of the actuator properties for each axis.  

Control systems of the bearing response are a very important part of a machine with active 
magnetic bearings because they decide about the dynamic characteristics of the rotor. In 
order to design and build a control system fulfilling the requirements of the object under 
investigation, the knowledge of its real model is needed.  

An active journal magnetic bearing with a digital control system has been built according to 
the presented idea. A new concept of control systems has been elaborated. It allows one to 
program the control of the bearing actuator characteristics. To achieve this goal, a 
programming procedure for the control processor of the bearing has been developed. The 
programmed testing procedure of an actuator allows one to reach experimental 
characteristics for its various parameters (frequency and width PWM, power supply, air gap 
between the rotor and the stator) for each control axis [5]. 

The experimentally determined pulse-width modulation W - control current I characteristics 
show differences in the bearing properties for two control axes x and y (Figure 6a). As a 
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Numerical calculation procedures that allow for the generation of instantaneous and mean 
time histories of control currents in the assumed PWM cycles, for the following actuator 
parameters: amplifier supply voltage Uz, inductance of the bearing bush winding L, 
resistance of the power amplifier circuit R, frequency of control pulses fPWM as a function of 
values of the pulse-width modulation coefficient W of the control pulse, have been 
developed. 

In Figure 4 a and b exemplary pulse-width modulation - control current characteristics of the 
bearing actuator system calculated for selected values of its parameters are shown.  

Nominal, experimentally identified values of the parameters of the actuators assumed in the 
calculations were as follows: 

 inductance of the electromagnet winding L = 80mH,  
 resistance of the power amplifier circuit R = 3.1. 
 supply voltage of the power amplifier Uz = 80V, 
 frequency fPWM=1667Hz  TPWM= 600s.  
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voltage 

The characteristics were calculated for experimentally identified parameters of the  
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parameters than the nominal ones have been presented in the figures as well. This allows 
one to forecast and evaluate a possibility of introducing changes in the values of parameters 
of the designed bearing system actuator. It is of great practical importance. 

From the characteristics shown in Figure 5a and b, it follows that for the structure of the 
power amplifier under investigation and for the real parameters of bush windings, the 
actuator has to operate under pulse-width modulations W50% in order to ensure a suitable 
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For a pulse-width modulation W50%, the dynamics of changes in the control current 
depends on resistance in the power amplifier circuit. The total value of resistance includes 
electromagnet winding resistance and dynamic resistance of the amplifier electronic 
elements in subsequent cycles of its pulsating operation, i.e. during charging and 
discharging (Figure 5a). An increase in the dynamics of the current changes in the bearing 
system under consideration, i.e. for given, actual parameters of the bush windings and the 
power amplifier, can be achieved through an increase in the value of the power amplifier 
supply voltage UZ (Figure 5b).  

3.2. Experimental characteristics pulse-width modulation - control current  

In order to identify the properties of each actuator path, suitable algorithms, software for a 
microprocessor of the measurement-control card and a host computer of the bearing system 
have had to be prepared. Independent auxiliary procedures that allow for experimental 
testing the actuator paths of the bearing have been developed. These procedures form a 
program for operation of the measurement-control card, which is the main element of the 
bearing digital control system [11].  

An active magnetic bearing system comprises actuators, which are realised in the form of 
windings of individual pairs of bush electromagnets that interact with digitally controlled 
power amplifiers. A scatter of real values of electric parameters of the winding for 
individual pairs of electromagnets, to which a technological scatter of the amplifier structure 
elements is added, will introduce the asymmetry of properties for the control axes. 

From the point of view of simplification of the structure designing and the controller 
parameter tuning in order to obtain the system stable operation, individual bearing 
actuators should be characterised by the symmetry of properties. A fulfilment of this 
condition will allow for making the mechanical characteristics of the bearing system 
independent of the actuator properties for each axis.  

Control systems of the bearing response are a very important part of a machine with active 
magnetic bearings because they decide about the dynamic characteristics of the rotor. In 
order to design and build a control system fulfilling the requirements of the object under 
investigation, the knowledge of its real model is needed.  

An active journal magnetic bearing with a digital control system has been built according to 
the presented idea. A new concept of control systems has been elaborated. It allows one to 
program the control of the bearing actuator characteristics. To achieve this goal, a 
programming procedure for the control processor of the bearing has been developed. The 
programmed testing procedure of an actuator allows one to reach experimental 
characteristics for its various parameters (frequency and width PWM, power supply, air gap 
between the rotor and the stator) for each control axis [5]. 

The experimentally determined pulse-width modulation W - control current I characteristics 
show differences in the bearing properties for two control axes x and y (Figure 6a). As a 
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result, they render the asymmetry of mechanical properties of the system for these axes 
when the feedback loop is closed and the bearing control system is turned on. 

 
Figure 6. a. - Experimental pulse-width modulation W - control current I characteristics of the bearing 
actuator systems before programmed correction, b. - Theoretical and experimental characteristics after 
programmed correction. 

For the given parameters of a real bearing system, there is always a scattering of properties 
of the actuating system for each pair of electromagnets. The developed procedure enables 
one to tune these characteristics in order to obtain the symmetry of operation of actuating 
systems for each pair of electromagnets and for each bearing control axis y and x.  

An alternative to compensation for the asymmetry of bearing actuator properties by 
designing a proper structure and algorithm of the controller is to develop a method of its 
programmed correction. On the assumption that the source of the identified asymmetry lies 
in a scatter of actuator parameters, a correction method that leads to minimisation of the 
effect of the scatter of their characteristics for each bearing control axis has been proposed. 
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Figure 7. Theoretical (solid line) and experimental (dots) pulse-width modulation - control current 
characteristics of the bearing actuator systems after the programmed correction for various values of the 
power amplifier supply voltage 
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From the pulse-width modulation - control current characteristics that were experimentally 
determined (Figure 6a), it follows that the dynamics of the current changes increases already 
at the pulse-width modulations W50% in an actual actuator. These phenomena are 
connected with the structure of control systems, power amplifier transistor gates and they 
need a necessary correction. The theoretical characteristics are used to evaluate a scatter of 
properties of real actuator paths of the bearing. This evaluation allows one to introduce 
necessary programmed corrections of characteristics of real actuator systems to achieve the 
convergence between the characteristics determined experimentally and those calculated 
numerically [6].  

This correction results in obtaining the symmetry of properties of individual actuators of the 
designed bearing which interact with the bush electromagnet windings EM1, EM2, EM3, 
EM4 (Figure 6.b).  

After this correction, pulse-width modulation - control current characteristics of actuator paths 
of the bearing have been determined experimentally. The results of experimental 
investigations and numerical simulations have exhibited a good convergence. Figure 7 
shows these characteristics for the bearing actuator path interacting with the axis x - EM3 for 
different values of the power amplifier supply voltage. 

The proposed way of the programmed correction of the characteristics has been verified 
experimentally and carried out for a real bearing structure [4,5,6]. 

3.3. Numerical calculations and verifications 

In the analysis of model investigation results, the same quantities have been chosen as those 
recorded in a real magnetic bearing system, namely: pulse-width modulation, displacement, 
static equilibrium position, journal trajectory, phase portrait, Bode’s plot, etc. It has enabled 
their direct verification with the experiment. The verification has been carried out on the test 
stand with the built radial bearing, whose part is presented in Figure 8. 

 
Figure 8. Structure of the built radial bearing 
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result, they render the asymmetry of mechanical properties of the system for these axes 
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From the pulse-width modulation - control current characteristics that were experimentally 
determined (Figure 6a), it follows that the dynamics of the current changes increases already 
at the pulse-width modulations W50% in an actual actuator. These phenomena are 
connected with the structure of control systems, power amplifier transistor gates and they 
need a necessary correction. The theoretical characteristics are used to evaluate a scatter of 
properties of real actuator paths of the bearing. This evaluation allows one to introduce 
necessary programmed corrections of characteristics of real actuator systems to achieve the 
convergence between the characteristics determined experimentally and those calculated 
numerically [6].  

This correction results in obtaining the symmetry of properties of individual actuators of the 
designed bearing which interact with the bush electromagnet windings EM1, EM2, EM3, 
EM4 (Figure 6.b).  

After this correction, pulse-width modulation - control current characteristics of actuator paths 
of the bearing have been determined experimentally. The results of experimental 
investigations and numerical simulations have exhibited a good convergence. Figure 7 
shows these characteristics for the bearing actuator path interacting with the axis x - EM3 for 
different values of the power amplifier supply voltage. 

The proposed way of the programmed correction of the characteristics has been verified 
experimentally and carried out for a real bearing structure [4,5,6]. 

3.3. Numerical calculations and verifications 

In the analysis of model investigation results, the same quantities have been chosen as those 
recorded in a real magnetic bearing system, namely: pulse-width modulation, displacement, 
static equilibrium position, journal trajectory, phase portrait, Bode’s plot, etc. It has enabled 
their direct verification with the experiment. The verification has been carried out on the test 
stand with the built radial bearing, whose part is presented in Figure 8. 
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The investigations of the bearing dynamics comprise three basic modes of its operation: 

- suspension of the journal in the bush,  
- start-up,  
- operation under constant rotational frequency. 

Some selected test results for the first mode of the system operation are presented. 

The nominal values of parameters that have been assumed in the model calculations are as 
follows: 

 power amplifier supply voltage UZ = 80V 
 frequency of control pulses fPWM =1667Hz  TPWM= 600s  
 inductance of the electromagnet winding L = 80mH 
 resistance of the power amplifier circuit, including the windings R = 3.1 
 bearing constant K= 2.4 10 –5 Nm2/A2 

The bearing constant K, as well as the power amplifier circuit resistance and inductance, R, 
L, have been determined experimentally through suitable measurement procedures for the 
real structure of the bearing system, whose actuators operate at the above-mentioned values 
of the supply voltage UZ and the frequency fPWM . 

In order to present the diagnostic capabilities of the model developed and to indicate a 
convergence of its operation with the real system, the suitably selected characteristics 
calculated numerically for the defined nominal parameters and those recorded for the real 
bearing system have been shown in Figures 9 - 13. 

 
Figure 9. Changes in the pulse-width modulation during the suspension of the journal in the bush for 
the control axis x (electromagnets: top - EM4 and bottom - EM3) – a. - numerical simulations, b.– 
experimental results 

For one control axis during given sampling time, pulses with the pulse-width 
modulation W proportional to the signal produced by the controller are calculated on 
the basis of the displacement measurement of the journal with respect to the bush. After 
its comparison with the assigned pulse-width modulation that determines the bearing 
WB operating point and the pulse-width modulation that corresponds to the value of the 
current flowing in the top and bottom electromagnet winding Wfb , the pulse-width 
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modulation Wfb is realized through the application of an additional feedback loop with 
a possibility of programmed assigning the value of the feedback coefficient Kfb.  

In Figs. 8 a and b changes in the pulse-width modulation as a function of time in the mode 
of suspension of the journal in the bush for the windings of the top electromagnet EM4 and 
the bottom one EM3 interacting with the axis x are shown. The data recording for the real 
bearing structure was carried out by means of the developed PRDP procedure. The 
presented calculation results and the recorded results refer to the same parameters of the 
controller. A good convergence of the results has been obtained, which confirms reliability 
of the model built. 

On the basis of the calculated pulse-width modulations, the bearing actuators generate 
currents that control the windings of corresponding bush electromagnets. The 
experimentally verified procedures that represent the real actuator operation for the 
assigned parameters have been employed in the algorithm of the model operation. 

 
Figure 10. Currents in the windings of the top EM4 and bottom EM3 electromagnet - axis x  
a. - numerical simulations, b. - experimental results 
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The investigations of the bearing dynamics comprise three basic modes of its operation: 

- suspension of the journal in the bush,  
- start-up,  
- operation under constant rotational frequency. 

Some selected test results for the first mode of the system operation are presented. 

The nominal values of parameters that have been assumed in the model calculations are as 
follows: 

 power amplifier supply voltage UZ = 80V 
 frequency of control pulses fPWM =1667Hz  TPWM= 600s  
 inductance of the electromagnet winding L = 80mH 
 resistance of the power amplifier circuit, including the windings R = 3.1 
 bearing constant K= 2.4 10 –5 Nm2/A2 

The bearing constant K, as well as the power amplifier circuit resistance and inductance, R, 
L, have been determined experimentally through suitable measurement procedures for the 
real structure of the bearing system, whose actuators operate at the above-mentioned values 
of the supply voltage UZ and the frequency fPWM . 

In order to present the diagnostic capabilities of the model developed and to indicate a 
convergence of its operation with the real system, the suitably selected characteristics 
calculated numerically for the defined nominal parameters and those recorded for the real 
bearing system have been shown in Figures 9 - 13. 
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the control axis x (electromagnets: top - EM4 and bottom - EM3) – a. - numerical simulations, b.– 
experimental results 

For one control axis during given sampling time, pulses with the pulse-width 
modulation W proportional to the signal produced by the controller are calculated on 
the basis of the displacement measurement of the journal with respect to the bush. After 
its comparison with the assigned pulse-width modulation that determines the bearing 
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modulation Wfb is realized through the application of an additional feedback loop with 
a possibility of programmed assigning the value of the feedback coefficient Kfb.  

In Figs. 8 a and b changes in the pulse-width modulation as a function of time in the mode 
of suspension of the journal in the bush for the windings of the top electromagnet EM4 and 
the bottom one EM3 interacting with the axis x are shown. The data recording for the real 
bearing structure was carried out by means of the developed PRDP procedure. The 
presented calculation results and the recorded results refer to the same parameters of the 
controller. A good convergence of the results has been obtained, which confirms reliability 
of the model built. 

On the basis of the calculated pulse-width modulations, the bearing actuators generate 
currents that control the windings of corresponding bush electromagnets. The 
experimentally verified procedures that represent the real actuator operation for the 
assigned parameters have been employed in the algorithm of the model operation. 

 
Figure 10. Currents in the windings of the top EM4 and bottom EM3 electromagnet - axis x  
a. - numerical simulations, b. - experimental results 

For the real structure, the values of correction, indispensable to obtain the symmetry of 
bearing properties, have been introduced for each pair of windings for both the control axes 
x and y. 

In Figures 10 a and b changes in the current versus time are shown in the mode of 
suspension of the journal in the bush for the electromagnet top windings EM4, EM1 and 
bottom windings EM3, EM2, interacting with the corresponding control axes x and y. The 
control currents in the bush top and bottom winding along each control axis are time-
variable and are a function of the change in the journal position with respect to the bush 
until the equilibrium position is achieved. 

Figures 11a and b show changes in the displacement of the magnetic bearing journal at the 
moment an active magnetic bearing is activated for both the control axes x, y for the real 
system and its simulation model, respectively.  

In Figures 11 and 12 an effect of the bearing system operation in its first operation mode in 
the form of the calculated and recorded changes in the position of the journal with respect to 
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the bush as a function of time is presented for both the control axes and for the orbit 
composed of these displacements. 

 
Figure 11. Displacement of the rotor a. - numerical simulation, b.- experimental results 

 
Figure 12. Orbit of the rotor a. - numerical simulations, b. - experimental results 

At the ideal symmetry of the properties of the actuators for each control axis, which is 
assumed in the model, symmetrical time histories of the journal displacement for both the 
position control axes x(t) = y(t) are obtained - Figure10 a. In the real system, slight 
differences in the time history of the journal displacement occur at the moment of its start-
up in comparison with the model. These differences result from: non-ideal geometry of the 
journal, asymmetry of the arrangement of the position sensors with respect to the journal or 
asymmetry of the journal position with respect to the bush (Figures 11b, 12b).  

The character of the changes in the journal position as well as the time that passes from the 
moment the control system is activated up to the moment in which stable suspension of the 
mass supported in the magnetic bearing is achieved are the same for the model and for the 
real structure under investigation. 

In Figure 13 changes in the magnetic force generated in the bearing system during 
suspension of the journal in the bush versus time are shown. The characteristics is obtained 
on the basis of the simulations. 

-400

-200

0

200

400

0.0 0.1 0.2 0.3 0.4 0.5

Time [s]

[m]    X

   Y

-400

-200

0

200

400

0.0 0.1 0.2 0.3 0.4 0.5

Time [s]

[m]    X

   Y

a b 

-500

-250

0

250

500

-500 -250 0 250 500

[ m ]

[ m ]   X - Y
   L bezp.

-500

-250

0

250

500

-500 -250 0 250 500

[ m ]

[ m ]   X - Y
   L bezp.

a b 

Theoretical and Experimental Investigations of  
Dynamics of the Flexible Rotor with an Additional Active Magnetic Bearing 177 

 
Figure 13. Magnetic force Fymag generated in the bearing system - axis y 

The agreement between the simulation investigations and the real bearing structure 
investigations has confirmed that the simulation model developed is a reliable tool that can 
be employed in designing a bearing system and in forecasting the tendencies of changes in 
its operation under the assigned level of disturbances and assigned excitations. 

Their comparison indicates the feasibility of the simulation model in practical applications.  

In order to apply simulation investigations in practice, their verification for an actual object 
is needed. The basic assumptions connected with the developed simulation model of an 
active magnetic bearing system are presented. The simulation and experimental 
investigations have been verified on the test stand for a digitally controlled journal active 
magnetic bearing. The results discussed confirm a convergence between the operation of the 
model and real bearing. 

A reliable theoretical model that allows for analysis of the bearing dynamics under 
hypothetical, extreme loads reduces the designing time and enables one to minimize errors 
that can occur at the system prototype start-up. 

The tool allows for testing different variants of the magnetic bearing system operation, 
which has been confirmed by the experimental investigations conducted in a wide range. A 
diagnostic capability of the non-linear numerical model of the magnetic bearing allows to 
develop a method for the identification of dynamical parameters: stiffness and damping 
[8,9]. 

4. Concept of the method for the identification of dynamic parameters 

In the proposed measurement method, a dependence of the vector of the resultant magnetic 
force acting on the machine shaft as a function of the journal position in the magnetic radial 
bearing and the currents that flow through the windings of actuators (electromagnets) is 
employed. The magnetic bearing response vector is a sum of the forces generated by bearing 
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the bush as a function of time is presented for both the control axes and for the orbit 
composed of these displacements. 

 
Figure 11. Displacement of the rotor a. - numerical simulation, b.- experimental results 

 
Figure 12. Orbit of the rotor a. - numerical simulations, b. - experimental results 

At the ideal symmetry of the properties of the actuators for each control axis, which is 
assumed in the model, symmetrical time histories of the journal displacement for both the 
position control axes x(t) = y(t) are obtained - Figure10 a. In the real system, slight 
differences in the time history of the journal displacement occur at the moment of its start-
up in comparison with the model. These differences result from: non-ideal geometry of the 
journal, asymmetry of the arrangement of the position sensors with respect to the journal or 
asymmetry of the journal position with respect to the bush (Figures 11b, 12b).  

The character of the changes in the journal position as well as the time that passes from the 
moment the control system is activated up to the moment in which stable suspension of the 
mass supported in the magnetic bearing is achieved are the same for the model and for the 
real structure under investigation. 

In Figure 13 changes in the magnetic force generated in the bearing system during 
suspension of the journal in the bush versus time are shown. The characteristics is obtained 
on the basis of the simulations. 
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Figure 13. Magnetic force Fymag generated in the bearing system - axis y 

The agreement between the simulation investigations and the real bearing structure 
investigations has confirmed that the simulation model developed is a reliable tool that can 
be employed in designing a bearing system and in forecasting the tendencies of changes in 
its operation under the assigned level of disturbances and assigned excitations. 

Their comparison indicates the feasibility of the simulation model in practical applications.  

In order to apply simulation investigations in practice, their verification for an actual object 
is needed. The basic assumptions connected with the developed simulation model of an 
active magnetic bearing system are presented. The simulation and experimental 
investigations have been verified on the test stand for a digitally controlled journal active 
magnetic bearing. The results discussed confirm a convergence between the operation of the 
model and real bearing. 

A reliable theoretical model that allows for analysis of the bearing dynamics under 
hypothetical, extreme loads reduces the designing time and enables one to minimize errors 
that can occur at the system prototype start-up. 

The tool allows for testing different variants of the magnetic bearing system operation, 
which has been confirmed by the experimental investigations conducted in a wide range. A 
diagnostic capability of the non-linear numerical model of the magnetic bearing allows to 
develop a method for the identification of dynamical parameters: stiffness and damping 
[8,9]. 

4. Concept of the method for the identification of dynamic parameters 

In the proposed measurement method, a dependence of the vector of the resultant magnetic 
force acting on the machine shaft as a function of the journal position in the magnetic radial 
bearing and the currents that flow through the windings of actuators (electromagnets) is 
employed. The magnetic bearing response vector is a sum of the forces generated by bearing 
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electromagnets and alters in each control cycle PWM [5,9]. The value of the magnetic 
response component FXmag for one control axis is related to the measured mean values of the 
current controlling the electromagnets IXT, IXB in a given control period and the values of the 
magnetic gaps sXT, sXB (top – index T, bottom – index B). The values of the magnetic gaps are 
found on the basis of measurements of instantaneous positions of the journal with respect to 
the centre of the bush of the known clearance. The magnetic response component FXmag for 
the axis X is determined by the following relationship: 

 
2 2

2 2
XT XB

X mag XT XB
XT XB

I I
F K K

s s
    (2) 

Equation (2) holds on the assumption that the linear dependence of the magnetic flux on the 
induction is maintained. It means that the bearing operates according to this part of the 
characteristics that is distant enough from the state of magnetic circuit saturation, when the 
induction does not exceed 50 % of the saturation induction for the core material. The value 
of the constant K depends on electromagnet design parameters and can be calculated 
theoretically [1]. However, in the actual design of the journal bearing, the constants KXT, KXB 
KYT, KYB can differ slightly for each pair of electromagnets of the bush. In order to increase 
the accuracy of the proposed measurement method, the constant values are verified 
experimentally for each electromagnet and their real values are taken into account in the 
calculations [8]. If the journal motion parameters are known and the magnetic response 
force is determined by an indirect method, it is possible to find the bearing dynamic 
parameters that relate the magnetic response force to the journal motion parameters [5,9].  

An analysis of the system response to synchronous excitation points out to the fact that the 
bearing magnetic response force Fxmag Fymag is proportional to the excitation force amplitude 
Fz in the whole range of frequency of rotations. It allows for the identification of equivalent 
dynamic coefficients of the bearing. In the proposed method a non-linear analysis of the 
simulation model in the assumed range of rotational frequency changes of the rotating mass 
of the bearing, for the excitation with the rotating vector of unbalance FZ, is required. For 
each assumed value of the frequency of rotations, the value of unbalance FZ is chosen in a 
such a way that the forced vibrations of the bearing rotating mass have the same value of 
amplitude in each control axes x, y. For the assumed frequency values n, the time histories of 
the following quantities are recorded:  

- excitation unbalance force FZ (t), 
- variable components of displacement of the rotor mass along the respective control axes 

xac(t) , yac(t), 
- velocity components of the rotor mass in the control axes vX(t), vY(t), 
- variable components of the magnetic response forces for the control axes Fxmag ac(t), F ymag 

ac(t). 

These time histories are non-linear, as no simplified assumptions have been introduced into 
the model for the relations between the force, current and displacement. In the final stage of 
the proposed method, a relation between the linear stiffness and damping coefficients and 

Theoretical and Experimental Investigations of  
Dynamics of the Flexible Rotor with an Additional Active Magnetic Bearing 179 

the bearing response force, is employed on the assumption of a lack of coupling between the 
bearing control axes. For one control axis: 

 Fx lin = KXX xac + CXX vx   (3) 

A difference between the non-linear magnetic bearing response force in a given axis Fxmag ac, 
known on the basis of model calculations and its linear form Fx ac lin determined by the 
formula:  

 Fx lin - Fxmag ac =  F   (4) 

in such a way that F2 = min is sought with the least squares method. Thus, the linearized 
coefficients of stiffness and damping KXX [N/m], CXX [Ns/m] are obtained. 

Changes in the non-linear magnetic response force Fmx ac, provided by the digital controller 
for a given control axis, which result from the numerical calculations, are approximated 
with the linearized harmonic time history Fx ac lin. Its values are determined by the dynamic 
stiffness KXX and damping coefficients CXX for a given control axis. An analogous situation 
refers to the coefficients KYY , CYY for the axis Y.  

It is possible to use the proposed method for calculation of dynamic coefficients of the 
bearing when the developed simulation model of the bearing, whose operation is 
convergent with the operation of a real bearing system, is employed. 

The calculations are conducted for stable bearing operation, where the journal position 
oscillates around the assumed point of equilibrium and the interactions between the control 
axes X and Y can be neglected for small displacements of the journal (Figure 14). 

 
Figure 14. Displacements X, Y versus time and the orbit  

Figure 15 presents a comparison between the measured magnetic response force FXmag and 
the theoretical function, which is a sum of the forces of stiffness and damping FX lin = KXX x + 
CXX VX.  

The curve FX lin has been plotted on the basis of the measured journal displacement x (Figure 
14) and the journal velocity VX obtained through digital differentiation of the displacement 
and a selection of suitable values of the dynamic stiffness coefficients KXX and the damping 
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electromagnets and alters in each control cycle PWM [5,9]. The value of the magnetic 
response component FXmag for one control axis is related to the measured mean values of the 
current controlling the electromagnets IXT, IXB in a given control period and the values of the 
magnetic gaps sXT, sXB (top – index T, bottom – index B). The values of the magnetic gaps are 
found on the basis of measurements of instantaneous positions of the journal with respect to 
the centre of the bush of the known clearance. The magnetic response component FXmag for 
the axis X is determined by the following relationship: 
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Equation (2) holds on the assumption that the linear dependence of the magnetic flux on the 
induction is maintained. It means that the bearing operates according to this part of the 
characteristics that is distant enough from the state of magnetic circuit saturation, when the 
induction does not exceed 50 % of the saturation induction for the core material. The value 
of the constant K depends on electromagnet design parameters and can be calculated 
theoretically [1]. However, in the actual design of the journal bearing, the constants KXT, KXB 
KYT, KYB can differ slightly for each pair of electromagnets of the bush. In order to increase 
the accuracy of the proposed measurement method, the constant values are verified 
experimentally for each electromagnet and their real values are taken into account in the 
calculations [8]. If the journal motion parameters are known and the magnetic response 
force is determined by an indirect method, it is possible to find the bearing dynamic 
parameters that relate the magnetic response force to the journal motion parameters [5,9].  

An analysis of the system response to synchronous excitation points out to the fact that the 
bearing magnetic response force Fxmag Fymag is proportional to the excitation force amplitude 
Fz in the whole range of frequency of rotations. It allows for the identification of equivalent 
dynamic coefficients of the bearing. In the proposed method a non-linear analysis of the 
simulation model in the assumed range of rotational frequency changes of the rotating mass 
of the bearing, for the excitation with the rotating vector of unbalance FZ, is required. For 
each assumed value of the frequency of rotations, the value of unbalance FZ is chosen in a 
such a way that the forced vibrations of the bearing rotating mass have the same value of 
amplitude in each control axes x, y. For the assumed frequency values n, the time histories of 
the following quantities are recorded:  

- excitation unbalance force FZ (t), 
- variable components of displacement of the rotor mass along the respective control axes 

xac(t) , yac(t), 
- velocity components of the rotor mass in the control axes vX(t), vY(t), 
- variable components of the magnetic response forces for the control axes Fxmag ac(t), F ymag 

ac(t). 

These time histories are non-linear, as no simplified assumptions have been introduced into 
the model for the relations between the force, current and displacement. In the final stage of 
the proposed method, a relation between the linear stiffness and damping coefficients and 
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the bearing response force, is employed on the assumption of a lack of coupling between the 
bearing control axes. For one control axis: 

 Fx lin = KXX xac + CXX vx   (3) 

A difference between the non-linear magnetic bearing response force in a given axis Fxmag ac, 
known on the basis of model calculations and its linear form Fx ac lin determined by the 
formula:  

 Fx lin - Fxmag ac =  F   (4) 

in such a way that F2 = min is sought with the least squares method. Thus, the linearized 
coefficients of stiffness and damping KXX [N/m], CXX [Ns/m] are obtained. 

Changes in the non-linear magnetic response force Fmx ac, provided by the digital controller 
for a given control axis, which result from the numerical calculations, are approximated 
with the linearized harmonic time history Fx ac lin. Its values are determined by the dynamic 
stiffness KXX and damping coefficients CXX for a given control axis. An analogous situation 
refers to the coefficients KYY , CYY for the axis Y.  

It is possible to use the proposed method for calculation of dynamic coefficients of the 
bearing when the developed simulation model of the bearing, whose operation is 
convergent with the operation of a real bearing system, is employed. 

The calculations are conducted for stable bearing operation, where the journal position 
oscillates around the assumed point of equilibrium and the interactions between the control 
axes X and Y can be neglected for small displacements of the journal (Figure 14). 

 
Figure 14. Displacements X, Y versus time and the orbit  

Figure 15 presents a comparison between the measured magnetic response force FXmag and 
the theoretical function, which is a sum of the forces of stiffness and damping FX lin = KXX x + 
CXX VX.  

The curve FX lin has been plotted on the basis of the measured journal displacement x (Figure 
14) and the journal velocity VX obtained through digital differentiation of the displacement 
and a selection of suitable values of the dynamic stiffness coefficients KXX and the damping 
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coefficients CXX in such a way as to make the sum of squares of differences minimal for the 
selected part of the time history. 

 
Figure 15. Measured magnetic response component along the control axis X - FXmag and its modelled 
time history FX lin with the identified dynamic coefficients KXX , CXX 

In the method of identification of bearing dynamic coefficients, it is required that the 
theoretically calculated magnetic response force is the closest approximation of its function 
obtained in the measurements and that the share of synchronous components in the curves 
of displacement, current and magnetic response force is dominant [5,6,9].  

5. Results of the investigations 

The model test stand of the flexible power-transmission shaft is used to carry out the 
experiment whose aim is to verify the identification procedure of dynamic coefficients of the 
active magnetic bearing (Figure 16). The test rig consists of the horizontal shaft supported in 
two rolling bearings mounted at both ends. It is driven by an electric motor connected to the 
shaft through an elastic membrane coupling with smooth rotation control and fed by a 
frequency converter. An active magnetic bearing operates as an auxiliary bearing that 
modifies the dynamic properties of the shaft line. Between the magnetic bearing and the 
shaft right end, there is a rigid disk which allows one to mount balancing weights for the 
real structure. The mass of the rotating system is equal to 4.85 kg, the shaft line length equals 
1923 mm. The test stand allows one to investigate the effects of the magnetic bearing on 
dynamic properties (vibration level, displacement and the coefficient of vibration 
amplification of subsequent critical frequencies) and to control vibrations of the long, 
flexible rotor. A kinematics exciter is fixed on the disk, on which masses of test unbalancing 
can be mounted. After introducing a selected program for magnetic bearing control, 
harmonic vibrations of the shaft of the frequency (10, 20, 30, …  80) Hz and the assigned 
amplitude were excited. For each frequency under analysis, the time histories of 
displacements and currents in the magnetic bearing, which were subject to respective 
calculation procedures, were recorded, and then the bearing dynamic parameters were 
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estimated. To conduct the measurement and calculation procedures, a measurement system 
with DBK 15 input systems made by IOtech, operating with a PC and employing the 
Daq/112B type PCMCIA measurement card of the resolution equal to 12 bites and the 
maximum sampling frequency of 100kHz, was applied. 

 
Figure 16. Configuration of the test rig  

The voltage time histories corresponding to displacements (positions) of the journal along 
both the control axes X,Y were recorded on-line on respective inputs of the measurement-
control module. These were two voltage signals 0-24V from Bently-Nevada type 3300 eddy-
current transducers of relative vibrations. The voltage time histories corresponding to 
currents flowing in electromagnets were measured and recorded. These were four voltage 
signals 0-5V from current-voltage LEM type transducers. 

The DaqView v.7.9.8 software was used for recording purposes. There were 4000 
measurements made, at the sampling frequency of 8kHz/channel. The results were stored in 
binary files of the data acquisition system, and then converted into text files. The programs 
for analysis of dynamics and identification procedures of bearing dynamic parameters, 
according to the methodology proposed, were developed with the MS Excel spreadsheet. 

Exemplary time histories of the quantities measured are shown in Figures 17 and 18 and of 
those calculated - in Figures 19 and 20 for the magnetic bearing of the selected configuration 
of the control program, at the kinematic excitation of the frequency 40 Hz and the assigned 
amplitude, whose value was such as to obtain the dominant share of synchronous 
components in the time histories under analysis and to obtain the linear range of magnetic 
response forces.  

 
Figure 17. Displacements for both the control axes X,Y and the shaft motion trajectory  

The occasional disturbances which occur in the recorded time histories of displacements 
(Figure 17) are amplified by the digital differentiation and the effect of these disturbances is 
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coefficients CXX in such a way as to make the sum of squares of differences minimal for the 
selected part of the time history. 

 
Figure 15. Measured magnetic response component along the control axis X - FXmag and its modelled 
time history FX lin with the identified dynamic coefficients KXX , CXX 

In the method of identification of bearing dynamic coefficients, it is required that the 
theoretically calculated magnetic response force is the closest approximation of its function 
obtained in the measurements and that the share of synchronous components in the curves 
of displacement, current and magnetic response force is dominant [5,6,9].  
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The model test stand of the flexible power-transmission shaft is used to carry out the 
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real structure. The mass of the rotating system is equal to 4.85 kg, the shaft line length equals 
1923 mm. The test stand allows one to investigate the effects of the magnetic bearing on 
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estimated. To conduct the measurement and calculation procedures, a measurement system 
with DBK 15 input systems made by IOtech, operating with a PC and employing the 
Daq/112B type PCMCIA measurement card of the resolution equal to 12 bites and the 
maximum sampling frequency of 100kHz, was applied. 

 
Figure 16. Configuration of the test rig  

The voltage time histories corresponding to displacements (positions) of the journal along 
both the control axes X,Y were recorded on-line on respective inputs of the measurement-
control module. These were two voltage signals 0-24V from Bently-Nevada type 3300 eddy-
current transducers of relative vibrations. The voltage time histories corresponding to 
currents flowing in electromagnets were measured and recorded. These were four voltage 
signals 0-5V from current-voltage LEM type transducers. 

The DaqView v.7.9.8 software was used for recording purposes. There were 4000 
measurements made, at the sampling frequency of 8kHz/channel. The results were stored in 
binary files of the data acquisition system, and then converted into text files. The programs 
for analysis of dynamics and identification procedures of bearing dynamic parameters, 
according to the methodology proposed, were developed with the MS Excel spreadsheet. 

Exemplary time histories of the quantities measured are shown in Figures 17 and 18 and of 
those calculated - in Figures 19 and 20 for the magnetic bearing of the selected configuration 
of the control program, at the kinematic excitation of the frequency 40 Hz and the assigned 
amplitude, whose value was such as to obtain the dominant share of synchronous 
components in the time histories under analysis and to obtain the linear range of magnetic 
response forces.  

 
Figure 17. Displacements for both the control axes X,Y and the shaft motion trajectory  
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very distinct in the time history of the velocity component VY (Figure 19a). This does not 
affect the calculation accuracy, where the characteristics are approximated with the 
harmonic time history.  

 
Figure 18. Time histories of the currents in electromagnet windings IXT , IXB , IYT , IYB - averaged  

 
Figure 19. a. – Velocity components for both the control axes VX,VY – averaged 
b. – Variable gaps for individual electromagnets XT , sXB , sYT , sYB  

 
Figure 20. a. – Measured magnetic response component FXac and the force FXacT = FX lin modelled with the 
identified dynamic coefficients KXX , CXX  
b. – Components of the magnetic response related to the stiffness FXstiff and to the damping FXdamp 

The measurement and calculation cycles were conducted for various excitation frequencies 
in the range (10  80)Hz, which allowed one to build functions representing the values of the 
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bearing dynamic coefficients, namely: the stiffness coefficients KXX , KYY and the damping 
coefficients CXX , CYY, as a function of frequency at the given excitation frequency and the 
given configuration of the control program (Figures 21).  

 
Figure 21. a. – Stiffness KXX , KYY versus frequency b. – Damping CXX , CYY versus frequency  

It means that the start-up and shut-down characteristics of the model shaft line under such 
magnetic bearing operating conditions should be the overcritical characteristics. The 
experimentally determined dynamic coefficients of the bearing show some anisotropy of the 
properties for individual axes KXX  KYY , CXX  CYY. The analysis of this state showed that for 
isotropic properties of the energy transmission systems (symmetrical saturation–control 
current characteristics), this scattering resulted from the scattering of constant values of 
electromagnets for the given axis. This conclusion was confirmed by the calculations 
conducted with the simulation model of the magnetic bearing.  

The experiment was conducted for various configurations of the program controlling the 
auxiliary magnetic support used in the model shaft line system. The determined dynamic 
coefficients were employed in subsequent stages of the investigations in modelling and 
numerical calculations of start-up and shut-down characteristics of the flexible power-
transmission shaft. The generated numerical characteristics were verified experimentally 
through a comparison to the start-up and shut-down curves recorded for the real model 
shaft line with supports of identified dynamic properties. 

The proposed methodology of measurement of response and dynamic coefficients of the 
magnetic bearing is a very important tool in designing dynamics and vibration control of 
machine rotors in which active magnetic bearings are applied. It allows one to find 
analogies to classical bearing systems and to employ professional calculation codes for 
evaluation of the effects of modification in the dynamic properties of shaft lines introduced 
through changes in the configuration of the program controlling its active magnetic 
supports [4-9].  

6. Modification of the dynamics of the rotating system  

The last step of this work is to present the experimental results of maintaining a low level of 
vibrations in the whole operating range of the flexible rotor by the application of an 
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very distinct in the time history of the velocity component VY (Figure 19a). This does not 
affect the calculation accuracy, where the characteristics are approximated with the 
harmonic time history.  

 
Figure 18. Time histories of the currents in electromagnet windings IXT , IXB , IYT , IYB - averaged  

 
Figure 19. a. – Velocity components for both the control axes VX,VY – averaged 
b. – Variable gaps for individual electromagnets XT , sXB , sYT , sYB  

 
Figure 20. a. – Measured magnetic response component FXac and the force FXacT = FX lin modelled with the 
identified dynamic coefficients KXX , CXX  
b. – Components of the magnetic response related to the stiffness FXstiff and to the damping FXdamp 

The measurement and calculation cycles were conducted for various excitation frequencies 
in the range (10  80)Hz, which allowed one to build functions representing the values of the 

0.0

0.4

0.8

1.2

1.6

0.20 0.22 0.24 0.26 0.28 0.30

[ s ]

[ A ]    IXTav5    IYTav5

   IXBav5    IYBav5

-30

-20

-10

0

10

20

30

0.20 0.22 0.24 0.26 0.28 0.30

[ s ]

[mm/s]    VXav3    VYav3

0.0000

0.0002

0.0004

0.0006

0.0008

0.0010

0.20 0.22 0.24 0.26 0.28 0.30

[ s ]

[ m ]    SXT    SYT

   SXB    SYB
b a 

-50

-30

-10

10

30

50

0,20 0,22 0,24 0,26 0,28 0,30

[ s ]

[ N ]    FXac    FXacT

-50

-30

-10

10

30

50

0.20 0.22 0.24 0.26 0.28 0.30

[ s ]

[ N ]    FXstiff    FXdampb a 

Theoretical and Experimental Investigations of  
Dynamics of the Flexible Rotor with an Additional Active Magnetic Bearing 183 

bearing dynamic coefficients, namely: the stiffness coefficients KXX , KYY and the damping 
coefficients CXX , CYY, as a function of frequency at the given excitation frequency and the 
given configuration of the control program (Figures 21).  
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auxiliary active magnetic bearing where the biggest anticipated dynamic deflection of the 
rotor occurs. 

The application of an auxiliary magnetic bearing to modify the dynamics of the rotating 
system demands the comparison of the classical (without a magnetic bearing) and modified 
design. In the proposed construction of the test stand, a flexible rotor is supported in ball 
bearings. An electric engine integrated with the shaft is used as a drive (Figure 22).  
 

 
Figure 22. Scheme of the rotating system with an auxiliary active magnetic bearing 

The length and the diameter of the shaft is 700 mm and 17 mm, respectively. Each bearing 
support is connected to the foundation by rigid elements. The mechanical parameters of the 
designed magnetic bearings are as follows:  

 diameter of the journal 89.5 mm 
 radial clearance 0.5 mm 
 number of electromagnet coil pairs4 
 length 45.9 mm 
 static load 300 N 
 two axes of control x, y with eddy-current transducers. 

In this design, the feasible assembly and disassembly of the auxiliary magnetic bearing is 
assumed. It is the position of the auxiliary magnetic bearing, mounted on the shaft of the 
test stand, which allows one to model the mode of lateral vibrations. A numerical 
experiment shows the usefulness of this concept in the case of the test stand rotor. However, 
the practical application of the presented idea demands serious experimental verification. 
The aim of this work is to present the results of the experimental investigations of the 
dynamic response of the system to the synchronous excitation corresponding to the 
unbalance occurring in the centre of the rotor. 

Digitally controlled 
magnetic bearing 
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In order to modify the dynamic properties of this structure, an additional journal magnetic 
bearing should be introduced. The following two cases are considered: 

- flexible rotor supported in classical (ball) bearings - the magnetic bearing turned off, 
- flexible rotor supported in classical (ball) bearings and an additional magnetic bearing - 

the magnetic bearing turned on. 

When a machine is supported in the whole system of magnetic bearings, the bearings carry 
the main load that comes from the rotor (lateral, thrust). The role of the magnetic bearing in 
the system under consideration is to introduce an additional instantaneous point of support 
for the rotor and to carry a part of the dynamical (lateral) load. Thrust load is always carried 
by classical (ball) bearings. The proposed additional magnetic bearing does not introduce 
any additional thrust load. That is why in the proposed analysis, the effect of the active 
magnetic bearing on thrust force acting on the rotor system isn’t under consideration. 

The operation of an auxiliary magnetic bearing in the rotating system just before a high level 
of the amplitude is achieved, causes a qualitative change in dynamic properties of the 
system. It corresponds to the critical frequency of lateral vibrations and allows for reaching 
the nominal revolutions of the machine without dangerous effects connected with exceeding 
the critical frequencies of the flexible rotor. 

7. Numerical calculations and verifications 

The test stand as presented in Figure 22 was modelled numerically. A professional program 
DYROBES that allows for modelling the dynamics of the shaft line of rotary machines was 
employed in the numerical calculations. Numerical calculation methods allow one to carry 
out a complete analysis of machine rotor vibrations. The geometry of the rotating system 
was modelled with discrete elements. The magnetic bearing journal is situated in the centre 
of the shaft line (Figure 23). 

In Figures 23a and b a shaft line model and calculated modes of critical frequencies of the 
rotating system for two configurations, i.e. when the magnetic bearing is turned off and 
when it provides an additional support of the stand, are depicted. 

In the configuration under consideration, the dynamic properties of the magnetic bearing 
are a vital element that decides about a value of the critical frequency of the analysed shaft 
line. These properties are connected with the assumed parameters of the control system and 
were identified through the analysis of the bearing simulation model.  

The analysis of the rotating system dynamics was performed and the first lateral critical 
frequency and its respective deflection line of the rotor supported in ball bearings were 
determined (38.2Hz). The required value of the dynamic stiffness of the magnetic bearing 
that allows for avoiding the necessity of exceeding the critical value at the start-up of the 
model shaft line is equal to KM  3E+5 N/m. 

The second stage of calculations consisted in a determination of the theoretical start-up 
curve of the modelled shaft line of the test stand. After introducing the linearized 
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employed in the numerical calculations. Numerical calculation methods allow one to carry 
out a complete analysis of machine rotor vibrations. The geometry of the rotating system 
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In Figures 23a and b a shaft line model and calculated modes of critical frequencies of the 
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are a vital element that decides about a value of the critical frequency of the analysed shaft 
line. These properties are connected with the assumed parameters of the control system and 
were identified through the analysis of the bearing simulation model.  
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frequency and its respective deflection line of the rotor supported in ball bearings were 
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coefficients of stiffness and damping of the auxiliary active magnetic bearing, determined on 
the basis of the model, a response to the rotating synchronous excitation was determined.  

 
Figure 23. Shaft line model of the test stand and the first critical mode of vibrations 
a) magnetic bearing turned off, b.) magnetic bearing turned on 

The synchronous excitation with a force coming from the residual unbalance was 
introduced. The values of the vibration amplitude as a function of frequency are the 
system response. For the first critical frequency, the vibration amplitude reaches the value 
of 260m p-p for the rotating system supported only in ball bearings (Figure 26b). After 
introducing the auxiliary magnetic bearing in the form of dynamic coefficients of stiffness 
and damping into the model calculations, the theoretical Bode plot shown in Figure 26 
was obtained. 

The experimental investigations, like the theoretical ones, were carried out in two stages: 

- with a fixed shaft of the test stand, 
- during the start-up and shut-down of the model rotating system. 

In the first stage, the dynamics of the rotating system was analysed by means of the modal 
testing method. 

For a fixed shaft of the test stand, the tests were carried out for two variants of operation: 
with the magnetic bearing turned on and turned off. 

The system was forced to vibrate by means of the excitation pulse force, whose direction 
was convergent with the direction of the response measurement (selected control axis). The 
spectral concentration of this excitation in the frequency range investigated 0200 Hz was 
practically constant. 

The analysis of the time histories (Figure 24a) points out to the fact that in the system with 
the magnetic bearing turned off, weakly damped oscillations occur as a result of the 
excitation and they disappear after approximately t = 3s. 

In the system in which the bearing is activated, these vibrations are strongly damped. In the 
whole time span observed, slight oscillations of the rotor occur. They result from the 
principle of bearing operation, which consists in the continuous control of the assumed 
position of the rotor balance. The time histories were recorded in the time interval t = 4s in 
order to provide evidence of stable operation of the system after the pulse excitation force 
had been applied. 
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Figure 24. Time history of the response (displacement) recorded along the direction x for the fixed rotor 
A - recording time t = 0 4s, B - recording time t = 0  0.5s a.) auxiliary magnetic bearing turned off, b.) 
auxiliary magnetic bearing turned on 

To show the dynamics of the response of the system with the activated magnetic bearing in 
Figure 24b, the same time histories of the response are presented for the shorter recording 
time.  

During this time, an effect of the system modification that consists in an activation of the 
additional magnetic bearing with the programmable assigned dynamic properties is clearly 
visible. Then, the shaft vibrations disappear after approximately t = 0.05s. 

 
Figure 25. Frequency response for the axis x in the frequency range n = 0  200Hz for the fixed rotor 
a) auxiliary magnetic bearing turned off, b) auxiliary magnetic bearing turned on 

In Figure 25 the transmittances of the rotating system measured on the magnetic bearing 
journal have been compared. 

The analysis of these functions shows that in the system with the bearing turned off, weakly 
damped vibrations with the frequency of approximately n = 39 Hz (the first vibration 
frequency of the rotor in this configuration - Figure 26a) dominate. 
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The transmittance of the system with the bearing turned on exhibits strong vibration 
damping. The applied pulse excitation is not able to generate self-vibrations of the rotor. The 
recorded frequency response (Figure 25b) is located on the level of noises and equals  6m. 
The first frequency of self-vibrations of the rotor in this configuration (estimated in the 
calculations to be equal to approx. n = 60Hz - cf. Figure 26b) does not occur in practice in the 
results of the experimental investigations. The investigations carried out when the rotor did 
not move have proven a significant influence of the auxiliary magnetic bearing on rotor 
dynamics.  

They have shown possibilities of obtaining an abrupt change in the dynamic properties of 
the rotating system, which complies with the idea of the safe exceeding of the critical 
frequency of the machine. 

In the second stage of the experimental investigations, the dynamics of the model rotating 
system with a synchronous excitation with unbalance forces was analysed. The 
investigations were carried during the start-up and shut-down of the system rotor. 
Numerical simulations of the test stand rotor response to unbalance were performed. An 
example of the calculation results shown in Figure 26 indicates that for the nominal 
rotational frequency 50Hz, the test stand rotor can be an overcritical or undercritical system, 
depending on the fact whether the auxiliary magnetic bearing characterised by specified 
dynamic properties is activated or disactivated. 

 
Figure 26. A – Experimental Bode plot B – Theoretical Bode plot a – start-up, the rotating system 
supported in ball bearings, b – shut-down, with the auxiliary magnetic bearing activated 

An application of the auxiliary magnetic bearing allowed for a complete elimination of a 
dangerous increase (for the whole local system operation) in the vibration amplitude when the 
critical frequency had been exceeded. The optimal moment for activation and disactivation of 
the additional bearing system has been indicated by a solid line. At this moment, the vibration 
amplitudes of both the qualitatively different dynamic systems reach similar values. In the 
presented example, the switching took place above the optimal values of revolutions, which 
was connected with an abrupt change in the vibration amplitude and phase. 
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In Figure 27 cascade plots of the journal vibrations in the magnetic bearing during the start-
up of the test stand in the so-called ”full spectrum” domain are presented. A comparison of 
the diagrams illustrates the role played by a presence of the auxiliary magnetic bearing from 
the point of view of shaft vibrations during the start-up (or shut-down) of the model 
machine. 

 
 

 

 
Figure 27. Cascade plots of the journal vibrations in the magnetic bearing during the start-up of the 
model shaft line a) auxiliary magnetic bearing disactivated, b) auxiliary magnetic bearing activated 

The presented idea of an application of the active magnetic bearing as a system that 
modifies the dynamic properties of the rotating system can turn out to be an interesting 
alternative to modernisation of a real rotary machine. The majority of overcritical failures of 
rotors is caused by a local increase in the synchronous or asynchronous vibration amplitude 
and by exceeding the clearances when the critical frequency or the stability threshold of the 
rotating system is exceeded. The special character of the active magnetic bearing operation 
makes it possible to activate it when the shaft rotates, whereas relatively high values of the 
clearances allow for locating it practically in any place of the machine shaft line. The built 
test stand enabled practical realisation of the idea of ”omitting” the region in which rotor 
vibrations, dangerous for the machine operation, appear. 

8. Conclusions 

The progress in the field of active magnetic bearings is based on new operating and 
diagnostic capabilities of these digitally controlled bearings in comparison to classical 
solutions. The overall goal of an AMB controller is to stabilise the plant and to reach the 
optimal technical performance. To achieve these goals, AMB systems have to be optimised 
in an overall mechatronics design approach. This leads to a new concept for control systems 
and actuators [11-14]. 

In this work, an idea of the simulation model of magnetic levitation systems and its 
diagnostic capabilities is presented. Some results of the numerical simulations and 
experimental investigations are discussed. 
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modifies the dynamic properties of the rotating system can turn out to be an interesting 
alternative to modernisation of a real rotary machine. The majority of overcritical failures of 
rotors is caused by a local increase in the synchronous or asynchronous vibration amplitude 
and by exceeding the clearances when the critical frequency or the stability threshold of the 
rotating system is exceeded. The special character of the active magnetic bearing operation 
makes it possible to activate it when the shaft rotates, whereas relatively high values of the 
clearances allow for locating it practically in any place of the machine shaft line. The built 
test stand enabled practical realisation of the idea of ”omitting” the region in which rotor 
vibrations, dangerous for the machine operation, appear. 

8. Conclusions 

The progress in the field of active magnetic bearings is based on new operating and 
diagnostic capabilities of these digitally controlled bearings in comparison to classical 
solutions. The overall goal of an AMB controller is to stabilise the plant and to reach the 
optimal technical performance. To achieve these goals, AMB systems have to be optimised 
in an overall mechatronics design approach. This leads to a new concept for control systems 
and actuators [11-14]. 

In this work, an idea of the simulation model of magnetic levitation systems and its 
diagnostic capabilities is presented. Some results of the numerical simulations and 
experimental investigations are discussed. 
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The conducted investigations allowed one to verify experimentally stiffness and damping of 
the real rotor-magnetic bearing system by means of a numerically calculated model of the 
rotor.  

The proposed methodology of measurement of response and dynamic coefficients of the 
magnetic bearing is a very important tool in designing dynamics and vibration control of 
machine rotors in which active magnetic bearings are applied. It allows one to find 
analogies to classical bearing systems and to employ professional calculation codes for 
evaluation of the effects of modification in the dynamic properties of shaft lines introduced 
through changes in the configuration of the program controlling its active magnetic 
supports.  

A comparison of the theoretical time histories with those obtained experimentally confirms 
the correctness of the proposed method for the determination of dynamic coefficients of the 
magnetic bearing. Achieving the nominal speed of the flexible rotor and maintaining a low 
level of vibrations in the whole operating range of the rotating system (including critical 
speeds) by using an auxiliary active magnetic bearing is a very interesting idea for the 
rotating machinery. 

The operation lets “omit” the zone of a dangerous increase in the amplitude of rotor 
vibrations, which is connected with the critical speed of lateral vibrations. The experiment 
shows the usefulness of this concept in the case of the real rotating system. 

The symmetry of characteristics of individual actuator paths of bearings, which has been 
programmable corrected and experimentally verified, has made it possible to implement an 
idea of the application of a single controller to control the real journal bearing operation 
along both axes. A selection of values of controller parameters is based on the investigation 
of the simulation model of an active magnetic bearing system. 

The procedures of numerical representations of the actuator characteristics have allowed for 
a development of the model whose operation is convergent with the real bearing system. It 
enables simulation investigations of the dynamics of the mass suspended in the bearing 
bush under widely variable values of controller parameters and under various disturbances 
and forces. A reliable theoretical model that allows for analysis of the bearing dynamics 
under hypothetical, extreme loads reduces the designing time and enables one to minimize 
errors that can occur at the system prototype start-up. 

The experimental characteristic curves of the start-up and shut-down have confirmed 
possibilities of the programmable modelling of dynamics of the shaft line, and - in prospect - 
of the designed machine that includes an additional active magnetic bearing.  
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1. Introduction 

A bearing fixes a rotating spindle to a specific location and is a mechanical component that 
supports the load applied to the axis and its dead load. Therefore, it is inevitable for 
mechanical contact between the axis and the bearing to occur, causing friction, abrasion, 
heat, noise, and user environment contamination from lubrication. Magnetic bearings are 
mechanical components that use the attractive or repulsive force of electromagnets to 
support the mechanical axis is a non-contact state. The use of such components significantly 
reduced the disadvantages that accompany the use of general mechanical bearings such as 
friction, abrasion, heat, noise, and user environment contamination from lubrication. 
Moreover, magnetic bearings can support the mechanical axis in special 
environments(vacuum, high temperature, low temperature, zero gravity) and have the 
advantage of being able to adjust the damping coefficient and spring constant of the system 
that supports the axis according to the control objective. 

Magnetic levitation can be categorized into the following systems depending on the form 
of force that supports the levitated object: the system that uses magnetic attraction, 
magnetic repulsion, induction levitation, and superconducting Meissner Effect. Magnetic 
levitation that utilizes attractive force has a closed magnetic circuit so efficiency is high 
and 1-axis control is possible due to the stability in the attraction and perpendicular 
directions. However, it has been reported that the uncontrolled directions have poor 
stability due to the nonlinearity of the attraction. Magnetic levitation that uses the 
repulsive power has stable characteristics with respect to the longitudinal direction that 
the repulsive force is applied to, but the transverse direction has unstable characteristics. 
However the electromagnet is arranged, all the axes cannot be stabilized. Magnetic 
levitation that uses induction levitation is able to perform stable levitation without special 
control as Fleming force caused by the relative velocities between the electromagnet and 
the conductor supports the levitation. However, without a velocity over a certain level, 
levitation cannot be supported where overall efficiency is low due to Eddy current loss 
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and brake loss. Magnetic levitation that uses superconducting Meissner Effect takes 
advantage of the repulsion with permanent magnets caused by the strong diamagnetism 
from the superconductor. Like that of the induction levitation, stable levitation is possible 
without any control. However, the operational temperature of the levitation system using 
superconductor is very low: 4.2K(liquid Helium), 77K(liquid Nitrogen). Generally, the 
magnetic levitation applied to the magnetic bearing is the method using attraction and 
repulsion. Magnetic bearing systems discussed here refers to a system that utilizes the 
attraction. 

 
Figure 1. Levitation system according to the magnetic levitation method 

In this chapter, the method to designing a magnetic bearing system, to obtaining a 
mathematical model, and understanding the preparations necessary for control will be 
discussed. For this, the calculation of attraction using the Probable Flux Paths Method, 
selection of circuitry about the amplifier to operate the electromagnet, and method to 
identify the magnetic bearing system that includes a PID controller are discussed. 

2. Magnetic bearing system design 

Fig. 2 shows a schematic diagram of the magnetic bearing system to be designed in this 
chapter. The levitated object is supported by the attraction of the electromagnet and the 
attraction of the electromagnet is controlled by the current in the coil. In order to design and 
control such a magnetic bearing system, the amplifier to operate the electromagnet that 
composes the magnetic bearing system and hardware to control the whole system need to 
be designed first. Next, the designed magnetic bearing system is modeled mathematically, 
then the parameter values difficult to measure through the mathematical model are 
determined through experimentation. Finally, an adequate controller is designed and 
applied to the identified magnetic bearing system. In this chapter, the detailed control laws 
for magnetic bearing control are excluded and the implementation of the magnetic bearing 
system before applying various controllers is the main objective. 

2.1. Magnetic bearing system composition 

A magnetic bearing system like that of Fig. 2 is composed of the object to be levitated, core, 
electromagnet including the coil, amplifier to operate the electromagnet, displacement 
measurement system to measure the distance between the levitating object and the 
electromagnet, control law to calculate the control signal from the feedback signal, and 
control system that includes the hardware to realize the control law. 
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Fig. 3 is the assembly of the magnetic bearing system to make. In the assembly, the levitated 
object will be supported by magnetic bearing at X and Y axis direction. But thrust direction 
has only the mechanical backup bearing. And Fig. 4 is the levitated object that is 1.4kg. 

 
Figure 2. Schematic of the magnetic bearing system 

 
Figure 3. Assembly of the magnetic bearing system 

 
Figure 4. Levitated object 
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Since a magnetic bearing system like Fig. 3 has a symmetric form vertically and horizontally, 
the levitating object can be simply assumed as a point mass in the perspective that the object 
is levitated. Therefore, in this section, the elements of the magnetic bearing system 
excluding the levitating object are designed. 

2.1.1. Probable flux paths method 

To support the levitating object through the electromagnet's attractive force, the attraction 
relationship between the current in the electromagnet coil and the levitating object needs to 
be defined clearly. The Probable Flux Paths Method assumes that the magnetic permeability 
of the magnetic substance that forms the magnetic path is linear to calculate the permeance 
of the magnetic substance that the magnetic path passes through, followed by the 
calculations of the magnetomotive force, magnetic flux, magnetic flux density, and attractive 
force. As the permeability of materials disregarding permanent magnets are generally 
nonlinear, the error between the Probable Flux Paths Method calculation results and that of 
actual experimentation measurements is large and calculations by applying the Probable 
Flux Paths Method for magnetic substances with complicated magnetic paths is known to be 
difficult. However, since the vertically and horizontally symmetric magnetic bearing system 
magnetic path is of a simple form, the electromagnet is designed by applying the Probable 
Flux Paths Method early in the design process. For more precise designing, the use of FEM 
software such as Maxwell is desirable. 

Generally, the following assumptions have to be satisfied when using the Probable Flux 
Paths Method to analyze the magnetic circuit. 

a. The relationship between magnetic flux and current is linear. 
b. The average magnetic flux passes through the centroid of the cross section. 
c. When the cross section that the magnetic flux passes through changes, the parts are 

calculated by dividing them into different parts and setting as combinations of parallel 
or series. 

d. When the cross section of a part changes rapidly, the magnetic flux passes through in a 
smooth circular arc(quadratic curve). 

2.1.2. Electromagnet design 

In order to design the electromagnet using the Probable Flux Paths Method, first, the 
attractive force derived from the magnetic circuit caused by the electromagnet needs to 
withstand the weight of the mass. Here, the following steps in design are taken so that 
sufficient attractive force from the electromagnet is produced for control. 

a. The mass of the levitating object is determined. 
b. The material of the core and levitating object is determined. 
c. The attractive force of the electromagnet is calculated with values determined by 

assumptions regarding the current, magnetic circuit, and length of the coil and number 
of windings during normal conditions. 
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d. The material of the core and levitating object, coil and number of windings, and current 
at normal state is adjusted until the comparison of the calculated attractive force value 
and the mass of the levitating object gives a satisfactory attractive force. 

e. The electromagnet's maximum attractive force and coil's maximum current according to 
the core and saturation flux density of the levitating object material are calculated. 

f. The material of the core and levitating object, coil and number of windings, and current 
at normal state is adjusted until the calculated maximum attractive force of the 
electromagnet is sufficient. 

Since the attractive force calculated through the Probable Flux Paths Method has a large 
error with the actual experimentation values, in order to manufacture magnetic bearings 
based on this design, it is desirable to design with a safety factor of greater than 3. 

 
Figure 5. Electromagnet core 

 
Figure 6. Electromagnet magnetic circuit formation 
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Figure 5. Electromagnet core 
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Next, the number of poles and the angle of the core have to be kept in mind. Fig. 5 shows 
the core to be used as the electromagnet in the magnetic bearing system. The magnetic 
circuit caused by the electromagnet that supports one axis has to be designed so that it does 
not interfere with the magnetic circuit caused by the electromagnetic that supports the other 
axis. The direction of the magnetic circuit caused by the electromagnet is determined by the 
direction of the coil wound about the core. The winding has to have polarity as shown in 
Fig. 6 so that interference of the magnetic circuit does not occur. Also, for the convenience of 
control, the resultant force of the attraction caused by the magnetic path needs to be parallel 
or perpendicular to the supporting axis. 

2.1.3. Displacement measurement system design 

When the current flowing in the coil is constant, the attractive force is proportional to the 
square of the distance to the levitating object. Therefore, in order to implement a magnetic 
bearing control system, the distance between the electromagnet and the levitating object has 
to undergo feedback. 

Sensors that measure gaps in noncontact state include using the change in capacitance, 
change in Eddy Current, and using laser or ultrasound. A displacement measurement 
sensor has to be selected with consideration of the sampling time, range and area of the gap 
to be measured, and economic feasibility of the overall system. 

2.1.4. Control system design 

The objective of a magnetic bearing control system is producing a control signal from the 
error signal between the reference input and the gap(between the electromagnet and the 
levitating object). And from this control signal, control the current of the electromagnet coil 
to reach the reference input in a stable manner. The control period of a control system is the 
time consumed in performing one-iteration of computations given by the control system. In 
order to implement a magnetic bearing system of high speed rotations, the control period 
has to be as small as possible. To implement such a system, the system is designed taking 
into consideration all the speeds of the MPU which will operate processing the response 
speed of the displacement sensor, A/D converter speed, D/A converter speed, and discretize 
the control laws. 

2.2. Magnetic bearing system mathematical modeling 

2.2.1. Relation between electromagnet and levitating object 

First, the mathematical model for the case of the above existing electromagnet supporting 
the levitating object is derived. The equation of translational motion for the levitating object 
is as shown in Equation (1). 

 m��
�� � m� � ��  (1) 
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Here, m is the levitating object mass, is g the gravitational acceleration and F� is the 
attractive force of the electromagnet. 

Generally, the electromagnet's attractive force is as shown in Equation (2). 

 F� � ��
��� A�   (2) 

Here, B is the magnetic flux density, μ� is the relative permeability of the vacuum and A� is 
the opposing area of the electromagnet. Thus, the attractive force of the electromagnet is 
determined by the opposing area of the electromagnet and the magnetic flux density. 

The magnetic circuit and magnetic flux by the electromagnet is as shown in Equation (3). 
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Here, F�� is the magnetomotive force, N is the number of coil windings, R� is the magnetic 
resistance, l� is the length of the magnetic path, μ is the relative permeability, x� is the gap 
between the electromagnet and the levitating object, μ� is the relative permeability of the 
metal pin and S is the cross sectional area of the metal pin. 

The magnetic flux density of the electromagnet is the magnetic flux per unit area and is as 
shown in Equation (4). 
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Therefore, the attractive force of the electromagnet is as shown in Equation (5). 

 F� � ������� �
����������

�    (5) 

If the electromagnetic coil current in neutral state is assumed as I�� and the varying control 
current signal from the neutral state is assumed as i, Equations (5) and (6) can be put 
together and Equation (7) is satisfied. 
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Here, 

 X� � � ������ and � � �����
�  . 

To apply linear control theory, the control subject also has to be a linear control system. 
However, Equation (1) includes a nonlinear term, thus, linear control theory cannot be 
applied. So, the nonlinear term of Equation (1) is linearized through Taylor series. 
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Here, m is the levitating object mass, is g the gravitational acceleration and F� is the 
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Assuming that the values after the second-order Taylor series terms are sufficiently small 
compared to the first-order term, the Taylor series in the parallel point(i � �, x � �) with 

regard to the nonlinear term � � �����
�������

�
 is as shown in Equation (8). 
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Equation (8) is substituted into Equation (1) to obtain Equation (9) the equation of 
translational motion of the levitating object.  

 mx� � m� � �� � ���
�����

� � �����
������� i �

������
������� x�   (9) 

Taking into consideration the conditions of Equation (7), Equations (9) can be rearranged 
into the following Equation (10). 

 mx� � ������
������� x �

�����
������� i   (10) 

The relationship between the current flowing in the coil and the drop of electric pressure in 
the coil of the upper side electromagnetic in the magnetic bearing is shown as Equation (11). 

 �
�� �L�I�� � i�� � R�I�� � i� � E�� � e    (11) 

Here, E�� is the voltage that appears due to the current flowing in the electromagnet coil in 
neutral state, e is the voltage that appears due to the control current flowing in the 
electromagnet coil, and Equation (12) is satisfied. 

 RI�� � E��    (12) 

Additionally, the inductance of the coil is proportional to the number of coil windings and 
the magnetic flux as shown in Equation (13). 

 L � �Ф
��     (13) 

When assuming that there is no leakage magnetic flux in the magnetic path caused by the 
coil, the coil inductance is as shown in Equation (14). 

 L � �
������    (14) 

Here, W is the gap between the electromagnet at neutral state and the levitating object and x 
is the gap between the electromagnet and levitating object varying due to the control input.  

Moreover, X� � � ����µ�
 and � � ��µ��

� . 

If L� is the leakage magnetic flux, the coil inductance is as shown in Equation (15). 
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 L � �
������ � L�   (15) 

Therefore, the term ��� �L�I�� � i�� in Equation (11) can be solved like that of Equation (16), 
and Equation (11) is the same as Equation (17). 
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Equations (17) and (18) can be obtained from the conditions of Equation (12). 
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If the levitating object is assumed close to neutral state(i � �, x � �) and I�� is sufficiently 
larger than i, Equation (18) is the same as Equation (19). 

 L ��
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������� x� I�� � Ri � �  (19) 

2.2.2. Relationship of linear amplifier 

Fig. 7 shows the electric circuit of the amplifier to operate the electromagnet coil. 

 
Figure 7. Current amplifier circuit 

Assuming the current amplifier as an ideal amplifier, the transfer function from the 
amplifier control input V�� to the load current I� is found to be as shown in Equation (20). 
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2.2.2. Relationship of linear amplifier 

Fig. 7 shows the electric circuit of the amplifier to operate the electromagnet coil. 

 
Figure 7. Current amplifier circuit 

Assuming the current amplifier as an ideal amplifier, the transfer function from the 
amplifier control input V�� to the load current I� is found to be as shown in Equation (20). 
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In this circuit, when the impedance Z� and load impedance Z� undergoes Laplace 
Transformation for the transient characteristic improvement of the amplifier, Equations (21) 
and (22) are obtained. 

 Z� � �������
���    (21) 

 Z� � �� � �   (22) 

Substituting Equations (21) and (22) into Equation (20) and rearranging the equation, the 
transfer function from the amplifier control input V�� to the load current I� can be found like 
Equation (23). 
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2.2.3. Block diagram and transfer function of the overall system 

The block diagram of the magnetic bearing system using an upper electromagnet from the 
relationships of Equations (10), (19), and (23) is shown in Fig. 8. 

 
Figure 8. Block diagram of the magnetic bearing system 

Here, the transfer function G�� from the current amplifier circuit input voltage V�� to the 
air gap x between the magnetic bearing and the levitating object is as shown by Equation 
(24). 
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  (24) 

Here, 

a��� � �R�R�C�Lm 
a��� � �R�R�C�m�R � R�� � R�R�C�m 
a��� � �R�m � R�R�C��bcR� � aL� 
a��� � ��a�R�R�C��R � R�� � R�R�C�� a��� � ��aR� b��� � �bR�R�C� b��� � �bR� 
a � ������

���   

b � � �����
���   

c � �����
���   

X� � X� ��� � 
X� � ��

��� . 

3. Magnetic bearing system control 

To control the mathematically modeled magnetic bearing system, a process to design the 
driver to operate the electromagnet and a process to identify unknown parameters are 
necessary. Here, the method to determine the peripheral device values of the linear 
amplifier circuit that has the desired output by applying a genetic algorithm and the method 
to identify the magnetic bearing system using a PID controller to stabilize the genetic 
algorithm and system are discussed. 

3.1. Genetic algorithm 

In the method to design a linear amplifier with an output sought by the designer or a 
method to identify the system parameters through random experimentation data, there are 
methods available using a frequency response method and applying genetic algorithm. 
Here, the method to apply genetic algorithm and selecting the desired value is explored. 

Genetic algorithm is an algorithm that imitates genetics and natural evolution to optimize 
the objective function and find the solution set with a structure as shown in Fig. 9. 

Genetic algorithm initially generates an initial group to solve the optimization problem 
defined mathematically. Through the difference with the objective function, the degree of 
agreement of the chromosomes in the generated initial group is calculated and the result 
of the calculation becomes the basis for dividing the chromosomes into dominant and 
recessive chromosomes. Through the reproduction operation based on the degree of 
agreement of the initial group, they become the source of breeding and through crossover 
operation, a temporary population is generated. Mutation operation on the generated 
temporary population leads to the generation of the next generation population. The 
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Here, the transfer function G�� from the current amplifier circuit input voltage V�� to the 
air gap x between the magnetic bearing and the levitating object is as shown by Equation 
(24). 
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process of generating the next generation population after going through the 
aforementioned series of processes is described as one generation and the method to 
finding an optimized solution to an objective function through operations in a specific 
generation is defined as an algorithm. 

 
 

 
 
Figure 9. Genetic algorithm 

Genetic algorithms can be categorized into BCGA(Binary Coded Genetic Algorithm), 
SGA(Signal Genetic Algorithm), and RCGA(Real Coded Genetic Algorithm) depending on 
the expression of the chromosome. Generally, RCGA is used for optimization problems 
regarding continuous search domain variable with constraints. This is because if the 
chromosome is expressed by real code, genes that match perfectly with the variable in 
question could be used and the degree of precision of the calculation is only dependent on 
the calculation ability of the computer regardless of the length of the gene. 

3.2. Amplifier peripheral circuit design 

As can be seen in Fig. 7, the linear amplifier circuit is composed of resistance R� which 
determines the amplification ratio of the current amplifier and the amplifier output current, 
resistance R�, resistance R� which determines the dynamic characteristics of the linear 
amplifier circuit, condenser C�, R� which limits the linear amplifier circuit current, and the 
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load(here, coil). When defining the form of output desired by the designer using time 
response characteristics, the amplifier peripheral device values can be determined in the 
following manner utilizing genetic algorithm. 

First, the value of the part to solve is defined. Since the amplification ratio A of the current 
amplifier, current limiting resistance R�, load inductance L, and resistance R are unknown, 
the variables of the genetic algorithm to find are limited to the resistance R� that determines 
the amplification ratio of the amplifier output current, resistance R�, resistance R� which 
determines the dynamic characteristics of the linear amplifier current, and condenser C�. At 
this point, if the amplification ratio of the amplifier output current is given, one less genetic 
algorithm variable needs to be found as the resistances R� and R� have a proportional 
relationship. 

Next, the searching range of the parameters to be identified is limited according to the 
characteristics of each device. As the resistance R� which determines the amplification ratio 
of the amplifier output current is a signal resistance, it is desirable to have a high resistance 
value. Therefore, in the case of resistance R� which determines the amplification ratio of the 
amplifier output current, it has to be sought in the kΩ range. In contrast, resistance R� 
which determines the dynamic characteristics of the linear amplifier circuit has to be sought 
in a wide range. For condenser C�, which determines the dynamic characteristics of the 
linear amplifier circuit, a value in the nF to μF range is ideal when considering the dynamic 
characteristics of the current amplifier. 

After that, the objective function is determined to implement the genetic algorithm. The 
objective in this program is the design of a linear current amplifier that has a current output 
in the form that the designer seeks. Therefore, it has the form shown in Equation (23) and 
the response of the system that satisfies the time response characteristics defined by the 
designer is defined as shown in Equation (25). 

 G��s� � � ������
���������   (25) 
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performance of the implemented genetic algorithm, configuration for methods such as the 
penalty strategy, elite strategy, and scale fitting method is necessary. 
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aforementioned series of processes is described as one generation and the method to 
finding an optimized solution to an objective function through operations in a specific 
generation is defined as an algorithm. 

 
 

 
 
Figure 9. Genetic algorithm 
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objective in this program is the design of a linear current amplifier that has a current output 
in the form that the designer seeks. Therefore, it has the form shown in Equation (23) and 
the response of the system that satisfies the time response characteristics defined by the 
designer is defined as shown in Equation (25). 

 G��s� � � ������
���������   (25) 

At this point, the randomly given d�, d�, e� and e�	are the coefficients of the system G� that 
satisfies the time response characteristics. The objective function to implement the genetic 
algorithm is defined as shown in Equation (26). 

 F��� � � e�t��dt   (26) 

Here, e�t� � g��t� � g����t�, g��t�	is the step response of the system defined by the designer 
and g����t� is the step response of the current amplifier transfer function. 

Finally, the parameters to operate the genetic algorithm, such as the size of the entity group, 
the maximum chromosome length, maximum number of generations, crossbreeding 
probability, and mutation probability, are defined. Here, in order to improve the 
performance of the implemented genetic algorithm, configuration for methods such as the 
penalty strategy, elite strategy, and scale fitting method is necessary. 



 
Performance Evaluation of Bearings 

 

206 

 
Figure 10. Trends of the optimum parameters of each generation 
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Figure 11. Step response comparison between the system obtained from the RCGA results and the 
system defined by the designer 
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Figure 12. Amplifier applied with the designed parameter value 

 
Figure 13. Step response comparison between the system that obtained from the RCGA results and the 
manufactured amplifier 

Appendix 1 is a program that estimates the amplifier peripheral circuit part values in 
accordance with the response of the system defined arbitrarily, and the result is shown in 
Fig. 10, Fig. 9, Fig. 11 and Fig. 12 shows the step response measurement graphs of the 
system that was produced by designing and manufacturing the amplifier circuit using 
RCGA like that of Appendix 1. 
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a process to estimate the parameter values that exist in the given system and is difficult to 
measure. In case a magnetic bearing system model with the same response as that of 
experimentation results can be found, the designer can design the desired controller without 
performing experimentation. Such a process is called identification. 
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In order to identify the magnetic bearing system, experimentation data of the manufactured 
system is necessary. However, since the magnetic bearing system is an unstable system, a 
controller to stabilize the system to obtain experimental data from the experiment device is 
necessary. 

3.3.1. Implementation of the control signal 

To control the magnetic bearing system, there is a need to stabilize the whole system by 
controlling the current flowing in the current. To do this, PID controller is introduced. In 
order to control the current of the coil using a PID controller, the voltage going into the 
current amplifier has to be controlled, and to implement such a voltage signal, a PID 
controller that is supported by Labview or Matlab has to be used or one that is discretized to 
match the sample time has to be used. Here, how a discretized PID controller is 
implemented is described. 

Generally, a given PID controller can be defined as shown in Equation (27). 

 ����
���� � K� � ��

� � K�s   (27) 

 

Converting Equation (27) to z results in Equation (28). 

 ����
���� � K� � ��������

������ � �������
��    (28) 

Reducing Equation (28) and reorganizing u�z� about gives Equation (29). 

u�z� � �������������������������������
��������   

 �z� � z�u�z� � ��K� � �
� K� �

��
� � z� � ��� K� � K� � ���

� � z � ��
� �e(z)     (29) 

Taking into consideration that the z operator is a shift operator, Equation (29) is shown in 
cyclic form of Equation (30). 

u�n � �� � �K� � �
� K� �

��
� � e�n � �� � ��� K� � K� � ���

� � e�n � �� � ��
� e�n� � u�n � ��  (30) 

Here, e�n�is the nth sample data of the error signal. 

If K� � �, K� � �����, K� � � and the sampling time T is assumed to be 0.001s, Equation (30) 
can be represented as Equation (31). 

 u�n � �� � �����e�n � �� � ������e�n � �� � �e�n� � u�n � ��   (31) 

If the PID controller can be shown in cyclic form, this can be conveniently programmed 
using C. Even here, the sampling time of the overall program has to be programmed equal 
to the sampling time of the PID controller. 
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3.3.2. Parameter identification 

With regard to the whole system including the PID controller, the transfer function from the 
reference input r to the displacement x of the levitating object is as shown in Equation (32). 

 G� � ��������������������
��������������������������������

  (32) 
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Figure 14. Block diagram of the magnetic bearing system including PID controller 

Fig. 14 shows the block diagram of the whole system including the PID controller. To 
identify the unknown parameters using the genetic algorithm, the parameters difficult to 
measure has to be defined from the system transfer function and the search range of each 
parameter has to be defined. Using the error between the step response of the whole system 
and the data value obtained from experimentation, the objective function of the genetic 
algorithm is defined and the parameters of the genetic algorithm are defined. 
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In order to identify the magnetic bearing system, experimentation data of the manufactured 
system is necessary. However, since the magnetic bearing system is an unstable system, a 
controller to stabilize the system to obtain experimental data from the experiment device is 
necessary. 

3.3.1. Implementation of the control signal 

To control the magnetic bearing system, there is a need to stabilize the whole system by 
controlling the current flowing in the current. To do this, PID controller is introduced. In 
order to control the current of the coil using a PID controller, the voltage going into the 
current amplifier has to be controlled, and to implement such a voltage signal, a PID 
controller that is supported by Labview or Matlab has to be used or one that is discretized to 
match the sample time has to be used. Here, how a discretized PID controller is 
implemented is described. 

Generally, a given PID controller can be defined as shown in Equation (27). 
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Here, e�n�is the nth sample data of the error signal. 

If K� � �, K� � �����, K� � � and the sampling time T is assumed to be 0.001s, Equation (30) 
can be represented as Equation (31). 
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If the PID controller can be shown in cyclic form, this can be conveniently programmed 
using C. Even here, the sampling time of the overall program has to be programmed equal 
to the sampling time of the PID controller. 
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3.3.2. Parameter identification 

With regard to the whole system including the PID controller, the transfer function from the 
reference input r to the displacement x of the levitating object is as shown in Equation (32). 
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Fig. 14 shows the block diagram of the whole system including the PID controller. To 
identify the unknown parameters using the genetic algorithm, the parameters difficult to 
measure has to be defined from the system transfer function and the search range of each 
parameter has to be defined. Using the error between the step response of the whole system 
and the data value obtained from experimentation, the objective function of the genetic 
algorithm is defined and the parameters of the genetic algorithm are defined. 
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Appendix 2 is the genetic algorithm program that allows the calculation of the unknown 
parameters from the above processes. At this point, the program part that is the same with 
the program to solve the amplifier peripheral circuit was excluded. Fig. 15 and Fig. 16 shows 
the graphs of the output results of the magnetic bearing system identification using RCGA 
similarly with Appendix 2. 

 
Figure 15. Trends of optimum parameters for each generation 

 
Figure 16. Experiment data comparison with the system obtained through RCGA results 

3.4. Control signal division  

The system of Fig. 14 is a modeling of the case where the magnetic bearing system is 
assumed to a horizontally symmetric based on the center point so that the levitating object is 
supported using an upper based electromagnet about the left or right parts. In order to 
properly levitate the levitating object of this system, a control signal equal to that of Fig. 14 
has to be implemented and consistently supplied to the left and right magnetic bearing. 

Also, to divide the control signal that supports the levitating object using only the upper 
electromagnet like that of Fig. 14 into the upper and lower electromagnet, the current i�� 
flowing in the upper electromagnet coil has to include the attractive force caused by the 
current i���� flowing in the lower electromagnet coil, where Equation (33) has to be 
followed for the design. 
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Here, i��� is the control current necessary to support the levitating object with only the 
upper electromagnet and α is the current corresponding to the attractive force caused by the 
current flowing in the lower electromagnet coil. 

At this point, the magnetic bearing system has a form symmetric about each axis. Therefore, 
when assuming the axis parallel to the direction vertical from the Earth as the x-axis, the 
attractive force control of the y- and z-axes is the same as the x-axis control case including 
the neutral state and excluding the control current I��. 
Fig. 17 is step response test result that is an example. When the program is work, levitated 
object is attracted by upper electric magnet. After that, the control signal is separated between 
upper and lower electric magnet. In the step response test, the disturbance mass is 150g. 

 
Figure 17. Step response test result for levitating system 

3.5. Levitating object and equation of rotational motion 

Fig. 18 shows a schematic of a magnetic bearing system taking into consideration rotational 
motion.  

When the levitating object undergoes rotational motion, the torque caused by the rotational 
motion about the x-z plane is as shown in Equation (34). 
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Here, J is the moment of inertia of the levitating object about the y-axis and J� is the moment 
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(36) can be obtained. 
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Appendix 2 is the genetic algorithm program that allows the calculation of the unknown 
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Here, i��� is the control current necessary to support the levitating object with only the 
upper electromagnet and α is the current corresponding to the attractive force caused by the 
current flowing in the lower electromagnet coil. 

At this point, the magnetic bearing system has a form symmetric about each axis. Therefore, 
when assuming the axis parallel to the direction vertical from the Earth as the x-axis, the 
attractive force control of the y- and z-axes is the same as the x-axis control case including 
the neutral state and excluding the control current I��. 
Fig. 17 is step response test result that is an example. When the program is work, levitated 
object is attracted by upper electric magnet. After that, the control signal is separated between 
upper and lower electric magnet. In the step response test, the disturbance mass is 150g. 
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 sinθ� � ��
� � θ�  (35) 

 sinθ� � ��
� � θ�  (36) 

 

 
 

Figure 18. Magnetic bearing system taking into consideration rotational motion  

When the levitating object undergoes rotational motion, the torque caused by the rotational 
motion about the y-z plane is as shown in Equation (37). 

 Jθ�� � J�ωθ�� � ����� � ����   (37) 

In order to control the rotating levitating object, application of a multi-variable controller 
using state-space expression is necessary. 

4. Conclusion 

In this chapter, the detailed control laws to control the magnetic bearing was not included, 
and the method to designing a magnetic bearing system, obtaining a mathematical model, 
and the preparations necessary for control were explored with the aim of implementing a 
magnetic bearing system to apply various controllers. 

Appendix 

1. Attractive Force Calculation of the Electromagnet Using Probable Flux Paths Method 
2. RCGA Program for Amplifier Peripheral Circuit Design 
3. RCGA Program for Magnetic Bearing System Identification  
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1. Attractive force calculation of the electromagnet using probable flux paths method 

It is assumed that the levitating object is supported by the electromagnet. Here, the gap 
between the electromagnet and the levitating object is 0.6mm, the number of coil winding to 
the electromagnet is 400turns, and the current flowing in the coil is 1A. 

 
Figure 19. Electromagnet core drawing 

 
Figure 20. Magnetic circuit of the electromagnet 

Fig. 19 shows the drawing of the electromagnet core. Fig. 20 shows the magnetic circuit that 
satisfies the Probable Flux Paths Method in the core of Fig. 19. The attractive force of the 
electromagnet is as shown in Equation (38). 

 F� � ������� �
����������

�    (38) 

Here, the length of the magnetic path is as shown in Equation (39) according to Fig. 2. 
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When the levitating object undergoes rotational motion, the torque caused by the rotational 
motion about the y-z plane is as shown in Equation (37). 
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1. Attractive force calculation of the electromagnet using probable flux paths method 

It is assumed that the levitating object is supported by the electromagnet. Here, the gap 
between the electromagnet and the levitating object is 0.6mm, the number of coil winding to 
the electromagnet is 400turns, and the current flowing in the coil is 1A. 

 
Figure 19. Electromagnet core drawing 

 
Figure 20. Magnetic circuit of the electromagnet 

Fig. 19 shows the drawing of the electromagnet core. Fig. 20 shows the magnetic circuit that 
satisfies the Probable Flux Paths Method in the core of Fig. 19. The attractive force of the 
electromagnet is as shown in Equation (38). 
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����������
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Here, the length of the magnetic path is as shown in Equation (39) according to Fig. 2. 
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 l� � ���
� � ���

� � �� � � ������������ � � � ��� � ����[m]  (39) 

When assuming the material of the electromagnet core as silicon steel plate(μ� � ����), the 
attractive force of this electromagnet is calculated using Equation (40). 

 F� � ����������������������������������
������������������ ������������������

� � ������[N]  (40) 

 
Figure 21. B-H curve of a magnetic substance 

Fig. 21 shows the B-H curve of generic magnetic substances. As can be observed in Fig. 21, 
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From this, the maximum current I��� from the saturated magnetic flux density B��� can be 
solved as shown in Equation (42). However, the saturated magnetic flux density of silicon 
steel is approximately 1.5T. 
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Here, the electromagnet maximum attractive force when the gap is 0.6mm is as shown in 
Equation (43). 

 F��� � ���������������������������������������
������������������ ������������������

� � �������[N]   (43) 

2. RCGA program for amplifier peripheral circuit design 

Fig. 22 shows the linear current amplifier circuit. Considering that the voltage in Fig. 22 is 
V��� , the current can be expressed as Equation (44) and Equation (45) can be rearranged to 
obtain Equation (45). 

 i� � i� � i�   (44) 

 �������
�� � ��������

�� � ������
��   (45) 

 
Figure 22. Linear current amplifier circuit 

Also, considering that the voltage in Fig. 22 is V��′ , the current can be expressed as Equation 
(46), and Equation (46) can be rearranged to obtain Equation (47). 
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 ��������
�� � �� � ���� ��

��   (47) 

Equation (48) is obtained from the open-loop gain of the operational amplifier and the 
relationship of Equation (49) is obtained from the current flowing in the load. 

 V�� � ���
�   (48) 

 V��� � V� � ��Z�   (49) 

When the transfer function is found from the relationships of Equations (45), (47), and (48), 
it is as shown in Equation (50). 
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Here, the electromagnet maximum attractive force when the gap is 0.6mm is as shown in 
Equation (43). 
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Figure 22. Linear current amplifier circuit 
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Equation (48) is obtained from the open-loop gain of the operational amplifier and the 
relationship of Equation (49) is obtained from the current flowing in the load. 
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When the transfer function is found from the relationships of Equations (45), (47), and (48), 
it is as shown in Equation (50). 
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��� �

��
��  (50) 

Here, 

n� � �n�s � n�  
n� � ���� � R� � R��R�R�C�  
n� � ���� � R� � R�� R�  
d� � �a�a� � a��s� � �a�b� � a�b� � b��s � b�b� � c�  
a� � b�R�C� � ����

� C� � R�R�C�  
a� � �R� � R��L  
a� � ���� � R� � R��R�R�C�L  
b� � R�R � R�R� � R�R  
b� � ��

� � ��
� � R�   

b� � ���� � R� � R��R��R�C�R � L�  
c� � ���� � R� � R�� R�R  

When A is assumed to be sufficiently large, Equations (50) and (23) are equivalent. 

Before selecting the current amplifier circuit part values, the parts to find the value of are first 
identified. The parts to determine first are the amplifier (-)input resistance R� and the feedback 
line resistance R�. These resistances are parameters that determine the amplification ratio of 
the amplifier output current and are resistances to transfer the voltage signal. R� and R� has 
the relationship of Equation (51) from the DC gain of the closed circuit transfer function. 

 R� � �R�R� ��
���  (51) 

The ratio of the current amplifier input voltage and output current to be designed is 
assumed to be 1 : 1 and accordingly, R� has the same relationship as shown in Equation (52). 

 R� � �R�R�   (52) 

The current amplifier amplification ratio A, current limiting resistance R�, load inductance L 
and resistance R values are given as organized in Table. 1. Therefore, the variables of genetic 
algorithm to determine are limited to the resistance R� which determines the amplifier 
output current amplification ratio, resistance R� which determines the dynamic 
characteristics of the linear amplifier circuit, and condenser C�. 
 

Parameter Value 
A 10107/20 
L 9.2mH 
R 6.2Ω 
R� 2Ω 

Table 1. The known parameter's value at the current amplifier 
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In the case of resistance R� which determines the amplifier output current amplification 
ratio, it has to be sought after in the range of kΩ. In comparison, resistance R�, which 
determines the dynamic characteristics of the linear amplifier circuit, has to be sought after 
in a wide range. It is desirable to use a value for the condenser C� which determines the 
dynamic characteristics of linear amplifier circuit in the nF to μF range in consideration of 
the dynamic characteristics of the current amplifier. 

Therefore, the search ranges are determined as shown in Equations (53), (54), and (55). 

 �000 � R� � 11000   (53) 

 10�� � R� � 10�   (54) 

 10��� � C� � 10��   (55) 

The transfer function with a desired output is defined as shown in Equation (56) with the 
same form as the transfer function of a current amplifier circuit. This is so that the desired 
output can be achieved with the combination of part values of the current amplifier circuit. 

 G��s� � � ������
���������   (56) 

Equation (57) was obtained through trial and error in an effort to obtain a step response rise 
time below 0.001s and the percentage overshoot below 5%. Fig. 23 shows the step response 
of the transfer function of Equation (57). 

 G��s� � ��� ������������
���������������   (57) 

 
Figure 23. The desired step response 

The objective function to apply genetic algorithm is Equation (58). 
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Here, e�t� � y��t� � y����t�, y��t� is the step response of the system satisfying the required 
time response characteristics and y����t� is the current amplifier circuit transfer function step 
response obtained from the selected chromosome. 

Table 2 shows the parameter values necessary to implement the real coded genetic 
algorithm. 

The real coded genetic algorithm problem was implemented through matlab and the 
solution could be found by executing the rcga.m file. The names of files linked to rcga.m and 
their functions are shown in Table 3. Each script is as follows. 
 

Parameter 
Parameter 

value 
Genetic operator 

Population 50 Generate initial population 

Max. generation 200 Generate initial population 

Chromosome length 3 Generate initial population 

Crossover probability 0.9 Modified simple crossover 

Mutation probability 0.1 Dynamic mutation 

eta 1.7 Scale fitting 

Table 2. The parameter's value of the RCGA for the current amplifier design 

 

file name 
(*.m) 

function 

rcga Find optimal value on object function with RCGA 

rInitPa Define program variable for RCGA 

rInitPop Initialize the population 

EvalObj Evaluate the object function on the population for the reproduction 

rGradSel Reproduction operator with a gradient like selection method 

rMsXover Crossover operator with a modified simple crossover method 

rDynaMut Mutation operator with a dynamic mutation method 

rElitism 
Let to survive the best chromosome at the present generation to next 
genetation 

ScaleFit To improve the reproduction operator's efficience 

rStatPop Memorize the poplation's state for each generation  

Table 3. Program file list for the execution of the real coded genetic algorithm 
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% rcga.m 
% The RCGA implements a real coded genetic algorithm for finding the 
% component value in the current amp. circuit 
%                                                      
%  Encoding:                                           
%     - Real                                           
%                                                      
%  Genetic operators:                               
%     - Gradient-like selection                     
%     - Modified simple crossover                   
%     - Dynamic mutation                            
%                                                   
%  Other strategies:                                
%     - Elitism                                     
%     - scaling window scheme(Ws=1)                 
%                                                   
% Remarks:                                          
%                                                   
% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                           
% Edit by Hwanghun Jeong, CME PKNU                           
  
clear; 
  
% initializes the generation counter 
gen= 1; 
  
% initializes the parameters of a RCGA 
[rseed,maxmin,maxgen,popsize,lchrom,pcross,pmutat,xlb,xub,etha,Ev]= 
rInitPa; 
  
% creates a polulation randomly 
pop= rInitPop(rseed,popsize,lchrom,xlb,xub); 
  
% calculates the objective function value 
objfunc= EvalObj_new3(pop,lchrom,popsize); 
  
% calculates gam 
if(maxmin == 1) 
  gam= min(objfunc); 
else 
  gam= min(-objfunc); 
end 
  
% calculates fitness using the scaling window scheme 
fitness= ScaleFit(objfunc,popsize,gam,maxmin); 
  
% computes statistics 
[chrombest,objbest,fitbest,objave,gam]= 
rStatPop(pop,objfunc,fitness,maxmin); 
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% rcga.m 
% The RCGA implements a real coded genetic algorithm for finding the 
% component value in the current amp. circuit 
%                                                      
%  Encoding:                                           
%     - Real                                           
%                                                      
%  Genetic operators:                               
%     - Gradient-like selection                     
%     - Modified simple crossover                   
%     - Dynamic mutation                            
%                                                   
%  Other strategies:                                
%     - Elitism                                     
%     - scaling window scheme(Ws=1)                 
%                                                   
% Remarks:                                          
%                                                   
% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                           
% Edit by Hwanghun Jeong, CME PKNU                           
  
clear; 
  
% initializes the generation counter 
gen= 1; 
  
% initializes the parameters of a RCGA 
[rseed,maxmin,maxgen,popsize,lchrom,pcross,pmutat,xlb,xub,etha,Ev]= 
rInitPa; 
  
% creates a polulation randomly 
pop= rInitPop(rseed,popsize,lchrom,xlb,xub); 
  
% calculates the objective function value 
objfunc= EvalObj_new3(pop,lchrom,popsize); 
  
% calculates gam 
if(maxmin == 1) 
  gam= min(objfunc); 
else 
  gam= min(-objfunc); 
end 
  
% calculates fitness using the scaling window scheme 
fitness= ScaleFit(objfunc,popsize,gam,maxmin); 
  
% computes statistics 
[chrombest,objbest,fitbest,objave,gam]= 
rStatPop(pop,objfunc,fitness,maxmin); 
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% builds a matrix storage for plotting line graphs 
 stats(gen,:)=[gen objbest objave chrombest]; 
  
for gen= 2:maxgen 
  
% prints the current generation 
    fprintf('gen= %d (%d)\n',gen,maxgen-gen); 
  
% applies reproduction 
    pop= 
rGradSel(pop,popsize,lchrom,fitness,chrombest,fitbest,xlb,xub,etha); 
% Gradient-like selection 
  
% applies crossover 
    [pop,nxover]= rMsXover(pop,popsize,lchrom,pcross); % modified 
simple crossover 
  
% applies mutation 
    [pop,nmutat]= 
rDynaMut(pop,popsize,lchrom,pmutat,xlb,xub,gen,maxgen); %dynamic 
mutation 
  
% calculates the objective function value 
  objfunc= EvalObj_new3(pop,lchrom,popsize); 
  
% applies modified Elitism 
[pop,objfunc]= rElitism(pop,objfunc,chrombest,objbest,maxmin); 
  
% applies the scaling window scheme 
    fitness= ScaleFit(objfunc,popsize,gam,maxmin); 
  
% computes statistics 
    [chrombest,objbest,fitbest,objave,gam]= 
rStatPop(pop,objfunc,fitness,maxmin); 
  
% builds a matrix storage for plotting line graphs 
    stats(gen,:)=[gen objbest objave chrombest]; 
  
end 
  
figure(1) 
% plots the best and average objective function values 
subplot(2,1,1) 
plot(stats(:,1),stats(:,2)) 
xlabel('Generation'),ylabel('object function') 
  
% plots the variables of the best chromosome 
subplot(2,1,2) 
plot(stats(:,1),stats(:,4),'-',stats(:,1),stats(:,5),'--
',stats(:,1),stats(:,6),'--') 
xlabel('Generation'),ylabel('control parameter') 
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legend('R1','Rd','Cf') 
  
  
figure(2) 
  
Rs = 2; R = 6.2; A = 10^(107/20); L = 9.2 * 10^-3; 
  
i=1; 
R1 = chrombest(1,1) ; 
Rf = Rs * R1; 
var(i,1) = chrombest(1,2); 
var(i,2) = chrombest(1,3); 
  
a = -(Rs/A +Rs +Rf)*Rf*var(i,1)*var(i,2); 
b = -(Rs/A +Rs +Rf)*Rf; 
c = ((Rf/A + R1/A +R1)*var(i,1)*var(i,2) + R1*Rf*var(i,2)/A + 
R1*Rf*var(i,2))*(Rs + Rf)*L - (Rs/A + Rs 
+Rf)*R1*var(i,1)*var(i,2)*L; 
d1 = ((Rf/A + R1/A +R1)*var(i,1)*var(i,2) + R1*Rf*var(i,2)/A + 
R1*Rf*var(i,2))*(Rs*R + Rf*Rs + Rf*R) + (Rs + Rf)*L*(Rf/A + R1/A 
+R1) - (Rs/A + Rs +Rf)*R1*(var(i,1)*var(i,2)*R + L); 
e = (Rf/A + R1/A +R1)*(Rs*R + Rf*Rs + Rf*R) - (Rs/A + Rs +Rf)*R1*R; 
  
n=[a b]; 
d=[c d1 e]; 
h= 0.0001; wdata = 150; t=0:h:wdata*h; 
  
yn=[3000 2100000]; 
yd=[1 3600 2100000]; 
r2=step(-yn,yd,t); 
r1=step(n,d,t); 
  
plot(t,r1,'-',t,r2,'--') 
legend('yout','yr') 
xlabel('Time[s]'),ylabel('Current[A]') 
 
 
% rInitPa.m 
% The RINITPA function initializes the parameters of a RCGA 
%                                                            
% Output:                                                    
%    rseed- random seed                                      
%    maxmin= -1 for minimization, 1 for maximization         
%    maxgen-    maximum generation                           
%    popsize- population size(must be an even integer)       
%    lchrom- chromosome length                               
%    pcross- crossover probability                           
%    pmutat- mutation probability                            
%    xlb- lower bound  of variables                          
%    xub- upper bound of variables                           
%    etha- parameter of the selection operator               
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% builds a matrix storage for plotting line graphs 
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% applies the scaling window scheme 
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% computes statistics 
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rStatPop(pop,objfunc,fitness,maxmin); 
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figure(1) 
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legend('R1','Rd','Cf') 
  
  
figure(2) 
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i=1; 
R1 = chrombest(1,1) ; 
Rf = Rs * R1; 
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b = -(Rs/A +Rs +Rf)*Rf; 
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d1 = ((Rf/A + R1/A +R1)*var(i,1)*var(i,2) + R1*Rf*var(i,2)/A + 
R1*Rf*var(i,2))*(Rs*R + Rf*Rs + Rf*R) + (Rs + Rf)*L*(Rf/A + R1/A 
+R1) - (Rs/A + Rs +Rf)*R1*(var(i,1)*var(i,2)*R + L); 
e = (Rf/A + R1/A +R1)*(Rs*R + Rf*Rs + Rf*R) - (Rs/A + Rs +Rf)*R1*R; 
  
n=[a b]; 
d=[c d1 e]; 
h= 0.0001; wdata = 150; t=0:h:wdata*h; 
  
yn=[3000 2100000]; 
yd=[1 3600 2100000]; 
r2=step(-yn,yd,t); 
r1=step(n,d,t); 
  
plot(t,r1,'-',t,r2,'--') 
legend('yout','yr') 
xlabel('Time[s]'),ylabel('Current[A]') 
 
 
% rInitPa.m 
% The RINITPA function initializes the parameters of a RCGA 
%                                                            
% Output:                                                    
%    rseed- random seed                                      
%    maxmin= -1 for minimization, 1 for maximization         
%    maxgen-    maximum generation                           
%    popsize- population size(must be an even integer)       
%    lchrom- chromosome length                               
%    pcross- crossover probability                           
%    pmutat- mutation probability                            
%    xlb- lower bound  of variables                          
%    xub- upper bound of variables                           
%    etha- parameter of the selection operator               
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%                                                            
% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                           
% Edit by Hwanghun Jeong, CME PKNU                           
  
function 
[rseed,maxmin,maxgen,popsize,lchrom,pcross,pmutat,xlb,xub,etha,Ev]= 
rInitPa 
  
rseed=      8512;  
maxmin=      -1;            % -1 for minimization 
maxgen=   200; 
popsize=     100;             % popsize should be even 
lchrom=         3; 
etha=         1.7; 
pcross=      0.9; 
pmutat=     0.1; 
xlb(1,1) = 8000; 
xlb(1,2) = 0.1; 
xlb(1,3) = 1*10^-10; 
  
xub(1,1) = 11000; 
xub(1,2) = 1000000; 
xub(1,3) = 1*10^-7; 
  
Ev=0; 
  
if(rem(popsize, 2) ~= 0) % do not move 
    popsize= popsize + 1; 
end 
 
 
% rInitPop.m 
% 
% The RINITPOP function creates an initial population     
%                                                         
% Input:                                                  
%    rseed- random seed                                   
%    popsize- population size                             
%    lchrom- chromosome length                            
%    xub- upper bound for variables, vector               
%    xlb- lower bound for variables, vector               
% Output:                                                 
%    pop- population                               
%                                                  
% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                                  
% Edit by Hwanghun Jeong, CME PKNU                           
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function pop= rInitPop(rseed,popsize,lchrom,xlb,xub) 
 
rand('seed',rseed); 
pop= zeros(popsize,lchrom); 
for i=1:popsize 
  pop(i,:)= (xub-xlb).*rand(1,lchrom)+xlb; 
end 
 
% EvalObj_new3.m 
% 
% The EVALOBJ function evaluates the objective function value     
%                                                                 
% Input:                                                          
%    var- variables, matrix                                       
%    npara- number of the variables                               
%    popsize- population size                                     
% Output:                                                         
%    objfunc- objective function value, vector                    
%                                                                 
% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                           
% Edit by Hwanghun Jeong, CME PKNU                           
  
function objfunc= EvalObj_new3(var,npara,popsize); 
  
Rs = 2; R = 6.2; A = 10^(107/20); L = 9.2 * 10^-3; 
  
for i= 1:popsize 
objfunc(i)=0; oldobj=0; 
R1 = var(i,1); 
Rf = Rs * R1; 
a = -(Rs/A +Rs +Rf)*Rf*var(i,2)*var(i,3); 
b = -(Rs/A +Rs +Rf)*Rf; 
c = ((Rf/A + R1/A +R1)*var(i,2)*var(i,3) + R1*Rf*var(i,3)/A + 
R1*Rf*var(i,3))*(Rs + Rf)*L - (Rs/A + Rs 
+Rf)*R1*var(i,2)*var(i,3)*L; 
d1 = ((Rf/A + R1/A +R1)*var(i,2)*var(i,3) + R1*Rf*var(i,3)/A + 
R1*Rf*var(i,3))*(Rs*R + Rf*Rs + Rf*R) + (Rs + Rf)*L*(Rf/A + R1/A 
+R1) - (Rs/A + Rs +Rf)*R1*(var(i,2)*var(i,3)*R + L); 
e = (Rf/A + R1/A +R1)*(Rs*R + Rf*Rs + Rf*R) - (Rs/A + Rs +Rf)*R1*R; 
  
n=[a b]; 
d=[c d1 e]; 
  
h= 0.0001; wdata = 150; t=0:h:wdata*h; 
yn=[-3000 -2100000]; 
yd=[1 3600 2100000]; 
yr = step(yn,yd,t); 
resp = step(n,d,t); 
err(:,1) =  resp(:,1) - yr(:,1); 
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%                                                            
% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                           
% Edit by Hwanghun Jeong, CME PKNU                           
  
function 
[rseed,maxmin,maxgen,popsize,lchrom,pcross,pmutat,xlb,xub,etha,Ev]= 
rInitPa 
  
rseed=      8512;  
maxmin=      -1;            % -1 for minimization 
maxgen=   200; 
popsize=     100;             % popsize should be even 
lchrom=         3; 
etha=         1.7; 
pcross=      0.9; 
pmutat=     0.1; 
xlb(1,1) = 8000; 
xlb(1,2) = 0.1; 
xlb(1,3) = 1*10^-10; 
  
xub(1,1) = 11000; 
xub(1,2) = 1000000; 
xub(1,3) = 1*10^-7; 
  
Ev=0; 
  
if(rem(popsize, 2) ~= 0) % do not move 
    popsize= popsize + 1; 
end 
 
 
% rInitPop.m 
% 
% The RINITPOP function creates an initial population     
%                                                         
% Input:                                                  
%    rseed- random seed                                   
%    popsize- population size                             
%    lchrom- chromosome length                            
%    xub- upper bound for variables, vector               
%    xlb- lower bound for variables, vector               
% Output:                                                 
%    pop- population                               
%                                                  
% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                                  
% Edit by Hwanghun Jeong, CME PKNU                           
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function pop= rInitPop(rseed,popsize,lchrom,xlb,xub) 
 
rand('seed',rseed); 
pop= zeros(popsize,lchrom); 
for i=1:popsize 
  pop(i,:)= (xub-xlb).*rand(1,lchrom)+xlb; 
end 
 
% EvalObj_new3.m 
% 
% The EVALOBJ function evaluates the objective function value     
%                                                                 
% Input:                                                          
%    var- variables, matrix                                       
%    npara- number of the variables                               
%    popsize- population size                                     
% Output:                                                         
%    objfunc- objective function value, vector                    
%                                                                 
% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                           
% Edit by Hwanghun Jeong, CME PKNU                           
  
function objfunc= EvalObj_new3(var,npara,popsize); 
  
Rs = 2; R = 6.2; A = 10^(107/20); L = 9.2 * 10^-3; 
  
for i= 1:popsize 
objfunc(i)=0; oldobj=0; 
R1 = var(i,1); 
Rf = Rs * R1; 
a = -(Rs/A +Rs +Rf)*Rf*var(i,2)*var(i,3); 
b = -(Rs/A +Rs +Rf)*Rf; 
c = ((Rf/A + R1/A +R1)*var(i,2)*var(i,3) + R1*Rf*var(i,3)/A + 
R1*Rf*var(i,3))*(Rs + Rf)*L - (Rs/A + Rs 
+Rf)*R1*var(i,2)*var(i,3)*L; 
d1 = ((Rf/A + R1/A +R1)*var(i,2)*var(i,3) + R1*Rf*var(i,3)/A + 
R1*Rf*var(i,3))*(Rs*R + Rf*Rs + Rf*R) + (Rs + Rf)*L*(Rf/A + R1/A 
+R1) - (Rs/A + Rs +Rf)*R1*(var(i,2)*var(i,3)*R + L); 
e = (Rf/A + R1/A +R1)*(Rs*R + Rf*Rs + Rf*R) - (Rs/A + Rs +Rf)*R1*R; 
  
n=[a b]; 
d=[c d1 e]; 
  
h= 0.0001; wdata = 150; t=0:h:wdata*h; 
yn=[-3000 -2100000]; 
yd=[1 3600 2100000]; 
yr = step(yn,yd,t); 
resp = step(n,d,t); 
err(:,1) =  resp(:,1) - yr(:,1); 
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for j= 1:wdata 
    obj= err(j,1)^2; 
    objfunc(i)= objfunc(i)+0.5*h*(obj+oldobj); 
    oldobj= obj; 
    end 
end 
 
 
% ScaleFit.m 
% 
% The SCALEFIT function converts objective function values into 
fitness using   
% the scaling window scheme(window size= 1)                         
% 
% Input:                                                            
%    objfunc- objective function value, vector                      
%    popsize- population size                                       
%    gam- minimun of objfunc or -objfunc in the previous population 
%    maxmin= -1 for minimization, 1 for maximization                
% Output:                                                           
%    fitness- scaled fitness, vector                                
%                                                                   
% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                           
% Edit by Hwanghun Jeong, CME PKNU                           
  
function fitness= ScaleFit(objfunc,popsize,gam,maxmin) 
  
if(maxmin == 1) 
  fitness= objfunc-gam; 
else 
  fitness= -objfunc-gam; 
end 
for i=1:popsize 
  if(fitness(i) < 0) 
    fitness(i)= 0; 
  end 
end 
 
 
% rStatPop.m 
% 
% The RSTATPOP function calculates the statistics of a population   
%                                                                   
% Input:                                                            
%    pop- population, matrix                                        
%    objfunc- objective function value, vector                      
%    fitness- fitness, vector                                       
%    maxmin= -1 for minimization, 1 for maximization                
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% Output:                                                           
%    chrombest- best chromosome, vector                             
%    objbest- best objective function value                         
%    fitbest- fitness of the best chromesome                        
%    objave- average objective function value                       
%    gam- minimun of objfunc or -objfunc                            
%                                                                   
% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                           
% Edit by Hwanghun Jeong, CME PKNU                           
  
function [chrombest,objbest,fitbest,objave,gam]= 
rStatPop(pop,objfunc, ... 
                                                                   
fitness,maxmin) 
  
if(maxmin == 1) 
    [objbest, index]= max(objfunc); 
    gam= min(objfunc);  
else 
    [objbest, index]= min(objfunc); 
    gam= min(-objfunc);  
end 
chrombest= pop(index,:); 
fitbest= fitness(index); 
objave= mean(objfunc); 
 
 
% rGradSel.m 
% 
% The RGRADSEL function performs gradient-like selection           
%                                                                  
% Input:                                            
%    pop- population of chromosomes, matrix         
%    popsize- population size                       
%    lchrom- chromosome length                      
%    fitness- fitness, vector                       
%    chrombest- best chromosome, vector             
%    fitbest- fitness of the best chromesome        
%    xlb- lower bound for variables, vector         
%    xub- upper bound for variables, vector         
%    etha- parameter of the selection operator      
% Output:                                           
%    newpop- mating pool, matrix                    
%                                                                 % 
% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                           
% Edit by Hwanghun Jeong, CME PKNU                           
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for j= 1:wdata 
    obj= err(j,1)^2; 
    objfunc(i)= objfunc(i)+0.5*h*(obj+oldobj); 
    oldobj= obj; 
    end 
end 
 
 
% ScaleFit.m 
% 
% The SCALEFIT function converts objective function values into 
fitness using   
% the scaling window scheme(window size= 1)                         
% 
% Input:                                                            
%    objfunc- objective function value, vector                      
%    popsize- population size                                       
%    gam- minimun of objfunc or -objfunc in the previous population 
%    maxmin= -1 for minimization, 1 for maximization                
% Output:                                                           
%    fitness- scaled fitness, vector                                
%                                                                   
% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                           
% Edit by Hwanghun Jeong, CME PKNU                           
  
function fitness= ScaleFit(objfunc,popsize,gam,maxmin) 
  
if(maxmin == 1) 
  fitness= objfunc-gam; 
else 
  fitness= -objfunc-gam; 
end 
for i=1:popsize 
  if(fitness(i) < 0) 
    fitness(i)= 0; 
  end 
end 
 
 
% rStatPop.m 
% 
% The RSTATPOP function calculates the statistics of a population   
%                                                                   
% Input:                                                            
%    pop- population, matrix                                        
%    objfunc- objective function value, vector                      
%    fitness- fitness, vector                                       
%    maxmin= -1 for minimization, 1 for maximization                
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% Output:                                                           
%    chrombest- best chromosome, vector                             
%    objbest- best objective function value                         
%    fitbest- fitness of the best chromesome                        
%    objave- average objective function value                       
%    gam- minimun of objfunc or -objfunc                            
%                                                                   
% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                           
% Edit by Hwanghun Jeong, CME PKNU                           
  
function [chrombest,objbest,fitbest,objave,gam]= 
rStatPop(pop,objfunc, ... 
                                                                   
fitness,maxmin) 
  
if(maxmin == 1) 
    [objbest, index]= max(objfunc); 
    gam= min(objfunc);  
else 
    [objbest, index]= min(objfunc); 
    gam= min(-objfunc);  
end 
chrombest= pop(index,:); 
fitbest= fitness(index); 
objave= mean(objfunc); 
 
 
% rGradSel.m 
% 
% The RGRADSEL function performs gradient-like selection           
%                                                                  
% Input:                                            
%    pop- population of chromosomes, matrix         
%    popsize- population size                       
%    lchrom- chromosome length                      
%    fitness- fitness, vector                       
%    chrombest- best chromosome, vector             
%    fitbest- fitness of the best chromesome        
%    xlb- lower bound for variables, vector         
%    xub- upper bound for variables, vector         
%    etha- parameter of the selection operator      
% Output:                                           
%    newpop- mating pool, matrix                    
%                                                                 % 
% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                           
% Edit by Hwanghun Jeong, CME PKNU                           
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function newpop= 
rGradSel(pop,popsize,lchrom,fitness,chrombest,fitbest,xlb, ... 
                                                                   
xub,etha) 
if(fitbest > 0) 
    for i= 1:popsize 
      etha1= etha; 
        normfit= 1-fitness(i)/fitbest; 
        pass= 0; 
        while(pass == 0) 
            pass= 1; 
            for j= 1:lchrom 
                newpop(i,j)= pop(i,j)+etha1*normfit*(chrombest(j)-
pop(i,j)); 
                if(newpop(i,j) < xlb(j) | newpop(i,j) > xub(j)) 
                    etha1= etha1*0.8; 
                    pass= 0; 
                    break; 
                end 
            end 
        end 
    end 
  
else 
    for i= 1:popsize 
        k= Pickup(popsize); 
        newpop(i,:)= pop(k,:); 
    end 
end 
 
% Pickup.m 
% 
% The PICKUP function picks up an integer random number between 1 
and num  
%                                                                          
% Input:                                              
%    num- integer number greater than or equal to 1   
% Output:                                             
%    rnum- random number between 1 and num            
%                                                     
% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                                  
% Edit by Hwanghun Jeong, CME PKNU                           
  
function rnum= Pickup(num) 
  
if min(num) < 1 
  disp('num is less than one !') 
  return; 
end 
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fr= rand(size(num)); 
rnum= floor(fr.*num)+1; 
 
 
% rMsXover.m 
% 
% The RMSXOVER function performs modified simple crossover 
% 
  
% Input:                                                       
%    pop- population of chromosomes, matrix                    
%    popsize- population size                                  
%    lchrom- chromosome length                                 
%    pcross- crossover probability                             
% Output:                                                      
%    pop- mated population, matrix                             
%    nxover- number of times crossover was performed           
%                                                              
% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                           
% Edit by Hwanghun Jeong, CME PKNU                           
  
function [pop,nxover]= rMsXover(pop,popsize,lchrom,pcross) 
  
nxover= 0; 
halfpop= floor(popsize/2); 
for i= 1:halfpop 
    if (rand <= pcross) 
        nxover= nxover+1; 
       mate1= 2*i-1; 
       mate2= 2*i; 
        xpoint= Pickup(lchrom-1); 
        lam= rand; 
        temp= lam*pop(mate2,xpoint)+(1-lam)*pop(mate1,xpoint); 
        lam= rand; 
        pop(mate2,xpoint)= lam*pop(mate1,xpoint)+(1-
lam)*pop(mate2,xpoint); 
        pop(mate1,xpoint)= temp; 
  
        temp= pop(mate1,xpoint+1:lchrom); 
        pop(mate1,xpoint+1:lchrom)= pop(mate2,xpoint+1:lchrom); 
        pop(mate2,xpoint+1:lchrom)= temp; 
    end 
end 
  
 
% rDynaMut.m 
% 
% The RDYNAMUT function performs dynamic mutation     
%                                                     
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function newpop= 
rGradSel(pop,popsize,lchrom,fitness,chrombest,fitbest,xlb, ... 
                                                                   
xub,etha) 
if(fitbest > 0) 
    for i= 1:popsize 
      etha1= etha; 
        normfit= 1-fitness(i)/fitbest; 
        pass= 0; 
        while(pass == 0) 
            pass= 1; 
            for j= 1:lchrom 
                newpop(i,j)= pop(i,j)+etha1*normfit*(chrombest(j)-
pop(i,j)); 
                if(newpop(i,j) < xlb(j) | newpop(i,j) > xub(j)) 
                    etha1= etha1*0.8; 
                    pass= 0; 
                    break; 
                end 
            end 
        end 
    end 
  
else 
    for i= 1:popsize 
        k= Pickup(popsize); 
        newpop(i,:)= pop(k,:); 
    end 
end 
 
% Pickup.m 
% 
% The PICKUP function picks up an integer random number between 1 
and num  
%                                                                          
% Input:                                              
%    num- integer number greater than or equal to 1   
% Output:                                             
%    rnum- random number between 1 and num            
%                                                     
% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                                  
% Edit by Hwanghun Jeong, CME PKNU                           
  
function rnum= Pickup(num) 
  
if min(num) < 1 
  disp('num is less than one !') 
  return; 
end 
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fr= rand(size(num)); 
rnum= floor(fr.*num)+1; 
 
 
% rMsXover.m 
% 
% The RMSXOVER function performs modified simple crossover 
% 
  
% Input:                                                       
%    pop- population of chromosomes, matrix                    
%    popsize- population size                                  
%    lchrom- chromosome length                                 
%    pcross- crossover probability                             
% Output:                                                      
%    pop- mated population, matrix                             
%    nxover- number of times crossover was performed           
%                                                              
% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                           
% Edit by Hwanghun Jeong, CME PKNU                           
  
function [pop,nxover]= rMsXover(pop,popsize,lchrom,pcross) 
  
nxover= 0; 
halfpop= floor(popsize/2); 
for i= 1:halfpop 
    if (rand <= pcross) 
        nxover= nxover+1; 
       mate1= 2*i-1; 
       mate2= 2*i; 
        xpoint= Pickup(lchrom-1); 
        lam= rand; 
        temp= lam*pop(mate2,xpoint)+(1-lam)*pop(mate1,xpoint); 
        lam= rand; 
        pop(mate2,xpoint)= lam*pop(mate1,xpoint)+(1-
lam)*pop(mate2,xpoint); 
        pop(mate1,xpoint)= temp; 
  
        temp= pop(mate1,xpoint+1:lchrom); 
        pop(mate1,xpoint+1:lchrom)= pop(mate2,xpoint+1:lchrom); 
        pop(mate2,xpoint+1:lchrom)= temp; 
    end 
end 
  
 
% rDynaMut.m 
% 
% The RDYNAMUT function performs dynamic mutation     
%                                                     
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% Input:                                              
%    pop- population of chromosomes, matrix           
%    popsize- population size                         
%    lchrom- chromosome length                        
%    pmutat- mutation probability                     
%    xlb- lower bound  of variables                   
%    xub- upper bound of variables                    
% Output:                                             
%    pop- mutated population, matrix                  
%    nmutat- number of times mutation was performed   
%                                                     
% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                           
% Edit by Hwanghun Jeong, CME PKNU                           
  
function [pop,nmutat]= 
rDynaMut(pop,popsize,lchrom,pmutat,xlb,xub,gen,maxgen) 
  
b= 5; 
nmutat= 0; 
for i= 1:popsize 
    for j= 1:lchrom 
        if (rand <= pmutat) 
            nmutat= nmutat+1; 
            r= rand; 
            if(round(rand)) 
                pop(i,j)= pop(i,j)+(xub(j)-pop(i,j))*r*(1-
gen/maxgen)^b; 
            else 
                pop(i,j)= pop(i,j)-(pop(i,j)-xlb(j))*r*(1-
gen/maxgen)^b; 
            end 
        end 
    end 
end 
 
 
% rElitism.m 
% 
% The RELITISM function performs elitism                    
%                                                           
% Input:                                                    
%    pop- population of chromosomes, matrix                 
%    objfunc- objective function value                      
%    chrombest- best chromosome, vector                     
%    objbest- best objective function value                 
%    maxmin= -1 for minimization, 1 for maximization        
% Output:                                                   
%    pop- modified population of chromosomes, matrix        
%    objfunc- modified objective function value             
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%                                                           
% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                           
% Edit by Hwanghun Jeong, CME PKNU                           
  
function [pop,objfunc]= 
rElitism(pop,objfunc,chrombest,objbest,maxmin) 
  
if(maxmin==1) 
    cobjbest= max(objfunc); 
    if(cobjbest < objbest) 
      [objworst, index]= min(objfunc); 
      pop(index,:)= chrombest; 
      objfunc(index)= objbest; 
    end 
else 
    cobjbest= min(objfunc); 
    if(cobjbest > objbest) 
      [objworst, index]= max(objfunc); 
      pop(index,:)= chrombest; 
      objfunc(index)= objbest; 
    end 
end 
3. RCGA program for magnetic bearing system identification  

The transfer function from the reference input of the magnetic bearing system including the 
PID controller to the displacement of the levitating object is as shown in Equation (59). 

The PID controller coefficients selected for the stabilization of the magnetic bearing system 
are K� � �, K� � �����,	K� � � and the sampling time is 0.001s. If the PID controller is 
expressed in cyclic form to implement as a micro processor, it is as shown in Equation (59). 

 u�n � �� � �������n � �� � ��������n � �� � ���n� � u�n � ��   (59) 

Fig. 25 is the step response that was obtained from the magnetic bearing system including 
the PID controller designed for stabilization. Specially, Fig. 25 is the step response of the 
displaced levitating object displacement x when the right side electromagnet reference input 
was modified from 0.4mm to 0.6mm where the left side electromagnet was fixed. 

Fig. 60 shows the connection diagram of the magnetic bearing control system. The power of 
the system uses a DC power supply, displacement sensor amplifier, DSP, and AC220V 
power for the PC, and DC power is used for the current amplifier. The control system is 
connected to the magnetic bearing coil and displacement measurement sensor through a 
port. The delivered signal from the displacement sensor amplifier is compared to the 
reference input in the DSP and a control signal is generated, where the control signal 
generated in the DSP is provided to the linear current amplifier circuit to control the 
electromagnet. The signals occurring during control are stored in the independently 
installed PC through the DAQ board(PCI6010) for monitoring. 
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% Input:                                              
%    pop- population of chromosomes, matrix           
%    popsize- population size                         
%    lchrom- chromosome length                        
%    pmutat- mutation probability                     
%    xlb- lower bound  of variables                   
%    xub- upper bound of variables                    
% Output:                                             
%    pop- mutated population, matrix                  
%    nmutat- number of times mutation was performed   
%                                                     
% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                           
% Edit by Hwanghun Jeong, CME PKNU                           
  
function [pop,nmutat]= 
rDynaMut(pop,popsize,lchrom,pmutat,xlb,xub,gen,maxgen) 
  
b= 5; 
nmutat= 0; 
for i= 1:popsize 
    for j= 1:lchrom 
        if (rand <= pmutat) 
            nmutat= nmutat+1; 
            r= rand; 
            if(round(rand)) 
                pop(i,j)= pop(i,j)+(xub(j)-pop(i,j))*r*(1-
gen/maxgen)^b; 
            else 
                pop(i,j)= pop(i,j)-(pop(i,j)-xlb(j))*r*(1-
gen/maxgen)^b; 
            end 
        end 
    end 
end 
 
 
% rElitism.m 
% 
% The RELITISM function performs elitism                    
%                                                           
% Input:                                                    
%    pop- population of chromosomes, matrix                 
%    objfunc- objective function value                      
%    chrombest- best chromosome, vector                     
%    objbest- best objective function value                 
%    maxmin= -1 for minimization, 1 for maximization        
% Output:                                                   
%    pop- modified population of chromosomes, matrix        
%    objfunc- modified objective function value             
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%                                                           
% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                           
% Edit by Hwanghun Jeong, CME PKNU                           
  
function [pop,objfunc]= 
rElitism(pop,objfunc,chrombest,objbest,maxmin) 
  
if(maxmin==1) 
    cobjbest= max(objfunc); 
    if(cobjbest < objbest) 
      [objworst, index]= min(objfunc); 
      pop(index,:)= chrombest; 
      objfunc(index)= objbest; 
    end 
else 
    cobjbest= min(objfunc); 
    if(cobjbest > objbest) 
      [objworst, index]= max(objfunc); 
      pop(index,:)= chrombest; 
      objfunc(index)= objbest; 
    end 
end 
3. RCGA program for magnetic bearing system identification  

The transfer function from the reference input of the magnetic bearing system including the 
PID controller to the displacement of the levitating object is as shown in Equation (59). 

The PID controller coefficients selected for the stabilization of the magnetic bearing system 
are K� � �, K� � �����,	K� � � and the sampling time is 0.001s. If the PID controller is 
expressed in cyclic form to implement as a micro processor, it is as shown in Equation (59). 

 u�n � �� � �������n � �� � ��������n � �� � ���n� � u�n � ��   (59) 

Fig. 25 is the step response that was obtained from the magnetic bearing system including 
the PID controller designed for stabilization. Specially, Fig. 25 is the step response of the 
displaced levitating object displacement x when the right side electromagnet reference input 
was modified from 0.4mm to 0.6mm where the left side electromagnet was fixed. 

Fig. 60 shows the connection diagram of the magnetic bearing control system. The power of 
the system uses a DC power supply, displacement sensor amplifier, DSP, and AC220V 
power for the PC, and DC power is used for the current amplifier. The control system is 
connected to the magnetic bearing coil and displacement measurement sensor through a 
port. The delivered signal from the displacement sensor amplifier is compared to the 
reference input in the DSP and a control signal is generated, where the control signal 
generated in the DSP is provided to the linear current amplifier circuit to control the 
electromagnet. The signals occurring during control are stored in the independently 
installed PC through the DAQ board(PCI6010) for monitoring. 
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The MPU to implement the PID controller is TMS320C32, and a 12 bit A/D converter 
(MAX122) and 12 bit D/A converter (AD664) were used. Eddy current type sensor (AH-305) 
was used as the displacement measurement sensor for the feedback signal and an 
appropriate sensor amplifier (AS-440-01) was applied. 

 
 
 

 
 
 
 
Figure 24. Magnetic bearing system including the PID controller 

 
 
 

 
 
 
 
Figure 25. Step response of magnetic bearing system including the PID controller  
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Table 4 shows the parameter values already known regarding the magnetic bearing system. 
Therefore, the parameters that their values cannot be relatively exactly known in this system 
are the levitating object mass m, the current during normal state I��, coil inductance value L, 
relative permeability µ� of the levitating object, and additional gain K� for normal deviation 
calibration. 

In the experiment for the identification of the magnetic bearing, the levitating object was 
supported using one side of the magnetic bearing. When supporting the levitating object 
with one side of the electromagnet, the levitating object becomes slanted so the vertical 
direction force that the electromagnet supports varies with the tilted angle of the levitating 
object and the impact force(mass m) of the levitating object on the electromagnet is difficult 
to measure. If the mass of the levitating object changes, the current I�� at normal state 
depending on the mass also varies. Additionally, the coil inductance value L varies 
depending on the levitating object location within the electromagnet coil, thus, it is a 
parameter that is difficult to exactly measure. The relative permeability µ� of the levitating 
object is also difficult to exactly obtain due to the uneven nature of the material, and the 
random gain to calibrate the normal deviation that occurs due to the mathematical model 
error is defined as K� and is additionally included in the list of parameters to be identified. 

Equation (60) shows the search ranges of the 5 unknown parameter values to be estimated 
by using the genetic algorithm. For each parameter, the search range was determined based 
on the actual experimented system and with the consideration of the physical 
characteristics. 

��� � m � ���  

� � I�� � ���  

� � L � ���  

� � �� � �����   

 � � K� � �  (60) 
 

Parameter Value 

Length of a path for magnetic flux  0.1711m 

Displacement for levitate object(at steady state) 0.6mm 

Cross section of armature  4.8 × 10-4 m2 

Number of coil turn for magnetic bearing  200 turn 

Table 4. The table for the known parameters 
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The MPU to implement the PID controller is TMS320C32, and a 12 bit A/D converter 
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Table 4 shows the parameter values already known regarding the magnetic bearing system. 
Therefore, the parameters that their values cannot be relatively exactly known in this system 
are the levitating object mass m, the current during normal state I��, coil inductance value L, 
relative permeability µ� of the levitating object, and additional gain K� for normal deviation 
calibration. 

In the experiment for the identification of the magnetic bearing, the levitating object was 
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to measure. If the mass of the levitating object changes, the current I�� at normal state 
depending on the mass also varies. Additionally, the coil inductance value L varies 
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object is also difficult to exactly obtain due to the uneven nature of the material, and the 
random gain to calibrate the normal deviation that occurs due to the mathematical model 
error is defined as K� and is additionally included in the list of parameters to be identified. 

Equation (60) shows the search ranges of the 5 unknown parameter values to be estimated 
by using the genetic algorithm. For each parameter, the search range was determined based 
on the actual experimented system and with the consideration of the physical 
characteristics. 
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Parameter Value 

Length of a path for magnetic flux  0.1711m 
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Number of coil turn for magnetic bearing  200 turn 

Table 4. The table for the known parameters 
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Figure 26. The connecting diagram for the magnetic bearing system 
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IAE(Integrated Absolute Error) as shown in Equation (61) was selected as the objective 
function to execute RCGA. 

 f��� � � |��t�|��
�� dt   (61) 

Here, ��t�is the difference between the magnetic bearing step response obtained 
experimentally and the magnetic bearing model step response obtained mathematically 
through the selected chromosome. 

For the implement the real coded genetic algorithm, the program and the modified parts of 
Table 3 are shown in Table 6 and the scripts are as follows. 

 

Parameter 
Parameter 

Value 
Genetic operator 

Population 100 Generate initial population 

Max. generation 100 Generate initial population 

Chromosome length 5 Generate initial population 

Crossover 
Probability 

0.9 Modified simple crossover 

Mutation 
Probability 

0.1 Dynamic mutation 

Eta 1.7 Scale fitting 
 

Table 5. Shows the program parameters necessary to execute RCGA. 

 

file name 
(*.m) 

function 

rcga Find optimal value on object function with RCGA 

rInitPa Define program variable for RCGA 

EvalObj evaluate the object function on the population for the reproduction 

 

Table 6. Modified program file list to execute real coded genetic algorithm 
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function 
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% rcga22.m 
% 
% The RCGA22 implements a real coded genetic algorithm for finding 
system parameter in the MBS 
%          
%   Encoding:                           
%     - Real                            
%                                       
%  Genetic operators:                   
%     - Gradient-like selection         
%     - Modified simple crossover       
%     - Dynamic mutation                
%                                       
%  Other strategies:                    
%     - Elitism                         
%     - scaling window scheme(Ws=1)     
%                                       
%  Remarks:                             
%                                       
% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                           
% Edit by Hwanghun Jeong, CME PKNU                           
  
clf; 
clear; 
Test_data = xlsread('a_pidR.xls'); 
  
% initializes the generation counter 
gen= 1; 
  
% initializes the parameters of a RCGA 
[rseed,maxmin,maxgen,popsize,lchrom,pcross,pmutat,xlb,xub,etha]= 
rInitPa22; 
  
% creates a polulation randomly 
pop= rInitPop(rseed,popsize,lchrom,xlb,xub); 
  
% calculates the objective function value 
objfunc= EvalObj22(pop,lchrom,popsize,Test_data); 
  
% calculates gam 
if(maxmin == 1) 
  gam= min(objfunc); 
else 
  gam= min(-objfunc); 
end 
  
% calculates fitness using the scaling window scheme 
fitness= ScaleFit(objfunc,popsize,gam,maxmin); 
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% computes statistics 
[chrombest,objbest,fitbest,objave,gam]= 
rStatPop(pop,objfunc,fitness,maxmin); 
  
% builds a matrix storage for plotting line graphs 
 stats(gen,:)=[gen objbest objave chrombest]; 
  
for gen= 2:maxgen 
  
% prints the current generation 
    fprintf('gen= %d (%d) %f\n',gen,maxgen-gen,objbest); 
  
% applies reproduction 
    pop= 
rGradSel(pop,popsize,lchrom,fitness,chrombest,fitbest,xlb,xub,etha); 
 
% Gradient-like selection 
% applies crossover 
    [pop,nxover]= rMsXover(pop,popsize,lchrom,pcross); % modified 
simple crossover 
  
% applies mutation 
    [pop,nmutat]= 
rDynaMut(pop,popsize,lchrom,pmutat,xlb,xub,gen,maxgen); %dynamic 
mutation 
  
% calculates the objective function value 
    objfunc= EvalObj22(pop,lchrom,popsize,Test_data); 
  
% applies Elitism 
    [pop,objfunc]= rElitism(pop,objfunc,chrombest,objbest,maxmin); 
  
% applies the scaling window scheme 
    fitness= ScaleFit(objfunc,popsize,gam,maxmin); 
  
% computes statistics 
    [chrombest,objbest,fitbest,objave,gam]= 
rStatPop(pop,objfunc,fitness,maxmin); 
  
% builds a matrix storage for plotting line graphs 
    stats(gen,:)=[gen objbest objave chrombest]; 
end 
  
figure(1) 
% plots the best and average objective function values 
subplot(2,1,1) 
plot(stats(:,1),stats(:,2:3)) 
  
% plots the variables of the best chromosome 
subplot(2,1,2) 
plot(stats(:,1),stats(:,4:lchrom+3)) 
axis([0 100 0 10000]); 
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% rcga22.m 
% 
% The RCGA22 implements a real coded genetic algorithm for finding 
system parameter in the MBS 
%          
%   Encoding:                           
%     - Real                            
%                                       
%  Genetic operators:                   
%     - Gradient-like selection         
%     - Modified simple crossover       
%     - Dynamic mutation                
%                                       
%  Other strategies:                    
%     - Elitism                         
%     - scaling window scheme(Ws=1)     
%                                       
%  Remarks:                             
%                                       
% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                           
% Edit by Hwanghun Jeong, CME PKNU                           
  
clf; 
clear; 
Test_data = xlsread('a_pidR.xls'); 
  
% initializes the generation counter 
gen= 1; 
  
% initializes the parameters of a RCGA 
[rseed,maxmin,maxgen,popsize,lchrom,pcross,pmutat,xlb,xub,etha]= 
rInitPa22; 
  
% creates a polulation randomly 
pop= rInitPop(rseed,popsize,lchrom,xlb,xub); 
  
% calculates the objective function value 
objfunc= EvalObj22(pop,lchrom,popsize,Test_data); 
  
% calculates gam 
if(maxmin == 1) 
  gam= min(objfunc); 
else 
  gam= min(-objfunc); 
end 
  
% calculates fitness using the scaling window scheme 
fitness= ScaleFit(objfunc,popsize,gam,maxmin); 
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% computes statistics 
[chrombest,objbest,fitbest,objave,gam]= 
rStatPop(pop,objfunc,fitness,maxmin); 
  
% builds a matrix storage for plotting line graphs 
 stats(gen,:)=[gen objbest objave chrombest]; 
  
for gen= 2:maxgen 
  
% prints the current generation 
    fprintf('gen= %d (%d) %f\n',gen,maxgen-gen,objbest); 
  
% applies reproduction 
    pop= 
rGradSel(pop,popsize,lchrom,fitness,chrombest,fitbest,xlb,xub,etha); 
 
% Gradient-like selection 
% applies crossover 
    [pop,nxover]= rMsXover(pop,popsize,lchrom,pcross); % modified 
simple crossover 
  
% applies mutation 
    [pop,nmutat]= 
rDynaMut(pop,popsize,lchrom,pmutat,xlb,xub,gen,maxgen); %dynamic 
mutation 
  
% calculates the objective function value 
    objfunc= EvalObj22(pop,lchrom,popsize,Test_data); 
  
% applies Elitism 
    [pop,objfunc]= rElitism(pop,objfunc,chrombest,objbest,maxmin); 
  
% applies the scaling window scheme 
    fitness= ScaleFit(objfunc,popsize,gam,maxmin); 
  
% computes statistics 
    [chrombest,objbest,fitbest,objave,gam]= 
rStatPop(pop,objfunc,fitness,maxmin); 
  
% builds a matrix storage for plotting line graphs 
    stats(gen,:)=[gen objbest objave chrombest]; 
end 
  
figure(1) 
% plots the best and average objective function values 
subplot(2,1,1) 
plot(stats(:,1),stats(:,2:3)) 
  
% plots the variables of the best chromosome 
subplot(2,1,2) 
plot(stats(:,1),stats(:,4:lchrom+3)) 
axis([0 100 0 10000]); 
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figure(2) 
Rd=273000; 
Ri=10000*1.0045; 
Rf=20000; 
R=9; 
A = 10^(107.7/20); 
Gs=1000; 
Kd=0.005; 
Kp=1; 
Ki=2; 
  
Cf= 4.94*10^-9; 
L_m=(1/8*pi*90+1/8*pi*40+2*60)*10^-3; 
N=200; 
mu_o=4*pi*10^-7; 
X=0.0006; 
S_a= 480*10^-6 *0.5; 
  
m= chrombest(1); mu_s=chrombest(2); 
I_ss=chrombest(3);L=chrombest(4); 
pt1= chrombest(5); 
Rs=pt1*2; 
  
X_o=L_m/(2*mu_s); 
X_1=X+X_o; 
  
k=N^2*mu_o*S_a/4; 
  
a=-2*k*I_ss^2/X_1^3; 
b=-2*k*I_ss/X_1^2; 
c=2*k*I_ss/X_1^2; 
  
n=-Rs*b*Rf*[Rd*Cf*Kd (Rd*Cf*Kp + Kd) (Rd*Cf*Ki + Kp) Ki]; 
  
d01=Ri*Cf*Rf*m*L; 
d02=Ri*Cf*Rf*m*(R + Rs) + Ri*m*Rd*Cf; 
d03=-(Ri*Cf*Rf*(a*L + Rs*b*c) - Ri*m + Rd*Cf*Rs*Rf*b*Kd*Gs); 
d04=-(Ri*Cf*Rf*a*(R + Rs) + Ri*a*Rd*Cf + (Rd*Cf*Rs*Rf*b*Kp + 
Rs*Rf*b*Kd)*Gs); 
d05=-(Ri*a + (Rd*Cf*Rs*Rf*b*Ki + Rs*Rf*b*Kp)*Gs); 
d06=-Rs*Rf*b*Ki*Gs; 
  
d=[d01 d02 d03 d04 d05 d06]; 
  
t_sample = 0:0.001:2.999; 
    y=step(n,d,t_sample); 
    plot(t_sample,Test_data(:,4)/1000,'-.',t_sample,0.21*y,'-') 
    axis([-0.05 0.25 0 0.00032]); 
legend('Step Response','Estimated Value') 
xlabel('Time[s]'),ylabel('Distance[m]') 
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% rInitPa22.m 
% 
% The RINITPA22 function initializes the parameters of a RCGA  
%                                                              
% Output:                                                      
%    rseed- random seed                                        
%    maxmin= -1 for minimization, 1 for maximization           
%    maxgen-    maximum generation                             
%    popsize- population size(must be an even integer)         
%    lchrom- chromosome length                                 
%    pcross- crossover probability                             
%    pmutat- mutation probability                              
%    xlb- lower bound  of variables                            
%    xub- upper bound of variables                             
%    etha- parameter of the selection operator                 
%                                                              
% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                                  
% Edit by Hwanghun Jeong, CME PKNU                           
  
function 
[rseed,maxmin,maxgen,popsize,lchrom,pcross,pmutat,xlb,xub,etha]= 
rInitPa20 
  
rseed=      937;  
%rseed=input('rseed= ');  
maxmin=      -1;            % -1 for minimization 
maxgen=  100; 
popsize=    100;             % popsize should be even 
lchrom=         5; 
etha=         1.7; 
pcross=      0.9; 
pmutat=     0.1; 
xlb=  0*ones(1,lchrom); 
xub=  10*ones(1,lchrom); 
  
%xlb(1,1)=0; 
%xlb(1,2)=0; 
%xlb(1,3)=0.6; 
xlb(1,1)=0.5; 
xlb(1,2)=0; 
xlb(1,3)=0.7; 
xlb(1,4)=0.025; 
  
%xub(1,1)=0.5; 
%xub(1,2)=1000; 
%xub(1,3)=0.8; 
xub(1,1)=0.9; 
xub(1,2)=10000; 
xub(1,3)=0.9; 
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figure(2) 
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% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                                  
% Edit by Hwanghun Jeong, CME PKNU                           
  
function 
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xub(1,3)=0.9; 
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xub(1,4)=0.095; 
xub(1,5)=2; 
  
%xub(1,2)=480*10^-6; 
%xub(1,2)=1*10^-3; 
  
%xub(1,1)=10000; 
  
%xub(1,2)=10; 
%xub(1,3)=3.5*10^5; 
%xub(1,3)=1*10^-7; 
  
if(rem(popsize, 2) ~= 0) % do not move 
    popsize= popsize + 1; 
end 
 
% EvalObj22.m 
% 
% The EVALOBJ6 function evaluates a multivariable function  
%                                                           
% Input:                                              
%    x- variables, matrix                             
%    npara- number of the variables                   
%    popsize- population size                         
% Output:                                             
%    objfunc- objective function value, vector        
%                                                     
% Copyright (c) 2000 by Prof. Gang-Gyoo Jin, Korea Maritime 
University     
% Revision 0.9  2003/4/17                                           
% Edit by Hwanghun Jeong, CME PKNU                           
  
function objfunc= EvalObj22(x,npara,popsize,Test_data); 
Rd=273000; 
Ri=10000*1.0045; 
Rf=20000; 
R=9; 
A = 10^(107.7/20); 
Gs=1000; 
Kd=0.005; 
Kp=1; 
Ki=2; 
  
Cf= 4.94*10^-9; 
L_m=(1/8*pi*90+1/8*pi*40+2*60)*10^-3; 
N=200; 
mu_o=4*pi*10^-7; 
X=0.0006; 
S_a= 480*10^-6 *0.5; 
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for i= 1:popsize 
m= x(i,1); mu_s=x(i,2); I_ss=x(i,3);L=x(i,4); 
pt1=x(i,5); 
Rs=pt1*2; 
  
X_o=L_m/(2*mu_s); 
X_1=X+X_o; 
  
k=N^2*mu_o*S_a/4; 
  
a=-2*k*I_ss^2/X_1^3; 
b=-2*k*I_ss/X_1^2; 
c=2*k*I_ss/X_1^2; 
  
n=-Rs*b*Rf*[Rd*Cf*Kd (Rd*Cf*Kp + Kd) (Rd*Cf*Ki + Kp) Ki]; 
  
d01=Ri*Cf*Rf*m*L; 
d02=Ri*Cf*Rf*m*(R + Rs) + Ri*m*Rd*Cf; 
d03=-(Ri*Cf*Rf*(a*L + Rs*b*c) - Ri*m + Rd*Cf*Rs*Rf*b*Kd*Gs); 
d04=-(Ri*Cf*Rf*a*(R + Rs) + Ri*a*Rd*Cf + (Rd*Cf*Rs*Rf*b*Kp + 
Rs*Rf*b*Kd)*Gs); 
d05=-(Ri*a + (Rd*Cf*Rs*Rf*b*Ki + Rs*Rf*b*Kp)*Gs); 
d06=-Rs*Rf*b*Ki*Gs; 
  
d=[d01 d02 d03 d04 d05 d06]; 
  
    t_sample = 0:0.001:2.999; 
    y=step(n,d,t_sample); 
    objfunc(i)=0; 
    for j=1:3000 
        obj=abs(Test_data(j,4)/1000-0.21*y(j,1));  
        objfunc(i)= objfunc(i)+obj; 
    end 
end 
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